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PREFACE

In writing this book, I have tried to keep in mind the student
of rather modest mathematical preparation, presupposing only a
first course in function thecory. Thus, I have included such
things as a proof of Schwarz’s inequality, theorems on uniformly
bounded families of analytic functions, properties of Stieltjes
integrals, and an introduction to the matrix calculus. T have
presupposed a knowledge of the elementary properties of linear
fractional transformations in the complex plane.

It has not been my intention to write a complete treatise on the
subject of continued fractions, covering all the literature, but
rather to present a unified thcory correlating certain parts and
applications of the subject within a larger analytic structure. |
have not touched upon the arithmetic theory, and have, for the
most part, refrained from developing formulas of a more general
character than are actually used in the proofs. Neither have I
made any attempt to compile a complete bibliography.

Certain parts of the book have been developed in courses.  For
instance, parts of Chapter X were used in a course in the theory
of equations, and most of Part T was covered in a course in the
theory of continued fractions. Some of the material of Chapters
XII and XV was developed in seminar courses.

This approach to the theory of continued fractions is mainly
the result of researches carried on during the past decade by my
students and colleagues and myself. T wish to take this oppor-
tunity to thank all those who have had a part in this work, and
who have made this book possible. [ wish also to thank my
wife, Mary Kate, for invaluable encouragement and for help in
the preparation of the manuscript and correction of the proofs.

H. S. W.

January, 1948
The University of Texas
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INTRODUCTION

"This book deals with the analytic theory of continued fractions,
that is, with continued fractions in relation to analysis: the theory
of equations, orthogonal pol\'nomials‘, power series, infinite ma-
trices and quadratic forms in infinitely many variables, definite
1ntegr'1ls, the moment problem, analytic functions, and the sum-
mation of divergent series. In contrast with the analytic theory
of continued fractions, therc is an extensive arithmetic theory
which is not touched upon here.

The cclebrated memoir of T. J. Stieltjes [95],* Recherches sur les
fractions continues, of 1894, may perhaps be regarded as marking
the first major step in the creation of an analytic theory of con-
tinued fractions. Here is to be found the development of funda-
mental function theory and integral theory necessary for a com-
plete treatment of an important class of continued fractions. For
several ycars, Stieltjes had been intercsted in the problem of
summation of divergent power series. His Thesis (1886), “Re-
cherches sur quelques séries semi-convergentes” (Qewuvres, vol. 2,
pp- 1-58), is a profound study of the remainders in scveral asymp-
totic sceries.  In 1889- 1890 he published a considerable number of
examples of continued fraction expansions for scries of this kind,
all arising as formal power series expansions of definite integrals.
The integrals arc of the form

f £ flu)du
o 34 u ’
where f(#) > 0, and the continued fractions are of the form

i
S (a)

24 — — —

* Numbers in brackets refer to the bibhography.
1



2 ANALYTIC THEORY OF CONTINUED FRACTIONS

where the a, are positive. The latter can be transformed into

1

— (b)
Z + bl - '—_p_l——' ‘—'b'_'
2
e

where the 4, and p; are positive functions of the a;..  [93, 94.]

In the memoir of 1894, Stieltjes developed a general theory of
these continued fractions, covering questions of convergence and
connection with definite integrals and divergent power series. In
order to complete the theory, he had to extend the customary
notion of integral, and to develop a general “convergence con-
tinuation theorem” for sequences of analytic functions.

In 1903, E.. B. Van Vleck [109] undertook to extend the Stieltjes
theory to continued fractions of the form (b) in which the pi
are arbitrary positive numbers and the 4 arbitrary real numbers.
He was able to connect in certain cases these continued fractions
with definite integrals of the type found by Stieltjes, but with the
range of integration taken over the entire real axis. A complete
extension of the Stieltjes theory to these continued fractions was
first obtained by Hamburger [26] in 1920, following the pattern
laid down by Stieltjes. In the interim, Hilbert and his pupils
developed their famous theory of infinite matrices and quadratic
forms in infinitely many variables, in which the ideas of Stieltjes
are in the background. In 1914 Hellinger and Toeplitz [32] laid
the groundwork for a matrix theory of the continued fraction (b)
(px > 0, & real), and in 1922 Hellinger [31] obtained a complete
theory from this point of view. Several other mathematicians
reached the same goal by different methods at about the same time
(Carleman [6], R. Nevanlinna [62], M. Riesz [79]).

Another kind of investigation had been going on in the mean-
time. Around 1900 Pringsheim [73, 75] and Van Vleck [107, 108]
considered the question of convergence of continued fractions with
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complex elements

1
e (©
(1
1+ - --
C2
1 4+ —
i
and |
e, ()
b+ e
' by +-

Pringsheim found that (c) converges if |c,| < (1 — gp—1)gn
where 0 < g,y <1, p=1,2,3, -+, and Van Vleck arrived
at the same conclusion but with g, = 0 and the requirement that
the series

>y S

P T - - (g

be convergent. Both these results include an older theorem of
Worpitzky [143] (1865), that (c) convergesif | ¢, | < 1,2 = 1,2,
3, ---. Van Vleck found that (d) converges when 4, # 0,
|3‘(b,,) | < kN(G,), k>0, p=1,2,3, --+, if, and only if, the
series 2| 4, | diverges. Van Vleck also found that if ¢, = 4,2,
lim @, = a4, then (c) converges except for certain isolated values of

p=®
z and except for values of z on the rectilinear cut from —1/44 to «
in the direction of the vector from the origin to —1/44. Szdsz [98]
found that (c) converges if the ¢, are in certain wedge-shaped
domains extending beyond but not containing the circular domain
found by Worpitzky. Szdsz [99, 100] also found that (c) con-
verges if the series Z| ¢, | converges and Z[| ¢, | — R(c,p)] < 2.
This is an extension of an older theorem of von Koch [116].
These results and the proofs which were employed bear little
relationship to one another or to the Stieltjes theory.

During the years 1940-1947, in which this book has been
written, it has been our desire to develop a unified theory extend-
ing the various results indicated in the preceding sketch and tying
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them together within a larger analytic structure. First, we found
that the inequalities | ¢, | < (1 — gp_1)gp of Pringsheim and Van
Vleck, which restrict the ¢, to lie in the neighborhood of the origin,
can be replaced by inequalities restricting the ¢, to lie in domains
bounded by certain parabolas with foci at the origin (Scott and
Wall [86], Paydon and Wall [68]). Second, we developed the
theory of positive definite continued fractions, which extends the
Stieltjes theory to a class of continued fractions (b) with complex
pr and &, and also contains and cxtends the other results we have
described, including the parabola theorems just mentioned (Hel-
linger and Wall [35], Wall and Wetzcl [138, 139], Dennis and Wall
9.

We shall now describe in some detail the general plan of the book.

The aforementioned “larger analytic structure” is obtained here
by regarding the continued fraction as generated by an infinite
sequence of lincar fractional transformations in a single variable,
and also as arising from a single lincar transformation in infinitely
many variables. Therc is often an interplay of these two ideas.
I'rom the first point of view the continued fraction theory becomes
a part of the theory of Mabius transformations; whereas from the
second point of view it becomes a part of the Hilbert theory of
infinite matrices and quadratic forms in infinitely many variables.

Let us begin with the first point of view, and regard the con-

tinued fraction
1
—— (©)

ay”

by + 2 — T T

)
as”
by + 23

by + 23 —-

as being generated by the sequence of transformations

2
ap

1
t=’0(w)=u;; t=,l’(w)=bp+zp_ w ’ P=1:2,3,"

of the variable w into the variable . The symbolic product of
the first # + 1 of these transformations is the transformation
t = toty -+ ty(w). The image of w = = under this product trans-
formation is the »th approximant of the continued fraction, and
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is a rational function of 2y, 24, =3, - - -, with coefficients depending

upon the constants @, and &,:
A,(2)

foty o ta(o0) = SR

o (o) B.(2)
If the denominator B, (z) # 0 for at most a finite number of values
of n, and if lim [.7,(2) /B.(z)] = L, exists and is finite, then the

= o
continued fraction is said to converge to the value L. Otherwise
the continued fraction diverges. Thus the value of a continued
fraction is the limit of the images of a fixed point under a certain
sequence of linear fractional transformations.

In order to investigate the continucd fraction, we proceed as
follows. Tirst, we determine a sequence of half-planes {m},
such that fo(my) = Ko, a finite circular region, and such that
tp(my) Cap_ry p=1,2,3, ---. If we put toty -« £,(m,) = K,
then we sce at once that Ky DK DK, D---. Since =« is in
7, it follows that fo; -+ - £,(), the pth approximant of (e),
is in K,. Thus, we determine a nest of circles such that the pth
approximant of the continued fraction is in the pth circle.

There arc two possible cases. Either the circles K, have one,
and only one, point 1. in common (“limit-point case”), or else the
circles K, have a circular region in common (“limit-circle case”).
In the first case, the radius 7, of K, has the limit O for p = o,
whereas in the second case 7, — 7 > 0. In the first case the con-
tinued fraction converges to the value L; in the second case the
question of convergence remains undecided. Criteria for deter-
mining which of the two cases holds may be found if we first
obtain an explicit formula for the radius 7, of K,.

The above-described program can be carried out under various
hypotheses upon the coefficients 4, and 4, of (¢). We have sought
to define a class of continued fractions for which this can be done,
which is sufficiently general to include all particular classes which
have been studied in the literature. The class of positive definite
continued fractions, for which the quadratic forms

n

n—1
23(5;, + Zp)l Xp |2 - ZS(“;)) (xpXpt1 + XpXp41))
p=1

p=1

n=1’2)3)""
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are positive definite for J(z,) > 0, = 1,2, 3, - - -, comes close
to fulfilling our requirement.

The condition of positive definiteness can be formulated in the
following convenient form.

3(511) > O) lap2 I - m(ap'z) < 23(bp)3(bp+l)(l - gp—l)gp:
0 Sgp——l S ]) P = 1)2>3’ :

The continued fraction is positive definite if, and only if, numbers
g0, £15 &2, -+ can be found satisfying the above inequalities.
This has a simple geometrical interpretation: namely, for each
?, 4,2 has its value in a certain parabola. This parabola has its
focus at the origin and its vertex upon the negative half of the
real axis, and it depends upon the index p.

The class of positive definite continued fractions is first intro-
duced in Chapter [V, This could have been done earlier, but we
have followed, instead, the plan of first investigating by appro-
priately simple methods certain special positive definite continued
fractions. After covering some preliminary ideas in Chapter 1,
and some necessary conditions for convergence and a treatment of
periodic continued fractions in Chapter 11, we take up, in Chapter
111, the aforementioned special positive definite continued frac-
tions. These can be taken in the form (c), with the positive
definiteness condition
l"l'l — New) L2 —gp)gpy 0L gpa < 1, p=123, -
This holds with g, =% in case |¢,| £ (Worpitzky); for
0<gy1 <1if|e,| £(1 = gp_1)g» (Pringsheim, Van Vleck);
and for g, = 3 if | ¢, | — R(cp) < F (Scott and Wall).

The treatment of these cases in Chapter III is based upon a
system of “fundamental inequalities” [86]. Sequences of the form
{(1 — g,_1)g»} play an important part in our theory. They are
called chain sequences, and some of their properties are developed
systematically in Chapter IV after the introduction of positive
definite continued fractions.

In Chapter V we prove a theorem of invariability. Consider
the system of linear equations

Ly(x) = —apaxp_1 + (bp + 2p)xp — apXpqn = 0,
?= 1:2>3> Y (ao= 1))
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in the variables x;, x5, %3, ---. Let X,(2) and Y,(z) denote
the solutions of this system satisfying the initial conditions
X() = —"1, X1 = O, Yo = 0, Y1 = 1. Then X,,+1(Z)/Yp+1(2)
is the pth approximant of the continued fraction, i.e., #o4 - -
tp(). When the continued fraction is positive definite, a sufhi-
cient condition for the limit-point case to hold is that at least
one of the series 2| X,(z) |2, 2| Y,(2) |? be divergent. We show
that for any continued fraction (e) with a4, # 0, this condition
is independent of the particular values of the z, in every domain
|z, | <M, p=1,2,3, ---, where M is a finite constant. We
do this by expressing the general solution of the system L, =0
for parameter values z, in terms of solutions with parameter
values z,* by means of a Volterra sum equation. Irom this
theorem of invariability, it follows that a sufficient condition for
the limit-point case to hold is that at least one of the series
2| X,(0) |% Z|Y,0)|? be divergent. Since this condition is
easier to handle than the condition ‘7, — 0,” we emphasize it in
preference to the “limit-point case,” and call it the determinate
case. When both the above series converge, we say that the
indeterminate case holds. This classification actually replaces
the other less convenient classification throughout much of the
sequel.

The indeterminate case is in some respects easier to handle
than the determinate case. We show that if the indeterminate
case holds for any continued fraction (positive definite or not)
and if the continued fraction or its reciprocal converges for one
set of values of the z, in the domain |z,| < M, then the con-
tinued fraction or its reciprocal converges for every set of values
of the 2, in this domain.

If the determinate case holds for a positive definite continued
fraction, then it converges for |z, | < M, 3(z,) > 6 > 0,p = 1,
2,3, -

Ifz,=¢p=1,2,3, ---, the continued fraction is called a
J-fraction. We employ the convergence continuation theorem of
Stieltjes (§ 24) to show that when the J-fraction is positive definite
and the determinate case holds, then the J-fraction is an analytic
function of ¢ for 3(¢) > 0. If the J-fraction is convergent in the
indeterminate case, then it represents a meromorphic function of ¢.
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The last two sections of Chapter V, and the whole of Chapter VI
and of Chapter VII, deal with particular convergence theorems
derived from the general theory of positive definite continued
fractions. We mention, in particular, the theorems on bounded
J-fractions (§ 26), on real J-fractions (§ 27) and on the continued
fraction of Sticltjes (§ 28), the general theorem on the convergence
of Sticltjes type continued fractions (§29), and theorems of
Van Vleck, HHamburger, and Mall, which appear as corollaries of
this theorem (§ 30).

The theorems of Chapter VII may be regarded as refinements
or extensions of the theorems of Chapter 111, and all deal with
continued fractions of the form (c). We mention the “cardioid
theorem,” the theorem concerning convergence of the continued
fraction for all ¢, in some neighborhood of any point not on the
interval (— o, —1), the thecorem of Van Vieck mentioned before
concerning continued fractions (c) in which ¢, = 4,2, lim q, = a,

P
and an extension of the theorem of Szdsz, also mentioned before,
concerning continued fractions (c) for which 2| ¢, | is convergent.
These theorems all come out of the theory of positive definite
continued fractions.

The concluding chapter of Part I (Chapter VITI) deals with the
problem of finding estimates for the values of a continued fraction
(c) whose clements are restricted to lie in a certain region of the
complex plane.

The reader will find some applications of the convergence
theory to the continued fraction of Gauss in Chapter XVIII.
Other examples arc given in Chapter XIX. For convenience in
reference, it has seemed best to put the examples together in these
chapters.

Part I1, Function Theory, deals mainly with applications of con-
tinued fractions to the theory of equations, the moment problem,
analytic functions, and the summation of divergent series. We
begin, in Chapter IX, with the problem of expanding a rational
function into a continuced fraction, emphasizing techniques appli-
cable to numerical examples. In Chapter X we show how these
expansions can be used in the location of roots of polynomials.
We are able to obtain (a) polygonal regions containing all the roots
of a polynomial, (b) simple criteria for determining the number
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of roots in a half-plane, (c) the values of the roots by successive
approximations.

In Chapter XI we give methods for expanding a formal power
series into a continued fraction, connecting the problem with
orthogonal polynomials and with the reduction of a quadratic
form to a sum of squares. There are thcorems connecting the
sum of the power series with the value of its continued fraction
expansion.

In Chapter XII we regard the continued fraction as arising
from a single lincar transformation in the space of infinitely many
variables, and thereby connect continued fractions with the
Hilbert theory of infinite matrices. We have included here an
introduction to the matrix calculus. The matrices which are
actually used arc the J-matrices (§ 59), whose reciprocals (p,q(2))
have the property that the leading cocfficient py(2) is formally
equal to the J-fraction. The main problem is to determine a
class of reciprocals which bear an essential relationship to the
J-fraction. It turns out that these reciprocals arc the ones for
which the values of py;(z) are common to the circles K,(z) which
were connccted with the J-fraction in Chapter 1V, We then find
for these functions pyi(2), called equivalent functions of the
J-fraction, the important asymptotic formula

@) = -+ 20
z  z23(2)

In Chapter XTIT we show, by means of this asymptotic formula,
that any equivalent function of a positive definite J-fraction can
be expressed as a definite Stieltjes integral

= d
Pn(l) =f d,‘(u?'

o >
—s 35—l

J(z) > 0.

where ¢(#) is a bounded nondecreasing function of #. In this
connection we develop in detail a number of the essential prop-
erties of Stieltjes integrals. Chapters XIV, XV, XVI and XVII
are then devoted to problems growing out of this general con-
tinued fraction-definite integral tie-up. The first of these four
chapters deals with the case where the above integral extends over
only a finite interval, i.e., ¢(x) is constant for # > M, and for
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# < M,. For the sake of convenience we take M, = 0, M, = 1,
and show that f(2) can be expressed as a definite integral of the

form
'd
f@) = j; d(u)

]
2 — U

where ¢(«) is bounded and nondecreasing, if, and only if, f(z)
is equal to a continued fraction of the form (a), in which —a,,
—a3, —asy, -+ is a chain sequence. In this connection we con-
sider the moment problem for the interval (0, 1).

In Chapter XV we give continued fraction expansions for func-
tions which are analytic and have positive real parts in the domain
exterior to the rectilinear cut from —1 to —=. This is done by
connecting certain ideas of Schur [84] with positive definite con-
tinued fractions.

Chapter X VI contains the main outline of the theory of Haus-
dorff summability and of its connection with the moment problem
for the interval (0, 1). There are some applications here of the
material of Chapter XV.

The moment problem for an infinite interval is treated in Chap-
ter XVII. We employ a modification of the method of R. Nevan-
linna [62] in order to determine all solutions of the problem in
terms of the equivalent functions of a J-fraction.

Chapters XVIIT and XIX contain examples. ‘The continued
fraction of Gauss is the subject of Chapter XVIII, and a number
of examples illustrating the Stieltjes theory are given in Chapter
XIX. We have included here a list of some formal continued
fraction expansions for particular functions.

The final chapter of the book treats of the Padé table of rational
approximants for power series. This is largely formal in char-
acter.

At the ends of the chapters we have included a number of
exercises, accompanied, in some instances, by references to the
literature. These exercises frequently supplement the material
of the text.
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CONVERGENCE THEORY






Chapter 1

THE CONTINUED FRACTION AS A PRODUCT
OF LINEAR FRACTIONAIL, TRANSKFORMATIONS

1. Definitions and Formulas. l.ct

it + B,
T =T1,(w) = ——=y Y, #ZO0, p=0,1,2, .-+,
'pr + 6])
be an infinite sequence of linear transformations of the variable
w into the variable 7, and consider the product 747y - - - 7,(w) of
the first # + 1 of these transformations, given by

rori(w) = 7o|lri(w)], TemiT2(w) = Tomi|T2(W)],

TomiTat3(w) = TomiTa[T3(W)),
If we write
«, AI'//7P2

—— A, = a6, — )
Yo ’Sp//'Yp + w ’ ? o Botrs

Tp(w) =

then the required product is

ToT1T2 *** Ta(W)

o B/mt
Yo do aq Al/'I'YIZ
— 4 - = . —
Yo Y1 0 a _
Y1 Y2 * A__n—-_l/7u —l2

»511—] + _an An/,'Yn-

Yn—1 Yn ,6"
Tn

+ w
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If we now put w = % and then let # tend to =, the resulting
infinite expression which is generated is called a continued
fraction.
In case at most a finite number of the quantities 7gr; « -+ 74( )
arc meaningless, and the limit
limrory <o - Tu(®) = v

n= o

exists and is finite, then the continued fraction is said to converge,
and v is called its value. Thus, the value of a continued fraction
is the limit of an infinite sequence of images, under certain trans-
formations, of a fixed point w = =.

A glance at the above expression for 7ory -+ - 7,(w) will show
immediately that the transformations 7,(w) may as well be re-
placed by the simpler transformations

a,

tolw) = & o tp(w) = - — , =1,2,3, ---. (1.1
o(w) o+ w, £p(w) b, + P > (L.1)
We observe that foty -« - £,(0) = toty -+ tag1(<). The continued
fraction which is gencrated is
ay
bo + . (1.2)
b p—
g,

)
and the value of the continued fraction is
lim 2oty - -+ £,(0) = lim £ - -« £,( ).

We shall introduce some definitions with a view toward making
these ideas more precise. The numbers 4, and 4,, called elements,
may be any complex numbers; a,,'4, is called the pth partial
quotient, 4, is the pth partial numerator, and 4, is the pth partial
denominator. The quantity

toty - ta(0) = bo +

ay

b ’2
n + b T
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is called the n#th approximant.! The 0-th approximant is £,(0) = 4.
We shall exhibit some properties of the approximants.
By mathematical induction it is readily shown that
[)[ ,( ) 1¥ _1w+/{,,
.« . n w F— — -
o1 Bn—lw + Bn
where the quantities ./,_,, .7,, B,_i, B, are independent of w
and may be computed by means of the fundamental recurrence
formulas:

n=20,1,2---, (13)

Ay = 1, B-l = 0, Ay = /'n, Bu = 1;
‘1p+1 = bp-{-lf/p + ﬂ];+1«I))—ly
Bl'+l = bp-{-lB[) + ap—HB[)—l)

In fact, this may be verified directly for » = 0. If true for u = £,

then
ﬂk+1
Loty - b () = Loty - e /A( )
le + w

A+ Gty & auy1hi)

Biw + (b 1 Bx + arp1Bia)

/l,,w + {k-H
BAw + Biy’

p=0,1,2 o (14)

so that the statement is true for #» = & + 1 and therefore for
all ».

We call .7, the nth numerator and B, the »th denominator.
The nth approximant is given by

tot £,(0) n
0F1 n B,l
The determinant of the transformation ¢ = ty, - - - £,(w) is

Auoay Ay Au_ry budng + andy_2
B._,, B, ‘B,,_l, b,B,_1 + a,B._2

| An—zy Anr
B, s, B

1This is sometimes called the nth convergent.

= —ay )
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so that
4‘In—an - /lan—l = ("1)"4041 crtQpy BT O) 1, 2) Tty (1-5)

where a, must be taken equal to unity. The formula (1.5) is
called the determinant formula.
We are now prepared to make the following definition.

Derintrion 1.1, The continued fraction (1.2) is said to converge
or 1o be convergent if at most a finite number of its denominators
B, vanish, and if the limit of its sequence of approximants
Ay
lim - 1.6
lim " (1.6)
exists and is finite. Otherwise, the continued fraction is said to
diverge or to be divergent. The value of a continued fraction is
defined to be the limit (1.6) of its sequence of approximants. No
value is assigned to a divergent continued fraction.

We remark that if the partial numerators 4, arc all different
from zero so that, by (1.5), .7, and B, cannot both vanish, then
the existence of the finite limit (1.6) insures that but a finite num-
ber of the denominators B, can vanish. Hence, in this important
case, the continued fraction converges if (and only if) the limit
(1.6) cxists and is finite.

Frequently, the clements a4, and 4, of the continued fraction
depend upon one or more parameters, or may themselves be
regarded as independent variables. In such cases, one is naturally
concerned with the question of uniform convergence. We make
the following definition.

DerINtrioN 1.2, If the elements a, and by of a continued fraction
are functions of one or more variables over a certain domain D, then
the continued fraction is said to converge uniformly over D if it
converges for all values of the variable or variables in D, and if its
sequence of approximants converges uniformly over D.

The first part of the book is concerned largely with the problem
of determining conditions upon the elements 4, and 4, of the con-
tinued fraction which are sufficient to insure convergence. This
convergence problem is essentially more complex and interesting
than the corresponding problem for infinite series.
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We have adopted the natural notation for a continued fraction.
Other notations in more or less common use are

ay ay
b S
0 + bl + b2 +"',
ol el
b() + ‘ &1 + l bg + >
and
)= w Ap
m+ﬂﬂ%-

2. Continued Fractions and Series. The following theorem
establishes a connection between certain continued fractions and
infinite series.

THEOREM 2.1, If the denominators B, of the continued fraction

—— e — (2.1)
ay
14— -
by + — 3
2 b
are all different from zero, and if we put
a ,+[B -1

= e, p=1,2,3, -, (2.2)

Bp-!-l

then the continued fraction (2.1) is equivalent to the contsinued fraction

- (2.3)

in the sense that the nth approximants of (2.1) and (2.3) are equal to- one
another for all values of n.  Moreover, for arbitrary numbers py, the nth
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numerator of (2.3) is equal to the sum of the first n terms of the infinite
series

L+ pios - om 24)

p-=1
and the nth denominator is equal to unity?

Proof. The sum of the first # terms of the infinite series

(2.5)

p=1

is A,/B,, the nth approximant of (2.1). By the determinant
formula (1.5), this infinite scries may be written as

ay aAody aAsdzay

| — : -
BB, BB, T BB, T

which, by (2.2), 1s the series (2.4). Now, the linear transformation
s = sy(w) = 1 4+ p,w may be written in the form

1
s=syw)= - — - (=123, ).
Py
| — ro

1
Pp + -,

W
If we apply the first # of these in succession, and then put w = 0,
we obtain as the product, on the one hand, the sum of the first #
terms of the series (2.4), and, on the other hand, the #th approxi-
mant of the continued fraction (2.3). Consequently, the nth ap-
proximants of (2.1) and (2.3) are equal to the sum of the first
terms of the series (2.4), and hence to each other, for all values
of #. One may readily verify by means of the fundamental recur-
rence formulas that the w#th denominator of (2.3) is unity, and
therefore the n#th numerator is equal to the sum of the first
terms of (2.4).

This completes the proof of Theorem 2.1.

*This equivalence between series and continued fractions goes back to Kuler [11]. Cf.
Sziss 98] for a somewhat different formulation.
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We note for future reference that if 6, =1, p =23, 4, .-,
then we have the formulas

o, = —apii(l + ppi)
i 1 + ap-}-l(l + pp—l) ’

where py must be taken equal to zcro; and

b= 132,3)"'s (26)

—dpq41
Pp P -

= 4 - ) =12,3 . 2.7
1 +a,+ap + appp_2 r ’ ’ » (2.7)

where we must take @, = 0, p_; = py = 0. These may be readily
verified by means of (2.2) and (1.4).

3. Equivalence Transformations. It is often convenient to
throw the continued fraction (1.2) into another form by means
of a so-called equivalence transformation. This consists in multi-
plying numerators and denominators of successive fractions by
rfumbers different from zero:

— (cp = 0). 3.1)

Onc may ecasily show by mathematical induction that this con-
tinued fraction has precisely the approximants of (1.2). In fact,
the pth numerator and denominator of (3.1) are

162 - epdy and  ciey - By,

respectively, where ./, and B, are the pth numerator and denomi-
nator of (1.2). This can be readily verified by means of the funda-
mental recurrence formulas (1.4).

If, conversely, two continued fractions with nonvanishing par-
tial numerators have a common sequence of approximants, then
either can be transformed into the other by means of an equiva-
lence transformation. In fact, if 4," and B,’ are the pth numer-
ator and denominator of one continued fraction, and A4, and B,
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are those of the other, then there must exist constants Cp, # 0
such that

A, = Cpd,, B =C,B,, p=123, --. (3.2)
et
A, =byd,_y + ap.d, s,

B, = b,By_1 + a,Bps,
.'I__l = ], B--l = (), .'I" = b(), B() = 1.

Then, since 4, 1By 2 — 1y 2B,_y # 0, by virtue of (1.5), we
conclude that the clements a, and 4, arc uniquely determined
by the A, and B,. Similarly, the clements of the other con-
tinued fraction are uniquely determined by the .7,’and B,/
let

1’=l,233)"')

A = by o+ a) s
’ ’ ’ ’ ’ p=1’2’3’...’
» = b,, Bl‘—l + ap Bp -2y

/[...]’ = ], 13-1, = 0, 410' = b(), B(), = 1,
so that, by (3.2),

al
Cot Cp 2 Coa

dy=b """l tay T,

(4‘1, Cp——l C[:
with a like relation for the B,. Here we must take C_; = €y = 1.
Consequently, by the preceding, we must have

by = cpbyy @y’ = cpaicpay, p=1,2,3, -,
where ¢, = C,/C,_,. Thus, the two continued fractions are the
same up to an equivalence transformation [89)].

We note the following important special cases. If 4, # 0,
p=1,2,3, -, and we take ¢, = 1/b,, then (3.1) takes a form
in which all the partial denominators are equal to unity. Like-
wise, if @, #0,p =1,2,3, ---, and we take ¢, = 1, and deter-
mine the other ¢, recurrently by the equations c,_jcpap = 1,
p=1,2,3, ---, then (3.1) takes a form in which the partial
numerators are all equal to unity.

4. Even and Odd Parts of a Continued Fraction. By the even
part of a continued fraction we shall understand the continued
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fraction whose sequence of approximants is the sequence of even
approximants of the given continued fraction. Similarly, the odd
part of a continued fraction is the continued fraction whose se-
quence of approximants is the sequence of odd approximants of
the given continued fraction. For the sake of simplicity, we shall
write these down for the continued fraction

1
- (4.1)
ay
1+---
as
R T N
+ 1T
rather than for (1.2). The even part of (+.1) is
1
— - (4.2)
14 ay — —— Gy
1+ a3+ ay — s
! T + a5 + ag —-
and the odd part is ’
1 - 2 (4.3)
azay
1+ a,+a5— - —
asdg
1 + ay + ar —

1+ﬂ_ﬂ+;7—'_

The even and odd parts of (1.2) may be obtained from (4.2) and
(4.3) by multiplying them by 4y, adding 4y, and then replacing
a, by a,/b1, and a, by a,/bp_1bp, p = 2,3, 4, ---.

To prove that (4.2) is the even part of (4.1), let us regard (4.1)
as being generated by the sequence of transformations ®

t=h(‘w>=‘10, f=t,,(‘W)= p=2,3s4>"',

1+ a,,z-; ’
so that #ity - - - t,(1) = A,/B,, the nth approximant. Let s,(w)

3 This device for obtaining (4.2) was used by Sticltjes [95].
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= tytp(w),p =1,2,3, ---. Then

42p—1
- )
1 4+ asp—1 + a2,w

) = o, gy(w) = 1

1+a2'w
=234 -,

and sy55 -+ 5,(1) = fito + - t3,(1) = Aa2,/Bsp, the 2pth approxi-
mant of (4.1). Since

5152...5’)(1) = o
2063

1+ ay+as —-

1 + ads —
A2p—282p—1

1+ a5, + as, ’

it therefore follows that (4.2) is the even part of (4.1). The proof
that (4.3) is the odd part of (4.1) can be made in an analogous way.

More general “contraction formulas” and also “‘extension for-
mulas” will be found in Perron [69, pp. 197-205]. Next to the
cquivalence transformation, the transformations represented by
(4.2) and (4.3) arc perhaps the most useful continued fraction
transformations.

Exrrcise 1

1.1. Let A,/Bn, n = 0, 1,2, -- -, be the sequence of approximants of the con-
unued fraction

ay
b+ —
az

g

whete @y # 0, agp1 % —1,p = 1,2, 3, ---. Form a continued fraction

43

S0+ -
1+

r2

T+

having the sequence of approximants 41/ By, 4o/ Bo, A3/ Bs, A2/ Ba, As/ Bs, As/ Bs
ceen o dns. so=bo+ay, = —ay, ro=(1+as)/ay rp1=ayp_1, rp=
(1 + a2p—1)(1 + a2p41)/a2p.  [58, 124.]
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1.2. Let ¢ be any number such that the denominators B,(z) of the continued
fraction

a2

1+

1+

Las
14
are all different from zero for 2 = —¢. Put

— Bp(—ﬁ) P
&p—-1 = 1 Bp—l(_‘:)-’ P =25 3) 4) tee

Then, the continued fraction may be written in the form
|

g
(1 — gigal

T+ = 4+ 3= ( Ez)ﬂaf

1+

’
where ¢ = z/c.
1.3. Show how to transform the continued fraction of 1.2 into the continued
fraction
1

a3

£+ a2 —

a4y
f+ﬂs+ﬂ4 E+lla+ﬂs—
1.4. Let # and v be the two roots of the quadratic equation
—bx—a=0, (@#0,6#0),

and supposc that | #| > | v|. Show that the nth approximant of the periodic
continued fraction

b+ —-“—a
b+
can be written in the form
ut+v—— — 4 1>
PRI
3w/
p=0

and hence deduce the facts concerning convergence and divergence of the con-
tinued fraction.
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Suggestion. Sincea = —uv,b = u + ¢, the continued fraction may be written
in the form
uv
u+v— —-- "
o
ut o= e uv
ute— - -
u+v—

Now apply Theorem 2.1, after making a suitable equivalence transformation.
1.5. Show that

1.6. Show that if @, 7 0 15 real for p > a, then all the approximants of the
continued fraction (4.1) from and after the #th appronimant he upon a arcle
(or straight line) 1in the complex plane.

1.7. Let uo, uy, 13, - - - be numbers all except possibly the first different from
zero, and put Up = wo + w1 +- -+ un.  lLet

13
bh=wuw, =1 a=7,
Up + tp 41
bzp=2, b'_ng:—'- ’ =],2,3,"',
iy
u.
pil
Azp = —], g = — -
up

Show that the 2x#th and (2# 4 1)th approximants of the continued fraction

ay

ht
a

b+ o .

are U, and U, 4+ un41/2, respectively [58].



Chapter 11

CONVERGENCE THEOREMS

This chapter contains, among other things, an example indicat-
ing in some way the complexity of the convergence problem, some
necessary conditions for convergence of continued fractions, and
a complete treatment of the question of convergence for periodic
continued fractions.

5. Some General Remarks on the Convergence Problem. By
the convergence problem we shall understand the problem of de
termining conditions upon the elements @, and 4, of a continued
fraction which are sufficient to insure its convergence. In case
the partial numerators «, are different from zero, we may confine
our attention to continued fractions of the form

1

bot o (5.1)

b + B
by +

by +-

)

whose partial numerators are all equal to unity; and in case the
partial denominators 4, are all different from zero, we may con-
fine our attention to continued fractions of the form

a

bo + - '7 (5.2)
14+ -

as
1+ - 2
i
)
whose partial denominators arc all equal to unity (cf. § 3).
25
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In case some partial numerator is zero, we have this theorem.

TuroreMm 5.1, Let the continued fraction (1.2) satisfy the following
conditions, for some integer m > 1:

an =0 while,if m>1, a, #0 for n=1,2,3,---, m—1.
Then, the continued fraction converges if, and only if, there exists an index

k such that the denominators B,y # 0 for n > k. When convergent, the
value of the continued fraction is Ay_1/Bn_1.

Proof. By Definition 1.1, it is necessary for convergence that
such an index k exist. Suppose, conversely, that such an index
k exists. Then we see from the fundamental recurrence formulas
(1.4) that B,,_; # 0, for otherwise B,, = B,y1 = Buya =---=0.
Now,

//me—l - “I"'—-IBI’
= ([)pflp—-l + ap/‘[p—‘.’,)Bm—l - l4m-l (prp—-l + (lpo__2)
= bp(4'1[)—1B111—1 - ‘JIII—IB'J—I) + ap(llp-—2Bm—l - dm—pr—-2)°

On putting p successively equal to m, m + 1, m + 2, -- - in this
equation, and using the fact that 4, = 0, we find immediately
that

ABu_y — Ay_yB, =0 for p>m—1.

Consequently, ifp >m — landp > k£ — 1,
llp _ 4‘/,,,_1
I}', - Bm—l

The continued fraction is therefore convergent, and its value is

//r:t—l/Bnr—l-

In view of this theorem, the convergence problem for a con-
tinued fraction with a vanishing partial numerator does not in-
volve the investigation of a limiting process, but is the algebraic
problem of establishing the system of inequalities B, # 0 for
p > k. Since the value of such a continued fraction, when it
converges, is a rational function of a finite number of the elements
a, and 4, such a continued fraction is not especially interesting
from the point of view of analysis. All other continued fractions
can be thrown into the form (5.1).
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We note the following theorem.

TueorREM 5.2, The continued fraction (5.1) diverges if its odd partial
denominators bap_y, p = 1,2, 3, - -+, are all zero.

In fact, Bl = él = 0, .B3 = b3B2 + ﬂ3B[ = 0, B5 = b.r,B.; + ﬂ.r,B;;
=0, ---, so that infinitely many of the denominators are zero.
The continued fraction is therefore divergent.

The complex nature of the general convergence problem is indi-
cated by the following example (cf. T.eighton and Wall [58]). In
the continued fraction of Exercise 1.7, take

25, + 1 —2s5,
o =0, o, =— y HMag_y =- ---y, =123, -,
k'l k"
where s, 52, $3, + - - is an arbitrary sequence of numbers different

from 0 and —3, and where the &, are chosen so that the scries
Zu, converges and such that #, + #,44 # 0, n =1, 2,3, ---,
By means of an equivalence transformation we may throw the
continued fraction into the form (5.2), where

1
bo=0, @ =3, a= -z,

Uny1 . Un
- Ty A2py2 = N
2(”:: + ", { l) 2(”11 + ”nJ, l)

n=1723,.

A2n41 =

Then, a4, = s,. The continued fraction converges (cf. Exercise
1.7) and its value is Z#,. Thus, an infinite subsequence of the
partial numerators of the continued fraction (5.2), namely, ay,,
n=1,2,3, ---, may be chosen arbitrarily, two values excepted,
and the continued fraction converges provided the remaining
partial numerators are suitably chosen.

Questions arising from this example have been investigated by
Leighton [52].

6. Necessary Conditions for Convergence. The theorems of
this section deal with the continued fraction (5.1). Since con-
vergence and divergence are not affected by the value of the addi-
tive term &, the latter may as well be omitted. We shall ‘now
prove the following theorem of von Koch [115].
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THEOREM 6.1. If the series Z| by, | converges, then the continued fraction

——— (6.1)

diverges. The sequences of its even and odd numerators and denominators,
{'12’)}» {/121;-“}’ {B2p}a ”321:-1 1}, converge to finite limits Fy, Fy, Gy, Gy,
respectively, where

FiGy — FyG, = 1. (6.2)

Proof. From (1.4), with the a, now equal to unity, we have
AzP = 521!1‘121)—-1 + 4112',_2
= &2”‘{:”, -1 + bzl,_gn'lzl,_:; + /{2),_4

= bapAap—1 + bap_odap_z + -+ by,

so that A, is the sum of the first p terms of the infinite series
Dby s._y. Since, by hypothesis, the series 2| by, | is convergent,
the convergence of the sequence {.73,} will be established if we
show that | 45,_,| < C, where C is a constant independent of p.
But if M is the larger of | .7_, | and | .4, |, then

|| o] ddo| + 1A ] < MA+ | 4],
| o] < |ba|-| |+ do | SM|b|(U-+|0 )+ M
SMQI+ b D+ 2:)),

and, by mathematical induction,
I/In|S“I(l+ll)ll)(l+lb2|)"'(1+lbul)'
This holds for » = 1,2, 3, ---. We may then take

c=m[Ja +14D,
1

the infinite product being convergent inasmuch as thc series
2| b, | is convergent by hypothesis. The proof that the other



CONVERGENCE THEOREMS 29

three sequences converge can be made in the same way. Since,
by the determinant formula, (1.5),

112,,+le,) - fl'_’pB:Zp-H = 1)

we conclude that (6.2) holds. Therefore, the continued fraction
diverges since its sequence of approximants oscillates between the
two distinct limit-points ¥,,/Gy and F/G;. One of these may be
0,

Remark 1. From the results of Excrcise 1.4, the reader will
find that the continued fraction

1 ) —
— - G=V-1), (6.3)
i+ - -
- 1
i+ - —
i+ -
)
is divergent. Thus, although the divergence of the series 2| 4, |
is necessary for the convergence of (6.1), this condition is not, in
general, sufficient.

Remark 2. If, in Theorem 6.1, the 4, are functions of any
variables over a domain G in which the series 2| 4, | is uniformly
convergent, then the above proof shows that the sequences {A,,},
<+, {Bypy41} converge uniformly over G.

We shall now turn our attention to a generalization of Theorem
6.1, due to Scott and Wall [88a].

THEOREM 6.2.%  [f the series

E[ 521;4 | l (6-4)
and
E‘ bzl,_{.[.\‘pz I, where Sp = bz '+" b4 + se + &2,, (6.5)
converge, and
lim infl 5| < oo, (6.6)

then the continued fraction (6.1) diverges. The sequences of its odd numer-
ators and denominators, {dapy1} and {Bapi1}, converge to finite limits Fy
and Gy, respectively. Moreover, if s is a finite limit-point of the sequence
{sp}, and lim s, = s as p tends to © over a certain sequence P of indices,

1 This theorem was proved under certain conditions upon the 4, by Hamburger [26],
Mall [59], and Wall [137].
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then Ay, and By, converge to finite limits F(s) and G(s), respectively, as
p tends to w over P, and

F\G(s) — G F(s) = 1. 6.7)
If the sequence {s,} has two different Sinite limit-potnts s and t, then
F(5)G(@) — FQ)GE) =t — s. (6.8)
Finally, corresponding to values of p for which lim s, = o, we have
A B .. -
lim = —-, (finite or infinite). 6.9
B:p Gy

Proof. Since the series (6.4) and (6.5) converge, it follows that
the scries

2[ bg,,+ls,, | (6.10)
converges, and thercfore there exists an index # 2 1 such that
| bspprsp| <1 for p > n. (6.11)

Hence the quantities

A
T =II(1 + &2::-}21)+l-yn+p), k= 1) 2, 3, )

p=1

are different from zero, and the infinite product

lim Tk "—'—'I—I(l + 521L+2p+15n+p) (6.12)

k= p—1

converges and its value is not zero.

Lemma 6.1. et

‘121|42L'4 1 Ve [3211 t2k41
U2k =TT T J 2 = 7 T T
Tk Tk

Uzku = (n‘/zn-* %42 Jn+l.+lt‘/2n+2k+1)7fk,
[72k+1 = (Bzu+2k+2 - 5u+l.+1B2n-} 2k+1)‘"’k:

k =0, 1:2:"'> (7r0= 1);

_ bzn+2k+l

92
Cop = y C2%41 = _b2n+2k+15n+k_7rk—-l7rk,

Th—1Tk
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Then®

U = [.U._ + lf'—-2
k k 'L 1 k—2) k= 2’ 3, 4’ e, (6.13)
Vi=cVi + I/k—x‘b

Let us assume for the moment that the lemma is true. From
the hypothesis that (6.4) and (6.5) converge, and from the con-
vergence of (6.12), we conclude that the series 2| ¢, | is convergent.
It then follows, as in the proof of Theorem 6.1, that the sequences
{Un}, {Can}, {Fa}, {Farp1}, converge, and therefore the
limits

]im /121,_” = ["1, ]Im BZ!P-H = G[, (6.14)
p=x p=o
and
lim (.‘/2,, - J,,:I;“,_.l) = 1\',
b= (6.15)
lim (Bg,, - ‘chZP——I) = Y,
p=w

exist and are finite. Inasmuch as, by (1.5),
“12];-—1(321) - 51»B2p--l) - B:Zp—l(//:!p - 5,1”217—1) = 1)

it follows that
Y - GX=1. (6.16)

Let s be a finite limit-point of the sequence {s,}, and suppose
that lims, = 5 as p — « over a certain sequence P of indices.
We then conclude immediately from (6.14) and (6.15) that

lim 47'2,, = 51’11 + X = F(J),
lim Bz,, = .\'G[ + Y = G(J),

as p — » over P. Morcover, by (6.16), we see that (6.7) holds.
The relation (6.8) may now be readily verified. Inasmuch as

U2p——l
/]2u+2p—l + -
d2n+2p Tp—1Sn+4p (6 17)
L — . .
BZn+2p I/Zp—l
)
Tp—15n+tp

the relation (6.9) is now evident.

% Formulas of this type can be found, for instance, in Leighton and Wall [55], and
Mall [59].
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From the preceding we conclude that the sequence of approxi-
mants of the continued fraction oscillates among the distinct
limits #,/G, and F(5)/G(s), where the range of s is the set of
finite limit-points of the sequence {s,}. The continued fraction

is therefore divergent.
We shall now establish the lemma, and the proof of the theorem

will then be complete.
From {1.4), with a,, now equal to unity, we have

/12n-|2p-{1 = b?ll-+21)+l/[2lt-{-2p + /‘[211—}21;—1
= b:?n-}:!p-}-l("’?n-{ 2p = 5'|+1)11271+2p—l)
+ (] + &2n~} 2[)-{-]-;11 { I:)‘lzlz-{-21:—l-

That is, if we introduce the quantities U,

U,

p—l

pr'2p = b2n+2n+1 - + 7"1:(/2/:—-":
Tp—1

or
U2p = (2pU2p—l + U:Zn—z-

This is the first relation (6.13) with £ = 2p. The sccond relation
(6.13) with £ = 2p results if we replace the .7,, by the B,, in the
preceding. To verify (6.13) for odd values of k, we have:

(‘ + b2n+2p+15n-}-p)(/'[2n~| 2p42 T Sn p—Hl‘I'ln-{-:zl: ] 1)
= (l + b:!n-|-2p+15n+p)

(‘12114-21) P2 — /’211-{-21) +21'[2n+2p~11 - 511+1)/{271-{~2p } l)

(1 + b2n+‘.¥p+l5n H))(‘J?,n-{-?p - S |-11‘[2n+2p-{1)

[

/I2n+2p - 5n+p(/{2n+2p-+l - /’211 t2p 1112:) ;-21;)
)
- bZn-}-‘.}p-}-lsn-{»p--"Zn+2p+l

2, .
= - b2n+2}l-}l-"n+p ‘[2,1.}.21,-1-1 + (/12,,+21, —_ 3"+l>‘/2n+2p_1).
Thus,

U2p+1 Uzp—l
&""‘*” +15n4p 7"1)[/ 2p + ——-
Tp—1 Tyt

or
U2p-<}1 = (1,,+1l’),, + L;,,_,

This is the first relation (6.13) for £ = 2p + 1. The sccond re-
sults if we replace the .7,, by the B, in the preceding.
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If the scries 2| 4, | converges, then the hypothesis of Theorem
6.2 is clearly satisfied, and lim s, exists and is finite. Hence,
Theorem 6.1 is contained in Theorem 6.2.

Let .7," and B,’ denote the pth numerator and denominator of

the continued fraction

L (6.18)

by +

1
bty

)

obtained from (6.1) by the removal of the first partial quotient.
Then it is casy to see that

.I],_.“ = [gl,l,

B,y =H6B) + 1),
Hence, we conclude, on applying Theorem 6.2 to the continued
fraction (6.18), that the continued fraction (6.1) diverges if the
scries

p=0,1,2 -

Sl bapgn |
and

\
dned

//‘_3,,_‘ 2,],2 l, WhCI'C tl' = b:; + //,r, +' .. + /12,,’1,

converge and if; morcover, the sequence {£,} has a finite limit-
point. In this case, the sequences {.73,} and {B,,} have finite
limits, and ./, 41 and Bs,,; converge to finite limits as p - o
over a set of indices for which #, has a finite limit.

On combining this result with Theorem 6.2, we obtain the fol-
lowing refinement of von Koch’s theorem.

THEOREM 6.3. If the series 2byy and Zby,yy converge, and at least
one of them is absolutely convergent,® then the continued fraction (6.1) is
divergent.  The sequences {Asp}y {Bapl, { A2py1)s { Bap 1} of its even and
odd numerators and denominators have finite limits Fy, Fy, Gy, Gy, respec-

tively, where FiGy — FoGy = 1.

7. A Sufficient Condition for Convergence. It follows from the
proof of Theorem 6.2 that if the series (6.4) and (6.5) arc con-

8 One may raise the question as to whether or not the simple convergence of the series
by is sufficient for the divergence of the continued fraction.
p g
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vergent and lim s, = «, then the sequence of approximants of
the continued fraction (6.1) has the limit £,/G,. If this is finite,
i.e., if G; # 0, then the continued fraction is convergent. In
order to insure that Gy % 0, we need to impose some additional
restrictions upon the 4,. We have the following theorem.

THEOREM 7.1, Let the partial denominators b, of the continued fraction
(6.1) be complex numbers such that

RG) >0, NG =0, p=2,3,4 -, (7.1)

and such that the series (6.4) and (6.5) are convergent, while lim s, = «.
Then, the continued fraction converges, and its value, v, satisfies the inequality

|
v— - - | =<
WN(by) i

M) - [88a.] (7.2

Proof. Consider the lincar transformations (cf. § 1)

L b 4w

bp+w by +wl|?’

of the variable w into the variable 2. By (7.1), it follows that
t = t,(w) maps the right half-plane R(w) > 0 into the right half-

plane 9(#) > 0. In particular, = #(w) maps 3(w) > 0 upon
the circular region

t = ty(w) =

1 1
t—- ——-| < . 7.3
| R T 2N(Gy) (7.3)
[t follows immediately that the transformation ¢ = #¢, - - - £,(w)

maps R(w) > 0 into this same circular region. Therefore, since
tity -+ 1,(0) = A, B,, the pth approximant of the continued
fraction, it follows that

1
< R = 1: 2) 3; ttt).
< way’ 2 )

‘ A,
B,

Since, as we have seen, lim (.7,, B,) = F\/G,, a finite number
or «, provided the series (6.4) and (6.5) converge and lim s, = o,
we now conclude that this limit is finite. Inasmuch as¢ = .7,/B,
satisfies (7.3), it follows that the value v of the continued fraction
satisfies (7.2).

This completes the proof of Theorem 7.1.
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In a later chapter (Chapter VI) we shall find that if the 4,
are restricted still further, then the continued fraction converges
if at least one of the series (6.4) or (6.5) is divergent.

It is important to note that the hypothesis (7.1) in Theorem 7.1
can be weakened somewhat, as follows:

by =by=---=byg =0, RN(b2up1) >0,
Ny >0 for p>2u+1, (7.4)
In fact, the continued fraction (6.1) and the continued fraction
1
by + bs+-- -+ ban + E—

b2u+1 + T Tt ]

&J’l ‘.’, + - T -

* b.!u-{ 3 +

have all but a finite number of their approximants in common
when (7.4) holds. Morcover, it is casy to sce that the series
(6.4) and (6.5) formed for the latter continued fraction converge
if, and only if, they converge for the continucd fraction (6.1).
and the sequences {s,} for the two continued fraction tend to
« together. Hence, we have

THEOREM 7.2.  Let the partial denominators by, of the continued fraction
(6.1) be complex numbers such that (7.4) holds, and such that the series
(6.4) and (6.5) are convergent, while lim s, = . Then, the continued
Jraction converges.

8. Convergence of Periodic Continued Fractions. 'The con-
tinued fraction

a

e (k2 1), (8.1)
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is called a periodic continued fraction. We shall suppose that
ay, a3, -+ -, a are different from zero, and shall obtain necessary
and sufficient conditions for convergence and the value of the
continued fraction in case it converges. (See Exercise 1.4 for the
case # = 1.) The method followed here is that of Lanc [48].
For other proofs cf. Stolz [96], Pringsheim |74], Perron [69, 70],
and Schwerdtfeger [84a). An interesting application of periodic
continued fractions to “pscudo-elliptic” integrals was given by
Abel [1].

We shall regard the periodic continued fraction as being gen-
erated by the lincar fractional transformation

ay
s = s(w) = S- - (8.2)
ay
b S
1+ by +-
ay
bk + w
This may be written in the form (cf. § 1)
Ay w0+ .1
s = s(w) = - st -’f, (8.3)

where .7, and B,, denote, as usual, the pth numerator and aenomi-
nator of the continued fraction. The determinant of this trans-
formation is Ax_ By — AxBi—y = (—1)fayay - - - ax, and 1s differ-
ent from zero by assumption.

The fixed points of the transformation are, by definition, points
x such that Aorx +

- Bi_x + B.’
and are, in general, the two roots x; and ¥ of the quadratic equa-
ton Biowx® + (Be — de—)x — i = 0.
If x, and x, are finite, so that f = s(») = .74/ Bx_, s finite,
then the transformation s = s(w) can be written as [65, § 17]
1 1 1

— = —t - -, if X = X
s—x w—x J—x

X

and as
S — X1 f—x1 w — X .
o=t e D Xy A A
§s—xs f—xy w— X



CONVERGENCE THFOREMS 37

The transformation s = s”"(w) obtained by iteration of the trans-
formation s = s(w) # times can then be written as
1 1 n

= T i m = 4
5 — % w—x1+f—x1’1 X1 X2, (8)

T (f; B "”-‘) PTG i ae (8.5)
J — N2

S — X W — X

and as

We are now prepared to prove the following theorem.

THEOREM 8.1. Let xy and x5 be the fixed points of the transformation
(8.2), where ay, asy -+, Gk, b1y bay - -+, b are any complex numbers, the
a, being different from zero  Let Fy, be the nth approximant of the periodic
continued fraction (8.1). Then, (8.1) converges if and only if x\ and xq
are finite numbers satisfying one of the following two conditions:

X1 = No, (8.6)
or
| P‘k—-l — Xo l > | FA -1 — X l, F'I' # Xo,

p=0,1,2--- k-1 8.7)
If the continued fraction converges, its value is xy.
Proof. We observe that
Fogyp =s"(Fp), p=0,1,2,--- k-1,
n=1,23,---. (8.8)

From this it follows that /', = x, if and only if Fyryp = x1. We
have to consider four cases.

Case 1. The point at « is a fixed point of s(w). From (8.3)
and the determinant formula we see that in this case Bi_; = 0,
Ay # 0, so that Fi,_, = «. Hence, by (8.8), Furyx—1 = =,
n=1,2,3, -, so that the continued fraction diverges.

Case 2. The fixed points x; and x, are finite, and x; = x,.
In this case, we have, by (8.4) and (8.8),

1 _ 1 n n . 8.9)

Fnk+]) — X1 }"p — X1 Fk—l — X1

Here, Fi_; = s(®) is finite and different from x;. If F, = x4,
then we know that F,;,, = x,. If F, & x, then F,iy, = x1,
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but, on allowing # to increase to « in (8.9) we see that

lim Fopyp = X1.

n=w

The continued fraction is therefore convergent and its value is x;.
Case 3. The fixed points x; and x, are finite and | Froy — x2 |

> | Fx_y — %1 |. In this case we have, by (8.5) and (8.8),

Fokyp — F,—x . P —
LIl N R L R i IR A1)
I',,,, tp — X2 }',, — X2 ]'I\——l — X2

By hypothesis, | K| < 1. If F, # s, then (8.10) shows that
Fnl.+p - X = én(/"nl.+p — Xa),

where lime, = 0. Thus, if | e, | < 1,

en(¥1 — x2)

I'nl\-l » Xy =
1 — e,

b

so that limy—,Fukip = ¥1.  On the other hand, if F), = x5, then

Fugp = $"(Fp) = s"(x2) = x5, Since Fi is not a fixed point

of the transformation, then ¥;_; ## x» and, by the preceding,
lim }’1,,k+k_1 = X # Xo.

n=co

The continued fraction therefore diverges by oscillation.

Case 4. 'The fixed points x; and x, arc finite, x; # x», and
| Fiy — %1 | = | Foy — x2|. In this case the equation (8.10)
applies, where now | K| = 1, K ¢ 1. The sequence K, K?, K?,

. must have at least two different limit-points. On putting
p =k — 1in (8.10), we then conclude that the sequence Fx—_1,
w=1,2, 3, ---, must have at least two different limit-points,
and again the continued fraction diverges.

Since these four cases include all possibilities, the proof of the
theorem is complete.

In the special case where £ = 1 in (8.1), the transformation
5 = s(w) is

a
. ST T e (a = a).
Its fixed points are
—1+ (1 + 4a)"

2
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By Theorem 8.1, the continued fraction converges when a # 0
if, and only if, these fixed points are equal to one another or else
have unequal moduli. When @ = 0, one may verify directly that
the continued fraction converges by computing its approximants.
On adding 1 to the continued fraction we then have the following
theorem.

Treorem 8.2.  The continued fraction

a

14— (8.11)

a

) [ S

a
L+
1+

converges excepting when a = — 3 — ¢, where ¢ is real and positive. When

convergent, its value is % if a = —}, and is cqual to the one of the quantitics

1+ (1 + 4a)*

2

having the larger modulus if a # —+%.

Exercise 2

2.1. Let 2 =x + 4y, 2 =& — iy, where ¥ and y are real. The continued
fraction

whose partial numerators after the first are z, 3, z, 2, 5, 2, 2, -+, converges if,
and only if, ¥ < x + 1, i.e., if, and only 1,

|=] — %@ < 3.

2.2. As z = x + iy ranges over the parabola y? = x 4+ §, then the value
v of the continued fraction of 2.1 ranges over the circle (x — 1)2 4 y2 = 1.

2.3. Show that the odd part of the continued fraction of 2.1 diverges if
»>x+1i. ’

2.4. Show that the continued fraction (5.2) diverges if ap # 0, and there
exists a constant £ > 1 such that | a,41/as | > £ for all # sufficiently large [52].



Chapter 111

CONVERGENCE OF CONTINUED FRACTIONS
WHOSE PARTIAL DENOMINATORS ARE
EQUAL TO UNITY

In this chapter we shall obtain convergence criteria for con-
tinued fractions whose partial quotients arc of the form
ap
1

It should be emphasized that any continued fraction whose partial
denominators are not zero can be thrown into this form by means
of an equivalence transformation (cf. §3). The basis of the
method used here is simply the comparison test for infinite series.
We seek to find a majorant series for the series 1 + Zpjps - -+ p,
of Theorem 2.1.

9. The First Interpretation of the Fundamental Inequalities.
The continued fraction

— - 9.1)

ay

1+ - -
ay
1 T
+ -
is said to satisfy the fundamental inequalities if there cxist num-
bers r, > 0, such that
rl’l 1 + ap + Api1 I > rl’rp—zl ap [ + l ap+1 l) b= 1) 2) 3) SRS )
9.2)
where we shall put
ay = 0, o = O, r—y = 0.
40
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THeoreM 9.1.  [If the continued fraction (9.1) satisfies the fundamental
inequalities (9.2), then its denominators B, are different from O, and the
numbers

—dpi1 B p—1

Pp = —
Bp+l

satisfv the inequalities
low| <7 p=1,2,3,--- [86l] (9.3)
Proof. By (9.2) for p = 1, 2, we have
7'1, 1+ a, | > |(12 I, 7’z| 14 a, + a;,l > [a;; [
Thercfore, Bo = 1 +a, # 0, By = 1 + as + a3 # 0, and

as as

T ’S"h |Pz|= -
1 4 a, 1 + as + ay
Using induction, we now suppose that B, # 0, | p, | < 7, for
p=1,2,3, ..., k, where £ > 2, and shall establish them for
p=+k+ 1. We have to distinguish two cases according as
arys = 0 or @y # 0. If ary = 0, then, by the fundamental
recurrence formulas, Byys = Biyy + ary2Bi = Biyy, which is
different from zero by hypothesis; and

S .

o] =

Af 42 By
By

If, on the other hand, a4, # 0, then it follows from (9.2), with
p = k4 1, thatr; > 0. Moreover, from the fundamental recur-
rence formulas we obtain

Rk{z = (1 + a1+ o |2)BI. - ﬂlﬂAuBk-z,

so that, by the hypothesis of the induction and (9.2),

| oxy1 | = =0 < rpq1e

| Biye _ ’ Vtap+aye anyt arBrz
I a4 gBk a2 ap42 Bk
i1 4+ aryy + angs a 1
41 h+2 k41
> | LT AR
Ay a2 Tk 41

Therefore, Biya # 0 and | piy1| < 7y1. This completes -the
induction and the proof of Theorem 9.1,
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When the continued fraction (9.1) satisfies the fundamental
incqualities (9.2), then the series 1 + Zry7, - - - 7, is a majorant
for the series

= <“/,, /‘II)_—_l_
B, B,.

)=I+Emp2---pp,

PES)
which is equivalent to the continued fraction (cf. §2). That is,

/l,.{] 4‘[,
A = ipe e by ST P = 1,2, 0

Bp i1 » (9 4)

This is what we shall call the first interpretation of the funda-
mental inequalities.
From Theorems 9.1 and 5.1 we have

THeorEM 9.2, If the continued fraction (9.1) satisfies the fundamental
inequalities, and if some partial numerator a, vanishes, then the continued
Jraction converges.

10. Worpitzky’s Theorem. In what appears to be the carliest
published paper treating of the convergence of continued frac-
tions with complex elements (cf. Van Vleck [112, p. 147] and
Szdsz [98, p. 160] for comments), Worpitzky [143] showed that the
continued fraction (9.1) converges if the partial numerators a,,
ay, a4, - - all have moduli less than .

We shall now prove

Turorem 101, Let ay, ay, ag, - - - be functions of any variables over a
domain D in which

lapii| <3, p=1,23, - (10.1)

Then the following statements hold.

(@) The continued fraction (9.1) converges uniformly over D.

(b) The values of the continued fraction and of its approximants are
in the circular domain

(10.2)

ww

s =41<

(¢) The constant § is the “best” constant that can be used in (10.1),
and (10.2) is the “best” domain of values of the approximants.
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Y

A)-
win

1N x
N

Fia. 1.

Proof. (a) By (10.1),
Wl4a| >30 -0 =12>]a]

%‘|1+112+ﬂ:;[ >3 ""}_-})=1’2|”3l’

_»r rp—-2 1 1
L4 ap+amm| 2 =P T
p+°' el 2004 T 1T
p 7?2
>p_+_,, : '1‘)""|tl,,| +|aﬂ+2|! p=3)4,5) Tt
Consequently, the continued fraction satisfics the fundamental in-
equalities with », = p/(p +2), p = 1,2,3, ---. Since
1 2 3 4 ?
14 Sprg o1y =1 oIl LB
tEnr ey =142 (z 17576 p+2)

”
=142 [
(l’ + 1 +2)

N 1 1
-2 (51w

p=1

we therefore conclude that the continued fraction converges uni-
formly for | ap41 | <3, 2 =1,2,3, - -+, and that the modulus of
its value does not LXCCCd 2. [nasmuch as the a, can have the
value 0, it follows that the moduli of the values of the apprexi-
mants do not exceed 2.
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(b) We now write the continued fraction in the form

1
2 = -, 103
Ty w (10.3)

where
w=————’~ﬁ——- lx1|SI
as
1+ ——n -
ay
1 S
+ -

It is clear that |w| < 2. Any approximant of the continued
fraction can, of course, be written in the form (10.3). Then

-1

|w1=4}""- <2,

>
&

or
lz— 34| <3
which is (10.2).

(¢) To sce that } is the “best” constant that can be used in
(10.1), we need but note that if ¢ > %, then the continued fraction
diverges if ap;1 = —¢, p=1,2,3, ---, by Theorem 8.2. To
show that (10.2) is the “best” domain, it suffices to note that the
values of the particular continued fraction

1 1
z:: - - - - -— —— -
142
1 + llz_ ] + 2a,
Lo G
@
1 —

fill the domain (10.2) as a, ranges over the domain | 4. | < .

The statements (b) and (¢) were proved by Paydon and Wall
[68]. They showed, more generally, that when | @, | < #(1 — £),
0 <t <3, then the values = of the continued fraction fill the
domain (cf. § 38)
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Derinrrion 10.1. .7 set of points D of the complex planc will
be called a convergence set for the continued fraction (9.1) if the con-
tinued fraction converges for all values of the partial numerators as,
as, ay, - -+ in D.

Theorem 10.1 shows that the largest circular neighborhood of
the origin, with center at the origin, which is a convergence sct
for the continued fraction (9.1) is the one with radius . The
question naturally arises as to whether or not there are larger
neighborhoods which are not circular which are convergence sets.
This question will be considered in § 14.  Another question which
ariscs is the following: Given a point « in the complex plane, does
there cxist a neighborhood of 4 which is a convergence set for
(9.1)? This question will be considered in §§ 15 and 32.

An important type of continued fraction is

1
1+ (""_[;
1 i
+, 5

where ¢, ¢a, €3, --- arc constants and z is a complex variable.
l"rom Thcorcm 10.1 and a well known thcorem of Weicrstrass,
, then this continued
fraction converges umforml) and represents an analytic function
of z for | z| < 1/4M (cf. § 54).

11. Convergence of Continued Fractions Whose Partial Quo-
tients Are of the Form

_(1 - Kﬂ—l_)gl_):v_p.
1
The continued fraction of Theorem 10.1 has partial quotients
which can be written in the above form with g, = %, | x,| < 1.
We shall now prove this theorem.

Tueorem 11.1.  Let gy, g2, g3, - - - be constants which satisfy one or the
other of the conditions
0<g,<1l, p=1,2,3,---, (11.1)
or

O0<gyp <1, p=1,2,3,---. (11.2)
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Then, the following three statements hold.
(a) The continued fraction
£1

(1 = g1)gax2
(1 = g2)gs¥s
1 +

(11.3)

1+ —
1+

converges uniformly for | x,| <1, p = 2,3, 4, e
(b) The values of the continued fraction and of its approximants are in
the circular domain

1
s 1 — - 11.4
lsl<1-1, (11.4)
where
N K182 " &p
S=1+ (11.5)
;(1 —a)(l—g) - (=g’
(possibly o). The value of the continued fraction for x, = —1, p = 2,3,
1
4, ---yds 1 —

L

(c) The values of the continued fraction and of its approximants are in
the circular domain
‘ 1 ’ -

g — <L (11.6)
— &
Proof. Consider the continued fraction

2—g

&
— — 11.7
T T -7
St £Y) <
1 —-

For the sake of simplicity, let 6,41 = (1 — gp)gps1, 2 = 1,2, 3,
-. Wedcnote by P, and Q,, the #th numerator and denominator
of (11.7). 'These satisfy the recurrence formulas

1)71 = -Pn——l - onpu—-Z)
Qn = Qn—l - 0nQn—2
Py =0, b=, Qo=1, Q=1

=12,3,4, -

>

(11.8)
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With the aid of these formulas one may readily verify by mathe-
matical induction that

On=(1—=—g)1 —g)A —ga) - (I —gu)
+ &l —g)(1 —gy) - (1 — ga)
+ &51g2(1 —ga) - (1 —gu) +--- (11.9)
+gg2 o gua(l — gn) + £182 -+ &u

Po=0,— (1 —g)(1 —gs) - (1 —gn)

Hence, it follows that under either of the hypotheses (11.1) or
(11.2), 0, > 0,2 =1,2,3, ---. Now, we find by (11.8) that

Qr+2 =(1 - 0nq1 — 0n+2)Q" — 0.0, 11Qn—2, u = 2,3,4, -,
Hence, if we put

B NP T TR (11.10)

then

0})-}-1 = (] - 0]) - 0p+1)rp - rprp—20p'
Therefore, if | 4,41 | < 0p41, 2 = 1,2,3, -+, then
rpl 1 + ap + ﬂp+l l 2 rp(l - Bp - 0[1—-}-1) = rprp—20p + 01)+l

2 rprp—2| ap | + l Api1 l)
D= 1,2,3, -+, ro=r7r4 =0, 6 =a, =0.

That is, the continued fraction (11.3) satisfies the fundamental
inequalities (9.2) if | x,4. | < 1,2 =1,2,3, .-, the parameters

r» being given by (11.10). 'To prove (a), it is therefore sufficient
to prove that the series

gl + Zryre -+ 1p)

converges. This follows at once from Theorem 2.1, applied to
(11.7), inasmuch as
P,
g +2Zrry oo 1) = hm—Q—— 1 —

5

=

where § is given by (11.5).
The proof of (b) is contained in the preceding.
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T'o prove (c), we may write the value of the continued fraction
or of any of its approximants in the form .

g = &
L+ (1 — ghw’
where | w| < 1. Then, it follows at once that (11.6) holds.
This completes the proof of Theorem 11.1.

The preceding proof is based upon that of Scott and Wall [86].
A different proof, with the above formulation, was given by
Paydon and Wall [68]. Part (a), under the hypothesis0 < g, < 1,
p=1,2,3, ---, was proved by Perron [69, p. 262], starting with
less a complete result of Pringsheim [73]. Perron attributes the
thecorem to Van Vleck. However, it scems that Perron confused
this theorem with the following thecorem of Van Vleck [108].

Tueorem 11.2, [fO0 <L g, <1, p=1,23, --: and 1f the series

NPT PN T -

et (1 —g)(1 —g2) -+ (1 — &)

converges, then the continued fraction

1
- (11.11)
rx
1+ L£1Xy
(1 = g1)gax2
1T+ - —(] —-~—)
— go)gaX:
1+ g_zv.t.z 3

I+

converges uniformly for | x,| < 1, p =1, 2, 3, -+, the modulus of its
value does not exceed S, and its value for x,, = — 1,p =1,2,3, ---, is 8.

Proof.” The continued fraction (11.11) can be regarded as ob-
tained from (11.3) by multiplying the latter by x,, adding 1, and
then taking the reciprocal. When § is finite, the moduli of (11.3)
and its approximants do not exceed 1 — 1/§ < 1. It is therefore
obvious that (11.11) converges uniformly for | x,| < 1,p = 1,2,

7 "This proof shows that Theorem 11.2 is an eavy corollary to Theorem 11.1.  One may
show, conversely, that Theorem 11 115 a consequence of Theorem 11.2 (cf. [68]).
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3, -+, in this case, and the statements concerning the value of
the continued fraction are also at once cvident.

The continued fraction (11.11) diverges for x, = —1,p = 1,2,
3, --+,incase § = . However, we have this theorem [68].

Tueorem 11.3. If0<g, <1, p= 1,203, ---, and the series

= Hfo o &
1+ — e T e e -
le (=g - X:z) e (1= Kp)

diverges, then the continued fraction (11.11) converges for |.v,,| <1,
p=1,223, -, provided xp # —1 for at least one value of p.

Proof. l.ct &y, Ay, &y, - - - have values with moduli not greater
than unity, for which (11.11) diverges. Inasmuch as (11.3) con-
verges to a valuc z; with modulus not greater than unity, it is

obvious, since (11.11) diverges, that x2y = —1. Inasmuch as
|| 1, |21] €1, then we must have | x| =1, || =1
But, by (11.6), | 2, | = 1 only when 2, = 15 and since %2y = —1,
then x;, = —1. We now put
&1
2 = >
L+ (1 — g)xoze
where
g = L2
g = —— o o
14+ _(}__—_. 2) X3 N
g4 (= glgema
1 +-
Since 2; = 1, this shows that x4z, = —1. On repeating the argu-
ment used before, we conclude that 2, = 1,4, = —1. The proof

may now be completed by mathematical induction.

If | x| <r<1,|x,| <1,p=2,3,4, -, then (11.11) cvi-
dently converges uniformly inasmuch as (11.3) converges uni-
formly and has modulus not greater than unity. Hence we have

Tueorem 114, If 0< g <1, p=1,2,3, -+, 0r 0< g <1,
p=1,23, .-, then the continued fraction (11.11) converges uniformly
Sfor | x| | <rn ] Xp l <1, p=2 3,4, -+, for every constant r less than
unily.
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Interesting cases of the preceding theorems result by specializ-
ing the g, in different ways. We mention, in particular, the
cases g, = s and g, = p/(2p + 1).

We may of course apply the theorems of this chapter to con-
tinued fractions of the form

S (11.12)

if we first reduce the partial denominators to unity by mecans of
an cquivalence transformation. For instance, (11.12) converges
uniformly if there exist constants g, such that

a,
"< =g, 0<gn <1, p=1,2,3, -

bpbl'-f-l
If we put g, =1 — (1/p.), this condition takes the form pre-
ferred by Perron [69], namely:

an n - ‘
O P T S, n=1,2,3,
bnén-}l DuPryr

An interesting special case is obtained by taking

Gny1 = l, pen— = pan = I/IZ'L l, n=123,---.

The continued fraction

1
1
by + - "
by + - ——
by +-
is therefore convergent if
1 1
- <1, w=1,2,3,---.
b2n—1 + b'}.u - " >

This criterion goes back to Pringsheim [73].

12. A Convergence Theorem of von Koch. If the series Za,
of partial numerators of the continued fraction (9.1) is absolutely
convergent, then it is easy to show, by means of the same type
of argument which we used in establishing the limits in Theorem
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6.1, that the sequences {.7,} and { B, } of numerators and denomi-
nators of the continued fraction converge to finite limits .7 and B,
respectively. Therefore, if B 0, the continued fraction con-
verges, and /B is its value. H. von Koch [116] showed that the
continued fraction converges if infinitely many of the @, are differ-
ent from zero and if £|a,| < 1. Szdsz [99, 100] and Verbeek
[113] have contributed to this problem (cf. Perron [69, p. 259],
footnote). The result of Szdsz will be considered later on (§ 35).
The following somewhat improved form of von Koch’s theorem
(cf. Dennis and Wall [9]) will now be established by mcans of
Theorems 11.1, 11.2 and 11.3.

Tueorem 12.1.  The continued fraction (9.1) converges if

z lapp]| <1, #=1,2,3,---. (12.1)
p=1
We shall first prove the following lemma.
Lemma 12.1. Let ¢y, co, c3, - - - be nonnegative real numbers siuch
that n
E <1, w=1,23,---. (12.2)

p=1

Then, there exist numbers g, such that0 < g, < 1,p =1,2,3,---,
and such that

=g, C€p= (1 - gp—l)gw p = 2: 3, 4)

Since ¢, >0, p =1, 2,3, ---, it follows from (12.2) that
0 < ¢ < 1. Hence, g = ¢; has the required property. Lect us
assume that gy, g2, - -+, g have been determined. Then

1 <1l —e—cg-— ¢k
=l-g—(1—-g)ga— (1 —ga)ga—--— (1 — &)
=1 —g)1—g)— (L —ga)gs—-— (1 — g-1)g
SA—g)—(1—ga)gs— (1 —gadga — - — (1 — &—1)gk
=(1—-—g)1 —gs) — (1 —ga)ga—---— (1 — ge1)ge <+

= (1 — g—-2)(1 — g—1) — (1 — Lk—1)8k
<A —=-ga)— (1 — g-1)gr
= (1 — g1 —g) < (1 — go).
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Conscquently, there exists a number gi 4y such that 0 < geyy < 1,

and such that
Ck41 = (1 - gk)gk+1-

The lemma now follows by mathematical induction.
By (12.1) and the lemma we may now write

ay = g%, dpp = (1 — g 0)gp¥p, p=1,2,3,---,
where 0 < g, < l,and |x,|=1,(p=1,2,3, ---). Hence, if
one or more of the @, vanishes, then some g, vanishes, and hence
the series (11.5) converges. The convergence of the continued
fraction in this case then follows from Theorem 11.2.
Ifa,>#0,p=2,3,4,---,lct

G == laul, n=01,2 -,

p=n+2

sothat 0 < g < L,0<g, <1, p=1,2,3,---. Then

(I —gn)gnyr = < 2 ‘ ap |> <l - Z”: | Qap |>

p--nt1 p=n+2

ol +( S fanl) (1= 2 lanl),

p=nt2 p=n+1
and, consequently,

(I — g1)g2 = | as
(I = g)guy1 > | auqa| for u> 1.

b

Therefore, if we put
Ay = (1 —gn)gn-]lxu+l) H = l, 2) 3) Tty

we have [ x| < 1, | %, | <1, p=3,4,5, ---. The convergence
of the continued fraction then follows from Theorem 11.2 or
Theorem 11.3 if g; = 0, and from Theorem 11.1 in case g; > 0.

13. Second Interpretation of the Fundamental Inequalities.
We shall now introduce two parameters 4, and k., greater than
or equal to zero, and write the fundamental inequalities (9.2) in

the form
nll4+a| =10+ k)azl,

"1[ 1 + a3 + ay l > (1 + kz), a; l; (13.1)
"l'[ L4 a, + app | b I‘,,r,,_zl ap I + l"p-i-l l) p =345 -
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We thus write the first two of the inequalities in a form which
will enable us to conveniently distinguish two cases, according as
ky = ks = 0, or at least one of &, or &, is positive.

THeEOREM 13.1.  Let the continued fraction
1

14—

(13.2)

satisfy the fundamental inequalities (13.1). [f ky > O(ky > 0), then the
even (odd) part of the continued fraction converges [86].

Proof. If some partial numerator vanishes, then the continued
fraction, and, of course, its even and odd parts, converge, by
Theorem 9.2. We assume, then, that ¢, 0, p = 2, 3, 4, .
Then, it follows from (13.1) that 7, > 0, |1 4+ a4, + ap41| > 0,
and 7p] 1+ ap + apss | — | a1 | > 0, (p = 1,2,3, ---), where
ay is to be taken equal to zero.

Let us suppose that £, > 0. Put

= rapil 1+ Gapia + Gopaa| = [aapia] 5 4
rg,,+1| 1+ azpq1 + a2py2 |
Then, 0 < g, < 1. Also, by (13.1),

P 7”4|1+a-;+a4|—— (l4| ___7'1‘(13'
I rs|1+ﬂi+ll4| ]1+43+ﬂ4'
1+ kl)‘ asas ' .
(4 ae) +as+ay)|’
(1 = gnt)tr 2 1 [ a2yt
PR = ] (1 4+ asp—1 + a2,)(1 + a2p 1 + Azpi2) | ’
p =234,
so that >0
—42p%2p+1
- 1 — gu1)ge¥
(A + 225 + ﬂzp)(l + azpya + azp+z) = ( Co—t&rrs
=123,
where go =0, | x| < 1/(1 + k), |x,,| 1,2=23,4, -

After makmg a suitable cquivalence transformation upon the
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even part of (13.2), namely, upon (4.2), we see that the latter is
equal to

' 1 ) 1
1+ a, 14 g1%1
) (1 — g1)gexs
+ - &
1 4 (L= gwns
14-

This is convergent by Theorem 11.4.

The convergence of the odd part, in case k; > 0, can be estab-
lished in a similar way.

Theorem 13.1 states that if the continued fraction (13.2) satisfies
the fundamental inequalities, and if actual inequality holds in the
first two, then the even and odd parts of the continued fraction
converge. This gives us a second interpretation of the funda-
mental inequalitics. This will enable us, in certain cases, to
establish the convergence of the continued fraction even when
the majorant series 1 + 277y - - - 7, furnished by the first inter-
pretation of the fundamental inequalitics, is divergent. We shall
now proceed to show how this can be done.

TueoreMm 13.2.  Let the continued fraction (13.2) satisfy the fundamental
inequalities (13.1), with ky > 0, ky > O, and suppose that a, = 0, p = 2,
3,4y -+ Let byy bay bsy - -+ be defined by the formulas

y P = 1, 2’ 3, Sty (13-3)

b=1, a =
1 ) P+1 b,,b,,.*.l

so that the continued fraction is equivalent to

1
1 (13.4)
b + I
by 4 ———
2 + ot .

Let Q, be the pth denominator of (13.4), so that
QP = blbg s prp, (13.5)
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where B, is the pth denominator of (13.2). Then the following inequalities
hold:

rrg - 7'2,,_;[ Q2Pl 2 k(l + 7'1| bz‘ + 7'12"3I 54 I + e
+ iyt 7'2p—327'2p-1‘ bon ),
(13.6)
Torg = - 7'211‘ Q2p+1 l 2 k(l + 7'21 b;; 1 + 7'227'.;‘ b5 [ + s
+ 7'22"12 T 7'2})—22"2p| /".Zp-+1 l))

[’=1,2,3, Y

where k is a positive constant. (For p = 1, the inequalities are to be inter-
preted according to (13.9), below.) [86.]

Proof. On making the substitution (13.3) in (13.1), we obtain
n| 1+ biba| > U+ by 7| bibobs + b+ b3 | 2 1 + kay (13.7)
ro| bpetbpbpsr + bpey + bysr | 2 rprps| by | 4+ [ bpr |y
p=3,45 ---.

Inasmuch as Qo = l, Ql = bl = l, Qg =1 + b]bz, Q;; = blbzb;; +

by + b3, the first two of these inequalities can be written

1
@l =~ 12| = K],
1

. (13.8)
= -0 2 M),
where £ is the smaller of
k‘ k2
——, - ,-—, and 1.
7'1| éz l 7'2| b.; l a
Thus,
), | > k(1 b.
rll (.zl > k(1 + ”1| 2 I), (13.9)

7'2| QJ' > k(l + rzl b3 |)
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Now, by (13.7) and the fundamental recurrence formulas, we
have

I Qn X l

Q; b; B
> | byyrbussbps + bpgr + bpa | - ‘b'il - ‘b’l““ l | Qo |
p+1 p+1
l"-l/P: /; Ql &).’[
Z_r,j__;_,|_/,,,_|_+_]_/_,.,, l piL P Qo |
Fpyz bpt1 bpy |
so that
1 /)1 - 1
IQM:‘I—T"'IQPHI:\-"I' e (lQnHl"" |Qn—1l)'
Ypy2 bp-l-l "

On applying this incquality for p =1, 3, 4, - -+, and then for
p =2,4,6, -, and making use of (13.8), we then find that
r‘.zp--ll QZp ] > | Q21)—2 | + iy - r2p—lkl b2p I, (13.10)
raol Qapar | 2 | Qeps | + 727 - ragk] bapia |-
From these inequalities and (13.9), the inequalities (13.6) follow.
From the determinant formula and (13.3), (13.5), we find that
Ay _ Ayl 1
Bp+1 Bp l QI’QI’—H ]
In view of Theorem 13.1, this shows that the continued fraction
converges if it satisfies the hypothesis of Theorem 13.2 and if
lim sup | QpQpi1 | = =. (13.12)
In the next section we shall consider in detail the case where
the fundamental inequalities are satistied with7, = 1, p = 1,2,3,
In this case it follows at once from (13.6) that (13.12) holds
if the series Z| &, | is divergent. Thus, the continued fraction may
converge although the majorant series | + Zriry - - - r,, diverges.
14. The Parabola Theorem. We shall suppose that the funda-
mental inequalities (13.1) hold with 7, = 1, =1,2,3, -+, and
with &, > 0, k2 > 0, i.c., that

|1+ az| > |a:,
Il+ﬂ2+(ls| > |(l3|, (14.1)
ll+"p+(’p+llZl"l'|+l’1p+l|) P=3,4,5,"'-

(13.11)
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If some a, vanishes, then the continued fraction converges by
Theorem 9.2 (even when | 1 + ay| = |as| or |1 + a4y + a3| =
|az|). Ifa,=0,p=23,4, -, then, as remarked at the end
of §13, the continued fraction converges if the series 2|4, |,
given by (13.3), diverges. If this series converges, then the con-
tinued fraction diverges by virtue of Theorem 6.1.

T.et my, ms, my, - -+ be positive numbers such that

m <1,
(14.2)
my+mpy <1, p=1,2,3, ...

Then, if N
lapin| — M(api) <mp, p=1,2,3,--+,  (14.3)

v ¢ can show that the inequalities (14.1) are satistied (except that
|14+ ay + a3 | may equal | ay| if ax = 0). We have, in fact,

[T+ as| 214 Na) 21+ |ax| —m > |a2,
|14 a,+ a0 ] =1+ R0 + Rawg)

>1—mya—mpy+ |ay| + | apu |

>ay|+lawn|, P=2,3,4---.

We therefore have the following theorem.

Tueorem 14.1. Let as, ay, ay, -+ salisfy the inequalities (14.3),
where My, My, My, -+ are posstive numbers satisfving (14.2).  Then, the
continued fraction

1
———— (14.4)
ay
14 —-
ag
14+ — —
1+

converges if, and only if, (a) some a, vanishes, or (b) a,, # 0 for p = 2,3, 4,
<+« and the series Z| by |, given by (13.3), diverges. ’
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This theorem has a simple geometrical interpretation. The con-
dition (14.3) states, in fact, that for each p, 4,4, has its value
within or upon the parabola with focus at the origin and vertex at
—m,/2. In Figure 2, the parabolas are drawn for p = 1, 2, 3,

1
W b= ol—

Fis. 2.

2

and with my = L, my = }, my = 3. We note that if the pth
parabola contains real values less than —%, then the (p + 1)th

parabola cannot contain the value —%. Thus, all the parabolas
contain the Worpitzky circle, |z | = 1, if, and only if, m, =}
’ 4> ’ ’ P 2)

p=1,23---. If|a,1| <5 =123, then,obviously,
onc or the other of the conditions (a) or (b) of Theorem 14.1
holds. Hence, we sce that Theorem 14.1, with m, = %, furnishes
a generalization of the theorem of Worpitzky (§ 10).

We shall now prove, more generally, the following parabola
theorem (Scott and Wall [86]).

Tueorem 14.2. A set of points, S, in the complex plane, which is sym-
metrical with respect to the real axis, is a convergence set (Definition 10.1)
for the continued fraction (14.3) if, and only if, S is a bounded set contained
in the parabolic domain

| =] - e <L (14.5)
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Y

A

Fia. 3.

Moreover, if as, a3, asy - -+ are values contained in this parabolic domain,
then (14.9) converges if, and only if, (a) some ay vanishes or (b) ap # 0,
p=12,3,4, -+, and the series 2| b, l, given by (13.3), is divergent.

Proof. The last part of the theorem is the special case m, =
of Theorem 14.1. The sufficiency of the conditions imposed upon
S is contained in the last part of the theorem. It therefore remains
to be proved that the conditions are necessary.

It is necessary for a convergence set to be bounded. For other-
wise ag, a3, 4y, - - - can be chosen in § such that the series Z| 4, |
converges. The continued fraction then diverges by Theorem 6.1.
It is necessary for § to be contained in the parabolic domain
(14.5). For if § contains a point z = & outside this domain, then,
inasmuch as, by hypothesis, § is symmetrical with respect to the
real axis, it contains the complex conjugate @ of a. Butifa,, = a,
Gsp41 = @, p = 1,2,3, -+, then the continued fraction diverges
by Exercise 2.1. .

In Theorem 10.1 we found that the values of the continued
fraction (14.4) fill the circular domain |z — § | < } as 4y, 43, a4,

- range independently over all values with moduli not greater
than 1. The corresponding result when the circular region
| z| < %is replaced by the parabolic domain (14.5) is as follows.
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THEOREM 14.3.  The values of the continued fraction (14.4), and of its
approximants, fill the domain

|:-1]<1, 220, (14.6)

as as, @y, 4y, - - - range independently over the parabolic domain (14.5),
taking on values such that (a) or (b) of Theorem 14.2 holds.
Proof. lrom the recurrence formula (2.6) we find that

1
I+Pl'= - -

] + ”I'H
l+

so that, by (9.3), remembering that the fundamental inequalities

are satisfied here with r, = 1, we have

1

ol =] e -1
1

l + I"L._

IN

a,

1 -
4

Since as, a3, a4, -+ are independent variables over (14.5), it
follows that every approximant of the continued fraction has its
value in (14.6) when the a4, are in (14.5). Thus the values of
(14.4) and of its approximants arc all in (14.6).

Now, let z be any value in (14.6), and consider the continued
fraction |

- (1 = 1,2)(1,2) (14.7)

(] z)(l —1/2)

| — e

(1 -1 Z)(l/Z)
1 —
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This is of the form (14.4) with

1—2 -z
op = =, QA2pp1 = =
2z

We shall prove that (14.7) converges to the value 2. Irom the
fact that the continued fraction converges, it will then follow by
Fxercise 2.1 that the a4, are in (14.5). By Theorem 2.1, we sec
that (14.7) is cquivalent to the expression

o~ l l
)
z—1  (=-1DE-1) @-1HE-1)(E-1)
Inasmuch as [z — 1| < 1,z # 0, it readily follows that the con-
tinued fraction converges to the value z.
This completes the proof of Theorem 14.3.
Theorem 14.3 was proved by Scott and Wall [87] by mcans of
a geometric argument. The above simple proof is duc to R. E.
Lane [47].
Note. The example used in the above proof was obtained in
the following way. In view of Exercise 2.1, one tries to find a
continued fraction of the form

1
—_— (14.8)

a

1+ —
b+-- a
1+- ~ —

1+ a
L+

a

which takes on the valuc z. Both the odd and the even parts
must then have the value 2, 1.e.,

a
=1- 4
‘ a2

1+2R@) — —— - e o
1+ 29(a) —

1+2%a) — .
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a+1—- —— L
1+ 29%@) - —

Thus, 2 has simultancously the forms

a 1
z=1——-, and z2=— —,
¢ a-+s

where s and ¢ are real.  If we determine the intersection of the
maps of the real axis under these transformations of # and s into
z, we find that ¢ = (1 — 2)/22.

Remark. In a later section (§ 34) we shall return to Theorem
14.1, and connect it with a more general theorem, in which m, is
replaced by 2(1 — g,-1)g,, 0 < gp,1 < 1, (p=1,2,3, ---).

15. “‘Convergence Neighborhoods” of a Point (1). If z is a
given point in the complex plane, does there exist a neighborhood
of ¢ which is a convergence set for the continued fraction (14.4)?
Inasmuch as (14.4) diverges ifa,y; = ¢, p = 1,2,3, - -+, in case
¢ is on the rcal interval — o < x < —% (Theorem 8.2), we see
that a wecessary condition is that ¢ be not real, or that it be real
and greater than — 1. In alater section (§ 32) we shall prove that
this necessary condition is also sufficient. The methods developed
thus far enablc us to establish the existence of convergence
neighborhoods of ¢ only when R(c) > —1. We have the follow-
ing theorem.

Tueorem 15.1.  The continued fraction (14.4) converges if

|14+ 2] —2]¢|
4 b

| apyr — | < p=1,23 - (151)

(Note that | 1 + 2c| = 2| ¢| > 0 if, and only if, R(c) > —1). [86.]

Proof. let a,y = ¢+ R+, R,y > 0. Then, it is
casy to verify that the fundamental inequalities (14.1) are satis-
fied (except that |1 4 a; + a3| may equal |as| if 2, = 0),
provided R4, < (|1 4 2¢| — 2| ¢])/4. Hence, it follows that
(14.4) converges when (15.1) holds.



CONVERGENCE, WHERE, PARTIAL DENOMINATORS EQUAL UNITY 63

We note that when ¢ = 0, Theorem 15.1 reduces to Worpitzky’s
theorem.
Exercise 3
3.1. By specializing the g, in Theorem 11.2, show that the continued fraction

1

ay

14—
1+

az

1+

converges uniformly for | @y | < 1, p=1,2,3, ---.

3.2. Show that Theorem 11.1 can be derived from Theorem 11.2.  [68.]

3.3. Show that the values of the continued fraction of Theorem 15.1 are in
the circular domamn [z — 1| < 1.

3.4. let r, = | an1 | 1n the fundamental inequalities (9.2), and these in-
equalities lead to the inequahties
I 1+ ”2' 2 ly

l]+ﬂg+ll3[2],
]1+all+ap+1|2‘+lap—lalll) P=3,4,5,"'-

If these inequalities hold and some a, vanshes, then the continued fraction of
3.1 converges. If ap £ 0, p =2, 3, 4, -+, the mequalities hold with actual
inequality 1n the first, and lim sup | 4, | < o, then the continued fraction con-
verges [51, 86].

35.If [1+an|>1, [a3|>2Q4D/(0 =1, |a|<7r |apal2
24 r+r|apnl,p=1,2,3, -, where 0 <r < 1, then the continued frac-
tion of 3.1 is convergent [51].

3.6. If (13.1) holds with &1 > 0, k2 > 0, then any one of the following condi-
tions is sufficient for the convergence of the continued fraction of 3.1,

(a) limnf|a.| = 0;

(L) |ap| <M, p=2,3,4, ---, M finite;

(©) liminfrirs -+ ra < 0, =(1/] ap |) diverges;

(d) rirs -+ rop_1 < M, rarg - 1oy < M, Z| 4, | diverges;

(e) liminfrirg -+ rn < ©, 7173 -+ - rap_y and rarq - -+ 72p bounded away from
zero, S| 4, | diverges [86].

3.7. If the series 2| a, | converges, then the sequences {A4,} and {B.} con-
verge to finite limits [116].

3.8. The continued fraction of 3.1 converges and the modulus of its value
does not exceed 3 if |a,| < #%/(4n> — 1), n =2, 3, 4, ---. Moreover, the
value of the continued fraction is 3 if @, = —p*/(4p* — 1), p = 2,3, 4, ---.

39. Ifa, = 27 — 3 + 4x,)/4, n = 2, 3, 4, - - -, then the continued fraction
of 3.1 converges uniformly for | xa | < L, | %2 | < § — (1/4( — 1)), n = 3,4, 5,

3.10. Show that the continued fraction (9.1) converges if |azn41} <1,
|aon | > %% n=1,2,3, ---. Hint. Use the result of Exercise 1.1. [58.]
(For extensions or refinements of this result, see [124, 41, 101a, 7a]).



Chapter TV

INTRODUCTION TO THE THEORY OF POSITIVE
DEFINITE CONTINUED FRACTIONS

In the preceding chapter we have approached the convergence
problem for a continued fraction by investigating a certain infinite
series, | + Zpyps - - - p,, equivalent to the continued fraction.
We now propose to approach the problem by determining a class
of continued fractions whose denominators are different from
zero. To do this we shall express the denominators as deter-
minants, and then use the theorem of algebra which states that
a system of # homogeneous linear equations in # variables has
only the trivial solution (all variables equal to zero) if, and only
if, the determinant of the system is different from zero. We shall
be led in this way to connect the continued fraction with a certain
quadratic form. This method will enable us to carry the con-
vergence problem much farther than we have been able to carry
it by means of the methods of Chapter III.

16. Definition of a Positive Definite Continued Fraction. We
shall now consider continued fractions of the form

N (16.1)

in which the 4, and 4, are complex constants, and 2z;, 2, 23, * -
are complex variables. It will often be convenient to let z stand
64
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for the set (21, 22, 23, - - -) and O for the set (0, 0,0, ---). Thus,
the pth numerator and denominator of (16.1) will be denoted by
4,(z) and B,(2), respectively; and .7,(0), B,(0) will denote the
values of 7,(z), Bp(z) for 2y = 23 =23 =---=0. We use a,°
instead of @, in order to avoid using the exponent } later on.

Lemma 16.1. The denominators of the continued fraction (16.1)
are given by the formulas

B,(z) =
b4z, —a, 0, o, 0, ey 0
—a, ba+2s, —as, 0, 0, ey 0
0, —as,  bytzy, —ay, 0, coey 0
)
0, 0, ] 0, —dy_sy, bpat2,, —a,y
0, o, sy 0, 0, —a,_1, bp+z,

(P = 1)2’ 3; ) (](’2)

Proof. We nced but note that these determinants satisfy the
recurrence formulas

-Bp(z) = (bp + Zp)];p—l(z) - ”11~12B11—2(z)’
(16.3)
p=123

with the initial values B_;(2) = 0, Bo(z) = 1, (@9 = 1), which
arc satisfied by the denominators of (16.1).

We now turn to the system of homogencous lincar equations
in the variables x,, whose determinant is B,(z), namely,

(&1 + Zl)xl — diXy = 0,

—axy + (b2 + 23)x2 — azxs = 0, (16.4)

—Qp_1Xp—1 + (bp + z,,)x,, = (.

This has no solution excepting the trivial solution x; = xy =+ - -
= x, = 0 if, and only if, B,(2) # 0. lLet us multiply the equa-
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tions (16.4) by x,, s, - - -, x,, respectively, and add the resulting
equations. This gives

1
3+ w57~ Zuxx,xm + xxq1) = 0. (16.5)

r=1
We shall now put
B, = ’\;(br), Yr = '\X(Zr), @ = 3(“1')3

and suppose that the imaginary part of the left-hand member of
(16.5) is positive definite for y, > 0, i.e., that

1 1
Z(ﬁ, + yo)| |2 —Zm(x,x,“ + x,41) >0 (16.6)
r=1 r=1

for y, >0, »=1,2,3, -+, p,z | %, |2 > 0. It then follows

r=1
that (16.5) and (16.4) can hold when the y, are positive if, and
only if, x; = xy =---=x, =0, and therefore B,(z) # 0 for
Yr > O(r = 1)2>3) "')p)°
Lemma 16.2. [f the real quadratic form

2 p- 1

D Bk = 2D akb 20 (16.7)

r=1 r=1
for all real values of the &, then (16.6) holds, and conversely.

Proof. If (16.6) holds, then (16.7) obviously holds. Suppose
that (16.7) holds, and put x, = #, + #v,, u,, v, real. \We then find
that the quadratic form in the left-hand member of (16.6) is
cqual to

(Zﬁ,u, - 72“’”’”'“) + <Zﬁ,v, ia,v,v,“)

r=1 r=1 1

13
2Dl
r=1

r=1

so that (16.6) holds.
We now make the following definition.
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Derinrrion 16.1. The continued fraction (16.1) is said to be
positive definite if the quadratic form

n n -1
D Bt - zzaram >0

r=1 1=1

for p = 1,2,3, -+, and for all real values of &y, &2, &4, - - -, where

Br = '\}'(br), @y = 8(”7')-

In view of Lemma 16.2; we conclude from the preceding that
this thcorem holds.

THeorEM 16.1.  If the continued fraction (16.1) is positive definite, then
its denominators B,(2) are different from zero for () > 0, (r = 1, 2, 3,
---). [138.]

We shall now prove the following theorem of Wall and Wetzel
[139], which furnishes a parametric representation for the cocfhi-
cients a, and &, of a positive definite continued fraction.

Tueorem 16.2.  The continued fraction (16.1) is positive definite if,
and only if, both the following conditions are satisfied.
(a) The imaginary parts B, = J(byn) of the numbers b, are all non-
negative:
Bn2>20, n=1,23, ---. (16.8)

(b) There exist numbers go, g1, g2, + - - Such that
0 En—1 < ], an2 = ﬁnﬁn+l(] - gn—l)gn) n=1, 2) 3, ] (16'9)
where o, = J(a,). [139.]

Proof. On putting all the & cqual to 0 with the exception of
£,, we see from (16.7), with p > u, that the condition (16.8) is
necessary for (16.7) to hold. Let &3 = & = & =---= 0. Then
(16.7) becomes

Bi&r? — 2audids + Bakn? > 0.

Consequently, it is necessary that oy® < 18, i.c., that o? =
BiB2(1 — go)g1, where gy = 0 and 0 < gy < 1. We shall agree
thatg1 = Olfﬁl = 0. Let =t =¢== 0, and we may
now write (16.7) in the form

[B:(1 — go))”& - (ﬁzgl)miézl2 + B2(1 — 3'1)522 — 2026283 + Bsts®
>0.
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If B, = 0 so that, by agreecment, g; = 0, then the first term on the
left is equal to 0. 1f 8; > 0 and we put
.  (Bor)%ts

s (31(1 - gn))%’

then again the first term is zero.  Since £, and &3 are unrestricted,
we must therefore have

an? < BoBs(l — g1), or a® = BuBs(l — g1)g
where 0 < g2 < 1. We shall agree that g, = 0 if 8, = 0 or if
o= 1. Onsetting & = & = & =+ = 0, we find next that
[Bi(1 — g0)) %1 — (Bag1) 6al*
+ (B2l — g1)) s — (Bage) &)

+ Ba(l — g2)&5% — 2a38384 + Bafs® 2 0,
and, conscquently, we conclude that a3® < B38:(1 — g3), or
ag? = BaB4(1 — go)gs where 0 < gy <l and gz =01if B3 =0 or
if g, = 1. Continuing in this manner, we sce that the condition
(16.9) is necessary for the continued fraction to be positive
definite.

If we suppose, conversely, that (16.8) and (16.9) hold, then
we have the obvious identity

-1
Zﬁrfr - oi:ﬂr’érfr“ = &’05151 + (] — &p- l)ﬁpsp

r=1
) -1

[(ﬁr(l - gr—l))lzsr - (ﬁn{ |£r)LZE,+|]2, (l().]())

r=1
from which (16.7) follows.
This completes the proof of Theorem 16.2.
Cororrary 16.1. /e may assume that gy = O in Theorem 16.2.

If (16.7) holds, then

Zﬁrér Zar &k 20

r=1 r=1

tor all real values of the &, provided | o’ | < ||, = 1,2, 3,
-+, 2 — 1). Hence, we have
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CoroLLARY 16.2.  In Theorem 16.2, we may replace the condition
(16.9) by the condition

0< En—1 < l, an2 < 6nﬂn+l(1 - gn—l)gn)

16.11)
n=1,23 ---. (
Inasmuch as [a,ﬁ'] — N(e.?) = 2%, this condition may be
written
0 S g,. -1 S 1, l (1"2 I - Sn(ﬂl:?) _<. r—,ﬁnﬂn»ll(] - gn -1).2'",
(16.12)

n=1273,-

By means of this formulation of the condition of positive defi-
niteness, we can show that the continued fractions studied in
Chapter III belong to the class of positive definite continued
fractions. In fact, with the aid of an equivalence transformation
we find that

1 i

1+

ay . 1~

- i— - —
as Cy”

14 ZEEL

Ty T

where we have puta,_; = ¢,%,p = 1,2,3, ---. Then,in the nota-
tion introduced above, 8, = 1. The condition (16.12) now reads

0 S gn 1 < ]) l[nzl - 9t([ug) S 2(] - gn—l)gn’

B (16.13)
n=1,23 ---.

If we put g, = 1, this reduces to the condition (14.5) of the
parabola thecorem. If the g, satisfy the additional requirement
that (1 - g())gl < %; (1 - gn-—l)gn + (1 - gn)gn—H S %, (77 = 1)2) 3,
.-+), the above condition reduces to (14.3). If the ¢, are pure
imaginary, then (16.13) reduces to | ¢,>| < (1 — gu—1)gn, Which
is the condition used in § 11. In any case, (16.13) implies that
I €’ l < (1 — gn-1)gn

It should be noted that (16.1) is positive definite if the 2, and
b, are real; or if the a4, are real and the 4, have nonnegative
imaginary parts (cf, Hellinger and Wall [35]). The class of posi-
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tive definite continued fractions was first introduced and investi-
gated by Wall and Wetzel [138, 139].

17. The Nest of Circles. We saw in § 14 that the values of
the approximants of the continued fraction of the parabola
theorem are all in a certain circle. We shall now show that the
same is true of a positive definite continued fraction, provided
that 3(z,) > 0, 3(z,) > 0,r =2,3,4, ---. For this purpose we
shall need the following lemma.

Lemma 17.1. Let

2

¢ = ty(w) = by + 2, — ~w p=1,23 -, (I7.1)

where
Bh = 3(111') > O, apz = 3({1”)2 < BpovH(l _ g,,_l)g,,, .
Osgp-—-151, p=]’2’3,.... .=

,.f 3(71)) 2 Bl)"Hgl’ then 3(1) Z :Bpgp——l +y[n w/zfr(’ Yy = 3(21)),
(p= 1,2,3,--+). [9.]
Proof. Since, by hypothesis, J(w) > B,41g» we have, for

Yo >0, i )

, B D — dp- « )2

J(w) > Bpiign-, - > -
ﬁp(l - gp—l) +_y11 ﬁp(l - gp—l) +_}'p
Therefore,

w + m_»_____"’ipz > | a,% | ) .
2[B,(1 — go—1) + 34l 218,(1 — gp1) + 35l

This says, in fact, that w lies outside or upon a circle which is
tangent to the line 3(w) = &,%/[8,(1 — g,—1) + ¥,] from below,
and is cquivalent to the inequality 8, + v, — 3(a,2/w) > 8,8,
or 3(#) > Bgp—1. Since this holds for y, > 0, it must hold for
y» = 0. Thus,

a,’
ﬁp -3 —w > Bpgr—1s

a,*
Bp +_yp - 3 (—‘i)_) 2> 6l'gl'—l +.yp’

or
3() 2 Bugo—1 + 0
as was to be proved.
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We now apply the transformation ¢ = ¢y(w) = 1/w to the half-
plane &(w) > Bigo + 1, and find that it is transformed into the
proper circular region

i .
t+ < -, for goBi+3 >0. (17.3)
2(goB1 + 1) 2(goBr + 1) o l (

We shall denote this region by Ky(z). This is tangent to the real

axis from below at the origin.
We next define K;(z) as the map of the half-plane J(w) > g8,
under the transformation

1

t=toh(w) = ——— -
4y

b+ 2 —
w

By the lemma, 3[4 (w)] > goB1 + 31 for J(w) > g18., and there-
fore K;(2) is contained in Ky(2). Since w = o is on the boundary
of the half-plane J(w) > g,B8., it follows that #y,(»), the first
approximant of (16.1), is on the boundary of A;(z). We note
that if @; = 0, then K,(z) is the single point

1 1h(2)
by + Zx Bi(z)’
For arbitrary p > 1, we now define KA ,(2) as the map of the half-
plane 3(w) > B,41g, under the transformation

1
t=toty - ty(w) =-- - — T (17.4)
b+ 2 — e ——
' 1 by + 2y —- 4. .2
* p—1
- 5>
bp + 2p — o
w

where we suppose that J(z,) >0, =2, 3,4, ---. From the

lemma it follows immediately that K,(2) is contained in K,_;(2).

As before, we see that the pth approximant of (16.1), namely,

oty - t,,( ©), 1s upon the boundary of K,(z). Ifsomea, vanishes,

and an 1s the first which vanishes, then all the circular reglons
K,(z) reduce to the point £y - - - £,,() for p > m.
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On referring to the incquality (17.3) defining Ky(z), we now
conclude from the fact that

Ko(2) D Ki() D Ku(2) D -+, (17.5)

that for all points £ of these circular domains:

J@ L0, |’| < -, for goBr + 31 >0,

gob1 +

17.6
.VrZO, ’.__._.2’3’4’..., (7)
and that, in particular, the approximants of (16.1) satisfy:
3 (../,5_(z)> <o, |[P@) 1
By(z) B,(2) £oB1 +
(17.7)

for goBi +y1 >0, 3. >0, r=2234,---.

Thus, the approximants of a positive definite continued fraction
have all their values in the lower half-plane, and have moduli
not greater than 1y, for 3(z1) = 31 > 0, (@) = 3. 20, r =12,
3, 4, ---. More precisely, the values of the approximants arc
all in the circular domain K(2).

We note the following theorem, which supplements Theorem
16.1.

Tueorem 17.1. If in (17.2), gpiBp > 0, p = 1, 2, 3, - -+, then the
denominators of the continued fraction (16.1) are different from zero for
3@E) 20,7 =1,2,3, ---. [9.]

Proof. In case the 4, are different from 0, this follows at once
from the determinant formula and (17.7). If some a, vanishes,
then it suffices to observe that, by (16.2), the denominators can
be written as products of factors, each of which may be regarded
as a denominator of a positive definite continued fraction, with
nonvanishing partial numerators and bounded approximants.

From Theorems 5.1, 16.1 and 17.1 we have:

THeorREM 17.2. Let (16.1) be a positive definite continued fraction
having one or more vanishing partial numerators. The continued frac-
tion converges for J(zp) > 0, r =1,2,3, -+ -5and, if g,_18, > 0,p = 1,
2, 3, + -, the continued fraction converges for J(z,) > 0,r =1,2,3, ---.
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We shall assume from this point on, unless the contrary is
explicitly stated, that

a, #0, p=1,23, - (17.8)

I'rom (17.5) and the fact that the pth approximant of (16.1)
is in K,(z), it follows that for any particular values of the z,
with X(z;) > 0, J(z,) >0, » =2, 3, 4, -+, there are just two
possible cases.

Case 1. The limit-point case. The circular regions K,(z) have
one and only one value f(z) in common; the radius of K,(z) has
the limit O for p = o ; the continued fraction converges and its
value is f(z).

Case 2. The limit-circle case. The circular regions K ,(z) have
a circular region in common; the radius of K,(2) has a positive
limit for p = %; the continued fraction may conceivably con-
verge or diverge.

The decision as to which of the two cases holds rests upon a
knowledge of the behavior of the radius 7,(z) of K,(2) for p = .
Accordingly, we shall proceed to determine a formula for »,(z).

[t will be convenient to use, instead of the polynomials .7,(2)
and B,(z), the polynomials

o) = A,(2) B B,() _

b}
ddy - ay, ady - dy (17.9)
p=1213, -

We define 4\'1(2:) = O, Y](Z) = ], .\’()(Z) = —'1, Y“(Z) = (0. The
polynomials .\, = X, (z2) and Y, = Y,(2) satisfy the recurrence
formulas
—”p— 1 -\’p—l+ (/)[)+z[l)'\’p_”p-\’p 1= 0)
p=—1,2,3, ---, (17.10)
—da,_ Yll—l +(b,,+z,,) }’l’_al’YP i =(),
where we must put @, = 1. The determinant formula becomes
. , 1
NonV, = XY, 0=, p=1,23,---. (IL.11)

ay
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We shall suppose now that the parameters g, have been chosen
so that, in (17.2),

a,t = BB (l — goi)gw P =123, (17.12)

Let us recall that the circular region K,(z) is the map of the
half-plane J(w) > 8,418, under the transformation (17.4). We
now write the latter in the form

A (@D)w — a,,?_//,, ()

L=ty - - t(w) = - e
" () B,(2)w — a,’B, 1(2)

On introducing the polynomials (17.9), we then find that
Xonmw — a,X,
t = —_— . 17.13
Y,,“w el (l‘,Yl, ( )

This transformation carries the point w = 4,Y,, Y, into the
point £ = ». Inasmuch as the center C, of K,(z) and = are
inverse points with respect to K,(z), and inasmuch as the points

4pYp

p-t1

+ 2ig,By 11 (17.14)

and 4,Y,/Y,;, arc inverse points with respect to the line
X(w) = Bpyigm it follows that €, is the image under the trans-
formation (17.13) of the point (17.14), that is,

r (z,)y', . -
Nt (Y + Zlgnﬁnn) —a,X,
pil

ap Yp . 4
yp i1 ( + ?-Igpﬁp y1 ) = ”l:y p
YI' |1

Inasmuch as the pth approximant of the continued fraction lies
upon the boundary of K ,(z), we therefore have:

C,= (17.15)

-;"p +1
Yp +1

On substituting here the value of €, from (17.15), and using
(17.11), we then find that

rp(z) = | C, —

1
Knﬂn+ll Yo Iz — 3@ YY1 I

(17.16)

rp(z) =
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In order to throw this expression into a more convenient form,
we multiply the second recurrence formula (17.10) by Y,, and
get, on replacing p by 7,

_ar—IYr—l?r + (br + Zr)l Yr l.’ - ”rYr+er = O,
r=1,2%3, -

Remembering that Y, = 0, we then find, on summing over r
from 1 to p:

r=p r=p

Z(br + zr)l Yr '2 _Zﬂr(yr-HYr + Yr +1Yr) = —ﬂpYrH-lYp-

=1 r=1

Hence, if we consider only the imaginary parts, we get

J (“pr?p-H)

) . (17.17)
= Zﬂ’r(yrq-l?r + Yr—f—er) _Z(Br +}’r)[ Yr Iz-
r=1 r=1
With the aid of this formula and (17.16) we then have:
2r,(2) =
_— ! e - - --e (17.18)

|p+l

DBV _Za,(Y,+1Y, LV,.7) +Z |V, 2
r=1 )=
- (1 - gl')ﬁpul Y,,+1 |
Finally, if we employ the identity (16.10), this formula can be

written, if we now use (17.12),

2ru(2) =

g()ﬂl +Z( ’le Y l + I (6r(] — & I))%Y - (6r|lgr) Yr+l |2)
(17.19)

This holds for p = 1,2,3, ---. It should be emphasized that this
formula was developed under the hypothesis (17.12). The
formulas prior to (17.19) hold under the hypothesis (17.2).

18. Positive Definite Continued Fractions and the Parabola
Theorem. We pointed out in § 16 that the continued fraction

1
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of the parabola theorem (Theorem 14.2) is a particular case of
the positive definite continued fraction. The question naturally
arises as to whether or not the machinery which we have set up
in the preceding section can be used to obtain the condition for
convergence given in the parabola theorem.

To answer this question, we shall first express the center C,
(cf. (17.15)) of the circular region K ,(z) in terms of the poly-
nomials ./, = ./,(z) and B, = B,(3) of (17.9). We find imme-
diately that
a,° /ng_n_ -1 __45!2‘_'71'—1§p__+ 2ign6p+l",po.
“nzBpBll~l - al'zBl)—lBll + llgpﬁp HBuBu

Hence, the radius 7,(z) = | C, — A,/ B, | is given by

r,.(z) =

C, =

| mas - a, |?
| Bybia, By [P =] a2 B, o [P4+(208, 11— D[ B, |
In (16.1) we now put z, = 0, 4, =4, p=1,2,3, -+, so that
the continued fraction becomes

1

(18.1)

(18.2)

and B, + ia,?B, 1 == —iB,;1. On taking g, = 3, p =1, 2, 3,
.-+, we then find that

| aiay -+ a, |?

[ l},,“ l") - llll,zB,, 1 I:!
We now make the substitution
1

0
= l, a, = T p=1y2;3v""
CpCp i

o= ru0) —

Qp = ey -+ "po,

and this expression for 7, becomes

I"p-Hl 1
R e e e (18.3)
, |Q:‘ill - IQ:»—-II |Qn+ll +lQn-l,
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At the same time, the continued fraction (18.2) becomes, under
the above substitution,

1
—— (18.4)
Cli - —":'_——'—' l'
Copl — -, -
Cy3l —
. . . .,
which is equivalent to
—1
S 1
(1 + oo 'i
c+ - -

¢ + _

Of course, this substitution can be made only when the «), are
different from zero. The convergence of (18.2) when some «,
vanishes is covered by Thcorem 17.2.

We wish to show that lim 7, = 0 if the series 2| ¢, | diverges.

p=
That is, the limit-point casc (cf. § 17) holds, so that the continued
fraction converges if the series 2| ¢, | diverges. The question
raised at the beginning of this section will then have been answered
in the affirmative.

The means for the proof are at hand. In fact, since

|”1>2| — N(a,?) < 'L) p=123 -
then, as in §14,
1+ a2} + e

|1+”1)2+”ﬂ+12‘ Zl"p2l+|"1’+12l> p=1L23
or
l1+f1¢'2| Z%lflle‘l‘l,

| ootz + e+ 0| 2 |+l 2=1,23, -
Therefore, as in (13.8),

|Q2|—|QOI %lle:

Qs = Q] 2 |es| 2 3 eals

v



78 ANALYTIC THEORY OF CONTINUED FRACTIONS

or
Q‘ 2 1'(1 + ¢ ):
| 0, | ; | ca | (18.5)
lQ:cl > ;(1 +If3l)§
and, as in (13.10),
| Qap | 2 | Qupa| + 3| €20 |, (18.6)
| (Q2p11 | 2 l Qzp—1 I + %l C2p+1 l .
On applying (18.5) and (18.6) to (18.3), we get
2 2
Fapr < T s Yup < TS (187)
1+E[(2,| 1+Elf'2r+1|
r=1 r=1

Inasmuch as r, > #y > 73 > - -+, it then follows that r, —0 if
the series 2| ¢, | diverges.

This proof gives us some new information. Since all the approx-
imants from and after the pth approximant are in the circular
region K, we can make an assertion concerning uniform con-
vergence. let ;% a,%) a3®, - -+ have their values so restricted in
the parabolic domain |z| — R(z) < } that the quantity R,
defined below tends wwiformly to O for all these valucs of 4%
az®, az®, +--. We take

1

—p T lf ayds - a4, # 0;

Ro=1{D el

0 if =0 forsome k£ <p—1.
Then, the continued fraction converges uniformly over the speci-
fied sct of values of @, a2, a3®, ---. This is true, in particular,
if these values are restricted to a bounded portion of the parabolic
domain. Hence, we have, if we change the notation,
THeoreM 18.1.  The continued fraction
1

ay

14—

as
I+
1+-
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converges uniformly for ay, a3, as, -« - in the domain

|s] - %@ <3, |zl <M,
Sor every constant M.

The above type of argument was used by Paydon and Wall [68]
before the notion of a positive definite continued fraction had
been introduced. They obtained the nest of circles in this par-
ticular case by mapping the domain | w — 1| < 1 by means of the
transformations ¢ = ##, - - - £,(w), where ,(w) = 1/(1 4+ @, w).

19. Chain Sequences. In the present chapter, and also in
Chapter II1, we have seen that sequences of the form

(I —gi)g, (I —g)gs, (1 — ga)gs, (19.1)

where 0 < g, <1, p=0, 1, 2, --- play a fundamental role.
Some of the properties of these sequences have been revealed
during the course of the preceding developments. We shall
pause here to give the subject a somewhat more systematic
treatment.

The sequences in question will be called chain sequences;
and the numbers g, will be called parameters of the sequences.

The constant term sequence L, 1, 1 ... is a chain sequence
with parameters g, = 3,2 = 0,1,2, ---. In the following theorem
we characterize all constant term chain sequences.

Tueorem 19.1. 4 constant tern sequence a, a, a, --- is a chain
sequence 1f, and only if,0 < a < §.

Proof. To show that the condition is necessary, we show that
any chain sequence whose terms are greater than } is not a con-
stant term sequence. In fact, if

(1 - gl’—l)gp > %) P = l’ 2) 3) Y (192)

e R A pal
= g_"?’ SLE.LEN V(I — gp_)gs > 7

a—

then

sothatg, > g,_1. Hence, the increasing sequence go < g1 < g2 <
.-+ < 1, must converge to a limit g, and, by (19.2), (1 — g)g > §-
That is, the chain sequence converges to the limit 4, inasmuch as
(1 — g)g cannot exceed 1, and is therefore not a constant term
sequence. To show that the condition is sufficient, one need but
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note the identity (1 — g)g = @ where g = (1 + V1 = 4a)/2,
0<ac<ij.

A chain sequence does not, in general, determine its parameters
uniquely. For instance, the sequence §, 1, 1, - - - has the parame-
ters

= ] 1 ! 1 ! =0,1,2 19.3
”I,,—;( —};»-{—T , and AI,,‘—‘S, P=U1,2,--". ( -\)

We shall now prove

Turorem 19.2.  Kvery chain sequence has minimal parameters my and
maximal parameters My, such that

my, < g, <M, p=0,1,2, -, (19.9)
Sfor all other paramelers g, of the sequence [139, 9.

Proof. I.ct {a,} be agiven chain sequence with parameters g,.
We shall define the minimal parameters recurrently as follows.

0 if m,=1,

my = 0, Mpp1 —~ (lp_’_l— if - 1 p = 0, ], 2, . '.(19 5)
p ’ .

1l —m,

Since my = 0, then m, < go. Using induction, we suppose that
for some 4 >0, my < g fmp=1o0r m <1 and ary; = 0,
then my 0 = 0 < gigr; if me = 1 and ary o > 0, then, by (19.5)
and the induction hypothesis,

8k 41 (1 — gl _ (1 — glgen

My =~ - =t o s K e T = g,

1 —m 1 —my 1 — &

Thus, m, < g, for p =0,1,2, ---.

From the definition of the m,, it follows that m, > 0; and
from what we have just proved, it follows that m, < 1.

That (1 — m,)m,41 = apy1 is obvious from (19.5) if m, < L.
[fm, = 1, then g, being greater than or equal to 7,, must equal 1,
so that @41 = (1 — g,)gp11 = 0. Hence, (1 — my)mppy = ap 1
in this case.
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We have completed the proof of existence of the minimal
parameters.
We now define the maximal parameters by the formula
ap-{l

Mp=1'—“-" - ]’=0,1,3»"': (l()‘b)

Apy2
1 — - S

Ap+3

1 —
1 —.

)
where we adopt the convention that in case some partial numer-
ator of the continued fraction vanishes, then the continued frac-
tion shall terminate with the first vanishing partial quotient.
Thus, if a,4 =0, then M, =1 > g,; if a,,2 =0, a,41 >0,
then M, =1 —a,;1 =1~ (1 — g)gp41 2 gp- I apy1, apis,

-, @, 44 are positive and a,44 41 = 0, (k > 0), then
M,=1—-(1—g,) -
Lr it i
(] - gl'+l) Spz
_ U gn+-)gn+-f_
1 —-

1 —-

(1= &gk —2)n s
(1 — &nik —l).k",» +k.
1

If goix = 1, this obviously reduces to M, = g,; and if g, 4 < I,
then we may write, by Theorem 2.1,

1
M, =1—(1 —yg,) (] o ), (19.7)
»

1 —

where
» { &

Kp41&pt2 "7 &
Ty =1+ : e (19.8)
’ reptl (I = gpy) (I — goy2) -+ (1 — g2)

In this case, M, > g,. Finally, if ¢, >0, »=1,2,3, ---,
then M, is again given by (19.7), but with 7, now defined by

Ep+18p+2 " " &r
T,=1+ - - —--< w, (19.9)
! r-;l (1 = g = g1'+2) (l — &) (
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Hence, again M, > g,. Equality holds here if, and only if,
T, = o,

It follows from the definition of the M,, and from what we
have just proved, that 0 < M, < 1forp =0,1,2, ---. Finally,
if Apy1 = O, then Mp =1 and (1 - pr)lwp+1 =0 = Ap41- If
ap41 > 0 so that 0 < g,41 < Mpy4, then it follows from (19.6)
that

a
Mp =1-— et dpy1 = (1 - MP)MIH-I'

This completes the proof of Theorem 19.2.

We note that in case ¢, > 0, p=1,2,3, ---, then M, = g,
for all values of p if, and only if, the series

gngz T gr
14 E —_— 19.10
(1 =gl —g) - (1 — g) ( )

diverges.  In particular, we have

Tueorem 19.3. Let a,, p=1, 2, 3, -+, be a positwe-term chain
sequence, with minimal parameters m,. Then, the maximal parameters
are equal to the corresponding minimal paramncters, so that the chain
sequence deterimines its parameters uniquely if, and only if, the series

0

minry - n,

1 - 19.11
+; = m)(l —my) -+ (1 — my) ( )

diverges.

CoroLLARY 19.1. ./ positive-term chain sequence determines its
parameters uniquely if, and only if, its Oth maximal parameter M,
is equal to 0.

[t is important in certain connections (cf. Theorem 17.1) to
know conditions under which the maximal parameters of a chain
sequence are all positive. We have this theorem, which readily
follows from the definition of the maximal parameters.

Tueorem 19.4. Let ay, p = 1,2, 3, -+, be a chain sequence whose
minimal parameters satisfy the inequalities 0 < mp < 1, p =0,1,2, -+
Then, its maximal parameters are all positive if, and only if, all the con-
tinued fractions
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are convergent.

We may illustrate Theorem 19.2 by means of the constant term
sequence a, a, @, - -+, where 0 < a < } (cf. Theorem 19.1). In
this case, the minimal parameter m, is given by the pth approxi-
mant of the continued fraction

a
1] — —
1— . %
1 —.
so that o »
1—V1—4 1
my = ——— "%y _ |, (19.12)
2 (1_-4-_\/1__—_:115
~I\l — V1 —4a

Y2 =0> ])2, Tt

and the maximal parameters are given by
a 1+ V1 —4q

A rp=0172 .-

1= - (19.13)

These formulas reduce to (19.3) when a = }.

We shall now investigate the question as to when a chain
scquence {4,} can be found which dominates a given chain
sequence {a,}. We have this thcorem.

THEOREM 19.5.  Given a chain sequence {a,} with minimal and maximal
parameters mp and M,. Then, there exists a chain sequence {by} such
that

bp>ap p=1,2,3,---, (19.14)
if, and only if, '
M. < M. n=0.1.2 .... (19 15)
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Proof. Suppose first that (19.15) holds, and put
gr=m,+ 1 —-rM,, p=0,1,2, -,
where 0 < » < 1. Then, clearly, 0 < g, < 1. Let
bp = (1 — gp_1)g»p-

Then, (19.14) holds. In fact, the incquality (19.14) is equivalent
to the inequality

N=rmpyy — (A =M, ))rm, + (1 —r)M,)
>r(l —mu_p)m, + (1 —r)(1 — My )M,
This, in turn, is equivalent to the inequality
Mp—y — my )M, — mp) > 0,

which holds because of (19.15).
To prove that, conversely, (19.14) implies (19.15), we prove
the following more precise result.

ANALYTIC THEORY OF CONTINUED FRACTIONS

THeoreM 19.6.  Let {a,} be a chain sequence with minimal and maximal
arameters iy and M,, respectively.  Let (b, be a second chain sequence
P 2 P q
with parameters hy, such that

bp 2 apy, p=1,2,3, -, (19.16)
Then,
my < hy < M, p=0,1,2,---. (19.17)

If, moreover, for auy particular k > 0, by > aggyy then mg < by,
and hy < M.

Proof. Since mq = 0, then mg < Ay Using induction, let us
assume that m; < Ay for some £ > 0. In case g, = 0, so that
my 1 —= 0, then myg o < Aiyoy while if axyy > 0, then it follows
from the relations (1 — Ag)heyy > (L — m)mypy > 0 and 1 — A
<1 — my, that meyy <l I = A > (U — m)myyy,
then it 1s clear that myyy < gy This proves the part of the
thcorem which relates to the minimal parameters.

We now prove the part relating to the maximal parameters.
By (19.6),ifa,41 = 0,then M, = 1 > Ay, and if (1 — &)k, >
@p41,80 that 4, < 1, then M, > 4,. Ifa, > 0,a,42 = 0, then
hptr > 0,4, < 1,s0 that if (1 — Ap)hyyq > @y 41, we have

api
/Ih < 1 - I’_+__

Sl —apyy =M,
/1p+1
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and if (1 - llp)/l,,+1 > Ap41y then
Gp+1
hp<1 =2 <1 -0, =M,
2p41

For some & > 2, let a,41, @py2, -+, 4,4k be positive and @, 14,
’ p+1y “p+4-2y »+ p+k i

= 0. If (19.16) holds, then

Ap
hp <1 — "=,
hp 1
(l,,|2
]lp+| < I — Y
llpl'.’.
Apyh
hpyr—1 S 1 — <1 —appm
/"p-i—k
and therefore
Ap41
hy, <1 - - = M,.
4py2
1 : .
1 —
Gptk—t
1 - ﬂp_{[,

If(1 = 2p)hp41 > a,41, thenitis evident that 4, < M,. Finally,
if appr >0, 7=1,2,3, -+, and (19.16) holds, then we have,
successively,

by <1 =2t
Ipit
Api1 api1 Ayt
hp<1-— """ <1 <1 - - <1 —=apq,
Ay 1 Apy2 1 —ape
/Ip}‘.’.
Apt1 ap i1 Ap41
S TP T S T
hp i1 1 Apt2 1 Ap+2
hyp g2 1 p+3
l’p{-:i
2p 41 ap41
<L—-—e 1= gy gy,
Apy2 1 — Apy2
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so that 4, < M,. If (1 — Ay)hp41 > apyy, then actual inequality
holds in the first place in each line of the above system, so that
hy < M,

This completes the proof of Theorem 19.6.

In the proof of Theorem 19.5, we used a chain sequence whose
parameters are certain means between m, and M,. It is interest-
ing to note that if

& = \/mpMm m, < A{m mp41 > 0, P = 0) 1)2» )

and 4, = (1 — g,—1)gp, then &, > a,.
In Lemma 12.1 we have an example of a chain sequence,
namely, any sequence {c,} of nonnegative numbers such that

Ec,, <1, n=1,2,3, ---. Hence, », % 7% --- is a chain
p=1

sequence if 0 <7 < 3. The sequence {m,} of (14.2) has the
property that {m,/2} is a chain sequence. In this case the
parameters may all be taken less than 3.

20. Quadratic Forms and Chain Sequences. In Theorem 16.2,
we have a remarkable characterization of chain sequences in
terms of a special type of quadratic form. This may be stated
as follows.

THeorREM 20.1. The sequence |a,2} is a chain sequence if, and only
if, for all real numbers £y, £, £, - - -,

n—1

Db =2 b 20, m=2,3,4, - (0.0)

p=1 p=1

From this theorem it follows immediately that if {@,?} is a
chain sequence, and if 8,2 < a,%, p =1, 2, 3, ---, then {B8,7}
is a chain sequence.

The minimal and maximal parameters of a chain sequence can
be expressed in terms of values of the quadratic form of Theorem
20.1. We have this theorem.

THEOREM 20.2. Let {02} be a given chain sequence with minimal and
maximal parameters mp and My, respectively. Then, for p = 0,1,2, ---,
we have



THEORY OF POSITIVE DEFINITE CONTINUED FRACTIONS 87

+l n
my = 1 — min [2&2 — 2Za,5,$,+l], Epg1 = 1, (2().')_)

r=1 r=1
and
Mp = gl.b. [ PIEEEDD arsrzm] =119 (20.3)
1=p+1 r=pi1l .

Here, the minimum of the form in (20.2) is taken with respect to all real
&, and in (20.3), the greatest lower bound is taken with respect to all rea
&, for which the infinite series converge.

Proof. From the identity (16.10) we have

p+1 p

Zéﬁ - ’-’chrsrfr+1 = 2(\/ U — me_i& — Vg )?

r=1 r=1 1=1

+ (0= m)e i > (1 = mp)Ep’

By (19.5), m, = 0 if m,_; = 1. Hence, it follows that we may
choose & £, - - - £, such that the above form takes on the minimum
value 1 — m, for ¢, = 1. This proves (20.2).

Again, from (16.10), we find, for any # > p + 1,

n41 n

2 2
E :Er -2 E :‘Yr£r£r+l = A”pfp“

r=p41 r=pil

+ D (VU= Mot — VME )P+ (L= Mg
r=p+l1
Z M1-£11+12-
Hence, the right-hand member of (20.3), which we shall denote
by M,’, is greater than or equal to M,. We must prove that
M, = Myp=012,---.

Obviously, M, > 0. Onputtingé, ., = 1,& =0forr =p 4+ 2,
?+3,p+4, -, we sec immediately that M, < 1.

From the way in which the maximal parameters were defined,
it follows that M,, M,,,, M, ., - - - are the maximal parameters
of the chain sequence a,41?%, apy2?, apys®, -+, for every p. By
hypothesis, if # > p + 1,

nil

Z Erz -2 Z a’rfr":"r+l > A{p/Ep+12-

r=p+1 r=p+1
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Inasmuch as M8, 41 2 2V M, E,6, 11 — &5, it therefore follows
that

nil n

DET =2 whE 20, n=pp+Lp+2,

r=p r—p
where

a, = ‘\/111,,', &' =a for r>p.

Therefore, «,'%, @), '2, a, 2’ -+ - is a chain sequence.  Let its

minimal parameters be my’ = 0, my’, my’, ---. Then,

(Zl,,z = ”ll, — t’t[l,’, (¥I,4|2 = (1 - Ar.[l,’)”lz’,

(y,,_‘_z'-’ == (1 _ 7”2/)”13,’
But M), my', my', - -+ are in consequence parameters of the chain
I b Y

sequence ap4®, apie®, apys®, ---, and therefore M, < M,
my' < My, my’ < Myys, --+-. The first of these incqualities,
which holds for p =0, 1, 2, ---, together with the inequality
M," > M, establishes (20.3), and the proof of the theorem is
complete.

We shall conclude this section by expressing the minimal pa-
ramcters by means of certain determinants.  We first state a
known theorem of algebra concerning the gencral real quadratic
form

n

1"(51: £oy o0, Eu) = § :”1"1';(:1'5«1) ([11"1 = ”qp)-

poa=1

If #> 0 for all real &, such thatZE,,"’ > 0, then Fis called
r—1

positive definite.
Tueorem 20.3.  The form F is positive definite if, and ounly if, the
determinants
a1y 412y, tccy din

a11, di2 a421, A22y, "y Az

Dy =ay, Dy= y try D=

a1, a2

Aniy Qu2y "y Qun
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are all positive. If these determinants are different from sero, we have the
decomposition

Fe=DXe 2 ey Dy g Pree o
- e Dl o l)n—-.. "—l l n—1 " -

where

DXy = Dy&y + agebs + ansbs - -+ araba,
an, aés +ands +- -+ ands
a1y, dasky + asgy - -+ asady
11, a12, aHE-& + ”1555 + e + alnEu
Dy Ny = ity + | a21,  ase, aniy + aosts +- -+ asnba |,
agyy  dyzy  dya€s + oduss + 0ot agada

DoXo = Doty +

The formula (20.4) shows that when the D, are positive, then
D, D, _; is the minimum value of # under the condition &, = 1.
We shall apply this remark to the form

p+1 p
D L+ e — 2D kb, (20.5)
1—1 [
where {a,?} is a chain sequence. This form is positive definite
for all y > 0. Hence, the determinants D, = D,(y) formed from
its coefficients, as in Theorem 20.3, are all positive. Ifrom the
remark madec above, it follows that D, ,(y)/D,(») is the minimum
value of (20.5) under the condition &, = 1. We shall prove
that the minimal paramcters of the chain sequence {«,?} arc
given by
. Dy ()
m,=1—=1m - -7~

=0,1,2, .-+, (Dy=1). [130.
y=0 1,(¥) (Do = 1. [139]

(20.6)
(Cf. (20.2).) TIn fact, we have the recurrence formulas

I)pll(y) (1 + V)I)p(\ - “,"‘.!’)l‘ I(_Y)y p= ]a 2) 3;

so that
. Dy(¥) ( D:-u(A’))
2 = ! 1 s . (20.7
T D,y + D,(x) (20.7)
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Therefore,
Dyir(9)

D,(y)

Hence, the limit of the rational function of y,

lim D"—H&v)— =
v=0 Dy(y)

0< <14y

’
1 —m),

exists and is not greater than 1 nor less than 0; and, by (20.7),
a,? = (1 — m,_y")m,/, so that the m,’ are parameters of the chain
sequence. Since 1 — m,’ is the limit for y = 0 of the minimum
for £,41 = 1 of the form (20.5), it is reasonable to expect, in view
of (20.2), that m,’ = m,. This can be easily proved by mathe-
matical induction. We have, my’ = 0 = m,. Assuming that
m = my for some index k, we see from the formula (1 — m)m; 4,
= (1 — m)meyy’ that my ' = myy, provided m < 1. But, if
me = 1, so that axy; = 0, we have

Dk+2(.V)
T = 1 +J’)
[)k.{.[(_y)

so that my " = 0 = my 4y (cf. (19.5)). This completes the proof
of the formula (20.6).

Fxercise 4

4.1. et {6,} be a chain sequence with mmimal and maximal parameters m,
and M,, respectively. Show that parameters g, may be chosen such that g
has any prescribed value between my and M.

4.2. Show that 1t the polynomial

\/ljr(l - Kr—-l))':(l') - \/B;_Q_l.?ryr ..IKZ)

appearing in (17.19) does not vanish identically, and if 2, = {, 7 = 1,2, 3, -+ -,
then this polynonual in ¢ has all its zeros in the lower half-plane, /({) < 0.
{138.]

4.3. Show that if the limit-point case holds for 2z, = { = ¥ + iy, y > 0, then
the limit-point case holds for z, = x 4+ 1Y for every Y > y. [138.]

4.4. Show that the real poles of an approximant of a positive definite con-
tinued fraction in which z, = { must be simple with positive residues.

4.5. If the cocfficients a, and 4, are real and z, = {, then all the poles of the
approximants arc real. [109.]
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THEORY OF POSITIVE DEFINTTE

4.6.% Show that the hinear transformation

ne) = - - #0
=) =, - —, a#0,

carries the circular region |z — 1| < 1 nto a part of itself if, and only if,

(7920

Sugvestion.  Show that £(2) maps the half-plane

alz— 1D+ alz— 1) 4+ 2aa (E)l‘ (1 —1 l) — :) >0
upon |2’ — 1| < 1; and this half-plane contains [z — 1| < 1 if, and only if,
y it

® (-]—_—&) > l +

47. 1k, #0,p = 0 1,2, -,

the transformation

T a0,

’
2= h(x) =
n /I,‘ — )
carries the circular region
! (I 1
= 1< -
K k

if, and only if|
kﬂ.&" ]
(e el

' ‘n‘u-—-—l“n -2 + kukn ll'n!
4.8. Put a, — | ‘uy, by — —cp/u,, and let k, be real and positive.  Show
that the last condition can be written

l "y | - ,R(”n) S Z‘R(&n)”t(bn H)(] — ¥ ])_En,

f)e(l'n) > 0,

where 0 < g, < 1. Apply this result to the continued fraction

iy —-

8 Exercises 4.6, 4 7 and 4.8 were suggested to the author by R. E. Lane
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4.9, Letygy, (1 — g)gs, (1 — go)gs, - - - be achain sequence in which0 < g, < 1,
p =1,2,3, -+, and supposc that the series

' ) £1g2 0 Lp
S=1+2 -— - - -
Q=g — g oo+ (1 — gy)

1s convergent.  Show that Sg/(1 — &), (1 — gge, (1 — £)¢3, -+ 18 4 chain
sequence which determines its parameters uniquely.



Chapter V

SOME. GENERAL CONVERGENCLE THEORENS

The starting point of the present chapter is the formula (17.19)
for the radius r,(z) of the circle K,(z), which we have introduced
in connection with a positive definite continued fraction. Let us
recall that the continued fraction converges if 7,(z) — 0 (limit
point case). By inspection of the formula (17.19) for 7,(z), we
see that a sufficient condition for r,(z) — 0 is that the secrics
Sy» | Yu(2) |? be divergent. If, in particular, the y, are bounded
away from 0, then this scries will be divergent if the series
2| Y,(z)|? is divergent. A glance at (17.7) and (17.9) will
show immediately that the divergence of the scries 2| X,(z) [*
implies the divergence of the series 2| Y, (z) [2. From these con-
siderations it follows, then, that the positive definite continued
fraction (16.1), in which the «, arc not zero, converges for any
particular z, such that y, = 3(z,) >8>0, (p=1,2,3, ---),
provided that at least onc of the series

SIn@l v ()
p=1 p=1

is divergent. These two series will play a fundamental role in the
succeeding developments.

If our way of introducing these two series seems somewhat
artificial, perhaps the reader will want to look for deeper-lying
reasons in the following considerations. We are, of course,
primarily interested in replacing the condition r,(z) — 0, involv-
ing the rather complicated formula (17.19), by some simpler con-
dition. We are thus led in a natural way to use the series

93
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3| Y,(2) | If we reflect upon the fact that the .X,(z), as well
as the Y,(z), are solutions of the system of equations

—ay_1Xp_1 + (bp + zp)xp — 8pXpy1 & O, b= 1> 2) 3, Y (b)

and that the general solution of this system is x, = aX,(2) +
bY ,(z), we come naturally to consider the two series (a) together.
The search for analogies between the system (b) and a second
order linear differential equation enters into this train of ideas.

In the next scction we prove Schwarz’s inequality. Then, in
§ 22 we consider the question of dependence of the convergence
of the series (a) upon the particular values of z;, 25, ---. We
shall find that if these series converge for z, = 2,* then they
converge (uniformly) for all z, such that |z, — 2,*| < M, where
M is any finite constant. This result holds for continued fractions
(16.1), subject to the sole restriction a, # 0, p =1, 2, 3, ---.
In view of this “theorem of invariability,” the question of con-
vergence of the series (a) for any z, such that | z, | < M is reduced
to the question of convergence of these series for z, = 0. We may
thercfore distinguish two cases, the determinate case and the
indeterminate case, according as at least one of the scries (a)
diverges for z, = 0, or both of these scries converge for =, = 0,
respectively.?

In §23 we consider questions of convergence of the general
continued fraction (16.1) in the indeterminate case; § 24 contains
some fundamental theorems on sequences of analytic functions;
and §25 deals with continued fractions (16.1) in which the z,
arc equal to a common variable ¢ (“J-fractions”). In §26 and
§ 27 we treat J-fractions for which the 4, and 4, are bounded, and
for which the @, and 4, are real, respectively.

21. Schwarz’s Inequality. In this and later chapters we shall
need the following theorem.

Tueorem 21.1.  (Schwars’s inequality.) Let ayy asy -+ -, any b1y by
s bn be any complex numbers.  Then

Zap//,, <Z|a,, E|b,,| @L1)

p=1
2 This classification was used l)\ H.lml)urger [26] for continued fractions with real ap
and bp and with zp =z, p = 1,2, 3, -
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where equality holds if, and only if, either (a) b, = 0, p = 1,2, 3, -+, n,
or (b) ap = cbhpy p = 1,2, 3, ---, n, where ¢ is a complex constant.

Proof. l.et
”P=[ZP+€P’ p=])2v39 Tty M (2]-2)
where ¢ and the ¢, are to be determined. Since

apb, = (‘l by |2 + ebps

aby=cY | b (21.3)

n

ZI’,,/I,, = (),

p=1

we see that

if, and only if,

Since (21.1) obviously holds with equality in case the 4, are all 0,
we shall assume that at least one 4, # 0. We may then determine
¢ by (21.3), and the ¢, arc then determined by (21.2). lence,

la,|? = (cby+ e)(cbop+2,) = | c|? 6, |>+ Cenb, + 2l + | 0, |2
so that , . .
dilal=1cl2 D 1P+ el
=1 p=1 p-1
Dolalr 2 lel? 216l (21.4)
p=1 p=1

where equality holds if, and only if, ¢, = 0,p = 1,2,3, ---, i.c,,
if, and only if, a, = cb,, p = 1,2,3, -- -, u. Therefore, by (21.3)
and (21.4),

n

Z;apb P
p=

with equality if, and only if, 4, = ¢bp, » = 1,2, 3, -+ -, n, as was
to be proved.
This proof was given to the author by Ernst Hellinger.

or

n n

2 n n
=Ll D006 <D a2 D 16 12
1 p=1 p=1

n= p=1
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22. The Theorem of Invariability. We shall now prove the
following fundamental theorem of invariability.

T'neorem 221, Let (16.1) be a continued fraction in which the coeffi-
cients a, arve different from zero. [f the tiwo series

S50 [3 2| V.o 3 (22.1)

Sormed for this continued fraction, converge for particular values =p* of
the variables ,, then these series converge uniformly for | 2, — zp* | < M,
p=1,23, -, where M is any coustant independent of the z,.

Proof. The proof is accomplished by replacing the difference
equation

[tp(z) = —ﬂp—l""])—l + (/)p + :p)xp - (lpx[l—{»l = 0’

Y
o
N

p=]72)3’.." (2

where we now take ¢, = 1, by a Volterra sum equation "

'(" —Zkl’q.i-ll = /IIH /’ = 1)2) 3) R (22-3)

q-1

(This is analogous to replacing a differential equation by an inte-
gral equation.) Denote by L,*(x) the expression (22.2) in which
2z, has been replaced by z,*. The solution of the system L,*(x)
= 0 under the initial conditions x, = —1, %, = 0is x, = X,(z%)
= X,* and under the initial conditions x, = 0, x; = 1, the solu-
tion is ¥, = Y,(2*) = Y, *. [Ifx, and x,* are arbitrary solutions
of the systems L,(x) = 0 and L,*(x*) = 0, respectively, then we
obtain immediately the identity (analogous to Green’s formula)

n
E [, *(8%) — %L, (%)) = xox* — xp*y
p=1 n

- an(xnrvn-{ l* - Xy *xn+|) - § :(:V* - :l')xl’xl’* = 0'
p=1

19 This proof uses the idea which Weyl [141] applied 1n <imilar problems, namely, to
express the relationship between solutions for two different parameter values as a Volterra
mtegral or sum equation.  This procedure, as well as the procedure used by Weyl [140]
.(md by Hellinger [31] can be embraced 1n a single set-up usine reciprocals of the J-matrix

cf. § 60).



SOME GFNFRAL CONVERGENCEF THEOREMS 97

On putting x,* = X,* and then x,* = Y,* we then get
"
X1 — anlo N1 * — a1 4L —Z(;,,* — 3 \* =0,
p=1
"
%o = @n(¥n Yy i* = Yi*auq) “Z(‘Zp* = 2N, Y,* =0,
1
On multiplying the first of these equations by —Y,* the second
by X, *5 and then adding, we obtain, if we use the determinant
formula (17.11),
»
Xy -—Z(z,, — M) CNLRYL — VFY L R)x, = Y — VLR

p=-1
Therefore, ¢, = x, is a solution of the equation (22.3) in which
kpy = (3 — 35 (N Y5 — N\ *Y%),
hp = 2 Y% — x50 X%

The proof of the theorem will be complete if we show that the
series 2| ¢, |* converges uniformly for |z, — 2,*| < M, p = 1, 2,
3, -+, where ¢, is any solution of this sum cquation having
bounded initial values ¢, and ¢;.

Under the hypothesis that the two series [ X, * |2 and 2| Y, * |?
are convergent, it readily follows by Schwarz’s incquality that the
double serics Z| £, |* is uniformly convergent for | z, — z,* | < M.
Hence, if € is an arbitrarily chosen positive number, which we take
less than unity, there exists an R, depending only upon ¢, such
that

=2 D lkul?<e for r2R, |z, —z*| <M

y=1 p=1

Also, on taking R still larger if necessary, we have

C? =Z | 4,]%2 < €, for r>R.
p=r
We now multiply the equation (22.3) by ¢, and sum over p
from r to m, where m > r. This gives, if we apply Schwarz's
inequality, ’
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Z I fp Z/IM » + Z Ekw,(p(q

p=r p=r p=r q-

/Z :Irp <Cr+,/ E Ak
p—r g=1
and therefore,

\/Z|§plz<(4r+fr\/z“ﬂi
p=
sc,+er\/2!s‘ql” *r\/Z"« .
q—1

q-=1
or

\/Zl‘,, l—e)<e<l+\/2|{,‘l> (22.4)

Determine a constant A such that
R-1

Z e P < K for |z, — 2,¥| < M.

q—1

JES k).

p=r g=

The above inequality then shows that, for all m,

m ]\ =
Z &P < K+ U+ VR = U,
p=1 (l - é)“

so that the series E | ¢, | converges and its sum does not exceed

p—1
H for |z, — z,*| < M. 'Then, by 22.4), ifR <r<m,

"

“e(1 H)} .
Zli‘pPS[e—(-—-{:\/ ) for |z, — 2% < M.

R ’
ot . 1 —e

This establishes the uniform convergence of the series 2| ¢, |%

This theorem was proved by Hellinger [31] for the case where
the @, and 4, are real, and for the general case by Hellinger and
Wall [35].

The theorem of invariability gives significance to the following
definition.
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DeriNtrioN 221,10 The determinate case or the indeterminate case
is said to hold for the continued fraction (16.1) according as at least
one of the following two series diverges or both these series converge,
respectively:

AN ‘\'l'(o) ’2,

dnd

(22.5)

23. The Indeterminate Case. In this section we consider arbi-
trary continued fractions (16.1) in which the 4, are not Lero, and
for which the indeterminate case holds (Decfinition 22.1). We
define four polynomials as follows.

U.(2) = a, Y, (0).N, 11(2) — YV (0)X,(2)),
Vau2) = alY,0)Y, (@) — Y. 1(0)Y,.(3)], y— 123
Pou(@) = X0 X pi(@) — Ao 1 (0).N,(3)], RS
0u(2) = a,[XW(0) Y, p1(2) — XN,y 1(0)Y,(2)],

These polynomials satisfy the identity

P"(Z)IIM(Z) - QIL(Z)l"n(z) = l- (23.2)

'y

In fact, we have, if we use the determinant formula (17.11),
L ()7 (z) — Qu(z)U,(2)
= @ Xu(0)Xupi(z) — X0y 1(0).X,(2)]170(2)
= @AWY 1(2) — XN n(0) Y. (2)|Un(2)
= a, X, ()X, 1(2)V7(2) — Y, 1(2)U.(2)]
— . Xy 1 (0)[.X0(2)17,(2) — Y, (2)U,(2)]
—a, A (0)a, Y, 1 (0) [N, ;1(?)Yau(z) — X.(2)Y, 1(2)]
+ 4, X031(0)a,Y 2 (0)[X 131 () Yo(2) — Xu(2)Yui1(2)]
= 4,[X,11(0)Y,(0) — X,(0)Y,,:(0)] = 1.
Now, by (17.10),
@ng1Xn42(2) = (Gayr + 204) Xuga(2) — a0 Xu(2).

u Cf, footnote 9.
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We multiply both members of this identity by X, 1(0), subtract
@0 41X 0 42(0) X, 411(z) from both members, and obtain

an 1l X0 1(0) X ya(z) — X, 12(0).X,14(2)]
= (b1 + 2031) X0 11(0).X, 1(2) — @2 X0ga(0).X0(2)
— 11X 04200).X 0 41 (2)
= o 11N g 1(0) = 11Xy 2(O) N 0 1(2) + 20 11X g1 (0) X 1 (2)
— a, N1 (0) X ()
= | N 0)Y 5 1(2) — Nt (00X (@) 4 201X g1 (0).X 01 (2).
Henee, by (23.1), we have the first of the following four relations.
Pu(z) = Puz) + 201 N ua (0.Y, 14(2),
Qui1(2) = 0u(2) + 201 X0 1(0)Y 0 41(2),
Upyi(2) = Un@) 4 20 (1Yo ga ()X, g1 (2),
P2 = 170(z) + 201 Y1 ()Y 44 (2).

The others may be obtained in a similar way. From these rela-
tions we now obtain immediately the following formulas.

nilt

Puii(z) = Zz,,‘\',,(()).\',,(:),
»-2
nil

-1 + Zzp-\ p(()) Y,,(z),

)

Qn ] l(:)

p-=2

(23.3)
nitl
U@ = 1+ D 2,Y,0)1,(),
p=2
n4 1
Vi@ = 20+ D 2V, 0)Y,0).
p=2

We may now prove this theorem.
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Tueorem 23.1."2  In the indeterminate case for the continued fraction
(16.1), there exist four functions u(z), v(z), p(2), ¢(3) such that

po(z) — ¢@uiz) =1, (23.4)
and such that
lim U,(2) = u(z), lim }7,(z) = v(2),
" e (23.5)
lim P,(3) = p(z), lim Q,() = ¢(2),

uniformly for | =, | < M, p = 1,2, 3, - -+, where M is an arburarily large
positive constant. [137.]

Proof. By the theorem of invariability and Schwarz’s in-
equality we get, for |z, | < M,

m ik m-+h m-+A
D 12X 0N (@) | < M \/ SO D1 X@ [ <
p=m p=m p-m

where € is any assigned positive number, provided that m > N,
(k=1,2,3, ---), .V being a sufficiently large number depending
only upon e and M. Therefore, we have, uniformly for | z, | < M,

©

lim P, 1(2) = ) 2z,.\,(0).X,(2).

n o w 4
p=2
The other limits in (23.5) can be established in the same way.
Formula (23.4) follows at once by (23.2) and (23.5).
IFrom (23.1) and the determinant formula we find that

Xoni(®) = NV (O U(2) — YV, 11(0) (),
(23.6)
Yu1(®) = N i) 7, (2) — Yo 1 (0)0,(2).
Let
/Yn-}l(o)

Sp = .
Yn 1 (())

2 This theorem, and the other theorems of this section, were proved by Hamburger
[26] for the case zp = z and ay, b, real.  Cf. also [35],and [9] for analogous theorems which
hold in the (more restrictive) hmit-aircle case for positive defimte J-fractions.: Stieltjes
195] had the analogous theorem for his continued fraction.
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If lim s, = 5, a finite number, it then follows by Theorem 23.1

thz:: i

. n-{l( ) Yu+l(z) )
Bl A g el - 23.

!.‘f",, Xun(0) = su(z) — p(2), !,‘-,X,,“ ) = s0(z) — ¢(z), (23.7)

uniformly for |z, | < M, p =1,2,3, ---. Since, by (23.4),
[so(z) — q(2)|u(z) — [su(z) — p(>)]o(z) = 1,

it follows that the limits (23.7) cannot both vanish. Therefore,
for |z,| < M,p=1,2,3, -+, we have

o Xan®) _ () = p@)
,—aY,,“(z.) sv(°' —q(z)’

a finite number or ». If lims, = =, then, for |2,| < M,

P = 1)2)3)"')

g Y@ _ u()

b
n=w Y, 1(2) o)
a finite number or ». If the sequence {s,} has more than one
limit-point, s’ and s”, §" # ", then, if 5" and §"" are both finite,
one infinite subsequence of approximants of the continued frac-

tion has the limit
s'u(z) — p(2)
o) — ¢@) ’
and another infinite subsequence of approximants has the limit
s"u(z) — p(2)
s"0(@) — 4@
These are unequal for all 2, inasmuch as
[5'n(z) — p(2)ls"0(z) — ¢(x)] — [s"u(z) — p()]ls'v(z) — ¢(2)]
=5 —s5"#0.

Therefore, the continued fraction diverges by oscillation for all
Zpy (| 2p| < M). The same evidently holds if one of the limit-
points s” or " is . From these considerations we conclude that
the following theorem is true.
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THEOREM 23.2.  Let the indeterminate case hold for the continued frac-
tion (16.1).  If the continued fraction or its reciprocal converges for a single
set of values of the =, in the domain | zp| < M, p=1,2,3, ---, (M an
arbitrarily large constant), then, for every =, in this domain, either the con-
tinued fraction or its reciprocal converges. If the continued fraction and its
reciprocal both diverge for a particular set of values of the =, with moduli
less than M, then the continued fraction diverges by oscillation for all such z,.

In case the z, are all equal to a common variable ¢, the con-
tinued fraction is called a J-fraction. This name is used because
the related quadratic form Z(4, + ¢)x,2 — 2Za,x,x,41 has long
been called a J-form. For the J-fraction, the functions «(¢),
v(¢), 2(£), ¢(t) of Theorem 23.1 arc entire functions of . We
may then state the following theorem.

THEOREM 23.3.  Let the indeterminate case hold for the [-fraction
1

- (23.8)
ay”

R

b +' ay
2 [ —
by + ¢ —-

Then, there exist four entive functions u(S), v(¢), p(©), ¢(¢) such that

p)0(E) — ¢(u() =1, (23.9)
and such that
‘\,n +1 (S_) . }'Il +1 (;)
Iim ——-" - = su() — p(¢), lim ———- = sv(Q) — ¢(¢), (23.10)
X n+1 (()) X n-+41 (0)
as u tends to © over a set of indices for which the sequence
V410
5n=__+_‘(2 n=1,2,3, -,

Vug1(0)’
has a finste limit s; and
‘\'u +1 (S-) ) ?.’n +1 (S“)

im 2 @), = o(9), 23.11
fim S .\',, 4 l(()) “ (g-) " Jn‘Xn+l (()) v(g-) ( )

as n tends to © over a set of values for which the sequence {s,} has the limit
. In either case, the limits exist uniformly over every bounded, domain
of the ¢-plane. The continued fraction diverges by oscillation for every
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value of ¢, or converges to a meromorphic function of ¢, or else its reciprocal
converges to the constant value ().

If (23.8) is positive definite (Definition 16.1), then

X,(¢0) 1
<-, for $) >8>0 =1,23,--). (23.12
. Y,,(f) 5’ R{¢y) ,» (P PR )- ( )
Hence, it is impossible for the reciprocal of the continued fraction
to have the constant value 0. We therefore have

Tueorem 234 Let (23.8) be a positive definite | -fraction for which
the indeterminate case holds. Then, the continued fraction diverges by
oscillation for every value of ¢, or else it converges to a meromorphic func-
tion of ¢, for all values of ¢ not poles of this function. If an infinite sub-
sequence of approximants converges for a single value of ¢, then this sub-
sequence converges to a meromoi phic function of ¢ which is analytic for

J() > 0.

24. Convergence Continuation Theorem. Let f,(2), f(2), f3(2),
-+« be an infinite sequence of functions which are analytic over
a simply connected domain § of the complex z-planc.  Suppose
that we have established the convergence of the sequence over a
subdomain of &, and that corresponding to every finite closed
region §” entirely within § there exists a constant A7 depending
only upon 87, such that

|fuz) | < M, for p=1,2,3,---,2 in §.

‘I'hat is, the sequence is uniformly bounded over 8. ‘The con-
vergence continuation theorem of Sticltjes [95] then asserts that
the sequence converges uniformly over every finite closed region
entircly within & to a function which is analytic over §.

This theorem is of fundamental importance in establishing the
convergence of continued fractions and the character of the func-
tions represented by them. In particular, we shall need this
theorem in § 25 for our investigation of positive definite J-fractions
in the determinate case.

The convergence continuation theorem has been improved upon
by other mathematicians. Osgood [64] and Arzela [2] showed that
the conclusion of Stieltjes’ theorem holds if the sequence is uni-
formly bounded, as above, and converges over a set of points
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everywhere dense along a closed rectifiable contour within S.
Vitali [114] and Porter [71, 72] replaced the contour by an infinite
set of points having at least one limit-point interior to 8. Blaschke
[4] showed that this limit-point may be on the boundary of §
provided only that there is a sequence of points of the given sct
which approaches the limit-point “sufficiently slowly.” Montel
[60] extended and developed this theory by means of his notion of
normal families of functions.

We shall begin by proving

Tueorem 24.1.  Let {f,(3)} be a sequence of functions, analvtic in a
simply connected open domain 8, which is uniformly bounded over every
closed domain entirely within 8. Then, there exists an infinite subsequence
of these functions which is uniformlv convergent over every finite closed
domain entirely within S, to a limit-function which is analytic in S.

Proof. l.et £ be a scquence of points ey, ez, €4, - -+ of & which
is everywhere densc in 8. Then, since the given sequence of func-
tions f,(z) is uniformly bounded over every finite closed region
within 8, there exist constants Af, such that

Ifoled | <M, p=1,2,3, -+, n=1,2,3,...,

where M, is independent of p. Therefore, by the Bolzano-
Weierstrass theorem, we may sclect from the sequence | f,(2)}
an infinite subsequence {f. (2)}, where n <my <my<---,
which converges for z = ¢;. From the sequence |f, (s)} we
may then select an infinite subsequence {f,,p'(z)}, where 7, <
' < ny' < ny’ <---, which converges for z = e;. From the
last chosen sequence we may select an infinite subsequence
f ,,pu(z)}, where n,/ < m"” < ny'" < ny” <---, which converges
for = = e4, and so on. The “diagonal sequence”

fn,(z), fn-_,'(z), fn,"(z), ce (24.1)

is then obviously an infinite subsequence of the given sequence
(f»(2)} which is convergent for z = e,, # =1,2,3, ---. We
shall, for the sake of simplicity, denote the pth member of the
sequence (24.1) by F,(2).

et 8’ be an arbitrarily assigned bounded closed domain en-
tirely within §. We shall prove that the sequence {#,(2)} con-
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verges uniformly over §’'. [t will follow from a theorem of Weier-
strass that the limit of this sequence is an analytic function of
zin .

Let 8" be a bounded closed region lying entirely within S,
containing §” on its interior, and having a rectifiable boundary
C of length L at a minimum distance § > 0 from §’. We may
obtain §”, for instance, by covering §’ with a finite number of
circles within §, using for this purpose the Heine-Borel theorem.
The boundary € of 8" then consists of a finite number of arcs of
circles.

Fia. 4

If zis in &', we then have, by Cauchy’s integral formula,

Fo@) = - - fﬁp(t),z_{_

driJo t — 2

Hence, for any two points 2’ and 2" of ¥,

Z’—Z”
l{" 4 _[1',le = {{
| ) = K | = - | i 0|
ML ’ ’"”

o~ o~

2,

<
2rd?
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where, in accordance with the hypothesis, A/ is so chosen that
| Fo(2) | < M, p=1,2,3, -, forallzin &, M being independent
of 2 and of p. Consequently, for cvery e > 0, there exists an
n(e) > 0, depending only upon e, such that

’

- .:'/'-l < 77(6))

22" in 8. (24.2)

| (=) — Fo3") | < e if

That is, the sequence | F,(z)} is equi-continuous over &,

et 2z be any point of 8. Since the set £ is everywhere dense
in 8, we can find in & a point ¢ of /£ in the circle with center
z and radius g(e). Then,

| Fi(2) — F.2) | < | FG) = Fe) | 4+ | Fled = Foe |
+ | Fuler) — F(3) |.

The first and last of the quantities on the right are less than e
by virtue of (24.2). The sccond will be less than e if 7, s > m,
where m is sufficiently large, since | #,} converges over E. There-
fore | F,(z) — Fu(x) | < 3e if , s > m. Here m depends upon e
and upon z. Thus, the sequence converges for cvery z in &,
Denote the limit-function by #(z). Then,

| F(z) — Fo(z) | < e if p > ule 2), (24.3)

where. #(e, 2) is a sufficiently large number depending upon e
and z. We may evidently agree to take u(e, 2) to be the least
positive integer for which (24.3) holds. In order to prove uniform
convergence, 1t is required to prove that #(e, z) is a bounded
function of 2z for each € > (0.

FFor a fixed ¢ > 0, let N < » be the least upper bound of
1(e, 2) as z ranges over 8”. Choose a sequence 2y, 2., 24, -+ of
points in §’ such that

lim #n(e, 2,) = V.

pe
et ¢ be a limit-point of the sequence {z,}, and z any point of
8" in the circle of radius n(e'5) and center {. Then

| Fo®) = F@) | < | F) — F(&) | 4+ | F(&) = Fu0) |
+ | Fo(6) — Fp2) |.
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The last term on the right does not exceed €5 by (24.2). The
sccond term is less than €/5 if p > n(e’5, {). Finally, the first
term is not greater than

3
| 1) = @) | + [ ) = B |+ | Filo) = Fo | <

for all sufficiently large values of 4. Therefore,

| Fo(z) — F(z) | < e if p>;1(:-,§—), i;_”<,,(%).

Inasmuch as |2, — | < 7(e’5) for all sufficiently large values
of p, we therefore conclude that u(e, 2,) < g(e.’S, {) for all suffi-
ciently large values of p, and hence NV < u(e,’S, ). Thus, Vis
finite, and | #(z) — F,(2) | < eif p > N, forall zin §&’. That is,
the sequence | #,(z)} converges uniformly over 7.

I'his completes the proof of Theorem 24.1.

I'rom Theorem 24.1 we may readily obtain the convergence
continuation theorem:

Theorem 242, Let {f,(3)} be an infinite sequence of functions,
analytic over a simply connected open domain S, which is uniformly bounded
over every finite closed domain 8’ entively within S.  Let the sequence converge
over an infinite set of points haviug at least one limit-point interior to S.
Then, the sequence converges untformly over everv finite closed domain
entirely within S to a function of = which is analvtic 1n S.

Proof. l.ct 2, 22, 23, - -+ be an infinite sequence of points of
& having the limit 2, interior to §, over which the given sequence
of functions is convergent. In accordance with Theorem 24.1,
we may select an infinite subsequence {F,(2)} of the given
scquence, which converges uniformly over every finite closed
domain entirely within 8, to a function F(z) which is analytic in
8. Then, we evidently have

limf,(z,) = F(z,), »=1,2,3,---.
p- =

et 87 be a finite closed domain entirely within & which con-

tains the point 2y on the interior.  let

8, = Lub. |fo(® — FR)|, zin&, p=1,2,3,---,

and let
8 = lim sup §,.

p==
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We shall prove that 8 = 0, and thereby establish the uniform con-
vergence over 87 of the sequence { f,(3)}. Letpy < pa < ps <
be a sequence of indices such that

= lim §,,.

A=
From the sequence f,(2), £ =1, 2, 3, ---, we may sclect an
infinite subsequence uniformly convergent over 87 to a function
F*(2). Inasmuch as F*(z) = F(2) for all = = 2, which are in &,
it follows that F*(z) = F(z). Hence we conclude immediately
that 8 = 0, as was to be proved.

25. The Determinate Case. Wc suppose now that the deter-
minate case holds for the continued fraction (16.1), that is, at
least one of the two scries (22.5) is divergent. There are two
simple sufficient conditions for the determinate case. In fact,
from the determinant formula and Schwarz’s inequality, we find
that

n

Zl POV (0) = X0, (0) |

\/ i: | X z | Y.,0) %

r—1 p—1

p=1 ‘ ”l' !

and thercefore we have |9)]

TueorLm 25.1.8  If the series
0

1

(ll,

(25.1)

p-1

diverges, then the determinate case holds for the comtinued fradion (16.1).
Onc may casily verify that

1\,p-{ .2(0) Y,,(O) - -Xp(()) Yn } 2(0) =

/)I' il
3
“I'(ll’ i1
and conclude, as above, that the following theorem is true [9].

THEOREM 25.2. [f the series

©

&p-}-l

(25.2)

p=1 apal"f‘l
diverges, then the determinate case holds for the continued fraction (16.1).

13 Hellinger [31] showed that the determinate case holds for n.rc.ll J-fraction 1f
hmnf | a, | 1s fimte.  Carleman [6f had Theorem 25.1 for the case of real J-tractions.
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We can establish the convergence of the continued fraction
(16.1) in the determinate case provided the coefficients 4, and
b, are suitably restricted. If we require that the ¢, and 4,
satisfy the conditions imposed in Definition 16.1, i.c., that the
continued fraction is positive definite, we have this theorem.

Turorem 25.3.  Let (16.1) be a positive definite continued fraction for
which the determinate case holds. Then, the continued fraction converges
if (zp) = 6, lzp| < M, p=1,23, -, where & and M are arbitrarily
chosen positive constants.

Proof. It is only necessary to recall the discussion given at
the beginning of this chapter, and to apply Theorem 22.1.
For positive definite J-fractions, we have the following theorem.

I'ueorem 25.4.  Let (23.8) be a positive definite [-fraction for which
the determinate case holds. Then, the |-fraction converges uniformly over
cvery bounded closed region in the upper half-plane 1(¢) > 0, and its value
iy an analytic function of ¢ for J(¢) > 0. [138.]

Proof. The uniform convergence over cvery finite closed do-
main in 3(¢) > 0, and the fact that the value is an analytic
function of ¢, follow immediately from Theorem 25.3, (23.12),
and Theorem 24.2.

On combining Theorems 23.4 and 25.4, we obtain at once

TurorEM 25.5. If a positive definite [-fraction (23.8), or an infinite
subsequence of its approximants, converges for a particular value of ¢ such
that X(¢) > O, then it converges uniformly over every closed finite region
wn the half-plane J(¢) > O, and its value is an analytic function of § in
this half-plane. 19.]

In later chapters we shall investigate the class of functions
represented by positive definite J-fractions.  We shall show, in
particular, that these functions can be expressed by means of
certain definite integrals.

26. Bpunded J-fractions. The J-fraction (23.8), where we now
permit the partial numerators to be zero, is called bounded, if there
exists a number A7 such that

M V[
I”nl—<-" Ibpl<l

=1,2.3, ... 26.
3) -—3, P 1’ )3’ 3 (61)
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the number Af being independent of p. If the J-fraction is
bounded, then the least number A7 which can be used in (26.1)
is called the bound of the J-fraction.

The condition (26.1) can be formulated in terms of J-forms as
follows.

Turorem 26.1.  The J-fraction (23.8) is bounded if, and onlv if, there

extsts a number N such that

n—1

n
E bytty0, — E ay(uptyy1 + Upg1p)
p=1

|5 (26.2)
for all values of the variables uy, and vy, the constant N being independent of
the variables and of n.

Proof. 1f (26.1) holds, then we find by Schwarz’s inequality
that the left-hand member of (26.2) does not exceed

%’\/ZJZI +—““—'\FLI~» ZM’

so that (26.2) holds with N = M. Conversely, if (26.2) holds,
then we find, on putting «, = v, = 1, #, = v, = 0 for r # p, that
|4, £ N; and, on putting #, = v, =1, #, =0, =0 for
r#p, s#p+1, that |a,| < N. Thus, (26.1) holds with
M = 3N.

When (26.2) holds, the J-form Zé,u v, — Za,(u,0p41 + #p410p)
is said to be bounded, and the least value of N which can be
used in (26.2) is called the norm of the J-form. We shall also
call this number the norm of the J-fraction.

The above proof shows that the norm of a J-fraction does not
exceed its bound. That the norm may be /ess than the bound is
shown by the example
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Here the norm is N = 1, whereas the bound is M = .
We shall now prove

TuroreM 26.2. .1 bounded J-fraction with bound M is uniformly con-
vergent for | (I > M.

Proof. Lct (23.8) be a given J-fraction with bound M. If the
J-fraction is transformed by means of an equivalence transforma-
tion so that all the partial denominators are equal to unity, then
the #th partial numerator is

2
—ay

(bu -1 '+' () (bu + S-)
If | ¢| > M and (26.1) holds, this has modulus not greater than
I Hence, by Theorem 10.1, the J-fraction converges uniformly
for | ¢| > M.

We shall now undertake to improve this result by showing that
there exists a region K in the circle | ¢ | = N, where N ois the
norm of the J-fraction, such that the J-fraction converges for all
¢ not in K. To that end, let a = ¢’ be a complex number with
modulus unity, and consider the J-fraction

a

N =af, (26.3)

({;2(1)'“’
/l;;{l + A —-

//I” + A — (ll|(l)-'

/Ig(l + A —

3
which is obtained from (23.8) by means of an equivalence trans-
formation. It is casy to sce that (23.8) and (26.3) have once and
the same norm.
We now put

(\’,,(0) = 3(”,)”), 311(0) = ,\\‘(/)p”)’ P = ‘) 2) 3) Tt T

Then, if (23.8) is bounded, there exists a finite constant Y(6),
depending upon 6, such that

n-1

D180 + Y(O)ls,? = 2D an®xprpi > 0,
p |

p--1
(26.4)
w=1,2,3, -,
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for all real values of xy, xa, ¥3, +--. We may evidently assume
that
| Y@ | <N, 0<L06<2n

wherc N 1s the norm of the J-fraction. For cach 6, we shall let
—Y(8) denote the greatest lower bound of the values of
n -1

D BulO)x,* = 2D (B3,
p-1

» 1

for w=1,2,3, ---, and foer,,” = 1. Then, | Yo(0) | < N,
p=1
and (26.4) holds with Y(8) = Y,(6).

We now make the change of variable N = /Y(0) + & in (26.3).
It follows from (26.4) that (26.3) is then a positive definite J-frac-
tion in the variable £ Therefore, if § is a positive constant, it
results from (23.12) that the #th approximant of (26.3), which is
the same as the #th approximant of (23.8), satisfics the incquality

du@ ) 1 ’
B.o)| = s
provided that 3(§) > 9, ic., provided that
xsinf + ycos @ > Y(0) + 6, where { =&+ iy.

This result has the following geometrical interpretation.  lLet A
denote the set of points ¢ = x + 7v such that

xsinf 4 ycos <Y(0) for 0<6 <2

If ¢ = %1 + iy, {2 = a2 + iy are any two points of A, then every
C=0+ (0 =08 = ltxy + (1 — O] + ity + (1 = 1)y,
0 < ¢ < 1, a point on the line segment joining ¢; and {», is in A
Thus, K 1s a convex set. The zeros of all the denominators
B.(¢) are in K. Moreover, the approximants of the J-fraction
are uniformly bounded over any region at a positive distance
from K. We shall let K, denote the convex set of points obtained
in this way corresponding to the function Y(6) introduced before.

By Theorem 26.2, the J-fraction converges for all ¢ with suffi-
ciently large moduli. Hence, we may apply the convergence con-
tinuation theorem (Theorem 24.2) and obtain
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Tuoerem 26.3. .1 bounded ]-fraction (23.8) converges uniformly over
cvery finite closed region whose distance from the convex set Ky defined above
is posuive. In particular, the [-fraction converges if | ¢ > N, where N is
its norin.  [137a].

We note the following special cases. If the cocfficients a,
and 4, arce all real, then Yy(0) = Yy(r) = 0, so that Ky reduces
to a subinterval of the interval =NV < x < +N. If the 4, arc
purc imaginary and the 4, are real and nonnegative, then the set
K, is contained in the left half-plane, 3t(¢) < 0.

27. Real J-fractions. The J-fraction (23.8) is called real if the
coefficients 4, and 4, arc all real. A real J-fraction is obviously
positive definite. If { is replaced by —§ in (23.8), we see by means
of an equivalence transformation that the effect is to multiply
the J-fraction by —1 and to replace 4, by —4,. If the J-fraction
is real, it therefore follows that the role of the upper and lower
half-planes may be interchanged. In particular, we have the
following theorems.

TueoreM 27.1.  The zeros of the denominators of a real [ fraction are
all real (95, 109].

Tweorem 27.2.  If a real [-fraction converges for a single nonreal value
of ¢ then it converges untformly over every finite closed region whose dis-
tance from the real axis is positive, and its value 1 each of the half-planes
() <0 and J(¢) > 0 is an analytric function of ¢ n that half-plane.
[26.]

IFor real J-fractions we have, instead of the inequality (23.12),
the incquality

nlp((’) 1 - 7
L < - f = ¢ ?f 0’ 1’ 2, 3’ LI 2 .].
| gp(é_) ! I-y [ or y ‘(S) Y4 ( )

Inasmuch as
R (‘1"(5)> <0 for J() >0, p=1,2,3,---, (27.2)
B,(¢)
it follows that the poles of .7,(¢)/Bp(¢), which are all real by

Theorem 27.1, are all simple and have positive residues. In
fact, if this were not true for one of the poles, then we could
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choose a path of ¢ in the upper half-plane approaching this pole
in such a way that (27.2) would fail to hold.
Iet the poles of the pth approximant be denoted by i, 2,
-+, %p. Then x, # x, for » # 5, and we have a partial fraction
development of the form

:‘lp((-) - I"‘
MALALI . -~ -, where [1,>0. 27.3)
Bll(g’) 1 =1 g' - X ‘ (

On expanding both members of (27.3) in descending powers of ¢
and comparing coefficients of 1,{ on either side, we obtain

2/,, = 1. (27.4)

=1
From results found in § 26, we have

T'HEOREM 27.3. .4 real bounded [-fraction of normm N converges uni-
formly over every finite closed region whose distance from the real interval
—N < x < +N is positive.

We shall now prove the following theorem concerning real

bounded J-fractions (23.8) in which 4, =0,p =1,2,3, ---
TreorREM 27.4. A real bounded [|-fraction of the form

1

27.5

— (27.5)

T pa
§ -,

has norm less than or equal to unity if, and only if, the sequence {a,*} is
a chain sequence (cf. §19). [139.]

Proof. If the norm of (27.5) does not exceed unity, then

n

i n—1 n
= %2 < =2 aprprp <) xph =234, 00, (27.6)
p=1 p=1

p=1
for all real values of the x,. Therefore,

n n—1

pr2 - QZa,,x,,x,,“ Z 0, ‘ (27.7)

p=1 p=
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so that, by Theorem 20.1, the sequence {a,?%} is a chain sequence.
Conversely, if {a,?} is a chain sequence, so that (27.7) holds,
then the first inequality in (27.6) holds inasmuch as it is the same
as (27.7), while the second follows from (27.7) if we there replace
x, by (=1)?x,. Hence the J-fraction has norm not greater than
unity.

By means of an cquivalence transformation, we may throw
(27.5) into the form

2

Henee, if we drop the factor L/§ and then put z = —1/¢% we
obtain

The real ¢-interval =1 < x < Hl s carried by the above sub-
stitution into the real z-interval — = < & < —1. On combining
Theorems 27.3 and 27.4 we then have

Turorem 27.5. 0L g, <1, p=0, 1,2, -+, then the continucd
fraction

1
— - (27.8)
1+ -- (_I_—Z'_l;“‘.'?:‘rf_' )
L4 ___(]_-F 1)52)
| 4o Rk
I+

converges uniformly over every finite closed region whose distance from the
real interval — = < x < —1 is positive.
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Exercise §

6.1. Let Y, (z) denote the polynomial obtained from Y ,(z) by advancing
the subscripts of all the a; and &, by 7. Show that the determmate case holds

if the series
L.
is divergent [9].
6.2. Show that the determinate case holds for a bounded J-fraction.
5.3. Show that 1f the hmit-point case holds for a postive defimite J-fraction
when ¢ = o, 3(E) > 0, then the hmit-point case holds for all ¢ in the halt-

plane 3(¢) > 0. [138,9.]
6.4. Show that the continued fraction

1

v
ap

R

R Sl

may diverge if | { | is less than the bound.

5.5. Let f(z), p = 1,2, 3, -+, be a sequence of functions which are analytic
for | 2| < 1, such that | f,(z) l <M, p=1,2,3, ---, where M is a constant
independent of p and of 2, | 2| < 1. Let zy, 2, 23, - -+ be an infinite sequence of
points with modul less than unity such that the series (1 — |z, ) diverges,
and suppose that the sequence of functions converges for z =z, p = 1, 2, 3,
-++. Then the sequence converges umiformly for | 2| < 7 for every 7 in the
interval 0 < r < 1. [4.]

5.6. A function which is analytic and has modulus not exceeding a constant
M for every point in the interior of the half-plane R(2) > 0, and which vanishes
at the integral points 1,2, 3, - - - vanishes identically,  (Use 5.5 and the mapping

z=1-=[2/(1 4+ w)).



Chapter VT

STIFEL'TJES TYPE CONTINUED FRACTIONS

In his celebrated memoir of 1894, Stieltjes [95] developed a
theory of the continued fraction (28.1) in which the £, are real
and positive. We shall connect this continued fraction with a
certain real J-fraction, and shall be able to discover some of its
properties by means of known properties of the J-fraction. More
generally, we shall investigate the continued fraction (28.2), and
shall obtain a general convergence theorem of Scott and Wall
[88a], which includes theorems of Van Vleck [107], Hamburger
[26], and Mall [59].

28. Convergence and Divergence of the Continued Fraction of
Stieltjes. The continued fraction preferred by Stieltjes has the

form 1
" (28.1)
bz A
1
ks + -—- 1

kyz + - - —

)
where the %, are real and positive and z is a complex variable.
It will sometimes be convenient to consider a more general
continued fraction, namely,

— (28.2)

1

kzy +——- - 1

by e
kaZas .
3Z2 + ky - .

118
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where the &, are complex constants and z,, 2, z3, -+ are inde-
pendent complex variables. We shall refer to (28.2) as a Stieltjes
type continued fraction.

If the £, are all different from zero, then the even part (cf.
§ 4) of (28.2) is a continued fraction of the form (16.1), namely,

- s - (28.3)
CiC2
G mo— e
aC4
€2+€3+Zg—“+€5+23_‘.
where we have put ’
1
=, — =1,2,3, . (28.4)
I kpkl'+1 b I’

It is casy to verify that the approximants of (28.2) can be ex-
pressed in terms of the transformations

1/k
Tolw) = == L (28.5)
c + 21 —_—— = _ﬂ€2
' 2 + C3 + Jy — . .
2p—102p
w 3
by means of the formulas
Aopas
Tb(zp-{-l + Cap —+ (2"44) = Bzﬁﬁ’
2p42
(28.6)
s,
Tp(2p41 + c2p) = B_Z_'_'*'_i_
2p+

From (28.6) we see that the approximants of the continued
fraction (28.1), in which £, > 0, may be regarded as approxi-
mants of real J-fractions. From this remark it follows (cf. § 27)
that the poles of the approximants are all real, simple, and have
positive residues. Inasmuch as the denominators are obviously
polynomials in z with positive coefficients, it follows that these
poles all lie on the negative half of the real axis. On applying
(27.3) and (27.4), we then conclude, by (28.6), that the approxi-



120 ANALYTIC THFORY OF CONTINUED FRACTIONS

mants .7y, 2/ Bapys and Aopi1/Bayy of (28.1) have partial frac-
tion developments of the form

L
" -, (28.7)
=1 % —i— Xr
where £, > 0, 20, = 1k, and 0 < o < %y <= < 5, It fol-
lows immediately that if z is at a distance not less than 8 > 0
from the negative half of the real axis, then the approximants of
(28.1) satisfy the inequality
A,(2) 1
B,,(Z) - /clé ’
We are now in a position to prove the following fundamental
convergence theorem of Stieltjes [95].

p=1,2,3 - (28.8)

Tueorem 28.1. The continued fraction (28.1), in which the ky, are
positive constants and the series Xky diverges, is uniformly convergent over
every finite closed domain of = whose distance from the negative half of the
real axis is positive, and its value is an analytic function of = for all = not
on the negative half of the real axis.

Proof. l.et z be real and positive. ‘Then it follows at once
from the parabola theorem (Theorem 14.2) that the continued
fraction (28.1) is convergent if the series 2k, diverges. Now,
if G is any finite closed region whose distance from the negative
half of the real axis is positive, it follows from (28.8) that the
approximants of (28.1) are uniformly bounded over G. Consc-
quently, by the convergence continuation theorem (Thcorem
24.2), we conclude that Theorem 28.1 is true.

With the aid of Theorem 6.1 and the second remark after that
theorem, we readily obtain this theorem.

TuroreM 28.2. The continued fraction (28.1), in which the ky, are
positive constants such that the series Zky, converges, is divergent by oscil-
lation for every value of =. The sequences of even and odd approximants
converge uniformly over every finite closed region whose distance from the
negative half of the real axis is positive, to distinct meromorphic limit-
Sunctions p(2)/q(z) and p\(z)/q:(z), respectively, whose poles are all on
the negative half of the real axis. Here, p(2), q(2), p1(2), and q1(z) are
entire functions of = which satisfy the identity

21R)gE) — pRAnR) =1,
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and are the limits, uniformly over every finite domain of =, of the sequences
{Aap(D)), {Bap@), 1Aapy1 (DY, and {Bapy1(2)} of the even and odd
numerators and denominators of (28.1). [95.]

We have seen that the even part of the continued fraction of
Stieltjes is a real J-fraction. Stieltjes employed the following
criterion for determining when, conversely, a given real J-fraction
is the even part of a continued fraction of the form (28.1) in
which the &, are positive.

Tueorem 28.3. ./ real [-fraction

)\()
SN (28.9)

in which X\y—y >0, 5, >0, p =1, 2, 3, -, is the even part of a con-
tinued fraction

— (28.10)

in which ¢, >0, p=0,1,2, .-+, provided there exist numbers Py = 0,
P,>0,n =234 -, such that

P" < 11“,
A
S .<_. Pulh
//u - Pn
Proof. It is required to show that when (28.11) holds, then
the system of equations

n=1,23 ---. [95] (28.11)

co = Noy a = by,
102 = Npy cs + 3 = by,

CaCq = Ny r4+r5=b,;,
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can be solved for ¢y, ¢1, ¢, - - -, and that these numbers are posi-
tive. We have

A
c2=-->0, ¢2< <
T P T h-P

If we assume that 0 < can_y < P,, then we conclude from the
equation

)\n
Copn = 5 —7
2 bn — (22
that
kn
0 < C2n < &" ;_P: S Pn—H'

Therefore, 0 < can < Puyy, =1, 2, 3, -+-. Since 2,1 =
Mo/C2ny then cau_y > 0,2 =1,2,3, ---.

29. The Condition (H). We have seen in § 6 that a necessary
condition for the continued fraction

—_— (29.1)

ht - ===
AT

to be convergent is that the infinite series Z| 4, | be divergent.
More generally, we showed that it is necessary for the convergence
of (29.1) that the sequence &y, by, b3, - - - satisfy a certain condition,
which we shall now call condition (H), and which is defined as

follows.

DeriNiTION 29.1. A sequence by, b, by, - -+ of complex numbers
is said to satisfy condition (H) if at least one of the following three
statements holds.

(a) The series Z| bapia | diverges.
(b) The series Z| bapsr(ba + by 4+ -+ b2,)? | diverges.
(c) lim | bo 4 &+ -4 bap | = .
p= ]
In § 7, we found one important case where the condition (H)
is sufficient for the convergence of (29.1). We note that if
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k, >0,p =1,23, ---, then the series 2k, diverges if, and only
if, the sequence ky, ks, k3, - - - satisfies condition (H). Hence we
see by Theorems 28.1 and 28.2 that the continued fraction of
Stieltjes converges if, and only if, the sequence of coefficients
ki, ko, k3, - -+ satisfies condition (H).

The condition (H) was first used by Hamburger [26] in the case
of the continued fraction (28.1) in which the %, are real, k3,41 > 0
and k3, # 0, (p = 1,2, 3, ---). He showed that the continued
fraction converges for z nonreal if, and only if, the &, satisfy
condition (H). (Cf. §30.)

The theorem which we shall now give, due to Scott and Wall
[88a], includes this result of Hamburger as well as an extension
of Hamburger’s theorem due to Mall [59]. Tt also includes an
important convergence theorem of Van Vleck [107].

THEOREM 29.1. Let ky, ko, kg, - -+ be constants such that
Ry >0, kgt 20, Nk 20, p=1,2,3,---, (292

and let =y, %9y =3, ++ + be complex variables. The continued fraction (28.2)
converges for

RN =8, |5 <M p=1,2,3---, (29.3)

where & and M are any positive constants, if, and only if, the sequence
ky, ko, ks, - - - satisfies condition (H).

Remark 1. By means of an equivalence transformation, we
may write (28.2) in the form

On replacing iz, by 2,, —ika, by k2,, and dropping the factor 7,
we see that this resumes the form (28.2) with the inequalities
(29.2) and (29.3) replaced by the inequalities

ki >0, kapy1 20, J(kop) <0, p=1,2,3, -+, (29.4)
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and
S(zp) > 9, Izpl < M) P = 1) 2) 3: RS} (295)

respectively. The statements (a), (b), (¢) of the condition (H)
remain unchanged. Conversely, if (29.4) and (29.5) hold, then
the continued fraction is equivalent to another of the same form
which satisfies (29.2) and (29.3).

Remark 2. Instead of the condition (29.2) we may use the
more genceral condition

kapy =0, Nks)) 20, p=1,2,3 .-,  (29.6)

with the proviso that k;,_; > 0 for at least one value of p.
(Cf. the remark after Theorem 7.1.)

Proof of Theorem 29.1. Since |2,| < M, p=1,2,3, ---,
it follows by Theorem 6.2 that it is necessary for the convergence
of the continued fraction that the £, satisfy condition (H). In
case the series

ZSkop i (29.7)
and
Skopyr| ko + ke + -+ kop |? (29.8)
both converge, and
lim I }(-_) + k.‘ + . ‘+ K’g,; I = 0, (29.9)

P ->

then the continued fraction converges by Theorem 7.1. Hence,
there is to be considered here the case where at least one of the
two series (29.7) or (29.8) is divergent.

As in the proof of Theorem 7.1, we find that the pth approxi-
mant of the continued fraction satisfies the inequality

1
L p—1,2,3, e, (29.10)

1 1,
<
B, ki
and therefore B, # 0.
We have to consider two cases (A) and (B) according as &, = 0
for all values of p, or k£, = 0 for one or more values of p.
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(A) Suppose that k, #= 0 for p = 1,2, 3, ---. If we make the
substitution (28.4) and suppose that (29.4) holds (cf. Remark 1),
then

S(CP) =Yp ->-0) p= 1:2)3, *t .

Letyo =0,

ﬂp = Yap—2 - Y2p—1»

go = 0)
/’
1 if 2p = ()
. - 77’“ ’ p=1,2,3,---.
’ 2 f yapq > 0,
Yop + Y2p41

ap = J (Vezp_icp ),
Then we find that 0 < g, | < I, and, since arg ¢y, = argcay,

a,,2 = Yop-1Y2p = BpBpyi(l — gp1)gp, P = 1,2,3,---.

Therefore, (28.3) is in this case a positive definite continued fraction.

Following § 17, we now define the circular region K, as the
image of the half-planc

3‘(70) 2. ﬂp—{-lgp = Y2p = J ( ’1"“‘> (29.]1)

k2pk2p+l

under the transformation # = T,(w) of (28.5). Inasmuch as
3(zp+l + C2p + C2p4 l) > Y2ps 3(211-{-1 + c2p) > Y2ps it fOllOWS by
(28.6) that A5,,2/Baypy2 and Azpy1/Bspy1 both have their values
in K,. To prove that the continued fraction (28.2) converges, it
therefore suffices to prove that the radius 7, of K, has the limit 0
for p = o, i.e., that the limit-point case holds for the positive
definite continued fraction (28.3).

By an argument used before (cf. the beginning of Chapter V)
and the theorem of invariability (§22), we know that r, —»0
if 3(zp) >26>0,|2,| <M, p=1,2,3, ---, provided that at
least one of the infinite series

2| X,0) |5 2| Y,0) |2 (29.12)
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is divergent, where the X, and Y, are the polynomials con-
structed by means of (17.10) for the continued fraction (28.3).
Our theorem will then be established for the case where £, # 0,
p=1,2,3, -, if we show that the series (29.12) are the same as
the series (29.7) and (29.8). But this can easily be done by mathe-
matical induction with the aid of the recurrence formulas

Yo=0, Yi=1, Xo=—1, X, =0,
"‘\/f_:z,;::sfzp—zyp—l(()) + (c2p 2 + €2, 1) Y,(0)
— Vegp162,Yp11(0) = 0,
= Verp—s2p2Xp10) + (C2pms + €2p1) X,(0)
— Ve X,1(0) = 0,

b= 1) 2, 3) e
In fact, we find that
Yp t 12(0) = k:!p t by
P = 1,2)3, Ut
/Y’)+l2(0) = '('21)+l(/\'2 + k«i + s + k21))2; (29-13)

(B) Suppose that k, = 0 for one or more values of p. We shall
reduce this case to the preceding case, or else to the consideration
of the convergence of what is essentially a terminating continued
fraction of the form (28.2). The ideas involved are intuitively
simple, but the detailed treatment is somewhat tedious.

We shall associate with the continucd fraction (28.2) another
continued fraction obtained from it by a certain contraction

process, namely:

! - (29.14)

1
1+ — —
]12+——-———1-
h3ts + ;l—:—
T
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I~1

where, for certain indices #, specified below,

hy =k + kg 4+ kay

hy = '(':an + k‘ln,-&2 +--- /f'.znz,

hs = kan,41 + kangps +- -+ k‘.’n,—],

hy = /f:zn_, + kzn,, p2 ot ko,

hs = kangt + kanggs + ot konss (29.15)

-~

)
iy = k2 + kg2 +- -+ k‘.!ul-—lznl)
113{2 = k:‘tng—HZn,-H + k2n2+:{zn2 +2 + ot + kf.’n,—lzn,,

115;3 = k:!n,—f-lzn‘+l + k2n4+3zn‘+2 +---+ kznb—lznp

The indices 1o = 0, 11, #2, 13, - - - satisfy the following conditions.
O0=ny<m<ng<ny<m <ng <+ (1)
ka1 >0, p=0,2,4,6,-; (ii)
kap1 =0 for m < p<myy ny < p<my ng<p<ig,

-y (i)
ko +ka+-- -t kapo#®0 for 1 <p<m

implies k2,1 = 0,

ky + ks + -+ ka2 = 0,
kongra + kngps Foo ot k2pa # 0 for m < p <3

implies k2,1 = 0,
kangq2 + kangpa + o+ kan,_2 =0, (iv)
ko2 + konpr oot kapa # 0 for ny < p < mj

implies k3,1 = 0,

k2n,{-2 + k2n,+4 4. k:Zn,,—‘.Z = 0,

k2n, + k2n1+2 + . '+ k27v # 0 fOI' mn S ? S Nna,
k2n, + k2n3+2 +' * '+ k2p # 0 fOl’ na S P S Mgy (V)
k2n5 + k2n5+2 +---+ kzp # 0 for ng < p < ng,
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It is easy to verify that all the approximants of (29.14) are approxi-
mants of (28.2).

If, by exception, the sequence of indices 7, satisfying the con-
ditions (i), -+, (v) fails to exist, then (28.2) has an infinite
subsequence of approximants of the form

1
S(w,) = T (29.16)
hgy+ - —
R
hiCa - e
h3¢s + B i 1
O T
1
IUm + )
where ’
nam+r
wy = kapy12pi1-

p=nzm

Here the 4, arc defined as in (29.15) with nq, #y, = -+, #2n a finite
sequence of indices satisfying the conditions (i), +++, (v), and
the further condition

koo, 11> 0,

k2n2,,,+2 + k:zn!,,,-{-& + ot + k‘.!p-—:? #~ 0 for . P > Ham (Vi)
implies k5, = 0.

[nasmuch as at least one of the two series (29.7) and (29.8)
diverges, by hypothesis, it follows that ks,_y > 0 for infinitely
many values of p.

The case where (29.14) exists will be referred to as Case 1,
and the exceptional case will be referred to as Case 2. We shall
prove that when (29.4) and (29.5) hold, and at least one of the
series (29.7) or (29.8) diverges, then (29.14) converges in Case 1,
and the sequence (29.16) converges in Case 2. It will then
remain to be shown that the sequence of approximants of (28.2)
which are not approximants of (29.14) converges to the value of
(29.14) in Case 1, and the analogous fact must be established in
Case 2.
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We shall first dispose of Case 2. Krom condition (vi) we get,
for n > ns, = o,
n

D hapal ke ke e ko |2

p=1

=Zk2p{|| ki! + kl _*""_*_ A"Jl’l‘z
p=1

D kgl ke A kA kA ks b F [P

p=ctl

=Z/"2mx| ke + ky 400+ kl!vlz
p-1

+ I kz + /('4 +---+ /\,2012 Z k2p+l)
p=o+1
and conscquently the series (29.7) is divergent. Therefore, the
sequence (29.16) converges to the finite (cf. (29.10)) limit f(=).
All except at most a finite number of those approximants of
(28.2) not included in the sequence (29.16) are cqual to f(») or
are of the form f(w, + v), where

1
B o= e e S

- k2a +2r—:}-2——+. kz:}—.;r- {-—4' + et + /\’21)
Since J(v) > 0, then J(w, + v) > J(w,), and therefore

lim f(w, + ) -: f(»).

r=o

Thus, (28.2) converges to f(=).

Turning now to Case 1, we first prove that the continued frac-
tion (29.14) converges. To that end, it suffices to prove that it
satisfies all the conditions used in (A). Therc will then be asso-
ciated with (29.14) a nest of circles K,’, Ky', K3, - - -, each con-
tained in the preceding, whose radii have the limit 0. We shall
show then that, for each #, there exists an index u = u(#) such
that all the approximants of the original continued fraction
(28.2) from and after the nth have their values in the circle
K,'; and lim u(#) = «. It will then follow that (28.2) con-

n= o

verges, and the proof of the theorem will be complete.
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From the formulas (29.15), the conditions (1), -+, (v), and
(29.4), (29.5), we find that

hapos >0, hyp #0, S(hsy) <0, J(&p) 28, 6] <M.

let S, =hy+ hy+---+ hap.  Then, by (29.15) and (iv),
S, = S, where s, = k2 + ks +---+ kon. It is not difficult to
show that Zkspi| ) |2 = Zkepya| 5|2 Thercfore, if at least
one of the series (29.7) or (29.8) diverges, then at least one of the
series Zhypq1 of Zho,p| S, | diverges. Therefore, by (A), the
continued fraction (29.14) converges.

Let .4,//B,’ denote the pth approximant of (29.14). 'The
sequence of these approximants is a subsequence of the sequence
of approximants of (28.2). We shall prove that thosc approxi-
mants of (28.2) which fall between .7,,"/Bs," and Ayspya’/Bspys’
in the sequence have their values in the circle K,_," associated
with (29.14). This will imply the existence of the index (%)
having the required properties.

The approximants of (28.2) in question all have the form

UL (29.17)

where w has one of the possible forms
w = k:!n_vp t lzll.!p b1 + k:!u_',, t :Szll:p +2 + e + l\':Zr—l,

Hay <r< Hapy1,
or

W = Rangyt1Zngp+1 + Kongpt sZnypte oo+ karizr

1
+, s
k2r+k2rq2+"'+k2s

Hyp <7 K Hapyy, ¥ S5 < Hzpyo.

We note that when (29.4) and (29.5) hold, then /(w) > 0.
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Since (29.17) is the 2pth approximant of (29.14) in which 4;,
has been replaced by 43, + 1/w, it is given by the expression

1 1
Tp—l’ g-l) + /] _--1;."-_ + T ___““_-i - b
Zp—2tap—l l’2p—l (/7‘.’1: + )
w
where T,_," is the transformation related to (29.14) in the same

way that T,_; is related to (28.2) (cf. the first formula (28.6)).
Inasmuch as

1 1 1
¢ s > . .
\Y <§‘P + ]I2p—2]72p—1 -+ l)) - } </12p—2/l2p—l> ’

11211—1 (llZp +
w

we conclude immediately that the value of (29.17) is in the circle
K,_y’. This is what we wished to prove, and Theorem 29.1 is
therefore established.

In case the z, of (28.2) are all equal to a single complex variable
2, we have, by (29.10) and the convergence continuation theorem,
this corollary to Theorem 29.1.

TuroreM 29.2.  If ky, ko, k3, - - - are numbers satisfying the conditions
(29.2), then the continued fraction (28.1) converges uniformly over every
finite closed region in the half-plane N(2) > 0, and its value is analytic
in this half-plane, provided the k, satisfy the condition (H). If condition
(H) is not satisfied, then the continued fraction diverges for every value of .

30. Three Convergence Theorems. The first of the three theo-

rems which we shall consider in this section is the following
theorem of Van Vleck [107].

‘THEOREM 30.1.4  If R(by) > 0 and | J(bp) | < eN(bp) for p = 1,2,3,
-+, where ¢ is a positive constant, then the continued fraction

1
e (30.1)

1
ht - ——

by + ———
2+53+'

converges if, and only if, the infinite series =| b, | diverges.

14 Van Vleck used his theorem to obtain ‘I'heorem 28.1 of Stieltjes. Besides Van 'Vleck'ﬂ
original proof, and the proof given here (cf. [88a]), other proofs are to be found in [40]
(cf. |69, § 54]) and in [35].
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Proof. In the continued fraction of Theorem 29.1, put
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kzp = &2,,, k2n—l = lb2p—l |, k2p—lzp = 52;;_1
wherce
2p = 1 if bgp_] = 0.
Then,
AN (b
R(ksp) > -' 7‘-;-"—’—' > 0,
ky = |bll > 0, /"2p|-l = Ibznﬂl >0,
1
|zl’l =1< A"I) m(zp) > V/ﬁ_—? =

If the series Z| 4, | diverges, then either (a) of condition (H)
holds (cf. Definition 29.1), or else 2| 45, | diverges, in which casc
(¢) of condition (H) holds, inasmuch as | 42, | < V1 4+ ¢2R(2,).
We then conclude by Theorem 29.1 that the continued fraction
(30.1) converges if Z| 4, | diverges. If, on the other hand, this
scrics converges, then the continued fraction diverges by Theorem
6.1.

If we require that | 3(6,) | < ¢R(4,) only for odd values of p,
we obtain the following theorem of Mall [59].

Tueorem 30.2. If R(6) > 0, | J(bap—i) | < R(bop_1), where ¢ is a
positive constant, and N(bsp) = 0, (p =1, 2, 3, ++-), then the continued
Sfraction (30.1) converges if, and only if, by, ba, bs, - - - satisfies condition
(H).

Proof. As in the proof of Theorem 30.1, we put
/\'211—1 = Ib2p—l |) k2p = bzp) A'-_:,,_.|Zl, = &21:—[
where
Z1,=1 lf &2,,_‘:0, p=1,2,3,‘ .
'l'hen, /\'1 = I bl l > 0, k2p+1 = |b2p+l | > 0) rR('Ilen) = Sn(&ZP) 2> 09
|z, =1 < M, and R, > 1/(V1+ %) =5 Hence, by

Theorem 29.1, the continued fraction converges if, and only if|
the 4, satisfy condition (H).

The third theorcm is the following theorem of Hamburger [26).
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THeorEM 30.3. If ky is real, ky > 0, kzpy1 20, p=1,2,3, ---,
then the continued fraction (28.1) converges for all nonreal = if, and only
if, the ky satisfy condition (H). When condition (H) holds, then the con-
tinued fraction converges untformly over every finite closed domain whose
distance from the real axis is positive.

Proof. By means of an equivalence transformation, we may
throw (28.1) into the form
i

’ 1
ki(iz) +  -- B
—iky + -

ka(iz - e
3(7z) + _./“_*_..

Then, k1 > 0, k2pp1 > 0, R(—7k2p) = 0. By Theorem 29.1, the
continued fraction converges for R(iz) = —3J(z) > & > 0 if, and
only if| ky, —iks, k3 — iky, ks, - - - satisfies condition (H). There-
fore, the continued fraction (28.1) converges for J(z) < —34 if,
and only if, ki, k, ks, --- satisfies condition (H). Again, by
means of an equivalence transformation, we may throw (28.1)
into the form
—i

i 1
N
iks + )

ks(—iz) + ke -

and conclude, as before, that (28.1) converges for R(—iz) = J(z)
> & > 0, if, and only if, 4y, ky, kg, - - - satisfies condition (H).

Since, by (29.10), the approximants of (28.1) are uniformly
bounded for J(z) > & > 0 and for J(z) < —3, we conclude by
the convergence continuation theorem that, when condition (H)
is satisfied, then the continued fraction converges uniformly over
every finite closed domain at a positive distance from the real
axis.
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Remark 1. In connection with all three of these theorems, cf.
Remark 2 following Theorem 29.1.

Remark 2. Both Theorems 30.2 and 30.3 are here proved in a
somewhat more general form than is to be found in the papers of
Mall and of Hamburger, respectively (loc. cit.).

FXERCISE 6

6.1. Show that Stieltjes’ theorem (Theorem 28.1) holds under the more general
hypothesis &y > 0, k, > 0, p = 2, 3, 4,
6.2. In the contmuui fractmn (’%() n, put by = | bp |e®». Show that if there

exists a real number ¢ and a positive numl)cr a quch that
(L Op1<c+w—a
p = l, 2‘ 3! e b
—c—7+a<6,<7T—0¢

then the continued fraction converges if, and only if, the series =| 4, | diverges
[107].
6.3. Let 8y, 83, 83, -+ - be any numbers such that

[8p] — RG) < L, Badop 1 >0, X@opr+8)>0, p=1,2,3 -
Then, the continued fraction

1

T T ey
b T

bat b da—
s+ 61+ b F ootz

converges if z is outside the region bounded by the lower half of the parabola

|z] + %) = 2.

6.4. Show that the continued fraction (28.9) 1in which
=1,
= (2u — Q2w 2n + 1)k?,
= (27 — X1 + &9,
k>0,
is the even part of a continued fraction (’254.]()) in which ¢, > 0. [95.]



Chapter VII

EXTENSIONS OF THE PARABOLA THEOREM

The theorems of this chapter may be regarded as extensions or
refinements of the theorems of Chapter 111, which result from the
general theory of positive definite continued fractions.

31. A Family of Parabolic Domains. We specialize the con-
tinued fraction (16.1) by there taking

b, = — sin ¢,(1 + & sec + i cos ¢,,
! én( é») b GL1)

™ ™ .
—;<¢p<— zl)=16, 5>0-

f),

“~

Then 4, + 2z, = ie”"(1 4+ dsec ¢,). We require the continued
fraction to be positive definite, i.e., we require that

I ”1;2 l - 9“”02) S 2 cos d’p cos ¢p+1(l - gp—l)gm

(31.2)
0<goa <1, p=1,2,3,....

IFe do not require the a, to be different from zero.
By means of an equivalence transformation, the continued frac-
tion can be written as 1/ie'(1 4+ & sec ¢;) times

L (31.3)

(4]

14+ -

C2
1
tIr

)
where
2,—t¢ptéps)

Cp o= -t : . (31.4)
(1 + dsec ¢p)(1 + dsec ¢p41)
135
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On substituting the value of 4,2 from (31.4) into (31.2), we get
the following incqualitics for the ¢),.

l cp I — }R(‘."‘,IWWQWHI’) < _?_fo_s__éf_cg‘?.d,".‘ ﬁl_: .gl'__:]_)_g_li,
(I + & sec ¢,)(1 + 8 sec ¢pia1)
p=1,23,- .-
Conversely, if (31.5) holds, then (31.2) holds.

If «/,/B, is the pth approximant of the continued fraction
(31.3), and .7,’/B,’ is the pth approximant of (16.1), with 4,,
2z, and a, determined by (31.1) and (31.4), then

A, L,
B, T e (1 + 8 sec ¢y) B,
Therefore, if (31.5) holds, it follows from (17.3) that

A, €1 + & sec ¢y) < 1 + 8 sec ¢y

(31.5)

B, 2(gocos ¢y +8) | — j-(g'o cos ¢1- ‘i‘ 8)’

31.6
p=1s2>3:"': ( )

provided gy > O or § > 0.
We have thus proved the following theorem.

THEOREM 31.1.  Let the partial numerators ¢, of the continued fraction
(31.3) satisfy the inequalities (31.5), where & > 0, and

™
<¢P<7;’ OS&’;—lﬁla [7=],2,3,"‘

If go > O or & > 0, then the approximants of the continued fraction satisfy
the inequalities (31.6). [139.]

This is a generalization of Thecorem 14.3. In fact, we sce that
this theorem is the special case ¢, =0, g,_1 =3, p =1, 2, 3,
-+, 8 = 0, of Theorem 31.1.

Geometrically, the inequality (31.5) means that, for each p, ¢,
has its value in a certain parabolic domain depending upon p.
In contrast with the parabolic domains of Chapter 1II, the axes
of these domains do not necessarily coincide with the real axis.

From Theorems 5.1, 16.1 and 17.1, we have immediately
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Tueorem 31.2. If the inequalities (31.5) hold with & > 0 or with
e >0,p=0,1,2 .., then the denominators of the continued fraction
(31.3) are all different from zero. Hence, the continued fraction converges
in this case when some partial numerator cp vanishes [9).

If § > 0 and the determinate case holds for the continued frac-
tion (16.1) equivalent to (31.3), then the latter converges. By
Theorem 25.1 and (31.4) we thercfore have

Tueorem 31.3.  If the inequalities (31.5) hold with & > 0, and if the
series

!
s — (31.7)

\/l p I(l + 8 sec o)1 + 6 sec dpi1)
diverges, then the continued fraction (31.3) converges.

32. ‘““Convergence Neighborhoods” of a Point (2). In § 15 we
found that every point ¢ with real part greater than —} is the
center of a circular region which is a convergence region for the
continued fraction (31.3). Perron [69] showed that this holds if
c is not real and less than or equal to —%. Paydon and Wall

|68] proved the following more general theorem.

THeoOREM 32.1. Let W be a finite closed region containing c. Then
W is a convergence neighborhood of ¢ for the continued fraction (31.3)
provided there exists a parabola with focus at the origin, not containing the
point —% in its interior, which contains W in its interior.

Proof. l.et |z| — M(ze**) = A, & > 0, be a parabola with
focus at the origin, passing through —}, which contains # in
its interior.  Then we must have

9
T T p cos® ¢
- 5 < ¢ < o = ,
Thus, if ¢, is in //’, then
! 2
X cos” ¢
| e] — Miepe?) <

- 2(1_ + 6 sec_éz-):’ ’

provided & is a sufficiently small positive number. That is,
(31.5) is satistied with ¢, = ¢, g, = 3, § > 0. Since }¥ is a
finite region, we conclude from Theorems 31.2 and 31.3 that the
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continued fraction converges when the ¢, are in W, i.e., Wis a
convergence set for the continued fraction.
From Theorem 31.1 we have at once

CoroLrary 32.1.  The approximants of the continued fraction
(31.3) do not exceed (2 + 26 sec ¢)/(cos ¢ + 28) in absolute value,
provided the c,, are in the domain IV .

33. A Theorem of Van Vleck. We shall now prove the follow-
ing important convergence theorem of E. B. Van Vleck [110].

Turorem 33.1. Let h,, p= 1,2, 3, -+ be a sequence of numbers
having a finite limit h.  [u case h 5 O, let I, denote the rectilinear cut from

Y
——_
(@
28 6
2
X
Fii. 5.

—1/4h to o in the direction of the vector from O to —1/4h. Let G denote an
arbitrary finite closed region whose distance from L 15 positive, or, in case
h = 0, an entirely arbitrary finite closed region. There exists an index N,
depending only upon G, such that the continued fraction

(33.1)

converges untformlv ozer G for n > N,
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Proof. If 2 = 0, it is only necessary to choose N so large that
| Az | < 1, for p > N, and for zin G, and then to apply Theorem
10.1.

If 20 and 2’ 1s in G, then A2’ is not on the real interval
—o < x < —%. By Theorem 32.1 and Corollary 32.1, together
with the convergence continuation theorem, we therefore conclude
that there exist an index N(z') and a circle C(2’) with center 2/,
such that (33.1) converges uniformly for z in C(z'), provided
# > N(2'). Since G is a finite closed region, we may select from
the family of circles C(3") a finite set of these circles such that
every point of (i is interior to at least one of them. Lct A denote
the larger of the finite set of indices N (z”) which correspond to the
circles selected. Then (33.1) is obviously uniformly convergent
over G if n > N.

The above theorem can be generalized in the following way.
Suppose that there are £ finite numbers oy, o4, - - -, gy, such that
limau,, =9, for p=1,23 --- k

e
For the sake of simplicity, let £ = 2. For any #, the even part
of (33.1) can be thrown into a form where the partial denominators
are unity, and the partial numerators are

/1'14 2pltn + ’pHZ

(l + /Inq ’p—-l“ + llnl 11*)(1 + /7’1.’.,:”“ + /Iu{ ’p+’z)

For p = =, this becomes

a’,azz'

T) = - :

1 +az+ 0’22)'
The odd part gives exactly the same expression. One can now
conclude, by the argument used in proving Theorem 33.1, that if
G is any finite closed region at a positive distance from the curve
along which T'(z) has its values in the real interval — o < x <
1’ then there exists an index N such that the even and odd
parts of (33.1) converge uniformly over G if # > N. Since the
region G can always be chosen so that it contains the origin on
its interior, and since, by Theorem 10.1, (33.1) converges in a
sufficiently small neighborhood of the origin, we conclude that
the even and odd parts must have a common value. Therefore,
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if » > N, the continued fraction (33.1) converges uniformly
over G. In this case the cut is the curve into which the real
interval —» < x < —1 is transformed by the transformation
t = T(x). For further details, cf. [121].

34. The Cardioid Theorem. We now specialize (16.1) by
taking 4, = ihyh 2 0,2, =2,(p = 1,2,3, ---). The condition
for positive definiteness then becomes

lap2| - m({lpz) ._<. 2[12(] — g 1).&',., 0 _<_ Ly 1 < 1,

(34.1)
7’ = 1’293y .
Instead of (31.4) we now have
—a,? ,
(p h +_': LT A, (34.2)
where
—1 A
t = - ‘?-'=-'7< ,—/1>- (34.3)
(th + 2)* Vit

Since z = i for + = 1/(1 4 A)2, we must take that branch of V/
which is real and positive for ¢ real and positive. In the tplane
we make a cut from 0 to — » along the negative half of the real
axis, thus:

= |t]e 2o, || >0, —7:<¢<7:- (3+.4)
Then, by (34.3),
1
M I( c"""—-/l),
g
so that
1
J) o, cosd — A
"N

If 2 = 0, then J(2) > 0 for all 7 in the domain (3+.4).
It 4 > 0, then §(z) > 0 if, and only if,

1

1] < 55 (14 cos 290, ~T<e< ], argr= 2. (345)

to §
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Y

(N,
o

I16. 6.

Let G be any finite closed region of the £planc in the domain
(34.4) if &4 = 0, or in the cardioid domain (34.5) if # > 0. Then,
if o is a sufficiently small positive constant, we shall have 3(z) > ¢
for all ¢ in G, and consequently the approximants of the continued
fraction

1
R (34.6)
a, "t
1 + -,
l -’— (l;grt N
1+
are uniformly bounded for £ in G.  Now, if £ is real and

0<¢ < , 34.7
SES e (34.7)

then it follows from (34.1) that | @,% | — N(a,%) < %, p =1,2,3,
Hence, for thesc values of 4, we may apply the parabola
theorem to (34.6), and conclude that it converges for ¢ in the
interval (34.7) provided that (a) some &, vanishes, or (b) @, # 0,
p=1,2,3, .-+, and the series Z| £, | diverges, where
1

k=1 a}f=—---—, =1,2,3,---. . (348
1 al kpkp+l p ( )
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By the convergence continuation theorem, we therefore conclude
that (34.6) converges uniformly over G if (a) or (b) holds. Simi-
larly, if the series 2| &, | converges, then we find that the even and
odd parts of (34.6) converge uniformly over G to distinct limit-
functions.

We have thus proved the cardioid theorem [68, 9]:

‘Turorem 34.1.  Let the partial numerators ay® of the continued fraction
(34.6) satrsfy the inequalities (34.1). Let G be any finite closed region
11 the t-plane which is in the domain (34.4) if h = 0, or tn the cardioid
domain (34.5) of h > 0. The continued fraction (3+.6) converges uni-
Sormly over G of (a) some a, vanishes, or (b) a, £0, p=1,2,3, «-+,
and the series 2|k, | diverges, wheve the k, are given by (34.8). [f this
series converges, then the even and odd parts of (34.6) converge uniformly
wver (5 to separate lunits, and the continued fraction diverges by oscillation
Sor all t in G.

Remark. If 4 = 0, this thcorem is essentially Stieltjes’ theo-
rem, Theorem 28.1.

An arbitrary valuc ¢ in the interior of the cardioid domain
(34.5) can be expressed in the form

rcos® ¢
- ¢

/12

If we combine (34.1) and (34.2), we then obtain the inequality

, T T
t = T, 0<r<l, = <¢<_, h>0.

[ o] = M) < 2rcos® ¢(1 — g8
\ (34.9)
p=123 ---.
Therefore, by Theorem 34.1, we have immediately |68, 9]

Tueores 3.2 [f the partial numerators ¢, of the contsnued fraction

satisfv the inequalitics (34.9) in which —(r 2) < ¢ < (7/2),0<r < 1,
0L g <L, p=0, 1,2 «--, then the continued fraction converges if,
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and only if, (a) some ¢, vanishesy or (b) ¢, # 0, p = 1,2, 3, -+, and the
series EI kp] diverges, where ky = 1, ¢p = Likpkpp, p= 1,2, 3, ---.

Ifp=0,g,=1%p=0,1,2 ... then, if it were allowable to
have » = 1, this theorem would reduce to the parabola theorem.
It is reasonable to conjecture that Theorem 34.2 holds even for
r = 1. However, our method of proof does not permit this value
of . Having » = 1 is equivalent to allowing the region G of the
cardioid theorem to have boundary points upon the boundary of
the cardioid domain.

35. An Extension of a Theorem of Szdsz. Szisz showed that
the continued fraction

—- (35.1)

1

converges if the ¢, arc not zcro, provided the series =| ¢, | con-
verges and provided 2(| ¢, | — MN(cp)) < 2. This may be re-
garded as an extension of von Koch’s theorem, Theorem 12.1,
In the following theorem, we drop the requirement that the ¢,
be different from zero and the requirement that the series Z ¢, |
be convergent, and employ an extended form of the condition
() ep| = New)) €20

Tueorem 35.1. If

Dol = R < 2eo?d, n=1,23,---, (5.2

p=1

where —(x/2) < ¢ < (w/2), then the continued fraction (35.1) converges
if, and only if, (a) some ¢, vanishes, or (b) ¢, #0, p=1,2,3, ---,

wnd the series X\ k, | diverges, where ky = 1, ¢, = Likky i, p=1,2,3,
[139, 9.]
Proof. Il.et .
l Cp | — R(cpe®?)
Cp = — Pt
2 cos® ¢

n

Then, C, >0, and, by (352),) C, <1, n=1,2, 3, ---.

p=l
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Therefore, by Lemma 12.1, the sequence |C,} is a chain sequence

whose minimal paramcters m, satisfy the inequalities0 < m, < 1,
p=20,1,2 ... Morcover, by Theorem 12.1, the continued
fractions

: P =0,1,2, s,

arc convergent. Therefore, by Theorem 19.4, the maximal param-
eters A, of the chain sequence [C,} are all positive.  We may
then write €, = (1 — M, )M, or

|| = Ricpe®®) = 2cos? o(1 — M,_IM,, 0< M, <1,
p=123 -

If we now put ¢,e” ™ = a,?% then (35.1) can be written as
ie™'® times the continued fraction

jem — - =

0
. as”
ie” ' — -
e —.

This is a positive definite continued fraction (16.1) in which
b, =1 " pB,=cos¢ >0, z,=0.

On applying Theorem 17.1, we then conclude that its denominators
arce all different from zero, so that the denominators of (35.1)
are all different from zcero.  Therefore, (35.1) converges in case
some ¢, vanishes.
Suppose that ¢, # 0, p = 1,2 3, --.. By (35.2) we may
choose # such that
| ep] — Nic,e®®) < rcos® g(1 — L, for p > m,
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where 0 < » < 1. Therefore, by Theorem 34.2, the continued
fraction

Cy
1+
Cu gt
L4
1 +-
converges when the series 2| £, | diverges.  If we denote its value
by o, then (35.1) must converge to the value

nln—l +('n —lv-/n 2
) ’
Bu—l + (-n—lan—'_'

where ./,/B, i1s the pth approximant of (35.1), provided the
denominator of this expression is not zero. Now, by the deter-
minant formula,

(‘[n—l + Cp—1¢. ,n -:!)Bn--2 - (Bu -1 + ¢, IUBH——2)A/N—-2 # (),

so that the numerator and denominator of (35.3) cannot vanish
together.  Inasmuch as the approximants of (35.1) have moduli
not greater than 1 A, cos ¢, it follows that the denominator of
(35.3) is not zcro, so that the continued fraction converges.

If the series 2| £, | converges, then the continued fraction
diverges by Theorem 6.1.

The proof of Theorem 35.1 is now complete.

(35.3)

Fsnreist 7

7.1. Show that it £15 1 the domain G of the cardioid theorem, then the approxi-
mants of the continued fraction satisfy the mequality

Ap et ! 1
- D S — —
By Jeosd — AL — g Vi1 T 2cone — Al —_((())VIII

P = l) 2’ 37 '

7.2. Show that the approximants of the continued fraction of Theorem 34.2
satisfy the mequality

A, e . < L =
By Jeoso|l — (1 = ,t:o)\/"] [T 2eosgl — (1 — .k’l))\/r] ‘




Chapter VIIT

THE VALUE REGION PROBLEM

By the value region problem for a continued fraction, we shall
understand the problem of determining a region /7 of the complex
planc in which the values of the approximants lie when the ele-
ments of the continued fraction are restricted to have their values
in a preassigned region £, We shall restrict our attention to con-
tinued fractions of the form

- - - (a)

and shall call the pair of regions (£, /7), having the above de-
scribed property, a solution of the value region problem. A so-
lution (£, I7) is called minimal if 77 is closed and if, morcover, the
closure of 77 contains /™ whenever (£, /1) is a solution. Thus,
if (/, I") is a minimal solution, then the region /7 contains all the
limit-points of the set of values of the approximants of the con-
tinued fraction whose clements ¢, arc in £, and is the smallest
closed region having this property.

In the preceding chapters, we have found two solutions of the
value region problem for the continued fraction (a), namely,

I —RE) <L Iz —1] <1,
(Theorem 14.3); and

o~
g
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(Theorem 10.1). Both these solutions (£, /") are minimal
solutions.

In the present chapter we propose to treat the value region
problem in some detail; with a view toward correlating a number
of results, including the two cited above.

36. A Sufficient Condition. In the investigation of the value
region problem, the following theorem is often uscful |87].

THeoreEMm 36.1. Lt

1
=5yl = ———
=50 1+

be a linear transformation of the variable t into the cariable s, the tansforma-
tion depending upon the parameter z.  Let K and 17 be two regions having
the following two properties.

(a) The region I~ contains the point 1.

(b) The transformation s = s(3; 1) transforms 1" nto all or a part of
itself for cvery value of the parameter : in I:

sz INC 1, Joral : in [

Under these conditions, (I, 17) 15 a solution of the value region problem
for the continued fraction

_ - (36.1)

Proof. By (a), the first approximant ./,/B; = 1 of (36.1) is
in V. By (a), (b),

1
wl) = —— = u.
w1 T+
is in /. Hence, by (b),
Sewisio) = - ¢ = =ty
€n_1
L+ &=
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is in /. Therefore, again by (b),

1
J(Cn-z; un-—l) = '—_——c—'— = Un—2
1 4+ 2o
1 + Cn-1
1 +ca
is in /. Continuing in this way we conclude, finally, that
1 A"
s(ary ug) = ———— =L
1+ €1 L Bn+1
L4 o
_|..
gl
1

is in 7 and the theorem is proved.

37. The Two-Circle Theorem. We now consider the problem
of determining conditions upon the parameter z in order that the
transformation s = s(z; #) carry a given circular region H into
all or a part of another given circular region K. We have the
following theorem of Lane [47], which will be used later on to
obtain solutions of the value region problem.

Tueorem 37.1.  Let H and K be arbitrary circular regions of the form
Hilw—c|<ple|, Kilw—d|<Lqld|, ¢d#0, p>0, ¢>0,

in the complex w-plane. Let s = s(z; w) = /(1 4 zw) be a linear trans-
Sformation of the variable w into the variable s, the transformation depending
upon the parameter z.  This transformation carries H into all or a part
of K if, and only if,

¢ ] Y

FIEr Rl M  rer) U

c:f~+£1{z+11+rj—l
2| ed |

" )l
It’dl(l—ri +‘ ( d(l—qz) ’ l/ 1>1.
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Remark. It may of course happen that there is no value of z
for which (37.1) holds. It can be shown that the domain of z
is nonvacuous if, and only if, one of the following three conditions
holds:

(a) K contains the point 1;

(b) K contains the origin and H does not contain the origin;

(c) Neither H nor K contains the origin and

2 2 2 72(1 - Pz) .
d= 1 s gldp+ 078
Inasmuch as we do not make use of this criterion, we shall omit
the proof (cf. [47]).

Proof of Theorem 37.1. One may verify directly that 2 = 0
satisfies (37.1) if, and only if, K contains the point 1, i.e., if,
and only if, s(0; /) = 1 C K. We therefore need consider only
values of 2 which are different from zero. It is required to show
that such a value of z satisfies (37.1) if, and only if, s(z; H) C K,
i.e., if, and only if]

- d

<gqld|. (37.2)

lw—c| <ple| impli ‘
w—c| < ple| 1mphes 3w

We introduce a new variable ¢ by means of the equation { = z2w/c
or w = ¢¢/z. 'Then (37.2) holds, if, and only if,

l¢ —z| < plz| implies ‘;‘—i— l-(] — l{)) <glt+ 1‘ (37.3)
(4 ['{

I.et A and B denote the ¢-regions (depending upon z), defined
by the inequalities in (37.3). It is required to find a necessary
and sufficient condition on 2,z # 0, such that ./ C B. This condi-
tion is obviously as follows. The center 2 of the circular region A
lies within B at a distance at least p| 2 | from the nearest point of the
boundary of B. There are three cases to be considered, according
asg<l,g=10org>1.

Case 1. Suppose that ¢ < 1. 1In this case, B is the region

5” ;(1 - Zi(i'{ﬁ)' : ]'EdT(lq_—qT)'
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Hence, it follows immediately from the above stated condition on
the center z of .4, that .7C B if, and only if, the first of the
inequalities (37.1) holds.

Case 2. Suppose that ¢ = 1. In this case, B is the region

cdt +cdi +d+d—12>0.

We then conclude by the same reasoning which was used in Case 1
that ./ C B if, and only if, the second inequality (37.1) holds.
Case 3. Suppose that ¢ > 1. In this case, B is the region

R
TV Taa S @) Tl -

Hence, as before, .7 C B if, and only if, the last inequality (37.1)
holds.

38. Circular Element Regions with Centers at the Origin.
Continued fractions of the form (36.1) whose partial numerators
have their values in the neighborhood of the origin are of con-
siderable importance in analysis. (Cf., for instance, some of the
examples in Chapter XVIIL) The following theorem furnishes
estimates for the values of such continued fractions [68].

Tueorem 38.1. .7 minimal solution of the value region problem for the
continued fraction (36.1) 15 groen by
' 1! r
Els] <r(t =0, 17|c-- . -5 5.1.—.—;,, 0<r<3. (38.)
- —r*

Proof. In the two-circle theorem (Theorem 37.1), take

c=d= - |, p=gqg=r.
l S

Since 0 < ¢ < 1, (37.1) gives for z the condition | x| < (1 — #);
and the regions // and K of Theorem 37.1 are one and the same
region, namely, the region » of (38.1); and since /7 contains
the point 1, and since s(z; /) C #” for every z in E, it therefore
follows by Theorem 36.1 that (E, ») is a solution of the value
region problem for the continued fraction (36.1).
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To prove that this is a minimal solution, consider the continued
fraction

1
. (38.2
1+ - l:l - e -
[+ r(r_’_— 1)
4 rir — 1)
I +-

If | ey | £ 7(1 = 7), this continued fraction converges by Theorem
10.1. Since it is periodic from and after the third partial quotient,
onc may readily find that its valuc 1s

B 1 —r
~1—I'+t'1

As ¢; ranges over the region /2 of (38.1), v ranges over /7,
This completes the proof of Theorem 38.1.

v

Since the continued fraction (36.1) converges if the ¢, arc in
the region E of (38.1), and since X contains 0, we may speak of
the values of the continued fraction, and these values include
all the values of the approximants. We shall now prove that the
values of the continued fraction are, in general, on the interior of
the region /. In fact, we have this theorem.

Tueorem 38.2. The only continucd fraction (36.1), with partial
numerators cp in the domain E of (38.1), which takes on values upon the
boundary of the domain V of (38.1), is the continued fraction (38.2) with
ler| =71 — 7). [68]

Proof. We have seen that the continued fraction (38.2) takes
on every value v on the boundary of //, as ¢; ranges over the
boundary of E. We write such a value in the form

and consider any continued fraction (36.1) with partial numerators
¢, in E, whose value is v. Such a continued fraction is equal to
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_ 1
1+c1w’

v

where w is the value of another continued fraction of the form
(36.1) with elements in E. We then have

Il —v  —r2r+ (1 +7%) cos ¢ + (1 —7r*)sin ¢]

=.- - = — e 38.3
aw v 1+ 2rcos ¢ + 7* » (383)
so that

| | la] = —= = (1 = 7) '
wl = r - —_ ) e .
€ | a o] r r 0]

Inasmuch as w is in /7, we have

1 1
w — T b F - 3y
|w]| < > 1
1 —»r

and consequently | ¢; | > 7(1 — 7). On the other hand, | ¢ | <
r(1 — r) since ¢y is in E. Therefore,
| 1 1
leo] =r(1 = 1), |w| = | = w = [ =,
On putting this value of w in (38.3), we find that the value of ¢
is thereby uniquely dctermined.

Starting now with w = 1,/(1 — 7) as the value upon the bound-
ary of ¥ to be attained, we find in the same way that ¢, must be
given by the expression in the right-hand member of (38.3),
multiplied by 1 — 7, but with ¢ now set equal to zero. This gives
¢3 = r(r — 1); and on repeating this argument we find that
€3, €4, C5, + - - all have this same value. On referring to (38.2) we
now see that the proof of the theorem is complete.

39. A Family of Parabolic Element Regions. We turn now to
the case where the element region E is the region bounded by a
parabola with focus at the origin,

| 2| — R(ze*) < 2 cos? ¢ hy (39.1)

2

where —r < ¢ < +m 0< i <1 On putting ¢, = ¢/2,
8=0,(1 — go_1)gp = 4 (cf. Theorem 19.1), in (31.5), we see by
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Theorem 31.1 that a corresponding value region /™ is the region
62 sec (¢,2) sec (¢/2)

Uy, e v [ R v A

We have taken go = (1 + V1 - 4k%)/2, in accordance with
(19.13). When ¢ = 0, 2 = %, we know that this is a minimal
solution of the value region problem (cf. Theorem 14.3).

In the present section we shall improve the above result in the
case where 4 < 1.

If we put 2cos? (¢/2)-h = #/2 in (39.1), and write a = ¢,
then the inequality defining the region E takes the form

Eiaz4az+1t2>2z|, a=¢*

(39.2)

(39.3)

©

—-r<¢<m, 0<t_<_c0s2;)—-

To obtain a corresponding value region, we start with two circular
regions of the form

H:lz—c| <|c|, K:i|z—=d|<|d|, ¢#0, d#0,

and apply the two-circle theorem. We find at once that
s(z; H) C K if, and only if,

cdz+ cds+d+d—12>2cdzl; (39.4)
and that s(z; K) C H if, and only if,
cdz + cdz + ¢+ c— 1 > 2| cdz]. (39.5)

The domain E of (39.3) will be contained in the intersection
of the domains (39.4) and (39.5) if, and only if,

cd d+d‘—1> c+ -1

l_.[ 27{ =a, --— >t (39.6)

[d] =5 Tl
If ¢ and 4 satisfy these conditions, we shall say that (¢, d) is a
solution of (39.6). We shall write H = H(c) and K = K(d).

In (39.4) and (39.5), let ¢, 4 be such that (c, d) is a solution of
(39.6). Ifzis any point of E, so that z is in both (39.4) and (39.5),
then s(z; H(c)) C K(d) and s(z; K(d)) C H(c). Therefore,
5(z; Vea) C Vea, where Vo4 is the intersection of H(c) and K(d).
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From (39.6) it readily follows that /7, contains the point 1.
By Thcorem 36.1 we therefore conclude that (E, Ve,) is a solution
of the value region problem for the continued fraction (36.1).
I.et /7 denote the intersection of all the regions /74 as (¢, d)
ranges over all solutions of (39.6). Then s(z; #) C /7 for all z
in K, and ¥ contains the point 1, so that (£, ») is a solution of
the value region problem.

We shall now prove the following theorem, which will facilitate
the construction of the region /7 by successive approximation.

TueEOREM 39.1.  Let W denote the set of all points ¢ such that for some
k>0,

 VITH | e VTR

!

(39.7)

c —_— - S ——— —

kt! kt ! ¢
Then the value region F just defined, corresponding to the element region
E of (39.3), is the intersection of all the regions |z —¢| <|e]| as ¢ ranges
over W7 [47].

Proof. The totality of solutions (¢, d) of the system (39.6) is
identical with the totality of pairs (¢, kac), where ¢ and 4 > 0
satisfy (39.7). In fact, if (¢, d) is a solution of (39.6), then from
the last of those relations we get

r—1 1
cte > kt, where k= i{— .
.

cc
Also, since g ed | = ¢d, we have
. . ced cod
R P P
|
|l d=1+1—dal 2|
J L |
Consequently,
= ] t
e L S (39.8)
cc ac + ac — tee

which is equivalent to (39.7). Morcover,

I
=

~ |,

|
| - a¢ = kac.
|
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Conversely, let ¢ and & satisfy (39.7), i.e., (39.8). 'Then one may
readily verify that ¢ and 4 = kac satisfy (39.6).

If (c, d) satisfies (39.6), then ¢ is in //7 and, by symmetry, 4
is in /F. l.et 77, denote the intersection of all the circular regions
|z —c| <|c| forcin/#. We are to show that /7 = /7, where
V is the region defined above as the intersection of all the regions
V. 1fzisin 77, then z is in every circle |z —¢| = | ¢] for ¢
in /7, so that 77 C I’;; and if = is in /7, then = is in every region
V. so that 17, C /. Hence, /"= 17, and the proof of the
theorem is complete.

Since E is nonvacuous, it is clear that /™ is nonvacuous. l.et
us consider the range of & > 0 such that (39.7) has a solution .
A necessary and sufficient condition for (39.7) to have a solution
¢ is that

NT <kt AT =1k
S |' Y
kt !

1 a
l.(’l Y
i.e., that

k(t —cos¢) < VE(L = ktyk — ), t <k < o (o= ).

1
1<k <

— ’

—

Therefore, (39.7) has a solution ¢ if, and only if,

1
0<t<cosep, t <k S—t—, (39.9)
or else,
1 sin? ¢ 1 ,
1> cos ¢, -/;—{—kg?.ms:b—{-—t s IS/(S;- (39.10)

The minimum of (1/k) + k for £ > 0 is 2. Then 2 cos ¢ +
(sin? ¢)/¢ > 2 if, and only if, # < cos? (¢/2), which is the condition
imposed upon #in (39.3). Since cos ¢ < cos® (¢/2), this condition
upon ¢ is necessary also under (39.9). We have proved

Tueorem 39.2.  The values of k for which the simultaneous snequalities
(39.7) have solutions ¢ are given by (39.9) and (39.10). [In particular,
they have a solution ¢ if k = 1.

If t = cos? (¢/2), then (39.7) has a solution only when £ = 1,
whereupon ¢ is uniquely determined, and 7/ has but one point.
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If £ < cos? (¢/2), then /¥ contains more than one point. There-
fore, the boundary of V is a circle if, and only if, t = cos? (¢/2).
We find that the equation of this circle is

|
z — e*? sec (;)lg sec (%),

which is the same as the region (39.2), for 4 = }.

If ¢ =0, so that 0 < ¢ < 1, k¥ = 1, the boundary of /" may
be obtained as follows. The inequalities (39.7) now coincide, so
that # is the set of all points w such that

lw—c| <|c] (39.11)

for all ¢ in the circular region
1] Vi—1
‘ < - . (39.12)

If w is any fixed value such that (39.11) holds, then ¢ lies in the
half of the u-plane defined by wu + win — ww > 0. If this is
to hold for all ¢ satisfying (39.12), then 1, ¢ must lic in this half-
plane, at a distance at least (1/£)V'1 — ¢ from the boundary line,
L.e.,
Wl ot —ww V1 —¢
Jw| I

Conversely, if w satisties this inequality, then w is in /”. Thus
the region /7 is the region bounded by the inner loop of the limagon

2+ %—tm=2V1—t|z] (39.13)

One can readily show that this solution of the value region prob-
lem is minimal [85]. In fact, as z ranges over the parabola
2+ z + ¢ > # z| bounding E, the value w of the continued frac-
tion of Exercise 2.1, which satisfies the equation wwz + w — 1
= 0, ranges over the boundary of /, namely, the inner loop of the
limagon (39.13).
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XV
Y |

EXERCISE 8

8.1. Show that a solution of the value region problem 1s given by

E:rlz| < I r

=z Tl a1 <
1 -7 l 1—r”l’ | t<n

where 0 < » < 1. The boundary of E is a natural generalization of a conic
section. It 1s the locus of the point P whose distance from the circle

0
re

2=
1 -

r . .
=T (directrix),

1

1s 7 (cccentricity) times its distance from the origin (focus) [47].
8.2. If 1 < ¢ <2, then
! 1

N 2—¢ .
E:lz] — 9% < IR /:{z—

~( ¢

<!
¢

is a solution of the value region problem.

8.3. If a value region /7 1s a region whose boundary 1s a circle € passing
through the origin and containing 1 on the mterior, 1if £ 1s a corresponding ele-
ment region, and if there 1s a continued fraction (36.1) with its elements i £
whose value 1s on C, then there is only one such continued fraction [68].
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Chapter IX

J-FRACTION EXPANSIONS FOR RATIONAL
FUNCTIONS

In this chapter we consider the problem of expanding a rational
function of a variable z into a J-fraction, with particular emphasis
upon the development of an algorithm suited to numerical com-
putation. These expansions have applications in the theory of
equations (cf. Chapter X), and are useful in certain problems in
physics, for instance, in the theory of electrical networks.

40. The Expansion Algorithm. TFor the purposes of the present
chapter, it will be convenient to write the J-fraction in the form

I S (40.1)

‘ ' 1
rnzt+ s+ - - -
ras + 53 +

1
raz 4 55+

The r,, and 5, are complex numbers of which», # 0, (p = 1,2, 3,
+++). The pth approximant is a rational fraction whose numerator
and denominator are of degrees p — 1 and p, respectively, whose
coeflicients are certain polynomials in the 7, and s,,.
Let
So = apz" + ap1z* ' +- -+ aga,

fi=au2" ™V + a2 2 4o+ ay,,

be two polynomials of degree #» and n — 1, respectively. The
problem of determining numbers 7, # 0 and 5, p = 1,2, 3, - -+,
#n, such that

(40.2)

161
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Si 1
= s (40.3)
f()

) 1
rEt ot o+ 53 4o

a2 + S5,

is equivalent to the problem of determining polynomials f, of
degree w — p, p = 2, 3,4, ---, n — 1, which are connected with
Jfo and f; by the recurrence relations

So—1 =2+ 5o+ for, =123, -0, (H04)
where £, 1 = 0 and £, is a constant different from zero.  For, if
(40.4) holds, then

So |

f = f ’ !’:1»3,3:"':”.:
p—1 1
r,,Z+J,,+ -
,fp

so that (40.3) holds; and if (40.3) holds, we may compute the
f» step by step by means of (40.4), starting with p = u, f, 41 = 0,
fu cqual to a constant not zero, f, = ¢. This determines the
fp up to a constant factor not zero. This factor may be made
equal to unity by suitably adjusting the value of ¢.

It is easy to show that when the expansion (40.3) exists, then
the , and s, arc unique. In fact, let (40.4) hold with r, # 0,
and supposc that £, = £/, /i = f//,

Sot' = @e+ 5 )0 s p=1,2,3,---,

where £, ;1" = 0 and £, 1s a constant not zero.  Suppose, more-
over, that £,/ is of degree # — p. Then, if p = | we get

0 = fo "'fo, = [y =)z + (51 — 51’)]f1 + (fz '—f-.)')-

Since the degree of fo — fo’ is at most # — 2, and since f; is of
degree » — 1, it follows that »; =/, 5y = s/, fa = f2'. On tak-
ing p = 2, we then find in the same way that r, = ', 53 = 52/,
fa = /3, and so on.

We shall now obtain recurrence formulas for computing the
constants 7, and s,. The division process involved in forming the
first of the equations (40.4) may be expressed by means of the
following equations.
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llmw + llmZ" 4.4 llon

lluZ" -1 4+ 4122" 24 + dyin

+ /l“Z" -1 + blm -2 +- + /)ln

= r2 I, —— —

b
anz""t 4+ aps" T 4 + ayn
ago
'y = — - b = agr — ridgz,
a1

b1 = ap2 — Mdigy, vy b= dony

) {40.5)
biz" ! + b.uZ" ’ + A+ by

ay 2"t + 0122"_’ + -+ ay.
= J‘l
by

S1= -, @ = b1 — sS4y,
a1

a2ps" 7 A " 4 4 a4y,
a7V a4 ay,

asz = by — S1arsy, vy A2a = bay — S1a1.

These equations determine 7, s; and fo = 292" 72 + a5z" 3 +- -
+ a,,. The equations for determining 7y, s and f3 may be ob-
tained from the preceding by advancing all subscripts by unity
and decreasing all exponents by unity. Then 4, 53 and f; may
may be obtained by repeating these operations, and so on.

We observe that the process can be continued as long as the
numbers ago, @11, d22, - - - are different from zero. The expansion
(40.3) exists if, and only if, anoy @11, - - -, @nn are different from zero.

The computation involved in (40.5) can be conveniently ar-
ranged in the following table.

@00, dol, anz,
ajy, alz, a1,
ann
= bu = ao — rarz, b1z — avz — riaw, by = doy — ran, -
1
b
51 = (; y @2 = b1a — S1a1, @ = b1z — S1a13, a2 = by — S1an, - y
11
an
r=—, by = aya — raau, bay = a3 — raau, bu = ay — reas, -, (40.6)
22
bag
S = ;", a3y = bos — Saa03, G314 = boy — Saan, ass = bos — S2a25, -,
22

az
r3 = —-, b3z = a3 — radz, by = azy — raass, b3s = Az — raase, - *y
“y

(apy = bpy =0 for q > n).
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These are the recurrence formulas we wished to obtain. They
are well-suited for the purpose of numerical computation.

Example. l.ct
Jo
Si

In this case, the table (40.6) is as follows.

B+ 2+ i+ G+ iz + Qi+ 2),

(40.7)

I

222 + 1z + 2.

1, 244, 344 242

2’. 1, 2)
ro= L 2+§, 14, 242
i . 3i
s1=1+ Z) '1):. 2 )
!
rs = 9, - 3‘: -
4;
S2 = — '2‘7 ’ 19“»
3i
ry = 3}, 2‘
27
5=
Then, we have
1
.{(5 =, T T (40.8)
0
- T S —
pr ity W
f— z — — - —
9 27 81 27i
.——z —_— -
64 32

41. Conditions Involving Determinants. We shall now formu-
late the condition for the J-fraction expansion (40.3) to hold,
in terms of certain determinants involving the coefficients of the
polynomials f, and f;.



Tueorem 41.1.  The quotient f1/fy of two polynomials
Sr=aus" + a4+ 6y,
Jo = ooz + 412" "' 4+ -+ ag,

has a J-fraction expansion (40.3) in which r, #0,p =1,2,3, ---, n,
if, and only if,
Dy#0, p=0,1,2,---, n, (41.1)

where Do = ago, and Dy, Dy, -+ -, D, are the first, third, - --, (2n — 1)th
principal minors (blocked off with lines) in the array

_ﬂglLl 812, 813, | %14y 4155 | d16y  A17y | 418

ooy 401,  Ao2y | G035  Bo4y | B05y  Bo6y | BTy
_(_),___tl_u,__a_l_g,_ 413, 414y | 15 4168y | 417y

0,  apo, a1, ao2, 403 | 404y Qo5 | Goes

0) 0, a11, 412, 413, 1 a14y 415, | 416y e (4]2)

0, 0 400, 4ol 02, 403, Bods | Buss

0, 0, 0, 411, 412, M3y, 414y | 415

0, 0, 0, Gony  do1, Ao2, 403, doay

(eqop = a1, =0 for p>n). [15]

Proof. We suppose first that the expansion (40.3) exists, so
that the numbers ag9, @11, - -, @nn in (40.6) are different from
zero. Thus Dy = ag9 # 0, D, = a;; # 0. Let us write D,
= D,(fo, /1), to indicate the dependence of the determinant upon
the polynomials f, and f;. We shall prove that

Dy(fo, f1) = (=)' Dpi(fis f2)y P =2,3, -+, n. (41.3)

In fact, on subtracting r; times the (2k—1)th row from the 2kth
row for k = 1,2, .-+, p — 1 in D,(fo, f1),2 < p < 1, and making
use of (40.6), we obtain

Dp(fO)fl) = a1
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where the new determinant is of order 2p — 2. If in the latter
we subtract s, times the 2kth row from the (2¢ — 1)th row for
k=1,2,3,---, p — 1, and again make use of (40.6), we readily
obtain (41.3). For p =2, (41.3) gives D,(fy, f1) = —ai’az.
On applying the formula for p = 2 to the polynomials f; and f
we get Dy(fy, f2) = —a22°Di(f2, fs) = —as’ass, and conse-
quently D:{(f(),fl) = lluzDz(fl,fg) = —a|12ﬂ222(133. In thiS way
we obtain the formula
D D" s g 2
» (—=1) di"azz Gp—1,p—1"Cqpps (41.4)
p=23 -, n
Therefore, if the expansion (40.3) exists, then D, # 0, p = 0, 1,
ceey HL
If, conversely, these determinants are different from zero, then
ago, a1y are different from zero since, by definition, Dy = agq,
D, = ay;. Since a;; # 0, then (41.4) holds for p = 2, so that
D, = —ay,2az, # 0, or azy # 0. This guarantees that (41.4)
hOldS fot' P = 3, SO that D;; = —11112(1222(133 # 0, or azz # 0. On
continuing this argument, we finally arrive at a,, # 0, and
therefore the expansion (40.3) exists when D, = 0,p =0, 1, - - 2.
This completes the proof of Theorem 41.1.

42, Relationship Between the J-fraction and the Power Series
for f,/fo. We now make an equivalence transformation in (40.3),
and put

ay=—, ap=— —, p=1,2,3,---;u—1, (42.1)
7'1 rprpll
by=22, p=1,2,3, -, (42.2)
r»

The J-fraction then takes the form

S do (42.3)

fo . a
bl+z. by +z —-

An-1

bn + 27
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By (40.6), we have

a11 —ap41,p+41

g = —, 4p = ’ ]’=1)213)"':”—I, (42°4)
@90 Ap—1,p—1
and
bl’vf‘ o) B
&D':_——, p=123 - n (42.5)
Qp—1,p—1
If we assume that @y = 1, which we may do with no loss in

generality, then we obtain from (41.4) and (42.4) the formulas

Dp+1 = doty " leDl,, p = 0, l, 2, ey M — ], (42.6)
and

Lot = 1,2,3, - n— 1. (42.7)

We now call attention to a relationship which exists between
the pth approximant of the J-fraction (42.3) and the expansion
in descending powers of z of the rational function fy/f,. let

= 28

p=0

From the determinant formula (1.5) it follows that
11,,4.1(2) {I,(Z) apd, - a4y

—_ = - - = p=0,1,--- u—1. (42.9)

Bpi1(2) By(z)  By41(2)By(2) ’ 7
Inasmuch as B,,;(2)B,(z) is a polynomial in z of degree 2p + 1,
this shows that the power series expansion in descending powers
of 2 of the difference in the left-hand member begins with the
term in 1/22"*!, In other words,

Ap(2) o cap—1 | €22 | Cappa®”
—Xz')——;+——+ +‘——+ 2p+l+ zé;’—*_‘?+ -, (42.10)
p=1,2,3, ---, n—1. Thus, the pth approximant (p < #)
approximates fi/fo in the sense that its expansion in descending
powers of z agrees term by term with the expansion in descending
powers of z of f,'fy for just the first 2p terms.

43, Rational Fractions with Simple Poles and Positive Resi-
dues. We shall now prove the following theorem.
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Tueorem 43.1. A necessary and sufficient condition for a rational
fraction to have the form

S In_ , (43.1)

So =tz— %

where the x,, are real and distinct and the L, positive, is that f1/fo have a
Jfraction expansion (42.3) in which the by, are real and the ay are positive
[23].

\

Proof. The sufficiency of the condition follows from the re-
marks in § 27. (Cf. (27.3).)

To prove the necessity, let us suppose that (43.1) holds, and
write f;/fo in the form (42.8). The coefficients ¢, in that power
series expansion are evidently given by

n
Cp =Zxk"l,k, p = (), 1, 2_. e,
h=1
Inasmuch as the x; are distinct, a polynomial in # of degree
m < n, not identically zero, say, Xo + X« +---+ Xnu™, can-
not vanish for all the values «# = x;, £ = 1,2,3, ---, n. There-
fore, the quadratic form

D oo Xa = )Xo + Kute 4+ 4 Xot™?*L(w),
p, a=0 u=uy
L(xk) = [.;,,

is positive definite for m < #, and consequently, by Theorem 20.3,
the determinants

Coy €1y crty Cp
1y C2 sy Cptd
A, = >0 for p=0,1,---,2—1.
o (43.2)
Cpy Cpi1y "y C2p
We consider now the rational fraction
— . 2n—1
P A NI L R B B N B o E Cp n ¢ 4323
z2n+l - zp+l _z—2n+.i’ ( ° )

p=0
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where ¢ is a constant to be determined. In this case, the deter-
minants D, of Theorem 41.1 are

DO = ], ])l = (g = AO) D‘.’. = Al) Y Du = An—l)
Dyy1 = Dua()) = tAy_1 + Dy41(0).

By (43.2), D, >0,p =0,1,2, ---, n, and, if # is a sufficiently
large positive number, then D,4; > 0. We may therefore con-
struct the first » + 1 partial quotients of the J-fraction for the
rational function (43.3), namely,

o _

a
b -
1+ 2 P

an -1

an
/)n + 2= 5y,
/}n+-l + 4

where the 4, are real and, by (42.7), the a, are positive.
By (42.10) we have, for the #th approximant of this continued
fraction,
A2 RN 6 Can™

B"(Z) - = z_p-} 1 zz:: i1

+...,

so that

1
[@B.@) ~ 4@ = (35
where (1/z) denotes a power series in descending powers of z
beginning with the term in 1/z. Inasmuch as the left-hand mem-
ber of this identity contains no negative powers of z, it follows

that f1(2)B.(z) — A.(2)fo(z) = 0, and therefore
An@) _ S
B.(z) o ’

i.e., fi/fo has a J-fraction expansion (42.3) in which the 4, are

real and the 4, are positive.
This completes the proof of Theorem 43.1.

(43.4)
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44. Expansion of Rational Functions into Stieltjes Type Con-
tinued Fractions. If we replace z by —z in (40.3) and make an
equivalence transformation, we obtain

Si(—2) _ =1 o
So(—2) 1

rz—s +-——-
722 — S2 +-

1

rnd — Sn

Consequently, if fi(z)/fo(z) is an odd function of z, it follows
from the uniqueness of the J-fraction expansion that the s, are
all equal to zero. Conversely, if the 5, are all equal to zero,
then f(z)/fo(2) is evidently an odd function of z.

In view of this remark, if the function gf,(2%)/fo(2®) has a J-frac-
tion expansion, then, since this is an odd function of z, the s,
must all be equal to zero in that expansion. Therefore, if we
change the notation and write &, for 7,

2fl(zgz _ ) _»_1 N

W = (44.1)
olz” 1
f“)kw+.;f‘

. + - ,
Kk
where m = 21 — 1 or 2 according as_fo(z), supposed of degree 7,
does or does not vanish at z = 0, respectively. On making an
equivalence transformation and then replacing 2z* by z, after
removing a factor 2z, we then obtain

fl(Z) 1 [k-_»,,_;z if fo(O) = 0,
e T = . (44.2)
fo(z) k“*““LT' lkan if fu(0) 0.
ky + - -
2+ kyz +- ) 1
R 1_‘,

If, conversely, the expansion (44.2) exists, then the expansion
(44.1) exists and the k, are determined uniquely by the poly-
nomials f and f.
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To compute the continued fraction (44.2), it is only necessary
to insert a 0 between every two successive numbers in the first
two rows of the table (40.6). Every second entry in all the rows
of the table will then be equal to 0. If we change the notation,
the table may then be written more compactly as follows.

ano, aon, apa,

an, a2, a13,
aoo
ki =—", am=an — kap, an = an — kaz, du = dz— khay, oo (343
an

an
— .y 433 " di2 — r(';’ll'.’a, azy = a1y — ks, ag = an — k-:ll-.'a, MY
2%

ks =

By Theorem 41.1, the continued fraction cxpansion (44.2)
exists if, and only if, the determinants of that theorem formed
for the fraction zf1(22),/fo(22) are different from zero. We find that
these determinants, which we shall denote by D,’, can be factored
into products of the determinants D, = D,(fo, fi) times other
determinants //,. The latter are the principal minors of even
order in the array (41.2). Thus,

Dy = ago = Do#Vo, Tho =1,
D = ai, = DiWy,
D, = =Dy,

Dy = =DV,

1l

Dy = Dty -+,
with the general formulas
Dy, = (=1)"DJV,y Dapyi” = (=1)?DpyidV,. (44.4)
Hence, we have the following theorem.

TueoreM 44.1.  The quotient f1/fo of two polynomials (40.2) can be
expanded into a continued fraction of the form (434.2) in which the ky are
different from zero if, and only if, the condition (41.1) holds and, in addi-
tion, the principal minors of the array (412) of even order are different
from zero up to and including the one of order 2n — 2 or 2n according as
fo(0) = 0 or fo(0) #= O, respectively.
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If we put
1 -1
= ap= o, p=1,2,3, - 44.5
ay kl ap kl,kp+l ? s vy ) ( )
then the continued fraction (44.2) takes the form
S B (44.6)
ay
Z — e —
a:
1 — -
as
2=
By (42.7) and (44.4), we then obtain the formulas
D, D, ¥, W,y Dypir
= g == e = ey
0=, fen Dy, 0 D, (#4.7)

Exercise 9
9.1. Kind the J-fraction expansion for f; fy where
So=t =+ +22- 924
NH==-04+n - Iz
9.2. Find the J-fraction expansion for P'(z)/ P(z), where

P(z) = 642® + 8022 + 24z + 1,
and P'(2) = dP(2)/d=.
9.3. The roots of P(z) are all real if, and only if, P'(2)/P(z) has a J-fraction
expansion (42.3) in which the 4, are real and the a, are positive.

wa



Chapter X

THEORY OF EQUATIONS

One of the main problems in the theory of equations is the loca-
tion of the roots of polynomials. There are two main aspects of
this problem. One is the problem in the large, of determining
regions in which the roots lie, and of determining the number of
roots in a given region. The other is the problem in the small, of
computing the roots to any desired degree of accuracy. For some
purposes, one needs to know only information on the problem
in the large. The solution of the problem in the small depends in
general upon a preliminary investigation of the problem in the
large.

Continued fractions have proved to be useful in both aspects
of this problem of the theory of equations. Given a polynomial
P(2) of degree n, we seek to find another polynomial N(z) of
degree # — 1 such that properties of P(z) can be determined from
the J-fraction expansion of the quotient N(z)/P(z). For exam-
ple, if we take N(z) = dP(2)/dz, then the roots of P(z) are all
real if, and only if, the J-fraction for N(2)/P(2) is of a certain
kind (cf. Exercise 9.3). There is one choice for N(z) which is
particularly convenient, namely, we take N(z) to be a certain
polynomial Q(z), called the alternant of P(z) (cf. § 45 following).
The J-fraction for Q(z),'P(z) is called the test-fraction for 7(z).
By means of this test-fraction, we are able to find polygonal regions
in which the roots of P(z) lie, to determine the number of roots of
P(z) in each of the half-planes R(z) < 0 and R(z) > 0, and to
obtain a method, similar to Horner’s method, for computing the
roots (real or complex) by successive approximations.

173
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45. The Test-Fraction. I.et
P(Z) = g" + 512"—‘ + 822"_2 +-- + 6"

be a polynomial of degree # > 0 with complex coefficients &. We
shall put R(&) = pr, 3(8) = @1, so that & = px + ig. The
polynomial

Q(Z) = plz"—] + i’lzZ"—z + P;;Z"_:’ + i(/iz"'_'1 + “ e

is called the alternant of P(z). The quotient Q(2)/P(z) has, in
general, a J-fraction expansion of the form

0@ _ L - (45.1)

P(z) 1 )
I T T

22 + k. -

e + 1+(;,z+k;,+-. 1

.+— - -
cuz+ku

called the test-fraction of P(z).
In (45.1), the ¢, arce rcal and different from zero, and the %,
are purc imaginary or zcro. In fact, from the identity

Q !
P00 Pn_'_—l”
0
it follows that ((z), P(z) has a J-fraction expansion if, and only if,
O(z) '(P(z) — Q(2)) has a J-fraction expansion; and when (45.1)
holds, then

Y@ 1
P@i) — Q@) 1

“~+kl+czz+k2+-_ 1

e

and vice versa. Now, the table (40.6) for obtaining the latter
expansion is as follows.
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apgo = 1,
ay = py,

by = any — 1,
asz = byy — kane,
bar = ara — caan,

a33 = bag — kaass,

3=, b3z = a3 — €3a31,
a33

= iql)
g2,

aoy

a»

b2 = ap2 — (an,
asy = b1z — kl”lsa
bag = ar3 — coasy,
azs = byy — koasy,

b3y = axy — c3azs,

a2 = p2,
ag = pq,

b” = dog — (1414,
adsy = llu - "l“l-l;
bay = ary — caazs,
dzs = &'_’5 - k2ﬂ251

b3s = az — C3a36,

Hence, the entries in the table are alternately real and pure
imaginary. We verify immediately that the ¢, are real and the 4,
are pure imaginary or zero. Since all the entries in the table (45.2)
are pure imaginary or real, the choice of Q(z)/P(z) as our “test-
fraction” is a particularly fortunate one for numerical computation.

In exceptional cases the test-fraction for P(z) may fail to exist.
Ways of circumventing this difficulty are illustrated in Exercise 10.

There is some theoretical interest in expressing the condition
for the test-fraction to exist by means of the determinants D,

of Theorem 41.1.
fo =

Ji

F.

We take

P(Z) - Q(Z) = 2" + iqlz"_l + 7’22"_2 + 1.(/;;2‘"_3 +-.- ‘y
Q@) = pr2" 7" + igz" 7 + pgz" P + ig" 4.l
We then find by simple transformations that

K=
D, =(—-1) 2
where F; = p;, and
Py P3, Ps, cccy, pa—y, —q2
L, p2y ps, -+ P2 —qn
0, p1, p3 -+, pu-s 0,
0, ’ DPhy (),
0, g2, 94 Yy q2%-2, P,y
0, 9, 93 Yy G203 I,
0, 0, g Yy g2h—4 0,
0’ ceey ks 0’
Ic=2,3,4,--~,n, Ph=q =

'Fk,

94 —q6 ",
—q3 —qb ",
g —qy

-

s, D5, Ty
P2 yZH )
Y41

ps’ crey

0 for k> n.

—q2%—2
—q2% -3
—q2 -1

—qh—1
D2 -3
P2 —a
P25

Pi—1
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By Theorem 41.1, the test-fraction for P(z) exists if, and only if,
these determinants F, are different from zero [15].

46. Polygonal Bounds for the Roots of a Polynomial. The con-
siderations in § 26 furnish methods for determining bounds for the
roots of a polynomial. We first write the test-fraction for P(z)
in the form

Q(z) ¢
A 46.1
])(Z) ll|2 ( 6 )

This is a bounded J-fraction. Hence all the roots of P(z) are

contained in the convex set A, defined in § 26.
One may easily obtain a closed polygon, for instance a rectangle,
containing K, and hence containing all the roots of P(z). l.et
a,,(0) = '\x(ap"'”)) ,Bp(o) = '\}(bpt"”)- (46.2)

If Y(8) is determined so that

n—1

Z 1611(0) + Y(g)lxpz - zza;:(e)xpxp—{-l 2 0 (46-3)

p=1 p=1
for all real values of the x,, then K, is contained in the half-
plane (cf. §26)
xsinf 4+ vcosd <Y(0), (z=x+ 1iy).

Hence, in particular, K, is contained in the rectangle,

y < Y0, xSYC)

(46.4)

. -

3
vy > —=Y(m), x> —Y(;-r-)-

Now, by Theorem 16.2, the number Y(6) satisfies (46.3) for
all real x, if; and only if, numbers g, between 0 and 1 can be
found such that

ﬂp(o) + Y(e) 2> 0) p= 1,2, 3) Tty Ny
a,?(8) < [8,(8) + Y(0)][8,+1(0) + Y(O)I(1 — gr—1)gn (46.5)
p=1,23 - n—1,
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If, for the sake of simplicity, we take go =0, g, = 1, p = 1, 2,
-+, n — 1, we then have the following theorem.

THEOREM 46.1.  Let P(3) be a polviomial of degree n having a test-
Sraction (46.1). Let ay(6) and By(6) be defined by (46.2), and let Y'(6) be
any nu:nber such that

Bp(0) + Y(0) 20, p=1,23,---, 1,
2a,%(0) < [B1(6) + Y(O)]182(0) + Y(O)], (46.6)
4o, (6) < [B5(0) + YOBy 110) + YO, p=2,3,--,nm— 1.
Then all the roots of P(2) are contained in the rectangle (46.4).

Note. It is an easy matter to determine the least integral value
of Y(8) which satisfies (46.6).
To illustrate the application of Thecorem 46.1 in a numerical

example, let
LE iV =iV
(z+1+;)(z+_..+;. )(z+,’ )

-

P(z)

Il

=2+ Q4+ )22+ G+ iz + (2 + 2).

The test-fraction for ’(z) is given by (40.8). When this is written
in the form (46.1), we find that

. ) o
1 F4 =1
e=2 bi=2+_, b= —_, b,=—3,
3; 2V2i
ay = by = - - -
1 2) (] 3

The inequalities (46.6), to be satisfied for = 0, /2, 7, 3x/2, are
then
2sin6+ 1 cos8+ Y(6) >0,

—Lcos 0+ Y(6) >0,
2cos6+ Y(6) >0,
3 cos? 8 < (2sin 8 + } cos 8 + Y(8))(—1 cos 6 + Y(8)),
9 cos® 0 < (—§cos 8+ Y(8)(5 cos § 4 Y(6)).
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Y These are satisfied for

: Y©) = 2, Y(’;) ~ 0,

r4

3
= X Y(r) =3, Y( 2’—’) = 2.
* Hence, the roots are contained in the rectan-
gle shown in the accompanying figure.
3 47. Polynomials Whose Roots Are in a
Given Half-Plane. We shall now solve the

Fic. 7. following problem.

To determine necessary and sufficient conditions, depending upon
the cocthcients 8, for a polynomial P(z) = 3" + 82" ~"' +---+ 8,
with complex coefficients, to have all its roots in a given open half-
plane.

Let the given half-plane be defined by the incquality
az + az — 2p < (),

where|a| = Land p > 0. Under the substitution z = a(z’ + p),
this half-plane goes over into the half-plane 9(z) < 0, and the
polynomial P(z) goes over into another polynomial of degree #.
We may therefore assume without loss in generality that the
given open half-plane is 9t(z) < 0.

We shall prove the following theorem.

THROREM 47.1.%  Let P(z) = =" 4+ 8§,;3" ' +-- -+ 8, be a polynomial
of degree n > O with complex cocfficients & = py + gy, k = 1,2, -+, 0.
Let Q) = py=""V 4 iga" 2 + gu3" 7+ 1gs" " - oo be the alternant
of P(2). .l the roots of P(3) have negative real parts if, and only if,
P(2) has a test-fraction of the form

)(s
e _ 4 (47.1)
P() ay

stath+———-

(
Sbby4o—

15 This was proved for real polynomials bv Wall [134] and extended to poly nomials
with complex coefficients by Frank [15].
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in which ay, ayy - - -, an_y are real and positive, and by, bs, - - -, b, are pure
{maginary or zero [134, 15].

Remark. If the test-fraction of P(z) is written in the form
45.1),sothatay =1 ¢y a, =1 epcpp, p=1,2,3, -, 0 — 1,
by =kyicpyp=1,23, -+, n, then the condition of the theorem
is obviously equivalent to the condition that the ¢, be real and
positive and the £, pure imaginary.

Proof of Theorem 47.1. We shall suppose first that 7’(z) has
a test-fraction with the stated propertics, and prove that 2(z) # 0
for N(z) > 0. The J-fraction (47.1) may be regarded as generated
by the sequence of transformations

ay ap

L=Hhz;w) = -~ - - t=t,(xw) =- -
o5 ) 2t ag+ b +w’ (53 ) s+ b+ w’

p=12 - n—1

The pth approximant is then equal to fyf) -+« £, (z; 0). If
N(z) > 0, the transformation ¢ = f4(z; w) takes the half-planc
N(w) > 0 into the circular region

aq ’ ay N
=, where x =Nz >0,

, —_— - < -
| 2(!10 + »\') ! 2(11() + x)
which is contained in the circular region
le—1] <L (47.2)

The transformations ¢ = ¢,(z; w) transform N(zx) > 0 into all or
a part of N(#) > 0. Consequently, t = tyt; - -+ t,_(z; w) trans-
forms M(w) > 0 into a circular region inside (47.2), and, in
particular, the #th approximant is in (47.2):
0z 1] 1 .
From the determinant formula (1.5) it follows that (z) and P(z)
cannot vanish together. We therefore conclude that P(z) = 0
for RN(z) > 0.
We now suppose, conversely, that P(z) is a polynomial whose
roots are all in the left half-plane, 9(z) < 0. We denote by
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P’(z) the polynomial obtained from P(z) by replacing each coefhi-
cient by its complex conjugate:

P(z) = 2"+ 82" + 52" 2 4 -+ 5o

The set of roots of P(z) is cvidently symmetrical to the set of
roots of P(—z) with respect to the imaginary axis. If we regard
the modulus of the polynomial as the product of the lengths of the
vectors from z to its roots, we then conclude immediately that

| PGy > | P(=2) ] if NGE) >0,
and
[ Piz) | < | P(=2)| if WNz) <O.

Consequently, we have
| P(z) £ P(=2)| >0 for N(z) = 0. (47.4)
Now, the alternant of P(z) is

1)@:}' P(—=) _ Z’(z)__—— 1‘_’(—_'1.)_

@) = 2 or  ()(z) 5

according as the degree # of P(z) is odd or even, respectively.
Thercfore, by (47.4), the roots of (Nz) are all on the axis of imagi-
nartes.  Moreover, since, for N(z) > 0,

P(—z) P(—2) ~
—1 nil —1)”
1) P(z) +(=DH" 4 (=1

it follows that (47.3) holds.

Since the roots of £(z) arc in the half-plane M(z) < 0, and thosc
of (z) arc on the line M(z) = 0, it follows that Q(z)/P(2) is
irreducible.

By ordinary long division we now find that

0@ _ &

P(2) B C(z)

z+ a0+ b1+ —

Q(2)
where a, is the negative of the sum of the real parts of the roots
of P(z), and is therefore positive, 4, 1s 0 or pure imaginary, and
C(z)/Q(z) is an irreducible rational fraction in which the denomi-

<l

= b

real

(47.5)
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nator is of degree #» — 1, and the degree of the numerator is less
than 2 — 1. By (47.3) and (47.5) it follows that

C(2)
§7i< -—) > —x, where x = R(z) > 0.
0@ ‘
Consequently,
C(z))
N\—=- > f N(=) > 0. .
(Q(z) >0 for M=) >0 (47.6)

In fact, if the left-hand member of (47.6) is equal to a number
—k, k > 0, for some z = z, on the interior of the right half-plane,
we can contradict the theorem that a nonconstant harmonic
function cannot take on its minimum value in the interior of a
region in which it is harmonic. It suffices to take for the region
the portion of the right half-plane exterior to circles of radius
k2 with centers at the roots of Q(z), and interior to a circle
|2] = 7> | 20| solarge that | C(z)/Q(z) | < %/2 upon this circle.

From (47.6) we conclude that the roots of Q(2) are simple, and
that the residues of C(z)/Q(z) are positive. Otherwise we can
choose a path of z in the right half-plane approaching a pole of
((z)/Q(z) in such a way that (47.6) is violated. Wc therefore have
a partial fraction development of the form

Cz) X~ L,
Q@) <=fz+ ix, ’
where the ¥, are real and distinct, and the L, are positive. On

replacing z by —iz and then multiplying by —7, we see that this
becomes

—iC(—izl B — Lp__
Q(—in)  fz—x,
Therefore, by Theorem 43.1,
—iC(—1iz) _ a,
O(-ix) . a
b -
o + 2 b.;l + Z -



where the a, are positive, and the 4, are pure imaginary or zero.
On replacing z by 7z and dividing both members by —7, we then
get

C(Z) @y

/2

On substituting this expression into (47.5) we obtain (47.1), and
the proof of the theorem is complete.

48. Determination of the Number of Roots of P(z) in Each of
the Halt-planes Ji(z) 2 0. lLet P(2) be a polynomial with com-
plex coefficients for which the test-fraction (45.1) exists. We
have seen that all the roots of P(z2) are in the left half-plane
N(z) < 0if, and only if| the ¢, are all positive in this test-fraction.
On changing 2z to —z, we see that all the roots are in the right
half-plane M(z) > 0 if, and only if, the ¢, are all negative. We
shall now prove the following theorem.

THeoreM 48.1.'%  [f P(2) has a test-fraction (45.1) in which m of the
cp ave positive and n — m are negative, then m of the roots of P(z) have
negative real parts and n — m have positive real parts (134, 15].

Proof. As noted in § 45,

() 1 _

Pz) — O ) 1

2+ k e o
az + k4 =+ ks + |
ez + kn
Therefore,
—iQ(—12) »l -
P(—:z) — Q(-—iz) 1
{l~+K|1—(')~+k)l :—
. L 1___-‘ '.
2 + kit

Since the ¢, and the &,/ are real, this is a rational function of z
with real coefficients. Consequently, there exists a constant

16 For polynomials with real coefficients, the practical application of this theorem by
means of the algonithm (45.2) is known as Routh’s method [81].
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¢ # Osuch that #(2) = —icQ(—iz) and v(z) = r[l’(—z"') — Q(—iz)]

are polynomials in z with real coefficients. Moreover,
cP(—i2) = u(2) + iv(2).
If weput ki =d,, p=1,2,3, ---, n, then
v(2) 1

w@ .1
~ d _ = - =
€12 + d, r»..—}-dz ]

Cn3 + dn

183

(48.1)

(48.2)

Under the hypothesis that the test-fraction for P(z) exists,
the fraction Q(z); P(z) is irreducible. 1f P(2) has a root of the

form 7, where r is real, then

0ri) = _l_’(n) ij[’(—n) P(@ri) :E)P(—{—ri)

-

which is contradictory. Hence, +ie
P(z) has no root on the linc
N(z) = 0, and we may thercfore

write, for N(z) = 0,

P@) = A, .4 > 0.

Y

If we regard P(z) as the product
of vectors from its roots to the
point 2, we then conclude im-

= 0,

mediately (cf. Fig. 8) that as z \Q,ﬁ,
ranges along the axis of imagi- A

naries from +i-© to —i-w,
then 8 decreases by the integral &
amount -1

A=N—2P, (483)

where P and N are the number
of roots of P(2) having positive
and negative real parts, respec-
tively. This same conclusion
evidently results if we introduce
the constant factor ¢, and consider ¢P(z) = .fe

Fii. 8.

rf
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By (48.1) and the preceding argument, we then conclude that
as 2 increases over the rea/ axis from — = to + ©,
1 v(2)
6 = -arctan —-
T u(2)
decreases by the amount A.

Let %y, X, -+, % denote the distinct real zeros of «(z). lLet
s, = 41, 0, or —1, according as o(z)/u(z) increases from —
to + o, does not change sign, or decrcases from + = to —x,
respectively, as z increases through the value x,. We must then

have
A

A= E Spe
p=1

T'o compute the number A, let polynomials fo = 1,f1 = ¢z + d.,
«++, fn, be defined by the recurrence formulas
Sorr = (cncpz+du Mo —Ffoor, p=1,2,3,--,0—1, (48.4)
and define polynomials £, = 0, /'y = 1, - -+, F,, by the formulas
Fopo = (copz + du_p)Fy — Fp_yy
p=1,23 - ,n—1.
On multiplying (48.5) by f, and (48.4) by — £, and then adding,

we get Fopifo — Fofosr = fo1fy — folu—1, from which it fol-
lows that

Fosifo = Fofosr =1, p=0,1,---;n—1.  (48.6)
Consider now the sequence

fl))fl) te ')fn' (48.7)

From (48.6) it follows that two successive members of this
sequence cannot vanish for one and the same value of 2. From
(48.4) it follows that when f,, 1 < p < u — 1, vanishes, then
fo—1 and f,41 have opposite signs. Hence, as z increases through
a real root of f,, 1 < p < n — 1, there can be no loss or gain in
the number of variations in signs in the sequence (48.7). There-
fore, as = increases through real values from — o to +«, any
change in the number of variations must be due to the vanishing

(48.5)
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of f.. Moreover, there will be a loss or a gain in the number of
variations according as the quotient £, _, /f, changes from negative
to positive or from positive to negative, respectively, as ¢ passes
through a root of f,. But, f, _1 f. = v(2) #(3), and consequently
the number A is precisely the net loss in the number of variations
in signs in the sequence (48.7) as z ranges from — o to + o«
through real values.

Now, when 2 is negative, the signs of the leading terms of the
polynomials (48.7) are the same as the signs of

1, —Cny +fn—l"n) —Cn—20n—1Cny " °y (_1)"(1"2 *tc Cny (48-8)
while for positive 2, the signs are those of
1, Cny Cn_iCny ***y C1€2 * = Cne (48.9)

If there are # — m variations in signs in (48.9), then there are m
variations in signs in (48.8). Therefore

A=m—(n—m)=2m— n.
By (48.3) and the relation N + P = #u, it then follows that
N=m and P=un—m.

Since m is clearly equal to the number of positive terms in the
sequence ¢y, €g, - - -, Cay Lheorem 48.1 is established.

49. Computation of the Roots of Polynomials.”” We shall now
give a method, based upon Theorem 48.1, for computing the roots
of a polynomial by successive approximations. lLet P(2) =
2" + (p1 + ig))2" ™ + (p2 + ige)z" 2 4+ - -+ p. + ig. be the
given polynomial, and put P,(2) = P(z + 4). lL.et Qu(z) be the
alternant of P,(z), and let
ﬂp—l.;[—-lgll)

PPN =1,2,3, -+, m,
ap,u(h) P

cp(h) =

(cf. (45.2)), be the coefficients of z in the test-fraction (45.1)
for Py(z). By Theorem 48.1, if ¥ = k(4) of the coefficients ¢,(4)
are positive for a given real value of 4, then P,(z) has just k(4)

17 The method of computation of the roots given here is related to the method of
Hitchcock [38].
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roots in the half-plane 9(z) < 0, so that P(z) has just k(%) roots
in the half-plane R(z) < 4.

In general, the method for computing the roots of P(z) con-
sists in varying 4 in such a way that 4,,,(#) — 0 and k(%) changes
by one unit. This means that the last remainder in the division
process used in forming the test-fraction for P,(z), which is simply
the Euclidean algorithm for the greatest common divisor of
Pi(z) — Qi(z) and Qi(2), approaches zero. If 24(4) is the root
of the next to the last remainder, a,_1 ,—1(A)z + an_1 (), then
h + 2¢(h) approaches a root of P(2) as a,,.(h) approaches zero.
If two or more roots of P(z) have a common real part, the process
must be suitably modified (cf. Example 2, following).

We shall now show how the computation can be so arranged that
the roots of P(z) can be effectively determined by this method.
The polynomials P,(z) can be formed exactly as in Horner’s
method. The Fuclidean algorithm can be reduced to the com-
putation in the table (45.2).

Example 1. 7o compute the roots of the polynomial
Piz) =24+ (1 4+ 6i)2° — (13 — 5i)z — (7 + 10i).

We first compute the test-fraction for P(z) by means of (45.2):

apn = l, apl = ()i, ap = —]3, apgy = —‘]()i,
- = -—1, —1'1 = —1 ayny = ], a2 = 51, a3 = -7

by = i, bl-_n = —0, big = _l()ia
— (2 = l, —k-_) = 2! ayp = —l, dag = —31',

by = 2, bay = =17,
—3 = —‘], —"3 -- =13 a3z = ‘I,

b.;:; - - "I.

Since ¢y > 0, 2 <0, c; > 0, there are two roots in R(z) <0
and one in R(2) > 0 (Theorem 48.1).

By Theorem 46.1 we find that the roots of P(z) are contained
in the rectangle

y< =1, <2, ¥y> =3, ¥x>-=2 (2=x+4yi.

We now compute the polynomial Pi(z) = P(z + 1), as in
Horner’s method.
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1 L4+6i —134+ 5 —7 —10i | & =1,

I e oLt § U i 1.1
1 246/ —1+Ui] —18+
L 3+ 6
1 3+ 6i 8 ¥ 17
1
T 1 446i

Hence, P,(2) = 2* + (4 + 61)2> + (=8 + 17z + (—18 -+ 1).
With the aid of the calculating machine, we now form the

table (45.2) for °(2).

1 67 -8 i
4 17: —18
1.75: -3.5 7
3.9375 8.87504
7.98413; ~18.00
—.003985

We have not recorded the values of the ¢, &, or of 33. The signs

of ¢1, ¢3 and ¢3 arc +, +, and —, so that /°(z) has one root in the

half-plane Yt(z) > 1. In the above table, a43(1) = —.003985.
We next form

Pa(z) = 2* + (7 -+ 64)2° + (3 + 294)z -+ (=21 -+ 24)),

and find that 1(2), c2(2) and ¢5(2) are all positive, so that all the
roots of P(z) are in the half-plane 9i(z) < 2. ‘There is one root
in the strip 1 < 9N(z) < 2. We find that a43(2) = 8.98. Since
we had az3(1) = —.003985, it would appear that this root has
real part very nearly equal to 1. [f we assume that ay,(4) varies
linearly with 4, we find, by interpolation, that we should have
a33(1.0004) = 0. In the light of this information, we now form
P(z + 1.001) = 2 + (+.003 + 6/)2* + (—7.991997 + 17.0124)z
+ (—18.007995999 + 1.0170067), and construct table (45.2) for
this polynomial. We find that a;4(1.001) = —.000076233, and
that 255(1.001)z + 2,3(1.001) = 3.944596397z + 8.89044266671.
On setting the latter equal to zero we find for the imaginary part
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of the root the approximate value —2.2547. We thus have as an
approximate value of the root

1.001 — 2.2544.
Now,
P(d + 1.001 — 2.2547) = &* + (4.003 — .76211)d*
4+ (3.814455 — 1.0335244)d — (.000253547 + .000645698;).

If we neglect the terms in 4% and 42, and sct the linear part equal
to zero, we obtain the correction 4 = .0000192 + .0001745;.
Then d + 1.001 — 2,254/ = 1.0010192 — 2.2538255; is the value
of the root. This is actually correct to the number of places given,
inasmuch as it was found by additional calculation that the root is
1.0010192258 — 2.2538255167/, where the last digits 8 and 7 are
in doubt. For the other two roots of P(z) we find the values
—1.520324 — 1.39987916; and —.480695 — 2.3462953:, correct
to the number of places given. As a check, we find that the sum
and the product of these values of the roots are —1 — 67 and
7 4+ 104, respectively, correct to six decimal places.

[t should be emphasized that, except for the supplementary
calculation of the table (45.2) at cach step, the computation is
exactly the same as in Horner’s method.

Example 2. 7o compute the roots of the polynomial P(z) =
2% 4+ 22 4+ 20.

This polynomial has a pair of conjugate imaginary roots.
Since the coefficient of 22 is zero, the test-fraction does not exist.
This is of little concern inasmuch as the test-fraction exists for
Py(z) = P(z + /) when 4 is near the real parts of the roots. We
find by Theorem 48.1, applied to P,(2) and P.(z), that the
imaginary roots are in the strip | < N(2) < 2. In the following
table, the numbers p,, are the next to the last remainders obtained
in applying the Fuclidean algorithm to the polynomials Py(z) —
On(3) and Ou(2).

1 )

[}
=]

pr=5—73"
= =27,

AN

1

o = = —
P IR i 9)
]
~
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1 4 ‘)l ,"_1_":;_ pr =14 — 8¢ =87
1 4 9 32
1 5
1 5 14
1
16 -8 )
—.8 —4.16 —7.872 \ /t—.:_l:’. prz2= —.38
1 52 9.84 24.128
—.8 —3.52
1 44 6.32
—.8
1 3.6 R -
.1 37 _()ﬁl h="13 prs = .71
1 37 6.69 24.797
.1 .38
1 38 7.07
1
139 —.07
—.07 —.2681 — 476133 l 71:753 prag = —.041
1 3.83 68019 | 24320867
—-.07 —.2632
1 3.76 6.5387
—.07
69 ol
: 3.01 037 065757 ‘ m p1o — 073
1 3.7 6.5757 24.386624
.01 L0371
1 371 6.6128
.01
1 372 —.006

—006 —.022284 —.039513096 ‘ T Tonq s TU0%

1 3714 6.590516 | 24.347080904
—006  —.022248

1 3708 | 6.508268
—.006

1 3700 \

.001 003703 006571971 4 = 1.235

1 3.703 6.571971 | 24.353652875

P1 235 — .()()24

-001 003704 3.705k2 4+ 24354 = 0, k = £2.504
1 3.704 | 6.575675

001
—_——

1 3.705
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P(d + 1.235 4 2.5641) = & + (3.705 + 7.692)d* — (13.146613 — 18.999241)d
— (003572805 — .0040485561).

The real part of the imaginary roots has the value A = 1.235,
correct to three decimal places. The imaginary parts are 32.5647,
as indicated above. On equating to zero the linear part of
P(d + 1.235 + 2.5647) we obtain the correction = —.000237 +
.000247i. Hence, the imaginary roots are approximately equal
to 1.234773 =+ 2.564247i.

Since the sum of the roots is equal to zero, the real root must
be —2.469546. One may readily verify that this is correct to six
decimal places.

Exrreist 10

10.1. A polynomial 7’(z) of degree # has all its roots in the left half-plane
W(z) < 0, 1f, and only if, the determinants Fi, k£ = 1,2, 3, -+, n, of §45, are
all positive (15|

10.2. A polynomial P(z) = " + piz" ' 4+ -+ p,, with real coefficients, has
all its roots in the left half-plane, %) < 0, if, and only if, the determinants

Pv P P s P
]’ P2 Py ct oy Pu—2

0, Py Pa o5y Pu s
Hy=| " ‘ k1,23,
- ()) lv P2ty Pu-t ’

LRI/

0, RN P
(pr=0 of r>n)
are all positive [39].
10.3. Using the fact that the transformation
| + @
’+—;; , (r>0),

T=r-
l —w

maps the half-plane R(e) < 0 into the circular region | 2| < 7, derive an algo-
rithm for determining whether or not 4 polynomial has all 1ts roots in the circle
[z] <r

10.4. Show that if @ 15 not on the real interval — o < x < —1}, then one
of the roots of the quadratic equation az* 4+ — 1 = 0 1s within the crcle

|z — 1] =1, and the other is outside this circle. The root within the circle
is the value of the periodic continued fraction
1
a
Ly
a
1 +

I+



THFORY OF FQUATIONS 191

10.5. Theorem 48.1 cannot be applied to the polynomal P(z) = 24 — (3P
+ 22 — Dz + (3) because in this case the test-fraction fails to exist. . Show that
the theorem can be applied, however, to the polynomial (z 4+ 1) P(2), and prove
that P(z) has two zeros 1 the right half-plane and two seros 1n the left half-
plane. Show that the same conclusion can be reached by applying the theorem
to the polynomal (3)z'P(1.7%).

10.6. By a theorem of Hurwitz, the zeros of a polynomial are continuous
functions of 1ts coefficients.  Apply this fact and Theorem 48.1 to the polynomual

Pi;2) =2' — ¢+ DB+ 22— (D24 (D)

to determine the number of zeros of P(0; 2) in each of the half-planes 9(z) Z 0.
10.7. The test-fraction for P(z) = 2* — 32! — 928 - 2722 — 32 — 30

ex _ v
)z 1
e (—;)z+1+----——------l-
(z+ —- 1
(Foz+--- -—-

(:); + (l,)k'..

Determine a polygon in which the roots of P(z) le.

10.8. Write the test-fraction for P(z) m the form with all its partial denomi-
nators equal to umty.  For | 2| > M, let the partial numerators after the first
have moduli not greater than (I - ¢, gp, p = 1,2, 3, -+ -, n — |, respectively
(0 < g < 1). Then P(z) # 0 for |2]| > M.



Chapter XI

J-FRACTTION EXPANSIONS FOR POWER SERIES

In this chapter we consider the problem of expanding a power
series 2(c,/2"'') into a J-fraction, with emphasis upon the
computational aspects of the problem. We first show that the
expansion exists if, and only if] a sequence of polynomials can be
constructed which are orthogonal relative to the sequence of
coefficients ¢g, ¢y, ¢, - -+ of the power series. These polynomials
are the denominators of the J-fraction. The algorithm for con-
structing the orthogonal polynomials gives immediately the
J-fraction expansion for the power series. This idea goes back to
Tschebycheff [105] (cf. also [133] and [21]).

In contrast with this step-by-step method for expanding a
power series into a J-fraction, is a method due to Stieltjes [93]
which will] in certain cases, give the complete expansion in one
stroke. Stieltjes showed that the expansion can be written down
immediately when one has at hand a suitable formal reduction of
the quadratic form 2c¢, %%, to a sum of squares. (Cf. § 53.)

In the concluding section of the chapter, we consider questions
of convergence and of equality between the power series and its
J-fraction expansion.

50. Polynomials Orthogonal Relative to a Sequence. Let
€: oy €1y €25 +++ be any sequence of numbers. Relative to this
sequence we define an operation called formal integration, which
replaces #” by ¢,, (p =0, 1,2, --+), in any polynomial in «
upon which it operates:

f(/('u + ke - kau)do(n) = koco + kicy +-- -+ kacn.
192 )
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‘The symbol ¢.(«) is used only to signify that # is the variable
whose powers are to be replaced by the ¢,. When the operation
is performed upon the product of two or more polynomials, the
polynomials must be multiplied together, and the product written
as a polynomial, before the operation is performed.
A finite or infinite sequence of polynomials B,(«), p = 0, 1, 2,
-+, is called orthogonal relative to c if

fB,,(u)B,,(u);/:ﬁ,(n) =0 for p~q.

We now consider the following problem.

To construct a set of m + | polynomials B,(u) == n” + 8, u” !
8,02 d8y p=0,1,2 s mym >\, such that
(=0 for p#*g, p<m ¢ =<m,

- 50.
|20 for p=g<m (501

[ BB, 06,0

A necessary condition for the polynomials to exist is that the
determinants

C(), [1) tt Y (p
(l) 1‘2) Tt ('pl 1

A, = A0, p=0,1,2 -y m—1.
Cps Cpqty """ L2p (50.2)

In fact, since
0 #f&f(l()d(b,(ﬂ) - fl cdee(1) == (y,

it is necessary that Ay = ¢y # 0. Now, if ¢ > 0, ¢ < m, then

fBMu)B,,(u)d@(u) =fB,,(u)a’¢L.(u) = (),

fBl(u)B.,(u)dd:, (#) =f1¢B,,(u)d¢,(u) = (),

f B, 1) By(1)du(u) = f W\ B(u)dee () = 0,

f B2(u)do (u) = f u'By(u)dp.(n) = hy # 0. -
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From these equations we find immediately that
A, =hBDy_1, q= 0,4,2,---,m— i, (A =1),
and therefore (50.2) holds.
Suppose, conversely, that (50.2) holds. Then

f Bo*(u)doir) = f L-dgu(u) = co = Ao # 0.
We writc ay = ¢. Lt By(x) = u + 6;. Then
flfu(u)lf.(u)rl¢,(1¢) = ¢; + coby =
if, and only if,

fb’n(u)z/:b,.(/z) = ay, f/{li.,(u)zlqs,(u) = —ayb,.

Since ay # 0, this determines 4,, and therefore B,, uniquely.

Using induction, we now suppose that By(«), By(u), - - -, B.(u),
n < m, have been uniquely determined, such that (50.1) holds
for p < n, ¢ < n, and that constants «, and 4, have been deter-
mined by the relations

fu"l),,(u)(/(b,(/() = agay -+ a, #Z0,

fu” M B (u)dpe(1t) = —apay -+ ay(by + bs+-- -+ bpyp1), (50.3)

p=0,1,2 ---in—1
such that
By(u) = (b, + 1)B, (1) — a,, B, su),
(50.4)
p=1,23 -, nu (B_(u) =0).

We shall prove that B, ((«) is then uniquely determined.
It is easy to sce that an arbitrary polynomial of degree » + 1

in which the coeflicient of #”*! is unity, can be expressed uniquely
in the form

Bu+l(”) = (//,,+1 + Il)Bn(u) - (lan—l(”) + kOBO(”)
+ /\’131(”) + e + kn—2Bn—-2

where 4,41, @n, ko, ki, -+, ky_2 are constants. The conditions

=
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f W Bupr(W)dde(u) = 0, p=0,1,2, -, n —2,

give in succession kgao = 0, k1apay = 0, - -+, ky_2a08, *++ @2 =
0, so that kg = k;, =+ = k,—2 = 0. From the conditions

fzz"“B,,+1(1¢)d¢,.(11) = (),

f 4" By 1 (1)de(tt) = 0,

we then obtain (50.3) for p = n. We then find immediately
from the equations

f W By ddeli) =0, p=0,1,2 -oym—1,

fu"B,,(u)d:bc(u) = agdy - da

that A, = aoa; -+ a,0,_, and therefore a, # 0. Accordingly,
bn41 is uniquely determined. Moreover,

pr(u)Bq(u)dqb,.(u) =0 for p#gq, p<n+1, ¢g<n+1,
and, if # + 1 < m, then

f Bus2()de(it) = f W B, 41 (4)de()) % 0,

for otherwise we would have A, ; = 0.
We have completed the proof of the following theorem.
TreoreM 50.1. Let ¢ = {cp} be a sequence of constants such that for
some m > 1, (50.2) holds. Then there exist uniquely determined poly-
nomials By(u) = u? + 812" -4 8y, p =0, 1,2, -+, m, such that
(50.1) holds. These polynomials can be found recurrently by means of the
Sormulas

By(x) =1, By(u) = by + u,
By(u) = (bp + u)By_1(u) — ap1By_z(u), p =234 - m;

f u? Bp(u)dp.(n) = apay - - - ap,

(50.5)

(50.6)
fu’"*'lB,,(u)quc(u) = —aga; --- ap(by + b2 +- -+ bp41),
p=0,1,2,---;m—1. '
Conversely, if (50.2) fails to hold, then such polynomials do not exist.
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Remark. If the @, and 4, are given, a, # 0, then it is easy to
see that the relations (50.5) and (50.6) serve to determine ¢y, c1,
.+, Cam— uniquely in terms of the a, and ).

51. Algorithm for Expanding a Power Series into a J-fraction.
By (50.5) it follows that the polynomials B,(z) are the denomi-
nators of the J-fraction

o (51.1)

&+ ay
T btz —

Ay —1

o /)m +—Z_.
; - o oot (51.2)
p—

be the formal power scries whose coefficients are the given num-
bers ¢p.  The coefficients of 1,z, 1 2%, ---, 1/z” in the product
P(1/z)B,(z) are

fu'B,,(u)dcb, () =0, r=0,1,2,---,p=1;

and the coefficients of 1/z" and of 1 27 '* in this product are

fu”l),,(/l)a'dz.(n) = qgay - dp
and

fll"+ lBI,(H)(l'¢, (ll) = =—dadyi * " {ll,(lll + bg + e + é,,.'_l),
respectively.  Consequently, we have

!
P (—) B,(z) — A4,(2)
_an gy o apit bt b))

p=0,1,2 - m—1, (51.3)
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where .7,(z) is a polynomial in 2. It follows that (cf. (42.10))

)
Cop—1 r2p("

+

~2p ~2p 11
~ ~

Ay(2) L +€: 4t
B,(z) =z @ 2*
By the argument used in proving (43.4) we see at once that
A,(2)/B,(2) is the pth approximant of (51.1), (p < m).

If, conversely, (51.1) is any terminating J-fraction in which
the partial numecrators are different from zero, then we scc
immediately that its denominators B,(z) satisfy (50.1), the
sequence ¢ being co, ¢1, 5 Cam—1, determined by means of (51.4).

If (50.2) holds for all 7, and only then, we can construct an
infinite sequence of orthogonal polynomials. In this case we have,
instead of (51.1), an infinite J-fraction; and the relation (51.4)
holds for all values of p.

The power series P(1/2) with which the power series expansion
in descending powers of z of the pth approximant of the J-fraction
agrees term by term for the first 2p terms (p =1, 2,3, ---),
is called the power series expansion of the J-fraction; the coefhi-
cients ¢, are the moments of the J-fraction. From the preceding
discussion it follows that the following theorem is true.

4o (514)

THeOREM 51.1.  There is a one-to-one correspondence between infinite
Jfractions and power series P(1/3) for which the determinants A, of (50.2)
are different from zero for p =0, 1, 2, 3, ---. This correspondence 1s
completely characterized by the fact that (51.3) holds for p = 0, 1,2, ---
The determinants A, are related to the coefficients a, in the |-fraction by
the formulas

Ap = apay - apAp‘-h p= 0’ I» 2) ) (A——l = 1) (SIS)

If a power series P(1,2) represents a rational function of z,
then the determinants A, are clearly zero from and after some
value of p. Hence, we have

THEOREM 51.2. The power series expansion of an infinite J-fraction
cannot represent a rational function of 2.

The formulas (50.6) for constructing the orthogonal poly-
nomials, and hence of the J-fraction, can be expressed in matrix
notation in such a way as to facilitate the computation. We shall
write down the formulas and explain them afterward.
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BI,(Z) = 2" + ap.lzn—l + 61),22,)—2 + e + 61’-)’)

/11:(\2) = a'p.OZp—l + Up.lzp_z + e + Op,p—15

dpo = la
codoo = 4o,
1800 = —aob1= ho;
ho
bl = ="
aq

(810) 6ll) = (1) bl)’

510) apa
= Qoa,
011

o
( m) = —aoa (b1 + bs) = M
011

ek

(62, 6'1)

(€3, €2)
(51.6)
b,

b ]
dy apa,

(52()) 521) 622) = (510) 6ll) (

0,1, 6,
020 7
(¢‘4, €3y f'a) <521> = dyad142,
Ouo

d20
(('.'n Cay C3) <521> = —ﬂuﬂlflz(bl + bs + b3) = ha;

1, 6,5, 0

> — a,(0, 0, 600):

022
hy ha
b= - TR
apay anaii

1, 4;,0,0
(8305 8215 Ba2, 833) = (820, 021, 022) (0; 1, b3, 0) — a3(0, 0, 810, 811),
0,0,1, 4,

("p.ﬂa Tp,15 Op,2y *° ) = ('SP-O, 8p.15 0p,2, *° °)- (51.7)

Coy €1, "y Cpa

0, co, 5 Cp—2

), 0, ---, 0, cq
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The second relation in each group, after the first, is (50.5)
for the appropriate value of p. The last two relations in each
group are the relations (50.6). We understand the usual row
times column matrix multiplication. The equation (51.7) can be
obtained by equating the coefficients of z°, z!, 22, ..., 2*~! on
either side of (51.3).

Example. By way of illustration, we shall carry out several
steps of the calculation for the case where

1
p+ 1’
Here, P(1,2) = log [2/(z — 1)]. Hence, we shall have obtained
the first few partial quotients in the J-fraction expansion for this

function.
Following (51.6), we get:

50() = 1,

[l)= p=0,1,2,"

codoo = ap = 1,
— - 1.
€109 = —ﬂn/}x = 25
_ 1
bl = T2

(510, 511) = (l) _5))

0y \
(c2, €1) (6 0) = (3 %)( ,) = apa; = 'y, ar =Y,
11 -2

(1, ';)( l) = —apa1(by + b)) = [ = hy;
2

b= =3 —1,0
(520, 521; 522) = (1, 2) (0 1 » ) (11)(0 0 1)
= (la —l) 6):
1
(%) %) 31') -1)= aparay = T%()) az = 145,
(1;_
1

(é‘: %» %) "1> = —404142(bl + by + 55) i‘io‘ = 112;
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— 1
bii = =2
3 1
(530, 5:41, 032, 033) = (1 —%: :'f, -20):
(030, 031, 032) = (1, , 60

The first three partial quotients of the j-fractlon for log [z/(z —1)]
are then found to be

1 22—z + (31
(1} —Q Z> + ,,)Z B )
—;-{-z—-—-- ___12) —1_; - () ( (o)
14— 152
2 T14z
We note that for z = —1, this gives log 2 = .69312 - - -, which is

correct to_four decimal places.

52. Stieltjes Type Continued Fraction Expansions for Power
Series. In Chapter VI we considered continued fractions of the
form (28.1), which we called Stieltjes type continued fractions.
These continued fractions have the property that their even parts
arc J-fractions. For the purpose of abbreviation, we shall call
any continued fraction of the form (28.1) in which the £, are
different from zero, or any continued fraction which can be ob-
tained from this by an equivalence transformation or simple
change of variable, an S-fraction. According to this definition,
a J-fraction in which 4, = 0, p = 1,2,3, - -+, is an S-fraction:

A0
- (52.1)

a)

as

o
~

o~
~

By means of an equivalence transformation, this can be thrown

into the form
ap

s (52.2)



J FRACTION EXPANSIONS FOR POWER SERIFS 201

Hence, it follows that if P(1/2) is the power series expansion of
(52.1), then

1 1 Co Cy Co
~P—)= N A SRR (52.3)
22 2t 2
contains only even powers of 1,z. Tt is therefore convenient to
remove a factor 2 from (52.2) and then replace =¥ by = This
gives the S-fraction

ag

- (52.4)
a,
z — - - —_— —
(2}
1 — 7
az
z — -—- - —
1 —.
. . . . .’
and its power series expansion is
Co L C2
NG S R (52.5)
~ ~ ~
Inasmuch as ¢y, 0, ¢y, 0, ¢a, 0, - - - are the moments of a J-frac-

tion, the determinants
c, 0,

Lo, e, O, - (52.6)

Ciy Os C2

Coy 0

Co
Y0, e

must be different from zero. By making suitable interchanges
among rows and corresponding columns, the determinants (52.6)
may be written as

Agy, Ao, A1, ALy, -
where the A, are the determinants introduced before, and
C1y C2 Y [p+l
Cay, (3, tty Cpge
Q, = , p=0,1,2,---. (52.7)
cp-{ 1y Y c‘.’pfl

Hence, a necessary condition for (52.5) to have an S-fraction
expansion (52.4) is that '

A, %0, Q,%0, p=01,2, . (52.8)
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Conversely, if this condition is satisfied, then the determinants
(52.6) are all different from zero, so that ¢, 0, ¢1, 0, ¢, 0, - - - are
the moments of a J-fraction. To construct this J-fraction, it is

only necessary to replace ¢y, by ¢, and ¢3,41 by 0, p =0, 1, 2,
.+, in the formulas (51.6). 1f we do this, we find that

bl = 0: 01 = 0;
b2=0) du1 =0)

by = 0, &y = 0, b= 0,
b4 = 0, all = 0» 613 = 0)
b_r, = 0, 6_—,1 = O, 5_-,3 = 0, 55_:-, = 0,

Thus the J-fraction has the form (52.1), so that (52.5) has the
expansion (52.4).
We shall state this result as

TueoreM 52.1. There is a one-to-one correspondence between power
series (52.5) for which (52.8) holds, and S-fractions (52.4) in which
ap #=0,p=0,1,2, ---. The correspondence is completelv characterized
by the fact that the expansion in descending powers of = of the pth approxi-
mant of the S-fraction agrees term by term with the power series for the first
prerms (p=1,2,3,--).

Remark. [f we remember that the determinants (52.6) are
products Ag, Ag€y, A2, ARy, AyQy, - - - of determinants (52.8),
we sce by (51.5) that the coefficients «,, in (52.4) are positive if,
and only if]

A,>0, 2,>0, p=0,1,2,---. (52.9)
Just as in the case of J-fractions, we have

THEOREM 52.2. .In infinite S-fraction caunot have a power series
expansion which represents a rational function of =.

53. Stieltjes’ Expansion Theorem. We have given a step-by-
step method for expanding a power series into a J-fraction. We
shall now describe a method due to Stieltjes [93] which will, in
certain cases, give the complete expansion in one stroke. Stieltjes
showed that the problem of expanding a power series into a J-frac-
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tion is equivalent to the problem of obtaining a decomposition of
a certain quadratic form into a sum of squares. The theorem may
be stated as follows.

TueoreM 53.1.  The coefficients in the ]-fraction

1
(53.1)

(3]

by + =z —

ady

by 2 — st —
by + :—-

and its power series expansion
1 (= 1),
P (—) =D (53.2)
he p=4 ~
are connected by the relations
pyq = kopko, + arky pkiq + dracks pkag + 00y (53.3)

where
koo=1, ks =0 if r>y,

and where the k,,, for s > r are given vecurrently by the matrix equation

kl)()) 0) 0) 0) e bh ]s (): O) 0:
k()l, kl 1y 0, 0, v ay, bg, ] , (), (),
kosy, kpay, kesy 0, .- 0, as, by 1, 0,

kot, ki, O, 0, 0,
kozy ky2y ks, O, 0, .-

- 02 12 22 ] 3 ) (53.4)
kos, kizy,  kazy  kag, 0, -

Moreover, there is the formal decomposition into a sum of squares:

a0

CpyaXprq = (X0 + korxy + kopxz +- - )2
+ 41(x1 + klzx-_; + kwxa +-- .)2
+ amag(xs + kogxy + kaaxg +-- )2 -+ (53.5)

P, ¢=0
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Conversely, if we have a decomposition (53.5), where the ay are not zero,
then P(1/2) is the power series expansion of the [-fraction (53.1), where

bl = k()l) /)p L= k]).p«]—l - kp—l.p: P = 1: 2) 3) Tt (53'6)

Finally, the problem of expanding the power series (53.2) into the
J fraction (53.1) is equivalent to the problem of obtaining a power series
tdentity of the form '3

O(x +y) = )00 + e (V) + @a0:(0)(v) +---, (53.7)

where the a, are constants different from zero, and

id N

00 = e s (=1,

p-0
(53.8)

~P

0.(2) = ikr.n [’!'

p=i

The coefficients a,, in the [-fraction are the a, of (53.7), and the b, of the
J-fraction are grven by (53.6) in tevms of the k, , of (53.8). [93.]

Proof. We remark, in the first place, that the identity (53.7)
can be written as

© »

q
(',;44,;!";! = Q(x)Q(y) + a1 ()1 (y) + a1820):(x)(2(¥)
Pg=0 +---

so that the identity is equivalent to a decomposition (53.5).
Denote the right-hand member of (53.3) by €,,. Then from
(53.4) we obtain the relations

"p.q}l = k().p(k().q + alkl.q) + al'l"l.p(k(),q + &Ekl.q + ﬂ2k2.q)

+ aragks (ki g + bsksy + asksy) +-- -,
and

Cp{l,q = k().q(k(),p + ”lkl.p) + ”l’('l.q(k(),p + b2k1,p + a2k2.p)
+ arasks (ki + ks + azksp) +- 0.

Consequently,
Cowvit = Cpijrg = Cpinga == Chiqprio

= Cp—l.q+2 = (‘p~2.q+3 == CO.p+q+1-

18 The formulation by means of this identity was given by Rogers [80].
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Thus,
Coy=0Crs If pt+g=r+sys,

and we are therefore justified in writing Cp 4 = Cpyq.
Considering now the bilinear form

w0
C= § :(‘lHq""n.Vq:

ma=0
we readily verify that

C = (ko,o%o + ko, 1x1 + ko,ox2 +--°)
(ko,ovo -+ koayt + kooy: +--+)
4+ ay(ky, 10y + kiove + kyavs +-00)
(kyyr + kroys + koays +--0)
+ ajaz(ks,ovs + koaxy + ko xg +--0)

(l{':z,:z}’:: + kz,:t)’:s + k2.4)'1 tee)
4o

If we put x, = 0, v, = 0 for p > u, ¢ > n, we then conclude
that the linear transformation

Up = ko,ox0 + koaxy +-- -+ k(),nxn,

U, = kivy o4 kinXa,
U S -
V7o = kooyo + koayr +- -+ kouVu,
Vy = kiayr+-+ kinyn
Iy = - Kn,nYns

carries the bilincar form

n
z :(‘n+q"'p.3'q
rga=0

into the bilinear form
n
aopay ' (lpb’,,l/,,, (ﬂ() = l).
p=0
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Since the determinant of the linear transformation is equal to
unity, it follows that

CO, Cl: B} Cp
— (l" Cg, Tt Cl’+l p+l, p, p—1 2
A, = = ay" " a’a;y < dp_i1°ap,
|
al al
Cm (‘P+l> ey Cgy |

and therefore, since the a4, are not zero,
Ay, =agay - aBpy, P = 0,1,2--, (A =1). (53.9)

Likewise, if x, =9, =0, x, =0, y,=0 for p>n+1,
q > n + 1, we find that

Ap, = kp.1)+1(l(),,+l‘llp‘lzp—l T ﬂp—lgap
= ((l()ﬂl e a,,)(bl +' //2 + et + bp+|)Ap_1, (53.10)

where A, is the determinant obtained from A, by advancing the
subscripts of all the elements of the last row by unity.

Now (53.9) and (53.10) arc preciscly the relations one obtains
by equating the coefficients of 1,z, 1/2%, - - -, 1/27** on either side
of (51.3), but with C, replaced by ¢,, p =0, 1,2, ---. Since
those relations determine the ¢, uniquely in terms of the 4, and
b, (cf. the remark following Thcorem 50.1), it follows that
C,=cpp=0,1,2, ---. This establishes the relation (53.3).

Let us suppose, finally, that we have a decomposition (53.5)
of the quadratic form whose coefficients ¢, 4, are the coefficients
in a given power scries; and that the 4, arc not zero. We can
then conclude that (53.9) and (53.10) hold with C, = ¢,; and
hence that the power series has the J-fraction expansion (53.1)
in which the 4, are defined by (53.6). This completes the proof
of Theorem 53.1.

Example. e shall usc this theorem to obtain the expansion
[93, 80] )
f sechfu e *dy = -———— (53.11)
0

24 1-k
2+ 1)

k42
FEED)

Z -
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Consider the identity
sech® (v + y)
= (cosh x cosh y + sinh x sinh y)~*

= sech® x sech* y — k sech**! x sinh x sech**! ¥ sinh y

k 1
k(——i’_)—) sech®*2 x sinh? x sech* t2 y sinh®y — .-
= Q®)Q0) + a1Q1(x)1 () + @1a:Q:(x)Q2(y) +- -+,
where
‘hlt +p H hp zp pit
0,) = S IESMIE _E z

o e Gy
ap: —p(k+[’_])) kp,p}l =0.

The expansion (53.11) now results immediately by application of
the last part of Theorem 53.1.

The formula (53.4) furnishes what is perhaps the most con-
venient means for expanding a J-fraction into a power series.
By way of illustration, let us find the first few coefficients in the
power series for

i
‘ 1%
sk l- Ty
42— : -
v+’)t+’;_ __.3-,___-__
T 243+ 4 -
We find for (53.4), (to three rows),
1, 0, 0, -\ /A, 1, 0, 0,
1) lr ()’ L, t+2, 1) 0,

t+1, t+3, 1, ---]10, 4, 2t + 3, 1,

1, 1, 0, 0,
t+1, t+3, 1, 0, ---
24+4+1, 24+106+7, 3+6, 1,
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Then, by (53.3) we get immediately,

24+ 441,

o6 =1, =04 1241141,

co=t+1, ¢y =1 4+266+ 6612+ 26¢ + 1,
cg = 5+ 57 + 3027 + 30242 + 57t 4 1.

=1, c3

54. Convergence Questions. There is one important case
where we can assert that the power series P(1/2) 1s equal to the
J-fraction or S-fraction of which it is the expansion. It will be
convenient to replace z by 1/z and then divide by z, in the power
series and the J-fraction or S-fraction. The J-fraction takes the
form

ag

S e (54.1)
a,z*
bz +1— «—
a22”
byz+ 1 — —— —
S byz+ 1 —-
the S-fraction becomes ’
R . (54.2)
a3
1 — - o
| — _{lz-z__
| —
while the power series becomes
P(Z) =l'n+('1Z+(‘g~2+"'. (543)

TueoreM 54.1. If the [-fraction (54.1) converges uniformly for
i z l < M, then its power series expansion (54.3) has radius of convergence
at least equal to M, and the sum of the series is the value of the J-fraction.
The corresponding statement holds for S-fractions [111].

Proof. The approximants of the J-fraction or S-fraction form
a sequence of rational functions f,(z), converging uniformly for
|z] < M. There must exist an index % such that for p > &,
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the power series expansion of f,(z) in ascending powers of z con-
verges for [z | < M. Put

”l(z) =fk(z)> IlI,(Z) =fk4 p—-l(z) _fk+p—2(z)) P = 2: 3) 4) T
Then
Zu,,(z) = lim f,(2) = u(2),

p=

p=1
uniformly for | z| < M, where #«(z) is an analytic function for
lz| < M. By a theorem of Weierstrass, the series of #th

derivatives

0

Z”n(") (2)

p=1

converges for | 2| < M to the sum #™(2). Now, since the expan-
sion in powers of z off,,(z) agrees term by term with the series P(2)
for a number of consecutive terms beginning with the first, which
increases to « with p, it follows that

©

Zu,,“"(()) = nlc,, =012,

p=1

and therefore, if |z | < M,

nd () had
@ =y i;f—) 2 =) cpat = P(a),

p=0 p=0
as was to be proved.

Tueorem 542, If
lima, =0, (a, #0), (54.4)
p=
then the S-fraction (54.2) converges to a meromorphic function of =.  The
convergence is uniform over every closed bounded region containing none
of the poles of this function. If

limay, = a#0, (54.5)

p==

then the S-fraction (54.2) converges in the domain exterior to the rectilinear
cut running from 1/4a to < in the divection of the vector from 0 tp 1/4a,
to a function having at most polar singularities in this domain. The con-
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vergence is uniform over every closed bounded region exterior to the cut
which contains no poles of the function " [111, 110].

Remark. This theorem is due to E. B. Van Vleck. Stieltjes
[95] proved that if the a, are real and positive, then (54.2) con-
verges to a meromorphic function if, and only if, (54.4) holds.
One can find examples to show that this conclusion does not hold
if the @, arc not restricted to be real and positive [121, 122].

Proof of Theorem 54.2. l.et G be a bounded closed region
containing the origin on the interior, which is otherwise arbitrary
in case (54.4) holds, and which is exterior to the specified cut in
case (54.5) holds. By Theorem 33.1, therc exists an index N,
depending only upon G, such that if # > N, then the continued
fraction

LR (54.6)

Gny 13

1 —
ﬂ,,+2z
| — - -
] —-.

converges uniformly over G to an analytic function #,(2). Since
G contains the origin on the interior, the power series expansion
of (54.6) converges in the neighborhood of the origin to £,(z),
by Theorem 54.1. Hence, by Theorem 52.2, F,(2) is not a rational
function of z. We then conclude that (54.2) converges over G
to the function

,/,,(Z) ___l"n(z)‘ln —I(Z)

B.(z) — F.(2)B._1(2)’
which is analytic over G except possibly for poles, inasmuch as
B,.(z) — F.(2)B.,_1(z) cannot be identically zero. The con-
vergence is clearly uniform over the region obtained from G by
removing the interiors of small circles with centers at the poles
of the function. This completes the proof of the theorem.

Exgrcise 11

11.1. Let a3 =¢p #0, limey =0, asp41 = —azgp—y =a # 0. Then the
continued fraction (54.2) converges to a meromorphic function of z[121].

19 The continued fraction converges uniformly in the neighborhood of the origin (cf.
end of § 10), and is equal to its power series expansion by Theorem 54.1.
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11.2. Let xy, X3, - -, ¥m be real numbers such that ¥; < v <--- < ¥, and
suppose that M, > 0,p = 1,2,3, -+, m. Put

i A’[p _ ap }
=13 T - -._’f‘__
’ 3+h 3+ b —
_ Am—1 .
m z + bm
The polynomial P,(z) which renders the eumz [f(1p) — Pu(xp)]?Mp a minimum
1s given by =1
1 2 Bn Igy,.', - B" RY al2
Pa(@) = — - —— Buyi@Bulrn) = Buiile By (-)f(.\',,). (105, 106.]
(loﬂl"'ﬂnp_l T — \p

11.3. letxp =31+ (p— Dd, My = 1,p=1,2,3,---,md # 0. Then the
constants a, and 4, are given by

P = 1)
an = md, ap = --4-(.1;"__-_"]')" ) bp = —(.t'l + .}(m - 1)11) [94.]
114. If vy = —k,xo= —k+ 2 a3 = —k+ 4, -+ o, xe41 = +4, &k a positive

integer, and M, = (p/fl) = kl(p — D'k — p + 1)), then
ay = 2, Aap =[’(k"1’+ 1), bp= 0» P = ],2,3, "+ L. l93']
11.5. Obtain the formal expansion

® 1
f cnue ™ du = —-—- -
0

2t -

93.]



Chapter XII

MATRIX THEORY OF CONTINUED KFRACTIONS

Up to this point we have regarded the J-fraction as being
generated by a sequence of linear fractional transformations in
one variable. We may also regard the J-fraction as arising from
a single linear transformation in infinitely many variables. In
fact, let us consider the system of linear equations

61+ 26 — a2 = 11,
—a1k + (b2 + 2)Es — asky = 79, (a)
- azés + (53 + 2)&5 — azés = ns,

This may be looked upon as a transformation of the point
£ = (£1, 2y £3, +-+) in the space of infinitely many variables
into the point n = (11, 2 ms, ---) of the space. If g =1,
7, = 0 for p > 1, we may write the equations in the form

1 a1k a,®
£1=‘——“_—a‘g, ’E—='"'"— ﬂf-,
by +z— R
£ £
asxés . as?
B, 4, Gk
&3

If we then substitute in succession from each into the preceding,
we obtain the formal expansion of £, into a J-fraction
212
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1

£ =

2
a”

by +2 — -

b - .
2+ 2 g

2
as”

Suppose now that we have an “inverse’’ of the transformation

(a),

pum + pianz + prany + - = 1IN
p21m + p2am2 + pasns + 0 = &y, (b)

ps1M + ps2nz + paans +- -0 = &3,

On setting n; = 1, 9, = 0 for p = 2, 3, 4, - -+, we then see that
£1 = p11. We shall call the matrix (p,,) a right reciprocal of the
matrix J of the transformation (a). From the preceding we now
see that the leading coefficient, py1, in a right reciprocal of the matrix
J is formally equal to the ]-fraction.

To make this a little more precise, we may understand that
(b) is an inverse of (a) if, when the values of the £, from (b)
are substituted in (a), the latter is formally satisfied. On making
this substitution, we find that the p,, can be any numbers such
that

—ap1Pp—1,4+ (bp + 2)Ppg — GpPpi1.4 = Bpus

where §,,, is the Kronecker delta, and is equal to zero or unity
according as p # g or p = g, respectively. Here we agree to take
ag = 0. Since ay, ay, a3, --- are not zero, it follows that, for a
fixed g, if py,q is chosen arbitrarily, then p, 4, p = 2,3, 4, ---, are
uniquely determined. Therefore, there are infinitely many different
right reciprocals. This makes it obvious that one must restrict
in some way the class of right reciprocals to be considered in order
that the statement “p;; is formally equal to the J-fraction” shall
have any significance.

The principal goal of the present chapter is to investigate the
right reciprocals of the J-matrix, and to determine those.which
have an essential relationship to the J-fraction. To that end,
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we first develop some of the fundamental ideas of the matrix
calculus.

The introduction to the matrix calculus given here is based
upon notes of a seminar directed by Frnst Hellinger. The princi-
pal references are Hellinger [30, 31], Hellinger and Toeplitz
[32, 33, 34], Hilbert [37], and Stone [97].

55. Linear Forms. The expression E ayxp, in which the a4,
p=1
are given constants and the x,, are independent variables, is called
a linear form. The linear form is called bounded if there exists a
constant N such that for every positive integer # and every system
of values x,

n

a,x,| <N - } ENE (55.1)
"le Ii le I

where N is independent of # and of the variables x,.  The smallest
value of N for which (55.1) holds is called the norm of the linear
form.

o

Turorem 55.1.  The linear form E apxy s bounded if, and only if,

p-1

0o

the infinite series E | ap |? is convergent. If the linear form is bounded,

N = \/:Z_; | ap |2 (55.2)

then its norm is given by
@

The infinite series
apXp
p=1

converges absolutely and uniformly in anv domain of the variables such that

0

PR

p=1

where r° is a positive constant.

Proof. If (55.1) holds, then on substituting x, =a, in that
inequality we obtain



on

MATRIX THEORY OF CONTINUED FRACTIONS 21

n n

ZI“DPSN'\,ZI‘H’H

r=1

n
Dolalr <2,

p=1

so that

and consequently the series

L]
Dolal :
p=1

converges, and its sum does not exceed V2. Conversely, if this
series converges, then, by Schwarz’s inequality,

n Il- T " _;-_—_ T
YA PN ) SIPHIND ST
p=1

p=1 p=1

so that (55.1) holds when N has the value (55.2), and it cannot
hold if N has a smaller value. Again, by Schwarz’s inequality,

i
< ’.\/Z | ap IJ)
p=m

Al
if E | ¥, [* < 7% Hence, when the lincar form is bounded, the
p=1

min

apxy

p=m

series E a,x, converges absolutely and uniformly in the prescribed
»-=1

domain of the variables.
L]
A sequence xy, X, ¥3, --- such that E | %, |? converges, is
p=1

called a point of Hilbert space, and may be convenient.y desig-
nated by the single letter x. The Hilbert space is denoted by £;

the set of points x such thatZ | x» |2 < 7% is the Hilbert sphere
p=1

of radius r, and is denoted by §,. The value of the linear form

E apxp is the sum of this infinite series in case it converges. A
p=1
bounded linear form has a value for every point of §; its horm is
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the least upper bound of its absolute value for all x in §,, and is
actually attained by the form for at least one point of §;.
56. Bilinear Forms. The expression

A(x,y) = Zanqxpyq:
pg=1
in which the 4,, are given constants forming the infinite matrix
A = (ay,), is called a bilinear form in the infinitely many varia-
bles x,, y,. It is called bounded if there exists a number N such
that for every positive integer #» and every system of values x,

and y,,
<N- z :lx,,|2§ :I.yqlzx (56.1)
g=1

p=1

n

, Zam-"'p.yq

P g=1

where NV is independent of # and of the values x,, y,.

It is easily seen by application of Schwarz’s inequality that the
convergence of the double series Z| a,, > is sufficient for the
bilinear form to be bounded. That this is not a necessary condi-
tion is seen, for instance, from the fact that the unit form

[(%,5) = D bpa¥pYa = D %3 (56.2)

pg=1 p=1
is bounded, although the double series 23,,% is divergent.

TueoreM 56.1. .1 necessary condition for A(x, y) to be bounded is the
convergence of the series

L L]
Z' ”l"l'z’ g=1, 2,3, -, and Zl ”INI|2’
p=1 q=1

p=1,23 - (56.3)

Proof. Kor a fixed ¢, let y, =1 and let y, = 0 for p = q.
Then

A(x, y) = Zamxn

p=1

is a linear form which, by Theorem 55.1, is not bounded unless

the series E | @pq |2 is convergent. It follows, a fortiori, that
p=1
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the convergence of this series is necessary for the bilinear form to
be bounded. Similarly, the second series in (56.3) must be con-
vergent for each fixed p. That the condition is not sufficient may
be seen from the example @,, = p-3,,.

THEOREM 56.2. A bounded bilinear form converges for each x and y in
O, by rows, that is, for each p, the series

Za,,q Yo (56.4)

q=1

2 <2aw _v,,> Xp (56.5)
p=1

¢=1

converges, and the series

converges. The sum of the latter series, which will be denoted by A(x, y),
and called the value of the bilinear form, satisfies the inequality

| A< N \/ PEADMEN S (56.6)

p=1 g=1

where N is the constant appearing in (56.1).

Proof. The convergence of the series (56.4) follows at once by
Schwarz’s inequality and Theorem 56.1. Let m and #» be two
positive integers such that # > m. Then by (56.1) we have:

LG n k
Z(i“w.}'q) xp| < N\/le"PZIJ’q[z:
pem

=1 p=m g=1

k=1,2,3, .-,

and therefore, by the convergence of (56.4),

i(iﬂw}’«) xp| < N\/Z‘: | Xy Izi ‘_}’q Iz- (56.7)

p=m q=1 p=m g=1

Since x is in §, the right-hand member of this inequality ap-
proaches zero as m tends to «, so that (56.5) converges. On
putting m equal to unity, and then letting # tend to « in (56.7),
we then obtain (56.6).
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TueoreMm 56.3. A bounded bilinear form converges by segments for
each x and y in D, to the value A(x, y) defined in Theorem 56.2, that is:

lim D aprpye = Alx,y) = Z(Zamy.,> . (56.8)
q=1

"2 pa=1 p=1 \gq=
Proof. Put
Au(xy y) = E ApeXpVey Sulx,y) = Z(E :“pq)'q> Xpe
s py=1 p=1 qg=1
T'hen, .
Sulx, y) — Au(x, ¥) = Z( Z”pu}'q) )
p=1 g=n+tl
which is the bilinear form .7(x, y) evaluated for x, ;1 = xp42 =
=0,y =¥y =---= v, = 0, and thercfore
Salx, 3) = a9 | < N\/§:| ZI wl
g=n+1l

Since the right-hand member of this inequality approaches zero
as » tends to =, and since, by Theorem 56.2;

lim §,(x, y) = A(x,y),

it follows that "
lim.7,(x, y) = A(x, y).

n— %
As an immediate corollary we have

TueoreM 56.4.  The summation of a bounded bilinear form by rows,
by columns, or by segments, give one and the same value A(x, y) when x
and y are points of 9.

57. Bounded Matrices. A matrix

a1, 12y, 413
azyy, A2y, G23

A = (ay) =
agzyy, Aaz»y, Agy,

is called bounded if the bilinear form A(x, y) = Zapexpy, is
bounded in the sense of (56.1). By the norm of the matrix we
shall understand the least number N which can be uscd in (56.1).
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If ¢ is any number, then cA is the matrix (ca,,); and if B = (4,,),
then the sum A + B is the matrix (a,, + 4,,). One sees imme-
diately that if A is bounded, then cA is bounded; and that if
A and B are bounded, then A + B is bounded. We have:

'a=c|Na Nays < Na+ Vg,

where Ny denotes the norm of the matrix X,
The product AB of matrices A and B is the matrix C = (¢,,),

where
0
Cpy = E :ﬂp://un P q9 = ‘) Za 3’ MY

=1
provided all these series are convergent.  Otherwise, the product
1s undefined.

Turorem 57.1. The product of two bounded matrices exists and is
bounded. Moreover, the norm of the product is not greater than the product
of the norms of the factors.

Prooi. It is required to show that the bilinear form

0 L]
E Cpg¥p¥yr Where ¢, = E @ 1bryy

ma 1 1 -1
is bounded when (a,,) and (4,,) are bounded matrices. By
Theorem 56.1 and Schwarz’s inequality, the series defining ¢,
is absolutely convergent. We may therefore write

n n -]
E CopaXpVq = E <§ a,.,/lr.,> XpYq

moy-1 -1 \r=1

(55
23

l;—l

so that, by %hwqr'/’s mequallty,

E :“pq* pYu \/

py=1
Put ¢, = E apxp. Since A is bounded we then have:

el
<N Dln kSt

p=1 r=1

. (57.1)

a,,,x,,

m

> el =| 33 (S0mm)

| =1 | p=1
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where N, is the norm of A.  On putting w, = &, in this inequality,
we get

Ta 2 0

2

2 :”prxn SNA\/E :,xpl .
P

FFor the same reasons,

o T a2 :
\/ZI! zl:&rq}’q < IVB \/—i!—y",l
= ™ <

On letting m tend to = in thesc inequalities, and then substitut-
ing from the resulting inequalities into (57.1) we then have:

S NANB \/Z | Xp |2Z |.yll |2J

p=1 q=1

n

§ “’H[x') :v"

Py -1

which establishes the theorem.
If (ap,) is a bounded matrix, the transformation

Yo =D dmro p=1,23 -, (57.2)
q=1

has the property that if x is in  then y isin . In fact, as in the

preceding proof,
n m
2 2
< Ny E:lwl'l E:qu|>
pel a1

n m
§ ; < 2 :al"r’"'l) Wy
so that, on letting m increasc to «, we have:

p=1 g=1
n _—ﬂt n
D v | < Ny \/ PEADNETY
p=1 g=1 p=1
0

©
Thus, E v,w, is a bounded linear form, and therefore E | yn|?

p=1 p=1
converges. Moreover,

SN x

p=1 q=1

2 (57.3)

The transformation (57.2) which takes points of £ into points of £
is called a bounded transformation.
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THEOREM 57.2.  The bilinear form whose matrix is the product of two
bounded matrices (apq) and (byy) in this order has the value

E (Z“pr"p) <Z&m w) (57.4)

r=1 p=1

Proof. l.et C(x, ¥) be the bilincar form whose matrix is
(@pq)(8pa) = (cpg). Then, by the definition of a bilinear form,

Clx,y) = S :l"n'zxv.yfl = lel’ <§ :.y'lfl"l>
P a= p=
= E V,,Z Yq <Zaur1)m> .

p=1

The coefficient of x, in this last expression is the value of the
bilinear form B(x, y) with matrix (4,,), where &, = a,,, the sum-
mation being by columns.  On summing the same by rows, we get

Clx,y) = Zl Z“pr (Zbrq Vrl>
» =

g=1

But this is the value of the bilinear form ./(x, y) with matrix

(apq) and with vy, = E brq ¥y, the same being summed by rows.
q=1
On summing by columns we then have:

Clx,y) = Z <Zl’m.3’q> <Z"nr""n> )

=1 ']

as was to be proved.

We shall now prove that the bilinear form with matrix A(BC)
is equal to the bilinear form with matrix (AB)C, when A, B, and C
are bounded matrices. That is to say, multiplication of bounded
matrices satisfies the associative law. It is required to show that

Z:;apr <Z:;&,,,r,,,) = Z:; <i:a ,,,b,,) Csg>

" (57.5)

2»7=123,
Now, the left-hand member of this proposed equality is the value
of the bilinear form B(x, y) with x, = @pr, ¥, = caq, the summation
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being by rows, while the right-hand member is the same but with
the summation being by columns. It follows that (57.5) is a
true cquality.
A matrix (a,,) is called symmetric if 4, = a,,, for p,q = 1,2, 3,
THeorEM 57.3. .1 real symmetric matrix (a,q) is bounded if for each
real point x in H:

Apy¥pXq

< Nz.x*,,z, we=1,2,3 -, (57.6)
p=1

»q=1

where N is a constant independent of n and of the x,; and the norm relativ,
to real O is equal to the least value of N which can be used in (57.6).

Proof. If x and y are real points of §, then for the nth seg-
ment ./,(x, y) of ./(x, v), we have:

Ay y) = N Ax + 3,8+ y) — Ay —y,x — )],

so that, if x and y are in O,

n

v e N\ 2
Pl p 1
A% : \
(S e ) <
p=1 p=1

Therefore, .7(x, y) is bounded relative to real ©, and its norm
relative to real ® is the smallest number V that can be used in
(57.6). It 1s also bounded relative to complex $. For, if
yp = x, +ixy  yo =y + iy, then

dy(xy y) = A& y) = L) F L8y id (7 y),

so that, by the above inequality,

N Y 2 2 12 17
A ) | S5 D+ + w2 SN,

- p=1

if x and y are in ©,.
If A(x, y) is a bilinear form whose matrix is symmetric, then
A(x, x) 1s called a quadratic form; it is called bounded if its
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matrix is bounded. The value of a bounded real quadratic form
is the sum of the double series

Alx, x) = E @ pgX pXas
py=1

x being a real point of H.

58. Bounded Reciprocals of Bounded Matrices. If AB =1,
where I = (8,,) is the unit matrix, then B is called a right recip-
rocal of A; and if CA = I, then C is called a left reciprocal of A.
If AB = BA = I, then B is called a reciprocal of A.

Tueorem 58.1. If A is a bounded matrix having a bounded right
reciprocal B, then the system of equations

o

lel,qxq =y, p= 1, 2’ 3, -0y (58.])
g1
has at least one solution x in  for each y in Oy and if there is a bounded
left reciprocal C, then the system of equations (58.1) has at most one solu-
ton x in O for each y in P.

Proof. It will be convenient here and in subsequent develop-
ments to write systems of linear equations such as (58.1) as a
single matrix equation. We represent a point x as a one-column
matrix:

X1
X2

X =|X3|

The system of equations (58.1) is then equivalent to the single
matrix equation Ax = y. Suppose that A has a bounded right
reciprocal B; we see by direct substitution that x = By consti-
tutes a bounded transformation of y into x, so that (58.1) has at
least one solution x for each y in §. Suppose now that (58.1)
has a solution x in & when y is a given point of §, and that A
has a bounded left reciprocal C. We then have:

Ax=7y, C(Ax)=Cy, (CA)x=Cy, x=Cy.
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Thus, if there is one solution, there is on/y one solution.

TueoreM 58.2.  If a bounded matrix A has a bounded left reciprocal
C, and a bounded right reciprocal B, then B = C, and the equation Ax =y
has one and only one solution x in © for each y in .

Proof. We have: AB = I and CA = 1. On multiplying the
first of these equations on the left by C and the second on the
right by B, we then have: C(AB) = C, (CA)B = C(AB) = B, so
that B = C. By Theorem 58.1, the equation Ax = y has at least
one solution x in § for cach y in §, and at the same time it has
at most one. Therefore, it has just one solution x in § for each
yin 9.

THEOREM 58.3. For a bounded symmetric matrix A, there are two and
only two possibilities, namely:

(a) A has neither a right nor a left bounded reciprocal;

(b) A has a unique bounded reciprocal A~ such that

AA7' = ATTA =1

Proof. If A has a bounded right reciprocal B, then AB = L
If we denote by X’ the transpose of a matrix X, i.e., the matrix
obtained from X by interchanging corresponding rows and col
umns, then (AB)’ = B’A’ =1’ = I, or B’A = I, since A is sym-
metric. Hence, by Theorem 58.2, B = B’. Similarly, if A has a
bounded left reciprocal, then it has a unique bounded reciprocal.
There is but one other possibility, namely, (a).

THeorREM 58.4. If a bounded matrix A has a unique right (left)
bounded reciprocal, then this is the reciprocal.

Proof. Let B be the unique right reciprocal of A. Then,
AB = 1. Consider BA — I. Since A(BBA — I) = (AB)A — Al =
0, we conclude that A(BB + BA — I) = I. Since A has, by hy-
pothesis, a unique bounded right reciprocal B, and since B + BA
— I is bounded and is a right reciprocal of A, we have: B + BA
— I = B, or BA = I. Hence B is t4e bounded reciprocal of A.

THeorem 58.5. If A =1 — D, where D is a matrix with norm less
than unity, then A has a bounded reciprocal.

Proof. Since the norm of D is a number 7 less than 1, then
the norm of D¥ is less than or equal to7*, £ = 1,2, 3, «+-, Hence,
if » and y are points of ©,, the series
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DD ) = Fyy), (D = D,
p=1
converges absolutely and defines a function F(x, y) such that
. 1
| Fx, %) | < iy
—r

Let x, =y, = 0 for p > u. Then, F(x, ¥) = B,(x, y) is the
nth segment of a bounded bilinear form B(x, ¥) whose matrix
B = (4,,) is given by

bpq = 6’"‘ +Zdl"l“)) b, q = l) l) 3’ )
hA=1

where we have put D¥ = (4,,*). We shall prove that B(x, y) =
F(x,y). Determine m so that, for all x and y in §,

iD"' (x, %)

h=m

’.1”
< < e
1 —»r ’

where € > 0 is a preassigned number. let D*(x, y), denote the
value of D*(x, y) when x,, = y, = 0 for p > u. Then,

F(x,3) = Balx, ) = ) DM, 9) = D DFx, 9
k=1

h=1

= D D, 5) = DA, 3)a
h=1
+ D D, )
k-=m+1

— Z DF='(xy ¥)

k=m+41

The modulus of each of the last two sums does not exceed e for
n=1,2 3, ---; and, m being fixed, we may choose 7y so large
that for n > n,, the modulus of the first sum does not exceed e.
Here, 7y depends in general upon x, y and e. We then have:

| F(x,y) — Bu(x,y) | <3¢ for n > ny,

i-e') I?(x, y) = B(x>.y)-
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Put
B(x,y) = il)‘"(x,.}’) + Ru(x, ).
Then, o §
(I — D)(B — Ry)(%,y) = (I = D) AZI)*_I(""”

= I(x,y) — D"(x, ),
([ - [))B(xa y) — /(x, }') = (I — ]))R,,,(.’C,_V) - D"'(x,_y).

For any values of & and y in %, the modulus of the right-hand
member does not exceed

(1 _+_ ’),m
1 _._ __+ "l

which approaches zero as m — x.  Since the left-hand member
is independent of m, we conclude that it must be identically
zero. Therefore, (I — D)B(x, y) = I(x, y), or T —D)B =1
Thus B is a bounded right reciprocal of A =1 —-D. In like
manner, we find that BA = I. Hence, A has a unique bounded
reciprocal.

59. The Bounded Reciprocal of a Bounded J-matrix. The
matrix of a J-form 2(4, + 2)x,° — 2Za,x,xpy1 s called a
J-matrix. We shall denote this matrix by

h+z, —a, 0 0, 0,

—ay, by + 2, —ay, 0, 0,
J=Jo+=zI=1|0, —dy, b3+ 2z, —a;, 0,

0, 0, —az, by+ 2, —ay,

If Jo is bounded and has norm N, and if | z | > .V, then the norm
of Jo’z is a number 7 less than unity. By Theorem 58.5 it then
follows that I+ (Jy'2) has a unique bounded reciprocal for
| z| > N, which is given by’

(I+{£> I_J_"_}_l"‘_'_li’__*_
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Therefore, J = Jo+ I has a umquc bounded reciprocal for
| z| > N, which is given by

—1)P],"
J7'=(Ju+=Dt = Z( y")“J» , Jo"=1I. (59.1)

p=0

This is a matrix whose elements are power series in 1,'s, convergent
for |[z] > N. We remark that cven if J, is unbounded, this
matrix of power series exists formally, inasmuch as all powers of
Jo exist.

Let us put J=! = (P,,(12)) = (P,,). Inasmuch as JJ7!' =1,
we have the power series identitics

[)ll(/’l + 2) — [)12111 = l’
—Puay+ Piabs +2) — Prgay = 0,

—Proas + Pyylby + ) — Prag = 0,

and therefore

1
Py= Py (ﬁ) (59.2)
_ @~
a]a['
/ ~A
b +z)— 3=\ (b +q)__ )
ﬂn“n:f_l_» B .
P n4-2
ay |1 (bu{ l+‘°) —j_!—+ )
1,nitl
We may write this in the form (cf. (17.13)),
] n -
,\),,_{_2(2) AL \n-f l( )
I) <l> _ Pl n- 1
|5 3 U M 5
1 n+:
g n+2(z) - 1ot2 Yn+l(z)
Pl.lr+l
and therefore
1 n n -1
P (~) - -H(z) . & - < N (59.3)
2 n+l(z) Pl.n+2 Y

,,,+1(Z)Yn+ )(Z) b F

1,n41
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Onc may verify that Py .42/ Pt = (8041/2) + (1/2%), where
(1.'22) denotes a power series in descending powers of z beginning
with the term in 1 22, Hence we conclude that the power series
expansion in descending powers®of z of the difference in the left-
hand member of (59.3) begins with the term in 1/22"+1. There-
Sore, Pyy(1,2) = P(1/2) is the power series expansion of the [-frac-
tion (cf. § 51),

- )
a@,"

(l-).l-
b-) S — T -
2+ btz

In § 26, we showed that a bounded J-fraction of norm N con-
verges uniformly for [z| > N 4 ¢ for every positive constant c.
By Theorem 5%.\ and the preceding conclusion, it then follows
that the leading coefficient in the matrix (59.1) is equal to the value
of the [-fraction for | z| > N.

60. Reciprocals of an Arbitrary J-matrix. As pointed out at
the beginning of this chapter, any matrix (p,,) whose coefficients
satisfy the equations

—dp 1Pp -1 -+ (/1[) +- Z)P,n,q — dpPpilyg = 61’-'”
P4 = l,l,“, Tt

(ag =0, ap, #0, p= 1,2, 3, -, is a right reciprocal of the
matrix J. These equations are equivalent to the matrix equation
J(pp) = L Since the @, # 0 for p > 1, it follows that, for a
fixed ¢, ppy p = 2, 3, 4, -+, arc determined uniquely in terms
of an arbitrarily chosen initial value py,. We shall now obtain
explicit formulas for the py,, p = 2, 3,4, -+, in terms of pyq.

For a fixed ¢, the equations (60.1), for p = 1, 2,3, ---, ¢, are
the same as the recurrence formulas in (17.10) for the polynomials
Y,(z), which determine the Y,(z) uniquely up to a factor inde-
pendent of p. Consequently,

(60.1)

Ppy = PraYp(z), p= 1, 2,3, ¢

If p > ¢, it is clear that p,., must have the form



MATRIX THF.Q_BY OF C_ON_T:!XUF.D [‘R‘\CT_!_O'\:S
Pp.q = Pl.q’,p(z) + C}).q(z))

where C,, ,(2) is a polynomial in z; and that the C, ,(2) arc uniquely
determined by means of the system of equations

229

—dy “‘I'f’l-'l =1,
(b1 +2)Cy 1.4 — ay11Cy 42,4 = 0,
=8q4:Cora + Gurr + 20 r 41, — ay iy 11 Coyryag = 0,
r=1,2,3, ---.
We observe that, by the determinant formula,

Cotrg = —a,7" = X, Y, 11 — Xo4Y,,
and also,

C'l+2.'l = ”'H-I_l(&uﬂ +2) = 4\’4Yu{2 - -\’rH2Y«l°
One may now readily show by mathematical induction that
Cll+r.q = /\’uyqir - /\"1-1 rKn r= ]a 2’ 3) Tt
Hence, we have proved

TueorREM 60.1.  The general right reciprocal of the J-matrix is (ppy),
where p1,q, 9 = 1, 2, 3, - - -, are arbitrary functions of =, and

’Pl.ll(z)}’l'(z)) P = l) 2, 3) Tty Yy
Loy i@ V,6) + X,@ V@) — V() V),
P=q9+1,¢4+2,94+3,---.

If we introducc a new function w, = w,(z), by means of the
equation

Ppq (z) = (60. 2)

pra=Yw, — X, ¢g=1,2,3 ...,

then the formulas (60.2) take the symmetrical form [3]

Y,,(Z)Y,,(Z) (w'l(z) - ;\:ZZ;‘) » p=1,23,-. *y 45
Ppqa(2) = o X,(@) (60.3)
»(2)Y(2) | wy(2) — v ) P=7thet

From (60.3) we see immediately that the following theorem is true.
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THeOREM K).2. The matrix (pp,) is symmetric if, and only if, the
Sfunctions w,(z) are all equal to one another; or if, and only if,

Prtlt _ 0,@), for n >4 (60.4)

Pn.q
where v,(2) is independent of g for n > g, (n, g = 1,2, 3, +++).

If the J-fraction is bounded, and we put w,(z) = P(1/z), the
power series expansion of the J-fraction, then (60.3) gives the
unique bounded reciprocal, (P,,(12)), of the J-matrix. In the
general case, it follows from Theorem 56.1 that a necessary condi-
tion for the matrix (p,,) to be bounded is that the series

-
Z | p1.¢(2) |? converge. In the indeterminate case (Definition
g1
212.1) it follows from Theorem 22.1, (60.2), and Schwarz’s in-
cquality, that this condition is also sufficient. For then the
double scries 2| ppe(z) |* is convergent.  Since the pyq(z) are
arbitrary functions, we then sec that in the indeterminate case
the J-matrix has infinitely many bounded right reciprocals. In
the determinate case, we are unable to say, in general, whether or
not a bounded right reciprocal exists. In the next section we shall
find that if the J-fraction is positive definite, then there is a unique
bounded reciprocal in the determinate case, which has an essential
relationship to the J-fraction. Also, in the indeterminate case,
there are among the infinitely many bounded reciprocals certain
ones which have an essential relationship to the J-fraction.

61. Reciprocals of the J-matrix Associated with a Positive
Definite J-fraction. We now consider a positive definite J-fraction

1
L (ap % 0),  (61.1)
a,”

hh+z— —- - T
as”
by 45—
by +z —-

)

and the symmetrical reciprocals of its associated J-matrix. We
shall employ the ideas and notation of Chapter 1V,
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The symmetrical reciprocals are given by (60.3) with w,(z) =
f(2), g= 1,2,3, - -, an arbitrary function of 2. We shall impose
certain restrictions upon the function f(z). We recall that for
3(z) > & > 0, the approximants of the J-fraction are uniformly
bounded (cf. (17.7)). Hence, every infinite sequence of its approxi-
mants contains an infinite subsequence which is uniformly con-
vergent over every bounded closed region lying entirely within
the upper half-plane, 3(z) > 0, to an analytic limit-function f(z).
The values of this function must lie in @/ the circles K,(z) (cf.
(17.5)). Any function which for J(z) > 0 is analytic and has its
values in all the circles K,(z) will be called an equivalent function
of the J-fraction. In particular, every function which is the limit
of a convergent sequence of approximants of the J-fraction is an
cquivalent function of the J-fraction. /e shall require that
we(2) = f(2), ¢ = 1,2, 3, -+, where f(z) is an equivalent function
of the J-fraction.

Let &, £a, &3, -+ -, £, be arbitrary real numbers. On multiplying
the equation (60.1) by & and summing over ¢ from 1 to #, we
obtain

—ay_1Mp—1 + (/’p + Z)’Ip —dpNpy1 = s (612)

= ZPIWE'I' (61-3)
q- 1

By Theorem 60.2, the quotient py, 1.4/ pn.q 18 independent of ¢
forqg =1,2,3, ---, n. Moreover, if we put

where

”npn,q
w = )
Pnily

) n( f( ) - /\’n( )
Yuri@f@) — Xopi()’

then
W= dy
so that, by (17.13),
f(z) = totr -+ - tu(w) =

Xup1(2)w — anXo(z)
n—+ l(z)w anYn (~'

Consequently, the function f(z) has its values for J(z).> 0 in
the circle K,(z) if, and only if, 3(w) > Bay1g. (cf. (17.12)). By
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our assumption that f(z) is an equivalent function of the J-fraction,
we therefore conclude from LLemma 17.1 that

2
B +_}’ - I\" (”Z:}—) > ﬁngn-—l +_y, where y = 3(2) > 0,
or
a,’
3( w) S ﬁn(l - gn—l)- (61.4)
Now

2
oy

AuPuyry = Pn,g-
w

On multiplying this by i, and summing over ¢ from 1 to u, we
have
a,’

AnNMng41t = ‘;,U Mn. (61'5)

We now multiply (61.2) by 7, sum over p from 1 to #, and then
climinate the quantity @,7m,41m, by means of (61.5). This gives
immediately the relation

n 1

z :(bl’ + Z)I Mp |2 - Z”p(npnpﬁl + .7711"7"+1)

p=1 p=1
ar’ \
2
= . I Nn |~ +Z£p7lp-
W ‘=

If we consider only the imaginary part and make use of the in-
cquality (61.4), we then have the relation (cf. (16.10))

n n 1
.VZ‘ Np I:2 +Z \\/ﬁn(l - gp—l)np - \/Bn+lgp"h’+1|2
p=1 p=1

+D E(n,) <0 (61.6)

p=1
Hence, in particular,
Y Imel 4D 63, <0, 61.7)

p=1 p=1
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Turning now to the quadratic form

R.(& &) = ipnq(z)flfq = anﬂp,

py—1 p--1

we have, by Schwarz’s inequality and (61.7),

< Zs,. Zln,,
Zz,. < Z}M(m))

| Rn(E) E) |:Z = Mp

)’ pe Y]
=13 (-l 0.
Therefore, a .
| Ru(t, ) |2 s;- Z Ru(% 8 |,
or
|Ru(& 0] <t Zs (61.8)

For the related bilinear form we then have, by the identity used
in the proof of Theorem 57.3,

] n n
[Ralwy )| <, 3 D2 <1, D2 <1, (619)
y p-1 p-1
for all real u and v.
We have completed the proof of the following theorem.?

THEOREM 61.1.  Any reciprocal of the [-matrix associated with a posi-
tive definite ]-fraction, which is given by (60.3) with w,(z) = f(z),9 = 1, 2,
3, - .-, where f(2) is an equivalent function of the |-fraction, is bounded
Sfor 3(z) > 0. The norm of this matrix, relative to real [ilbert space, is
not greater than 1/3(3). That is,

n 1 n —_.,_—"'_—
Zp,.,,u,m., <-4 /Zu,," . Zv,,", v=3() >0, (61.10)
py= L S T g

Sor all real u, and vq. [136.]

20 This theorem and the next were proved for real J-fractions by Hellinger [31]. For
related theorems, where a modification of the boundedness condition was used, cf. [35]
and [138].
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In the determinate case, the circles K,(z) have one and only
one point in common for J(z) > 0, namely, the value of the
J-fraction. We shall prove

TueoreM 61.2.  [n the determinate case for a positive definite [-fraction,
the associated J-matrix has one and only one bounded reciprocal for J(z) >
0. This is given by (60.3) with w,(z) = f(z), ¢ = 1,2, 3, -+ -, where f(2)
is the value of the |-fraction [136].

Proof. That the said reciprocal is bounded for J(z) > 0 has
been proved. It remains to be shown that any other reciprocal
is unbounded for at least one z in 3(z) > 0. For any other

(right) reciprocal there must be at least one ¢ and at least one
z in J(z) > 0 such that

! X,(2) |
|, (z) — ) | > >0
| (%) Y. o
for all sufficiently large values of p, & being a positive constant.
Y

Frs. 9.

Hence, it follows by (60.3) that, for these values of ¢ and z,
| pua(®) |2 2 | Yo(2) 42| Yl2) %,
for all sufficiently large values of p. Since | Y,(z) | > 0, and since
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the series E | Y,(z) |* diverges in the determinate case, it then
p—1

n
follows that the sericsz | ppa(z) | diverges. ‘Therefore, by
=1

).
Theorem 56.1 the matrix (pp,(2)) is unbounded.
62. Estimates for the Equivalent Functions. If in (61.10) we
letu, = v, = 1,1, = Oforr # p,v, = 0forr # g, that inequality

becomes

1
| ppe@ | <, ¥ = 3() > 0.

By (60.1),

Ap-1Pp—1gq — l’ppn.q + ApPp+1q 6!'.‘7
,qu(Z =" -7 - 7 T T T T +' 'N - (62-])

~ ~

Consequently, 5 o)
T, (62.2

~ ~

qu(?-) =

where we use 0(1) to represent a function of z which is numerically
less than a constant independent of z for all z with 3(z) > 0.
In particular, since py;(z) = f(2), we have, for any equivalent
function of the J-fraction,*

1
fz) = P (62.3)

If we substitute the values of pp_1.4y Pp.as Poi1.q from (62.2)
into the right-hand member of (62.1), we obtain
8, 0pY 0(1)
p]nl(z) = + Ty + T P _>. l,
z 2 yz*
where 3,00 = @,_18,_1.4 — bp8p.q + 418410 (@0 = 0). On sub-
stituting from this into (62.1), and continuing the same process,
we then find that
(n

8 pq dpq
qu(z) = + - T + -
2z Z
where
A . k._ k._ b —1
5l~lm = ”n—lap—l-'l{ h— /’l'alr.q( D+ aP8n+l.q(k .

2 Cf. Beth [3] for the case of real J-fractions, and Hellinger and Wall [35] for the case
ap real and J(4,) > 0.

5 (k) 0(1)
T s P>k (624)
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Since 8,,® = 0if p > ¢ + k, we then have
o)  0o(1)

Pat+kaq = 7 k1
zlc“ yzk+l ’

k=0,1,2,---. [138.] (62.5)

FxErcise 12

12.1. A bilinear form A(x,y) 1s called completely continuous if for every
€ > 0, there exists an N, such that

| (¥, ) — Au(x,y) | < € f myn> N,

for all points x and y in $y, the number N being independent of x and y. A matrix
is called completely continuous if it 1s the matrix of a completely continuous
bilinear form. A completely continuous bilinear form is necessanily bounded,
but not all bounded forms are completely continuous. For example, the unit
form 1s not completely continuous. Show that 1if the double series Z| ap, |*
1s convergent, then J/(x, y) is completely continuous.  This is not a necessary
condition. A necessary but not sufficient condition is that limap, = 0 as p
and ¢ tend to e,

12.2. If we are given two sequences of points ¥ and ¥ in the Hilbert
sphere 9y, such that for each p:

limxp™ = v, hmy,™ =y,
ne= o n - %

and 1f A(x, y) is completely continuous, then

him A(x™, yM) = A(x, y).
n-

12.3. If A(x, ») is a bounded form such that A(x, y) approaches zero whenever
all coordinates xp and v, of & and y, respectively, approach zero, then A(x, y)
is completely continuous.

Hint. Show first that if M is the least upper bound of | A(x, ¥) | for x and y
in Pi, then there exist points 2 and w in $y such that | .(z, w) | = M. Apply
this to the form

AD(x, y) = E Apy¥pYas

poa—~nti

which may be regarded as A(x, ¥) evaluated for x, = v, = 0 for p < n.

12.4. The product of two bounded matrices is completely continuous if at
least one of the factors is completely continuous.

12.5. If A1s a bounded real matrix, and if AA’ is completely continuous, then
A is completely continuous.

12.6. If .4(x, ¥) 1s symmetric and positive definite, and if Sa,, converges, then
the double series Zap,® converges and A(x, y) is completely continuous.

12.7. If the matrix D of Theorem 58.5 1s completely continuous, and if we
put (I — D) ' =1 — E, then E is completely continuous.
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12.8. If a bounded real matrix A has a bounded nght reciprocal, then there

exists a4 positive constant m such that
0

Ad (0,0 2 mY a7
r 1
for all real x).
12.9. If S s a real bounded symmetric matriy, such that

£

S(x, x) 2> ”’Z" »

» o1

for all real xp, where m is a positive constant, then S has o reciprocal, and ats
norm does not exceed 1/m.

12.10. The condition in 12.8 1s sufficient as well as necessary for A to have a
bounded right reciprocal.

12.11. A system of hinear equations

o
p —E' p¥y = Yy p = 1! ?-’ 3, R

a1
which may be written as the single matrix equation
I-Dx=x—-Dx=y,

is called completely continuous if the matrix D = (dp,) 1s a completely continuous
matrix. The solution of the completely continuous system may be made to
depend entirely upon the solution of an algebraic system of linear equations in a
finite number of unknowns.

12.12. The completely continuous system (I — D)x =y has a unique solu-
tion x 1n § for cach y in §, or else the homogeneous system (I — D)x = 0 has
at least one solution & % 0 1n P.

12.13. A bounded J-matrix has a umque bounded reciprocal for any z not
in the convex set Ay introduced in § 26.



Chapter XIIT

CONTINUED FRACTIONS AND DEFINITE
INTEGRALS

In the carlicr investigations of J-fractions, beginning with the
classical work of Sticltjes [95], the coefficients «, and 4, were sup-
posed real. For this case, and with some additional restric-
tions, Stieltjes was able to connect the J-fraction with one or
more integrals of the form

f" de (1)
0o T — 1
where ¢(#) 1s a bounded nondecreasing (not necessarily con-
tinuous) function of #. For particular cases where these restric-
tions are relaxed, Van Vleck [109] obtained again a connection
with an analogous integral, the range of which he had to extend
over the whole real axis. Hilbert’s [37] famous theory of bounded
quadratic forms, in which the ideas of Stieltjes arc in the back-
ground, allows immediate application to real J-fractions and their
connection with integrals of the above form, but with a finite
range of integration [32]. Grommer (23] showed that the process
of Hilbert can be applied to more gencral cases where the integral
extends from — o to + <. A general theory of real J-fractions
was first developed by Hamburger |26] following the pattern laid
down by Sticltjes. At about the same time, the general case was
treated by several other mathematicians. Hellinger [31] em-
ployed Hilbert’s theory of infinite linear systems, R. Nevanlinna
[62] used methods of function theory and asymptotic series,
Carleman [6] used his theory of integral equations, and M. Riesz
[79] used methods of successive approximation.
238



CONTINUED FRACTIONS AND DEFINITE INTEGRALS 239

In this chapter, we first develop some of the properties of
Stieltjes integrals. Then, using the asymptotic expression (62.3),
found in the preceding chapter, we arrive at the fundamental
theorem that any equivalent function of a positive definite J-frac-
tion 1s equal to a Stieltjes integral of the form

f‘ " de(n)
)
e T—H
in which ¢(#) is a bounded nondecreasing function of #.
63. The Stieltjes Integral.> In his investigations of the con-

tinued fraction (28.1), in which the 4, are real and positive,
Stieltjes found that in some cases the value of the continued frac-

tion has the form
f”f(u){lu
o 3+ u ’

where f(#) is a positive function of #, while in some cases the value
of the continued fraction has the form

where the 1., are positive and 0 < xy < x» < x3 <---. More-
over, in other cases, the value of the continued fraction may be a
sum of an integral and an infinite series of the above forms. This

situation led Stieltjes to define an integral of the form

f" d¢_(11)
0 2+ u ’

embracing all the functions of the three diverse types.

Let f(u) and ¢(#) be two real or complex valued functions of the
real variable #, defined on a finite interval @ < # < 4. We sub-
divide this interval into # 4+ 1 subintervals by interpolating »
points #,, #g, -+ -, #, between @ and 4, so that if uy = a4, uny1 = b,
then

o < uy < ttg <-++-< Upya-

22 References: Stieltjes [95, Chap. VI], Bray [5], F. Riesz [78], Evans [13], Widder [142],
Shohat and Tamarkin [90].
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For k=1,2,3, ---, n+ 1, let 5 be chosen arbitrarily in the
interval w, | <u < up, e, iy Lon Sy k=1,2,3, ---,
n + 1, and form the sum

nt1

Sy ) = D fol$(ur) — el

h=1
If this sum tends to a finite limit L as # tends to o in such a
way that the maximum of the differences #. — #:_ tends to zero,
the limit being independent of the manner in which the successive
subdivisions are made and the interpolated points 7, chosen, then
L is called the Stieltjes integral of f(x) with respect to ¢(«), and
is denoted by the symbol

h
fj(u)dc#(u).

We shall now develop some of the properties of this integral.

There is a duality between the functions f(#) and ¢(«) appear-
ing in this definition:

THEOREM 63.1. If the Stieltjes integral of f(u) with respect to ¢(u)

exists, then the Stieltjes integral of (1) with respect to f(u) exists, and there
is the formula of “integration by parts,”

h b
[ st = s600) - f@r0te) - [Fswar. @

Proof. Inasmuch as, by hypothesis, the Stieltjes integral of
f(u) with respect to ¢(x) exists, we may regard it as the limit as
max (#; — #z_y) — 0 of the sum S(#, v), wherein we agree to
take v, = a, v,41 = 4. We then have:

S(uy v) = f(B)d(d) — fla)p(a) — Z:ﬁ(w)lﬂvﬂ.o = f(od)l.

In passing to the limit, we may choose uy, #a, - - -, #, at pleasure
in the intervals ¢ <u <0y, v2 <u<wvy -+, wa<u<ib,
respectively, and the condition max (#; — #,—1) — 0 is equivalent
to the condition max (o — 5,_;) = 0. Ttis therefore evident that
the Stieltjes integral of ¢(«) with respect to f(x) exists, and that
(63.1) holds.
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One may easily verify that the Stieltjes integral obeys the
following rules of operation:

b b b

f La() + folu)de(n) = f Fu)dplu) + f Fandon);
b b b

f F)dldn () + da()] = f Fun)den ) + f Funddau);

h h
[sundiesol = ki, [ Funds,

ki, ks being constants.

Under suitable conditions, the Stieltjes integral reduces to a
Riemann integral.

THEOREM 63.2. [f ¢(u) is continnous for a < u < by and possesses a
derivative ¢' (1) such that f(u)d'(u) is Riemann integrable for a < u < b,
then

b b
ff(u)rl'qb(u) =ff(u)¢'(u)(/u.

This may be casily established with the aid of the mean valuc
theorem.

If there exists a constant L such that for all subdivisions of the
interval ¢ < « < 4, the sum

D1 dm) — sl ) | < L (63.2)
p -1

then ¢(x) is said to be of bounded variation on the interval
a <u <b Inthiscase, if | f(u) | < M fora < u < b, then

| S(uyv) | < ML, (63.3)

TueoreM 63.3.  If flu) is contsnuous and ¢(u) is of bounded variation,
on the interval a < 1 < b, then the Stieltjes integral of flu) with respect
to p(u) exists.

Proof. Since f(«) is continuous on the closed interval 2 < # <
b, it is uniformly continuous, so that if ¢ > 0, there exists a num-
ber > 0, such that if 8 < w; < uy <--- < #n < b is any sub-
division of the interval into subintervals of maximum length 3,
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and #’, 4" are arbitrary points in an arbitrary one of the sub-

intervals, then | f(#') — f(#”') | < e For brevity, such a sub-
division of the interval @ < « < 4 will be called an e-division.

In any given e-division, let new division points be interpolated,
forming a new subdivision, which is obviously an e-division.
If S(u, v) and S(«’, v’) are sums formed for the given subdivision
and the new one, then one may easily verify that

| S(uyv) — S’y v') | < el

Suppose now that S(«, v) and S(«’, v’) arc sums corresponding to
arbitrary e-divisions, and let §(«”, v”’) be an arbitrary sum corre-
sponding to the e-division obtained by superimposing the # and
#' division points. Then, by the preceding, we have:

| S(uyv) — S, v") | <ely | S, 0') — S, ") | < el,

and therefore,
| S(uyv) — S’y v') | < 2el.. (63.4)
Tet €, €, €, -+ bc a sequence of positive numbers with the
limit 0, and, for each p, let S(«'”, v'”) be a sum corresponding
to an e.-division. Then if n > 0, it follows from (63.4) that there
exists an index N, such that

I S(”(n H')’ v(nhn) - S([t("), v(n}) [< n if n> N,

p = 1,2,3, e
Therefore

lim §(x™, v'™) =/

exists and is finite. If §(«, v) is an arbitrary sum corresponding

to an e-division, then

| S(uy v) — 1| <| Sy v) — S, ™) | 4+ | S(@™, v'™) — 1]
< 2el.+ 9,

for all sufficiently large values of n. Consequently, the Stieltjes

integral of f(#) with respect to ¢(«) exists and is equal to /.

We shall suppose in what follows that f(u) is continuous and ¢(u)
is of bounded variation on the intervals considered.

The symbol b
f | dé(u) |
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is commonly used to denote the least upper bound of the sums in
(63.2), taken with respect to all finite subdivisions of the interval.
By (63.3), we than have the inequality

b b
( f f)de(w) | < M f | do(i) |, (63.5)

where M is the least upper bound of | f(x) |on a < u < 4.
Since the propertics assumed for f(#) and ¢(#) ina < u <4
pertain as well to any subinterval of @ < # < 4, we have:

b ‘ b
ff(u)dd;(u) =ff(u)d¢(u) +ff(u)d¢(u), a<c<b

Integrals over an infinite range arc defined as in the case of
Riemann integration:

4 =» b
f S(u)do(u) =bli21“ff(u)d¢(u),
provided the limit exists. Of course, but onc of the limits of
integration may be infinite.
If a constant ¢ is added to ¢(x), the value of the integral of
f(u) with respect to ¢(«) is obviously unchanged. More generally,
we have this theorem:

TueorEM 63.4. In order that the integral
h
[ rrdsw (63.6)

vanish for every continuous function f(u), it is necessary and sufficient
that $(u) = ¢(a) for u = b, and for all other values of u with the exception
of at most a countable set included in the set of discontinuities of ¢(u).

[78.]

Proof. Suppose first that (63.6) vanishes for every continuous
f(u). Putting in succession f(#) = 1; and f(u) = ufora < u <,
Sf(u) = v for u > v, we get

#0) = ¢(@), 0 = [ udo(w) + v do()

= (v — a)¢(a) — f v¢(u)au- .
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On differentiating the last equality with respect to v, we then find
that ¢(v) = ¢(a) at all points v where ¢(«) is continuous.
Suppose, conversely, that ¢(a) = ¢(4) = ¢(u), except possibly
for a countable set of values of #. ‘Then it follows at once by the
definition of a Stieltjes integral that (63.6) is equal to O for every
continuous f(x). In fact, the sums used in defining the integral
will all be equal to O if the division points are chosen among the

points for which ¢(x) = ¢(a).

THEOREM 63.5.  Let f(1) be continuous and nonnegative fora < u < b,
and in this interval let (u) be bounded and nondecreasing. Suppose that
there is at least one point ny, a < 1y < b, such that f(1y) > 0 and $(uy + 1)
> ¢y — 4) for all sufficiently small values of t > 0. Then the integral

h
f S(u)de(u) is positive.

We omit the proof.

THEOREM 63.6. Let P(1) be any real polynomial of degree r — 1 which
is not identically equal to sero, and let ¢(u) be a bounded nondecreasing
Sfunction such that for at least r points uo, a < 19 < b, we have ¢(uy + ¢)
> ¢(uy — £) for all sufficiently small values of t > 0. Suppose further that

b

fu" P(u)de(u) = 0, for k=0,1,2, ---;n—1.

@

Then P(u) changes sign at least n times in the interval a < u < b.
Proof. If /(1) does not change sign in the interval, then
H
the rclari(mf P(u)de(1) = 0 shows, by Theorem 63.5, that
@

P(«) = 0, contrary to hypothesis. Suppose that P(x) changes
sign just m times, where # > m, at the points #y, #tz, * -5 tm,
where ¢ < #y; < uy <+-+ <y < b. ‘Then the polynomial

(t — wy)(u — ug) -~ (10 — 1) P(2e)
does not change sign in the interval. Therefore, inasmuch as

fh(u — uy)( — uz) -+ (U — ) P(u)dep(u) = 0,

we conclude, as before, that («) == 0, contrary to hypothesis.
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64. Sequences of Stieltjes Integrals.? 1If f,(x),p =1,2,3,---,
is a sequence of continuous functions, uniformly convergent for
a < u < b, and if ¢(u) is of bounded variation in this interval,
then

U b
fim f Fo(w)d(u) = f lim £, (2)d(ze).
p=0dg abP==
The proof is analogous to the proof of the corresponding theorem
for Riemann integrals. There is another type of double-limit
theorem for Stieltjes integrals, namely:

TueoreMm 64.1. Let f(u) be continuous for a < u < b. Let ¢(u),
p=1,23, ---, be a sequence of functions of bounded variation on this

interval, such that

b
f|(l¢,,(u)| <M, p=1,2,3,---,

where M is a constant independent of p. Let

lim ¢p(") = ¢("')1

p=®

over a set K of points everywhere dense in a < u < b, including u = a
and u = b, where ¢(u) is of bounded variation. Then

b b
lim ff(u)d«p,,(u) =ff(u)d¢(u).
pP=®Jg a

Proof. From the inequality (63.4) it follows that by choosing
from K a suitable set of division points #y = a < 1y < uy < -
< u, < tyyy = b, we can make

b ntl
’ ff(”){{¢m(”) - E/(Up) Id’m(”p{ I) - d’m(”n)] < €,
b nt1
’ff(u)dd:(u) —Z/(v,.)[¢(un+n) — o(up)] | < &

where € > 0 is a preassigned number. Since the #, are fixed and

23 The theorems of this section have been used in many investigations where Sticltjes
integrals are involved. The ideas go back to Stieltjes, and were developed and extended
by Hilbert as important tools in his theory of infinite quadratic forms. Cf. Hilbert [37
(book)], p. 113 and p. 116.
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finite in number, we may choose m, sufficiently large in order that

n+1 n+1
(vﬂ)[¢m(14p+l) - ¢m(up)] _Zf(vp)[¢(up+l) - ¢(”P)] < e

for m > m,. We therefore conclude that

) b
f () ddm(n) — f F)do(u) | < 3 if m > mo

which is what was to be proved.
As a companion to the preceding theorem we have

THeOREM 64.2. [let ¢,(u), p =1, 2, 3, -+, be a sequence of non-
decreasing functions on the mterval — o < u < 4o, such that for all
these values of u

¢ < 4’/»(”) < C) P = ]:2) 3) tt

where ¢ and C are finite constants. Then there exists a nondecreasing
Sunction ¢(u) such that ¢ < ¢(u) < C, and a sequence of indices py < pa <
ps <, such that for all values of u,

lim ¢p, (1) = ¢(u).
A=

Proof. l.et vy, vy, v3, - -+ be a countable set of points, every-
where dense along the real axis, which set will be denoted by 7.
Since the functions ¢,(#) are uniformly bounded, we can select
a subsequence §;, convergent at # = v;; from §; we may select a
subsequence S, convergent at # = vp; from §, we may select a
subsequence 83, convergent at # = vy; ---. Using the well-
known diagonal process, we may then select a sequence § con-
sisting of one function from each of the sets §,, which converges
at every point of 7. We define ¢(«) over 7 as the limit of the
sequence §. If o' and v’ are points of / such that o” > ¢/, then
¢(v") < ¢(v”’), so that we may complete the definition of ¢(«)
by writing

é(u) = lim ¢(v),
vr=u
where v approaches # over points of 7 which are less than «.
The function ¢(#«) is now defined for all values of #; it is clearly
nondecreasing; and ¢ < ¢(x) < C.
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I.et # be any point where ¢(«) is continuous. Then if ¢ > 0,
there exists a 8 > 0, such that

o) —e < o(u) < p(u) < ¢(u”) < d(u) + ¢
if
u—06<<u <u<u’<u+a.

Since ¥/ is everywhere dense, we may take #’ and #”’ to be points
of V. Then if K is sufficiently large:

o(u') — e < du(u) < ¢(u') + ¢
o(u'") — e < gu(u”) < @) + ¢
Therefore, if £ > K, ¢r(«) in S,
() — 2 < ¢p(1') — € < du(u) < dw(n) < u(u”’) < d(u”)
+ e < (i) + e,

if £>K, () in 8.

so that
| () — o(u) | < 4e if k> K, ¢(n) in &,

i.e., the sequence § converges to ¢(«) at all points # where ¢(«)
is continuous. Now, we may usec the diagonal process to select
from § a subsequence f, (#), k = 1, 2, 3, - -, convergent at all
the points of discontinuity of ¢(ux). If ¢(«) is then suitably
defined at these points, our sequence will converge to ¢(«)

everywhere.
65. The Stieltjes Inversion Formula. The Stieltjes integral
(] d
1) delu) (65.1)
P

is called a Stieltjes transform.

TueoreM 65.1. If ¢(u) is bounded and nondecreasing on the interval
— 0 < u < + o, then the integral (65.1) converges absolutely and uni-
Sformly over every bounded closed region whose distance from the real axis is
positive, and represents a function F(2) which is analytic for all nonreal
values of z.

Proof. If 5 and ¢ are finite numbers and s < ¢, it follows from
Theorem 63.3 that the integral

f 'dg(u) - (65.2)

2 — U
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exists for all nonreal z. Let G be a simply connected closed region
whose distance from the real axis is § > 0. Then if z is in G we

have
t t
f dg(u) Sf dg(n) l[q&(l) — ¢()]-
8 zZ— U 8

|z —u| ™ 8

Since ¢(t) — ¢(s) >0 as s and ¢ both approach +«< or both
approach —w, it follows that (63.2) converges for t = + o,
s = — =, absolutely and uniformly over G.

To prove that (65.1) is an analytic function of z over G, it
suffices, by a theorem of Weierstrass, to show that (65.2) 1s an
analytic function of z over G for all finite values of s and #. To
prove this, it is only necessary to note that the sums S(«, v)
which were used in defining a Stieltjes integral, when formed for
(65.2), are analytic functions of z which are uniformly bounded
over G, and then to apply Theorem 24.2.

Note. Theintegral in Theorem 65.1 does not, in general, define
a single analytic function, but two analytic functions: one in the
upper half-plane, 3(z) > 0, and another in the lower half-plane
%(z) < 0. The real axis may be a natural boundary separating
the two functions. The two functions are one and the same
analytic function in case there is an interval of constancy of
&(u). 1f ¢(x) has discontinuities everywhere dense along the real
axis, then the real axis is a natural boundary, and one function
cannot be continued analytically into the other.

We now consider the problem of expressing the monotone func-
tion ¢(#) in the integral (65.1) in terms of the analytic function
F(z) defined for 3(z) > 0 by the integral. We form the integral
of F(z) along the rectilinear path fromz = s +- 7y toz =/ + iy,

Y
/"
sS4ty ‘hw,’/
| —+otu)
0 ot X
+

Fic. 10
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s < t; ¥ > 0, and obtain
(RRL 4y +r 1¢(10) Fo t+iv gy
(i
F(2)dz = f s f - f (1) a
sy -ty —x 2 — U —z sty — U

the interchange of the order of integration being allowable by
virtue of the uniform convergence of the integral (65.1) along
the path of integration with respect to 2. On equating imaginary
parts, and performing one of the integrations, we then have,
ifz = x4 1y,

! +» — —_
f\\[i"(z)]dx =f (arc tan AL arc tan " »J») de(ur).
3 -z Yy Y

We now observe that the integral
+ n—t
f arctan -  d¢o(u) (65.3)
. v

is unchanged if ¢(x) is replaced by the function
o(u) for u <,

d(un) — ¢t +0)+ ¢(¢t —0) for u >4,
ot —0) for u =1,

o(n) =

which is continuous at # = £, We may then write (65.3) as

ta n—t FU u—t
f arc tan - do(un) + arc tan — do(u) + 0(U, 9, y),
—U Yy 1438 y

where, for any € > 0,
|0(U, 8,5) | <e if U>N,0<8<3b,
N and 6, being numbers depending upon € but not upon y > 0.
On letting y approach 0 through positive values, the first of the
above integrals has the limit
™
— "ot — &) — o(=U)],

and the second has the limit

+ Z lo(+U) — ot + 8)].
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Therefore, we conclude immediately that as y approaches zero
through positive values, the integral (65.3) has the limit

;[.,(4-00) +a(—%) —alt —0) — a(t + 0)]
_ T(?(j._w_) +o(—=) ot —0) + ot +_9)).

2] 2

On subtracting from this expression the same expression with /
replaced by s, we then have the following formula:

1 4
~ lim | 3[F(x + iy)ldx

Tu=1+0Jg
_ 9(_3__-—7 9)__:{;___(1?_(3 +0) _ o(r — 0) ':' oz + 0)_ (65.4)

4 -

This is Stieltjes’ inversion formula [95, No. 39].

66. Representation of an Equivalent Function of a Positive
Definite J-fraction as a Stieltjes Transform. We now consider
the question of obtaining an integral expression

f ' dow) (66.1)

—n 2 — U

for an arbitrary equivalent function of a positive definite J-frac-
tion. We recall that an equivalent function is analytic for
X(2) > 0, and has a negative imaginary part in this domain.
These are properties of the Stieltjes transform (66.1) if ¢(x) is
bounded and nondecreasing. In (62.3) we have an asymptotic
expression for an equivalent function, namely,

)

1 0
J@) =-+ o , ¥ =3@) >0. (66.2)
P4 124

We shall prove that these properties are sufficient to guarantee that
an equivalent function of a positive definite J[-fraction is equal to a

Stieltjes transform (66.1), in which ¢(u) is bounded, nondecreasing,
and p(+ ) — ¢(—cc) = 1. [35]
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Suppose that 0 < y < ¢, and consider the contour T in the

Y

A 8

o2
Fia. 11.

upper half of the z-plane, consisting of: the straight line segment

from A4 = —c® + iy to B = ¢* + iy, the straight line segment
from B to B’ = ¢2 + ic, the arc of the circle with center at the
origin through B’ and ./ = —¢® + ic, and, finally, the straight

line segment from 4’ to .7. Inasmuch as f(z) is analytic in the
domain interior to I', we have:

J”f(z)dz --f ")z — ) )z — ) f@)de. (66.3)
Now, by (66.2),

w1 0(1) )
, TOE = ’j; (ﬁ Ry L

The modulus of this integral is therefore less than

1 K
-+ - log'y- , Ka constant. (66.4)
c ¢

In like manner, we find that the modulus of the last integral in
the right-hand member of (66.3) is less than the quantity (66.4).

If we put z = e, r = ¢V1 4 ¢ in the second integral in the
right-hand member of (66.3), and use (66.2), that integral becomes

A’ n - are tan (1 ¢) x — are tan (1/¢) 0(1)
f f(z)dz = zf a0 + tf —=—df.
B are tan (1/¢) are tan (17c) rsinf
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Since 7sin 6 > ¢ along the path of integration, the modulus of
the last integral does not exceed 7K/c. Hence, we have

A’ 1 K’
f@)dz = wi — 2i arc tan (—) + -, |K'| <K
B ¢ c
From these estimates, we now conclude immediately that
12
lim | f(x + iv)dx = —=i, if y > 0. (66.5)

Let 3[f(x + iy)] = v(x,, y). By hypothesis, v(x, y) <0 for
y > 0. From (66.5) we now have

te? I
lim f " o(x, y)dx = 7, if y > 0. (66.6)

Ccm= ST

let
‘l n
&(y, u) = ;_f —o(x, ¥)dx.

[}]
Since the integrand is positive, this is a nondecreasing function

of u; and by (66.6) it follows that ¢(, #) is bounded, and
#(y, + o) — ¢(y, —=) = 1. (66.7)

We now apply Theorem 6+.2. There exists a sequence of posi-
tive values of y: y1, ¥2, ¥s, -+, approaching 0, and a bounded
nondecreasing function ¢(«), such that lim ¢(y., #) = ¢(u), for

n =00

all values of #. By (66.7) we must have, ¢(4 o) — ¢p(— ) =
If z is any point within T, Cauchy’s integral formula now gives:

f@) = — [T,

RE 74 S —2

With the aid of (66.2) one may readily verify that for ¢ = o,
this goes over into

fG) = - (66.8)

f“‘f(u + :y)du
. utiy—2’

where the integral is to be regarded in the sense of Cauchy’s
principal value. Let 2’ be the point outside T' which is sym-
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metrical to the point z with respect to the line .7B. Then we
have

f+°°f(u + zy)du or 0 = f*“f(u__+_:_y_)_du
21rz 2ri J .

_wu-l-z_y—z cex M — Iy — 2

Inasmuch as # + iy — 2 = u — iy — 2/, we then have, on sub-
tracting the last equation from the equation (66.8), and then
introducing the function ¢(y, «):

_ ‘1 4 w__?.(li y)({” ~ | _d?(-‘f» ”). |
/@) = 7rf _f .

—x i+ iy —2 e — U — 1y

On letting y approach 0 over the sequence yy, y2, ¥3, - - -, we then
find, with the aid of Theorem 64.1 and an easy argument, that

17
sy = [T,

w 23— U

Since ¢(#) is bounded and nondecrecasing, the integral converges
absolutely (not merely as Cauchy’s principal value) and umformly
for z in any reglon whose distance from the real axis is positive.

Since f(2) is now expressed as a Stieltjes transform, it follows
from Stieltjes’ inversion formula, (65.4), that ¢(#) is determined,
except for an additive constant, at all its points of continuity,
by the formula

o(n) = 11m f JLf(x + iy)ldx,

where y approaches 0 in any manner through positive values, and
not merely over the sequence y,. Thus, ¢(#) is determined
uniquely by f(z) to an additive constant, at all points where
¢(#) is continuous.

We shall state this result as

THEOREM 66.1. If f(2) is an equivalent function of a positive definite
J-fraction, then f(z) can be expressed as a Stieltjes transform,

(T de(w)
S 'f_,_ i’

where ¢(u) is a bounded nondecreasing funciion of u such that ¢(+ ) —
¢(— ) = +1. The function ¢(u) is determined uniquely up to an addi-
tive constant at all its points of continuity by the function f(z). [138.]
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We have actually proved the following more general theorem.

THEOREM 66.2. Any function f(z) which is analytic and has a negative
imaginary part in the domain 3(z) > 0, and which there has the asymptotic
Sform
sy = 24 X0
MO

can be represented as a Stieltjes transform as in Theorem 66.1. [35.]

(66.9)

Note. It should be remarked that the condition (66.9) is not
necessary in order that f(z) be expressible as a Stieltjes transform
of the type under consideration. This may be seen from the

example y
e deo(u) bed(l — u™)
R R R
Here
(0 for u<1,

(1) = l1 — 4% for «>1.

The function (66.10) does not satisfy the condition (66.9). [35.]

67. Proper Equivalent Functions. We shall say that a func-
tion f(z) is a proper equivalent function of a positive definite
J-fraction if it is the limit of a subsequence of the approximants of
the J-fraction. We may establish for these functions the integral
representation of Theorem 66.1, independently of the matrix theory
of Chapter X11. In fact, if we use (17.7) and consider the partial
fraction development of the pth approximant of the J-fraction
(cf. [138], we find that

) _ [ o

B,z J_. z—u’

(67.1)

where ¢,(«) is a bounded nondecreasing function of # such that
¢p(+ o) — ¢,(—o) = 1. If we apply Theorems 64.1 and 64.2
to (67.1), we are led at once to the desired integral representa-
tion for a proper equivalent function.

We note that in the case of a rea/ J-fraction it follows from
(27.3) that the function ¢,(«) in (67.1) is a simple step-function.
If the poles of the approximants are confined to some part of
the real axis, then it is clear that the integral need be extended
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only over that part. For example, a proper equivalent function
of the S-fraction (28.1), in which the &, are real and positive,
has the form

° d
[ o). (67.2)
—xZ— U
If we replace # by —u« and put 8(x) = —¢(—u), this becomes
10 d6(u)
SR 67.3
j; 24 u ( )

The value of the continued fraction of Theorem 27.4 has the
integral representation

1 de(u)
f - ( "y (67.4)
qa ¢—u
and the value of (27.8) is of the form
! dﬁ(u)
67.5
0 1 + zu ( )
Fxgrcise 13
13.1. Show by means of the Stieltjes inversion formula that
1 ' dg(r) .
) 0 s .<_ 1 ’
T—at(04+mvitz itz OsusD
where o
_ ! 1+ u \/
10) o (0 F 0 — dus ld:, 0<r<1. [88]
13.2. Show that
u+41 1 . _ .
i J;td¢(1), #=0,1,2, -,
where -
() = .'[cos(\/ulogl) - M)g—l)] , 0<u<1, 0L<:<L1. [88]
Vu
13.3. Let
' do(u)
f@) = T fzu’

where ¢(#) is of bounded variation on the interval 0 < # < 1. Show that
¢(u) is continuous at # = 1 if, and only if, lim (1 4 2)f(z) = 0, where 2z ap-

proaches —1 through values interior to or upon the circle |z| = 1, and that
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(4) is continuous at # = 0 1f, and only if, lim f(z) = 0, where z approaches
.

o along any ray through the origin with the exception of the negative half of
the real axis. Show that ¢(x) 1s continuous at # = r, 0 < r < 1, if, and only
if, m (1 + 2)f(z) = 0, where z approaches —1/r along any ray with the
2= —1/r
exception of the portion of the real axis to the left of —1/r. [83.]
13.4. Show thatif 2 = 0, 1,2 --- then

1
lim f widpln) = (1) — (1 — 0).

n= o

13.5. Show that ‘
f u*de(u)
0

is an analytic function of z for R(z) > 0, and is a continuous function of z for
R(z) > 0.
13.6. Show that it is impossible to find a function ¢(#) of bounded variation
such that
1
-1; =f wdp(u), n=0,1,2, -,
n: 0
13.7. Let .
o= [ Wb, p=0,1,2 -,
[}

where ¢(#) is of bounded variation on the interval 0 < # < 1. Let ¢(z) be
analytic and have modulus less than M for R(z) > 0. lete(p) = cp,p = 0,1,2,
Then

1
o(z) = J; wid(s).
13.8. Let \
s = [ 2B gy g =1,

u

where ¢(#) is a bounded nondecreasing function of . Suppose that the integral

f ':ud(#(u)
converges. Then, if 3(z) > 0,
1 @
J@ = z + 23(2)° e[ < M,

where M is a constant independent of z.
13.9. Express the function 1/(1 4+ 2%), 0 < &£ < 1, as a Stieltjes transform.
13.10. Let ¢(x) be bounded and nondecreasing, and let f(#) be bounded and
Riemann integrable fora < u < 4. Let

0(s) = f "oy,
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The Stieltjes integral
b
IEZL

exists and is equal to the Riemann integral

f b¢(u)j(u)du.

13.11. Let ¢(x) and f(u) have the properties required in 13.10.  Then there
exists a number X 1n the interval ¢ < » < 4 such that

b X b
f &(u)f(n)dn = ¢(n)f Sfw)du + ¢(b)f\'j(u)du.

13.12. Let f(x) and ¢(#) be functions of bounded variation on the interval
a < u < b, which have no common discontinuities in the interval. Then the

b
Stieltjes integr:llff(u)dd)(u) exists.  The restriction on the discontinuities is
a

necessary, for the integral does not exist 1f f(#) and ¢(#) have a point of discon-
tinuity in common.



Chapter X1V

THE MOMENT PROBLEM KFOR A FINITE
INTERVAL

In § 50, we introduced an operation called formal integration,

Cp =f’lpd¢r(”), p= 0, 1) 2; S}

which replaces #” by a given constant ¢,. By the moment
problem, we shall understand the problem of expressing this
JSformal operation by mcans of an actual integral operation. It is
clear that the possibility of solving the moment problem and
the character of the solution when it exists must depend upon the
nature of the given sequence {r,}. In the present chapter we
shall determine those sequences {u,} which admit of a solution
of the form

1
be = [ wrdu), p=0,1,2, -,
0

where u(«) is a bounded nondecreasing function, and the integral
is to be understood in the sense of Stieltjes. That is, we replace
here the formal integral by a Stieltjes integral extended over a
finite interval. Kor the sake of simplicity, the interval is taken
from 0 to 1.

68. Formulation of the Problem. We begin by proving the
following uniqueness theorem.

THrOREM 68.1. Tt {c,} be a given sequence of complex constants, and
suppose that there exist two functions ¢,(u) and ¢o(1) of bounded variation
on a finite interval a < u < b, such that

b

b
p =f 1Pdepy (un) =f wPdpa(), p=0,1,2,---.
a a
258
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Put ¢(u) = ¢1(4) — ¢2(u). Then ¢(u) = ¢(a) for u = b and for all
other values of u in the interval (a, b) with the exception of at most a countable
set included in the set of discontinuities of ¢(u).

b
Proof. Sincef utdep(u) = 0, p =0,1,2, ---, it follows that

b
fG(u)d¢(u) = 0 for every polynomial GG(«), and, therefore, by

a theorem of Weierstrass, for every continuous function G(x).
The theorem now follows from Theorem 63.4.

DeriNiTiON 68.1. By the moment problem for the interval
0, 1), we shall understand the problem of determining a bounded
nondecreasing function p(u) such that

0 for <0,
wu = 0) + u(u +0)

u(n) = 5 —~ for 0<u<l1, (68.1)

p(l) for u>1,

which satisfies the system of equations

1
“ =flt”({p.(lt), p=0,1,2, -, (68.2)
0

where \up} is a given sequence of constants. For the sake of brevity,
we shall refer to this as ‘‘the moment problem (68.2).” A function
w(u) satisfying (68.1) will be said to be normalized, and if it satisfies
(68.2) it will be called a solution of the moment problem.

From Theorem 68.1 we have

THEOREM 68.2.  If the moment problem for the interval (0, 1) has a solu-
tion, then the solution is unique.

DEerintTION 68.2. By the symmetrical moment problem for the
interval (—1, +1), we shall understand the problem of determining
a bounded nondecreasing function 0(u) such that

8(—1) for u < —1,

_8(1¢ — Q) + 6(u + 0)
2

4

0(+1) for u > 1,

0(u) =

for —1 <u<+1, (68.3)
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and such that
0(u) = —0(—u) for —» <u <+, (68.4)

which satisfies the system of equations

1

d, =f urdé(u), p=0,1,2, -, (68.5)
1

where {d,) is a given sequence of constants.  For the sake of brevity,
we shall refer to this as “the moment problem (68.5).”

One may readily verify that the following theorem is true.

TuEOREM 68.3. If the moment problem (68.5) has the solution 0(u),
and if we put pp = doy/2, p =0, 1,2, ---, then the moment problemn
(68.2) has the solution u(u) = 0(\/u); and if the moment problem (68.2)
has the solution (), and if we put dapyq = 0,dap = 2up, p = 0,1,2, -+,
then the moment problem (68.5) has the solution 6(u) = u(d®), u >0,
0(xe) = —p(u®), u <O.

In view of this theorem, the solution of either of these moment
problems can be reduced to that of the other.

69. Solution of the Moment Problem by Means of S-fractions.
Excepting in the trivial case 4, =0, p =0, 1, 2, ---, we may
evidently assume that 4y, > 0 in (68.5). Moreover, if dy >0,
there is no loss in generality in assuming dp = 1. Otherwise we
could consider instead the sequence d,/do, p = 0, 1,2, -, and
the solution 0(x) ‘d,.

We shall now prove the following theorem.

Tueorem 69.1.  The symmetrical moment problem (68.5), in which
\dp} is @ given sequence of constants and dy = 1, has a solution (¢f. Defini-

tion 68.2) if, and only if, do, dy, da, - - - are moments of a real S-fraction
of the form
1
(69.1)
(L —go)gr

(1 — g1)g2

~

~—

~
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inwhich0< g, < 1,p=0,1,2, ---. When the condition is satisfied,
then the solution is the function 0(u) (suitably normalized) such that
o (n
f o) (69.2)
-1 " — U

is the value of the S-fraction (cf. (67.4)).

Proof. We suppose first that dy, 4y, dy, --+ are moments
of the S-fraction (69.1). We have seen (cf. Theorems 27.3 and
27.4, and (67.4)) that this S-fraction converges uniformly over
every finite closed region whose distance from the interval
—1 < x < 41 is positive, to a function of the foom (69.2).
By Theorem 54.1, the power series expansion in descending powers
of z, namely, 2(d,/z"*!), converges for | z| > 1 to the value of
the S-fraction, i.e., to the integral (69.2). Consequently,

b
d, =f w’db(u), p=0,1,2, ...,
-1

so that the moment problem (68.5) has a solution.

We now suppose, conversely, that 4, = 1, dy, dz, -+ is a se-
quence of numbers such that the moment problem (68.5) has a
solution 8(x) of the specified character, and shall prove that these
numbers are the moments of an S-fraction (69.1).

[f 8(«) is a simple step-function, so that there are (say) exactly
m points #, such that 0(uy + £) > 0(ug — ¢) for £ > 0, then the
quadratic forms

+1
f (Xo+ X +-- -+ Xu™)2do(u), n=0,1,2, ---, m—1,
-1
are positive definite by virtue of Theorem 63.5. Therefore, the
determinants A, of (50.2), formed with the moments 4, are posi-
tive for n =0, 1,2, ---) m — 1. We may therefore construct
a terminating J-fraction (51.1) in which @, = 4y = 1, and a4, as,
-+y @n—1 are positive. This J-fraction has the value (69.2)
since this integral and the J-fraction are rational functions of z
in which numerator and denominator are of degree m — 1 and m,
respectively, and since the power series expansion in descending
powers of z of the J-fraction agrees term by term with the like
expansion of the integral for the first 2m terms. Therefore,
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do, dy, d3, - are the moments of this terminating J-fraction.
Inasmuch as, by (68.4), the integral (69.2) is an odd function of z,
it follows that the J-fraction has the form

S (69.3)
a
z - = - e——- e— == ==
as
z — —— ——
z —
Gm—1
b
The denominators B,(z) of (69.3) satisfy the conditions

+1+e
f u'B,()dé(u) =0, r=0,1,2,---,p—1, p <m,
—1—c

for all ¢ > 0, by (50.1). Hence, since the roots of B,(x) are
the poles of (69.2) if p = m, and by virtue of Theorem 63.6, if
p < m, B,(x), a polynomial of degree p, changes sign p times
on the interior of the interval —1 —¢ < u# < +1 4+ ¢. Since
B,(#) > O for sufficiently large values of #, it then follows that
B,(u) > 0 for u > 1.

From the fundamental recurrence formulas we now have

e PO (Bl )
' B,_(1 +0) B,(1 + o) ’

p=1,23 - m—1. 694

Since a, > 0, it then follows that
B,..(1
0< -;’;—(ll(—_—l_-l_-(-)[) <l4e¢ p=0,12,---;m—1, (¢>0).
y

Hence, if we put

i Bp-{»l(l + [) *

m-— ---—"=1—g,

=0 -Bp(l + o)

we have 0L g, <1,p=0,1,2, ---) m — 1, and, by (69.4),
a,= (1 — gp_1)gws 2 = 1,2,3, ---, m — 1, s0 that (69.3) has the
form (69.1).

In case 6(x) is not a simple step-function, the determinants
A, > 0 for all values of #, and consequently we have, instead of
(69.3), a nonterminating J-fraction, and P(1/2) = =(d,/z*™) is
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its power series expansion. The above argument can be used to
show that this J-fraction has the form (69.1).
This completes the proof of Theorem 69.1.

If we make an equivalence transformation and replace —1/2?
by z in the S-fraction (69.1), and then make suitable changes in
notation in accordance with the remarks in § 68, Theorem 69.1
may be stated as follows.

THEOREM 69.2.  The moment problem for the interval (0, 1) (cf. Defini-
tion 68.1)

1
w = [ wrdu), p=0,1,2, -, (69.5)
0
has a solution if, and only if, the power series
Ko — M1z + #232 e (69.6)
has a continued fraction expansion of the form
al (69.7)
14 (0 — gz
1+ _(_l_j‘ £1)ga%
1 +-
b
where po > 0and 0 < g, < 1,p=0,1,2, ---. [126.]

70. Some Geometry.* Thc moments u, of the continued frac-
tion (69.7) may be characterized geometrically in an interesting
way, if we regard (uo, #1, - - -, pa—1) as a point in n-dimensional
Euclidean space.

We again take po = 1. If we use the minimal parameters
(cf. Theorem 19.2) of the chain sequence appearing in (69.7),
that continued fraction becomes

Lo 0.1)
1
T (= mims
(1 — my)msz
14—

1+

>
2 Cf. Dines [10] for further details on the ideas of this section.
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where 0 < m, <1,p =1,2,3, ---. The coefficients p, in the
power series cxpansion (69.6) of this continued fraction are
polynomials in m,, ma, my, - - -, the first three being given by

Ko = 1)
By = my, (70'2)
pe = myms + m (1 — my).

‘These may be readily computed by means of the formulas of
Stieltjes (Theorem 53.1).

let us regard (pmo, M1, W2) as the co-ordinates of a point in
3-space. Since 0 < m, <1, p=1,2,3, we sec by (70.2) that
this point is characterized by the fact that it is in the shaded

Z

Y. X

o, 12,

region shown in the accompanying figure. ‘This region is bounded
by the parabolic arc

z=y%, x=1, 0<y<1, (70.3)

and by the straight line segment z = y, ¥ = 1,0 <y < 1. Any
point of this region must be of the form

1, my, mumy + m2(1 —m3)l, 0 <m <1, 0<my <1,

and, conversely, every such point is in the region.

This region, which we shall call Ej, has two characteristic
properties, namely:

(a) If p and ¢ are two points of Ej, then all points of the line
segment pg are in E3. This is the property called convexity.

(b) Ej is the smallest convex set in 3-space which contains the
parabolic arc (70.3), i.e., E; is the intersection of all the convex
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sets of 3-space which contain this arc; it is the so-called convex
extension of the arc.

Since we have fixed uy = 1, the point (uo, p1, p2) is actually in a
convex set in 2-space.

We shall establish the following theorem:

THroreM 70.1.  The moment problem (69.5) for the interval (0, 1),
where we assume py = 1, has a solution if, and only if, for every n(= 1,2, 3,

++) the point (uyy p2y M3y 5 ka) 5 in the convex extension of the arc
whose parameltric equations are

Xy = H,
=1 0<u<1. [78] (70.4)
Xy =",

Proof. I.ct C denote the arc (70.4). This is a bounded closed
set of points in #-space. Its convex extension E(C) consists of
those points and only those points which may be centroids of
distributions of positive masses of total mass unity, placed at a
finite number of suitably placed points of C:

(xll) X12, Y xln))
(%21, X2z, vy X2a), (70.5)
(xmla Xm2,y Y xmn)-

The points of E(C) are then all those points (uy, ps, - - -, pn) whose
pth coordinates have the form

m m
Bp = E o:Xrp, where g, >0, E g = 1.
r=1 =1

Since x,,, = #,”, where 0 < #, < 1, we then have:

m 1
By = ) b0, = f Wdua(u), p=1,2,3, -+, n,

r=1 0

where p,(«) is a simple step-function with the jump o, at the
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point «,, and p,.(1) — p,(0) = 1. For any fixed p, we may now
let 7 increase over a suitable sequence of values for which

Iim pn(2) = u(u),

where u(#) is a bounded nondecreasing function, and (1) —
w(0) = 1. Then,

1
by = f wrdu(n), p=0,1,2, -, (70.6)

so that the moment problem has a solution.

et us suppose, conversely, that (70.6) holds, and we shall
prove that (uy, pg, ps, + -+, ) is a point of E(C). The proof may
be made by assuming the contrary and arriving at a contradiction.
If (uyy moy Mgy -+ vy o) 18 not in E(C), then there exists a plane

kl(x. - M]) + /(g(xg - [.lg) +---+ ku(xn - l‘n) =0

passing through this point, separating n-space into two open half-
spaces, one of which contains € (a so-called “bounding plane of
). We may suppose that the notation has been so chosen that
for all # in the interval 0 <« <1,

k(e — py) + ko(e® — ps) +- -4 ky(u” — w,) > 0. (70.7)

Since the left-hand member of this inequality is a continuous func-
tion of #, it follows from Theorem 63.5 that

1
f V(e — i) + ko(t® — pa) + -+ ku(u™ — p) dp(u) > 0.
0

But, by (70.6), this is impossible.

The proof of Theorem 70.1 is now complete.

Remark. This proof goes through in the same way if, instead
of the functions (70.4), we use arbitrary continuous real func-
tions f,(#), p = 1,2, 3, ---. The corresponding ‘““moment prob-
lem” is then

1
Kp =ffp(u)d¢(u), 2=0,1,2 .-+, (fo=1).
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71. Totally Monotone Sequences. A sequence of real numbers

Ro, M1, M2, - - - is called totally monotone if
pp 2 0, Al‘p=l‘p'_l‘n+120) Tty
Atu, = A".—lﬁ‘p - A"-ll"-p{-l >0, -, (711)

(p=0,1,2,---).
If the u, are given by (69.5), where u(#) is nondecreasing, then
1
Nm=fu-umw@m)zm kp=01,2, -
0
where we define A%, = u,, so that the sequence {u,} is totally
monotone. The converse is also truc.

THeoreM 71.1.  The moment problem (69.5) has a solution if, and only
if, the given sequence po, p1, Mo, -+ - i5 d totally monotone sequence [28].

Proof.2 We have just seen that the condition is necessary. If
we suppose the sequence is totally monotone, then, for any positive
integer p,

I-"nZO, 7l=0,1,2,'-',p,
Ap, >0, n=0,1,2,---,p—1,
Ap, > 0, n=0,1,2,--,p—2, (71.2)
APy, >0, n=01,
APy, 2 0, n=0.

This system of inequalities is equivalent to the simpler system
APy >0, APl >0, -+, A%, >0, (71.3)
For, of course, (71.2) implies (71.3). 'Then, since
A'py = A gy — A g,
it readily follows that (71.3) implies (71.2).

% This proof is due to Schoenberg [82]. Hausdorff gave several proofs in [29].
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The system (71.3) is, in turn, equivalent to the system of
equations

Mo — (f)m +(f> pe — -+ (=1)%wp = 7505

-1
M — (p i )#2 +eoe (=) =1y (71.9)

Mp—1 — Mp = Ty p—1y
MKp = Tp, py

where the 7, , are arbitrary nonnegative numbers. This system
may be readily solved for the g, in terms of the », ,. We find

that
(P — n)
p »
p—n m—n
n — . = N R 1") s )
# ;(»: - 71) T, m ; (p> P (71.5)
m

where

]lp, m = (p> 7',,_ m 2 0-

m

We may express the p, as Stieltjes integrals. TLet u,(#) be defined
as follows:

0, ' u <0, 1

Lp_(), 0<Ilsp*,
1 2

Lp.0+,‘p.1a j"<uS})‘:

I»‘p(”) =

1
1411.1)+Ilp,l+"'+ Lp,p—l, 2 _'<”<?,
b4 ?

LP-0+[‘P-1+“'+LM.}» Sll.

The function u,(#) is nondecreasing, and is bounded inasmuch as
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pp(1) = po, by virtue of (71.5) with » = 0. In terms of the func-
tion u,(x#), we may now write

mm —1)(m —2) - (m—n+1)
tp(p—1)(p—2)---(p—n+1)

(=)= ) (=)
u\u — u— -)-oluy ———
- TR

Mn =

nm

1 |
= | ud +0 ( ) ,
fou un(2t) »

where 0(1/p) >0 as p —> . On applying Theorems 64.1 and
64.2, we now conclude immediately that there exists a bounded
nondecreasing function u(x) such that

1
M =f!t"dn(u), n=012,---.

0

This completes the proof of Theorem 71.1.

72. Composition of Moment Sequences. If {\,} and {u,}
are two totally monotonc sequences, then it is evident that
{\p + up} is a totally monotone sequence. Also, since A\ pp,) =
oAy 4 ppi1AN,, it follows immediately that {A,u,} is a totally
monotone sequence. let

1 1
M = [ urdN), = [furdu), »=0,1,2,---.
0 0

Then we must have

1
Nty = f widv(n), p=0,1,2, -, (72.1)

0

where »(x) is a bounded nondecreasing function. What is the
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relationship among \(), p(#) and »(#)? In order to answer this
question, we consider the functions

N . (D@
N ' du(u)
5 = ;MP(—Z)I) ol +zu’
and
= . v dv(u)
f,.(Z) = pZOVp(—Z) = ; I + zu.
Then we have,
d\(v)
/1@ f f [ duta). (72.2)

Supposing the functions N(#), u(#) and »(x) all normalized, we
then find by the Stieltjes inversion formula, withs < 0,0 < ¢ < 1,
that

llm \} [ -f. (— i)] dz = v(t), (2= x+ 1y).

mTy=+10

Using (72.2), onc may then show, as in the proof of the Stieltjes
inversion formula, that

v(t) =
| e — ¢
lim [— f f (arc tan oL arc tan wo )d)\(v)d;.c(u)]
y=0 T Jy Jo Yy 8

If we make the change of variable w = u«v, and assume that ¢ has
only those values such that N(#/«) and u(#) have no discontinuities
in common,? (0 < # < 1), we may readily evaluate this limit,
and obtain the formula

W) = fo \ (;) du(a). (72.3)

This is valid for all except at most a countable set of values of #.
Turning now to the difference, {\, — p,}, of two totally
monotone sequences, we are led to consider the following more
general moment problem.
2 Cf. Exercise 13.12. See [17] for further details concerning the formula (72.3).
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To determine a function ¢(u) of bounded variation on the interval
0 <u <1\, such that

1
& = [urdg(w, p=0,1,2, -, (72.4)
0

where {c,} is a given sequence of constants.

.

If we permit the ¢, to be complex numbers, then this problem
clearly has a solution if, and only if| ¢, is expressible in the form
Cp = y'p(l) - i‘p(z) + i“p(:;) - iﬂp“)) p=0, 1, 2 ) where
tup®Y, oo, {up™] are totally monotone sequences.

We shall now prove the following theorem.

THeorREM 72.1.  The moment problem (72.4) has a solution if, and
only f, the given constants c, satisfy the inequalities

n

M, =Z(”)| A"””t‘pl <M, #n=0,1,2, ---, (72.5)
4

p=0

n
where ( ) = nl/pl(n — p)\y and M is a constant independent of n. |78.]
4

Proof.”” If the moment problem (72.4) has a solution, then

n

n _
Z(p> | An=ec, |

p=0
n

n P .
= Z(p) [ AP (u, D — @ 4, ® — g, @) |

p=0

n 71 n n
DMWESEINWES
p=0

p=0

+Z (71) A"_p#,,(:” +Z (”) A"_pu,,(")
=i \p »=0 \P

= #u“) + Mom + ;1.0(3) + #0(4) = M,
so that the condition (72.5) is necessary for the moment problem
(72.4) to have a solution.

We assume now that (72.5) holds, and shall prove that the
moment problem (72.4) has a solution. We may evidently
assume that the ¢, are real.

2 This proof is due to Hausdorff [28].
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Using the recurrence relation A™c, = A™ ¢, — A™ ¢, ., we
readily find by mathematical induction that

|ame, | < [A™Fe, [+ | ATcpyn | <[ A7, |

2
+ ()1 ot | + | 87eps | <o < am |

k k
+ (1> i Am+k_lfp+1 | +” _+ (k> | Am{p{—kl S"'-

Denote the general member of this sequence by D, ,*. In
particu]ar, we have D()_()(k) = Mk, so that M() < Ml < M2 <---
< M, and consequently the sequence {M,} is convergent. Now

k k A k
Do ,® = Z(h) | amte=te, | SZ(”’ +p+ )| AmH—he, ]
h=0

h=0 1’ +/I
+k
=2(m + ? + k) | A™ HJ”\""'(‘,.I < Mm-i-ﬁ+b <M.
r=p r

Moreover,

Dm.p(k) < Dm—f-l,p(k) + Dm,p+](k) = Dm

(k+1)
P .

Consequently, we have

H R
llm D,",p( ) = Om,p S M;

he o
Om,p = Om+41,p + Tm,p41y M, p = 0’ 13 2’ Tt

Therefore, if we put ¢, = g, we sec that gy, = Adp, 02.p =
NG, -y Opp = A"g,, ---, so that oy, 0y, g9, --- 15 2 totally
monotone sequence. Inasmuch as

Omp = Amdl, Z 'Am(.p |’
it follows that the sequences
ap = %(0'11 + [p)> bp = %(Up - "p)) P = 0, 1, 2) *T

are totally monotone sequences. Thus, {c,} = {4, — &,} is
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the difference of two totally monotone sequences, and conse-
quently the moment problem (72.4) has a solution.
This completes the proof of Theorem 72.1.

Exercise 14

14.1. Tet {ap} and {4} be two totally monotone sequences, so that {aybp}

is a totally monotone sequence. If lim A"qy = lim A% = 0, then lim A"(aobo)
n—= o n-® n= o
= 0.



Chapter XV

BOUNDED ANALYTIC FUNCTIONS

In this chapter we shall be concerned primarily with the follow-
ing problem.

Given: Two regions G and H in the complex plane, and the class
of all functions f(2) which, for z in G, are analytic and have their
values in H.

To determine: A class C of continued fractions, convergent over
G, such that each of the functions is equal to just one of the con-
tinued fractions, and each of the continued fractions is equal to
just one of the functions.

We shall suppose that both G and H are simply connected do-
mains having more than onc boundary point. We may then
suppose that these regions are taken, for example, to be circular
regions, half_planes, or the portion of the plane exterior to some
ray. We seek to determine G and H in such a way that the con-
tinued fractions will have as simple a form as possible, and,
preferably, that they will be in some way related to the continued
fractions already considered.

Our main result is as follows.

Let G be the portion of the complex plane exterior to the cut
along the real axis from —1 to — =, and let H be the right half-
plane, R(2) > 0. Then C is the class of continued fractions of the
form N

y\/1> + z

1 + iro\/i -f:_Z- +.' ‘_‘-__
1+ irl\/l + 2z 4+

(1 — go)g1z

(1 — g1)g22
1+ ireV1I+ 2 +-

274
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where M>O, —o <7, <+, 0 <& < I)P =O, 1,2, ...
When some partial quotient vanishes identically, we agree that
the continued fraction shall terminate with that partial quotient.
The branch of V1 + z is taken in G which is positive for real z.

When r, =0, p =0, 1, 2, -, the above continued fraction
reduces to (27.8) (except for a factor). This appears also in
§ 11 and in Chapter X1V (cf. (69.7)). The class C thus contains
the subclass Cy of continued fractions of the form

L (=g
1+ (1 - 1823
1 +4-

which have already been considered.
We develop in detail some properties of the continued fractions
of the class Cy, and subsequently we proceed to the general class C.
73. Integral Formulas for Bounded Analytic Functions. We
shall need the following theorem of F. Riesz [78] and Herglotz
[36].

THeoreM 73.1. A function f(z) is analytic and has a positive real part
for[z] < 1 if, and only if,
2 etl + 2
0 =[S w0 + 4 7.0
0 - ~

where ¢(t) is a bounded nondecreasing function of t such that $(0) = 0,
&(2x) > 0, and where q is a real constant. The function ¢(¢) is determined
uniquely up to an additive constant at all its poin:s of continuity by f(2).

Proof. Let
f@) =D a
»=0

= by + ig + ) (b, + ic,)r(cos pb + i sin p6),  (73.2)
p=1
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Wherez = 7‘6"0,0 < r < l, bp = gt(ap),q = '\}((a()), Cp+1 = 3(ﬂp+1)’
2 =0,1,2, ---. Then, by hypothesis,

u(r, ) = R f(2)] = &o +Zr”(b, cos p8 — ¢, sin pd) > 0,

p=1

so that the function

1 t
(1) = i—fu(r, 0)de, 0 <t < 2w,

™ Jy

is a nondecreasing function of ¢, and ¢,(0) = 0, ¢,(27) = b, > 0.
Moreover,

27 27
f den(t) = by, f 2 cos ptden(t) = r'b,,
0 0

2r
f —2sin ptde,(t) = rPc,, p=1,2,3, ---.

0

By Theorems 64.1 and 64.2, there cxists a bounded nondecreas-
ing function ¢(#) such that ¢(0) = 0, ¢(27) = 4y, and a sequence
of values of r approaching unity, such that these equations go
over into

2n 2r 27
f de(l) = bo, f 2 cos pido(t) = b,, f —2sin prde(t) = ¢,
0 0 0

P = ])2)39
When these values arc substituted into (73.2), we get

Sf(2)

|+ °Z (ze=)? | do(2)

p=1

27 rf
= ig + f 22 o),

so that (73.1) holds. The proof that ¢(¢) is determined uniquely
up to an additive constant at all its points of continuity by f(2)
1s similar to the proof of Theorem 68.1. One uses in this case the
theorem of Weierstrass on the approximation to continuous func-
tions by trigonometric sums.

Conversely, any function of the form (73.1) is easily seen to be
analytic and to have a positive real part for | z| < 1.
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If we multiply (73.1) by —7 and replace z by (1 + iz)/(1 — iz)
we obtain, after some simple transformations,

t
1 + ztan -
1 4z 2 2
F(z) = f( zz) j; —d¢() + ¢
z — tan;,

-

If we now put
(¢(2arc tan # + 27) for « <O,

l¢(2 arc tan ) + ¢(2n) for « >0,
we find that this goes over into

“+ =
F(z) = f lz+ 2 d0(u) — oz + g, (73.3)

—®

0(x) =

where ¢ = ¢(r + 0) — ¢(w — 0) > 0. The function 6(x) 1s a
bounded nondecreasing function of # which is uniquely deter-
mined up to an additive constant at all its points of continuity
by F(z). It is required that at least one of the numbers o or
8(+ «) — 8(— =) be positive.

The expression (73.3) is the most general expression for a func-
tion which is analytic and has a negative imaginary part for J(z) > 0.

I.et us suppose that the function f(z) of Theorem 73.1 is real
for real values of 2. Then, instead of (73.2), we have

fz) = by +Zb,,r"(cos PO + i sin pb).
p=1

From the proof of Theorem 73.1, we then find that
27 | — 22
f(z) = 1 2zcosi t 2 de(t),
which can be written in the form
1 + 2z f de(f)

l—z

f@@) = (73.4)

This is the most general expression for a function f(z) whick is
analytic and has a positive real part for | 2| < 1, and which-is real
Jor real values of 2.
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Consider now the transformation

_ 4z

(1 — 2)?
This maps the domain |z| < 1 conformally upon the portion
of the w-plane exterior to the cut along the real axis from —1 to

— . Wedenote the latter domain by Ext (—1, — ). We note
that

w (73.5)

l—l—_z

= V1 +w, (73.6)
1 —2

where that branch of V1 + w is chosen in Ext (—1, — @) which
is positive for w = 0. Then

V1i+tw—1
= . 3.
2 Jire i (73.7)
We make this substitution in the formula (73.4). On putting
Vitw-—1
aw = /(e =) (738)
that formula becomes, if we write z for w,
T de(t
6@ = Vi +zf PO _ (73.9)

0 R
1 4 2 sin? 5

This is the most general expression for a function which is analytic
and has a positive real part in the domain Ext (—1, — ), and which
is real for real values of 2.

74. Continued Fraction Expansions for Real Analytic Func-
tions. The integral in (73.9) may be expanded into a power series
in z, convergent for | z| < 1, of the form

f ST = gy — 2+ o2 — w2 e, (741)

where \
o |4
w = sin®? ~dg(), p=0,1,2, -,
0
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Inasmuch as
- ,
A"y, =f COS2'”;)— . sin2" — {{d,(t) >0, myn=0,1,2 ...,
0 A

we see that the sequence {u,} is totally monotone. Therefore,
by Theorems 69.2 and 71.1, the integral (74.1) has a continued
fraction expansion of the form (69.7). On substituting this into
the formula (73.9), we then obtain the continued fraction expan-
sion

Giz)= - - — - 74.2
) (l -—go)gnz ( )

(1 — g1)g22
AT

Conversely, any continued fraction of this form has the integral
representation
-t do(n)
Gi) = V1 +z| ——
@) + ol +2u’
where #(«#) is a bounded nondecreasing function and ¢(1) —
#(0) = po > 0. This function is analytic and has a positive
real part in Ext (—1, — «), and is real for real values of z. Hence,
we have proved

THeOREM 74.1. A necessary and sufficient condition for a function
G(2) to be analytic and have a positive real part in the domain Ext (—1,
— ), and be real for real =, is that it have a continued fraction expansion
of the form (74.2), where py > 0,0 < g, < 1, p =0,1,2, ---. We shall
agree that in case some partial numerator of the continued fraction vanishes
identically, then the continued fraction shall terminate with the first ident:-
cally vanishing partial quotient. With this agreement, the continued frac-
tion expansions are unique [129].

Remark. We have seen that a function G(z) is analytic and
has a positive real part in Ext (—1, — «), and is real for real z,
if, and only if,

Gz) =V i"ﬁf_:(—l)mpzp, " (74.3)
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where {u,} is a totally monotone sequence with po > 0. If we
replace w by z in (73.8), we may then write (74.3) in the form

ANALYTIC THEORY OF CONTINUED FRACTIONS

V14z-1 e

Vitz-N_ v 1) Pz, 4
f(\/1+z+]) 1+z;( 1)Pupz (74.4)
Here,

S(w) = Z(— 1)?a,w”
p=0
is a real power serics convergent for | w| < 1, and R[f(w)] > 0
in this domain. Thus, if we replace z by —z in (74.4), we obtain

2 — '\/ -—-_ ! p=0
SOy L s
4"\l + V1 —2

ZF,,Z"

where we have put
(2]’)
= p -

¢, being the coefficient of z” in the power series for 1/V1 -z
The formula (74.5) is precisely the formula which Gronwall [24]
used to determine /7, as the sum

Y (Y
= (p —nNlip+n!
which is known as the pth de la Vallée Poussin mean for the
series 2a,. This has the property that lim /,, = 24, whenever

p=
the latter series converges. This limit may exist even when the
series Za, diverges, and it thus assigns a sum to the divergent
series. Gronwall generalized the formula (74.5) by using more
general mapping functions and weight functions.

75. Continued Fraction Expansions for 1/G(z) and for
G[—z/(1 + 2)] in Terms of the Expansions for G(z). If G(2) is
analytic and has a positive real part in Ext (=1, —«), and is
real for z real, then 1/G(z) and G[—z/(1 + 2)] also have these

I =

Ap,y
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properties. We shall prove that if G(z) is given by (74.2), and
if we take go = 0, which is always permissible, then [126]

{ -1— V1 + 2
Ko
U . 75.1
G(z) ) _g_:-_gl)z (731
|+ - gl_(l g«iz__
4 8l — ez
1 4-
and [18] ’
—z V1+z
(_ z ) _ kVit=z (75.2)
142 | (]_—_gx_)z____
1822
| + LAR—
- (1 - E-)(l - g;)z
R’xE’u
1+ i +-

The continued fraction (75.1) is obtained from (74.2) by replacing
po by 1/uo and g, by 1 — g, for p = 1,2, 3, - - -; while the con-
tinued fraction (75.2) is obtained from (74.2) by replacing g, by
1 — g, for only the odd values of p.

The relation (75.1) is an immediate consequence of the follow-
ing identity [126, 127].

1 1 1
14+ — 8 1 4- L 1 +z
1+ _(‘_:__Xl)gzz R U g2)2 (75.3)
= 828w g1 = gy)z
1 1
4! T +

To prove this, let .7,(z)/B,(z) and C,(z)/D,(z) denote the pth
approximants of the first and second continued fractions which
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appear as factors in the left-hand member. Then the following
relations hold.

(1 + 2).7,(2) = go12Dp_1(z) + Di(z), n =1, 2,3, -,
(75.4)

B,,(Z) = &n _IZC,,__I(Z) + C,,(Z),

where g must be taken equal to unity, and 7o = Cy = 0,
By = D, = 1. These may readily be veritied for » = 1, 2, and
then, by mathematical induction, for all z. By means of (75.4)
we obtain the formula

(] + z)/ln(z)("n—l(z) - Bn(Z)Dn—l(Z) = knz"—l)

where £, is independent of 2. Therefore,

/n(z n l(" I /(,‘Z"—] .
Bn( ) I)n |(Z) 1 + 2 (] + Z)B,,(Z I),, al )

I'rom this it follows that the expansion in ascending powers of 2
of the difference in the left-hand member begins with the term
in 2"71. This mecans that the product of the power series expan-
sions of the factors in the left-hand member of (75.3) is equal to
the power series for 1,(1 + z), so that the identity is established.

If we take the even part of (74.2) and then replace z by
—z/(1 + 2), the resulting continued fraction is precisely the even
part of (75.2). This establishes the validity of (75.2).

Remark. The above formulas hold in a formal sense when the
gp are arbitrary constants and G(2) is the formal power series
expansion for (74.2). The transformation represented by (75.1)
can be formulated in several different ways. One of these is

(75.3). Another is as follows. l.et

flo) = - —3L (75.5)
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Then |~ f@) )
— f(= — &1
2T = L Lo o8l 75.6
L+2f) n gl — g )f (76)
1 +g_(l - (s)»
1 +

The transformation represented by (75.2) can be formulated as

follows. If (75.5) holds, then

1 —
1—/( );—»»- ot (75.7)
+‘ 2 L1822
L+ - A
- (1= g1 = &3)z
I+

These are to be regarded, in general, as formal power series
identities.

76. Condition for G(z) ‘V'1 + z to Be Bounded in the Unit
Circle. l.ct Gi(2) be given by (74.2), and put

(I(Z)
l; = - .
N llltlJl) N + . (76.1)

We shall prove the following theorem,

Tueorem 76.1. Let G(2) be analviic and have a positive real part in
the domain Ext (—1, — =), and be real for real =, so that G(3) is given by
(74.2).  Then the number M defined by (76.1) does not exceed unity if,
and only if, the parameters g, of the chain sequence appearing in (74.2)
can be so chusen that gy = py. [126.]

Proof. Suppose first that the parameters can be chosen as
specified. We may evidently assume that 0 < g, <1 for
p=0,1,2 - orthat0<g, <1,p=0,1,2, ---. Hence,

it follows from Theorem 11.1 that /W,, <1



284 ANALYTIC THFORY OF CONTINUED FRACTIONS

If, conversely, M, < 1, then the value M, is taken on by the
continued fraction for z = —1, i.e.,

IW(,’ = - T -

m,

(I —m,)m;
1 — 1T

where the 7, are the minimal parameters of the chain sequence
f(1 — go—1)gp}. Thus, by (19.6), My = wo/My < 1, where M,
is the Oth maximal parameter of this chain sequence. We may
therefore choose the parameters so that g, = py (cf. Fxercise 4.1).
The condition M, <1 can be formulated in terms of the
moments u, as follows.
THrEOREM 76.2.  Let G(z) be given by (74.2), so that

Glz) = VU F =) (D for 5] <1,

p=0
where {u,} is a totally monotone sequence.  Then Mg < 1 if, and only if,

Proof. If Zu, <1, then M, = Zp, < 1.*I_f Su, > 1, then
one may readily verify that lim [G(z)/V1 + 2| > 1, (z real
== 1

and greater than —1).

THEOREM 76.3. Let G(3) be given by (74.2).  Then My <1 if, and

only if,
\/]—_{: (l — u)d¢(u)

1 + 7]

0

where ¢(1) is a bounded nondecreasing function such that (1) — ¢(0) < 1.
[126.]

Proof. By Theorem 76.2, A, <1 if, and only if, Zu, < 1.

G(z) = , (76.2)

Put \, = E up. Then {\,} is a totally monotone sequence, so
1 -p

that .
My =fn”d¢(u), p=0,1,2,--+,

0
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where ¢(#«) is a bounded nondecreasing function, and ¢(1) — #(0)
= N < 1. Then

1
pp = AN, =f (1= ”)”pdd’(”): P = 0,12 -,
0

and consequently (76.2) holds. Conversely, if (76.2) holds, then

1
Mp :—.f (I = wurde(u), p =0,1,2, -,

0

1
2M=¢uy-wm-nmfuwamgu
P - «© ('
so that M < 1 by virtue of Theorem 76.2.
77. Analytic Functions Bounded in the Unit Circle. KFollowing
the method of Schur [84], we shall now obtain expansions for
arbitrary functions f(z) analytic for | 3| < 1, such that

M(f) = Lub. | flz)| < 1.
<1

Tueorem 77.1.  Let o, be an infinite sequence of complex number s
with moduls less than unity,

lop| <1, p=0,1,2 -, (77.1)
and let
1 — 9z
&mn=w+(~l%“1 (77.2)
oy — —— T,
1 — )z
4| +-(‘—; - l-t-’l'l )
Gz — -
. 1
A~ e »s
ap 4 g_ _..l_i"_l-)__
) 1
a,,z -_ ';'
Then,
lSp(z;t)| <1 for ltl <1, |z| <1, p=0,1,2,---. (77.3)

Let {t,} be a sequence of independent variables. There exists a function
f(2), analytic for | zl < 1, such that M(f) < 1, and such that, for cvery

positive number r < 1,
lim 8Sp(z; 1) = f(2), (77.4)

p=»

uniforml_yfor|zl Sr,‘t,,\ <Lp=0,1,2,---.
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Conversely, if f(=) is a given function, analytic for |=| <1, such that
M(f) < 1, then one of the following three statements holds.
(a) f(2) = a0, a constant with modulus unity.
(b) There exists uniquely a finite scquence oy, a1y * -y Ony1y, B 2> 0,
such that
lopl <1, p=0,1,2 - u, lowp|=1, (77.5)
and such that
S(z) = Sulz50, 1) (77.6)

(c) There exists uniquely an infinte sequence \ay,} satisfying (77.1),
such that (77.4) holds (84, 128, 129].

Proof. Consider the linear transformation

~

o —
s =s(z3 ) = -, e <, (77.7)

l — oz
of the £plane into the s-plane, the transformation depending
upon the parameter z.  We observe that |s| < 1 if, and only
if,|]c —2| <|1 —azt]|,or (2> = 1)(1 —]o[*) <0. Hence,
if | 2] < 1, then | #]| < I implics that | s| < 1. The same prop-
erty must hold for the product of two or more such transforma-
tions. lLet

§ = .\',,(Z;I) = . _z, ’ !Ul'[ <1l p=0,1,2, .-,
1 — o,

be an infinite sequence of transformations of this form. We may
write
(1 - l Ty '2)2

vz iy (77.8)

s =5,z =90, +
Then the product s¢s; - - - 5,(2; /) is given by (77.2); and (77.3)
holds.
For k < 2p 4 2, let .44(2)/Bi(2) be the kth approximant of the
continued fraction (77.2). By means of the fundamental recur-
rence formulas one may readily verify that

Aok y2(2) Bor(2) — A24(2) Bary2(2) = (—I)KTWAHZHI, k<L p,

(al‘+l = t),
where we have put

me= (1= [oo[(1 = |or[?) - 1 —]a?.
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From this it follows, by a familiar argument (cf. (42.9) and
(42.10)), that if we put

‘\'p(z; ,) = a()(p) ‘+‘ (ll(p\z + ”2(1’):2 + ceey
then @,?, -« -, 4, are independent of p and of ¢:
”m(m = Cpy M= 0, 1, 2’ Sy p.

As p is increased, we thus see that there is determined a power
series f(z) = Z¢,z” with which the power series for §,(z; #) agrees
term by term for the first p + 1 terms. krom (77.3) it follows
that | 4, | < 1,m =0,1,2, -+ - sothat | ¢, | < 1,m = 0,1,2,

The function f(z) is analytic for [z | < 1, and |f(0) | =
loo| < 1. Now,if|z| <r<1,|#n] <1,k=0,1,2, -, then

L
E (('m - ”lu(") )zm

| m—0

i Vypp tl
<9 E o= -
m=p+1

|f2) — Su(z54,) | =

1 -7’

and therefore (77.4) holds uniformly for |z| <7, |¢,| <1,
p=0,1,2 -... From (77.3) and the fact that | f(0) | < 1, it
follows that | f(z) | < 1 for | z| < 1, and therefore M(f) < 1.
Turning now to the converse, let f(z) = Z¢,2” be any function
which is analytic and has modulus not greater than unity for
|z] < 1. Put ¢y = 0. If |ao| =1, then f(z) =g, ie., (a)
holds. If|ag| <1, let
Si(z) = 1 70 _f(Z)*‘
z1 — Gof(Z)

In the notation previously introduced, this may be written

P—_

S1(z) = - s0(f(2); 1).

2

Inasmuch as so(f(0); 1) = 0 and | 5o(f(2); 1) | < 1 for | 2| < 1,
it follows by Schwarz’s lemma that f,(z) is analytic and has
modulus not greater than unity for |z| < 1. Put f,(0) = a,.
If | o1 | = 1, then f,(z) =&y, and in this case

(A =lool)z _

f(z) = o9 + ¢-702 -—-—(l/a'J = So(2; 01).
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If, on the other hand, | ¢, | < 1, we put

1
fa(2) = 'Z"Jx(fn(z); 1),

and concludce as before that f,(z) is analytic and has modulus not
greater than unity for | z| < 1. If f2(0) = o2 has modulus unity,
then fu(z) = a3, and in this case

f(z) = Sl(Z; (72).
If| o2 | <1, we put

1
f:s(Z) = :Jz(fz(z); 1),

and so on.

These considerations show that there are just two possibilities.
Fither therc is an index # > 0 such that (77.5) holds, in which
case f(z) is given by (77.6); or else (77.1) holds. In the latter
event we have, for every p,

f(@) = S,z f0412)], (77.9)

where

1
Soi1(2) = . sl fp@3 1, p=0,1,2,---, fo=/

Hence, since | f,41(2) | < 1, we conclude immediately that (77.4)
holds.

The constant oy = f(0) is uniquely determined by f(z). One
may readily show by mathematical induction that ¢y, 04, o3, -
are uniquely determined.

This completes the proof of Theorem 77.1.

78. Continued Fraction Expansions for Arbitrary Functions
Which Are Analytic and Have Positive Real Parts in Ext (—1,
—®). We come now to the main theorem of the present chap-
ter, which extends to arbitrary analytic functions the expansion
theorem for real analytic functions given in § 74.

TreorEM 78.1. .1 necessary and sufficient condition for a function
H(2) to be analvtic and have a positive real part in the domain Ext (—1,
— ) is that it have a continued fraction expansion of the form
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uwVi4sz

[1(2): : (78.‘)
1+irgV 143+ Qs S—
1+i7‘1\/1+:+ £1 .L2~(l —
LirgV 1o - o S
v +1+i7'3\/1+:,+.
y

where p >0, —0 <r, <4+, 0< 1 <1,p=0,1,2 ---. N7
shall agree that in case some partial numerator of the continued fraction
vanishes identically, then the continued fraction shall terminate with the
first identically vanishing partial quotient. With this agreement, the con-
tinued fraction expansions are unique.

If0<g, <1, p=1,2 3,4 -, then the continued fraction con-
verges uniformly over every finite closed domain in Ext (—1, — ). [129,]

Proof. The proof consists in transforming the continued frac-
tion (77.2) in a suitable way.

(i) Tt will be convenient to denote by U the class of analytic
functions f(z) of Theorem 77.1, which map the unit circle |z | < 1
into all or part of itself. Consider the transformation

1 + 2f(
ka) = Zﬁzi (78.2)
Since
] — | 2f(: 2
Rk = | _I;;g;:

it follows that N[k(z)] > 0 for [z| < 1 provided f(2) is in U.
Conversely, if RNk(z)] > 0 for |z| <1, then 2f(z) | < 1 for
|2| < 1, so that, by Schwarz’s lemma, f(2) is in U. We denote
the class of these functions 4#(z) by K. The formula (78.2) sets
up a one-to-one correspondence between the classes U and K.
We note that £(0) = 1.

(ii) Let og, 01, * - -, @, be numbers with moduli less than unity,
and let S,(z; #) be defined by (77.2). We now put

Lo — /ol 0
21 — acfi(z;8)’

k=0,1,2, .

So@st) = 8,25 8), fir(z38) =
(78.3)
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Then

- (25 8 (1 — o |z
Sz t) = oh qu__l 2 ) - o K l_)
1 — ox2fiy1(25 ) 1
opT — - ——
* fk+l(“9 ,)

so that we must have f,,,(2;¢) = .
We now define new functions 4,(z; t) by means of the equations

6nfn("7
W25 0) = bt =0,1,2 -, I, (78.4
ha(2; 8) | 5 28,0’ " ?+ (78.4)

where the 6, are numbers different from zero to be determined.
If we substitute the values of fi(z; #) and fi 1(2; ¢) obtained from
(78.4) for n = k and » = k + 1 into (78.3), we find that 4 =
hi(z58) and Ay = hrya (25 8) are related by means of the equation

. Py 1 (8 —5A-+1'—0’1.+5/.4 |5I.¢TA)~+(5/.+|UA5A — 0y 1—36; +Ztn)
= H1TKOR 7 Okt

(204 +220, — 8441 — ~5A.;1UA5A)—/IL.|.1(OA+~5/.+5A|1+ 0h 4 10A5A)’
k=0,1,2 -, p.

We now determine the & so that the factor multiplyving 4 in
the numerator of this expression is zero, namely, we take

6L—l — O 1

do=1, & = L k=1,2,3, -, p+1. (78.5)

Il — o410

We note that [ 8, | = 1,7 = 0,1,2, ---, p + 1. The expression
connecting /; and /; ;; may now be written

y; ( l) l - 0'A5A 1

(25 8) = T - ———

‘ (1 = o) = (T = bz + (1 | audi [D2hiy(z50)°
k=0,1,2, -, p. (78.6)

In particular, since 8, = 1, fo(z; £) = §,(2; #), we have

1 — Sp(z; t)

1 4 285,(z; 8) 1 = b |?
= 0009

T (1= 80g0) — (L — 8000)z + (1 — | oodo [Dehi(z; 1)
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On multiplying both members of this equation by 2z/(1 — 2),
adding 1 to both members, and then taking reciprocals, we obtain

I+ 28,60 (78 73

1 — 28,(z; %) 42

1l —2+

32’ 1 — 0’()50 |2
(1 — a¢8p) — (1 — adp)z + (1 — I o0dy lz)Z/ll(z; 7

If ¢ 1s a constant with modulus not greater than unity, this is a
function in the class A introduced before (cf. (78.2)). If we sub-
stitute in succession for £ = 1,2, 3, -- -, p from (78.6) into (78.7),
we get a continued fraction expansion for this function. Our
next step is to introduce new parameters in placc of the o, in
this continued fraction.

(iii) Let

ciotbis =1 =2, k=1,2,3,--,p+1. (78.8)

Since | &_,| =1,]|a 1] <1, then
g — 3| <3, k=1,2,3, -, p+1, (78.9)
so that M) > 0. We now put
& = ln’&i:, "= — ;(('1'7’3 k=1,2,3 -, p+1, (78.10)
so that
arg y, = — arctanr, = —p, Ur = Lk COS Py,

(78.11)
k= l,2,3, Pt 1.

The numbers g and 7y satisfy the inequalities
O<g<l, —x<n<4+x, £=1,2,3,---,p+1. (78.12)

If, conversely, g and 7, are any numbers satisfying (78.12), then
numbers # satisfying (78.9) are uniquely determined by (78.11).
The u4, in turn, determine uniquely numbers oy such that (78.8)
and (78.5) hold. In fact,

U\Ug * - Uy

oo=1—-2u, o = ——— (1 —=2uy,), k=1,2,3,---,p.
Uity + - Uy
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If we introduce the new parameters g and 7y, the expressions

(78.7) and (78.6) become

|+ 28,(z: 1)

l ZAS,,(Z I) l + .

= e e m e e —ee —— (78.13)
| — . jg‘ .
(1 + Hl) - (1 —ir)z + 2(1 — gl)z/n(z ’)
and
-J{l.-u
hi(zs ¢ - - - - ,
Kz ) = (1 + nH 1) - (1 — m“)z + 2(1 — gp1)241(25 8)
k=1,2,3, -, p. (78.14)
(iv) We now suppose that ¢, a1, o, - - - is an infinite sequence

of numbers with moduli less than unity, so that the preceding
formulas hold for arbitrarily large values of p. By (78.4), with
n = p + 1, we have, remembering that £, 1(z; ) = ¢,

/1,,_“(2 5 = T_;—;‘S‘ —lt' (7815)
pi

We take ¢ = 8,4, so that [#] = 1 and 4,41(z; £ = 0. From
(78.13) and (78.14) we then conclude that

|+2Sp(z; Opt I)
1 —285(2; 8p41)

(78.16)
| |-z

) » o 421;
-z - —
4(1—£1)K22
(1+in)—(1—rdz4+ ——— e
(142ra) = (L—1r9)z-+-

4(l —Ep)Ep+1Z

(l+trp+ ;) (l—tfp+1)z

By (77.4), this converges uniformly for |z| <r <1, as p— o,
to a function k(z) = [l + 2f(2)]/11 — 2f(2)], where f(z) is in U so
that k(2) is in K (cf. (1)).

(v) Let us now suppose that oy, 01, * -+, 0, have moduli less
than unity, and let o,4; be any number with modulus unity
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(p20). In case | — 3,410,471 =0, we see by (78.15) that
/Ip+1(2; 0'p+1) = O, so that '

1+ ZSD(_Z_; Tp+1)
U= 28,5 oap0)

(78.17)

is given by the continued fraction in the right-hand member of
(78.16). If, on the other hand, 1 — 8, 10,41 # O, then
I = 0,110p41
hpyr(z50p41) = ARt
n+1 :+1) 1 4+ 28,4 \Tpit
|1 = appidpqi [
T (U= Gpiibps) — (1 = 0pq18pp0)z

Put 0p418,41 = 1 — 21,45, Since|o,418,41| = 1, it follows that
| #pre — 3| = % Since 6,,18,41 # 1, we must therefore have
N(ups2) > 0. Hence, if

, Hpie2 | g(_”p_w)

2 = - Vel 9 = - -- -
g+ P+ R(p12) ’

N (ot 42 2)
then )
Lp+2
T S L= T
P @ ) T T = (S e
Here, g,12 = 1. Clearly, if g,4o = 1 and 7, is real, then the
preceding relations determine ¢, ; uniquely. We now see at once
that in this case the function (78.17) is given by the continued
fraction in the right-hand member of (78.16) with p replaced by
p+ L

(vi) On referring to Theorem 77.1 and (i), we find that we now
have continued fraction expansions for all the functions of the

class K with the exception of those of the form
1 + 209

-, where |oo| =
1“’Z0’0

If 0o = 1, this is the first approximant of the continued fraction
in the right-hand member of (78.16). If g # 1, and we put

= ¢, then this function is the second approximant of the con-
tmued fraction in the right-hand member of (78.16) w1th o =1
and r, = cot (¢/2).
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This accounts for all the functions of the class K. Every func-
tion of the class K has a unique infinite or terminating continued
fraction expansion of the form

ST T s e e (78.18)
l—z24 - —— - e
4(1 — gl)gzz_

(1 + ir)) — (1 = ir)z T T (0 i +

*

and, conversely, every such continued fraction represents a func-
tion of the class K.

Incase 0 < g, <1, p=1,2,3, ---, the continued fraction
converges uniformly for |z | < r, for every positive constant r
less than unity.

(vii) The functions k(2) of the class K have the property
k0) =1. Ifu>0, —o <ry < + =, then the function

ki(z) = — “-—1 (78.19)

17y + k(z)

is evidently analytic and has a positive real part for |z| < 1,
provided k(z) is in K. Conversely, if £,(z) is analytic and has a
positive real part for | z| < 1,and if £,(0) = p + ig,p > 0, ¢ real,
then the relation (78.19) determines uniquely a function k(z) in
K if we there take ro = —g/p, n = (p*> + ¢°)/p. On substituting
for k(z) its continued fraction expansion of the form (78.18), we
then obtain from this relation the expansion

k(z) (78.20)
u(1 +2)

4¢12

(l + l'ro) - (l bl l"'ll)Z + —_—

a1 -
A4 m) — (1 — )z + (1 — g1)gez

A +ir) — (1 — ir)z +-

The function #,(z) is analytic and has a positive real part for
| 2] < 11if, and only if, it has an infinite or terminating continued
fraction expansion of this form. On making the substitution
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(73.7) in (78.20) and then writing z for w, and putting H(2) =
kl(V1 + 2z — 1)/(V1 + z + 1)], we obtain at once the expansion
(78.1) as the most general expression for a function which is
analytic and has a positive real part in the domain Ext (—1, — ).
The facts concerning convergence and uniqueness of the expansion
are contained in the preceding discussion.

The proof of Theorem 78.1 is now complete.

Exrrersy 18

15.1. l.et
£
S = R
(l - L’x).fzz
1
+1 + gz)gzz
l +- .

where0 < g, < 1,p=1,2,3,-+-. Putfy =/,

1 ,P fl’
= = £,(0), =0,1,2, ---
f1+l ""l—f‘,fl, fp() y4 )’12)
Show that for p = 1,2, 3, - -,
.E (m
fl’(") - | + (l - xl(l’))gl(l,)~
P4 [T )
1+
where 0 < g, < 1,k =1,2,3, ---. [126.]
15.2. Let
f tapw) 1
ol +ze PR i 2
R Ul a- m)xzz
1 +'.
where 0 < g, < 1, p=1,2,3, ---. Prove that ¢(«) is continuous at = 0

if, and only if, the series

v K& Lyl — )1 = ) - __Q_— £2p)
cogs e ol — g0 = g) -+ (1 = gap 1)
diverges, and is continuous at # = | if, and only if, the series
o (=g —ga) --- (1 — gap—1)
£182 °°* L2p

diverges. [18.]
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15.3. Let f(z) denote the function of 15.2. Show that the modulus of
(1 + 2)f(2) 18 bounded for 9(z) > —3 if, and only if, the series

L0 O —ge (= ool —g)
& gl — g2) ol — g2gs

1s convergent. [19.]
15.4. Show that f(2) 1s bounded for jz| < I and (1 + 2)f(z) 15 bounded for
R(z) > —3 if, and only i,

f(2) _-,fl u(l — '.‘1’10_(_?_) ,
0

. 1+ 2u
pc., dlu) = f (1 — D). [18.]
0
15.5. Let
IS
Slx) = o 0= e
L4 (l - .t)r.u
(4 - (I - r.r)r--
4 (l — .r'l)rs'-’x
|4 (_I__— rs? )s x
1+

)

where0 < r < 1,0 < s < 1. Show that
(a) f(x) 1s a meromorphic function of x whose poles are all on the negative
half of the real axis.
(b) f(x) satisfies the functional equation

S =1 + f(n)

(©) fix) =1 4+ v — rs(1 — ) 4 r.r-(l — (1 = roat
— 31 = N = r)(1 — rs¥)at +

A f=1) = 11 (1 — re").
p=0

@ S = 1+ 53 2
n -1

; + xs?’
where M, = rf(—1), and
M, /(=1 p=2234 [131.]
» 1_ l____ l_,,l T oLy Idy Tyttt .
156, Le (I @y
Yo+ --- ik o
R +.v2 -_{_i—

be any continued fraction with partial numerators x, % 0, and denote the nth
numerator and denominator by X', and Y, respectively. Put

I)n = Pn —l(pn + qn_vn+l) — Ggndn—1Xn 1, H = 0, 1, 2, LN
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where p_; = 1, gy = 0, and the other p, and g, are any numbers such that
D,#0,n=0,12 -... Put
En = pn(pn-?,vu - qn-2V n) + qn[f’n—‘l(}'n,vn +1 + Nn ¢ l) - Qn—2~\’n}'n+l],
nwe=1,23 ---;
I ]
bo = Yo + Do y 41 = De? ’
XnDn
an = ;S’:‘_—l v W= -a:‘v'l'a ]
En
n = - ) = ,23,"'.
b D, | n=1,2

Let A4, and B, denote the #th numerator and denominator of the continued
fraction

bt ="
2
b + bt
Then,
1)0-’111 = pn-\’n + qn \'u thy
I)(an = /’n}'n +' q"}’n +1y

15.7. Let p, and g, be regarded as parameters, put

n=0,1,2---. [58]

Vo=b,=1, =123, .-,
and show that
v = (bo — y0)(po + qu) N Tl o Tl (el

N2 y

qu q1

S152 Si82 2 Sp—1
- +...+ r -- ---_.-)
Hits " hiy < tpy

’l»l_‘l” »'»ln_ 1

Spdg c 0Ny,

Nn gt =

S
(7'| ‘2t
h

where
a1 = Puet(Pu + qu — Puir — quy1),

Snit = Pn Ynyy
lny1 = ’{n(f’n I + In 42 — 4n H)- [19.]

15.8. Obtain the identity (75.3) by taking g, = 1, pp = gn2, g0 = 1, g # 0,
n=0,1,2 -39 =04 =1/14z2. [19.]

15.9. If {u,} 15 a totally monotone sequence in which ug > 0, and f(z) =
(=D upzPy 1f(z) = b+ boz — b1z* + 42z* —- - -, then the sequence {4y} 1s
totally monotone, and the function F(z) = 2(—1)P4,2? has modulus not greater
than unity for | 2| < 1. [70a.]

15.10. If {4,} 1s a totally monotone sequence such that the function
F(z) = Z(—1)?4,2" has modulus not greater than umity for | z| < 1, and if we
putf(z) = 1/(zF(z) + 1) = Z(—1)Pu,2?, then {u,} is a totally monotone sequence.



298 ANALYTIC THEORY OF CONTINUED FRACTIONS

15.11. If(77.1) holds and the series Z| g, | is convergent, then lim 8§5(2;0p41) =
p=o

f(2) uniformly for [z| < 1, and

I./(Z)I?Sl—;l I—-la:pl<l for |z]< 1. [84)]

»-0 I—'-+‘_| “l;l

15.12. In the continued fraction of 15.1, let the g, be such that the series
3| g, — 3 | is convergent. Then the function f(z) 1s bounded over the domain
Ext (=1, — ). Moreover, as z— s, where — < s < —1, from the upper
half-plane, then f(z) — u(s), where u(s) is a continuous function of s which 1s
real if, and only if, s = —1. As z— s from the lower half-plane, f(z) — s).

1130.]
15.13. The function H(2) represented by (78.1) is bounded over Ext (—1, — «)

if the series
SO L Ut -
. 4 14+
is convergent.
15.14. The power series f(z) = Zc,2” 1s convergent and | f(z) | is bounded for
| 2| < 1if, and only if, the bilinear form

Z Cp—qNpYy
e
is bounded. If N s the norm of the form, then

N = lLub. [f(2)|. [84.]
lzl <t

15.15. The power series f(3) of 15.14 1s convergent and has a nonnegative real
part for | z| < 11f, and only if, the Hermitian form

Z(r,, FpXa F (p_g¥pry) = 0. [84.]

p2¢

15.16. The zeros of the polynomial ¢y + 1z + -+ ¢u2", cn # 0, are all in
the interior of the unit circle if, and only if, the Hermitian form

n 1

Z(l (nNp 1w Wy Fooo b ppidna [’

» -0 :
— leoxp + cixpyr +o o+ enpnr [)

15 positive definite,  [84.]
15.17. If (77.1) holds with the g, real, and if the series

\1(‘_ —-A?‘U_).(_l —Ul)"'(] _a.p)

S-‘-‘-d"’ — -
1+ o)1 +01) - (1 +ap)

1s convergent, then the function f(z) of (77.4) has the property M(f) = 1. The
same conclusion holds 1f one of the series obtamned from § by replacing o5, by
—~ap, by replacing gyp41 by —0@2p41, or by replacing a2, by —asp, (p =0, 1, 2,
.. +), is convergent [132].
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15.18. If (77.1) holds with the o, real, and if lim (1 + gp,—)(1 —0,) =0

D=
then the function f(z) of (77.4) has an essential singulanity at > = 1, and no
other singularities in the extended plane except poles [132].

15.19. A necessary and sufficient condition for a function f(z) to be analytic
and have a negative imaginary part for 3(z) > 01s that it have a continued frac-
tion expansion of the form

¢

El(l + 2?)
(1= Farat + ~-)
a - Y.')L's(l + )

w_..,,_..

T—r —
e

PRl & W

)

where0 < g, <1, —0 <71 < +o0,p=1,2,3, .-+, ¢ > 0, with the agree-
ment made 1in Theorem 78.1 1n case some g, 1s equal to zero or to umty. If
0<g<I,p=1,2,3, -, then the continued fraction converges uniformly
over every finite closed domain in the upper half-plane 3(z) > 0. |137a.]
15.20. To indicate the dependence of the function f(z) of (77.4) upon the

ap, let us write

f2) = (25 00, 01, 09, - +).
Then,

S2) - (35 ~o0, 01, =03, ),

/("‘Z) = ('Z; Oy, —0y, 02, —03,04, ** ')'

Show that the identities of § 75 are easy consequences of these formulas [128].
15.21. Ifa > 0, 6> 0, then
a+ b
(a + 20)(1 + z°)

__((l + b

I J— -

ala + 35)(1 + 2?)

(o + (e + 2%)4

vo—_ R S,

(a + B)(a + 41 + )

_ (a2t 34
(u + 20)(a + 56)(1 + 2%
(a4 30 + 404

o —
-~

—ar — bz = -



Chapter XV'T

HAUSDORFEF SUMMABILITY

The theory of summability is concerned primarily with the
transformation of one sequence into another. Kor example, the
sequence
Jp~+ ‘Jp-l 1

b) M

by = /’=0)]’2)"'3
is obtained by transformation of the sequence {s,}. We observe
that if lim 5, = 5, then lim#, = 5. A transformation having this

p= p=
property is said to be a regular transformation. We also observe
that lim #, may exist even though lim s, fails to exist, e.g., if

p=w p=w

sp = [1+ (=1)"]/2. If we write a sequence as a one-column
matrix, the above transformation may be expressed by the single
matrix equation

1 1
ty 2y 2 0) 0) o So
1 1
tl O, 29 2) (), St
t2 - 0) 0, ':lh ‘]’,, 52

or simply t = As, where A denotes the matrix of the transforma-
tion. We shall use one and the same letter to denote a trans-
formation and the matrix of the transformation. A sequence
{sp} is said to be A-summable to the value v if lim t, = v,

p= o

where t = As.
Two transformations A and B are said to be mutually con-
sistent if they assign one and the same value to an arbitrary
300
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sequence {s,} which they both sum. If two regular transforma-
tions are permutable, then they are mutually consistent. For,let A
and B denote two transformations which are permutable, i.c.,
AB = BA, and let {s5,} be a sequence which they both sum. If

= As and u = Bs, then {#,} and {#,} are both convergent
sequences. l.et v = Bt = BAs, w = Au = ABs. Since A and B
are regular, lim o, = lim ¢, and lim w, = ]im u,. But, since

p== p=w p==
AB = BA, it follows that v = w, and th(.refon, and B are
mutually consistent transformations.

Our main object here is to show how to construct classes of
permutable transformations and, in particular, the class of all
transformations with triangular matrices A = (a,,), @,, = 0 for
q > p, which are permutable with the transformation

So+ S+ + 5,

»p = 'p__i_l T =0,12, .-,
with matrix
1, 0, 0,
1 1 0
2y 2> >
C=|, i 1
3> 3> 3>

A triangular matrix A which is permutable with C is called a
Hausdorff matrix, and the corresponding transformation is called
a Hausdorff transformation or Hausdorff mean. Since C is a
triangular matrix which is necessarily permutable with itself, the
corresponding transformation is a Hausdorff mean. This is the
familiar arithmetic mean, or Cesaro mean of order 1, and is
usually denoted by (C, 1).

With the aid of the formula

' pin — p)!
1 — u)* Pubdy = ——"= ,
Jia-o o+ 1)!
we may write
J‘!')-'_i_ 5 + + Jn ! - (”) n—p,p
; VT _j; ‘Z_; ’ (1 — w)" PuPs,du.

If in the integral in the right-hand member of this formula we
replace du by d¢(u), where ¢(u) is any function of bounded varia-
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tion on the interval 0 < # < 1, we obtain a natural generalization
of the Cesaro mean of order 1. These transformations

] n 71
Ly =f E ( )(1 — )" Puls do(u), n=0,1,2 .-+,
0 p=0 P l

are precisely the convergence preserving Hausdorff means, i.e.,
the Hausdorff means which transform convergent sequences into
convergent sequences. It is therefore at once apparent that the
theory of Hausdorff summability is closely connected with the
moment problem for the interval (0, 1).

We shall now proceed with the development of some of these
conncctions.

79. Hausdorff Matrices. Lct A = (a,,), @p, = 0 for ¢ > p,
be any triangular matrix in which the diagonal elements a,, are
different from zero. Then A has a unique inverse A~ such that
if t = As then s = A7't. l.ct D = (5,,d,) denote any diagonal
matrix. Then the transformation

t = A"'DAs (79.1)

is of the form t = Bs, where B is a triangular matrix. The
transformation depends upon the matrix A and upon the sequence
{d,}. If lim¢, =5, we shall say that the sequence |s,} is

p=o
(4, d,)-summable to thc value s. A scquence {d,} such that
(A, d,) is regular, will be called an A-regular sequence. We shall
denote by (/) the class of all matrices of the form A~'DA, where
A is a fixed matrix and D an arbitrary diagonal matrix.

THeOREM 79.1. . matrix B cach of whose rows has but a finite number
of nonvanishing coefficients 1s permutable with all the matrices of the class
(A) if, and onlv if, it is a member of the class (.1).

Proof. Suppose first that B is a member of the class (.7), so
that ABA™! = D, a diagonal matrix. lLet B, = A”'DA be
any member of the class (.7). Then, since diagonal matrices are
permutable,

B,B = A-'D,AA-'DA = A-'D,DA = A-'DD,A = BB,.



If, conversely, B is permutable with all the matrices of the
class (.7), it is permutable with a matrix B, = A~'D,A, where D,
is a diagonal matrix whose diagonal clements are distinct. Put
D = ABA™'. Then we arc to show that D is a diagonal matrix.
We may write the equation BB, = BB as ABA 'AB,A"! =
AB,A7'ABA™!, or DD, = D,D. Therefore, if D = (d,,), D, =
(8p0dy"), then dyyd,’ = d,/d . Since d, #= d,’ if ¢ # p, it follows
that d,, = 01f ¢ # p, so that D is a diagonal matrix, as was to be
proved.

We have proved the stronger statement, that if B is permutable
with a single member of the class (./) of the form A~'D,A, where
D, is a diagonal matrix whose diagonal elements are distinct,
then B is in the class (.7). Hence, if we can find a triangular
matrix H such that the Cesdro matrix C can be written as C =
H™'DH, where D is a diagonal matrix whose diagonal clements
are distinct, then the class (/) will consist of all the triangular
matrices which are permutable with C. Moreover, all members
of the class will be permutable with one another.

Accordingly, we seek a matrix H such that

HC = DH,

where D is a diagonal matrix whose diagonal elements are distinct.
That is, it H = (/,,), C = (c,g), D = (8,4,), then

hpirq = Zspkdk;’kq;

) ® ®
or, if ¢ < p,
P llpk
——— = dphpg
. £ k1 ppq
For p = ¢, this gives ;
I))
PP, = dp/lnp)
r+1

so that if 4,, # 0, thend, = 1,(p + 1). The condition for deter-
mining the 4,, then becomes
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On replacing ¢ by ¢ + 1 and subtracting the resulting equation

from this, we obtain the recurrence formula

g+ 1
/lpq = - - - hp.p-ll) q < p.
pP—yq

hpg = (=1)er (P) hpps
7

the choice of 4, being at our disposal subject only to the condi-
tion 4,, # 0. We shall take 4,, = (—1)”, and thus have for the
general coefficient in our matrix H the formula

Therefore,

g = (=11 (’;) ¢ <P

and H = (4,,) clearly has the desired property, namely: HCH™!
is a diagonal matrix whose diagonal elements are distinct. We
state this result as:

THEOREM 79.2. I triangular matrix A is permutable with the Cesdro
matrix C if, and only if, A = H™'DH, where D is a diagonal matrix, and

II 15 ‘/16 matrix
() ’

0, 0, 0,

Moreover,
1
C=H" (8,,,, ¢ m—— ) H. [28)]
g+ 1

The matrices H-'DH are the Hausdorff matrices, and the cor-
responding transformations are the Hausdorff means.

80. A Theorem on (4, d,)-Transformations. We shall now
return to the general (A, d,)-transformation, and shall prove the
following theorem.
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Tueorem 80.1.  The transformations (A4, dy) have the following prop-
erties:

(a) If (A, dyp) transforms the sequence \sp} into the sequence \ty}, and
(.1, dy') transforms {t,} into \u,), then (A, dpd)) transforms s} into
Vupt.

(b) If {dp} and {d,'} are .I-regular sequences, then \dyd)'V is an
A-regular sequence.

(¢) If (A, dp) sums the sequence \sp} to the value sy and if k is any
number, then (1, kd,) sums {sy} to the calue ks.

(d) If the sequences \dyt and \d)} are A-regular, and g -+ h =1,
then \gdy, + hd)y'} is . [-regular.

(€) If dy 5 O, then cvery sequence (A, dy)-summable 1s (A, d)")-sum-
mable, and to the same value, if, and only if, {d)' /dy} is an . A-regular
sequence |28, 22].

Proof. (a) l.et D = (8,,4,), D1 = (8,,d,"). By hypothesis,
t = A 'DAs,u = A7'D,At, and thereforceu = A" 'D,AA"'DAs =
A~'D,DAs. Since D\D = (3,,d,'d,), part (a) is proved.

(b) This follows immediately from the preceding.
(¢) Ift = A 'DAs, then kt = kA" 'DAs = A~!(kD)As.
(d) Ift = A"'DAs, u = A7'D,As, then

gt + /= A ‘(gD + 4D,)As.

If {5,} is convergent, then lim ¢, = lim «, = lim s,. 'Therefore,

D= ® p-®° p= "™
since g + A = 1, lim (¢, + hu,) = lim s,,.
P 0
(e) Supposc first that cvery sequence (./, d,)-summable is
(.1, d,") summable, and to the same value. We shall indicate this
symbolically by writing

(.1,d,)) D (1, d,), (80.1)

p-=

read “(./, d,’) includes (.7, d,).” l.et }s,} be a convergent
sequence with the limit o. Determine the sequence (£, by the
equation s = A7'DAt. This is possible since &, # 0. Put
u = A"'D,At. Since {¢,} is (A, d,)-summable to the value v,
it follows by (80.1) that lim #, = v. Now

p==

u = A7'D;At = A7'D,AA'D'As = A"'D,D'As,
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and we therefore conclude that the convergent sequence {s,} is
(.1, d, d,)-summable to the value ¢. That is, {d,’/d,} is an
I-reg,ular sequence.

Suppose, conversely, that {d,' d,} is 1-reg,ular and let {7,}
be an (.7, d,)-summable sequence. That is, if s = A7'DAt,
then lims, = v exists. Since (.7, d,/ d,) is regular, it then

p=®

follows that if u = A™'D,D'As, then lim#, =v. But u =

p= o

A—'D,D'AA-'DAt = A~'D,At, and hence we conclude that
(1, is (.4, d,))-summable to the value o, i.c., (80.1) holds.

81. Hausdorﬁ Means. In this section we shall establish the
fundamental formulas of the Hausdorft theory.

Tueorem 81.1.  If H 15 the matrix of Theorem 79.2, then the trans-
Sformation (H, dy) can be written in the SJorm

"

H
L =Z(p) (A" Pd)sp =0, 1,2, -+, @1.1)

p 0
where

AI(/\ == Z(— l)"( r> ({\_{ pe 128.]
P

PO
Proof. It is required to prove that the matrix

H-'DH = (({’1 ) A"—vd,,). (81.2)

letH = (h,,). Then H? = (Z/h;l./lm) . Now
e

0 it ¢>p,
/II;A/IA:I = P k
S (D) ¥ r5r
=q( e . if ¢<p

This is obviously equal to 1 if g = p. If g <p,letr =4k — g,
and we have

‘T_Z,(")H"( ), ) Z( o)) =) -
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Therefore, H* = (3,,), so that H = H™!. Consequently
H-'DH = HDH = (Zh,,kak,d,/z,,,> = (Z/I,,klqudk)
(&, 1) k)
Now, .
0 if ¢>p,

/71/:,{‘= N ‘ F
;,I\”\ll\ Z( )AI!I()( )({ “ ({SP.

Ior ¢ < p we put £ = ¢ + r and find that

S () (e () S (e

k=g
- <P) o 'Id'n
q

TueoreM 81.2.  The Hausdorff mean (81.1) is convergence preserving,
i.e., transforms any convergen! sequence thto da convergent sequence, f,
and only if, there exists a function $(u) of bounded variation on the interval
0 < u L1, such that

as was to be proved.

1
dy =f u'de(u), p=20,1,2 ---. |28.]

(1]
n

Proof. A transformation of the form ¢, = E bupsp 18 con-
p=0
vergence prescerving if, and only if] the following three conditions
are satisfied.
n
(a) E | bup| <M, n=0,1,2,---) M a constant.
p=0
() lméb,, =1L, p=0,1,2, ..., L, finite. (81.3)
n=

n

(©) lim Zb = L, L finite.

n= I’=0

The transformation is regular if, and only if, (81.3) holds with
L,=0,p=0,1,2, ---, and L = 1. This is a fundamental
theorem in the theory of summability [91, 104]. :
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The condition (c) is automatically satisfied by any transforma-
tion of the form (81.1), and in this case /. = d,, inasmuch as

Z(”) A" Pd, = dyy n=0,1,2, . (81.4)
p=0 p

The conditions (a) and (b), applied to (81.1), give

(@) Z(;)'A""%I <M, n=0,1,2 -

p=0

81.5)
(b’ lim (”) APl =L, p=0,1,2, .

n= o
Since, by Theorem 72.1, the condition (a’) is both necessary
and sufficient for the existence of a function ¢(«) of the specified
character, it remains only to be proved that

1
lim (;)f (1 — w)**urd¢(u) = L,, p=0,1,2,---, (81.6)
0

n=

when ¢(x) is a function of bounded variation on the interval
0 < u < 1. To that end, we write the expression under the limit
sign in the form

! 1
(Z)j;(l — u)" "urde(u) + (;)]; (0 = u)" Purde(u),

where 0 < ¢ < 1. We may evidently suppose that ¢(«) is real
and nondecreasing, for the general case can readily be reduced tc
this. Assume, for the moment, that ¢(«) is continuous at «# = 0
Then, for the first of the above integrals we have

¢ t
0 < (”) f (I = w)"=Purdg(u) < f [(1 = u) + u]"dp()
i ' = $() — $(0).
This will be less than an arbitrarily small assigned ¢ > 0 if

0 < ¢t < &, where & = d(¢) > 0 is sufficiently small. For a fixed
t, the second integral does not exceed

(”)1 H"=r(1)
o) (1= 0778 = 8] <o
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for all sufficiently large values of . We therefore conclude that
(81.6) holds with L, =0, p =0, 1, 2, ---, in the case where
¢(«) is continuous at # = 0.

If ¢(x) is discontinuous at # = 0, put ¢ = ¢(+0) — ¢(0), and
define the function 6(«) = ¢(u) —c for 1« > 0, 6(0) =¢(0). Then
0(z) is nondecreasing and is continuous at # = 0. Moreover,

()L~
<;)j:,(1 — u)""*u*dé(u) for p >0,

1
(;)j;(l — )" PuPdé(u) + ¢ for p = 0.

Hence, it follows from the preceding that (81.6) holds with

L,=0 for p>0, L= &(+0) — 6(0). (81.7)
The preceding proof contains the following theorem.

Tueorem 81.3.  The Hausdorff mean (H, dp) is vegular if, and only if,
the moment problem

1
dy =f uPde(u), p=0,1,2--,
0

has a solution ¢(u) of bounded variation on the interval 0 < u < 1, such
that $(1) — ¢(0) = 1 and ¢(+0) = ¢(0). [28.]

82. Examples of Hausdorff Means. We shall now give several
examples of Hausdorff means.

Example 1. The Cesiro mean of order 1, (C, 1), is the Haus-
dorff mean (H, 1/(p + 1)). Here ¢(4) = u, so that the mean is
regular by Theorem 81.3.

Example 2, The Hausdorff mean (H, »?) is called the Euler-
Knopp mean. If 0 < r < 1, then ¢(«) is the step-function

0 for u<r,
o(u) = {3 for u=r,
1

. for u>r.
This is a regular mean.
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Example 3. The Hélder mean, H,, is the Hausdorff mean for

which | |
dlu) = ﬁ;)f., ("’g })

It will be noted that #/, is the same as (C, 1).
Example 4. The Cesaro mean of order ¢, (C, ¢), is the Haus-
dorff mean for which

1
dt, () > 0.

o) = 1 — (1L —u), N(c) > 0.

The means H, and (C, ¢) are equivalent in the sense that any
sequence summable by the one is summable by the other also.
They are, of course, mutually consistent.

Example 5. l.et

* dulu)

) :()»172:"'9
o 1+ pu r

a, =

where u(#) is a bounded nondecreasing function and u(+ ) —
©(0) = 1. Then the Hausdorf mean (H, «,) is a regular mean.
In fact,

4 u”m\du(u)
= [T
o (U n)(U 4 e+ Va) - (1 | + mlu)

so that the sequence !a,! is totally monotone. Since a¢ =
1p) 2 0
u(— o) — u(0) = 1, and since, as may be easily seen, lim A?gy =

0, it follows that (/1 a,) is regular |88, 22]. I

83. The Hausdorff Inclusion Problem. l.et (H,a,) and (H,b,)
be two Hausdorff means, and suppose that 4, = 0,p = 0,1,2, - --
By (e) of Theorem 80.1,

(H,a,) D (H, b,) (83.1)

if, and only if, the sequence {a, 4,} is H-regular, i.e., if, and only
if, there exists a function ¢(#) of bounded variation on the interval
0 < u < 1, such that ¢(1) — ¢(0) = 1, ¢(40) = ¢(0), and such
that

a,

1
=IMMWLP=QLL-m (83.2)
&p 0
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The Hausdorff inclusion problem is the problem of establishing
whether or not the inclusion relation (83.1) holds between two
given Hausdorff means. Necessary and sufficient conditions for
(83.1) to hold between two given regular Hausdorff means have
been formulated in various ways (cf. [17]). We shall limit the
discussion here to an example, in which use is made of the con-
tinued fraction theory [88, 22].

Consider the regular Hausdorff mean defined in Example § of
§ 82.  We shall establish the inclusion relation [22]

(Cy 1) D (H, a,). (83.3)
let
f(z) - f' " dp(n)
T 0 1 + /) ’

so that @, = f(p). Then
YL = 0)d\(e C
S +2) = ( _.))___L), where  A(o) = ,u( - )
0 1 + zv 1 —v

The function A(v) is a bounded nondecreasing function of o, and
A1) — N0) = 1. By Theorems 76.3 and 76.1, we therefore have

fA+z=- - (83.4)
(1 — go)gi=
Yt g
1+ S £1)82%

+-

whcrc()<g(, < 1:0 Sgli < l)p = ]12a37
If go = 1, so that f(z) = 1, then (/, a,) is the identity trans-
formation, i.e., convergence, and is of course included in (€, 1).

By (83.4),

Lo g1
- =14+ —gg)z: - -
fz+ 1) ( £o)2 - (1 — g,)gzz_
|4 (I — g2)gs2

I+

=14+ 0 —gyz-filz+ 1),
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where f1(z + 1) has the form

P =od\)  p* dw(e)

0 1+ 20 o 1+ @+ Da’

)‘(")—#l(li )

The function N\ (v) is a bounded nondecreasing function. If
go = f(1) = a;, < 1, then, since f(0) = 1, it is easy to see that

f1(0) = 1, and therefore \;(1) — N\ (0) = 1. Thus, the sequence
» =f1(p), p =0,1,2, -+ is H-regular, and we have

Siz+1) =

3‘- =1+ —a)(p—1by, p=01,2, -,
i ((ll < 1).

Since (C, 1) 1s the Hausdortf mean [#, 1,/(p + 1)], it is required
to prove that

(83.5)

1 1
gy =~ p=0,1,2, -, (83.6
P ¢ | P (8.6
is an H-regular sequence. We have, by (83.5),
1 1 ( 1 b
Y (. 1 — a)b, — 2(1 — ”_)
(» ¥ Da, P+ 1 + ( a1) ( a1) » F1

Now, the sequences {1/(p + 1)} and |4,} are H-regular. Hence,
by (b) of Theorem 80.1, {4,/(p + 1)} is H-regular. We then
conclude from (d) of Theorem 80.1 that (83.6) is H-regular, and
(83.3) is thereby established.

Exercise 16

16.1. The Hausdorff mean of Example 5, § 82, is equivalent to convergence,
i.e., will sum only convergent sequences, 1if, and only if, the function u(x) 1s
discontinuous at # = 0; and is equivalent to (C, 1) if, and only if, the integral

f ® du(s)/u is finite [88, 22).
o
16.2. Let g be a number between 0 and 1,0 < g < 1, and let
1——_—
4 &0 =gz
p 4 5L g1 —g)z
14

— a3+t —--- =

Show that the Hausdorff mean (H, ¢p) includes (C, 1). [19.]
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16.3. Let (H, ap) and (H, 4,) be regular Hausdorff means, and suppose that

bp#0,p=0,1,2 ---. Then (H, ap) D (H, ) 1f, and only if, there exists a

function ¢.(#) of bounded variation on the interval 0 < # < 1 such that
o(+0) = ¢(0) = 0, ¢.(1) = 1, and such that, for [+| < 1,

1
Jult) = fn Jolt100dd (10)

where f.(f) = Z(—Drvyr. [17.]
164. Let (M, a,) be a regular Hausdorff mean, and let a4, --f uPdp(n),

p=0,1,2 - &) = 0. Then (£, a) D (C, m), m a positive mteger, if,
and only if, the following five conditions are all satistied.

(a) @(2) 15 absolutely continuous and has absolutely continuous derivatives
oforders 1,2, ---,m—1lfor0 < u< 1.

(b) ¢ "Y(u) has a finite right-hand denvative @, () for 0 < u < 1, and
a fimite left-hand derivative ¢, («) for 0 < « < 1.

©) o), ud’(u), - - -, w™ '™ V(u), u"P, ™ (1) and u™p,"*(u) are of bounded
variation 1n the interval 0 < 2 < 1.

(d) 1 — (), ¢'(&), -+ -, ™= V(4) tend to zero as u — 1 — 0,

(e) (), ud’(u), -+, 1™ 1™ V(u), 14"$, ™ () and 1™, (u) tend to zero as
uw— 0. [17.]

16.5. If (/1, s,) and (/, ¢,) are convergence preserving Hausdorff means, and

[
Ih =ZJ" (Z) A"_'”'ln P = ()r ]3 21 R}
¢—=v

then (/7, t,) is a convergence preserving Hausdorff mean [22].
16.6. Let o

Z(—l)”npz” = l;{iT?_____, Mo #% 0,
T Ul )
R Ul ) <
T+
Then, Tt
Z(—])"A"V” B
patl 1+ _(‘ -'g')?__k_
14— ol —g)z
] 4 ol — g9z
(e .
and w0 " o
DA’ = ——- v
4;)( i 14 B U O LI
L1522
1 __ 4152
L (=)=
| 4 %38
L+

[18.]
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16.7. Let f(w) be any function which 1s analytic and has modulus not exceed-
ing unmity for | @ < 1, and which 1s real when @ s real.  Then there exists a
function F(z) of the form

ANALYTIC THEORY OF CONTINUED FRACTIONS

! dep(
\ Aoty
0 1 + 13
where ¢(x) 15 a bounded nondecreasing tunction of # on the interval 0 < # < 1,
of modulus not greater than umty for | 2| < 1, such that

1 — flw) $u

1 . :
(- w) = F(z), where 2z = (-1—_ L) for |w]| <.

2 L+ wf(z)

Conversely, if F(z) 1s given, then f(w) is determined [132].
16.8. Put flw) = X(—1)Pur, Fiz) = S(—1PChz” m the preceding identity.
Then

" )
Cu = D Ty where Top  (D2VQp 4 Do+ p 4 1) '(" o p).

PE)
Put S, -G+ C+ -4 Coysie wtec+--+ . Then
- i+ 2
e (),
" /,Z“ w—pl "

This 1s a regular transformation having the following properties.

(2) The transformation sums the geometrical series S to the sum 1, (1 — a)
inside the curve whose polar equation sy = 2 — cos + [(1 — cos0)(3 — cos ) Pe,
but does not sum the geometrical series outside or upon this curve.

(b) The method of summation defined by this transformation includes de la
Vallée Poussin summability but 1s not included by de la Vallée Poussin sum-
mability (cf. § 74). |88.]



Chapter X/I7TT

THE MOMENT PROBLEM FOR AN INFINITE
INTERVAL

By the moment problem for the interval (— <, + o) we shall
understand the problem of determining a bounded nondecreasing
function ¢(«) on this interval, such that

{7
cp _-_f utdeo(u), p -0, 1,2, -,

where {c,} is a given sequence of constants. If we require ¢(«)
to be constant for # > 1 and for «# < 0, this problem reduces to
the moment problem of Chapter XIV. We shall put to one side
the case where there is a solution ¢(#) which is a simple step-
function having a finite number of jumps, and shall characterize
those sequences |¢,} for which the moment problem has a solution
¢(x) which takes on infinitely many different values. We shall
find that a solution of this kind exists if, and only if, the formal
power series (¢, z”'!) is the power series expansion of an infinite
real J-fraction. Morecover, the solutions are just those functions
¢(#) such that the functions

| -
1) =f deo(n)

L 2 — U

are equivalent functions of the J-fraction.
315
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84. Asymptotic Expressions for J-fractions. We consider in
this chapter infinite J-fractions

(84.1)

in which ¢, #0, p=1,2,3, ---. We shall make use of the
ideas and notations introduced in Chapter IV and in §§ 60 61.

DerinirioN 84.1.  Let f(2) be a function defined for 1(z) > 0.
We shall say that f(z) is asymptotically equal to the [-fraction
(84.1) in the half-plane J(z) > 0, if for everv positive number 8,
and every index p = 0, 1,2, - -,

. X, 1(2)
1 z”"( ) — " >= 0, 8+4.2
im f(z) Y ( )

302 -8 p41(2)

where X ,p41(2)/Y pi1(2) is the pth approximant of the ]-fraction
(¢f. (17.9)).

DeriNiTiON 84.2. Let f(z) be a function defined for J(z) > 0.
We shall say that f(z) is asymptotically equal fo the power series
Z(c,/2" 1) in the half-plane "((z) > 0, if for every positive number 8,
and every index p = 1,2, 3,

1
hm " (f(z) z ::l> = 0. (84.3)

J(z) 6 =0 2

Turorem 84.1. . function f(z) is asymptotically equal to the [-fraction
(84.1) if, and onlv if, it is asvmptotically equal to the power series expansion
of the ]-fraction.

Proof. By (51.4) and (17.9),
Xon(@ R a | Gk)

v 7 ’
p+l(z) Lot Prana .,.Zp+l
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where | G(z) | < C, C a positive constant, for all z with modulus
sufficiently large. If # < 2p, we therefore have

(f(z) S ) = zzl}___" . 52p (f(z) _ nu(z)) + {lﬁ(_)

k=0 zk+l p+1(z) P4

where 4(2) remains bounded as z — =. Therefore, if f(z) is
asymptotically equal to the J-fraction in the half-plane 3(2) > 0,
this expression must tend to zero as 2 —  along any path in the
half-plane J(2) > 8§, for every positive constant 8. Hence, f(z)
is asymptotically equal to the power series expansion of the
J-fraction.

Suppose, conversely, that f(z) is asymptotically cqual to the
power series expansion of the J-fraction. Then,

‘ )( ) . 2p—1
2p (f(Z) . Y’ﬂl) = g=r (f(z) — ; z‘f: ‘>

p+l(z) ’

)

and, since the right-hand member tends to zero as = -» o in
3(z) > 8, we conclude that f(2) is asymptotically equal to the
J-fraction.

THEOREM 84.2.  If f(2) is asymptotically equal to the [-fraction (84.1),
and 1

fQ) = ————
btz — oG’

then g(2) is asymptotically equal to the J-fraction obtained from (84.1) by
advancing the subscripts of all the ay, and by by unity.

Proof. l.etf,(2) and g.(2) denote the nth approximants of the
J-fraction (84.1) and of the J-fraction obtained from (84.1) by
advancing the subscripts of all the 2, and 4, by unity, respec-
tively. Then, one may readily verify the identity

22'+2[f(2) — @)
2.2f(2) 2,11 (2)
On letting z — « along any path in 3(z) > &, we see that
() =1, 2fri(2) 21, 22V fz) — fr41(x)] 0,
so that

z¥|g(z) — g.(2)] =

22'[3(2) - gr(z)j g O,
and the theorem is established.
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Tueorem 843, Let (84.1) be a positive definite [-fraction, and let
f(2) be an equivalent function (cf. § 61). Then f(3) is asvnptotically equal
to the [-fraction [138].

Proof. By (60.3), with w,(2) = f(z), ¢ = 1,2, 3, ---, we get:

1>\’p 4--] (Z))
Yp~{ 1(2)

z2ppp + l,p(z)

Yp(z) Yp 4 l(z_) .

2 (1) -

Therefore, by (62.5),

X,z z2r! oty 01
zz,,<f(;)_ ,u_)) ) ( 40 )>’
Yp t l(z) Yl,(Z) Yp + 1(1) M RS

where ¥y = J(z) 2 6. Since Y,(2)Y,,1(z) is a polynomial in z
of degree 2p — 1, it follows that the left-hand member of this
equality tends to 0 as z - % in J(z) > 8. This establishes the
theorem.

For real J-fractions we have the following stronger theorem.

2

Turorem 84.4. ./ function f(z) which for 3(z) > 0 is analytic and
has a negative fmaginary part, J[f(z)] < 0, is asymptotically equal to a
real J-fraction (84.1) if, and only if, it is an equivalent function of the
J-fraction [62].

Remark. IKor real J-fractions, the determinate case and the
indcterminate casc correspond exactly to the limit-point case and
the limit-circle case, respectively. This is not in general true for
positive definite J-fractions. We venture the conjecture that
Theorem 8+4.4 is not true in general for positive definite J-fractions.
[t would be desirable to have a definition of “equivalent function”
for which the theorem would hold. We offer the conjecture that
the required function is: “Any function f(z) which for J(z) > 0
is analytic and satisfies the inequality (61.7).” It should be
noted that Theorem 8+.3 holds for these functions.

Proof of Theorem 84.4. 'The sufficiency of the condition is
contained in Theorem 84.3. We suppose, then, that for 3(z) > 0,
the function f(z) is analytic, has negative imaginary part, and is
asymptotically equal to a rea/ J-fraction (84.1), and shall prove
that f(z) is an equivalent function of the J-fraction. We are to
show that for every z with J(z) > 0, the values of f(z) arc in all
the circles K,(2) of § 17. In the case of a real J-fraction, K,(z)
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is the image of the half-plane 3(:) > 0 under the transformation
(cf. (17.4))
! = tl)tl e ,p(ur').

For each p =1, 2, 3, - -+, let the function f,(z) be determined

such that
1
(z) = tot t( )
f) 01 )] f,,(Z)

The theorem will be established when we have shown that

In view of Theorem 84.2, it will evidently suffice to show that
for 3(2) > 0, f1(2) is analytic and 3| f,(2)] < 0. We have:
by + = 1 by + = (2)
fl(z) = l- 9 - ) = l> N .:f( N
a,? a,*f(z) a? a’| f(2)

and, therefore, since a; and 4, are real,

ER)

A < ;‘2, where v = 3(z) > 0,
@)
The function J[f(2)] is clearly harmonic for 3(z) > 0. If possi-
ble, let 31fi(z0)] =di> 0, 3(z0) > 0. lLet d > 0 be so chosen
that (y/a,®) < d,.2 for 0 < y < d; and let » be so chosen that
|zo| <7, and [fi(z) | < dy/2 for |z]| >r, 3(2) >d. 'This is
possible by virtue of Theorem 8+.2 from which it follows that
lim f1(z) = O for 3(z) > d. Then,in theregion |z | < 7, 3(z) > d,

the function X|f,(2)| is harmonic, is not greater than ;/2 on the
boundary, and takes on the value 4, at an interior point .
Since this is impossible, we conclude that 3[ £,(2)] < 0 for 3(z) > 0.
Since f1(2) is not a constant, we then have J3|fi(z)] < 0 for
3 > 0.

Inasmuch as f,(z) is asymptotically equal to the real J-fraction
obtained from (84.1) by advancing the subscripts of all the «,
and 4, by unity, it now follows that f,(z) is analytic and has a
negative imaginary part for 3(z) > 0, and so on. This completes
the proof of Theorem 84.4. '
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Since there is just one equivalent function of the J-fraction in
the determinate case, we have

THEOREM 84.5. In the determinate case for a real ]-fraction, there is
one and only one function f(2), analytic and with negative imaginary part
Jor J(z) > 0, which is asymptotically equal to the |-fraction [62].

In the indeterminate case, which, for real J-fractions, coincides
with the limit-circle case, we may represent all the equivalent
functions parametrically in terms of the entire functions p(z),
u(2), ¢(z), v(z) of Theorem 23.3.

In order to indicate dependence upon the parameter z, we
shall now write (cf. (17.4)),

totr - -+ by (w) = Tp(w; 2).

By means of (23.1) and (17.4) we readily find that

Up(2)Tp(w; 0) — }_’,,_(z)
V(@) Ty(w; 0) — Qu(2)
Now, for every p, the transformation ¢ = T,(w; 0) maps the half-
plane 3(w) > 0 upon the half-plane J(#) < 0. Consequently,
if in (84.4) we replace T,(w; 0) by any function 6(z) such that
for 3(z) > 0, 6(2) is analytic and J[6(z)] < 0, or by the constant
o, the resulting function will have its values in K,(z) for all p

and for J(z) > 0. On letting p tend to , we then conclude
from (23.5) that

(84.4)

t = Ty(w;2) =

@0 ~ )
v(2)0(z) — ¢(2)
is an equivalent function of the J-fraction. Conversely, if f(z)

is any equivalent function of the J-fraction, we may determine,
for each value of p, a function 6,(2) such that

N Up(z)g_p(z)_f' 'P,,(Z)_
= @@ - 0.6

and 6,(2) is necessarily analytic for J(z) > 0 and J([6,(2)] <0
in this domain, or 6,(z) = %. On letting p — =, the function
6,(z) must have the constant limit «, or else must converge to a
limit 8(z) which, for I(2) > 0, is analytic and has imaginary part
not greater than zero. Hence, we conclude that f(z) has the form

(84.5)

(84.6)
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(84.5). We have completed the proof of the following theorem of
R. Nevanlinna [62].

THEOREM 84.6. In the indeterminate case for a real [-fraction, a
necessary and sufficient condition for f(3) to be an equivalent function 1s
that f(2) have the form (84.5), where u(z), p(z), v(z), ¢(2) are the entirc
Sfunctions introduced in Theorem 23.3, and 0(z) is an arbitrary Sunction
which for F(z) > 0 is analytic and has J[0(z)] <0, or else 6(z) = ,
in which case (84.5) is the function u(z)/v(z).

85. A Theorem of Hamburger. We have seen in Theorem 66.1
that an equivalent function f(z) of a positive definite J-fraction
can be represented as a Stieltjes transform

f@) = f " del) (85.1)

. b
—x 2= U

where ¢(«) is a bounded nondecreasing function, and ¢(+ ») —
¢(—®) = 1. The following theorem of Hamburger [26] fur-
nishes a necessary and sufficient condition for the integrals

+ »
f uPde(u), p = 0, 1,2, ---, to exist.

—_—

THEOREM 85.1. Let

be a power sertes with real coefficrents.  The bounded nondecreasing func-
tion ¢(u) of (85.1) satisfies the equations

i1z
o =f ulde(u), p=0,1,2 -+, (85.2)
tf, and only if, the function f(2) of (85.1) satisfies the equations
. (1 ¢ -
lim 27 (f(z e "’;1) =0, p=1,2,3,---, (853)

where x — o along the positive imaginary axis [26].
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Proof. We prove first that (85.3) follows from (85.2). We

have

4 s
f2) =f dqb({t)

ey S — M

t s ] n-1 n
_f <.~ + ’f RS “ s M >d¢(1¢)

z* 2 2"(z — u)

o Cy Cn—1 bs l( (l¢(ll)
+ coeg U4 )

2= 2 . 2 (“ - u)
and therefore

Co Cy Con--1 L et =
n-- -~

" (f(z) i B —_ 22 _— e — o ) = ~f . 3 ”"(/d’(”)-
~ & “~ r~

Now ifz = 7y, ¥ > 0, then | z/(z — u) | < 1. Hence, if » is even,
the modulus of the last expression does not exceed

1 bs )
f u'de(n) =
.‘, .

—, R

which approaches O as y > -+ =.  If » is odd, we may write
I r

Cy Cy Cp_ | Cy l <>
2" (f(z) - T T T L ) = + ) 5 " 'delu),
Lo ~ o

2 P ., —=Uu

so that (85.3) holds in this case also.

We suppose now, conversely, that (85.3) holds as 2 — « along
the positive imaginary axis, and shall prove that (85.2) holds.
By hypothesis,

. < iyde(n)
lim f . = co,

y=4=dJd_, Iy —u

lim f—{ ,» ({d)(”) .
y=-+ = 1+ (11 y)? T

and the integral increases as y incrcases. Consequently, if
a<b0<t<y:

b deu) < " de(u) _<f+" de(u)

or, since ¢y is real,

“s, < o

,,1+(u 02— J, 1+(u v)'_ _,1+ u y)?
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If we let y — + oc, this gives

b (l¢(1[) h
—_——— < .
U+ (u 0? —f”""”’ o

On letting @« > — = and 4 — + <, and subsequently letting
t — + o, we obtain (85.2) for the case p = 0.

Using induction, let us assume that (85.2) holds for » = 2k,
k >0, and we shall prove that it holds for » = 2k + 1 and
2k + 2, and hence for all #n. According to our assumption, we
may write

+or 20t
Cy Cok 1 " de(u)
Sfz) = + z+"'+ s T 4k+|f ’
2 b N
or
. b, 241
, Gy Cop 1 e (n)
2k +1 . —
z <f(z)—-- — 2T T -7A~'|’1>“f ) - :
z 2 22 . s—u
We denote this function by fi(z). Then it is cvident that
. (2441 Cahge C2hyp
lim 27 (f,(z) N ERE R Y (X
zZ= o ~ & ~

P = 1)213)""

where 2 — o along the positive imaginary axis. In particular,

lim v[ivfi(iy) — ca 1]l = C2egs

y={ »

or, since cy 4 1s real,

. ’“'a'da(u)
" 9 = ] — y2 / = l
Carr = lim =y iliy) = lm Jo

Using exactly the same argument as before, we then conclude
that (85.2) holds for p = 2k + 2.

Inasmuch as | #®**1| < 4%*+2 for |u| > 1, we now see that

the integral
+
f 1 e (u)
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is convergent. Then, using the preceding argument, we find that
b2 ”2l« +ld¢(”)

(4
I b rpa _f ki ,
o o L4+ (uy)? J, “ o)
0 —ll2k+l({¢(ll) 0
Ii f __aein) __f %144 (1),
y -.)r}nao — 1 + (Il ’,.‘V)z - ,,” ¢(”)
so that, finally,
1 e (n) _

(4 t 2
Cay 1 =”l1ig1niyf|(7:v) =’/].i1*11w f DL () f-,, u*dep(u),

and the theorem is proved.
We shall now supplement Theorem 85.1 as follows:

Tueorem 85.2.  [f the function f(z) of (85.1) satisfies (85.3), as s— =
along the positive imagimary axis, then f(z) satisfies (85.3) as =-» =
along any path in () > 8, for every positive 8.

Proof. Ulnder the hypothesis of the theorem, we know that
(85.2) holds. 'Then, if # > 2 is even, we have, as in the proof of
Theorem 85.1,

t = n

- Co 1 Cn—2 Cn—1 1 "

2" l(f(f) — = = 1.-1> = - 4+ f - do(u),
2 2 z 2 2J_,3— U

so that if 3(2) > § > 0, the modulus of this expression does not
exceed

| >
~
&

and must therefore approach 0 as z-- = in the half-planc
d(z) > 6. It then readily follows that (85.3) holds as 2 — =
in any such half-planc.
From Theorems 84.1, 84.4 and 85.1 we now have immediately:
THEOREM 85.3.  If (85.2) holds, where P(1/z) 15 the power series expan-

sion of a real [-fraction, then the function f(=) given by (85.1) 15 an equiva-
lent function of the J-fraction.

Remark. We have defined “asymptotically equal” with refer-
ence to the half-planes 3(z) > 8 > 0. Nevanlinna used instead
the angular domains

. ™
Pic<args <rm—o, 0<t'<7,
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and began by proving the following theorem. L.et f(z) be a func-
tion which for 3(2) > 0 is analytic and has imaginary part
3(f(z)) < 0. Letf(2) be asymptotically equal to the real power
series P(1/z) = Z(c,/2”*") in the sense that

n—1 .
limz"(f(Z)—Z;:—,E,>=0, II'=1,2,3,"',

p=0

as 2 = » in every angular domain /’,. Then P(1/z) is either
equal to a terminating real J-fraction, or else is the power series
expansion of an infinite real J-fraction. He then showed that
the function f(2) is necessarily asymptotically equal to P(1/z) in
every half-plane J(2) > 8 > 0. In our somewhat simpler ap-
proach to these problems, we have missed getting the important
result that, for the functions and power series under consideration,
asymptotic equality in the angular domains /. is entirely equiva-
lent to asymptotic equality in the half-planes J(z) > & > 0.

86. The Moment Problem for the Interval (— «, + »). We
are now in a position to prove the following theorem.

THeoreEM 86.1. Let ¢y = 1, ¢y, ¢a, - -+ be a given sequence of real con-
stants. There exists a bounded nondecreasing function ¢(u), taking on
infinitely many different values in the interval — = < u < + o, such that

[
o =f wlde(u), p=0,1,2 -+, (86.1)
if, and only tf, the determinants
Coy €1y Tty Op
A,,-_—' Cly €2 ctty Cpyi >0, ”=0; ],2’_“' [26.] (86.2)
Cpy Cpgly "y C2p

Proof. If a function ¢(x) of the specified character exists,
then we find, on applying Theorem 63.5 to the quadratic forms

n

+ z
Zc,,wx,,x,, =f (xo + x10t + - -+ xota™)2dp(20),
Py=0 —= (86.3)

n=0,1,2, -,
that (86.2) necessarily holds.
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If, conversely, (86.2) holds, then we find by means of the
formula (51.5) that the formal power series P(1/2) = Z(c,/zP*!)
has a rea/ J-fraction expansion (84.1). Let f(z) be any equivalent
function of this J-fraction, and choose ¢(#) in accordance with
Theorem 66.1, so that (85.1) holds for this equivalent function.
By Theorems 84.4 and 84.1, f(z) is asymptotically equal to
P(1/z) in the half-plane J(2) > 0. Therefore, by Theorem 85.1,
the function ¢(x) satisfies (86.1). That ¢(x) takes on infinitely
many different values now follows from (86.1) and (86.2). In
fact, if this were not the case, then the quadratic forms (86.3)
would not be positive definite for large values of », contrary to
(86.2).

This completes the proof of Theorem 86.1.

We have shown that every equivalent function f(2) of the
J-fraction expansion of P(1,2z) yields a solution ¢(#) of the
moment problem (86.1), which is determined if we write f(2)
in the form (85.1). The function ¢(x) can then be expressed in
terms of f(2) by means of the Stieltjes inversion formula (65.4).
There are no other solutions of the moment problem (86.1). In fact,
if ¢(u) satisfies (86.1), then the function f(z) given by (85.1) is
asymptotically equal to P(1/2), by Theorems 85.1 and 85.2, and
therefore f(2) is an equivalent function of the J-fraction expansion
off(z) by virtue of Theorems 84.1 and 84.4. Since the J-fraction
has just one cqutvalent function in the determinate case, and
infinitely many in the indeterminate case, we therefore have the
following theorem.

THEOREM 86.2.  Let co = 1, ¢y, ¢, -+ - be a given sequence of real con-
stants for which (86.2) holds, and let (84.1) be the ]-fraction expansion
of the formal power series S(cp/sPtY).  The moment problem (86.1) has
Just one solution ¢(n) such that $(— =) =0, ¢(x) = [¢p(u + 0) +
o — 0)]/2 for —oc < u < 4w, if the determinate case holds for this
J fraction, and has infinitely many different solutions satisfying these condi-
twons if the indeterminate case holds [62).

The moment problem (86.1) is said to be determinate or
indeterminate according as it has one or infinitely many solu-
tions ¢(u), respectively, normalized by the conditions ¢(— ) =
0, ¢(2) = [¢p(n + 0) + ¢p(u — 0)]/2, —¢ < 2 < + .
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87. The Stieltjes Moment Problem. This is the problem of
determining a function ¢(#) which takes on infinitely many values
in the interval 0 < # < + =, is constant for # < 0, and satisfies
the equations (86.1), where ¢, c1, s, - - - are given real constants.
Here the integrals have to be extended over only the positive half
of the real axis. We shall prove the following theorem.

THEOREM 87.1.  Let ¢y, ¢1, ¢, -+ - be a given sequence of real numbers.
There exists a bounded nondecreasing function (u), taking on infinitely
many values in the interval 0 < u < + o, such that

L4
p =f wWde(), p=0,1,2 .. (87.1)

0

ify and only if, the numbers c,, satisfy the condition (86.2) and, in addition,
the condition

C1y €2, "ty Opq
Cs C v Cpye

Q= ® 2 42 150, p=0,1,2,---. [95] (87.2)
Cpyls Cpg2y "7y Copyd

Proof. Since the moment problem (87.1) is a special case of
the moment problem (86.1), it is clear that the condition (86.2)
is necessary in order for a solution to exist. On applying Theorem
63.5 to the quadratic forms

n

Zrn+,,_,.,x'px,, =f ulxg + xu +- -+ x,u")%de(u),

P q=0 0

we conclude that the condition (87.2) is likewise necessary.

On referring to Theorem 52.1 and the remark following that
theorem, we see that the necessary conditions (86.2) and (87.2)
are together equivalent to the condition that the formal power
series Z(c,/z"*') have an S-fraction expansion (52.4) in which the
a, are all positive. We shall prove that the latter condjtion is
sufficient for the Stieltjes moment problem to have a solution.
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We suppose, then, that P(1,2) = Z(c,/2"*') has an S-fraction

expansion

R (87.3)

in whicha, > 0,p =0,1,2, ---. On replacing z by {? and then
multiplying by ¢, we find by means of an equivalence transforma-
tion that this goes over into the real J-fraction

BRL (87.4)

a,

and the power series expansion goes over into {P(1/¢¥). Thus,
the moments of the J-fraction (87.4) are ¢y, 0, ¢y, 0, 2, 0, ---.
By what we have proved in § 86, a function 6(«) which is bounded,
nondecreasing, and which takes on infinitely many different
values, satisfies the equations

bor s
0 =:f w2 de(n), ¢, :f u*rdo(u),
7 - L
r=0,12 -

' g
£(6) =f 0(1)

. {—u

(87.5)

if, and only if,

is an equivalent function of the J-fraction (87.4). Now,

+ e 0 ts
cp =f 1*Pd0(u) =f 1*Pd0(u) +f 1*d6(u)
-z — % 0
t = t £
=f 1*d[—60(—u)| +f 1*"d0(u)
0 0

+w
—-—f uPde(un), 2=0,1,2, .-,

0
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where

() = 0Vu) — 6(—Vu), (87.6)

and therefore the Stieltjes moment problem has a solution.
This completes the proof of Theorem 87.1.

It is at once evident that a// solutions of the Stieltjes moment
problem are of the form (87.6), where 6(x) is a solution of the
moment problem (87.5). Therefore, the Stieltjes moment prob-
lem is determinate or indeterminate, i.e., has just one or infinitely
many solutions ¢(#), respectively, normalized by the conditions
6(0) = 0, ¢(u) = [¢(u + 0) 4+ ¢(x — 0)]/2, 2« > 0, according as
the determinate case or the indeterminate case, respectively,
holds for the J-fraction (87.4). On applying Definition 22.1 we
then find, after making the necessary calculations, that the
following theorem is truc.

TuroreM 87.2.  Let coy 1y €2y * -+ be numbers satisfying the conditions
(86.2) and (87.2). Let the S-fraction expansion of the power series
S(ep 2P YY) he written in the form

e (87.7)

The Stielties moment problem (87.1) is determinate if, and only if, the posi-
tive term series Sk is divergent 95].

We now consider the following question.

et co, €1y €2, -+ be numbers satisfying the conditions (86.2)
and (87.2), so that the Stieltjes moment problem (87.1) has a
solution. Does there exist a function y¥(«) which is bounded,
nondecreasing, and which takes on infinitely many different
values, but which is #o# constant for # < 0, such that

[ ’
Cp =f urdp(u), p=0,1,2,.-.? (87.8)
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The answer to this question is affirmative in case both the
series Zku,py and Zka,y (ke + k¢ + - -+ kyp)? are convergent
and the series Zk,, is divergent, in (87.7). In fact, the Stieltjes
moment problem is then determinate by Theorem 87.2, whereas
the indeterminate case holds for the J-fraction which is the even
part of (87.7) (cf. (29.13)). ‘Therefore, the moment problem
(87.8) has infinitely many different normalized solutions. Only
one of these i1s constant for # < 0. |26.]

88. A Theorem of Carleman. A number of criteria have been
found which furnish sufficient conditions, in terms of the given
constants ¢,, for the moment problems (86.1) and (87.1) to be
determinate.  One of the simplest and most comprehensive of
these is given by the following theorem of T. Carleman [6, 7].

Turoresm 88.1.  (a) Let oy ¢y €y -+ be a sequence of real constants
Sor which the tnequalities (86.2) hold, so that the moment problem (86.1)
has a solution.  This moment problein 1s determinate if the series

1 112p
.‘.J( ) (88.1)
<y,

is divergent.

(b) Let cyy €1y €2y < -+ be a sequence of real constants for which the in-
equalities (86.2) and (87.2) hold, so that the moment problem (87.1) has a
solution. This moment problem is determinate if the series

1 1/2p
s ( —> (88.2)
p

Remark. Since the moment problem (87.1) is a special case of
the moment problem (86.1), namely (87.5), we conclude imme-
diately that (b) is a consequence of (a). Carleman proved this
theorem by means of methods of function theory. He also gave
an independent algebraic proof of (b). We shall give here an
algebraic proof of (a), based upon two lemmas and upon Theorems

53.1 and 25.1.
Lemma 88.1 (Carleman’s inequality). I,etZu,, be a con-

is divergent.

vergent series of nonnegative numbers whose sum is positive.

B Carleman [7] used the theorem of this section to establish fundamental theorems on
quast-analy tic tunctions,
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Then
Z \/14-1—1-1—»_-_-- U, < "Z""’ (88.3)

p=1 p-1

where ¢, the base of natural logarithms, cannot be replaced by a
smaller constant if S« is arbitrary [7].

Proof. l.et vy, s, o4, -+ be a sequence of positive numbers
to be determined. Then

Yo TN U0 a0y U,
E Uilly ~ -+ U, = E - - -
- o~ 109 et Z'[l

- ) 1 ] ’115'1_'*‘__{12‘1{2 4. +_{{pvp
D,
VUit ey, b

n n l

= ) uu, —poT. ¢ e

S (Vs )

o 1\?
We now take \p/v,vg e, =p+ lory, = p(l + p) , so that
- 1 - 1 1 1 1
,,.Z,p-\"/v-;@ . :—:)‘,, B ;p(;_) +10) r 11_4_—_1_
We therefore have
Z Vl;lztg Sy, <Zu, (1 + >
p=1 1 =1

Since [1 + (1, 7)]” < e, we then obtain (88.3) on letting # — o,

The proof that ¢ is the best constant may be accomplished by
taking #, = 1/p for p < n, u, =0 for p > n. On taking »
sufficiently large, one may then make the quotient

2\/u1u2 U,
Eu,,

as nearly equal to ¢ as desired.
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Lemma 88.2. For n =1,2,3, ---, let F, = F,(x1, 82, -+,
x,) denote the n#th segment of the real quadratic form
”
Za,,,,x,,x,,, Apg = dqp.
IWER

Then F,(x1, X2, - -+, xx) > 0 for all real values of x,, x5, -, x,
and for n = 1,2, 3, -- -, if, and only if, there exists a transforma-

n

tion F, = Y X2,

p=1
X1 = buBixy + b1oBaxs + biaBaxs + -+ biuBava,
X, = basBaxs + basBsxy + -+ b2Buvx.,
X = bysBaxs + - 4 b3uBukn,
Xn = bnanxn)

where 8.2 = 4,, > 0, and 4,,, 1 < p < ¢ < n, are real numbers

q
independent of » such that E b, = 1. If the segments F,

p=1
are all positive definite, then 4,,°8,° > 0,¢ = 1,2, 3, ---.

Proof. Since F,(0,0, ---, 0, x,, 0,0, -+, 0) = a,x2 >0, it
follows that a,, = 8,2 > 0. Since F,(x,0,0, ---,0,x,,0,0, ---,
0) > 0, it follows that a,,° < ayna,, = 8:°8,°. Hence, there
exists a number s5,, such that 0 < 5,2 < 1,5, = 0if 8, = 0, and
such that a,, = 51,818, (p = 2,3, 4, ---). We now put ¢;,? =

2
1 — Sipy
X, = Bixy + 51282%2 + 51484%4 4 SaBaXa,
so that
F, — X|2 = 1'122/322-’6‘22 + 2“2:«’»\‘2»\'3 + 21124'-\'2-\'1 4+t 311-_»,.'-\'2-\'..
P )
+ (1583 %y + 2y wany 4o+ Qag, N axn
oo
+ c1B3x 7+ 4 dag vaxn
+-

+ Cy 1126 112x112,

where the a,,’ are certain constants. Since the right-hand member
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is a quadratic form in xs, &, - -+, x,,, which may be regarded as a
value of F,(xy, &2, - -+, x,), it is nonnegative. Consequently, we
conclude as before that

llzpl2 < 6’122[322?1,»251:2 or ﬂ:.’.p, = SapC128201 8y
0 <s52° <1y 52, =0 if 9B =0, (p=3,4, -, n).
On putting ¢»,° = | — 53,3
X2 = c1ofa¥s + Sosc1aBavs + SpqcraBaxy + -+ S2nC1nBn¥ny

we then find that F, — X2 — X% is a quadratic form in a3, x4,
-+, &», which may be regarded as a value of F,(x1, xa, * -, x2),

in which the cocfficients of a3, x%, -+ &2 are 1352252842,
147247843, - - -, c1a2€2,2B2%, respectively. Continuing in this man-
ner, we finally obtain £, — X* — X,* —-..— X,2 =0, where

X1, Xa, -+, X, have the properties specified in the lemma.

Remark. Theorem 16.2 is the special case of Lemma 88.2 in
which it is required that a,, = 0 for | p — ¢ | > 1.

Proof of Theorem 88.1. It has already been noted that part
(b) of the theorem is a consequence of part (a). Under the
hypothesis of part (a), all the segments of the quadratic form
F = Zc, 0xpxg, py g =0, 1,2, --. are positive definite, and
therefore, by I.emma 88.2,

F= (bn\/;‘_(;xo + blz\/;‘zh'l + 513\/;4-’0‘2 +--0)

+ (b22Veoxs + boy Vs +- - ) 4+ (533\/64»”2 +--0)2
+--
where b11® = 1,615° + b2p® = 1,015° + bug® + b3s® = 1,---. By
Theorem 53.1 we then conclude that

2 — v
apgay - - - a4, = //,,{1,1,}1 ('2,, < ('2,,, p = 0, 1, 2., Tty

where ay, —a;, —az, - - - are the partial numerators of the J-frac-
tion expansion of the power series 2(¢c,/z”'!'). By Lemma 88.1,
it then follows that

ZN d ! V2 [ co \V/2P
cE - E e > E -] .
“~tVa, “t\a, - a, €20

p p=1
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so that the divergence of the series (88.1) implies the divergence
of the series Z(1/a,)%, and therefore, by Theorem 25.1, the
determinacy of the moment problem.

Exercise 17
17.1. Let co, c1, ¢, * - - be the moments of an infimite positive definite J-fraction,

and let f(2) f d¢(u)/(z — #) be an equivalent function of the J-fraction.

Then
1 »
= - =012 ...
yl-! H)f = (l + lrll) dp(u), p LY

Suggesiion. Use a theorem of F. Nevanlinna [61] on differentiation of asymp-

totic series.
17.2. Let 2(—1)7ep2" be the power series expansion of the S-fraction

1

o
rq

b
ke +

kst
)
where the &, arc pmmve Show that (¢, 11/cn) > (en/en=r)y nw = 1,2, 3, -+~

and that lim (caq1/c) is finite if, and only 1f, 1/knkn 41 < M, where M is a ﬁmte
number independent of # [95].
17.3. Let ¢(x) be any solution of the Sticltjes moment problem. If x 15
real and positive, then
I dpu)
b x4 u

is greater than every even approximant and less than every odd approximant of
the corresponding S-fraction [95]
17.4. Let F = Z(xp? + 24, xp¥p 11 + 2a,Pxpxp 12) be a re.ll J-form thh
diagonals, which 1s never negative. Show thatif | a,® | > 3,p =1,2,3,
then lim | 2, | = ,.mdlxma‘”-—O
=

p=w

Suggestion. Apply Lemm.l 88.2 and the theory of chain sequences.



Chapter XVIII

THE CONTINUED FRACTION OF GAUSS

This is the S-fraction expansion for the quotient F(a, 4 + 1,
¢+ 1; 2)/F(a, b, c; 2) of two hypergeometric seriecs. We derive
here the expansion, establish its convergence to the function
expanded, and treat in considerable detail a number of special
cases and limiting cases.

89. General Properties. We consider the hypergeometric series

Fla, by c;2) = 1 + f"’z polat DG+,

ala + )(a + 2)b(d + 1)( + ")
T

where 2 and 4 are any complex constants, and ¢ is a complex
constant different from 0, —1, —2, —3, ---. IfgoréisQora
negative integer, F(a, 4, c; z) reduces to a polynomial. Other-
wise, it is an infinite series with radius of convergence cqual to
unity. For special values of the parameters, F(a, 4, c; z) reduces
to elementary functions in a number of cases. For example,

F(1,1,2; —z) = -log (1 + 2),

-

v —_ P— — k
F(=k 1,1; —2) = (1 + 2), (89.2)

2F(}, 1, 3; 2%) = arcsinz,

ZF(%, 1: %; _22) = arc tan 2.
335
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On replacing z by z/a and then letting @ tend to =, the hyper-
geometric series becomes:

(b, c; 2)
b b+ 122 e+ 1(0+2)2°

s .. (89.3
l+r +c(c—|—1)’7' c(c+l)(r+”)3‘+ (89.3)

Similarly, on replacing z by z/4 and letting 4 tend to = in (89.3)
we get:

-1

Y(c; z) |

1
el mg cees (89.4
+¢-‘+c(c+1)2!+m+1)(¢+z>3!+ » (894)

9

and if we replace z by ¢z in (89.1) and let ¢ tend to « we obtain:

2

Wa, b;2) =1 + abz 4+ ala + 1)o(6 + 1)

IQ N

+a<a+1)(”+f>)/;(//+1>(b+n +.-.. (89.5)

Fxcepting when 4 or 4 is a negative integer or 0, the last series
has zero radius of convergence.

To obtain the continued fraction of Gauss, we start with the
relation

Fla,b,c;2) = Fla, b + 1, ¢+ 152)

alc — b)
-— -c—(?_*—'_"i) 1"((1 + l b + ] c + Z). (89-6)

By comparing coefficients of corresponding powers of z in the
two members, one may readily verify that this is a power series
identity. The relation (89.6) may be written in the form

F(a,b+1 c+1 ")
F(a,btz) i

T ae—» FatLithersg O

T e+ D Fab+ Lt 152
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We now interchange ¢ and 4 in (89.7), and afterwards replace 4
by 4+ 1 and ¢ by ¢ + 1. This gives

}'(ﬂ+1 b+ 1,c+4+2;2)

F(ab—i—]c—{—lz) .

"'7&+nu—a+1)bm+1£1'—Iﬁh'(”m

(c+1)(c+”) l‘((l+|/)+l(‘+-,~

The quotient in the left-hand member of (89.8) is the same as the
quotient of hypergeometric series appearing in the denominator
of the right-hand member of (89.7). Also, if 4, 4, ¢ are replaced
by a + 1, 6 + 1, ¢ + 2, respectively, in (89.7), the quotient in
the left- hand membcr becomes equal to the quotient of hyper-
geometric series appearing in the denominator of the right-hand
member of (89.8). On applying first onc identity and then the
other, we obtain by successive substitution the continued frac-
tion of Gauss [20]:

Ila, b+ 1, ¢4 15 2)

a, b, c; )

B ale — &) (89.9)

(e + l)
b+UQ—a+U
c+ 142
(a +1)(c —/1—{- |)
o j“_”)_ﬁfj_" o
’)(f—d+°)
(c+3)C+4 ©
((z—l—”)(c—b»—{-» 7)z
(c+ 4+ 5)

1 —.

1 —

This is to be regarded, for the present, as a formal expansion.
If we lct ay, as, a, - - - denote the coefficients of —z in the partial
numerators, so that '
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(@a+p)c—4+p)

Apy1 = N
c+20)(c+2p+1)°
? ? (89.10)
. _(btpt)e—atp+1)
T 2+ De+20+2) ]
[’=0a])2)"')
and if we put
Polz) = l'(a+n,()+n+1 c+_-n+l z)
i Fa4+n b+ nc+2n;2) ’
(89.11)

by Mk L k2t 2
AT Fa4mb4 a4 e+ 2+ 1;2)

n=0,1,2 -,

then we have the identities
1

I)n__l(Z) = 1 — a,,_z—P,,-(-zj’ H = ], 2, 3, . (8912)
Hence, for cvery n,
b+1, 1; 1
Fla, b+ 1,c+ z.) L (89.13)
I'(a, b, c; 2) 1 a2
a22
1 — _
1 —
a, 13
a,zP,(2)
If a1, as, -+, a,_, are different from zero, while 4, = 0, then

the continued fraction of Gauss terminates, and the quotient
Fla, b+ 1,¢c 4+ 1;2)/F(a, b, c; z) is a rational function of z, which
is equal to the terminating continued fraction. If, on the other
hand, 4, # 0, p = 1,2, 3, ---, we may write (89.13) in the form

Fla, b6 +1,c+152)  du(@) — 8,2Pa@)Ana(2)

F(a, b, c; z) " Bu(®) — au2Pa(2)Bas(2)’

where A,(z) and B,(2) are the pth numerator and denominator
of the continued fraction of Gauss, and therefore
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F(a) b + 1) ¢ + 1; Z) _ /ln—l(z)
F(a, b, ¢; 2) B,_1(2)

n—l(z) [B,,(Z) nZBn—l(z)P" (“)]

This shows immediately that the power series in ascending powers
of z for A,_1(2)/B._1(2) agrees with the power series F(a, b + 1,
c + 1;2)/F(a, b, c; 2) term by term for the first # terms. There-
fore, the power series for the hypergeometric quotient is the power
series expansion of the continued fraction of Gauss.

THeoREM 89.1.  The continued fraction of Gauss converges throughout
the z-plane exterior to the cut along the real axis from 1 to + o, excepting
possibly at certain isolated points, is equal to the function F(a, b + 1,
¢ + 1;2)/F(a, &, ¢c; ) in the neighborhood of the origin, and furnishes the
analytic continuation of this function into the interior of the cut planc.
The continued fraction converges uniformly over every bounded closed region
exterior to the cut, which contains none of the above-mentioned isolated
points.  These points, if thev exist, are poles of the function represented
by the continued fraction (101, 77, 111].

Proof. Since
) 1
lima, = +3,

p==

the theorem follows immediately by Theorems 54.1 and 54.2.
We note that if

c—a+p c—b+ p
L2p = “'3 — L2p41 = “‘"‘2“
+ 2 TR+ g1
Y4 =0) 1)2) S}
then the continued fraction of Gauss can be written in the form
Fla, b6+ 1,c+1;2) 1
= - - 89.15
Foban O -gge O
{ (1 — g1)ge2
= 4 = g)ew

1 —-
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If we put 4 = 0 and replace ¢ by ¢ — 1, then the continued frac-
tion of Gauss reduces to

1
F(a, 1,¢;2) = - (89.16)
a
z
c

1__ R,
(c —a)
ce+1)"
ca+1)
C+Det+2
2(c —a+ 1)_

—————2

(c + 2)(c + 3)
(c+ V(@ +2)

LDt
1 —.

If we denote by &,, 45, 43, - - - the coefficients of —z in the partial
numerators, then

s l=___(a+p)(c+p—1) _(pt+VDe—atp)
T e+ 2 = De+2) T T e+ )+ 2+ 1)’
¢ P = 0,1,2, ---. (89.17)

I

P a+p—1 p
et = T T P = A
T2 -2 ¢t (89.18)

»=1 2) 3) )
then (89.16) may be written in the form

1
Fa,1,¢;2) = i (89.19)
1 — ST
1 - /11)/12—2 ~
(1 — hg)hsz
1 —.
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One may verify that the denominators of (89.16) are the
hypergeometric polynomials

By, (5) = F(—=n,1 —a —n,2 — ¢ — 2u;2),
(89.20)
Bonyy = F(—n, —a — n, 1 — ¢ — 2n;2).

In case the parameters @, 4 and ¢ in the continued fraction
of Gauss are real, we note that the numbers (89.14) will satisfy
the inequalities 0 < g, < 1, for p > N, provided N is sufficiently
large. Hence, it follows from Theorems 27.5 and 69.1 that if
n > N, the continued fraction

- — (89.21)

Ay 12

[ s

where the 4, are given by (89.10), converges uniformly over every
bounded closed region of the complex plane exterior to the cut
along the real axis from +1 to -+ «, and is equal to a function
of the form

where ¢(x) is bounded and nondecreasing. The number N de-
pends only upon a4, 4 and ¢, which is in contrast with the assertion
made in Theorem 33.1, where the number N depends upon the
region G.

If0<g,<1,p=0,1,2, .-, we may apply Theorem 11.1 and
obtain the inequality:

c—a Fla,db+1,c+1;2) ¢ < a

c F(z, b, c; 2) c+ai c+a
for (89.22)
lz| < 1.
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In particular, if e = 1,4 = 1, ¢ = 2, we have, by (89.2),
|log (1 +2) — 42| < 2[z]| for |z| <1. (89.23)

With the aid of (75.6) and (75.7), other inequalities can be
obtained. We shall list some of these without proof.

1
' <llog(l+2z)| <]z |' +Z| lz] <1; (89.24)
| L+ [z’
| C c
7 . —) — - < -
Il(a‘l,l +e -2 e —a 2 —a
if (89.25)
N(z) > —3;
1 2o —a+cz c_——ul |
['(a, 1, c; —z) 2eke—a |7 2t—u z
if (89.26)
[z <13
B 1 c__+rz.+az‘< a N
l'(a,lt—z) ct+a 1T c+oa
if (89.27)
RE) = -3

These hold provided @, 4 and ¢ are real, and the numbers (89.14)
or (89.18), as the case may be, are between 0 and 1. [127.]

90. Elementary Functions. From (89.2) and (89.16) we obtain
the following three expansions.

log (1 +2) = — — - (90.1)
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1

1+2¢= e (90.2)

1'(1+k)z'\,

1-2

-

P l42])
arctanz = -—-—

(90.3)

[46, 42].
The first two arc valid exterior to the cut along the real axis

from —1 to — . The third is valid exterior to the cuts along the
imaginary axis from 7 to 7-  and from —i to —;- .

Since | ; |
{ ) + 2
2ZF(§, 1,5;22) = l()g i“‘__—;,
we have ) )
+ 2z 22
log —— " = - . .._ .
og1 . | (90.4)
1 — ..
3 422
5 922
7 —.

. ) [12].!
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valid exterior to the cuts along the real axis from —1 to — » and
from +1 to + .

On replacing z by 1/z in (90.4), and making an equivalence
transformation, we obtain
z+1 2

log

. (90.5)

z — 1 X

e

This is valid exterior to the real interval (—1, +1). This is the
J-fraction whose denominators are the Legendre polynomials. In

fact, we have:
2+ 1 SR/
log =11 = f “ (90.6)
z2—1 18— U

so that the formal integral introduced in § 50 is the actual integral

41
f 1Pdu.
1

The Legendre polynomials are, by definition, the polynomials,

suitably normalized, which are orthogonal on the interval (—1,

+1), and must therefore be, except possibly for a constant factor,

the denominators of the J-fraction for the function (90.6). They

are normalized so that they satisfy the recurrence formulas
2p—1 p—1

Ly=1, Li=2 L,= —-———zL, | ———0L,_,,

90.7
P=2,3,4,"'- ( )
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345
As a generalization of (90.1) and (90.3) we have
/s 1 1
L aF(-, 1,1 —;—") .
j; 1+ (n + n z (90.8)
I
I+ ——- -
+1+ - S
" (n+1)%"
2n4+1+ Y ™
21)%"
In+1+4 e

—_-") 2,n
PRI Vi

3 2.n
Su+14- _{:1)_2 --

) [421’
valid exterior to the cut along the real axis from —1 to — w
in the plane of 2" (n = 1,2, 3

,ee).
From (89.9) we obtain the expansions

arcsinz _ 2F(3, 3, §;2%)
VIi—3  FG, -3, 37
S (90.9)
1 — © -
1227
3 — L
p 3422
3422
7 —_—
5-622
R Y
11 —
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1—% 2—-4% 3
— _2
P 557

and

(1 42— (1 —2)F

( k- 90.10
¥ v a-o "o r k1 0
(55357
N
(k= 12
1+;; (# = 9)2
‘ (& = 9)z?
5 Rl
7+

[12.]

These are both valid exterior to the cuts along the real axis from
—1to —» and from +1 to + .
From (90.10) one may derive the expansions

z + 1\ 2k
G- T e 01D
z s
3z — - -
9 —_ /('
7z —-
Ty [44],
2k -are nn 2
Powewn ! 2k (90.12)
1 + k?
:— k-
Yt - 4 + &2
N 9 + /e"’
52
+ 7 4
and bt g o
an
an ké = - - 90.13
tan k¢ . (k 1_) tan' s ( )
_~(/<2 - 4) tan ¢
5 — (_/‘_2___?_) tgn_f
5 7

[12.]
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The expansion (90.11) is valid for z exterior to the real interval
(=1, +1); (90.12) is valid outside the interval on the imaginary
axis from —7 to +i; the range of (90.13) is

—3r < N(e) < +3m.
Formula (90.13) shows that for integral values of £, =" is a

rational function of tan? ¢.

91. Certain Meromorphic Functions. On replacing = by z/a in
(89.9) and then letting a tend to o, we obtain the following ex-
pansion for the quotient of two of the series (89.3):

qi(ﬁ —_i—__l c + 1 _ 1 OL.1)
&, c; 3) (¢ = b)
L ce+1) B
Y + 1) .
(c + D(c + . 2)

br (( — b+ 1)
[ _ (c -i_-_")_(‘t--i- 7)

¢+ 3)

(l + 3)(6 + 4)

| —.

One may readily justify this limiting process directly from the
definition of the power series expansion of an S-fraction.

The function ®(4, ¢; z) is an entire function of 2z, so that the
function (91.1) is a mu’omorphia function of 2. Since the sequence
of coeflicients of z in the continued fraction has the limit zero,
it follows from Theorems 54.1 and 54.2 that the continued frac-
tion converges uniformly to this meromorphic function over
every closed bounded region containing none of its poles.
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On putting 4 = 0, (91.1) becomes

®(1, ¢; 2)
3 1
__1 ;
1-z
c+ ———- -
Z
c+1— e o
c+24 — T
1)z
fL3— (c+1)
44—
c+ +€+5_
In particular,
. 1
6= ———-
z
l_ T .
4 - -
1o
34— -
o _E L
2 ; :
S+,

valid for all values of z.

(91.2)

(91.3)

For the quotient of two of the entire functions (89.4) we have:

Yet+tln 1
¥(c; 2) ) o oz
L4 c(c + ]3 L
|+ ___(c + 1)(_t_z+ 2)
- (+2(C+3)

14

(91.4)
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valid for all values of z. This is obtained by replacing z by z/4
in (91.1) and then letting 4 tend to . KFrom this one may obtain
immediately the expansion

z
n—1(2) 2n +1
L (n + 1:)@5___
(z/2)2
[t DE+D)

1 —.
)

where J,(z) is Bessel’s function. This expansion is valid for all

values of =.
Another special case of (91.4) is Lambert’s continued fraction,

3 2\?
& — o qu(;'-;;.) 2
T B (91.6)
e+ e \y<.]‘2.' L4 - 22
274 22
3+ .
b4
54

T4+
) l46]:

which is valid for all values of z. On replacing z by 7z, this gives

tanz = - - — (91.7)

) 146])
valid for all z.

92. A Class of Divergent Series. On replacing z by —cz in the
continued fraction of Gauss, and then letting ¢ tend to «, we
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obtain for the quotient of two of the divergent series (89.5), the
expansion

Qa, b _,_ -z - ©92.1)
a, b — 15 —Z) az
14+--- - -
- bz
L4 (a + l)g
| b+ 1)z

(a + ")~

1 A

NG

1 +-

Here, the equality sign is purcly formal inasmuch as the series are
divergent excepting for z = 0. In the special case 4 = 1, we have

1
Wa, 1; —2) = - (92.2)
L ﬂu__l—.:
1 S
PRCELY
14+ — =5 = — -
AT
1 il

+ T

Although the power series involved in these formulas are totally
divergent, nevertheless the continued fractions converge to
analytic functions of z. We shall first prove:

THEOREM 92.1. Let A and B denote two arbitrary bounded regions of
the complex plane. Then, there exists a number & > 0 such that the con-
tinued fraction (92.1) converges uniformly for a in A, b in B, and = in the
real interval (0, 8).

Proof. If & > 0 is sufficiently small, then (2 + p)z and
(6 + p)z will be in the parabolic region | w| — R(x) < 3, for
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allain.Z,sin Byand zin (0,8), (p = 0, 1,2, --+). The theorem

now follows immediately from Theorem 18.1.

THEOREM 92.2. Let a and b be arbitrary complex constants. Let G
be any closed bounded region in the x-plane exterior to the negative half
of the real axis. Then the continued fraction (92.1) converges over G
excepting possibly at certain isolated points, and uniformly over the region
obtained from G by removing the interiors of small circles with centers at
these points. The value of the continued fraction is an analvtic function
having these points as poles [135].

Proof. Let .7 and B of Theorem 92.1 be the single points a
and 4, and choose & > 0 accordingly. We may suppose that G
contains the interval (5,2, 8) on the interior, and that G is a
connected region. The region G will be contained within the
cardioid domain (34.5) provided the parameter # > 0 determining
that domain is sufficiently small. Then if NV is sufficiently large,
the numbers 2 + » and 4 4 »# will be in the parabolic region
(cf. 34.1)) |w| — N(w) < 4%2 for » > N. Hence, it follows
by Theorem 34.1 that for » > V| the continued fraction

1

(@ + n)z
1 S S

* L+ (b + n)z

L (etntlz

- (_b +n+ 1)z

1 +-

converges uniformly over G to an analytic function f,(z). There-
fore the continued fraction (92.1) converges over G to the value

‘_12,,(2) + &+ n — 1)2f(2) A3n_1(2)
an(Z) + (b + H — l)zfn(z)BZn—l(z) ’

provided the denominator does not vanish identically. Since the
continued fraction converges when z is in the interval (0, 8),
by virtue of Theorem 92.1, we then conclude that it converges
except possibly for isolated values of z. The convergence is



352 ANALYTIC THEORY OF CONTINUED FRACTIONS

evidently uniform over the region obtained from G by removing
the interiors of small circles with centers at these isolated points.

In order to express the analytic function represented by the
continued fraction in terms of integrals, we write

Qa, b; —2)
1—ab——+a(a+1)b(b+1) ------

_ T@)  T@+1)/—b Ta+2)/—b
I‘(a)+ l(a) (1>z+_—ﬁa5_<2)zz+'“

1 » 1 —b “
= —Hy e ld f —u ud .
l‘(a)f “ +I‘(a)( > , & E
1 —b x
+ I_‘(_aS( >j; e~ Wy 2% 4 - - -

—b
2,2 —u,a—1
I‘(a) <1+( )zu+(2>zu + )t’ 1 'duy

< t’_" a—ldu

[‘(a) 0 (1+Z”)b

This_formal procedure suggests the possibility of the formula

w eyt 1y

o (1 4+ 21)® 1
A :___"—“—Z (92.3)

o (1 4 zu)b™t L4+ - R I
(a + 1)z

G

N

1+
, [63],

for all values of @, 4, and z for which the integrals are defined,
namely, for R(a) > 0,  arbitrary, and for z not on the negative
half of the real axis.
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We consider first the case where 4 = 1:

0 o 14+ — - a“f_____
1+ l-z___ - =
L, @D
2z
14+- o

2)z

L4 et D

I+ ——

If a is real and positive, this formula is valid for all z not on the
negative half of the real axis. In fact, it is only necessary to
apply the theory of § 87. Since the continued fraction is con-
vergent, the Stieltjes moment problem

Cp =f wbde(u), p=0,1,2,.--,
0

is determinate, so that the solution

o(u) = — )f e vt

is the only normalized solution. Therefore (92.4) holds if 4 is
real and positive. To show that (92.4) holds for R(2) > 0 and
for all z not on the negative half of the real axis, it suffices to
show that it holds for 3(z) > 0 and for all 2 on some interval
(0, 8), (6 > 0). For a fixed 2z = ¥ > 0, the left-hand member of
(92.4) is easily seen to be an analytic function of a for R(z) > 0.
By Theorem 92.1, the same is true of the right-hand member for
0 < x <4, provided & is a sufficiently small positive number.
Since (92.4) holds for 4 real and positive, it must therefore hold
for R(a) > 0.

We shall now show that (92 3) holds for 2 and 4 real and posi-
tlve, and for z not on the negative half of the real axis. The exten-
sion of the result to complex values of 2 and 4 for which the
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integrals exist can be made by means of the argument used above.
Suppose thatz = x > 0,4 > 0,4 > 0. Put

fa, b) “ e " u"du
ﬂ’ = -—— fm e —— - - e
' I(a) Jy (14 xu)’

By integration by parts we readily find the formulas

fla, b) = fla, b+ 1) + axfla + 1,6 + 1),
flayb+4-1) = fla + 1,46+ 1) + bxfla + 1,4 + 2).

Thercfore,
f((!, b + l) 1
f(a, /1 - l_——{— (z.xf(ﬂ + 1, /1_-_}-——1—)
fla, b+ 1)
fa+ 1,6+ 1) 1
fab+ 1) T flat 1,42

IR P W

These hold for @ > 0 and for all values of 4. We now seec imme-
diately from thesc formulas that

/((l, /1) n "') + Au /n l(")
f(ﬂ b - l) nk*) + Aan 1 \)

where A ,(x) and B,(x) arc the pth numerator and denominator
of the continued fraction in (92.3), with 2 = &, and are positive,
and where £, is a positive number. Thercfore, the quotient
f(a, b)/f(a, b — 1) lies between .7,(x), Ba(x) and An_1(x). Bu_1(x).
Since the continued fraction converges, its value must then be
f(a, b)/f(a, b—1). lhus, (92.3) holds for @, 4 and z real and
positive. The extension to complex z not on the negative half
of the real axis is at once possible, since both members are analytic
functions of z. As indicated before, the extension to complex
values of @ and 4 for which the integrals exist can be easily made
[135].
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We shall now derive some important special cases of the formula
(92.4).

We first replace the integral in the left-hand member of (92.4)
by an integral which converges for all values of a. For this pur-
pose it is only necessary to put 4 = 1 in the identity

f‘ > (/lt _ 1 f’v " du
I‘(b) 0 (1 + zu)* I'(a)Jy (1 + zu)®
We then have:

f” e "duy B 1 .
o (1

— - 92.
+ 2u)° L4 az___l__‘ (92.3)
[
+ L4 _(a + _l_)_z
2.z
R
(a + 2)z
e
1 +-

valid for all values of 4, and for all 2 not on the negative half
of the real axis.

On replacing z by 1,z and then dividing by z in (92.4) we get

1 f " l_ 92.6)
I'(a) Jy ~+u - a ')

valid for R(4) > 0 and z not on the negative half of the real axis

On taking the even part of the continued fraction in the right-
hand member, we obtain
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1 e "y duy
. 8 fidad 9
I'(a) fo 2+ u ©2.7)

_ 1

- 2+ l-a

a— .
2(1 + a)
Ptat2- e
24+a+4— — -~

valid in the range of (92.6).
On replacing 2z by 1/z in (92.5) we obtain:

f”f_‘f:ff__ A (92.8)
0 (z+u)a_ a -
2t -
14+ —
+ (@+1)
24 — - =
R
(@a+2)
2+ —
L8
2+

valid for all 2 and for z not on the negative half of the real axis.
let 2 = x be real and positive, and replace # 4+ x by « in the
above integral. On replacing @ by 1 — 4, we then have:

f gy = — Y (92.9)
. 1 —a
X+ — I
l+—+—‘—2j{;
x . 2
n 3—a

et

1+ >

X+

. ) [50]:
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valid for all 2 if x > 0. For @ = 0, this gives

" du —e "
= - 92.10
j.: log « 1 ( )
+

valid for x > 0; and for a2 = 1, (92.9) gives

00 l»\/_ -z
[ o= 2% (92.11)
vi 1
%+ ——— —

2
24 ———3
* 4 ———

2 4+ 4
2+

. ) [49])
valid for ¥ > 0. With the aid of the formula

® 1
f e du = =V,
0 2

we then find immediately that

z . 1,—z
fe—"gd = -1-\/1 - _______28
o 2
x+

(92.12)

valid-for x > 0.
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One may readily obtain the following four formulas, all valid
for x > 0.

1 .,
R -_—f -
z 7
[Fesu - \/?r___\/_-____ 92.13)
0 2 ]
£t
%+ S
X+ - —'—-;
x4 7
e
)
f gy = - L - (92.14)
d e -
s+ 3
v 4 Sem 1
AL P
f g, = : (92.15)
£ 'x+ _ ___;
X+ -- _—3
e
f P A . (92.16)
r ]
L
R
x+5—-
16 1
x+7 -
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Stieltjes gave the following generalization of (92.6):

Fs 1 — ¢ a
m@aq@=f(M:rLﬁwwa (92.17)
0 (4 — ¢
_ m®
B am
2+ -,
Lo me
(a + 1)m
R
1+ ___‘me ——
- (a + 2)m
B 3mc
-, [os],

where m = (1 — ¢), (1 — ¢*). This 1s valid for a > 0, 4 > 0,
¢ > 0, and z not on the negative half of the real axis. The integral
in (92.6) is the special case §(a, 1, 1; 2). If 0 < ¢ <1, then

S(a, b, c; 2)
_ —~a(a -+ 1)a+2) - (a+p— 1)‘ (1 — ¢)7ehr

p=0 P! . z +4 (P + (l)(l .‘—_-C)

b

and if ¢ > 1,
S(a, b, c; 2)

_ 2(1((1 + l)f{f_t_%)_'_'_'_({f -i—e -1) (r - 1)7e=ber l—n)

p=0 —p! z+P(“"1)

If

%

r"
$re) =D 0
p-0 1 + pz

then
1 — 7 1 1 -1
Mn@=1+TSOJn:-Y)= s(LL_ﬁmm)
P4 ~

Py

We therefore have the expansions
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r

#rm =1+ ——-Te (92.18)
1—r+
rz
I+ 22
1l —r+ e
L
1 —_— e R
r+ 1T
and | K
S R — (92.19)
rz
l—r+—- -
1+ ‘
rz
l—r4+-—- - %
L= 3rz
1 —r+ .———

1 +.

valid forO <r < landforallz # —1/n,n=1,2,3, ---.

Exercise 18

18.1. Let P(2) = Zc,z” satisfy the differential equation

n
(a + &62) él—;izz + cP(2) +Zt,,z” =0, a#0, b4,¢,1!,constants.

=0
Then ’
P@z) = o + iz +- -+ caz" "

4. c,.+1z"
1+ [c + (n + 1))z
(6 — oz
(n+ 2+ (o + Dle + (n T Dbz
n+34+ 335 — Iz
(n+a + "

n+5+-.

If 4 = 0, this holds for all values of z; if 4 # 0, it holds for all z exterior to the
cut along the real axis from —1 to — =,



THE_CONTINUED FRACTION OF GAUSS 361

18.2. Let P(z) satisfy the differential equation

dP(Z) + (r+ JZ)P(Z) +Z’pzp 0, pa+r#0, p=0, l’ 2) tete

»=0

(az + 628) ——

Then, 5
1"(n+€,l,n+l+£;—;z), a#0, b0,

PR =a+az+---

S
. q>(1 n+1+—-—;z), a%0, b=0,

Q(u+b, ,—éz), a=0, 550,

so that continued fraction expansions for P(z) can be written down at once.



C/za/)ter XTX

STIEL'TJES SUMMABILITY

In this chapter we have applied some of the theory of J-frac-
tions to a number of examples. The pattern of these examples
may be described as follows. A definite integral is expanded into
a power series which proves to be totally divergent. The power
serics is then expanded into a J-fraction which turns out to be
convergent and to have as its value the definite integral with
which we started. ‘The J-fraction then serves as a means for
computing the value of the definite integral.

93. Definition and Illustrative Examples. By Stieltjes sum-
mability we shall understand the process of summing a dlvergcnt
power series by means of a J-fraction. The examples given in
§ 92 show that the J-fraction may converge even when the power
serics expansion of the J-fraction is totally divergent. The J-frac-
tion thus furnishes a generalized sum of the divergent power series.

[f there is given a power series P(1/2) = =(c,/2"1"), then there
arise two main problems.

(A) To determine whether or not the power series has a J-frac-
tion expansion.

(B) If the J-fraction exists, to establish convergence, and to
determine properties of the function represented.

As to (A), there are scveral criteria for establishing the existence
of the J-fraction, of which the following may be suggested.

(a) There is a bounded nondecreasing function ¢(«), taking on
infinitely many different values, such that the coefficients in the
power series are given by

+5
. =f wdd(a), p=0,1,2, - (93.1)

—

362
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In case ¢(x) is constant for # < 0, this may be written

+ o

) = f wrd(u), p=0,1,2, -, (93.2)
0

and then P(1,/2) has an S-fraction expansion.

(b) The determinants A, of (86.2) are all different from 0.
If the ¢, are real and these determinants are all positive, then,
and only then, does P(1 =) have a real J-fraction expansion.

(¢) There exists a nonrational function f(z) which is analytic
and has negative imaginary part for 3(z) > 0, which is asymptoti-
cally equal to the rea/ power series in the domain J(z) > 8 for
every positive 8. It is actually sufficient if this holds in cvery
domain ¢ <argz <7 —¢, 0 << m 2 In case f(3) can be
expressed in the form

U t’(f)(/l)
S - f R (93.3)
, 2 —u
where ¢(«) is bounded and nondecreasing, then it is sufhicient that

f(z) is asymptotically equal to P(1,2) as 2 — « along the posi-
tive imaginary axis. It may be possible to establish (93.3) by
means of Theorem 66.2.

(d) There exists a power series identity of the type required
in Theorem 53.1.

(e) The power series has some special property which enables
one to obtain its J-fraction expansion, e.g., as is the case for the
sceries of Chapter XVIIIL

(/) The cocficients in the J-fraction may be computed stey
by step by means of the algorithm of § 51, If the law of formation
of the coefficients is not too complicated, it may be possible to
discover and establish it.

As to (B), if the law of the coefficients in the J-fraction is
known, it may be possible to use one of the convergence criteria
developed in the early chapters of this book. If the law of the
coefficients is not known, then it may be possible to establish
convergence of the J-fraction by showing that the related moment
problem is determinate, e.g., by Theorem 88.1. The given power
series may have arisen as the formal solution of a differential
equation, or as the formal expansion of a definite integral. One is
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then naturally interested in knowing whether or not the value of
the J-fraction is a solution of the differential equation, or is equal
to the integral. Since the value of the J-fraction can always be
expressed as a definite integral, it may be possible to find the
answers to these questions without much difficulty.

The technique employed depends of course upon the particular
problem under consideration. Stieltjes worked out a large num-
ber of examples. These will be found in his Oeuvres, vol. 2, pp.
184-200, 378-391, and 546-559, and also scattered through the
celebrated memoir on pp. 402-566. We shall consider some of
these examples here.

Example 1. [I.et us recall that

log I'(z) = —% + (z — 1) logz + log V2r + J(2),
where, if RN(z) > 0,

1 d 1 b3
J(2) = f log - = o —du. (93.4)
™ Jo 1 —¢ z 7]

The function J(z) has the formal power series expansion

1 = .
P(v> =Z(—])p-2‘;:p1—1’

o
< o0 P4

where A
cp = f w?log (1 — e 2™)du, p=0,1,2,---. (93.5)
™ Jo

Thus,

2p)! — 1
0= yaptipapre 27.21)-4.-2 v p=0,1,2, - (93.6)

r=1

Consequently,

Cp = "'—"‘"?’2",:‘2 - Ty P = 0,12, -,
Qp+1D(2p+2)
where B, = L, By = &, Bs = ', - - - are the Bernoulli numbers.

It readily follows from (93.6) that the formal power series P(1/z)
is totally divergent.
The equations (93.5) can be written in the form

p =f wbde(u), p=0,1,2, .., (93.7)

0
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where

1 prlog (1 — e~ 2™
Jf gl —e") , (93.8)
0

¢(”) == 2\/,

T

i.e., in the form (93.2), where ¢(x) is bounded and nondecreasing,
and takes on infinitely many different values for # > 0. There-
fore the series P(1/2) has an S-fraction cxpansion of the form

in which the a, are positive. On applying Theorem 88.1 to the
¢, as given by (93.6) we find that the Stieltjes moment problem
(93.7) is determinate. 1t follows that the S-fraction must converge
for R(z) > 0 to the function ](3).

By means of the algorithm (51.6) we find that

1
12
J@) = — (93.9)
30
z2+-— —- T
210
T
371
T T 2999
22737
T 09044523
19733142
2T T 109535241009
48264275462

z+-




366 ANALYTIC THEORY OF CONTINUED FRACTIONS

The law of formation of the coefficients is extremely complicated.

However, even the first approximant 1,'(122) gives an excellent

approximation to the function J(2) for large positive values of z.
Example 2. By (53.11) we have, formally,

—if sech*u e*'du = —- - — - — (93.10)
o }

TGy
. _Sk+2)

If k is real and positive, this is a real J-fraction. By Theorem
5.1, the determinate case holds, so that the J-fraction converges
for 3(z) > 0. The integral on the left is also convergent for
J(z) > 0. To show that the integral is equal to the J-fraction,
we proceed as follows. Denote the value of the integral by f(z).
Then
I
I(f(2)) = —-f sech* u-cos xu-¢ ""du,
0

where we have put z = v 4+ 7v. It is not difficult to see that
J(f(2)) is negative for J(z) > 0. Then, by integration by parts,

1 r(z)
fa) =+,
2 yz

where
ra
g(z) = —k_vf scch¥ #-tanh - ¢ du.

0

Hence, if y > 0,
| g(z) | < (,'f ye "du = C,
0

where C is a sufficiently large positive constant. It now follows
by § 66 that f(z) can be expressed in the form (93.3), where ¢(«)
is bounded and nondecreasing.

Let P(1,2) = 2(c,.'2”*") be the power series expansion of the
J-fraction. One may then readily verify that f(z) is asymptotically
equal to P(1 'z) in the sense of (85.3), as = approaches « along the
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positive imaginary axis. Since the determinate case holds for
the J-fraction, we then conclude by Theorem 85.3 that f(2) is
the equivalent function of the J-fraction, and consequently
(93.10) is a true equality.

Example 3. We now consider the function

1=t
F(t; Z) =f e ,t’—""{{l(, t >0, (93.11)
() (, —

mentioned near the end of §92. For ¢ = 1 this reduces to

f f+d-”=» : - (93.12)
0o < i z+ )

(cf. (92.6) with @ = 1), which is a formula of lLaguerre, valid
for all 2 not on the negative half of the real axis. The power series
expansion of this S-fraction is the totally divergent power scries
S(=1)Pp! /2w,

The function F(¢;2) can be expressed as a Stieltjes integral of the

form
f“ dc_p_(u_)_
o =+ u ’

also when ¢ > 0 and different from 1. In fact, we have

o _ p—1
A=07  ocr<n,
p=1 2 + f’(l - t)
Fi; 2) = (93.13)

= (¢t — D .
,,Z,;z-{—(p—-l)(t—-l) if £>1.

If # # 1, ¢(u) is a step-function; and ¢(«) is continuous if # = 1.
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Moreover, the moments

0

Ek"(l — et gf 0<e <,

¢ = f urde(n) = (93.14)

0

‘Z(k — 1)e(e — 1)tk Gf > 1,
h=1

P = Oa 172) R
exist. From (93.14) we readily verify that

C
, =t(1 — ¢ —’”“—+1+ — Dep_t, ¢o =1,
( ) [ (p Mep—15 €o (93.15)

l’—l,-,B)‘ *

Thus, ¢, = ¢,(¢) is a polynomial in ¢ of degree p — 1, with positive
coefficients.  One may readily verify that

\
() =11, (—,) ) (93.16)
Consider now the series
1\!2
s ( ) g (93.17)
p

If¢ = 1, then ¢, = p!, so that this series diverges Ifo<t<l,
then obvxously ¢y, < p!, so that again the series diverges. If
t > 1, then, by (93 16), ¢, < t*7'p!, and therefore the series
(93. 17) diverges in this case also. By Theorem 88.1 we now
conclude that the Stieltjes moment problem (93. 14) is determinate.

From these remarks we conclude that F(¢; z) is the value of a
convergent S-fraction of the form
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in which the coefficients 4, are positive. By means of the
algorithm of § 51 we find that

1
Ftz) =- — (93.18)
z 4 e —

1
- —

g 4 -
1 +

3t

4 -

94. List of Expansion Formulas. In this section we have listed,
without proof, a number of expansion formulas given by Stieltjes
and others.

(«1) Integrals involving hyperbolic functions.

“ e "du
——— - - 4.1
j:, (cosh #+a sinh «)™ ©O4.1)
. o
B Lt »_m(l—»—ﬂz) S
z+ma 2T )
s+(m+2)a+ - S
~+(”’l+‘l’)(l+ .gz(m—‘_—_fl)(l__a_)
" 2+ (m+6)a+ -
[94.]
- 1
f tanh ue™"du = --—- - - (94.2)
0 . 1-2
2 T
14+ — 23
2 4 3-4
i L. &5
2% +-

[94.] -
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“ sinh (au) sinh (bu)
f c———, -~ - ——¢"du
0 sinh (cu)
A
zz-i—bl L _(11__ o
"2-{»/). — __,_il‘! - -
Tt by —-
s 194,
where 154
b1 = Qp*+2p 4+ 1)F = a® = 47,
4p2
a, = (pic* — a®)( pic* — 4*) ZDT_,P:_i.
fmli sm: Z;mj ¢ 'du = ‘..
sinh (b# a
0 2+ — 4
. »_ﬂg ~
it +'.
> 194,
where . 154
a, = (I):/IZ 112) 4[)’ : 1“
f Flay by 3(a + b+ 1); — sinh® u)e” *"du
0
B 1
- a,
2 + e —
. + ”E_
T+ -
) 1941.»

where F(a, b, c; x) 1s the hypergeometric series, and

_4a+pl+pp+O(p+ati—1)

T tat b —Dptat bt

(94.3)

(94.4)

(94.5)
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® ue=*"du 1
it 94.6
j; sinh # 1t (94.6)
z + — 7—“
3+ - 3
Sz 4+ —— —
+ 7z +-
80.]
® ue"du
b, e - ©47)
0
1
- =
A
1+ —
ve 1 _ o
" 1+ ¥
2 - 6°
" 4 6*
22— 1+
[80.]
. 71 cosh 2au\
Exp f »<1 _ s )p iy (94.8)
o U cosh 2u
14 - 2(1 — a°)
I ety
z"’ —_— -— —
1+ - (5% —a®)
2 4 (7* = a%)
p i
[80.]
1 r*sinh2an
tanh (—f s -e‘*”a’u) (94.9)
2Jy ucoshu
3 _a L
(12 — 42)
TRl
e
z
zZ+-

80.]
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“sinh au -
tanh f - cosh £¢ du (94.10)
a
= - —-——-12
24 (2‘ — 4?)
SR
@ —a)
2 + L 5__,_ B
T
~ z + .
[80.]
(B) Formulas involving ¥(z) = d [log I'(z)]/dz. [94.]
1 1 b— (2
f)—\ll(z+b)—,,\l/(z+l~b)= ? ~(-2—) (94.11)
- - . o (l]
N o
M + R
z -
wherce K
L P + 1=2)(p—1+2)
’ (p —DEp+ 1)
W@+ 6) + e+ 1 —6) — () — ¥+ 1)) (94.12)
_ 0 = b
e AN
14+ (AN
2 4 23 q_
1 ] 2
+ 2 1
where °
n(n — by(n —1 +_b) n(n + by(m + 1 — l))

Pn= Si;n - 1) » T "(”71 + 1)
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= 1 1
V(2) = % o my = rmmm e 94.13)
) pZO(z+p)2 —1+_~ _.{ll_— (
fTaT T . P
SR R +-
where p‘ »
T i -+ )
= 1 1
42y o — 2= — e —— 94.14)
,,Z_(; (= + p)? P (
z 4 -~ -t —
z + 9N
N P2
q2
2+ iy
h ”
where rzz(r{_+ 1) n(n + 1)

n

dn+2" "= w2

o) o 1o

v (‘:‘ Jt}):i)] _ ! (94.15)

where a3, = p% a2, = (p + 0)(p + 1 = d).

[ (3 () - ()

_‘p(z+1+b] b—(3) .

2

(94.16)
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where | ) .
e (L)),

by, =106—86+%(2p — 1)2
(C) Integrals involving the Jacobi elliptic functions.

f su(uy k)e *"du (94.17)
(1) ]
i 22 + {l- e
3 + ’;gﬂ _ —_:?.4-"—5/{!
2 sta— S OTK
22 4 724 —
where \ 193],
a=14k%
j‘:w('n(u, Rye du = - ! 13 (94.18)
2t 2%
2 1 ) 33
=t ap
z ) =
z + o 6242
o
.. [93]
j(: dn(uy, B)e™*"du = L——k_"’ (94.19)
2+-- - 23
et - 32k
=+ - - e
=t - 522
ETTT e
2+ 722
2+ —

[93.]
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2}
(94.20)

-—

N
f su?(u, k)e™"du = — - -
V] a, o

22 + b) - - p
22y — e
t o 2?4+ by — "

|80],

by = (2p)2(1 + &2).

where
ay = 2p(2p + 1)°’Qp + A7,
= su(uy, Ryen(u, k)
TR BRI T gy 94.21
j:, dn(u, k) ¢ an ( )
33 + /}l _ _ a,
L2 + b,, _ ady o
- } 2+ by —
“y l80l,

where
by =2Q2p — 1)*Q — &?).

b= (= DEP*Qp + D,

(D) Miscellaneous expansions.
di (94.22)

2 14t \/.1_1___
rdo U402 — 4 Nu | + d2u

1
) 1+t
1+<j);
1+ - —
1+ T
L+

[88.]

let a=(Vp—~ V) b=Np+ Vg (>0, ¢>0)

T.et B o
b — —_
_\/ab 1 \/(u a)(b — u) du it >4
u

b3 2T

F(z) =
: f" ‘C"_:_“L(”:_"l Wi g
u P4 + u

2w
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Then
Fi) = —F— (94.23)
2+ - “_
1+ -
M + — ._q»_ —
p—

L4 —'-

Dl
“~

195.]

lete =II(] — a"h) where 0 < a < 1,0 <4 <1, and put
p=0
br
M, =be, M,= -- - -~ "~~~ , - - L — e,
(1 —a)l —a>)( —a®) - 1 —=a"?)
p =234 .

Then
Mo ’ 94.24
et | + a2 B (1 — b)az (94.24)
Ly U
(1 — ab)a*z
1+ ——— = = 5,
L4 (1 — a®)a*bs
| — a2 EN
- (_- a*b)a

1 + UT__ a_‘)a‘_&;
[+

[131.]



Chapter XX

THE, PADE TABLLE

With each ordered pair (p, ¢) of nonnegative integers, there
1s associated a uniquely determined rational fraction f, 4(z),
whose numerator and denominator are of degrees not exceeding
¢ and p, respectively, and whose expansion in ascending powers of
z agrees term by term with a given power series Z¢,2” for more
terms than that of any other such rational fraction. These
rational fractions are arranged in a table of double entry, by
putting f,, ,(2) in the (p + 1)th row and (¢ 4+ 1)th column of the
table (p, ¢ =0, 1, 2, ---). The present chapter is concerned
primarily with the investigation of formal properties of this table,
and of continued fractions whose approximants are among the
fractions of the table.

95. Definitions. I.ct

PR) =co+caz+ 2@+, (co#0), (95.1)
be a formal power series with constant term different from zero,

and let B(z) = #, + tiz + - - - + £,2” be a polynomial of degree not
exceeding p. We form the product

P()B(z) = coto + (coty + c1t0)2
+ (cotz + ity + catg)2® +---. (95.2)

Since there are p + 1 parameters #, we may choose them, not all
zero, such that the coefficients of 291", » = 1,2, - -+, p, in (95.2)
are equal to zero.” If we denote by B, ,(2) the corresponding poly-
nomial B(z), and denote by A, ,(z) the sum of the terms of degree

less than ¢ + 1 in (95.2), we then have
P@)B,.o(z) — A, 4(z) = (zPFH), " (95.3)

377
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where (2F) denotes a power series beginning with the term in 2*
or a higher power of z. If B, ,/(z) and A, ., (z) are two other
polynomials so determined that

l)(Z)Bp,q’(z) - 1‘1','q,(z) = (zp+(l+l),

the polynomials being of degrees not cxceeding p and ¢, respec-
tively, B,.,/(z) # 0, then we find by composition that

A,42)B, ) (2) — A,/ )B, (z) = (zPT1HY),

This is a polynomial of degree not exceeding p + ¢, and yet it
contains no power of z of degree less than p + ¢ + 1. The poly-
nomial must therefore be identically equal to 0, so that

Ay R, (z)

[31'.’/(2) - B,,',,(Z) ’

This uniquelv determined rational fraction,

Jou(2) = ra(2) (95.4)

Bp.q(z)

is called a Padé approximant of P(z).
We associate with the Pad¢ approximants the following geo-

metrical configuration, known as the Padé table. To the point

Y

[o.0] .1 p.2]

[0} [ 0.2]

[20] [2,] k2 | ---

X Fic. 13.

® Frobenius [16] made a systematic study of these rational fractions, obtaining recur-
rence relations connecting numerators and denominators of three contiguous fractions.
Padé [66] arranged the fractions 1n a table of double entry, and investigated the different
tvpes of continued fractions whose sequences of approximants are approprately chosen
files 1n the table.
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in the cartesian plane with nonnegative integral co-ordinates
(p, ¢), we shall let correspond the Padé approximant f,.(z).
It will be convenient to take the positive y-axis to the right
and the positive x-axis downward. We may also regard f,,(2)
as occupying the square [, ¢], with vertices at the points

(P, q); (p: q + 1))
(pt+L,q9, (p+1 g+ 1.
96. The Normal Padé Table. The power series (95.1) and its
Padé table will be called normal if all the determinants

Chy Chqy *cty Chyp |

p=0,1,2 -
A,,(I\' - Chtly Chyzs ety Chypyt . (96.1)
- 7 ...
Chtpy Chgptis """ Chgzp ‘ ¢ 0, l’ - ’
arc different from zero, and if all the like determinants formed
with the coefficients of the reciprocal series

1 .
Q(Z) = l)(zj = (/() + ({lz + (122' +‘ .. (9().2)

are different from zero. By Theorem 52.1 it follows that P(z)
is normal if; and only if, the series

PR@R) =+ gz + gz +-- 1,
Q(k)(z) =d, + (lk-i-lz + 1{A+2z2 +--- (96-3)
k=0’ 1)2,"') (P(m = P: Q(“)ZQ)’

have S-fraction expansions

(k)
a9
T (4p'" = ap), (96.4)
{ @y '2
- (k)
as '3
1 — °-
1 —.
)
and
(k)
Q)
L (@,® = a), (96.5)
W
1 — L
az(k)z
1] = 22 —



380 _ ANALY'IC THEORY OF CONTINUED FRACTIONS

respectively, where the ¢, and «,*’ are different from zero.

TueoreMm 96.1.  In a normal Padé table, the approximants of the con-
tinued fraction

an ) 5h
2 k—1 0
coteazte+ o ta T (96.6)
ayp s
] — —
.oaPz
1 —-=°
1 —

Jill the stairlike sequence of squares
0, £ — 1]]0, £] (96.7)
(1, &]LL, & + 1]
2, &+ 112, & + 2]

while the approximants of the continued fraction
1

— e (96.8)
)
do + dyz b do? b di 3 — . h)
«wq A
- 1 _—“2(/\»‘
-
Sill the squares
[k —1,0] (96.9)
[k, 0]  [&, 1]
e+ 1, 1k +1,2]
k+2,2
[66.]

Proof. l.et .1,%(z) and B,*(z) denote the pth numerator
and denominator of (96.4). Then the numerators and denomi-
nators of (96.6) are given by

k1) = (co + ez +- -+ a2 B,,P(2)
+ 24,9 (),
Appik(@) = (co+ 2 +---+ q_l;l‘—l)ngH(k)(z)
+ 2ty 11 * (@), (96.10)
By pti—1(2) = By, ®(2),
Bn.n }A(Z) = B;z,. i |m(2).
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The polynomials are of degrees p+ 4 — 1, p+ £, p and p,
respectively. Morcover,

P)By piia(z) — Apppk—1(z) = zl'l.[)m(z)szm(:) — 15, (2)]

— (z.'l'{k).
Consequently, ), ,1x—1(5); Bp.pir—1(z) is the Padé approximant
Soprr—1(z) of P(z). Similarly, .7, ,44(z)/ B, ,44(2) = fo.p+x(2).
Therefore the approximants of (96.6) arc the Padé approximants
in the file (96.7). Now one may verify at once that if £, is a
Padé approximant of Q(z) = 1/P(z), then 1/F,, is the Pad¢
approximant f, , of P(z). Irom this remark it follows that the
approximants of the continued fraction (96.8) make up the file
(96.9).

We note that (96.4) with & = 0 is the same as (96.8) with
k = 1. llence, we have the relations

l (\’l)(h
= dy,
({0 f{(l

p=123 .-

— 1) —
= dy, (YI,() = Apy1y

(96.11)

Inasmuch as two of the stairlike files (96.7) or (96.9), formed
for consecutive values of &, overlap, it follows that if all the
continued fractions (96.6) and (96.8) converge, then they must
have a common valuc. In order to investigate the convergence
of these continued fractions one needs to have formulas expressing
their approximants in terms of the approximants of some one of
them, for instance, (96.4) with 4 = 0. We shall proceed to
obtain such formulas.

The approximants of the even part of (96.6), namely,

cot ezt 4 21 (96.12)

1 -y — . . 21 %2

1 — (a2 + a3®)z — L — (aa® F ag®)z —.

a;,“"a.,""zz
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occupy the diagonal file of squares

[0, £ — 1]
(1, 4]
2,k +1]

)
and the approximants of the odd part of (96.6), namely,

coteztes a2 a2 (96.13)

(l()”‘ )”l(hzl i1

+— R o """"_ﬂ.—,(l.-;:_i?lé;z'é
=@ 4a)z— - - - = T —g
I—((l;;”"+u4(“)z— @y a5 x

1-—((15(“-*"{15“'))2— .

occupy the file
10, 4]
2k +2]

It follows that (96.13) with £ replaced by 4 — 1 must be identical
with (96.12). Because of the uniqueness of the J-fraction expan-
sion, we are justified in equating corresponding coefficients.

Therefore
ao(k-n: Chets a, %4 a7 = 11,‘“,
ao(l.—l)al(k—l)= a“(h’ a:i(k_l)+ (“(A—l)___. {lg(l')-{- ”3(1.)’ (96.14)

ag(k—l)ﬂa(k_”= al(“(lz(“, tl,r,(l‘_”'l‘ ae(k—l)= (14(k)+ ll,r,(k),

These can be most easily handled if we make the substitution

1 .
" = 7 (» "= - = oo e
@ =g a,” = PTG p=1,2,3 ---. (96.15)
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One may then readily establish the relations

p 2
bop1® = b2p(k—l)< z b?r—l(k‘l)> >
r=1

k-1 —
b k) — b?l"l’l( ) p - 1)2) 3) ) (96'16)
2p = = —_'+| 3
S bop_*V. S bap 7V
1 =1 =1
and also, { o)
HG—D .  p =D o 2
1 - ) 3 - 5 ?
Cr—1 Ce—1(Cr—r — 627)
/)2(1\—-1) - blm“_lz’
by ®
boppr* ™V = — — — T (96.17)

p-1 P
<l/. -1 bm“”) (fk»—l - E b‘.lr(“>
1 -1 r=1
-1 2
btV = by, ® <fk—1 - S bm-“’) - [95.]
=1

Again by comparison of (96.12) and (96.13) we obtain the
relations

B2, (2) = Bap it 7V(2),
(96.18)
242,%(2) = d2p 1% V(@) — ck1Bap1* 7V (2).
By means of the fundamental recurrence formulas we then get:
By 1 1%(2) = Bypys® ™V (2) + 2825 41% B2y * 7V (2),
245,11 ®(2) = A2p 3% V() + 242511 P Aop 1 *TV(2) (96.19)
— k—1[B2p43* 7 (2) + 2425410 By 1TV ()]
Corresponding to the substitution (96.15) we now put
G, V(@) = 578D+ b, P AP (2),

(96.20)
Hp(r)(z) — bl(r)b‘z(r) e bp(r)Bp(r)(Z)_ ‘



384 ANALYTIC THEORY OF CONTINUED FRACTIONS

Ihc relations (96.18) and (96.19) then become, if we use (96.16),

Hzp } 1”‘ l)(Z)

,/2”“)(2) - hl,F[:l)- K]
Gz = TR — as 1 Hypn* 0 (2)
" zh,* “n ’
»
/I"w) - Z/,__,r+l(,,\_ (96_2])

10
I]g,,” (z) /ll‘i‘”‘— |[[) _(Aﬂh(z) — [[.3,,+.,("_1)(Z),
Z(I‘z,. ‘ I(I.-)(z) — /l,,., l(A——U(;BH 21!.--1)(2) —_ (;2"+:‘(I\—l)(z)
— Ghatlhp TV Ho 2 TV (2) — Hap s 70 (2)].

THeorEM 96.2. For k = 0, 1,2, -, the Padé approximant f, 5 k(z)
15 given by

MiEGapyi 1) = Ne@Gopgasad) e o

Sk = O a1 k1 1) = Ne@) iy 114 2(2)

where M;(2) and Ni(2) are polynomials in = whose cocfficients are rational
Sunctions of the quantities h,'?. [119.]

Proof. Since

'Zn t l(")
o(2) = =0,1,2,
Sool@) = o \(2) p
the formula (96.22) holds for £ = 0 with M,(z) = 1, Ny(z) = 0.
Using induction, we shall assume that (96.22) holds for £ and
prove it for £ + 1. By hypothesis, (96.22) holds for the series
c1 4 iz + 52 +- -+, and for k. That is, the approximant in the
square [ p, p -+ & of the Pad¢ table for this series is given by
A[AU)(Z T2p4h41 ”(Z) it IVk(n(Z)G ,,“.*’“)(Z)

M @) Hap 14517 @) — MO @ Hapiisa (@)

where the superscript indicates that all the 4, which are involved
in the coefficients are replaced by 4,'".  If we multiply this expres-
sion by z and add ¢y, we obtain a rational fraction whose numerator
and denominator are of degrees not exceeding p + £ 4+ 1 and p,
respectively, which is obviously the Padé approximant £, ,4£41(2)
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for P(z). By means of (96.21), this expression may be reduced to
(96.22) with k replaced by £ + 1, and, according as £ = 2r or
k=2r+1:

M2r+l(z) = llp+r+ll1’{2r(n(:)i
N2r+l(z) = A'I‘lr“)(z) + t\.‘.!r(”(:) /I,Hr-{ 1y
A{2r+2(z) = A’[‘2r+l(1)(z)//1p+r+l - 2“\,2' } l(l)(z))

1V2,+2(Z) = ;11)+r+1N2r+1u) (2).

(96.23)

Therefore (96.22) holds with £ replaced by & + 1, where My, (z)

and Ni4q(z) are polynomials in 3 whose coefficients are rational

functions of the quantities 4,; and the theorem is proved.
From the recurrence formulas (96.23) we find that

11‘[2,4_1(2) llp tri1 (9( ’4)
T o= o m s Dem
. 1
2N, 41(2) hpgrtt
. hp i
~ - - T - ’_.
/’IH r(..)
(1
1 /’pfr ! .
h (3)
p-fr—1
(2
z _/1,;+1 )_, -
h hH
pir -1
3
l //p ir —l( !
/I,, ' _2(.))
(1)
hpir -y 2r 1)
Z — 1 /I,,.*] =
. /I,, H2(21— 2)
2
/1P+l(..r)
/lp.} l(27’- 1)
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and
N2r+2(z) +}11)+'+1 (96 25)
T M) hppraa®
l’p+r+l
2= 2
l’p+r
1 — Ap4ret
;,_M_T(s)
2
N bli"( )
hp+r—l 4
(3)
1 — hopr™ Jo 20
g —- e+l
/11 +2(2r-l)
- '_'_/1;) T (2ren
/z “”
Y

Inasmuch as the approximants f,4; ,(2) for P(z) are the
reciprocals of the approximants F, ,.(2) for Q(z) = 1, P(2),
analogous results hold for the approximants f, 1, ,(z). By (96.22
we have

fn+k p( )

1
I'p p+k(z)

MA ) Hypgrr (Z_) Ny (Z)Hzanz (Z)

M, (Z)G.lp+k+l () — N (")GZP—H-*-’ (‘,)

(96.26)

where the primes denote that the polynomials of (96.22) have been
formed for the series Q(2) = 1/P(z). In particular, G,’'(z)/H,’'(2)
1s the pth approximant of the S-fraction

1
- (96.27)

B —

2

e



THE PADE TABLE 387

where, analogous to (96.15),

! (r) 1

> @p == *
ﬁl(r) Bp(r)Bp-{-l(r)

an(r) =

On comparing the reciprocal of (96.27) with (96.6) with £ = 1,
we find that
G,'(z) = (=1)"'H,_,"(2),
H,)(z) = (=1)"YeoH, .1 V(2) + 2G,_,V(2)].
By (96.21), these may be written
G2y’ (2) = H3zp11(2) — hpH1p(2),
Gap41'(2) = Hapyr(2)/ A,
Hy,'(z) = Gypi1(2) — hpGap(2),

(96.28)

Hipii'(2) = Gopyr(2)/ 5.
On substituting from (96.28) into (96.26) we obtain

Kk(-z)-G-zp-{-k-{-](z) — Li(2)Gapyri2(2)

. (96.29
Dy irn@ = L@ Hapirsa@’ 02

Soakp(2) =

where Ki(z) and L,(2) are polynomials given by
Kax(z) = M2/ (2)/hpsx + 2N2/(2),

L(z) = _Nzlc’(z)hp+k;
(96.30)

Kakt1(z) = Moiyi' (@) ptk41,

L Loky1(2) = —Nokyr' @)/ hpirs1 + Maiia'(2).
et

gp(k) =232r+1(k)> (gp(m = gp)-

r=0

Then we find that g, = 1/A,. Also, 8,V = —b,1, 0 =1,2,3,
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The g, may be computed by means of (96.16). By (96.28),
(96.24) and (96.25), we now readily obtain

a
Loeii(2)  gord” (96.31)
. _ ., o
er—{l(z) gﬂ“’ {
(1)
Lpir
z — G
oy 17
(2)
| Lnyr
Ln s afh
.Epw—l('” (2r—1
— l. . Epi1t ™
. gnt2?
. — - = - - .,-
&4 2
g “(2,-1)
)
~ 1 )
and
. n
I\2r|2(z)_ _ —&pirit 96.32
oL = () (96.3=)
2Ly, 42(2) Epyr”
(L
Lp4r41
2= — = - -.(.'S)
Epgr™
r (2
| — Logr—
Y
Lp4r—1
&’p+r( Y (2r)
T = - opr”
L —. & )
. g’_”4.‘)(2:—1)
- EERCIER
gp}—l( rt1)
2
1 g’ff](_-.r)
b4

We conclude the present section with the following theorem.

THrEOREM 96.3. In a normal Padé table, the approximant occupying
the square |p, q| has, in its simplest terms, numerator and denominator

whose degrees are exactly q and p, respectively [66].
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Proof. We shall prove this for £, ,x(2), using (96.10). Since

1{,,',,+I.-_1(Z)Bp,p—{l\(z) - "lp.p}k(z)Bp.p—{k—l(z)
— ZI‘[.‘/QI,””(Z)Bg,,+|””(z) _ ‘/2'” I(H(S)Bz,ym(z)] — (‘Z‘ +2p+l’

it follows that the only possible common factor of .7,,,4(2)
and B, ,1(2) is a power of 2. Since B, ,44(0) # 0, there can
be no common factor, so that .7, ,4x(2)/Bp, p44(2) 1s irreducible.
Since the degrees of numerator and denominator are p + &
and p, respectively, the theorem is proved for this case. The
proof for f, 4 ,(2) can be made in the same way.

97. The Padé Table for the Series of Stieltjes. A power series
(95.1) with real coefficients, such that the determinants A, = A,
and Q, =A,Y, p=0,1,2, --- (cf. (96.1)) are all positive, is
called a series of Stieltjes. We saw in § 87 that the conditions
A, > 0,9, > 0 are necessary and sufficient for the existence of a
bounded nondecreasing function ¢(#), taking on infinitely many
different values for 0 < # < 4 o, such that

|~
Cp ==f udeu), p=0,1,2, ..

0

This implies that the quadratic forms

n

{ r
Zc,H_,,H.,\',,,\',, = f Xy + Xqu 4+ Xu")2de(n),

=0 0

wyk=0,1,2, -+,

are all positive definite. Hence, the determinants (96.1) are all
positive when P(2) is a series of Stieltjes. By Theorem 52.1 and
the remark following that theorem, P*(2) = ¢, + 5412 + c5422°
+ -+ has an S-fraction expansion

—— (97.1)

b — D
2 k)
bli -
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in which the 4,® are all positive. The reciprocal series Q(z) =
1/P(z) = dy + diz + d32* + - - - has the S-fraction expansion

_— (97.2)

and therefore the determinants A, and @, formed for Q(z) are
different from zero. Also, —Q™(z) has the S-fraction expansion

L 97.3)

by —

z
bo —
3 be —-

)

so that —Q™(2) is a series of Stieltjes. It follows that all the
determinants (96.1) formed for Q(z) are different from zero.
Hence, we have proved

THeoREM 97.1.  The series of Stieltjes is normal [109].

In order to connect with the work of § 87 we now replace z
by 1/z and divide by z in the power series P(z) and in all its Padé
approximants. Put (cf. (96.20))

),

S2n®) = (=2)Hau (3)

4

w |-

Rgn(Z) = (—Z)"_l(;-z,,(

| —

Rons1(2) = (—z)"Gz..H(
(97.4)

S2n+1(z.) = (—2)"""Hynys (1;)
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Then R,(2) and §,(z) are the #th numerator and denominator of

the S-fraction
1
— (97.5)

R —
1
by — -

baz -

1

14—

The Padé approximants (96.22) become, under the indicated
change of variable,

1 1
‘fp »+2k ( )
A/12k<

1
Mo (

1
fn p+2k41 (")
2z

1 1
N>1.+1 <—) Ropyonts(z) + 2Moay (;) Rap 21 42(2)

4

)

] 1
> Rapyor41(2) — N (—Z) Ry py2k42(2)

1
~52,:+2k+1(2) — Ny (;) S2p+2k+2(z)
(97.6)

1
N2A+1 < >5zp+zk+4(~) + 2M 41 (;) Sopyont2(2)

Since P(2) is a series of Stieltjes, the numbers 4, are positive,
and, by (96.16), the numbers 4,7 are all positive. Moreover,
if the series Zé, converges, we see that the series _S_ 6,% are

)
convergent. The corresponding series associated with Q(z) are

also convergent, since, as we saw in § 96, 8, = —4,41,p = 1,2,
3, ---. For the numbers 4, and g,* introduced in § 96 we then
have
lim 2,® = A% >0, limg,® = —g® <0,
p=s p=e (97.7)
k=1,2,3,---, limh, =h>0. ‘

p=®
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By Theorem 6.1, there exist four entire functions r(2), (2),
$(z), 51(2), such that r,(2)s(2) — r(z)s,(z) = 1, and such that

lim R,,(z) = r(z), lim Ry, ,,(2) = r(2),

n - n— % (97.8)
lim 80,(2) = s(2), lim 8u,,,1(2) = 5,(2).

l.et 6x(2) and ¢4(2) denote the Ath numerator and denominator of
the S-fraction
2h
zh'V b
e /1-“7
- .‘.1:/_1(.;)/—],7‘5

1 —.

(97.9)
| —
1 —

By (96.24), (96.25) and (97.7), we then have

1
“ar <> B 1 1(2)
~ _ 21 41 f'

1 2r+1(2)

_ Ouria@)

)
_'_> T bua®

Therefore, by (97.6) and (97.8),

(1> _ ¢I\'_(Z)rl_(z_) — 0(2)r(z)
Pk(2)$1(2) — 0k(2)s(z)

k=01,2,---.

hm £, 44 (97.10)

p=o3 I

This 1s a mcromorphié function, fi(2). Since 6,(z), ¢,(2) =
0.(z) ¢.(2) 1f r # s, 1t follows that f,(z) # fi(z) if r = s.
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By means of (96.29) we find in like manner that

(]) o (:)71(~) - 0,.’(2)7'( )
h O (,,);,( ) — 6 (2)s(2)

where the ¢;(z) and 6;'(z) are polynomials. This is a meromorphic
function Fi(z); and £,(z) & Fi(z) if » # 5. It can be shown
that the functions f;(z) all have 2 = 0 as a pole, while the func-
tions /}(z) are all reguhr at 2 = 0. JI'e therefore conclude that
when the series Tb, is convergent, then every diagonal file of the Padé
table converges, and no two different diagonal files have a common
limit [117].

We turn now to the casc where the scries T4, is divergent.

lim :f,,““,, ’ (97”)

p- =3

One may show by means of examples that the series E b,®,
()
k=1,2,3, --., may all diverge, or they may diverge for £ = 1,
2,3, -+, 7,7 > 1, and converge for £ > 7. In the first case, all
the continued fractions (96.6) converge to a function f(z) which
is analytic over the entire plane excepting the whole or a part
of the positive half of the real axis. Then, for £ =0, 1, 2, -
im f, ,4(2) = im £, ,(2) = f(z).

p- » p==

If the series E B,* also diverges, then

(p)

hm f 5.,(2) = f(2), k=2,3,4,---.

np=

If E b, diverges for k < » and converges for £ > 7, then
(m
limf, pu(2) = limf,1,(2) = f(2),

p=rw p= =

fork=0,1,2, ---,». Fork > r, the limits
“nlfl'-l’}k(z)v k=r+1, r+2, 7.+3) Tty

= >

.
b

exist and are distinct analytic functions. An analogous state-
ment holds for the sequences f,44,,(2), 2 = 0, 1,2, ---, (k > 1).

98. General Theorems on the Padé Table. We shall now in-
vestlgate properties of the Padé table for an arbitrary power
series (95.1).
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THEOREM 98.1. Leét frn n(2) = Aypn(z)/Bmn(z) be the Padé approxi-
mant for P(z) occupying the square (m, n), and suppose that A n(2) and
Bon(2) have no zero in common. Let the degrees of Am n(z) and Bu a(z)
be exactly q and p, respectively.  There exists an integer vy v 2 O, such that

P(Z)Bm'"(z) —_ ‘,1".'"(:) = km,"z"‘*‘"""' k1 + km'"l:p+q+r+2 4+ (98.1)
where k. # 0, or else the left-hand member of (98.1) is identically equal
to zero. In the latter event, we set r = <. Moreover, in the Padé table,

the squares
[?, 4l [Py ¢ + 1, ey g 7l

b+ gl [p+lg+1l, - [p+1Lg+r (982

[/’+’3‘/]: |/’+"r‘/+l]) Y [p+7')9+7']

are all occupied by the approximant f, .(3), while no other squave in the
table is occupied by fi n(3). [66.]

Note. We shall call (98.2) a block of order r. If » = « we

shall understand that the block extends to infinity to the right
and downward.

Proof. By hypothesis, there exists an integer 4, 4 > 0, and
a polynomial go + g1z + - - - + g2*, g0 ## 0, where s + k + ¢ < »,
A+ k + p < m,such that

[P2)Bu.n(2) — Ao u(2) 2" (g0 + 812 +- -+ 02*) = (zmHnH),
Inasmuch as g, = 0, it follows that
P()B.u(z) — Auaz) = (1011,
Now,p+ . <mg+h<nym+u+1—h2p+qg+hr+],

and consequently there exists an integer 7, 7 > 0, such that
m+n+1—h=p+qg+1+r Wethen have the inequali-
ties:

p+h<m g+h<n ptgtr+h2zm+mn (983
so that
(A+q+h

h > >
pt+aeg+r+ —m+n_1/z+p+n,

or
p+r=2m g+r=>n. (98.4)
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From (98.3) and (98.4) it follows that » and » can have only
thevaluesm =p,p+ 1,p+2,--,p+r,n=qq9+ 1,9+ 2,
- -+, ¢ + r; and one may verify immediately that these values are
actually allowable. Therefore, f,4,.04,(2) = f».o(2) if, and only
if, 7 and j have independently the values 0, 1, - - -, , where

P)B,.n(2) — Aw.a(z) = (zPHatrtl), (98.5)

This last may hold for » = 0, 1, 2, - - -, or there may be a largest
r for which it holds.

If (98.5) holds for » = 0, 1, 2, .-, then we shall say that
fr.a(2) is a Padé approximant of infinite order, while if there is a
largest » = r, for which (98.5) holds, then we shall say that
fr.a(2) is a Padé approximant of order r,.

THEOREM Y8.2. Lt

Cn—my Cn—m41y """y Cn
A | Cn—m41y Cnom42y "ty Cngd =0.1.2 98.6
mn — y Myn = Uy 0y 4 00y ( -)
Cny Cn-fly 'y Cngm

where cp, = 0 if p < 0. . necessary and sufficient condition for the Padé
table for P(2) to contain the block (98.2) of order r is that the following five
conditions hold:

(2) Ap_1.q # 0,
(b) Ap—t,q41 #= 0,

(©) Bp.q # 0, (98.7)
(d) Dpibgikit =0, k=0,1,2 -+, r =1,

(e) Apyrgrrsr # 0. [14]

Note. If r = 0, the condition (d) is not present. If p =0,

we shall set
A—l.q = 1) (98.8)

so that (a) and (b) always hold for p = 0.
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Proof. The Padé table contains the block (98.2) if, and only
if (cf. Theorem 98.1),

(a) Soa(2) # fro1.4-1(2),

(b') Soa(®) # [o-1.4(2),

(¢) Soa(2) # fo.4—1(2), (98.9)
(d") Soiha1k(@) = fouz), k=1,2,3,--7

(¢") Soirirares1(2) #= ) 4(2).

It is convenient to include the condition (a’), although it is a
consequence of (b’) and (¢). lLet f,,(z) = .7 B, where ./ =

a0+ az 4+ a2, B=0by+ bz +---+ b,2", and let

Cay | 2x
a,y b[
Chy Cu —1y tty Cnoom
Cnyty Chy tty Cnemyd
a= (l(, , b= bn ) Cm,n:‘
0 0
0 0 Cu fm -1y ('u+m 2y crty Cpy
The cquation P(z)B(z) — .7(z) = (2”'7!!) can then be expressed
in the form
Cp_,,+1b = 0, Cq}l.(lb = a. (98.]0)

If Ap_i,q = 0, then the first cquation (98.10) has a solution
b % 0 where 4, = 0. Then the value of a given by the second
equation has 4y = 0. This means that ./(z) and B(z) have the
common factor z, and P(2)|B() 3] — [.1(2).2] = ("), i.c.,
foa®) = fo_1.4—1(z). Thus, (a) is necessary for (a’).

If Ap_yy41 =0, then (98.10) has a solution b 5 0 in which
b, = 0. Thercfore f,1,,(z) = f,4(2). Hence (b) is necessary
for (b).

If A,, = 0, there is a solution with b # 0, 4, = 0, so that
fra—1() = fp(z). Thus (c) is necessary for (c’).
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The condition (e) is necessary for (e’) for the same reason that
(a) is necessary for (a’).

It remains to be shown that (d) is necessary for (d’). In
order for (d’) to hold (cf. the proof of Theorem 98.1), it is neces-
sary that

P)2*B(z) — 24(z) = (erted? Yy b =1,2,3, ..+, r. (98.11)

Let b® denote the matrix obtained from b by inserting £ zeros
above 4y. Then the condition (98.11) can be written

Cl‘+‘.'l+’\+lb(“ =0, k=1,2,3,---,r,

where 4% 3 0. But this is impossible unless (d) holds.

We now prove that (98.7) is sufficient for (98.9).

From (a) we conclude that the equation C,,, b =0 has a
solution b £ 0, and that every other solution is a constant multi-
ple of this particular solution. Morcover, 4, is proportional to
A,_y., and is not zero if b % 0. The fraction .7 B determined by
(98.10) with b 3 0 is irreducible. For if .//B = .{’/B’, wherc
A" and B’ are of lower degree by 4 > 0 than A4 and B, then
P(z)z"B'(z) M=) = (zPt1PY), and therefore 2'.4'(z) and
" B'(z) # 0 can l)c determined by solving (98.10). But, in this
solution we would have by = b, =---=b,_, =0, which we
have scen is impossible.  From (b) and (¢) it follows that .7
and B are cxactly of degree ¢ and p, respectively. Hence, (a'),
(b’) and (c¢’) all hold.

We now let b # 0 be a fixed solution of (98.10). lLet

f ( ) ll()”') + 111“‘)"' + + (l +k(lk)2q Hh l/(lr)(z)
kg4 k(2 = S
phad by )y + b (A)~ 4. + b ”‘)z"“‘ B®)(z)

Let a® and b™® be the one-column matrices analogous to a and

b, formed with the coefficients of /% (z) and B*®(z). The condi-
tion P(z)BM(2) — 4% (2) = (2"19t*+1) may now be written

Cp-{-k.q-}k-} lb(k) = 0, C,,+k+1‘()b(k) = a("). (98.12)
Since A, 441 = 0, we sce that (98.12) with £ = 1 has the solution
a®, b in which 6, = 0,4" =4,_1, s =1,2,3, ---, p+ 1,

a =0,eV =a,_ 4,5 =1,23, -, ¢+ 1. Hence it follows
that .7V (z)/B" () == A(z)/B(z). Then, since Apy442 = 0, it
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follows that for £ = 2, (98.12) has the solution a'®, b® where
b® =0, 62 =47 s=1, 2, 3, -+, p+2, as® =0,
a® =a,_,",5s=1,2,3,---,¢ + 2, where a®¥, b® 5 0 is some
solution of (98.12) for £ = 1. Consequently, 4?(z)/B®(2) =
AV (2)/BM(z) = A(z)/B(z). On continuing this argument, we
conclude that (d’) holds.

Finally, (¢’) holds. For if not we would have

l’(z)z’+‘B(z) — z'*‘/l(z) = (zp+q+2r+3),

which is impossible by virtue of (e).
This completes the proof of Theorem 98.2.

The preceding argument contains the proof of the following
theorem.

THEOREM 98.3.  The relations

e)) Soo1,4=1) # furs

(2 Sorkaqn(®) =fir(2), k=1,2,3, - r (98.13)
3) Soua() # Lo pritiagr+1(2),

hold 1f, and only tf,

(1) A # 0,

2) Avpbiaigr =0, k=0,1,2 oo, — 1, (98.14)
(3) Agirigrer %0,

hold [14].

In fact, we saw that (1’), (2’) and (3’) are necessary for (1),
(2), and (3), respectively. Conversely, (1’) is sufficient for
A(z)/B(z) to be irreducible, and for the numerator or the denomi-
nator to be exactly of degree # or s, respectively, so that (1) holds.
The proofs of (2) and (3) are the same as before.

It follows from Theorem 98.3 and Theorem 96.3 that a neces-
sary condition for the Padé table to be normal is that

Apn #0, myn=20,1,2, ..., (98.15)

This condition is also sufficient. For if (98.15) holds, then the
determinants (96.1), being contained among the determinants
A,..», are different from zero. l.et A,,,’ denote the determinants
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An..» formed with the coefficients of the reciprocal series Q(z) =
1/P(z). Then, as Hadamard [25)] showed,

-1 3[n 2]+pA" B
DAp_tingp = =D Al (98.16)

- 2ptnt2
co”’

so that the determinants (96.1) formed for Q(z) must be different
from zero. Hence, we have:

THeOREM 98.4. The Padé table is normal if, and only if, (98.15)
holds [66].

When (98.15) holds, then every approximant f, ,(z), when in
simplest terms, has numerator and denominator exactly of degree
g and p, respectively. Therefore, by Theorems 96.3 and 98.4
we have:

THEOREM 98.5.  The Padé table is normal ify and only if, every approxi-
mant fp o(2), when in simplest terms, has numerator and denominator
exactly of degree q and p, respectively [66)].

99. C-fractions. We have seen that a power series has an
S-fraction expansion only when the determinants A, and , are
all different from zero, and has a J-fraction expansion only when
the A, are all different from zero. We shall now introduce a type
of continued fraction expansion which exists for arbitrary power
series. We shall assume for the sake of simplicity that the power
series has constant term different from zero:

P@) =co+ciz+ 2 +--+, (co #0). (99.1)
The continued fractions are of the form

a2
co + ———"

(99.2)

in which the 4, are complex constants different from zero, and
the o, are positive integers. This is called a “corresponding
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type” continued fraction,® or simply a C-fraction. By a ter-
minating C-fraction we shall understand a continued fraction of
the form (99.2) with but a finite number of partial quotients.

We shall show that there is a one-to-one correspondence
between C-fractions and power series (99.1) which do not repre-
sent rational functions of z, and also a one-to-one correspondence
between terminating C-fractions and power series (99.1) repre-
senting rational functions of z.

I.ct us suppose first that we are given a C-fraction (99.2).
We denote its pth numerator and denominator by .7,(z) and
B,(z), respectively, and put

/lp = | + ay +-- + Xyyge
It follows from the determinant formula
A,@) By (2) — A1 (2)Bu(2) = (=1)"Yaay - a,,+lz"”, (99.3)

just as in the case of J-fractions or S-fractions, that there is deter-
mined uniquely a power series P(z) such that the power series
expansion in ascending powers of 2 of .7,(z) 'B,(z) agrees term
by term with the power series P(2) for a number of consecutive
terms beginning with the first which increases with p.  In fact,

P(2)B,(z) — Ap®@) = (=DParas -+ apd” +---. (99.4)

"This statement holds also for terminating C-fractions, except that
in this case there is a 4 for which P(2)Bi(z) — 1(2) = 0.

We shall call this uniquely determined power serics the power
series expansion of the C-fraction or of the terminating C-fraction.

THeEOREM 99.1.  The power series expanston of a C-fraction cannot rep-
resent a rational function of =. |54.]

Proof. l.et it be supposed that P(z) = NV(z) 'D(z), a rational
function of 2. Then by (99.4),

N@)B,(2) — D(2).4,(2) = 2").

Let 5, and ¢, denote the degrees of .7,(z) and B,(2), respectively.
Then the degree of N(z) must be at least 4, — ¢, or that of D(z)
at least 2, — 5,. Now, one may readily show by mathematical

% These continued fractions were first investigated by Leighton and Scott [54].  They

showed that every power series has a unique C-fraction expansion.  Scott and Wall [85]
and Frank [14] considered the connection of these C-fractions with the Padé table.
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induction, using the fundamental recurrence formulas, that
hp — sp 2 (2 + 2),/2], and that a similar inequality holds for
A, — tp. This shows that the assumption that P(z) is a rational
function is untenable.

We shall now start with a power series (99.1), and show that
there is uniquely determined a C-fraction or a terminating C-frac-
tion, of which it is the power series expansion. There is no restric-
tion upon the coefficients ¢y, ¢y, 3, * - - of the power series; it may
diverge for every value of z # 0, or may even be a polynomial.

If ¢, =0 for p >0, then P(2) = ¢y, which is a terminating
C-fraction. If the ¢, arc not all zero for p > 0, let ¢, be the first
which is not zero.  Puta, = ¢, «y = £, and the fraction starts out

alz‘"

o+ ] o (99-5)

If ¢, = 0 for p > &, then P(2) is cqual to the terminating C-frac-
tion (99.5). if the ¢, are not all zero for p > &, let ¢4, be the first

which is not zero.  Put as = —eyy, ‘e, @z = r, and at this step
we have (5
o+ == (99.6)
1 + 428"
1

The three denominators of (99.6) are
B()(Z) = 1, B](Z) = l, Bg(Z) = | + azz"’.

If we put B,(2) = 8,9 4 8,13 + 8,.25° + -+, then the formulas
for determining the @, and «, may be written in matrix form as
follows [14].

_6”‘“_.
6[:,1

((n) Cpn—1y Cn—2y ** ) 6[»,‘.’.

0 if o+ +-F+ap<n<a

_ +ay+---+ Opy1y ((Yn = 0); (99'7)

(“1)”([](13 et Bpy if n= oy

+ o+ apy
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Explanation. Supposing that a,, a5, -+, ap, a1, az, -+, ap
have been determined, then a,,, is defined as the least positive
integer s such that the product in the left-hand member of (99.7)
is not zero for n = a; + ay + -+ -+ a, + 5. If the value of this
product is ¢, then a,, is determined by the relation ¢ = (—1)%a,4,
-+ apyy. If P(z) does not represent a rational function of z,
it is evident that a C-fraction is determined by this procedure.
We must show that the power series expansion of this C-fraction
is the given power serics P(z). If P(z) is a rational function
of z, we shall find that the process leads to a terminating C-fraction
equal to £(z).

We suppose first that /(z) is not a rational function of z.
We are to show that the C-fraction determined by (99.7) in the
manner indicated satisfies (99.4) for p =0, 1, 2, ---. It is
immediately evident that this holds for p = 0 and p = 1. Sup-
posing that (99.4) holds for p < m, m > 2, we shall prove it for
p = m. We have:

P)Bu(z) — Au(z)
= P@)Bu_1(2) = An_1(2) + a,2"|P(2)B.2(z) — dn_2(2)]
= (—=1)""'aa; - - - a2 + (higher powers)
+ (=1)"2ayay - -+ anz™ ' + (higher powers)
= (z' M),

Thus the formal power series P(z)B..(z) — -, (z) contains no
power of zof degreeless than 1 + 4,y = 1l +ay + a2 +-- -+ an.
Now, it is easy to see that the degree of .7,,(2) is less than a; +
+4-++4 a,. Therefore, the first nonvanishing term in the power
series P(2)B,.(z) — .1,.(z) 1s equal to the first nonvanishing term
in the product P(2)B..(2). By (99.7), this term is (—1)"a45 - - -
an412™.  Consequently, (99.4) holds for p = m, and therefore
the algorithm (99.7) is established for the case where P(z) is not
a rational function of z.

If P(z) is a rational function of z, it follows from Theorem 99.1
that there must be a last a,, say, @, which can be determined
by means of (99.7). Then it is clear that (99.4) holds for p = 0,
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1,2, ---, m — 1, while P(2)B..(2) — .{.(2) = 0. Therefore,

~a1

a3

P(2) = ¢y + (99.8)

a2

1

If two C-fractions have one and the same power series expan-
sion P(2), they must evidently agree in the constant term c.
Assuming that they agree up to and including the kth partial
quotient, it is easy to prove that they must agree in the (k + 1)th
partial quotient, and hence they agree throughout.

If we put A,(2) = 0p0+ 0p12+ 0,,22° +---, and equate
coefficients of corresponding powers of z from the Oth to the
spth, inclusive, in (99.4), where s, is the degree of .4,(z), we
obtain the following formula for determining .4,(2):

(@0.5 T1.py T2y ***) = (80,py O1,py B2,y ** *) (99.9)
Coy C1, C2
) 0, «co ¢
0, 0, co

We remark that the relations (99.7) serve also to determinc
the power series P(z) when the C-fraction is given.

Example 1. lLet P(z) = 1 — 2% + 2, a polynomial. We find
that @, = —1, ey =2, as =1, as = 2. Then, By =1 + 2%
and, by (99.7) withp = 2, » > a; + a» = 4, we have

1 1
(O, 1, 0) <0> = 0, ((), 0, 1) <0> =1= a14383 = —dag,
1 1

so that a3 = —1, a; = 2, By = 1, and the process terminates.
Hence, we have

1 —2242t=1——
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Example 2. Consider the following C-fraction:

o~
~

L — — (99.10)
1+- °
7

1 S
g

)
in which @, = 1, e, = p, p = 1,2,3, ---. We first compute the
first few denominators:

B()(Z) = l, B[(Z) = 1, B-_)(Z) =1 -+ Zz,
Bi(z) = 1 + 22 + 24, -

By means of (99.7) we then readily find that the power scries
expansion ’(z) of (99.10) is, to 31 terms:

Pz =1 +z—2"+ 2 4ot — 27— 2 4 2210 4 2l — M
— 3l gl 3200 4 310 — 2217 — S — 2! 4 6?0
+ 522 — 32 — ez — 2zt 4 827 4 Tav — 5327
— 1228 — 222 4+ 1328 4 (99.11)

Example 3. let P(2) = 1 4 2P'(z), where P(2) is the series
(99.11).  We find by means of (99.7) that the C-fraction for
P'(2) is, to 8 partial quotients,

2
v
<

| — (99.12)
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One might conjecture that the next partial numerators are
—z!, 42!, —2% 423, —2% --.. It is not difficult to prove that
this conjecture is correct. This can be done by multiplying
(99.12) by 2, adding 1, and taking the even part of the resulting
continued fraction. This gives a continued fraction whose
sequence of approximants is easily seen to be the same as the
sequence of approximants of (99.10) with the Oth approximant
omitted. It then follows immediately that the power series
expansion of (99.10) is 1 4 zP’(z), where P’(z) is the power series
expansion of (99.12).

[t can be shown that the corresponding result holds for any
C-fraction whose exponents «, satisfy the inequalities

s+ gt anpge > an oas+ot asgy
> (Yg+a4 +---+ 2,
p=1,23---. [14]

Example 4. I.ct the coefficients @, and exponents «, in the
C-fraction (99.2) satisfy the relations

= p-1
Apoatt_pay) = ("1) taagyy

pyg=1,2,3,---.

Q) pali_pay | = Qaygy

Then the power series expansion of the C-fraction is ¢y + 2" +
2 + e +- -+, where

X] =, )\,, = 2AI) 1 g + 0r-1 g, p= 2, 3, 4’, vy

e, o, (99.13)

CGL=ay, b= —-, (p=— — =, p=3,4 -

a, a,
Conversely, if we are given a power series with gaps such that
(99.13) holds, then the C-fraction can be written down by means
of the above formulas. Ior the proof, see [85, § 3].

100. Regular C-fractions and Power Series. A C-fraction and
its power series expansion are called regular if every approximant
of the C-fraction is a Padé approximant of the power series.
This property is dependent upon the degrees s, and #, of the
numerators and denominators of the C-fraction, and upon the
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exponents a,. In fact, if we compare (95.3) with (99.4) we find
immediately that the C-fraction (99.2) is regular if, and only if]
there exist integers r, such that

a|+a2+---+a,,+l=r,,+s,,+l,,+l,

(100.1)
rp 20, P=0> 1)2)

If this condition is satisfied, it follows from Theorem 98.1 that
the pth approximant A,(z)/B,(z) of the C-fraction occupies all
the squares of a block Q, of order
r, in the Padé table, and occurs
nowhere else in the table. We
shall investigate properties of the
m geometrical configuration in the
Padé table which is formed by
" 1 the sequence of blocks Qo, 0,
3 — Q‘Z) .
1o If p =0, then 50 =% =0, so
that the order of Qp is 7, =
- a; —1 > 0. The block Qp has
vertices (O) O)) (0) al): (al) 0))
(al, ax). Since S1 =ay, 4 = 0,
then r; = a; — 1 > 0. The ver-
tices of Q, are (0, a;), (0, a;+ay3),
Fic. 14. (o2, 1), (@2, @1 + a3). Since
ty = ay, and 53 < a; + ay, it fol-
lows that @, lies below Q,. Moreover, it is easily seen that the
lower side of Q; and the upper side of Q; have a line segment in
common. We shall now proceed to show that the blocks Q, fit
together as shown in Fig. 14.
The co-ordinates of the vertices of Q, are

(Y R ( sptr,+ 1), ¢+ ro + 1, 55),
Gp+ro+ 1,50 +7r,+1).

kor all points on the diagonal connecting the second and third
of these vertices, the sum of the co-ordinates is s, + #, + 7, + 1.
By (100.1), this sum increases with increasing p. Hence, as
Qp and @, do not overlap, it follows that for any given p either

T Y

>)
(-]
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Sp41 > Sp + 7y (100.2)
or
tpyr1 >ty + 1y (100.3)
By the fundamental recurrence formulas it then follows that
Sp+1 = Sp—1 + Ap41y (10()'4)
or
lpy1 = pa + apq1, (1005)

according as (100.2) or (100.3), respectively, holds. T herefore,
Spar — (SpF 1) =ty — o1 +7p20) >0, (100.6)
if (100.2) holds, while
topr — (tp+1p) = 55 — Gpo1 +1p-1) >0, (100.7)

if (100.3) holds. One may now readily show by mathematical
induction that

S2p41 > S2p + Taps S2p42 < Sap41 + Yap+1y P = 0’ 1, 2’ e,

toppr < top + Tapy  f2pyz > l2pir t Fapys (100.8)
Hence, by (100.4) and (100.5),

Sop—1 = g +az+- -+ azp
p =123, ---. (100.9)
t‘.’p = Qg +a4 ++ Q2py
Then, by (100.1),
1+ Sap F 12p = + a3 +"'+a2p+1,

(100.10)
14 typ1 + 7rap—1 = a2 + s+ -+ az,

or
Sgpt1 = S2p + 7rap + 1,
tap = tap—1 + rap—1 + 1,

Turning now to the Padé table (Fig. 14) we draw the a-polygon
OV V1V, -+ with vertices

0=1(0,0), Vo=1(0,a),
V2p—l = (a2+a4 +-ot azp, 1 + a3 +---+ a2p—l))
Vip = (2 + as +- -+ azp, a0 + ag +- -+ azppi),
=123, -

p=1,2,3 . (100.11)
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By (100.9) and (100.10), the vertices of Q,, arc
Wap = (a2 + og + 4 azpy 520)5 aps
Top = (top + r2p + 1, 521),
Usp = (tap + 7ap + L, an + aa + -+ azpyq1),
and the vertices of (5,4, are
Uzpyr = (tapy, a0 + azg +---+ azpyi)s
Topir = (bapp1y S2p41 + 72pgr + 1), I apity
Wopir = (az + as +- -+ azpy S2p41 + 72p40 + 1)

Thus, the a-polygon forms part of the boundary of every block
0, By (100.8) we see that Q, and @, have a linc segment 4,
of the a-polygon as common boundary.

Let L(k) denote the straight line whose equation is y = x + 4.
Then it is clear that there exist one or more integers &, such that
the lines L(k,) and L(1 + k,) have points in common with the
line segment da,, the common boundary of @, and Qs
The principal diagonal of Q., lies on or below L(k,), and the
principal diagonal of Qy, 4 lies on or above L(1 + £,). Hence,
we see that /4%, must lie on or below L(k,), Uzpq1 must lie on
or above L(1 + k,), 7», must lie on or above I.(1 + k,), and
I7yp 11 must lic on or below L(k,). These statements are equiv-
alent to the following inequalities:

(a) Sap < oy + ko,

(b) Sopgt 2ty ko + 1, p=0,1,2 -0 (100.12)
(c) Sappt 2ty + kyp -+ 1,

(d) Sappt S tapge + kg,

We shall now prove that the necessary conditions (100.9) and
(100.12) are together sufficient for regularity. We suppose that
(100.9) holds, and that integers ko, k1, k2, -+ cxist such that
(100.12) holds. Then sz, + t2) = $2, + s + ag ++- -+ azp, <
bap + kp+ 2 + g+ @y < S2pg — 1l+as+as+--
+ azp, OF

sopFtop+ 1 <oy +as+-- -+ agpyae
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Similarly, Sap41 + fgl,+1 = + a3 +"‘+ Qop i1 + f31,4.1 S
ar + ey +oF @ F Soppr —ky — 1 L + ag -
+ Q2,41 + t21,+2 - 1, or

Sapyr + fapgr + 1l <oy +as+---+ Qapy 2.

Consequently, (100.1) holds, so that the C-fraction is regular.
We have proved the following theorem.

Tueorem 100.1. The Cfractron (99.2) is regular if, and onlv if,
integers ky can be found such that (100.12) holds and, in addition, (100.9)
holds [14].

101. a-regular C-fractions. If (100.9) holds, and there exists
an integer & > 0 such that the straight lines 7.(k) and L(1 + £)
intersect a// the line segments d,, p = 0,1,2, - - -, then the C-frac-
tion and its power series expansion are called a-regular. e shall
prove the following theorem.®

Tueorem 101.1.  The Cfraction (99.2) 1s «-regular if, and only if,
there exists an integer k 2> O such that

agtagt-rFtagy2atarta oot a,t b+,
as + ay +""+‘l¥2,;422(¥1 + ag 4 aj +"'+a2p+l —/",

p=0,1,2, .-, (101.1)
where oy = 0. [14.]

Proof. If (99.2) is a-regular, then (100.12) holds with &, = £,
p=0,1,2 ---. Hence, by (100.9) and (100.12) (c), (d), we
conclude that (101.1) holds.

If, conversely, (101.1) holds, then we shall prove by mathe-
matical induction that

Sup —k Sty =yt o F g+ 0+ @y,

l)'—_(), l, 2, Y (lY()z()),
k414 2oy sopor = +ag+- -+ agpyo,
p = Ial) 3) )

from which it will follow immediately that (99.2) is «-regular.
The first relation (101.2) holds for p = 0, since £ > 0. Since

(101.2)

1 Scott and Wall [85] investigated C-fractions for which (101.1) holds with & = 0,
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si =y, t =0, 55 £ max (a1, az), 2 = as, we readily verify
(101.2) for p = 1. Assuming that the relations hcld for p < n,
n > 1, we shall prove them for p = » + 1. From the funda-
mental recurrence formulas we see that s3,41 = max (5.,
Sgn—1 + @ang1) if S24 # S2a—1 + @2n41. But, by our assumption,
San < k + (47} + oy +-- '+ Qan and, by (101.1), Son—1 + Agny1 =
ay + agy +"'+ a2 p4-1 > a2 + 04 +"'+ A2 + k, SO that S2n41
= agnyt + Sy = o1 + a3 +- -+ aznq1. Again, fp,4q < max
(t2n) t2u—1 + a2u+l)s so that

[k + 1 + t‘.%n I
|4 + 1+ tou + l¥2u+1J
< q + gy +-- + Antl = S2n 1.

_ANALYTIC THFORY OF CONTINUED FRACTIONS

k + 1 + t‘.'n-{»l S

Next, since fa, 42 = max (fauy1, f2a + @nye) provided £y, #
tya + azugz, we conclude that £, = oo + a4 +- -+ vy,
inasmuch as, by what we have just proved and (101.1), #,, 4,
ay +oay +t g — k= 1<+ o o0t avage
t2n + @2.42. Finally, we have

IHIA

s [S2a41 |
e = 152:; + aza {v:zl

<ay+ s+t agaga + k= oy + £

The proof of Theorem 101.1 is now complete.

Regularity depends in general upon the coefficients 4, and the
exponents a, of the C-fraction. The conditions (101.1) involve
only the exponents a,, so that a-regularity depends upon only
the exponents a,.

The condition for a-regularity can be formulated in terms of the
coefficients in the power series expansion of the C-fraction, using
for that purpose Theorem 98.3. These conditions involve the
determinants A,, ., and are somewhat complicated [14].

102. Concluding Remarks on the Padé Table. It is difficult to
appraise the significance of the Padé table in the theory of con-
tinued fractions and power series. We feel that any appraisal
must await further and deeper investigations. We might be
permitted to conjecture that the nature of the “blocks” in the
table have a bearing upon the nature of the function represented
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by the power series. Consider, for example, a series with “Hada-
mard gaps.” Then the sequence of blocks along the upper border
of the table have orders equal to the sizes of these gaps. Perhaps
any power series whose Padé table contains a sequence of blocks
whose orders increase sufficiently rapidly represents a function
with a natural boundary. This conjecture is supported by several
examples. For instance, the continued fraction of Ramanujan

[76]

represents a function having the unit circle as natural boundary
although the power series does not have Hadamard gaps. The
gaps are “concealed’’ further down in the Pad¢ table. The same
is true of the continued fraction [85]

1

az
1+ ——

1 + r
P
1+
at least if m is odd and @ # 0, and if m is even and 2 < 0, (a real).
Another example which leads to interesting speculations is as
follows. The continued fraction

az"l

IR
T+

has a normal Padé table, and represents an algebraic function.
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By suitably changing the signs in the sequence of partial nu-
merators, this can be made the continued fraction for the seri.;
1 +24+ 22+ 2t + 2%+ 2" 4+ ..., which has the unit circle as
natural boundary [54]. This is a special casc of Example 4, § 99.

We have not touched upon the horizontal files of the Pad?’
table. If P(z) is a power scries representing a function havir ;
only polar singularities on its circle of convergence, then the
horizontal files of the table are closely connected with the investi-
gations of Hadamard’s [25] thesis. Using Hadamard’s results,
de Montessus de Balloire [8] proved the following theorem.

Let P(2) be a power series representing a function which is regulcr
Sor| 2| < R except for m poles within this caircle. Then the (m + 1)st
horizontal file of the Padé table for P(z) converges to P(2) uniformly
in the domain obtained from | z| < R by removing the interiors of
small circles with centers at these poles |8|.

Perron [69] gives an interesting example of a power scries P(2)
having a finite or even infinite radius of convergence for which
the second horizontal file in the Pad¢ table diverges over an every-
where dense set in the circle of convergence of the power series.

Considerable attention has been given to the problem of deter-
mining cxplicitly the numerators and denominators of the Padé
approximants of a power series P(z) satisfying a differential
equation

L(z)P'(2) + M(2)P(z) + N(z) = 0,

in which L(z), M(2), N(z) are polynomials. lagucrre [43] showed
that the problem can be reduced to the problem of determining
other polynomials which are essentially simpler than the nu-
merators and denominators of the approximants. However,
according to Perron [69], the actual computation has been success-
fully carried out in but three particular cases. In two of these,
the approximants can be obtained by much easier means. (Cf.
Exercise 20.9.) We should like to emphasize the main idea in
Laguerre’s theory. If P(z) satisfies the differential equation

7
1.(z) ’Z- + M@)w + Nz) = 0, (102.1)
(
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then the »th approximant, .7,(z) B, (3), of the J-fraction for
P(2) satisfies the differential equation

dw 221G, (2)
L@)-—4+ M@2)w + N@) = - - -~
( ) dz + ( ) + B,,"(:) ’
where G,(2) is a polynomial whose degree is at most one unit
more than the largest of the degrees of L(z), M(z) and N(z).
This can be proved very easily by eliminating P(z) and P’(2)
from the set of equations

LP' + MP + N =0,
B.P — A, = 520,
B.P' + B,/P — .1, = 2" (),

where Q and Q, are power serics, and the third cquation is obtained
from the second by differentiation with respect to z.

Exercise 20

20.1. Let ay, az, « - -, ax(k > 1) be real or complex numbers different from zero,
let my, na, - - -, #; be positive integers, and let 2 be an integer > 1. The con-
y "2y ) BCrS,
tinued fraction

ﬂlx"l
I+ Ay’
1 + .].._..:_.__
+ . apN"k
"+ P
I+ Qg™
14+ ————
1 + . . apxmnk
: + alxm‘n;
14 2
T+

represents a function f(x) which is analytic for | x | < 1, with the possible excep-
tion of poles, and satisfies the functional equation
f%) = S Ak a(x) + axx™ o o(3)
S Bra(x) + arx™ By ofx)

(85.]

20.2. Tf there is a point xp = ¢! upon the circle | ¥ | = 1 where f(x) 1s analytic,
then f(x) is a meromorphic function of x. [85.] ’
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20.3. Let s = 1 or —1 if the exponents , are all odd, and s = 1if any of them
is even. Put

7(5) = [Bi(s) — Bi—1(s) + A1(9]* — 4(—9)aaz - - - ar.

Then f(x) has the unit circle as natural boundary if the a, are real, Bi_i(s) # 0,
and Z(s) < 0. [85.]
20.4. If a is real, the function
ax
ax™
axm™

S =1+ (m > 1),
14
14

1+

ax™
[+
)
has the unit circle as natural boundary if (a) 7 is odd and @ # 0, or (b) m is even

and 2 < 0. [85.]
20.5. Let # and v be parameters, # # o, and m an integer > 1. Then the
continued fraction

(u + v)x
] — -2
| - — (u — v)x ~
1— (4 o)x™
1 (1 — o)x™
1 — (u + o)x"

1 —.

represents a function having the unit circle as natural boundary if # and v
are real and # > v* + 1. If m1s odd, the same holds if # < —* — . [85.]
20.6. Let P(z) = 1 + 425 + 62°. Show that

L S
P(2) n 425
1 .
T
3\, 1
S
and .
1 _ 6
PR
o9 - e
2P (z) 1 +] o
1\,5
0

and hence show that the zeros of P(z) are in the domain .63 < |z| < 1.08.
(Cf. Exercise 10.8).

20.7. Investigate the questions of convergence and the character of the limits
of the diagonal files of the Padé table for a series PR =c+caz+c2®+---
which has a real J-fraction expansion [118].
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20.8. Let P(2) be a power series having a real J-fraction expansion. Let
P(z) be Borel-summable over a domain G. Then, in the Padé table for P(3),
all the diagonal files which start on the upper border of the table converge uni-
formly over every finite region whose distance from the real axis is positive, to
a function F(z) which is the Borel sum of the series in G [120].

20.9. Apply Theorem 96.1 and the results of Exercise 18 to obtain continued
fractions whose approximants fill all the squares [p, p + 4], for sufficiently large
k, in the Padé table for a power series satisfying the differential equations of
Exercise 18.
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118, 285, 289
Continued fraction equivalent to a
series, 17
Continued fraction for certain di-
vergent power series, 350
Continued fraction of Gauss, 337
convergence of, 339
inequalitics for, 342
Contraction formulas, 22
Convergence  continuation
rem, 108
Convergence neighborhood, 62,
137
Convergence of continued fraction:
condition (H), 123
definition of, 16
exterior to cut, 138
in cardioid domain, 142
in the determinate case, 110
in the indeterminate case, 103,
104
necessary condition for, 28, 29,
33
of Sticltjes, 120
periodic, 37
sufficient condition for, 34, 35,
42, 45, 48, 49, 51, 57, 58, 62,
72, 103, 104, 112, 114, 115,
116, 120, 123, 131, 137, 138,
142, 143, 209, 339, 350, 351
uniform, 16, 42, 45, 48, 49, 131
when partial numerator is zero,
26, 42, 137
whose elements have limits, 138,
139, 339

theo-

_INDEX

Convergence of even (odd) part,
53
Convergence of positive definite
J-fraction:
determinate case, 110
indeterminate case, 104
Convergence of Stieltjes type con-
tinued fraction, 120, 123, 131
Convergence problem, 16
general remarks on, 25 f.
nature of, 27
Convergence set, 45
in parabolic domains, 142
symmetric to real axis, 58
Convergent (sce approximant)
Convex extension, 265
Convexity, 264
Convex set, 113, 137, 237
containing roots of polynomial,

176

de la Vallée Poussin mean, 280
Dennis, 51
Denominator, 15
different from zero, 41, 137
expressed as determinant, 65
inequalities for, 55
Determinant formula, 16
Determinate case, 99
convergence in the, 110
sufficient conditions for, 109
uniqueness of bounded recipro-
cal, 234
Differential equation:
Laguerre’s, 412
power series solution, 360, 361
Dines, 263
Divergence of continued fraction,
16
sufficient conditions for, 27, 28,

29,33

EFlements, 14
Equivalence transformation, 19
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Equivalent function of J-fraction,
231
estimates for, 235
proper, 254
represented by Stieltjes trans-
form, 253
FEuler, 18
Fuler-Knopp mean, 309
Evans, 239
Even part of continued fraction, 20
convergence of, 53
Expansion algorithm:
for test-fraction, 175
of Stieltjes, 203
power series into C-fraction, 401
power series into J-fraction, 198
rational function into J-fraction,
163
rational function into S-fraction,
171

Extension formulas, 22

Formal integration, 192

Forms:
bilinear, 216
linear, 214
quadratic, 222
unit, 216

Frank, 178, 400

Frobenius, 378

Functions:
analytic exterior to cut, 209
Bessel, 349
binomial, 343
elliptic, 211, 374, 375
equivalent of J-fraction, 231
error, 357, 358
exponential, 348, 349, 367
hyperbolic, 206, 366, 369-372
hypergeometric, 335
incomplete gamma, 356
logarithmic, 200, 342, 343, 344
meromorphic, 209, 347
nondecreasing, 246
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Functions (Cont.):

proper equivalent functions, 254

of bounded variation, 241

psi function, 372, 373

quasi-analytic, 330

represented by Sticltjes trans-

form, 247, 253, 254

with natural boundary, 414
Fundamental inequalities, 40

first interpretation, 42

second interpretation, 54
Fundamental recurrence formulas,

15

Gamma function:
incomplete, 356
Stieltjes’ continued fraction for,
365
Green’s formula, 96
Grommer, 238
Gronwall, 280

Hadamard, 399, 412

Hadamard gaps, 411

Hamburger, 29, 94, 101, 123, 132,

238, 321

Hausdorff, 267, 271

Hausdorff inclusion problem, 311

Hausdorff means, 304
convergence preserving, 307
examples of, 309
form of, 306
regular, 309

Hellinger, 69, 95, 96, 98, 109, 214,

233, 235, 238

Herglotz, 275

Hilbert, 214, 238, 245

Hilbert space, 215

Hilbert sphere, 215

Hitchcock, 185

Holder mean, 310

Hypergeometric series, 335

Indeterminate case, 99
convergence theorem for, 101
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INDEX

Inequalities:
for denominators, 55
for roots of polynomials, 177
fundamental, 40
Integral representation of analytic
functions, 275

J-form, 103
bounded, 111
norm, 111
with five diagonals, 334
J-fraction, 103
bounded, 110 £.
equal to power series, 208
equivalent function of, 231
even part of Stieltjes continued
fraction, 119
formally equal to pyy, 213
for rational function, 161
indeterminate case, 103
moments of, 197
positive definite, 104
power series expansion of, 197
real, 114
J-fraction for rational function:
condition for existence, 165
expansion algorithm, 163
relation to power series, 166
J-matrix, 226
arbitrary, 229
bounded, 226
for positive definite J-fraction,
230
uniqueness of bounded recipro-

cal, 234

Laguerre, 412

Laguerre’s differential equation,
412

Lambert’s continued fraction, 349

Lane, 36, 61, 91, 148

Least squares, 211

Legendre polynomials, 344 .

Leighton, 27, 31, 400

Limit-point and limit-circle cases,
73
Linear forms, 214
Linear systems, 223
Linear transformations:
bounded, 220
fixed points of, 36
in infinitely many variables,
212
in unit circle, 286
product of, 13, 36

Majorant series, 41
divergent, 54
Mall, 29, 31, 132
Matrices:
bounded, 218
Cesiro, 301
completely continuous, 236
Hausdorff, 304
J-matrices, 226
norm of, 218
permutable, 302
product, 219
reciprocal (right, left), 223
sum, 219
symmetric, 222
Matrix calculus, 214
Moment problem, 258
Moment problem for a finite inter-
val, 258, 271
geometric characterization, 265
normalized solution, 259
solution by S-fractions, 260
symmetrical, 259
totally monotone scquences, 267
Moment problem for an infinite
interval, 325
Carleman’s theorem on, 330
determinate and indeterminate,
326
Moments of J-fraction, 197
Montel, 105
Montessus de Balloire, 412
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Nest of circles K,(z), 71

radius 7p(2), 7475
Nevanlinna, F., 334
Nevanlinna, R., 238, 321, 324
Norm:

J-form, 111

J-fraction, 111

matrix, 218
Notation for continued fraction, 17
Numerator, 15

0Odd part of continued fraction, 21
convergence of, 53

Orthogonal polynomials, 193

Osgood, 104

Padé, 378
Padé approximant, 378
degree of, 388
Padé table, 378 _
block of order », 394
diagonal files, 393
for series of Stieltjes, 389
general theorems on, 393
horizontal files of, 412
normal, 379, 388, 399
square in, 389
stairlike files in, 380
Parabola theorem, 58
connection with positive definite
continued fraction, 75
extension of, 142
question of uniform convergence,
78
Parabolic domains, 58
family of, 135, 152
Partial denominator, 14
equal to zero, 27
Partial fraction development:
rcal J-fractions, 115
Stieltjes continued fractions, 120
Partial numerator, 14
equal to zero, 26, 42, 72
Partial quotient, 14

Paydon, 44, 48, 79, 137
Periodic continued fraction, 23
convergence and value, 37, 39,
190
Perron, 22, 36, 48, 50, 137, 412
Polynomials:
bounds for moduli of roots, 191
changes in sign of, 244
computation of roots of, 185 f.
convex set containing roots, 176
Legendre, 344
number of roots in half-plane,
182
orthogonal relative to sequence,
195
rectangle containing roots, 177
roots in unit circle, 298
test-fraction, 174
whose roots are in half-plane, 178
with real roots, 172
with roots in given circle, 190
Porter, 105
Positive definite continued frac-
tion, 67
bounded reciprocal of J-matrix,
233
bounds for approximants, 72
connection with parabola theo-
rem, 75
denominators not zero, 67, 72
determinate case, 110
indeterminate case, 104
lemma on, 70
nest of circles, 71
of Stieltjes type, 125
parametric representation, 67
particular cases of, 69
with partial numerator zero, 72
Power series expansion of J-frac-
tion, 197, 203
convergence to value of J-frac-
tion, 208
related to moment problem, 263
related to J-matrix, 228
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INDEX

Power series expansion of S-frac-

tion, 202
convergence to value of S-frac-

tion, 208

Power series solution of differen-
tial equation, 360, 361

Pringsheim, 36, 48, 50

Probability integral, 357, 358

Pseudo-elliptic integrals, 36

Quadratic form:
hounded, 222
chain sequences, 86
imaginary part positive, 66
lemma on, 332
positive definite, 88
value of, 223

Radius 7,(2), 74, 75
Rational function:
J-fraction for, 162
Stieltjes type continued fraction
for, 170
with simple poles and positive
residues, 167
Real analytic functions, 277, 278
in Ext (=1, — =), 279
Real J-fractions:
as Stieltjes transform, 255
convergence of, 114
even part of S-fraction, 121
nature of poles, 114
of norm less than or equal to
unity, 115
of norm N, 115
partial fraction development, 115
roots of denominators, 114
Reciprocal of arbitrary J-matrix,
229
indeterminate case, 230
symmetric, 230
Reciprocal of bounded J-matrix,
226
leading coefficient of, 228

Reciprocal of J-matrix for positive
definite J-fraction, 233

Rectangle containing roots, 177

Riesz, F., 239, 275

Riesz, M., 238

Rogers, 204

Roots of polynomial, 177, 185

Routh’s method, 182

Schoenberg, 267
Schur, 285
Schwarz’s inequality, 94
Schwerdlfeger, 36
Scott, 29, 48, 58, 61, 123, 400, 409
Sequences of analytic functions:
convergence continuation theo-
rem, 108
equi-continuous, 107
uniformly bounded, 105
Sequences of monotone functions,
246
Sequences of Sticltjes integrals, 245
S-fraction, 200
equal to power series, 208
power series expansion of, 201
representing meromorphic func-
tion, 209
Shohat, 239
Stieltjes, 101, 104, 118, 202, 210,
238, 239, 245
Stieltjes’ convergence theorem,
120, 134
Sticltjes’ criterion for real J-frac-
tion, 121
Sticltjes’ expansion theorem, 203
Stieltjes integrals, 239 f.
existence theorem, 241, 257
for analytic functions with posi-
tive real parts, 275
integration by parts, 240
of polynomials, 244
positive, 244
reduction to Riemann integral,
241
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Stieltjes integrals (Cont.)
sequences of, 245
vanishing, 243
Stieltjes’ inversion formula, 250
Stieltjes moment problem, 327
Carleman’s theorem on, 330
determinate, 329
Stieltjes summability, 362
Stieltjes transform, 247
inversion of, 250
representing equivalent
tions of J-fractions, 253
Stieltjes type continued fractions,
119
condition (H) for, 122, 131
convergence of, 120
for rational functions, 171
partial fraction development of,
120
Stone, 214
Summability:
Borel, 415
Cesaro, 301, 309, 310
de la Vallée Poussin, 280
Fuler-Knopp, 309
Hausdorff, 301
Holder, 310
inclusion, 305
mutually consistent, 300
regular, 300
Stieltjes, 362
Sadsz, 18, 42, 51, 143

func-

Tamarkin, 239
Test-fraction:
algorithm, 175
determinant conditions for, 176,
190
Theorem of invariability, 96
Toeplitz, 214
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Totally monotone sequences, 267
bounded functions, 284
composition of, 269

Tschebycheff, 192

Two-circle theorem, 148

Uniform convergence of continued
fraction, 16
Uniformly bounded sequences, 105

Value of continued fraction, 16
in circular domain, 42, 46, 60,150
on interior of domain, 151
Value region problem, 146
element region in neighborhood
of origin, 150
minimal solution, 146
parabolic element region, 152 f.
solution (E,V) of, 146
sufficient condition for solution,
147
two-circle theorem, 148
unique boundary values, 151
Van Vieck, E. B., 42, 48, 131, 138,
210, 238
Verbeek, 51
Vitali, 105
Volterra sum equation, 96
von Koch, 27, 33, 51, 143

Wall, 27, 29, 31, 44, 48, 51, 58, 61,
69, 70, 79, 98, 123, 137, 178,
235, 400, 409

Weierstrass, 45

Wetzel, 10

Weyl, 96

Widder, 239

Worpitzky, 42, 58

Worpitzky circle, 58

Worpitzky’s theorem, 42
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