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CHAPTER 1

Sampling of Attributes. Binomial Distribution

1.1—Sampling. Everybody these days 1s affected by sampling  Pub-
lic opimon polls are reported and discussed in the newspapers Quality
control 1s widely used to mamtain uniformity in manufactured products
Surveys of consumer needs and desires help to guide both production and
marketing Even the Census Bureau has a well-developed sampling pro-
gram which may, 1n time, replace much of the attempted complete enu-
meration coming every 10 years

Less 1n the public eye but no less valuable are numerous other practi-
cal samplings A dozen rats, for example, may disclose useful facts about
a population that runs into milhons A carload of coal 1s accepted or re-
Jected on the evidence gained from testng only a few pounds The phy-
sictan makes inferences about the patient’s blood through examination
of a single drop  Ths practice of sampling, so widespread and on which
so much depends, deserves more than passing notice

Sampling may be far-flung, as in the cffort to learn how an election
will go, or 1t may be confined to a few experimental plots or to the field
of a microscope  Most of this book, excepting a final chapter, 1s devoted
to the experimental type of sampling, moderate 1n extent, where environ-
mental conditions are more or less contiolled

12—The twin problems of sampling. A sample consists of a small
collection from some larger aggregate about which we wish information.
The sample 1s examined and the facts about 1t learned Based on these
facts, the problem 1s to make correct inferences about the aggregate or
population Tt 1s the sample that we obserie, but 1t 1s the population which
we seek to know

This would be no problem were 1t not for ever-present variauon  If
all individuals weie alike, a sample consisting of a single one would give
complete information about the population Fortunately there 1s endless
variety among individuals as well as 1n their environments A consequence
1s that successive samples are usually different  Clearly the facts observed

0l



2 Statistical Methods Section 13

1n a sample cannot be taken as facts about the population  Qur job (hcn

15 to reach appropriate 1 about the population despite
variation

But not every sample contains information abou! the population sam-
pled  Suppose the oby of an ling 15 to determine

the growth rate 1n a population of young muce fed a new diet  Ten of the
animals are put n a cage for the experiment  But the cage gets located
m a cold draught or in a dark corner Or 1t may be that an unnoticed
infection spreads among the mice 1n the cage If such things happen, the
growth rate 1n the sample may give no worth-while information about that
1n the population of normal mice Again, suppose an interviewer 1n an
opmon poll picks only families among his friends whom he thinks 1t wall
be pleasant to visit  His sample may not at all represent the opinions of
the population  This brings us to a second problem to collect the sample
1 such wise that the sought-for information 1s contained 1n 1t

So we are confronted with the twin problems of the nvestigator to
design and conduct his sampling so that 1t shall be representative of the
population, then, having studied the sample, to make correct inferences
about the sampled population

1.3—A sample of farm facts. Point and interval estimates. In 1950
the US D A Duision of Cereal and Forage Insect Investigations, cooper-
ating with the Iowa Agricultural Experiment Station, conducted an ex-
tensive sampling in Boone County, Iowa, to learn about the interrelation
of factors affecting control of the European corn borer (16) * One objec-
tve of the project was to determine the extent of spraying or dusting for
control of the insects To this end a random sample of 100 farmers were
terviewed, 23 of them said they applied the treatment to their corn
fields  Such are the facts of the sample

What nferences can be made about the population of 2,300 Boone
County farmers® There are two of them The first 1s described as a poimnt
estimate, while the second 1s called an interval estimate

1 The point estimate of the fraction of farmers who sprayed 1s 239, the
same as the sample rati0, that 1s, an estimated 23%, of Boone County farm-
ers sprayed their corn fields in 1950 This may be looked upon as an
average of the numbers of farmers per hundred who sprayed From the
actual count of sprayers 1n a single hundred farmers 1t 1s inferred that the
average number of sprayers 1n all possible samples of 100 1s 23

This sample-to-population inference 1s usually taken for granted Most
people pass without a thought from the sample fact to this inference about
the population Logically, the two concepts are distinct  Indeed, the
nference may not be true unless the sample has been taken competently
It 15 wise to examine the procedure of the sampling before attributing to
the population the percentage reported 1n a sample

* Reference 16 at the end of the chapter
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2 An interyal estimate of the point 1s made by use of table 131 In the
first part of the table, indicated by 95%, n the heading, look across the
top line to the sample size of 100, then down the left-hand column to the
number (or frequency) observed, 23 farmers At the intersection of the
column and hine you will find the figures 15 and 32 The meaning 1s this,
one may be confident that the true percentage in the sampled population
lies 1n the interval from 15%, to 329, This interval estimate 1s called the
confidence interval  The nature of our confidence will be explained below

Insummary based on a random sample, we said first that our estimate
of the percentage of sprayers in Boone County was 23%, but we gave no
indication of the amount by which the estimate might be in error. Next we
asserted confidently that the true percentage was not farther from our
pont estimate, 23%, than 8 percentage points below or 9 above

Since these pts lie at the found of ling theory, let us
illustrate them 1n another fashion Imagine a bin filled with beans, some
white and some colored, thoroughly mixed Dip out a scoopful of them
at random, count the number of each color and calculate the percentage
of white, say 40% Now this 1s not only a count of the percentage of
white beans in the sample but it is an esimate of the fraction of white
beans in the bin  How close an esumate 13 1t> That 1s where the second
inference comes i If there were 250 beans 1n the scoop, we look at the
table and say with confidence that the percentage of white beans 1n the
bin 18 between 349, and 46%,

So far we have given no measure of the amount of confidence which
can be placed 1n the second inference The table heading 1s “95% Con-
fidence Interval,” ind; a degree of confid that can be d bed
as follows If the sampling 1s repeated indefinitely, each sample leading
to a new confidence interval (that 1s, to a new interval estimate), then 1n
95% of the samples the mterval will cover the true population percent-
age Or 1t may be said that if one makes a practice of sampling and 1f
for each sample he states that the population percentage hes within the
corresponding confidence nterval, about 95% of his statements will be
correct  Other and briefer descriptions will be proposed later ~ Usually
1t 1s sufficient to say merely that you are confident that the nterval esti-
mate covers the population fraction

If you feel unsafe 1n making the second nference with the chance of
bemng wrong 1n 5% of your statements, you may use the second part of the
table, “99% Confidence Interval” For the Boone County sampling
the mterval widens to 13%-35%  If one says that the population percent-
age hes within these limuts, he will be right unless a one-in-a-hundred
chance has occurred i the samplhng

If the size of the population 1s known, as 1t 1s 1n the case of Boone
County farmers, the point and interval estimates can be expanded from per-
centages to numbers of individuals Thus we estimate the number of
sprayers in Boone County 1n 1950 as (0 23)(2,300) = 529 farmers In the
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TABLE 131
95% CoNFIENCE INTERVAL (PER CENT) FOR BiNOMIAL DISTRIBUTION
Number Size of Sample, n Fraction [Size of Sample
Observed Observed

10 | 15 | 20 | 30 | 50 | 100 f/n 250 | 1000
) 0 3100 2210 1710 12/0 0770 4 00 0o 1o o
1 0 4510 3210 2510 17|10 110 5 of 0 40 2
2 3 56/ 2 40{1 31|11 220 140 7| 02 1 51 3
3 7 65/ 4 4813 382 271 171 8§ 03 162 4
4 12 74/ 8 55/ 6 44/ 4 31/2 191 10 04 2 713 s
5 19 81f12 62| 9 49| 6 353 222 11| 05 3 94 7
6 26 8816 68|12 54/ 8 39| 5 24/ 2 12| 06 3 105 8
7 35 9321 73(15 5910 43| 6 27| 3 1 o7 4 116 9
8 44 97127 79|19 64[12 46| 7 29| 4 1 08 5 12/ 6 10
9 55 100/32 8423 68[15 50| 9 31 4 1 09 6 137 11
10 69 10038 8827 7317 53[10 34/ 5 1 10 7 148 12
11 45 92|32 77\20 56[12 36| 5 1 11 7 16| 9 13
12 52 9636 8123 60[13 38 & 2 12 8 17]10 14
13 60 98|41 8525 63[15 41| 7 2 13 9 18li1 15
14 68 10046 8828 66[16 43| 8 22| 14 (10 19112 16
15 78 100[51 91/31 69[18 9 24 15 |10 20013 17
16 9434 72120 46| 9 25| 16 (11 2114 18
17 62 97[37 7521 48/10 26| 17 |12 2215 19
8 69 9940 7723 sofi1 27| 8 13 2316 21
9 75 100/44 80[25 53(12 28| 9 14 24017 2
83 100147 83[27 5513 29| 0 |15 2618 23
1 50 85/28 _57|1¢-30f 1 16 27)19 24
2 54 88/30 59(14 31 2 |17 2819 25
23 57 o032 61/15 32 3 |18 29020 26
24 61 9234 6316 33| 24 (19 3021 27
25 65 9436 64/17 35 25 (20 3122 28
26 69 9637 66/18 36| 26  [20 32[23 29
27 73 9839 6819 37 27  [21 3324 30
28 78 99la1 70(19 38| 28  [22 34[25 31
29 83 100[43 72[20 39| 9 3 35126 32
0 88 10045 7321 40| 0 4 36[27 33
1 47 75022 41 1 5 37)28 34
2 50 7723 42| 2 6 3829 35
3 52 7924 43| 3 7 39130 36
4 54 8025 44 4 8 40/31 37

5 56 82[26 45| 5 9 4132
6 57 84/27 46| 6 0 4233 39
7 59 8528 47 7 1 43(34 40
8 62 87/28 48| 8 2 44[35 41
9 64 88[29 49| 9 3 45036 42
40 66 9030 50 40 4 46/37 43
41 69 91[31 5 41 5 47(38 44
42 71 9332 5 42 6 48[39 45
43 73 9433 5 43 7 49(40 46
44 76 95[34 5 44 8 5041 47
45 78 9735 5 45 9 51142 48
46 81 9836 56| 46 (40 52043 49
47 83 9937 57| 47 |41 5344 50
48 86 10038 58| 48 |42 54/45 51
49 89 10039 59| 49  [43 5546 52
50 93 100(40 60| 50 44?5647'53

m' If f exceeds 50, read 100 — f = number observed and subtract each confidence
from
LI exuev:h 050, read 100 — f/n = fraction observed and subtcact each con-

idence



Section 13 Sampling of Aitributes 5

TABLE 1 3 1—(Continued)
99% ConrpENCE INTERVAL (PeR CENT) For Binomiar DistaisuTion

Number Size of Sample, n Fraction [Size of Sample
Observed Observed
10 | 15| 20 | 30 | s0 | 100 /| 250 | 1000
[) 0 41/0 300 230 160 1000 5 00 0 200 1
1 0 540 s0{0 3200 2200 140 7 o1 0 50 2
2 1 651 49/1 3910 28/0 1710 9 02 1 61 3
3 4 7402 562 45| 1 32[ 1 20(0 10 3 1 72 4
4 8 815 6314 5113 36/ 1 23(1 12| 04 2 93 6
5 13 8718 696 56/ 4 40/ 2 26/ 1 13 5 2 1003 7
6 19 92112 74| 8 61| 6 44[ 3 29/ 2 14 6 3 11(4 8
7 26 96/16 79|11 66| 8 48/ 4 312 16| 7 3 135 9
8 35 9921 84l15 7010 52| 6 33| 3 17| 8 4 146 10
9 46 100126 8818 74/12 55| 7 3¢/ 3 18 9 5 15/ 7 12
10 59 100[31 92122 78/t4 58| 8 38 4 19 0 6 16/8 13
1 95126 8216 6210 40[ 4 20 1 6 1719 14
12 44 98130 8518 65|11 43| 5 21 2 7 18/9 15
13 51 99134 8921 68[12 45| 6 23| 3 8 1910 16
14 60 10039 92124 71)14 47| 6 24| 4 9 20/11 17
15 70 100[44 94[26 74fts 49 7 2| 5 9 2212 18
16 49 96|29 76|17 51| 8 27 6 |10 2313 19
17 55 98/32 79|18 539 20| 17 |11 2414 20
18 61 9935 8220 55| 9 30, 18 |12 2515 21
19 68 10038 8421 5710 31 19 |13 2616 22
20 77 10042 8623 S9lt1 32| 20 (14 2717 23
21 45 8824 61li2 33 21 |15 281
22 48 9026 63[12 34 22 |16 3019 26
23 52 9228 65/13 35| 3 17 3120
24 56 9429 6714 3| 4 |18 3221 28
25 60 9631 69(15 38 5 8 33022 29
26 64 97133 71l16 39| 5 9 3422 30
27 68 99[35 72/16 40 7 0 3523 31
28 72 10037 74[17 41 8 1 3624 32
29 78 100139 76[18 42 9 2 37025 33
30 84 10041 7719 43 0 3 3826 34
31 3 79020 44 1 4 39027 35
32 45 8021 45 2 5 4028
33 47 82121 3 6 41020 37
34 49 8322 47 4 6 42]30 38
35 51 8523 48] 5 7 43131 39
36 53 8624 49 36 8 4432
37 55 8825 50| 37 9 45|33 41
38 57 8926 51} 38 0 46/34 42
39 60 9027 52| 39 14735 43
0 62 9228 53 40 2 48[36
41 64 9329 54 41 3 50[37 45
42 67 9420 55 42 4 51138
43 69 9630 56 43 5 52(39 47
44 71 97|31 57| 44 36 53/40
45 74 9832 58 45 7 54la1 49
77 9933 39 46 8 55/42 50
47 80 99(34 60 47 9 55043 51
48 83 100135 61 40 5644 52
49 86 10036 62| 49 |41 5745 53
50 90 100[37 63| 42 5e4et5c

N ‘:f/excee& 50, read 100 — f = number observed and subtract cach confidence
mm rom 1

f f/n exceeds 0 50. read 100 — f/n = fraction observed and subtract each con-
ﬁdence imit from 1!
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same way the 95%, confidence mterval 1s from 345 to 736 farmers who
spray

In thus brief prevue I have displayed a goodly portion of the wares
that the statistician has to offer the
tion of the facts turned up by the sample, and based on these facts, infer-
ences about the sampled population Bcfore gomng further, you may
clanfy your thinking by working a few examples

You will find that examples form an essential part of my presentation oi statis-
tics. In each list they ave graded so that you may start with the easier It is
gested that a few in each gn;up be worked after the first reading of the text, re-
serving the more difficult until experience is enlarged. It is ﬁvml rounded
belsef that statastscs cannot be mastered withous i or nmdwmy A

“ EXAMPLE 1.3 1—Of a sample of 100 seeds drawn at random from a bag of
umiformly muxed bluegrass sceds, 92 germunated 1n a standard test The sced analyst
wishes to make a statement about the proportion of seeds in the bag that will germinate
under sumular conditions, and he 15 w;ﬁlng to run the rsk of only one per hundred that
his sample has musled hun  What may he say> Ans Betw 357 and 97% will
germinate Hint look in the table for 100 - 92 = 8%

EXAMPLE 13 2—If the seed analyst in the foregoing example had tested 1,000
sceds wstead of 100 and had found only 8% ungermeatcd, what statement mught he
have made with 99 1 0dds> Ans Between 90% and 94% will germinate

EXAMPLE 13 3—An making a de survey i
115 women over 40 years of age from the lower muddle economuc level 1n rural arcas
of muddle western states Forty-nx of them had hstened to a certain radio
three or more times duning the preceding month  Assuming random sampling, ohat
statcment can be made about the population fraction of such women Lis using
the 99%, interval’® Ans - between 28 4% and 52 535 Listen
You will have to interpolate these values in the table

EXAMPLE 13 4-A sampler of public optnion asked 50 men to expressthei pref-
e between canddates A aad B Tweoty preferred A Assumung random
pulation of 5, 000 the sampler stated that between 1, 150 and 2, 950 men
S1the populaon preferred A  What confidence interval was he using? “Ans 5%

EXAMPLE 1 3 5—In a random sample from a farming population, 86% expressed
spproval of a crtain agricultural program On the bass of this sample the statistician
asserte t unless a one-in-twenty chance had come off the percentage of those
u(v&rable n lhe umpled population was between 81% and 90% What was the size
of the sample’

EXAMPLE 13 6—If you guess that in a certain population between 25% and

75% ofthe howsewives own a specificd appliance, and i you wish to draw asample that

, at the 95% confidence level, yield an esumate dilfering by not more than 6 from
correct percentage, about how large a sample must you take? Ans 250

EXAMPLE 13 7—If you draw a sample properly, then make a statement about
the population rato, the statement will be either right or wrong but you will not know
which" Do you see clearly how chance eaters nto the making of the statement?

EXAMPLE 1 3 8—After the survey of a certamn underprivileged community & was
s))oned (12) that among 978 children less than age 16, 54 4% were girls Does the
95% confidence interval include a reasonable sex ratio for this group?

EXAMPLE 13 9—If 1n the sample of 100 Boone County farmers none had
sprayed, what 95% confidence Statement would you mlke about the farmers 1n the
none and 4;, sprayed  But the farmers 1n the

umple werelpraym, yere, what s the 997 configence tmtervaly - Aos 95% 100%
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L4—Definitions and discussions. Size of sample. I have rushed
lyou along through the first three sections, thinking you might enjoy a
quick ghmpse into the 1deas and utility of statistics  Some points need con-
siderable clanfication A few of them will be discussed in this section,
others will come up later

Part of the heading of this chapter 1s “Sampling of Attributes” So
far we have considered such diverse attributes as spraying of corn fields,
germiation of seed, approval of an agricultural program, and interest in
a radio program  The possession or lack of an attribute distinguishes the
two classes of individuals making up the populations we have been study-
g The record of the sampling consists of the numbers of individuals
found to have or lack the attribute under invesugation I call these rec-
ords enumeration data 1 disuncuon from records of measurements of such
variables as height or age The theory and methods for measurement data
will be developed later, beginning with Chapter 2

For a sample to contain rehable inf about the pop
each member of the sample must be selected at random Random sclccuon
unples that every individual in the popul has a known p
of appearing 1n the sample This cannot be left to the Judgment of the
sampler, 1f he exercises any choice, then the probability of his selection 1s
unknown and the theory flies out the window

The statement about randomness leads to a more specific defimition of
the word population It may now be said that the population 1s that aggre-
gate of which every member has a known probability of appearing in the
sample

There are two common devices used to attain randomness the popu-
lation itself may be thoroughly mixed, or else the choice of the sample may
be left to some mechanical process beyond the control of the sampler A
uniformly mixed population s illustrated by the mascerating and blending
of food or other chemical products before the sample 1s taken, or by a
naturally mixed aggregate such as the blood stream  The second device
15 the more common  In the Boone County sampling a township plat book
was available, 1t showed the location of every farm in the county Each
was numbered so that a random sample could have been drawn by mixing
the numbers 1n a box, then having a hundred of them drawn by a blind-
folded person. Actually, the samplers used a scheme known as stratified
random sampling From the farms in each township they drew a random
sample whose size was proportional to the number of farms in that area
The chief advantage of this was to spread the sample rather uniformly
over the county, retaining the principle of randomness within each town-
ship  The statistical methods for stratified samples are presented n
Chapter 17 The conclusions are only shghtly altered by considering the
sample completely random

Randomness in sampling 1s perhaps never quite attained 1n practice
Tt 1s nevertheless the mathematical model on which much statistical
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theory rests, and since the theory must be used in drawing conclusions
from work-a-day samplings, 1t 1s to the interest of the nvestigator to
approximate, as closely as feasible, the 1deal conditions  The better the
approximation, the more nearly correct will be the inferences drawn

The question most often asked by exper and other d
of samplings 15, “How large a sample must I take?” The answers that may
be given 1n various situations are not easy and always mnvolve the element
of chance However, at appropriate places i this text (see Index)
attempts will be made to clarify the problems involved You doubtless
noticed the method of attack proposed 1n example 1 3 6, where the confi-
dence nterval and a guess about the population percentage were proposed
asdata Perhaps you noticed, also, that the method doesn’t work so well
1n the upper and left-hand portions of the table, not only do the confidence
hmits change rapidly with the unknown f, but they are not equally
spaced above and below this fraction Despite these shortcomings of the
table, approximations can usually be got from 1t close enough for practical
purposes It 1s futile to attempt exact estimates of sample size because
unpredictable sampling variation will upset the best-laid plans At the
present stage my advice 1s to read the table as accurately as you may, then
take a somewhat larger sample 1f you can afford 1t If you cannot afford
so large a sample and if you cannot tolerate a larger confidence interval,
you should refrain from the sampling and so avoid wasting time and
money

Concerning the mt:rval :snmate, two ponts need emphasis  Furst,
the fid about the popul. ratio, not
about the ratio in other sample.r that might be drawn Secund, the uncertainty
mvolved 1s associated with the sampling process itself Each sample speci-
fies an interval esumate. Whether or not the interval happens to include
the fixed population ratio, this 1s a hazard of the process Theoretically,
the 0 95 confidence intervals are determined so that 95%, of them will
cover the true value

It is helpful to observe this before a sample 13 drawn, one can specify
the probability of the truth of his prospective confidence statement He can
say, “I expect to take a random sample and to make an interval esumate
from 1t The probability 15 0 95 that the interval will cover the popula-
tion fraction ”  After the sample 13 drawn, when the truth or falsity of the
confidence statement 1s fixed, an assertion about probability is meaning-
less

More than two kinds of individuals are often pnscnt in populations
An 1l 18 found 1n )l or p! where three
categories nstead of two are usually encountered es,” “no ” and
““don’t know.” Again, 1n pop
characteruncs, more than two kinds of progcny may be expcc!ed Insuch
about every class requires the multi-
nomial chsmbutmn which is not presented in this book. But a complete
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set of statements 15 not often needed. For example, 1t may be only one
reply for which a confidence nterval is desired, “yes,” perhaps In that
case, the correct nterval is estimated by separating “yes” from all other
answers, making the two categories, “yes” and “not yes” The interval
estimate 15 based on the total sample size and the number of answers,
“yes”

1.5—An exercise in sampling. Whenever I draw samples from a
known population, I am amazed at the capricious way i which the items

turn up It1s a salutary discipline for an or
occasionally to observe the laws of chance 1n action lest he become too
fident of his p 1 pl Drawing marbles from an urn

or cards from a pack, tossing coms, and throwing dice are the classical
methods of obtaining samples Formerly I asked my students to collect
their samples by drawing marked or numbered beans from a bag, but
the more modern method 1s to use a table of random numbers such as
table 151 Thus table contains 10,000 diguts jumbled together presumably
n random fashion, the 5 x 5 blocks serving merely to facilitate reading
There are 100 rows and 100 columns, each numbered from 00 to 99 In-
stead of examining peas to learn if they are wrinkled or smooth, or nstead
of asking people to vote “Yes” or “No,” you can draw a random sample
of digits from this table and observe whether each 15 odd or even Since
the digits are supposed to be thoroughly mixed, with no particular order
or groupings, any sequence of them may be considered random; so, begin
at any pownt in the table and count the number of odd digits 1n a sample
of some predetermined size  For example, suppose you decide on 50
diguts as the sample size, and elect to start at row 31, column 17 You find

752 54450 19031

Read on to the end of this row, then return to the beginning of row 32 and
continue till 50 digits have been surveyed, ending with

33851 44

In this particular sample you will count 23 odd digts, that 15, 46% of
the sample of 50 are odd

Three ways of introducing elements of chance 1nto your sampling wall
decrease the hkelihood of duplicating the drawings of others (1) Start at
a randomly selected point for each sample. A good way to do this 1s to
place your pencil aimlessly on some digit 1n the  “ble, then use this and
the subsequent three digits to fix the initial point of your first sample  As
an example, suppose your pencil point picks out 2 in row 80, column 84
Let this with the three digits following, 2061, specify row 20, column 61
as the pownt to begin sample number one  For the second sample, start
at a point fixed by the first four (or last four or anv other convenient four)
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TABLE 151
Ten THousanD RanpomLy AssorTep Dicrrs

00~04 05-09 10-14 15-19 20-24 25-29 30-34 35-39 40-44 45-49
00 5446 2662 65905 70639 79365 67382 29085 69831 47058 08186
o1 15389 85205 18850 39226 42249 90669 96325 23248 933 26927
02 85941 40756 82414 02015 13858 78030 16269 65978 01385 15345
03 61149 69440 11286 88218 58925 03638 52862 62733 33451 77455
04 05219 81619 10651 67079 92511 59888 84502 72095 83463 75577
05 41417 98326 87719 92294 46614 50948 64886 20002 97365 30976
06 28357 94070 20652 35774 16249 75019 21145 05217 47286 7630
07 17783 15 10806 83091 91530 36466 39981 62481 49177 75779
08 409! 84820 29881 85966 628 70326 84740 62660 77379 27
09 82995 64157 66164 41180 10089 41757 78258 96488 88629 37231
10 96754 17676 55659 44105 47361 34833 86679 23930 53249 27083
11 34357 88040 53364 71726 45690 66334 60332 22554 90600 71113
12 06318 37403 49927 57715 50423 67372 63116 48888 21505 80182
13 62111 52820 07243 79931 89292 B4767 85693 73947 22278 11551
14 47534 09243 67879 5 23410 12740 02540 54440 32949 13491
15 98614 75993 84460 62846 59844 14922 48730 73443 48167 34770
16 24856 03648 44898 09351 98795 18644 39765 71058 90368 44104
17 96887 12479 621 66223 86085 78285 02432 53342 42846 94771
18 90801 21472 42815 77408 37390 76766 52615 32141 30268 18106
19 55165 77312 83666 36028 28420 70219 81369 41943 47366 41067
20 75884 12952 84318 95108 72305 64620 91318 89872 45375 85436
21 16777 37116 58550 42958 21460 43910 01175 87894 81378 10620
22 462 43877 80207 88877 89380 32992 91380 03164 98656 59337
23 42902 66892 46134 01432 94710 23474 20423 60137 60609 13119
24 8100 333 39693 28039 10154 95425 39220 19774 31782 49037
25 68089 01122 51111 72373 06902 74373 96199 97017 41273 21546
26 20411 67081 89950 16944 93054 87687 96693 87236 77054 33848
27 58212 13160 06468 15718 82627 76999 05999 58680 96739 637(
28 70577 42866 24969 61210 76046 67699 42054 12696 93758 03283
29 94522 74358 71659 62038 79643 79169 44741 05437 39038 13163
30 42626 86819 85651 88678 17401 03252 99547 32404 17918 62880
31 16051 33763 57194 16752 54450 19031 58580 47629 54132 60631
32 08244 27647 33851 44705 94211 46716 11738 55784 95374 72655
33 59497 04392 09419 89964 51211 04894 72882 17805 21896 83864
34 97155 13428 40293 09985 58434 01412 69124 82171 59058 82859
35 98409 66162 95763 47420 20792 61527 20441° 39435 11859 41567
36 45476 84882 65109 96597 25930 66790 65706 61203 53634 22557
37 89300 69700 50741 30329 11658 23166 05400 66669 48708 03887
38 0051 95137 91631 66315 91428 12275 24816 68091 71710 33258
39 31753 85178 31310 89642 98364 02306 24617 09609 83942 22716
40 79152 53829 77250 201 56535 18760 69942 77448 33278 48805
41 560 38750 83635 56540 649( 42912 13953 79149 18710 68618
42 68328 83378 63369 71381 39564 05615 42451 64559 97501 65747
43 46939 38689 58625 08342 30459 85863 20781 09284 26333 91777
44 3544 86141 15707 96256 23068 13782 08467 89469 93842 55349
45 91621 881 04900 54224 46177 55309 17852 27491 89415 23466
46 91896 67126 04151 03795 59077 11848 12630 98375 52068 60142
47 55751 62515 21108 80830 02263 29303 37204 96926 30506 0980!
48 85156 87689 95493 88842 00664 55017 55539 17771 69448 87530
49 07521 56898 12236 60277 39102 62315 12239 07105 11844 01117
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TABLE 15 1—(Confinued)

50-54 55-59 60-64 65-69 70-74 75-79 80-84 8589 90-94 95-99
00 59391 58030 52098 82718 87024 04190 96574 906!
01 99567 76364 77204 04615 27062 96621 43918 01896 83991 51141
02 10363 97518 51400 25670 98342 61891 27101 37855 5 33316
03 86859 19558 64432 16706 99612 8 32803 67708 15297 28612
04 11258 24591 36863 55368 31721 94335 34936 02566 80972 08188
05 95068 88628 35911 14530 33020 80428 39936 31855 34334 64865
06 63 47237 731 91017 36239 71824 83671 39892 60518 37092
07 16874 62677 57412 13215 31389 62233 80827 73917 82802 84420
08 92494 63157 76593 91316 03505 9 96363 52887 01087 1
09 15669 56689 35682 40844 53256 81872 35213 09840 34471 74441
10 99116 75486 84989 23476 52967 67104 39495 39100 17217 74073
11 15696 10703 65178 90637 63110 17622 53988 71087 48 11670
12 97720 15369 51269 69620 03388 13699 33423 67453 43269 56720
13 11666 13841 71681 98000 35979 39719 81899 07449 47985 46967
14 71628 73130 78783 75691 41632 09847 61547 18707 85489 69944
15 40501 51080 99943 91843 41995 88931 73631 69361 05375 15417
16 22518 55576 98215 82068 10798 86211 84 67466 69373 40054
17 75112 30485 62173 02132 14878 92879 22281 16783 86352 0007
18 327 02671 98191 84342 90813 49268 95441 15496 20168 09271
19 60251 45548 02146 05597 48228 81366 34598 72856 66762 17002
20 57430 82270 10421 05540 43648 75888 66049 21511 47676 33
21 73528 39559 34434 88506 54086 71693 43132 14414 79949 85193
22 25991 65959 70769 64721 86413 42740 06175 82758 662
23 78388 16638 09134 59880 63806 48472 39318 35434 24057 74739
24 12477 09965 96657 57994 59439 30 24596 77515 09577 91871
25 83266 32883 42451 15579 38155 29793 40 65990 16255 17777
26 76970 80876 10237 39515 79152 74798 39357 09054 73579 92359
27 37074 65198 44785 68624 98336 84481 97610 78735 8265
28 83712 06514 30101 78295 54656 85417 43189 72781 72606
29 20287 56862 69727 94443 64936 08366 27227 05158 50326 59566
30 74261 32592 86538 27041 65172 85532 07571 80609 39285 65340
31 64081 49863 08478 96001 18888 14810 70545 89755 07210
32 05617 75818 47750 67814 29575 10526 66192 4 27058 7
33 26793 74951 95466 74307 13330 42664 85515 20632 05497 33625
34 65988 72850 48737 54719 52056 01596 03845 35067 03134 70322
35 27366 42271 44300 73399 21105 03280 73457 43093 05192 48657
36 56760 10909 98147 34736 33863 95256 12731 66598 50771 83665
37 72880 43338 93643 58904 59543 23943 11231 83268 65938 81581
38 77888 38100 03062 58103 47961 83841 25878 23746 55903 44115
39 28440 07819 21580 51459 47971 29882 13990 29226 23 15873
40 63525 94441 77033 12147 51054 49955 58312 76923 1 05813
41 47 93410 16359 89033 89696 47231 64498 31776 05383 39902
42 52669 45030 96279 14709 52372 87832 02735 S 27+ 88208
43 16738 60159 07425 62369 07515 82721 37875 71153 21315 00132
44 59348 11695 45751 15865 74739 05572 32688 20271 65128 14551
45 12900 71775 29845 60774 94924 21810 38636 33717 67598 82521
46 75086 23537 49939 33595 13484 97588 28617 17979 70749 35:
47 99495 51434 29181 09993 38190 42553 68922 52125 91077 40197
48 26075 31671 45386 36583 93459 48509 52022 41330 60651 91321
49 13636 93596 23377 51133 95126 61496 42474 45141 2338
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TABLE 1.5 1—(Conttnued)
00-04 05-09 10-14 15-19 20-24 25-29 30-34 35-39 40-44 45-49
50 64249 63664 39652 97306 31741 07294 84149 46797 82487
51 26538 44249 04050 48174 65570 44072 40192 51153 11397 58212
52 05845 512 78630 55328 18116 69296 91705 86224 29503 57071
53 74897 68373 67359 51014 33510 83048 17056 72506 82949 54600
54 72 54570 35017 88132 25730 22626 86723 91691 13191 77212
55 31432 96156 89177 75541 81355 24480 77243 76690 42507 84362
56 66890 61505 012 60 05873 13568 76082 79172 57913 93448
57 48194 57790 79970 33106 86904 48119 52503 24130 72824 21627
58 11303 87118 81471 52936 08555 420 49416 1448 0426 7029
59 54374 57325 16947 45356 78371 10563 97191 53798 12693 27928
4852 1046 90849 13966 39810 42699 21753 76192 10508
61 16309 20384 09491 91588 97720 89846 30376 76970 23063 35894
62 42587 37065 24526 72602 57589 98131 37292 05967 26002 51945
63 40177 98590 97161 41682 84533 67588 62036 49967 01990 72308
64 82309 76128 93965 26743 24141 04838 254 26065 07938 76236
65 79788 68243 59732 04257 27084 14743 17520 95401 55811 76099
66 40538 9559 25026 42274 23489 34502 75508 06059 86682
67 64016 73598 18609 73150 62463 33102 45205 87440 96767 67042
68 49767 12691 17903 93871 99721 79109 09425 26904 07419 76013
69 76974 55108 29795 08404 82684 00497 51126 79935 57450 55671
70 23854 08480 85983 96025 50117 64610 99425 62291 86943 21541
uit 68973 70551 25098 78033 98573 79848 31778 29555 61446 23037
72 36444 93600 65350 14971 25325 00427 52073 64280 18847 24768
73 03003 87800 07391 11594 21196 00781 32550 57158 58887 73041
74 17540 26188 36647 78386 04558 61463 57842 90382 77019 24210
75 38916 55809 47982 41968 69760 79422 80154 91486 19180 15100
76 64288 19843 69122 42502 48508 28820 59933 72998 99942 10515
86809 51564 040 39418 49915 19 58050 16899 79952 57849
78 99800 99566 14742 05028 33 94889 53381 23656 75787 59223
79 92345 31890 95712 08279 91794 94068 49337 88674 35355 12267
80 90363 65162 32245 82279 79256 80834 06088 99462 56705 06118
81 64437 32242 48431 04835 39070 59702 31508 60935 22390 522
82 91714 53662 28373 333 55791 74758 51144 18827 10704 76803
83 0902 17646 31391 31459 33315 03444 55743 74701 58851 27427
84 12217 86007 70371 52281 14510 76094 96579 54853 78339 20839
85 45177 02863 42307 53571 22532 74921 17735 42201 80540 54721
86 28325 90814 08804 52746 47913 54577 47525 77705 95330 21866
87 19 28776 56116 54791 64604 08815 46049 71186 34650 14994
88 84979 81353 56219 67062 26146 82567 33122 14124 46240 92973
89 50371 26347 48513 63915 11158 25563 91915 18431 92978 11591
90 53422 06825 69711 67950 64716 18003 49581 45378 99878 61130
91 67453 35651 89316 41620 32048 70225 47597 33137 31443 51445
92 07294 85353 74819 23445 68237 07202 99515 62282 53809 26685
93 544 00302 45338 16015 66613 88968 14595 63836 77716 79596
94 64144 85442 82 46471 24162 39500 87351 36637 42833 71875
95 90919 11883 58318 00042 52402 210 34075 33272 00840 73268
96 06670 57353 86275 92276 77591 46924 60839 55437 03183 13191
97 36634 93976 52062 83678 41256 60948 18685 48992 19462 96062
98 75101 72891 85745 671 26010 62107 60885 37503 55461 71213
99 05112 71222 72654 51583 05228 62056 57390 42746 39272 96659




Section 1.5

Sampling of Attributes 13

TABLE 1 5 1—(Continued)

50-54 55-59 60-~64 65-69 70-74 75-79 80-84 85-89 90-94 95-99
50 32847 31282 03345 89593 69214 70381 78285 20054 91018 16742
51 16916 00041 30236 55023 14253 76582 12092 86533 92426 37655
52 66176 34047 21005 27137 03191 48970 64625 22394 39622 79085
53 46299 13335 12180 16861 38043 59292 62675 63631 37020 78195
54 22847 47839 45385 23289 47526 54098 45683 55849 51575 64689
55 41851 54160 92320 69936 34803 92479 33399 71160 64777 83378
56 84¢ 59497 91586 95917 68553 28639 06455 34174 11130 91994
57 47520 62378 98855 83174 13088 1656! 68559 26679 06238 51254
58 34978 63271 13142 82681 05271 08822 06490 44984 49307 62717
59 37404 B0416 69035 92980 49486 74378 75610 74976 70056 15478
60 24 65482 52099 53676 74648 94148 65095 69597 52771 71551
61 89262 B6332 51718 70663 11623 29834 79820 73002 84886 03591
62 86866 09127 98021 03871 27789 58444 44832 36505 40672 180
63 90814 14833 08759 74645 05046 94056 99094 65091 32663
64 19192 82756 20553 58446 55376 88914 75096 26119 83898 43816
65 77585 52593 56612 95766 10019 29531 73064 20953 53523 58136
66 23757 16364 05096 03192 62386 45389 85332 18877 55710 96459
67 45989 96257 23850 26216 23309 21526 07425 50254 19455 29315
68 92970 94243 07316 41467 64837 52406 25225 51553 31220 14032
69 74346 59596 40088 98176 17896 86900 20249 77753 19099 48885
70 87646 41309 27636 45153 29988 94770 07255 70908 05340 99751
n 0099 71038 45146 06146 55211 99429 43169 66259 97786 59180
72 10127 46900 64984 75348 04115 33624 68774 60013 35515 62556
73 67995 81977 18984 64091 02785 27762 42529 97144 80407 524
74 26304 80217 84934 82657 69291 35397 98714 35104 08187 48109
75 81994 41070 56642 64091 31229 02595 13513 45148 78722 30144
76 59537 34662 79631 89403 65212 09975 06118 86197 58208 16162
77 51228 10937 62396 81460 47331 91403 95007 06047 16846 64809
78 31089 37995 29577 07828 42272 54016 21950 86192 990. 84864
79 38207 97938 93459 75174 79460 55436 57206 87644 21296 43395
80 88666 31142 09474 89712 63153 62333 42212 061 42594 43671
81 53365 56134 67582 92557 89520 33452 05134 70628 27612 33738
82 89807 74530 38004 90102 11693 90257 05500 79920 62700 43325
83 18682 81038 85662 90915 91631 22223 91588 80774 07716 125
84 63571 32579 63942 25371 09234 94592 98475 76884 37635 33
85 68927 56492 67799 95398 77642 54913 91853 08424 81450 76229
86 56401 63186 39389 88798 31356 89235 97036 32341 33292 73757
87 24333 95603 02359 72942 46287 95382 08452 62862 97869 71775
88 17025 84202 95199 62272 06366 16175 97577 99304 41587 03686
89 02804 08253 52133 20224 68034 50865 578608 22343 55111 03607
90 08298 03879 20995 19850 73090 13191 18963 82244 78479 99121
91 59883 01785 82403 96062 03785 03488 12970 64896 38336 30030
92 46982 06682 62864 91837 74021 89094 39952 64158 79614 78235
93 31121 47266 07661 02051 67599 24471 69843 83696 71402 76287
94 97867 56641 63416 17577 30161 87320 37752 73276 48969 41915
95 57364 86746 08415 14621 49430 22311 15836 72492 49372 44103
96 09559 26263 69511 28064 75999 44 13337 10918 79846 54809
97 53873 55571 00608 42661 91332 63956 74087 59008 47493 99581
98 35531 19162 86406 05299 77511 %24311 57257 2 555 05941
99 28229 88629 25695 94932 30721 16197 78742 34974 97528 45447
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digits of the first one, and so on (1) Vary the direction 1n which you
traverse the table, to the right or left, up or down, or diagonally () Vary
the sample size, choosing in some random manner the various sizes,
10,15, 250, heading table 13 1 (1,000 1s unnecessarily large)

For each sample make a record of the following facts (1) imitial point,
(n) direction taken mn counting, (n) sample size, and (v) frequency of
odd digits  If you can spare the time, draw 100 or more samples, carefully
preserving the records, 1 the order made, for future use

You have now done exper; lly what the h 1
does theoretically when he studies the distribution of samples drawn at
random from a specified population, and you can verify the results which
he derives from his equations  Let us look at these results 1n some detail

1.6—The freq distribution and its ical i
One group of studems mn statstics drew 200 samplcs of n = 10 The
results are summanzed 1 the frequency distribution of table 161 Each

TABLE 161
FRreQUENCY DISTRIBUTION oF NUMBERS 0F OpD DIOITS IN 200 SAMPLES OF 1 = 10
Class Class Theoretical
(Number of Odd Digits) Frequency Class Frequency

0 1 02
1 1 18
2 8 82
3 25 223
" 39 W00
5 e 49 2
6 36 420
7 25 26
8 16 94
9 4 21
10 0 02
Total Frequency 200 200 0

number of odd digits 1s known as a class  The number of samples falling
1nto a class 15 the class frequency, the sum of the class frequencies being the
total number of samples drawn There 15 an extenswe lore about the
structure of statistical tables For detailed information, see reference
(13) I find that most students read frequency distributions quite freely
with little or no nstruction
One striking feature of the 1s the

of frequencies near the middle of the table The greatest frequency 1s in
the class of 5 odd digts, that 1s, half odd and half even The three middle
classes, 4, 5, 6, contain 39 + 45 + 36 = 120 samples, more than half of
the total frequency Thus central tendency 1s the characteristic that gives
us confidence 1n sampling—most samples furmsh close estimates of the
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population fraction of odds This should counterbalance the perhaps
discouraging fact that some of the samples are notably divergent

Another 1interesting feature 13 the symmetry of the distribution, the
greatest frequency at the center with a tralling away at each end This
1s because the population fraction 1s near 50%, 1f the percentage were
nearer zero or 100, the frequencies would pile up at or near one end

The regulanty that has appeared 1n the distribution shows that chance
events follow a defimite law The turning up of odd digits as you counted
them may have seemed wholly erratic whether an odd or an even would
come next was a purely chance event But the summary of many such
events reveals a pattern which may be predicted (aside from sampling
vanation) The theoretical pattern, shown in the last column, 1s a -
nomual distribution, 1t 1s the shape of the population from which we are
sampling and 1ts form 1s known exactly For the fraction of odds, 0 506
(there are 5,060 odd digits in the table), and for sample size, n = 10, the
theoretical distribution of odds was calculated by a method which will be

50) .
——
40
——Sample
===--~Theoreticol
30)
IS
§
g
g
[
20f
10}

2 3 4 5 € 7
Number of Odd Digits

F1o 16 1—Distribution of odd digits in 200 samples of ten  The dotted lines represent
the theoretical binomial distribution from which the samples were drawn
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explamed 1n chapter 16 I think you will be pleased with the agreement
between actual and theoretical frequencies
The graphical representatson, figure 1 6 1, brings out vividly the features
of the bmomial distribution On the horizontal axis are marked off
mtervals corresponding to the classes of the frequency distribution  Upon
each 1s constructed a rectangle with altitude proportional to the corre-
class , the scale of freq being at the
left This kind of graphical representation of the frequency distribution 15
known as a hustogram  Many chapters and books have been written about
the making of statstical graphs Reference (1) contans an adequate
description of the techmque

1.7—Confidence interval; verification of theory. The samples
you have drawn may be used to verify the theory of the confidence inter-
val From table 1 3 1 write down the 95% nterval for each of your sam-
ples, then observe whether 1t covers the known population fraction of
odds Thus, for the sample of 50 discussed above, 23 of the digits were
odd This leads to the statement that the population percentage les
between 32% and 61%, a correct conclusion because we know that 50 6%
of the digits 1n the table are odd But suppose one of your samples of
250 had started at row 85, column 23, you would have counted, moving
down the successive columns, only 101 or 40 4% odd, and would have
asserted that the true value 1s between 34%, and 469, You would have
been wrong despite the fact that this sample 15 randomly drawn from the
same population as the others This sample merely happens to be un-
usually divergent You should find about five samples i 2 hundred
leading you to incorrect statements, but there will be no occasion for sur-
prise 1f only three, or as many as seven, turn up  If you had examined the
mtervals for P = 0 99, you would have expected (allowing as usual for
sampling variation) about 99 per 100 of these to mnclude the true ratio
of 50 6% 1 hope your results may be sufficiently concordant with theory
to give you confidence in 1t Of one thing I am sure—you are more aware
of the vagaries of sampling then you were before, and that 1s one of the ob-
Jects of the experiment  Another lesson to be learned 1s that only broad
confidence ntervals can be based on small samples, and that even so the
inference can be wrong

Finally 1t 15 to be observed that the interval narrows but slowly with
increasing sample size  Thus fact 1s made vivid by considering the entire
2,000 observed digits as a single random sample The number of odd
digits 1s

1(1) +2(8) +3(25) +  + 9(4) = 1,028

From this large sample the esumated population fraction of odd digits
15 1,028/2,000 = 05056 Using methods explained in Chapter 16, the
0 95 confidence 1nterval 1s set from 0 4837 to 0 5275 Compare this with
the interval for » = 1,000

Let me emphasize the point that failure to make correct inferences in
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a small portion of samples 1s not a fault that can be remedied but 13
mevitably bound up 1 the samphing procedure  Falhibility 1s the very
nature of such evidence The sampler can only take available precau-
tions, then prepare himself for his share of mustakes In this he 15 not
alone The journalist, the judge, the banker, the weather forecaster—
these along with the rest of us are subject to the laws of chance, and each
makes his own quota of wrong guesses The statistician has this advan-
tage—he can, mn favorable circumstances, know exactly his likelihood of
error

EXAMPLE 17 1—If you wish to learn by samphing what portion of radio owners
1n a selected region listen to a certan program, would you get an accurate sample 1f
ou dy d the by telepl Would all rad: have a chance of

ng interviewed?

EXAMPLE 17 2—A sampler of public opinion cstimates from a sample the num-
ber of voters in a state favonng a certain candidate for governor Assuming that his
estimate was very close to the g:pulanon value at the ume the survey was made,
mght the ballot on election day be quute different?

EXAMPLE 17 3—Why does a mailed often result 1n an
estimate?

EXAMPLE 17 4—Combine all your samples of digats, irrespective of size, nto
one The correct percentage of odd digats can be got in two ways (1) add all the
counts of odd digits and divide by the total digits counted, (1) compute the weighted
average of the percentages of the various sized samples, using the formul
Wi + Waps + Wps +

Wi+ Wi+ Wy -+
where p1 15 the percentage of odds i the samples of 10 and W} 1s the total number of
dlsgns counted 1 these samples 1 and Wi are defined in the same way for samples of
15, etc

weighted average =

EXAMPLE 17 5—Bascd on_the combined sample of the preceding example,
set the 99% confidence interval  Does it cover the known population ratio?

EXAMPLE 17 6—In a 1951 sample of Iowa open-country houscholders within
operating range of WOI-TV, 106 of the 425 respondents had television sets 1n opera-
tion Calculate the 95% interval estmate of the percentage of television-owning
houscholders in the region surveyed Ans 21 - 30%

EXAMPLE 17 7—It was estimated that there were 31,025 householders i the
open country within operating range of the stauon  Make point and interval estimates
of the number of television sets1n the region  Ans 7,750 sets Between 6,500 and 9,300.

EXAMPLE 1 7 8—Five dice were tossed 100 times with these results

Number Deuces Frequency of Theoretical
+ Toss Occurrence Frequency
5 2 0013
4 3 0 322
3 3 3214
2 18 16 075
1 42 40 188
0 32 40 188
Total 100 100 000

Draw the histogram showing the sample distribution of deuces together with the
theoretical binomial distributon Do you think the dice were balanced and fairly
tossed” See example 1 14 2
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1 8—Hypotheses about populations. In contrast with the foregoing,
the investigator often has in mind a definite hypothests about the popu-
lation ratio, the purpose of the pling being to get evid
his hypothesis Thus, a geneticist studying heredity 1n the tomato had.
reason to beleve that, in the F, generation, segregation of fruits with
Ted flesh and yellow flesk would be 1n the ratio, 3 1 Counting the num-
ber of fruits with red flesh 1n a sample of 400 he found 310 instead of the,
hypothetical 300 With your experience of sampling variation, would you,
Fecept this as verification or refutation of the hypothesis’. Again, the
Sampler of public opinion foresees a close election in some critical state
He sets up the hypothesis of an equal number of votes for the two domi-
nant parties, then asks 10,000 voters their preferences, the resulting divi-
sion bemng 5,100 to 4,900 Shall he say that this 1s or 1s not convincing
evidence about his hypothesis of a tie vote®

To answer such questions two data are needed, a measure of the
deviation of the sample from the hypothetical population ratio, and a
means of judging whether or not this measure 15 an amount commonly
experienced 1n sampling or, on the contrary, 1s so great as to throw doubt
upon the hypothesis  Both data were furmshed by Karl Pearson in 1899
{8) He devised an index of dispersion denoted by x* (chi-square), and
provided a table of its probable occurrence in sampling * Let us first
examine the index

9—Chi-square, an index of dispersion Naturally, the deviations

the observed numbers from those specified by the hypothesis form the
bass of the index In the election sampling of the previous section, the
numbers expected on the hypothess of an equally dwvided vote are each
5,000 The deviations, then, are

5,100 — 5,000 = 100
and
4,900 — 5,000 = — 100,

the sum of the two being zera  The value of chi-square 1s given by,

(100)* | (—100)

5,000 5000

x?

Each deviation 1s squared, each square 1s diided by the hypothetical
number, and the results are added The hypothetical numbers appear 1n
the denomunators in order to troduce sample size into the quantity—it 1s
the relatwe s1ze of the deviation which 1s important The squaring may
puzzle you You will find this a very common practice n statistics
Incidentally, 1t makes the sign of the deviation ummportant since the

*G U Yulcand R A Fusher discovered an error in certain uses of the table and
corrected 1t 1n 1922 (15, 2)
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square of a negative number 1s the same as that of the corresponding
positive It 1s plain that chi-square would be zero if the sample frequencies
were the same as the hypothetical and that 1t will increase with increasing
deviation from hypothetical In that respect, 1t 1s a reasonable measure of
variation But 1t 1s not at all plain whether the chi-square value of 4
1s to be considered large, medum, or small To furnish you a basis for
comparison 1s our next aim  Pearson founded his judgment on the solu-
uon and tabulation of a somewhat elaborate equation, but for non-
mathematicians the customary way of gomng about the matter 1s to set
up an experiment  Before doing that, a couple of formulas will be given,
together with a few examples to help fix them 1n mind

1.10—Symbolic statement of chi-square It 1s convement to repre-
sent by fi and f, the sample counts of individuals who do and do not
possess the attribute being investigated, the corresponding hypothetical
frequencies being Fy and F;  The two deviations, then, are fi — Fi and
fr — Fa, so that chi-square 1s given by the formula,

X = (/i = BY/F + (fa = F2)'/F,

The formula may be condensed to the more easily remembered as well
as more general one,

x! =2 (f - F)YF,

where 2 denotes summation In words, “Chi-square 1s the sum of such
ratios as

(deviation square)/(hypothetical number)”

As will appear later, there may be more than two of these ratios in the
summaton

Let us apply the formula to the counts of red and yellow tomatoes n
section 18 There, fi = 310, fo = 400 — 310 = Y0, F; = 3{ of 400 =
300, and Fy = }{ of 400 = 100 Whence,

_ (310 = 3000 (90 — 100)*

: (90 — 100)*
x 300 100

=133

It 1s apparent that the hypothesis set up about the population 1s the
sole criterion for dividing the sample 1nto hypothetical numbers  Only 1f
the investigator wishes to test some hypothesis will he be interested 1n cal-
culating chi-square

EXAMPLE 110 1—In a certain cross of two varictics of peas genctic theory led

the investigator to expect half wrinkled seeds and half smooth In a sample of 800
seeds examined he found 440 wrinkled  What 1s the value of chisquare’ Ans 8

EXAMPLE 1 10 2—If the count in the foregoing example had begq 220 wrinkled
. 10 a total of 400, would chi-square also be half 1ts onginal value?
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EXAMPLE 110 3—In the text example about tomatoes the deviation from ex-
pected was 10  If this same deviation had occurred in a sample of twice the size (that
Yo in a sample of 800), what would have been the value of chusquare Ans 0 67,
half the oniginal value

EXAMPLE 1 10 4—In a political campaign a candidate claimed that 60% of the
electorate would vote for him A sampler of public opinion asked 1,000 registered
voters 1f they expected to vote for this candidate and 55% of them said, “Yes * Calcu-
late the value of chi-square on the assumption that the candidate’s claim was correct
Ans 1042

EXAMPLE 1 10 5—In the foregoing example, what statement about the electorate
may the sampler make based on the 99% confidence interval® Ans Between 51% and
59% will vote for the candidate

111—An experiment pling chi-sq , the ling dis-
tribution  You have now had some practice 1n thc calculauon of chi-
square It 1s to be hoped that 1t appeals to you as a reasonable and 1n-
formative measure of the deviation of the observed sample numbers from
those expected under the hypothesis set up  But 1t has another function—
1t enables us to judge whether the sample ratio wself departs much or
Iittle from the hypothetical population value To use 1t for that purpose we
must answer the question already proposed what values of chi-square
are to be considered as indicating unusual deviation, and what as ordinary
sampling vanation? Our experimental method of answering the question
will be to calculate chi-square for each of the samples drawn from the
table of random numbers, then to observe what values of chi-square
spring from the more unusual samples 1f a large number of samples of
various sizes have been drawn and if the value of chi-square 1s computed
from each, the distribution of ch- squarc may be mapped

To 1ll the calcul of | for one of your samples,
suppose the sample size 15 2 = 100, then, since 50 6%, of the tabular
digits are odd, Fy = (0 506)(100) = 50 6 and F; = 49 4 If you counted
/1 = 44 odd digits in this sample, the value of chi-squace 15

(44 — 506)% (56 — 49 4)*
506 49 4

2= =174

In case there are several samples of this same size, calculating time
can be saved by rearranging the formula Remembering that the two
deviations are the same 1n absolute value (that 1s, disregarding sign), this
absolute value being 6 6 for each deviation, chi-square can be written

x* = (fi = F)* (1/F + 1/F)
= (6 6)%(1/50 6 + 1/49 4)
(43 56)(0 019763 + 0 020243)
= (43 56)(0 040006) = 174

as before The advantage 1s that once the sum of the reciprocals of the
expected numbers has been calculated, 1t can be used again and again
s0 long as the sample size and the population ratio are unchanged just
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square the deviation from expected and multiply by 0 040006  Of course,
an appropriate factor must be calculated for each sample size

Those who do not have adequate computing facilities (table of squares,
shde rule, calculating machine) may prefer to sacrifice some accuracy to
save a good deal mn the time required for the experiment just outlined
If they assume 509 of the tabular diguts to be odd, then Fy = F, = n/2,
an nteger 1n most of the samples Forn = 100, the formula above then
becomes

% = (004)(f — 50

The effect on the frequency distribution 1s striking, but the broad outhne
1s unchanged

Proceed now to ca]culatc ch]—squarc for each of your samples The
results may be s lly if there are a hundred
or more of them, 1n a samphng dxsmbuuon like that of table 1 11 1

TABLE 1111
SAMPLING DISTRIBUTION OF 230 VALUES OF CHI-SQUARE CALCULATED Frow SawmpLEs
DrawN From TAsLz 151
Sample sizes—10, 15, 20, 30, 50, 100, and 250

Class Interval Frequency Class Interval Frequency
0 00-0 49 116 6 00— 6 4 0
0 50-0 99 39 0~ 6 99 1
1 00-1 49 18 7 00— 7 49 0
1 50-1 99 22 7 50- 7 99 0
2 00-2 49 12 8 00~ 8 49 0
2 50-2 99 5 8 50~ 8 99 1
3 00-3 49 5 9 00- 9 49 0
3 50-3 99 6 50- 9 99 0
4 00-4 49 1 10 00-10 49 1
4 50-4 99 2 10 50-10 99 0
5 00-5 49 0 11 00-11 49 1
5 50-5 99 0
Observe the of sample chi-sqy in the smallest class

(the class or class interval here contains not one but a group of values of the
variable), practically half of them being less than 05  Attention has al-
ready been called to the fact that, in the process of sampling, small de-
wiations (with small chi-squares) are predominant, this bemg the founda-
tion of our faith 1n sampling  But taking a less optimistic view, one must
not overlook the samples with large dewviations and chi-squares The
possibility of getting such as these makes for caution m drawing conclu-
sions In this sampling excrcise we know the population ratio and are not
led astray by discrepant samples, but mn actual mvestigations, where the
hypothesis set up 1s not known to be the right one, a large value of chi-
square constitutes a dilemma  Shall we say that it denotes only an unusual
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sample from the hypothetical population, or shall we conclude l.hat the

the true popul ratio? 1 theory
camams 1o certamn answer Inxtcad it fumlshes an :valualnm oj the prob-
ability of possible sample dewations from the hypoth 1f chi-sq

15 large, the mvestigator 1s warned that the samplc 1s an mprobable
one under his hypothesis This 1s evidence to be added to that which he
already possesses, all of 1t being the basis for his decisions A more exact
determination of probability will be explained mn the second section to
follow

The graphical representation of the distribution of our chi-squares
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FREQUENGCY
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20

o I 2 3 4 5 6 7 8 9 10 U 12
CHI “SQUARE

Fo 1111 frequency of the 230 sample values
of chu-square 1n table 1 11 1.

appears 1n figure 1 111 The graph serves to emphasize both the concen-
tration of small chi-squares at the left and the comparatively large size
of the few at the right It 1s now evident that, for the election sampling of
section 19, x* = 4 does not lie far out on the scale but 15 nevertheless
larger than a great majority of the chi-squares 1n this distribution  If the
clectorate were really divided equally, this would be an unusually large

valuggof chi-square

al;—l?requency distribution with unequal class intervals. Two
features of our chi-square dxsmbunon are yet to be examined (1) how
does 1t with the th , and (1) how may we
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evaluate more exactly the probabil of various chi-sq sizes” Both
features become evident if the class intervals are rearranged as in table
1121, column1 Very narrow at the start, these theoretically determimed
mtervals increase m width so as to make the chi-square distribution sym-
metrical as mn column 4  Furthermore, they are adjusted so that each
contamns a convenient percentage of chi-square values, m other words, so
that the probabilities of specific values are easily read As an example,
the last line of column 4 mdlcawz l.hc probability of 0 01 that, 1n random

p from the hypoth pop hi-sq will be larger than
6635
The distribution of our sample of 230 chi-squares 1n columns 2 and 3
15 reachly pared with the th b of column 4 Clearly
TABLE 1121
SAMPLING DiSTRIBUTION oF CHI-SQUARE WrTH UNEQUAL CLAsS INTERVALS
Discontinuous Variable Continuous Vanable
Distribution of Theoretical ~ Cumulative
230 Sample rcentag 2 g
Class Interval Values D D D
1 2 3 4 5
0 -0 000157 0 0 00 1 100
0 0001570 00393 1 478 4 99
0 00393 -0 0158 20 8 70 5 95
00158 -0 1015 26 11 31 15 20
0 1015 -0 455 59 25 65 25 75
0 4 ~1 323 62 26 96 25 50
1323 -2 706 32 13 91 15
2706 -3 841 14 10
3841 -6 635 3 130 4 5
6635 ~w 3 130 1 1
Total 230 100 00 100

the two do not differ greatly The discrepancies are due partly to sampling
variation, but mainly to this fact the theoretical distributions in columns
4 and 5 are based on a “continuous” vanable, one capable of taking all
numerical values, while those 1n columns 2 and 3 anse from counting a
“discontinuous” or “discrete” variable which jumps from one integral
number to the next, leaving out intermediate values (fractions and 1irra-
tionals) You may have observed, for example, that no sample of sizes
which you have drawn can yield a chi-square m the first class interval,
but if samples of 500 or more were counted, an occasional one would have
so small a value
Column 5 contains a lative frequency distribi of the

in column 4 Beginning at the foot of this column 5, each entry 1s the sum
of all the preceding ones i column 4, hence the name The column 13
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read this way the third to the last entry means that 10%, of all samples in
the theoretical distribution have chi-squares greater than the 2 706 Again,
50%, of them exceed 0 455, this may be looked upon as an average value,
exceeded as often as not m the samphng Finally, chi-squares greater
than 6 635 are rare, occurring only once per 100 samples So in this

)t distrib of chi-sq we find a measure 1n terms of prob-
ability, the measure we have been seeking to enable us to say exactly
which chi-squares are to be considered small and which large  We are
now to learn how this measure can be made use of

1 13—The test of a null hypothesis or test of significance. As indi-
cated 1n section 1 8, the nvestigator’s objective usually can be translated
mto a hypothesis about his experimental material  The gencticist, you
remember, knowing that a certan simple pattern of inheritance pro-
duced a 3 1 ratio, set up the hypothesis that the tomato population had
this ratio of red to yellow fruits  Thus 1s called a mlII hypothests, meaningy
that there 15 no diff between the hypoth I rat1o and that in the
population of tomato fruits  If this null hypolhcsls 1s true, then random
samples of n will have ratios distributed binommally, and chi-squares
calculated from the samples will be distributed as in table 1121  Now,
to test the hypothesis, a sample 1s taken and 1ts chi-square calculated, n
the 1illustration the value was 133 Reference to the table shows that,
if the null hypothesis 1s true, 133 1s not an uncommon chi-square, the
probability of a greater one being about 025 As the result of this test,
the geneticist would not likely reject the null hypothesis  He knows, of
course, that he may be in error, that the population ratio among the
tomato fruits may not be 31 But the discrepancy, if any, 1s so small
that the sample has given no convincing evidence of 1t

Contrasting with the genetic experiment, the election samplhing turned
up x* = 4 If the null hypothesis (an equally divided electorate) 1s true,
a larger chi-square has a probability of only about 005 This suggests
that the null hypothesis 1s false, so the sampler would likely reject 1t As
before, he may be 1n error because this might be one of those 5 samples
per 100 that are expected to have chi-squares greater than 3 841 even
when the sampling 1s from an equally dwided population In rejecting
the null hypothesis, the sampler faces the possibility that he 1s wrong
Such 15 the kind of risk always run by thosc who test hypotheses and rest
decisions on the tests

The 1illustrations show that 1n testing hypotheses one 1s hable to fwo
kinds of error  1f hus sample leads him to reject the null hypothesis when
1t 15 true, he 15 said to have commutted an error of the first kind, or a Type I
error If, on the contrary, he 1s led to accept the hypothesis when 1t 15
false, his error 1s of the second kind, a Type 11 error The Neyman-Pearson
theory of testing hypotheses emphasizes the relations between these types
For recent accounts of this theory see references (7, 6, 14)
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In biological research 1t 1s y to reject the null hypothesis
where chi-square exceeds 3 841, that s, chi-square greater than 3 841
constitutes the region of rgection A sample value lying 1n this region 1s
called signficant because 1t signifies rejection  As shown by the last column
of the table, this practice makes the probability of a Type I error only 0 05
when the null hypothesis 1s true  Thus probability was not too badly veri-
fied by the experimental sampling which turned up 3 + 3 = 6 chi-squares
greater than 3 841, that s, 6/230 = 0 026 instead of 0 05

It should be said that, 1n case the null hypothesis, Ho, 1s rejected, there
must be some alternative hypothesis, Hy, to be accepted In the situ-
ations we have been discussing the alternative has been rather obvious,
if the hypothesis of no difference 1s rejected then the alternatve of some
difference 1s accepted Later we shall encounter circumstances 1 which
the outcome of the test may depend upon the selection of the alternative

It 13 understood that a biologist seldom 1f ever rests his decisions
wholly on a test of hypothesis  Knowing that a sample furnishes evidence
but not proof, he adds this evidence to that already accumulated from
experience and reports of other research Too, there 1s collateral nfor-
mation which has accrued during the progress of the experiment  Fnally,
if the expeniment 1s of any great value, 1t leads to new hypotheses which,
before conclusions are reached, must be tested either by new experiments
or by their agreement with the known structure of the science It 1s the
mvestigator’s responsibility to mtegrate all this evidence and to make a
decision  He cannot evade this responsibility by citing a value of chi-
square The probability that he will reach a false conclusion 1s presum-
ably much less than that of his errors of the first kind

% EXAMPLE 113 1—For the pea sceds of example 1101, x = 8 Presumably the
investigator would reject the null‘;ypothuu of cqual numbers of wrinkled and smooth

n the Acespun of unequal numbers If so,
what 18 d.e probability of an eﬂor of Type I? Ans P <0 01 (more accurately,
g’a 30) For a method of evaluating probabilities not in the table, see section

EXAMPLE 113 2-In some experiments on heredity 1n the tomato, MacArthur
(5) counted 3,629 fruits with red flesh and 1,176 with yellow This was in the Fy
generation where the theoretical ratio was 31 Comj mpute x! =0 71 MacArthur
concluded that ““the discrepancies between the observed and expected ratios are not
mgnificant

EXAMPLE 113 3—In the same sertes of ex) nts, MacArthur counted 671
plants with green foliage and 569 wn.h yellow FThis was'a backeross n which the
theoretical ratio was 11 Ch-square = 8 39 1s strong evidence agawnst lhe 11
hypothess, “‘resulung without doubt ﬁ'om a lower viability in the recesnve class

EXAMPLE 113 4—In a South Dakota farm labor lurv:y of 1943, 480 of the
1,000 reporting farmers were classed as owners (or part owners), the remaining 521 520
being renters It 18 known nm, of nearly 7,000 farms 1n ther region, 47% are
Assuming this to be zhe population percentage, calculate chi-square for the umple of
1,000 Bou this increase your confidence 1n the randomness
the sampling? Such coumm evidence 13 often cited The assumption 1s that 1f the
sample 15 shown to be representative for one attribute it 1 prubnbly representative also
of the attribute unda vestigation, provided the two are related.
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E‘.XAMPLB 113 5—James Sncdecor (10) tred the cflect of injectiog poultry
with female sex hormones In one 2
it chucks e e haseiied st e mormal Femmeles o aduveduale
t 18 the of the rato 2 19, or one
more mmne. n sampling from a population with equal numbers of the sexes” Ans
= 1376, B = 0 0002 (bee example 8 8 12).

EXAMPLE 113 6—In table 1121,62 +32 + 14 +3 + 3 = 114 samples have
chi-squares greater than 0 455, whereas 50% of 230 were cxpected What 15 the
probability of drawing " mo re discrepant sample 1f the sampling 1s truly random®
Bms X =0 0174, Ps 090 What 1 the probabilty of greater deviation from
half-and-half than the deviation in your samples drawn in accord with scction 1117

1.14—More than two kinds of individ in the p
Attention has been called to the fact (section 14) that rmore than two
kinds o( ndividuals often mhab\t a popu]atlon If the nvestigator has
some hypothesis about the pop of these kinds he may
use chn-square to test1t  But now the sampling distribution of chi-square
1s different from that 1n table 1121 The form of the distribution de-
pends on the number of degrees of freedom associated with the sampling
Heretofore, we have learned to test a null hypothesis about only two
kinds of individuals, and there has been only a single degree of freedom
(though nothing has been said about 1t) To see this, consider a sample
whose size has been fixed at 100 individuals  If 30 of them are found to
possess the attribute under investigation, this fixes the value of chi-square
The number having the opposite attribute 1s got by subtraction, 100 — 30
The single degree of freedom 1s associated with the random occurrence
of the mdividuals of a specified kind appearing i the sample Thewr
number might be anywhere from zero to 100, but once this number ha:
been counted, there 1s no further freedom about the number in the alter
native category

If there are more than two kinds of individuals, the degrees of freedom
ncrease At present we shall deal with situations 1n which the number
of degrees of freedom 15 one less than the number of kinds, the argument
being parallel to that for two kinds

As an example, Lindstrom (4) crossed two recessive types of maize,
golden and green-striped  “In the ¥, generation four distinct types of
ﬂams were_ produced Two _were hke the parents. (one green-stnped
-and one golden), one was like the Fy hybrid (green), and one was entirely
new, being a combmation of the two recessive types, namely, a golden-
grce triped type 7 ¥ Ofthe 1, 3%1 plants, theré were

773 green
231 golden
238 green-striped
59 golden-green-striped
1,301

del h

According to a simple type of M
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would follow 9 3 3 1ratios We select this as the null hypothesis Accord-
ng to 1t the hypothetical numbers are

= (9/16)(1,301) = 7319
= (3/16)(1,301) = 2439
= (3/16)(1,301) = 2439
= (1/16)(1,301) = 813

1,310

Substituting 1 the formula for chi-square (section 1 10),
x* =2 (f ~ F)Y/F,
(773 — 731 9)2 | (231 — 2439)* (238 — 243 9)2+ (59 — 813)

X = t +
7319 2439 2439 813
_ (a1p (—129)2 (—59)2 (—223)
AT 2439 2439 813

[

231 4+ 068 + 014 + 612
=925,

with 4 - 1 = 3 degrees of freedom Note The sum of the four devia-
tions, 411 — 129 ~ 59 — 223,15 zero Thus serves as a check on the
preceding calculations  But 1t also venfies the fact that there are 3 de-
grees of freedom, only three of the deviations can be chosen at will, the
fourth being fixed as zero minus the sum of the first three

Is x* = 925 withdf = 3, a common event 1n sampling from the
population specified by the null hypothesis, 9 3 3 1, or 1s 1t a rare one?
For the answer refer to table 114 1, mn.the hne for 3 df You will find
that 9 25 1s beyond the 5% pomt, near the 2 5% point On the basis of
the statistical evidence alone the null hypothesis would be. xq:ctcd Yet
Tindstrom concluded “The data do not fit the 9 3 3 1 ratio very closely,
but the deviations therefrom are largely explamned by a physiological
cause, which 1s the weakened condition of the last three classes due to
therr chlorophyll abnormahty The last class (golden-green-striped)
15 not very vigorous” It 15 this last kind that contributed nearly two-
thirds to the total chisquare  So, the null hypothesis was not rejected
despute the large value of chi-square

EXAMPLE 114 {—In table 1 14 1 xdentily the probabiliics n the upper border
with those i column 5 of table 1 1

EXAMPLE 1 14 2—In example 1 7 8 therc was a frequency distribution of deueu
turning up in tosses of 5 dice e theoretical distnbution of fawrly
dice 18 given n the night-hand column  In testing hypotheses by means of chuq\nre,
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it 8 8 recommended precaution th every clas have a theoreucal frequency of at
lcast 5 So, combinc the first 3 classcs hike this, rounding to one decimal
Deuces 7 7
5,4,3 3 35
2 18 16 1
1 42 40 2
0 32 40 2

Galoulate chiaquare, Ans 776, df = 3 The hypothens of random sampling from
the theoretical distribution might niot be regected, but one would look with suspicion
qn the large number of deuces 1n the first three c

1“EXAMPLE 1 14 3—The samples 1n table 1 6 1 are known to be randomly drawn
fom the theoretical dustribution . For practie, calculate chl-lqum after combining
the fist 3 classes and alo the last 3 classes m 747, df = ¢ In sampling from the
it 028 But one
suspects that 1n some uf the samples of dm 8 the dng:u ‘may nol have been counted
correctly.

In this opeming chapter the reader has been introduced to the broad
prnciples of scientific statistics He has encountered the problems of
learning about a population through means of a sample drawn from 1t
He knows that inferences about the population are valid only if nfor-
mation has been built into the sample data by proper design and skillful
conduct of the sampling He has learned to make point and interval
esumates as well as to test hypotheses And he has experienced the
uncertamncs mvolved 1n drawing conclusions from the results of a

he der of the book 15 occupied with more and more
elaborate designs for collecting data, together with appropriate statis-
tical methods for extracting information from them

Those who ave primanly interested 1 measurements, rather than counts, may
wish to turn forward to chapter 2, omuting the remamder of this one. The neces-
sary preparation has been made Others, who prefer to continue the study of
enumeration statistscs, will find the subject of chapter 1 continued wn chapter 9

(\ 1.15-—Chi-square and sample size. From the formula,
=2(f - F)/F,

\tuclcarthatlflhe L, f — F, 18 h d, ch
as the size of sample increases, because, for any parucular hypothess,
F varies directly as sample size. This s illustrated by the first example
i table 1151  Muluplying sample size, n, by four reduces chi-square to
one-fourth 1ts former value The meaning 1s that, while a deviation of 10
18 unusual 1n a sample of 100, 1t 1s rather common in the larger sample—
the larger the sample, the more latitude there 1s for sampling varation

In the second example the deviation 15 increased fourfold along with
sample size, the effect being to multiply the onigmal chi-square by four
The deviation, 40, i the larger sample 1s much less likely than 1s 10 1n
the oniginal  Thus shows that the latitude for sampling variation does not
increase directly with sample size
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The deviation in example three 1s only doubled as the oniginal sample
size 1s quadrupled, chi-square h d, that 1s, the di
20, m a sample of 400 has the same expectation as the deviation, 10, in
the sample one-fourth as large  Thus, for equal likelihood of occurrence
the deviation must vary directly as the square root of n

Clear understanding of the illustrated prineiples 15 necessary if one 1s
to appreciate the meaning of chi-square  Here 1s one application results
are often reported not 1n numbers onigmally counted but as percentages
of individuals having the attribute, that 1s, as so many per hundred enumer-
ated It 15 clear that such percentages cannot be used directly in the
calculation of chi-square except 1n the case where the sample size 1s an
even hundred  In all other samples, before chi-square 1s computed, the
percentage must be converted to the actual number of individuals found

TABLE 1151

Turee ExaMpres ILLUSTRATING CHANGES IN UNADJUSTED CHI-SQUARE RESULTING
FRroM QUADRUPLING THE ORIGINAL SAMPLE SizE

Example 2 Example 3
Ongnal Example 1 Deviation Deviation
Random Deviation Increased Increased
Sample Unchanged  Directly as n asy/n
Sample size, n 100 400 400 400
Number hat
attnibute 60 210 240 220
pected on bass
of 1 1 hypothesis 50 200 200 200
Deviation 10 10 40 20
Chu-square 4 1 16 4

with the attribute, or else some appropriate device must be employed for
accomphshing the same end

Another apphcation of the principles of this section 13 made 1n planning
the size of a samphng  Consider a like this” A
studying heredity 1n the tomato has examined 100 seedlings and found 46
with yellow fohage Theoretically the plants are expected to segregate
half green and half yellow, but he suspects lower viability n the seeds
having the recessive yellow gene  The deviation of yellow seedlings from
the 50 which was expected 13 4%, of the number examined, but chi-square
18 only 064, so the statistical evidence agamnst the 1 1 rato s slight
Nevertheless, the suspicion of lower viability must be tested, and the
question 18 asked, “In the event that the 4%, deviation 1s found 1n a larger
sample, how many plants should be examined to make chi-square 10
tumes 1ts present sample value?’ The appropriate example in table 1 15 1
13 the second because, the deviation being assumed to be 4% of the plants
counted, 1ts S{ze 15 to increase directly as n If so, chi-square will increase
in the same way, and a sample of 10 times 100 should have the required
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value, 64 MacArthur’s data presented in example 113 3 might have
been the outcome of some such reasoning, verifying the suspected charac-
ter of the gene  On the other hand, the suspicion might have proved un-
founded, the larger sample turming up with no more than ordinary devia-
tion from the 1 1 ratio  In exther event the investigator has acquired the
desired information

1.16—Another formula for chi-sq Ths formula gives the same
result as the more general one and often makes computation easier

(@ — by b)?
ETEDX
where ¢ and b are the numbers 1n the two classes and 7 1s the hypothetical

ratio of the corresponding numbers 1 the population  Applving this to
the tomato problem of section 1 8

a = number of red-fleshed fruis = 310
b = number of yellow-fleshed fruits = 90
a+ b = 400
r=3/1=
.
(310 — 3 X 90)*
2o 2T 0 AT
b% 3400) 1 33, as before
EXAMPLE 1 16 1—Jenkins and B«ll (3) reported a gene producing yellow sced-
lings in maize, a smple recesse to the normal green  Among 9,717 counted, the ratio

of green to yellow seedlings was 78 95% to 21 us%, whereas the e hypothetical ratio
was 31 Does the sample evidence support the hypothetical rato? Ans x* = 81 04
The 1nvestigators showed by means of further experiments that the gene was “linked
with Jethal or semi-lethal factors which caused a deficiency in the yellow seedling class
Sausfactory 3 1 ratios were not ohiamed untl these cultures had been outcrossed and
the disturbing factors eliminated »

1.17—Ratios, rates, and percentages. These fractions are very popu-

lar 1n the prescntauon of statistics because, being usually reduccd to some
y their are readily

are given 1n table 1171 The percentages of males all ‘have thc denorm-
nator, 100 guinea pigs  The two sets of ratios are numerators, respectively,
of one and one hundred females Other denomnators are sometimes used
Death rates, for example, are usually expressed as so many per thousand
people, or per 100,000 for some rare diseases

Ease of comparison 1n a set of these fractions 1s ganed at the expense
of information The original denominators are set aside, even sometimes
lost sight of, a fault to be deplored Many computations require return
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TABLE 1171
Averace Numsers or Mares anp Femares LirTerep i o Corony or Guinea Pios,
BY MonTH FroM ScHOTT AND LamserT (9)
Various Sex Rarios

Jan  Feb  Mar Apr May Junc

Males 65 64 65 41 72 80
Females 49 58 81 48 62 80
Total 114 122 146 89 134 160

Percentage males | 570 525 445 461 537 500
Ratio, males to

fe 1327 1103 0802 0854 1161 1000
Ratio, males per

100 females 1327 1103 802 854 1161 1000

July Aug  Sept Oct Nov Dec Total
Males 88 114 80 129 12 86 996
Females 95 118 94 104 144 85 1,018
“Total 183 232 174 233 256 m 2,014
Percentage males 48 1 491 460 554 438 503 49 45
Ratio, males to

fe 0926 0966 0851 1240 0778 1012 0 9784

Ratio, males

100 f:nn.luw 92 6 9 6 851 1240 778 1012 97 84

to the original data, as for example the fractions in the column of totals
‘where
49 45%, = (100)(996)/2,014, etc.

Attention has already been called to the fact (section 1 15) that percent-
ages cannot be used 1n the calculation of chi-square unless some method
15 provided for recovery of the ongmal base, thus giving due weight to
sample size

In many nstances the bases of comparable percentages are not very
different so that the can be d with no
great inaccuracy Even the guinea pig percentages of males have an

average,

5704525 + +503 5965

5 = 49 71%,

which 13 not greatly divergent from the correct 49 45%, However, if one
wishes an accurate average of percentages that have different bases he
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must go back to the original fractions, add their numerators and denom-
nators separately, then divide

EXAMPLE 1 17 1—Three dairy herds of a certain commumty showed the follow-
ng reaction to a test for tuberculosis

Number cows m herd 40 100 10
Percentage reactors 5 2 60

Calculate 7the average, 6 7% Do you think this s a better average than (5 + 2 + 60)/
3= 2239

EXAMPLE 117 2—The percentages of noxious weed sceds mn two samples of
tumothy are 0 01% and 005% If each sample consisted of 10,000 seeds, what 1s the
average percentage in the two? Ans 003%

EXAMPLE 117 3—If the samples 1n_the foregomg example were 80,000 and
20,000 seeds, respectively, what would be the average? Ans 0 018%, qulr-c properly
nearer the percentage of the larger sample

EXAMPLE 1 17 4—Schott and Lambert reported that the numbers in table 1 17 1
are averages for 7 years so that the total number of males was 6,972 and of females,
7,126, the sex ratio being 97 84 males per 100 females Test the hypothesis that the
population sex ratio 15 100 Ans x* = 168 Note If the averages were used, chi-
square would be 0 24, only one-seventh the correct value
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CHAPTER 2

Sampling From a Normally
Distributed Population

2.1 ly distrib 1 In the first chapter, sam-
pling was mostly from a populauon with only two kinds of individuals,
odd or even, alwve or dead, infested or free Random samples of n from
such a population made up a éimomual distribution  The variable, an enum-
cration of successes, was discrete  Now we turn to another kind of popu-
lauon whose individuals are d for some ch such as
height or yield or mcome The vanable flows without a break from one
1ndividual to the next—a continuous variable with no limit to the number
of individuals with different measurements Such variables are dis-
tributed 1n many ways, but we shall be occupied marnly with the normal
dustribution

Next to the binomial, the normal distribution was the earhest to be
developed De Moivre published its equation m 1733, 20 years after
Bernoull had given a comprehensive account of the binormal  That the
two are not unrelated 1s clear from figure 211 On the left 1s the graph
of a symmetrical binormal distribution similar to that in figure 161 In
this new figure the sample size 1s 48 and the population sampled has
equal numbers of the two kinds of individuals An indefinitely great

| |
‘~ EN

[ —

Fio 21 1—Aulcft Binomial Dustnbution of sucoescs n samples o 48 from 1 1
lation At nght Normal Distnbution with mean u and standard deviation o (see
table 87 1), the shaded areas comprise 5% of the total

rssi
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number of samples were drawn so that the frequencies are expressed as
percentages of the total Successes less than 13 and more than 35 do
occur, but their frequencies are so small that they cannot be shown on
the graph

Imagine now that the size of the sample 15 increased without limt,
the width of the intervals on the horizontal axis being decreased corre-
spondingly  The steps of the histogram would soon become so small as to
look like the continuous curve at the right Indeed, the normal distr-
bution 15 related to the binomial 1 some such manner as that described
The discrete variable has become continuous and the frequencies have
merged 1nto each other without a break

This normal distribution 15 1 d by two
or parameters  First, there 1s the mmn, #, which locates the center of the
distribution ~ Second, the standard deviation, ¢, measures the spread or
variation of the individual measurements, 1n fact, o 15 the scale (umt of
measurement) of the vanable which 1s normally distributed

From the figure you see that during one sigma on either side of u the
frequency 1s decreasing ever more rapidly but beyond that point 1t de-
creases at a continuously lcsscr rate By the time the variable, X, has

reached =3¢ the pi are higibly small  Theoret-
ically, the I'requency of occurrence never vanishes entirely, but 1t ap-
proaches zero as X The of the meas-

close to u 1s empt d by the facts that over 24 of the observa-

tions he in the interval 4 = ¢ while some 95%, of them are 1n the interval
p = 20 Beyond =30 lies only 0 26% of the total frequency

You are doubtless wondering why such a model 1s bemng presented
since 1t obviously cannot describe any real population It 1s astonishing
that this normal distribution has dominated statistical practice as well as
theory Some of the reasons will be noted at suitable places (sections 3 4,
56, and 57), but three of them can be indicated here Furst, there are
many biological variables whose distributions are approximately normal,
such as heights of men, for example, or lengths of ears of corn, or dressing
percentages of swine Second, 1t has been learned from both theory
and experience that the inferences we shall make from sampling experi-
mental populations are hittle affected by ordinary dewiations from nor-
mality Third, the h 1 of the of the nor-
mal distribution 15 surprisingly easy and has been productive of a large
body of theory with practical apphications Further discussion of the
normal distribution will be found 1n chapter 8

2.2—Estimators of u and 0 While x and ¢ are seldom known, they
may be estimated from random samples To 1llustrate the estimation of the
parameters, we turn to the data reported 1n table 221 In 1936 the
Council on Foods of the American Medical Amcnawgm

“Mggﬂ%& canned tomato juice by analyzing a speci-
men from each of the brands that dm_playcd the seal of the Counall 3)

The data are shown in the second column of the table
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TABLE221
Vrtauan G C oF 17 o Cx Ly CaxnED
Touaro Jurce, 1936+

ol Vitamn C C Deviation Deviation
Number Mg Per 100 g From Mean Squared

n X x=X—-2 z

1 16 - 4 16

2 22 +2 4

3 21 +1 1

4 20 0 0

5 23 +3 9

6 21 +1 1

7 19 1 1

8 15 -5 25

9 13 7 Iy

10 23 +3 9

11 17 -3 9

12 20 ) 0

1 29 +9 81

14 18 -2 4

15 22 +2 4

16 16 -4 16

17 25 +5 25
Totals 340 —26 +26 254

2 = 340/17 = 20 mg per 100 gr:
B = Za/(n — 1) = 254/10 = 1588 s m 3 98 mg /100

55t = si/n = 1588/17 = 0934 5= /17 0965 mg /100 g

* Shghtly modified, as 13 our custom, to make calculation easy The conclusions
are unaltered  For the original data see example 212 1

Assuming random sampling from a normal populauon,  1s esimated
by an average called the mean of the sample or, more briefly, the sample
mean  This 1s calculated by the fammbhiar process of dividing the sum of the
observations, X, by their number Representing the sample mean by %,

= 340/17 = 20 mg. per 100 grams of juice

The symbol, %, 1s often called “bar-x” or “x-bar ” We say that this sample
mean 1s an esumator of p or that p 15 estimated by it

As for the standard dewviation, the simplest estimator of 1t 1s based on
the range of the sample observations, that 1s, the difference between the
largest and smallest measurements  For the vitamin C data,

range = 29 — 13 = 16 mg /100 g.

From the range, sigma 1s estimated by means of a fraction which depends
on the sample size, see table 222 (13, 18). For n = 17, halfway be-
tween 16 and 18, the fraction 1s 0 279, so that

15 esimated by (0 279)(16) = 4 46 mg /100 g
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TABLE222
RATIO OF ¢ TO RANGE IN S/nnu.u oF n Frou THE NORMAL DisTRIBUTION

ErmamENcY oF RANGE As Es-nw\ ¢ NuusEr OF OsservATIONS WITH
or To Equac. 100 Wrrst 5

- Relaave  Number v Relanve  Number
n Ramge Efficency per100 | n  Kangc  Effccncy  per 100
2 0 886 1 000 100 12 0 307 0 815 123
3 591 0 992 101 14 294 783 128
4 75 103 |16 283 753 133
5 430 955 105 18 275 726 138
6 395 933 107 20 268 700 143
7 370 912 110 | 30 245 604
8 351 890 112 40 231 536 186
9 337 869 115 50 222 49 204
10 325 850 s |

Quite casnly, then, we have made a point estimate of each parameter of
a normal these a summary of the infor-
mation contamned in the sample The sample mean cannot be improved
upon as an estimator of u, but we shall learn to estimate ¢ more efficiently
Also we shall learn about 1nterval estimates and tests of hypotheses Be-
fore doing 5o, 1t 15 worth while to examine our sample mn greater detail

The first pont to be clarified i1s this What population was repre-
sented by the sample of 17 determimations of vitamin G? 1 have rased this
question tardly, 1t 1s the first one to be considered i designing any sam-
phng  The report makes 1t clear that not all brands were sampled, only
the seventeen that were allowed to display the seal of the Council The
dates of the packs were mostly August and September of 1936, about a year
before the analyses were made The Council report states that the wita-
min “ may be to vary to the varnety
of the fruit, the conditions under which the crop has been grown, the
degree of ripeness and other factors ” About all that can be said, then, 15
that the sampled population consisted of those year-old contamners still
available to the 17 selected packers

Other details are discussed in the following sections

2.3—The array and its graphical representation. Some of the more
intimate features of a sample are shown by arranging the observations n
order of size, from low to high, 1n an array  The array of vitamin contents
is like this:

13, 15, 16, 16, 17, 18, 19, 20, 20, 21, 21, 22, 22, 23, 23, 25, 29

For a small sample the array serves some of the same purposes as the fre-
quency distribution of a large one

‘The range, from 13 to 29, 13 now obvious Also, attention 1s attracted
to the concentration of the measures near the center of the array and to
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thewr thinning out at the extremes  In this way the sample may reflect the
distribution of the normal population from which 1t was drawn  But the
smaller the sample, the more erratic its reflection may be

In looking through the vitamin C contents of the several brands, one 1s
struck by their variation What are the causes of this vaniation® Different
processes of manufacture, perhaps, and d\ﬂ'erent sources of the fruit
Doubtless, also, the being th lves samples of
their brands, differed “from the brand means Fmaily, the laboratory
technique of evaluation 1s never perfectly accurate  Variation 1s the very
essence of statstical data

20
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YITAMIN-C MILLIGRAMS PER 100 GRAMS
Fic 23 1—Graphical represcntation of an array Vitamin C data
Flgure 2312 b repi of the fc g array of 17
vitamin d A dot repi eachitem The distance of the

dot from the vertical hine at the left, proportional to the concentration
of ascorbic acid 1n a brand specimen, 1s read 1n milligrams per 100 grams
on the horizontal scale

The diagram brings out vividly not only the vanation and the con-
centration 1 the sample, but also two other characteristics (i) the rather
symmetrical occurrence of the values above and below the mean, and
(n) the scarcity of both extremely small and extremely large vitamin C
contents, the bulk of the items being near the muddle of the set  These
features recur with notable perslstcnce n samples from normal distribu-
tions For many vanables with living there are
averages and ranges peculiar to each, reflecting the manner in which
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each seems to express itself most successfully These norms persist despite
the fact that indwviduals enjoy a considerable freedom 1n development. A
large part of our thinking 1s built around ideas corresponding to such
statistics The words, pig, daisy, man, each raises an image which 18
quanttatively described by summary numbers It 1s dlmcuh to conoewc
of any progress m thought until of d are

1nto concepts hike averages and ranges of distributions

2.4—Symbolical representation. The items mn any set may be
represented by

X, %X, o X

where the subscripts 1, 2, n, may specify position 1n the set of n items
(not necessarily an array) The three dots accompanying these symbols
are read “and s0 on” Matching the symbols with the values in column
2oftable 221,

X, =16, X2 = 22,... Xy = 25 mg /100 g
‘The sample mean 1s represented by Z, so that
Z=(X+Xa+...X)/n
Thas 15 condensed into the form, v
z = (ZX)/n,
where X stands for every item successively The symbol, 2X, 1s read,

“summation X’ or “sum of the X”” Applying this formula to the values
of Xmtable221,

ZX = 340, and £ = 340/17 = 20 mg /100 g.

2.5—Deviations from sample mean. The individual vanations of
the items 1n a set of data may be well expressed by the deviations of these
items from some centrally located number such as the sample mean
For example, the d fi of the first X-value n table 221
1816 — 20 = —4 mg per 100 g , that 15, this specimen falls short of Z by
4 mg /100 g Of special interest 1s the whole set of deviations calculated
from the array in section 2 3

=7, -5 -4,-4,-3-2-1,001,1,22335,9

These di d hically in figure 23 1 by the dis-
tances of the dots !rorn the vertical line drawn through the sample mean
Deviations are almost as fundamental 1n our thinking as are averages
themselves “What a whale of a pig” 1s a metaphor expressing astonish-
ment at the deviation of an individual’s size from the speaker’s concept
of the normal Gossip and news are d chiefly with
from accepted standards of behavior  Curiously, interest 1s wont to center
n dep: s from norm, rather than in that background of averages




Section 2.5 Sampling 41

agamst which the departures achieve prominence Staustically, freaks
are freaks only because of their large deviations
D

are rep d bolically by lower case letters That 1s
=X -z
=X -z
=X, — &

Just as X may represent any of the items 1n a set, or all of them 1n succes-
sion, so x represents deviations from sample mean In general,
x=X-Z

It 18 easy to venfy the theorem that the sum of a set of deviations-
from-mean 1s zero, that1s Zx = 0 The set histed 1n table 22 1 adds to
zero, the sum of the posiive deviations being equal to the sum of the
negatives Thus theorem about deviations-from-mean s useful for venfy-
g the of a set of d be sure that the sum 1s zero
As a consequence of the theorem, 1t follows that the mean of the deviations
1szero  This 1s a theorem about which you will be reminded later

EXAMPLE 2 5 1—The weights of 12 staminate hemp plants in early Apnl at Col-
ege Station, Texas, (16), were approxmately

13,11,16,5,3,18,9,9, 8, 6, 27, and 7 grams

Array the weights and represent them graphucally ~ Calculate the sample mean, 11
grams, and

the deviations thercfrom  Venfy the fact that Zx = 0 Show that o 1s
cstimated by 7 4 grams

EXAMPLE 25 2—The heights of 11 men are 64, 70, 65, 69, 68, 67, 68, 67, 66, 72,
and 61 inches Compute the sample mean and verify it by summing the deviations
Are the numbers of poative and negative deviations equal, or only ther sums?

“ EXAMPLE 2 5 3—The yields of alfalfa from 10 plots werc 08,13, 15,17,17,
18,20,20, 20, and 2 2 tons per acre  How many deviations are positive and how
‘many m:gahve" Is their sum zero? Estimate ¢ Ans 0 46 ton per acre. O *\?

EXAMPLE 2 5 4—The weights of 11 forty-year-old men were 148, 154, 158, 160,
161, 162, 166, 170, 182, 195, and 236 pounds Contrast the graphical representation
of this array with that of the preceding example Notice the fact that only three of the
wexghu cxcced the sample mean ‘ould you expect welghu of men to be normally

buted® A test of symmetry will be given 1n section 8

EXAMPLE 2 5 5—The following were the yields of two varietes of oats in five
successive years (bushels per acre)

Year
Vanety | 1 2 3 4 5
A 34 30 41 25 45

B 30 17 33 25 25

Calculate the 5 differences, 4 — B Maght these differences be a sample from a nor-
‘mal tion of differences” Assuming that they are, esumate y and ¢ Ans 90
and 8 6 bushels per acre
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EXAMPLE 2 5 6—The following data arc adapted from Reddy’s (14) mvestiga-
bic to the ofD.plrdu mfected seeds

n yc
of maize The figures represent bushels per acre

Paurs of Plots 1n 1933

Treatment 1 2 3 4 5 6

Treated 68 1 74 6 64 4 69 2 61 8 57 9
Untreated 64 7 625 66 8 69 2 539 58 5
Dafferences 34 121 -2 4 00 79 —-06

Paurs of Plots 1n 1934

1 2 3 4 5 6 7 8 9 10

180 240 188 178 185 272 236 239 203 119
109 244 151 168 132 216 137 175 163 155

71 —04 37 10 53 56 99 64 40 =36

Clearly the yields in the two years are not samples from the same po%:lauon, but the
differences may be . Represent graphically the array of differences  Estumate  and o
1 the population of differences Ans 3 7 and 4 4 bushels per acre

EXAMPLE 2 5 7—If you sum the deviations from 3 7 bushels per acre i the fore-
going example you will not get zero Why? If you compute the sample mean of the
deviations and add 1t to 3 7, will you get the exact sample mean of the differences®

EXAMPLE 2 5 8—1If you should calculate the sample mean of the yields of the
16 untreated plots in example 2 5 6, would 1t esimate the parameter of any population
that you can describe?

EXAMPLE 2 5 9—Suppose you wish to estimate the y1eld of a field of 300 rows of
corn  You actually harvest 10 rows, chosen at random, and determine the sample
mean yield, 5 bushels per row Would you hesitate to fix the field yield at 1,500
bushels” You would be assuming that the ficld mean 1s the same as that of the 10 har-
vested rows, and would be using the theorem, ZX = nf

EXAMPLE 25 10—If you have some skill in algebra, prove the theorem that
Zx = 0 Starting with the relation, x = X — Z, sum both members, then substitute
ZX =ni

EXAMPLE 2 5 11—If you have two sets of data which are paired as i example
255, and if you have calculated the resulting set of differences, prove that the sample
mean of the differences 1s cqual to the difference between the sample means of the two
scts  Venfy this theorem by use of the data n example 2 5 5

2.6—Another estimator of o; the sample standard deviation The
range, dependent as 1t 1s on only the two extremes 1n a sample, has a more
variable samphing distribution than an estimator based on the whole set
of deviations-from-mean 1n a sample, not just the largest and smallest
Such a set, with 17 deviations, was shown 1n table 2 2 1 and agamn as an
array 1n section 25 What kind of average is approprate to summarize
these deviations, and to estimate o with the least sampling vanation?

Clearly, the sample mean of the deviations 1s useless as an estimator
because it 18 always zero  But a natural suggestion 1s to 1gnore the signs,
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calculating the sample mean of the absolute values of the deviations The
resulting measure of variation, the mean absolute deviation, had a consider-
able vogue in times past Now, however, we have other estimators, more
efficient and more easily calculated

One of the more eflicient estimators 1s the sample standard deviation which
we shall denote by s Its calculation 1s set out 1n the right-hand part of
table 221  Fust, each deviation 1s squared Next, the sum of squares,
Zx% 13 divided by the number of degrees of freedom, one less than the sample
size  The resultis the mean square, s* Finally, the extraction of the square
root recovers the orignal unit of measurement (in this example, mg per
100 g) Before further discussion of this average, 1ts calculation should
se fixed in mind by the working of a few examples

EXAMPLE 2 6 1—The five differences, A~ B, i example 2 5 5 were 4, 13, 8, 0, and

20 bushels per acre  Calculate s Ans 78 bu /acre  Compare this with the esimate
sased on the range

EXAMPLE 26 2—Tn cxample 25 1, calculate the sample standard deviation
Ans 67 grams Compare this with your first estimate of

EXAMPLE 2 6 3—Calculate s for the alfalfa vields of example 253  Ans 041
on per acre

It may be a little surprising to have the dwisor, n — 1, proposed for
computing an average, you have always calculated the sample mean by
using the duvisor, n In computing s% 1t 1s necessary to divide by the de-
grees of freedom 1f you wish to avoid a bias in esimating 6>  Division by
n does produce an estimate of o but 1t 18 a btased estimate  In the problems
we shall consider there 1s no occasion to use any but the unbiased estimate

You now have two estimators of &, one of them easier to calculate
than the other, but less ¢fficient  You need to know what 15 meant by “less
efficrent” and what governs the choice of which to use Both pieces of
nformation are supphed by the fourth columns of table 222  As an
example, 1if n = 10, the esimate from the range 1s only 85% as efficient
as that from s, meaning that, for the same precision, a sample of 10 with
5 as estmator 1s equivalent to a sample of 10/0 85 = 12 using range The
argument will become clearer as you proceed, but the table indicates right
away that, other things being equal, you have to weigh the cost of calcu-
laung s aganst the cost of more observations, 1n this instance, 12 instead
of 10 Now therc are some operations where observations are taken for
other purposes and are then available to the statistcian at no extra cost
For estimating ¢ he could have a few extra just by copying them His cue
would be to use the range  But consider the alfalfa experiment of example
263 How much would 1t cost the mnvestigator to provide 2 extra plots®
There 15 the cost of land and equipment to be considered, together with
thewr availability for use, there are salanies and wages, and finally there
there 1s the sale price of the alfalfa The net cost of the 2 extra plots 1s to
be balanced agawnst the few cents or the few minutes 1t would take to
calculate s I suggest that, if you value the information to be obtained
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from the experiment, you should proceed with the calculation of s This
will give you the to be ob d from the data
The advantage of the range 15 that it provides a quick prelhminary esti-
mate Also, since compugers sometimes make mistakes, the estimate from
the range 1s an easy approximate check on the calculation of s For this
purpose, 1t 1s well to fix 1n mind a few of the fractions, g/range Remember

If n Is Near Then ¢ Is Roughly Estimated
This Numlxr From Dlvldmg Range by
5 2
10 3
25 4
100 5

In statistical practice, this rough-and-ready estimator of ¢ proves itself
a most useful device But for the usual run of experimental data 1t pays
to calculate s

If you study mathematical statistics, you may hear a good deal about
the Principle of Least Squares The sample mean and deviations there-
from are related to that principle 1n this manner 1if deviations are meas-
ured from the sample mean, then the sum of their squares 1s a mmmum
In particular (and the ) af d n table 22 1 are
measured from some number different from the sample mean, 20, the sum
of their squares will be greater than 254  Venfy this by trying deviations
from, say, 19 then 22

It seems rather characteristic that large things vary much and small
things little  For this reason 1t 1s often convenient to express the sample
standard deviation as a fraction of the sample mean, the resulting statistic
being called relatwe standard deviation or coefficient of variation, C  As an
example, 1t 1s reported (1) that the average statures of one-year and
eighteen-year girls are 744 and 161 0 cm respectively, with sample
standard deviations 2 64 and 6 12 cm The two coeflicients of variation are

G
Cis

264/744 = 0036
612/1610 = 0038,

[}

almost the same  Usually C s expressed as a percentage, C; for example,
bemng 3 6% D of this ch: 1stic of the sample d de-
wviation is resumed 1n section 2 16

EXAMPLE 2 6 4—The birth weights of 20 guinea pigs, borne in litters of two, were
30, 30, 26, 32, 30, 23, 29, 31, 36, 30, 25, 34, 32, 24, 28, 27, 38, 31, 34, 30 grams Esu-
mate o 1n 3 ways (1) by the rou ugh approximation, one-fourth of the rang ns 3

), (u) 57 use of the fraction, 0 268, in table 2 22 (Ans 40 g ), (m) by calcullhng s
NB Observe the ume required to calculate s

EXAMPLE 2 6 5—In the preceding example, how many birth weights would be
ru‘ulrcd to yield the same precision 1f the range were used nstead of s> Ans 29
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EXAMPLE 2 6 6=-If 1t takes 5 minutes to weigh a guinea pig (removing and re-
turning to cage, weighing and recording) and 2 munutes to estimate ¢ using the range,
would you have saved or lost ime by calculating s*

EXAMPLE 2 6 7—Suppose you lined up according to height the 16 men i 2
sauads of 18-ycar-old feshimen, then measoced the herght of the shortet, 64 tnches
and of the , 72 nches  Would you accept the midpomnt of the range, (64 + 72)/
2 = 68 inches av'a rough cstmate of  and 8/3 = 2 7 snches as a quick-and-casy -
mate a

EXAMPLE 2 6 8—The mean vield of hay from 15 plots of alfalfa was 2 2 tons per
acre, with s = 035 ton per acre Using table 2 2 2, approximate the range on the
assumption that ¢ = 035 ton per acre  Ans 12 tons per acre  Would this suggest
that the highest yiclding plot bore about 2 8 tons per acre®

2.7—“Student’s” (-distribution We now have adequate pont
estunators for p and ¢ Next to be considered are interval estimates and
tests of hypotheses

Furst we require a sampling distribution analogous to that of chi-
square Known as “Student’s’ t-distribution, 1t was discovered by W S
Gosset 1 1908 (15) and perfected by R A Fisher in 1924 (6) This dis-
tribution has revolutionized the statistics of small samples In the next
chapter you will be asked to venfy the distribution by the same kind of
samphing process as you used for chi-square, indeed 1t was by such sam-
pling that Gosset first learned about 1t

The quantity ¢ 1s given by the equation,

_Ei-
Vs .

That 1s, ¢ 15 the deviation of the esimated mean from that of the popula-
tion, measured in terms of 5/+/n as the umt Both £ and s are calculated
from a sample of n observations, assumed to be a random sample from a
normal population We do not know u though we may have some hy-
pothesis about 1t Without p, ¢ cannot be calculated, but 1ts sampling
distribution has been worked out

The denominator, s/+/n, 18 a useful quantity estimating ¢/+/n, the
standard error - We shall call s/+/n the sample standard error and symbolize
1t by sz Further explanation will be given m chapter 3 For vitamin C,
table 22 1, 55 = 3 984/17 = 0965 mg /100 g

The distribution of ¢ 15 laid out 1n table 271 In large samples 1t 15
practically normal with 4 = 0 and ¢ = 1 It1s only for samples of less
than 30 that the distinction becomes obvious

Like the normal, the t-distribution 1s symmetrical about the mean
Thus allows the probability mn the table to be stated as that of a larger
absolute value, sign 1gnored  As an example, look at the value, t = 196,
for infimte (o) degrees of freedom, the normal distribution The prob-
ability indicated 15 0 05 This means that among samples of great size,
drawn at random from a normal population, 5% of them are expected to
have exther t > 196 or t < — 196 Figure 27 1 shows such values of ¢
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TABLE 271
TuE DISTRIBUTION OF ¢*
Degrees bulity of a Larger Valys, Sign Ignoged
£ ac ﬂ PRl Pote
Freedom |0 5000 400} 0 206 0100 | 0 050 | 0 025 |0 010 | 0 005 | O 001
1 |1 000 |1 376 | 3 078 | 6 314 [12 706 |25 452 |63 657
2 816 [1 061 | 1886 | 2 9: 303 | 6 205 [ 9 925 (14 089 [31 598
3 K 978 | 1638 | 2353 | 3182 | 4 176 | 5 841 | 7 453 |12 941
4 741 | 94111533 | 2132 (2776 | 3 495 | 4 604 | 5 598 | 8 610
5 727 | 920 | 1476 | 2 015 [ 2 571 | 3163 | 4 032 | 4 773 | 6 859
6 718 | 906 | 1440 | 1943|2447 2969|3707 | 4317 | 5959
7 711 | 896 | 1415 | 1895 [ 2 365 | 2 841 | 3 499 | 4 029 | 5 405
8 706 | 889 | 1397 | 1860 | 2306 | 2752|3355 | 3832|5041
9 703 | 883 | 1383 | 1833|2262 2685|3250 3690|4781
10 700 | 879 | 1372 | 1812|2228 | 2634|3169 | 3 581 | 4 587
11 07 | 876 | 1363 | 1796 | 2 201 | 2 593 | 3 106 | 3 497 | 4 437
12 6954 873 | 1356 | 1782 | 2179 { 2 560 | 3 055 | 3 428 | 4 318
13 6947 870 | 1350 | 1771|2160 | 2533 | 3 012§ 3372 | 4 221
692 | 868 | 1345 | 1761 2 145 [ 2 510 [ 2977 | 3 326 | 4 140
15 691 | 866 | 1341 | 1753|2131 |2 490 | 2 947 | 3 286 | 4 073
16 690 | 865 | 1337 | 17461 2120]2473) 2921|3252 4015
17 689 | 863 | 1333 (1740|2110 | 2 458 | 2 898 | 3 222 | 3 965
18 688 | 862 | 1330 [ 1734|2101 | 2445|2878 | 3197 | 3 922
19 688 | 861 (1328 [1720(2093 (2433|2861 31743883
20 687 | 860 | 1325|1725 | 2086 | 2 423 | 2 845 | 3 153 | 3 850
21 686 | 859 | 1323 | 1721|2080 2414|2831 (3135|3819
22 686 | 858 | 1321 |1 717 | 2074 | 2 406 | 2 819 | 3 119 | 3 792
23 685 | 858 | 1319 | 1 714 {2069 | 2 398 | 2 807 | 3 104 | 3 767
24 685 [ 857 (1318 1 711 |2 064 | 2391 | 2797 | 3 090 | 3 745
25 684 | 856 | 1316 | 1708|2060 |2 385 |2 787 | 3 078 | 3 725
26 684 | 856 | 1315 | 1706|2056 | 2379|2779 | 3067 | 3707
27 684 | 855 (1314 (1703 |2052|2373|2771 | 3056 | 3690
28 683 | 855 | 1313 | 17012048 |2 368 | 2763|3047 | 3 674
29 683 | 854 [ 1311 | 1699 | 2045 |2 364 2756 | 3 038 | 3 659
30 683 | 854 | 1310 | 1697 | 2042|2360 | 2750 | 3 030 | 3 646
35 682 | 852 | 1306 | 1690 | 20302342 | 2724|2996 | 3591
681 | 851 | 1303 | 1684|2021 2329270420971 3551
45 680 | 850 | 1301 | 1680 | 2 014 | 2 319 | 2 690 | 2 952 | 3 520
50 680 | 849 | 1299 | 1676 | 2 008 | 2 310 | 2 678 | 2 937 | 3 496
55 679 | 849 | 1297 | 1673|2004 | 2 304 | 2 669 | 2 925 | 3 476
60 679 | 848 | 1296 | 1671 | 2000|2299 | 2 660 | 2 915 | 3 460
70 678 | 847 (1294|1667 | 1994|2290 | 2 648 | 2 899 | 3 435
678 | 847 | 1293 | 1665|1989 | 2 284 | 2 638 | 2 887 | 3 416
90 678 | 846 | 1291 | 1662 | 1986|2279 | 2631|2878 |3 402
100 677 | 846 | 1290 | 1 661 | 1982|2276 |2 625 | 2 871 | 3 390
120 677 | 845 | 1289 | 1658 | 1980 | 2270 | 2 617 | 2 860 | 3 373
@ 6745|8416 1 2816| 1 6448| 1 9600| 2 2414| 2 575¢| 2 8070 3 2905

* Parts of this table are reprinted by

Mﬂhd: for Research Wlnk« ?ubl.uhed by
(axine

lege Press (1954)

rmussion from R A Fisher's Stanstical
liver and Boyd, Edinburgh (1925-1950),
“Table of Percentage Pomnts of the (-Distri
metrika, 32300 (1943}, and from Bernard Ostles Stasics 1 Recarch, Lowa State F

tribution,”
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t=2.776
5%

3

Fic 27 1—Dustnibution of ¢ with 4 degrees of freedom  The shaded areas comprise
5% of the total arca The distnbution 1s more peaked 1n the center and has higher
tails than the normal

1n the shaded areas, 2 5% of them are 1n one tail and 2 5% in the other
Effectively, the table shows the two halves of the figure superimposed,
giving the sum of the shaded areas (probabilities) in both  So, the prob-
ability 1n the two tails of the t-distribution corresponds to that in one tail
of chi-square, table 1141 The reason for making the table this way
tly appear
MPLE 27 1—In the vitamin C sampling of table 221, set up the hypoth-
4= 17954 mg /100g Calculatct Ans 212

. EXAMPLE 2 7 2—For the vitamin C sample, degrees of freedom = 17 — 1 = 16,
the denomunator of the fraction giving s* From table 2 7 1, find the probability of a
value of ¢ larger i absolute valuc than 2 12 Ans 005 This means that, among ran
dom samples of 1 = 17 from normal populations, 5% of them are expected to have
t-values below —2 12 or above 2 12

EXAMPLE 2 7 3—If samples of n = 17 are randomly drawn from a normal popu-
lation and have ¢ calculated for each, what 1s the probability that ¢ wall fall between
=212 and +212° Ans 095

EXAMPLE 2 7 4—If random samples of n = 17 are drawn from a normal popu-
lation, what 1s the probability of ¢ greater than 2 12> Ans 0 025

EXAMPLE 2 7 5—What size of sample would have ¢ > |2| 1 5% of all random
samples from normal populations? Ans 61. (Note the symbol for “‘absolue value,”
that 1, 1gnoring signs )

EXAMPLE 27 6—Among very large samples (¢/ = ), what valuc of ¢ would
be exceeded 1n 2 5% of them? Ans 196

2.8—The interval estimate of u; the confidence interval. The
argument about the enterval estimate for 1s a bit comphcated so I am goin
to tell you how to set the interval before explaming why  As illustrat
recall the vitamin C determinations in table 221, n = 17,2 =
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s = 0965 mg /100 g To get the 95% confidence nterval (interval esti-
mate)

1 Enter the table withdf = 17 — 1 = 16 and 1n the column headed
.05 take the entry, £, = 212

2 Calculate the quantity,

toss: = (212)(0965) = 205mg /100 g
3 The confidence nterval 1s from
20~ 205 =1795t020 + 205 = 2205mg /100 g

1f you say that p 18 covered by the interval from 17 95 to 22 05 mg /100 g,
you will be right unless a 1-1n-20 chance has occurred 1n the sampling

The pomt and 95%, interval estimate of 4 may be summarized this
way 20 =205mg/100g (The formulais® = ¢ s2)

The explanation of these rules rests on the selection of a particular
value for ¢ in the table Iffordf = n — 1 the value # s 1s chosen, 1t may
be said that this value of ¢ 1s expected to be exceeded in absolute value
n 5% of all samples drawn at random from normal populations  Or the
statement may be changed to this. ¢ will lie between —¢os and + ¢ o5 1n
95% of such samples  That s, the probabihity 1s0 95 that —20s < ¢ < tos

the exp for ¢, the pi 150 95 that

£ -
—te < £

Stos
53

Multiplying both sides of each inequality by ss, the probability 1s 0 D‘
—tosss SE— p < tose

T z, signs, and the terms, the probability
158 0 95 that

o tus < uSEF o
The nterpretation m(Beforc the sample 1s drawn, the probability 1s 0 95
that the interval indicated will include #  After the sample 1s drawn and
the values of Z, 5, and n are substituted, 1t may be said with confidence
that the nterval includes ¢ and the statement will be correct unless a
1-1n-20 chance has occurred 1n the sampling

An mnterval estimate for ¢ will be presented n section 2 14

EXAMPLE 2 8 1—For the yields of alfalfa i examples 253 and 263, n = 10,
2 =170ands = 041 ton/acre Set 95% confidence himits on the mean of the popula-
tion from which this 1s a random sample = Ans 1 41 and 1 99 tons/acre

EXAMPLE 2 8 2—In cxamples 2 5 5 and 26 1, the 5 differences had @ = 9 0 and
= 78 bu /acre Set the 999% 1nterval esumate on g Ans From —7 0 to 250
&[am Maght the population difference be zer0”
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EXAMPLE 2 8 3—In an investigation of growth 1n school chuldren of 8 prvate
schools (7), the sample mean height of 265 boys ol'age 135 o145 years was 63
wnches with standard deviation, 3 08 mnches ‘N % confidence 1nterval
forss Ans 63515642 mehes Calcuinte C = 4 8%

2.9—Estimates and tests of differences. Experiments are most
often designed to discover and evaluate differences between effects rather
than the effects themselves It 1s differences between yields produced by
fertilizers or differences between gains produced by feeds that are wanted
One of the simplest of such experiments 1s designed to contrast the effects
of two treatments Pairs of similar individuals are selected, one of the
treatments being apphed to each The individuals 1n the pairs may be
field plots or pigs or colonzes of bees If there were only a single parr 1t
would be impossible to say whether the difference in behavior 15 to be
attributed to the two treatments 1mposed or to the natural vanability of
the mdividuals or partly to each Hence, there must be two or more
paurs, or replications, one member of every pair being chosen at random
to recerve the first treatment, the other member the second The differ-
ences between the measurements of the two pairs constitute the sample
data upon which inferences are to be based If there were no individual
variation the differences would presumably be all alike Always there
18 variaton

In many expeniments 1t may be assumed that the differences make
up a random sample from a normal population Commonly the objective
15 to learn the size of the mean of this population and particularly if 1t 1s
different from zero Let us examine such an experiment

Youden and Beale (19) wished to find out if two preparations of the
mosiac virus would produce different effects on tobacco leaves The
“method employed was to rub half a leaf of a tobacco plant with a piece of
cheesecloth soaked 1n one preparation of the virus extract, then to rub
the other half sumilarly with the second preparation The measurement
of potency was the number of local lesions appearing on the half leaf,
the measurement 1s assumed to be a continuous vanable The data re-
ported n table 29 1 are taken from leaf number 2 on each of 8 plants
The differences, D = X; — X 1n the fourth column make up the random
sample 1n which the experimenter 1s interested The question posed by
the experiment 1s this Does the preparation of the virus affect the number
of lesions® In statistical terms, 18 the mean of the sampled population
equal to zero or 1s 1t different from zero?

One way to answer the question 1s to set confidence limuts on the popu-
lation mean difference, up With @ = 4 lesions, s; = 152 lesions and
tos = 2365, 1t may be said that, unless a 1-n-20 chance has occurred,

4—(2365)(152) < pp < 4+ (2365)(1 52)

That 13, up1s expected to be greater than 4— (2 365)(1 52) = 0 4 lesions
and less than 76  Since zero 1s not included 1n the confidence nterval,
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TABLE291
Nuwsers or Lesions on Haives or 8 Tosacco Leaves, Eacu Bemo Lear No 2
on One or 8 Prants Tue Lesions Measure THe Errects or Two PREPARATIONS
orF THE Mosiac Virus*

Lesions on Half Leaves
Squared
Preparation 1 Preparation 2| Difference | Deviation | Dewiation
Plant No X X, |D=Xi—Xyd=D-2a @
1 9 10 1 -5 25
2 17 1 6 2 4
3 31 18 13 9 81
4 18 14 4 o 0
s 7 6 1 -3 9
6 8 7 1 -3 9
7 2 17 3 -1 1
8 10 5 5 1 1
Total 120 88 32 0 130
Mean 15 11 2 = 4 lesions| ot = 1857

5p = /1857 = 431 lestons s = 18 57/8 = 282 52 = 152 lesions

* Shghtly changed to make calculation easier

we conclude that up 18 positive, that in the population the second prepara-
tion produces fewer lesions than the first

If the confidence interval had included zero, the inference would have
been that u, might be zero, that the preparations may be equally potent

The reader may be startled by the fracnonal number of lesions at the
confidence mit  We are treating thesé discrete data as though they were
from a continuous population Is the present method appropriate for
counts as well as for measurements, and may a normal distribution be
assumed® Neither question can be categorically answered, “yes > Counts
may fall into an approximately normal distribution so that the methods
of this section are appropriate, but the evidence from this sample 1s not
encouraging  On the other hand, since there are no hypothetical fre-
quencies, the methods of chapter 1 are not available For the moment,
the normal theory 1s assumed because 1t works fairly well even with
samples from distributions far from normal Later some alternatives
will be d 11 14 1), but 1 will not be changed

A second method of making an inference about up, the classical
method, 1s by a fest of significance  If necessary, review section 113 The
usual null hypothesis 18 up = 0 For samples from normal populations
the distribution of ¢ furnishes the test For substitution 1n the equation
for ¢t we have, for the tobacco virus data, Hy, pp = 0, and the sample
statistics, @ = 4 lesions, s3 = 1 52 lesions, so,

d—pp_4-—0
t= T g 26 df =am 1=
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Is this an ordinary value of f in sampling from a normal population with
up = 0, or 1s 1t 50 unusual as to cause rejection of the null hypothesis?
Table 27 1 shows that for df = 7 the probability of a larger value 1n
sampling from up = 0 1s beyond 0 05, about 0 04, the sample evidence
ponts to rejection of Hy The difference, d = 4 lesions, 1s said to be
significant The conclusion 1s that the two preparations are capable of
producing different numbers of lesions on tobacco leaves number 2

It 1s evident that the two methods of making an inference about pp
lead to the same conclusion The confidence interval gives an estimate
of the distance that up lies beyond (or within) the interval The test of
significance yields a probability of drawing a larger ¢ 1n sampling from
pp = 0 One may take his choice or use both of them

In a paired experiment hke that on the half leaves, sp? (or sometimes
sp) 18 referred to as experimental mar It 1s an estimate of op?, t.hc measure
of varation 1n the sampled of d One by of
experimental design 1s to 1nsure an appropriate estimate of the real error
nvolved As you proceed you will hear much more about the evaluation
of experimental error.

- EXAMPLE 291—L C Grove (8) determuncd the sample mean numbers of

florets produced by seven paurs of plots of Excellence gladiolus, one plot of each pawr

planted with hgh (frstyear) corms, the uther with low (second-year or older) corms
plot means were as follows

Corm Florets
High 12 133 12 8 137 122 19 121
Low 146 126 150 156 127 120 131

Calculate the sam) le mc:n dxﬂcreme Ans 12 florets About the population of me.h
differences, test Ans P = 006, approxlrnltdy, stctly speaking, He
not reyected, but recall the Qast paragraph of section 1

EXAMPLE 2 9 2—Mutchell, Burroughs, and Beadis (10) computed the biological

valuss of proteins frorn raw peamuts (p) and roasted peanuts (K) as determimed in an
experment with of data B, & are as follows 61 55,60, 54,
Tean

47,63, 59, 5t 51 63, 61, 59, 57, 56, 63, 61,58 Compute the sa sample
Fitrcoce 30, B the smpuﬁndm:v.:ﬁon of the differences 772 umts _Since
t =082, almost half of sumlar samples from a population with up = 0 would be ex-
pected to have larger t-values

Note 9 of the 10 dufferences, P — R, are posiive  One would like some 1nformation
about the next-to-the-last 44, 62 The first member, especially, seems abnormal
Whu unusual mdmdual: ke this do occur in the most carefully conducted tnals,

Doubtless an crror in recording
or mmpulaucn was tear:hgd for but not found What should be done about such
aberrant observations 1s a moot question, their occurrence detracts from one’s con-
fidence 1n the experiment  Further discussion will be found in section 2 15

EXAMPLE 29 3-—Crampton () reports the gauns in weight per 100 pounds of
feed caten by 10 pas of swine consuutung lots [ and 11 of MacDonald College ho
g trial 3B The pigs were pared on the basts of beu:g hitter mates of as nearly

same. il weight as feasble, The payrs of gains arc as follows, the datum for

the member of lot I'mn each 1ng set down Ent. 7, 20, 22 21 22 21 15, 24,
20, 34 32,32, 20,23, 21,22, r7 22, 21,23 pounds gam mputé
the sample mean of the differences  Ans 2.0 Ibs 7100 Ibs fecd e e hypo! ens
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that the rations produce th Ans P = 007 approuimately Presumably
Howould not be rejected et e 8% contidence bnerval o o Acs. Booms
—021t0 42 1bs /1 feed

EXAMPLE 29 4—Prof H H Love of Cornell University took a leading part in
introducing “Studen’s” small sample theory 1n America I ane of he ilusteations
(9) he compared the yields of Great Northcm (6) and Big Four (5) oats n the ne
years 10124020 The ciflerences, G ~ B, were 16 3, 13 4 38, 79,2 6, 25,96, 72,
and 3 3 bushels per acre  Compute 2 = 74 bushels per acre_Test the null hypothesis
that the two varieties have the same yield Ans P = < 001 Of what population
can this be a random sample® _Set the 95% confidence interval on the population
difference 1 yield  Ans From 3 6 to 11 2 bushels per acre

2.10—Reasons and conditions for pairing. The student will ob-
serve that, to conduct successfully an experiment like Youden and Beale’s,
a great deal must be known already about the behavior of the experi-
mental materials  The object of the half-leaf experiment was to demon-
strate the effectiveness of the pairing of the half leaves It was reahzed
that different leaves reacted to the virus with great variation, especially
leaves at different heights on the stem If a random selection even of
leaves No 2 had been used, the differences, D = X; — X,, would have
been much greater than those in the table Some 1dea of this greater
variation can be got by looking at the data 1n the second and third col-
umns, if these numbers were paired at random, the range of differences
mght have been as great as from 7 — 18 = — 11t0 31 — 5 = 26, or 37
This would estimate ¢ as about 37/3 = 12 lesions nstead of the experi-
mental estimate, s = 4 3lesions Of course, the occurrence of this extreme
pairing 1s an unhikely event, but you will learn later that random pairing
would be almost as inefficient, requiring about 40 pairs to reach the same
precision as Youden and Beale got with 8, this experiment would have
been about 5 times as costly if whole leaves No 2 had been used

‘What kind of information 1s required 1n order to pair successfully?
Whether one pairs or not, 1t must be known that the individuals will be-
have alike (aside from random varnation) if treated ahke Otherwise the
experiment 1s ambiguous—it cannot be known whether differences in
behavior are attributable to the treatments or to other causes Pairing 1s
indicated 1f twos can be found that differ between themselves less than
from other twos  Identical twins, for example, are natural pairs, and htter
mates of the same sex are often pawred successfully If treated alike, they
usually behave more nearly alike than do animals less closely related
Again, two observations on the same individual would always be pared
such would be weights before and after a football game, or blood sugar
concentration before and after an injection of nsulin  As a final 1llustra-
tion, environmental variation often calls for pairing Two treatments
should be laid down side by side 1n the ﬁcld or on the greenhouse bench in
order to avoid the effects of y daffe 1 soil, , tem-
perature, etc  Two plots or pots next to each other respond more ncarly
alike than do those at a distance Ammals receiving the two treatments
should be erther 1n the same enclosure or 1n adjacent ones
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This scheme of pamnng should be uuhzcd whenever 1t 15 avaxlablc
If you wish to learn about d effects, the
way 1s to try them on pairs of mdmdualx who would otherwise behave
as nearly alike as possible
If 1t could be known that two individuals were exactly alike, the
ffe between t could be eval d by tryg them on a
single pair  The more the md\vlduals differ, the more pairs will be re-
quired to balance out the random differences, leaving in the clear the
effect of treatments The balancing out 1s insured by randomizing the
on the bers of each pair E 15 attamed by pairing
smilar individuals
For conditions in which there 1s no known basis for pairing, suitable
statistical methods wall be presented 1n chapter 4
Before passing to some less fundamental topics, let us pause for a sum-
mary First, we have become acquainted with the normal distribution
whose two parameters are the mean, g, and the standard deviation, ¢ (or
the variance, 0*) Next we learned some estimators derived from a ran-
dom sample

1 The sample mean, Z, an estunate of

2 The sample dard d
tumes range, estimates of o

3 The mean square, s%, an estimate of ¢*

s, and a

After d g the of the test criterion, £, we
made an |nterval estimate of u and tested the null hypothesis, p = 0, with
Hy p# 0 The experiment with rephcated pairs of closely related -
dividuals yielded a random sample of differences for estimating and testing
the differenual effects of treatments

Later 1 the chapter we shall consider other null hypotheses and
another alternative hypothesis about p, as well as mterval estimates and
tests of hypotheses for ¢?  But immediately 1t 1s well to enlarge our powers
of calculation

# 2.11—Calculation of s without machine So far, you have been
provided with examples 1n which X was exactly dwasible by n - This has
made easy the squaring of the deviations In practice Z 1s carried to one
or two extra digits so that the calculation and squaring of the dewviations
become laborsous The work 15 ightened by taking deviations from some
arbitrarily chosen number, G, usually guessed to be near the sample mean
The sum of the deviations from G 1s not zero, but it provides a correction
which yields Z as exactly as desired  The sum of the squares of the devia-
tions from G 1s greater than Zx? = (X — £)?, the latter being the least sam
of squares, but again Z(X — G) gwes a correction which produces 2x* as
accurately as may be needed
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For 1llustration, take the birth weights of 20 guinea pigs as listed 1n
the left-hand column of table 211 1 (compare example 26 4) Instead
of calculating Z, just glance at the weights and choose an arbitrary origin,
say G = 30 grams, near the muddle of the array It will soon appear that
29 grams or 40 grams or any other arbitrarily selected number leads to
exactly the same result after the corresponding corrections are made But
the calculations are shightly easier if G 1s chosen close to £

The sum of the deviations from G 1s not zero, proving that 30 grams
1s not £ However, the average deviation, 025 gram, 1s the necessary
correction for mean, the amount that must be added to G to arrive at the
correct value of £, 30 25 grams

In the last column of the table are the squares of the deviations from
G, together with their sum, 247 What we require 1s Zx%, the sum of the
squares of the deviations from the sample mean, usually abbreviated to
sum of squares The correction for sum of squares 1s always subtracted

TABLE2111
COMPUTATION OF SAMPLE STANDARD DEVIATION BY THE Uss OF AN ARBITRARILY
N ORIGIN OF MEASUREMEN

Bmh welj ghu of 20 guinea pigs in. luurs of two
Burth Weights Squares of
(grams) Deviations From 30 Grams Dewviations
x X-c X - o)
30 0 0
30 [ 0
26 —4 16
32 2 4
30 0 0
23 -7 49
29 -1 1
31 1 1
36 6 36
30 [ 0
25 =5 25
3 1 16
32 2 4
29 -1 1
28 -2 4
27 -3 9
38 8 64
31 1 1
34 4 16
30 0 0
Total ~-23 28 247
ZX~G) =28 —-23=5 Z(X — G)? = 247
X - G}]/n =5/20 =0 25 [(2(X = GN¥/n = 5'/20 = _ 125

=257
5t =245 75/19 = 12 93
= 3 60 grams
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from Z(X ~ G)* to get Zx* The resulting value, 245 75, may be verfied
by computing the 20 deviations from £, 30 — 30 25 = — 0 25, erc , then
adding the resulting squares A less tedious exercise will be provided 1n
example 2111

Some people, unaccustomed to computation, confuse two of the quan-
tities required 1n the foregoing calculations  Furst, there 1s the sum of
the squares of deviations from G, (X ~ G)? = 247 Second, there 1s the
square of the sum of the same deviations, [E(X — G)]* = 25 In the first
the squaring 15 done before the addition, while 1n the second the order
of the operations 15 reversed The objectives and results are so different
that 1t 1s only necessary to direct attention to the speciousness of the
analogy

EXAMPLE 2 11 1—Here 1s a set of numbers chosen for casy computation
15,12,10, 10,10, 8,7, 7, 4, 4,1

In the manner of tablc 2 21, calculate# = 8 and s = 4 Then try various arbitrary

origins, such as 5, 10, Continue until you convince yourself that the answers,

£ =8ands = 4 can bc reached regardless of the value chosen for G, and untl you

can carry through the process without hesitancy  Finally, try G = 0

EXAMPLE 2 11 2—In table 2 11 1, 1f you use G = 23, or more conveniently 20,
vou will have no negative deviations  Is there any advanuge n computing with
deviations which are all positive?

EXAMPLE 211 3—Those who enjoy algebraxc manipulations will wish to denive

lhc !ormulx, Zxt = E(X - [}:% G)? /n Start with the relation, x = X'
- G) — (£ — G) = X G) — (X — G)/n Eather transpose the term,

x(x G)/n, then square and sum, or square and sum 904 equation as it stands

2.12—C ion of s with calculati hi The methods
which have been described were devised to confine the computations, so
far as possible, to small integers If a calculating machine 1s available,
large integers can be mampulated almost as casily as small ones  Other
objectives, therefore, may be sct up  One 1s the avoidance of negative
numbers  Another 15 the ehmination of most of the subtractions  Both
of these objectives are easily attained, the resulting method being especially
adapted to machine calculation Here 1t 1s

Returning to the weights m the first column of table 2 11 1, ther sum,

X = 605, and the sum of their squares, ZX? = 18,547, are 1cadly cal-
culated with any machinc  The details of the operations differ with the
style of machine used Usually the twoe sums are run up simultaneously,
the appropriate method being described in the manual of wstructions
issued by each manufacturer With any machine 1t 1s unnecessary to
copy down the squares of the individual weights, the sum 1s accumulated
1n the machine as the operation proceeds At the end, 1t 1s only necessary
to copy the results from the dials mnto a table Iike 2121 The sample
mean, of course, 15 (2X)/n = 605/20 = 30 25 grams The cormct%

sum of squares 1s (2X)%/n = (605)2/20 = 18,301 25 Deducting this
ZX?, the corrected sum of squares 1s 245 75 as before
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TABLE 2121
MzTHOD OF COMPUTING THE SAMPLE MEAN AND SUM OF SQUARES Ir A
CALCULATING MACHINE Is Usep
Birth weights of 20 guinca pigs as recorded m table 211 1

n =20 ZX? = 18,547
ZX = 605 (ZX)*/n = 18,301 25
£ = 3025 grams I8 =" 28575

This method of machine calculation may be thought of as a special
case of the general method described 1n section 211  Now, G = 0,
the arbitrary onigin beng the same as the zero pomnt on the scale of
weights  The deviations, X — G = X — 0 = X, are the same as the
observed values The correction necessary to obtain the sum of squares 1s
[Z(X — 6O)P/n = [E(X — 0)]*/n = (2X)*/n Not only 1s the machine
method a timesaver, but, obviating as 1t does the subtractions associated
with deviations, 1t affords less chances for error

At first veadsng, the remamder of ths chapter, together with chapter 3, may be
omutted. In chapter 4, the comparison of two treatments is extended to the situa-
tion where there 15 no known basis for pasring

EXAMPLE 2 12 1—The onginal determinations of vitamin C, sunphfied for table
221, were

16, 22, 21, 20, 23, 22, 17, 15, 13, 22, 17, 18, 29, 17, 22,16, 23
Using the machine method, calculate XX = 333, ZX* = 6,773, and from them,
2= 196ands = 395mg /100 g

EXAMPLE 2 12 2—From the results of the preceding example, set the 0 95 con-
fidence mtcrval on i~ Ans 176 —21 6 mg /100 ¢ Compare these hiunits vath those
of section

EXAMPLE 2 12 3—In example 2 5 6, calculate @ = 3 71 and sp = 4 46 bu /acre
Compare thesc with the earlier estmates _ The negative diflerences may cause trouble

and ZX* ne easy way 1s to record scparately
the results for positives and negatives

X X
Positives 66 4 499 90
Negatives ~-70 19 24
Total 59 4 519 14

EXAMPLE 2 12 4—Set 9% confidence hmts on the mean difl

of the corn yiclds of examples 256 and 2123 Ans 042 to 700 bu /acre _ Note
Since the confidence mterval docs not include zero, a test of Ho up = 0 would result
in reection at the 1% level  Try at

EXAMPLE 2 12 5—It 13 casy to derve the formula, Zx* = ZX* — (2X)'/n Start
with the relation, x + 2 = X Also show that 24! = 2X? — 22X = ZX3 — nf?

2.13—Tests of other null hypotheses about . The null hypothesis,
pp = 0,18 not the only one that 1s useful, and the alternative, pp # 0, may
be unrealstic Illustrations are found in the Boone County survey of
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corn borer effects (section 1 3) On 14 farms, the effect of spraying was
evaluated by measuring the corn yield from both sprayed and unsprayed
strips in each field The data are recorded 1n table 2131  The sample

TABLE2131
YieLos oF Corn (BusieLs Per ACRE) Iv SPRAYED AND UNSPRAVED STRIPS OF 14 FrELDS
Boone County, lowa, 1950

Sprayed 643 781 930 807 80 799 906 1024
Unsprayed 700 744 86 792 87 751 873 98 8
Dufference -57 37 6 4 15 43 48 33 36

707 1061 1074 740 726 69 5
702 1011 834 652 681 68 4

05 50 240 88 45 11

mean difference 15 4 7 bu /acre with sp = 6 48 bu /acre and 54 = 6 48/
/14 = 173 bu /acre

First case Hy pp > 0 It had already been established that the spray,
at the concentration used, could not decrease yield If there 1s a decrease,
as 1 the first field, 1t must be attributed to causes other than the spray,
or to ling vanation ly, if up 15 not zero then 1t must be
greater than zero  The objective of this experiment was to test Hy up = 0
with Hy pp > 0 As before,

o470
]

A test with this kind of alternative hypothesis 1s known as a one-tailed
or one-sided test. The left half of the t-distribution 15 excluded In table
271, half of the indicated probability 1s ruled out so that the column
headed 0 05 now corresponds to the remaning half, 0 025 Looking at
the matter from the operational viewpoint, here 1s the rule 7o make a
one-tailed test with table 27 1, locate the sample value of t and use half of the
probabilsty idicated

Applying this rule to the ¢ = 2 72 above, P 1s slightly less than 0 02/2,
the null hypothesis 1s rejected at P < 001 Ewvidently spraying did de-
crease corn borer damage, resulting 1n increased yields in Boone County
n 1950

Second case pp 7 0 This same Boone County experiment may be
cited to illustrate the use of a null hypothesis different from up = 0 This
experiment might have had as 1ts objective the test of the null hypothesis,
“The cost of spraying 1s equal to the gain from increased yield ” To

=272,df =13
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evaluate costs, 1t 15 known that the fee of commercial sprayers was $3
per acre and that the 1950 crop was sold at about $1 50 per bushel. So, 2
bushels per acre would pay for the spraying The test would have been
Hy wp = 2 bu/acre, Hy pp # 2 bu /acre, resulung in
47 — 20
t= e = 156,df =13
The corresponding probability 15 about 2 = 0 15, so the null hypothesis
would presumably not be rejected, Boone County farmers could be
assured that, under similar conditions, they would on the average break
even by spraying, provided, of course, that all of them sprayed Thus
would scarcely induce them to spray, unless spraying could be shown
to decrease the attack of borers next year
Third case Hy pp > me It s possible that Hy up = 2 bu /acre
mught be tested with H, up > 2 bu /acre, that s, the alternative hypoth-
esis might be put 1 the form of a slogan, “It pays to spray > If this were
done, ¢ = 156 would be associated with P = 015/2 = 0075, not sig-
nificant  But the implication of this one-sided test 1s that Hy would be
accepted no matter how far the sample mean might fall short of 2 bu /acre
Thus, I think, would not be reahstic Nobody would be content to accept
up = 21f the sample mean were —2 or —3 bu /acre Rather, he would
reject up = 2 and conclude that spraying does not pay, that up < 2 bu/
acre That 1s, 1t 1s the two-tailed test which 1s appropriate here
This pomnt 15 stressed for the reason that at present there seems to
be a tendency to use the one-sided test because, as a man said, “I am not
interested 1n the other alternative ” If interest 1s the criterion, then the
test becomes subjective, the experimental results will be interpreted 1n
different ways by diffcrent people  Or else the nvestigator 15 1n effect
choosing P < 01 for rejection instead of P < 005 The correct criterion
for the one-sided test 1s this Hy will be accepted for every sample out-
come except those significantly greater than up A similar statement
applies if the proposed alternative 1s pp < po
EXAMPLE 2 13 1—In an investigation of the eflect of feeding 10 mcg of vitamun
Bia per pound of ration to growing swine (2), e-yht lots (each with 6 .g.f were fed 1n
s The patrs were dustinguisbed by being fed different levels of aureomycin, an
antibiotic which did not nteract with the vitamun, that 1s, the differences were not

aflected by the aurcomycn  The average daily gains (to about 200 Ibs live weight)
are summanzed as follows

Paurs of Lots
Raton 1 2 3 4 5 6 7 8
Without B % 1% 15 18 18 1% 1% 1%
Dufference, D 004 016 023 015 016 023 018 021

For the differences, calculate the statisucs,@ = 0 1701b /day and 52 = 0 0217 Ib /day
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EXAMPLE 2 13 2—It 1s known that the addition of small amoun

cannot decrease the rate of growth ~While 1t 15 fairly obvious that 5 il be o
sgmficantly diferent from zero, the differences bem all posve and, with one ex-
Oepncm, fairly consistent (sce section 5 8), you may be mntercsted 1n cvaluating ¢ Ans
7 83, far beyond the 0 01 level xa the table " The approprate altcrative hypothess 1

EXAMPLE 2 13 3—The eflcct of Bu seems to be a stmulation of the metabolic
Processes including appettte  The pigs eat more and grow n the expenment
sbove, the cost o tional amount of feed caten, O niuthog that of the vitamin,

orresponded to Soout 013075 Jday of gam Teat the hypothens that the profit derved
from fecdimg By 15 sero. Ans t'm 158, = 0 11 (two-sided alternative)

EXAMPLE 2 13 4—Mln\lfactunn of foods and drugs 1s often controlled by regu-
lations specifying hmiting quantities of some essential constituent, for example, there
must be at least 80% of fat in bul!l:r ‘The butter from one creams was tested 25
umes with the resulting statistics, £ = 80 16% and s = 0316% fat From the view-
pomt of the enforcement omcexs, o = 80% would not be rejected at any tage
above 80% but only for percentages below If the law were u:lcnhﬁc ly wnitten,
which 1t 15 not, the enforcement agency would test the hypothess, 80%, with
Hy u< 80% Calm‘latc ¢ and evaluate the probability b!a larger valuz fu =80%
Ans P=00
{_ 2 14—Interval estimate and tests of o> Samples from normal popu-
lations afford interval estimates of ¢* (11) For example, the 95%, con-
fidence nterval 1s found approximately from the relation,

25t < < Zx?

Xo.0os X ors
As an 1illustration we shall set 95%, confidence hmuts on ¢? of the normal
population of vitammn C sampled 1 section 22 From table 221,

= 254,df = 16, while from table 1 14 1, x% o = 6 91 and x% 025 =
288 Substuituting,

254

54
Bt QP I G
288 sos 91’

Y

that 1s,
882 <a* <3676

fixes the confidence interval on o  From this 1t may be said that, unless
a 1-1n-20 chance has occurred 1n the samplhing, ¢ hes between 2 97 and
606 mg /100 g Note Like s% s = 3 98 1s not in the mddle of 1ts confi-
dence nterval, the distnbutions of s* and s aie not symmetrical (see sec-
tion 3 5)

The null hypothesis that the variance of a normal population has some
specified value, o¢?, may be tested by a sample of size n randomly drawn
from 1t The alternative hypothesis may either be ¢* # a¢? or a* > ao?
(or a* < p¥) One merely computes

then compares 1t with the x? distribution having n — 1 degrees of free-
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dom To illustrate the process, suppose that, in a well-established colony,
the standard deviation of weights of male rats (between ages of 56 and 84
days) 15 0g = 26 grams It was suspected that a new ration would increase
the standard deviation but could not decrease it An experiment on 20
rats resulted 1n 2x* = 23,000 From thus,
23,000
(26)*

In table 1 14 1 1t 1s seen that x* > x% o5, so the null hypothess, ¢p* = 676,
1s rejected

If H, were ¢* # ai? the region of rejection would be x* < x% o5 and
> xom For Hy o < oo, reject if x* < x% om

If you wish to test the hypothesis that two mean squares are samples
from a common ¢% turn forward to section 4 8

X = =3402,df =19

2.15—Size of sample. The number of rephcations to be used 1s a
wesacal problem  Too small an experiment may fail to detect a difference
that 15 important, one that 15 unnecessanly large 15 wasteful of time and
money

Solution of the problem requires two pieces of information The first
1s an estimate of o n the populations to be sampled This 1s normally
got from a previous experiment or from a knowledge of the range to be
encountered The second 1s a specification of the largest confidence in-
terval to be tolerated or the smallest mean difference worth knowing

Equations for sample size are a bit troublesome to handle, so let us
considér first an easier problem Suppose the number of rephcations has
been tentatively fixed, for example, there may be no more than n pairs
available The expcnmcntcr needs to know how small a population
difference the prop may be d to detect, which
means to show significance at, say, the 5%, Icvcl The formula 1s

Sptos
v’

where § 1s the population difference, sp 1s the sample standard deviation
of differences, and n 1s the proposed number of replications

As an 1llustration, refer to example 2 9 2 about the biological value of
peanuts  There 1t was shown that s, = 7 72 units 1n a sample of n = 10
pairs  Since, fordf = 9, tos = 2262,
(7 72)(2 262)

V10

If the population difference had been as great as 5 52 umits, this experi-
ment would have been expected to show the difference as significant at

the 5% level Put in another way, this experiment was large enough to
detect a difference of 5 52 or larger if it had existed

8=

5= = 552 umts
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‘This statement must be made more speaific One can never be cer-
tamn that an experiment will perform as expected The present formula
gives only modest The more exact 15 that if the popu-
lation difference had been as great as 5 52 umts, the probability 1s about
05 that this experiment would have detected 1t at the 5% level of sig-
mificance

If stronger assurance 1s desired, or 1if the experimenter wishes to de-
tect a smaller difference, then a larger sample will be necessary (section
10 18)

As indicated before, one pair of observations in this experiment was
suspect If the next-to-the-last pair (44, 63) had proved to be erroneous
and had therefore been omitted, the statistics would have been n = 9,
d = 43,55 =240 unts, o = 2306 With these hypothetical data, the
difference which the experiment would stand a 50~50 chance of detecting
would be

_ (240)(2 306)
- Hens

Thus difference 1s only 1 84/57 3 = 3 2%, of the mean of the 18 biological
values reported, indicating a sensitive experiment compared to the orgi-
nal where one could detect a difference of no less than 5 52/56 9 = 9 7%,

Should the calculated § be too large to be worth an experiment, the
question would be “How many replications will be required to detect a
worthwhile difference®”  For the 9 pairs of biological values, 1t might be
required to learn 1f there 1s a population difference as large as 2%, of the
mean, that 15, (002)(57 3) = 115 umts To get the answer, we use the
same equation as before but n a different way ~ One cannot solve directly
for n because ¢ changes with . Some corresponding values must be
tried until § takes the size specified  Furst, guessn = 16, thenford f = 15,
tos = 2131, and with sp = 2 40,

_ (240)(2131)
RVZT3

Since this 15 larger than the designated 1 15 umts, try a larger value of n,
say n = 20 Then

= 184 umts

=128

_ _240@093) _
b= =11

Now & 1s shghtly smaller than necessary, so try a smaller n It will be
found that n = 19 15 about night  In making these trials 1t helps to know
that, except for very small samples, ¢t = 2 approximately

Agawm, the odds are about 1 1 that an experiment with 19 paws will
detect, at the 5% level, a dufference so large as 1 15 if 1t exists  If you
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wish greater assurance of detecting the selected 8, a method will be pro-
vided 1 section 10 18  You will find that if the odds are placed at 3 1
(that s, p = 0 75) then 28 rephcations mstead of 19 will be required

If 1t 15 a confidence 1nterval on a difference that 1s to be examined, the
same formula 15 used, 8 now being the half length—the quantity to be
added to or subtracted from d

It 15 often convenient to express § as a percentage of the mean The
formula becomes

2"
where Cj, 1s the coefficient of variation of the difference (section 2 6)

EXAMPLE 2 15 1—If you use the original staustic of example 292, sp = 772,
and wish to detect 3 = 1 15 units at the 5% level with probability 0 5, what sample
size would be required? Ans 176 pairs.

EXAMPLE 2 15 2—Omut the suspected pair (44, 63), then calculate the size of
sample that would detect § = 115 umts at the 1% level with probability 05 Ans
33 pans

EXAMPLE 2 15 3—In the vitamin C data of table 221, s = 3 98 mg /100 g,
3050 = /2 (398) = 563 (section 39) Design an experiment to discover the loss 1n
vnumm C due to stewing the tomatoes The vitamuin concentration 1n each can would

determined immediately, then agan after the cooking It 13 desred to detect, at
lhe 5% level, the loss in vitamin C1f 1t 15 as much as 10% of the mean, that s, 2 mg /
100g Calculaten Ans 33 cans

EXAMPLE 2 15 4—In table 2 11 1, the random sample of birth weights of guinea
pigs in Iitters of two had £ = 30 25g ands = 360 g It is required to draw a sample
which will esumate u within 3% Assume 8 = (0 03)(30 25) = 091 g and calculate
n Ans 63 Hmt Uses,notsp

2 16 iation Coefficient of variation. In section 26, C
was deﬁncd as .\'/i As was indicated, its utility lies manly in the fact
that 1n many series the mean and standard devianon tend to change
together  This 1s ilustrated by the mean stature and corresponding
standard deviation of girls from 1 to 18 years of age shown graphically 1n
figure 216 1 Unul the twelfth year the standard deviation increases at a
somewhat greater rate, relative to 1ts mean, than does stature, causing
the coeflicient of variation to rise, but by the seventeenth year and there-
after C 1s back to where 1t started Without serious discrepancy one may
fix 1n muind the figure, C = 3 75%, as the relative standard deviation of
human stature, male as well as female More precisely, the coefficient
rises rather steadily from infancy through puberty, falls sharply during a
brief period of uniformity, then takes on 1ts permanent value near 3 75%

A knowledge of relative vanation 1s valuable in planning and 1n evalu-
ating experiments  In the preceding section was an indication of the use
of C mn esimating sample size After the statistics of an experiment are
summarized, one may judge of its success partly by looking at C In
corn variety trials, for example, although mean yield and standard devia-
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tion vary with location and season, yet the coefficient of variation 1s often
between 5% and 15% Values outside of this interval cause the nvesti-
gator to wonder if an error has been made 1n calculation, or if some
unusual circumstances throw doubt on the validity of the expermment
Sumilarly, each sampler knows what values of C may be expected 1n his
own data, and 1s suspicious of any great deviation

Other uses of the coeflicient of variation are numerous but less preva-
lent  Since C1s the ratio of two averages having the same unit of measure-

ment 1t 15 1tself ind. dent of the umt loyed Thus, 1t 1s the same
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F1c 216 1-—Graph of 3 time serses, stature, standard deviation and coefficient of varia-
tion of grls from 1 to 18 years of age  Sec reference (1

whether 1nches, feet, or centimeters are used to measure height  Also,
the coefficient of variation of the yield of hay 1s comparable to that of the
yield of corn

Experimental amimals have characteristic coefficients of variation, and
these may be compared despite the diversity of the variables measured
The body weight of male albmno rats between 90 and 243 days of age has
an average C of about 14%, (5), while that for annual egg production of
Barred Plymouth Rock hens 1s close to 32% (12) Such information 1s
essential to those planning experiments

Like many other ratios, the coeflicient of variation 1s so convenient
to use that some people overlook the information contained 1n the onginal
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data Try to imagine how hmited you would be in interpreting the stature-
of-girls coeflicients 1if they were not accompanied by # and s You would
not know whether an increase 1n C 1s due to a rising s or a falling £, nor
whether the saw-tooth appearance of the C-curve results from irregulari-
ties 1n one or both of the others, unless indeed you could supply the facts
from your own fund of knowledge The coeflicient 1s informative and use-
ful 1n the presence of £ and s, but abstracted from them 1t may be mis-
leading

EXAMPLE 2 16 1—In nvolving phyll d i pine-
apple plants (17), the question was raised as to the method that would gwe the most
consistent results  Three bases of measurement were tried, each involving 12-leaf
;amgl::. with the statistics reported below  From the cocfficients of vanation, 1t was
eci

at the methods were equally rehable, and that the most convenient one
could be chosen with no sacrifice of precision

StaTisTiCS OF CHLOROPHYLL DETERMINATIONS OF 12-LEAF SAMPLES FROM PineaPpLE
PLANTS, UsiNG THREE BAsES oF MEASUREMENT

100- 100-gram  100-sq em
Statistic Wet Dry Basis Basis
Sample Mean (milligrams) 61 4 337 1371
Sample Standard Deviation (mulligrams) | 5 22 32 120
Cocfficient of Vanation (per cent) 85 93 88
EXAMPLE 2 16 2—In well with properly ped and

adequately fed growing swine, the sample standard deviation of gamns in weight may
be taken as 10;:%{ the sample mean  If you are told that a lot of pigs gamed 150
pounds during a certain period, would you expect the sample standard deviation of the
gans to be about 15 pounds? ‘Would 1t be equally true that an average daily gain of
15 pounds per day should be accompanicd by a sample standard deviation of approxi-
mately 0 15 pound per day?

EXAMPLE 2 16 3—In a certain laboratory there 1s a colony of rats in which the
coefficient of variation of the wcég‘hu of males between 56 and 84 days of age 1s close to
13% Estimate the sample standard deviation of the weights of a lot of these rats whose
sample mean weight 1s 200 grams  Ans

EXAMPLE 2 16 4—Assurning that the coefficient of variation of yields in ficld plot
tests with wheat 15 usually near 5%, would you be surprised if told that 1n an experi-
ment where the yield was 25 bushels per acre, the sample standard deviation of plot
yiclds was 0 5 bushel per acre?
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CHAPTER 3

Sampling From a Normally Distributed
Population: Sampling Distributions

3.1—Introduction. In chapter 1 the facts about confidence ntervals
were venified through sampling, and this same device outhned the chi-
square distribution which led to desired probabilities of occurence  But
n chapter 2 you were asked to accept s: and ¢ with almost no justifi-
cation Now we are ready to examine their distributions along with those
of £, 5%, and s, 1n the expectation of learning the reasons for the statements

already made about them
There are two devices for studying the samplmg properties of statistics
The first 1s that ployed by the who arrives at the
results through use of his symbolical logic  He furmishes the formulas and
tables that make statistical methods accurate and conventent The second
device 1s the actual drawing of samples This requires no mathematical
training but makes 1t possible to verify many findings of probability
thcory Morc mmportant, the layman 1s enabled by his experience in
pp: the upon which the mathematical

logxc 18 bullt

Both the and the have been eager to
draw samples from actual populations which depart more or less from the
mathematical models The data may come from harvesting a crop in
small plots, with perhaps a th of some such ct
as yield (1) (5) (7) The geographical distribution of the varable 1s then
known as well as the frequency distribution  The latter may be compared
with the normal distribution, often assumed to be the source of samples,
while the former 1s the basis for studying the effectiveness of various ex-
perimental designs

For our purposes, we shall, as before, set up a particular kind of
distribution and draw samples from 1t with the help of the table of random
digits  But now, instead of the binomal distribution, we shall sample the
normal distribution, described 1n section 21 and in chapter 8 In this
model distribution there 15 no hmit to the number of different weights,
but p the scale for can be read no closer than a cer-

[e8]
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tamn least count  Hence, the population that we have devised to sumulate
a normal population departs from the model in two respects; 1t 18 himited
1n size and range instead of being wfinite, and has a discontinuous variate
1n heu of the continuous one mphed 1n the theory The effects of these
departures will scarcely be noticed because they are small m comparison
with samphing variation

3.2—A finite population simulating the normal. In table 321
are the weight gains of a hundred swine, shightly modified from experi-
mental data so as to form a which 18 app! ly normal
The 1tems are numbered from 00 to 99 n order that they may be 1dent-
fied easily with corresponding numbers taken from the table of random
digits  The salient features of this kind of distribution may be discerned
in figure 321 The gamns, clustering at the midpoint of the array, thin
out symmetrically, slowly at first, then more and more rapidly: two-
thirds of the gains he in the mterval 30 = 10 pounds, that 1, in an interval
of two standard deviations centered on the mean In a real population,

TABLE321
ARRAY OF Gamvs Iv WeiHT (Pounps) or 100 Swine During A Perion o 20 Davs
The gans approxamate a normal dmnbunon with
4 = 30 pounds and ¢ = 10 poun

Item Item Item Ttem
Number  Gamn Number Gamn Number  Gamn Number  Gan

3 25 24 50 30 75 37
01 7 26 24 51 30 76 37
02 11 27 24 52 30 77 38

03 12 28 25 53 30 78
04 13 29 25 54 30 79 39
05 14 30 25 55 31 80 39
06 15 31 26 56 31 &1 39
07 16 32 26 57 31 82 40

08 17 33 26 58 31 83
09 17 34 26 59 32 84 41
10 18 35 27 60 32 85 41
11 18 36 27 61 33 86 41
12 18 37 27 62 33 87 42
13 19 38 28 63 33 88 42
14 19 39 28 64 33 89 42
15 19 40 28 65 33 90 43
16 20 41 29 66 34 91 43
17 42 29 67 34 922 44
18 21 43 29 68 34 93 45
19 21 44 29 6 35 9 46
20 21 45 30 70 35 95 47
21 22 46 30 n 35 96 48
22 22 47 30 72 36 97 49
23 23 48 30 73 98 53
24 23 49 30 74 36 99 57
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indefinitely great in number of greater
would exist, but that need cause us little concern

The relation of the histogram to the array 1s clear After the class
bounds are decided upon, 1t 1s necessary merely to count the dots lymng
between the vertical lines, then make the height of the rectangle propor-
tional to their number The central value, or class mark, of each imterval
15 indicated on the horizontal scale of gains

In table 3 2 2 1s the frequency distribution which 1s graphically repre-
sented in figure 3.21 Only the class marks are entered 1n the first row
The class intervals are from 25 to 75, etc Ths 1s a notably concise
method of presenting data from large samples

TABLE 322
FreQuency DiSTRIBUTION OF GAINs IN WEIGHT oF 100 Swine
A finite population approxamating the normal

Class mark (pounds) 5 10 15 20 25 30 35 40 45 50 55

Frequency 2 2 6 13 15 23 16 13 6 2 2

3.3—Random samples from a normal distribution. An easy way to
draw random samples from the table of pig gains 1s to take numbers con-
secutively from the table of random numbers, table 1 5 1, then match them
with the gains by means of the integers, 00 to 99, in table 321 To avoid
duplicating the samples of others, start at some randomly selected point
1 the table of random numbers instead of at the beginning, then proceed

ds, d or Suppose, using the device described

n secnon 15, you have hit upon the digit, 8, 1n row 71, column 29 Thus
with the following digit, 3, specifies pig number 83 in table 321, a pig
whose gam 1s 40 pounds Hence, 40 pounds 1s the first number of the
sample Moving upwards among the random numbers you read the
ntegers 09, 75, 90, etc, and record the corresponding gains from the
table, 17, 37, and 43 pounds Continuing, you get as many gams and as
many samples as you wish

Samples of 10 are suggested Unlike the procedure 1n chapter 1, for
our present purposes the samples must all be of the same size because the
distributions of their statistics change with n It 1s well to record the items
1n columns, leaving 2 half dozen lines below each for subsequent computa-
tions For your guidance, four samples are listed 1n table 331  The com-
putations below them will be explamned as we go along  Draw as many of
the samples as you think you can process with the time at your command
It 1s fortunate if several are working together so that the results of each
can be made available to all Keep the records carefully because you
will need them again and agan

It will be noted that each pig gain may be drawn as often as 1ts number
appears 1 the table of random digits—it 15 not withdrawn from circula-
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TABLE331
Four SampLes or 10 Items DRawN AT RANDoM Frou THE Pic Gaivs or TaBLE 32 1,
Eacn Forrowep By Statssmics To Be ExpLamed v Secrion 3 8
Sample Number
Ttem Number
and Formulas 1 2 3 4
1 33 32 39 17
2 53 31 34 22
3 34 1 33 20
4 29 30 33 19
5 39 19 33 3
6 57 24 39 21
7 12 53 36 3
8 24 44 32 25
9 39 19 32 40
10 36 30 21
Ed 29 3 341 191
st 169 8 151 6 90 123
s 130 12 3t 300 106
s 1 389 095 335
t 136 —~0 18 432 ~325
touss 93 88 22 76
EENTeN 26 3-44 9 20 5-38 1 319-363 115267

ton after being taken once  Thus, the samphing 1s always from the same
population, and the probability of drawing any particular 1tem 15 con-
stant throughout the process

EXAMPLE 3 3 1—Determine the range 1n each of your samples of n = 10 The

mean of the ranges estimates ¢/0 325 (table 2 2 2), that1s, 10/0 325 = 308 How
close 15 your esumate?

3.4—The distribution of sample means. First add the items 1 each
‘samplc, then put down the sample mean, Z (dwvision 1s by 10) While
every mean 15 an estimator of 4 = 30 pounds, yet there 1s great varnation
among them Make an array of the means of all your samples  If there
are enough of them. group them into a frequency distribution like table
341

As indicated, our laboratory means ranged from 19 to 39 pounds,
perhaps to the novice a disconcerting vaniability To assess the meaning
of this to you, try to imagine doing an experiment resulting 1n one of these
more divergent mean gains mstead of the population valuc, 30 pounds
Having no 1nfe about the popul except that fi hed by
the sample, you would be considerably msled and there 1s no way to
overcome this hazard  One of the objects of the experimental samplings
you have done 1s to acquaint you with the nisks involved 1n all conclusions
based on small portions of the aggregate The mvestigator seldom knows
the parameters of the sampled population, he knows only the sample
cstimates  He learns to view his experimental data i the hight of his
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experience of samphing error  His judgments must 1nvolve not only the
facts of his sample but all the related information which he and others have
accumulated

The more optimistic are prone to draw satisfaction from the large
number of means near the center of the distribution If this were not
characteristic, sampling would not be so useful and popular The im-
probability of getting poor estimates produces a sense of security in making
wferences This 1s proper With the nght balance between confidence
and prudence the experienced 1nvestigator 1s seldom a victim of the acci-
dents of sampling

The distribution of sample means 1n table 341 brings to attention
three more basic features of the sampling  Furst, the distribution 1s 1tself
approximately normal, as you may see by comparing the actual with
the theoretical normal frequencies The theory 1s that the means of sam-
ples drawn from a normal it are hikewise 11 d
‘We may go further and say that as sample size increases, sample means
cnd to be dlSLrIbuttd nurmally even 1f the parent population is anormal, a
where the exact form of the
szmp]ed populauons s usually unknown Thus Central-Limit Theorem “is

TABLE3 41
Frequency Distrisuion oF 511 Means or SaurLes oF 10 Ireus Rapoury Drawn
From THE P1c GAns, TaBLe3 21 T NormaL
Theoretial Frequency
(For computatior
Class Mark (pounds) Frequency cxamples 8.8 10 and 88 11)
19 1 020
1 041
21 0 118
22 7 27
2 5
24 10 10 78
25 19 18 60
26 30 29 02
27 41 41 14
2 48 52 07
29 66 61 63
30 72 64 23
31 56 61 63
32 46 52 07
33 45 a1 14
34 22 29 02
35 2 18 60
36 12 10 78
37 5 5 62
38 0 27
39 1 1 84%
Total 511 511 00

* Including subsequent classes
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the most mmportant theorem 1n staustics from both the theoretical and
applied points of view  And 1t 1s one of the most remarkable theorems
n the whole of mathematcs” (6)

The second feature to be noticed 1s that the range of the means, great
as 1t 15, 15 only about one-thurd that of the population of gains in table3 2 1
Means are less vanable than 1items, as we have had occasion to remark
before Discussion of this second feature will be resumed 1n section 3 6
below

The final characteristic to be noted in the distnibution 1s 1ts mean
This may be calculated by adding all the sample means and dividing
by 511, but a shorter method will be explamned 1n section 82 The value,
29 87 pounds, 1s an estimate of x = 30 pounds Clearly, if one could
command large samples such as this, he wouldn’t bother much about
sampling variation

3 5—Sampling distributions of s and s These estimators are cal-
culated as in table 2121 In table 3 3 1 you will observe that three of
the mean squares, %, overesumate ¢* = 100 while the fourth 1s notably
small Examime any of your samples with unusual s* to learn what
pecubarities of the arrays are indicated Thus freakish sample 3 1n the
table has a range of only 39 — 30 = 9 pounds with not a single 1tem less
than p

Did you happen to get a sample with range equal to that of the sam-
pled population?

‘The distribution of * 1n our 511 samples 1s displayed 1n table 3 51
Noucc 1ts skewness, with the clustering bclow the mean and a long tail

hat like the chi-sq of chapter 1, though
]ess extreme Despite this, the mean of these mean squares 1s 101 5,
closely approximating the population variance, 100, and venfying the
fact that the sample mean square 1s an unbiased estimator of ¢*

You may think that we are now ready to go ahead with confidence
limits and tests of hypotheses based on the distribution of sor s s?1sa
measure of dispersion simular to chi-square, and might be used 1 much
the same fashion were 1t not that the more convement ¢ has been dis-
covered This will be discussed 1 section 3 7

Our distribution of s, the square root of s% in table 3 52 conforms
closely to theory It shows a shght skewness (not so large as that of s?)

TABLE 351
FREQUENGY DISTRIBUTION OF 511 MEAN SQUARES OF SampLES WiTH n = 10 DRAWN
From THE NormaL DisTRIBUTION oF TaABLE 321

Class
mark |0 20 40 60 80 100 120 140 160 180 200 220 240 260 280 300 320 340

Fre-
quency|l 11 47 9293 72 73 42 29 26 11 8 2 1 0 1 1 1
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TABLE352
Frequency DisTRIBuTioN oF 511 Sawrrz S c To
HE MeAN SQUARES oF TABLE 35 1

Class mark 345 6 7 8 910 11 12 13 14 15 16 17 18

Frequency 1 2 9 18 58 77 8 71 79 44 41 17 8 3 1 2

as well as a small bias with mean 9 8 pounds, shghtly less than ¢ = 10
pounds Thus, even m samples so small as 10 the bias of the sample
standard deviation 1s neghgible 1n single samples But compare sec-
ton 2 14

EXAMPLE 3 5 1—Theoretcally, 50% of the means in table 341 should be
smaller than 30 pounds Assuming that half of the mcans i the interval with class
mark 30 pounds have values less than 30, the sample number of means less than 30
pounds 1s 264, the remaiming 247 being greater  Calculate chi-square on the hypoth-
esis that1n the population the distribution1s 11 Ans 0 57

EXAMPLE 3 52—If half the sample standard deviations of table 352 were
expected to be less than 10 pounds, calculate x* = 4 89 for the sample This 15 evi-
dence against a

EXAMPLE 3 5 3—The theoretical distribution of s* 1n random samples of n from
a normal population with vanance, o2, s reflected 1n the distribution of table 35 1 The
theoretcal dustribution has the mean, it = o and the vaniance 264/ (a — 1)° Accord-
wngly, the sample mean of the 511 values of 2 1n the table, 3 = 101 5, cstimates
1 = 100 and the mean square of the 511 values of & csumates 2(100)/9 = 2,222 This
mean square, calculated as in table 8 3 1, 15 2,424

EXAMPLE. 3 5 4—Each s 1s the basis for an estimate of 20%/(n — 1) Thus est-
mate1s 24/ (n + 1) Examples Sample No 1:n table 3 3 | has &1 = 169 8, estmatung
2,222 by 2(169 8)2/11 = 5,242, But Sample No 4, ncarer the average, estimates 2,223
by 2(1123)1/11 = 2,203

3 6—An estimator of the standard error, o/+/n This estimator,
one of the most useful i our kit of tools, 1s calculated from either

sz = s/vn or 5= /(s%n),

whichever 13 more convenient In each of your samples of 10, 5, 15 an
estimate of
a: = ¢/+/n = 10/4/10 = 3 162 pounds

In your drawings you will experience the usual sampling variation, but
the average of your sample standard errors should approximate the theo-
retical 3 162 pounds Since s; 1s shghtly biased in the same manner as
5, you would get a still more biascd average if you calculated the mean of
your sample estimates, sz To get the most accurate estimate, add your
unbiased mean squares of the means,

s = s¥n,
then extract the square root of thewr mean In our 511 samples, for

example, this average 1s easily got by taking the average of the mean
squares, 101 5, dividing by 10, and extracting the root, +/1015 = 3 186
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pounds This close app! to the popul value

samphing evidence that sz 1s an estimate to ¢z But what 13 the nature of
this oz of which sz 1s an estimate® As ndicated 1n section 2 7, o, 1s the
standard deviation of means of samples of n drawn at random from a nor-
mal population with standard deviation, ¢ Verification of this theorem
1s found 1 the distribution of 511 sample means i table 341  Their
sample standard deviation turns out to be 3 178 pounds (in section 8 2
1s explained a calculating device easier than that of table 2 2 1), a satis-
factory approach to the theoretical 3 162 pounds If we now combine
these two pieces of infc we are prepared for the that
each random sample affords an estimate, s, of the standard deviation of
means, or standard error, 0z  Ordinanly only the single sample 1s drawn
You have seen from examnation of your small samples that the esumate
may be disconcertingly divergent, but we have now learned that 1t 1s
only shghtly biased mn even small samples of 10

EXAMPLE 3 6 {—Four hundred plants of a certain hybrid rye (3) produced their

first flowers an average of 70 5 days after planting, the sample standard deviation being

g 9days Estmate the standard deviation of means of similar samples  Ans s, = 034
ay

EXAMPLE 3 6 2—If you were to draw a sample of 40 1tems from the pig gains of
table 32 1, 15 an estumate of what population parameter? Ans 158 pounds You
can try this conveniently by combining 4 of your samples of 10, taking them just as
they came 1n your onginal drawing

EXAMPLE 3 6 3—Provided you have 10 or more samples of 10, you can casily
make a sample of 100 If you used the computational method of scction 2 12, your
10 values of ZX and ZX" are quickly combined for calculation of Zx in this sample of

52, which may then be computed for this sample, 15 an estimate of what param-
cter? Ans 1 pound

FXAMPLE 3 6 4—It was reported that a lot of pigs gained at the rate of 14
pounds per day with sz = 0 02 pound per day The author failed to state the number
of pigs 1n the lot I you wish to get an 1dca of this number, you can use the relation,
52 = 3/+/n provided you know from that the of
fattening swine 1s about 10% This would lead to an approximation to s, 10% of
14 = 014 pound per day Then 4/n = s/s; = 014/002 = 7, and finally, n = 49

wgs  This value of the coefficient of variation, 10%, 1 fairly small for fattening swine,
ut may be reduced still further by efficient experimental meth

3 7—Distribution of t You became acquainted with this statistic
m sections 27, 28, and 29, but explanation had to be delayed until
now The formula 18

t= (& — p)/ss

In your sampling, p 1s known to be 30 pounds Contrast this with sec-
tion 2 9, where the hypothesis was set up that 4 = 0, and where conse-
quently ¢ was equal to Z/s;, a value completely determined by the sam-
ple A second contrast 1s furmished by section 2 8, where the value of p
was unknown The two confidence limits were,

T~ togsz and &+ Lesse
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mn which ¢ was 2 positive number taken from the table Clearly, we
must know more about this useful quantity, ¢

Since # and s: have already been calculated for each of your samples
of 10, the sample value of ¢ may now be got by putting s = 30, the re-
sulting formula being

L= (& — 30)/ss

Here, ¢ will be positive or negative according as Z 1s greater or less than
30 pounds In the present sampling the two signs are equally likely, so
you may expect about half of each On account of this symmetry the
mean of all your ¢ should be near zero

The samples 1n table 3 3 1 were selected to illustrate the manner in
which large, small, and intermedate values of ¢ arise 1n samphing A small
deviation, (£ — ), and/or a large sample standard error tend to make ¢
small  Some striking combinations are put in the table, and you can
doubtless find others among your samples

The distnibution of the laboratory sample of ¢ 1s displayed 1n table
371 The class intervals in the present table are, as in table 1121,
unequal, adjusted so as to bring into p certain useful probabil
ties n the tails of the distribution  The theoretical percentage frequencies
are recorded for comparson with those of the sample In the last two

1 are the percentage fi which make the table

TABLE371

SampLe AND THEORETICAL DISTRIBUTIONS OF ¢ SAupLes or 10
EGREES OF FREEDOM,

Interval of ¢ Sample ‘Theoretical
- Cumulative
Percentag g
From To | Frequency Frequency { Frequency | OneTail Both Tails
=3 250 3 06 05 100 0
—3 250 —2 821 4 08 05 99 5
-2 821 -2 262 10 15 99 0
—2 262 -—1833 16 31 25 97 5
—1 833 —1383 31 61 50 95 0
—1383 —1 100 25 49 50 90 0
—1100 ~—0 703 52 10 2 100 850
-0 703 00 132 258 250 750
0o 0 703 126 24 6 250 50 0 100 0
0 703 1100 4 80 100 250 50 0
00 1383 32 63 50 150 30 0
1383 1833 18 35 50 100 200
1833 2 262 13 25 25 50 100
2 262 2 821 8 16 15 25 50
2 821 3 250 2 04 05 10 20
3 250 3 06 05 05 10
511 100 0 100 0
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convenient for confidence statements and tests of hypotheses Examina-
tion of the table reveals that 2 5%, of all t-values in samples of 10 theo-
retically fall beyond 2 262, while another 2 5% are smaller than —2 262
Combining these two tails of the distribution, as shown 1n the last column,
5% of all ¢ 1 samples of 10 he further from the center than |2 262],
which 1s therefore called the 5%, level of ¢  The 5% pont, you will note,
beyond which 5% of each tail lies, 1s = 1833 The utility of these and
simlar markers 15 to be explained At the moment, make a distribution
of your own sample ¢ to be compared with the theoretical distributions
m the table

Cumulative percentage distributions of ¢ for other sample sizes have
been worked out and were presented in table 271  Because of sym-
metry, only the positive half of the ¢ are hsted 1n the body of the table,
that 15, only those corresponding to the lower half of table 37 1 Along
the top border may be read the cumulative percentages for the two tails
combined, while on the left are degrees of freedom, n — 1 The boundaries
of the class intervals 1n table 371 (0703, 1383, 1833, etc) may be
found 1 the row specified by 9 degrees of freedom

3 8—The interval estimate of n, the confidence interval. The
theory of the confidence interval may now be verified from your samphing
Each sample specifies an interval, £ = {5 53, said to cover ¢ In each
of your samples, substitute the estimators, Z and s:, together with o5 =
2262, the 05 level for 9 df You will get results stmilar to those 1n the
last line of table 331 Finally, if you say, for any particular sample,
that the interval includes x you will be erther right or wrong, which it 1s
may be determmed readily because you know that ¢ = 30 pounds The
theory will be verified if about 95% of your statements are right and
about 5% wrong

Referring again to table 3 3 1, sample 1 warrants the statement that
the population mean lies between 26 3 and 44 9 pounds, and we know
mn the present instance that this mterval does contan . On the con-
trary, samples 3 and 4 were selected to illustrate cases leading to false
statements, one because of an unusually divergent sample mean, the
other because of a small sample standard deviation Of the 511 labora-
tory samples, 486 resulted 1n correct statements about g, that 1s, 95 1%,
of the statements were true The percentage of false statements, 4 9%,
closely approximated the theoretical 5% Always bear i mind the con-
dition wwolved 1n every confidence statement at the 5% level—it 1s night
unless a 1-1n-20 chance has occurred 1n the samphing

Practical applications of this theory are by people doing experiments
and other samplings without knowledge of the population parameters
When they make confidence statements, they do not know 1if they are
right or wrong—they know only the probability selected It is pos-
sible, though improbable, that the first five samples you draw 1 your
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research carcer will lead to false statements, not because of unskillful
manipulation but through an unlucky quirk of chance Let us hope
that the wise counsel of a more experienced leader would guide you around
such a sampling pitfall

1 trust you now have a clear view of the nature of the 0 95 interval
estimate, and that you will make use of 1t, with a happy combination of
caution and confidence In the following sections we shall study another
nference mvolving certain hypotheses about populations

EXAMPLE 3 8 1—Using the sample frequencies of table 3 7 1, test the hypothesis
(known to be true) that the ¢-distribution 1s symmetrical i the sense that half of the
population frequency 15 greater than zero  Ans x* = 122

EXAMPLE 3 8 2—From table 37 1 1t1s secn that 3 4 4 +5 + 8 +2 43 = 25
samples have || > 2262 Test the hypothesis that 5% of the population values are
greater than [2262| Ans x? = 00124

EXAMPLE 38 5—In table 3 7 1, accumulate the sample frequencies i both tails
and compare therr percentage values with those in the last column of the table

EXAMPLE 3 8 4—During the fall of 1943, approximately one i each 1,000 city
famihes of Iowa (cities are defined as having 2,500 inhabitants or more) was visited to
learn the number of quarts of food canned ~The average for 300 famihes was 165
quarts with standard deviation, 153 quarts Calculate the 95%, confidence lmuts
Ans 165 = 17 quarts

EXAMPLE 38 5—The 1940 census reported 312,000 dwelling units (roughly the
same as families) in Iowa cities  From the statistics of the foregoing example, esumate
the number of quarts of food canned 1n lowa cities 1n 1943 Ans 51,500,000 quarts
with 95%, confidence limuts, 46,200,000 and 56,800,000 quarts

EXAMPFLE 3 8 6—Compute the 99% confidence imuts of the mean in example
384 Ans 165 = 23 quarts

3 9—Differences. Test of null hypotheses. Beginning with section
113 and again with section 2 9, you learned how to test useful hypotheses
pertaiming to sampled populations It 1s time to examne the latter
section 1 more detail, using the familiar techmque of drawing samples
from the hypothetical population In practce, the null hypothesis most
often set up 1s that there 1s no difference between the two populations
sampled, that s, that the contrasted members of the paws are drawn from
the same source A convenient model 1s a normally distributed population
of differences with mean equal to zero  We can easily sample such a popu-
lation by taking advantage of this theorein, if items are drawn at random
from a normal population, then randomly paired, the differences between
pairs are normally distributed with zero as mean Merely copy down
your samples 1n pairs, as in table 3 9 1, subtract each 1item in the second
from the corresponding item 1n the first, and use the differences-as the
new samples Naturally, the samples must be taken just as they came
from the original drawing, without selection as to which shall be first and
which second, and there must be no rearrangement of the items  Two of
the pairs in the table were selected from our 511 samples to illustrate
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features to be commented on below The third 18 a made-up sample
lustrating a theorem that will be needed later.

These two facts will be noticed right away (1) the differences, both in
size and number, are almost equally divided between pluses and minuses,
resulting 1n sample means falling with equal hikehhood above and below
zero, and (1) the vanation of the differences 15 much greater than that
of the ongmal population The reason for this second fact 1s apparent
when you observe that the possible range of differences 1s from 3 — 57 =
—54 pounds to 57 — 3 = 54 pounds, a range of 54 — (—54) = 108
pounds, twice the range of the gans in table 321 You will not be sur-
prised, then, by these theorems (1) the vanance of random differences,

TABLE391
Two Sampres oF DiFFERENCES DRAWN AT RanDom From Tasie 321,
AND A MADE-Up SAMPLE
Ha =0 &t = 200

1 Random 2 Random 3 Selected
Pawred Items  Differences | Pawed Items Diffe Pared Items  D:
Xy X D X P D R X D
39 17 22 19 33 —14 2 22 10
3429 5 14 30 —16 3117 14
2 30 -8 57 4t 16 28 -6
27 36 -9 34 4 -8 24 24
33 1 -8 39 33 6 12 32
2 30 12 34 21 13 53 29 24
36 3 33 39 36 3 23 —14
24 23 1 3 33 -20 35 37 -2
25 -13 39 33 6 33 21 12
29 -1 23 22 1 311 20
a 3 4 - 13 9
o? 2229 155 6 207 4
sa® 22 29 15 56 20 74
sa 472 394 455
t 072 - 033 198

ap? 15 double that of the onglnal population, and (u) the mean square of
the sample differences, 572, 15 an unbiased estimate of 20* = 200 So 1f
you average the mean squares of all your samples of differences, the re-
sult should be not far from 200, twice the variance of the pig gamns I had
144 such mean squares with the average, 2079 You are doubtless 1m-
pressed, perhaps startled, by the variabihity of s5? in your samples

You are now prepared for another theorem not only the differences
but also the sample means of the differences are normally distributed
about g = 0, the vanance of the means being ¢ = 2¢%/n Again, the
mean square, s& of each sample mean, 1s an unbiased estimate of ¢ In
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verification, I found the average of my 144 sample mean differences to be
051 pound with mean square, 22 2, instead of the expected ps = 0 and
ol = 20

This vanance of differences and of mean differences, double those 1n
the origmal population, may be disconcerting to the many who expect to
set up expermments for evaluating differences Being confronted by such
great variation, how can they hope to get means with confidence intervals
small enough to be of practical use? Obviously, larger samples would do
1t, but such may not be feasible Some devices must be found for reducing
the error encountered, or else random pairing must be avoided whenever
possible  Both alternatives are to be considered 1n the next section At
the moment we must look at the values of ¢ 1n our samples of differences
Since p 1s now zero, the formula 18

t = dfsq,

asm section 29 The calculation 1s illustrated in table 391 Here 1s an
interesting new feature  Since the differences have greater vanabihity
than the original gains, both @ and sz have wider ranges, but the ratio, ¢,
1s distributed exactly as in table 3 7 1, a fact substantiated by the distribu-
tion of table 392 Clearly, these 144 ¢ might be added to the previous

TABLE 392
DisTRIBUTION OF 144 VALUES OF { IN SAMPLES OF DIFFERENCES
RanpomLy Draws From Tasre 321, n = 10

Theoretical

Percentage  Percentage

Class Interval* eq ¥ q q! %
-2 821 0
-2 821 —1 833 6
—1 833 -1 100 11
-1 100 0 000 48
0 000 1 100 55
1100 1833 13
1833 2 821 10
2 821 1
144

* Because this sample 1s small, each pair of tervals in table 3 7 1 1s here combined
nto onc

511, making a sample of 655 values all randomly and independently
drawn from a single population of t  Thus justifies the use of the same table
of t for samples of gains and for samples of differences  For any one size
of sample the distribution of ¢ 15 contingent only upon normality 1n the
population sampled, irrespective of u or ¢ Thus 1s one reason for the
utility of the statistic
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In your samples of differences, did you get any values of # larger (in
absolute value) than the 59, level, 2 262° Among my 144 samples I got
10 instead of the expected 7 One was greater than 3 250, the 1%, level
You are well aware by now that if these were experimental results, the
null hypothesis would have been rejected mn these 10 samples though 1t
was, 1 fact, true

It should be noted that if X, m table 391 were randomly drawn
from N(w, 01?), a symbol meaning “a normal population with mean
and vanance ¢,*”, and if X> were randomly drawn from N(uz, ¢2%), then
the differences X; — Xz would be normally distributed with mean p — 42
and vanance o,® + ¢2* Thus 1s a more general formula, that given above
15 a special case where p, = u»and o® = ¢*

EXAMPLE 3 9 1—Refer to your samples from table 3 2 1 and copy in one column
the first 30 1tems you drew In a parallerco!nmn copy the next 30 The differences
make up a random sample from 2 normally distnbuted population with up = 0 and
@t = 200 From vour sample of differences calculate the esumators, @ and sg

If you read ad section 2 14 you can usc the sample stastict to make an interval esti-
‘mate of gpt, also you can test the null hypothesis, op* = 200 Is your sample an or-
dinary one or 1s it one of the unusual km?ﬂ

EXAMPLE 39 2—In section 2 10, attention was directed to the non-random
pairing of the lesions produced by tobacco virus, table 291 You can now assess the
effect on the variation of the differences Suppose the observations X; to be randomly
paired with X; We need to esumate the vanancc of the rc!ullmg w‘r?ulauon of ran-
dom dufferences To approach thus, 1t 13 reasonable to ame n
the populations of the two preparations  Using the observed lmoru, X and X, cal-
culate

Preparation P af
1 468 7
2 172 7

Total &40 T

From this, s = 640/14 = 45 71 estimates the common population variance of lesions,
irrespectve of the two means  Finally, the vanance of diferences s cstimated as
2(4571) = 91 4 "As noted n section 2 10; thus 1 about five umes as great as the experi-
mental csumate, s* = 18 75,1n table 29 1 The object of the design of the virus ex)
ment was to avoid the vaniabity of random pas, taking advantage of the fact that the
two halves of the same leaf could be expected to react more nearly alike than would
randomly selected halves

EXAMPLE 3 9 3—Collins, Fhint, and McLane (2) mvcshg:(ed the effect of a small
electric current on the growth of corn seedlings _The seedlings were grown 1n pairs of
boxes, one of each treated, the other not  The dlﬂcrencex m elnnglnon, ue“ed—
untreated, were as follows 60, 13,102, 239 31,68 —

l: seems obvious that the null hypothesis, s = 0, will not be rqecled but for pracutc
o 5= 0, Hy w70 Thevalueof 13133 What conclusion do you reach about
(he effect of an electric current in the growth of corn seedhings’

EXAMPLE 3 9 4—For an interesting account of some of the early testing of experi-
mental data from paired indwiduals, read Fisher’s Design of Experrments (4), chapter 3
Itas there shown that even Darwin and Galton were uncertain of the principles govern-
ing this type of experiment

EXAMPLE 3 9 5—Prove that the mean square of aX 1s gwven by the formula,
sax® = alsx?

TV ANDI T 20 k—Prave that srar L and = ot sgd + Blayt
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.10—Reducing the error involved in i Having observed
the large mn random daff¢ we felt that hing must be
done to avoid such 1mp ding the sam-

pling to great numbers of pairs would decrease s; to any specified value,

but this process would be expensive  Furthermore, since practical sam-

plings are often from populations restricted 1n size, any great expansion of

n may be impossible Therefore, samplers have sought other methods for

Increasing precision
hree

ways of red errors are use

(1) sek g or d n which variation 1s known to be
small, (n) subdlvldmg the aggregatcs mto sub-populations or strata of
slmllar ndividuals, and (1) utihzing information contained 1n related
vanables These methods may be used 1n all combinations Some details
follow mmmediately, but most of them are distributed throughout the
remainder of the book

It 1s sometimes practicable to get n by
whose variation 1s small  For example, one might decide to restrict his
quiry about radio program histeners to women 1n a certain city, question-
ing only those who are housekecpers with one or more children and
whose family income 1s between, say, $3,000 and $4,000 The vanable
being measured, such as amount spent for toilet soap, might have httle
range within this restricted population Clearly, no specific information
would be got about other parts of the aggregate, but the information
about the population sampled should be relatvely precise Agamn, for
certain problems m nutrition of rats 1t seems adequate to sample a highly
mbred colony whose range in 28-day weight, for example, 1s half that
resulting from random mating  Standard errors for means of # such am-
mals would be half those 1n the r. mated p
confidence ntervals would be decreased by the same fraction while sam-
ple values of ¢ would be doubled

‘The facts just stated can be verified by samphng from the normal
population represented by table 3101 This population has ¢ = 5
pounds wstead of the 10 pounds of table 3 2 1, the range also being balf
the previous value Since the facts seem obvious, 1t will scarcely pay you
to draw a lot of samples from this table—its real use will come later Itis
probably sufficient to look at the distribution of 400 means of 10 items
drawn 1n the laboratory, table 310 2 The range 1s seen to be about half
that in table 34 1  The mean of the sample means 1 table 3 10 2 1s 30 0
pounds, while their standard deviation 1s 1 57 pounds instead of the
expected

02 = 0/+/n = 5/+/10 = 158 pounds

Clearly, this scheme of reducing sampling vanation by samphng from
small-ranged populations 1s effective  Unfortunately, there are not many
circumstances i which the method 1s available Usually the information
desired 1s about existent populations over whose variation the sampler
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TABLE 3101
ARRAY OF 100 Gains HAvING HALF THE RANGE AND STANDARD DEVIATION As THAT
N TaBLE 321 DistriBuTION Is APPROXIMATELY NORMAL WiTs 4 = 30 PouNDs AND

IttmNo Gam | ItemNo Gam | IttmNo Gam | Item No Gam
17 25 27 50 30 75 33
o1 19 26 27 51 30 76 34
02 20 27 27 52 30 77 34
03 21 28 27 53 30 78
04 22 29 27 54 31 79 34
05 22 30 27 55 31 80 34
06 22 31 28 56 31 81 34
07 23 32 28 57 31 82 35
08 23 33 28 58 31 83 35
09 23 34 28 59 31 84 35
10 23 35 28 60 31 85 35
11 24 36 28 61 31 86 35
12 24 37 29 62 32 87 36
13 24 38 29 63 32 88 36
14 25 39 29 64 32 89 36
15 25 40 29 65 32 90 36
16 25 41 29 66 32 9N 37
17 25 42 29 67 32 922 37
18 26 43 29 68 33 93 37
19 26 44 29 69 33 94 38
20 26 45 30 70 33 95 38
21 26 46 30 7 33 96 39
22 26 47 30 72 33 97 40
23 26 48 30 73 33 98 @
24 27 49 30 74 33 99 44

has no control, and the less variable population may not be representative
of the other
The second melhod of reducing error variation, by sub-dwision of the
ggregate mto strata, has been found useful in a
surprising variety of situations Most sampling and experimental designs
employ 1t ewther exclusively or in connection with other devices The
reader will be reminded of 1t many times as he pursues this text, and later
will be referred to more specialized discussions ~ An instance of this second
method 1s the sampling from pairs of half leaves described in section 2 9,
where the concentration of a virus was being examined The leaf areas
to be moculated with the two preparations were chosen adjacent because
1t was suspected that they would react more nearly alike than areas on
different leaves Therefore, if one half of each leaf 1s rubbed with prepara-
tion number 1 and the other half with number 2, the lesion differences are
expected to vary less than they would 1f the two preparations were apphed
to half leaves selected by chance from different plants
As will be emphasized again, the efficacy of this method of stratification
depends on foreknowledge of the behavior of experimental material, and
this can be gamed only by experience No advantage 1s to be expected
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unless the members of a pair tend to perform n a similar fashion when
treated alike If these members differ as much as the paurs differ, then
the stratification 1s no better than random pairing

Does stratification 1mply a desertion of the fundamental principle of
randomness® Notatall Itis merely a device for utilizing any knowledge
one may have of outcome in order to exclude from the estimate of error
that variation which he can anticipate  In the virus experiment two
sources of variation had been learned from experience (1) the differ-
ences from plant to plant, and (n) the differences among leaves on the
same plant Such variability was avoided 1n estimating experimental
error by trymng the two preparations on halves of the same leaf Random-
ness was attained by allotment of the two preparations to the right and
left halves by some such mechanical device as the toss of a comn or a table
of random digits The varation entering the estimate of error was only

TABLE 3102
FreQuency DisTRIBUTION oF Means oF SauptEs or 10 ITEms DRawN AT RANboM
'Rom THE NorRMAL DistrisuTion in Tasre 3 10 1

Class mark (pounds) 26 27 28 29 30 31 32 33 34

Frequency 5 20 43 80 99 8 48 18 2

that due to random differences mn the reactions of two areas of the same
leaf
The third method of controlling error vanation, by use of additional
fe from the of related variates, will be presented
n chapter 6

EXAMPLE 3 10 1—In example 2 9 2 were given the biological values of raw and
roasted peanuts as determined i 10 paws of rais The sample standard deviation of
the differences was 7 72, so that the experimental vanance per rat 1s esimated as
(772)}/2 = 29 8 Calculate the average mean square among the rats in the two
groups Ans 269 It appears then that, so far as biological values are concerned, the
panng was less cfficient than random assortment

EXAMPLE 3 10 2—If the minth paur, 44, 63, had not turncd up 1n example 2 9 2,
computation will show that the paired sample would have had a mean square per rat
Iess than one-fourth the average mean square 1n the two unpaired groups  Since such
radical changes 1n atutude depend on one pair of rats, the investigator learns to be
cautious

EXAMPLE 3 10 3—In the first sample of dufferences in table 39 1, 5! = 2229
Estimate o in the population from which the two samples, X, and Xs, were drawn
Ans ot 15 esimated by 111 45

EXAMPLE 3 10 4—If a random sample of » 1s drawn from cach of two normal
populations with means g, and 4: and vanances oif and ¢, and if the stems are ran-
domly paired, the differences are normally distributed with up = 1 — s and op? =
ot + of

If you draw a sample of 25 weights from table 321 and a similar sample from
table 3101, the differences of randomly paired weights will have d cstumating what
parameter? Ans up = 0 The sample standard deviation will esumate what param-
cter? Ans op = 4/125 or 11 18 Ibs (section 3 9, last paragraph) Try 1t
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CHAPTER 4

The Comparison of Two Randomized Groups

4.1—Introduction The pamring of similar mdividuals has been
shown to be an effective experimental design  But there may not be
enough knowledge of behavior in the experimental material to warrant
pairing, and random pairing was found to be unprofitable The alter-
native 1s merely to assign the indviduals at random to two groups or lots,
and then apply one of the treatments to each group. It will be only the
two means that are compared, not the individual measurements  Experi-
mental error will be determined by the average variation among the
mndividuals within the groups.

4.2—The structure of an experiment with randomized groups
or lots. Ths structure 1s shown clearly by two of the random samples
drawn from the pig gawms of chapter 3 Consider samples 1 and 2 of
table 331 Think of the first as a group of pigs fed a ration that 1s capable
of changing the population mean gamn to w; pounds In the second
group, the ration may produce uz pounds of gain  For evidence we have
the group means, & = 35 6 and Z = 29 3 pounds The famihar ques-
tion 1s this Is the difference, i — % = 6 3 pounds, attributable to a
population difference, ur — ps, or may it be random variation from a
single population mean®

To answer this question, we set up the null hypothess, p1 — us = 0
The t-distribution furnishes a test

‘=(ix—in)—(m—m)

Sty - 2
which becomes, with Ho, w — m = 0,
Z — I
- S -5

It remains only to calculate the denominator
Each group provides an estimate of ¢%, the variance common to the two
experimental populations  The estumators are 57 = 169 8 and 5, = 151 6,

[ss]
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the average being (169 8 + 151 6)/2 = 1607 From this we have as an
estimate of the variance of either mean,
s 160 7
= = =
54 - 0 16 07
But it 15 the difference between the means for which we need an estmate
of variance Now in random samples from normal populations, differ-
ences between means follow the same laws as differences between observa-
tions because means also are normally distributed We have then (sec-
tion 39),
St = 25 = 2(1607) = 3214

Substituting the difference between the group means, 6 3 pounds,
along with 1ts standard deviation, 4/32 14 = 5 67,

As for degrees of freedom, there are n — 1 = 9 associated with 5; and
9 with 55, making 2(n — 1) = 18 mall Here, n 1s the size of each group

Comparison of ¢t = 111, df = 18, with the distnbution 1n table
27 1 shows that this £1s of modest size  The null hypothes:s 1s not rejected
as, indeed, should be the case 1n this simulated experiment

Let us now see what would have happened if the rations had really
changed the population means In group 1, add 10 pounds to each gain
This makes g, = 40 pounds mnstead of 30 a.nd :h = 45 6 pounds nstead of

356 The sample dard d 8 the
new data n the equation for ¢, keeping the same Hy w1 — p2 = 0,
456 — 293
t=———""=1287,df =
567 287,4f

This would 1ndicate rejection of Ho and the conclusion that p; and p; are
different
The structure of this experiment 1s now plain  Two groups are ran-
domly drawn from populations in which different treatments may have
differentiated the means but not the variances The difference between
the

the group means m — e The
dufference 15 tested against the null hypothesis, s — w: = 0, that 15,
m = pz The error vanance 1s ¢% to the two

From this, the vanance of the difference between means, Za’/n, 18 esti-
mated by

2 sttt 2 Zxt+ It
2 72— 1)

It 18 now time to look at a real experiment of this type
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4 3—An experiment for comparing two groups of equal size.
Using male chicks, Breneman (2) contrasted the 15-day mean comb
weight of two lots, one recewving sex hormone A (testosterone) and the
other C (dehydroandrosterone) Day-old chicks, eleven i number,
were assigned at random to each of the treatments The two lots, caged
together, were distinguished by red and purple head-stamns The ndi-
vidual comb weights are recorded 1n table 431 It 1s plain that there

TABLE 431
WEIGHT oF Comps™ (15Tr Day) oF MaLe Cricks Given Hormones 4 ano G
Number
Hormone | of Chicks Weight of Comb (mulligrams) Mean
A 1 57 120 101 137 119 117 104 73 53 68 118 97
c 1 89 30 82 50 39 22 57 32 96 31 88 56

* Shight alterations of the original data have been made to simplify computations

18 no reason for comparing the comb weight of any chick receiving hor-
mone 4 with that of any particular chick recetving C, 1t 1s only the means
that can be compared

The calculations are conveniently summarized in table 432 As
ndicated above, one change 1s made, instead of computing and averaging
the two mean squares, the corrected sums of squares are added or pooled
and the sum divided by the total degrees of frecdom

The evidence 1s convincing that the two hormones differentiate comb
weights into two populations with different means, that 1s, the difference,
41 mg , 15 sigmficant

TABLE 432
SuNARY oF STATISTCS FoR CoupaRtsoN 07 Two Grours or Equat. Sizz
Chuck data of table 43
Number| Degrees
Hor- | of of Mean Comb Wey
mone | Chicks | Freedom (mllllgram!) Sum of Squares
A 11 10 97 8,472
c 1 10 56 7,748

Sum =20 | DT = # — # = 41 | Sum = Z#t = 16,220

Pooled mean square = s* = = 16,220/20 = 811

25t
G -1
S5y - 8y = V250 = V/2(811)/11 = V1475 = 1214 mg
£ = (8 — £)/53, -3, = 41/1214 = 338 P < 1%
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Notice that equality of variance 1n the two populations has been taken
for granted A glance at the sums of squares makes this appear reason-
able Ordnanly, similar treatments do not change the variance, or,
if they do, the change 1s too small to be detected But 1n some experi-
ments the assumption may not be ightly made If one has reason to
beheve that ¢ will be affected by the contemplated treatments he will
need a different statistical method from that here presented  See section
49

After the reader has mastered the argument leading to table 4 32 he
may find 1t convenient to summarnze the calculations by use of this

formula
}/ = (& — &) \/"_(";Q

Zx?
m which Z; — Z, designates the difference between the two group means
and Zx?1s the pooled sum of squares  Substituting the chick data, & — Z; =
97 — 56 = 41mg, n = 11, and Zx* = 8,472 + 7,748 = 16,220 Then

_ (11)(10)
t=41 \/Tc,"zz—o“ = 338, as before

Having reached the conclusion that there are two population means
nstead of one, 1t may be informative to set confidence hmits to their
difference, of which 41 mg 1s an unbiased estimate  Since £ s = 2 086
fordf = 20, the 95% hmuts are

41 — (2086)(121) and 41 + (2086)(12 1),

that 15, 16 and 66 mg If the experimenter states that the difference
between the means of the two populations 1s within these Limits he will be
night unless a one-in-twenty chance has come off

Note that the confidence interval may be used to reach a conclusion
about Hy p1 — p» = 0 Since the nterval does not include zero, Ho1s
rejected

EXAMPLE 43 1—Lots of tgn bees were fed two concentrations of syrup, 20% and
65%, at a feeder half a mule from the hive (7) Upon arnval at the hive their honey
cs were removed and the concentration of the flud measured  In every case there
was a decreasc from the feeder concentration The decreases were from the 209,
syrup, 07,05,04,07,05,04,07, 04,02, and A5, from the 65% syrup, 17, 28,
22,14,13,21,08,34,19,and14% Here, every observation in the second sample
15 larger than any in the first, so that rather obviously s < w2 Show that £ = 5 6 1f
" There 15 httle doubt that, under the experimental conditions imposed,
the concentration during flight decreases more with the 65% syrup But how about
homogeneity of vaniance? See sections 4 8 and 4 9 for further discussion

EXAMPLE 43 2—Four determnations of the pH of Shelby loam were made with
each of two types of glass electrode (5) With a modified quinhydrone electrode, the
readings were 5 78, 5 74, 5 84, and 5 80, while with mothfied Ag/dgCl electrode,
they wére 582, 5 87,5 96, and 589 With the hypothesis that sy —a = 0, calculat¢

66

‘=
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EXAMPLE 4 3 3—Fufteen kernels of mature Iodent corn were tested for crushin
resistance  Measured n pounds the resistances were 50, 36, 34, 45, 56, 42, 53, 25,
65,33, 40, 42, 39,43, 42 Another batch of 15 kernels was tested after being harvested
m the dough stage 43, 44, 51, 40, 29, 49, 39, 59, 43, 48, 67, 44, 46, 54, 64 Test the
sigmificance of the difference between the two means Ans ¢ = 138

EXAMPLE 4 3 4—When yearling steers are shipped in from the range for fatten-
1ng, so little 15 known of their previous history that estimating outcome 15 an uncertain
rocess They may be just as well placed in lots at random Culbertson and Hammond
FA) report the average daily gains of two lots of steer calves, one (L) having a supple-
ment of linseed o1l meal, and a second (V) receiving a hght allowance (1 pound per
steer daily) of whole soybeans _The rates of gan were (1) 1 95, 2 17, 2 06, 2 11, 2 24,
252,204, 195 (V) 182,185,187, 174,204, 178, 176, 186 pounds per day
Calculate the difference of the means, 6 29 pound per day, and ¢ = 3 92

EXAMPLE 4 3 5—You may wonder why, 1n group experiments, the observations
“are not paired at random, and then handled as in section 29 and 1n table 391 Ths
could be done  But the random parring 1s an additional hazard which 1t 15 better to
avoid There are many rosslble pairings, all leading to different results  In a sense,
the calculations of table 4 3 2 yield a kind of average of the possible parings

In the first two samples of table 3 3 1, try parng the observations as they occur—
they are already randomly paired The differences are 33 — 32 = 1, 53 — 31 = 22,
etc, some of them negative If you test the significance of the mean difference, 6 3
pounds, you will get ¢ = 0 88 instead of the value in section 42 Other random pair-
ngs will usually produce different values of ¢ occasionally one of them wall appear
significant, as you will sce later (section 4 6)

EXAMPLE 4 3 6—In reading reports of researches 1t 15 sometimes desirable to
supply a test of sigmficance which was not considered necessary by the author  As an
example, Smuth (10) gave the sample mean yiclds and their standard errors for two
crosses of maize as 8 84 = 0 39 zncr7 00 = 0'18 grams Each mean was the average
of five rephcations  We wish o determune 1f the mean difference is significant It 18
necessary to retrace the ongial computations tll cach sum of squares 1s reached
Starting with s; = 039, 5,* = 01521, s* = 07605, and 2x* = 3042 Simlarly, in
the second cross, 2x? = 0648 Pooling these two sums of squares with 4f = 8, the
value of ¢ may be calculated Ans ¢ = 429

EXAMPLE 4 3 7—Derve the formula, ¢ = (& — #;)\/a(n — 1)/Z#, startng with
the rules of calculation given 1n connection with table 4 3 2

4 4—Difficultics met in experiments with groups The foregoing
test of the null hypothesss, 1 — g2 = 0, 1nvolves the assumptions that
the populations are both normally distributed and that they have the
same variance

As usual, the probabilities are httle affected by even considerable
departures from normality The matter of population variance will be
discussed 1n section 4 8  More immediate 1s the question as to whether
the estimate of varance, s, correctly evaluates the errors to which the
experimental means are subject In the present instance this 1s aimed at
by choosing chicks of one breed and sex, all of the same age, then housing
them together P bly no 1 factors differ-
entiated the lots, only the hormone treatments being responsible for the
population difference 1n means  The designs of many group comparisons
leave these matters in doubt  If lots are kept 1n separate cages, or 1if two
groups of lots are affected by 1 diffe n the !
the 1nd d population diffe may be a b of
and other environmental effects and $* may not be an appropriate esti-
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mate of error The treatment differences are then said to be confounded
with the others, and there may be no means of distinguishing them
In these circumstances, statistical evidence that the population averages
are different may have hittle bearing on the problem of possible treatment
effects  Although the statistics may lead correctly to rejection of the
null hypothesis, and although this hypothesis may, 1n fact, be untrue,
yet the treatments themselves may have no effects, or may tend to cause
a dufference opposite to that 1n the sample Furthermore, there may be
no way to estimate separately the amounts or directions of the two kinds
of environmental effects, treatment and extraneous, the population differ-
ence being compounded of such effects 1n unknown proportions  If the
expermment 1s conducted so as to avoid such confusion, ¢* will be esti-
mated by s* and real treatment effects may be expected to lead to sig-
uficant differences

4.5—Groups with diff bers of individuals. It 1s some-
what more eflicient to have groups of the same size, but in much experi-
mentation it 1s tnconvenient or impossible to provide equal numbers Two
lots of chicks, for example, from two batches of eggs differently treated
would nearly always differ in numbers of birds hatched Furthermore,
acadents and death usually befall the lots unequally This may not
change the statistical theory, and causes only a shght alteration m the
method of making the comparison

As an 1llustration, consider the gains n weight of two lots of rats fed
different levels of protein, table 4 51  If »; and ne are the numbers of

TABLE 451

Gaws 1N WegnT oF Two Lots or FemaLe Rats on Diererent Diets  Tue Gams
CCURRED BETWEEN 28 AND 84 DAvs oF AGE

Number
Diet of Rats Gains 1n Grams
High protem 12 134, 146, 104, 119, 124, 161, 107, 83, 113, 129, 97, 123
Low proten 7 70, 118, 101, 85, 107, 132, 94

observations 1n the two groups, the corresponding degrees of freedom are
m — 1andn, — 1,atotal of m + n — 2 The mean squares of the two
group means are now different, s?%/m and s%/ns, while the mean square of
the difference of the means 1s now the sum of the two instead of 2s?/n
m+

mny

m + n m+ny
St~y = Po—— =5 [—
mmy e

m A e = SA/m + 1/n) = 2

so that finally,
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If ny = m, this becomes, as it should, the same as thatin table 4 32 The
necessary computations are laid out in table 4 52

TABLE 452

SummMaRy OF STATISTICS FOR COMPARISON OF TWo Gkours oF DIFFERENT
Stzes  RAT DATA oF TasLe 4

Number | Degrees of

Dict of Rats Freedom Mcan Gan (grams) Sum of Squares
High 12 11 120 5,032
Low 7 6 101 2,552

Sum =17 | Diff =% — 2 = 19 | Sum = Zx* = 7,584

Pooled mean square = £ = 7,584/17 = 446 12
Sy — iy = V/sH(m + m) /mns = +/446 12(12 + 7)/(12)(7) = 10 04 grams
£=19/1004 = 189,df = 17,P = 008

Since P > 005, the null hypothesis may not be rejected  So far as
this small sampling 15 competent, the levels of protein fed may not differ-
entiate rat gains into two populations

For evid about h of
5,032/11 = 457 and s = 2,552/6 = 425

The process of testing outlined above for groups of different sizes may
be condensed into this formula

N\ mna(m + ny — 2)
v =@ — @) [ s

observe that s =

(m + m)Zx*

— Z», as before, being the difference between the group means and
Za? the pooled sum of squares Applying this formula to the rat gains
£ — & = 120 — 101 = 19 grams, mny = (12)(7) = 84, ny + ny = 19,
ni+np— 2 =17, and Zx* = 5,032 + 2,552 = 7,584 Upon substitut-
g these values 1n the formula, =189 as n table 452

If the g 4 more 1n than 1n tests, he may
choose to use the conﬁdence interval rather than ¢ He may report that
£, — £ = 19 grams with the 95% confidence interval, —22 to 402
grams

EXAMPLE 4 51—The following are the rates of diffusion of carbon dioxide

through two souls of different porosity (9)  Through a fine soil (f) 20, 31, 18, 23, 23,
28. 23, 26, 27, 26, 12, 17, 25 through a coarse soil (¢) 19, 30, 32, 28, 15, 26, 35, 18,
25,27, 35, 34 ‘Show that pooled 2 = 35 83, 53y — 3, = 240,df = 23,and ¢ = 167
The difference, therefore, 1 not sigmficant
' EXAMPLE 4 52—The total mu%en cnnlen( o‘ the blood plum of normal
albino rats was meuured at 37 and 180 days of age (11) The grene
as grams per J’ At age 7dxys,9numdooa osa 099 086, 090,
081,094,092, and 0 7, at age 180 days, 8 rats had 120, 118, 133, 121,120, 107,
113, and 1 12 grams per 100 cc _ Stnce significance 1s obvious, set a 95% confidence
interval on the population mean difference Ans 0 21 to 0 35 g /100




92 Statistical Methods Section 46

EXAMPLE 45 3—Pearson and Catchpole (8) reported the means and standard
1norgame phosphorus per 100 ml serum as_determned from 26
Pcrchemns and 18 Shetlands, 329 « 027 and 3 96 20 %0 m , the numbers following
the = signs bcmg the sample standard errors  To test the sigmficance of the difference
between means, 0 67 mg , compute the pooled sum of squares, 96 345, 53, _ z, = 0 464,
and = 144 The dference 1 not significant, but may be casily a consequence of
sampling variation
EXAMPLE 45 4—It 1s reported that the mean percentage of bacon from the
carcasses of 15 Poland China sows was 6 59% with the standard error, 0 300% If
you assume normal distribution, you can estimate the lowest and highest percentages
in the sample as 4 6% and 8 6% Would you have any reason to suspect the hypoth-
esis of normahty?

4.6—Individual vs group comparisons The decision as to whether
an expertment should be set up for individual or group comparisons 1s one
of considerable import It may even determme the success or failure of the
trial  Whale there 1s no universal formula for determining the prcfcrable
design, there are of relevant ci on which
may be founded Most of them have been discussed already m sections
210 and 310 With some repetition, which I think 15 worth while, the
attempt will be made to bring together the pertinent arguments

Pairing 1s often indicated clearly in the expenimental material  Crop
yields 1n successive seasons tend to be so different that no one would
think of comparing the results of one treatment last year with those of a
second treatment this year Both treatments must be apphied every season
with a consequent pairing of the yields Much the same can be said of
different localities in the same year

On the other hand, paring 1s not practicable mn a variety of experi-
ments Among Breneman’s chicks (section 4 3) there was no basis for
matching individuals, hence, they were randomly assigned to the treat-
ments When yearling steers are shipped 1n from the range for fattening,
so hittle 15 known of their history that esumating outcome seems to be
doubtful Agan, if circumstances dictate different numbers of individuals
for the two treatments, pairing 1s clearly impossible

Aside from these rather obvious situations the design often depends
upon the investigator’s information about his experimental material and
its environment  He may know, for example, that potted plants on two
greenhouse benches will grow alike if treated alike He could then apply
one treatment to the pots on one bench and a second treatment to the
others, then compare the two treatments by the methods of this chapter
But more often he will know that growing conditions on the two benches,
and even on adjacent portions of the same bench, are different He will
avoid the effects of this variation by placing side by side paurs of pots with
the two treatments, then replicating the pairs  The appropriate statistical
method will be lhat of chapter 2

With precise 1n any field, resulung from
more exact knowledgc of the behavior of the experimental material,
group comparisons are likely to be replaced by those of individuals In
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feeding trials with growing pigs, ammals of the same litter, sex, and iitial
weight are paired because 1t has been learned that they are more likely
to gam alike on the same ration than are two randomly assorted indi-
viduals Hence, if from each pair one member, chosen at random, 1s
giwven one feed while the other member recewves the second, the differ-
ences 1 gain tend toward umforrmty This means that the experimental
error, calculated as in chapter 2, 15 expected to be smaller than that in a
group comparison where the pigs are allotted to the rations at random

In such experiments the success of pairing depends upon knowledge
of outcome No advantage may be gamned unless the experimenter can
predict with some degree of success that the members of a pair have the
same performing ability, this common ability being dufferent from that of
the members of other pairs

A feature of the method of individual comparisons 1s that 1t enables
the investigator to utilize all the knowledge he has about the behavior
of his experimental material 1n the contemplated environment In the
absence of this knowledge of outcome, or of any pertinent relationship,
group comparisons are more appropriate

The beginner may learn to avoid pitfalls by observing the effects of
applymng an unwarranted statistical method to experimental data  Sup-
pose, for example, the reduction of the paired virus data 1n section 2 9
had been mistakenly carried out by the method for group comparisons
The results would have been these

Preparation Number Degrees of Mean Number Sum of
Virus Half Leaves Freedom of Lesions Squares

1 8 7 15 468

2 8 7 11 172
Sum = 14 F-T =4 Zx? = 640

5= 4571, 1 = 44/(8)(7)/640 = 118, P = 0 26, approxmately

The 1nvestigator might have decided not to reject the null hypothesis,
whereas he probably would have rejected 1t on the basis of the correctly
computed statistics 1n table 291  This discussion of misapplication of
statistical methods should be compared with that of section 2 10, where
the purposes of pairing were examined

Equally surprising effects follow an arbitrary pairing of data from an
experiment designed for group comparison  When you remembe. that
the latter design would be adopted only if the investigator were unable to
foresee any advantage in pamring his experimental mdwnduals, you will
appreciate the mistake of the dy
ments 1n pairs after the experiment 15 done Perhaps the best way to




94 Statistical Methods Section 47

illustrate 1s by use of the two samples discussed 1n section 4 2 The sam-
ple difference, 6 3 pounds, and mean square, 2(160 7) = 321 4, are un-
brased estimates of py — p2 = 0 and op* = 200 Furthermore, as you
would expect m 95% of such comparisons, ¢ 1s less than its 5% level
However, suppose someone had rearranged the 1tems 1n the two samples,
painng the two smallcst, the next smallest, and so on to the two largest
as 1n the first part of table 4 6 1, or else pairing small with large and oce
ersa as n the second part of the table While the means of the samples

TABLE 461

Two oF THE PosstBLE METHODS OF PAIRING THE DATA IN RANDOM SAMPLES,
ILLUSTRATING THE ErrONEOUS CONCLUSIONS THAT MIGHT BE DRAWN

Method I Method IT
Sample 1 Sample2  Difference | Samplc1 Sample2  Difference
12 11 1 12 53 —41
24 19 5 24 44 -20
29 19 10 29 32 -3
33 24 9 33 31 2
34 30 4 34 30 4
36 30 6 36 30 6
39 3 8 39 24 15
39 32 7 39 19 20
53 44 9 53 19 34
57 53 4 57 11 46
sx 356 203 63 356 293 63
z 356 293 H —#2 =63 356 293 H—%H =63
s 801 627 34
] 704 0 80

and of the differences are unchanged, the mean squares of the two sets of
dfferences form a notable contrast, neither being an unbiased estumate of
the variance of random differences, o2 = 200, 1n the population In the
first method, the Jarge value of ¢ would certamly lead to rejection of the
hypothesis of zero population difference In the second, ¢ 1s an under-
estimate of correct sample value, 111 Itis clear from these illustrations
that the statistical method fixed by the experimental design cannot be
tampered with

The reader who s pursuing a prelsminary course of essenttals 1s prepared for
etther chapler 6 on regression or for chapler 10 on analysis of variance For the
present, the remamder of this chapter may be omitted

4.7—Size of sample. The methods here are only shght modifica-
tions of those 1n section 215 The basic estimate of ¢ 13 given durectly
by such tables as 432 or 452 Since differences between means are
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being esumated and tested, the factor 4/2 must be used Either the
largest allowable half confidence interval or the smallest interesting popu-
lation mean difference 1s given by

_ \/-‘Z_:t
-

where n 15 the size of each of the two experimental groups Finally,
df = 2(n — 1)

Tllustrations will be based on example 4 34 The 1nvestgators were
Iimited to 8 amimals per lot and wished to know the size of the difference
they had a 1 1 chance of detecting at the 5%, level of sigmificance  They
usually encountered sample standard deviations of 012 to 018 Ib per
day, so they chose s = 015 From these data they calculated

' 5= Y20 Sw=016!b/day

as the difference they might expect to detect (Notice that the degrees
of freedom associated with s are not critical except for small samples )
As 1t turned out, the sample difference between means was 0 29 1b /day
with 95% confidence nterval, 0 13 to 0 45 Ib /day

If the investigators had wished to design a following experiment large
enough to detect a difference of 5% of the sample average daily gamn,
that 15, (005)(1985) = 01 1b /day, they would determine the lot size
from the staustic of the first expenment in which s = 0148 Ib /day
They would have

01 = Y20148)n
Vvn
which, using the recursion methods of section 2 15, gives n = 18
Greater assurance than 0 5 might be demanded, for example, 075
If 50, 1t would be found by the method of section 10 18 that lots of 25 were
required.

EXAMPLE 4 7 {—In cxample 4 3 3 the mean of all the crushing resistances was
455 Ibs  Itas thought that uf the real difference were as much as 10% of the mean, 1t
would be desirable to know that fact How many replications per stage will be re-
quired to keep the half confidence interval below 4 55 Ibs ? Ans 38 kernels

EXAMPLE 4 7 2—In example 43 1, the pooled mean squarc was 0 308 with
f = 18 What difference of sample means mlzh‘ this experiment be expected to
detect at the 5% leve] of significance? Ans 0

EXAMPLE 47 3—In the same example, 43 1, how many rephcations would
be required to detect #, — % = 1 4% at the 5% leveP Ans 3 bees per lot  Note ']
raise the chance of detection to 3 1 would require 5 bees per lot
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4 8—A test for homogeneity of variance If there 1s any suspicion
that treatments will change the population variance, the matter properly
should be decided upon 1 advance of the experiment  When it 1s only
1n the sample that the sums of squares are observed to differ greatly, sam-
pling variation 1s strongly suspected and pooling should be done as usual
Occasionally, however, there may be reasons for expecting that the
treatments will affect the vaniance The experimenter may wish to test
H, o = ¢, indeed, be may design the experiment for that purpose

For testing homogencous varance, 1n contrast with the testing of
section 2 14, a new sampling distribution 18 required, that of F This
will be discussed 1n section 105 A condensed table 15481 A more
extensive table will be given n chapter 10

TABLE 481
5% Lever (Two-Tai) DistrisuTion of F
G = df for i = df for Larger Mean Square
maller Mean |- —
Square 2 4 6 8 10 12 15 20 30 ©
2 39 00 39 25 39 33 39 37 39 40 39 42 39 43 39 45 39 46 39 50
3 16 04 15 10 14 74 14 54 14 42 14 34 14 25 14 17 14 08 13 90
4 1065 960 920 898 884 875 866 856 846 826
5 843 739 698 676 662 652 643 633 623 602
6 72 623 582 560 546 537 527 517 507 485
7 654 552 512 490 476 467 457 447 436 414
8 606 505 65 443 430 420 410 400 389 367
9 571 472 432 410 396 387 377 367 356 333
10 546 447 407 38 372 362 352 342 331 308
12 510 41 373 351 337 328 318 307 29 272
15 476 380 341 320 306 29 28 276 264 240
20 446 351 313 291 2 268 257 246 235 209
30 418 325 287 265 251 241 231 220 207 179
w 369 279 241 219 205 194 183 171 157 100

Use of the table 1s illustrated by means of the data in example 4 3 1
Dufferent variances were not antictpated, but 1t 1s worth our while to
examine the large discrepancy between the mean squares  For the 20%
syrup, s* = 0027, while for the 65% syrup, s* = 0589 Each mean
square has 9 df The value of F 1s the ratio, larger mean square over
the smaller

F = 0589/0027 = 221

To test the null hypothesis, o1 = g2, compare this sample value of F
with the tabular value, 4 03, given 1n the row for 9 4f and the column
for 9 df (interpolated between 8 and 10)  Since the sample F 1s larger
than this 0 05 level, Hy would ordmanly be rejected  If so, there 1s no
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common ¢ to be estimated by the pooled mean square and the test in
example 4 3 1 may be questioned What to do about 1t 1s discussed 1n the
next section

EXAMPLE 48 1—In table 451, test the hypothesis that the two protein diets
wave not affected the vanance of the rat gans  Ans F = 1 08 to be compared to the
tabular Fe = 541 There 13 no evidence against pooling the sums of squares

EXAMPLE 48 2—In example 4 153, test the hypothess tha the vanance of the
inorganic phosphorus per 100 ml of blood serum 15 the same in Percherons and Shet.
nds Ans F =152 for comparuon w:LhF.. =23

4.9—Procedure if o, # o5 If there 1s reason to believe that the
standard deviations of two sampled normal populations are not the
same, the tests which have been described 1n this chapter are not appro-
priate  One way of performing the proper test 1s the Behrens-Fisher
method which requires special tables (1, 6, 12)  An approximation
(3) uses the more generally available tables and will be sufficiently accu-
rate for our purposes

Case 1 o1 # osbutny = ny If the groups are of the same size, carry
out the calculations and the test as 1 section 4 3 with this exception
enter the ¢-table with df = n — 1 instead of 2(» — 1) Example From
the two populations of tables 32 1 and 3 10 1, I selected the samples of
table 491 The population means are the same, but the standard devia-
tions differ  With the correct number of degrees of freedom, n — 1 = 9,
the null hypothesis 1s accepted as 1t should be  But 1f the ordinary number
of degrees of freedom, 2(n — 1) = 18, had been used, the null hypothesis
would have been rejected falsely My carefully selected samples (not
random) 1illustrate the fact that, for samples of equal size, the ordinary
test, incorrectly applied when a; 7 a3, would lead to more than 5% of
rejections 1if the null hypothesis 1s true

Case 2 o) 7 g, and m 7 np  If the samples differ n size, a modi-
fication must be made n the calculations This case 1s illustrated by

TABLE491
Two SaweLss or 1hs Saw Sizs Frow PoruLaTios Witk DIFFERent Szanoano
Deviations, ToceTER Wirn THE Test of He u

Sample 1 from ¢ = 10, table 321 32 23 48 41 20 29 53 39 30 43
Sample 2 from ¢ = 5, table 3101 27 30 32 26 31 27 23 29 35 20

Sample  Sze  Degrees of Freedom Mean Sum of Squares
1 10 9 358 1,041 6

2 10 9 28 0 174 0
Sum = 18 #H —Zr =78 Izt = 1,215 6

:-(1;—:,)\/3‘-;’—,”-79\15—’2%-2122,4/ =9,P>005
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two more samples selected from the same par of populations Table
49 2 shows that the sums of squares are not pooled Instead s» _ 5’ 15

TABLE 492

Two Spuries, DuyeinG 1 Size, Frow POruLATIons Wi DIrsszant Staoas
Davintion, TooETren Wrr THE Test o H i = pns = 13, 13 = 7

lmplclﬁ'cm.rﬂﬂ) 39 42 19 29 49 38 ;2 39 25 45 39 35 53
8

Sample2frome =5 | 30 21 26 33 38 31
Degrees of
Sample | Suze | Freedom | fw |SampleMean| s* st =stn
1 13 12 2179 37 23| 88 53 6 810
2 7 6 | 2447 29 57| 28 95 4136

18 o — 21 =7 66| lezy - 2 = 10 946

sy =iy = /10 946 = 3308 ¢ = (81 — 21)/s3y ~ 5 = 7 66/3 308 = 2316
Bt tw _ (6 810)(2 179) + (4 136)(2 447)
P

6810 + 4 136 = 2280

5% level =

2
estimated by ;; + ;L But the resulting quotient, ¢’ = (%, — %)/
1 2

% — &, 15 not distributed like “Student’s” ¢ Cochran found that the
0 05 level of ¢’ 1s given approximately by the weighted mean of two values
of ¢ taken from the regular table 2 7 1, # corresponding to n; — 1 and £
ton, — 1 The weights are the mean squares of the two sample means,
s®/m and s?/n; The computations are illustrated 1n the table Since
' = 2316 exceeds the 5% level, 2 280, Ho 1s rejected, this being one of
those 1-1n-20 samples leading to a Type I error If, however, we had
mmustakenly apphed the method of section 4 5, we should have had Zx? =
1,062 31 + 17371 = 1,236 02, with

ones  _
t=1766 \/(20)(1 23005 - L0

which corresponds to P = 0 07, Hy not being rejected  Thus kind of re-
sult 1s not typical though 1t may occur if the larger sample turns up the
larger variance as 1n table 4 92 Typically, the ordinary t-test, incor-
rectly apphed if o1 # 03, causes more than the expected 5% of rejections
if Hy1s true

In both cases, then, the ordinary t-test turns up more rejections than
are expected—it 1s a biased test if o; 5 o2  But these population standard
deviations are seldom known We really need to know what to do if
the sample mean squares differ significantly That 15 a difficult problem
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An oversimplified rule might be to use the regular t-test if the mean
squares do not differ significantly and otherwise use the Behrens-Fisher
test or the approximation to it But such a procedure would introduce
two possible errors, the first connected with the test of Hy oy = o3, the
second with the test of Hy g1 = p. The combination would affect the
final test mn some comphicated way, not n general known The over-
simphified rule 1s not desirable

My recommendation 1s this If it becomes evident that there 1s a
large discrepancy between the mean squares, re-examine the experimental
sct-up to discover any possible explanation It may be that you will
find some cause for exp: g the dard i to be different
even though this cause had been overlooked 1n designing the experiment
In that case, use the Behrens-Fisher test or Cochran’s approximation
If no reason for the discrepancy 1s found, stick to the regular tests but
use greater caution n making decisions about the means because the
sample estimates of ¢ are questionable

‘What about the experiment on bees, example 4 3 1 and section 4 8
If the 20% syrup were sumilar 1 concentration to the nectar usually

d, one might lude that the bees handled it with hittle va-
nation because they were accustomed to 1t, but actually they are more
accustomed to the higher concentration, or one might reason that with
the lighter concentration httle change was possible, the small varia-
uon being associated with the smaller mean In that case no further
test on the means 13 necessary Dr Park found no rational explanation
of the discrepancy, so the ordinary test was made Of course, mn this
expenment, Hy p1 = ps would be rejected by any test apphed

Warning It 1s never appropriate to select a test according to the re-
sults got from 1t The correct test 1s determined by the hypothesis made
about the parameters, ¢

B.xAMPLE 49 1—Young (13) examuned the basal metabolsm of 26 college

ogroupsofmy =15 andm = 11,5 = 34 45 nd s = 3357 cal./aq m./hx

Ez.'-soae Zrd = 1366 TestHo oo = oy Ans F = 362 to be compared with
-

BasaL MeTasoLzsu oF 26 Corrzoe WoseN
(Calories per square meter per hour)

7 or More Hours of Sleep 6 or Less Hours of Slecp

1 35.3 9 333 1. 32.5 7 346
2 35.9 10. 36 2 340 3. 335
3 37.2 11, 379 3. 34.4 9. 336
4 33.0 12 356 4. 31.8 10. 35
5 31.9 13 290 5. 35.0 11 338
6 3.7 14, 337 6. 34.6 EX; = 369 3
7. 36,0 15 35.7

8. 35.0 X - 516 8

2 = 3445 cal /sq m /hr 2) = 3357 cal./sq m./hr
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EXAMPLE 4 9 2—In the metabolism experiment there 1s httle difference between
the group means, 0 1t scems unlikely that so muld a treatment difference would cause a
differentiation between the standard deviations A more credible explanation 1s that
some unusual obscrvations—29 0, 37 2, 37 9—appeared by chance n the larger sample,
making 1ts s* an overestimate of ¢ However, assuming that some rational explana-
tion were found for the hypothesis, o1 oy, test Ho i = ps Ans ¢’ = 131, t0s =217
Compare this with ¢ = 119 and fw = 2048 which would result from taking o1 = o2
So far as are the hyp about standard deviations causes

no change

4.10—Statistics and the experis It will be evident
that the statistician and the experimenter, who are usually the same per-
son, must form a close cooperation to insure the success of an investigation
The experimenter specifies the conditions m which the trial 18 to be
performed—materials and treatments, together with genetic and environ-

mental and the that can be made The
statistician selects or invents a plan (experimental design) which wilt
furnish and founded with ad P

The d the lak y or field work, taking pains to

eliminate as nearly as possible all extraneous effects If he 15 successful,
the ensuing measurements will contamn the information for which the
experiment 18 set up The statistician uses appropriate methods for ex-
tracting all the information wrought nto the data  Finally, the experi-
menter interprets this information in the light of existing knowledge n
his science
Tts not that 1 methods can bring out
only that information which has been incorporated into the data by care-
ful design and execution of the sampling Elaborate statistics are no
for it Jo fe are
funle 1if dependent on less]: llected data It 1s equally often over-
looked that and done may con-
tam little worth-while information if the experimental design 1s faulty
It 1s only by a combination of appropriate design, skillful conduct of the
experiment and suitable statistical methods that the investigator 1s assured
of rehiable evidence upon which to base his decisions
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CHAPTER 5

Short Cuts and Approximations. Less Than
Fully Efficient and Non-Parametric Methods

5.1—1 ducti In the preceding chapters the effort has been
made to keep the computations within moderate bounds This was done
by shght modifications in the data so as to provide integral means More-
over, n sections 2 11 and 2 12 some short-cut and machine methods were
described  There are other devices for reducing the burden of calcula-
tion Some of the more uscful are presented 1n this chapter Others
will be exp d at places 1 ding chapters

During recent years there has been great activity in devising quick
and easy methods for deahing with samples from normal populations
In small samples, the range, as a substitute for the sample standard devia-
tion, has been found to give re high as dtos
Roughly 1t may be said that the range of 10 observations furnishes about
as much information as the sample standard deviation of 9 If the cost
of the additional observation 1s less than that of calculating s, the range
18 an But even 1if are a
quick appraual using the range may show that there is no neo&ml’y for
calculating s, the conclusions may be obvious In this chapter will be
giwven the range methods for paired and unpaired observations n two
samples

To this point 1n the text the normal dmnbunon has been taken as
the source of much of our 1 The 1 methods d
are fully efficient for that model Fortunately the same methods are
highly efficient for samples from moderately anormal populations And
that 1s not all ~ As sample sizes increase, the same methods approach full
efficiency 1n samples from any pop with finite d:
In many cases this approach to full efficiency 1s rapid, even samples of
n = 3 orn = 4 giving satisfactory approximations Only with the more
extreme anormalities are samples of 100 or more required  But for small
samples drawn from populations which are notably anormal, there are
some non-parametric methods available The Sign Test 1s the most popu-
lar, but there are excellent methods based on ranks These will be pre-

[102)
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sented 1n the latter part of this chapter and at approprate places later
It will be found that non-parametric methods also may be used as “quick-
1e8” for assessing samples from normal populations

5.2—Linecar transformations, or coding In section 2 12 1t was shown
that machine calculation avoided the necessity of computing differences
from Z or G But even when a machine 13 available, 1t 18 occasionally
desirable to use deviations from some easily subtracted arbitrary
As an example, consider the weights of 10 tomatoes 206, 217, 224, 227,
228, 231, 236, 241, 245, 258 grams It 18 easy to subtract 200 grams from
each item without rewriing the set The machine 1s used to run up
the deviations, ZX = 6 + 17 + + 58 = 313, and ZX? = ¢* +
+ (58)* = 11,741 The mean, then, 15 200 + 313/10 = 231 3 grams,
and the sum of squares 18 11,741 — (313)?/10 = 1,9441 Note that
the subtracted number, 200, must be added to the mean deviation n
order to get the correct sample mean For the sum of squares, no such
compensation 1s necessary, the whole set of observations has merely
been moved down the scale of measurement with no change n the range
or sample standard deviation There 15 a worthwhile saving in the size
of the numbers handled, with little chance of error 1n the subtractions

Thus 1llustrates a simple type of coding Code numbers are Linear
transforms of the observations, the operations being limited to addition
and multiphcation with the inverse operations, subtraction and division

A shghtly more complicated application of coding 1s ilustrated n
table 521 For present purposes, the hydrogen 10n concentrations (pH)

TABLES521
oz Use o Cobe Nukarss 1w CALCULATING Mzan AND STANDAKD DEviATION
Cyanogenetic nitrogen recovered from peach stems (2)

Inmal Grams per 50 Grams of Tissue Code Numbers
# x X = 10,000’ — 200
51 0 0238 38
50 0 0238 38
53 0 0241 4
53 0 0241 41
57 250
57 0 0247 47
60 0 0241 4
61 0 0238 38
66 0 0226 2
65 0 0232 32

n= 10 X?f‘ S lne # = 881 code numbens
X = 392 (ZX)M/n = 15,366 4 = 0000681 gram

2 = 39 2 code numbers = 4176
= 002392 gram #= 464
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are ignored  The readings in the second column are coded by (1) multi-
phcation by 10,000, and (n) subtraction of 200 The computations of &
and s are done with code numbers The resulting mean must first be
ncreased by 200 then divided by 10,000, these inverse operations being
apphied 1n reverse order to the coding operations  You will notice that s
1s not affected by the subtraction of 200, but 1t, like the mean, must be
compensated for the coding operation of multiplication by 10,000 Coding
by muluphcation or division may be thought of as a change in the umt
measurement  If 1t 1s easier to carry on the calculations with a umt of
one ten-thousandth gram, little chance of error 1s introduced by the
change At the end, the original unit 1s recovered by a mere shift of the
decimal pomnt.

5.3—Rounding and coding. One use of code numbers arises from
a custom general among researchers Both from necessary precaution
and from convenience they are prone to collect their data 1 finer umts
than are suitable to A good ple appears in
the report of a survey of 145 Iowa farm famlhcs with the object of learn-
g about their habits of food consumption (9) Naturally, the record
of the annual consumption of meat was in pound units, that of the first
20 families beng 726, 296, 928, 668, 287, 1206, 517, 1638, 2414, 610,
494, 2489, 1198, 676, 1302, 440, 1247, 1053, 1029, 218 pounds The
range 15 2489 — 218 = 2271 units In most statistical investigations a range
somewhere between 20 and 40 units 1s ample It turns out, then, that the
hundredweight 1s a more suitable computing umt for the set above, the
appropriate code numbers being derived from dividing each item by 100,
then rounding 7, 3,9, 7, 3, 12, 5, 16, 24, 6, 5, 25, 12, 7, 13, 4, 12, 11, 10,
2 cwt  The staustics of this coded sample are, £ = 9 65, s = 6 36 cwt
Of course, these must be multiphied by 100 to recapture the original unit,
so that £ = 965 pounds and s = 636 pounds

In rounding, numbers like 13 51 are increased to 14, while such as
13 49 are lowered to 13 The dividing hine being 13 50, what shall be done
1f thus particular number appears® In order to insure increases and de-
creases 1n approximately equal proportions a good rule 1s to round to
the nearest even number Thus, 13 50 and 14 50 would each be rounded
to 14

You will immediately wish to know whether any valuable nformation
has been lost owing to the rounding of the code numbers The staustics
of the ongnal sample are Z = 972, s = 637 pounds Is the discrepancy
disturbing? Consider the standard error of the mean, s; = 637/4/20 = 142
pounds

For the application of coding and rounding 1n making and calculating
frequency distributions, see section 8 2

MPLE 5 3 1—The dry weights of chppings from ive blucgrass plants (5)
for the week ending July 7 were 12,09,1 0,1 4,0 9 grams Before computing £ =
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and.¢ = 0217 grams, imagune cach sem mulupled by 10, that u, gaore the decunal
points. The correct results are got from dmd':ng stati, £ and 5, by 10

EXAMPLE 5 3 2—Do you have a name for such quantities as ZX*and 3(X — G)®
You can’t use “sum of squares” because that 1s reserved for Zx*  You mghruy“lum
of squares of the obiervltwu.l“ and “sum of squares of deviations from

Here arc three examples for those interested in the algebra of the preceding and
following sections

I‘E.XAMPLE 533—IfY = A + X 4 being constant, prove that§ = 4 + % and

P =

EXAMPLE 534—If Y = bX (b 1s another constant), prove that § = 6% and
Zy* = p*Zx* You won’t overiook the fact that b may be a fraction

EXAMPLE 535—IfY = A + bX, prove that § = 4 + % and Zy* = B2

5.4—Rules and precautions about code numbers. The objects of
coding are to promote accuracy and save labor Be sure that these
advantages are great enough to more than counterbalance the time and
risk of error 1nvolved 1n coding

Every item 1 a set must be treated alike If you were to add one
number to some of the items and a different number to the others, the
results would be meaningless

The mean 15 affected by every coding operation  As an example, if
items are coded by first subtracting 100 then dividing by 10, the coded
mean must be first multiphed by 10 then increased by 100, the nverse
operations being applied n reverse order

The standard deviation 1s affected by only multiplication and division
It should be clear that addition and subtraction do not affect measures
of variation such as range or s, such coding merely shufts the origin of

without ding the umit  On the other
hand, muluphcauon and dwmon change the unit of measurement and
must be pplying the nverse to the coded

statistics

The accuracy of the final result 18 not affected by addition, subtraction,
multiplication, or division, but is influenced by dropping off digits and
rounding

EXAMPLE 541—In enmple 696 are given percentages of water 1n apple twigs
d corresponding measurements ic heat  If you have a calculating machine
vailable, omputs £ and s for et cheranerNote especially that you canmot round
off the last digit in exther column  If you were to do so, the range of rounded numbers
n column 2 would be only 65 — 49" = 16, which s less than desirable Of course,
wu ‘may omut the decimal pomt, then subtract 400 from cach percentage 1f you wish
1th a machine, however, the saving 1n time 13 questionable unless you are skilled
en;:llgh to urry on the coding while operating the machine and without rewriting the
column Try 1t

5.5—Significant digits. The inference was made 1n section 5 3 that
a range somewhere between 20 and 40 units is desirable  The reference
was to code numbers, since they do not ordinarly involve decimals A
more general statement 1s that the range when expressed in signtficant diguts
should he somewhere between 20 and 40 Significant digits (the term
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has no technical kinship with that employed m sections 113, 29, and
4 3) are independent of the position of the decimal point The sigmifi-
cant digits are the same 1 the numbers 647, 0 0647, and 6 47 If the
range 1n one set 1s 0 067 — 0 031 = 0 036 gram, and 1n another, 231 —
195 = 36 pounds, the ranges in sigmficant digits are the same, 36
When considering the number of digits to retan for computation, the
decimal pont may be ignored until 1t 15 time to make a record of the
plan selected

“How many decimals should be carried®” 1s a question often asked
In that form there 1s no definite answer When the question 1s put in the
form, “How many significant digits should be carried®” then answers
are possible though various The distinction, pointed out above, 1s made
clearer by the following example A weighing 1s made on a balance
read directly to fifths of a gram, but estimated to tenths The weight 15
253 grams But this result might be recorded as either 25,300 mg or
00253 kg In any of the three forms the sigmficant diguts are 253, quite
unaffected by the unit of measurement Even when the question above
15 hmited to sigmificant digits, however, there 1s an amazing array of
considerations affecting the number of figures carried It seems quite
impossible to reduce them to rules Throughout this text we have en-
deavored to display good form 1n handling numbers At various points
we have commented on unusual complications In this section, we shall
attempt little more than to suggest some trawns of thought and some ex-
periments 1 calculation

If 25 3 g 15 the dry weight of some forage plant grown 1n a pot, it may
be necessary to convert the figure into pounds per acre The conversion
factor might be 94 327 pounds per acre per gram How many significant
digits should be carried n the product’ Remembering that 25 3 grams
really 1s an estimate of some weight between 25 25 and 25 35, the number
of pounds per acre may be anywhere between

(25 25)(94 327) = 2,381 8 Ibs. per acre
and (25 35)(94 327) = 2,391 2 Ibs. per acre

The mean of these two products 1s equal to (25 3)(94 327) = 2,386 5
Three facts are clear (1) Even the third significant figure may not be
right, but (1) 1t takes four significant figures, 2,386, to esimate the product
satisfactorily, and (m) the factor with the fewer slgmﬁcant figures Limits
the of the prod t-link hain 1dea Tt s
easy to venfy the fact that the product of two three-figure measurements
18 even less accurate than the result considered above, but that the fourth
figure still gives some information about the average value A good rule
1 multiplication, then, is to carry one more significant digit than those
in the shorter of the two factors

You will find by a hittle experimentation that the facts about quotients
are much the same as those about products  But consider the combination
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of sub and division 1il m a report of the percentage de-
crease in amino mitrogen 1n a cabbage plant extract during distllation
with calcium oxide (8) The number of milligrams before distillation was
14 3, after, 10 8, the percentage decrease being 24 5 At the hmuts of
approximation, the decrease was between

14.35 — 1075 = 3 60 mg
and 1425 — 1085 = 340 mg

The percentage decrease was, thercfore, between

(360)/14 35 = 2519,
and (340)/14 25 = 23 9%

Thus, maccuracy has crept mnto the second significant figure, all beyond
the third being meaningless

In computing the sum of a number of 1tems similar to 25 3 grams, since
there are likely to be about as many weights too small as too large, there
18 a tendency for the excesses to cancel the defects The mean, therefore,
can be carried safely one or two significant figures farther than the items

Rules could be devised for the computations discussed above but they
would have to be discarded promptly when a whole senes of calculations
18 to be performed, as 1n the computation of the standard error of a mean
Continuous adherence to the rules would result in the introduction of
exaggerations of inaccuracies To be on the safe side, two or three extra
figures must be carried, especially if calculating machines are available
The final results should be cut back to a reasonable number of significant
figures

What 1s a reasonable number? The errors of measurement considered
above are relatively insigmficant when compared with sampling variation
As an example, a mean, 55 957 mg, may be accurate to five sigmficant
digits 1n a large sample, and 1ts standard error may be correctly computed
as 1754 mg But since half of the 95% confidence interval (t = «) 15
(1960)(1 754) = 34 mg, the report of the estimates mught well be
himited to 56 0= 34 mg However, that brings up another complica-
tion If we wish to reconstruct the normal sample from which these
statistics were calculated, in the manner of example 4 54 for instance,
1t would be advantageous to have at least as many sigmficant figures in
sz as there are m £, the actual number depending somewhat upon the
size of the sample (since ss 1s to be muluplied by +/n)

You begn to see why one can’t follow any one set of specialized rules
about significant digits  In simple products and ratios, 1t 1s easy to make
the results compatible with the accuracy of the original measurements
If you are making a long sequence of calculations for the first tume, carry
along several more figures than you expect to retamn in the final form  In
preparing your report, imt all numbers to a size commensurate with their
precision and contemplated utihity
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EXAMPLE 551—A newspaper item dated November 2, 1952, claimed the
world’s record for underwater swimming—a descent of 127 957 feet without an oxygen
a::]" 1n Naples harbor  How do you suppose the reporter got the last thousandth of a

5.6—Inferences based on range in samples from normal distribu-
tions. In section 2 6 1t was shown that while the range furmishes an easy
estimate of o, yet 1t 1s somewhat meflicient relative to 5, especially 1n sam-
ples of > 10 But for interval estimates the efliciency of the range
stays above 90% for samples up ton = 20 (10) So the range 1s becoming
popular as a short-cut in handling small samples from normal populations

For interval estimates and testing hypotheses by use of the range,
tables analogous to that of £ have been prepared by Lord (6) The first
at the left 1n table 56 1 1s for unique samples such as those discussed m

TABLE 561
Two LEVELS OF QUANTITIES ANALOGOUS TO ¢ FOR INFERENCES ABOUT
ORMAL SAMPLES BY USE OF RANGE *
Two tails of distribution

Single Samples Two Samples of Equal Size
alues of f, Values of ts
Probability Probability
Size of Size of Each

Sample 005 001 Sample 005 001
2 6 353 31 828 2 3 427 7 916
1304 3 008 3 1272 2 093
4 0717 1316 4 813 1237
5 7 843 5 613 896
6 399 628 6 499 714
7 333 507 7 426 600
8 288 29 8 373 521
9 255 374 9 334 464
10 230 333 10 304 419
11 210 302 11 280 384
12 194 277 12 355
1 181 256 243 331
11 170 239 14 228 311
15 160 224 15 216 293
16 151 212 16 205 278

17 144 201 17 195 2
18 137 191 18 187 252
19 131 182 19 179 242
20 126 175 20 172 232

* From more extensive tables by permission of E Lord and the Editor of Biometrika

Z—p

chapter 2 The entries are values of , where w denotes the range of

a sample Thus ratio plays the role of £ 1n section 2 7, so I shall call 1t ¢,
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For an illustration of the setting of confidence ntervals by means
of table 56 1, return to the data for vitanun C in table 221 There
£ =20 and w = 29 — 13 = 16 mg /100 g, and n = 17 The new
table has the entry 0144 i the column headed 005 and the row for
n = 17 This means that the probability of 4, < 0 144150 95 1n random
samplesof » = 17 from a normally distributed population In the manner
of section 2 8, the 95%, confidence mnterval 1s fixed by the inequalities,

Z—tow S p ST+ tw
Substituting the vitamin C data,

20 — (0144)(16) < u <20 + (0144)(16)
7< u<223mg/100g

Thus 1s to be compared with the interval based on s, 1795 < u < 2205
The test of a null hypothesis by means of £, 1s 1llustrated by the tobacco
virus data of table 291 Here d = 4 and w = 14 lesions, while n = 8
If Hy1s p = 0, we have
4~0
— = t, = 0286,
14 ’
which 1s practically on the 5% level The conclusion 1s the same as that
reached before If ¢, 1s near either critical level, and if the test 1s to be
decisive, the more efficient t-test should be made
EXAMPLE 5 6 1—In example 2 5 3, for the alfalfa yields 2 = 170 and w = 14

tons per acre, n beung 10, St the 095 confidence interval - Ans From 138 to 202
tons per acre Compare this with example 2 8 1

EXAMPLE 5 6 2—Using the stasucs of example 282, sct the 099 confidence
mterval by use of w and examples 255 and 261 16 9 bu /acre Notice
that, since the confidence nterval covers zero, the i hypo(huu, = 0, would not be
rejec

EXAMPLE 56 3—Test Ho = O for the differences among the gladiolus florets
in example 291 Ans f, = 0293, P = 008 In close decisions ke thus, greater
rehance 1 to be placed on “Smdent‘:"

We turn now to applications of the range 1n the type of experiment
dealt with 1n chapter 4 For testing the sigmificance of the difference
between the means of two samples of equal size, n observations mn each,
the night-hand columns of table 56 1 are available The mean of the
two ranges, = (w; + ws)/2, replaces the w of the foregoing paragraphs,
and # — & takes the place of d

As an example, turn to the chick experiment of table 431  There

=11,% — & = 41mg,w; = 137 — 53 = 84 mg,ws = 96 — 22 =
74 mg,and B = (84 + 74)/2 = 79 mg From this, to = (£ — 2)/0 =
41/79 = 0 519, which 15 far beyond the 0 01 level, 0 384, shown 1n the
table When the 1 15 so strongly ndi d, there 13 no need to
resort to the t-test.
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If there 1s interest in the interval esumate of the population difference
between means, it may be calculated first, then, if desired, 1t may be
substituted for the test of significance  With the chick data, the 0 99 con-
fidence nterval 1s given by

Z1— % —tal® < 1 — p2 S & — &+ lo
41— (03849)(79) S — =<4+ 334)(79)
107 < py — p2 < 513 mg

Since the 99%, confidence mterval does not contan zero, 1t follows that
Hos p1 —p2 = 0 would be rejected at the 19 level

In ling from normal d: the range 1s convenient as a
substitute for s if a 5%,-10% loss n 1nformation can be tolerated But
normal distributions are never available for sampling It 1s known that
inferences based on ¢ are not greatly affected by moderate departures
from normality, in fact, not by considerable departures as n grows larger
But mferences based on range are more sensmve to anormality, especially
to 1 hat less rehance should
be placed on w as a substitute for i

The efficiency of the range decreases as n increases In some appli-
cations, n = 8 gives the greatest efficiency For n between 12 and 22,
the sample may be randomly divided 1nto two equal subsamples and the
average of the two ranges used for tests and esimates Appropriate tables
may be found m Lord’s article

For two samples of different size, use of the ranges 1s about as labor-
10us as calculating 2x?

EXAMPLE 5 6 4—Try the range test on the pH experiment of example 432
Ans tg = 0792, P > 0 05 as compared to ¢ = 266, 2 = 004

5.7—Non-parametric methods: median and quartiles. If there 15
evidence that sampled populations are so far from normal as to invalidate
the methods devised for normal samples, numerous non-parametric methods
(11) are available They do not depend on the shape of the population
distribution and do not require the knowledge of a specific density function
ke that of the normal Some of these methods will be described 1n this
and following sections

The most widely known non-parametric point esumate 1s the median
It 1s the middle item 1n an array, that 1s, if 7 1s odd, the median 1s obser-
vation number (r 4 1)/2, while if z 15 even, 1t 1 the mean of observations
number 7/2 and (n + 2)/2 Examples In example 2 5 2, the median of
the weights of 11 men 1s the weight of man number (11 + 1)/2 = 6 1n
m the array, 162 pounds In example 2 5 6, the median of the 16 differ-
ences 1s the mean of differences number n/2 = 8 and number (n + 2)/
2 = 9, that 15, the median 1s (37 + 4 0)/2 = 3 85 bu /acre

Corresponding to the median, there are other pomt estimates often
used 1n samples from non-normal populations For example, after the
median 1s located, each half of the sample may again be divided into



Section 5.7 Short Cuts m

equal parts by the guarnles The lower quartile, usually called the first
quartile, 1s the observation which separates the lower quarter of the
observations from the upper threc-quarters It 1s observation number
(n + 1)/4 Among the corn yield differences, this 1s difference number
(16 + 1)4 = 425 Ordwnanly 1t would be satisfactory to say that the
fourth difference, —4 0 bu /acre, 1s the first quartile If refinement 1s
required, a weighted mean of the fourth and fifth observations 1s used,
the weights being 3 and 1-

3(=4) + 1(0)
L="=5 -

where Q; stands for the lower quartile  Simularly, the upper quartile 1
difference number 3(z + 1)/4 = 1275 The 13th difference 18 71
bu /acre More accurately,

164 +371)
-

~3 bu /acre,

Qs = 692 bu /acre
You will see that the median might be called Q.

In large samples or n fimite populations, the process of subdivision
may be continued, deciles separate the observations mto 10 equal parts,
percentrles mto 100, and permulles nto 1,000

The quartiles lead to an estumate of variation  The tnterquartile nterval,
Qs — Qi, ncludes half the observed values One gives a rough descrip-
tion of a sample (or population) by saying, for example, that the median
corn yield difference 1s 3 85 bu /acre with the mterquartile range,

Q= Q=692 — (—3) = 992bu /acre

Or, more simply, he might say that half the differences are between —3
and 7 bu /acre

The chief utihty of the median-quartile statistics 1s 1 describing
large samples from anormal distnibutions In the past, these statstics
have been used extensively as short cuts for making estimates and tests in
samples from normal popul but with calcul hy the
mean 1s about as easily computed as the median, and the mean-range
short cut, described 1n the preceding section, 15 more efficient  For non-
normal populations, also, we now have more useful methods for making
inferences  Some of these will be presented in the next section and others
from time to time as the need arises In biology there seems to be httle
need for the median-quartile scheme

To 1llustrate the method, table 571 15 cited (1) For purposes of
illustration, I have assumed that there were 179 cows in this experiment
Actually, the majority of the records are repeated observations after
successive calvings This raises doubts about the conclusions drawn
below
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TABLE 571
DistaisuTion oF Pegions Fxox PARTURITION 10 Fissr Susseguent Ostaus iy Nowa
ATTLE—A HorsTemv-Frresian HERD 1x WiscoNsTN

Class markh
(days) 10 530 5505705905110 5130 5150 5170 5 190 5 210 5

Frequency 8 33 50 32 15 20 11 6 2 1 1

Accumulated
requency 41 91 123 138 158 169 175 177 178 179

The frequency rises to a peak at about 50 days The day correspond-
1ng to the greatest frequency was called the mode by Karl Pearson There
1s a secondary mode near 110 days This bimodal feature, as well as the

the non- lity of the distribution

The mcan 15 69 9 days, practically in the center of the class following
the modal class (For a method of calculating the mean and standard
dewviation, see section 8 3) It does not represent the typical period in the
sense that the mode does  Of what value 1s 1t 1n this anormal distribution?
The fundamental character of the mean 1s that Zx = 0, the sum of the
positive deviations 1s equal to that of the negative In this sense, 1t 1s
the center of gravity of the distribution If you draw the histogram on
cardboard then cut 1t out, 1t should balance on a knife edge vertical to
the X-axis at 69 9 days

The quartiles are calculated by the formula,

(ne = fu) I
7

Q=%+

where

value of X at lower boundary of the class con-
taining the quartile observation number
ng = the quartile observation number
f = fi preceding the class
containing ng
I = class interval
= frequency of class containing ng
In the cattle data, the quartile observation numbers are ng1 = (179 +
1)/4 = 45, np = 90, and ngs =
For the median, ngz = 90 15 1n the class whose lower bound 15 X =
40 5 days, whose frequency 1sf = 50 cows, with a previously accumulated
frequency of 41 cows Hence,

z

Q2 = Median = 405 +

(90 — 41)(20)
) = 60 days

The median, then, 1s practically on the upper boundary of the modal
class. There are as many periods greater than 60 as less Notice that the
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median 13 at the center of the number of periods while the mean is at the
center of the lengths of periods Neither concides with the maximum
frequency

For the other quartiles,
Q = 405 + HE=3DED _5?(20) = 42 days
Q=805+ (‘“‘Iﬂ 96 days

You notice at once that the median, 60 days, 1s not at the middle of the
interquartile interval

One now describes the distribution of periods as having modes at 50
and 110 days, 50 days being the most fashionable period, as having the
median at 60 days with lower and upper quartiles at 42 and 96 days, and
as having an interquartile interval of 96 — 42 = 54 days, an interval
contaming half the penods Thls the d
giwven by the freqs and 1ts r“ 1

If small samples (as a guess, n < 20) were drawn from a population
shaped like the distribution of table 5 7 1, there would be some question
about applymg the normal methods which have been described. Suitable

d in folk g sections.

If the 179 penods can be considered a random sample from some
larger population, say the population of periods in Holstein-Friesian cows,
I would not hesitate to apply the central-limit theorem to so large a sam-
ple I would calculate s; = 29 and set 95%, confidence limuts on g,

699 — (196)(29) < » £ 699 + (196)(29),

where
=196 for df =
Also, if this were a random sample, a confidence 1nterval could be
set for the population median (8) Two observation numbers, t+/n/2,
roughly equal to v/n for t s = 1 96, are selected, one on either side of nga
These are ngr = +/n = 90 = /179, that 15, 77 and 103 The periods
corresponding to these numbers are got by the formula for Q.

77 — 41)(20,
For 77- 405+(——50)#=55days

For103 605 + w=68day:

So the population median 1s between 55 and 68 days unless this 1s one of
those unusual samples that occur about once 1n 20 trnals

But the records in table 5 7 1 may not constitute a sample, they may
be the entire population consisting of the periods in a designated herd.
The quartiles, the mean, and the standard dewviation arc then exact
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descriptions of this population, not subject to samphng variation  If so,
the pts of tests, and 4 ntervals are 1rrelevant
This 1s because no cow outside the herd had a chance of being ncluded
n the experiment

Of course, the dairy husbandman may refute these statements He
may know that the breeding and management practices mn this herd do
not affect the period between parturition and the first oestrus in Holstein-
Friesian cows This would be evidence that the herd represents a larger
population of Holstemn-Friesians 1n the manner of a random sample This
kind of evidence comes from knowledge about cows, it 1s not mherent in
the theory of 1 But r ber the other feature of
this record, there were less than 179 cows, many of the records being re-
peats This sample can represent only a population i which the propor-
tion of single, double, triple, etc, observations 1s the same as that n the
sample

5.8—N i hod: kings of two Often
there 1s no sca]e for measuring a character, yct one believes that he can
distinguish grades of ment The ammal husbandman, for example,
Judges body ranking the Is from high to low, then
assigning ranks 1, 2, n  In the same way, the foods expert arrays prep-
arations ding to flavor or palatab If rankings of a set of ind1-
viduals or treatments are made by a random sample of judges, inferences
can be made about the ranking 1n the population from which the sample
of judges was drawn, this despite the fact that the parameters of the dis-
tributions cannot be written down

Furst, consider the rankings of two products by each of m judges ~ As
an example, m = 8 judges ranked patties of ground beef which had been
stored for 8 months at two temperatures 1n home freezers (4) Flavor was
the basis of the ranking Eight of the patties, one for each judge, were
kept at 0°F , the second sample of 8 were 1n a freezer whose temperature
fluctuated between 0° and 15°F The rankings are shown i table 5 8 1

TABLE 581

RANKINGS S o! nm Fravor oF Pairs o PATTIES OF GROUND BEEF
t judges Rank 11s high, rank 2, low

Sample 1 Sample 2
Judge 0°F Fluctuated

TZOEEUOE>
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The null hypothesis to be tested 1s that there 1s no dafference between
the flavor ranking of the patties in the two freezers As evidence we ob-
serve that one of the rankings 1s opposite to the other 7 May this be
attributed to sampling variation, or should Hp be rejected?

The test 1s made by setting up the 1 1 hypothesis for chi-square. In
the sample, the orders of ranking are divided 7 1  The easiest formula 1s
that of section 116 withr = 1,2 =7,b =1 For such a small sample
1t 18 advisable to make an adjustment described 1n section 9 5 With this
adjustment the formula becomes

_fa—b—1y
- n

, where n = a + b,

7 —1—1)
=(—18)~=312,P=oos

This indicates non-significance, though the decision 1s close, 1t 13 ques-
tionable 1if the fluctuation of the temperature resulted 1n a detectable
flavor difference

Note The adjusted chi-square test applied to m rankings of 2 things
18 equivalent to the “Sign Test” of Dixon and Mood (3) Since the com-
putation of chi-square 1s trivial, no special tables for the sign test are
necessary Indeed, if one remembers x? o5 = 3 841 and x* o1 = 6 635, the
chi-square test requires no reference to a table

EXAMPLE 5 8 1—Cigarettes made by two manufacturers were prepared n
identical wrappings and presented 1n random order to 6 randomly sclected smokers
Fuve of them ranked the flavor r of those by manufacturer A as high _If you reject the

ypothesis that there 18 no difference n (lavor, what 15 the chance of being wrong?
kg X' =267,df =1,P =01 To what population would the wference apply?

EXAMPLE 5 8 2—Two ice creams were made with different flavors but with no
other distinguishing marks such as color A panel of 6 expert dary wndustry men
all ranked Aavor A as preferred  Is this statisucal evidence that the consumng public
wll prefer A?

5.9—Non-parametric methods: ranking of differences between
measurements. A ranking test may be applied to samples of measure-
ments which violate the assumptions made 1n the f-test. In that test
for pared observations, 1t 1s assumed that the differences constitute a
sample from N(up, op) Devnanom from this model are of two kinds,
the dffe may not be 1 d, or the variances of the
differences may not be all the same The second kind of deviation from
the model may well have n ple 256 Its
assumed that the variance in large crops is greater than that i small,
the coeflicient of variation tending to be the same for all yields If so,
0% n 1933 would be greater than that in 1934, and this would vitiate the
t-test




116 Statistical Methods Section 59

An appropriate non-parametric test 1s due to Wilcoxon (13)  Furst,
the absolute values of the differences are ranked, then signs are attached
to the rankings according to the signs of the corresponding differences
For the corn yield data 1t 1s convenient, though not necessary, to array the
absolute differences, keeping the signs at hand

Array of absolute

differences 00, 04, 06, 10, 24, 34, 36, 37
Sign of dfference o Ty T Ty T
Rank, with sign of

difference 1, -2, -3, 4, =5 6, -7, 8

The ranks of the absolute value are written with the signs restored The 8
higher ranks are not included because none of them have negative signs
attached

The sum of the negatve ranks1s —2 —3 —5 —7 = ~17 This num-
ber, sign 1gnored, 1s referred to table 591 For 16 pairs a rank sum < 19
would lead to rejection at the level P = 001  Since our sum 1s less than
the tabular number, we presumably reject Hy up = 0, the probability
of a Type I error being < 001

If 1t should happen that the sum of the positive ranks 1s less than the
sum of the negative, enter the table with the former sum, always use the
smaller

TABLE 591
Sum OF RANKS AT 2 LEVELS OF P*
These numbers or smaller indicate rejection  Two-sided test

Number Number

of Pairs 0 05 0 01 of Pairs 005 00t
7 2 0 12 14 7
8 2 0 13 17 10
9 6 2 14 21 13
10 8 3 15 25 16
11 11 5 16 29 19

* Adapted from the article by Wilcoxon More accurate probabilities are given
1n the ongnal article

Companison of this result with that of example 2 12 4 shows that the
two tests lead to the same I If there are among the
variances 1n this experiment, they have httle effect on the t-test  We have
had occasion to remark before (and shall have agam) that the -test toler-
ates derable d from the th p on which
1t 1s based

If two or more differences are equal, 1t 1s often sufficiently accurate
to assign to each of the ties the average of the ranks that would be assigned
to the group  Thus, if two differences are tied 1n the fifth and sixth posi-
tions in the array, assign rank 534 to each of them
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EXAMPLE 5 9 1—From two J-shaped distributed Like chi-sqy
withdf = 1 (figure 1 11 1), I drewtwo samplesof n = 10 and paired them at random
Sample 1 198 330 591 105 101 144 342 217 137 113
Sample 2 033 011 004 024 15 042 000 022 082 254
Dafference 165 319 587 081—-055 102 342 195 055—-141
Rank 6 8 10 3 —15 4 9 7 15 =5
The diffe between the means was 1, to b - =
Th llest t bsoll e d,mcachlsamgnedthennk 1+ 2)/2 =

15 The sum of the neganve ranks 1s 6 5, between the critical sums, 3 and 8, 1n table
591 Hyus rejected with 2 = 0 04, approxumately.

EXAMPLE 59 2—If you had not known that the differences m the for
example were from a non-normal ‘pod):uhuon, you would doubtless have applled the
ftest Would you have drawn any different conclusion? Ans ¢ = 248, P = 0 04

EXAMPLE 5 9 3—If you had applied the method of section 58 (cq\lnmlcn( o
the ign test) to the dara of example 519 1, you would have got * = (8 — 2 — 1)/

EXAMPLE 5 9 4—Apply the sign test to the corn yield data discussed 1n the text

Ans x* = 306, P = 008 In the sign test, the numerical value of the negative rank

18 1gnored, whereas 1 Walcoxon’s test a small rank with a negatve sign plays a differ-
ent role from that of a large onc

5.10—Non-parametric methods: ranking for unpaired measure-
ments. Turning now to the two-sample problems of chapter 4, we con-
sider ranking as a non-parametric method for random samples of measure-
ments which do not conform to the usual models A method due to
White (12) applis to unequal group sizes as well as to equal ~ All obser-
vations 1n both groups are put mto a single array, care bemng taken to
tag the numbers of each group so that they can be disinguished Ranks
are then assigned to the combined array Finally, the smaller sum of
ranks, T, 1s referred to table 510 3 to determine sigmficance

An example 1s drawn from the Corn Borer project in Boone County,
Towa, section 1 3 It 1s well established that, in an attacked field, more
eggs are deposited on tall plants than on short ones For illustration I took
records of numbers of eggs found on 20 plants 1n a rather umform field
The plants were in 2 randomly selected sites, 10 plants each  Table 510 1
contains the egg counts

TABLE 510 1
Nusaser or Corn Borer Ecos on Corx PLants, Boonz County, Towa, 1950
Height of Plant Number of Eggs
Less than 23" 0 14 18 0 3 0 0 0 11 0
More than 23 37 42 12 32 105 84 15 47 51 65
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In years such as 1950, the fr of egg bers 13
much like that of chi-square with one degree of freedom, figure 1 111
Most plants have small numbers of eggs, but a few are heavily infested
The distribution of the population 1s J-shaped mstead of normal ~ More-
over, the standard deviation tends to increase with numbers of eggs  Nor-
mal theory cannot be relied upon to yield correct inferences from small
samples

For convenience I have rearranged the 20 counts 1n the array of table

TABLE 5 10 2
ARRAY 0F 20 Ego Counts ToceTHER WiTst RANK
Boldface type indicates counts on plants 23 or more

Array o, o0 0 o0 0 0 11, 12, 14, 15, 18, 31
Rank 334, 334, 334, 334, 334, 3%, 7, 8, 9, 10, 11, 12

5102 The counts for the tall plants are mn boldface The remaimning
counts are omitted because they are 2ll on tall plants

TABLE 5103
VaLues oF 7 ot Two Levews
These values or smaller cause reyection  Two-sided test Take my < m*

005 Level of T

m—
ni 2|3 4|56 718|910 1 12 13 14 15
4 10

5 611117

6 7(12]18|26

7 7(13]20)27 (36

8 3| 8| 14[21]29]38) 49

9 | 3| 8|15{22|31]40]|51 |63

10 | 3| 9| 15/23(32(42)|53|65| 78

1 41 9|16 |24 |34 | 445568/ 81 96

12 1 4110|1726 |35 (46|58 |71} 85| 99 115

13 | 4110|1827 )37 (48|60 (73| 88| 103 (119 | 137

14 4111928385063 |76 91| 106 | 123 | 141 | 160
15 (411120 (29|40 {52)65/|79| 94| 110 [ 127 | 145 | 164 | 185
16 (41221 |31 |42{54 (67 (82| 97114 | 131 | 150 { 169
17 | 5112|121 |32(43|56|70 |84 (100 | 117 | 135 | 154

18 | 5] 1312233 |45{58| 7287|103 | 121 | 139

19 51131233446 |60 74|90 107 | 124

20 511424 |35148 |62|77|93| 110

21 6142537150 )64[79])095

22 | 6|15 26|38 |51 (6682

23 | 6(15]|27 (395368

24 [ 611628 55

25 | 6|16 28 | 42

2 | 711729

27 | 7117

28 |7
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‘TABLE 5 10 3—Continued

001 Level of T

"
nI 2l 3] 4] 5] 6| 7| 8| 9 1) 1) 12] 13| 14] 15
5 15

6 10|16 | 23

7 10 |17 | 24 | 32

8 111725 34| 43

9 6| 11| 18|26 35|45 |56

10 6| 12{19 (2737 |47|58| 71

11 6112202838 (49|61 | 74| 87

12 7113[21|30}40|51|63| 76| 90106

13 7[14)22]31 4153 65) 79) 93109 | 125

14 7014(22|32(43| 54|67 81| 96112129 | 147
15 8151 23|33 |44 56|70 | 84| 99115} 133 [ 151 [ 171
16 8 (15|24 |34 ) 46|58 |72 86102119137 (155
17 816 25|36 |47160| 741 89 [105| 122 | 140

18 8116]26)37|49) 6276 | 92108125

19 (3| 9(17(27(38 |50 64|78 94111

20 (3] 9 (18|28 |39 526681 97

21 | 3| 9118[29 /405368 |83

22 |3|10]19]29|42(55|70

23 |3110| 19130} 43|57

24 |3/10]20/31) 44

25 |3/11]20]32

26 |3 /1121

27 4|11

28 |4 |

* m andm are the numbers of cases 1n the two groups  If the groups are unequal in

size, m refers to the smalle
"Table s reprinted from White (12), who extended the method of Wilcoxon

According to the rule already giwven, the 6 ties are given the mean
rank,

1+2+3:— HSH6_

In this mstance, since all the tied ranks belong to one group, the aver-
aging 1s not necessary, the sum of the 6 ranks 1s 21 whether they are all
assigned the mean rank or whether they are arbitranly ranked 1, 6
But 1if the tied counts were 1n both groups, the averaging would be re-
quired

The next step 15 to add the n, rank numbers 1n the group having the
smaller sum, plants less than 23"

T=63%+7+9+11+12=
This sum 1s referred to table 5 10 3 with m, = n, = 10 Since the sample
T 13 less then T o = 71, the null hypothesis 1s rejected with P < 001
The anticipated conclusion 1s that plant height affects the number of eggs
deposited
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The null hypothesis being tested 1s that the sum of ranks, 7, 1s com-
posed of m ranks drawn at random from n, + 2 ranks 1n the combined
groups This sum 1s

m(m + na + 1),

which 15 (10)(21) = 210 1n the corn borer experiment

It may happen that the ranks sclected for addition may have a sum
greater than half of the total  If so, subtract the sum from ay(m + ny + 1)
to get the value of T for testing; always use the smaller sum  One could
get this smaller sum without use of the formula by numbering the ranks
from the opposite end of the array

EXAMPLE 5 10 1—In his article n Biomeirics, White quoted Wright (14) on
the survival nmc, under anoxic r.nndmons. of the peroneal nerves of cats and rabbits
‘The survival of the nerves of 4 were 25, 45, 33, and 43 minutcs, of 14 rabbuts,
28, 15, 35, 28 35, 22, 23, 22, 17, 20 30 16, and 16 minutes Text Fi the survival
tume 1 the 2 species 18 the same Amlf.nk1ulow, = 58, greater than half of
;n(lh'g‘m-i-i =76 So take T = 76 — 58 = 18, or else make rank 1 high

EXAMPLE 5 10 2—There 1s no evidence given that the survival time 1 the pre-
c:dmg exnnple 15 not normally distributed Test Hy by means of ¢ Ans ¢ = 294,
01

o JEXAMPLE 5 10 3—In examples 49 { and 49 2, there was some sample evidence
o].; aniances in the sampl Apply the rank test
o 1205, T = 110

5.11—Non-parametric methods as short cuts in normal samples.
There is a good deal of publicity for non-parametric methods as short cuts
for the ordinary calculations for samples from normal populations The
question arises as to the relative costs of the two procedures The answer
depends on the cost per observation and the relatve efficiencies of the
tests  Also, since no normal distribution can exist 1n practice, the answer
must specify the amount of anormality 1n the sampled population together
with the consequent loss 1n efficiency of the t-test This makes any over-
all statement impossible, but some general features may be discussed

‘When the Wilcoxon rank tests are apphed to normal samples, they have
an efficiency of some 95% as the sample sizes approach infimity (7)
Guessing 90% for ordinary situations, this means that a sample of n = 9
from a normal population using the original measurements would be about
as informatve as a sample of 10 with ranks substituted. If it costs 30 cents
to calculate the t-test and only 15 cents to do the rank test, the two methods
would be equally expensive if observations cost about 15 cents  In biologi-
cal experimentation, there are not many observations so cheap On the
other hand, the effi of the t-test d with ity of the
sampled population If the population 1s known to be far from normal,
there would perhaps be more information in the rank test and at less cost
For expensive observations and near-normal distributions, I would stick
to the t-test.
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Warning The decision as to which test to use should be made without
reference to the datan hand  If you apply both methods and then choose
the one that comncides with your preference, you mtroduce a bias  Of
course, 1f the two methods indicate the same conclusion, you have assur-
ance that 1t 15 not the population shape that controls the decision

The rank tests are sometimes advocated as prelminary tests to be
followed by the t-test if a close decision 1s to be made This may occa-
sionally be worth while, especially for mexperienced persons ~Certaimly
time should not be wasted on calculation when the decision is obvious
But the labor mnvolved 1n ranking, especially in the unpaired case, 1s httle
less than that 1n calculating ¢ If both are done in a substantial portion
of experiments (in most experiments the decision 1s not obvious), time 13
lost, not saved

As for the sign test (last paragraph of section 5 8) apphed to a sample
of normally distributed differences, there 1s hittle to be said 1 1ts favor
except that 1t 1s quick and easy Its efficiency, relative to f, 1s around
65% As a short cut for normal differences, Wilcoxon’s ranking test 13
preferable
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CHAPTER 6

Linear Regression

6.1—1I ducti In chapters the
have mnvolved mainly only a single on each
This measurement may be of vitamin content or weight i which the var-
ate 1s continuous, or of color or opinion, the variate being discrete  The
observations are compared either singly or in groups, bu! generally it
15 one bute or one kind of Now atten-
tion 15 turned to 1nferences based on two or more observations on each
member of the sample For example, one may make more adequate
Judgments about the 120-day weight increase of a pig if he knows the
related vanates, imtial weight, age, and feed caten, increasing farm mn-
come during some periods may be explained partly by changes i the
quantity of meat produced, or about the e yielding
abihties of vuncucs of corn may hinge on the numbers of plants in the
several experimental plots

In this chapter, attention will be centered primarily on the dependence
of one variable Y on another, the independent variable X  In mathematical
parlance Y 1s said to be a function of X, but 1n biological statistics Galton’s
descriptive term regression 1s generally used The growth curve of height
1s spoken of as the regression of height on age, in toxicology the lethal
effects of a drug are described by the regression of per cent kill on con-
centration The origin of the term regression will be outhned 1n section
612

The uses of regression are varied Perhaps the objective 1s only to
learn 1f ¥ does depend on X and, if so, to get a measure of the relationship
Or prediction of ¥ from X may be the goal Some wish to determine the
shape of the regression curve  Others, as indicated 1n section 3 10, are
concerned with the real error involved 1n an experiment after the effect
of a related vanable 1s discounted A few have theories about cause and
effect and employ regression to test their hypotheses To satsfy all
needs we shall have to give an extensive account of the methods, leaving
each reader to choose those which interest him most ~ As usual, we turn
to an example for development of the subject

6.2—The regression of blood pressure on age. A project, “The
Nutritional Status of Population Groups,” was set up by the Agricultural

(122)
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Experiment Stations of 9 midwestern states From the facts learned I
have extracted data on systolic blood pressure among 58 women over 30
years of age, a random sample from a region near Ames, Iowa (18)
For present purposes, the ages are grouped nto 10-year classes and the
mean blood pressure calculated for each class The results are mn the first
two columns of table 6 2 1

TABLE 621
Mean Systouic BLoop Pressure oF 58 WomeN 1N 10-Year Aok Crasses
Dewviations From
Midpomt of Mean Blood Means Squares
ge Class Pressure Products
X Y x Bl E 7 »
35 114 -20 | —27 400 729 540
45 124 -10 | -17 100 289 170
55 143 0 2 0 4
65 158 10 17 100 289 170
75 166 20 25 400 625 500
Sum 275 705 0 o | 1,000 | 1,93 | 1,380
Mean 55 141
Zy 1,380
Sample regression cocfficient b = =00 1 38 umits of blood pressure per year

As 1n most regression problems, the first thing to do is to draw a graph,
figure 621 The independent variable X 1s plotted along the horizontal
axis  Bach measure of the dependent ¥ 15 indicated by a point above the
corresponding X Clearly, the trend of blood pressure with age 1s upward
and roughly linear

The straight hne drawn in the figure 1s called the sample regression of
Y on X It contans the point O'(Z, §) which, for the blood pressures, 18
(55, 141) It slopes upward at the rate of b umits of ¥ per umt of X,
where b 1s the sample regression coefficient, calculated asn table 621 Ths
computation involves a process not encountered before, the sum of products
of the deviations, x and y  This sum of products may be positive or nega-
uve according as the line slopes upward or downward In the ilustra-
tive example, b = 1 38, meaning that blood pressure increases an average
of 138 units per year of age

‘The sample regression equation of Y on X 13 now written as

g =bx

where ¢ is the estimated d of Y corresponding to any x-d
For example, if x = 20 years, § = (138)(20) = 27 6 units of blood
pressure.
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Fic 62 1—Sample regression of blood pressure on age The broken Lines dicate
omussion of the lower parts of the scales 1n order to clanify the relations 1n the parts
occupied by the data

The sample regression equation enables us to complete figure 621
by drawing the sample regression line Lay off O0’M = 20 years to the
right of 0’, then erect a perpendicular, MP = 27 6 unuts of blood pres-
sure The line O'P then has the slope, 138 units of blood pressure per
year

In terms of the original units, the sample regression equation 15

P—g=bX—3
For the blood pressures, this becomes
P — 141 = 138 (X — 55)
or

P = 141 + 138 (X — 55)
= 651+ 138X

If X = 75 1s entered 1n this equation, ¥ becomes 65 1 + (1 38)(75) =
168 6 units of blood pressure The corresponding point, (75, 168 6), 15
shown as P 1n the figure
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We can now compare the sample points with the corresponding ¥

to  get measures of the goodness of fit of the line to the data Each X 18
d in the and P cal d  The 5 results are

recorded 1n table 622 The deviations from regressun, ¥ — ¥ = dyr,
measure the failure of the line to fit the data Note that, 1n this sample,

TABLE 622
CavrcuraTion or ¥ anp mm-nm Frou ReGResstoN, dy» = ¥ —
pressure
Estimated Deviation
Mdpomt of  Mean Blood phlood From Square of
Age Class Pressure Regression Deviation
x Y Y Y-F =d. dy 2
35 114 113 4 06 036
45 124 127 2 -32 10 24
55 143 141 0 20 4 00
65 158 154 8 32 10 24
75 166 168 6 -26 676
Sum Zdy: =00 Zd,.*=3160

45-year-old women had below average blood pressure and 65-year-olds
had an excess

The sum of squares of deviations, Zd, ;> = 31 60, 1s the basis for an
estumate of error 1n fitung the ine  The corresponding degrees of freedom
are n — 2 = 3 because two averages have been used 1 calculating the
deviations, 7 and 5 We have then

sy & = 2d, }(n — 2)1= 1053,

where s, s 15 the mean square devation from regression  The resulting sample
standard deviation from regression,

= 4/5, * = 324 units of blood pressure,

cor ds to s gle-variable probl In particular, 1t furnishes a
sample  standard d:malnm of the ngresmn coeffictent,
Sy = Sy o/ VISR

This is 3 24/4/1,000 = 0 102 umts of blood pressure
A test of significance of b 1s given by

t=b/s,df =n~2
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Applying this to the blood pressures,
£=138/0102 = 135**,df =3

Note It 1s often and to denote by as-
terisks A single one indicates probabilities between 005 and 001, two
mndicate probabilities equal to or less than 0 01

Often there 1s little 1nterest m the d, ; of table 622 If so, Zd, ,?
may be calculated directly by the formula,

zdy ! = 2 — [(Ew)Y/2)
Substituting the blood pressure data from table 6 21,

2d, ;! = 1,936 — [(1,380)%/1,000] = 31 60
s before

EXAMPLE 6 2 1—Following are measurements on heights of soybean plants 1 a
field, a different random selection each week (21)

Age 1n weeks 12 3 4 5 6 7
Height 1n centimeters 5 13 16 23 33 38 40

enfy these results £ = 4 weeks, § = 24 cms, 2% = 28, 35 = 1,080, Zxy = 172
Compute the sample regressions, £ = 6 143 X — 0 572 centimeters.

EXAMPLE 6 2 2—Plot on > gra%a the sample points for the soybean data, then
construct the sample regression hne - Do the pnts ic about cqually above and below
tl ine’

EXAMPLE 6 2 3—Calculate s, = 0409 cms /wk Set the 95% confidence inter-
val for the population regression Ans 509 — 720 cms /wk

EXAMPLE 6 2 4—The soybean data consttute a growth curve Do you suppose
the population growth curve 1s really straight” How would you design an experiment
1 get a growth curve of the blood pressure in Towa women®

EXAMPLE 6 2 5—Eighteen samples of soil were prepared with varying amounts of
worganic phosphorus, X  Corn plants, grown 1n cach soil, were harvested at the end
of 38 days and analysed for phosphorus sontent. From this was estimated the plant
availablc phosphorus 1n the soil (section 14 2)  Nine of the observations, adapted for
case of computation, are shown in this table

Inorganic phosphorus in soil (ppm), X 14 5 9 13 11 23 23 28

Estmated plant-available phosphorus
(ppm), 64 71 54 81 93 76 77 95 109

Calculate b = 1417, 5 = 0395, ¢ = 359**

Followng this b of the most common regression methods, the
reader may!umh 10 Iovwa-rz laf.{nalym of Variance lfzhaplefy 10 and 11.

6.3—Model I of the populations sampled- Fixed X Before gomng
further, 1t 1s necessary to specify the populations being sampled They

have three characteristics
1 For each selected X there 15 a normal distribution of ¥ from which
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the sample Y 1s taken at random If desired, more than one ¥ may be
drawn from each distribution (see section 6 13)

2 The means, g, of all the sampled populations lie on a straight re-
gression line

3. All sampled populations are normally distributed and have a com-
mon ¢ This Model I 15 specified concisely by the equation,

Y=a+8e+4¢

where Y 1s any value of the dependent variable, a and 8 are parameters
(to be explained), x 1s the deviation, X — %, and e 1s a random variable
drawn from N(0, o)

In this model, Y 1s the sum of a random part, ¢, and a part fixed by x
The fixed part, according to 2 above, determines the means of the popu-
lations sampled, one mean for each x  The sequence of these means lie on
the straight line represented by u = a + Bx, the population regression line
The parameter a 18 the mean of the population corresponding to x = 0,
n this sense, a specifies the height of the population regression above the
X-axis B 1s the slope or trend of the regression line, the change in Y per umit
change i x  As for the vanable part of ¥, e 1s drawn at random from
N(O, 0), 1t 1s tndependent of x

For non-mathematicians, the model 1s best explamed by an arith-
metical construction  For this, assign to X the values, 0, 2, 3, 7. 8, 10, as
n table 631 This 1s done quite arbitranly, the manner in which X 1s
fixed has no bearing on the 1llustrauon

TABLE631
‘CONSTRUGTION OF A SAMPLE FrRoM MoDEL L, Y = a + 8x + ¢ WrrHa = 4,8 = 05,
AND ¢ DrawN From N(0,1)

X x Br=05x a+fr=4+05x « Ve=atprte
[¢Y] @ (3) “) 5) )

0 -5 -25 15

2 -3 -15 25

3 -2 ~10 30

7 2 10 50

8 3 15 55

10 5 25 65

Calculations of esimates for sample regression, ¥ on X

X = 30 = 27
z= 5 g= 378
X = 226 ZXY = 149 1 I¥? = 108 31
C = 150 C=2zXZ¥/n =113 5 C = 85388
T = 76 Ty = 356 = 224

b = ZTxy/Ex® = 356/76 = 0468
P =378 4 0468 (X ~ 5) = 144 + 0 468X
Zd, = 2P — (Zp)/Zx = 2243 — (356)1/76 = 575
Syalwm Zd, 2/ (n=2) =575/4 =144 5,,=4+/144 =120
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Next, calculate £ and the deviations, x = X — £, m column 2

Now take 8 = 05, this imphes that the means of the populations
are to increase one-half unmit with each umit change 1n x  From ths, col-
umn 3 1s calculated

Choose @ = 4, meaning that at x = 0 the population regression 15 4
units above the X-axis

The fixed X together with a and 8 determine the succession of means
m column 4 These are indicated by open circles on the population re-
gression hine of figure 6 31  So far all quantities are fixed, without sam-
phing vanation

’ﬂ‘
o ] L
. .
g~
4k - =
X=5 s o -~ ——Population Regression
-2 ——— Sample Regression
q =
L .=~ J=378
2r - .
.
o 2 3 4 €6 7 8 9 0

Fic 63 1—Population regression, p =046-&—x 05¢ Sample regression, ¥ = 378 +
4

Coming now to the variable part of ¥, the ¢ are taken at random by
this procedure

1 In the table of random numbers (chapter 1), I started by chance at
row 61, columns 55-56 and observed the integers, 86, 09, 14, 82, 52, 16
Matching these with the normally distributed 1tems of table 321, I got
41, 17, 19, 40, 30, 20

2 In order to make the mean equal to zero, I subtracted 30 from
cach 1tem, getting the normal deviates, 11, —13, —11, 10, 0, —10

3 To avoud the large vanation, ¢ = 10, I divided each deviate by 10,
changing the standard deviation to 1 The results, set down 1n column 5,
make up the random sample from N(0, 1)

The last column of the table contains the sample of Y, each item being
the sum of the fixed part in column 4 and the corresponding random part
in column 5 The sample points are plotted as black circles 1n the figure
Necessary calculations are appended to the table



Section 64 Linear Regression 129

EXAMPLE 63 1—In table 631, b = 0468 Calculate the 6 deviations from
regression, d, 5, and 1dentify each with ‘the distance of the corresponding pownt from the
sample regression line  The sum of the deviations should be zero and the sum of their
squares about 5 75

EXAMPLE 6 3 2—Construct a sample with « = 6 and § = —1_ The negatve
B means that the regression wll slope downwards to the right  Take X = 1, 2, ),
Ny Draw ¢ randomly from N(0, 5), table 3101 ~ Make a table showing the

calculation of the sample of ¥  Graph the population regression and the sample
points  Save your work for further use
~t 6.4—The point estimators of « and . As indicated before, o = 4
15 estimated by § = 378 The sample regression line 15 drawn through
the poit, (£, 7), (5, 3 78) as shown 1n the figure

The slope, 8 = 0 5, 15 esumated by b = 0 468 (sec table) The sample
regression hine 15 nearly parallel to that of the population but lies below
1t because of the shight under-estimation of & The contrasts between the
two hines are due wholly to the random sampling of the ¢

In the equation of the sample regression, the constant, 1 44, 1s the
wnlercept on the Y-axis where X = 0

Notice that there 1s no variation m the X, & 15 unaffected by the €
Thus 15 one characteristic of Model 1

EXAMPLE 6 4 {—For your sample of example 6 3 2, calculate § and b, then plot
the sample regression linc on your graph  Calculate the deviations, dy 5, and compare
them with the corresponding e 1t 1s a partial check on your accuracy if 24, 5 = 0

6.5—F as an estimator of y = a + fx. Adjusted Y. For any z,
the sample ¥ estimates the corresponding 4 = a + Bx For example, you
have already noticed that, at x = 0 (for which X = 5), 5 = 4 estimates
#s = a As another example, at x = 2, for which X = 7, 144 +
(0 468)(7) = 472, estmating u7 = 4 + (05)(2) = 5

The difference, p — Y, has two sources, both due to the random ¢
One 15 the difference between the elevations of the sample and population
regression lines, a — §, the other, the difference between the two slopes,
B—0b

Estumates of x are often not confined to the populations sampled but
are made at an X interpolated between two of the fixed X whose ¥ were
sampled For example, at X = 4,

Py = 1.44 + 0468(4) = 331,

locating a pomt on the sample regression hne perpendicularly above
X =4 Itshould be carefully observed that we are esimating & n a
population not sampled  There 1s no sample evidence for such an esti-
mate, 1t 18 made on the cogmizance of the nvestigator who has reason to
believe that the intermediate population has the same ¢ as those sampled
and has a x on the sampled regression, a +8x

Using the same argument, one may estimate p at an X extrapolated
beyond the range of the fixed X Thus,at X = 12,

Pu=144 4 (0468) 12 = 706
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Extrapolation nvolves the extra hazard that the populat on regression of
means may be curved with the curvature becoming more pronounced
beyond the sample range of X'

Looking at the sample 1tself, ¥ enables us to judge whether an ndi-
vidual observed Y 1s above or below average, a fact that 1s obvious 1n the
graph  Look, for example, at the first point on the left Yo = 26, to be
compared with £5 = 144 The posiive deviation, Yo — P = 116,
shows that Yo exceeds the estimated value by 116 units  This may mean
that the observed Y, randomly drawn from the first sclected population,
exceeds the mean of that population Actually, this 1s true in the con-
structed example, Yo = 2 6 does lic above uo = 15, a fact attributable
toe=11

It 1s often desirable to compare the deviations from regression at two
values of X At X = 10, Yo — P10 = 55 — [144 + (0 468)(10)) =
—0 62, the point being 0 62 units below the sample regression  Relatwe to
the sample regression, this sixth observed Y 15116 — (—062) = 178 umts
less than the first

Such comparisons or case studies are readily made by means of adjusted
values of Y  These are calculated by adding to § the several deviations
from regression Examples

Yio=9+ (Yo— o) =378 4+ 116 = 494,
where Yo indicates adjusted ¥ at X = 0 Also,
Yiao = 3.78 + (=0 62) = 316
Note that the difference between the adjusted Y 1s the same as that be-
tween the deviations
Yao— Yoo =494 — 316 =178,
as before

The meaning of Yy, interpreted graphically, 13 shown in figure 6 5 1
It 1s the value Y might have if its X were moved to £ and if ¥ followed

X

Fic_651~—Regressionof ¥ on X NP =Y and MB = (ad unedY) =+ AB =73
+ GP =§ + ?dﬁvunon from r}c,grcman) AlxoyMB N, EP =Y —~ FG
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parallel to the sample regression line  This involves assumptions about
the bology which may or may not be realistic, the investigator must de-
cide  Further discussion will be found in chapter 13

EXAMPLE ¢ 1—Using the blood pressure data of section 6 2, cstmate  at age
0 years Ans 106 5

EXAMPLE 6 5 2—Calculate adjusted ¥ for cach age roup n table 6 22, usimy
the formula, ¥ —~ bx  Venfy your results by the sum, £¥, = ¥  Suggest several
reasons for the differences among adjusted

EXAMPLE 6 53—Mrs A, 65 years old, has the blood pressure, 135 umits  Mrs
B, agc 35, has the same blood pressure The difference between the adjusted blood
pressures is 41 4 umts, that of Mrs B's bewg higher  Explam the meanung s this
a reasonable comparison?

EXAMPLE 65 4—In the plant available phosphorus data of example 625,
calculate Yy for the 9th soil sample Ans 877 ppm Can you suggest a biological
meaning for ths result?

EXAMPLE 6 5 5—A growth curve for soybeans 1s given 1n example 6 21 Cal-
culate Y for the 7-week plants  Ans 216 cms, 24 cms below § you suggest
a reahstic interpretation®

EXAMPLE 65 6—Prove that§ +Y — P =Y — bx

EXAMPLE 6 5 7—Prove that s — ¥ = (a — §) + x(8 — §)

j 6.6—The estimator of o> The deviations from sample regression,
y 1, are analogous to the ¢  Since the ¢ are randomly drawn from N(0, o),
1t seems natural to eshmate ¢* from the d, ; That 1s what was done 1n
table 6 2 2 where the deviations were squared, summed and later divided
by the degrees of freedom, n — 2 It 1s now clear that s, ;* 1s esimating
the parameter, ¢%, specifically, 1 44 1s an estimate of ¢* = 1 (or 1 20 1s an
estimate of ¢ = 1)

If nothing were known about X, the sample of ¥ would have yielded
5, = 22.43/5 = 449 as the estunate of experimental error By utliza-
tion of the knowledge of X, this 1s reduced to 5, ;> = 144 Ignorng the
change m degrees of freedom, the efficiency of this regression 1s said to
be 449/1 44 = 3129

EXAMPLE 661—In your samplc taken 1n accord with example 6 3 2, calculate
5, < and compare 1t with ¢? =

EXAMPLE 6 6 2—In example 6 2 5, esumate o in the sampled population  Ans
5,5 = 1069 ppm Compare this with 5, = 16 86 ppm

6.7—Model II of the pop led: the b iate normal.
‘(hc LYESUGAtor ¢ often does not select values of X, he draws an individual
from some pop two whose relation he

wishes to investigate Thcsc two variables are distributed mn a biwariate
population which will be described more at length 1n the following chap-
ter We shall consider only the biwariate normal population Those who
need more extensive information may find 1t 1n references (1, 13, 14)
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Fortunately the methods which 1nterest us are 1dentical for the two
models The sample chosen to illustrate Model II contains another
feature of interest, a regression which 1s negative mnstead of positive

It s rather generally thought that the intensity of the injury by codling
moth larvae 1s greater on apple trees bearing a small crop  Apparently
the density of the flying moth tends towards uniformity, so that the
chance of attack for any particular fruit 1s augmented 1if there are few
fruits in the tree  The data 1n table 6 7 1 are adapted from the results of
an experiment (10) d about this ph The 12
trees were all given a calyx spray of lead arsenate followed by five cover
sprays made up of 3 pounds of manganese arsenate and 1 quart of fish
ol per 100 gallons There 15 a decided tendency, emphasized in figure
671, for the percentage of wormy fruits to decrease as the number of
apples 1n the tree increases  In this particular group of trees, the relation
of the two variates 1s even closer than us

The new feature 1n the calculations 1 the majority of negative products,
xy, caused by the tendency of small values of Y to be associated with large
values of X The sample regression coefficient shows that the estimated
percentage of wormy apples decreases, as indicated by the minus sign,
1013 with each increase of 100 fruits n the crop The sample regression
hne, and of course the percentage, falls away from the pomnt, 0'(Z, 7), by
1013 for each unit of crop above 19 hundreds

The regression line brings nto prominence the deviations from this
moving average, deviations which measure the failure of crop size to ac-

£ .
I
g R
5% e
§
AO =) 20 30 “o 6%

YIELD (Hundreds of fruite)

Fio 67 1—Sample regresion of percentage of wormy frutts on sz of crop 1n apple
Inciiaten the ongin for deviatons, O (5, §)
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count for variation 1n the intensity of infestation  Trees number 4, 9, and
11 had notably discrepant percentages of njured fruts, while numbers 2
and 5 performed as expected  According to the model these are random
deviations from the average (regression) values, but close observation of
the trees during the flight of the moths might reveal some characteristics of
this phenomenon Tree 4 might have been on the side from which the
flight originated or perhaps its shape or caused poor 1

of the spray Trees 9 and 11 rmight have had some pecuharities of confor-
mation of fohage that protected them Careful study of trees 2 and 5
mught throw light on the kind of tree or location that receives normal 1n-
festation  This kind of case study usually does not affect the handling of the
sample statistics, but 1t may add greatly to the investigator’s knowledge
of his experimental matenial and may afford clues to the improvement of
future experiments  For example, 1t may be found that certain causes of
variation can be predicted and so can be eliminated from experimental
error by appropriate design (see chapter 11)

You have doubtless been mpressed by the fact that when there 1s
regression the statement, “One tree had only 27% wormy fruits m an
orchard whose mean was 45%,” may be nadequate  You immediately
ask, “What was the size of the tree crop® If you learn that 1t was 40
bushels you become aware that 279, was a greater rate of mfestation than
one would expect mn a tree with so large a yield It 1s not the orchard
average with which the tree percentage should be compared, but 1t 1s
the d p for the mndividual crop size  The regression,
1n fact, rcplaces the mean as a standard of comparison  This new standard
15 not the same for all trees but varies according to the number of apples
borne

As 1n the case studies mentioned 1n section 6 5, two indwvidual trees
are compared, not directly by their percentages but by contrasting their
deviations from regression  The rates of infestation of two trees are 1m-
mediately comparable only 1if their yields are the same  Otherwise, 1t 15
their errors of estimate that must be compared From table 6 7 1 1t 1s seen
that, while trees 1 and 4 differ by 59 — 53 = 6% 1 actual percentages
of wormy fruits, yet when they are compared on the basis of crop size the
difference 15 2 86 — 11 04 = —8 18%, meaning that if these trees had
borne the same number of apples the percentage of mjured fruits on 1 1s
estimated to have been less than that on 4 by 8 18%  Thus 15 another way
of making the comparisons of section 6 5, using deviations from regression
rather than adjusted ¥

There are two extremes among attitudes toward experimental data,
both of which should be avorded Some attend only to minute details of
sample variation, neglecting the summarization of the data and the con-
sequent inferences about the population Others are impatient of the
data themselves, rushing headlong toward averages and other generaliza-
tions  Either course fails to yield full information from the experiment
The P g takes time to each datum together
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with the d He pts to d h normal varia-
tion from aberrant observations He then judges his summaries and his
population inferences and draws his conclusions agamst this vivid back-
ground of sample facts

EXAMPLE 67 {—Another group of 12 trees, investigated by Hansberry and

Ruchardson, was sprayed with lead arsenate throughout the season = In addition, the
fourth and {ifth cover sprays contamed 1% mucral ol camulsion and micotine sulfatc at
the ratc of 1 punt per 100 gallons  The rsults are shown below These facts may be
venfied ZX = 240, 2} 4, 2 = 608, 3pF = 1428, Doy = —583, regresmon co.
efficient = — 07203, 7 = ean 07203, o e s = 18 409

Size of Crop, X

Hundreds 15, 15, 12, 26, 18, 12, 8, 38, 26, 19, 29, 22
Percentage

Wormy, ¥ 52, 46, 38, 37, 37, 37, 34, 25, 22, 22, 20, 14

EXAMPLE 67 2—In table 671, calculate 2d, ;* = 27388 by means of the
formula gaven 1n scction 6 2

EXAMPLE 6 7 3—The following weights of body and comb of 15-day-old White
Leghorn male chicks are adapted fro Snedecor and Breneman (16)

Chick Number 12 3 4 5 6 7 8 910
Body weight (grams), X 83 72 69 90 9 95 95 91 75 70
Comb weight (mulligrams), ¥ 56 42 18 84 56107 90 68 31 48

Caleulate the sample regression equation, ¥ = 60 + 2302 (X — 83)

EXAMPLE 6 7 4—Construct the graph of the chick data, plotting body weight
along the horizontal axis Insert the regression Lne

6.8—Interval estimates and tests of null hypotheses. Bemg pro-
vided with pomnt of the p of the
we turn to their mterval estimates and to tests of hypotheses about them
These will be the same for Models I and II

Fust in order of utility, there 1s the sample regression coefficient,
b, an estimate of 8. As seen 1n section 6 2, 1n random sampling, b 1s dis-
tributed with a variance estimated by

s = 5y /28
Thus, 1n the apple samphing of table 671,
Wt = 27 388/924 = 00296, s, = 0172%

Moreover, since the quantity (b — B)/s, follows the t-distribution with
n — 2 degrees of freedom, 1t may be said wath confidence that

b—tusy KBS b+ tusn
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For the apples, df = 10, to = 2228, t s, = (2228)(0 172) = 0 383,

b — tosy = —1013 — 0383 = —1 396 per cent per 100 fruits,
b + tossy = —1013 + 0383 = —0 630 per cent per 100 fruuts,
and, finally, —139 <8< —0 630

If 1t 1s said that the population regression coeflicient 1s within these himuts,
the statement 1s right unless the sample 15 one of the divergent kind that
occurs aboul once 1n 20 trials

G , the fid, limts are rep d by two lines with
slopes —1 396 and —0 630, crossing each other and the sample regression
hne at 0'(Z, j) We are confident that the population regression lmc
slopes d { with an or here between the 1nd
hmuts  But we are yet to set hmits on the clevation of the line

EXAMPLE 6 8 1—On the graph of figure 6 7 1, plot the 2 Lines showing the con-
fidence Lumits on B

Instead of the interval estimate of 8, interest may he 1n testing some
null hypothesis  Whule 1t 15 now rather obvious that H, 8 = 0 will be
rejected, we proceed with the 1llustration, if there were any other pert-
nent value of 8 to be tested, we could use that instead  Since (b — 8)/s,
follows the t-distribution, we put

b—pg —1013 —0

P 0172 = —589, df =n—2=10
The sign 15 1gnored because the table contaimns both halves of the distri-
bution  Ho 15 rejected  One concludes that 1n the populaton sampled
there 1s a regression of percentage wormy apples on crop size, the value
likely being between —0 630 and —1 396 per cent per 100 fruits

Next 1n order of usefulness are inferences about 4 = a + 8x  The
sunplest case 1s that for which x = 0 and 4 (= a) 1s esumated by § Since
¢? 1s esimated by s, %, the variance of the mean has the estmate, s, .2/n
For the apple data in which § = 45%,

5927 = syd/n = 27388/12 = 2282, 5, = 1519

The confidence interval on u for x = 0 1s got from s; , which has
n—2df We have

t=

J=tosgz:<a<7+ towys
which for the apples is
45 — (2.228)(151) < a < 45 + (2228)(1 51)
416% < a < 4849,

You may wonder why the mean square of 7 1s not s,%/n, as might be
wnferred from chapter 3 What has been paid to get the smaller mean
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square, s, ,*/n> Superficially 1t may be said that the measurement and
use of X warrants the smaller esumate More fundamentally, s, ;*/n 15 an
estimate of ¢%/n, the vanance of a sample mean from any one of our nor-
mal populations (Model I) or from our bivariate normal population
(Model II)  Included 1s that one under consideration, for which X = £
The reason will be clear if you remember that m Model [ the various X
are fixed In sampling from this model, the same set of X 1s always
chosen The only vamation 1s that of the ¢ in the ¥ In sampling blood
pressure among women, 1f other ages were chosen—less than 30 years for
example—the sample mean might have a considerably larger variation
than that indicated by the sample in hand  The price of the small mean
square 1s the restriction of the X to those chosen In chapter 7, 1t will be
found that Model II will provide the same estmate of o5

If there 15 any relevant hypothesis about a, 1t may be tested by use
of 53 ;. It might be that in a large apple-growing region the damage to
fruits during the season was found to average 509, To get evidence
about the comparauve rate of injury in the orchard of our sample one
might set up the hypothesis that, for our set of X, a = 50% Then

=102 T o 331,df =10

Hy would be rejected  The conclusion might be that (1) the spraying done
was more effective than the usual practice m the region, or (u) this
orchard was, for some unknown reason, less heavily attacked than the
average, or (w) this orchard had more than the average number of apples
per tree

If X 5 %, then ¥ 1s subject to a second source of variation Not only
may the sample mean, , be 1 error but also the sample regression co-
efficient, b Since ?= § -+ bx, 1ts mean square 1s the sum of two inde-
pendent mean squares, that of §, s, ;%/#, and that of bx whichis

Sy 28
e

The first 1s the same for all X, but the second changes in proportion to x*
‘We have, then,

_nd sdR 1
m,_n+2.\‘ T s n+}:x‘

Hence,
sp = sy2 Vil + 22E
For the apples, 5, » = /27 388 and
sp = +/27.388 /1712 + 2/924 = /2282 + 0029642
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Thus, for trees with crops like that of No 12, x = 21 and s¢ = 3 92%,
notably greater thans, ; = 151%atx = 0

Often the second term of s7* 15 relatively small within the sample
range, but 1n forecasting beyond this range the term n x* may become
predominant

The reason for the increasing s¢ as X recedes from Z 1s rather obvious
if you think of the confidence interval on 8 The two liniting slopes de-
fine a pair of hmiting lines, passing through the origin, and diverging as
|x| mcreases It 1s the increasing confidence limit on § that causes that
on

Corresponding to any ¥, the pomt estimate of u, there 1s an interval
estimate,

Potust Su<P+tusy

One might wish to estmate the mean percentage of wormy apples, u, at
the point, X = 30 hundreds of fruits If so,

x =X =% =30 — 19 = 11 hundreds of fruits
P =g+ bx = 45 —(1013)(11) = 33 86%
tu sy = (2228)v/2282 + (0 02964)(119) = 5 40%
3386 — 540 < p < 3386 + 540

Finally, 2846% < p < 3926%

One says, then, that at X = 30 hundreds of fruits, the popul: mean Y
15 estimated as 33 869, wormy fruits with the 0 95 conﬁdcncc limits from
28 46% to 3926% This confidence mnterval 1s rep d by AB m
figure 68 1

If calculations like this are done for various values of X and if the
confidence lumuts are plotted above and below the sample regression line,
one has a confidence belt or zone with curved borders, as 1n figure 6 8 1
The curves are the branches of a hyperbola We have confidence that
y for any X lies in the belt  The figure emphasizes the increasing hazard
of making predictions at X far removed from %

If a person 1s making predictions, he 1s usually predicting individual
events, not values of p = a + Bx If so, the random element, ¢, 15 an
additional source of uncertainty So, the mean square of Y contains an-
other term, being

sy At

from which, sy = s,
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Fio 68 1—Confidence belts for s, ABCD, and for ¥, EFGH, the apple data

If you wish to predict the percentage of wormy apples on a tree yielding
30 hundreds of fruits,

tos sy = 2228 /27 388 /T + 1712 + (11)7/924 = 1285%
From this and ¥ = 33 86%, the confidence nterval 1s given by
3386 — 1285 < p < 3386 + 1285
or, 2101% < p < 46 71%,

as shown by EF, figure 6 81 We conclude that for trees bearing 3,000
fruits, population values of percentage wormy fruits fall between 21 01%
and 46 719, unless a l-ln-20 chance has occurred 1n the sampling
this p a confid belt for Y may be plotted as i

the ﬁgurc 1t1s to be observed that all the sample pownts lie in the belt
In general about 5% of them are expected to fall outside

Since (P — p)/s¢ and (Y — w)/sy both follow the t-distribution, any
pertinent hypothesis about 4 might be tested

For purposes of illustration we have made all the probability state-
ments above as though they were independent of each other ~ Statements
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about y and & are independent, but 1t 1s clear that probabilities related to

and Y are determined m part by the same accidents of sampling that
produced j and & It 1s proper to consider the implications of all these
statements  Only remember that 1f 1t should be found, for example, that
the population mean lies beyond the sample based confidence limits, then
the probability would be much greater than 05 that the population value
of regression ¥ 1s outside the confidence hmuts based on ;

EXAMPLE 68 2—In the reg‘resuoll or gomb weight on body weight, example
673, 1 = 10,7 = 83 grams, § = 60 m 1,000, 35? = 6,854 an d):xy-2302
Sct 95% confidence Limuts on a, aasummg the same st of body weights ~ Ans

EXAMPLE 68 3~In the chick data, b = 2302 Test the hypothesis that 8 = 0
Ans t =522, P<

EXAMPLE 6 8 4—Since evidently there 1s a population regression of comb yght
on body weight, set 95% confidence umits to the regression coefficient  Ans
332mg per gram

EXAMPLE 6 8 5—Predict the population s comb weight of 100-gram
chicks  Ans 99 1 mg with 95% hmuts, 79 0 — 11

EXAMPLE 6 8 6—Set 95% confidence limuts to the fore:axt of the comb weight
of a randomly chosen 100-gram chick Ans 613 — 136 9 my

\rﬁ 9—Short-cut hods of in regressi So far in
this chapter you have not been gready burdencd with computation In
Ppractice, regression calculations are rather tedious so that either machines
are used or some form of coding 1s practiced  Short cuts in regression are
mainly those already explained 1n chapter 5, only a single new feature
bewng mtroduced The data 1n table 6 9 1 will serve as illustration

If a machine 1s available the methods of section 5 2 are easily extended
to the calculation of regression In most machines the sum of either
variate 1s run up along with the sum of 1ts squares, that 1s, both X and X?
appear 1n the recording dials at the end of a single series of operations
As for the sum of products,

(50)(128) + (64)(159) + ... + (65)(104) = 108,530,

1t 1s also read from the dials after the sequence of multiplications, none
of the individual products being recorded  Your book of instructions, or

TABLE 69 1
INITIAL WEIGHTS AND GAINS IN WEIGHT (GRAS) OF 15 FenaLe RaTs on Hiont
ProTemN DiET, 28TH T0 84TH DAvs OF AGE

Rat Number
4 5 6 7 8 9 10 11 12 13 14 15

Trutial
weight, X' 50 64 76 64 74 60 69 68 56 48 57 59

Gam, ¥ 128 159 158 119 133 112 96 126 132 118 107 106
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the nearest agent, will furnish directions  In some machines the two sums,
the two sums of squares, and the sum of producvs may all be accumulated
at one run  If there are for 1 data punched
1n cards, they will be found convenient for handling large samples (200 or
more sets of observations) (2) The results from any of these machines
are entered 1n a table like 6 92 One advantage of a machine 1s the avoid-

TABLE 692
COMPUTATIONS IN REGRESSION TF MACHINE Is Usep  RaT Data FROM TABLE 69 1

X = 901 ZV¥ = 1,783 n=15
% = 60 07 grams j = 11887 gr:
TX? = 55,465 Z¥? = 218,297 ZXY = 108,530
(2X)*/n = 5412007  (Z¥)¥/n = 21193927  (2X)(2Y)/n = 107,098 87
Zxt = "1,33493 22 ="63573 Sy =" 143013
ance of much copying of by ‘This enh both the and

the rapidity of calculaion The only entries that need be made are those
mn table 6 92 Note the one new feature, the correction term for the sum
of products This contans the product of ZX by ZY nstead of the square
of ether, rather a reasonable method of correctung products Don’t
overlook the fact that the correction term may be larger than XY,
making Zxy negative This would indicate a downward sloping regression
hine
The six quantities,
n &, g, 23, 2, 2wy,

constitute the entire information necessary for completing the computa-
tions of regression We have, for example,
b = Zxy/Zx* = 1,431 13/1,344 93 = 10641

Gain 1n weight among such female rats 1s, therefore, partly predictable,
each gram increase in mual weight corresponding to 10641 grams
increase in gain  However,

3d, 2 = T — (Ty)Y/Ex = 6,357 73 — (1,431 13)2/1,344 93 = 4,834 88
s, 2 = 2d, 2/(n — 2) = 4,834 88/13 = 37191
S = 5, H/Zx = 37191/1,344 93 = 02765

5y = 4/02765 = 0526
= b/sy = 10641/0 526 = 202
The large value of 5 relative to b will be obvious if you graph the data in
the manner of example 681  Since ¢ does not quite reach the 5% level
one must not be too confident about population facts Nevertheless, the
sample estimate cannot be ignored There 1s a good deal of evidence to
support some relation between imtial weight and gain We have here
some information about experimental design and shall return to these
results 1n the succeeding section
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You are now prepared to read chapters 10 and 11, analysis of variance, or you
may dip tnto chapters 7 and 9

If a calculating machine 1s not avatlable, one may profit by following
directions for coding given n chapter 5 Each vanate should be reduced
to a series of integers centering on zero and having a range between 20
and 50 umits  This not only makes the calculation relatively easy but also
produces results sufficiently accurate for ordinary purposes The process
1s illustrated 1n table 6 93  These data were taken from a study of the

TABLE 6 9 3
DRAFT AND SPEED OF PLOWs DRAWN BY TRACTORS
Illustration of coding 1n computation of regression

Speed Code Numbers Squares of | Products
Mules per  Draft (10V —30)/2 (D/10) — 50 Code of Code
Hour  Pounds (rounded) (rounded) | Numbers | Numbers
D x x el ¥
9 425 —10 100 64 80
13 420 -8 64 64 64
20 480 -5 25 4 10
27 495 -2 0
34 540 2 416 8
34 530 2 9 6
41 590 6 36 8 54
52 610 121 121 121
55 690 144 361 228
60 680 225 324 270
345 5460 64 727 1044 | 84
-18
46
X =23 3¥ =46
% = 23 code umits 7 = 46 codc umts
2 = (46 + 50)(10)
5o @23 +30 b
10 Y1 = 1,044
= 346 m /hr (EV)/n= 2116
X = 727 = 824
(2X)*/n = 529 Za = (832 4)(10)*
2 = G741 = 83,240
20 = (6741)(2/10)
= 26 964
XY = 841

(EX)(2¥)/n = 1058
= 7352

Zod = (7352)(2/10)(10) = 1,470 4
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forces necessary to draw plows at the speeds commonly attamed by trac-
tors (3) The character of the soil and depth of the furrow were experi-
mentally controlled as closely as possible Within the humits of the trial
the draft was roughly proportional to the speed, as a graphical represen-
tation of the data will indicate

In order to avoid large numbers and decimals, the coding was carried
to an extreme Doubtless some will prefer the decimals and large num-
bers, an argument against coding 15 the opportunity for mustakes i the
procedure itself However, famihiarity makes the process less forbidding,
and there are data whose coding 1s certainly convenient

The decoding offers some novel features The sums of squares must
be decoded by use of the squares of the coding ratios and the sum of prod-
ucts by means of therr product If this doesn’t scem reasonable, try
extracting the square roots of the sums of squares, decoding 1n the usual
manner, then squaring the results

The regression coefficient, b = Zvd/Zr* = 1,470 4/26 964 = 54 53,
shows that the drawbar pull mcreased an average of 54 53 pounds for
each mile per hour increase in speed  The formula for estimating draft at
various speeds 15

D = 546 + 54 53 (V — 346) = 54 53V + 357 3 pounds

Since the use of this regression formula may lead to the prediction of
drawbar pulls in individual trials, 1t 1s pertinent to calculate the variance,
sp?, of a randomly selected D

(D - D)t = 2 — (Zed)Y/Ze* = 83,240 — (1,470 4)/26 964 = 3,056
sadt =2(D — DP/(n — 2) = 3,056/8 = 3820
spt = sq 214 1/n + #/Z0%) = 3820(1 + 01 + /26 964)
= 4202 + 14 1672*

As an example, let us esumate the drawbar pull of a tractor making
5 miles per hour.

D = 5453(5) + 3573 = 630 pounds
2 =5 — 346 = 154 miles per hour
sp? = 4202 + 14 167(1 54)> = 453 8
Standard error = 21 3 pounds, £ o5 = 2 306

The confidence limuts are given by,

630 — (21 3)(2306) < u < 630 + (21 3)(2 306)
581 < u < 679
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EXAMPLE 69 {_~Specd records attamed mn the Indsanapolis Memorial Day
automobule races, 1911~1955 (mules per hour) are as follows

Year 1911 1912 1913 1914 1915 1916 1917 1918 1919 1920
Speed, ¥ 746 787 759 825 898 833 (no races) 881 886

1921 1922 1923 1924 1925 1926 1927 1928 1929 1930
896 945 910 9821011 959 975 995 97 6 100 4

1931 1932 1933 1934 1935 1936 1937 1938 1939 1940
96 6 104 1 104 2 104 9 106 2 109 1 113 6 117 2 115 0 114 3

1941 1942 1943 1944 1945 1946 1947 1948 1949 1950

151 (no races) 114 8 116 3 119 8 121 3 124 0

1951 1952 1953 1954 1955

126 2 128 9 128 7 130 8 128 2

For the 29 pre-World-War-I1 races, 19111941, calculate Zx* = 2,32503, 3y =
4,039 81, Bxy = 2,97123, ¥ = 1278 X -+ 63 51 mules per hour (code the dates by
subtracting 1900 from each)

EXAMPLE 6 9 2—Esumate the speed for t;c years 1946 and 1952, remembenng
" that 1t 15 individual speeds being forecasted not ns In 1946, ¥ = 122 3 mles per
hour with 95% confidence interval, 118 9 — 125 7,1 1952, Y = 1300,126 0 — 1340
mules per hour Notice that i the latter year the confidence iterval covers the ob-
served speed

EXAMPLE 6 93—On the graph of speed agamst date one can draw curves
representing the confidence ntervals for every year’s speed  For the prewar races,
these will be closest to the regression hne 1n 2 = 26 59 (or 1926 59 uncoded\ and will
dewiate further from regression as X departs from its mean either way The

the two branches of a hyperbola If £ & 15 selected, about 95% of the records should
fall between the curves if the sampling 1s random

EXAMPLE 6 9 4—In ttme sertes such as the Speedway records, regression Model T
may not be suitable, the ¢ may not be randomly assorted and one may not be inde-
pendent of the next  Changes 1n rules, new discovenes, winning of successive races by
the same man, and wars all bring Model I 1nto question The complications of ime
sertes will not be dealt with 1n this book

EXAMPLE 6 9 5—1It was desired to forecast the yields of 29 double and three-way
crosses of maize under heavy second brood chinch bug infestation (11)  The basis of
prognostication was the known mean yields of top crosses of the parental hines grown
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stru scatter diagram Do you think the regression 1s linear? Assuming that 1t
calculate the sample gregrmon ofYonX,? = 079X + 94 i b

EXAMPLE 6 9 6—In the course of his investigations of winter hardiness 1n apple
trees, Stark (17) wished to determune the specific heat, ¥, of the twigs  The laboratory
techmque was difficult and maccurate Since more than half the weight of the twigs
was water, and since the heat capacity of water 18 great, he tried estimating Y from the

ntage of water, X, in the twigs, the latter being eanily and accurately measured

enty-one pairs of Stark’s measurements, X and ¥, are as follows 49 4, 0 646,
501, 0644, 50 8, 0665, 51 2,0 670, 51 5, 0 666, 519, 6 653, 52 5, 0 669, 52 7, 0 657,
531, 0689, 536, 0 669, 557, 0 685, 56 3, 0 696, 57 0, 0 700, 58,0, 0 690, 58 5, 0 711,
592, 0704, 59 7, 0696, 613, 0713, 620, 0719, 631, 0731, 649, 0731 Compute
Z = 5583%, Tx* = 431 31,7 = 0 6859, Zy* = 00142, Zxy = 23536, = 0005457X
+ 03812 Since 5, = 0027 and s, ; = 00086, about a third of the variation of ¥’
18 unassociated with X Since X 1s determuned with very little error, Stark concluded
that ¥ could be determined with sufficient accuracy by first measuring the percentage
of water 1n the apple twigs, then estimating specific heat from the regression equation

EXAMPLE 6 9 7—Denve the formula, Sxy = ZXY¥ — (2X)(2¥)/n Hint Start
withX = x + 2and Y =y + § Muluply and add, remembening that Zx = Zy = 0

6.10—Use of regression in exp 1 design. Statistical con-
trol.  As anticipated 1n section 3 10, regression 1s one means of reducing
the lained error i 1n expe Vanation not

controlled 1n the conduct of the experiment 1s often associated with some
measurable variate, and the measurement of this variate enables the
mvestigator to use regression for increasing the information available
An example 15 found 1n the rat gams of table 6 91 Though 1t was known
that gamn 1s usually associated wath imitial weight, 1t was not feasible to
control this extraneous vanate, that 1s, to use only rats all having the same
starting weight It was easy, however, to measure the vanate, X, and to
calculate the regression of gan upon 1t What advantage was attained?
Without this precaution experimental error would have been based on
the rat mean square,

£ = 2y"/(n — 1) = 6,357 73/14 = 454 12
But utihzation of known imtial weights reduced the error mean square to
5= 37191

Following the argument of section 3 10, 1t may be sa d that the informa-
tion per rat has been increased m the ratio, 454 12/371 91 = 1229,
Another way of saying 1t 1s that, for the same rehability, 22%, more rats
would have been required 1if the facts about imtial weight had not been
utihzed The relatively inexpensive measurement and use of imtial weight
ncreased the information from this experiment by 22%,

Even 1if experimental control 1s feasible 1t 15 not always desirable
Thus, 1 the experiment with tractor-drawn plows one would certainly
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not wish to confine his trials to a single speed  On the other hand, he
would get hittle information 1f he considered

= Zd&/(n — 1) = 83,240/9 = 9,249

as the experimental error This experiment having been designed for
use of regression, the appropriate estimate of random experimental
error 18

5y 4% = 3820

Not only 15 the experiment founded on a broader basis of experience, but
the information has been increased 1n the ratio of 9,249/382 0 = 24219,
that 1s, the information per tral 18 23219, greater than 1t would have been
1f no use had been made of the speed records

It appears, then, that in many situations where 1t 1s either not con-
venient or not desired to control a varate with
the one under 1nvesigation, :latmml control (19) may be mtroduced
By measuring the auxihary quantity and using regression one may accom-
plish the same end as by keeping this quantity constant 1n the experument
The error, s, 5, 15 presumably no greater than s, would be 1n an experi-
mentally controlled sample with constant X Indeed, 1t secems that in
many cases statistical control 1s more to be desired, the actual situation 15
studied nstead of one aruﬁcmlly produccd the observations are extended
over a grcater range, thus k the for an
n the end one has knowledge of the variation of two quantities instead of
one, together with the relation between them In each line of research
1t must be learned by experience which type of control 1s more readily
available, and which produces information more quickly and cheaply

EXAMPLE 6 10 1—The chick data of example 6 7 3 were adapted from the origi-
nal records of 13 birds whose body weights (X grams) and comb weights (¥ mg ) were
as follows 83, 54, 72, 42, 69, 29, 78, 37, 69, 18 90, 84, 90, 56 95 1 7, 95 90, 91, 68
75, 31, 70, 48, 75 41 From these NCDI’d 13 ;= 542
T = 1, 21800 ):y’ = 8,292 31, Zxy = 2, 834 OD Ifdtcnslonsarc lobe bascd on comb
weight, estimate the increase in 1nformation due to use of body weight as a statiticals
control Ans 348%

EXAMPLE 6 10 2—From the apple data of table 6 7 1, esmate the decrease 1n
precision (3 mformanon) that would result from omitting crop size as a statistical control

EXAMPLE 6 10 3—For 1,594 farms in Crop Estimates District 9 of castern South
Dakota for the year 1942, X = acres in farm and Y = acres n corn were recorded ’l’he
mean square of corn acres was s,* = 1,859, while that of deviations from re;
was s, # = 1,002 If you collected a random sample of 100 farms from which to pe
mate the average number of acres in corn, 5,* would be 18 59 If you used farm size
as a statistical control, how many farms would be required in the sample to get the
same amount of information® Ans 54 farms

6.11—Partitioning the sum of squares of the dependent variate.
Regression computations may be looked upon as a process of partitioning
Z¥?1nto 3 parts which are both useful and meaningful  You have become
accustomed to dividing Z¥? into (2Y)?/n and the remainder, 2)*, then
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TABLE 6 11 1
Darta Ser Up To ILLUSTRATE THE PARTITION OF ZV?
2 4 6 8 10 12 14 X =56
Y 4 2 5 9 3 11 8 IY = 42

n=72=8 §=6 Zx=112, 5 =68, Ty = 56

T
10~
dyx
. Regression, ¥+ 6405 (x-8) 4
Mean 7 \ ¢
o 3 ,
4 |
v
2 |
° 2z 0 s 6 T [T

Fio 611 1—Graph of data in table 6 111 The ordinate at X = 12 15 shown di-
vided into 2 parts, § = 6andy = 5 Then » 13 subdivided 1nto § = 2 and d, 5 = 3
ThusY =g +9+dy.=6+2+

subdwviding 25 into (Zxy)?/Zx* and 2d, ;* This means that you have di-
vided ZV? into three portions

Iyt = @Y)/n + o)/ + 3, 2

Each of these portions can be associated exactly with the sum of squares
of a segment of the ordinates, ¥ To illustrate this a simple set of data
has been sct up n table 6 11 1 and graphed 1n figure 6 11 1

In the figure the sixth ordinate 1s shown partitioned into 3 segments*

Y=9+9+4,:
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Each of the other ordinates may be divided simlarly, though negative
segments make the geometry less obvious  The lengths are all set out 1n
table 6 11 2 and the several segments are emphasized n figure 6 11 2
Observe that 1n each hne of the table (including the two at the bottom)
the sum of the last three numbers 1s equal to the number n column ¥

TABLE 6 11 2
LengTHs OF ORDINATES IN TABLE 6 11 1 TooETHER WiTH SEGMENTS INTO WiICH THEY
ARE PARTITIONED

Deviation From
Ordmate Mean Deviation Regression

Pair Number Y 7 ) e
1 4 6 -3 1

2 2 6 -2 -2

3 5 6 -1 0

4 9 6 0 3

5 3 6 1 —4

6 11 6 2 3

7 8 6 3 -1

42 42 0 0

Sum of squares 320 252 28 40

It 1s notable that, though
Y=9+d+ds
yet the sum of squares 15
IV: = It + I + 24, 2,
each of the three product terms being zero (example 6 11 5)  The sums ot
squares of the ordinates, ¥Y? = 320, and of the deviations from regression,
Sa, & = 40, are already famihar It remams only to dentify (S¥)¥/n
with 2g% and (Zx)?/Z2 with 22
First,
ZY)?
EYV)¥n=n (—1) = = Zj*
n’

That 1s, the correction for mean 1s simply the sum of the squares of the
mean taken » times The reason 1t 15 not so used n calculation 1s that
any rounding 1naccuracy in § would be exaggerated both by squaring
and by multiplication with n

Second,

Eor _ Eoy
¢ (@e)r

I = DI = Tk = I
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Fio 611 2(a) —Corresponding to the mean, 7, thc: hc segments lublracted
from Y leaving the deviations from mean, y, shown in ﬁg\ln 6112(b) The sum of the
squares of these 7 segments, 7(61) = 252, corresponds to the 1 degree o reedom for
the correcton term, %xv)’/n = (42)1/7 =

l("l)o 6 H( 2(b)—These are deviations from meln. 7, further subdivided tn figures 6 11 2

Fio 6112(c)—Heavy lines show the devnuons of regression values, ?, from thair
mean, §j They are cumplmly determined by 7, b and a fixed set of #'s  The sum of
their squares, Z¢* = 28, 1s the portion of Z¥* mnbm.hle mlon

Fic, 6 11 2(d)—Random deviations from Each d, » added to the
comesponding J and 9 of figares 6 11 2 (a) and F) com rua an ordinate, ¥, n figure
6111 The sum of the squares of these deviaons, Y0 Lo, corresponding o 5
degrees of frecdom, furnishés an caarnate, &y o 40/5 =8, of b
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So the sum of squares attributable to regression turns out to be the sum of
the squares of the n deviations of ¥ from 1ts mean, ¥ Certainly, 1t would
be a tedious job to calculate £§* every time one wished the sum of squares
due to regression  You are now 1n a position to evaluate the short cut,
(Zy)/28

I hope you appreciate the beauty of these regression computations
Make each formula meaningful, not merely a jumble of letters and figures
Associate each with a column in the table and with a line segment 1n the
figure as well as with the descriptive phrase which has been used  Famuli-
arity breeds not only utility but admiration

The partition of Z¥? 1s intimately associated with the division of the
total available degrees of freedom nto 3 parts, one part corresponding
to cach portion of Z¥? (table 6 11 3) This identification of the several

TABLE 6113
ANALYSIS OF VARIANCE OF ¥ 1N TABLE 6 11 1

Description of Degrees of Mean
Source of Vanation ~ Symbol  Freedom  Sum of Squares  Square

The Mean 7 1 (ZY)*/n = 252
Regression 5 1 (Sp)/ze = 28
Deviation from Regression  dy, n—2=5 34, = 405,31 =8
Total Y n=7 Iyt = 320

P =2+40=68, df =n—1=6

sums of squares with corresponding degrees of freedom 15 one of the useful
contributions of Professor R A Fisher (8) The method 1s shown in
table 6 11 3, called a table of analysts of variance, a name with which you
will become more familiar in chapters 10 and 11

The first line 1n this table 1s usually omtted, the common and more
useful form of analysis of variance being that of table 6 11 4

Returning to the discussion of figure 6 11 2, 1t will be observed that

TABLE 6 11 4
ANALY3SIS OF VARIANCE OF y IN Tanre 6 11 1

Degrees of Sum of Mean
Source of Variation Freedom Squares Square
Regression 1 28
Deviations from Regression 5 40 8
Deviations from Mean 6 68 13
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zero 18 the sum of the deviations from the horizontal line n (a) and (b) as
well as from the regression hne of (d) In fact, this would be true of any
line drawn through the ongin of deviations, (Z, 7) The sum of the
squares of the deviations 1n (b) 1s less than the corresponding sum from
any other horizontal ine  But if you begin to rotate this line counterclock-
wise about the center, (Z, ), the sum of squares becomes smaller and
smaller tll the position of the regression line 1s reached It s the intro-
duction of a second variate, such as crop size in the apple data, that gives
meaning to this rotation  So long as there 1s only 1njured apples to con-
sider, with no hint as to differences n crop size, the horizontal hine 1s the
only one nterpretable In fact, all the points might as well be plotted
on some vertical line, such as OY of figure 621 In that event, the de-
wiations from the origin, 7, would be exactly those considered in the
carlier chapters But added information about crop size warrants the
extension of our 1deas to include regression  Much of the variation n
percentage njured fruats 18 lly expl: d by diffe mn crop
size  The only 1s that d with the deviations
from the regression line due, according to our hypothesis, to sampling
variation of injury to the apple crop  The selection of that hne for which
the sum of such deviations 1s zero, and the sum of their squares a mini-
mum, 15 an effect of the logical extension of those ideas that led to the
selection of the mean as an approp average of The
principle of least squares 1s sumply a statement of the umty i our ideas
of averages for single vanates and regressions for two or more

EXAMPLE 6 11,1—Dawes (5) determined the “density” of the melanin content
of the skin of 24 male frogs together with theiwr weights Since “Some of the 24 males
were selected for extreme duskiness or pallor so as to provade a measure of the extent
of varabulity,” that 15, since selection was exercised on density this vanate cannot be
estimated (section 6 3) from the sample Assuming random weights, they may be taken
asY The data follow

Density, X 013 015 028 058 068 031 035 058
Weight, Y 13 18 18 18 18 19 21 22
Density, X 003 069 038 054 100 073 077 082
Weight, ¥ 22 24 25 25 25 27 27 27
Density, X 120 070 038 054 108 08 040 167
Weight, ¥ 28 29 30 30 35 37 39 42

Calculate 2 = 06225 unis, § = 2579 grams, 3¢t = 33276, 3p* = 12119, 2y =

P E%(?‘MPLB 611 2—In example 6 11 1 test the hypothesis, 8 = 0 Ans ¢ = 381,
<
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EXAMPLE 6 11 3—Analyze the varance of the frog weights, as follows

Source of Variation ety Sovares Mean Square
Mean 1 15,965 04
Detianons 2 EL 12
Total 24 17,177 00

EXAMPLE 6 11 +—How nearly frec from crror 1s the measurement of melanin
density, X? preparation of a solution from the skin of the frogs, the intensity of
et or st svalre o coiorimeter and. the readings then transferred graphically
1nto neutral densities  The figures reported are means of from 3 to 6 determinations
“The crror of this kind of measurement 13 usually appreaiable, so that the esumate of

may be biased downwards _Had not the mvestigator wished to learn about
tremes of denity, the regresmon of density on weight sght have been not only
unbiased but more informative

EXAMPLE 6 11 5—Prove that the sums of the cross products in Z¥? are all zero
‘The only one that offers any difficulty 1: Z?d., s sctf =bxanddys =y —9 =y — bx
Muluply and add, noting that Zxy =

6.12—Galton’s use of the term ‘‘regression.” In his studies of in-
h Galton developed the 1dea of r Of the “law of uni-
versal regression” (9) he said, ‘““Each peculiarity in a man 1s shared by
his kinsman, but on the average 1n a less degree ” His friend, Karl Pearson
(15), collected more than a thousand records of stature, cubit and span
n family groups Figure 6 12 1 shows his regression of son’s stature on
father’s Though tall fathers do tend to have tall sons, yet the average

"
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Fic 612 1—Regression of son’s stature on father’s (12) P = 0516X + 3373 1,078
families,
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heght of sons of a group of tall fathers 1s less than their father’s height
There 15 a regression, or going back, of son’s heights toward the average
height of all men

As part of Galton’s evidence he reported the results of an experiment
on the inhentance of size n sweet pea seeds For planting he selected
100 seeds 1n each of seven size groups, then ascertained the average size
of the offspring  He gives the following data on diameter of parent sweet
peas and mean diameter of filal seeds 21, 175, 20, 17 3, 19, 160,
18,16 3, 17, 15 6, 16, 16 0, 15, 15 3, all measurements 1n hundredths of
an ich

The regression coeflicient of filial size on parent size, that 13 Y on X,
was 03 Galton thought that regression was generally about one-third,
the average of the offspring deviating from the racial mean only about a
third as much as the deviation of the same measurement mn the lot of
parents having a common measure

If you are a student of genetics you will realize that this 1s not a simple
phenomenon, mvolving as 1t does such concepts as heterozygosity, domi-
nance, etc  An additional complexity 1n stature 1s the tendency toward
the selectie mating of men and women of similar stature  Apparently this
law of umversal regression summarizes those tendencies m a species to
preserve 1ts unique characterisucs  If tall fathers begot taller daughters
and tall daughters bore taller sons there would be no regression, and the
two related concepts, species and average, would presumably not exist  The
average of concentration n statistics 1s that measurement of a character
toward which regression 1s directed, while the average of variation stays

constant from to because of this

EXAMPLE 612 1—) (20) of n 0 par-
lhenogenenc generations of aphids = He meuumd !he frontal breadth u. units of
00; , the results for parents () and  offspring (V) being as follows 148, 13 7,
184 146 175,145, 163,143, 169, 147, 158, 142, 154, 148, 152, 150, 159,
158,161,157, 163, 151, 167, 156, 170 \55 178,159, 181 154,185, 158,
189,152, 158, 16 2, 160, 160, 162, 167, 166, 166, 16 8, 169, 17 5, 16 4, 182,
163, 188,167,190, 169, 157, 172, 161,170, 16 5, 176, 168, 174.17} wg

177,175,180, 177, 188 179,195,176,160, 181,175, 188, 190, 18
195 Oompum!beregmmoncoeﬂiaenl, 4469

6.13—Regression Model TA: ¢ proportional to X, a = 0. The
principle of least squares produces various models, varying partly accord-
ing to the assumptions made about ¢ In Models I and II the ¢ are ran-
domly and independently drawn from a common o But not infrequently,
o varies with X  In the model now to be considered, o 1s directly pro-
portional to X, that 15, ¢ = kX, or o/X = k, some constant ratio While
this model has some utihity 1n 1tself, the chief purpose for introducing 1t
here 15 to throw light on the widespread practice of using rates and ratios
instead of regression

Model IA has only two characteristics different from Model I, 0 = kX
and the regression line passes through the origin, O(0, 0) The latter
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restriction applies to both the population and the sample lines The
model, then, 15

Yyg=8Xi+ epr1=1,2 ny;=12 m

where the subscripts specify the correspondence of the quantities to which
they are attached and where ¢, 1s randomly drawn from N(0, ¢¢), ¢ = kX,
The second subscript shows that m of the ¥ were drawn for each of the n
values of X'

The data 1n table 6 13 1 are taken from a survey of the percentage
of farm land 1n corn among eastern South Dakota farms 1n 1942 Five of
the more frequently occurring farm sizes were selected, then 5 records
were drawn at random for each size

In further explanation of the symbols used in the model, X; 1s suc-
cessively X; = 80, X, = 160, etc, t going from 1 to 5 For each X, ; also
goes from 1 to 5 As cxamples, Yy = 25, Yy = 10, Yo = 60, Yy = 85

TABLE 6131
Numeer or Acres N Corn oN 25 Farus 1N Souts Dakora (1942)
SeLECTED BY FARM Size

Size of Farm Acres n Standard
(a¢ Corn

Deviation Ratio Ratio

Y Range sy so/X Y/x

80 25 0 312
10 125

20 250

32 400

20 22 805 0 101 250

160 60 0 375
35 219

20 125

45 281

40 40 14 58 0091 250

240 65 0271
80 333

65 271

85 354

30 55 21 51 0 090 125

320 70 0 219
110 344

30 094

55 172

60 80 29 15 0 091 188

400 75 0 188
35 088

140 350

90 225

110 105 39 21 0 098 275

Mean 56 28 0 233

N = nm = 25, b-w = 0 243 corn acre/farm acre
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The ranges of the several groups of ¥ indicate that ¢ 1s increasing
with X The same thing 1s shown 1n figure 6 131 To get more detailed
information on this, s, was calculated for each group, then the ratio of
sy to X These ratios are so nearly constant as to justify the assumption
that 1n the population ¢/X 1s a constant Also 1t seems reasonable to

1a0) L °
120 ’
2 Moors 7
L] L]
® @ Sample Ponts.
100}
0203 *
80 L]
e
‘ @
14 %
o . °
G,y °

Number of Acres mn Gorn
N

° 100 200 300 0%
Number of Acres in Form

F16. 6 13 1—Regression of corn acres on farm acres, Model IA  Broken hnes show
959, confidence interval for ¥, their slopes are b = £ wsy/x

suppose that (0, 0) 1s a pomnt on the regression line  These two char-
acteristics specify Model IA, 1t being taken for granted that the regression
1s hnear and that the distributions sampled are normal

Taking b as the least squares estimate of §, the sample regression
equation 1§

P = bx
The computation of b 1s surprisingly different from that used heretofore,

1t 1s simply the mean of the sample ratios, ¥/X, 1n the last column of the
table That 1s,

_ 2%
== =02,
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where N 15 the total number of observations, N = nm The sample re-
gression equation 15 ¥ = 0243X  The sample regression coeflicient 1s
the average increase in corn acres per acre increase mn farm size It s
also the average ratio of corn acres to farm acres In this way of thinking,
P/X = 0243 1s the average of the individual farm ranos, Y/X Notice
that these ratios are somewhat stable, varying only from 0 088 to 0 400
Ths stability 1s attained because both the numerator ¥ and 1ts standard
deviation ¢ increase witl

A charactenistic of this Model IA 1s that the pont (£, §) may not he
on the regression hne  You will see that (240, 56 28) falls below the Iine
m the figure It s plain that 7/Z 1s in general not the same as the mean
of Y/X.

A confidence interval may be set on 8 and any relevant hypothesis
about 1t may be tested by means of the sample standard deviation of the
ratios ¥/X The inferences may not be exact because such rauos are
usually not normally distributed, but this need not disturb us much  The
mean square of the 25 rauos 1s calculated 1n the usual way, resulting 1n
sysx* = 0008069 From thus, the mean square of b 1s

069
o = fra 0 008089 _ 093228
=00180, df =N —1=24
The 95%, interval estimate of 8 1s set 1n the usual manner
b—tusy KBS b+ tus,

the result being 0 206 < 8 < 0280 In Model IA, thiss also the interval
estimate of the population mean ratio of ¥ to

If there were any hypothesis about 8, 1t could be tested by calculaung

b —
(=t=F f=N=-1
e

Other tests and are by the ch value of ¢.

The methods will not be given here but may be found in (6)

EXAMPLE 6 13 1—Dungan (7) studied the effect on yield consequent upon the

+removal of various fractions of the leaves of maize plants in Ilhnos I one expen-
ment the leaves were stripped nﬂ‘ when the grain was i the mik sage, the total leal
arca being reduced by 1634 33 3¢ §30% and 1009  six lots of plants . The
corresponding reductions in e yleld ok siiiod raun were 13, 17, 28, 22, 3, and 50%
Assuming a regression line through the ongin and ¢ proportional to age, calculate,
the symple regression of percentage yicld reduction on percentage leaf reduction

s P20 555, ss = 006,

6.14—On a common misuse of rates and ratios. In view of the ex-
tensive use of rates and ratios, u may be well to examine a situation n
which the practice 18 g appropriate reg
methods, Crampton (4) reported the gams in weight (Y) of pigs eaung
recorded amounts of feed (X) For his Lot I (table 614 1), n = 10,
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TABLE 6141
Dara on Lot I or Craurton’s Pias

Predicted Gains

Feed Eaten Gamn Model I Model IA
(pounds) (pounds)  Rato =
X Y Y/X P =02627X — 221 £ = 01999%
382 66 01728 78 3 76 4
335 72 0 2149 65 9 67 0
388 84 0 2165 798 776
316 47 0 1487 9 63 2
319 75 0 2351 617 63 8
399 87 0 2180 827 798
358 75 0 2095 720 716
355 73 0 2056 n2 710
344 59 0 1715 68 3 68 8
339 70 0 2065 67 0 67 8
Mean 353 5 70 8 0 1999 70 8 70 7

& = 353 5 pounds of feed, § = 70 8 pounds gain, Zx* = 7,334 5, Z* =
1,207 5, Zxy = 1,9270  Figure 6 14 1 displays the scatter diagram with
his sample regression, ¥ = 02627X — 221 Crampton called attention
to the fact that this regression does not contain the onigin because feed 1s
required to maintain the animal even with no increase in weight Further-
more, the sample evidence admuts the hypothesis of constant variance in Y’
over the range found, and there 1s no ble error 1n the

ment of X It would seem correct, Lherefure, to employ regression Model [

100 T
80
@ P
H
H
H / ’
s
eeo g
- /
4
Z .
40 t
H Y =0 1999X
z
a Y 10 2627 X- 22 |
= /
° 100 200 300 40C

FEED EATEN" POUNDS
Fic 614 1—Graph of of gamn on food d C ’s pigs, Lot T
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Yet many an experimenter confines his attention to the ratios, Y/X,
1gnoring the fact that he 1s mappropriately applymng Model IA  He uses
the mean, b = 0 1999 pounds gamn per pound of feed consumed, without
being aware that 1t underestmates the performance of pigs eating heavily
and overestimates the others He overlooks the passage of the Model 1A
regression through the origin, contrary to the manner 1n which the pigs

ow

Another consequence of the mncorrect use of Model IA 1s that the
changing value of Y/X 1s lost sight of In this model, ¥/X 1s assumed
constant for all X, but i the correct Model I, Y/X increases with X This
15 shown by calculating the sample regression equation, ¥ = 02627.X
— 221, then dividing by X

? 221
= 7 — 22 -
¥ = 0262 e

Clearly, ¥'/X mcreases with X, that 1s, the efliciency of gain 1s greater
for the heavier eating pigs  To use Model IA in this kind of situation 1s
to lose some of the m the 1 data

Unless there 15 reason to believe that the regression equation contans
the origin and that o 1s directly proportional to X, the rato, Y/X, 15 of
dubious value It may do for rough work but careful experimental pro-
cedure deserves the more efficient statistical method

6.15—Summary. For Models I and II, the most widely used, the
6 sample values, n, Z, §, Zx%, 2)*, Zxy, furmsh all regression information

1 The regression coeflicient of ¥ on X & = Zxy/Zx?

2 The sample regression equation of Y on X ¥ = a + bX

3 Y adjusted for X. Adjusted ¥ = ¥ — bx

4 The sum of squares attributable to regression
(Zo)/2e = 2§

5 The sum of squares of deviations from regression
P — (Zx9)Y2 = 2d, 2

6 The mean square deviation from regression
Zdy H(n—2) = sy 2

7 The sample standard error of ¥ estimated from X
S92 = Sya/Vn

8 The sample d of the reg AT
So = Sy o/ VER

9 The sample standard deviation of ¥

¢ = 5y 1/n + 2/Z8
10 The sample standard deviation of ¥
sy = sy V1 4+ 1/n + /28
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CHAPTER 7

Correlation

1 Tucti

Bivariate pop are often not
because one quantity 1s to be predicted from the other, but bccausc of
the mutual relationship between the measurements Some evaluation of
ths relation 1s needed even if there 1s no reason for thinking of one variable
as dependent on the othcr Galton’s proposal of this problem sprang from
his study of inh a study rank
during the latter half of the nineteenth century Biologists and mathe-
maticians vied with each other 1n developing the theory and 1ts apphca-
tions It turned out that the subject of correlation, as 1t came to be called,
acquired a group of the concepts of regression, so that in many writings
the two are scarcely distinguished.

Correlations among stature, span, and cubit (length of forearm) were
reported by Pearson and Lee (17), who collected data from more than a
thousand Briush families The measurements of brother and sister heights
m table 7 1 1 are selected to illustrate one of their tables Since there 1s
here no between the of the two vanables, they are
designated merely as X, and X; instead of X and ¥ You will have no
difficulty 1n verifving the calculation of the sums of squares and products
The new feature 1s the sample coefficrent, y by

TABLE 711
STATURF (INCHES) OF BROTHER AND SITER
Tilustration taken from Pearson and Lee’s sample of 1,401 families

Family Number 1t 2 3 4 5 6 7 8 9 10 11
Brother, X; 71 68 66 67 70 71 70 73 72 65 66
Sister, Xy 69 64 65 63 65 62 65 64 66 59 62

n =11, & =69, # = 64, Zx? =74, Zx} =66, Tnx = 39

7 = Zxn/V/(ExD)(Txd) = 39/+/(74)(66) = 0558 Pearson and Lee’s r = 0 553

[10] »
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r Itisa of that ly observed sumilarity among
chuldren of the same parents, the tendency of the taller sisters to have the
taller brothers  This 15 represented graphically by a diagram such as
figure 711 The value, 7 = 0 558, reflects the propensity of the dots to

Xe . o

68

SISTERS STATURE

62 i

. ¢
X, ...J
66 68 70 72 74
BROTHER'S STATURE (inches)

Fie 71 1—Scatter (or dot) diagram of staturc of 11 brother-sister pairs r = 0 558

he m a band extending from lower left to upper night, not scattered ran-
domly over the whole field These points are confined to an elliptical
area with the major axis inchined upward toward the nght  Bio'ogically,
- = 0 558 measures the common 1nheritance of stature by these siblings
’
EXAMPLE 7 1 1—Calculate r = 1 for the following pairs
X. 1,2, 3
s 11
Represent the data in a graph su'rulu to figure 711
EXAMPLE 71 2—Vcnfyr = 091 1n the paurs
2, 6810,12 14, 15 13 20
12,2,3, 2, 4, 3, 4 5

Plot the ellipucal bansof points
# EXAMPLE 713—1n the ollovang, show that r = 0 20
X , 5,
TR AT
bserve the scatter'of the pomnts in a diagram

EXAMPLE 71 4—In the apple data of table 6 71, Z+* = 924, 3)* = 1,222, By
= —936 Calculate 1 = —
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+7.2—The sample correlation cocfficient, 7. The expression,
Zxxa/V/ (Zx%) (Zx?), 15 designed to vary between —1 and +1 according
to the cl of the rel hip 1 the sampled 8
values of 7, like those of 4, indicate an inchnation of the ellipse of pomnts
downward toward the right, large values of one variable being associated
with small values of the other To help you acquire some experience of
the nature of 7, 2 number of simple tables with the corresponding graphs
are displayed 1n figure 721 In each of these tables n = 9, %, = 12,
& = 6, Zx® = 576, Zxs* = 144  Only Zxux» changes, and with 1t the
value of 7 Smce V/(2x,*)(Zx?) = +/(576)(144) = 288, the correlation
1s easily evaluated in the several tables by calculating Zxx; and dividing
by 288 (or multiplying by 1/288 = 0 0034722 1f a machine 1s used)

X, X

W Qs'-osss
10 -

)
o

0é 1 1 x, 1 L x,
X, 04 681214162226 X, 0468 1214162226
X, 02346 781 13 X;02437 68 1113
Xe X

Greos97 Dr:0 .
10 - *

.

I M LA

° X, - X~
X, 0468121406 2226 X, 0468 1214162226
X228063 4137 N Xp4386 71321 0

L € v~ 0368 Xz £re—0889

Xy

X, 0 468 1214162226 X1 04 681214162226
Xp8761302 113 4 X1 B84T7 6 320

Fio 72 1—Scatter diagrams with correlations ranging from 1 to —0 889
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In A, the nme points lie on a straight line, the condtion for r = 1
The line 15 a “degenerate” ellipse—it has length but no width In this
relation between the two variables they keep in perfect step, any change
one being accompanied by a proportionate change in the other B depicts
some deviation from linearity, the ellipse being long and thin with 7
slightly reduced below 1 In C, the elhipse widens, then reaches circu-
larity mn D where r = 0 Thus denotes no relation between the two vari-
ables E and F show negative correlations tending towards —1  To sum-
marize, the thinness of the ellipse of points exhibits the magnitude of 7,
while the inchnation of the axis upward or downward shows its sign It
should be observed that the slope of the axis 1s determined by the scales
of measurement adopted for the two axes of the graph and 1s therefore not
a reliable indicator of the magnitude of r It 1s the concentration of the
points near the axis of the ellipse that signifies high correlation, especially
1f the regression 1s large

I think you will agree that the larger correlations, either positive or
negative, are fairly obvious from the graphs It 1s not so easy to make a
visual evaluation if the absolute value of 7 1s less than 0 5, even the direc-
tion of nchnation of the ellipse may elude you if r 1s between —0 3 and
+03 In these small samples a single dot can make a lot of difference
In D, for example, 1if the pomnt (26, 0) were changed to (26, 9), r would be
creased to 0505 This emphasizes the fact that sample correlations
from a bivanate population in which the correlation 15 p (the Greek rho
distinguishes the parameter from the statistic) are quite variable if 7 1s
small The sampling distribution of 7 will be considered 1n section 7 5
In assessing the value of r in a table, select some extreme values of one
variable and note whether they are associated with extreme values of the
other If no such tendency can be detected, 7 1s likely small

Perfect correlation (r = 1) rarely occurs 1n biological data, though
values as high as 0 99 are not unheard of Each field of investigation has
1ts own range of coeflicients  Inherited characteristics ke height ordi-
narily have correlations between 035 and 055 Among high school
grades r averages around 0 35 (3)  Pearson and Lee got “organic correla-
tions,” that 1s, correlations between two such measurements as stature
and span n the same person, ranging from 0 60 to 0 83 Brandt (2) calcu-
lated the sample correlation, 0 986, between live weight and warm dressed
weight of 533 swine Evvard ef al (6) esumated r = —0 68 between
average daily gain of swine and feed required per pound ganed

It 1s clear that yjudgment about the size of a correlation should be made
mn the hight of stmilar correlations encountered 1n the same field, some-
times with Iittle reference to the theoretical hmuts, =1

7\7.3—’1'1:: bivariate normal population: Model II in regression.
It has been assumed that 7 1s based on a sample from some two-variable
population, but so far little has been said about the structure of 1t (section
67) Ths structure 1s most easily shown by a large sample such as the
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one displayed mn table 731 The data are from the article by Galton
(10) 1n 1888 where “co-relation” was first proposed

To be observed 1n the table are these five features (1) Each row and
each column m the body of the table 1s a frequency distribution  Also,
the column at the right, headed f, 1s the total frequency distribution of X3,
length of forearm, and the third-to-the-last row below 13 that of X;, height
(u) The frequencies are concentrated in an elliptical area with the major
axis inclined upward to the nght  There are no very short men with long
forearms nor any very tall men with short forearms (1) The frequencies
pile up along the major axis, reaching a peak near the center of the distri-
bution They thin out around the edges, vamshing entrely beyond the
borders of the elipse  (1v) The center of the table 1s at 3, = 67 5 inches,

= 18 1 mches This point happens to fall in the cell containing the
greatest frequency, 28 men  (v) The bivariate frequency histogram can be
presented graphically by erecting a column over each cell in the table,
the heights of columns bemng proportional to the cell frequencies The
tallest column could be in the center, surrounded with shorter columns
The heights would decrease toward the perimeter of the ellipse, with no
columns at all beyond the edges A ridge of tall columns would extend
along the major axis

The shape of the bivariate normal population now becomes clear 1f you
mmagine an ndefinite increase 1n the total frequency with a corresponding
decrease 1 the areas of the table cells A smooth surface would over-
spread the table, rising to 1ts greatest height at the center (u, ), fading
away to tangency with the XY plane at infinite distances away

Some of the properties of this new model are as follows (1) Each
section perpendicular to the X) axis 1s a normal distribution, and likewise,
each section perpendicular to the X; axis  This means that each column
and each row i table 7 3 1 1s a sample from a normal frequency distribu-
tion  (n) The freq distributions per drcular to the X) axis all have
the same standard deviation, ¢, and they have means all lying on a
straight regression line, w21 = a2 + 8:X;  (These are the properties of
Model 1T 1n chapter 6) The sample means and standard deviations
are recorded 1n the last two lines of the table  While there 1s considerable
variation 1n § 1, cach 1s an esumate of the common parameter, o021 (1)
The freq distributions perpendicular to the X; axis have a common
standard deviation, ¢y , (note the estimators in the right-hand column of
the table), and their means he on a second regression line, w12 = a +
B12X2 (To this there was no corresponding property m Model I of chapter
6 ) Both of the sample regression hnes have been drawn 1n figures 7 1 1 and
721 (i) Each border frequency distribution 1s normal That on the right
15 N2, 02), whle the one below the body of the table 1s ¥(uy, 01) (v) The
distribution of the bivanate frequency distribution has the coeflicient,
1/2ra1027/1 — p? followed by e with this exponent

=1/ =) (K= 1)/ 02— 2p(Xs — 1) (X — pa)/ o100+ (X2 — pa) ¥ 0%]
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Thus distribution has five parameters  Four of them are famihar 1n char-
acter, ui, p2, 03, o2 Lhe fifth 1s the correlation coefficient, p, of which 715
an esumator

The parameter, p, measures the closeness of the relation between
X and X, that 1s, 1t determines the elongation or narrowness of the ellipse
contamning the major portion of the observations, 1ts effect in samples was
ndicated in figure 721  In the height-forearm table, p 1s esimated by

=07 For tables like 7 3 1, the calculation of the estmators will be
explaned 1n section 8 9

Small sample calculations have been presented already One added
word about them  If the data have been coded (section 5 4), the correla-
tion coeflicient may be computed directly from the coded sums of squares
and products Unlike the regression coeflicient, r does not require the
decoding of the calculated values  For example, 1n table 6 9 3, 7 = 735 2/
/(674 1)(8324) = 098 The same result would attend the use of the
decoded values, r = 1,470 4/+/(26 96)(83,240)

EXAMPLE 7 3 1—Make a graph of £2, 1n the next-to-the-last line of table 73 1
The values of X; are the class marks at the top of the columns  Th he first class mark
may be taken as 59 5 inches Compare your graph with figure 6 1

EXAMPLE 7 3 2—Graph the # ; on the same sheet with that ofi. 1+ The class
marks for X3 are laid off on the vertical axis  The first class mark may be taken as
2125 nches  Ifyou are surpriscd that the two regression lines arc different, remember
that £;, 15 the mcan of a column while 7, » 15 the mean of arow  The pairs have only
one measure 1n common, that of the cell which 1s at the intersection of the row and
column

EXAMPLE 73 3—Graph s;, agawst X; You will sece that !here 1s no trend,
indicatng that all the 5, ; may be random samples from a common o2

EXAMPLE 7 3 4—The data in example 6 7 3 may be taken as a random sample
from a bivariate normal population Youhad# = 83 grams,j = 60 mg , $x2 = 1,000,
3y = 6,854, Txp = 2,302 Calculale the regression of body weight, X, on com!
weight, ¥ Ans X = 83 + 0336 (¥ — 60) grams Draw the graph of this lne
along with that of example 674 I‘(oncc that mc angle whose tangent s 0 336 1s meas-
ured from the ¥ a:

EXAMPLE 7 3 5—In the chick experiment, esumate o, . Ans =139 mg
Also estumate o Ans sy, =151 grams In ss,, the deviations l‘rom regression
are measured horizontally

EXAMPLE 7 3 6—From the chick data, estimate p  Ans r = 088

EXAMPLE 7 3 7—Groat (11) measured the wing length and tongue length, both
4n mulhmeters of 44 bees

Wig 968 981 959 968 98 959 961 95 925 908 970
Tongue 6 53 671 670 669 670 662 659 655 635 625 661

960 950 974 972 964 973 977 972 954 965 974
651 655 674 675 645 675 670 665 668 677 6 44

959 971 956 961 961 955 978 974 948 971 920
654 664 65 657 661 664 664 663 662 655 622

953 974 9G7 95 949 964 945 952 958 960 9 68
643 667 668 662 671 670 650 641 630 662 669

Code by subtracting 9 from cach wing length and 6 from cach tonguc length _Calcu-
late r = 0731
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EXAMPLE 7 3 8—Thirty students scored as follows in two mathematics achieve-
ment tests

1 73 41 83 71 39 60 51 41 85 88 44 71 52 T4 50
I 29 24 34 27 24 26 35 18 33 39 27 35 25 29 13

42 85 53 8 44 66 60 33 43 76 51 57 35 40 76
13 40 23 40 22 25 21 26 19 29 25 19 17 17 35

Calculate r = 0774

EXAMPLE 73 9—After revicwing :xamp]:s 533,534, and 53 5, prove that if
SV =a+bXand U =c + dZ, then ryy = 7.,

P

7.4—Relation b the sample of correlation and

regression. If X, were designated as dependent, 1ts regression on X
would be by = Zxixa/Zx% but if X, were dependent, the regression of
Xx on X, would become bia = Zxixs/Zxa*  These expressions differ in their
only The reg lines corr to the two circum-
stances are drawn 1n the several diagrams of figure 721 Ifr1s near =1,
the lines are close together, becoming identical mn A4, 1f r = 0, they are
perpendicular  Note 1f X; 1s the independent variable, the slope, by, 15
measured from the X» axis, vertical 1 the figures The regression of
X, on X; 1s always the line that makes the lesser angle with the vertical
axis
Now, 1t 1s easily seen that

o Zox _ (San)

by =

”

w? Zu? I

Thus,
r = Vbabn

In other words, r 15 the geometric mean of the two regression coefficients
that might be calculated, 1t 1s intermediate 1n value between them  Let
us illustrate

If we were nterested in estimating the statures of sisters from those of
their brothers, we should have (table 7 1 1),

by = 39/74 = 0527 inch sister’s height per inch brother’s,
graphed as AB in figure 711  On the other hand, 1if the interest were 1
estimating brothers’ heights,
b = 39/66 = 0591 inch brother’s height per inch sister’s,

the regression line being CD  Usually, however, 1t 1s the mutual relation-
ship that attracts attention because this 1s taken to represent the herita-
bility of stature, so we calculate

= /(0527)(0 591) = 0558,

an average of the two regression coefficients
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This serves to clanfy the re]auon of the two coeflicients, correlation
and 1 The latter 1s the appropriate
one if one vanablc, Y, may be dcsxgnatcd as dependent upon the other, X'
Y may be partly controlled or caused by X, as when the available amounts
of some glandular secretion cause differences 1n the sizes of organisms
Or, Y may be subsequent to X, as weight gam 1n nutrition experiments
follows the measurement of imtial weight In such cases, the regression
of ¥ on X 1s usually the statstic that furnishes the information desired
It 1s then appropriate to attempt to estimate the value of ¥ from a knowl-
edge of the corresponding value of X  Correlation, on the other hand,
1s the appropriate measure of the relation between two varables hke
statures of sister and brother  The two heights are known to be associated
through the complex mechamsm of mheritance, but neither may be looked
upon as a consequence of the other, they are both consequences of com-
mon elements In this sense correlation 1s a two-way average of relation-
ship, while regression 1s directional ~ Of course, there are many variables
whose relation may be studied by means of either correlation or regres-
sion, or both It 1s necessary only to keep clearly in mind the character
of the relation being considered

A characterisuc of r 1s revealed by dividing both numerator and
denormnator of the ratio by n — 1

Zxixs n—1 covariance

T VEaEs T Veae

covariance

geometric mean of variances

Correlation 15 thus seen to be the quotient of two averages of variation
one, the covariance of the two measurements, X; and Xa, the other, an
average of the two sample variances (1¢, mean squares) It 1s an ab-
stract number measuring covarzatzon 1if of two related characters each occurs
1n various sizes, their correlation 1s a measure of the extent to which their
variations are concomitant

Simuilarly, b takes on new meaning from the changes below

By VIR s,
by = =2 = , =y
B s

In this manner & 15 mumatcly rclatcd tor Either can be calculated from
the other 1if the sample of the two are known
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It 1s often convenient to use the sample standard deviation as the umt
for measuring the dewiate, x = X — & The standard deviate, x’ = x/s,
may be thought of as randomly drawn from N(0, 1) As an example,
suppose two aptitude tests have been applied, one to fourth grade and the
other to sixth grade pupils Designate the tests as [V and VI Now IV
may have £ = 40 and s = 10, while VI bas = 60, s = 20 If pupil 4
scores 60 in IV and his brother B 1s graded 80 in VI, therr standard de-
viates (or standard measures),

40

B v 8060
P

1

10

show their relative standing 1n the tests

It 15 clear that every sample of standard deviates has ' = 0 and
s’ = 1 Take for illustration the set,

X 66 286,86
Since the mean 1s 6, the deviations are

x 0,0, —4,2020
Now, s = 2, so the set of standard deviates 15

% 0,0.-2.1010
i which& = 0and s/ = 1

It may be interesting to write the sample regression of section 6 4 in
this form

T-g=0b6X~-12
If we now put § = ¥ — jand x = X — %, we have

| s,
jg=bx=7 X x
Sz

Substituting standard measure for each variable, we have the simple
form,

§ =,

because 5, = 5z = 1, and r 1s therefore the same as & Thus, 1n standard
measure r 1s the regression coeflicient, the average change in 3’ per stand-
ard deviation change in 2" We have already noticed that 7 1s unaffected
by umits of measurement Now 1t appears that if we use standard measure,
also 1nd dent of units of the distinction between the
correlation and regression coefficients disappears
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7.5—Sampling variation of the correlation coefficient. Common
elements A convenient way to draw samples from a normal bivariate
population 1s by use of an old device called common elements (7) You may
go back to the random sampling scheme of section 3 3, or to the samples
already drawn from table 32 1 In a new table, such as 7 5 1, record some
convenient number, say three, of the random pig gains These gamns, or

TABLE 75 1
CaLcuLaTiON OF THREE PATRS OF VALUES OF THE VARIABLES X; AND X; HAviNG
Common ELEMENTS
The elements are pig gains from table 32 1

Pair Elements
1 23 23
44} « common — { 44
33 43
30
7@ «— different — 33
X = 147
2 40
16} « common — { 16
19, 19
o atrns — {3
X, = 105 17 = X,
3 23 (2
38{ « common — { 38
37,

« different — { 0

Xo=

elements, are written twice 1n the table Then continue the drawing,
adding, for example, one more randomly drawn gam to the left-hand
column, and two more to the right  The sums constitute the patred values
of X, and X; Three such pairs are computed 1n the table It1s clear that
there 15 a relation between the two sums in each pair If the three common
elements all happen to be large, then both X; and X; are hikely large,
wrespective of the extra elements contaned mn each Naturally, owing
to the noncommon clements, the relation 1s not perfect If you continue
this process, drawing a hundred or more paurs, then compute the correla-
ton, you will get a value of r not greatly different from the population
value,

o =3/V#() = 0.67
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The numerator of this fraction 1s the number of common elements, while
the denominator 15 the geometric mean of the total numbers of elements
in the two sums, X; and X, A formula may be written for this parameter
If my represents the number of common elements, with 7; and 7, desig-
nating the total numbers of elements making up the two sums, then the
correlation between these two sums 1s theoretically,

p = nu/~/mm

Of course, there will be sampling vanation 1n the values calculated from
drawings You may be lucky enough to get a good verification with only
10 or 20 pairs of sums  With 50 pairs we have usually got a coefficient
within a few hundredths of the expected parameter, but once we got 0 28
when the population was

ma/v/mm = 6/3/(9)(16) = 05

1f you put the same numbers of clements into X; and X3, then ny = ny
Denoting this common number of total elements by z, the parameter may
be symbolized by

p = ma/n,

the ratio of the number of common elements to the total number 1n each
sum In this special case, the correlation coefficient 1s simply the fraction
of the elements which are common Roughly, this 1s the interpretation
of the sister-brother correlation 1n stature (table 7 1 1), usually not far
from 05 an average of some 509, of the genes determining height are
common to sister and brother

Another 1llustration of this special case arises from the determination
of some physical or chemical constant by two alternative methods ~ As
an example, consider the esumation of the potassium content of the ex-
pressed sap of corn stems as made by two methods, the colorimetric and
the gravimetric (15) Two samples are taken from the same source, one
being treated by each of the two tech The 1 1 the
two results must be associated with the actual weights of potassium 1n the
parr of samples Extraneous elements may be attributed to the differ-
ences 1n the accuracy with which the potassium 1s determined by the two
procedures, as well as to the random variation in the two samples The
sample correlation between 24 pairs of determinations was 087  On the

p that each ds 1s the sum of some constant number
of elements chosen at random from a homogeneous population, 1t may be
asserted that 879 of the el 1n the two deter are

Thus, 87% of the elements are associated with the actual weight of potas-
swum 1n the sap, the remaining 13% being attributed to errors of measure-
ment and sampling variation

A less specific illustration 1s contained in the correlation, r = 070,
between the weights of cob and grain 1n 250 ears of Country Gentleman
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sweet corn (12)  If$ou are wilhing to postulate an equal number of ele-
ments determining cob weight and gramn weight, then 70% of them may be
common But whht are they? Some of them inherited, perhaps, and some
environmental

The reader will have no difficulty 1n extending ths hist of illustrations
The disturbing necessity 1s to keep m mind the hmitations  The elements
1n the two variables must not only be equal 1n number, but must be drawn
from a normally distributed population  Further, the effects of the ele-
ments must be describable by a sum If one element, included by chance,
should double the effects of other elements, then the mnterpretation would
be faulty Despite these hrmtations, the careful thinker can greatly
enhance his 1deas of correlation by this concept of common elements

Unless there 1s the same umt of measurement 1n X1 and X3, there 1s
little hope of applying the theory of common elements For 1nstance, in
Dungan’s study of hail injury to maize (example 6 13 1), while both the
variables are percentages, yet one 1s based on areas, the other on werghts
It would be hard to specify the nature of the common elements, though
undoubtedly there are some

When you have carried through one or more of the calculations of
7 with common elements, you are well aware of the sampling variation of
this statisic  However, 1t would be too tedious a task to compute enough
coefficients to gain even a rough picture of the distribution curve  This
must be left to the mathemaucians to be done from theoretical considera-
tions In figure 7 5 1 are the curves for samples of 8 drawn from popula-

T 1 ! I L1
-1o -08 -0é -04 -02 O Oz O4 06 OB IO
VALUES OF r

Fig 751-D) of sample 1n samples of 8 pairs drawn
from two normally distributed bivaniate populations having the indicated values of p




Section 7 6 Correlation 173
uons with correlations zero and 08  Even the forme}m.not quite normal
The reason for the pronounced skewness of the latter 15 not hard to see
Since the parameter 1s 0 8, sample values can exceed; this by no more
than 0 2, but may be in defect of 1t by as much as 1 8 Wherever there 1s a
hirnut to the variation of a statistic at one end of the scale, with practically
none at the other, the distribution curve 1s likely to be asymmetrical
Of course, with increasing sample size this skewness tends to disappear
Samples of 300 paurs, drawn from a population with a correlation cven so
great as 0 8, would have little tendency to range more than 0 05 on either
side of the parameter Consequently, the upper hmit, umty, would not
constitute a restriction, and the distribution would be almost normal

EXAMPLE 7 5 1—Suppose all the elements of X, are included in X; Thenms = m
and p = +/m/n2 This 1s the relation that may exist when the whole, .X;, 1s correlated
with one of 1ts parts, X, An example 1s the correlation between the hive weight and
warm dressed weight of swine (2)  Among the 533 amimals studied, the mean lLve
weight was 222 6 pounds while the mean dressed weight was 185 1 pounds If one
assumes that each pound of dressed weight represents a common element, then r mught

be an estimate of 4/1851/222 6 = 091 Compare this with the sample r = 0 986 and
the discussion of section 7 1

EXAMPLE 7 52—In a tea plantaton (5), the production of 16 plots during onc
14-week period was correlated with the production of the same plots 1n the following
period of cqual length  The correlation cocfficient was 091 Can vou interpret this
n terms of common elements®

¥ 7 6—Esti the 1 i fid
and tests of hypotheses If random samples are drawn from a normal
bivariate population with correlation, p, the statistic, r, 1s an appropria‘e
estimate of p  Errors in either X or X» will bias the coefficient  Unlike re-
gression samples, neither X; nor X; may be selected You see, then, that in
samples such as the soybean heights of example 64 1, the correlation
coeflicient provides no estimate of p because X; 1s sclcctcd This 1s a
marked distinction between samplings for cstlmatmg 8 and
Fisher (8) showed that the null hypothesis, p = 0, mav bc tested by
use of ¢ whose sample value 1s

t=rv/(n—2)/(0 = 1), df =
For 1llustration, assume that ther = 0 597 in C of figure 7 2 1 1s randomly

drawn under the conditions specified above What 1s the probability of a
larger |r| 1n sampling from p = 0> We have

= 0.597v/(9 = 2)/(1 = 0597%) = 1969, df =

Interpolation 1n the ¢-table ehicits the approximate probabihty, 009, of
a larger value of ¢ Hence, a greater value of |/| could happen about 9
times per 100 1n sampling from p = 0, and the null hypothesis would not
hkely be re_)cclcd This throws hight on the d.mcum (section 7 2) of

of small cor 1f the number of
dcgrces of freedom 1s small-—they may be no mure than accidents of sam-
pling (see example 7 7 4)
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. \ 'ABLE 761
CoRneLATION COBFFICIENTS AT THE 5% AND 1% Levets oF Sionieicance
Degrees of P;_,i, > e of
Freedom. [ 5% __.1% Freedom 5% 1%
1 997 24 388 496
2 950 990 25 381 487
3 878 959 26 374 478
4 811 917 27 367 470
5 754 874 28 361 463
6 707 834 29 355 456
7 666 798 30 349 449
8 632 765 35 325 418
9 602 735 40 304 393
10 576 708 45 288 372
11 553 684 50 273 354
12 532 661 60 250 325
13 514 641 70 23 302
14 497 623 80 217 283
15 482 06 90 205 267
16 468 590 100 195 254
17 456 575 125 174 228
18 444 561 150 159 208
19 433 549 200 138 181
20 423 537 300 113 148
21 413 526 400 098 128
22 404 515 500 088 115
23 396 505 1,000 062 081

Portions of this table were taken from Table VA in “Statistical Methods for Re-
search Workers” by permission of Professor R A Fisher and his publshers, Ohver
and Boyd

The test of Hy, p = 0, Hy p # 0 15 made at sight n table 761
Simply look along the row for df = 7 and observe the position of the
sample r relative to the tabular values Our 7 = 0597 1s considerably
less than the 5% level, 0 666, leading to the same conclusion as before
The test 15 made without considering the sign of 7 Among the following
correlations, observe particularly how conclusions are affected by both
sample size and the size of 7

Number of Degrees of Conclusion About

Paurs Freedom ’ Hypothesis, p = 0
20 18 0 60 Reject at 1% level
100 98 021 Reject at 57 level
10 8 0 60 Not rejected
15 13 -0 50 Not rejected

500 498 -015 Reject at 1% level

Those who wish a sketch of the man features of statistics at first reading may
well omut the 1emamnder of this chapter, together with all of the next Go to
d 9 1f you wish to learn more of enumeration statsstics, or to chapter 10 for

ysis of variance.
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In figure 7 51 was shown the asymmetry of the distribution of small
sample 7’s from a population with a large value of p  Only under the hy-
pothesis, p = 0, can the t-distribution be used precisely for testing sig-
mficance It 1s unsuited for testing other null hypotheses, such asp = 0 05
for exarnple, or py — p; = 0 Equally, ¢ cannot be used for making con-
fidence statements about small sample correlations A conventent and
sufliciently accurate solution of these problems was provided by Fisher (9)
who devised a transformation from 7 to a quantity, z, distributed almost
normally with variance,

“‘practically independent of the value of the correlation 1n the population
from which the sample 1s drawn > The relation of z to r 15 given by

2= Yllog.(1 + 1) — log.(1 — 1),

but figure 7 6 1 enables us to change from one to the other with sufficient

accuracy for ordinary pl ! g are some ples of the use
of z

1 It as required to set canﬁdmn lirmuts to the value of p n the populatron from
which a sample t has been drawn As an example, considerr = —0 889, based
on 9 pairs of observations, figure 72 1F me figure 761, z = 1417
corresponds to r = 0889 Since n =9, 5, = ~+/1/.9 — 3) = 0408

Now, z 15 distributed almost normally, independent of sample size, so
to = 2576, corresponding to df = « This value may be taken from
table 2 7 1, or approximately from the table of probability n the normal
distribution, table 881 For P = 099, we have as confidence limuts of z,

1417 — (2576)(0 408) < z < 1417 4 (2 576)(0 408),
0366 < z < 2468

Returning to the figure for the corresponding r, and restoring the sign,
the 0 99 confidence hmits on p are given by

—0986 < p < —0350

Emphasis falls on two facts (1) i small samples the estimate, 7, 1s not
very rehable, and (1) the hmits are not equally spaced on either side of r,
a consequence of 1ts skewed distribution

2 Qccastonally there 15 reason to test the hypothesis that p has some particular
value, other than zero, in the sampled population (p = 0, you recall, 1s tested
by usc of table 7 6 1) An example was given 1 section 7 5, wherer = 028
was observed 1n a sample of 50 paws from p = 05 What s the prob-
abihty of a larger deviation® Forr = 0 28, take from the figure z = 0 288,
and for p = 5,z = 0549 The difference, 0 549 — 0 288 = 0 261, has
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the standard error, 1/v/n — 3= 1/4/47= 0 1459 Hence, ¢ = 0261/
01459 = 180, with df = <, does not reach the 5% level the sample
1s not as unusual as 1 1n 20

3 To dest the hypothesis that two sample values of t are drawn at random from
the same population, convert each to z, then test the significance of the
difference between the two s For two lots of pigs the correlations be-
tween gain in weight and amount of feed eaten are recorded in table 7 6 2

TABLE762
‘TEST OF SIGNIFICANCE OF THE DiFFERENCE BETWEEN Two CORRELATIONS OF Gain
With FEED EATEN AMONG SWINE

Lot Pigs in Lot r z 1/(n = 3)
1 5 0 870 1333 0 500
2 12 0 560 0 633 0111

Difference =0 700  Sum = 0 611

Sz =+/0611 =0782 t=0700/0782 = 0895 df == P =037

The difference between the z-values, 0 700, has the mean square
1 1

1
=5t =06, 4f

The test 1s completed in the usual manner, calculating ¢ as the ratio of
the difference of the 2's to the standard error of this difference  With
P = (37 there 15 clearly no reason to reject the hypothesis that the 2’s
are from the same population, and hence that the r’s are from a common
population correlation

4 To test the hypothesis that several x's are from the same p, and to combine
them into an estmate of p There 15 often occasion to think that several
sample correlations are drawn from a common p  If this null hypothesis
15 not rejected, then 1t 13 appropriate to combine the 7’s into an estimate
of p more reliable than that afforded by any of the separate r’s  Lush (14)
was interested 1n an average of the correlations between mitial weight
and gain 1n 6 lots of steers The computations are shown 1n tablc 763
Each z 15 weighted (multiphed) by the reciprocal of 1ts mean square, so
that small samples have hittle weight  The sum of the weighted 2’s, 15 478,
1s divided by the sum of the weights, 39, to get the average z = 0 397
The next column contains the calculations that lead to the test of the
hypothesis that the six sample correlations are drawn from a common
population correlaton  From the sum of the quantties, (n — 3)z2,
obtained by multiplying each z by the corresponding (n ~ 3)z, 1s sub-
tracted a correction,

(Z(n — 3)z](average z) = (15 478)(0 397) = 6 145,
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TABLE763
Test or Hyrornesis op CoMmoN p AND ESTIMATION OF p CORRELATIONS Berween
INrTTAL WeiGHT AND GAIN OF STEERS

Weighted | Cor-
No |df = Weighted 2| Square | rected

Samples =n|n=3| -~ 2 |=(r=3)z=(—-73) <
1927 Herefords | 4 1| 0929 1651 1651 2726 1589
1927 Brahmans | 13 | 10 | 0570 | 0648 | 6 480 4199 0633
1927 Backcrosses| 9 6 | 0455| 0491 | 2946 1 446 0 468
1928 Hercfords | 6 3 |=0092 |~0 092 | —0 276 0025 | —0 055
1928 Brahmans | 11 8 0123 | 0124 0 992 0 123 0 106
1928 Backcrossesf 14 [ 11 | 0323 | 0335 3 685 1234 0321
57 | 39 15 478 9753 | 14 941
Average z=0 397 6145 |2z=0383
Average r = 0 377 X! =3 608 |r=0365

the result bemng a value of chi-square This value, 3 608, has 5 degrees
of freedom, less by 1 than the number of lots  From table 114 1, P = 0 61,
so that Hy 1s not rejected

Since the 6 sample correlations may all have been drawn from the
same population, 1t 1s appropriate to ask their average value, an estimate
of the common p This 1s got by taking from figure 7 6 1 the correlation
0377 (with 095 confidence nterval, 0079 — 0 615) corresponding to
the average z = 0397 Don’t fail to note the great variation 1n these
small sample correlations

Fisher pomnted out that there 1s a small bias in z, each being too large by

_r

2(n — 1)
You see that the bias usually may be neglected 1n all the foregoing calcu-
lations It might be serious, however, if large numbers of correlations
were averaged, because the bias accumulates, one bit being added with
every z It would be easy to subtract the bias from each z were the popu-
lation p not involved  If there 1s need to increase accuracy in the calcula-
tion of table 7 6 3, the average 7 = 0 377 may be substituted for p, then
the approximate bias for each z may be deducted, and the calculation of
the average z repeated Since this will decrease the estimated r, 1t 1s
well to take p shghtly less than the first average For instance, 1t may be
guessed that p = 0 37, then the correction 1n the first z 15 0 37/2(4 ~ 1)
= 0062, and corrected z1s 1 651 — 0062 = 1589 The other corrected
2’s are 1n the last column of the table The sum of the products,

=(n — 3)(corrected z) = 14 941,

appearing in the calculating machine with no intermedate recording, 1s
divided by 39 to get the corrected mean value of z, 0 383 The correspond-
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g correlation 1s 0 365  Before to reach p
two facts the true p 15 known only approximately, and the values of
7 and z are read from a graph maccurate 1 the third decimal place For
tables of the distnibution of 7, see reference (4)

EXAMPLE 7 6 1—To get an 1dea of how the selection of pairs affects correlation,
!xz picking the 5 lowest values of test II (example 7 3 8) together with the 6 highe
The correlation between these 11 scores and the corresponding scores on test I turns
out to be 0 89, indicating the unreality that can be introduced wto r by non-random
choice

EXAMPLE 7 6 2—Set 95% conﬁdence limts to the tomlauon, 0986, n = 533,
between hive and dressed weights of swine  Ans 0983 — 0988

'hat would hnvc been the conﬁdence Limts if the number of swine had been 257

Ans 0968 — 09

EXAMPLE 7 6 3—The correlauon. 0731, between wing and tongue length i
bees (example 7 3 7) was one amon; 4 amular correlations calculated gy Grout, the
other three ng 0354, 0 690, and 0 740, each based on a sample of 44 Test the hy-

othwsthnnhescmnmpuﬁ'omacnmmonp Ans x* = 9164, =3,P=0
o only about 3 tnals per 100 would you expect such disagreement among 4 .
tions drawn from a common population  One would like to know more about the dis-
cordant correlation, 0 354, before drawing conclusions
EXAMPLE 7 6 4—Estumate p in the pnpuh!lon from which the 3 bee correlations,

0 731, 0 690, and 0 740, were drawn  Ans

EXAMPLE 7 6 5—Set 99% confidence hmts on the foregomng bee correlation
Note r = 0 72115 based on 3 X 41 = 123 df It1s therefore equivalent to a smgle T
from a sample of 123 + 3 = 126 bees The confidence umts 0590 — 0 815

EXAMPLE 7 6 6—Although there 1s evidence aganst the hypothesis that the 4
bee correlations were drawn from a common p, 1t would not be approprate ordinanly
t0 ask f the small one differs sigmificantly from the average of the 3 larger For sake of
illustration, however, let us test the hypothesis that 7 = 0 354, which might have been
derived under one set of circumstances, 1s randomly drawn from the samec p as the
average of the other 3, which could have come from another hive, say You have
found that these 3 largcr correlations average 0 721 Show lhnt this differs significantly
from the small correlation  Ans x* = 897,df =1,P <

7—Correlation and regression. Every pair of columns in the apple
ata of table 6 71 will yield a correlation coefficient, some of them of
notable nterest  Consider the series of equal correlations,

TXY = Tzy = Tyf = Tyg =Ty

Each of the corresponding pairs of columns consists of coded values of
another pair so that these correlations are all the same (section 7 3)
As examples (1) The deviations, x and y, are coded values of X and ¥
got by subtracting Z from each X and § from each Y, thus, 75, = rxy
(n) Since ¥ = a + 6X, then ¥ 15 a coded X, each X bemng muluplied by b
and the product increased by a, hence, the correlation between X and ¥
1s equal to that between ¥ and ¥

This correlation between ¥ and ¥ 1s especially enhightening  Restating
1t, we may say that the correlation between ¥ and 1ts regression estimate
1s 1dentical with that between ¥ and X This means that 1f ¥ 1s umformly
near the regression line. then ryy and 1ts equal, rxy, are close to = 1 Thus,
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the value of 7xy 15, 1n this specific sense, a measure of success 1n estimating
Y by means of regression

Another correlation worth noucing 1s the one that you may compute
from the columns, X and P Since ? 1s the coded value of X, this correla-
tion between X and 1ts own coded value 1s = 1 with sign the same as that
of 5 Rounding errors may prevent you from verifying this exactly The
meaning of this correlation 1s that ¥ changes in steps proportional to
changes in X, the successive pomts, (X, ?), all lying exactly on the regres-
sion line

The correlations of d, - with x and y may also be calculated and inter-
preted  The firs, rog, , = 0, recalls one of the assumptions made n
fitting this regression  the standard deviation of d, ; 15, 1n the population,
uniform throughout the range, and therefore 1s uncorrelated with x The
second, 7,4, , = 4/1 — r;,%, may be visuahzed in this manner if the re-
gresston 1s zero, the line 13 h 1, and d,, des with y,
that 1s, rya, , 15 umty when 7., = 0 At the opposite extreme, as the
ponts cluster more and more closely around the line, r,, approaches 1,
and since all the deviations, d, ., approach zero, there 1s nothing for y to
keep step with and r,4, , approaches zero

It will be observed that 1n this section r has been treated merely as a
calculated quantity without reference to estimation or probability state-
ments  The formulas giving the relation of correlation to regression would
be just as true of the soybean data (example 6 2 1) as of the apple data
despite the fact that, on account of the selection of X, the correlation be-
tween time and height 1s not an estimate of any population parameter
This disnction between 7 as an estimate of p and 7 as a convenient com-
putational device must be observed carefully Not only n the present
section but also 1n the three to follow, r 1s used merely as a fraction related
to a group of regression concepts  Whether or not 1t be considered an esti-
mate of p depends on whether the samplhing conditions of section 7 3 have
been met

EXAMPLE 77 1—Prove that the correlation of d, , with x 1s zer0  Hint using
deviations, dy » = y — bx Then the sum of products, Zxd, s = Zxy - bZx Since
b = Exy/2x%, thus reduces t0 0
EXAMPLE 77 2—Prove that the correlation of d, , with y1s v/T = 7a¥
EXAMPLE 77 3—Show that b = rv/Z3//E = rs,/s

EXAMPLE 77 4—Show that the test of Hy 8 = 0 15 1dentical with the test of
Hop =0 Hnt Prove that the valuc of ¢ for testing b 15 equal to that for testing 7

7.8—Correlation and the partition of Zy*. The sum of squares
attributable to regression (section 6 11) 1s readily changed as follows
() (o)
= P = 23
Té gy O
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That 1s, 72 1s the fraction of Z)* due to regression The remainder 15
=ZP —rpt= (1 - P

You see how intimate 1s the relation between r and the partitioming of
Zy* 1n regression 7% 1s the fraction of 2)? associated with the correlated
changes 1n Y and X, while (1 — #?) 1s the remaiming fraction quite inde-
pendent of X

These facts are summarized 1n a table of analysis of variance, table
7 81, sumilar to table 6 11 4  The carher data are copied 1n the last line
Note 7 = (Zx9)%/ (25 (2?) = (56)%/(112)(68) = 7/17

TABLE781
ANALysS OF VARIANCE OF y v TABLE 6 11 4

Degrees of
Source of Variation Freedom Sum of Squares Mean Square
Regression 1 =28
Deviations from Regression 5 (1 - M2 = 40 8
Dewviations from Mean ; P = 6_8 13

Zet = 112, D' = 68, Dy =56, 11 =7/17 = 041, r =064

It may be said again that this use of r 15 non-parametric, 1t 1s merely
an algebraic relation d with the for linear reg
as in Models I and II So far as the calculations are concerned, 1t makes
no difference whether or not the sample 1s drawn from either of these
models or neither of them, providing the regression 1s hnear  The symbols
are so much simpler than those of regression that their use has become
almost umversal The beginner must guard against thinking that r 1s
always used as an estimator of some p

If you can bring together these 1deas and consider them 1n relation to
figure 6 7 1 and table 6 7 1, 1t 1s :lluminating to study the manner 1n which
this entire complex 15 affected by different values of r  Take, for example,
the extreme case 1n which 7 = 0, and therefore 1 — 7> = 1 None of the
variation 1n percentage of wormy apples would then be accounted for by
differences 1n crop size  The regression hne would be horizontal, cutting
the vertical scale at the point of 7 = 459, The regression percentages n
the table would be all the same and equal to § The deviations from re-
gression would be simply deviations from mean value The computation
of s, ; would be 1dentical with that of 5, except for degrees of freedom

The opposite extreme 1s that in whichr = =1 and 1 — r* = 0 Now
all the variation in wormy apples would be attributable to regression, every
dot 1n the figure would lie on the regression | line, the regression per-

would be with the cor observed values, and

the deviations from regression together with the standard deviation from
regression would all be zero
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7.9—Correlation, 1 and reg Common ele-
ments help to clarify some of the facts of regression To understand this
one must make a shght alteration 1n the ideas presented 1n section 7 5
In table 7 5 1, think of four elemcnts being drawn, their sum constituting
X, Transfer three of them, taken at random, to X, then add two more
The resulting value of X 1s controlled, to some extent, by the elements
transferred from X1 In this sense, Xi 1s one of the causes of X While
the computation of 7 1s unaffected by this new attitude, the emphasis
has been shifted to regression It has been shown (7) that, using x; and x2
as deviatons from mean, the regression of x» on x; 1s

= (mo/m)x:

the regression coeflicient being the ratuo of the number of transferred
clements to the number 1n x; * As an example, consider the inheritance
of stature  An average of half the genes controlling height are transferred
to the son by his father If this were undisturbed by complicating cir-
cumstances, one would expect the regression of son’s height on father’s
to be #2 = 0 5x;, the expected deviations of sons’ heights from their mean
averaging just half the deviations of fathers” heights from thewrs If you
are a student of genetics, you will know that this coeflicient 1s often less

The equation, # = (n12/m)x1, emphasizes the fact that the estimated
value, £, 15 not affected by the number of elements 1n x2  This esumated
value depends entirely upon two quantities (1) the fraction of the ele-
ments transferred from x,, and (n) the value of the sum, x, Neither the
number of elements 1n x, nor their sum, nfluences £ The values, x:
and £, are correlated (section 77) only because they contan the nyp
common clements

N

/7 10—Correlation and differences. Any set of paired observations
mught be nteresting from either or both of two viewpomts, correlation-
regression as in chapters 6 and 7, or differences as in chapters 2, 3, and 4
Actually, the two viewpoints are not without connections, some of which
we wish to examine now

In section 3 9 you learned about differences between randomly pared
observations from a normal population with ¢* = 100 Such differences,
centering on the mean, zero, had double the vanance of the items, that 1s,
op? = 20° Again, corresponding facts about differences between means
were pointed out, the differences clustered around zero with variance,
20%/n  Now 1t 1s necessary to consider differences of a more general type
In the difference, Xp = X1 — Xz, 1magine X, drawn from a population
with mean, p;, and vanance, ¢,?, while X 1s from 2, 0 You could draw
samples from this population of differences by taking X from the pig
gains of table 32 1 and X from those of table 3 10 1, deducting for con-

Tt 1s convenent to think of # and x as variates mstead of X; and Xz These new
variates are the sums you would have got in table 7 5 1 1s you had subtracted 2 = 30
pounds from every pig gain in table 32 1
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venience 10 pounds from each of the latter items so as to make p; = 20
pounds Such diff would be 1 d with

#p = 1 — pz = 30 — 20 = 10 pounds
op* = o + oo = 100 + 25 = 125

Table 7101 shows three samples of this kind Of course, there 1s
samphing variation i both mean and vanance as can be seen by com-
parison of each with 1its parameter indicated above This sampling
variation leads to a contrast between the relationship among the sums of
squares in the sample and 1n the population In the sample, 1t 1s easily
shown (example 7 10 6) that

xp? = Zx® + 2x? — 2Zxk

Illustrating with sample 1, 918 4 = 4089 + 268 1 — 2(—1207), and
sumlarly n the other samples Sample 3 was chosen so that Zxx, = 0,
and therefore 1,352 = 1,206 + 146

If we subsutute for Zxux; 1ts equal, rn/(2x,?)(Zx:2), then divide both
members of the equation by n — 1, there results,

sp? = 5 + s2* — 2ruain

These equations hold exactly for every set of differences irrespective of
sampling variaion Why doesn’t the last term appear in the population
formula for ¢p® For this reason on account of the random pairing of
X, and Xj, the correlation in the population of such pairs 1s zero  Through
vagaries of random drawing, a smal correlation usually shows up n
samples, but the sign 1s as likely to be plus as minus and the sum of a lot
of such correlations would tend towards zero

If you compare the r’s of samples 1 and 2 with those of table 7 6 1, you
will see that the calculated values may well be samples from p = 0
Naturally, 1f you continue the sampling, you will get |r| >0 632 about
once 1n each 20 tnals

The applies to duffe from lated
populations “What happens if X, and X, are drawn from a population in
which there 1s a 1 p” Such a popul. could result from the

common elements of section 7 5, and samplcs can be drawn from it as
illustrated 1n table 7 5 1, that populanon, you may recall, had a correla-
tion, piz = 067 If thc difference, Xp = X1 — X, 18 calculatcd from
each pair, then
op* = 01 + o — 2p010s,

a formula that follows the pattern of that for sample differences from un-
correlated populations So far as samples are concerned there 18 no
distinction between the formulas In samples of differences from both
correlated and noncorrelated populations,

o' = s + 5 — 2mnn
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Of course, 1f the sample 1s from a correlated population you may expect r
to be significant, especially if p and 7 are fairly large

Thas formula for the variance of sample differences explains the effects
of arbitrary pairing, examined m section 46 The randomly pared
differences 1n the first two columns of table 3 3 1 are 1, 22, 23, —1, 20,
33, —41, —20, 20, and 6 their variance 15, sp? = 51379 In the first
column of table 7 10 2 this variance 1s verified from the formula above
You will notice that the correlation 1s negative, hence, the third term 1n
the formula 1s added to the other two to make up the total, sp? = 51379
Now consider the arbutrary pairing of method 1, table 4 6 1 Thus arrange-
ment changes the random correlation of —0 59962 to the high positive
value, 0 97664, with the consequent reduction 1n variance to 8 01 (middle
column, table 7 10 2 ) The pairing of method II, on the contrary, accentu-
ates the random negative correlation and so increases the variance to
sp* = 627 35

The success of pairing i an experiment depends upon the extent to
which positive correlation can be mtroduced If the investigator knows
his matenial well enough to bring together mnto each pair individuals
that will react alike, he will tend to get differences like those of method I
with a small resultant varation But if he should try pairing without
adequate knowledge of his material. he might get a negatve correlation
with the large experimental error of method II  In that case, he would
have been better off with the group comparison of chapter 4

Occasionally 1t may be useful to know that the correlation 1n a sample
of pairs can be calculated from the foregoing formula by rearranging 1t
thus.

0% 4 5 = 5 Zx? 4 Zx? — Ixp?

2052 27/ (Tad)(Ex)

ny =

TABLE 7102
ILLusTRATIONS OF THE EFFECT Ok CORRELATION ON THE STANDARD DeviaTion oF
1PFERENCES DaTA FroM TasLEs 331 AND 461

From the Furst
Two Columns of Method I, Method 11,
Table 4 6 1 Table 46 1

nz — 0 59962* 0 97664 — 0 95353*
52 169 82
at 151 57
0+ 5 321 39 321 39 321 39
2nms —192 40 313 38 —305 96
st 513 79 801 627 35

* This number of decimals 1s necessary to venfy the anithmetic
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where xp = %1 — £, the deviation of Xp from 1ts mean An example
may be found in the tobacco virus data of table 2 9 1 where Zxp* = 1301s
already known The sums of squares of the numbers of lesions on the two
sets of half leaves are easily computed Zx? = 468 and Zx? = 172 Sub-
stituting,

_ 468+ 172 — 130 _

2+/(468)(172)

The efficiency of this experiment, discussed 1n section 3 10, arnses from the
similarity of the reaction of the leaf halves to the inoculation, a similarity
reflected 1n this high correlation, 0 90

Although the chief interest here 1s in differences, 1t 1s useful to observe,
also, the formula for the variance of the sum, X5 = X) +

sst = 5 + 52 + 2rens

EXAMPLE 710 1—-In table 7 1 1, subtract each sister height from her brother’s,
then compute the corrected sum of squares of the differences From thus, together with
Zx? = 74 and Zx* = 66, venfy na = 0 558 by means of the formula Just above

EXAMPLE 710 2—Notice that, in the last formula given above, 1f sp! = 5,? + 5?
as in sample 3, table 710 1, then ri; = 0, 1f sp* < 5 + 5 as in sample 2, then iz 18
positive

EXAMPLE 7 10 3—Haber (12) furmshed the following information about 300 cars
of sweet corn

Mean Standard Deviation
Character (grams) (grams)
Ear weight, £ 106 55 27 68
Cob weight, C 15 59
Gram weight, G 9 9 24 62

Observe that £ = C + G, also, 1y = 09940 Calculate 5, = 419 grams, and 7o
= 06906

« EXAMPLE 710 4—If 2 = 1, show thatsp = 51 — 52
EXAMPLE 710 5—If riy = —1, show that sp = 5 + 5

EXAMPLE 710 between Xi and X;
“us first zero then 1y, denve the corresponding A Zxp? and Bxgt

7.11—Correlations with sums and ratios Correlations due to
common causes It 15 often informative to correlate a vanable, Xy, with
the sum of itself and another variable, X;, that 1s, X; with X5 = X, + X;
As an example, there 1s the correlation, 0 986 (cited 1n section 7 2) be-
tween warm dressed weight, Xy, and live weight X, in swine, the vanable
X, denoting the weight of discarded portions Agamn, one may gain
information from correlating X; with Xp = X1/ Xz or with Xo = X»/X,(18)
An example of r1p 15 the correlation between the standard deviation and
the coeflicient of vanation, that 1s, between s and s/Z For illustration,
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50 pairs of these statistcs were taken at random from the samples of pig
gains, section 33  The mean of the 50 standard deviations was 9 87, that
of the means, 29 76  The correlation between s and £ was 0 140, an est1-
mate of p = 0, because these two statistics are theoretically uncorrelated
n this kind of sampling  But the correlation between s and C was 0 932
A famihiar nstance of 7, 1s the correlation of live weight, X, with dressing
percentage, Xq
carcass weight, X
X = —————=—
live weight, X,
An even more complicated relation 18 found 1n the correlation, —0 68,
between average daily gan of swine and feed required per pound gamned
(6), where the gamn 1s 1n the numerator of the first rate and 1n the de-
nominator of the second
Having observed some unwarranted interpretations of such correla-
tions, Karl Pearson dubbed them “spurious” (16), and this rather deroga-
tory title has led people to distrust them  Of course, 1t 1s the interpretation
that may be spurious The correlations arc on the same footing as any
others they are appropriate estimates of parameters 1if they satisfy the
conditions laid down 1n section 73 (1)  As for the mterpretation, any
explanation of a correlation between X; and the sums or ratios involving
1t would seem to require knowledge of r1; as well
An especially simple case, in which vy, = 0, 1s1llustrated i table 7 11 1
The correlation, r;s = 0 9445, 15 ike the one between dressed weight (X3)
and hve weight (Xs) except that here there 1s no correlation between the
two parts It would be interesting to know the correlation between dressed
weight and the weight of discarded parts

TABLE 7111
CorreLATIONS OF X; WiTH X3 = Xi 4+ X2 AND Xo = Xu/Xy X| AND X; ComPRISE
SampLE 3 1IN TA]I.! 7101, WHERE ny =
X Xs X Xq
32 50 32 0 562
31 44 31 0 419
28 50 0 786
24 41 24 0 708
44 55 44 0 250
53 72 53 0 358
9 25 9 1778
35 58 35 0 657
33 56 33 0 697
31 49 31 0 581
Sum 00 6 796
Sum of squares 1,206 1,352 1,206 1 59887
Sum of products o 1,206 =37 516
Correlation 0 0 9445 — 0 8543
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The part-whole correlation can be computed from the original samples
by means of the formula,

St + s

Vi 2raas: + 52t

If rj2 = 0, asn table 7 11,1, this formula reduces to
51 _ 1 _ 1
Vet st VUt st V1t oYt

The calculation of the part-whole correlation n the table may now be
verified by substitution from the first sample

ns =

s = ‘——i 09445,
V1 + 146/1206

as before  If, 1n addition to 12 = 0, 5; = s, also, then
ns = 1/4/2 = 0707

Ths gives some 1dea of the size of spurious correlations 1n special cases and
shows that both of the standard dewviations are nvolved, as well as the
correlation between the added variables

This part-whole correlation may be considered a special case of com-
mon elements X; 1s common to both X; and X5, while X; 1s the different
part If X, and X, are drawn from the same normal population, then one
may put mp = 1, n, = 1, n, = 2, and each sample correlation 1s an esti-
mate of

p = mp/+/mns = 1/+/2 = 0707

as 1n the special case of 715 above

The correlation, 1o = —0 8543, 15 negatwve partly because X, 1s the
denominator of the fraction, X, so that a large X) tends to make a small
X, This correlation, also, can be got directly from the sample The
formula 15 an approximate one

G — G

ne= ——— =,
VG + 2rGiC + G

where C 1s the of /%, i as a fraction (not
percentage) In the first pair of columns n table 7 11 1,m=00C=
013090, C* = 005007 and C; = 03618 Subsututing,

—03618
fe = —————— = —08505
+/005007 + 013090
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The small discrepancy ts due partly to the approximate nature of the
formula In this rato correlation, the means as well as the standard
deviations of the original sample have come 1nto the picture

The correlation between two variables may be due, wholly or m pait,
to their common relation to one or more other factors The organic
correlations already mentioned are examples A big animal tends to be
big all over, so that any two parts are hkely correlated because of their
participation 1 the general size  Agamn, two quantities that change
time may show a high correlation  As an example, there 1s a correlation
of —0 98 between the birth rate in Great Britain, from 1875 to 1920,
and the production ot pig won m the United States The matter was
discussed by Yule as a question, “Why do we sometimes get nonsense-
correlations between time series (20)?” Among the answers suggested
only one 15 pertinent at this pomnt pairs of observations ordered in tume
are not randomly drawn mn the usual sense and may not come from any
normal bivariate population Hence, they may not conform to the
conditions we have set for cstimates and probability statements  For
another answer, see “‘partial correlation,” chapter 14

7.12—Non-parametric methods Rank correlation Often there 1s
reason to suspect that a bivariate population 1s far from normal In that
case, there 1s no parameter, p, to be esnmated  But there may be evidence
that the two variables are not independent, and, n that sense, they are
said to be correlated

The best known “population” of this kind 1s the one i which the
vanables are not measurements at all, but are merely the result of an
arr of the nd ! to some criterion observed
Thus, a group of swine may be placed from high to low on the basis of
back fat Each has a rank—first, second, etc  Two such rankings of
the same things, or of related things, led Spearman (19) to devise a formula
for rank correlation,

1 6x
e = 1)°

whose calculation 1s explaned n table 7 12 1 Like 7, the rank correlation
can range in samples from —1 (complete discordance) to +1 (complete
concordance)

The distribution of 7 1s known only if p = 0 This means that, in
general, interval estimates are not available but that Hy, p = 0 can be
tested  For samples greater than 8 ranks, use the normal approximation
as described for table 761 If n1s 8 or less, use table 7122 From
this table one observes that at the 5% level the null hypothesis cannot be
rejected 1n samples of 4 or less The correlation, rs = 0857, mn table
7121 1 sigmficant at the 5% level but not at the 1%, that 1s, there are
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TABLE 7121
RANKING OF 7 RaTs By 2 OBserveRrs oF THEIR CONDITION AFTER 3 WEERs
on A Dericient DieT

Ranking by
Rat Difference,

Number | Observer 1 Observer 2 d &
1 4 4 0 o 0 o
2 1 2 -1 1
3 6 5 1 1
4 5 6 -1 1
5 3 1 2 4
6 2 3 -1 1
7 7 7 0 0

=0 =3
o _6z®  _._ 6X8 _
mE s e = g oy T 08

about 2 chances 1n 100 of getting a rank correlation greater than 0 857
even 1if the rats were all in the same condition so that the judgments of
the observers had no foundation

If the continuous variables in a bwarnate distribution are far from
normally distributed, some 1dea of the relationship between them may
be got from a sample, as follows Arrange the observed values of each
variable in order of size, from high to low Number the successive values
ofeach1,2,  n, calling these numbers ranks (for a discussion of the theory,
see reference 13, section 16 25) Substitute the rank numbers for the
ongmnally observed measures, then calculate rs  The null hypothesis

= 0 may be tested by table 7122

Some people have used 75 as a short-cut method for estimating 7
a sample from a bivariate normal distribution  There 1s little justifica-
tion for such a procedure It s true that, for samples up to about n = 30,

TABLE 7122
SIGNIFICANT LEVELS IN SMALL SamPLES OF THE Rank Connunon ‘COEFFICTENT
'UNDER THE HYPOTHESIS, p =

Size of Sample 5% Level 1% Level
4 or less none none
5 1 none
6 0 886 1
7 0 750 0 893
8 0 714 0 857
9 or more use table 761
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a hittle ime 1s saved and the resulung values of r and 75 are not greatly
different  The latter fact 1s illustrated as follows Using common ele-
ments (section 7 5), I drew 10 samples, each with » = 20, from a bivariate
normal population with

= 0559,

2 10
p=—
ang

v/ V/(20)(16)

then calculated r and s in each The results are tabulated in table 7 12 3
Both averages in the last line of the table are got by use of z (section 7 6)
despute the fact that the theory does not apply torg  In this small sample
of coefficients, r5 averages a httle less than r and 1s somewhat more vari-

‘TABLE 7123

PRODUCT-MOMENT AND RANK CORRELATIONS 1N 10 SAmPLES FROM A BIVARIATE NORMAL
PopuLaTION IN WICH p = 0 559

Sample r 7 | Sample ’ "
1 0 663 0 505 6 0712 U 680
2 708 738 7 627 474
3 505 584 8 444 352
4 374 311 9 520 398
5 536 562 10 Si6 84
Average 0 564 0512

able The correlation between the 10 pairs of 7 and 7515 0 64 If your
data aren’t worth much, the short-cut method may be good enough, but
if they have cost you much money and/or time, the product-moment
correlation seems worth while
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CHAPTER 8

Large Sample Methods

8.1—Introduction Large samples randomly drawn from single
populations are seldom encountered If 7 1s greater than, say, 500, the
individuals usually come from several populations The staustician who
examnes such samples spends a considerable amount of his effort mn
separating the observations into more or less homogeneous groups He
then endeavors to compare the several portions of the sample or to dis-
cover rel h within the p parts, his conclu-
sions to the various populations found This may be his objective, or
he may be seeking for the elements common to all the populations

Large random samples from a single population can be relied upon
to reflect the shape and of the pop rather y
The sample statistics estimate closely the population parameters Interval
estimates and tests of hypotheses are not so essential as in small samples

The first arrangement of a large sample 1s nearly always i the form
of a frequency distribution  Our 1mtial yob will be to learn some appro-
priate methods of calculation ~ Afterwards we shall be concerned with
various methods suitable to large samples from single normal populations
In chapter 17 some account will be given of planned large samples drawn
from several populations

8 2—Computation of mean and standard deviation of a frequency
distribution. In section 3 4 you were promised a short method for com-
puting the statistics of a frequency distribution  That of the 511 sample
means 1s copied 1n the first two columns of table 8 21 The actual sample
means are grouped 1nto classes with midpoints at 19, 20, pounds, the
number of means 1 cach class being recorded in the second column
For conventence, the arbitrary origin, G, 1s selected as 29 pounds because
that 1s the middle class mark and also because that class carries one of the
greater frequencies The code numbers are simply the deviations of the
class marks from G In the fourth column are recorded the sums of the
deviations 1n the several classes For example, n the fourth class, class
mark 22, the deviation 18 —7 and there are 7 of them the sum 1s there-
fore (—7)(7) = —49 At the foot of the column are set down separately

[194]
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TABLES821
FreQUENCY DISTRIBUTION OF 511 MEANS OF SAMPLES OF 10 ITens (TaBLE 34 1)
C ©OF MEAN AND § IATION
G = 29 pounds

Sum of
Sum of Squares of

Class Mark, Frequency Code Numbers Code Numbers Code Numbers

Pounds i X X X

19 1 -10 -10 100
20 1 -9 -9 81
21 ] - 8 0 0
22 7 -7 —49 343
23 5 -6 -30 180
24 10 -5 -350 250
25 19 -4 -76 3
26 30 -3 -90 270
27 41 -2 -82 164
28 48 -1 —48 48
29 66 0 [ 0
30 72 1 72 72
31 56 2 112 224
32 46 3 138 114
33 45 4 180 720
34 22 5 110 550
35 24 6 144 864
36 12 7 84 588
37 5 8 40 320
38 [ 9 0
39 1 10 10 100
n=32f =511 —444  BfX? = 5592
890
446
Z/X = 446 3fY? = 5,502
2/X/n = 446/511 (SfX)*n = (446)1/511
=087 X

2= G HXn
=29 + 087 = 2987 pounds

=520273
s = Zxt/(n ~ 1) = 5,20273/510
= 102014
$5 = /st/n = +/T02014/51T = 0 141 pound =

3194 pounds

the sums of the negative and positive deviations together with their total,
446

‘The sums of the squares of the deviations in the last column are calcu-
lated conveniently by multiplying fX by X Again using class mark 22 as
an example, (—7)(—49) = 343 1s easter than (—7)*(7) Merely multiply
twice by each code number, first f to get fX, then fX to get fX* The
calculations at the bottom of the table involve no innovations

Do you see the identity of the code bers, X, with those d d
i chapter 5 Each mean weight 1s coded, implicitly, by first subtracting
29, then rounding Consider a mean whose value was calculated in
section 3 4, such as 33 2 pounds The code 15 332 — 29 = 4 2, rounded
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to X =4 Inthe actual process of making the frequency distribution the
by ping, was the first step  For example, the

mean, 33 2 pounds, fell into the class whose mark was 33 pounds The
subtraction of the class mark completed the coding It 1s easy to venfy
the code numbers for such means as 31 6, 25 1, and 26 8 pounds, namely,
3, —4,and —2 How about 30 5> You remember the rule—round to the
adjacent even number Hence 305 — 29 = 15 rounds to 2 But
315 — 29 = 25 also rounds to 2 The result 15 a slight excess of fre-
quency m the even-numbered classes In effect, these classes are wider
than the others

Another rule must be brought forward from chapter 5, the one re-
quiring the range of code numbers to be not less than 20 In new terms,
there must be at least 20 classes for precise work, preferably more After
the computations are done, you can apply this criterion the sample
standard deviation should be at least four tumes as great as the class in-
terval  You will notice that this requirement was not fulfilled in table
821, s being only a hittle more than three times the class interval of one
pound It would have been better to make the class interval one-half or
three-quarters of a pound

It 15 well to keep 1n mind that the only lack of precision 1n using code
numbers derwves from the grouping or rounding  Thus process 15 usually
limited to that type of variable known as conttnuous, an item being likely
to fall at any pomt on the scale There 1s no sacrifice of precision i the
computations when the variable results from such an enumeration as that
of the following example

EXAMPLE 8 2 1—Edwards (3) planted 20 soybeans on each of 183 agar plates,
then observed the numbers germinating  The frequency distribution follows

Number germinating
on each plate, X 6 7 8 9 10 11 12 13 14 15 16

Number of plates, y 5 9 8 19 26 34 26 22 21 10 3

Computc the mean number of beans germinating on a plate, 11 2, together with the
sample standard error, 0 17 bean  Is any inaccuracy introduced by the use of the arbi-
trary origins® Notice the use of enumeration data as though they were measurements
This 13 often convenient If the ’p|e 18 large and the distribution 1s a synunemcal
binomial, one may safely make all

dard deviati

8.3—Computation of mean and of a freq
distribution—continued. In the last section the umt of measurement,
one pound, was conveniently used as the class interval, but 1 the distr1-
bution of table 8 3 1 1t takes an interval of 10 pounds to provide a satis-
factory number of classes The first class mterval extends from 75 pounds
up to (but not including) 85 pounds, the midpoint being 80 pounds
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TABLE 831
Faequency DistaisuTion or Live WeicHTs or 533 Swive  CoupuTATION oF MEAN
AND STANDARD DEVIATION WiTst A Crass INTERVAL DirveRent Frou One Unrr
Class interval, I = 10 pounds pounds

Sum of
Class Mark, Frequency Code Numbers Code Numbers ~ Squares
Pounds f b'e fx Xt
80 1 -9 -9 81
90 0 -8 0 0
00 0 -1 0
110 7 -6 —42 252
120 18 -5 -9 450
30 21 -4 —84 336
140 22 -3 —66 198
150 44 -2 —88 176
160 67 -1 —67 67
170 76 0 0 0
80 55 1 55
190 57 2 114 . 228
200 47 3 141 23
210 33 4 132 5
220 30 5 150 750
230 23 6 138 828
240 11 7 77 539
250 5 8 320
260 5 9 45 405
270 4 10 I
280 5 11 55 605
290 2 12 24 288
n =533 —446 ZfXT = 6,929
1,011
X = 565
:{x = 565 /X7 = 6,929
I(ZfX)/n = 10(565/533) (Z/X)}/n = (565)1/533 = 59892
= 11 pounds For code numbers, Zx? = §,330 08
£=6+ l(x/X)/n = BEa)/(n — 1)
170 + - (0r 630 0 08)/532
= 181 po = 1,189 86

5= \/:‘7n - \/l 18986/533 = 1 49 pounds s = 345 pounds

G was selected as the midpont of the class of greatest frequency despite
the fact that this was not the middle class  (The size of the correction for
mean, 11 pounds shows that G might well have been taken as 180 pounds )
The class interval, I = 10 pounds, enters the calculations of both mean
and variance, since both must be decoded

You will observe that we still haven’t provided enough classes The
standard deviation falls short of being four times the class interval, but
the discrepancy 1s not serious

XAMPLE 8 3 1—Compute the sample mean and standard deviation of the ve
weights n table 8 3 1, taking G = 180 pounds
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EXAMPLE 8 3 2—The yields in grams of 1,499 rows of wheat are rccorded by
Wiebe (11) They have been tabulated as follows

Class Fre- Class Fre- Class Fre-

Mark quency Mark quency Mark quency
375 3 600 127 825 10
400 13 625 140 850 10
425 41 650 122 875 4
450 99 675 94 900 4
415 97 700 64 925 2
500 118 725 49 950 3
525 138 750 31 975 1
550 146 775 26 1,000 1
575 136 00 20 —
Total 1,499

Compute £ = 587 74 grams, and s = 100 55 grams  Are there enough classes in this
dustribution?

EXAMPLE 8 3 3—Lindstrom (6) reported the numbers of rows of kernels on 327
cars of F; generation derived from a cross of inbred lines of maize

Number of rows of kernels 12 14 16 18 20 22

Number of cars 25 75 133 68 21 5

The sample mean 13 16 00 rows, the sample standard deviation 2 136 rows Is any in-
accuracy mtroduced by the small number of classes?

8 4—Miscellaneous remarks about frequency distributions. There
exists some confusion about the desirable number of classes for a fre-
quency distribution  One thinks of two distinct objectives (1) the presen-
tation of data in summary form, accompanied often by a graph, and ()
the calculation of the sample statisics It 1s only for the latter that 20
or more classes are required  For tabular and graphical presentation it 1s
usually desirable to keep the number of classes less than 10

It requires care to get the class mark 1n the center of 1its nterval
Suppose weights are recorded 1n whole pounds with no fract onal values
It 15 the usual practice to esimate such weights to at least the closest
half pound, that 1s, the record of 25 pounds probably included all weights
between 2414 and 2534 pounds If the class intervals are chosen as 20-29
pounds, 30-39 pounds, etc, the first class really extends from 195 to
29 5 pounds Insuch a scheme, the class mark1s (195 + 295)/2 = 245
pounds, not 25 Fix the class limuts as precisely as feasible, then compute
the midpoint to get the class mark

It 1s assumed that the items falling 1nto a class are somewhat evenly
distributed throughout the interval When this expectation 1s realized,
the mean of the items will be not greatly different from the class mark
Ths 15 especially likely in the high frequency intervals bearing the greatest
weights in the computations Caution should be exercised, then, if there
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are natural groupings n the interval An instance was observed where
the number of locules (seed compartments) 1n tomatoes was the variable,
1ts values being confined to whole numbers and halves  Only a few of the
fruits had half locules At first, the class intervals were chosen to extend
from 2 up to but not including 3, etc, the class marks falling at 234, 334,
etc Actually, the mean numbers of locules 1n the classes were almost at
the lower boundaries, 2, 3, etc  This systemauc error led to an over-
statement of almost half a locule 1n the mean

Those desirng to refine the eshmate of standard deviation of a con-
tinuous variable may use Sh d’s correction for ping (10) This
consists 1n deducting one-twelfth of a umit from the coded mean square
provided the code numbers differ by unity as in tables 8 21 and 831 In
table 8 21 the correction would be 102014 — 00833 = 10 1181 with
s = 3181 pounds Thus estimate, however, should not be used 1n a test
of significance (5)

EXAMPLE 8 4 1—In table 83 1, apply Sheppard's correction to denve the esti-
mate, s = 34 37 pounds Before correction, the coded mean square 15 11 8986

EXAMPLE 8 4 2—Compute the corrected value of 5, 100 55 grams, 1n example
832

EXAMPLE 8 4 3—In examples 821 and 8 3 3, whosc varables are discrete, 1s
there any error of grouping to be corrected”

EXAMPLE 8 4 4—Two lots of mice moculated with different 1solations of typhoid
(see section 12 16 for reference) survived during the numbers of days indicated by the
following frequency distributions

Days to death 1 2 3 4 5 6 7 8 9 10 11 12

Stran 9D 7 5 2 16 1 7 2 5 2 2 0 0
Strain DSC 1 1 0 o 1 6 8 4 6 3 3 1 3

Test the significance of the difference between the means of days to death (chapter 4)
The sums of squares are 316 88 and 209 64, the dufference between sample means, 2 62
days, t = 522, and df = 93

8.5—A test of symmetry. At vanous pomts m this text where you
have been asked to judge of the normahty of sets of data the only criteria
available were symmetry and the proportion of items in the nterval
x *= 5 d tests of Ity will be d bed in this and foll g
sections (4) We shall consider two types of departure from the normal
In one, the distribution of the data 1s asymmetrical or skewed, the mean
and median being different The other occurs in symmetrical sets,
characterized by either an excess or a deficit of items concentrated near
the center of the range For the sake of sumplicity in presentation, we
shall first 1llustrate the test for symmetry only, using a small sample

In example 2 5 4 the array of weights of 11 men was cited as an ex-
ample of an asymmetrical set Let us measure the skewness and test sig-
mificance  The calculations are set outin table 8 51  The first unfamibar
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feature 1s the column of cubes with their sum, §; = 248,628 Next appear
the two £ statistics, k2 being our friend, mean square, and 4; a correspond-
1ng average of the third powers of the deviations from mean The meas-
ure of skewness 15 g&; = 196 You will see 1mmediately that Sy and
therefore g; might be positive, negauwve, or zero  If g were zero, symmetry
1n the sample would be demonstrated A positive g1 as in our illustration,
indicates an excess 1n the number of items smaller than the mean If g
proves to be sigmficantly different from zero, the excess of small values

TABLE 851
THe TEST OF SYMMETRY IN A SMALL SAMPLE
Weights (pounds) of 11 men

Weight Deviation juare Cube
4 x Sauy K]
148 —24 576 —13,824
154 -18 324 — 5,832
158 —14 196 — 2,744
160 -12 144 — 1,728
161 —-11 121 - 1,331
162 -10 100 — 1,000
166 -6 36 — 216
170 -2 4 - '8
182 10 100 1,000
195 23 529 12,167
236 64 4,096 262,144
£ =172 Si=0 S= 6,22 5, = 248,628
no= 11 k= s./(n - 1) ks = n85/(n — 1)3;. —2)
26/10 = (11)(248,628)/(10)(9)
= 2,734,908/90 = 30,387 9
£ = ko/Vkt = ky/ (k) (y/'ks) st = 6n(n — 1)/(n = 2)(n + 1)(r + 3)
=038 3;(622 96226 (5)(11)(10)/(9)(12)(1«)

= 660/1,
0661, A =a/sn = 196/066! - 296 df -

may then be ascribed to asymmetry in the population from which the
sample 1s drawn  The standard error of g; turns out to be 0 661, so that
= 296 The test of sigmficance 1s carried out with an infimte number

of deg ees of freedom, the 19, level of ¢ beng 2 576

To assist you 1n following the computations we have carried an un-
necessary number of significant figures 1n table 8 51 For practice, you
mught recalculate the statistics with the use of no more than four sigmificant
figures 1 any onc number

As a second ilustration, let us test the symmetry of the weights of
neutral fats in the blood plasma of 64 normal men (8).

419, 162, 149, 219, 248, 313, 211, 169, 91, 281, 264, 172, 124, 235, 94, 62,
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224, 58, 92, 205, 132, 145, 305, 285, 174, 107 240, 269, 396, 416, 662, 703,
249, 179, 136, 157, 198, 95, 100 178, 145, 199, 54, 407, 166, 94, 248, 235,
66, 120, 239, 128, 560, 233, 80, 557, 217, 542, 252, 175, 103, 165, 351, 107
mg per 100 cc.

These data call for the introduction of the machine method of calculation
Accumulate the sum of the 64 weights, s = 14,361, the sum of therr
squares, 5; = 4,518,741, and the sum of cubes, 53 = 1,878,426,855. The
last sum 15 obtained most casily by taking the cubes from one of the many
?vaﬂal):»le tables containing the first three powers of the ntegers (1)
2) (7

From s; compute 1 the usual manner the sum of the squares of devia-

tions from mean,

§ = 5 — &'/n = 4,518,741 — (14,361)/64 = 1,296,267,

51 being the sum of the Xs  For S, the sum of the cubes of deviations
from the mean, the corresponding formula 1s

83 = 55 — 3ns/n + 25%/nt
1,878,426,855 — 3(14,361)(4,518,741)/64 + 2(14,361)%/(64)*

= 282,723,308

Armed with these results, lete the p d d n
table 8 51, ending with gy = 15696 and ¢ = 524 Certainly, there 1s
no doubt of asymmetry 1n the population from which this sample was
drawn The positive g, indicates a mean greater than the median

8.6—Tests of normality in large samples. One can test both
skewness and kurfosis, two ways in which distributions may depart from
normal Kurtosis 1s measured by gz, a statisic based on the sum of the
fourth powers of deviations from mean  If g2 1s zero, there 1s no departure
from normality so far as this measure 1s concerned A positive value of
g1 indicates an excess of items near the mean and far from 1it, with a
corresponding depletion of the flanks of the distribution  This 15 the man-
ner 1n which the distribution of ¢ departs from normal Negate values
of g; result from flat-topped distribution curves.
The computations are shown in table 8 61 The first five columns
correspond to those of tables 8.2 1and 8 31  The numbers 1n the last four
1 are calculated by repeated by X Take line 3 as
an example (4)(—6) = —24, (—24)(—6) = 144, (144)(—6) = —864,
and (—864)(—6) = 5,184 You are already famhar with the remamng
calculations save those of Sy, &, g3, and sz  The formulas are mtricate
but may be followed with a httle care
You notice that both g, and g, are small, each being exceeded by 1ts
standard error The negative g; indicates a shght asymmetry with an
excess of items larger than the mean drawing the peak of the frequency
curve toward the rnight The negative g3 shows a moderate kurtosis de-
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TABLE861
Test oF NorMALITY IN A FREQUENCY DITRIBUTION
Diameter (mm ) of ears in Fs generation of yellow dent inbreds
of maize  (Lindstrom)

Fre-

Class quency  Code

Mark f X fx e X fxe
36 1 -8 -8 64 - 512 4,096
37 0 -7
38 4 -6 —-24 144 - 864 5,184
39 7 -5 —35 175 875 4375

18 —4 -72 288 —I 152 4,608
41 26 -3 —78 234 - 702 2,106
42 28 -2 —56 12 - 224 4.
43 51 -1 -5t 5 - 5 51
44 47 0 0 0
45 49 1 49 49 49 49
46 31 2 62 124 248 496
47 33 3 929 297 891 2,673
48 19 4 76 304 1,216 4,864
49 4 5 20 100 500 »
50 8 6 8 288 1,728 10,368
51 1 7 7 49 343 2,401
327 s =375 =2,279 53 =595 5 = 44,219

S = 5 — n/n = 2,274 81
Sp = 53 = 3aisa/n + 253/nt = —177 659
So = s — 4nisi/n + 6s3a/nt — st/ = 44,1246

ko= s/n =

2/ (n — l) - 6 9779

k= n8/(n = Dn —2) =

ke = n[(n + 1)S — 3(n — l)S,’/n]/(n = 1 —2)(n — 3) = —9563

& = h/(kev/ks) = —00297 £ = ki/kt = —01964
sa? = 6r(n — 1)/ = 2@ + Dn + 3)= 00182
syt = 24n(n — 1)%/(n — 3)(n — 2)(n + 3)(n + 5) = 00723

Sample standard denations of gy 0 135, of gs, 0 269
Values of ¢ for g1, 022, for g2, 073,df =

f
]

scribed by a distribution curve plateau-like near the center with an excess
of moderate deviations Since neither g 1s sigmficant, however, there 1s
Iittle evidence of departure from normality n the population

EXAMPLE 8 6 1—Compute the mean ear diameter from table 8 6 1, together with
ats standard error, 44 11 = 0 146 mm

EXAMPLE 8 6 2—1In table 3 2 2, compute gy = —0 0139 and g1 = 0 0460, show=
ing that the distribution 1s practically normal

EXAMPLE 8 6 3—In table 352 1s the sampling distnibution of 511 standard
deviations  Calculate {. = 0 3074 with standard error, 0 108 Thus indicates that the
anuicipated departure from normality 1s significant g4 18 positive because the mode 1s
to the left of the mean
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B "EXAMPLE 86 4—The 511 values of ¢ discussed 10 section 3 7 were distnibuted as
follows

Class Class Class
Mark  f Mark  f Mark f
~113 29 0 87 31 2 87 1
-0 88 35 112 23 312 1
38 137 17 337 2
40 162 11 362 0
52 187 8 387 0
57 212 10 412 0
43 237 13 437 1
37 262 2 -
Total 511

The hughly sigmificant value of gz = 0 5340 shows that the frequencies near the mode
and 1n the tas are greater than in the normal distribution, those 1n the flanks being

ss was expected  But g1 = 0 1356 15 nonsigmificant, which 1s also expocted
because the of t1s

8.7—Constructing the graph of a normal distribution. You were
ntroduced to the normal distribution 1n section 2 1, a graph was shown
in figure 211 The equation of the distribution 1s

y = L

o/ 27
In figure 8 7 1, u1s set at zero and o at 1, that 15, the graph depicts N(0, 1)

.5

Bl / \

o R

4 -3 z - o 1
STANDARD MEASURE

Fic 8 7 1—The normal frequency curve  Abscissas are standard measure  Ordinates
are taken from table 8 7 1

3 4
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It 18 conventent to put 7 =

of the abscissa  The equation then takes the simpler form,

y =

1
Ve

e

Section 87

(X — u)/o, where 7 1s the standard measure

The ordinates of this curve, for various values of 7, are given 1n table 8 7 1

TABLE 871

ORDINATES OF THE NORMAL CURVE

Second decimal place n 7

000 001 002

003 004

005

0 06

3989 3989 3989
3970 3965 3961
3910 3902 3894
3814 3802 3790
3683 3668 3653

3521 3503 3485
3292
3123 3101 3079

2897 2874 2850
2661 2637 2613

ooococo ocoooo

CENAU AWNRMO VEUCOU AWNRO VRNRU AWNSO
=
3
3
=
pe]
*

2420 2396 2371
2179 2155 2131
1942 1919 1895
1714 1691 1669
1456

1295 1276 1257
1109 1092 1074
0909

0790 0775 0761
0656 0644 0632

0540 0529 0519
0440 0431 0422
0355 0347 0339
0283 0277 0270
0224 0219 0213

0175 0171 0167
0129
0104 0101 0099

0079 0077 0075
0060 0058 0056

PRRNN NRRNS

3988 3986
3956 3951
3885 3876
3778 3765
3637 3621

3467 3448
3271 3251
3056 3034
2827 2803
2589 2565

2347 2323
2107 2083
1872 1849
1647 1626
1435 1415

1238 1219
1057 1040
0893 0878
0748 0734
0620 0608

0508 0498
0413 0404
0332 0325
0264 0258
0208 0203

0163 0158
0126 0122
0096 0093
0073 0071
0055 0053

3984
3945
3867
3752
3605

3429
3230
3011
2780
2541

2299
2059
1826
1604
1394

1200
1023
0863
0721
0596

0488
0396
0317
0252
0198

0154
0119
0091
0069
0051

Furst decimal place in

00 o1 02

03 04

05

09

0044 0033 0024 0017 0012 0009
000 0 0000

aw
2
8
S

0001

0002
0000
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As an example, at 7 = 1 the ordinate 1s 0 2420 as plotted 1n the figure
The same ordinate 1s plotted at 7 = —1 As another example, at r = 2 46
the ordsnate 1s read from the column headed 0 06 1n the table, opposite
the entry 7 = 2 4 1n the left column, the length bewng 00194 You will
notice that as the curve recedes from the origin, 1t descends faster and
faster until 1t reaches the ordinate at 7 = 1 Beyond that point, the
descent 15 ever slower

It 15 easy to 1dentify the ordinates in the table with those mn such a
distribution as that of ear diameters in table 8 61 You may have already
constructed the histogram for the sample Applying Sheppard’s correc-
tion to the varance 4, 1n table 8 6 1, you have s = /(k, — 00833) =
/68946 = 2626 mm as the suitable estimate of the value of this
parameter There remans only a constant multiplier to transform the
ordinates in table 8 7 1 to those appropriate for the sample It1s

L 327 = 1245
5

Start with the ordinate at the mean, 44 11 mm Its value 15 (124 5)
(0 3989) = 49 66 ears, the second factor being taken from the table at

=0 This ordinate 1s plotted on the same scale of frequencies used 1n
making your histogram Next, compute the ordinate at one of the class
marks, say 39 mm The standard measure of this pointis r = (39 — 44 11)
/2626 = —195 The tabular ordinate corresponding 1s 0 0596, whence
the ordinate to be plotted 15 (124 5)(0 0596) = 7 42 ears As a final
illustration, compute the ordinate at one of the class boundaries, say
475mm You get 7 = 129, and thence 21 61 ears as the ordinate to be
plotted  Proceeding 1n this manner, you compute as many ordinates as
may seem necessary for plotting the normal curve The final graph will
have the same general appearance as figure 87 1

8.8—Cumulative normal frequency distribution. Table 881
differs from the usual frequency distribution in one major and several
minor respects The chuef d 1s that the
or areas) are cumulative To illustrate, look 1n the second column, oppo-
site 7 = 1 0 1n the first, where you find 3413 The meaning 1s that 34 13%
of the total frequency of 10,000 falls on values of 7 lying between zero and
100 This corresponds to the fact that 34 139, of the area of the curve in
figure 8 7.1 lies between the ordinates at 7 = 0 and 7 = 1 The figure
34 139, 1s approximately half of the farmihar 68 27% Again, opposite 2 0
you find 4772, meaning that 47 72% of the frequency lies between 7 = 0
and 7 = 2 Doubling this percentage, you have 95 449 of the frequency
within the interval + = =2 The remaining 4 56% of the frequency
lies beyond these mits  In general, the numbers 1n this table correspond
to areas 1n figure 8 7 1 between ordinates at 0 and 7
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Some minor differences between table 8 8 1 and an ordinary frequency
distribution are (1) Since 7 1s standard measure, 1ts values are measured
1n terms of the population standard deviation, o, as a unit  Thus, 7 = 2
means x = 2¢ or x/o = 2, (1) the values of 7 are not midpoints of class
intervals, but are distances to their outer boundaries, (1) only the posi-
twve values of 7 are listed, corresponding to the right half of figure 8 7 1,
(1) values of 7 are given to two decimal places, the second being read at

TABLE 88 1
Cumurative NoruaL FREQUENGY DISTRIBUTION
715 standard measure n = 10,000
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the head of the column  To illustrate this last point, consider the number
4535 1n the column headed 0 08 opposite 1 6 1n column one  The inter-
pretation 1s that 45 359, of the frequency lies between 7 = Oand r = 1 68

In the following paragraphs will be given various applications of the
table of the normal frequency distribution, or the normal density functior.
as 1t 15 now often called

1 Levels of 7 These are values of |r| outside which specified per-
centages of frequency may be found As an example, let us determine
the 5% level of 7, denoted by 705 On the positive side, 2 5% of the
frequency 15 to be beyond 7 g so that 47 5% 1s to be between 0 and 7 s
From the table the value of 7 corresponding to 04750 1s 196  Above
196 1s to be found 2 5% of the total frequency while below —1 96 1s
another 25% The 5% level, then, 1s 7o; = 196 This 1s the same as
the 5% level of ¢, table 27 1, for ifimte degrees of freedom That 1s,
as n increases indefimtely, the distribution of ¢ tends toward the normal
distribution of 7 Roughly, 1n large samples (2 > 50, say) the 5%, level
of either ¢ or 715 often taken as 2

2 The sample standard ervor of the difference between two means In large
samples, the distinction between n and degrees of freedom 1s usually
1gnored Instead of pooling sums of squares, as 1n chapter 4, the formulas
of section 7 10 are used If the means are taken from random samples,
they are theoretically uncorrelated, and

Sn - nt = S+ 9 m o= s+ osgt
As an example, 1t 1s reported that for 841 13-year-old boys the mean height
was & = 57 30 inches with 5, = 276 inches, while for 784 girls of the

same age, &2 = 58 60 and s; = 2 44 inches The difference of the means
1s therefore 1 30 inches with standard error,

V[(276)%/841 + (2 44)2/784) = 0 129 inch
The 95%, confidence mterval 1s given by
130 ~ (196)(0129) < i — s < 130 + (196)(0 129)

One 1s confident, then, that the population difference between 1s 105
inches and 1 55 inches, the superior height of the girls at age 13 1s clearly
a population characteristic  The same conclusion would result from a test
of Hy i — w2 = 0 Here 7 = 130/0 129 = 10, far greater than the 1%,
level, 2 576

3 The distrebution of che with a single degree of freedom  Thus 1s the same
as that of ¢ with infinite degrees of freedom  Consequently, the probability
of exceeding large values of chi-square, beyond the limuts of table 1121
(which 1s the first Iine of table 114 1), may be evaluated by table 881,
but notice, the 5% level of ¢ 1s the same as the 2 5% pont of 7 Illustra-
tion In example 1131 you were referred to this section for the prob-
abiity of x* > 8 Wehaveta; = w = Xdas =1 = 8 =283 From
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the table, the probability of r > 283 = 05 — 04977 = 00023, whence
the probability of [¢| > 2 83 = 00046, which 1s the probability of x* > 8
Other 1llustrations of the use of the table will be given in the examples to
follow

EXAMPLE 8 8 1—Using table 8 8 1, show that 92 16% of the items n a normally
distributed population lic between —1 767 and 1 760

EXAMPLE 8 8 2—Show lhal 65 24% of the items 1n a normal population he be-
tweent = —11sandr = 08

ExAMPLE 8 8 3—Show that 13 59% of the items are between 7 = ¢ and
=

EXAMPLE 8 8 4—Using table 8 8 1, show that approximately 50% of the items
lie 1n the interval from —0 6745¢ to 0 67450 The deviauon 0 6745 1s called the
probable deviation, and 0 67457 /n the probable error

MPLE 8 8 5—Show that the 1% level 1s at x/¢ = 2575 You will find a
shghlly more precise value in table 27 1atn = =

MPLE 8 8 6—Vcn(y the statement that the interval 2 1 6450 contains
90% of a normal freque:

EXAMPLE 8 8 7—The statement was made that of 1,000 13-year-old boys, 390
had heights within 1 4 mches of the mean height, 57 3 inches  Show that s = 275
inches on the assumption of normal distribution

EXAMPLE 8 8 8—The mean of 1,000 normally distributed plot yields of corn
was 20 50 pounds per plot It was observed that 200 of the plots yiclded 17 75 pounds
orless Estimate the standard deviation of the yields  Ans 3 27 pounds per plot

EXAMPLE 8 8 9—The mean and standard error of the dressing percentages in
one large group of swine were 81 7 = 0 46%, in another, 800 = 0 37% Show that,
for testing the mean difference, # = 2 88, a highly sigmificant value

EXAMPLE 8 8 10—In table 8 6 1, compute the frequency expected i the class
‘whose mark 13 42, that 13, whose interval 1s 41 5-42 5 Hints* In standard measure, the
boundaries are

4150 — 44 11
2626

From table 881, the cumulatve percentage frequencies are 03399 and 02301
Hence, the percentage frequency within the interval 1s 03399 — 02301 = 01098
Finally, the expected frequency 1s (0 1098)(327) = 359, to be compared with the
observed frequency of 28 cars

EXAMPLE 86 11—In tble 86 1, compute the frequency expected in the class
15 44 Ans 492 ears Continuing, expected frequencies may be com-
uted for all the intervals in the table and for the tails i which no cars were obscr
his process is referred to as the graduation of the distribution—the fittng of the class
frsquencics to thosc of some standard dutnbution, 1n this casc, the normal . The sum
percentage frequencics should be 1, while that of the expected freqnenuu should
R resulting normal has for its ~ 4411
cars ¢ = 2 626 cars, but 1t 15 only an approxmation to the N o) from which the
sample 'of cars was drawn
he goodness of fit of the observed distrnbution to the calculated normal may be
tested by chu-square, the degrees offreedom being ihas Lss tha the mumber o dasser” Tn
gection 1 14, the degrees of frecdom were only one less than the number of classes but
we are using as additional restrictions two statistics, 2 and s, which have been
calculated from the sample One degree of frecdom must be deducted for cach added
restriction

4 ¢ EXAMPLE 88 12—Venfy the probabiity, 00002, in the answer to example

4250 — 4411
= —0‘)94andW = —0613
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8.9—The calculation of r in a random sample from a bivariate
normal population. The double entry table 8 9 1 contains in compact
form the record of two measurements on each of 327 cars of corn (6) The
diameters, X, were grouped mnto millimeter classes as in table 8 6 1, the fre-

and code pp n the bottom rows of the table
The weight classes, Y, are 10 grams each with frequency and code at the
nght  Correlation 1n these data 15 evidenced by the tendency of high
frequencies to lie along the diagonal of the table, leaving two corners
blank—there are no very heavy ears with small diameters In each di-
ameter array (column) there 1s notable variation 1 weight, but 1t 1s not
nearly so great as the entire range displayed 1n the left-hand column  The
regression of weight on diameter could be represented by a line following
the upward trend of the data This ine would be fitted by the method
of least squares to the means of the successive diameter arrays

The calculations follow patterns already familiar  Those leading to
32 are taken from that part of table 8 6 1 which 1s the counterpart of table
821 The corresponding calculations for weight are carried through with
the data 1n columns f, and ¥ The results arc summarized 1n table 8 9 2

The device for arrving at 2XY, displayed 1n the last two columns of
table 8 9 1, has not been explaned before  Each number in column 2Xf,
1s calculated from the frequencies 1n that row together with the code
numbers in the bottom line  As examples

(1) In the 3rd hne (3)(4) = 12

(1) In the 4th ime (1)(2) + (1)(4) = 6

(m) In the 5thlne (1)(1) + (2)(2) + (1)(3) + (4)(6) = 32

(v) In the 7th ne (1)(—2)+@N(—1D+7D+(B)(3)+(3)(4)=23
‘The products 1n the last column are got from the two columns preceding
The sum at the end of this column 1s the desired ZXY  You remember
that no decoding 1s necessary for 7 Incidentally, the sum of the column,
ZXf., checks s 1n table 8 6 1

There are numerous devices for calculating 7 1n a two-way frequency
distribution  They all lead to the same result and all take about the same
amount of ime  If a punched card system 1s available, the sums, sums of
squares, and sum of products can be run up on the tabulator economically
if 2 > 300 (approximately)

A vast amount of time has been wasted 1n calculating correlation
coeflictents for samples not randomly drawn or not drawn from bivariate
populations which are normal (Sec section 73 ) In such cases, r esu-
mates no parameter It 1s true that r21s the fraction of Zy? which 1s atnibut-
able to linear regression—this 18 merely a matter of anthmetc But
that has to do with regression, not correlaton Even regression can be
meaningless if linearity 1s assumed when the sample regression 1s ob-
viously nonlinear Before starting any computation on a large sample,
examine the data carefully to see that they conform to the model described
m section 73  Among other things 1t will pay to plot both regressions to
learn if they are reasonably linear  In chapter 10 you wll find some tests
of homogeneity of vanance and in chapter 15, of linearity of regression
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TABLE 892
CALcULATION OF CORRELATION COEFFICIENT 1N TaBLE 8 9 1

2 37 IVf, = XY = 2,318
ZXif, = 2,279 VY =7, 254 (ZXf)(BYA)/n = =5 20
Exfn =" 19 (Xf)n a7 —_—
e Ty = 2,323 20
It = 2,274 81 2 = 7,257 53
Zxy _ 2,323 20 =058

r=
VENEY V(2274 81)(7,257 53)

EXAMPLE 8 9 1—Using the dara n columns /, and Y, table 8 9 1, calculate 2yt
= 7,257 53, together with the sample mean and standard error, 1986 = 2 6

EXAMPLE 8 9 2—Calculate the sample mean, 44 1, and standard dewiation,
264, 1n the 42-mulimeter array of weights, table 8 91

E)gAg/IPLE 89 3—In the 200-gram array of diameters, compute £ = 198 6 and
s =471
EXAMPLE 8 9 4—Compute the sample regression coefficient of weight on diam-
eter, 10213, together with the regression equation, P = 1 0213X + 154 81

EXAMPLE 8 9 5—Calculate the sample mean weight of the ears in cach of the 16
diameter arrays of table 891 Present these means graphically as ordinates with the
corresponding diameters as abscissas  Plot the graph of the regression equation on the
same figure Do you get a good fit® Is there any evidence of curvilincanty 1n the re-
gression of means®

EXAMPLE 8 9 6—Calculate the mean diameter 1n each of the 28 weight arrays
Plot these means against the weight class marks Does there seem to be any pronounced
curvilinearity in the regression of these mean diameters on the welght’ Can you write

regression equation giving estimated diameter for each weight’

EXAMPLE 8 9 7—If you are interested in mathematics, you will naturally wish
to denive the formula for XY 1n table 8 91 Thus table, in fact, introduces many fasci~
nating problems  You will find an excellent discussion, with bibliography, in (9)
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CHAPTER 9

Enumeration Data With More
Than One Degree of Freedom

9 i—Introduction. ‘The chief purposc of chapter 1 was the casy
d of sample-b about pop Point and

nterval estimates, (ogethcr with tests of hypotheses, were explamned
with as hittle diversion as seemed feasible Those primarily interested 1n
enumeration statistics were referred to this chapter for further exposition

In the intervening chapters a good deal has been said about the normal
distribution, 1t 1s the basis for many of the statistical methods devised for
meast rement data Most of the methods of the present chapter, Iike
those of chapter 1, are appropriate for samples from binomually or mulu-
nomially distributed populations, together with those from Poisson dis-
tributions  These latter distributions will be described 1 more detail in
chapter 16

With the exception of section 114, the methods in chapter 1 were
for single samples with only two classes of individuals involving a single
degree of freedom  We are now ready to consider more than one sample
as well as more than two classes

In the next two sections of this chapter, as in chapter 1, the hypotheses
tested will be those concerned with goodness of fit, the conformuty of a
sample with some theoretical subdivision, like 3 1 or 9 3 3 1, or like the
classes of a binomial distibution  Later, the hypotheses will be those of
independence or homogeneity

9.2—An experiment with more than one sample. It 1s often con-
venient and informative to collect data in several small samples rather
than in a single large one Thns pmvldcs substanually more information
An 1llustration 1s som¢ hyll inhert-
ance 1n maize (14) rcportcd m lablc 921 The series consisted of 11

8¢ of green plants, self- mnto
dommam green and recessive yellow The hypothetical ratio was 3 1

Chi-square 15 calculated for each progeny and entered n the last
column  As an illustration, consider the first progeny with 122 plants,

[212]
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98 green and 24 yellow  Under the 3 1 hypothesis the numbers antic-
1pated are three-fourths of 122 = 91 5 green, and one-fourth, 30 5, yellow,
then chi-square (review section 1 10 if necessary) 1s,

(98 — 915)2 | (24 — 305)
915 305

t= =185,

not an excessive value 1 random sampling from homogencous material
(see table 114 1)

Since most of the chi-squares are small and all nonsignificant, they
furmsh hittle evidence that the 11 progeny samples may not have been

TABLE 921
Numzers OF GREEN AND YELLOW w11 ol
HeTEROZYGOUS GREEN PLANTS, Wrrit NuMBERS EXPECTED UNDER THE 3 1 Hv?mm’.\u
AND VALUES OF CHI-SQUARE

Number of Ratio, Hypothetr-  Hypotheu-
lants ~ Green  Yellow G/Y  calGreen cal Yellow  Chisquare
122 98 24 41 91 50 30 50 185
149 110 39 28 111 75 37 25 01l
86 68 18 38 64 50 21 50 076
55 42 13 32 41 25 1375 005
b 54 17 32 53 25 17 75 0 04
179 141 38 37 134 25 44 75 136
150 120 30 40 112 50 37 50 2 00
36 27 30 27 00 9 00 0 00
91 70 21 33 68 25 275 017
53 39 14 28 39 75 13 25 005
i 85 26 33 83 25 2775 015
Pooled 1,103 854 249 827 25 275 25 3 46

drawn from a 3 1 population In fact, somewhat more variation mlghl
have been expected, you ber that, hing from b
populations, about one random sample among twenty has chi-square
greater than 3 841

A valuable property of chi-square 1s that the sum of n sample values
18 1tself distributed as chi-square with n degrees of freedom  Though each
component chi-square may be short of sigmficance, yet the sum may be
highly significant  Thus the information in the small samples 15 accumu-
lated, giving clearer evidence of population facts For illustration, look
at the first line of table 114 1 under P = 010, x* = 2706 Suppose
there were five similar samples each of which happened to turn up this
same chi-square The sum would be 5(2706) = 13 53, with 5 df,
which exceeds the 0 025 pont
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In the corn progenies the sum of the 11 chi-squares 1s only 6 54,

a smal]cr than-usual value for 11 df The accumulated nformation
the confc of the p to the 3 1 ratio

There are two other chn-squarcs that may elicit information about the

populations sampled as 1 this experiment  Farst, there 15 the chi-square

calculated from the pooled data in the last hine of the table Here the 11

progenues are treated as a single large sample Using the formula (section

116),

_ (e _ {854 = 30249))
X =T 03 06

With one df this chi-squarc almost reaches the 5% pont The reason
15 that nine of the eleven ratios, G/Y, are larger than 3 This persisting
tendency might have been strong enough to lead to rejecuion of the 3 1
hypothesis  See example 92 1

Finally, there 1s a chi-square that measures the mconsistency of the
deviations of the sample ratios from the hypothetical Fisher and Mather
(11) called this “heterogeneaty > TIts calculation 1s simple

Degrees of Freedom Chi-square
Sum of 11 chi-squares 11 654
Pooled chi-square ni 346
Heterogeneity (difference) 10 308

A surprising feature of this maize experiment 1s the smallness of the
heterogeneity chisquare with 10 4f  Under the null hypothesis, larger
values would be expected 1 98% of random samples The oscillations
above and below the hypothcuca] ratio are much less than 1s usual m

1 Such might lead the experimenter
to examine his procedure for constramnts leading to lack of ordinary ran-
dom variation Compare example 9 2 2

‘We now have three over-all chi-squares testing the same null hypoth-
esis, that the several samples are all drawn from a common population
with some specified ratio It 1s the alternative hypotheses that differ
For the sum of chi-squares, the alternative 1s that the population ratios
deviate from the h h I with no d between excess and
defect, the squaring of the deviation obliterates the sign  The alternatve
for pooled chi-square 1s that there 1s a predominating tendency toward
deviations with 2 common sign  In the case of heterogeneity chi-square,
the signs of the d are d and their evalu-
ated

Further d of h hi-sq will be found 1n sec-
tions 96 and 99

EXAMPLE 9 2 1—From a population expected to segregate 3 1, samples were
drawn with the following ratos, 98 41, 71 31, 127 52, 61 25, 86 36  Calculate the
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sample ratios and chisquares  (The formula of section 1 16 makes the work easier )
The sum of the 5 chi-squares 1s 673, P = 025 Pooled chi-squarc 1s 6 66, 2 < 001,
showing sigmficance in the persistent excess of recessive plants Heterogenety chi-
square 15 only 0 07, venifying the obvious consistency n the sample ratios

EXAMPLE 9 2 2—Samples with the following ratios were drawn from a popula-
tion expected to segregate 1 1, 47 33, 40 26, 30 42, 24 34 Note the discrepancies
among the samplg rauos  Thése result n a large Heterogeneuty chr-square cqual to
901, P =003 The conclusion is that there are two populations being sampled, not
one

9.3-~An experiment with more than two classes of individuals An
mntroduction to this type of experiment was given 1n section 1 14 With
hiberation from the restriction of a single degree of freedom, all the theo-
retical genetic ratios may be tested, both in single samples and i combi-
nations  As examples, two groups of progenies are recorded in table
931, each being F; plants from a cross between japonica colored maize

TABLE 931
F: Seepuines From 4 Cross oF Jaronica Wita FINe-STRipED Matze
indstrom’s data )
Hypothetical ratios, 9 33 1 Hypothetical numbers 1n parenthesis

Progeny Number of Fine-  Combi- | Chi-
Numbers Seedlings | Green  Japomca  Stnped  nauon | square
1,4,6 168 1117094 5) 26(31 5) 1831 5)  7(10 5) 13 28
2, 135 | 8276 00 12(253) 33(253) 8(8 4 9 82
Sum 303 l 199 18 51 15 l
i
plants and fine-striped  The dl wi d to n

ere exg
9 331 ratos Hence, from the 168 plants in the first group, one would
expect nine-sixteenths green, three-sixteenths japonica, etc  The formula
for chi-square, section 1 14, specifies the sum of the four component parts
{117 — 94 5)*/94 5 = 5 36
{26 — 31 5)%/31 5 0 96
(18 —3152315= 579
( 7-=105)%105 117
x* =13 28
This value of x? 15 based on three degrees of freedom, one less than the
number of subsamples contributing It 1s larger than the 1%, point, 11 34
The null hypothesis being tested 1s that the segregation in the population
18 1 the ratios 9 3 31 There 15 hittle chance, therefore, that the seed-
hngs i this group are a sample from such a population That 1s, the
sample departs ficantly from the hypoth I ratios
In the second group of progenies, x* = 9 82,df = 3,15 Just at the 2%,
pont  The departure from hypott lis fi but less p d
than 1 the first sample
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The sum of the 2 chi-squares, 13 28 + 982 = 2310,df = 6, accen-
tuates the dewviations from the hypothetical frequencies but gives no
evidence about the directions of the departures

Pooled chisquare, calculated from the sums n the last line of the
table, 1s 12 37 with 4f, = 3, also significant The tendency 1s for the
ratios in the two samples to deviate in the same direction from hypo-
theucal though rhe tendency 15 reversed mn the two fine-striped classes

g q! 15 cal this way
Degrees of Freedom Chi-square
Sum of 2 chi-squares 6 23 10
Pooled 3 12 37
Heterogeneity 3 10 73
The d signs dered, are but not so p d

as those of the other types

Lindstrom remarked “This F; distribution suggests independent
inheritance between the japonica and fine-striped factors, although the
data are rather uncertain because of the difficulty in classifying the vari-
ous typcs of striping and also because of the differential viability of the
types

This brings us to the end of the applications of chi-square to goodness-
of-fit problems In chapter 1 and 1n most of the present one we have
been testing data agamst theoretical distributions and ratios  After two
ntervening sections, app will be hed to tests of d d
and homogeneity in contingency tables, where there 1s no prior knowl-
edge about the ratios i the population

EXAMPLE 9 3 {—Bateson and Punnett (2) worked with sweet peas having blue
flowers (B) dormunant to red (b) and long pollen (L) to round () Instcad of the ex-
pected 9 3 3 1 ratios in Fy, they got the following distributions 1n two of their trals

BL Bl L ol
Number 61,1910 85 33 41 1
F 32,1910 72 35 28 0
Pooled 157 68 69 1
Among several hypotheses abnut :he phenomenon, they were “  inchned to regard
the partial repulsion betwee: of a type which would produce the ratios
12963631  On the basis of s null hypolhuu, analyze chisquare as follows
Degrees of Freedom Chi-square

Sum of two 6 3 249
Pooled 3 0 961
Heterogenaty 3 2 288
Since the hypo(hau was ulecl:d to fit the d:u, tests of hypotheses are not appropriate
It 18 merely to 15 the major portion of the sum

9.4—Combination of probabiliti Evid ona effect

P
may be avalable from more than one type of experiment The data
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cannot be pooled and there are no chi-squares to be added But if each
experiment has yielded a probability, these may be combined to accumu-
late the evidence from the several sources Fisher (10, section 21 1 See
also reference 21) showed that —2log.P 1s distributed as chi-square
with 2 degrees of freedom This leads to the following method apphed
to hypothetical data

The difference between two nutritive elements was evaluated 1n three
experiments on small ammals In one, there was merely an enumeration
of those that did and did not exceed a standard gamn  The resulting
chi-square was 2 7 with one degree of freedom, P = 010 The sccond

TABLE 941
C oF Frowm Turee E TS
Experiment P LogiP
1 010 9 0000 —
2 012 9 0792 — 10
3 008 8 9031 — 10
Sum 269823 — 30 = —30177

Log. P = (23026)(—30177) = —695
Xt = —2logP = 1390, df = (3)(2) = 6, P = 0035

experiment was a comparison of two lots with ¢ = 165,df = 18, P =
012 Individuals were compared 1n the third experiment, ¢ = 200,
df =9, P =008 Each experiment mdicated an effect but none was
significant at the 5%, level One feels that the accumulated evidence
would be more convincing Table 941 shows how to combine the
probabilities  From the results, the experimenter would be justified 1n
rejecting the hypothesis of no effect

If the probabilities average around P = 0 3, the accumulated evi-
dence does not alter that of the several experiments Suppose you have
three experiments, each with P = 0 3, you will find the combined prob-
ability 1s still about 0 3

9.5—Adjustment for continuity. In chapters 1 and 9, the theoretical
continuous distribution of chi-square 15 used to test discrete data  The
Jumps from unit to umt 1 the observed data prevent the calculated chi-
square from cor ding exactly with probabal read 1n table 114 1
The result 1s a bias 1n the probability takcn from the table, a tendency to
underestimate 1t, causing too many rejections of the null hypothesis  In
cases involving a single degree of freedom, the bias 1s corrected quite ssm-
ply The formulas are adjusted by subtracting 05 from the absolute

values of the The qi and reading of the
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table go forward as usual In large samples this small adjustment has
Iittle effect on the calculated chi-square, but 1t 1s so easily made that 1t
mught as well be the routine procedure

As an example, consider one of the samples of digits drawn as 1n sec-
tion 15 Suppose 8 odds turned up 1n a sample of 10 The theoretical
ratio, you remember, 15 0 506 We have, then,

fi=8,fa=2,F =506 F =49%
Substituting 1n the formula for adjusted chi-square,
x* = E(f = F| — 057 /F

(18 =506] —05)?  (|2—494] —05)
506 494

_ (294 —05)® (294 — 05)*

506 494
_ (2442 (2442
T 506 494
=238

The only change 1s that the absolute values of the two deviations are
changed from 2 94 to 2 44, the signs being 1ignored because of the squaring
The special formula of section 1 11 1s even easier to adjust

x* = (If = F| = 05)* (1/F + 1/F)

(18 — 506 — 05)%(1/506 + 1/4 94)
(2 44) (0 40006)

= 238, as before

It 15 clear that adjusted chi-square 1s always less than the unadjusted
value, the latter being 3 46 i the 1lustrative example This leads to
the reading of larger probabihiies in the table, probabilities that are less
extreme, consequently, the null hypothess s less hable to rejection  For
theoretical discussions of the correction for continuty see (6, 10, 21, 22)

If 1t happens that |f — F| 1s less than 0 5, the adjustment should not
be made In this case, chi-square 1s small so that conclusions will not be
affected

The adjustment should be omitted 1 all situations where several

hi are E les are found in the sampling of chi-
square (sections 111 and 1 12) and 1n the analysis of chi-square discussed
m section 92 In the latter section, the additwe relationship would be
destroyed if the adjustment were made

The adjustment described does not apply to data with more than one
degree of freedom
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The formula of section 116 15 adjusted by subtracting (r + 1)/2
from [@¢ — rb|  Applying the adjustment to the data in that section,
. (a—1] = ¢+ 1)/28
L=t DI Z T Y
7(a + b)
(1310 — 270| — 4/2)
3(400)
=120,
mstead of the unadjusted value of 133 Notice that 1f the population 18
cqually divided then
(la—sf — 132
a+b

EXAMPLE 951—In example 1135, a =2, b =19, r =1 Adjusted chi-
square 15

r=1land x* =

(j2 — 19| ~1)2/21 = 122
1ostead of the 1376 C are unchanged

EXAMPLE 9 5 2—In the llustratve example of section 9 2, segregation in the
first sample was m the ratio of 98 geeen planu to 24 yellow, with unadjusted chi-square

equal to 185 Calculate adjusted by each of the
Ans 157
9 6—Test for independ The fourfold i table.

After a sample has been divided on the basis of one annbute, the indi-
viduals 1n each part may be subdivided according to a second  An 1llus-
tration 1s taken from the Boone County survey cited 1n section 13 One
attnbute observed between August 14 and September 6 was the presence
of second brood eggs of the corn borer Table 9 6 1 shows that 125 of
the 176 sample fields were so infested A second attribute investigated

TABLE96 1
PRESENCE AND ABSENCE OF SECOND Broop Eccs in BooNe COuNTY SAuPLE,
SUBDIVIDED ACCORDING TO APPLICATION OF FERTILIZER

]
| Fertihzer or Manure

Second Brood Eggs Some None Total
Present 31 94 125
Abasent 9 42 51
‘Total 40 136 176
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was the use of fertilizer or manure The 2 X 2 table shows the subdivi-
sion of the sample according to the two attributes

Since this 1s a random sample of fields, many inferences can be made
by use of the methods of chapter 1  Three examples will serve to indicate
the possibilities

1 In 31/176 = 17 6% of the fields both attributes were observed,
second brood eggs being found 1n fertihzed fields The 0 95 confidence
mterval 1s from 11 6% to 24 6%, If the number of fields in the popula-
tion were known, both the point and mnterval estimates could be expanded
to the total number of infested, fertilized fields in Boone County

2 Among the sample fields, 125/176 = 71 0% were mnfested with
second brood eggs, the 95% confidence mterval beng 63 0% to 78 5%

3 Of the 40 sample ficlds which had been fertihized, 31 were mn-
fested and 9 free We may test any interesung null hypothes:s, for ex-
ample, that in the population of fertihzed fields 1n Boone County, half
are mfested This would be mn answer to the question, “Is there a signifi-
cant difference between the fractions of infested and free fertilized fields>”
Using the third formula of section 9 5,48 = 31,6 = 9,7 = 1, and

X = (31 =9 —1)%40 = 110

The significance of the difference 1s manifest
Coming now to the new feature of fourfold tables, this question
anses  Does fertihizing affect the occurrence of second brood eggs or are
these two attributes independent? Another way to ask the question n-
volves the two ratios of fertilized to unfertilized ficlds, the ratios being
31/94 = 0 330 for infested fields, and
9/42 = 0214 for clean fields

Are these ratios significantly different® A third form of the question
might be about the two percentages of infested fields,

31/125 = 24 8%, for feruilized ficlds, and
9/ 51 = 17 6% for unfertihzed

Do these percentages differ significantly?

The three questions are logically the same, they are all answered by
setting up the null hypothesis of independence, then testing 1t by chi-
square If the null hypothesis 1s true, the two ratios in each of the fore-
gomng pairs may be samples from equal popul. ratos The
will be presented 1n the next section, meanwhile, a convenient {ormula
will be explaned

The 2 X 2 table may be represented symbolically in this way

b a+ b
¢ d ¢+ d
a+c b+d a+b+c+d=n
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An easily calculated chi-square formula for testing the hypothesis of
1independence 15

. n(lad = be| = nj2y
X @HOC+Datab+a
The fraction, n/2, effects the correction for continuity In samples of
several hundreds and 1n situations where the correction 1s not appropriate
this term may be omutted

For the Boone County sample, @ = 31, b = 94, ¢ = 9, d = 42, and
n =176 Subsututing,

L 176(31 X 42 — 94 X 9 — 176/2)
= 125 X 51 X 40 X 136

_ 176 X 368 X 368
125 X 51 X 40 X 136

Only the first 3 or 4 digits are needed 1n the answer Cumbersome cal-~
culations may be avoided by dividing both numerator and denominator
by some convenient power of 10, in this case, 10°  This 1s done by moving
the decimal points a total of 6 places to the left in each term of the fraction

7
o LT6X368x368 238

As will be shown later, the test for independence 1n the 2 X 2 table 1s
based on only a single degree of freedom, so P 1s about 0 42 and the null
hypothesis 1s not rejected Each pair of ratios discussed above may well
be the same 1n the population The conclusion 1s that fertihzation of a
field does not affect the deposition of second brood eggs, the two processes
are independent

Theoretcally, the conclusion might as well be that the deposition of
second brood eggs does not affect the practice of fertihzing fields It s
practical considerations alone that dictate the form of the conclusion

If the conclusion were different, we should have to review the second
of the three mferences proposed 1n the second paragraph of this section
Should the fraction of infested fields depend on fertilization, the over-all
percentage of infested fields would lose much of its interest Instead, we
should wish to know the two different percentages, one for fertilized and
another for unfertiized fields The over-all percentage may have httle
utility in where h (ord di 15 present
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EXAMPLE 961—Dr C
Station has furnished the following numbers of aphids (Aphs rumuces L ) alive and dead
after being sprayed with two solutions of sodum oleate

H

Statistical Methods

of the Towa

Section 9 6

Concentration of
Sodium Oleate Per Cent
(per cent) Alve Dead Total Dead
110 3 62 65 95 4
065 13 55 68 80 9
Total 16 17 133

Calculate adjusted chi-square, 5 31
99%, for the population percentage dead in the

90% n the lower

Is there

Estmate the 95% confidence intervals, 86% to
higher concentration, and 69'
any reason for considering the per cent dead 1n the entire

sample? Note that the totals, 65 and 68, were selected for convenience, they do not
contamn nformation about the relative sizes of two populations

EXAMPLE 9 6 2—Here are data on the germination of samples from two bags of

bluc grass seed

Number
of Seeds Number Not Per Cent
Bag Number | Germinating  Germinating Total Germunating
1 340 60 400 85
2 356 44 400 89
Total 696 104 800 87

Calcualte adyusted 2 = 249 The diflrence between the percentages of germunaton

may be attributed to sampling variation, and
of the per cent germinauon 1n the two bags

tion percentage

Ans 84%-90%

EXAMPLE 9 6 3—In 1933 Davis (8) was trying to determine the causes of unusual
development of smut (Ustilago uu) in corn plansSince allthe plants were inaculated,

the chances of infection seemed e«

Just before silking,

Were Smutt

thus

87% considered as

an unbiased estumate
Set 099 confidence hmuts to the popula-

Bags were placed over the cars of 174 f!anu

September 15 Cha-square 1s

a
of smutted plants, attributable to the effects of bagging

an;
t({ Am\lmg 262 unbagged

d inhibiting

plants 31 were found smutted on

difference in the p

EXAMPLE 9 6 4—In examining the effects of different sprays i the control of

codling moth myury to apples, Hansberry and Richardson (12) counted the wormy
apples on each of 48 trees  Two trees sprayed with lead arsenate yielded

A 2,130 fruts, 1,299 or 61%
B 2190 fruits, 1,183 or 54%

Chi-square = 21 16 1s conclusive evidence that on these two trees the chance of injury
wasdifferent Yet they were treated in all respects 2hke  This 1s charactenstic of spray
experiments  For some unknown reasons, injuries under identical experimental treat-
ment differ significantly Hence, 1t 1s undesirable to compare sprays on single trees,
because a dnﬂ%renre n percentages of injured apples might be attributable either ©
the treatments or to the unknown sources of variation A statistical determination of
the or of material under 1deatical conditions
1s called @ test of techmgue Hansberry and Richardson combined a study of techmque
with their experiment on sprays

of which were injured
of which were njured
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9 7—The fourfold table; frequencies based on hypothesis of inde-
pendence. If the null hypothesis of ndependence 1s true, then the fre-
quencies in the four cells of the table are proportional Denote these
hypothetical frequencies by

R B a+b
F Fy c+d
a+c b+d n

The border totals are assumed to be unchanged, thatis, F; + F; = a + b,
etc  Then Fy/F, = Fy/F; and Fi/F; = F,/Fy if the atiributes are inde-
pendent

The hypothetcal frequencies are easily computed from the border
totals  Thus,

13

(a+b)a+q)
- "h"—“, etc

Applying this to the Boone County sample,

F F, 125
B A 5
40 136 176

Fy = [(125)(40))/176 = 284, etc Only one of the hypothetical fre-
quencies need be calculated, the others are got by subtraction from the
border totals,

Fy =125 — F; = 125 — 284 = 96 6, etc
The resulting hypothetical frequencies, F, are

28 4 96 6
16 39 4

In calculaung chi-square, these hypothetical frequencies are to be
compared with the sample frequencies, f

31 94
9 42
The four dewviations, f — F, are

26 =26
—-26 26

The sum of these deviations 1s zero 1n each row and in each column, and
except for the signs they are all equal
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Since the absolute values of the four differences, |f — F|, are the
same, the usual formula for uncorrected chi-square,

_,(f—Fr
=20

becomes
$=(-Frz
F

Substituting the Boone County data,

11,1
= @oy (za %4796 6+T6+5ﬂ)
—106

The correction for continuity 1s made by deducting 0 5 from |/ — F|
The formula for corrected chi-square 1s

x* = (|f— F| — 05 2(1/F)
= (26 —05)(01572)
=069

This has brought us back to the same answer as that given by the shorter
method of the previous section  The formulas are equivalent

The reason for only one degree of freedom 1s now apparent Since
the theoretical frequencies are based on the border totals, only one F 1s
free, the other three being determined by the ﬁrst F and the totals

With P of the hypoth of there 13 httle
further interest 1n the fourfold table The sample of 176 fields may be
considered independently from two viewponts  Furst, the second brood
eggs were found 1n 71%, of the fields, the 95% mterval estimate being
630% to 78 5% Second, about 23%, of the fields were fertilized, with a
95% interval estimate of 169, to 31%, Other questions that might have
been raised, such as 1 and 3 1n section 9 6, now have little relevance

Like all of chi-square to tables, the foreg
methads, even with the correction for continuity, are approximate The
approxmmation becomes poorer as the size of sample decreases If the
frequency observed 1 any cell 1s less than 5, close decisions may be
affected  For such unusual cases the reader 1s referred to (10) where an
exact method 15 1 d, and to (7) for add 1 d
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EXAMPLE 97 1—Following 15 a record of chnical trials on 171 white patients
by infected with the McCoy stramn of Plas-
modsum wwax, cmploying sporozortes not exceeding 50 days of age (3)

Numsers or Takes axp FAILURES or INOCULATIONS WITH Vivax MALARIA IN THE
ONTHS JANUARY T0 MARGH CONTRASTED WiTh APRIL To DECEMBER

Result of Inoculation

Months ’ Take Total
January-March 13 6 19
April-December 142 10 152

Total ‘ T

Calculate adjusted x* = 9 67 With rejection of Ho, there are only two further infer-
ences to be made about populations, these are based on the two pairs of estimates
(point and nterval) about the percentage of (1) takes (or failures) in January-March,
and (u) takes (or failures) in April-December These estumates cannot be expanded

cause there 15 no information about the size of the population which was randomly
sampled

EXAMPLE 97 2In the Boone County survey, notice that among the hy)
thetical frequencies ths relation 1s true  Fy/Fy = Fy/Fy, or FyFy = FpFy  Ths verifies
the calculations

EXAMPLE 97 3—In the fall of 1943 approxumately one 1n every 1,000 families
of owa was asked about the canning of fruits or vegetables during the preceding season
Of the 392 rural families interviewed 378 had done canming, while among the 300
urban (from places of 2,500 or more inhabitants) famihes 274 had canned ~ Test the
hypothesis that the percentage of families doing canning was the same in rural and
urban commumities of Iowa in 1943 x =719

Two comments (1) Assuming that everv family 1n Towa had the probability 0 001
of being interviewed, esimates and expansions can be made from each of the four cell
frequencies and from the four border totals Interpretation of two of the latter four 1s
subject to the heterogeneity which 1s evident (a) The assumption of complete ran-
domness 15 not realistc, such randomization 1s too costly  Practical devices have been
found for overcoming this difficulty ~ See chapter 17

9.8—~Test of independence 1n an R X C table. If one or both
of two attributes are recorded mn more than two classes, the resulting
table having R rows and C columns, independence may be tested by
chi-square with (R — 1)(C — 1) degrees of freedom  As 1n section 9 7,
hypothetical frequencies, F, are based on the border totals These with
the observed frequences, f, lead to the famihiar form,

X =2(f = F)YF

Strand and Jessen (19) examined the distribution of tenancy on
various levels of soil fertility in Audubon County, Iowa The results from
a random sample of farms are summarized n table 9 8 1  Before drawing
conclusions from the border totals, this question 1s asked Is tenancy
this county dependent on fertility, or is the county distribution of tenancy
the same on the three levels of fertility?
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TABLE 981
Nussers oF Faras o 3 Sori. FERTILITY GRous 1v Aubuson County, Towa,
ASSIFIED. ACCORDING TO TENURE

Soil Owned Rented Mixed Total
1 s 36 67 49 132
F 36 75 62 92 52 33
j—-F | —075 408 -333 l
1 7 31 60 49 140
F 33 85 57 95 48 20
f-F 285 205 0 80 ‘
11 J 58 87 80 i 225
F 54 40 93 13 7747 |
f-F 3 60 —6 13 253
TTtIl 125 214 178 | 517
(- 3 _ (=0 79? @53 _ R =G 1) =
0= B = e o =154 df = (R=DC -1 =4

As before, the hypothetical frequency for any cell 15 computed from
the border totals 1n the corresponding row and column

ffuw total) (column tqta])

n

row total
= ———— (column total)
n

Examples For the first row,

row total 152
—_— === 4

" 517 029400
Fy = (029400)(125) = 3675
F, = (029400)(214) = 6292
F; = (029400)(178) = 5233

Ths procedure makes the P fairly casy if a machine
1s available For verification, notice that (1) the sum of the Fin any row or
column 15 equal to the observed total, and consequently (u) the sum of
the deviations 1n each row and 1n each column 1s zero

The facts just stated dictate the number of degrees of freedom  One
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1s free to put R — 1 theoretical frequencies 1n any column, but the re-
maining cell 1s then fixed as the column total minus the sum of the R ~ 1
values of F Similarly, there are C — 1 degrees of freedom 1n each of
R — 1rows Therefore, df = (R —1)(C - 1)

The calculation of chi-square proceeds as indicated in the table Since
P > 08, the null hypothess of mdcpcndcnce 1s not rejected

Since there 1s no evids of geneity 1n the soil data, 1t1s
proper to test any pertinent hypothesis the investigator may have about
the border totals For example, if he should know that in the state as a
whole, tenancy 1s distributed 1n the ratios 25 45 30, he could test (as in
sections 114 and 9 3) whether his sample 1s randomly drawn from the
state i or whether Audubon County has a different pattern
from that 1n the state  Or he mught ask if the farms having the several
levels of fertility are equally numerous in the county sampled, this would
specify the null hypothesss, the ratios bemng 1 1 1

If one or more cells of the table contribute unusually large values of
(f — F)*F, they may warrant special consideration  Shall the large
components be attributed to sampling vagaries or may there be a useful
1nterpretation?

f an experimenter does not need to examine the components m the
several cells of his R X C table, he can save up to half the time of com-
putation by use of a short cut devised by P H Leshe (13) This 1s es-
pecially useful if there are many such tables to be calculated

EXAMPLE 9 8 1—In threc experiments on artificial insermmaton of cows, suc-
cesses and failures were recorded as follows

Experiment Successes Fatlures
1 194 158
2 80 86
3 165 151

Calculate chi-square  Ans 221,df =2

EXAMPLE 9 8 2—In table 9 2 1, suppose 1t had been found that the progenies
were not segregating 3 1, or suppose’there had been no theorecal geneuc ratio to

pply The invesugator might wish o test independence as in the present section
Ciichiate chisquare. Ans 331,47 = 10 . You will observe that this 15 not the same
as the heterogeneity chi-square of scction 92 The distinction will be discussed 1n the
next section

9.9—A special method of computing chi-square inan R X 2 table
In scientific writings many tables of enumeration data are presented in
some such fashion as the first three columns of table 9 91  These data
are selected from an experiment m which umiform doses of Danysz
bacillus were injected into rats The sizes of the sub-samples were dictated
by the numbers of ammals available at the several dates of injection

The probabilities of survival, gy, in the third column of the table are
emphasized. For such tables a convement method of computing chi-
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square has been devised by Snedecor and Irwin (18)  (This 1s sometumes
referred to as the Brandt and Snedecor method ) The results, of course,
are the same as those obtained by applying the method of the foregoing
section The second and third columns might as well refer to the numbers
dead, but computation 1s easier with the smaller probabilities In the
last column the sum of the products 1s usually accumulated in the dials
of a calculating machine with no histing of the separate items

The results indicate that the probability of death 1s independent of the
group and may therefore be characteristic of the amount of oculum

TABLE991
PERCENTAGE OF RATs L1viNG AFTER INtECTION WiTH DANYSZ BACILLUS

Probability *

Number~  Number Living of Survival Products

in Group 3 3 P
40 0 2250 2 0250
12 2 0 1667 0 3334
22 3 0 1364 0 4092
1 1 0 0909 0 0909
37 2 0 0541 0 1082
20 3 0 1500 0 4500

n= 142 XX, =20 § = XX,/n =20/142 =0 1408  IpX, = 3 4167

g=1-p=08592
o m B PEX 36T — 28160 oo p

= 10 1408)(0 8592)

*If you prefer percentages, sec example 9 9 4

mjected  The experimental techmque was rather difficult to control—
the rats were probably vaniable in their reaction to the injected organism,
the organism doubtless changed somewhat 1n virulence, and the amounts
of the 1moculum introduced were likely not entirely umform—yet the
probability of death throughout the sample was no more divergent than
would be expected 1n groups randomly drawn from a population with
constant probability of death

This special method (11) may be convenient if crossing over or linkage
18 suspected 1n genetic material which should theoreucally segregate r 1
For the sake of easy comparison, let us apply 1t to tlie darta of table 92 1,
rearranged as in table 992 The new features are in the lower part of
the table where chi-square 1s computed on two assumptions (1) that the
population ratio 15 3 1, the value of chi-square being identical with the
h 8! y chi-sq; lated as a duffe m section 9 2, and (1)
that there 15 no theoretical ratio What are the advantages®

Farst, since x* = 3 08,4 f = 10 15 s0 small as to indicate no heteroge-
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neity among the sample ratios, the pooled chi-square 1s of interest and may
conveniently be calculated by means of the formula (section 1 16),

,_ (a—rb)? (854 —3 X 249)
T ety T 30,103
We now have both the pooled and the heterogeneity chi-squares which are

essential the total chi-square may be got by addiuon 1f 1t 1s needed. The
calculations are notably less burdensome than those of table 9 2 1

=346

TABLE 992
SEGREGATION OF GREEN AND YELLOW SEEDLINGS IN 11 PROGENIES.
ATA OF TABLE 9 2 1
Alternative method of computation

Number Probability

Number Yellow of Yellow Products

Examined X, 13 pX,
122 24 0 1967 4 7208
149 39 0 2617 10 2063
86 18 0 2093 3 7674
55 13 0 23¢ 3 0732
71 17 0 2394 4 0698
179 38 02123 8 0674

150 30 0 2000 6

9 0 2500 2 2500
91 21 0 2308 4 8468
14 0 2642 3 6988
38 26 0 2342 6 0892
1,103 ZX, = 249 P = 022575 Zp X, = 56 7897
g = 077425 PEX, = 56 2118

ZpX, — PZX,= 0 5779

Assuming 3 1ratio, p = 075, = 025
2 o Z0X —PEX, _ 05779 308
Y =TT T Temos)

‘With no assumption about ratio,

PEX, 05779

ZpX, _
* = = wEme Ty -2

X

Second, we have as before the evidence to decide whether there 1s
crossing over or not While pooled chi-square 1s short of the 5% point,
1t does emphasize a bias—a deficit 1n the recessive yellows If the mvesti-
gator attributes this to crossing over (or to some other genetic phenome-
non) he will reject the 3 1 hypoth He then has lable the appro-
priate x> = 3 31 based only on the assumption of independence, and this
with a neghgible amount of extra computation
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We now have two chi-squares measuring inconsistency 1n the sizes or
signs of deviations from thcoretical, numerically not greatly different
In the cc they are d hed only by their denomunators
If one needs the hetcmgcneuy chi-square of secmm 92, he divides by
the hypothetical p: b If 1t 15 1indy he wishes to test,
he uses pmbabllmes based on the border totals of the sample as 1n section

EXAMPLE 9 9 1—In another sample of moculated rats the data were 25,
50, 48,20, 15, and 20, 17—the first number m each pair being the sub-sample size, o
second, the number dymng  Calculatc x* = 6 69, %

EXAMPLE 9 9 2—Combine the values of chi-square for the two samples of rats,
yielding x3 = 1166,df =8, P =11%

EXAMPLE 9 9 3-—If you are willing to acoep ¢ the hypolhesu nat cach sample of
rats was drawn from a
that the probabiliies of death 1 the two opu]auons are the same thal 15, that the
two sample probabilities, 85 9% and 87 8%, differ only as may be c'(pccled 1 random
sampling from a common population Ans  Adjusted x? = 0 070 (section 9 6)

EXAMPLE 9 9 4—Apply the method of table 9 9 2 to the data of examplc 921,
using percentages mstead of probabilities  Note the shght modification in the formula
when percentages mstead of probabilities are used

Number Number Yellow  Percentage Yellow
wn Group X. X

139 41 2‘) 4964

102 3 30 3922

179 52 29 0503

86 25 29 0698

122 36 29 5082

628 X, = 185 P = 29 4586 EP.X. = 5 451 l7

q = 70 5414 PIX, = 5,449 84

ZpX, — PIX, = 133

100(2p,X, — pT¥.)
For testing heterogenenty, ' = et S PER < 0071

100(Zp.X, X))
24

For testing independence, x* = = 0064

" *Tcarried 2 extra digats 1n order to venfy the result in exaraple 9 2 1

Since we know from the earher that pooled chi-square 1

at the 1% pont, Some uch bias as crossing over may b be decid-.l upon  If so, the 3 1
064 Clearly, heterogeneity
1 heghgible under erther hypomemq ¥ or independence

EXAMPLE 9 9 5-~Burnett (4) tried the efect of five storage locations on the
viability of sced corn In the kitchen garret, 111 kernels germinatcd among 120
tested, In a closed toolshed) 55 among 60.1n an open toslshed. 55 among 60, e of
doors, 41 among 48, and m'a dry garret, 50 among 60 Calculate xb = 5 09, d.

28% The calculations are somewbat shorter 1f the numbers of non- germmatmg
e et used The results contamn shight evidence aganst the hypothesis that there 1§
2 umform of of location
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EXAMPLE 9 9 6—Among some experiments reported by Lindstrom (15), the
number of ears of corn displaying the presence of a recessive gene producing sugar was
18 among 33 having 8 rows of kernels, 37 among 63 with 10 rows, 27 among 70 with 12
rows, and none among 4 with 14 rows It 1s easy to sce that the expected number of
sugary ears among the last four 1s less than five, the mimmum expected number that
should be used m applying chisquarc  The 12:row and 14-row cars, may, therefore,

merged mnto one sub-sample having 27 sugary cars among 74 If thi. 15 done,
x* =74,df =2,and P = 3% The evidence is agamst homogeneity, though not
ittonglly so Apparently the sugary gene 1s associated with ears baving few rows of

ernels

EXAMPLE 9 9 7—Using the data of the preceding example, calculate chi-square
by means of the formula of section 98 _Since 48 24%, of the total 170 ears were sugary,
one would expect 48 24% of the 33 eight-row ears to bear the gene, that 1s, 15 92 cars
The deviation from expected 15 18 — 1592 = 208 cars  Similarly, five more devia-
tions from cxpected are calculated (3 paws in each of which the dewiations are equal
1n absolute value but opposite in sign), the resulting chi-square being 7 4 as before

9.10—Three sets of attrib ; the 3-way g table. Not
infrequently observations are made on more than two attributes, for
example on species, on sex, and on treatments  The table may be thought
of as having layers, L, built on the R X C table, making a rectangular
column with dimensions R X C X L

In biology, most 3-way tables have one classification with only two
categories, success or failure, alive or dead, male or female, ctc  In such
tables the chief interes. 15 usually 1n the behavior of the percentage of suc-
cesses, not 1n the ratio of successes to failures  Such tables reduce to the
2-way with a percentage as the variable Methods for dealing with this
type are presented i examples 12 44,1214 1, and 12152

If each classification has three or more categories, methods for testing
two hypotheses about independence may be found 1n (17) The use of
hypothetical frequencies leads to sumilar values of chi-square and they
serve to indicate the location of the big deviations.

Ina2X2X2 table,

a b a 13
¢ d d d’
one might wish to test this hypothesis of mndependence,
afb  a'/y ad  a'd

b’

vd "7/ b

Now, m a 2 X 2 table, the test of the ratios, a/b = ¢/d, 1s :dentical with
the test of the percentages, a/(a + b) = ¢/(c + d), but the corresponding
relation does not hold mn the 2 X 2 X 2 It must be rare, then, that in
a 3-way table one would be nterested 1n the hypothesis stated above
If he 15, he will find a method 1n (1) An account of 1t was given in section
9 8 of the 4th edition of this text
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9.11—An experiment requiring a test of technique. When novel
cxperimental methods are used, the mvestigator must determie, among
other things, whether he can reproduce his results, that 1s, whether he
has adequate control over the conditions under which the experiment 1s
performed ~ Reference to this problem was made 1 section 99  If
results cannot be verified under controlled conditions assumed to be
identical, then 1t 15 1dle to try the effect of changing these conditions—
one cannot know whether differences (or likenesses) in the results are to
be charged to the controlled situation or to those unknown causes that
elude control

Decker and Andre (9) were faced with this problem when they started
to mvestigate the effect of a short, sudden exposure to cold, the adults
of the chinch bug being the organism studied ~ The experimental insects
had to be gathered 1n the field, so that the degree of heterogeneity was
unknown Ten individuals were placed in each of 50 tubes and exposed
for 15 minutes at —8° C  Since the chi-square method may not yield
accurate results unless the expected numbers are all at least as great as
five, the counts of the numbers dead in the individual tubes were com-
bined at random in 5 lots of 10 tubes each, that 1s, lots of 100 nymphs
The mortalities were 14, 14, 23, 17, and 20 nsects From these data.
x* =422, df =4, and P = 39%, This indicates approximately the
varzation that would be exf dmn fromh matenial
The mean probability of death was 17 6% The results are 1n accord
with the hypothesis that every individual was subject to this same chance
of being killed by the exposure

In a second sample of 500 adults, handled 1n the same manner except
that they were exposed at —9° C, the mortalities 1n groups of 100 were
38, 30, 30, 40, 27  The chi-square of 5 79 verifies the technique and shows
only samphng vanation from the estimated mortality of 33%, While
no particular advantage s gained 1n this case, 1t 1s interesting to add the
two values of chi-square, x* = 422 + 579 = 1001,df = 8,P = 279,

The gratifying uniformuty . the experimental results lcads one to
place confidence in the rather surprising finding that the mortahities
at —8° C and —9° C were significantly different The total numbers
dead n the two samples of 500 were 88 and 165 The value, x? = 31 4,
df =1, Pless than 0 0002 (section 8 8), constitutes convincing evidence
that a rise in mortality with the lowering of temperature from —8° C
to —9° C 1s a population characterstic, not merely an accident of
sampling

The ease of applying such a test of experimental techmque makes 1ts
use almost a routine procedure except n highly standardized processes
Tt 15 necessary merely to collect the data in several small groups instead
of n one mass The additional information available may modify con-
clusions profoundly.
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EXAMPLE 9111—Dr R H Walker of the Intermountamn Forest and Range
Experiment Station has provided the following unpublished data on counts of bacteria
m suspensions of soil and indigo particles, following the method of Thornton and Gray
(20) " The number of mdigo particles in a ficld speaifies the amount of soul present
Good techmque wil be indicated 1f the mumbers of bactors vary from proportionali
to the indigo parucles only so much as would be expected 1 random samphng from a
population 1 which this ratio 1s constant On a shide, 16 fields were counted, four 10
cach of four drops The data are records of the total slide counts, four shdes to each
soul suspension ' For purposes of computation, we shall gwe only two figures () the
total count of both bactena and indigo particles, and (n) the number of bactena
For the four plates of soil suspension 1 204, 78, 260, 75, 246, 76, 278, 95 Chi-square
=522, df =3, P=16% For suspension 2 260, 60, 196, 50, 198, 45, 186, 50
Chu-square = 130,4f =3, P = 739, For suspension 3 177, 22, 177, 23, 150, 16,
177, 20 Cl\l-u&unrn =053,df =3,P =91% Forsuspension 4 289, 46, 356, 63,
281, 45, 250, 42 Chi-square = 048, df = 3, P = 929, The agreement 1 closer
than one would ordinanly expect 1n random sampling

EXAMPLE 9 11 2—To determine whether the four soil suspensions differed sig-
mificantly 1n the numbers of bacteria per umit voulme, the totals are taken from the
records of the forcgoing example for suspension 1 988, 324, 2 840, 205, 3 681, 81,
41176,196 Chi-square = 130,df = 3, Plessthan 1%, There 18 no doubt of differ~
ences among the four soil suspensions

EXAMPLE 9 11 3—In computing chi-square by the method of table 9 91, the
numbers of observations in the groups may be either equal or different If they are
equal, the mathematician can easily reduce the formula to the special one, x* =
KZx?/2(k — ), where k1 the size of the sub-sample, 2215 the sum of the squares of the
deviations from mean, %, obtaned 1n the usual manner by using the formula, Zx?
= ZX* — (ZX)*/n Those who work extensively with chi-square will find some saving
1n time by using this special formula when their group numbers are equal They may

ractice by applying it to the Decker and Andre data This formula was first used
y “Mathetcs” (16)

9.12—An experiment 1n which the presence of an attribute 1s
recorded quantitatively. In the enumeration data heretofore considered,
the mere presence of some attribute was recorded  There 15 another kind
i which presence may be observed in more than one umt, so that the
record becomes quantitative even at this imtial stage Both kinds are
employed 1n many studies of msect populations In mvestigations of the
intensity of attack by codling moth, for example, the fruits may be desig-
nated qualitauvely as merely injured or free, or they may be described
as contamning 0, 1, 2, etc, larvae The latter kind of data often follows
a distribution known as the Poisson, further account of which will be
gwen 1n chapter 16 An example 1s found 1n an experiment designed to
nvestigate various treatments for the control of cabbage loopers (5)
Certain parts of the data are summarized in table 9121 The original
record of the counts on the indwvidual plants in plot 2 of treatment four
was like this 0,1,0,0,1,2,1,0,0,0,0,4,0,etc In the four plots recewv-
g one of the treatments not entered 1n the table only a single looper
was found  For this illustration we selected only those treatments yiclding
at least five as the expected number for each plot On plots with less
loopers there was even greater uniformuty than on those selected for this
investigation,
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For treatment 1, the expected number 1n each plot 1s simply the mean
of the four plot counts, 6 loopers The deviations from expected are,
therefore, just the same as deviations from mean n measurement data,
11 — 6,4 — 6, etc To make up chi-square, each of these deviations must
be squared, then divided by the expected number  Since the latter 1s the
same for the four plots, division may be delaved untif the addition has
been completed Thus,

=567

(5) 4 (=2 + (=22 + (=1)* _ 34
6 6

In the table, the computation 1s done by the usual machie method It
15 easy to see that the formula used 1s merely an adaptation of the cus-
tomary formula for chi-square

TABLE 9121
Numser of Loorers OssERVED ON 50 CABBAGE PLanTs In A Pror
Four plots treated abke  Five treatments

Number of Loopers Total for
in Each of 4 Plots Treatment Mean Chi-square
Treatment Y Y z Ta/E
1 1, 4, 4, 5 24 6 00 567
2 6 4 3 6 19 475 142
3 L6 411 29 725 9
4 14, 27, 8, 18 67 16 75 11 39
5 7,4 914 34 8 50 624

Total 173 28 41
Computation for treatment 1
B¢ = SXE - (3N)n = (1) 4 (4 t @+ (s\- (24)2/4 = 34
X = Ze/z = 347600 =567 df

Cam)u[almn  for. ﬁu: treatments - T
I = X — (SX)n = (24) + (19)14—/(29)' (67" (34) — (173)¥/5 = 14372

xX' = ):x‘/.'r = l4372/346 = 415, dj = 4, P less than 00002

For treatment 1, the value of chi-square, computed 1n the table, would
be exceeded 14 times in 100 trials from homoge.ucous material The
umformity of infestation need not be questioned The sum of the chi-
squares for the five treatments 1s 28 41, df = 15, P = 2%, This indi-
cates sigmficant vanation from uniformity of infestation among plots
treated alike From the original records, this lack of homogeneity seemed
to be confined chuefly to the plots more severely attacked However, the
departure from uniformity appears to be shght compared with the varia-
tion mduced by the treatments Thus 1s shown by the last computation in
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the table where five treatment totals are examined The chi-square of
415,df = 4, leaves little doubt of the treatment effects, even though an
unknown amount of varation may have been introduced by the hetero-
geneity of the plots treated alike

EXAMPLE 9 12 1—Davis (8) counted the number of nodal smut galls 1n the corn
plants of exght plots The plants of four plots had been 1noculated with the orgamsm
producing the galls The numbm o( alls observed 1 these plots were 56, 60, 41,

and 75 =101, % In the four plots whose planu ‘were
nol moculat!d !he numbers of galls wcrt 20, 12, 26 22 Chi-square = 52, =3,

= For the two groups, x* = 15 3,df = 6, P = 2% These rgum indicate
2 sigmificant lack of uniformuty among the plots treated alike Nevertheless, since the
heterogeneity 1s not great, it 15 proper to test the dlfference between the totals for the
two groups of plots  For the sums, 232 and 80, x = 74,df = 1, Pless than 1% There
15 hittle quesuon of a population difference between «he totals

EXAMPLE 9 12 2—In example 9 11 1, soil suspcmlon I, lgnore the numbers of
indigo particles and compute, for the bactena alone, x* df =3, P =36%
Neither the bacteria nor the ratios of bactena to totals depm ngmﬁczmly from sam-
pling vanation i a homogencous population  The ratios, as shown by the larger chi-
square, arc more variable, possibly because the test 1s more critical, the former test was
based on the vanation of both bacteria and indigo particles

EXAMPLE 9 12 3—Dawis (8) counted the numbers of ears on two plots of corn
whose plants had been moculated with an organism producing smut, and also on two
check plots  The numbers were 436 and 432, respecuvely  The obvlous failure of the
inoculation to affect the number of ears 1s verfied by unadjusted x* = 002,df = 1
The numbers of smutted ears, however, were 69 and 39 That the percentages differ
significantly 13 shown by adyusted x? = 8 59, df
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CHAPTER 10

Two or More Random Samples of
Measurement Data. Analysis of Variance

10.1—Extension from two samples to many. Statistical and experi-
mental methods for two samples were presented 1n chapter 4, but the
needs of the investigator are seldom confined to only two treatments
More then two require extensions of the methods For enumeration data
such extensions were made 1n the foregoing chapter We are now ready
to do the same for measurement data, expand chapter 4 to allow for the
stmultaneous trial of three or more treatments

During the carly 1920’s great progress was made n handling the
statistics of multiple groups (5) Near the beginning of the decade
Fisher (6) was able to solve some problems of distribution that completed
s analysis of vartance  This device has led to tremendous expansion 1n the
design of experiments, each with an approprate statistical analysis Some
of these form the topic of the present chapter

10.2—Multiple samples from a common population. Analysis of
variance. In the earher sections of chapter 4 we considered two samples
of equal size three or more such samples now concern us  As examples,
there may be several lots of animals, every lot recewving a different raton,
or several classes of children in the 6th grade on which different methods
of nstruction are being tried The statistical analysis of the ensuing ex-
perimental data 1s most easily Yy to the of
chapter 3 There we drew at random a number of samples from a nor-
mally distributed set of pig gains with mean, 30 pounds, and variance, 100
If we put together several of these samples, say 4, we shall have mn effect
an experiment with 40 pigs divided 1nto 4 lots of 10 amumals each  Ordi-
narily the lots would receiwve different treatments, but our data sumulate
a dummy experiment, or umiformuty trial, 1 which all lots are treated alike

The results of an expeiment of the kind just described are recorded 1n
table 10 21 For ease mn calculation the lots have been reduced to 5 pigs
each and the gains in weight changed shghtly so as to avoid fractions
There are ¢ samples or lots (treatments), each with n observations (replica-
tions) on weight  Thus, the 18 d of an

[237]
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The data in the table lead to 3 estimates of the variance, o = 100, i
the population sampled by the experiment The first 1s taken from the
nght-hand column where the 20 weight gamns are summarized This
estimate 1s the mean square, 1,918/19 = 100 9

A second estimate of the population variance 1s got from the sums of
squares within the 4 lots  Following the method of chapter 4, these sums
of squares are added or pooled

472 + 396 + 616 + 164 = 1,648

‘What about degrees of freedom? One must be deducted from the original
5 1 each lot because the mean of that lot has been used as the ongin

TABLE 1021
Gatxs IN WereHT (PounDs) OF 4 LoTs OF SWINE, 5 PER LoT Sampies From TABLE3 2 1

a =4Lots,n = 5 Pigs Per Lot
= — Entire
1 2 3 4 | Experiment
40 29 11 17
24 27 31 21
46 20 17 28
39 37 33
35 45 39 21
zx ‘ 165 160 135 120 580
z | 33 32 27 24 29
pre 5,917 5,516 4,261 3,044 18,738
(2X)1/n 5,445 5,120 3,645 2,880 828
b ! 472 396 616 164 g

for deviations  Altogether, then, there are 4 degrees of freedom mn each
of the 4 lots, these 16 corresponding to the sum of squares, 1,648 The
resulting mean square, 1,648/16 = 103, 1s the second estimate of ¢? fur-
mshed by the sample

The lot means lead to a third estimate of the population variance
Because these 4 means are random samples from the same normal popula-
tion, their mean square 15 an unbiased estimate of ¢%/n = 100/5 = 20
‘The mean square of these means 1s

_(3?..__?.9)2,+ (32 — _29)’ -+ (27 — 29) + (24 — 29)? 18
— 3 =
instead of 20 Since 18 15 an estimate of ¢%/5, then 5 X 18 = 90 15 the

third estimate of ¢2, this one based on the lot means with 3 degrees of
{freedom
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The foregoing analysis 1s summarized n table 10 22 One additional
feature the mean square of lot means has been multaphed by 1ts degrees of
freedom to form a sum of squares, 270, the utility of which will be clear
from what follows .

The table brings into prommence two notable facts not only the total
sum of squares but also the corresponding degrees of freedom have been

TABLE 1022
ANALYSIS OF VARIANGE OF P16 GaINs 1IN TaBLe 102 1

Source of Vanation | Degreesof Freedom Sum of Squares Mean Square
Indwviduals of the several lots| 16 1,648 103
t means | 3 270 90

Total [ 19 1,018 100 9

separated into two parts, both associated with the structure of the experi-
ment Since the parts as well as the total were computed independently,
their additive relationship 1s emphasized  You will recall similar addition
theorems 1n section 6 11 This partition of degrees of freedom and cor-
responding sums of squares 1s called analysts of variance 'With the random
sampling employed, each sum of squares 1s an esumare of the population
ot

EXAMPLE 10 2 1--Analyze the vanance in the following data selected for ease 1n
computation

Sample Number

1 2 3 4
11 13 21 10
4 9 18

6 14 15 19

Analysis of Variance

Source of Variation | Degrees of Freedom Sum of Squares Mean Square
Tndwiduals | 8 172 215
Samples | 3 186 620
Total | 11 358 s

EXAMPLE 102 2—Calculate the sum squares for samples, 186, by adding the
four sample correction terms, 147, 432, etc , then deducting the cxperiment correction
term, 1,728
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EXAMPLE 10 2 3—Calculate the sum of squares for samples as follows:
(21 4 (36)* + (54)* + (33)* _ (144)
3 12

The numbers squared m the numerator are the sample and expenment totals, while
those n the denominators are n and an
‘Which method of calculation seems easiest?

10 3—Usual method of calculation. One of the reasons for the

popularity of analysis of variance 1s the elegance of 1ts computations
Those 1n table 10 2 1 may be shortened considerably as soon as thur
meaning 15 learned With adeq facilities for check
most people prefer to omit the last three lines of the central section of the
table, calculating the two sums of squares, Total and Lot Means, then
subtracting for Individuals Here 1s the usual method (Those who
prefer an algebraic symbolism will find 1t 1n section 10 10 )
The sum of all observations ZX = 40 + 24 + + 21 = 580
The correction for mean  C = (2X)*/an = (580)%/20 = 16,820
The total sum of squares
ZX?— C = 40* 424 + + 212 — C = 18,738 — 16,820

= 1,918

The sum of squares for lof means
X c= 165+ 160* +  +120*
n 5

[FENE

S

85,450

= 17,090 - 16,820 = 270

The results from the last 2 steps, with corresponding degrees of free-
dom, are entered 1 table 10 3 1, where the computations for Individuals
are completed

TABLE 103 1
ANALYSIS OF VARIANCE OF Pia_Gans UsuaL Foru
Source of Vanaton Degrees of Freedom  Sum of Squares  Mean Square
Total 19 1,918
Lot Means 3 270 90
Indimduals 16 1,648 103

Comments (1) The degrees of freedom and sum of squares n the last
hine are got by subtraction, taking advantage of the addition theorem
characterizing this analysis  (u) There 1s no verification of the com-
putations such as was provided 1n table 10 21 Beginners would do well
to calculate independently the several sums of squares for individuals
within lots (1) For the mechamsm of step 4, review examples 102 2
and 1023
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If this seems a bit complicated at first, be assured that practice wall
make 1t almost automatic

1f no calculating machine 1s available, proceed as follows (1) In each
lot, calculate the deviations, x = X — %, then sum thewr squares to get
Zx* The sum of all such =#? 1s the sum of squares for individuals, 1,648
(1) Calculate the deviation of each lot mean from the experiment mean,
sum the squares, then multiply by » = 5, this gwves the sum of squares
for lot means, 270 () If desired, the total sum of squares may be got
by adding the other two, but there 1s hittle occasion for computing 1t
(1v) If the means do not “come out even,” use the method of section 2 11
for calculating sums of squares

EXAMPLE 10 3 1—As part of a larger experiment (25), 3 lots each contaming
3 pigs were fed a basal ration supplemented by antibiotics and 3 levels of vitamun B
“The average daily gains of the pigs (to 75 Ibs ive weight) were

Level of Bus(ug/Ib ration) Average Daily Gains

5 152 156 154
10 163 157 1 54
20 144 152 163

Analyze the variance as follows

Source of Vanation Degrees of Freedom  Sum of Squares Mean Square
Total 8 0 0274 0 0034
Lot Means 2 0 0042 0 0021
Individuals 6 0 0232 0 0039

Hint If you subtract 1 00 from cach gain you will save time (section 5 4)

EXAMPLE 10 32—The percentage of clean wool in 7 bags was estimated by
takung 3 batches at random fiom cach bag  The percentages of ciean wool 1n the
batches were as follows

Bag Number
1 2 3 4 5 6 7
418 33 0 38 5 437 342 326 36 2
389 375 359 389 386 38 4 334
361 331 339 363 102 348 379

Calculate the mean squares for bags (11 11) and batches (8 22)

EXAMPLE 10 3 3—A mean square, M, which is an esumate of some o? of a nor-
mal distnbution, has a known sampling distnibution which was discussed 1 section
3 alculate sy for Im;.mduah i table 1031 Ans 34 (Sec example 354
n—1=16n+1=18

EXAMPLE 10 3 4—Set the 95% confidence anterval for o* basing 1t on the esti-
mate, M, for Individuals in table 10 31 (sec section 214)  Ans 57 < ou’ < 239
Plenty of latitude, 1sn’t there?
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10.4—Random samples from two or mere populations. So far,
discussion has been confined to the analysis of variance of random samples
from a single population  But 1n most applications the treatments of the
lots affect the means In effect, the lots become samples from different
populations  These populations are thought of as having means charac-
terized by the treatments but with a common vanance unaffected by
treatment  Theoretically they are normal populations all having the
variance, ¢%, but each with 1its peculiar mean, p  In the analyss of vari-
ance of such an experiment, the mean square for mdividuals estimates
o? as before, but the mean square for lot means 15 augmented by the
differences among the g

Table 104 1 contains the data from such an expernment During

TABLE 1041
Grans oF FAT Asoraep By 6 Batcies o Doucunuts v EAcH oF 4 FATs
(100 grams subtracted from each batch)

Sum ‘ Mean (decoded)

Fats I Grams Absorbed — 100

1 64 72 68 77 56 95 | 432 | 172

2 78 91 97 82 85 77 } 510 185

3 75 93 78 n 63 76 456 ] 176

4 | 55 66 49 64 7 68 i 372 1162
| !

The calculations
12X =64 +72+  +70 +68 = 1,770
2 C = (1,770)2/24 = 130,537 5
3 Total Za* = 64* + 72 + 4 702 4 682 — C = 134,192—C = 3,654 5
ar+ 2
b R &

4 Fat means C =132,174 = C = 1,636 5

cooking, doughnuts absorb fat 1n various amounts Lowe (19) wished
to learn 1f the amount absorbed 1s characterisuc of the fat used Six
batches, each containing 24 doughnuts, were cooked 1n each of 4 fats
The numbers i the table are the grams of fat absorbed per batch, coded
by deducting 100 grams from each datum The means are decoded
(section 54)  Table 10 4 2 shows the analysis of variance

TABLE 10 42
ANALYSIS OF VARIANCE OF DouGHNUT DaTA

Source of Vanation Degrees of Freedom  Sum of Squares  Mean Square
Total 2 3,654 5
Fats 3 1,636 5 545 5

Batches 20 2,018 0 100 9
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Under the assumptions outlined above, sampling from normal popu-
lations with common o2 100 9 15 an estimate of this ¢> But the mean
square for fats, 545 5, seems to have an additional component due to
differing fats To estimate this and to test 1its significance are the next
objectives

As to the constancy of the varance, the ranges n the samples are
evidence For fat 1, the range 15 95 — 56 = 39, for the others, 20, 30, 21
From your experience with samples from table 3 2 1, with similar o2, you
will no doubt consider these ranges rather uniform  More exact evidence
will be available 1n section 10 20

EXAMPLE 10 4 1—In table 9121 there was recorded the number of loopers

abserved on 50 cabbage plants per plot after tne apphcation of 4 treatments to each
of 4 plots, completely randormzed 'The numbers were

Treatment

1 11 4 4 5
2 6 4 3 6
3 8 6 4 1
4 14 27 8 18
5 7 4 9 14

Counts Like thesc are not cxpecied to be normally dutributed, and the ueatment
effects may not be additve as they are assumed to be i this chapter  (Sec section
11'11) But for illustration, analyze the vanance as oo

Source of Vanation Degrees of Freedom  Sum of Squares  Mean Square
Total 19 670 55
Treatments 4 359 30 89 82
Plots having same treatment 15 311 25 20 75

EXAMPLE 10 4 2—Construct an cxperument ke that with doughouts by
changing the means n table 10 2 1, leaving the vanance as 1 cxample,
increase the mean for lot 1 from its population value, 30 ounds, to 45 pounds The 5
gams will then be 40 + 15 = 55, ctc  Leaving lot 2 unchanged, decrcase the mean
T 10t 3 by 6 pounds and that 1n lot 4 by 9 pounds The expenmental data will then
be as follows

55 29 5 8
27
20
35 39 31 24
50 45 33 12

Analyze the vanance of this new experiment

Source of Vanation Degrees of Freedom Sum of Squares Mean Square
Total 19 4,798

Lots 3 3,150 1,050
Indwiduals 16 1,648 103

Since the Zx* (and the ranges) within the lots are unchanged, the mean square for
individuals remains 103 But the mean square for lots has been increased from 90
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to 1,050 by the changes n the lot means This new mean square does not estimate
= 100, another component has been added bv the different x  This will be ex-
ammcd further n section 10 11

EXAMPLE 10 4 3—In the sum of squares for lots, the surprising increase from
27010 3,150 s because the large onganal means were increased while the smalle were

decreased  Construct another set of data from tzblc 10 2 1 by subtracting 9 from the
ﬁnl lot mean, 6 from the second, and addm7 o the fourth, leaving the third un-
nalyze the variance squzm for lots = 690

EXAMPLE 10 4 4—It 1s not hard to show just how the mean square in example
10 4 2 changed from 270 to 3,150

Ongnal 2 Change \ NewZ |Deviations From 29|  (Deviations)®
33 15 33 +15 4415 16 4+ 120 + 225
32 0 3 3 9
27 -6 27— 6 -2- 6 44 244+ 36
24 -9 27— 9 -5-9 25 4+ 90 + 81
29 0 ) 29 ° 54 + 234 + 342

The new sum of squares of deviations of means 1s 54 + 234 + 342 = 630 Sincen = 5,
the sum of squares for observations 1s (630)(5) = 3,150

10.5—Test of the equality of the . The variance ratio, F. The
doughnut data introduce a familiar question, 15 ordinary random sam-
phing accountable for the large discrepancy between the mean squares
for fats and batches, or shall we conclude that the fat means are d:ﬂer-
entiated by causes other than ? Lowe susp
that the nature of the several fats mlght result in different amounts of
absorption  If so, the batches are samples from different populations
instead of a common one

The approprate null hypothesis to be tested 1s Hy g = p =
= g, which specifies the population sampled by the lots of pig gains,
table 1021  In order to test Ho, we must examine a sampling distribu-
tion based on multiple samples from a common population  For this we
go back to the drawings from table 321 Now, the original samples of
n = 10 are to be collected nto experiments of a = 10 like that of table
1051 The analysis of variance of each such experument 1s computed
Finally, a new test criterion 1s calculated, the ratio

Mean square of sample means
Mean square of individuals
Thus ratio has a distribution discovered by R A Fisher (6) [ named
it F in his honor (26) Fisher tabulated the distibution n the form,
z = logsV/F  Fisher and Yates (8) designate F as the variance rato, while
Mahalanobss (20), who first calculated 1t, called 1t x.
In table 1051, F = 151, and we know that sampling variation
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TABLE 1051

Ten saupces, Each Wit 10 Ireus, Ranpoury Drawn Frou Tz NoruAL Distriau-
TioN oF TasLE 321 Tais SiMULATES A DuMmy ExpermventT WiTh 10 Lots or Pios

1 2 3 4 5 6 7 8 9 10
35 34 17 39 18 7 33 42 7 39
42 38 29 34 7 22 29 35 48 34
42 26 30 22 31 40 25 31 43 33
30 17 36 27 41 29 27 33 53 33
15 42 3 42 21 31 21 53 7 33
31 28 33 17 41 46 21 33 39
29 35 3 24 21 30 19 41 17 36
29 33 23 36 12 43 29 57 32

Source of Variation Degrees of Freedom Mean Square
Sample means 9 1723
Indiiduals 90 114 0

F =1723/1140 = 151

accounts for the failure of the two mean squares to be equal, each 1s an
estumate of ¢? = 100

Table 10 5 2 displays the sampling distribution of 100 values of F, each
derved from a randomly drawn experiment hke that of table 10.5 1
One notices first the skewness, a concentration of small values and a long
tail of larger Next, there 1s the fact that 65 of the F are less than 1 If
you remember that both terms of the ratio are estimates of ¢? you may
be surpnised that 1 1s not the median  However, the mean, calculated as
1 section 8 3 1, 1s 0 96, about the average one would expect Finally 1t 1s
to be observed that 5% of the values he beyond 2 25 and 1% beyond 2 75,
so that these pornts are roughly comparable with those of the theoretical
distribution next to be considered

Table 10 5 3 contains the theoretical 5%, and 1%, pomnts of F for con-

TABLE 1052
DistrisuTIoN OF F v 100 SampLss Frow Tasie 321 Decrees or Freepox 9 axp 90
Class Interval Frequency Class Interval Frequency
0 024 7 1 50-1 74 5
0 25-0 49 16 175-1 99 2
0 50-0 74 16 2 00-2 24 4
075-0 99 26 225249 2
100-1 24 11 2502 74 2
125-1 49 3 2752 99 1
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TABLE 1053
5% (Roman Tyre) anp 1% (Bop Fack Tyee) POINTS For THE DISTRIBUTION oF F
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venient combinations of degrees of freedom ~ Across the top of the table 1s
found f; degrees of freedom corresponding to the number of samples
Jfi=a — 1 At the left 15 fy, the degrees of freedom for mdividuals,
aln — 1)

To find the 5% and 1%, ponts for table 10 5 1, look mn the column
headed by fi = 9 and down to the rows fa = 80 and 100 The required
pomnts are 198 and 2 62, halfway between those 1n the table To be
compared with these are the points experimentally obtamned 1n table
1052, 225 and 275, not bad estimates from a sample of 100 experi-
ments In order to check the samphng distribution more exactly, I went
back to the original calculations and found 8% of the F beyond the 5%,
pomt and 2% beyond the 1% This gives some 1dea of the vanation to
be encountered in samphng

For the doughnut experiment, the hypothesis set up—that the batches
are random samples from a common population—may be judged by
means of table 1053 From the analysis of vaniance 1n table 1042,

F = 5455/1009 = 541

For fi = 3 and fz = 20, the 1%, pomnt 1n the new table 15 4 94 Thus
from the distribution specified 1n the hypothesis there 1s less than one
chance i 100 of drawing a sample having a larger value of F Evidently
the samples come from populations with different 4 The conclusion 1s
that the fats have different capabilities for being absorbed by doughnuts

EXAMPLE 10 5 1—Four tropical fecdstuffs were cach fed to a lot of 5 baby
chicks (24) The gains in weight were

Lot 1 ‘ 5 42 21 52
2 61 112 30 89 63
3 42 97 81 95 92
4 ‘ 169 137 169 85 154

Analyze the vanance and test the cquality of the s Ans Mean squares () lts, 8,745,
(1) chicks, F =121 Since the santple F 1s far beyond the tabular 1% point,
St e ot that ahe feedmat populations have different u

EXAMPLE 10 5 2—In the wool data of example 10 3 2, test the hypothesis that
the bags are all from populations with a common mean Ans F = 1 35, Fog = 285
There 15 not strong evidence agamst the hypothesis—the bags may all have the same
percentage of clean wool

EXAMPLE 10 5 3—The sample means n the vitamun Bys experiment of example
103 1, ke many of those un table 1052 diffe less than 18 to be expected from the

an square for individuals  Although there 15 no reason for computing at, the value
O F 13054 There i, of course, no evidence of differences among the .

« EXAMPLE 105 4—In cxample 1041, test the hypothens that the treatments
have no effect on the numbers of loopers  Ans F = 433 What do you conclude?

Wath this brief introduction to analysis of variance, the reader ss prepared for
the earlier sectsons of chapter 11
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10.6—Tests of all comparisons among means. In the doughnut
there was d of differences among the p

But the Frtest gives no clue as to > how many differences there are In a
group of 2 means there are 1n all a(a — 1)/2 potential differences, (4)¢3)/
2= 6 among the fats Does each p differ from all the rest, or are some
&> If duffe are evident, one proceeds to

locate them

There are several methods for testing hypotheses about these differ-
ences (4, 17, 22) I have adopted that of ] W Tukey (with some modi-
fications) partly because of 1ts adaptability and partly because the exper1-
ment 1s the umt considered tabbmg up successes and failures (29)

The test 1s made by p A1ffe D, which 1s
at the 59 level, then comparing 1t wnh the a(a — 1)/2 sample differences
m the experiment D 1s the product of s; and a factor, Q, taken from
table 106 1  Enter the table with the number of treatments as shown n
the upper heading and degrees of freedom, f, for Batches (error) indicated
at the left

For the doughnuts, s; = /100 9/6 = 41, s* = 100 9 being the esti-
mate of ¢2 With 4 treatments and f = 20, Q 1s taken from the table
as 396 So

D = Qs:=(396)(41) = 162

Referring to table 10 4 1, the experimental differences to be compared
with D are

Fat z
2 185 23 13 9
3 176 14 4
1 172 10
4 162

Here the sample means are arrayed from high to low and each .s subtracted
from those above  Of the 6 differences, only one exceeds D = 162 The
conclusion 1s that Fat 2 1s absorbed 1n greater amounts than Fat 4 but that
none of the other differences are significant at the 5%, level

If there are only 2 treatments, Q = ¢+/2 and so D = t5:v/2 This
1s the widely used Least Significant Difference or LSD 1t 1s often incor-
rectly applied to all differences among 3 or more means, the result
being that too many of the differences arc adjudged sigmificant  The LSD
gives correct tests only if @ = 2

Tukey devised D as a confidence interval to be set on the sample
differences  Thus, the difference, uz — w4, 15 said with confidence to
he 1n the nterval,

23 = 16 2, between 6 8 and 39 2 grams
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Since this interval does not cover zero, the p are evidently different But
the difference, g2 — w, with confidence interval,

13 = 162, from —22 to 30 2 grams,

does include zero, so that g2 — u may be zero The advantage of the
confidence nterval 1s that the amount of overlap of zero 1s obvious, like-
wise the distance above or below zero in case there 1s no overlap

In Tukey’s test the experiment as a whole 1s the umt for assessing the
nisk of error  Use of table 10 6 1 fixes this risk at 5 experiments per 100
mn which false conclusions will be reached The number of false conclu-
s10ns 1n any one experiment 15 not specified

Hartley shows (13) that a sequential method of testing, like that of
Keuls, 15 somewhat more powerful than the one just outhned For this
test, not one @ 1s taken from the table but several, one for each range of
the treatment means In the doughnut experiment, adjacent means 1n
the array are tested with Q = 2 95 for 2 = 2, for two ranks apart in the
array use @ = 358 for a = 3, use Q = 3 96 only for the extreme range
where a = 4 The corresponding D are (2 95) (4 1) = 121, (3 58) (4 1)
= 147, and the former (3 96) (41) = 162 These D are entered in the
northeast-southwest diagonals of the table of differences

Fat i z— 162 2 —172 zZ—176
2 185 23 13 9
(16°2) (14°7) 12°1)
3 176
14 7) 121)
1 172 10
az1)
4 162

Each difference 1s now compared with 1ts own D, the difference being
Judged significant if 1t 1s Jarger than its D A rule to be observed 1s that
if any difference 15 less than 1ts D then no further testing 1s to be done to
the nght of that difference 1n 1ts row or below 1t 1n the column

In the doughnut experiment the same conclusion follows the two forms
of the test  Often the sequential test detects the greater number of differ-
ences

Don’t forget the estimates of the population differences These are un-
biased and, whether sigmficant or not, do contain mformation about the
real differences.

EXAMPLE 10 6 1—In the artficially constructed cxample 10 4 2 we know that
the 4 u arc all different But sampling variation conceals some of the differences
Calculate D = 18 4 and show that only 2 of the confidence itervals do not overlap
zero. Note that the £ are in the same order as the y, this might not be so
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- EXAMPLE 106 2 ~Calculate the least sgmficant dfference for ¢ = 2, % = 1009,

W= 6,f = 20, s = 2086 as in the doughnut cxperiment Ans D = LSD = 121

Tt this were mistakenly applied to the 6 duflerences among the dnughnul ‘means, 3 of
them would be thought sigmificant

. EXAMPLE 10 6 3—For the chicks of example 1051, show that Lot 4 differs
significantly from each of the other three

At first 7eading, the person snterested primanly in methods may skip to sections
1014 and 1016, then fﬁ‘b..,pm L d

10 7—Short-cut computation using ranges. An easy method of
testing all comparisons among means 1s based on the ranges of the samples
(30) In the doughnut experiment, table 10 4 1, the 4 ranges are 39, 20,
30, 21, the sum1s 110 This sum of ranges 1s multiplied by a factor taken
from table 10 71 In the column for a = 4 and the row for n = 6, take the

TABLE 107 1
Crricar FAToRs For ALLowANGES, 5% Risk*

Sample Number of Samples, a

Suze,
n 2 [ 3 [ 4|5 | 6|7 |8 [
2 3aslzar|178 140|116 100) 8 78| 70
3 191 /144)11 94 80| 70| 62| 56 1
4 163125 10 84| 72| 63| 57| 511 47
5 153|119 81| 70| 61| 35| 50| 45
6 150 118 95| 80| 69| 61 [ 55| 49| 45
7 149117) 95| 80| e | 61| 55, 50, 45
8 149117 96 1, 70| 62| 55| 50| 46
9 1501181 97| 82| 71| 62| 36| 51| 47
10 152|120 98| 83| 72| 63| 57| 52| 47

| |

* Extracted from table by Link and Wallace (18)

(Factor) (Sum of Ranges) _ (0 95)(110) .
n

factor 0 95 Then D’ =

D’ 15 used like the D 1n the Tukey test of the foregoing section Comparing
1t with the 6 diffe among one (as before)
that only the largest 1s significant

EXAMPLE 107 1—Using the short-cut method, examine all diferences w the
chuck experument of cxample 1051 Ans D' = 49~ Same conclusions as in example

10.8—Tests of designed comparisons among means. In many ex-
periments the design includes a statement of the comparisons that are to
be made, this decision 1s not delayed until after the results are seen
(Usually the number of designed comparisons 1s equal to the number of
degrees of freedom among treatments ) Such foresight results 1 smaller
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differences detected at the same level of probability The experiment 1s
more sensitwe  Planning the comparisons in advance of performing the
experiment should be done whenever feasible

The vitamin By, expeniment cited 1n example 10 3 1 included a check
lot receving no By,  Some additional results are shown m table 10 8 1

TABLE 108 1
AVERAGE DAILY GAINs 1 3 LoTs or Pis RECEIVING ANTIRIOTICS AND 3 LEVELS OF Bys
ug of B Average Daily Gains Sums Means
0 104 100 069 273 091
5 152 156 154 4 62 1 54
10 163 157 154 474 158

Source of Vanation

I Degrees of Freedom  Sum of Squares  Mean Squares

Levels of Bir | 2 0 8474 0 4237
Individuals i 6 0 0784 0 0131

F = 04237/00131 = 32, Fg = 1092

Often such experuments are planned to make 2 comparisons, one between
the 2 levels and the other between check and treatment

For the first comparison, that between o = 1 58 and & = 1 54, the
test 1s made by computing a sum of squares, conveniently by use of the
sums

2 2 2
(4 62)* + (4 74) _ (462 + 474) — 00024
3 6

Thus sum of squares with a single degree of freedom 1s tested against error
Since 1t 15 less than the mean square, 0 0131, there 15 no convincing evi-
dence of a population difference

The second comparison 1s the difference between the mean of the 2
treatments, (4 62 + 4 74)/6 = 156 and the mean of check, 0 91 Since
the means are based on different numbers of observauons, the corre-
sponding sum of squares 1s calculated thus (section 10 16)

2 2 2

'(162+474)+(273) _ (4624474 4 273) — 08450
6 3 9

Now, F = 08450/0 0131 = 64 Most of the sum of squares for the 3

means, 0 8474, has been segregated in this second comparison, only a

negligible part of it 1n the first
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A notable fact 15 that the 2 single-degree-of-freedom sums of squares
add to the total for Levels of By

00024 + 0.8450 = 0 8474

Thus addition 1s a property of orthogonal comparisons to be discussed more
extensively mn chapter 12 If your experiment permuts a set of orthogonal
comparisons planned in advance, you will find 1t more efficient to use the
method of this section than to resort to all comparisons among the means
See example 10 9 4 and chapter 12

10.9—Analysis of variance with only two lots. Chapter 41s a special
case of the present one, so 1t 1s informative to analyze the vanance of
the two lots of chicks studied in that chapter As has been noted, the
pooling of the sample sums of squares 1s a common feature of the two
chapters  For the chick data of table 4 3 2, this pooled sum of squares,
16,220, with f = 20 15 entered 1n table 1091 We shall complete the
analysis of variance by computing the sum of squares for the two sample

TABLE 1091
AnALYSIS oF VARIANCE OF CHick Cous ExperiMENT, TABLE 4 3 1

Source of Vanation | Degrees of Freedom ~ Sum of Squares  Mean Square

Chucks 20 16,220 811
Lot means 1 9,245 5 9,245 5
Fo=9,2455/811 = 114 VF =338 =1

means, 97 and 56 mg It 1s perhaps clearest to calculate first the two
sums, 97 X 11 = 1,067 and 56 X 11 = 616 Then, the sum of squares
1, as usual,

(1,067)* + (616)*  (1,683)
¥ 52 9,245 5
Thus 1s entered 1n the table and the analysis then completed  F 1s greater
than 1ts 1%, pont, 8 10, just as ¢ n table 4 3 2 was beyond 1ts

Here are two pomnts of interest (1) If there 1s o=uy a single degree of
freedom for lot means, then +/F = ¢ The probability of F greater than
11 4 15 :dentical wath that of ¢ greater than 3 38, so 1t 1s a matter of choice
which one 15 used (1) Wath only two samples, the sum of squares for
their means 15 easily calculated this way

(X — 2X,)? _ (1,067 — 616)*

=9
2n 2)(11) 2455,
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as before Merely square the difference of the two sample sums, then
divide by the total number of items  Equally, the result may be got thus

(s

) 11(97 — 56)*

= 9,2455

2

I think you will agree that the F test 1s easter to perform than the ¢

EXAMPLE 10 9 1—Hansberry and Richardson (11) gave the percentages of
wormy apples on two groups of 12 trees each  The trees of group A, sprayed with lead
arsenate, bad 19, 26, 22, 13, 26, 25, 38, 40, 36, 12, 16, and 8 per cent of apples wormy
Those of group B, sprayed with calaui arseniate and bufler matenals, had 36, 42, 20,
43,47, 49, 59, 37,28, 49, 31, and 39 per cent wormy Compute the mcan square withen
samples, 111 41, with'22'd/ , and that between sample means, 1,650 04, with 1 ¢  Then

F =1,65004/111 41 = 148

Now, test the significance of the difference betweea the sample means in the manner

of table 432 The value of £15 385 = /14 8

EXAMPLE 10 9 2—Prove the 1dentity of the three expressions for sum of squares
given 1n the foregoing section

EXAMPLE 10 9 3—Using the table of Q, set 95% confidence limits on the differ-
ence between the mean comb weights  Ans 41 = 253, from 15 7 to 66 3 mg

EXAMPLE 10 9 4—Show that the test of the planned companson, Fi1, — %, 1
the preceding section 1s cquivalent to the /-test of the present section  Also that 1t 18
equivalent to use of the LSD

10 10—Model I. Fixed treatment effects. It 1s tune to make a
more formal statement about the model of analysis of variance which
has been used 1n secuon 104 and those following The effects of the
treatments have been assumed to fix the population means The sample
means estumate these fixed p

It 15 convement to speaify the population means by an over-all u
plus deviations therefrom  These deviations, charactenizing the treat-
ments, are denoted by a; where : takes on values 1, 2, a Since the
aq are deviations from g, 1t follows that Za, = 0 Corresponding to each
a4 there are n observations or replications denoted by X,, where ; = 1
2, n The whole experiment 1s symbolized as in table 10 10 1

The notauon used 1s rather gencral 1n statistical papers The first
subscript specifies the treatment (or lot or sample) while the second
refers to the mdividual observation recerving that treatment A dot in
the subscript indicates summation, X; denotes the sum of the ) = 1 n
observations i treatment : Double dots indicate the sum over the
entire expeniment

Model I for analysis of variance 1s expressed 1n words®

Any observed value 15 the sum of three parts (z) an over-all mean, (21) a ireat-
ment deviation, and (1) a random element from a normally distributed population
with mean zero and standard deviation o
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In algebraic shorthand, this becomes,
Xo=nta+en=1 a7 =1 n, €18 N0, o)

The additive feature should be emphasized If one treatment 1s
related to another as a product or ratio, for example, analysis of vaniance
1s not appropriate What to do about this will be discussed later

The data in example 10 4 2 were made up according to the model
above The over-all mean was p = 30, the a; were a; = 15, a2 = 0,

TABLE 10.10.1
SymMBOLICAL REPRESENTATION OF AN ExpermMent Wit @ Frxep Trearments Eacu
TRIED ON n INDIVIDUALS  OVER-ALL MEAN = 4

Treatment Individual Observations
Constants,
PR 1 2 B n Total | Mean
bt oa Xu Xu X, Xin X %
»+ e Xu Xn X, Xen Xa EA
ut+ e Xa Xo X Yin X Z.
»+ aa Xa KXoz Xar Xan Xa Za
Total (Columns have no physical meaning because X |
Mean the X,, are randomized in the rows } z
a3 = —6,as = —9 The ¢ were drawn from the table of normally dis-

tributed pig weights, more clearly seen in table 102 1, &1 = 40 — 30 =
10, 6 = 24 — 30 = —6, & = 29 — 30 = —1, e = 21 — 30 = —
These e are N0, 10)

The vahdty of analysis of variance depends on the addiuve character
of the effects in the C tervals and the
F-test of sigmificance are based on the random choice of the ¢ from some
normally distributed population with mean equal to zero, but 1t has been
found (23) that little bias 1s duced 1f 1s from mod; 1
skewed distributions

10.11—Components. Model I. In example 10 4 2 1t was found that
changes 1n the lot means made nolablc altcratmns m the corresponding
mean sgq! no longer d ¢ = 100 S h had been
added We are now to Ieam that lhxs addmon 18 an estimate of nZa#/
(@ — 1) which, for the pig gains, 1s 5(15? + 0* + 62 + 9%)/3 = 5(114)
=570 You wnll recognize this as the mean square of the a, raised to the
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per-observation level by the factor, n =5 Let x = Za®/(a — 1)
This &2 15 calculated exactly hike 2 The distinction 1s that 52 1s based on
observations of a variable, whereas &* 1s made up from the fixed a; So
nx* 18 the added component  The exact relations are shown in table 10 11 1
It 1s perhaps starthng to see how much the parameters are over-
esumated nk? = 570 1s esumated by 947 and «* = 114 by 1894 The
sampling circumstances that led to this are explained m examples 10 4 3
and 104 4

The parameters 1n the table throw hght on the F-test of significance

It 18 now evident that
2
F estimates ”+—m‘

The null hypothesis 15 Hy x = 0, which 15 identical with a, = 0 So, if
H, 1s true, F estimates 1 If H, 1s false, F estimates a quantity greater

TABLE 10111
ANAI Ys1S OF VARIANCE OF P16 GAINs 1v Exampre 104 2

Source of Vanation ln:grm of Freedom Mean Square _Parameters Estmated

Treatments 1,050 “ Tt
Individuals | % 103

1,050 — 103 = 947 esumates nx? = 570 947/5 = 189 4 estumates &* = 114

than one  As for sampling values of F, 1t was shown 1n table 10 5 2 that,
if k¥ = 0, F can vary over quite a range, from zero up It 1s rare that
small values of F(F < 1) indicate anything but sampling variation It
18 only large values of F that suggest treatment effects

This relation of cnmpoml analysis to the F-test will he ncreasingly
useful as more are Other uses
will be presented as they are needed

EXAMPLE 10 11 1—Estimate «* = 114 1n example 1043 Ans 254

EXAMPLE 10 11 Z—FAllmalc «* for the unknown a, in the doughnut expeniment,
table 1042  Ans

EXAMPLE 10 11 3—Because of the constant term, a mean square like that for
Treatments in table 10 11 1 1s not distributed hike ¢* The formulas of sections 2 14
and 3 5 do not apply (1, page 342)

10.12—Model II. Random effects. We have been discussing the
effects of treatments which are associated with fixed parameters We

now turn to random effects by p normal p
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Latter effects are of this kind if the htters are randomly selected Interest
may le 1n estmatng the component of variance among hitters and m com-
paring 1t with that among mdividuals Again, duplicate soil samples
may be taken at a number of random positions 1n a field While the
primary object 15 to learn the average concentration of somc clement
m the soil, yet the design provides for esumating a component for the
positional effect as well as one for sampling vanation within positions
Computationally, there 1s no distinction between this model and Model I
It 1s the interpretations (and the theory) which are different
Model II 1s symbolized as

Xy=p+tdite, 1=1 4 =1 n A=N0oa)
& = N0, 0)

An example of random trcatment effects 15 shown mn table 10 12 1
These data are extracted from a larger and more complicated experiment
(28) Four determimnations were made on cach of 4 leaves randomly
sclected from a plant

TABLE 10121
Catcrum CONCENTRATION IN TURNIP GREENS
(Per cent of dry weight)

Lealt | Per Cent of Caleium Sum Mean
1 | 328 309 303 303 12 43 311
2 352 3 48 3 38 3 38 13 76 3 44
3 2 88 2 80 281 276 125 2 81
4 334 338 323 32 13 21 3 30

Source of Variation |Degrees of Freedom  Mean Square  Parameters Estimated
ot + 4oyt
o

Leaf 3 0 2961
Determnations 12 0 0066

s* = 00066 csumates o s.* = (02961 — 00066)/4 = 0 0724 esumates a,*

In the component analysis the leaf component of varwance 1s denoted by
4% stead of by «* because we are now dealing with a vanable whose
variance 1s to be estimated, not with a set of constants, a; Nouce that
the sample estumates of ¢ and 0,42 are, as usual, set equal to s and s,?

The null hypothesis usually tested 1s 04> = 0 For thus,

02961 o? + 4o,*
070066 — 45 esimates =
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If the conclusion were less obvious, 1t would be well to make the test
before separating the components, because 1if you should conclude that
4% may be zero, there would be little interest 1n estimating 1t

It 15 evident that the leaf-to-leaf variation 1s far greater than that
among determimnations Clearly, fewer determinations on each of more
leaves would increase precision and save money—leaves are cheap and
determinations expensive To make these statements more definite, consider
the mean square of the Leaf mean with an = 16 determinations,

_ 02961 00066 + 4(00724) _ 0 0066 + 0 0724

16 16 16 4
Let us suppose the experiment 1s to be redesigned, changing n and a but
keeping the components of variance as they are, the object being to get
more information (that 1s, smaller s5?) for the same cost Then for the
new :xpcru‘ncnt, .

00066 + n’ (00724) 0 0066 _ 0 0724

g

(s’

a'n’ a'n’ a

Since the largcr numcrator 18 0 0724, 1t scems clear that o’ should be

d nd d d without ch the total cost of the expert-
ment Try n’ = 1 and o’ = 15, since a determination costs perhaps 10
tumes as much as a leaf, the total outlay on the experiment will be httle
altered For this new design, we may expect

724
00066+002 — 00053

2
6= 15

With this smaller mean square, the “efficiency” of the proposed experi-

ment 1s said to

55/ (s’ = 00185/0 0053 = 349%,

as compared to the original Thus 1s because the expensive determinations
with small vanability have been extended to more leaves whose variation
1s large  More adequate treatment of this problem will be found
section 17 11

‘The mean square of a component 1n Model II 1s made up of the mean
squares, M, and M, which enter 1ts computation Consider the compo-
nent 5,2 1n table 10 12 1 It was calculated this way

M, — M _ 02961 — 00066
e
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The mean square of the component, then, 1s (section 3 5 and examples
395396)

AT f+ 2 5 1% =0 002192

From this, the sample standard deviation of 5% 15 /0 002192 = 0 047,
more than half of 5,2 = 00724 This gives a notion of the sampling
variation i the component I can make no exact statement about a
confidence mterval because the of the

18 not known  For some approximations, see (1, page 231)

1 M3 | oM 029612 | 000662 |
lwd Fad)= m; w; s+

EXAMPLE 10 12 1—The following data were abstracted from records of per-
formance of Poland China swinc 1n a single mbred linc at the lowa Agncultural Ex-

ment Station  Two boars were taken from cach of 4 Litters with common aire and
[od'a standard ration from weaning to about 225 pounds Here arc the average dady
gams

Latter 1 2 3 4
Gains 118 136 137 107
111 165 140 0 %0

Amuming that the hitter vaniable 1s normally distributed, show that a,? differs signifi-
cantly from zero (F = 7 41) and that 0 0474 estumates 1t

EXAMPLE 10 12 2-Calculate the sandard deviation of 4 in the forcgoing
example  Ans 0035 I 5. were normally distnbuted, this sample standard devia-
tion would specify a confidence interval that would overlap zero  Yet s 13 nigmficant

10.13—Structure of Model II illustrated by sampling. It is easy
to construct a Model II experiment by sampling from known popula-
tions One population can be chosen to represent the vanable treat-
ment effects with variance ¢,? and another the individuals with variance
% then samples can be drawn from each and combined 1 any desred
proportion. In table 10 131 15 such a drawing The components for
the ltters (random treatments) are from the pig gaiwns of table 3101
so that g,® = 25, there is one of these for each litter Indwidual pig
gauns are taken from table 3 2 1 with ¢* = 100, two of these per lot The
sum represents the observed gain in weight set down 1 column 4

Forget for a moment how these gains came into bemns;. Think of them
as observations on 20 pigs taken from 10 litters chosen at random The
variance 1s analyzed in the usual manner, then the components of variance
are separated

Now look at the last ine of the table and recover your memory From
the 20 observations we have estimated both ¢* = 100 and ¢,* = 25, the
two components that were put nto the pig gams, with some sampling
varniation, of course
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This example was chosen because of its accurate estimates  An idea of
ordinary vanation can be got from exammation of the records of 25
similar samples m table 10 132 One 1s struck immediately by the great
variability 1n the estimates of ¢4% some of them being negative! These
latter merely indicate that the mean square for lots 1s less than that for
individuals, the lots vary less than random samples ordinarily do if drawn

TABLE 1013 1
Gas v WeiGnT or 20 Pios IN 10 Lrrrers or 2 Pios Eacr
Each gain 1s the sum of 3 components The component for hitters 15 a sample from
table 310 1 with 04 = 25, that for indvduals 1s from table 3 2 1 with ¢? = 100, each
observahon decreased by 30 The third component 1s 4 = 30

Litter Pig Sample of
Litter Component  Component Pig Gamns Sample of
Number A, P X,y =p+ A+ 6y Litter Gans

) ) 3) (4) =30+ (2) + (3) (5)

1 -1 7 . 36
9 38 74

2 2 - 4 28
—23 37

3 -1 0 29
19 48 77

4 0 2 32
2 32 64

5 -4 3 29
12 38 67

6 —10 9 29
3 23 52

7 10 5 45
-4 36 81

8 2 ~19 13
-10 22 35

9 4 ~ 4 30
18 52 82

10 -2 15 43
-6 22 65

Source of Vanation |Degrees of Freedkom  Mean Square  Parameters Estumated

Lutter means ‘ 9 144 6 o -+ 204
Individuals 10 9 5 a*

5t == 96 5 cstimates 100 54! = (144 6 — 96 5)/2 = 24 0 cstimates 25
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TABLE 10132
ESTIMATES OF 04! = 25 AND ¢? = 100 MADE From 25 SampLES DRAWN LIKE
Tuar oF TasLE 10131

Sample  Estimate of Estimate of Sample  Estimate of Estimate of
s =100 | Number 25 00

Number o = 25 ot = o =
1 60 27 [ 12
2 56 104 15 159
3 2 97 ‘ 16 54
4 6 91 17 90
5 18 0 | 18 65
6 —5 9 | 19 127
7 7 53 | 20 126
8 —1 87 11 43
9 0 6 22 145

10 —78 200 1 23 142
1 14 148 P2 23
12 7 162 | 25 106
13 68 76 Mean 102 6

from a single, normal population Clearly, one cannot hope for accurate
estimates of ¢2 and ¢,? from such small samples

I am sorry to have to warn you that one cannot measure the htter
component, 1t 1s hidden behind the veil The only measurements that
can be made are on pig gamns

10.14—Samples within samples. Model II. Each sample may be
composed of sut samples and these n turn may be sub-sampled, etc The
repeated sampling and sub-sampling gives rise to nested samples or hararchal
classifications  The several series of samples may be all Model IT or mixed

In table 10 14 115 an example of Model II sub-sampling This 1s a part
of the turnip greens experiment cited earher (28) The 4 plants were
taken at random, then 3 leaves were randomly selected from each plant
From cach leaf were taken 2 samples of 100 mg 1n which calcium was
determined by microchemical methods The immediate objective 15 to
separate the sums of squares due to the sources of variation, plants, leaves
of the same plant, and determinations on the leaves

As for calculations, the sums of squares for determinatic s, leaves, and
plants follow the patterns now famihar  The new feature 1s that there are
now two Totals with ponding T to be d (1) The
sum of squares for leaves 15 the total from which the sum of squares for
plants 1s deducted to get the usual sum of squares for Individuals, that 15
leaves of the same plant, or leaves in plan's, as 1t 1s often designated, (1) the sum
of squares for determinations 1s the total from which the sum of squares
of the Treatment, leaves, 15 taken to get determinations on the same leaf or
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TABLE 10141
CaLctum CONGENTRATION (PER CeNT, DRY Basis) 1N 6 = 3 Leaves Frou Eacu oF
a = 4 Turne PLANTS, n = 2 DETERMINATIONS PER LEAF  ANALYSIS OF VARIANCE

Plant, s Leaf, y
i=1" oy =1"" 8| Determmations, Xue X, x, x
1 1 328 300 637
2 35 348 700
3 28 28 568 1905
2 1 246 244 49
2 12 379
3 219 43% 1307
266 543 o
344 718
25 510 177
387 765
iz 819
33 662 246 7229

Total Size = abn = (4)(3)(2) = 24 determinations
C = (X )/abn = (7229)%/24 = 217 7435
Determinations XX, — G = 328 +  + 331 — C = 102704
Leaves ZX, *n— C = (637 +  +662)/2 — C = 101905
Plants ZX, */bn — C = (1905 + + 22 46%)/6 — C = 7 5603
Leaves of the same plant = Leaves — Plants = 10 1905 — 7 5603 = 2 6302
Determinations on same leaf = Determinations —Leaves =10 2704 —10 1905 =0 0799

Source of Vaniation Degrees of Freedom  Sum of Squares  Mean Square
Plants 3 7 5603 2 5201
Leaves n plants 8 2 6302 0 3288
Determnations in leaves 12 0 0799 0 0067
Total 23 10 2704

determinations 1n leaves This process can be repeated with successive
sub-samphng
The model being used 1s,

Xp=p+Ai+By+emit=1  ajy=1 bk =1 n, A =
N0, 04), By = N0, 0a), € = N0, ),

where A refers to plants and B to leaves Roman letters are used to de-

note plants and leaves because they are random variables, not constants
In the completed analysis of variance, table 10 14 2, the components of

variance are shown Each p 1n a sub-sample 1s included amon,

those 1n the sample above 1t. The estimates are calculated as indicated
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Null hypotheses which may be tested are*

2 5201
2 = = = a
1ol =0,F=0n =766 estlmatcs 8
0 3288 o + nag?
P 0, F = = 4 TN p =
2 05t = 0,F = oo = 49 esumates =812

For the first, with degrees of freedom, /; = 3 and fa = 8, F 1s almost on
1ts 1% point, 7 59, for the second, with degrees of freedom 8 and 12, F1s

TABLE 10142
CoMPLETED ANALYSIS OF VARIANCE OF TurNiP GREENS DATA

Source of Variation [Degrees of Freedom ‘Mean Square  Parameters Estimated

Plants 3 2 5201 o 4 nu’ + bnoat
Leaves 8 0 3288 v* + noy
Determinations 12 0 0067

n=2b= s = 0 0067 estimates o sp* = (03288—00067)/2-01610
estinates u’ 1‘4' - (2 5201 — 0 3288) /6 = 0 3652 estimates o,*

far beyond 1ts 1%, point, 4 50 Ewidently, in the sampled population the
per cent calcium varies both from leaf to leaf and from plant to plant
The mean square of the plant mean 1s

2 5201 00067 + n(0 1610) + bn(0 3652)
st = T2 = 0105 =
24 nab
0 0067 |, 0 1610 , 0 3652
= - +
nab ab a

As m section 10 12, more information per dollar may be got by decreasing
the number of expensive determimations per leaf because they have a
small then g the of leaves or plants Plants
pruumably cost more than lcaves, but the component .3 also larger How
to bhalance these elements 1s the topic ol‘ section 1712

The utility of variance
Not only in planning experiments (as abovc) but, as has been 1 remarked n
the testing program they are almost indispensable  Also 1n genetics they
are being used effectively to evaluate hereditary contributions

EXAMPLE 10 14 1—Calculate the standard deviation of 55! m table 10142
Ans 0074

EXAMPLE 10 14 2—Show that the standard dewiation of s,* = 027
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10.15—Samples within samples. Mixed model. In repeated sub-
samphing the major samples may have constants associated with them
An instance 1s the evaluation of the breeding value of sires, each mated to
2 random group of dams, some characteristic of the offspring being the
criterion  The model 1s

Xpp=pta+By+ept=1 a;j=1 b

The a, are constants (Za = 0) associated with the sires but B and € are
variables corresponding to dams and offsprmg Table 10151 1s an
example These are more data from records of performance of Poland

TABLE 1015 1
Averace Dary Gamv o Two Pias or Eack Lirrer
Swe | Dam Pig Gans Sums

1 1 277 238 515
2 258 294 55 10 67

2 1 228 222 4 50
2 301 261 562 10 12

3 1 2 36 27 507
2 272 274 5 46 10 53

4 1 2 87 246 533
2 2% 224 4 55 9 88

5 1 274 2 56 5 30

2 2 50 248 498 10 28 51 48

Source of Vanation |Degreu of Freedom Mean Square  Parameters Esumated

Suires 4 0 0249 ot + nc.‘ + nbet
Dams-Same Sire 5 0 1127 a* + n
Pairs-Same Dam 10 0 0387 a*

no=2,b = 2,:’ 00387=umk: o, sp* = (01127 — 00387)/2 = 0 0370 estimates
o, 0 estimates

To test gp* = 0, F = 01127/0 0387 = 291, Fog = 3 33

Chunas at the Iowa Agricultural Experiment Station The calculations
proceed as before  The only change in the model 1s that the mean square
for the constants, ay, 1s denoted by «*

Here we have a which 1s not the mean square for
samples (sires) 1s less than that for sub-samples (dams) This cannot
happen 1 the population even if ¥ = 0 Samphing varation has either
decreased the real mean square for sires, or increased that for dams, or
both. But obviously there 18 no evidence agamst H, «* = 0
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If the sire mean square were greater than that for dams, the null
hypothesis k2 = 0 (that 18, a; = 0) would be tested by

_mean square for sires
mean square for dams

10.16—Samples of 1 size. 1t 1 not possible to
provide samplcs of equal suc, and at other times, not desirable As an
example of the latter case, suppose one 1s investigating the butterfat con-
tent of the milk from cows of various breeds supplying the creameries of
some distict  He might wish to conduct the 1vestigation so that the
average butterfat yield per cow when multiphed by the total number of
producing amimals in the district would be an estimate of the total fat
production  In that event, 1t would be desirable to sample the breeds by
taking from each a number of cows proportional to the district population
of that breed  Otherwise, the representatives of some rare, low-yielding
breed would 1nordinately depress the average It 1s just as important
to choose samples rep we of the popul d as 1t 15 to
make quite random the taking of the ulumate experimental units  The
two p i are not both being integral parts of good
samplmg designs (chapter 17) Incidentally, the criterion of representa-
tiveness makes 1t imperative that the mvestigator confine his interpreta-
tions to the sampled pop not broad them over popul:
1n general

Another source of unequal-sized samples 1s that illustrated m table
10161 Much experimental material has such natural groupings Eight
sows bore these litters, so that differences among the mean birth weights
may be attributed partly to sow individuahties and partly to lLitter size

So far as method of computation 1s concerned, only a single minor
alteration 15 required to adapt it to the mequality in sample sizes This
15 1n connection with the sum of squares between means of litters  Since
ny changes from litter to hitter, each X ? must be divided by 1ts own 74 1n
order to reduce 1t to the per-observation level  As for degrees of freedom,
got by subtraction 1n the table, they may well be thought of as the sum
of 8 sets, n; — 1 from each litter

=) =9+7+...+3=
This way of thinking 1s valuable because 1t brings to mind the fact that the
corresponding sum of squares, 17 17, 1s itself the sum of 8 litter sums of
squares each of which may be computed independently (table 102 1)
The model being used 1s a form of Model IT
Xy=p+Adi+eyt=1 a)=1 n e=N0o0

‘The new feature 15 the value of  which varies among the samples This
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TABLE 1016 1

Binrst WetGHs (Pouns) or PoLanp Criina Pios iy 8 LiTTers

Sum of

Latter Birth Weights Sums |Numbers| Squares

' X, X, no | 2K
1 20283332443619332811 28 4 10
2 [3528323523242016 213 8
3 33362631323329343232 318 10
4 3233322933252628 238 8
5 262629202021 142 6
6 31293125 116 4
7 |262222251212 119 6
8 |25243015 94 4

a =8 ZX,, = ZX, = 1524 |n =56 | 439 40

C =X *n = (1524)/56 = 41475
Total X2~ C =20 +28 +  +15 — C = 43940 — 41475 = 2465

p N N
Latters }:";—'—c= .@:-D‘—”—+ +<°—:L —C=42223 ~ 41475 = 748

Source of Vaniaton | Degrees of Freedom Sum of Squares  Mean Square
Tolal 55 24 65

Latters | 7 7 48 107

Pigs 1n litters 8 1717 036

F=107/036=2097, Fo =304

gives rise to a dufficulty in the compuncnt analysis  With equal n(=n)
the p for 1s multiplied by - Now it 1s necessary to
make up an average of the n, Theory shows the correct average to be

-2

For the pigs, Zn? = 10* + 82 + + 4% = 432 so that

1 432
8~_—(56 - —6) =690

The completed analysis of varance 1s shown in table 10 162 Here we
have assumed a common ¢* in the sampled populations = See section 10 20
for heterogeneous variance
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The test of Hy a4 = 015 done as before

7
F=19_ 5o csumazcs—j—'i“—’i
0 36

There is ittle doubt that the dams contribute additional variance to that
of the pigs within hitters  This may have two sources (1) The dams may
vary n their abihity to nourish the fetuses, resulting in differences among
Iitter birth weights even when other factors are identical, (u) the size of
the htter may affect the birth weight The separation of these sources
of variability wall be the topic of the next section

If the lot components are fixed (a, 1nstead of Ay), the computations are

TABLE 10 16 2
ANALYSIS OF VARIANCE OF Pic Lirters oF Taste 1016 1

Source of Vanation iDegreu of Freedom  Mean Square  Parameters Estimated

7 107 0 + nau?
48 036 ]

Latters
Pige

-]

54* = (107 — 036)/6 70 = 0 103 esumates o4*

no =

] =690, s = 036 sumates %,

unchanged, but, to keep the record straight, the population mean square
for treatments would be written, o + nox?

A closing remark for this section on unequal sample numbers As
stated 1n section 4 5, 1t pays to keep the lots equal 1n size 1if ths 1s feasible
Assuming a common ¢? for all the lots, the most efficient use of resources
goes with equal ny

EXAMPLE 10 16 1—Here 15 an easy example for practice
Group 1 18, 11, 16, 12, 14, 17, 18, 20
Group 2 19
Group 3 16, 18, 26
Group 4 19, 15, 15, 10, 24, 17, 13, 17, "7, 13, 16
The total sum of squares, 30765 with 22 degrees of freedon, s awided mto 50 15 for
group means, f = 3, and 257 50 for individuals 7 =

EXAMPLE 10 16 2—Applving analysis of variance fo the two lots of rat gamns m
section 4 5, show that 4/F = ¢ = 189  What portions of table 4 52 are used 1n the
present computations?

EXAMPLE 10 16 3—Jenkins (16) and Snedecor (26) compared the yields of z
number of varieues of corn, each vancty being represented by several inbred ines  Su
vanetes, with yields (bushels per acre) of their inbred Lines, are as follows

1 County 73, 45 7474 50,59, 64, 63,50, 61,79 57

2 Siver King 77, 54, 52, 40

3 Todent 69,68, 76,81, 94,120, 159, 74, 90, 52, 92, 86
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4 Lancaster 96, 78,96, 77,82,73,113, 95,88, 84, 68
5 Osterland 48, 92, 85, 88, 79,59, 92
6 k 43,84, 66,49, 58,76, 3

r] 7
Calculate F = 1755/338 = 519, f = 5 and 47 Estimate the component of van-
ance associated with the vanicties of the preceding example  Ans ng = 8 63, x4 = 1 64

EXAMPLE 10 16 4—Among 224 mice inoculated with 3 strains of typhoid organ-
1sms, the days of survival arc summarized in the following frequency distributions  In
applying the method of section 8 2 1t 15 perhaps easier not to code the days-to-death, X,
but 10 use the recorded data _The column of totals 15 necessary only for veification
Calculate F = 1799/578 = 311, f = 2 and 221

N
Numbers of Mice Inoculated
With Indicated Stramn
Days to Death 9D 11C DSC1 ‘Total

2 6 1 3 i 10
3 4 3 5 12
4 9 3 5 17
5 8 6 8 22
6 3 6 19 28
7 1 14 23 38
8 11 22 33
9 4 14 18
10 6 14 2
11 2 7 9
12 3 8 11
13 1 4 5
14 1 1

Total 31 60 133 | 22
X 125 442 1,037 | 1,604
X 561 3,602 8,961 | 13,124

10 17—Samples within samples, unequal s1zes Both samples and
sub-samples may be of unequal sizes The situation 1s a bit complicated
but some simphfying approsimations seem adequate lor most purposes

To examme the question raised n the foregoing section, the hitters
are arranged 1n 4 size groups, 10, 8, 6, and 4 pigs per itter  The sums of
birth weights are used to calculate Latters (within size groups) as shown
table 10171 The corresponding mean square, along with the others,
mdicates that both dams and size of htter contributed to the total birth
weight variauon  The question of sigmificance 15 postponed until after
the component analysis 15 completed

It s the coefficients of the variance p that are
Their calculation 1s shown 1n table 10 17 2 and the component analysis
in table 10 17 3 The striking fact 1s that there are 2 different averages
of hitter size, neither calculated like that of table 10 16 2 But the average
of the size groups (nb)s, follows the earher formula for 7o

The model which seems relevant 1s

Xy = n+ dc+ By + eyt = 1 ey =1 bok=1 ny
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TABLE 1017 1 R
Bt Weionts or Poann Crina Pios (TAste 10 16 1) ARraNED By LiTTer Size

Su.a Number
Size Litter | Birth Weights | In Litter |In Size| In Latter |In Size|Of Latters
3 y Xk X, X, 7y " b,
1 1 20 11 28 4 10
2 33 32 318 60 2 10 20 2
2 1 35 16 21 3 8
2 32 28 238 451 8 16 2
3 1 26 21 142 6
2 26 12 19 26 1 6 12 2
4 1 31 25 16 4
2 25 15 94 210 4 8 2
a=4 2X.p = X, = IX, =1524 n =56 b =8
Xt _ (602 @lop _ . _
Size Z‘T — Tt +g— = C=547
Lutters of same size  Litter —Size = 7 48 — 547 = 201
Source of Variation Degrees of Freedom Sum of Squares  Mean Square
Size 3 547 182
Latters 1n size 4 201 0 50
Pigs 1n Litter (table 10 16 1) 48 1717 036

A consequence of the differing averages 1s that there 1s no exact test
for o,* = 0 because the ratio one would expect to write from table 10 17 3,

o + 676 op* + 13 52 0?
o + 700 o5* !

does not reduce to umty if o,* = 0 Anderson and Bancroft (1) propose
an approximate test, but I suggest the following procedure for rough work

Since the sample lard errors of the p are large, 1t would
usually be rate enough to pute both ges of hitter size by the
formula of table 10162 The result, 6 90, 1s intermediate between the
exact averages, 700 and 676 The same formula apphed to the size
groups gives (nb)o = 13 52 asin table 10 17 2 This approximate method
yields the mean squares,

Latter Size 2 4 6 90 552 + 13 52 5,2
Latters s* 4 6 90 s5*
Pigs s

Litter size 15 now tested against Latters, F = 1 82/0 50 = 3 64, F o = 6 59
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This 15 an exact test based on approximate values of the components
Finally, to 2 decimals, s3* = 002 and 5,2 = 0 10, as before

Let us rescue ourselves from a welter of statistics to see what has been
learned  In the preceding section 1t was evident that there 1s a litter com-
ponent added to that of pig variation  Now 1t turns out that the 2 parts,
sg* and 5, though both present, are neither one significant  The first
concerns the ability of the dam to affect birth weights 1n litters of the same
size  To see this performance, compare the X, 1n table 10 17 1, 28 4 lbs

TABLE 10172
[ oF Averace F carts v Hi o
11 SaMPLES OF UNEQUAL SIZES

Znd
Sn ]
g n at ; n n* o =1
1) (2) o) (4) (5) (©) (7)

e — 1

= 1352

(k) = ?:(Il - X(6)/x(1) - 56 -- F(r(lﬁ

=1 7=

vs 318,213 vs 238, etc The second component relates to differences
due to litter size  One would think that there would be limits to the total
nutrients available to a litter so that pigs in small hitters would tend to be
large  This component, though small, does appear 1n the sample  But
look at the means

For 10 pigs & = 602/20 = 301
8 £ = 451/16 =
6 £o=261/12 =
4 Zo=210/8 =
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TABLE 1017 3
COMPONENT ANALYSIS OF VARIANCE OF PoLanD CHiNa BiRTH WEIGHTS

Source of Variation [Degrees of Freedom  Mean Square  Parameters Estimated

Size of Lutter 3 182 * + nos o5t + (ableos®
Latters 4 0 50 o + nep o5t
Pigs 48 036 o

For Litters, F = 050/0 36 =139, Fo = 256 s* =036, sp* = 002, 5,* = 010

If this had been rp! would have been
difficult  Further comment will be found 1n section 10 20

If the sub-sampling process 1s exlended, the exact formulas for the
average sizes become more and more d (9) The app
formula 1s easy to apply and may be sufficiently accurate for most pur-
poses, especially m view of the large standard errors of the components

EXAMPLE 10 17 1—Cochran (3) reports a sampling of commercial wheat yield
1n 6 districts of Great Brtain  One or more farms were selected 1n each district, one
or more fields per farm were chosen, and either 2 or 4 sampling areas per field were
drawn at random  The analysus of vanance of arca means w

Source of Vanation Degrees of Freedom Mean Square
Dastricts 5 10 284 = M,
Farms in districts 19 6591 = My
Fields 1 farms 11 3026 = M,
Areas 1n ficlds 42 0825 = M,

The distribution of the sampling areas was as follows

Districts Farms Fields
Arcas Per | AreasPer  No Areas Per No
Serial No Distnct | Farm Farms Field Fields
1 8 4 2 2 4
2 6 4 1 2 2
2 1 2 1
ST I R 1
H
e 7} 2 11
5 4 i 1 2 2
6 26 4 3
b 7} 2 13
Pt 8 78 25 78 36

Cochran makes 1t clear that this sampling 15 a mixed model, the districts being
fixed and the farms not randomly sclected  But for sake of the numencal illustration,
Model II 1s assumed
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Anderson and Bancroft (1, page 328) worked out this component analysis using
exact formulas

Source of Vanation Mean Square Parameters
Distrces 10 284 0t 4 234 oc? + 490 oz + 1196 it
6 591 0t + 200 oc? + 258 o5
T 3 026 o + 236 ac*
as 0 825 ot

57 = 0825, s = 0933, sp* = 1512, 5,* = —0011

Using the approximate formula, I got

Dutncu 10 284 o? + 2163 oc* + 3064 o5* + 11959 o,
6 591 o + 2163 oc* + 3064 a5®

Flelds 3 026 o? + 2163 oc?

Areas 0 825 o

= 0825 sct = 1018, s5* = 1164, 5,* = 0309

In cor ing the two sets of estimates, remember the large standard deviations
which you ave calculated for some components The standard deviation of s5* may
be mn the neighborhood of 09 For criucal mnvestigauons the exact formulas may be
necessary, but the approximations are usually adequate and make testing casy

10.18—Sample size  This problem was discussed 1n sections 2 15 and
47  With tables now available more realstic solutions can be given
These enable the experimenter to specify the secunity he wishes when he
designs his experiment (29)  Additional security 1s, of course, paid for by
more replications

As before, we assume the availabihity of an estimate of o, call this
5o, with /o dcgrcu of freedom Now an experiment with a treatments 1s
0 be duals per That will make the new
degrees of frcedom f =a(n — 1) We wish to know .what difference, 5,
will be detected  Specifying the probability of success 1s the new feature
for which, 1n the earlier discussions, you were referred to this section
Unless otherwise stated, this probability wall be taken as 0 75 This means
that we are willing to take one chance m 4 of failing to detect 8 1f 1t exists
The formula is,

5= (Qa D(0)VFy 1o
Vn
Table 10 6 1 gives Q,,, under a treatments 1 the line opposite f degrees
of freedom  Fy,z, 15 taken from table 1018 1 with f; = f and f2 = fo
m the hine for P = (1 — 075) = 025 In each subscript the first letter
designates a column, the second a row in the corresponding table
For 1llustration, turn to examples 1051 and 1063 In the latter 1t
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was found that Qs: = 487 so that only treatment 4 differed from the
others Now 48 715 57% of the experimental mean, 84 8, the experiment
has low precision  How much would 1t be mereased 1f 20 chacks were
assigned at random to each lot?

From the original experiment, so = /722 = 26 9 with fo = 16 For
the proposed one, ¢ = 4, n = 20, f = 76, whence Qs = 372 and
Fueus = 1 36 (Hint about interpolation plot Q aganst reciprocals of f )
From these data,

5= 379069V
- /20

With 20 chicks per lot, the prospective experiment should (2 = 075)
detect any difference so large as 26/84 8 = 31%, of the mean Other lot
sizes may be tried unul satisfactory sensitivity 1 indicated

More directly, we may ask how to determine 7 5o as to attain a specified
precision, say 8 = 20% of 84 8 = 17 Solving the equation for n, we have

o (@ o,
- Q26 s

=26

Since both Q and Fdepend on n, an iterauve method of solution 1s required
This 1s made easy by the small changes 1n Q and F over the parts of the
tables used Take what you consider a too-large value of » and make a
first approximation  For example, »n = 121 scems beyond reasonable
lot sizes For this n, f = (120)(4) = 480 Interpolation yields Qs 40 =
365, Fawye = 134 Substituting these values in the formula,

(3 65)2 (722)(1 34) _

45
172

1st approsunation to # =

This approximation 1s now tried 1n the formula for 8 Wath / = (44)(4)
=176, Quun = 367 and Fymys = 135,

5o 36D (269) v135
B \/45 -

Since this 15 somewhat larger than the specified § = 17, increase the
approximate n by unity  You will find that n = 46 gwves § = 17 closelv
enough  If the experimenter increases each lot size to 46 chicks, he has a
good chance (P = 0 75) of detecting any difference so large as 17

1t pays to make f; as large as the available information warrants The
experimental errors from several similar experiments may be combined
In some laboratories the variability of their colonies of animals 1s often
s0 well known that f; can be increased to o

But if no definite 1nformation 1s available, the experimenter may have

171
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He 15 faimliar with the range of weights or yields which may be en-
countered He may use table 222 for translating range to standard
deviation Known coefficients of variation may be helpful From this
kind of information he may make estimates of upper and lower hmits on
o such that he thinks 1t an even bet that the true value lies between them
That 15, he attempts to fix a 50%, confidence mnterval on ¢ Let g and 4
be these upper and lower Limits  Then sy 1s estimated as (g + #)/2 For
fo, use a number from this table (14)

Ratio, g/k 36 22184’167158 151 146 142 139 136

rees of
reedom, fo 1 2 3 4 5 6 7 8 9 10

The extensive table 10 18 1 calls for further comment In addition
to 1ts usefulness in esumating sample size at the 259, and 109, points, 1t
allows greater range for testing homogeneity of varnance mn 2 samples
Comparison with table 4 8 1 shows that the latter table contains a portion
of the 2 5%, points of the new table, the two-tailed test being required be-
cause always the larger mean square was divided by the smaller With
the new table, the 0 5%, ponts allow the testing of homogenenty at the 1%,
level Again, one may wish to make a test of significance at other
ponts than 5% and 1%, If consequences are not serious, tesung at
10% may be reasonable In any case the tester may wish to know how
far his sample F 15 outside the 5%-1% range

For esumating probabilities between those given 1n the tables, near
nterpolation 1s usually adequate More nearly accurate results can be
got by plotting the tabular values of F aganst the logarithms of the prob-
abilities (use of percentages 1s sumpler), then interpolating graphically

There 1s often need for mterpolating between tabular degrees of
freedom, especially 1n table 10181 Linear interpolaton 1s usually
sufficient  If greater accuracy 1s needed, plot the tabular F agamst the
reciprocals of the degrees of freedom The resulung granh 1s almost
linear, allowing easy evaluation of F corresponding to the desired degree
of freedom

EXAMPLE 10 18 1—1In the period from 1941 to 1947, there were sclected 4
reports of the percentages of albummn in plasma proteins of normal subjects as de-
termuned by electrophoresis (27)

Number of Mean Degrees of
Subjects Percentage Freedom s @ et

12 623 11 3 60 12 96 142 56

15 60 3 14 2 80 7 84 109 76

7 595 6 578 33 41 200 46

16 615 15 430 18 49 277 35

50 Weghted# = 61 05 46 730 13
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By methods to be presented i secton 1020, the hypothess of homogenety of vac-
ance was tested and accepted | So the common o? was cstimated as 730 13/46 = 15 87,
from which s = 3 98 with fo = 46 The weighted mean percentage 15 6105 (C ~

65%) An investy ntor Ia.m to use this technique to test 4 treatments  He wishes
to detect, at the 5% -ny difference so large as three per cent of albumin, with 3 1
odds of bemng successf How many subjects for each treatment should he provide?
Ans 29 Note 3% a{ alburmun 15 about 5% of the mean

EXAMPLE 10 18 2—An wmvestgator has no rehable estimate of ¢ but, from hls
knowledge of the range, he he esumates 1t as being between g = 18 and 4 = 13 with 1 1
adds of being correct Estmate s = 155, fy = 9 He estumates u as 120 With 4
treatments he washes to detect any difference so large as 12 What size of lots will be
required” Ans 35

EXAMPLE 10 18 3—In the preceding example, estimate the size of lot that wll
give the investigator 9 1 odds of being successful  Ans 49

EXAMPLE 10 18 4—In the third-to-last paragraph of section 215, venfy the
sample size required for 3 1

EXAMPLE 10.18 5—In section 4 7, last paragraph, vcnl'y the sample size, 25

10.19—Intraclass correlation. It has been shown that the mean
square for “trcatments” may be separated wmto two parts, one reflecting
the natural variation of individuals treated alike, and the other arising
from genetic or environmental conditions peculiar to the samples The
former 1s an estimate of ¢?, which may be assumed equal in the sampled
populations, while the latter 15 an estimate of 04 the added portion re-
lated to differences among the population means The sum, o* + a4?,
1s the vanance of individuals picked at random from the entire umverse
made up of the sampled populations The ratio of the two variances,
(2
o+ aa?

1s known as the wntraclass correlation, p; In the numerator 1s the vanance
which, 1n a sample or lot, is common to all individuals because all of them
are affected alike by the vanation which pertams to the lot as a whole
This 15 04 = 25 m the 1llustrative samplhing of table 10 131 In the
denominator 15 an average variance that would apply to individuals 1f
they were picked at random from the universe without attention to popu-
lation boundaries

The justification for calling this ’ may be und d by
reference to section 7 4 where it was shown that r 1s the ratio of two
vanances The numerator 1 both correlations 1s associated with the
variance that 15 to individuals the m one case, and
a2 in the other The denominator 1s an average of the varation that
would affect individuals if they were not classified—into X; and Xa, or
nto sub-samples

If all samples are from the same population, as 1n the pig gamns of
tables 1021 and 1052, then o, = 0 and consequently p; = 0 the
entire variation, both idividual and group, anses from the random sam-




Section 1019 Analysis of Variance: Single Classification 283

pling of a single population  Of course, 1n any particular sample from
pr = 0 the value of the intraclass correlation 7, 15 not usually zero Thus,
i table 10 51, s* = 1140, 5,2 = (1723 — 1140)/10 = 583, and

583 0049
= —
" 1140+583

The hypothesis that p; = 0 1s 1dentical with the hypothesis, 6,2 = 0, and
F = 1723/1140 = 151,
a value, 15 the approp! test of both of them
Large mtraclass correlation mdicates relatively small variation among

the individuals of the sub-samples Indeed, in the hmting situation,
o = 0 and

LA

.

pr

Since this could happen only if all the mdwiduals n each group had
exactly the same 1t 1s of only th interest However,
the data on 1dentical twins 1n table 10 19 1 ilustrate a striking approach
to perfect correlation  The totals of finger ridges are much the same for
the two members of each pair but differ markedly among pawrs  Since
these counts are presumably unaffected by age, the high twin correlation,
ry = 0966, the of their mnh of this ch

TABLE 10191
Numser or FINGER RIDGES ON BoTH HANDS OF INDIVIDUALS IN 12 PAIRS
oF FeMALE IDENTICAL

Data from Newman, Freeman, and Holzinger (21)

Finger Rudges Finger Ridges Finger Rud
Parr  of Individuals Par  of Individuals Par  of lodiiduss
107, n 5 7, 70 9 114, 113
279, 82 6 83, 82 10 94, 91
3105, 99 7 14, 113 1 75, 83
4 115, 114 8 57, 48 12 76, T2

Analysis of Vaniance

Source of Vanation Degrees of Freedom Mean Square
Twin patrs 11 817 31
Indiduals 12 1429

= 1429, 540 = 40151, 1 = 0.966
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One can get a good 1dea of the varation of 7, mn small samples by com-
puting 1ts values from the random samples of pig variance in table 10 13 2
In sample 1, for example,

rr = 60/(60 4 127) = 032t

Among the 25 samples the smallest intraclass correlation 18 —0 615 n
number 20, the largest, 0 765 in number 24 This 1s ordinary sampling
variation from the population value,

pr = 25/(25 + 100) = 02

If n = 2, wntraclass correlations may be averaged and may have con-
fidence humits set as m section 7 6 (7, chapter 7) The value of z has a
negatuve bias which may be corrected approximately by the addition of
1/(2a — 1), where a 1s the number of pawrs Thus n sample 1, table
10132,

0321
0333
1/(2a — 1) = 0 053

L3

Unbiased z = 0 386

In order to calculate ntraclass correlation directly from a table of
analysis of varance, 1t 15 convenient to put the formula thus

_ My —- M
T Mt - O
where M, and M denote mean squares for Treatment (lot) and Indi-
viduals  In the twin data, M, = 817 31, M = 1429, n = 2, whence

81731 - 1429
T 81731+ (2 — 1)1429

I

= 097 (as before)

If the sub-samples differ in size, the average, m, 1s used For example,
1 the pig data of table 10 16 1,

107 — 036

=T+ @90 —nw3e ~ 02

T

‘The F-test in the table shows that this small correlation 1s significant

A negative 77 occurs if the sample means vary less than 15 to be ex-
pected from the mdividual variation, M, being less than M If this
happens, s4? appears to be a negative number  The hypothesis, 0.? = 0
(or k2 = 0) 15 not rejected, but the alternative conclusion 15 not a; % 0
but this Some control has made the sampling non-random  Either the observa-
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tions within the lots have been spread artificially or the lot means have
been compressed mto a range smaller than that ordinanly found n sam-
pling  The first could occur n balanced lots of animals where the mdi-
viduals are assigned 1n such a way as to keep the ranges (standard devia-
tions) 1n all lots about equal The second could be brought about by
adjusting the rations from time to time, mamtaimng equal mean gains
If one attempts to graph the twin data, he will not know, 1n any one
par, which number of finger ndges 1s X7 and which, X; The solution 1s
to locate 2 ponts for each pair the second pair 1n tab'e 10 19 1, for ex-
ample, determmnes the pomts (79, 82) and (82, 79), symmetrically located
with respect to a 45° line through the origin (45°, that 1s, if the scales for
X; and X; are equal) If there were triplets instead of twins, each set of
observations, a, b, and ¢, would specify 6 ponts, (a, b), (b, a), (a, ¢), (¢, a),
(5,¢), and (¢, b) The number of ponts per sub-sample rises rapidly with
n, 12 for n = 4, 20 for » = 5, etc  For large n, the job of computing r,
directly from all these pairs was discouraging until Harns (12) discovered
a shortened process sumilar to the later-developed analysis of variance (7)

EXAMPLE 10 19 1—In the wool sampling of example 1032, now assuming
Model IT, My = 1111 and I =822 Calculate 1, = 0105 F ='1 35 shows that
7718 not Tn the sampled the batches from the same bag may
e o ahie han batees From i Foren bags

EXAMPLE 10 19 2—There are 2 itraclass correlations tn th lhe turmp green data
of table 10 141 Calculate the 1 ong

0960, and the wtraplant correlation among lcaves 0 690 Accordmg to the F-test,
cach 1s significant

10 20—Tests of homogeneity of variance. From tume to time we
have raised the question as to whether two or more mean squares might
differ significantly  For two samples an answer was given 1n section 4 8
For more than two samples Bartlett’s origimal test of homogeneity (2)
seems adequate

If the samples are equal in size, the test mvolves the comparison
of a times the logarithm of the average mean square with the sum of
logarithms of the scparate mean squares In table 1020 1 the method
1s applied to the 4 sub-samples of 5% 1n table 10 2 1—sub-samples known
to have been drawn from a common source The factor, 2 3026, 15 a
constant (log,10) necessary because common logarithms are used Chi-
square, as fust calculated, 1s shghtly biased upwards In this example,
even the biased value shows less than average sampling vanation 1n s*
(table 114 1) It 1s necessary to make the correction only 1if x? lies close
above one of the critical tabular values, and then only if one wishes to get
an accurate cvaiuation of P

For samples of differing size, the computation of chi-square 1s more
complicated though following the same pattern In table 10202 the
test of homogeneity 1s applied to the pig birth weights of table 10 16 1
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Each Zx?1s calculated from the cor ding ZX? by ded the usual
(2X)*n  The table requires no further explanation

Another anomaly 1n the pig birth weights now stands out the differ-
ing vaniances do not seem to have any physiological explanation Both
the largest and the smallest were n the 10-pig litters, and the others
appear to occur at random  Coupled with the unexplained sizes of the
birth weights (section 10 17), this leads to the conclusion that this sample
contams little information

In addition to these biological peculiarities, there is a statistical
feature that modifies some of the assumptions made in section 10 16 The

‘TABLE 10201
ComPUTATION OF BARTLETT'S TEST OF HOMOGENEITY OF VARIANCE
Sawpe EQUAL IN Size
Data from table 1021 a = 4,7 =5

Sample Sum of Squares, Zxt Mean Square, s* log s
1 472 118 2 07188
2 396 99 1 99564
3 616 154 2 18752
4 164 41 1 61278

Zs = 412 Zlog s* = 7 86782

Mean 8 = 25%/a = 412/4 = 103 log # = 201284
alog 8 = 4(2 01284) = 8 05136
Zlogst =7 86782

Dufference 0 18354
X = 23026 (n — 1) (a log — Tlog )
= 2 3026 (5 ~ 1) (0 18354)
~16,fma~1=
Gomecnonfactor €= 1+t lomt ot E sy 1002

Corrected x* = x*/C = 1 69/1 1042 = 153

estimate of mean square within lots, 0 36, 1s evidently an average of mean
squares 1n samples from populations with differing ¢, If so, the ratio,

£+ st
"

does not follow the usual F-distribution and the test in table 10 16 1 lacks
vahdity

As for the pig htter data, the matter 18 unimportant; there was no
understandable trend 1n erther the birth weights or the mean squares, so
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that the sample appears uninformative In other experiments there
would be several considerations of interest The first question that should
be answered 15, “What 1s the meaning of the different vanances®” Pursuit
of that lead might be more profitable than any findings about the means
If not, the natural conclusion would seem to be that differences among
mean squares are only sampling phenomena, the ordinary test of the
hypothesis, o4 = 0, being vahd

If there 1s evidence (including Bartlett’s test) that the o? differ, one
may still test the hypothesis that the means arc the same even 1n the

TABLE 1020 2
CoumpUTATION OF BARTLETT’S Test or HoMocENEITY OF VARIANCE
SampLEs DIFFERING IN SizE
Pig birth weights from table 1016 1

Degrees of Mean
Freedom, Reciprocal, ~ Square,
Sample  Zx? n—1 1/(n ~ 1) 5 logst (n— 1)logst
1 9 0 11111 09089 —0 04148 — 0 3733
2 7 0 14286 04972 -0 30347 — 2 1243
3 9 0 11111 00756 —1 12148
4 7 0 14286 01029  —0 98758
5 5 0 20000 0 1460  —0 83565
6 3 033333 00800 —1 09691
7 5 0 20000 03940  —0 40450
8 3 0 33333 03900 —0 40894
a= 8 48 1 5746 Z(n — 1)(log ) = —30 2222
= }.‘(n 1) =31 /( 1)
5= = 1717/48 = 03577

a3/ 20
(loxv')x(n - !) = (=0 44648)(48) = —
= 23026 (Iogl')“(n - 1) - z{n — 1)(log 5*)]
= 23226[[ —214310 — (-30222)]
20

1 1 1
Correction factor, € = 1 + m( 2o m)

1 1
+ 0 (1 5746 — ﬁ) = 1074

Correctea x* = 20 24/1 074 = 18 85** f=a

presence of heterogeneous variance (15, 31, 10) The method 15 to
calculate a pair of weighted mean squares, then test their ratio against the
F-distibution  (The test 1s not exact, but T think you needn’t worry
about that) The calculations are laid out 1n table 1020 3

F' 15 distributed approximately as F with f; and f; degrees of freedom.
Table 10 18 1 shows that P 1s close to 0 005 Hy 1s rejected with very small
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probability of error  Rejection 1s even more strongly indicated than 1t
was by the questionable test of table 1016 1 Sometimes the opposite
1s true  One does not select the test according to the size of P but accord-
ing to his hypothesis about the ¢2.
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CHAPTER 11

Two-Way Experiments. Analysis of Variance

11.1—The use of knowledge about The g:
often acquires the abihity to predict roughly the behavior of his experi-
mental material He knows that young male rats will gain weight faster
than females i 1dentical environments  Plants in one section of a green-
house, even on the same bench, may produce more flowers than will
plants 1n another section Such knowledge can be used to increase the
value of an experiment It could not be used 1n the designs of the fore-
going chapter There the units were assigned at random to the lots, the
experimental error contained not only the unpredictable variation due
to samphing but also anv variation that might be predicted The 2-way
design now to be described enables the experimenter to take advantage
of hus knowledge of outcome  For 2 treatments this was done 1 chapter 2
Now the methods will be expanded to provide for comparisons among 3
or more treatments

11.2—An experiment with two criteria of classification. In nutr-
tional experiments with swine, 1t 1s known that one hitter may react dif-
ferently from another Richardson et al (20) planned to eliminate from
error this anticipated source of variation by trying every treatment on the
pigs of a single litter, replicating the hitters  Each individual 1s classified
by 2 criteria, the hitter of which he 1s a member and the treatment he re-
cewves The pigs of each litter are assigned at random to the treatments

The data in table 11 2 1 are selected from a larger experiment already
cited (example 10 3 1, where hitters were 1ignored) Omutted are the zero
level of the vitamin By; and the treatments with antibiotics

‘With one exception, the computations follow the form already familiar
In addition to sums of squares for Total and Treatments, there 1s now one
for Lutters The remainder, Discrepance, will be shown later to be an
estimate of experimental error  It, along with 1ts degrees of freedom, 15
got by applying the addition theorem appropriate to orthogonal effects
Notice also that degrees of freedom for Discrepance 1s the product of
those for the main effects

A characteristic of analysis of variance 1s the partition of the total sum

291]
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of squares and degrees of freedom nto parts, each associated with a
feature of the exp 1 design  The of the litter effect
from error enables the to use his ge of ammal be-
havior to decrease s%, thus increasing the precision of his experiment.
Before discussing the relative sizes of the mean squares, 1t 1s desirable
to observe the kind of results that are expected 1n random sampling from a
common population Table 11 2 2 differs from the vitamin By expen-

TABLE 11 21
Averace DarLy GAWN To 75 PounDs Live. WEIGHT oF 3 Pas
From each of 3 litters  Pounds per day  No anubiotes

Levels of By Latter
(ug/1b rauion) 1 2 3 Sum Mean
5 126 121 119 | 36 122
10 129 123 123 375 125
15 138 127 122 387 129
Sum 393 37 364 \ 1128 125
Gormection Term (11269, = 141376
Total 126+ 129% + — C = 141634 — 141376 = 00258
> s
Litters ”ﬂs—;’—"'s—“— — €= 141529 — 141376 = 0 0153
s +
Treatments w — C = 141450 — 141376 = 00074

Discrepance = Remainder = 00258 — (0 0153 + 0 0074) = 00031

Source of Vanation Degrees of Freedom  Sum of Squares  Mean Square
Lutters 2 0 0153 0 0076
Treatments 2 0 0074 0 0037
Discrepance (Exror) 4 0 0031 0 0008
Total 8 0 0258

ment only 1n this the pig gains are all drawn at random from the normal
distribution of table 321 The advantage 1s that we know the varance,
o* = 100, 1n the population sampled We can observe the fact that, when
all observations are from a common population, the 4 mean squares are
all estimates of the common ¢?, 1n this example, very close estmates

If there are real treatment and htter effects, the corresponding mean
squares will be inflated, but Discrepance 1s still expected to esumate o3,
ordinanly called experimental error  Evidence on this point will be pre-
sented larer,

Returning to the vitamin By, experiment, the significance of the maimn
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effects 1s tested by F For Litters, F = 0 0076/0 0008 = 95, f = 2, 4,
P = 004, for Treatments, F = 46, P> 005 Clearly 1t was worth while
to eltminate litter differences from error—the efficiency of this design,
relative to the completely random one of chapter 10, 1s discussed 1n section
116 The treatments may have no cﬂ':ct Spg of the  vitamin 15 known to
increase gains, but add For add
information, see examples 11 3 1 and ll 3 2

TABLE 1122
Doy Experient Wirh 5 TreaTuznTs RepLicATED ON 4 LrrTess
Observations are from the pig gains of table 32 1
= 100

Latters
Treatments 1 2 3 4 Sum Mean

A 15 31 20 30 96 24

B 22 1 45 26 104 26

C 33 37 30 44 144 36

D 18 31 49 34 132 33

E 37 30 36 21 124 31
Sum 125 140 180 155 600
Source of Vanation  Degrees of Freedom  Sum of Squares  Mean Square
Treatment 4 392 98
Latter 3 330 110
Discrepance 12 1,212 101
Total 19 1,934 101 8

EXAMPLE 11 2 1—In 3 species of citrus trees the ratio of leaf area to dry weight
was determuned for 3 conditions of shading (17)

Shading Shamout: Orange Marsh Grapefrut  Clementine Mandarin
112 90 123

86 73 89

80 62 81

Sun
Half shade
Shade

Compute the analyus of vaniance  Ans Mean squares for shading and error, 942 1
'he shading was clearly effective in decreasing the vanable measured But
e exumple 1114

EXAMPLE 112 2—The experiment with mosaic virus, scction 29, 15 a 2-way
design wath 8 replications of 2 treatments Analyu the vaniance as follows

Treatments 1
Rephcations 7 ss &2
Ecror 7 65 929

The treatment components are clearly sigmificant (F = 689, f = 1,7, P = 004)
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were Note that, with fy = 1, V/F = /689

The

=263 = ¢
EXAMPLE 11 2 3—Calculate the mean square for treatments by cach of the

special 2-sample formulas given 1n section 10 9

EXAMPLE 11 2 4—Calculate the mean square for discrepance from the mean
squarc of diflerences, s* = 18 57, in table 29 1

11.3—Comparisons among means. There 1s httle to add to the
discussion 1n sections 10 6 and 108  Both kinds of comparisons might be
required 1n an experiment conducted by the South Carolina Truch Experi-
ment Station (19) as part of a cooperative seed treatment trial, table
1131 The designed companison between treated and untreated seeds,

TABLE 1131
Numser oF PLANTS EMeRGING From 100 PLANTED SovBEAN SEEDS, KANRO VARIETY
Replication

Treatment 1 2 3 4 5 Sum Mean
Check 92 90 88 87 89 446 89 2
Arasan 98 94 93 89 95 469 938
Spergon 9% 90 91 922 90 459 98
Semesan Jr 97 95 9 90 9% 467 93 4
Fermate 9 93 95 95 97 471 94 2
Sum 474 462 458 453 465 2,312

Correction (2,312)}/25 = 213,813 76
(446)* 4+ (471)*
5

Treatments® C = 8384

Gheck vs Chemucals (. 4 B9 4+ 9701 _ 6 794

Among Chemicals 83 84 — 6724 = 16 60

Source of Variation Degrees of Freedom Sum of Squares  Mean Square
Replication 4 49 84
Treatments
Check vs Chemucals 1 67 24 67 24
Among Chemicals 3 16 60 553
16 86 56 541

For Check vs Chemucals F = 67 24/5 41 = 1243, Fo = 8 53
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chemucals vs check, 15 calculated 1n the way required for samples of un-
equal size (section 10 16)

A feature of this comparison 1s the additwve relation of its sum of
squares with that among Chemicals, 67 24 + 16 60 = 83 84 These com-
parisons are said to be orthogonal You may remember that those made
m section 10 8 had this property

It 1s notable that d are tested regardless of over-all
significance  One or more such comparisons may be sigmficant 1 an
expermment whose treatments do not as a whole show a significant F

There 1s no evidence of differential effects among the 4 chemicals, so
1t 15 not realistic to seek significant differences among the 6 compansons
that might be made But to illustrate the method again, the 5%, significant
difference D 1s calculated

$s = +/5.41/5 = 104 plants, Quss = 4 05,
D = Qs: = 421 plants

As suspected, none of the differences among means of chemical treatments
150 large  The exp Iy g that ch | seed t

are effective i increasing emergence of Kanro soybean plants under the
conditions of the experiment but 15 not convincing that the chemucals
duffer 1n effectiveness.

EXAMPLE 113 1—In table 1121, test the hypothens that the highest level of
Bys 18 as eflecuve as the lowest Ans. Mcan square = 000735, P = 004 Thisis addi-
t1onal miormation ot avaulable  the carher handling of the data.

EXAMPLE 11 3 2—Complete the foregoing by testing the hypothesis that the
population mean (or the middle level 1s the same as the mean of the other 2 levels
combined The easiest way 1s to compare the sum, 3 66 -+ 3 87, wath 2(375)  Ans
Mean square = 000005 That the two comparisons are orlhogonal 18 shown by the
fact the 000375 + 0 00005 = 0 0074, the Treatment sum of squares in table 1121

EXAMPLE 11 3 3—Test all differences among the shading treatments of example
1121 Ans D =135

At first reading, sections 114 and 115 may be omtted.

11.4—Symbolism in two-way table. The dot notation has become
standard 1n mathematical statistics, the subscript dot representing sum-
mation It will be used to a mted extent in what follows  For the bene-
fit of those who prefer literal symbols, table 11 4 1 15 inserted

It 15 not by accident that this book 15 written so that the reader 18
largelv independent of literal symbols  The results of most experiments
are recorded 1n numbers and 1t 1s to these numbers that the experumenter
must look for the information acquired I have tried to keep the reader
close to the numerical records, dwerting him as httle as possible with
other symbolical shorthand.
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TABLE 11 41

SymBoLIGAL REPRESENTATION OF A 2-WaY TaBte With s TREATMENTS AND b BLocks
mpuung wstructions and analysis of vanance

Treatments, Blocks,y =1 &
t=1 a 1 7 b Sum  Mean

1 Xu X, Xn X £

2 Xu X, Xz X £

1 Xu X X Y. z

a X X X | Xa Ia
Sum X\ X, Xy X
Mean ER z, z, 3
Correction  C = (ZX,,)%/ab = X */ab
Total X -
Teeatmens 4 = KLE KT
Blocks poXit X0 ¢
Discrepance D = Total ~ (Treatments + Blocks)
Source of Variation| ~ Degrees of Freedom  Sum of Squares Mean Square
Treatments A A/(a—1)
Blacks B B/(b—1)
Discrepance D D/(a —1)(b-1)
Total e

A+B+D

11.5—Structure of two-way experiment The model being used
(Model I) 1s
Xy=p+a+8+epi=1 a);=1 b, &y = N(0, o),
Za,=2Zf; =0,
where a( stands for treatment effects, 8, for replication (litter or block)
effects, and ¢, 15 a random vanable representing sampling vanation
The best way to understand the model 15 to construct an experiment
by 1ts use
Let 4 = 30 pounds
ay = 10,02 = 3,0; = 0,0y = ~13, Zag = 0
Bi=1,8=—4p8=3,38=0
€y drawn at random from table 3 10 1, each gain decreased by
# = 30 pounds
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In each cell of table 11 51, p = 30 15 entered first Next 1s the treatment
component, differing from row to row Following this 1s the block com-
ponent, one 1n each column  In each cell, the sum of these three parts 1s
fixed by u, the a,, and the ; Sampling variation 1s ntroduced by the
fourth entry, a deviation drawn at random from table 3101 These ele-
ments are normally distributed with mean zero and variance 25 Ac-
cording to the model, Xy 15 the sum of the 4 entrues just described

Some features of the model are now apparent (1) The matn effects of
the treatments are not affected by the S, because their sum 1n each row

TABLE 1151
Exreivent ConsTRUGTED ACGORDING T0 Moper I 4 = 30
Treatment B =1 X, £
a = 10 30
10
1
=11
Xu = 30 105 35
102 34
93 31
Xa =16 Xe=11 Xa=21 3 16
_Xh, i o 112 104 132 348
£, 28 26 33 29
Source of Vanaton Degrees of Freedom  Sum of Squares Mean Square
ilock? T 2 104 52

‘Treatments 3 702 234
Error 6 132 22
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15 2ero, aside from the ¢, the sum for treatment 1 1s 41 + 36 + 43 = 120,
the mean bemng 40 = g + a; It 1s the unusual pair of small ey, —11 and
—7, that reduces the observed mean to 35 (n) In block 3, not only 1s
Za, = 0 but 1t happens that Zeg 15 also zero  Consequently the mean has

the value fixed by the constants, p + 85 = 33 () Since Ze; = —12,
the experiment mean 1s less than g = 30 by the mean of the &, —12/
12 = —1 (v) The man pomnt to be remembered 1s that the a¢ balance

out 1n each block and the B 1n each row, leaving each mam effect un-
affected by the other (though both are affected by the ¢;) (v) Again
additivity 15 emphasized The model would not apply if the treatment
were modified per (for example) by the blocks

The analysis of variance has two features of mterest (1) The mean
square for Error, 22, 1s the sample estimate of ¢ = 25 (u) The mean
squares for Blocks and Treatments are inflated by the 8, and a,, how much
1s shown by the component analyss of table 11 5 2, where the parametric
values of the mean squares and of the components are calculated so that
they may be compared with the sample estmates

TABLE 1152
Component ANaLysis OF THE CONSTRUCTED EXPERIMENT

Source of Vanation| Degrees of Frecdom  Mean Squarc  Paramcters Estmated

Block 2 52 o + axs?
Treatment 3 234 ot byt
Error 6 22 a?

W (4 O
S

13

=923

= Q0 + (3)° + (0)? + (—13)*
1 3

= (52— 22)/4 = Sestmates 13 5 = (234 — 22)/3 = 71 coumates 923§

Error Mean Square = 22 estimatcs 25
Block Mean Square = 52 esumates 25 + 4(13) = 77
Treatment Mean Square = 234 cstimates 25 + 3(93) = 304

In striking contrast to the analysis in chapter 10, neither component
appears i the other main effect This 1s true also for Model 1T and for
mixed models, indeed, the only change would be the replacement of one
or both kappas by the corresponding sigma

Summarizing  We have constructed a Model I experiment with two
sets of fixed components and a random error  Analysis of the data gives
estimates of both the fixed and random parts and these are compared
with the known parameters The whole process leads to an appreciation
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of the kind of app ions fi hed by a real exp whose
parameters are estimated but (due to the ;) are never known

Analogous to the foregoing 15 the fitting of the linear model to experi-
mental data The parameters are now only estimated The process has
later uses, but the chief advantage at present 1s to show the make-up of
discrepance

The data 1n table 11 53 are from a greenhouse experiment on the
growth of soybeans  Shight modifications were made for ease in computa-
tion « The table 1s bordered with sums, means, and deviations of the means
from the experimental mean, Z = 24 centimeters

In table 11 5 4 1s fitted the hinear model,

Ry=f+ @ —2)+@E,—%)

That 1, to the over-all mean, 24, 1n each cell 1s added the deviation of the
row mean and the deviation of the column mean The sum, Xy, 15 en-
tered directlv under the observed height, X

TABLE 1153
Heonts (CENTIMETERS) OF SOYBEAN PLANTS IN 5 WEEKS
Four BLocks Or REPLICATIONS
Week
Sum Mean Dewviation
Block 1 2 3 4 5 X, 2, —
1 4 18 26 38 44 | 130 26 2
2 3 19 25 35 43 | 125 25 1
3 6 18 24 28 39 | 115 23 -1
4 7 13 21 3 38 | 110 2 -2
Sum, x, 20 68 96 132 164 | 480
Mean, 7, 5 17 24 33 41 =24
Deviation, ¢, =2 |=19 —7 0 9 17
Source of Variation Degrees of Freedom  Sum of Squares Mean Square
Total 19 3,250
Weeks 4 3’120 780
Blocks 3 50 16 67
Remainder (discrepance) 12 80 6 67

The sums, Xy;, ate the heights which, under the linear model, the
plants would have if there were no further chance variation If you
should analyze the vanance of the X,; ,you would find the discrepance
equal to zero The difference between the X 1 any pair of columns 15
the same for every row  For example, 1n columns 1 and 3,

Xy —Ry=7—26=—19 =Xy — Xn = X — X = X — Xa
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TABLE 1154
Lingar MobeL FITTED To SaMPLE DaTA  SoveEAN HEIGHTS

Block ’
1

[

|
| I
} |
Rl
| f
e
s

;\/n | 6 18 24

|

i
1 !

i
|

ds, -3 1 0} 1 1
39

24 24 24 24 24

s -F |- -1 ~1 - -1
#,-2 [-19 40=7 16( 0 23| 9 32{17 40
ds, 2 2 1| -4 -1
Au 7 13 21 31 38

z 24 24 24 24 24

2 -2 (-2 -2 ~2 -2 -2
7, -z |-19 3|-7 a5 o0 22 9 3|17 39
dyy 4 -2 -1 |, 0 | -1

*Xu=% +@ —3)+@E:1~F)=24+2-19=7

A smular statement holds for pairs of rows  Thus fact has a useful practical
application  One can easily assess the magmitude of the discrepance n a
2-way table by looking across the pairs of rows and down the pairs of
columns, observing the failure of the differences to be alike
In the last line of each block are the differences,
dy = Xy = Xy

These discrepancies between observed and calculated heights have this
notable property

Zdi# = Sum of squares for discrepance
In venfication, (—3)? + (—1)? + + (—1)? = 80, which checks with
the discrepance 1n table 1153 This emphasizes the manner 1n which
the mean square for discrepance estimates ¢ 1n a table ike 1151 Notice
that the dys 1n the sample are the analogs of the €, 1n the population

11.6—-Randomized blocks in a field trial. The foregoing dcngn
15 wldcly used 1n field plot exp The
his k ledge that fertility diff ncrease with distance He tries




Section 116 lysis of Vari Multiple Cl 301

all treatments on a block of plots lying as closely together as possible, then
replicates such blocks Differences between blocks do not enter the esti-
mate of error

Each block 1s divided 1nto a number of plots equal to the number of
treatments Now comes a vital step in the design  Since adjacent plots
tend to have the same fertihty, this similanity decreasing with distance,
the yields of adjacent plots are not independent To overcome this duffi-
culty, randommzation 1s necessary The random arrangement also serves
other purposes among which 1s the equalization of error over all treat-
ment differences  In each block the position of the treatments must be
left to chance

To get an estimate of experimental error, two or more blocks (replica-
tions) are required  Precision increases with the number of replications

- o 293 | g e 330 | b [o 288 |
§|s 333 ] 3| A 340 ] :(T 388 |
2 308 ] E[c_Ts“l E[a—‘sﬁ—l
= 323 ] [o 260 ] [A____3es]
Ero 298 | o [Ce 368

[ 343 ] HED 350 |

2= e FiG 280

¢ 353 ] ¢ 323

Fio 116 1—Field plan of an experument with fou strauns, 4, 5, C, and D of Gallipols
wheat  Yields are in pounds per plot

Figure 11 6 1 1s the plan of a ficld layout for testing 4 stramns of Gall--
polt wheat 1n each of 5 blocks (13) Narrow plots extending the length of
the block increase the precision of the experiment  The reason 1s that
there may be considerable variation in fertuility from one end of the block
to the other, the long, narrow plots tend to share and equalize such dif-
ferences among th Many do not follow this
practice  If the plots lie across the blocks two plots in one block tend to
differ more than the corresponding plots 1n adjacent blocks The result
15 that the randomized blocks design 1s often less efficient than a random
arrangement like that of chapter 10  The object of the present design
18 to make the plots within a block as much ahke as possible  The dif-
erences should be from block to block where they will be eliminated from
error  If square plots are desirable, see the next section

The data, together with the analysis of variance, are recorded n
table 1161 Dafferences among strans are convincing Applying the
method of section 10 6, D = 28 pounds, showing that 1t 1s the fourth
strain which 1s poor, the other three being undifferentiated
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Note the coefficient of variation, C = /2 19/32 8, only 4 5%, wnd1-
cating unusually precise field plot techmque This 15 reflected m the
small sigmificant difference, 2 7 pounds, only 8% of the mean

The efficiency of a randomized blocks experiment as compared to a
completely random arrangement of the plots 1s the mverse ratio of their
estimates of error, the less the error, the more efficient 1s the design

TABLE 1161
Yi£LDs OF FOUR STRAINS OF GALLIPOLI WHEAT PLANTED 1x FIVE Ranpowizen BLocks
Pounds per plot

1 36 5 172 1 34 4
B 345 1739 34
c 338 | 1685 337
D 88 1419 284
Sum 1357 1321 1356 [6564 328
! —
Source of Variation | Degrees of Freedom Sum of Squares Mean Square
Blocks | 4 21 46 5 36
Stramns 1 3 134 45 44 82
Error | 12 26 26 219

For Stramns F = 4482/219 = 20, Fa =595

Assuming that the two designs are laid out on the same plots the relauve
efficiency of the blocks 1s (8, 14)

(b — )My + bla — )My

(ab — 1)M5 :

the mean squares, Mp and Mg, being taken from the data of a randomized
blocks experiment which has been performed Using table 1161 as
illustration Mp = 536, Mg = 219,b = 5,2 = 4,
se? (5 =1)(536) + (5)(4 — 1)(219)
ELIE S S T = 130%
P 20— 1)(219)
That 1s, sg%/ss* = 130, where R and B refer to random and blocks ar-
rangements To get the same standard error of the mean, one must
choose n and b so that

Relauve Efficiency =



Section 116 Analysis of Variance: Multiple Classification 303

Solving for n, we got the number of d
necessary to match the efficiency of b blocks

b
"= —"i—nob
g

For the wheat, n = (130)(5) = 65, the number of replications in the
completely random layout to equal the 5 randomized blocks This means
30% extra plots or 309, additional cost of the random experiment

The efliciency 1s increased at the expense of a loss 1n degrees of freedom,
from 16 for the random arrangement to 12 1n the blocks This 1s taken
mto consideration 1n a formula due to Fisher (10)

o+ D(fr+3)s
(f,., + 1\1(,. + 1) sp*
_ {12+ 106 +3)
T2+ )6+ 1)
The formula consists of a factor, made up entirely from degrees of

freedom, apphed to the ratio, sz%/ss* The latter factor 1s got from the
relative efficiency formula

EXAMPLE 11 6 1—At Hudson, lowa, in 1949 the yiclds (bushels per acre) of 7
lines of soybeans were abstracted from a larger experiment

Relauve Amount of Information =

e (130) = 1269

Block

Lanes

QumoOwk

Caleulate the umym of vanance

Source of Variauon Degeees of Freedom  Sum of SquaresMean Square

Replications 1 i) 347 78

Treatments 6 215 47 35 91
Error 18 1175 621

EXAMPLE 11 6 2—In the sovbcan experment, show that stramn G daffers sig-
mficantly from 4, B,C,and £ Ans D =58

EXAMPLE 11 6 3—Sct 95% confidence hmits on the difference, 4, between
stransGand P Ans —04 < < 112 If1t scems reasonable, T would not hesitace
to accept this difference as a population characteristic
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EXAMPLE 11 6 4—Calculate the coefficient of variation 1n the soybean experi-
ment  Ans 95%

11.7—Latin square. In randomized blocks designs the plots in a block
should be as nearly alike as possible, each plot partaking of all the van-
ability 1n the block Often this cannot be arranged. Some treatments
require almost square plots so that fertiity changes within the block de-
crease the sensiivity of the experiment For this and other reasons 1t
may be advantageous to put the plots i columns across the blocks, as-
signing every treatment once to each column as well as to each block
This requires as many columns and blocks as treatments  Such a design
1s called a Latin square  For 4 treatments 4, B, C, D 1t may be like this

4 B C D
B C D 4
c D A B
D A B c

Blocks and columns contribute equally to the estimate of every treatment
mean In the analysis of variance, fertility differences between columns
as well as rows (blocks) are eliminated from error In agronomic experi-
ments the Latin square tends to increase efficiency, which means that less
replications are required for the same precision, or greater precision for
the same number of replications

The model for a Latin square experiment (Model I) 1s

Xgp=p+ e+ B8+ vat e, p,andk = 1. a, e = N0, o),

where a, 8, and v indicate treatment, row, and column effects with the
usual restrictions

Table 11 7 1 shows the field layout as well as the yields of an experi-
ment mvolving the spacing of mullet plants (15) The sums for rows and
columns are supplemented by a summary for treatments One addi-
tional effect (Columns) 15 calculated and entered 1n the analysis of vari-
ance  The esimate of error 1s got by subtracting the sums of squares of
the three main effects from Total

The component analysis involves only one addition to that of ran-
domized blocks I have assumed 1 table 11 7 2 that columns and rows
are variables but treatments fixed, a mixed model, the only distinction
being 1n the use of ¢* and «?

In numerous situations other than field tests the Latin square 1s
effective in controlling 2 independent variables of which the experimenter
has predictive knowledge In animal nutrition, the cffects of both htter
and condition or breed and condition may be removed from the estimates
of Treatment and Error  Some of the difficulties arising from successive
treatments of the same individual may be avoided by use of the Latn
square as a device for d the of It insures
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TABLE1171

Y12(08 (GraMs) OF PLOTS O MILLET ARRANGED IN A LATIN SQUARE
Spacings 4, 2unch, 8, 4, C, 6, D, 8, £, 10

Column
Row 1 2 3 4 5
1 B 257 E 230 A4 219 C 287 D 202
2 D 245 4 283 E 245 B 280 260
3 E 18 B 22 C 280 D 246 A 250
3 A 205 C 204 D 227 E 193 B 259
s C 231 D211 B 266 A 334
Sum 1,118 1,240 1,207 1,340 1,309 | 6,308
Summary by Spacng |
420 B4 Cce D8 E 10
Sum 1,39 1,314 1,22 1,191 1,188 | 6,
Mean 298 2628 2524 2382 2376 2522

Correction  (6,304)*/25 = 1,589,617
Total (257 + 4+ (338)! — 1,589,617 = 36,571

Rows Qﬁmﬁ—“'“r“o)’ ~ 1,589,617 = 13,601

Columns w — 1,589,617 = 6,146

Spacings w — 1,589,617 = 4156

Remander 12,668
Source of Varianon Degrees of Freedom Sum of Squares  Mean Square
Total 24 36,571
Rows 4 13,601 3,400
Columns 4 6,146 1,536
Spacings 4 4,156 1,039
Error 12 12,668 1,036

TABLE 1172
COMPONENT ANALYSIS 1N LATIN SQUARE

Source of Vanation | Degrees of Frecdom Mean Square Componeats
Rows, B a—1 My o + aop?
Columns, G a=-1 Mo o + avg!
Treatments, A a—1 M, 2T ag
Error (@=1@~-2) Mg
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balance of both treatments and indiduals 1n the succession of periods
(example 117 3)  As 1n the field, one may cope with 2-way positional
differences in a chamber or on a greenhouse bench

A rough rule for randormization of Latin squares 1s this Having written
down any systematic arrangement of the letters, rearrange at random
the rows and columns, then assign the treatments at random to the letters
For refinements, see Fisher and Yates (12)

From the mean squares 1 table 11 7 1 one concludes that the spacing
effect 15 neghigible, the variation being just that to be expected in sampling
from a single normal population of yields But the design of the exper-
ment mcluded a feature not yet brought into the analysis—the regresston
of yield on spacing  The summary by spacing in table 11 7 1 shows mean
plot yield decreasing with wider spacing It appears, then, that the sum

TABLE 1173
ANALYSIS OF REGRESSION OF SPACING MEAN ON WIDTH OF SPACING
MniET EXPERIMENT

Source of Vanaton | Degrees of Freedom  Sum of Squares  Mean Square

Regression 1 3,960 3,960
eviatons 3 196 65 7

Error (table 117 1) 12 1,056

For regression, F = 3,960/1,056 = 375, Fo = 475

of squares for spacings, 4,156, contains a considerable portion attributable
to linear regression, and that 1t will be mnformative to subdivide this sum
accordingly We shall need 2+2, Zxy, and Z)* 1n the manner of chapter 6

The latter 1s already calculated, 4,156 The other two are conveniently
computed from means, then expanded to the 1tem basis (characterisuc of
sums of squares and mean squares) through multiphcation by a = 5

2¢/5 = 2+  + (10)* — (30)? /5 = 40

Sxy/5 = (2)(2698) + -+ (10)(237 6) — @’—:9@= “178
The desired sums of squares and products, therefore, are 200 and —890
Finally, 2)* 1s separated 1to the two parts (1) attributable to regression,
(Zx9)*/2x* = (—890)?/200 = 3,960, and (u) deviations from regression,
4,156 — 3,960 = 196 The revised analysis of variance (omitting rows
and columns) 1s 1n table 117 3

It now appears that most of the variation in yield 1s associated with
regiession, deviations from regression being trivial To put 1t another way,
the major portion of the sum of squares for spacings belongs to the single
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degree of freedom for regression  Even so, this regression 1s not significant
so that there might be no relation between spacing and yicld in the popula-
tion It 13 interesting, however, that n the sample the notable increase
of yield per plant due to freedom from competition 1n the wider spacings
failed to compensate for the fewer plants Notice the sizable coefficient
of vanation, C = 1/1,056/252 2 = 13%, which may explain the non-
sigmificance of the rather reasonable sample regression

Since the number of replications in the Latn square 1s equal to the
number of treatments, the experimenter 13 ordinarily limted to 8 or 10
treatments if he uses this design  For 4 or less treatments, the degrees of
freedom for error are fewer than desirable, (n -1Na@—-2)=03)2) =6
for the4 X 4 Ths can be d by repl the squares
(example 117 4)

The relatwe efliciency of a Latin square experiment as compared to
complete randomization 1s

My + M+ (a—1) Mg
(a+1) My
Substituting the mullet data
_ sa® 3,400 + 1,536 + (5 — 1)(1,056)
T (5 + 1)(1,056)

Relauve Effi = 145%,

a gamn of 45%, over complete randomization

‘There may be some interest 1n knowing the relative efliciency as com-
pared to a randomized blocks experiment 1n which exther rows or columns
were lacking In the mullet experiment, since the column mean square
was small (this may have been an acadent of sampling), 1t might have
been omitted and the rows retained as blocks The relatwe efficiency
of the Latin square 1s

Mg + (a — 1)Mg _ 1,536 + (5 — 1) 1,056
My - (5)(1,056)

= 109%

Kempthorne (14) reminds us that this may not be a realisuc com-
parison. For the blocks experiment the shape of the plots would presum-
ably have been changed, imp: g the efli of that
In this millet experimerit, appropnatdy shaped plots n randomized
blocks might well have compensated for the column control

In experiments where the comparsons have not been planned all
comparisons among means may be made as i section 106

EXAMPLE 11 7 1—Herc 1s a Latin square for casy computation Treatments are
indicated by 4, B, and C
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Columns
Rows 1 2 3
1 B 23 4 17 c 29
2 A 16 C 25 B 16
3 C 24 B 18 A 12

The mean squares are rows, 21, columns, 3, treatments, 93, remainder, 3

EXAMPLE 117 2—Fit the bincar mode] for, Laun squases to the data of cxample
1171 Venfy the fitung by the relation, Zdyyt =

EXAMPLE 117 3—In cxpeniments affecting the milk yield of dairy cows the
great variation among individuals requires large numbers of animals for evaluating
moderate differences ~ Efforts to apply several treatments successively to the same
cow arc complicated by the decreasing milk flow, by the shapes of the lactauon curves,
by carry-over cfllccts, and by presumed correlation among the errors, e,s  The effort
was made to control these difficulties by the use of several pairs of orthogonal Latin
squares (7), the columns representing cows, the rows successive periods during lacta-
ton, the treatments being 4 = roughage, B = hmited gram, C = full grain

For this example, a single square 13 presented, no effort being made to deal with
carry-over eflects The entrics are pounds of milk for 2 6-week pert

Period | 1 2 5
1 4 608 B 885 ¢ 90
11 ’ B 715 C 1087 A 766
1 l C 844 4 7 B 832
Source of Vanation | Degrees of Irecdom  Sum of Squares  Mean Square
Periods 2 5,900 2,950
Cows 2 47,214 23,607
Freatments 2 103436 51,718
Error 2 4,843 2422

[n some late researches by Patterson (18) and by Lucas (16) nonlinear carry-over
llecs are examined | If carry-over effects are present, the error for dirces eflects s
y be but Lucas con-

ndrs them of 8o practical importaace in woek with dairy cows

EXAMPLE 117 4—One 3 X 3 square, with only 2 degrees of freedom for crror,
18 low in senaitivity With 5 such squares, Cochran etal reported an analysis of the total
digestible nutrients consumed, presumably unaflected by carry over

Source of Vaniation

Degrees of Freedom Mean Square
Squares or Groups , 4 39,484

Rows (Penods) within Squares 10 4,053
Columns (Cows) within Squares 10 10,534
Rations 2 266,934
Combined Error 10 1,410
Remainder 8 1,503

The Remainder 1s the interaction between Rations and Groups, an effect to be ex-
plained in chapter
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11.8—Size.of experiment. The methods of section 10 18 are directly
apphicable to randomized blocks and Latin squares  An 1illustration may
be drawn from the soybean data of example 1162 The difference
detected was D/ = 58/26 3 = 229, Suppose 1t were decided worth
while to try the first 6 lines in a new randomuzed blocks experiment
which would (P = 75) detect (P = 0 05) differences as small as 10%,
of the mean, 10% of 253 = 25 bushels per acre So 5§ = 25 Also,
for treatments, a = 6, 5 = /621 = 2 49 bushels per acre and f, = 18
Try the too-large number of blocks, b = 31 Thenf = (6 — 1)(31 — 1)
=150, Qs 10 = 409, Fiso1s = 133  As a preliminary estimate,
_ (409)2(6 21)(1 33)
@57
This number of replications, f = (6 — 1)(23 — 1) = 110, Qg o = 4 11,
Fuo s = 1 33, would likely detect

_ (411)(249)v/133
a V23 -

=23

as specified

Few would think of putting 1n 23 replications at any one time or place
Instead, 1if the varicties are promusing they will be tried 1n smaller experi-
ments at a number of localities for several years

Suppose 1t 1s planned to try the 6 vaneties in randomized blocks at 4
places over a number of seasons At each place 1n the next season, 3
rephications are decided upon Two questions are of nterest  Furst,
what per cent diffc of vi ) 15 likely (3 1n 4) to be
detected (P = 0 05) at each place during the first season® It may seem
reasonable to assume a common ¢ and to use $ = 249/253 = 98%,
with fo = 18. In the prospective experiment, f = 10, s0 Qg0 = 4 91
and Fypis = 142 The formula gives & as per cent of mean

(4 91)(9 8)1/1 42
a V3

The next question 15, “‘What per cent difference 1s likely to be detected

1n the 4 places combined”” If we make the rather optimistic assumption

that s, = 9 8% 1s a reasonable estimate of the per cent error for all places,
then f = (4)(10) = 40, Qs0 = 423, Fuy = 135, and

(4 23)(9 8)4/1 35

= 33%

b= e = 14
vi2 %
Admuttedly thcs: are rough forecasts, but they are helpful pla.nnmg
an (Zero variety-pl 18 being as-

sumed For the analysls of variance of such a group of experiments see
chapter 12)

EXAMPLE 11 8 1—A Latin square 1s planned to test 6 vaneties From expen-
ence the investigator 1s willing to set lower and upper 50% limits on ¢ as 6 and 8 bushels
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per acre  Then s = 7 bushels per acre and (from scction 1018) /o = 11 For the
prospective experiment, f = 20, Qs % = 445 and Fa,n = 149 Calculate 5 = 16
B aere

11.9—Missing data. Accidents often result in the loss of data 1n one
or more of the cells of a 2-way table Crops may be destroyed, amimals
may die, or errors may be made in recording A mussing item nullifics
the addition theorem for sums of squares Consequently, one cannot use
the calculational methods which have been presented  But the theory
behind these methods can be applied, giving correct analysis of experi-
mental data with missing 1tems (section 12 17)  Fortunately for the user
of statistical methods, 1t turns out that the missing data can be estumated
from the theory and entered 1n the vacant cells of the table For only one
mussing 1tem, application of the usual methods (with modification of de-
grees of freedom) gives an approximate analysis of variance which can be
made exact by correction of a bias 1n the sum of squares for treatments

In randomized blocks, a single mssing datum 1s estimated by the
formula (1, 26),

yoaT+beB =S
T E-ne-1y

where

a= number of treatments

b= number of blocks

T = sum of items with same treatment as missing 1tem

B = sum of items 1n same block as missing 1tem

§ = sum of all observed items

As an example, suppose the datum 29 3 pounds were mussing from
table 11 6 1, block 1, stram D Deducting this yield from the sums for
the block, strain, and total, we get what these quantities would have been
had the plot yield been lost

B=1257—293 =964, T = 1419 — 293 = 1126,§ = 6564 — 293
=6271,b=5a=4

Then

_ (9)(1126) + (5)(96 4) — 627 1

x @-1DGE-1

= 25 4 pounds

This value 15 entered 1n the table as the yield of the mussing plot  The
analysis of variance then proceeds as usual with 2 modifications, the
degzees of freedom for Total and Error are each decreased by umity, and
the sum of squares for Treatment 1s decreased by

{B — (a—1)X}? - {964 — (4—1)(25 4)}*

Correction for Bias = 2a—1) 4(5—1)

= 34.00
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The analysis of the wheat data, with 25.4 pounds substituted for the
supposed mussing value, is

Blocks 3539
Strains 3 17136 — 3400 = 137 36 4579
Error 12—-1=11 1733 158

Comparison of this with table 11 6 1 1s both consoling and a warning

Despute the loss of the plot yield we have an unbiased analysis of the re-

maining data, but the lost information 1s not recovered The loss of 1

plot m 20 means the loss of one-twentieth of the money nvested 1n the

experiment The best that can be done 1s to cash m on the remainder
For the Latn square, the formulas are

aR+C+T) 25
(@ = 1)(a — 2)

[S~R—C—(a—1T]

Deduction for Bias = m,

where a 1s the number of treatments, rows, or columns
To 1llustrate, suppose that in example 11 7 3 the first item, 608 pounds,
were mussing Then

X =

R = 885 + 940 = 1,825
C = 715 + 844 = 1,559
T =711 + 766 = 1,477
§=T715+. .+ 832 = 6,780

X = 3(1,825 + 1,559 + 1,477) — 2(6,780)
B B3-1G-2)
[6,780 — 1,825 — 1,559 — (3 — 1)(1,477)]*
B-10G-2r

After putting the estimated missing yield, 512 pounds, in the table, the
analysis of vanance gives

= 512 pounds

Bias =

= 48,841

Treatment Sum of Squares 129,655
Less Bias 48,841
Unbiased Treatment 80,814
The final analysis 15

Rows 2 9,847

Columns 2 68,185

Treatments 2 80,814 40,407
Error 1 2,773

Comparison with the original analysis gives some 1dea of the numerical
changes due to the loss of the yield of one cow. No worth-while conclu-
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sions are likely to flow from a single 3 X 3 square Example 1174
shows how to analyze the dat} from several such squares

Two or more missing data require more complicated methods The
durect least squares solution of section 12 17 may be applhed to random-
1zed blocks  But for a few mussing values an 1terative scheme may be used
for estimation, followed by special methods for calculating unbiased esti-
mates of the sums of squares for treatments

For ease of illustration the simple data 1n table 11 9 1 seem adequate
Start by entering a reasonable value for one of the missing data, say

TABLE 1191
RaNDOMIZED BLOCKS EXPERIMENT WiTH 2 Missing DaTa
Blocks

Treatments 1 2 3 Sums

4 6 5 4 15

B 15 Xn 8 23

c Xa 15 12 27

Sums 21 20 24 65

Xy = 105 This could be x = 9, but both the block and treatment

means are above average, so 10 5 seems better  From the formula, Xy 1s

now estimated as

3)27N + (3)(21) — 755
G-DB -1

Substituting X3, = 17 1 1n the table, try for a better estimate of Xz by

using the formula for X3 missing

()2 + B)20) — 821

X = =171

Xn = % =117
With this revised estimate of Xy, re-estimate Xy
27, 3)(21) =767

Xn=(3)( ) + (3)(21) 6—7=168

4

Finally, with this new value of Xy 1n the table, calculate X» = 118
One stops because, with X = 11 8, no change occurs when Xy, 18 recal-
culated

The 2 esimated data are put in the table and the analysis of variance
calculated Only one result 1s useful, the sum of squares for error with
4 — 2 = 2 degrees of freedom (one deducted for each missing plot) This
sum of squares is 6 40
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Returning to the original table, ignoring the empty cells, calculate
the total sum of squares,

Total ZX,* — C = 735 — (65)%/7 = 13143

Also calculate the sum of squares for blocks, using the original data

Blo

o 2L+ (GO 42' @, (ZT")’ ~C=89%

The unbiased estimate of the treatment sum of squares 1s got as follows

Sum of Squares

Total, Original Data 13143
Blocks, Oniginal Data 893
Error, Completed Data 640 1533
Treatment Sum of Squares 116 10
The final analysis of variance 1s
Treatments 2 116 10 5805
Error 2 640 320

The complete analyss of variance of the augmented table (including
estimates of the missing data) would have given the biased sum of squares
for as 144  The diffe , 144 — 1161 = 279, 15 the bias,
not now needed

For the Latin square with two or more mussing data, Kempthorne
(14, page 198) outlines a method for making an unbiased test Never
having seen a Latin square with 2 missing plots, I constructed a 4 X 4 by
the linear model (section 117) I took

p=12

ag= =5, —1,2,4, k? = Za/(4 — 1) =153
—-2,-1,0,3

7= -402,2

ey = N(0, 1)(from table 3 2 1, each deviation divided by 10)

After ehminating 2 plots at random, I had the data of table 11.92 (The
values eliminated were X = 1 and Xg = 18)

The first step 1s to supply estimates of the missing values  The recur-
sion method described above 1s now apphed to the missing plot formula
for the Latin square Results Xy = 22, Xpu = 123

Next, analyze the vanance of the augmented square (that s, including
the two X) The only part necded 13 the sum of squares for error, SSEs =
533

Third, treating table 11 9 2 as randomized blocks 1n rows and columns,
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TABLE 1192
Four-sy-Four LATIN SQuare Witk 2 Missing PLots
Columns
Rows 1 2 3 4 Sum
1 A4 X B 8 c 17 D 15 40
2 B 6 C 14 D 16 4 9 45
3 C 10 D Xuu 4 7 B 12 29
4 D15 4 9 B 16 c 19 59
Sum | 31 31 56 55 173

ignoring the letters, supply a new pair of X by use of the formula for
mussing plots in randomized blocks Xy = 117, X3y =

Fourth, analyze the variance of the augmented randomized blocks
What 18 needed 1s the sum of squares for error, SSE; = 119 49

Finally, analyze the variance of the Latin square, using SSEp — SSEs
= 11949 — 533 = 114 16 as the sum of squares for Treatments, table
1193

TABLE 1193

ANALYSIS OF VARIANCE OF LATIN SQuARE Wits 2 Missino Prots
Source of Degrees of Sum of Mean Parameters
Vanation Freedom Squares Square Estimated
Treatments 3 114 16 38 05 ot + 4nt
Error 4 533 133 ot

533 = SSEs, 11416 = SSEz — SSEg = 11949 — 53
133 esumates ¢* = 1, (3805 — 133)/4 = 918 emmatu * =153

*Ignoning modtfications duc to mussing plots

You will see that we have been d 1 1 n
the known parameters The method apples to more than 2 missing values,
one degree of freedom being deducted from Error for cach item supphed

Thas 1s the last of these signposts for the reader pursung a chon course He
will be able to read the earlier sections m most followsng chapter

11.10—N formil to model. T fc . We have
been using a model which specifies additivity of the effects together with
normal and independent distribution of the errors with constant variance,
¢ = N(0, ¢) Itisnot unusual to encounter samples from populations in
which this model 1s violated One way to meet the situation 1s to change
the model, a variety of nonparametric methods have been proposed (sec-
tions 57-5 10, 7 12)  Another way 15 to change the scale of measurement
by a trangformation  In samples from certain specified populations exact
solutions may be attamed (11) but usually the sample 1s a mixture  Or-
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dinarily there are approximate solutions which seem to be sausfactory
(3) Three of these will be described below

Anormality, non-additivity, and heterogeneity of variance ordinarily
appear together It would be 1deal if a transformation could remedy
all the difficulues, but that doesn’t often happen Additivity 1s the most
essential requirement and homogeneity of variance next

Theoretcally 1t 15 1n the population that the model must be satisfied
If the sampling 13 from bmomial or Poisson populations, the vanance 1s
known to be related to the mean (chapter 16) For such cases, the ap-
propniate transformation can be specified But often one has to look at
the sample for guidance Sometimes widely differing ranges within the
treatments give a clue  Also, see (23)

Additiaty in a sample can be tested (section 11 14) by a method due
to Tukey (21) The test 1s applied if there 15 doubt about the necessity
for a transformation or about the success of one

11.11—Square root f for data Counts
of variables, such as weeds per plot or insects caught 1n traps, tend to be
distributed 1n Poisson fashion with variance proportional to the mean and
non-additive effects A transformation to +/X(or to /(X + 1) if some
counts are small) 15 often effective  An example 1s the record of poppy
plants 1n oats (2) shown i table 11 111 The differing ranges would
lead to the suspicion of heterogeneous variance If the error mean square
were calculated, 1t would be an average, too large for testing differences
among C, D, and E and too small for 4 and B

In table 11112 the square roots of the numbers are recorded and
analyzed The ranges i the several treatments are now similar  Addi-
twvaty wall be evidenced 1n section 11 14

That there are differences among treatments 15 obvious i either
table, 1t 1s unnecessary to look at F For making all comparisons, the
confidence interval for the mean differences (section 10 6) 1s

D = 451 \/406/4 = 454

TABLE 11111
NuUMBER OF POPPY PLANTS IN OATS
Plants per 33 square fect

Treatment
Block A B c D E
1 438 538 7 17 18
442 422 61 31 26
3 319 377 157 87 77
4 315 52 16 20
Mean 395 413 87 38 35
Range 123 223 105 s 59
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TABLE 11112
Square Roots oF THE Poppy Numsers iNn Tasie 11 111

Block 4 B c D E

1 20 9 232 88 41 42

2 210 205 78 56 51

3 179 194 125 93 838

4 195 177 72 40 45
Mean 198 20 2 91 58 56
Source of Vanation Degrees of Freedom  Sum of Squares  Mean Square
Blocks 3 22 65
Treatments 4 865 44 216 36
Error 12 48 69 406

This shows that there may be no differences among the three effecuve
treatments and no difference between the two that are meffecuve (4 was
check), but that C, D, and E differ sgmficantly from 4 and B

After a test or p 1s made, r to the original
units gives nterpretable information  The correct estimates of the mean
counts are £ = (19 8)? = 392 plants, s = 408, 3¢ = 83, Zp = 34, and
iy = 31 plants Comparison with the original estimates shows the _flects
of dd and h variance

EXAMPLE 11 11 1—The numbers of wireworms counted 1n the plots of a Latin
square (6) following soil fumigations in the previous year were

Columns
Rows 1 2 3 4 5
1 P 3 0 2 N5 K1 M4
2 M 6 K0 0 6 N 4 P 4
3 o 4 M9 K1 P 6 N5
4 N AT P 8 M8 09 K0
5 K 4 N 4 P 2 M4 0 8

Since these are such small numbers, transform to /(X + 1) The first number, 3,
becomes /(3 + 1) = 2, et

Analyze the vaniance  Ans Mean square for Treatments, 1 4457, for Error, 0 3259

EXAMPLE 11 11 2—Treatment O was “check,” but 1t 1s otherwise not distin-
gushed  Calculate D = 115 and show that K 1s followed by sigmificantly less wire-
worms than M, ¥, and

EXAMPLE 11 11 3—Estimate the average numbers of wireworms per plot for
the several treatments ~ Ans K, 099, M, 606, N, 640, 0,555, P, 438

11.12—Arecsi; f ion for p If the vanable con-
sists of the proportion of individuals aﬂ‘ectcd the distribution tends to be
binomial 1n form The transformation 1s to the angle whose sine 1s the
square root of the proportion or percentage, table 11 12 1
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Thas table weights more heavily the small percentages which have small
vanance Its application 1s shown in table 11 122, the proportion of
plants infested with stem canker (9)

TABLE 11122
PROPORTION OF SovBEAN PLANTS INFECTFD WiTs STEM Canxer, Hupson, lowa, 1949
Varieties
Block 4 B c D E F
1 193 10 1 252 140 33 31
2 292 34 7 365 30 2 358 96
3 10 140 234 72 11 10
4 64 56 129 89 20 10
Arcsin +/Proporuon
1 26 1 185 301 20 105 10 1
2 27 36 1 372 333 38 180
3 57 220 289 156 60 57
4 146 137 210 17 4 81 57
Mean 19 8 26 293 21 154
% Plants 15 148 240 140 71 30

Source of Variation | Degrees of Freedom  Sum of Squarcs ~ Mean Square

Blocks 3 139285
Varietes 5 885 72 177 14
Error 15 364 15 24 28

If most of the percentages were above 50%, some computational time
could be saved by working with the other of the two conjont events, free
mstead of infested, for example

The application of D = 11 3 indicates that variety # 15 more resistent
than B, C, and D and that E 1s more resistent than C  The retranslation
to percentages infected 1s shown 1 the line above the analysis of vanance

EXAMPLE 11 12 1—To control boll weavils, four dusts were apphed by ] C
Games of the Texas Agricultural Expeniment Station  With an untreated plot £ 1o

cach rephication, a 5 X 5 Latn square was used In cach plot 200 squares were ex-
armined for punctures  The percentages of punctured squares were

c 27 E 42 4 18 D 34 B 17
4 18 D 27 E 42 B 14 C 12
D 23 B 14 c 17 E 25 4 14
E 24 4 10 B 8 C 12 D 26
B 9 c 1 D 15 A1 E 22
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TABLE 11121

ANGLEs CORRESPONDING TO PRRCENTAGES, ANGLE = ARCSIN+/PERCENTAGE,
as Gwven sy C I Buss (4)

Section 1112

% 0 1 2 3 4 5 6 7 8 9

00 0 057 08 099 115 128 140 152 162 172
01 18 19 199 207 214 222 229 236 243 250
02 256 263 260 275 28 28 292 298 303 309
03314 319 324 329 334 339 344 349 353 358
04 365 367 372 376 38 38 38 393 397 401
05 405 409 413 417 421 425 429 433 437 440
06 444 448 452 455 459 462 466 469 473 476
07 480 48 48 49 493 497 500 503 507 510
08 513 516 520 523 526 529 532 535 538 541
09 544 547 550 553 556 559 562 565 568 571
1 574 602 629 655 68 704 727 74 771 792
2 813 8§33 85 872 891 910 928 946 963 981
3 9098 1014 1031 1047 1063 1078 1094 1109 11 24 11 39
4 1154 1168 1183 1197 1211 1225 1239 1252 1266 1279
5 1292 1305 1318 1331 1344 1356 1369 13 81 13 94 14 06
6 1418 1430 1442 1454 1465 1477 1489 15 1512 1523
7 1534 1545 1556 1568 1579 1589 1600 16 11 16 22 16 32
8 1643 1654 1664 1674 1685 1695 1705 17 16 17 26 17 36
9 17 46 1756 17 66 17 76 1785 17 95 18 05 18 15 18 24 18 34
10 1863 1872 1881 18 91 19 1909 19 19 19 28
i1 1955 19 64 1973 1982 1991 20 00 20 09 20 18
12 20 44 20 53 2062 2070 2079 20 88 20 96 21 05
13 2130 2139 2147 2156 2164 21 72 21 81 21 89
14 2214 2222 2230 2238 2246 2255 2263 2271
15 2295 2303 2311 2319 2326 2334 23 42 23 50
16 2373 23 81 2389 2397 24 04 24 12 24 20 24 27
17 24 50 24 58 2465 2473 24 80 24 88 24 95 25 03
18 2525 2533 2540 2548 2555 2562 25 70 25 77
19 2599 26 06 26 13 26 21 26 28 26 35 26 42 26 49
20 2671 2678 2685 2692 2699 27 06 27 13 27 20
21 27 42 2749 2756 27 63 27 69 2776 27 83 27 90
22 28 11 28 18 2825 2832 2838 28 45 28 52 28 59
23 2879 28 86 2893 2900 2906 29 13 29 20 29 27
24 29 47 29 53 29 60 29 67 29 73 29 80 29 87 29 93
25 30 13 3020 30 26 30 33 30 40 30 46 30 53 30 59
26 30 79 3085 3092 3098 3105 31 11 31 18 31 24
27 31 44 31 50 3156 31 63 3169 31 76 31 82 31 88
28 3208 3214 3220 3227 3233 3239 32 46 32 52
29 3271 3277 3283 3290 3296 3302 3309 3315
30 33 34 3340 3346 3352 3358 3365 3371 3377
31 3396 3402 34 08 34 14 34 20 34 27 34 33 34 39
32 3457 3463 3470 3476 3482 348 34 93 3500
33 3518 3524 3530 3537 3543 3549 3555 35 61
34 3579 3585 3591 3597 3603 3609 36 15 36 21
35 36 39 36 45 3651 36 57 3663 36 69 36 75 36 81
36 36 99 3705 37 11 37 17 3723 37 29 37 35 37 41
37 37 58 37 64 3770 3776 3782 37 88 37 94 38 00
38 3817 3823 3829 38 35 38 41 38 47 38 53 38 59
39 38 76 38 82 38 88 38 94 3900 30 06 39 11 39 17
40 3935 39 41 3947 3952 3958 39 64 39 70 39 76
41 3993 3999 40 05 40 11 40 16 40 22 40 28 40 34
42 40 51 40 57 40 63 40 69 40 74 40 80 40 86 40 92
43 4109 41 15 4121 4127 4132 41 38 41 44 41 50
44 4167 4173 4178 4184 4190 41 9 42 02 42 07
45 42 25 4230 42 36 42 42 42 48 42 53 42 59 42 65
46 42 82 42 88 42 94 4299 4305 43 11 43 17 43 22
47 43 39 43 45 43 51 43 57 43 62 43 68 43 74 43 80
48 43 97 44 03 44 08 44 14 44 20 44 25 44 31 37
49 44 54 44 60 44 66 44 71 44 77 44 83 44 89 44 04
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TABLE 11 12 1—(Continurd)
Anovas CORRESPONDING TO PERCENTAGES, ANOLE = ARGSmNy/PRRGENTAGE,
s Given sy C 1 Bur
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Transform these percentages to angles then analyze the vanance as follows

Rows 4 311 3
Columns 4 60
Treatments 4 637 5 159 38
Error 12 108 8 9 07

EXAMPLE 11 12 2—Show that D = 6 1 and that dusts 4, B, and C gave ng-
nificantly smaller percentages than D or control E

11.13—The logarithmic transformation Logarithms are used if
effects are known to be proportional nstead of additve, also, if the
standard deviation varies directly as the mean Proportional effects are
common 1n economuc data and, 1n the opinion of C B Wilhams (24), are
prevalent i counts of insects caught 1n traps Logarithms may correct
more sertous cases of non-additity where the square root fails (see Bart-
lett’s article, 3,

The plankton catches (25) of table 11131 yielded micely to the

TABLE 11131

EstovaTep Numeers or Four Kinps or PLankTON CauGHT N Six HauLs
Wrrn Eacn oF Two NeTs

Estimated Numbers Logarithms
Count I I jiss v 1 1 m 1w
1 895 1,520 43,300 11,000 | 295 318 464 404
2 540 1,610 32,800 8,600 273 321 452 393
3 1,020 1,900 28,800 8,260 30 328 4 46 392
4 470 1,350 34, 9,830 267 313 4 54 399
5 428 '980 27,800 7,600 | 263 299 444 388
6 620 1,710 32,800 9,650 279 323 452 398
7 760 1,930 28,100 8,900 | 28 329 445 395
8 537 1,960 18,900 6,060 273 329 428 378
9 845 1,840 31,400 10,200 293 32 4 50 401
10 1,050 2,410 39,500 15,500 302 3 38 4 60 419
11 387 1,520 29,000 9,250 2 59 318 4 46 397
12 497 1,685 22,300 7,900 270 323 435 390
Mean 671 1,701 30,775 9,396 2802 3221 4480 3962
Range 663 1,480 24,400 9,440 0 43 039 0 36 0 41

Analysis of Variance of Logarithms

Source of Vanation | Degrees of Freedom  Sum of Squares  Mean Square

Kind of plankton 3 20 2070 et
Haul 11 0 3387 0 0308
Discrepance 33 0 2300 0 0070
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logarithmic transformation  The original ranges and means were nearly
proportional—the ratios of mean to range beng 101, 115, 126, 1.00
This 1s another way of saying that the coeflicients of variation were ap-
proximately the same After transformauon the ranges are almost equal
and uncorrelated with the means

In terms of numbers caught, the correctly estimated means for the four
kinds are anulog 2802 = 634, 1,663, 30,200, and 9,162 These are
geometric means

After calculating D = 0 092, the means of the logarithms (and con-
sequently the geometric means of the numbers) are all seen to differ sig-
nificantly

The dard of the loganthms 1s 4/0 0070 = 0 084, that of
the numbers being the antilogarithms, 1 21 Quoting Winsor and Clarke
(page 5), “Now a deviation of 0 084 1n the logarithms of the catch means
that the catch has been muluplhed (or divided) by 121. Hence we may
say that one szandard deviation mn !hc logarithm corresponds to a per-
centage , or of vanauon, of 21% m the
catch ”

EXAMPLE 11 13 1—The following data were abstracted from an experument
(24) which was somewhat more complicated n design  The cntrics are geometric
means of trap catches in 3 successive mights, one ight at each of 3 locanons . The in-
sects are The place, Stauon

3-Night Periods ~ August, 1950

Trap 16-18 19-21 22-24 25-27 28-30
1 191 23 29 5 23 4 16 6
2 50 1 166 0 223 9 58 9 64 6
3 123 0 407 4 398 1 2291 251 2

There 13 no doubt about significance, but correct eshmates require a transforma-
ton  Willams used loganthms though one might expect counts to be distributed 1n
Poisson fashion  Translorm to loganthms and analyze ther vanance Ans Mean
square for traps = 1 4455, for error, 0 0172

Show that all differences are significant and that the geomemc ‘means for traps are
21.9, 93 3, and 257 0 1nsects  Thus example 1s discussed further in the next section

11.14—Tukey’s test of addativity. This s useful in a vaniety of ways

(1) to learn 1if a transformation 1s successful, (1) to get evidence about

aberrant observations, (1) to help decide if a transformation is necessary,

(1) to indicate a suitable transformation The reader 19 referred to

Tukey’s articles for jumﬁcauon of the process (21, 23) and for further
illustrations

Non-addmvnty occurs if the man effects are formed by some such

. process as mul that 15, p Also if some observa-

tion has accidentally intruded from a populanon different from those
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being d Agam if k variance calls for weighted
means  Finally of thcte are effects (interactions) 1n addition to the main
effects and error {chapter 12)

In randomized blocks, the method of testing the hypothesis of addi-
tivity 1s explained by means of the logarithms of macrolepidoptera catches,
table 11 141  The oniginal numbers are quoted in example 1113 1.

TABLE 11 14 1
L (X)) or M, Catcues, Examere 11131
Calculations for test of additvaty

Trap Sum  Mean Deviation®, Produc
Peiod 1 2 3 X, z, d=2, % s
1 128 170 209 507 169 -022 0 4344
2 137 222 261 620 207 016 0 6795
3 147 235 260 642 214 023 0 6266
4 137 177 236 55 18  —007 0 5230
5 122 181 240 543 181 -0 10 0 6313
Sum, X, 671 9851206 28 62 Zp, = 2 8948
Mean, 2, 134 197 241 2 =191
*Dev,d; —0 57 007 0 50

1 Products pr = ZXid, = (128)(—057)+(1 70)(0 07)+(2 09)(0 50) = 0 4344

= ZXud; = (122)(—057)+(1 81)(0 07)+(2 40)(0 50) = 06313

2 P = Zdp, = (—022)04344)+  + (—010)(06313) = 005753
3 Zdd = (—022 +  +(—010) = 01418
4 Zdp = (—057) + (007)" + (050)* = 05798
" P ©os7s3
$ Sumof TIAE - @ 1aspsTos 00403

Analyss of Vanance of Loganthms of Catches

Penod 4 0 4251
Trap 2 2 8910 1 4455
Error 8 0 1381 0 0172

* Sum of d must be 0

The new computational features arc shown 1n steps 1 and 2 of the
st of calculations The first, p,, entered 1n the nght-hand column, 1s
made up of sums of products of the logarithms 1n a row by the deviations
1n the last line below. The second, P, 1s the sum of products of the entries
1n the two columns at the night.

Step 5 gives a sum of squares (with a single degree of freedom) due to
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non-additivity  This 1s part of the Error sum of squares 1n the analysis
of variance  The test of the hypothesis of additivity 1s made as follows

Error 8 01381
Non-additmty 1 00403 00403
For Testing 7 00978 00140

F = 00403/00140 = 288, f = 1,7 Since Fo = 559, there 1s httle
doubt of addivity  In this respect, at least, the logarithmic transforma-
tion has been successful

If F were large, non-additinity would be mndicated and a decision
would have to be made about procedure Help in making the decision
comes from the graph of p; as ordinate agamnst the mean, Z, (figure
11141)  The mean of the p,p; = 2 8948/5 = 0 58, 1s plotted as a hori-
zontal line  Similar lines show the 959, confidence nterval,

P+ 2+/(2d7) (Mean square for tesung additvity)
= 058 = 24/(0 58)(0 0140)
= 058 = 018, that 15, from 040 t0 0 76

S

o7

a
2 ®
]
osk
§ o3
a
® Lower Confidence Limt
O} = g e e e e F S
A . N . . .
o T 8 s 26 21 22

Mean of Row, ¥,

Fic 1114 1—Product p, as function of row mean Z, Mean of p, 15 shown with con-
idence limits
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The fact that all points lie within the confidence limuts corresponds with
the nonsignficance of the one degree of freedom for non-addiwaty  If
non-additivity were present, one or more of the plotted points would be
expected to he outside the confidence lines

If the onginal nsect catches (example 11 13 1) are tested for additwity,
the single degree of freedom for non-additivity will be highly significant
and the points mn the graph will slope upward to the nght (positive re-
gression) with several lying beyond the confidence lines both above and
below This 1s the manner in which the graph shows the need of a square
root or logarithmic transformation  The logarithm 1s the more strenuous
of the two, correcting the more strongly non-additive effects

It may be that most of the points in the graph will show no trend but
that one or two will hie beyond the confidence lines  This suggests that
these ponts are due to aberrant observations, observations from some
unrelated population  Errors in recording or abnormal experimental
material should be sought (example 11 14 1) and, if feasible, corrected
or ehmwmated If no ready explanation 1s found, the experimenter 1s
faced with a difficult decision  The discrepant observations may be set
aside as being from a foreign population, vitiating the mformauon fur-
nished by the experiment, or they may be accepted as unusual members
of the populations sampled

Further information about treating non-additive data 1s to be found
m (3)

For the Latin square the test of additivity (22) requires fitting of the
Inear model, carrying the fitting process further than was necessary in
randomized blochs  The data in table 11 14 2 arc from an experiment
on monkeys (5) Recorded were the numbers of responses to auditory
and/or visual stimuli administered under 5 conditions  In order to avoid
the effects of correlated errors (e,,), the periods of application of the
stumuh were randomized over 5 weehs, each of 5 paws of monheys re-
cewving one stimulus per week

It was discovered that the standard deviation of the number of re-
sponses was almost directly proportional to the mean, so the counts were
transformed to logarithms  Each entry in the table 15 the logarithm of
the geometric mean of the counts for the members of a pair  The ques-
tion 15 Has additivity been attained”

First, the table 1s bordered with means and deviations from mean,
those for the treatments being entered at the bottom

Next, the linear model 15 apphed,

Xp=2 +@ =2 )+, =2 )+@Er~2)
That 15, a regression cstimate 1s the sum of (1) the experiment mean, £ ,

the row deviation, (£ — Z ), the column deviation, (5 —& ), and a
treatment deviation, (£ x — & ) For example, the first entry 1s

221540007 — 0131 — 0069 = 202
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TABLE 11142

LocariTams oF GEOMETRIC MEANS OF NUMEERS OF RESPONSES BY PAIRS OF MONKEYS
Unper 5 StivuLt

Test of additwity 1n the Latin square

Week
Monkey Sum, | Mean,
Par 1 2 3 4 5 X EN -
1 B 199 D 225 C 218 A 218 E 251 1111|2222 0 007
202 227 22 208 252
=003 =002 —004 010 -001
2 D 200 B 18 A4 179 E 214 C 231 1009 | 2018 | —0 197
195 193 185 215 221
005 —008 -—006 ~—00O01 010
3 C 217 A 210 E 234 B 22 D 240 1121|2242 0027
213 208 235 218 2 47
0 04 002 —001 002 —007
4 E 24 C 247 B 244 D 253 A 244 12 29 | 2 458 0243
245 2 46 237 253 248
—0 04 001 007 000 ~0 04
5 A 18 E 232 D221 €C 205 B 225 10 68 | 2136 | =0 079
187 25 217 216 22
-0 02 007 004 —011 002

Sum, X, 10 42 10 99 10 9%

110 11 91 X =55 38

Mean, £, 2084 2198 2102 2220 2382 f =2215
2,-% ' 0131 ~0017 —0023 0005 0167
Treatment Sum, X & Mean, 2 ; Deviation, £ x—%
A 10 36 2072 —0 143
B 10 73 2 146 ~0 069
c 1118 223 0021
D 11 39 2278 0 063
E 1172 2 344 0129

These regression values, following exactly the linear model, have this
charactenistic, 1f thewr vaniance 1s analyzed, the error sum of squares 1s
2ero
Thrd, the in hines 3 are calculated  These have the fol-
lowing properties
1 The sum n each row, in each column, and 1n each treatment 1s
zero  If rounding errors have crept in, changes must be made to
force the sums to zero
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2 The sum of ther squares 1s the sum of squares for Error mn the
analysis of variance, SSE = 00706 If the variance 1s analyzed
directly, avoiding rounding errors, the more accurate result 1s
found to be 00725 (example 11 14 0)

Fourth, calculate the 25 differences, X, — & , square each, code

by muluplying by 1,000, and enter mn table 11143  As an example,
\

TABLE 11 14 3

Squares oF D: oF Recression E: From THE Mean,
Exct MULTIPLIED Bv 1,000

B 38 D 3 c 0 A4 18 E 93
D 70 B 81 4 133 E 4 c 0
[o 7 4 18 E 18 B 1 D 65
E 55 C 60 B 24 D 9 4 70
A 119 E 1 D 2 c 3 B 0

Discrepance = 22,216

_ 1,000 (X2 — £ )? = 1,000 (202 — 2215)? = 38

Coding may be any convement multiplication or diision, the coded
squares occur in both numerator and denominator of the formula below
Fifth, 1 this new table calculate the Discrepance sum of squares,
SSD = 22,216, either by analyzing vanance or by fitting the hnear model
and summing the squares of the deviations
Sixth, sum the products of the entrics in table 11 14 3 by the deviations
m 11142

P=(—003)(38) + (—002)(3) +  + (002)(0) = —2068

Seventh, calculate the sum of squares (with a single degree of freedom)
for non-additvity,

SSN = PYSSD = (—2068)*/22,216 = 00192

Finally, analyze the variance,

Error, SSE 12 00725
Non-additivity, SSN 1 00192 00192
For Testing 1 00533 00048

Since F = 400 1s short of the 5% point, F = 4 84, additity may be ac-
cepted The interpretations are not critical (examples 11 14 6-11 14 8)
so that the presence of shght non-additivity may not affect them
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EXAMPLE 11 14 1—In section 29 and in example 1122 we examined the
numbers of lesions on paurs of half lcaves inoculated with two concentrations of tobacco
virus A question was raised about the assumption of normal Anormality 1s rela-
tively ummportant but 1s usually associated with non-additivit Test the virus counts
foruaddmvuy putting the treatments 1n 2 columns and the replications 1n 8 rows  You
will get

Discrepance 7 65
Non-addiavity 1 38 38
For Tesung 6 27 45

The graph will show 7 points without trend, but one lramcendm;r‘he upper confidence
line " This one corresponds to the paur of observations 31, 18 The graph 1s shown 1n
Tukey’s article

EXAMPLE 1114 2—Apply v/(X + 1) to the virus data _While F 1s not sig-
mificant, the single pomt i the new graph 1s sull outstanding  The onginal count of
31 stll appears unusual If you apply the loganithmic transformation to the tobacco
virus data, you will find complete control of non-additiity

EXAMPLE 11 14 3—In example 11 2 1 ro esimate of error was provided, so the
additive model for randomized blocks was asumed  For evidence, apply the test of
additvity  Ans  For non-additivity, F = 5 66

EXAMPLE 11 14 4—Using the deviations, 2, —2 and 24 — % , together with
the mean, £ , calculate regression esumates in the 15 cells of table 11 141, then the de-
viations, X,, ~ X,, The sum of squares of the latter should be 01381 = SSE (except
for rounding errors)

EXAMPLE 11 14 5—After augmenting table 1192 with the 2 musing data,
calculate the 16 regression estimates and the deviations therefrom  The deviations 1n
cells 111 and 324 should each be zero (except for rounding) and the sum of squares n
the other 14 cells should be equal to 533 = SSEs  The 2 zero deviations correspond
with the 2 degrees of freedom deducted from Error

EXAMPLE 11 14 6—Analyze the variance of the loganthms of the monkey re-
sponses  You will get,

Monkey Pairs 4 0 5244 0 1311
Weeks 4 0 2294 0 0574
Stimult 4 0 2313 0 0578
Error 12 0 0725 0 00604

EXAMPLE 11 14 7—Test all differences among the means in table 11 14 2, using
the sequential method of section 106 Ans £ and D are larger than 4 and B, C1s
larger than 4

EXAMPLE 11 14 8—In table 11 14 2, convert the loganthms of the treatment
means to the onginal counts  Ans Zg = 220 8 responses, etc

EXAMPLE 11 14 9—Calculate the sum of squares due to_the regression of log
response on weeks It s convemient to code the weeks as2 = —2, —1,0,1,2 Then,
taking the weekly means as ¥, Zxy = 0618 and (2x))!/Z# = 003819 On the per
Ltem Base, the sum of squarcs due to regression 15 5(507819) = 01910 The hne for
weeks 1 example 11 14 6 mav now be separated into 2 parts

Linear Regression 1 0 1910 0 1910
Deviations from Regression 3 0 0384 00128

Comparing the mean squares with error, 1t 1s seen that deviations are not significant,
most of the sum of squares for Weeks being due to the regression
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CHAPTER 12

Comparisons. Factorial
Arrangements of Treatments

12,1—Cx 1 C are diffe between 2 means
or groups of means We have made them many times, both the designed
type and those where all differences are assessed It 1s the designed types
that will occupy our attention 1n this chapter In the first 3 sections some
properties of thesc comparisons will be presented along with efficient
methods of calculation

Let us review some of the designed comparisons which we have made
In the vitamin By experiment of table 108 1, we first compared the
means of the treated lots,

£10 — & = 158 — 154 = 004 Ib /day
This was done by using the sums,
Sw— S =474 —462=012

Sums avoid the rounding often present in means and lead to more con-
venient formulas
The second comparison was between check and treatment,

462
M_sﬂ=w_273=195
2 2
This 15 ord made by doubling both

S0+ S5 — 28 = 474 + 462 — 2(273) = 390

In the soybean seed treatment experiment of table 11 3 1, a compari-

son was made between check and the mean of 4 chemicals In present
terms, the comparison 1s

St 4 8§+ S 4 S — 48, = 469 + 459 + 467 + 471 — 4(446) = 82

To keep the record straight, this 1s 4 times the difference you would have

got had you compared the mean of 4 treatment sums with the check sum,

also, since there are 5 replications, 82 1s (4)(5) times the result of com-

[329]



330 Statistical Methods Section 12 2

paring the mean of the treatments wath check, (938 + 918 + 934 +
94 2)/4 — 892 = 41 plants

Before going further, 1t 1s convenient to learn some rules governing
comparisons and sums of squares based on them

12.2—Rules for making comparisons, constant number of replica-
tions. In this section and 1n most of those to follow 1t 1s assumed that all
sums are based on the same number of replications, n = We shall be con-
cerned with hinear relations among the sums,

c=MS1t .. + NSy
where a 1s the number of treatments 1n the comparison and the \; are
coeflicients of the sums making up the comparison  As examples, in the
vitamin By comparison, Sio — S5, M = 1and Az = —1,1n 8§ + S5 — 28,
M=1LM=1and\= -2
Rule 122 1. The quantity, ¢ = Z\Sy, 18 a comparson if ZX; = 0
This means that there is no interest 1n comparing S; + §; with S, for

example, the interest 1s 1n comparing Sy + Sy with 25; or with Sy + S¢  In
terms of the coeflicients, A, the last 2 comparisons are

+1 +1 -2 =0
+1 +1 -1 =1 =0
Rule 1222 Ifc1s any comparison among the S, then
?
nZ\-

18 a part of the sum of squares for treatments, associated with a single
degree of freedom
Contrast this rule with that applied m section 108  For the sum of
squares between the 2 levels of vitamin By, we now have
(474 — 462
)2
The comparison between treatment and check becomes
[474 4462 — 2(273)]?
(3)(6)
In each denominator, 3 1s the number of replications The second factor
18 ZN2, this1s (1)? + (—1)?n the first comparison and (1) + (1)* + (—2)*
1 the second
Rule 1223 Two comparisons,
o = St + MaSs + + MeSa
6 = M1 + Sy + + NeSe

= 00024

= 0.8450
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are orthogonal 1f
ik + Ah + + Mades = 0

In applying this rule, if a sum, S, does not enter into the comparison, 1ts
coeflicient 1s taken to be zero

That the 2 comparisons in the vitamin By, experiment are orthogonal
15 shown by the coefficients

| s s 5

a +1 -1 0
3 +1 +1 -2

whence, (+1)(+1) + (=1)(+1) + (0)(=2) = 0

Rule 1224  Among a treatments, if a — 1 comparisons are mutually
orthogonal, then

o 2
.

7 3 = Sum of Squares for Treatments
nZh? nZA? nZhg

This rule 1s illustrated by the sums of squares for the 2 orthogonal
comparisons among average daily gains in the vitamin By, experiment,

00024 + 08450 = 08474,

which 1s the Treatment sum of squares in table 10 8 1
A convenient way of applying the rules to a set of orthogonal com-
parisons, like those in the pig experiment, 1s this

Levels of By | o 5 10 !

Sum of
Sums 273 462 474 |Comparison [Denommnator| Squares
B vs None -2 41 4 3 90 18 0 8450
5ug vs 10 0 -1 41 012 6 0 0024
Sum | 1 0 8474

Rule 1225  If there are & comparisons, ¢, of the same kind (for ex-
ample, linear comparisons), the sum, Z¢,, 1s equal to the comparison, ¢ g, 1In
the sum of the treatments  Also, the sum of squares for ¢s 15

(Ze?
knZX\?
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and the sum of squares for the interactions among the k comparisons 1s
et (Zep)?
nZN knZN?

The use of this rule and the next will be illustrated 1n section 12 8

Rule 122 6  After one comparison, ¢, has been made, a second com-
parison, ¢,, may be made on the ¢, The sum of squares for the second
comparison 18

o
n(EA(EN?)

EXAMPLE 12 2 1—In table 11 3 1, venfy the sum of squares for Check vs Chemi-
cals, 67 24, by the methods of the present section

EXAMPLE 122 2—The gams in weight (grams) of 6 los of male rats 1n a com-

pletcly randomized expenment are shown mn this table
High Protem Low Protein

Beef Cereal Pork Beef Cereal Pork
73 98 94 920 107 49
102 74 79 76 95 2
118 6 92 90 97 73
111 98 64 80 86
95 102 86 98 81
107 88 102 51 74 97
100 82 108 72 74 106
77 91 67 70
117 86 120 95 89 61
m 92 105 78 58 82

Source of Vanation Degrees of Freedom  Sum of Squares | Mean Square

Treatments 5 4,613 923
Individuals 54 11,586 214 6

The following comparisons might be made

High Protein Low Protein

Beef  Cereal Pork | Beef Cereal Pork
Sum of Weights 1,000 859 995 792 839 787

1 High Protemn vs Low T s T s T
2 Beef vs Pork, High Protein +1 0 -1 0 0 0
3 Becf vs Pork, Low Protein 0 0 o+ 0 -1
4 Ammalvs Vegotable, HighProtem| +1  —2 41 | 0 0 0
5 Ammal vs Vegetable, Low Protein| 0 0 0|+ -2 41
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Verify the fact that these comparisons are mutually orthogonal ~ Calculate the 5 com-
parisons Ans 436, 5, 5, 277, and —99  Compute the sum of squares for each com-
parison, then verify by comparing the sum of the five with the sum of squares for Treat.
ment, 4613 More informative scts of comparisons wil be made in examples 12 42
an

12 3—Rules for making comparisons, differing numbers of reph-
cations.

Rule 1231 The quantity, ¢ = Z\S,, 15 2 companison if S\, = 0

Rule 1232 If ¢ 15 any comparison among the §, then

a2
ZaNd

15 the sum of squares for the comparison

Rule 1233 Two comparisons, ¢; and ¢, are orthogonal if ZnAia¢
0

The fourth rule 1s unchanged

12 4—Factorial arrangement of treatments. 2 X 2 or 22 Two or
more series of treatments may be tried 1n all combimations  Each series
1s called a factor and the arrangement is known as factorial ~ Factorial ex-
periment 15 a term commonly used (34)

The factorial experiment 1s contrasted with the type in which all fac-
tors but one are controlled, that 1s, held constant In the controlled
experiment, one learns the behavior of a single factor 1n some predeter
mined environment If this behavior is suspected of changing with en-
vironment, the factor may be tried in several of them The series of en-
vironments becomes a second factor Thus a series of varieties (factor one)
may be tried at several locations (factor two) and the two-factor arrange-
ment may be repeated during a series of years (factor three) Ths fac-
torial arrangement gives information not only about the performance of
each variety 1n each place and season but also about contrasts n 1ts per-
formance from place to place and from season to scason One variety
may excel 1n one location but be poor 1 another Some varieties may
produce umformly over a range of seasonal conditions while others may
be unduly sensitive to weather

Each factor may be tried at two or more levels, 1n a fertilizer experi-
ment, the factor nitrogen could be tried at levels zero (check), 20, and 40
pounds per acre In this technical sense, varietics and seasons may be
called levels Two factors, each at 2 levels, form a 2 X 2 or 22 factorial If
there are f factors each at k levels, the designation 1s &/, the number of
factors being the exponent  For differing numbers of levels the arrange-
ment 15 described by their product, a 3 X 4 factorial means 2 factors, one
at 3 levels, the other at 4
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Table 12 4 1 contawns the somewhat modified results of a 22 factorial
experiment tried 1 a completely randomized design, already quoted
several times (20) With no anubiotics the vitamin had practically no
effect, apparently because intestinal flora utihzed the By, but with the
antibiotics to control the flora, the effect of the vitamin was marked
Looking at the table the other way, the antibiotics alone decreased gan,

TABLE 1241

FacroriaL ExperiMeNT WITH ANTIBIOTICS AND ViTAMIN B)y
WVERAGE DALy Gav or Swine (Pounps)

Level of Bz (ug )

Level of e
Antibiotics (mg ) 0 5  Total for Antibiotics
0 130 126
119 121
108 119
Sum 357 366 723
Mean 110 122
40 105 152
100 156
105 155
Sum 310 463 70
Mean 103 154
Total for Biz 6 67 8 29 14 96
Analvsis of Vanance *
Source of Vanation Degrees of Freedom  Sum of Squares  Mean Square
Treatments 3 0 4124
Error 8 0 0293 0 00366

* By the methods of chapter 10, completely randomized design, 4 lots with 3 obser-
vations i each

perhaps by supp 1 flora that h By, but with By,
added, the anubiotics bcmg present to decr the of unf
able ﬁora, the effect was striking
This 15 the type of effect which the factorial experiment 1s designed to
detect It s called interactien  Its presence destroys the additivity of the
man effects, what 1s added by one factor at the first level of the other 1s
dnﬂ'erent from what 15 added at another level
d by the between two differences,
that 1s, by the [axlur: of the two differences to be the same  For the pigs,
at the 2 levels of By,
Difference for 40 mg Antibiotics, 154 — 103 = 051
Difference for no Antibiotics, 122 — 119 003
Interaction equals Difference = 048
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Equally, at the 2 levels of antibiotics,

Difference for 5 ug By, 154 — 122
Dafference for no By, 103 — 119

Interaction equals Difference

As will be seen later, the interaction 1n this expertment is not attributable
to sampling variation

Interaction means different things to different people  To the chermst,
1t 1s much the same as reaction  The physiologist working with hormones
thinks of mutual stimulation among the glandular activities The agron-
omist may be nterested 1 the effect of one plant nutrient as conditioned
by the availabihty of a second To the statistician interaction 1s meas-
ured by the failure of effects to be additive

Arithmetically, interaction in the 22 table 1s a comparison of the fol-
lowing sums

High Levels + Low Levels of Both Factors, 1 54 4+ 119 = 273
High-Low + Low-High, 2103 +122=225
Interaction = Difference, 048

The sum of squares for this comparison 1s calculated, as usual, by the use
of corresponding sums
(4634357 —366—310)* _ (144)*
(3) 4) BT
where » = 3 and ZX\* = 4 The difference in the numerator 1s n times
the interaction, (3)(048) = 144
e mean square, 0 1728, with / = 1, 1s now tested against the error
mean square 1n table 124 1
F = 01728/0 00366 = 47, f=1,8
Clearly the two substances have a combined effect which 1s different from
the sum of the effects when the two are applied separately
In the presence of interaction, 1t 1s rarely useful to ask about the main
effect of erther factor There 1s no single Effect of Vitamin By, Instead
there are two separate effects, one without antiblotics,
122 — 119 = 0.03,
and another with antibiotics,
154 — 103 = 051
The sum or an average of the two effects applies to neither situation.
Each separate effect may be tested against experimental error  For
the effect of the vitamin with anuibiotics,

(463 — 310)*
3)2)

= 01728

= 03902
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F 1s then 0 3902/0 00366 = 1066, f = 1, 8 This 1s beyond the 0 5%
level, Foos = 14 69 It should be observed that there are 4 of these effects
associated with only 2 degrees of frccdom (one has gone with interaction)
The 4 cannot be indep or ortk 1, the tests are not
exact

Despite questionable meaning, mean squares for the main effects are
commonly reported even when interaction 1s present This 1s a routine

TABLE 1242

R ¢ (meg/g ) v CoLLaRD LeAVES POR 2 SAMPLE
Si1zEs WITH AND Wrniou'r TREATMENT WITH PERMANGANATE PEROXIDE

‘With Without
Permanganate | Permanganate

025g 100g |025g 100
Replicaton | Sample Sample [Sample Sample

1 272 206 |95 386
2 232 242 |431 395
3 248 22 |452 330
Sum 752 710 (1278 1111 | Compan- Denomi Sum of
son nator Squaru
Permanganate ~1 -1 | +1 4 |27 12 716 11
Sample Size oSl Tilaooe 1236 40
Interaction e R 2 1302
Total - 765 53
Source of Variation I Degrees of Freedom  Sum of Squares  Mean Square
Rephcaton 37
Treatments o) (765 53)
Permanganate 1 716 11 716 11%*
Sample Size i 36 40 36 40
Interaction 1 13 02 13 02
Error ' 6 49 08 818

** Indicates # £ 0 01 The other effects are not significant at the 5%, level

practice which 1s open to criticism, but 1t 1s almost unavoidable (see be-
low) The reader must learn to discriminate

Detection of a possible interaction often has to be provided as insur-
ance It may turn out that there 15 no interaction But even so, the
factorial arrangement 1s at lcast as cffective as 2 experiments on the vita-
min would be, one at each level of antibiotics Combunation of the two
decreases the hazard of extraneous environmental variation

The case where no mnteraction appears 1s illustrated by an experiment
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(28) to learn the effect of a p P d on the ap-
parent concentration of riboflavin in the leaves of the collard, table 12 4 2
This was a randomized blocks design replicated on 3 successive days
The 2 factors were Permanganate and Size of Sample  The mitial analysis
follows the methods of chapter 11

Following the experimental data 1n the table 1s the calculation of 3
orthogonal comparisons among the 4 treatments The 3 sums of squares
add to the Treatment sum of squares in the imitial analysis of variance
NB  Each coeflicient for interaction 1s the product of the 2 coeflicients
immediately above

There 15 no g evid of 50 one proceeds to in-
vestigate the main effects Notice that each of these 1s a comparison got
by adding two separate effects For example, the mam effect of perman-
ganate 15 calculated from

(1278 — 752) + (1111 — 710) = 927

Thus, mn the absence of interaction, the Permanganate comparson
18 made from the whole of the exp 1 data, 6 deter vs
The Sample Size comparison 1s hkewise calculated from 12 observations
“No interaction” means that the additive property apphies to the maimn
effects, that they are independent

The conclusion from this experiment was that “In the fluorometric
deten of ribofl; of the dried collard sample, the

hydrogen p de clanfication step 1s essential ~ Without

thig step, the mean value 1s 39 8 mcg per gram, while with 1t the more
reasonable mean of 24 4 1s obtained

EXAMPLE 12 4 1—From a randomized blocks experiment on sugar beets in
Towa the numbers of surviving plants per plot were counted as follows

Block
Treatment 1 2 3 4
None 183 176 291 254
Superphosphate, P 356 300 301 271
Potash, K 224 258 244 217
P+K 320 283 308 326

These are such large counts that no transformation seems necessary Compute the
mean square for error Ans 1,494 Also the following mean squares P, 24,570,
K, 203, PK (interaction), 28 It 1s not known why superphosphate affected plant
numbers so strongly Perhaps vigorous growth or carly growth enabled them to
escape the more destructive phase of some soil orgamsm ~ (Compare section 13 6 )

EXAMPLE 12 4 2—E: the m of example
1222, using only the beef and cereal treatments at hugh and low levels  You wall find
the mean square for error 1s 223 6, with that for the interaction of level with source,
884, Just beyond the 5% level Ewidently the rats could utihze the high level of beef
to increase their gains m weight but could not utilize addiuonal cereal
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EXAMPLE 12 4 3—Despite the presence of interaction, 1t 1s customary to com-
plete the analyns of an experiment like that of table 12 4 1 as follows

Degrees of Freedom  Mean Square

Anubiotics 1 0 0208
Vitamin 1 0 2187
Interaction 1 01728
Error 8 0 00366

Venfy the mean squares for the 2 main eflects,

EXAMPLE 12 4 4—Hoblyn and Palmer (14), working with root cutungs from
Common Mussel plum, tried 2 lengths (6, 12 cm ) each with 2 diameters (3-6, 9-12
mem ) planting 245 of €ach type at the time of rnAkmg the cutting and prescrving 240
to be planted the following spring

Planted at Once Planted m Spring
Alwve Dead Total Alwe Dead Total
Long 156 84 240 84 156 240
Short 107 133 240 3 209 240

As indicated 1n section 9 10, 1t 1s the percentages hving that are of interest
350

44 6 129

Transform these percentages to angles (table 1112 1) and analyze the vaniance re-
membering that the angles are means, not sums, and that the squares must be mult-
phed by 240, not divided Ans Mean squares tume of planting, 88,059, length of
cutting, 43,902, interaction, 690

For the arcsin transformation applied to binomial data there 1s a theoretically de-
termined crror vanance, always 821 with infimite degrees of frc:dom (17 page 156)
Examples For length, F = 43,902/821, for interaction, F = 690/82;

EXAMPLE 124 5—In the foregoing example, 1t 1s gaser refrain from mult-
plying the squares by 240 Instead, use as error 821,24

12.5—The two-factor experiment. Leaving the special case of 2
treatments per factor, let us consider the more general arrangement with
a treatments 1n the first factor and b n the second, the a X b factonal
As before, the design may be any of those heretofore presented or a wide
assortment of others

Model I ), using the d d design, 15

X =p+act B+ @y + ey

where 1 = 1 =1 bk=1 n, Zay = Zf; = 0, e =
N0, 0) The restrictions on the nteractions, (af)y, are quite severe,
they must add to zero in both rows and columns of the a X 6 table That

Z(aB); = Z(aB); = 0 The model allows as many interactions as
there are cells 1n the table

The presence of interactions ehminates the additive character of the
man effects, a; and B; Thus will be clear 1n what follows

The best understanding of 2 model 1s got by constructing an experi-




Section 125 Factorial Arrangements of Treatmenis 339

ment based on 1t It 1s convement to utihze the construction of table
11 51, replacing Blocks by the second factor To do this, add the first
3 numbers 1n each cell of that table, entering the sum n the correspond-
ing cell of table 12 5 1, for the firstcell, p +ay + By = 30 + 10 + 1 = 41
Next, put down interaction constants n every cell These may be any
numbers you please, but the sum 1n each row and each column must be
zero Third, add a pair of random ey, in each cell  For the first of these
(on the left) I copied the e from table 115 1, the sccond was taken from
table 3 10 1 by the same random process used for the first The 2 sums
in each cell represent a pair of random observations on one of the ab treat-
ment combinations  For convenience the sum of the two, the treatment
sum, 1s entered as the last 1tem 1n each cell, then these are added for the
marginal totals

We now have a 4 X 3 experiment with 2 random observations making
up each of the 12 treatment sums Factor 1 has 4 treatments, a,, while
factor 2 has 3, b,, they occur 1n all combinations

The first step 1n the analysis utiizes the method of chapter 10 The
total sum of squares 1s separated nto 2 parts

Treatments, ab — 1 = 11 2,468
Individuals (error) 12 305 25

The next step 1s to separate the Treatment sum of squares 1nto parts for
2 main effects, 4 and B, and the interaction, AB  The latter 1s calculated
by subtracting from Treatments the sums of squares for 4 and

You now have evidence about a fact not widely understood, the rela-
tron of the main effects to the interactions  If you add

Xin + X + X = 26 + 30 + 49 = 105,

then compare this with the corresponding sum in table 11 5 1, you will
emphasize the fact that the interactions do not alter the main effect be-
cause 2(af); = 0 The natural impulse 1s to think that adduwity of all
effects 1s preserved  There are two reasons agamst this  Furst, biological

do not d h Ives to the model—consider the
one 1n table 12 4 1 which 1s chiefly in the 4th cell of the table, then follow
through again the against add; y The math 1 model
1s peifect for 1ts purposes, seting up the analysis of variance, estimating
components, and testing  But 1t doesn’t describe the kinds of interaction
that are usually interesing  The second reason 1s less obvious To ex-
plam 1t, let us think of the first factor in table 12 5 1 as 4 levels of a fertilizer
and the second as 3 varieties  With no interaction, the effects of the levels
of fertilizer are the same for every variety, if a; increases yield 10 bushels
per acre with variety by, then 1t gives the same increase (aside from error)
with b, and b5 The main effect applies cqually to each separate effect
On the contrary, with interaction the effects of a; on the variety yields are
dufferent, 1n the table, they are shown as increasing the yield b, by 10 — 4
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bushels but increasing the yield s by 10 + 3 bushels On account of the
requirement Z(af)¢ = 0, the mamn effect 15 unchanged but 1t no longer
reflects the facts about the separate effects

‘With evidence of interaction there 1s ordinanly no reason for calcu-
lating mean squares for the maimn effects though 1t 13 usually done rou-
tinely (I did 1t for use 1n table 1253 ) Instead, an a X b table of the
treatment sums (or means) should be written down and studied for mean-

TABLE 1251
Two-F. Ce Frou MopeL I CompLeTeLY RANDOM DESiGN
Treatment b, Factor B
‘Treatment a,
Factor 4 b bs bs X,
a 36 43
1
37 46
—11 1| =7 2 3 1
26 38| 30 39 49 47
64 69 96 229
a 34 29 36
8 -5 -3
42 24 33
1 -2 5 4 -3 2
43 0| 29 28 | 30 35
83 57 65 205
@ 31 26 33
-3 -1 4
28 25 37
0 5 4 -13] -1 0
28 33 29 12 36 37
61 41 73 175
a 18 13 20
-1 5 4
17 18 16
-2 0| -2 -1 1 -4
15 17 16 17 17 12
32 33 29 94
X, 240 200 263 703
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‘TABLE 12 5 1—(Continued)
Correction (2X,,x)3/rab = (703)/24 = 20,592
Total X, — C =26 + 38 +  + 120 — C = 2,773
IX,P_ 6460+ 4290
2

Treatments ——- —C

~ C =268
n

Error 2,773 — 2,468 = 305

X, Y L2904 49
AT c Q18] C =1,729
IX,* 240° -+ 200* + 263?
Pt T awm o T

AB Treatments — A — B = 2,468 — 1,729 — 254 = 485

Source of Vaniation Degrees of Freedom  Sum of Squares  Mean Square
Treatment Effects

A 3 1,729 (576)

B 2 254 (127)

AB 6 485 81
Error 12 305 25
Total 23 2,773

mi To emphasize this point, I calculated the treatment means from
table 12 5 1 and entered them 1n table 1252  As an example of method,
consider the means 1n the first 2 rows If there were no interaction or
error, the differences, a; — a5, should all be a; — @, = 10 — 3 = 7 (table
1151) Contrast this with the facts

32 — 42 = —10, 34— 28 =6, 48 — 32 = 16

If this were a real experiment, the failure of these differences to be the
same (aside from error) would form the basis for the experimentor’s inter-
pretation of interaction

A more effective way to study interactions 18 to fit the linear model
(table 11 5 4) to the 4 X 3 table above Deviations measure nteraction
plus error

TABLE 1252
TREATMENT MEANS SHOWING INTERACTION, FROM TaBLE 125 1
Factor B
Factor 4 b b2 by
s 32 34 48
a 42 28 32
a 30 20 36
a 16 16 14
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For Model I, cons(ant effects, the components are set out 1 table 1253

In our where the are known, the ex-
pected values (p ) of the p can be as
the table The sample are ily close, lly s* = 254

(rounded to 25), esumating 25

TABLE 1253
ComPONENT ANALYSIS OF A Two-FacTor ExperiMenT, MopeL I ComPLETELY
Ranpom Desion  Data Frow Taste i

Source of Vanation Mean Square Parameter Esimated
Treatment Effects 4 576 o* + nbxg*
B 127 o* + naxg?
AB 81 ot + nxan?
Error 25 ot
n =2 a=a, 5 =3

PO ) P G L V. S G
“TE-De-D oo
ot = 923, w5 = 15 (tablei152)

sapt = (81 — 25)/2 = 28 cstimates 32 sp' = (127 — 25)/8 = 128 estimates 13
54t = (576 — 25)/6 = 92 estimates 9234

The testing 13 easy, the error mean square being the denominator for
every F

If the 2-factor experiment 1s tried in randomized blocks, the model
ncludes a term for blocks

Xge=p+a+ B+ @yt o+ en

The preliminary analysis follows the methods of chapter 11 After that
1s completed, the maim effects and interaction are separated 1n the Treat-
ment sum of squares as shown i table 1251 The block effect 1s of no
1nterest 1n the component analysis

For Model IT and mixed models the component analysis 1s shown 1n
table 1254 It s evident in Model II that the significance of the main
effects 1 tested wath the mean square for 4B 1n the denominator of ¥ The
same 15 true for the fixed effect in mixed models, the random effect being
tested as before with the Error mean square as denommator In the
present chapter this 1s the first case encountered where a mean square
other than Error has been the denominator of F As 1n chapter 10, the
craterion for ch g the d 15 not 1ts of error but
this 1t must contan all components 1n the numerator except the one (or
more) being tested

In section 12 10 there are rules for writing down the component analy-
ses for the various models Meanwhile it 1s well to notice 3 facts (1) The
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TABLE 1254
CoMPONENT ANALYsIS OF A Two-Facror ExpermMeEnT MobeL 11 anp Mixep MopeLs

Parameters Estimated

|
|
| Model 1T Mixed Model, 4 Fixed*
Treatment Effects |
A ot F nowat + nbag? o & ne bt
| o + nous? + nacs! o+ na
A @ 1 nogt @ ¥ nowt
Error ‘ o? a*

* If B1s fixed and 4 vaniable, no.g? is a component of B but not of A

main effect for the random factor does not include the interaction com-
ponent because it adds to zero (1) Attached to cach o* (except that for
error) there are both coeflicients and subscripts, the total number of which
15 constant, 3 1n this case (1) Capital letters represent factors, small let-
ters, numbers of treatments or replications  If a capital letter 1s put in the
subscript, the corresponding small letter 1s omutted from the coefficient
Note There 1s some chance of confusion about the notation because I
have used a, and b, to denote treatments along with a and b (without sub-
scripts) to represent numbers of treatments  The notation 1s so conven-
1ent and easy to remember that I think 1t worth while to risk the confusion
EXAMPLE 12 5 1—For the rat data of example 12 22, a more reahstic set of

comparisons 15 now available  Verify the sums of squares in the last column and che
the sum against the Treatment sum of squares in the orginal example

’ - “High Proten T LowProtan |

Beef Cereal Pork | Beef Cereal Pork| Sum of
Comparison Poso e Toms | s G Bey | Squares
Protein +1 +1 41 | =1 -1 *‘ | 3,168 3
Beef vs_Pork +1 0o -1 l +1 0 25
Interaction with Protein | +1 0o -1} -1 FE— | 00
Ammal \s Vegetable 1 =2 41 1 =2 41 2640
Interaction with Protenn | +1 —2 1 | =1 42 —1| 11781

The significant interaction of Protein with Ammal vs_Vegetable 1s worth looking
at Multiply the sums by the sndicated coefficients and make this 2 X 2 table

Amimal Vegetable
High Protein 1995 1,718
Low Proten | 1579 17678

1t 15 evident that the high level of amimal protein was more available to the rats
than that of vegetable piotein, perhaps because the amino acids were better balanced

12.6—Randomized blocks experi with pling of plots.
Formally, randomized blocks experiments arc factorial, treatments being
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one factor and blocks the other If there 1s sampling of the plots instead
of complete measurement, the analysis of variance 1s anthmetically the
same as that i the foregoing section The model, however, has no mter-
action but contans 2 random sampling components

Xp=p+ 7+ B+ ey + din

The 85 are sampling umits in the plots Both e and &y are N(0, o),
but the ¢ are ordinarily different

An example 1s taken from a cooperative experiment on the effect of
fertiizer apphed to broadcast oats grown on Carfington loam The
yields are 1n decagrams per quadrat, a 36" X 36 square, 4 of which,
randomly selected, were harvested from each 21’ X 52 plot, table 12 6 1

As m table 12 5 1, the first calculation, using the quadrat yields and
the plot sums, gives

Total — Plots = Samphng Error

The second calculation 1s the usual one for randomized blocks, except for
the divisors  For example, X, ? for plots must be divided by 4 before the
correction 1s subtracted

Experimental error 1s much larger than can be accounted for by sam-
phing variation of the quadrats  To appreciate this, examne the plot cums
as though you were studying interaction This large discrepance makes

C = /3177/4/% = 14 7% per plot

(davision by 4 15 to convert experimental error to the plot basis) The
component analysis shows the part added, beyond quadrat vanation, to be

(3177 — 746)/4 = 608

If you attempt to calculate the for T} you will
find 1t negative Now the treatments apphcd are not expected to keep the
yields more nearly alike than can be expected 1n random sampling It 1s
more likely that accidents of sampling have increased Experimental Error
and/or decreased the Treatment mean square So far as this experiment

for T

15 the 15 that the 15 Zero
The provision of the Samphng Error allows an a&wssmcnt of the ade-
quacy of the sampling rate, the kind of problem that will be discussed 1n
section 17 11 If you estumate the error with 8
per plot, you will get 7 46 + 8(6 08) = - 56 10 mstead of 31 77 So sis
now 56 10/32 = 1753 instead of 31 77/16 = 1 986, a trivial decrease to
compensate for doubling the sampling rate  Any material decrease in the
standard error of the mean would have to be sought by increasing the
rephcation
In the preceding section there were some rules about coefficients and
subscripts of >  To apply them, think of Experimental Error, E, i terms
of 1ts arithmetical equal, TB
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TABLE 126 1

Yieen (Dzcaoaus rex, QuaskaT) o OuTs o Carnmerox Loa  Fou
X 36" QuapRraTs

Block Check N P NP Sum
1 19 18 16 13
16 16 22 27
18 17 18 28
18 14 18 28
K 65 74 96 306
2 15 22 19 15
1 24 20 14
16 22 20 18
17 20 24 14
64 88 83 61 296
3 21 20 24 25
19 21 15 20
18 20 19 24
2 20 20 20
80 81 78 89 328
4 18 20 20 20
20 22 20 18
20 18 17 12
18 19 20 18
76 79 77 68 300
Sum 291 313 312 314 1,230
Source of Vanation Degrees of Freedom  Mean Square  Paramcter Estimated

Block
Treatment
Experimental Error
Sampling Error

3
3

9
48

7 61
3177
7 46

os? + 4og? + 16xr*
ox?

os? + 4,
2

ot

s5* = (3177 — 746)/4 = 608
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EXAMPLE 12 6 1-—The efficiency of two sizes of quadrats for sampling plots of
oats was studied by Homeyer and Black (15) The data from one ficld are copied 1n
the table

Block
P-K 1 2 3 Treatment Total

160 140 100

149 157 120

205 150 156

514 447 376 1,337
0-10 160 80 143

215 170 62

253 192 170

628 442 375 1,445
20-0 208 221 232

235 205 141

240 242 211

683 668 584 1,935
20-10 185 265 122

204 243 225

207 132 189

596 640 536 1,772
Block Total 2,421 2,197 1,871 6,489
Treatments 3 25,892 8,631
Blocks 2 12,749 6,374

r 6 5,59 932

Sampling 24 42,987 1,791

These are yiclds (grams) from three 3 X 3' quadrats in each forueth-acre plot The
rertilizers were applied at the rate of 300 lbs per acre Calculate the analysis of
vanance

Sampling error 1s here larger than Experimental Error  Increased sampling seems
called for, erther larger quadrats or more of them or both.

EXAMPLE 12 6 2—Subdivide the sum of squares for treatments as follows

Phosphorus 1 23,767
Potassium 1 4
Interaction 1 2,040
Total 3 25,891

For phosphorus, F = 23,767/932 = 255,f = 1, 6

12.7—Regression in single factor experiments. Treatments are
often apphed at more than 2 levels, bringing nto prominence some prob-
lems of regression  If the levels, X, are equally spaced, they may be coded
to a succession of integers such as —1, 0, +1, this makes computations
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casy An example 1s taken from a randomized blocks experiment to learn
the effcct of spacing 1n rows 3 feet apart, the crop being cowpea hay (22)
Table 127 1 contains the data for one varicty

Preliminary analysis gives a Spacing sum of squares of 204 17 This
15 to be separated 1nto 2 parts, one being due to hinear regression, the other
to deviations from regression

TABLE 1271
YieLp or Cowpea Hav (Pounps Pex 1/100 Morcen Prot)
Block
Spacing (inches) 1 2 3 4 Sum Mean
4 65 61 60 63 249 62
8 60 58 56 60 234 58
12 53 53 48 55 209 52
Sum 178 172 164 178 692 _ o
Blocks 3 44 00
Spacings @) (204 17)
Linear Regression 1 200 00 200 00**
Deviation 1 17 17
Error 6 8 50 142

Setting x = —1, 0, 1, 2x* = 2 and Zxy = (—1)(249) + (0)(234) +
(1)(209) = —40 The regression coeflicient 1s then

D2 —40
= ﬁ;x’) = m = —5 pounds per coded X'

The factor, 2 = 4, 1n the denominator is necessary to convert from sums to
means (Note In terms of inches, the regression1s —5/4 = —1 25 pounds
per inch )

The reduction 1n sum of squares 1s

@y _ (=d0y _
WeEa T e

This 1s entered in the table of analysis of variance as the sum of squares
for linear regression The remainder of the Spacing sum of squares,
20417 — 200 = 4 17 1s entered as Deviation from regression

The conclusion 1s that the wider the spacing the less the yield, the
yield decreasing 125 pounds per inch of spacing  Most of the variation
mn yield 15 attributable to linear regression

I have assumed that the 2 parts of the Spacing sum of squares are
addiive  Table 127 2 shows that these parts correspond to a pair of
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TABLE 1272
'ORTHOGONAL COMPARISONS IN REGRESSION OF YIELD ON SPACING
$) ngs (inchés) 4 8 12 Compari- Sum of
Sm = 249 234 209 sons Divisor  Squares
Linear -1 0 +1 —40 8 200 00
Dewviations +1 -2 +1 —=10 24 417
Total 204 17

orthogonal comparisons  The first 1s the total decrease in yreld, 209 — 249
= —40 The second 15 twice the deviation of the middle yield from the
mean of the other two

2(31_9_:10_9 - 234) = 2(229 — 234) = —10

If you draw a graph with the spacings as X and sums as ¥, then connect
the end pounts by a straight line, you will see that the midpoint of this line
is 229 units above the X-axis and 5 units below the middle yield The
coeflicients are arranged to produce the correct sums of squares with the
least effort

TABLE 1273
Corrricients ANp Divisors ror Sets or O C ™ Ir
X Is SPACED AT EQUAL INTERVALS
D:gwe of Number of Treatments
oly- Dwisor
nomial Comparison 1 2 3 4 5 6 7 N
1 Linear -1 41 2
2 Lanear -1 0 +1 2
Quadratc  [+1 -2 + 1 6
3 Linear -3 -1 +1 +3 20
Quadratic  [+1 -1 —1 +1 4
Cubic -1 +3 -3 +1 20
4 Linear -2 -1 0 +1 +2 10
Quadratc  |+2 -1 —2 —1 + 2 14
Cubic -1 +2 0 -2 +1 10
Quartic +1 —4 +6 —4 +1 70
5 Linear -5 =3 —1 +1 +3 +5 70
Quadratic +5 =1 —4 —4 —1 45 84
Cubic -5 47 +4 —4 —7 45 180
Quartic +1 -3 +2 +2 —3 41 28
Quinuc =1 45 =10 410 -5 +1 252
6 Linear -3 -2 -1 0 +1 42 +3 28
Quadratic  |+5 -3 —4 -3 +5 84
ubic -1 41 +1 0 -1 —1 41 6
Quartic +3 =7 +1 +6 +1 -7 43 154
Quintic ~1 +4 -5 0 +5 —4 41 84
Sextic +1 -6 +15 —20 +15 —6 +1 924
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Notice that the experument has furmished little evidence as to the
spacing that would give the greatest yield  Clearly 1t 1s less than 4 inches
The experimenter tries to select spacings that will include the optimum,
but weather conditions make this uncertan  If he were completely suc-
cessful, the linear regression might be horizontal with all of the Spacing
sum of squares 1n Deviations

The two sets of orthogonal coeflicients used above are to be found n
the second group of lines 1n table 1273  They are guides to the 2 com-
ponents into which one can separate the curved regression through 3
ponts  This 15 called a second degree or parabolic regression, a second
degree polvnomial or parabola can be fitted exactly to any 3 points At
the right of each row of coeflicients 1s ZN?, the factor to be muluphed by n
to make up the proper divisor for

nEN?

As another 1llustration of the use of the table, the 5 spacings and sums.
of the millet experiment, table 11 7 1, are copied 1nto table 12 7 4 along

TABLE 127 4
REGRESSION COMPARISONS AMONG MILLET Y1Erps oF TaBLE 1171
Sum
Spacings 2 4 6 8 10 |Compan- Divi- of
Sums 1,349 1,314 1,262 1,191 1,188 | sons sors Squares
Linear -2 -1 o +1 +2 —445 50 3,960
Quadratic +2 -1 -2 -1 +2 45 70 29
Cubic -1 +2 0 -2 +1 85 50 144
Quartic +1 -4 46 =4 +1 89 350 23
Sum 4,156

with the coefficients for 5 treatments from table 127 3 The ZN* are
multiplied by n = 5 to make the divisors The first sum of squares, for
the linear comparison, verifies the 3,960 of table 11 73  The sum of the
other three, 29 + 144 + 23 = 196, agrees with the sum of squares for
Dewviations  But the deviations are now separated mto 3 parts The first
new part 1s the additional reduction 1n sum of squares, over and above that
due to fiting the straight line, attributable to fitting the parabola That
15, 3,960 - 29 = 3,989 is the reduction in sum of squares that would have
been made 1f a parabola had been fitted imually to the original treat-
ment means  Similar statements apply to the other comparisons The
quartic will pass exactly through the 5 points, so that, after 1t 1s fitted,
there 1s no remainming sum of squares

Of course, this fitung of curved regressions to the millet data 1s merely
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an exercise because most of the variation 1n treatment yields 1s explained
by the linear regression, and even that 1s not significant
It surprises some people to get a significant comparison from a nor-

significant set of One often some such analysis
as this
Treatments 10 (400) (40)
Linear 1 350 350
Deviations 9 50
Erxor 30 1,200 40

‘The over-all test of Treaunents would give F = 1, but the test of Linear
Regression, F = 350/40 = 8 75 shows P < 001 Most of the Treatment
sum of squares belongs to the single companison, Linear Regression  Thus
emphasizes the disunction between designed and undesigned compari-
sons, 1t 15 only for the latter that the preluminary over-all test must be
significant

12 8—Reg in two-fi peri Either one or more
factors may contain regressions As an exampie of the one-factor regres-
sion | have taken some additional data from the cowpea spacing experi-
ment of the foregoing section In table 12 8 1, vanety LI 1s repeated
There are now 2 factors, each at 3 levels—a 3? factonial with 9 treatments

The striking feature of this experiment 1s the upward trend of yield n
varieties I and 111 as compared to the opposite trend which was observed
an 11 This accounts for the large interaction mean square and warns
that no useful over-all stztement can be made about the main effects

To examune the trends of yield on spacing, the hinear and quadratic
compansons arc calculated for each variety, table 1282  The negative
linear comparison of variety 11 1s contrasted with the positive in I and
IIT  The mean squarcs for cach varicty emphasize the linear trends and
the absence of curvilinearity Observe that the sum of the six mean
squares 1s identical with the sums of squares for Spacings and Interaction
combimed, 6 degrees of freedom In the presence of interaction, there 1s
Iittle or no interest in the mean square for Variety

If vaneues I and III are compared, the difference between their up-
ward hnear trends will be found significant

In case the interacucn had been small, the calculations in the lower
part of the table would be substtuted for those above Rule 1225 13
used For the over-all Spacing compansons, én = 12, the number of
plots planted to cach spaang  The interactions 1avolve differences among
the 3 varicty compansons hence n = 4, the number of rephcations

We now have a test of sigmificance for the outstanding feature of this
experiment, the varieties have hinear trends which are not the same  Since
there 1s no significant curvature, there 1s no evidence as to what might be
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TABLE 128 1
Yieo or Cowrea Hay (Pounps Per 1/100 Morcen Prot) From 3 VarieTies
Block
Vanety  Spacing (In) 1 2 3 4 Sum
1 4 s6 45 43 46 190
8 60 50 45 8 203
12 66 57 50 50 223
bid 4 65 61 60 63 249
8 60 58 56 60 234
12 53 53 8 55 209
r 4 60 61 50 53 224
8 62 68 67 60 257
12 7 77 77 65 292
Sum 555 530 496 500 2,081
Spacings
Varieties 4 8 12
1 190 203 223 616
11 249 234 209 692
jie 224 257 292 773
Sum 663 694 724 2,081
Block 3 255 64
Varnety, V 2 1,027 39 51370
pacing, 2 155 0 77 5
Interaction, VS 4 765 44 191 36**
Error 24 424 11 17 67

the optimum spacing for the varieties Apparently I and III have heavy
vegetative growth which requires more than 12’ spacing for maximum
yteld Another experiment seems called for, the spacings tried for varieties
I and I1I should be different from those for IT

You may ask why the 9 treatment sums were not put in a row with
coeflicients applied as 1n the 2? factorial of table 1242 The reason hes
1n the undesigned varicty comparisons In a formal manner, some orthog-
onal comparisons could easily be devised, but they would not be realistic

We turn now to a 3 X 4 experniment in which there 1s regression in
cach factor The data are from the Foods and Nutrition Section of the
Iowa Agricultural Experiment Station (25) The object was to learn
about Josses of ascorbic acid 1n snapbeans stored at 3 temperatures for 4
periods, each 2 weeks longer than the preceding The beans were all har-
vested under uniform conditions before eight o’clock one morning  They
were prepared and quick-frozen before noon of the same day  Three
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TABLE 128 2
LINEAR AND QUADRATIC CouMPARISONS FOR EACH VARIETY v CowrEA EXPERIMENT
- o 12
Ce 3
Lincar -1 0 +1 —
‘Quadratic +1 -2 +1 Linear Quadranc
Vanety [ 190 203 223 33 7
Vanety I 249 234 209 —40 -10
Vartety ITT 224 257 292 68 2
Sum 663 694 724 61 -1
3 . 0y
Vanety 1 Luncar, < = 136 12 Quadratic, i = 204
(— 4oy (~10)
1 - 3 =417
! @ 200 @6
8y @
11 = 578 00** =017
r W ~ o800 @©
Total 91412 638

Venfication 91412 4 638 = 15506 + 76544 (= § + SV),f = 6

Spacings  Linear,
\

(Ze)? (61)*

) T B®@)

Quadratic, (3()?‘?’6 =001

Interachon Linear,

Zed
weEn

Su=

= 15504

(33)* + (—40)* + (68)*

4)(2)

— 15505 = 759 08

PR M + (—10) + (2
Quadratic, i = S = (e — 001 = 637
Spacing s, (%) (155 06) 155 04
inear,

Quadrane, Sq 1 ot
Interaction ) (765 44)

Lunear, S,V 2 759 08 379 544

Quadratic, Sq¥’ 2 637 318
Ervor 24 17 67

packages were assigned at random to each of the 12 treatments and all
packages were stored at random positions 1n the locker, a completely

randomized design

recorded 1n table 1283
It s plan that the concentration of ascorbic acid decreases with hugher
storage temperatures and, except at 0°, with storage time It seems that

The sums of 3 ascorbic acid determinations are
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TABLE 1283
Sum or 3 Am:ouuc Acio DETERMINATIONS (MG /100 G ) For Each or 12 TREATMENTS
A 3 X 4 FACTORIAL EXPERIMENT ON SNAPI

Weeks of Storage
Temperature, F° 2 4 6 8 Sum
0 45 47 46 46 184
10 45 43 41 37 166
20 34 28 21 16 99
Sum 124 118 108 99 449
Temperature, T 2 334 39
Two-week Period, P 3 40 53
Interacuon, TP 6 34 05
* 24 0 706

* Error (packages of same treatment) was calculated from ongmal data not re-
corded here.

the rate of decrease with temperature 1s not inear and not the same for the
several storage periods These observations are to be numeralized and
supplied with suitable tests

One can look first at either temperature or period, I chose tempera-
ture At each period the lincar and quad I
(=1, 0, +1, +1, =2, +1) are calculated

Weeks of Storage 2 4 6 8 Sum
Lanear, Ty, —11 —19 —25 —30 -85
Quadrane, To ~11 -1t -15 —12 —49

The downward slopes of the linear regressions get steeper with time  This
will be examined later At present, calculate sums of squares as follows

(=85) -
L= »(12)(2) = 30104

(=49 e
o= e =B

The sum 13 the sum of squares for 7, 301 04 + 33 35 = 33439 Sigmfi-
cance 1n each effect 1s tested by comparison with the Error mean square,
0706 Evndently the regressions are curved because thc parabolic com-
parison is quality with ! d rapidity as the
temperature increases  (Note the number of replications n each tempera-
ture sum, 4 pertods times 3 packages )
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Are the regressions the same for all periods® To answer ths, calculate
the interactions with period (Rule 122 5):
(=112 4+ 4+ (302

TP ——W——~ — T, =3346**

(—1)r+ +(-12)
(3)(6)

The sum 1s equal to the sum of squares for 7P The hnear regressions

decrease sigmificantly with period but the curved population increments

may be the same for all periods
Turning now to the sums for the 4 periods, calculate the 3 comparisons

ToP — Te=059

Compan-  Sum of

Sums 124 118 108 99 son Squares
Lunear, Py, -3 -1 +1 +3 -85 40 14°~
Quadrauc, Pq +1 -1 —1 +1 -3 025
Cubic, Pe -1 +3 -3 +1 5 014
Sum = Sum of Squares for Periods 40 53
This ind that the popul. on period may be linear

We come now to the new feature of this section, the regressions of 7,
and Tgon period 77, the downward slope of the vitamn with tempera-
ture, has been calculated for each period, the question 1s, in what manner
does T, change with period?

To T, calculated above, apply the orthogonal coefficients for 4 treat-
ments  Example

TPy (=3)(—11) + (—1)(—19) + (1)(—25) + (3)(—30) = —63

For this comparison the sum of squares 1s

(=63)

TP = B@e0

= 33 08**

The new feature 1s the use of Rule 12 2 6 for successive application of the
coeflicients  The factor 2 13 2\ in the first application (to temperature),
while 20 1s X2 in the second  Simularly

TPy 038

-_or
@@

(=1

ke = @

=001
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The sum of these 3 regression sums of squares 1s 33 47 which 1s equal to
T3P Now 1t 1s evident that, 1n the population, the linear regression on
temperature decreases hnearly with period, as was inferred above from
examining the 77,

Proceeding 1n the same way with T

_ G
ToPu = Gy = O

N C)
TePe = Gy = 0 12

o
Tefe = Boen 0%

The sum 1s ToP = 060 Clearly there 1s no change 1n 7 with period
The results are collected 1n table 12 8 4 A regression on a regression 1s by
nature an interaction

Ordinarily one would not report all the nonsignificant comparisons,
merely grouping them into batches as Remainder

In summary, 1t 1s learned that the regression of ascorbic acid on tem-
perature 1s parabolic i form, the linear part sloping downward more
steeply with period  The regression on period 1s hinear, sloping down-
ward more rapidly as temperature increases Based on these conclusions,
a ruled surface was fitted to the data, allowing the estimation of ascorbic
acid after any period of storage at any temperature (within the hmats of
the data) This was reported in the reference cited

TABLE 128 4
ANALYSIS OF VARIANCE OF ASCORBIC ACID IN SNAPBEANS
Source of Variation |Degrees of Freedom Mean Square
‘Temperature [¥3
PQTL l) 301 04°%*
Te 1 33 35%*
Period 3)
Py 1 40 14°*
Pq 1 025
Pc 1 014
Interaction ©) (34 05)
TPy 1 33 08**
Tuke 038
Tube 1 001
ToPy 1 014
Tabo 1 012
ToPo 1 34
Error 24 0 706

EXAMPLE 12 8 1—Since there 1s interaction 1n table 12 8 1, examune separately
the two Spacing comparisons 1n each vanety
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EXAMPLE 12 8 2—In an experiment Ilke that of table 12 8 3, many prefer to lay
out the treatment sums in a row, then use making all

T 1 -1 -1 =1 0 0 0 0 41 41 +1 +1
Tq 41 1 L =2 =2 -2 =2 1 +1 o+ 41
5 23021 41 43 -3 =1 41 43 =3 -1 41 43
So B e T B G e
Se S143 -3 1 -1 43 -3 1 -1 +3 -3 41
TS +3 4+ -1 =3 0 0 0 0 -3 -1 +1 +3

Complete the table, compute the sums of squares (n = 3), and check ther total against
the Treatment sum of squares (334 39 + 40 53 + 34 05 = 408 97) n table 128 3

12.9—Three-fact the 2°. The often
requires evidence about the effects of 3 or more factors 1n a common en-
vironment  The simplest arrangement 1s that of 3 factors each at 2 levels,
the 2 X 2 X 2 or 28 experiment  The 8 treatment combinations may be
tried 1n any of the common experimental designs

The data 1n table 129 1 are extracted from an unpublished random-
1zed blocks experiment (16) to learn the effect of supplementing a sorn
ration with soybean meal  Corn 1s deficient 1n lysine, so 0 6% of this
amino acid was added  Lysine 1s present i the soybean meal In the
last column of the table 1t 1s suggested that the added protein 1n the form
of soybean meal increased the rate of gain 1n the absence of the lysine
additive but was not needed when the amno acid was added directly

TABLE 1291

AVERAGE DAILY GAINS OF SWINE IN 2! FACTORIAL ARRANGEMENT OF TREATMENTS
RANDOMIZED BLOCKS EXPERIMENT

Ly- | Pro- Replications (Blocks) Treat-
une | ten ment | Sum for
| % |Sex| 1 2 3 4 5 6 7 8 | Sum |[2Sexes
0 12 | M [111 097 109 099 085 121 129 096| 847
F |103 097 099 099 099 121 119 124| 861 | 1708
14 | M [152 145 127 122 167 124 134 132| 1103
F {148 122 153 119 116 157 113 143| 1071 | 2174
06| 12 M |122 113 134 141 134 119 125 132| 1020
F 087 100 116 129 114 136 132 9 14 19 34
14 | M {138 108 140 121 146 139 117 121 10 30
F |109 109 147 143 124 117 101 113| 963 | 1993
Replication Sum |970 8911025 973 9711012 974 993 78 09
Replications 7 0 1411
Treatments 7 0 7986 0 1141°*
Error 49 10994 0 0224
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This mteraction indicates that mamn effects have little 1nterest, but for
illustrative purposes the analysis will be carried through

For separating the Treatment sum of squares 1nto 7 comparisons, each
corresponding to one degree of freedom, the scheme n table 1292 1s

TABLE 1292
Seven C I 23 FATORIAL on Swine
Lysine = 0 Lysine = 06%
P=129 P=14% P=129 P =149
M F M F M F M F
—| Compan- | Sum of
Effects | 847 8 61 110310711020 9141030 9 63 | son | Squares
Sex, S | =1 41 -1 41 -1 +1 -1 +1 | —191 |00s70
Profem, 7 | —1 —1 +1 4+1 -1 -1 41 41 525 | 04307
sP 1 -1 1 4+ 41 -1 =1 41 | —007 |0o0001
Lysne, L { -1 -1 -1 -1 41 +1 +1 +1 045 | 00032
SL F1o-1 41 -1 S 41 o1 d1 | —155 | 00375
PL F1o4 20 S0 S0 D G141 | Zaor | o2seeee
SPL e Y R A g1 085 | 00113
Towl T 0 7986

effective  The trcatment sums are copied from the next-to-last column
m table 1291 The coefficients for the main effects are first set down,
afterwards those for the are got by multiplication  There are
now three 2-factor interactions and one 3-factor For the latter, the
coefficients come from multiplying those of any main effect by those of
the interaction of the other 2 factors, convemently, SP by L The fact
that the 7 comparisons are mutually orthogonal 1s tested by Rule 1223
To calculate the apply the coefli to the
sums For example, for Sex = Female — Male

+861 41071 + 914 4 963 — 847 — 1103 — 1020 —10 30
—-191

The sums of squares result from applying Rule 1222 withn = 8 and
2N = 8, the denominator being 64 n every case

Rule 12 2 4 furnishes a check on the computations  The total of the
7 sums of squarcs must be the same as the Treatment sum of squares in
the analyss of variance

There 15 no evident effect of sex, either in the main effect or the ter-
actions This warrants combining the sex sums for a study of the signi-
ficant protemn-lysine interaction  The sums from the last column of table
1291 are entered 1n the following 2 X 2 table

Ly Los

Py 1708 1934
Py 2174 1993

¢

[}
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With corn protein alone the addition of 0 6% of lysine was effective but
with added protein 1n the form of soybean meal, rich in lysine, the added
amino acid was without effect

It will be d that the companson 1s the differ-
ence between two differences

Effect of Lysine at Py 1993 — 2174 = —181
Effectof Lysme at P 1934 — 1708 = 226
Interaction = Difference = —407
as 1n table 1292 To calculate the sum of squares for this condensed
table,1t1s to think of repl: 1 the bined sexes, n = 16
Ths 15 by the red m to +1 =1 —1 +1
so that Z\* = 4  The result 1s the same as before
e (—407)
— = oy = 02588
nZ\? (16)(4)

There 1s no particular interest in the sigmificant mam effect of protein
Certainly one would not recommend the addition of soybean protein both
with and without lysine  The amino acid 1s valuable in the absence of
soybean meal but not with 1t The experimenter now has the ¢ ta to
decide which source of the amino acid 1s the cheaper

If the 3-factor nteraction were significant, its meaning could be ex-
amned by comparing two 2-factor interactions, thus

Males Females

Ly Lys Ly Los

Py 847 1020 861 914

Py 1103 10 30 107 963

Py — Pn 256 010 210 049
PL —246 —~161

The interaction among females 1s not so strongly marked as that among
males The difference,
—161 — (—246) =085,

18 the 3-factor interaction of table 129 2

If one were calculating the sum of squares from the comparison,
—161 + 246, he would have n = 32, ZX\* = 2 It isinstructive to iden-
tify all the coeflicients 1n the 2 tables above with those 1n the last com-
parison of table 129 2

In my experience, experiments are seldom sufficiently sensiive to
detect 3-factor interactions even if they exist in the populations

12.10—Three-factor experiments; a 2 X 3 X 4. This section will be
used to summarize some of the more general methods applying to factorial
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experiments, including the 2-factor Component analyses of Models I,
II, and mixed will be explamned, together with rules for testing sxgmﬁ-
cance We shall begin with a numerical example, then pass to the general
case

As an example, I have again made a selection of data from the exper1-
ment drawn on 1n the foregoing section A fourth factor consisted of
levels of methionine, from which I have taken three  Four levels of lysine
are now included Only the males 1 2 replications are us:d Thxs
makes a 2 X 3 X 4 factorial arr of tre n
blocks design  Table 1210 1 contans the data The computations are
self-explanatory

The modcl being used 15

Kiyem = p+ Re+ Ly + My + P+ (LM + (LP)ym + (MP), +
(LPM) yen + €ixm

This 1s a Model I experiment with the values of the factors considered
fixed The analysis and components of variance are shown n table
12102 Rules for writing components will be given 1 the following
paragraphs In examples 12 10 1, 2, 3, interpretations will be suggested

We turn now to the general case In preparation for component
analysis and tesung hypotheses, 1t 15 convenient to start with Model II,
completely random design  This may be wntten,

Xyem = p + A+ By + Co + (4B)y + (AC)x + (BO)gx + (ABC) ix +
€tem

=1 a 5 =1 bk=1 .em=1 n, eem = N(0, 0)
Since all the effects are now random, consider them as normally distrib-
uted with variances g,? oasc® The components for each effect are
laid out in table 1210 3

Two rules are helpful (23) The second was anticipated 1n section
125 The first apphes only if the sources of variation are hsted mn the
order indicated, main effects first, followed by interactions

Rule 12 10 1—The components 1n any mean square (above the last)
are determined by the capital letter (or letters) designating the corre-
sponding source of varnaton The final component has the designating
letter (or letters) as subscript  Each contains all
having 1n their subscripts the letter (ar letters) designating the corre-
sponding source of variation,

Rule 12 10 2—Attached to each o® (except that for Error) there are
both cocflicients and subscripts, the total number being constant  Capital
letters represent factors, the corresponding small letters, numbers of treat-
ments or replications  If a capital letter 1s put in the subscript, the corre-
sponding small letter 15 omutted from the coefficient

The testing of interactions 1 stralghtforwa.rd, but in the main effects a
y 1s ed If the h h = 0, 1s to be tested, there
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TABLE 1210 1
Turee-Facror Exeerivent (2 X 3 X 4) v Ranbosizep BLocks  AVERAGE Dary
GAIs oF SwINE Fep VARIOUS PERCENTAGES OF SUPPLEMENTARY LysiNg, METHIONINE,
AnD

Replications, R (Blocks)
Treatment
Lysine, L M Protewn, P 1 2 Total
0 0 12 111 097 208
14 152 145 297
0 025 12 109 099 208
14 127 122 249
0 050 12 085 121 206
14 167 124 29
005 0 12 130 100 230
14 155 153 308
0025 12 103 121 224
14 124 134 258
0 050 12 112 096 208
14 176 127 303
010 4 12 122 113 235
14 138 108 2 46
0025 12 134 141 275
14 140 121 261
0.050 12 134 119 2 53
14 146 139 285
015 0 12 119 103 222
14 080 129 209
0025 12 136 116 252
14 142 139 2 81
0 050 12 146 103 249
1a 162 127 289
Total 31 50 28 97 60 47
Computatons
C = (60 47)2/48 = 761796
2 Total 1112 4 097% + 41628 + 127 — C = 20409
3 Treatments (208! 4297 4 4+ 289%/2 — C = 12756
4 Rephcations (31 50% + 28 97%)/24 — C = 01334
5 Error 20409 — (12756 + 0 1334) = 06319
Summary Table 4
Lysine
Methionine 0 005 010 015 Total
[ 505 538 4 81 431 19 55
0 025 457 482 536 533 20 08
0 050 497 511 538 538 20 84
Total 14 59 15 31 15 55 15 02 60 47

Comzulnlmm (conunued)
Entries arc sums of 2 levels of protein, 505 = 208 + 297, etc
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TABLE 12 10 1—(Continued)

7 Total m A (505 + + 538Y)/4 — C = 03496

8 Lyme, L (1439 4+ 4+ 1502)/12 ~ C = 00427
cthioninc, M (19 55* + 20 08* + 20 841)/16 — C = 00526

10 11, 03456 = (00427 1 00526) = 02543

Summary TasLE B

Piotein
Methionime 12 14 Total
[ 895 10 60 19 55
0 025 9 59 10 49 20 08
0 050 916 11 68 20 84
Total 2770 3277 60 47

Computations (continued)
11 Entris are sums of 4 levels of lyane, 8 95 = 208 4 2 30 +235 +222, etc
12 Totaln B (895 +  + 11689/8 — C = 06702
13 Protemn, P (27 70* + 32 77)/; Vi 2/C  Gsass

14 M2 06702 — (05355 + 00526) = 00821

Summary Table C

Lysine
Proem | 0 005 010 015 Total
12 6 22 6 62 7 63 723 27 70
14 8 37 8 69 792 779 3277
Total 1ase 1531 155 1502 | 6047

Computations (contimued)
15 Entries are sums of 3 levels of methiomne, 6 22 = 2 08 + 208 + 206, etc
16 Totalin C (622 4 +779)/6 - C =0
17 LP 08181 — (05355 + 00427) = 02399
18 LMP 12756 — (00427 + 00526 + 05355 + 02543 + 00821 + 02399)
= 00685

18 no apparent d for F But appi tests have been de-
vised (21, 8) The parameter for 4 contains components for both 4B and
AC, suggesting the addition of the corresponding mean squares In terms
of components, this gives a mean square,

MSy = 26* + 2n04pc* + ncoas® + nboac®
To match MS;, add the components for 4 and ABC
MS, = 20% + 2n0450* + ncoap® + nboac® + nbeos®

The rato, F = MS;/MS$,, 15 of the form to test a,* = 0 but 1t does not
follow the F-distribution However, the probability of ats being exceeded
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TABLE 12102
ANALYSIS OF VARIANCE OF 3-FACTOR SwINE EXPERIMENT COMPOHI.N‘H OF VARIANCE
For Moper I Ranpomizep Brocks Destc:

[Degrees of Sum of Mean Components Esti-
Source of Variation Freedom  Squares  Square  mated by Mean
Square

Replications 1 0 1334
Lysine, L (I = 4) 3 0 0427 0 0142 o + rmpus?
bg:luomne M[m =3) 2 0 0526 0 0263 o + ripxa’
Protein, P (P 1 0 5355 0 5355°** o* + rlmxp®

M 6 02543 0 0424 o + rprad
LP 3 0 2399 0 0800 o? + rmeyp?
MP 2 0 0821 0 0410 o + rikup?
LMP 6 0 0685 0 0114 o + rapurt
Error (r = 2) 23 0 6319 0 0275 a*

TABLE 12103
CompoxenT AnaLys:s or 3-Factor Exeernuent, Moper. 11, CompLeTeLY
Ranpomizen Desion

Source of Vanation Parameter Esumated by Mean Square

A @* + nogsc? + ncaan? + nbouc® + nbea?

B a* + noapc? + ncoun? + naope? + nacop®

C ot + naanc? + nboac? + naoac* + naboc?
AB a? + noupct + ncoun®

AC o* + noupc? + nbouc?

BC a* + nousc? + naonc?

ABC o + nosp

Replication ot

can be approximated from the F-table by calculating degrees of freedom
as follows

n = _—MSH
LT MSE M
o fase
- My
mo= M
MSaT S,
Jfan " Jac

where MS designates a mean square and f the corresponding degrees of
freedom

Despute the fact that the nutrition experiment of table 1210 2 1s not
of type II, the numbers may be used to illustrate the foregoing test of
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sigmficance  Suppose Protein 1s to be tested under the assumption that
all effects are random The mean squares in the formulas are those with
P in the subscripts

MS, = MSp + MSpaup = 05355 + 00114 = 0 5469

MS, = MSrp + MSup = 00800 + 00410 = 01210

F' = 05469/01210 = 4 52

(0 5469)?
m= @y ot - Lo
Tt
e ©u0p o
"~ (00800)F (00410
3 T 2

Usually 1t 15 sufficiently accurate to round to the nearest integral degrees
of freedom In this case there 15 no doubt that F 1s short of the 5% pont
Contrast this with the correct test (Model I) showing the protein effect
to be highly significant

For mixed models, one starts by writing down the components for
Model II, then applying this simple rule

Rule 12 10 3—Look at the subscripts of each component of an effect
Ignore the subscript letters which are the same as those designating the
effect If any of the other subscript letters correspond to a fixed effect,
mark out the component This rule does not affect erther the first com-
ponent in any line (o%) or the last

For 1llustration, assume that 4, table 12 10 3, 1s a fixed effect Look
first at the component, ¢4sc* 1n the first ine  Ignoring 4, both B and C
correspond to random effects, so keep this component In like manner,
keep components g45* and o4c* The last component, k,? 1s always kept,
1t is not affected by the rule

In the second line, 1gnoring B in the subscript of g4pc? since 4 corre-
sponds to a fixed effect, mark out the component Delete also ayp? but
retan gac

In AB, the only component affected by the rule 1s gu5c? Ignoring the
subscripts AB, designating the effect, retain the component because C 13
random But i the line for BC, this component 1s deleted because 4 1s
fixed The resuling component analysis 1s that of table 12 10 4

The testing offers no difficulties except in the mam effect A Here the
approximate method 1s apphed

If 4 and B are both fixed effects, only C random, application of the
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TABLE 1210 4
‘COMPONENT ANALysIS OF 3-FACTOR EXPERIMENT, Mixrp MopeL, 4 Fixeo, B anp C
Anpom  CompreTeLy Ranpow Desion

A o + nounc? + ncoan? + nboact + nbexg?
B o* + naosc® + nacos®
o + naopc? + naboc?
4B o® + noanc® + ncaypt
AC o + noapc? + nbosct
BC + naasc?

ABC o + nousc®
R o

rule to table 12 10 4 (or table 12.10 3) results in deletion of the following
additional effects

In A4 o4pc’, ous®
InC opc®
In AC ausc®

If A, B, and C are all fixed, further application of the rule produces
the component analysis of table 12 10 2

EXAMPLE 1210 1—In table 1210 2, for Z, M, MP, and LMP the sums of
aquares are all so small that o single degree of frecdom wsolated from them could
reach sigmificance  But LM and LP deserve further study

In the LM summary table 4 1n table 12 10 1, there 1s some evidence of interaction
though the over-all test on 6 degrees of freedom doesn’t detect it Let us look at the
linear effects  First, calculate My (—1, 0, +1) for each level of lysine

—008, —027, 057, 107

Next, take the hnear effect of lysine (=3, —1, +1, 43) 1n these My, the result, 4 29
Funally, apphication of Rule 122 6 yneld.v 'he sum of squares
LM, = 01150,

= _(4)“(2) (—zo)
which 18 yust short of significance at the 5% level None of the other 5 comparisons is
Wmﬁcam In the larger experiment of which this 1s a part, LyM, was significant
hat interpretation do you suggest?

EXAMPLE 1210 2—In the LP summary table’ C, the differences between 14%,

and 12%,
215, 207, 029, 056,

suggest an interaction  The linear effects of lysine (=3, —1, 1, 3) at the 2 levels of
Protein are 404 and —251 Taking the difference as the linear effect of Protein
(=1, +1) we have 404 — (—251) = 655 By Rule 1226,

LopP = (655 - 01788
©)2)(20)
F = 0 1788/0 0275 = 6 50, P = 0025 This corresponds to the highly significant
effogt observedan table 12 92, where an interpretation was given

Ded ung L Py, from the LP sum of squares 1n table 1210 2, 02399 — 01788 =
00611, lhnwt that nexther of the other 2 comparisons can be significant

EXAMPLE 12 10 3—The 1nvestigator 1s often interested in estimates of differ~
ences rather than in tests of significance  Because of the LP interaction he might wish
to esimate the effect of protein with no lysine  Summary table C shows this mean
difference (837 — 6 225’/6 = 036 Ib /day (Thcjusuﬂcanon for using all levels of
methionine 1s that there 1s Little evidence of either flect or interaction with pro-
ten ) Confidence interval = 2069 V2)(0 0275)/6 - 020 b /day So the 95%
1nterval 1s from 0 16 to 0 56 Ib /da
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EXAMPLE 12 10 4—Some combine the
sign with two-way designs like randomized blocks In the following table are dm\
extracted from a report ‘which has already been referred to (28) Three plants were
picked at random and from each were randomly selected 4 leaves From the wet
solution of each leaf two 2-ml aliquots were analyzed for calcum A second set of
analyses was run on a subsequent day  The model 1s

X-m- =+ P+ Ly + dx + PA)ur + (LA) s + €uiim
=1 41:-12”!—!2:‘”(0 @) All effects may be con-

udered random so that op* 3 arc taken as variances from normal populations

The distinquishing feamrc o( Thi design 1s tliat a leaf has 1ts number designation, 5,
for each pl.m 1,asnc

ta with the analym f varance are wn the accompanying tables The

bol, L(P) “leaves withun ‘plants,’” 1s necessary for application of the rules for components

‘THREE-FACTOR EXPERIMENT (2 X 3 X 4), CompLETELY RANDOMIZED DEStoN
‘Carcrum CONCENTRATION (PER CENT DRy Basis) IN TurnIp GREENS

Ashing 1 Ashing 2
Plant Leaf | R, R  Sum R R  Sum [LeafSum Plant Sum
11 [328 309 637 303 305 606 | 1243
2 |35 348 700 338 338 676 | 1376
3 128 280 568 28 276 557 | 1125
401334 338 672 323 326 649 | 1321
13 02 1275 2577 12 45 12 43 24 88 50 65
2 1 |263 266 529 254 25 513 | 1042
2 [374 344 718 358 364 722 | 1440
3 125 25 510 249 249 498 | 1008
4 (277 266 545 28 28 566 | 1109
11 69 11 31 2300 1147 1152 2299 45 99
3 1 {378 38 765 38 38 770 | 1535
2 4 31 440 871 399 405 804 16 75
3 (331 331 662 319 313 632 [ 1294
4 1407 412 819 400 408 808 | 1627
1547 1570 3117 1506 15 08 30 14 61 31
Sum 79 94 78 01 157 95

ANALYSIS OF VARIANCE OF CALcium EXpERIMENT, MopEL 11

Source of  |Degrees of Mean

‘Variation Freedom Square Parameters Esumated by Mean Square
Plant, P (p = 3) 2 38548°  o+20urm +Beur’+houm 1605
ves in Plant,
L(PY(I = 4) 9 0 6646**  o*+20ur ;) t4oncr)
Ashing, 4 (a = 2)| 1 0 0776 r'+2ul.<n'+snr'+24u
P 2 0 0191 *+2041p) +80ar®
AL(P) 9 00112*  o*420aup?
Rexhcnllum,
n = 2) 24 000412 o

Rule 12 10 1 puts this among the gomponcats of P, a peculianty of the design  Rule
12 10 2 makes 1ts cocfficient an = 4 P18 put in pmnlhuc: to distinguish the symbol
from that of an interaction  Using the rules given, venfy the analysis
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EXAMPLE 12 10 5—Venfy the indicated tests of significance m the calium ex-
penument  For plants, F' = 565, f = 20,95

EXAMPLE 12 10 6—What components would be deleted from the calcium ex-
periment if Ashings were assumed fixed? Ans From L(P), garp®, from P, aarpm*and
oar' What effects would this have on the tests of sigmificance?

EXAMPLE 12 10 7—What additional components would be deleted if P as well as
A were fixed” Ans From 4, o4z(p?and ox7* How would this affect the testing?

12.11—The split-plot design. It 1s often desirable to get rather pre-
cise formation on one factor and on the interaction of this factor with a
second, but to forego such precision on the second factor ~For example, 3
sources of vitamin mght be compared by trying them on 3 males of the
same hitter, rephcating the experiment on 20 litters This would be a
randomized blocks design with high precision, 38 degrees of freedom for
error  Supermmposed on this could be some experiment with the litters
asunits  Four types of housing could be tried, one hitter to each type, thus
allowing 5 replications with 12 degrees of freedom for error The mam
treatments (housings) would not be compared so accurately as the sub-
treatments (sources of vitamin) for two reasons, less replication 1s pro-
vided, and hitter differences are mncluded 1 the error for evaluating the
housing effects Nevertheless, some information about housing may be
got at little extra expense, and any interaction between housing and vita-
min will be accurately evaluated

In experiments on varicties or fertilizers on small plots, cultural prac-
tices with large machines may be tried on whole groups of the smaller
plots, each group contaiming all the varieties (Irrigation 1s one such
practice that demands fairly large areas per treatment) The series of
cultural practices 1s usually replicated only a small number of times but
the varieties are repeated on every cultural plot Experiments of this
type are called spht-plot, the cultural main plot beng spht into smaller
varietal sub-plots  This design 15 remarkably popular

The essential feature of the sphit-plot experiment 15 that the sub-plot

Ladok
Ranger

BLOCK T
Ranger
BLOGK II

Cossack

Ladak

w|olo|s|o|jo|r|w|w|oix|o
olw|o|»|o|o|s|m|>|=|o|e

Cossack

Fi 1211 1—Furst 2 blocks of spht-plot experiment on alfalfa, ulustraung random
arrangement of main and sub-plots
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treatments are not randomlzcd over the whole large block but only over

the main plots R of the sub- 1s newly done m
each mam plot and the mam treatments are randomized 1n the large
blocks. A q 1s that the error for sub-

1s different (characteristically smallcr) than that for main treatments
Figure 12 111 shows the field layout of a split-plot design with 3
varieties of alfalfa, the sub-treatments being 4 dates of final cuttng (31)
The first 2 harvests were common to all plots, the second on July 27, 1943
The third harvests were 4, none, B, September 1, C, September 20, D,
October 7 Yields in 1944 are recorded 1n table 12111 Such an exper-

TABLE 12111
YreLps oF 3 VArETES OF ALraLra (Tons Per Acl!) IN 1944 ForLowing 4 Dates
or Fivar CutTiNg 1IN

Block
Varnety Date 1 2 3 4 5 6
Ladak A 217 188 162 2 34 158 166
B 158 126 122 159 125 094
C 229 160 167 191 139 112
D 223 201 182 210 166 110
827 675 633 7 94 5 88 482
Cossack A 233 201 170 178 142 135
B 138 130 185 109 113 106
[o} 186 170 181 154 167 0 88
D 227 181 201 140 131 1
7 84 6 82 737 5 81 553 435
Ranger A 175 195 213 178 131 130
B 152 147 180 137 101 131
c 155 161 182 156 123 113
D 156 172 19 155 151 133
6 38 675 774 6 26 5 06 507
Total 2249 2032 2144 2001 16 47 14 24
Date of Cutting
Vanety A B c D ‘Total
Ladak 11 25 7 84 9 98 10 92 39 99
Cossack 10 59 7 81 9 46 9 86 3772
Ranger 10 22 8 48 8 90 9 66 37 26
Total 32 06 2413 28 34 30 44 114 97
Mean (tons
per acre) 178 134 157 169




368 Statistical Methods Section 1211

ment is, of course, not evaluated by a single season’s yields, statistical
methods for perenmal crops are referred to below.

The analysis of variance reflects the essential feature of the design, the
man plot analysis 1s that of randomized blocks with 3 varieties replicated
1 6 blocks, the sub-plot analysis being that of 4 dates of cutting random-
1zed 1n each of 18 main plots (table 12.11 2)

TABLE 12112
ANALYSIS OF VARIANCE OF SPLIT-PLOT EXPERIMENT ON ALFALFA

Source of Variation Degrees of Freedom  Sum of Squares  Mean Square
Man plots
Vareties 2 01781 0 0890
Blocks 5 4 1499 0 8300
Mam plot error 10 13622 0 1362
Sub-plots
Dates of cutting 3 19625 0 6542°°
Date X varicty 6 0 2105 0 0351
Sub-plot error 45 12586 0 0280

Correction C = (114 9)*/72 = 183 5847
Total (217)* + + (133 —C=91218

G S AL < TGO _ ¢ - 56902

o -

w

Main plot

.
4 Vaney G+ GT0! _ g gypy
Block G2 H_ HUSZN__yy

6 Maun plot error 56902 — (0 1781 + 4 1499) = 1 3622

7 Sub-cl m y-date table (HZS)‘+6 + O _ oo assn
8 Duie RO E OO g

9 Vanety X date 23511 — (0 1781 + 1 9625) = 0 2105
10 Sub-plot error 91218 — (56902 + 1 9625 + 02105) = 12586

The significant differences among dates of cutting were not unexpected,
nor were the smaller yields following B and C  The last harvest should
be either early enough to allow renewed growth and restoration of the
consequent depletion of root reserves, or so late that no growth and de-
pletion will ensue  The surprising features of the experiment were two
the yield following C being greater than B, since late September 15 usually
considered a poor time to cut alfalfa in Jowa, and the absence of nter-
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action between date and variety—Ladak is slow to renew growth after
cutting and might have reacted differently from the other varicties These
are probably seasonal peculiarities.

The model for the spht-plot experiment 1 randomized blocks 1s

Xp=w+B+ M+ ey+ To+ (MT)yp + b0
r=1 by=tl...mk=1" f e = MO, o), b = NO, o7)

Here, M stands for mamn plot treatment and 7 for that 1n the sub-plot

The component analyses for the split-plot experiment in randomized
blocks are summarized in table 12113 The Model II analysis 1s casly
got from the full 3-factor structure of table 12 10 3 by combining 1nto the
2 error terms all “interactions” wath blocks.

TABLE 12113
COMPONENT ANALYSES FOR SPLIT-PLOT DESIONS, m MAIN TREATMENTS, f SUB-
TREATMENTS, b BLocks  BLOGKS RANDOM

Source of Vanation | M and 7 Random M Random, T Fixed
Main Treatment, M Ea + bour® + blow? Ea + blow?
Error (a Ea E
Sub-treatment, T Ey + bour® + bmay? Ey + bous® + bmg?
MT Ey + bour Ey + bour
Error (6) E Ey
M Fixed, T Random M and T Fixed
Es + bour* + bixn? Eq + btxy®
. E,
Ey + bmap? Ey + bmag?
£t bourt Ey + buur®
s s

If T1s fixed, the testing 1s straightforward, but if 7 1s random, for test-
g the main treatments one must use the approximate method described
n the preceding section

Anderson and Bancroft (2, page 347), suggest that there may be occa-
sions for separating Error (5) nto the 2 components, B7 and BNT Or-
dinarily the two are expected to be much the same and are taken to esti-
mate the same ¢*

If there 13 no 1nteraction, comparisons planned for either or both of the
two factors are made as usual, with degrees of freedom and error (a) or
(b) corresponding to the factor being studied  If F1s significant for either
factor, tests of all differences may be made 1n accord with section 10 6

In case of interaction between the main and sub-plot factors, the 2-way
table like that at the bottom of table 12 11 1 1s studied for interpretations.
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There may be wholly different recommendations for two varietes, the
main effects being without interest

Missing plots in a sphit-plot experiment have been studied by Anderson
(1)  For a single missing sub-plot,

_ X)) A UX )~ Xy
b -ne-1)

where there are b blocks (replications) and ¢ sub-treatments The other
symbols are, as usual, the totals of the remaimning yields i the main plot
(X4 ), 1n the sub-treatment (X 5), and 1n the main treatment (X ;) con-
taining the missing datum

Example Assume Xy, = 217 15 mussing from table 12 11 1 1n which
b=¢6andt=4 Xy =827 — 217 = 610, the sum of the remaining
yields in main plot Ladak, block 1, X y = 188 + 162 + +166 =
9 08, the sum of the remaining yields in Ladak, cutting 4, and X, =
3999 — 217 = 37 82, the sum of the remaining yields for Ladak Sub-
stituting

Xupe

X = 6(6 1‘2)64;‘11(;)(381 1)3;7 82 _ 234 tons/acre

Except m Error (), there will be an upward bias 1 all the mean
squares These are presumably small, but Anderson gives methods for
correcting them

Experimenters often sphit the sub-plot and even the sub-sub-plot The
staustical methods offer no great additional complexity For the spht-
spht-plot experiment, the structure of Model II 1s gwen 1n table 12 11 4
As usual, the small letters, b, m, etc, stand for the numbers of treatments
1n the factors denoted by the corresponding capitals  The mixed models
and Model I are got by applying the rule given 1n the preceding section
In Model I there are only 2 components for each effect, the first and the
last 1n the table The calculations follow those of the randomized blocks,

TABLE 1211 4
STRUGTURE OF SPLIT-SPLIT-PLOT ExpERIMENT, MoDEL 11

Block, B

Main Plot, M Ex o baunr? o bnou? + bown® + bntosdt
Error (a), Ea

Sub-Plot, N' E. + bouns® + bman? + btoun? + bmtax?
MN Ey + bounr® + btoun®

Error (b), Ey Ey

Sub-Sub-Plot, T E, + boxns + bmnn’ + bnosr® + bmnart
MT Ee + bount? + bna

NT E, + bounr® + bmnr’

MNT E. + bouns*

Error (), E, E.
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the 2-factor experiment, and the 3-factor experiment, successively Each
error term comes from subtraction

EXAMPLE 12 11 1—A spht-spht-pl o to try
3 rates of planting (stands) wath 3 levels of fertihzer 1n irrigated and non-irngated plots
(4) The design was randomized blocks with 4 replications The marn plots carred
the irngation treatments  On each there were sub-plots with 3 stands, 10,000, 13,000,
and 16,000 plants per acre Funally, each sub-plot was divided into 3 parts respectively
fertihzed with 60, 120, and 180 pounds of nitrogen  The yields are in bushels per acre
Calculate the analysis of variance

Block
1 2 3 4
Not Irnigated | Stand 1 | Ferthzer 1 90 83 85 86
2 95 80 88 78
3| 107 95 88 89
2 1 92 98 112 79
2 89 98 104 86
3 92 106 91 87
3 1 81 74 82 85
2 92 81 78 89
3 93 74 9% 83
Irngated 1 1 80 102 60 73
2 87 109 104 114
3 | 100 105 114 114
2 1] 121 99 90 109
2 [ 110 94 118 131
3| 119 123 13 126
3 1 78 136 19 116
2 98 133 122 136
3| 122 132 136 133
Source of Varation Degrees of Freedom Mean Square
Main Plots
Blocks 3
Imgauon, I 1 8,277 56
Error (a) 3 470 59
Sub-plots
gund, s 2 879 18
Is 2 1,373 51¢
Error (5) 12 232 33
Sub-sub-plots
Fzm';xz:r, F 2 988 72
IF 2 476 72**
SF 4 76 22
ISF 4 58 68
Error (c) 36 86 36
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EXAMPLE 1211 2—Attention 1s attracted to the 2 significant mt:mdm‘u s
and IF Now, ISF 1s less than error This means that the IS interaction 18 much the same

at all levels of F, or, alternatively, that the IF interaction 1s sumilar at all Igvell of §
Hence, cach 2-way table gives nformation

F F R S S S5
Not Irngated 1,047 1,058 1,099 1,064 1,134 1,006
Irngated 1,183 1,356 1,437 1,162 1,353 1,461

1t 18 clear that neither fertihizer nor stand affected yield on the non-imgated plots
With irnigation, the effect of each was pronounced = So 1t 18 necessary to examine
scparately the spht-plot experiment on the irnigated plots  Venfy the following mean
squares

Stand

Lincar 1 3,725%*

Dewviations 1 96
Error () 6 316
Fertilizer

ncar 1 2,688°%*

Dewviations 1 118
Si 4 92
Error (b) 18 137

EXAMPLE 12 11 3—Notice that the planting and feruhzer rates were well
chosen for the unirrigated plots, but on the imgated plots they were too low to allow
any evaluauon of the opuma  This suggests that irngauon should not be 3 factor n
such experiments  But in order to compare costs and returns over a numt..c of years,
two experiments (one with and one without irngation) should be randomly inter-
planted to control fertility differences

12.12—Ser1es of experiments. A series of experiments may extend
over several places or over several seasons or over both  The places and
seasons become added factors to be included in the analysis  Either factor
may be planned as fixed or random I never encountered an experiment
1 which the seasons were actually selected at random, and random selec-
tion of places 1s rare 1n any but survey-type experiments, but the ¢ffects of
seasons and places are often taken as random

It 15 not much of an overstatement to say that cvery series of experi-
ments 1s a unique problem for both the i and the exp
The size and design of the cxperu'nem may vary from place to place or
from year to year The or
may complicate the analysis The cxpenmcmal error may differ n place
and time  Unless an exp lly expert in | theory
he would be well advised to seek the cooperation of a competent mathe-
matical statistician before undertaking a serics of experiments My ob-
servation 15 that much time and money are wasted 1n 1ll-considered series
of experiments

There are llent p of the difficulties involved (7, 33,
10,17, 9) withd for king the less 1 i The methods
presented n this book will enable the reader to follow the references cited

It may be well to warn the reader of a difficulty which arises when a
perennual crop 18 nvestigated over a number of years. The yields from
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a plot in years are probably lated, the 1 error
one season 1s not independent of that n another season  For these reasons
the primary analysis is based on the sum of the plot yields over the life-
time of the expertment

For 1llustration, the data in table 12 12 1 are taken from an experiment
by Haber (12) to compare the effects of various cutting treatments on
asparagus  Planting was 1 1927 and cutting began 1 1929 One plot
1n each block was cut till June 1 each year, others to June 15, July 1, and
July 15 The yields are the weights cut to June 1 1n every plot, wrrespec-
twve of later cuttings 1n some of them This weight, then, 1s a2 measure of

TABLE 12121
WerenT (OUNCES) OF Am-mm Cur Berore June 1 Frou PLots Witk VArious
6 TREATMENTS
Cuttung Ceased
Block Year | Junet June 15 Julyt  July 15 Total
1 1930 230 212 183 148
1931 324 415 320 246 1,305
1932 512 584 456 304 1,856
1933 399 386 255 144 1,184
1,465 1,597 1,214 842 5,118
2 1930 216 190 186 126 718
1931 317 296 295 201 1,109
1932 448 471 387 289 1,595
1933 361 280 187 83
1,342 1,237 1,055 699 4,333
3 1930 219 151 177 107 654
1931 357 278 298 192 1,125
1932 496 399 427 271 1,593
1933 344 254 239 90
1,416 1,082 1,141 660 4,299
4 1930 20 209 168 727
1931 362 336 328 226 1,252
1932 5 485 462 312 1,799
1933 381 279 244 168 1,072
1,483 1,250 1,243 874 4,850
Total 5,706 5,166 4,653 3,075 18,600
Socks 3 (23? ’;;g)
Cutti .
“ i‘lg:zxr (l) 2%2 gl}g:‘
Quadratic 1
Remainder 1 7 27
r 9 2 1429
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vigor, and the experiment 1s to learn the relative effectiveness of the har-
vesting plans

To avoud the effects of correlation, the annual plot yields are added and
the analysis made on the sums Certamly there 1s no doubt that the
cuttings affected the wvigor of the plants as measured by yields to June 1

The cutting totals are sep 1 mnto linear, ds and cubic
effects and the correspondmg sums of squares entered n the table The

| that the yields fall off more

and more rapldly as the severity of the cutting increases A graph of the
cutting means (or totals) agamnst dates will show this clearly Since
Remainder 1s little larger than Error, deviations from a parabolic curve
are butable to 1

In this experiment there 13 much more mformation than has been
extracted by the analysis given Correlated errors can be avoided to a
great extent by taking differences between the years For example, the
Iinear component on years for one block should be independent from that
1n the other blocks Features of this experiment have been discussed by
Snedecor and Haber (13, 27) as well as 1n the 4th edition of this text
The necessary statistical methods are given 1n the foregoing sections so
need not be repeated here

EXAMPLE 1212 1—The following data illustrate a serics of cxperiments over
5 places (19) Four treated lots of 100 Mukden wybun seeds, logcther wit’ one lot
untreated, were planted 1n 5 blocks ai tation
total numbers of emerging plants (from 500 seeds) P, shown Tor the 5 [ocations  Also
shown are the analyses ofvanlnu at the several stations

‘NUMBER OF Euznumo PLANTS (500 Seeps) i 5 PLots CooPERATIVE Seen
REATMENT TRIALS WiTH MUKDEN Soveans, 1943

Location Untreated Arasan Spergon Semesan, Jr Fermate Total
Michigan 360 356 362 350 373 1,801
Minnesota 302 354 349 332 332 1,669
Wisconsin 408 407 391 391 409 2,006
Virgima 244 267 293 235 278 1,317
Rhode Island 373 387 406 394 375 1,935
Total 1,687 1,71 1,801 1,702 1,767 8,728

Mean Squares From Original Analyses of Varance

Location

Souree of | Degrees of
Variauon | Freedom | Michigan Minnesota Wisconsin Virginta Rhode Island

Treatment 4 14 44 82 84* 17 44 114 26* 37 50
Block 4 185 14 54 64 5 64 70 76 4 80
16 4229 26 67 30 64 26 34 13 05

Test the hypothess of homogeneity of error vanance Ans Corrected x* = 522, f w 4.
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EXAMPLE 12 12 2—For the entire soybean data, analyze the vanance as follows

Source of Variation | Degrees of Freedom  Sum of Squares  Mcan Square

Treatment 4 380 29 95 07
Location 4 11,852 61 2,963 15

Interaction 16 685 63 42 85
locks 1n Location 20 1,283 92

Experimental Error 80 2,223 68 27 80

Blocks and Expenmental Error arc pooled from the analyses of all the 5 places

EXAMPLE 1212 3—Wnte out the component analyss, assuming treatments
fixed with locations and blocks random

Treatment, T o + Sop? + 25
Location, L o+ Sopyt + 250,
7L o + Sop?

Blocks n Location, B(L)  o* + 5oa(1)?

Pooled error ot

For Treatments, F = 9507/42 85 = 222, Fo = 301

EXAMPLE, 12 12 4—lsolate the sum of squares for the planacd comparson,
Treatmentvs Check Ans 17170, F = 401, F g =

12.13—Proportional sub-class numbers. For one reason or another
the numbers of observations 1n the treatments of a table like 12 4 1 may
not be equal When through accident, or under the himitations of an
experimental technique, erratic losses of data occur, the addition theorem
for sums of squares 1s annulled and the analysis of variance must be modi-
fied Appropriate methods are described 1n following sections Occa-
sionally, however, the sub-class numbers are proportional, as in some of
the foregoing tables, causing no mnjury to the analysis of variance

In table 1213 1 the numbers of dressing percentages (each decreased
by 70%) for the breeds and sexes represent approximately the propor-
tions 1n which the ammals were brought in for slaughter at the College
Meats Lat y (5) For 1l we have chosen only a small
sample from the original data  All the pigs represented have weights
between 200 and 219 pounds, with such large denominators, transfor-
mation of these pi seems y Let me h the
fact that the sub-class numbers for breeds are representative of population
proportions  The picture would be distorted by equality of numbers The
only modification ntroduced 1nto the original data has been to make the
numbers proportional, that s,

both 126 = 30 15 = 4 2, etc.
and 123046:10 =615235

While propomonal sub-class numbers do not disturb the analysis of
the p must be modified shightly because of unequal
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TABLE 12131

Dressing PercenTaces (Lus 70%) or 93 Swine CLassiFzp By BREEp AND Sex

Live WeignTs 200-219 Pounps

Breed
1 2 3 4 5
Number [Male Female |Male Female

1 133 1821109 143|136 129116 138|103 128
2 126 1131 33 1531131 144(132 144(103 84
3 115 142|105 118 41 126 49101 106
4 154 1591116 110|108 152 69 139
5 127 1291154 109 147 132 100
6 157 1511144 105 12 4 10

7 13 2 116 129 122

8 150 144 125 133

9 14 3 75 130 129

10 16 5 108 76 929

11 150 105 129

12 137 145 124

13 109 128

14 130 109

15 159 139

16 128

17 140

18 11

19 121

20 147

21 127

22 131

23 10 4

24 19

25 107

26 14 4

27 113

28 130 '

29 127

30 12 6

X 168 9 87 6 [362 7 1827 |41 6 273|797 331 (1101 557

Total N = 93, 2X = 1,149 4, 2X* = 14,785
Breed Sums 1, 256 5, 2 5454 3,689, 4.|128 5,1658
Sex Sums Male, 763 0, Femnlr, 386 4

1
2
3

6

Correcuon C = (2X)*/n = (1,149 4)/93 = 14,205 60
Total ZX* — C = 14,785 62 — 14,205 60 = 580 02

Sub-classes

(168 9)* (87 6)* (55 7)*
1zttt

C = 12283

Within sub-classes 58002 — 12283 = 45719
(7630 | (386 4
Sex g+

Breed

(256 5)*
18 +

7 Iateraction 12283 —

(165 8
+ 5

C = 052

C = 9738
(9738 + 052) = 2493
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TABLE 12 13 1—(Confinued)

Sex 1 0 52 0 5:
Breed 4 97 38 24 34°°
Breed-Sex Interaction 4 24 93 623
Within Sub-classes 83 457 19 551

sample sizes (section 10 16). The appropriate method 1s shown 1 the
table. Since the sample chosen for illustration represents only a small
fraction of the original data, concluslons should be only tentative

With unequal sub-cl the analysis 18 compli-
cated as 1t was 1n sections 10 16 and 10 17 Different coeflicients must be
calculated for each component 1n each effect (24)

Wilk and K h (30) have developed general las apply-
1ng to all models of 3-factor arrangements, the sub-class members may be
equal or proportional I shall report only the 2-factor parts Let the

proportions 1n factor 4 be uy uz uq and those 1n B, 0, v, v, Also
let
Zu? P
= = . = .=
UsZuV =200t = o, V= o
Then the population componeuts are*
VA — U
4 PR {(V‘ Dot }
V(1 -V 1
B ,4+"Ub_(_1_){ —2->m1+n’}
WV =UN1 -V
4 te-ne-n

As usual, n 1s the number of replications 1in the completely random design,
1t represents number of blocks in randomized blocks 4 and B have the
following values

InModel I, A =a,B=1)

1
In Model Il,} =0

g =0

=0

If A 1s fixed, Brandom, 4 = a, %

IfAm.ndom,Bﬁxod,Ai -0,B=5
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For the swine, 1f 4 denotes sex and B, breed
n=1,a=2b=5un=2tu=1,0==6mn=15s=2,0=3056=>5
U=2+4+1=3V=6+ +5=31,

2t 4 12 6+ 452

Ut == =055 ¥+ s = 03t

Finally, since sex and breed mvolve fixed parameters, 4 = a = 2, B = b
= 5 Substituting, the components are
A o? + 458 kap? + 41 3ks?
B o 4+ 090 xas* + 160 x5*
4B o' + 711 s’
In the swine data, the estimates are

2 =551

2434 — 551 — (090)(0 101)
- 160

sg* 117

The sample furnishes no estimate of 5,2 so take 1t as zero
For testing, one may not be far off if he uses the Satterthwaite-Cochran
approximation, section 1210 To get comparable mean squares for
testing breed, start with the mean square for Breed-Sex Interaction,
623 =5+ 711 54p°

Multiply by the ratio of the coeflicients of 545? 1n B and 4B, 0 90/7 11

090 090

e = 2

277 (623) = 558 + 090sy
Or 079 = 0132 + 0.9050s?
Now add 551= ¢

Denominator mean square 6 30 = 1 135 + 0 90s,5*
For the numerator of F, start with
0.90 ,

090
7=
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Or 070 =0.13 s
Breed mean square, 24 34 = 24090 5452 + 16 0sp?
Sum, 2504 = 1135® + 0 90 s45* + 16 0 55°

Then, F

L1300 5+ 16050 2504 _
T 1139+ 090 s8® T 630

Since both terms of F” are sums of combinations of mean squares, degrees
of freedom must be estimated

o B0
BNCEORNEIED
83 4
, (6 30)?
@y G %
4 83
For f = 4 and 76, Foy = 358 to be compared with the sample value,
F' =397 Doubtless there are breed diffc 1 dressing p g

The means are 842,821, 815,825,8119%

If unequal frequencies occur by chance, not representing real popula-
tion differences in size, 1t may be well to analyze the unweighted means
of the 2-way table The method 1s given 1n section 12 16 and apphed to
the swine data n example 12 16 2

12 14—Disproportionate sub-class numbers. The 2 X 2 table.
Neither equality nor proportionality in sub-class numbers 1s always at-
tainable For example, one can’t control the proportion of the sexes of
chicks hatched from differently treated batches of eggs  The consequences
may be serious if the character measured, such as growth rate, 1s different
i the sexes A lot of chicks with a predominance of males will ikely gain
faster than one with extra females even though the treatment of the second
lot 1s more favorable to growth Much the same effect may be observed
i table 1214 1 (26) The weighted mean of the 2 lots injected with hor-
mone B 1s the smaller, whereas the unweighted mean (ignoring sub-class
numbers) 1s the greater  As we shall learn, neither pair gives an unbiased
estimate of the effect of B

Another starthng characterisuc of disproportionality in a 2-way table
15 the failure of the addition theorem for sums of squares While this 1s
not evident in table 12 14 1, 1t shows up 1n the analysis of the rat data of
table 1215 1, the two sums of squares, sex and generation, adding to
more than the total sum of squares Clearly, no proper estimate of inter-
action 15 given n such a table In fact, all estimates and tests of signifi-

b-cl.

cance may be biased by the disproportion of bers, and the
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TABLE 12141
Coms WereHTs (MiLLiGRAMs) of Lots or Cricks InjecTep With 2 Sex Hormones
EPARATELY AND IN COMBINATION

Untreated Hormone B
Number ZX z Number ZX z
Untreated 3 240 80 12 1,200 100
Hormone 4 12 1,440 120 6 672 112
15 1,680 18 1,872
‘Weighted mean 1,680/15 = 112 104
Unweighted mean (80 + 120)/2 = 100 106

Prehminary Analysis of Variance, Ignoring Disproportion Among Sub-class Numbers

Source of Vanaton| Degrees of Frecdom  Sum of Squares  Mean Square

Hormone A 1 3,724
Hormone B 1 524
Indiduals 29 23,519 811

approprate statistical methods are thereby complicated (32) Missing
data m randomized blocks and Latin square experiments cor..ututed
special cases of the more general one now to be explained

In the problems of this section and the next, there 1s required a pre-
hminary analysis of variance 1n which the disproportion of sub-class num-
bers 1signored  The analysis follows the pattern for proportional numbers
mn the preceding section We are to learn how unbiased estimates and
tests of significance may be attained for the main effects (means of rows
and columns) and interactions But 1t should be noted that there 1s no
bias 1n the sums of squares for sub-classes, either among or within them
In table 12 14 1, for example, the sums of squares among sub-classes,

(240)* | (1,440)* = (1,200)* + 672)  (3,552)* _

—_ =4
3 12 12 6 33 1940

and for individuals, 23,519, are correctly esimated 1n the manner of
section 10 16

The calculations of table 12 14 2 require httle explanation Weights,
W, are made up from the numbers of chicks, , and these lead to a weighted
sum of squares (1,216) of the mean differences A correction term yields
the nteraction mean square which 1s little greater than sampling expecta-
tion  Therefore, the interaction 1n the population may be assumed neg-
hgible

It turns out that the correction term, (ZWD)Y/ZW = 40, 15 an un-
biased estimate of the mean square between the column means (hormone
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TABLE 12142
INTERACTION NEGLIGIBLE IN A 2 X 2 TasLe WiTH DISPROPORTIONATE SUB-CLASS
Numsers ComputaTions FoLLowing TasLe 12141  Crick HORMONE Data

mny

Untreated Hormone B
| mtm g g
=D

mooA om & -w WD wp
Untreated 3 80 12 100 24 20 48 960
Hormone 4 12 120 6 12| 40 -8 —32 256

64 16 1,216

Sum of squares for_mteracton
= IWD* — (ZWD)}/ZW = 1,216 — (16)/6 4 = 1,216 — 40 = 1,176
F =1,176/811 = 145, f = 1 and 29, not sigmficant

Correction for disproportion = (sum of squares for hormone B) — (ZWD)/ZW=
524 — 40 = 484
(see prehmnary analyss, table 12 14 1)

Completed Analysis of Vanance

Source of Vanaton ! Degrees of Freedom Mean Square

Hormone A 1 (3,724 — 484) 3,240
Hormone B 1

Interaction 1 1,176
Individuals | 29 811

|
For 4, F = 3,240/811 = 4 00, For B, F = 40/811 = 005

B), hence, the prehmunary value 1n table 12 14 1 must be reduced by a
Correction for disproportion = 524 — 40 = 484

The same correction for hormone 4 results n the completed analysis at
the bottom of the table

There 1s now available an unbiased estimate of the mean difference
due to hormone B acting both with and wathout 4 this weighted mean
difference 15

SWD/EW = 16/64 = 25 mg

It 1s notable that this 1s not the difference between either the weighted
or unweighted means of table 12 14 1 A similar esumate for the difference
due to 4 may be calculated from the columns In this table the weights
happen to be the same as those 1n the rows so that

SWD/EW = [(2 4)(40) + (40)(12)])/6 4 = 225 mg

It 15 the of these
F-values 1n the table

that 1s tested by the
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If interaction appears, there 15 usually no pomnt i pursuing the analy-
sis  Mam effects would have httle or no meamng The existence and
mterpretation of the mteraction usually ends the mvestigation  If further
comparison among the groups 1s indicated, separate effects for hormone 4
and hormone B may be examined as n section 4 5 or section 10 16

EXAMPLE 1214 1—1In studying the isolating mechanisms of two species of
Drosophula, Mayr and Dabzhansky (I8) confinec males of D peimls for sveral days
with femalés of the same specics, proconditiomng them, then gave them access to fe-
e of borh thers own peces i o preadosbicura” They then confined persmilss

them, following this with mul-
B e e e et ons of feomales et were

P C
Inseminated Not Inscrunated Not
Perpimalis 18 14 41 6
Pseudoobscura 5 32 20 32

Recalling section 9 10, transform the percentages insemnated to angles (table 11 12 1),
the frequencies and angles bemg as follows
32

48 59 47 69 06
37 2157 52 38 33
Analyze the vaniance as follows (mean squares given)
Conditioning 1 13,910
Species 1 35,701
]nlcrtc(lo 139
Error (see example 124 4) 821

How do you interpret these results®

12.15—Disproportionate sub-class numbers. The R X 2 table. This
type of table 1s of rather common occurrence, ordinarily mvolving the
two sexes The data 1n table 12 15 1 first brought to our attention some

TABLE 12,15 1
ln'mlAcnoN NeoLIoIBLE IN R X 2 TABLE WITH DISPROPORTIONATE SuB-cLASS Num-
ERS NUMBER AND MEeAN GAIN IN WEIGHT (GRAMs) OF 149 WisTaR RATs During
1928 29 Four Successive GENERATIONs GAINs DURING 6 WEEKs BEGINNING AT 28
DAvys oF AGE 100 GRAMS SUBTRACTED FROM Eacn Gav

Male Female e
mta g gy
Generaton | m & m & =W =D wD
1 21 76952 27 9518 | 118125 67 434 796 564
2 15 61 467 25 14 080 9 3750 47 387 444 253
3 12 55667 23 8522 78857 47145 371 771
3 7 71000 19 6790 51154 64210 328 460
34 1886 1,941 048
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‘TABLE 12 15 1—(Confinued)

Prelimmnary Analysis of Variance of Onginal Data

Source of Vanation Degrees of Freedom  Sum of Squares  Mean Square
Sub-class means 7 119,141
1 114,287
Generations” 3 5,756
Indiwiduals 141 409

Interaction sum of squares *SWD? — (EWD)Y/ZW = 113,385 — 110,202 = 3,183
Correction for disproportion = 114,287 — 110,202 = 4,085

Completed Analysis
Sexes 1 110,202 110,202
Generations 3 G7se—a08) L 671 7
Interaction 3 1,061
Individuals 141 409

* TWD*1s run up on the machinc (67 434)(796 564) +-
of the pecul of disproportionate sub-cl bers (6) In the

preliminary analysis of variance the two sums of squares, for sex and gen-
eration, add to more than the total for sub-classes, emphasizing the non-
orthogonal feature ntroduced by irregularities in the cell frequencies

The interaction, though large, falls short of significance  Since there
15 no reason to believe that the difference 1n the sex rates of  gan would
change with generation, so far as the popul. 1
interaction may be assumed

The remaining computations proceed as in table 12 14 2

This method 15 apphcable to tables in which the data are missing en-
urely from a sub-class Zero may be entered instead of # and £ with no
disturbance of the computations From the degrees of freedom for inter-
action deduct 1 for each cell with no entry

The unbiased estimate of the sex difference 1n mean gain 15

SWD/TW = 1,941.048/34 1886 = 56 77 grams

That 1s the mean difference tested by F = 110,202/409

Unbiased of mean d will be made avail-
able by the method of fitting constants to be explamned in section 1217
Very good approximations can be got by applying the method of table
12142 As an example, the weighted mean difference between genera-
tions 1 and 2 15 calculated 1 table 12 15 2, and a test of significance 15
provided
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TABLE 12152

APPROXIMATE METHOD OF CALCULATING THE WEIGHTED MEAN DIFFERENCE BETWEEN
GENERATIONS 1 AND 2 FOR Exact METHOD, SEE SECTION 12 17

Generation 1 Generation 2

m & a £ w D wD
Male 21 76 952 15 61 467 875 15485 135 49
Female 27 9 518 25 14 080 12 98 —4 562 =59 21

2173 76 28

Weighted mean dfference = EWD/EW = 351 grams
Mean square of mean difference = 409/2173 = 1882, 52 = 434,
¢t =351/434 = 081,f = 141

EXAMPLE 12 15 1—Becker and Hall (3) determned the number of oocysts pro-
duced by rats of 5 strawns during immunization with Eimersa myain: - The ume of
‘measurcment 15 10¢ oocysts

Strain
Sex Lambert Lo H WEL Wistar (A)
Male n 8 14 20 ] 9
z 361 949 194 4 64 1 175 7
Female n 7 14 21 10 8
z 319 68 6 187 3 89 2 148 4

Venfy the completed analysis of variance quoted from the original article

Sex 1 2,5% 6 2,504 6
Strain 4 417,565 6 104,391 4
Interaction 4 1805 3 2,201 3

109 332,962 9 3,054 7

You will not be able to duplicate these numbers exactly because the means are reported
to only 3 sigmificant diguts  Your results should approximate the first 3 figures 1n the
mean squares, and no more are necessary for testing

EXAMPLE 12 15 2—Many investigators have studied the effect of site (cervix
and uterus) on the success of artficial insemnation of dairy cows From 3 reports 1
compiled this 3-way contingency table (section 9 10)

Cervix Uterus
Investigator Success Failure Success Failure
1 64 39 97 53
2 123 70 121 72
3 292 208 324 176
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Calculate the percentages of success, transform to angles and analyze the vanance
(mean squares gwen)

Site 1 2,357
Investigator 2 174 5
Interaction 2 688
Error « 821

The argument 15 advanced that less ime and less chance of infection are involved
1n the cervical method What decision would you make about site”

12.16—Disp b-cl bers in R X C table. Ap-
proximate methods. The general method for fitung constants, to be
given m the next section, 15 a bit tedious  The approximate method Qf un-
weighted means, now to be explained, has several ad 1 a
famihar form of calculation If interaction becomes obvmus no further
computation need be done If interaction 1s clearly negligible, the main
effects may be so obviously present or absent that the exact method of
the next section 1s not needed This approximate method allows the
use of planned comparisons (section 12 2) or of all comparisons as in sec-
ton 10 6 If the sub-class numbers are only shghtly unequal, especially
if they are farly large (say, 10 or more), this approximation to the method
of fitng constants 1s close

The mithod 1s 1llustrated by an experiment in which the disproportion
of the sub-class numbers 1s considerable The same data will be used 1n
the next section so that comparisons may be made

Three strains of mice were moculated with 3 1solations of the typhoid
orgamism (11)  Days-to-dcath was recorded for each mouse  From the
original data, not given here, there 1s required only the estumate of error,
the variation among mice receving the same treatment  This 15 5015
with f = 774  Sub-class numbers and means are shown in table 12 16 1
The former are 1ignored 1n the analysis of variance, only the means being
used 1n a simple 2-way computation hike that of table 1121

For comparison with error, the mean squares for means must be mul-
tiphed by the number of mice 1n a sub-class  Since this varues, an average
18 used, the harmomc mean Thls 18 thc reciprocal of the mea of the re~

Is of the sub. lated at the bottom of the table
Thc product of n bv the mean square for Interaction 1s recorded 1 the
last column  (Alternatively, 5 015 may be divided by n, to get an estumate
of error Jor the mean squares of means Result, 0 0841 )

As would be assumed from scanning the data, interaction 15 evident
Strains RI and Z were resistent to 1solations 11C and DSC1 but Ba was
susceptible to all No comparisons among main effects would seem ap-
propriate  Some separate comparisons might be made among the 4 large
means and among the 5 small, but these would be biased comparisors
because they are selected on the basis of a previous test and after examina-
tion of the data themselves However, I tried the 4 large means i a
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TABLE 12161

Sus-cLAss NumBERS AND MEAN DAYS-TO-DEATH IN 3 STRAINS OF MICE INOCULATED
‘WiTH 3 IsoLATIONS oF THE Typaom BaciLLus

Stram of Mice

Isolation RI z Ba Sum
9D 34 31 33

4 0000 40323 3 7576 11 7899
11c 66 8 13

6 4545 6 7821 4 3097 17 5463
DsSC 1 107 133 188

6 6262 7 8045 41277 18 5584
Sum 17 0807 18 6189 12 1950 47 8946
Analysis of Vanance of Unweighted Means Individual Bass
Isolation 2 8 8859
Strain 2 7 5003
Interaction 4 3 2014 0 8004+ 47 7148
Individuals 774 0 0841 5 015

t_1/1 1
T-7<QT+ +I_HB) = 00167754 ne = 59 6111

2 X 2 tablg like 12 14 1 and found the interaction not quite significant
at the 5%, pont

Instead of the method of unweighted means, there 1s a second approxi-
mate method occasionally useful if 1t 1s evident that the sample frequencies
are representative of those n the sampled population The border totals
may be used to calculate cell frequencies which are proportional so that
the method of proportwnal sub-class numbers, section 12 13, becomes appli-
cable This was the case i a survey of farm tenancy (29) used as illustra-
tion in section 98 There 1t was shown that the sub-class numbers might
follow the pattern of the border totals independently of soil or tenure It
seems reasonable, then, to use proportional numbers instead of the dis-
proportionate sample numbers

Table 12 16 2 contains sub-class means of acres i corn, calculated
from the survey data This mean 1n each cell 1s multiplied by the propor-
tional sub-class number to get a new estimate of ZX n’that cell The new
ZX along with the proportional numbers are combined 1n the analysis
of variance

The advantage of this analysis 1s that 1t 1s orthogonal and that 1t allows
the components to be estimated as 1n section 12 13

There 1s no evid of m the p while the tenure
means are doubtless different If it seems necessary to make a more
cnitical test of the soil effects, the method of the next section 1 appropriate




Sectron 12 16 Factorial Arrangements of Treatments 387

TABLE 1216 2
Farm Acres 1n CorN CrassiFiep sy TENURE Anp Soi. PropuctviTy
Aubuox County, lowa

Owner Renter Mixed
Sol Ob-  Propor- | Ob- Propor- | Ob- Propor-
Class served  uonal | served tional served  tional Zn Y
n 36 36 75| 67 62 92{ 49 52 33| 152
I z 327 55 2
X 1,202 3,473 2,684 7,323
n | o3 33 85 60 57 95 49 48 20 140
II z 360 53 4 47 1
X 1,219 3,095 2,270 6,584
n 58 54 40 87 93 13| 80 77 47| 225
m |z | 301 468 40
X 1,637 4,358 3,107 9 102
Zk 125 214 178 517
X 4,058 10,926 8,025 123,009
Analysis of Vanance Using Proportional Numbers
Source of Vanation Degrees of Freedom  Sum of Squares Mean Square
Soils 2 6,635 3,318
Tenure 2 27,367 13,684
Interaction 4 883 221
Error (from original data) 507 830

EXAMPLE 12 16 1—To the mean farm acres 1n table 12 16 2 applv the method
of unweighted means  You will gec

Sails 2 2,436*
Tenancy 2 14 490%*
Interaction 4 255
Error 507 830

There 1s no change 1n conclusions though the effect of souls seems less pronounced  Sec
example 12171

EXAMPLE 12 16 2—In table 12 13 1, the sizes of the breed samples are assumed
proportronal to the population of these breeds in the region but the proportion of
sexes anses from marEcung practices _If the estimates are to apply to the local popula-
tion of swine, 1t may be as well to analyze the unweighted means in an ordinary 2 X 5
table, one mean per cell

Sex 1 13
Breed 4 15 5*
Interaction 4 101

Evror 83 5 51
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12 17—Fitting constants in a two-factor table. This 1s 2 gencral
method for analyzing 2-factor experiments, most of the methods which
have been given, including the supplying of missing data, are special
cases  Fitting constanis leads to an unbiased estimate and test of interaction
if 1t 15 present  If there 1s no interaction 1n the population, the estimates
and tests of the main effects are unbiased

For comparison with the method of unweighted means, constants

TABLE 12171

Tue MeTrop oF Firring ConsTanTs Davs-To-DEATH IN 3 STRAINS OF Mice Inocu-
LATED WiTH 3 IsoraTions o THE TypHo BaciiLus

Strawn of Mice
Organ-
1sm RI z Ba Iy ZX  de b4z
D n 34 31 33 98 385 3 9490
n/En,| 0 34694 0 31633 0 33673 3 9286
1C n 66 78 13 257 1,442 5 8600
n/Zn | 0 25681 0 30350 0 43969 5 6109
DSC 1 n 107 133 188 428 2,523 6 1375
n/Zn,| 0 25000 0 31075 0 43925 5 8949
Zn, 207 242 334 783 -
X 1,271 1,692 1,387 4 350
a 0 4506 12240 —1 6746 £ = 53155
Prehminary Analysis of Vanance
Mean
Source of Vanation Degrees of Freedom Sum of Squares Square
Soulrclas‘u 8 1 785 58
rganisms 2
Strain 2 1,327 1o} 1,53 66
Individuals 774 5015

+ [(34)(031633) 4 4+ (107)(0 31075),
+[(34)(033673) +  + (107)(0 43925)]as
= (34)(3 9286) + + (107)(5 8949) — 1,271
(and 50 on to the last a)
(m(o 34694) +

n {(34)(0 34694) + + (107)(0 25000) — 207]ay

(1880 2500
188)(0 31075)]ay
188)(0 43925) — 334)as
{188)(5 8949) — 138

S5
°
%

4

= (33)3 9236) +
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are fitted to the mouse data of table 12 16 1 augmented by the original
values of 2X The constants are the values of a and 8 in the model,
Xup = 1+ ar+ 8, + e

where a and 8 correspond to the 2 factors, 4 and B The estimates are 4,
and by, Za, = Zb, = 0

In each cell, the ratio of n to Zn, 1s entered, the sum 1n each 10w 1s
necessarily unity  In each row 1s the weighted mean, %, = X/Sn, If
the table were rectangular instead of square, 1t should be arranged so that
R s large and C small, the fewer the columns the easier the calculatons

The computations are quite systematic  Corresponding to each col-
umn an a-equation 1s written as outhned at the bottom of the table In
ay the sub-class numbers 1n column 1 are used over and over, each tme
with successive columns of ratios, and 1n the right member, with the
column of means  In g the numbers in column 2 are applied 1n the same
pattern of ratios and means The only uregularity 1n the pattern s the
subtraction of Zn ; from one of the terms 1in each equation

The coeflicients of the a’s, casily calculated with a machmne, are set
down 1n the following set of simultaneous linear equations

—151505 ay + 64036 a, + 87 468 a3 = —136 35
64036 ay — 167 191 ap + 103155 a3 = —348 54
87468 ay + 103155 a, — 190 624 a3 = 484 92
In venfication of the computations, observe that the coeficients occut 1n
pairs symmetrically arranged with respect to the principal diagonal, and
that the sum of the cocflicients 1n cach of the 3 columns, as well as the sum
of the right-hand members, 1s zero (except for rounding errors)

Since Za = 0, the first step 15 to substitute a5 = —a, —a, in cach
equation  This 1s easily done sumply subtract 87 468 from cach of the
preceding cocflictents n the first equation, and 103 155 from each n the
second, the results being

—238973 ay — 234324 = —13635
— 39119 @ — 270346 a3 = —348 54

The third equation 15 merely the sum of these two and may be discarded
The solution 15

a = 04506
a = 12240
and, therefore, ag = —16746

Venfy by substitution 1n one or more of the original equations It 1s
convenient to enter the 4’s 1n the last row of the table
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A quantity, 6 + Z, n each row 1s now calculated from the a’s together
with %, and the ratios in the same row As an example, n row 1,
by + % = 39286 — (0 34694)(04506) — .  — (0 33673)(—1 6746)

= 39490
Similarly, b+ E= 58600
b+ 2 = 61375
Adding, T3z = 159405 (because Zb = 0)
z= 53155
Finally, by = — 13665, by = 05445, b; = 0 8220

The “reduction 1n sum of squares due to fitting constants” 1s now cal-
culated from the constants and the original ZX 1n the borders of the table

by this process:

(04506)(1,271) + (1 2240)(1,692) + . . .
+ (61375)(2,523) — (4,350)%/783 = 1,609 78

Deducting this from the sum of squares for sub-classes, the interaction sum
of squares 1s attained,

1785.58 — 1,609 78 = 175 80
Since there are 4 degrees of freedom for interaction, we have
Mean square for interaction = 175 80/4 = 4395
F =4395/5015 = 876, f = 4and774, Fo = 335

As before, interaction 1s shown to be present in the population so that
orcinarily the analysis would not be carried further, the data would be
terpreted as in the foregoing section  But as an illustration of the cal-
culatonal procedure, we proceed as though there were no interaction

Estimates of sub-class means and treatment means, £ + 2 + b,, are
made 1n table 12 17 2 Ifinteraction n the population were zero, these
would be unbiased estimates of p Clearly there 1s
no interaction among the sub-class means made up from fitted constants
(there was none provided n the model) Consequently these means
cannot represent those in the mouse population where interaction 1s
present

The method of fittng constants 1s not dependent on the presence of
data 1n all cells of the table If cells are empty, zeros for n and 7/Sa, do
not disturb the calculations Degrees of freedom for Sub-classes and Inter-
action n the analyses of variance are each decreased by umity for each
cell with missing data

With no interaction, the analysis of variance would he completed as
shown in the table  The correction for disproportionate sub-class numbers
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TABLE 12172
EstieaTes MaDE FroM FITTED ConsTANTS  INTERACTION Assumep Zero
louse DATA oF TabLe 12171

Organ- RI z Ba
1sm Constants a = 04506 ay = 12240 a4 = —16746 Mean
9D b 47 = 39490 4 3996 5 1730 2 2744 3 9490
11C by + 2 = 58600 6 3106 7 0840 4 1854 5 8600
DSC 1 by 2 = 61375 6 5881 7 3615 4 4629 6 1375
Mean 5 7661 6 5395 3 6409
Completed Analysis of Vanance

Organisms 2 30047 — (=7312)* = 382 59

Strains 2 1,22719 = (=7312) = 1,300 31

Interaction 4 175 80 43 95
Mice 774 5 015

*Correction = (combined sum of squares for Organism and Strain) —
(reduction due to constants)
= 1,53 66 — 1,60978 = —7312

18 made from the combmed mamn effects n the prelimmary analysis
(table 1217 1) and the reduction due to fitting constants  If there were
no interaction, the mean squares for Strains and Organisms would be
tested for sigmificance as usual.

EXAMPLE 1217 1—From table 12 16 2 there 1s no evidence of interaction 1n the
pulation The mean squares for Soil and Tenure 1n that table and those 1n example
FZ’ 16 1 can be compared with the unbiased estimates made by fitting constants  Carry
through the computations for the tenancy survey and you wall get (approximately,
depending on decimals carried)

Owner Renter Mixed

Soil Constants a = —10257 a5 = 7975 o = 2282  Mean

1 by + 2 = 46 356 361 54 3 48 6 46 4
Ix by + 2 = 45 084 34 8 531 47 4 45 1
I by + 2 = 29 202 289 47 2 415 392
Mean 3313 515 45 8
Soils 2 5,561 2,780
Tenancy 2 26,293 13,146%*
(Interaction) 4 (3,163)
Error 508 830

Note The preliminary analyss of variance was

Sub-classes 8 37 165 20
Soils 2 6 635 39
Tenancy 2 27,367 09
Error 508 830
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CHAPTER 13

Covariance

13.1 d 1% lled 4 ma
affect both exp error and of effects If the
can be d even app! some can
be made, often g the n the An appro-

priate statistical method 1s known as covariance It s an extension of the
regression methods of chapter 6 toadapt them to the common experi-
mental designs The measurement on environment 1s the independent
vartable X, the dependent variable ¥ being the observed experimental
result The objectives are to learn the effects of X on Y, to compare
treatment effects on Y independent of (or adjusted for) X, or if the treat-
ments have effects on X, to segregate the direct effects of treatments on ¥’

13.2—Covari: in a letel domized with
two treatments. In a survey to learn some relations betwcen nutrition

TABLE 1321
Aok ap ConczrnaTioN oF CoLESTEROL (Mo /100 ki ) i Tie BLoop SeRus or
Towa AND NEprAska Wowi
Towa, n = 11 Nebraska, n = 19
Cholesterol  (Age Cholesterol Age Cholesterol
Y X Y X 4
46 181 18 137 30 140
52 228 44 173 47 196
39 182 33 177 58 262
65 249 78 241 70 261
54 259 51 225 67 356
33 43 223 31 159
49 121 44 190 21 191
76 339 58 257 56 197
7 224 6 337
41 112 19 189
58 189 42 214
Sum 584 2,285 873 4,125
2 =531 91 =207 7 2y =459 gy =217 1

[394]
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TABLE 13 2 1—(Conttnued)

Towa

X = 32,834 BXY = 127,235 V7 = 515,355

C 31,008 121,313 474,657

87 = 1,829 gy = 5,922 Bt = 40,698

Nebraska

X = 45,677 ZXY = 203,559 Z¥? = 957,785

c 40,112 189,533 895,559

e = 5,565 Iy = 14,026 3P = 62,226

Total, n = 30

ZX = 1,457,2r = 486 EX' = 7851i XV = 330,794 IV = 1,473,140
I¥ = 6410,9r = 2137  C = 70,762 311,312 1,369,603
T = 7,749 Zxy = 19,482 I~ 103,537

and health of women 1n the middle west (10), the concentration of choles-
terol 1n the blood serum was determuned on 56 randomly selected subjects
in Towa and 130 1n Nebraska In table 13 2 1 are subsamples from the
survey data  Figure 13 2 1 shows graphs of the 2 sets of paws, giving an
mmpression of linearity of reg and | of the
former will be assumed in this chaptcr but the latter will be tested

The calculations are typical of chapter 6, leading to corrected sums
of squares and products for each sample and for the total (the two com-
bined) For the latter, SX? = 32,834 + 45,677 = 78,511, the sum of ZX?
1n the separate samples, etc The corrected sums of squares and products
are entered 1n table 132 2, line 1, 2, and 7

TABLE 1322
AnaLysis oF COVARIANGE  CHOLESTEROL DATA
Deviations From

Reg | 3 —  Mean
Lme Stae | /| Ze By 3 | Coel | f (Zp)/2e Square
1 Iowa 10 | 1,829 5,922 40,698 | 3 24 9 21,524 2,392
2 Nebraska | 18 | 5,565 14,026 62,026 | 252 | 17 26,875 1,581
3 Within - 26 48,399 1,862
4 Reg Coel T 08 ‘708
5 Common 28 | 7,394 19,948 102,924 (2 70 | 27 49,107 1,819
6 Ady Means 1 5450 5,450
7 Total 29 | 7,749 19,482 103,537 28 54,557
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Before goimng further, 1t 1s well to look at the analyses of variance
of Xand of Y’

For X Total 29 7,749
Within 28 1,829 + 5,565 = 7,394 264
Between 1 7355 355
ForY Total 29 103,537
Within 28 40,698 + 62,226 = 102,924 3,676
Between T 613 613

The means of the two samples of X = age differ little more than
would be expected 1n from a w: If this were not so,
one might suspect that X as well as ¥ was affected by the treatment
(state), 1n which case the mnterpretation would be affected

Sumilarly, the Y-means are at much the same level above the X-axis
It 1s the adyusted means that will be d, in the present ple, they
diﬂ‘er more than the unadjuxted as wnll become apparent
d by the usual formula, b = Zxy/Zx?,
mg:ther with the corresponding means, are used to draw the regression
hnesn the figure The sum of squares of deviations from each regression,
2dy  1s entered 1n table 1322 Available degrees of freedom are de-
creased by one to compensate for the use of the regression coefficient

The ultimate purpose 13 to learn if the linear regressions of cholesterol
on age are the same 1n Iowa and Nebraska They may differ in several
ways, 1n slope, m elevation, and n ¢, ;> The primary interest 1s usually
1n elevation, would the cholesterol means be the same if the average age
were the same? To get evidence on this question, we shall make the
following assumptions

1 The 2 samples are drawn from normal populations with com-

mon ¢*

2 The slopes of the 2 regressions are the same, that 1s, the population

regression lines are parallel.

In table 13 2 2 there seems to be hittle evidence against assumption 1,
the mean squares 1 Iines 1 and 2 at the right are not greatly different
If desired, the hypothesis of common ¢? could be tested as in sections
48and 1020 If heterogeneous variance were evident, this might be the
pertinent information 1n the sample  Otherwise, ways would have to be
found for segregating the different varances, or perhaps a transformation
would be effecive Homogeneous variance will be assumed unless there
15 contrary evidence  Consequently, the degrees of freedom and the two
Zd, s are pooled 1n line 3 of the table. The result 1s the mean square,
1,862, f = 26, an estimate of o® got from the combined Within State
variation

As for assumption 2, a look at the regression coeflicients and the figure
may be convincing  In these small samples the difference 1n slope may



398 Statistical Methods Section 132

well be attributed to p variation  Ewvid may be ob d by
this device pool the sums of squares and products 1n the 2 samples to
form a Common Regression, line 5 This regression passes through the
Total means, Zr = 486 years, §r = 2137 mg /100 ml, and has the
slope 270 Its slope is a weighted average of the slopes of the two sample
regressions  On the assumption of parallel regressions n the population,
this Common Regression and deviations from 1t furnish estimates of 8 and
o® based on the total sample evidence

Graphcally the device just described 1mplies moving the 2 sample
regressions, parallel to their actual positions, until their means (2, 7) comn-
cade  All the sample points move with the regressions, the deviations
x and y remaining the same  In the new position, 2d, ,* for the sample
regressions arc the samc as before, the least possible surs of squares of
deviations from the separate regressions But, unless the sample regres-
sions are parallel, 2d, ;* for the common regression 15 greater than the
sum for the 2 samples as 1t must be because the sum of the former 1s the
mummum The difference, 49,107 — 48,399 = 708 n line 4, measures
the difference between the two sample regression coefficients  This mean square
may be compared with the mean square Within Samples, 1,862  As-
sumption 2 1s justified because the mean square for Regression Coefficients
15 less than normal sampling variation Within States

If nonsignificance were not obvious, a test of the hypothesis, £. = B,
would be made by

Mean Square for Regression Coeflicients

= =1,2
Mean Square Within Samples f=12%

1f the sample regression coeflicients were found to differ sigmficantly, this
might end the investigation  Interpretation would wvolve the question,
“Why?” The ulumate question about the elevation of the population
regression lines has little meaning unless the lines are parallel

Since assumptions 1 and 2 seem justified, 1t 15 in order to test the
hypothess that the population regressions coincide, that 1s, since they are
parallel, that they have the same clevauon This 1s done by comparing
hnes 5 and 7 1 the table The difference between the 2y 5%, 54,557 —
49,107 = 5,450, corresponds to the sample dfference in elevation F = 5,450/
1,819 = 300, f = 1, 27, lacks significance at the 5% pomnt  The con-
clusion 1s that the two populations may have the same regression lines, at
least, differences are not great enough to be detected by the sampling  In
the original survey the differences were less pronounced than those in the
two subsamples The invesugators felt jusufied n combining the two
surveys for further examination of their problem

Under the two assumpuons above, the model being used 15

Yiy=n+a+B8xy+ ¢

1=1,2,%a,= 0, ¢ = N0, o) B1stheslope of the common regression
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hne m the population and x,, 1s the deviation of any X from the Total
mean, £ = 48 6 years The difference, a; — a,, 1s the difference 1n ele-
vation between the population regression lines for Iowa and Nebraska
The null hypothesis tested above 15 a; = 0

The difference, a; — @, 15 esumated by the difference between the two
adjusted means (section 6 5),
For Nebraska gy — 4(Ey — 27) = 2171 — 270 (459 — 48 6) = 224 4
For Iowa Gr — b(& — %;) = 2077 —270(531 — 486) = 1955
Difference 289
This difference, 28 9 mg /100 ml, was found above to be nonsigmificant

It will be observed that the difference between the adjusted means,
28 9, 1s greater than that between the onginal Y-means, 217 1 — 2077 =
94 1In other experiments the opposite might be true  But the error for
testing the difference in the covariance analysis 1s charactenstically less
than that n the analysis of ¥ alone

EXAMPLE 13 2 1—Here are 2 samples designed for easy calculation

Treatment1 X 29, 20, 14, 21, 6
¥ 22 22, 20, 24, 12
Treatment2 X 15, 9, 1, 6, 19
Y 30, 32, 26, 25 37

Plot the data on a single graph  Clearly the 2 regressions are not far from parallcl
EXAMPLE 132 2—Calculate the analysis of covariance for the proceding ex-
ample

Mean
Lme  Sample | f =¢  Zo B 5 5 & Square
1 1 4 294 134 88 0 456 3 26 93 8 98
2 2 4 204 117 94 0 574 3 26 90 897
3 Pooled 6 53 83 897
4 Reg Coef 1 166 166
5  Common 8 498 251 182 0 504 7 55 49 793
6  Ad) Means 1 372 50 372 56

7 Tol 658 51 432 8 428 05

For the difference between adjusted means, £ = 47 0

EXAMPLE 13 2 3—Calculate the 2 adjusted means and plot them on the m‘fh
along with the 2 sample regressions and the common regression  Ans 17 98 and 32 02

EXAMPLE 13 2 4—Wnite the e?un(mn for the Common regression i table
1322 Ans £ = 270X - 82 5 mg /100 ml

EXAMPLE 13 2 5—Draw a figure showing that, after a point has been moved
to the new ongin (£r, jir) the deviation from Common regression 1s different from the
deviauon from the translated sample regression (unless the sample regressions are
parallel)

EXAMPLE 13 2 6—On the graph of the cholesterol samples, plot points for the
adjusted means for Nebraska, (48 6, 224 4), for Iowa, (48 6, 195 5)
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EXAMPLE 13 2 7—In table 13 2 2, subtract line 5 from line 7 to get the sums of
squares and products Between Means Calculate the slope of a hine passing through
the two sample means  Ans —131 Draw the line on the grapl

EXAMPLE 13 2 8—In the covanance model, let 4 = 20,01 = 4, a3 = —4,8 = 1,
#r =10 Calculate ¥y, — ¢, for Xi, = 12 Ans 26 Draw a graph showing the two
population regressions

13.3—Covariance m a completel domized experi with
more than two treatments The methods of the preceding secuon are
easily extended to accommodate 3 or more treatments The data m
table 13 3 1 1llustrate this type of experiment (7)  For the moment, ran-
dom allotment of the pigs 1s assumed (see section 13 7)  Correction of the

TABLE 1331
INiTIAL WEIGHT X AND AVERAGE DALY GAv ¥ 1v 4 Los oF 10 Pios Eacs,
CoumPLETELY RANDOMIZED

Lot 6 7 8 9
Variable 1 Y X Y X Y x Y
79 19 61 140 62 122 n 115
65 177 59 179 73 139 128
57 162 59 161 58 128 54 140
51 176 53 147 43 128 50 137
57 188 56 169 50 145 60 119
66 150 50 148 44 122 6l 118
44 160 45 140 48 131 44 120
41 149 39 142 51 157 53 0 9%
44 177 38 129 40 121 41 113
36 127 45 126 38 106 38 112
Sums 540 1662 505 1481 507 1299 532 11 98
zx? 30,770 26,143 26,771 29,248
zye 28 0068 22 1917 17 0569 14 4992
XY 913 24 756 65 664 20 638 50
Experiment Totals X = 2,084 Y = 56 40
X = 112,932 XY = 2,972 59 IYE = 81 7546

sums of squares and products at the bottom of the table (as n table 13 2 1)
leads to the data in the first 4 Iines and line 9 of table 13 3 2
First, look at the analyses of variance of X and Y separately

X Y
Total 39 3,35 22306
Within 36 4262 118 09726 00270
Between Means EEE T} 12580 04193%*

The mean imual weights differ less than would ordinarily be expected 1n
random sampling  Section 137 affords a clue In contrast, there are
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TABLE 1332
Anavysis or Covariance Four Lors or 10 Pios Eacu
Dewiations From
Regression
Mean
Line Lot f o= Iy oz b f 2,2  Square
1 6 9 1,610 1576 03844 0010 | & 02301
2 7 9 640 875 02581 0 014 8 0 1385
3 8 9 1,066 561 01829 0 005 8 01534
4 9 9 116 01472 0001 | 8 01458
5 Within 32 06678 0 0209
M Reg Coef 3 00752 0 0251
7 Common 36 4,262 3128 09726 00073 (35 0 7430 0 0212
8 Ad) Means 3 1219 0 4066"
9 39 4,356 34 15 2 2306 38 19629

doubted]

among popul means of gam  We are to
learn “ow these are related to differences 1n 1muial weight

Turning to the analysis of covariance, 1t 1s clear enough that the test
of the adjusted means 1s wvariance 1s ind d by
lines 1-4 and parallel p bl
(lines 5 and 6) The test m lines 7 and 8 showx notable differences among
the adjusted means, 1 65, 149, 131, and 119 It s to be observed that
the adjusted means differ hittle frorn the original and that F-tests among
means and adjusted means are much the same In this experiment,
covariance has been only moderately effecive—how effective will be
discussed below

A planned comparison between two adjusted means 15 convememly
calculated by

Ju—Ju=0—%h—bE —2%) =D
As an example, the rations for lots 6 and 7 differed only by the addition
of yeast to the former. For these lots,
D = 1662 — 1.481 — 00073 (54 0 — 50.5) ="0.155 Ibs /day
‘The mean square for D is
where 5, and ny are the numbers of individuals in the 2 lots and Zxs? 1s the

sum of squares of X in Error, hine 7, s, ,2 15 the Error mean square  For
the difference above,

4 (540 = 505

2 = 1
55 o.ozm[ o ] 000431,
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whence, sp = 00657 lbs /day The 95% confidence limts are 0 155 =
(2030) (00657) = 0155 = 0133 1bs /day Alternatwvely, the t-test may
be made 1if desired Evidently the addition of yeast results mn increased
rate of gamn but the population difference could be small

If there are many planned comparisons, calculation of all the sp be-
comes tedious An average sp may be used 1 all comparisons (6, 3)
The loss 1n accuracy 1s not great, especially if degrees of freedom for Error
are adequate—Cochran and Cox (1) suggest 20 or more—and if the va-
riation 1n X 1s small (the Treatment Mean Square of X should be nonsig-
nificant) This average 1s got by calculating an average mean square to
replace s, ;*

P Zxp?
T 2
Sya = Sy« [1 + [CE=5Y) be’]

where Zx,? 15 the imitial weight sum of squares for Treatments, 4,356 —
4,262 = 94 1n table 1332 Substituting the other data from that table,

Su.

= 00212 [1 ] = 00214

94
B (3)(4,262)
For ny and ne replications, the average mean square for D 15 now
— — 1 1
F=5w2 [+
moom

In the pig nutriion experiment there were 2 planned comparisons
involving the 4 means For the sake of illustration, assume instead that
all comparisons were to be made Under that assumption, let us make
the sequential test,

Saa? = 00214/10 = 000214, 5,4 = 0046 1b /day

From table 10 6 1, Q =287, 346, 381
Then Ossa = 013, 016, 018
Differences Lot 4 Ga— 119 94— 131 G, — 149
6 165 046* 034* 016*
7149 030* 018*
8 131 012
9 119

Atter completing a covariance analysis, the experimenter 1s sure to
ask, “Is 1t worth while?” The efliciency of the covanance relative to
straight analysis of average daily gain 1s esimated by the ratio of the
corresponding Error mean squares

5°
Tart

(a—1) Zxg*

Sy z’[i +



Section 133 Covariance 403

where 5% 1s based on the Common estimate of error for ¥ For the pigs,
s# = 09726/36 = 00270, s, > = 00214 The relative efficiency, then, 1s
00270/0 0214 = 126% Without covariance, 26% more pigs would
have been required to achieve the same precision In most experiments
the value of the covartance analysis 1s far greater than the decreased error
The detailed study of the exp results 1s d Actually,
most of the information can be got from the graphs, the covariance adds
exact numerical evaluation.

EXAMPLE 13 3 1—The following data were abstracted from a larger investiga-
tion of correlations among F) crosses and inbred hnes of corn (4, 8)

Days After June 30 to First Silks (X) and Pounds of
Shelled

Fi Cross Corn Per Plot (¥) for Inbred Lines
Silver King X 24 31 26 30
Y 77 54 52 o
Lancaster X 33 33 32 36 33 38 30 38 31 32 32
Y 96 78 96 77 82 73113 95 88 84 68
Osterland X 31 33 33 33 27 3 3
Y 48 92 85 88 92 79 59

Analyze the variance of ttme to first silks and of yield For days to silks, F = 6 05
results from the selection of the Fy crosses, Silver King was an early white line, Oster-
land an early yellow, and Lancaster a later yellow Thus X s definitely related to the
“treatments” or crosses It would be unreahstic to adjust the yields to a common X
except to learn this how did the crosses achieve their differences in yield” Was 1t by
carliness alone or were other genetic or environmental charactenstcs mvolved?

EXAMPLE 13 3 2—Calculate the following analysis of covanance

Deviauons From
cgression
3~  Mean

F1 Cross J o zn 2 | f (S9)¥/Es* Square
1 Silver King 3 3275 —1142 717| 2 319 160
2 Lancaster 10 7273 —1238 1671 9 1460 160
3 Osterland 6 448 — 846 1802 5 1642 328
4 Within 16 3421 214
5 Reg Coef 2 077 038
6 Common 19 150 34 —3226 4190 |18 3498 194
7 Ady Means 2 3297 16 48%
8 Total 21 24600 1890 69 40 (20 67 95

It 18 evident that vanation in earliness among the inbred lines does not account for
differences among the yields of the crosses

EXAMPLE 13.3 3—In ke 7, the sum of squares of deviations among Adjusted
Means 13 composed of 2 parts One part 13 associated with the deviations of the F;
means from thetr own regrestion,

Reg of Means 2 9566 5116 2750 1 014 0 14,

the sums of squares and products beng the differences between lines 8 and 6 above.
The second 3297 — 014 = 32.83, with a single degree of freedom, measures the
dyffesence between the Common Regression and that of Means For this difference, F = 32 83/
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194 =169, f = 1,18, far beyond the 0 005 pomnt  This shows (1) That deviations of
means from their own regression are trivial, the means he almost on a straight line (1)
That the regression of means 15 different from the Common Regression, the lattersloping
downwards and the former upwards Earliness among 1nbred Lines 1s favorable to
yicld, those that get started carly enjoy the benefits of a longer season But among Fi
crosses, earliness 15 associated with low yields

EXAMPLE 13 3 4—Draw a graph of the regressions of the mbred hnes in the 3
srasses, including the individual points and the means ~ Put in the common regression
line and that for the regression of means

13.4—Covariance in completely randomlzed expenmemr alter-
native method. gs together with g 1 methods often gives
reasonable assurance of linear, parallel rcgre;smns with homogeneous
variance In such cases the test of significance among adjusted means
can be made with much less labor than 1s required by the complete analy-
s1s of covanance  For the pig experiment of table 13 3 1, only the totals
and treatment sums need be used Corrected sums of squares and prod-
ucts for Total are calculated as i line 9 and entered 1n table 1341

TABLE 13 41
CovarIANCE ANALysis IN ComPLETELY RaNpDOMIZED DEsion
P16 NUTRITION EXPERIMENT

Deviatic s From

Regression
um of Mean
Source of Vamation  f @ Ny B2 f  Squares Square
Total 39 4,356 3415 22306 38 19629
Means 3 o4 287 12580
Common 36 4,262 3128 09726 |35 07430 00212
Test of Adjusted Means 312199 0 4066%*

Corresponding calculations Between Means follow the usual pattern,
For X (540% + 505% + 507% + 532%)/10 — (2,084)%/40 = 94, etc
The differences 1n the third line of the table are the same as those which
were calculated directly 1 line 7 of table 1332 The test 15 the same 10

the two tables

A feature to be noticed 1s that 1t 13 the Total and Common regressions
m which 3)® 1s partiioned, not the regression of Means Vanation
among actual adjusted means would be unsuitable for testing because
such means are correlated through the common regression

13.5—Covariance in randomized blocks. The theory of the fore-
going sections applies to randomized blocks. The model becomes
Yy=p+a+p+ Bry+ an
where the p; are parameters for blocks
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It is not easy to test linearnty of regression or homogenerty of variance,
these will be assumed In testing, we shall confine ourselves to a method
corresponding to that of section 13 4

The data 1 table 13 5 1 1llustrate the problem (9) There was some
variation in stand which may affect the variety means and the estimate
of exror It 1s desirable to assess these means on the basts of equal stands,

TABLE 135 1
STAND (X) AND YiELD (Y) {Pounps FieLD WEIGHT or EAr CorN) oF 4 VARIETIES OF
RN Covariance IN Ranpbowizep Brocks
Block
1 2 3 4 Total
Variety x Y x v x ¥ x v |x ¥
4 28 202 2 165 27 191 19 134 96 692
B 23 145 26 201 28 203 24 180|101 729
¢ 27 188 24 185 27 185 28 220 | 106 778
D 24 201 28 231 30 238 30 261 | 112 931
E 30 202 26 178 26 198 29 226 | 111 804
F 30 228 25 221 27 207 24 204 | 106 860
Total 162 1,166 151 1,181 165 1,222 154 1,225 | 632 4,794
|Dewviations From Regression
Source of Mean
Variation foe P 0 f 4,2 Square
‘Total 23 181 33 1,485 00 18, 675 50
Blocks 3 2167 8 50 436 17
Vanicties 5 4583 559 25 9,490 00
Error 15 113 83 917 25 8,752 33 | 14 1,361 07 97 22
Varety Plus Ecror 20 159 66 1,476 50 18,242 33 | 19 4,587 99
For testing adjusted means, 5 3,226 92 645 38°

the aedjusted means furnish appropriate comparisons Moreover, 1t -
creases efficiency to ehminate from error the environmental effects of
stand as measured by

The analyses of X and ¥ separately are

X Varueties 5 917 Y  Varteties 5 1,8980
Error 15 759 Error 15 5835
F=121 F=325%

The first analysis assures us that the variations in stand are only random
effects, that the seed from the several varieties are equally viable. If the
treatment (variety) were found to affect X as well as Y, interpretation of
the covanance analysis would be modified  As for the analysis of yields,
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the questions to be answered are these Do the adjusted yields differ from
those directly calculated, 15 error affected by varying stands, do the ad-
Justed yrelds differ sigmificantly?

In the table there 1s nothing new about calculating the sums of squares
and products The novel feature 1s the addition of Variety and Error to
get a sub-total in the next-to-last ime  This sub-total takes the place of
Total in table 1341 Otherwise the testing 15 the same 1n the two tables
Note the striking decrease 1n Error mean square For testing varieties,
F has increased from 3 25 to 645 38/97 22 = 6 64

The adjusted means are

4,191.8,B,1910, C, 1931, D, 219 3, E, 189 6, F, 2136

Using the sequential method for testing all differences, D and F are not
significantly different, but they differ sigmificantly from all the others
which do not differ sigmificantly among themselves

The efliciency of covariance, relative to the analysis of yields alone, 1s
555% (see examples) That 1s, more than 22 replications would be re-
quired to detect the same differences if covariance were not used The
estimates of mean yields were not greatly affected by adjustment The
striking feature of the experiment 1s the reduction 1n error, most of the
discrepance in ¥ was due to differences 1n stand, not to yield per plant

EXAMPLE 13 5 1—Calculate the adjusted means in the corn expen ent and
carry through the test of all differences 5o« = 5 12 pounds

EXAMPLE 13 5 2—Calculate the efficiency of the covanance relative to ran-
domzed blocks

13.6—Compari: in cov f: ial A single
comparison between adjusted means was llustrated wnsection 133 There
the t-distribution was used  An F-test could have been made as follows

Lot6 ZX = 540 Y = 1662
Lot7 50_5 14 81
Difference 35 181
Using Rule 12 2 2, the sums of squares for X and ¥ are
(35)* (181)*
= 61 = 01638
(10)(2) (10)(2)

A shght modification of the rule, substituting the product for a square,
gives the sum of products,
(35)(181)

e Y
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By the methods of sections 13 4 and 13 5

Mean
s P Zxy b3 oz Square
Treatment 1 61 317 0 1638
Error 36 4,262 31 28 0 9726 35 0 7430 0 02123
T+E 37 4,323 3445 11364 36 08619
For testing treatment difference 1 0 1189 0 1189

Treatment represents the comparison being made  Error 1s copied from
table 1332 The device of comparing Treatment + Error with Error
15 a standard one 1n testing treatment differences

From above, F = 0 1189/0 02123 = 560 In confirmation, note that
for a single degree of freedom, /F = 4/5 60 = 2 37, the value of / 1n the
earlier comparison, ¢ = 0155/0 0657 = 236 (the difference 1s due to
rounding) The F-test 1s sometimes convenient for making scts of orthog-
onal comparisons such as those 1n factorial experiments

To 1llustrate comparisons 1n factorial experiments, table 1361 1s
extracted from one performed on sugar beets in northern Iowa No
analysis 18 required to demonstrate the pronounced effect of superphos-
phate on both plant number and yield So far as the producer 1s con-
cerned, 1f this were a typical result he would not hesitate to apply super-
phosphate

But this experiment 1s a curiosity It 1s not known how the fertilizer
happened to affect stand, perhaps the nutritional status of the plants, or
their maturity, carried them through some critical period This was an

d feature of the exg

Since treatment obviously affected X, there 1s no hope of estimating
Y free from the effects of X, both X and Y are affected by the fertihzer
What may be done 1s to learn if there 1s any effect of fertilizer on ¥ over
and above that contributed through X This 1s comphcated by com-
petition

The analysis of covariance shows that most of the superphosphate
cffect was on stand  After removing the effect of the fertihzer through
stand, the over-all test of adjusted means lacks sigmficance But the in-
dividual roots were larger on the superphospt plots Is the diffe
significant?

The t-test for the phosphorus comparison 1s made by use of the treat-
ment sums

Phosphorus  #; = (1,774-+1,882)/12 = 304 67

7 = (3378+3892)/12
No Phosphorus % = (1,37841,371)/12
7a = (2012421 38)/12 = 3458
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TABLE 136 1
Numeers oF BeeTs PER PLoT AND YiELDS (Tons Per AcrE) IN A RaNDoMIZED
LOCKs EXPERIMENT

Number Block Treat-

Ferthzer and ment
Apphied Yields 1 2 3 4 5 6 | Sums
None Number | 183 176 291 254 225 249 | 1,378
Yield 245 225 438 435 342 327 2012

Superphos- | Number | 356 300 301 271 288 258 | 1,774
phate, P Yield 671 544 492 523 674 474 3378
Muriate of | Number | 224 258 244 217 192 236 | 1,371
potash, X' Yield 322 414 232 442 328 400 2138
P+ K Number | 329 283 308 326 318 318 | 1,882
Yield 634 544 522 800 696 696| 3892
Block Number | 1,002 1,017 1,144 1,068 1,023 1,061 | 6,405
Sums Yeld (1872 1727 1684 2200 20 40 18 97 | 114 20

Deviations From Regression

Source of Mean
Vanation foze Iy 2z | f  zd,s  Square
Blocks 5 2,756 —3633 4 6727

Treatments 3 35,253 1,224 63 42 8939

Error 15 16,873 38127 117711 | 14 31558 0 2254
T+E 18 52,126 1,605 90 54 6650 | 17 5 1906

For Test of Adjusted Means 3 20348 06783

F = 06783/0 2254 = 301 Fo =33

Dy 2 =1 — 1 — b(F — Z)= 6 058 — 3.458 — 0 0226 (304 67 — 229 08)
= 0892 ton/acre

2 | (@ —5.)‘] [ (75 59) ]
PRI = + =
L [r Zxg 025 16,873 01139,

:p-0338 t=0892/0338=264 P =002
This that dual roots have larger population
size with superphosphate plots despite the greater competrtion
Alternative to the #-test, the F-test of differences among adjusted means
1s shown 1n table 1362  The phosphorus p 15 calculated thus

(1,774 4 1,882 — 1,378 — 1,371)? _ (3,656 — 2,749)*
©)@) B (122

= 34,277

X
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(7270 — 41 50)*
12)2)
(3,652 — 2,749)(72 70 — 41 50)
Xy ——
12)(2)
The Error statistics are copied from table 1361  The test for phosphorus
15 shown, also the F-values for the tests of potassium and mnteraction  The

1dentity of the F and i-tests 1s evidenced by the comparison of +/F with the
value of ¢ 1n the t-test above

= 405600

=1,17910

TABLE 1362
Sums OF SQUARES AND PRODUCTS FOR P, K AND PK THE F-TEST AND AN
AppROXIMATE Fimi

b= -2 = Approxumate
0 0005106 ~0 04512 Test*
Comparisons P Zxy zp Ms F
P 34,277 1,179 10 40 5600 4 7759 21 19
K 425 2695 17067 0 7067 314
PE 551 185 06273 00685 0 30
Sum 35,253 1,224 62 42 8940 | 2d, S MS
Error 16,873 38127 11 7711 | 31558 0 2254
P+E 51,150 1,560 37 52 3311 | 4 7324
For Testing Adjusted Mean Difference for Phosphorus, 15766 1 5766

F=15766/0 2254 = 6 99, £ = v/F =2 64
For K F =506 For PK F =029

* Not appropriate for this experiment in which £ varies sigmificantly ~See text

Notice the absence of the adjusted means in making the F-test They
must be calculated separately in order to know what 1s being tested This
makes the F-test somewhat more tedious than the # unless no estumate 15
needed

In experiments where X has a mean square which 1s small as compared
to error, an approximate F-test 1s available It 1s not suitable for the beet
experument because of the large varation n X, but its calculation 1s
dlustrated 1n table 13 6 2 The reduction 1n sum of squares due to Error
regression 1s calculated for each of the 3 treatment effects Since their
own regressions are not used, but the Common 1nstead, the method of
calculating 2d, ,? 1s to sum the squares of y — bx mn each ne Using

= 38127/16,873 = 0022596 (in Error), put 4* = 0 0005106 above Zx*
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and —2b = —0045192 over Zxy Then for each hne calculate )? —
2bZxy + b2Zx* For P,
40 5600 — (0 045192)(1,179 10) + (0 0005106)(34,277) = 47759
F = 47759/0 2254 = 2119

In this approximate test, F 1s always overestimated, not seriously if X'
varies little  In the beet experiment, with large variation 1n X, the test 1s
mappropriate, as you can see.

EXAMPLE 13 6 1—To lcarn about the individual beet weights, the natural
‘method would be to examune the ratio ¥/X  Thus would give correct results if the scale
of measurement were hnear  As shown n section 6 14, if the regression of ¥ on X 1s
linear, !h:n the ratio Y/.X 1s non-linear unless the regression hine contains the ory

‘way to get evidence on this 1s to a A)ply the test of additvity to the ratios (!cc-
ton 111 14) ' 1 tried this and found no evidence against the hypothesis  Another w;
to get evidence 1s to fit the lincar motjél lndcpendcn!ly to X and to ¥ in table 13 6 1
One gets 24 paurs of deviations, X,, e graph of these paurs gives
some Indscation of the shape of the ngt&lon :nd of the d:stnbuuon of the deviations
therefrom  For lincar regression the hme has the slope b = 0 0226 as estimated from

EXAMPLE 13 6 2—There 1s some shght evidence that the regression of yield cn
beet number 1s curved so that the ratio Y /X could be hnear Making this assumption,
calculate the 24 values of Y /X (code by muluplymg cach by 10,000), then analyze the

ot weights  Ans £ = If the assumptions are correct, the
evidence in favor of superphosphate accumulald. 1ts use results in substantially larger
roots despite ncreased competition  See also section 15 5

13.7—A question about design. In experuments where a pre- ictor of
outcome 15 available in advance, lhe vestigator has a choice among
designs He may domly allot duals to the then use
covariance as described 1n sections 132 and 133 Or he may use the
predicting variable to form blocks, one containing individuals with highest
predicted outcome, another with thie lowest, and others with the inter-
mediate Here the design would call for the randomized blocks analysis
of chapter 11 A thurd plan, often used, 15 to balance the lots so that the
average of the predictor 1s the same (or nearly so) in every lot It s
expected that the means will be better esumated but that the estimate of
error (if calculated as in chapters 4 and 10) will be biased upward

The randomized blocks design has the advantage of being approxi-
mately balanced, every treatment having one ndividual from each level
or block To compensate for the lack of exact balance, the design may
spcclfy the covariance analysis of section 13 5  If the correlation between

and 1s high, an ble increase 1n effi may

Lucas (5) has ad d some that, after b ing, an un-
biased (or approximately unbiased) estimate of error may be obtained
from a covariance analysis like that of sections 132 and 133 A recog-
nized argument 18 that a precise estimate with an approximate test 1s
worth more than an imprecise estimate with an exact test The balanced
lots with covariance appear to be more efficient than random allotment
with covanance, the increase 1n efficiency depending on the size of the
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lots and on the correlation between predictor and outcome With sma]l
lots (5 or less) the relative of random all 15 8
small There are two reasons (1) The large range mn X for cvery treat-
ment 1mproves the estimate of regression of ¥ on X (u) The small dif-
ference, &) — %, due to the balance on X, decreases sp? by almost or en-
tirely eliminating the iaccuracy due to the error mn b

Eather with or without balancing, the assumptions of covariance mn
lots are somewhat more stringent than those of covariance 1n randomized
blocks and considerably more than those without covariance The co-
variance presented 1n this text assumes linearity of regression and homo-
geneity of variance In addition, covariance 1n lots assumes parallelism
of the lot regressions  If these assumptions cannot be met, one would be
safer to plan the type of balancing bult into randomized blocks despite
the fewer degrees of freedom 1n error

13 8—Covariance 1n a Latin square. The foregoing covariance
methods are readily applied when two variables are measured 1n a Latin
square expertment For illustration the data 1n table 138 1 are taken
from an experiment on soybeans at Hudson, Towa, 1n 1949 (2) The

TABLE 138 1
Per Cent Sten Canker InvecTion X anp Yierp ¥ (Busuers Per Acke) v Four
Sovsean Lins 4, B, C, D LaTiv SQUARE Desion

Column
Row 1 2 3 4 Total
1 Line c B D
X 43 93 101 140 47 7
Y 267 213 283 251 101 4
2 Line A B D C
x 29 2 347 30 2 48 2 142 3
Y 197 27 201 147 75 2
3 Linc B D [ A
X 14 0 72 63 10 28 5
Y 26 0 249 290 287 108 6
4 Line D c 4 B
X 89 67 6 4 56 27 6
Y 298 290 273 341 120 2
Total X 56 4 67 9 530 68 8 246 1
102 2 95 9 104 7 102 6 405 4
=X =Y 2 7
4 559 97 13 98 24 25
B 64 4 109 1 16 10 27 28
c 655 99 4 16 38 24 85
D 60 3 999 15 08 24 98
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original design has been aitered to make a surtable example but conclu-
sions are unchanged (see example 13 8 1)
The 4 lines were supposed to be cqually suscepublc to the nfection,
the that X 15 d by Line The analysis of
variance of X adduces no contrary evidence
There 15 noth ng novel in the calculations The analysis of covariance
1n table 13 8 2 indicates dufferences in yielding ability among the 4 lines

TABLE 1382

CoVARIANGE ANALYSIS OF SOYBEAN DATA LATIN SQUARE

Deviations

Source of /o
Vanation f - Zey 2 J 2 MS
Row 3 2,239 32 —74797 27293
Column 3 4812 - 1464 1080
Treatment| 3 14 30 1019 2122
Error s 3788 —131 04 5523 | 5 991 198
T+E 9 39318 —12085 7645 | 8 3930
Test of Adjusted Means 32939 980

The adjusted means are
, 2377, B, 2753, C, 2520, D, 2488 bu /acre
There 18 only one change 1n rank from that of the original means
of the 1 test for diff shows that the only
slgmﬁcan! difference 15 that between the adjusted means of B and 4
The efficiency of covariance relative to the straight analysis of yield 1s
460%.
EXAMPLE 13 8 1—The soybean experiment of table 13 8 1 was really laid out
1n randomized blocks, the blocks corresponding to the rows of the illustration  There

were no columns Revise table 13 8 2 accordingly For testng treatments you will
getF = 479%

REFERENCES

Wiuiam G Cocuran and GerTRupe M Cox  Experimental Designs  John
Wiley and Sons, Inc, New York (1950)

Jaues M Crare  lowa Agricultural Experiment Station data (1949)
D J Fiuney Biometrics (Bulletin), 2 53 (1946)
M. T Jenkms  Journal of Agricultural Research, 39 677 (1929)

H L Lucas Tosute of Statistcs Mimeograph Seics No 18 Unwvemty of
North Carolina (1951)

6 K R Nam Sankhya, 6 167 (1942)
7

Grorozr W Snzoecor and C C Cuisirson  Proceedings, American Society of
Animal Production, page 25 (1932)

Georor W Snepecor and GerTrRupe M Cox  Journal of Agricultural Research,
54 449 (1937)

G J Seracue Iowa Agricultural Experiment Station data (1952)
10 PearL P Swanson et al Reference 12 1n chapter 14

-

PR

®

°



CHAPTER 14

Multiple Regression and Covariance

14.1—1I; ductis The of Y on a single independent
variable (chapter 6) 1s often mnadequate to satisfy the researcher’s needs
Two or more X may be available to give additional information about
Y These may be utilized :n much the same way as was the single X
In addition there 1s the opportunity to assess the relative contributions
of the various X to information about Y’

Drawing together the threads of the foregoing methods, muluple re-

gression a fabric of gly complex patterns Starting
with a unique sample (chapter 2), the numbcr of groups and the number
of bles have been At present, 3 variables 1n a

single sample will be considered  Next, multiple samples with 3 variables
will recewve attention  Four and more variables require no new prin-
ciples, only increasing the extent and intricacy of the computations

14.2—Two independent variables 1n a single sample. The -
crease from one X to two adds a surprising number of new concepts to
those developed in chapter 6  Perhaps the most striking 1s the necessity
for 3 dimensions 1 which to depict the variables graphically Solid
geometry nstead of plane 15 required If ¥ depends partly on ¥; and
partly on Ai for 1ts value, 3 axes are d
for k X s d along one, X; 1s laid out
parallel to the sccond, and Y rises from the plane X|Xz parallel to the third
axis The ponts n space, fixed by the triplets of values (X3, X2, ¥) deter-
mine a regression surface

In this chapter a plare will be assumed, 1ts equation being

P =g+ bnas (X — &) + byar (X — £)

byra and bys 1 being the partial regression coefficents The first 1s read, “the
regression of ¥ on X; independent of X;” The plane 1s fitted to the ob-
servational points by the method of least squares which specifies that the
sum of squares of vertical distances from plane to points shall be a mini-
mum

As mn chapters 6 and 7, two models are available One apples to
1andom samples from a normal multwarate populaton, Xj, Xz, and Y

fa3y
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being three random variables In the second model, the X are considered
fixed, chosen by the vestigator, only Y being a random, normally dis-
tributed variable
The illustration (table 1421) 15 taken from an investigation of
plant-available phosphorus i various Iowa souls (5). The concentra-
tions of and organic phosphorus in the soils were determined
hemically Pl h us was assessed by growing corn
plants in the soils The object was to learn the source of the nutrient
utilized by the plant
The familiar calculations 1n the table yield the corrected sums of
squares and products required From least squares theory the 2 partial

TABLE 1421
I F X1, Oroanic F X, AND PLANT-
AVAILABLE ProsPHORUS ¥ In 18 Towa Soiis AT 20° G (PArTs Per MiLLion)

Soil Sample X X Y 7 Yy-?¢
1 04 53 64 61 6* 24%
2 04 23 60 59 0 10
3 31 19 7 63 4 76
4 06 34 61 60 3 27
5 47 24 54 66 7 -127
6 17 65 77 649 121
7 9 4 44 81 76 9 41
8 101 31 93 770 160
9 16 29 93 79 6 13 4
10 12 6 58 51 83 8 -32 8
11 10 9 37 76 79 0 -30
12 231 46 96 101 6 -56
13 231 50 77 101 9 -24 9
14 21 6 44 93 98 7 - 57
15 231 56 95 102 4 - 74
16 19 36 54 62 8 - 88
17 2 8 168 109 2 58 8
18 299 51 99 114 2 -152
Sum 215 0 758 1,463 1,463 0 00
Mean 1194 4211 81 28
zXp = 432 02 A = 10139 50 XY = 20,706 20
= 2,568 06 9,053 89 C= 17,474 72
It = 1,752 96 Zaen = 1,085 61 Zxy = 3,231 48
ZXst = 35,076 00 XY = 3,825 00 ZV? = 131,299 00
C = 31,920 22 C = 61,608 56 C = 118,909 39
Znt = 3,155 78 Zrpy = 2,216 44 It = 12,389 61

* The number of significant digits retamned in the preceding calculations will affect
these columns by % 01 or = 02
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regression coeflicients are given by a pair of simultaneous normal equations,
Zat byiat Zxa bpi= Zxy
Znoxe byra + Zxd byar = Zxy

Solution of these equations by the usual algebriac methods leads to the
formulas,

_ @A) — Exx)(Zry)

byie )
bopy = ZXOExp) — (Exin) ()
v =
D
where D = (Zx)(Ex?) — (Bxw)?

Substituting the phosphorus data,
D = (1,752 96)(3,155 78) — (1,085 61)* = 4,353,400
_ (3,155 78)(3,231 48) — (1,085 61)(2,216 44) _

=17
briz 4,353,400 178%8
(1,752 96)(2,216 44) — (1,085 61)(3.231 48)
byay = = 0086
v 4,353,400 ¢

The multiple regression equation becomes,
P = 8128 + 17898 (X; — 11 94) + 00866 (X, — 4211)
= 5626 + 1.7898 X, + 0.0866 X,

The meanmng 1s this  The pl lable phosphorus an
average of 17898 ppm for each part per million of inorgamic phosphorus
in the soil at the beginning but only 0 0866 ppm for each ppm of organic
phosphorus  The indication 1s that, at 20° C growing temperature, the
wnorganic phosphorus 1 the soil was the chief source of plant-available
phosphorus ~ Thus last deduction goes beyond the arithmetic of multiple
regression  The latter does no more then quanufy the closeness of the
relations between changes 1n ¥ and corresponding changes in the two X'

The model that seems more realistic here 1s that with fixed X While
there was some randomness in the X, nevertheless the soils were selected
and were supplied with selected of nutritive add; A
fixed X, the model 1s,

Y=a+8n:(Xi—2)+8ni1(h—5) + ¢

where a and the 8 are parameters to be esumated and ¢1s N(0, o) Here
each Y 1s made up of a part determined by the parameters (together with
the fixed X) plus a random component The first part 1s estimated by ?,a
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point on the sample regression plane corresponding to X; and X The
random part will be discussed later

Two parameters, the B, are required to fix the orwntation of the regres-
sion plane, a determines the elevation In the phosphorus experiment
81 28 estimates a, 1 7898 estimates Syy 2, 0 0866 estimates Byg 1

For each sol, the value d-
1ng to the X; and X, of that soil “For example, for soil 1,

P =56 26 + 17898(0 4) + 0 0866(53) = 61 6 ppm

The observed Y = 64 ppm dewviates 64 — 61 6 = 2 4 ppm from the esti-
mated regression value, that 1s, the observed ordinate extends 2 4 umts
above the sample plane In the model, this 1s attributed to sampling
variation The 18 values of ¥ are calculated and recorded i table 14 2 1
The deviations ¥ — ¥ are 1n the final column, they measure the failure
of the X to predict ¥’

The nvestigator now has the opportumty to examine the deviations
from regression  In part they mught be associated with other varables
not included n this study  Or some explanation might be found for cer-
tamn deviations, especially the large ones Such explanation might be
the most valuable finding of the experiment, or 1t might lead to the re-
Jection of one or more observations and to a recalculation of the regression
But rejection of aberrant observations 1s always questionable ar 4 should
not be done lightly

Often the purpose of the investigator 15 to learn the relative strength
of the relation between ¥ and the two independent variables There 15 no
umque way of downg this but several approaches are avalable If the
sample standard deviations of X; and X, were thc same, an easy and usually
adequate way would be to pare the To
avoid unequal vanation 1 the X, the Jtandani paﬂml egression  coefficients
may be calculated and compared

2 = naV/(E0YZ7), = by (Ex/20%)
For the phosphorus experiment,
b'y12 = 17898+/(1,752 96/12,389 61) = 0 67,
b’'y21 = 00866+/(3,155 78/12,389 61) =

There 1s little doubt that 1norganic phosphorus 1s the more effective pre-
dictor of plant- us  In ding sections you will
find met.hods that lead to more exact statements

Use of the regression model with fixed X rases the question of possible
errors m the measurement of X. If there are such errors, both estimates
and tests are biased The amount of bias depends upon the size of the
error relative to the range of X In addition to references (1) and (14) in
chapter 6, see (11)




Section 143 Multiple Regression 417

EXAMPLE 14 2 1—Here 1s a set of 20 trplets arranged for easy computation

X Xs Y X X Y
29 2 22 21 2 24

1 4 26 12 1 7

5 3 23 24 3 23
31 1 8 16 3 28
25 3 25 6 4 25
16 1 12 20 2 22
26 1 13 35 1 25
15 4 30 9 4 32

6 2 12 19 4 37
10 3 26 14 2 20

Calculate the regression,
P = 035X + 716X, — 19

14.3—Interval estimates and tests of significance. According to
the model the ¢ are randomly drawn from N(0, ¢) o 1s estimated from
the deviations from sample regression, ¥ — ¥ = dy i Runming up the
sum of squares 1 the last column of table 14 2 1, Zdy 1* = 6,414 46 Us-
g an easter and more accurate method of calculation shown below,
Zdy 1* = 6,414.0 From this, sy * = 6,414 0/15 = 427 6, the degrees of
freedom being # minus the number of vanables More particularly, one
degree of freedom 15 assigned to § and one to each b

‘The remaining sum of squares, Zy* — Zdy 1p* = 12,389 6 — 6,414 0 =
5,975 6, 15 due to regresston. It1s symbohzed by Ziw*  The relation among
these sums of squares 1s shown 1n the table 14 3 1

TABLE 143 1
ANALYSIS OF VARIANCE OF PLANT-AVAILABLE PHOSPHORUS
Source of Variation | Degrees of Freedom Sum of Squares  Mean Square
Total 17 Iy = 12,389 6 -
Regression 2 Zut = 59756 2,987 8
Deviations 15 Zdyt = 6,414 0 427 6

F =29878/4276 =699 P <001

The null hypothesis, By12 = By21 = 0, 15 tested by # Thas 1s an over-all
test of the significance of the regression
In practice, the sum of squares of Y due to regression 1s calculated thus

Zu? = by11Zxyp + byaiZxy = (1,7898)(3,231 48) + (0 0866)(2,216 44)
=59756

The value of Zdy 12* 15 then
2y — Zfhat = 12,3896 — 59756 = 6,414 0
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This method 1s less subject to rounding errors than the one used above.
The confidence nterval for a 13
J=tusru/vn, f=n
‘where m 15 the number of variables Substituting,
18128 = (2131) +/(427 6)/18,70 9 t0 91 7 ppm
Confidence intervals and tests of significance for the regression co-
efficients require two “multiphers,”
e = Zx¥/D = 3,155 78/4,353,400 = 0 0007249
om = Zx#/D = 1,752 96/4,353,400 = 0 0004027
‘We now calculate
Soyr st = Sy en = (427 6)(0 0007249) = 03100, $py , = 0 557
Soyzs® = Sy 1® e = (427 6)(0 0004027) = 01722, 55, , = 0415
The quantuty, (byy 2 — Br12)/Ssy,; 5, 18 distributed as ¢ The hypothesis,
By1s = 0, 15 tested as usual
= byya/Soyry = 17898/0 557 = 321%+
= bya1/shys, = 00866/0 415 = 021
Evidently 1 the population sampled the ﬁ-ac(\on of morganic phosphorus

m,

15 the better pred of the pl. us  The experiment
indicates “  that soil organic phusphoms per se1s not avmlable to plants
Presumably, the orgamic ph us 18 of to

plants only upon mineralization, and 1n the cxpenmems the rate of miner-
alization at 20° C was too low to be of measurable rmportance ” Com-
pare section 14 10

For further work, 1t might be decided to measure only the inorganic
fraction, 1gnoring the organic  If so, the regression coeflicient of ¥ on X
would be

Zxy [/ Zx? = 3,23148/1,75296 = 1843 instead of by1s = 17898

This emphasizes the fact that both esumates and tests depend on the inde-
pendent vanables included 1n the regression In any one regression the
estimates and tests are corrclated, the whole complex changes if inde-
pendent variables are added or deleted In this sense, statements made
about the predictive value of a varable are not unique, they depend upon
the other variables being used 1n the regression

There 1s another and more general way of attacking the problem of
predictive ability It 1s ullustrated 1n table 14 32  Start wath the sum of
squares due to the regression of ¥ on both X; and X First deduct the
sum of squares due to ¥ on X), calculated by formula 6 154 The remain-
der 18 lhe sum of squam due to X, after the effect of Xy has been discounted
In the phosph der 18 tnvial Next, deduct
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TABLE 1432
TesT or Each X Arrer Tie Errect oF THE OThER Has Been Removen

Source of Vanation | Degrees of Freedom  Sum of Squares Mean Square
X, and X» 2 2= 5,975 6
X, alone 1 93 = 5957 0
X, after X, 1 186 186
Xiand X; 2 5,975 6
X, alone 1 2 = 1,556 7
X after X, 1 4,418 9 4,418 9%+

rror 15 6,414 0 4276

from Zfh* the sum of squares due to ¥ on X; The remaining highly sig-
nificant sum of squares 1s attributed to X; after the effect of X; has been
taken mto account Non-umqueness 1s striking 1n the comparison of Xz
alone with X; after X; The fact must be faced that conclusions depend 1n
part on the order 1n which tests are conducted The tests are not orthog-
onal but are interdependent

The generality of the method just described lies in this  If there are
many independent vanables, groups of them may be discarded 1if their com-
bined contribution to the sum of squares is small  An 1llustration will be
given m section 14 9

Where only a single X 1s ehminated, the F-test of table 14 3 2 1s ident:-
cal with that of ¢, as shown by comparison of v/F = /(4,418 9/427 6) =
3 21 with the corresponding 1, calculated above  This throws light on the
null hypothesis, Byy 2 = 0, tested by #, 1t 1s the same as the hypothesis that
there 15 no remaining sum of squares m Y (aside from error) after the effect
of X; has been taken 1nto account  The 1dentity of the tests permuts alter-
native methods, 1t may be more convenient to use the device of table
14 3 2 than to calculate the multiphers required for the ¢-test For 3 or
more X, don’t decide until you have read sections 14 10 and 14 11

To calculate the confidence interval on the regression value of ¥ in the
population, a third multipher 1s needed,

¢y = —Zxpa/D = 1,085 61/4,353,400 = —0 0002494
For Y corresponding to (X3, X3), the confidence interval 1s
P = tosy wv/(1/n + cunt + coxg? + 2rr)

Example For the value of ¥ at the pomnt X; = 47, X, = 24, soil sample
S5,table 1421 x = 47 — 119 = —72, % = 24 — 42 = —18, so the
confidence nterval 1s

667 = (2131)4/427 6+/[1/18 + (00007249)(—7 2)*

+ (00004027)(—18)* + 2(—0 0002494)(—7 2)(—18)]
= 667 = 17.6 ppm,
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Some 1nformation about hnearity of regression may be got by con-
structing two scatter diagrams, first, plot dy 12 (last column of table 14 2 1)
agamnst X;, then plot the same deviations against X;  If regression were
not hinear, curves instead of honzontal straight lines might be detected 1n
one or both of these graphs  For curved multiple regression, see example
1551,

EXAMPLE 14 3 1—Ignoring X3, analyze the vanance of ¥ 1n its regression on
X:  You wll get the mean squares,

Regression 1 5,957

Deviations 16 402 F =14 82
Contrast this with table 1431 As compared to X;, the information furmshed by
Xa1sso hittle that Fis ac!ua]ly decr:ased by the inclusion of X 1n the regression  Trace
the mechanism of this decs

EXAMPLE 14 3 2—Ignoring X3, analyze the variance of ¥ i 1ts regression on As

Regression 1 1,557
Dewviations 16 677 F =230
Notce the sizeable nlrn of squares accounted for by X in the absence of X1 The seem-
re due to the between X; and X; In this sense, the

contributions of thc twﬂ varables are not independent  Calculate riy == 0 46
EXAMPLE 143 3~Set 95% confidence intervals on Byiz and By21 Ans 060
to298and —0 79 to

EXAMPLE 14 3 4—Compute the correlation between ¥ and Pinta e1421
You will got approwimately R w0 69 Thus s called the coafcent of malple correlaiion
As you see, 1t 15 a measure of the closencss of fit of the regression plane

EXAMPLE 14 3 5—Calculate R from the formula, R = 2{,2/Zy* = 04823
This shows that, of the total sum of squares of ¥, R? ts the fraction attributable to regression
It 15 1n this sense that R? measures the goodness of fit of regression

EXAMPLE 14 3 6—Calculate 1 — R? = Zdy ' /Zy* = 05177 Thus fraction of
, 1 — R, measures deviations from regression, the failure of the regression to account for
t < vaniation in

14.4 1tipl i in a letely domized experi-
ment. If there are two or more mdependent vanablcs m a completely
rgmdomnzcd experiment, the methods of covariance in sections 13 2, 13 3,
and 13 4 may be expanded to multiple covariance There 15 no change m
the model or m the theory beyond the addition of the extra terms in X'
The method 1s lustrated by the average daily gains of pigs in table 14 4 1
Presumably these are predictable, to some extent, by the ages and weights
at which the pigs were started 1n the experiment  If so, estimates of both
treatment effects and error may be wnproved by covariance Further-
more, since balancing 1s evident from the analysis of vanance of X; and Xa,
covariance 1s expected to yield a reliable estimate of error (section 13 7)

Calculation of the Total sums of squares and products follows the pat-
tern of table 14 2 1, ignonng the separation into lots The corrected
values are entered 1n the first lines of table 14 4 2
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TABLE 14 41

INiTiAL AcE (X)), INITIAL WEIGHT (X3), AND RATE OF GAn (V) oF 40 Swine
Four TreaTMenTs v Lots oF EQuar Size

Rate of
Imunal Wesght, Gain, ¥ Sums Means
Treat- | Age, X) 2 (pounds
ment (days) (pounds) perday)| =X, =Xy 3 | # & g
1 78 61 1 40
920 59 179
94 76 172
71 50 147
99 61 126
54 128
83 57 134
75 45 155
62 41 157
67 40 126 799 544 14041799 544 146
2 78 74 161
99 75 131
80 64 112
75 48 135
94 62 129
Nn 42 124
75 52 129
63 43 143
62 50 129
67 40 126 784 550 1319 (78 4 550 1 32
3 78 80 167
83 61 141
79 62 173
70 47 123
85 59 149
83 42 122
K} 47 139
66 42 139
67 40 156
67 40 136 749 520 1445749 520 1 44
4 77 62 1 40
7 55 147
78 62 137
70 43 115
95 57 122
96 51 148
7 41 131
63 40 127
62 45 122
67 39 136 750 495 1325|750 495 135
Total 3,082 2,109 55531770 527 139
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TABLE 1442
CALGULATION OF SUMS OF SQUARES AND PRODUCTS FOR MULTIPLE COVARIANGE IN A
MPLETELY RANDOMIZED EXPERIMENT SwWINE DATA OF TaBLE 14 4 1
P Zam Zay
‘Total 4,735 90 3,037 55 6 9235
Treatments 187 70 160 15 1 3005
Individuals 4,548 20 2,877 40 5 6230
't Zxy zy
Total 5,065 98 27 5408 10228
Treatments 189 08 1 3218 0 1776
Individuals 4,876 90 26 2190 0 8452

For treatments, the sums of ¥ and the two X are handled 1n the usual
manner Two examples

7992 + 7842 + 749% 4 750 3, 082

Zx? = ——10 " a0 187 70
(799)(544) + + (750)(495)  (3,082)(2,109)
= T - o =160 15

One now proceeds to calculate the two b, Z§u? and 2dy y.* first for
Total and then for Individuals, using twice 1n succession the formulas of
sections 14 2 and 14 3 The results are
Total byy2 = —00032903, bys: = 00074093, Z* = 01803,

Zdy u* = 08415
Individuals by;s = =—00034542, bysy = 00074142, Zgi* = 01750,
Zdy 1 = 06702
The Zdy 1/? are entered 1n table 14 4 3 to complete the analysis of variance
of deviations from regression.

TABLE 1443
AnaLysis oF C: or Pic Gans D Frox

Source of Vanation | Degrees of Freedom Sum nquuAn: Meln Square

Total 37 0 8415
Error (Individuals) 34 0 6702 0 0197

For Tann( Adjusted -
reatment Means 3 0 1713 0 0571*
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Thus analysis 1s analogous to that in section 134 It 13 assumed that
the population regressions are inear and parallel with common ¢ 1n a nor-
mal and independent distribution of ¢  One could follow the method of
section 13 3, computing the 4, Zj1,? and Zdy 1* for each of the 4 treatments
and for the common regression (Error of table 14 4 3) The analysis then
‘would be similar to that of table 133 2

The adjusted treatment means tested 1n table 14 4 3 are calculated by
this formula

Jae = i = byra @u — #1) = byas (B — 3),

where the subscript : designates the lot and the  are those for Error  For
lot 4,

Fae = 135 — (—00034543)(75 0 — 77 0) — 0 0074142(49 5 — 52 7)

=135 — 00069 4 0 0237 = 1 37 pounds per day

In this example there 1s hittle change from ¥, to §.; because the lot means of
X and X; are close to the corresponding experiment means The 4
adjusted lot means are

146, 131, 144, 137 pounds per day

Further estimates and tests require the 3 multiphers for Error, calcu-
lated as in section 14 3:

e = 00003508, e = 00003272, ¢ = —0 0002070
The mean square of an adjusted mean ¥ 15
Sia = Sy a® (1/r+en(@u—21 ) + cal@r—2 )? + 200(E—5 )(Ey—2)]
For lot 4,

sigsd = 00197 [1/10 + 00003508(750 — 770)* + 00003272(495 —
527)* + 2(—00002070)(750 ~ 77 0)(49 5 — 527))
= 000201 S5, = 0045 pound per day

This provides the confidence interval on the adjusted mean of lot 4, 1 37 =
(2 032)(0 045), 1 28 to 1 46 pounds per day

For comparisons planned in advance, the difference between two ad-
Justed means 1s

D =g~ g5 = brialls — 21)) — by21(&ae — &7)

with the mean square,

ot = syt [r + en@u—20)" + cn(Er—22)? + 20(Zr—F1,) (Ba—2))

For allustration, assume that 1t had been planned to compare the mean
gaws n lots 1 and 2.

D =146 — 132 — (—0003454)(79 9—78 4) — 0 007414(54 4—55 0)
=015 Ib /day
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(which can be got directly from the adjusted means if they are already
calculated as above)

5ot = 00197 [2/10 + 0 0003508(79 9 — 78 4)* -+ 0 0003272(54 4—55 0)*
+ 2(—0 0002070)(79 9—78 4)(54 455 0)] = 000395

From this the 95%, confidence nterval on the difference 1s
015 = (2 032)+/0 00395, 0 02 to 0 28 pound/day
In this experiment indwvidual comparisons were not planned  The

correct way to assess all differences requires an average standard error,

e :z [1 + wmEa)r + wExf)r + hnz(znxe)r]

a—1

_ 00197 [1 4 (00003508)(187 70) + (00003272)(189 08)
-1
G 00002070)(16015)]
=1

= 000201, 55 = 00448

‘The testng of all differences 1s now carried on as usual

Lot z, 2, -2 Z, — i £, — I
1 146 0 15 009 0 02
(0 13) © 16) ©17)
3 144 013 007
(© 16) (0 17)
4 137 0 06
©17)
2 131

It 15 only the largest difference that 1s sigmficant
In the pig experiment, the efficiency of covariance relative to the cal-
culation of experimental error from gans alone 15

5%/ S = 000235/0 00201 = 117%

Analyses of vanance of Xj, X, and ¥ in table 14 4 2 suggest that the
pigs were not allotted at random, though this seems to have had lttle
effect onY Actually the lots were balanced on imitial weight and age
Reverting to section 13 7, one 1s warranted i thinking that covariance
has yielded adequate estimates and tests Because of the balancing the
adjusted means are httle changed from the orginal lot means and the
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average mean square for mean differences 1s only shghtly larger than
25 p/n  These are advantages in favor of balancing

The discriminating user of multiple regression 1s almost certain to
puzzle over this fact The regression of ¥ on Xj, either alone or 1n one
set of X, may be quite different from the same regression, ¥ on Xj, 1n an-
other set of X—even the signs may be opposite Consider the regression
of Y on X; (age) mn the pig data  Using Totals (ignoring Lots), the re-
gression coeflictent 1s

byr = 6 9235/4,735 90 = 0 001462 Ib /day/day of age

Compare this with byy2 = —0 003290 calculated above, also for Total
Why should average daily gain increase with age in the first case and de-
crease 1 the second?

The first regression 1s an over-all effect, ignoring imual weight In
this sample there was a shght tendency for the imually older pigs to gain
faster But among pigs of the same imtial weight (imtial weight “ held
constant”) the older pigs ganed more slowly That’s the reason the older
slow gainers had no more weight than the younger fast gainers

These facts may be observed 1n table 14 4 4 The night-hand column
shows that both imtial age and rate of gain increase with imtial weight,
they are positively assoctated because of therr common association with

TABLE 1444
Data ox 40 Swine (TAsLE 14 4 1) CLassviep By Inrriar WeicHT
Imtial  [Number
Weight [of Swine | Imtial Age and Average Daily Gain Total | Mean
62 67 91 63 67 83 66 67
39-44 13 1571261241431261221391 56
67 70 71 63 67 904 | 695
1361151311271 36 17 38 134
75 75 70 71 62 353 70 6
45-49 5 |1551351231391 22 74| 135
71 80 75 62 96 384 76 8
50-54 5 (1471281201291 48 581 136
9 83 8 71 95 424 {848
55-59 5 1791341491471 22 731 1 46
78 99 80 94 83 79 77 78 | 663 |83 5
60-64 8 (1401261121291 41173140137(1098{ 137
78 94 99 78 349 | 872
74-80 4 161172131167 6 31 158
3,082 | 77 0s
Total 40 5553 | 1388
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mtial weight But withmn the rows of the table, where mitial weight
doesn’t change much, there 15 the opposite tendency  The older pigs tend
to gamn more slowly A graph of each of the rows will show this 1n more
detail while table 14 4 5 contains exact summaries In the last line 15 the
Common Regression, which 1s negative This average differs only shghtly

TABLE 1445
ANALYSIS OF COVARIANGE IN WEIGHT CLASSES OF SWINE
Sums of Squares and Products
Weight | Degrees of of
Class Freedom Zat Zny P Y on X
39-44 12 831 2308 —6 1885 0 1917 —0 007445
45-49 4 113 2000 2 0860 0 0729 0 018428
50-54 4 634 8000 2 5720 0 0427 0 004052
55~59 4 324 8000 -0 6480 0 1819 -0 001995
60-64 7 486 0000 -3 6700 0 2140 —0 007551
74-80 3 354 7500 -3 3375 0 1015 —0 009408
Common 34 2,744 7808 —9 1860 0 8047 =0 003347
from the average, by1s = —0 003290, esumating the same effect, the re-

gression of average daily gamn on mtial age mn a population of pigs all
having the same 1mual weight

In the same manner the pigs could be separated into groups each com-
posed of pigs having approximately the same imtial age  The common
regression within these groups would be about the same as byz , = 0 007409
as contrasted with by; = 27 5408/5,065 98 = 0005436 By usc of mul-
tiple regression we segregate 1n a single equation the independent contri-
butions of X; and Xa to the dependent ¥’

14.5 iple covari in two-way table. Two or more co-
varates may be assoctated with Y in a 2-way table In assessing yield,
for example, not only number of plants but mcidence of some pest may be
pertinent information  Except for intricacy of the computations there 13
nothing new to be added to section 13 5

As illustration we select data from an experiment (1, 14) carried on 1n
Great Britain from 1932 to 1937 The ultimate object was to learn how to
forecast the wheat crop from measurements on a sample of growing plants
In the carly stages of the experiment 1t appeared that most of the available

was d m the 2 les, shoot height at ear emer-
gence, X, and plant numbers at tillering, X;. Data on these characters
together with yield are set out in table 14.5 1.
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TABLE 1451
Hei6HTS oF SHoOTS AT EAR EMERGENCE (X1), NUMBER OF PLANTS aT TiLERING (X)),

OF WHEAT 1N

REAT

AIN

(X, nches, X, number per foot, ¥, cwt per acre)

Place
Seale Rotham- New- Sprows- Plump- | Year
Year | Vanate | Hayne  sted rt ton  ton | Sums
1933 X 256 25 4 308 285 280 171 3
X 149 133 46 128 75 67 8
Y 190 222 353 253 358 170 4
1934 X 25 4 283 353 259 24 2 171 5
X 72 95 68 92 75 49 9
Y 324 322 437 283 352 207 5
1935 X 279 34 4 325 237 329 178 9
Xa 18 6 222 10 0 14 4 79 7
Y 26 2 347 400 20 6 47 2 198 3
Place X 789 88 1 98 6 781 851 521 7
Sums Xa 40 7 450 21 4 36 4 229 208 4
Y 77 6 891 1190 742 1182 576 2
Corrected Sums of Squares and Products

Zu? Zxyxs Zxy

Total 230 53 — 065 341 25

Place 106 34 — 47 06 190 83

Season 626 26 24 8 41

Error 117 93 20 17 142 01

Zxg? Zxy P

Total 385 07 -300 75 982 30

Place 171 46 —257 03 629 22

Season 139 41 -22 124 42

Error 74 20 - 21 46 228 66

For examining relationships, the

statistics used should be free of the

place and season effects Assuming fixed X, the model being used, written
1 terms of sample statistics, 1s

Y=g+ S+ Pyt brie(Xiy — 51 ) + byas (Kay— % ) + ¢,

where § and P represent season and place constants. To ehminate these
constants, the linear model,

Pu=9 +S+P

might be fitted to the yicld data, then a new vaniable,
?u' =Yy- Ym
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used 1 completing the covariance analysis  The result would be the same
as the regression computed from the Error sums of squares and products
m table 1451

byia = 13148, bys1 = —0 6466, Z* = 200 59, Zdy * = 28 07
These statistics, with some from the table, lead to the following facts

1 Freed from the scason and place effects, height of shoots and number
of plants account for

Sh?/Z = 200 59/228 66 = 88Y%,

of the sum of squares for yield

The predictive values of the 2 ind; d variables are ind d
by the following analyses of Zg*

Regression on X; and X, 2 200 59

Regression on X; alone 1 17101

X; after X 1 29 58%

Regression on X; alone 1 621

X, after X, 1 194 38%*

Error 8 2807 351
While cach X for a T in 3, the height of

shoots at ear emergence 15 the more effective
3 The mean yield for the experiment, 576 2/18 = 32 0 cwt /acre, has
the confidence interval 31 0 to 33 0 cwt /acre
4 The Error regression equation 1s
¥ = 1393 4 13148 X; — 06466 X

Substituting each pair of X, the values of ¥ and ¥ — ¥ are calculated and
entered n table 1452 In this way the season and place effects are esti-
mated Examples (1) The mean yield in 1933 was —194/6 = —32
cwt /acre as compared to the average for the entre invesugation, (n)
Plumpton averaged 16 9/3 = 5 6 cwt /acre above the general yield

TABLE 1452
AGTUAL AND ESTIMATED YreLpDs oF WHEAT
1933 1934 1935

Place Yy PyYy-f|Yy ¢ vY-f|Y § Y-P|Sum
Seale Hayne [19 0 254 ~64 1324 301 231262 260 02} -39
Rothamsted [22 2 262 —40[322 325 —03[347 323 241 -19
ewport 353 389 —36437 434 03400 377 23| -10
Boghall 328 353 —-25(357 377 —200296 262 34| -11
Sprowston (253 306 —53283 295 —12[206 232 ~26| -91
Plumpton 358 33 4 24352 284 68472 395 77 16 9
Sums —-19 4 59 134 -01
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If this were a d blocks d d to test Places,
the F-test would be done 1n these steps

1 Add the pairs of sums of squares and products in the rows for Places
and Error, table 1451

Tt = 224 27, Snxe = — 2689, Zxy = 33284
Bxp = 245 66, Swy = —27849, 3 = 85788

2 For this P + E regression, calculate Zdy 3* = 129 20
3 Enter P + E and E i the following table of deviations from regres-
sion

P+ E 13 129 20
E 8 28 08 351
For Tesung Places 5 101 1" 2022

For tesung differences among the adjusted place means, F = 20 22/3 51
=576 P=002

EXAMPLE 14 5 1—For the Bruush wheat yields, calculate ¢,y = 0 008893 and test
the significance of by: s Ans ¢ = 745%% = \/F = /(194 38/3 51)

EXAMPLE 14 5 2—In the Error regression, calculate R* = 0 8772

EXAMPLE 14 5 3—In the Error regression, calculate the standard paitial regres-

sion coefficients for comparing the predictive abilities of shoot height and plant num-
ber Ans 094 and 037

14 6—Partial correlation. Instead of the fixed X i the foregomng
models, all the variables may be random In a random sample drawn
from a multwanate normal population, the value of every vanable 1s left to
chance If the sample consists of 18-year-old college freshman men, the
random variables might be height, aptitude, economic status, heights of
parents, etc  This 15 an extension of the sampling discusse 1n chapter 7
‘The purpose might be to examune the regression of height of sons on heights
of the parents If so, all the regression methods of the preceding sections
would apply But the objective mght be to seek for correlations among
such variables as height, weight, basal metabohsm, etc , among which no
variables can be speufied as independent or dependent In that case,
partial correlation may be used 1nstead of multiple regression as the appro-
priate method

If there are 3 vaniables then there are 3 stmple or total correlations
among them, pus, pu, pu  The partial correlation coefficrent, pya 3, 1s the cor-
relation between variables 1 and 2 1n a cross section of individuals all
having the same value of variable 3, the third vamable 1s keld constant so
that only 1 and 2 are involved 1n the correlation In the model, py 3 15
the same for every value of vanable 3

In samples from a tri-variate population, the esumates of prs are
pretty sure to differ among the various values of variable 3 The over-all
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estimate of piz3 must be an average of these This average, the sample
partral correlation, 1s given by

T2 — s

V(A =) — )
The object 1s to eliminate the effect of variable 3 from the correlation be-
tween 1 and 2

For testing the of partial use table 7 6 1, but
enter it with f = n — m, where 713 the number of sets of observations and
m 1s the number of variables

In Towa and Nebraska, a random sample of 142 older women was
drawn for a study of nutritional status (12) Three of the variables were
Age, Blood pressure, and the Cholesterol concentration n the blood The
3 total correlations were

7ap = 03332, 75c = 05029, r5c = 02495

s

Since high blood pressure might be d with ab: -age t
of cholesterol in the walls of blood vessels, 1t 1s interesting to examine rsc
But 1t 15 evident that both B and C increase with age  Are they correlated
merely because of their common association with age or s there a real
relation at every age? The effect of age 1s eliminated by calculating

_ 02495 — (03332)(0 5029)
V(1 = 033329)(1 — 0509%)

With f = 142 — 3 = 139, thus correlation 1s not sigmificant It may be
that within the several age groups blood pressure and blood cholesterol
are uncorrelated At least, the sample 15 not large enough to detect the
correlation 1if 1t 15 present

Parual correlation 1s intimately related to regression One may con-
sider both blood pressure and blood cholesterol as vanables dependent
on age but (from the discussion above) otherwise uncorrelated Another
aspect 1s llustrated by the consumption of Protemn and Fat among part
of the older women, the 54 of them from Iowa The total correlations
were

Bc 4 = 01233

tap = —0 4865, 14y = —0 5296, rpp = 05784

The third correlation shows that protein and fat occur together in all diets
while the first two correlations indicate the decreasing quantities of both
as age advances, both P and Fdepend on 4 How closely do they depend
on each other at any one age?

05784 — (—0 4865)(—0 5296

TPra = { S ) 04328

V(1 = 048659 (1 — 052962
So, part of the relationship depends on age but part of 1t 1s inherent in the
ordinary composition of foods eaten  Let us examine this further

One could calculate the regression of P on A then esumate £ for each




Section 146 Multiple Regression 431

4 The 54 deviations from regression, P — P, are freed from the effects of
age Vaniation among them must be attributed to other causes, including
perhaps the fat content of the diet  Next, the regression of Fon 4 could
be handled mn the same way The deviations, ¥ — £, are independent
of age Finally, the 54 pairs of deviations could be correlated, the corre-
lation would be equal to rpp 4, the correlation between protemn and fat
after the common effect of age 1s ehminated

To get a clear notion of the way n which 75 4 15 independent of age,
consider the 6 women ncar 70 years of age  Their protein and fat intakes
were

P 56, 47, 33, 39, 42, 38

F 56, 83, 49, 52, 65, 52 rpr = 04194
The correlation 1s close to the average, rpr 4 = 04328 Similar correla-
tions would be found at other ages

In other situations there might be little or no correlation at any one
age A shght rearrangement of some of the actual data illustrates this

P 56, 39, 47, 33, 42, 38

F 56, 83, 52, 49, 65, 52 rpp = —00621
But the averages of the 2 vanables, unaffected by rearrangements hke
those above, might change with age as did the averages of P and F

Age 30 35 40 45 50 55 60 65 70 75
Average P 67 62 65 57 54 49 55 64 44 47
Average F 85 101 130 82 86 81 68 85 59 68

Here the correlation between the averages of protein and fat 1s 0 7014
This 1s due only to changing consumption with age, the correlations at
the several ages might be any number from —1 to +1 depending on the
painng of the observations This shows how the two effects, age and
e 4, may be independent  Some graphs will help you to understand the
relations

Another connection between partial correlation and multiple regres-
sion has uulity .f many variables are involved In section 7 4 1t was noted
that r 1s the geometric mean of 2 regression coefficients  Sim.larly,

723 = V/(br3)(bna)

Again the fact 13 emphasized that correlation does not 1nvolve the notion
of independent and dependent vanables It 1s a measure of intcrdepend-
ence The utihity with larger numbcrs of variables lies in the fact that
elegant methods are ] for the

(9) whereas those for higher order correlation coeflicients are cumber-
some

EXAMPLE 14 6 1—Brunson and Willier (2) examined the correlations amo
ear curcumference £, cob circumference C, and number of rows of kerncls K caloulateq
from measurements nl' 900 cars of corn

=0799, rax = 0570, rex = 0507
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Among ears having the same kernel number, what 1s the correlation between E and C7
Ans rgex = 0720

EXAMPLE 14 6 2—Among ears of corn having the same circumference, 1¢ there
any correlation between Cand K> Ans rex 5 = 0105

EXAMPLE 14 6 3—In a random sample of 54 Iowa women (12), the ntake of 2
nutrients was determined together with age and the concentration of cholesterol 1n the
blood If P symbolizes protein, F fat, A age, and C cholesterol, the correlations are as
follows

A P F
P —0 4865
F —0 5296 0 5784
c 0 4737- -0 4249 -0 3135

What 1s the correlation between age and cholesterol independent of the intake of pro«
temn and fat® Ans
TACP = TAP F TCP P 03820 — (—0 2604)(—0 3145)

R = T —rar )0 —ror ) T V(- 026091 — 03145 " 02t

14.7—Solving the normal equations If the data from table 142 |
are substituted 1n the normal equations of that section, they become

1,752 96 by s + 1,085 61 byzy = 3,231 48 (1)
1,085 61 by12 + 3,155 78 bya 1 = 2,216 44 )

A convenient way to solve these equations 1s as follows
(1) — 1,085 61  1.61472by1 2 + by21 = 2.97665 3)
(2) — 3,15578 0344016y12 + byay = 070234 @)
3)-® 127071by12 = 227431 6]
(5) — 127071 by = 1.78979 )
Substitute (6) n (3) by21 = 2.97665 — (1.61472)(1.78979)
= 008664 ()]

The results are the same as those got by substituting 1n the formulas
For future computations, note well this rule for by; 5, 1nvolving bold-

face type

(Number Above) — (Number Left)(Number Below)

Much of the symbolism may well be omitted from the form above
The essential parts are these

1,752 96 1,085 61 3,231 48
1,085 61 3,155 78 2,216 44
1.61472 1 2.97665
034401 1 070234
127071 227431
byry 178979

byey 008664
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‘The calculations can all be done on a machine with no side entries  Thus
1s a more convenient and more easily remembered device than use of the 2
formulas for the &  Also, 1t can be extended to the solution of more than
2 normal equations

Computational note In the form,

(Above) — (Left)(Below),
the following numbers may be used 1n an alternative solution,
070234 — (0 34401)(1 78979) = 0 08663,

as before except for a small rounding error  This serves as a chech  The
final check s to substitute the two b 1n the original equations

(1,752 96)(1 789879) + (1,085 61)(0 08664) = 3,231 49

mstead of 3,231 48 1n equation (1) Similar substitution 1n the second
equation gives 2,216 43

Occasionally the Gauss multiphers are needed for setting confidence
1ntervals or making tests They come from the solution of 2 sets of equa-
tions similar to the normal

Furst Set Second Set
anZx? e Zxxg = 1 e Zx® + o Zxxe = 0
oy e + 2 Zxt =0 e Zax + e Zxt =1

Both sets of equations are solved by a single series of operations  Using
phosphorus data

First Set Second Set
1,752 96 1,085 61 1 [
1,085 61 3,155 78 0 1
161472 1 0000921141 0
0 34401 1 0 0000316879
127071 0000921141 —0 000316879
en = 0000724903  cp = —0 000249372

e = —0000249374 ¢ = 0000402666

‘These are 1dentical with the results in section 14 3
Comp notes Calcul by the formula, (Above) — (Left)
(Below), 1s simphified by starting with (Above) = 0 1n each case,

en = —(034401)(0 000724903) = —0 000249374
= —(161472)(—0 000249372) = 0 000402666
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Both paurs of ¢ should be substituted 1n one or both of the oniginal equa-
tions Example.

(1,752 96)(0.000724903) + (1,085 61)(—0 000249372) = 1 00001

After the mul are the may be
got by combining them with Zxy as follows

byrz = eu Zxy + o Sxy
b2y = cu Zxyp + cn Sxyy

Substituting, one gets the coeflicients of section 14 2

(0 000724903) (3,231 48) + (—0000249372)(2,216 44) = 1 7898
(—0000249374)(3,231 48) + (0 000402666)(2,216 44) = 0 0866

There are advantages in each of the 2 foregoing methods of calcula-
tion  The first, using the normal equations, 1s shorter and yields all the
information ordinanly desired (including that about regression coefli-
cients elicited by the 4 and a table hke 14 32) But the second solution,
with the multiphers, 1s required 1f standard errors are needed for setting
confidence 1ntervals on the various Also 1t 15 cor if
there are several sets of ¥ dependent on a single set of X (section 14 10)

14.8—Four or more variables in a single group Computations.
Increasing beyond three the number of measurements on each individual
though nvolving no new principles does ntroduce increasing complexity
mnto the methods of multiple r Only the fund Is will be
presented here  Laboratory methods of calculation, together with more
extensive discussions may be found 1n speciahized publicauons (3, 4, 6, 13)

Amateurs should be cautioned not to rush headlong into regression
studies nvolving many variables Some people seem to think there 1s
magic 1 the collection of vast amounts of data—that by some alchemy
multple will yreld from careless
ments on heterogeneous material  The fact 1s that hazards increase with
the extent and complexity of the mvestigation Danger of the loss of data
or failure of techmques, difficulty of finding homogencous material, per-
plexaties involved 1n interpretation, these are a few of the obstacles How-
ever, do not be deterred 1f you have well taken measurements on carefully
chosen matenial, and if you have defimte quesaons whose answers hie in
the methods to be used  As compared to the labor of getting the data the
calculation of regression statistics 1s easy

Should you have four or more variables 1n several subsamples of indi-
viduals, the sub les being of hat different but
related populations, methods analogous to those of section 14 4 are avail-
able

One should be increasingly cautious of including more variables n
small samples The reason is readily explamed by an appeal to the
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geometry of regression, but we shall have to start with two variables
In a plane, two parrs of observations fix a linear regression, all additional
pairs being available not only for improving the regression but for an
estimate of error as well In three-space the required number of triplets
of observations to fix a regression plane 1s three The analogy may be
extended to four and more variables despite the imitations of our three-
dimensional world A regression mn six variables would fit perfectly
six sets of observations, leaving no information about error  With small
samples be meticulous about all tests of sigmificance, then be a bit skeptical
besides

As an example of 4 variables, an additional independent variable
Xj, 15 tahen from the original four which were measured in the plant-
available phosphorus 1nvesti| or , X1 and X; along
with X; are copted mto table 14 81 The Soil Temperature 35° C will
be considered later

The third X requires the calculation of 1ts sum of squares together with
sums of products with each of the other variables

Zxg? = 35,572, Zaixs = 1,200, Txaxs = 3,364, Zxyy = 7,593

TABLE 1481
ProspioRUs FRAGTIONS iN VARIOUS CALCAREQUS SOILS, AND ESTOMATED PLANT-
AVAILABLE ProspHORUS AT Two Soi. TEMPERATURES

Soil Sample Phosphorus Fractions Estmated Plant-available
No in Sail, ppm * Phosphorus 1n Soil. ppm
Soul Temp  Soil Temp
20°C 35°C
x X X Y v
1 04 53 158 64 93
2 04 23 163 60 73
3 31 19 37 71 38
3 06 34 157 61 109
5 47 24 59 54
6 17 65 123 77 107
7 94 44 46 81
8 10 1 31 117 93 94
9 16 29 173 93 66
10 12 6 58 112 51 126
11 10 9 37 111 76 H
12 231 6 114 9 108
13 231 50 134 71
14 21 6 44 73 923 72
15 21 56 168 95 90
16 19 36 143 54 8
17 26 8 58 202 168 128
18 299 51 124 99 120

*X: = morganic phosphorus by Bray and Kurtz method
X, = organic phosphorus soluble 1n K:COs and hydrolyzed by hypobromite
X: = organic phosphorus soluble 1n K;CO; and not hydrolyzed by hypobromite
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There are now 3 normal equations to be solved for the 3 regression
coeflicients
2’ bris + Zan braw + o bra e = Zxy
Zxwe byim + Zxg? braw + Zxavs brane = Zxy
Zxwis byrn + Zxaxs brzws + T bran = Zxy
‘The solution of thus set of simultaneous equations 1s shown 1n table
1482 The sums of squares and products are taken from table 142 1

and from the cal above U y symbols are omitted
TABLE 1482
SoLuTION OF 3 NorRMAL EQUATIONs  PLANT-AVAILABLE PHOSPHORUS

X Xa Xs Y Line
Sums of Squares X; 1,752 96 1,085 61 1,200 00 3,231 4 [§9]
and Products  X: 1,085 61 3,155 78 3,364 00 2,216 e (2)
X; 1,200 00 3,364 00 35,572 00 7,593 00 (3)
(1) = 1,200 00 1460800 0 904675 1 2.692900 (4)
(2) — 3.364 00 0 322714 0 938103 1 0 658870 (5)
(3) — 35,572 00 0 033734 0 094569 1 0 213454 (©6)
(4) — (6) 1 427066 0 810106 2 479446 (7)
5) — (6) 0 288980 0 843534 0445 6 (8)
(7) — 0 810106 1761579 1 3060644 (9)
(8) — 0 843534 0342583 1 0528036 (10)
) = (10) 1 418996 2532608 (1)
(11) — 1 418996 byrn = 1784789 (12)
byan = ~0 083403 (13)

b= 0161133 (14)
briw = 3060644 — (1761579)(1784789) = 0 528036 — (0 342583)(1 784789)
byy = 2692900 — (1460800)(1784789) — (0 904675)(—0 083403)

= 0 658870 — (0 322714)(1 784789) — (0 938103)(—0 083403), etc

Computational notes  The “back solution” for bys 13 15 like that of the
foregoing section, using Above and Left in line 9 or 10, the last block of
lines containing 1’s  For bys 1, 8o to the upper block of 1’s, ine 4 There
are now 2 each of Left and Below, one set in bold face, the second 1n
italics  The form of the calculation 1n the last 2 lines of the table 1s

(Above) — (Left)(Below) — (Left)(Below)

For , this may be repe: n lines (5) and (6)
The above form of calculation 1s readily extended to more than 3 inde
pendent vaniables There are dozens, perhaps hundreds of forms fo
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calculating the & 1n muluple regression (4, 13) Some are a bit shorter
than the one shown here but this one has the advantage of following
closely the customary method of solving simultaneous equations and so 1s
more easily remembered

Correctness of the b should be verified by substitution 1n one or more
of the original equations In (1) for example,

(1,752 96)(1 784789) — (1,085 61)(0 083403)

+ (1,200 00)(0 161133) = 3,231 48,
an exact venfication
and 1 will be d d 1n the next section

14.9—Four or more variables. Inferences With the heavy com-
putations behind him, the statistician 1s ready to consider what has been
achieved His next steps will depend on the purpose of the experiment
“The primary objective of the present investigation was to determine
whether there exists an independent effect of soil orgamic phosphorus on
the phosphorus nutrition of plants” That 1s, the experimenters wished
to know 1f X; and X; are effecuve 1n predicting ¥ We shall examune that
objectwve first, then suggest others i the examples

The “quick and dirty” method 1s to look at the standard partial regres-
sion coeflicients, b/(2x2/25?)

byrsm = 17848+/(1,75296/12,389 61) = 067
byai = —00834~/(3,155 78/12,389 61) = —0 04
Vyan = 016114/(35.572/12,389 61) = 027

Ths leaves hittle doubt that inorganic phosphorus 1s the chief contributor
and that the organic fraction X; 15 meffective  Decision about the second
organic fraction calls for the more exact methods

For the first of these, we need the sum of squares of ¥ due to regression
together with the remainder of Z)*

et = (1,7848)(3,231 48) + (—0 0834)(2,216 44) + (0 1611)(7,593 00)

,806
Edy 12 = 12,390 — 6,806 = 5,584

C this with corresponding Z71,? m table 14 3 1
Regression on Xi, X,, Xy 3 6,806

Regression on X3, X 2 5,976

Xs after X, and X2 1 830 830

Error 14 5,584 399

F = 830/399 = 2 08 corresponds to a probability 1n the neighborhood
of 018 This confirms the earher finding, the morganic fraction 1s the
chuef, perhaps only, source of phosphorus available to the plant at 20° C
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Some general features of multiple regression may now be observed
First, as noted before, the regression coelficients change with each new
grouping of the X With X; only, by = 2,216 44/3,15578 = 07023
Adding Xi, bys1 = 00866 With 3 of the X, by21s = —00834 In any
one multple regression, the coefficients are intercorrelated, either -
creasing or decreasing the number of X changes all the b

Second The value of Z§* never decreases with the addition of new X,
ordinarily 1t increases Take X, alone, Zf? = (3,231 48)%/1,752 96 =
5,957 Xy and X» make Zfp? = 5,976 For all three, Zfus* = 6,806
The 1ncrease may be small and nonsignificant, but 1t represents the new
information 1n the added X

Third  For checking calculations 1t 1s worth noting that =g cannot be
greater than Zy?, nearly always itisless Only if the X predict ¥ perfectly
can Zj* = Z)* In that hmiting case, Zd% =

Fourth  High correlation between two of the X can upset calculations
If 74515 above 0 95, even 6 or 8 sigmificant digits may not be sufficient to
control rounding errors  If correlation coeflicients are used for coded X
(example 14 10 7), and 1f one of them 1s above 0 95, consider ehmnating
one of the two X

Fifth  If 24 1s only a small fraction of 232, that 1s, 1f R? 15 small (ex-
ample 14 3 5), remember that most of the vanation i ¥ 1s unexplamed
It may be random variation or 1t may be due to other indepene :nt vari-
ables not considered in the regression If these other vanables were
found and brought 1n, the relations among the X already included might
change completely It 15 well not to speculate about cause and effect un-
less R? 15 hugh, say, above 0 8

EXAMPLE 14 9 1-—Compute _the regression of ?lanl-zvanlable phosphorus on
the 3 fractions  Ans ¥ = 17848X; — 008344\’: + 01611, + 43

EXAMPLE 14 9 2—E: m sl nmple 17
and compare 1t with the observed value Ans n9 ppm,Y — ¥ = 49 ppm
EXAMPLE 14 9 3—The experimenter might have information which would lead
lum to retain X; along with X in his predicting equation, dropping Xz  Calculate the
ew regression  Ans P = 1737X; + 0155X; + 415

EXAMPLE 14 9 4—Calculate the sum of squares duc to X; after X and X3
Ans 16

EXAMPLE 14 9 5—What 1s the sum of squares of ¥ due to X, after X3 and Xy
Ans 4,394

EXAMPLE 14 9 6—Calculate R* = Z¢*/Zy* with X alone, with X and X;, and
with Xy, X3, X Ans Ryt = 04808, Ry 1* = 0 4823, Ry a® = 05493 Notice that
R never decreases with the addition of a new X, ardmmly 1tincreases  Associate this
with the corresponding theorem about Zf?

14.10—Four or more variables. Elements of inverse matrix, the
Gauss multipliers. Interval esumates and tests of the b, of P, etc require
calculation of the ¢ These are the elements of an inverse matrix, Gauss called
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them multipliers (8) Not only are they needed for many tests but are time
savers 1f there are several values of ¥ corresponding to a single group of
independent variables

As m section 4 7, the el are c d by solving
as many sets of simultaneous equations as there are X For 3 of the X,
they are as follows

Zx® on + Zxxa o + Zxas = 1,0,0
Zxpon + Zxg? om + S en = 0,1,0
Zxgx o + Zxpxa e + Zxf ep = 0,0, 1

The left sides of the equations are the same as those of the foregoing section
with the ¢ replacing the & The right members of the first set (1, 0, 0)
replace the Zxy, etc

If you substitute the phosphorus data 1n the first of the sets of equations
then apply the methods of the preceding section, you will divide 1 by 1,200,
carried to 6 sigmificant figures this gives 0 000833333 In the third set you
will have 1/35,572 = 00000281120 With 4 or 5 figures to the left of the
decimal and 10 to the right, the anthmetic 1s messy  Some coding seems
worth while

The best coding I know changes the sums of products into corrclauon
coeflicients  But the coding and decoding are a bit awk
14107) A substitute which Mrs Mary Clem of our computing labora-
tory has found rather umiformly successful 1s to divide each left member
by 1ts 2x? In practice, the reclproca] of Zx* 15 locked 1nto the machine

and mul 1 the coefli of the ¢ Example from

lme 11 !able 14101, 1/1, 752 96 = 0000570464, recorded for conven-
tence 1n line 4 Muluplying this reciprocal by the 3 terms n this line,
you get the first 3 entries in ine 4, 1,0 6193, 0 6846 To mimmize round-
1ng errors, the reciprocals should be carried 2 digits further than the num-
ber of digits retamed in the body of the table The coded numbers be-
come the coeflicients of the ¢ After they are entered 1n hnes 4, 5, 6, the
solution of the equations proceeds as in section 4 7

You will observe that the coded matrix 1s not symmetrical, that 1s, the
coeflicient of ¢;2 18 not equal to that of ¢y, etc  This does not affect the
present method of solving the equations

The check column at the right could have been introduced 1n sections
47 and 4 8, now 1t becomes essential  Simply add the entries in each of
lines 4, 5, 6, then treat the sums like any of the other columns Example
mn line 7, 4 8260 = (1 460707)(3 3039) Venfication 1s done by adding
the other entries in line 7

14607 + 09046 + 10000 + 1 4607 = 4 8260

as calculated above The 2 numbers should be the same except for round-
1ng errors
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The calculated matrix of ¢ 1s stull nonsymmetrical To decode, divide
each column by the original Zx® 1n that column  Example, solution 1

(' 12707)(0 000570464) = 00007249
(—04353)(0 000570464) = —0 0002483
(—00016)(0 000570464) = — 0 0000009

You may be surprised by the division and by the column  Thus 1s an 1n-
verse matrix 1n which elements 1n the original numerator are now 1n the
denominator and 1n which rows have become columns The decoded
matrix returns to the oniginal symmcuy, thus 1n 1tself 1s an excellent check

As a final v 1 of the decoded matrix in
the original equations  As an cxamplc, substitute the first solution mn the
first equation

(18) n (1) (1,752 96)(0 0007249) — (1,085 61)(0 0002483)

— (1,200 00)(0 0000009) = 1 0001
mnstead of 10000, a shght rounding error  Similarly, substituting the
second solution 1n (2),

— (1,085 61)(0 0002483) + (3,155 78) (0 0004375)
— (3,364 00) (0 0000330) = 1 0001

The third solution 1 (3) 1s not so good, 10012 Rounding error have
crept into the decimal third place

Actually, one cannot be sure of accuracy n the third decimal place if
he carries only four significant digits  To show what may be expected, I
carried 6 significant digits and a student, 10 A comparison of the more
accurate results with those above 1s indicated this way

4 places 6 places 10 places
o 0 0007249 0000724929 0 0007249289466
u 0 0000009 0 000000969 —0 0000009691292
briu 1 7846 1 78479 1 784787539
brn 0 1616 0 161132 0 161132757
syn? 6,809 6,805 9 6,806 13

It 1s clear that the final results are not much different despite the poor
check 1n equation (3)
Further computations 1n the table are fairly famihar Examples
byau = (=0 0002483)(3 231 48) + (0 0004375)(2,216 44)
+ (—00000330)(7,593 00) = —0 0833
Zhus® = (1,7846)(3,231 48) + (—00833)(2,216 44)
+ (01616)(7,593 00) = 6,809
s = (20 0)4/0 0007249 = 0 538
s = (200)4/0 0004375 = 0418
ty = 17846/0 538 = 332
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The 1dentity of the ¢-test with the F-test of the foregoing section 1s shown
by comparing the results for X3 For bys1s, f = 144 This1s 4/2 08, the
value of F for X; after X and X;

The hypothesis that two regression coefficients are equal may now be
tested 1f there 15 any reason for 1t One would scarcely be interested in
making the test in the phosphorus exp because the on
the two organic fr are both But for 1ll , the
difference,

bysiz — byais = 01616 — (—00833) = 02449,

15 tested by calculating thc mean square,
sp? = sy 1® (02 + cna

— 26)
= 398 6 [0 0004375 + 00000313 — 2(—00000330)] = 02132

Hence, sp! = 0462,¢ = 0 2449/0462 = 053, f = 14

The confidence mterval for ¥ 1s got by first calculating the mean
square, s7* = sy*(l/n + n® + oo + o + 2a0mxe + 2003
+ 2cas¥xxs), where the x are deviations from means Substituting the
phosphorus data for sample 17 whose regression value was estimated 1n
example 14 9 2,

0 =268~119=149,x =58 —421 = 159, x, = 202 — 123 = 79
53t = (398 6) [1/18 + (0 0007249)(14 9) -+ (0 0004375)(15 9)?
+ (00000330)(79%) + 2(—00002483)(14 9)(15 9)
4 2(—00000010)(14 9)(79) + 2(—00000330)(15 9)(79)
= 1236

spo= 111, Lo = 2145, 119 = (2 145)(11 1), 95 to 143 ppm

If 1t 15 the confidence interval on an indwidual observation that 1s
wanted, add sy 1s? to 5%

=3986+ 1236 = 5222, 5y = 229
119 = (2145)(229), 70 to 168 ppm.

The upper lumt happens to fall on the observed Y

Occasionally there are several sets of ¥ to be matched with a single set
of observations on the independent vanables In the phosphorus experi-
ment, every soil sample was tried at 35° C as well as at 20° C  The re-
sults are 1n the last column of table 1481  Since the inverted matrix
nvolves only the X, 1t can be appled very simply to the second Y series
It 1s necessary to calculate only the new sums of products,

Zxy' = 1,720 42, Zxy' = 4,337 56, Zxy’ = 8,324 00
Combunng these with the ¢ already calculated, the regressions of Y’ are
byngy = 01618, bys,y = 11958, by, = 01159

In this new series, 2§ = 6,430, Zd* = 12,390 — 6,430 = 5,960, sy+ 12* =
4257 From sy. 153 = 20 6 ppm , the standard deviations of the 3 regres-
sion coeflicients are 0 554, 0 431, and 0 115 These lead to the 3 values
of¢ 029,277, and 010
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“It 15 postulated from the results of these two experiments that soil
organic phosphorus per s¢ is of little or no value m the phosphorus
nutrition of plants and that 1t becomes of value when 1t 1s changed to the
worganic form  the rate of organic phosphorus mineralization 1s several
times higher at 35° than at 20° G

EXAMPLE 14 10 1—In studies of the feruhization of red clover by honey bees
(10), 1t was desired to learn the effects of various leng(hs of the insects’ prot bmcu
measurement 15 difficult, so a g‘:l to more
Convement one that might be mghly correlated w nth proboscis length “Three were
tried on 44 bees with the results indicated

Length of

Dry Weight, Length of Wing, Width of Wing,  Proboscis,
n= 44 X, (mg ) X (mm) X, (mm ) Y (mm )
Mean 13 10 9 61 328 659

Sums of Squares and Products
X X, X, Y

Y, 16 6840 19279 0 8240 1 5057
X 09924 0 3351 0 5989
X 0 2248 0 1848
)'e 0 6831

Except for practice, coding 15 unnecessary Carrying 4 decimal places, calculate
the regression coefficients as in section 148 Ans 00291, 0 6152, —0 2017 Note In
caleulating by, the 2 results were 0 6156 and 06149 For bys, the 3 calculations gave

2013, —02021, —02016 I used means This shows the effects of rounding
cerors when only 4'decimal places are carned

EXAMPLE 14 10 2—Make a rough assessment of the relative predicuve values
of the X Ans Standard partial regressions 0 14, 074, and —

EXAMPLE 14 10 3—Test the significance of the over-all regression  Ans F =
162,f = 3 and 40

EXAMPLE 14 10 4—Test the significance of the joint effect of X; and Xs after
X: Ans F =087

EXAMPLE 14 10 5—Calculate the c-matrix, and from 1t the regression coeffi-
cients  Ans 00291, 06148, and —02009 This gives an 1dea of the effects of round-
ing errors with 4 decimals

EXAMPLE 14 10 6—What are the values of ¢ for testng the 3 regression coeffi-
cients® Ans 118,474,076

EXAMPLE 14 10 7—Code the phosph data by co-
efficicnts from the sums of squarcs and products

X X X
Zx?, Tax, 1,752 96 1,085 61 1,200 00
\/L‘x.' \/Ex.’\/lx, 41 8684 2,352 01 7,89 61

1 0000 0 46156 0 15196
B, 3 3,155 78 ,364
VExst, \/Z‘xg‘\/En’ 56 1763 10,595 15
n, 1 0000 0 31750
Zxdt 35,572 00

VEst 188 6054
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The square roots of the three sums o(s%uarc: are multiphied 10 paurs to get the denomi-
nators of the correlation coefficients  Example

/1,752 964/35,572 00 = (41 8684)(188 6054) = 7,896 61

The sums of products are then divided by the corresponding products of square roots
togetther Example

Zxaxy 3,364 00
= ey Ea 10,595 15 ~ 0 31750

Notice thatry = rp =ra = 1
EXAMPLE 14 10 8—Invert the matnx of correlaton cocfficients

1 00000 0 46156 0 15196

0 46156 1 00000 0 31750

0 15196 0 31750 1 00000

Ans 1 27076 —0 58411 —0 00765
—0 58410 1 38060 —0 34958

—0 00765 —0 34958 1 11215

EXAMPLE 14 10 9—To decode the mverted matnix, divide each element by the
same divisor that was used in coding  Examples
—127076/1,752 96 = 0 00072492
—0 58411/2,352 01 = —0 00024834
1 11215/188 6054 = 0 00003126
These elements are more nearly accurate than those 1n table 14101 At worst, they
are off onc unit in the last place  Venfy your results by calculating the regression co-
efficients and comparing them with those 1n table 14 8 2

14.11—Deletion of an independ. iable. After a reg i
computed, the utility of a variable may be questioned and 1ts omission
proposed  Instead of carrying out the calculations anew, desired infor-
mation may be got from the statistics in the redused regression by means of
the formulas below (7)

In the phosphorus experiment at 20° G, X, had practically no predic-
tve value  In examples 14 9 3—4, this variable was deleted by computing
2 regression coeflicients and, from them, £§,3%, etc  If the inverse matrix
s already calculated, the decrease from Zgus® to Zfhs? 1s given by

by2 /e = (—00833)%/0 0004375 = 16

S0 2 = 6,806 — 16 = 6,790, a much easier job
Moreover, the 2 reduced parual regression coefficients are readily
:alculated

byrs = by1s — cua(byzrs/cn) = 1737
bys1 = bys 2 — cma(byz a/cz) = 0.155
These results agree with those in example 14 9 3.

Instead of the foregoing, one may decide to calculate the elements of
he reduced matrix

o = ex¥/en = 00005840

3 — ¢x'/en = 00000288
(es)r = a1y — cuem/em = —0 0000197
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From these, all the other required statistics may be calculated  You wall
see that with only 3 independent variables the method of section 14 2 1s
easier With more X, the scheme above 1s valuable

Formulas for omitting X; or X; may be inferred from those given, only
keep 1n mind the subscript of the variable being elimmated and that of the
desired statisic  Analogous formulas are easily written for deletion 1
a regression having more than 4 independent variables But 1f more
variables than one are to be eliminated, starting from the begnning may
well be easier than pl of the f it

EXAMPLE 14 11 1—With the bee data, ehminating wing width, X;, calculate
Zfhat = 03705

EXAMPLE 1411 2—From the above, test the sigmificance of the over-all regres.
sionof Y on Xyand X; Ans F = 243,f = 2,41 Why 1s this 7 greater than that of
example 14 10 3

14.12—Summary of formulas.

A Direct method of calculating the &
1 Zf = SbExy
2 24 = ) — T
3 Fraction of Zy* due to regression = S§%/%*
4 sy %= Zd&*(n — m), where m = total numher of\arlahlcs
5 bhim = bna VERYZY

B After calculating the ¢-matrix
1 b= ZaZxy
2 3 = BbIxy
3 3@ = 3t — Tt
4 = Z9%/%
5 sy *=Zd&(n — m)
6 spe= sy Veu
T oSy - = sy (o — 220,),1 <y
8 5 = syn *(1/n + Sewx? 4+ 2Zeyxx), 1 <
9 syt =y (14 1/n 4 Zeax? + 22, 1 < g
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CHAPTER 15
Curvilinear Regression

15 1—Introduction. Although linear regression 1s adequate for many
needs, 1t 1s a matter of common observation that some variables are not
connected by so simple a relation  The discovery of a precise description
of the concomitant vanation of two or more quantities 1s one of the prob-
lems of curve fitting, hnown as curvalinear regression  From this general view
the fitting of the straight line 15 a special case, the simplest and indeed the
most useful

‘The motwves for fiting curves to nonlinear data are various Some-
times there 15 the desire to make a good estimate of the dependent variable
for any particular value of the independent This may nvolve the smooth-
ing of wregular data and the nterpolation of estimated ¥’s for values of X
not contained 1n the observed series  Sometimes the objective 1s to test or
discover a law relating the variables, such as a growth curve At yet other
tumes, the form of the relationship 1s of hittle interest, the end 1n view 1s
merely the of which nonlinearity of
may ntroduce 1nto a correlation coeflicient or an experimental error

The problem of fiting curves to data has been approached from many
directions  Except when a law 1s being tested, the chief difTiculty 1s the
selection of a surtable equation Graphical devices of rectification (12) and
more theoretical methods (4, 11, 18) are uscful and readily available to
one who has some acquaintance with mathematics  In the main, we shall
confine our attention to the exponential growth curve and to the poly-
nomual

15.2—The exponential growth curve. A characterisuc of some of
the simpler growth phenomena 1s that the increase at any moment is
proportional to the size already attained This 1s sometimes called the
law of compound 1nterest During one phase 1n the growth of a culture
of bacteria, the numbers of organisms follow such a law The relaton 15
nicely illustrated by the dry weights of chick embryos at ages 6 to 16 days
(16) recorded in table 1521  The graph of the weights 1n figure 1521

he

ascends with greater rapidity as age the
being of the form commonly associated with such growth,
W = (A)(B),

[447)
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where 4 and B are constants to be evaluated. Applymng logarithms to the
equation,
log W = log 4 + (log B)X
orY = a+ bX,
whereY = log W, a = log 4, and b = log B This means that if log W
nstead of W 1s plotted against X, the graph will be hnear By the device

TABLE 1521
Dry WeicHTs o Ciick Eusryos FRom Aces 6 TO 16 Davs,
'0GETHER WITH CoMMON LOGARITHMS

Common Loganthm
Ages 1n Days Dry Weight, W of Weight
x (grams) b's
6 0 029 —1 538*
7 0052 —1284
8 0 079 -1 102
9 25 —0 90
10 0 181 -0 742
11 0 261 —0 583
12 0 425 -0 372
13 0 738 -0 132
14 11 » 0 053
15 1 882 0 275
16 2 812 0 449

* From the table of loganthms, one reads log 0 029 = 8 462 — 10 or —2 462, which
means —2 + 0462 = —1538

of using the logarithm 1nstead of the quanutity 1tself, the data are said to
be rectified

The values of Y = log W are set out 1n the last column of the table
and are plotted opposite X 1n the figure The regression equation, com-
puted in the famihar manner from the columns X and Y 1n the table, 1s

Y* = 01959X — 2689

The regression hine fits the data points with unusual fidelity, the correla-
tion between Y and X bemng 09992 The conclusion 1s that the chick
embryos, as measured by dry weight, are growing in accord with the
exponential law, the logarithm of the dry weight increasing at the esti-
mated uniform rate of 0 1959 per day

Often there 1s hittle interest 1n the regression equation 1tself, the objec-
tve being merely to learn 1if the data follow the exponential law  The
graph, then, may furnish sufficient information If so, the use of semi-
logarsthmic or ratio graph paper obviates the necessity for looking up the

* The distinction between Y and estimated Y 15 usually obvious ¥ will be used
only when the deviation from regression, ¥ — ?, 1s to be emphasized.
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logarithms of ¥ The horizontal rulings on the paper are drawn to such a
scale that the plotung of the original data results m a straight line if the
data follow the exponential growth law  Ratio paper may be purchased
at most stationery shops

Its dered d ble to write the
law 1n the form,

1 growth

W = 4e™%,

where ¢ 15 the base of the natural or Naperian system of logarithms, an
wrational number whose approximate value 15 2718 If this form 1s
decided upon, the convement way 1s to use natural logarithms, then,

log, W = log,d + bX
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Fio 152 1—Dry weights of chick cmbryos at ages 6-16 days wath fitted curves.
Uniform scale W = 0002046(1 57
Loganthmicscale ¥ = 01959X — 2 689
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It may be shown that the b, n this eqp 15 the
relatwwe rate of increase of W, that 1s, the rate of increase per umt X per
umt W Ths relative rate 1s 2 3026 (= log.iO) times the rate indicated
by the slope of the line in Thus, for the
chick embryos, the relative rate 1s (2 3026)(0 1959) = 04511 gram per
day per gram It 15 clear that the information about relatve rate of
growth can be deduced from either form of the equation  One may yust
as well use common logarithms if he finds them more convenient, then get
the correct relative rate by muluplication as above  There are no other
advantages 1n the natural logarithms unless tables of natural logarithms
are more readily available than those of common logarithms

If there 1s a necessity for converting the equation, log W = 0 1959
— 2689, into the exponential form,*

W = (0002046)(1 57)%,
W = (0002046) %1%,

1t must be remembered that the sum of squares of the errors of estumate 15
not a mumimum for the exponenuial It 1s the sum of the squares of
log W — esumated log W which was mimimized If 1t 1s important to
reduce to a mummum the sum of squares of deviations from the expo-
nential, methods are available (18, 4, as examples) Ordinanly *here 1s
no object 1 r the to the ex I form, or mn
making the shght improvement 1n the constants even 1f 1t 1s so converted

Workers in other lines may wish to test different theoretical regressions
Occasionally the simple 1nverse proportion 1s indicated,

=1/X

Other possibilities arc ¥ = log X, Y = /X and log ¥ = a + b log X
The testing of the applicability of the proposed law should first be done
graphically Should the data appear to be rectified by the transformation
of one or both the vanables, then proceed with the regression computations
if desired  For testing the last of the above equations, logarithmic paper
1s available, both vertical and horizontal rulings being 1n the logarithmic
scale For directions to the use of graph paper with special scales, see
reference (8)

or the formt

EXAMPLE 1521—] W Gowen and W C Price counted the number of lesions
of Aucuba mosaic virus developing after cxposure to X-rays for vanous times The
following record 1 from 25 yet unpublished daa made avarlable through courtesy of the
nvestigators

* To get this form, note that 01959 = log 1 57 and 2 689 = log 488 5, hence
log W = (log 1 7)<x) log 488 65 = log 1 57% — log 48

= log

4" “ = log (0 002046)(1 57%)

1 This comes from the first form because log,l 57 = 0 4511, whence 1 57 = ¢* &1t
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Minutes exposure [ 3 75 15 30 45 60

Count 1n hundreds 2n 226 209 108 59 29 12

Plot the count as ordinate, then plot 1ts loganthm Denve the regression, ¥ = 2 432
— 002227, where ¥ 15 the logarithm of the count and X 15 minutes exposure

EXAMPLE 15 2 2—Repeat the fitting of the last cxample using natural logarithms
he fact that the rate of decrease of hundreds of lesions per minute per hundred
8 (2 3026)(0 02227) = 005128

EXAMPLE 15 2 3—If the meaning of relative rate 1sn’t quite clear, try this ap-
proximate method of computing it - The increase in weight of the chick embryo during
fhe. thlr(ccnlh day 151130 — 0 738 = 0 392 gram, that 1s, the average rate during this
period 15 per day But the average weight during the same perod 1s
(l 130 + 0 738)7' - D 934 gram Thc relative rate, or rate of increase of cach gram,
18 therefore 0 392/0 934 = 0 42 gram per day gram This differs from the average
obtamned 1n the whole period from 6 10 16 days, 0 4511, y because the average
weight as well as the increase in weight in the ‘thirteenth lay suflered some samphng
variation, and partly because the correct relatve rate 15 based on weight and increase
1n weight at any instant of time, not on day averages

EXAMPLE 15 2 4—Geddes (10) gives estimates of the baling  qualty of straight
grade flour (Q) after being heated at 170° F for various numbers airs

ofvalues (7, () ase as follows 025,93, 050,71, 075,63, 10, 54, 15, 43, 20, 38, 30,
29,40, 26,60,22,80,20 Plot Q on the verucal axis agawst T on the honzontal
Settng| .170,; 2 Fand log @ =Y, plot ¥ agamst X Derise the regression, ¥ = 1 7116
- 046’

EXAMPLE 152 5—Placing Y = 1/Q n the last cxample, plot ¥ against 7 Since

the graph s not lincar, try ¥ =

Q_' o5 Compute the regression of the rectiied data,
1

Y = 0019967 + 0 00546, from which Q = 01996 T 000546 + 14 Runmng (14,
VI) gives a graphical method for estimating the number that must be subtracted from
W in order to get a straight regression Can you improve on 14> How many degrees
of freedom remain for testng with the mean square of errors of estimate?

EXAMPLE 15 2 6—Decker and Andre (3) investigated the mortality of chinch
bugs cxposed at a temperature of —12 2° C for various periods

Hours exposure i 02 05 1 4 12 24 48 72

59 63 65 68 70 73 74 75

Percentage mortahty

= percentage mortality and X = loganthm of hours exposure Fit the equation,
Y = !” To plot these data on paper, put the
scale honmmal and plot hours on 1t

EXAMPLE 152 7—In an experiment on wheat i Austraha, ferthzers were
applicd at various levels with these resulting yrelds

Level X 0 10 20 30 40 60
Yield b 26 2 340 36 3 378 38 6 389
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Fit to these data the Mitscherlich equation (14, 5),
=a— bX,
where ¥ = log (30 — ) The yueld, 39, 1s taken as the maximum yield irrespective
of the amount of fertbzer  The fitted equation 13 ¥ = 0 01434X — 02294
15.3—The second degree polynomial. Faced by nonl
one often has no k of a th 1 eq to use In many
1nstances the second dcgrec polynomuial,

Y =a+ bX + X3,

will be found to fit the data satsfactorily The graph 1s a parabola whose
axis 1s vertical, but usually only small segments of such a parabola appear
n the process of fiting  Instead of recufying the data a third vanate 1s
added, the square of X This introduces the methods of muluple regres-
sion The calculations proceed exactly as in chapter 14, X and X* being
the two independent variates It need only be remarked that +/X, log X,
or 1/X mught have been added mstead of X? if the data had required 1t
To illustrate the method and some of 1ts applications, we present the
data on wheat yield and protemn content (13) in table 153 1 and figure
1531 The mvestigator wished to estimate the protein content for various
yields We shall also test the significance of the departure from hnearity
The sccond column of the table contains the squares of the yelds 1n
column 1 The squares are treated 1n all respects like a third vaniz le in
muluple regression  The regression equation, calculated as usual,

Y = 17703 — 0 3415X + 0 004075X7,

PERCENTAGE PROTEIN CONTENT

g 7
L

= 20 30 4
YIELD OF WHEAT IN BUSHELS PER ACRE

Fic. 153 1—Re of tein content on yield in wheat, 91 plots.
;-1770;"’034154\’-&-00040 75X P
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TABLE 153 1
PercenTAGE PrRoTEN CoNTENT (¥) AND YIELD (X) OF WHEAT
Frow 91 PLots*

Yaeld, Yield,

Bushel Percentage Bushel Percentage

Per Acre  Square  Protem Per Acre Square  Protem
X X Y X x )3
43 1,849 107 19 361 139
42 1,764 10 19 361 13 2
39 1,521 108 19 361 138
39 1,521 10 2 18 324 10 6

1,444 10 3 18 324 130

38 1,444 98 18 324 13 4
37 1,369 10 1 18 324 137
37 1,369 10 4 18 324 130
36 1,296 10 3 17 289 13 4
36 1,296 110 17 289 13 5
36 1,296 122 17 289 10 8
35 1,225 109 17 289 125
35 1,225 121 17 289 127
34 1,156 10 4 17 289 130
34 1,156 108 17 289 138
34 1,156 10 9 16 256 143
34 1,156 126 16 256 136
33 1,089 10 2 16 256 123
32 1,024 18 16 256 130
32 1,024 10 3 16 256 137
32 1,024 10 4 15 225 133
31 961 123 15 225 129
31 961 96 14 196 14 2
31 961 19 14 196 132
31 961 11 4 12 144 15 5
30 900 98 12 144 13 1
30 900 107 12 144 16 3
29 841 10 3 11 121 137
28 784 98 1 121 18 3
27 729 131 1 121 147
2 676 110 11 121 138
26 676 110 1 121 148
25 625 128 10 100 15 6
25 625 118 10 100 14 6
24 576 99 9 81 14 0
2 576 116 9 81 16 2
24 576 18 9 81 15 8
2 576 123 8 64 155
22 484 113 H 64 142
2 484 10 4 8 64 135
22 484 12 6 7 49 13 8
21 441 130 7 49 14 2
21 441 147 6 36 16 2
21 441 15 5 25 16 2
21 441 110
20 400 128
20 400 130

* Read from published graph This accounts for the shght discrepancy between the
correlation we got and that reported by the author



454 Statistical Methods Section 153

1s plotted 1n the figure At small values of yield the second degree term
with 1ts small coeflicient 1s scarcely noticeable, the graph falling away
almost like a straight line  Toward the right, however, the term 1n X* has
bent the curve to practically a horizontal direction

It 1s interesting to observe the effect of curvilinearity of regression on
the deviations from regression If linear regression 1s assumed, 2d, > =
110 48 But when the second degree term 1s introduced, 2d, ;* = 97 53
The analysis of variance and test of significance are shown 1n table 1532

TABLE 1532
‘TEST OF SIGNIFICANCE OF DEPARTURE FROM LINEAR REGRESSION
Degrees of Sum of Mean
Source of Vanation Frecdom Squares Square
Dewiations from hnear regression 89 110 48
Dewiations from curved regression 88 97 53 11
Curvihinearity of regression 1 12 95 12 95**

F=1295/111 =117

The reduction 1n sum of squares, tested against the mean square remain-
ing after curvilinear regression, proves to be significant  The hyp thesis
of linear regression 1s abandoned, therefore, there 1s said to be a significant
curvilinearity 1n the regression

For any given yield, say 20 bushels per acre, the expected proteir con-
tent 1§

Y = 17703 — (0 3415)(20) + (0004075)(20)* = 1251%

In this way, the regression equation 1s useful for esumating and interpolat-
ing  Confidence statements and tests of hypotheses are made as in chapter
14

It may be thought that there 1s a great chasm between the rectifica-
tion of data 1n the last section and the of curvilinear reg;
m this  The distinction, however, 1s really superficial If a three-dimen-
sional graph were made, X and X? being plotted on separate axes, the
regression surface would be a plane In that sense the data would be
recufied as before It s only the hmitations of the two-dimensional graph
that make the methods seem different

As always 1n regression, either linear or curved, one should be wary of
extrapolation The data may be to furnish ds
trend beyond their own range Looking at figure 152 1, one might bc
tempted by the excellent fit to assume the same growth rate before the
sixth day and after the sixteenth The fact 15, however, that there were
rather sharp breaks 1n the rate of growth at both these days To be useful,

P requires ledge and keen thinking

EXAMPLE 15 3 1—Fit a second degree polynomual to the data of example 152 1
Theresultis Y = 262 245 — 9 851X -+ 0 09681.X7, not a very good fit
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EXAMPLE 15 3 2—Decker and Andre (3) exposed eight lots of 500 chinch bugs
at —66° C for varying intervals of ime The resulting mortality was as follows

Days exposure 13 35 8 135 16 21 28
Percentage mortality 08 36 58 116 228 446 676 920

Fit a second degree polynomial to learn if 1t reveals a significant deviation from linear
regression F = 609, f = 1 and 5, shows that the departure from lincar regression,
as tested by the fitted parabola, 1s just short of sigmificance

EXAMPLE 15 3 3—You may think that the parabola 1s not a suitable equation
to fit to the data of the last example Try putung ¥ equal to the logarithms of the
mortality percentages, thon fitang T = a 1 b, where .5 days of ex

How will you compare the fit of this curve with that of the parabola® For the latter,
the mean square deviation from second degree regression was 322 with f = 5 To

figure from the log fitting, transform cach ¥ to 1ts anti-
loganthm P and calculate the deviations from regression  The mean of their squares
15 1,270, far greater than the corresponding figure for deviation from second degiee
regression  Why 1s this not an exact comparison®

S

15.4—Test of deviation from linear regression. In the foregoing
section this test was made 1n table 15 3 2 after the curvilinear regression
had been computed If the data occur in groups, and 1f 1t 1s only deviation
from hnearity of regression that 1s interesting, the test can be made rather
sumply  The method 1s illustrated by use of the data in table 15 4 1, made

TABLE 1541
Letnaz Dose (CODED BY SUBTRACTING 50 UNITS) OF UNITED STATES STANDARD
OuaBaN, Stow INTRAVENOUS INJECTION In CAT To ENDFOINT OF CARDIAC STOPPAGE

mg /kg /min
Rate of Injection, X =S 000
104575 2 0915 4183 8 366 Total
5 T3 34 51
9 6 34 56
11 2 38 62
13 27 40 63
14 27 46 70
16 28 58 73
17 28 60 76
20 37 60 80
22 40 63 2
2 42
31 50
31
¥ 217 310 435 632 1,594
Number cats 12 11 9 9 4
I 181 28 2 48 3 70 2 389
v 4,727 10,788 22,261 45,940 83,716
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available through the courtesy of B J Vos and W T Dawson. Four
rates of mjection were used, each double the preceding The particular
question under mvestigation was whether the regression of ¥ on X 1s
curved A graph will be quite sufficient to convince most people that
there 1s no evidence of curvilinearity However, we shall make the test
of s;gmificance as an illustration of the method

Furst, the total sum of squares of the lethal doses 1s analyzed in the
familiar manner of table 154 2 It 1s clear that the chief source of varia-
tion 15 that induced by the rates of injection—the group means differ
significantly We are interested 1n learming whether the trend of the means
departs significantly from hnearity

For regression, 2x* and Exp are required, corresponding to 2y* = 21,744

TABLE 1542
AnALvsis oF Variance oF LETHAL Doses o Quasain aT Four Rates or INjECTION
Degrees of Sum of Mean
Source of Variation Freedom Squares Square
Within Rate Groups (Error) 37 5,651 152 7
Rates of Injection 3 16,093 5,364
Total 40 21,744

in the table The calculations differ somewhat from usual because of the
occurrence of ¥ in groups  Thus,

X = 12(1 04575) + 11(2 0915) + 9(4 183) + 9(8 366) = 148 496,
a weighted sum. Simlarly, .
ZX? = 12(1 04575)* + + 9(8 366)* = 848 628
From these 1s computed,
Zxt = ZX? — (2X)%/n = 848 628 — 537 831 = 310797
For the sum of products of the observations,

ZXY = (104575)(217) + (2 0915)(310) + (4 183)(435) + (8 366)(632)
= 7,98221

Deducting the correction term, (148 496)(1,594)/41 = 5,773 23, we have,

Zxp = 7,98221 — 577323 = 2,208 98
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Funally, the sum of squares for group means 1s copied from table 15 4 2
nto table 15 4 3, then divided 1nto the two parts, one attributed to linear
regression and the other to deviations therefrom The former 1s, as usual,
(Zx9)%/ (Zx*) = (2,208 98)%/310 797 = 15,700, having one degree of free-
dom The remainder, 393, with two degrees of freedom furnishes the
mean square corresponding to deviations from linear regression This
mean square 15 little greater than that for error No more than random
samphing departure from linear regression 1s indicated

TABLE 1543
ANALYSIS OF SuM oF SQuaREs FoR GROUP MEANS
Degrees of Sum of Mean

Source of Variation Freedom Squares Square
Rates of Injection (table 15 42) 3 16,003
Lincar Regression, (Z0)!/(2¢) 1 15,700
Deviations from Linear Regression 2 393 19
Error (table 15 4 2) 37 153

F =196/153 =13

EXAMPLE 15 4 1—There 13 available some additional information about the
chinch bugs n example 153 2 Each of the eight mortality percentages was an average
of five sub-samples of 100 bugs The mortality percentages 1n the sub-sample arc as
shown below

Sub- Days Exposure
sample

of 100 1 3 35 8 135 16 21 28

1 0 3 4 9 21 46 68 93

2 0 4 5 21 23 39 70 100

3 1 2 6 8 27 43 66 92

4 1 5 7 10 25 47 61 86

5 2 4 7 10 18 48 73 89

Total 4 18 29 58 114 223 338 460

Analyze the vanance

Within dates 4212, f=32,  Mean square 132
Between dates 39,934 4, f= 7, Mcansquare 5,704 9

Although some heterogeneity 1s indicated, the mean square, 13 2, may be taken as the
estimate of error against which to test any of the mean squares in example 1532 For
example, F = 322/132 = 244,/ = 5 and 32, shows that the departure of these data
from second degree regression 1s not sigmficant
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EXAMPLE 15 4 2—Swanson and Smith (19) determined the total nitroj
tent (¥ grams per 100 cc of plasma) of rat blood plasma at nine ages (X days

Age
Number
of Rats 25 37 50 60 80 100 130 180 360
1 08 098 107 109 097 114 122 120 116
2 | 077 08 101 103 108 104 107 119 129
5 | 08 09 106 106 116 100 109 133 125
4 | 094 08 09 108 111 108 115 121 143
5 | 08 09 08 094 103 08 114 120 120
6 | 08 o082 101 101 117 105 119 107 106
7 084 095 093 09 108 119 113 129
8 | 075 092 107 099 098 114 112 125
9 | 067 087 103 098 113 123
10 | 070 113 110 106 122
11 077 105 111 117
122 | 076 09 104
13 ] 075 101 129
1 | 078 101 109
15 | 076 094 114
16 0 86 103 112
17 | o078 106 129
18 | 084 108 128
19 | o8s 109 110
20 | 083 093 107
20 | 085 095 110
22 | 085
23 | 083
24 | 083
25 | 070
Degrees of Sum of Mean
Source of Vanation Freedom Squares  Square
Total 118 2 8686
Ages 8 2 3076
Indwiduals 1n Age Groups (Error) 110 0 5610 0 0051
Ages 8 2 3076
Linear Regression 1 1 4851
Deviatons 7 0 8225 0 1175

15.5-—Test of departure from linear regression in covariance
analysis. Asn any other correlanon and regression work, 1t 18 necessary

n covariance to be assured

must be made i the medlodx

18 linear, clse

In some cases, randomized blocks for

example, 1t 18 only the error regression that matters If the error regression
18 rectified, the adjusted means are appropriate estmates and the test of

significance 1s valid.
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For 1llustration, turn back to the sugar beet data of table 1361 An
agronomust, studying the findings of the covarance analysis, expressed
surprise that the differences among the adjusted means were not found
significant  Two phases of the question were discussed 1n example 13 6 1
The hnearity of regression may be examined by a method similar to that
of section 153 The squares of the plant numbers are introduced as a
second independent variable, X We wish to learn if there 1s a significant
fraction of 2)* due to curvilinearity of the error regression

The squares are expressed 1n umts of 1,000, (183)? = 33,489 being
entered 1n the data sheet as X; (= X?) = 33 The three variables, X;
= number of beets, X; = X12/1,000, and ¥ = tons of beets per acre (in
randomized blocks), are handled like those of section 145  For Error,
the results are

X X, Y
X 16,873 13 8,746 25 381 2750
Xy 4,621 00 202 5650
Y 11 7711

Solution of this multiple regression leads to the data mn the second line
of table 1551 The null hypothesis tested 15 that 8y2; = 0, meaning no

TABLE 1551
TEST OF SIGNIFIGANCE OF DEVIATIONs FROM Lmzu ERROR REGRESSION
SuGAR BEETS OF SECTION 1

Deviations From Regression

Source of Variation | Degrees of Freedom  Sum of Squares Mean Square
Lincar Regression
(table 13 6 1) 14 Sdy? = 3 1558
Curved Regresston 13 Zdy t = 2 8282 02176

0 3276 0 3276

Curvilineanty (X»)

F =03276/02176 = 151, f=1 13

curvilinearity of regression  As was found 1n the earlier discussion, there 15
Iittle evidence against the hypothesis

In other 2-way tables the error regression nught turn out to be curved
One might then wish to test the sigmificance of differences among means
adjusted by the curvilinear regression From the table of analysis of sums
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of squares and products, the hines for Treatment and Error would be
added and this multiple regression solved for Zdy »* Applying the test
to the sugar beet data, table 15 5 2 1s calculated

F 15 lutle different from the value m table 13 6 1, a consequence of
the neghgible curvature If the error regression were decidedly curved,
the adjusted means might vary ether more or less than the unadjusted

TABLE 1552
TeST OF SIGNIFICANCE OF DIFFERENCES AMONG MEANS ADJUSTED FOR CURVILINEAR
REGRESSION  SuGAR BeETS

Deviations From Regression

Source of Vanation |[Degrees of Freedom  SumofSquares  Mean Square
Treatment + Error 16 Zdy i = 4 8248
Exror (table 155 1) 13 2 8282 0 2176
For Testing Treatments 3 19966 0 6655

F =306 f=313

EXAMPLE 155 1—The test for curvihneanty n multple regression 1 sumilar
to thosc in the last two sections Emmert (6) measured the mtrogen, N, and phos-
phorus, P, (parts per million) in the stems of potato plants on June 15, 1935, then
recorded the associated yield in ?ound:, Y, from each of 37 plots  The multiple regres-
sion of ¥ on N and P had Zdy 1,? = 2,593 Since there was some evidence of curvilin-
carity, the variables N?and P were added  The multiple regression of ¥ on , P, N2,
and P?yielded Zdy 1uu® = 2,414 The decrease indicates some departure from lineanity
The i=test showed that this was due to the term in P2 only, the N?term yielding no addi-
tional information  The latter term being dropped, therefore, the regression of ¥ on
N, P, and P*gave Zdy ! = 2,414 as before  The test 1s as follows

Degrees of Mean
Source of Variation Freedom zdt Square
Regression of ¥ on N and P 34 2,593
Regression of ¥ on N, P, and P* 3 2,414 7315
Curvihnearity 1 179 4 179 4
F =179 4/73 15 = 245, f=1and33

F being far short of 1ts 5% value, the departure from hneanty 1s attnbutable to acci-
dents of sampling The data are on the next page
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N P P Y N 14 » Y
139 195 38 33 330 260 68 46
143 146 21 43 380 134 18 60
147 120 14 40 436 130 17 57
154 178 32 49 436 40 64
162 266 ks 43 470 134 18 55
182 0 40 27 476 26 54
186 260 68 55 555 155 24 37
200 240 58 51 556 188 35 42
208 170 29 45 626 125 16 45
213 195 38 41 700 146 21 63
233 146 21 57 750 178 32 52
257 26 38 834 188 35
264 146 21 48 834 178 32 56
264 146 21 39 908 105 1 65
264 26 40 1125 169 26 46
264 250 62 38 1200 122 15 58
265 175 31 52 1250 140 20 80

114 13 49 1625 150 22 70
312 155 24 51

Y = 00170N — 0440P + 110P% 4 825

15.6—The fitting of orthogonal polynomials. Special methods
have been perfected by Fisher (8) for fitting the polynormal,

Y =a+bX + cX? + dX° +

This 15 a flexible curve, adaptable to fiting a wide assortment of data
It includes the straight ine and the parabola as special cases Fisher’s
methods are based on the principles of orthogonal polynomials  One 1s
described, and special tables given, 1 (9) The other, presented below, 1s
more general but mvolves somewhat heavier calculations

We shall illustrate only the case in which the values of X are spaced at
umit mtervals, each accompanied by a single value of ¥ If X occurs in
equally-spaced intervals different from unity, 1t may be coded to umt
mtervals by dividing each value by the common mterval Indata having
X unequally spaced or having more than one Y for some or all of the X,
use the method of section 15 3, extending 1t to more than two X'

One advantage of orthogonal polynomuals 1s that the fiting can be
carried through conventently i successive stages, the success of fitting
terms of higher and higher degree being observed and tested for sigmfi-
cance at cach stage The fitung will be terminated with the fourth degree
term 1 the cxample below Those who wish formulas for higher degree
terms may nfer them readily with the assistance of the footnotes  Pro-
fessor Fisher gives general formulas in his book

For illustration, the chick embryo data of table 15 2 1 will be used The
dry weights are copied in the first column of table 1561 The sum,
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TABLE 1561
Sums anp Derivep O For Frrring A P To CHick Euryo DaTa
Y 2 3 4 5
0 029 0 029 0 029 0 029 0 029
0 052 0 081 0 110 0139 68
0 079 0 160 0 270 0 409 0 577
0 125 0 285 0 555 0 964 1541
0 181 0 466 1021 1 985 3 526
0 261 0 727 1748 3 733 7 259
0 425 1152 2 900 6 633 13 892
0 738 1 890 4 790 11 423 25 315
1130 3 020 810 19 233 44 548
1 882 4 902 12 712 31 945 76 493
2 812 7 714 20 426 52 371 128 864

S =7714 S =120426 S = 52371 S =128 864 S = 302 212

a =0 701273 b = 0 309485 ¢ = 0 183115 4 = 0 128735 ¢ —0 10063"
a' =0 701273 ¥’ 0 391788 ¢’ = 0 139048 4’ = 0 031838 ¢ 00306
A =0 701273 B = 0 235073 C = 0 0463493 D = 0 00619072 E 0 00038325

81 = 7714, 1s divided by n = 11, the number of items n the set, to get
the mean, a = 0 701273, as specified 1n the first of the following formulas

s
a=—=7

__ W@
b= wn + 1) &

- oo
ey A

RO IO
= T D+ 2T )

MGG 5

T+ et 2@+ N+

The remaiming formulas will be used later
The mean, a, 1s copied 1 the next line as &, the two being equal
according to the first of the next set of formulas
d =a
V=a—b
¢ =a—3b+2
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d' =a— 6b+10c — 5

¢ =a =106 + 30c — 354 + 14¢*
Agamn, 4 = &’ = a1n the first of the third set

A=4d

6 0
B=ry®

30
C=—- (¢
a a2
140
T ne-na-5 @
. ot v
T Da-da-yu-a "
Finally, the sum of squares of deviations from mean 1s got by subtract-

ing from Z¥? = 13 577730 the correction term nd? = (11)(0 701273)*
= 5409622, set down as the first of these quantities

natt = V2
n

= 1)
o ®

"("_:__,_11.;(()"_2 -4 ©?)

a(n* — 1)(n? — 4){(n® - 9)

g

n(n? — 1)(n2 — 4)(n? — 9)(n* — 16)
44,100%

(B

* The next three of these equations are
' =a— 155 + 70c — 140d + 126¢ — 42f
" = a — 216 + 140c — 4204 + 630¢ — 462f + 132¢
i’ = a — 28b + 252 — 1050d + 2310¢ — 2772f + 17165 — 429
1 The numerators of the next three terms are 2,772, 12,012, 51,480
1 The denominators of the next three terms are 698,544, 11,099,088, 176,679,360
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The remainder, Z)* = Z¥? — n4? = 8 168108, 1s the end of the first stage
m the fiting A horizontal straight line, ¥ = 0 701273, has been fitted
to the data  The sum of squares of deviations from this line 15 Z*

The second stage starts with the sums 1n column 2 of the table. After
the first 1tem 15 copied at the top of the column, the successive sums are

0029 + 0052 = 0081
0081 4+ 0079 = 0160
0160 + 0125 = 0285, etc

These are readily run up on an adding machine. The last sum, 7 714,
15 the same as Sy, a convenient check  The sum of column 218 §; = 20 426
Gorng through the sets of formulas again, there result

_ 0 _
b= __(ll)(IZ) (20 426) = 0 309485

b' = 0701273 — 0309485 = 0 391788

6
B = o (0391788) = 0235073

11(11 1)

(Y — P)* = 8168108 — (0 235073)?

= 8168108 — 6078525 = 2089583

The reduction 1 sum of squares due to fitting the linear regression 1s
6 078525 with one degree of freedom  This may be tested for significance
by 1t with the der, 2 089583, having 9 df The mean
square for error 1s, therefore, 2 089583/9 = 0232, yielding F = 6 079
/0232 = 26 2, a highly sigmificant value for f = 1 and 9

The third stage mvolves fitting the second degree term  Starting with
Sy = 52371,

_ W@ _
= Anmamy 23 = 0tes

= (0701273) — 3(0 309485) + 2(0 183115) = 0139048

0 139048) = 00463493
- 0 ¢ )
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(AN — (e —

(Y — ¥)? = 2089583 — T b {0 0463493)?

1

2089583 — 1843205 = 0 246378

The mean square for testing 13 now 0 246378/8 = 00308, so that
F = 1843/00309 = 59 8, which with f = 1 and 8 1s highly sigmificant
In the next stage, the third degree term 1s fitted with thus result

I(¥ — P)? = 0246378 — 0236757 = 0009621

This yields F = 0237/0 00137, f = 1 and 7, another highly sigmificant
reduction

One would be justified 1n stopping at this pomnt  The ratio of the
remaimng sum of squares to 3* 1s only

0009621/8 1681 = 0001178

However, for two reasons the fiting will e carried one stage further, to
illustrate the method, and because the third degree polynomial exhibits
certamn snakelike curves that make 1t unsuited to the chick embryo data

Taking the last of the successive sets of formulas, with S5 = 302 212,
one arrives at

(Y — ¥)? = 0009621 — 0006049 = 0003572,

so that F = 0006049/0 000595 = 102, a sigmficant, but not highly
significant, reduction

For many purposes, the job 1s complete Some, though, may wish to
plot the curves, and some may require the equations Those who need
the graphs but not the equations should follow the procedure of the next
few paragraphs If equations are necessary, skip to the sixth paragraph
below

In table 15 6 2 are entered some polynomuals with corresponding co-
efficients which enable one to build up the desired values of ¥ by adding
sets of differences to a termnal value The coeflicients depend on the size of
the sample, while the polynomals are determined by the degree of the
last term fitted  As a first illustration of the method we shall calculate
points on the best fittng straight line

Since the last term now to be considered 1s of degree one, the termunal
value 1s (¢ + 36) = 0701273 + 3(0 391788) = 18766 The first differ-
ence 1s

6 ., 6 _
“GTT @ = - g oy @0 = —ousst
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TABLE 1562
CorrricienTs AND PoLyNomiaLs FOR TERMINAL VALUES AND DrrFeRENCES FOR FrrTing
TerMs UP TO THE SEVENTH DEGRE!
of Polynomial Ending With Term of Degree
Poly- | Coefficient Depend;

nomial |  on Sample Size |0 1 2 3 4 5 6 7
Termunal Value = |a’ + 38 + 5/ + 7d' + 9¢ + 11/’ + 13¢" + 15¢
1 b + 5¢' 4-14d" +30¢’ + 55" + 91g' +1404"
2 ¢+ 7d" +27¢ + TIf* +182g" +378K
3 4+ 9%+ 448" +156g" +450
15,120 ’ 3 . 0

L e ¢ + 11f + 65¢' +275K
—332,640 . , ,

5 T =5 '+ 13¢g" + 90K
8,648 640 , "

e ¢ + 15K
—259,459,200 9

T EED e #
By dd of ths first to the termunal value, 1 8766,

one gets the successxve values of ¥, beginning with the largest correspond-
mgto X =

18766 + (—02351) = 16415
16415 + (—02351) = 14064, etc

x Polynomial Value, ¥’ Furst Difference
6 -0 474
7 . —0 239
8 —0 004
9 0 231
10 0 466
11 0 701
12 0936
1 1171
14 1 406
15 64:

1642
16 ‘Termunal value = 1 8766 —0 2351
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In the calculating machine all the four decimals are carried, but the last
one 13 deleted 1n the column of polynomal values These values are
plotted 1n figure 15 6 1 The straight line 1s a poor fit, of course, but 1t does
pass through the pont (£, §), that s, (11, 0 701)

Next, let us calculate the ordinates for the best fitting parabola From
the table, ending with degree 2

39

251

20d Degree

15—
4atpegree

WEIGHT IN GRAMS
Q
T

Q

P I T SN TR S S U T T O T T S U B B
-3 1© 12
AGE N DAYS
Fic 156 1—Graphs of polynonuals of first, second, lnd fnurv.h degree fitted to chick
embryo data of table

Termnal value = a’ + 30" + 5¢’
=0 701275 + 3(0 391788) + 5(0 139048) = 2 57188

Furst difference = — _«_1 ' + 5¢)
n—
-— 1—60 [0 391788 + 5(0 139048)] = —0 65222

60 0
Second difference = m )

60
= ———— (0 139048) = 0092699
0o ¢ )
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The calculations are carried through hke this

X Y First Difference Second Difference
6 222 0 2748

7 0 039 0 1821

8 -0 050 0 0894

9 —0 047 —0 0033

10 0 049 —0 0960

11 0 238 —0 1887

12 0 519 -0 2814

13 0 893 -0 3741

14 1 360 —0 4668

15 1920 —0 5595

16 Terminal value = 2 57188 -0 65222 0 092699

The second difference 1s added successively to the bottom first difference,
0092699 + (—065222) = —0 5595,
and to each of the sums above 1t Each first difference, starting with the
last, 15 added to a value of ¥ to get the one next above Thus,
— 065222 4 257188 = 1920
— 05595 + 1920 = 1360, etc

Y 15 plotted against X to make the graph of the parabola
Passing to the fourth degree polynomual, the terminal value and differ-

ences are

Termumnal value = a’ + 35" + 5¢' + 7d" + 9¢' = 2 822337

First difference = — '% (6" + 5¢" + 144’ + 30¢') = —0 974844

60

m (¢" + 7d' + 27¢') = 0296464

Second difference =

—840
Third diffe = d 9¢’) = —0069337
r gy ey T R
2
Fourth duffe = 15,120 (¢') = 0009198

T =D —2)(n—-3)n—4)

These are entered 1n the last hine of table 1563 The third differences
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TABLE 1563
CarcuLaTioN oF THE FourTH DEGREE PoLyNomiaL VALUES ForR Chick Emeryo Data

Furst Second Thard Fourth
X Y Dfference Difference  Dufference Dufference
6 0 026
7 0 056 -0 0302
8 0 086 -0 0295 —0 00069
9 0 119 -0 0337 0 00426 —0 004951
10 0171 —0 0521 0 01841 —0 014149
11 0 265 -0 0939 0 04176 —0 023347
12 0 434 -0 1682 0 07430 —0 032545
13 0718 —0 2843 0 11605 —0 041743
14 1169 —0 4512 0 16699 —0 050941
15 1 847 -0 6784 0 22713 —0 060139
16 2 8223 —0 97484 0 296464 —0 069337 0 009198

result from successive additions of 0009198  The second dufferences are
calculated thus

—0 069337 + 0296464 = 022713
~0 060139 + 022713 = 016699, etc

All the sigmificant figures are carried mn the machine, as before, but one
1s dropped 1n copying  The first differences are got in a similar manner,
then the polynomual values These last, plotted on the graph, specify the
fourth degree curve It passes so nearly through the data points that the
discrepancies cannot be depicted

The information now at hand 1s all that 1s needed 1n most cases. The

d of fit 1s d d by tests of fi of the reductions n
sum squares The graph not only gives visual representation but serves
for interpolation accurately enough for ordinary purposes There would
seem to be little incentive to derive the equation of the curve

If the equation 1s desired, omit the computation of the polynomnal
values 1n the preceding few paragraphs After the equation 1s set up as
described below, pomts on the graph can be computed at will The
equation 1s of the form,

Y = A+ BX, + CX, +

where 4, B, C, are the quantities last calculated i table 15 6 1 and
Xy, X, etc, are themselves polynomals in X It 1s 1n this part of the
computation that X 1s assumed to occur at umt intervals If the actual
tervals are equal but not unity, as for example 30 days or 5 years, they
may be coded casily by division  Practically, they are sumply rewritten
as1,2 3, , the new umt being 30 days or 5 years.
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One last set of formulas 15 needed

N=X-—-1%
n =1
=X2 -
Ho= X 12
3 — 7
X=X ——7 (X1)
32 — 13 3(n — 1)(n* — 9)
= X — 2 4
K= X ra 560
5(n® — 7) 15n* — 230n? + 407
Xy=X* — X)) + X
s A H (Xr) + 1,008 (X))
From table 152 1,4 = 11 daysand n = 11 Hence,
X=X-1

X, = (X — 11)? = 10 = X* — 22X + 111

Xy = (X — 11 — 17 8(X — 11) = X*—33X7+43452X—1,1352

Xo= (X — 11)* — 25(X — 11)* + 72

= X' — 44X% + 701.X* — 4,774X + 11,688
Any equation up to the fourth degree may be written from the data now
before us  As examples, the equation of the best fitting straight line 1s,
Y = A + BX, = 0701273 + 0235073(X — 11) = 02351X —1 885,
while that of the fourth degree polynomial 1s,
Y = 4 + BX, + CX; + DX, + EX,
= 0701273 + 0235073(X — 11) + 0 046349(X* — 22X
+ 111) + 00061907(X® — 33X* + 3452X — 1,135 2)
+ 000038325(X* — 44X® + 701X* — 4,774X + 11,688)

= 0712 — 04772X + 0 11071.X* — 0 010672X* + 0 0003832X*
By substituting the several values of X days in this equation, the poly-
nomal values may be calculated and plotted for the graph

The student well may question the advisability of fiting curves A

stupendous amount of time has been wasted 1n 1ll-advised curve fitng
Only when the end 1n view 1s clear should the task be undertaken  Often
a graph of the data pomnts 1s sufficient Represent them by small circles
or heavy dots  If desired, they may be connected by light line scgments

I~
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Avoud drawing “eye-fitted” curves They are highly subjective and are
apt to be misleading to both the perpetrator and the vicam  Interpolation
with these links stands a better chance of being good than does estimating
by means of even the most artistic curves  If you know enough about the
law to say that there ought to be a curve, then you should be able to write
an equation expressing the law and fit1t to the data  If you wash to evalu-
ate a correlation when regression 1s nonlinear, or if you wish to test sigmfi-
cance, then switable curved regressions must be fitted Occasionally,
fitted curves are required for interpolation In manv cases, graphical
representation of the data 1s sufficient

EXAMPLE 15 6 1—The following five pomnts lic on the parabola, ¥ = 9+2X—X*
(0, 9), (1, 10), (2, 9), (3, 6), and (4, 1) Using Fisher’s method, show that the sum of
squares rmawing after fittng the second degree term 1s zero Calculate the polynomial
values These will be identical with the pairs of values given above When you plot
them, the ponts will Lie exactly on the parabola whose cquation 1s given  Denve this
equation by the use of the formulas up to the second degree

EXAMPLE 15 6 2—Here are some points on the cubic, ¥ = 9X — 6X* + X3
0, 0), (1, 4), (2, 2), (3, 0), (4, 4}, (5, 20) Carry through all the computations by
Fisher’s method, including the best fiting straight line and parabola There will be
no remaming sum of squares after fiting the third degree term and the polynomal
values at that stage of the fitung will be exactly those you start wath  Plot the best
fitting line and the best fitung parabola and derive their equations

EXAMPLE 15 6 3—Reed and Holland (17) reported the following average
heights of sunflowers

Week 1 2 3 4 5 6 7 8 9 10 11 12

Heght 18 36 68 98 131 170 206 228 247 250 254 254

Polynomal
alues  [150 389 680 1006 1346 1680 1989 2255 2456 2575 259 1 248 4

The polynomial values are thosc for the cubic  Venfy and plot  The remaining sum of
squares after fitng the cubic 15 21103 Calculate the equation of the polynomial,
then verify by duphcating the polynomial values given above

15 7—Biological assay. Among applications of curve fitting, this has
been the topic of greatest interest during the last two decades  The term,
buological assay, refers to the evaluation of the potency of a stimulus by
observing the response 1t produces in living material Common examples
are the measurements of potency of toxic materials, drugs, hormones, etc ,
apphed to plants or ammals

New 1mpetus 1n biological assay was supplied by the work of Bliss (2)
who developed probit analysis  Berkson (1) has adapted the logistic curve
(15) to the req of modern biological assay, comning the phrase
logat analysis Finney’s book (7) and Berkson’s article contain detailed
methods and tables with abundant illustrative material
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CHAPTER 16

Binomial and Poisson Distributions

16 1—Introduction. Small samples from these distributions were
dealt with 1 chapters 1 and 9 We are now ready for the discussion of
some features of large samples of enumeration data similar to the large
sample methods for measurement data presented 1n chapter 8 Since 1in
these distributions the mean and the variance are not independent, trans-
formations may be necessary before analysis of variance 1s applied  Three
of these were described 1n chapter 11

16.2—The b 1 dastrik If the of some event
Iike survival or male sex 1s observed in sub-samples of uniform size, the sub-
samples may be classified according to the number of times the event
occurs  The resulting frequency distribution may be a sample from a
binomal distribution, a distribution in which the probability of the occur-
rence of the event 1s the same for every individual

As an example suppose ]ots(sub samples) consisting of four full sister
chicks are d with a equal chances of hfe
or death for every chick The event of survival in the lots may occur any
number of times from none to four  If 96 lots arc njected, some such rec-
ord as this may result

Number of Surviving Number of Sub-samples With
Chucks 1n Sub-sample Each Record of Survisals
o 1
1 20
2 41
3 25
4 9
Total 96

Clearly, no survivals 1n a lot, as well as four survivals, 15 unhkely The
modal number of hwing chicks 1s two

The two specifi four indwiduals 1n cach sub-sample and 50%
probability of survival, completely a b

[473]
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Most conveniently, the relatiwe frequency of occurrence of 0, 1, 2, 3, and 4
survivors 1s given by the terms of the of the

Gl
Y QB 6 e ()

|
—

This means that th of the sub ples 1n the p will
have no survivals, one quarter will have one, etc Oombmmg “this informa-
tion with the sample fact of 96 lots, the hypothetical frequencies in the classes

are (‘)6)( L) = 6, etc, that 1s, 6, 24, 36, 24, and 6 The discrepancies

between thesc and the sample frequencies may be due to the vaganes of
ling or about the probability of death
among the chxcks These possnbnlm:s will be investigated presently
The general statement of the theory 1s this 1f there 1s a constant prob-
ability, p, 1n the random sub-samples of £, the relative frequency <70, 1, 2,
occurrences 15 given by successive terms of the binomial

g+ )%

where ¢ = 1 — p 1s the probability that the event will not occur, the
hypothetical frequencies 1n the classes of the sample are the products of
these relative frequencies by n

You may find 1t profitable to verfy this theory by sampling a homoge-
neous population  Selecting a lot of beans of umiform size, shape and
texture, color (or otherwise mark) some fraction of them, say one-third,
then mix thoroughly Draw sub-samples of five, for example, by some
random method of selecting one bean at a time, noting 1ts color then re-
placing 1t among the others Continue after re-mixing each ume The
probability of getting 0, 1, 2, 3, 4, or 5 colored beans 1s taken from the
successive terms of the expansion, p = 1/3, ¢ = 2/3,k =5

2 1\ 2\ 2\ /1 2V /1Y
(z+3) —<5) * 5(5)(5)* ‘°(s) (s) +
SR 0 0 10

T 243 243 243 243 243 243

If you carry on to 243 sub-samples, n = 243, the hypotheucal frequencies
will be the numerators of the six fractions

* Look up the topics, binomual theorem, probabilily, sampling, permutations, and combi-
nations 1 any college algebra
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Instead of beans, the random digits of table 1 51 may be used The
digits 3, 6, and 9 take the place of colored beans, while 1, 2, 4, 5, 7, and 8
stand for white 0 1s discarded when drawn By some such convention,
any desired probability may be specified

The binomzal coefficients, for the formation of which you will find several
rules, are easily remembered by writing them down this way

Stze of Sub-sample

Binomual Coefficients
1 1 1
2 1 2 1
3 1 3 3 1
4 1 4 6 4 1
5 1 5 0 10 5 1
6 1 6 15 20 15 6 1
7 1 7 2 21 7 1
8 1 8 28 56 70 56 28 8 1
ete ete

In thus form, called Pascal’s triangle, each coefficient 1s the sum of the two
Just above 1t to the right and left The coefficients for ¥ = 4 and k = 5
verify those used above for the chicks and the beans You see, the distri-
bution of the coeflicients 15 always symmetrical If p = ¢ = 05 the bi-
nomial distribution 1s also sy! , the shape appr more
and more closely that of the normal distribution as & gets larger  If the
probabilities are unequal, the bimonial distribution 1s skewed

In the binomal distribution, as in the normal, the mean and standard
deviation are appropriate averages Setting up the hypothetical numbers m
the usual manner for calculation (section 8 2)

Number of Hypothetical
Living Chucks Frequency
X 7 i fxz
o 6 0 0
1 24 24 24
2 36 72 144
3 24 72 216
4 6 24 2
‘Total 96 192 480

u = 192/96 = 2 chicks per lot

— aoy
,-\/wﬁﬂmwm

The symbols 4 and ¢ for mean and standard deviation are used to dis-
unguish these population parameters from the sample statistics, Z and s
The latter, calculated from the observed frequencies, are 2 2188 chicks per
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lot and 0920 chick per lot we shall have little use for these statistics
Another point you will notice 1s that for ¢, division was by z = 96 mstead
of by n — 1 = 95 Degrees of freedom are appropriate for computing
sample statistics but not parameters

One usually finds these d P or as per-
centages rather than as actual numbers per lot Thus, one reads that the
proportion of living chicks expected 18 # = 2/4 = 05 with ¢ = 025, or
that the percentage 13 50% of living chicks with standard deviation 25%,

This ges from the sub. ple size, making those for
lots of four dlrccdy comparable with similar ones for lots of any other size
On account of matt 1 with the b

distribution, 1t 1s unnecessary to go through the calculations shown above
The parameters are got more easily from the formulas,

= kp = (4)(05) = 2 chucks per lot
= Vkpg = +/(4)(05)(0 5) = 1 chick per lot

If the parameters are to be expressed as proportions or percentages, the
formulas are

p=p=05=50%,
o = +/palk = /(05)(05)/4 = 025 = 25%

Thus, p 1s not only the probability of occurrence of an event but 1s also
the population mean proportion or percentage of occurrences

It 1s worth noticing that, if the sub-sample size were 16 chicks, the ex-
pected mean percentage would be the same, p = 05 = 50%, whereas
the expected standard deviation would be only,

o = Vpg/k = +/(05)(05)/16 = 0125 = 125%

The theoretical standard deviation, then, decreases as the sub-sample
size increases  Really, o 15 the standard error of the sub-sample mean,
varying inversely as the square root of the sub-sample size—a famihiar
relation in measurement data

In the whole b 11 d sample the d error of the
mean 13 mnversely proportional to the square root of the entire number of
ndividuals  That 1s, if there are z sub-samples of £ individuals each,

[E L4

nk \/ n

again a famihar relation  For the entire distribution of chicks, the stand-
ard error in percen(age 18

os =

25
-2 .
o= Jog = 255%
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This question was proposed above may we attribute to sampling
variation the discrepancy between the assumed parameter, p = 50%, and
the corresponding sample mean, Z = 2 2188/4 = 55749, Naturally,
if the sample 15 from a binomal distribution the test mvolves chi-square
Rather than use percentages, 1t 1s simpler to ask the question directly
1s there a significant difference between the hypothetical number of hiving
chicks and the observed number? The former 15 509 of the total number
of chicks, 50% of 384 being 192 chicks  The latter 1s the value of ZfX in
the sample,

3fX = (1)(0) + (20)(1) + (41)(2) + (25)(3) + (9)(4) = 213
In the usual manner,
(213 —192)* (171 — 192)*
BT T2

= 459,

whose probability of occurrence 1s about 0 035  The sample number of
urviving chicks 1s, theref ly greater than the proposed 50%,

It 1s common to find ¢ used instead of x? for the test In the case under
discussion, the tests are identical provided o 1s used—s might lead to an
erroneous conclusion To 1illustrate, we found that the standard error
of the mean was

;= 25/4/96 = 2559,
The difference between the sample mean and the paiameter 1s
5547 — 50 = 547%,

Then, t=547/255 = 215,
near 1ts 0 035 level, f = o, just as chi-square was near 1ts 0 035 point
It 1s interesting to notice that, in these circumstances, ¢ = x  That 1s the

reason the ¢-test 1s vahd for this hind of enumeration statistics

EXAMPLE 16 2 1—1In the manner of section 8 2 calculate 2 and s for the sample
of surviving chicks

EXAMPLE 16 2 2—For the proposed sampling of beans, p = 1/3, k = 5, show
that p = 1667 and ¢ = 1054 colored beans per sub-sample, or that u = 35 33%
with ¢ = 21 08%

EXAMPLE 16 2 3—It1s convenient to bear in mind that the total number of indi-
viduals 1n a binomual sample 15 nk, and that the total number of occurrences of the
event1s ZfX Hence, 2 = 100(Z/X)/ (k) per cent

EXAMPLE 16 2 4—If 243 sub-samples of the beans (k = 5,p = 1/3) were drawn
at random with 2 = 30 37%, show that ## = x! = 4 80 What conclusion about the
sample would you reach?

EXAMPLE 16 2 5—You often see some such statement as this “As the size of the
sample 1s increased, the sample mean draws nearer and nearer to the population
value » This would require chi-square to approach zero Do you think 1t would®



478 Statistical Methods Section 163

A the sample 1n size, the distribution approach
the normal, more rapidly for values of p near 0 5 than for those near 0 or 1
One consequence is that ¢ can be used instead of table 1 3 1 for setting con-
fidence hmuts  If n = 100, for example, and the sample contams 40 ndi-
viduals with the attribute being observed, then p = 04, ¢ = 06, and

40 = tov/npg = 40 = 1 96+/(100)(04)(06) = 40 = 96

specifies the 95%, confidence interval, 30 4 — 49 6 Compare this with
the nterval, 30 — 50, given n the table

As another example, suppose 100 indwviduals having a certamn attr-
bute are drawn 1n a sample of 1,000 Since 1n the corresponding part of
table 1 3 1 ratios are being used, the nterval 1s given by

01 = togy/pg/n =01 =1 96+/(01)(0 9)/1,000 = 01 = 00186
The interval, then, 1s from 00814 to 01186, that 1s, from 8 14% to
11 86%

16.3—Comparison of a sample distribution with the binomial. In
experimental data there 1s cvcrprcscnt samplmg vanauun to bc con-
sidered  Under the P ofat as
the source of the sample, we have already tested the slgmﬁcancc of the
deviation of the sample mean from 4 The question now to be answered
1s whether the entire distribution of the sample departs from the binomual
The methods are 1dentical with those described n chapter 9

For illustration we use the data in table 1631 (3)  Since these are
eight-pig litters, there are nine classes, having respectively 0,1, 8 males
Let us first set up the hypothesis of equal probability of the sexes Then

TABLE 1631

Etout-P1o Litters HAviNG VArious Numsers or MaLes HypoTHETICAL NUMBERS,
AND TesT OF BINOMIAL DISTRIBUTION

Number| Number
Males Dewviation,

n Litter| Lnlen Hypolhencal (Deviation)?
X f mber

Number
— Hypothetical  (Dewiation)* Hypothetical

0
1 5114 3 312415 320 1 688;—1 320 1742 0 114
2 9, 11 594) - 4,
3 22 23 188 —1 188 1 411 0 061
4 25 28 984 —3 984 15 872 0 548
5 26, 23 188 2 812 7 907 0 341
6 14 11 5¢ 2
7 4119 3 312115 320 g 688F 3 680 13 542 0 884
8 1

‘Total 106 106 000 0 000 x' =1 948
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$=1054¢=05k=8,n=106, and the hypothetcal frequencies are
gwen by

106 {(0 5)%, 8(0 5)” (05), 28(0 5)* (0 5)%, etc,]
= (106)(0 5)* [1, 8, 28, 56, 70, etc ]
= 0414, 3 312, 11 5%4, etc

The deviations of these hypothetical numbers from actual measure the
departure of the sample distribution from the binomial being considered
Is the departure significant® The appropriate test 1s made by means of
chi-square  But since each hypothetical number should be at least as great
as five, the first three and last three classes are pooled for the test The
resulting chi-square 1s moderate for f = 4  Actually, there 1s somewhat
less deviation from expected than would be found ordinanly in random
sampling

Why four degrees of freedom? The sum, 106 Litters, calculated from
the sample and used in the fitting, takes one degree Effectively, there were
only five classes used, leaving four degrees of freedom for the test

From the results of the comparison, there 1s no evidence agamst the
hypothesis of a uniform probability of 50% for mal This 15, of
course, not proof that the sex ratio 1s 1 1 It 1s merely that there 1s not a
significant departure from that binomial distribution 1n whichp = ¢

EXAMPLE 16 3 1—Parkes (4) collected information about sex distribution from
the Nanonal Duroc Jerscy Pig Record Among 402 eight-pig htters he recorded the
numbers having 0, 1,2, 8 males as follows 1,'8, 37, 81, 162, 77,30,5,1 Compute
x' =387,f=6 Can you explamn the s;;mﬁcan( deviation from the hypothetcal

distribution, that 15, why the probability of maleness varies sigificantly among the
Intters®

EXAMPLE 16 3 2—Ignonng the nonbinomal distribution of the sample, test the
significance of the difference between the hypothetical number of males in the fore-
going example, 1,608, and the number recorded m the Record, 1,581 Chusquare 15
090" Does this throw any light on the sample distribution?

EXAMPLE 16 3 3—Test the sigmificance of the deviation of the sample of chicks
from the binomial with p = 50% Chui-square = 707, f = 4 The mean, you may
recall, differed significantly from 50%

EXAMPLE 16 3 4—Test the significance of the deviation of the sample number of

males (439) 1n table 16 3 1 from the number expected (424) under the 509% hypothesis
Chi-square = 106, f = 1.

16.4—The test of h ity in a distribution of the binomial
form. Often there 13 no theory upon which to base a hypothesis about
the value of p  In that event the question raised and answered 1n the fore-
gowng section has no meaning  Instead, we may wish to know whether
the sample 15 homogeneous, that 1s, may 1t be a sample drawn from some
b I distrik $ unsp d? Since there 1s no theoreucal prob-
ability, we simply take the sample mean percentage and set up a binomial
distribution having that value of p Naturally we get no test of the value
of p, but we do learn if this probability may have been uniformly dis-
tributed over all the indwviduals




480 Statistical Methods Sechion 16 4

The distr bution of surviving chicks furnishes a good illustration  The
evidence 1s strong that the hypothesis of 509, survival was not well founded
(section 16 2, example 16 3 3) May the sample be a random drawing from
a binomial distribution with p = 55 479, the sample mean? The suc-
cessive terms of the binomial,

96(0 4453 + 0 5547)*

are the hypothetical frequencies These are easily calculated

Powers of Powers of Binomal Relative Hypothetical
X ] r G q
0 0 0393 1 0 0393 377
1 0883 0 5547 4 0 1959 18 81
2 0 1983 0 3077 6 0 3661 35 15
3 0 4453 0 1707 4 0 3040 29 18
4 0 0947 1 0 0947
Total 1 0000 96 00

Place ¢ = 04453 1n the next-to-last row, and n the calculating machine
Multiply repeatedly by ¢ until ¢* 1s reached, recording each power in the
table Repeat for p, entering the successive powers downward in the
table beginming with the second row In the fifth column each relative
frequency 1s the product of the three (or two) numbers to 1ts leit  As an
example, 1n the third row,

(01983)(0 3077)(6) = 0 3661

The relative frequencies must add to umty Multiphcation of each of
them by n = 96 yields the b q for p

= 55479,

The chi-square test 1s shown m table 16.4 1  The degrees of freedom
are now only two—not only does the sample total, n = 96, impose a
hrmit on the expected frequencies, but also the sample mean has been
made the parameter of the binomial  In this case chi-square exceeds
1ts 50% pomnt but hittle  There 1s no evidence against the constancy of

TABLE 164 1
Test or ¥ or THE Ciick
(Deviation)?
x 7 Hypotheucal ~ Dewiation Hypotheucal
0 1 377
g e YD —158 011
2 1 35 15 s 8 097
3 25 29 18 —4 18 0 60
4 9 909 -0 09 000
96 96 00 0 00 x' =168
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the probability of survival The population may be homogeneous, with a
uniform probability estmated as 55 479,

After two samples have been found homogeneous, 1t 1s often desired
to test the sigmificance of the difference between their means Assuming
a uniform probability in each, do these probabilities differ sigmificantly?
In table 16 4 2 are the distributions of males in five- and six-pig litters

TABLE 1642
Nuuser or Maes v Litrers o Duroc Jemsev Pios
Five-Pig Lucters Six-Pig Litters
Number Number
Malesin  Number Hypothetical Malesin  Number  Hypothetical
Litier . Latters  Nambers Litter  Lutters Rum
o 2 408 o 3 3 62
1 B2 344 5 1 1 of 572 90
2 4 37 07 2 53 52 55
3 35 35 31 3 78 69 08
4 14’ 16 84 4 53 50 98
5 4}’3 $ Si}e0 05 5 il 20 11}23 o
6 o 32
Total 116 =07 221 =39
p= 48 79% » =19 2%

Each 1s homogeneous with respect 10 its own probability Do these means
differ significantly? The test 1s easily carried out ina 2 X 2 table hke this

Latters Males Females ‘Total
Five-pig 283 297 580
Six-pig. 658 668 1,326
Total 941 965 1,906

, _ [(283)(668) — (297)(658)(1,906)
= =o0111
(580)(1,326)(941)(965)

For f = 1, this 1s a smaller value of chi-square than usual The small
difference between the two percentages,

49.62 — 4879 = 083%,

1s not significant

If a pooled value of p, 941/1 906 = 49 3704, 1s used to compute the
standard deviation, v/pg(1/m -+ 1/m) = 00249 thus test may be carned
through with ¢ 1n the manner of the last section. That 1s, x with one
degree of freedom 1s the same as ¢ with f = .
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What shall be done with samples that are not homogeneous® If there
1s no umiform probability of occurrence, and if nothing 1s known of the
laws governing the probability, any conclusions are based on flimsy evi-
dence  There 1s no assurance that, if the experiment were repeated, the
same set of probabilities would be existent  If one doesn’t know why the
probabilities change or mn what manner, he can set up no experimental
controls The first step must be toward improved knowledge of the tech-
mques of selecting and handling the experimental material Only after
the sources of varation are d d may vahd ons be made

Nevertheless, there are times when one wishes to make a test of sigmfi-
cance of the difference between means despite heterogeneity  If means
differ sigmficantly even 1n the face of large vanation, perhaps the differ-
ence represents some population fact  The method used to make the test
must be sensitive to the variability present  Probably the best 1s to calcu-
late the standard dewviation of each set 1n the manner of section 8 2, then
test significance as 1n section 8 8 The p of normal
there made 1s more flexible than the assumption of constant g

You may find interest 1n contrasting the methods of treating the b1
nomal distribution and the normal Each has two parameters A test
of significance of sample deviation from theoretical distribution 1s avail-
able 1n each  But there 1s a single, basic normal distribution, the relative
frequencies being set out 1n table 8 8 1, whereas there 1s a separate bi-
nomal for each p and £ It follows that tables of the binomiat distribu-
tions would be clumsy—it 15 easier to compute each time from the pa-
rameters

EXAMPLE 16 4 1—Calculate chi-square for each of the samples of table 16 4 2

EXAMPLE 16 4 2—Decker and Andre (1) exposed adult chln(:h bu s at a temper-
aturc of —8 5° C for 15 minutes, then counted the number deac 100 sub-samples
of 10 bugs The numbers of sub-samples having 0, 1, 2, 7 dﬂd were 4, 21, 22, 28
14, 8, 2, 1 No sub-sample had 8 or more dead ’Is there a significant lack of hom
geneity for probability of death? Chi-square = 289, f = 8

EXAMPLE 16 4 3—The sample probability of maleness in example 1631 1
491609 s the sample homogeneous with respect 10 this percentage” Chuaquare
5f =5

EXAMPLE 16 4 4—In example 163 4 the sample proporuon of malcs in table
16 3 1 was found to be not sigificantly different from 0 5__Is the sample homogeneous
with respect to the probability 0 5177 Chisquare = H 73,f =3

EXAMPLE 16 4 5—Using the methods of chapter 8, test the sigmificance of the

difference, between the mean percentages of mals n the samples of table 16 3 1 and

exam 31 Since the latter departs sgmificantly from binomual distribution, the
rchmqum a2 X2 tablews mppmpnm Ans t =088

EXAMPLE 16 4 6—Test the fic betwee
of males 1n the five- and e Iatters of table l6 A z using # nstead of x! © Kour result
ould be £ = x = +/01
16.5—The Poisson distributi Like the b 1, this 1s the distri-
bution of a discrete or discontinuous variable arising from enumeration,
usually only the integral values occurring  Also, there 1s the 1dea of the
umform probability of the occurrence of some event, but this probability,
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ordinanily small, 1s somewhat 11l defined In fact, the size of the sub-
sample, though supposed to be constant, 1s usually not known It s
large, however, and must be confined within reasonably narrow hmits

In contrast with both the binormal and the normal, the Poisson dis-
tribution 1s defined by a single parameter, the mean The vanance 1s
equal to the mean

The Poisson distribution can be shown to be a hmiting form of the
bmomial 1n which p 1s very small The distribution 1s valuable 1 1ts
own right, however, quite independent of this relation to the binomal

If 4 15 the expected mean frequency of occurrence of some event in the
population of sub-samples, and 1if the frequency follows the Poisson distri-

bution, then the event will occur 0, 1, 2, times 1n sub-samples with
relatwe freq equal to the terms of this
i row »

e e 2020 DY@

where ¢, the base of the natural logarithm, 1s an irrational number whose
value 1s about 2718, and whose logarithm (base 10) 1s 0 434295 very
nearly The hypotheucal frequencies are products of these relative fre-
quencies by the number of sub-samples, »

The fitting of a Porsson distribution to a sample will be 1llustrated by
the data on noxious weed seeds (2) 1 table 16 51  The sub-samples are
specified as weighing 1{ ounce Naturally, the number of seeds 1n the
sub-sample varies somewhat, but 1s large compared with the number of
noxious weed seeds The Poisson distribution, like the binomual, 1s built

TABLE 165 1
DISTRIBUTION OF 98 QUARTER-OUNCE SUB-SAMPLES OF Phleum pratense CLASSIFIED BY
Numeer oF Noxious WEep Seeps  FirTep PoissoN DistTriBuTION
EST OF SIGNIFICANCE

Numbers of Deviations
Noxious Number of  Hypothetical From (Dewations)?
Weed Sceds Sub«!aljnples Numbers Dxpected Hi potheacal
0 3 478 -178 0 663
1 17 14 44 2 56 0 454
2 26 21 81 419 0 805
3 16 21 96 -5 96 1618
4 18 16 58 142 0 122
5 9 10 02 -102 0 104
6 3 504
7 519 218
8 0 0 82
9 1 0 288 41 059 0 041
10 008
More 001
Total 98 98 00 000 =3 807
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on the assumption that the probability that any seed 1s that of a noxious
weed 1s constant throughout the population We shall first fit the theo-
retical then test the f th of the sample

The first step 13 the calculation of the sample mean 1n the manner of
section 8 2

£ = (ZfX)/(Zf) = 296/98 = 3 02041 noxious weed seeds per sub-sample

We then set up a Poisson distribution with this mean as 1ts parameter,
r A distnb with some tk mean might be fitted, but that
would be unusual Ordinanly the sample mean 1s used We are testing
homogeneity only—is there a umform probability of occurrence of weed
seeds throughout the sample?

The remainder of the calculation below 1s by means of logarithms
The successive steps are rather evident After the logarithms of the first
two hypothetical numbers are reached, those of the successive numbers are
got by (1) adding the logarithm of u, and (u) subtracting the logarithm
of the successive integers beginning with 2 You can see this by writing
the hypothetical numbers in this way

The calculations proceed thus

Symbol Logarithm Hypothetical Number
n =98 199123
o (3 02041)(0 434295) = 1 31175
njen 067948 478
» =3 02041 0 48007
un/et 115955 14 44
" 0 48007

1763962
2 0 30103
wn/2et 7733859 21 81
» 0 48007

781866
3 0 47712 .
wn/(2)(3)e* T 34154 21 96
u 0 48007

82161
4 0 60206
win/(2)(3)(4)e 121955 16 58
® 0 48007

7769962
5 0 69897

1 00065 10 02
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® 0 48007

148072
6 0 77815

G770257 504
» 0 48007

118264
7 0 84510

033754 218
» 0 48007

10 81761 — 10
8 090309

9 91452 — 10 082
u 0 48007

10 39459 — 10
9 0 95424

9 24035 — 10 028
» 0 48007

9792042 — 10
10 1

892042 — 10 008
Total 97 9%
From the I hm of 98 1s sut 1 the I hm of ¢# which 1s
uloge = (302041)(0 434295) The dxﬁercnce 1s the logarithm of thc
quotient, the anti- being the | number of sub-

pl
contaiming no weed seeds Next 1s added the logarithm of 3 02041 to get
the I hm of the next hypotk I number, 14 44 Thereafter the loga-
rithm of 15 added each time while the logarithm of the next higher
nteger 1s subtracted  The process continues till the hypothetical numbers
become smaller than 5 We carried on to illustrate the process, but had
to recombine for the test in table 16 51

Chi-square 1s computed as usual How many degrees of freedom are
there? The sample mean has been set up as the parameter of the distribu-
tion, and the sample number of sub-samples, 98, 1s used to calculate the
expected numbers remaining after the fifth (or tenth) class Hence two
degrees of freedom must be deducted from the effective number of classes,
leaving f = 5 for tesung chi-square  Clearly, the sample does not depart
significantly from the Poisson distibution  The 98 bags of seeds from
which the sub-samples were taken may constitute a population with
Poisson distrit The probability that any domly selected seed
be that of a noxious weed may be umform throughout

The varance 1n the theoretical distribution 15 the same as the sample
mean, 3 0204 chcc s = +/3 0204 = 1738 seeds per sub-sample Ob-
viously, the d has diffe 1 to the Poisson distri-
bution than to the normal For example, 1t cannot bc said that 68 27%,
of the indviduals 1n the Poisson d e within the
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mterval, u = o. However, if the entire sample of 98 quarter ounces 1s
considered as a umt with 296 weed seeds, 1t may be thought of as a single
sample drawn from a population whose mean 1s esumated as 296 and
whose vanance 15 therefore 296 Poisson populations with such large
means are distributed almost lly Hence, for p 1 purposes this
large sample may be treated as though drawn from a normal population
whose mean 1s estimated as £ = 296 with standard error, s: = /296 =
17 2 weed seeds The numbers of weed sceds in two such samples may
then be compared, the difference being tested for significance 1n the man-
ner of the next section

EXAMPLE 16 5 1—Leggatt counted various other weed sceds 1 hus 98 sub-sam-
ples Numbers of two genera follow

Number of Seeds i Sub-sample
Genus 0 1 2 3 4 5 6

Chisquare P
Potentlla 37 32 16 9 2 0 1 1 203 24
Carex 3% 3 23 2 1 146 11

EXAMPLE 16 5 2—The chinch bug data of example 16 4 2 arc well adapted to
bmg?;l /ﬁtumsz It may be interesting to apply the Poisson distribution  Chi-square

EXAMPLE 16 5 3—If you have the book availabic, ook at table 39 1n Biometrika’s
(5) collection and comparc the distribution for s = 3 0 wath that of table 16 51 Make
a rough check on your work 1n example 16 5 2 by use of the same table

EXAMPLE 16 5 4—If u1s large, the Poisson distribution 1s approximately normal
To venify thus, work out the distribution for 4 = 15, or take 1t from Biometrika’s table
Group the hypothetical frequencies for n = 100 as follows

Class mark 3 6 9 12 15 18 21 24 27

Frequency 1 1 10 24 30 22 9 2 1

Uning the method of section 8 6, show that g, = 0094 = 024 and gs = 0 46 = 0 48

EXAMPLE 16 5 5—The sample of table 16 5 1 may be looked upon as a single
sub-sample of 24 5 ounces drawn from a Poisson population with u = 296 noxious
weed sceds The vanance of this mean 1s 296 Comparing this with the foregoing
example, ﬁu sce why large means from Poisson populations may be considered as
normally distnbuted

16.6—Comparison of means in samples from Poisson distributions.
A moment’s thought will make 1t clear that means from Poisson distribu-
tions cannot be compared like those from the binomial  The records give
the number of times the event occurs but not the times 1t fals  For small
samples a chi-square method of testing was explained 1n section 9 12 But
since large sample means drawn from a Poisson population are distributed
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almost normally, 1t turns out that the appropriate method of testing duffer-
ences 15 that of section 8 8 An example will recall the method

““Student” (6) gave two distributions of yeast cells counted 1n the 400
squares of a haemacytometer, table 16 6 1 The values of chi-square show
that they may well be samples from Poisson distributions  The difference
between the means 1s 720 — 529 = 191 yeast cells per sample To test

TABLE 166 1
Two SampLes oF YEAST Cers COUNTED IN 400 SQUARES OF A HAEMACY TOMETER
Fitted Poisson Distributions

Number Squares Having Specified Number of Cells
o Chi-
Sample 0 1 2 3 4 56 7 8 9 Mean square
1 Observed 103 143 98 42 8 &_Z‘ 529 3177
Hypothetical 106 141 93 41 14 5
2 | Observed 75 103 121 54 30 13 2 1 0 1| 720 7073
Hypothetical 66 119 107 64 29 — 15

significance, we have the two variances, the same as the means, 720 and
529 From these, the standard error of the mean difference 1s

/(720 + 529) = 353

Hence, ¢t = 191/35 3 = 5 41, strong evidence that the two samples are not
drawn from the same population

EXAMPLE 16 6 1—Calculate the hypothetical numbers 1n table 16 6 1, together
with the values of cht-square

EXAMPLE 16 6 2—*“Student” recorded one sample of yeast cells with this dis-
tribution

Number of yeast cells 0 1 2 3 4 5
Number of squares 213 128 37 18 3 1

Compute x* = 9 683,/ = 2 Thus departs significantly from Poisson distribution

EXAMPLE 16 6 3—Using_the methods of chapter 8, test the significance of the
difference between the means of the two samples in table 1 661 Youwould be assum-
ing that mean differences are normally distributed, but you would avoid the formula,
z =4 Ahhough this formula 18 justified in the umylaofuble 16 6 1,1t would not be
appropate af the samples departed sigmificantly from Powsson distnbution  Ans
L=

EXAMPLE 16 6 4—In table 16 6 1, carry lhrougg the test of significance by com-
paring the mean numbers of yeast cells pn square, 1 5 and 1800 You should reach
the same value of ¢
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CHAPTER 17

Design and Analysis of Sampling

by WILLIAM G. COCHRAN

17.1—Populations. In the 1908 paper n which he discovered the
t-test, “Student” opened with the following words “Any experiment may
be regarded as forming an individual of a of which
might be performed under the same cond A series of
15 a sample drawn from this population

“Now any series of experiments 1s only of value in so far as 1t enables
us to form a jud as to the of the
to which the experiments belong

From the previous chapters n this book, this way of lookmg at data
should now be fanuhar The data ob d i a
are subject to variation, so that an estimate made from the data 1s also
subject to variation and 1s, hence, to some degree uncertain  You can
visualize, however, that 1f you could repeat the experiment many times,
putting all the results together, the estimate would ultimately
settle down to some unchanging valuec which may be called the true or
defimtive result of the experiment ~ The purpose of the statistical analysis
of an experiment 1s to reveal what the data can tell about this true result
The tests of significance and confidence lumits which have appeared
throughout this book are tools for making statements about the popula-
tion of experiments of which your data are a sample

In such problems the sample 1s concrete, but the population may
appear h 1 Itis the of that
might be performcd under the same conditions, if you possessed the
necessary resources, time, and mterest

In this chapter we turn to n which the 18 con-
crete and definite, and the problem 1s to obtain some desired information
about 1t Examples are as follows

pop

Population Information Wanted
Ears of corn 1n a field Average moisture content
Seeds 1n a large batch Percentage germination
Water 1n a reservoir Concentration of certain bacteria

Third-grade children 1n a school Average weight
[489]
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If the population 1s small, 1t 18 sometimes convement to obtan the
nformation by collecting the data for the whole of the population More
frequently, time and money can be saved by measuring only a sample
drawn from the population When the measurement 1s destructive,
samphing 15 of course unavoidable

This chapter presents some methods for selecting a sample and for

1stics from the data obtained 1n the sample

During the | past 20 years, samphng has come to be relied upon by a great
variety of agencies, including government bureaus, market research organ-
1zations, and public opmion polls Concurrently, much has been learned
both about the theory and practice of sampling, and a number of books
devoted to sample survey methods have appeared (2, 3, 4, 11, 13) In
this chapter we explain the general principles of samplmg and show how to
handle some of the simpler probl, that are ! 1 work
For more complex problems, references will be given

17.2—A simple example. In the carly chapters of this book, you
drew samples 5o as to examine the amount of variation 1n results from one
sample to another and to verify some important results in statistical
theory The same method will llustrate modern 1deas about the selection
of samples from given populations

Suppose the population consists of N = 6 members, denoted hy the
letters atof  The 6 values of the quanuty that is being measured are as
follows a1,b2,¢4,d6,¢7,f16 The total for this populations 36 A
sample of 3 members 1s to be drawn 1n order to estimate this total

One procedure already famihiar to you 1s to write the letters a to f on
beans or shps of paper, mix them in some container, and draw out 3 letters
In sample survey work, this method of drawing s called simple random
sampling, or sometimes random sampling without replacement (because we do
not put a letter back in the receptacle after 1t has been drawn)  Obviously,
simple random sampling gives every member an equal chance of being in
the sample It may be shown that the method also gives every combina-
tion of three different letters (e g, aef or cde) an equal chance of constitut-
ng the sample

How good an estimate of the population total do we obtain by sumple
random sampling? We are not quite ready to answer this question  Al-
though we know how the sample 1s to be drawn, we have not yet discussed
how the population total 1s to be estimated from the results of the sample
Since the sample contains 3 members and the population contains 6 mem-
bers, the simplest procedure 1s to multiply the sample total by 2, and this
15 the procedure that will be adopted  You should note that any sampling
plan contains two parts—-a rule for drawing the sample and a rule for
making the estimates from the results of the sample

We can now write down all possible samples of size 3, make the esti-
mate from cach sample, and see how close these estimates lie to the true
value of 36 There are 20 possible samples Their results appear n table
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17 21, where the successive columns show the composition of the sample,
the sample total, the esumated population total, and the error of estimate
(estimate minus true value)

Some samples, e g , abf and cde, do very well, while others hike abc gve
poor esimates  Since we do not know in any individual instance whether
we will be lucky or unlucky in the choice of a sample, we appraise any
sampling plan by looking at 1ts average performance

TABLE 1721
RESULTS FOR ALL PossisLE SvpLE RANDOM SAMPLES oF SizE 3

Esumate of  Error Esumate of  Error
Sample  Population of Sample  Population of

Sample Total Total Estunate | Sample  Total "otal Estimate
abe 7 14 —22 | bed 12 24 —-12
abd 9 18 —18 | bee 13 26 —10
abe 10 20 —16 | bef 2 44 +8
abf 19 38 + 2 | bde 15 30 -6
acd 11 22 —14 | bdf 24 48 +12
ace 12 24 =12 | bef 25 50 +14
21 42 +6 | ede 17 3. -2
ade 14 28 -8 | 26 52 +16
adf 23 46 +10 | cf 27 54 +18
af 24 48 +12 | def 29 58 +22
Average 18 36 0

The average of the errors of esumate, taking account of their signs, 1
called the J:as of the estumate (or more generally of the samphing plan) A
posive bias implies that the sampling plan gives estimates that are on the
whole too high, a negative bias, too low From table 17 2 1 1t 1s evident
that this plan gives unbiased estimates, since the average of the 20 esti-
mates 1s exactly 36 and consequently the errors of estimate add to zero
With simple random samphng this result holds for any population and
any size of sample  Estimates that are unbiased are a desirable feature of
a sampling plan  On the other hand, a plan that gives a small bias 1s not
ruled out of consideration if 1t has other attractve features

As a measure of the accuracy of the sampling plan we use the variance
of the estimates taken about the true population value This variance 1s
2
Z(Error of estimate) - 15&4 — 1752

20 20

The dwisor 20 15 used, istead of the divisor 19 with which you have be-
come famliar, this being a common convention among writers on sample
surveys To sum up, this plan 15 unbiased and has a standard error of
estmate of v/1752 = 132 Ths standard error amounts to 37% of
the true population total, evidently the plan 15 not very accurate for this
population
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In simple random sampling the selection of the sample s left to the
luck of the draw  No use 1s made of any knowledge that we may possess
about the bers of the 1 Gaven such k ledge, we should
be able to improve upon simple random sampling by using the knowledge
to guide us 1n the selection of the sample  Much of the recent research on
sample survey methods has been directed towards taking advantage of
available information about the population to be sampled

By way of 1illustration, suppose that before planning the sample we
expect that f will give a much higher value than any other member 1n
the population How can we usc this information® It 1s clear that the
estimate from the sample will depend to a considerable extent on whether
f falls in the sample or not This statement can be venfied from table
17 2 1, every sample containing f gives an overestimate and every sample
without f gives an underestimate

It seems best, then, to make sure that f appears in every sample  We
can do this by dividing the population into two parts or strata  Stratum I,
which consists of f alone, 1s completely measured  In stratum I1, contain-
g a, b, ¢, d, and ¢, we take a simple random sample of size 2 n order to
keep the total sample size equal to 3

Some forethought 1s needed n deciding how to estimate the popula-
uon total To use twice the sample total, as was done previously, gives
too much weight to f and, as already pointed out, will always proc ace an
overestimate of the true total We can handle this problem by treating
the two strata separately For stratum I we know the total (16) correctly,
since we always measure f  For stratum II, where 2 members are meas-
ured out of 5, the natural procedure 1s to multiply the sample total i that
stratum by 5/2, or 25 Hence the appropriate estimate of the population
total 15

16 + 2 5(Sample total 1n stratum II)

TABLE 1722
RESULTS FOR ALL PosSIBLE STRATIFIED RANDOM SAMPLES WiTH THE UNEQUAL
SampLING FrAcTIONS DEScrIBED IN TEXT

Sample Total in Estimate Error of
Sample Stratum 1 (Tp) 16 +257: Estumate
abf 3 235 —125
af 5 285 -75
adf 7 335 -25
af 8 360 00
bef. 6 310 -50
bdf 8 36 0 00
u 9 385 +25
cdf 10 it 0 +50
cof 11 43 5 +75
def 13 485 +125
Average 360 00
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These estimates are shown for the 10 possible samples 1n table 1722
Again we note that the esimate 1s unbiased Its variance 1s

2
Z(Error of esumate)? _ 487 50 _ 875
10 10

‘The standard error is 7 0 or 19% of the true total This 1s a marked 1m-
provement over the standard error of 13 2 that was obtamed with simple
random sampling

This sampling plan goes by the name of stratified random sampling with
anequal sampling fractions The last part of the title denotes the fact that
stratum I 1s completely sampled, whereas stratum II 1s sampled at a rate
of 2 units out of 5, or 40%, Stratification allows us to divide the popu-
lation 1nto sub-populations or strata that are less vanable than the ongi-
nal population, and to sample different parts of the population at differ-
ent rates when this seems advisable It 1s discussed more fully in sections
178 and 179

EXAMPLE 17 2 1—In the prccedmi:xample‘ suppose you expect that both ¢ and
fwll gve high values  You decide that the sample shall consist of ¢, f, and one member
‘drawn at random from a, b, ¢, d Show how to obtan an unbiased esumate of the
population total and show that the standard error of this estimate 13 77 (Ths
pling plan 15 not as accurate as the plan 1n which f alone was placed in a separate
stratum, because the actual value for ¢ 1s not very high )

EXAMPLE 17 2 2—If previous information suggests that f wall be high, d and ¢
moderate, and 4, b, and ¢ small, we might try strati sampling with 3 strata  The
sample consists of £, either d or ¢, and one chosen from a, b, and ¢ Work out the un-
brased estimate of the population total for each of the 6 possible samples and show that
1ts standard error 18 3 9

17.3—Probability pling. The p d, les were 1n-
tended to introduce you to probability sampling Thus 1s a general name
gwven to samphng plans m which
(1) every member of the pop
included in the sample,
(u) the sample 1s drawn by some method of random selection con-
sistent with these probabihities,
(m) we take account of these probabulitics of selection in making the
estimates from the sample

has a known p of being

Note that the probability of selection need not be equal for all mem-
bers of the population 1t 1s sufficient that these probabilities be known  In
the first example 1n the previous section, each member of the population
had an equal chance of being 1n the sample, and each member of the
sample recewved an equal weight in esumating the population total But
1n the second example, member f was given a probability 1 of appearing
1n the sample, as aganst 2/5 for the rest of the population  This inequality
1n the probabilities of selection was compensated for by assigning a weight
5/2 to these other members when making the estmate The use of un-
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equal prot gam in p; for some types
of population (sec section 17 9
Probability sampling has several ad: By probability theory

y

1t 18 po sible to study the brases and the standard errors of the estimates
from ¢ .tferent sampling plans In this way much has been learned about
the scope, advantages, and limtations of each plan This mformation
helps greatly in selecting a suitable plan for a particular samphing job ~ As
will be seen later, most probability sampling plans also enable the stand-
ard error of the esumate, and confidence limts for the true population
value, to be computed from the results of the sample Thus, when a
probability sample has been taken, we have some 1dea as to how accurate
the estimates are

Probability sampling 1s by no means the only way of selecting a sam-
ple  An alternative method 15 to ask someone who has studied the popu-
lation to pomt out “average” or “typical” members, and then confine the
sample to these b When the popul. 1s highly variable and
the sample 15 small, this method will often give more accurate estimates
than probability sampling Another method is to restrict the sampling
to those bers that are ble If bales of goo~ -
stacked tightly in a warehouse, 1t 1s difficult to get at the inside bales of
the pile and one 1s tempted to confine attention to the outside bales In
many biological problems 1t 1s hard to see how a workable prebability
sample can be devised, as for instance i esumating the number of house
flies 1n a town, or of field mice 1n a wood, or of plankton 1n the ocean

One drawback of these alternative methods 1s that when the sample
has been obtained, there 1s no way of knowing how accurate the estimate
15 Members of the population picked out by an expert as typical may be
more or less alyplcal Oumdc bales may or may not be sumular to 1aterior
bales P las for the dard error of he esti-
mate or for confidence himuts do not apply to these methods Conse-
quently, 1t 1s wise to use probability sampling unless there 1s a clear case
that this 1s not feasible or 15 prohibitively expensive

17.4—Listing the population. In order to apply probability sam-
pling, we must have some way of subdividing the population 1nto units,
called sampling umts, which form the basis for the selection of the sample
The samphing units must be distinct and non-overlapping, and they must
together constitute the whole of the population Further, 1n order to
mahe some kind of random selection of sampling umits, we must be able
to number or /it all the umts  As will be seen, we need not always write
down the comple!e lAst but we must be 1n a position to construct it Listing

15 easily d when the popul: consusts of 5,000 cards neatly
arranged 1n a ﬁle, or 300 ears of corn lying on a bench, or the trees in a
small orchard  But the subd: of a 1 mto ling units

that can be listed sometimes presents a difficule practical problem



Section 17 4 Design and Analysis of Sampling 495

Although we have spoken of the population as being concrete and
definite, there may be some vagueness about the population which does
not become apparent unul a sampling 1s being planned Before we can
come to grips with a population of farms, or of nursing homes, we must
define a farm or a nursing home The defimtion may require much study
and the final decision may have to be partly arbitrary Two principles to
keep i mind are that the definition should be appropriate to the purpose
of the sar .pling and that 1t should be usable 1n the field (1 e, the person
collecting the information should be able to tell what 1s 1n and what 1s out
of the population as defined)

Sometumes the available listings of farms, creameries, or nursing homes

are deficient  The hst may be out of date, having some members that no
longer belong to our population and omitting some that do belong  The
3t may be based on a defimtion different from that which we wish to use
or our population  These points should be carefully checked before using
any hist It often pays to spend considerable effort 1n revising a list to
make 1t complete and satisfactory, since this may be more economical than
r construct a new hist  Where a list covers only part of the population,
one procedure 1s to sample this part by means of the lst, and construct
a separate method of sampling for the unhsted part of the population
Straufied sampling 1s useful 1n this situation  all hsted members are as-
signed to one stratum and unhsted members to.another

Preparing a hist where none 1s available may require 1ngenuity and
hard work To cite an easy example, suppose that we wish to take a
number of crop samples, each 2 ft X 2 ft, from a plot 200 ft X 100 ft
Divide the length of the plot into 100 sections, each 2 ft, and the breadth
nto 50 sections, each 2 ft We thus set up a coordinate system that divides
the whole plot into 100 X 50 or 5,000 quadrats, each 2 ft X 2 ft To
select a quadrat by simple random samphng, we draw a random number
between 1 and 100 and another random number between 1 and 50 These
coordinates locate the corner of the quadrat that 1s farthest from the
origin of our system However, the problem becomes harder 1if the plot
measures 163 ft X 100 ft, and much harder if instead of a plot we have
an wrregularly shaped field Further, if we have to select a number of
areas cach 6 n X 6 n from a large field, giving every area an equal
chance of selection, the time spent 1n selecting and locating the sample
areas becomes substantial ~ Partly for this reason, methods of systematc
sampling (section 17 7) have come to be favored in routine soil sampling
8.

Another 1llustration 15 a method for samphing (for botanical or chemi-
cal analysis) the produce of a small plot that 1s already cut and bulked The
bulk »~ separated 1nto two parts and a com 1s tossed (or a random number
dra'vn) to decide which part shall contain the sample  Thus part 1s then
separated into two, and the process continues until a sample of about the
desired size 15 obtamned At any stage 1t 1s good practice to make the two
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parts as alike as possible, provided this 1s done before the coin 1s tossed A
quicker method, of ooume, 18 to grab a handful of about the desired size;
thisis y but proves to be biased

In urban sampling n the United States, the city block 1s often used as a
sampling unit, a listing of the blocks being made from a map of the town.
For extensive rural samphng, county maps have been divided into areas
with boundaries that can be identified 1n the field and certain of these
areas are selected to constitute the sample. The name area sampling has
come to be associated with these and other methods 1n which the sam-
pling unit 1s an area of land  Frequently the principal advantage of area
samphing, although not the only one, 1s that 1t solves the problem of pro-
viding a hsting of the population by sampling umts

In many sampling problems there 1s more than one type or size of
sampling umt into which the population can be divided  For instance, in
soil samphing 1n which borings are taken, the size and shape of the borer
can be chosen by the sampler The same 1s true of the frame used to
mark out the area of land that 1s cut 1n crop sampling In a dental sur-
vey of the fifth-grade school children 1n a city, we rmght regard the child
as the sampling unit and select a sample of children from the combined
school registers for the city It would be administratively simpler, how-
ever, to take the school as the sampling umit, drawing a sample of schools
and examuning every fifth-grade child 1n the selected schools This ap-
proach, in which the sampling umt consists of some natural group (the
school) formed from the smaller umits 1n which we are interested (the
children), goes by the name of cluster sampling

If you are faced with a choice between different sampling unuts, the
gwiding rule 1s to try to select the one that returns the greatest precision
for the available resources For a fixed size of sample (e g, 5% of the
population), a large sampling unit usually gives less accurate results than
a small umt, although there are exceptions To counterbalance this, 1t 15
generally cheaper and easier to take a 5% sample with a large samphing
unit than with a small one A thorough comparison between two units 1s
likely to require a special 1n which both ling errors ’ld
costs (or tumes required) are computed for each unit

17.5—Smmple random sampling. In this and later sections, some of
the best-known methods for selecting a probability sample will be pre-
sented The goal 13 to use a sampling plan that will give the highest

precision for the to be or, ¢q , that will
attain a desired degree of pi “with the d of
resources It 1s worth Whl]c to become famihar with the prmclpal plans,

since they are to take ad of any that you
may have about the structure of the populauon and about the costs of
taking the sample

In section 17 2 you have already been troduced to simple random
sampling  This 1s a method 1n which the members of the sample are drawn
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p with equal probabil; In order to the use of
a table of random numbers for drawing a random sample, suppose that
the population contains &' = 372 members and that a sample of size
n = 10 15 wanted Select a 3-digit starting number from table 15 1, say
the number 1s 539 1n row 11 of columns 80-82 Read down the column
and pick out the first ten 3-digit numbers that do not exceed 372 These
are 334, 365, 222, 345, 245, 272, 075, 038, 127, and 112 The sample
consists of the sampling umits that carry these numbers 1n your hsting of
the population  If any number appears more than once, 1gnore 1t on sub-
sequent appearances and proceed untl ten different numbers have been
found

If the first digit in N1s 1, 2, or 3, this method requires you to skip many
numbers 1 the table because they are too large  (In the above example
we had to cover 27 numbers in order to find 10 for the sample ) Thus
does not matter 1If there are plenty of random numbers An alternative
method 15 to use all 3-digit numbers up to 2 X 372 = 744 Starting at
the same place, the first 10 numbers that do not exceed 744 are 539, 334,
615, 736, 365, 222, 345, 660, 431, and 427 Now subtract 372 from all
numbers larger than 372 This gives, for the sample, 167, 334, 243, 364,
365, 222, 345, 288, 59, and 55 With ¥ = 189, for instance, we can make
use of all numbers up to 5 X 189 = 945 by this device, subtracting 189 or
378 or 567 or 756 as the case may be

As mentioned previously, simple random sampling leaves the selection
of the sample entrely to chance It s often a satisfactory method when
the population 1s not highly vanable and, in particular, when estimating
proportions that are likely to e between 20% and 80% On the other
hand, 1f you have any knowledge of the variability 1n the population, such
as that certain segments of 1t are hikely to give higher responses than others,
one of the methods to be described later may be more precise

IfY,( =12 N) denotes the vanable that 1s being studied, the
standard deviation, g, of the population 1s defined as

(Y, — Y)
7 N=1°
where ¥ 15 the population mean of the ¥, and the sum 15 taken over all

sampling umts in the population
The standard error of the mean of a stmple random sample of size n 1s

o= %m -

where ¢ = n/N 1s the sampling fraction, 1 e , the fraction of the population
that 1s included 1n the sample  (The sampling fraction 1s commonly de-
noted by the symbol f, but ¢ 15 used here to avoid confusion with ~nr pre-
vious use of f for degrees of freedom )
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The term o/+/n 1s already familiar to you this 1s the usual formula for
the standard error of a sample mean The second factor, v/(1 — ¢), 1s
known as the finite population correction. It enters because we are sampling
from a population of finite size, , wnstead of from an nfinite population
as 1s assumed 1n the usual theory Note that this term makes the standard
error zero when n = JV, as 1t should do, since we have then measured
every umt i the population In practical applications the fimite popu-
lation correction 1s close to 1 and can be omitted when n/N 1s less than
10%, 1€, when the sample comprises less than 109, of the population

Thus result 15 kable For a large with a fixed amount
of variability (a given value of ¢), the standard error of the mean depends
mainly on the size of sample and only to a minor extent on the fraction
of the population that 1s sampled For gwven ¢, a sample of 100 1s almost
as precise when the population size 15 200,000 as when the population
size 15 20,000 or 2,000 Intuitively, some people feel that one cannot
possibly get accurate results from a sample of 100 out of a population of
200,000, because only a tiny fraction of the population has been measured
Actually, whether the sampling plan 1s accurate or not depends primarily
on the size of ¢/+/n This shows why sampling can bring about a great
reduction in the amount of measurement needed

For the estimated standard error of the sample mean we have

5= 7‘ VO

where s 13 the standard deviaton of the sample, calculated in the usual
way
If the sample 1s used to estumate the population total of the variable
under study, the estimate 18 Ny and its standard error 1s

Ns
=7

In sumple random samphing for attributes, where every member of the
sample 15 classified 1nto one of two classes, we take

V(i —¢)

PR BV
n

where p 1s the proportion of the sample that lies 1n one of the classes  Sup-
pose that 50 famulies are picked at random from a list of 432 families who
possess telephones and that 10 of the families report that they are listening
to a certain radio program Thenp = 02, ¢ = 08 and

028 50\ _
REVLLYLY P



Section 17.5 Design and Analysis of Sampling 499

If we 1gnore the finite population correction, we find 5, = 0 057

Note that the formula for s, holds only if each umt 1s classified as a
whole mnto one of the two classes If you are using cluster sampling and
are classifying individual elements within each cluster, a different formula
for s, must be used  For instance, 1n estimating the percentage of diseased
plants i a field from a sample of 360 plants, the formula above holds 1f
the plants were selected independently and at random To save time 1n
the field, however, we mght have chosen 40 areas, each consisting of 3
plants in each of 3 neighboring rows  With this method the area (a clus-
ter of 9 plants) 1s the samphng umt If the distribution of disease 1n the
field were extremely patchy, 1t might happen that every area had either
all 9 plants diseased or no plants diseased In this event the sample of 40
areas would be no more precise than a sample of 40 independently chosen
plants, and we would be deceiving ourselves badly if we thought that we
had a binomial sample of 360 plants

The correct procedure for computing s, 1s simple  Calculate p sepa-
rately for each area (or sampling unit) and apply to these p’s the previous
formula for continuous variates That 1s, if p; 15 the percentage diseased
1n the :th area, the sample standard deviation 1s

(o — o)
$ =
(n—1)
where n1s now the number of areas (cluster units) Then

5= \/anu -9

For nstance, suppose that the numbers of diseased plants in the 40 areas
were as given in table 17 5 1

TABLE 1751
Numeers oF Diseasep PLANTS (ouT oF 9) 1n EaCH oF 40 AREAS
25111700323 000704126
001450142602 41735036

Grand total = 99

The standard deviation of this sample 15 2331  Since the proportions of
diseased plants in the 40 areas are found by dividing the numbers 1n table
17 51 by 9, the standard deviation of the proportions 1s

5= 2%1=0.259
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Hence, (assuming W large),

For comparison, the result given by the binomial formula will be
worked out  From the total in table 1751, p = 99/360 = 0 275 The
bmnomial formula 1s

g _ (0 275)(0 725)
»= \/ 360 360 0 024,
giving an overly optimistic notion of the precision of p

Frequently, the clusters are not all of the same size This happens
when the sampling units are areas of land that contain different numbers
of the plants that are being classified Let m be the number of elements
that are classified i the sth unit, and 4, the number that fall into a speci-
fied class, so that p; = a,/m; Then p, the over-all proportion 1n the sam-
ple, 1s (Za,)/(Em,), where each sum 1s taken over the n cluster units

The formula for s, the standard deviation of the p,, uses the weighted
mean square of the m,

wherei = Zm,/n1s the average size of cluster 1n the sample  Ths formula
1S an approximation, no correct expression for s being known in usable
form As before, we have

s
5 = '\7"—‘\/(1 -9

For computing purposes, s 1s better expressed as
1

(n—1)
The sums of squares Za2, Zm¢ and the sum of products Zagn, are cal-
culated without the usual corrections for the mean The same value of s
1s obtaned whether the corrections for the mean are applied or not, but
1t saves tume not to apply them
EXAMPLE 17 5 1—If a sample of 4 from the 16 townships of a county has a
standard deviation 45, show that the standard error of the mean1s 19 5

EXAMPLE 17 5 2—In the example presented in section 172 we had N =
n = 3, and the values for the 6 members of the population were 1, 2, 4, 6 7, and 16
‘The formula for the true standard crror of the esimated population tot
n
- 7:\/ A
Verify that thus formula agrees with the result, 13 2, which we found by writing down
all possible samples

2a? — 2pZagm + p’Em:’z
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EXAMPLE 17 5 3—A simple random sample of size 100 15 taken 1 order to csti-
mate some pfv‘oremon (e g , the proportion of males) whose value 1n the population 15
close to }4  Work out the standard crror of the nm&z proportion p when the size of
the population 1s 1) 200, (u) 500, (1) 1,000, (1v) 10,000, (v) 100,000 Note how httle
the standard error changes for N greater than 1,000

EXAMPLE 17 5 4—Show that the coefficient of variation of the sample mean 1s
the same as that of the estimated population total

EXAMPLE 17 5 5—In sunple random sampling for attributes, show that the
standard error of p, for given N and , 13 greatest when p 15 50%, but that the coefhient
of variation of p is Jargest when p 13 very small

17.6—Size of sample. At an early stage in the design of a sample, the
question ‘“How large a sample do I need?” must be considered ~ Although
a precise answer may not be easy to find, for reasons that will appear,
there 15 a rational method of attack on the problem

Clearly, we want to avoid making the sample so small that the esti-
mate 13 too inaccurate to be useful Equally, we want to avoid taking a
sample that 1s too large, in that the estimate 15 more accurate than we
require  Consequently, the first step 1s to decide how large an error we
can tolerate in the esimate This demands careful thinking about the
use to be made of the estimate and about the consequences of a sizeable
error  The figure finally reached may be to some extent arbitrary, yet
after some thought samplers often find themselves less hesitant about
naming a figure than they expected to be

The next step 1s to express the allowable error 1n terms of confidence
hmts  Suppose that L 1s the allowable error mn the sample mean, and
that we are willing to take a 5% chance that the error will exceed L In
other words, we want to be reasonably certain that the error will not ex-
ceed L R that the 959, d hmits p from a
sample mean are

- 20
Y vl
we may put
20
L= T
This guves, for the required sample size,
4o?
Fa
In order to use this relation, we must have an estimate of the population
standard deviation, ¢ Often a good guess can be made from the results
of previous samplings of this population or of other similar populations
For example, an experimental sample was taken in 1938 to estimate the
yield per acre of wheat in certamn districts of North Dakota (7) For a
sample of 222 fields, the variance of the yield per acre from field to
field was s* = 903 (in bushels?) How many fields are indicated if we
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wish to esumate the truc mean yield within = 1 bushel, with a 5% risk
that the error will exceed 1 bushel” Then

_ 4g" _ 4(90 3)
I* )
If this estimate were being used to plan a sample 1n some later year, 1t
would be regarded as tentative, since the vanance between fields might
change from year to year
In the absence of data from an earlier sample, we can sometmes
estimate ¢ from a knowledge of the range of varnation n the population,
using the relation between the range and ¢ as described in section 22 If
the range 13 known 1n a population of size greater than 500, we may take
(range)/6 as a crude estimate of &
If the quantity to be eshmated 15 a binomial proportion, the allowable
error, L, for 95%, confidence probability 1s
[N
n

= 361 fields

The sample size required to attamn a given limut of error, L, 1s therefore
_ e

"t

In this formula, g, ¢, and L may be expressed either as proportions or as
percentages, provided that they are all expressed 1n the same units The
result necessitates an advance estimate of p  If p 15 likely to lie between
35% and 65%, the advance estimate can be quite rough, since the product
g vanes little for p lying between these hmits  If, however, p 1s near zero
or 100%, accurate determination of n requires a close guess about the
value of p

‘We have 1gnored the finite population correction 1n the formulas pre-
sented 1n this section  Thus 1s satisfactory for the majority of applications
If the computed value of n 1s found to be more than 10% of the population
size, NV, a revised value n’ which takes proper account of the correction
15 obtained from the relation

n
1+¢
For example, casual inspection of a batch of 480 scedlings indicates that
about 15% are diseased Suppose we wish to know the size of sample
needed to determine p, the per cent diseased, to within = 5%, apart from
a 1-1n-20 chance The formula gives
4(15)(85)
=220 = 204
n %5) seedlings

At this point we might decide that 1t would be as quick to classify every

=
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seedling as to plan a sample that 1s a substantial part of the whole batch
If we decide on sampling, we make a revised estimate, n’, as

n 204
w = = =143
1+e 44204
80

The formulas presented 1n this section are appropriate to sumple ran-
dom sampling  If some other sampling method 1s to be used, the general
principles for the determination of 7 remain the same, but the formula for
the confidence limits, and hence the formula connecting L with n, will
change Formulas applicable to more complex methods of sampling can
be obtained n books devoted to the subject, e g, (2, 4, 11) In practice,
the formulas in this section are frequently used to provide a preliminary
notion of the value of n, even if simple random sampling 1s not intended
to be used The values of n may be revised later if the proposed method
of pling 15 kedly different 1n p from simple random sam-
phing

‘When more than one vaniable 1s to be studied, the value of .z 1s first
estimated separately for each of the most important variables If these
values do not differ by much, 1t may be feasible to use the largest of the
n’s If the n’s differ greatly, one method 1s to use the largest n, but to
measure certain 1tems on only a sub-sample of the original sample, € g , on
200 sampling units out of 1,000 In other situations, great dispanty 1n
the #’s 15 an indication that the investigation must be sphit mto two or
more separate surveys

EXAMPLE 17 6 1—A simple random sample of houses 13 to be taken to estmate
the perceatage of houses that arc unoccupied  The estumate 1s desired to be correct
to within = 1%, with 95%, confidence Sne advance esumate 1s that the percentage
of unoccupied houses will' be about 6%, another 1s that 1t will be about 4% What
sizes of sample are required on these two forecasts> What size would you recommend?®

EXAMPLE 17 6 2—The total number of rats in the residential part of a large
city 18 to be esimated with an error of not more than 20%, apart from a 1-1n-20
chance In a previous survey, the mean number of rats per city block was 9 and the
sample standard deviation was 19 (the distribution 15 extremely skew)  Show that a
simple random sample of around 450 blocks should suffice

EXAMPLE 17 6 3—West (12) quotes the following data for 556 full-time farms
1n Seneca County, New York

can Standard Deviation Per Farm
Acres in corn 8 90
Acres 1n small grains 420 395
Acres in hay 27 9 2 9

Ifa coefficient of vanation of up to 5% can be tolerated, show that a random sample
of about 240 farms 1s required to esumate the total acreage of cach crop 1n the 556 farms
with this degree of precision  (Note that the finite population correction must be used )
This example illustrates a result that has been reached by several different 1nvestiga-
tors, with small farm populations such as countues, a substantial part of the whole popu-
lation must be sampled 1n order to obtain accurate estimates
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17 7—Systematic sampling. In order to draw a 10% sample from a
list of 730 cards, we might select a random number between 1 and 10, say
3, and pick every 10th card thereafter, 1 e, the cards numbered 3, 13,
23, and so on, ending with the card numbered 723 A sample of this
kind 1s known as a systematic sample, since the choice of 1ts first member,
3, determunes the whole sample

hing has two ad: ges over simple random sampling
It 15 easier to draw, since only one random number 15 required, and 1t
distributes the sample more cvenly over the listed population For this
reason systematic sampling often gives more accurate results than simple
random sampling Sometimes the increase 1n accuracy 1s large In
routine sampling, systematic selection has become a popular technique

There are two p I disad: ges  If the popul: contains
a periodic type of variation, and if the nterval between successive umits
mn the systematic sample happens to comncide with the wave length (or
2 multiple of 1t) we may obtain a sample that 1s badly biased To cite
extreme mstances, a systematic sample of the houses 1n a city might con-
tan far too many, or too few, corner houses, a systematic sample from a
book of names might contain too many, or too few, names histed first on a
page, who might be predominantly males, or heads of houscholds, or
persons of importance A systematic sample of the plants in a field might
have the selected plants at the same positions along every row These
situations can be avoided by being on the lookout for them and either
using some other method of sampling or selecting a new random number
frequently In ficld sampling, we could select a new random number
in each row  Consequently, 1t 1s well to know something about the nature
of the vanability i the population before deciding to use systematic
sampling

The second disadvantage 1s that from the results of a systematic sample
there 15 no rehiable method of estimating the standard error of the sample
mean Textbooks on sampling give various formulas for s; that may be
tried cach formula 1s valid for a certain type of population, but a formula
can be used with confidence only if we have evidence that the population
15 of the type to which the formula applies However, systematic sampling
often 1s a part of a more complex sampling plan 1 which 1t 15 possible to
obtain unbiased estimates of the sampling errors

17.8—Stratified sampling. There are three steps in stratified sam-
phng
(1) The population 1s divided mto a number of parts, called strata
(2) A sample 1s drawn independently in each part
(3) As an estimate of the population mean, we use
_ ZN:g.
Gur = -N'—‘y",
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where NV, 1s the total number of sampling units 1n the hth stratum, §j 1s
the sample mean 1n the kth stratum and N = I, 1s the size of the popu-
lation Note that we must know the values of the N, (1 e, the sizes of the
strata) 1n order to compute this esimate

There are several reasons why str 15 |
wn samphing plans It can be shown that differences between thc strata
means 1n the population do not contribute to the samphng error of the
esumate J;; In other words, the sampling error of §,, arses solely from
variations among sampling unuts that are in the same stratum  If we can
form strata so that a heterogencous population 1s divided nto parts each
of which 1s farrly homogeneous, we may expect a gain 1n precision over
simple random sampling In taking 24 soil or crop samples from a rec-
tangular field, we might dwide the field 1nto 12 compact plots, and draw
2 samples at random from each plot ~ Since a small piece of land 1s usually
more homogeneous than a large piece, this stratification will probably
bring about an increase 1n Ithough experience ind that
i this application the increase will be modest rather than spectacular
To estimate total wheat acreage from a sample of farms, we might stratify
by size of farm, using any information available for '.hlS purpose In this
type of appl the gain i p 15

In stratified sampling, we can choose the size of sample that 1s to be
taken from any stratum  Thas freedom of choice gives us scope to do an
efficient job of allocating resources to the sampling within strata  In some
applications, this 1s the principal reason for the gain in precision from
stratification ~ Further, when different parts of the population present
dufferent problems of listing and samphing, stratification enables these
problems to be handled scparately For this reason, hotels and large
apartment houses are frequently placed 1n a separate stratum 1n a sample
of the inhabitants of a city

We now consider the estimate from stratified sampling and 1ts standard
error  For the population mean, the estimate gwen above may be
written

1
Fse =J\—/2Nny'n = ZWiin

where W), = N,/N 1s the relatwe weight attached to the stratum  Note
that the sample means, 7, 1n the respective strata are weighted by the
sizes, Ny, of the strata  The anthmetic mean of the sample observations
15 no longer the estimate except 1n one important special case  This occurs
with proportional allocation, when we sample the same fraction from every
stratum  With proportional allocation,

mo n n

NTNT WY
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It follows that

Hence

Znagn -
=9

Iu = ZWpih =

since Zmyfa 18 the total of all observations in the sample With propor-
tional allocation, we are saved the trouble of computing a weighted mean
the sample 18 self-weghting

The standard error of 7,15

$@a) = \/EW.’ -~

L

where 53?15 the sample variance 1n the Ath stratum, 1 e,
_ 3 — )

m—-1
where Y 1s the :th member of the sample from the hth stratum  The
formula for the standard error of §,, assumes that simple random samphng
15 used within each stratum and does not clude the fimite pc, ulation
correction  If the samphing fractions ¢, exceed 10% in some of the strata,
we use the more general formula

@) = [T 8

S

With proportional allocation the sampling fractions ¢, are all equal and
the general formula simphfies to
ZWis?
@) = | V(=)
If, further, the population variances are the same n all strata (a reason-
able assumption in some agricultural applications), we obtain an addi-
tional simplification to

S
@) = V=)

Ths result 1s the same as that for the standard error of the mean with
simple random sampling, except that s5,, the pooled standard deviation
within strata, appears m place of the sample standard deviation, s In
practice, s, 1s computed from an analysis of vanance of the data

As an example of proportional allocation, the data in table 17 81
come from an carly mnvestigation by Clapham (1) of the feasibility of
sampling for estimating the yields of small cereal plots. A rectangular plot
of barley was divided transversely into 3 equal strata Ten samples, each
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TABLE 1781
ANALYSIS OF VARIANGE OF A STRATIFIED RANDOM SAMPLE
Wheat grain yiclds — gm per meter

Source of Vanation | Degrees of Freedom  Sum of Squares  Mean Square

Total 29 8,564 295 3
Between strata 2 2,073 1,036 5
‘Within strata 27 6,491 240 4

a meter length of a single row, were chosen by simple random samphng
from each stratum The problem 1s to compute the standard error of the
estimated mean yield per meter of row
In this example, s, = 4/240 4 = 155,andn = 30 Since the sample
1s only a negligible part of the whole plot, n/N 1s neghigible and
_155
(@) = Tn= V0 283 gm
How effective was the stratification® From the analysis of vanance
1t 15 seen that the mean square between strata is over four times as large
as that within strata  This 1s an indication of real differences 1n level of
yield from stratum to stratum It 1s possible to go further, and estimate
what the standard error of the mean would have been if simple random
sampling had been used without any stratificaion  With simple random
sampling, the corresponding formula for the standard error of the mean 1s

s(g) = Py

where s 1s the ordinary sample standard deviation In the sample under
discussion, s 18 4/2953 (from the fotal mean square in table 17 8 1)
Hence, as an estimate of the standard error of the mean under simple
random sampling, we might take

/295 3
g) = =314
5(F) /30 314gm,

as compared with 2 83 gms for d random Si
has reduced the standard error by about 10%,

This comparison 1s not quite correct, for the rather subtle reason that
the value of s was calculated from the results of a stratified sample and not,
as 1t should have been, from the results of a slmple random sample Vahd
methods of making the are d bed for all types of
sampling n (2) The appmxlmate method which we used 1s close enough
when the stratification 1s proportional and at least 10 sampling units are
drawn from every stratum

17.9—Choice of sample sizes in the individual strata. It 1s some-
times thought that 1n stratified sampling we should sample the same frac-
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tion from every stratum, 1 e , we should make n,//), the same in all strata,
using proportional allocation A more thorough analysis of the problem
shows, however, that the optimum allocauon 15 to take n, proportional to
Naoa//cn, where a, 15 the d: of the pling units in the
hth stratum, and ¢, 1s the cost of sampling per unit 1n the Ath stratum  This
method of allocation gives the smallest standard error of the esimated
mean f,, for a given total cost of taking the sample The rule tells us to
take a larger sample, as compared with proportional allocation, 1n a
stratum that 1s unusually variable (74 large), and a smaller sample in a
stratum where sampling 1s unusually expensive (¢, large) Looked at in

this way, the rule 1s with sense, as 1 rules
always are if we think about them carefully The rule reduces to pro-
portional all when the d and the cost per umt

are the same 1n all strata

In order to apply the rule, advance estmates are needed both of the
relative standard deviations and of the relative costs in different strata
These estimates need not be highly accurate rough estimates oﬁen gwe
results satisf: ly near to the op When a pop
15 sampled repeatedly, the can be ob d from the results of
previous samplings Even when a population 1s sampled for the first
tume, 1t 15 sometimes obvious that some strata are much more accessible
to samphng than others In this event 1t usually pays to hazard . guess
about the differences in costs In other situations we are unable to predict
with any confidence which strata will be more vanable or more costly, or
we think that any such differences will be smail  Proportional allocation
18 then used

There 15 one i which disprop:
pays large dividends This occurs when the principal variable that 13
being measured has a highly skewed or asymmetrical distnbution  Usual-
Jy, such populations contamn a few sampling units that have large values
for this variable and many units that have small values Variables that
are related to the sizes of economic nstitutions are often of this type, for
instance, the total sales of grocery stores, the number of patients per hos-
pital, the amounts of butter produced by creameries, and (for certain
types of farming) farm mcome

With populations of this type, by size of )
usually highly effective, and the optimum allocation 1s likely to be much
better than proporuonal allocation As an illustratuon, table 1791
shows data for the number of students per institution 1n a population con-
sisting of the 1,019 senior colleges and universities 1n the United States
The data, which apply mostly to the 1952-53 academic year, might be
used as background information for planmng a sample designed to give
a quick estimate of total registration in some future year The mstitu-
tions are arranged in 4 strata according to size

tionate
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TABLE 1791
DaTA FoR ToraL ReGisTRATIONS PER SENIOR COLLEGE OR UNIVERSITY,
RRANGED IN 4 STRATA

Stratum Standard
Number of Number Total Mecan Deviation
Students of Registration Per Per
Per Insutution Institutions for the Insitution  Insutution
M Stratum b A
Less than 1,000 661 292,671 443 236
1,000-3,000 205 345,302 1,684 625
3,000-10,000 122 672,728 5,514 2,008
Over 10 000 31 573,693 18,506 10,023
Total 1,019 1,884,394

Note that the 31 largest unversities, about 3% 1n number, have 30%
of the students, while the smallest group, which contaimns 65%, of the -
stitutions, contnbutes Dnly 15% of the students Note also that the
withm-stratum , Ohy rapidly with g
size of 1nstitution

Table 17 9 2 shows the calculations needed for choosing the optimun
sample sizes within strata We are assuming equal costs per umt within
all strata The products, N0, are formed and added over all strata
Then the relative sample sizes, Ny04/ZN,02, are computed These ratios,
when multiphied by the intended sample size », give the sample sizes in
the individual strata

TABLE 1792
CALGULATIONS FOR OBTAINING THE OPTIMUM SAMPLE SiZES IN INDIVIDUAL STRATA
Relatve
Stratum Number of Sample Actual  Samphng
Number of Institutions Sizes Sample Rate
Students Na Naax Naar/ENaan Sizes (%)
Less than 1,000 661 155,996 1857 65 10
1,000-3,000 205 128,125 1526 53 26
3,000-10,000 122 244,976 2917 101 83
Gver 10000 31 310,713 3700 31 100
Total 1,019 839,810 1 0000 250

As a consequence of the large standard deviation 1n the stratum with
the largest unwversities, the rule requires 37% of the sample to be taken
from thus stratum  Suppose we are aiming at a total sample size of 250
The rule then calls for ( 3700)(250) or 92 umwversities from this stratum
although the stratum contamns only 31 universities in all  With highly
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skcwcd popu]anons, as here, 1t 15 sometimes found that the optimum

d ling, or even more than this, of the largest
mstitutions  When this situation occurs, the best procedure 1s to take
1009 of the “large” stratum, and employ the rule to distribute the re-
mainder of the sample over the other strata  Following this procedure,
we 1nclude 1n the sample all 31 largest institutions, leaving 219 to be dis-
tributed among the first 3 strata  In the first stratum, the size of sample 15

2 {_'m_} e

1858 + 1526 + 2917

The allocations, shown 1n the second column from the right of table
179 2, call for over 80% sampling 1n the second largest group of institu-
tions (101 out of 122), but only a 10%, sample of the small colleges In
practice we might decide, for admimstrative convenience, to take a 100%,
sample m the second largest group

It 1s worth while to ask Is the optimun allocation much superior to
proportional allocation? If not, there 1s hittle value in going to the extra
trouble of calculating and using the optimun allocation We cannot, of
course, answer this question for a future sample that 1s not yet taken, but
we can compare the two methods of allocation for the 1952-53 regstra-
tions for which we have data  To do this, we use the data in tables *7 9 1
and 17 92 and the standard error formulas 1n section 17 8 to compute
the standard errors of the estimated population totals by the two methods
These standard errors are found to be 26,000 for the optimum allocation,
as agamst 107,000 for proportional allocation  If sumple random sampling
had been used, with no straufication, a similar calculation shows that the
corresponding standard error would have been 216,000 The reduction
n the dard error due to fi and the add | red
due to the optimum allocation, are both striking In an actual future
sampling based on this stranfication, the gains i precision would pre-
sumably be shightly less than these figures indicate

17.10—Stratified sampling for attributes. If an attribute 1s being

sampled, the estimate appropriate to stratfied sampling 1s
P = ZWipn

where p; 15 the sample proportion 1n stratum 4 and W, = Na/N 1s the
stratum weight  To find the standard error of p,, we substitute pagy for
sy? i the formulas previously given n section 17 8

As an example, consider a sample of 692 families in Iowa to determune,
among other things, how many had vegetable gardens in 1943  The
famulies were arranged in 3 strata—urban, rural non-farm, and farm—
because 1t was anticipated that the three groups might show differences
in the frequency and size of vegetable gardens The data are given in
table 1710 1
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TABLE 17101
NUMBERS OF VEGETABLE GARDENS AMONG [owA FAMILIES, ARRANGED IN 3 STRATA
Number of Number in Number ~ Percentage
Stratum Families ~ Weght  Sample  With With
0 Wi n Gardens Gardens
Urban 312,393 0 445 300 218 727
Rural non-farm | 161,077 0 230 155 147 94 8
Farm 228,354 0 325 237 229 9 6
701,824 1 000 692 594

The numbers of families were taken from the 1940 census  The
sample was allotted roughly m proportion to the number of families per
stratum, a sample of 1 per 1,000 being aimed at

The weighted mean percentage of Iowa families having gardens was
estimated as

W = (0 445)(727) + (0 230)(94 8) + (0 325)(96 6) = 85 6%

Ths 1s practically the same as the sample mean percentage, 594/692
or 85 8%, because allocation was so close to proportional
For the variance of the esimated mean, we have

ZWaipaga/ma = (0 445)%(72 7)(27 3)/300 + etc =162

The standard error, then, 1s 127%,
With a sample of this size, the esimated mean will be approximately
normally distributed the confidence limits may be set as

856 = (2)(127) 831%and 88 1%

For the optimum choice of the sample sizes within strata, we should
take n, proportional to Nyv/paga/ca If the cost of sampling 1s about the
same 1n all strata, as 1s true 1n many surveys, this implies that the fraction
sampled, n)/Ny, should be proportional to v/pxga Now the quantity
V/pq changes relatively little as p ranges from 25% to 75% Consequently
proportional allocation 1s often highly efficient 1n stratified sampling for
attributes  The optimum allocation will produce a substantial reduction
in the standard error, as compared with proportional allocation, only
when some of the p, are close to zero or 100%, or when there are differen-
tial costs

The example on vegetable gardens departs from the strict principles
of stratfied sampling 1n that the strata sizes and weights were not known
exactly, being obtained from census data three years previouslv  Errors
in the strata weights reduce the gain in precision from straufication and
make the standard formulas mapphcable It 1s behieved that n this
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example these disturbances are of negligible importance  Discussions of
stratification when there are errors in the weights are given in (2) and (10)

EXAMPLE 17 10 1—The purpose of this example 1s to compare simple random
sampling and systematic sampling of a small population  The following data are the
weights of maize (in 10-gm _umts) for 40 successive hills lying in a single row 104, 38,
105, 86, 63, 32, 47, 0, 80, 42, 37, 48, 85, 66, 110, 0, 73, 65, 101, 47, 0, 36, 16, 33, 22,
32, 33 0, 35, 82 3 45 30, 76 45, 70, 70, 63 83 34 'To save you time, “the popuh-
tion standard deviation 1s given as 30 1 Compute the standard deviation of the mean
of a simple random sample of 4 hills A systematc sample of 4 hills can be taken by
choosing a random number between 1 and 10 and taking every 10th hill thereafter
Find the mean 7,y for cach of the 10 possible systematic_samples and compute the
standard_deviation of these means about the true mean ¥ of the population Note
that the formula 1s -

. 20w =Y

i

Venfy that the standard deviation of the estimate 15 about 8% lower with systematic
samphing To what do you think this difference 1s due?

EXAMPLE 17 10 2—In the example of stratificd sampling given tn section 17 2,
show that the estimate which we used for the population total was N, From the
generaltormula or the vaniance off, very that the vanance of the cimatcd popula-
tion total 1s 48 75, as found dircctly 1n section 17 2 (Note that stratum I makes
contribution to this vanance because my = Nj in that stratum

EXAMPLE 17 10 3—In stratfied samplng for attributes, the of n.cumum sample
distribution, with equal costs per umt in all strata, [ollowl from taking n, propor-
tional to J\’n/,b.m It follows that the actual value of np

Navpags
ZNaVhrar
In the Towa vegetable garden survey, suppose that the p values found in the sample
can be assumed to be the same as those 1n the population Show that the optimum
sample distribution gives sample sizes of 445, 115, and 132 n the respective strata, and
that the standard error of the estimated percentage with gardens would then be 1 17%,
as compared with 1 27% in the sample itself

mo=n

EXAMPLE 17 10 4—For the populaton of colleges and universiies discussed 1n
section 17 9 1t was stated that a stratified samplc of 250 insttutions, with proportional
allocation, would have a standard error of 107,000 for the estimated total registration
1n all 1,019 instututions  Verify this statement from the data n table 17 9 1 Note that
the standard error of the esumated population total, with proportional allocation, 1s

- 5)

17.11—Sampling 1n two stages Consider the following muscellan-
eous group of sampling problems (1) a st idy of the vitamin A content of
butter produced by creameries, (2) a study of the protein content of wheat
1n the wheat fields in an area, (3) a study of red blood cell counts in a
population of men aged 20-30, (4) a study of insect infestation of the leaves
of the trees 1n an orchard, and (5) a study of the number of defective
teeth in third-grade children in the schools of a large ity  What do these
investigations have in common? Furst, i each study an appropriate sam-
phing unit suggests tself naturally—the creamery, the field of wheat, the
individual man, the tree, and the school Secondly, and this 1s the 1m-
portant pont, in each study the chosen sampling units can be sub-sampled
nstead of being dc letely Indeed, sub pling 15 essential
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1n the first three studies No one 15 going to allow us to take all the butter
produced by a creamery 1n order to determine vitamin A content, or
all the wheat 1n a field for the protein determination, or all the blood mn a
man 1 order to make a complete count of his red cells In the nsect
nfestation study, 1t might be feasible, although tedious, to examne afl
leaves on any selected tree If the insect distribution 1s spotty, however,
we would probably decide to take only a small sample of leaves from any
selected tree in order to include more trees In the dental study we could
take all the third-grade children 1n any selected school or we could cover
a larger sample of schools by examining only a sample of children from
the third grade 1n each selected school

This type of sampling 1s called sampling in two stages, or sometimes
sub-sampling The first stage 15 the selection of a sample of primary sampling
units—the creameries, wheat fields, and so on  The second stage 1s the
taking of a sub-sample of second-stage ums, or sub-umits, from each selected
primary unit

A

s 11l

d by these ples, the t tage method 1s
the only practicable way 1n which the sampling can be done  Even when
there 15 a choice between sub-sampling the units and measuring them com-
pletely, two-stage sampling gives the sampler greater scope, since he can
choose both the size of the sample of primary umits and the size of the sam-
ple that 1s taken from a primary unit  In some applications an important
dvantage of two-stage sampling 1s that 1t facil the problem of Listing
the 1 Offten 1t 15 relatwely casy to obtain a hst of the primary
units, but difficult or expensive to List all the sub-units To list the trees
1n an orchard and draw a sample of them 1s usually simple, but the prob-
lem of making a random selection of the leaves on a tree may be very
3! With two-st: ling this problem 1s faced only for
those trees that are in the samplc No complete histing of all leaves in the
orchard 1s required
In the discussion of two-stage sampling we shall assume that the pri-
mary unuts are of approximately the same size A simple random sample
of ny primary units 1s drawn, and the same number 7, of sub-umts 1s se-
lected from each primary umt in the sample The estimated standard
error of the sample mean § per sub-unit 1s then given by the formula

1 \/2(17‘ - 92
+/ny m—1"

where § 1s the mean per sub-unit in the :th primary umt This formula
does not include the finite population correction, but is rehable enough
provided that the sample contans less than 109, of a'l primary units
Note that the formula makes no use of the individual observations on the
sub-umuts, but only of the primary umt means §; If the sub-samples
are taken for a chemical analysis, a common practice 1s to composite the
sub-sample and make one chemical determination for each primary umit

With data of this kind we can still calculate sp

55 =
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In section 10 12 you learned about the “components of variance”
technique, and applied 1t to 2 problem 1n two-stage sampling  The data
were concentrations of calcium in turnip greens, 4 determinations being
made for each of 3 leaves The leaf can be regarded as the primary sam-
plmg umt, and the mdividual de!crmmatmn as the sub-umt By applying

of variance que, you were able to see how the vars-
ance of thc sample mean was affected by variation between determina-
tions on the same leaf and by vanation from leaf to leaf You could also
predict how the variance of the sample mean would change with different
numbers of leaves and of determuinations per leaf in the experiment

Since this techmque 15 of wide utility in two-stage samphing, we shall
repeat some of the results The observation on any sub-umit 1s considered
to be the sum of two independent terms  One term, associated with the
primary unit, has the same value for all sccond-stage umits in the primary
unit, and varies from one primary unit to another with variance o> The
second term, which serves to measure differences between second-stage
unuts, varies independently from one sub-unit to another with variance
o2  Suppose that a sample consists of z; primary umts, from each of
which n; sub-units are drawn  Then the sample as a whole contains ny
independent values of the first term, whereas 1t contains 7, independent
values of the second term  Hence the variance of the sample mean 7 per
sub-unit1s

o= 4

ny nyny

The two components of variance, ¢;* and 2, can be estimated from
the analysis of variance of a two-stage sample that has been taken Table
17 111 gwes the analysis of varance for a study by Immer (6), whose
object was to develop a 1 h for the d of the
sugar percentage in field experiments on sugar beets Ten beets were
chosen from each of 100 plots in a uniformity mal the plots being the
primary umts The sugar p was ob ly for each
beet In order to smulate conditions 1n field expenmems the Between
Plots mean square was computed as the mean square between plots within
blocks of 5 plots  This mean square gives the experimental error variance
that would apply 1n a randomized blocks experiment with 5 treatments

TABLE 17111
ANALYSIS OF VARIANCE OF SUGAR PERGENTAGE OF BEETS (ON A SINGLE-BEET Basts)

Degrees of Mean Parameters
Source of Vanation Freedom Square Esumated
Between plots (primary units) 80 2 9254 o + 10 o
Between ts (sub-units) wathin plots 900 21374 ot
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The estimate of ¢1?, the Between Plots component of variance, 1s

_ 29254 - 21374

2
st 10

= 00788,

the divasor 10 being the number of beets (sub-units) taken per plot Asan
estimate of g%, the within-plots component, we have
st = 21374

Hence, 1f a new experiment 1s to consist of n; replications, with n, beets
sampled from each plot, the predicted variance of a treatment mean 1s

2 1374
o 00788 213

= ——

m mny

We shall illustrate a few of the questions that can be answered from
these data How accurate are the treatment means 1n an experiment
with 6 rephcations and 5 beets per plot? For this experiment we would

expect
00788 2 1374
"=\/(T+ )=029%

30

Since the sample 15 large, the sugar percentage figure for a treat-
ment mean would be correct to within = (2) (0 29) or 0 58%, with 95%,
confidence

If the standard error of a treatment mean 1s not to exceed 0 2%, what
combinations of n; and n, are allowable? We must have

007 1374
Q0788 L2178 _ (gay =004
ny mny

Since m and 7 are whole numbers, they will not satisfy this equation
exactly we must make sure that the left side of the equation does not
exceed 0 04 You can venify that with 4 replications (7, = 4), there must
be 27 beets per plot, with 8 replications, 9 beets per plot are sufficient,
and with 10 replications, 7 beets per plot As one would expect, the in-
tensity of sub-sampling decreases as the intensity of sampling 1s increased
The total size of sample also decreases from 108 beets when n, = 4 to 70
beets when n; = 10.

17.12—The allocation of resources in two-stage sampling. The last
example 1llustrates a general property of two-stage samples The same
standard error can be attained for the sample mean by using various
combinations of values of ny and 72 Which of these choices is the best?
The answer depends, naturally, on the cost of adding an extra primary
umt to the sample (in this case an extra replication) relative to that of
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adding an extra sub-umt in each primary unit (in this case an extra beet
m each plot) Similarly, in the turnip greens example (section 10 12) the
best sampling plan depends on the relative costs of taking an extra leaf
and of making an extra determination per leaf Obviously, if it 1s cheap
to add primary umuts to the sample but expensive to add sub-units, the
most economical plan will be to have many primary umts and few (per-
haps only one) sub-umts per primary umt For a general solution to this
problem, however, we require a more exact formulation of the costs of
various alternative plans

The nature of the costs will vary from one application to another
In many sub-sampling studies the cost of the sample (apart from fixed
overhead costs) can be approximated by a relation of the form

cost = cum + cmm

The factor ¢, 1s the average cost per primary unit of those elements of
cost that depend solely on the number of primary units and not on the
amount of sub-sampling Thus 1n the sugar beet example ¢, includes the
average cost of land and field operations required to produce one plot
If 1t were intended 1n actual experiments to compostte all beets from a plot
and make a single sugar determination for each plot, ¢ would also include
the cost of making this determmation The factor ¢, on the other hand,
18 the average cost per sub-unit of those constituents of cost thata = directly
proportional to the total number of sub-units This includes the average
cost per beet of locating and picking the sample of beets The cost of
grinding and mixing the beets prior to the sugar analysis 1s also assigned
to ¢s, assuming that this cost 15 roughly proportional to the number of
beets taken

If advance estimates of these constituents of cost are made from some
preliminary study, an efficient job of selecting the best amounts of sam-
phing and sub-sampling can be done  The problem may be posed 1n two
different ways In some studies we specify the desired vanance V for the
sample mean, and would like to attain this as cheaply as possible In
other applications the total cost C that must not be exceeded 1s imposed
upon us, and we want to get as small a value of ¥ as we can for this outlay
These two problems have basically the same solution In either case we
‘want to minimize the product

m

2 2
Ve = ('2 + iz—) (em + camma)
mnp
Upon expansion, this becomes
s’y
VC = (s’ + sa%0) + msites + -

It can be shown that this expression has 1its smallest value when

15
m=
st
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This result gives an estimate of the best number of sub-umits (beets) per
primary umt (plot) The value of n, 1s found by solving either the cost
equation or the variance equation for 7, depending on whether cost or
variance has been preassigned

In the sugar beet example we had 5% = 00788, 5* = 2 1374, from

which
213 ey
= 52 |2
" \/ 0 0788‘\/ \/ PN

In this study, cost data were not reported, although 1t 1s likely that ¢;,
the cost per plot, would be much greater than ¢, Ewvidently a fairly large
number of beets per plot would be advisable In practice, factors other
than the sugar percentage determinations must also be taken 1nto account
1n deciding on the number of replications 1n sugar beet experiments

In the turnip greens example (section 10 12), 7 1s the number of
leaves and n, the number of determinations of calcium concentration per
leaf Also, 1n the present notation,

st = st = 00724
s = 5% = 00066
Hence the most 1 number of deter: per leaf1s

to be

= as? _ [0 0066 ey

" T\ ast T 0 0724 @
In practice, n, must be 2 whole number, and !he smallest value 1t can have
181 This equation shows that n; = 1, 1€, one determination per leaf,
unless ¢ 1s many times greater thanc;  Actually, since ¢; includes the cost
of the chemical determinations, 1t 1s likely to be greater than ¢;  The
relatively large variation among leaves and the cost considerations both
pomnt to the choice of one determmation per leaf This example also
ilustrates that a choice of n; can often be made from the equation even
when information about relative costs 1s not too defimite  This 15 because
the equation often leads to the same value of r, for a wide range of ratios
of ¢y toc; The values of n; are subject to sampling errors, for a discussion,
see (2)

In section 10 14 you studied an example of three-stage sampling of turmp
green plants The first stage was represented by plants, the second by
leaves within plants, and the third by determinations within a feaf In
the notation of the present section, the variance of the sample mean 1s
5[2 an .\'11

n nyng mnang
Copying the equation given in section 10 14, we have
0 3652 + 0 1610 , 0 0067

ny mna mnans

st =

2=
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To find the most economuical values of ns, 72, and n3, we set up a cost equa-
tion of the form

cost = am ~+ ¢omny + cynmns

and proceed to mmimize the product of the variance and the cost as before
The solutions are

c1s? cass?
m= = m= [,
Casy’ C3fy’

while 7, 15 found by solving either the cost or the variance equation Note
that the formula for n 1s the same 1n three-stage as in two-stage sampling,
and that the formula for ns 1s the natural extension of that for n;  Putting
1n the numerical values of the variance components, we obtain

(01610) A _ [e00067)
m= \/u(O E e PR _\/c,(o To10) ~ 0 2

Since the computed value of n3 would be less than 1 for any hkcly valuc
of ¢/¢s, more than one per leaf 1s he
optimum number n; of leaves per plant depends on the ratio ¢i/cz Thls
will vary with the conditions of experimentation If many plants are
being grown for some other purpose, so that there are always ample num-
bers available for sampling, ¢ includes only the extra costs involved n
collecting a sample from many plants mnstead of a few plants In this
cvent the optimum 7, mught also turn out to be 1 If the cost of growing
extra plants 1s to be included 1n ¢;, the optimum n, might be higher than 1

The device of sub-sampling 1s widely used 1n crop, soil, and ecological
studies which cover an extensive geographic area, m field experiments
where ch 1 or of soil and crop insects are
made, and 1n lat R h workers who have not
previously taken stock of the components of variation and the cost factors
that apply to their data may find 1t rewarding to do so, particularly when
some steps mn the process are expensive

If the primary units differ substantially in size from one another, some
modification 1s advisable 1n the methods discussed here  One techmque
that has proved eflicient 1s to select primary units with probabihities pro-
portional to their sizes, and to select the same number of sub-samphng
unuts from each primary unit in the sample  For a discussion of the vari-
ous available methods, see (4, 11, 13)
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EXAMPLE 17 12 1—This 1s the analysis of vaniance, on a single sub-sample basis,
for wheat yield and gercenlage of protewn from data collected in a wheat sampling sur-
vey ir Kansas in 1

Yield ‘ Proten

(bushels per acre) | (%)
Source of Variation Degreesof ~ Mean Degrees of ~ Mean
Freedom  Square | Freedom Square
Fields | 659 434 52 659 21 388
Samples within fields | 60 67 54 609 2 870

Two sub-samples were taken at random from cach of 660 fields ~ Caleulate the com -
ponents of vanance for yield Ans s? = 183 49, 52 = 67 54

EXAMPLE 17 12 3—For yield, esumat the variance of the samplc mean for
samples conssting of () 1 sub-sample from cach of 800 filds, (1) 2 sub-samples fo
iac)h of 400 fields, (u) 8 samples from cach of 100 ficlds  Ans () 0 313, (1) 0 543,

w) 1919

EXAMPLE 17 12 3-—~With 2 sub-samples per field, 1t 1s desired to take enough
fields so that the standard error of the mean yield will be not more than }4 bushel, and
at the same ume the standard error of the mean protein percentage will be not more
than 3% How many ficlds arc required® Ans About 870

EXAMPLE 17 12 4—Suppose that 1t takes on the average 1 man-hour to locate
and pace a field that 1s to be sampled A single protein determunation 1s to be made on
the bulked sub-samples from any field The cost of a determination 1s equivalent to 1
man-hour It takes 15 minutes to locate, cut, and tie a sub-sample From these data
and the analysis of vanance for proten percentage (example 17 12 1), compute the
vartance-cost product, VC, for each value of ny from 1 to 5 What is the most eco-
nomical number of sub-samples per field” Ans 2 How much more does 1t cost, for
the same ¥, f 4 sub-samples per field are used® Ans 12%

17.13—Ratio and regression estimates. The ratio zstimate 15 2 differ-
ent way of esumating population totals (or means) that 1s useful 1n a num-
ber of sampling problems Suppose that you have taken a sample mn
order to esumate the population total of a variable, ¥, and that a com-
plete count of the population was made on some previous occasion  Let
X denote the value of the vanable on the previous occasion  You might
then compute the ratio

pag

X

where the sums are taken over the sample This ratio 1s an esumate of the
present level of the variate relative to that on the pievious occasion
On multiplying the ratio by the known population total on the previous
occasion (1 ¢, by the population total of X), you obtain the ratio estimate
of the population total of ¥ Clearly, 1f the relative change 1s about the
same on all sampling unuts, the ratio R will be accurate and the estimate
of the population total will be a good one

R=
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The ratio esimate can also be used when X 15 some other kimnd of sup-
plementary variable The d for a of this
estimate are that the ratio ¥/.X should be relatively constant over the pop-
ulation and that the population total of X should be known Consider
an estimate of the total amount of a crop, just after harvest, made from a
sample of farms 1n some region  For each farm in the sample we record
the total yeld, Y, and the total acreage, X, of that crop In this case the
ratio, R = ZY/ZX, 1s the sample estimate of the mean yield per acre This
1s multiphed by the total acreage of the crop 1n the region, which would
have to be known accurately from some other source This estimate will
be precise if the mean yield per acre varies httle from farm to farm

The estimated standard error of the ratio estimate Pz of the popula-
tion total from a simple random sample of size # 15, approximately,

50 - 0[R20

n{n— 1)

The ratio estumate 1s not always more precise than the sumpler esti-
mate N (number of units in population times sample mean) It has been
shown that the ratio estmate 1s more precise only if p, the correlation
coeflicient between Y and X, exceeds Cx/2Cy, where the C’s are the co-
efficients of vanation Consequently, ratio estimates must not be used
mdiscriminately, although n appropnate circumstances the' produce
large gains i precision

Sometimes the purpose of the sampling 1s to estumate a ratio, e g,
ratio of dry weight to total weight or ratio of clean wool to total wool The
estimated standard error of the estimate 1s then

(¥ — RX)
SR = x\/ wn—1)

Thus formula has already been given (in a different notation) at the end of
section 17 5, where the estimation of proportions from cluster sampling
was discussed

In chapter 6 the Linear regression,

P =a+bx

was discussed  With an auxihary vanable, X, you may find that when
you plot ¥ against X from the sample data, the points »ppear to he close
to a straight line, but the hine does not go through the origin  This implies
that the ratio ¥/X 1s not constant over the sample As pownted out
section 6 14, 1t 15 then advisable to use a [inear regression estimate instead
of the ratio esimate  For the population total of ¥, the hnear regression
estimate 1§

N = Ny + b (X - D),

where X 1s the population mean of X The term side the brackets 1s
the sample mean, 7, adjusted for regression  To see this, suppose that you
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have taken a sample n whichy = 235, =170, =192, 6 = 404
Your first estimate of the population mean would be 7 = 235 But
the sample the mean value of X 15 too low by an amount (1 92 — 1 70)
= 022 Further, the value of b tells you that umt increase 1n X 1s accom-
panied, on the average, by +0 4 umt increase m ¥ Hence, to correct
for the low value of the mean of X, you adjust the sample mean for the
regression on x, 1¢,

235 + (404)(022) =244 =g+ b(X — )
To estumate the population total, this value 1s multiplied by N, the number

of samplmg umts 1n the population
dard error of the

= e[+ 55)

If a finite population correction 1s required 1n the standard error formu!
presented 1n this section, insert the factor v/(1 — ¢) In finite popula-
tions the ratio and regression estimates are both shightly biased, but the
bias 15 seldom 1mportant in practice

total 1s, 2app y,

17 14—Sampling methods in biology The purpose of this section
15 to indicate the types of sampling plan currently used n a few of the 1m-
portant applications of sampling 1n biology

In making crop and hvestock estmates and 1n studies of farm man-
agement or farm economics, we have to deal with a population of farms
In the United States, rehable lists of farms are scldom available  As we
have mentioned, a common practice 1s to take as the sampling unit an area
of land, d by casily ble boundaries, and containing
on the average about 6 farms Before sampling beguns, these arcas are
marked out on large-scale maps  For national agricultural surveys, maps
of this kind have been prepared covering the whole of the country, in
what 15 known as the Master Sample of Agriculture The areas can be
classified into strata mn various ways, depending on the purpose of the
survey In some surveys it pays to assemble also a special hist of large
farms, which are placed n a separate stratum

For surveys of a region that 1s not too large, such as a state, the sam-
phing plan mvolves a stratified sample of these arecas  Within a stratum,
areas may be selected at random, although frequently a systemauc sample
15 used for convenience In any area so drawn, the data are obtained for
all farms that he in this area  For national surveys the plan 1s more com-
plex, 8! pling being loyed so as to cut down travel costs
and facihitate supervision

In forestry surveys to esimate the volume of umber of the principal
types and age-classes, the first step 1s to delineate the forest land, either
from maps or from aerial photographs The forest region 1s then divided
nto strata according to the type of trees and the densitv and size of
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the trees This can be done fairly successfully by a careful stereoscopic
nspection of recent aertal photographs, results from older photographs
tend to be disappointing  Within each stratum, sample plots are marked
out and are measured 1n detail on the ground by field crews  Some prob-
lems on which research has been done concern the amount of resources
that should be devoted to the construction of the strata, relatve to that
devoted to measurement of sample plots, the best size and shape of plot,
and the advantages of optimum versus proportional allocation of the num-
bers of sample plots per stratum (5)

Studies of wildhfe present many p because the
of the population—fish, birds, beavers, field mice—do not stay in the
same place and are sometimes difficult to find at all  Generally speaking,
strata can be set up 1if there 1s some information about the distribution
and habitat of the species in question  Area sampling units that consti-
tute a random or systematic sample of each stratum can be marked out

The difficulty 1s to count the numbers 1n these areas In certain cases
a reasonably complete count can be made With deer, a field crew may
search each sample area thoroughly, fish can be caught by nets or by
gving them an electric shock  Very large amimals such as buffalo or
antelope can be counted from an airplane mn some types of terrain  One
method, used for game birds, 1s to traverse certain routes by car at the
same time of day and the same time of year in successive years, re ording
the numbers of birds seen  This approach does not pretend to take a ran-
dom sample of a stratum, but relies on an assumption that the numbers
of birds seen 1n successive years will be roughly proportional to the total
abundances of birds 1n those years

With species that cannot be seen easily, various trapping methods
are mn use Sometimes 1t 1 possible to catch over 50%, of all the ammals
n a sample area by repeated trapping By noting the rate of decline 1n
the catch per trap on successive occasions, one can attempt to estimate
the number of ammals that have escaped capture and thus make a cor-
rection for them Where only a relatively small proportion of a large
population can be caught, specimens that are caught may be 1dentified
by a mark or tag and then released An estimate of the size of the popu-
lation can then be made from the proportion of recaptures found i the
traps on a subsequent occasion  Both of these methods depend on various
assumptions about the population—in particular, the assumption that
all animals are equally likely to be caught There 15 good reason to be-
lieve that this 1s not so, but little 1s known at present about the extent of
the biases that these methods involve Finally, in cases where any visual
count 1s extremely difficult, biologists have tried to construct indices of
abundance from indirect signs, such as nests, dens, tracks, or droppings
A general account of methods for wildlife esumation bhas been given by
Scattergood (9)

For the sake of conciseness, some of the difficult practical problems

1 b
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mn of 2t have been omitted Moreover,
sampling methods are subject to , since
are working steadily towards improved techmques The methods de-
scribed here will doubtless be modified as knowledge accumulates and
new aids to sampling are discovered
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of sample mean,
of "TSlluldenhzed” range, Q, 252

of 1, 45, 46, 74

of 1, and tg, 108

two-tail, 47

of 2, 176
Dion, W J,
Dobzhansky Th 382 392
Donaldson, H H, 63, 64
Doolittle, M H, 34 5
Duncan, D B, 351,
Dungan, G H 144 156 159
Durost, N,
Dwver, P S 434 437, 445

¢ basc of Napenan logarithms, 449, 483
< random vanable, 129
Eden, T, 173, 192
Edwards, T 1, 196, 211
Effects

main, 297

separate, 335
Effiaency of

covariance, 424

range, 43, 108

rank test,
Ehrenkrantz, F , 114, 121
Eid, M T, 414, 445, 452, 472
Ekas, M P, 201, 211
Elements, common, 170, 183, 189
Ellipse, 161

degenerate, 163
Emmert, E_M, 460, 472
Engledow, F L, 237, 289
Enumeration data, 7, 212, 473
Error

allowable, L, 501

exnmate o, 'S1, 85, 90, 122, 125, 301

of estumate, 491

expenmental, 51, 81, 131, 292, 301, 447
reduction of,

in independent vanable, 416

land

interval,

of £, 4,16

olB, 129
of u, 37, 129
of o, 166
of 7, 37, 43 131 238

'unbiased, 4.

Estumated, see Sampl:

Estimated’ standard deviation or crror,
ee Sample standard deviation or

error
Evidence, 17, 22, 25
Expanding sample cstumate, 3, 498
Expenment
completely randomzed, 85, 237, 334,
394

design of, see Design of experiment
dunmy, 337 per
factorl, 333
uare, 304, 411
randomsed. blocks. or two-way, 291,
300, 407
senes of, 372
spht-plot, 366
and statistics, 100
Extrapolation, 129, 454
Eye-fitted curves, 471
Ezekiel, M, 434, 445

£, hypothencal freguency, 19
F, vanance ra
pble ot 56, 246-49 276-79

/, degm of freedom, 250
observed frequency, 19

hmr, 333

Factorial ex

Field plan,

Funite population correction, 498

Finney, 402, 412, 471, 472

Fucher, G H, 170, 183, 192

Fuher, R A, 18, 34, 45,

150,159, 175, rs o159,

zn zn 218, 328, 235, 237, 244,
247, 284, 289, 303, 306, 315, 328,
i, e 430, e ar

Futtng

constants, 388

Iinear model, 299, 324

Fhnt, L H, 80, 84

Flint, W P, 143, 159

Forecast, 144

Forcstry surveys, 521

Forster, H C, 301, 328

Fourfold table, 219

Frecdom, degrees of, st Degrees of frec-

o
Frecman, F N, 283, 289

riment, 333



Frequency

cumulative,
hypo!hcncal r 19, 474
observed, f, 19, 475
relatwve, 18, 474, 493
Fheland, W C, 241, 289

G, arbitrary origin, 53, 194
g1, measure of skewness, 200
s, measure of Kurtoss, 202

ancs, ] C,

Galton, no l52 159, 164, 193
Ganguh, M , 274, 289

Gauss, G T, 439, 446

Geddes, W F, 451, 472
Gerdel, R W, 171,1

Gosety W S, 45, st also* Student”
Goulden, C 431, 446,
Gowen, ] W , 385, 392
Gram, M, 123, 159, 430 432, 446
Graphical r(prcscnlluon 15, 39, 467
Gray, H , 49,
Gray, P 'H H 233 236
Group comparsons, 85, 237
n covariance, 394
difficulties met, 89
equal groups or lots, 85, 242
uncqual groups or lots, 90, 268
Grour, R A, 166, 193, 443, 446
Grove, L C, 51, 65
Growth
curve, exponential, 447
rate, relanve, 450
Gurland, ], 287, 289

1, alternauve bypothess, 25
Ho null bypothess

Hober, E 5. 172, 197 193, 373, 392
Hall, A D, 66, 83

Hall, Phoebe, 384, 392

nd, W E | 89, 100

Hansberry, T R, 133, 159, 222, 236,
, 289

Hansen, M H 5490, 503, 518, 523
Hams.{d
Harris, zal el
Harrison, C M, 104,
Hartley, H O, 253, 239 486 488
Hasel, A A, 522,
Haskell, A C, 447, 2
Hetcrogenaity

chisquare, 214

of vanance, 96, 285, 315, 316

Hierarchal :lasslﬁczuun, 264

Histogram,

Hoblyn, T N 338, 392
Holbert, ] R, 144, 159
olland, , 471, 472
Holzinger, K J, 283, 289
omeyer, P G , 346, 392

Homogeneity, 212, 479, 484
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Horvitz, D G, 281, 289
Hoyt, E E, 104, 121
Hurwitz, w N, 490, 503, 518, 523
Hyperbola, 138
Hypothesis, 18
alternative, 25, 56
of homogeneity
1n contingency table, 216
of variance, 88, 285, 397
null, 23, 25 50 56 59,136
test of, 50, 174, 175, 489, see
als ngmﬁcanee of
Hypothetical number, 18, 475

I, class interval 197
1, number of a subdivision, 257
Tmmer, F R, 514, 523
Independence, test of, 212 .
Independent varsable, X, 1
Inferences about pnpulallon 1,28, 17,

24, 50, 76, 135, 173, 244, 417 489
Interaction, 334

eterogeneity, 21

second order or mrcc-l‘actnr, 358

Intercept, 129
Interpolation, 129

confidence ¢ Esumate, intersal
inter-quartle,

Inversc operations,

Towa, Agucultural l“(pcrm‘cnl Station

392
Ir\vm, Mk , 228, 236

1, numbey of 8 subdsion 257

James, G S,

Jenkins M , 145, 159, 270, 287
Jessen, R ] 275 236 386, 393

4, number of a subduwision, 265
&, ks, ke, & statistics, 200, 20;
¥ component, 2!
empthorne, O, 302, 307, 313, 328, 338,
377, 392, 393 a1 aab, 453, 475
Kcndall MG, m 159, 191, 193

Kurtosis, 201

L, allowable crror, 501

A, coefficient 1n comparison, 330

L5D, feast ignificant diflerence, 251
Lambert, ¥ 3, 3

Laun square‘ 304, 411

Least count,

Least sigmificant diflerence, LSD o D,

Least squares, pnnclplc of, 44
Leggatt, C W,
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Lee, A, 160, 193
Leshe, P H, 227, 236
Level, 333
Leverton.R 123, 159 430, 432, 446
Lewis, W H, 200,
LyWH, 304 328
Lanuts, con[‘dencc see Emmau interval
Landley, D V, 416, 4
Lindstrom, E W 26 34, 198, 209, 211,
212, pil 5, 131
Lancar model, 258, 295 299, 304
Laneanty of regressmn, 420
nk, R F, 254, 289
Lapka, J , 447, 472
Last or Ilsung, 494
Lw, T N, 304, 328
Logarithm’
common, 175, 285, 320, 448
Naperian or natural, 449
Loganithmic
scale, 449
transformation, 320
Logistic, logt, 471
Lord, E, 106 121
Love,

2, 65
Lowd, B, B z 289
Lucas, H L, 308 328, 410, 312
Lush,J L, 178

m, number of variables, 4

u, mean of population, 36 475 483
MacArthur, N

Machine calculation, 55 140
M.ddock H M, 58, 64, 241, 289
Madow, W G, 490 503 518, 523
Magutad, O C,

Mahalanobis, P c 244 289
Main plot, 366
Master Sample of

of population, g, 36
nterval estimate of, 4
short method of calcuanon 53, 55,
103, 195
square, 8, 43
of deviation from rcgrcssn:n, 125
of mean, s;%, 73,
weighted,
unweighted, method of, 385
weighted, 505
Measurement data, 7
Median, 110
confidence m(ervsl on, 113
Meng, C 3
Mercer, B .
Merrington, M 46 277
etzger, W H, 452, 472
Missing data or plor
in Lann square, 3
n randomized blocl.s, 310
1 spht-plot expenmcm 370
Mitchell, 1,
Mtscherhich, E'A | 452 47.
Mode, 112
M?del "
for completely random experiment,
257, p259 Pe

for covatiance, 398, 404
for factonial experiment, 338, 342, 359,
369
for Latin square,
for randormzed h]ock«‘ 296
for regresson, 126, 131,153, 415
Monselse, s P,
Mood, A M , 24, 34, B 84 113,
gt 120, 121 m 159 231 236
Morgan, E C,
Morris, V_H, 171 155
Muench, H , 325, 335
212

, 521
Mather, K , 228, 235
“Mathetes,” 233, 236
Mating, selectve, 153
Matrix
asymmetrical, 439
of correlation coefficients, 444
mverse, 438
Mayr, E | 382, 3
McCary, D E, sm 523
McLane,' |

eak, M, 501, 523
McPhee H C 478 488

abiolute deviation, 43
adjusted, 3¢

anthmeu, £, 37

confidence lm:rval on, 47
correction for, 5

deviation from r:grmon, 125
difference, 49

geometnic, 321

harmomc 385

Multiple
cmrelanon coeflicient, R, 420, 438
covanance

n groups, 420
Z-way table, 426
regression,
Mulupliers, Ganss 418, 433, 438

¥, size of population or stratum, 490, 505
N, @), normally distributed with mean,
s and standard deviaton, g, 80

#, number in group or sample, 3
o, (18 average number in samples, 269,

N K R, 402, 412
Nelson, P M, 104, 121
Nested clmnﬁcahom, 264
Newman, D, 251, 3
jcyman, J , 24,
Non-| pﬂl’zmamc, 102 110, 114, 115, 117,

Normal dasbution. or population, see
Distribution, normal




Normal equations, 414, 432
Normality, test c! 201

Null hypothes:

Numl be

hypo!heh;alq 18
table o{ 10-13

0, origin,
0', ongn, (z ), 123
Operations, nverse, 103
Origm, 22
arbitrary, G, 53
of dmalmm‘ 123
Orth al
comparisons, 331
polynomals, 461
Orthoy unnluy, 256, 331
Ostle,
Omcome, 52, 92, 291

Poryp, prohablluy, 57, 228, 474, 498
P sample mean of tratified sample of
altnbulc.l
9, phi, sampling fractmn, 497
Page, 1 H, 200, 2
Paing, pairs, 9, sz 92,186
Palm k G S, 108, 121
er, R C, 338, 302
mea 452, 467

Parkes, A §', 479 488
Part

correlation, 430

Pearson, E 37 65. 25&, 289, 486, 488
Penrslngn K, 18 34 152, 159, IED 188,

Pearson, P B, 92, 101
Penquite, R , 447, 472
Percentages, 32
and chi-square, 31
Percentile, 109
Perennial crop, 372
Permulle, 10¢
Pesek, 1, 123 159, 430, 432, 446
Phi, ¢, sampling fraction, 497
-hmo‘raplu aenal, 522
c, regression, 413

lol mssing, see Mnnn g plot
ousson dumbulmn, 233, 315 482
Polynomual, 46’

equation, 469

orthogonal, 461

second degree, is2
Population, 1, 7, 48

bivanate nnrnul 13| 160, 163, 209

finite, 67, 498

multivariate, 413
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normal, see Dumbunon, normal
total, esumate of,
Paner, R H, 294, 328 374, 392
Potency, 471
recision, 292
Predicted or uhzn:ted Y, 122, 124
Prediction, 122, 1
Tice, 50
nclple of Jeast squares, 4
Probabibty, 8, 228, 474, 4‘)8
combination of, 216
Probut, 471
Punched car ds, 209
Punnett, R G, 216, 235

Q Stdenized range, 251
‘table of, 2!
Q10 On, suartiles, 111
9, probability that event will not occur,
228, 474, 498
Quadrat, 495
Quarules, 0, Q2 and Qs 111
Query i Biometrics, 250, 289

R, coeflicient of multiple correlation, 420,
438

R=2Y/ZX, 519
RXC table, 225
RXCXL table, 231
RX2 table, 227
r, sample correlation coefficient, 161
71, ntraclass correlation coefficient, 283
3, Spearman’s rank correlation, 190
711 0r 7133, partial correlation, 430
»p, correlation coefficient 1n bivanate nor-
‘mal population, 163
confidence iterval on, 175
.popuhuon intraclass correlation, 282
Rz
dlﬂ'erem:u\ 49, 77, 183
numbers,
sample, see Sample
Randomized blocks, 300, 407
Randomness, 7
Ran e, 37
ferences b-lsed on, 108
of means,
o/range, lablc of, 38
Rank correlation, 1
Ranks, 114

and percentages,
and mgxmtm, 153. 156, 520
Ratio estimates,

’ lB7 193
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Regression, 122, 153, 346
and analyas of vanance, 150, 306, 346,
394, 417

average within groups, 398
coeffcient of, 6, 127, 413

in compansons,

and correlation 180
curvilinear, 349, 447

deviations from 125, 131, 417

equation, 124
curvilinear, 447
3

second degree, 452
estimate, 123, 415, 448
m experimentauon, 83, 122, 145
of group means, 403
linear, 127, 395, 413
Model I, ﬁxch 126, 414
Model IA, 153
Model 11, n bivariate normal popu-
lation, 131, 162, 413
multiple, 413
parabolic, 349
Pplanc, 413
clevation and orientation, 416
and rates, 153, 156, 520
reduced, 444
sample
coefficient, 123, 168
partal, 413
standard partal, 416
second degree, 349
surfacc, 413
Relauve
frequency, 18, 474, 483
growth rate, 450
size, 18
standard deviation, 62
Replication, 49
Representative sample, 2,268
Rlchard ison, C , 133, 159, 222, 236,

257, 269
Rxchardson, D, 241, 289, 291, 328, 334,

y H

Rugney, J ' Hos, 523

Rol crus,H 114 12! 123, 159, 430, 432,
44

Rounding,

Running, 'y R 447, 472

S, sums, 200, 202, 462
3, summation, 19, 40
5, sam| li 7[csumated) standard deviation,

5% u' 5y &%, etc , see Mean
S Shy, 2 sample standard deviation of re-
gression coefficient, 125, 418

sp, sample standard deviation of differ-
ence, 60, 423

So S 202

W samplc standard error of total, 498,

sp, sample standard error of attributes,
498

m cluster sampling, 499, 500

sz, $9, sample standard deviauon (error)
of mean, 45, 73, 136, 497, 498, 513

51, sample standard deviation of predic-
e B

57, sample standard error of ¥, 137

Sy = 5y 12, sample standard deviation from
regression, 125, 418

sy4, sample standard error of adjusted
mean, 423

5,7, average standard deviation from re-

gression, 424
5(Pr), sample standard error of ratio esti-

(), samplc standard cerr or y,., 506
o, standard deviation, 36, 4,

/range, table of, 38

o4, variance, 43, 475

a4* component of variance, 260, 514

a3, standard error, 45, 73, 476, 497
Sample, 1, 489, see also Group compari-

sons
large, 194
random, 7, 9, 36, 69, 85
from binomal populaton, 2, 473
of means,
from non-parametric populations, 110
from normal population, 69
from Poisson poy ulanon 233, 482
representative, 2,
size, 7, 0, 94 275 309, 501, 507
Sample or esimated
correlation coefficient, 160
mean,
distribution of, 70
of stratified sample, 504
of attributes, 510
regression coefficient, 123, 418
standard deviation, 4
of difference, 60, 423
of predicted ¥, 138, 442
from regression, 138, 442
relative, 44, 62
standard error
of mean, 45, 73, 136, 497, 498, 506.

51
adjusted, 399, 401 423, 424
of attributes,
1n cluster umplmg, 499, 500
of ratio estimate, 520
regression coefficient, 125, 418
of !olal 493 521
of 7,1
S:mplmg,
arca, 496



of attributes, 7, 212, 473

1 biology, 52:

cluster, 4¢

distribution, 21, 70, see also Distribution
44

probability,

random,7 37 69 85, 87, 123, 127, 131,
237, 242, 257, 259, 291, 395, 413,
490, 493

simple, 490, 496
stratified, 7, 492, 504
for attributes, 510
with unequal sampling fractions, 493
systematic, 4
1n two and three stages, 513, 517
umt, 494, 513, 517
without replacement, 490
batrenhwauc, F E, 361, 392
aundes 11, AR, 347 392
:vage,6 N 110, 12]

:-cancrgood,l. W, 522, 523
chott, R_G, 33, 34
chulu,E F, jr 359, 392
Self-weighting sample, 506
Semiloganithmic paper, 448
Sensiuvity, 2t
Sex raucy 32 F P
Sheppard, comcuon), 199, 211
hive, ] W , 103,
Short-Cuts, 102, }zo uo 2551
1gma, 2, sign of summation, 19, 40
g:‘:undar?i deviation, 36, 42
o, variance, 43
Sign test, 115
S:gmﬁcance, test of, see Hypothesis, test of
Sigmificance of
cln-u}um, 24
rrelation coefficient, 173

deviation from lineartty, 455

1n covariance, 458
dufference between two

adjusted means, 399, 423

means, 85 "

partial pemesson cocfficents 442

regression coefficients, 397
differences among
adjusted means, 401
means m an array or 1n analysis of
variance, 244,
resson coefficents, 401

mean d.lﬂ'erenoe 51
multiple regresston, 417
pamal correlation cocffictent, 430

gressic

Significant digats, 105

Size of e: _renment or lumple, 7, 30, 60,
94, 275, 309, 501,

Index

1n individual strata, 507
Skewaes, 72, 110, 200
Slope, 1.
Smnt A H, 91, 101, 458, 472

Sncdecor,G W, 135, 146, 159, 163, 192.
236, 244 270, 281, 290,
37; 379 392 400 403. 412 434

Sold geometry, 41
Southern Cooperative Series Bulletin No
10, 260, 264, 290, 336, 365, 393

Spearman, C, 190, 193
Speer, V C, 58, 64
Split-plot experiment, 366
Sprague, G , 405, 412
Square root transformznon, 315
Standard dewate, 1
Standard devlanan, a, 36, 42 497 see also
Sample standard deviat
of mean, 45, 73
o/range,
of z, 175
Standard error of esmate, 491
of population total, 498
Standard error of mean, 45, 73, 476, 497
Sunda:d partial regression ert,
41

Stark, A L, 145, 159
Statistical control, 146
Stephan, F F, 512, 523
Stewart, R T 126,
Strand, N V. 225 236, 386, 393
Sv.vau (:zrauﬁc:ucn). 7, 492, 50-
“‘Student,” 45 65. 487, 488, 499
Sub-class n
d.upmpomonale, 379, 382, 385
equal, 85, 237, 333
proportional, 375, 386
Sub-plot, 366
Sub-sample, 264
Sub-sampling, 513
Sukha;gle, P V 97, 101, 490, 503, 518,

Sum
of products, 123
correction for, 141
of squares, 54
correction for, 54
and correlation, 181
of deviations from regression, 125
of means, 238, 240
1n regression, 146, 418
for tesing sigmficance ol’ adjusted
means, 399, 404, 407
weighted, 456
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Surface, F M, 63, 65
Surface of regression, 413
Swanson, P P, 91, 101, 123, 159, 395,
412, 430, 432 446 658 472
Symmetry, 5 35,75
test of, 1
7, sum of ranks, 117
table of, 118
1=(2—p)/s, 45, 74, 477
equal to x, 477, 481
cqual to V/F, 256
level and point, 76
table of, 46
Talley, P J, 41, 65
am, R K, 64, 65
Technique, expcnmenlal test of, 232
‘ermun; , 4
Test of hypothcsu. see Hyj ﬁolhem, test of
Test of sigmificance, see Hypothesis, aiso
Significance
Thompson, C M, 29, 34, 279

Thompson, W , 200, 311

Thornton, H B, 233, 236

Tippett, L H G, 37, 65

Transformation, 103, 314
arcoin, 316
loganithmic, 320
square root,

Trapping methods, 520
Tnal, umformty, 237
Tnangle Pascal’s, 475
cy, | W, 251, 254, 290, 315, 321
324 328

Unbiase

Underkoflu, L A, 241,289
Uniformty tnal, 237

Unweighted means, method of, 35

mean square of sample mean, 516
Van Slyke, D V, 200, 211
Variable or variate
continuous, 23, 36
dependent, ¥, 122
discontinuous or discrete, 23, 212,
473, 482
independent, X, 122
deletion of, 444
v.mm, 0%, 43, 97, see also Mean square,
nalysis of variance
anolym of, 150, 237, 514
components of, 260, 514
heterogeneous, 97, 287
homogeneity of, 96, 285
interval estmate of, 59
ratio, 244
Variation or vanability, 1, 39, 49
coeflicient of, 44, 62

Vasey A j 292, 328
456

Vos, B
Vos, R 'L, 58, 64
W or w, wught, 17,505

Wakeley,
Walter, | i M 4,34
Walker, R H, sa 100, 233
Wallace, D L, 254, 289
Wallace, H A, 146, 159, 434, 437, 446
Wallis, W A, z17 218 236
Warren, E , 153,
Weight, ' w, or ' 17, 505
Weighted mean, 17
Weighted mean square, 500
Weighted sum, 456
Weighted sum of squarcs, 380
Welch, B L, 287, 290
Wentz, ] B, 126, 159
West, O M, 503, 523
Whte, C, 117, 121
Wicbe, G A, 66, 84, 198, 211
Wilcoxon, F , 116, 121
Wildhfe sampling, 520

k, 77 393

Wil 39

Wilks, S S, 24, 34, 328

Wilams, C B, 320, 321, 328
Wilker, | G, 431, 445
Wilsie, C P,'367, 393
Wansor, C B, 320, 328
Washart, ] , 310, 338
Wright, £ B, 120, 121

X, n}depen?en( variable, 40, 122
xmX—2,
Xy standard deviate or measure, 169
2,’sample mean of X, 37, 40, 413

Y, dependent vanable, 122

Y, vanable studied 1n sampling, 497

Y, mean of population, 497

Y, value of ¥ estmated from regression,
124, 413

Y&, ratio esumate, 520

y=Y —, deviation of ¥ from ﬁ, 123

v, sample mean of

4, adjusted mean, 401,

Gus, stratified sample mean 504

9 or fhs, deviation of ¥ from f, 124, 417

Y=Y, deviation from regression, 125, 416

Yates, F, 218, 236, 244, 289, 306, 310,
328,333, 372, 393, 426, 446, 461,
472, 490, 518, 523

Youdzn, Wd 49, 65

Young, C

Yule, G U, 1B 34 190 193, 237, 289

z, distribution of, 175
Zero order correlation, see Correlation
Zoellner, | A, 414, 445
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