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Preface
4

The swift development of analysis in the twentieth century,
beginning with the theory of the IJebeSjé:xe integral, has been of tremen-
dous mathematical importance. No-mathematician today can afford
to be ignorant of the modern theories of integration, and it is to the
profit of a student of mathematics that he become acquainted with
these ideas early in his graduate studies. On the other hand, most of
the writings on integration are written by mature mathematicians for
mature mathematicians, often in an admirably concise form which is
not appreciated by a beginner. This book is written with the hope
that it will open a path to the Lebesgue theory which can be travelled
by students of little maturity.

It is for the sake of such readers that details are explicitly presented
which could ordinarily be regarded as obvious. An experienced
mathematician may regard many proofs as verbose. Probably some
of them are unnecessarily wordy, even for the veriest beginners;
equally probably there are details omitted as obvious which will not
be obvious to all readers. In view of the audience to whom this is
addressed, the latter must be considered the graver fault.

The scheme of introducing the Lebesgue and Lebesgue-Stieltjes
integral here adopted is a modification of that of Daniell, the integral
appearing as the result of a two-stage generalization of the Cauchy
(or Stieltjes) integral. Perhaps this manifestation of a connection
between continuous functions and summable functions may help the
beginner to feel at home in the newer theory.

There are few historical remarks on the theorems and methods here
used and there is practically no bibliography. These are not usually
of great interest to a beginner, and a student who wishes to continue
further into the subject will necessarily read treatises—above all, Saks’
Theory of the Integral—which will furnish bibliographical and historical
references.

In only a few features can this book make claims to novelty. An
expert will tsually recognize known proofs used in assorted combina-
tions and modifications. One acknowledgement must however be
made. The latter part of the chapter on differential equations owes
much to a mimeographed set of lecture notes on differential equations
by Professor G. A. Bliss.

Part of the material in this book has been used in teaching graduate
classes at the University of Virginia, and in several respects the choice
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vi PREFACE

of subject matter and of forms of proof has been guided by the com-
ments of the students, especially by those of Dr. B. J. Pettis.

Shortly after the manuscript reached the Editors of the Princeton
Mathematical Series I was called to the Aberdeen Proving Ground to
help with the work in exterior ballistics. As a result, I lacked the
time to perform the usual final tasks. I am most grateful to the
Editors for their kindness in taking over duties which properly should
have devolved upon the author, and thereby advancing the date of
publication by many months. In particular, I owe thanks to Dr.
Paco Lagerstrom, who worked long and efficiently over the manuscript.

In the correction of proof I have been greatly assisted by Miss Mary
Jane Cox, who not only read all proof-sheets but pointed out a num-
ber of places in which rewording was needed for the sake of clarity.

Finally, I wish to thank Princeton University Press for its coopera-
tiveness and efficiency.

E. J. McSHANE.

CHARLOTTESVILLE, VIRGINIA,
November 21, 1943.
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CHAPTER 1

Some Theorems on Real-valued
Functions

The entire subject-matter of this book rests upon the properties of
real numbers, with which we assume the reader to be familiar. No
appeal is made to geometric intuition. - Nevertheless, it is often con-
venient to use the language of geometry, and this is permissible if we
define all our geometric expressions in terms of number.

If ¢ is a positive integer, we shall say that each ordered g-tuple
(x®, - - -, ) of real numbers is a “point in g-dimensional space,”
or a “point in B, For convenience in notation we prefer to put the
indices , - - - | @ up instead of down; the lower position will be
reserved for subscripts distinguishing different points from each other.
Usually we abbreviate by writing = for (zV, - - - | z(®). A standing
notational convention will be the following. If any letter, with or
without affixes, is used to denote a point in g-dimensional space, the
¢ numbers defining the point will be denoted by the same symbol (with
the same affixes if any) with superseripts , - - -+ | (@, Thus if we
speak of a point y, in ¢-dimensional space R, we mean the ordered
g-tuple

\

(y{)l)) y{)Z), Ty y:)q))'
Two points of a space R, are identical if and only if corresponding
numbers in the two g-tuples are equal; that is, if z and y are both in
R, the equation z = y has the same meaning as the g equations

=y, cee, @ = ylo,

An ordered g-tuple and an ordered p-tuple (p » ¢) will never be
regarded as identical.

Having this system of abbreviation, it is, reasonable to proceed a
step further and define sums z 4+ y and products cz, where =z and y
are points in R, and ¢ is a real number. The definitions are

z4+y = (0 4y - @ 4 y@)
cr = (cx(l), P ,cx“’).

We have little use for these symbols until the later chapters.

In order that a collection E of points of R, shall be called a point
set in R, we require only that, given any point z of R, it must be
possible to determine whether or not z belongs to the collection E.

1



2 INTEGRATION [Cuar. I

However, there is a great deal of trouble concealed in this statement.
The difficulty lies in giving a precise meaning to the word ‘‘determine.”
Clearly it is not possible to list all the infinitely many points of R,
one by one, marking each as belonging to E or not belonging to E.
Some rule must be given. This leads to a further question. What
is a mle" Now we have begun to entey the domain of foundations of
mathematics; and, without denying the importance of such studies,
we shall turn back again to the narrower study of the points of our
spaces B,. We shall assume that the reader has some reasonably
adequate concept of a rule; if he has doubts of this, as we all may
\T/élrhai'e, we can only refer him to the various publications on mathe-
matical logic and the foundations of mathematics.

A simple example of a point-set in R, is R, itself; for, given any z
in Ry, we know at once that it belongs to R,. The “empty’’ set A,
which contains no points whatever, is also a point-set in R ; for, given
any z in R, we know that it does not belong to A. Two point-sets
E,, E:in R, are identical if and only if each point z which belongs to
E, belongs also to E; and each point z which belongs to E, belongs to
E..

The set of all x for which the statement S holds will sometimes be
denoted by {z | S}. E.g. {z|0 = z = 1} would be the closed interval
consisting of all real numbers between 0 and 1. (Cf. also §4.)

Given any set E in R, the set of all points of B, which do not
belong to E is called the complement of E, and is denoted by CE. Thus
the complement of the whole space R, is the empty space A, and con-
versely; in symbols, CR, = A and CA = R,. It is easy to see that
for every point-set E in R, the equation C(CE) = E holds. For if
zisin E, it is not in CE, and is therefore in C(CE); and if z is in C(CE),
it is not in CE, and is therefore in E.

If E, and E, are point sets in K, we say that E, is contained in E,
(in symbols, E; C E,) or that E; contains E, (in symbols, E; D E,)
in case every point z which belongs to E, also belongs to E;. Thus
in particular E C E and A C E for every set E. Further, we define
E, U E; to be the set of all points z belonging to one or both of E;, Es;
we define* E, N E; or E,E, to be the set of all points z belonging to both
E, and E;; and we define E, — E; to be the set of all points z which
belong to E, but not to E,.t

* E,n E; is sometimes called the product, sometimes the intersection of E, and
Es, E\ U E, is called the sum or the union of E, and E,.

t In defining the set theoretical operations we might of course have considered
any collection of elements instead of R,.
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ExampLe. In Ry, put B, = {z|0Szs2}and E; = {z|1 S =
S£3}. Then E,UE; is the set {z|0 = z < 3}, E.E; is the set
{(z|1S2S2},E,—E:is{z|0=22<1},E,—Eis{z|2<zs3]}.

If {E.} is any (finite or infinite) collection of sets in R,, we define
the sum (union) U E, to be the set of all z contained in at least one
of the sets E., and we define the product (intersection) NE. to be
the set of all z belonging to all the sets E,..*

ExaMpLE. In one dimensional space R, let E, be {z|0 =z
<1/n) (n=1,223 ---) Then UE,is {z|0sz =<1}, NE,
is the single point 0. If E,is {z|0 < z < 1/n}, then UE.is {z]0
< z < 1}, while N E, = A.

The following relationships are easily verified:

C(E\UE;) = CE:nCE,, C(UE.) =N (CE.),
C(E.nE,) =CE,UCE,, CWNE,)=U(CE.,),
E, — E; = E,n CE,,

C(E1 hd Ez)‘ . CE; U Ez.

‘For instance, a point z is in C(U E,) if and only if it is not in UE.,,
which is true if and only if it is in no one of the sets E., which is true
if and only if it is in every set CE, and therefore in N (CE.). Again,
applying this equality to the sets CE., we have

c(\U CE.) = N (CCE.),

whence by taking complements
UCE.=CcNE.).

If {E} is a collection of sets, the sets of the collection {E} are
disjoint if no point z belongs to more than one of the sets of the
collection.

A useful tool in studying properties of point sets E is the character-
istic function.

1.1. The characteristic function Kxg(x) of the set E is that function
whose value is 1 if x is in E and whose value vs 0 if z ¢ not tn E.

In the next theorem we assemble some simple properties of char-
acteristic functions. However, it is desirable first to define sums
and products of characteristic functions. This is trivial for finite
sums and products. Given an infinite aggregate of symbols «, and

* Some authors write E, + E;, E, - Ey, £Eq, NIEq for E, U E;, E, 0 E,, U E,,
N Eq.
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corresponding to each a a number ¢, which is either 0 or 1, we define
the product of all ¢, to be 0 if any one of them is 0 and to be 1 if all the
to are 1. The sum of all ¢, is the number n if exactly n of the ¢, have
the value 1, and is © (>1) if an infinite number of the ¢, have the
value 1. Concerning this symbol « we shall have more to say shortly.

1.2. (@) For any collection {E,} of sets, Kng (r) = NKg (2).

(b) For any collection {E.} of sets, Kyz,(x) is the smaller of the
numbers 1 and ZKg (z).

(¢) The sets E, are disjoint of and only of SKi (z) £ 1.

(d) If the sets E, are disjount, then Kys, = 2K,

(e) Kee(z) = 1 — Ke(x)

(f) If E,C E,, then Kg(z) < K, (z).

To prove (a), we observe that if the left member has the value 1,
then z is in N E,, so it is in every E., so Kg (r) = 1 for every a, and
the product of the characteristic functions is 1. Otherwise the left
member has the value zero, x is not in M E,, it is therefore lacking
from some E,; for this E. we have K¢ (z) = 0, and the product of the
characteristic functions is 0.

To prove (b), if z is in U E. it is in at least one E., so at least one
term of the sum ZKg (r) is 1. Hence Kyg,(r) = 1, and the smaller

of 1 and ZKg (z) is also 1. If z is not in U E , then Kyg () is 0 and
8o is every term of the sum ZKye(r). So the sum is 0, which is the
smaller of 0 and 1.

In (¢), if the sets E, are disjoint, each x belongs to at most one set
E., s0 at most one term in the sum is 1, the others all being 0. So the
sum is O or 1. Conversely, if the sum is never more than 1, there is no
z for which two or more of the characteristic functions have the
value 1. That is, no = belongs to more than one of the sets E,, and
the E, are disjoint.

Statement (d) follows at once from (b) and (¢). Or we can prove
it directly. If z isin U E,, it is in exactly one of the sets E., so both
members of the equation have the value 1. If z is not in UE,, it is
not in any E,, so both members of the equation have the value 0.

If zis in CE, it is not in E, 8o Kg(z) =0 and 1 = Kcg(z) = 1
—~ Kg(z). If zis notin CE itisin E, so Kz(z) = 1 and 0'= Kcg(z)
=1 — Kg(z). This proves (e).

For (f) we observe that if z is not in E,, then

0 = K»(z) = Kg,(2),
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while if z is in E, it is also in E|, so

———— e

1 = Kg(2) = Kg(z).

2. Next we proceed to investigate some properties of sets in R,
which depend, at least in part, on the concept of distance. If z is a
point in B, (or, as an alternative name, a vector in R,) we define its
distance from the origin (or, alternatively, the length of the vector)
to be the quantity | | z | | defined by the equation

Hall=[3 @]

1=1

If z and y are points of R,, we define their distance || z, y | | by the
equation

oyl =1z=yll=[3 @ —yon]"

1=1

We now establish the four fundamental properties of this distance,
which are the following.

(1) For all points z, y of R,,

1z yll20.

(2) If z and y are points of R,, | |z, y || = 0 if and only if z = y.
(3) For all points z, y of R,,

lz,yll=1ly=z|].
(4) For all points z, y, z of R,

Hzyll+ 1y 2l 2] 2]].

Properties (1) and (3) are evident from the definition. Also,
||z, y|| = 0if and only if each difference z(» — y® has the value
zero, which establishes (2). .Property (4) is called the “triangle
inequality’’; in geometric language, it states that the sum of two sides
of a triangle is at least equal to the third side. In order to prove it, it
is convenient first to establish the highly useful Cauchy inequality.

If ay, - -+, @aq by, + + + , by are real numbers, then

(3] [5 0] 2.3 o

=
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It is evident that
g
2 (ab, — a;b)]? 2 0;
1,)=1
that is,

i alb? — 2 i ab,ab, + i a?b? =z 0.

t)=]1 t, =1 =1

In the first double sum we first collect all the terms containing a,, then
those containing as, and so on. We find

[}
S alb?=ali+ - FO) F G+ )+

=1
+a2bt + - - - +b3)
=@+ a4+ b

A similar process can be applied to each of the other two double sums;
we thus find

(é at) ('2_«31 bt) -2 (2: ab) (Zj‘(l ab) + (g at) (21 ) 2 0.

If we transpose the middle term and divide by 2, we obtain

(Z0) (Z) 2 (200"

The left member of the Cauchy inequality is non-negative. If the
right member is also non-negative, the Cauchy inequality follows from
the preceding inequality by taking the square roots of both members; if
the right member is negative, the inequality is evidently satisfied.

Exercise. Let us say that the g-tuples (ai, - - -, a,) and
(by, + + * , by) are proportional if there are numbers &, & not both zero
such that ha; = kb;, ¢ = 1, - - -, ¢. Show that the absolute values of

the two members of the Cauchy inequality are equal if and only if the
g-tuples are proportional. (If they are proportional and, say, h = 0,
we can substitute kb,/h for a, and verify equality. If equality holds,
show that it also holds in the first inequality in the proof. From this
deduce proportionality of the g-tuples.)

Returning to the proof of the triangle inequality, we first observe
that by the Cauchy inequality
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[i (z® — yu))z]’ [i y® — zm)z]’ > zq; 0 — g0 (® — 20).
=1

t=1 1=1

We add the same quantity to both members of this inequality to
obtain

43 @ -+ [$ @ —yor][S o -]

=1 1=1 =1

+4 :VJ (y® — zo)2

t=1

q
21 ) @ —yo)pr+ i @ — y9)(y®» — 29) + § i (y© — 202,

tm] e} 2
or
3 {[ 21 (=@ — y(‘))z]’ + [g (y© —~ z(.))g]i}z
24 [ 2: [(z® — y©) + (¥ — z(-))]z].

Multiplying both members by 2 and changing notation, we find
Mz yll+lyzl22z]lz2][%

whence the triangle inequality follows at once.

If 2, is any point of the space R,, and ¢ is any positive number, we
define the e-neighborhood N.(x,) of the point zotobe {z | | |z, 20| | <e¢l.
Thus in space of one dimension the e-neighborhood of z, consists of
{z| 2o — e < T < 2o+ €}; in three-space, N.(z,) consists of the
points inside of the sphere of radius e with center at z,.

Exercise. If zis in R, and h and k are both in N(z), so is every
number y between h and k.

Exercise. Given two points zi1, z2 of B,, we say that & point z is
on the line-segment joining z, and z. if there is a number ¢ between 0
and 1 such that z® = z{ + (1 — ¢)z{. Show that if z, and z, are
both in N.(y), so is every point on the line-segment joining z, and zs.
(Use the equation | [cz || = |c| ||z || and the triangle inequality.)

A point z is ¢tnterior to a set E if it is possible to find a neighborhood*
N,(z) every point of which belongs to E. A point-set E is open if
every point z which belongs to E is interior to E. For example,

* In such a case as this, in which we merely wish to state that there is some
neighborhood N(z) with a given property, and the size of ¢is of no importance, we
shall sometimes write merely N (z) instead of N(z).
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let us give the name “open interval” to a point set consisting of
{x l alV < z(v < b(l), e al? <39 L b(q)} Whem the a®® and b®
are finite constants for which a® < b®, Then every open interval is
an open set. For if z belongs to the interval, each of the numbers
z® — a® and b — z® is positive. Denote by 2¢ the smallest of
them, and consider the neighborhood Ne(z). If zo is in this neighbor-
hood, then

a")<x“’—e<x“)—||x,xo|]§:c("—-|:c"’—:cf,"[§:c§,"
Sz 4|z —2P | K20+ ||z, 20]| <20 € <DV,

80 Z, is also in the open interval. Hence every open interval is an
open set.

If we give the name “closed interval” to {z|a™® < 2z < bW},
where the a® and b® are finite constants such that a® < b®, we see
that a closed interval is not an open set. For the point a belongs to
the closed interval; but every neighborhood of a contains points z,
with i’ < a!¥, so that z, can not belong to the closed interval.

A point z is called an accumulation point of a set E if every neigh-
borhood of z contains infinitely many points of E. The point z itself
may or may not belong to £. For example, every point of an open
interval is an accumulation point of the interval. If in one-space we:
take £ to be the set of points 1,4, %, - - -, 1/n, -+ - -, then 0 is an
accumulation point of E; and in fact we easily verify that it is the only
accumulation point of E.

The set of all points z which are accumulation points of a set E is
called the derived set of E, and is denoted by E’. The set EU E’ is
the closure of E, and is denoted by E.

A set E is closed in case every accumulation point of E is itself a
point of E; in symbols, if E' C E. Thus the open interval

{z[a"’ <z L b(-)}

is not a closed set; for the point a is an accumulation point of the
interval, but does not belong to the interval. The closed interval
{z]a® < 2 < bW} isaclosedset. For suppose that a point z is not in
the interval. Then the above inequalities do not all hold. Suppose,
to be specific, that 2V < aV. Define ¢ = 4(a’® — z?). For every
point zo in N¢(z) we have z{’ < 2V 4 |z’ — 2V | < 2V 4 ¢ < aV,
80 Zo is not in the interval. Hence z can not be an accumulation point
of the interval; and since no point outside of the interval is an accumula-
tion point of the interval, the interval is a closed set.
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It is by no means tiue that every set is either open or closed. In
one-space, the “half-open interval” {z|a < z < b} is neither open nor
closed; for no neighborhood of a lies in the set, while b is an accumula-
tion point which does not belong to the set.

We here introduce a notation for intervals in B;. We define

[a,b] = {z]a =z £ b},
la,b) = {z|a =z < b},
(a,b] = {x]|a <z = b},
(a,b) = {z|a <z < b}.

Thus a square bracket at either end connotes that that end is included,
a round bracket connotes that it is excluded. By an interval in B, we
shall mean any non-empty set defined either by inequalities a®¥ < z®
SbW@E =1, -, q) or by the inequalities obtained by replacing
some or all of the signs “ < by the sign “ <.” In R, there will be 4¢
different types of intervals. Sometimes it is convenient to use special
symbols for four of these, in analogy with the preceding; thus an inter-
val {r|a® S 2 <bW( =1, - - - ,q)} can be designated by the
abbreviation [a, b).

et I be an interval defined either by inequalities a® < z® < p®
or by inequalities obtained by replacing some or all of the signs =
by <. It is easy to verify that

=1 = {z|a® £ z® £ bW},

which is a closed interval; and that the set of interior points of I is
the set {z|a® < z® < b®}, which is either an open interval or the
empty set (the latter in case a® = b® for some 7).

If we consider R, as a subset of itself, we easily see that it is both
open and closed, and the same is true of the empty set A. We could
show that no other sets in R, are both open and closed. v

It sometimes happens that we are interested only in subsets of
some given set 8, and wish to neglect the rest of the space B,. For
instance, let us anticipate slightly and consider a function f(z) defined
and continuous on the set S of alljrational numbers. Let E be {z |
f(x) > 0,z in S}. This set is surely not open; it can not contain any
neighborhood of any point, because it contains no irrational numbers.
Yet for every z,in E thereisan e > 0such that | f(z) — f(zo) | < #f(z0)
if z is any rational for which |z — zo| < e. So for such z we have
f(z) > 0. Thus N.(xo) is not contained in E, but all points of S in
N.(zo) are in E. This suggests the following definition. If a set E
is contained in a set S, and for each z in F there is an ¢ > 0 such that
NJ(x) NS C E, then E is said to be open relative to S. The corre-
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sponding closure concept is this. If a set E is contained in a set S,
and all accumulation points of E which belong to S also belong to E,
then E is closed relative to S. That is, E C 8 is closed relative to S
if 'S CE.

In particular, if S is R, itself, these properties take the form of
ordinary openness and closedness, since the factor S in N.(z,)S and
E'S may be omitted if it is the whole space under consideration.

ExampLE. Let E be the set (0, 1]; thatis, {z |0 < z < 1}. This
is neither open nor closed. But if S is the set (0, 2), then E is closed
relative to S. For E’ = [0, 1], and E'S = (0, 1] € E. Also, if S, is
the set [—1, 1], E is open relative to S,. For let z be any point of E.
If z = 1, there is a neighborhood N (z) contained in E, so N(z)S C E.
Ifz = 1,takee = 1. The set N(z) is then (0, 2), and N.(z)S is (0, 1],
which is contained in E.

Exercise. If S is any set, and E and E, are respectively closed
and open, then ES and E,S are respectively closed and open relative
to S. Also, S is both open and closed relative to S.

An immediate consequence of the definition of accumulation point
is the following theorem.

2.1, Let E be any set. In order that a point z, shall be an accumula-
tion point of E, it i necessary and sufficient that for every positive e the
netghborhood N () shall contain at least one point of E different from xo.

If z, is an accumulation point of E, eyery neighborhood N.(z)
contains infinitely many points of E, hence contains points of E differ-
ent from z,. If z, is not an accumulation point of E, some N(z,) con-

tains enly a finite number of points of E. Let z;, - - - , z. be the
points of E different from z, and in N.(z,). Let & be the smallest of
the positive numbers ||zo, 1 |], * * -, || %0, Za|]. Then Ni(zo)

contains none of the points z,, - - * , za, and therefore contains no
point of E except perhaps z, itself.

Another trivial theorem is

2.2. Let E be any set. In order that a point x, shall belong to E, it is
necessary and suffictent that for every positive e the neighborhood N ((zo)
conlain at least one point of E.

If z, is in E, either it is in E, in which case N,(z,) always contains
the point z, of E; or else it is in E’, in which case N(zo) contains a
point of E by 2.1. If z,is not in E it is not in E’, so by 2.1 some N (z,)
contains no point of £ except perhaps z,. But z, too is not a point of
E, since it is not in B. So N.(z,) contains no point of E. -

The justification for the name “closure” given to the set £ =
E U E’ is contained in the following theorem.
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2.3. Let E be any set. Then E' and E are closed sets.

Let z, be an accumulation point of £; we must show that z, is in E.
For every positive ¢, the neighborhood N(z;) contains at least one
point z, of E different from z,. Since z, is in N,(z,) and is different
from z, we have 0 < ||z, 21 || < e« Let & be the smaller of the
positive numbers | | 2o, 1| | and € — | | zo, z:||. Then Ni(z;) con-
tains a point z; of E by 2.2. The point z, is different from xz,, since
[|Z1, Z2|| <8 S ||z, 2o|]|; and it i8 in N(z,), since || zo, Zs | |
S o, zal| + (|2, za|| <||2o, 21|| + 8 S e So every Ni(zo)
contains a point of E different from z,, and z, is in E’' by 2.1. There-
fore zois in E. A similar proof applies to E'.

As an immediate corollary we have

2.4. E is a closed set if and only if E = E.

If E is closed, then E' C E, 850 E=EUE =E. If E=E,
then E is closed by 2.3.

Exercise. If E € E,, then E' < E,and E C E..

Exercise. If E € @ and G is closed, then £ C G.

The interrelation between open sets and closed sets is given in the
following theorem.

2.6. Let E be contained in S. If E 13 closed relative to S, then S — E
18 open relative to S, and if E 18 open relative to S, then S — E 18 closed
relative to S.

Let E be closed relative to S, and let z belong to S — E. Then z
is not in E, and therefore not in E’S, which is contained in E. Now
zisin 8, but not in E'S, so it is not in E’. Being neitherin E nor in E’,
it is not in E. By 2.2, there is a positive e such that N,(z) contains
no point of E. Hence N,(z) C CE, and so N.x)S € SNnCE
= § — E. This proves that S — E is open relative to S.

Suppose now that E is open relative to S, and let = be any point of
E. There is an ¢ such that N,(z)S C E, hence N.(z)S contains no
points of S — E. But the rest of N.(z), namely N,(z) n CS, surely
contains no points of S — E, for it contains no points of S. Therefore
no point of S — E is in N,(x), and z is not an accumulation
point of S — E. We have thus proved that E and (S — E)’ have
no points in common. Now the set S N (S — E)’ is in S, and has
no point in common with E, so it must be entirely in § — E; that
is, SN (S — E))C 8 — E. This proves that S — E is closed relative
to 8.

2.8. Corollary. If E 1s closed, CE 8 open; and if E 18 open, CE
18 closed.

In 2.5 we take S = R,; then 2.5 takes the form 2.6.
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Exercise. If S is any set, and E is closed relative to 8, it is the
product of S and a closed set (namely E). If S is any set and F is
open relative to S, it is the product of S and an open set.

2.7. If E is contained in a closed set S and 1s closed relative to S,
then E 1is closed. If E consists of interior points of S (in particular if S is
open and E C 8) and E is open relative to S, then E s open.

To prove the first statement, we observe that every accumulation
point of E is also an accumulation point of S, as follows at once from
the definition. (Cf. exercise after 2.4.) Hence E' < §’. But S is
dosed, so 8’ < 8, from which we have E' ¢ 8. Therefore E'S = E'.
By hypothesis, E is closed relative to S, so E'S < E. This gives
E' = E'S C E, so E is closed.

To prove the second part, let z, be a point of E. Since E is open
relative t\ﬁ, there is an a > 0 such that N.(z,)S < E. But z, is
an interior point of S, so there is a § > 0 such that the neighborhood
Ni(zo) is contained in S. Now let € be the smaller of « and 8. Then
N zo) < Nis(zo) < S, so N(xo)S is the same as N(zo). Also,
N (zo) = N(z0)S C Na(z0)S € E. Thus there is a neighborhood
N (z) of z, completely contained in E, and E is open.

2.8. If {E.} is any collection of sets lying in a set S and open relative
to S, their sum U E, is open relative to S. If E,, - - - , E, i3 a finite
collection of sets lying in S and open relative to S, their product NE, s
open relative to S.

Let z be a point in U E,. Then it belongs to some E,. Since
this E, is open relative to S, there is an e such that N.(z)S is contained
in E,, and hence surely contained in U E,. Thus U E, is open rela-
tive to S.

Let z be a point in ) E,. For each ¢ the point z is in the set E,,
so for each ¢ we can find a positive number ¢ such that N.(z)S is
contained in E,. Let ¢ be the smallest of the numbers €, - - - , ¢,.
Then for each ¢+ we see that N (z) NS C N () NS C E;. Since
N(z) n S is contained in each E,, it is contained in the product NE.
Hence N E, is open relative to S.

2.9. If {E.} is any collection of sets each contained in a set S and
closed relatwe to S, N E, is closed relative to S. If Ey, - - - , Eyis a
finite collection of sets closed relative to S, then U E; is closed relative to S.

Since each E, is closed relative to S, each CE, is open relative to S
by 2.5, so U CE. is open relative to S by 2.8,80 NE, =CWUCE,)is
closed relative to S by 2.5. Similarly, since each E, i8 closed relative
to S, each CE, is open relative to S, so N CE, is open relative to S by
2.8, s0 U £, = C(N CE,) is closed relative to S.
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2.10. Corollary. The product of any number of closed sets is closed;
80 15 the sum of a finite number of closed sets. The sum of any number of
open sets 18 open; so 18 the product of a finite number of open sets.

ExampLE. If to each z in [0, 1] we assign the open interval
(x — 1, z 4+ 1), then the sum of all these intervals is the open set
(-1, 2).

The product of infinitely many open sets may not be open, and
the sum of infinitely many closed sets may not be closed. For exam-
ple, for each n let the set E, be (—1/n, 1 4 1/n). These are open;
but their product is the closed interval [0, 1]. Again, for each n > 3
let E, be [1/n, 1 — 1/n]. These sets are closed; but their sum is the
open interval (0, 1).

A point set E is bounded if there is a finite e such that E is entirely
in the e-neighborhood of the origin 0 = (0,0, - - - , 0): E C N.(0).
Fhis is equivalent to requiring that there is an M > 0 such that
| < M for all zin Eand ¢ =1, - - - q. For if this last condi-
Bolds then | [z, 0| = [(x")?* 4 - -+ + (x@) P S [M2 4 - - -
M} = M/ so xis in N(0) if ¢ >M+/q. Conversely, if
B C N.(0), then for every z in £ we have |2 | £ |]z,0|| < e

A fundamental theorem in the theory of functions of a real variable
is the Bolzano-Weierstrass Theorem:

2.11. If E 15 a bounded set containing infiniutely many points, there
is a point ro which ts an accumulation point of E

The proof of this theorem can be found in almost any book on the
theory of functions of a real variable. For n = 1 it is given in Cour-
ant’s Diffcrential and Integral Calculus (English edition), p. 58; this
proof is easily extended to any value of n.

Let us say that x, — x, (or lim z, = ) if lim ||z, 2¢|| = 0;that

n— o

-

is, if to each positive e there corresponds an N such that | | z,, 20| | < €
whenever n > N. We then have a simple corollary of the Bolzano-
Weierstrass theorem, as follows.

2.12. If xy, xs, 73, * * * i8 an infinile sequence of points of Ry, and
the set {xi, xa, * + - } ts bounded, then there exists a subsequence x,,,
Zn,, * * + which converges to a limit x,.

Suppose first that some point occurs infinitely many times among
the z,. Call the point z,, and let z,,, ., ' - - be the terms of the
sequence which coincide with z,. Then clearly z,, — x,.

If no infinite repetitions occur, there must be infinitely many
diffcrent points among the z,. By 2.11, these have an accumulation
point z. In Ni(z,) there are infinitely many z,; choose one, and call
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it o, In Ny(z,) there are infinitely many z.; some of these must
have subscripts greater than n,. Choose one such; this is z,. In
Ny(xo) there are infinitely many z.; choose one, z,, with subscript
greater than n,. We continue the process; by an obvious induction, we

obtain a sequence Z,,, Za, * - - such that n, < n3 <ng < - - - and
|| o, 2n, | | < 1/¢. This is the subsequence sought.
2.13. Let E be a closed set. If xy, x3, * * * 18 a sequence of points

of E converging to a limit x,, then zo is in E.

If 2o is not in E, it is not in E, by.2.4. By 2.2, for some positive ¢
the neighborhood N.(z,) contains no point o hence contains none
of the z,. This is impossible if z, — z,. %

We now establish a very useful property ‘éf guences of closed
sets. -

2.14. Let E\, E,;, - - - be a shrinking sequence of closed sets (that is,
E.DE,DE;D - -), and let E, be bounded. Then either there
18 a k such that the sets E;, Eiyy, Exya, - - - are all empty, or else there i3

a pownt xo contained in all the sets E,, that is xo is 1n NeE.
1

If any one set Ei is empty, then from the hypothesis Ex D Ei
D Eiy2 D - - - wehave all succeeding sets empty. Otherwise, from
each E, we choose a point z,. The points {z;, z; - - } form a
bounded set, for they are all in E;, which is bounded by hypothesis.
So by 2.12 there is a subsequence z,,, z.,, - - - which converges to a
limit point zo. Choose any integer n. Only a finite number of the
subscripts n, are less than n; say n S m < My < - - - . But if
n, 2 n, then E, C E,, and in particular z,, is in E,. Hence the
sequence Tn, Tm,, ' * * is a sequence of points of the closed set E,,
and by 2.13 the point z, is in E,. Since this is true for each n, the
theorem is proved.

3. A class E of objects {P} is denumerable if its elements can be
put into one-to-one correspondence with the positive integers; that is,
if its elements can be arranged in an infinite sequence Py, Py, P3, - * - ,
in such a way that every element of E occurs in just one place in the
sequence. Thus the set of positive integers is denumerable, being
automatically in one-to-one correspondence with itself. Likewise the
set of numbers 1, 4,4, - - - 1/n, - * - is denumerable.

The next three theorems state important properties of denumerable
sets.

3.1. Every subset of a denumerable set is finite or denumerable.

Let E be the set consisting of Py, P,, - - - , and let E* be a subset.
Beginning with P,, we examine each P, until we come to an element P,
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belonging to E*. We re-name this element P{. Continuing from this
element, we proceed until we reach another which belongs to E*; this
we re-name P;. By repeating the process indefinitely, each element
of E* will be reached after a finite number of steps. If the process
terminates, E* is finite. If not, the elements of E* are exhibited in a
si?uence P!, P}, - - -, and E* is denumerable.

3.2. The sum of a finite or denumerable collection of sets, each of which
18 finite or denumerable, is itself finite or denumerable.

We consider first the case of a denumerable collection E,, E,, -
of sets, each of which is denumerable. Let the elements of E, be P, ;,
P, P,s, - -+ . We now form the sequence

.. ,Pl‘"; .

Clearly each element P, of U E, will be reached after a finite number
of steps. However, it is possible that the same element P may have
occurred in two different sequences, so that repetitions may occur in
the sequence (*). We eliminate this by examining the elements of (*)
in order, and removing any element which has previously occurred.
Thus all the elements of U E, are exhibited without repetition in a
sequence. This sequence can not be finite, for it contains all the ele-
ments of E,, so by 3.1 U E, is denumerable.

This scheme can be applied with simple modifications to the cases of
a finite set of denumerable sets and of a denumerable set of finite sets
(the case of finite sets of finite sets is trivial). However, no additional
proof is really needed, for we can fill out each finite sequence P,,;, P, s,
+ + + P;x to an infinite sequence by repeating the last term infinitely



16 INTEGRATION [Cuar. I

many times, and if there are only a finite number of sets we repeat the
last set infinitely many times. The extra terms thus introduced
are later removed when we strike repetitions out of the sequence (*).

83. Let E,, - - -, E\ be sets each of which 13 finile or denumerable.
Then the collection of ordered k-tuples (z1, - * + , zx) withzym Eyy - - -,
zi tn Ey, 18 finite or denumerable.

We prove this first for ¥ = 2. For each fixed z,, the pairs (z4, 5)
are in one-to-one correspondence with the elements z; of E,; that is,
to each z, corresponds a finite or denumerable collection of pairs (x4, z2).
There are as many such collections of pairs as there are elements r; of
E,, that is, there are finitely or denumerably infinitely many collec-
tions. "By 3.2, the total collection of pairs is finite or denumerable.

For general k, we proceed by induction. Suppose the theorem
proved for k — 1; the (k — 1)-tuples (xi, - - -, 2x—y) form a finite
or denumerable collection. The k-tuples (z;, © - -, z¢) can be
re&arded as pairs ([z;, - * + , xxk—1], &) in which the first element 13 a
(k"— 1)-tuple and the second element is z.. By the preceding para-
graph, the collection of such pairs (i.e., of k-tuples (x,, - -, ) is
finite or denumerable.

3.4. The set of all ratrional numbers is denumerable.

For each positive integer n, let E, be the set consisting of the num-
bers 0, 1/n, —1/n, 2/n, —2/n, 3/n, —=3/n, * - Each set E, is
denumerable, being exhibited as an infinite sequence without repeti-
tions. Hence by 3.2 the set U £, is finite or denumerable. The set
of all rational numbers is contained in U E., so by 3.1 it is finite or
denumerable. It is not finite, since it contains all the integers; so it is

denumerable.
|[ExampLE 1. In »-dimensional space R, let us give the name
“rational points” to the points (z(V, - - - | 2*) such that each coordi-

nate z® is a rational number. By 3.4 and 3.3, the rational points
form a denumerable subset of R,. ) )

ExampLE 2. In R,, the spheres N.(z,) with rational points z, as
centers and rational radii r form a denumerable set. For they are in
one-to-one correspondence with the (v + 1)-tuples (zf", - « -, z{’, 1),
where the first » numbers are the (rational) coordinates of 2, and r is
the (positive rational) radius.

We can use the result in this last example to help in proving the
Borel theorem. Given a collection of open sets { U} and a set E, we say
that the collection {U} covers E if each point of E belongs to at least
one set U of the collection: £ < U U. The Borel theorem is the
following.
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8.6. Let {U] be a collection of open sets, and let E be a bounded closed
sel. If the collection {U} covers E, it is possible to select a finite number
Uy - -+, Unof sets of the collection { U} wn such a way that {U,, - - - ,
U.} covers E.

We begin with the collection of all spheres with rational centers and
radii; this is denumerable, by Example 2 above. A sphere of this
collection will be selected if it is entirely within some single set of the
collection {U/}. By 3 1, the selected spheres form a finite or denumer-
able collection, and it is easily seen that the collection is not finite. We
can then arrange the sclected spheres in a sequence Sy, Ss, « -« -

Our next step is to show that {S;, S, - - - } covers E. Letz,bea
point of E. By hypothesis x, is in a set U, of the collection {{*}; since
Us is open, there is a positive e such that N,(z,) is contained in Ul.
There is a rational point # such that | | %, zo| | < ¢/3, and there is a
rational number r such that ¢/3 < r < 2¢/3. Clearly N, () &< N (xo)
C U,, since for each point z 1n N,(z) we have | | zo, z|| < | | 2o, :cl |
+||% z|| <e¢/3+r<e Henee N,(Z) is a selected sphere, and
is one of the S,. But ¢ is in this S,., for || %, zo| | < ¢/3 < r, so that

Zois in N, (). Thus {8S,, Ss, - -+ + } covers E.
Now we define
El = E,

Ez = EﬂCS.,

E.=ENC[S,U - US.i,

Each set S;U -+ U S, is open by 2.10, hence E, is closed by 2.6
and 2.10. Itisecasily scenthat E, D E, D E; D - -+  No point

Zois in all the E,; for then it would be in E but not in any S,, which we
have seen to be impossible. By 2.14, some set Ex,,is empty. That is,
no point in F is in C[S; U - - - U S;], whence every point of E is in
Sl + e + S]..

By the manner of selecting the S,, each selected sphere S, is com-
pletely contained in some set (we denote it by U,) of the collection {U}.
Hence

EcCcSvu---uSscU,U---uly,

establishing the theorem,

Our definition of a closed interval was such as to permit each a® to
be equal to the corresponding b®, in which case the interval
{z]a® < 2@ £ bW} shrinks to the single point (a®, + - - ,a™). With
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the exception of this special case, every interval (open or closed) contains
a non-denumerable infinity of points. It is enough to prove this for
closed intervals, since every open interval {z |a® < z¥ < b} contains
a closed interval {z|a® + ¢ S 2 < b® — ¢} (e less than half the
smallest | b® — a® |). It is enough to prove it for one dimension, for
every closed interval {z|a® =z = b®} contains the set of points
{z|a® S z® S pWV, g =@ (j=2, - -, n)}. It is enough to
prove it for the single interval [0, 1], for every interval [a, b] can be
mapped on this by the one-to-one mapping z = (z' — a)/(b — a).
Suppose now that all the numbers in [0, 1] were a denumerable set ay,

as, - * - . Expand each g, in a decimal fraction a, = .a{’a’ay’ - -
For each n, define b, =5 if a{” # 5, b, = 6 if a{® = 5. Thus
ba # a®™. Then the number .b\b; - - - does not occur among the a,;

it is different from each a,, since it has a different digit in the n-th
decimal place.* Hence the assumption that all the numbers of the
interval [0, 1] can be arranged in a sequence leads to a contradiction,
and the set is not denumerable.

We now return to the subject of point sets, and prove that in a cer-
tain sense open sets are the next simplest sets after intervals. It is
convenient to define a new term now. A collection of intervals is
non-overlapping if no point which belongs to any interval of the-collec-
tion is interior to any other interval of the collection. Thus in B, the
intervals [0, 1] and [1, 2] are non-overlapping, although they are not
disjoint because they have the point 1 in common.

3.6. If G is an open set, it 18 the sum of a denumerable collection I,
I, - + -+ of disjoint intervals I,: {z|a® < z® < b®}. It1s also the sum
of a denumerable number of non-overlapping closed intervals I.

Consider first all intervals of the form {z|np < z® < nff + 1},
where the numbers nf are integers. From these we select the ones
whose closures are contained in G; these selected intervals we will call
“the intervals selected at the first stage.” Next consider all those
intervals of the form {z|2 'nf’ < z® < 2-'(n{® + 1)}, the %{’ being
integers. We select those whose closures are contained in G, but which
are not contained in any interval selected at the first stage. These new
intervals we will call “the intervals selected at the second stage.” Pro-
ceeding by induction, for each integer p we consider the intervals
{z|27PnP S 2V < 277(nf’ + 1)}, the n{” being integers. From these

* We must remember that numbers with different digits may be equal, for
418y -+ - 9999 - - - = .a183 - - - (as + 1)00000 - - - . But the decimal
expression .bybs - - - can not contain any 9’s or 0’s, so this exceptional possibility
for equality between .b1bs - - - and .aa; - - - is ruled out.
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we select intervals (‘‘the intervals selected at the (p + 1)st stage’’)
whose closures are contained in G but which are not contained in any
interval selected at a previous stage. )

All the intervals constructed at each stage form a denumerable
collection by 3.3, so the intervals selected at each stage form a finite or
denumerable set by 3.1, and the aggregate of all intervals selected at
any stage whatever is finite or denumerable. We shall shortly see
that it cannot be finite.

Let the collection of all selected intervals be denoted by I, I,

From the construction it is clear that they are disjoint; for two
intervals of the type constructed are disjoint unless one contains the
other. Morcover, cach I, is contained in @, so U I, is contained in G-
It remains to show that G is contained in U I,,; that is, if 2, is not in
U I, it is not in G.

Let o not belong to U I,. For each positive integer, p, it is in
some interval (call it 1)) of the p-th stage of subdivision, and this is not
contained in any selected interval, since r, isnotin U I,. Since I,,' is
not in any interval selected at a previous stage and is not itself selected,
its closure fails to be contained in (7. That is, its closure must contain
a point r, of CG. By the definition of distance in §2 and the assump-
tion made about the size of I}, | | 25, 20 | | £ [g - (277*")?]}, which tends
to 0 as p increases. Thus z, tends to zo by the definition preceding
2.12. But CG is closed by 2.6, so by 2.13 the point zyisin CG. There-
fore U I, contains @, and being also contained in G must be the same
as@G.

If we define I, to be the closure of I,, it is evident frem,the con-
struction that no point of any I, is interior to any other T,,, and so the
intervals I, are non-overlapping. Since I, contains I,, we have
UI,D UI. =@ But the I, were so chosen that their closures I,
were contained in @, so U I, is contained in G, and must be identical
with G.

Incidentally, this shows that the I, cannot be finite in number.
For suppose the I, finite in number. Their sum contains a point for
which z(V has the least value on U I,. This point cannot be interior
to U I, and yet lies in the open set G = U I,.

As a corollary, we have the following theorem.

3.7. If G is open relative to a closed interval I, it is the sum of a finite
or denumerable set of non-overlapping closed intervals Iy, I, + - *

The set 7 — G is closed by 2.5 and 2.7. So by 2.6 its complement
C(I — G) is open. But C(I — @) = CIUG. By 3.6, the open set
GUCI is the sum of denumerably many non-overlapping closed
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intervals I,. Then
¢G=@ueDnI=Ur)nr=Ud.nb.

From the sum in the last member womit all sets I, N I which are
empty; the rest form a finite or denumerable collection of non-over-
lapping closed intervals whose sum is G.

Exercise. If E is contained in S and is open relative to S, there
is a sequence I, I, - + - of intervals I,: {z| a® < z® < b} such that
E=U(SNI,).

4. According to the definition of E. H. Moore, a function is a system
consisting of

(a) a class X of elements z;

(b) a class 9 of elensents y;

(¢) alaw of correspondence by which to each elemeént r of X there
is assigned exactly one element y of the class ¥). (Suth a function
is sometimes also called a mapping of X into 9).) The element y
corresponding to the element z is denoted by f(z), or g(x), or some
other similar symbol. Properly, the symbol f(x) denotes the func-
tional value y corresponding to the particular element z. IHowever, it
is common usage to use the symbol f(z) also to denote the function
itself. Thus sin 2 may mean either the function in which X is the
class of real numbers and ¥) is also the class of real numbers, and to each
z there is assigned the number sin z; or else it may mean the particular
number sin £ which corresponds to some specific number z. How-
ever, this ambiguity does not often lead to confusion. The set of
all values of f(z) when z varies over £ C X will be denoted by f(E).
In symbols f(E) = {y |y = f(z), =z in E}. In particular, if E is the
set {z | 8} of points for which statement S holds, the set

f(E) = f({z | 8})

will be alternatively denoted by {f(z) | S}. Thus, for example, if
f(x) = 2* we have {22| — 1<z =<1} ={2|0 sz < 1}. The set
of all x such that f(z) lies in £ (the “inverse image of E’’) will be
denoted by f~'(E); thus f~Y(E) = {z | f(z) in E}. We write f < ¢ if
f(z) S g(z) forall zin X. Also ¢ - f is the function whose value at the
point z is ¢ . f(z), and so on (cf. the similar definitions for points in
R, at the beginning of §1).

We shall be chiefly (though not exclusively) concerned with func-
tions in which the class X% is a point set in R,. For the class 9 we shall
always use a slight enlargement (which we denote by R*) of the class
of real numbers; ) shall consist of all real numbers plus two elements
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which we denote by « (or + «)and — «. We shall use the following
calculation rules for these new symbols:

— o < a < « for every real number q,

©.q=a:® = © if 0<as »,
0@ =QqQ*r 0O = — © if —w§a<0,
(-w).a:a-(—w):—w if 0<as »,
(_w).a=a.(—oo)=oc if — §a<0,
a a .
- = ==) = if a is real,

o 4+a=a+ x = ® if a> —x,
—x4+a=a+(—x)=—» if a ®,

’

|
0+ 0=0'x =(—x)0=0:-(—x) =0.

The last rule may seem strange, but functions with values + « wili
usually occur in connection with himiting processes of such a nature
that the rule will prove convenient

4.1, For all numbers a, b in R* the sum a + b 1s defined (finite or
infinite) unlessa = © andb = —x ora= —o andb = «<,

A simple and frequently used result is

4.2. Ifa,b,c,darein R*,anda Z bandc = d,thena 4+ ¢ 2 b + d,
provided that the sums are defined.

This is clear if a, b, ¢, d are all finite. Otherwise either a or ¢ is
+ o, in which case a +¢= © Z b+ d; orelse bordis —w, in
which case a +¢ =2 —» =b +d.

In order to avoid verbosity it is convenient to define neighborhoods
of © and —w. We define N(®) = {z|z > 1/¢} and N.(— )
= {z|xr < — 1/¢}. With this definition we see that

4.3. If x, y, z are any numbers (finite or infinite) in R*, then (a) if =
i8 in N.(y), then |z | is in N(|y|); (b) if = is in Na(y) and y 18 in
Ns(z), and « and B are =4, then x 18 in Nays(2).

To prove (a), if y 1s finite then |z —y| <¢ so ||z| —|y]]|
S|le—y|<e Ify= =, thenzx>0s0 [z|=zxand [y| =1y,
and |z |isin N(|y|). fy= —,thenz < —1/¢, 50 |2| > 1/¢,
and |z |isin N(|y|) = Ne().

To prove (b), we observe that it is obvious if any two of the numbers
z, y, z are equal. Suppose therefore that they are different. If 2z is
finite, then |y — z| < 8, and y is finite;s0 |z — y | < «. Therefore
|z —2|S|z—y|l+|ly—2|<a+p and z is in Nays(2). If
z= o, theny > 1/8,and |2 — y| < a. Therefore x > (1/8) — a.
A simple calculation shows that (1/8) — @ > 1/(a + B) if « and 8 are
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positive numbers not greater than 4. Hence z > 1/(a + 8), and z is
in Ns(). A like discussion applies to the case z = — =.

In accordance with this definition, « is an accumulation point
of a set E if E contains arbitrarily large numbers z; that is, if for every
¢ > 0 there are real numbers z in E such that z > 1/e.

Suppose now that f(z) is defined on a point set E in R, or in R¥,
and that z, is an accumulation point of E. Then as usual we say that
f(z) approaches the number k as « tends to z, (or f(z) — k as z — o)
if for every ¢ > 0 there is a § > 0 such that f(z) is in N,(k) for all
points z of E in N;(x,o), with the possible exception of z, itself. More
compactly,

4.4. Let f(x) be defined on a set E, and let zo be a point of E'. Then
lim f(z) = k s defined to mean that to every ¢ > O there corresponds

20

a & > 0 such that f(z) s in N (k) for all x in* Ny(zo)E — (o).
ExaMpLE. Let f(x) = z~2 for all z ¢ 0. Then lim f(z) = 0; for

T ®

J(z) isin N,(0) (i.e., | f(z) | < ¢) whenever zisin the 4/ eneighborhood
of @ (ie., z > 1/4/¢). Likewise, lintl)f(x) = o,

In particular, if E is the set of positive integers, it is customary
to denote the independent variable by 7 instead of z and to write f,
instead of f(n). For this case definition 4.4 takes the following form.
In order that
lim f, =k
1t 18 necessary and sufficient that to every e > 0 there shall correspond an
tnteger n, such that f, 18 in N (k) whenever n > n,. If we write 6 = 1/n,,
this differs from 4.4 only in that 6 is required to be the reciprocal of an
integer; and this restriction on § is easily seen to be immaterial. Thus
our definition includes the familiar definition of the limit of a sequence.
Both 4.4 and the re-phrasing for sequences can be applied at once
to functions in which the functional values f(z) and the limit & are in
the g-dimensional space R,. Thus, for instance, we have incidentally
defined limits such as
lim z, = z,,
n— o
where z, and z, are in R; the definition reduces exactly to that in §2
(the paragraph preceding 2.12).

* In accordance with §1, Ns(zo)E — (zo) is the set of all points z which belong
both to E and to Nj(z,), but not to the set (zo) consisting of the single point z,; i.e.
Ni(20)E — (z0) = [z |zin Ns(20), zin E, z = z,}.
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We can use the notion of convergent sequences to give another
formulation to 4.4 which is of frequent usefulness.
4.6. Let f(zx) be defined on E and let zo be in E'. Then lim f(z)

o
exists and has the value k if and only if for every sequence x,, zs, + * *
of points of E distinct from xq and tending to o the limit im f(x,) exists

and has the value k. n—t e
Suppose lim f(z) = k, and let ¢ be a positive number. There is a

8 > Osuch that f(z) isin N (k) if zisin Ny(zo)E — (xo). Letz;, zs, - - -
be a sequence of the type described. Since z, — z, thereisa v > 0
such that z, is in Ns(x) if n is in N,(=); that is, if n > 1/y. But
T, # %o and z, isin E, so for n > 1/ the point z, is ‘n Ns(zo)E — (z,)
and f(z,) is in N(k). Therefore lim f(z,) = k.

n— o

Suppose it is not true that lim f(z) = k. Then there isan e > 0

I—xo0

)

such that no é serves; that is, in every set Ns(zo)E — (x,), no matter
what § is, there is a point z for which f(z) is not in N.(k). Let &
take on the values 1, 4, 4, - - -+ . For each of these values of § we
choose an , in Ns(xo)E — (o) such that f(z.) is not in N.(k). Then
Zn — Zo, Tn 7 Zo, and f(z.) does not converge to k.

6. Let S be a set (not the empty set) of real numbers. A number*
M is an upper bound for the numbers z of S in case z < M for every z
in 8. M 1s the supremum or least upper bound (abbreviated sup) of
the numbers of S if: (a) for every x in S the inequality x S M holds; (b)
for every number m < M, there exists a number x in S such that x > m.

Property (a) asserts that M is an upper bound, property (b) that
no smaller number is an upper bound. Analogously, N is a lower
bound for the numbers S in case £ = N for all z in S; and N is the
infimum or greatest lower bound (abbreviated inf) if (a) z =2 N for
every x in S; (b) for every number n > N, there exists a number x in S
such that x < n.t

A fundamental property, ““Dedekind continuity,” of the system of
real numbers is that every non-empty set of numbers which has a (finite)
upper bound has a (finute) sup. By change of sign, a similar statemgpt
holds for lower bounds. Since we allow ©» and — « as numbers, this
becomes: Every non-empty set of numbers in R* has a sup and an inf.

* We remember that « and — = are allowed as numbers.

t Many authors use the notation least upper bound and greatest lower bound
(abbreviated lu.b. and gl.b.) for supremum and infimum. If the collection S
is finite the terms maximum and minimum (abbreviated max and min) are some-
times used.



24 INTEGRATION [CHap. 1

From the definitions it is clear that if A, is an upper bound for S,
then M, = sup S: likewise, if m is a lower bound for S, then o < inf
S.

A simple but important property of these bounds is

6.1. Let S, S* be two non-empty sets of numbers in R* and S*
8 Put m=inf 8§, m* =inf 8*% M* =sup S* M =sup S.
Thenm £ m* S M* < M.

(Ubserve that this contains the statement that for the arbitrary
nan-empty set S the relation Af = m holds.) We prove first M* =
m*. Let r be any number in 8*; then M* = r and z = m*. For all
z in 8, and a fortiori for all x in S*, the inequalities x < M andr = m
hold. Hence M, m are upper and lower bounds for the z in S*.
Therefore the least upper bound M* can not exceed M, and likewise
m* = m.

ExampLes. If S consists of all rational numbers z such that
1 < x < 3, theninf S and sup S are 1 and 3 respectively. If S is the
class of all positive integers, then inf Sis 1 and sup Sis ». If S
consists of all integers, then inf S is —« and sup Sis «. If S con-
sists of the single number =, then inf S and sup S are both «.

6.2. If of two numbers a, b we know that a < x for all numbers
x> b, thena £ b. Likeuntse, tf a = x for all x < b, thena 2 b.

We prove the first statement; the second is similar. This is
really a special case of 5.1; for the set S* of numbers 2 > b is contained
in the set S of numbers z = a, so inf S* = bis = inf S = a. How-
ever, we need not refer to 5.1. For if the theoretn were false and
a > b, there would be an h such that ¢ > A > b. Then & > b but
a > h, contrary to hypothesis.

Let f(x) be a function defined on a set E. By a lower (upper)
bound for f on £ we shall mean a lower (upper) bound of the set f(E).
We shall also sometimes write sup f (on E) or sup f(z) for sup f(E) =
sup {f(x) | z in E} and inof f for inf f(E). When there are several vari-
ables involved, for instance when we are studying a set of functions
Nix), fo(x), - we shall occasionally write a subseript on “sup’’ and
“inf” to indicate the collection whose bounds we are seeking. Thus
sup, {f.(z)} denotes the supremum of the numbers fi(z), fa(z), - - -
at a particular point z, while sup, f.(z) denotes sup {fi(z) | z in E}
(forafixed:). Thesymbolsup {fi(z),fs(z), + - -, fa(z)} denotes that
function whose value at each z is the greatest of the numbers f(z),
cy fal@). .

6.3. If f(x) s defined on E and E* C E, then inf f(E) < inf
(JE*) = sup f(E*) < sup f(E).
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Since f(E*) C f(E) our theorem follows at once from 5.1.

6.4. If f and g are both defined on E and f < g, then sup f S sup g
and inf f < inf g.

For all z in E we have

inff < f(z) S g(x) S supyg.

So inf f is a lower bound for g and hence inf f < inf g. Slmllarly sup g
is an upper bound for f and hence sup g = sup J.

6.6. If f(z) s defined on E, and 0 < ¢ < «, then: (a) sup ¢f =
csup f; (b) inf ¢f = ¢ inf f; while+f —o <c¢ < 0, then (c) sup ¢f =
cinf f; (@) inf¢f =csupf

For ¢ = 0 both (a) and (b) reduce to 0 = 0. If ¢ < 0, then for all
z we have f(z) < sup f, so ¢f(z) = csupf. That is, ¢ sup f is a lower
bound for ¢f(x). If h > csup/f, then h/c < supf. Therefore there is
an z in E such that f(z) > h/c, whence ¢f(x) < h. Hence if h > ¢
sup f, then h is not a lower bound for ¢f, and so (d) is proved. To
prove (¢) we use (d):

cinf f = ¢ inf ¢'[ef(x)] = ¢- ¢~ sup ¢f = sup ¢f.
Suppose ¢ > 0. We write ¢ = (—1)(—c); then by (c) and (d)

sup ¢f = sup [(—e)(—=1)f] = —cinf (=1)f = (=c)(—1) sup f,
inf ¢f = inf [.(-—c)(—-l)f] = —csup (—1)f = (=c)(—1) inf f,

establishing (a) and (b).
6.6. If the functions fi(x) and fo(x) and their sum fi(x) + fa(x) are
defined* on a set E, then

inf [fs 4 f2] 2 inf fu + inf fy,
sup [fi + fo] = sup fi + sup f,,

provided that the right members of these inequalilies are defined.*
For each z in E we have

filz) £supfi,  fa(x) < sup fo;
hence by 4.2 ‘
f1(z) + fa(z) < sup fi + sup fa.

Thus sup f; + sup fe is an upper bound for fi(z) + f2(z), and ean not
be less than the least upper bound. This establishes the second

*Cf. 4.1.
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inequality. The first is obtained from the second by replacing f, and
f2 by —f, and —f,; and using 5.5.

ExampLE. Let E be any (non-empty) set. For each z the distance
||z, #||is a function defined on E. Define d(z) (the distance from z
to theset E) tobeinf { | |2,Z|| |Zin E}. Since 0 is a lower bound
for| |z, ||, we haveat onced(z) = 0. This function is continuous.
For if z,, z; are any two points, we have by §1

w21 STz, e[|+ || 2, 2]

forall2in E. Thenby 5.4d(x,) < ||z, 22| | + d(zs). But we may
iuterchange z, and 2, and thus get d(zs) < ||z, 23 | | + d(xs); that
is, [d(z1) —d(zs) | S || 2y, 22||. So|d(z)1 — d(zs) | < e whenever
| |21,23|| <e This provesin fact that d(z) is uniformly continuous.*

This function d(z) has the value 0 if and only if zisin E. If z is
in E, for every ¢ > 0 there is a point £ of E in N,(z), by 2.2. Then
[lz,2|| <e¢sod(zr) =inf ||z, Z|| <e Since thisis true for every
€ > 0,by 5.2 we haved(z) < 0. But d(z) is not negative, so d(z) = 0.
Conversely, if d(z) = 0, for every ¢ > 0 there is a point Z of E such
that ||z, Z|| <e That is, for every positive ¢ the neighborhood
N.(z) contains a point of E, so by 2.2 the point z is in E.

6. One of the chief concerns of analysis is the behavior of a func-
tion at the points which are near a given point. If we are interested
in the upper bound of a function from this point of view, we shall first
of all not be particularly concerned with the value of the function f(z)
at the given point o, and second we shall not care about the supremum
of f(z) for distant points. Suppose to be specific that f(z) is defined on
a set E, and that z, is an accumulation point of E.  Whether or not z,
i8 in E is immaterial; if it is, we simply disregard the number f(z,).
For each ¢ we find sup {f(z) | z in N.(z0) n E, z 5 z,}; we denote this
by M.(f; zo). If we choose any one ¢, this still is not adequate to
describe the behavior of f near z,, for points at a distance greater than
¢/2 may enter into the definition of M.(f; z;). But if we reduce ¢, we
observe that the set of points z in N.(zo)E — (z,) is reduced, so by
(5.3) M.(f; o) is reduced. Since we are interested only in M.(f; z,)
for small ¢, it follows that only the smaller values of M( f; xo) are of
importance. This suggests to us that the number which will be the
local substitute for the sup f will be inf, M,(f; z;). This number will
be named the upper limit of f(z) as z tends to zo; it is denoted by
lim sup f(z). Summing up, (and defining the lower limit analogously):

* Cf. Courant, Differential and Integral Calculus, vol. I, p. 61.
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6.1. If f(z) is defined on a set E and x, 18 an accumulation point of

E, then
lim sup f(z) = inf {M(f; z0) | € > 0},

TrT0

where

M(f; xo) = sup f(N(zo) N E — (x0));
and

lim inf f(z) = sup {m.(f; zo) | ¢ > 0},
where

m(f; 2o) = inf f(N(z0) N E — (20)).

These limits are always defined (finite, + «© or — =), but they are
not always equal.

ExampLE. Let f(0) = 2, f(x) = 1if zis rational and %0, f(z) = 0
if z is irrational. Take 2o = 0. Then M.(f;0) = 1 and m.(f;0) =
for all ¢ > 0, and so lim sup f(z) = 1, lim inf f(z) = 0.

X0

I

Since we frequently have to use sequences of numbers, we shall
now observe the special form of these definitions which applies to
sequences ai, @z, * * + of numbers A sequence is a function in which
the independent variable ranges over the set E of the positive integers,
and we are interested in the behavior of the functionasz — «©. Soin
6.1 we set oy = . Then N,(x)E consists of all integers greater than
/e, so M.(f; xo) =sup {a, |t > 1/e}, mf;x0) = inf {a, |7 > 1/e}.
Hence

lim sup a, = inf, sup {a, |7 > 1/¢}.

It is easily seen that this is the same as
lim sup a, = inf, sup {a, |7 = n}.

11— 0
Likewise,
lim inf @, = sup, inf {a, |z 2 n}.
1= ®
Before we start to prove any theorems, we shall collect several
obvious consequences of the definitions:
8.2. Let f(x) be defined on a set E, and let z, be an accumulation point
of E.
(a) If h > lim sup f(z), there exists an e > 0 such that for all positive
T—X0 .

numbers a S e the inequalities
11m supf(x) S Mo(f;x0) S M(f;20) < h
hold.
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(b) If h < hm inf f(z), there extsts an ¢ > 0 such that for all positive

X0

numbers & < e the inequalitics

lim inf f(z) 2 ms(f; 2o) = m(f; 20) > h

T—Te

hold.

(¢) If h < M (f; xo), there exists a point z in N(zo)E — (z0) such
that b < f(z) S M(f; z0).

@) If h > mf; xo), there exists a point x in N(z0)E — (x0) such
that m(f; zo) < f(z) < h.

To prove (a), we observe that by 6.1 the number & is greater than
the inf of M.(f; z,) for all ¢ > 0, so by the definition of inf there is an
e > 0 such that M(f; z0) < h. If a S ¢, then Ny(20)E — (zo) is con-
tained in N.(zo)E — (z0). So the sup of f(z) on the former set is not
greater than its sup on the latter set, by 5.3. Hence M.(f, zo) <
M(f; zo). Finally, by 6.1 the upper limit of f(z) as z — =z, is the inf
of all M.(f; x,), so it is not greater than any one of them. This proves
(a). We can prove (b) analogously, or by replacing f(z) by —f(z) and
using 5.5.

Statements (c) and (d) are immediate consequences of the defini-
tions of M.(f; x,) and m.(f; zo).

From 5.5 we readily obtain

8.3. Let f(x) be defined on E, and let x, be an accumulation pomt of E.
If0 £ ¢ < o, then

(a) Iim sup ef(x) =c¢ lim sup J(z),

) llm mf of(z) =c¢ hm mf f(x);

T+To0
while if — o < ¢ <0, then
(¢) lim sup ¢f(x) = ¢ lim inf f(z),
(d) lim inf ¢f(z) = ¢ lim sup f(z).
If ¢ = 0, (a) and (b) reduceto 0 = 0. If ¢ < 0, by 5.5 we have for
every ¢ > 0

m(cf; o) = inf {¢f(z) | z in N(zo)E — (z0)}
= c-sup {f(z) | zin N(zo)E — (x0)} = cM.(f; o),

and again by 5.5

lim inf ¢f(z) = sup m.(cf; xo) = sup cM.(f; zo) = c inf M.(f; Zo)

X0

= ¢ lim sup f(z).

X0
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Hence (d) is established. By (d),

c¢liminf f(x) = clim inf ¢! - ¢f(x) = ¢ ¢! - lim sup ¢f(z),
which is ().
If ¢ > 0, then by (¢) and (d)
lim sup ¢f(x) = lim sup (—1)(=c)f(z) = (—1) lim inf (—c¢)f(x)

Ir—ro I—Xo
= ¢ lim sup f(x),
I—rg
and (a) is established. Interchanging sup and inf in the proof of (a)
gives the proof of (b).

The next four theorems are designed to set forth the relationship
between upper and lower limits as defined in 6 1 and the (unique)
limit as defined in 4.4. The first ot these, Theorem 6.4, is the analogue
of the sequential test for convergence established in 4.5. Theorem 6.6
shows that the equality of the upper and the lower limit 1s a necessary
and sufficient condition for the existence of a limit in the ordinary sense.

6.4. Let f(x) be defined on a set E, and let xy be an accumulation point
of E. If h = lim sup f(x) or of h = lim inf f(x), then there exists a

T—ro

I—JI0
sequence Iy, Ty, * * + of pownts of E distinct from xy and tending to z,
such that im f(xr,) = h. Butif h > hm sup f(x) or of h < lim inf f(z),
n— o X0 Z—xo *
no such sequence &y, xz, + + + can exist.

We shall prove the statements about the upper limit; the state-
ments about the lower limit can be similarly proved, or they can be
obtained by use of 6.3.

Suppose that & is equal to the upper limit of f(z) as x — z,. We
first show that to every positive number » there corresponds a positive
number a £ 1/n such that M.(f; o) is in the neighborhood N,(h).
If h = o, this is evident; for then M4(f; h) = lim sup f(z) = h = o,

I—To

80 M.(f; xo) = h, and is in Ny(h) no matter what n and o we choose.
If h < o, the neighborhood N,/,(k) contains a number k¥ > h. Since
h = inf, M (f; x0), by 6.2 there is a positive number « < 1/n such that

h = Ma(f; x0) < k.

Therefore M,(f; xo) is between two numbers of Ny.(h), and must
itself belong to Ny/a(h).

Next we show that there is a point z, in N.(zo)E — (x,) for which
f(xn) is in Ny Mo(f; 20)]. If Mo(f; x0) = — o, this is evident; for
then f(z) £ Ma(f, ) = —  for all 2 in Nu(20)E — zo. Thus if z,
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is any point of N.(zo)E — z, we have f(z,} = — o, which is in
Nun (= o). If M.(f; zo0) > — o, there are numbers k < M.(f; o)
in Nya[M.(f; z0)]. By 6.2(c), there is then a point 2, in Na(zo)E
— (z0) for which k < f(za) £ Ma(f; 20). Thus f(z.) is between two
numbers of Ny,[M.(f; 7)), and is therefore in that neighborhood.

Summing up, z, is in Na(2o)E — (x0). S0 2 o, and | | za, 2o | |
< a S 1/n, whence z, — z,. Moreover f(z,) is in Nyw[Ma(f; 2o)]
and M,(f; xo) is in Nym(h), so by +.3b (if n Z 2) f(x,) is in Nay/n(h).
Therefore f(z.) — h.

Thus we have shown that it is always possible to pick a sequence

Iy, Ty, - + - of points of E distinct from z,, tending to z,, and such
that f(z,) — lim sup f(z). Suppose now that A > lim sup f(z); we
X0 X0

must show that no such sequence exists. Let k be a number such that

h > k > lim sup f(x).
If there is a sequence of the type specified with f(z,) tending to h,
then for all but a finite number of these z. we have f(z.) > k. For
every positive ¢ the neighborhood N.(x)E — (zo) contains infinitely
many ., so it contains some xz, with f(z.) > k. Hence M.(f; xo)
= sup {f(x) | z in N.(zo)E — (o)} is greater than £ for all ¢, and
lim sup f(x) = inf, M (f; xo) = k.

But k& was a number greater than the upper limit of f(z) as x — ..
This contradiction proves that no sequence {z,} with z, — r, and
z, # zo and f(z,) — h > lim sup f(x) can exist.

This theorem justifies the names ‘“upper limit”’ and “lower limit”’;
for the upper and lower limits of f(x) as x — x, are respectively the
greatest and the least numbers which are limits of sequences f(x,),
where z, is in E, z, # z, and z, — z,.

A direct consequence of 6.4 is

6.6. Corollary. Let f(z) be defined on E, and let xo be an accumu-
lation point of E. Then

lim sup f(z) = lim inf f(x).

Let h be the upper limit of f(z) as z — 2,. By 6.4, there is a
sequence I,, Tz, *+ * * such that z, is in E, z,. 5 2o, 2. — %o, and f(z,)
— h. Again by 6.4, this makes it impossible that A < lim inf f(z,),

ZT—4Zo

which establishes our theorem.
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6.6. Let the function f(x) be defined on a set E, and let z be an accumu-
lation point of E.  Then the limit lim f(z) exists and has the value k if

and only if
lim sup f(z) = lim inf f(z) = k.

Suppose that the limit of f(z) as z — z, exists and is equal to k.
By 4.5, if z1, x5, - - - is any sequence of points of E distinct from z,
and tending to z,, then f(z.) — k. But by 6.4, the points z,, 3, - - -
can be so chosen that

lim f(z,) = lim sup f(z).

This is only possible if the upper limit of f(z) is &. Replacing sup by
inf, we find that lim inf f(z) must also be equal to k.

Conversely, suppose that the upper and lower limits both have
the value k. Let ¢ be an arbitrary positive number. If % is finite, by
6.2 there are positive numbers «, 8 such that

k—e<miaf;ze) Sk S Mp(f;m0) <k +e
We define v to be the smaller of « and 8; then
k—e<m(fize) S M,(f;20) <k + e

By definition of m, and M,, this implies that f(z) is in N.(k) whenever
z is in N,(x0)E — (r,). Hence in this case lim f(z) exists and is

2—zx0
equal tok. If k£ = + o, by 6.2 there is a positive number « such that
ma(f; o) > 1/e. That is, f(z) is in N(®) whenever z is in N.(z,)E

— (&), so in this case also the limit lim f(x) cxists and has the value
I X

k(= «) The case k = — « can be discussed in a like manner.

An immediate consequence of 6.6 which happens to be in a form
convenient for applications is the following.

6.7. Let f(x) be defined on E; let zo be an accumulation point of E,
and let k be a number in R*. In order that lim f(x) shall exist and have

T—To

the value k, it is necessary and sufficient that the inequalities

lim inf f(z) = k and lim sup f(z) < k

Zz—To0 T—Zo0

both hold.
Suppose that both inequalities hold. By 6.5

T2 z—.

lim inf f(z) 2 k¥ 2 lim sup f(x) = lim inf f(z).
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Hence both the upper limit and the lower limit of f(x) as x — z, have
the value k; so by 6.6, the limit exists and is equal to k. The converse
is obvious from 6.6.

An important special class of functions for which we can be sure
that limits exist (finite, + © or — «) is the class of monotonic func-
tions. A function f(x) of a single real variable z, defined on a set E, is
monotonic wncreasing if f(x2) = f(x1) whenever z; = z, and both =z,
and z, are in E; it is monotonic decreasing if f(x;) < f(x,) whenever
Z2 = r, and both z, and z; are in E. Then

6.8. If f(x) is defined and monotonic increasing on the{z|a < r < b},
then

lim f(x) = inf f, lim f(z) = sup f.
z—a x—b
If f(x) 1s defined and monotonic decreasing on {z|a < z < b}, then
lim f(x) = sup f, lim f(z) = inf f.
z—a z—b

(Observe that a and b are permitted to have the values — o, » respec-
tively.) We prove the first statement, the second follows from the first
if we replace f by —f. Also we prove only that lim f(z) =inf f;

the statunent about the limit as z — b can be prov ed analogously, or
else can' be derived by replacing f by —f(—z).
If we give e any particular value, say ¢ = 1, by 5.1 we have

my(f; a) = inf f(N.(a) — (a)) = inf f.

Hence
(4) llm mff(:c) = sup m.(f; a) = m,(f; a) = inf f.

On the other hand, let A be any number greater than inf f. For
some number % in @ < £ < b we have f(F) < h, by the definition of
inf. Whether a is finite or — =, we see that for sufficiently small e

the neighborhood N.(a) is entirely to the left of Z; that is, z <  for
all zin N,(a). For all such z we have f(x) < f(Z) < I, so

M(f;a) S h.
It follows that
lim sup f(z) = inf M. (f; a) < h.
This holds for all h > inf f, so by 5.2 we deduce
(B) lim sup f(z) < inf{.
.z—a
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By 6.7, inequalities (4) and (B) imply the desired conclusion.

Exercise. If ay, a3, - - - is a monotonic increasing sequence of
numbers, lim a, exists and is equal tosupa,. An analogousstatement
n— @

holds for decreasing sequences.

We have already had an example of a monotonic function in the
definition of upper and lower limits; for we saw that M, = M; if
€2 6. Hence M, is a monotonic increasing function on the range
0 < e < =, and so by 5.6 we have the following theorem.

8.9. If f(z) is defined on E, and z 18 in E’, then

lim sup f(z) = inf M (f; z) = lins M. (f; z0),

Z—ro

lim inf f(z) = sup m.(f; xo) = lin(} m(f; o).

From 6.8 we can deduce a corollary concerning the right and left
limits of monotone functions.

Let f(z) be defined on a subset E of one-dimensional space R, and
let xobeapointof E. WeputE, = {z |z > ro,zin E} = (zo, ©)NE
and E_ = {z|z < ap,zin E} = (—w, ) N E. Then

6.10. If f(x), considered as defined only in E., has a limit as z — x,,
we call this limit the right limat of f(x) as x — zo, and denote 1t by f(xo+).
If f(x), considered as defined only on E_, has a limit as x — zo/%we call
this the left imat of f(x) at xo, and denote 1t by f(xo—). Also, the upper
and lower limats of f(x), considered as defined only on E., as x — z,, are
denoted by

lim sup f(z), lim inf f(x)
zr0+ z—ro0+

respectively; and the corresponding upper and lower limits when f(r) is

regarded as defined only on E_ are denoted by

lim sup f(z), lim inf f(x)

x—ro— z—xo—
respectively.

We now prove

6.11. Let f(x) be monotonic on an interval I. If z, 1s in I and is not
the left end-point of I, f(zo—) exists, and if xo is in I and is not the right
end-point of I, f(xo+) exists. Moreover, if f(x) is monotonic increasing
[monotonic decreasing] the inequalities

J(xo—) = f(x0), J(xo) < f(xo+)
(f(xo—=) 2 f(za),  f(zo) Z f(xo+)]

are valid whenever their terms are defined.
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Suppose, for example, that f(z) is monotonic increasing, and that I
is [a, B]. If @ < xy S 6, the set E_ is either [a, z9) or (a, ,), and if a
happens to belong to E_ we can throw it out without changing f(zo—)
or sup f(z) for 2 on E_. Then by 6.8 f(zo—) exists and

f(@o—) = sup f(E-).
If furthermore z, is in I, then f(z) < f(xo) for all z in E_, so

sup f(E_) = f(x).

Hence f(zo—) = f(xo). The other parts of the theorem can be
established in a like manner.
Exercise. If f(zo—) and f(zo+) exist and are equal, then lim f(z)

exists and is equal to both of the one-sided limits.

Exercise. If f(z) is bounded and monotonic on an interval I, its
discontinuities are at most denumerable. (Suggestion: Show that for
each n there can be only a finite number of points at which

fz=) = flz+) | > 1/n).

It is actually enough to assume that f(z) ¢ + «, without assuming it
bounded.

The next theorem is of considerable importance.

6.12. If fi(z) and f2(x) and thewr sum fi(z) + f:(x) are defined on a
set E, and z, s an accumulation point of E, then

lim sup (f; + f2) < lim sup f, + lim sup fs,

provided that the sum on the right 1s defined (cf. 4.1).

If either of the terms on the right is + «, the theorem is obviously
true. We assume then that neither is + . Rerembering that
M.(f; z,) is a sup, by 5.6

Mc(fl +f2; xo) é Mc(fl; 1‘0) + Mc(fﬂ; 1:0)-

Now let k, k be any pair of numbers which are greater than lim sup f,
lim sup f» respectively. By 6.2a we can find ¢ > 0 small enough so that
M. (f,; zo) < h and M. (f:; o)) < k. Then for this e

Mfi + f2;20) < h + &k,
and a fortiori
lim sup (fi + f2) < h + k.

But here b + k can be any number greater than lim sup f; + lim sup f3;
8o by 5.2 our inequality is true.
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The inequality established in 6.12 ¢an be written in many different
forms. In the next theorem we collect some of these variant forms
of 6.12.

6.13. Let fi(x) and fa(x) be defined on a set E, and let xo be an accumu-
lation point of E. Then any of the following statements which do not
involve undefined expressions (i.e. sums of the form = + (—«)) are
true:t

(@)  lim sup [fi(z) + f2(2)] < lim sup fi(z) + lim sup f5(2),
®) lim inf [fi(z) + f2(z)] 2 lim inf fi(z) + lim inf f2(z),
() lim sup [fi(z) + f2(z)] = lim sup fi(z) + lim inf fo(z), -
(9) lim inf [fi(z) + f2(z)] < lim inf fi(z) + lim sup fa(z),
(e) lim sup [fi(z) — f2(2)] S lim sup fi(x) — lim inf f2(z),
(9] lim sup [fi(z) — f2(z)] = lim sup fi(z) — lim sup fa(z)
2 lim inf [fi(z) — f2(2)],
(n) lim inf [fi(z) — f2(z)] 2 lim inf fi(z) — lim sup f2(z),
(9) lim inf [fi(z) — f2(z)] £ lim inf fi(z) — lim inf f3(z)
< lim sup [fi(z) — f2(2)].

Here () is the inequality of 6.12. (8) follows from () if we replace
f1(z), fa(z) by —fi(z), —f2(x) and use 6.3. (¢) follows from (), and
() from (B), if we replace fa(z) by —fa(z).

To establish (v), we first notice that if f;(z) takes on the value — =
on every set N(zo) N E — (o), then m.(f2; o) = — » for every ¢, and
the right member of (y) is — «. If f, takes on the value + » on every
such set, then so does f| + f2, and M(fi + f; zo) is always + . The
left member of (y) is then 4+ . There remains the principal case, in
which there is a positive e such that fi(z) is finite on N (zo)E — (o).
We may then consider f; as always finite, since its values outside of
N.(zo) do not affect either member of (y). Now to prove (y) we

need only replace fi(z) by fi(z) + fa(z) in (¢), noting that if lim inf fa(x)
= 4 o, by hypothesis lim sup fi(z) > — , which by (e¢) implies
lim sup [fi(z) + f2(x)] = ©. From (y) we obtain (&) by replacing
fix) by —f1(z) and f2(z) by —fa(x). If we replace fa(x) by —fa(z) in
(v) and (8), we obtain the first inequalities in (¢) and (&) respectively.
If we replace fi(z) by —fa(z) and fo(x) by fi(z) in (y) and (8), we
obtain the second inequalities in (#)-and ({) respectively.

From theorem 6.13 we readily obtain

8.14. Let the funcrions fi(x) and fa(x) be defined on a set E, and let zo
be an accumulation point of E. Ift lim fa(x) exists, then

t To save printing, the symbol z — z, is understood, instead of printed, under
each lim sup, lim inf and lim.
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(a) lim sup [fi(z) + f2(z)] = lim sup fi(z) + lim f2(z),
) lim inf [fi(z) + f2(z)] = lim inf fi(z) + lim fy(z),

provided that the sums are defined.
For by 6.13«, 6.6 and 6.13 v,

lim sup [fi(x) + f.(z)] < lim sup fi(z) + lim sup fa(z)
= lim sup fi(z) + lim fo(z) = lim sup fi(z) + lim inf fi(x)
< lim sup [fi(z) + f2(2)].

Thus (a) is proved. If we replace < by = and interchange inf and
sup, we obtain (by 6.138, 8) the proof of (b)

ExErcise. Prove the following theorem.

Let f(x) be defined on E, and let xo be an accumulation point of E.

The equation lim sup f(z) = k holds 1f and only if:

(a) for every number* h > k there 1s an € > 0 such that f(x) < h on
N (zo)E — (z0); and

(b) for every number* h < k and every neighborhood N (xo) there 1s a
point z in N (x0)E — (xo) such that f(x) > h.

Likewtse, lim inf f(x) = k +f and only if:

(c) for every number* h < k there is an € > 0 such that f(x) > h on
N(z0)E — (x0);

(d) for every number* h > k and every neighborhood N .(z,) there 1s a
point x in N (xo)E — (x0) such that f(x) < h.

It is now easy to establish a generalized form of the Cauchy con-
vergence criterion.

6.16. Let f(x) be defined and finite on E, and let x be an accumulation
point of E. In order that lim f(x) shall exist and be finite, 1t 18 necessary

and sufficient that the following condition be satisfied. For every positive
number ¢, there is a & > 0 such that | f(z') — f(z'") | < e for every parr of
points z', " in Ny(zo)E — (z0).

If the limit exists and is finite, for every positive ¢ there exists by
definition a positive § such that f(z) is in N2 (lim f(z)) whenever z is

2o
in Ny(zo)E — (z0). It follows that for every pair z’, z’’ of points of
this set we have | f(z') — f(z'") | < e
Conversely, let the condition be satisfied. Let ¢ be an arbitrary
positive number, and let § be the number specified in the condition.
Choose a point z'/ in Ny(zo)E — (x,); such a point exists, by 2.1.

* If no such number exists, this condition is considered to be automatically
satisfied. This happensin (a) and (d) if K = + «, and in (b) and (c) if k = — .
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Then by hypothesis, for every z in Ny(xo)E — (x,) we have | f(z) —
J(z') | < ¢, whence

f@") — e < f(z) < f(z") + e
Thus f(z"') — ¢ and f(z'') + € are respectively a lower bound and an
upper bound for f(z) on Ns(x,)E — (x,). By definition,
f('") — € £ ms(f; zo) S lim inf f(z)

7o

< lim sup f(z) = My(f; z0) S f(2") + e

Hence the upper and lower limits of f(z) as x — z, are both finite, and
differ by at most 2. Since 2¢ is an arbitrary positive number, the
upper and lower limits are equal, and by 6.6 lim f(z) exists and is

finite.

Suppose that f(z, y) is defined for all z in a set E contained in the
space B, or B* and for all y in a set Y, concerning which we make
no assumptions. Let fo(y) be a function defined on Y. If z, is an
accumulation point of E, the statement that

lgg [z, y) = fo(y)

for all y in Y has by 4.4 the following meaning. To each y in Y and
each positive e there corresponds a positive 4, depending on y and e,
such that f(x, y) is in N.(fo(y)) whenever z is in Ns(zo)E — (zo). In
general we cannot hope that given ¢, one single é can be chosen which
will serve for all y in the set Y. Whenever this happens to be true,
the convergence is called uniform.

6.16. If f(x, y) 18 defined for all x in a set E in R, or in R* and for all
yin a set Y, and fo(y) is defined on Y, and z, is an accumulation point
of E, then the statement

lim f(z, y) = fo(y) uniformly on ¥

18 defined to mean that to each positive € there corresponds a positive & such
that f(xz, y) is in N (fo(y)) whenever z 18 in Ni(xo)E — (xo). (The b s
independent of y.)

For uniform convergence there is a criterion quite analogous to
Cauchy’s criterion (6.15). This is the following.

8.17. Let f(z, y) be defined and finite for all x 1n a set E in Rqor in R*
and all y in a set Y. Let xo be an accumulation point of E. In order
that f(x, y) shall converge uniformly on Y to some finite limit as x — z,,



38 INTEGRATION {Cuar. I

1t 18 necessary and sufficient that the following condition be satisfied. o
each postitive number e there corresponds a positive number § such that
| (', y) — f(a”,y) | < efor every pair of pornts z’, z'" tn Ny(z0)E — (20)
and every y in Y.

If f(z, y) converges uniformly on Y to a finite limit fo(y’), and e is
positive, there is a § such that | f(z, y) — fo(y) | < ¢/2 whenever z is in
Ny(zo)E — (o). So if 2’ and z'’ are both in this set we have

| fx',y) —fE&", )| <e

Conversely, let the condition be satisfied. Then for each individual
y in Y the condition in 6.15 is satisfied, so for each such y the function
f(z, y) approaches & finite limit fo(y) as £ — z,. Let ¢ be a positive
number. By hypothesis, there is a § > 0 such that

é

11, 9) = 1" ) | <5

whenever 2z’ and z'' are in Ny(zo)E — (o). For each particular y
there is a (y) such that

11", 9) = fo) | <3

whenever z'’ is in Ny (20)E — (20). Let v(y) be the smaller of § and
3(y). If 2’ is in Ni(zo)E — (zo), we choose an z'’ in N, (zo) E — (x0).
By the two inequalities above,

[ £, y) — foy) | < e

for all ' in Ny(zo)E — (x0). But é is independent of y, so f(z, y) con-
verges uniformly to fo(y) as z tends to z,.

7. From the concept of limit we can proceed in the usual way to
the concept of continuity. Let f(x) be defined on a set E, and let z,
be a point of E which is also an accumulation point of E, so that z,is in
EE’. Wesay that f(z) is continuous at xz, if f(x,) is finite, and lim f(z)
exists and is equal to f(xo). Furthermore, f(z) is continuous on E if it
is finite-valued on E and is continuous at each point of EE’. (Notice
that nothing other than finiteness is required of f(z) at points of E
which are not accumulation points of E.)

Exercise. If f(z) is continuous on a bounded closed set E, it is
uniformly continuous; that is, to each positive ¢ there corresponds
a positive & such that | f(z1) — f(z2) | < ¢ whenever z, and z; are
in E and ||z, z2|] < 8. (To each z corresponds &(z) such that
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| f(2) — f(xo) | < ¢/2 if xp i8 in Nas(x)E. A finite number of the
neighborhoods Ny)(z) cover E, say those with z = z;, 5, - - - , Zs.
Then § = inf {§;, - - -, &)} serves.)

In a similar way, from the ideas of upper and lower limits we can
form two concepts related to continuity:

Let f(z) be defined on a set E, and let the point xo of E be an accumula-
tion point of E. We define f(x) to be lower semi-continuous at z, tf
lim inf f(x) 2 f(xo), and we define f(z) to be upper semi-continuous at

o if lim sup f(z) < f(xo).

We shall say that f(z) is upper [lower] semi-continuous on E in
case it is upper [lower] semi-continuous at each point z, of EE’. In
these last definitions there is no requirement that f(z) be finite-valued.

. Exercise. If f(z) is lower semi-continuous on a bounded closed
set E, it attains its greatest lower bound on E; that is, there is an z,
in E such that f(x,) = inf f(E). If in addition f(z) # — « on E, it
has a finite lower bound on E. Also, if f(x) is upper semi-continuous
on E, it attains its least upper bound on E. (By definition of inf,
there is a sequence z, in E for which lim f(z,) = inf f(E). Use 2.12,

2.13, 6.4.)
7.1. If f(x) s defined and finite-valued on E, then f(x) is continuous
on E if and only if it s both upper and lower semi-continuous on E.
The function f(z) is both upper and lower semi-continuous on E
if and only if lim inf f(z) = f(xo) = lim sup f(z) for every z, in EE’.

'By 6.7, this is true if and only if lim f(z) = f(z,). By definition, this
I—zo

last is true if and only if f(z) is continuous at z,.

7.2. If f(x) is upper semi-continuous on E and g(z) is lower semz-
continuous on E, then if 0 < ¢ < « the function ¢f(x) ts upper semi-
continuous on E and cg(x) is lower semi-continuous on E; while if
— o < ¢ £ 0, the function cf(z) is lower semi-continuous on E and cg(x)
18 upper semi-continuous on E.

For ¢ = 0 this is trivial, as 7.1 shows. Suppose ¢ < 0 and let z,
be any point of EE’. Then by 5.4

lim inf ¢f(z) = ¢ lim sup f(z) = c¢f(x,),
X0 T—Zo
80 c¢f(x) is lower semi-continuous. By replacing f by g and inter-
changing inf and sup we prove that cg(z) is upper semi-continuous.

If ¢ > 0, then by the proof just completed (—c)f(x) is lower semi-
continuous, and therefore c¢f(z) = (—1)(—c)f(z) is upper semi-
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continuous. Likewise (—c)g(z) is upper semi-continuous, so cg(z)
= (—1)(—c)g(z) is lower semi-continuous.

7.3. Let f(z) be defined on E, and let xo be a point of E. Then f(x)
18 lower semi-continuous at x, if and only if for every number h < f(zo)
there is a positive numbcr € such that f(x) > h for all x in N (z0)E.
Also, f(x) is upper semi-continuous at xo 1f and only of for every number
h > f(xo) there is a positwe number € such that f(z) < h for all z in
N. (IQ)E.

We shall prove the first statement; the second follows by change of
sign. Suppose first that z, is in £ but not in E’. Then f(z) is lower
semi-continuous at z,, since our definition of lower semi-continuity
requires nothing of f.-at points of £ — E’. Also, by 2.1 there is an ¢
such that N,.(zo)E consists of z, alone, so that if h < f(z,) the equation
f(z) > h holds at every point (i.e., zo alone!) of N.(xo)E. So the two
statements are always true, and are therefore equivalent to each other.

We still have to consider the principal case, in which z, is in EE'.
Suppose f(z) lower semi-continuous at zo, and let h be a numkber less
than f(z,). Then

h < f(xo) < lim inf f(z),
80 by 6.2 there is a positive ¢ for which m.(f; o) > h. Therefore by
definition of m, we have f(z) 2 m.(f; o) > hforallzin N (x0)E — (x).
But we do not need to except the point xy, for the relation f(x) > & holds
at 1o too by choice of k. Hence f(z) > h at all points of N,(xr,)E.

To prove the converse, let h be a number less than f(zo). By
hypothesis, there is a positive e such that f(z) > h on N.(zo)E. Hence
m.(f; zo) = h, and by 6.1

lim inf f(z) = h.

o

Here h is any number less than f(z,), so by 5.2
lim inf f(z) = f(z).

This completes the proof.

7.4. If f(x) is lower semi-contanuous on E and g(z) 18 upper semi-
continuous on E, then the set G consisting of those points z of E at which
g(z) < f(z) 18 open relatwe to E, and the set C consisting of those points x
of E at which f(z) = g(z) 18 closed relative to E.
®  We shall prove G open relative to E; then, since C = E — G,
it will follow by 2.6 that C is closed relative to £. Let z, be a point of
G; we must show that thereisa positive numbery such that N,(z0) E CG.
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Since 2, is in G, we have f(x,) > g(xo), so there is a number h such that
f(zo) > h > g(z¢). By 7.3, there are positive numbers ¢, § such that
J(@) > hfor all z in N,(z,)E and h > g(z) for all z in Ny(zo)E. Let v
be the smaller of ¢ and 8. For every z in Mg(zo)E we then have
f(z) > h > g(z), so all such z are in G That is, N,(z,)E C G, com-
pleting the proof.

7.6. If K is a collection of functions f(x) defined and lower semi-
continuous on E, and for each z in E we define g(z) to be sup {f(z) |
Jin K}, then g(z) is lower semi-continuous on E. Likewise, if K is a
collection of functions f(x) defined and upper semi-continuous on E, and
Jor each x in E we define h(z) to be inf {f(z) | f in K}, then h(z) i3 upper
semi-continuous on E.

We prove the first part; the second part is obtained by changing
signs and using 7.2. Let zo be in E, and let k be any number less than
g(zo). By the definition of g(z,) there is a function f(z) in the collec-
tion K such that f(zo) > h By 7.3 there is a positive e such that
f(x) > h for all z in N.(x)E. Since g(z) = f(z) by definition, it is
also true that g(x) > h for all z in N.(zo)E. By 7.3, this proves that
g(z) is lower semi-continuous at z,. Since z, is an arbitrary point of
E, this implies that g(x) is lower semi-continuous on E.

Exercise. In order that f(x) shall be lower semi-continuous
on E, it is necessary and sufficient that for every constant ¢, the set
{x | f(x) < c}E be closed relative to E.

76. If fi(x), - -, fa(x) are defined and lower semi-continuous
on E, and f(x) = inf {fi(z), - - -, fa(x)}, then f(x) is lower semi-
contrnuous on E. If gi(x), - - -, ga(x) are upper semi-continuous on
E, and g(x) = sup {gi(z), * -+, ga(x)}, then g(x) 1s upper semi-con-

tinuous on E.

We prove the first statement; the second follows by change of
sign. Let xo be a point of E, and let h be a number less than f(zq).
Then h < fi(xo) for ¢ =1, - -, n, so for cach 7 there is (by 7.3)
an ¢ > 0 such that f,(x) > h on N.(xo)E. If € is the smallest of the
e, then f,(z) > h for all z in N.(z)E and all <. One of these f.(z)
(the least) is equal to f(z), so f(x) > h for z in N.(z,)E. This is true
for all A < f(xo), so by 7.3 f(x) is lower semi-continuous.

Exercise. There is a strong resemblance between Theorems 7.5
and 7.6 on semi-continuous functions and Theorems 2.8 and 2.9 on
relatively open and closed sets. With the help of the preceding
excrcise, show that 7.5 and 7.6 can be deduced from 2.8 and 2.9. *

1.7. If f(x) and g(x) are both upper semi-continuous on E, and
neither one takes on the value + o, then f(z) + g(x) s upper semi-
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continuous on E. If f(x) and g(x) are both lower semi-continuous on E,
and netther one takes on the value — o, then f(z) + g(z) is lower semi-
continuous on E.

We prove the first statement; the second follows by change of sign.
Let zo be any point in EE’. We can not have lim sup f(z) = + «, for

T—To

this would imply f(zy) = lim sup f(z) = «, contrary to hypothesis.

A similar statement applies to g(z). Therefore we may use 4.2 and
6.12 to obtain

f(zo) + g(xo) = “T_,f“p f@) + lir:l_zup g9(z)
2 lirzn_jup (f(x) + g(x)).

This proves that f(z) + g(z) is upper semi-continuous.

7.8. If f(z) and g(z) are both lower semi-continuous and non-negative,
then f(z)g(x) is also lower semi-continuous. If f(x) and g(x) are both
upper semi-continuous and mon-negalive, and there i3 mo point x in
E at which one of them is « and the other 0, then f(x)g(x) is upper
semi-continuous.

Suppose them both lower semi-continuous and =0, and let z,
be a point of EE’. If either f(z,) or g(z,) is 0, then f(zq)g(zo) = 0.
Then f(z)g(z) is necessarily lower semi-continuous at zo, for f(z)g(z)
2 0, so that

lim inf f(z)g(z) 2 0 = f(z0)g(z0),
If neither one is 0, then f(z,) > 0and g(zo) > 0. Let h be any number
less than f(z0)g(xs). We can find positive numbers h; < f(x,) and
ha < g(zo) such that hihy > h. By 7.3, there are positive numbers e,
6 such that f(z) > hy, for all z in N.(xo)E and g(z) > h, for all z in
Nis(zo)E. If v is the smaller of € and §, then for all z in N,(z,)E both
inequalities hold, so that

f(x)g(x) > hiha > h

for all such z. By 7.3, this implies that f(z)g(z) is lower semi-continu-
ous.

Suppose now that f(x) and g(z) are upper semi-continuous, and
that we never have f(r) = « where g(z) = 0 or vice versa. Let z,
be any point of EE’. If one of the factors in f(xo)g(xo) i8 «, the other
is positive, so

f(@o)g(xo) = © 2 lin;l  sup f(@)g(z).



Sec. 7.9] REAL-VALUED FUNCTIONS 43

Otherwise, both f(zo) and g(xo) are finite. We can now repeat the
proof of the first part of the theorem, reversing all inequalities.

Exercise. A function is sometimes called “continuous in the
generalized sense’ if it satisfies the definition at the beginning of
§7 except for the requirement of finiteness. Let () be continuous
in the generalized sense and monotonic increasing on the set — o < ¢
S ». If f(z) is defined and lower [upper] semi-continuous on E, so
is ¢(f(x)). If ¢(?) is continuous and monotonic decreasing on — » < ¢
S =, then if f(z) is defined and lower [upper] semi-continuous on E,
¢(f(z)) is defined and upper [lower] semi-continuous on E. From
this we can deduce 7.2. Also, if we let ¢(f) =logt (0 < ¢ < ),
p(t) = —o (1 £0), () = ©, we can deduce 7.8, except for the
case in which one factor is 0 and the other is «.

7.9. If f(x) 8 defined and lower semi-continuous on E, and there 18 a
constant M such that f(x) = M for all z in E, then it is possible to find a
sequence of functions ¢1(x), p2(x), * * + , each defined and continuous on
the whole space R,, such that M < ¢1(z) S ¢3(x) S ¢s(x) S - - - for
all z in R, and lim o.(z) = f(z) for all z in E. Likewise, if f(x) 18

upper semi-continuous and f(x) £ M, there are functions Y.(z) continu-
ous on R, such that M 2 y(x) 2 ¥s(z) 2 * - * for all z in R, and
lim ya(z) = f(z) for all x in E.

Again the second statement follows from the first by change of
gign. Forn =1,2, - - - and all z in R, we define

en(z) = inf {f(z) + n||z,2|]| |Zin E}.
Clearly f(2) +n| |2z, 2|| S f(&) 4+ (n + 1) | |z, £] | for all £ so by

5.4 pu(x) S @at1(z). Also, pa(z) 2 inf f(E) 2 M. Let z, and z, be
any points of R,. For every # in E we have

f@ +nllzy 2| Sf@) +nllzyzs||+ ]|z 2]])
=(f(z)+n||x:,£|l)+nl|z1,zz||

So by 5.4
en(21) S oa(xs) + 0|21, 20]].

Interchanging z; and z:, we get on(zs) S @a(z1) + || 21, 22| |
Therefore | pa(21) — @a(z3) | S 7| | 21, 23 | |, which proves that ¢a(z)
is continuous on all of R,.

Finally, let zo be a point in E; we must show that ¢a(zs) = f(z0).
Let h be any number less than f(z,). By 7.3 there is an ¢ > 0 such
that f(z) > h for all z in N,(z0))E. Now choose & number n, large
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enough so that M + nee > h. If n > ny, then in the expression
J(&) +n||=zo, &||either ||z, £]| 2 € or % is in N,(zo)E. In the
first case, f(&) + n||2o, Z|| 2 M +ne > M + nee > h. In the
second case, f(Z) + n || 2o, £|| 2 f(&) > h by the choice of e. Thus
h is a lower bound for f(£) + n | | 2o, £ | | , and by definition p.(zo) = h.
Since n was any number greater than n,, this implies* lim ¢.(2o) 2 k.

n— o

But h was any number < f(zo), 80 by 5.2 lim ¢.(z0) 2 f(z).

On the other hand, in the definition of ¢.(z) we can take £ = z,,
because z, is in E. So one possible value of f(£) + n ||z, 2| is
f(xo), and ¢a(x0) < f(x,). Since this is true for all n, we have
lim ¢a(x0) < f(xo). This, with the preceding inequality, proves

@n(zo) = f(x0), and completes the proof of our theorem.

7.10. Corollary. If f(x) s defined and lower semi-continuous on E,
and there is a constant M such that f(z) = M for all z in E, there is a
Junction g(z) defined and lower semi-continuous on the whole space such
that g(z) = f(x) for all x in E.

Let {¢a(x)} be the sequence of functions of 7.9, and define g(z) =
lim @a(z). The limit exists, because ¢;(z) S ¢a(z) S + + + ; it is

lower semi-continuous, by 7.5; and it coincides with f(z) for all z in E,
by 7.9.

8. There are several classes of functions which distinguish them-
selves by their usefulness in one branch or another of analysis. One
such class, important in the present connection, is the class of mono-
tonic functions (cf. §6). A peculiarly iriportant property of these
functions will later turn out to be that (in a sense which can be made
quite precise) they are almost everywhere continuous and almost
everywhere have a derivative, the latter property not being shared by
all continuous functions.

We often wish to add and subtract functions; but the difference of
two monotonic functions (e.g., z* and z) may not be monotonic.
Hence another class assumes importance—the class of functions which
are sums or differences of monotonic functions. The principal object
of this section is to show that this class is the same as the class of func-
tions of bounded variation which we now define.

Let us suppose that f(z) is defined and finite-valued on an
interval I = [a, b]. We subdivide I by means of a finite number of
points a,, where a = ap < a; < * * * < a, = b, and form the sum

* The limit exists; see the exercise after 6.8.
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n—1
2 | flansr) — f(e) |. The sup of this sum for all subdivisions of I is
1=0
called the total variation of f over I, and is denoted by T,[I]. If T,[I]
is finite we say that f(x) is of bounded variation (abbreviated *f(z) is
BV)onl.

Before proceeding with the theory we shall give an example of a
function which is continuous but has not limited total variation. Such
a function is f(z) = z cos (r/x), 0 <z < 1; f(0) = 0. For if we

choose the o, to be 0, 1/n, 1/(n — 1), - - - 1, we find
-1
' e — Sl | = | ©5T 0| 4| 8 n 7 Dr_ covnr
cos 21r cos 2 .
R e R Rt

and since this is greater than a partial sum of the divergent series
Z1/n, the sup is «.

We verify at once that every function which is finite-valued and
monotonic on an interval I = [a, b] is of BV. Suppose to be specific
that f(z) is monotonic increasing; then for every subdivision @ = @ <

© < a, = b we have

3 | flewsr) — fla) | = Z(f(ayr) — fla))
= f(b) — f(a).

Hence f(b) — f(a) is the common value of all the sums, and is therefore
their sup, T,/[I].

An easy consequence of the definition is

8.1. If f(x) and g(x) are of BV on I, and n and v are finite constants,
then h(z) = uf(z) + vg(z) is of BV on I.

Forifa = ap < a1 < * - + < an = b is a subdivision of I, then

Z | h(etgr) — h(a) l =2 | Mf(a|+1) + vg(aisr) — uf () — vg(a) I
= Z | ulf(asr) — fle)] + vlglar) — gla)] |
Sl 2] flag) = fla) |+ 7] 2| glenss) — gla) |
S |w|TA + [ v | TolI).

In particular, the difference of two monotonic functions is of BV.

82. If a=ar<a1 < * "+ <an=p 18 a subdivision of thé
interval I: a Sr S8, and a=8;<f1 < * * * < Bm =150 finer
subdivision (that is, a subdivision which includes all the points a, among
the B,), then

Z1fBr1) — f(B) | 2 2| flanr) — fla) |-
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(fBrs1) — f(B)) + (f(Besa) = f(Brs1)) + - - - + (f(Bs) — f(Br-1))
= flaw) — fla)

we have the inequality

A-1
3, 1B) = B) | 2 | flawn) = fla) |
i=
Adding the inequalities for + =0, 1, - - - , n — 1, we obtain the
desired result.

If I is the interval @ < = < B, it is sometimes convenient to use the
symbol T/[a, B] to denote T/[I]. For completeness, we define T/[a, a]
= 0. With this notation, we state

83. Ifa s axsvy SBSDd, then Tyla, v] + Tilv, 8] = T/la, 8.

If a =% or vy =8, the result reduces to an obvious identity.
Otherwise, let k, k, I, be numbers less than T'/{a, v], T/lv, 8], T/l«, B8]
respectively. Then we can subdivide (e, v) by points 8,, and (v, 8) by
points v,, and (a, 8) by points §,, in such a way that

(a) h < Z[f(Bir1) — fB) | £ Tla, 7],
(b) k < Z|f(vip1) = f(v) | £ Ty, 8],
(c) < Z1f(31) = f(3) | £ T/fe, Bl
Now take all the points 8, v., 4, together, and re-name them ay(= a),
ap -+, aa(=17), - - -, a,(=B), from left to right. Then these

points provide a finer subdivision than those in (a), (b), and (c); and
so by 8.2

k-1
© k<3 o) = fa) | S T )
n—1
0 k<Y flaw) = )| S Ty, 8
@ 1< "io | f(r) = (@) | S Tila, 1.

But the sums in (¢) and (f) add to give the sum in (g). Hence
h+k < Tya, 8] and I < T/, v] + T/v, 8.
Replacing h, &, I by their upper bounds, as we may by 5.2,

Tf[a) 7] + T/[‘Y) B] = T/[a’ B]
and

TI[ay ﬁ] é Tf[as 7] + T![‘Y; B]’
establishing the equality.
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This theorem can be extended readily, by induction, to any finite
number of intervals. One of its consequences is

8.4. If f(x) is of BV on I, it is also of BV on every interval contained
in I

For let I be the interval « £ 2 £ 8. Then

T/[ay ﬂ] s Tf[ay a] + Tf[a; 5] + Tf[ﬁl b] = T/[a; b]'

A trivial consequence of the definition of total variation is the
inequality

8.5. | f(8) — f(a) | = T/la, B)].

For T/[a, 8] is by definition not less than Z | f(a,+1) — f(a,) | for
any subdivision of the interval [a, 8], and in particular for the sub-
division in which @y = a and a, = 8 and there are no other «,.

We can now prove

8.8. If f(x) is of BV on I, then there exist monotonic tncreasing
Junctions p(x), n(x) such that f(z) = p(z) — n(z).

Define p(z) = 3(T'/[a, 2] + f(2)), n(z) = p(z) — f(=). Thatf(x) =
p(z) — n(x) is obvious. We must show that p and n are monotonic
increasing. Consider any two numbers « and 8 > ain I. Then by
8.3 and 8.5

P(B) — p(a) = H(T/la, Bl — T4a, o] + f(8) — f(a))
2 H{T/a, 8] — | S(B) — fa) |} 2 0.

Also,

n(8) — n(a) = p(B) — p(a) — f(8) + f(a)
= #(Tla, 8] — Tla, o] — f(B) + f(c))
2 HTa, 8] — |S(B) — fla) | } 2 0.

Hence both p and n are monotonic increasing, and the theorem is
proved.

Taking this in conjunction with the remark after 8.1, we see that
a function f(z) is of BV on I if and only if it is the difference of two
monotonic functions.

9. As we mentioned in the first paragraph of §8, the function of BV
will later be shown to have a derivative at all points with relatively few
exceptions. But it does not follow that such a function is the integral
of its derivative. For this to be the case, we shall later find that the
function must satisfy a certain condition called absolute continuity.
A function f(z), defined and finite on an interval 1, is absolutely con-
tinuous (henceforth abbreviated AC) if to every positive number ¢ there
corresponds a & > 0 such that 2 |f(8,) — f(a) | < e for all finite
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collections of non-overlapping subintervals of I with total length
less than 8. (Intervals in R, are non-overlapping if they have at
most end points in common.) It follows at once that if the collection
consists of a single interval I, = (ai, 81) of length 8, — a; < §, then
| f(B1) — f(as) | < ¢, so that an AC function is also uniformly con-
tinuous, and therefore is continuous. The converse is not true; for
in a moment we shall prove that every function which is AC is of BV,
while in §8 we gave an example of a continuous function which was
not of BV.

Let us begin by proving

9.1. If f(x) ©s AC on an interval* [a, b], then it 1s of BV.

By hypothesis, f(x) is AC on the interval [a, b]. So by definition,
there is a § such that Z | f(8,) — f(a) | < 1 whenever Z(8, — a,) < §,
the intervals («, B,) being non-overlapping. We insert a finite
number of points @ = ¢ <¢; <¢cz* -+ <c¢, =b between a and b
in such a way that ¢, — ¢, < 8. We notice that if the interval
[e., ¢41] be subdivided in any way by points ap =¢, < a1 < - - -
< ar = €41, then Z(ay1 — @) = c.41 — ¢ < §, so by the choice of
8 we have Z | f(e,41) — f(a,) | < 1. Thus Tylc, ciya] < 1. Applying
8.3,

Tf[ay b] = TI[COy cl] + e + Tf[cll—-ly cu]

Hence T,{a, b] is finite, as was to be proved.

Obviously the converse of this is false; a function can have BV
and not be continuous at all. But it might be suspected that a
continuous function which has BV is necessarily absolutely continu-
ous. This too is false. For we can give an example of a function
which is finite, continuous and monotonic increasing (and therefore
certainly of BV), and yet is not AC. This example is not quite
trivially easy to construct, but it is important enough to justify some
effort.

We begin with the interval [0, 1], and imagine that we blacken
the middle third, (3, $). This interval we call I,—the reason for the
strange notation will appear in a moment. If we remove I, from [0, 1]
we leave two white intervals, [0, 4] and [§, 1]. We blacken the (open)
middle third of each of these and name the new black intervals I; and
I; respectively. Removing these new black intervals leaves four
white intervals; we blacken the middle third of each, name the new
black intervals I}, I}, Iy, I; in order from left to right, and continue
this process. The original interval had length 1; after removing the

IA
3

* Recall the conventions as to round and square brackets adopted in §2.
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first black interval, the remainder had total length %; after removing
the next two black intervals, the remainder had total length (%)2, and
80 on; after removing the n-th set of black intervals, the remainder has
total length (§)".

Now we define a function fi(x) which is constant on each black
interval, and has on the interval I.(r = m/2") the value m/2". This
function is defined only on the black intervals; to extend it to all z in
[0, 1] we define f(0) = 0 and for the remaining points f(z) = sup
{fi(¢) | £ £ z}. In particular, f(1) = 1. If z happens to be in a
black interval we readily see that f(x) = fi(x). Also, f(x) is monotonic
increasing by 5.3; for if we increase x we increase the class of numbers
f1(§) of which f(z) is the sup. We next show that f(x) is continuous.
Let z, be any point of [0, 1] and e any positive number; we must
exhibit an open interval («, 8) containing x, such that | f(z) — f(x,) |
< ¢ whenever z is in («, 8). If zo happens to be in a black interval
this is easy, since we have only to take (a, 8) to be the black interval
containing z,, and f(x) will be constant on (a, 8). Otherwise, choose
n large enough so that 2= < ¢, and consider the n-th stage of sub-
division of [0, 1]. The point z, will lie in a white interval of this
subdivision. The black intervals nearest to r, on left and right
respectively will be I, and I, where p = m/2" and ¢ = (m + 1)/2~.
Choose a point « in I, and a point 8 in I,. Then by the definition,
fla) = fila) = m/2" and f(B) = fi(B) = (m + 1)/27. For all points
z between a and B, and in particular for z, itself, we shall have f(a)
< f(x) = f(B), since f(x) is monotonic; and therefore

[ f(z) = f(zo) | < f(B) — fla) = 1/2" <.
Thus f(x) is proved continuous.

It remains only to show that f(z) is not absolutely continuous.
We do this by showing for a certain ¢, namely ¢ = 1, there is no
8> 0 such that Z|f(8) — f(a) | < ¢ whenever Z(8, — &) < 8.
Let & be any positive number, and let the white intervals of the n-th
stage of subdivision be denoted by [a), 8i], - * -, [ap, 8], Where
a; =0 and 8, = 1. We have already seen that the total length of
these intervals, Z(8, — a,), has the value (3)", and we choose n large
enough so that this is less than 6. Now the interval (8, a.1) is a
black interval, and f(z) is constant on black intervals; so f(8,) = f(aus1).
Therefore '

3 06) = f@) = § (16) = fa) +'3, (fas) = 520

=l

f(B5) — fler) = f(1) — f(0) = 1.
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Hence the sum Z | f(8,) — f(a.) | is equal to 1, although the total length
of the intervals [a,, 8,] is equal to (})* < §; so f(z) is not absolutely
contintious.

Retdrning now to the theory of AC functions, we wish to prove

%9.2. If f(z) and g(z) are both AC on the interval [a, b, then so are
¢f(z) (c a finite constant), f(z) *+ g(z), and f(z)g(x); and so is 1/f(z),
if f(x) # 0.

We shall prove only the statement about f(x)g(z); the proofs of
the other three are similar. Since f and g are continuous, they are
bounded;* say |f| < M and |g| S N. Let [ay, 8], - -+, [ata, Ba]
be non-overlapping intervals in [a, b]; then

Z[f(B)g(B) — fla)g(e) | = Z1/(8.)(g(8) — g(a))
+ g(a)(f(B) — fla)) | £ M2 [g(B) — g(a) |
+ NZ[f(B) — fla) |

Since f, g are AC we can find a & > 0 such that whenever Z(8, — a,) < §
the first sum on the right is less than ¢/2M and the second less than
¢/2N. Then the sum on the left is less than ¢ proving that fg is AC.

A class of AC functions, which, among other virtues, has the
property of being easily recognized, is the class of Lipschitzian func-
tions. A function f(z) defined on an intervalf [a, b] is said to be
Lipschitzian, or to satisfy a Lipschitz condation, if there is a constant M
such that | f(z,) — f(z2) | £ M | z; — x| for all z; and z;in [a, b]. If
f satisfies this condition, then for any set of intervals [ay, B1], = - -,
[@a, B4] in [a, b] we have

zlf(ﬁl) —f(a,)‘ = EM“S. - all =MZ@B — a);

80 the sum on the left is less than e if (8, — a,) is less than § = ¢/ M.

A still more special class is the class of functions defined and
having a continuous derivative on a closed interval [a, b]. For if
f(z) is such a function, then f’(z) is bounded (say | f'(z) | £ M), since
it is continuous. Then by the theorem of mean value, for each pair
z; and z; # z; of numbers in [a, b] there is an % between z, and z.
such that f(z2) — f(z:) = (x2 — 2)f'(). Therefore

[ flze) — flx) | S M |z2 —z1].

* Cf. Courant’s Differential and Integral Calculus, (English edition), p. 63,
or see the first exercise in §7.

t This definition applies equally well to a function f(z) defined on a set E
in R, if we replace |z, — 23| by | |21 — z||. The function d(z) of §5, p 26,
is thus Lipschitzian.
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Suppose that g(z) is defined on [a, b] and takes on values in [a, 6l,.
that is « < g(z) < 8; and suppose that f(y) is defined on [a, 8. Then
f(g(z)) is defined on [a, b]. From the fact that f(g(z)) is continuqus
whenever f and g are continuous one might be tempted to surmise
that f(g(z)) is AC whenever f and g are AC. This is not true.* How-
ever, we can prove the following theorem.

9.3. Let g(x) be defined and AC on an interval [a, b], and let the values
of g(z) lie in an interval [a, B]. Let f(y) be AC on [a, B). If either one
of the two conditions

(i) g(x) monotonic,

(ii) f(y) Lipschitzian
is satisfied, then f(g(z)) is AC on the interval [a, b].

Suppose first that g is monotonic. Let ¢ be an arbitrary positive
number. Since f(y) is AC, there is a positive number v such that if

(m, £1), (n2, £2), * * +, (ns, &) is & set of non-overlapping subintervals
of [, B] with Z(f, — n) < v, the sum Z | f({.) — f(n,) | is less than e.
Since g(z) is AC, there is a positive & such that if (ai, B1), * * -,

(a5, Bp) are non-ovetlapping subintervals of [a, b] with Z(8, — a.) < 8,
the sum Z|g(B) — g(a) | is less than y. But if g(z) is monotonic
increasing the intervals (g(a,), 9(8.)) are non-overlapping, and if g(z)
is monotonic decreasing the intervals (9(8.), g(a.)) are non-overlapping-
In either case, by the choice of ¥ we have 2 | f(g(8.)) — f(g(a)) | < ¢,
so that f(g(z)) is AC.

Suppose next that f(x) is Lipschitzian, with Lipschitz constant M.
Let ¢ be a positive number. Since g(z) is AC, there is a & such that if
(e, By), * * *, (ap By) is a set of non-overlapping subintervals of
[a, b] with Z(8, — @) < 8, the sum Z|g(8,) — g(a) | is less than
e¢/M. But then by the Lipschitz property

X166 = S | < M55 = &
and so f(g(z)) is AC.

* For an example, see Carathéodory, Vorlesungen uber reelle Funkiionen,
p. 554.



CHAPTER 1I

The Lebesgue Integral

10. The starting point in our definition of integral is the idea of
the volume of an interval. If I is a closed interval a® < z® £ bW,
t=1, .-, q we define the volume AI of the interval I to be
OO — aM)(BP — @@) - - - (b — q@), If the interval I is partly
closed or open, that is if some or all of the signs < in the definition of
I are replaced by <, we still use the same definition for AI. From
this definition it is easily seen that

10.1. (a) For every interval I, AI ts finite and non-negative, and 1s
the same as Al

() If a closed interval I 1s the union of two closed non-overlapping
intervals I,, I,, then AI = AI, + Al.

There is a very definite reason for singling out these two properties
of AI. In Chapter V we shall introduce a new definition of a function
Al not the same as the one here considered, but nevertheless satisfying
10.1(a) and 10.1(b). So every theorem on integration which uses no
properties of Al except these two will necessarily be true for the Al in
Chapter V, and can be used there without repetition of proofs. In
preparation for Chapter V, therefore, we shall mark with an “s”
each theorem which uses no property of AI other than 10.1(a) and
10.1(b), and shall omit the ‘“s’’ from the others.

From 10.1 it follows at once that if I is a degenerate interval,
AI = 0. For by 10.1(a) we may as well suppose I closed; otherwise
we could replace it by its closure, which is also degenerate. Then I
is the union of the non-overlapping intervals I and I, so by 10.1(b)
we have 2AI = Al, and AI must be 0.

10.2s. Let I be a closed interval, and let I,, - - - , I, be.non-over-
lapping closed intervals whose sum is I. Then

n
Z AI i= Al
J=1
Before beginning the proof, we wish to remark that in it we shall
not make any use of the non-negativeness of Al.
The intervals I, I; are defined by inequalities

I: a® <z < b(‘): (1' = 1; Tty Q)i
Iaz a;')éx(t)§bl“) (i=1,"',q;j=1,"'»")-
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For each value of 4 (1 = 1, - - -, q) we arrange the numbers a®”, b,
a{, b in ascending order, rejecting repetitions. We thus obtain
numbers

a®W =cf <o < v <o < e = b,
Consider now the aggregates of intervals
(*) J: ci‘)éx(')écw-l (i=1’...)q;k=0’...!nl—l)'

These are closed, and their sum is I. 'We now show that ZAJ, = Al
This is evident if the ¢}’ consist of the numbers a®, b alone, for then
there is but one interval J; and it is I itself. Suppose the equation
satisfied whenever there are m numbers c; we will show it still
satisfied when there are m + 1 of them. From the m + 1 numbers
we discard one which is not an a® or a b, say to be specific the
number c{”. Correspondingly we construct the intervals analogous
to (*); these consist of the intervals (*) themselves, except that those
of the intervals (*) whose defining inequalities involve ¢{" are missing
and in their place we have the intervals (**)

(!#) c%l) é x(l) é cal)’
sV sl @=2-,¢k=0"-",n-1),

Each of the intervals in (**) is the sum of exactly two of the intervals
rejected from (*), namely

cal) é x(l) § c&l)’

SV sy (=2 ,k=0""",n-1)
and

c(ll) §$“) §c§l),

'SV sl (@=2 - ,¢k=0 """ ,n—1),

and these intervals are non-overlapping. By 10.1(b), the sum of the
A's is the same whether or not we include ¢{" among the points of
division, so even with the m + 1 points ¢ we still have ZAJ, = Al.
If I; is any one of the intervals given in the statement of the
theorem, it contains some (or none) of the Ji; these we denote by

(*t*) Jhll JI-Q; ) le'l(i)'
By the same proof just given for I itself, we have
m(y)

Y, AJ,. = Al

A=l
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It is easy to see that if an interval J, has an interior point in an interval
I;, it is entirely contained in I,. Since the I, are non-overlapping, no
Jx is contained in two different I,, and so the list (*,*) contains no
repetitions. Moreover, each Jy is contained in some I,, for if z is an
interior point of J, it is in some I,, hence Ji is contained in I,. That
is, the list (*,*) consists of all the intervals J, without repetitions,

Hence

S [X as] = 280 = ar.

j=1"A=1

With the preceding equation, this establishes the theorem.

A corollary is

10.3s. If an interval I (open, closed or partly closed) is the sum of
non-overlapping intervals I, -, I, then AI = AI, + -+ + + AlL.,

For by 10.1 we know that AI = Al and Al; = A, where [
1, are the closures of I, I, respectively (that is, the intervals I, I, plus
their respective boundaries). These closures are closed intervals, and
no two of the I, have any common points except boundary points, so

by 10.2
Al = AT = zAl, = ZAl,.

The first class of functions which we shall integrate is the class of
step-functions. A function s(z) is a step-function if it is defined on an
interval I and is constant on each one of a finite set of disjoint intervals
whose sum is I. Suppose then that s(z) is a step-function on I, and
has the constant value c; on each of the disjoint intervals Ii(k = 1,

« «, n) whose sum is I. We define

n

104s. [, sx)dz = 3, aal

k=1

The reason for marking the integral sign with a prime in the
definition is to avoid its confusion with other integrals later to be
defined; even when applied to step-functions these later (and more
widely useful) definitions will be conceptually different, and, unless
we drop the “s” from certain theorems, may even be numerically
different.

Our first duty is to examine the self-consistency of this definition.
A step-function on I may be represented in many ways; for example,
if we decompose each interval I, into I, and Iy, and define s*(z)
to be equal to ¢ on both Ii; and I, 2, then s*(z) is the same function
as 8(z), but the intervals Iy, I1s, Ia4, Ins,  * *, Ing, Ina used in
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representing it are not the same as I, - -+ - , I,. We must show that
the integral of s*(z) is nevertheless the same as the integral of s(z).

10.6s. If s(z) is a step-function on I equal to cx on Ii(k =1, + - -,
n), and §'(x) is a step-function on I equal to con Ij(h =1, - - - , m),
and 8'(z) is identically equal to s(x), then

j;l §'(x)dz = /; s(x) dx.

Each of the intersections I; N I} is either an interval or empty.
Discard the empty intersections, and name the others Jy, - - -, J,.
Each J; is contained in some I and is also contained in some I;. On
I, the function s(x) is constant; define o(z) to be constantly equal to
s(x) on J;. Then o(x) = 8(z) = §’(x). Consider any one, k, of the
integers 1, - -+ -, n. The interval I, is parted into disjoint sub-
ntervals Jy,, - - -, Ju; so Al, = ZAJ,, by 10.3, and

CLAIA = E CLAJI‘.

1=1
Adding these equations member by member for k =1, - - - | =,
the sum on the left is /1 s(z) dz. On the right the J,, add up to I, so

by definition the sum on the right is ./1 ’ o(z) dr. Hence

/, s(2) dz = f; o(z) dz.
In exactly the same way
[} ¢@) dz = /1 o(z) dz,

and our theorem is proved.

We shall need just three simple theorems on the integrals of step-
functions.

10.8s. Let s,(x) and ss(z) be step-functions on an interval I and let k
be a finute constant. Then

(a) /1 ks)(z) dxz = k /1 81(z) dx;
) Ji 0@ + sa(@) dr = ! ‘ai(2) dz + [ 51(a) ds;
(c) if 81(z) < 8s(z) for all x in I, then

/II s)(x)dx = /; sa(x) dz.
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As we saw in proving 10.5, there is a partition Jy, - -+ -, Jyof I
such that each of the functions s,(x), ss(z) is constant on each interval
Jxr. Suppose that on Ji the functions $,(z), sa(x) have the values
oi?, Y respectively. Then s,(z) + s:(z) = ¢f + cf» on J,, and

l [/
/ (81(x) + 82(z)) dz = 2 (e + e?)AJ, = Z cMAJT, + E DA,

=1 g=] =]

= /I 81(z) dr + /' 83(x) dz.

Also [, ksy(z) dz = }_‘, (ketVAJ) = k 2 VAT, = k/ o) do. If

1=1 =1

81(x) < 83(x), then ¢{¥ < ¢® for each i. So by this and 10.1(a),

/ 8i(z) dz = 2 c"aJ, = E P, = f 83(z) dz.
1=1 1=1
10.7s. Let s(x) be a step-function on a closed interval I, and let I,,
, I. be non-overlapping closed intervals such that I,UI,U - - -
UI,=1. Then

é‘ll [1: s(x) dz = /,l s(z) dx.

As before, we may suppose that s(z) 1s constant and equal to ¢
on intervals J,, - - -, Ji;, where each J, is contained in one of the
intervals I,, We suppose that the J, are numbered in such a way that
Jrisin Liifh = 1, h;,J;.lsmngfh—hl+1 * , hy, - ,
Jrisin I, lfh—h,...;-}-l , ha (here b, = 1). Then

/I, 8(23) dr = E aAdy

h=1

hl hl hn
= 2 cddy + E addy+ - - -+ E aAdy = 2 / 8(x) dz.
A=1 h=hi+1 h=haoi+1 )=1

In order to state the next theorem we need the concept of trans-
lation of a function.

10.8s. Let h = (hV, - - -, h'?) be a g-tuple of real numbers. If E
18 a 8et in R, its translation E™ 13 defined to be the set

{(@®, « -+, 2@) | (&0 — kD, -+ . 2@ — h@)in E}.

If f(x) 18 a function defined on E, its translation f®(x) is the function
defined on E™ by the equation

f®(z) = flz® — b, « . | 2@ — @) (z in EW).
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Suppose then that we have some sort of integration process which
assigns an integral to each one of a certain class of functions. The
integral will be said to be invariant under translation if, whenever f(z)
is integrable over E, f®(x) is also integrable over E® for all sets
(htv) - - - " ht@) and the two integrals are equal.

We can now state our next theorem. (Observe that it is not
marked with an “s.”)

10.9. The integral, as defined 1n 10.4 for step-functions, is invariant
under translation.

Given any interval I, it is evident from the second sentence of this
chapter that AI® = AI for all h. By definition 10.4 our theorem is
seen at once to be true.

11. The next stage which we desire to reach in our development
of the Lebesgue integral is the integration of continuous functions.
However, it costs us little additional effort to define the Riemann
integral, and we thereby show the pattern later to be used in defining
the Lebesgue integral. (See also page 383.)

11.1s. Let f(z) be defined and bounded* on a closed wnterval I.

Then the upper Darboux integral of f(x) over I 1s the inf of ,[1 ’ s(z) dz
for all step-functions s(x) = f(z) on I, and the lower Darbouz integral
of f(z) over I is the sup of _/1 ' 8(x) dz for all step-functions s(z) £ f(z)
onl:

(B) [(1@ dz = inf { [ s() dz | s(z) 2 f@)}>

(B) [ f@) dz = sup { [ s(2) dz | s() < f(z)}-

If these upper and lower integrals are equal, f(x) is Riemann integrable
over I, and ils Riemann integral is

(B) [,S@) dz = (B) [ 1@ dz = (B) [ f(z) dz.

We need only a few of the simplest properties of these integrals;
in fact, it would be sufficient for our purposes to establish these proper-
ties only for continuous functions f(z).

11.2s. If f(z) is defined and bounded on I, then

(R) /:f(x) dz = (R) _/I 1(z) dz.

* Although we include » and — « 1n our number system R* we retain the
usual meaning for this expression; f(z) is bounded on I if it has a finite upper
bound and a finite lower bound on 1.
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Let o(z) be any step-function < f(x) on I. Then for every step-
function s(z) 2 f(z) on I we have s(x) 2 o(z), so by 10.6(c)

/;I s(x) dz = /1"’(1") dr.

Thus [1 'a(x) dr is a lower bound for the integrals /1 ' s(z) dz, s(z)
2 f(x), hence it does not exceed their inf:

(R) [ f@) dz 2 [ o(z) dx.

This holds for all () = f(x), so it holds for the sup of the /1 o(z) dx:

() [[1@) dz 2 (B) [ f(o) da.

11.3s. If o(z) is continuous on a closed interval I, it is Riemann
integrable over I.

Let e be an arbitrary positive number. There is a positive number
é such that | o(x,) — ¢(x2) | < € whenever z, and z, are both in I and
||z, 22|| < & (cf. the first exercise in §7). We subdivide I into
disjoint subintervals J,, + - -, J. of diagonal less than 8, and on
each subinterval J; we assign to s(z) and S(x) the respective values
inf o(J1) and sup ¢(Jx). Then

8(z) = o(x) = S(a) and S(x) — s(z) < e
forallzin I. By 11.1 and 11.2,

/1, s(z) dz = L o) dx = /jp(x) dz < /1 S(z) dz.

With 10.6 and 10.4 this yields

0< [l¢(x) dz — [ o(a) dz 5 /1 (S(z) — 8(z)) dz < [I'edx = el

But the last number of this inequality is an arbitrary positive number,
gince e is arbitrary; so the upper and lower integrals of ¢(z) are equal.
This establishes the theorem.

The next theorem is not needed until much later, but we establish
it because its proof is intimately related to that of 11.3.

11.4s. If I 18 a closed interval, there is a denumerable collection S
of step-functions on I with the followsng property. To each positive
number a and each function o(x) continuous on I there corresponds a
Junction a(x) of the class & such that | p(x) — o(2) | < a for all x in I.
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The only property of the partitions of I into subintervals J,
used in 11.3 was that for every § there must be a partition into intervals
of diagonal less than 3. Evidently a denumerable sequence of par-
titions is all that is needed; for instance, the first partition could
consist of I alone, and each later partition could be obtained by
bisecting the sides of the preceding partition. For each partition we
construct the step-functions which are constant and rational-valued
on the intervals of the partition; these are denumerable by 3.3 and 34,
and the aggregate & of all step-functions for all partitions used is
also denumerable by 3.2. 1In the proof of 11.3 we suppose ¢ = a/2;
then for the function s(z) which we constructed we have | s(z) — o(x) |
< @/2. On each interval J; we can approximate the value of s(z)
by a rational number to within less than «/2. This gives us a func-
tion of the class & differing from ¢ by less than a.

11.6s. If f(z) and g(z) are both Riemann integrable over a closed
interval I and c 18 a finite constant, then

(a) c is Riemann integrable over I, and

(B) [, cdz = eal;

(b) ¢f(x) is Riemann integrable over I, and
(R) [ ef() da = c - (R) [ 1(z) da;
(¢) f(z) + g(z) is Riemann integrable over I, and
(B) [, (f@) + 9(@)) dz = (B) [ @) dz + (B) [ o) da;

(@) if f(x) 2 O, then

(R) [,J@) dz 2 0;
(6) if f(z) 2 g(z), then

(B) [,1@) de 2 (R) [ 9(a) dz.

Since the constant function ¢ is continuous, it is Riemann inte-
grable. Also, ¢ is at the same time a step-function 2 ¢ and a step-
function £ ¢, so by 11.1

(R)f-cdxé [ edr < (R)j;cdx.

This, with 11.2, completes the proof of (a).
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Let S stand for the class of step-functions 2 f(z). If ¢ <0, the
class of step-functions = ¢f(z) is the class of functions cs(x) with s(x)
in 8. So by 10.6 and 5.5

(R) __[[cf(z) dz = sup { /. "es(2) dz | s(z) in s}
= sup {c /I s(z) dz | s(z) in S}
= ¢inf {f, s(z) dz | s(z) in s}
=c-(R) /If(x) dz=c- (R)[If(x) dz.
In just the same way
® [[ @ dz = ¢ (B) [ 1) ds.

This establishes (b) if ¢ < 0. If ¢ > 0, then by the proof just com-
pleted (—c¢)f(z) is Riemann integrable, and so is (—1)[(—¢)f(z)]; and

(B) [ @ dz = (B) [, (~1)(=0)f@) dz = =(R) [, (=9f(z) dz
= ¢ (R) [ f(@) da.

If ¢ = 0, (b) is trivial (it reduces to (a) with ¢ = 0).
Let ¢ be any positive number. There are step-functions s,(z),
82(z) such that 8,(z) < f(z), s:(z) = g(z), and

f 81(z) dz > (R) / f(z) dz — 5‘
1 I

/I 8:(z) dz > (R) fl g(z) dz — E:
Hence by 10.6

J, @@ + u@) > ®) [[1@) dz + B [ 9@ dz -«

But 8,(z) + s2(z) = f(z) + g(z), so by the definition 11.1 of the lower
integral of f(z) + g(x)

®) [, U@ + 0@ dz > (R) [ fz) dz + (B) [ o) do = .
This holds for every ¢ > 0, so by 5.2
() [, (1@ + @) dz 2 (B) [ @) dz + (B) [, 0(z) da.
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Similarly, using step-functions s;(x), s:(x) such that s (z) = f(z),
82(x) = g(x), we can establish

®) [, 0@ + 0@ dz S B) [, 1@ dz + ®) [, 0(@) da.

This with 11.2 establishes (c).
To establish (d), we observe that 0 is a step-function < f(z). So

(B) [f@dzz [ 0ds = 0.
For (e) we have by (b), (¢) and (d)

(B) [ f@) de = (R) [,g() dz = (R) [, (f@) — ¢@)) dz 2 0.

Let us specialize these results to continuous functiong. For such
functions ¢(z) we denote the integral of ¢(z) by /1 ¢(z) dz, omitting

the (R) before the integral sign; and we shall call the integral the
‘“elementary integral’’ or ‘“Cauchy integral”’ of ¢(z). For such
functions we have already proved in 11.5 the following statements.

11.8s. Let the functions ¢(x) and Y(x) be continuous on a closed
nterval I, and let ky and ks be finite constants. Then

(a) [ kv dz = kial,
® [ (i@ + kb(@) dz = ks [ 0(@) do + ks [ 9(@) da,

©  if @) 2 ¥(a), then [ o(@) dz 2 [ ¥(a) d.

Two further properties of the elementary* integral will be needed.
11.7s. Let o(x) be continuous on a closed interval I, and let I,, I,
-+, I, be a partition of I into non-overlapping closed intervals. Then

éi [,, o(z) dx = f,w(x) dz.

Let ¢ be any positive number. There are step-functions s(z), S(z)
such that s(z) < ¢(z) £ S(«) and

Jio@) dz + ¢ > /,'S(x)dxg /I¢(x)dxg/1's(x)dz>[,¢(x)dx
— €.

* They are also properties of the Riemann integral.
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On each 1, it is still true that s(z) < o(x) £ S(x), s0

/I,S(:c) dz = /1 o(2) dz = /1 s(z) dz.
Adding forj =1, - - - | n, and using 10.7,

/1, S(z) dx 2 21 /1 e(z) dr 2 /1 s(x) dz.

Hence the numbers /1 o(r)dx and = ,/1 ’ ¢(x) dr are both between

/I' S(x) dx and [1' s(x) dx, which differ by less than 2¢; so

l/l<p(x)dx— gllhqz(z)dxl < 2e.

This holds for every positive ¢, so by 5.2 the two are equal.

11.8. The elementary integral is invariant under translation.

Let ¢(x) be continuous on a closed interval I, and let h = (A",
+ + +, h'?) be any g-tuple. The translation ¢®(x) is continuous on
I®_ For each positive ¢ there are step-functions s(z), S(z) such that
s(x) = o(x) = S(x) and

/Iga(:c)dx+e>/1,S(x)d:cg /;Is(x)d:v> /Iga(x)dx—e.

Then for the translation we have s*(z) < o™ (x) < S®(x), while by
10.9

/m) sM(z) dz = /1 8(x) dz,
Ji 8@ dz = [ 8(z) da.

Thus the integral of ¢™® over I™ is between the integrals of s and S
over I, and by the preceding inequality

Jio@dz =< [ o®@) dr < [ o(z) dz +e

Since ¢ is arbitrary, by 5.2 the integrals are equal.

12. If we wish to generalize the concept of integral, a very natural
attempt would be to define a new kind of upper and lower integral
by replacing step-functions by Riemann-integrable functions in the
definition 11.1. This attempt is a failure; the apparently new integral
thus obtained is merely the Riemann integral back again. Another
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possibility is this. If a function happens to be representable in the
form sup {fi(x), f2(z), - -+ }, where the (denumerable) set {f.()}
consists of functions which we can integrate, we could define the new
integral of f(z) to be the sup of the integrals of all those integrable
functions g(r) S f(z). There are some serious defects in this, the
most obvious being that if f(x) can be integrated thus, it is not nec-
essarily true that —f(z) can also be integrated. So this kind of
integration is not a desirable end in itself. Nevertheless, we shall
investigate it, not as an end in itself, but as a means to an end, just
as the integration of step-functions was a means to an end. For we
shall use the functions integrable by this somewhat primitive and
unsymmetrical method to replace the step-functions in 11.1; and we
shall find that the integral thus defined is a highly important general-
ization of the Riemann integral, being in fact the Lebhesgue integral.

In one minor respect we shall depart from the program just sug-
gested. We suggested studying functions which were the upper
bounds of collections of Riemann-integrable functions. Instead, we
shall study the functions which are the upper bounds of collections
of continuous functions. In the end we lose no generality, and we
gain the advantage that the continuous functions are a simpler class
to handle than the Riemann integrable functions.

By 7.5, a function which is the sup of a collection of functions
continuous on a closed interval I is lower semi-continuous, and
obviously it is bounded below Likewise, a function which is the inf
of a collection of functions continuous on I is upper semi-continuous
and is bounded above. So we now introduce the definition of the
next class of functions for which the process of integration will be
defined:

12.1s. A function u(x), defined on a closed interval I, will be calleda
U-function if (a) u(zx) is lower semi-continuous on I, and (b) u(x) s
bounded below; that 1s, there is a finite constant M such that u(z) =2 M
Jorall xin I. Furthermore, a function l(z), defined on a closed interval I
will be called an L-function if (a) it is upper semi-continuous on I, and
(b) 1t is bounded above.

Before discussing the integrals of these functions, we shall stop to
investigate a few of their properties.

12.2s. Let f(x) be defined on the closed interval I. Then f(x) s
continuous on I if and only if it is both a U-function and an L-function.

For if f(x) is continuous, it is bounded both above and below, and
by 7.1 it is both upper and lower semi-continuous; so it is both a U-
and an L-function. Conversely, if f(z) is both a U- and an L-function,
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it is bounded both below and above, so it is finite. Also it is both
upper and lower semi-continuous, so by 7.1 it is continuous.

12.3s. If u(z) is a U-function and l(z) is an L-function, then if
0 £ ¢ < © the function c¢-u(x) is a U-function and c-l(x) is an
L-function; while if — o < ¢ £ 0 the function c - u(z) vs an L-function
and ¢ - l(x) 15 a U-function.

There are finite numbers M, N such that u(z) = M and I(x) < N.
If ¢ <0, then ¢ u(z) £ ¢M and upper semi-continuous, and ¢ - I(x)
2 cN and lower semi-continuous, by 7.2; so ¢ - u(z) is an L-function,
and ¢ - I(z) is a U-function.

If ¢ > 0, then we apply the result for ¢ < 0 twice; —c - u(x) is an
L-function, so (—1)(—c)u(z) is again a U-function. Similarly
¢ - l(x) is an L-function

If ¢ = 0, then ¢ - I(z) and ¢ - u(x) are both identically 0, so they are
both U-functions and both L-functions by 12.2.

12.4s. If the functions fi(z), * + - , fo(x) are all U-functions (or all
L-functions) on I, then the functions fi(z) + fa(z) + - - - + fa(x),
sup {fi(z), - - -, fa(x)} and inf {fi(x), * - -, fa(x)} are all U-functions

(or all L-functions).

Suppose that all the f,(z) are U-functions. Then they are lower
semi-continuous, and there are finite numbers M, such that f.(z) = M..
By a simple induction, we learn from 7.7 that fi(z) + fa(z) + - - -
=+ fa(z) is lower semi-continuous. By 7.5, sup {fi(z), - - - , fa(2)}
is lower semi-continuous, and by 7.6 inf {fi(z), + - -, fa(x)} is lower
semi-continuous. Moreover,

N@)+ -+ fald) 2 M+ - - - + M,
sup {fi(x), * - -, fa(@)} Z inf {fi(z), - - -, fa(2)}
>inf (M,, - - -, M,)}.

Hence if the f, are U-functions, 12.4 is proved.

Next, suppose that the f,(z) are L-functions. Then the func-
tions —f,(r) are U-functions, and by the preceding pa.agraph so
are (—f1(z)) + (=fo(2)) + - - - + (=fa(@)), sup {(=fi(x)), - - -,
(=fa(2))}, inf {(—fi(x)), - + +, (—fa(z))}. But these functions are
the negatives of fi(z) + - - - + fa(z), inf {fi(z), - -+, fa(z)} and
sup {fi(z), - + -, fa(x)} respectively; so these last three functions
are all L-functions.

12.6s. If f(z) and g(z) are non-negative U-functions, so is f(zx)g(z);
and if [(x) and g(z) are non-negative L-functions, so is f(z)g(x).

If f and g are U-functions, they are lower semi-continuous, so by
7.8 f(x)g(x) is lower semi-continuous. Since furthermore f(z)g(z) = 0,
it is a U-function.
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If f and g are L-functions, then they are upper semi-continuous,
and there are finite numbers M, N such that f(z) < M and g(z) < N.
Then by 7.8 the product f(z)g(x) is upper semi-continuous. Moreover,
f(x)g(x) = MN, so it is an L-function.

12.6s. If f(x) s the sup of a collection of U-functions, it is a U-func-
tion; and if it is the inf of a collection of L-functions, it is an L-function.

We prove the first statement; the second is obtained by changing
signs. Since f(x) is the sup of a collection of lower semi-continuous
functions, it is lower semi-continuous by 7.5. If g(z) is any function
of the collection, it is bounded below, say g(z) = M, because it is a
U-function. So f(x), which is the sup of all functions of the collection,
is 2 g(x) =2 M. Therefore f(x) is a U-function.

Remark. The functions u,(z) =n, n =0, +1, £2, - - areall
continuous, therefore by 12.2 they are ['- and L-functions. Hence
their sup, «, is a {"-function and their inf, — «, is an L-function.

12.7s. Corollary. If f(x) s the limat of an increasing sequence of
U-functions, 1t s a U-function, and if 1t 1s the limit of a decreasing
sequence of L-functions 1t is an L-function

Suppose u;(x) = uy(x) £ - and lim ux(z) = f(z), where the

u, are U-functions. Then f(x) = sup u.(z), so f(z) is a U-function
by 12.6. The other part of the theorem follows by change of signs.
12.8s. Let uy(x), us(z), - - - be U-functions on a closed interval I,
and let l(x) be an L-function on I. If ui(z) S us(z) £ - - - and
lim wu.(x) > U(x) for all x in I, then there is an nq such that u.(z) > I(z)

for all n = n,.

Put E, = {z |z in I, u.(z) < l(z)}. Each set E, is closed, by
74 and 2.7. Also E, D E.4, for if & is in E,yy then 4, (z) £ unpa(z)
< l(z), so x is also in E,. If there were a point z, belonging to all the
sets B, we would have ua(zo) < I(x,) for all n, hence lim ua(zo) S I(z0).

This is contrary to hypothesis, so there is no point z, belonging to all
the sets E,. But by 2.14, this implies that there is an no such that
all the sets E, with n 2 n, are empty. That is, if n 2 n, there are
no points at which u.(z) < I(z), so for these values of # it must be
true that u.(x) > I(x).

ExERrcISE. If ¢o(z), ¢i(z), - - - are all continuous on a closed
interval I, and ¢a(z) — ¢o(z) for eachzin I, and ¢,(z) < @2(z) £ -+« -,
-then ¢,(2) tends to ¢o(z) uniformly on I. Moreover, in this statement
I can be replaced by any bounded closed set.

Let us recall that the characteristic function Kg(x) of a set E is
the function which has the value 1 if z is in E and the value 0 if z is in
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CE. 1t is evident that the behavior of this function will depend
on the structure of the set E. One relationship between the set E
and its characteristic function is stated in the next theorem.

12.9s. Let E be a set contained tn a closed interval I.  The characteristic
Sunction Kg(z) ts a U-function on I if and only if E is open relative to I,
and 18 an L-function on I if and only if E s closed.

If Kg(x) is a U-function, it is lower semi-continuous. By 7.4, the
set of z in [ such that Kg(z) > % is open relativeto /. But thissetis E
itself. Conversely, suppose E open relative to I. Since Kg(x) is
bounded below, it will be a U-function if we can prove that it is lower
semi-continuous. So let 2y be any point of I. First, if z, is on CE,
then Kg(zo) = 0. For every h < Kg(xo) = 0 there is an e (for exam-
ple, ¢ = 1) such that Kg(z) > hif zisin N.(zo)I. Thus by 7.3 Kx(x)
is lower semi-continuous at z,. Second, if z¢ is in E, then Kz(xy) = 1.
Let h be any number less than 1. Since E is open relative to I, there
is an e > 0 such that N.(zo)] C E, so that Kg(x) =1 > h for all =
in N(zo)I. Thus by 7.4 Kg{z) is lower semicontinuous at x,, which
completes the proof of the first statement.

By 2.7, E is closed if and only if it is closed relative to I. This is
true by 2.5 if and only if I — E is open relative to I. This, as we
have just proved, is true if and only if K,_g(x) is a U-function. This is
true, by 12.3, if and only if —K,_g(z) is an L-function. This is true,
by 12.2 and 124, if and only if 1 — K,_g(z) is an L-function. But
1 — K, _g(x) is identically equal to Kg(x). So E is closed if and
only if Kg(z) is an L-function.

If, for example, E consists of a single point, then Kg(z) is an
L-function and K;_g(z) is a U-function. Both of these are discontinu-
ous, which proves that the class of U-functions and the class of
L-functions are definitely larger than the class of continuous functions.

13. We have now established all the facts concerning U-functions
and L-functions which we need. Now we extend the definition of the
integral to these functions.

13.1s. Definition. If u(x) is a U-function on a closed interval I,

/; u(zx) dx 18 defined to be sup /[ o(x) dx for all continuous functions
¢(z) = u(z). If l(z) 18 an L-function on I, /; l(z) dx is defined to be

inf /1 o(x) dx for all continuous functions ¢(z) = l(z).

Remark 1. If u(z) is a U-function, it is bounded below; so there
really do exist continuous functions ¢ (z) S u(z). Likewise if I(z) is
an L-function there is a continuous (constant) function 2 I(z).
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REMARK 2. If u(z) is a bounded U-function, say |u(z) | S M
< w, then for every continuous function ¢(z) < u(x) we have
o(z) = M, whence

/I¢(x) dz < M - AL

Therefore the integral of v is finite, and does not exceed MAI. Like-
wise every bounded L-function has a finite integral.

We now have definitions of the integral for three classes of func-
tions, namely continuous functions, U-functions and L-functions.
The question arises—are these definitions ever inconsistent? That
is, if a function is, say, both a {/- and an L-function, we have two
different definitions for its integral. Are the integrals equal? By
12.2, if a function is in two of the three classes it is in all three. So our
problem is to prove that if ¥(x) is a continuous function, the three
integrals coincide; that is,

(a) ,[1 ¥(x) dxr = inf ,[1 o(x) dr
for all continuous functions ¢(x) = ¢(x);
) Ji¥@) dz = sup [, o(2) dz

for all continuous functions ¢(z) £ ¢(x), where the sign [ always
means the elementary integral.

Since ¢(r) is itself a continuous function = y(z), the right member
of (a) is not greater than the left. On the other hand, for every
continuous ¢(x) = Y(x) we have

[i¥@ dz < [ o) da.

So the integral of ¥ is a lower bound for the integrals of all such func-
tions ¢, whence /1 ¥(x) dz < inf /1 ¢(z) dz for all continuous ¢(z)
Z ¥(zr). We have thus established (a).

If we write (a) in the form /1 [—¢¥(z)] dz = inf /1 [— ()] dz for

all continuous functions —¢(z) 2 —y¢(z), and then apply 11.6 and
5.5, we obtain (b).

Thus the integral as defined in 13.1 is a true extension of the
elementary integral as defined for continuous functions, and (within

the class of U- and L-functions) the symbol /1 f(x) dz always has
exactly one meaning.
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13.2s. If f(x) and g(x) are both U-functions or both L-functions on a
closed interval I, and f(x) = g(x), then

f,f(x) dr 2 f,g(z) dz.

Suppose them both U-functions. Then the class F of all continu-
ous functions < f(x) contains the class G of all continuous functions
S ¢(z), and by 5.1

[ f(z) de

I

sup {/1 o) dx | ¢(r) in F}
sup {/I o(x) dx | o(x) in G}
= /Jg(:c) dr.

v

The proof in case f(x) and g(x) are both L-functions is similar.
13.3s. Let u\(z) < uo(x) £ - - - be a sequence of U-functions on a

closed interval I, and let g(x) = lim u,(x). Then g(x)is a U-function,
and
lim [ ua(2)dz = [ 9(2) dz.

For each z the numbers u.(z) increase with n, and so do the
numbers [u.(z) dz by 13.2. Hence the limits mentioned in the
theorem exist, by the exercise after 6.8. Also, g(z) is a U-function, by
12.7.

Let h be any (finite) number less than /1 g(z) dz. We can find a

number k greater than ki, but less than the value of the integral, and
by 13.1 we can find a continuous function ¢;(z) < g(z) such that

/Isax(x) dz > k.

Define ¢(x) = ¢i(r) — (k — h)/(AI 4+ 1). Then ¢(z) is continuous,
and ¢(z) < ¢1(z) = g(x), and by 11.6

[I¢(x)dx= /Im(x)dx—-[(lc-—h)/(AI+1)]/Ild:c>lc-(k—h)=h.

Now lim u.(z) = g(z) > ¢(x), so by 12.8 there is an n, such that
ua(z) > ¢(z) for all z if n = no. Then by 13.1 or 13.2

/Iu,.(x) dr 2 /I¢(x) dz > h
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for all n = no. Hence
lim /Iu,.(x) dz > h.
This holds for all h less than the integral of g, so by 5.2
"ani /1 Un(z) dz 2 /;g(x) dz.

On the other hand, for all n we have u,(z) < g(z), so by 13.2
/;u,.(:c) dz < /g(:c) dz.

Hence
lim /1 Un(z) dz < .[1 g(x) dx.

n— «

This completes the proof of the theorem.
13.4s. Corollary. If ¢1(z) < ¢a(z) < * - - is a sequence of func-
tions continuous on I such that im ¢.(z) = g(x), then

lim /I on(2) dz = ];g(z) dz.

This follows at once from 13.3 and the consistency proof just after
13.1.

13.6s. If f(x) 48 a U-function or an L-function on I and c is a finite
constant, then

/1 ¢ f(z)dz = ¢ /;f(x) dz.

Suppose that f(z) is a U-function. Let F be the class of all con-
tinuous functions ¢(z) < f(z). If ¢ <0, the class of continuous
functions 2 ¢f(z) consists of the functions cp(z) with ¢(z)in F. Also,
the function ¢f(z) is an L-function by 12.3. Hence, using 13.1, 11.6
and 5.5,

[Icf(a:) dz = inf {/;cw(x) dz|e¢in F}
= inf {c/;ga(:c) da:lpinF}
= ¢ sup {flw(x)dzlwinF}
=c-/,f(:c)d:c.



70 INTEGRATION (CHar. II

If f(z) is an L-function and ¢ < 0, then ¢f(z) is a U-function by
12.3, and by the proof just completed

c /If(:c) dz = ¢ /1 c . [¢f(x)] dx
= cfc [, of(a) dz)
= /Ic,f(x) dz.

This completes the proof for ¢ < 0.
If ¢ > 0, by the proof just completed for negative ¢ we have

i@ dz = [ (-D(=f@) dz = (1) [ (=) da
= (=1)(=0) [J@) dz = ¢ [ 1(z) dx.

If ¢ = 0, the equation to be proved is
J0dz =0,

which is obvious.
13.6s. If f(x) and g(x) are both U-functions or both L-functions on I,
then

1@ + g@)dz = [ f) dz + [, 9(a) da.

Suppose them both U-functions. By 7.9, we can find sequences
o1(z) S pa(z) S ¢ - - and Yi(x) S Ya(x) £ ¢ - - of functions con-
tinuous on I such that

,.li.“l ea(z) = f(2), 11_{11 ¥a(z) = g(x).

Then ¢1(z) + ¥1(z) < ¢a2(2) + ¢Ya2(z) < - - -, and
11_‘}1 [en(x) + wn{x)] = f(x) + g(x).

So by 13.4 and 11.6

i@ + @) dz = lim [ loa(z) + ¥n(e)] dz
lim [I%(x) dz + lim [[\I/,.(x) dz

/If(x) dx + [Ig(x) dz.



Skc. 13.9] THE LEBESGUE INTEGRAL 71

Suppose now that f and g are both L-functions. Then f(z) + g(z)
is an L-function, and —f and —g are U-functions. By the proof
above and 13.5 (with¢ = —1)

@ + g@)dz = — [/ [~f@) — g(a)] d
I I
= [ [ (-1 dal + [ 1-g(=)] ds ]
Jii@ dz + [9() da.

13.7s. Corollary. If u(z) is a U-function and l(x) 78 an L-function,
and u(x) = l(x), then

/Iu(.t) dr 2 /Il(:c) dz.

Since —I(x) is a U-function and u(z) + [—I(z)] = 0, by 13.5, 13.6
and 13.2

]I u(z) dr — ],z(x) dz = [I [u(z) — U(z)] dz = [I 0dz = 0.

13.8s. If f(z) 1s a U-function or an L-function on I, and I,, - - -
I. are non-overlapping closed intervals such that UL =1, then

I

[, 5@ dz = P) J.1@ dz.

We prove this for {"-functions; the theorem for L-functions follows
by change of sign. Suppose then that f(x) is a U-function on I, and
let ¢1(z) € pa(x) £ - - - be a sequence of continuous functions
tending everywhere to f(z). (Such a sequence exists by 7.9.) Then
the ¢m(z) are also contiruous on each I,. By 13.4 and 11.7,

/, f@@) dz = lim [1%(1) dr = lim (; f; on(2) dx)

m— o

= 3 (lim [ en(e)dz) = 2.,1 [, 1@ dz.

gm] M@

13.9. The integrals of U-functions and of L-functions are invariant
under translation.
Let u(z) be a U-function on a closed interval I, and let

(b, - - -, hl2)

be any g¢-tuple of real numbers. There is a sequence ¢;(z), ¢:(2),
- of functions continuous on I such that ¢,(z) < a(z) S - - -
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and lim ¢.(z) = u(z). The translations ¢®(z)(z =1, 2, - - - ) are
continuous on I™, increase with increasing ¢, and approach u®(z).
Hence by 12.7 ™ is a U-function, while by 13.4 and 11.8

/;m uM(z) dz = lim M (z) dz

Imw

= lim s o(z) dx

7; ;(x) dz.

The statement about L-functions follows by change of sign.

14. Our tools are now ready, and we proceed to use them to
define the upper and lower Daniell integrals of an arbitrary function
f(x). These upper and lower integrals will be used 1n the next section
to define the Lebesgue integral itself.

14.1s. Definition. Let f(x) be any function defined on the closed
interval I. Then its upper Danzell integral is

[ ) dz = inf [ u(a) dz
for all* U-functions u(z) Z f(x); uts lower Danzell wntegral is
_/If(:c) dz = sup /ll(:c) dz

for all L-functions l(z) < f(z).

Remark 1. If f(z) is bounded on I, say |f(z)| S M, it lies
between the continuous functions —M and M. So by 14.1 its upper
and lower integrals over I are finite.

REMARK 2. In definition 14.1 the interval I is distinguished from
all other intervals by being the common range of definition of all the
functions mentioned in the definition. Accordingly we shall call I
the “basic interval’’ in the definition 14.1.

The names “upper integral” and “lower integral” are justified
by the following theorem.

14.28. For every function f(z) defined on a closed interval I,

JECLE [ 16@) dz.

* The class of all U-functions Z f(z) is surely not empty, for by the remark
after 12.6 the function u(z) = « is a U-function. Likewise the class of L-func-
tions S f(z) is not empty, since l(z) = — « is an L-function.
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Let I(z) be any L-function equal to or less than f(z). Then for
every U/-function u(z) = f(x) we have u(x) = I(z), so by 13.7

j; I(z) dx//g /1 u(z) dx.

This holds for all U-functions u(z) 2 f(z), so we can replace the term
on the right by its inf:

[ i) dz s /: 1(z) dz.

This again holds for all L-functions I(x) < f(z), so we can replace the
term on the left by its sup:

_/, f(z) dz < Z f(2) da.
14.3s. For every function f(x) defined on I,
J, (1@ dz = — [ f(z) da.
If L is the class of all L-functions I(z) < f(x), their negatives
—I(z) form the class of U-functions = —f(z). Hence by 14.1, 13.5
(withc¢ = —1) and 5.5

[} (~fa)) de

inf {f; (—1(z)) dz | Uz) inL}

inf {— f, U(z) dz | I(z) in L}

— sup {/I I(x) dz | l(z) in L}
= — j;f(x) dz.

14.4s. If f(x) = g(x) for all x in a closed interval I, then

[—,f(x) dz 2 ﬁg(x) dr and _/1 f(z) dz 2 [1 9(z) dz.

To prove the first statement, let F be the class of all U-functions
2 f(z), and let @ be the class of U-functions = g(x). Since f(z) = g(z),
the class G contains F. So by 5.1 inf {fu(z)dz|w in F} 2
inf {fu(z) dz|u in G}. By definition 14.1, this proves the first part.

For the second part, since —f(x) < —g(z), we can use the preced-
ing paragraph together with 14.3 to obtain

[i@ds = = [ (-1 dzz = [ (~g@) ds = [ o(a) da.
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14.6s. Let f(x) and g(z) be any functions defined on a closed interval I
and such that f(x) + g(x) s also defined on I. Then

[ U@ +g@) ds = [ @) dz + [ o(z) e,
[ 4@ + 9@ de 2 [ @) de + [ g) ds,

provided that the right members of these inequalities are defined.

If wi(z) = f(z) and wus(z) = g(x) are U-functions, then u,(x)
+ ua(x) is a U-function by 12.4, and ui(z) + us(z) 2 f(z) + g(x).
So by 14.1 and 13.6

[U@ + g@lds 5 [ ) + u(@)] de
= /Iul(:v) dr + /qu(:c) dz.

If we suppose u(z) held fixed at any particular U-function 2 f(z),
this holds for all U-functions us(z) = g(z), so it holds if we replace
the last term by its lower bound:

[U@ +o@Ndr 5 fu) dz + [ o) dr

Since this is true for every U-function u;(z) = f(z), we can replace the
first term on the right by its lower bound:

[ U@ +g@Vdz s [ =) dz + [ g(2) dx.

This establishes the first inequality. The second is obtained from this
by a change of sign, using 14 3:

JU@ + g@ldz = - { [[1~1@) - g(a)] )

~{ [} (~1@) dz + [, (~g(x)) az)
f!f(x) dx +j;g(:c) dr.

v

]

14.8s. If f(x) 73 defined on a closed interval I, and ¢ > 0, then

/:cf(x) dr =c¢ fl-f(x) dx and []cf(x) dr=c /f(x) dz.

If U is the class of all U-functions u(z) = f(z), then the functions
¢ u(z), u(z) in U, constitute the class of U-functions 2 ¢ - f(z) (see
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12.3). Therefore by 14.1, 13.5 and 5.5,

I

[ ef@) dz = it { [/ euta) dz | u(@) in U}
inf ¢ - {/!u(x) dz | u(z) in U}
¢ inf { /I u(@) dz | u(z) in U}
—c ﬁ (z) dz.

To prove the second equation, we use the first equation and 14.3:

[d@dzs = = [d~j@ldr = e[~ [1~f@ldz] = ¢ [ f(z) ds.
16. As with the Riemann integral, we use the upper and lower
mtegrals to define the (Lebesgue) integral of f(x). (See page 383.)
16.1s. Definition. If f(z) is defined on the closed interval I, and
its upper and lower integrals are finite and equal, f(z) is said to be sum-
mable over I, and its integral is defined to be the common value of its
upper and lower integrals:

f1@ dz = [[1@) dz = [ 12) da.

Our first duty is to show that this new integral generalizes and is
consistent with the integral which we have been using in the preceding
sections. As a matter of fact, in one trivial respect this is not so.
The new integral must be finite, whereas the integrals of U-functions
as defined in 13.1 could be + «, and the integrals of L-functions could
be —®. 8o our first task is to show that if f(z) is a U-function or an
L-function whose integral as defined in 13.1 has a finite value ¢, then

[ f(z) dz = _]I f(z) dz = i.

We suppose first that f(z) is & U-function. On the one hand, f(z)
is itself a U-function = f(z), so by 14.1

(4) i@ dz <.

On the other hand, let h be any number less than 7. By 13.1, there is
a continuous function ¢(z) < f(r) such that /I‘p(:c) dx > h. But ¢
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is by 12.2 an L-function =< f(x), so by 14.1
[ie@ dz s [ f@) dx.

Thus for every number h < ¢ the lower integral of f is greater than k,
and so by 5.2

(B) [1 () dx = 1.
From (4), (B) and 14.2,

/;f(:c)gdx - [If(x) dr £ /:f(z) dr,

so the upper and lower integrals of f are both equal to the finite number
¢, and the integral defined in 15.1 has the same value 7 as the integral
defined in 13.1.

If f(z) is an L-function, then —f(z) is a U-function whose integral
is (by 13.5) equal to —z. So

f1-f@Ndz = [[(-s@ldz = —i

This, with 14.3, proves that the upper and lower integrals of f are
both equal to ¢ In particular, we have shown that the Lebesgue
integral defined in 15.1 is consistent with the Cauchy integral for
continuous functions.

Now we begin the investigation of the more elementary properties
of the integral.

16.2s. If f(z) and g(z) are both summable over I, and f(z) 2 g(x)
for all x in I, then

/;f(:c) dr = /;g(.c) dr.

This follows at once from 14.4 and the definition 15.1 of the
integral.

Before proceeding with the study of our integrals we stop to
establish three simple inequalities which we shall need.

16.3s. If ay, a3, - - -, a. are numbers finite or +© and by, bs,
-+« , bs are numbers finite or — = such thata, Z b, (¢ =1, -+ + , n)
then

@) sup {a;, * * + ,a.} Zsup[by, - - , bal,
(ii) inf {ay, © * +, a,) 2 inf {by, + =+, ba},

(iii) sup {ah e van} — 8sup {bly v ybﬂ} s E (al - b.)
1=1
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Since a, and b, are functions on the range {1, - - -, n}, (i) and
(ii) are corollaries of 5.4. Let ax be the greatest of ai, * * *, @a.
Then, since each difference a, — b, is non-negative,
sup {a, * * *, @a) —sup {by, * + -, ba} =ar —sup {by, - -+, ba}

éak—bké E (al—bl)O
tm=]

In stating the next basic theorem it is convenient to introduce a
pair of symbols for which we shall have frequent use.

16.4s. Let f(x) be defined (finite or + ) on a set E. The functions
f+(z) and f~(z) are defined on E by the equations

f+@) = sup {f(2), 0},  f~(z) = sup {—f(z), O}.

From the definitions we have at once the following trivial equations.
16.6s. If f(x) is defined on E, then for all x in E the equations

fx) = @) = f~@), |f@) | =) + (=)

are satisfied.
In the next theorem we establish the basic rules of the arithmetic

of summable functions.
16.6s. Let f1(x) and f>(x) both be summable over a closed interval I.

Then

(@) fi(z) + fa(x) 15 summable over I, provided it is defined for allzin I;
and in this case

(@) [11@ + @) dz = [(fi@) dz + [ fi(z) da;

b) for every finute constant c the function ¢f,(x) is summable over I, and
(8) [, i@ dz = ¢ [ fi(x) dz;
(c) sup {fi(z), f2(x)}, inf {f1(2), fa(2)}, f} (2), 7 (2), | i(2) | are all sum-

mable over I, and
9 [11:@) dz 2 | [(fi@) dz |
(d) if f1(z) and fa(x) are bounded,* fi(x)f2(x) is summable over I.

* This hypothesis is much stronger than necessary, as we shall sec in 22.4 and
24.2.
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By hypothesis,
];fx(x) dz = l;fl(x) dz, ];fz(z) dz = _/Ifg(x) dzx.

So to prove (a) and (a) we use 14.5 and 14.2:

[ @ +H@dz 2 [ 1) de + [ 1@) de
= [f@dz+ [ fs@) dz = [ () do

+ /—Ifz(:c) dz

2 [ +£@1dr 2 [/ + @) dz

Hence equality holds throughout.

Statements (b) and (B) are clear if ¢ = 0, for then ¢f(z) = 0, which
has integral 0.

If ¢ < 0, then by 14.6 and 14.3

[eh@de = [[lel (~Di@ dz = |¢| ][~ do
= —lel [f@dz = [ @) dz = = |e| ] 7o) ds
=lel [ 1=fi@dz = [[le] (~DA@ dz = [efi(2) dz.

If ¢ > 0, then in the proof just completed (—c)fy(z) is summable,
and therefore so is (—1)(—c)f1(z) = ¢fi(z), and

i@ dz = [ (~1)(=af@) dz = ~ [ (~0f(a) do
= ¢ [fi@) dz.

Now let ¢ be any positive number. By definition of the integral,
there are U-functions u,(z), us(z) and L-functions I,(z), ls(z) such that
w(z) 2 filz) 2 L(z) (¢ =1, 2) and

[I fi@)dz — e < j, L(z) dz, /1 u(z) dz < [I £i(@) dz + e

(T=1,2).
Hence (using 13.6)

05 [ lu(@) - hix)]dz < 2,
0= [ [us(e) — bix)]dz < 2.
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Now define u(z) = sup {ui(x), us(x)}, Uz) = sup {li(2), la(z)}.
Then by 12.4 u(x) is a U-function and I(z) is an L-function. Since
u(zr) — lL(z) = 0, we have by 13.7, 15.3iii, 13.6 and 13.5,

0< /1 [u(z) — U(z)] dz

s flul(x) dr — /111(1) dr + /I.uz(:c) dr — /Ilg(:c) dz
< 4e.
Incidentally, this proves that the integrals of u(z) and I(z) are

finite. For since u and ! are respectively U- and L-functions the
integral of u(z) can not be — «, and the integral of I[(z) can not be

+ o ; so if either had an infinite integral, the difference / u(z) dz

- / l(z) dz would be + =, and not < 4e. Again, by two applica-
tions of 15.3i,

u(z) 2 sup {fi(z), fa(z)} = U(z).
Hence

IIA

[ i@ dz < [ sup (@), fs)} da

< /Isup {(f1(2), fa(2)} dz < /,u(x) dz
< /Il(x) dr + 4e.

This proves that the upper and lower integrals of sup {fi(z), fa(z)} are
finite, and that they differ by less than 4e. But e is arbitrary, so the
upper and lower integrals are finite and equal, and sup {f,(z), fa(z)}
is proved summable.

From this and (b) (with ¢ = —1) we at once see that inf {fi(z),
fa(x)} is summable; for —fi(z) and —f»(x) are summable by (b), so
by the part of the proof just completed and 5.5

—inf {fi(z), fa(x)} = sup {—fi(z), —fa(z)}
is summable, so by (b) inf {f\(z), f2(x)} is summable.
By the definition 15.4, with the part of (c) already proved, we see
that f}(z) and fi(z) are summable; whence by (15.5) and (a) of the
present theorem we have |fi(z) | summable. To establish (v), we

observe that fi(z) < |fi(x)| and —fi(z) < |fi(z)|. Integrating
and using 15.2 and (b) (with ¢ = —1) we obtain

[fi@dz s [If@1ds,  ~ [fi@dr s [[1fi()dn,

whence (v) follows at once.
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To prove (d), suppose first that 0 < fi(z) £ M, (1 =1,2). Ife
is any positive number, we can (as in proving (c)) find U-functions
u1(z), us(z) and L-functions l;(z), la(x) such that u.(z) Z fi(z) = L(z),
(t=1,2)and

/, [w(z) — L@)]dz <¢, (G =1,2).

There is no harm in assuming 0 < L(z) and u,(x) S M (i = 1, 2);
for otherwise we could replace u.(x) by inf {u,(z), M}, which is a
U-function = f.(x), and we could replace l.(z) by sup {l/.(z), 0}, which
is an L-function £ fi(z). By 12.5, li(z)lo(z) is an L-function and
ui(z)us(z) is a U-function. From 0 = [(z) = fi(x) S w(xr) = M
(t =1, 2) we find

0 < L(x)ls(z) = [1(2)fa(x) S wi(2)us(z) £ M3,
80

05 [[h@h)dz S [f@H@ d S [ [@HE) d
< /; wi(z)ua(z) dz < /1 M?dz = M?Al

This proves that the upper and lower integrals of fi(z)f2(x) are finite,
To prove them equal, we observe that u,us — lils is a U-function, by
12.5, 12.3 and 12.4. For each z in the interval I the inequality

ui(@)ua(z) — L@)la(z) = ui(@)[ue(x) — L(2)] + L@)|ui(z) — Lz)
= Mluz(z) — la(2)] + Mlui(z) — L))

is satisfied, and the two terms in the last member are U-functions by
12.3 and 12.4. Hence by 13.2 and 13.6

s [ 1h@n@ ds - [ /@hE de
f'ul(x)uz(x) dr — /Ill(x)lz(:c) dz

=M { /, (ua(z) — la(z)] dz + f, [i(z) — Li(@)] dx}
< 2Me.

IIA

Thus the upper and lower integrals differ by less than the arbitrary
positive number 2Me, so they are equal. We have therefore estab-
lished (d) under the supplementary hypothesis that fi(x) and fa(x) are
non-negative.

This supplementary hypothesis is_easily removed. For if f(z)
and f2(x) are bounded and summable, “the functions I+ 11, I3, fr are
all summable by (c), and they are bounded and non-negative. Hence
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all four products
It i, b ils
are summable by the proof just completed, and by (a) and (b) the

combination

Tt @ () = fH@)fz(2) — fr@)ff () + fr(@)fz(z)
= (ff(@) — f1(@)(fF(z) — f3(x))
= fi(x)f2(x)

1s summable.

The next theorem is a decidedly non-trivial convergence theorem.
It will form the basis for all the later theorems expressing the powerful
convergence properties of the Lebesgue integral.

16.7s. Let fu(x)(n = 1,2,3 - - - ) be a sequence of functions dcfined
and summable on a closed winterval 1. Suppose that fi(z) S fi(z)
< -+, and define

f(x) = lim f,(z).
Then f(z) is summable over I if and only if

lim [I fa(z) dz

Nn—

18 finite; and if this limit 1s finite, then
ﬁ fx) dz = lim jI a(2) dz.

In the statement of the theorem, we have tacitly assumed that
fa(z) and /If,.(l') dx converge to limits (finite or 4+ ) as n — o,

This is certainly true, for the numbers f,(x) are monotonic increasing
functions of n by hypothesis and their integrals are monotonic increas-
ing functions of n by 152. It is also clear (cf. 6.8 and the exercise
after it) that fu(z) < f(r) for every n and every z in I. So by 14.4

e dz s [ 1@ ds

for each n, whence

(4) lim J fx@) dz 5 [ 1(2) ds.
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This shows that if the left member of (4) is «, the function f(z) is
not summable. It remains to show that if the left member of (A)
is finite f(z) is summable and its integral is the left member of (4).

Let ¢ be an arbitrary positive number. For each positive integer ¢
there is a U-function »*(z) and an L-function [*(z) such that ['(z)
S /\(z) £ u}(z) and

* €
/Iz, (x) dz > /If.(x) dz — grm

* €
,/1 u, (z) dz < /;f.(:c) dz + SiF

Hence

* __g* €.
/; (u, ) de < 2
For each n we define

ux(z) = sup {uy(z), - * -, un(z)},
la(z) = sup {{f (), - - -, In(@)}.

These are respectively a U-function and an L-function, by 12.4. Also
it is clear that

Un(z) Z un(z) Z fal2) Z la(2).

By 15.3,

un() — La(x) £ 3 (@) - @),

1=1

so if we integrate and use 15.6 and 15.2 we obtain

(B) /u,.(x) dr — /f,.(:c) dr = /u..(:c) dz — /l,.(:c) dx
1 I I I

éiﬁwwdmwx

1=1
n
€
<2§;<e.

From the definition of u,, with 5.1, we see that u,(z) < u.(z)
S - ¢+, 80 us(z) tends to a limit (finite or + ) asn — . We
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call this limit u(z). By 13.3,.u(zx) is a U-function, and
(€) /1 u(z) dz = lim /1 un(z) dz.

n—w

We have already seen that u,(z) 2 f.(z) for every n, so

u(z) = lim u,(z) 2 lim f.(z) = f(z).

n— o

Hence by 14.1

(D) [ @) dz 5 [ u@) dz.
From (B) it follows readily that
(E) , lim /I un(z) dz < € + lim /, fa(z) dz.

Inequalities (C), (D) and (E) imply that

/—1 @ dz S e+ lim [ fat2) da.

But e is an arbitrary positive number, so by 5.2 we have
[1 J@) dz S lim /,fﬂ(x) dz.

By 14.2, this inequality and inequality (A) imply that the upper and
lower integrals of f(z) over I are equal to the limit of the integrals
of the f,(z), and by definition 15.1 the conclusion of the theorem is
established.

Our next theorem shows a new relationship between U- and L-func-
tions and summable functions; every summable function f(z) is caught
between two functions which are limits of U- or L-functions, and
differ from f to such a small extent as not to affect the value of the
integral.

16.8s. If f(x) is summable over I, there exist functions g(z) and h(z)
defined over I and having the following properties.

(1) There is a sequence of summable U-functions {u.(x)} such that
u(z) 2 us(z) 2 us(z) = - - - and im un(z) = h(z).

(2) There is a sequence of summable L-functions {l.(z)} such that
Lz) S la(z) S Li(x) S - - - and lim L. (z) = g().

(3) The sup of each of the functions h(z), us(z) t8 equal to sup f(z).
(4) The inf of each of the functions g(x), ln(x) 18 equal to inf f(z).
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(5) g(z) s f(2) < h(2).

(6) ﬁg(x) dr = flf(:c) dr = j;h(::) dr.

It will be enough to prove the statements concerning h(z), since
those concerning g(x) can be obtained by a change of sign.

For each positive integer n there is a U-function u)(z) on I such
that uy(z) 2 f(z) on I and

/;u:(:c) dr < /If(x) dz + ?11

Also, we may suppose that sup uj(x) = sup f(x) on I; otherwise, the
first of these bounds would exceed the second, and we would need only
to replace us(zr) by inf {uX(z), sup f(z)}. This would still be a
U-function 2 f(x) by 12.4, and it would have an integral less than

/f(r) dz + 1 by 13.2
Next we define u,(r) = inf {uf(x), - - -, ur(x)}. This is a
U-function, by 12.4. By 5.1 we have u,(xr) = us(z) = - -, so
that the limit
h(z) = lim uq(z)

exists on I. Since us(z) 2 f(x) for each n, it is clear that
J(z) S ua(z) S un(2).
So by the definition of h(x)
(@) S h(z) S ualz) S upa).
Since u»(z) is a U-function =h(x), we have by 14.4, 14.2 and 14.1

/f(:c) dr < /h(z) dr < ]h(:c) dz < /u,','(x) dz < ff(x) dz + 1.
I I I I I n

Here n is arbitrary, so the upper and lower integrals of h(z) are hoth
equal to the integral of f(z), establishing (6). We saw that we could
choose uj so that its sup was equal to sup f(z). Hence each u,(z) is
< sup f(z), and sup h(zx) < sup f(z). Inequality is impossible by
5.4, 80 (3) is established. Conclusions (5) and (1) have already been
shown true, so this completes the proof.

ReMmark. If f(z) is non-negative and vanishes on the boundary of
I, we may choose g(z) and h(z) so that they too vanish on the boundary
of I. For we suppose inf g(z) = inf f(z) = 0, 50 0 < g(z) S f(z) for
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all z. This forces g(x) to vanish wherever f(z) vanishes, in particular
on the boundary of I. All the properties of the functions u.(z)
mentioned in the theorem are retained if we replace u.(z) by
ua(z) + K;(x), where J is the interior of I (cf. 12.9 and 12.5). So
we may suppose that each u,(z) vanishes on the boundary of I. Then
their limit 2(z) vanishes on the boundary.

16.9. The integral defined in 15.1 s invariant under translation.

Let f(z) be summable over I, and let (A", - - - | h(®) be any
g-tuple of real numbers. For each positive ¢ there exist a U-function
u(z) and an L-function [(z) such that l(z) < f(z) < u(x) on I and

LWM*me<a

The translations u™®(z), I®(z) are respectively U- and L-functions on
I®  and satisfy the inequality

I®(x) = f®(x) = uM(x)  (rin IW).

This, with 13.9 and 14.2, implies that

/Il(:c) dzr S flmf“')(x) dr S Lh)f“"(x) dx = /Iu(x) dz.

But the integral of f over I also lies between the integrals of I and of u
over I. Hence the upper and lower integrals of f® over I® both
differ from the integral of f over I by less than e. Since e is arbitrary,
this with the definition 15.1 establishes the theorem.

16. In the preceding section we showed, immediately after defin-
ing the Lebesgue integral, that it is consistent with the ordinary
(Riemann or Cauchy) integral whenever the integrand is a continu-
ous function. But in §11 we sketched the definition of the general
Riemann integral, without restricting the integrand to be continuous.
Although we have not used and shall not use this general Riemann
integral, we shall here prove that we have actually generalized it; that
cvery Riemann integrable function is summable, and its Lebesgue inte-
gral is equal to its Riemann integral. The first step in this proof is
to establish a lemma concerning the integral of the characteristic func-
tion of an interval.

16.1. If I, is an wnterval contained in a closed interval I and s either
open or closed or contains part of its boundary, then

mem=um
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First let us suppose that I, is a closed interval y® £ z® g §,
Let I, be the interval y® — % <z <89 4 11—‘ It is possible to find &

continuous function ¢(z) such that 0 S ¢(z) < 1forallz, p(z) = 1ifz
isin Iy, and p(x) = Oif zisin CI.. Forexample, if d(z) is the distance
of x from I, (end of §5) we can take ¢(z) = sup {0, 1— n-d(z)}. If
we split I into a finite number of intervals one of which is I N I,, then
the sup of ¢(z) on I N1I,is1 and the sup of ¢(x) on each of the other
intervalsis 0. Hence by the definition 11.1 of the elementary integral

/qp(r)dz.S_I'A(Iﬂl..)§A1n=(6‘”~7“’+§) Co
I

2
(@) — ~(@) -}
(6" v"+n)

But ¢(r) is a continuous function nowhere less than K,,(x), so by 14.1

/:K,.&) dz < jlqa(:c) dzx.

Hence

q
. 2
/:Klo(x) dx < ’I:[l(aﬂ — ¥ 4 ;;)

Here n is arbitrary, so

q
ﬁK:.(x) dr £ “ (60 — yO) = al,.

=1

If it happens that ¥ = §“ for some 7, then AI, = 0. But the
characteristic function of I, is not negative, so

0= !1 Ki(z) dz < ﬁ Ki(z) dz s Al, = 0.

In this case our theorem holds.
Next let I, be the open interval v < 2% < §®, where y® < §®

for each 7. For all large » we have y® + 1—11 < 6W — % Let J, be

. 1 .
the interval y® + n <z £ 80 — 7%, and let ¥(z) be a continuous

function such that 0 < y(z) < 1 and ¢(z) = 1 on J,, y(z) = 0 on
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CI,. Then

Kiu@) z ¢(z), so [1 Ki(z) dz 2 /; V(z) dz.

On the other hand, let I be split into a finite number of intervals of
which J, is one. Then the minimum of ¢(z) on J, is 1, and on the
other intervals the minimum of ¢(z) is = 0. Hence by the definition
of the elementary integral

q
/;#«(x) dr 2 1-AJ, = l_[<5<-) — = ’%),

1=1

and

q
/IK:.(I) dz 2 H (é(-) -y — g)

1=1

Since this is true for all large =,

q
/;Klo(x) de z [ (6© — 4®) = alL.

1=1

Finally, suppose that we are given a non-degenerate interval I,
containing all, part, or none of its boundary. Then I, contains an
interval I,:y® < z® < §® and is contained in I;:y® < z® £ &V,
Hence

Kln(x) = Kla(z) = Kx,(fC).
Therefore, using the above proof and 14.2 and 14.4,

ly= AL S [ K@) dz s [ Ku() dz s j; Ku(z) dz
< ﬁ Ku(z) dr < Al = Al

By the definition 15.1 of the Lebesgue integral, this establishes 16.1.
From 16.1 we immediately conclude
16.2. Let I,, - - - , I, be a decomposition of a closed interval I into
disjoint intervals (each containing all, part or none of its boundary), and
let s(x) be a step function having a constant value c, on each I,. Then
8(x) 78 summable, and

/Is(x) dz = i caAl,.
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For

n

s(z) = E K1 (z),

1=1
so by 15.6 s(z) is summable and

n

[ 5(2) dz = %o [, Ku(@) dz = 3, cal.

1=1

Now let f(z) be any function defined and bounded on I. As in
§11, we define its upper Darboux (or Riemann) integral as the inf of
Zc,Al for all step-functions having on each I, a value ¢, equal to or
greater than sup f(xr) on I,. Since the step-functions are summable,
by 5.1 this upper Darboux integral is not less than the inf of the
integrals of all summable functions = f(x).

R [ 1) da

v

inf {/’ g(x) dx | g(x) summable = f(x)}
[ 1) da,

by 14.4. We can treat the lower integral similarly, and thus find

R [ @) dz [ (@) dz < [ @) dz < R [ fiz) d.

Hence if f(z) is Riemann integrable (so that its upper and lower
integrals are both equal to its Riemann integral) then f(z) is summable,
aud its Lebesgue integral is equal to its Riemann integral.

If the converse of this statement were true, the Lebesgue integral
would be (at least for bounded functions) identical with the Riemann,
and all our work would represent simply a new and comparatively
involved way of defining the Riemann integral. But this is not so, as
we shall see in §18.

In all calculus texts there is some discussion of an extension of the
notion of Riemann (or Cauchy) integration to functions which have a
finite number of infinite discontinuities. Thus, for example, if f(x)
is continuous for a < z < b, but has an infinite discontinuity at a,
it is customary to define

b . b
[1@ iz = tim [° @)z,

v

provided that this limit exists. Now it is quite possible for a function
to be integrable in this sense, even though | f(x) | is not integrable.
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But with Lebesgue integrals, if f(z) is summable on [e, b], so is | f(z) |
Hence the Lebesgue integral does not cover this extension of the
Riemann integral. Of course, we could extend the definition of the
Lebesgue integral in exactly the same way, and this extended Lebesgue
integral would include the extended Riemann integral. But this is
not worth while, for if we are interested in developing an integral for
functions such that | f(z) | is not summable there are much stronger
methods available. This subject will be treated in Chapter VIIL.

17. In elementary calculus we considered not only integrals over
fixed intervals, but also integrals over variable intervals. That is,
along with the integral over [a, b] we also studied the integral over
subintervals [, 8], and nvestigated its behavior as a function of «
and 8 Here we seek even more freedom. Instead of considering
integrals over one fixed interval I, as has been done heretofore, we
now wish to define and study the integrals of functions f(z) over
sets £ of a high degree of arbitrariness.  Since we therefore wish to
disregard any contribution to the integral due to the functional values
assumed on I — E, this suggests changing the function f(z) by setting
1t equal to zero on I — K and then integrating the resulting function
over I.

17.1s. If f(x) s defined on a subset E of a closed interval I, and the
function fo(x) which has the value f(z) for x in E and the value 0 for z
i I — E 1s summable over I, then we say that f(z) is summable over E,
and we define

[E f(x) dz = fl fo(z) dz.

It is occasionally inconvenient notationally to deal with functions
defincd only on a set £, especially when we are simultaneously handling
functions defined over other ranges. This inconvenience can easily
be avoided. We could, for example, use the fo(x) of 17.1. But for
the purpose of calculating the integral of f(x) over £ it is really imma-
terial how we extend the definition of f(z). For no matter what values
we may choose to assign f(z) on CE, in calculating its integral over £
we replace all values on CE by 0. We may therefore just as well
assume that all functions are defined over the whole space R,, and
then define

17.2s. /E f(x) dx 1s defined to be /1 f(z)K&(x) dz, provded that this
integral exusts.

The cquivalence of this definition with 17.1 is evident, for f(z) K x(z)
is the same as the fo(z) of 17.1.
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We can at once make one obvious statement about integrals over
aset E C I. Since cvery statement about the integral of f(z) over E
is merely a statement about the integral of f(r) K(z) over I, theorems
15.2, 15.6 and 15 7 hold without change for integrals over E. That
is, in each of these theorems we have the privilege of replacing every-
where the symbol [; by [:+, where E* is any subset of I.

All our integration so far has been performed with respect to one
fixed fundamental closed interval I. But now that we are discussing
integrals over subsets E of J, we must remember that a set E con-
tained in an interval I is also contained in infinitely many other inter-
vals. Suppose then that E is contained in I and also contained in
another closed interval I,, and suppose that f(z) is defined on E. If
f(z) is summable over E when I is used as basic interval, is it still
summable over E when I, is basic interval, and if so, has it the same
integral? We here meet a slightly unexpected situation; we must
establish two different theorems, one an “s’’ theorem and the other
not.

For compactness we introduce a new notation, to be used in this
section only. If f(x) is defined on a set E contained both in I, and
in I;, we define

S, = ][ J@Ku(z)dz, S
8 = f, S@)K () de, 8

/; J@)K(z) d,
_[, J@Ks(z) dx.

Then

17.3s. Let the set E consist of pownts interior to each of two closed
intervals I, and I,, and let f(x) be defined and non-negative on E. Then
S1 = Ssand s; = s,.

Let us first suppose I, C I, and let J be the open interval con-
sisting of the interior points of I,. For every ¢ > 0 there exists a
U-function u,(x) 2 f(x)Ke(z) and an L-function li(z) S f(x)Ke(z)
such that

/Ilu,(x)dx<Sl+e, /hl,(:c)dz>sl—e.

By 7.10, we may suppose that u,(z) and [,(x) are defined and are
respectively U- and L-functions over the whole space R,; and we may
further assume [i(r) = 0, since otherwise we may replace l,(z) by
sup {li(z), 0}. The functions K,(z) and K, (z) are respectively a
U-function and an L-function, by 12.9. Hence by 12.5 the functions

uUs(z) = uy(2)Ks(z) and  ly(z) = L(z)K.(z)
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are respectively a U-function and an L-function, and are non-negative.
We see that ly(z) = li(z)K,(x); for except on the boundary of I,
we have K (x) = K,(z), and on the boundary we have 0 = Ili(x)
S f(x)Ke(z) = 0, so that [i(2)K,(z) = 0 = Li(2)Ki(x) = la(x). It
follows readily that

uz(x) 2 f(x)Ke(x) = lo(2) for all 2.

For if z is in J, we have us(x) = ui(z) = f(z)Ke(z) 2 li(z) = l:(2),
while if z is not in J we find

us(z) = 0 = f(z)Kze(x) = L(x)Ks(z) = lo(2).

Now let I, be subdivided into a finite number of non-overlapping

intervals I,, J1, Jg, * * *, Ja, one of which is I, and all of which are
closed. On J,, * - -, J) both us(x) and l(z) vanish identically. So
by 13.8, since the factor K,(z) vanishes identically on J;, « + * , Ja,

S: = /1, us(z) dr = /1. us(z) de = /1. ui(z) K, (z) dx
s fhul(:v)dx <8Si+e
9z [ h@d = [ b@d= [ L@dzz s

Here ¢ is an arbitrary positive number, so
(A) S2 s Sl, 83 = 8.

On the other hand, for every e¢ > 0 there is a U-function u(zx)
2 f(z)Kg(x) on I; and an L-function I(z) < f(x)Ks(x) on I3 such that

[hu(x)dx<Sz+e, /I’l(x)d:v>s«;—e.

Using the same subdivisions of I; as above, on all the intervals J,,
«++, Jywe have l(z) S f(z)Ks(x) =0 < u(z). Hence by 13.8 and
13.2

Sz+e>/hu(:c)dxgfhu(x)dxgsl,
sg—e</;’l(x)dx§ /;ll(x)d:c§sl.

Since ¢ is an arbitrary positive number, this proves S, 2 S;, s2 < 8.
This, together with (A), establishes the theorem, provided that
I, c I,. The restriction I, C I, is easily removed. For we can
always find a closed interval I, containing both I, and I, and by the
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above proof (with an obvious definition of S, and s,)
Sn=So=Sn, 82 = 8¢ = 8.

An immediate corollary is

17.4s. Let E be a set whose points are interior to each of two closed
intervals I, and I, and let f(z) be defined on E. Then if either of the
wntegrals

[ @K@ dz, [ f@Ks(z) de

18 defined so ts the other, and the two are then equal.

Suppose that the first of these integrals is defined. We define
f*(z) and f~(r) as in 15.4. By 15.4 and 15.6, these functions are non-
negative and summable over I,. Hence by 17.3

[ Jr @K@ dz = [, fr@)Kata) s
[ 1+ @Ks(z) dr
@K@z
[ F* @Kz dz,

so that f*(x)Kg(x) is summable over I, and
[I JH@)Kx(z) dz = [I r@)Ks(3) de.

A similar statement applies to f~(z). So by 15.5 and 15.6 their differ-
ence f(z) is summable over I, and

[ J@K(z) dv = [ $+@)Ks(a) dz ~ [, f-(@)Ke(z) d
=Aﬁ@&@h—ﬁf@&@h
= [, f@Ku(a) da.

Thus if the symbol
Jp (@) dz

has a meaning when interpreted as the integral of f(z)Kx(z) over
some closed interval I to which E is interior, it continues to have the
same meaning with respect to every such closed interval.
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So far we have considered only intervals containing the points
of E as interior points. If we wish to allow boundary points of I
to belong to E, we must drop the “s” from the theorem. More
annoying, we must refer to two theorems (19.13 and 23.3) which
we have not yet proved. But the next theorem is not needed in the
proofs of theorems 19.13 and 23.3, and because of its resemblance to
17.4 we wish to have the next theorem here, not later. So we shall
use these later theorems in anticipation of their proof.

17.6. If a set E is contained in (not necessarily interior to) two closed
intervals I, and I, and f(x) 18 a function such that f(x)Kx(z) is
summable over I, then f(x)Kg(x) 1s also summable over I, and has the
same integral as over I,.

The product of I, and I, is a closed interval. Let E, be the subset
of £ which is interior to 1,1, and let E, be the remainder E — E, of E.
Then the points of £} will be on the boundary of I,I,. This boundary
consists of a finite number of degenerate closed intervals, so by 16.1,
19 13 and 23 3 we have

[, J@OKs@) dr = [ §()Ks(2) dr,
[ F@OKs@) dz = [ f@)Kn(2) dx.

Buvt B, is interior to I, and to I,, so by 17.4 the right members of these
equations are equal, and the theorem is established.

The results of this section justify our using the symbol /E f(x) dx

without specifying the particular interval to which E is interior.
To make this specific, we adopt the following definition

17.6s. If E is a bounded set and f is defined over E, and f(z) K z(x)
18 summable over some closed interval I which contains E in its interior,
we define

[o 7@ de = [ f(z) - Kala) da.

By 17.4 the integral thus defined is independent of I; and if we
were willing to drop the ‘s’ from the numbering of the theorem, we
could even omit the words ““in its interior”’ without altering the con-
tent of the definition. However, one slight caution is needed. If £
is itself a closed interval, the symbol

/;Zf(x) dx

is ambiguous; it could mean either the integral as defined in 15.1,
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with basic interval E, or it could have the meaning stated in 17.6,
With the special definition of Al given in the first paragraph of §10
(that is, for the Lebesgue integral) this ambiguity is harmless; the
value of the integral is the same whichever way we choose to think
of it. But for other interval-functions AI satisfying 10.1 the two
kinds of integral may be different in value. As we have just agreed,
the symbol will have the meaning in 17.6 unless the contrary is specifi-
cally stated; on the few occasions on which we wish to go back to the
definition 15 1, we shall use some such expression as ‘ Using I as basic
interval, we compute

/1 1(z) dz.”

18. In the preceding section we freed ourselves of the restriction
that integrals must be taken over intervals. But still there remains
one trace of the restriction to intervals; for we have as yet only con-
sidered bounded sets E. Now we shall rid ourselves of this restriction
too.

In elementary calculus there is a familiar way of defining integrals
over an unbounded range. We define

/_: f(z) dz = ml,i.T., f_"m (z) dz,

provided that the limit exists and is finite. If the limit still is finite
(it necessarily must exist) when we replace f(z) by | f(z) | we say that
the integral converges absolutely. It is this last type of extension
which we shall adopt as a model. Denoting by W, the interval
—-nSzW =n(=1,---,q) we define the integral of f(x) over an
unbounded set E as follows.

18.1s. Let f(x) be defined on an unbounded set E. Then f(x) s
summable over E if it is summable over EW , for each n and

lim | f(z) | dz

ns 0 JEWn

18 finite. In this case we define
[E J@)dz = lim [ f(@) dz.

If the limit is finite, from the inequalities

0s/t@) = /@1, 0=/ =s|f@=)]
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we see that the integrals

+ e
e w. ] (%) dz, oS (@) dz
also approach finite limits as n — . Hence so does their difference;

Sim [y, /(%) dz

exists and is finite, so that the definition of the integral of f(x) over E
has a meaning,.

ReMark. The word “unbounded” in 18.1 is really superfluous.
If E is bounded the limiting process of 18.1 is trivial, for the set
EW, and the integral of f(z) over EW, remains constant for all n
large enough so that W, contains E in its interior. Consequently, if
E is bounded and 7 is any interval containing E in its interior and f(z)
is defined on the whole space R,, either all three of the integrals

[f@dz, [ 1@Ke)dz, [, [@)Ks(a) da

(the second being understood as in 15.1 with I as basic interval)
are defined or none of them is defined, and if they are defined they are
all equal. JIn fact, with the special definition of Al as the product
of the edges of I we can say the same if I contains E (not necessarily
in its interior).

Exercise. If f(z) is summable over E, then

nanl e f(x) dz = 0.

Exercise. Let { M.} be a sequence of bounded closed or open sets
such that each interval W, is contained in all sets M, with n greater
than a certain n,. If f(r) is defined on a set E, it is summable over £
if and only if it is summable over EM, for each n and the numbers

Jor, 1@ | dz
are bounded. In that case
/E f() dz = lim /m. 1(z) dx.
Now we have carried the definition of the integral as far as we wish,

and we shall begin the investigation of its properties. Our first
theorems are extensions of 15.2 and 15.6.
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18.2s. If f(x) and g(r) are both summable over a set E, and f(x) Z g(x)
for all x in E, then

/Ef(.r) dx = fE g(x) dr.

For all r, f(x)Ke(r) 2 g(x)Kg(x). If E1s contained in an interval
I, then our theorem follows at once from 15.2. If E is unbounded,
then by 15 2 for every n we have

EWa f(I) dr 2 /E

As n — « the left and right members of this inequality tend respec-
tively to the left and right members of the inequality in the theorem,
s0 the theorem is established.

18.3s. If f(x) and g(x) are both defined and summable over a set E,
then the functions f(x) + g(x), cf(x) (c any finite constant), sup {f(z),
g(@)}, inf {f(x), g(x)}, ft(x), f~(x) and | f(x) | are summable over E,
provided in the case of f(x) + g(xr) that this sum is defined on E.
Furthermore

Jo @ + @) dz = [ @) dx + [ 9@) ds,
[E of(x) dr = ¢ /b f(z) dr,
! fEf(.r)dr! < L [ f(x) | dr

Suppose first that E is interior to an interval I. Then f(z) Ke(r)
and ¢g(x)Kg(r) are summable over I. So by 15 6 (f(x) + g(r))Kk(x),
of (®)Ke(z), sup {f(x)Ks(z), g(x)Ks(x)}, inf {f(x)Ke(z), g(z)K:(2)},
fH(x), f(x) and | f(x)Kg(x) | are all summable over I. This estab-
lishes the summability of the functions specified in the theorem. Also
the two equations in the theorem are obvious consequences of 15.6, and

| [J@ x| = | [f@Ks@ dz| s [[1/@Kx(z) | da
= [[1f@ | Ks(z) dz = [,11() | da.

Suppose now that E is unbounded. By the preceding paragraph,
the functions f(z) + g(z), etc., are all summable over EW,. By the
definition of summability, the integrals

Jow 1@ Nz, [ 10@) |z

approach finite limits M, N as n — «, and therefore do not exceed M,

g(x) dr.

Wa
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N respectively.  For every n the set EW, is bounded, 50 Wwe may use
15.6:

[ 1@ + 0 s 5 [, 1@ |+ 19) |1ds 5 M + N,
Jow Vef@ Lz = Vel [, 15@) |dz < e 31,
/EW” | sup {f(x), g(z)} | dx < /EW”[ 17@) | + | g(z) | 1dz < M + N,
/Eu-n linf {f(x), g(x)} | dz < fw [1f@) ]+ |g(x)|]de = M + N,
ey \FH@ dz < [ 17(@) | dz <
ﬁ:wn |f~(z) | dz = /EW.. | f(z) |dz < M.

Therefore these functions are all summable over E

The formulas concluding the theorem have all been shown valid
for bounded sets, in particular for EW,. Letting n — « establishes
these formulas for the set E.

The next theorem extends the important convergence theorem
157 to arbitrary sets E.

18.4s. Let the functions fi(x), fa(x), - - - be non-negative* and
summable over a set E, and let fi(x) = fo(x) S fa(x) < - - - . Let
f(z) = him fo(x). Then f(x) 1s summable over E 1f and only if

lim /Ef,.(.r) dr
18 finite; and if this limat 1s finite, 1t is equal to the integral of f(x):
[ 1) dz = lim /Ef,.(x) dz.

Let us first suppose that E is bounded and interior to an interval I,
which we shall use as our basic interval We shall denote by f7(x),
f'(x) respectively the functions f.(z)Kx(x), f(z)Ke(x). (Here the
symbol ’ has nothing to do with differentiation.) Then

fi) S falx) = - - - S 1),

and f,(z) = f'(x). So by 15.7 f’(z) is summable over I if and only
if the integrals of the f,(2) approach a finite limit, and in that case

/1 7@ dz = lim /1 7.(x) de.

* The hypothesis that the fi(z) are non-negative s not reallv necessary, but
1t makes the proof easier We shall remove 1t after estabhishing 23 4
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But

[I@de= [g@dr, [ n@dr= [ g ds,

so this concludes the case of bounded E.
Now suppose that E is not bounded. If f(x) is summable, then
by 18.2

[oh@ dr s [ f@) dz

for every 7, so

(F) lim [ f@)dr 5 [,1@)dr < .

1— ©

Conversely, suppose that this limit is finite, say equal to M. Then
for each n

lim fi(x)dx = M.

v 0 JEWa

So by the preceding proof f(x) is summable over EW,, and its integral
is not greater than . Since f(r) 2 0, this proves that

lim /@) |dz = lim [ f()dz < M.

nro JEWa

Hence f(x) is summable.
Let ¢ be any positive number. There is an n such that

Jow S@ dz > [ 5@ dz - ¢
by definition 18.1. Hence, using the preceding part of the proof,
lim [E Ja) dz 2 lim /EW_ fi(z) dz = /EW’ f(z) dz > /E f(z) dz — .
Here ¢ is an arbitrary positive number, so by 5.2

lim [E f(z)dz 2 /E f(z) dz.

1— ®

This, with (F), establishes the theorem.
18.8s. Corollary. Let the functions fi(z), f(z), - - - be non-
positive® and summable over a set E, and let fi(z) = fo(z) = - -

* This hypothesis is actually superfluous, and will be removed after 23.4.
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Let f(z) = lim fo(z). Then f(z) is summable if and only if

lim [E 1a() dz

n— o

18 finite; and if this limit is finite, then
/E J@) dz = lim /E fa(z) dz.

If we define g.(x) = —f.(x), the g, satisfy the hypotheses of 18.4.
Now replacing g.(z) by —f.(x) in the conclusions of 18.4, we obtain
the theorem above.

18.6s. Corollary. If the functions fa(x) are non-negative and sum-
mable on E, and

i [L 1a(z) dz

n=1

converges, then the sum of the series Zf,(x) vs summable, and

[; ["Zjlfn(x)] dz = "}; [ 1+(@) dz.

For the partial sums g.(x) = fi(z) + - - -+ + fa(z) satisfy the
hypotheses of 18.4, and by 18.3

1
— 0

lim /Eg,.(x) dz = lim E [Ef,.(:c) dz < .
n—» o n 1=1

Let E be the aggregate of rational numbers in [0, 1]. The set £ is

denumerable, so its elements can be arranged in a sequencery, g, * - - .
If f.(x) vanishes except at r, and f.(r.) = 1, by 16.1 the integral
[} 1@ dz

exists and has the value 0. The sum of the functions f.(z) is Ke(z),
so by 18.6 this function also is summable over [0, 1], and

Ll Kg(z)dz = 0.

Since the rationals are everywhere dense in [0, 1], we see readily that
the upper and lower Riemann integrals of Kx(z) over [0, 1] are respec-
tively 1 and 0. Hence the Riemann integral does not exist. This
shows that the Lebesgue integral is more general than the Riemann.
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18.7. The Lebesgue integral, defined wn 18.1, is invariant under
translation.

Let f(z) be summable and non-negative over a set E, and let
(R, - - - h(?) be a g-tuple of real numbers. If nisa positive integer
and I any closed interval containing W, in its interior, by 15.9 we have

[I IO @ Kswmo(z) dz = /1 F@)Ksw, (z) dz.

By 17.5 and 18.1, both integrals may be taken over the entire space R,
instead of over I™ and I respectively, without changing their values.
Then as n increases the integrand in the right member increases and
tends to f(x)Ke(x); so by 18.4 its integral tends to that of f(z) K s(r).
So the left member has the same finite limit, and again using 18.4 we
find that the limit of the left integrand is summable, and

,/R,f(h)(x)KE(h)(x) dr = r‘linl /qu(h)(I)Kr:mw,.m(x) dr
= lim [R f@)K g, (x) dz = /R F(x)K+(x) dz.

This establishes the theorem if f(z) is non-negative. For the general
case, we write f(z) = f*(z) — f~(z) as before. The integrals of f*
and f~ are invariant under translation by the part of the proof just
completed, so by 18.3 the same is true of the integral of f



CHAPTER I11
Measurable Sets and Measurable

Functions

19. In 16.1 we saw that we could obtain the volume of an interval
I, by integrating its characteristic function. Written in the notation

of §17, AI, = [1 ) 1dx. This of course seems to be a complicated

way of getting back what we knew to begin with. Nevertheless, it
suggests the following extension. Suppose that £ is an arbitrary set.
Even though £ is too intricately constructed to permit us to assign

it a volume by elementary processes, still the number /E 1 dzx will (if

it exists) give us a measure of the “amount’’ of the set E, and this
‘“amount’’ will agree with the elementary volume in the simpler cases,
such as sets £ consisting of a finite number of intervals. However,
even though E has a very simple structure it may still happen that

/E 1 dz is not defined; consider for example the set E consisting of

the whole space R, Consequently we phrase our definition so as to
bring these sets also within the fold:
19.1s. The set E 1s measurable if for each of the intervals W, =
{z| — n S 2 = n} the function 1 1s summable over EW,; and if E is
measurable, its measure is defined to be
mE = lim 1 dz.

n— o EWa

The following theorem is almost self-evident.

19.2s. If E is measurable, then 0 < mE S .

If E is bounded and measurable, then 0 £ mE < .
If E is measurable and mE < o, then

mE = fE 1dz = qu Ki(z) da.

For every n the integral of 1 over EW, is non-negative, so letting n
increase we obtain 0 £ mE < «. If furthermore E is bounded, the
integral in the right member of the defining equation 19.1 remains
constant for all n large enough so that W, contains £ in its interior;
so mE is that constant finite value. If mE is finite, definition 19.1 is

merely the definition 18.1 of /E 1 dz.
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Froin our theorems on integrals we obtain at once several theorems
on measurable sets.

19.3s. If E, and E, are measurable, and E, 1s contained in E,, then
mE, £ mE,.

Let n be any positive integer. Then E\W, C E,W,, so Kzw.(z)
< Kgw.(z) for all z. By 18.2

.[&W. ldz = /n, Kew, () dz = /s. Krw.(z)dz = / 1dz.

EsWa

Letting n— « yields our conclusion.

19.4s. If E 13 closed, it 1s measurable.

Let n be an arbitrary positive integer and I a closed interval (which
we use as basic interval) containing W, in its interior. Since EW, is
closed, its characteristic function is an L-function by 12.9. Being
bounded, it is summable over I by the remark after 15.1. That is, 1is
summable over EW, for every n.

19.6s. The whole space R, and the empty set A are measurable sets,
and mA = 0.

Both of these sets are closed, so they are measurable by 19.4.
Also, Kx(z) = 0, so

[W“ Ku(z)dz =0

for every n; hence mA = 0. .
19.8s. If E, and E; are both measurable, so are E, — Ei, E\E,
and C E 1.
For each n the characteristic functions of E\W, and E,W, are
summable, 8o the functions

K[Sl_"!‘wn(x) = sup {Kslwn(x) - KE1W.(x)) O‘
and
Kzz,w.(z) = Kgw.(2)Ks,w.(z)

are summable by 15.6. Hence E, — E, and E.E; are measurable
by the definition 19.1. Since CE, = R, — E,, and R, is measurable
by 19.5 and E, is measurable by hypothesis, CE, is also measurable.

19.7s. If E 18 open, it is measurable.

For CE is closed by 2.6, hence measurable by 19.4. So by 19.6
E = C(CE) is measurable.

ExERrcIsE. Prove that every interval is measurable.

19.8s. If, E,, E;, E;, - - - 18 a finite or denumerable collection of
measurable sets, then U E; is measurable, and m U E, £ ZmE,. More-
over, if the E, are disjoint, then m U E; = ZmE,; and if the E,
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are denumerable in number and E, C E, C E; C - - -
mU E, = lim mE.,.

n— o

In order to avoid considering separate cases, we suppose that the
E, are denumerable in number; if the E; are finite in number, we add on
infinitely many repetitions of the empty set A. Define

, then

£,(@) = inf(1, f;l Ks@), f@) =inf{1, 3 K@)},
= t=1

Then by 1.1 f,(x) and f(z) are respectively the characteristic functions

of E,U * - - UE, and of U E,. From the definition it is clear that

0 = fi(z) £ fax) £ - -+ and that lim f,(z) = f(zr). For each n
p—re

and each p,

anf,(:c) dr S /W" ldr < »;

so by 18.4 f(x) is summable over W,. That is, 1 is summable over
Wwa.(U E,), so by definition U E, is measurable.
For each n we have by 18.4

mWo U E) = [, f)ds = lim [, fo@)dz s lim [, 3 Ka(z)dz

t=1

lim i mEW, = i mEW, £ i mE,.

PO fm] =1 1=l

li y K d
= lim .21 /W.. e(z) dx =

P® -

Since this holds for each n, m U E, = lim mW.(UE.) = 3, mE..
n=y t=]1

If the E, are disjoint, for every positive integer p we have by 1.1

Kgy...us(z) = i K (z).

=1

Hence by 19.3 and 18.3

mUEzm| E = [, Kev. uss(@) da

] t=1
P

él /R« Kr(z) dz = E mE:.

t=1

This holds for all positive integers p, so

mOE.éEmE.‘.

tm=] =1
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Together with the reverse inequality already established, this proves

0

mUE, = E mE,.
1=1
Now suppose E; C E; C - - - . Using again the functions
J»(x), f(x) of the first paragraph, we see that f,(z) is the characteristic
function of E,U - - - U E,, which is E,. So, as above, for each n

mW.(UE,) = lim /' | J3(@) dz = lim mW,E, < lim mE,.
p—® "

p—® p—®
This holds for all n, so
mUE, = lim mW.(UE) £ lim mE,.

n— © p—

On the other hand, for every p the set E, is contained in U E,, so by
193 mE, < mUE, and lim mE, < mUE, This completes the

p— ®

‘proof of the theorem.

199s. If E,\, E,, - - - s a finste or denumerable collection of measur-
able sets, then [} E, 1s measurable. Moreover, 1f there are denumerably
many E, and E, D E; D E; - - - and at least one E, has finite measure,
thenm () E, = lim mE,.

Since [} E, = C(U CE,), it is measurable by 19.6 and 19.8. Now
suppose B, D E; D - - - . If the set E, has finite measure, neither
the set ) E, nor the limit lim mE, is affected if we discard the sets
E, -+, En_;; so we may as well suppose mE, < «. Define
D, = E, — E,. Then D, is measurable by 19.6, and D, CD ,C D

Hence by 19.8 U D, is measurable, and m UD, = lim mD,

1— ©

But D,U E, = E,, and D, and E, are disjoint; so by 19.8 mD, = mE,
—mE.. Also (UD)U (NE) = E, and U D, and N E, are disjoint;
somUD, = mE, — mN E.. Therefore

mE, — m N E, = lim (mE, — mE,),

whence m N E, = lim mE,.

1t is interesting to observe that the hypothesis that at least one E,
has finite measure can not be removed. Suppose, for example, the
E.is the set of all (finite) numbersz = n. Then mE, = « for eachn,
but M E,, is the empty set and has measure 0.

If E,, E;, - - - is an infinite sequence of sets, we define the com-
plete limit-set lim sup E, to be the set of all points which belong to



SEc. 19.11s] SETS AND FUNCTIONS 105

infinitely many sets E,, and we define the restricted limit-set lim inf E;
to be the set consisting of all points which belong to all but a finite
number of the E;. A point z belongs to infinitely many E, if and only
if it belongs to the sum E,U E,.,.U - - - for every n; and this in
turn is true if and only if it belongs to the intersection (product) of
all such sums. Again a point z belongs to all but a finite number of
the E, if and only if it belongs to the intersection E,E,i1Enys * * -
for some n; and this in turn is true if and only if it belongs to the
sum of all such intersections. In symbols, we have established the
following theorem.
19.10s. If E,, E,, - * - is an infinile sequence of sets, then

limsup B, = A U B,

n=11=n

liminf B, = (J N E.

n=1t1=n

Concerning these two limit-sets we now establish two theorems.

19.11s. If the sets E,, Es, - - - are all measurable, so are lim sup E.
and lim inf E,, and
(4) m(lim inf E,) £ lim inf mE,.
Also, if all the sets E are contained in a set of finite measure, then
(B) m(lim sup E,) 2 lim sup mE,.
Consider first the set lim inf E.. The intersection E E.., - - - is

measurable for each n, by 19.9; so by 19.8 the sum of these intersec-
tions, which is lim inf E,, is measurable. If lim inf mE, is «,inequal-
ity (A) is obvious. Ortherwise, let A be a number greater than
lim inf mE,. By 6.2, in every neighborhood of « there are integers ¢
such that mE, is less than h. In every intersection E,E.,, - *
there appears such a set E,, hence by 19.3

m ) E. <h.
t=n
As n increases the intersection-set E.Eny1 - - - expands, so by 19.8
and the preceding inequality we have

m(U A E)=lmmfM ESh

nm=l {=n n— o t=n

Since h is an arbitrary number greater than lim inf mE,, by 5.2 our
statements concerning lim inf E, are established.
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Let E be any measurable set containing all the E. (for example,
R, itself). Then by 1.1

lim sup E, = E — [E — lim sup E|]

—E-[E-N U El

n=] y=n
- E - nl-Jl [E - agn E']

=£- U () (E-E)

nm= t=n

= E — liminf (E — E,).

This shows that lim sup E, is measurable. Moreover, if E has finite
measure, by (4) and 6.3 we have

m lim sup E, = mE — m lim inf (¥ — E,)
mE — lim inf (mE — mE,)
mE — [mE — lim sup mE\]
lim sup mE..

v

This completes the proof.
In case lim sup E, and lim inf E, are identical, we denote them both
by lim E,.. From 19.11 and 6.7 it is obvious that the following is true.
19.12s. If E,, E., - - - are measurable subsets of a set E of finite
measure, and lim E, exists, then lim mE, also exists, and

m lim E, = lim mE..
19.13s. If a set E has measure 0, and the set E, 1s contained in E,

then mE, = 0. If E,, E,, - - - 18 a finite or denumerable collection
of sets of measure 0, then U E, has measure 0.

If E, CE, then Kg(z) < Kg(x). Then for each integer n and
each interval I containing W, in its interior we have

05 [ Knn@ds s [ Kvesi@) dz < [, Kws(z) da
< fR. Ke(z) dz = 0.

So the characteristic function of W,E, is summable and its integral is 0
for every n, and by definition, mE, = 0.
The second part of the theorem follows from 19.8, for U E; is
measurable, and
0=zmUE, s zmE, = 0.

The next three theorems are not “s’’ theorems.
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19.14. If E is a denumerable set, mE = 0.

By 16.1, the measure of a set containing a single point (which can
be regarded as a degenerate closed interval) is zero. If E is denumer-
able, it is the sum of denumerably many sets consisting of one point
each, so by 19.13 it has measure zero.

The concept of a set of measure zero is so important and useful that
it is frequently used in discussions in which no other concept out of
the theory of Lebesgue integration is needed. Thus, for example, in
the study of the Riemann integral it is shown (though we shall not
prove it) that in order for a function f(x) defined and bounded in an
interval I to be Riemann integrable over I, it is necessary and sufficient
that the set of discontinuities of f(z) have measure zero. When sets of
measure zero enter in such discussions, it is customary to say that a
set X has measure zero if for every positive e it is possible to cover E
with a finite or denumerable set of open intervals Iy, I3, + - + such
that ZAI, < e We now proceed to show that this definition is in
fact equivalent to ours. (It is not an “s’’ theorem.)

19.18. In order that a set E have measure 0, it is mecessary and
sufficient that for every positive e there exist a finite or denumerable set
of open intervals I, Iy, - - - such that U I, D E and ZAI, < .

The condition 18 sufficient. Suppose first that E is bounded, interior
say to a closed interval I, which we use as basic interval. With the
intervals I', of the hypothesis,

Kl<1) s KU’u(x))
/:Kx(x) dz S /IKUI.(:c) dz
s [[3 K@) de
=3 [, K@) dz
= E Al, < e

Since this holds for every positive ¢, and K(x) is non-negative, by 5.2,
14.4 and 14.2 we have

ongmagﬁmwa;a

Hence, by 19.1, mE = 0.

If E is unbounded, by the preceding paragraph mEW, = 0 for
every n, 8o by 19.1 we again have mE = 0.

The condition is necessary. Suppose first that E is bounded,
interior say to a closed interval I, which we use as basic interval. Lete
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be a positive number. Since the integral of the characteristic function
of E is zero, by 15.1 there is a U-function u(x) = Kg(x) such that

/Iu(x) dr < 2—:71-

(Recall that our set E is in ¢g-dimensional space R,.) Let V be the
subset of I on which u(z) > 4. This is open relative to I by 7.4, and
contains E. It is clear that

1Kv(z) < u(x);

forif zisin V the left member is 4 and the right member exceeds 3, and
otherwise the left member is zero and the right is = Kz(z), hence non-
negative. Since Kv(z) is a bounded U-function by 12.9, it is sum-
mable, and

/IKv(x) dr =2 [Iu(x) dr < 27 %.

The set V is the sum of a finite or denumerable collection of closed
intervals Iy, by 3.7. If we denote the interior of I* by J., the sets
J. are disjoint, and their sum is contained in V. By 16.1,

mI? = mJ, = AI}.
Now using 19.8 and 19.3
ZAIY = 2mJ, =mUJ, s mV
=mUI* s zmI* = zAI?,

whence
ZAIT = mV < 2%,

The I3 are still not the intervals desired, since they are closed.
Suppose that z, is the center of I}, so that I’} is defined by inequalities
P — &) S 2™ =S 2P + . Let I, be the interval

T® — 260 < 29 < &Y + 2.

Each edge of I, is twice the corresponding edge of I}, so AI, = 2AI*.
Hence

ZAI, = 29ZAIF < ¢,
and the I, are the intervals desired.

If E is of measure zero but unbounded, for each n the subset EW,
can be enclosed in open intervals I, I, - + - with

E Al,, < 27
J
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Then the aggregate of all intervals I, (n =1, 2, - - - ) is denumer-
able, and

z AlL, < 522"‘ = e
n,J

Clearly E is covered by these intervals. This completes the proof.

19.16. Let E be a set, and (Y, - + - | h'®) a g-tuple of real numbers.
If E is measurable so is its translation E®, and
mE® = mE.

If mE is finite, this is merely 18.7 applied to Kz(z). Otherwise,
for each n we consider EW,. This has finite measure, so its translation
has the same finite measure: ;

mEOW® = mEW..

As n increases the sets EW, expand, and so do their translations.
So by 19.8 the sum E™® of the translations E®W® is measurable, and

mE® = lim mEMW® = lim mEW, = mE.
. A o n—

20. The simplest sets with which we have had to deal are the
intervals. For these the measure is easily found; by 16.1, mI = Al.
(This is not an “s’’ theorem, but a rather more complicated device
permits us to obtain the measures of intervals from the interval-func-
tion AI without using any properties of AI except those in 10.1. The
proof occurs later, in 47.3.) We may regard open sets as next in
simplicity, since by 3.6 each open set G is the sum of a denumerable
set of disjoint intervals I, Iy, - - -+ . Thus for an open set G we have
mG = Eml,. That is, on the basis of the theory which we have
developed it is now possible to calculate the measure of an open set
directly from the values of the interval-function AI, without explicitly
computing any integrals. If F is a bounded closed set, we can enclose
it in an open interval G; then mF is the difference between the measures
of the open sets G and G — F. If F is an unbounded closed set, it is
the same as lim FW,, and each set FW, is a bounded closed set. So
the measures of closed sets are also obtainable without explicitly
performing an integration.

We now proceed to show how the measures of arbitrary sets can
be studied through a knowledge of measures of open and closed sets.
It will follow that the whole theory of measure, and with it the whole
theory of integration, could be built on this basis, although we do not
choose to develop it in that way. However, a word of caution may
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not be amiss. We have already used 19.8 in obtaining the equation
mG = Iml,, in the preceding paragraph. This informs us in particu-
lar that the sum Zml, has the same value, no matter how we choose to
decompose the set G into non-overlapping closed intervals. If we had
chosen to base our theory of integration on the measures of open sets,
putting the definition mG = Zml, at the beginning of the theory, we
would have had to devise some other proof of this independence. This
would have called for a proof somewhat like that of 10.2, but more
complicated because it would involve infinite collections of intervals.
And this would be only the first of several troubles, for the theorems
to which we shall refer in the proofs in this section would be no longer
available, and consequently the proofs would be much more difficult.

It is convenient to define first two numbers, the exterior measure
m.E and the inlerior measure m.E, which are defined for all sets and
which are related to the measure of £ (when it exists) in much the same
way that the upper and lower integrals of f(z) are related to the integral
of f(x) (when it exists).

20.1s. Let E be an arbilrary set in the space R,. Then uts exterior
measure m.E s the inf of the measures of all open sets contarning E, and
its interior measure m,E 18 the sup of the measures of all closed sets con-
tained in E. )

As an immediate consequence of the definition we have the follow-
ing theorem.

20.2s. For every set E the inequalities

0=<mE =< mE
are satisfied.

Let E be a set, and let F and G be respectively a closed set and an
open set such that F C E C G. By 1930 < mF £ mG. Foreach
closed set F contained in E this inequality holds for all open sets G con-
taining E, so mF is a lower bound for m@, and cannot exceed the inf.
That is,

mF < m.E.

This holds for all closed sets F contained in E, so m.E is an upper bound
for the measures of such sets, and cannot be less than their sup, which
is m,E.

Another immediate consequence of 20.1 is the following

20.3s. If E, C E,, then mE, < m,E; and m,E, S m.E,.

The class of closed sets F C E, is a subset of the class of closed sets
F C E,, and by 5.3 this implies the first inequality. The second is
proved analogously.
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Still another corollary of definition 20.1 is this theorem.
204s. If E\, E,, - - - is a finile or denumerable collection of sets in
the space R, then

m.UE. = Zm.E..

If the right member of the inequality is infinite thisis trivial
Otherwise, let ¢ be an arbitrary positive number. By 20.1 we can
enclose E, in an open set G, such that

€

mG, < m.E, + %

Then @ = U @, is an open set, and by 19.8

mG§ZmG,<Em,E.+2(2%>

= Zm.E, + e
So by 20.1 we have
mcU E\ < zmeEt + €,

and by 5.2 this implies the conclusion of the theorem.
Now we establish a connection between the exterior measure and
upper integral, and between interior measure and lower integral.

20.6s. Let E be a bounded set, interior to a closed interval I. Then
mE=[Ki@dz and  mE = [ Ks(@) dz.

Let J be the interior of I. If G is any open set containing E,
then JG is open by 2.10, contains E because J and G both contain E,
and is interior to I. Hence by 19.3, 19.2, the remark after 18.1, 1.2
and 14.4

mG = mJG = /R Ko(z) dz
= [,K,o(x) dz
= f: Kz(z) dz.

Thus by definition 20.1 we have

(4) mE 2 [ Kilz) dz.
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Likewise, if F is closed and contained in E,
mF = /u. Kr(x) dr
= [ Ks(@) da
s [ Ks(o) dz,
whence by 20.1
(B) mE < [, Ka() dr.

Let € be an arbitrary positive number. By definition 14.1, there
is & U-function u(x) = Kg(r) such that

/ u(z) dr < / Ke(z) dz + 5
I I

€
2(A1 + 1)
This is a U-function by 124, and is clearly positive-valued We
define G to be the subset of I on which u(z) > 1. This set is open
relative to [ by 7.4. So is J@, since J is the interior of I; and by 2.7
the set JG is open. Also, JG contains £, for if x is in E it is in J by
hypothesis, and

Define
ui(z) = u(x) +

u(z) = ulx) + Z Kx(z) +

€ €
3T + 1) 2ar ¥~ b

so that z is in G. Also the characteristic function of J@ is less than
u,(z); for if z is in J@ the characteristic function is 1 while u;(z) > 1
by definition of G, and otherwise the characteristic function is 0 while
u,(z) is positive-valued. Hence by 20.1, 19.2, 18.3 and 11.6

mE £ mJG = / K;6(x) dx
I

=< /Iul(x) dz
=/;u(z)dx+ﬁmdx

. € Al
<| [y s+ 5]+ gt

< /IKs(x) dr + e.
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Since ¢ is arbitrary, by 5.2 this implies

m,E £ /I Kx(z) dx.

This, with (A), establishes the first of the two equations in the con-
clusion of our theorem.

Again, let € be an arbitrary positive number. There is an L-func-
tion I(z) = Kg(z) such that

/;l(x) dz > j;Kx(:c) dz — 5

Define
l;(:c) = l(lf) - m:

and let F be the set on which I;(z) 2 0. This is closed relative to
I by 7.4, hence is closed by 2.7. It is contained in E, for at each point
z of F we have

Ke(z) =2 U(z) > Li(x) 2 0
80 Kg(r) must be 1. Also, Kr(z) > li(z) for all z; for if z is in F
we have Kr(z) =1 and li(z) < l(z) < Kz(r) £ 1, and otherwise

Ke(z) is zero and [,(x) is negative.
By 20.1, 19.2, 18.3 and 11.6

miE = mF

= pr(:v) dz

WACEFre
> [ _/1 Ks(z) dz —5‘} ____2(A}Ai )

> _fl Ks(z) dz — e
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Since e is arbitrary, by 5.2 this implies
mE 2 / Kg(z) dz,
I

and this with (B) completes the proof.

From this theorem we deduce several corollaries.

20.6s. If E is bounded, it is measurable if and only if m,\E = m.E;
and in that case mE = m.E = m,E.

Let I be a closed interval containing E in its interior. Since E is
bounded, by 19.2 it is measurable if and only if it has finite measure.
Again by 19.2, this is true if and only if Kx(z) is summable over
the space R,. By the remark after 18.1, this is true if and only if
Kx(z) is summable over I. By 15.1, this is true if and only if the
upper and lower integrals of K(z) are finite and equal. Since Kz(z)
is bounded, its upper and lower integrals over J cannot be infinite;
so E is measurable if and only if the upper and lower integrals of
Kz(z) over I are equal. By 20.5, this is true if and only if m,E = m.E.
Furthermore, if m,E = m.E, by 20.5 their common value is the integral
of Kg(z) over I, which by 17.4 and 18.1 is its integral over R, which
by 19.2 is mE.

Theorem 20.6 permits us to distinguish bounded measurable sets
from bounded non-measurable sets, and to compute the measures of
the former. From this we could proceed as in §19 to define measurable
sets to be those sets E such that EW, is measurable for each 7, and
to obtain their measures as in 19.1. An alternative procedure will
be mentioned after 20.10.

20.7s. If E ts a measurable set and e ts a positive number, there
erists an open set G contarming E such that m(G — E) < ¢, and there
exists a closed set F contained in E such that m(E — F) < e.

If E is measurable and bounded, by 20.6 we have m.E = mE, so
by 20.1 the set E is contained in an open set G such that mG < mE + .
But by 19.8 we have mG = mE + m(G — E), so m(G — E) <e If
E is measurable but unbounded, for each positive integer n the set
EW, is measurable and bounded, and by the preceding sentence is
contained in an open set G, such that

m(Gn — EW,) < 2i

The set @ = U G, is open by 2.10 and contains U EW,, which is E.
Also, G — E is contained in U (G» — EW,); forif z isin G — E, it is
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in some @, but not in any EW,. Hence by 19.3 and 19.8
m(@G — E) s mU G, — EW,)
< Y, m(Gy — EW.)

;Z(%»)

Thus the first conclusion is established.

If E is measurable, so is its complement CE. We enclose CE in
an open set G such that m(G@ — CE) <¢ and we define F = Ca.
This is closed by 2.6, and is contained in E. Moreover,

E—-F=EnNnCF = EG =G — CE,

so m(E — F) = m(G — CE) < e. This completes the proof.

20.8s. If E is measurable, then m,E = m.E = mE.

If mE = «, then by 20.7 with ¢ = 1 there is a closed set F C E
with mF = . By 20.1 and 20.2 this implies m,E = m.E = «. If
mkE is finite, the sets F and G of 20.7 show that mE =2 mF > mE — e
and m,E < mG < mE + e. Since ¢ is arbitrary, by 5.2 and 20.2 we
have

m.E £ mE < mE £ mkE,

establishing the theorem.
20.9s. Let M be a set having finite measure, and let E be a subset

of M. Then

(4) m(M — E) = mM — m,E
and
(B) meM — E) = mM — m,E.

Let ¢ be an arbitrary positive number. The numbers in equations
(A) and (B) are clearly finite. By 20.7 there is an open set G con-
taining M for which m(G — M) < ¢/2, and by 20.1 there is a closed

set F contained in E for which mF > m.E — 5 The set G — F =

GNCF is open by 2.6 and 2.10, and contains M — E = M nCE.
Hence by 20.1 and 19.8
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myM — E) = m(G — F)

= mG — mF
€ €
=mM — mE + e

By 5.2 this implies
(&) m.(M — E) + mE £ mM.

On the other hand, by 20.7 there is a closed subset F; of M such
that m(M — F,) < ¢/2, and by 20.1 there is an open set G, containing

M — E such that mG, < m,(M — E) + g Then the set F, — Gy =

F.n CG, is closed by 2.6 and 2.10, and is contained in E. So by
19.3 and 19.8

mG, + m(F, — G1) =2 mF\G, + m(F, — G))
=7nF1

> mM — %

But by 20.1 and the choice of G, this yields
mdM — E) + mE > mM — ¢
and by 5.2 we find
m(M — E) + mE = mM.

This and (C) together imply (B). From (B) we obtain (4) by inter-
changing £ and M — E.

20.10s. Let E be a set in the space R,. In order that E be measurable
it 18 necessary and sufficient that the equation

(A) mkE, = m,E\E + m,E,N CE

be satisfied for every set E,.

Suppose that E is measurable; then CE is also measurable. Let e
be an arbitrary positive number. By 20.7, there are open sets G,
and G, such that G, contains E, G, contains CE, and

m(G, — E) < e and m(Gys — CE) < e
But
Gle = Gle(E U CE)
= G\G.E U G\G.CE
= GzE U GICE
= [G: — CE]U [G: — E],
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so by 19.3 and 19.8
MGle < m[Gz - CE] + m[Gl - E] < 2e.

We now wish to establish the inequality
(B) mkE, 2 m.E\E + m.E,NCE

for all sets E,. If m.E, = o thisis trivial. Otherwise, by 20.1 there
is an open set (73 containing E, for which mG@; < m.E; + e Then
GG and (G2 are open sets by 2.10, and contain E\E and E; N CE
respectively. Hence by 20.1

m,ElE < MGaGl,
m,El NnCE < MGan.

The three disjoint sets G4 N CG., G2 N CG, and GG, fill the set G4 U Gy,
so by 19.3 and 19.8

mGs = mG3N (G, U Gy
= mGsG1 n CGz + MGan n CG] + mGaGle
= [MG3G1 n CGz + MGaGlel + [mGst n CG1 + MGanGll
— mGsG\Ga
2 mGsG, + mGGs — mGGo.

It follows that

¢ + m.E, > mGs
g m.ElE + m.E’,ﬂ CE - 26,

and by 5.2 this implies inequality (B). But E\E U E,CE = E,, so by
20.4 we have

. mkE, £ m,E.\E + m.E,NCE.

This and (B) together establish equation (A).
Conversely, suppose equation (A) satisfied for a set E. For E,
we choose a bounded measurable set. By 20.9,

mE\E = mE, — m,(E, — E).
Since £, is measurable, by 20.8 equation A implies
m,EIE = mEl - m,(E'1 - E)

Hence the exterior and interior measures of the bounded set E,E are
equal, and by 20.6 E.E is measurable. In particular, if E, is the
interval W, this shows that EW, is measurable, so by 19.1 the set E
is measurable. This completes the proof of the theorem.
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If we had & more complete theory of the exterior measure of sets,
developed without reference to measurable sets, we could use the
property expressed in 20.10 to define the property of measurability.
That is, a set E would by definition be measurable if the equation

m,E'l = m,E’lE + m.E1CE

held for every set E.. Having selected the measurable sets by this
test, we could define the measure of a measurable set to be the same
as its exterior measure. From the properties of exterior measure
already established we could then deduce the properties of measurable
sets, and erect a theory of integration on this foundation. This is
the method originated by Carathéodory. An exposition can be
found in Carathéodory’s Vorlesungen uber reelle Funktionen, or Kestel-
man’s Modern Theories of Integration.

Exercise. Show that if E is a bounded set, there are sets P and S
with the following properties. P is an intersection of open sets and
contains E. Sisasum of closed sets and is containedin E. The equa-
tions mP = m,E and mS = mE hold. Furthermore, for every
measurable set M we have mPM = m.EM and mSM = mEM.
Extend this to unbounded sets E.

21. If we recall even a very little about the Riemann integral and
the mild generalization of it mentioned in §16, we see that a function
f(z) which is not Riemann integrable may lack integrability for either
of two very different reasons. It may have too many discontinuities,
as in the example after 18.6. Or it may simply have too many large
functional values; for example the function f(z) which is z~! for,
0 < z S 1 and has the value 0 at « = 0. This function is not inte-
grable, although it has only a single discontinuity. This latter type of
function may clearly have many of the desirable properties of Riemann-
integrable functions, even though it is not integrable.

In the case of the Lebesgue integral the situation is similar. A
function which is not summable may be of so intricate a structure
that its upper and lower integrals have different values. Such compli-
cated functions we shall avoid. On the other hand, it may be non-
summable merely because it has too many large functional values.
In this case its structure may be as simple as that of the summable
functions. In order to be able to discuss the functions of relatively
simple structure we introduce the notion of a measurable function.
The class of measurable functions is closely related to the class of
summable functions, as theorems 21.4 and 22.1 will show.
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21.1s. A function f(z) defined on a set E in I is measurable (on E)
if for each constant a (finite or infinite) the set of points x in E at which
f(x) = a is a measurable set.

We use the symbol E[f 2 a] to mean the set of all z in E such that
f(z) 2 a (in our previous notation: {z | f(x) = a} n E), and we also
use analogous symbols for sets on which f(x) satisfies other conditions.
The meaning will be evident in each case.

A first remark is that if f(z) is measurable on E, then E is a measur-
able set. For E[f = — =] is then measurable, and this set is E
itself.

A second simple remark is that a set E is measurable if and only if
Kg(z) is a measurable function on the space B,. For if E is measurable
the set R [Kr 2 a] is one of the measurable sets R, E, A according
a8a <0,0<as1,a>1;andif Kgis a measurable function the
set E = R[Kg = 1] is measurable.

A third remark is that if f(z) is measurable over E and AV, . . |
h(® are arbitrary constants, then (with the notation 10.8) f™(z) is
measurable over E®. This follows from 19.16 if we observe that z
isin E® and f®(z) = a if and only if z + hisin E and f(z + k) = a.
It is not an s-theorem.

A fourth remark almost as obvious is

21.2s. If f(z) is defined and measurable on a set E, and E, is a
measurable subset of E, then f(x) 1s measurable on E,.

For if a is any number, the set Eof 2 a] is the product of the
measurable sets Eq and E[f = q], so it is measurable by 19.6.

We now list five conditions each of which could serve as a definition
of measurability.

21.3s. If f(z) is defined on a measurable set E, then each of the
following conditions is mecessary and sufficient in order that f(z) be
measurable on E:

(a) Elf = a] 18 measurable for all a;

(b) E[f < a) is measurable for all a;

(¢) E[f > a] is measurable for all a,

(d) E[b = f > a] is measurable for all a and all b;

(e) Elb = f = a] ts measurable for all a and all b.

(We could state two more necessary and sufficient conditions by
replacing 2 by > after the number b in (d) and (e).)

Suppose f(x) is measurable. The set E[f > a] is the sum of the sets
E[f 2 r] for all rational numbers r > a. Forif a < « and f(z) > a,
there is a rational r such that f(z) =2 r > a,and so z isin E[f 2 r]; and
if z isin some one of the sets E[f 2 7], say E[f 2 ro), thenf(z) = 7o > a,
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so z is in E[f > a]. If a = =, the set E[f > a] is empty and there

are no r > a, so the equality of E[f > a] and U E[f =2 7],r > aisstill
valid. Each of the sets E[f = r] is measurable by hypothesis, and
there are at most denumerably many of them because the rationals
are denumerable. So their sum E[f > a] is measurable by 19.8.
Thus if f(x) is measurable, (c) is satisfied.

Suppose that (c) is satisfied. For every a we have E[f < a] =
— E[f > a]. But E[f > a] is measurable for every a, so by 19.6
so is E[f £ a]. Therefore if (c) is satisfied, so is (a).

Suppose (a) is satisfied. If in the first paragraph of this proof
we replace the signs =, > by =, < respectively and replace © by
— o, we have a proof that (b) is satisfied.

Suppose that (b) is satisﬁed Then for every a the set E[f < a] is
measurable. But E[f = a] = F — E[f < a], so by 19.6 E[f = q] is
measurable for every a, and so f(x) is measurable. Summing up, we
have shown that the measurability of f(x) implies (c), which implies
(@), which implies (b), which implies the measurability of f(x). Hence
the measurability of f(x) is equivalent to (a), to (b) and to (c).

If f(z) is measurable, then for every a and b the sets E[f < b] and
E[f > a] are measurable, by condition (a) and condition (c) respec-
tively. Hence their product E[b = f > a] is measurable. Con-
versely, if E[b 2 f > a] is measurable for all @ and b, then by setting
b = « we find that E[f > a] is measurable for each a. This is condi-
tion (c), equivalent to measurability, so condition (d) is equivalent
to measurability.

If in the preceding paragraph we replace > by = and replace the
words ““condition (c)” by ‘‘the definition of measurability of f(z),”
we have a proof that (e) is equivalent to the measurability of f(z).

Exercise. Theorem 21.3 remains valid even if a and b are
restricted to lie in a set M whose closure is EB*.

The next theorem partly exhibits the relationship betweer. measur-
ability and summability. This relationship will appear even closer
after the demonstration of theorems 22.1 and 22.2, which are partial
converses of 21.4.

21.4s. If f(x) 18 defined and summable over a measurable set E, it is
measurable on E.

We define f(z) to be — » on the complement of E; this does not
affect its summability over E. Let a be an arbitrary real number.
For each integer n we define

Sa(z) = inf {n-sup U(.’C) - a, 0}, 1}



SEc. 21.5s] SETS AND FUNCTIONS 121

It is clear that fi(x) < fo(x) < - - -, so the limit of f,(z) as n —
exists. Call this limit g(z). We shall now show that g(z) is the
characteristic function of E[f > a].

If z is in E[f > a], then f(z) — a > 0, and sup {f(z) — a, 0} =
f(r) —a > 0. Hence for all n greater than (f(z) — a)~! we have
n-sup {f(z) — a, 0} > 1, so that fa(z) = inf {n-sup {f(z) — a, 0},
1} = 1. Thus fa(z) = 1 for all large n, and the limit g(x) of fa(z) is 1.

If z is not in E[f > a], then f(z) — a < 0, and sup {f(z) — a, 0}
= 0. Then for all n we have n-sup {f(z) — a, 0} =0, so that
fa(z) = inf {n - sup {f(x) — @,0},1} = inf {0,1} = 0. Therefore g(z)
= lim fa(x) = 0. Thusg(z) = lif zisin E[f > a] and is O otherwise.

For each of the intervals W, the intersection EW, is measurable
by 19.1, so 1 is summable over EW, by 19.2. Also f(z) is summable
over EW, by 18.1; so by 18.3 f(z) — a is summable over EW,, and
so also is sup {f(z) — a, 0}. But this vanishes on W, — E, as shown
above; 50 by the definition 17.1 it is summable over the entire interval
W,. Again by 18.3, n sup {f(z) — a, 0} and

Ju(@) = inf {n sup {f(z) — a, 0}, 1}

are summable over W,. For all n we have (by 15.2)

/W’f,.(x) dz < [Wp 1 dr,

8o the integrals do not tend to « as n — . Therefore by 18.4
the limit g(x) of the fu(x) is summable over W,. Since g(z) is the
characteristic function of E[f > a], this implies that W,E[f > a] is
measurable for all p, so for every finite number a the set E[f > a] is
measurable by definition 19.1.

For a = 4+ », E[f > a] is empty, and for a = — o, E[f > a] is
the whole set E. In either case, it is measurable. Therefore E[f > a]
is measurable for all a, and by 21.3 the function f(z) is measurable.

21.bs. Corollary. If f(x) is summable over a set E, then the subset
Eq of E on which f(x) # 0 is measurable.

Let fo(x) = f(x) if zisin E, fo(z) = 0if z isin CE. Then fo(z) is
summable over the whole space R, and by 21.4 it is measurable.
By 21.3, the sets R [fo > 0] and R[fo < 0] are measurable. But these
sets lie entirely in E, and their sum is E[f  0].

Theorem 21.4 would lead us to suspect that theorems analogous
to those of §18 should hold for measurable functions. We now
establish several such theorems.
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21.6. If f(x) is measurable on E and c is any finite* constant, then
¢f (x) is measurable on E.

For ¢ = 0 this is obvious. Suppose ¢ < 0. Then for every a
the set E[¢cf = a] is the same as the set E[f < ac™'], which is measurable
by 21.3a; so ¢f{x) is measurable on E. If ¢ > 0, then as we have just
seen (—c)f(x) is measurable, and therefore so is (—1)(—¢)f(z) = ¢f(x).

21.7s. If fi(x), fo(x), *+ * * 18 a finute or denumerable collection of
functions measurable on E, then sup, {f.(x)} and inf, {f.(x)} are measurable
on E.

Let ¢(z) = sup, {f.(z)}, and let a be any number. We first show
Elg >al = UE[f, > al. If zis in E[p > a], then o(z) = sup, f.(z)
> a, so for some value j of » we have f,(z) > a. Thuszisin E[f, > a],
and therefore is in U E[f. > a]. Conversely, if z is in U E[f, > a],
it is in some set E[f, > a]. Hence f,(x) > @, and ¢(z) = f,(z) > a.
Therefore z is in E[¢ > al.

Now each set E[f. > a] 1s measurable by 21.3c. Hence E[¢ > a]
is the sum of a finite or denumerable collection of measurable sets, and
is measurable by 19.8. So by 21.3c, the function ¢(x) is measurable.

The functions —f,(x) are measurable by 21.6. Hence, by the
preceding part of the proof, sup, [—f£.(x)] is measurable. But this is
the same as — inf, [f,(x)], by 5.5; and, applying 21.6 again, inf, f,(x)
is measurable.

21.8s. Corollary. If f(x) ¢s measurable on E, then | f(z)|, f*(z)
and f~(z) are also measurable on E.

For then —f(x) is measurable on E, by 21.6; so by 21.7 the functions

| f(x) | = sup {f(x), —f(2)},
fH(z) = sup {f(z), 0},
f~(x) = sup {—f(z), 0}

are measurable on E.

21.9s. If fi(x), fo(x), - - - 18 a sequence of functions all of which

are measurable on E, then
lim sup f.(x) and lim inf f,(z)
are measurable on E.

If we define g.(z) = sup {f.(z) | ¢ = n}, then g.(x) is measurable by
21.7 and also inf, {g.(x)} is measurable by 21.7. This last is the upper
limit of f.(zx) as n — «, by the paragraph following 6.1. Interchang-
ing sup and inf proves that the lower limit is measurable.

* The thcorem remains trueif ¢ = + o or¢c = — o,
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21.10s. If f(z) is defined on a set E, and E is the sum of a finite or
denumerable collection of measurable sets Ey, Es, - + * on each of which
f(x) 18 measurable, then f(x) is measurable on E.

For then the set E[f 2 a] is the sum of the various sets E,[f 2 a],
each of which is measurable by hypothesis. So E[f = a] is measurable
by 19.8, that is, f(z) is measurable on E.

In particular, if f(z) is defined on E and is measurable on E — E,,
where mE, = 0, then f(z) is measurable on E. For f(z) is measurable
on K\, since for each a the set Eoff = a] has measure 0 by 19.13.

21.11s. If

(@) fi(x), - - - fa(z) are functions defined, finite and measurable on a
measurable set Eo in g-dimensional space R,;

(8) 8 is a set of points (29, - + - | 2™) in h-dimensional space Ry,
and S is either open, or closed, or the sum of a denumerable set of closed
sets; ™

() o(2) = (0, - -+ - | 2®W) 4s defined on S and is continuous or
upper semi-continuous or lower semi-continuous on S;
then the subset E\ of Eo, on which the function o(fi(z), * - « , fu(x)) is
defined, is measurable and o(f\(z), - -, fu(z)) is measurable on E,.
Let F be the mapping of E,into R defined by
F(z) = (fi(z), - - -, fa(2)).

Even if the f,(z) happen to be defined at values of z not in E,, we
shall ignore such values, so that F(z) is defined only on E,. The
inverse mapping, which may be many-valued, will be denoted by
F-'(z). Thus for each z in R, we define F-1(z) to be the set of all
points z in E, such that F(z) = 2. Also, if S, is a point-set in Ry,
F=1(8o) is the collection of all z in E, such that F(z) is in S,.

Let J be any interval in R, of the type described in 3.6, namely
{z]a® 529 <b®, i =1,..., h}. We now prove that F-\(J)
is measurable. Clearly it consists of all z in E, such that F (z) is in
J; so it consists of all z in E, which satisfy all of the inequalities

a® éf‘(z) < b<'), 1 1, e, h.

il

Otherwise stated, if f; [a®, b™) is the set of all z satisfying
a® < fi(z) < bW,

the set F-'(J) is the intersection M, f-! [a®, b®). Each of these sets
is measurable by 21.3, so by 19.8 their intersection is also measurable.

* Every open set is the sum of denumerably many closed sets, by 3.6.
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Now suppose that S, is an arbitrary open set in RBx. By 3.3, S, is
the union of intervals J,, J;, - - - of the above mentioned type.
Since each F~1(J;) is measurable the union UF-1(J,) = F-1(8,) is
measurable by 19.8.

If So is closed, then CS, is open. Hence F~}(CS,) is measurable,
and since F~1(8,) = Ey — F~'(CS8,) it too is measurable by 19.6.

If S, is the sum of denumerably many closed sets Ty, Ts, * - - ,
then F-'(S,) = U F-1(T,) and hence is measurable by the preceding
paragraph and 19.8.

From the preceding proof, for each of the three types of set S under
consideration the set £, on which o(fi(z), - - -, fa(z)) is defined is a
measurable subset of E, because obviously E, = F~1(S).

Now let us suppose that ¢(2) is lower semi-continuous. Suppose
first that S is open. For every number a in R* the set S[¢ > a] is
open relative to S by 7.4, and so it is open, by 2.7. The set

Eile(fy, - - -, fa) > d]

is the same as the set F~'(S[¢ > a]), and since S[¢ > a] is open this
set is measurable. By 21.3(c), this implies that o(fi(z), - - - , fa(z))
is measurable on E,. Suppose next that S is closed. The set
Sl¢ = a]is closed relative to S for every a, by 7.4; so by 2.7 it is closed.
The set Ei[o(f1, - - -, fa) = a] is the same as the set F-(S[y < a]),
and by the first part of the proof this is measurable because Sy < a]
is closed. Hence by 21.3(a) the function o(fi(z), - - -, fi(2)) is
measurable on E,. Finally, suppose that S is the union U T, of a
denumerable set of closed sets. The set S[¢ < a] is the sum of the
sets T,[o < a]. Each set T.[¢ < a] is closed relative to the closed
set T», by 7.4, so is closed by 2.7. So each set F~!(T.[¢ < a)) is
measurable, by the first part of this proof. The sum of these sets,
forn=1,2 ... is F-1(S[¢ = a]), which is the same as

E\e(fy, - -+, fn) S al.

This last set is therefore measurable. By 21.3 a, the function

‘P(fl(x)) e )f’l(z))

is measurable.
Finally, if ¢(2) is upper semi-continuous, then — ¢(z) is lower semi-
continuous. Therefore —g(fi(z), - -, fa(x)) is measurable on E,
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by the proof above, so by 21.6 the function ¢(fi(z), * + -, fa(z)) is
also measurable on I;.

21.12s. Corollary. If the functions fi(z), - - -, fu(z) are finite
valued and measurable on a set E, then the functions fi(x) + - - - + fi(x)
and f1(z)f2(z) - - - fu(x) are also measurable. The quotient fi(z)/f2(x)
18 measurable if fa(z) # 0. If a 2 0, the function | fi(z) |* is measur-
able on E. If a < 0, the function | fi(z) |* s measurable if fi(x) # 0.

These all follow from 21.11 by special choices of ¢(z). For Zf,

we use ¢(2) = 2V 4+ - - « 4 z® continuous for all z; for Ilf, we use
o(2) = Nz®, continuous for all z. In both cases the set on which
o(f1, - -+, f») isdefinedisall of E. For the quotient we use o(2V, 2(?)

= 2z(V/2®  defined and continuous on the open set where 22 = 0;
then if fy(z) # 0, o(fi(z), fo(z)) = fi(z)/f2(x) is defined for all z in E
and is measurable. If @ = 0 the function ¢(2) = | z |* is continuous
for all 2, so | fi(z) |* is defined for all z in E and is measurable. If
a < 0, the function |z |2 is defined and continuous on the open set
z # 0; so if fi(x) = 0, the power | fi(x) |* is defined and measurable
on E.

ReMark. It follows readily that the product of measurable
functions is measurable, even though the functions are not finite-
valued. Let f(z) and g(z) be measurable on E. Then so are

fa(@) = inf {n, sup {f(z), —n}},
gﬂ(x) = inf {ni sup {g(x)) —n}}’

by the second remark after 21.1, 21.6 and 21.7. Also f.(z) — f(z)
and g.(z) — g(z) for all z. By 21.12, f.(z)g.(z) is measurable for
each n; so by 21.9 the limit f(x)g(z) is also measurable.

22. Wesaw in 21.4 that every function f(z) which is summable over
a measurable set E is measurable. Of course the converse is false; the
function 1 is measurable over the whole space R,, but is not summable
over R,. However, two partial converses to theorem 21.4 can be
established.

22.1s. If f(x) 78 bounded and measurable on a set E of finite measure,
it is summable over E.

Suppose that — M < f(z) < M, where M is finite. We consider
first the case in which E is bounded, and therefore interior to some
closed interval I, which we use as basic interval. If ¢ is a positive
number, we can subdivide the interval [— M, M] by points ag = — M
< ap * * + < an = M into subintervals of length less than e. Let E,
be the set E[a,—1 < f(z) S &),2=1,2, - - - ,n. Every point z of E
belongs to exactly one set E,, since each f(x) lies in exactly one interval
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(ai—:, ). Now define

n

oz) = X aiKu(2), ¥(@) = Y aKx(2).
1=1 1=1
Then ¢(z) < f(z)Ke(z) < ¢(z) for all z. For if z is in CE all three
are equal to 0. If zisin E it belongs to one set E,. Then in the sums
defining ¢ and ¥ all terms except the term with ¢ = j have value 0, so

o(2) = o,y < f(@)Ke(z) = f(z) £ o, = ¥(2).

Also 0 < ¥(2) — () = &, — a,-1 < ¢, 50 Y(2) — ¢(z) < ¢ for all z.

By 21.3(d), each set E, is measurable, so each characteristic function
K (z) is summable over I. By 15.6, the functions ¢(z) and y(z) are
summable over I. Therefore by 14.4 and 14.2

Jie@ dr < flf(x)Kg(x) dr < f, J@Ks@) dx 5 [ ¥(2) da.

This tells us, first, that the upper and lower integrals of f(z) Kz(z) over
I are finite, and second, that

0= /:f(x)Ka(x) dr — _/If(:c)KE(:c) dr < /IMZ) dr — /1"’(:5) dz
< [l eds = el

Hence the difference between the upper and lower integrals of f(z) K z(z)
does not exceed the arbitrarily small positive number eAl; so the two
are equal, and f(z)Kg(x) is summable. That is, f(z) is summable
over E.

If E is not bounded, by the proof above f(z) is summable over EW,
for every n. Also,

/EW”U(Z) |dz = /Equd:c S MmEW, £ MmE < =.

So f(x) is summable over E.

Exercise. Let ¢(¢) be continuous, strictly monotonic increasing
(that is, (t) < o(ty) if t, < t,) and bounded for — % < ¢ < o ; for
instance, ¢(f) = t/(1 + [t|) or ¢(f) = arctant. A function f(z)
defined and finite on a measurable set E in the space R, is measurable if
and only if ¢(f(z)) is summable over EW, for every n.

We now generalize 22.1 so as to allow both the set E and the func-
tion f(z) to be unbounded.

22.2s. If f(x) is measurable on E and g(z) is summable over E and
| f(z) | = g(z), then f(z) is summable over E.



Bec. 22.4s] SETS AND FUNCTIONS : 127

Suppose first that E is bounded and that f(z) is non-negative. For
each positive integer n we define f.(x) = inf {f(z),n}. Clearly we
have 0 S fi(z) < fa(z) S - - - = f(z) S g(z). Each f.() is measur-
able by 21.7, and is bounded; so by 22.1 each f,(z) is summable. Also,
by 18.2

/Efn(-’c) de < /;Eg(x) dr < .

As n — o, the functions f,(z) tend to f(z). For if f(z) is finite,
then f.(z) = f(z) foralln > f(z), so lim f,(z) = f(z); and if f(x) = =,
then f.(z) = n for all n, and lim f,(z) = «. Therefore by 18.4 the
limit f(z) of the sequence {f.(z)} is summable over E.

Now we remove the restriction f(z) = 0, still supposing E bounded.
The functions f+(z) and f~(z) are measurable by 21.8, and they satisfy
the inequalities

0= /) =9(), 0=/ (@) =g).

So by the preceding paragraph they are both summable over E.
But by 15.5 f(z) is the difference of f*(z) and f~(z), and is therefore
summable by 18.3.

Finally suppose that E is unbounded. For each p, the function
f(z) is summable over EW,, by the preceding proof. Also, for all p

Jow @z s [ 0@ dz s [, 0@ dz < .

So f(z) is summable.

Exercise. Let ¢(f) be as described in the preceding exercise. A
function f(z) defined and finite on a measurable set E is measurable if
and only if

exp (= 3 BOF) o(/@)

1=1

is summable over E.

22.3s. Corollary. If f(x) ¢s measurable dnd | f(z)| ts summable,
then f(x) is summable.

For then the hypotheses of 22.2 are satisfied, with g(z) = | f(z) |.

From theorem 22.2 we obtain two important corollaries.

22.4s. If f(x) is summable over a measurable set E and g(x) is
bounded and measurable over E, then f(x)g(x) s summable over E.

Suppose | g(x) | < M. By 21.4 and the remark after 21.12,
f(z)g(z) is measurable on E. Also, | f(z)g(x) | £ M | f(z) |, which is
summable by 18.3. So f(z)g(x) is summable over E, by 22.2.
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22.6s. If f(x) is summable over a measurable* set E, and E s a
measurable subset of E,, then f(z) is summable over E.

For Kg(z) is bounded and measurable over the whole space R,,
s0 it is measurable over E, by 21.2. By 224, the product f(xr)Kz(z)
is summable over E;; that is, f(r) is summable over E.

23. We shall shortly see that sets of measure zero are usually
unimportant in the theory of Lebesgue integration. Consequently, it
frequently happens that a statement about a function which is true
except on a set of measure zero carries the same consequences as if it
were true everywhere. This situation arises often enough to justify
the introduction of a special name. A statement will be said to hold
‘““almost everywhere” or ‘“for almost all z’’ provided that it holds for
all = except those belonging to a set of measure zero. (The set of
measure zero may be the empty set A; that is, if the statement holds
everywhere it holds almost everywhere.)

23.1s. If f(x) vs summable over E, then f(x) ts finite almost everywhere
in E.

Let fo(z) be equal to f(z) on E and to zero elsewhere. Then fo(z)
is summable over the whole space R,, and so is | fo(z) | by 18.3. By
19.5 and 21.4 this function is measurable, so by 21.1 the set E, on which
it is + « is measurable. This is the same as the set E[ | f(z) | = «].
For every n we have n < | f(z) | for all z in £, Therefore for each
interval W,

nmBEW, = ndz s [, 1f@)|dz < [E |f@) | dz < =,

EoW,
since |f(z) | is summable by 18.3. This holds for all n, which is
possible only if mE W, = 0. Since mE,W, = 0 for all p, by definition
mE, = lim mE,W, = 0.

p— ®

The next theorem is merely a lemma to be used in the proof of
23.3.

23.2s. If E s a set of measure 0, and f(z) is defined on E, then f(x)
18 summable over E, and its integral s 0.

The function f(z) is measurable on E, for E[f = a] is contained in
E and has measure 0 by 19.13. By 18.3, for each n, the integral

/ " dz exists and has the value n /E ldzr =n-mE = 0. Hence by

18.4 the function « is summable over E, and [ . odr = 0. Since

* By use of 21.5 it can be shown that the hypothesis that E, is measurable can
be omitted.
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f(z) is measurable on E and |f(z) | £ » on E, f(r) is summable.
Also

05| [ i@ ds|s [[11@dzs [ ods=0.

23.3s. If f(x) s summable over a set E, and g(x) 1s defined on E
and equal to f(x) for almost all x in E, then g(x) 18 also summable over E,
and

[E 9(x) dr = /E () de.

Define fo(x) to be equal to f(z) on E and equal to zero elsewhere,
and define go(x) analogously. Let N be the set of measure zero on
which g(r) = f(xr) Since N has measure 0 both fy(z) and go(x) are
summable over N, and their integrals over N are zero In other
words

[, 0@ Ks(@) dz = [, fo(e)Kn(e) d,

both integrals existing and being equal to 0. The set CN is measur-
able by 19.6, so fo(z) is summable over CN by 22.5 But on CN the
functions f, and g, are equal, so

[o, 90D Kex(@) dz = [, fo(x)Kex(@) da,

both integrals existing. Adding these equations member by member,
we find that go(x) is summable over R, and has the same integral as
fo(z), which is equivalent to the conclusion of our theorem.

Two functions f(z), g(x) which are both defined on the same set E
are called equivalent if f(xz) = g(r) for almost all z 1n £. Thus 23.3
can be stated in the form that if one of a pair of equivalent functions
is summable, so is the other, and the integrals of the two functions
are equal.

23.4s. Let f(x) be defined on the sum of two sets E, and E,, and let
m(E, — E;) = m(E; — E\) =0. Then f(z) is summable over E; 1f
and only if t is summable over E,; and 1f 1t is summable, then

[E‘ () dz = /E: f(z) dx.

Suppose f(x) defined in any manner on C(E, U E;). The functions
f(x)Kz(z) and f(x)Kg,(z) are equivalent on the whole space R,.
For they differ at most on the set (E, — E;) U (E; — E,), which has
measure 0. The first of these functions is summable over R, if and
only if f(z) is summable over E,, and the second is summable over R,
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if and only if f(z) is summable over E;. So by 23.3 f(x) is summable
over E, if and only if it is summable over E,. Moreover, if it is
summable then by 23.3

[5 1@ dz = [} J@Kn (@) dz = [, fDKn(2) dz = [, f@) da.

ReMark. We can now show that the hypotheses concerning the
signs of the functions f,(z) in 18.4 and 18.5 are superfluous. We
consider only 18.4, since this yields 18.5 as a corollary. Let E, be
the subset of E on which | fi(z) | = «; by 23.1, this has measure 0.
Define D = E — E,, and on D define g,.(z) = fu(z) — f1(x). These
functions are summable over D, by 23.4 and 18.3, and

0=yg1(z) Sg2() = - - -
They tend to f(z) — fi(z) as n— «. So by 18.4 f(z) — fi(z) is
summable over D (that is, f(z) is summable over D) if and only if*
lim [ (fa(z) = fia)) dr <

and this is true if and only if

lim /D falz) dz < .

n-— ©

In this case, by 18.4

lim [ (@) = fi@) dz = [ (fz) = fi(@) d;
that is,
lim /Df,.(x) dz = fo(z) dz.

n— o

Since D and E differ only on the set E, of measure 0, by 23.4

lim /Ef..(a:) dr = /Ef(:c) dz.

n— o

23.6s. If f(x) = 0 on a set E, then the integral of f(x) over E exists
and 18 zero if and only 1f f(z) = 0 for almost all x in E.

Suppose that f(x) = 0 for almost all 2 in E. By 23.3, f(z) is
summable, and

]Ef(x) dz = fEde =0.

Conversely, suppose that f(z) is summable and that its integral is
0. Let E,; be the set on which f(z) > 0; we must show mE, = 0.
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As n — =, the function nf(x) tends to « if z is in E,, and is always 0
if z is not in E,. Hence lim nf(z) = « Kg,(z). Also, f(x) £ 2f(z)
=3(@)= - ,and

[E nf(z) dz = n /E () dz = 0.

So by 18.4 the limit function « Kg,(z) is summable. It is equal to
on E,. But by 23.1 the set of points on which a summable function
has the value © must have measure 0; so mE, = 0.

A simple generalization of 23.5 is

23.6s. If f(x) and g(x) are both summable over a set E, and f(x)
2 g(z), and

[J@ o = [ g() ds,

then f(z) = g(z) almost everywhere in E.

Let E, be the subset of E on'Which |g(x) | = «;by23.1, mE, = 0.
On E — E, the function f(x) — g(z) is defined and non-negative, and
by 23.4 and 18.3

Jo_s U@ —g@)dz = [ f@de— [, , 9(z)da
= [Ef(x) dx — fE g(z) dx = 0.

So by 23.5 f(z) = g(z) for all z in E — E, except those z belonging to
a set E; of measure 0. Then E, U E, has measure 0, and f(z) = g(x)
on £ — (EyU E)); that is f(x) = g(z) almost everywhere in E.

24. The mere fact that two functions f(z) and g(z) are both sum-
mable is of course insufficient to assure us that their product is sum-
mable. For instance, let f(z) = g(z) = 27} for 0 <z £ 1. Each of
these is summable, but their product z~!is not. In 22.4 we obtained
one set of conditions under which we could be sure that f(z) g(x) is sum-
mable. Here we shall obtain a different set of conditions for the
integrability of f(x)g(x), and in the process we shall establish one of the
most important inequalities of analysis, the Schwarz-Hoélder inequality,

Let us say that two functions ®(f) and ¥(¢) are assoctated (in the
gense of W. H. Young) if (a) they are defined and continuous for
0=t < «; (b) they have continuous derivatives ¢(t) = ®'(¢) and
v(O) = ¥'(1); (¢) ¢(0) = ¢(0) = ®(0) = ¥(0) = 0; (d) ¢(?) is strictly
monotonic increasing (that is, ¢(t1) < e(f2) if 0 < &1 < t3); (e) ¥(e(t))
=¢. Condition (¢) states that ¢(¢) and ¥(¢) are inverse functions, so
¥(2) is also strictly monotonic increasing. We first establish a lemma
concerning associated functions.
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24.1s. Let ®(t) and ¥(t) be assoctated functions, and furthermore
let their second derivatives ¢'(t) and ¥'(t) be continuous for* 0 <t < .
Then for all non-negative numbers a and b the inequality

ab = ®(a) 4+ ¥(b)
holds.
We must show that ®#(a) + ¥(b) — ab = 0. If we set b = p(a),
this function vanishes; that is, ®(a) + ¥(¢(a)) — ae(a) is identically
0. Forif a > 0 its derivative is

®'(a) + ¥'(p(a))¢’(a) — o(a) — ay’(a)
= ¢(a) + ¥(¢(a)) - ¢'(a) — ¢(a) — a¢'(a) = 0,

by (e) of the definition. So it is constant for 0 < a < . Being
continuous for a = 0, its constant value is its value at a = 0, which is
0 by part (c) of the definition.

The partial derivative of ®(a) + ¥(b) — ab with respect to b is
Y(b) —a. If b < ¢(a) then ¥(b) < ¥(p(a)) = a, so this derivative
is < 0. Ifb > ¢(a) theny(b) > ¥(p(a)) = a, so this derivativeis > 0.
So for each fixed a the function ®(a) + ¥(b) — ab has its least value
at b = ¢(a). In the first paragraph we saw that its value when
b = ¢(a) is 0. So the least value of ®(a) + ¥(b) — ab is 0, and it is
therefore non-negative.

24.2s. If f(r) and g(x) are finute valued and measuravle on a set
E, and there are associated functions ®(t), ¥(t) with secondt deriva-
twes defined and continuous on 0 <t < « such that ®(|f(x)|) and
¥( | g(z) | ) are summable over E, then f(x)g(x) s summable over E, and

| [(f@e@ dz| < [ 1/@9() ldz < [, @(1 f2) |) dx
+ [ ¥(l9@) ) da.
The product f(z)g(x) is measurable by 21.12, while by 24.1
1F@) |- 19(@) | = ®(12) ) + ¥(| g |).
Hence, by 22.2, f(z)g(x) is summable over E. By 18.2 and 18.3
| [J@o@) dz| 5. [, 1 /@@ 1dz < [L8(1f@) |) de
+ [, %@ |) da.

* We shall sce in §38 that this requirement of differentiability of ¢ and ¢ can
be omitted.

t As previously remarked, the condition on the second derivatives is unneces-
sary.
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Now we shall specialize this result to obtain the Holder inequality.
As is customary we shall say that

24.3s. The function f(x) is of class L, on E (or is in L) if it is
measurable on E and | f(x) |? is summable over E.

Then

24.4s. If f(z) is of class L, on E and g(z) is of class L, on E, where
p>1,q>land 1/p + 1/q = 1, then f(z)g(zx) is summable over E and

| [f@e@ dz| < [, 15@)9) | dz

<[ 1@ ras ][ [ 10w ledz]™

(This is the Holder inequality.)

We may without loss of generality assume that f(z) and g(z) are
finite-valued. For by 23.1 they are both finite except on a set E,
of measure 0. If we define fo(z) = f(z) on E — Ey, fo(z) = 0 on E,,
and define go(x) similarly, then by 23.3 f(z)g(x) is summable if and
only if fo(2)go(x) is summable, and none of the integrals in the theorem
is changed if we replace f(x) by fo(z) and g(z) by go(z).

The functions &(t) = ¢?/p and ¥(f) = {?/q are associated functions.
For they are continuous for 0 £ ¢ < . Their derivatives are ¢(t)
= t*~1 and ¢(f) = £9-! respectively, and these too are continuous and
strictly monotonic increasing. The second derivatives, (p — 1)¢7~2
and (¢ — 1)¢te? are continuous for 0 < ¢ < ». Moreover, $(0)
= ¥(0) = ¢(0) = ¢(0) =0, and y(p(t)) = (¢*~1)*' = ¢, since
(p — 1)(g — 1) = 1. Therefore by 24.2 the product f(z)g(z) is sum-
mable, and

firomros [(19)a ¢ (291

We still must establish the Holder inequality. If either f(z) or
g(z) is almost everywhere zero, then f(z)g(x) is also zero almost every-
where. Hence [ |f(z)g(z) |dz = 0, by 23.5, and the inequality holds.
If neither f(z) nor g(x) is almost everywhere zero, then the numbers

= {[r@rd}”,  8={[le@ 1}

are both positive, by 23.5. Applying the inequality of the preceding
paragraph to f(x)/a and g(z)/8, we obtain

JECICIP

1 1
S /lf(x)l”dx+q B [Ig(z)l"dx=l.
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Hence

I f,f (z)g(2) dz| < f, | f()g(x) | dz
Saff = {/,lf(x) lpdx}llﬂ. {[Ilg(x) |"}m

A frequently used special case of this is the Schwarz inequality,
obtained by setting p = ¢ = 2.

24.6s. If f(x) and g(z) are of class L, on E, then f(z) g(x) 7s sum-
mable over E, and

[[f@ 9@ @z ] s [ [, (f@)2dz ][ [, 0@))? dz ).

The next two theorems state some properties of the classes L.

24.6s. If f(z) and g(z) are of class L,(p > 0) on E, and c is a finite
constant, then the functions cf(z), f+(z), f~(z) and | f(z) | are in L,, and
80 18 f(x) + g(x) f it vs defined on E. Also

[a@pa] " =1e1{ ] i@ pa)”

The functions ¢f(z), f* (z), f~ (z), |f(z)| are all measurable by
21.6 and 21.8. The p-th powers of their absolute values do not exceed

(1 +[el]| 1) 7,

which is summable since fis of the class L,. The equation is an obvious
consequence of 18.3. It still remains to consider the sum f(z) + g(z).

There is no loss of generality in supposing that f(z) and g(x) are
finite-valued; for by 23.1 this is true except on a set of measure zero,
and by 23.3 we can re-define f and g to be 0 on this set without affecting
any of the integrals. The sum f(z) + g(z) is measurable, and so is the
p-th power of its absolute value by 21.12, Also,

[ f@) + 9@ P s {|f@)| +]g(=)]|}?
s (2sup {|f(@)],|9(=)|}]?
= 22 sup { | f(z) |7, | () |7}.

This last is summable by 18.3; so | f(z) + g(z) |? is summable over E,
and f(z) + g(x) is of class L, on E.
The next theorem states the important inequality of Minkowski.
24.7s. If f(x) and g(x) are of class L, on E, and p = 1, then

{ @ + 0@ P as}” s { [ 15@ P az}” + { [ 10@) 1 da}™
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If p = 1 this is trivial, for by 18.2

[15@ + 9@z s [117@)] + ]9 |1 dz
= [[i@dz + [,|9) | da.

If p > 1,defineq =p/(p — 1). Then% +— =1. Also(p —1)g=p,

and p — g = 1. Define s(z) = |f(z)| + |g(z)|. Then s(z) is in L,
by the preceding paragraph, and

Jo 6@ dz = [ s@s(@) dz = [ 5@ {15@) |+ 9) |} do
= [s@ 1@ s + [ 5@ (@) | dz.

Since (s(z)?~!)¢ = s(z)?, which is summable, s(z)?~! is in L,. So by
applying 24.4 to each of the last two integrals, we obtain

/E (s(z))? dz [/ s(z) "da:] [/ |f(z) |? do ]m»
[/E s(z)? d:c] [L‘ |g(x) |”dx]w

Dividing both members of this equation by the common factor on the

right, and recalling that 1 — é = 11—,;

| fes@rae]” < [ [1@ 1 da]” + [ [lo@ P az]”

Since

ol s@pdz = [ (1f@|+I9@ ) dz 2 [[15@) + o) I ds,

the inequality is established.

Exercise. Show that in the Holder inequality the two members
are equal if and only if there are numbers )\, u not both zero such that
M (@) |P = u|g(x) | for almost all z.

Exercise. Show that in Minkowski’s inequality for p > 1 the
two members are equal if and only if there are numbers A, x not both
zero such that Af(z) = ug(x) for almost all z.

Exercise. Let E be a set of finite measure. If 1 S a < b, and
J(z) is a function of class L, on E, it is also of class L, on E. (Define
p =b/a. Then|f(x)|* is of class L, on E. Apply 24.4 with f, g
replaced by | f(z) |° 1 respectively.)



CHAPTER 1V

The Integral as a Function of Sets;
Convergence Theorems

26. Our treatment of integration has permitted us to discuss mul-
tiple integrals along with single integrals, without regard to the num-
ber of independent variables . We shall now discuss the reduction
of a multiple integral to an iterated integral. In order to avoid com-
plexity of notation we shall suppose that all functions mentioned are
defined over the whole space R,. As we know, the integral of f(z)
over E can be considered as the integral of f(z)Kz(z) over R, so this
agreement does not involve any loss of generality.

Let s, ¢ be positive integers such that s + ¢ =g¢. The point

z = (zV - - - z(@) can be written in the form (s, 7) = (¥, - - -
a®, T ,(:)), where (¢, -+ -, ¢®@) = (zw, - - -, z®) and
(z®, -+ -, 7®) = (gD, - - - 2@) Thus ¢ is a point in the

s-dimensional space R,, and = is a point in R,. Likewise, suppose that
I is a closed interval in R,, defined by inequalities a® £ z® < bV,

, a® < 2@ < @, If we define S to be the closed interval
a g SHW, - - - a® £ ¢® < b® and T to be the closed inter-
val aqCt) £, < b(l+l)y . , a@ < t® < b, then the point
z = (o0,7)isin I if and only if ¢ isin S and 7 is in T.

This relationship between I, S and T is often designated by the
statement that I is the “Cartesian product of S and T,”’ and written
symbolically I = 8 X T. More generally,

26.1s. If M and N are sets of any kind, the collection of ordered parrs
(m, n) wn which the first element belongs to M and the second to N 1s called
the Cartesian product of M and N, and denoted by M X N.

Thus if M is a point-set in R, and N a point-set in R, the Cartesian
product M X N is in R,;,. Of course not every set in R, is repre-
sentable as a Cartesian product of a set in R, and in R,. But by
repeating the discussion in the second paragraph of this section, taking
care not to alter any of the signs < or < involved in defining I, we
find that every interval I in R, is the Cartesian product of an interval
S of R, and an interval T of R,.

With the definition of AI as the product of the length of the edges of
I (as in the first paragraph of §10) the following statement is evident.

26.2. If I = S X T, then AI = AS - AT.

136
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For instance, if ¢ = 3,s = 1 and ¢ = 2, theorem 25.2 states that the
volume of a rectangular parallelopiped is equal to the product of the
altitude and the area of the base.

The theorems of this section will not be s-theorems, for in addition
to 10.1 we shall use the property stated in 25.2. However, this is the
only additional property of the “volume” AI which we shall need; so
if we encounter any function A of intervals (not necessarily the prod-
uct of the edges of I) which satisfies 10.1 and 25.2, all the theorems of
this section will be valid for the resulting integral.

Since we are considering the three different spaces R,, R, and R:
simultaneously, we will have three kinds of integral and three kinds of
measure present in our discussions. The notation for integrals shows
clearly which kinds of space is involved. To any set E in R,, R, or R,
only one of the three kinds of measure can apply, according to which
space contains it. Nevertheless, we shall try to introduce a theoreti-
cally superfluous clarity by writing meE, m*E, m‘E for the measure of E
according as E is a subset of Ry, R,, or R,.

The principal theorem on iterated integrals is the following.

26.3. (Fubini). If f(z) = f(s, 7) is summable over the space R,,
then

(@) for all points o of R, except those of a set E, of s-dimensional
measure zero the function f(o, 1) 18 summable over R,;

(b) the function of o defined by the integral

/R. f(a, 7) dr

18 summable over R, — E,;

@ fog| fof@ ) dr]do = [, j@) da.

Let I = 8 X T be a closed interval in the space R,, and let

n

J(@) = 3, eKi(z)

1=1

be a step-function on I, the intervals I, = S, X T, being disjoint and
having I for their sum. Then by 10.4

n

f, f@) de = 3 cAL.

)=1
But it is easily seen that

K[,(O', T) = Ks,(U)KT,(T),
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so that by 10.4 and 10.6

/;: flo, 7) dr

3 oKao) [, Knfr) dr
= 2 clex (d) a Th

1=1

whence by 10.4 and 10.6

n

/:9' [[1" flo,7) d‘r] do = E AT, /:9, K, (o) do

i=1

= i ¢,AT,AS,.

j=1
Now from these equations and 25.2 we deduce that for step-functions
f(z) we have

(4) Ji 1@ dz = [[[ [, S0, ) dr] do,

the integrals being defined.
Next let f(z) be continuous on the closed interval I. The integral

(B) /T o, ) dr

is defined and continuous for all ¢ in §. For if € is any positive num-
ber there is a positive & such that | f(s1, 7) — f(os, 7) | < (1 + AT)™*
whenever ¢, and ¢; arein S and 7isin 7 and | |0y, 02 || < 6. Hence
for such ¢, and o, we have by 11.3 and 11.6

| [t ydr = [ fon ) dr
s [p1fe, 1) = floo, 1) | dr
< ]T (1 + AT) ' dr <,

establishing the continuity of the integral (B).

Again, let ¢ be any positive number. By the definition 11.1 of the
elementary integral there are step-functions s(x), S(z) on I such that
8(z) < f(z) < S(z) and

©) [f@dz—e< [ sx)drs [[S@dr< [ j@)ds+e
Also by 11.1 we have

/T 8(o, 7) dr S /1’ flo, ) dr = /1: S(a, 7) dr
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for each o in S. As functions of o these three integrals are a step-
function, a continuous function and a step-function respectively.
Hence

[l fos@nd]ans [[f 16,10a]des [[][ 86 d]a.

Again, by 11.1,

[ s@dz s [ 1) dr s [, 8) da.

But by (4) the last two sets of inequalities have equal first mem-
bers and equal last members. That is, the integrals

/1 f&)dz  and /s [/T fo,7) dT] do

are both between the integrals of s and S over I, which by (C) differ

by less than 2¢. Since e is arbitrary, equation (4) holds (the primes

being omitted from the integral signs) for continuous functions f(z).
Next let f(z) be a U-function on the interval I. By 7.9 there is a

sequence of functions ¢,(z) S ¢2(z) < ¢s(z) £ - - + continuous on I
and converging to f(z) for each z in I. By 13.4,

(D) lim j[ on(2) dz = jl 1(z) dz.
As in the previous part of the proof, the integral
(E) fT enlo, 7) dr

is a continuous function of # on S. Since for each such fixed ¢ the
continuous function ¢a(e, 7) has f(e, ) as limit, this last is a U-function
by 12.7, and by 13.4

}Ln}. [T enlo, ) dr = /Tj(a', 7) dr.

The integrals (E) being continuous, by 12.7 the right member of this
equation is a U-function on S, and by 13.4

,.l:.n}. A [/1' enlo, 7) dr] do = [g[frf(d’ 7) dr] do.

Since equation (4) (without the primes) holds for each ¢, this equation
with (D) shows that (A) also holds for the U-function f(z).

By change of sign we find that (4) (without the primes) holds also
for L-functions.
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Next let f(z) be a summable function which vanishes at all points
not interior to I, which we use as basic interval. For each positive e
we can find a U-function u(z) and an L-function [(x) such that l(z) =
f(z) £ u(z) on I and

(F) /Ij'(:c) dz — ¢ < /;l(.t) dz < /;u(r) dr < /;f(x) dz + e
As’in the preceding paragraph, the integrals
[oue,ndr,  [i=le, 7)) dr
are U-functions on 8, and by 14.1 and 14.2
/T l(o,7)dr £ ij(a, 7) dr
s [ S, dr
= /T u(e, 7) dr

forallein S. Since equation (A) holds for u(x) and I(x), this together
with 14.2 and 14.4 implies

From this and (F) we see that the third and fourth members of the
inequality differ from the integral of f(z) over I by less than ¢; and
since e is an arbitrary positive number,

_[s [ [T f(o,7) dr | do = /s [ [T 1(o,7) dr | do

= []f(x) dr.

By 14.2 and 14.4 the integrals

!; []Tf(a', T) dr] do, L [[Tf(a, 7) dr] do
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both lie between the first two members of the preceding equation, so
they too are equal to the integral of f(z) over I. That is, the upper
and lower integrals of f(s, ) over T are both summable over S, and

@) [3[]1,[(0, ") dr | do = /S[_[Tf(a, 1) dr | do

= [ 1@) da.

Whenever ¢ is not interior to S the function f(s, 7) vanishes for all 7 by
hypothesis; so by 18.1 and the remark after it the first two of these
ntegrals may be taken over R, instead of over S without changing their
values. We suppose S replaced by R, in (G). The integrands in the
first two members of () are finite (23.1) and equal (23 6) for all ¢
except those on a set E, of measure zero. That is, on R, — E, the
upper and lower integrals of f(o, 7) over 7' are finite and equal, so for
such ¢ that function is summable over T. Moreover, by 17.6 its
integral over T is the same as its integral over R,, so

L.—En [/R‘f(a, T) dr] do

= Jr-E I _/rf("’ 7) df] do (by 17.6)
= Jr-Be Urf("’ ) dr | do (by 15.1)
- fR. [ ]Tf(a’ 7) dT] do (by 23.4)
= [[ [ S0, ") dr] do (by 17.6)
= i@ ds (by (@)
= [ S da. (by 17.6)

So theorem 25.3 holds if f(x) vanishes save on a bounded set.

Next let f(x) be summable and non-negative on R,. For each n the
product f(z) Kwa(z) vanishes except on a bounded set; and for each =
this product increases with n and approaches f(z) as limit; in fact, it is
equal to f(z) for all large n. By 18.4,

[R J@) dz = lim [R' J(x)Kwa(z) dz.

Since 25.3 has been proved for functions which vanish outside of a
bounded set, for each n there is a set E. in R, having measure zero
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and such that

[ S@Km@ dz = [, {[. fo,NKulo, 7) dr} do,

the indicated integrations being possible. If we write N = E; U E; U
E;U - - -, then m*N = 0 by 19.13, and by 23.4 we can replace E,
by N in the preceding equation without altering the right members.
This yields

[ f@dz=tim [ [[ o, Ko, ) dr ] do.

n— o

The limit on the right is finite, being equal to the left member, and the
quantities in brackets increase with n. So by 18.4 the limit of those
quantities is summable over R, — N, and

fR'f(:c) dz =‘/n,_N [ lim [R‘f(v, 7)Kwa(o, ) dT] do.

n— o

By 23.1, the quantity in brackets is finite on all of B, — N except a
set having s-dimensional measure 0. We add this set to N and call
the sum E,. By 23.4, we may replace N by E, in the last equation
without injury. By 18.4, for all ¢ in R, — E, we have

,}L“}, [n,f(": 7)Kwa(o, 7) dr
- A: [,}l_{r:, f(@, 7)Kwa(o, —r)] dr
= [, fo, ) dr.

Hence

/H S@) dz = /R . { /R‘ 1@, 7) dr} do,

and 25.3 is established for non-negative summable functions f(z).

If f(x) is summable, we write it in the form f(z) = f*(z) — f~(x).
These last functions being non-negative by definition 15.4 and sum-
mable by 18.3, there are sets E,, E; having m*E, = m’E; = 0 and

such that
/R'f"'(x) dz = /R.—g, [ﬁz‘f+(a, ‘r) dr] dc,
fof@dz= [, [ [ 1 dr]d,

the integrals all existing. Define Ey = E, U E;. This has measure
m'Ey = 0, and by 23.4 we may replace E,, E; by E, in the two pre-
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ceding equations. On subtracting we obtain the conclusion of 25.3,
and the proof is complete. -

Several theorems follow as corollaries of 25.3.

26.4. Let E be a measurable set in the space R,. For each point o in
R,, let E(o) be the set of all points r in R, such that* (s, 7) isin E. Then
for all points a of R, except those of a set E of measure zero the set E(c) i8
measurable. Moreover, if measure meE of the set E 1is finite, the function
m'E(a) is summable over the set on which it is defined, and

mE = [ mE)do.

If mE < «, then Kg(z) is summable over R, Hence by 25.3,
except on a set E, with m*E, = 0 the function Kg(o, 7) is summable
over R,, and

mE = [ [, Ko, 7)dr] do.

For each fixed ¢ the value of Kx(s, 7) is 1 or 0 according as (s, 7)
is or is not in E; that is, Kx(s, 7) = 1if 7 is in E(¢), and Kz(s, ) = 0
if 7 is not in E(s). Hence Kx(s, 7) = Kg()(r), and so

miE = R._E.[ A Ko(r) dr] do = /n._z. m*E (o) do.

If E is measurable, but mE = oo, then for each interval W, the set
EW, has finite measure. Define EW,(c) to be the set of points r of R,
such that (s, 7) is in EW,. By the preceding paragraph, EW,(o) is a
measurable set in R, except for the values of ¢ in a set E, with m*E, =
0. Define Ey = U E,; then m*E, = 0, and for all ¢ in R; — E, all the
sets EWa(c) are measurable subsets of R.. But E(s) is the sum for
n =12 - of the sets EW,(c), so if 0 is in R, — E, the set E(o) is
a measurable set in the space R..

26.6. If E i3 a set in R, with g-dimensional measure mE = 0and
Jor each o the set E(a) consists of all v in R, for which (g, 7) 18 in E, then
for almost all ¢ in R, the set E(c) has measure m'E(s) = 0.

Except on a set E, with m*E, = 0, the set E(¢) is measurable, and

0=mE= [ mEo)ds,

as was proved in 25.4. But m'E(s) 2 0, so by 23.5 m'E(s) = O for
almost all ¢ in R, — E,, that is, for almost all ¢ in R,.

* That is, E(0) is the projection on the {z**V, . . . | z(@).gpace of the part
of E lying in the “plane” z» = o . . . 7 = g®,
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A special consequence of 25.3 is that if f(r, y) is summable over the
plane, then for all fixed values of y except those of a set £ of measure
m'E = 0 the integral

[ S 9 de
exists; and if we replace this integral by 0 on E,, then

/+ « [/_+: f(x, v) dx] dy = //R’f(:c, y) d(x, y).

— o0

A similar statement holds if we integrate first with respect to y and
then with respect to . This might lead to false hopes that even if
f(z, y) is not summable, the existence of one iterated integral might
imply that the other exists and has the same value; or that if both
iterated integrals exist and have the same value, then f(z, y¥) must be
summable. Two simple examples lay these hopes to rest.

On the interval —1 =2 £ 1, —1 £ y £ 1 define f(z, y) = z/y if
y # 0, f(x, 0) = 0; outside of the interval we set f(x, y) = 0. This
function is measurable; in fact it is continuous at all points (z, y) with
y # 0. For each fixed y the function f(z, y) is continuous in z, and its
integral fromz = —1toxz = 1is 0. So

/—ll [[—llf(x’ v) dx] dy = /_ll 0dy = 0.

But if —1 £z <1 and z # 0, the function f(z, y) is not summable
fromy = —1toy =1, for | f(z,y) | = |x|/| y|, which is easily seen
to be non-summable as a function of y. Therefore one of the iterated
integrals can exist and the other be meaningless.

Next, consider the function f(z, y) which is defined on the interval
—1 =z =1, —1 =y £ 1 by the formula f(z, y) = 6zy(z? + y?)—*if
(z,y) # (0,0),f(0,0) = 0. Outside of the interval we set f(z, y) = 0.
For each fixed y, the function is continuous in z, and is odd; that is,
f(—z,y) = —f(z, y). Hence its integral from* z = —1tozxz =1 is

0, and
/_l, | [ 1@ v dz|dy = 0.

[ [ @ v ay]dz=o.

Yet f(z, y) is not summable over the interval. If it were, it would also
be summableover0 £z £ 1,0 £ y £ 1, by 22.5. Then the iterated

Likewise

*Or from — » to o,
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L[ 1 v das] ay

would exist. But the integral inside the brackets is readily calculated
to be y% — y(1 + y?)~3, which is not summable from 0 to 1

Having shown the falsity of some statements converse to 25.3, we
establish a theorem which is in the nature of a converse

26.6 (Tonelli). If f(x) = f(o, ) 18 measurable over R,, and for all
ponts o in R, except those of a set E with m*E = 0 the function | f(a, 7) |
18 summable over R,, and the iterated integral

/R.—E[/R, | /@@, 7) | (l‘f] do

exists, then f(x) is summable over R,

Let g(x) be a positive-valued function summable over R ,; for exam-
ple, we could let g(z) be the exponential of —[(z™)2 4+ -+ (z(2)?].
Define f.(z) =inf {|f(z)|, ng(x)}. Then f.(x) is measurable by
21 4,21 6and 21 7, and | f.(x) | £ ng(z), which is a summable function.
So fa(x) is summable over R, by 22 2. Except for the points ¢ in a
set E. with m*E, = 0, the function f.(s, 7) is summable over R,, by
253. Define £y = EUE,UE,;U - - - ; then mE, = 0, and if ¢ is
in R, — E, all the functions f,(¢, 7) are summable over R, Also,
fo(x) £ |f(z) ], s0 by 253 and 18 2

o Jo(@) dz = [R__m['/m Falo,r) dr] do < [R ._E.,{ /R,l (o, 7) | dr} do.

Therefore the integrals of the f,(x) are bounded. But by the defini-
tion, fi(x) £ fa(x) £ - - , and lim fu(z) = |f(z)|; so by 184
| f(z) | is summable over R,. By hypothesis f(r) is measurable, so
by 22.3 it is summable over R,

In theorem 25.6 it is annoying (though neccessary) to have the
measurability of f(x) as a hypothesis. Likewise in 25.4 it would be
desirable to conclude from the measurability of K, for almost all ¢
that E is measurable. This is not so; Sierpiniski* has constructed an
example of a non-measurable set contained in the plane, and yet not
having more than two points in common with any line. However,
we can prove

2b.7. If E* 18 a measurable set in R, and E' is a measurable sel in R,
then the set E, = E* X E* = {(o,7) | 0 in E*, 7 in E'} is measurable and
mif = (m*E*)(mtEY).

*W Sierpuiiski, Sur une probléme concernant les ensembles mesurables superfi-
ciellement; Fundamenta Mathematicae vol. 1 (1920) pp. 112-115

integral
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Suppose that E* and E* are bounded. For each ¢ > 0 we can by
20.1 find sets F*, G* in R, such that F* is closed, G* is open, F* C E*
C G, and m'F* > m'E* — ¢, m'G* < m'E* + e¢. Likewise we can find
sets F¢, G* in R, such that F* is closed, G* is open, F* C E* C (*, and
mF* > mE —e¢ mG <mE'+ e Let Gbe G XG ={(o,7)]c
in G* 7 in G*}, and let F be F* X F*. The set G is open. For let
z = (s, ) be any point of G. Since ¢ is in the open set (%, there is a
v > 0 such that if ||d, ¢ || < v, then ¢ is in G*. Since 7 is in the
open set G*, there is a & > 0 such that if | |7, 7| | < §, then 7 is in G*.
Let a be the smaller of v and 8. If £ = (6, 7), then || % z||? =
16,012+ |]7 7|2 by the definition of distance. Soif|| %,z || < e,
then||é,0|| <a S yand||7 7|| <a S48 ThereforesisinG*and
7isin G, and so £is in G.

The set F is closed. For let z = (¢, 7) be an accumulation point
of F, and let (o4, 71), (02, 72), *+ * * be a sequence of points of F tending
toz. Since||ono|| S ||2mz||and ||ra,7|] S ||zs, ||, it is
also true that o, tends to o and 7, tor. But ¢, is in F*, which is closed,
80 ¢ is also in F*. Likewise 7 is in F*, so (s, 7) is in F.

Since G is open, it is measurable. The set G(¢) defined like E(o) in
25.4 is the same as G* for all ¢ in G* and is empty for ¢ not in G*.
Therefore m'G(c) = Kea.(s)m'G*, and by 25.4

meG = j& mG (o) do = ﬁi Ko(o)(mG) do = (mG)(m'G*)
< (mE* + (mE* + ¢).
By 20.1, m¢E < (m*E* + ¢)(m'E* + ¢) for all ¢ > 0, so
miE £ (m*E*)(m'E").
Since F is closed, it is measurable. Just as above, we find
miE = (m*E*)(mE").

So by 20.2 miE = mIE = (m*E*)(m'E"), which establishes our theorem
for bounded sets.

If E* and E* are not both bounded, we let E% be the part of E*in
the cube —n < ¢® = n, and let E be the part of E* in the cube
—n S 7 = n. Theset E, is defined to be the set of (¢, ) with ¢ in
E: and 7 in EY. By the preceding proof, for each n the set E, is
measurable and

miE, = (m*E:)(m'E").

Asn — », thesets E,, E* and E*, swell, and their sums are respectively
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E, E* and Et. So by 19.8 the set E is measurable, and
miE = (m E*)(m'E").

The next theorem is designed to permit us to avoid in applications
the sets of measure 0 on which f(o, 7) may fail to be summable over
R.. We shall prove this only for double integrals. For values of ¢
larger than 2 the corresponding theorem is valid, but the proof is
longer.

26.8. If f(x, y) 18 summable over the plane — o <z < ©, —o <y
< o, there is a function g(x, y) equivalent to f(x, y) such that g(z, y) 18
summable as a function of y for all values of x and summable as a function
of x for all values of y, and

f/R g(x, y) d(z, y) = /R [/R 9(z, y) dx] dy = /,,l [fR 9(z, ¥) dy] dz;

or in the conventional notation of the calculus,
+ @ + » © ©
[_ . [_ _ 9(z, y)dzdy = /_ . [/_ 9=z, ) dx] dy

= /_: [/_: g(z, y) dy] dz.

By 25.3, except on a set X with measure m'X = 0 the function
f(z, y) is a summable function of y. Let E, be X X R;; by 25.7, this
set has measure 0. Define fi(z, y) = f(z, y) if (z, y) is in CE,, f(z, y)
= 0if (z, y) isin E,. Then fi(z, y) is equivalent to f(x, y). For all
z it is summable as a function of y; for either z is in CX and f(z, y) is
equal to the summable function f(z, i), or else zis in X and fi(z, y) = 0.

Again by 25.3, except for y in a set Y with m'Y = 0 the function
fi(z, y) is a summable function of z. Let E; be B, X Y. By 25.7,
m?E; = 0. Define g(z, y) = fi(z, y) if (z, y) is in CE,, g(z, y) = 0if
(2, y) is in E,. As before, g(z, y) is a summable function of z for all
y. Consider any fixed z. For this z the functions g(z, y) and fi(z, y)
are equal unless y is in the set Y; that is, g(z, y) is equivalent to fi(z, y)
as a function of y alone. Since f1(z, y) is a summable function of y, so
is g(z, y). Thus g(x, y) is a summable function of each variable for
each fixed value of the other. The equations in the statement of this
theorem are then an immediate consequence of 25.3.

In elementary calculus we have the theorem that if f(x) is continu-

ous and positive on the intervala < x < b, then L ’ f(z) dz is the area

under the curve y = f(z); that is, it is the area of the region bounded
above by y = f(x), below by the z-axis, and on the left and right
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respectively by the lines 2 = a and z = b. Using the Lebesgue
integral, we can generalize this result directly. Consistently with
our previous notation, we shall use z for points (zV, - - -, z(#*V), ¢
for points (zV, - - -, (@) of R,, and 7 for points (real numbers) of
R,. Thus each z can be written as (¢, 7). We shall suppose that we
are given an interval-function A, for intervals in the g-dimensional
space R,; in order that the next theorem may be an s-theorem, we do
not make use of the definition of A,J, as the product of the sides of I,
and instead utilize only the ‘“s-properties” 10.1 and their conse-
quences. For intervals I, of the space R, we define an interval
function A,411 41 as follows. If the closure I, of I, is defined by
inequalities a® S z®™ = b®, 1 =1,2, - - -, ¢+ 1, and I, is the
interval a® < z® < b®, ¢ =1,2 - - -, q, then we define

Al g1 = (b)) — aletD)A T,

It will be noticed that if we take A,I, to be the product of the sides of
I,, then A 1144y is merely the product of the sides of 7,,; Having
now 8 Agy1l,41 defined (and plainly satisfying 10 1) for all intervals of
(¢ + 1)-space R, we are able to define integrals and measure 1n
Rosr.

Now suppose that f(¢) is defined and non-negative on a set £ in B,
The generalization of the ‘‘region under the curve’’ will be the ordinate
set Q. This set consists of those points (o, 7) = (2, - - -, xletD)
such that s isin £ and 0 = r < f(¢). The elementary theorem on the
area under the curve y = f(z) has the following generalization:

26.9s. Let f(o) be defined and non-negative on a measurable set E
in g-dimensional space, and let Q be 1ts ordinate set. Then

(a) Q18 measurable 1f and only if f(o) 18 a measurable function;

(b) @ has finite measure m+'Q if and only if f(o) is summable;

(c) if ma+1Q 13 finite, then

merlQ = /E (o) do.

To simplify notation we extend the range of definition of f(c)
by setting it equal to zero on B, — E. This leaves the integral in (c)
unchanged; and also it leaves the set @ unchanged, for at all points of
R, — E the condition 0 = r < f(¢) cannot be satisfied. The set @
now consists of all (¢, 7) such that 0 = 7 < f(s). We observe that
because of the way Agy1fq41 is defined, it satisfies the factorization
requirement 25.2.

Let us first suppose that @ is measurable. The set of all points
(o, 7) with ¢ in R, and 7 < 0 is measurable by 25.7. We add this set
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to @ and call the sum @*. Then ©* is measurable. From its defini-
tion, it consists of all (s, 7) with 7 < f(s). By 25.3, for almost all
numbers = (say for all 7 in T, where m!(CT) = 0), the set Q*(r) is
measurable, where by ©@*(r) we mean the sev of all ¢ such that (g, 7)
is in @*. Now we show that 2*(s) is the same as the set B [f > 7].
If s isin 2*(r), then (s, 7) isin Q% ,so7 < f(¢). Conversely, if r < f(o)
then (¢, 7) is in Q@* and o is in Q*(r). Hence Q*(r) = R [f > 7.
But we have seen that Q*(r) is measurable for all = in the set 7.
Hence R[f > 7] is measurable for all 7 in the set T, which is dense
in the space of real numbers; and by the exercise just after 21.3 the
function f(¢) is measurable.

Conversely, let f(¢) be measurable. The positive rationals are a
denumerable set, and can be arranged in a sequence 7y, 73, * * ¢ .
Let E, be the set of all (s, 7) such that f(¢) > r,and 0 =+ = r,, The
conditions on ¢ and 7 being independent of each other, the set E, is
measurable by 25.7. If (s, 7) is in E,, then 0 £ 7 < f(¢), 50 (0, 7) i8
in . Therefore U E, is contained in 2. On the other hand if (o, T)
is in @, then 0 < 7 < f(0); so there is a rational number 7, such that
T <1, < f(c) and (s, 7) is in E,, Hence UE, = 2 Theset being
the sum of measurable sets is measurable by 19.8. Thus conciusion
(a) is established.

For each point ¢ in B, we now define 2(¢c) to be the set of all ~
such that (s, 7) is in @. This set is empty if f(¢) = 0, and is the
interval 0 S 7 < f(0) if f(6) > 0. Therefore for all o the set (o) is
measurable and the equation

m'Qo) = f(o)
holds; for if f(s) = 0 then ©(s) is empty and has measure 0, and if
f(@) > 0 then m'Q(¢) = f(¢) — 0 = f(¢). Suppose then that me+1Q
< «. By25.4

merQ = [R' m\Q(o) do = [R' f(0) do = [E 1(0) do,

since f(¢) = O except on E. This establishes half of (b) and also (c).

Suppose, conversely, that f(s) is summable. Let Kg(o, 7) be the
characteristic function of Q. This function is measurable, since Q is
a measurable set by (a). For each fixed o, the function Kq(s, 7) is
equal to 1 for 0 S 7 < f(s) and to O elsewhere. So

[o| Kalo, 7) | dr = f(o).

This is summable over R,, by hypothesis. Therefore by 25.6 the
function K g is summable over Ry, and me+'Q is finite by 19.1.



150 INTEGRATION [CHap. IV

An obvious analogue of 25.9 holds for non-positive functions f(z).
If for such functions we define the ordinate set @ to be all (¢, 7) with
cin E and 0 = 7 > f(¢), theorem 25.9 remains valid except that the
left member of the equation in (c) must be multiplied by —1. The
proof is unaltered except that all inequalities are reversed and f(o)
is replaced by —f(¢) in the last two equations in the proof.

The extension of the theorem to functions which are not necessarily
non-negative is trivial. If f(¢) is defined on a measurable set E, we
define Q, to be the set of points (s, 7) such that ¢ isin E, f(¢) > 0, and
0 < r < f(s); and we define Q_ to be the set of points (s, 7) such that
cisin E, f(6) < 0, and f(¢) <7 < 0. The set 2, is the ordinate set
for the function f*(¢) = sup {f(s), 0}, and the set Q_ is the ordinate
set for the function —f-(¢) = —sup {—f(s), 0}. Recalling 21.8,
21.12, 19.4, 19.6 and 19.8, we see that f(¢) is a measurable function if
and only if ©, and Q_ are measurable, which is true if and only if
Q, U Q_ is measurable. The function f(¢) is summable if and only
if @, U Q_ has finite measure, and in that case the equation

[ 5@ do = me1@, — menia.

holds.

Our choice of the signs < or < in the definition of the ordinate-set
Q was more or less arbitrary, and we chose the signs as we did for
convenience in proof. For example, if f(z) is non-negative we can
define another ordinate-set Q° as the set of all points (s, 7) of Ry with
0 =7 S f(6). This contains @, and Q° — Q@ consists of the points
(o, f(¢)) with f(s) finite. We leave it as an exercise to prove that
met(Q° — Q) = 0. From this it follows that theorem 25.9 remains
valid if we replace Q by Q¢.

It is hardly necessary to point out that if the concept of measure in
Rg41 has been defined by some method independent of the concept of
integral, we could use the measure of the ordinate-set Q as the definition
of the integral of f(s).

26. Let f(z) be a function defined and summable over a measurable
set E,. By 22.5, f(x) is also summable over every measurable subset
E of E,. That is, if E is a measurable set contained in E; the number

[z f(z) dz is defined. Thus we have a law of correspondence by which

to each set E In the class of all measurable subsets of E, there is
assigned a (finite) real number. In other words, we have defined a
function F(E) in which the functional values are (finite) real numbers,
but the independent variable E ranges over the class of all measurable
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sets contained in E,. Such a function is called a set-function, or
Junction of sels.

We have just had one example of a set-function. Some other
examples are:

(a) F(E) is defined for all measurable sets E, and for such sets
F(E) = mE.

(b) F(E) is defined for all measurable subsets & of a set E, of finite
measure, and for these sets F(E) = mE.

(c) F(E) is defined for all sets E; F(E) = 1 if E contains the origin
0, F(E) = 0 otherwise. Here F(E) is given by the formula F(E) =
Kx(0).

(d) F(E) is defined for all sets E, and F(E) = diam E; that is,
F(E) = sup {|| 21, 22 || |z, 22 in E}.

(e) F(E) is defined for all subsets E of the interval W,, and for such
sets F(E) = diam E.

The first two of these examples can be expressed in the form

F(E) = [E l1dx. But later theorems will show that there can not

exist any function f(2) such that /E f(x) dz gives us the set functions
(c), (d) or (e).

There are a number of properties which a set-function may have.
For this section we wish to define and discuss several of these properties.
First, however, we introduce a definition concerning collections of the
sets themselves.

26.1s. A class {E| of sets is additive if for every finite number E,,
Es, - - -, E. of sets of {E} the sum U E, is also a set of {E}; it is com~
pletely additive if for every finite or denumerable set E\, Es, - - - of sets
of {E} the sum U E, is also a set of {E}.

Returning now to functions of sets:

26.2s. A set-function F(E) defined on a class {E} of sets is bounded
tf there is a finite number M such that | F(E) | S M for each set E of
{E}.

26.3s. A set-function F(E) defined on a class {E} of sets is of bounded
variation (abbreviated ‘“‘of BV ') if there 1s a finife number M such that
|F(E) |+ « - - + |F(E.) | £ M for every finite collection E,, - - - ,
E, of disjoint sets of {E}.

26.4s. A set-function F(E) defined on an additive class {E} of sets i8
additive if FIU E,) = ZF(E,) for every finite collection E,, - - - , E, of
digjoint sets of {E}. A set-function F(E) defined on a completely additive
class {E} of sets is completely additive if F(U E;) = ZF(E;) for every
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finute or denumerable collection E,, Es, + - - of disjoint sets of the class
{E}.

Example (a) is unbounded and not of BV. It is completely additive
by 19.8

Example (b) 1s completely additive, bounded, and of BV, by 19.8
and 19.3.

I ample (¢) is bounded, for F(E) = 0 or 1 for everyset. By 1.1,
if Ey, ks, - - is a finite or denumerable collection of disjoint sets

Kye(r) = ZKx (z)
for every +  Substituting the origin 0 for x, we obtain
S|FE)|==3FE)=FUE)=0o0r1,

which proves that F(E) 1s completely additive and of BV

Example (e) 15 bounded, example (d) is not. Neither is additive
For if E, consists of a single point x, and £, of a single point z; # 1,
then F(E\U E;) = || xy, 22| |, while F(E,) = F(E;) = 0 Neither is
of BV  Forlet 8, 8" be two spheres in 8, of radius r and distance
between centers 3r.  Let x{, x;, - -+ be distinet points of S’ and let
)z, - be distinct points of 8”7 Define E, to be the set con-
sisting of x, and r,; these sets are disjomt Then F(E,) = r, so
|F(E))|+ - - - + |F(E,) | 2 nr, and F(E) 1s not of BV.

It is obvious that if F(E) is completely additive, it is additive.
Moreover the concepts of boundedness and BV are closely related, for

26.6s. If F(E) 1s of BV on the class {E} 1t 1s bounded. If {E} 1s an
additwe class of scts and F(E) ts additwe and bounded, it 1s of BV.

If S|F(E)| = M for every fimite collection E,, - - | E, of sets
of { £}, thenn particular (takingn = 1) | F(E) | £ M for each E of the
class {E}.

Suppose that { E} is additive and F(E) is additive on {E}, and let M
be a finite number such that | F(E) | £ M for each K of {E}. Let

E\, Es - - -, E,be a collection of disjoint sets of {E}. We subdivide
the aggregate of sets £, - - - , K, into two parts; the sets (which we

denote by E*) such that F(E*) = 0, and the other sets (which we
denote by E7) such that F(Er) < 0. Then
Y |F(E) | = Y, F(EY) — 3, F(Ex)
1=1

=FUEYH - FUED) = FUED | + |F(UER) | < 2M,
so F(E) is of BV.
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Next we prove a very simple theorem.

26.6s. If F(E) 13 finite and additwe on a class of sets including the
empty set A, then F(A) = 0.

For A = A U A; therefore F(A) = F(A) + F(A).

We now define continuity and absolute continuity (AC) for
set-functions.

26.7s. A set-function F(E), defined on a class {E} of sets, is con-
tinuous 1f to every € > 0 there corresponds a § > 0 such that | F(E) | < €
for all sets E of the class { E} whose diameter diam E 1s less than 6.

Examples (d) and (e) are clearly continuous. Examples (a) and (b)
are also continuous * Forif diam E < §, then E can be enclosed in an
interval of side 26 and volume (28)2. Hence mE < (24)¢, which is less
than an arbitrary e if § is small enough. But example (c) is not con-
tinuous. For let ¢ = 3. No matter how small a number § > 0 we
choose, there is a set £ (the set consisting of the origin alone) of
diameter diam £ = 0 < § and such that F(E) =1 > ¢

26.8s. A set-function F(E) defined on a class {E} of measurable sets
E is absolutely continuous if to every € > 0 there corresponds a 6 > 0
such that | F(E) | < e for all sets E of the class { E} which have measure
mE < 4.

Examples (a) and (b) are clearly absolutely continuous (we can
take 8§ = ¢) Examples (d) and (e), which were continuous, are not
absolutely continuous. For suppose r, and x; are two (distinct) fixed
points of I If we take e = | | ry, x2 || there can be no § satisfying
268 Forif 8§ > 0, the set E consisting of the two points r, and z, has
mE =0<éand F(E) = diam E = ||z, 22| | = ¢ Example (c) is
surely not absolutely continuous, for it is not continuous, while

26.9.1 If a set-function F(E) 15 absolutely continuous, it 1s con-
linuous.

Let ¢ be a positive number There is a & such that | F(E) | <
wherever mE < §. If diam E < §'9/2, then | F(E) | < e. For then
E can be enclosed in an interval I, of sides less than 89, hence of
volume Al, < &;s0 mE < Al, < §,and | F(E) | < e

A simple consequence of absolute continuity is given in the next
theorem.

26.10s. If F(E) 1s defined and additwe on the class of all measurable
subsets of E*, it 18 AC if and only if for every ¢ > O there existsa é > 0
such that 2| F(E,) | < e for all finite collections E,, * + - , En of dis-
joint measurable subsets of E* such that ZmE, < 6.

* This 18 not an ‘‘s”’ statement
t Observe that this 1s not an “s’ theorem.
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If the condition of 26.10 is satisfied, then F(E) is AC, as we see by
considering only collections consisting of one set E,. Conversely,
suppose that F(E) is AC, and let € be a positive number. There is a
6 > 0 such that |F(E)| < e/2if mE <&. Let E, E,, - - -, E, be
a collection of disjoint measurable subsets of I with EmE, < 5. We
classify the E, into the sets £+ such that F(E+) = 0 and the remaining
sets Ey such that F(E7) < 0. Then

Z|F(E)| = 2F(EY) — 2F(E7) = FUEY) — F(U Ey).

But m(U Et) = mUE, <5 and m(U Er) smUE, < 5, so each
term on the right is less than ¢/2, and Z | F(F,) | < e

We now establish the relationship between AC functions and
functions of BV.

26.11s. If F(E) is additive and AC on the class of all measurable sets
E contained in a set E* of finite measure, then 1t is of BV and bounded.

We have shown in 26.5 that F(E) is of BV if and only if it is
bounded. Suppose it is not bounded. Letk = | F(E*)| + 1. Then
there is a measurable subset E, of E* such that | F(E,) | > 2k. Defin-
ing E, = E* — E,, the sets E, and E, are disjoint and measurable, so

|F(E2) | 2 |F(E\) | — |F(E*) | > 2k — (k — 1) > k.

Either F(E) is unbounded on the subsets of E,, or it is unbounded
on the subsets of E;. For suppose | F(E) | £ M, for all measurable
subsets of E,(i = 1, 2). Every measurable set E in I can be sub-
divided into the two disjoint measurable portions EE, and EE,, and
EE, is a subset of E,(z = 1, 2). So

|F(E) | = | F(EE\) + F(EE,) | < |F(EE)) | + | F(EE») |
S M+ M,

But this contradicts the assumption that F(E) is unbounded. Let us
therefore suppose (a mere matter of choice of notation) that F(E) is
unbounded on subsets of E,. Then there exists a measurable set
E; C E, such that |F(Es) | > 2 |F(E\) | > k. If we define E, =
E, — E,, then

|F(E) | 2 |F(Es) | — |F(E)) | 2 2|F(E\) | — | F(Ey) | > k.

Again, by the same argument as above F(E) is unbounded either
on the subsets of E;or on the subsets of E,. Suppose E; is the one.
We choose an E; in E; such that |F(Es)| > 2| F(E,) | , define
Es = E; — Es, and proceed as before. Continuing thus, we obtain a



Sec. 26.11s) THE INTEGRAL AS A FUNCTION 155

sequence of measurable sets E;, D E; D E; D - -+ such that
|F(E) | >kand |F(E) —F(E..2)| >k(3=13,5 ---). From
this we shall show that F(E) can not be AC. Forlet ¢ = k, and let &
be any positive number. The sets E, — E;, E; — E5, - - - are all
disjoint and all contained in E,, so by 19.8

E m(Ey-1 — Eay) = m[ 01 (Egs—y — E2;+1)] S mE, < «.

1=1 Lo

Because the series converges, its terms tend to 0, and we can find a
set Ega_1 — Eay1 of measure less than 8. But | F(Es- — Eay1) |
>k =¢ 80 F(E) is not AC.

ExEercisE. Show that if ““s’’ is omitted from 26.11 a simpler proof
is possible along the following lines. Split £* into a finite number of
parts E;, + + -, E, each of measure so small that | F(E) | < L if E
is contained in any one E,. Then for all sets E, | F(E) | < | F(EE)) |
+ -+ |F(EE.)) | <n.

The words “absolutely continuous’’ have been used in this section
with a meaning quite different from their meaning in §9. There is no
possibility of confusion, since in the two places the words are applied
to two different types of functions. Hence no proof of consistency
is needed, or even possible. However, it can be shown that there is
actually a relationship between AC set-functions and AC functions
f(x) of a single real variable z. Suppose that F(E) is an AC additive
function of measurable sets in an interval I = [a, b] of one-dimensional
space R;,. With F(E) we can associate a function f(z) as follows. If
a £z £b we define f(z) = F([a, z)); since the interval [a, a) is the
empty set A, this gives f(a) = F([a,a)) = F(A) = 0. The function f(z)
thus built out of F(E) is then AC. Forifa < @ < 8 < btheintervals
[, @) and [e, B) are disjoint, so f(8) = F([a, B)) = F([a, ) + F([a, B))
= f(a) + F(la, B)). That is, F([e, B)) = f(B) — f(a). Let ¢ be any
positive number. Since F(E) is AC, by 26.10 there is a § > 0 such
that £ |F(E,)| < ¢ whenever E,, - + - , E, are disjoint measurable
subsets of I such that ZmE, < §. In particular, let [ai81), - * -,
[as, Ba) be a set of disjoint intervals such that Z|g8, — a,| < 8.
Then* m U [, 8,) = Zmla, B,) = |8 — &, | < 5, 80

€ >_ z ' F([e, B)) | =2 lf(lsl) — fla) , .
This proves that f(x) is AC as defined in §9.

* This is not an ‘‘s’’ statement since we use a special property of Al.
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ExErcise. Show that if F(E) is of BV on the class of measurable
subsets of [a, b], then the function f(x) defined in the preceding para-
graph is of BV as defined in §8.

27. Our introduction to set functions was by way of the particular
set-function

F(E) = [, fa) dz,

where f(x) is a function summable over a measurable set £* Wehave
already remarked that this set-function is defined over the class of
all measurable subsets of E* which is a completely additive class by
19.8. Now we proceed to study this particular set-function 1n more

detail. In fact, we shall show that it has every one of the properties
defined in §26.

27.1s. If f(x) 18 summable over a measurable set E*, then the set
Sfunction

F(E) = /E f(z) dx

18 absolutely continuous on the class of all measurable subsets of E*.
Let € be a positive number. By 18.3, | f(z) | is summable over E*.
Define fn(z) =inf {|f(x) |, n}. This function is measurable by

21.4 and 21.7, and | fu(x) | £ | f(z) |, so fa(x) is summable by 22.2.
Moreover,

[o @ dz = [ 17G) | dz.

Clearly fi(z) £ fo(x) £ - -+ . As n— o, the functions f.(z)
approach | f(z) | as limit; for if | f(z) | = «, then f.(z) = n — «,
and if f() is finite, then f.(z) = | f(z) | foralln = | f(z) |. By 18.4,

lim [ f(x)dz = [, 1/@) | dz.

So for some value p of n we have

/ fo(z) dz >/ | f(z) | dz — %
E* E*
Now let E be auy subset of E* with mE < ¢/2p. Then

\FB) | =| [ f@) dz| s [[1/) | dz
= [,16@ + (15@) | = f,@)) dz
< [ppdr+ [ (15@) | = @) dz <

So F(E) is absolutely continuous.
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The hypothesis in 27.1 that E* is measurable is easily removed.
For if we set f(x) = 0 on CE* it is integrable over the whole space
R, and its integral over subsets of E* is unaffected.

In order to prove the complete additivity of F(E) we establish a

lemma which is of interest in itself. It is a partial converse to theorem
22.5.

27.2s. If E,, Es, + - - 18 a finute or denumerable collection of dis-
joint sets, and f(z) is defined on U E, and is summable over each E,, and

3 [ /@) | dz < =,

then f(x) is summable over U E, and

5 o f@de = [ f@)da.
Suppose first that f(z) =2 0 By 12,
J@)Ky (2) = 3, f(2)Kx(z).

Each of the functions on the right is summable over the whole space
R, So this equation, together with 18.3 if the E, are finite in number
and with 18.6 if the E, are denumerable, shows that f(x)KUE'(x) is

summable over R, (that is, f(x) is summable over U E,) and
/uE. 1@ dz = [, f@K g (@) dz = Y, [, f@Kn(2) dz
=3 /E' 1(z) dx.

We now remove the restriction that f(z) = 0. The functions f+
and f~ of 15.4 are non-negative, and by 18.3, both are summable over
each E,, and

Jo 17+@ dz < [ 11(2) | d,
Jo 11 @ dz < [, 15@) | dz.

Hence by the preceding part of the proof f+(z) and f~(z) are summable
over U E,, and

[ @ dz =3, [ f+(a) ds,
[UE‘ f@)do =3, [, f-() da.
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Therefore by 18.3 f*(z) — f~(z) is summable over U E,, and
Jyp /@ dz = [ 1@ — f@)) do

-3 {frera o)
= E /E‘f(x) dz.

Exgrcise. If E,, E;, - - - is a finite or denumerable collection of
measurable sets (not necessarily disjoint) and f(z) is defined on UE,

and is summable over each E,, and E /E | f(x) | dz < o, then f(z) is

summable over U E..
ExEercise. Construct an example to show that the hypothesis

”Zﬂ, | f(z) | dz < =" in 27.2 and the preceding exercise can not be

weakened to read “2 | [E f(z) dx‘ < w.”
27.3s. If f(x) is summable over E*, then the set-function

F(E) = L f(z) dz

18 completely additive on the class of all measurable subsets of E*.
Let E,, E., - - - be a finite or denumerable collection of disjoint

measurable subsets of E*. By 1.2, Kys(z) = E Kge(x). If the
E, are finite in number, then by 1.2, 18.3 and 18.2

% /E. |f(z) |dz =D, [a. | f(z) | Kg,(2) dz = /;q | /() | Ky (@) do
= [B'II(x)lKE-(.’E) dz = [E‘ |f(x)ldx < o,

If the E, are denumerable in number, this still holds for each finite
subset £, * - -, K, of them, so

% fp 1@ 1 dz = lim 3, [ 11@) |d 5 [[1£(e) | d2 < .
In either case, the sum is finite. So by 27.2
FUE) = /u J@dz =73, [ J@) dz = 3, F(B),
which establishes our theorem.

27.4. Corollary. The function F(E) of 27.1 i8 continuous. This
follows at once from 27.1 and 26.9.
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27.6s. Corollary. The function F(E) of 27.1 is of BV and bounded.

This follows from 27.1, 27.3 and 26.11. But a simple proof is
possible without reference to 26.11. Forif E,, - - - , E, are disjoint
measurable subsets of E*, then

SIFE) | = 3| [ /@K@ dz| S 3, [, /@) | Kn(z) dz
= [ /@) | Kys(@) do < [, 17() | Kie(a) dz
= [ @ ldr < =,
Hence F(E) satisfies the definition 26.3 of BV, with M = [E* | f(z) | dz.
With n = 1, this proves that F(E) is bounded.
For simple integrals over intervals it is useful to introduce the

usual notation of the calculus. Let f(x) be summable over an interval

[a,b]. Ifa £ a < B = b the function f(z) is summable over [a, 8), by
22.5. We define

[ 1@ dz = [ | 1) da,
[ 1@ de= = [ | 5@ da,
[ @) dz = o.

With this notation it is easy to establish the following statement.
27.6s. If f(x) is summable over [a, b], and ¢, d, e are all in [a, ], then

/;ef(x) dz = /cdf(x) dr + L‘f(x) dx.

To prove this we re-write it by transposing all terms to the left,
obtaining

[f(x)d.w/e”f(x)dx+[i"f(x)dz=o

The left member is unchanged if we permute the letters ¢, d, e cyclically,
and it is only changed in sign if we interchange any two of the letters.
We may therefore suppose the notation chosen so that ¢ < d S e.
Now if ¢ = d or d = e the equation is trivial. Otherwise the intervals
[¢, d) and [d, e) are disjoint and their sum is [c, €), so the equation is
true by 27.3.

The next statement is an immediate corollary of 27.1.

27.7. If f(x) vs summable over [a, b], then the function

F(z) = / * f(z) dz

18 absolutely continuous on [a, b).
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If for measurable subsets E of [a, b] we define F*(E) to be the
integral of f(z) over E, by 27 1 this is an AC function of sets. By the
last part of §26, the function F*([a, x)) is AC on the interval [a, b).
But this is exactly F(z).

28. One of the outstanding virtues of the Lebesgue integral is that
it permits passages to the limit under hypotheses much weaker than
those needed when using Riemann integrals. We have already had
an example in 184 of a convergence theorem valid for Lebesgue
integrals, but certainly false for Riemann integrals, as the example in
§18 proved. In this section we shall study several ways in which a
sequence of functions can converge to a hmit function, and in the next
section we shall establish a number of very powerful convergence
theorems

The reader is already famihar with the idea of umform convergence
A sequence of functions f,(x) defined on a set E converges umformly to
f(z) on Ef for every ¢ > 0 there 1s an n, such that | f.(x) — f(r) | < e
for all x in £ whenever n > n, Moreover we have used in 18.4 the
idea of convergence everywhere If f(r), fi(x), fa(x), - - are all
defined on a set E, then f,(x) converges everywhere to f(x) if for cach
z in E the numbers f,(r) converge to the number f(r) But we know
that scts of measure zero are unimportant in integration, so we may
suspect that a concept more suited for use with the Lebesgue integral
is the following

28.1s. Let the functions f(x), fi(x), f2(x), - - - be defined on a set E
Then fa(x) converges almost everywhere to f(x) of the numbers f,(r) con-
verge to the number f(x) for all r in E — E,, where Eq is a set of measure 0.

If fa(xr) tends uniformly to f(z), then for every § > 0 the relation
“fa(x) in Ny(f(z))” holds for all x if n is greater than a certain n;. If
we wish to define a somewhat similar but weaker type of convergence
we could require that to each positive number & there shall correspond
an integer n; such that f,.(z) lies in Ny(f(z)) for all n > n; and for all z
except at most those in a “small”’ subset of . However, the question
arises—Should this ‘“small”” subset, on which f.(r) is not in Ni(f(z)),
be allowed to depend on 7, or should one such subset serve for all n?
We are thus led to consider two definitions:

28.2s. Let the functions f(z), fi(x), - - - be defined on a measurable
set E. Then the functions f.(x) converge (or tend) almost uniformly to
f(2) 1f to every pair ¢, & of positive numbers there corresponds a set E,
(depending on € alone) of measure mE, < e such that f,(z) is in N, »(f(x))
for all z in E — E, provided that n is greater than a certain n.s. IHere
the “‘small” subset E, is independent of n.
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28.3s. Let the functions f(z), fi(z), - - - be defined on a measurable
set E. Then the functions f.(z) converge in measure to f(z) if for every
pair €, § of positive numbers the set of x on which fo(x) 18 not 1n Ny(f(x))
can be enclosed in a set E, 3 with measure mE,; < e, provided that n 13
greater than a certain n.,. Here the ‘“small” subset E, ; 1s permitted to
vary with n.

We thus have three new kinds of convergence, each of which will
turn out to be especially well designed to apply in certain cases and less
useful in others. It is therefore important to establish the properties
of these convergences and the interrelations between them, so that we
may be able at any time to use the most appropriate formulation.

To begin with, we observe that our last two definitions can be
worded rather differently. The definition of convergence in measure
is merely the statement that for every § > 0 we have lim mE,; = 0.

And if f(x) be almost everywhere finite, the definition of almost uni-
form convergence requires merely that f.(x) converge uniformly to
f(x) on £ — E,, if we make the provision that the set of measure 0 on
which | f(x) | = o is to be included in E,

In the next two theorems we establish some simple properties of
these convergence modes

28.4s. Let f(x), fi(x), fox), - be defined on a set E - Then if
Ja(x) converges to f(x) in any one of our three modes, cvery subsequence
{fa(x)} also converges to f(x) 1n the same mode, and | f.(x) | converges to
| f(£) | in the same mode

For convergence almost everywhere this follows from the known
properties of sequences of numbers; for except on a set of measure 0
the numbers f.(r) tend to f(x), so the same 1s true of every subsequence,
and also | fa(x) | tends to | f(z) | (ef 43).

If fa(z) — f(x) in measure, then for every § > 0 we can enclose the
set of x for which f.(r) is not in N;(f(x)) in a measurable set £, ; such
that mE,; tends to zeroas n — . Then for each integer « the set of
z for which fo(x) is not in Ns(f(z)) is enclosed in E,,, and since the
numbers mk,s are a subsequence of the numbers mE,; they too
approach zero as a — «. Hence f.(z) tends to f(z) in measure.
Also, the set E*,; on which | f.(z) | is not in N;( [ f(x) | ) is contained in
Ens, by 43 Since mE,; — 0, this proves that | f.(x) | converges in
measure to | f(x) |.

If fa(x) converges almost uniformly to f(x), then except on a set
E, of measure mE, < e the functions f,(z) tend to f(z) uniformly. The
same is therefore true of the subsequence f.(z). Also for n greater
than a certain n, the numbers f.(z) arcin N.(f(z)) forallzin E — E,, so0
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by 4.3 | fa(x) | is in N, (| f(z) |) for all such n and z, and | fu(z) | tends
uniformly to | f(z) | on E — E,. Hence | fu(x) | tends to | f(z) | almost
uniformly on E.

28.6s. If the functions f(x), fi(x), - -+, g(x), gi(z), + + * have
finite values on a set E, and f.(x) converges to f(x) in any one of our three
modes, and g.(z) converges to g(xr) in the same mode, and c is any finite
constant, then fu(x) + ga(x) converges to f(x) + g(x) and cfu(x) con-
verges to cf(x) in the same mode.

Suppose first that f,(x) tends to f(z) and g.(z) to g(x) almost every-
where. Then except on a set E, of measure zero f.(z) tends to f(z) ,
and except on a set E, of measure zero g.(z) tends to g(z). So except
on E, the functional values ¢f,(r) tends to ¢f(x) and except on the set
E,y U E, (which has measure 0) the functional values f,(z) + g.(z) tend
to f(x) + g(x).

Suppose next that f.(z) converges to f(z) and g.(x) to g(r) almost
uniformly. For every ¢ > 0 there are sets E,, and E,. of measure
less than ¢/2 such that f,(x) converges to f(z) uniformly on E — E,,
and g.(z) converges to g(x) uniformly on E — E,.. Therefore on
E — (E\.UE,,) the functions f,(x) + ga(z) converge uniformly to
f(z) + g(x) and ¢fa(x) converges uniformly to cf(x); and m(E, U Es,.)
< e So fa(z) + ga(x) converges to f(z) + g(z) and cf.(z) to cf(x)
almost uniformly on E.

Suppose finally that f.(r) converges to f(z) and g.(z) to g(z) in
measure. Let ¢, & be any positive numbers. There is a number 7,
such that if n 2 n, the set of z on which f.(z) is not in Ny/s(f(z)) can
be enclosed in a set E, s of measure less than ¢/2. Thatis, if n = n,
then |fa(x) — f(z)| < 8/2 except on E,.;. Likewise, there is a
number n; such that if n = n,, then | g.(z) — g(z) | < §/2 except on a
set Ey.s of measure less than ¢/2. Therefore, except on the set
E...U E3ns, whose measure is less than ¢, we have | (fu(z) +
gn(x)) — (f(x) + g(z)) | < 8, and f.(z) + ga(x) converges in measure
to f(z) + g(x). Likewise |cfa(z) — ¢f(x)| < |c|8/2, which is an
arbitrary positive number, so ¢f.(z) converges in measure to ¢f(z).

We now begin to study the interrelations of the three modes of
convergence.

28.6s. Let f(x), f1(x), fa(z), - - - be defined on a measurable set E.
If fa(x) tends to f(x) almost uniformly, then fa(z) tends to f(x) almost
everywhere and f(x) tends to f(z) in measure.

Let E, be the set on which f,(z) fails to converge to f(z); we must
show mE, = 0. By the definition of almost uniform convergence, for
every e > 0 there is a set E, with m.E, < e such that f,(z) tends to
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f(z) uniformly on E — E.. Then no point of E, can be in £ — E,;
so Ey, C E,. Now let ¢ take on successively the values 1, 4, %, - - -

then E, is contained in each set E,,, 50 it is contained in N E,. This
set 1s measurable by 19.9, and m NE,. <mE,. < 1/n for every n.

Som N Ey» = 0,and by 19.13 E, is measurable and mE, = 0. There-
fore f.(x) converges to f(z) almost everywhere in E.

Let ¢, 5 be any positive numbers. Except on a set E, with mE, < ¢
we have f.(x) in Ns(f(x)) whenever n > n.;. Hence if n > n.; the
set of x on which f.(z) is not in Ns(f(x)) is contained in E,, and so E,
will serve as the E,; of the definition of convergence in measure.
Therefore f,(z) converges in measure to f(x).

Thus almost uniform convergence is the strongest of the three
modes.

28.7s. Let f(x), fi(z), - - - be defined on a measurable set E. If
fa(x) tends to f(x) in measure, then there exists a subsequence fn,(z),
(), * - such that f, () tends to f(x) almost uniformly (hence almost
everywhere).

Since f,(x) tends to f(z) in measure, for each positive é and for each
n the set of points x at which f,(x) is not in N;(f(x)) can be enclosed
in a set K, ;1n such a way that mE, ; tends to zeroasn — «. Let this
first be done for § = 1. Since mE, ; tends to zero, there is a first n
(call it n,) for which mE,, < 1. The corresponding set E,, we
rename E,. Next take § = §; there is a first n > n; (we call it n,) for
which mE.; < 3. The corresponding set E,; we rename E,. Con-
tinuing this process, we obtain a subsequence

f"n(x),fn,(x),fn.(x), s e e

of our original sequence which has the property that f.(z) is in
Na-+(f(z)) for all points z outside of a set Ej of measure less than 2!-%,
We now prove that the functions so chosen converge almost
uniformly to f(z).
Let ¢ and 6 be any positive numbers. Since mE; < 27%*!, we can
choose n, large enough so that

S mBy < 327 = 20t <

k=ng ne

Define
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then by 19.8 mE, < . Now choose a number n.; > 7, so large that
21-n5 < 3. For any k > n.s, the set E; is contained in E,; so on
E — E, we have

Ju() in No-n(f(2)) © Na(f(2)).

This proves our theorem.

28.8s. Let the functions fi(z), f2(z), + - - be defined and measurable
on a measurable set E. If f.(x) converges to f(x) in any one of our three
modes then f(x) 1s measurable.

If f, tends almost everywhere to f(x), then f(x) is almost everywhere
equal to lim inf f,(z), which is measurable by 21.9. If f. tends to f
almost uniformly, then f, tends to f almost everywhere by 28.6, so f is
measurable. If f, converges in measure to f(r), a subsequence con-
verges almost everywhere to f(x) by 28.7, so f(x) is measurable

Before proceeding to the proof of the next theorem we establish
a lemma

28.9s. Lemma. If f(x) and g(z) are defined and measurable on a
set E, then for every & > O the subset E; of E on which g(x) 1s not wn
Ni(f(x)) is a measurable set.

Let us subdivide E into the set E, on which f(z) and ¢(z) are both
finite, the set E, on which f(z) is finite and | g(x) | = «, the set E;
on which f(z) = + », and the set E, on which f(z) = —«. By2l.3
each of these sets is measurable. On E,, the function f(z) — g(z)
is defined and is measurable by 21 12 and 21.2. So | f(x) — g(x) | is
measurable by 21 8, and the set E,; on which |f(z) — g(z) | Z 6 is
measurable by 21.1. On all of E,, g(z) fails to lie in Ns(f(z)). On
E;, g(x) is measurable by 21.2, and so the subset Ej3; on which g(z)
< 1/5is measurable. Likewise g(x) is measurable on Ey, so the subset
E.; on which g(x) 2 —1/6 is measurable But by the definition of
neighborhood, the set E; on which g(z) is not in N;(f(x)) consists
of E;2UE,U E;5U E,,, so it is measurable.

28.10s. Let the functons f(z), fi(x), fi(x), - - - be defined and
measurable on a set E of finite measure. If fa(x) converges almost
everywhere to f(z), then f.(x) converges to f(z) almost uniformly (hence
in measure).

Let € and 6 be positive numbers, and let E,.; be the subset of E
on which f,(x) is not in Ny(f(z)). By 28.9, each E,; is measurable.
So if we define

E = U E.; and E; = knl Ey

n=k

we see by 19.8 and 19.9 or 19.11 that E;* and E; are measurable sets.
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But if z belongs to Ej, it belongs to all E;*.  If it belongs to E, it
belongs to some E,; withn 2 k. Soif it isin Ej it belongs to infinitely
many E,;. Therefore for infinitely many n the number f,(z) is not in
Nif(x), and f.(x) does not tend to f(x). So x must belong to the set
E, of measure 0 on which f,(x) does not tend to f(x); that is, E; C E,,
and by 19.13 mE; = 0.
By their definition, the sets Ej* shrink as k increases: E;! D L2
Also they are all contained in the set E, which has finite
measure. Hence by 19 9 lim mEs* = mE; = 0, and for some k£ we have

k—

mE¢ < e. Now define E, = E*, n,s = k. Then mE. < ¢. By the
definition of Eg*, if n > n.; = k then E,; C E = E,, so for every z
in £ — E, we know that z is not in E,; and therefore f,(z) is in
Ni(f(x)). This proves that f,(z) tends to f(x) almost uniformly.

An important property of any limiting process is the uniqueness
of the resulting limit. In the present case, we have no true unique-
ness, for if f, tends in any one of our three modes to f(z), it tends
equally well to any function g(r) which differs from f(z) only on a
set of measure zero. But we can prove that no greater arbitrariness
than this is allowed:

28.11s. Let f(z), g(x), fi(z), -+ - - be defined on a set E. If fa(x)
converges in any one of our three modes to f(x) and also converges in any
one of our three modes to g(x), then f(x) = g(x) for almost all z.

If fa(x) converges in measure to f(x), by 28.7 it is possible to select
a subsequence {f.(z)}(ae = n,, ne, - + -+ ) which converges almost
everywhere to f(z). If f.(z) tends to f(x) almost everywhere, this is
still true even if we take the whole sequence, and if f,(z) tends almost
uniformly to f(z) it tends almost everywhere to f(z) by 28.6. So in
any case we can choose a subsequence {f.(x)} converging almost
everywhere to f(z).

The sequence {f.(z)} converged in some one of the three modes
to g(x), so the subsequence {f.(z)} converges in the same mode to
g(z), by 28.4. As in the preceding paragraph, it is possible to select
a subsequence {fs(z)} out of the sequence {f.(x)} in such a way that
fa() tends to g(x) almost everywhere. The sequence f3(x) continues
to converge almost everywhere to f(z), by 28.4. Then the equations

ﬂlilr: fo(z) = f(x)  and plim fo(z) = g(z)
are respectively true for all z except those belonging to two sets El,

E, of measure 0. Therefore except on the set E, U E, of measure 0
we have f(z) = g(z), as was to be proved.
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It might be thought that 28.7 could be improved to read that if
J» converges in measure to f, then f, converges almost everywhere to f.
An example shows that this is false. Let E; be the interval [0, 1],
E, and E,, the intervals [0, 3] and [4, 1] respectively, E,, Es, Eq, Ex
the intervals [0, 1], (1, 3], (4, 4], [}, 1] respectively, and so on, proceed-
ing by successive bisections. Let f, = Kg,. Then f, converges in
measure to 0 on the interval [0, 1]. For if § > 0, then f.(z) is in
N(0) (in fact, is equal to 0) except at most on E,; so we can take
E.; =E, and lim,mE,; = lim, mE, = 0. But at no point is
lim fo(z) = f(z); in fact, lim fo(r) does not exist. For each z in
[0, 1] is contained in infinitely many E,, so infinitely many f.(z) have
value 1; while there are infinitely many E, which do not contain z, so
fa(x) = O for infinitely many n. Hence lim f.(xr) does not exist.

29. It is at once apparent that the mere convergence, in any
one of our three modes, of a sequence of functions f,(z) to a limit
function f(x) is not enough to guarantee that the integrals of the fu(z)

will converge to the integral of f(z). For example, let f,(z) be defined
thus:

fa(z) = n, 0szSn,
fa(@) = 2n — n'z, <z S 27, .
fa(z) =0, M 1<z <2 n=1,2---).

These functions are all continuous and tend everywhere (hence in
all three of our modes) to fo(z) = 0. But

fr@d=1 [Paedz=o,

so the integrals of the f,(z) do not converge to the integral of fy(z).
This example makes it clear that we must make other assumptions
besides mere convergence of the f.(z) in order to obtain convergence
of the integrals. In this section we set forth several such sets of
assumptions. First, however, we shall make a general observation.
If a sequence of summable functions {f,(x)} converges in any of our
modes to a function fo(z), we know by 23.1 that each function f.(z)
is finite except on a set E, of measure 0. If we re-define f,(z) by
assigning it the value 0 on E,, then the new functions f,(z) have the
same integrals as the old and still converge in the same mode as before

to fo(z); for the change of values on the set U E, of measure 0 does not
affect any of our types of convergence. Hence in the theorems of this
section there is no loss of generality in assuming that the functions
Ja(z) have finite values. This assumption simplifies the statements
of some of our conclusions.
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The first thcorem which we shall establish is a lemma which not
only is useful for later proofs, but is of considerable importance in
itself.

29.1s. (Fatou’s Lemma). If the functions fa(z) are all summable
over a measurable set E, and the lower limit of their integrals is not + o,
and there s a summable function g(x) such that f.(x) = g(z) on E, then
lim inf f,(x) is summable, and

n— o

/E lim inf /,(z) dz < lim inf /Efuu) dz.
Define g.(z) = inf {fi(z) |7 2 n}. Then g(z) < gi(z) < g2(z) S
- ; and by 6.9 the limit of g.(x) is lim inf f,(z). Moreover, ga(z)
is measurable by 21.7, and g(z) < ga(z) < fa(z),50 | galz) | < |9() |
=+ | fa(z) |, which is summable. So by 22.2 g.(z) is summable over
E, and by 18.2

/E gn(x) dz < /Efn(:c) dz.
It follows that

lim [E gn(z) dz < lim inf [b fa(z) dz.

n— o

Now the g.(x) satisfy the hypotheses of 18.4, so by that theorem
lim [E gn(z) dz = [E lim ga(z) dz = /E lim inf f.(z) dz.

Together with the preceding inequality, this establishes the theorem.

29.2s. Corollary. If the functions f.(z) are summable over a meas-
urable set E, and on E they converge 1n measure or almost everywhere to a
SJunction f(x), and there is a summable function g(x) such that fo(x) = g(z)
for all n and all z, then f(x) vs summable on E and

[E J(z) dz < lim inf [E fulz) dz

provided that the right member of this inequality s finite.

Let us suppose that f.(z) tends to f(z) almost everywhere in E.
Then lim inf f.(z) = f(z) for almost all z in E. But lim inf f.(z) is
summable by 29.1, so f(z) is summable by 23.3. The inequality
follows at once from 29.1 and 23.3.

Now let fa(z) tend to f(z) in measure, and define

= lim inf ]E fu() dx.

n—» o
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From the sequence {f.(z)} we can (by 6.4) select a subsequence
{falz)}, @ = ny, g, , such that

lim /Ef,.(x) dz =\

The f.(z) still converge in measure to f(x), by 28.4. From them we
select a subsequence {fs(r)} converging almost everywhere to f(x), as
is possible by 28.7. Then by the preceding paragraph f(r) is summable,
and

[E J(x) dz < lim inf /E fo(e) dz = A = lm inf L, fa(x) da.

From 29 2 it is almost apparent that bounding the f.(xr) both
above and below by summable functions will enforce the convergence
of the integrals. Because of the simplicity of the proof we give here
the proof of this statement, although it 1s in fact a special case of
theorem 29.7.

29.3s. Let the functions f,(x) be defined, finite and measurable over a
set E  If on E the functions f,(x) converge in measure or almost every-
where to a limit function f(r), and there 1s a summable function g(x)
such that | fo(x) | £ g(x) for all n and all < in E, then f(x) 1s summable
over E, and the integrals of the f.(x) converge to a lymut, and

(a) lim L fu(x) dx = [b f(x) dr,
(b) lim [F | fa(x) — f(z) | dx =0

By 22.2, the functions f,(r) are summable over £ The functions
J~(x) are equal to or greater than the summable function —g(x), and
for all n

Jofn0) dz < [, 9() da.

Henee the functions f,(z) satisfy the hypotheses of 29.2; and by that
theorem f(r) 1s summable, and

lim inf [E @) dx 2 /E f(2) d.

n— o«
On the other hand, the functions —f,(x) also satisfy the hypotheses

of 29.2, and converge in measure or almost everywhere to —f(xr). So

— lim sup [E fa(z) dz = lim inf jE (—ful@)) dz = — [b () dx.

n— o
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These two inequalities, together with 6.7, establish conclusion (a)
or our theorem.

By 28 5 and 28.4, the functions | fa(z) — f(x) | converge in measure
or almost everywhere to 0. Also, | fa(z) — f(z) | = | fo(@) | + | f(z) |
= g(z) + | f(z) |, which is summable by the preceding paragraph.
Hence applying the part of the proof already completed to these
functions, we obtain conclusion (b).

Conclusion (b) is actually stronger than (a); for

05| [ f@dz— [ 1) dz| =| [, (fu(a) - f(&) da]
< [ 10 - 1) | dz,

so if the last integral tends to 0 the difference between the integrals of
fa(z) and the integral of f(xr) must also tend to 0.

ReMARk. It is casy to extend 29.3 from sequences f,(x) to func-
tions f(x, h). Let f(x, h) be defined and finite for all x in a set E and
all h in a set H, and let ho be an accumulation point of H. The
statement ‘‘f(x, h) converges in measure to f(x) as h — ho’’ has a self-
suggesting definition analogous to 28.3. We can now prove the
following theorem

Let f(x, h) be measurable on E for each fixed h in H. If on E the
function f(x, h) converges almost everywhere or in measure to f(x) as
h — ho, and there 1s a summable function g(x) such that | f(x, h) |
= g(x) for all x in E and all h wn I1, then f(x) 1s summable over E, and

(a) lim [ f k) dz = [, J(z) da,
(b) lim [ | f(z, h) = f(z) | dz = 0,
h—ho /&
Let Iy, ha, - - beasequence of points of H converging to hoand 5 h,.
The sequence f(z, h.)(n =1, 2, -+ - - ) satisfies the hypothescs of

29.3, so f(x) is summahle over E and

lim [E f(z, hy) dz = [E f(z) dz,

n— o

lim [ 1@ ko) = f() | dz = 0.

This holds for every scquence {h,.} of points of H converging to ho
and distinct from ko, so by 4.5 we obtain the desired conclusions.

Analogous cxtensions of theorems and definitions 29.4-29 8 can
he made with equal ease. We shall not state them in detail.
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Let us return again to the example with which we begin this sec-
tion. We notice that the convergence troubles arose because there
were arbitrarily small intervals [0, 2] on which the integrals of the
Ja(z) were not arbitrarily small; in fact, these integrals were equal to 1
for all large n. This suggests that we might arrive at a convergence
theorem by excluding this type of behavior. Now we know from 27.1
that for each n and for every ¢ > 0 there is a > 0 such that the
integral of f,(x) over any set E of measure mE < & has a value less
than . We exclude the type of difficulty shown in our example by
requiring that for each ¢ > 0 there shall be a & > 0 which serves
uniformly for all n. That is, in the definition of absolute continuity

of fEf(:c) dz, we ask that a single §(¢) shall serve uniformly for all n:

29.4s. Let the functions fi(z), fi(z), - - - be all defined and all
summable over a set E*. The integrals

FuE) = [,fu(@) dz,

regarded as functions of measurable subsets E of E*, are uniformly
absolutely continuous 1f to each € > O there corresponds a & > 0 such
that for every measurable subset E of E* with mE < & the inequality

|Fu(B) | =| [ falz) do| <

holds for all n.

A direct consequence of the definition is

29.6s. Let the functions fi(z), fa(x), + - * be defined and summable
over a set E*. The set-functions F,(E) defined as in 29.4 are uniformly
absolutely continuous if and only if to every ¢ > O there corresponds a
6 > 0 such that

Jp1x@) ldz < e

for every measurable subset E of E* with mE < 4.

If the condition above is satisfied, the functions F,.(E) are uni-
formly absolutely continuous. For if E is any subset of E* with
mE < §, then

|FuB) | =| [ 1@ dz| s [ 1£ao) [ dz < e

Conversely, suppose that the F,(E) are uniformly absolutely con-
tinuous. 1If ¢ is a positive number, there is a & > 0 such that F.(E)
< ¢/2 for every subset E of E* with mE < 8. Let E be such a set.
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It can be divided into the subset E.,; on which f,(x) = 0 and the subset
E..2 on which f,(z) < 0. These subsets are measurable, by 21.2 and
21.3. Each has measure less than 3, being contained in the set E
whose measure is less than 8. So

[o11:@ 1z = | [, f@) dz|+| [ f2@) d2| = | Fu(Bur) |
+ IF"(E'._2) l <e
This is the essential hypothesis in
29.8s. Let the functions fi(z), fa(x), * - - be defined, finile valued
and summable on a set E* of finite measure. If
(a) on E* the functions fa(x) converge in measure (or, more particu-
larly, almost everywhere or almost uniformly) to a function f(z);

(b) the set-functions F,(E) = /E foa(x) dz are uniformly absolutely

continuous on the class of all measurable subsets of E*; and either
(c) the inlegrals

Jel 1@ | dz

are bounded, or
(c') the function f(x) 8 finite for almost all x in E*; then f(x) 18
summable over E*, and

@ lim [ fu(e) dz = [ f(@) dz,
@) lim [ 152(2) = J@) | dz = 0.

As was remarked after 29.3, it is only necessary to prove (e),
since (d) is a consequence of (e).

We first assume bypotheses (a), (b) and (¢). Since the functions
| fa(z) | converge in measure to | f(z) |, by 29.2 and hypothesis (c)
the function | f(z) | is summable. But by 28.8 f(z) is measurable; so
by 22.3 f(x) is summable.

Let ¢ be an arbitrary positive number. Since f(z) is summable,
by 27.1 there is a 6, > 0 such that

(4) /Elf(z)ldz <3

if E is a measurable subset of E* with mE < é,. By 29.5 and hypothe-
sis (b), there is a 83 > 0 such that

®) [ 1@ 12 < £
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for all n if E is a measurable subset of E* with mE < 6,. Let & be
the smallest of the numbers 8, §; and ¢/3mE*. By the definition of
convergence in measure, there is an ny such that for all » > n, the
set of all z for which f.(x) is not in N,(f(z)) can be enclosed in a set
E,.; with measure mE,; < 8. Since f(z) is summable, it is almost
everywhere finite, and we can include in E,; the points 2 for which
| f(z) | = « without increasing mE,;. Now we write

/E. [falx) — f(z) | dx = /Eu.‘ [ fa(2) — f(z) | dz
t g 1@ = 1@ dz s [, 15.@) [dz + [, 15@) |dz
F Jorop., | (@) — f@) | da.

If n > no, then mE,; < 6. So the first integral on the right is less
than ¢/3 by (B), and the second is less than ¢/3 by (4). On E* — E,,
the functional value f.(z) is in N,(f(z)), and f(z) is finite; therefore
[fa(x) — f(z) | < 8. So the integrand in the third integral on the
right is less than 4, and the measure of E* — E,; is at most equal to
mE*; therefore the third integral on the right is at most smE* < /3.
Adding, we find that the integral on the left is less than e for all
n > no, which establishes conclusion (¢). This completes the proof
of our theorem under hypotheses (a), (b) and (c).

Suppose now that hypotheses (a), (b) and (¢’) are satisfied. Let §
be a number such that

/Elf,.(x) ldx <1

if E is a measurable subset of E* with mE < §; such a & exists by
hypothesis (b) and 29.5. Since the f.(z) converge in measure to f(z),
thereis an integer p such that if n 2 p, the set of points z in E for which
fa(x) is not in N,(f(z)) can be enclosed in a set E, with mE, < §/2.
By hypothesis the set on which |f(z) | = « has measure 0, so we
can include it in E, without increasing mE,. Then on E* — E, the
functionf(z) is finite and f.(z) is in N1(f(2)) ; that s, | fa(z) — f(z) | < 1
forzin E* — E,. Nowifn 2 P

el 5o@ = 5@ Nz s [i,_ 0 1a(E) ~ fol@) | da

+ Jowm, 1@ 1z + [ 156 | da.

Since m(E, U E,) < §, the last two integrals are each less than 1.
On E* — (E. U E;) both | fu(z) — f(z) | and | fo(z) — f(z) | are less
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than 1, so | fa(z) — f»(x) | < 2. So the first integral on the right is
at most 2mE*. We therefore have forn 2 p

[ @) ldz s [ 1@ e+ [17.@) = o) dz < [, 1£:0) | dz
+ 2 + 2mE*.

Consequently hypothesis (c) is satisfied, the integrals of the | fu(z) |
being not greater than the largest of the numbers

[o 1 51@) Vdz, -, [ 1 foa(@) 1da, [ 1£(0) | do + 2 + 2mE*.

Therefore if the hypotheses (a), (b) and (¢’) are satisfied, so are (a), (b)
and (c); and the proof of our theorem is complete.

Exercise. Let f(z) be defined on a set E of finite measure, and
let fi(x), fa(x), - - be summable over E In order that the con-
clusions of 29 6 shall hold it is necessary that hypotheses (a), (b), (c)
and (c¢’) be satisfied

Neither of the theorems 29.3 and 29 6 contains the other as a
special case.  Forin 29 3 the set E* could be of infinite measure, while
we can show by a simple example that the finiteness of the measure
of E* is essential in 29.6. Let f(x) = 0, and let fo(x) = 1/nifn < x
< 2n, fa(x) = 0 otherwise. Then f.(r) converges uniformly (hence
almost uniformly, in measure and everywhere) to f(x). But for the
integrals over the whole space R, we have

/R, ful@) dz = 1, fm 0dz = 0.

On the other hand, the hypotheses of 29.6 can be satisfied without
the existence of the summable function g(x) such that | fu(z) | < g(2).
For example, let E* = [0, 1], and let f(x) = 0. For each positive
integer n let fo(x) = x~? for (n + 1)"! £ r £ n7Y, and let fu(z) =0
elsewhere. Then

(nt+1)71

fou | @ 1z = |
= 2('\/m - '\/7_1') -0,

and the hypotheses of 29.6 are satisfied. But the intervals [(n + 1)},
n~!] cover (0, 1], and any function greater than all the f.(z) would
have to exceed 2% on (0, 1], and could not be summable. However,
it is not difficult now to establish a theorem which is more general
than either 29.3 or 29.6.

nt n-!

n+1)"1

zide = — 227}
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29.7s. Let the functions fi(z), fi(z), - - - be defined, finite-valued
and summable over a set E*. If

(@) on E* the functions fo(x) converge in measure, or almost every-
where, or almost uniformly, to a function f(x);

(b) for every € > 0 there 13 a set E, of finite measure contained in E*
and such that (1) the set-functions

[ n(2) dz
are uniformly absolutely continuous on the class of all measurable subsets
of E; (ii)
[ou g 1 n@) 1 dz < e

for all n;
(c) the integrals

[o| @) | dz

are bounded; or
(¢") f(z) 1s finte for almost all z, then f(x) 18 summable over E*, and

@ lim [ fu@)dz = [ f@) dx,

(&) lim [ 1/az) = f(z) |dz = 0.

We first assume that (a), (b) and (c) hold. As in the proof of 29.6,
J(x) is summable over E*. Let ¢ be any positive number, and let E,
be the set described in (b). On E,, the hypotheses of 29.6 are satisfied,
80

lim [ 11,(2) = f@) | dz = 0.

Since | fa(z) | tends in measure, or almost everywhere, or almost uni-
formly to | f(z) | on E* — E,, by 29.2 we have

foo_s,1/@ | dz < lim int Jouos 112@) 1 dz s .
Therefore, using 6.5, 6.12 and 6.14,
0= li'x.rliwnf /3* | falx) — f(z) |dx < lil:l_.s.l,lp /E_ | fa(x) — f(z) | dz
Slimsup [, 1/,() = /@) |do + lim sup [, 11a(2) | dz

* Joe_s, | f(z) | dz
< 2e.
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This holds for all ¢ > 0, so the upper and lower limits of the
integrals of the | fo(z) — f(z) | are both 0. So conclusion (e) is estab-
lished. As before, (d) follows from (e).

If hypotheses (a), (b) and (¢’) hold, take e = 1. By hypothesis (b)
there is a set E, of finite measure such that

Jor_ g 112@) dz < 1

for all n. But since E, is of finite measure, we can show exactly as
in the last part of the proof of 29.6 that the integrals

[, 1+@) | dz

are bounded. Hence, adding, the integrals of the | fa(z) | over E* are
bounded, and hypothesis (c) is satisfied.

It is clear that 29.7 is more general than 29.6; for if the hypotheses
of 29.6 hold we can take E, = E* for all ¢ > 0, and the hypotheses of
29.7 are satisfied. Furthermore, 29.7 includes 29.3. For suppose
that the hypotheses of 29.3 hold. Then hypotheses (a) and (c) of
29.7 clearly are satisfied. Since g(z) is summable over E*, for every
e > 0 there is an interval W,: —n < z¥ < n such that

l /E- 9(z) dz — /E'W,. g(z) dx ! <e
that is,

/E'—E‘W.. g(x)dz <e

Since | fa(z) | £ g(z) for all n, part (i¢) of hypothesis (b) is satisfied if
we take E, = E*W,. By 27.1, for every number v > 0O there is a
5 > 0 such that

feo@) dz <

if E is a measurable subset of E, with mE < §. Hence for all such E

[ 1a@) 1do <,

and part (z) of (b) is also satisfied.

If we are willing to drop the “s”’ from theorem 29.6 we can omit
hypotheses (c) and (¢’) completely:

29.8. Let the functions fi(x), fa(x), - - - be defined and summable
on a set E* of finite measure. If
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(a) on E* the functions f.(z) converge in measure (or almost every-
where, or almost uniformly) to a function f(x), and

(b) the sct-functions F.(E) = /E fo(x) dx are uniformly absolutely

conlinuous on the class of all measurable subsels of E*; then the con-
clusions of theorem 29.6 hold.

By theorem 29.5, there is a 6 > 0 such that /E [falz) |dx < 1

for all measurable subsets E of E* with mE < § For some interval
W, we have mW E* > mE* — §; therefore m(E* — W,) < 4. Let
t be a positive number less than 8/ ¢; then every interval I whose sides
are all equal to ¢ has measure less than & We can cover the interval
W, with a finite number of intervals [, -, I, of this type Then
E* is contained in (E* — W,)UE*I, U - - - UE*[;, and cach of
these sets has measure less than 6. So

Joul @) | d

fs.-w, | fa(x) | dz + [ fa(2) | dx +

+ | fa(x) | dz

E*I\

1A

E*I,

1A

h + 1.

Therefore hypothesis (¢) of 29.6 is satisfied. The other hypotheses of
29.6 have been assumed as hypotheses here also, so the conclusions
of 29.6 hold.

Since hypotheses (b) and (c) are vital in theorem 29 6, it is interest-
ing to have criteria which will guarantee their satisfaction. We have
already seen (after 29.7) that these conditions are satisfied if | fo(x) | <
g(z), where g(z) is summable. But this merely brings us back to a
special case of theorem 29.3. A criterion of an essentially different
nature is

29.9s. (Nagumo). Let ®(t) be a function defined and non-negative
on0 =t < o and such that lim ®(t)/t = . If {f(z)} is an aggregate

t— ®

of functions finite valued and measurable on a set E* of finite measure, and
there 18 a number H such that for every f(x) in the class {f(x)} the integral

[ 2(11@)]) da

exists and is less than H, then the inlegrals

/Ej(x) dz
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are uniformly absolutely continuous and the integrals
[eu1 1@ 1 da

are uniformly bounded for all functions f(z) in the class {f(x)}.

Let e be an arbitrary positive number and E an arbitrary measurable
subset of E*. By hypothesis, there exists a positive number ¢, such
that ®(t)/t = 2H /e if t = t,. 1If f(z) is a function belonging to the
class {f(z)}, we subdivide E into the subset E, on which | f(z) | < &
and the subset E; on which | f(z) | 2 t;. These sets are measurable
by 21.8 and 21.3. If zis in E,, then | f(z) | 2 ¢, and so

®(|f(z)|)-¢/2H 2 |f(z) |. Hence

‘/Ef(x)dx < fElf(x)idx
= /Ellf(x)ldx-}- fE’If(z)ldz

[ waz+ [ o1 D) gy e
= timE, + i /E(b( | f(z) | ) dx

IIA

IIA

timE, + 5

If we first take e = 1 and E = E*, this proves that the integrals
of the functions | f(x) | over E* are uniformly bounded. Second, if for

an arbitrary ¢ we restrict the measure of E to be less than § = ¢/2t,,
we find

| /Ef(x) dz| <,

establishing the uniform absolute continuity of the integrals.

30. In §1 we mentioned certain fundamental properties of our
definition of distance in R,. In order to stress this importance of the
four properties, we introduce a definition.

30.1s. Let D be a collection of things (we call them *““points’’) and
o(p, q) a real-valued function of pairs of points of D. The set D is a
metric space with distance-function p(p, q) if the following four conditions
are salisfied.

(1) For all p, g in D, p(p, ¢) 2 0.

(2) o(p, q) =0fand only if p = g.
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(3) p(py q) = P(q: p)
(4) For all p, q, 7 tn D,

p(p, 1) < o(p, @) + (g, 7).

As we saw in §1, the spaces R, are metric spaces with the distance-
function ||z, y || which we have been using. Again, let ¥ be an
arbitrary set and D the collection of all bounded functions on Y. For
any two such functions p(y), q(y) we define p(p, ¢) = sup | p(y) —
g(y) |on Y. Properties (1), (2) and (3) of 30.1 are evidently satisfied,
and by 5.4 and 5.6 and the inequality

[p(y) —r@) | = o) —q@) | + 1 ay) —r® |

property (4) is also satisfied. So this too is a metric space. It is not
difficult to show that with this distance-function the relation p, — po
(by which we of course mean p(pa, po) — 0) is equivalent to

(4) lim p.(y) = po(y) uniformly on Y.

For let ¢ be a positive number. If p, — p,, then for all n greater than
a certain n, we have p(pn, po) < ¢, whence

sup | pa(y) — po(¥) |
p(Pn, o) < e

This is the definition 6.16 of uniform convergence. Conversely, if (4)
holds, there is an n, such that if n > n, then

| Pa(y) — Po(¥) |

I lIA

| Pa(y) = Po() | < 5
80 that p(pa, po) < /2 < e.

Again, let S be the class of all functions f(z) defined, finite and
measurable on a measurable set E. For any two such functions f(z),
g(z) let p(p, ¢) be the inf of all numbers « such that | f(z) — g(z) | < a
except on a set of measure less than «. Properties (1) and (3) are
obvious. For property (4), let f, g, h belong to S, and let ¢ be an
arbitrary positive number. Then

|/(z) = g(z) | <o/, 9) +
except on a set E, of measure less than p(f, g) + ¢, and
lg(z) — h(z) | <nlg, h) + ¢

except on a set E, of measure less than p(g, k) + . So except on the
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set E, U E,, whose measure is less than o(f, g) + o(g, k) + 2¢, we have

[ f(x) — h(z) | < o(f, g) + o(g, h) + 2e.
That is,

p(f, h) = o(f, 9) + p(g, h) + 2e.

Since ¢, is an arbitrary positive number, by 5.2 this implies property
(4) of 30.1.

But with property (2) it is different; for if f(x) and g(z) differ on a
set of measure zero we have p(f, g) = 0 without having f = ¢g. This
difficulty can be removed in either of two ways. We can alter the
concept of equality by regarding two functions as identical if they are
equivalent. This however has certain disadvantages; for example,
everywhere else the meaning of ‘=" has been identity, not a con-
ventional relationship. The alternative is to lump together in a single
class all functions equivalent to each other and use these equivalence-
classes as the points of our space S. Properties (1), (3) and (4) are
undisturbed, for if they hold for f, g, h they hold for all functions
respectively equivalent to f, g, h. If two points (equivalence-classes)
of S are coincident, then functions f, g representing these points are
equivalent, and p(f, g) = 0; that is, the distance from a point to itself is
0. Conversely, if po(f, g) =0, let n be any positive integer. If
a < 1/n,theset E[|f — ¢g| = 1/n] is contained in the set E[ | f — g |
2 a], whose measure is less than a. This holds for all « less than
1/n, so

1
mE|11-g12 ] =0
Adding these sets forn = 1,2, - - -, we find by 19.3

mE[|f - g]>0] =0,

so f(x) and g(x) are equivalent. That is, if p(f, g) = O the functions
f(z) and g(x) represent the same point of S.

Once this is understood, there is little danger of misunderstanding
if we speak of functions f(z) as belonging to S, instead of using the
longer and more accurate statement that f(z) is a member of an
equivalence class which in turn is a point of S.

With the distance defined above, convergence of f, to fo in S is
equivalent to convergence of f.(x) to fo(xz) in measure on E. For let
p(fa, fo) tend to zero. If e and § are positive numbers, there is an no
such that p(fa, fo) < inf {¢, 8} when n exceeds n,. By definition of p,
this implies that | fa(x) — fo(z) | < € except on a set of measure less
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than 6, so f(zr) converges in measure to fy(z). Conversely, let fa(x)
converge in measure to fo(z), and let v be a positive number. If in the
definition 28.3 we choose e = § = v, we find that for all n greater than
a certain no we have | fa(x) — fo(z) | < v except on a set of measure
less than v, so p(fa, fo) < v. That is, p(fa, fo) tends to zero, and f,
tends to f; in S.

For our final example, let E be a measurable set and p a number not
less than 1. The points of our space will be the finite-valued functions
of class L, on E; for two such functions f(z), g(x) we define the distance
by the equation

o(f,9) = { [, /@) = 9(@) I da}™”

Properties (1) and (3) of 30.1 are clearly satisfied; property (4) holds
by 24.7. But as in the preceding example property (3) is not satisfied,
since p(f, g) = 0 whenever f(z) and g(z) differ only on a set of measure
zero. As before, we circumvent this trouble by defining the points
of our space L,(E) to be equivalence-classes of functions of class
L,on E  And as before we shall say that a function f(r) belongs to
L,(E) when we really mean that it is one of an equivalence-class of
functions all of which are of class L, on E.

Theorems 2.1 to 2.10 and Theorem 2.13 depended only on the
properties of distance listed in 30.1, so they hold for every metric
space. Thisis not true of the other three theorems of §2; they utilized
a special property (Dedekind continuity) of the real numbers.

Of the many properties which metric spaces may possess, there
is one which is of outstanding importance whenever limiting processes
occur. This is the property of completeness. Briefly, a space is
complete if the Cauchy criterion for convergence (6.15) is valid in it.
It is convenient to define the concept in two stages.

30.2s. A sequence {p.} of points of a metric space D is a regular, or
Cauchy, sequence 1f to every positive number ¢ there corresponds an n.
such that p(pm, pa) < € whenever m = n,and n = n..

30.3s. A metric space D is complete if every regular sequence of
points of D converges to a pownt of D.

Theorem 6.15 informs us that one-dimensional space R, is complete
(the set E of 6.15 being here the set of positive integers). If {z,} is a
regular sequence of points of R,, the inequalities

|xﬁf’—$ﬁi’|§l|x»,xm|| (7"=1;"';‘I)

show that for each 7 the sequence {z{} is a regular sequence in R,.
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Hence by 6.15 the z¢’ approach a limit z{’, and we readily verify that
z, — Zo. So R, is complete.

If Y is an arbitrary set, the space of bounded functions on Y
with the metric o(f, g) = sup | f(y) — g(¥) | is complete; this is merely
a re-wording of 6.17.

Our next two proofs both use a device which we state in the
next lemma.

30.4s. If {p.} ts a regular sequence in a metric space D, and a
subsequence {pa}(a = ni, ng, * * + ) converges to a limit po, then the
whole sequence converges to po.

Let e be a positive number. For all m and n greater than a certain
n, we have

€
P(pm; pn) < §’

since the sequence is regular. For all a greater than a certain a9
we have

€
p(Pa, Po) < 3’

since po — po. Choose an a = n, larger than the greater of n, and
ao. The two inequalities above both hold with m = «, and by (4)
of 30.1

p(Pny P0) = p(Pn, Pa) + £(Pa, Po) < €

for all n greater than n,. Therefore p, — po.

We now proceed to show the completeness of the other spaces
mentioned above.

30.6s. Let E be a measurable set. The space S of functions finite
and measurable on E, with the metric defined above, is complete.

Let {f.] be a regular sequence. We define a sequence of integers
as follows. The integer n, is the least one such that p(fa, fn) < 27!
whenever m and n are at least equal to n;. The integer n; is the least
integer greater than n, such that p(fm, fa) < 272 whenever m and n
are at least equal to n;; and so on. For compactness we write

g(2) =fu(x) (G=1,23 ")
then by the choice of the n, we have
(4) plgyg) <27¢ if  j=2i

We need only show that the g, form a convergent sequence, since by
30.4 the whole sequence will then converge.
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. Let E, be the subset of E on which | g,(z) — gi11(z) | 2 27%. By
(A) and the definition of distance, this set has measure less than 2.
Define

Ml = E|UE\+1UE.+2U et

Then by 19.8 we find that

(B) mM, < ¥, 27 =2\,

nw=g

On E — M, all the inequalities
|gl(x)_gl+l(x)‘<2_’ (‘7=1‘;1+11 t )

are satisfied. So if j and k are both at least equal to 7 (we choose the
notation so that j < k) we find

k=1
[9,) — ge@) | £ 3, [ ga(2) — gsr(@) |
< kil gn

< 27,

Thatis, foreachzin E — M, the numbers g,(z) form a regular sequence,
and by 6.15 they converge to a limit. The set N of points of E at
which the g,(x) fail to converge is therefore contained in M,. This is
true for each 7, so N is contained in (1 M,. By 19.9 and (B) this has
measure zero, 80 by 19.13 the set N has measure zero.

Let f(z) be defined in E by the equations

f(z) = lim g,(x) (xin E — N)
J(z) =0 (z in N).

Then ga(z) converges to f(z) almost everywhere in E. By 28.10
ga(z) converges to f(z) in measure in E. By our discussion of the
distance function in S, this implies that p(g., f) tends to zero, and by
30.4 the proof is complete.

30.88. If E i3 a measurable set and p = 1, the space L,(E) 13 complete.

Every function in L,(E) is measurable on E, and may be assumed
without loss of generality to be finite-valued on E. So it belongs to
the space S of functions finite and measurable on E. In order to
prevent confusion, if f and g belong to L,(E) we denote their distance
in L,(E) by p,(f, g); their distance using the distance-function of the
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space S will be denoted by p(f, g) as before. We first wish to establish
a relation between these distances.

Let f and g be any functions belonging to L,(E), and let a be any
number such that

(4) a > [p,(f, g)JP i+,
Let E, be the subset of E on which | f(z) — g(z) | 2 «. Then

polly ) = { [;17@) = g(@) | da}"”

{/‘Ea o d:t}w

a{mE,} V>

v

With (4), this yields
aPtV/e > o{mE,}V?
or
mE, < a.

By definition of p(f, g), this implies p(f, g) £ @« But this is true for
every a satisfying (A4), so by 5.2 we have

(B) p(f, 9) = [os(f, @lr/io*0.

Now let {f.] be a regular sequence in L,(E). If €is an arbitrary
positive number, there is then an n, such that

Pp(fm, f”) < elrtD/p

whenever m and n are at least equal to n.. With (B), this implies
p(fm, fa) < efor all such m and n; so our sequence {f,} is also a regular
sequence in S. By 30.5, it converges to some limit fin S. That is,
there is a function f(z) finite and measurable on E such that f.(z)
converges in measure to f(z) on E.

By 28.7, there is a subsequence of the sequence {f.(r)} which
converges almost everywhere in E to f(z). This subsequence we
denote by {g.(x)}, t =1, 2, - - - . According to 30.4 it will be
sufficient to prove that fis in L,(E) and that g, tends to fin L,(E), for
then the whole sequence f, will have the limit f in L,(E).

For almost all z in E we have

'liﬂ g:(x) = f(x).
It follows at once that for each fixed j and for almost all z

.-l_i.'? lg,(2) — gu(x) | = | g,(z) = f(z) |,
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and so
(©) lim 0, — 0.6) " = | 0.@) — /@) I

Let € be a positive number. There is an n, such that

€
(g, 9) < 3

whenever ¢ and j are at least equal to n,. That is,

/E |g,(2) — g.(2) |7dzx < (é)p

for all such 7 and j. Fixing j at any value = n,, by 29.2 and (C) we
find that | g,(z) — f(z) |? is summable, and

(D) /Elg,(x) - f(x) |rdx = littli_flf /E | 9,(x) = g.(2) |7 dx

< €P.

Since g,(z) — f(x) is measurable by 21.12, this proves that it is in
L,(E). But g,(z) is itself in L,(E), so by 24.6 the difference f(x)
= g,(x) — [g,(x) = f(z)] isin L,(E). Furthermore, from (D) we find

(9, .f) <e

whenever j 2 n.. Hence g, tends to f in L,(E), and the proof is
complete

As an application of this theorem we shall prove the Riesz-Fischer
theorem on Fourier series. First, however, we recall some elementary
definitions and theorems concerning Fourier series. If f(z) is sum-
mable over the interval [—=, =] the integrals

(E) a,.=1—];/ f(x) cos nx dx (n=01,2 ---)
b,.=}r f(x) sin nx dx n=123, ---)

exist, by 22.4. They are called the Fourier coefficients of f(x), and
the series

(F) %"+(a,cosx+b,sinx)+ * + + 4 (aa cos nz + by sin nzx)
+ « oo
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is the Fourier scries corresponding to f(z). We say nothing here
about convergence; for the time being, the expansion is purely formal.

By a straightforward integration we find that if m and n are positive
integers the following equations hold.

/:”sinmxcosn:cdx=0, (mn=20,1,2 ---),
) /_' cos mx cos nx = 0 (m # n),
=7 (m = n),
[_’ sin mx sin nz = 0 (m # n)

=r (m=n).

Given a summable function f(x) we can always find its Fourier
coefficients by equations (E). Given an infinite sequence a,, a,, by,
as, by, + -+ - it is not always possible to find a function f(z) of which
they are the Fourier coefficients; with arbitrary a, and b, we cannot
always solve the infinite system of equations (E) for the unknown
function f(x). The Riesz-Fischer theorem, which we now prove,
states one set of conditions on the numbers a, and b, which is sufficient
to guarantee the existence of a function f(zx) with which equations (E)
hold.

30.7. If ao, ay, by, a2, by, + - - are real numbers such that Z(a2 + b2)
converges, there exists a function f(x) of class Ly on [—m, 7] whose coeffi-
cients are the given numbers a, and b..

Let us define

8a(x) = 4ao+ (@1 cosz + bysinz) + - - -
+ (aa cos nz + ba sin nx)

If m 2 n, by the formulas (J) above we find
[ lsn(@) = sa(@)?dz =7 3, [a + 0.
x t=mn+1

Since the squares of the a, and the b, form a convergent series, to each
positive e there corresponds an n, such that

m

e2

lo2 + 3 < <
t=n+1

whenever m 2 n = n,. With the preceding equation, this shows that
for all such m and n we have

pz(sm, 8,.) <e
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Thus the sequence {s,} is a regular sequence in L[ —, 7], and there is
a function f(z) in Ls[—m, =] to which the s, converge in the metric of
that space. It remams to show that the a. and b, are the Fourier
coefficients of f(x).

Let n be a fixed positive integer. The formulas (J) show that if
m 2 n the equation

l r
/ $m(r) cos nx dr = aa
T/

is satisfied Hence by 245

;t/ f(x) cos nx dr — a,

/.r [flx) — sm(r)] cos nxdr

:"/; [f(r) — s,,.(:z)]zda:li l/:r('os2 nx dx}*
= s, sl

But the quantity on the left is independent of m, and that on the right
approaches zero as m — «. Therefore the left member is 0, and the
first set of equations (E) is satisfied Repeating the argument with
sin nx in place of cos nr proves that the second set of equations (£) 1s
also satisfied, and the theorem is established

ReMark. In proving the statement below it is convenient to
observe that the Holder inequality (conclusion of 24 4) ean be written
in the form

N —

IIA

| [, 5@9() dz| < palf, 0)ralg, 0).

Exercise. Let E be a measurable set, and let p, ¢ be numbers
greater than 1 such that 1/p 4+ 1/¢ = 1. If {f.} is a sequence of
functions converging to f in L,(E), and {g.} is a sequence of functions
converging to g in L(E), then

lim [, fu@)ga(@) dz = [, J(2)g(@) da.

(By the Holder inequality

/E|f"gﬂ - fg l d.L‘ é Pp(f'l; f)pq(g") O) + pl’(f; O)pq(gm g)'

The factor p,(ga, 0) is less than p,(g, 0) + 1 if n is large.)
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ExErcise. If {f.} is a regular sequence in L,(E) (p = 1) itis a
regular sequence in S; if it converges to f in L,(F), it converges to
fin 8.

Exercise. Let E have finite measure, and let p = p’ =2 1. If

{fa} is a regular sequence on L,(E), it is regular on L, (E); if 1t con-
verges to f on L,(E), it converges to f on L, (K).



CHAPTER V
Differentiation

31. So far we have dealt exclusively with integrals, making no
mention of derivatives. But the interrelations between the processes
of integration and differentiation are of fundamental importance in
analysis. In this chapter we investigate these relations, restricting
ourselves for the sake of simplicity to functions of a single real variable.

We shall of course define the derivative f’(x,) as the limit of the
difference-quotient [f(z) — f(xo)]/(x — xo) as z approaches z,; but
since this limit may fail to exist, it is desirable to have related expres-
sions which may serve us where there is no derivative. These expres-
sions are obtained by using the upper and lower one-sided limits (see
6.10) of the difference-quotient, and are called the ‘“ Dini derivates.”
Their definitions are as follows.

31.1. Let f(x) be defined and finite on an wnterval [a, 8], and let xo be a
pownt in [a, B). Then

(a) the upper derivate of f(x) at x, is

D f(zo) = lim sup L8 = J(@0),

z—710 r — Xo

(b) the lower derivate of f(x) at xo s

Df(zo) = lim 1nff (z) — f(l‘o)

z— 10 X — Zo

If g < B, then
(c) the upper right derivate of f(x) at x, 18

D*f(xo) = lim sup fj_x) f(l'o)

z—r0+ r — Xo

(d) the lower right derwate of f(x) at xo 18

D.f(zo) = lim mff( ) fxo)-
z—ro+ — Xy
If a < z, then
(e) the upper left derwate of f(x) at xq is

Df(xo) = lim supf l__fgg@

T—xo— — X9

188
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(f) the lower left derivate of f(x) at o8

D_f(zo) = lim mff(x) = (o),
10— — To

Exercise. If f(z) is finite in [a, b] and z, is in [a, b], then Df(zo) is
the greatest number which is the limit of a sequence of difference-
quotients [f(8.) — f(aa)l/(Bs — @.) where a, and B. tend to zo subject
to the condition a, < 8., as S zp < B». An analogous statement
holds for the lower derivate.

31.2. Let f(z) be defined and finite on the interval (e, Bl, and let zo
be a point in [a, b]. Then

(@) if zo < B, and D*f(zo) = D.f(x,), we call their common value the
right derivatwe of f(x) at xo, and denote it by f'(xo+);

() if a < xo, and D~f(xo) = D_f(xs), we call their common value the
left derivative of f(x) at x,, and denote it by f'(xo—);

(¢) *f Df(xs) = Df(xo), we call their common value the derivative of

f(z) at z,, and denote it by Df(xo), or f'(xo), or E%f(x)lz-za-

In the rest of this section we shall investigate the simpler properties
of these derivates.
From the definition it is obvious that

Df(e) = D*f(e)  and  Df(a) = Dif(a).

Forat x = a it makes no difference whether we writez — aorz — a+
under the symbol lim sup or lim inf; the condition z Z « is forcibly
satisfied in either case. Likewise

Df(8) = D~f(8) and  Df(B) = D_f(B).

Slightly less trivial is
313. If a < zo < B, then Df(xo) = sup {D*f(xs), D f(xo)} and
Df(zo) = inf {D4f(z0), D_f(z0)}.

By 6.4, there is a sequence of numbers z, > z, tending to zo such
that

lim £ (x") 120 _ pifizy).

et w - 2o
But by the second part of 6.4, this proves that
Df(zo) 2 D*f(xo).
Likewise, Df(zo) 2 Df(z,), so we have
(4) Df(zo) 2 sup {D*f(zo), D~f(z0)}.
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On the other hand, by 6.4 there is a sequence z, of numbers different
from xp and tending to ro for which
f( n) f(xo)

lim

n— o

= Df(x.).

Either there are infinitely many z. > o, or there are infinitely many

7. < 2o. In the first case, we select the x, > xo and denote them by

z.. Then x, > ro, and

.l‘

n-% 0

= Df(x0),
By the second part of 6.4, this yields
D*f(x0) Z Df(x0),

hence
(B) sup {D*f(xo), D~f(x0)} 2 Df(x).

In the second case, we prove similarly that D f(xo) = Df(zo), so
that (B) holds From (A) and (B) we obtain the first part of our
conclusion. The second part is established similarly, or can be
obtained from the first after theorem 31 7 is proved.

The derivates being upper and lower limits, all the theorems of §6
are immediately available for use If in any of the thcorems of §6 we
replace the pair of symbols lim sup, lim inf respectively by D, D, or
by D*, D,, or by D-, D_, we obtain a theorem on derivates. Par-
ticularly useful are the consequences of 6 12 and 6.13:

31.4. Let fi(x) and fy(x) be defined and finite on the interval [a, B]
Then for each x in [, B] the inequalities

(@) Dlfi(x) + fa(2)] £ Dfu(r) + Dfs(a),
(B)  Dlfr(x) + fa(x)] 2 Dfi(z) + Dfa(2),
() Dlfi(x) + f2(2)] 2 Dfi(x) + Dfa(e),
(8 Dlfi(z) + fo(x)] £ Dfi(x) + Dfa(z),
(€ Dlfi(z) — falx)] = Dfi(x) — Dfa(a),
() Dlfi(2) = f2(x)] 2 Dfi(z) — Dfa(z) 2 Difi(x) — fa(x)],
() D) — f2(x)] 2 Dfi(x) — Dfa(),
(%)  DIfi(z) — fo(x)] 2 Dfi(z) — Dfa(z) 2 Difs(x) — fa(z)]

hold, provided that the addilions are possible. Moreover, 1f xz < f3, we
may replace D, D by D*, D, throughout; if a < x, we may replace
D, D by D-, D_ throughout

Each of these twenty four relationships follows at once from the
corresponding part of 6.13.
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The next theorem is an immediate corollary of 31 4.
31.6. If f(z) and g(x) are defined and finite on the interval |a, 8],
and f(z) — g(z) is monotonic increasing, then

Df(z) z Dg(x)  and  Df(z) Z Dg(x)

forallzin[a,B]. If a < z < B we can replace D, D by D—, D_ respec-
tively in these inequalities, and if « < z < B we can replace D, D by D+,
D, respectively.

Since f(x) — g(r) is monotonic increasing, its difference-quotient is
non-negative, so its lower derivate is non-negative. By 31.47,

Df(z) = Dlg(x) + (f(z) — g(x))]
Z Dg(z) + D(f(x) — g(2))
2 Dg(x).

The second inequality follows by a similar argument, with use of
31.48. By 31.4, the statements about D+, ete., are provable in exactly
the same way
31.6. If f(x) and g(x) are defined and finite on the interval [a, B), then:
(a) if g(x) has a right derwatiwc at r,

DHf(x) + g(x)] = D*f(x) + ¢'(x+),
D.[f(x) + g(z)] = Df(x) + ¢'(x+);

(b) of g(x) has a left derwatrve at x,

D[f(x) + g(x)] = D~f(x) + ¢'(x—),
D_[f(x) + g(2)] = D_f(x) + g'(x—);

(¢) +f g(x) has a derivative at x, all four of the preceding equations
hold, where g'(z+) = g'(x—) = ¢’'(x).

All these conclusions follow from 6.14.

Given a function f(x) defined on [«, 8], the function f( —r) is defined
on [—B, —a]; that is, if we write £ = —z, g(¢) = f(r), then g(¢) is
defined for —8 < £ £ —a. We then have

31.7. Let f(x) be defined and finite on [a, 8] Between the derivates
of f(x), —f(z), f(—z) and —f(—zx) the following relationships hold:

(a) D*(—f(z)) = —Df(z),  D(—f(x)) = —D*x);
(b) D*(f(=2)) = =D-f(x),  Di(f(=1)) = =D fx);
(@  DH(—=f(—x)) = Dfx), Di(=f(—x)) = D f(x).

In (a), (b), (c) we may everywhere interchange the affives + and — on
the letter D.



192 INTEGRATION [CHaP. V

Also,

(@) D(~f(x)) = D(f(—2)) = — Df(x),
_D(—f(z)) = D(f(=2)) = —Df(x),

(e) D(—f(—=x)) = Df(z), D(—f(—2)) = Df(x).

Here we understand, for example, that D*(f(—x)) denotes the
upper right derivate of g(¢) = f(—£) with respect to ¢ at the place
E= —u.

To prove (a), we have by 6.3

D*(—f(z)) = lim sup :.j:(_x)——(__l(fﬁ)_) — lim inf f(-":) f(Io)

T—rzo+ T — Xo r—rot+ - Zo

= —Df(z).

This gives the first part of (a). Replacing f by —f gives the second.
The analogues for the upper left and lower left derivates are similarly
obtained.

For (b), we use g(¢) = f(z), where z = — ¢, and note that ¢ > &
if and only if £ < zy = —&,. Then

D*(f(—2v)) = D*g(£) = lim sup 98 ~ 9(&)
E—bo+ E - Eo

= lim sup[ &) = f(xo)] — lim inf f a): f(xo) —D_f(z).

T—z0— T — Zo I—Io—

The second part of (b) can be similarly established; or it can be derived

from the first and (a) by replacing f by —f. If in (b) we replace z by

—z we obtain the formulas with the affixes + and — interchanged.
Formulas (¢) follow from (a) and (b), for

D*(=f(=z)) = —=D.(f(=2)) = Df(2),
Dy(=f(=2)) = =D*(f(=2)) = D_f(2).

The interchange of f(x) and —f(—z) gives the formulas with the
affixes + and — interchanged.

Formulas (d) and (¢) follow readily from (a), (b) and (c). For
example, by (a) and (5.5)

D(—{f(x)) = sup {D*(=f(z)), D~(—f(x))}
= sup {—D.f(z), —D_f(z)} = —inf {D.f(z), D_f(z)}
= —Df(=).

It is not our intention to make a detailed study of the differential
calculus. But there are a few simple theorems which we shall need
in the study of integrals, and these we shall now establish.
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31.8. Let f(x) be defined and finite on [a, b), and let xo be a point of
la, b]. If Df(zo) and Df(x,) are both finite, then f(z) is continuous at xo.

Let M — 1 be the greater of | Df(xo) | and | Df(zo) |. By the
definition of these derivates, there is a § > 0 such that

_y 1@ = @)

r — Xy
if x # xy1sin [a, b] and in N;(x,). Therefore
| f(z) — flo) | S M |z — z0|

for such z. If ¢ is positive, and v is the smaller of & and ¢/M, then

|f(z) = flzo) | <€

if zisin [a, b] and |2 — 2o | < v. This completes the proof.
31.9. Let f(z) and g(x) be defined and finite on [a, b], and let 2, be a
potnt of [a, b]. If the derivatives f'(xo) and ¢'(xo) both exist and are

finite, then the derwative dd_x (f(x)g(x)) also exvsts at xo, and

FU@I@]| = 1o + S @),

=1,

By 31.8, both f(z) and g(z) are continuous at x = z,.
We now write

f@)g(z) — f(zo)g(x0) _ flz) — f(il'o) o(2) + f(z )g(x) 9(x0).

X — Xy X — — Zq

As z — 1o, the factors in the first term approach f’(z,) and g(zo)
respectively, those in the second term approach f(zo) and g'(zo)
respectively. Hence

lim @9 = @)@ _ 000020 + flzog’ o),

T—To r — Xo

establishing the theorem.

31.10. Let f(y) be defined and finite on the interval « < y < B8, and
let yo be 1n [a, B]. Let g(x) be defined on the interval a < x S b and have
its values tn the interval [a, B8], and let zo be in [a, b]. If g(zo) = ¥,
and the derwatives f'(yo), g'(xo) exist and are finite, then the function
f(g(x)) has a derivative at x,, and

Df(g(zo)) = f'(g(20))g’ (o).
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For all y # y, in [e, 8] we define

_Jy) —J@o) _ .
(4) uy) = FU=28 — i)
and we set u(yo) = 0. By the definition of f'(y,) we have
lim u(y) = 0.
y—Yo

Let € be an arbitrary positive number. There is a ¥ > 0 such that
|uy) | < eif |y — yo| < vandyisin [a, ). But g(x) is continuous
at 2o, by 31.8. Hence there is a § > 0 such that | g(z) — g(xo) | < v
if zisin[a,bland |z — zo| < 8. Thatis, if zisin Ny(xo) N [a, b] — (20),
then u(g(x)) is in N.(0); so

lim u(g(z)) =0

I—To

Now by (A) we can write

J(g(x)) — flg(xa)) _ [f'(g(x0)) + n(g(r)lg(x) — g(z0)],

r — Xy L — Xy

As z tends to z,, the factor f'(g(x0)) + r(g(x)) tends to f'(g(xo)), the
other factor on the right tends to g’(z¢). This establishes our theorem.

32. Now we investigate some properties of derivates which are
not so purely formal as those in the preceding section

32.1. Let f(x) be defined and finite on the wnterval [a, b]. If f(x) 1s
monotonic increasing, or monolonic decreasing, or continuous, then
D*f, D~f, D.f, D_f, Df, Df are all measurable on [a, b].

If we can prove that the first four of these are measurable, then by
21.7 the last two also are measurable, for by 31.3 we know that
Df = sup {D*f, D-f} and Df = inf {D.,f, D_f}. If f(z) satisfies our
hypotheses, so does —f(z); so by 31.7 and 21.6 it is enough to prove
D*f(x) and D~(f(z)) measurable. We discuss only the first of these;
the proof of the measurability of the upper left derivate is the same
except for trivial alterations. If we define

o(z, @) = sup f_(?.j_h’)l_':_f_(f)_,
[+ p) — f(z),

p

¥(x, a) = sup

where h ranges over all real numbers such that 0 < h < a and »p
over all rational numbers such that 0 < p < @, then by 31.1 and 6.9
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we have D*f(z) = lin}’ o(z, @). We now show that it is also true that
Dtf = lin(l) ¥(z, a); in fact, that (2, @) = ¢(z, @). First, for every a

it is obvious (5.3) that ¢(z, @) £ ¢(z, @). Second, let u be any number
less than ¢(z, @). Then for some positive h < a we have

[z + h}z;f_({ﬂ) > .

If f(x) is monotonic increasing, we let the rational numberp (0 < p < a)
approach h from the right. Then f(x + p) — f(x) = f(x + h) — f(z),
so that [f(z + p) — f(2)]/p Z [f(z + k) — f(x)]/p, and if p is near
enough to h this last quotient is greater than u. If f(z) is monotonic
decreasing we let p tend to h from the left, and obtain the same inequal-
ity. If f(x) is continuous, then lim f(x + p) = f(z + k) andlim p = h
as p — h from either side; so for p near ecnough to k the same inequality
holds. In any case, then, we have

¥z, a) = sup |/ (J-[ifg-: Fal s
This holds for all u < o(z, a), so by 5.2 ¥(x, a) = ¢(z, a). As we
already know that ¢ < ¢, the two are equal. So
Df = 1iﬂ(l) ¥(z, a)

For cach fixed p, the quotient [f(x + p) — f(x)]/p is measurable by
21.12 and 21 6 and the third remark after 21.1. For each fixed «,
Y(x, a) is the sup of a denumerable set of measurable functions, so is
measurable by 21.7. Now let a take on successively values ai, as,
-+ + tendingto 0. Then D*fis the limit of the sequence of measurable
functions y(z, a,), and is measurable by 21.9.

32.2. If o(x) vs defined and continuous on the interval [a, b], and k
18 a constant, and E is a set of positive measure* contained in [a, b] and
such that D*¢(z) Z k for all x in E (or D~o(x) 2 k for all z in E), then
Jor every ¢ > 0 1t is possible to find a finite set of disjont intervals
(a1, B1), - =, (ap, Bp) in [a, b] such that Z(B, — a,) > mE — e and

e(B) — o) 2 (k — (B, — ), i=1---,p

We consider the case Dt¢(x) 2 k for all z in E; the changes needed
to treat the case D~¢(x) = k are obvious.

* It would be enough to assume m.E > 0.
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For each positive integer n we define E, to be the set of all z in
[a, b] such that [p(x + h) — @(z)]/h = k — ¢ for some h 2 1/n
(wherein z + h must also be in [a, b]). We establish these properties
of the sets E,.

(1) The sets E, expand: E; C E, C E; C - - - . This is clear
from the definition.

(2) The set E is contained in U E,. For let z be a point of E.
Then there exists an h > 0 such that [o(z + h) — ¢(z)]/h 2 D*e(x)
—e2 k — ¢; and if 1/n is less than this h, we see that z is in E,.

(3) The sets E, are closed. For let x, be the limit of a sequence
{z.} of points of E.. To each z, corresponds an h, = 1/n such that
[e(xy + h) — o(z)l/h 2 k — e. By 2.12 we can select a subsequence
of the h, tending to a limit A¢; to save notation, we suppose that h, is
already such a sequence, h, — ho. Since h, 2 1/n, it is clear that
ho 2 1/n. The points z, and z, + h, are in [a, b], hence so are
their limits z,, zo + ho. Then by the continuity of ¢, we have
[e(zo + ho) — ¢(z0)]/ho = lim [(z, + h) — @(2))/h Z k — ¢, and zo
is in E,.

From (1), (2) and (3) we learn by 19.4, 19.8 and 19.3 that lim mE,
=mUE, 2 mkE; so for some n we have mE, > mE — ¢. We now
choose and fix such a value of n. Now let «; be the first point z in
E.; that there is such a point is certain, since E, is closed. For some
hi 2 1/n we have [p(a; + hi) — ¢(a1)]/h 2 k — ¢; we choose such
an h; and set 81 = a; + h,. We now define a; to be the first
point x of E, for which x 2 B8,, choose an h; = 1/n for which
[p(az + he) — p(as)]/ha = k — ¢, and set 82 = as + h2; and we continue
in this manner. Since each interval (a,, 8,) has length h, = 1/n, this
process must terminate; there will be a last interval (a,, 8,). The
intervals (a;, 8,) will then enclose all of E,, so that

2By — ) =2 mE, > mE — e
And by the choice of the 8,, for each ¢ we have

¢(8) — ela) 2 (k — (8 — au),

which completes the proof.

32.3. Corollary. Let o(x) be continuous and monotonic increasing
on the tnlerval [a, b), and let Ey be the set on which Do(x) 2 k. Then
E\ i8 measurable, and ¢(b) — ¢(a) = $kmE;,.

The derivative Dy(z) is measurable by 32.1, so the set Ey is measur-
able by definition 21.1. If k¥ < 0, the inequality is trivial; so we sup-
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pose k > 0. The set Ej is the sum of the (measurable) sets E;} and Ex
on which the respective inequalities D+¢(z) = k and D~¢(z) 2 k hold,
by 31.3; so one of these (say Dj) has measure Z4mE;. Let ¢ be a
positive number less than k. By 32.2 there are intervals (a;,8:), - - - ,
(ap, Bp) suchthata £ a1 <1 S a2 < - - S, <Bp S band

ZB —a) >mEf —e  and  (B) — e(a) 2 (k — (B, — av).
Therefore
2[e(8.) — o(a)] 2 (k — Z(By — @) > (k — )(mE} — e).
By the monotoneity of ¢ we have
p(a1) — ¢(a) 2 0,

<p(a.+1)—go(l3.)§0, 1'.=1!'..)p_ll
e(b) — ¢(Bs) 2 0.

Adding these inequalities,
e(d) — ¢(a) > (k — (mE} — e).
Since e is arbitrary, this establishes the inequalities
o(b) — o(a) 2 kmE¢ = (3) - kmE;.
ReMark. It would not be difficult to improve the conclusion
by establishing the inequality
¢(b) — ¢(a) 2 kmEy.
But 32.3 is adequate for our needs.
33. We are now ready to study the derivatives of indefinite
integrals. The first two theorems are merely lemmas, the principal
theorem being 33.3.

33.1. If u(zx) vs a summable U-function on the wnterval I = [a, b],
and

Uz) = Lzu(x) dz  (@aszsbh),

then DU(z) = u(x) for all x in I. Likewise, if l(x) is a summable
L-function on I, and

L(z) = / lz)dz (a<zsb),

then DL(z) < I(x) for all z in I.
We prove the statement about U-functions; the statement about
L-functions then follows by a change of signs.
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Let xo be any number in [q, b], and let x be any number less than
u(xzo). By 7.4 the set I{u > u] is open relative to I. Since z, is
contained in this set, so is a neighborhood of z, relative to I; that is,
there is a positive number § such that if x isin I and |z — z,| < &

then u(z) > u. If z satisfies these conditions and exceeds z,, then by
18.2

Ulg) = Ulzg) _ 1 / > 1 [ _
Tz —z1-m. u(x) dr 22w nyd.c—y.
If x satisfies the conditions but is less than z,, we can establish the
inequality

U(x) = Ulzo)
I — Xo

v

K

in the same way by interchanging x and z,. Hence this last inequality
holds whenever z is in Ny(xo) N I — (o). By 6.1,

DU(zo) = lim inf Y& = V@) 5 .

. = M,
r—ro T — Xy

and since this holds for all 4 < u(x,) we have by 5.2
DU(xo) 2 u(xo).

The next theorem is a corollary of 33.1.
33.2. If ¢(x) s continuous on [a, b] and

() = [ ola) dz,

then for every x on [a, b] the derwative ' (x) exists and is equal to (z).
For ¢(z) is an L-function and is also a U-function, so by 33.1

Dé(z) £ ¢(z) £ DB(z) < Do(),

and therefore the upper and lower derivates of ®(z) are both equal
to ().

We are now ready to prove our principal theorem.

33.3. Let f(x) be summable on the interval [a, b], and let

F(z) = [ * f(z) de.

Then for almost all x in [a, b] the function F(x) has a derivative which is
finite and equal to f(x).
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Let k and e be arbitrary positive numbers. Since f(z) is summable,
there is a U-function u(z) = f(z) such that

(4) /bu(x)dx</bj(x)d¢+k§.

Define
Uz) = / * u(z) de.

The difference U(x) — F(z) is monotonic increasing, since if a £ a <
B < b we have

[U() = F®) — V(@) - F@)] = [*u@ dz — [’ f=)dz 2 0.

Let E; be the set on which D{U — F] = k. This set is measurable
by 32.1, and by 32.3 and inequality (4)

mE:
2
Hence mE, < e. Fxcept on E; we have by 31.47 and 33.1

DF(zx) 2 DU(z) — D[U(x) — F(x)]
> u(xr) — k
2 f(zx) — k.

ks > [UQ) = F®)] ~ [Ue) = F(a)] 2 k

Therefore the measure of the set on which the inequality DF(z) >
f(x) — k fails is less than ¢, and this set does not depend on e. Its
measure (being non-negative) is therefore zero, by 5.2.

In particular, if k is the reciprocal of a positive integer, the set on
which the inequality

(B) DF() > fz) — »

fails is a set N, of measurc 0. The sum U N, also has measure zero
by 19.13, and on the rest of [a, b] inequality (B) holds for every positive
integer n. By 5.2, except on U N. we must have

(%) DF(z) 2 f(x).

The function —f(z) is summable by 18.3, and its integral from a to
zis —F(x). By the above proof, the inequality

D[-F(x)] 2 —f(=)
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holds except on a set of measure zero. By 31.7, this implies that
(D) DF(z) £ f(z)

for almost all z in [a, b]. Since by 6.5 we have DF(x) < DF(x),
inequalities (C) and (D) imply that except on a set N of measure zero
we have

DF(z) = DF(z) = f(z);

that is, F'(z) exists and is equal to f(z) except on N. The set M on
which f(z) is + « is of measure zero, by 23.1. So except on the set
M U N of measure zero the derivative F’(z) exists and is equal to the
finite number f(z), which completes the proof.

A corollary to this theorem is

33.4. If f(z) and g(x) are both summable on [a, b], and

/;zf(x) dr = Lz g‘(x) dx

Jor all z in [a, b), then f(z) and g(x) differ only on a set of measure 0.
For let F(x) be the common value of the two integrals. Then

F'(z) exists almost everywhere. If we consider / f(z) dz, we see that

F'(z) = f(z) for almost all z; and if we consider / g(z) dz, we see that

F'(z) = g(z) for almost all z. Hence f(z) = g(z) for almost all z.

34. We have just shown that the derivative of an indefinite integra-
is almost everywhere equal to the integrand. The converse question
suggests itself. When is a function equal to the integral of its derival
tive? Before investigating this, it is reasonable to look for conditions
under which we can be sure that a function has almost everywhere a
derivative which it is possible to integrate; we shall find that all func-
tions of bounded variation (among others) have this property. More-
over, there is a condition which a function clearly must satisfy before
it can be the integral of anything—it must be absolutely continuous, for
by 27.7 all indefinite integrals are absolutely continuous. We shall
see this condition is also sufficient.

In preparation, we establish a lemma.

34.1. If f(z) s defined and finite on [a, b), and

(@) lim sup f(z) S f(zo) (2 <z =),

Z=2Z0—

(d) lim ii\f J(z) Z f(xo) (a = z9 <),

and one of the two following conditions is satisfied:
(c) D*f(x) = O for all points z in [a, b] except at most those of a
denumerable set E,,



Skc. 34.1] DIFFERENTIATION 201

(¢") D~f(z) = O for all points x in [a, b] except at most those of a
denumerable set E,,
then f(x) vs monotonic increasing on [a, b].

A remark about hypotheses (c) and (¢’) may not be amiss. We
assume it known that f(z) has a non-negative upper right (or upper
left) derivate on [a, b] — Eo. Concerning derivates at the points
of Ey we do not require any information to begin with. From the
conclusion of the lemma we can deduce that all derivates of f(z) are
non-negative at all points of [a, b], including those of E,.

First let us suppose that D*f(z) is positive at all points of [a, b] —
E,. If the conclusion of the lemma is false, there are numbers «, 8
such that a S a <8 =b and f(a) > f(8). The values of f(z)
corresponding to points z in E, form at most a denumerable set, so
they cannot fill the interval (f(8), f(2)). Hence there is a number u
such that

fB) < < f(a),

and for all x in E,
p # f(z).

There are points z in [, 8] such that f(z) = u; for instance, a
itself is such a point. Let ¢ be the sup of all such z. We shall now
prove that f(¢¥) = u. First suppose f(¢) > u. Then ¢ =8, for
f(8) < p. On the interval (¢, 8] we have f(x) < u, by definition of ¢.
Hence from the definitions 6.10 and 6.1 we have

lim inf f(z) < u < f(§),
z—E+

contrary to hypothesis (b). Second, suppose f({) < u. Then ¢ # «,
for f(a) > . By the definition of &, for every positive & there
is an z which is in [«, 8] and in (¢ — &, £ such that f(x) = u. This
z cannot be { itself, since f(£) < u; hence it is in [a, &) N Ns(§).
Thus the sup of f(x) on Ns(¢) nla, §) is at least u, and by definition
6.1 we have

liﬂggpf(x) 2 p > f(§).

This contradicts hypothesis (a), so f(¢£) must be equal to u.
But now

1@ -1®

r— ¢
for all z such that ¢ < z < 8, so

D*f(§) = 0.
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Since f(§) = u, while f(z) > u for all z in E,, the point £ is not in El.
Hence we have arrived at a contradiction, and the lemma is established
provided that D*f(x) is positive except on E..

Suppose next that hypotheses (a), (b) and (c) hold. For each
positive number ¢ the function f(z) + ex satisfies hypotheses (a)
and (b) and also has by 31.6 an upper derivate

DH[f(z) + ex] = D*f(x) + e 2 ¢ >0

except perhaps on E, Hence f(z) + ex is monotonic increasing
by the proof just completed. That is, if @ £ o < 8 = b then

JB) — fle) 2 — (B — o).

Since ¢ is an arbitrary positive number, the right number of this
inequality is an arbitrary negative number, and by 5.2 the left number
is not negative. That is, f(r) is monotonic increasing on [a, b].

To prove the lemma under hypotheses (a), (b) and (c'), we define
g(x) = —f(—1z), —b £ z £ —a, and let E, be the denumerable set
consisting of all z such that —zisin Eo. Then g(z) satisfies (a) and (b),
and if z is not in E, then D*g(z) = D~f(z) =2 0. Thatis, g(x) satisfies
(a), (b) and (c), and by the preceding proof is monotonic increasing.
It follows at once that f(z) = —g(—z) is also monotonic increasing.

With the help of this lemma, we can prove

34.2. Let f(z) be monotonic increasing and finite for a S x < b.
Then for almost all z the function f(z) has a finite derivative f'(z); and
if we set f(z) = f'(z) where f'(z) is defined and finite and f(z) = 0
elsewhere, then f(z) is summable and

f@) = [ () dz + ha),

h(z) being a monotonic increasing function with h'(z) = 0 almost
everywhere.

By 32.1, D*f is measurable. Hence if we define g.(z) = inf {n,
D+f}, we know by 22.1 that g.(z) is summable. It is possible to
find an L-function l,(z) = g.(x) such that

b b 1
/ ga(z) dz < / la(z) dz + -
Now define

La(z) = [ " 1n(x) da.

The function f(z) — L.(z) then satisfies the hypotheses of 34.1
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For La(z) is continuous and f(z) is monotonic increasing, so by 6.11
and 6.14

I—ljin_ [f(x) = La(x)] £ f(z0) — La(xo)

if a < zy = b, while

f(@o) = La(zo) = Jm [f(z) = La(2)]

ifa =y <b And by 31.4¢ and 33.1, for each z

D*(f(x) — La(z)) 2 D*f(z) — D*La(x)
Z D*f(x) — l.(2)
2 D7f(z) = ga(z) = D¥f(x) — inf {n, D¥f(x)} 2 0.

So from 34 1, f(x) — La(z) increases monotonically. Therefore, for
all numbers a, 8 such that a £ « < 8 < b we know that f(8) — L.(8)
2 f(a) — La(a); that is, L.(8) — La.(a) S f(8) — f(a). Recalling

the meaning of L,(z),

-] 8 1 1
/ ga(2) dx < / In(2) dz + = = La(8) = La(e) + ~
S — @) +

The functions g.(z) form a monotonic increasing sequence of non-
negative functions and tend everywhere to D*f. By the last inequal-
ity, the integrals from « to 8 of the g, are bounded. Hence by 29.2
D+*f is summable over (a, 8), and

L ? DHi(z) dz = / ® lim ga(z) dz
< lim inf / ? gulz) dz
< tim inf | 9) ~ f(@) + 1
= f(B) — f(a).

In particular, if we take a = a, 8 = b, we see that D*f is summable
over (a, b). Also, the function *

0@@) =f@) = [7 D) dz

is monotonic increasing; for if we find its values at « and at 8 > «
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we have

g9(8) — gla) = (f(ﬁ) - / ? DHf(z) d:c) - (j(a) -~ / “ D*f(z) d:c)
=1® - §@ - [ D@ dz 2 0.

We now repeat the whole argument, using g(z) instead of f(x)
and D—g instead of D*f. We find that D—g is summable over (a, b),
and that the function

h@) = g@) — [ D () de

is monotonic increasing.
By 33.3, the last term has almost everywhere a finite derivative
equal to its integrand D—g. For all such z we have by 31.6

(4) Dh(z) = Dy(z) — % / " Dg(z) dz = 0.

In the equation for h(z) we substitute the definition of g(z); we thus
find

(B) h@) =) — [T D*f@) dz — [7 D) da.

By 33.3, for almost all z both these integrals have finite derivatives
equal to their integrands. At all such z we have by 31.6

D*h(z) = D*f(z) — D*f(z) — D~g(z) = —Dg(x).

But since h(z) and g(z) are both monotonic, D+h(z) and D—g(z) are
both non-negative, and the last equation is possible only if both are
zero. Thus

(9] D+h(x) = D—g(z) = O for almost all z in [a, b].

A first consequence of (C) is that the integral of D—g(z) vanishes, and
therefore (B) takes the form

h@) = f@) = [ D¥(2) de.

Second, D*h(z) is almost everywhere 0, by (C). But then 0 £ D, h(z)
< D*h(x) = 0; and by (A) we have D~h(z) = 0 for almost all z in
[a, b], and the inequality

0= D_h(z) S Dh(x) S0
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ghows that D_h(z) is also zero almost everywhere. So almost every-
where the four derivates of h(z) are all 0; that is, h’(x) exists and is zero.

Except on a set E; of measure zero, h(z) has a derivative and »'(z)
= 0. Except on a set E; of measure zero the indefinite integral of
D+f(x) has a derivative which is finite and equal to D*f(z). Hence,
from the equation

(D) f@) = hz) + [ D*(@) da,

we see that except on E; U Ej the function f(z) has a derivative which
is finite and equal to D*f(z). That is, except on the set E;U Es
the equations

f(z) = f'(z) = D¥f(x)

hold. :Equation (D) can then be written in the form
1@ = h@) + [*f@) dz,

and the proof is complete.

An immediate consequence is

34.3. Let f(z) be a function of bounded variation on the interval
a Sz Sb Then for almost all x the function f(x) has a unique finite
derivative f'(x); and if we set f(z) equal to f'(x) where f'(z) is defined and
finite and f(z) = 0 elsewhere, then

f@) = [ f@) dz + (@),

where h(x) 18 of bounded variation and h'(z) = 0 almost everywhere.

By 8.6, we can represent f(z) in the form f(z) = P(z) — N(2),
where P(z) and N(z) are bounded monotonic increasing functions.
Applying 34.2, P and N have finite derivatives almost everywhere, and

(4) P) = [[P@) dz + h(@),
(B) N@ = [TN@) dz + ha(a),

where ki(z) and hy(z) are monotonic and hi(z) = hy(z) = 0 almost
everywhere. For those z (almost all of them) at which P'(z) and
N'(z) exist and are finite we know by 31.6 that f'(z) exists, and that

f'(z) = P'(z) — N'(z). Therefore f(z) = P(z)— N(z) almost every-
where. From equations (4) and (B) we obtain

Jz) = Pz) = N(@) = [ (B(e) = N(&)) dz + ha(z) = ha(a)
= [ /@) dz + h(z),
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where h(x) = hi(zr) — ha(z) has derivative 0 almost everywhere, by
31.6, and is of BV, by the last sentence of §8.

With the help of lemma 34.1 we can establish a rather interesting
property of the derivates.

34.4. Let f(x) be defined and continuous on the interval [a, b]. The
sup of [f(z1) — f(x2)]/(x1 — x9) for z\ and z1 in [a, b] is also the sup of
each of the functions D*f(z), D~f(x), D.f(x), D_f(z) for z in [a, b]; and
likeunse for the inf.

Let M be the sup of [f(x1) — f(x:))/[x1 — 2] for ), 2, in [a, b].
For each z in [a, b] all four derivates at z are upper or lower limits
of the values of this quotient under restrictions on z, and r,; hence
at each z each of the derivates is <A, and M is an upper bound for
all four functions D*f(x), ete.

Let m be the sup of D,f(z) on [a, b]; we have seen that m < M.

Suppose m < M then there is a finite number & such that m < k < M.
The function

9(z) = kz — f(x)
is continuous on [a, b], and its upper right derivate is
D*g(z) = k — D,f(z) > 0.

So by 34.1 g(x) is monotonic increasing, and for all Z), Tz in [a, b]
with 2, > z, we have

0 = g(z2) — g(x1) = k(z2 — 21) — [f(x2) — flz))],
or

[(z2) — f(zv) <k

Ty — X

This also holds if z; < x;; hence k < M is an upper bound for the
quotient, contradicting the definition of M.

In the same way, the sup of D_f(z) is also M. Since D+f(x)
2 D, f(x), it is clear that

M 2 sup D*f(z) 2 sup D.f(z) = M;
8o D*f(x) also has its sup equal to M. Likewise the sup of D~f(x)
is M.

Replacing f(z) by —f(z) and recalling 31.7 gives the conclusion
about the greatest lower bounds.

As a corollary,
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34.5. If f(x) is defined and finite on [a, b], and s four derived
numbers are bounded on [a, b], then f(z) satesfies a Lipschitz condition*
on [a, b].

Let M be an upper bound for | D*f(z) |, | D=f(z) |, | D.f(z) |
and | D_f(z) |, for all z on [a, b]. Then by 34.4 M is an upper bound
and —M a lower bound for [f(x,) — f(x:)]/[x1 — z.] for z, and z. in
[a, b]; that is

(@) — J(z2)

Xy — T2

=M,
and
[f(x)) = f(z2) | M|z — z,].

36. We have so far found functions for which the derivative exists
and is summable, but have yet to find functions for which the integral
of the derivative is the function itself. If, in 34.3, the function h(x)
were a constant, we would have the desired result. So we prove
a lemma.

36.1. If o(x) is absolutely continuous on the winterval a < x < b,
and Dtp(x) 2 0 for almost all x 1n [a, b), then ¢(x) ©s monotonic increasing.

Let € be any positive number, and let « and 8 > a be numbers in
the interval [a, b]. Since ¢ is absolutely continuous, thereisa y > 0
(which we may assume less than ¢) such that whenever (a,, b)),
(ag, b2), * * +, (a@s, bs) are non-overlapping subintervals of a, b]
with total length less than v, the inequality Z | o(b) — ¢(a,) | < €
holds.

Let E, be the subset of [a, 8] on which Dty 2= 0; since this equa-
tion holds for almost all z in [a, b], the measure of E, is 8 — a.

We now apply 32.2, with k£ replaced by 0 and ¢ by v. We can
therefore find a set (a1, B1), * * - (aa, Ba) of disjoint subintervals of
[a, 8] such that

E(ﬂl'dt))MEl—’y:(ﬁ—a)_,Y
and
(4) e(B) — o) 2 —v(B — a) 2 —e(B, — ).

The remainder of [, 8] consists of the intervals [a, ai], [8), @), * - * ,
[Ba=1, aal, [Bs, B], and the total length of these must be less than v.
Therefore, by the definition of v,

[e(ar) = o(a)] + [e(as) = eB)] + * * * + [¢(an) — ¢(Ba)]
+ [e(B) — ¢(Bw)] 2 —e.
* Cf. §0.
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Adding the inequalities (A) to this last, we obtain
‘P(B) - ‘P(a) 2 ""5(1 + E(B' - al)) 2 _5(1 + B8 — a)-

This being true for all ¢ > 0, it follows that ¢(8) — ¢(a) = 0, and
s0 ¢(x) is monotonic increasing.

As an easy consequence, we find

36.2. If h(x) ts absolutely continuous on the interval a £ x £ b,
and h'(z) = 0 for almost all x w1n [a, b], then h(x) is a constant.

Let @ and 8 > « be any numbers in the interval (a, b). The func-
tion h(x) satisfies the hypotheses of 35.1, hence h(8) = h(a). But the
function —h(x) also satisfies the same hypotheses, hence —h(B)
2 —h(a). These inequalities are both possible only if h(8) = h(a),
so that h(z) is a constant.

This essentially completes the proof of our principal theorem, which
is

36.3. If f(z) is absolutely continuous on the interval a < x < b, then
the derivative f'(x) exists and ts finite for almost all x in [a, b, and (defin-

ing f(z) as in 34.2)
1@) = [ j@) dz + f(a).

Since f(x) is absolutely continuous, it is of bounded variation; and
by 34.3 f'(x) exists and is finite for almost all z in [a, b}, and

1@) = [ f@) dz + h(a),

where h(z) has derivative 0 almost everywhere. But f(z) is absolutely

continuous by hypothesis, and the integral of f(z) is absolutely continu-
ous by 27.7; hence their difference h(z) is absolutely continuous (9.2).
By 35.2, h(z) can only be a constant. We evaluate this constant by
setting z = a; we find f(a) = 0 + h(a), so h(z) = f(a), and the
theorem is proved.

Summing up the results thus far obtained in this chapter, we have
the following. Every function of bounded variation has a derivative
almost everywhere, and this derivative (considered on the set where
it exists) is summable. Every absolutely continuous function ¢(z)
has a derivative almost everywhere, and ¢(x) — ¢(a) is the integral
of this derivative. The integral from a to z of any summable function
f(z) is an absolutely continuous function F(xz), and F(z) has a finite
derivative almost everywhere, and this derivative F'(x) is almost
everywhere equal to f(z).
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36. In the remainder of this chapter we shall derive some of the use-
ful theorems of the calculus—the formula for integration by parts, the
mean value theorems and the theorem on integration by substitution.

Let ¢(z) and ¥(z) be two functions absolutely continuous on the
intervals @ < z £ b. Then by 9.2 their product u(z) = o(z)¢(x) is
also absolutely continuous. According to 35.3, for almost all z
both derivatives ¢'(x), ¥/(z) exist and are finite; and by 31.9, for
all such z the product u(z) is also differentiable, and u'(z) = ¢'(z)¢(x)
+ ¢(x)¢'(x). Consequently, if we define u, ¢, ¢ as in 34.2, the
equation

U= op+ o)

holds for almost all z. By 34.3 ¢ and { are summable, and therefore
by 22.4 so are ¢y and ¢y. Now by 35.3

u®d) — u(a) = /;b udr = j;bé:\bdx—f—/;bqoxtdx.

Substituting ¢y for u, this gives us the following theorem:
36.1. If o(x) and Y(x) are absolutely continuous on the interval
a=Zzx=0bthen

[ ot dz = p0)0) = pla)ia) — [ yé dx.

37. The first mean value theorem of the integral calculus is quite
trivial.

37.1. If on the interval a < z < b the functions f(z) and p(x) are
summable, and if moreover p(z) 2 0 and m < f(x) S M, then

(4) m Lb p(x) dz £ Lbf(x)p(x) dr M /ab p(z) dz.

In particular, if f(x) is continuous there is a number ¢ (a £ ¢t < b)
such that

[ 1@p@) dz = 18 [ p(a) dz.
From the hypotheses it is obvious that

mp(z) = f(x)p(x) = Mp(z)

for all z in [a, b]. Integrating and recalling 15.2 gives the inequality
(A). Assume now that f is continuous. By what we have just
proved, there is a number k, m < k < M, such that

[ 1@ dz = k [ p@) d.
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Since f(z) is continuous and & lies between its maximum and minimum
values, there* is a £ in [a, b] such that f(£) = k, completing the proof.

The theorem which is known under the name of the ‘second
Aean-value theorem,” and which is of considerable importance in
analysis, is the following:

37.2. If f(x) 18 summable over the interval a £ r < b, and g(x) s
bounded and monotonic increasing on this wnterval, and o, 8 are two
finite numbers such that o < g(a+) and B8 2 g(b—), then there is a
number § such thata < ¢ < b and

[ 1@9@) dx = a [ 1) dz + 8 [ 1(z) d.

If we add the same finite number to g(z), « and 8 the hypotheses
remain satisfied and both members of the equation in the conclusion
are changed by the same amount. Therefore therc is no loss of
generality in assuming that 8§ = 0.

Consider first the case in which the graph of g(z) is a polygon,

with g(a) = a and g(b) = 8 = 0. Define F(z) = [ * f(x) dz. The

derivates Dtg, etc., of g(x) assume only a fimite number of values; so
these derivates are bounded, and by 345 g(z) is AC. By 33.3,
F(z) = f(z) for almost all z in [a, b]. So by 36.1

[ 1@0@) dz = F®Y®) - Fag(@) — [ F@)g() da.

The integrated terms vanish, since F(a) = g(b) = 0. Also g(z) = 0,
so by 37.1 the last integral has the value —F(¢) ]; ’ g(z) dz, where
a<§{=<bh But

FO = [(f@de  and  [*§()dz = g0) — g(a) = ~g(a)
= —q.
Making these substitutions, the theorem is proved.

Wow let us return to the general case.

For each n we subdivide the interval (a, b) into n equal parts by
points o = @, x1, X3, * * +, T, = b, and we construct the function
gn(x) whose graph is a polygon with the successive vertices (a, ),
(z1, g(x1)), * * * (Ta—r, g(Za-1)), (b, B). As n increases, g.(z) tends
almost everywhere to g(x). For g(x), being monotonic, is continuous

* The demonstration of this property of continuous functions will be found in
almost any text on real variables.
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at almost all* points z in [a, b]. Let z be a point of continuity of g(z)
such that a< z < b, and let x belong to the interval (z,, z.,1) of the
nth subdivision of (a, b). As 7 increases both z, and z,,, approach z;
hence g(z,) and g(x,41) both approach g(z). Since g.(z,) = g(z,) and
ga(z.11) = g(x.41), and g.(z) lies between these numbers, g.(z) also
approaches g(z). Thus lim g.(x) = g(x) except perhaps at the points
of discontinuity of g(z), which form a set of measure zero.

By what has already been proved, for each n there is a £, such that

B) [ 1@eE) dr = o [" 1) dz + 8 [ flz) da.

By 2.12, there is a subsequence {£,} of the {{.} (a = ny, ng, © + ¢ )
which converges to a limit £ To save notation, we suppose that
{£.} is itself this subsequence. Since an integral is a continuous
function of its limits, it follows that the two integrals on the right of
(B) tend respectively to the integrals of f(x) over (a, £) and (§, b).
The functions ¢.(x) are all between « and 8 in numerical value; hence
| f(x)ga(x) | is not greater than the summable function | f(z) | (| |
+18]), n=1,2 ---. Also f(z)g.(x) tends almost everywhere
to f(x)g(x). Hence, by 29.3,

[} 1@9(@) dz = lim [ f(z)ga(a) dz
"= lim [a-/;e'f(x) dx—i—ﬁ/:f(x) dx] = a/;Ef(x) dx+ﬂj;bf(x)d:c.

38. The first theorem which we wish to prove concerning change
of variable is the following.

38.1. Let f(x) be bounded and measurable on the interval [a, b]. Let
¢(t) be absolutely continuous on the interval [a, 8], and let the inequality
a S o(t) < bhold for all t in [a, B]. Then f(o(t))¢(t) ts summable, and

(4)

¢(8)
o(a)

j@ de = [ fe®)e dt,
where ¢ is defined as in 34.2.

If we define F(z) = L : f(z) dz, the equation to be proved is
(B) Flo(8)) — Flo(@) = [ f(o(®)é(®) dt.

* This follows from 34.2 and 31 8. However, more than this is true; g(z) is
continuous for all z in [a, b] except those of a denumerable set. Cf. exercise after
6.11.
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The function F(x) satisfies a Lipschitz condition, for if M is an
upper bound for | f(z) | , then by 37.1 (with p = 1) the inequality

—M(zy — 7)) S [ " f(@) do = F(as) — F(z:) S M(zs — 1)

holds whenever a < z; S 22 < b. Hence by 9.3 the function g(f) =
F(¢(t)) is absolutely continuous.

As a first step in our proof, we suppose that f(z) is continuous.
Then by 33.2 the equation F'(z) = f(z) holds for all z in [a, b], and
so for almost all ¢ in [a, 8] (namely, all ¢ for which ¢'(t) exists and is
finite) the derivative g’(t) exists and is finite, and

g@t) = g'(t) = F'(e(8))¢’(t) = fle(®)) (D),
by 31.10. By 35.3,

F(o() = Flo(@) = 98) — g(@) = [ gt dt
= [ s a.

Thus if f(z) is continuous our theorem holds.

Now suppose that (4) has been established for a class of functions,
and that {Y.(x)} is a sequence of uniformly bounded functions of the
class (say | ¢¥a | £ M) which tend everywhere to a limit function f(x).
Then by hypothesis the equation
[ W@ dz = ["vnle®)e(® dt

e(a)

holds for each n. The functions ¥.(¢(f))¢(t) do not exceed the
summable function M | ¢(f) | in absolute value, while | y.(z) | S M.
And for all z we have lim y.(z) = f(x), while for all ¢ we have
lim ¥a(e())e(t) = fle(t))e(t). So by 29.3 this last function is sum-
mable, and equation (4) holds.

In particular, (4) holds for continuous functions; hence it holds for
bounded U- or L-functions, since these are limits of sequences of
uniformly bounded continuous functions (7.9). If f(z) is bounded
and measurable, by 15.8 there are functions g(z) and h(z) which are
respectively the limits of sequences of uniformly bounded L- and
U-functions, and which satisfy the conditions

g(x) £ f(x) £ h(z) for all z in [a, b),
/;bg(x) dz = Lbf(z) dz = L" h(z) dz.

These three integrals may be regarded as integrals from — « to «
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if weset ¢ = f = h = 0 outside of [q, b], so by 23.6 we must have
g(x) = f(z) = h(z) for almost all z in [a, b].

By the preceding paragraph equation (A) holds for both g(z) and
h(z), and therefore for every number 7 in [«, 8] the equation

[Fatewewat = [*7 9@ dz = [ hiz) d
= [ ho®)ét) at

is valid. So by 33.4 the equation
gle(®)e(t) = h(e(t)e(?)

holds for almost all ¢ in [a, 8]. But g(x) < f(z) < h(z) for all z in
[a, b]; so for almost all ¢ in [a, 8] we have

gle(®)e(t) = fle(®)e(t) = h(e(t))é(t).

Therefore f(¢(t))¢(t) is almost everywhere equal to a summable func-
tion, and is summable; and

o J@ = [V @) dx = [ gle)et)

= [ fené at

A corollary of 38.1 which is sometimes useful is the following.

38.2. Let ¢(t) be AC on the interval [, B]. If X is a point-set of
measure 0, and T 18 a set of values of t in [, B] such that ¢(t) is in X
whenever t 18 tn T, then ¢'(t) = 0 for almost all t 1n the set T.

Let f(z) be the characteristic function of the set X. Since mX = 0,
for all numbers 7 in [«, 8] we have by 38.1

0= [ 7@ dz = [ fel)i(t) dt.

(a)
Therefore by 33.4 the equation

(B) Jle(®)e(t) =0

holds for almost all ¢ in [@, 8]. In particular, on almost all of the set T
equation (B) holds, and ¢'(¢) exists and is equal to ¢(t); and for all ¢
in T we have f(o(f)) = 1. So, for almost all ¢ in T we have

1. ¢’(t) = 0:
which was to be proved.
This yields a ready extension of 38.1:
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38.3. Let f(x) be defined on [a, b] and equal to a bounded measurable
Junction g(z) for almost all z in [a, b]. Let o(t) be AC on [a, f] and such
that @ S ¢(t) S bforalltin(a, Bl. Then f(o(t))¢(t) is summable over
[a, B}, and

»(B)

" 1@ dz = [ 1o at.

This equation holds if f(z) is replaced by g(z) by 38.1. Since
f(x) = g(z) except on a set X of measure 0,

;::) fx)dzr = L :i:) g(x) dz.
If o(t) is not in X, then f(o(t)) = g(e(t)), and so
() fle®)e(t) = gleo(t))e(t).

For almost all ¢ such that ¢(¢) is in X we have ¢(f) = 0, by 38.2; so
equation (C) is still valid. That is, (C) holds for almost all ¢ in the
interval [«, B]; so

[ 1e@é® de = [? glo@it) at.

This completes the proof.

Theorems 38.1 and 38.3 are diminished in usefulness by the fact
that they apply only to functions which are equivalent to bounded
functions. This restriction cannot be simply omitted, as the following
example shows. Let f(z) =z1/3, —8 £z <8, and let o(t) =
td cos® (v/t), —2 St £ 2. Then if we set

F(x) = /0: 4z~ tdr = b,
equation (A) takes the form (replacing [, 8] by [0, 7])

Flo(m) = [] Je@)é(t) dt

This is impossible, for

F(e(7)) = 7 cos (1;):

which is not AC.
However, we can remove the hypothesis of boundedness of f(x)
if we assume that ¢(f) is monotonic, as the following theorem shows.
38.4. Let f(x) be summable over the interval a < x < b. Let o(t)
be absolutely continuous and monotonic on the interval @ S t S B, and
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suppose a < o(t) < b. Then f(o(t))¢(t) is summable, and

@) dz = [ fe®)ov dt.

We consider only the case in which ¢(f) is monotonic increasing,
if ¢(t) is monotonic decreasing, the following proof holds with only
trivial changes.

Suppose to begin with that f(z) = 0. Define f,(z) = inf {n, f(z)}.
For each n we know by 38.1 that

(D) S@) e = [ 1e®)é(0) dt.

Now let n increase without bound. The functions f,(x) increase and
tend everywhere to f(z); and since 0 =< f.(z) < f(x) and f(z) is sum-
mable, by 29.3 the left member of (D) tends to

(E)

Consider now the right member of (D). Since ¢(f) = 0, as n increases
these (non-negative) integrands are non-decreasing and tend every-
where to f(¢(t))¢(t). But the integrals on the right of (D) are bounded,
because the left members of (D) are bounded, being not greater
than (£). Hence by 18.4 the limit function f(¢(¢))¢(¢) is summable,
and the right members of (D) tend to

[ 1e®)e d.

This completes the proof for the case f = 0.
Returning to the general case, we can represent the summable
function f(x) as the difference of two non-negative summable functions:

f(x) = fH(z) — f(2),
as in 15.4. We apply the preceding result to f+ and f-, and obtain

@ de = [1 1 e®)e) dt,
F@de = [/ e®)e) d

If we subtract the second of these equations from the first, we obtain
the equation in the conclusion of the theorem. The proof is thus
complete.

Incidentally, this gives us another proof of the first part of 9.3.
For if F(y) is AC on an interval [a, b] and ¢(z) is AC and monotonic on

¢(B)
¢(a)

¢(8)
o(a)

@ (8) f(z) dz.
e(a)

elty)

#(to)
o(tr)

(to)
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[a, 8] and assumes value in [a, b}, then
Flo(@) — Flo(@) = [7” F(y) dy

= [ Fe(@)é(a) da,
s0 F(p(z)) is AC.
FXERCISE. Let ¢(z) be a function which is defined and strictly

monotonic increasing on [0, «), vanishes at z = 0 and is AC on every
interval [0, a]. Let y(z) be its inverse function, and define

2(0) = [ o@) dz, ¥(t) = [¥(2) da.

Then the conclusion of 24.1 remains valid. (In the definition of
V(¢(a)), substitute z = ¢(y) and use 38.4 and 36.1 to establish
®(a) + ¥(p(a)) — ap(a) = 0. An alternative proof can be based
on 27.7, 9.3, 31.3, 33.2 and 35.2.)

39. We complete this chapter with some theorems on differentia-
tion under the integral sign. If a function f(z, ¢) is defined for all ¢
in an interval (a, 8) and all z in a set E, and for each fixed ¢ in (e, 8)
the function f(z, ) is summable over E when regarded as a function
of z alone, then its integral is a function ¢(t) of ¢ alone. We wish to
compute the derivative of ¢(t) in terms of the partial derivative of f
with respect to t.

39.1s. Let f(z, t) be defined for all x 1n a set E and all t in an interval
(a, B). Let f(z, t) be summable over E for each fixred t in (a, 8); define

o®) = [ f(z, 0 dz.

Let ty be a value of t in (a, B). If there exists a summable function
g(x) such that

'f(:c, f(z, to) ’ o)

for all t wn (a, B), and the partial derivative fi(z, to) exists for all x in E
except those of a set E, of measure 0, then ¢'(t,) exists, and

t—to

Olt) = [,y Sl to) da.
Since mE, = 0, from the definition of ¢(f) and 23.4 we have

e(t) — ¢(to) [z, ) — f(z, to)
Tty /E Eo t— to dz
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if tis in (o, B8) and ¢t % . The integrand on the right does not
exceed g(z) in absolute value, and tends to fi(z, t) as ¢ tends to .
So by the remark after 29.3 the limit of the integral on the right exists
and is equal to the integral of f.(z, ¢):

lim 2 = e(t) _ /E  fila, ) d.

t—to t— 1t

39.2. Corollary. Let f(z, t) be defined for all z in a set E and all t in
an interval (a, B) and summable over E for each t in (a, B). Let

o) = [ 0 dt.

For all t in (a, B) and for all x in E — Eo, where mE, = 0, let fi(z, t) be
defined and smaller in absolute value than a summable function g(z).
Then for all ¢t in (a, B) the derivative o' (t) exists, and

PO = [,_p I 1) da.

The hypotheses of 39.1 are all obviously satisfied except for the
requirement that

l f(x; =4 2?, to) l < g(x)
.But by the theorem of mean value, for all zin E — E,

l f(z, t)t : t(x, to) ‘ | fulz, )| < g(x)

where # is between ¢ and #,. (Alternatively, we could obtain this
inequality from 34.3 or 37.1.) So this hypothesis, too, is satisfied.



CHAPTER VI
Continuity Properties of Measurable

Functions

40. The class of measurable functions is of course much larger
than the class of continuous functions; a measurable function may be
discontinuous at every point, as e.g. the characteristic function of the
set of irrational numbers. Nevertheless, there are several important
relationships between these classes.

The first of these relationships will be touched on only briefly.
Suppose that a function f(z) is defined and continuous in the general-
ized sense on a set E; that is, let the relationship

,’i’? J(x) = f(xo)

hold for all 2o in EE’, whether f(x,) is finite or +® or — ». It may
or may not be possible to extend the range of definition of f(x) to the
closure E of E in such a way that f(x) is still continuous in the general-
ized sense on all of E. For instance, if £ is (0, 1) and f(z) = sin (1/z),
this extension is impossible, because f(xr) does not tend to any limit
as £ — 0. If the extension is possible, we say that f(z) is of Baire
class 0 on E. Obviously if Z is already closed and f(x) continuous on
E, then f(z) is of class 0 on E. Suppose now that f(z) is not of class
0 on E, but that there is a sequence of functions fi(x), fo(z), - - -,
each of class 0 on E, such that lim f.(z) = f(z) for everyzin E. We

then say that f(x) is of class 1 on E. We continue thus by induction.
If f(z) is not of class £ k on E, but there is a sequence of functions
fi(x), fo(z), - - -, each of class =k on E, such that lim f.(x) = f(z)

=

for each z in E, then we say that f(x) is of class k + 1 on E.

Thus, for example, if f(x) is a U-function or an L-furiction on a
closed interval I, then f(x) is of Baire class 0 or 1, by definition 12.1
and theorem 7.9. Since U-functions and L-functions need not be
continuous (cf. for example, 12.9) there actually are functions of class 1.
It is indeed true that there are functions of class k for each positive
integer k, but we shall not prove this.

The next theorem serves as a lemma for a later proof.

40.1s. If ¢(2) 1s defined and continuous (in the generalized semse)
for — o =z £ © and f(x) 15 of Baire class Sk on a set E, then o(f(x))
18 of Baire class <k on E.

218
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If f(x) is of Baire class 0 on E, it can be extended to be continuous
in the generalized sense on E. Then ¢(f(x)) is also continuous in the
generalized sense on E, and is of class 0 on E. We now proceed by
induction. Suppose the theorem true for £ = p. Let f(z) be of
class £p + 1 on E. Then f(r) is the limit on E of a sequence of
functions fi(x), fa(z), - - -, each of class =p. By the induction
hypothesis, ¢(f.(z)) is of class <p for each n, and by the continuity of
¢ we find that lim o(f.(z)) = o(f(x)) for all z in E. Hence ¢(f(x))
is of class <p + 1, and the theorem is established.

We now investigate the connection between Baire functions and
measurable functions.

40.2s. If E is a measurable set, and f(z) is of Baire class p (p 2 0)
on E, then f(x) is measurable on E.

Suppose first p = 0. Then f(z) can be extended to be continuous
in the generalized sense on E. It follows that for every number
a the set E[f = a] is a closed set, hence measurable (19.4). So f(x)
is measurable on E by definition 21.1, and by 21.2 it is measurable
on K.

Now suppose the theorem true for p = k, and let f(z) be of class
<k 4+ 1 on E. It is then the limit of functions f,(x) of class =k on
E, and by the induction hypothesis these are measurable. So by
21.9 f(x) is measurable on E, and the theorem holds for p = k£ + 1.
This completes the induction.

The converse of this theorem is not true, as will be shown by an
example in §44. However, it is possible to prove the following
theorem.

40.3s. If f(x) is measurable on a bounded* measurable set E, there
are functions g(z), h(z) of Baire class £2 on E (and in fact on a closed
interval containing E) such that g(z) £ f(z) < h(x) for all z in E and
g(x) = h(x) for almost all z in E.

Suppose first that f(z) is bounded and non-negative on E. If I
is a closed interval containing E in its interior, and we set f(z) = 0
on the complement of E, then f(z) remains summable on I. Now
theorem 15.8 assures us of the existence of functions g(z), h(z) such
that g(z) < f(x) £ h(z) for all z in I (hence for all z in E) and

Jio@ dz = [ §@) dz = [ h(a) da.

Moreover, by the remark after 15.8 we may assume that g and A

* The hypothesis that E is bounded can be discarded, but the proof would be
less simple.
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vanish on the boundary of I. By 17.4 the integrals of f, g, and h
over the whole space R, are equal, if we define g(x) = h(z) =0
outside of I. By 23.6 this implies that g(z) = f(x) = h(z) for almost
all z in R,, and in particular for almost all zin E. On I the functions
g(z) and h(x) are limits of sequences of L-functions and of U/-functions
respectively. Since U-functions and L-functions are of Baire class £1,
the functions g(x) and h(x) are of Baire class <2 on I Ilence they
are of Baire class <2 on E.

Next suppose only that f(x) is measurable Define w(z) =
z/(1 + | z]|) for z finite, u(— o) = —1, u(+®) = +1 Then u(2)
is continuous and strictly monotonic increasing on —® <z < «,
and it has an inverse

) =—Y ,  —1<y<l1
L (y) 1-1y| y )
pH(=1) = — o, pH(1) = 4 oo,

The function f*(z) = 1 4+ u(f(x)) then satisfies the mnequality 0 < f*(r)
=< 2. Moreover it is measurable on E. For if 0 £ a < 2 the set
E[f* 2 a] 15 the same as E[f = y~!(a — 1)], which 1s measurable
because f is a measurable function, while if a < 0 the set E[f* = a]
is the set E itself and if @ > 2 the set E[f* = a] is empty By the
part of the proof already completed, there exist functions g*(r),
h*(z) which are of Baire class <2 on an interval containing E in its
interior and are such that g*(z) < f*(z) S h*(z). By the remark
after 15.8, we may assume 0 < g*(z) < h*(zx) < 2.

The inverse function x~'(y) defined above is monotonic increasing
and continuous in the generalized sense on the interval -1 <y < 1.
So if we define

v(y) = u'(y), -1=sys +],
Y(y) = + =, y > 1,
w(y) = - °°; Yy < 1)

the function y(y) is monotonic increasing and is continuous in the
generalized sense, and

™ V(@) =2 -
By theorem 40.1, the functions

g(z) =9¥(g*(x) — 1),  h(z) = ¥(h*@) — 1)
are of Baire class <2, while from (*) we deduce

vI*@) = 1) = ¥(u(f@)) = fa).

liA

2 S o,
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Since ¢ is monotonic increasing, from the inequality g* < f* < h*
we deduce g(z) < f(z) < h(z) for all z in E, and since g*(z) = f*(z)
= h*(x) for almost all z in E, it follows that g(z) = f(z) = h(z) for
almost all z in E.

Remark  If m and M are respectively inf f and sup f, we may
assume that g(z) and h(z) satisfy the inequalities

m £ g(z) £ hiz) = M.

Forlet o(t) =tif m St S M, o(t) =M if t > M, and ¢(t) = m if
t <m. By 40.1, the functions ¢(g(x)) and ¢(h(x)) have the desired
bounds and still satisfy the requirements in 40.3.

By use of the concept of Baire functions we can obtain a consider-
able generalization of Theorem 21 11. This generalization will be
established in theorem 40.5, in preparation for which we prove a
lemma.

40.4s. If f(x) is of Baire class <p (p > 0) on E, it is the limit
on E of a sequence of functions fa(x) each of which is bounded and of
Baure class <p — 1 on K.

If f(x) is of Baire class <p on E, it is the limit of a sequence of
functions {g.(r)! each of Baire class <p — 1 on E. Now define

fa(@) = ga(x)  if —n = ga(x) S n,
fa(x) =n if ga(x) > n,
fa(x) = —n if  ga(z) < —n.

By 40.1, these f.(z) are of Baire class <p — 1. Each is bounded.
Also, f.(x) — f(z). For if f(z) is finite, then fa(z) = ga(z) whenever
n>|f(x)| + 1 and | ga(z) — f(z) | < 1. This holds for all but a
finite number of values of n, so lim f,(z) = lim ga(z) = f(z). If
f(z) = o, then for every ¢ > 0 the numbers f.(z) exceed 1/¢ whenever
n > 1/e and ga.(z) > 1/¢; that is, for all large n. So again lim fa(z)

= o = f(z). A similar proof holds if f(x) = — «, and the lemma is
established.
40.6s. Let fi(z), * - - , fa(z) be measurable and finite valued on a set

E wn g-dimensional space R,. Let S be a set in h-dimensional space
which 18 the sum of a finite or denumerable collection of closed sets S,

Sy, ++ . Let o(z!, « - -, 2*) be defined on 8, and of some finite
Baire class p; on each set S, (here p, may vary withj). Then the subset
E* of E on which ¢(fi(z), * -+, fa(x)) is defined is measurable, and

e(fi(x), + + -, fa(x)) is measurable on E*.
Consider first the case in which S is a single closed set S, and
¢(z!, + + +, 2") is continuous in the ordinary sense—that is, finite-
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valued and of class 0—on S,. By Theorem 21.11 the subset E* of E
on which (fi(z), - - -, fa(z)) is in S, is a measurable set, ar.d o(fi(z),
« + +, fa(x)) is measurable on E*.

If p, £ 1, by Lemma 40.4 there is a sequence of functions defined,
bounded and of class 0 on S; such that lim, ¢, = ¢ forallzin S;. By
the preceding paragraph, each function ¢.(fi(z), -+ -, fa(z)) is
measurable on E*, so the limit function ¢(fi(z), - - - , fa(z)) is measur-
able on E*. Proceeding by an obvious induction, we show that if
¢ is of finite Baire class p; on S; the function o(fi(z), * + -, fa(z)) is
measurable on E*.

Now we remove the restriction that S is closed. Under the
hypotheses of the theorem, the preceding part of the proof shows that
for each set S, the subset E, of £ on which (fi(z), - - -, fa(x)) lies in
S, is a measurable subset, and on it the function ¢(fi(z), - - - , fa(2))
is measurable. The set E* of the theorem is then {J, E,, and so is
measurable. (Incidentally, this would follow from Theorem 21.11.)
Forevery number a, the set E,[o(f1(x), - - -, fa(x)) = a]isameasurable
set, since o(fi, - - * , fa) is measurable on £,. Hence the set

E*e(fi(2), * + -, (@) 2 o] = U, Ele(fi(2), - - -, fuz)) 2 a]

is measurable, and ¢(fi(z), - - * , fa(x)) is therefore measurable on E*.

41. If E is an open set in one-dimensional space Ry, and z,is in E,
then for all sufficiently small intervals [«, 8] containing z, the set
completely fills [@, 8. We shall now show that if E is measurable,
then for almost all zo in E the set E fills all but an arbitrarily small
percentage of every small interval [«, 8] containing 5. We make this
notion precise by defining metric density.

41.1. Let E be a measurable set in R,, and let 2o be tn R,. If the
quotient

approaches a limit as B — o tends to zero subject to the conditions & < zo
< B, this limit s called the metric density of the set E at z,.

It is thus apparent that if E is open and z, is in E, the metric
density of E at z, exists and has the value 1. For then the set
EN [a, B] is the entire interval [a, 8] whenever 8 — a is small, so
m(E N e, 8])/(8 — @) = 1 for all such « and 8. The theorem which
we wish to prove, and which we stated crudely in the preceding
paragraph, is



SEc. 41.2] PROPERTIES OF FUNCTIONS 223

41.2. If E 18 a measurable set in one-dimensional* space R,, then
Jor almost all x 1n E the metric density of E at x exists and is 1, while the
metric density of E has the value O at almost all points of the complement
of E.

Since E is measurable, its characteristic function K z(z) is summable
over every finite interval, by definition or by 22.1. So the integral

o(z) = L * Ke(z) dz

is defined for all z. By 33.3, for all z except those of a set E, of
measure 0 the derivative ¢’(x) exists and is equal to Kx(x).

We now stop to prove the following statement. If y(x) is defined
on an interval [a, b] and has a finite derivative at a point z, interior
to [a, b], then the limit of the function

¥(8) — ¥(a)
=y

exists as § and a tend to z, subject to the conditions « < z, < 8,
a < 8, and the limit is ¢/(2¢). For if ¢ > 0 there is a § > 0 such that

y(x) — 'P(xo)

r — Xo

(4) — ¥/ (o)

ifzxisin (e, b] and 0 < |x — 19| < 6. Now let a and 8 both be in
(ro — 8, 79 + 8) where a Sxo< B and a £a<B <b We shall
show

(B) 'l/(ﬂ) w(a) ,(IO)

ﬂ—-a

If either a or B8 is equal to iz, this is the same as (4). Otherwise
a < zy < B, and then

v(8) — ) — V@) _ )' ’ B — ,w) ¥(xo) wm)}

B —
+ : }a {\P(Io) V(o) W'(IO)H

x——a

— X To —
§@—--'e+ .

B—a B—a

which establishes inequality (B). Our statement is therefore proved.

cE =g

* The theorem is true in g-dimensional space, but the proof is more difficult.
It follows readily from 72 4.
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Applying this statement to ¢(x), we find that for all x in B, — E,
the equation

© tim €0 =) _ 1(2) = K

holds, when 8 — a — 0 subject to the restriction that [«, 8] contains
zo (i.e., @ S zo S B), so that « — o and 8 — z,. By the definition
of ¢(x):

o(B) — o(@) = [" K@) d,

and by the definition of measure this is the measure of the set of points
of E in [a, 8], that is,

e(B) — (o) = m(E N [a, 8)).

Substituting this in equation (C), we find that for all r except those in
the set E, of measure 0 the set E has metric density Kz(x) at z; that
is it has metric density 1 at almost all points in E and metric density
0 at almost all points of its complement

Turning now to functions, we notice that if f(x) is continuous on
an interval (a, b), and z, 1s in (a, b), then for every ¢ > 0 there is a
6 > 0 such that |f(x) — f(xo) | < eif |z — xy| < 8. That is, the set
of x such that | f(x) — f(x0) | < € contains a neighborhood of z,, and
a fortiori has metric density 1 at ro. Let us say that a function f(x),
defined and measurable on a measurable set E in R, is approximately
continuous at a point xo of £ if for every ¢ > 0 the set E[f(xo) — ¢ < f
< f(xo) + €] has metric density 1 at zo. Then the preceding remark
shows that if f(x) is continuous at an interior point x, of £ it is approxi-
mately continuous at z,. Of course the converse is false. For
example, if f(r) is 1 for all rational z and 0 for all irrationat z, then
the set Ry[ —e < f(z) < ¢ contains all irrationals and has metric density
1 at all points. Hence f(z) 1s approximately continuous for all irra-
tional z, although it is everywhere discontinuous. We shall now prove
the following theorem.

41.3s. If f(x) is finite and measurable on a measurable set E in R,
then f(z) is approzimately continuous at almost all pownts of E.

The rational numbers are denumerable, and so can be arranged
in a sequence ry, 12, © - - . Let E,, be the set E[r, < f < r,); this is
measurable by 21.3d. By 41.2, the set E, has metric density 1 at
all its points except those of a set EJ of measure 0. These sets E? are
denumerable in number, so their sum
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also has measure 0, by 19.13. We shall now show that f(z) is approxi-
mately continuous at all points of E — E,.

Let zo be in E — E,, and let ¢ be a positive number. Choose
rational numbers r,, r, such that f(zo) — ¢ < r, < f(zo) < 7, < f(z0) +
e. Then the set E,, which is E[r, < f < r], is contained in the
set E, = E[f(z0) — ¢ < f < f(xo) + ¢]. Since z, is not in E,, it is
not in EY, so E, has metric density 1 at z,. But E, contains E,,, so
for all numbers &, 8 witha < 2o < Band a < 8 we have m(E, N [o, 8]) =
m(E, N [a, 8]). If we let « and B tend to z,, then

1 2 lim sup m(El n [a B]) m inf m(E‘; n [Z; ﬂ])
—a] {es 89 ) _
2 B—a
Hence

lim anl n [a; B]) =1
f— a

That is, for every positive e the set By = E[f(z,) — ¢ < f < f(z0) + €]
has metric density 1 at xo, and so f(x) is approximately continuous
at zo.

42. In the two preceding sections we have seen that a measurable
function is almost everywhere equal to a function which is of Baire
class < 2, i.e.,, which is the limit of functions which are themselves
limits of sequences of continuous functions; and we have seen that a
measurable function of one variable has a property which is a weakened
form of the property of continuity. Now we shall see that summable
functions can be approximated, in a certain average sense, by con-
tinuous functions. That is, if f(z) is an arbitrary summable function
we cannot expect to find continuous functions ¢(x) which approximate
J(x) uniformly; but we can make the integral of the difference | f — ¢ |
arbitrarily small.

v42.1s. If f(z) is summable over a measurable set E, for every positive

number ¢ there 18 a function o(x) continuous on the entire space R, and
such that

[i15@) = o) ldr < ¢

We suppose f(x) set equal to zero on CE. There is then no loss
of generality in supposing that E is R, for if the inequality of the
theorem holds for R, it holds for every measurable set E.
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First we suppose that f(z) vanishes except on a bounded set, which
we enclose in a closed interval J. Let I be a closed interval containing
J in its interior; we use I as basic interval. As in §16, we construct
a function y(z) continuous on R, having the value 1 on J and the
value 0 on CI, and such that 0 < ¢(z) = 1 for all z. By 17.4, the
integral of f over R, is the same as its integral over I. By 14.1, given
any positive number e there is an L-function I(z) < f(z) such that

(4) /11(1) dr > flf(x) dr — .29

By 13.1 there is a function g¢(x) continuous on I such that ¢o(z) = I(x)
and

(B) [ ey az < [16yas +

Then by (A) and (B) we have
/,lf(x) — po(z) | dz = /, {1f@) — Ua) | + | Ux) — o) |} da

= /;[f(x) — Uz)] dz + /Ilwo(r) — l(z)] dx
<e

The equation f(z) = f(z)¢(x) holds for all r; for if x isin J the factor
¥(x) is 1, and otherwise f(z) = 0. Define

o(z) = po(x)¢(x) on I,
¢(x) = 0 elsewhere.
Then on I we have
[ /(@) = @o(@) | 2 ¢(2) | f(x) — polx) |
= | f@)¥(x) — po(x)¥(x) |
= '.f(x) - ¢(x) I)

80
Jo, 1@ = 0@ 1dz = [[15) = () | dz
< [,15@ = eu(a) | dz
<e

Next let f(x) be any summable function. We may suppose that
f(z) is finite-valued, since the set on which |f| = « has measure
zero by 23.1 and re-defining f(z) to be zero on this set leaves the integral
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of | f(x) — ¢(z) | unchanged. Define

fa(z) = f()Kw.(z).
As n increases, f.(r) converges everywhere to f(z) and never exceeds
the summable function | f(z) |, so by 29.3 the integral of |f(z) —
fA(z) | approaches zero. We choose and fix n so large that

€

flﬂﬂ—ﬂwlﬁ<2
Rq

But f.(x) vanishes except inside of W,, so by the part of the proof
already completed there is a function ¢(z) continuous on the whole
space such that

/ | fa(z) — o(x) | dx < ~2f
R,

The last two inequalities establish the conclusion of the theorem.

ReMARK. As was shown in our definition of ¢(z), in 42.1 we may
require that o(x) vanish except on a bounded set.

From this we can derive another continuity property of summable
functions. For convenience we suppose that f(r) is summable over
the whole space R,. This involves no loss of generality, for if f(r)
is summable over E we can define f(x) to be zero on CE, and the func-
tion thus extended is summable over R,.

42.2s. If f(x) 1s summable over R4, and h is a vector (R, - - - h(®),
then

lim | fx + k) — f(z) |dz = 0.
1] —0 J B
Let € be a positive number. By 42.1, there is a function ¢(z)
continuous on the space R, vanishing outside of some interval W,,
and such that

flﬂ@—¢MIM<§
R,

If| | h| | < 1, the function ¢(x + h) vanishes except on W,... Denoting
by M the supremum of | ¢(z) | on W,, which is finite, we see that both
¢(z) and o(x + h) have absolute values not greater than M on W,
and vanish outside of W1, whence

| o(z + k) — o(x) | £ 2MKy,,,(2).

The right member of this inequality is summable, and the left member
tends to zero with || h||, so by the remark after 29.3 the integral of the
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left member tends to zero. Therefore there is a positive number &
such that

J v+ m - @ 10z < ¢
Rq

if| ||| <.
Now in the inequality

[o @+ =@ |dz S [, 1f@+h) = oz + 1) | do
+ [ lo@ + 1) = 0@ [de + [, |o@) = f(x) | dz

the third term on the right is less than /3, the first term on the right
has the same value as the third term by 18.7, and the second term 1s
less than ¢/3 if | |h|| < 8. So if ||2]|] < & the left member of the
inequality is less than ¢, which is the conclusion of our theorem.

The next theorem is a generalization of 33.3.

42.3. Let f(x) be summable over an interval [a, b]. For almost all
Zo 10 [a, b] the limat

1 zo+h
}li_r.f(lm/“ |f(x) — f(xo) | dzx

exists and 18 equal to zero, h being restricted to be such that xo + h 1s also
in [a, b).

Let ry, r5, - - - be an ordering of all the rationals. By 33.3, for
each r, the function
(4) F@ = [[11@) —rlds

has a derivative which is finite and equal to its integrand for all z in
[a, b] except those of a set N, of measure zero. The set N = U N,
also has measure zero, by 19.13. Now let 2o be any point in [a, b] — N,
and let e be a positive number. There is a rational number r, such
that | f(xo) — .| < ¢/2. Since zo is not in N, it is not in N,, so the
function F\(r) has at z, a derivative equal to | f(zo) — r,|. Whether
h is positive or negative,

Zo+h
05t [ 1@ ~ s e

zo

1 zo+h 1 IO‘+”I
_55/ |j(x)—r.ldx+,—lﬁ. |7 = f(z0) | d

Xo

= Wl t 1) = Bl g, fag .
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The last term is less than ¢/2, and as h — 0 the first has a limit which is
Fiao) = |f(z) = | <5

So for all h near zero it is less than ¢/2. That is, if A is in a neighbor-
hood of zero

zot+h
’;1; / | /@) = f(zo) | dz| < ¢

which completes the proof.

Theorem 42.1 is a special case of the following theorem.

42.4s. Let E be a measurable set. If f(x) belongs to the class L, on
E (p 2 1), that is, +f f(x) s measurable on E and | f(x) |? is summable
over E, then for every positive number € there is a function ¢(x) continuous
on the whole space R, and such that

(4) [[o11@ = @) Ipdz]” <

As before, there is no loss of generality in supposing that E is the
entire space R, and that f(z) is finite-valued on E. For each positive
integer n and each xz we define

fol@) =fx) if  —n=f(x) S0
fa(z) = n it f(z) >n,
folz) = —n if  flz) < —n.

Then for each z the functions f,(z) approach f(r) as n — . There-
fore the function

| [a(z) — f(=) I?

approaches zero as n — «, remaining less than the summable function
| f(z) |». By 29.3, its integral approaches zero, and we can choose
an n for which the integral is less than (¢/2)?; that is,

(B) [ fR' | falz) — f(2) |7 dx]"" <3

On the interval [0, 2n] the function ¢*~! is increasing, and has its
greatest value (2n)?~' at ¢ = 2n. That is,
) t» < (2n)P 4

if 0 St =< 2n By 42.1, there is a function ¢(z) continuous on R,
for which

0 [ 150 = o0y 102 < (5) any.
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We may assume | ¢(z) | S n, since otherwise we may replace o(x)
by n wherever ¢(z) > n and by —n wherever ¢(z) < —n without
disturbing the continuity of ¢(z) or the validity of the preceding
inequality. Then | f,(z) — ¢(z) | £ 2n, so by (C)

[ fa(@) = (2) [P = (2n)7! | fa(z) — o(2) |
for all z. This and (D) together yield

/R' | falz) = o(z) |7 dz < (2)
or

(B) ‘ /R‘ | fa(2) — o) i”dx} Tt

By Minkowski’s inequality (24.7), inequalities (B) and (E) imply
inequality (A), and the proof of the theorem is complete.

REMARK. Since our ¢(z) was obtained from 42.1, we are again
privileged to suppose that it vanishes except on a bounded set.

Exercise. If f(z) is of class L, on R, (p 2 1), and h is a vector
(h®, -+ -, h(®), then

lim {/R | f(z + k) — f(z) |vdx}"” =0.
11All—0 e

42.6s. There exists a denumerable collection Z of functions s(x), each
of which is a step-function on some interval W, and vanishes identically
outside of W, having the following property For every measurable set
E, every number p 2 1, every function of class L, on E and every positive
number ¢ there is a function 8(x) in the class Z such that

(4) {[17@) = s@ 1P dz}"” <.

By 11.4, to each interval W,: —n S z* £ n there corresponds a
denumerable collection =, of step-functions on W, such that each func-
tion ¢(z) continuous on W, can be uniformly approximated by
functions belonging to .. We extend the range of definition of each
function s(z) of Z, by setting it equal to 0 outside of W,; and we now
proceed to prove that the collection

2'='ExU2:zU23U"'

has the required properties.
As in 42.1, there is no loss of generality in supposing that E is the
entire space R, Let f(z) be defined and of class L, (p 2 1) on R,,
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and let € be a positive number. By 42.4 and the remark following it,
there is a function ¢(x) continuous on R,, vanishing except on the
interior of some interval W,, and such that

p €
(B) l / [f(z) — o(z) |7 <z
R
Let & be a positive number so small that
S(mWa)V» < -

By the definition of the sets Z,, there is a function s(z) in Z, which
vanishes except on W, and differs from ¢(z) by less than é§ on W,.
Since ¢(z) also vanishes except on W,, this implies

[8(x) — o(x) | < 6Kw,(x)
for all z. Hence

© | [ 150 = o@ Pz} = { [ 156) — p@) I dz}”

{
{ f e}
-

srmW, }w

IIA

= §(mW,)V» < §

By Minkowski’s incquality (24.7), inequalities (B) and (C) imply
inequality (4), which completes the proof of the theorem.

Theorem 42.5 has a corollary of considerable importance in the
theory of Fourier series and other orthogonal expansions. This is
the following theorem.

~42.6s. (Riemann-Lebesgue): If I is a closed interval, and {g.(z)} 15 a
sequence of functions such that

(i) all the g.(x) have the same bound, | g.(x) | £ M, on I;

(ii) each g.(x) s measurable on I;

(iii) on each subinterval I, of I the relation

lim [ gn(z) dz = 0

n— o

holds; then for every function f(x) summable over I and for every sub-
interval Iy of I it is true that

lim [, /@@ dz = 0.
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The existence of the integrals mentioned in this theorem is assured
by 22.1 and 22.4. Let € be a positive number. By 42.5, with p = 1,
there is a step-function s(z) such that

/, |f@) = 8(x) | dz < g5
Then

|
(4) l /1 (f(z) — s(x)lgn(x) dx

< f 11&) = 32) | ga(z) | de

<M / | f(z) — s(z) |dz < -2‘-
I

Since s(r) is a step function, the interval I, can be subdivided

into intervals I, - - -, I; on each of which s(z) is constant, say
s(z) =rforallzinl,j=1,-- -,k Then
k
[1 ,3(@)ga(2) dz | = ,2.’1 /1 Tign(z) dx

k

Y inl

1=1

/1 a() da

By hypothesis (iii), each of the last-mentioned integrals tends to
zero as n — . So we can find an n, large enough so that

/;u 8(2)ga(z) dz | < 3

whenever n > n,. Combining (A) and (B), we have

| /hf(x)g,.(:c) dxl <e

whenever n > n,, establishing the theorem.

We recall that if f(z) is a function of a single real variable x and
is defined and summable over the interval [—=, =], its Fourier coeffi-
cients are defined to be

(B)

a, = %/ f(z) cos nx dz, by = }r/ f(x) sin nz dz.

The Riemann-Lebesgue theorem on the Fourier coefficients is
42.7. If f(x) s summable on [— 7, 7] and a., b, are its Fourier
coefficients, then
lim a, = lim b, = 0.

n— o n— o
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In theorem 42.6 we take g.(x) = cos nz. Then each g.(z) is
measurable, being continuous; the inequality | g.(z) | £ 1 holds for
all n and all z; and if I, is an interval [«, 8] contained in [—, 7], then

]
,/1 gn(x) dx / cos nx dr

Hence hypothesis (iii) of 42.6 is also satisfied. Therefore by 42.6
we have lim a, = 0. Repeating the argument with g,(z) = sin nz

n— o

yields lim b, = 0.

Exkercise. If f(z) is absolutely continuous on [—, 7] and f(—)
= f(r), then

(;ll) [sinng8 — sinna] | S %

lim na, = lim nb, = 0.
[Use 35.3, 36.1 and 42.7.]

Exercise. If f(z) is bounded and monotonic, or more generally if
f(z) is of BV, on [—m, 7], then the numbers na. and nb, are bounded.

[Use 8.6 and 37.2.]

In 27.7 we showed that the indefinite integral of a summable
function is absolutely continuous, and therefore of BV. By the use
of 42.5 we can obtain the value of its total variation, as follows.

42.8. If f(x) is summable over [a, b], and F(z) is its integral from a
to x, then

b
(4) Trla,b) = [71f@) | da.
Ifa=a <a; < - <a,=Dbis a partition of [a, b], then

E | Flaw) = Fla) | = 2 [ @) dz |

n—1

\ i+l d
3 [
[}11) | dz,

IIA

so that
b
(B) Trla, bl < [71/@)] da.
If f(x) is a constant, equation (A) is trivial. If f(x) is a step-

function, the total variation of F(z) over each interval of constancy
of f(x) is the integral of | f(z) | over that interval, so by addition equa-
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tion (4) holds for the step-functions f(z). Now let f(z) be summable
and let ¢ be a positive number. By 42.5, there is a step-function
8(z) on [a, b] such that

(€) / *11() — s(z) | dz < e.

If we denote by S(x) the integral of s(z) over [a, z], and denote by
M(z) the integral of s(x) — f(x) over [a, z], then by 8.1

Tela, b] 2 Tsla, b] — Tula, b].

But equation (4) holds for the first of these and inequality (B) for
the second, so by (C)

Trla, bl 2 [ 152) |do ~ ['|s(x) = f(@) | dz
?-./:If(@ld::—&.

Since ¢ is arbitrary, this implies the reverse of inequality (B), so equa-
tion (A) holds.
The next theorem may also be regarded as a corollary of 42.5.
42.9s. Let f(x) be defined on the space R, and equal to zero on the
complement of a bounded set E. Let I be a closed interval containing E
in its inlertor. In order that f(x) be summable over E, it is necessary and
sufficient that there exist a sequence {s.(x)} of step-functions on I such
that
(A) lim s,(z) = f(z)

n— o

for almost all x 1n I, and

(B) lim_ /I | sm(z) — 8a(z) | dz = 0.

In this case the integrals of the functions s.(x) converge, am'i
©) ,}Ln}. /Is,.(x) dx = /Ef(x) dz.

Suppose first that f(z) is summable over E; it is then summable over
I and in fact over R,, since it vanishes except on E. By 42.5, for each
positive integer n there is a function s.(z) of the type described in
42.5 for which

1
n

/R | f(z) — sa(z) | dz <
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On I the function s,(z) is a step-function, and the preceding inequality
implies

(D) [ 1@ — sty 1z < 1

If e is a positive number and E,, the set on which the integrand is at
least ¢, the integral is at least equal to emE, .. So

emE',.,. < —1:
n

and mE, , tends to zero as n increases. That is, s,(z) converges to f(z)
in measure. By 28.7, a subsequence converges almost everywhere
to f(z); without loss of generality we may suppose that {s.(x)} is
already such a sequence. From (D) we immediately deduce (B) and
©).

Conversely, suppose that there exists a sequence such as was
described in the statement of the theorem. The measurable functions
8,(z) converge almost everywhere to f(z), so f(z) is measurable by
28.8. Let ¢ be an arbitrary positive number. There is an integer p
such that if m and n are at least equal to p we have

f | 8a(z) — 8m(z) | dz < é
I

Fix m at any value = p and let n increase. The integrand tends
almost everywhere to | f(x) — sa(z) |, so by 29.2 this is summable and

(&) /;lf(x) — 3n(7) |dz = 5 <e (mzp).

Now f(x) is measurable and does not exceed the summable function
sp(x) + | f(x) — sp(x) |, so it is summable by 22.2. And from (E)
we have

lim [[1£(z) = sa(@) | dz =0,

which implies (C).

If we use the special definition of AI as the product of the edges of I,
and define sets of measure zero as in 19.15, this gives us a means of
passing directly from the integrals 10.4 of step functions to the
Lebesgue integral. F. Riesz has developed the theory of the Lebesgue
integral on this basis.*

*F. Riesz, Sur 'intégrale de Lebesgue, Acta Mathematica, vol. 42 (1919-1920),
pp. 191-205.
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43. Having found several methods in which the continuous func-
tions and the measurable functions are related, we shall now show that
every finite measurable function can be made into a continuous func-
tion by expunging an arbitrarily small portion of its range of definition.

43.1s. (Lusin.) If f(z) is finite and measurable on a measurable set
E, then for every posutive number e there 1s a subset E. of E such that
m(E — E.) is less than ¢, and such that the function f(x), when considered
as defined on E, only, is continuous. Moreover, we can take E, to be a
closed set.

Let us first suppose that f(z) is summable over E. Then, by 42.1,
for every n there is a function ¢,(z) continuous on I such that

[11) = on(z) | dz < n,

For every positive number & let E,; be the subset of E on which
| f(x) — en(x) | 2 8. Then

nt > [L1f@) = pu@) [z 2 [, @) = eala) [ dz
> [ 5dz = dmEns,
Eng

whence mE,; < 1/n8. So mE,; tends to 0 as n— «, and by
definition 28.3 we see that ¢.(x) tends in measure to f(z). By 28.7,
there is a subsequence {¢.(z)} of the sequence {¢.(x)} which tends
to f(z) almost uniformly. Hence (28.2) if ¢ is a positive number, there
is a subset E, of E such that m(E — E,) < ¢/2 and such also that
lim ¢a(z) = f(z) uniformly on E,. Now on E, the function f(z) is
the limit of a uniformly convergent sequence of continuous functions
va(x), 80 it is itself continuous. (This does not mean that the function
f(z) defined on E is continuous at each point of Eo; it means that f(z),
considered as defined only on E,, is continuous on E,. In symbols,
for each z, in E, and for every ¢ > 0 there is a § > 0 such that
| f(x) — f(xo) | < 8if xisin Eqand the distance | | z, zo| | isless than 4.)

By 20.7, there is a closed subset E, of E,such that m(E, — E.) < ¢/2.
Since f(z) is continuous on E,, it is continuous on E; and m(E — E,) =
m(E — Eo) + m(Ey — E,) <e. The theorem is then established
when E is bounded and f(z) is summable over E.

Suppose now that f(z) is finite and measurable, but not sum-
mable, over the measurable set E. Define u(z) =2z/(1 + |2]|);
then | u(z) | < 1 for — ©» <2z < . This function has an inverse
wYy) =y/(1 —|y|) defined and continuous on the interval
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—1 <y <1 Let o(x) be a positive-valued continuous function
which is summable over R,; for example, we could choose

o@) = exp {3 GOy,

By 21.11, the function u(f(z)) is measurable over E, and its absolute
value is always less than 1. By 22.5, o(z) is summable over E. So
by 22.4 the product ¢(z)u(f(z)) is summable over E. Then by the
part of the proof just completed there is a closed subset E, of E such
that m(E — E,) < e and ¢(z) u(f(x)) is continuous on E.. But ¢(z)
is continuous and positive, so u(f(z)) is continuous on E.. Its value
is in the open interval (—1, 1), so at u(f(z)) the inverse x~!is continu-
ous. That is,

f(2) = wH(r(f(2)))

is continuous on E., which completes the proof.

An interesting formulation of the preceding theorem can be
obtained with the help of a known theorem on extension of range of
functions: If f(x) is continuous on a closed set E in g-dimensional space
R, there is a function ¢(x) continuous on the whole space R , and identical
with f(z) on E. Since this will be used only in proving 43.2, which we
shall not need in any later proofs, we shall omit its proof. If the reader
is interested, he will be able to find proofs in many places, for instance
in a foot-note by Hassler Whitney (Transactions of the Amer. Math.
Soc., vol. 36 (1934), p. 63) or in a note by the present author (Bulletin
of the Amer. Math. Soc., vol. 40 (1934), p. 837.)

From this and 43.1 we now deduce the following theorem.

43.2s. If f(x) s finite and measurable on a measurable set E in g-
dimensional space R,, then for every positive number ¢ there is a function
o(x) continuous on all of R, such that ¢(x) = f(z) for all points of E
excepl those of a set Ey of measure less than e.

By 43.1, there is a closed set E. contained in E such that m(E — E.)
< eand f(z) is continuous on E.. As just remarked, there is a function
¢(z) continuous on all of R, such that ¢(z) = f(z) on E.. If we define
Ey = E — E, the proof of the theorem is complete.

44. So far we have given no proof that non-measurable sets or
functions can exist, or that measurable functions exist which are not
contained in the Baire classes. This gap we now proceed.to fill.

Consider the class of all real-valued functions f(z) defined for all
real numbers z and not identically zero. We classify these functions
into pairs, each function being paired with its negative. Thus we
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obtain an infinitude of pairs [f(z), —f(z)]. These are to be under-
stood to be non-ordered sets, so that the pair [f(z), —f(z)] is the same
as [—f(z), f(z)]. Thus each function (except f(z) = 0) appears in
exactly one pair, namely the pair composed of itself and its negative.
Now from each pair we choose just one function. This gives us a class
N of functions such that for each function f(z) not identically zero
either f(z) is in N, or —f(z) is in N, but not both.

For each irrational number a we define a function f,(z) which has
the value +1 if z = r 4+ a where r is rational, has the value —1 if
z = r — a where r is rational, and is zero if z has neither of these
forms. There is no ambiguity in these definitions; for if a number z
had a representation r, + @ and another representation r; — a we
would have r, + @ = r; — a, hence a = $(r; — r). This is impossi-
ble, since a is irrational.

The functions f,(z) allow us to classify the irrationals into two
classes. Let H be the class of all irrationals a such that f,(z) belongs
to the class N, and let K be the class of all irrationals such that f,(z)
is not in the class N. Clearly H U K is the class of all irrationals,
while no number a belongs both to H and to K.

A property of these sets which will be needed is the following.

(A) Let r be any rational number. For every irrational number a,
the number b = 2r — a belongs to H if a belongs to K and belongs to K
1f a belongs to H.

We first show that fy(z) = —fa(z) for all z. If fi(z) = 1, then
z = r, + a, wherer,isrational. Buta = 2r — b,s0z =1, + 2r —b.
Here r; + 2r is rational, so by definition of fy(z) we find fi(z) = —1.
If f.(x) = —1, then z =rs — a, where r; is rational. Then z =
ry — (2r — b) = (r; — 2r) + b. Herer, — 2risrational, so fy(z) = +1.
Since a ard b enter symmetrically in this discussion, we may inter-
change them in the preceding statements. This proves that fy(z) =1
if and only if fo(z) = —1 and fi(z) = —1 if and only if fo(z) = +1.
The only other value allowed to fi(x) and f,(x) is zero, so this implies
that f,(z) = 0 if and only if fy(z) = 0. Therefore fi(z) = — fu(z).
By the definition of the class N, exactly one of the two functions
fo(z) and fy(z) = —fa(z) is in N. Therefore exactly one of the two
numbers a and b is in H. Since each of the numbers a, b is in either
H or K, we see that one of them is in H and the other is in K. This
establishes our statement.

Now we shall show that the sets H, K, CH and CK all have interior
measure zero. Since H and K are disjoint, H is contained in CK and
K is contained in CH, so by 20.3 it is enough to prove that CH and CK
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have interior measure zero. We give the proof for CK; the proof for
CH requires only the interchange of the letters I and K.

Suppose that CK has positive interior measure. By 20.1, there is
a closed set F' contained in CK and having positive measure. By 41.2
there is a point xo at which F has metric density 1. Referring to the
definition (41.1) of metric density, this implies that there are rational
numbers «, 8 such that « < 2, < 8 and

m (F n [e, 8))
(B8 — a)

Now let G be the set obtained by removing all the rationals from the
set F N [a, B]. Since the set of all rationals has measure zero by 19.14,
this set is measurable, and

(B) G is contained in [a, 8] and mG = m(F 0 [, B]) > 3(B — a).

The set F is contained in CK, which consists of H plus the rationals,
so G is contained in H. Let G* be the set of all numbers a + 8 — =
with z in @. The number r = (a + 8)/2 is rational, and if z is in G
it is in H; so by statement (A4) all the points of G* are in K, therefore
notin H. So

(C) G and G* are disjoint.

IfzisinG,thena Sz <3, s0asa+pf—2z =4 and

(D) G* is contained in [a, 8].
From the definition of G* we have

L

>3

Kat(a + B8 — x) = KG(IE).
The function « + 8 — z is AC and monotonic, so by 38.1 or 38.4

(B) mG* = L" Kos(z) dz = L Kos(a + 8 — 2)(—1) dz
=fmma=m.

By (B), (C) and (E), together with 19.8,

m(G@UG*) = mG + mG* = 2mG > B — a.

But'G U G* is contained in [, 8], and by 19.3 we must have m(G U G*)
< B — a. This contradiction proves that CK has interior measure 0.

This enables us to show that the sets H and K are not merely non-
measurable, but that for every set E of positive measure the sets EH
and EK are non-measurable. Consider H, to be specific. Let E
be a set of positive measure. For some interval W, the set EW, has
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finite positive measure. The sets H n EW, and CH n EW, have
interior measure zero by 20.3. So by 20.9 they each have exterior
measure equal to mEW,, which is positive. By 20.8, neither is
measurable. But if HE were measurable the intersection H n EW,
would also be measurable; so HE is non-measurable. Likewise
En CH is non-measurable. The same proof applies to EK and
EnCK.

It is easy to see that the characteristic function Kg(x) is non-
measurable, and so is K yz(x) for every set E of positive measure. For
the set of r such that Ky(z) > 3 (or Kue(x) > 3) consists of the set
H (or HE) itself, and this is non-measurable.

In §9 we constructed a set P contained in the interval [0, 1] and a
function f(z), defined, continuous and monotonic increasing on [0, 1],
such that

(i) the set P is closed, and its complement is a set of open intervals
I, I, - - - suchthat ZmI, = 1;

(ii) f(x) is constant on each interval I,

(iii) f(0) = 0 and f(1) = 1.

Define now g(z) = f(x) + x. This function is continuous, and
g(0) =0, ¢g(1) =2. It is strictly increasing, for if x, > x; then
g(zs) — g(x1) = f(xs) — f(x)) + 22— 2, 212 — 21 >0 Henceit
has a continuous inverse, function g=!(¢), 0 < ¢t < 2.

Consider now the image of an interval I, = (o, 8,) under the
mapping ¢ = g(z). On I, the function f(z) has a constant value c,
by (ii). So on this interval g(z) = ¢, + z, and the interval («,, 8,)
is mapped on (¢, + «a,, ¢, + 8,). That is, the image of each I, is an
open interval T, of the same length as I,. The intervals 7, do not
overlap, since g(z) is monotonic. Hence

mUT, = ZmT, = Zml, = 1.

But the interval [0, 2] has measure 2, and all points not in U 7, are
necessarily in the image @ of the set P. This set is closed, being the
complement of the open set U T,; so it is measurable, and

mQ =m[0,2] -mUT, =1,

With the set H of the preceding example, we now define the
function f(t) to be the characteristic function of the set HQ. This
we have already seen to be non-measurable. Define ¢(z) = f(g(x)),
0 Sz S 1. Then ¢(x) = 0 unless g(z) is in HQ, which-is true only
if z is in P. Hence ¢(x) vanishes except on a subset of the set P of
measure zero, and it is a measurable function. If it were of a finite
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Baire class, by 40.5 the function ¢(¢~'(t)) would be measurable on
[0, 2]. But ¢(g~1(t)) = f(t), which is non-measurable. So ¢(z) is a
measurable function which is not of Baire class p for any integer p.

If it is desired to exhibit a non-measurable set in g-dimensional
space R,, we need only to define E to be the set of all points (z!, - - -,
z9) with 2! in the set H previously constructed. This is non-measur-
able. For if it were measurable, then for almost all points (z2%, + * -
z9) of (¢ — 1) space the set of all 2! with (!, - - -, z%) in E would be
measurable (25.4). But this set of z! is always the non-measurable
set H.

The example constructed above also serves to show that a measur-
able function of a continuous function is not necessarily measura_ble.
For ¢(z) is a measurable function of z and g~'(f) is a continuous
function of ¢, but ¢(g~'(t)) is the non-measurable function f(¢).



CHAPTER VII

The Lebesgue-Stieltjes Integral

456. In elementary text-books on physics the reader will fre-
quently encounter such statements as ‘‘The moment of inertia of
a body about the z-axis is [(z? + y?)dm.” This is usually purely
heuristic, and the integral is reduced to the form

J(@* 4+ y)o(z, y, 2) dz dy dz

before any use is made of it (p being the density). Nevertheless, the
fact remains that a new kind of integral has introduced itself in a
natural way, and it seems reasonable to assume that such an integral,
if rigorously defined and discussed, would be useful in physics. As
a matter of fact, this new kind of integral is of great importance in
several branches of pure mathematics. However, we must prepare
for its study by discussing functions of several variables which have
bounded variation.

The definition of total variation which we are about to give is
by no means the only possible generalization of the notion in §8.
It is, however, the one which is useful to us here, and other possible
definitions will not be discussed.

In studying functions f(z) of one variable we frequently made use
of the difference f(8) — f(a), to which we could have assigned a
symbol, '

1) & = 1(B) — f(a).

This symbol we now generalize. Let a = (aV, - - -+, a?) and
B = (BN, -, B?) be two points of an interval on which g(z) is
defined. There are 2¢ pointsv, = (vP, - - - ,¥P) (G =1, - - -,29

such that each v® is either o or 8. Let n(v;) be the number of
lower symbols a” among the coordinates of »,, Then

24¢
g(x) |4 21 (—1)"eg(v,).

For example, if ¢ = 1, then

g(x) Ig = g(BM) — g(a).
If ¢ = 2, then

g(z) |g = g(BW, BD) — g(a®, BD) — g(BW, a?) + g(a®, a'?).
242



Sec. 45.1s) LEBESGUE-STIELTJES INTEGRAL 243
If ¢ = 3, then

— 9(BY, BD, a®) + g(a®, a®, BD) + g(alV, BD, o)
+ g(BY, a®, a®) — g(a®, a®, a®);
and so on.

Exercise. Show that the operator f(z) |2 in ¢-dimensional space
can be generated from the preceding operator f(z) |2 = f(8) — f(a)
by first applying |25 to the variable z» in f(x), then applying |5,
to the variable z(® in the result of the first operator, and so on.

For functions g(x), h(z) of a single real variable the formulas

@ 9(=) 2+ 9@) 5 = 9) 5,

®) g(=) |a =0,

() g(z) 5 = —g(2) 15,

(d) if g(z) is constant, then g(z) |8 = 0,

() [ag(z) + bh(x)] I = a(g(z) 15) + b(h(z) [5).
are very easily verified. They have their analogues for functions of
several variables, also, but these are naturally a little more complicated.

4b.1s. Let g(z) and h(z) be defined and finite on an interval I*, and
let the points

a = (a(l), PPN ,a(q)), ﬂ = (B(l)’ cee, ﬁ(q))’
a = (a(l)’ s, almh) gy Q. )
B = (B, + - -, BUTD, ) UL . . . BD)
7= (a(l), SN a(l—'l)’ -Y(;), a(H—l), Cee a(q))’
Yo = (B(l), e, ﬂ(l—l), 7(“; ﬂ(rf-l), . e ,ﬁ(q))

all lve in I*. Then

(a) g(z) 2 + g(2) 5, = g(2) 5,

®) g(x) 1§ =0,

() g(2) 1% = —g(2) 15,

(d) if g(x) vs independent of any one of the variables z(V, - - - | (@,
then g(z) |2 = 0,

(e) for all finite numbers a and b,

lag(z) + bh(z)] |5 = alg(z) |] + blR(z) |°].

In forming the differences in (a) we need the values of g(z) at
those points z for which z® = a® or z® = ¥ k 5 j while 2z is
either a®, B or y®. There are 2¢~! of these points with the j-th
coordinate equal to a®”, and likewise for 8’ and for . We denote
the points of these three aggregates by u;, v, w; (i =1, « + -, 2¢1)
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espectively; thus u®, v® and w™® are each equal either to a® or to
3® k5 j, while 42 = a®, ¥Q = g0, W = 4@, If z is one of the
oints u,, v, or w; we define n(z) to be the number of symbols a'?,

-+, ‘9 among the coordinates of x, and we define n'(z) to be the
number of symbols a®, « -+ + | au=D, 4O @Uutb ... (@ among
the coordinates of z. In calculating g(z) |£ and g(z) |2* the lower
symbols are the a, so by definition

291 2971
(4) 9(z) 2 = 21 (= D09 () + El (=1)g(v),
2¢-1 241

(B) g(z) |1 = ; (—1)»wg(u,) + 2_‘,1 (= 1)rw@ig(w,).

In calculating g(z) |, the lower symbols are a®, - - - =D, 4@ g+,
, a(“), SO
241 2q-1
©) 9@) 5, = 2, (=1)¥@gw) + 3, (=¥ ().
t=1 1=

Each w, has v for its j-th coordinate, and so af¥ is not its j-th coordi-
nate. By the meaning of n(w,) and n'(w,) this shows that n'(w,) =
n(w,) + 1. Each v, has 8@ for its j-th coordinate, so in calculating
n(v,) and n'(v,) the j-th coordinate is not counted, and n(v,) = n'(v,).
So adding equations (B) and (C) member by member yields

2a-1 2q¢-1
g@) [+ g(x) 8, = X (=1)™wg(u) + 3, (—1)g(v,)
1 1
= g(z) 15,

establishing (a).
If in (a) we set v = o, then v, = a and v, = 8, and (a)
be¢omes
gx) [2 + () & = 9(@) &,

establishing (b). Further, let us write (a) with g’ in place of 8, and
then choose vy = g, Thisgivesy, = o/, y2 = 8, and by (a) and (b)

9() 15 +g(@) 15 = g) |2 = 0.
Thus (c) is established.

To prove (d), let g(z) be independent of x>, We write out the
expression for g(z) |4 and in it replace 8% by a’ whenever 8% occurs.
This alters no term, because g(z) is independent of z(». Hence after
the substitution the sum is still equal to g(z) |°. But if g’ is replaced
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by a®, the sum has the form g(z) |¥, which is zero. Therefore

g(z) 2 =0.
Statement (e) is evident, for with the notation of the definition
(not that of the preceding paragraphs of this proof!)

lag(z) + bh(z)] |8

2¢
21 (=1 [ag(v,) + bh(v,)]

It

2¢ 2¢
a 2, (—1)"g(n) + b Y, (—1)"Coh(y,)
J=1 )=1

= a(g(z) 5) + b(h(z) |5).
Exercise. Show that if v is a fixed point, then

@) ) = g(@) 15

Next we define the symbol A 1.
46.2s. If g(x) 1s defined at the vertices of an interval I whose closure
is defined by the inequalities a'¥ £ @ S W, ¢ =1, - - - | q, then

A d = g(x) IZ

Thus if g(x) is defined on an interval I*, the expression A,I assigns
a number to each subinterval I of I'*, and is therefore called a function
of intervals. This number A, does not depend on the topological
character (openness or closedness) of I, but only on its vertices. It
has the property of being additive; that is:

46.3s. If g(x) i3 defined and finite on I*, and I s a subinterval of
I* which 18 the sum of two non-overlapping intervals I, and I,, then

AgI = A,Il + AgIQ-

(Recall that two intervals are non-overlapping if no point of either is
interior to the other.)

Suppose that the closures of I, I, I, are defined respectively by
the inequalities

a(') < x(l) < B(‘) Z = 1, . ,q’
a(l) é x(l) é ﬁ(t) . = 1’ e 1’ J + 1, , q; a(!) é x(l) é 7(1);
W 5705 G0 im L Jo LG L} 9 S 0 5 B0

With the notation of 45.1, we have

AOI = g(.r) Izv AuIl = g(.r) |Zx'; AUI2 = g(:r) lgn

Our theorem is then a re-statement of 45.1(a).
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Our interval-function A,I has the properties 10.1 except that it
may have negative values. Since the proofs of 10.2 and 10.3 made
no use of the non-negativeness of Al, they continue to hold for A,I also,
That is, we have the following theorem.

46.4s. If g(x) s defined and finite on I*, and the subinterval I of
I* is the sum of non-overlapping intervals I, - - - , I, then

8,0 = Y, Al
1=

We have seen that a function of intervals of the form A,[ is always
additive. However, we may encounter additive functions of intervals
defined in other ways. For instance, in the plane (¢ = 2) the area
of I is an additive function of intervals I; so is the function ¢[I] which
is the length of the segment of the line z®» = zV contained in I.
The question suggests itself: Can all such functions be represented
in the form A,I for some properly chosen function f(z)? This is cer-
tainly true for both of our examples; for the first example we can
choose g(zV, z») = z» z» and for the second we can take g(z‘V, z®)
= —4/2 sup (z, 2®). We now prove that it is true in general.

46.6s. If o[I] s an additwe function of intervals in g-dimensional
space R, there is a function g(x), defined and finite for all x in R,, such
that A,I = ¢[I] for all intervals I in R,.

If « and B are any two points, we denote by »(a, 8) the number of
superscripts ¢ such that «® > g®, and we denote by I(«, 8) the
interval inf {a®, BV} < 2 < sup {a”, BV}, =1, - - - ,¢q. Then
we define

V(R = (=1)"@Py[I(a, B)).

Thus, in particular, if «® < g™ for every 1, then
v = ol

where [ is the interval a® < 2@ S W 7 =1, -+ - | ¢
With the notation of 45.1 we see that

V@) = —¥().

For if a® 5 9, in counting the number v(a’, 8’) of coordinates of
o' in the left member which exceed the corresponding coordinates
of 8’ and in counting the corresponding number »(a, 8) on the right
there is a difference of 1, because of the interchange of o« and g¢;
while if a? = 8® both members of the equation vanish. Next we
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prove that the function ¢ satisfies the identity
¢(ﬁm’ Y R N U R ’5(@)

a(l)’ e ,a(z—l), a(:), a(:+l)’ e ’a(q)

B, + -+ BUSD 40 UV . . . g
+o( )

aV) o gl gAY gGED L g0
) ... -1 +1) ...
n ¢ ﬁ( )’ , Ig(: ), a())’ ﬂ(: )’ , B(q) -0
| ) HE — ) ) S =
a®, , a=D | 4O gD, , al®

We may suppose that a® = g® for k # j; otherwise we would inter-
change o® and B in each term, thereby changing the sign of each
term. Also, we may suppose that o’ < ¥y < B@; otherwise we
would need only to re-name the numbers so as to bring this about.
Then the intervals

I:a® < z® < g0, k > j; a® < 20 < 4
and

Iyia® <z 5 g®, k = j; Y0 g g < gO

are non-overlapping, and their sum is

I:a® <20 < B0, i=1--,q
Hence ¢[I] = ¢[I,] + ¢[I,]; that is
\l/(p) _ w(B(l)’ e ,5(;—1), 7(;), a"“), ce @
a "(1)' .. ,a(’_”, a(!), a(7+l), I ’a(q)
n ‘p(‘g(u, R ,B(;—l), ﬁ(;)’ 3(;+1)’ cee @ >
a®) -l YD, @Gty , @

If we interchange a® and ¥ in the first term on the right and inter-
change v and B¢ in the second, and then transpose, the identity is
established.

Now let I be an interval a®® £ 2® < ®. Then, by the definition
of ¢ and the identity just proved,

@2 ... (q) (1) /g . .. (@)
A= = (500 ) e (e )

al), g® -+ . g@ 0, a®, « -+ a@

If we insert a 0 in the second column of arguments of each term on the
right, we obtain

O 0 3% ... ﬂ(q) 0 2 ﬂ(a) e B(q)
oll] = ¢( W 22? @ .. g T ’(f 0 g® « - @
at, ', o, ) & o, U, ', ) &

(1) 3 . .. (@) 1) (2) 3 . .. (qQ)
+¢@,mﬁh ,ﬂ)+¢@,a,ﬁ, ,w)

0, a®, a®, - - - ol@ 0,0,a®, - - - a@
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Proceeding thus, we express ¢[I] as the sum of 2¢ values of ¥; in each
term, the j-th column is either (J.,,) or (). If weinterchange o and
0 in each column of the form (%), the lower row of arguments becomes

0, - - -, 0), while the upper is of the form v, = (v{", - - -, v{?),
each v\ being either a® or 8. If n(,) is the number of «’s present
among the numbers vV, - - -, v!?, then n(y,) is also the number of

inversions of columns, since each a‘” reaches the upper row only by
inverting a column; so the sign of ¥(g) is the same as that of the term
from which it arose if n(y,) is even, and is different if n(v,) is odd.

Therefore, if we denote ¥(§) by g(z), then ¢[I] is the sum of 2¢
terms, each term being of the form (—1)*’g(y,). But then by
definition

olll = a1,

which was to be proved.

One minor consequence of this theorem is useful in that it allows
us, if we wish, to extend functions g(z) defined on an interval I* in
such & way that the extension is defined on the whole space, and A,1
is not altered for intervals I in I'*.

46.6s. If g(z) is defined and finite on an interval I'*, there is a function
h(z), defined and finite on the whole space, such that Ay = A,(I n 1%*)
for all intervals I. In particular, Al = Ayl of I 18 contarned in I*.

Let ¢[I] be the set function A,(I n I*). This is additive; for if I
is the sum of non-overlapping intervals I, and I, then I, nI* and
I, n I'* are non-overlapping, and their sumis I nI* So, by the addi-
tivity of A,l,

elll = A (I nTI*) = 8,(IinI*) + 8,10 I*) = ¢[Ii] + o[I5].

Therefore by 45.5 there is a function h(z), defined and finite on the
whole space, such that A = ¢[I] = A,(I n I*) for all intervals I.

46. By use of the interval function A,/ we are able to extend the
definitions and theorems of §8 without difficulty.

46.1s. Let g(x) be defined and finite on a closed interval I'* of g-dimen-
sional space R, Then g(x) is called positively monotonic on I* if
A = 0 for every interval I contained in I*; it is called negatively
monotonic on I* of A, 1 < 0 for every interval I contained tn I*.

Here we can substitute R, itself for I*,

46.2s. If g(z) s defined and finite on I*, the total variation T,[I*] is
defined to be the sup of the sum | A |+ - - - + | A, | for all sub-
divisions of I* into non-overlapping intervals I,, + + + ,I.. The function
g(x) vs of bounded varwation (BV) on I* if T,[I*] is finite.
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We now state the generalizations of some theorems of §8. Except
for 46.4 and 46.9, the proofs of these theorems are obtained from the
corresponding proofs in §8 by replacing (f(8) — f(a)), etec., by A,I.

46.3s. If f(z) and g(z) are of BV on I*, and u and v are finite num-
bers, then h(x) = pf(x) + vg(x) 18 of BV on I*, and

TilI*] < | w| TAI*] + | v | TolI*).

The proof is like that of 8.1. It is interesting to observe here a
phenomenon without any striking analogue for functions of one
variable.

46.4s. If g(z) = gi(z) + * * + + go(x), where each

gl(x)(j‘:l; "'7Q)

18 defined, finite and independent of the variable z on I*, then A, ] = 0
for all intervals I wn I*, and T,[I*] = 0.

Since g,(z) is independent of =, for every interval I: a® < z0 <
B? we have

A,
by 45.1 (d). By 45.1 (e),

QKI)Iz =0

i §

Il
I\
°I>
~
I
=

It follows at once that for every partition of I* into non-overlapping
intervals I, - - - , I, the equality

E |A011‘ =0
J=1

holds; hence, by the definition of total variation, T ,[I*] = 0.

46.6s. If g(z) is finite and positwely monotonic on I*, it is of BV on
I* and
T,\I*] = AJT*

For then if I, - -+ + I, is any partition of I* into non-overlapping
intervals, we have by 45.4

S 1AL = 3 AT, = AI*.
t=1 t=1

46.6s. If g(x) is defined and finite on I*, and I,, - - - , I, are non-
overlapping intervals whose sum s I*, and I3, - - -, I., are non-over-
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lapping intervals whose sum is I* and which are each contained in one
ofthel,;)j=1, - - ,n,then

m n

Yladz ¥ ALl
1=1 1=1

The proof is like that of 8.2.

46.7s. If g(x) is of BV on an interval I*, 1t is of BV on every interval
conlained 1n I*, and T [I] 1s an additwe functron of subintervals of I*.

The proof is similar to that of theorems 8.3 and 8.4.

46.8s. If g(x) s of BV on I*, then T,[[*] = | A*].

The proof is trivial, like that of 8.5.

We now come to the analogue of theorem 8.6. However, besides
extending this to g-dimensional space we wish to strengthen it in other
ways.

46.9s. Let g(x) be defined on the space R, and of BV on every interval
I*. Then there exist functions P(x), N(x) with the following properties.

(a) P(x) and N(x) are defined, finite and positively monotonic on the
whole space;

(b) P(z) — N(z) = g(2);

(¢) T lI] = ApI + AnI for every interval I,

(d) of w(z), v(x) have properties (a) and (b), then A,I = Apl and
A1 = AxI for every interval I.

A pair of functions P(z), N (x) with properties (a), (b), (¢) and (d) is
called a mimimum decomposition of g(x).

If an interval I is the sum of non-overlappingintervals I, « + - |, I,,
let I* be any interval containing I. By 46.7, T,[I] = T,[[\] + - - -
+ T,I.], and T,[I] is an additive function of intervals. By 45.5,
there is a function r(r), defined and finite on the whole space, such that

A0 = T,lI]
for every interval I. We now define
P(z) = 4(r(z) + ¢(z)), N(z) = #(=(x) — g(=)).

From the definition it is obvious that P(z) — N(z) = g(z). Both
functions are defined and finite for all z. To prove P(z) positively
monotonic, we write (using 45.1¢)

Apl = 3(A0 + A ) 2 $(T[I] — | A1 ),
which is non-negative by 46.8. Likewise

Ayl = ’}(AJ - AaI) = %(T,[I] - | Aall) = 0.
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So (a) and (b) are established. Statement (c) is easy to prove, for
P(z) + N(x) = 7(z), so that

Apl + Ayl = A = T,[1].
To establish (d), we first observe that

Apl - A\,I = A‘,I = A,I - Ayl,
so that
API - A,I = A\I - A,I

If there exists an interval I such that AsI > A,I, then for the same
interval it is also true that Ay] > A,I. Now g(zx) = w(x) — »(x), and
x(z) and »(z) are positively monotonic;so by 46.3, 46.5 and (c) of this
theorem
T,I) s T.I} + T\[I) = A + A1
< Al + AT = T,[I.

This contradiction establishes statement (d).

The requirement that g(x) shall be of BV on every interval I* may
seem rather stringent. However, suppose that g(z) is defined and of
BV on an interval I*. By 45.6, there is a function h(r), defined and
finite on the whole space, such that A, = 4A,(I N I*) for every interval
I. Thusfor every interval I’ and every partitionof I’ into non-overlap-
ping intervals I, -+ - -, I, we have

Yla | = 3 | ALnI*) | =TI,

1=1 )=1
because the intervals I, n I* are non-overlapping subintervals of I*.
The function h(z) satisfies the hypotheses of theorem 46.9, and
Al = A,I for all intervals I in I*, so for our purposes i (x) serves as well
as g(z).

47. If g(z) is a function which is defined, finite and positively
monotonic on all of g-dimensional space R,, the function of intervals
A,I is non-negative by definition, and is additive by 45.4. It there-
fore satisfies conditions (a) and (b) of 10.1. Remembering that no
other properties of AI were used in the proofs of the “g’’-theorems and
statements of the ‘‘s’’-definitions, we see at once that

47.1. If g(2) is defined, finite and positively monotonic on the space
R,, and in §§10-43 the symbol Al is understood to mean A,I, all theorems
and definitions marked with ““s’’ remain valid.

However, it is desirable to change notation somewhat, in order to
exhibit the dependence of integrals and measures on the functions g().
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If f(x) is defined on a set E and its integral (when A7 is understood to
mean A,I) exists, we say that f(z) is g-summable over E, and we denote
its integral by

[, f@1dg(a).

This integral is a special case of the Lebesgue-Stieltjes integral, whose
general definition will be given in 51.1. Correspondingly, if £ is a set
which is measurable when AI is understood to mean A,I, we say that
E is g-measurable, and we denote its measure by m,E.

If g(z) is defined, finite and positively monotonic on a closed interval
I*, the function of intervals A, no longer satisfies 10.1, for it is not
defined for all intervals. But this difficulty is trivial. By 45.6, there
is a function h(z), defined on the entire space, such that

Al =AUInIY20

for all intervals I. Hence we can use this h(z) in place of g(z), obtain-
ing the interval function Axl which satisfies 10.1 and which coincides
with A,I whenever [ is contained in I*.

The theorems not marked ‘“s’ are not valid for integrals with
respect to general positively monotonic functions g(z) However, we
can establish some theorems which serve as useful substitutes for
16.1.

47.2. If g(x) is defined, finite and positively monotonic on the space
R,, and I, 13 a closed interval contained in an open inierval Jq, and Jy
18 the tnterior of I,, then

ngl s mgIl s Asz = AgJZ
and
AaJl =< 'ngz =< ng_e.

The equality of A,J; and A,J; follows from 10.1.  The inequalities
moJ1 £ myly and myJ 2 < m,J, follow from 19.3
Let I,, J; be defined respectively by the inequalities

a(;) _S_ x(z) é B(ln’ a(zn) < x(l) < 6(2')-

Then by hypothesis the inequalities af < af’ £ B < B hold.
Define § to be the least of the positive numbers of? — o, 85" — BY.
Let d(x) be the distance of z from I,. The function

¢(z) = sup {0, 1 — ‘?(62)’
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is clearly continuous, and 0 < ¢(z) < 1 for all z. Also, if z is in I,
then d(z) = 0 and ¢(z) = 1; while if z is not in J, then d(z) = s and
o(x) = 0.

Let W be a closed interval containing the closure of J in its interior.
The characteristic functions of I, and of J, are step-functions on W,
and from the properties of ¢(z) just established we have

(4) K; (i) o(r) S K, (x)

for all z. Hence the integral of ¢(z) over W lies between the integrals
(in the sense of 10.4) of these two characteristic functions. These
two integrals are easily computed; we find

(B) AL S [, o@) doe) S AT
On the other hand, from (4) and 18.2 we have

(©) ml = [, Ku(@) dg(a) < [, o(@)dg(@) £ [, Kal@) dy(a)
= m,Jg.

But ¢(z) vanishes save at points interior to W, so its integral over W
is the same as its integral over R,. With this in mind, we immediately
deduce the remaining inequalities of our theorem from (B) and (C).
47.3. If I 18 the closed wnterval a® £ z® S W, 1 =1, - -, g,
and {I,} is a sequence of intervals af < z® = BY such that o <
@ 2 BY < BW and lim af = a®, lim BY = B®, then lim A, =

n— o n-—+ o n—
m,l.
If I is the open interval a® <z < BW, i=1, "+, ¢, and
{I.} is a sequence of intervals o < z® £ BY such that a® < o =
BY < BW and lim o = a®, lim B = B, then hm AJd, = myl.

We prove the first statement; the proof of the second is quite
similar.

Let J. be the interval a® — n~1 < 2™ < W 4+ n7Y 7 =1,
ggn=12"+-+. ThenJ; DJ;DJsD * -, dnJ,.—I
By 19.9, the g-measure of J, tends to that of I. So if ¢ is an arbitiary
positive number, there is an m such that

§ ngm < m,I +C.

For all large n, the closed interval I, is interior to J, while I is interior
to I,. Hence by 47.2, for all large n we have

myd £ A S mpJm < Myl + e
This establishes the theorem.
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Exercise. If g(z) is continuous, then m,I = A,I for every inter-
val I.

We now study a particular class of functions g(x) for which there
is & more immediate relation between A,I and m,I than that expressed
in 47.3. This is the class of left continuous functions.

47.4. A function g(x) defined on R, is left continuous on R, if for
every x the relation

olim Og(x(l) —e, o, 2@ — ) = g(x®, - - -, 2@)
holds, subject to the conditions ¢y > 0, - - - , ¢q > 0.

For these functions we can establish the following theorem.

47.6. If g(x) vs defined, finute, positively monotonic and left continuous
on R, then for every right-open interval I = [, 8) the equation m,I =
Al holds.

Let I be the interval (e, 8); that is, I is defined by the inequalities

a'v =< 0 <L ﬁ(l)’ 7 = 1, ce g, where o < ﬁ(l), 1 = 1’ SR 2
Choose a positive integer n, large enough so that 2,7, is less than the
least of the numbers 8 — a® ¢ =1, - - - ¢q. Then for all positive
integers n greater than n, the intervals
2 2 .
In:a(l)—;léx(')éﬁ(‘)_ﬁ’ l—_—],"',q,
1
I:a: a(l) - ;3'i é x(l) é .B(I) - 7_1’ 1= 11 y 4,
1 .
If,’:a“’—;léx‘”gﬁ“)——%; i=1---,q

are well-defined, since then a® — % is less than g® — %

The set I is the same as both lim sup I, and lim inf I, as defined
in 19.10. Hence by 19.12

lim m,I, = m,I.

n— o

In the same way
lim m,I) = m,I.

By 47.2, for each n the inequalities
myly, Z Ay Z m,I})
hold. This, with the preceding limiting relationships, implies
(4) lim AL, = m,l.

n—» o
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But from the definitions of I, and A,, the left continuity of g(z) yields
the equation

lim A, = AL

n—«
These two equations establish the theorem.

RemARk. In this proof the left continuity was not used until the
second-last sentence. Hence, with the notation in 47.5, equation (4)
holds for every positively monotonic function g(z).

48. Let us now consider some special instances of integrals with
respect to g(xr). Of course the whole theory in which Al is the
product of the edges of I is an example; for this, we can take g(z",

© L z@) = gWg@ .. g,

Examples of a different nature may be drawn from physics.
Suppose, for instance, that we are given a mass-distribution in three-
dimensional space. To be precise, we suppose that we are given an
interval-function M(I) which is additive and non-negative; physically,
if I is the interval a® < z® < B® the function M(I) is the mass
contained in the half-open interval «® < z® < g®. For the sake of
simplicity, we suppose that the distribution is bounded; there is an
interval I* of the type [, 8) such that for every interval I containing
no interior point of I* we have M(I) = 0. We seek to assign to
each such mass-distribution a number called its moment of inertia
about the x®-axis. This number is to have the following properties.
If a distribution is the sum of several distributions (for a physical
example, if a body is regarded as the sum of several portions), its
moment of inertia about the x‘¥-axis is to be the sum of the moments
of inertia of the several distributions. If a mass m is distributed
entirely in an interval I, so that M(I) = m, and I lies in the set
{z]a? £ (M) 4+ (z®)? £ b?}, then the moment of inertia of the
distribution is not less than ma? and not greater than mb2.’

By 45.5, there is a function m(x) such that A, = M(I) for every
interval I. Let S(x), s(z) be step-functions on I* such that

5@) S @) + (&) S S@)
for all z in I. If I, is one of the intervals on which s(z) is a con-
stant ¢,, by hypothesis ¢,A,I, is an underestimate for the moment of
inertia of the part of the massin I,. Adding, the integral /1 . s(x)dm(x)

in the sense of 10.4 is an estimate from below for the moment of inertia.
This holds for every step function s(zr) satisfying the inequality above,
hence the moment of inertia u is at least equal to the sup of such
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integrals. But (z(V)? + (z(®)?is continuous, so this sup is its integral
on I'*:

b2 [, 1)+ @®)dm().

Using the step-functions S(z), we find that their integrals in the sense
of 10.4 are overestimates for u, so

u = [ (@) + @®)ddm(z).

Comparing this with the preceding inequality, we find that the moment
of inertia is given by the integral

[r [E®) + @) 2dm(z).

The extension to unbounded distributions is obvious.

Even in this example we recognize an advantage of the Lebesgue-
Stieltjes integral. The single formula above gives the moment of
inertia of the matter irrespective of the distribution. The mass may
all be concentrated in a finite or denumerable set of points or may be
continuously distributed, and if continuously distributed, may lack
the derivative called density; in any of these cases or in any combina-
tion of them the moment of inertia is still represented by the same
Lebesgue-Stieltjes integral. Thus in recent work in analysis it has
sometimes been found advantageous to use the Lebesgue-Stieltjes
integral in order that a single proof may cover both the ordinary
Lebesgue integral and the case of infinite sums.

For another example, let P be a finite or denumerable set of points
Py Dz * c in R, with no accumulation point. We could for
example let P consist of all the points (z(V, - - - | z(9) in which each
z® is a positive integer. If I is an interval whose closure is

{.’l:la(') s zv éﬁ(l)yi’: L. ,fl},

we define ¢[I] to be the number of points of P belonging to the interval
{z]a® 520 <B® §=1,... ¢}. This function of intervals is
obviously additive, so there is a function g(z) such that A, = ¢[I]
for all intervals I. In the special case in which P consists of all points
p with each p® a positive integer, the process used in 45.5 yields for
each point z of R, the equation g(z) = nVn® . . . @ where n® is
the greatest integer less than z® if 2® > 0 and 2® = 0 if 2 < 0.
Let Q be the complement of P. Each point p; of P can be enclosed in
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intervals

I,.:p,‘"—;lléz(‘)épg"—i—%, i=1--,q
If n is large enough, I, contains no point of P other than p, and
A, = 1. The point p, can be regarded as a degenerate closed
interval, and by 47.3 the set [p,] consisting of the single point p, has
g-measure m,[p,] = 1.

If I is a closed interval contained in @, it is interior to a closed
interval I, which is contained in @ and so contains no point of P.
Then by 47.2, 0 £ m,J £ A, = 0. The set Q can be represented
as the sum of a denumerable set of closed intervals, hence by 19.13
we have m,Q = 0. It follows that an arbitrary set E is the sum of the
set EQ, of g-measure zero, and the set EP, which is a subset of the
set P and has g-measure equal to the number of points p, which it
contains.

Every function f(z) defined on a set [p,] consisting of a single point
p, of P is evidently constant on [p,]. Hence

[, J@de@) = fp)milp] = ..

If E is bounded, it contains a finite number of the points p,, say
Pw, k=1 ---,m. Then

[1@de@) = 3 [, f@de + [, @@ = 5 o).

If E is unbounded, we evaluate the integral of f(z) over E as in §18.
This integral exists if and only if Zf(p,) converges absolutely, and it is
then equal to the sum Zf(p,). Thus the absolutely convergent series
Zfnor Z2 - -+ Zfam . a, are included as special cases of the integral

[ f@dg@)

by proper choice of the integrator g(z).

Merely as an exercise, we shall give another proof of the statements
about this last example. Let I* be a closed interval, a® < z® £ b®,
We suppose that the notation is so chosen that the points of P in the
interval a®¥ £ z® < b™ are py, * * * , Pm. If s(z) is a step-function
constant on each of a set of intervals

I,:a}" <z < B;'), J =1,---,m

whose closures cover I*, we may suppose that the I, are small enough
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80 that each contains at most one point of P. 'Then in the sum

m

Jous@dg@) = Y, e,

1=1

where ¢, is the value of s(z) on I,, the factor A,I, vanishes unless I,
contains a point of P and is 1 if I, contains such a point. Hence

[ s@)dg(z) = 3, s(p).

1=1

If o(x) is continuous on I*, it is the uniform limit of a sequence
81(x) = so(x) = - - - of step-functions of the type just considered.
So

m m

Jiw e@ids(@) = lim [ su@)dg(a) = lim 3, (@) = 3, o(p):

=1 )=

A similar argument shows that

[ 1@)dg@) = 3, ()

1=1

if f(x) is a U-function or an L-function. If f(p,) is finite,

j = 1) o, m,
we set u(zr) = f(z) for x = p1, + - -, pm, u(z) = « elsewhere, and
we set (z) = f(z) for x = py, - * *, pm and l(x) = — o elsewhere

Then u(z) is a U-function and I(z) is an L-function, and I(z) <
f(z) £ u(x). Therefore

5 10) = [ u@ds) 2 [ f@e(a) 2 [ f@g(a

I=1

2 [ Ua)dg(x) = 2.

This shows that every function finite on PI* is g-summable. If f(x) is
defined on the whole space, we extend the integral to the whole space
by 18.1; we find that f(z) is g-summable over the space if and only
if Zf(p,) is absolutely convergent, in which case the integral has the
value Zf(p,). In particular, by 19.1, every set E is g-measurable, and
its g-measure is the number of points of P which it contains.

In §§10 to 43 several of the theorems were not marked with an
“8.” The preceding example serves to show that they state properties
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which do not hold for all integrals / f(x)dg(z). Thus, for instance, it

is not necessarily true (19.14) that a finite or denumerable set should
have g-measure zero—a set consisting of a single point of P has
g-measure 1.

At the end of §17 we commented that the symbol

[ J@)dg (@)

(which we then were calling /1 f(z) dz) could have two interpretations.

It could mean
[ J@Ki(z)dg(@),

and this was the meaning we chose to give it. But it could also be
interpreted as in 15.1, with I as basic interval. When we choose
Al to be the product of the edges of I this distinction was seen in §17
to be only conceptual; the two interpretations led to one and the same
value for the integral. For other interval-functions A,I the two
interpretations can lead to different values of the integral. We use
the preceding example to show this. Let I'* be an interval a® =<
z® S BW (=1, - -+, q) such that 8 is in the set P but no other
point of I* isin P. Then A,I = 0 for every interval I contained in
I*, and if we use I* as basic interval we find

[ J@)dg(z) = 0

for every function f(x). But the point 8 has g-measure 1, so if we give
the integral over I* the meaning agreed upon we find that if f(8) is
finite

J@dg@) = [, f@Ki(z)dg(@)
~ /(8).

The two interpretations thus lead to different values for the integral,
unless f(8) happens to be 0.

Incidentally, this same example shows that 16.1, 16.2 and 17.5
do not hold for Lebesgue-Stieltjes integrals.

The convention adopted may seem to be rather a nuisance at times.
If we are interested in a function or functions defined on an interval
I*, and have a g(z) defined on I'*, it would appear pointless to extend
the range of g(x) to the whole space and then treat our subsets of I*
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just as though they were unbounded. It is in fact unnecessary. We
could use the integral as defined in §15 and ignore all extensions to
unbounded sets; no trouble would arise. Or, if we wish to preserve
the same formalism for bounded and unbounded sets, we observe that
by 45.6 there is a function hA(z) defined on the whole space and such
that A = A,(I nI*) for every interval I. (Of course where g(z) is
already defined outside of I* it will not usually coincide with this
h(z)). So if s(z) is a step-function defined on an interval I’ contain-
ing I'* and having constant value ¢, on I,, ¢ = 1, - - - | n, where the
I, are disjoint intervals whose sum is I, then

n n

ﬁ«@#uy=ch¢==EQMUmzw
1=] 1=1
The intervals I, n I'* which are not empty form a non-overlapping set
covering I'*. so we have

[, s@dh(z) = [ s@)dg(a).

In the usual manner, we can extend this equality to continuous func-
tions and to U- and L-functions, and finally find that f(x) is hA-summable
over I’ if and only if it is g-summable over I'*, in which case the inte-
grals are equal. Letting I’ expand as in §18, we find that the integrals

[o f@dh@), [ S@)de(@)

(the latter in the sense of §15) either both exist or both fail to exist,
and if they exist they are equal.

Again, theorems 26.9 and 27.4 cannot be generalized. For let P
consist of a single point, say the origin. The set function F(E) =

/r ldg(z) is AC, by 27.1. But if E is any set containing P then

F(E) = 1, no matter how small the diameter of E may be, so F(E)
is not continuous.

It may seem strange that 27.4 fails while 27.1 remains valid. But
if E is any set of g-measure less than 1, then E contains no point of P,
and m,E = 0. For all such sets,

F(B) = [, f(z)dg(x) = 0.

Thus | F(E) | can be made smaller than any positive ¢ by choosing
mE < & = 1.
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Theorem 15.9 also fails to generalize. For suppose P contains
just one point, say the point (2, 2, - - - 2). Then the interval
I: — 1 < z® £ 1 has g-measure 0, but if it is translated to Ix:1 <
z < 3 we find m,I, = 1.

Although §25 is not an ‘‘s”-scction, it needs only the special
property of g(x) that if I has the projections I* and I‘ on the spaces R,
and R, respectively, there shall be interval functions A,J* and A.I*
whose product is A,J. The reader will be able to verify that this
holds true whenever g(r) is of the form ¢(s)¢(r), where ¢(s) and
¥(r) are positively monotonic on the spaces R, and R, respectively.

Theorem 29.8 is a conspicuous theorem without an ‘““s.” Again
let P consist of a single point p, and let f.(z) be constantly equal to n
on the whole space, n =1, 2, - -+ - If f(z) = «, then f.(z) tends
everywhere to f(z). For the set E, we can take P itself. The func-

tions /E f~(2)dg(x) are uniformly absolutely continuous over P, as we

see if we take & = 1 in the definition 29.4. However, f(z) is not
g-summable and the other two conclusions of 29.8 are meaningless.

Sections 31 to 38 and §41 we abandon in toto.

49. The preceding examples have shown us that the family of
g-measurable sets depends on the function g(z). More definitely,
if g(x) = zWz® - - - (@ the g-measure is Lebesgue measure, and
there are non-measurable sets. If g(z) = 0 every set is g-measurable.
This suggests a question. Is there any large family of sets which
we can guarantee to be g-measurable for every positively monotonic
function g(x)?

We shall now show that there is such a family, the family of Borel
sets  This family is defined thus.

49.1. The family of Borel sels (xn R,) 18 the smallest family & of
sets 1n R, which satisfies the conditions

(a) every interval of the form [a, B) belongs to §;

(b) if E1and Esare in §, and E; © E, ,then E, — E, belongs to §;

(¢) tf Ey, Eq, - + - , aren §, s0 18 UE..

This definition is meaningless unless we can show that such a small-
est family exists. There are families § which satisfy (a), (b) and (c);
for example, the family of all sets in R, is such a family. We now
define B to be the family consisting of all sets E which belong to every
family § which satisfies (a), (b) and (c). Every interval of the form
[, B) belongs to every such §, by (a); hence every such interval
belongs to B, and the family B satisfies (a). If E, and E; C E, are
in B, and § is any family satisfying (a), (b) and (c), then E, and E; are
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in §, and by (b) sois E; — Es. Therefore E, — E;isin®8. Likewise,
if E,, Es, - - - all belong to 8B, and § is any family satisfying (a),
(b) and (c), then the E, all belong to §. By (c), so does UE..
Since § is any family satisfying (a), (b) and (c), the set U E. belongs
to B. Therefore B satisfies the three conditions. By its definitions
it is the smallest such family; for if § satisfies the three conditions,
then every set E of B belongs to .

From the definition of Borel sets we conclude readily that every
open set is a Borel set, every closed set is a Borel set, and every product
N E, of Borel sets is a Borel set. For every open set is a sum U I,, of
intervals I, = [an, 8a), by 3.6; so by 49.1(a) and (c) it is a Borel set.
In particular, the whole space R, is a Borel set. By this and (b) of
49.1, the complement of every Borel set is a Borel set. Every closed
set is the complement of an open set, and therefore is a Borel set.
If the sets E,, E;, - - - are Borel sets, so are CE,, CE,, - - - . By
(c) of 49.1, so is U CE., and hence so is the complement C(U CE,) of
this sum. But C(U CE,) = N E,, by the formulas preceding 1.1, so
N E, is a Borel set.

It is almost immediate that

49.2. If g(x) 18 any positively monotonic function and E is a Borel
set, then E 13 g-measurable.

If I is an interval a™® S 2® < @, ¢ =1, - - - | g, for each 7 we
define A®™ to be the half-space z® = a and B™ to be the half-space
z® < ™, The A®™ are closed, hence g-measurable (19.4), and the
B® are open, hence g-measurable (19.7). The interval I is the
product set AV BO AP - - - n A n B@ hence g-measurable
(19.9). (Clearly this device could be used to show that every interval
is g-measurable, however the signs £ and < are distributed in the
inequalities defining I.) Therefore the family of g-measurable sets
satisfies (a) of 49.1. By 19.6 it satisfies (b), and by 19.8 it satisfies (c).
Hence the family of Borel sets is contained in the family of g-measur-
able sets.

An analogous question arises concerning sets having finite g-meas-
ure. It follows immediately from 49.2 and the remark after 18.1 that
every bounded Borel set has finite g-measure. However, it is interest-
ing to have another proof based more directly on the structural prop-
erties of the sets. We shall in fact prove the following.

49.3. If § 1s a famaly of sets such that

(a) every interval of the form (e, B) belongs to §;

(b) +f E\ and E, belong to §, and E, C E,, then E, — E, belongs
to §;
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(c') if the sets E\, E5 - - - all belong to §, and are all contained in an
interval [a, B), then U E, belongs to §;
then § contains all bounded Borel sets.

Let §* be the family consisting of all sets E such that for every
interval I = [a, 8) the intersection EI belongs to §§. Every interval
I, = [ao, Bo) belongs to F*; for if I = [«, B) the intersection I n I,
either is empty or is an interval [o/, 8’), and in either case belongs to §.
If E, and E; belong to §* and E; C E,, then for every interval
I = [a, B) the products E\I and E,I are in {, so by (b) E\I — E.l
=(E,—E))lisin§. So E, — E,isin §* Finally, if £, E, - - -
all belong to §*, and I is any interval [a, 8), all the sets E,I belong
to § and are all contained in I. So by (¢’) their sum (U E)I belongs
to §; whence UE. belongs to F*.

Thus F* satisfies conditions (a), (b) and (c) of 49.1, and therefore
contains all Borel sets. Let E be a bounded Borel set and I an interval
la, B) containing E. Since E is in §*, the intersection EI is in §.
But EI = E, so E is in the family §, and the proof is complete.

In the proof of 49.2 we showed that every interval [«, 8) belongs
to the family M, of sets of finite g-measure. Conditions (b) and (c')
are satisfied, by 19.6, 19.8 and 19.3. Hence by 49.3 I, contains every
bounded Borel set.

Recovering the direction of our study, it is interesting to see how
close the Borel sets come to filling up the family of g-measurable sets.
We can prove

49.4. If g(x) s positwely monotonic and E is g-measurable, there
are Borel sets A and B such that A © E C B and my(B — A) = 0.

By 20.7, for each positive integer n there is an open set G. con-
taining E and a closed set F, contained in E for which

1 . 1
m,(G, — E) < - and my,(E — F,) < o

There is no loss of generality in supposing that G, © G, D Gs D -+ *
and that F, C F; C F; C - - - . Otherwise, we need only replace
G. by the (open) intersection G,G: * * * G, and F, by the (closed) sum
FiU - - - UF, Define A =UF,and B=NG, Theseare Borel
gets,and A C E C B. Also,

B-4=N[G., - F.
and m,(G. — F,) < 2/n, so by 19.9
my(B — A) = lim m,(G, — F,) = 0.
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REMARK. As the proof above shows, in 49.4 we may require that
A be a sum of closed sets and that B and B — A be products of open
sets.

This theorem shows that if we can distinguish the Borel sets which
have g-measure 0 we can construct the family of all g-measurable
sets. For if E is g-measurable it is (by 49.4) the sum of a Borel set
and a subset of a Borel set of g-measure 0. On the other hand, by
49.2 and 19.13 and 19.8, every such set is g-measurable.

Exercise. Let a(™ (m, j =1, 2, 3, - - - ) be a double sequence.
If for each positive integer m the series a{™ + a{™ + - - * is abso-
lutely convergent, and for each j the limit @, = lim a{™ exists, then:
m— o

(i) if |af™ | £ A, for all m and j, and ZA, converges, then E a,
)=1
is absolutely convergent, and

© ©

Y e = lim Y am;
1=1 mme =1
(ii) if af? S af® < a® £ - - - for each j, then a, is absolutely
1 7 1

1=1
«©

convergent if and only if lim E a{™ is finite, and in this case

m— o .

Y a = lim Y a™.
)=1 moe 2
(In Ry, let P be the set of positive integers. Apply 18.4 and 29.3.)
Exercise. If {a.}, {b.} are such that Z|a.|? and Z|b,|? con-
verge, where p and ¢ are greater than 1 and 1/p + 1/q = 1, then
2(ab,) is absolutely convergent, and

Iéﬁ anba| < {

(Apply 24.4.)

60. Although we have extended the theorems of the preceding
chapters to Lebesgue-Stieltjes integrals with respect to positively
monotonic functions g(z), this by no means completes our task.
There is a new sort of investigation needed, one which has no analogue
in the theory of the integrals [f(x) dxz. This concerns the relation-
ships between integrals involving different integrators g(z). In
this section we prove two such theorems.

0 ©

3 lant} {3 1bale}

n=1 n=1
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60.1. Let go(x), g1(x), g2(x), - - - be a finite or denumerable collection
of positively monotonic functions; let E be a set in the space R,, and let
f(x) be a function defined on E. Let the equation

(4) B = Bgd + B d + - - -
hold for every interval I. Then
(i) E is go-measurable 1f and only +f it is g.-measurable for cach
n(n=12 ---), and in that case
(B) myE = myE +mp,E+ - - - ;

(1) f(z) is go-summable over E if and only if it is gn.-summable
over E for eachn (n = 1,2, - - - ) and the series

©) 3, [L17@) | dga(z)

converges; and tn that case

D) [, 1@dge(z) = [, f@)dar@) + [, f@)dgata) + - - - .

In the proof we shall several times make use of a limiting process
which we state as a lemma.

Lemma. Let E\, E,, - - - be a sequence of sets each of which 13
g.-measurable (1 =0, 1, - - - ) and for each of which equation (B) s
satisfied. Let lim E,, exist, in the sense defined after 19.11. If either
one of the conditions

(i) all the E,, are contained in an open interval I*,

(i) E,E CE, CE; C - - -

1s satisfied, then lim E,, is also g,-measurable (1 = 0, 1,2, - - - ) and
for it equation (B) 1s satisfied.

Foreachz(z = 0,1, - - - ) the setlim E, is g,-measurable by 19.11,
and by 19.12 we have
(E) my,(lim En) = lim my,En (:=0,1,2, - - ).

If there are finitely many, say p, of the functions g,, this and 19.8
imply
(F) my,(lim E,,)

lim my En

m— ®

P
= lim ) m,En
MO n-]

?

= Z lim my,En
n_lm—tuo
A .

= ), mg(lim E,),

neml
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so equation (B) holds. Suppose then that there are denumerably
many of the functions g,(z). If hypothesis (i) holds, we have by
47.2

mmEm = AmI* (1: =0, 1, 2; st ))

and the right members have a finite sum A, I*. If hypothesis (ii)
holds, then

mEiSmErs o (=012 ).

In either case, by a well-known theorem on infinite series (stated
in the first exercise at the end of §49) we have (recalling (E))

i my,(lim E,) = lim i My, E .
1

ne MR pm]

But for each E,, equation (B) is satisfied, so

2, me(lim Ep) = lim mg B,
n=1 m—
= m, (lim E,).
This completes the proof of the lemma.
Let I be a half-open interval o« < z® < WG =1, -
If we define I,, to be the interval a® — 7% <z 2 8V — %: then

I =lim I,,., We cannot apply the lemma, since we know nothing
about the measures of the I,,. But by the remark after 47.5 we have
lim Agln = m,lI (t=10,1,2, - - ).

m—s
If we use thisin place of (E) and replace m, I, by A, 1., the proof of the
lemma is still applicable; hypothesis (i) is clearly satisfied. We thus
find that equation (B) holds for half-open intervals I = [, 8). By
19.8, it holds for sets £ which are finite sums of disjoint intervals of
type [e, B).

If E is an open set it is the sum of a denumerable collection I,
I,, - - - of disjoint half-open intervals [a,, 8,), by 3.6. As we have
just seen, for each finite sum I, U - - - U I,, equation (B) holds. So
by the lemma equation (B) holds for all open sets E.

Suppose next that E is bounded and is the product of open sets
Gy, Gy ¢+ . We may suppose Gy D Gy D - - - ; otherwise we
could replace G, by GinG2n © © - NGn. Let I* be an open interval
containing E. We may suppose that each G, is contained in I*; other-
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wise we could replace it by G,I*. By the lemma, equation (B) holds
for E.

Next let E be the product of open sets, but not bounded. Let
WO be the interior of the interval W,. By the preceding paragraph,
equation (B) holds for each set EWY. These expand as m increases,
so by the lemma equation (B) holds for E also.

Suppose now that E is gi-measurable. By 49.4 there are Borel
sets A and B such that A C E C Band B — A has ge-measure zero.
By the remark after 49.4, we may suppose that B and B — A are
products of open sets. So by the preceding proof equation (B) holds
for the sets Band B — A. Applying it to the latter set shows that

mo-(B - A) =0 (l = 0) 1) 2: e )
Since B — E is contained in B — A, by 19.13 we have
my (B —E) =0 1=0,12 --+).

Thus B — E is g.-measurable and has g-measure zero for each 7, and
B itself is g,-measurable for each ¢ by 49.2, so by 19.6 E is g.-measurable
for each 7. Also
maaE = mvoB
=myB +myB+ - - -
=myE + m,E+ - - .

Conversely, let E be g,-measurable forn = 1,2, - - - . For each
n there exist Borel sets 4., B, such that A, C E C B, and
My, (Ba — A,) = 0.

By the remark after 49.4, we may suppose that B, and B, — A, are
products of open sets. Define

A=U4a, B=0NB.

Then B is a product of open sets, and sois B — A = N (B, — A.).
By 19.13,

m (B —E) =mg,(B—A)=0 (n=12-"-").
Since (B) holds for products of open sets, this implies
my,(B — A) =0,

and by 19.13 the subset B — E also has go-measure zero. By 49.2 the
set B is go-measurable, so by 19.6 so is the set £ = B — (B — E).
As already shown this implies that equation (B) holds. This com-
pletes the proof of conclusion (i) of our theorem.
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In the space Ry let us define functions

Gi(zD, + - -, atD) = glatg () . o L p() =012 --).
If I* is an interval in Ry, defined by inequalities o« < z® < g®
(t=1,---,q+ 1), and I is the interval in R, defined by the first

g of these inequalities, we readily compute
AG,I* = (ﬂ(q+l) —_ a(q+1))Aa.I‘

Hence equation (A) still holds if we replace g, by G.. By the part of
the proof already completed, conclusion (i) holds for sets E in R 41
if we replace g, by G..

In particular, let f(xr) be defined and non-negative on R, and let
@ be its ordinate-set. By 25.9, for each integer ¢ the function f(z)
is g-summable over R, if and only if the set @ has finite G,-measure,
and in that case

[, 7@dg. @) = mag.

Applying conclusion (i) to the set 2 thus yields conclusion (ii) under
the restriction £ = R,. To obtain the conclusion with arbitrary E,
it is only necessary to apply what has just been proved to f(z) Kz(z).

If f(z) is defined on E, we write it in the form f+(x) — f~(z) as in
15.4. Then by 18.3 the function f(z) is go-summable if and only if
both f*(z) and f-(z) are go-summable. By the preceding paragraph
this is true if and only if both are g,-summable forn = 1,2, - - - and
the sums

Y /E fH(x)dga(z) and il /E S~ (x)dga(x)

nwl

are finite. This is true if and only if | f]| is g,-summable for n =
1,2, - - and '

S [, 1@ | doata)

n=l

is finite. In case f(z) is go-summable, so are f* and f-, and by the
preceding paragraph equation (D) holds for each. By subtraction
we obtain equation (D) for f(z).

The next theorem is a corollary of 50.1.

60.2. Let g(z) and h(x) be positively monotonic functions such that
A = Al for every interval I. Let E be a set in the space R, and f(z) a
Sunction defined on E. Then
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(i) +f E is g-measurable 1t 1s h-measurable, and
m,E < m,E;

(i) of f(x) is g-summable over E 1t 1s h-summable over E; and of
Jurthermore f(x) 1s non-negative on E the inequality

[ f@dn(z) = [ fiz)dg(z)
18 salisfied.

The interval function A,J — A,l is finite, non-negative and addi-
tive, so by 45.5 there is a positively monotonic function k(x) such that
Ad = A1 — Aul for every interval I. We now apply 50.1 with go,
g1, g2 replaced by g, h, k respectively. By that theorem, if E is
g-measurable it is k-measurable and k-measurable, and

ng = th + nuE

The last term being non-negative, this yields our first conclusion.
Also, if f(x) 1s g-summable over E 1t 1s h-summable and k-summable,
and

Lf(.r)dg(r) = /;‘f(.r)(lh(.r) + /bf(:r)dk(x).

If f(x) is noxl-negatn"e the last integral is non-negative This com-
pletes the proof.

61. We shall now remove the restriction that the “integrator”
g(x) is positively monotonic  Our definition of the general Lebesgue-
Stieltjes integral 15 as follows.

61.1. Let g(x) be defined and finute on the space R,, and of BV on
every closed interval. Let P(r), N(r) be a minimum decomposition of
g(x). If f(x) 18 defined on R, 1t 18 summable with respect to g, or
g-summable, over Ry of 1t 18 summable with respect to both P and N;
and wn this case we define

[e J@do@) = [, [RdP&) ~ [ fD)aN ).

There is an apparent ambiguity in this definition, since the func-
tions P(x) and N(r) are not uniquely determined by g(xr) However,
our next theorem will show that this causes no trouble, and that any
minimum decomposition of g(x) is in a sense the best possible way of
representing g(x) as a difference of positively monotonie functions.

61.2. If g(x) is of BV on cvery interval I, and P(x), N(x) are a
minimum decomposition of g(x), and n(x), v(x) are positively monotonic
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functions such that
A — AT = A, for every interval I,

then every function f(z) which is summable with respect to both = and v
is also summable with respect to P and N and therefore with respect to

g, and
/qudvr - /qudv = /R'fdP - /qudN = /qudg.

Define h(x) = n(xr) — P(z) Since A — AJ = Al — Ayl we
also have A = A1 — AyI. By 46.9d, h(x) is positively monotonie,
since Axd = A, — ApI = 0. Therefore if f(z) is summable with
respect to = and », we know from 50.1 that f is summable with respect
to P, h, and N, and

fm yix = [, jaP + [, s,
qu jdv = fm fdN + /R, fdh.

Subtracting the second of these equations member by member from
the first yields the conclusion of the theorem.

This enables us at once to extend theorem 50.1:

61.3. If f(x) 1s summable wuth respect to both g, and ga, and g(x) 1s
a function such that A0 = A, I + A,I for cvery anterval I, then f(x)

18 g-summable, and
Jo. g0 = [, fdgi + [, fdga.

Let Py, N, and P;, N; be minimum decompositions of g; and g2 respee-
tively. Define #(x) = Pi(x) + Pa(z), v(x) = Ni(x) + Na(x). Then
7 and v are positively monotonic, and

A — AT = Ap ] + Apd — Ay — Ay,
= Ay + A1 = AT

for every interval I. If f(x) is summable with respect to g, and g,
by definition it is summable with respect. to P, Ny, P; and N,. By
50.1 it is summable with respect to = and ». By 51.2 f(z) is g-sum-
mable, and by 51.2 and 50.1

[, f@)dg@) = [, f@dr@ — [, f@)dv(z)
= [, J0dP@) + [, f@dPy@) — [, [N @)
~ [ J@N@) = [, 1@dgi@) + [, fz)dgaz)
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Exercise. Let go(x), ¢i(x), -+ be a sequence of functions of
BV on every interval such that

S AL <

n=1

forevery I, wherer, = P, + N,and P, and N, are a minimum decom-
position of g.(x). Let A, I = XA,I for every interval I If f(x) 1s
defined on a set £ in the space R, then

(i) if E is g--measurable (n = 1,2, - - - ) it is go-measurable, and
myll = Zm,E;
(n) if f(z) is ga-summable over £ (n = 1,2, - - - ) and the scries

3 [ 15 ()

converges, conclusion (D) of 50.1 holds.

62. In so far as 1s possible, we shall now extend the principal
theorems on Lebesgue integrals to the Lebesgue-Stieltjes integrals
defined in §51 To avoid repetition, throughout this section the
symbol g(x) shall be used to denote a function which is of BV on
every mnterval I; the functions I’(xr) and N(x) denote a minimum
decomposition of ¢g(x); and 7(x) = P(z) + N(x), so that (by 16.9)
Al = T,[I] for every interval I. A brief indication of proof 1s suffi-
cient for most of thesc theorems, since they are usually simple corol-
laries of the corresponding theorems for the integrals with respect to
P(x) and N(x), together with 51 2.  The hst will not include lemmas
superseded by later theorems.

First we state three thecorems on elementary operations.

62.1. If f(x) is defined on E, then f(x) 1s g-summable over E if and
only if ut 18 T-summable over E.

Let f(x) = 0 on CE. Then f(x) is g-summable (over R,) if and
only if it 15 both P-summable and N-summable, by defimtion. But it
is both P-summable and N-summable if and only if it is r-summable,
by 50.1.

62.2. If fi(x) and f(x) are both g-summable over E, and fi(x) < fa(x)
on E, then

[ 1)@ = [, fx)ant).

This follows from 18.2, since r(x) is positively monotonic. Here we
cannot replace 7(x) by g(x); in fact, if g(zr) is negatively monotonic
the inequality holds in the opposite direction.
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62.3. If fi(z) and f:(z) are both g-summable on E, then so 1s
f1(x) + fa(x) if it is defined on E; so i3 cf1(x) for every finite number c;
and so are sup {fi(z), fo(®)}, inf {fi(x), f2(x)}, fi*(2), fi(x) and
| fi(z)|. Morcover,

[, 1@do(@) + [, f(2)da(@) = [ U@ + falx)ldg(),
[ ehi@dg@) = ¢ [ fi(z)do(a),
[ @@ 2 | [ f@do@ |-

Except for the last inequality this follows at once if we apply 183 to
P(z) and N(z) and then subtract. For the last inequality, by 18.3

[, 1/@) | aP@) 2 | [ 1@)aP@E) |,
[, 1@ 1N 2 | [1@dN e |;
so, adding and applying 51.1,
[11@ @ 2 | [ /@)@ — [ @dNG) | = | [ f@)dglz) |-

Next we establish some theorems on measurable sets and measur-

able functions.
52.4. Definition. A set E 1s g-measurable 1f 1t 1s both P-measurable

and N-measurable. If E is g-measurable and meE and m\E arc not

both «, we define
ng = mpE - m)vE.

62.6. A set E 1s g-measurable +f and only 1f 1t 1s t-measurable;
it has finute g-measure uf and only +f 1t has finite r-measure

The first statement follows from 52.4 and 50 1. For the second,
we see by 52.4 that E has finite g-measure if and only if it has finite
P-measure and finite N-measure, and by 50.1 this is true if and only
if E has finite r-measure.

Since g-measurability and r-measurability are equivalent, we can
take over most of §19 bodily:

62.6. If E 1s g-measurable and m,E 1s finite, then

mE = [R' K(z)dg(z).

(Apply 19.2 to P and N and subtract.)
62.7. All open sets and all closed sets (1n particular, the whole space
and the empty set) are g-measurable. The empty set has g-measure zero.
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(From 19.4, 19 5 and 19.7)

62.8. If E,, E;, - are g-measurable, so are E, — Ey U E, and
NE. If the E, are disjoint and the series Em,E, converges, then

m,(U E) = 2m,E,

(From 19.6, 19.8 and 19.9.)

62.9. IfE\, E;, - 15 asequence of g-measurable sets, then limsup E,
and lim inf E, are g-mcaswable. If furthermore all the scts E, are
contaned wn a set of finite g-measure and im B, exists (an particular,
1]E1CE2CE1C v OrlflflezbEaj st )lhcn

my(lim E,) = lim m,E,

The measurability of im sup K, and hm inf E, follow at once
from 52 5 and 19 11, and the last conclusion 1s obtained by applying
19 12 to the P-measures and N-measures of the sets and subtracting.

Of course 1t 15 not 1n general true that A,] = m,I for intervals I.
Nevertheless we can state a useful generalization of 16 1 and 47 5

62.10. If g(x) s of BV on cvery interval and 1s left continuous, then
Jor cvery half-open interval I of the type [a, B) the equation

m,l = A1
18 salisfied

It is not immediately evident that P(x) and N(x) inherit left
continuity from g(xr), so we use a shght artifice  We again define T,

2 2
to be the interval o — - S L o By the remark after

47 5, the equations
lim Apl., = mpl,

n— «

hm AT, = m\I

n— o
hold Subtracting, we find

hm A, = myl

n— o

By the left continuity ot g(x), this implies
AJd = m,1

We re-phrase 21 1 1n the following definition
62.11. A function f(r) defined on a set E 1s g-measurable on I if the
set E[f = a] 1s g-measurable for cvery number a.
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By 52.5 we see immediately that

62.12. If f(x) 1s defined on a set E, it 1s g-measurable on E 1f and only
1f 1t 18 7-measurable on E.

But 7(x) is positively monotonic, so we can state

62.13. All theorems of §§21 and 22 remain valid if the words ‘“ meas-
urable”’ and ‘‘ summable’ are replaced by ‘‘g-measurable’’ and ‘‘g-sum-
mable’’ respectwely.

The phrase “almost everywhere’ will be defined to mean ‘“except
on a set of r-measure zero.”” In general, we cannot regard a set of
g-measure zero as negligible, since a set of g-measure zero may have
subsets having positive or negative g-measure. With this convention,
we can establish

62.14. If f(x) 1s g-summable over E, then f(x) 1s finite almost every-
where in E.

For then f(z) is -summable, and the conclusion follows from 23.1.

62.16. If f(x) is defined on a set E of r-measure 0, then f(x) 1s g-meas-
urable over E, and

/E flx)dg(x) = 0.

By 23 2, f(z) is r-summable over E, hence g-summable; and by 52.3
and 23.2

| [f@dg@) | 5 [ 15 1dr(2) = 0.

62.16. If f(x) 15 g-summable over a set E and h(x) = f(x) almost
everywhere on E, then h(x) 1s g-summable over E, and

[ h@)dg(x) = [ f@)dg().

Since f(z) is g-summable, it is 7-summable; so h(r) is 7-summable by
23.3, hence g-summable. Also by 23.3,

[ h@)dP@) = [ 12)dP(), [ hdN ) = [, fdN @)

so by subtraction the remaining conclusion is established

62.17. If f(z) 8 defined on a set E\U E,, and m.(E, — E,;) =
m.(E, — E\) = 0, then f(z) is g-summable over E; 1f and only 1of it 1s
g-summable over E\; and +f it 18 g-summable over E, then

[, f@ds@) = [, f@)dg(a).
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The statement concerning summability follows at once from 52.1

and 23.4. The equality is established by applying 23.4 to the integrals
with respect to P and N.

The inequalities of §24 already apply to 7-integrals, and we can
obtain trivial extensions by combining them with the inequality of
52 3.

In §26 there is nothing needing comment except that in the
extension of definition 26.8 and theorem 26.10 we shall use 7-measure,
not g-measure Thus the function of sets F(E) is AC (with respect
to g(x)) if for every positive number e there is a positive number &
such that | F(E)| < e for every set K with m,E < 8. With this
convention we can establish

62.18. If f(x) is g-summable over the space R,, and for all measurable
sets E we define

F(E) = [, f@)dg(a),

then F(E) 1s AC wuth respect to g(x), 1s completely additwe, of BV, and
bounded.

By 52.1 and 52 3, | f(z) | is r-summable. By 27.1, the set function
[E| f(z) | dr(z) is AC, and by 52.3

|FE)| S [,17@) |dr(@).
This establishes the absolute continuity of F(E). Each of the set
functions

[, f@dP@, [, f@dNE)

is of BV, bounded and completely additive, by 27 5 and 27.3. By
subtraction, the conclusion of the theorem is established.

62.19. If f(x) 1s defined and g-summable over the disjoint sets E,,
E,, - - -, and the sum

3 [, 15@) | dr(a)

18 finute, then f(x) ts g-summable over UE, and
[, f@datz) = 3, [, 1@)dg(a)

The first part of the conclusion follows at once from 52.1 and 27.2.
The remainder of the conclusion is established by applying 27.2 to
the integrals of f(z) with respect to P and to N and subtracting.
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As with §26, we adopt §28 bodily, replacing measure by r-measure
throughout.

62.20. If {f.(x)} 15 a sequence of functions defined and g-measurable
on a set E, and there is a function h(z) defined and g-summable on E
such that | fa(z) | £ h(x), and the functions f.(x) converge in measure or
almost everywhere on E to a finite-valued limit function f(x), then f(x)
18 g-summable, and

i [ fu()dg@) = [, fx)dg(e),
and

lim [ 1£.(2) = f(2) | dr(a) = .

The functions f.(r) are r-summable. So by 29.3 the function
f(x) is T-summable (hence g-summable), and

nli.rr:o ./E | fa(x) = f(x) [dr(x) = 0

By 52 3, the other inequality of our theorem follows at once

62.21. If

(a) the functions fo(x) (n =1, 2, - - - ) are defined, finite and
g-summable on a set E* of finite g-measure,

(b) the functions f.(z) converge in mcasure (or almost uniformly,
or almost everywhere) on E* to a limut function f(x),

(c) for every positive € there 1s @ § > 0 such that [E | falx) | dr(z) < e
for all n and for every subset E of E* with m,E < §;
(d) ewther the untegrals fE* | fo(x) | dr(x) are bounded, or f(x) 18

finate almost everywhere,
then f(x) 18 g-summable over E*, and

Lnl - fa(r)dg(x) = E,,f(l')dg(l),
and

lim [ 10,6) — ) | dr@) = 0

If in 29.6 we understand ‘‘summable’” to mean r-summable,
we find that f(z) is 7-summable (hence g-summable), and the last
inequality holds. The other inequality follows at once.

A similar generalization of 29 7 is obvious.
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The reader may note one somewhat unsatisfactory feature of
this theorem. The hypotheses could all be stated in terms of integrals
with respect to g(x) if it were not for hypothesis (¢). It would seem
desirable to replace this by the weaker hypothesis

(c') for every positive € there 1s a & > 0 such that } [E falz)dg(x) l <e

for all n and all subsets E of E* with m.E < 6.
However, it can be shown by examples that this weakening is impos-
sible.

For example, let g(n™!) =n"2, n=1,2 - - -, and let g(z) =0
elsewhere. We find readily that the point n~! has r-measure 2n-?,
and more generally the set E has r-measure m,E which is the sum of
the numbers 2n~2 taken over the values of n such that n=!is in E.
Define f(n™) =n (n=1,2, - - - ), f(z) = 0 for all other z. Define
fa(n™) =nforn=1,2 -, m fa(x) = 0 elsewhere. Then

[fn(z)dg(z) = 0

for all m, hypotheses (a) and (b) hold (with E* the whole space R,) and
f(z) is finite everywhere. But f(r) is not r-summable (hence not
g-summable) over E*, for Z2n~? - n is divergent.

Nevertheless, in §56 we shall show that if g(x) happens to be left
continuous, it is possible to replace by hypothesis (¢) by hypothesis
(c).

63. In the preceding sections we have started with a function
g(z) which is of BV on every interval, and from it we have derived a
measure function m E and an integral. These last were not independ-
ent. We derived the measure function from the integral, and as we
saw in 25.9 we could also have derived the integral from the measure
function. However, the question arises: if we are given a measure
function, can we always find a function g(x) which generates it? The
question as stated is too vague. Before we study it, we must specify
what we shall mean by a measure function.

Clearly a measure function should be a function defined on a family
& of point sets. We wish § to have the most elementary properties
of sets of finite measure; so we shall ask that all the intervals [a, 8)
belong to §, and that the difference of sets § shall be in §. It is too
much to ask that the sums of infinite collections of sets of § shall
belong to §; the family of sets of finite Lebesgue measure lacks this
property. But we can ask that if {E,.} is a sequence of sets of §
all contained in a set of §, the sum U E, shall belong to §. On T,
the set-function u(E) should be finite.
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Two properties of g-measure which we wish u(E) to retain are
the following. A set of finite measure shall not contain subsets of
unbounded measure; and there should be some additivity of measures
of disjoint sets of §. 'To make this first desideratum precise, we adopt
the following definition.

63.1. If u(E) 1s defined and finite on a famuly § of sets in the space
R, and Eq 1s a set in R, the total variation a(Ey) of u(E) over Eq s

defined to be the sup of the sum 2 | w(E)) | for all finite aggregates
1

E,, - - -, E. of the disjoint sets of the family § contained in E,. If
a(E,) 18 finite, we say that u(E) 1s of bounded variation (BV') over E,.

We can now specify the exact requirements which we shall impose
on a measure function.

63.2. A function of sets u(E) defined on a family § of subsets
of the space R, 13 a measure function on § if the following conditions are
satisfied.

(a) The family § contains all intervals of the type (e, B).

(b) If E, and E; belong to §, so does E, — E,.

(c) If E\, E,, - - - 18 a finite or denumerable collection of sets of §
all contained 1n a set E, of §, the sum U E. belongs to §.

(d) For every set E of §, the function u(E) 1s defined and finute.

(e) The function u(E) is of BV on every set E of the famuly §.

(f) If E\, Eg - - - 158 a finile or denumerable collection of disjoint
sets of §, all contained in a set E, of F, then

“'(U En) = E“(En)

In this last equation both members are defined. For U E, is in
& by (¢), so the left member is defined by (d). On the right each term
is defined ; so the right member is either a finite sum or is an absolutely
convergent series, since by (e)

Z|uEy) | £ a(Ey) < .

By 49.3, hypotheses 53.2 (a, b, ¢) imply that all bounded Borel
sets belong to the family §.

If u(E) is defined, finite and non-negative for all sets of a family §
which satisfies (a, b, ¢) of 53.2 and (f) holds for finite sums, then (e) is
necessarily satisfied, and in fact a(E) = u(E) for all sets E of . On
the one hand, if £ belongs to § then a(E) 2 | u(E) | = u(E). Onthe
other hand, for all collections E,, - - - , E, of disjoint subsets of E
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which belong to § the inequality

L B = 3 wE) = w(UE) + uE — UE) = u(E)
)= =1
holds, so that a(E) = u(E).

The definition 53.2 is unaltered in content if we replace (c) by the
weaker assumption

(') If E,, Es, - - - is a finile or denumerable collection of disjornt
sets of § all contarned wn a set Eo of T, the sum U E. also belongs to §.
It is evident that if (c) is satisfied, so is (¢’). Suppose that (c") holds.

Let Ey, E,, - - - bea collection as described in (c). Define successively
D1=E1) Dz—_—Ez"‘Dl,"',
D,=E,— (DiU---UD,.), .

These sets are disjoint and arc all contained in E,. By induction,
using (¢’) and (b), each D, belongs to §. But Up.=U E., so by
(¢') the sum U E, belongs to §, and (c) is satisfied.

From the definition 53.2 we readily deduce the following corollaries.

63.3. Let u(E) be a measure function defined on §, and let E\, E,,

.+ be a denumerable collection of sets of § all contained 1n a set E of §.

Then

(@) f E, CE, C « -, then w(UE,) = lim u(E,);

n— o

0) f ExD Es D E;sD - - -, then p(lV Ea) = lim w(E,);
(¢) of lim E, exists (that 1s, if lim sup E, = lim inf E,) and u(E)

n— o

18 non-negatwe,* then

u(lim E;) = lim u(E,).

To establish conclusion (a), we note that the sum U E. can also
be written in the form E,U (E; — E)U (Es — E))U - - -, and in
this form the summands are disjoint sets of § all contained in E.
Therefore by (f) of 53.2 we have

WUE,) = w(E) + pE: — E) + - -
n—1
= u(E)) + lim E w(Epp — E)
n— « )‘1
= lim u(En),

* This restriction will be removed after 53.12 1s estabhished.
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and (a) is established. From (a) we deduce the other conclusions
just as in 19.9 and 19.12.

Although a set function u(E) defined on a family and satisfying
53.2 will be called a measure function, it is not necessarily true that
w(E) will coincide with one of our previous measures m,E. To
ensure this we shall subject  and § to two further requirements,
suggested by properties already established for functions myE. These
two propertics are specified in the following definitions.

63.4. The measure function u(E) is regular on § if for every set E
of & there are Borel sets A, Bsuchthat A © E C Banda(B — A) = 0.

63.6. The family § 1s the natural range of the measure function
w(E) of (a) u(E) 1s regular on § and (b) the famaly § contains every set E
for which there exist two Borel sets A, B such that A C E C B and
a(B— 4) =0.

In these definitions the family § enters in a hidden way; for the
definitions involve the total vanation a(E), and the definition of a(E)
involves sets E,, - + -, E, belonging to §. If u(E) is regular this
hidden occurrence of 3§ can be eliminated. We can in fact replace

a(E) by a*(E) = sup of the numbers E | u(E,) |, where E,, - - -
1=1
E, are disjoint bounded Borel sets contained in E, thus.
63.6. Let u(E) be a regular measure function on the famaly §. Then
(a) for every set E of § and every € > O there is a bounded Borel
set A contained in E such that | p(E) — u(4) | < ¢
(b) for every set E the equation o*(E) = a(E) holds.
Let E belong to the family 3, and let W, be the interval

-n £z = n, 1=1- - ,q
By 53.3
lim uw(EW.) = u(E).

n— o
-

Hence there is an n for which | u(EW,) — u(E) | < e. The set EW,
belongs to §, so there are Borel sets 4, B such that A C EW, C B
and a(B — A) = 0. By definition of a(E) we find | u(EW, — A) | S
a(B— A) =0, s0

w(4) = w(EW,) — u(EW, — A) = uw(EW,).

So the set A satisfies the requirements of part (@) of the theorem.
The sets used in calculating a*(E) are a subset of the family of sets
used in calculating a(E), so by 5.1 we see that a*(E) < a(E). On the
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other hand, let A be any number less than «(E). There are disjoint
sets Ey, - - -, E, of the family contained in E for which

S=73 luE)| >h
1=1
By (a), cach set E, contains a bounded Borel subset 4, such ‘hat
| u(E)) — u(4) | < (S — h)/n, whence

S 1u(d) | >k

)=1

A fortiori, «*(E) > h. This holds for all numbers h less than a(E),
so a*(E) Z a(E), and the proof of (b) is complete.

Before theorem 53.6 was proved, it was not evident that a function
u(E) might not have two natural ranges. That is, u(E) might con-
ceivably be defined on an aggregate & of sets containing two distinct
families 1, §2 cach satisfying 53.4 and 53.5. Now, however, we see
that as soon as u(E) is specified for all bounded Borel sets we can single
out a family {§ which is the only family that can be the natural range
of u(E), and which is the natural range of u(E) if u(E) is defined for all
sets of §  For then a*(E) is uniquely determined; and in order to be
the natural range of u(E) the family § must consist of those sets E such

- that there are Borel sets A, B satisfying the condition A C E C B,
a*(A) < <, a*(B—A) =0.

This suggests a question. Suppose that w(E) is defined and
regular on a family , and that §, is the aggregate of sets just described
which would be the natural range of u(F) if u(E) were defined on §,.
Is it always possible to find a measure function u,(E) on the natural
range 1 which is equal to u(E) for all sets £ of §? We could proceed
to show directly that this extension is possible and is unique. But
since this is a corollary of theorem 54.2 we prefer to postpone the study.

Theorem 53.6 also enables us to establish the following theorem.

63.7. Let pi(E) and uz(E) be regular on the respective ranges §,, o,
and let pi(E) = us(E) for all bounded Borel sets E (which necessarily
belong both to §1and to ). Then py(E) = us(E) for all sets E belonging
both to F1 and to §z; and of §1 s the natural range of ui(E), then §s is
contained n .

For all sets E we have af (E) = a7 (E), where the definition of af
and «; are obvious; for in calculating o* we use only bounded Borel sets
E, + + -, E, on which u, and u, coincide. So by 53.6 the respective
total variations a;(E), az(E) of ui1(E) and uz(E) coincide for all sets E.
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Now let E be a bounded set belonging both to §; and to §2. We can
find Borel sets A, B such that A C E C B and «;(B — 4A) =0,
whence as(B — A) = 0. By definition of «, we see that | u,(E — A) |
Sa(B—A)=0,2=12. Hence

m(E) = p(E — A) + pn(4) = w(4), =12

But A is a bounded Borel set, so ui1(4) = p2(A). Therefore u,(E) =
pa(E).

Next, let E be any set belonging to both families §; and {3, and
let W. be the interval —n 2 2® <n, 1 =1, -, q. By the
preceding paragraph, p(EW.,) = u(EW,) for every n. So by 53.3,

m(E) = n“i‘}. w(EW,) = ,}iﬂ m(EW,) = uy(E).

Finally, let §: be the natural range of u,(E), and let E be a set of
the family §.. Since ps(E) is regular on g, there are Borel sets A, B
such that A C E C B, a3(4) < az(E) < o, and ax(B — A) = 0.
But a) = az, s0 a1(A) < © and a;(B — 4) = 0. Since §, is the
natural range of p,(E), this implies that E belongs to §,.

Closely related to this last theorem, but much deeper, is the
following.

63.8. If u(E) and p(E) are measure functions on the respective
ranges &1, §2, and for all intervals of the form I = [a, B) the equation
wi(I) = po(I) holds, then p,(E) = us(E) for every bounded Borel set.

To avoid frequent repetition, in this proof the word “interval’’
shall always be understood to mean ““interval of the type [a, 8).”

Let us first define an auxiliary class @ of sets. The class G will
consist of all sets E belonging both to §, and to §. and such that for
every interval I = [a, 8) the equation

#m(IE) = u(IE)

holds. This class contains all intervals I', = [ay, 81); for I, N I is again
an interval of the type [a’, '), for which the equality of u, and u,
has been assumed. We need two properties of this class,

(i) If E i3 in € and I 18 an interval, then I — E isin @.

Let I, be any interval. Then (since I,] is an interval)

wi(ILlI = E)) = mi(ILI — I)IE) = uy(I,1) — my(I,IE)
= w(ILI) — po(ILIE) = py(LL[I — E)),
so that I — E isin G.

(i) If E\, E,, - - - 8 a finite or denumerable collection of disjoint
sets of G, all contained 1n a set E, of @, then U E, is 1n G.
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The set E, belongs to €, therefore belongs both to F: and to §..
Hence by 53.2(c) the sum U E, belongs both to §, and to F2- More-
over, for each interval I the equation u,(IE;) = u(IE)),j = 1,2, « - -
all hold; so by 53.2(f) we have

mI NUE) = wUU IE) = zu,(E)
= Zwm(IE) = ;U IE) = n(IN[UE)),

and U E, belongs to G.

Next, let MM consist of all sets M of the class € such that M — E
is in € whenever E is in €.

(iii) Al intervals of type [a, B) belong to M. This follows at once
from (i).

(iv) If M, and M, are in M, so ts M, — M, Since M, is in M
and M; is in € (being in M), we know that M, — M, is in €. We
must show that (M, — M) — E is in € whenever E is in §. By
definition of the class I, the set M2 — Eisin €. Now M, — E and
E are disjoint sets of €, so by (ii) the set Mo UE = (M, — E)UE is
in €. Since M, is in M, it follows that M, — (M;UE) is in G.
Since M, — (MU E) = (M, — M,) — E, this establishes statement

@iv).

V) If Myy My, - - - ,Muarein I, s0ts M, — (MU - - - U M,).
We need only apply (iv) n — 1 times.

(vi) If My, M3, - - - 1s a finite or denumerable collection of disjoint

sets of M, all contained in a set My of M, then U M, isin M. Let E be
any set of @ then UM, — E = U (M, — E). The sets M, — E
are each in € and are disjoint, and they are all contained in the set M,
which is in 9% and therefore in €. So by (ii) their sum isin €. Thus
for every set E of @ the difference U M, — Eisin G, and by definition
U M, isin M.

Statements (iit) and (iv) are hypotheses (a) and (b) of 49.3, and
(vi) is hypothesis (¢’). Hence by 49.3 the class I contains all bounded
Borel sets. But I is itself contained in &, so from the definition of
€ we see that for every bounded Borel set E the equation

m(IE) = us(IE)

holds for all intervals I. Letting I contain E, we find ui(£) = u(E)
for all bounded Borel sets.

We now start toward the proof of a thecorem which is interesting
in itself besides being useful in later proofs. In general, a measure
function u(E) can assume both positive and ncgative values. The
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next theorem shows that in a sense the positive and negative values
can be separated from each other; the space R, can be split into two
parts inr such a way that u(E) is positive for every set E of § which is
contained in one part and negative for every set E of § contained in
the other part. It is convenient first to define the positive and nega-
tive parts of the total variation of u(E).

63.9. If u(E) 1s a measure function on a family § of sets in the space
R, and Ey1s a set in R, then n(E,) is defined to be sup {u(E) | E C E,,
E in §}; and v(E,) 1s defined to be sup { —u(E) | E C E,, E in §}.

From this definition we can deduce some trivial consequences.

63.10. The functions w(E), v(E) satisfy the inequalities0 < n(E) <
a(E), 0 £ v(E) £ a(E). In particular, for all sets E of § the numbers
x(E) and v(E) are finite.

The empty set A belongs to §, and u(A) = 0. Therefore 0 occurs
in the collection of numbers whose sup is »(E), and »(E) 2 0. A
similar statement holds for »(E).

If h < w(E), there is a set E, contained in E and belonging to §
for which u(E¢) > h. Hence by 53.1, a(E) = | u(Eo) | > h. This holds
for all h less than =(E), so 7(E) < a(E). A similar proof holds for
v(E). In particular, if E belongs to § the total variation a(E) is
finite, so 7(E) and v(E) are also finite.

Now we can proceed to establish our next theorem.

63.11. If u(E) is a measure function on a famuly § of sets, there is a
set P with the following properties. For every set E of §, the product EP
and the difference E — P belong to §. If E i3 a set of the family §
contained in P, then u(E) 2 0; and if E belongs to § and s contained
in the complement of P, then u(E) < 0. Furthermore, if u(E) is regular
on § we can take P to be a Borel sel.

Let I be aninterval. Foreachn we can select a set E,, of the family
& which is contained in I and satisfies the inequality u(E,) > »(I) —
27 If u(E) is regular, by 53.6 there is a Borel s.t 4, contained in E,
and such that |u(E.) — u(A.) | < u(E,) — [v(I) — 2-7], so that
#(A,) also exceeds w(I) — 27", That is, if u(E) is regular we may
suppose that E, is a Borel set.

Define S, = E,UE.; ;U - - - . ThesetsD,=E, - ,D,=
En— [EsU - - - UE,_)], - - are disjoint subsets of I and belong
to &, so

©

w(8) = w([ E) = ([ D) = 3 u(D).

J=n J=n

But Dj, being a subset of E,, is contained in I, and by definition
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x(I) 2 u(E, = D). So
w(Dy) = w(E) — w(E — D)) > [x(I) — 27] = =(I) = —27

Therefore

D) 248 = 4D + 3 WD) >uE)— 3 20>all) 2
J=n+1 j=n+1

By the definition of the sets S, we see that S 2 S; D - -
Hence by 53.3(b), if we write P* = ﬁ S. we find that P* is in § and

n=1

u(P*) = lim u(S,) = n(I). Let E be a subset of P* belonging to

§. Then u(E) = u(P*) — u(P* — E) =x(I) — u(P* — E) 20. On
the other hand, let E be a subset of I — P* belonging to §. Then
P*U E isin I, and

w(E) = u(P*U E) — u(P*) = u(P*UE) — x(I) £0.

Now let I, I, - - - be a sequence of disjoint in‘ervals whose
sum is the whole space R,. In each I, we construct as above a set P,
such that u(E) = 0 for every subset E of P, belonging to § and w(E)
< 0 for every subset E of I, — P, belonging to §.  We define P = U P,.
If E belongs to §, so does EP, for every j* hence by 53.2¢c so does
EP = U EP,. Furthermore, if E is contain:d in P then E = U EP,
and by 53.2f -

u(B) = Zu(EP,) 2 0.

On the other hand, if E belongs to § and °s contained in CP, then
E=U(, - P)E, and

w(E) = Zul(I, — P)E] £ 0.

If each of the g *s E, is a Borel set, then each S, is a Borel set,
each P, is a Borel s"f,' and P is a Borel set.
This leads readily to the following theorem.
63.12. If u(E) is a measure function on a range §, then a(E), n(E)

and v(E) are also measure functions on §, and the equations
7(E) — v(E) = u(E), w(E) + »(E) = o(E)

hold for every set E of §. If P is the set described in 53.11, then for every
set E of §

w(E) = u(PE),  v(E) = —u(E — P).
If u(E) is regular on §, then x(E), v(E) and a(E) are regular on §.
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The famuly § is the natural range of u(E) if and only if it is the natural
range of a(E).

Let E be any set belonging to §. By definition of x(E) we see
that »(E) = u(EP). But if E, is a subset of E which belongs to f,
by 53.11 the inequalities

w(Eo —P) 20, up((E—E)P) 20
hold. Therefore

u(Eo) = p(EoP) + u(Eo — P) < u(E,P)
= p(EP — (E — Eo)P) = u(EP) — u((E — Eo)P)
< u(EP).

Since this holds for all subsets E, of E which belong to §, it follows
that x(E) < u(EP); and with the preceding inequality this shows
that »(E) = u(EP).

The equation »(E) = —u(E — P) could be similarly proved.
More easily, if we replace u(E) by —u(E) the roles of » and » are
interchanged, and hikewise for P and CP, so that »(E) = —u(ECP)
= —u(E — P). It follows at once that

w(E) = u(EP, + u(E -- P) = n(E) — v(E).
By deﬁnition,lif E belongs to § then

a(E) 2 { u(EP) 1‘~£"‘ | W(E — P)| = u(EP) — w(E — P)
= x(E) + v(k)s..
But if Ey, * * -, E, are disjoint?/e;d of the family § contained in E,
then .

i | w(E) | = i | k(E,P) + u(E; — P) |
=1 =1 R
s 3 1wEP) |+ S g - Py
1=1 Jul v
= 3 wEP) - Y, wE; — P)
)= )=1 .
=wPNUE) - u(UE - P) =xUE) +»UE)
< #»(E) + v(E).
Hence

«(E) = n(E) + v(E),

which together with the preceding inequality proves a(E) = »(E)
+ »(E).
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If Eisin §, then EP and E — P are in § by 53.11. Hence by
53.10 (E), v(E) and a(E) are all defined and finite. That is, they
satisfy (d) of 53.2. From the equations w(E) = u(PE) and v(E)
= —u(E — P) = —u(ECP) it follows that = and » satisfy 53.2f.
Since a(E) = n(E) + »(E), it too satisfies 53.2(f). Also all three set-
functions «, = and v are non-negative, so by the remark aftor 53.2
they satisfy 53.2e. Hence n(E), v(E) and «(E) all satisfy the defini-
tion of measure functions on §.

Suppose that u(E) is regular. For each set E of § there are Borel
sets A, B of § such that A C E C B and «(B — A) = 0. Since
7(E) + v(E) = a(E) and 7(E) and v(E) arc non-negative, this implies
that a(B — A) = x(B — A) = v(B — A) =0 But the total varia-
tions of the non-negative measure functions =, » and a over (B — A)
are respectively equal to n(B — A), »(B — A) and «(B — A) (cf.
remark after 53.2). Hence the sets A and B serve to show that
m, v and « are all regular.

Retaining the hypotheses that u(E) is regular, the condition for §
to be the natural range of u(E) is that it shall consist of the collection
of sets K for which there exist Borel sets A, Bsuch that A C E C B,
a(A) < » and a(B — A) = 0. The set-function a(E) is its own
total variation, and is regular on §, so the ahove condition is exactly
the condition for § to be the natural range of a(E). Hence § is the
natural range of a(E) if and only if it is the natural range of u(E).

We can now remove the restriction in 53.3(c) that u(E) be non-
negative. For since w(E) = n(E) — v(E), and »(E) and »(E) are
non-negative, by 53.3(c) the limit set lim E, satisfies the equation

lim u(E,) = 11m [v(E,) — v(E,)] = lim =(E,) — lim »(E,)

T = 2(im E,) — v(lim E,) = a(lim En).

64. We now begin to relate these measure functions u(E) to the
functions m,E of earlier sections. If we are given a g(x) the relation
is easy to establish.

64.1. Let g(x) be of BV on every interval, and let MM, be the family of
sets of finite g-measure. The set-function m,E 1s a regular measure
Junction on M,. If g(x) is positively monotonic, M, is the natural range
of myE.

(In 54.3 we shall find other conditions under which M, is the
natural range of m,E.)

The family I, satisfies conditions (a, b, ¢) of 53.2, as is shown by
52.8. Let 7(z) be defined as usual (§52). If E has finite g-measure,
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and E,, - - -, E, are disjoint subscts of E which also belong to I,
then by 52.6 and 52.3
Y mE =3 | [, 1@< Y [ 1) = 3 m(E)

)=1 =1 1=1 =1

= m,( U E)) = m.(E).

Hence if o,(FE) is the total variation of my,E, we have o,(E) £ m.E.
This implies that m,E satisfies 53.2(¢). Evidently 53 2(d) holds, and
53.2(f) follows from 52.8. Therefore m,E is a measure function on
M,, in the sense of §53.

If E has finite g-measure, it also has finite r-measure. By 49.4,
there are Borel sets A, Bsuchthat A C E C Band m,(B — 4A) =0
A fortiori, ay(B — A) = 0, and m,E is regular.

If g(x) is positively monotonic the function m,F is non-negative,
and by the remark after 53.2 the equation «,(E) = m,E holds for
every set E of the family M,. In particular it holds for bounded
Borel sets, since by the remark after 49 3 all such sets arc in M,. et
E be a set for which therc are Borel sets, A, Bsuchthat A C E C B,
a(B — A) =0 and o,(4) < ». For each interval W, the set
AW., BW, and (B — A)W, are bounded Borel sets, so

M AW, = o,(AW,) £ a,(A)
and

mg(B — A)W, = (B — A)W,] £ (B — 4) =0

Since (B — A)W, contains (E — A)W,, by 19.13 this implies that
my(E — A)W, = 0. Since AW, is a bounded Borel set it has finite
g-measure, so that the sum EW, = AW, U (E — A)W,isg-measurable
and

MEW, = mAW, = a,(AW,) < o(4).

By 19.8, this implies that E has finite g-measure, so sm is the natural
range of the g-measure function.

In the nature of a converse is the following more difficult theorem.

64.2. If u(E) i3 a regular measure function on a range §, there 1s a
function g(z) such that

(i) g(z) ¢s of BV on every interval,

(i) g(x) = 0 if any one of the numbers (xV, - - - | ™) 13 zero,

(iii) g(z) s left continuous,

(iv) every set E of the family § is g-measurable, and m,E = p(K).

The class M, of sets of finile g-measure is the natural range of m, kK,
and +f § 18 the natural range of u(E) it coincides with M,. There is only,
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one function g(x) which satisfies (i), (ii) and (iii) and 1s such that myl =
u(I) for all wntervals I of the type [a, B).

Let the set P be defined as in 53.11, and let =(E) and v(E) be the
positive and negative variations of u(E), as in 53.9. Corresponding
to each of these we define a function of BV as we did in 45.5. The
process of 45.5 can be summarized as follows. Let z be any yoint
of the space R,. If any z® is 0, we define

p(z) = n(z) = a(z) = 0.

Otherwise, we define «® = inf {z®, 0}, B® = sup {z®, 0}, let I be

the interval [a, ), define »(z) to be the number of superseripts i such
that ¥ < 0, and define

p@) = (=1y@x(I),  n(2) = (=1y@u(I),
9(z) = (=1y@u),  a(x) = (=1)2a().

Then by 53.12,

g9(z) = p(x) — n(x), a(@) = p(x) + n(z).
As in 45 5, we find that for every interval I of type [a, 8)

(4) Aol = u(D), 8,1 = x(I), Aul = (1), Al = o(I).

We now prove that the functions g(z), p(z), n(x) and a(z) are left
continuous  First suppose that z is a point none of whose coordinates
is 0. Let {z{’} be a sequence of numbers such that z& < z® and
lim z§) = 2®, 2 =1, ---,q We wish to prove

n—» 0

"l_i’n: g(zn) = g(z),

and likewise for the other three functions. It is permissible to restrict
our attention to those n large enough so that z» > 0 if 2 > 0. As
before, we define o = inf {z{’, 0}, B = sup {2, 0}, I, = [an, Bn).
The number of superseripts 2 for which % < 0 is then the same as the
number »(z) of superscripts for which z® < 0. The interval I is the
limit of the I,, so by the remark after 53.12 we have u(I,) — u(I).
That is,

lim g(z.) = (=1)@ lim u(I,) = (=1)"@u(l) = g(z).

A like proof holds for the other three functions.
If any of the coordinates z is 0, the proof in the preceding para-
graph still holds if 7 is replaced by the empty set A.
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From the definitions we have, for every interval I = [e, 8),

0 £ 8,(I) = x(I) £ a(I) = &,
0 < 4. = »(I) < a() = Ad,
A0 = A0 — Al

Hence by 50.2 every set of finite a-measure also has finite p-measure
and finite n-measure, and by 52.4 it has finite g-measure. That is,

(B) the class M, of sets of finite g-measure contains the class Ma of
sets of finite a-measure.

Since g(z) is left continuous, by 52.10 the equation A,] = m,I holds
for all intervals of the type [a, 8). But we already know that A, =
u(I) for all such intervals, so u(I) = m,I for all intervals [a, 8). By
53.8, the set-functions u(E) and m,E are equal for all bounded Borel
sets. In exactly thesame way, the equations a(E) = m.E, x(E) = m,E
and »(E) = m,E hold for all bounded Borel sets.

The function a(z) is positively monotonic, so by 54.1 the family
M, of sets of finite a-measure is the natural range of the measure
function m,E. By 53.7, every set of the family § belongs to M, and
by (B) belongs to M,. That is, if E is in § it has finite g-measure,
and by 53.7

meE = u(E).

The natural range of a measure function is uniquely determined
by its values on bounded Borel sets, as was remarked after 53.6.
On such sets the functions m,E and «(E) coincide. Since I, is the
natural range of m,E, it is also the natural range of a(E).

The functions u(E) and m,E coincide for all bounded Borel sets E,
and they are regular, so by 53.6 we can calculate their total variations
by using only bounded Borel sets. That is, for every set E, the total
variation of m,E over E, is the same as the total variation a(E,) of
u(E) over E,.

The family I, satisfies 53.2(a, b, c), and since we have seen that
it is contained in M, the function m,E is defined on it. Clearly
m,E continues to satisfy conditions 53.2(d, e, f) on M.. Since a(E) is
the total variation of m,E, and M, is the natural range of a(E), it
is also the natural range of m,E, by 53.12. Applying 53.7 to m,E as
on M, and on M,, we see that M, is contained in M,. But by (B), M,
is contained in M, so the two coincide. Hence I, is the natural range
of m,E.

If § is the natural range of u(E), by 53.7 (applied to u(E) and m,E)
it contains 9,. We have already seen that § is contained in I, so
the two coincide.
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It remains to prove the uniqueness of the function g(z), subject to
(i), (ii) (iii) and the equation A,] = u(I) for all intervals I = [q, B).
Let v be a function which satisfies (i), (ii), (iii) and is such that A,I =
u(I) for all intervals I of type [a, 8). Let z be any point of the space;
we shall show that v(x) = g(z). If any one of the z® is zero, this
follows from (ii). Otherwise, we define as before a = inf [z®, 0],
B® = sup [z, 0], I = [a,B), »(z) = number of superscripts ¢ such that
z® < 0. If we form the sum which defines A,I, all terms but one
vanish because of (ii), and we find

A = (—1)@y(z).
But by 52.10, A,I = m,I. By hypothesis, m,I = u(I). Hence
1(@) = (=1y@a,1 = (=1yu(l).

This is exactly the definition of g(xr) Hence v(x) = g(z), and the
function g(z) is uniquely determined by the values of the measure
function wx(E) on intervals I = [a, 8). The proof of the theorem is
complete.

One immediate consequence of this theorem is that we have an
affirmative answer to the question raised in §53: if u(E) is regular on a
family §, can it be extended uniquely to its natural range? For
u(E) determines g(x), which determines the measure function m,E on
the natural range M,; and m,E = u(E) for all sets E of §, so myE is an
extension of u(E) to its natural range. If there were another such
extension, say to a function x,(E) on a natural range §, then u\(E),
u(E) and m,E all coincide on all sets of §, and in particular on all
hounded Borel sets; so 1 = M, and mE = u,(E), by 53.7.

Another consequence is

54.3. If g(z) is of BV on every interval and is left continuous, the
famaly M, of sets of finite g-measure is the natural range of moE.  Further-
more, there is a function v(z) satisfying (i), (i), and (iii) of theorem
54.2 such that if either one of the integrals

[ J@d@, [, @i

exists so does the other, and the two are equal.
For every interval I = [a, B) we have

A = myl,

by 52.10. Since m,E is a regular measure function on the range I, by
54.2 there is a function v(x) satisfying conditions (i), (ii) and (iii)
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of 54.2 and such that m,E = m,E for all sets E of IM,, and the class
M, of sets of finite y-measure is the natural range of m,E.

Let I be any interval containing an interior point. If we denote
the closure of I by [a, 8], and write I, for the corresponding right-open
interval [a, 8), then

a0 = 800, A = A

For in defining 4, only the values of g(z) at the vertices of I were used,
and I and I, have the same vertices. A like statement holds for A, 1.
But by 52.10, for the interval I, we have

ALy = myIy = mly = Aglo;

and from this and the preceding equation we conclude that A, = A,I.
If I contains no interior point, we must have a® = g® for some <,
and therefore A,J = 0 = A,I. Thus the equation A,J = A,I holds
for all intervals I.

Now in defining integral and measure the function g(z) never
entered except in the expression A,I. The functions g(z) and y(z),
though possibly different, have the same difference-function; A,I =
A,I. Hence they lead to the same integral and measure. This
establishes the last statement of our theorem. Also, the classes
M, and M, are identical, and m,E = m,FE for all sets I of M,. Since
9N, is the natural range of m,E by 54.2, it follows that I, is the natural
range of myE. This completes the proof.

Another corollary, similar to the last, informs us that we would
have lost no generality if we had restricted our attention to left
continuous functions from the start; for every g(z) which is of BV
on every interval can be replaced by another such function which is
left continuous and gives the same value to the integral as g(z) did.

64.4. If g(x) i3 of BV on every interval, there 1s a function ()
which satisfies (i), (ii), (iii) of 54.2 and s such that

(a) every g-measurable set E 1s y-measurable, and of m,E is finite
the equation

myE = m,E
holds;
(b) every g-summable function f(x) 13 also y-summable, and

[o J@dr@) = [, 1@)dg(a).

Here we shall only prove conclusion (a); we could go on to prove
(b) also, but this will follow from (a) after 55.6 is established.



Sec. 545] LEBESGUE-STIELTJES INTEGRAL 293

The set function m,E is a regular measure function on the family
M, of sets of finite g-measure. By 54.2, there is a function ()
satisfying (i), (ii), (iii) of 54.2 and such that every set E of M, is
y-measurable, and m,E = m,E. This establishes (a) for sets of
finite g-measure. If E is g-measurable, but has not finite g-measure,
we regard it as the sum for all n of the sets EW,. Each of these has
finite g-measure, and therefore is y-measurable. Hence E = U. Ew,
is y-measurable.

It is interesting to observe that, with the same notation as in 54.2,
the following theorem holds.

64.5. Let u(E) be a regular measure function on a range §, and let
the functions g(z), p(x), n(x), a(z) be defined as in the proof of 54.2.
Then p(z) and n(z) form a minimum decomposition of g(z), and a(x)
18 the same as 7(x).

Let I be an interval of the type [a, 8). Since g(z) = p(z) — n(z),
we know by 46.3 and 46.5 that T,[I] S T,[I) + T,[I] = A,I + A.lL
To establish the reverse inequality let ¢ be a positive number, and
let P be the set exhibited in 53.11.  As stated in that theorem, we may
suppose P to be a Borel set. In the proof of 54.2 it was shown that
the equations m,E = r(E) and m.E = v(E) hold for all bounded
Borel sets. Thus for every bounded Borel set E we have

myE = n(E) = n(EP) = m,EP,
m.E = y(E) = v(E — P) = m,(E — P).

In particular, m.IP = y(IP) = 0, so by 20.1 there is an open set
U containing IP such that

(4) m,U < e
The set UI can by 3.6 be represented as the sum of intervals 01 I,
’-
where 71, has the form [a;, 8,). Hence
myUl = 2 myl,.
J=1

Let n be chosen large enough so that

(B) m,UI — E mpl, < e.
)=1

The remainder I — [I, U - + - UI,] can be represented as the sum
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of disjoint intervals I,,, * -+, In each of the type [a, 8). Then
(%) mp (il-Jl I:) + m, (J-n+l I ) = m,l,
(D) m, (ng L) + mﬂ()_"+ I7) = ml

Since I; U + - - U, is contained in U, the first term in (D) is
less than e:

(E) ma (0,1) <e

Since UT contains IP, we have m,I = m,IP £ m,UI, and by (B) it
follows that

(F) 3 mpl, > myl — e.

J=1

These inequalities, with (C) and (D), yield

my ()-n+11 ) < ¢ m“(J-:.HI ) > mal — e

Now
AIIZZIAIH 2 AT =3 ImI |+ 3, [ml)|
-] J=n+1 =1 I=n+1
2| Y ml |+ Y, ml|
)=1 J=n+1

i (0,) - e (01)1

+im (9, 17) =m0, 7))

> (mpl —e—€) + (M — € — ¢)
=mpl + m,I — 4e = ApI + A1 — 4e.

Since e is arbitrarily small, this implies that
Ti(1] 2 A,1 + A4l

Therefore p(z), n(x) is a minimum decomposition of g(x).

It follows that for every interval I, the total variation A,I is the
sum of A,I and A.l. But a(z) = p(z) + n(x), so A = Al + Al
Hence A,I = A,I for every interval I. The functions a(z), r(z) were
both so defined that they vanish whenever any one of the z® is zero.
Hence, just as in proving the uniqueness of g(z) in the last paragraph
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of proof of 54.2, we find that 7(x) = a(z). This completes the proof
of the theorem.

66. If we are given a measure function u(E) on a range § we can at
once utilize a process due to Lebesgue to define an integral. If f(z)
is defined on a set E of §, we say that f(z) is F-measurable if the set
E[f 2 a] belongs to § for every number a. Suppose now that f(z) is
defined, bounded and {§-measurable on a set E, of §, and that u(E) is
non-negative. Let a, b be numbers such that ¢ < f(z) < b, and let
lo, * * *, L be numbers such that a =lp <l; < - - - <L =b.
This collection of numbers I, we call a ““ladder L.”” We now form the
sums

k k
(4) s(L) = 2 L-w(E,), S(L) = E Lu(E)),

)= J=1
where E, is the set Eofl,_; < f =1). Clearly s(L) < S(L). Let L’
be a ladder {lj, - - -, I} which is ‘“finer” than L; that is, eachl,is
one of the numbers [. If | =0 <l,<‘ " " <l,.=1,
then the term [,u(£,) in S(L) is replaced by the sum [ ,u(E;,,) + - - -
+ U ymn(Er ), where E] = Efl,_y <f <1]. ThenE,U - - - UE],
= E, so

l‘,+l#(E:+l) + -+ l:+ml‘(Ec+m) s l:#(Enl+l) + - '*" l,y(E:+,,,)
= ll“(E:-{-l U e U E|+m) = ll“(Ei)‘
Therefore, adding for j =1, - - -, k, we find that S(L’) = S(L).

Similarly s(L’) 2 s(L).

It follows that s(L,) < S(L;) for all ladders L, L,. For if L' is
the ladder consisting of all the numbers both of L; and of L., then
s(L)) = s(L') = S(L') = S(Ls). Therefore if we write m = sup s(L)
and M = inf S(L) for all ladders L, we have m < M. On the other
hand, if all the steps I, — [,_; of the ladder L have length less than e,
then

8(L) — s(L) = Z() — L-1)u(E) = eZu(E,) = en(Eo);
whence

s(L)y sm = M £ S(L) = s(L) + eu(Eo).

The positive number ¢ is arbitrarily small, so m = M. Incidentally,
this proves that by making the length of the largest step of L arbi-
trarily close to zero we oblige both s(L) and S(L) to approach the
common value m = M as limit. We now define

[s,J@du(E) = M.
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Next, let f(x) be non-negative and {-measurable on E,. Define
fa(x) to be inf {f(xz), n}. This function is also F-measurable and is
bounded, so the integral

[ @) Au(B)

exists. It is rather easy to show that this integral increases mono-
tonically with n. If it has a finite limit as n — «, we say that f(z)
is u-integrable on E,, and we define

[y J@au(®) = tim [ fu()du(E).

Let W, be the interval —n < 2® < n, 1 =1, - - -, q. If f(z)
is non-negative and is u-integrable on each W,, it is casy to show that
[, f@du(E)

increases monotonically with n. If its limit is finite, we say that
f(x) is p-integrable over the space R,, and we define

Je J@du(E) = lim [ fz)du(B).

If f(x) is defined over R,, we define as usual f+(x) = sup {f(x), 0},
J~(x) = sup { —f(z),0}]. Then f(z) is said to be u-integrable over R, if
f* and f~ are both u-integrable over R,, and in that case we define

[o J@au(E) = [ fr@duE) ~ [, f-@du(E).

Finally we remove the restriction that u(£) be non-negative. With
the notation of the preceding section, we have u(E) = »(E) — »(E).
Then we say that a function f(x) defined on R, is p-integrable over I,
if it is both w-integrable and »-integrable, and in that case we define

[ S@duB) = [, j@n(E) ~ [, fan(E).

From these definitions it is easily seen that if f(z) is defined on R,
and is -measurable on every interval, a necessary and sufficient
condition for f(z) to be u-integrable over R, is that | f(z) | be a-inte-
grable over R,.

We now prove the analogues of 50.1 and 50.2.

66.1. Let p(E) (2 = 0, 1, 2) be non-negative measure functions, all
defined on the same family §, and such that po(E) = p(E) + pa(E) for
all sets E of §. Let f(x) be defined on R,. Then f(z) 18 po-integrable if
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and only if 1t is both u-integrable and pq-integrable, and in that case

foJ@ta) = 3 [, S @),

Suppose f(z) bounded and §-measurable on a set Eo of §. If we
define s,(L) and S,(L) ( = 0, 1, 2) as in equation (4) at the beginning
of the section, we easily see that

so(L) = si(L) + s2(L), So(L) = Sy(L) + S2(L)

for every ladder L. Hence we readily deduce

[of@du@) = 3, [, @),

1=1,2

The extension to functions f(z) which are defined and uo-integrable
(or both u,-integrable and us-integrable) over R, needs no detailed
presentation; it follows by straightforward use of the definition.

Two corollaries of 55.1 can now be stated.

66.2. If uo(E) and ui(E) are measure functions on §, and 0 £ p\(E)
< uo(E) for all E in §, then every function f(z) which is uo-integrable over
R, s also uy-integrable.

For all E in §, define us(E) = po(E) — pi(E). The requirements
in 53.2 are easily verified, and so u:(E) is a non-negative measure
function on §. So by 55.1, if f(x) is u-integrable it is both u;-integra-
ble and us-integrable.

66.3. If u(E) (1 =0, 1, 2) are measure-functions on § such that
uo(E) = uy(E) + uz(E) for all sets E of the famaly §, then every function
f(x) which is both u-integrable and pa-integrable over R, ts also uo-
wntegrable, and

[ @) = 3, [ S@u ).

1=1,2

Let x,(E), ».(E) be the positive and negative variations of u,(E)
(i =0, 1, 2) as defined in 53.9. If E is an arbitrary set and E, is a
subset of E which belongs to §, then by the definition 53.9 we find

wo(Eo) = mi(Eo) + ma(Eo) — vi(Eo) — va(Eo)
< mi(E) + m(E).

This holds for all subsets E, of E which belong to §, so
(A4) 7o(E) = sup uo(Eo) = mi(E) + m(E).
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In the same way we prove
(B) vo(E) = vi(E) + v2(E).

By 53.12, the set-functions »,(E) and »,(E) (¢ = 0, 1, 2) are measure
functions on §. If f(x) is defined and both u;-integrable and us-inte-
grable over R,, by definition it is integrable with respect to =), s,
vi, and »;. By 55.2 with inequalities (4A) and (B) it is x¢-integrable
and ve-integrable; so by definition it is ue-integrable. Furthermore,
for every set E of § we have

7o(E) — vo(E) = uo(E) = m(E) + pa(E)
= 1I’1(E) + Tz(E) - Vl(E) - l‘z(E).

Transposing, we obtain
7o(E) + vi(E) + vo(E) = vo(E) + mi(E) + m2(E)

for all sets E of §. If f(x) is both u,-integrable and us-integrable, we
already know that it is »-integrable and »i-integrable (+ = 0, 1, 2).
By 55.1,

[ J@dn(B) + [, f@)dni(B) + [, fiz)dn(E)
= /R J@ad{ro(E) + »(E) + »n(E))}
= [R' F(@)d{vo(E) + mi(E) + va(E))
= [ J@an(B) + [, f@in(B) + [, 1@ drs(B).

Transposing yields

[o S@duoB) = [, j@dro(E) ~ [, 1@)dn(E)
- _2}2{ o J@dn(E) — [ f@dnB))
= 3 [oJ@adu(E).

Next we show that if the family § is enlarged in such a way that
the measure function remains regular, all functions f(z) which were
originally integrable remain integrable, and the values of their
integrals do not change.

66.4. Let u\(E) and p:(E) be measure functions defined and either
non-negative or regular on the respective ranges F, Fz2. Suppose that
&1 18 contained in 1, and that for each set E in §, the functions u,(E) and
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ua(E) are equal. Then every u,-tntegrable function f(x) 18 also ps-tnte-
grable, and

Jo J@duB) = [ f2)dus(E).

Consider first the case of non-negative measure functions yx, and
us. Evidently every §i-measurable function is {§:-measurable, since
&1 is contained in {2 If f(z) is bounded and §-measurable on a set
E, of §, for every ladder L the sums s(L), S(L) bave the same value
whether u; or us is used as measure function. Therefore

(4) [5, 1@ (B) = [, f@)dua(E).
If f(2) is non-negative and u;-integrable on E,, and

o fa(z) = inf {n, f(2)},
then the limit

lim [, (@) = lim [ f,@)dus(a)

exists. The limits of the members of this equation are the respective
members of (4), so (A) holds for such f(z). The extension from
integrals over E, to integrals over R, is similarly made, and the restric-
tion to non-negative f(z) is removed by applying the result already
proved to the functions f* and f-.

If u, and u; are regular, though not necessarily non-negative, on
the respective families {1, §s, they have the same positive and negative
variations »(E), v(E); for by 53.6 we can compute n(E) and »(E) on
bounded Borel sets, on which the two measure functions are surely
equal. By the part of the proof already completed, if f(z) is »- and
v-integrable when = and » are regarded as measure functions on
they are still »- and »-integrable when » and » are regarded as measure
functions on s, and the integrals retain the same values. By sub-
tracting, the conclusion of the theorem is established.

The integral defined in this section is very closely related to the
integral defined in §51, and there called the Lebesgue-Stieltjes integral.
(Historically, the form of definition used in this section has the better
right to the name.) The next two theorems show this relationship.

66.5. Let g(x) be of BV on every interval. Let m,E be the corre-
sponding measure-function, and M, the family of sets of finite g-meas-
ure. Let f(x) be defined over the space R,. Then if f(x) ts g-summable
in the sense of §51 over R, it 18 also m,-integrable in the sense of §55 over
Rg, and

[ f@dmE = [, [()dg(a).
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If g(x) is positively monotonic or left continuous the converse is also true:
if f(z) is m-integrable over R, it is also g-summable over R,.

Evidently f(x) is g-measurable if and only if it is 9?,-measurable, for
there is only one concept of measure present. We first suppose that
g(z) is positively monotonic, so that m,E is non-negative. Let f(x)
be g-measurable and bounded on a set E, of finite measure. Given
a ladder L: (lo, l;, - * + , lk), we define ¢(x) on E, to be the function
whose value is [,_, on the set E, = E([[,_, < f = 1], and we define
®(x) on E, as the function whose value is[,on E,. These are g-measur-
able functions, and ¢(z) < f(x) < <l>(:c) Hence

k
S(L) = E ll—lmaE / l} ldg
=1

I=1

[, o(x)dg(z) < / f@)dg(x
< [, ®@dg(z) = 2 [, Ldg(@)

k
= 3 Lm,E, = S(L).

1=1
But by definition of the integral with respect to m,E we have

s(L) < on f(x)dm,E < S(L).
Since s(L) and S(L) differ arbitrarily little, it must be true that

(*) [;.1@de@ = [, f()dm,E.

If f(z) is non-negative and g-measurable on E,, define f.(z) =
inf {n, f(z)}. Then by the preceding proof

Jo fr@dg@) = [, fa@)dm,E

for every n. Now f(z) is g-summable if and only if the limit of the
right member is finite, by 18.4; this is true if and only if f(x) is m,-inte-
grable. If the limits are finite, the limit of the left and right members
are respectively the left and right members of (*), in the one case by
definition and in the other by 18.4. Hence (*) holds in this case.

The extension to R, is made by use of the intervals W,, as before;
the proof is like that in the preceding paragraph. The restriction that
f(z) be non-negative is removed by applying the part of the proof
already established to f* and f~. This completes the proof of the
theorem for positively monotonic functions g(z).
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Suppose next that g(x) is of BV on every interval, but is not neces-
sarily positively monotonic. Let P(z), N(x) be a minimum decom-
position of g(z). If f(z) is g-summable over R,, it is also P-summable
and N-summable. By the part of the proof already completed, it is
both mp-integrable and my-integrable, and

[ J@ds@ = [, 1@dP@) = [, [@ING)
= /R'f(:c)dmpE - /n, f(z)dmyE.

But m,E is the sum of the measure functions m-E and —mvE. so by
55.3 the function f(z) is m,-integrable, and

[ f@de(@) = [, f(z)dm,E.

All that remains is to establish the converse for left-continuous
functions g(z). Let v(E) and v(E) be respectively the positive and
negative variations of m,E, as defined in 53.9. By 54.1 and 53.12,
these are regular measure functions on the family I, of sets of finite
g-measure. If p(z) and n(z) are defined as in 54.2, they are left con-
tinuous, so for every interval I of the type [a, 8) we know that A, =
m,l and A, ‘= m,I, by 47.5. But p(z) and n(z) were so defined that
A,] = n(I) and A,I = »(I) for all such intervals I (cf. 54.2, equation
(A)). Hence, by 53.8 and 53.7, for all sets E of the family I, we have

m,E = w(E), m.E = v(E).

Now let f(z) be a function defined and m,-integrable over E,. By
definition, it is both -integrable and v-integrable. By the preceding
equation, it is both m,-integrable and m,-integrable. But p(z) and
n(z) are positively monotonic, so by the part of the proof already
completed we know that f(z) is p-summable and n-summable. From
54.5, this implies that f(z) is g-summable, and the theorem is complete.

The next theorem is the analogue of 55.5 in which we start with a
measure function u(E) and seek a corresponding g(z).

66.8. Let u(E) be a regular measure function on the range §, and
let g(x) be the function described in 54.2. If f(z) 18 u-integrable over R,
it is g-summable over R, and

[, f@dg@) = [, f@du(E)

If § is the natural range of u(E) and f(z) is defined over Rq, then f(x)
is g-summable over R, if and only if it is u-integrable over R,
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Let §, be the natural range of u(E), and let u,(E) be the extension
of u(E) to its natural range §.. This extension is possible and is
uniquely determined, by the remark after 54.2. If § is already the
natural range of u(E), then § is § and u(E) is identically equal to
w(E) on §.

In defining the function g(z) of 5%.2 it is immaterial whether we
use p1(z) or u(x); for the definition of g(z) involves only the values of
#(E) on intervals [a, ), and on such intervals the function u and u;
are identical. Hence by 51.2 we conclude that the family I, of sets
of finite g-measure is the same as §,, and for all sets E of §, the equa-
tion m,E = ui(E) holds. Thus if f(z) is defined on R,, it is ur-inte-
grable if and only if it is m,-integrable. Since g(x) is left continuous,
f(z) is my-integrable if and only if it is g-summable by 55.5. Also, if
the integrals exist,

[ J@da@) = [, f@dmE = [ [@dm(@).

If § is the natural range of u(E), so that § = § and u, = 4, this
completes the proof. Otherwise, by 55.4, if f(z) is u-integrable it is
wi-integrable, and

Jo F@du(B) = [, f(z)dus(E).

This, with the preceding paragraph, completes the proof.

The postponed proof of conclusion (b) of 54.4 is now easily made.
With the notation and hypotheses of that theorem, if f(x) is g-sum-
mable it is m,-integrable, and

[, /@dg@) = [, s@dm.E,

by 55.5. From conclusion (a) of 54.4, together with 55.4, we find
that f(z) is m,-integrable, and

[R' f(z)dm,E = [R' f(z)dm,E.

Since v is left continuous, by 55.5 the function f(x) is y-summable
over R, and

fo J@dmE = [, f@)ir@)

This completes the proof of 54.4.
Summing up, we have shown that there is a one-to-one corre-
spondence between measure functions on their natural ranges and



8ec. 56 LEBESGUE-STIELTJES INTEGRAL 303

functions satisfying (i), (ii), and (iii) of 54.2. This correspondence
is such that, if u(E) on range § corresponds to g(z), then every set of
§ has finite g-measure, and conversely; every u-integrable function
f(z) is g-summable, and conversely; and if f(z) is g-summable, the two
integrals

[ f@dg@) and [ J@)du(E)

are equal.

From this correspondence it is evident without further proof
that all the theorems of §52 remain valid after mere notational changes
for integrals

[ S@adu(B),

provided that u(E) is a regular measure function on its natural range §.
As always, the apparent restriction that the range of integration be
R, is actually no restriction, since every integral can be written in
this manner.

Exercise. Let g(z) be of BV on every interval, and let u(E)
be a regular measure function on a family § of sets. Then there
exists a set E* with r-measure zero, and a function f(z) which is
g-summable over every set E of the family §, such that for every
set E of § the equation

w(E) = w(EE®) + [, f@)dg(z)

holds. If u(E) =0 whenever m,E = 0, then u(E) is absolutely
continuous (with respect to 7(z)) and

w(EB) = [ J(@)dg(@)

for every set E of §. .

(On bounded Borel sets consider the measure function u(E) —rm,E,
where r,, 73 *+  + is an ordering of the rationals. Construct the set P
of 53.11, and call it P, We may assume P,C P, if r, > r,, for we
can replace P, by U P, for all j such that r, 2 r,. Define E* to be
(NP)u (CUP,). Define f(z) to be the sup of all r, for which z is
in P;.) (Nikodym, Fundamenta Mathematicae vol. 15 (1930), p. 168.
Also H. Wilenski, Fund. Math. 16, p. 399.)

66. The set P of theorem 53.11 can be used in such a way as to
permit us to replace integrals with respect to measure functions u(E)
by integrals with respect to non-negative measure-functions, and to
replace integrals with respect to g(z) by integrals with respect to r(x).
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66.1. Let u(F) be a measure function on its natural range §, and let
P be the set defined in 53.11. Let f(x) be defined on the space R,. If we
define o(x) = Kp(z) — Kcp(z), then f(z) is p-integrable if and only if
f(z)o(z) is a-integrable, and in that case

(4) [, /@du(E) = [, f(@)o(z)du(B).

Suppose first that f(x) is w-integrable; by definition, it is then
r-integrable and »-integrable. The functions f(x) and f(z)e(x) differ
only on the complement of P, which has r-measure zero. Therefore

[o f@dr(B) = [, f@o()dn(E).
Likewise —f(z) = f(z)o(x) except on P, which has v-measure zero, so
[, 1@ (B) = [, [@)a(x)ds(E).

Since x(E) + v(E) = a(E), by 55.1 we see that f(x)o(z) is a-integrable
and equation (4) holds.

Conversely, let f(z)o(z) be a-integrable. For each interval W,
the intersections PW, and (CP)W, are bounded Borel sets, hence
in §. By 22.5 (which we may use because of 52.13 and the remark at
the end of §55) f(x)a(z) is a-integrable over W,. Since ¢(z) is 1 on
PW, and —1 on (CP)W,, it is bounded and a-measurable, so the
product [f(z)e(z)]e(z) = f(z) is a-integrable over W,. Now f(z)o(z)
is a-integrable over R, so by 52.3 its absolute value is also a-integrable.
But this is the same as | f(z) |, since o(z) = +1. From the definition
of the integral with respect to a we readily find that the preceding
three sentences imply that f(r) is a-integrable over B, 1t is there-
fore w-integrable and v-integrable by 55.1, so it is p-integrable by
definition. This completes the proof.

We deduce at once a corollary on g-summable functions.

66.2. If g(x) s left continuous and of BV on every wnterval, and P is
the set determined by m,E as in 53.11, and o(x) = Kp(z) — Kcp(x),
then in order that a function f(z) defined on R, be g-summable over R, 1t
18 necessary and sufficient that f(x)o(x) be r-summable over R, and in
that case the equation

[e J@ds@) = [, f@o@)dr()

holds.
By 55.5 and 55.6, this is merely 56.1 in another notation.
This theorem allows us to improve 52.21 slightly.
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66.3. If g(x) is left continuous, hypothesis (c) of 52.21 can be replaced

by
(c') for every positive e there is a positive & such that

| [ F-@dg(a) | <

for every g-measurable subset E of E* with m,E < 8.

If we replace the integrator g(z) by 7(z) and replace the functions
f(z), fa(z) by their respective products f(z)o(z), fa(z)o(x) with the
function ¢(z) of 56.1 we find that all the hypotheses of 52.21 are
satisfied. Therefore by 52.21 the function f(z)s(x) is r-summable, and

,.ll.n.l, E‘f,.(:c)u(x)d'r(:v) = /E'f(x)a(x)d-r(a:),
'}Lf!i oo | J2(2)0(2) — f(2)0(2) | dr(z) = 0.

The second conclusion is (omitting the factor | o(x) | = 1) exactly the
conclusion of 52.21, and by 56.2 the first conclusion can be written
in the form of the first conclusion of 52.21.

The next theorem concerns the reduction of Lebesgue-Stieltjes
integrals in which the measure function is itself defined by means of
an integral. As we saw in the preceding section, it does not matter
which of our two forms of definition of the integral we use. So for
convenience we use a hybrid form, involving hoth types of definition.

66.4. Let g(x) be defined and either positwely monotonic or left con-
tinuous on R, and of BV on every interval. Let h(x) be defined on R,
and g-summable over cvery set of finite g-measure. Let  be the famuly of
sets E over which the integral

H(E) = [, h(z)dg(a)

is defined. Then H(E) ts a measure-function on the range ©; and if f(x)
18 defined on R, it is H-integrable if and only if f(x)h(zx) is g-summable,
and 1n that case

* [o J@dHE) = [ f@)h(z)dg(z).

The class © may well be larger than the class of sets of finite
g-measure, for h(z) may be g-summable over sets which do not have
finite g-measure. It may even include sets which are not g-measur-
able, since $ will contain all sets on which h vanishes identically, even
though they are not g-measurable.
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For each n the function h(z) is g-summable over W,, so the subset
W.RJ[|h| = =] of the interval W, on which h is not finite has
g-measure zero, by 23.1. Adding these sets for all #n, we find that
RJ|h| = =] has g-measure zero. On this set we can re-define h(z)
to be zero without changing any of the integrals mentioned in the
theorem. That is, we may assume without loss of generality that
h(z) is finite-valued.

We must first show that H(E) is a measure function on the family
. Condition 53.2(a) clearly holds, since every interval [, 8) has
finite g-measure. Suppose h(z) non-negative. If E,, E, are in 9, by
definition the functions h(z)Ks,(z), 1 = 1, 2, are g-summable over the
space R, By 52.3, so is sup {0, h(zx)Kg,(x) — h(x)Ke,(z)}. This is
identical with h(z)Kg,_5,(x), so h(z) is summable over E, — E,, and
53.2(b) holds. The restriction A 2 0 is readily removed by con-
sidering h* and h- separately. Let E,, E;, - - - be disjoint sets of
9, all contained in a set Eq of . If the E, are finite in number, the
function

h(z)Kys.(z) = Zh(z)Ks,(z)

is g-summable by 52.3, and U E, is in §. If they are denumerably
infinite, then

h(z)Kys.(z) = lim ih(z)K,.(z),
n—eo

and
|3 HoKs@ | 5 1 hz) | Kato),
1

which is summable. By 52.20, conditions (¢’) (see remark after 53.2)
and (f) are satisfied. For (e), we observe that if E is in § and E,,
-+ +, B, are disjoint sets of § contained in E, then by 52.3

QIHE) | = Y| [ idga) | < 3, [, 1ha) | dr(a)
s [, k@) | dr(2).

Thus H(E) is actually a measure-function.

Suppose first that h(z) is non-negative and g(z) positively mono-
tonic. Let f(x) be a function defined on a closed interval I and having
a finite number of distinct values c;, - - -, ¢, the value ¢, being



8ec.564] LEBESGUE-STIELTJES INTEGRAL 307

assumed on a set E, of the family . Then f(z) is H-integrable, and

k k
[i@an = 3, aHE) = 3, [, ch@da@

7=1
= [ J@h(z)dg(2).

Hence f(z)h(z) is g-summable over I, and the equation

(4) [ J@dHE) = [ [@h@)dg()

holds.

Suppose next that f(z) is non-negative, bounded and H-integrable
over I;say 0 S f(z) < M. We define the ladder L, by subdividing
the interval [— M, M] into 2**! equal parts by points [(» = j- M - 2™,
j=—=2% —2"+1, - -, 2" As before, we define E® to be the
set I[l™ < f S I™]. If fu(z) is defined to have the value ™, on E™,
we see that ~

2»
sL) = % LaHE®) = f, f(z)dH (E).
Jm=—2"+1

Since f.(z) can also be regarded as the greatest one of the numbers
I which is less than f(z), and the numbers I{™ are included among the
I~+v it is immediate that fi(z) S fa(z) S - - - . Moreover, it is
easy to see that as n — o« the functions f.(z) tend (in fact uniformly)
to f(z). Hence by the definition of the integral,

lim fl f2(@)dH(E) = lim s(Ly)
= [ 1@dH®).

By the preceding paragraph, each product f.(z)h(z) is g-summable,
and

(B) [ I@)AHEB) = [ 1(2)h@)de(@).

This, with the preceding equation, shows that both members of (B)
tend to the left member of (4) as n — ». But h(z) being non-
negative, we have fi(2)h(z) < fs(z)h(z) S - - - > f(z)h(z). So by
18.4 the product f(z)h(x) is g-summable and is the limit of the right
member of (B), so that equation (A4) is satisfied.

Conversely, let us suppose that f(z) is non-negative and bounded
and that f(z)h(z) is g-summable over a closed interval I. If we can
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show that f(z) is §-measurable on I, then since it is bounded it will
be H-integrable, and by the preceding paragraph equation (4) will
hold. Consider then the set I[f > a]. If f(z) > a, then f(z)h(x)
exceeds ah(x) unless h(z) vanishes. That is,

I[f > a] = I[fh > ah]U (I[h = O] N I[f > a]).

The last summand in this equation is a subset of I[h = 0]; over this
set h(z) is g-summable, and its integral is zero. That is, the last
summand has measure H(I[h = 0] n I[f > a]) = 0. It remains to
show that the set

I, = I{fh > ah)
is P-measurable.

By hypothesis, the functions f(z)h(z) and ah(r) are g-summable
over I. Hence f(z)h(z) — ah(z) is also g-summable over I. By 21.3,
the set I, = I[fh — ah > 0] is g-measurable. By 22.5, h(x) is g-sum-
mable over I,. This is exactly the definition of the statement that I,
is H-measurable.

We now remove the restriction that f(z) is bounded. Suppose that
f(z) is non-negative and H-integrable on I. By definition, for every
positive integer n the function f.(z) = inf {n; f(z)} is H-integrable,
and

lim [ f(z)AH(E) = [ f(z)dH(E).
By the preceding proof, f.(z)h(z) is g-summable over I, and

[ f@h@dg@) = [, 1x(z)dH(E).

This, with the preceding equation, shows that
lim [ f(@h(@)dg@) = [ J@)HE).

But fa(z)h(z) increases monotonically with n and approaches f(z)h(z);
so by 18.4 the product f(x)h(z) is g-summable over I, and equation
(4) holds.

Conversely, let f(z) be non-negative and let f(z)h(z) be g-summable
over I. Defining f.(z) as above, we see that

fa(2)h(z) = inf {f(z)h(z), nh(z)}.

Each of the functions f(z)h(z), nh(z) is g-summable over I, by
hypothesis. Hence f,(z)h(z) is also g-summable over I. Since fa(z)
is bounded, by a preceding part of the proof we know that f.(z) is
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H-integrable and equation (B) holds. By 18.4, as n — « the right
member of (B) tends to a finite limit, namely the right member of
(A4). Hence by definition the left member of (A) is defined and equa-
tion (A) holds.

Next, suppose that f(z) is defined and non-negative on B,. By
using integrals over the intervals W, instead of the integrals of the
fa(z), we can prove as above that f(z) is H-integrable over R, if and
only if f(zr)h(zr) is g-summable over R,, and in that case the equation
(*) of the theorem is satisfied.

Let f(z) be any function defined on R,. By definition, it is H-inte-
grable over R, if and only if f+(z) and f~(z) are both H-integrable over
R, Since f* and f~ are non-negative, the preceding proof shows that
they are both H-integrable over R, if and only if both f*(z)h(x) and
S (x)h(x) are g-summable over R,. But

J*(@)h(z) = sup {f(z), 0} - h(z) = sup {f(z)h(z), O}
= [f(@)h@)]*,

J-@)h(z) = [f(z)h(2)]".

Hence f(x) is H-integrable over R, if and only if both [f(z)h(z)]*
and [f(z)h(x)]~ are g-summable over R, This is the necessary and
sufficient condition that f(z)h(x) be g-summable over R,. Moreover,
if the integrals exist, then the analogues of (*) hold for f*+ and for f-.
By subtraction, equation (*) is satisfied.

We now remove the restriction that h(z) be non-negative. The
integral

and likewise

«(E) = [, |h@)|dg(z)

is defined for all sets E of the family §, by 18.3. This set-function
is in fact the total variation of H(E) for all sets E of ©, as we now
prove. Let E, be any set of the family  and let k be a number less
than the total variation of H(E) on E,. Then there are disjoint sets
E, - -+, E, of the family §, all contained in E,, and such that

S 1HE) | > k.
J=1

But then by 18.3
k<3 | [, Me)g@) | s z Ji, V@) ldg(z) = [ |h(a) | dota)

< [, 1@ | dg(@) = a(Eo).
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This is true for all k less than the total variation of H(E) over E,, so
that the total variation cannot exceed a(E;). On the other hand, let
P be the set of all z such that h(z) > 0. Then E P is measurahle, as
follows from 21.4 and 21.3; and

total variation of H(E) over Eq 2 | H(EoP) | + | H(E, — P) |

= |pp M@)dg(z) — fs.— p M(@)dg(2)

= [.,14@) | dg(a).

Our statement about a(E) is thus established.

The set P on which h is positive serves as the P of 53.11, since
H(E) is non-negative if E is in P and non-positive if £ is in the comple-
ment of P. Let oo(x) be the function Kp(r) — Kce(z), which is 1
onPand —1on CP. Aswesaw in 56.1, a function f(x) is H-integrable
if and only if f(z)so(z) is a-integrable, and if the integrals exist they

are equal:

Jo J@AHE) = [, f@osa)daE).

By the preceding part of the proof for non-negative functions h(z),
the function f(z)oo(z) is a-integrable if and only if f(z)oo(2) | A(z) |
is g-summable, and in that case

[ f@ou@)da(B) = [, [@os(z) | h(2) | dg(@).

But oo(z) | h(z) | = h(z), and we have therefore shown that f(z) is
H-integrable if and only if f(z)h(z) is g-summable, and in that case
equation (*) holds. The proof of the theorem for positively monotonic
functions g(z) is complete.

Finally, let g(z) be left continuous on the whole space R, and of
BV on every interval. With the help of the set P of 53.11 we define
the function ¢(z) = Kp(z) — Kco(z). By 56.2, the existence and
value of the integrals H(E) and [f(z)h(z)dg(z) are unaffected if we
simultaneously replace g(z) by 7(z) and h(z) by h(z)o(z). But r(z) is
positively monotonic, so by the preceding proof f(z) is H-integrable
if and only if f(z)h(z)e(z) is r-summable. This in turn is true if and
only if f(z)h(z) is g-summable; and if the integrals exist, then

Jo J@AHE) = [, f@h@o()dr()
= [, J@h@ds(@).

The proof of the theorem is complete.
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Let us now restrict our attention to simple integrals and choose

g(z) to be z. Let y(z) be a function defined on R, and AC on every
interval, so that

() — v(a) = ﬁ-y‘(z) dz.

Theorem 56.4 then yields the following corollary.
66.5. If v(z) v defined on R, and AC on every interval, and f(z) s

defined on R,, then f(x) is y-summable over R, if and only if f(x)v(x)
18 Lebesgue summable, and in that case

[ f@dr@) = [, 1@)i() dx.



CHAPTER VIII

The Perron Integral

67. The definitions of integral so far considered have all rested
fundamentally on a limiting process performed on finite sums. But
one of the oldest—if not the oldest—of all definitions of integral is
based on the inversion of the process of differentiation. To Newton,
an (indefinite) integral F(z) of a function f(z) meant a funection,
necessarily continuous, whose derivative F’(z) is everywhere equal
to f(z). For us, this definition is too restrictive. It is possible to
construct quite simple functions which cannot be everywhere the
derivative of any function. For instance, define f(z) = 0 for z = 0,
f0) = 1. If F'(z) = f(z), then by the theorem of the mean F(z)
is constant for £ < 0 and for z > 0. Hence by continuity F(z) is
constant, and F'(0) = 0 = f(0). On the other hand, if we weaken
our requirements and ask only that F'(x) = f(z) almost everywhere,
we have gone too far. For example, if f(z) is defined and identically
zero on 0 = z = 1, we wish F(z) to be constant on [0, 1]. Yet in §9
we constructed a function which is continuous and is constant on
each of a set of intervals in [0, 1] whose total length is 1. If we take
F(z) to be this function we find F'(z) = 0 = f(z) almost everywhere,
while* F(0) = 0 and F(1) = 1. So if we are to ask only that F’ = f
almost everywhere, we must impose some other sort of condition on F
or else lose all meaning.

As an example, let f(z) be defined on an interval (a, b), and let us
say that F(z) is an integral of f(z) if F(z) is AC and F’ = f almost
everywhere. From our preceding theorems, we find at once that this
definition coincides with the definition of the Lebesgue integral

L * {(z) dx.

However, another path is suggested to us by the proof of 33.1.
There we made use of continuous functions U(z), L(z) satisfying the
relations U(a) = L(a) =0, — o 3 DU(z) 2 f(z), +» = DL(z) <

* It is even possible to show that if f(z) is any measurable function on an inter-
val [a, b] and ¢(z) 18 continuous on [a, b], and e is an arbitrary positive number,
there exists a function F(z) such that F’(z) = f(z) for almost all z in [a, b] and
‘F(z) — o(z) | < efor all z1n [a, b]. (Lusin, Integral and Trigonometric Series,
Moscow (1915). Unfortunately this book has not been translated from the
Russian and is quite rare.)

312
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f(z). For any function f(z) we could seek all such functions U(z)
and L(x), and if the inf F'(z) of all U(z) was at the same time the sup
of all L(x), we could take F(r) to be the (indefinite) integral of f(z).
This is the definition of integral due to O. Perron, and it is essentially
this definition with which we shall now be concerned. However, we
find it convenient to phrase the definition somewhat differently.
Instead of using a pair of functions we use a set of four. The advan-
tage is that this permits us to prove a very general theorem on integra-
tion by parts (65.1); Perron’s definition does not seem to lead directly
to any proof of this theorem. The disadvantage of the present
definition is that it requires us to consider four functions instead of
two, which sometimes lengthens the writing slightly but does not
make the reasoning any more difficult.

Let f(z) be defined on an interval [a, b]. We say that

67.1. A set of four functions ¢'(x), ¢*(x), ¢*(x), ¢*(x) is a tetrad
adjoined to f on (a, b] if

(a) the ¢'(x) are continuous on [a, b], and ¢'(a) = 0;

(b) ofr all except at most a denumerable set of values of x the relations

—00;£D+<plgf, —Oo;éD—‘ngf)
to #DgPSf, +o #DtsS

are vald on [a, b].
In case the functions ¢*(z) also satisfy the condition

l‘P'(b) - ‘P’(b)l <ee (7').7 = 1) 2, 3; 4)

the tetrad will be said to be e-adjoined to f. Functions satisfying the
conditions imposed on ¢!, ¢? ¢% ¢* respectively will be called right
majors, left majors, left minors, and right minors. (The supersecripts
are those suggested by the usual numbering of the four quadrants.)

In this terminology we give our definition of integrability.

67.2. A function f(x) is Perron integrable (or, more briefly, P*-inte-
grable) on an interval [a, b] if for every positive e there is a tetrad e-adjoined
to f(zx) on [a, b].

This defines the concept of integrability, but before we define the
integral itself, it is convenient to establish a few preliminary theorems.

For brevity, throughout the rest of this chapter we shall understand
the word ‘‘integrable” to mean P*-integrable unless some other
meaning is specifically stated.

67.3. If y(x) is any major of f and ¢(x) is any minor of f, then
V(z) — ¢(x) 18 @ monotonic increasing function.
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Suppose that ¢ is a right major and ¢ a right minor; then except
for a denumerable set of values of x the difference D,y — D*¢ is
defined, since D4y and D¢ are not both infinite of the same sign.
Also, except for a denumerable set of values of z this difference is
non-negative, for D,y 2 fand D*p < f. Hence by 31.4 the inequali-
ties D.(¢ — ¢) = D¢ — D*¢ = 0 hold except perhaps on a denumer-
able set, and ¢ — ¢ is monotonic increasing by 34.1. A like proof
holds if ¢ is a left major and ¢ a left minor.

In case ¥ and ¢ are of opposite sides, the proof is rather more
difficult; so we interrupt ourselves to establish a lemma.

67.4. If g(x) 1s any fimte-valued function defined on an interval
[a, b], then except at most for a denumerable set E of values of x the
inequalities

D*¢(z) 2 Dg(z) and  D7g(z) = Dyg(x)

hold.
Let E, be the set on which D*g < D_g. For every z in E), there

is a rational number p between D*g(z) and D_g(x); and if n be chosen
large enough, the inequalities

) @) = g(x) o | 0(0) = g")
-z r—2x
hold whenever
1 ’ 17 1
(B) r—-<z <z <r+ -
n n

Thus if we define E(n, p) to be the set of all points z for which the
inequalities (A) hold whenever (B) holds, we see that every point z
of E, belongs to some E(n, p) for properly chosen n and p. Since
n and p have denumerable ranges, there is only a denumerable number
of sets E(n, p); and when we show that each E(n, p), contains only a
finite number of points, the denumerability or finiteness of the set
E,.c U E(n, p) will be established.

If two points z,, z2 belong to E(n, p), their distance is at least 1/7.

Otherwise we would have, say, z, < z2 < 2, + 11; In (4) we could

take 2’ = r,, * = 22, and obtain

o@) — 9@ o

Ty — X
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We could also take z = z,, 2" = x,, and obtain

) 5 0@ = g(z)
Xy — X

This is a contradiction, so the distance between z; and z, must be at
least 1/n. Hence in the finite interval [a, b] there can be only a finite
number of points of E(n, p), and so there can be at most a denumerable
set of z at which D*g < D_g. The other statement of the lemma is
similarly established.

Returning now to 57.3, suppose that y is a right major and ¢ a left
minor of f. Then except on a denumerable set E the inequalities

Dio(z) £ D ¢(x) < f(2),
D+¢(:€) S D_‘P(x) < =,
— o 7% Dyy(x) 2 f(z)

all hold. Hence except on E the difference D,y(z) — D o(z) is
defined and non-negative, so by 31.4 we have

D*(y(z) = ¢(z)) 2 Di¥(z) — Dip(z) 2 0

except on E. Applying 34.1, ¢y — ¢ is monotonic increasing. A
like proof holds for the remaining case, in which y is a left major and
¢ a right minor.

A simple consequence is |

67.6. If the tetrad [¢*(x)] 18 e-adjoined to f on [a, b}, it is eadjoined
to f on [a, z] for all x such thata < z S b.

The greatest of the four functional values at z is one of the numbers
¢'(z), ¢*(x), say to be specific ¢!(z); and the least is one of the numbers
¢*(z), ¢'(z), say ¢*(z). Then by 57.3, 0 < ¢'(z) — ¢*2) S ¢'(b) —
¢¥(b) < ¢ s0 all four numbers ¢*(z) differ by less than e.

67.6. (Corollary). If f(x) is integrable over [a, b], it is integrable
over [a, z] fora < z £ b.

This enables us to prove

67.7. If f(x) is integrable over [a, b], there is a function F(z) which is
the inf of all right majors ¢'(x), the inf of all left majors ¢*(x), the sup
of all left minors ¢*(x) and the sup of all right minors ¢*(z). In this
case we define

L * f(z) dz = F(b).

Let ¢o(x) be any minor of f. For every right major ¢!(x) we have
¢'(r) 2 ¢o(z), @ < z < b; hence, defining F(r) to be the inf of all
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right majors, F(z) 2 ¢o(z). Since this inequality holds for all minors
#o(z) the function F(z) is an upper bound of ¢o(z) for all minors. We
now show that it is the sup of all right minors and also the sup of all
left minors. By definition, for every ¢ > 0 we can choose a right
major ¢'(x), a right minor ¢*(z) and a left minor ©3(z) such that
0 < ¢'(b) — *b) < eand 0 £ ¢'(b) — ¢*(b) < e Then

0 £ F(x) — ') S 0'(z) — ¢*(x) S ¢'(b) — ¢*(b) < ¢
0 £ F(z) — ¢3z) S o'(z) — 0¥(x) S ¢'(b) — %)) < ¢

for all z in [a, b]. Hence F(z) is the sup of all right minors ¢*(x) and
of all left minors ¢%(z). Reversing the réles of minors and majors,
F(z) is also the inf of all left majors ¢*(z), as was to be proved.

The definition of the integral in 57.7 is actually equivalent to
Perron’s, but the proof of the equivalence is far from simple. Instead
of proving it, we content ourselves with the remark that our definition
reduces to Perron’s if we require that for every e there shall be tetrads
¢* which are e-adjoined to f(z) and satisfy the 1dentities ol(x) = ©*(x)
and ¢%z) = ¢*(x). Thus it is not surprising that many of our
proofs—in fact, all except the proofs of 65.1 and 66 1—transform into
the corresponding proofs for the usual Perron integral if we regard
¢! and ¢? as identical and also regard ¢? and ¢* as identical

The next theorem is a corollary of 57.7.

67.8. If f(z) is integrable on an interval [a, b] and F(z) 1s the function
described wn 57.7, then

[} f@) dz = F(®)

for all £ suchthata < £ = b.

Let € be a positive number, and let [¢'(z)] be a tetrad e-adjoined
to f(z) on [a, b]. By 57.5, it is also e-adjoined to f(z) on [a, ], so by
the definition 57.7 of the integral

PO 2 [[f@dzz o) > e — e

But by 57.7
o' (§) 2 F(§) 2 ¢4(D),
80

| Fo - [(f@ dz| < e

Since € is an arbitrary positive number, this establishes the theorem.
68. Let us now investigate the elementary properties of the
P*-integral.
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68.1. If f(x) s integrable over [a, b], the function

F(z) = / * (2) dz

18 continuous.

For every positive integer n it is possible to find a right major
pi(z) and a right minor ¢}(z) such that ¢1(b) — ¢4(b) < 1/n. Then
by 57 3 and 57.7

0 < F(z) — () vu(x) — o3(x)
< oi(b) — #4(b) < -

Hence the continuous functions ¢i(xr) converge uniformly to F(z)
on [a, b], and F(x) is therefore continuous.

Remark. From the proof of 58.1 it follows that if [¢*(z)] is any
tetrad adjoined to f(x) on [a, b], the differences ¢'(z) — F(z), ¢%(z) —
F(x), F(x) — ¢*(x), F(x) — ¢*(x) are monotonic increasing. Consider
for example the function ¢'(x). The ¢} (x) being defined as in 58.1, the
difference ¢'(z) — ¢2i(x) is monotonic increasing, by 57.3. But ¢'(x)
—F(x) = hm [p'(x) — pi(x)], so ¢'(x) — F(x) is also monotonic

increasing.

68.2. If f(x) s integrable on [a, b), 1t 1s inlegrable over every sub-
wnterval [a, B] of [a, b].

Let the tetrad [¢*(x)] be ¢/2-adjoined to f(z) on [a, b]. The func-
tions ®'(x) = ¢'(x) — ¢*(a) are then e-adjoined to f(z) on [a, B].
For they are continuous on [a, 8] and satisfy the equations ®*(a) = 0.
The conditions on the derivates are satisfied, since the ®*(z) have
the same derivates as the ¢*(r). And they are e-adjoined, for

| #(B) — ®@) | = |¢(B) — ¢B) | + | ¢(a) — ¢(a) | <e

68.3. If a < b < ¢, and f(z) s integrable over [a, b] and over [b, ],

then f(x) 1s integrable over [a, c], and

ch(x) dz = /;bf(x) dr + j;cj(x) dz.

Let [}(x)], [¢3(x)] be tetrads e/2-adjoined to f(z) on the respective
intervals [a, b, [b, ¢]. Define
P(x) = ¢i(2), Sz s,
¥(z) = ¢}(b) + w'z(x), b<zs=

Then ®'(a) = ¢}(a) =0, and the &'(x) are continuous on [a, c].
The conditions on the derivates are satisfied, since the derivates of
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&i(x) are the same as those of ¢}(r) for a < r < b, and the same as
those of gi(x) forb < x = ¢. Also,

| #'(c) — ®(c) | = | @i (b) + oi(c) — i(b) — &hlc) |
S [ oi(d) — @i(d) | + | eile) — @hle) | < e

Since e is arbitrary, this proves that f(x) is integrable on [a, ¢].
By the definition of the integral,

el®) s [ 1) dz < i),
o0 S [/ 1) dx S o(o).

Adding and recalling the definition of ®*, we obtain

®4(c) = Lbf(.v) dr + ﬁcf(.r) dxr < ®Y(c).
But by the definition of the integral

®i(c) = ch(r) dr = d'(c).

Hence the two members of the equation in 58.3 both lie in the same
interval of length less than e. Since € is arbitrary, the two members
are equal, and 58 3 is established.

68.4. If f(x) 1s integrable over [a, b], and k 1s a finite constant, then
kf(z) 1s antegrable over [a, b], and

/a *kf(z) dzx = k [ * f(2) da.

For k = 0 this is trivial. Suppose that & is negative. Let [¢*(z)]
be ¢/| k | -adjoined to f(x) on [a, b], and define

V() = k'),  ¥Hz) = ke'(2),
Vi(z) = ke®(z),  ¥Hx) = ke'(2).

The functions y*(z) then form a tetrad e-adjoined to kf(z) on [a, b].
For these functions are continuous and vanish at = a. From the
definition 31.1 of the derivates, together with 6.3, we find

Dy'(z) = Dike*(z) = kD*¢*(2).

Since + o # D+p4(z) < f(z) save on a denumerable set, and k is
negative, we find

— o # kDo*(z) = kf(z)



SEkc. 58.5] THE PERRON INTEGRAL 319

except on the same denumerable set; that is, ¢'(x) satisfies the derivate
conditions required of a right major. The other three functions can
be discussed similarly. Finally,

[y ®) —w®) | = k] |eb) —¢®) [ <¢

so [y*(x)] is a tetrad e-adjoined to kf(z) on [a, b].
From the inequality

IIA

o®) S [ 1(2) dz < ¢'0)

we deduce

Wi(b) = ko'(d) 2 k / * f(x) dz = ko'(b) = ¥A(b).

But since ¢!(x) and ¢*(x) are respectively a right major and a right
minor for kf(x), we must have

Vo) 2 [ K@) de 2 ee).

Since the interval [¢4(b), ¢!(b)] has length less than the arbitrary
positive number ¢, and both members of the equation in 58.4 are 1n
that interval, the equation must hold. This completes the proof if
k <0.

If k is positive, we apply the part of the thcorem already proved
first to —kf(z) and then to (—1)[(—k)f(z)]. This completes the proof.

68.6. If f(x) is integrable over [a, b, then f*(x) = f(—x) is integrable
over [—b, —a], and

(*) /_—baf*(:c) dx = Lbf(.z:) dr.

Let [¢*(z)] be a tetrad e-adjoined to f(z) on [a, b]. For —b =z
£ —a, define
yi(x) = ¢*(b) — ¢*(—2),
¥i(x) = ¢'(b) — '(—1),
Yi(x) = ¢4(b) — ¢*(—1),
Vi) = ¢(b) — ¢} (—2).

These are continuous, and they all vanish at z = —b. By 31.7, for
each z in [—b, —a] the equations

D\ (z) = D_¢*(—z), D_y*x) = Dyp'(—2),
D~y¥z) = D*tp!(—z), D*'(z) = D ¢*(—2)
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all hold. It follows at once that the conditions in 57.1 on the deri-
vates are satisfied; for instance, D y!(z) = D_¢?(—zx) * — o and
Dy (z) = D_¢*(—2z) = f( —x) = f*(x) save on a denumerable set.
So [¥#(z)] is a tetrad adjoined to f*(z) on [—b, —a]. Also, each differ-
ence | y*(—a) — ¥(—a) | is one of the numbers | o*(b) — £*(b) |, and
is therefore less than e. Hence the tetrad is e-adjoined to f*(z). Since
¢ is arbitrary, this proves that f*(z) is integrable over [—b, —al].

To establish equation (*), we observe that the left member of (*)
is in the interval [¢*(—a), ¥'(—a)], while the right member of (*)
belongs to the interval [¢%(b), ¢2(b)], by the definition of integral.
These intervals have length less than ¢, and they coincide, since
Y4(—a) = o*(b) and ¢'(—a) = ¢%b). Hence the two members of
(*) differ by less than e. But € is an arbitrary positive number, so
the two members of (*) are equal.

68.6. If fi(x) and fi(x) are integrable over [a, b, and the sum fi(x)
+ fa(z) is defined on [a, b, then fi(x) + f2(x) is integrable on [a, b, and

[ 1@ + @l dz = [ 1@ dz + [ @) dz.

Let ¢ be a positive number, and let the tetrads [¢}(x)], [¢%(x)] be
¢/2-adjoined to fi(z) and f.(x) respectively. Define ®(z) = ¢}(z)
+ ¢3(z), e =1, - - -, 4. It is clear that each & (x) is continuous
and #'(a) = 0. Except on a denumerable set E the relations — e
# Dipi(z) 2 fi(x), — o 5% D,pi(z) = fo(x) both hold. Hence by
31.4, except on E we have

D,2'(z) 2 Dip}(z) + Dyei(z) 2 fiz) + fa(2),
D,#'(z) 2 Di¢}(z) + Dipi(z) > — .
The other three functions #*(z) can be shown similarly to satisfy the
requirements in 57.1. Clearly
| #i(b) — ®(0) | = | oi(b) + ¢3(b) — ¢i(b) — @4(b) | -
S | eid) — @i(d) | + [ ¢a(b) — ¢h(b) | < e

So fi(z) + f2(z) is integrable.
To establish the equation, we have

G0 s [[r@dzs ), j=12

Adding, the right member of the equation in 58.6 lies in the interval
[¢1(b) +¢i(b), 01(b) + ¢}(b)]; that is, in the interval [®4(b), #!(b)]. But
the left member of the equation is also in this interval, which has length
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less than e. So the two members of the equation differ by less than
the arbitrary positive number ¢, and must be equal.

68.7. Corollary. If fi(x), - - -, fu(z) are integrable over [a, b], and
A1y, ¢ ¢, haare finite constants, then ZN,f,(x) 18 integrable over [a, b), and

L ”i N (z) dz = 2 A / * f.(z) da.

1=1 1=1
This follows from 58.4 and 58.6.
68.8. If fi(x) and fa(x) are integrable over [a, b, and fi(zx) 2 fa(z),
then

[ 1@ dz 2 [ @) d.

Let h be any number less than the right member of the inequality.
There is a right minor function ¢*(z) adjoined to fi(xz) such that
%) > h. But this same function ¢*(z) also serves as a right minor
for fi(x); hence

[ @) dz 2 4(®) > b
This holds for every h less than the integral of f,(x), and the inequality
of the theorem follows at once.

This yields a simple corollary.
68.9. If f(x) and | f(z) | are both integrable* on [a, b], then

| [P1@ x| < [*15@) | da.
This follows from 58.8 and the inequality

- @) | =2 /@) = 5@ 1.

68.10. If the function F(x) 1s defined and continuous on [a, b], and
for all except at most a denumerable set of values of x in [a, b] the derivative
F'(x) s defined and finute, then F(x) 1s integrable, and

L *F(z) dz = F(z) — F(a).

If we take ¢'(z) = F(x) — F(a), 1 =1, 2, 3, 4, t_he tetrad ¢'(x)
satisfies the requirements in 57.1. It is e-adjoined to ¥(z) on [a, b] for
every positive ¢, so F(z) is integrable. Also,

F@ = F@) = o) S [[F@) d 5 ¢'®) = F@) - Flo),

establishing the equation in the statement of the theorem.

* We shall see that this is equivalent to requiring that f(z) be Lebesgue sum-
mable.
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69. We are now able to indicate the generality of the Perron
integral. Suppose that f(z) is Lebesgue summable over the interval
[a, b]. By definition, for every positive ¢ there exists a U-function
u(z) and an L-function I(z) such that u(z) = f(xr) = I(z) and

0= Lb(u—l)d:c<e.
Construct now the functions
U) = [ *u(z)dy, L) = / * () da.

These functions are continuous, and U(a) = L(a) = 0. Also, by
33.1,

DU(z) 2 u(z), and  — = #u(z) 2 f(z);
and likewise
DL(z) £ l(x), and + o = I(x) £ f(x)

Therefore U(z) is a right major and a left major of f, (cf. 31.3),and
L(z) is a right minor and a left minor of f. We have thus obtained
a tetrad

0'(z) = ¢¥z) = U(x), #*2) = ¢*(z) = L(2)

which is eadjoined to f, and so f is Perron integrable. Moreover, both
the Perron and Lebesgue integrals of f lie between L(b) and U(b), and
so differ by less than e. Since ¢ is arbitrary, the two integrals are
equal. We have therefore proved the following theorem.

69.1. If f(x) is Lebesgue summable over [a, b], 1t 18 P*-integrable over
[a, b], and the Lebesgue integral of f(x) over [a, b] is equal to its Perron
wntegral.

This proves that the P*-integral is at least as general as the
Lebesgue integral, for functions defined on intervals in one-dimensional
gpace. To prove that it is actually more general, we need only give an
example of a function which is Perron integrable but not Lebesgue
summable. For this purpose we define F(z) = z? cos rxz~% for
0<z =1, F0) =0. This function has a finite derivative for each
value of z; for the differentiation is elementary for = = 0, while at
z = 0 we have

h?cos vh=? — 0 h?

But F(z) is not of BV on the interval [0, 1]. For if we subdivide
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[0, 1] into theintervals[a,, a,41], where ag = 0, @y = n~4, a2 = (n — 1)74,
c o, ap =274 a, = 1, we find

n—1 n
; | Fa) — Flan) | > 21‘,1"‘,

which is unbounded as n — «.

The function F’(z) is P*-integrable on [0, 1], by 58.10; and
F(z) = [) *F'(2) dz,

the integral being a P*-integral. But F’(z) is not Lebesgue summable
on [0, 1]. If it were, by 59.1 the preceding equation would still be
valid if the integral were understood to be a Lebesgue integral. By
27.7, F(z) would be AC, hence by 9.1 it would be of BV. We have
seen that it is not of BV.

60. Occasionally (for example, as we shall see, in the proof of
64.1) it is convenient to be able to relax condition (b) in the definition
(57.1) of adjoined tetrads by requiring only that D,e! 2 [, etc.,
almost everywhere. Hence we shall prove that this relaxation leaves
the definition of integrability and of the P*-integral unaltered.

60.1. A necessary and suffictent condition that a function f(z),
defined on an interval [a, b}, shall be Perron integrable on [a, b], is that for
every € > 0 there shall exist a set of four functions ¥', Y2, ¥°, ¥* such that

(a) ¥*(x) 1s continuous, and y'(a) = 0;

(b) the conditions D y! # — o = D_y? D~y* % + o 7 D+y* hold
Jor all x in [a, b] except at most those x belonging to a denumerable set Eo;

(c) the conditions D y* 2 f, D_y* 2 f, D~y? £ f, D*Y* < f hold for
almost all x in [a, b];

(d) the inequalities | $'(b) — ¢4(b) | < ¢, | Y2(b) — ¥3(b) | < € hold.

If f(x) is integrable, and the functions y*(x) satisfy (a), (b), (c), then

™ v 2 Lbf(x) drz () (=10r2j=3ord).

The conditions are clearly necessary, for they are satisfied by every
tetrad e-adjoined to f(z). We must prove them sufficient. Let E be
the set of measure zero on which one or more of the inequalities in (c)
fails to hold, and let h(x) be + < on E and 0 elsewhere. Then h(z)
is summable on [a, b], and its Lebesgue integral is 0; so by 15.1, for
every positive number § there is a U-function u(z) on [a, b] such that
u(z) 2 h(z) and the integral of u(z) over [a, b] is less than 8. Define

1) = [ u(@) ds;
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then

(4) 0= 7() <y,

and by 33.1 we have

(B) Dy(z) 2 u(x) 2 h(z) 2 0.

We now define
() = Yi(x) + v(),
ei(x) = Y¥(x) + v(1),
¢¥(x) = ¢¥(x) — v(2),
ei(r) = ¢i(x) — v(2),

and we proceed to show that these functions form a tetrad (2¢ + 44)-
adjoined to f(z) on [a, b].

The four functions ¢'(z) are clearly continuous and vanish at a.
By 31.4 the inequalities

(€) D,o'(z) z Dyy'(z) + Dyv(x),
D_¢*(x) 2 D_y*(z) + D_y(x),
D=p¥z) = D¢3(z) — D_v(),
D*oX(z) = D*4(z) — Dyv(2)

hold on [a, b]. This, with (B), shows that D ¢! and D_y? are different
from — « except at most on the denumerable set E,, and D—¢?® and
D+pt are different from + « except at most on E,. Also, except on E,
we can prove that

(D) Dio'(z) 2 f(z) 2 D*o'(2),
D_¢*(z) 2 f(z) Z D™¢*(2).

For except on E we know that D y'(z) 2 f(z) by hypothesis and
D,y(z) 2 0 by (B), so by (C) the first of inequalities (D) is satisfied.
The others are similarly established. Iz is in E but not in E,, then
D,y (x) > — » and Dyy(z) 2 h(z) = =, so by (C) we have

Dio'(z) 2 = = f(x).

The other inequalities in (D) are established in a like manner. It is
thus demonstrated that the tetrad [¢*(z)] is adjoined to f(x) on [a, b].
By hypothesis (d) and inequality (4),

| 0'(®) — @4(b) = | ¥1(b) + v(b) — ¥*(b) + ¥(b) |
S |yib) — ) | +2]() |
< e+ 26.
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In the same way
| ¢%(b) — ¢*(b) | < e+ 28.

Since no minor can exceed any major, it is easy to deduce from these
inequalities that

l¢) —¢(0) | <2+ 46 (4,5=1,234).

So the tetrad [¢*(z)] is (2¢ + 46)-adjoined to f(z). Since ¢ and & are
arbitrary, this proves that f(x) is P*-integrable over [a, b].

Finally, to establish inequality (*) in 60.1 we need only observe
that if 2+ = 1 or 2 and j = 3 or 4, the function ¢'(z) is a major function
for f(x) and ¢’() is a minor function. Hence

Vb) + 8 2 ¥b) + v(b) = ¢(b)
2 [[@) dz 2 ¢b) = ) — v0)
2 vi(b) — &,

Since é is an arbitrary positive number, this implies that inequality (*)
is satisfied.

From 60.1 it follows that the usual extensions of the Riemann
integral are also special cases of the Perron integral. Without
entering too greatly into details, such an extension applies to functions
f(z)(a £ 2 £ b) which have infinite discontinuities on a closed denum-
erable set Ey, and yields as indefinite integral a continuous function
F(z) such that for every closed interval [, 8] in [a, b] which contains
no point of E, the difference F(8) — F(a) is the Riemann integral of
f(z) from a to B. If we define y'(z) = ¢%(z) = y3(z) = ¢4(z) =
F(z)— F(a), then the y*(z) are continuous, and y*(a) = 0. Moreover,
¥ (z) = F'(z) = f(z) almost everywhere, so that (c) of 60.1 is satisfied.
If 2, does not belong to the denumerable set E,, then f(z) is bounded
on a neighborhood of x,, so ‘hat F(z) satisfies a Lipschitz condition
and has finite derivatives on this neighborhood. Hence (b) of 60.1 is
also satisfied. Consequently by 60.1 and 57.6 f(x) is P*-integrable, and
its P*-integral is F(z) — F(a).

The next theorem follows readily from 60.1.

60.2. If fi(x) 18 integrable on [a, b], and fs(x) = fi(x) almost every-
where on [a, b], then f2(x) 1s also integrable, and

*) / ® fa(z) dx = / * 1\(z) dz.

For let [y*(x)] be a tetrad e-adjoined to fi(x). Then with respect to
fa(z), the tetrad [y*(z)] satisfies the conditions of 60.1. Hence fs(x)
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is integrable. By definition, the right member of equation (*) lies
between ¢4(b) and ¢'(b), and by 60.1 the left member is also between
those numbers. Hence the two integrals differ by at most

i) — ¥*(b) |,

which is less than ¢; and since ¢ is arbitrary, they are equal.

Theorem 60.1 permits us to generalize 58.10 somewhat:

60.3. If F(x) 1sdefined and continuous on [a, b}, and all four derwates
of F(z) are finite except at most on a denumerable set, and F'(x) 1s defined
for almost all z wn [a, b], then F(x) is integrable over [a, b], and

/: F(z) dz = F(z) — F(a).

If we choose y*(x) = F(x) — F(a), 1 = 1, 2, 3,4, we find that the
hypotheses. of 60.1 are satisfied with f(z) = F(z). Hence by 60.1
and 57.6, F(x) is integrable over [a, z], a < z £ b, and F(x) — F(a)

=y'@x) 2 [ *F(z) dz 2 y*(z) = F(z) — F(a). This establishes the

theorem.

If two AC functions have the same derivative almost everywhere,
they differ only by a constant, as 35.3 shows. The next theorem is an
analogue for functions which are not necessarily AC. .

60.4. If Fi(z) and Fi(x) are conltinuous on an wnterval [a, b], and
except at most on a denumerable set all four derivates of each function
are finite, and except on a set of measure O the derivatives F{(z) and Fy(x)
are defined and equal, then F\(x) and Fi(x) differ only by a constant on
[a, b].

By 60.3,

F(@) - F@) = [Th () dz, 1=1,2
But F\(z) = Fa(z) for almost all z, so by 60.2 we have
7 Fi@) dz = [7Fa@) da.
This, with the preceding pair of equations, yields
Fi(z) — Fi(a) = Fa(z) — Fi(a).
61. The proof of the fundamental theorem for the Perron integral

follows closely the corresponding proof for the Lebesgue integral
(33.3).



Sec. 61.1] THE PERRON INTEGRAL 327
61.1. If f(x) is Perron integrable on [a, b] and

F@) = [ () dz,

then for almost all x in [a, b] the derivative F'(x) exists and 3 finite and
equal to f(x).

Let ¢ and k be arbitrary positive numbers, and let [¢'(z)] be a
tetrad which is (ke/2)-adjoined to f(z) on [a, b]. Denote by E, the
set (at most denumerable) on which one or more of the inequalities
in 57.1(b) fails to hold. By the remark after 58.1, the functions
¢'(x) — F(z) (i = 1, 2) are monotonic increasing; they vanishatz = a,
and ¢'(b) — F(b) < ke/2. Let Ej be the set on which

DHe'(x) — F(z)] = k.
This set is measurable by 32.1, and by 32.3 we have

KB < o) — FO) < %

Hence mE; < e
By 31.4 the inequality
(4) D F(z) 2 Dyp'(x) — DHe'(z) — F(2)]

holds wherever the right member is defined. But by 34.2 the func-
tion ¢'(r) — F(z) has a finite derivative almost everywhere, and
D,o'(x) > — = except on E,, so

(B) D,F(x) > — » almost everywhere.
For all points of [a, b] — (Ex U E,) we find by (A4) that
() D,F(z) 2 f(z) — k.

Thus the set on which this inequality fails is contained in a set Eq U E;
of measure less than ¢, so by 20.3 its exterior measure is less than e.
But e is arbitrary, so the set on which (C) fails has exterior measure 0.
By 20.2 and 20.6, its measure is zero, and (C) holds almost everywhere
in [a, b}.

In particular, if k is the reciprocal of a positive integer n we see
that the inequality

DF(z) 2 f@) - -

holds except on a set N, of measure 0. Except on U N,, which has
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measure 0, this inequality holds for all n, so by 5.2
(D) D,F(x) = f(x) for almost all «.

In a like manner, by using ¢? instead of ¢! we find
(E) D F(z) > —w and D_F(z) = f(z)

for almost all «. If we replace f(z) by —f(z), the indefinite integral
F(z) is replaced by —F(x), and by 31.7 and (B), (D) and (E) we obtain

(F) D*F(z) < »,  D*F(z) = f(2),
DF(z) < », D7F(z) < flx)

for almost all z. Now B, (D), (E) and (F), with 6.5, yield

D*F(z) = D-F(z) = D.F(z) = D_F(z) = f(x)
and
— o < D,F(z) = f(z) = D*f(x) < o

for almost all z. This completes the proof.

The next theorem is an immediate corollary.

61.2. If f(x) 18 Perron integrable on [a, b], it 1s measurable and
almost everywhere finite on [a, b).

Fordefining F'(x) asabove, we have f(x) = D+F(z) almost everywhere;
and D*F(z), being the derivate of a continuous function, is measurable
by 32.1. Also, D*F(z) is almost everywhere finite, by 61.1.

62. In §59 we established the negative result that not every Perron
integrable function is Lebesgue summable. It is however convenient
to have conditions which, when added to Perron integrability, ensure
the summability of a function f(x).

62.1. If f(x) is P*-integrable over [a, b], and f(z) = O for almost all
z 1n {a, b], then f(x) vs Lebesgue summable over [a, b]

The function |f(r)| is almost everywhere equal to f(z), so is
P*-integrable by 60.2. For | f(z) |, the function ¢*(z) = 0 is a minor
function. Let ¢'(x) be any right major function of | f(z) |; then o!(z) =
¢'(z) — ¢*(z) is monotonic increasing by 57.3. Hence by 34.2
D,¢'(z) is summable. But f(z) is measurable by 61.2, and | f(z) | <
D, o'(z); s0 by 22.2 f(z) is summable.

62.2. If fi(x) 18 Perron integrable on [a, b], and fy(x) is Lebesgue
summable on {a, b], and fi(z) Z fa(z) for almost all z in [a, b], then fi(x)
18 also Lebesgue summable.

There is no less of generality in assuming that f(z) is finite-valued;
for if we define f3(x) to be equal to f2(z) whenever f;(z) is finite and to
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be 0 on the set of measure zero on which | fa(z) | = », we see that
Js(x) satisfies the hypotheses imposed on f;(x).

By 59.1, fi(z) is Perron integrable, and the difference f1(z) — fa(z)
is defined for all z in [a, b]; so by 58.7 the difference is integrable on
la, b]. But fi(z) — fa(z) = 0 for almost all z, so by 62.1 fi(z) — fa(z)
is summable. Since fy(z) is summable by hypothesis, so is f2(x) +
(fi(z) = fo(z)) = /i(2).

63. The only convergence theorems which we are able te establish
for the Perron integral are those already proved for the Lebesgue
integral, modified by simply adding one and the same Perron inte-
grable function to each summable function involved. For example:

63.1. If a sequence of finite-valued Perron integrable functions
Ji(z), fa(x), - - - converges in measure on [a, b] to a function f(z), and
if there is a summable function g(x) such that | fi(z) — fa(z) | S g(z)
Jor all n and all x, then f(x) 18 Perron integrable, and

lim [ ® fo(x) dz = [ * {(z) do

n— o

For then f. — fi converges in measure to f — f;, and each function
J» — /1 is summable by 62.2. Hence by 29.3 the difference f — f; is
summable, and

lim [ (fa@) = fi@) do = [ (@) — fi(a) da.

The integrals can now be interpreted as P*-integrals and the
P*-integral of f; added to both members to establish the theorem.

64. We now proceed to establish a theorem on integration by
substitution.

64.1. Let f(x) be defined and integrable on an interval [a, b). Let
g(y) be a function defined, continuous and monotonic increasing on an
wnterval [a, B], and such that g(a) = a, g(8) = b, and Dg(y) = + =
except at most for a denumerable set of values of y in [a, B8]. Then
F(g(y))g(y) is integrable over e, B], and

[ 1@ dz = [* fawity) dy.

Let € be an arbitrary positive number, and let [¢'(z)] be a tetrad
e-adjoined to f(z) on [a, b]. We shall show that the functions

¢"(y) = ‘P‘(g(y)), 1= 1, 2) 3) 4
satisfy the conditions of 60.1 with f replaced by f(g(y))g(y). It is
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immediate that the y* are continuous and vanish at y = a. For the
rest we discuss ¥!(y) only; the rest can be similarly treated.

We divide the points of [, 8] into two classes; in class I we put
all y for which there exists in [, 8] a number y’ > y with g(v) = 9(y);
in class II we put all y such that g(y') > g(y) forally’ > y. Consider
first any y in class I. Since g(y) is monotonic and g(y) = g(y’), we
see that g(y) 1s constant on [y, ¥']. Hence so is ¥'(y) = o' (g(y))-
Also, D,g(y) = 0, so g(y) = 0; and then

- # Di(y) = 0 = flg(y)g(y).

Thus at all points of class I conditions (b) and (c) of 60 1 are satisfied.
For each point y in class II we may write

Vi) — V) _ ') — ') 9W) — 9(),
v - 9y — a(y) y —y

Except at most on a denumerable set X, we have D, ¢'(x) # — <. To
each z of X, there corresponds at most one y of class II; for if two
numbers y, ¥’ both correspond to z, then g(y') = g(y) = z,s0y and ¥’
cannot both be in class II. Hence the class Y,, consisting of thosc
values of y in class I such that g(y) is in X,, is at most a denumerable
set. We suppose that y belongs neither to this set Yo nor to the (at
most denumerable) set Y, on which Dg(y) = «. Then if in (4) we
let ¥’ > y tend to y, the first factor on the right is bounded below
and the second factor is non-negative and bounded; so the product is
bounded below, and D,y!(y) # — . We have now proved this
relation on all y of class I and all but a denumerable set of y of class II;
so condition (b) of 60.1 holds.

Suppose in addition that g’'(y) exists; this supposition rejects only
a set of measure 0 Now in (A) we let ¥’ > y tend to y. On the
right, the last factor tends to g(y) = ¢’(y) = 0, and the first factor has
a lower hmit which cannot be less than the lower right derivate of

o' at g(y); so

(4)

D.y'(y) = Dyo'(g(¥)) - ¢'(y) 2 f(g(y))g' (¥).

This condition holds almost everywhere; so (c) of (60.1) is satisfied.
(Of course we have considered only ¢! specifically, but the others can
be similarly treated.) There remains only condition (d) of 60.1.
But this is trivial, for

[UB) — ¢4B) | = | 0'(b) — o'(D) | < |
[92(8) — ¥%(8) | = | 0%(b) — ¢*(b) | < e



Skec. 65] THE PERRON INTEGRAL 331

Hence by 60.1 we see that f(g(y))g(y) is integrable over [a, 8]. Also by
60.1,

#'®) =v8) 2 ["1ew)iw) dy 2 ¥B) = #'0),
while
o'0) 2 [ f) dz 2 o).
So
b 8 .
| [[1@) dz = [P rew)iw) dy| s 101®) - o ®) | <

Since e is arbitrary, the two integrals are equal, completing the proof
of the theorem.

ReEmark. Although we did not explicitly require that g(y) be AC,
the other hypotheses imply the absolute continuity of g(y). For let us
take f(x) = 1. By 64.1,if a £ £ £ 3 we have

[i1 dwydy = ["C1de = g(®) — a = g(® - g(a).

From 27.7 we see that this implies that g(y) is AC.

As a corollary to 64.1 we have the following theorem.

64.2. If g(y) is continuous and monotonic decreasing for a < y < B,
and g(a) = b, g(B) = a, and Dg(y) # — = except al most for a denumer-
able set Y| of values of y; and if f(x) is integrable on [a, b); then f(g(y))d(y)
1s integrable on [a, 8], and

[ 1@ dz = — [ rtw)aw) dy.

We define y(n) for —8 < n £ —a by ‘the relation v(y) = g(—n).
Then v is monotonic increasing, and y(—8) = a, y(—a) = b; and
except when —% isin Y, we have

Dvy(7) = —Dg(—n) # + .

Also,v(n) = —g(—n). By 64.1,f(v(n))¥(n) is integrable over [—8, —al,
and by 64.1 and 58.5 '

[ 1@ dz = [ srmvindn = = [ 1e@)it) dy.

66. In order to have the theorem on integration by parts stated in
generality adequate for the purposes of the next section, we utilize
the notion of the Stieltjes integral also:
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66.1. If f(x) is intcgrable on [a, b], and g(x) ts of BV on [a, b], then
J(x)g(x) is integrable on [a, b] and

) [ 1@9@ dz = F®)Y®) ~ [ F@)dg@),

wherein
F(z) = [ * f(z) da.

The integral in equation (*) can be thought of as a Stieltjes integral,
that is as the difference of two integrals like those in §11, taken with
integrators p(z), n(z) of a minimum decomposition of g(z). Or we can
consider g(z) as defined for all z by setting g(z) = g(a) for x < a and
g(z) = g(b) for x > b, and then regard the integral as a Lebesgue-
Stieltjes integral. As we saw in §48, it is immaterial which point of
view we choose; the value of the integral is the same in either case.

Since g(z) is of BV on [a, b], we can represent it in either of the
forms

g(x) = g1(x) — g2(x) = gs(x) — gu(),
where the g, are non-negative and g, and g, are monotonic decreasing,
while g3 and g, are monotonic increasing. Let [¢*(z)] be a tetrad
d-adjoined to f on [a, b], and let

W@ = ¢@a@) - [[e@dae),  Gi=1234).

We shall now investigate the properties of these sixteen functions.

It is obvious that the functions ¢:(z) all vanish at z = a. To prove
their continuity we observe that by 37.1 and 47.1 for any two points
z and 2’ of [a, b] the estimate

/: ‘p‘(x)dgll(x) = ¢*(@)[g,(2") — g,(z)]
holds, where % is between r and 2’ inclusive. Hence

(4) %@') — ¥(@) = ¢(@)g () — ¢ (2)g,(z) — ¢ (E){g,(2") — g,(2)}
= g:,(@")e(') — ¢ (2)] = (6:(z) — ¢,(@))[¢*(%) — ()]

As 2’ tends to z, the quantities in square brackets tend to zero and
their coefficients are bounded, hence y!(z’) tends to Yi(x).
Consider now a value of x for which the derivatives g/(z) exist and

are finite; this rules out only a set of measure zero, by 34.3. Equation
(A) yields

w‘(x’) - 'p)(x) =g (25) [¢ (I) — ¢ (.’l:)] gl(x)

r —z -z z -

2 () - i)
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As 2’ tends to z, so does Z; the first factor in the last term approaches
the finite limit g}(z), the second factor approaches zero. Since g,(z)
is non-negative, by 6.3 we find

DHyi(z) = g,(z)D*¢'(2),
with like equations for the other three derivates. Thus we have

shown that for almost all z in [a, b] the following inequalities are
satisfied.

(B) Dy} (z) = g,(x)Dio'(z) Z g,(x)f(2),
D_y3(z) = g,(x)D_¢*(x) Z g,(x)f(x),

D~y}(x) = g,(x)D~¢¥(x) = g,(x)f(x),

DHYi(x) = g,(z)D*ei(x) = gy(2)f ().

We shall use these later
Equation (4) can also be written in the form

(C) lﬁ,(x,) 'ﬁ:(x) — g,( l)[ x) — ¢ (1')]

2 -z —z

+ (0, — g(@)) [?1@1"1’”] : (’ = ")

r—x r —2Z

provided that we agree to define the expression in the last square
bracket to have some value, say zero, when £ = r We assume that
z belongs to the set (consisting of all but a denumerable set of z) for
which

Dip! # — o # D_g? D? # + 0 % Dttt

Let now j be 1 or 2, so that g, 1s decreasing, and take =z’ > z. If
1 = 1, the quantities in square brackets are bounded below, since
their lower limit is D, o' # — « o1 possibly 0, and their coefficients
are non-negative and bounded; hence the left member of (C) is bounded
below. So Dy} # — o (j = 1, 2) except at most on a denumerable
set: If we repeat the whole argument, replacing ¢! by ¢* and “below”’
by “above,” we find that D*y} = 4 (j = 1 or 2) except at most on
a denumerable set.

Moreover, we can repeat the whole argument with ¢? in place of ¢!
and j = 3 or 4, if we take 2’ < z; and we can repcat this last with ¢?
in place of ¢? if we replace “below’ by ‘“above.” The result is that
the following inequalities hold except for a denumerable collection of
values of z.

(D) Dy # —», DY, # +w, (j=1lor?2),
Dyt # — oo, DY} # 4 o, (] =38or4).
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With a view to establishing (@) of 60.1, we observe that

(B) ¥0) — W) = [¢'0) — *®)lg,0) — [ lo'(z) — @)ldg,(@)
< 8-g,b) + 8]g,0) — gia) |,

and if € is an arbitrary positive number this last expression is less than
¢/2 provided that & is small enough. In a like manner we prove

Vib) — ¥i(b) < 5
Now let us define
Vi=vyi -, =¥
Vi=yi—v, V=i
For all x except at most those of a denumerable set we have, by 31.4
and (D),
D' 2 Dy — D*Y,
D_y* 2 D_y5 — Di,
D~y* = D3 — D_i,
D*y* = DYy} — D
Hence hypothesis (b) of 60.1 holds, while by (B) hypothesis (¢) of
60.1 is satisfied. Also, from (E) we find

¥'(0) — ¢i(b) = ¥i(b) — ¥i(b) + ¥5(b) — ¥3(b) <
¥2(b) — ¥3(b) = ¥3(b) — ¥i(b) + ¥i(b) — ¥i(b) <e

We have now verified all the hypotheses of 60.1. So we know that
[(z)g(x) is integrable over [a, b], and

() Vo) < [ J@)e(a) dz < 91).

If we recall that g,(z) is positive and monotonic decreasing, so
that —gi(x) is monotonic increasing, and write the definition of 4 (z)
in the form

W@ = ¢@n@) + [ e@d-g@),

then from the inequality ¢*(z) < F(z) < ¢!(z) (cf. 57.7) and 18.2 we
conclude

Vi®) S FOR0) + [ F@dl-gi()] < $i0).
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In the same way,

Wb) 2 FOIR®) + [*F@d—gi@)] 2 v40).

These two inequalities, with the equation g(z) = g.1(x) — g2(z), imply

@) ¥b) = W®) — ¥ib) S FOYb) — [ F@)dg(a)

= vi(b) — ¥a(b) = ¥'(b).
Hence by (F) and (G) the two members of equation (*) of 65.1 both
lie in the interval [Y4(b), ¥'(b)], whose length is less than e. Since ¢
is an arbitrary positive number, equation (*) is established.

ReMmark. If f(z) happens to be summable, so is f(x)g(z), and their
Perron and Lebesgue integrals coincide. Hence 65.1 gives a general-
ization of the theorem on integration by parts for the Lebesgue integral.
The conclusion that f(r)g(x) 1s integrable, while trivial for Lebesgue
integrals, is not trivial for Perron integrals. It is easy to construct
Perron integrable functions f(z) and continuous functions g(x) (of
course not of BV) such that f(z)g(z) 1s not integrable.

66. The preceding theorem enables us to prove the second theorem
of mean value for the Perron integral.

66.1. If f(x) is integrable on [a, b] and g(x) 1s monotonic, then there
exisis a £ 1n [a, b] such that

[ 1@g(z) dx = g(a) [[f@) dz + g®) [ 1) d.
By 65.1,

[} 1@a(z) dz = Fo)®) — [’ F(2)dg(a).
By 37.1 and 47.1 the last (Stieltjes) integral is equal to
F(&)(g®) — g(a)),

wherea £ ¢ £ b. Hence, recalling the meaning of F(z) and using 58.3,

[ 19 dz = F(b)g(d) — F(8)g(®) + F(8)g(a)
= 0@F® + gO)F®) — F(&)
= g(a) ['fdz + g(b) [ fde.



CHAPTER IX
Differential Equations

67. In proving the fundamental existence theorem for solutions of
systems of differential equations we need to know that a certain
sequence of functions contains a uniformly convergent subsequence.
It is evident that in general a sequence of continuous functions may
fail to contain any uniformly convergent subsequence. For instance,
the functions |z |¥», —1 S 2 =<1,n=1,2 3, - - are continuous,
and they converge to a limit function which is 0 if x is 0 and +1 if
z # 0. Every subsequence converges to this same discontinuous
limit, and so the convergence cannot be uniform. Our next theorem
(67.2) sets forth conditions which guarantee the existence of a uni-
formly convergent subsequence. Before stating this theorem it is
convenient to define two new terms.

67.1. Let § be a famiuly of functions f(z), all defined and finite-
valued on a set E. The functions of the family § are called equi-con-
tinuous if for every positive number e there 1s a positive number § such
that for every pair of pownts x,, x; of E with distance | | z\, z2 | | < & and
for every function f(x) of the famaly § the inequality

[ f(z)) — f(x2) | < e

holds. The functions of § are sard to be uniformly bounded +f there is a
finite number M such that | f(x) | < M for all functrons f(z) in § and
all x in E.

Our theorem on the existence of uniformly convergent subsequences
can now be stated as follows.

67.2. (Ascoli’s Theorem). If § is a family of functions defined,
equi-continuous and uniformly bounded on a bounded closed set E, then
from every sequence {fa(x)} of functions of § 1t is possible to select a uni-
formly convergent subsequence.

1t is convenient to separate the proof of this theorem into two
lemmas, which will be available for separate use later.

First, let us observe that if E is a bounded closed set, it contains a
finite or denumerable subset E, whose closure contains E. If E is
finite, we take E, to be E. Otherwise, let z, be a point of E. We

define zs, z3, + - - inductively; z. is a point of E whose distance
from the subset {z, 2, - + * , Zo—1} is the greatest possible. The set
E,, consisting of z;, z2, - * - , is denumerable, and we easily show that

its closure contains E. Otherwise, there would be a point z* of E and
336
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a positive e such that no point z, is in the e-neighborhood of z*. Thus
the distance of z* from {z;, - - - , z._.} is at least ¢, and by definition
of z, we must have | | Zm, .|| 2 € if m <n. By the Cauchy eri-
terion, no subsequence of the sequence {r,} can converge. But this
contradicts the Bolzano-Weierstrass theorem, and our remark is
established. (The use of the closedness of E is not at all ersential.)

The first of our two lemmas concerns the behavior of the functions
on the denumerable set E,

67.3. Let {fa(x)} be a sequence of functions defined on a finte or
denumerable set E,. It 1s then possible to select a subsequence which
converges to some limat (finite or infinute) at each point of E,.

Let us denote the points of Eq be 1, &2, - + . The values of the
functions f.(x) at x = z; form a sequence of numbers, so by 2.12 we
can extract a subsequence (we denote 1t by {fi..(x)}) which converges
at x = z;. Again, the values of the functions fi..(x) at r = z, form
a sequence, from which by 2.12 we can extract a convergent subse-
quence. Let {f2.(x)} be the chosen subsequence of {f,..(z)}, con-
vergent at z,. Thus we can proceed inductively; each sequence

{fem(z)} converges at xy, x3, * - - , 2, and from it we choose a subse-
quence {fi+1..(x)} which converges at z:.;, and of course continues
to converge at r,, + - -+, x  If the set E, is finite the process stops

when E, is exhausted, and the proof is then complete. If E, is
denumerable, we proceed as follows.

Consider the sequence {fua(z)},n = 1,2, - - - . We shall prove
that this converges at each point of E, Let x; be a point of E,.
The function f, () is in the sequence {f,,(x)},7 =1,2, - - -+ . This
is a subsequence of {fa_,}, and so on; hence if n is not less than k,
fan(x) occurs in the sequence {fi,}, j=1, 2, - -  Moreover,
if m > n 2 k the term f,.(x) follows the term f, .(x).in the sequence
Sia(@), fee(x), - - - . That is, except for its first & — 1 terms the
sequence {fan(z)} is a subsequence of {fi..(x)}, and therefore con-
verges at x;.  This completes the proof.

The procedure of proof used here is Cantor’s ““diagonal process

, 67.4. Let § be a family of functions defined and equi-continuous
on a bounded set E in q-dimensional space R,. Let E, be a subset of E
whose closure B contains E. If {f.(z)} is a sequence of functions of
which converges to a finute limit at each point of E,, this sequence converges
uniformly on all of E.

Let ¢ be a positive number. By the definition 67.1, there is a
positive & such that if z, and z; are in E and their distance | | z;, 22| |
is less than 8, then
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|fa@) = fa@) | <5 m=1,2 -

Since E is contained in the closed set E,, sois E. Thusif z is in E, its
s-neighborhood contains a point x, of Ey; hence & is in the §-neighbor-
hood of z,. The bounded closed set E is then covered by the open sets
Ni(zo), 1o in E,, and by the Heine-Borel theorem (3.5) a finite number
of these neighborhoods cover E. We denote these by Nj(zm), m =
L,

By hypothesis, the sequence {f.(r)} converges at each point
Zm,m =1, - - -, p. So for each of these points there is an integer
Nm such that

lf-(IM) - f;(l'm) I <§

if 7 and j are both greater than n,,., Now let n, be the greatest of the
numbers n,, + *+ * , n,. For each point x of E there is an z,, such that
||z, m | | is less than 8. Then by the inequalities already established
we have

[ fu2) = @) | S | fu(x) = filzm) | + | fi(zm) = fi(zm) |
+ | filxn) = fi(x) | <

provided that 7 and j both exceed n.. This is the necessary and suffi-
cient condition for uniform convergence (6.17), and theorem 67 4 is
established.

The proof of Theorem 67.2 can now be completed. By the remark
after the statement of the theorem, there is a finite or denumerable
subset E, of E whose closure contains E. Given any sequence
{fa(x)} of functions of §, by 67 3 there is a subsequence which con-
verges at each point of E,. The limit cannot be + «, since the func-
tions §§ are uniformly bounded. Hence by 67.4 the chosen subsequence
converges uniformly on E.

68. By a solution of a system of differential equations

(D)  99(2) =f¥(, y(®)) (@sz=sbji=1,-"",9),

we mean a system of ¢ functions, absolutely continuous on the interval
(a, b], having values such that the point (z, y®V(z), * - * , y@(x)) lies
in the range of definition of the function f(z, y), and such also that
equations (D) are satisfied for almost all z in [a, b]. An obviously
equivalent formulation is
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(D) ¥2@ = y® + [ 19, y(@) dz
(a-s—x-s—b;i=1; T 'tq)!

where ¢ is in [a, b).

For the rest of this section we shall be engaged in proving theorems
concerning the existence and uniqueness of solutions of such equations.

68.1. Let the functions f¥(z, y) = fO(z, y», - - -, ¥y?), 1 =
1, - - -, q, be defined for all x in an interval [a, b] and all y, measurable
in x for each fixed y, and continuous in y for each fixed x. Let there exist
a function S(z), summable over [a, b, such that

[ /9, y) | = S(z)
forallz in [a, b] and all y. Then for each & in the interval [a, b) and each

g-tuple n = (9, - - -, 99) there 13 a function
y@) = @), -+ -, ¥ 9)
satisfying D (or I) and such that y*'(¢) = 9, i =1, - - - | q.

In order that (I) shall hold, it is clearly essential that f®(z, y(z))
shall be summable over [a, b] Therefore we establish the following
lemma.

68.2. Let f®(x, y) satisfy the hypotheses of Theorem 68.1. Then if
y(x) 18 a step-function or a continuous function, f¥(x, y(x)) 18 summable
over [a, b].

In order to prove this we need only show that f®(z, y(z)) is
measurable if y(r) 1s a step-function or a continuous function; for
then the hypothesis | f®'(x, y) | £ S(x) will guarantee its summability.
Let y(x) be a step function, assuming the value ¢, on the subin-
terval I, where I, - - -, I, is a partition of [a, b]. On I, the function
f®(x, y(x)) coincides with f®(z, ¢,), which is measurable by hypoth-
esis. Now f¥(z, y(x)) can he written in the form

P

Jo(z, y(x)) = Y, 19z, ¢)Ku(z),
=1
and is therefore measurable.

.+ If y(z) is continuous, it can be uniformly approximated by step-
functions y.(x). Since f®(z, y) is continuous in y for each z, the
function f®(z, y(z)) is the limit of the functions f®(z, ya(z)), which
have already been proved measurable. Hence it is itself measurable,
and the lemma is established.

Remark. If the f®(z, y) are defined on an openset Vin (¢ + 1) —
dimensional space, and for fixed z are continuous for all y such that
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(x, ) is in V, and for fixed y are measurable on the (necessarily open)
set of z such that (z, y) is in V, then f®(z, y(z)) is measurable when-
ever y(z) is a step-function or continuous function such that (z, y(z))
is in V. The proof above applies without change to step-functions,
and for continuous functions y(z) needs only the additional remark
that the approximating step-functions y.(r) can be so chosen that
(z, ya(z)) isin V.

We now return to the proof of Theorem 68.1. For each positive
integer n, we define the function u.(x) as follows.

u,.(x)=x+71l (:c<£—-%);
un(z) = & (E-——léx<é+}l)’

n

uu(x)=:z:——l <£+71l§x)-

n
It is easy to verify that u.(z) is continuous, and that

| ua(z1)) — un(z2) | = |22 — 72|,

| ua(z) — x| =

§lv—t

Next, we shall show that for each n there is a function g.(z), defined
and continuous on [a, b], such that

ua(z
(4) g0 = 19 + [T 10, ga(2)) da.
At first glance, this equation seems no more manageable than (I).
However, recalling the definition of u.(x), the equation is satisfied

n [£ - ;IL: £+ 1'15] by the function ¢¥(z) = n®. We can extend

the range of definition of g.(z) inductively. If for some positive
integer j the function g.(z) is already defined and satisfies equation

(A) on a subinterval [E, £+ 1)] of [a, b], it is necessarily

continuous on the subinterval, bemg an integral. Hence f®(z, g.(z))
is summable over the subinterval. Now for all z in

[e+ G20 ¢ ]
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the interval of integration [£, u.(z)] is contained in

[s,s+ 1)]

so the integral in the right member of (4) is defined. Thus by suc-
cessive steps we can extend the range of definition of g, to the whole
interval [£, b]. In a like manner we extend it to [a, ].

The functions g (z) have two properties important to us. They
are uniformly bounded; for if z is in [a, b], then

|09 | S 110 ] +] [,

They are equi-continuous. For let ¢ be a positive number. By 27.1,
there is a positive number & such that

‘LﬁS(x)dxl <e
if « and B are in [a, b] and | 8 — | < 8. Hence, for such a and B,

102(8) — g | = | [ 7 19z, ga@))

L (‘f’ S(z) dx| <e

un(x)

JO(z, ga(2)) dml sa@ |+ f: S(z) dz.

=

gince | un(8) — uUn(a) | S |B — a.

Now by Ascoli’s theorem, from the sequence g we can select a
uniformly convergent subsequence gi’; here a ranges over a certain
subset of the positive integers. From the sequence g we can select a
uniformly convergent subsequence g§’, and so on. After g steps, we

obtain a subsequence g.(z)(x = ni, ng, * + ) such that for each
i(¢=1, -+, q) the functions g’(z) converge uniformly on [a, b].
We denote the limit function by y(z); thus

(B) lim g{(z) = y©(x)

uniformly on [a, b].
‘Equation (4) can be written in the form

©) 09@) =10+ [[10@ 0.@) de + [ 19, 9.)) da.
The last integral does not exceed

' L (@ S(x) d.t‘
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in absolute value; and since | u.(x) — x| < 1/, this tends to zero
with 1/k. For each z, the functions f®'(x, y) are continuous in y.
Hence

Jlim JO(z, g(x)) = JO(z, y(x)).
Since | f®(z, g«(x)) | S S(z), by 29.3 we see that
lim [0, g.a)) de = [z, ¥() da.
From these, with (B), we see that
@) =10 4 [(f0@y@)dz (=1, gasSzSh)

By setting x =  we obtain y®(£) = 2™, so y(z) is the function sought,
and Theorem 68.1 is established.

The hypothesis in 68.1 that | f®(z, y) | shall have a summable
bound S(z) is unnecessarily stringent; it prevents us from applying
68.1 even to such simple equations as y'(z) = y(z). In the next
theorem we weaken this requirement. The symbol | |f]| | in the state-
ment of the theorem is as usual an abbreviation for the square root of

the sum of the squares of the f®, ¢ =1, - -+ | ¢.
68.3. Let the following hypotheses be satisfied.
(i) The functions f¥(x,y),t =1, - - -, ¢, aredefined for all z in an

interval [a, b] and all y, and are measurable functions of x for each fixed y
and continuous functions of y for each fixed z in [a, b).

(i) There i3 a function S(z) summable on [a, b] and a function ¢(t),
defined, positive and continuous for t 2 0 but not summable over [0, =),
such that

S(x)
G < Ty D

for all z in (a, b] and all y.

Then for each ¢ in [a, b] and each g-tuple 7 there is a set of solutions
Yy (z) of equations D such that y¥(£) =9V, 7 =1, - - ¢

Evidently S(x) has to be non-negative. The function ¢(f) is
summable over [0, ||n || + 1], being continuous. It cannot be
summable over [| | n || + 1, »), for if it were it would be summable
over [0, =), contrary to hypothesis. Hence the integral of ¢ over
[I1a]| 4 1, N) increases without bound as N increases, and there is
an N such that

(4) / e > [ S(z) de.
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We define a set of q functions as follows.
g9 (x, y) = fO(z, y) f az=zsb and |[|ly|l[=N
g9 (z,y) = f(o( ne H) f as<zsb and ||y||>N.
It is easy to see that these functions are continuous in y for fixed z

and measurable in z for fixed y. Since for every y the value of g (z, y)
coincides with a value of f®(z, §) on theset | |7 || < N, we also have

lg@(x, 9) | < | |glx, ) || £ S(x)'sux){ 20 ts NJ

and the last expression is a summable function of z on [a, b]. Hence
the functions g® (z, y) satisfy the hypotheses of 68.1, and there are AC
functions y®(z) such that

(B) y(r) = ¢g(x, y(x))

for almost all x in [a, b] and y™(¢§) = 9®, ¢ =1, - - -, ¢. All that
remains is to show that | |y(x) || < N on [a, b]; for if this can be
proved, then ¢®(z, y(x)) is identically equal to f®(z, y(z)) by the
definition of g®, so that equations (B) reduce to equations D.

Suppose this false, so that || y(2) | | sometimes exceeds N. To
be specific, we suppose that ||y(z)|| exceeds N somewhere on
[£ b]. Let 8 be the least number greater than § such that | | y(8) | | =
N, and let a be the greatest number in [£, 8] such that | | y(z) || =
[|2]]+ 1 Then

[lall+1=||y@)[| =N for a=sz58

and on [a, 8] equations (B) are the same as equations D. Using the
Cauchy inequality,

Y y0@yo) = 3 yO@fO, y@)

1= t=1]1

S| ly@) |1 ]f(x y@) ||
Slly@ ||-S@)/e(lly@) 1)

for almost all z in [@, 8]. For such z,

o1 19@ 1) 2 @ | lyy(")”’, /S S().

g1

But whenever the y®(z) are all differentiable, that is, for almost all
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zin [a, 8], this can be written in the form

o(113@) 1) 41 19@) || 5 S).

Hence

8 8 b
@ [etivain gl s [(swas [ sea
The function | | y(x) | | is AC, since each y* is AC, so by 38.1

[H-pNnﬂ o(t) dt = Lﬁ e([ly@) 1) || y) | dz.

If we substitute this in (C), we find that (4) is contradicted, and the
proof is complete.

ExErcise. Suppose that the f@ satisfy () of 68.3, and for each
N there is a summable function Sy(z) such that | | f(z, y) | | = Sv(x)
if ||y || = N, and there 1s a positive AC function M (z) such that

q
. iy (1)
HE) 2w | ERE D1y < M)
=1
for almost all z in [a, b]. Show that if | ||| < M(a) there is a solu-
tion y(zr) of equations D such that y®(a) =4®, ¢=1, - - -, q.
(Construct g™ as in 68.3, with N =sup M(z). If ||y(z)|| ever
exceeds M (x), let B be the first such z. Almost everywhere on [a, 8]
the derivative of M?1s at least equal to that of | |y | |2 Use 35.1.)
The next theorem is a corollary of 68.1.
68.4. Let the following hypotheses be satisfied.
(i) The functions f® (z, y) are defined on a set V in (g + 1) — dimen-
stonal space, and (&, n) 18 a pont wnterior to V.
(ii) There 1s a positwe number ¢ and a function, S(z) summable on
[§ — ¢ &+ ¢ such that the set V. of points (z, y) with |z — £| S e
and ||y, n|| S eV, and on V, the f9(z, y) are measurable in z
Jor fized y and continuous in y for fired x, and

/@ (@, ) | £ S(=).

Then there is a solution y*(z) of equations D defined on an interval
[a, B] contarning & 1n s wnterior and such that

yWE) =29, @G=1,.--, 9.
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Define
99(x, y) = f¥(x, y) ((z, y) in V),

g(t)(x’y)=f(t) x;77+e(y“—‘17) (|z_E|§€JHy)77II>t)~
[yl

Asin 68.3, these functions satisfy the hypotheses of 68.1 witha = & — ¢
and b = £ + e Hence the equations

y© = g%z, y)
have a solution y®(x) defined 1n [¢£ — ¢, £ + €] and reducing to 3™ at
z = £ Since the y®(x) are continuous, on a subinterval [a, 8] of
[§ — ¢, £ + ¢ containing £ in its interior we have

Hy@),n |l <e

But when this last condition holds the functions g® are identical with
the f; so on [a, B8] the functions y®' (z) satisfy equations D.

Although the hypotheses of 68 1 and 68.3 guarantee the existence
of at least one solution of equations D passing through (£, 1), they
are not strong enough to guarantee that there is only one such solu-
tion. For example, let f(x, y) =3y!. Both y=2% and y =0
satisfy the equation y = f(x, y), and both have the value 0 at x = 0.
Consequently we need to seek conditions which will guarantee the
uniqueness of the solution.

68.6. Let the functions f®(x, y) be defined and fimatc for all x 1n the
wnterval [a, b] and all y. Let yP(x) and yP(xr) ¢ =1, - - -, q) be
two sets of solutions of equations D which coincide at a point £ of [a, b].
Let any one of the follounng four conditions be satisfied.

(1) To each q-tuple § there corresponds a positwe number e and a
function M (x) summable over [a, b] such that

@) 3 Gy )~ O D0 S M@ [

whenever x is wn [a, bl and | |§j — y || and | |§ — (y + 2) | | are both
less than e.

(ii) The same as (i) except that inequality (A) 1s replaced by
=3 06y = 0 Dl S M@ [l

(iii) The same as (i) except that incquality (A) is replaced by
S 9@y +m = [0 10 | S M@ 0] 1

1=]
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(iv) The same as (i) except that (A) is replaced by

Hf(xry"}'ﬂ)yf(xyy)ll = M(x)!lﬂll'
Then the identity yi(x) = ya(z) is satisfied on the corresponding interval:

@) (& bl; Gi) [a, &; (iii) [a, B; (iv) [a, b].

Suppose first that hypothesis (i) is satisfied. If y: and ys are not
identical on [£, b], there is a point z, in [£ b] at which they differ.
Let « be the greatest value of z in [£, zo] at which y1(z) = ya(x); then
y1(z) # ya(z) for @ <z S x0. To the g-tuple yi(a) corresponds a
positive ¢ and a summable function M(z) as in hypothesis (i). Since
y1 and y; are continuous, there is a number 8 such that « < 8 = xo
and the inequalities | | y1(2), y1(a) | | < ¢ || y2(z), 1(a) || < € both
hold on [a, 8]. Hence, if we define

’1(')(1:) = y(z‘)(x) - y(l‘)(x)) (l =1, )q)s
by hypothesis (i) the inequality

qE (£ (z, yi(@) + 1(2)) — fO @, 1@} (@) = M) | | n(2) | 2

=1
is satisfied.
Since both y, and y. satisfy equations D, for almost all z in [a, 8]
we have

5 @i = 3 0@EE) - @]

1=1 1=1
=§wwwumm%wwmmn
= 5, @G @) +(e)) = 19, 1e)

S M@) | |a@) ||~
On a < z < B the quantity | | n(z) | | is positive, so this implies
q
@) | 172 3, 79 (2)a®(z) £ M(z)
i=1
for almost all z in (a, 8]. Hence if « < z < 8 we have

[ 119@ 112 3, 19@i0@ d s [2 M) de

1=1

< [ ® M(z) dx.
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Since | | n(z) | |2is AC, by 38.1 we find that

1In(8)]2
g 128) | 2 = g | 12(a) 1= [ " () a

[In(2)||2

8 N
=/W(Iln(x)||)d-’c

S ARCIG 2 20 (2)i" (@) d.
This, with the precedmg inequality, yields

log | n(z) | 2 2 log | | n(8) | I* = 2 [" M(z) d,

or
log | |n(z) || z log | [1(8) || ~ [’ M(z) dx.

This inequality holds for all x in (a, 8). But this is impossible; for
as z approaches a the quantity | | 9(z) | | approaches 0, so its logarithm
approaches — . This contradiction establishes the theorem under
hypothesis (i).

If hypothesis (ii) holds, we first change the independent variable
fromzx to & = —z. If we write

@) =y(-1), -bs
f(jy y) = _f(""j) y):
we sce that equations D hold if and only if

j—g = /(& 3(2))

for almost all Z in [—b, —a]. The system f satisfies hypothesis (i).
So if the functions §, and 7. coincide at —¢ they are identical on
[—& —a]. Thatis, y, and y, are identical on [a, £].

If hypothesis (iii) is satisfied, so are both (i) and (ii). Hence
v1 and y; are identical both on [¢, b] and on [a, £]; that is, they are
identical on [a, b].

If hypothesis (iv) holds, by the Cauchy inequality we have

Eq‘, {fO@, y + 1) — 9z, y)}2® ,

1= 1

Slfle,y+n—f@yll-|lnll
= M@)|[n]|%
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Therefore hypothesis (iii) is satisfied.

Exercise. Let g(z, y) be a function of two variables defined
for @ < z £ b and for all y, and monotonic decreasing in y for each
fixed z. If yi(x) and ys(xr) both satisfy the equation y = g(x, ) and
coincide at a point £ of [a, b, they are identical on [£, b].

Exercise. Let U be an open set in g-dimensional space, and

q
define u(z, 8) to be the sup of », {f(z, y1) — f©(x, y2)} (¥9 — y¥) for

1=1
all ¥, and y; in U such that | | y), y2| | £ 8. Suppose that for each ¢
in [a, b] and each positive e there is a function a(z) which is positive
and AC on [a, ¢], satisfies a(£) < ¢, and has

alz) 2“0 2()

a(r)

for almost all rin [a, §] Then if y, and y. are solutions of D lying in U
and coinciding at £, they are identical on [, b]. (From this and its
analogue which guarantees identity on [a, £] we can readily deduce
68.5.)

69. We now investigate the way in which the solutions of D depend
on the initial values ¥ and on parameters which may appear in the
equations. In order to keep the statements of our theorems from
being inordinately verbose, we adopt a standard notation for this
section. The functions f*'(z, y, u) will be assumed to be defined for
all z in an interval [a, b], all y (unless a specific statement to the
contrary is made) and all points w = (uV, - - | u®) of a set P in
p-dimensional space R, The equations D with f(z, y) replaced by
f(z, y, u) will be denoted by D[u]; these equations are then

Du]:  y®(x) =fOx,y,u) (=1, -,9),
the differentiation in the left member heing with réspect to z. If ¢
is in [a, b] and 7 is a g¢-tuple and u is in P, and the equations D[u]
have exactly one solution which assumes the value n at z = ¢, we

denote this solution by y®“(z; & 9, u) ( =1, - + -, q). The partial
derivatives will be denoted by subscripts; thus for example

3
yO(z; & m, u) = e AUCHE R RO

2
f,(:()r)(x; Yy u) = E) 9, y, u).
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69.1. Let the following hypotheses be satisfied.

(i) The functions f®(z, y, u) are measurable functions of z on [a, b]
for all fized (y, u) with u in P, and for each fired z in [a, b] they are
continuous functions of (y, w) for all y and all w in P.

(ii) There are functions S(x), ¢(t) as described in 68.3 such that

_8@)

for all z 1n la, b], all y and all w in P

(iii) To each pownt (¢, n, u) 1 Riyqrp with £ in [a, b] and u 1n P
there corresponds exactly one set of solutions y™(z; &, 0, u) (@ £ x £ b)
of equations D[u].

Then the functions y'* (x; &, n, u) are continuous on the set

{(x, &n,u) |2 n [a, b, £ on[a, V], all n, wn P}.

Moreover, if the f*(z, y, u) are contanuous in all variables, the derivatives
YO (x; & n, u) are also continuous on the same set.

Before beginning the proof, we observe that hypotheses (i) and
(ii) guarantee the existence of at least one solution of equations D[u]
which passes through (£, 1) ; hypothesis (iii) adds the requirement that
there is not more than one solution. In 68.5 we have already listed
conditions which insure that hypothesis (ii1) is satisfied.

If the theorem were false there would exist a sequence of sets
(Zm, Em, Nm, Uml, m =0, 1, 2, -+ -, such that z, and ¢n are in [a, b]
and Uy, i8 in P; Tm, &m, 1m, Un have the respective limits xq, £o, 70, o a8
m tends to « ; but for some i the relation

lim y®(xn; £n) My Un) = Y (To; £o, Mo, o)

n—
fails to be satisfied. From this last statement it follows that we can
select a subsequence (we may as well suppose it the original sequence)
for which the limit on the left exists, but is different from the right
member:
(4) lim y© (Zn; n, My n) = §© # Y (@05 £o, 10, Uo).

Since 7, approaches 7o, by rejecting a finite number of terms of the
sequence we can bring it about that | |7, m || < 1. Now we select
a number N as in the proof of 68.3, and define the functions g® (x, ¥, u)
as we did there. As in that proof, we find that

Ily(x;fn;ﬂmun)lléN (aézéb,n=0,l,~-').
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So the functions y(x; &a, 7, un) satisfy the equations

ﬂ('.) = g(i)(z, Y, u);
and if we write

OétéNl

Si(z) = S(z) - sup {;%T)‘

we have
lg(‘)(x) Y, u) l é ‘Sl(x)

Now we can show as in 68.1 that the functions y®(x; &a, %, Un)
are uniformly bounded and equi-continuous, and by 67.2 we can
select a subsequence which converges uniformly on [a, b]:

lim y©(z; tay May ua) = Y@ (2) (=1, - ,q)
uniformly on [a, b], where a ranges over a sequence of values n,,
ng, + -+ . Since the g®¥(z, y, u) have the summable bound 8,(z)
and are continuous in (y, ), this implies by 29.3 that

Y®(x) = im y®(z; &, N4, Ua)

a—r ©

lim {9 + [ 09z, Y(z; ko me ), va) do)

=19 + [ g9, Y@), w) dr.

Thus by differentiating we see that Y®(x) satisfies equations D[u]
with 4 = 4o and assumes the value ¢ at &. But by hypothesis (iii)
there is only a single solution y® (x; £o, no, uo) of these equations with
the given initial value, so

YO(z) = y©(x; &, m0, w0) (=1, ,¢qga Sz D).
In the inequality

I y(‘)(xa; EG) Nay ua) - y(‘)(xﬂ; Eor Mo, uo) l
é l y(‘)(xa; EG, Nay uﬂ) - ym(xﬂ; EO, no, UO) ‘
+ [y (a; £o, mo, u0) — Yy (x0; £o, 10, u0) |

the first term on the right tends to zero because y™(x; £a, Ma, Ua)
converges uniformly to Y®(z) (compare the preceding equation)
and the second term tends to zero because y®(x; &, no, %o) is & con-
tinuous function of 2. Hence the left member approaches zero, and

\

lim y®(za; oy Nay Ua) = Y (Zo; &0, Mo, %o).

a—» o
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This contradicts (4), and the continuity of the functions y®(z, £, n, u)
is established.

If it is true that the functions f®(z, y, u) are continuous on the set
{(z,y,uw) |z in[a, b], all y, u in P}, the functions

SO, y(z; &, u), u)
will be continuous for all z and £ in [a, b], all 5, and all % in P, for they
are then continuous functions of continuous functions. We write
equation D[] in the integrated form; the equations

yO(; b m, 0) =19 + [0, y(o; & m, ), u) dz

are then identities. The integrands on the right are continuous
functions of z, so by 33.2 the left member has a derivative as to z on
[a, b], and this derivative is equal to the integrand on the right. That
is, the equation
y(; & m, w) = fO(z, y(z; § 0, w), w),

holds for all z and £ in [a, b], all w in P and all , and the right member
is continuous on the set of values specified in the theorem. This
completes the proof.

As a special case of the preceding theorems, we consider the system
of linear differential equations

g
Liul: g© = ), Az, w)y® + B(z,u) (@E=1,--",9q),
=1

where as usual z has the range [a, b] and u the range P.
69.2. If the functions A3(z, u) and B(z, u) are measurable functions
of z on [a, b] for each fized u 1n P and are continuous functions of u on P
for each fized z in [a, b], and there 1s a function S(x) summable on [a, b]
such that
| A}z, w) | < S(x) and | B)(x, u) | = S(x)

for all z in [a, b] and all w in P, then for every & in [a, b, every n and
every u in P there is a unique soluton y®(z; &, n, u) of equations L[u]
which has the value 3 at * = £ The functions y™(z; & =, u) are
continuous for all z and £ in [a, b), all , and all w in P. If the functions
Al(z, u) and B'(x, u) are continuous wn all variables, the partial deriva-
tives y(x; & n, u) are also continuous on the same set.

Let us write f®(z, y, u) for the right member of L{u]. Then

/9y, 0) | = Zq‘, | Aj(z,u) |- 192 |+ Bz, w) | = ¢8(2) ||y ]|+ S(),

=1
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SO
LSy, w ] S¢S@ | yll+eSx) =¢8@)([yll+1).

. . . . 1 .
Since the positive continuous function ¢(t) = 2EFD is not sum-

mable over [0, ), the hypotheses of 68.3 are satisfied, and so for
each u, each n and each £ in [a, b] there is a solution of equations
L{u] reducing tonat r = &.
Since
Q

[,y +m,u) — @y 0| £ Y 4w 2] =eS@) | Inll,
=1
we have

|1 f(x, y+ 0 w), flz,y,u0) || < ¢*S@) | |n]].

So hypothesis (iv) of 68 5 1s satisfied, and the solution 1s umque.

The statements concerning continuity now follow from 69.1.

Our next theorem is closely related to 69 1, but 1s designed for
application in situations in which we know only that the f@(x, y) have
the desired properties 1n a neighborhood of a given solution of equations
D[u].

69.3. Let the following hypotheses be satisfied

(1) The functions f®(x, y, u), 1 = 1, , q, are defined and finite
for all (x, y) in an open set V in (¢ + 1)-dimensional space and all u in
a set P in p-dimensional space

(1) The functions y*'(x), v = 1, -, q, are AC on an wnterval
[a, b]; for all x 1n [a, b] the pornt (x, y(x)) liesin V, and the y© (x) salisfy
equations D{u] with u = u,

(iii) There 18 an interval [ao, bo] containing [a, b] wn 1ts interior and a
function S(x) summable over [ao, bo] such that

[ f(x,y, u) || = S(x)

whenever (z, y) 18 1n V, x 18 1n [ao, bo] and u s in P.

(iv) For each fized x in [ao, bo] the functions f@(x, y, w) are continuous
for all (y, u) such that (z, y) 18 1n V and u 18 1n P; and for each fixed
(y, u) with u wn P they are measurable functions of x on the (open) set
of z such that (z, y) 181n V.

(v) There 1s a positwe number 8 and a function M (x) summable over
[@o, bo] such that

i@y +nw), Sy w) || S M@ [ [n]]

whenever x 18 1n [ay, bo), u s in P and both (z, y) and (z,y + n) arcn V,
and | |n]| <B.
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Then there are positwe numbers e, § such that for each u in Ny(u,)P
and each (&, n) which has distance less than & from some point of the
curve (z, y(x)), a £ z £ b the equations D[u] have a unique solution
Yy z; & m, u) =1, - - -, q), defined for x in [a — ¢ b + €], and
continuous in all variables for the values just indicated. If the f¥(x, y, u)
are continuous tn all variables, so are the derwalives y»(x; &, 0, u) for the
indicated values of the variables

By 68 4 there are functions y¥(x) and y{(z), defined and AC on
intervals [a — ¢, a + €], [b — ¢, b + €] respectively, having (z, y.(x))
and (r, y2(x)) in V, satisfying equations D[u] with v = u,, and such
that y(a) = y®(a) and yP(b) = y> () We reduce the intervals
[@a — ¢ a+ eJand [b — ¢ b + €] 1f necessary so that they are contained
in [ag, bo]. If we define

¥ (r) = y°(x), a—e=x<aq,
¥y (x) =y (x), a 2zx =20,
yo' () = y2(x), b<rsb+e

the functions y§’(x) satisfy equations D{u] withu = uoonfa — ¢, b + €.
They are easily seen to be AC on that interval, either directly from
the defimtion of absolute continuity or else by observing that they
satisfy the integrated form of equations D[u].

Let £ denote the set of all points (x, yo(x)) witha —e £z = b + e
This set is bounded and closed, since the y§’(r) are continuous. No
point of £ is in the (closed) complement CV of the set V', so cach point
of K has positive distance from CV. The distance of an arbitrary
pomnt (x, y) from CV being continuous, there 1s a point of £ at which
this distance assumes its minimum value on K. That is, the sup of the
distance from (r, yo(x)) to CV is positive, x ranging over [a — ¢, b + €].
We choose a positive number v less than this sup and less also
than 8/2. Then the closed set E,, consisting of all (x, y) such that
a—eSrSb+eand||y yo(r) || = v, lies entirely in V.

Next we wish to extend the range of definition of the f®(z, y, u) in
such a way that thecorem 69.1 will be applicable. To do this we first
define

o) =1, 0=t
o(t) = lt' t> 7.

IIA
2

Then we define

g9 (x, y, u) = [, yo(x) + ¢(| |y, yo(x) [ (¥ — yo(x)), w)
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fora—e<z=<b+¢ally andalluin P. Since the vector

e( 11y, yo(2) | | )y — yol2))

isthesameasy — yo(x)if | | ¥, yo(z) | | £ v and has length v otherwise,
the right member of this equation is defined for all y, provided that
zisin[a — ¢ b + ¢ and u is in P, and it coincides with f*(z, y, u) if
|1y, yo(z) || £ 7. Also, for each fixed z in [a — ¢, b + ¢ it is con-
tinuous for all y and all » in P, and if moreover the f®(z, y, u) are
continuous for all (z, ) in V and all  in P the g® are continuous for z
inla—¢b+¢,allyandall uin P,

By the remark after 68.2, if Y®(x) are functions continuous on
[a — ¢, b + ¢ such that (x, Y (z)) is in V, the functions f®(z, Y (x), u)
are summable over [a — ¢, b + ¢| for all win P. If y is fixed the func-
tions o( | | ¥, wo(z) | | )™ — y{(x)) are continuous on [a — ¢, b + €]
and the point (z, yo(z) + ¢(| |y, yo(z) | | ) (¥ — yo(x))) liesin E,, hence
lies in V. Therefore by the definition of g™ (z, y, u) it is measurable
inzon[a — ¢ b + ¢ for each fixed y and each fixed w in P. Also, the
values of the g are included among the values of the f for (z, y) in V
and u in P, so

|19z, y, ) || = S().

In order to show that the g also satisfy hypothesis (v) we need

the trivial inequality

(4) el Tyl Dyy, ol y2 | Dyl 1 = [y, 92l
This is evident from a figure. To establish it analytically we suppose
the notation chosen so that | |y || = ||y2]|. Define
_elllulD)
eIy ll)

Since ¢ is monotonic decreasing, this is at most 1. Since te(t) is
monotonic increasing, we have

HyelleCl Tyl D) 2 1yl leCytl]),

sothat ||y:1|| S 7||y2l|. Aswehaveassumed ||y || S ||w2]l,
this implies

Hyl | 24Q +7) [yl
Using the Cauchy inequality we find

ilua+r>y;-»—y<;>1y<;»gau+r>1|yz||2—1|y,||-||y,||
= 0.
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From this, by a little algebraic manipulation, we find

rys a1 =1y gal 12 = 21 = 1) 3 B(L+ P — ol

t=]
Sllyymll
But
[Te(l Tyl Dys ol Lye |yl |
. =o(l{nall) 1o, ryall
S|y, ryall,

and this and the preceding inequality establish (4).

Nowlet zbein(a — ¢, b + ¢Jand win P. If y, and y, are arbitrary
vectors, we write Yy, Y, for y, — yo(z) and y2 — yo(z) respectively.
Using inequality (A4) and hypothesis (v),

| Ig(x’ Yy u); g(xr Y2, u) I l
= [ 11, yo(x) + o( || Yi[1)Yy, w), f(z, yo(z) + ¢( || Y2 ||)Vs u) ]
SM@) | [e([1 Y)Yy (]| Ya|[)Ya]]
S M@) || Yy, Yall
=M@ ||y, yll.

Hence the g®'(z, y, u) satisfy (v) (that is, satisfy (iv) of Theorem 68.5)
for all y, and y..
By 68.1 and 68.5, the equations

Glul:  y© = g¥(z, y, u)
have unique solutions
YOz Emu)  @G=1,-- ,¢ga—esSxsb+e

defined for all ¢in[a — ¢, b + ¢, all n, and all w in P. By 69.1, these
functions are continuous in all variables on the range indicated, and
so also are the derivatives y if the f®(z, y, u) are continuous in all
variables. It remains to show that they satisfy the original equations
D[u] for properly restricted values of the variables.

Denote by Q the closed set consisting of the points (x, y) such that
a—eszSb+eand||y y(x)|| =29 Thecoordinates of the point
(z, y(z; & n, u)) are continuous functions of all variables for z and ¢in
[a — ¢ b+ ¢ and u in P, hence the distance d from this point to Q
is also continuous. If the variables are in the set

B) {@é&nwlzinfe—eb+e, (§n)inE, u=u)

the point (z, y(z; £, n, u)) lies on the solution of equations G[u] which
has value n at x = £ But y{’(z) is the only such solution; so for the
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set of values (B) the point (x, y(zx; £, 5, u)) lies in the set £ and has
positive distance d from Q. Since d is a continuous function, on a
neighborhood of the set (B) d remains positive. That is, there is a
positive number & (we may take it less than €) such that on the set
{(x, &, n,w) |z in [@a — ¢ b + €|, (£ n) tn the s-neighborhood of E, u 1n
Ni(uo)P} the point (z, y(x; & 7, ) isnotin Q. It then must lie in E,.
But then the right members of equations G[u] are identical with
J@(z, y, u), and so the solutions y*(x; £, n, u) of G[u] also are solutions
of equations D[u]. This completes the proof.

ReMARk. If the f*(x, y, u) are continuous n all variables they
are bounded on a neighborhood of E, so0 1n this case hypothesis (jii) is
superfluous.

We now investigate the differentiability of the solutions of equa-
tions D[u]. The amazing length of the statement of the next theorem
is partly accounted for by the fact that it really is five theorems rolled
into one, all five theorems having most of their hypotheses in common.
Roughly stated, we are going to prove that the differentiability prop-
erties of the solutions y®(z, &, 5, u) with respect to £, », and u are the
same as those of the functions f® (r, y, u) with respect to x, y, and u
respectively.

69.4. Let the following hypotheses be satisfied

(i) The functrons f(x, y, u) are defined and finite for all (x, y) n
an open set V in (g + 1)-dimensional space and all u in an open set P in
p-dimensional space

(ii) For each fized u in P and each fized y, the functions f* (x, y, u)
are measurable functions on the (open) set of values of & such that (z, y)
sin V.

(iii) For each fixed x, the functions f(r, y, w) are continuous func-
tions of (y, u) for all y such that (z, y) is in V and all u 1n P, and for all
such (y, u) they possess continuous partial derwatwes wnth respect to
the variables y' of all orders < m (m a positwe integer)

(iv) There is a function S(z) summable over an anterval [aq, be) con-
taining [a, b] in s interior and such that all the ' (x, y, u) and all the
partial derivatwes mentioned in (iii) have absolute values at most equal
to S(x) whenever x 18 in [ay, bo), (z, y) isin V and u is in P.

(v) The functions y®(z) (i =1, - - + ,g;a S z < b) are solutions
of equations D[u] with u = uo in P, and the set E of points (z, y(z))
(asz=sb)isinV.

Then

(C1) there exist positive numbers e, § such that for each (%, 1) in the
s-neighborhood of E and each u in the §-neighborhood of u, there is a
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unique solution
YO b u) (e—eSzSb4egi=1---,9)

of equations D[u] such that y® (&; & n, u) = n®. These functions are
continuous tn all variables on the set of values indicated, and so are their
partial derwatives with respect to the 7 of all orders < m.

(Co) If hypothesis (iv) is strengthened by assuming that for each
fixed x the f® possess continuous partial derwatwes of all orders < m
with respect to the variables y™ and ", and all these partial derivatives
have absolute values at most equal to the summable function S(x), then the
solutions y® (z; & n, w) have continuous partial derivatives of all orders
=< m wnth respect to the variables n and u‘™ on the set of values indicated
in (C)).

(Cs) If in addition to hypotheses (i) to (v) we assume that the func-
tions f(x, y, u) are continuous in all variables on the set {(z, y, u) |
(x, y) an V, wn P}, then on the set of values indicated in (C,) the deriva-
tives y(x; & m, u) are also continuous and possess continuous partial
derwatwes of all orders < m wuth respect to the variables n™.

(Cy) If the functions f*(x, y, u) are continuous n all variables on.
the set {(x, y, u)|(x, y) 1n V, u in P], and hypothesis (iv) is strengthened
as win (Cy), then on the set indicated in (C,) the derwatives y®(z, &, n, u)
are also continuous and possess continuous partial derwatwes of all
orders £ m with respect to the variables n and u'.

(Cs) If in addition to hypotheses (i) to (v) we assume that the
f®(x, y, w) possess continuous partial derivatives of all orders £ m with
respect to all the variables x, y®, u™, then on the set of values of (x, &, n, u)
wndicaled the functions y© (z; &, 1, u) and y¥(x; &, 1, u) possess continuous
partial derwatiwes with respect to all the variables x, £ 7%, u™ of all
orders < m.

In proving this theorem it is convenient to observe a certain inter-
relation between the various conclusions, which we express in the
following lemma.

Lemma. If for a given m the hypotheses of 69.4 imply conclusion
(C1), then for the same m they also imply (Cs), (Cs) and (Cy).

Suppose that the functions f®(z, y, u) are continuous in all vari-
ables. As we saw in proving 69.3, the equations

Y95 & n, u) = fO(z, y(z; & 0, u), u)

are identities in z, £, 1, u on the set of variables indicated in (C,). On
this same set the functions y™(z; ¢ », u) have continuous partial
derivatives of all orders < m with respect to the variables 7. There-
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fore from the preceding equation we see that the derivatives y{” have
continuous partial derivatives of all orders = m with respect to n®.
This establishes conclusion (Cs).

We introduce p new variables y(+? (r = 1, + - -, p) whose range
is P, and we define
f(l)(z, y(l), .. ,y(G+P)) .=-f(|)(x, y(l)’ .« v ’y(q)’ u(l), e ,u(P))
G=1--",4q,
Oy, -y =0 G=q+1, -, q+0).

Suppose now that for each fixed z the functions f®(z, y, u) have
partial derivatives of all orders <m with respect to the variables
y® and 4 whenever (z, y) is in V and » in P, and that none of these
derivatives exceed S(z) in absolute value. The equations D[u], with
parameters u and initial conditions y®(£) = 7™, are equivalent to the
set of ¢ + p equations

(D*) O = fO,y), =1, ,¢+0p
with the initial conditions
Yy =1 @¢t=1---,9,
Yy =u  (r=1,---,p).

For the last p of the differential equations D* force y‘¢* to be con-
stant, and by the initial conditions this constant value is 4. This
new system satisfies all the hypotheses of 69.4 if we replace V by the
(open) set of all (z, y, u) with (z, y) in ¥V and u in P. Since we have
already established conclusions (C;) and (Cs) we know that the
solutions
y“’(:c; £, ’7(1); v ;"'(q); u“)) e ;u(p))

are continuous in all variables and so are their partial derivatives
of all orders =m with respect to the n® and u for all (z, £, , ) such
that z and £ arein[a — ¢ b + ¢] and (£, #, u) is in the é-neighborhood
of the set of points

{(x,y,u)la—¢§x§b+e,y=y(x),u=uo}.

In particular, the solutions have the desired continuity and differentia
bility properties if (£, n) is in the §/2-neighborhood of E and u is in the
3/2-neighborhood of uo, which is conclusion (C;) except for the trivial
replacing of & by /2. Moreover, by (Cs) the derivatives

Yo (x; & 0, u)

also have these same differentiability properties if the functions
f®(x, y, u) are continuous in all variables. This is conclusion (C4).
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The lemma is therefore established, and we return to the proof of the
main theorem.

If (z, y) isin V and » is in P, and @8 is a positive number so small
that the 8-neighborhood of (z, y) is in V, we compute

1
(A) [z, y +nuw — O, y,u) = /; d%f“’(x, y + tn, u)dt
1 q
= [, sntau w0
0
1=1

(i=1; c rQ)’
provided that | |7 || < 8. From this, with hypothesis (iv) and the
Cauchy inequality, we deduce

|f(‘)(x, Yy + n, u) - f(')(xf Y, u) i
Qq
1 3
< ﬁ {z Uto(z, y + tn, w2 11wl dt
J=1

¢S@) [ Inll,

IIA

whence

LS,y +nu), @y 0] =eS@ |l
Thus hypothesis (v) of 69.3 is satisfied. The other hypotheses of
69.3 have been assumed satisfied, so there are positive numbers ¢, §
such that equations D[u] have unique solutions y®(z; § =, w)
(=1, ,q;a—eSx=<b+ ¢ forall (§ n, u) in the set

U: {(&n,u) | (& 1) n the 8-neighborhood of E, uin the 5-neighborhood of uo},

and these solutions are continuous for all (z, § =%, u) with z in
[a —¢ b+ ¢ and (¢ n, u) in U.

Let j be any particular one of the numbers 1, - - -, q. If uis
in P and the functions y(z), a — ¢ £ £ b + ¢, are continuous and
(z, y(x)) is in V, the functions f®(z, y(z), u) and
f"‘(x, y“)(x)r e ,y('—l)(z); y(ﬂ(z) + ¢, y("H)(I), Ty

y9@@),u), @E=1,-"",9
are measurable if | ¢ | is small enough, by the remark after 68.2. If we
subtract the first of these from the second and divide by ¢ we obtain a

measurable function. If we now let ¢ tend to zero through a sequence
of values, we obtain a sequence of measurable functions converging to

1((2)(11 y(x)y u)’
which is therefore measurable on[a — ¢, b + ¢].
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If (& 1) is in the é-neighborhood of E, u is in the §-neighborhood
of up and z is in [@a — ¢, b + ¢}, the point (x, y(z; & 9, w)) is in V.
Because of the continuity of the solutions, the linc-segment joining this
point to the point (x, y(x; ¢ 7 + h, u)) will also lie in V if k is any

g-tuple lying in a certain neighborhood of (0, - - - , 0). Henceforth
we suppose that h is in that neighborhood. If h is in the given
neighborhood of (0, - - - ,0) and tisin the interval [0, 1] the functions

(@, y(x; & n, w) + ty(es &0+ hw) — y(z; & 0, W, v
are continuous in ¢ and k for fixed x. By the preceding paragraph they

are measurable in z for fixed (¢, ), since the arguments are continuous
functionsof ronfa — ¢, b + ¢]. Soforeachzin[a — ¢, b + ¢ we have

1
Az, 1, b, u) = /u fion(x, y(x; & m, u)
+ tly(x; & 0+ h, w) — y(x; & 9, w)}, u) dt

n—1

.1
im =~ > fi(z, y(z; &, w)

n—

[

m=0

+ (m/n){y(z; & n + h, w) — y(x; £ 9, W}, u).
For each n all the summands in the right member are measurable func-
tions of z on [a — ¢ b + €], so A(z, n, h, ) is measurable on that
interval for each fixed . Since the first partials of f® are continuous
functions of the y®, and y®(z; £ n + A, ) and y*(x; £, 9, ©) are con-
tinuous functions of n and A, it is casily seen that A}(z, », h, u) is also
continuous in 7 and h for fixed z.

Next let k be any one of the numbers 1, - - - | g, and let h be such

that all its components except h®> are zero We define

yole b nthow) -y En ) L

29(z; m, by u) = i -

Using equation (4), we find that for almost all zin [@ — ¢, b + €] this
satisfies the equation

9z m, hyw) = (R®)HSO (2, y(x; & 0 + hy w), u)
—f("(.‘l?, y(x) &, u)a U)}

Q
= a0t 1Y Sz, v & m,w) + ty(es £ 0+ by w)
=1
—y@@; & W), W@r(E; & n+ b uw) — Yy (z; & 9, u)dt
q
= 3, Ayx;n, h, w2 (z;n, by u).

1=1
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Also, since y™(z; £, 7, u) has the value n® at x = ¢ we see that

29(Em, by u) = {(D 4 hW) — 9}

X0
= ank,
where 8. 18 1 if 2 = k and is O otherwise.
Consider the differential equations
q
(L) 90 = 3 Ai(z, n, h, u.

I=1

By 69.2, for each g¢-tuple 7 these equations have unique solutions
vW(x; ¢, A, hu) =1+ ,¢g;8— €=z =b+ ¢ reducing to
#® at x = £ and continuous in all variables. Hence in particular
the limit

(B) H’ljlmo v (z; & 4, 0, by, u) =0V (z; & 4,1, 0, u)

exists and is continuous in z, £, 4, n and u. But for A%® 3 0 the func-
tions z¥(x; n, h, u) satisfy these same differential equations L. If 4
is the vector whose k-th component is 1 and whose other components
are 0, by the uniqueness of the solutions of L we have

yO(x; £, 1 + b, u) — yW(x; § 9, w)
hE)

= 29(z; 9, h, u)

@ (x; & 4, m, by, w).

Thus equation (B) informs us that the partial derivative of y® with
respect to n® exists, and

(9] Y (x; £ m, u) = v (x; & 4, 9, 0, w),

which is a continuous function of z, , 7 and u.

We have thus obtained conclusion (C;) of our theorem subject
to the restriction that m = 1. By the lemma, conclusions (C3), (Cs)
and (C,) also hold for m = 1.

To remove the restriction m = 1 we use induction. Suppose that
the hypotheses of 69.4 imply (C\), (and by the lemma imply (C3), (Cs)
and (C,)) whenever m is less than a certain m’ greater than 1; we show
that the hypotheses still imply conclusion (C,) when m = m’. The
equations

¥O@; b m w) = 19 + [T y(a; & m, w), w) do
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are identities fora — ¢ S z S b + ¢ and (¢, 9) in the d-neighborhood
of E and u in the &nelghborhood of u, and the y™ have continuous
first-order partial derivatives with respect to the variables n*. If
for some k we denote the partial derivative of y® with respect to
7™ by v, we see by 39.2 that the equations

v = §; + /: { i (=, y(z; & 9, u), u)v"’} dz
Y1

are satisfied, where S is 1if ¢ = k and is 0 otherwise. These equations
are equivalent to the differential equations

(P) v = Zq‘,f;‘(’n(x, y(z; & n, u), up®
I=1

with the initial conditions v®(f) = 6. Let us consider u fixed
somewhere in the é-neighborhood of uo and ¢ also as fixed; n we will
permit to vary, subject to the requirement that (£, 1) shall remain in
the é-neighborhood of the set E. Now equations (P) are of the type
of equations D[u], with certain notational changes; y is replaced by v,
the parameters are ) instead of u‘», the initial values are fixed at &,
instead of being the (arbitrary) n®’, and the numbers u in equations
(P) are to be temporarily disregarded as parameters, since we are
keeping them fixed. By hypothesis the functions f® have contin-
uous partial derivatives of all orders < m’ with respect to the vari-
ables ¥, and by the induction hypothesis and conclusion (C;) the
functions y®(z; ¢ 7, u) have continuous partial derivatives of all
orders < m' — 1 with respect to the variables . Hence for each
fixed z in [@a — ¢, b + ¢ the right members of equations (P) have
continuous partial derivatives of all orders < m’ — 1 with respect to
the variables v and 9@, We have assumed (C,), (C:), (Cs) and (C,)
all valid if m is less than m’, so by (C3) we find the equatlons (P) have
solutions

v® = v (z; £ v, 1)

assuming the initial values v® at x = ¢ and having continuous partial
derivatives of all orders < m’ — 1 with respect to the variables
v® and n@. In particular, if we fix v® at the value 5,. this solution is

y;?"(x; £, m, u))

as we saw in deriving equations (P); so these functions have continu-
ous partial derivatives of all orders < m' — 1 with respect to the
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variables 9. That is, the functions y*(x; & 9, u) have continuous
partial derivatives of all orders < m’ with respect to the variables
7, and conclusion (C;) holds for m = m’. By the lemma, the same
is true of (C3), (Cs) and (Cy), so by induction these conclusions all
hold for all integers m.

All that remains is to establish conclusion (C;). We therefore
assume that the functions f®(z, y, u) have continuous partial deriva-
tives of all order £ m with respect to all variables on the range (z, y)
in V, win P. If (¢ ) is in the é-neighborhood of E, so is (¢ + h, 1)
for all sufficiently small values of h. We assume k to be such that
(¢ + h, 1) is in the d-neighborhood of E and ¢ + hisin[a — ¢, b + ¢
and we define Y®(h) to be the value of y®(x; ¢ + h, 9, u) at = §,
that is,

YO(R) = yO(& &+ by, u).

The functions y®(z; £ + h, 9, u) satisfy equations D[u] and have
values Y®(h) at x = ¢&. But the only solutions of equations Dfu]
with those initial values are the functions y®(x; ¢ Y (h), u). Thatis,

YO+ o) = YO E YR, W) G=1, 0

for all z in [a — ¢, b+ ¢, and all h near O such that £+ & is in
[@a — ¢, b+ ¢. Since the functions y®(z; ¢ 4 h, n, u) satisfy equations
[u] and have the values ¥ at x = ¢ + h, by integration we find that;

YO £+ by ou) =100 + :H. JO@ y(@; &+ b onyw), w) dz,
or

Yom) — 90 = = [ 10, y@; £ + b, 1, u), v) da.

We divide by h and use the theorem of mean value, obtaining

(s) — ()
Xﬂ;_ﬂ = —fO(F, y(Z; £+ h, 9, u), u),

where % is between ¢ and ¢ + h inclusive. The right member of this
equation is continuous in all variables, so

YOR =12 o ott, yts £ ), w) = 190 n, w)

E=1-"",9.

The first-order partial derivatives of the y® with respect to the @
have already been shown to exist and to be continuous. So by Taylor’s

lim
h—0
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theorem and the preceding equations,

yO(x; £+ b, n,u) — yO(; &, u)
3

y(z; & Y(h), u) — y®(z; & n, w)
h

q

Ey;:,,u £ 0+ O(Y () — n), u) L)

)=1

where ¢ is between 0 and 1. As h tends to zero Y (h) tends to Y(0),
which is 9; so the first factor in the right member tends to a limit.
The second factor has already been shown to approach a limit. Hence
the left member approaches a limit. That is, y® has a partial
derivative with respect to ¢, and

Yo (h) - ,,m]

© YR g w = = X uh( & w0 ).

=1

This proves also that the left member is a continuous function of all
variables.

From equations D[u] themselves we see that the partial derivatives
of the y® with respect to z are continuous functions of all variables,
being identically equal to f®(z, y(z; § n, u), ). So we have shown
that the functions y®(z; ¢, n, w) have continuous first-order partial
derivatives with respect to all variables on the range indicated, and
conclusion (C5) is established for m = 1.

Suppose next that m is greater than 1.  The functions y®(z; £, 1, )
have been shown in (C4) to have continuous partial derivatives of all
orders < m with respect to the n” and u”, and the f®(z, y, u) have been
assumed to have continuous partial derivatives of all orders = m with
respect to all variables. From equations (C) it now follows that the first
partial derivatives of the y® with respect to £ have continuous partial
derivatives of all orders < m — 1 with respect to the @ and u®, for
the differentiation of the right member will introduce only derivatives
known to exist and be continuous. In a like manner, from equations
D[u] we see that the partial derivatives of the y® with respect to =
have continuous partial derivatives of all orders < m — 1 with respect
to the variables o and u®. Returning to (C), we now see that if
m = 2 the partial differentiation of the right member with respect to
z or ¢ will involve only partial derivatives now known to exist and be
continuous, and likewise for the right member of D[u]. .That is, if
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m = 2 the partial derivatives
W) () (5)

Yeer Yy Yoz

all exist, are continuous and have continuous partial derivatives of all
orders < m — 2 with respect to the ¥ and 4. Returning with this
information to (C) and D[u], we find that if m = 3 the third-order
partial derivatives of y® with respect to x and ¢ possess continuous
partial derivatives of all orders < m — 3 with respect to the n® and
u®.  We continue the process; the outcome is that all partial deriva-
tives of y® of order < m exist and are continuous for the indicated
values of the variables. Finally from equations D{u] themselves it
follows that y also possesses continuous partial derivatives of all
orders = m with respect to all the variables, and the proof of the
theorem is complete.



CHAPTER X
Differentiation of Multiple Integrals

70. The theory of differentiation for multiple integrals rests upon
the covering theorem of Vitali, to which we devote this section.
Before stating the theorem, it is convenient to define regular conver-
gence of a sequence of sets to a point.

70.1. A sequence of measurable sets E,, E,, - - - converges regularly
to a point xo 1f there exists a set {Q.} of cubes (that is, intervals all of
whose edges are equal) with centers at xo and possessing the following
properties. For each n, the cube Q, contains the set E,. Asntendsto «,
the side of Q. tends to zero. There 1s a positive number o such that

mE, 2 amQ,

for each n.

A number a with which the last inequality is satisfied is called a
modulus of regularity of the sequence {E,}.

We can now state Vitali’s theorem.

70.2. Let E be a set in g-dimensional space R,, contained in an open
set U. Let § be a family of closed sets such that for each x in E there is a
sequence {F,} of sets of the family § which converges regularly to x.
Then there exists a finite or denumerable collection F,, Fq, - - - of sels
of the family §, no two having any points in common, such that U F, is
contained in U and contains all of E except at most a subset of measure 0:

m(E — UF,) =0.

The proof which we shall give is due to S. Banach.
We first prove the theorem under two auxiliary hypotheses.

(I) The set U is bounded.

(II) There is a positive number a such that for each zo of E there is
a sequence of sets of § converging to x, with modulus of regularity «,
each set of the sequence containing the point x,.

Our first step is to reject certain sets from §. Every set F of §
not contained in U can be rejected without disturbing the hypotheses;
for if {F.} is a sequence of sets of § converging regularly to a point
zo of E, all but a finite number of the F, are contained in U, and the
rejection of these leaves us with a sequence of sets of § contained in U
and converging regularly to z,. Next we reject from § all sets F

366
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which are not contained in any cube @ with mQ < a~'mF. This too
leaves our hypotheses undisturbed; for if {F,} converges to z, with
modulus of regularity a, by definition each set F, is contained in a
cube @; with center at x, and such that mF, = amQ..

It is convenient to introduce a new symbol. For each set F of the
family §, we define e(F) to be half the edge of the least cube containing

F. Thus for some z, the set F is contained in the cube
{leﬁl‘) —G(F) éx(‘) §x3)+e(F)’(i= 1’ tt ’Q)};

but it is not contained in any cube with smaller edge.

The sequence {F,} will be defined inductively. For F, we choose
an arbitrary set of the family §. The sets F,, - - - F, having been
chosen, it is possible that F; U - - - UF, contains all of E. In this
case we already have the collection of sets F, of the theorem, and the
proof is complete. Otherwise, there will be a point z, of E not in
FiU - - - UF,. This last set, being the sum of finitely many closed
sets, is closed. Thus z, is in the open complement of ¥, U - - - UF,,
so a neighborhood Nj(xo) of the point z is in that complement. By
hypothesis, there is a sequence {F*} of sets of § converging regularly
to zo. All but a finite number of these are contained in N;(x,), so
infinitely many sets of the sequence {F*} have no points in common
with F1 U - - - UF,. Now let ¢, be the sup of e(F) for all those sess
F of the family § which have no point in common with F, U - - - U F,.
We choose F,. to be a set of § having no points in common with
FyU - - - UF, and having e(F) greater than ¢,,/2.

As previously remarked, if the defining process stops at some
finite stage, the theorem is established. Suppose then that it does
not stop, so that F,, Fy, - - - is an infinite sequence chosen in the
manner just described; we must show that it satisfies the conditions
of the theorem.

Clearly U F, is contained in U; we had already rejected from §
all sets not contained in U. Clearly no two sets F,,, F,(m = n) have
points in common; the method of choice provides this. It remains to
show that E — UF, is a set of measure zero. Suppose this false;
then the outer measure m,(E — U F,) is positive.

To each set F, of the sequence there corresponds a point z, such
that the cube

Qn: (|2 — e(Fn) S 2@ S 2P +e(Fa), =1, -, q)}
contains F,. Let Q2 be the cube
Q: {z]|2® — Be(Fa) < 29 < 29 + 5e(Fa), G =1, - + -, @)}
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The edge of Q% is five times that of ., so
mQ: = 5'mQn.

Each set F of the family § is contained in some cube @ such that
mQ £ a~'mF, because of the rejection process at the beginning of this
proof. Since @, is the smallest cube containing F,, we have

mQh = 5mQ, < 5% 'mF,,

The series ZmF, converges, for Fy, Fy, + -+ is a sequence of
disjoint closed sets all contained in a set U of finite measure. By the
last inequality, the series ZmQ’ also converges. Since m.(E — Ur,)
is positive by hypothesis, there is an integer N so large that

Y mQr <m(E—UF,).

n=N+1

By 19.8 and 20.3 the set Q%,, UQZX,, U - - - cannot contain all of
E — UF,. Let z, be a point of E — UF, which does not belong
to QF,, U Qrie U - . We then have the following situation.

(A) There is a pont 2o of E which does not belong to any set Fa(n =1
2, - )nortoanyset Qs (n =N +1,N+2, - ).

The point z, does not belong to any set Fa, so it does not belong to
the (closed) set F1U - - - UFy. As in defining the sequence {F,},
we see that there is a neighborhood Nj(zo) of the point z, which is
free of points of F,U - - - UFy. There is a sequence of sets of §
containing z, and converging regularly to z,; and all but a finite number
of these must be contained in N;(z,). We choose such a set, and call
it . Thus we have established

(B) There 18 a set F of the family § which contains xo but contains
no pownt of FyU - - - UFy.

This leaves two possibilitics; either F has a point in common
with some F,, n > N, or it has not. We shall show that each of
these leads to a contradiction. This will prove that the assumption
mo(E — UF,) > 0leads to a contradiction, and will complete the proof
of the theorem (with the additional hypotheses (I) and (II)).

CasE 1. The set F has no point in common with any F.,.

For each integer p, the set F is a set of § containing no point of
FiU - - - UF, The supremum e,4; of the function e(F*) for all such
sets F* is at least equal to e(F). By the law of formation of the
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sequence, e(Fypy1) is.at least e¢(F)/2. Therefore the edge of the cube
Q41 is at least e(F), the edge of @5, , is at least 5¢(F), and the measure
of Q;,, is at least [5¢(F)]¢, which is a positive number independent of p.
But this is impossible; we have already seen that the series EmQ:
converges.
Cask II. There is an n such that F,, has a point in commor. with F.
Let p 4+ 1 be the least integer such that F,,, has a point in common

with F, and let £ be a point belonging to both F,,, and F. By (B),

the number p + 1 cannot be one of the numbers 1, - - - , N, so
p 2 N. Since F is a set of the family § having no point in common
with F;U - - - UF,, the number ¢,,, is at least equal to e(F), so by
the law of formation of the sequence we know that
e(F
6(Fp+1) > —'(‘2‘—)‘

The points Z and z, both belong to F, which can be enclosed in a cube
of side 2¢(F). Hence,

|2 — 20| S %), i=1-"",q

The point # also belongs to F,.i, which is contained in @,+1. So by
definition of @, there is a point z,., such that

I;;-)f-l —e(Fpp) £ 20 S x;;-)i-l + e(Fp41).
Combining the last three inequalities, we obtain
#s = BeFper) S 2 S ol + 5ellp),  T=1 g

That is, o belongs to the cube Q5,,. But p + 1 > N, so this con-
tradicts statement (A).

Thus our theorem has been established subject to the additional
hypotheses (I) and (II). It is not difficult to replace (II) by the
weaker hypothesis

(IT"). There is a positive number « such that for each x, of E there is a
sequence of sets of § converging to xo with modulus of regularity a.

Let §o be the family of sets each consisting of a set of § plus a single
point of E. If {F,} is a sequence of sets of § converging to z, with
modulus of regularity «, we define F? to be F, plus the single point z,.
Then the sets I} converge to zo with modulus of regularity «, and each
of them contains xo. That is, if the family § satisfies the hypotheses
of the theorem and also satisfies (I) and (II’) the family {, satisfies the
hypotheses of the theorem and also satisfies (I) and (II). By the
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previous proof, a finite or denumerable collection [F?] of disjoint sets
of o covers all of E save a set of measure zero. Each FS consists of a
set F, plus a single point z.. Therefore the sets F, are disjoint, and
their sum contains all of E except E — U F,, which consists of
(E — U F?) plus some or all of the individual points zy, x2, - - - and
80 has measure zero.

The removal of hypothesis (II’) requires a little more effort. Let
E. be the subset of E consisting of those points z, of E for which there
is a sequence {F,} of sets of § converging to x, with modulus of regu-
larity 1/n. Clearly E, © E; € E; € - - - ;and since for each point
zo of E there is a sequence {F,} converging to x, with some positive
modulus of regularity, each z, of E belongs to some set E.,.

Now we define inductively a sequence of positive integers
n; < ny < ng < - - - and a sequence of disjoint sets Fy, Fy, F3, + - -,
each one of which either belongs to § or is empty, such that

©) mo(Ex — UF.) < ,lc
1

The set E, satisfies the hypotheses of the theorem and also satisfies
(I) and (IT") with & = 1, so it can be covered, save for a subset of
measure zero, by a finite or denumerable sequence {F.} of sets of §.
If the number of these sets is finite, we denote it by n;; then for k = 1
the left member of (C) vanishes. If the sequence is denumerable,
the series ZmF, converges, for the sets F, are disjoint and are contained
in the bounded set U. We then choose an integer n, large enough
so that

z mF, < 1.

m+1
Then theset E, — (F, U - - - UF,,)is contained in the sum of E; — U F,
and (Fa,41U - - - ). Hence by 20.3, 20.4, 20.8 and 19.8

me(E, — QF,) s mJ(E - UF) + f‘, mF, < 1,

m+1

Suppose that the sequence has been chosen up to nx and F,,. The
set (F,U - - - UF,,) is closed, so the set

Uk=U"'(F1U"'UFm)

is open. The set Ei, U, satisfies the hypotheses of the theorem and
also the additional hypotheses (I) and (II)’, with @ = 1/(k + 1). If
it is empty, we take n,,, = ny + 1 and let F,,, . be the empty set. Other-
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wise, by the first part of this proof there is a finite or denumerable
sequence {F*} of disjoint sets of § such that U F?* is contained in U,
and contains all of Ex. Ui save at most a subset of measure zero.
Since the F* are contained in Uj, they cannot have any points in
common with F,, ¢ = 1, - - + , m. If there are finitely many sets F.",
we make the series formally infinite by writing infinitely many repeti-
tions of the empty set A after them. In any case, ZmF converges,
50 there is a number m such that

1
. S ——
2 mF, < &+ 1)

m+1
Then the set Ei Uy — (FfU - - - UF)) is contained in the set
[EvsrUr — U F*Yu (I",':‘,Jrl v I",:+, U - - - ), and so has exterior measure
less than 1/(k + 1). We define niy1 = nx + m, and write
) Fm+u=F:', i=lr.'.rm~

The set Exyy — (F1U - - UF,,,) is in U and contains no point of
(FyU - - - UF,),soitisin U;. Hence

Nk41 Nk4l nk4i

Eei = UF, = UlEi = U R = BuiUs - gl F,

= E;H_lUk - UF.‘,
1

and this last has outer measure less than 1/(k + 1). This completes
the inductive definition of the sets F,.

The sets F, thus defined are disjoint and are contained in U. Let
k be any positive integer. If p is greater than k, the set E; — UF,is

contained in E, — UF,., which in turn is contained in E, — UF..
1

This last has measure less than 1/p. So the exterior measure of
E. — UF, is less than 1/p for arbitrarily large p, and must be zero.
By 20.2 and 20.6, E; — U F, is measurable and its measure is 0:

mEy—UF) =0, k=12 --"-.
But

E-UF, = kU (Ex — UF,),
-1 1
so E — UF, has measure zero. If we now reject the empty sets

written among the F,, the remainder are sets of § withyall the required
properties.
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All that remains is to remove the additional hypothesis (I). For
eachset (n;, - - -, ng) of integerslet U(ny, - - * , n,) be the open cube

{xln.<:c("<n.+l, i=1;' "yq}

These cubes cover the whole space except a set of measure zero. By
the previous proof, for each set (ni, * -+, n,) there is a finite or
denumerable collection of disjoint sets F, belonging to {, contained
in UN U, - - -, n,), and covering all of EU(n,, - - - , n,) save
a subset of measure zero. If we take all these sets together, we
have a finite or denumerable collection of sets of § contained in U
and covering all of E but a part of measure zero. The sets are dis-
joint; for if two sets F,, F, are contained in the same cube they were
chosen disjoint, and if they are contained in different cubes they
clearly can have no common points. This completes the proof.

T1. Let us recall the definition of the upper derivate of a function
f(z) at zo. If f(z) is defined on an interval I,: {z|a < z < b}, for
each subinterval I = [a, 8] we can define ¢(I) = f(8) — f(a). By the
definition 31.1, together with 6.4, we can state that Df(z,) is the largest
number [ for which there exists a sequence of closed intervals {I.} con-
tained in I,, having one end at z, with lengths tending to zero,
and such that lim [¢(I,)/AI,] = . In fact, by the exercise after 31.1
we can replace the requirement that z, be an end of I, by the weaker
requirement that z, belong to I,.

This suggests defining the upper derivate of a function of intervals
&(I) to be the greatest number [ for which there exists a sequence {I,}
of closed intervals converging to z, and such that ®(I,)/Al, tends to L.
But in the light of the preceding section, we see that in space of two
or more dimensions there is a distinction which is absent from the one-
dimensional case. A sequence {I,} of intervals containing z, may
have edges tending to zero, and yet not converge regularly to z, in
the sense of definition 70.1; for instance, in two-space the intervals
I {z|zf) < 2 S 20 4+ n~Lz® < 2P < 2P + n—1} fail to converge
regularly to z,, We therefore have a choice in the above definition.
Either we can demand merely that the I, contain zo and have edges
tending to zero; the derivate thus defined is called the strong upper
der, ~te of & at zo, and we shall not discuss it further. Or else we can
den.: " that the I, converge regularly to zo; the derivate thus defined
ig the® “iu..ary upper derivate of ® at z,. Precisely,

T1.1. Let &™) be a function of sets which is defined for all closed
intervals contaif™ 1in an interval I,. Let xo be a point of I,. The
ordinary upper' take . N®(zo) and the ordinary lower derivate D®(z,)
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of ® at z, are respectively the greatest and the least of all numbers | for
which there exists a sequence {I.} of closed subintervals of I, containing
Zo, converging regularly to xo and having lim [®(1,)/AI.) = 1. If the

ordinary upper derivate and the ordinary lower derivate of & at z,
are equal, we define the ordinary derwative of ® at o to be their common
value, and denote it by D®(z,).

Several variants of this definition suggest themselves. We could
require in 71.1 that the I, be cubes. More stringently, we could ask
that the I, be cubes with center at ry; the derivates thus defined are
sometimes called central derivates. Obviously, if the ordinary
derivate exists so does the central derivate, and the two are equal.

In the opposite direction, we can relax the conditions by replacing
the intervals I, by closed sets E, not necessarily containing zo. The
derivates thus defined are called general derivates.

71.2. Let ®(E) be a function of sets defined for all closed subsets E
of the interval 1o, and let xo be a point of I. The general upper derivate
D*®(x0) and the general lower derwate D,®(x0) of ® at xo are respectively
the greatest and the least of all numbers I for whach there exists a sequence
{Ea} of closed subsets of I, converging regularly to z, and having
lim [®(E,)/mE,] = l. If these two general derivates are equal, we define

the general derwate D*®(zo) of ® at z, to be therr common value,
D*®(z0) = D*®(z0) = Dy®(z0).

Since all closed intervals are closed sets, the numbers ! of definition
71.1 are included among the numbers [ of 71.2. Hence

D, ®(z0) < D®(z0) < D&(z0) < D*®(z).

In particular, if the general derivative exists so does the ordinary
derivative, and the two are equal.

These upper and lower derivates satisfy the same set of inequalities
as the derivates in §31.

71.3. If ®\(E) and ®.(E) are finite-valued functions of intervals
defined for all subintervals of I, then at each point xo of I, the following
relations hold, insofar as the sums and differences are defined:

D&, + D®; < D[®:, + &i] < D&, + D&; < D[®: + &3]
é DQI + DQ’;
_ D&, — Do
D®, — D&; < D[®, — &) < [D: _ 1_)@:}
< Di#, — &) S D&, — D4,.
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If ®(E) s a function of sets defined and finite for all closed subsets
of I,, the analogous relations hold between the general upper and lower
derwates at x,.

Let {I.} be a sequence of subintervals of I, converging regularly
to zo and such that [®,(I,) + ®:(I.)]/Al, tends to D[®; + ®,]. For

a properly chosen subsequence {I.}, @ = ny, ns, - - - the sequences
&,(1,)/Al, and ®5(1,)/AlI, converge to limits, finite or infinite. Then
(4) D@, + &) = lim 2 4 i, 2ala),

a— ® AIu a— © Ala

provided that the sum on the right is defined By the definition of
ordinary upper derivate, we have

(B) tim 20 < pa, 512
So if the sum on the right in (A4) is defined, (A) and (B) imply
(©) Di®, + &,] < D&, + Da,.

If the sum on the right in (A) is undefined, one of the summands is
+ . By (B), one of the terms on the right in (C) is also + «, so
if the right member of (C) has a meaning it means 4+ «. So in either
case (C) is established. As in 31.4, all the other relations are merely
transformations of (C).

The same discussion applies to general derivates; we have only to
use closed sets E, instead of intervals I,.

As a corollary we have the analogue of 31.5, both for ordinary
derivates and for general derivates. The proof is the same as that of
31.5, and we shall not repeat it.

72. The principal theorem of this section will be the analogue of
33.3: the derivative of an indefinite integral is almost everywhere
defined and equal to the integrand. In fact, except for needing the
Vitali theorem in proving the analogue of 32.3, we can follow the
proof of 33.3 with only trifling changes.

72.1. Let u(x) be a U-function summable over the closed interval I,.

For every measurable subset E of I,, define U(E) = /E u(z) dz. Then
at all points x¢ of 1, the tnequality

D, U(zo) 2 u(o)
18 salisfied.
Let h be an arbitrary number less than u(z,). By 7.4, there is a
neighborhood N,(z,) such that u(z) exceeds h for all z in IN,(z).
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Let E,, E,, + - - be a sequence of closed subsets of I, converging
regularly to xzo, such that lim [U(E,)/mE,] = D,U(z,). All but a
finite number of the sets E, are contained in IN.(z,), so for all large
n we have

/E_ u(z) dz > [E hdz = hmE,.

That is, for all large n,
U(E,)
mE,

> h.
Hence,

Y2n

. U(E,

B = i

This holds for all k less than u(x,), so by 5.2 the theorem is established.

72.2. Let ®(I) be a function of intervals which 1s defined, additive

and non-negative for all subintervals of an interval Io, and let h be an

arbitrary number. If the inequality D®(xo) = h holds on a subset E of
I,, then

®(I,) = hm.E.

This is trivial if & is negative or zero. If h is positive, let € be a
positive number less than k. For each point z, of E there is a sequence
of intervals {I,} contained in J,, containing xo, converging regularly to
zo and having lim &(I,)/AI, = D®(z,) 2 h. By discarding a finite
number of terms of this sequence, we are left with a sequence such that
&(1,)/AI, > h — e. By the Vitali theorem (70.2) a finite or denumer-
able set of these intervals cover almost all of E and are disjoint. That
is, there are disjoint subintervals Ij, I3, - - - of I, each satisfying
the inequality ®(I)) > (h — €)AI,, and together covering almost all
of E, so that

Y, AL z m.E.

We select a finite number of these I, say I}, - - -, I}, such that
k
YA > mE — e
1

Hence, using a preceding inequality,

k
é@([;) > E (h — &AL} > (b — e)(m.E — ¢).
1 1
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The remainder of I, can be subdivided into non-overlapping sub-
intervals I, - - -+, I,. By hypothesis,

k P k
o(lo) = 3, 8I) + Y, oY) 2 Y, &) > (h — )(mE — ¢).
1 1 1

Since € is an arbitrary positive number, this implies ®(Iy) = hm.E,
establishing the theorem.

72.3. Let ®(E) be an additive function of sets, defined and non-
negative for all bounded Borel sets. Let h be an arbitrary number If
D*®(z,) = h on a subset E of a bounded Borel set B, then

®(B) = hm,E.

We may think of ®(E) as a measure function on its natural range;
the extension to the natural range is possible, by the remark after
54.2, but we really have no need for & except on Borel sets. It is
now possible to regard & as a measure to which all s- theorems apply.
Therefore, by 20.7, for every positive ¢ there is an open set U contain-
ing B and such that $(U) < ®(B) + ¢. Now, as in proving 72.2, we
obtain a set of disjoint closed sets E,, - - - , E, contained in U,
of total measure at least m.E — ¢, and satisfying the inequality
&(E,)/mE, > h — e. This yields

#(B) > &(U) — ¢ > (p(g') E)—e= i@(E,) —

> (h— € Y, mE, —e2h) mE — el +mU) > h(mE — ¢
1 1
— ¢(1 + mU).

Since ¢ is an arbitrary positive number, the theorem is proved.
72.4. If f(z) s summable over R, and for all measurable sets E we

define F(E) = [x f(z) dz, then for almost all x the ordinary derivative

and the general derivative of F(E) at x are defined, finite and equal to
f(=z).

We need prove only the statement about the general derivative;
as we saw in §71, if this is defined so is the ordinary derivative, and
the two derivatives are then equal.

Let I, be a closed interval, and let ¢ and k be positive numbers.
Since f(z) is summable over I,, there is a U-function u(z) = f(z) on
I, such that

fhu(x) dr < fhf(a:) dz + k.
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For each measurable set E contained in I, we define

U(E) = /E u(z) dz,
G(E) = U(E) — F(E).

Let Ei be the subset of I, on which D*G(z) = k. By 72.3.

ek > U(ly) — F(1y)
= G(I,)
= km,E’;,,

so E, has exterior measure less than e. Except on E: we have by
71.3 and 72.1

D,F(z) 2 D,U(z) — D*G(z)
> u(z) — k
2 f(z) — k.
Thus for each positive k the set on which the inequality
DyF(z) > f(z) — k

fails to hold has exterior measure less than ¢, which is an arbitrary

positive number. So its exterior measure is zero; that is, its measure
is zero.

In particular, if £ is the reciprocal of a positive integer n the set
on which the inequality

D,F(z) > f(x) — 1/n

fails to hold is a set N, of measure zero. Except on U N,, which

has measure zero, the above inequality holds for every n. Hence
by 5.2

D\F(z) 2 f(z)

almost everywhere in I,.

This holds true for —f(x) as well as for f(z), so for almost all z we
have

Dy[-F(z)] 2 —f(=),
that is,

D*F(z) < f().

The two inequalities together prove that the general derivative of
F(E) exists almost everywhere in /o and has the value fi (x). If wereject
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the set of measure zero on which f(z) is infinite, we find that
D*F(x) = f(z) # + o

almost everywhere in /,.
To complete the proof, we use the cubes

Walg|-nsz®sni=1---,q.

Let E, be the set of x at which it is false that D*F(z) exists, is finite,
and equals f(x). The part of E, interior to W, has measure zero, by
the preceding proof. This holds for every n; so on adding we find
mE, = 0, and the proof is complete.

73. Although we have not defined the concept of total variation for
a function of intervals, the definition is self-suggesting; we merely
paraphrase 46.2. Another way of stating it is this. If () is a func-
tion of intervals defined and additive for all subintervals of I,, there
is by 45.5 a finite-valued function g(z) on I, such that A,/ = &(I) for
every sub-interval I of I,. We then say that ®(I) is of BV on I, if g(x)
is of BV on I,, as defined in 46.2. If this is so, by 46.9 there are non-
negative interval functions ApI and Ayl whose difference is &(I).

We now prove a theorem analogous to 34.3.

73.1. Let ®(I) be an additwe function of intervals, defined for all
subintervals of an interval Io, and of BV on I,. Then at almost all points
z of I, the ordinary derivatwe D®(x) exists, and 1t is summable over the
set E on which it exists. Moreover, if ®(I) is non-negative the inequality

fl Dé(z) dz < (L)

18 satisfied.

By the preceding paragraph, there is no loss of generality in sup-
posing ®(I) non-negative; for ®(I) is the difference of two non-negative
functions ArI and AxI, and if the theorem holds for each of these it
holds for their difference ®(I).

For each pair h, k of positive integers we define Ej: to be the set
of all points z of I, at which

h + 1 < Da(z).

D¥d(x) < < ——
At each point of Es . the derivative D®(x) fails to exist. Conversely,
if the derivative fails to exist at z, the difference D®(z) — D®(z) is
positive. If k is an integer large enough so that 2/k is less than that
difference, and h is the smallest integer such that h/k exceeds D&(z),
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then (h + 1)/k cannot exceed D®(z), and so z is in Exx. Therefore
(A) the set of points at which the derivative fails to exist is Uy i En .

Consider any one of these sets Eyx. For an arbitrary positive
number e it is possible by 20.7 to find an open set U containing Ej .
and having measure mlUU < m.Exx + €. At each point xy of E, . the
lower derivate is less than h/k, so there exists a sequence of intervals
I, converging regularly to z, and having ®(I,)/AI’, < h/k. By the
Vitali theorem (70.2), there is a finite or denumerable set I,, I, - - -
of such intervals which are disjoint, lie in U and cover almost all of
E,.. Hence

® Y o0 s (})Y a0 5 () m0 < (£) mua + 0.

Consider now the part of Exx in an interval I,. On this set the
upper derivate of @ is at least (h + 1)/k, by hypothesis; so by 72.2 we
have

o) 2 | F2 | mBaal,).
By 20.4, this yields
(%) E o(1,) 2 ’%1 . E m(Exil,)
> ["—% m(Exvx U 1)
- [&_70:_1 mEa,

since almost all of Ej, is in U I.. Comparing (B) and (C) yields

[’%1] meEyp < <%> (mExi + ¢,

or
meErr < he.

Since ¢ is arbitrary, E, x has measure zero.

Returning to statement (A), we now see that the set on which the
derivative fails to exist is the sum of a denumerable collection of sets
of measure zero, so it has measure zero. If we denote by E the set on
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which D&(z) exists, we have shown that E constitutes almost all of
I,. It remains to show that D®(z) is summable over I,.

We first effect a partition of I, into 2¢ disjoint subintervals
I.jj=1, -+, 2% by bisecting each side of 7,. Again, by bisect-
ing each side of each I, we split I, into 2?¢ disjoint intervals
Iy;,j=1, -+ ,21 Continuing thus, for each integer n we split
I, into 2" intervals I,,, j=1, - - -, 2" For each n, we define
fa(@) = ®(Ia,)/AlL, for x in I,,. These are non-negative step func-
tions, and it is evident that

2me
(D) [, Jn@) dz = 3, @(1.) = o).
L] = 1
Let zo be a point of E.  For each n the point z, belongs to a certain
one I,,m of the intervals I,,. These intervals converge regularly
to zo, and D®(x,) exists, so

) ¢(1u.;<»)) —
'}L“l AIn.:(n) - Dtp(IO).
But by definition the fraction on the left is the value of f.(z,). So we
have shown that f.(zo) converges to D®(z,) for each z, of E. Now by
29.1 the function D®(x) is summable over E, and

[E D¥(z) dz S lim [E () dz = (I,).

78.2. Let ®(E) be a completely additive function of sets (or a non-
negative additive function of sets), defined and finite on a famaly containing
all bounded Borel sets. Then the general derivative D*®(x) 1s defined
and finite for almost all x, and is summable over every bounded measurable
set on which it is defined. Moreover, if ® 18 non-negative and E s a
bounded Borel set on which D*®(x) is defined, the inequality

[E D*&(z) dx < &(E)

8 satisfied.

If #(E) is completely additive, it is the difference of two non-nega-
tive completely additive functions of sets, by 53.12. So there is no
loss of generality in supposing #(E) non-negative.

Let E be the set on which the general derivative D*®(z) is defined.
If we restrict our attention to subsets of an interval I,, we can repeat
the proof of 73.1, replacing ordinary derivatives by general derivatives
and intervals by closed sets. We find that I, — E has measure zero,
and that D*®(z) is summable over EI, It is therefore finite on
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almost all of K1, and is summable over every measurable subset of
EI,, by 22.5.
Since this is true for each of the cubes

Walz]—nSaw =1, -,q},

by letting n tend to « we obtain the conclusion of the thenrem.

In this last theorem it is clearly not necessary that #(E) should be
the integral of its derivative; we did not assume that ®(E) is absolutely
continuous. We now shall show that the difference between ® and
the integral of its derivative is a singular function, in the following
sense.

73.3. A set function ®(E), defined and completely additive on a
completely additwe family F of sets, 18 a singular function of there is a
Borel set B, of measure zero such that for every sct E of the family § con-
tarned in the complement of Bo the equation ®(E) = 0 holds.

It follows readily that ®(E) = ®(EB,) for every set E of § More-
over, from 53.9 the positive and negative variations of & vanish on
every set E in CBy, so they too are singular functions. So also 1s the
total variation of ®.

73.4. Let ®(E) be defined, non-negatwe and completely additive on a
completely addutwe family § of scts. Then ®(E) is singular 1f and only
of D*®(x) = 0 for almost all points x.

Suppose that & is singular, and that By 1s the set specified in the
definition

For cach interval I, the set I — By is a Borel set. If E, is the part
of it on which D*®(x) = 1/n, then by 72.3 and 73.3

0 =& — By 2 (}l) m.E,,

so E, has measure 0. The subset of I — B, in which D*® is positive
is the set U E., hence has measure zero Thus 0 £ D*® < D*® <0
for almost all x in I — B,, and D*®(x) exists and is zero almost every-
where in I — B,. But By has measure zero, so D*®(z) = 0 almost
everywhere in I.  If we now replace I by W, and let n tend to «, we
see that D*®(x) is defined and equal to zero for almost all .
Conversely, suppose ®(z) has a vanishing general derivative for
almost all z; say for all z in Eo, when CE, has measure 0. For each
point z, of Eo and each positive ¢, there is a sequence {E,} of closed
sets converging regularly to zo and having ®(E,)/mE; < e. If Iyisan
interval, we can choose a finite or denumerable collection of such
closed sets E,, E,, - - - which are disjoint and cover almost all of



382 INTEGRATION [CHAP X

IE,. Then & (UE,) = Z®(E,) < ¢ZmE, = eml,, We write S
for the union U E,.
If we choose ¢ to have the successive values 1, 4, - - -, 1/n,
-, we obtain corresponding sets S), Sz, + + -, for each of which
m(ly — S,) = 0 and &(S,) < mlo/n. The intersection N S, is con-
tained in each S., so (1) S,) < ®(S,) < mly/n for each n. There-

fore ®( S,) must be zero. The complement in I, of NS, is
I, —NS,=U, - S,

which has measure zero. We can therefore enclose Iy — (1S, in a Borel
set B which also has measure zero. For every set E of § contained
in I, — B we have 0 < ®(E) < ®(I, — B) < (I, — [I, — N S,])
=#(NS,) =0.

For each cube W, we thus find a Borel set B, of measure zero, as
described. Define B, = U B,. Thisisa Borelset. If Eisa set of the
family § contained in C By, then for each n the product £W, is contained
in W, — By, whichis containedin W, — B,. Itssubset EW, — EW,._,
is also contained in W, — B,. Hence ®(EW, — EW,_;) = 0, whence
by adding we obtain ®(E) = Z&(EW, — EW,_,) = 0.

73.6. Let ®(E) be a completely additive function of sets, defined and
Jfinite on the family of all bounded Borel sets. Let f(x) be D*®(E) where
D*®(E) 18 defined and finite, while f(x) = O elsewhere. Then $(E) s

the sum of /E f(x) dx and a singular function V(E); if ®(E) is non-

negalive, so is V(E).

Suppose first that & is non-negative. By 73.2, the function f(x)
is summable over every bounded measurable set. For each bounded
Borel set E we define

Y(E) = ®(E) — /E 1(z) dz.

By 73.2, the function ¥ is non-negative. For almost all z, the equa-
tion

D*¥(z) = D*®(E) — f(x)
holds, by 73.1. This vanishes almost everywhere, by definition of
f(z); so by 73.4, ¥(E) is singular.

To remove the restriction that ®(E) be non-negative, we need only
observe that if ®(E) is completely additive it is the difference of two
non-negative functions. Each is expressible as the sum of the integral
of its derivative and a singular function. By subtracting and observ-
ing that the difference of singular functions is singular, we complete
the proof.



Appendix

In the preceding pages we have defined three important kinds of
integral, and named them the Riemann, Lesbegue and Lebesgue-
Stieltjes integrals. There is a sense in which these names are inade-
quate. Riemann’s method of defining an integral was as follows.
Let f(x) be defined and bounded on a closed interval I Let IT be a

partition on I into nonoverlapping intervals I,, - - -, I, and let
Iy, * * * ,x,bepointsin I, - -, I, respectively. Let N(II) be the
greatest of the diagonals of Iy, - - -, I,. If the sum Zf(xz,)AI, tends

to a limit as N(II) — 0, this limit is the Riemann integral of f(x) over
I. The definition in (11.1) is due to Darboux, so the integral there
defined could justly be called the “ Darboux-Riemann’ integral. It is
equivalent to the Riemann integral as just defined, in the sense that
if f(z) is integrable according to either definition it is integrable
according to the other, the integrals being equal

The concept of upper and lower integral introduced in 14.1 is
essentially due to Daniell, so that we have called these the upper and
lower Daniell integrals. Accordingly, we could justly have given the
name ‘‘Daniell-Lebesgue’’ integral to the integral defined in 15.1.
Lebesgue’s original method of defining his integral presupposed a
theory of measure. For bounded measurable functions on bounded
sets the Lebesgue integral is defined by exactly the process used in
proving 22.1, so for such functions the Lebesgue and Daniell-Lebesgue
integrals are equivalent. The extension to unbounded functions and
unbgunded sets is made by means of the limiting process used in 22.2
It is easily seen that the two concepts of integral are equivalent.

Another scheme of definition, leading to another equivalent con-
cept of integral, is due to F. Riesz. An exposition of it can be found in
Theory of Functions of a Real Variable by I.. M. Graves (McGraw-Hill,
1946).

In 47.1 and 51.1 an integral was defined and named the Lebesgue-
Stieltjesintegral. For the case of continuous functions of one variable,
the concept of the integral of f(z) with respect to g(x) was introduced
by Stieltjes. J. Radon extended such integration processes in the
manner of Lebesgue. Our definition is still of Daniell’s type; so the
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integral defined in 51.1 could justly be given the rather cumbersome
name of “‘Daniell-Radon-Lebesgue-Stieltjes” integral. It is equiva-
lent to that defined by Radon, in the Lebesgue pattern. It is also
equivalent to the integral, which could be called the ‘‘Riesz-Radon-
Lebesgue-Stieltjes’ integral, defined in Graves’s Theory of Functions
of a Real Variable.



List of Special Symbols and

Abbreviations
(In a few cases notation used by other authors has been given in
parentheses)

R,: ¢ dimensional space 1
CE: the complement of E 2
A: the empty set 2
{x | S}: the class of all z for which S holds 2A
E,UE, (E, + E,): union or (set-) sum 2
E, — E,: difference 2
E\nE, E\E,, (E, E,): intersection or set product 2
E, C E;: contained in 2
U E., (£E,): union 3
N E, (11E.,): intersection 3
Kz(z): characteristic function of set £ 3
||z ]| : length of the vector z 5
||z, y|| :distance between x and y 5
Tn — Zo: T, tends to zg 13
R* 20
J(E), f~YE), {f(z) | 8} 20A
lim f(x) 22
sup: supremum (lL.u.b.: least upper bound) 23
inf: infimum (g.l.b.: greatest lower bound) 23
sup f, sup f(z), inf f, inf f(z) 24A
lim sup: limit superior 27
lim inf: limit inferior 27
T I: (total) variation of f on I 45, 248
BV: bounded variation (l.t.v.: limited total varia-

tion) 45, 151, 248, 278
AC': absolutely continuous (a.c.) 47, 153A
AI: volume of the interval I 52
/1 s(z) dz: Riemann integral of a step function 54
(R) [, f@)dz, (R) [ 1) dz, (R) [fz)dz: (up-

per, lower) Riemann integral 57
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U-function, L-function 63
[I u(x), [I I(x): integral of a U-(L-) function 66
/I 1(2) dz, 1’ 1(z) dz 72
/1 f(x) dx: Lebesgue integral over an interval 75, 93
Tt (@), f~(2) 76

/E f(z) dz: Lebesgue integral over a bounded set 89, 93

fE f(z) dz: Lebesgue integral over an unbounded

set 94
mE': the measure of F 101
m.E, m,E: exterior measure, interior measure 110
E(f 2 a] 119
L, 133, 180
f'(z): derivative of f(r) 188A

D, D, D*, D,, D-, D_: upper, lower, upper right,
lower right, upper left, lower left derivative 188, 189

fx) 202
g(x) ]2 242
a1 245
m,E 252, 272
[E f(x)dg(zx): Lebesgue-Stieltjes integral 252, 269
J;. f@)du(E) 295
L ’ f(x) dz: Perron integral 315
D&(zo), D®(x,): ordinary upper (lower) derivative 372
D®(x,): ordinary derivative 373

D*®(x0), D*®(x,): general upper (lower) derivative 373
D*®(z,): general derivative 373
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Absolute convergence of an integral, 94

Absolute continuity, of function of one
vanable, 47-51, 311, 331; of func-
tions of sets, 153—-160, of indefinite
Lebesgue 1ntegral, 156, 159, deriva-
tives of AC functions, 209-216; total
variation of AC functions, 233; uni-
formly AC function classes, 170-177

Accumulation point of a set, 8, 10, 13,
22, of a set 1n R*, 22

Additive classes of sets, 151-155; com-
pletely additive classes of sets, 151-
155; additive functions of sets,
151-155, 376-380, completely addi-
tive classes of scts, 151-155; com-
pletely additive functions of sets,
151-155, 158, 275, 380-382, additive
functions of intervals, 245, 246, 375,
378

‘“Almost everywhere,” 128, 274, con-
vergence, 160-177, 276

Approximate continuity, 224

Ares under curve, 147

Arithmetic of characteristic functions,
3, 4; of elements 1n R*, 21; of ele-
mentary integrals of step functions,
55, of Riemann integrals, 59, 61; of
sets, 2, 3, of summable functions, 77;
of suprema (infima), 24, 25, of upper
and lower hmits, 28, 35

Ascoli’s theorem, 336

Associated functions, 131-133

Baire classes, 218-222, 241, Baire
functions of measurable functions,
221; measurable functions equivalent
to Baire functions, 219

Banach, 366

Basic interval, 72, 90, 94, 259

Bolzano-Weierstrass Theorem, 13

Borel sets, 261-264, 280-285, 376, 380
382

Borel theorem, 16-17

Bound, upper, 23-25, lower, 23-25; least
upper, 23-25; greatest lower, 23-25

Bounded function, 39, 57, 67; uniformly
bounded functions, 336

Bounded set, 13

Bounded set-functions, 151-160

Bounded variation of functions of one
variable, 44-49; of set-functions,
151-160, 278, 378, of functions of
several variables, 248-251

Bounds, 23-25

Cantor’s ternary set,
process, 337

Carathéodory, 51, 118

Cartesian product, 136; of measurable
sets, 145

Cauchy criterion for convergence, 36,
180; inequality, 5; integral, 61-62,
sequences, 180, sequences of step-
functions, 234

Central derivative (derivate), 373

Change of vanable of integration, 211-
216, 329-331

Charactenstic function of a set, 3—4; of
open or closed set, 65-66, of measur-
able set, 119; integral of, 85, 101;
upper and lower ntegrals of, 111

Class L,, 133-134, 180-185

Closed set, 8; set closed relative to an-
other set, 10~12; equal to own closure,
11; complement open, 11; sums of
closed sets, 12, 13, 118, 123; inter-
sections of closed sets, 12, 13, cover-
ing by closed sets (Vital's theorem),
366, relation to semi-continuous func-
tions, 66; measurability of, 102, 272;
relation to interior measure, 110, all
closed sets are Borel sets, 262

Closure of set, 8; closure 1s closed, 11

Collection of measurable sets, 102-106,
123, 366

Collection of continuous functions, 63,
65, 66; covering, 16-17, 366: denu-
merable, 15; measurable functions,
122

48, diagonal
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Complement of set, 2, of open set and
of closed set, 11

Complete limit set, 104-106; metric
space, 180

Completely additive functions of sets,
151-160, 275, 378-382

Composite functions, 51, 123, 126, 132,
221

Consistency, of elementary integral
with integral as U- or L-function, 67;
of integrals of U- and L-functions
with Lebesgue integral, 75-76; of
Lebesgue and Perron integrals, 322;
of Perron and extended Riemann
integrals, 325, of Riemann and
Lebesgue integrals, 85; self con-
sistency of defimtion of integral of
step-function, 54; under change of
basic interval, 92, 93

Continuity, 38, 39; absolute, 47-51,
153-160, 170-177, 311, 331; absolute,
of functions of sets, 153, 275; ap-
proximate, 224; Dedekind, 23; equi-
continuity, 336; 1n generalized sense,
43; left, 254-255, 273, 288-292, 300,
304-305; of functions of sets, 153; of
solutions of differential equations,
349-365, semi-continuity, 39—44, uni-
form, 38

Continuous functions, 38; absolutely
continuous functions, 47-51; approxi-
mately continuous, 224; approxima-
tion of continuous functions by step
functions, 58; approximation of L,
functions by continuous functions,
229; approximation of measurable
functions by continuous functions,
225; Cauchy (elementary) integral
of, 61; equi-continuous functions,
336; generalized sense, 43; left con-
tinuous functions, 2564255, 273, 288~
292, 300, 304-305; Riemann integral
of continuous function, 58; semi-
continuous functions, 39-44; se-
quences of continuous functions, 43,
65, 69; set-functions, 153; uniformly
continuous functions, 38, 48

Convergence, absolute, 94, 264; almost
everywhere, 160-177, 276; almost

INDEX

uniform, 160-177, 276; Ascolt’s theo-
rem, 336; Cauchy criterion, 36;
in measure, 160-177, 179, 187, 276,
329, 1n metric space, 178; in spaces
L,, 180, 187, of function to a limit, 22,
23, 29, 32; of monotone sequence of
continuous functions (to semi-con-
tinuous limit), 43, 69; of sequences of
integrals (elementary) 69; (U- and
L-functions), 65, 68, 83; (Riemann),
69; (Lebesgue), 81, 83, 97, 167-177,
186; (Lebesgue-Stieltjes), 251, 265,
276-277, 305; (Perron), 329; of se-
quences of points, 13; of sequences of
sets, 106, 366, regular convergence
of sequences of sets, 366; sequential
test for, 23, 29, uniform, 37, 65,
160, 178, 336-338

Covering, Vital'’s theorem, 366; with
open sets, 16-18

Covering theorem, Borel, 17; Vitali,
366

Cniterion of Cauchy, for convergence,
36; for uniform convergence, 37

Danuell integral, upper, lower, 72

Darboux integral, upper lower, 57, 838

Decomposition of BV function into
difference of monotone functions,
47, 250, 293

Dedekind continuity, 23

Density, metric, 222-224

Denumerable sets, 14-20; measure of,
107

Derivates, 188-217, 314, 372-374

Derivative of function of one variable,
188, 189, 191, 193; left, 189, 191; of
AC function, 208; of BV function,
202-205, 378; of set-function (cen-
tral), 373; (general), 373, 374, 376,
380, 382; (ordinary), 372, 376, 378; of
indefinite integral (elementary), 198;
(Lebesgue, simple), 197, 198; (Le-
besgue, multiple), 876; (Perron),
327; right, 189, 191

Derived set, 8, 11

Diagonal process, 14, 337

Difference of sets, 2
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Differential equations, 338-365; defini-
tion of solution, 338; existence of
solution, 339, 342, 344, 352, 356; uni-
queness of solution, 345, 352, 356;
continuity and differentiability of
solution as function of parameters,
349, 351, 352, 356; linear, 351

Differentiation under integral sign,
216-217; of solutions of differential
equations with respect to parameter,
356

Discontinuous functions,bounded mono-
tone, 34; having infinite discon-
tinuities, 88, 325; Riemann integrable,
107, 118, 325

Disjoint sets, 3, 4, 102; intervals, 18

Distance, 5; from a set (as a function of
z), 26, 50; in metric space, 177; in
space of measurable functions, 178;
in space L,, 180

Elementary integral, 61, 62

Empty set, 2, 102

Equi-continuous functions, 336, 337

Equivalent functions have same 1n-
tegral, 129, 274

Extension of class of Riemann inte-
grable functions, 88, 325; function
defined on an interval, 248, 259;
function summable on a bounded set,
89; real number system, 20; regular
measure function, 281, 291, 298;
semi-continuous functions, 44

Exterior measure, 110-118

F+(z), F-(2), 77

Fatou’s lemma, 167

First theorem of mean, 209

Fischer (Riesz-Fischer theorem), 185

Fourier series, 184-186, 231-233

Fubini’s theorem, 137

Function, 20; absolutely continuous,
47, 275, 311; associated, 131; bounds
of, 24; characteristic, see Character-
istic function; class L,, 133; com-
posite, see Composite functions;
continuous, 38, 58, see Continuous
functions; continuous in the general-
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1zed sense, 43; defined on set of
positive integers, 22; derivate, sec
Derivate; derivative, see Derivative;
discontinuous, see Discontinuous
functions, distance function, 5, 26,
50, 177; equi-continuous functions,
336, equivalent. 129, 274, see Equiva-
lent functions; extension of range, 44,
248, 281, 291, 298; JF-measurable,
295; g-measurable, 273; g-summable,
252, 265, 269, 274, 292, 299, 304, 305;
infimum of, 24, 32, 39, 41; integrable,
see Integrable functions; integrals
of, see Integrals; Lebesgue summable,
see Lebesgue summable functions;
L-function, 63, see L-function; left
continuous, 254, 255, 273, 288-292,
300, 304, 305, himit of, 22, 31-36, see
Limit, limit of sequence of continuous
functions, 43, se¢ Continuous func-
tions, also Convergence; Lipschitz-
1an, 50, 51; lower limit, 26-36;
measurable, 118-135, see Measur-
able functions; measure function, 277,
305; monotonic, 32, 44, 47, 51, 248,
305, see Monotonic functions; mg-
integrable, 299; u-integrable, 295,
303, 304; Perron (P*) integrable, 313,
see Perron integral; regular measure
function, 280, 287, 291, 303; right
(left) limit, 33; semi-continuous, 39,
see Semi-continuous functions; se-
quence, see Sequence, also Con-
vergence; singular function of sets,
381; step-functions, 54-58, see Step-
functions; supremum, 24, 32, 39, 41;
tetrad adjoined to, see Tetrad;
translation of, 56, see Translation;
U- (L-) function, 63, see U-function,
also L-function; uniformly bounded,
336; uniformly continuous, 38, 48;
upper limit; 26-36, see Upper Limit

g-summable functions, 252, 265, 269,
274, 292, 304

General derivative (derivate), 373, 376,
380, 382

General Riemann integral, 85

Greatest lower bound, 23-25
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Half open interval, 9, 18, 52

Heine-Borel theorem, 17

Holder inequality (Schwarz-Holder in-
equality), 133-134

Image, 20; inverse 1mage, 20

Improper integrals, 88, 94, 144, 147

Indefinite integral, Lebesgue, 156-159,
197-208, 376, Perron, 317, 321, 326,
327

Inequalities, interior and exterior meas-
ure, 110; supremum (nfimum), 24—
25; upper (lower) hmits, 30; upper
(lower) integrals, 72-74

Inequality, Cauchy, 5, tnangle, 5, 178;
Holder, 133-134, Minkowsk:, 134;
Schwarz, 134; Schwarz-Holder, 133,
134; Young, 131-132

Infimum, of a collection of L-functions,
65, of a collection of measurable
functions, 122, of a function, 24, 32,
of a set of real numbers, 23, of
integrals of a collection of con-
tinuous functions, 66, of integrals of
L-functions, 65, 67, of right (left)
majors, 315; of sets of functions,
24, 41

Infinity (+ and — =), 21; calcula-
tion rules, 21; neighborhoods of, 21

Integral, absolutely convergent, 94;
as a function of sets, 136-187,
Cauchy (elementary), 61; improper,
see Improper integrals; indefinite,
derivative of, 198, 327, 376; invari-
ance under translation, 57, 62, 71,
85, 100, 1iterated integrals, 136-150,
Lebesgue, 75-100; Lebesgue-Stieltjes,
252-311; multiple integrals, 136-150;
of step-functions, 54-57, 87; of
U- (L-) functions, 66, see U- (L-)
functions; Perron, 312-335, see Per-
ron integral; Riemann, 57-62, see
Riemann integral; Stieltjes, 332;
upper (lower) Daniell, 72, upper
(lower) Darboux, 57, 88, upper
(lower) Riemann, 88

Integration by parts, 209, 332

’

INDEX

Integration by substitution, (Lebesgue
integral), 211-216; (Perron integral),
329, 331

Interior point, 7, measure, 110-118

Intersection, of point sets in R, 2, 12—
14, 102, 104

Interval, basic, 72, 90; Cartesian
product, 136; characteristic function
of, 85, see Characteristic function;
closed, 8, 17, 18, 52; closure of, 9;
disjoint 1ntervals, 18; function of,
245, see Interval-function, also Addi-
tive function; half-open, 9, interior
points of, 9, measure of, 109, 252-
254, 273, non-overlapping collection,
18, see Non-overlapping intervals,
open, 8; volume of, 52, 85, 109, 136,
W,, 94

Interval-function, 148, 245, 375, 378,
ordinary derivative of, 373, 375;
upper derivative, 372

Invariance under translation, of ele-
mentary integrals, 62, of integrals of
U- and L-functions, 71; of integrals
of step-functions, 57; of the Lebesgue
integral, 85, 100, of Lebesgue meas-
ure, 109, of measurability of func-
tions, 119

Inverse image, 20

Iterated integrals, 136-148, Fubini’s
Theorem, 137; Tonell’s Theorem, 145

L-function, 63; collections of, 65; con-
vergence of, 65, 68, 83; convergence
of integral of, 68, 83; integral of,
66-72; relation between summable
functions and limits of sequences of
L-tunctions, 83

Ladder, 295

Least upper
Supremum

Lebesgue integral, 75-100; class L,
functions, 133; convergence of, see
Convergence; iterated, 137, see Iter-
ated integrals, invariance of, 85, 100;
of a step function, 87; of a character-
istic function, 85, 101; of equivalent
functions, 129; over a bounded set,

bound, 23-25, see
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89, 93; over an interval, 75; over
an unbounded set, 94-97, relation to
mtegrals of limits of U- (L-) func-
tions, 83; relation to integrals of U-
(L-) functions, 75; relation to Perron
integral, 322; relation to Riemann
integral, 85, 88, 99

Lebesgue-Stieltjes integral, 252-311,
332; reduction to Lebesgue integral
over Ry, 311

Lebesgue summable function, 75; ap-
proximation to, 83; characteristic
function of an interval, 85; measur-
2ble and bounded, 125, 132, over a
bounded set, 89, 93, over an interval,
75, properties, 76, rules of arith-
metic, 77, over an unbounded set, 94,
properties, 96; convergence, 97; Per-
ron ntegrable function, 328, Perron
integral of, 322, step-function, 87

Left continuous functions, 254-255,
273, 288-292, 300, 304-305

Left derivative, see Derivative, left

Left lint, 33, upper and lower left
limits, 33

Left major (minor), see Major

Length of vector, 5

Limit, 13, 22, of a function, 22, 31-36,
of a sequence of functional values,
22, 23; test for, 23; of a sequence
of points, 13, 14, 22; of a sequence of
sets, see Limit set; of sequences of
functions, see Monotonic sequences,
also Convergence; right (left), 33,
upper (lower) hmits of a function, 26—
36; upper (lower) limits of a sequence,
27, 122

Limit set, 106; complete limit set, 104,
restricted limit set, 105

Line-segment, 7

Lipschitz condition, 50

Lipschitzian functions, 50, 51

Lower bound, of a set of real numbers,
23-25; greatest lower bound, 23-25

Lower derivative (derivate), 188; right
(left), 188; of a set-function, central,
373, general, 373, ordinary, 372,
strong, 372
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Lower derivate, see Derivate, right
(left)

Lower integral, Danell, of an arbitrary
function, 72-75

Lower limit of a function, 26-37;
sequential test for, 29; of a sequence,
27, of a sequence of measurable func-
tions, 122, of & sum of functions, 35,
right (left), 33

Lower Riemann integral of hounded
functions, 57, 88

Lower semi-continuous function, 39;
see Semi-continuous function

L,, 133-134, 180-185

Lusin, 236, 312

Lusin’s theorem, 236

Major (minor), 313

Mapping, 20

Maximum of a set, 23

Mean-value theorems, 209, 210, 335

Measurable functions, 118-135, 273,
274, Baire functions of, 221; equiva-
lent to Baire functions, 219, relations
with continuous functions, 218-241,
semi-continuous functions of, 123

Measurable sets, 101-118, 272, 273,
277-311; Cartesian product, 145;
denumerable collection of, 102-108,
123; of measure zero, 107; ordinate
set, 148; relation to Borel sets, 263;
sequences of, 105, 366; translation
of, 109

Measurability, of Baire functions of
measurable functions, 221; of Borel
sets, 261-262, of closed sets and open
sets, 102, 272, of functions of finite
Baire class, 219, of semi-continuous
functions of mcasurable functions,
123-125, of summable functions, 120,
251, 274

Measure, 101-118, 252-254, 261, 265,
272, 273, 287, 292, 295; convergence
in, 160-177, exterior and 1nterior,
110-118, function, sce Measure func-
tion; of Cartesian product, 145; of
closed sets and open sets, 109, of in-
tervals, 109, 252, 253, 254, 273, of
ordinate set, 148
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Measure function, 277-311; decomposi-
tion into positive and negative
parts, 284; defined as an integral,
305; determined by values on inter-
vals, 281-282; extension to natural
range, 291; natural range, 280, 285,
287, 291 ; positive and negative varia-
tions, 284, 285; regular, 280, 287, 291,
303; total variation, 278, 280

Metric density, 222-224

Metric spaces, 177-184

Minimum of a set, 23

Minimum decomposition of function of
BV, 250, 269, 293

Minkowski’s inequality, 134-135

Minor, right (left), see Major

Modulus of regularty, 366

Monotonic function, of one variable,
32-34, 44, 47, 214, 215, 216, 313, 348;
of several variables, 248-255, 262-
269, 300

Monotonic sequences, of continuous
functions, 43, 65, 69; of measurable
sets, 103, 104; of numbers, 33; of
summable functions, 81, 97; of U-
(L~) functions, 65, 68, 83

Moore, E. H., 20

u-integrable functions, 295-304

Multiple integrals, 136, see also Iterated
integrals; differentiation of, 366, 376

Natural range of measure function, 280,
286, 287, 291

Neighborhood of a point in R, 7; of
+ » and of — =, 21

Newton, 312

Nikodym, 303

Non-denumerable infinity, of points, 18

Non-measurable sets, 145, 237-241

Non-overlapping intervals, 18, 19, 52,
71, 245, 246, 250

Open interval, 8, 9

Open set, 7, 8, 13, 18; complement is
closed, 11; intersections of open sets,
12, 13, 118; measure, 102, 109; repre-
sentation as sum of intervals, 19;
sums of open sets, 12

INDEX

Ordinary derivative (derivate) of a set-
function, 372, 376, 378

Ordinary upper (lower) derivate of a
set-function, 372

Ordinate set, 148, 268

Perron integral, 312-335; relation to
Lebesgue integral, 322; relation to
improper Riemann integral, 325;
derivative of, 327; convergence theo-
rems, 329; integration by substitu-
tion, 329-331; integration by parts,
332; second theorem of mean value,
335

Point set, accumulation point of, 8, 10,
13; bounded, 13; characteristic func-
tion of, 3-4; closed, 8, 11-13, 40;
closure, 8, 10; collection of sets, 3, 12,
13, 15; complement of, 16; denu-
merable, 14-16; derived set, 8, 11;
difference, 2; disjoint, 3; empty, 2;
1dentical sets, 2; intersection or set
product, 2, 3-14, 102, 104; non-
denumerable, 18, open, see Open set;
open (closed) relative to a set, 9-12,
40, 66; relations between sets, 3; sum
or union of sets, 2, 3, 12-13

Points, 1; accumulation point of a set,
8, 10, 13, 20; distance between, 5;
eneighborhood, 7; identical, 1; in-
finite sequence of, 13; limit, 13;
interior, 7; line-segment joining, 7;
non-denumerable infinity of, 18;
sums, 1

Product, Cartesian, 136; of AC func-
tions, 50; of measurable functions,
126, 127, 132, 274; of Perron inte-
greble functions, 332, 335; of point
sets, see Intersection; of semi-con-
tinuous functions, 42; of summable
functions, 77, 127, 132-135, 274; of
U- (L-) functions, 64

Proportionality of g-tuples, 8

g-tuples, 1; identical, 1; ordered, 1;
proportionality of, 6

Range of variables, 20,150
Rational, numbers, 16, 99; points, 16
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Real number system enlarged, 20;
bounds Jf sets in, 23, 24; calculation
rules 1n, 21

Regular convergence of sequences of
sets, 366

Regular measure, 280

Relatively open set, 9; closed set, 10;
interrelation between relatively open
and closed sets, 11 ’

Repeated 1integrals, sce
integrals

Restricted limit-sets, 105-106

Riemann integral, 57-62; consistency
with Lebesgue integral, 88, criterion
for existence, 107; less general than
Lebesgue, 99; lower, 57; relation to
Perron integral, 325; upper, 57

Riemann-Lebesgue Theorem, 231-233

Riesz-Fischer theorem, 185

Right denivative, see Derivative, right

Right limit, 33, upper (lower) right
limit, 33

Right major (minor), sce Major

R,, 1; distance 1n, 5

Iterated

Schwarz-Holder inequality, 133-134

Second theorem of mean, 210, 335

Semi-continuous functions, 39—44; as
hmits of sequences of continuous
functions, 43; of measurable func-
tions, 123-125; U- (L-) functions, 63

Sequence, 13, 27; convergent, 22, 29,
32, 43, 65, 68, see Convergence; in-
finite sequence of sets, 106, see Limit
set; limit point of, 13, 22; monotonie,
33, see Monotonic sequence; of closed
sets, 14, 95, 366; of functional
values, 22, 23; of measurable func-
tions, 122, sec also Convergence, of
Perron integrable functions, 329;
regularly convergent sets, 366; uni-
formly convergent, 336, 338; upper
(lower) limits, 27, 122

Sequential test for convergence, 23, 29

Set, Borel; 261-264, 280-285, 376, 380
382; bounded, 13; bounds in R, in
R* 23; closed, 8, sce Closed sct;
closure of, 8; complement of, 2, cover-
ing of, 16, 366, see Covering; denu-
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merable, 14-16, derived set, 8;
difference, 2; disjoint sets, 3, see
Disjoint sets; empty, 2; function, see
Set function; g-measurable, 272;
intersection of sets, 2, inverse image
of, 20, limit-set, 104-106; measurable,
101, see Measurable sets; non-
measurable, 145, 237-241; of finite
measure, 101, 272; of functional
values, 20; of measure zero, 102, 106-
108, 128, 143, 381; of pownts in R,
see Point sets; open, 7; ordinate set,
148, 268, see Ordinate set; product
of sets, 2; regularly convergent sets,
366, union of sets, 2; set theoretical
operations, 2, 3; sequence of closed
sets, 14, 366

Set function, 150, absolutely continu-
ous, 153-160, 275, 311; additive, sce
Additive function; eentral derivative
(derivate) of, 373, characteristic, see
Characteristic function; completely
additive, 151-155, 158, 275, 380-382,
function of an interval, see Inte.val
function; general derivative (de-
rivate) of, 373, 374, 376, 380, 382,
measure function, 278, ordinary
denivative (derivate) of, 372, 376,
378, regular mecasure function, 280,
287, 291, 303; singular, 381

Sierpinski, 145

Singular function of sets, 381

Space, R, 1; L,, 133, 180-185; metric,
177-184; of finite-valued measurable
functions, 178-183

Sphere, 7, 16

Step-functions, 54; integrals of, 54-57,
87; dense among continuous func-
tions, 58; dense mn Ly, 230; Cauchy
sequences of step functions, 234

Stieltjes integral, 332

Strong upper (lower) derivate of set-
function, 372

Substitution theorems, 211-216,329-331

Sum, characteristic function of, 4;
measure of, 102; of intervals, 18;
of measurable functions, 125, 274;
of sets, 2, 3, 12, 13; of summable
functions, 77, 96, 272
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Summable functions, class L, 133;
g-summable, 252, 265, 269, 274, 292,
304, 305; Lebesgue summable, 75—
100, see Lebesgue summable; rela-
tion to measurable functions, 120~
121, 125-131, summable products,
131-135

Supremum, 23; of a collection of
measurable functions, 122, of a col-
lection of U- (L-) functions, 65; of a
function, 24, 32, 39, of integrals of a
collection of continuous functions,
66; of integrals of U-functions, 72,
of measures of closed sets, 110, of a
set of functions, 24, 41; of a set of
real numbers, 23, 24, right (left)
minors, 315

Tetrad adjomned to a function, 313;
e-adjowned, 313

Tonelli’s theorem, 145

Total vanation, 44-49, 248-251, 278,
of an AC function, 233; of an nter-
val-function, 378, of a measure
function, 278, 280, positive (negative)
part of, 284, of a set-function, 151-
160, 278

Translation, nvariance of integral
under, 57, 62, 71, 85, 100, invariance
of Lebesgue measure under, 109,
mvariance of measurabihity under,
119

Triangle inequality, 5, 178

U-function, 63; collections of, 65, con-
vergence of, 65, 68, 83, convergence
of integral of, 68, 83, see (‘onvergence
theorems; integral of, 66-72, relation
between summable functions and
limits of sequences of {/-functions, 83

Uniform absolute continuity, 170-177

INDEX

Uniform convergence, 37, 160, 178;
criterion for, 37, monotonic se-
quences of continuous functions, 65;
sequences of functions, 336, 337

Uniformly bounded functions, 336

Uniformly continuous functions, 38, 48

Union of sets in R, 2, 3, see Sum of sets,
also Point sets, sum

Upper bound of a set of real numbers,
23-25, least upper bound, 23-25

Upper Darboux integral (= upper Rie-
mann mtegral), 57, 88

Upper derivate, 188, 372, right (left),
188, of a set function, central, 373,
general, 373, ordmary, 372, strong,
372

Upper (Damell) integral, 72 75

Upper hmit, of a function, 26-37,
sequential test for, 29, of a sequence,
27, of a sequence of measurable
functions, 122, of a sum of functions,
34, 35, nght (left), 33

Upper Riemann integral, 57, 88

Upper semi-continuous function, 39;
see Semi-continuous function

Variables, range, 20, 150

Variation, see Total vaniation

Vanations, positive and negative, of
measure-function, 284, 285

Vector, in Ry, 5, length, 5

Vitali’s covering theorem, 366

Volume of an interval, 52, 85, 136

Wileniski, 303
Young, W H, 131

Zero measure, 102, 106, 107, 128, 143,
381
























