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Preface

We are much indebted to our colleagues throughout the country who
have so generously provided us with suggestions on both the order of
presentation and the kind of material to be included in this edition of
our Introduction to Mathematical Statistics. Thus you will find, among
other things, that there is a greatly expanded discussion of random
variables, that the distribution of the order statistics has been incor-
porated with the work on transformations which are not one-to-one,
that an early proof of the independence of X and S? (when sampling
from a normal distribution) has been introduced, and that limiting
distributions are now found in Chapter 5. Thus essentially all of the
distribution theory which is needed for the remainder of the book is
found in the first five chapters. At the request of a number of teachers
we have added some new exercises and a chapter on nonparametric
methods. Although a number of other worthwhile suggestions were
made, we have had to forego their inclusion in order to keep the book in
reasonable bounds.

We hope, and believe, that this edition is written at the same mathe-
matical level as were its predecessors, so that a good grounding in the
calculus should be adequate mathematical preparation. This remark
does not apply to the last chapter, which does require an elementary
knowledge of matrix algebra.

We are obligated to Catherine M. Thompson and Maxine Merrington
and to Professor E. S. Pearson for permission to include Tables I1 and
V, which are abridgments and adaptations of tables published in
Biometrika. We wish to thank Oliver & Boyd, 1.td., Edinburgh, for
permission to include Table IV, which is an abridgment and adaptation
of Table I1I from the book Statistical Tables for Biological, Agricultural,
and Medical Research by the late Professor Sir Ronald A. Fisher,
Cambridge, and Dr. Frank Yates, Rothamsted.

Towa City, Iowa A.T.C.
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Chapter 1

Distributions of
Random Variables

1.1 Introduction

Many kinds of investigations may be characterized in part by the
fact that repeated experimentation, under essentially the same con-
ditions, is more or less standard procedure. For instance, in medical
research, interest may center on the effect of a drug that is to be
administered; or an economist may be concerned with the prices of
three specified commodities at various time intervals; or the agroncmist
may wish to study the effect that a chemical fertilizer has on the yield
of a cereal grain. The only way in which an investigator can elicit
information about any such phenomenon is to perform his experiment.
Each experiment terminates with an outcome. But it is characteristic of
these experiments that the outcome cannot be predicted with certainty
prior to the performance of the experiment.

Suppose we have such an experiment, the ontcome of which cannot
be predicted with certainty, but the experiment is of such a nature that
the collection of every possible outcome can be described prior to its
performance. If this kind of experiment can be repeated under the same
conditions, it is called a randowm experiment, and the collection of every
possible cutcome is called the experimental space or the sample
space.

Example 1. In the toss of a coin, iet the outcome tails be denoted by
T and let the outcome heads be denoted by H. If we assume that the coin
may be repeatedly tossed under the same conditions, then the toss of this
coin is an example of a random experiment in which the outcome is one of

1



2 Distributions of Random Variables [Ch. 1

the two symbols T and H; that is, the sample space is the collection of these
two symbols.

Example 2. In the cast of one red die and one white die, let the outcome
be the ordered pair (number of spots up on the red die, number of spots up
on the white die). If we assume that these two dice may be repeatedly cast
under the same conditions, then the cast of this pair of dice is a random
experiment and the sample space consists of the 36 ordered pairs (1, 1),...,
(1,6),(2,1),...,(2,6),...,(6,6).

Let € denote a sample space, and let C represent a part of €. If,
upon the performance of the experiment, the outcome is in C, we shall
say that the event C has occurred. Now conceive of our having made N
repeated performances of the random experiment. Then we can count
the number f of times (the frequency) that the event C actually occurred
throughout the N performances. The ratio f/N is called the relative
frequency of the event C in these N experiments. A relative frequency is
usually quite erratic for small values of N, as you can discover by
tossing a coin. But as N increases, experience indicates that relative
frequencies tend to stabilize. This suggests that we associate with the
event C a number, say p, that is equal or approximately equal to that
number about which the relative frequency seems to stabilize. If we do
this, then the number p can be interpreted as that number which, in
future performances of the experiment, the relative frequency of the
event C will either equal or approximate. Thus, although we cannot
predict the outcome of a random experiment, we can, for a large value
of N, predict approximately the relative frequency with which the
outcome will be in C. The number p associated with the event C is given
various names. Sometimes it is called the probability that the outcome
of the random experiment is in C; sometimes it is called the probability
of the event C; and sometimes it is called the probability measure of C.
The context usually suggests an appropriate choice of terminology.

Esample 3. Let € denote the sample space of Example 2 and let C
be the collection of every ordered pair of € for which the sum of the pair
is equal to seven. Thus, C is the collection (1, 6), (2, 5), (3, 4), (4, 3), (5, 2),
and (6, 1). Suppose the dice are cast N = 400 times and let f, the frequency
of a sum of seven, be f = 60. Then the relative frequency with which the
outcome was in C is f{[N = &% = 0.15. Thus we might associate with C a
number p which is close to 0.15 and » would be called the probability of the
event C.

The primary purpose of having a mathematical theory of statistics
is to provide mathematical models for random experiments. Once a
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mode¢l for such an experiment has been provided and the theory
worked out in detail, the statistician may, within this framework, make
inferences (that is, draw conclusions) about the random experiment.
The construction of such a model requires a theory of probability. One
of the more logically satisfying theories of probability is that based on
the concepts of sets and functions of sets. These concepts are introduced
in Sections 1.2 and 1.3.

EXERCISE

1.1. In each of the following random experiments describe the sample
space €. Use any experience you may have had (or use your intuition) to
assign a value to the probability p of the event C in each of the following
instances:

(a) The toss of an unbiased coin where the event C is tails.

(b) The cast of an honest die where the event C is a five or a six.

(c) The draw of a card from an ordinary deck of playing cards where the
event C occurs if the card is a spade.

(d) The choice of a number on the interval zero to one where the event C
occurs if the number is less than §.

(e) The choice of a point from a square with opposite vertices (—1, —1)
and (1, 1) where the event C occurs if the sum of the coordinates of the point
is less than }.

1.2 Algebra of Sets

The concept of a set or a collection of objects is usually left undefined.
However, a particular set can be described so that there is no misunder-
standing as to what collection of objects is under consideration. For
example, the set of the first 10 positive integers is sufficiently well
described to make clear that the numbers # and 14 are not in the set,
while the number 3 is in the set. If an object belongs to a set, it is said
to be an element of the set. For example, if 4 denotes the set of real
numbers z for which 0 < z < 1, then § is an element of the set 4. The
fact that # is an element of the set A is indicated by writing 3 € 4.
More generally, a € A mcans that a is an element of the set 4.

The sets that concern us will frequently be sets of numbers. However,
the language of sets of poinés proves somewhat more convenient than
that of sets of numbers. Accordingly, we briefly indicate how we use
this terminology. In analytic geometry considerable emphasis is placed
on the fact that to each point on a line (on which an origin and a unit
point have been selected) theré corresponds one and only one number,
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say z; and that to each number z there corresponds one and only one
point on the line. This one-to-one correspondence between the numbers
and points on a line enables us to speak, without misunderstanding, of
the *‘point " instead of the “number z.” Furthermore, with a planc
rectangular coordinate system and with z°'and y numbers, to each
svmbul (r, y) there corresponds one and only one point in the plane; and
to each point in the plane there corresponds but one such symbol. Here
again we may speak of the “ point (z, y),” meaning the “ ordered number
pair .c and y.” This convenient language can be used when we have a
rectangular coordinz.te system in a space of three or more dimensions.
Thus, the ““point (z,, z, - - ., z,)"’ means the numbers z,, x,,..., x, in
the order stated. Accordingly, in describing our sets, we frequently
speak of a set of points (a set whose clements are points), being careful,
of course, to describe the set so as to avoid any ambiguity. The nota-
tion A = {2;0 < z < 1} is read “A is the one-dimensional set of
points z for which 0 < z < 1.” Similarly, 4 = {(r,y),0 < x < [,
0 < y < 1} can be read ““A 15 the two-dimensional set of points (z, y)
which are interior to, or on the boundary of, a square with opposite
vertices at (0, 0) and (1, 1).” We now give some definitions (together
with illustrative examples) which lead to an elementary algebra of sets
adequate for our purposes.

Definition 1. If each element of a set A, is also an element of <et
A4, the set A, is called a subset of the set A, This is indicated by writing
A, c A, If A, € A, and also 4, = d4,, the two sets have the same
elements, and this is indicated by writing 4, = A4,

Example 1. Let A; = {z;0 < r < 1} and 4, = {x, =1 < x < 2}. Here
the one-dimensional set 4, 1s seen tu be a subset of the one-dimensivnal set
A, that is, 4, < 4,. Subsequently, when the dimensionality of the set is
clear, we shall not make specific reference to it.

Example 2. Let A, ={(z.y), 0<z=y<1} and 4, ={(«y)
0<z<1,0<yx< 1}. Since the elements of 4, are the points on one
diagonal of the square, then 4, < 4,.

Definition 2. If a set 4 has no elements, A is called the null set.
This is indicated by writing 4 = 0.

Definition 3. The set of all elements wnich belong to at least one
of the sets 4, and A is called the union of 4, and A,. The union of
A, and A, is indicated by writing 4, U A,. The union of several sets
A,, Ag, A,, ... is the set of all eleménts that belong to at least one of
the several sets. This union is denoted by 4, U A, U 43U or by
A, U Ad;U---U A, if a finite number % of sets is involved.
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(a) 4, ={z;2=0,1,2}, 4, ={z;z = 2,3, 4};
b) A, ={r;0<z<2} A, ={z;1 <z <3}
() 4,={(=9):0<2z<2,0<y<2}4;,={x.y):l<z<3 1<y<3}

1.3. Find the complement 4* of the set A with respect to the space & if :
(a) f ={z;0<zx<},A={z;§<z<1};

b ={z.y2;22+P+2<1},4Ad={xy2:22+y*+2=1}
(© o ={y)lel + |yl <2} 4 ={xy):2*+y <2}

1.4. List all possible arrangements of the four letters m, a, 7, and y. Let
A, be the collection of the arrangements in which y is in the last position.
Let A, be the collection of the arrangements in which m is in the first
position. Find the union and the intersection of 4, and 4,.

1.5. By use of Venn diagrams compare the following sets:
(a) 4, N (A, U 4,) and (4, N 4,) U (4, N 45);

(b) A4, U (AN Ay) and (4, U 4,) N (4, L 4,);

(c) (A, U Ay)* and AY N AY;

(d) (4, N AL)* and A¥ U A%,

1.6. If A,, A, A,, ... are sets such that 4, < 4,,,, k=1,2,3,...,
the lim A, is defined as the union 4, U A, U 43 V- - -. Find the lim 4, if:

k- 00 =+

@ Ay ={z;l/k<z<3—1kLE=123,...;
(b) Ay ={(z.y); k<P +y> <4 -1k k=123,...

17. If A,, A, A,, ... are sets such that 4, > 4,,,, £ =1,2,3,...,
the lim A, is defined as the intersection 4, N 4, N A3 N---. Find the

k—®
lim 4, if:
k=-»
@ A, ={Z;2-1k<z<2, k=123,..
b) A, ={z;2<z<2+ 1k}, k=1 2,3 .
(€) A4 ={(z,¥);0 < 2* + y* < 1/R}, 2,3,..
1.3 Set Functions
In the calculus, functions like
flz) = 2=, —00 < T < 00.
or
glx,y) = e =79, 0<z<ow, 0<y<oo,
= 0 elsewhere,
or possibly

h(zy, 23, . . ., Z,) = 32329 - -2y, 0<sz<1, 1=12,...,n
= 0 elsewhere,
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were of common occurrence. The value of f(x) at the “point z = 1" is
f(1) = 2; the value cf g(z, y) at the “point (~-1, 3)” is g(—1, 3) = 0;
the value of h(z,, z,, . . ., z,) at the “point (1, 1,..., 1)" is 3. Functions
like these are called functions of a point or, more simply, point functions
because they are evaluated (if they have a value) at a point in a space
of indicated dimension.

There is no reason why, if they prove useful, we should not have
functions that can be evaluated, not necessarily at a point, but for an
entire set of points. Such functions are naturally called functions of a
set or, more simply, set functions. We shall give some examples of set
functions and shall evaluate them for certain simple sets.

Example 1. Let A be a set in one-dimensional space and let Q(4) be
equal to the number of points in 4 which correspond to positive integers.
Then Q(A) is a function of the set A. Thus, if 4 = {z; 0 < z < 5}, then
Q(A) =4;ifA = {z;2 = -2, —1},thenQ(4) = 0;if A = {z;, ~0 < z < 6},
then Q(4) = 5.

Example 2. Let A be a set in two-dimensional space and let Q(4) be the
area of A, if 4 has a finite area; otherwise, let Q(A4) be undefined. Thus, if
A={xy);s +y* <1}, then Q(4) =m; if A={(z9)(zy) =(00),
(1,1),(0,1)}, thenQ(4) = 0;if A = {(z,y); 0 <2, 0< y,z + y < 1}, then
Q4) = 3%

Example 3. Let A be a set in three-dimensional space and let Q(A4) be
the volume of 4, if 4 has a finite volume; otherwise, let Q(A4) be undefined.
Thus, if 4 ={(z,%,2);0<s2<20<y<10=<2z< 3}, then Q(4) = 6;
if A ={(2,y,2);2*+ y* + 22 > 1}, then Q(4) is undefined.

At this point we introduce the following notations. The symbol
[, f@) d=

will mean the ordinary (Riemann) integral of f(z) over a prescribed

one-dimensional set 4; the symbol

[, [e. 9) dz ay

will mean the Riemann integral of g(z,y) over a prescribed two-
dimensional set 4; and so on. To be sure, unless these sets 4 and these
functions f(z) and g(z,y) are chosen with care, the integrals will
frequently fail to exist. Similarly, the symbol

> /@)
will mean the sum extended over all z € 4; the symbol

ZAZ &, y)

will mean the sum extended over all (z, y) € 4; and so on.
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Example 4. Let A be a set in one-dimensional space and let Q(4) =
Y f(x), where
A

f@ =@ =z2=123,...,
= 0 elsewhere.

IfA ={z;0 <z < 3}, then
Q) =1+ @+ P =14
Example 5. Let Q(4) = ; f(x), where

f@) =p-(1=-p)"=% =z=01,
= 0 elsewhere.

1f A = {z; z = 0}, then

x-

0U) =3 p1 - prT=1-;

if 4 = {x;1 < z < 2}, then Q(4) = f(1) = p.
Example 6. Let A be a one-dimensional set and let
0(4) = Le"dz.
Thus, if 4 = {z;0 < < o}, then
Q(4) = fo"’e-rdx =1
if A ={z;1<z< 2}, then
o) = [Tev=dz et — e
ifAd, ={z;0< z< 1}and 43 = {z; 1 < 2 < 3}, then
04, U 4,) = j: e *dz
= f:e“dz + f: e *dx

= Q(4,) + Q(4,);
ifd=A4,Ud, where 4, = {z;0 < z < 2}and 4, = {21 < z < 3}, then

Q4) =04, U 4,) = [ = do
= J':e"dz + fa"dz -I:e"dx
= 0(4)) + 0(4y) = 0(4, 0 4,).
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Example 7. Let A be a set in n-dimensional space and let
Q(A4) = f.:'.fdzl dz,. - -dz,.
IfA = {(zlnzﬂt"'-zn); 0 < x, < Zg << Xy < l}, then

o = [ 2 [ [P an day - da . 4,

,-:T, where #! = n(n — 1).--3-2- 1.

EXERCISES
1.8. For every one-dimensional set A, let Q(A) = 3 f(x), where f(z) =
A

@)= 2=0,1,2,..., zero elsewhere. If 4, ={z;2=20,1,2, 3} and
Ay ={x;z=0,1,2....}, find Q(4,) and Q(4,).

1.9. For every one-dimensional set 4 for which the integral exists, let
Q(4) = L f(x)dz, where f(z) =6z(1 —z), 0 <z <1, zero clsewhere;
otherwise, let Q(4) be undefined. If A, = {z;} <z < 3}, 4= {7;2 =14},
and 4; = {z; ) < x < 10}, find Q(4,), Q(4,), and Q(4,).

1.10. For every one-dimensional set 4, let Q(A) be equal to the number of
points in 4 that correspond to positive integers. If A, = {z; » a multiple of 3,
less than or equal to 50} and 4, = {x;  a multiple of 7, less than or equal to
50}, find Q(4,), Q(43), 0(4, U 4,), and Q(4, N 4;). Show that (4, U 4,) =
Q(4,) + 9(43) — Q(4, N A,).

1.11. For every two-dimensional set A, let Q{4) be equal to the number
of points (z,y) in 4 for which both z and y are positive integers. Find
Q(4,) and Q(4,), where A, ={(z.y);2* + y* < 4} and 4; = {(2,9):
z? 4+ y® < 9} Note that 4, < 4, and that Q(4,) < Q(4,).

1.12. Let Q(A) = [,[ (¢* + y?) dr dy for every two-dimensinnal set A
for which the integral exists; otherwise, let Q(4) be undefined. If 4, =
{y), -1<sz<l, -1<y<l} A, ={z.y); -1l <z=y <1}, and
A3 ={(x, y); 2* + y* < 1}. find Q(4,), Q(43), and Q(4,).

1.13. Let Q(A4) = f j J' zdz dy dz for every three-dimensional set 4 for
A

which the integral exists; otherwise, let ((4) be undefined. Evaluate the
set function for the sets 4, = {(z, ¥, 2); (z,y,2) = (0,0,0)} and 4, =
{(z.y.2);2* + Y2 < 4,0<2< 1}

1.14. To join a certain club, a person must be either a statistician or a
mathematician, or both. Of the 25 members in this club, 19 are statisticians
and 16 are mathematicians. How many persons in the club are both a
statistician and a mathematician?
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1.15. After a hard-fought football game, it was reported that, of the
11 starting players, 8 hurt a hip, 6 hurt an arm, 5 hurt a knee, 3 hurt both a
hip and an arm, 2 hurt both a hip and a knee, 1 hurt both an arm and a knee,
and no one hurt all three. Comment on the accuracy of the report.

1.16. Let Q(4) = f . 2 dz for every one-dimensional set 4 for which the
integral exists; otherwise, let Q(4) be undefined. (a) If 4, = {z;0 < z <
2 — 1k}, k=1,2,3,..., show that Q(lim 4,) = lim Q(A,). (b) If 4, =

k- o e ®©

(z;|2] <1+ 1k}, k = 1,2,3, ..., show that Q(lim 4,) = lim Q(4,).
k-x k-

1.4 The Probability Set Function

Let € denote the set of every possible outcome of a random experi-
ment; that is, 4 is the sample space. [t is our purpose to define a set
function P(C) such that if C is a subset of €, then P(C) is the probability
that the outcome of the random experiment is an element of C. Hence-
forth it will be tacitly assumed that the structure of each set C is
sufficiently simple to allow the computation. We have already seen that
advantages accrue if we take P(C) to be that number about which the
relative frequency f/N of the event C tends to stabilize after a long series
of experiments. This important fact suggests some of the properties that
we would surely want the set function P(() to possess. For example, no
relative irequency is ever negative; accordingly, we would want P(C)
to be a nonnegative set function. Again, the relative frequency of the
whole sample space € is always one. Thus we would want P(¥) = 1.
Finally, if C,, C,, Cy, ... are subsets of € such that no two of these
subsets have a point in common, the relative frequency of the union of
these sets is the sum of the relative frequencies of the sets, and we would
want the set function P(C) to reflect this additive property. We now
formally define a probability set function.

Definition 7. If I’(C) is defined for a type of subset of the space €,
and if

() P(C) 20,

(b) PC,uC,uC3uU--:) = P(C,) + P(Cy) + P(Cj) + - - -, where
the sets Cy, ¢ = 1,2,3,..., are such that no two have a point in
common,

(c) P(®) =1,
then P(C) is called the probability set function of the outcome of the
random experiment. For each subset C of €, the number P(C) is called
the probability that the outcome of the random experiment is an
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element of the set C, or the probability of the event C, or the probability
measure of the set C.

A probability set function tells us how the probability is distributed
over various subsets C of a sample space €. In this sense we speak of a
distribution of probability.

Remark. In the definition, the phrase ‘‘a type of subset of the space ¢”
would be explained more fully in a more advanced course. Nevertheless, a
few observations can be made about the collection of subsets that are of the
type. From condition (c) of the definition, we see that the space € must be
in the collection. Condition (b) implies that if the sets C;, C;, C3, ... are in
the collection, their unijon is also one of that type. Finally, we observe from
the following theorems and their proofs that if thc set € is in the collection,
its complement must be one of those subsets. In particular, the nul: set,
which is the complement of €, must be in the collection.

The following theorems give us some cther properties of a probability
set function. In the statement of each of these thecrems, P(C) is taken,
tacitly, to be a probability set function defined for a certain type of
subset of the sample space €.

Theorem 1. For each C < €, P(C) = 1 — P(C*).

Proof. We have € = C U C* and C N C* = §. Thus, from (c) and
(b) of Definition 7, it follows that

1 = P(C) + P(C™),
which is the desired result.

Theorem 2. The probability of the null set is zero, that is, P(0) = 0.

Proof. In Theorem 1, take C = 0 so that C* = €. Accordingly, we
have

PO)=1-P& =1-1=0,
and the theorem is proved.

Theorem 3. If C, and C, are subsets of € such that C, < C,, then
P(Cy) < P(Cy).

Pyoof. Now C; = C, U (C¥ NC,) and C,; N (C¥ N C,;) = 0. Hence,
from (b) of Definition 7,

P(Cy) = P(C,) + P(CY N Cy).
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However, from (a) of Definition 7, P(C} N Cj) = 0; accordingly,
P(Cy) 2 P(Cy).

Theorem 4. For eachC < 4,0 < P(C) < 1.
Proof. Since 0 <= C = €, we have by Theorem 3 that
P(0) < P(C) < P(¥) or 0< P(C) <1,
the desired result.
Theorem 5. If C, and C, are subsets of €, then
P(C,VuC,) = P(Cy) + P(Cy) — P(C, N Cy).

Proof. Each of the sets C, U C, and C, can be represented, respec-
tively, as a union of nonintersecting sets as follows:

C,UuCa=C,u(CINnCy) and Ca=(CiNC) U (CENCY).
Thus, from (b) of Definition 7,
P(C,uC,y) = P(Cy) + P(CE¥ENC,)
and
P(C,) = P(C,NnCy) + P(IC¥NCy).

If the second of these equations is solved for P(C¥ N C;) and this
result substituted in the first equation, we obtain

P(C,UCy) = P(C,) + P(Cy) — P(C, NCy).
This completes the proof.

Esample 1. 1.et ¥ denote the sample space of Example 2 of Section 1.1.
Let the probability set function assign a probability of 3% to each of the 36
points in €. If C, ={c;c=(1,1), (2,1), 3,1), (4. 1), (5.1)} and C, =
{eic = (1,2), (2,2), (3, 2)}, then P(C,) = 5, P(Ca) = 3%, P(C, U C,) = &,
and P(C, nC,) = 0.

Example 2. Two coins are to be tossed and the outcome is the ordered
pair (face on the first coin, face on the second coin). Thus the sample space
may be represented as € = {c;c = (H, H), (H, T, (T, H), (T, T)}. Let the
probability set function assign a probability of 4 to each element of €.
Let C, ={c;c=(H,H),(H, T)} and C; = {c;c = (H, H), (T, H)}. Then
P(C,) = P(C;) = 4, P(C, nC,) = 4, and, in accordance with Theorem 5,
PC,VGC)=31+3-4=14%

Let € denote a sample space and let C,, C,, C,, . .. denote subsets
of €. If these subsets are such that no two have an element in common,
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they are called mutually disjoint sets and the corresponding events
C,, Cy, Cy, . . . are said to be mutually exclusive events. Then, for example,
P(C,uCauC3uU---) = P(C)) + P(Cg) + P(C3) + - - - in accordance
with (b) of Definition 7. Moreover, if € = C, UC,UCU---, the
mutually exclusive events aré further characterized as being exhaustive
and the probability of their union is obviously equal to one.

EXERCISES

1.17. A positive integer from one to six is to be chosen by casting a die.
Thus the elements ¢ of the sampl: space € are 1, 2, 3,4, 5, 6. Let C, =
{c,c=1,234},C, = {c;c == 3,4,5, 6}. If the probability set function I’
assign» a probubility of } to each of the elements of €, compute P(;), P(C,),
P(C, N C,), and P(C, U Cy).

1.18. A random experiment consists in drawing a card from an ordinary
deck of 52 plaving cards. Let the probability set function P assign a
probability of ', to each of the 52 possible outcomes. Let C, denote the
collection of the 13 hearts and let C, denote the collection of the 4 kings.
Compute P(C,), P(C,), P((C; n (), and P(C, W Cy).

1.19. A coin is to be tossed as many times as is necessary to tura up one
head. Thus the elements ¢ of the sample space ¢ are H, TH, TTH, TTTH,
and so forth. Let the probability set function I’ assign to these elements the
respective probabilities §, §, 4, %, and so forth. Show that P(¢) = 1. Let
C,={c;cisH, TH, TTH, TTTH, or TTTTH}. Compute P(C,). Let C; =
{c.cis TTTTH or ITTTTTIH}. Compute I’(C;), P(C, NC,), and P(C, U C,)

1.20. If the sample space is € =C, U, and if P(C;) = 0.8 and
P(C,) = 0.5, find P(C, NC,).

1.21. If C, and C, are subsets of the sample space €, show that

P(C,NnCy) < PIC,)) < P(C,UC,) < P(C,) + P(Cy,).

1.22. Let C,, €5, and C,; be three mutually disjoint subsets of the sample
space €. Find P[(C, U C,) N Cy) and P(CY U CH).

1.23. If C,, C,, and C; are subsets of €, show that
P(C,uUC, UGy = P(C,y) + P(C,) + P(Cy) — P(C, NCy)

— P(C,NC;) — P(CanCy) + P(Cy,NCaNGy).
What is the generalization of this result to four or more subsets of €?
Hint. Write P(C, U, U C3) = P[C, U (C, U Cy)] and use Theorem S.

1.5 Random Variables

The student will perceive that a sample space ¥ may be tedious to
describe if the elements of ¥ are not numbers. We shall now discuss
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how we may formulate a rule, or a set of rules, by which the elements ¢
of ¢ may be represented by numbers z or ordered pairs of numbers
(%, x5) or, more generally, ordered -tuplets of numbers (z,,..., z,).
We begin the discussion with a yery sifqple example. Let the random
experiment be the toss of a coit and let thesample space associated with
the experiment be € = {c; where c is T ot ¢'is H} and T and H repre-
sent, respectively, tails and heads. Let X be a function such that
X(c) = 0ifcis T and let X(c) = 1if ¢ is H,/Thus X is a single-valued,
real-valued function defined on the sample space € which takes us from
the sample space € to a space of real numbers & = {z; z = 0, 1}. We
call X a random variable and, in this example, the space associated with
Xisof = {z; x = 0, 1}. We now formulate the definition of a random
variable.

Definition 8. Given a random experiment with a sample space €.
A function X, which assigns to each element ¢ € € one and only one
real number X(c) = z, is called a random variable. The space of X is the
set of real numbers & = {z; z = X(c), c € ¢}

It may be that the set € has elements which are- themselves real
numbers. In such an instance we could write X(c) = ¢ so that of = €.

Let X be a random variable which is defined on a sample space €
and let .o be the space of X. Further, let 4 be a subset of .. Just as we
used the terminology '‘the cvent C,” with C = %, we shall now specak
of ““the event A.”” The probability P(C) of the event C has been defined.
We wish now to define the probability of the event 4. This probability
will be denoted by Pr[X € A)], where Pr is an abbreviation of “the
probability that.”” With 4 a subset of &, let C be that subset of € such
that C = {¢c; c€ € and X(c) € A}. Thus C has as its elements all out-
comes in € for which the random variable X has a value which is in 4.
This prompts us to define, as we now do, Pr (X € 4) to be equal to
P(C), where C = {c; c € € and X(c) € A}. Thus Pr (X € 4) is an assign-
ment of probability to a set 4, which is a subset of the space .o associated
with the random variable X. This assignment is determined by the
probability set function P and the random variable X and is sometimes
denoted by Py(A4). That is,

Pr (X € A) = Py(A) = P(C),

where C = {¢c;c€¥ and X(c) € A}. Thus a random variable X is a
function which carries the probability from a sample space € to a space
& of real numbers. In this sense, with A < &, the probability Py(A4)
is often called an induced probability.



16 Distributions of Random Variables [Ch. 1

The function Py(A) satisfies the conditions (a), (b), and (c) of the
definition of a probability set function (p. 11). That is, P4(4) is also a
probability set function. Conditions (a) and (c) are easily verified by
observing, for an appropriate C, that

Px(4) = P(C) > 0,
and that € = {c; c € € and X(c) € &} requires
Py(ef) = P(®) = 1.

In discussing condition (b), let us restrict our attention to two mutually
exclusive events A, and A, Here Py(A,uU 4,;) = P(C), where
C = {c;ce¥ and X(c) € 4, U A,}. However,

C={c,ce¥and X(c)e A,} U {c;ce ¥ and X(c) € 43},

or, for brevity, C = C, U C,. But C, and C, are disjoint sets. This must
be so, for if some ¢ were common, say ¢, then X(c,) € 4, and X(c,) € 4,.
That is, the same number X(c,) belongs to both 4, and 4,. This is a
contradiction because A; and A4, are disjoint sets. Accordingly,
P(C) = P(C,) + P(C,).
However, by definition, P(C,) is Px(A4,) and P(C,) is Px(4j) and thus
Py(A, U 4y) = Px(A4,) + Px(4,).

This is condition (b) for two disjoint sets.

Thus each of P4(4) and P(C) is a probability set function. But the
student should fully recognize that the probability set function P is
defined for subsets C of €, whereas P, is defined for subsets A of .,
and, in general, they are not the same set function. Nevertheless, they
are closely related and some authors even drop the index X and write
P(A) for Py(A4). They think it is quite clear that P(4) means the
probability of A4, a subset of &, and P(C) means the probability of C,
a subset of €. From this point on, we shall adopt this convention and
simply write P(A4).

Perhaps an additional example will be helpful. Let a coin be tossed
twice and let our interest be in the number of heads to be observed.
Thus the sample space is € = {c; where cis TT or TH or HT or HH}.
Let X(c) = 0ifcis TT; let X(c) = 1if cis either TH or HT; and let
X(c) = 2 if ¢ is HH. Thus the space of the random variable X is
& = {z;z = 0,1,2}. Consider the subset 4 of the space &/, where
A = {z;z = 1}. How is the probability of the event A defined? We
take the subset C of € to have as its elements all outcomes in € for
which the random variable X has a value which is an element of A4.
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Because X(c) = 1if cis either TH or HT, then C = {c; where cis TH
or HT}. Thus P(A) = Pr[X e A] = P(C). Since 4 = {z;z =1},
then P(A) = Pr(X € A] can be written more simply as Pr{X = 1].
Let C, = {c;cis TT}, C; = {c; ¢ is TH}, C3 = {c¢; ¢ is HT}, and
C, = {c; ¢ is HH} denote subsets of €. Suppose that our probability
set function P(C) assigns a probability of } to each of the sets C,,
1 =1,2,3,4 Then P(C,) = 4, P(C,UC3) =} + } = 4,and P(C,) =
}. Let us now point out how much simpler it is to couch these statements
in a language which involves the random variable X. Because X is the
number of heads to be observed in tossing a coin two times, we have

Pr (X = 0) = }, since P(C,) = };
Pr (X = 1) = 4, since P(C, U Cy) = &;
and
Pr (X = 2) = }, since P(C,) = }.
This may be further condensed in the following table:
z | 01 2

PriX =2t % 4
This table depicts the distribution of probability over the elements of
&, the space of the random variable X.

We shall now discuss two random variables. Again, we start with
an example. A coin is to be tossed three times and our interest is in the
ordered number pair (number of H’s on first two tosses, number H’s on
all three tosses). Thus, the sample spaceis € = {c;c =¢;,+ = 1,2,...,
8}, where ¢, is TTT, cpis TTH, c3is THT, ¢, is HTT, ¢ is THH, cq
is HTH, cyis HHT, and ¢g is HHH. Let X, and X, be two functions
such that X,(c,) = X,{c5) = 0, X,(ca) = X,(cs) = Xy(c5) = Xi(ce) =
1, X(cq) = Xi(ce) = 2;and Xy(cy) = 0, Xy(c5) = Xs(eq) = Xaley) =1,
Xacs) = Xglcg) = Xa(cq) = 2, Xj(cg) = 3. Thus X, and X, are single-
valued, real-valued functions defined on the sample space € which
takes us from that sample space to the space of ordered number pairs

A = {(@1, T); (@1, 73) = (0,0), (0, 1), (1, 1), (1,2), (2, 2), (2, 3)}.
Thus X, and X, are two random variables defined on the space €.
and, in this example, the space of these random variables is the two-

dimensional set &/ given immediately above. We now formulate the
definition of the space of two random variables.

Definition 9. Given a random experiment with a sample space €.
Consider two random variables X, and X, which assign to each element
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c of € one and only one ordered pair of numbers X, (c) = z;, X;(c) = z,.
The space of X, and X, is the set of ordered pairs & = {(r,, x,);
x, = X,(c), v, = X,(c), ce €}

Let .o/ be the space associated with the two random variables X,
and X, and let 4 be a subset of &, As in the case of one random variable,
we shall speak of the event 4. We wish to define the probability of the
event A, which we denote by Pr[(X,, X,) € A]. TakeC = {c; c € € and
[X,(c), Xo(c)] & A}, where ¥ is the sample space. We then define
Pri(X,, X,)ed] = P(C), where P is the probability set function
defined for subsets C of €. Hete again we could denote Pr (X, X,) € 4]
by the probability set function Py, x,(4); but, with our previous
convention, we simply write

P(A) = Pr(X,, X,) € A4].

Again it is important to observe that this function is a probability set
function defined for subsets 4 of the space .

Let us return to the example in our discussion of two random
variables. Consider the subset 4 of &, where 4 = {(z,, z;); (*;, x3) =
(1, 1), (1, 2)}. To compute Pr [(X,, X,) € A] = P(A) we must include as
elements of € all outcomes in € for which the random variables X,; and
X, take values (r;, x;) which are elements of A. Now X,(c3) = 1,
Xo(ca) = 1, Xy(cq) = 1, and Xy(cy) = 1. Also X, (c5) = 1, Xj(cs) = 2,
X,(cg) = 1, and Xy(cg) = 2. Thus P(4) = Pr[(X,, X,) € 4] = P(C),
where C = {c; ¢ = c3, ¢,, 5, Or cg}. Suppose that our probability set
function P(C) assigns a probability of 4 to each of the eight elements of
€. Then P(A), which can be written as Pr (X, = 1, Xy = 1 or 2), is
equal to ¢ = 1. It is left for the student to show that we can tabulate
the probability which is then assigned to each of the elements of &,
with the following result:

(1, 23) |00 O L) (L2 @2 @3
PriX, X)) =(n2z)]| ¢ ¢ 3 3 &

This table depicts the distribution of probability over the clements of
&, the space of the random variables X, and X,.

The preceding notions about one and two random variables can be
immediately extended to » random variables. We make the following
definition of the space of # random variables.

Definition 10. Given a random experiment with the sample space
€. Let the random variable X, assign to each element ¢ € ¢ one and
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only one real number X(c) = 2, + = 1,2,..., n. The space of these
random variables is the set of ordered n-tuplets & = {(z,, z,, .. ., z,);
z, = X,(0), ..., z, = X,(c), c = €¢}. Further, let 4 be a subset of .
Then Pr[(X,,..., X,) € 4] = P(C), where C = {¢; ce¥ and [X,(c),
Xa(e), ..., Xale)] € 4}.

Again we should make the comment that Pr[(X,,..., X,) € 4)
could be denoted by the probability set function Py, x (4). But, it
there is no chance of misunderstanding, it will be written simply as
P(A).

Up to this point, our illustrative examples have dealt with a sample
space € which contains a finite number of elements. We now give an
example of a sample space € which is an interval.

Examiple 1. Let the outcome of a randomn experimen! be a point on the
interval (0, 1). Thus, € = {¢c; 0 < ¢ < 1}. Let the probability set function
be given by

P(C) = J'c dz.
For instance, if C = {¢; } < ¢ < 4}, then

PC) = ["dz =}

Define the random variable X to be X = X(c¢) = ¢ + 2. Accordingly. the
space of X is & = {x; 2 < & < 3}. We wish to determine the protability
set [unction of X, namely, P(4), A © &/ At this time, let 4 be the set
{x; 2 < x < b}, where 2 < b < 3. Now X is between 2 and b when and only
whenceC = {c;0 < ¢ < b — 2}. Hence

b~-3
Py(4) = P(4) = P(C) = fo dz.
In the integral, make the change of variable z = z + 2 and obtain

Py(4) = P(4) = j:dx = [ dz

since 4 = {z; 2 < z < b}. This kind of argument holds for every set 4 < o
for which the integral

P(4) = L dz
exists. Thus the probability set function of X is this integral.
In statistics we are usually more interested in the probability set

function of the random variable X than we are in the sample space ¢
and the probability set function P(C). Therefore, in most instances, we



20 Distributions of Random Variables [Ch. 1

begin with an assumed distribution of probability for the random
variable X. Moreover, we do this same kind of thing with two or more
random variables. Two illustrative examples follow.

Example 2. Let the probability set function P(4) of a random variable
X be

P(4) = L fl@)dz,  where f(z) = 381’, zed ={z;0 <z < 2.

Let A, = {z;0 < z < 4} and A4, = {x; ! < z < 2} be two subsets of &
Then

1/2 322 1
P(A4) =Pr(Xed,) = L, f@) dz = _[o --g—dz -a
and

Pdg) = Pr(Xed) = [ f@da= [ Eap

1

To compute P(4, U A4,), we note that 4,V A; =0; then we have
P(A, U 4y) = P(4,) + P4,) = {3.

Example 3. let o7 = {(x,y);0 < z <y < 1} be the space of two
random variables X and Y. Let the probability set function be

P(4) = L fzdxdy.
If A is taken to be 4, = {(z,¥); } < z < y < 1}, then
1
P(4) =Pr((X, V)ed = [ [ 2dwdy =1

If A is taken to be Ay = {(xr,y);z <y < 1,0 <z < }}, then 4; = A¥,
and

1/2

P(4,) = Pr[(X, V) e 4;) = P(4}) = 1 - P(4,) = }

EXERCISES

1.24. Let a card be selected from an ordinary deck of playing cards. The
outcome ¢ is one of these 52 cards. Let X(c) = 4 if cis an ace, let X(c) = 3 if
¢ is a king, let X(c) = 2 if ¢ is a queen, let X(c) = 1 if ¢ is a jack, and let
X(c) = 0 otherwise. Suppose P(C) assigns a probability of -5 to each outcome
c. Describe the induced probability Py(A4) on the space & = {x;x = 0, 1, 2,
3, 4} of the random variable X.

1.25. Let a point be selected from the sample space € = {¢; 0 < ¢ < 10}.
Let C < € and let the probability set function be P(C) = [, 1% dz. Define
the random variable X to be X = X(c) = 2c — 10. Find the probability set
function of X.
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i.246. Let the probability set function P(A) of two random variables X
and Y be P(4) =233 flx,y), where f(z,y) = ¥5 (@ y)ed = {(y):
{z,9) = (0,1),0,2),...,(0,13),(1,1),...,(1,13),...,(3,13)}. Compute
P(A) =Pr[(X,Y)ecA): (a) when 4 = {(z,y); (z,y) = (0,4), (1, 3), (2, 2)};
(b) when 4 = {(z,y);z + y = 4, (z, y) e &}.

1.27. Let the probability set function P(A) of the random variable X be
P(A) =Lf(z:) dx, where f(z) = 22/9, ze o = {#;0 < x < 3}. Let 4, =
{£;0 <z <1}, 4, ={x:2 <z < 3}. Compute P(4,) = Pr(X e Ad,],
P(Ag) = Pr(Xed,),and P(4, U A,) = Pr(XeAd,U4d,.

1.28. Let the space of the random variable X be & = {z;0 < z < 1}.
IfA, ={z;0<x<34}and 4, = {z;4 < z < 1}, find P(4,) if P(4,) = }.

1.29. Let the space of the random variable X be & = {z; 0 < z < 10}
and let P(4,) = §, where A, = {z;1 < z < 5}. Show that P(4,) < §,
where A, = {#; 5 < z < 10}.

1.30. Let the subsets A; = {z;} <x <4} and 4, ={z;4 <z < 1} of
the space & = {x;0 < x < 1} of the random variable X be such that
P{4,) = tand P(4,) =41 Find P(4, U 4,), P(A}), and P(A} N AY).

131 Letd, = {(r.y);c <2, y< 4, d;={x, y);z<2,y< 1}, 4; =
{(z,9);2<0,y< 4}, and 4, ={(x,y);2 < 0,y < 1} be subsets of the
space &7 of two random variables X and Y, which is the entire two-dimen-
sional plane. If P(4,) = §, P(4,) = %, P(4;) = 3§, and P(4,) = %, find
P(A;), where A; = {(z,y);0<x< 2,1 <y <4}

1.32. Let the probability set function of the random variable X be
P(4) = L e *dz, where o = {z;0 < z < o0}.

Let Ay ={x;2-1k<z<3}, k=123,.... Find lim 4, and

K-+ ®

P(lim A). Find P(4,) and lim P(4,). Note that lim P(d,) = P(lim 4,).
k- k- ® Kk~ o @

Ued

1.6 The Probability Density Function

Let X denote a random variable with space & and let 4 be a subset
of &. If we know how to compute P(C), C < €, then for each A under
consideration we can compute P(4) = Pr{X € 4]; that is, we know
how the probability is distributed over the various subsets of &. In "
this sense, we speak of the distribution of the random variable X,
meaning, of course, the distribution of probability. Moreover, we can
use this convenient terminology when more than one random variable
is involved and, in the sequel, we shall do this.
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In this section, we shall investigate some random variables whose
distributions can be described very simply by what will be called the
probability density function. The two types of distributions that we shall
consider are called, respectively, the discrete type and the continuous
type. For simplicity of presentation, we first consider a distribution of
one random variable.

(a) The discrete type of random variable. Let X denote a random
variable with one-dimensional space &. Suppose the space & is a set
of points such that there is at most a finite number of points of & in
every finite interval. Such a set &/ will be called a set of discrete points.
Let a function f(z) be such that f(z) > 0, z € &/, and that

2 /@) =1

r
Whenever a probability set function P(4), A < &/, can be expressed in
terms of such an f(z) by

P(A4) = Pr (X e A) = 3 f(a),
A

then X is called a random variable of the discrete type, and X is said to
have a distribution of the discrete type.

Example 1. Let X be a random variable of the discrete type with space
A ={xz=01273,4}. Let

P(4) = 3 f(@),

where

4 1\*
0= awae) . ee

and, as usual, 0! = 1. Then if 4 = {z; z = 0, 1}, we have

4 N\ 4 s
P‘(XE”)=W(2) +r31(2) =16

Example 2. Let X be a random variable of the discrete type with space
o ={x;z=1273,...}, and let

fl@) = () =zed
Then
Pr(XeA) = ;j(z).

If4A ={x;2=1,3,5,7,...}, we have
PriXed) =@ +@°+@)°+---=%
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(b) The continuous type of random variable. Let the one-dimensional
set & be such that the Riemann integral

[, f@yde =1,

where (i) f(z) > 0, z € &, and (ii) f(x) has at most a finite number of
discontinuities in every finite interval that is a subset of .. 1f & is the
space of the random variable X and if the probability set function
P(A), A = &, can be expressed in terms of such an f(x) by

P(d) = Pr(Xed) = L flx) dx,
then X is said to be a random variable of the continuous type and to
have a distribution of that type.
Example 3. Let the space & = {z; 0 < # < o0}, and let

fl@) =¢%, ze .
If X is a random variable of the continuous type so that

Pr(Xed) = L e~ dz,
we have, with 4 = {2;0 < z < 1},

1
_ -z — _p-1
Pr (X € 4) _fo e-fdz = 1— ¢\,
Example 4. Let X be a random variable of the continuous type with
space & = {z; 0 < z < 1}. Let the probability set function be

P(4) = | /() dz,
where
f(@) =cx?, zed

Since P(A) is a probability set function, P(«/) = 1. Hence the constant ¢ is
determined by

fo’czadz=1,

orc =3.

It is seen that whether the random variable X is of the discrete type
or of the continuous type, the probability Pr (X € A) is completely
determined by a function f(z). In either case f(z) is called the probability
density function (hereafter abbreviated p.d.f.) of the random variable X.
1f we restrict ourselves to random variables of either the discrete type
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or the continuous type, we may work exclusively with the p.d.[. f(r).
This affords an enormous simplification; but it should be recognized
that this simplification is obtained at considerable cost from a mathe-
matical point of view. Mot only shall we exclude from consideration
many random variables that do not have these types of distributions
but we shall also exclnde many interesting subsets of the space. In this
book, however, we shall in general restrict ourselves to these simple
types of random variables.

Remarks. Let X denote the number of spots that show when a die is cast.
We can assurae that X is a randorn variable with &/ = {z;z =1,2...., 6}
and with a p.d f. f(z) = }, # € .9/ Other assumptions can be made to provide
different mathernatical modsls for this experiment. Experimental evidence
tan be used to help one decide which model is the more realistic. Next, let X
denote the point at which a balanced pointer comes to rest. 1f the circum-
ference is graduated 0 < z < i, a rcasonable mathematical model for this
experiment is to take X to be a random variable with o ={r;0 <z <1}
and with a p.d.f. f(z) = 1, 2 € &/

The notion of the p.d.{. of one random variable X can be extended
to the notion of the p.d.f. of two or more random variables. Under
certain restrictions on the space . and the function f > 0 on &«
(restrictions which will not be enumerated here), we say that the two
random wvariables X and Y are of the discrete type or of the continuous
type, and have a distribution of that type, according as the probability
set function P(4), A < &, can be expressed as

P(4) = Pr((X,Y)ed] = 3 2 fl=y),
or as

P(A) = Pr[(X, Y)e 4] = L f f(x, y) dz dy.

In either case fis called the p.d.f. of the two random variables X and Y.
Of necessity, P(s#) = 1 in each case. More generally, we say that the »
random variables X,, X,, ..., X, are of the discrete type or of the con-
tinuous type, and have, a distribution of that type, according as the
probability set function P(4), A < &, can be expressed as

P(A) = Pl'[(X‘,...,X")EA] = Z';'Zf(xlr-'-:zn)v

or as

P(4) = Pr[(X,,....X,) € 4] = f..-ff(x,,...,z,,) dz, - - -dz,.
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The idea to be emphasized is that a function f, whether in one or more
variables, essentially satisfies the conditions of being a p.d{. if f >0on
a space &/ and if its integral [for the continuous type of random
variable(s)] or its sum [for the discrete type of random variablels)] over
&/ is one.

Our notation can be considerably simplified when we restrict our-
selves to random variables of the continuous or discrete types. Suppose
the «pace of a continuous type of random variable X is o = {x;
0 < x < o0} and that the p.d.f. of X is e~ *, re & We shall in no
manner alter the distribution of .\\" [that is, alter any P(4), 4 < 7] if
we extend the definition of the p.d.f. of X by writing

f(x) = e 7, 0<xr<co,
= 0 elsewhere,

and then refer to f(x) as the p.d.f. of X'. We have
o 0 ® _x .
j_m/(x)dx=jw0dx+jo e~ Tdz = 1.

Thus we may treat the entire axis of reals as though it were the space of
X. Accordingly, we now replace

[, f@dar by [T f@)dz

Similarly, we may extend the definition of a p.d.f. f(2, y) over the entire
xy-plane; or a p.d.f. f(z, v, z) throughout thrce-dimensional space, and
so on. We shall do this consistently so that tedious, repetitious references
to the space .« can be avoided. Once this is done, we replace

[frepdzdy vy [T 7 fly) dzay,

and so on. Similarly, after extending the definition of 2 p.d.f. of the
discrete type, we replace, for one random variable,

S/@ by IS,
and, for two random varniables,
ZJZ Sy by 23Sy

and so on.

In accordance with this convention (of extending the definition of a
p.d.f.), it is seen that a point function f, whether in one or more variables,
essentially satisfies the conditions of being a p.d.f. if (a) f is defined
and is not negative for all real values of its argument(s) and if (b) its
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integral [for the continuous type of random variable(s)], or its sum
(for the discrete type of random variable(s)] over all real values of its

argument(s) is one.
If f(z) is the p.d.f. of a continuous type of random variable X and if
A is the set {z; @ < z < b}, then P(4) = Pr (X € A) can be written as

Pra<X <= f:f(.r) dz.
Moreover, it A = {z;x = a}, then
P(A) =Pr(Xed) =Pr(X =a) = j:f(x)dx =0,

since the integral f: f(x) dx is defined in calculus to be zero. That is, if
X is a random variable of the continuous type, the probability of every

set consisting of a single point is zero. This fact enables us to write, say,
Prea<X<b)=Pr(a< X <)

More important, this fact allows us to change the value of the p.d.f.
of a continuous type of random variable X at a single point without
altering the distribution of X. For instance, the p.d.f.

f(x) = e™%, 0 <z < o0,
0 elsewhere,

can be written as

e~x, 0<x <00,
= 0 elsewhere,

f@)

without changing any P(4). We observe that these two functions differ
only at z = 0 and Pr (X = 0) = 0. More generally, if two probability
density functions of random variables of the continuous type differ only
on a set having probability zero, the two corresponding probability set
functions are exactly thz same. Unlike the continuous type, the p.d.f.
of a discrete type of random variable may not be changed at any point,
since a change in such a p.d.{. alters the distribution of probability.
Finally, if a p.d.{. in one or more variables is explicitly defined, we
can see by inspection whether the random variables are of the con-
tinuous or discrete type. For example, it seems obvious that the p.d.f.

9
fEg) =g = L23,...y =123,

= ( elsewhere,
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is a p.d.f. of two discrete-type random variables X and Y, whereas the
p.d.f.

flx, y) = 4aye~=*~v?, 0<z<0,0<y< o,
= 0 elsewhere,

is clearly a p.d.f. of two continuous-type random variables X and Y. In
such cases it seems unnecessary to specify which of the two simpler
types of random variables is under consideration.

Example 5. Let the random variable X have the p.d.f.

f(z) = 2, 0<zxz<1,
= 0 elsewhere.

Find Pr (3 < X < 3) and Pr (-4 < X < }). First,

3/4 3/4 5
EQ<X<9=ffmn= dz = =
1/2 13 16

Next,
Hp&<X<9=ilﬂ@h

=fo Odz-i-fm?.xdx
~-1/2 0 .
0+3=1%

Example 6. Let
fle,y) =627, O<z<l1l0<y<l,
= ( elsewhere,

be the p.d.f. of two random variables X and Y. We have, for instance,
3 314
mm<X<£§<Y<m=LJ;ﬂ%mu@

[ iy« [ o
=§+0=1}

EXERCISES

1.33. For each of the following, find the constant ¢ so that f(z) satisfies
the conditions of being a p.d.f. of one random variable X.

(@) flx) =c(®)* x=1,2,3,..., zero elsewhere.

(b) f(x) = cxe~%, 0 < & < o, zero elsewhere.

1.34. Let f(z) = z/15, 2 = 1,2, 3, 4,5, zero elsewhere, be the p.d.f. of X.
Find Pr(X =1lor2},Pri4 < X <$},and Pr{l < X < 2].

AN
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1.35. Let f(z) = 1/2%, 1 < z < o, zero elsewhere, be the p.d.f. of X. If
A, ={z;1<z<2} and A, ={z;4 <2z <5}, find P4, U A4,; and
P4, N A4,).

1.36. Let f(x,, z;) = 4z,2,, 0 < z;, < 1, 0 < x; < 1, zero elsewhere, be
the p.d.f.of X, and X,. Find Pr(0 < X, < 4,1 < X; < 1), Pr (X, = X,),
Pr (X, < X,), and Pr (X, < X,).

1.37. Let f(z), x5, 23) = exp[— (%, + 23 + 23)], 0 < 2, < 0, 0 <
z3 < 0, 0 < z; < o0, zero elsewhere, be the p.d.f. of X,, X,;, X; Compute
Pr (X, < X; < X;)and Pr (X, = X, < X;). The symbol exp (w) means e¥.

1.38. A mode of a distribution of one random variable X of the con-
tinuous or discrete type is a value of x that maximizes the p.d.f f(x). If there
is only one such z, it is called the mode of the distribution Find the mode of
each of the following distributions:

(@) flx) = #)*, z=1,2,3,..., zero elsewhere.

{b) f(z) = 122%(1 — z), 0 < = < 1, zero elsewhere.

(c) f(z) = (4)z%~*, 0 < = < o0, zero elsewhere.

1.39. A median of a distribution of one random vamnable X of the dis-
crete or con:inuous type is a value of z such that Pr (X < z) < 4 and
Pr (X < z) > 4. If there is only one such z, it is called the median of the
distribution. Find the median of each of the following distzibutions:

4! 1\Z/3\*=
(a) f(T) = ;:—'(—4-:~5)" (z) (z) , X = C, i Z, 3. 4., zerce elsewhere
(b) f(z) = 322, 0 < z < 1, zero elsewhere.

1

(c) f(’)=m' —00 < z < 00.

1.40. Let 0 < p < 1. A (100p)th percentile (¢ iantile of order p) of the
distribution of a random variable X is a value {, such that Dy (X < ¢,)) < p
and Pr (X < ;) > p. Find the twentieth percentile of the distnibution which
has p.d.f. f(z) = 42, 0 < z < 1, zero elsewhere.

1.41. Let f(z) = 12x(1 — 2)%, 0 < = < 1, zero elsevhere, be the p.d.f.
of X. Find the mode of the distributior. Show that the shortest inferval (a, &)
such that P(@ < X < b) = p, where p is an assigued number, 0 < p < 1,
contains the mode. Hint. From f: f(x)dx = p and d(b — a)/da = 0, first
show that f(a) = f(b).

1.42. Given that the nonnegative function g(x) has the property that
fo glz) dz = 1.
Show that f(z,, z;) = [2g(Vz? + 23)]/(nVa? + 23), 0 <2, <0, 0<

;3 < oo, zero elsewhere, satisfies the conditions of being a p.d.f. of two
continuous-type random variables X, and X,.
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1.43. Let f(z) = »/10, 2 = 1, 2, 3, 4, zero elsewhere, be the p.d.f. of X.
Show, for 0 < A, that:
(@ limPr2-hA<X<2)= P(}.ing{z;Z—h <zg 2}).
h-+0 -

(b) i Pr(3 < X < 3+ ) = P(lim (=3 <2 < 3 + &)
=0 h-0

1.7 The Distribution Function

Let the random variable X have the probability set function P(4),
where A is a one-dimensional set. Take z to be a real number and con-
sider the set 4 which is an unbounded set from — 0 to z, including the
point z itself. For all such sets 4 we have P(4) = Pr(Xe 4) =
Py (X < z). This probability depends on the point z; that is, this
probability is a function of the point z. This point function is denoted
by the symbol F(x) = Pr (X < z). The function F(z) is called the
distribution function (sometimes, cumulative distribution function) of
the random variable X. Since F(x) = Pr (X < z), then, with f(x)
the p.d.f., we have

F) = 3 f(w),
wsxT

for the discrete type of random variable, and

I(z) = J.f  f(w) dw,
for the centiruous type of random variable. We speak ot a distribution

function F(z) as being of the continuous or discrete type depending on
whcther the random variable is of the continuous or discrete type.

Remark. If X is a random variable of the continuous type, the p.d.f.
f(x) has at most a finite number of discontinuities in every finite interval.
This means (i) that the distribution function F(x) is everywhere continuous
and (i) that the derivative of I'(z) with respect to z exists and is equal to
f{x) at each point of continuity of f(x). That is, F'(x) = f(z) at each point of
continuity of f(z). If the random variable X is of the discrete type, most
surely the p.d.f. f(z) is not the derivative of F(z) with respect to x (that is,
with respect {0 Lebesgue measure); but f(z) ¢s the (Radon-Nikodym) deriva-
tive of F(z) with respect to a counting measure. A derivative is often called
a density. Accordingly, we call these derivatives probability density functions.

Exarnple 1. Let the random variable X of the discrete type have the
p.di. f(z) = 2/6,z = 1, 2, 3, zero elsewhere. The distribution function of X is
F(x) = 0, z <1,
=}, 1<z<?2,
= %, 2z < 3,
=1, KIESE 2
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Here, as depicted in Figure 1.3, F(z) is a step function which is constant in
every interval not containing 1, 2, or 3, but has steps of heights }, 2, and 3
at those respective points. It is also seen that F(z) is everywhere continuous
to the right.

Fx)
1t —_—
e e
J_
1 2 3 x
FIGURE 1.3

Example 2. Let the random variable X of the continuous type have the
p.d.f. f(z) = 2/z® 1 < x < oo, zero elsewhere. The distribution function of
Xis

Fla) = jfwr)dw=o, z <1,

x 2 1
=J'155dw=1——;3. 1<z

The graph of this distribution function is depicted in Figure 1.4. Here F(x)

Fx)

FIGURE 1.4

is a continuous function for all real numbers z; in particular, F(z) is every-
where continuous to the right. Moreover, the derivative of F(x) with respect
te z exists at all points except at z = 1. Thus the p.d.f. of X 1s defined by this
derivative except at x = 1. Since the set A = {z; x = 1} is a set of probability
measure zero [that is, P(A) = 0], we are free to define the p.df. atz = 1 in
any manner we please. One way to do this is to write f(x) = 2/2% | < r < o0,
zero elsewhere.
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There are several properties of a distribution function F(z) that
can be listed as a consequence of the properties of the probability set
function. Some of these are the following. In listing these properties, we
shall not restrict X to be a random variable of the discrete or continuous
type. We shall use the symbols F(w0) and F(—c0) to mean lim F(z)

r—+®

and lim F(x) respectively. In like manner, the symbols {z; z < oo}

X~ ®
and {z;x < — o} represent, respectively, the limits of the sets
{z;x < b} and {z;z < — b} as b — 0.

(a) 0 < F(x) < 1 because 0 s Pr(X < 2) < 1.
(b) F(x) is a nondecreasing function of x. For, if ' < z”, then

frx<z}={xzrz<sa}uizr;z <z<2"
and
PriX<z)=Pr(X<2)+Pr(z' < X <2
That is,
F(z") — F(z') =Pr(z < X <z") 2 0.

() F(o) =1 and F(—o0) = 0 because the set {z;z < oo} is the
entire one-dimensional space and the set {z; # < —oo} is the null set.

From the proof of (b), it is observed that, if a < b, then
Pr(a < X < b) = F(b) — F(a).

Suppose we want to use F(x) to compute the probability Pr (X = b).
To do this, consider, with & > 0,
limPr(b - h < X <b) =lim[F(b) — F(b — k).

h-+0

h-0

Intuitively, it seems that lim Pr (b — A < X < b) should exist and be
h—-0

equal to Pr (X = b) because, as & tends to zero, the limit of the set
{z; b - h < x < b} is the set that contains the single point z = 5. The
fact that this limit is Pr (X = b) is a theorem that we accept without
proof. Accordingly, we have

Pr (X = b) = F(b) — F(b-),

where F(b—) is the left-hand limit of F(x) at z = b. That is, the proba-
bility that X = b is the height of the step that F(x) has at =z = 8.
Hence, if the distribution function F(x) is continuous at x = b, then
Pr(X =b) =0.
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There is a fourth property of F(z) that is now listed.

(d) F(x) is continuous to the right at each point z.

To prove this property, consider, with 2 > 0,

imPr (¢ < X <a + h) =lim[F(a + h)— F(a)].
h—0

h—0

We accept without proof a theorem which states, with 2 > 0, that

limPr(a< X<a+h) = P0) =0.

h—0
Here also, the theorem is intuitively appealing because, as 4 tends to
zero, the limit of the set {x; @ < z < a + A}is the null set Accordingly,
we write

0 = F(a+) — F(a),

where F(a+) is the right-hand limit of F(x) at x = a. Hence I (x) is
continuous to the right at every point z = a.

The preceding discussion may be summarized in the following
manner: A distribution function F(x) is a nondecreasing function of x.
which is everywhere continuous to the right and has F(—o0) = (),
F(o0) = 1. The probability Pr (a < X < b) is equal to the difference
F(b) - F(a). If x is a discontinuity point of F(r), then the piobahulity
Pr (X = 2) is equal to the jump which the distribution function has a¢
the point z. If z is a continuity point of F(x). then Pr (X = 2) = 0.

Let X be a random variable of the continuous type that has p.d.i.
f(x), and let A be a set of probability measure zero; that is, P(4) =
Pr (X € A) = 0. It has been observed that we may change the definition
of f(x) at any point in A without 1n any way altering the distiibution
of probability. The freedom to do this with the p.d.f. f{x), of a con-
tinuous type of randomn variable does not ¢xtend to the distribution
function F(z); for, if F(x) is changed at so much as one poiat z, the
probability Pr (X < z) = F(x) is changed, and we have a different
distribution of probability. That is, the distribution function F(x), not
the p.d.f. f(z), is really the fundamental concept.

Remark. The definition of the distribution function makes it clear that
the probability set function P determines the distribution function F. It is
true, although not so obvious, that a probability set function P can be found
from a distribution function F. That is, P and F give the same information
about the distribution of probability and it is a matter of convenience as to
which function is used.

We now give an illustrative example.
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Example 3. Let a distribution function be given by

F(z) = 0, z <0,
z 4+ 1
‘—:---—,2—--) 051:(1,
= 1, 1 <=z

‘Then, for instance,
Pr(-3<X<4$)=F3 - F-3)=4-0=3}
aud
Pr(X=0)=F0) — F0-)=4-0=4.

The graph of F(z) is shown in Figure 1.5. We see that F(z) is not always
continuous nor is it a step function. Accordingly, the corresponding distribu-
tion is neither of the continuous type nor of the discrete type. It may be
deccribed as a mixture of those types.

Fix) I
1 I T i Dl

/w“'
[
] TL . X

FIGURE |5

We shall now point out an important fact about a function of a
random variable Let X denote a random variable with space .
Consider the function Y = %(X) of the random variable X. Since X is
a function defined on a sample space €, then Y = %(X) is a composite
function defined on €. That is, Y = #(X) is itself a random variable
which has its own space & = {y;y = u(z), ze .9} and its own
probability set function. If y € &, theevent Y = %(X) < yoccurs when,
and only when, the event X € A < o occurs, where 4 = {z; u(z) < y}.
That is, the distribution function of Y is

G(y) = Pr(Y < y) = Pr(u(X) < y] = P(4).
The following example illustrates a method of finding the distribution
function and the p.d.f. of a function of a random variable.

Example 4. Let f(x) = 4, —1 < 2z < 1, zero elsewhere, be the p.d.f. of
the random variable X. Define the random variable Y by Y = X2. We wish
to find the p.d.f. of Y. If y > 0, the probability Pr (Y < y) is equivalent to

Pr(X2 < y) = Pr(—Vy < X < Vy).
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Accordingly, the distribution function of Y, G(y) = Pr (Y < y), is given by
G(y) =0, y <0,
= [ ydz=vy O0s<y<1,
-vy
=1, 1<y

Since Y is a random variable of the continuous type, the p.d.f. of Y is
2(y) = G'(y) at all points of continuity of g(y). Thus we may write

1
L 0 < <1,
&ly) Ve y

= 0 elsewhere.

I.et the random variables X and Y have the probability set function
P(A4), where A is a two-dimensional set. If A is the unbounded set
{(1t,v), ¥ < x, v < y}, where x and y are real numbers, we have

PA) = Pr((X,Y)ed]l =Pr(X <z, Y < y).

This function of the point (z, ) is called the distribution function of X
and Y and is denoted by

Flx,y) =Pr(X <=2, Y <y

If X and Y are random variables of the continuous type that have
p.d.f. f(«, y), then

F(x,y) = '[fm ff.., f (%, v) du dv.

Accordingly, at points of continuity of f(x, ), we have

?*F(z, y)
W = f(z, y).

It is left as an exercise to show, in every case, that
Pr(a< X <bc<Y<d)=Fpd) — F(bc) — F(a,d) + F(a,c),

for all real constantsa < b, ¢ < d.
The distribution function of the » random variables X,, X,, ..., X,
is the point function

F(xy, 25, ...,2,) = Pr(X, <2, Xg< 25,..., X, <,).

An illustrative example follows.
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Example 5. Let f(z,y,2) = e"**¥v*? 0 < 2,9, 2 < o, zero elsewhere,
be the p.d.f. of the random variables X, Y, and Z. Then the distribution
function of X, Y, and Z is given by

F,y2) =Pr(X <2, Y <y Z<2)

= J: J:l f: e~vvv dy dv dw

=(1-e%(1~-eY)(1 —e9, 0<2y2 <o,

and is equal to zero elsewhere. Incidentally, except for a set of probability
measure zero, we have
PF(z, y, 2)

7% 0y bz = f(z, y.2).

EXERCISES

1.44. Let f(z) be the p.d.f. of a random variable X. Find the distribution
function F(z) of X and sketch its graph if:

(a) f(x) =1, z = 0, zero elsewhere.

(b) f(x) =%,z = —1,0, 1, zero elsewhere.

(c) fla) = z/15, = = 1, 2, 3, 4, 5, zero clsewhere.

(d) f(x) = 3(1 — )2, 0 < 2 < 1, zero elscwhere.

(&) f(=) = 1/x%, 1 < x < 0, zero elsewhere.

f) fl) =4, 0<zxz<lor2 <z<4,zero else.vhere

1.45. Find the median of each of the distributions in Exercise 1.44.
1.46. Given the distribution function
F(x) = 0, x < —1,
z + 2_
Y
=], 1<z

> —lsx<1,

Sketch the graph of F(z) and then compute: (a) Pr(—4 < X < 4); (b)
Pr(X =0); (c) Pr(X =1);and (d) Pr(2 < X < 3).

1.47. Let F(z, y) be the distribution function of X and Y. Show that
Pr@a<X<bc<Y<d)= F(bd)— F(bc) — F(a,d) + F(a,c), for
all real constantsa < b, ¢c < d.

1.48. Let f(x) = 1, 0 < z < 1, zero elsewhere, be the p.d.f. of X. Find
the distribution function and the p.d.f. of ¥ = VX.

1.49. Let f(z) = 2/6, z = 1, 2, 3, zero elsewhere, be the p.d.f. of X. Find

the distribution function and the p.d.f. of Y = X2 Hint. Note that X is a
random variable of the discrete type.
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1.30. Fxplain why, with 4 > 9, the two limits im Pr{d -k <« X < &)
k0

and lim F(b — 4) exist. Hint. Note that Pr{d — & < X < b) is bounded
A0
below by zero and F(5 — h) is bounded abuve by both F(b) and one.

1.51. Show that the function F(z.y) that is equai to one, provided
z + 2y > 1, and tnst is =qual to zero, provided = + 2y < 1, canuet be a
distribution function of two random variables. Fint. ¥ind four numbers

G < b,¢c < d, sothat F(b,d) — F(z,d) — F(b,c) + F(a, c) is iess than zero.
1.52. Let F(z) be the distribution functicn of the random variable X.

If m is a number such that F(m) = 4, show that m is a median of the
distribution.

i1.53. Tet f(x) = 4, —1 < z < 2, zero elsewhere, be the p.d.f. of X.
Find the distribution function and the p.d.f. of ¥ = X3.

1.8 Certain Probability Models

Consider an experiment in which one chooses at randoin a point
from th~ closed interval {4, 4§ that is on the real line. Thus the sample
space € is [a, b). Let the random variable X be the vieatity function
defined on €. Thus the space & of X is &/ = €. Suppose it is reasonable
to assume, from the nature of the experiment, that, if an interval 4 isa
subset of &, the probability of the event A is proportioral to the length
of A. Hence if A is the interval [a, x], x < b, then

PA) =Pr(Xed)=Pr@a<s X <) = c(z — a),

where c is the constant of proportionality.
In the above expression, if we take x = b, we have

1=Pr(a< X <b)=cd- a),

so ¢ = 1/(b — a). Thus we will have an appropriate probability model
if we take the distribution function of X, F(x) = Pr (X < z), to be

F(z) = 0, z < a,

z—a
=b—a’ aszsb,
=1, b < .

Accordingly, the p.d.f. of X, f(x) = F'(z), may be written

f(z)=-b—_l_—av assz,

= ( elsewhere.
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The derivative of F(x) does not exist at z = a nor at z = b; but the set
{z; z = a, b} is a set of probability measure zerco, and we elect to define
f(x) to be equal to 1/(b — a) at those two points, just as a matter of
convenience. We observe that this p.d.f. is a constant on . If the
p.d.f. of one or more variables of the continuous type or of the discrete
type is a constant on the space &, we say that the probability is
distributed uniformly over &. Thus, in the above example, we say that
X has a uniform distribution over the interval [a, b].

Consider next an experiment in which one chooses at random a
point (X, Y) from the unit square € = & = {(z,y); 0 <z < 1,
0 < y < 1}. Suppose that our interest is not in X nor in Y but in
Z = X + Y. Once a suitable probability model has been adopted, we
shall see how to find the p.d.f. of Z. To be specific, let the nature of
the random experiment be such that it is reasonable to assume that
the distribution of probability over the unit square is uniform. Then the
p.d.f. of X and Y may be written

flz,y) =1, 0<x<1,0<y<l,

= 0 elsewhere,

and this describes the probability model. Now let the distribution
function of Z be denoted by G(2) = Pr (X + Y < z). Then

Glz) =0, z<0,

2 t Ak 4 22
f f dyd1=-2—v 0<z< 1,
nJo

1 1 — ]
1-] J' dydx:l——g—z—z)—, 1<1<2,
z2-1Ja-x
1

= ], 25z

]

Since G'(z) exists for all values of z, the p.d.f. of Z may then be written

g(2) = 2, 0<z<l,
= 2 - 2, 1 <2< 2,
= 0 elsewhere.

It is clear that a different choice of the p.d.f. f(z, y) that describes the
probability model will, in general, lead to a different p.d.f. of Z.

We wish presently to extend and generalize some of the notions
expressed in the next three sentences. Let the discrete type of random
variable X have a uniform distribution of probability over the & points
of the space & = {z;z = 1,2,..., k}. The p.d.f. of X is then f(z) =
1/k, x € o, zero elsewhere. This type of p.d.f. is used to describe the
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probability model when each of the & points has the same probability,
namely, 1/k.

The probability model described in the preceding paragraph will
now be adapted to a more general situation. Let a probability set
function P(C) be defined on a sample space €. Here ¥ may be a set in
one, or two, or more dimensions. Let € be partitioned into £ mutually
disjoint subsets C,, C,, ..., C; in such a way that the union of these %
mutually disjoint subsets is the sample space €. Thus the events
C,,C,, ..., C, are mutually exclusive and exhaustive. Suppose that the
random experiment is of such a character that it may be assumed that
each of the mutually exclusive and exhaustiveeventsCy, ¢ = 1,2,..., &,
has the same probability. Necessarily then, P(C,) = 1/k,z = 1,2,..., k.
Let the event E be the union of r of these mutually exclusive events,
say

E=C,uCu---L_(, r < k.

Then
P(E) = P(C)) + P(Cd) +---+ P(C) = ;-

Frequently, the integer % is called the total number of ways (for this
particular partition of €) in which the random experiment can ter-
minate and the integer 7 is called the number of ways that are favorable
to the event E. So, in this terminology, P(E) is equal to the number of
ways favorable to the event E divided by the total number of ways in
which the experiment can terminate. It should be emphasized that in
order to assign, in this manner, the probability r/k to the event E, we
must assume that each of the mutually exclusive and exhaustive events
C,,C,y,...,C, has the same probability 1/k. This assumption then
becomes part of our probability model. Obviously, if this assumption is
not realistic in an application, the probability of the event E cannot be
computed in this way.
We next present two examples that are illustrative of this model.

Example 1. Let a card be drawn at random from an ordinary deck of
52 playing cards. The sample space € is the union of # = 52 outcomes, and it
is reasonable to assume that each of these outcomes has the same probability
3%, Accordingly, if E, is the set of outcomes that are spades, P(E;) = 34 = }
because there are r, = 13 spades in the deck; that is, } is the probability of
drawing a card that is a spade. If E, is the set of outcomes that are kings,
P(E;) = #% = i because there are r, = 4 kings in the deck; that is, % is
the probability of drawing a card that is a king. These computations are very
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easy because there are no difficulties in the determination of the appropriate
values of r and k. However, instead of drawing only one card, suppose five
cards are taken, at random and without replacement, from this deck. We
can think of each five-card hand as being an outcome in a sample space. It
is reasonable to assume that each of these outcomes has the same probability.
Now if E, is the set of outcomes in which each card of the hand is a spade,
P(E)) is equal to the numbher 7, of all spade hands divided by the total
number, say &, of five-card hands. It is shown in many books on algebra that

13 13! 52 52!
= (5)=s—l§' and k=(s)=m'

In general, if n is a positive integer and if z is a nonnegatwe integer with
z < n, then the binomial coefficient

() = so==n

is equal to the number of combinations of n things taken z at a time. Thus,
here,

13
( 5 ) (13)(12)(11)(10)(9)

52) = (52)(51)(50)(49)(48) 0.0005,

S .
approximately. Next, let E; be the set of outcomes in which at least one
card is a spade. Then E} is the set of outcomes in which no card is a spade.

There are r§ = (359

P(E,) =

) such outcomes. Hence

(%)
PES) =~  and  P(E,) =1 — P(ED).

(5)
5
Now suppose Ej is the set of outcomes in which exactly three cards are

kings and exactly two cards are queens. We can select the three kings in any

one of (4 ways. By a well-known

3 2

counting principle, the number of outcomes in E, is ry = (;)(;) Thus

P(Ey) = (;) G) / (552 ) Finally, let E, be the set of outcomes in which there

are exactly two kings, two queens, and one jack. Then

riea - 22l
(s)

because the numerator of this fraction is the number of outcomes in E,.

) ways and the two queens in any one of
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Exasmmple 2. A lot, consisting of 100 fuses, is inspected by the following
procedure. Five of these fuses are chosen at random and tested; if ali 5
“blow’’ at the correct amperage, the lot is accepted. If, in fact, there are
20 defective fuses in the lot, the probability of accepting the lot is, under

appropriate assumptions,
(5)
A3 932,

(5)

approximately. More generally, let the random variable X be the number of
defective fuses amnong the 5 that are inspected. The space of X is & =
(x;z =0,1,2,3, 4,5} and the p.d.f of X is given by

()62
z/\5 — 2
/(x):Pr(X=1)=~—T.0—~. x=20,1,273,45,
(5)
= 0 elsewhere.

This is an example of a discrete type of distribution which is called a
hypergeometric distribution.

EXERCISES

(In order to solve some of these exercises, the student must make certain
assumptions.)

1.54. A bowl contains 16 chips, of which 6 are red, 7 are white, and 3 are
blue. If 4 chips are taken at random and without replacement, find the
probability: (a) that each of the 4 chips is red; (b) that none of the 4 chips is
red; and (c) that there is at least 1 chip of each color.

1.55. A person has purchased 10 of 1000 tickets sold in a certain raffle.
To determine the five prize winners, S tickets are to be drawn at random
and without replacement. Compute the probability that this person will win
at least one prize.

1.56. Compute the probability of being dealt at random and without
replacement a 13-card bridge hand consisting of: (a) 6 spades, 4 hearts,
2 diamonds, and 1 club; (b) 13 cards of the same suit.

1.57. Three distinct integers are chosen at random from the first 20
positive integers. Compute the probability that: (a) their sum is even;
(b) their product is even.

1.58. There are five red chips and three blue chips in a bowl. The red
chips are numbered 1, 2, 3, 4, 5, respectively, and the blue chips are numbered



Sec. 1.9] Mathematical Espectation 41

1, 2, 3, respectively. If two chips are to be drawn at random and without
replacement, find the probability that these chips have either the same
number or the same color.

1.59. Let X have the uniform distribution given by the p.d.f. f(z) = },
x = =2, 1,0, 1, 2, zero elsewhere. Find the p.d.f. of Y = X2 Hint. Note
that Y has a distribution of the discrete type.

1.60. Let X and Y have the pdf. f(z,y) =1, 0<z <1, 0<y<1,
zero elsewhere. Find the p.d.f. of the product Z = XY.

1.61. Let 13 cards be taken, at random and without replacement, from
an ordinary deck of playing cards. If X is the number of spades in these
13 cards, find the p.d.f. of X. If, in addition, Y is the number of hearts in
these 13 cards, find the probability Pr (X = 2, Y = 5). What is the p.d.f.
of X and Y?

1.62. Four distinct integers are chosen at random and without replace-
ment from the first 10 positive integers. Let the random variable X be the
next to the smallest of these four numbers. Find the p.d.f. of X.

1.63. In a lot of 50 light buibs, there are 2 bad bulbs. An inspector
examines 5 bulbs, which are selected at random and without replacement.
(a) Find the probability of at least 1 defective bulb among the 5. (b) How
many bulbs should he examine so that the probability of finding at least
1 bad bulb exceeds 4?

1.9 Mathematical Expectation

One of the more useful concepts in problems involving distributions
of random variables is that of mathematical expectation. Let X be a
random variable having a p.d.f. f(z), and let #(X) be a function of X
such that

J'fm u(x) f(x) dx
exists, if X is a continuous type of random variable, or such that
3 u@)/@)

exists, if X is a discrete type of random variable. The integral, or the
sum, as the case may be, is called the mathematical expectation (or
expected value) of %(X) and is denoted by E(u(X)]. That is,

Em(X)) = 7 u(2)f(z) dz,

J-w
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if X is a continuous type of random variable, or
E[u(X)] = 3 u(a)/(z),

if X is a discrete type of random variable.

Remarks. The usual definition of E[%(X)] requires that the integral (or
sum) converge absolutely. However, in this book, each u(z) is of such a
character that if the integral (or sum) exists, the convergence is absolute.
Accordingly, we have not burdened the student with this additional provision.

The terminology ‘‘mathematical expectation’ or “‘expected value’ has
its origin in games of chance. This can be illustrated as follows: Three small
similar discs, numbered 1, 2, and 2, respectively, are placed in a bowl and
are mixed. A player is to be blindfolded and is to draw a disc from the bowl.
If he draws the disc numbered 1, he will receive nine dollars; if he draws
either disc numbered 2, he will receive three dollars. It seems reasonable to
assume that the player has a “'§ claim’ on the nine dollars and a *§ claim "’
on the three dollars. His ‘“total claim” is 9(3) + 3(3), or five dollars. If
we take X to be a random variable having the p.d.f. f(z) = z/3, 2z = 1, 2,
zero elsewhere, and u(r) = IS — 6z, then E[u(X)] = 3 u(x)f(x) =

2 x
S (15 — 6z)(2/3) = 5. That is, the mathematical expectation of u(X) is
x=1
precisely the player’s “claim” or expectation.
The student may observe that #(X) is a random variable Y with its own
distribution of probability. Suppose the p.d.f of Y is g(y). Then E(Y) is
given by

f,., ve(y)dy  or 3 ye(y),

according as Y is of the continuous type or of the discrete type. The question
is: ““‘Does this have the same value as E[#(X)], which was defined above?”’
The answer to this question is in the affirmative, as will be shown in Chapter 4.

More generally, let X,, X, ..., X, be random variables having
p-df f(xry, xy ..., 2,) and let u(X,. Xy, ..., X;) be a function of these
variables such that the »n-fold integral

(1) “:) . -wa u(ry, xy, ..., T f(Xy, T . . ., X,) dy Ay - -di,

exists, if the random variables are of the continuous type, or such that
the n-fold sum

) S S u(ry, xg, ., x) (X, g e, )
X )

exists if the random variabies are of the discrete tvpe. The n-fold
integral (or the n-fold sum, as the case may be) is called the mathe-
matical cvpectation, denoted by E(u(X,, X,, ..., X,)], of the function
u(X,, Xg ..., X,
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In this paragraph we shall point out some fairly obvious but useful
facts about mathematical expectations when they exist.

(a) If & is a constant, then E(k) = k. This follows from expression
(1) [or (2)] upon setting # = k and recalling that an integral (or tum) of
a constant times a function is the constant times the integral (or sum)
of the function. Of course, the integral (or sum) of the function fis one.

(b) If & is a constant and v is a function, then E(kv) = RE(v). This
follows from expression (1) [or (2)] upon setting # = kv and rewriting
expression (1) [or (2)] as & times the integral (or sum) of the product uf.

(c) If &, and %, are constants and v, 'and v, are functions, then
E(kyv, + kovy) = R E(vy) + kyE(v,). This, too, follows from expression
(1) lor (2)] upon setting ¥ = kv, + k,v, because the integral (or sum)
of (kv, + kgyvo)f is equal to the integral (or sum) of %,v,f plus the
integral (or sum) of k,v,f. Repeated application of this property shows
that if 2,, k,, . . ., k, are constants and v,, v,, . . ., v, are functions, then

E(kvy + kv + -+ knVm) = RE(v;) + kE(vy) + -+ knE(vy).

This property of mathematical expectation leads us to characterize the
symbol E as a linear operator.

Example 1. Let X have the p.d.f.

flx) =2(1 — z), 0O<xz<,
= () elsewhere.

Then
E(X) = f"m zf(z) dz = fo' @)2(1 — ) dx = §,
ExX) = |7 2@ de = jo’ (@)2(1 — z) dz = },
and, of course,
E(6X + 3X%) = 6(1) + 3(3) = 5.
Esample 2. Let X have the p.d.f.
f(@) =§, =123,

= 0 elsewhere.

R

E(X%) = D 2%f(z) = 21 z?

=+ ¢+ =
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Example 3. Let X and Y have the p.d.f.
fey)y=2+y, O0<z<l,0<y<l,
= ( elsewhere.

Accordingly,

E(XY?) -

[F ], wv¥ @y dzay

f f xy*(x + y) dx dy

17
1

-

~2

Esample 4. Let us divide, at random, a horizontal line segment of length
five into two parts. If X is the length of the left-hand part, it is reasonable to
assume that X has the p.d.f.

flx) =4, 0<z<s§,

= 0 elsewhere.

The expected value of the length X is E(X) = § and the expected value of
the length 5 — X is E(5 — X) = 4. But the expected value of the product of
the two lengths is equal to

EWX(S = X)) = [ 2(5 - 2)(}) do = 28 # (3.

That is, in grneral, the expected value of a product is not equal to the
product of the expected values.

Example §. A bowl contains five chips which cannot be distinguished by
a sense of touch alone. Three of the chips are marked one dollar each and the
remaining two are marked four dollars each. A player is blindfolded and
draws, at random and without replacement, two chips from the bowl. The
player is paid an amount equal to the sum of the values of the two chips
that he draws and the game is over. If it costs four dollars and seventy-five
cents to play this game, would we care to participate for any protracted
period of time? Because we are unable to distinguish the chips by sense of
touch, we assume that each of the 10 pairs that can be drawn has the same
probability of being drawn. Let the random variable X be the number of
chips, of the two to be chosen, that are marked one dollar. Then, under our
assumption, X has the hypergeometric p.d.f.

QG- )

ﬂ)——_?~—- z=01,2

()

= 0 elsewhere.
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If X = z, the player receives u(z) = x + 4(2 — z) = 8 — 3 dollars. Hence
his mathematical expectation is equal to

E[8 - 3X] = _io (8 — 37)f(x) = 4%,

or four dollars and forty cents.

EXERCISES

1.64. Let X have the p.d.f. f(x) = (x + 2)/18, —2 < z < 4, zero else-
where. Find E(X), E[(X + 2)3), and E[6X — 2(X + 2)3).

1.65. Suppose f(xr) = 4, z = 1, 2, 3, 4, 5, zero elsewhere, is the p.d.f. of
the discrete type of random variable X. Compute E(.X) and E(X?). Use these
two results to find E[(X + 2)%] by writing (X + 2)? = X? + 4X + 4.

1.66. If X and Y have the p.d.f. f(z,y) = &, (z, ) = (0,0), (0, 1), (1, 1),
zero elsewhere, find E[(X — §)(Y — §)].

1.67. Let the pdf. of X and Y be f(z,y) =e¢ * VY, 0 <z < o0,
0 < y < o0, zero elsewhere. Let #(X, Y) = X, v(X, Y) = Y,andw(X, Y) =
XY. Show that E[u(X, V)] -E[v(X, Y)] = E[w(X, Y)].

1.68. Let the p.d.f. of X and Y be f(z,y) =2, 0 <z <y, 0 <y < 1,
zero elsewhere. Let (X, Y) = X, v(X, Y) = Y and w(X, Y) = XY. Show
that E{u(X, Y)]-E(v(X, Y)] # E(w(X, Y)].

1.69. Let X have a p.d.f. f(x) that is positive at 2 = -1, 0, 1 and is zero
elsewhere. (a) If f(0) = 4, find E(X?). (b) 1f f(0) = 4 and if E(X) = },
determine f(—1) and f(1).

1.70. A bowl contains 10 chips, of which 8 are marked two dollars
each and 2 are marked five dollars each. Let a person choose, at random

and without replacement, 3 chips from this bowl. If the person is to receive
the sum of the resulting amounts, find his expectation.

n 1.71"‘, Let X be a random variable of the continuous type that has p.d.f.
f (). If'm is the unique median of the distribution of X and b is a real constant,
show that

E(X = b)) = E(|X — m]) + zf: (b — 2)/(2) dz,

provided the expectations exist. For what value of b is E(JX — b]) a
minimum?

1.72. Let f(x) = 22, 0 < = < 1, zero elsewhere, be the p.d.f. of X.
(a) Compute E(VX). (b) Find the distribution function and the p.d.f. of

Y = VX. (c) Compute E(Y) and compare this result with the answer
which was cbtained in part (a).
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1.73. Two distinct integers are chosen at random and without replace-
ment from the first six positive integers. Compute the expected value of the
absolute value of the difference of these two numbers.

1.10 Some Special Mathematical Expectations

Certain mathematical expectations, if they exist, have special
names and symbols to represent them. We shall mention now only
those associated with one random variable. First, let #(X) = X, where
X is a random variable of the discrete type having a p.d.f. f(z). Then

E(X) = g.z:f ().
If the discrete points of the space of positive probability density are
a,, a,, a,, ..., then

E(X) = a,f(a,) + azf(az) + ayf(as) +---.

This sum of products is seen to be a “ weighted average’ of the values
a,, ag, ay, . . ., the “weight’’ associated with each a; being f(a,). This
suggests that we call E(.Y) the arithmctic mean of the values of X, or,
more simply, the mean value of X (or the mean value of the distribution).

The mean value p of a random variable X is defined, when it exists,
to be p = E(X), where X is a random variable of the discrete or of the
continuous type.

Another special mathematical expectation is obtained by taking
u(X) = (X — w2 If, initially, X is a random variable of the discrete
type having a p.d.f. f(x), then

EIN = o) = ¥ (& — W)
(@, — W (a)) + (ag — p)?f(az) +---,

if a,, a,, ... are the discrete points of the space of positive probability
density. This sum of products may be interpreted as a ‘““weighted
average” of the squares of the deviations of the numbers ay, a,, ...
from the mean value u of those numbers where the * weight”” associated
with each (a, - p)2 is f(a,). This mean value of the square of the
deviation of X from its mean value p is called the variance of X (or the
variance of the distribution).

The variance of X will be denoted by o2, and we define o?, if it
exists, by 02 = E[{X — p)?], whether X is a discrete or a continuous
type of random variable.
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It 1~ worthwhile to observe that
o3 = E[(X — )] = E(X? - 2pX + p?);
and since E is a linear operator,

0% = E(X?) — 2uE(X) + p?
= E(X?) — 24 + p?
= E(X?) - p2

This frequently affords an easier way of computing the variance of X.

It is customary to call o (the positive square root of the variance) the
standard deviation of X (or the standard deviation of the distribution).
The number o is sometimes interpreted as a measure of the dispersion of
the points of the space relative to the mean value u. We note that if the
space contains only one point x for which f(x) > 0, then o = 0.

Remark. Let the random variable X of the continuous type have the
p-d.f. f(x) = 1/(2a), —a < z < a, zero elsewhere, so that o = a/V3 is the
standard deviation of the distribution of X. Next, let the random variable Y
of the continuous type have the p.d.f. g(y) = 1/(44), —2a < y < 2a, zero

elsewhere, so that o = 2a/\/§ is the standard deviation of the distribution of
Y. Here the standard deviation of Y is greater than that of X; this reflects
the fact that the probability for Y is more widely distributed (relative to the
mean zero) than is the probability for X.

We next define a third special mathematical expectation called the
moment-generating function of a random variable X. Suppose there is a
positive number 4 such that for -2 < ¢ < h the mathematical expecta-
tion E(etX) exists. Thus

E(eX) = f:, e*f(z) dz,
if X is a contin"ous type of random variable, or

E(e) = 2 ¢*f(x),

if X is a discrete type of random variable. This expectation is called the
moment-generating function of X (or of the distribution) and is denoted
by M(¢). That is,

M(t) = E(et%).

It is evident that if we set £ = 0, we have M(0) = 1. As will be seen by
example, not every distribution has a moment-generating function.
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But it is difficult to overemphasize the importance of a moment-
generating function when it does exist. This importance stems from the
fact that the moment-generating function is unique and completely
determines the distribution of the random vanable; thus, if two random
variables have the same moment-generating function, they have the
same distribution. This property of a moment-generating function will
be very useful in subsequent chapters. Proof of the uniqueness of the
moment-generating function is based on the theory of transforms in
analysis, and therefore we merely assert this uniqueness.

Although the fact that a moment-generating function (when it
exists) completely determines a distribution of one random variable will
not be proved, it does seem desirable to tiy to make the assertion
plausible. This can be done if the random variable is of the discrete
type. For example, let it be given that

M(t) = ot + Fe + 5% + et
is, for all real values of ¢, the moment-generating function of a random
variable X of the discrete type. If we let f(z) be the p.d.f. of X and let
a, b,c,d,... be the discrete points in the space of X at which f(r) > 0,
then

M) = 3 )

or
oet + Foe® + %5 + Yt = fa)e + f(b)e” + - -
Because this is an identity for all real values of ¢, it scems that the right-
hand member should consist of but four terms and that each of the four
should equal, respectively, one of those in the left-hand member; hence
we may take a = 1, f(a) = &; b = 2, f(b) = &: ¢ = 3, f(6) = %
d = 4, f(d) = %. Or, more simply, the p.d.f. of X is
X
10’ z=1,273,4,
= 0 elsewhere.

]

f(=)

On the other hand, let .X be a random variable of the continuous
type and let it be given that

. 1
M(t) = ’(T_—W’ t < 1,

is the moment-generating function of X. That is, we are given

T ! 7 - f: eef(e)dz, t< 1.
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It is not at all obvious how f(z) is found. However, it is easy to see that
a distribution with p.d.f.

f(x) = ze™ 7, 0 <x < oo,
0 elsewhere

]

has the moment-generating function Af(f) = (1 — ¢)72,¢ < 1. Thus the
random variable X has a distribution with this p.d.f. in accordance with
the assertion of the uniqueness of the moment-generating function.

Since a distribution that has a moment-generating function M (t) is
completely determined by M (¢), it would not be surprising if we could
obtain some properties of the distribution directly from Af(f). For
example, the existence of M(¢f) for -k < ¢ < h implies that derivatives
of all order exist at ¢ = 0. Thus

‘”‘;t(‘) M) = f j’ 25 (z) dz,

if X is of the continuous type, or

aM(t) , -

@ = M) = T,
if X is of the discrete type. Upon setting ¢ = 0, we have in either case

M'(0) = E(X) = p.
The second derivative of M(¢) is
M) = f ® 23e*f(x)dr, or 3 x?e*f(x),

—w <

so that M”(0) = E(X?3). Accordingly,
o? = E(X?) — p? = M"(0) — [M'(0)]*.

For example, if M(f) = (1 — #)~3, ¢ < 1, as in the illustration above,
then

M'(t) = 2(1 — -3

and
M) = 6(1 —t)~*.
Hence
p=M0 =2
and

o =M(0) —p?=6-4=2
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Of course we could have computed p and o2 from the p.d.f. by

p= fw zf (x) dx and % = J':o 2%f(x) dx — u?,

- o

respectively. Sometimes one way is easier than the other.
In general, if m is a positive integer and if M™(¢) means the mth
derivative of M(t), we have, by repeated differentiation with respect to¢,

M™0) = E(X™).
Now

E(X™) = f: af(r)de, or 3 a"f(),

and integrals (or sums) of this sort are, in mechanics, called moments.
Since M (¢) generates the values of E(X™), m = 1,2,3,..., it is called
the moment-generating function. In fact, we shall sometimes call
E(X™) the mth moment of the distribution, or the mth moment of X.

Example 1. Let X have the p.d.f.

flx) = 4z + 1), -l<z<,
= 0 elsewhere.

Then the mean value of X is

,L=J':zj(x)dx= filx’; LAY

while the variance of X is

) 1
o’=f x’f(::)dx—p.’=f x’ledz—(«})’=é.
—w -1
Example 2. 1f X has the p.d.f.
1
j(x) = 1—27 1 <z < o0,
= 0 elsewhere,
then the mean value of X does not exist, since
© 1 . 1
L xph = ’1112 . ;dz
= lim{lnd - Inl]

b

does not exist.
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Example 3. Given that the series

1 1 1
ﬁ+2’+3’+

converges to #3[6. Then
6
f(l)'—";rz—zzt .‘¢=1,2,3,...,

= 0 elsewhere,

is the p.d.f. of a discrete type of random variable X. The moment-generating
function of this distribution, if it exists, is given by

M() = E() = 3 ¢/(@)

L) 62‘1
= z "212.

=]

The ratio test may be used to show that this series diverges if ¢ > 0. Thus
there does not exist a positive number k such that M(¢) exists for —h < ¢t < h.
Accordingly, the distribution having the p.d.f. f(z) of this example does not
have a moment-generating function.

Esample 4. Let X have the moment-generating function M(f) = &3,
—a < ¢ < 0o. We can differentiate M(¢) any number of times to find the
moments of X. However, it is instructive to consider this alternative method.
The function M(t) is represented by the following MacLaurin’s series.

1 /i3 1 /13\2 1 [12\*
2/23 - —_
¢ ‘*1'()““2'()* *k'(Z)"

3)(1 2k — 1) -(3)(1)
=14 2-"2 %(——)“ .. L___(Tk)_l_(ﬂ—{ﬁ +
In general, the MacLaurin’s series for M(t) is
M(:)_M(O)+M(°)1+M;f°’ +...+"_4‘l"(_°),-+...
1L EX),  BXY L EXT
=l+—qt+—+ LA

Thus the coefficient of (¢"/m!) in the MacLaurin’s series representation of
M(t) is E(X™). So, for our particular M(¢), we have

E(X™) = (2% — )2k - 3)---()(1) = 2,
k=1,23,... and E(X*-1) =0, k=123,....

Remark. In a more advanced course, we would not work with the
moment-generating function because so many distributions do not have
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moment-generating functions. Instead, we would let 5 denote the imaginary
unit, ¢ an arbitrary real, and we would define E(¢"*). This expectation exists
for every distribution and it is called the characteristic function of the distribu-
tion. Every distribution has a unique characteristic function; and to each
characteristic function there corresponds a unique distribution of probability.
1f X has a distribution with characteristic function ¢(¢), then, for instance, if
E(X) and E(X?) exist, they are given, respectively, by {E(X) = ¢'(0) and
$3E(X?%) = ¢"(0). Students who are familiar with complex-valued furctions
may write ¢(f) = M(s) and, throughout this book, may prove certain
theorems in complete generality.

EXERCISES

1.74. Find the mean and variance, if they exist, of each of the following
distributions.

3! I1\3
(a) flz) = a6 =) (i) » =01, 2,3, zero elsewhere.
(b) f(x) = 6x(1 — z), 0 < = < 1, zero elsewhere.

(¢) f(z) = 2/2% 1 < 2 < oo, zero elsewhere.

1.75. Let f(z) = ()%, 2 = 1,2,3,..., zero clsewhere, be the p.d.f. of the
random variable X. Find the moment-generating function, the mean, and
the variance of X.

1.76. For each of the following probability density functions, compute
Pr(u—20 <X <p+ 20).

(a) f(z) = 6x(1 — z), 0 < = < 1, zero elsewhere.

(b) f(x) =F)*xz=1,2,3,..., zero elsewhere.

1.77. If the variance of the random variable X exists, show that
E(X?) 2 [E(X)]*

1.78. Let a random variable X of the continuous type have a p.d.f. f(z)
whose graph is symmetric with respect to x = ¢. If the mean value of .X
exists, show that E(X) = c.

1.79. Let the random variable .X' have mean p, standard deviation o, and
moment-generating function M (), —h < ¢t < h. Show that

580 (5]

E{exp [:(X = ")]} = ¢-utia M(f), —ho < t < ha.
g a

and
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1.80. Show that the moment-generating function of the random variable
X having the p.d.f. f(x) = }, —1 < z < 2, zero elsewhere, is
o2 . ot

Ml =5 t#0,

=1, =0.

1.81. Let X be a random variable such that E[(X — b)?] exists for all
real b. Siiow that E[(X — b)?] is a minimum when b = E(X).

1.82. Let f(z,, x3) = 22,,0 < 2, < 1,0 < z; < 1, zero elsewhere, be the
p.d.f. of X, and X,. Compute E(X, + Xj)and E{{X, + X, — E(X, + X;)}?}.

1.83. Let f(r,y,2) =e * v’ 0<zx<oo 0<y<o, 0<z<oo,
zero elsewhere, be the p.d.f. of the random variables X, Y, and Z. Find
E(c«xnr 'z’),t < 1.

/

1.84. Let X be a random variable of the discrete type. Prove that the
p.d.f. of X is of the form f(z) = 1, # = b, zero elsewhere, if and only if
E[(X — b)?] = 0. A discrete distribution of this extreme form is called a
degenerate distribution.

1.85. Let X be a random variable such that K(f) = E(tX) exists for all
real values of ¢ in a certain open interval that includes the point ¢ = 1.
Show that K'™(1) is equal to the mth factorial moment E{X(X — 1)---
(X —m + 1))

1.86. Let X be a random variable. If m is a positive integer, the expecta-
tion E[(X — b)™), if it exists, is called the mth moment of the distribution
about the point b. Let the first, second, and third moments of the distribution
about the point 7 be 3, 11, and 15, respectively. Determine the mean p of X,
and then find the first, second, and third moments of the distribution about
the point pu.

1.87. Let X be a random variable such that R(f) = E(e"*-?) exists for
—h < t < h. If mis a positive integer, show that R™(0) is equal to the mth
moment of the distribution about the point b.

1.88. Let () = In M(f), where M(¢) is the moment-generating function
of a distribution. Prove that ¢'(0) = p and ¢"(0) = ¢%
1.89. Find the mean and the variance of the distribution that has the
distribution function
Fx) =0, z <0,

4

=§' OS$<2,
za
=T6’ 2$$<4,

=1, 4 <z
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1.90. Find the moments of the distribution that has moment-generating
function M(f) = (1 — ¢)~3,t < 1. Hint. Differentiate twice the series

Q=) =14 t4+2 4B+, —l<t<l
1.91. Let X be a random variable of the continuous type with p.d.t. f(z)

which is positive provided 0 < # < b < o0, and is equal to zero elsewhere.
Show that

EX) = [0 (1 - F@)lda,

where F(z) is the distribution function of X.

1.11 Chebyshev’s Inequality

In this section we shall prove a theorem that enables us to find
upper (or lower) bounds for certain probabilities. These bounds, how-
ever, are not necessarily close to the exact probabilities and, accordingly,
we ordinarily do not use the theorem to approximate a probability.
The principal uses of the theorem and a special case of it are in theoreti-
cal discussions. :

Theorem 6. Let u(X) be a nonnegative function of the random
variable X. If E[u(X)] exists, then, for every positive constant c,

Priu(X) = d < F_[ﬁc(_ﬂl

Proof. The proof is given when the random variable X is of the
continuous type; but the proof can be adapted to the discrete case if we
replace integrals by sums. Let 4 = {x; u(x) = ¢} and let f(z) denote
the p.d.f. of X. Then

E[u(X)] = f:. w()f(x) dx = L u(x)f(x) dr + J’A. u(2) f (%) da.

Since each of the integrals in the extreme right-hand member of the
preceding equation is nonnegative, the left-hand member is greater
than or equal to either of them. In particular,

Eu(X)] 2 [, w(z)/ () da.

However, if x € 4, then u(z) > c; accordingly, the right-hand member
of the preceding inequality is not increased if we replace #(x) by c.
Thus,

Eu(X)] 2 ¢ L f(z) dz.
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Since
L f(@) dz = Pr (X € 4) = Pr[u(X) = ],

it follows that
E[u(X)] = ¢ Pr[u(X) = c],

which is the desired result.

The preceding theorem is a generalization of ar inequality which is
often called Chebyshev’s inequality. This inequality will now be
established.

Theorem 7. Chebyshev’s Inequality. Let the random variable X
have a distribution of probability about which we assume only that there is
a finite variance o®. This, of course, implies that there is a mean u. Then
for every k > 0,

1

Pr (X — u| 2 ko) < -

Proof. In Theorem 6, take #(X) = (X — u)? and ¢ = k%% Then
we have
E[(X - 2]
k202
Since the numerator of the right-hand member of the preceding
inequality is o?, the inequality may be written
1

Sp’

Pr[(X — p)? = k%% <

Pr(|X — pu| = ko)

which is the desired result. Naturally, we would take the positive
number & to be greater than one to have an inequality of interest.

It is seen that the number 1/k2 is an upper bound for the probability
Pr (|JX — p| = ke). In the following example, this upper bound and
the exact value of the probability are compared in special instances.

Example 1. Let X have the p.d.f.

f(x)=L, -V3i<z< Vi

= 0 elsewhere.
Here u = 0 and o2 = 1. If 2 = $, we have the exact probability

3/3
Pr(IX—p!2k0)=Pr[|X|z%] -1 —f_mi-\'/_—sdz=1—ﬁ2-§.
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By Chebyshev’s inequality, the preceding probability has the upper bound
1/k2 = 4. Since 1 — V32 = 0.134, approximately, the exact probability in
this case is considerably less than the upper bound &. If we take & = 2, we
have the exact probability Pr(|.X — u| > 20) = Pr(]X| = 2) = 0. This
again is considerably less than the upper bound 1/k%2 =} provided by
Chebyshev’s inequality.

In each instance in the preceding example, the probability
Pr (|[X — u| = ko) and its upper bound 1/k? differ considerably. This
suggests that this inequality might be made sharper. However, if we
want an inequality that holds for every 2 > 0 and holds for all random
variables having finite variance, such an improvement is impossible,
as is shown by the following example.

Example 2. Let the random variable X of the discrete type have
probabilities §, 8, § at the points 2 = —1, 0, 1, respectively. Here u = 0 and
o= 4. 1fk=2then1/k® = }and Pr(|X — u| = ko) = Pr(|X| = 1) = }.
That is, the probability Pr (JX — x| > ko) here attains the upper bound
1/k? = }. Hence the inequality cannot be improved without further
assumptions about the distribution of X.

EXERCISES

1.92. Let X be a random variable with mean u and let E[(X — u)?¥]
exist. Show, with ¢ > 0, that Pr (|J.X — u| = ¢) < E[(N — p)?*]/c3x.

1.93. Let X be a random variable such that Pr (X < 0) = 0 and let
u = E(X) exist. Show that Pr (X > 2u) < }.

1.94. If X is a random variable such that £(X) = 3 and E(X?) = 13, use
Chebyshev’s inequality to determine a lower bound for the probability
Pr(-2 < X < 8).

1.95. Let X be a random variable with moment-generating function
M(t), —h < t < h. Prove that

Pr(X = a) < e o M(1), 0<t<h,
and that
Pr (X < a) < e~ M(¢), -h <t <O

1.96. The moment-generating function of X exists for all real values of
¢t and is given by
¢ —et

2

Use the results of the preceding exercise to show that Pr (X > 1) = 0 and
Pr (X < —1) = 0. Note that here 4 is infinite.

M@ = . t#0, MO =1.




Chapter 2

Conditional Probability
and Stochastic
Independence

2.1 Conditional Probability

In some random experiments, we are interested only in those out-
comes that are elements of a subset C, of the sample space €. This
means, for our purposes, that the sample space is effectively the subset
C,. We are now confronted with the problem of defining a, probability
set function with C, as the ““new’ sample space.

Let the probability set function P(C') be defined on the sample space
€ and let C, be a subset of € such that P(C,) > 0. We agree to con-
sider only those outcomes of the random experiment that are elements
of C,; in essence, then, we take C, to be a sample space. Let C, be another
subset of €. How, relative to the new sample space C,, do we want to
define the probability of the event (",? Once defined, this probability is
called the conditional probability of the event C,, relative to the
hypothesis of the event C,; or, more briefly, the conditional probability
of C,, given C,. Such a conditional probability is denoted by the symbol
P(C,|C,). We now return to the question that was raised about the
definition of this symbol. Since (', is now the sample space, the only
elements of C, that concern us are those, if any, that are also elements of
C,, that is, the elements of C; N C,. It seems desirable, then, to define
the symbol P(C,|C,) in such a way that

P(G,]Cy) =1 and, P(C,|Cy) = P(C, N G,|C,).
Moreover, from a relative frequency point of view, it would seem logic-

ally inconsistent if we did not require that the ratio of the probabilities
of the events C; N C, and €y, relative to the space C,, be the same as the

57



58 Conditional Probability and Stochastic Independence ([Ch. 2

ratio of the probabilities of these events relative to the space €, that is,
we should have
P(C,NC,)C,)  P(C,nN C,)_

P(C,|C,) —  P(Cy)

These three desirable conditions imply that the relation
"\ _ PC,nCy)
P(C,)Cy) = —PC)

is a suitable definition of the conditional probability of the event C,,
given the event C,, provided P(C,) > 0. Moreover, we have:

(a) P(C,|C,) = 0.

(b) P(CouCau---|Cy) = P(C4|C,y) + P(C4lC,y) +---, provided
C,, Cy, ... are mutually disjoint sets.

(© P(G[Cy) =1

Properties (a) and (c) are evident; proof of property (b) is left as an
exercise. But these are precisely the conditions that a probability set
function must satisfy. Accordingly, P(C,|C,) is a probability set
function, defined for subsets of C,. It may be called the conditional
probability set function, relative to the hypothesis C,; or the condi-
tional probability set function, given C,. It should be noted that this
conditional probability set function, given C,, is defined at this time
only when P(C,;) > 0.

We have now defined the concept of conditional probability for
subsets C of a sample space €. We wish to do the same kind of thing for
subsets 4 of &, where & is the space of one or more random variables
defined on €. l.et P denote the probability set function of the induced
probability on & If A, and A, are subsets of &7, the conditional
probability of the event A,, given the event 4,, is
P, n4,)

P(d,)
provided P(A,) > 0. This definition will apply to any space which has a
probability set function assigned to it.

P(d,l4,) =

Example 1. A hand of 5 cards is to be dealt at random and without
replacement from an ordinary deck of 52 playing cards. The conditional
probability of an all-spade hand (C,), relative to the hypothesis that there
are at least 4 spades in the hand (C,), is, since C, N C; = C,,

rcy . (5)/(5)
EE)+ ()

P(C,lCy) =
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It is worth noting, if we let the random variable X equal the number of
spades in a 5-card hand, that a reasonable probability model for X is given
by the hypergeometric p.d.f.

(13)( 39
fl@) = —’-——552;"— £=01,234,5,
(5)
= 0 elsewhere.
Accordingly, we can write P(C,|C,) = Pr (X = 5)/[Pr(X =4,5)] =
J)f(4) + f(5)].

From the definition of the conditional probability set function, we
observe that

P(C1 N Cz) = P(Cl)P(C2|C1)-

This relation is frequently called the multiplication rule for probabilities.
Sometimes, after considering the nature of the random experiment, it is
possible to make reasonable assumptions so that both 2(C,) and
P(C,|C,) can be assigned. Then P(C; N Cy) can be computed under
these assumptions. This will be illustrated in Examples 2 and 3.

Example 2. A bowl contains cight chips. Three of the chips are red and
the remaining five are blue. Two chips are to be drawn successively, at ran-
dom and without replacement. We want to compute the probability that the
first draw results in a red chip ((",) and that the second draw results in a
blue chip (C,). It is reasonable to assign the following probabilities:

PC)=¢% and P(C,|C)) = 5.
Thus, under these assignments, we have P(C, N () = (3)(3) = 1%

Example 3. From an ordinary deck of playing cards, cards are to be
drawn successively, at random and without replacement. The probability
that the third spade appears on the sixth draw is computed as follows. Let
C, be the event of two spades in the first five draws and let C; be the event of
a spade on the sixth draw. Thus the probability that we wish to compute is
P(C, N Cy). It is reasonable to take

(13)(39)

2ool  and  P(GIC) = 3.

(5)
The desired probability P(C, N C,) is then the product of these two numbers.
More gencrally, if X + 3 is the number of draws necessary to produce

P(Cx) =
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exactly threc spades, a reasonable probability model for the random variable
X is given by the p.d f.

(‘23)(3:) L £=01,2...,39,
(2 ,:zz) (50 — .r)'

= 0 elsewhere

) =

Then the particular probability which we computed is P(C, NC,) =
Pr(X = 3) = f(3).

The multiplication rule can be extended to three or more events.
In the case of three events, we have, by using the multiplication rule
for two events,

PC,NCyanNCy) = P(C, N CY) NGy
= P(C, N CP(C5]C, N Cy).
But P(C, n(Cy) = P(C,)P(C,|C,). Hence
P(C, N CynNCy) = P(C,)P(C,|CL) P(C4|Cy, N Cy).
This procedure can be used to extend the multiplication rule to four

or more events. The general formula for % events can be proved by
mathematical induction.

Example 4. Four cards are to be dealt successively, at random and
without replacement, from an ordinary deck of playing cards. The probability
of receiving a spade, a heart, a diamond, and a club, in that oider, is
(A3HD(E3(L3). This follows from the extension of the multiplication rule.
In this computation, the assumptions that are involved seem clear.

EXERCISES

(In otder to solve certain of these exercises, the student is required to
make assumptions.)

2.1. If P(C,) > 0 and if C,, Gy, (', ... are mutually disjoint sets, show
that P(C, U C3U---|Cy) = P(C,|Cy) + P(C5|Cy) +---.
2.2. Prove that
P(C, nCanCynCy) = P(C,) P(C4]Cy) P(CH|Cy N Ca) P(C,|Cy N C; N Cy).

2.3. A bowl contains eight chips. Three of the chips are red and five are
blue. Four chips are to be drawn successively at random and without replace-
ment. (a) Compute the probability that the colors alternate. (b) Compute
the probability that the first blue chip appears on the third diaw. (c) If
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X 4+ 1 is the number of draws needed to produce the first blue chip,
determine the p.d . of X

2.4. A hand of 13 cards is to be dealt at random and without replacement
from an ordinary deck of plaving cards Find the conditional probability
that there are at least three kings in the hand relative to the hypothesis that
the hand contains at least two kings.

2.5. A drawer contains eight pairs of socks. If six socks are taken at
random and without replacement, compute the probability that there is at
least one matching pair among these six socks. Hint. Compute the probability
that there is not a matching pair.

2.6. A bowl contains 10 chips. Four of the chips are red, S are white,
and 1 is blue. If 3 chips are taken at random and without replacement,
compute the conditional probability that there is 1 chip of each color
relative to the hypothesis that there is exactly I red chip among the 3.

2.7. Let cach of the mutually disjoint sets C,,..., C, have nonzero
probability. If the set C is a subset of the union of C, . .., C,, show that

P(C) = P(C))P(C|Cy) +-- -+ P(Cn)P(C|Cp).
If P(C) > 0, prove Bayes’ formula:

P(C)P(CIC,)
P(C,)P(CICy) + -+ P(Cp)PCICw)’

Hint. P(C)P(C,|C) = P(C))P(C|C).

P(C,|C) = i==1,...,m.

2.8. Bowl I contains 3 red chips and 7 blue chips. Bowl I1 contains 6 red
chips and 4 blue chips. A bowl is selected at random and then 1 chip is drawn
from this bowl. (a) Compute the probability that this chip is red. (b) Relative
to the hypothesis that the chip is red, find the conditional probability that it
is drawn from bowl II.

2.9. Bowl I contains 6 red chips and 4 blue chips. Five of these 10 chips
are selected at random and without replacement and put in bowl II, which
was originally empty. One chip is then drawn at random from bowl II
Relative to the hypothesis that this chip is blue, find the conditional
probability that 2 red chips and 3 blue chips are transferred from bowl I to
bowl II.

2.2 Marginal and Conditional Distributions

Let f(x,, ;) be the p.d.f. of two random variables X, and X,.
From this point on, for emphasis and clarity, we shall call a p.d.f. ora
distribution function a joint p.d.{. or a joint distribution function when
more than one random variable is involved. Thus f(z,, x;) is the joint
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p.d.f. of the random variables X'} and X,. Consider the eventa < X, <
b,a < b. This event can occur when and only when the eventa < X, <
b, ~ < X, < oo occurs; that is, the two events are equivalent, so that
they have the same probability. But the probability of the latter event
has been defined and is given by

Pria < X, <b, —0 < X; <) = f: I:’w [y, x2) dry dx,

for the continuous case, and by

Pra < X, <b —0 < Xy<00)= 3 3 flr,z)

a<ry<bxy

for the discrete case. Now each of

J.m [y, x5) dy and > f(xey, %)
X2
is a function of &, alone, sav f,(r;). Thus, for every a < b, we have

" ‘
Pria < X, <b) = L £y(xy) dx, (continuous case),

= 3 filry) (discrete case),
a<x<d

so that f,(r,) is the p.d.f. of X, alone. Since f(u;) is found by summing

(or integrating) the joint p.d.f. f(x;, xp) over all ¥, for a fixed & we can

think of recording this sum in the “margin’’ of the rr,-plane. Accord-

ingly, f,(x,) is called the marginal p.d.{f. of .X;. In like manner

falag) = f:.,w Sy, xp) dry (continuous case),
=X f{ry, 13) (discrete case),
I

is called the marginal p.d.f. of X,
Esample 1. let the joint p.d.f. of X, and X, be

z, + 7,

f(zl'xE) =T. x, = l. 2. 3, xXq 1,2,

= 0 elsewhere.

Then, for instance,

<

Pr(X, =3 =/3.1+/3.2) =
and
PrX;=2)=f(1,2) +f(2,2) + f(3,2) = %
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On the other hand, the marginal p.d.f. of X, is

22, +2xy 22 +3
filzy) = 1 =1 s x, =123,
wH 1:32-1 21 21 t
zero elsewhere, and the marginal p.d.f. of X, is
2 +2, 6432
falwa) = L = 2, oz, =12,
32 xlz_‘ 21 21 2

zero elsewhere. Thus the preceding probabilities may be computed as
Pr(X, =3) = 1(3) = 3 and Pr(X, = 2) = /o) = %

We shall now discuss the notion of a conditional p.d.f. Let X, and
X, denote random variables of the discrete type which have the joint
p.d.f. f(z,, zz) which is positive on .o and is zero elsewhere. Let f(x,)
and f,(x,) denote, respectively, the marginal probability density func-
tions of X, and X, Take A4, to be the set 4, = {(x}, x3); x; = %,
-0 < x, < ), where z) is such that P(4,) = Pr(X, = x}) =
fi(x}) > 0, and take A, to be the set 4, = {(x,, z,); —00 < x; < o0,
zy = x3}. Then, by definition, the conditional probability of the event
A,, given the event 4,. is

Pl N AD)  Pr(X, = o5 Xy = ) - [0z
Maldy) = == = —prx, = x) " A

That is, if (x,, z;) is any point at which f,(x,) > 0, the conditional
probability that X, = x,, given that X, = x,, is f(r, x5)/f(£;). With
z, held fast, and with fi(z,) > 0, this function of x, satisfies the
conditions of being a p.d.f. of a discrete type of random variable X,
because f(x,, ,)/f1(z,) is not negative and

\,

f(xl:lz) o x 1(11) _
2w fl(mzf v =y~ b

We now define the symbol f(x,|x,) by the relation

Sy, %))

f(lexl) = m: filzy) > 0,

and we call f(x,|z,) the conditional p.d.f. of the discrete type of
random variable X, given that the discrete type of random variable
X, = ;. In a similar manner we define the symbol f(z,|r;) by the
relation

Sl = 802 ey > o
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and we call f(r,|r;) the conditional p.d.f. of the discrete type of
random variable X, given that the discrete type of random variable
Xog=x

Now let X, and X, denote random variables of the continuous type
that have the joint p.d.f. f(z,, 7,) and the marginal probability density
functions f; (x,) and fy(x,), respectively. We shall use the results of the
preceding paragraph to motivate a definition of a conditional p.d.f. of
a continuous type of random variable. When f;(x,) > 0, we define the
symbol f(r,]x,) by the relation

HMm=%%?.

In this relation, x, is to be thought of as having a fixed (but any fixed)
value for which f;(x,) > 0. It is evident that f(zz)x,) is nonnegative
and that

fgwmm=”f%%m

fl.(xl j‘ f(‘l’ln x2) dxﬂ

f (.l‘ ) fl( 1)
That is, f(x,|x,) has the properties of a p.d.f. of one continuous type of
random variable. It is called the conditional p.d.f. of the continuous
type of random variable X,, given that the continuous type of random
variable X, has the value x,. When fy(x;) > 0, the conditional p.d.f.
of the continuous type of random variable X, given that the con-
tinuous type of random variable X, has the value z,, is defined by

fmle) = L2 fe) > 0
Since each of f(x,|x;) and f(x,|x,) is a p.d.f. of one random variable
(whether of the discrete or the continuous type), each has all the
properties of such a p.d.f. Thus, we can compute probabilities and
mathematical expectations. If the random variables are of the con-
tinuous type, the probability

Pr(a < X; < b|X, = 2,) = _[" f(xalay) dr,

is called ‘‘the conditional probability that ¢ < X, < b, given that
X, = z,.” If there is no ambiguity, this may be written in the form
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Pr(a < X; < b|x,). Similarly, the conditional probability that
c < X, <d, given X, = x,,1is

Pric< X, <d|X, =ux;) = J: flay|ry) dr,.
If u(X,) is a function of X, the expectation
E[u(Np)|n) = [7 (@) f(xa|r)) dr,

is called the conditional expectation of #(X,), given X, = x;. In par-
ticular, if they exist, E(X,|z,) is the mean and E{{ X, - E(X,|r,))?|x,}
is the variance of the conditional distribution of X,, given X, = r|.
It is convenient to refer to these as the “conditional mean” and the
*“conditional variance” of X,, given X, = x,. Of course we have

E{[Xs ~ E(Xj|z)))?|0,} = E(X3|r)) — [E(X,|2)?
from an earlier result. In like manner, the conditional expectation of
u(X,), given X, = z,, is given by
E[u(X,)|za) = [* wl@)f(x:]2,) dz,.

With random variables of the discrete type, these conditional prob-
abilities and conditional expectations are computed by using summation
instead of integration. An illustrative example follows.

Example 2. Let X, and X, have the joint p.d.f.
[z, 23) = 2, O<z <z <1,

= 0 elsewhere.

Then the marginal probability density functions are, respectively

1
fil@y) = L. 2dz, = 2(1 —z,), O0<ux <1,
= 0 elsewhere,

and

falza) = f:’zdz, =22, O<z<l,
= 0 elsewhere.

The conditional p.d.f. of X,, given X, = z,, is
1

f(xxlzz)=-it2-;=;a. O<az, <z;,0 <23 <1,

= 0 elsewhere.



66 Conditional Probability and Stochastic Independence [Ch.2

Here the conditional mean and conditional variance of X, given X; = z,,
are, respectively,

E(XJzy) = [ niflmlz) dr

and

Finally, we shall compare the values of Pr (0 < X, < 4|X; = %) and
Pr(0 < X, < 4). We have

Pr0 < X, < 4lXs = B = [[“f@ ) dn = [ @) de = &
but

Pri0 < X, <) = J:sz,(x,) dr, = Lm 201 — z,)dz, = }.

We shall now discuss the notions of marginal and conditional
probability density functions from the point of view of = random
variables All of the preceding definitions can be directly generalized
to the case of n variables in the following manner. Let the random
variables X,, X,, ..., X, have the joint p.d.f. f(x;, z5, ..., z,). If the
random variables are of the continuous type, then by an argument
similar to the two-variable case, we have for every a < b,

Pria< X, <b) = f: fulxy) dzy,
where f,(,) is defined by the (n — 1)-fold integral

L) = J.:o ot f_”w fl@y, xg, . .., T,) dxg- - -diy.

Accordingly, fy(x,) is the p.d.f. of the one random variable X, and
fi(z,) is called the marginal p.df. of X,. The marginal probability
density functions fy(ry), ..., fa(rs) of Xy, ..., X, respectively, are
similar (» — 1)-fold integrals.
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Up to this point, each marginal p.d { has been a p.d.{. of one random
variable. It is convenient to extend this terminology to joint probability
density functions. We shall do this now. Let f(x;, 75, ..., x,) be the
joint p.d.f. of the #n random variables X, Xy, ..., Xp, just as before.
Now, however, let us take any group of < n of these random variables
and let us find the joint p.d.f. of them. This joint p d.f. is called the
marginal p.d.f. of this particular group of % variables To fix the
ideas, take #n = 6, k = 3. and let us select the group X,, X, X5 Then
the marginal p.d.f. of Xy, X,, X is the joint p.d.i. of this particular
group of three variables, namely,

[m ‘_:) fmm flxy, %, X3, Xg, x5, Xg) dx, dx; dxg,

if the random variables are of the continuous typc.
We shall next extend the definition of a conditional pdf. If
fi(x,) > 0, the symbol f(z,, . .., 2,|x,) is defined by the relation

f(xz' cee, znl_rl') = i{ﬂ.’._;_??‘;:)_"' x.’l)_,

and f(ry, ..., xy|xy) is called the jeint conditional p.d.f. of X, ..., Xa,
given X, = z,. The joint conditional p.df. of any n -- 1 random
variables, say X,,..., N;_1, Ny ..., Xy, given X, = x,, is defined
as the joint p.di. of X, X,, ..., X, divided by marginal p.d.f. fi(r),
provided f,(x) > 0. More generally, the joint conditional p.d.f. of
n — k of the random variables, for giver values of the remaining &
variables, is defined as the joint p d.f. ot the n variables divided by the
marginal p.d.f. of the particular group ot k variables, provided the
latter p.d.f. is positive. We 1emark that there are many other con-
ditional probability density functions; for instance, see Exercise 2.17.

Because a conditional p.d.f. is a p.d.f. of a certain number of random
variables, the mathematical expectation of a function of these random
variables has been defined. To emphasize the fact that a conditional
p.d.f. is under consideration, such expectations are called conditional
expectations. For instance, the conditional expectation of u(X,, ..., X,)
given X, = z,, is, for random variables of the continuous type, given by

E[u(Xz, v, X,.)lxl)
= J‘l:o .. J‘:: u(xg, ..., Zp)f(xg, . - -, z,|z,) dzg- - -dz,,

provided f,(x;) > 0 and the integral converges (absolutely). If the
random variables are of the discrete type, conditional mathematical
expectations are, of course, computed by using sums instead of integrals.
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EXERCISES

2.10. Let X, and X, have the jointp.d f. f(z,, 7)) =z, + 23,0 < z, < 1,
0 < z; < 1, zero elsewhere. Find the conditional mean and variance of .X,,

given X; = z,,0 <z, < 1

2.11. Let f(z,|x,) = c,2,/x} 0 < x, < x5, 0 <z, <1, zero elsewhere,
and f,(x,) = 23, 0 < 1, < 1, zero elsewhere, denote, respectively, the con-
ditional p d.f of X, given X; = r,, and the marginal p.d.f. of X,. Deter-
mine: (a) the constants ¢, and ¢,; (b) the joint p.df. of X, and X,;
() Pr(} <X, <i|Xz=%sand(d) Pr(} <X, <}

2.12. Let f(z,, x,) = 21z3z3, 0 < r, < x, < 1, zero clsewhere, be the
joint p.d.f. of .X; and X,. Find the conditional mean and variance of X,,
given X, = £, 0 <z, < 1.

2.13. If X, and X, are random variables of the discrete type having p.d.f.
f(xl,l.z) = (xl + 212)/18, (xl'xQ) = (l, l), (1, 2)1 (21 l)n (2t 2)! zero elsc'
where, determine the conditional mean and variance of X, given X, = z,,
xz, = lor2

2.14. Five cards are drawn at random and without replacement from a
bridge deck. Let the random variables X, X,, and X; denote, respectively,
the number of spades, the number of hearts, and the number of diamonds that
appear among the five cards. (a) Determine the joint p.d.f. of X, X, and
X,. (b) Find the marginal probability density functions of X;, X,, and X,
(c) What is the joint conditional p.d.f. of X; and X, given that X, = 3?

2.15. Let X, and X, have the joint p.d.f. f(r,, ;) described as follows:

(@,2) | (0.0) (0.1) 1,0 (L) (20 (21

f(zy, ) I s s 18 s W% s

and f(x,, z,) is equal to zero elsewhcre. Find the two marginal probability
density functions and the two conditional means.

2.16. Let us choose at random a point from the interval (0, 1) and let the
random variable X, be equal to the number which corresponds to that point.
Then choose a point at random from the interval (0, z,), where z, is the ex-
perimental value of X,; and let the random variable X, be equal to the
number which corresponds to this point: (a) Make assumptions about the
marginal p.d.f. fy(z,) and the conditional p.d.f. f(z;|z,). (b) Compute
Pr (X, + X, 2 1). (c) Find the conditional mean E(X,|z;).

2.17. Let f(x) and F(z) denote, respectively, the p.d.f. and the distribu-
tion function of the random variable X. The conditional p.d.f. of X, given
X > x,, 7, a fixed number, is defined by f(z|X > zo) = f(z)/[1 — F(x,)],
7, < z, zero elsewhere. This kind of conditional p.d.f. finds application in a
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problem of time until death, given survival until time z,. (a) Show that
fz|X > =z,) is a pdf. (b) Let f(x) = ¢ %, 0 < z < 0, zero elsewhere.
Compute Pr (X > 2| X >1).

2.3 The Correlation Coefficient

Let X, Y, and Z denote random variables that have joint p.d.f.
f(x,y,2). If u(r,y, z) is a function of x, y, and 2, then E(u(X, Y, 2)]
was defined, subject to its existence, on p. 42. The existence of all
mathematical expectations will be assumed in this discussion. The
means of X, Y and Z, say u,, pg, and us, are obtained by taking
1(x, y, 2) to be and z, respectively; and the variances of X, Y, and
Z, say o2, 0%, and o3, are obtained by setting the function u(x, y, z)
equal to (x — u,y)2, (¥ — pa)? and (z — p3)?, respectively. Consider the
mathematical expectation

E[((X — p)(Y = pg)] = E(XY — poX — 1Y + pypo)
E(XY) — paE(X) — mE(Y) + pypy
= E(XY) - pipa.

This number is called the covariance of X and Y. The covariance of X
and Z is given by E[(X — p)(Z — pg)], and the covariance of Y and Z
is E[(Y — po)(Z — p3)]. If each of o, and oy is positive, the number
- E[(X — my)(Y ~ po)]

U102

P12

is called the correlation cocflicient of X and Y. If the standard deviations
are positive, the correlation cocfficient of any two random variables is
defined to be the covariance of the two random variables divided by the
product of the standard deviations of the two random variables. It
should be noted that the expected value of the product of two random
variables is equal to the product of their expectations plus their
covariance.

Example 1. Let the random variables X and Y have the joint p.d.f.

feyy=x+y, O<z<l0<yc<l,
= 0 clsewhere.

We shall compute the correlation coefficient of X and Y. When only two
variables are under consideration, we shall denote the correlation coefficient
by p. Now

mo=EX) = [ | 2@+ y) dzdy = %
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and
1M
= EXY) -t = [ [ 2 + v dedy — (5 = .
Similarly,
pa=E(Y) =+ and o} = E(Y?) — 4d = ;.

The covariance of X and Y is

. 101
EXY) = pa = [ [ ayla + v dzdy — (%) = —7ha.
Accordingly, the correlation coefficient of X and Y is

—1d3 1
pP= TV = -—i'
Vi !

Remark. For certain kinds of distributions of two random variables,
say X and Y, the correlation coefficient p proves to be a very useful charac-
teristic of the distribution. Unfortunately, the formal definition of p does
not reveal this fact. At this time we make some observations about p, sume
of which will be explored more fully at a later stage. It will soon be seen
that if a joint distribution of two variables has a correlation coefficient
(that is, if both of the variances are positive), then p satisfies —1 < p < 1.
If p =1, there is a line with equation y = a + bz, b > 0, the graph of
which contains all of the probability for the distribution of X and Y. In
this extreme case, we have Pr (Y =a + bX) = 1. If p = —1, we have the
same state of affairs except that b < 0 This suggests the following interest-
ing question: When p does not have one of its extreme values, is there a line
in the zy-plane such that the probability for X and Y tends to be con-
centrated in a band about this line? Under certain restrictive conditions this
is in fact the case, and under those conditions we can look upon p as a rneasure
of the intensity of the concentration of the probability for X and Y about
that line.

Next, let f(z, y) denote the joint p.d.f. of two random variables X
and Y and let f,(z) denote the marginal p.d.f. of X. The conditional
pdf of Y, given X = z, is

[z, y)
f(ylz) = YATH

at points where f,(x) > 0. Then the conditional mean of Y, given
X = z, is given by

- ° yf(zy)d
Bl = [~ wftula) ay = Ll—y/-(—:)—”-—"
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when dealing with random variables of the continuous type. This con-
ditional mean of Y, given X = x, is, of course, a function of z alone,
say @(z). In like vein, the conditional mean of X, given Y = y, is a
function of y alone, say ¥(y).

In case @(z) is a linear function of z, say ¢(z) = a + br, we say the
conditional mean of Y is linear in x; or that Y has a linear conditional
mean. When ¢(z) = a + bx, the constants a and b have simple values
which will now be determined.

It will be assumed that neither o? nor o%, the variances of X and Y,
is zero. From

® Yz y) dy
[~ )

E(Y|z) = =“2——F— = a + bz,
S AT
we have
(1) [, uf@ ) dy = (@ + b2)fi(a).
If both members of Equation (1) are integrated on z, it is seen that
E(Y) = a + bE(X),
or
(2) Bz = a + by,,

where u, = E(X) and p, = E(Y). If both members of Equation (1) are
first multiplied by x and then integrated on x, we have

E(XY) = aE(X) + bE(X?),

or
A3) po10y + papy = apy + b(of + pi),
where po,a, is the covariance of X and Y. The simultaneous solution of
Equations (2) and (3) yields

=y, - p 2 =022

@=p2 P i and b Po
That is,
[og
9(z) = E(Y|2) = pa + p 2l — )

is the conditional mean of Y, given X = z, when the conditional mean
of Y is linear in «. If the conditional mean of X, given Y = y, is linear
in y, then that conditional mean is given by

Wy) = E(X|y) = pu + pj—; (y —pa).
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We shall next investigate the variance of a conditional distribution
under the assumption that the conditional mean is linear. The con-
ditional variance of Y is given by

@ B - By = [ v e 2 e ) S0l dy

o I 2
[" [ - o2 - )| s nray
J1(2)
when the random variables are of the continuous type. This variance is
nonnegative and is at most a function of z alone. If then, it is multiplied
by fi(x) and integrated on z, the result obtained will be nonnegative.
This result is

f:, J"” [(y — M) — ng(z - 141)]2_/(9:, y) dy dx

- @

f J { T 2P—(y — pa)(& — ) + p° Q(x“}‘-x)z]
x f(z,y) dy dx
= E((Y = )] = 2022 EUX — ) (Y = o)) + % 33 ELX = 1))

a
= o} - Zpiwm + p’;;O?

= o} — 2p%} + plof = o3(1 — p%) 2 0.

That is, if the variance, Equation (4), is denoted by k(z), then E[k(X)] =
03{1 — p?) > 0. Accordingly, p? < 1, or —1 < p < 1. It is left as an
exercise to prove that —1 < p < 1 whether the conditional mean is or
is not linear.

Suppose that the variance, Equation (4), is positive but not a func-
tion of z: that is, the variance is a constant £ > 0. Now if & is multi-
plied by f,(z) and integrated on , the result is £, so that £ = a3(1 - p?).
Thus, in this case, the variance of each conditional distribution of Y,
given X = z, is o3(1 — p?). If p = 0, the variance of each conditional
distribution of Y, given X = z, is o, the variance of the marginal
distribution of Y. On the other hand, if p? is near one, the variance of
each conditional distribution of Y, given X = z, is relatively small,
and there is a high concentration of the probability for this conditional
distribution near the mean E(Y|x) = pg + p(0a/01)(x — p)-

It should be pointed out that if the random variables X and Y in
the preceding discussion are taken to be of the discrete type, the results
just obtained are valid.
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Esxample 2. Let the random variables X and Y have the linear con-
ditional means E(Y|z) = 4x + 3and E(X|y) = ;'5y — 3. Inaccordance with
the gencral formulas for the linear conditional means, we see that £(Y|z) = u,
if z=p, and E(X|y) = u, if y = pa. Accordingly, in this special case,
we have p, = 4p, + 3andp, = gu; — 3sothat g, = —48andp, = —12.
The general formulas for the linear conditional means also show that the
product of the coefficients of z and y, respectively, is equal to p? and that
the quotient of these coefficients is equal to o3/o}. Here p? = 4(y};) = } with
p =14 (not —3), and ¢3/o} = 64. Thus, from the two linear conditional
means, we are able to find the values of u,, ps, p. and oy/o,, but not the
values of o, and o,.

This section will conclude with a definition and an illustrative
example. Let f(z, y) denote the joint p.d.f. of the two random variables
X and Y. If E(ehX*taY) exists for —hy < ¢, < hy, —hy <ty < Iy,
where &, and h, are positive, it is denoted by M(t,, £;) and is called the
moment-generating function of the joint distribution of X and Y. As in
the case of one random variable, the moment-generating function
M(t,, t;) completely determines the joint distribution of X and Y, and
hence the marginal distributions of X and Y. In fact,

M(t,, 0) = E(ehX) = M(¢,)
and
M(0,t,) = E(efa¥) = M(t,).
In addition, in the case of random variables of the continuous type,
oM (t, L) mot, X+t
atkatm J- J. z y el 2 f(.‘t ./ d.[ d./:

so that

My, 8y)
at"ot"'

N J‘ x"'y"‘f(x, y)dxdy = E(X*Y™).
1=102=

For instance, in a simplified notation which appears to be clear,

o 9M(0,0) ~ M0, 0)
MKy = E(/\) = T) = E(Y) = T;
n2 \
ot = X3 -t = HQ0 e
(5) ,
. 92M (0, O
ot = B(YY - = 0 -,
a2M (0, 0)

E[(X — p)(Y — pa)] = o d, Baftz
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It is fairly obvious that the results of Equations (5) hold if X and
Y are random variables of the discrete type. Thus the correlation
coefficients may be computed by using the moment-generating function
of the joint distribution if that function is readily available. An
illustrative example follows.

Example 3. Let the continuous-type random variables X and Y have
the joint p.d.f.

Sfle,y) =e7?, 0<z<y< oo

= ( elsewhere.

The moment-generating function of this joint distribution is

Mt ty) = [7 [ exp (b + oy — y) dy dz

_ 1
AT A

provided ¢, + ¢; < 1 and ¢, < 1. For this distribution, Equations (5) become
m=1  pu=2
(6) d=1 =2
E((X — u)(Y — pa)] = 1.

Verification of results of Equations (6) is left as an exercise. If, momentarily,
we accept these results, the correlation coefficient of X and Y is p = 1/V2.
Furthermore, the moment-generating functions of the marginal distributions
of X and Y are, respectively,

1

M(t,,O) = l—-——tl’ t < l,
1
M(O, tn) = (—I—-TEF' tg < 1.

These moment-generating functions are, of course, respectively, those of
the marginal probability density functions,

fi(z) =f°e"dy=e“, 0<z< oo,
x
zero elsewhere, and
fa(y) = eV f:dx = ye v, 0<y<oo,

zero elsewhere.
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EXERCISES

2.18. Let the random variables X and Y have the joint p.d.f.

(@) flxz.y) =% (= ¥ = (0,0), (1, 1), (2, 2), zero elsewhere.

) flxz.y) =% (x.y) = (0,2), (1, 1), (2, 0), zero elsewhere.

(©) flx.y) =4 (x.y) = (0,0), (1, 1), (2, 0), zero elsewhere.
In each case compute the correlation coefficient of X and Y.

2.19. Let X and Y have the joint p.d.f. described as follows:
(z.y | L1 (L2 (13 1) 22 23
[z y) l % s s s s i

and f(z, y) is equal to zero elsewhere. Find the correlation coefficient p.

2.20. Let f(z,y) = 2,0 < z < 3,0 < y < 1, zero elsewhere, be the joint
p.d.f of X and Y. Show that the conditional means are, respectively,
(1 +2)/2, 0<z<l1, and y/2, 0 <y < 1. Show that the correlation
coefficient of X and Y is p = 4.

2.21. Show that the variance of the conditional distribution of Y, given
X = z, in Exercise 2.20, is (1 — z)3/12, 0 < = < 1, and that the variance of
the conditional distribution of X, given Y = y, is /12, 0 < y < 1.

2.22. Verify the results of Equations (6) of this section.

2.23. Let X and Y have the joint p.df. f(z,y) =1 -z <y<z,
0 < z < 1, zero elsewhere. Show that, on the set of positive probability
density, the graph of E(Y|z) is a straight line, whereas that of E(X]y) is not
a straight line.

2.24. If the correlation coefficient p of X and Y exists, show that
—1 < p < 1. Hint. Consider the discriminant of the nonnegative quadratic
function A(v) = E{{(X — p1) + v(Y — pj)]?}, where v is real and is not a
function of X nor of Y.

2.25. Let (t,, t;) = In M(¢,, t,), where M(¢,, £,) is the moment-generating
function of X and Y. Show that
2$(0, 0) %0, 0)

’

a, o

’ i=1,2,

and

9%(0, 0)

at, Oty
yield the means, the variances, and the covariance of the two random
variables.

3.26. Let X,, X, and X, be three randem variables with means,
variances, and correlation coefficients, denoted by u,, pa. pa; o1, of, 03; and
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P13 P13, Pa3, Tespectively. If E(X, — puy|7,, 25) = ba(x2 — p3) + ba(®a — pa),
where b; and b, are constants, determine b, and b, in terms of the variances
and the correlation coefficients.

2.4 Stochastic Independence

Let X, and X, denote random variables of either the continuous
or the discrete type which have the joint p.d.f. f(z;, ;) and marginal
probability density functions f(z,) and f,(x,), respectively. In accord-
ance with the definition of the conditional p.d.f. f(z,|x,), we may write
the joint p.d.f. f(x,, ;) as

[@y, @) = f(@a2:) /1(1)-

Suppose we have an instance where f(z,|z,) does not depend upon z,.
Then the marginal p.d.f. of X, is, for random variables of the con-
tinuous type,

Julaa) = [ flzalz) fulz) dzy

= f(IZle) J’:nm filz,) dz,

= [(za|2,).
Accordingly,

falxs) = f('-”zlxl) and [y, 25) = fi(z,) fa(@2),

when f(x,|x,) does not depend upon z,. That is, if the conditional
distribution of X, given X, = z,, is independent of any assumption
about z;, then f(z,, z;) = f,(2,)/a(z,). These considerations motivate
the following definition.

Definition 1. Let the random variables X, and X, have the joint
p-df. f(z,, z,) and the marginal probability density functions f,(x,)
and fy(a;), respectively. The random variables X, and X, are said to be
stochastically independent if, and only if, f(x;, x;) = f,(2;)/5(x2).
Random variables that are not stochastically independent are said to
be stochastically dependent.

Remarks. Two comments should be made about the preceding definition.
First the product of two nonnegative functions f, (x,) f;(x.) means a function
that is positive on a product space. That is, if f(z,) and f;(x,) are positive
on, and only on, the respective spaces & and &, then the product of
fi(z,) and fu(z;) is positive on, and only on, the product space & =
{(y, z9); %, € A, 23 € ). For instance, if &) ={z,;0 <2, <1} and
Ay = {23, 0 < 23 < 3}, then & = {{z,,7;); 0 < 2, < 1,0 < 23 <3} The
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second remark pertains to the identity. The identity in Definition 1 should
be interpreted as follows. There may be certain paints (z,, ;) € & at which
Sz, 23) # fi(x,) fa(xz). However, if A is the set of points (x,, x,)atwhich
the equality does not hold, then P(4) = 0. In the subsequent theorems and
the subsequent generalizations, a product of nonnegative functions and an
identity should be interpreted in an analogous manner.

Example 1. Let the joint p.d.f. of X, and X; be

f(zy, 2g) = 2, + 24, O<z, <1, 0<z2, <1,

= ( elsewhere.

It will be shown that X, and X, are stochastically dependent. Here the
marginal probability density functions are

flw) = [0 fenz)dr = [ @ +z)dz =2+ 0<z <,

= 0 elsewhere,
and
fulw) = [ ferz)de = [ @+ zdm =443 0<zm<d,
= 0 elsewhere.

Since f(2;, ;) # f1(%;)fa(x3), the random variables X, and X, are stochastic-
ally dependent.

The following theorem makes it possible to assert, without comput-
ing the marginal probability density functions, that the random
variables X, and X, of Example 1 are stochastically dependent.

Theorem 1. Let the random variables X, and X, have the joint p.d.f.
f(xy, x5). Then X, and X, are stochastically independent if and only if
f(xy, x3) can be written as a product of a nonnegative function of x, alone
and a nonnegalive function of x5 alone. That is,

[z, z5) = g(xy)h(z,),

where g(x,) > 0, x, € &7,, zero elsewhere, and h(x,y > 0, x, € o, 2er0
elsewhere.

Proof. 1f X, and X, are stochastically independent, then f(z,, x;) =
JSi(xy) fo(x3), where f1(x,) and f,(x4) are the marginal probability density
functions of X; and X,, respectively. Thus, the condition f(z,, ;) =
g(xy)h(z,) is fulfilled.
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Conversely, if f(x,, ;) = g(z,)h(z;), then, for random variables of
the continuous type, we have

file) = |7 g@h(zs) des = g@) [ hlzs) dzy = cig(zy)
and
falz) = [7 g@ih(z) dz, = hiz,) [T @) dzy = cahl(za),

where ¢, and ¢, are constants, not functions of z, or z;. Moreover,
c,c; = 1 because

U= [ [7 el@)hlza) dz dz, = [[°_ gl do][[7 h(wa) dza] = coty.

These results imply that

[y, z5) = glx)h(zg) = c,g(x)cah(xs) = fi(x)) fa(2a)-
Accordingly, X, and X, are stochastically independent.

If we now refer to Example 1, we see that the joint p.d.f.

f(my, 23) =z, + z,, 0<z <1,0<z, <1,

= 0 elsewhere,

cannot be written as the product of a nonnegative function of z, alone
and a nonnegative function of z, alone. Accordingly, X, and X, are
stochastically dependent.

Example 2. Let the p.d.f. of the random variables X, and X,; be
S(x,, z5) = 82,2, 0 < 2, < x; < 1, zero elsewhere. The formula 8z,z, might
suggest to some that X, and X, are stochastically independent. However, if
we consider the space & = {(z,, z;); 0 < z, < z, < 1}, we see that it is not
a product space. This should make it clear that, in general, X, and X, must
be stochastically dependent if the space of positive probability density of X,
and X, is bounded by a curve that is neither a horizontal nor a vertical line.

We now give a theorem that frequently simplifies the calculations
of probabilities of events which involve stochastically independent
variables.

Thereom 2. If X, and X, are stochastically independent random
variables with marginal probability density functions f,(z,) and f,(x,),
vespectively, then

Pria<X;<bhec<Xy<d)=Pr(a<X, <bPr(c<X,<d)

forevery a < bandc < d, where a, b, ¢, and d are constants.
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Proof. From the stochastic independence of X,; and X, the joint
p-d.f. of X, and X is fi(x,) fa(=3). Accordingly, in the continuous case,

Pra <X, <bc<X,<d) = J"’ j‘ Fu(@) falzs) dz, dzy

= U: fal(z) dzx][f: fa(@a) d”al
=Pr(a < X, <b) Pr(c < X; <d);
or, in the discrete case,

Pra<X,<bec<X;<d)= 3 2 filxy) fa(za)

a<xyi<b c<x3y<

[.3. A@)[_S_, fil)

a<xy < c<xg<

Pr(a < X, < b) Pr(c < X, <d),

]

as was to be shown.

Example 3. In Example 1, X, and X, were found to be stochastically
dependent. There, in general,

Prla< X, <bc<Xy<d)#Pr(a<X, <bPr(c<X;<d).

For instance,
Pr0<X,<30<X,<3¥ = fo"z f:”’ (@, + %) dz, dzy = §,
whereas
Pr0 <X, <4 =J;U2(:c1 + 3)dz, = 3
and

Pr0<Xy<d) =] (+2)dn =3

Not merely are calculations of some probabilities usually simpler
when we have stochastically independent random variables, but many
mathematical expectations, including certain moment-generating
functions, have comparably simpler computations. The following result
will prove so useful that we state it in form of a theorem.

Theorem 3. Let the stochastically independent random variables X,
and X, have the marginal probability density functions f,(x,) and fy(x,),
respectively. The expected value of the product of a function u(X,) of X,
alone and a function v(X,) of X, alone is, subject to their existence, equal
to the product of the expected value of u(X,) and the expected value of
v(X,); that 1s,

E[u(X,)0(X,)) = E[u(X))]E[v(Xy)).
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Proof. The stochastic independence of X, and X, implies that the
joint p.d.f. of X, and X, is f,(2,) fa(x3). Thus, we have, by definition of
mathematical expectation, in the continuous case,

Ew(X)o(Xa)) = [*_ [ wl@)vl@a) fy(@) fa(ws) day da

= [[7, wz) filwr) dn[[7, vz falwa) dz,]
= E[u(X,)]E[v(XJ)];
or, in the discrete case,
E[u(X,)v(X3)] = 2; E“(xl)v(xa)fl(zl)fz(xz)
= [2 W@ h@)][Z v falea)]
= E[u(X,)]E[v(XJ)],
as stated in the theorem.

Esample 4. Jet X and Y be two stochastically independent random
variables with means y, and p, and positive variances of and o3, respectively.
We shall show that the stochastic independence of X and Y implies that the
correlation coefficient of X and Y is zero. This is true because the covariance
of X and Y is equal to

E((X — p)(Y — pa)] = E(X — w)E(Y — pg) = 0.

We shall now prove a very useful theorem about stochastically
independent random variables. The proof of the theorem relies heavily
upon our assertion that a moment-generating function, when it exists,
is unique and that it uniquely determines the distribution of probability.

Thereom 4. Let X, and X, denote random variables that have the
joint p.d.f. f(x,, x;) and the marginal probability density functions
filzy) and fa(x,), respectively. Furthermore, let M (t,, t;) desote the moment-
generating function of the distribution. Then X, and X, are stochastically
independent if and only if M (¢, t;) = M(¢,, 0)M(0, ¢,).

Proof. If X, and X, are stochastically independent, then
My, t,) = E({ehX1ttaXa)
= E(et%iets%a)
E(e1%1) E(¢t2%a)
Mi(t,, 0)M(0, ¢,).

I

Thus the stochastic independence of X, and X, implies that the
moment-generating function of the joint distribution factors into the
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product of the moment-generating functions of the two marginal
distributions.

Suppose next that the moment-generating function of the joint
distribution of X, and X, is given by M(t,, t;) = M{(¢;, )M (0, ¢5). Now
X, has the unique moment-generating function which, in the con-
tinuous case, is given by

M, 0) = [T ehmify(n) day.

Similarly, the unique moment-generating function of X,, in the con-
tinuous case, is given by

M, t;) = f ¥ earafy(x) dz,
Thus we have
M({t, M0, t,) = [ f: ehif, () de][ f_"’m eta%af, (z,) dx,]
= f_”"w f © Tttt (x) folxy) iy dry.
We are given that M(¢,,4;) = M(¢,, 0)M (0, t5); so

Mty t) = [°_ [ etmsttamaf, (@) fo(a) day da.

But M(t,, ¢;) is the moment-generating function of X, and X, Thus
also

My, t) = J.:’ f_mm ehTita%af (x), x,) dr, dz,.

The uniqueness of the moment-generating function implies that the
two distributions of probability that are described by f,(x,) f2(¥;) and
flz,, ;) are the same. Thus

f(xy, z3) = fi()) fa(x2)-

That is, if M (¢, t;) = M(t;, 0)M(0, ¢,), then X, and X are stochastically
independent. This completes the proof when the random variables are
of the continuous type. With random variables of the discrete type,
the proof is made by using summation instead of integration.

Let the random variables X,, X,, ..., X, have the joint p.d.f.
f(x,, %3, ..., 2,) and the marginal probability density functions
Si(®y), fa(@2), - - ., falxn), respectively. The definition of the stochastic
independence of X, and X, is generalized to the mutual stochastic
independence of X,, X,,..., X, as follows: The random variables
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X,, Xa, ..., X, are said to be mutually stochastically independent if
and only if f(x;, 2, . .., Z,) = f1(%1) f2(%2) - - -falz,). 1t follows immedi-
ately from this definition of the mutual stochastic independence of
X,, Xa, ..., X, that
Pr(a, <« X, <b,a;, < Xy <by...,a,<X,<b,)

=Pr(a, < X, <b)Pr(a, < Xy <by)---Pra, < X, <b,)

[T1Pr(a, < X, < by),

t=1

where the symbol In] ¢(2) is defined to be
1=1

I1 o) = o(1p(2)- - -oln).

The theorem that E[u(X)2(X,)] = E{u(X,))E[v(X,)] for stochastically
independent random variables X; and X, becomes, for mutually
stochastically independent random variables X, X,, ..., X,

Eluy (X )ug(Xg) - - - un(Xp)] = E[uy(X,)]E[12(X3)] - - - E[uy(X0)],

or
E[[' wixa] = I Ebe(x)

The moment-generating function of the joint distribution of =
random variables X,, X,, ..., X, is defined as follows. Let

Elexp (6, X, + X, + -+ + £,X,)]

exist for —h, < t, < h, 1 = 1,2,..., n, where each J, is positive. This
expectation is denoted by M(t,, {5, .. .,¢,) and it is called the moment-
generating function of the joint distribution of X,,..., X', (or simply
the moment-generating function of X,,...,. X,). As in the cases of one
and two variables, this moment-generating function is unique and
uniquely determines the joint distribution of the » variables (and
hence all marginal distributions). For example, the moment-generating
function of the marginal distribution of X, is M(0,...,0,¢,0,..., 0),
1=12,...,n; that of the marginal distribution of X, and X, is
M@©,...,0,¢,0,...,0,£,0,...,0); and so on. Theorem 4 of this
chapter can be generalized, and the factorization
n

Mty ta ..., t) = [1 M(O,...,0,4,0,...,0)

i=1

is a necessary and sufficient condition for the mutual stochastic
independence of X, X,, ..., X,.
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Remark. If X,, X,;, and X, are mutually stochastically independent,
they are pasrwise stochastically smdependent (that is, X, and X, ¢ # j, where
i,7 =1, 2, 3 are stochastically independent). However, the following
example, due to S. Bernstein, shows that pairwise independence does not
necessarily imply mutual independence. Let X, X;, and X; have the joint
pd.f.

f(Zy, 23, 23) = %, (1, 72, 23) €{(1, 0, 0), (0,1,0), (0,0, 1), (1,1, 1)},
= 0 elsewhere.
The joint p.d.f. of X;and X,, ¢ # j, is
folxuz) =4 (% 2)€{(0,0),(1,0),(0,1), (1, D)}

= 0 elsewhere,

whereas the marginal p.d.f. of X, is
flx) =3  ==01,
= 0 elsewhere.
Obviously, if + # 7, we have
Sulz 2) = fil@)filz)),
and thus X, and X are stochastically independent. However,
S (21, 23, 25) # f1(21) fal®a) fo(a)-

Thus X,, X,, and X, are not mutually stochastically independent.

Esample 5. Let X,, X,, and X; be three mutually stochastically
independent random variables and let each have the p.d.i. f(z) = 2=,
0 < z < 1, zero elsewhere. The joint p.d.f. of X, X, X;is f(x,)f(x3) f(x3) =
8z,2,25, 0 < 2, < 1,¢ = 1, 2, 3, zero elsewhere. Let Y be the maximum of
X,, X,, and X;. Then, for instance, we have

PriY<d)=Pr(X, <4 X,<4 X5<19)
1/2 fr1/3 f1/2
= Io L . 8x,2,2, dz, dz, dz,
- @ = &
In a similar manner, we find that the distribution function of Y is
Gly) =Pr(Y<sy) =0 y<0
= b, 0<y<],
= 1, 1<y
Accordingly, the p.d.f. of Y is

gly) =6y°, O<y<l],
= ( elsewhere.
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Example 6. Let a fair coin be tossed at random on successive independent
trials. Let the random variable X; = 1 or X| = 0 according to whether the
outcome on the ith toss is a head or a tail, ¢ = 1,2, 3,.... Let the p.d.f. of
each X, be f(z) = 4,z = 0, 1, zero elsewhere. Since the trials are independent,
we say that the random variables X, X,, X3, . . . are mutually stochastically
independent. Then, for example, the probability that the first head appears
on the third trial is

Pr(X,=0X,=0 X, =1)
= Pr(X, =0)Pr(X,=0)Pr(X,=1)=(3)?° =4

In general, if Y is. the number of the trial on which the first head appears,
then the p.d f. of Y is

gy) =@3)Y. y=123,...,
= 0 elsewhere.

In particular, Pr (Y = 3) = ¢g(3) = 4.

EXERCISES

2.27. Show that the random variables X, and X, with joint p.d.f.
Sflx, 23) = 122,25(1 — 73), 0 <z <1, 0 <z <1, zero elsewhere, are
stochastically independent.

2.28. If the random variables X, and X, have the joint p.d.f. f(x,, ;) =
2% "%, 0 < z, < %3, 0 < 2, < 00, zero elsewhere, show that X, and X,
are stochastically dependent.

2.29. Let f(z,,20) = %, 7, = 1,2,3,4, and z, = 1,2, 3, 4, zero else-
where, be the joint p.d.f. of X, and X,. Show that X, and X are stochastically
independent.

2.30. Find Pr (0 < X, < 4,0 < X; < }) if the random variables X, and
X, have the joint p.d.f. f(z;,2;) = 42,(1 — 25), 0 <2, <1, 0 <23 <],
zero elsewhere.

2.31. Find the probability of the union of the events a < X, < b,
- < X, <o and —00 < X, <0, ¢ < X3 <dif X, and X; are two
stochastically independent variables with Pr (@ < X, <) = § and
Prc< X;<d)=¢§

232 If f(z,,x;)) = ¢ %1773, 0 < 2, <00, 0 < 23 < o0, zero elsewhere,
is the joint p.d.f. of the random variables X, and X,, show that X, and X,
are stochastically independent and that
E(#*i+X2) = (1 — #)-3, t< 1.

2.33. Let X,, X,, X3, and X, be four mutually stochastically independent
random variables, each with p.d.f. f(z) =3(1 - z)? 0 <=z <1, zero
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elsewhere. If Y is the minimum of these four variables, find the distribution
function and the p.d.f. of Y.

2.34. A fair die is cast at random three independent times. Let the
random variable X, be equal to the number of spots which appear on the
ith trial, + = 1, 2, 3. Let the random variable Y be equal to max (X,). Find
the distribution function anc the p.df. of Y. Hint. Pr (Y < y) = Pr (X, < v,
1=1273).

2.35. Suppose a man leaves for work between 8:00 A.M. and 8:30 A.mM. and
takes between 40 and 50 minutes to get to the office. Let X denote the time
of departure and let Y denote the time of travel. If we assume that these
random variables are stochastically independent and uniformly distributed,
find the probability that he arrives at the office before 9:00 a.m.

2.36. Let M(t,, ¢;, t;) be the moment-generating function of the random
varniables X,;, X, and .X; of Bernstein's example, described in the final
remark of this section. Show that M(t,, ¢, 0) == M(t,, 0, 0)M(0, ¢, 0),
M(¢,,0,t3) = M(t,0,00M(0,0,¢t3, M(O,¢,, t) = M(0, ¢, 0)M(0, 0, £,), but
My, ta, t3) # M(¢t,, 0, 0)M(0, ¢,, 0)M(0, 0, ¢,). Thus X,, X,, X, are pairwise
stochastically independent but not mutually stochastically independent.

2.37. Generalize Theorem 1 of this chapter to the case of » mutually
stochastically independent random variables.

2.38. Generalize Theorem 4 of this chapter to the case of » mutually
stochastically independent random variables.



Chapter J
Some Special Distributions

3.1 The Binomial Distribution
4

In Chapter 1 we introduced the wuniform distribution and the
hypergeometric distribution. In this chapter we shall discuss some other
important distributions of random variables frequently used in
statistics. We begin with the binomial distribntion.

Recall, if n is a positive integer, that

(@ + b = 120 (Z)bfa"“’.

Consider the function defined by

fl@) = (:)p*(l -prE 2 =0,1,2,..,m,
= ( elsewhere,

where 7 is a positive integer and 0 < p < 1. Under these conditions it
15 clear that f(z) > 0 and that

113

Srw = 3 (D)o - s

x=0
=[(1-2) +p]"=1
That is, f(r) satisfies the conditions of being a p.d.f. of a random
variable X of the discrete type. A random variable X that has a p.d.f. of
the form of f(x) is said to have a binomzial distribution, and any such
S(r) is called a binomial p.d.f. A binomial distribution will be denoted
by the symbol b(n, p). The constants n and p are called the parameters

86
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of the binomial distribution. Thus, if we say X is (5, ), we mean that
X has the binomial p.d.f.

flz) = (i)(%)r(g)s-’ z2=01,...,5

= 0 elsewhere.

Remark. The binomial distribution serves as an excellent mathematical
model in a number of experimental situations. Consider a random experiment,
the outcome of which can be classified in but one of two mutually exclusive
and exhaustive ways, say, success or failure (for example, head or tail, life
or death, effective or noneffective, etc.). Let the random experiment be
repeated n independent times. Assume further that the probability of success,
say p, is the same on each repetition; thus, the probability of failure on each
repetition is 1 — p. Define the random variable X,, 1+ = 1,2,...,n to be
zero, if the outcome of the ith performance is a failure, and to be one if that
outcome is a success. We then have Pr (X; =0) =1 — p and Pr(X, = 1)
= p,1=1,2,...,n Since it has been assumed that the experiment is to be
repeated » independent times, the random variables X,, X,,..., X, are
mutually stochastically independent. According to the definition of X, the
sum Y = X, + X, +---+ X, is the number of successes throughout the
n repetitions of the random experiment. The following argument shows that
Y has a binomial distribution: Let y be an elementof {y; # = 0, 1,2,..., n}.
Then Y = yif and only if exactly y of the variables X, X,, ..., X, have the
value one, and each of the remaining n — y variables is equal to zero. There

are (:) ways in which exactly y ones can be assigned to y of the variables

X, X3 ..., X, Since X,, X,,..., X, are mutually stochastically inde-
pendent the probability of each of these ways is p¥(1 — p)*~¥. Now

Pr (Y = y) is the sum of the probabilities of these (;) mutually exclusive

events; that is,
Pr(Y =y) = (;)pva -y, y=0,1,2...,n,

zero elsewhere. This is the p.d.f. of a binomial distribution.

The moment-generating function of a binomial distribution is easily
found. It is

T Ze‘xf(x) B IZO etr(:) pr(l — P *
) azo (:)(pe‘)r(l — -z

= [(1 - ) + peT"
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for all real values of ¢. The mean p and the variance o? of X may be
computed from M (t). Since

M) = n[(1 - p) + pet]"~'(pe)

and

Mo(t) = n[(1 — p) + pe']* 1 (pe') + n(n — 1[(1 — p) + pe']"~?(pe!)?,
it follows that

b= MO =
and
3= M"(0) - p? = np + nln — 1)p% — (np)? = np(l — p).
Exaingle 1. The binomial distribution with p.d.f.

o= (- s=onz

= 0 clsewhere,
has the moment-generating function
M) = (3 + 4)7,

has mean p = np = 1, and has variance o = np(1 — p) = }. Furthermore,
if X is the random variable with this distribution, we have

Pr0<Xs<l)= Zﬂx) 25+ 5 = 75

and
Pr (X = 5) = /(5)

7 1)5 1\ _ 2
T sT21\2) \2) T 1z’
Example 2. If the moment-generating function of a random variable X is

M(t) = (§ + %5,
then X has a binomial distribution with n = 5 and p = }; that is, the p.d.f.

of X is
f@) = (i)(;)'(i)“ 2=012....5

= ( elsewhere.
Here p = np = § and o? = np(l — p) = 12

Example 3. If Y is b(n,§), then Pr(Y>1)=1—-Pr(Y =0) =
1 — (3)". Suppose we wish to find the smallest value of n that yields
Pr(Y >.1) > 0.80. \We have | — ($)» > 0.80 and 0.20 > (¢$)". Either by
inspection or by use of logarithms, we see that # = 4 is the solution. That is,
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the probability of at least one success throughout n == 4 independent
repetitions of a random experiment with probability of success p = § is
greater than 0.80.

Example 4. Let the random variable Y be equal to the number of
successes throughout # independent repetitions of a random experiment with
probability p of success. That is, Y is b(n, p). The ratio Y/n is called the
relative frequency of success. For every ¢ > 0, we have

SR

_.__pz

i

Pr(|Y — np| > en)

pe( -z o)

where u = #p and o® = np(l — p). In accordance with Chebyshev’s
inequality with & = eVn/p(1 — p), we have

P'(ly_"|2‘~/p(1—"_7)")5t“—,,:zp)

Pr(%,—plz¢)53(_l____p).

"

ne*

and hence

Now, for every fixed e > 0, the right-hand member of the precedmg inequality
1s close to zero for sufficientiy large n. That is,

hmPr( _¢)=0
and
lim Pr(%’—p <<)=1‘

Since this is true for every fixed ¢ > 0, we see, in a certain sense, that the
relative frequency of success is for large values of #, close to the probability
p of success. This result is one form of the law of large numbers. It was
alluded to in the initial discussion of probability in Chapter 1 and will be
considered again, along with related concepts, in Chapter 5.

Example 5. Let the mutually stochastically independent random
variables X,, X;, X, have the same distribution function F(z). Let Y be the
middle value of X,, X,, X, To determine the distribution function of Y, say
G(y) = Pr(Y < y), we note that Y < y if and only if at least two of the
random variables X,, X,;, X, are less than or equal to y. Let us say that
the #th "‘trial” is a success if X, < y, ¢ = 1, 2, 3; here each ““trial’’ has the
probability of success F(y). In this terminology, G(y) = Pr (Y < y) is then
the probability of at least two successes in three independent trials. Thus,

6l = (3) Fwt - Fw) + (Flwe
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If F(z) is a continuous type of distribution function so that the p.d.f. of X
is F'(z) = f(x), then the p.d.f. of Y is

gly) = G'(y) = 6[F(y))[1 — F(y)lf(y)-

Example 6. Consider a sequence of independent repetitions of a random
experiment with constant probability p of success. Let the random variable
Y denote the total number of failures in this sequence before the rth success;
that is, Y + 7 is equal to the number of trials necessary to produce exactly r
successes. Here 7 is a fixed positive integer. To determine the p.d.f. of Y, let
y be an element of {y;y = 0, 1,2,...}. Then, by the multiplication rule of
probabilities, Pr (Y = y) = g(y) is equal to the product of the probability

R
of obtaining exactly » — 1 successes in the first y + 7 — 1 trials and the
probability p of a success on the (y + r)th trial. Thus the p.d.f. gly) of Yis
given by

i

g = (T )pa-r y=0n2

r

0 elsewhere.

A distribution with a p.d.f. of the form g(y) is called a negative binomial
distribution; and any such g(y) is called a negative binomial p.d.f. The
distribution derives its name from the fact that g(y) is a general term in the
expansion of p'[1 — (1 — p)]~". It is left as an exercise to show that the
moment-generating function of this distribution is M(t) = p'[1 — (1 — p)¢'] 7",
fort < —In (1 — p). If » = 1, then Y has the p.d.f.

gy =p1—pr. y=012...,

zero elsewhere, and the moment-generating function M(¢) = p[1 — (1 — p)etj~L.
In this special case, » = 1, we say that Y has a geometric distribution.

The binomial distribution can be generalized to a distribution of
more than one random variable. If # is a positive integer and a,, a,, a,
are fixed constants, we have

n n-x n!
l : axavau—:r:—y
W 2 2Ty -z =g T

5: nlaf " (n — 2)!
Soxl(n — ) Loyl(n —x — y)!

Yopn~-x—-y
axag

S n' X n-x
= ——— af(a; + ag)*”
xZo P p—Y 1@z + ag)

]

(@, + a5 + ag)™.
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Let the function f(z, y) be given by

n!
Ty (n—x-—y

flx, ) j PIAEPSTT Y

where z and y are nonnegative integers with x + y < n, and p,, p,,
and p, are positive proper fractions with p; + p; + p3 = 1; and let
f(x,y) = 0 elsewhere. Accordingly, f(z, y) satisfies the conditions of
being a joint p.d.f. of two random variables X and Y of the discrete
type; that is, f(x, y) is nonnegative and its sum over all points (z, y) at
which f(z, y) is positive is equal to (p, + p2 + p3)" = 1. The random
variables X and Y which have a joint p.d.f. of the form f(x, y) are said
to have a trinomial distribution and any such f(x, y) is called a tri-
nomial p.d.f. This distribution and the binomial distribution are special
cases of the multinomial distribution. The moment-generating function
of a trinomial distribution, in accordance with Equation (1), is given by

n n-T n!

Z z z'y! (n —.x—y)!

x=0y=0

(pr€r + paes + Pa)"

for all real values of ¢, and £,. The moment-generating functions of the
marginal distributions of X and Y are, respectively,

M(t,, 0) = (pres + pa + pa)" = [(1 = £1) + pri]"

(Bre)*(pata) g

]

M, t)

]

and
MO, ty) = (py + pae's + po)* = [(1 — pg) + pac's]™
We see immediately, from Theorem 4, Section 2.4, that X and Y are

stochastically dependent. In addition, X is b(n, p,) and Y is b(n, p,).
Accordingly, the means and the variances of X and Y are, respectively,

p1 = 1Py, Py = NPy, o} = npy(1 — ), and o} = np,(1 — po).
Consider next the conditional p.d.f. of Y, given X = z. We have

'ﬂ””=yug::§wil?AYQ53)MVi

= 0 elsewhere.

Thus the conditional distribution of Y, given X =z, is b[n — z,
pal(1 — p,)]. Hence the conditional mean of Y, given X = z, is the
linear function

E(Y|z) = (n — x)(l fzpl)-
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Likewise, we find that the conditional distribution of X, given Y = y,
is b(n — y, ,/(1 — $,)] and thus

E(X|y) = (n — ( Py )
(X|9) =+ = )\ 7=,
Now recall (p. 73) that the square of the correlation coefficient, say
p?, is equal to the product of —p,/(1 — p;) and —p,/(1 — p,), the
coefficients of x and y in the respective conditional means. Since both
of these coefficients are negative (and thus p is negative), we have

_ p1ba _
p= ~/(l (1 - 72)

Remark. Let a random experiment be repeated » independent times. On
each repetition the experiment terminates in but one of £ mutually exclusive
and exhaustive ways, say C,,C,, .., C,. Let p, be the probability that the
outcome is an element of C, and let p, remain constant throughout the n
independent repetitions, ¢+ = 1,2,..., A Define the random variable .X,
to be equal to the number of outcomes which are elements of C,, i =

1,2,..., k — 1. Furthermore, let z,, z,, . . ., z;_, be nonnegative integers so
that r, + a3 + -+ 7., < n. Then the probability that exactly z,
terminations of the experiment are in C,, . . ., exactly x, , terminations are

in Cy_,, and hence exactly n — (z; + - - - + z,_,) terminations are in C, is

n! P.z p:r “1HT
-— A1
SO — 100 1 X,
zl!' . '1k_l! zk!

where z, is merely an abbreviation for # - (2, +-- -+ £,_,). This is the
multinomial p.d.f.of k¢ — 1 random variables X, X,, ..., X, _, of the discrete
type. The moment-generating function of a multinomial distribution is
given by

Mty .. bemy) = (P26 +- - 4 poefh-r 4+ pn

for all real values of ¢, ¢,, ..., t,_,. Thus each one-variable marginal p.d.f.
is binormial, each two-variable marginal p.d.f. is trinomial, and so on.

EXERCISES

3.1. If the moment-generating function of a random variable X is
(3 + 3¢, find Pr (X = 2 or 3).

3.2. The moment-generating function of a random variable X is
(4 + 3¢°. Show that
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3.3. If X is b(n, p), show that
B(z)=p ama E[(F-0)] -2

n
3.4. Let the mutually stochastically independent random variables
X, X2, X; have the same p.df. f(z) = 322, 0 < x < 1, zero elsewhere.
Find the probability that exactly two of these three variables exceed §.

3.5. Let Y be the number of successes in n independent repetitions of a
random experiment having the probability of success p = . If n = 3,
compute Pr (2 < Y); if # = 5, compute Pr (3 < Y).

3.6. Let Y be the number of successes throughout # independent repe-
titions of a random expernment having probability of success p = }.
Determine the smallest value of # so that Pr (1 < Y) > 0.70.

3.7. Let the stochastically independent random variables X, and X, have
binomial distributions with parameters n, = 3, p, = $ and n, = 4, p, = 4,
respectively. Compute Pr (X, = X,).

3.8. The joint moment-generating function of a multinemial distribution
with 2 = 4 is given by

n RmR-X3 n-Ty-x3
2.

]
2 2 s m (P16)71(pac'a)*a(pae's) *aps,

wherexy =n — 2, — 23 —xzand p, =1 — p, — p, — ps. Show that this
moment-generating function is (pg + piefr + poeta + pyets)”. Set t, =
t; = 0, and show that the marginal distribution of X, is binomial with
parameters # and p,, and hence E(X,) = np,. Set t; = 0 and show that the
marginal distribution of X, and X, is trinomial. Find E(Xj|z,, z,).

3.9. Let X be b(2,p) and let Y be b(#, p). If Pr(X > 1) = §, find
Pr(Y > 1).

3.10. If x = r is the unique mode of a distribution which is b(n, p), show

that
mM+1)p-1l<r<(n+1)p

3.11. One of the numbers 1,2,..., 6 is to be chosen by casting an un-
biased die. Let this random experiment be repeated five independent times.
Let the random variable N; be the number of terminations in the set
{r;z = 1, 2,3} and let the random variable X, be the number of termina-
tions in the set {x; z = 4, 5}. Compute Pr (X; = 2, X, = 1).

3.12. Show that the moment-generating function of the negative binomial

distribution is M(t) = p".1 - (1 — p)é!|~". Find the mean and the variance
of this distribution.

3.13. Let N, and X, have a trinomial distribution. Differentiate the
momeni-generating function to show that their covariance is —np, p,.



9% Some Special Distributions [Ch. 3

3.14. If a fair coin is tossed at random five independent times, find the
conditional probability of five heads relative to the hypothesis that there
are at least four heads.

3.15. Let an unbiased die be cast at random seven independent times.
Compute the conditional probability that each side appears at least once
relative to the hypothesis that the side ‘‘one’’ appears exactly twice.

3.16. Let X be b(n, p) and let & be a nonnegative integer. If the kth
moment about the origin is denoted by u, = E(X*) and if the kth moment
about the mean is denoted by p, = E[(X — np)*], prove that

r ’ d
(@) Mivr = npui + p(1 = p) d’;;
(b) vy = p(1 - P)l”k!‘k 1 + d/’
Hint. Compute du,/dp and du,[dp.
3.17. Let
_ " 1’1_.72 z=01,..., 2,
Jiz z) = (:,)(2) (15)’ 7 =1,23,4,5,

zero elsewhere, be the joint p.d.f. of X, and X,. Determine: (a) E(X,),
(b) u(x,) = E(X,|=,), and (c) E[#(X,)]. Compare the answers to parts (a)
and (c).

3.18. Three fair dice are cast. In 10 independent casts, let X be the
number of times all three faces are alike and let Y be the number of times
only two faces are alike. Find the joint p.d.f. of X and Y and compute
E(6XY).

3.2\/’}‘he Poisson Distribution

Recall that the series

3 m*

o ¥

m2  m

21 Y

NMs

1 +m 4+ = +ee=

x

[}

converges, for all values of m, to ¢™. Consider the function f(z) defined
by

mre~m
f(x) = . 2=012...,
= 0 clsewhere,
where m > 0. Since m > 0, then f(x) = 0 and

< m¥e ™ =X m -
Zf(.t‘)=zT=e"'ZH=c"‘e"'=l;

x=0
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that is, f(x) satisfies the conditions of being a p.d.f. of a discrete type of
random variable. A random variable X which has a p.d.f. of the form
of f(z) is said to have a Poisson distribution, and any such f(z) is called
a Poisson p.d.f.

Remarks. Experience indicates that the Poisson p.d.f. may be used in a
number of applications with quite satisfactory results. For example, let the
random variable X denote the number of alpha particles emitted by a
radioactive substance that enter a prescribed region during a prescribed
interval of time. With a suitable value of m, it is found that X may be
assumed to have a Poisson distribution. Again let the random variable X
denote the number of defects on a manufactured article, such as a refrigerator
door. Upon examining many of these doors, it is found, with an appropriate
value of m, that X may be said to have a Poisson distribution. The number
of railroad accidents in some unit of time (or the number of insurance claims
in some unit of time) is often assumed to be a random variable which has a
Poisson distribution. Each of these instances can be thought of as a process
that generates a number of changes (accidents, claims, etc.) in a fixed interval
(of time or space and so on). If a process leads to a Poisson distribution, that
process is called a Poisson process. Some assumptions that ensure a Poisson
process will now be enumerated.

Let g(x, w) denote the probability of z changes in each interval of length
w Furthermore, let the symbol o(k) represent any function such that
!‘in; [o(k)|k] = 0; for example, h® = o(h) and o(h) + o(h) = o(h). The

Poisson postulates are the following:
(a) g(1, k) = Ak + o(h), where X is a positive constant and 4 > 0.

(b) 3 g k) = ofh).
(c) The numbers of changes in nonoverlapping intervals are stochastically
independent.

Postulates (a) and (c) state, in effect, that the probability of one change in
a short interval % is independent of changes in other nonoverlapping intervals
and is approximately proportional to the length of the interval. The sub-
stance of (b) is that the probability of two or more changes in the same
short interval 4 is essentially equal to zero. If z = 0, we take g(0,0) = 1. In
accordance with postulates (a) and (b), the probability of at least one change
in an interval of length % is M + o(h) + o(h) = M + o(h). Hence the
probability of zero changes in this interval of length his 1 — A — o(h). Thus
the probability g(0, w + ) of zero changes in an interval of length w + A is,
in accordance with postulate (c), equal to the product of the probability
£(0, w) of zero changes in an interval of length w and the probability
[1 — A - o(h)] of zero changes in a nonoverlapping interval of length A.
That is,
g(0, w + k) = g(0, w)[1 — M — o(h)].
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Then

20, w + h) — g0, w) - o(h)g(0, v}
h h

—%(0, w) —
If we take the limit as A — O, we have
D,[g(0, w)] = —2g(0, w).
The solution of this differential equation is
2(0, w) = ce v,
The condition g(0, 0) = 1 implies that ¢ = 1; so
£(0, w) = e~?v.
If x is a pusitive integer, we take g(z, 0) = 0. The postulates imply that
gl w + ) = (glz, w)[1 — M — o(h)] + (g(z — 1, w)](Mh + o(h)] + o(h).
Accordingly, we have

gz, w + h) — gz, w) 0(11)

e = X w) + X — Lw) +

and
D,[g(z, w)] = —Mg(z, w) + Ag(x — 1, w),

for x = 1,2,3,.... It can be shown, by mathematical induction, that the
solutions to these differential equations, with boundary conditions g(x, 0) = 0
forx = 1,2,3,..., are, respectively,

(Aw)ze v

o , r=123....

glr, w) =

Hence, the number of changes X in an interval of length w has a Poisson
distribution with parameter m = Aw.

The moment-generating function of a Poisson distribution is given
by

00 Ie"m

M(t) = Zf‘xf z o .

om o (’net).t
=em 7
x=0 :

= e~Mmeme' _ gm(e'-1)

for all real values of ¢. Since

A‘['(t) = em(z‘~!)(mel)
and
M) = e™'=D(met) + ™'~ D(met)?,
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then
w=M(@0) =m
and
0?2 = M"(0) — p2=m+ m? - m? = m.

That is, a Poisson distribution has g = 0% = m > 0. On this account,
a Poisson p.d.f. is frequently written
er—ll

Jo =¥ x=012...,

X
= 0 elsewhere.
Thus the parameter m in a"Poisson p.d.f. is the mean u. Table I in the

Appendix gives approximately the distribution function of the Poisson
distribution for various values of the parameter m = p.

Examiple 1. Suppose X has a Poisson distribution with 2 = 2. Then the
p.d.f. of X is

2.1."-2
f@) ="——, =012,

= 0 elsewhere.

The variance of this distribution is o® = p = 2. If we wish to compute
Pr (1 < X), we have ’

Pr(l < X)

]

1 — Pr(X =0)
1 —f(0) =1 —¢% = 0.865,

approximately, by Table I of the Appendix.
Example 2. 1f the moment-generating function of a random variable X is
M(t) = el(e‘—l),

then X has a Poisson distribution with u = 4. Accordingly, by way of
example,

3,-4
Pr (X = 3) =4_;_'_ - }33,4;

or, by Table I,
PriX=3)=Pr(X <3) — Pr(X <2) =0433 — 0.238 = 0.195.

Example 3. Let the probability of exactly one blemish in 1 foot of
wire be about 1¢55 and let the probability of twe or more blemishes in that
length be, for all practical purposes, zero. Let the random variable X be the
number of blemishes in 3000 feet of wire. If we assume the stochastic
independence of the numbers of blemishes in nonoverlapping intervals, then
the postulates of the Poisson process are approximated, with A = 13 and
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w = 3000. Thus X has an approximate Poisson distribution with mean

3000(+d535) = 3. Thus, for illustration, the probability that there are exactly

five blemishes in 3000 fect of wire is ,

3%¢-2
5!

Pr(X =5) =

and, by Table I of the Appendix,
Pr(X=5)=Pr(X <5)—Pr(X <4) =0.101,

approximately.

EXERCISES

3.19. If the random variable X has a Poisson distribution such that
Pr (X = ]) = Pr ((\' = 2)' find Pr (,\' = 4).

3.20. The moment-generating function of a random variable X is
et~ Show that Pr(u — 20 < X < p + 20) = 0.931.

3.21. In a lengthy manuscript, it is discovered that only 13.5 pet cent of
the pages contain no typing errors. If we assume that the number of errors
per page is a random variable with a Peisson distribution, find the percentage
of pages which have exactly one error.

3.22. Let the p.d.f. f(x) be positive on and only on the nonnegative
integers. Given that f(x) = (4/2)f(x — 1),z = 1,2, 3,.... Find f(2).

3.23. Let X have a Poisson distribution with p = 100. Use Chebyshev’s
inequality to determine a lower bound for Pr (75 < X < 125).

3.24. Given that g(z, 0) = 0 and that
Dylglr, w)] = =Xg(r, w) + Ag(z — 1, )

for x =1,2,3,.... If g(0,w) = e~**, show, by mathematical induction,
that
(Aw)ze~rw

] x=1,2,3,....

g, w) = .

3.25. Let the number of chocolate drops in a certain type of cookie have
a Poisson distribution. We want the probability that a cookie of this type
contains at least two chocolate drops to be greater than 0.99. Find the

smallest value that the mean of the distribution can take.

3.26. Let X have a Poisson distribution with parameter p > 0. If & is
a nonnegative integer and if u, = E(X*), prove that

’ ’ d X
Heer = I‘(I"k + 2%‘)
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'3.27. Let X and Y have the joint p.d.f. f(z,y) = e 2?[xl(y — 2)!],
y=0,12,...; z=0,1,...,y, zero elsewhere. (a) Find the moment-
generating function AMM(¢,, ;) of this joint distribution. (b) Compute the
means, the variances, and the correlation coefficient of X and Y. (c) Determine
the conditional mean E(X|y).

3.3 The Gamma and Chi-Square Distributions

In this section we introduce the gamma and chi-square distributions.
It is proved in books on advanced calculus that the integral

[

exists for « > 0 and that the value of the integral is a positive number.
The integral is called the gamma function of «, and we write

(o) = [7 y=-tevdy.
If « = 1, clearly
r() = fo"’e—vdy = 1.
If « > 1, an integration by parts shows that
T) = (@ ~ 1) [" 4 % vdy = @ — Yl - 1),
Accordingly, if « is a positive integer greater than one,
Ie) = (¢ - 1)« = 2)---Q)2)(YT'(1) = (@ - 1)!

Since I'(1) = 1, this suggests that we take 0! = 1 as we have done.
In the integral which defines I'(a), let us introduce a new variable
z by writing y = z/B, where 8 > 0. Then

Ia) = J.: (g)a_lc“"‘(;) dx,

or, equivalently,

1,-xI8
Lo [ gt e
Sincee > 0, 8 > 0, and l‘(a) > 0, we see that
z e X~ 1= TIE, 0 <2z <o,
16) = oy |

= () elsewhere,
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is a p.d.f. of a random variable of the continuous type. A random
variable X that has a p.d.f. of this form is said to have a gamma dis-
tribution with parameters « and B; and any such f(x) is calied a gamma-
type p.d.f.

Remark. The gamma distribution is frequently the probability model f>r
waiting tumes, for instance, in life-testing, the waiting time until “death” is
the random variable which trequently has a gamma distribution. To see this,
let us assume the postulates of a Poisson process and let the interval of length
w be a time interval. Specifically, let the random variable W be the time that
15 needed to obtain exactly k changes (possibly deaths), where % is a fixed
positive integer. Then the distribution function of W is

Gw) =Pr(We<w=1-Pc(W>w)

However, the event W > w, for @ > 9, is equivalent to the event in which
there are less than k changes in a time interval of length w. That is, if the
random variable X is the number of changes in an interval of length w,
then

k-1 .
(Aw)Te A
Pc(W > w) = IZ’O Pr(X = xZo — .
It is left as an exercise to verify that
© gk-1lg -2 (Aw)‘c —Aw
wa (k — l)' ,Zo

1f, momentarily, we accept this result, we have, for w > 0,

‘Dzk-le-l Aw ‘zk-le-l
Glw =1—f _——dz=f g,
) w T o TH
and for w < 0, G(w) = 0. If we change the variable of integration in the
integral that defines G(w) by writing z = Ay, then

w 4\"1/"“3"“'
Glw) = —e— dy, A
(w) L o) y w >0

and G(w) = 0, w < 0. Accordingly, the p.d.f. of W is
Mgk —1g - Aw

D) , 0<w< oo,

0 elsewhere.

glw) = G'(w)

That is, W has a gamma distribution with « = k and g = 1/A. If W is the
waiting time until the first change, that is, if # = 1, the p.d.f. of W is

g(w) = de~?v, 0<w< oo,
= ( elsewhere.
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We now find the moment-generaiing function of a gamma distribu-
tion. Since

© 1
h = tr _____ pa-lp-xIB
M) J; Y @F 2* " 1e dx

—_ ® 1 -1,-x(1-80/8
- f TpE” ° 4z,

we may set y = x(1 — B)/B, ¢t < 1/B, or x = By/(1 — Bt), to obtain
@ _ a-1

Fe)p* \1 — 8¢
That is,
1 @ ® 1 -1,-y
M) = (———1 _ﬁt) J; ﬁ;)y" e Vay
1 1
= (__—:Bt)“, t < B'
Now
M'(t) = (—o)(1 - Bt)y=*"(—B)
and

M) = (—a)(—« — L)(1 = Bt)~2"3(-B).
Hence, for a gamma distribution, we have
p= M) = of

and
0?2 = M"(0) — p? = a(e + 1)g% — o282 = o2,

Example 1. Let the waiting time I have a gamma p.d.f. with« = kand
B = 1/A. Accordingly, E(W) = k/A. If k = 1, then E(W) = 1/A; that is, the
expected waiting time for & = 1 changes is equal to the reciprocal of A.

Example 2. Let X be a random variable such that

PR

3m, m=1273,....

Then the moment-generating function of .\ is given by the series

. 43 5!32 6! 33
M) =1 +ﬁt+3-!—2'!lz + -3T§i13+"'
This, however, is the Maclaurin’s series for (1 — 3¢) -4, provided —1 < 3¢t < 1
Accordingly, X has a gamma distribution with « = 4and 8 = 3.
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Let us now consider the special case of the gamma distribution in
which « = 7/2, where 7 is a positive integer, and 8 = 2. A random
variable X of the continuous type that has the p.d.f.

1
1) = Tomm

2713~ 1,-213, 0<z< oo,

0 elsewhere,

and the moment-generating function
M) = (1 - 2t)-"3, t <4,

is said to have a chi-square distribution; and any f(z) of this form is
called a chi-square p.d.f. The mean and the variance of a chi-square
distribution are p = of = (7/2)2 =r and o® = af?® = (7/2)2% = 27,
respectively. For no obvious reason, we call the parameter  the number
of degrees of freedom of the chi-square distribution (or of the chi-
square p.d.f.). Because the chi-square distribution has an important
role in statistics and occurs so frequently, we write, for brevity, that
X is x?(r) to mean that the random variable X has a chi-square
distribution with » degrees of freedom.

Example 3. 1f X has the p.d.f.
f(z) = Jxe~ =2, 0<z<oo,
= 0 elsewhere,

then X is y3(4). Hence p = 4, 0® = 8, and M(t) = (1 — 273, ¢t < }.

Example 4. 11 X has the moment-generating function M() = (1 — 2) -8,
t < 4, then X is x?(16).

If the random variable X is x2(r), then, with ¢, < ¢,, we have

Pric, < X <¢))=Pr(X<c¢) —Pr(X<g¢)

since Pr (X = ¢,;) = 0. To compute such a probability, we need the
value of an integral like

z 1
Pr(X <z) = J; F—(’I—Z)—zn—gwrm"le""mdw.

Tables of this integral for selected values of r and z have been prepared
and are partially reproduced in Table II in the Appendix.

Esample 5. Let X be x3(10). Then, by Table II of the Appendix, with
r = 10,
Pr(3.25 < X < 20.5) = Pr(X < 20.5) — Pr(X < 3.25)
= 0.975 — 0.025 = 0.95.
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Again, by way of example, if Pr (¢ < .X) = 0.05, then Pr (X < a) = 0.95
and, thus, a = 18.3 from Table II with r = 10.

" Example 6. Let X have a gamma distribution with « = r[2, where 7 is
a positive integer, and B > 0. Define the random variable Y = 2X/8. We
seek the p.d.f. of Y. Now the distribution function of Y is

Gly) =Pr(Y <y) =Pr (x < %”)
If y < 0, then G(y) = 0; but if y > 0, then

G(y) = ot —1—— 712 -1g-xI8 dp,
| o L2
Accordingly, the p.d.f. of Y is

B2

gy) =G'(y) = To2F> (By[2)r*3-1e- w2
1

if y > 0. That is, Y is y2(r).

EXERCISES

3.28. If (1 — 2¢)-%, t < }, is the moment-generating function of the
random variable .\X, ﬁnd Pr (X < 5.23).

3.29. If X'is x3(5), determine the constants cand dso that Pr (¢ < X < d)
= 0.95 and Pr (.Y < ¢) = 0.025.

3.30. If X has a gamma distribution with « =3 and B = 4, find
Pr (3.28 < X < 25.2). Hut Consider the probability of the equivalent
event 1.64 < Y < 12.6, where Y = 2X/4 = X/2.

3.31. Let X be a random variable such that E(X™) = (m + 1)! 2™,
m = 1,2,3,.... Determine the distribution of .X.

3.32. Show that

F.!'e'll

QLIPS R =1,23...
[

x=Q

3.33. Let X,, X,, X3 be mutually stochastically independent random
variables, cach with p.df. f(r) = ¢ % 0 < xr < 2, zero elsewhere. Find
the distribution of ¥ = minimum (X,, X';, X,).

3.34. Let X have a gamma distribution with p.d.f.

f(x)_F,ze'” 0 <z < oo,
zero clsewhere. If # = 2 is the unique mode of the distribution, find the
parameter B and Pr (X < 9.49).
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3.35. Let X have the uniform distribution with p.d.f.
j’(x)=-l—, 0, — 0, <xz< b, + 0, 0< 8,
20,

zero elsewhere. Find 6, and 6, so that the mean and the variance of .X are,
respectively, equal to the mean and the variance of a distribution which is

x*(8).
3.36. Let X have a Poisson distribution with parameter m. If m is an

experimental value of a random variable having a gamma distribution with
a=2and 8 = 1, compute Ir (X =0, 1, 2).

3.37. Let X have the uniform distribution with p.d.f. f(z) = 1,0 < x < 1,
zero elsewhere. Find the distribution function of ¥ = —2In X. What is the
p.d.f. of Y?

3.4 The Normal Distribution
Consider the integral

I= f_ww exp (—y3/2) dy.

This integral exists because the integrand is a positive continuous
function which is bounded by an integrable function; that is,

0 < exp (—¥2/2) <exp{—|y| + 1), -0 < Yy < 00,
and
f_’:, exp (~|y| + 1) dy = 2e.

To evaluate the integral I, we note that I > 0 and that I? may be

written
© @ 2 2
= J. J‘ exp(-—y ;z)dydz.

This iterated integral can be evaluated by changing to polar coordinates.
If we set y = 7 cos 0 and z = r sin 8, we have

2= jo”‘ ]o‘” e~ dy 4§

= [ a0 = 2m.
1]
Accordingly, I = V2% and

J‘n ! e~ Vitdy = 1,
-0 2n




Sec. 3.4] The Normal Distribution 105

If we introduce a new variable of integration, say x, by writing

Yy = 7 b>0,

the preceding integral becomes

[ meel-Sm] e

Since b > 0, this implies that
(‘_:_‘ﬂf] -
flx) = v_exp[ 5|’ ® < ¥ <00

satisfies the conditions of being a p.d.f. of a continuous type of random
variable. A random variable of the continuous type that has a p.d.f. ot
the form of f(z) is said to have a normal distribution, and any f(z) of
this form is called a normal p.d.f.

We can find the moment-generating function of a normal distribu-

tion as follows. In

let z = by + b% + a. Then M(t) becomes

1 (by + b3)?
- by + b3t +a) el AL A
M) f > ab”ep[ 25 ]d"’

242
e o+ 22) [ Ly

b2
exp (at + T)

for all real valucs of 2.
The mean p and variance ¢® of a normal distribution will be

calculated from M (f). Now
M'(t) = M(t)(a + b%)

and
M*(t) = M(@)(d%) + M(f)(a + b2%)2.
Thus
p=M0) =a
and

o’=M”(0)—p“=b’+a’—a"=b’.
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This permits us to write a normal p.d.f. in the form of

1 _ 2
f@) = 5 exp {_(f__z_;i’i)_J, - <z < W,

a form which shows explicitly the values of p and ¢2. The moment-
generating function M (¢) can be written
o?t?

M(t) = exp (pt + _2_)

Example 1. 1f X has the moment-generating function
M(t) = g2t +322

then X has a normal distribution with p = 2, o = 64.

The normal p.d.f. occurs so frequently in certain parts of statistics
that we denote it, for brevity, by n(u, o?). Thus, if we say the random
variable X is n(0, 1), we mean that X has a normal distribution with
mean p = 0 and variance o2 = 1, so that the p.d.f. of X is

f(z) = ——lze“”z, —00 < T < 0.

vV 2n

If we say that X is n(5, 4), we mean that X has a normal distribution
with mean p = 5 and variance o2 = 4, so that the p.d.f. of X' is

_ 1 N ) _ - <
f(::)—zvz_rexp[ ) ], 0 < T < 0.

Moreover, if
M(t) = &=,
then X is n(0, 1).
The graph of

-0 < X < M,

L exp [_(1:7#12],
oV 2nm 20
is seen (1) to be symmetric about a vertical axis through @ = g, (2) to
have its maximum of 1/(o\/27) at @ =y, and (3) to have the r-axis
as a honizontal asvmptote. It should be verified that (4) there are
points of mflection at x = p + o.

Jx) =

Remark. Each of the special distributions considered thus far has been
“justificd "’ by some derivation which is based upon certain concepts found
in elementary probability theory. Such a motivation for the normal distribu-
tion is not given at this time; a motivation is presented in Chapter 5. How-
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ever, the normal distribution is one of the more widelv used distributions in
applications of statistical methods. Variables that are often assumed to be
random variables having normal distributions (with appropriate values of
p and o) are the diameter of a hole made by a drill press, the score on a
test, the yield of a grain on a plot of ground, and the length of a newborn
child.

We now prove a very useful theorem.

Theorem 1. If the random variable X is n(u, 0%), 0% > 0, then the
random variable W = (X — p)/o 1s n(0, 1).

Proof. The distribution function G(w) of W is, since o > 0,

X —p

G(w) = Pr( < w) = Pr(X < wo + p).

That is,

o - [ |-

If we change the variable of integration by writing y = (x — p)/o,
then

Glw) = f ’ \/12 V3 dy.

—w V2
Accordingly, the p.d.f. g(w) = G'(w) of the continuous-type random
variable W is

1
W) = —— e~ W2, —00 < W < 0.
A =
Thus W is #(0, 1), which is the desired result.

This fact considerably simplifies calculations of probabilities con-
cerning normally distributed variables, as will be seen presently. Sup-
pose that X is n1(u, 02). Then, with ¢, < ¢, we have, since Pr (X = c,)
= 0,

Prc, < X <¢)) =Pr(X <o) —Pr(X <q¢)

[,,(X;#<Cz—#)_Pr(-‘f—#<61—#)

a o g

(c; ~wle | 2 f(c, ~wle | 2
— e~ v2dy — —— e ¥2dw
J.—no V2n -® V2r
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because W = (X — p)/o is n(0, 1). That is, probabilities concerning X,
which is n(p, 62), can be expressed in terms of probabilities concerning
W, which is #(0, 1). However, an integral like

jk ——1—_—_- e~ w2 gy

-~ 217'

cannot be evaluated by the fundamental theorem of calculus because
an “‘antiderivative” of ¢ ¥»? is not expressible as an elementary
function. Instead, tables of the approximate value of this integral for
various values of & have been prepared and are partially reproduced in
Table 11 in the Appendix. We use the notation (for normal)

x |

-~ ®© 21T

¢~ w2 due;

N@) = j

thus, if X is n(u, ¢2), then

Pr(A—P<62_“)—Pr(X;F< cl-")

]

Pr(c, < X < ¢cy)

o g g
M) - (o)
g ag

It is left as an exercise to show that N(-z) = 1 — N().

Example 2. Let X be n(2, 25). Then, by Table 111,
Pri0<X<10) = N(‘Os" 2) - N((-)—%—z)

= N(1.6) — N(—0.4)
= 0.945 — (1 — 0.655) = 0.600

and

Pr(-8<X<1)= N(f%@) _ N(‘ss‘ 2)

= N(-0.2) — N(-2)
= (1 — 0.579) — (1 — 0.977) = 0.398.

Example 3. Let X be n(u, 0?). Then, by Table III,
Prip—20<X<p+20)= \(f**z___f;f.) - N(#—Z__a_:.&)
o
N(2) — N(-2)
= 0.977 — (1 — 0.977) = 0.954.

Example 4. Suppose that 10 per cent of the probability for a certain
distribution which is #(u, ¢2) is below 60 and that 5 per cent is above 90.
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What are the values of 4 and o? We are given that the random variable X is
n(u, 0?) and that Pr (X < 60) = 0.10 and Pr(X < 90) = 0.95. Thus
N[(60 — u)/o] = 0.10 and N[(90 — p)/o] = 0.95. From Table III in the
Appendix we have

60 —

2T 1282, = 1.645.
g

90 —p
g
These conditions require that p = 73.1 and ¢ = 10.2 approximately.

We close this section with an important theorem

Theorem 2. If the random variable X is n(u, o), a® > 0, then the
random variable V = (X — u)3[o? is x3(1).

Proof. Because V' = W2, where W = (X — p)lo is n(0, 1), the
distribution function G(v) of V is, for v > 0,

G(v) = Pr (W2 s v) = Pr(—Vv s W< V).
That is,
G(v) = ZJ’ﬁ-—l—e"""’ dw O0sv
o V2n ' !

and
G(v) = 0, v <O

If we change the variable of integration by writing w = 4y, then

v 1
Gv =j —— e~ Y3 dy, 0<v
© =) Vavt
Hence the p.d.f. g(v) = G’(v) of the continuous-type random variable
Vis
o = o=
= Vavz

= () elsewhere.

pli3-1p-vi2, 0<v< o,

Since g(v) is a p.d.f. and hence

J'o" glv) dv =1,
it must be that I'(}) = V7 and thus V is y2(1).

EXERCISES
3.38. If
N@) = f: _\/'-2:1;:-'»’/* dw,
show that N(—z) = 1 -- N(z).

3.39. If X is n(75, 100), find Pr (X < 60) and Pr (70 < X < 100).



110 Some Special Distributions [Ch.3

3.40. If X is n(u, o?), find b so that Pr[—b < (X — p)/o < b] = 0.90.

3.41. Let X be n(u, 0% so that Pr (X < 89) = 0.90 and Pr (X < 94) =
0.95. Find p and o2,

3.42. Determine the constant ¢ so that f(z) = ce"***4*, —0 < z < 00,
satisfies the conditions of being a p.d.f.

3.43. Show that the graph of a p.d.f. n(u, o?) has points of inflection at
r=p—ocandx =pu + 0.

3.44. Determinc the ninetieth percentile of the distribution which is
n(65, 25)

3.45. If ¢+ j5 the moment-generating function of the random variable
X, find Pr(—-1 < X <9).

3.46. Let the random variable X have the p.d.f.

flz) = —-2=—_e"”’, 0 < z < o0, zero elsewhere.
V2n
Find the mean and variance of X.

3.47. Let X be n(5, 10). Find Pr[0.04 < (X — 5)% < 38.4].
3.48. If X is n(1, 4), compute the probability Pr (1 < X? < 9).

3.49. If X is n(75, 25), find the conditional probability that X is greater
than 80 relative to the hypothesis that X is greater than 77. See Exercise
2.17.

3.50. Let X be a random variable such that E(X2") = (2m)!/(2"m!)
m=1213,... and E( X)) =0, m =1,2,3,.... Find the fmoment-
generating function and the p.d.f. of X.

3.51. Let the mutually stochastically independent random variables

X,, X,, and X, be n(0, 1), n(2, 4), and n(—1, 1), respectively. Compute the
probability that exactly two of these three variables are less than zero.

3.52. Let X be n(u, 0?) and let & be a nonnegative integer. If u;, = E(X¥)
and if py, = E[(X — u)?*], prove that

du,,
(a) Bkea = 2ppiin + (02 — w3y + 0° ;"
(b) = g2 + o8 a2k di"2k
HKak+2 Pak do

3.53. Let X and Y be stochastically independent random variables, each
with a distribution which is #(0, 1). Let Z = X + Y. Find the integral that
represents the distribution function G(z) = Pr (X + Y < 2) of Z. Determine
the p.d.f. of Z.
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3.5 The Bivariate Normal Distribution

Let us investigate the function

e~92, —00 < X < 00, —0 < Y < 00,

1
f(x: ?/) = 2_"0102\/1 = P2

where, witha; > 0,0, > 0,and -1 < p < 1,

1= () - () - (5]

At this point we do not know that the constants u,, p,, o}, 03, and p
represent parameters of a distribution. As a matter of fact, we do not
know that f(z, y) has the properties of a joint p.d.f. It will now be shown
that

(i) f(z, y) is a joint p.d.f.;
(ii) X is n(w,, 0?) and Y is n(u,, 03);
(iil) p is the correlation coefficient of X and Y.

A joint p.d.f. of this form is called a bivariate normal p.d.f., and the
random variables X and Y are said to have a bivariate normal distribu-
tion. .

That the nonnegative function f(z, y) actually is a joint p.d.f. can
be seen as follows: Define f,(x) by

h@) = [ f@ y)dy.

Now

(- o = [(1522) - (222)] - (EE)
= (’%—b)z +(1- p’)(x——:lﬂ)z,
where b = py + p(oy/o;)(® — py). Thus

_exp[—ix — pu)?/20%] [ exp{—(y — §)%[203(1 — p?)]}
i) = o, V2n f-—m V1 — p2V2n 9.

For the purpose of integration, the integrand of the integral in this

expression for f,(x) may be considered a normal p.d.f. with mean 4 and
variance o2(1 — p?). Thus this integral is equal to one and

1 = — m)?
hi=) 01‘\/2'” P [ 24%
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Since
|7 [ reydyds = |7 fi@) de =1,

the nonnegative function f(z, y) is a joint p.d.f. of two continuous-type
random variables X and Y. Accordingly, the function f;(z) is the
marginal p.d.f. of X, and X is seen to be n(y,, 0?). In like manner, we
sec that Y is n(u,, o).

Moreover, from the above development, we note that

fe.9) = o= e | - s |
Y NogVT = Ve 203(1 - p?)

where b = py + p(ozfo,)(z — p;). Accordingly, the second factor in the
right-hand member of the above equation is the conditional p.d.f. of
Y, given that X = x. That is, the conditional p.d.f. of Y, given
X = =, is itself normal with mean u, + p(os/0,)(r — p,) and variance
a3(1 — p?). Thus, with a bivariate normal distribution, the conditional
mean of Y, given X = z, is linear in z and is given by

E(Y|x) = pg + p%f (= — m)-

Since the coefficient of z in this linear conditional mean E(Y|x) is
poafay, and since o, and o, represent the respective standard deviations,
the number p is in fact the correlation coefficient of X and Y. This
follows from the result, established in Section 2.3, p. 71, that the
coefficient of z in a general linear conditional mean E(Y|r) is the
product of the correlation coefficient and the ratio o5/0,.

Although the mean of the conditional distribution of Y, given
X = x, depends upon z (unless p = (), the variance o3(1 — p?) is the
same for all real values of x. Thus, by way of example, given that
X = z, the conditional probability that Y is within (2.576)0,V'1 — p?
units of the conditional mean is 0.99, whatever the value of x. In this
sense, most of the probability for the distribution of X and Y lies in
the band

Be + p;f (& = 1) £ (2576)0,V1 — p?

about the graph of the linear conditional mean. For every fixed positive
gy, the width of this band depends upon p. Because the band is narrow
when p? is nearly one, we see that p does measure the intensity of the
concentration of the probability for .\ and Y about the linear con-
ditional mean. This is the fact to which we alluded in the remark of
Section 2.3.
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In a similar manner, we can show that the conditional distribution
of X, given Y = y, is the normal distribution

"[m + pz—i (¥ — pa), of(1 - P”)]-

Example 1. Let us assume that in a certain population of married couples
the height X, of the husband and the height X, of the wife have a bivariate
normal distribution with parameters u, = 5.8 feet, u, = 5.3 feet, 0, = 0, =
0.2 feet, and p = 0.6. The conditional p.d.f. of X, given z, = 6.3, is
normal with mean 5.3 + (0.6)(6.3 — 5.8) = 5.6 and standard deviation
(0.2)V/(1 = 0.36) = 0.16. Accordingly, given that the height of the husband
is 6.3 feet, the probability that his wife has a height between 5.28 and 5.92
feet is

Pr(5.28 < X, < 5.92|z, = 6.3) = N(2) — N(--2) = 0.954.

The moment-generating function of a bivariate normal distribution
can be determined as follows. We have

M ty) = [7 [ en=ttarf(z,y) dzdy
= [7 @[, e/ (yle) dy] du

for all real values of ¢, and ¢,. The integral within the brackets is the
moment-generating function of the conditional p.d.f. f(y|z). Since
f(y|x) is a normal p.d.f. with mean p, + p(03/0,)(x — p,) and variance
a2(1 — p?), then
© t2 2 a2
J‘ ¢'s¥f(ylx) dy = exp {tzlﬂz + Pg‘g (= - I"x)] + 1"2‘(‘17_&2}‘
1

Accordingly, M(¢t,, ¢;) can be written in the form
2.2 — 2 L
exp {taes = tip 2ty + FECZEN ™ x| (1 + tap 2| fio)
0,y 2 - o oy

But E(e'X) = exp [p ¢ + (0%?)/2] for all real values of £. Accordingly,
if wesett = ¢ + typ(0,/0,), we see that M(¢,, ¢;) is given by

o 1203(1 — p? o
exXp {fapg — ‘2P;f#1 + 2—2'('2—'0) + #1(‘1 + lap ;?)

2
o
(‘1 + lp ;‘j)

2

+ o}
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or, equivalently,

242 2 - 2!2
M(tl, ta) = exp (P’ltl + pols + gl_tl._-f_P_alzo_zi’,\' M)

It is interesting to note that if, in this moment-generating funcuon
M(t,, t,;), the correlation coefficient p is set equal to zero, then

M(ty, t) = M(ty, 0)M(0, t,).

Thus X and Y are stochastically independent when p = 0. If, con-
versely, M(t,, t;) = M(t,, 0)M (0, {;), we have e°?1%2%:¢2 = 1. Since each
of o, and o, is positive, then p = 0. Accordingly, we have the following
theorem.

Theorem 3. Let X and Y have a bivariate normal distribution with
means u, and p,, positive variances o? and o2, and correlation coefficient p.
Then X and Y are stochastically independent if and only if p = 0.

As a matter of fact, if any two random variables are stochastically
independent and have positive standard deviations, we have noted in
Example 4 of Section 2.4 (p. 80) that p = 0. However, p = 0 does not
in general imply that two variables are stochastically independent; this
can be seen in Exercises 2.18(c) and 2.23. The importance of Theorem 3
lies in the fact that we now know when and only when two random
variables that have a bivariate normal distribution are stochastically
independent.

EXERCISES

3.54. Let X and Y have a bivariate normal distribution with parameters
1 =3, pa=1, o =16, 03 = 25, and p = 1. Determine the following
probabilities:

(a) Pr(3 <Y < 8).

b)) Pr3 <Y < 8|z =7).

(c) Pr(-3 <X <3).

(d) Pr(-3 <X <3|ly= -49.

3.55. Let f(a,y) = (1/2n) exp[—4(22 + y9}(1 + 2y exp[ —(=* + y* — 2))),
where —0 < z < 0, —00 < y < 00. If f(z,y) is a joint p.d.f., it is not a
normal bivariate p.d.f. Show that f(z, y) actually is a joint p.d.f. and that
each marginal p.d.f. is normal. Thus, the fact that each marginal p.d.f. is
normal does not imply that the joint p.d.f. is bivariate normal.
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3.56. If M(t,, t,) is the moment-generating function of a bivariate normal
distribution, compute the covariance by using the formula
a*M(0,0)  aM(0,0) 9M(0,0)
a1, o, ot oty
Now let (¢, t;) = In M(t,, t;). Show that 0%)(0, 0)/ot, dt, gives this
covariance directly.

3.57. Let X and Y have a bivariate normal distribution with parameters
=5 pu=10,01=1,03=25andp> 0. IfPr(4 <Y < 16|z = 5) =
0.954, determine p.

3.58. Let X and Y have a bivariate normal distribution with parameters
py =20, uy = 40,03 =9, 03 = 4, and p = 0.6. Find the shortest interval
for which 0.90 is the conditional probability that Y is in this interval, given
that X = 22.



Chapter 4

Distributions of Functions
of Random Variables

4.1 Sampling Theory

Let X,, X,. ..., X, denote # random variables that have the joint
p.d.f. f(x,, xg, ..., x,). These variables may or may not be stochastically
independent. Problems such as the following are very interesting in
themselves; but more importantly, their solutions often provide the
basis for making statistical inferences. Let Y be a random variable that
is defined by a function of X, X,, ..., X,,say Y = u(X,, X,,..., X,).
Once the p.d.f. f(x,, x,, ..., x,) is given, can we find the p.d.f. of ¥?
In some of the preceding chapters, we have solved a few of these prob-
lems. Among them are the following two: If » = 1 and if X, is a(u, o?),
then Y = (X, — p)/ois n(0, 1). If # is a positive integer, if the random
variables X, ¢ = 1, 2,..., n, are mutually stochastically independent,
and each X; has the same p.d.f. f(x) = p*(1 — p)' "%, z =0, 1, and

zero elsewhere, and if Y = i X, then Y is b(n, p). It should be observed
1

that Y = u(X,) = (X, — u)/o is a function of X, that depends upon
the two parameters of the normal distribution; whereas Y = #(X,, X,,

o X)) = i X does not depend upon p, the parameter of the common
1
p.d.f. of the X,,7 = 1,2,..., n. The distinction that we make between
these functions is brought out in the following definition:
Definition 1. A function of one or more random variables which

does not depend upon any unknown parameter is called a statistic.

116
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n
In accordance with this definition, the random variable Y = ¥ X,
1

discussed above is a statistic. But the random variable Y = (X, — u)/o
is not a statistic unless u and o are known numbers. It should be noted
that, although a statistic does not depend upon any unknown param-
eter, the distribution of that statistic may very well depend upon
unknown parameters.

Remark. We remark, for the benefit of the more advanced student,
that a statistic is usually defined to be a measurable function of the random
variables. In this book, however, we wish to minimize the use of measure
theoretic terminology so we have suppressed the modifier *‘measurable.”
1t is quite clear that a statistic is a random variable. In fact, some probabilists
avoid the use of the word “‘statistic’’ altogether, and they refer to a measure-
able function of random variables as a random variable. We decided to
use the word “‘statistic’” because the student will encounter it so frequently
in books and journals.

We can motivate the study of the distribution of a statistic in the
following way. Let a random variable X be defined on a sample space
€ and let the space of X be denoted by .. In many situations con-
fronting us, the distribution of X is not completely known. For instance,
we may know the distribution except for the value of an unknown
parameter. To obtain more information about this distribution (or the
unknown parameter), we shall repeat under identical conditions the
random experiment n independent times. Let the random variable X,
be a function of the 7th outcome, ¢ = 1,2,...,n. Then we call X,
X,, ..., X, the items of a random sample from the distribution under
consideration. Suppose we can define a statistic Y = n(X,, X,,..., X})
whose p.d.f. is found to be g(y). Perhaps this p.d.f. shows that thereisa
great probability that Y has a value close to the unknown parameter.
Once the experiment has been repeated in the manner indicated and we
have X, = 2,,..., X, = z,, then y = u(x,, x,,...,%,) is 2 known
number. It is to be hoped that this known number can in some manner
be used to elicit information about the unknown parameter. Thus, a
statistic may prove to be useful.

Remarks. Let the random variable X be defined as the diameter of a
hole to be drilled by a certain drill press and let it be assumed that X has a
normal distribution. Past experience with many drill presses makes this
assumption plausible; but the assumption does not specify the mean u nor
the variance o? of this normal distribution. The only way to obtain informa-
tion about u and o? is to have recourse to experimentation. Thus we shall drill
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a number, say # = 20, of these holes whose diameters will be X,, X,, ...,
Xgo Then X, X,, ..., X5 is a random sample from the normal distribution
under consideration. Once the holes have been drilled and the diameters
measured, the 20 numbers may be used, as will be seen later, to elicit
information about pu and ¢

The term * random sample "’ is now defined in a more formal manner.

Definition 2. Let X,, X, ..., X, denote n mutually stochastically
independent random variables, each of which has the same but possibly
unknown p.d.f. f(z); that is, the probability density functions of
Xy, Xa, ..., X, are, respectively, f1(z,) = f(%:), fo(®a) = f(Za), - - -, falan)
= f(x,), so that the joint p.d.f. is f(x,)f(2a)" - -f(xn). The random
variables X,, X, ..., X, are then said to constitute a random sample
from a distribution that has p.d.f. f(z).

Later we shall define what we mean by a random sample from a
distribution of more than one random variable.

Sometimes it is convenient to refer to a random sample of size n
from a given distribution and, as has been remarked, to refer to
X,, X3, ..., X, as the items of the random sample. A reexamination
of Example 5 of Section 2.4 reveals that we found the p.d.f. of the
statistic which is the maximum of the items of a random sample of
size n = 3 from a distribution with p.d.f. f(x) = 2r, 0 < x < 1, zero
elsewhere. In the first Remark of Section 3.1 (p. 87) (and referred to in
this section), we found the p.d.f. of the statistic which is the sum of the
items of a random sample of size # from a distribution that has p.d.f.
fl@) = p*(1 = p)* %, x = 0, 1, zero clsewhere.

In this book, most of the statistics we encounter will be functions
of the items of a random sample from a given distribution. We now
define two important statistics of this type:

Definition 3. Let X,, X5, ..., X, denote a random sample of size
n from a given distribution. The statistic

s X+ Xg+--+ X, X
— =25

X =
n
is called the mean of the random sample, and the statistic

S2 = i(_X,_:_X)_*= 5:1\_.12_‘?2.
(=1 n =1

is called the variance of the random sample.
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Remark. Many writers do not define the variance of a random sample

as we have done but, instead, they take S? = i(X, — X)3/(n — 1). There
1

are good reasons for doing this. But a certain price has to be paid, as we shall

indicate. Let z,, z,, . . ., x, denote experimental values of the random variable
X which has the p.d.f. f(z) and the distribution function F(x). Thus we may
look upon z,, X, ..., , as the experimental values of a random sample of

size n from the given distribution. The distribution of the sample is then
defined to be the distribution obtained by assigning a probability of 1/x to
each of the points z,, z,, . . ., x,. This is a distribution of the discrete type.
The corresponding distribution function will be denuted by F,(») and it is a
step function. If we let /. denote the number of sample values which are less
than or equal to x, then F, (r) = f,/n, so that F,(z) gives the relative fre-
quency of the event X < xin the set of n observations. The function F(z) is
often called the ‘““‘empirical distribution function” and it has a number

of uses.
Because the distribution of the sample is a discrete distribution, the

mean and the variance have been defined and are, respectively, nz:,/n =Z
and i (x, — F)*/n = s2 Thus if one finds the distribution of the sample and
1

the associated empirical distribution function to be useful concepts, it
would seem logically inconsistent to define the variance of a random sample
in any way other than we have.

Random sampling distribution theory means the general problem
of finding distributions of functions of the items of a random sample
Up to this point, the only method, other than direct probabilistic
arguments, of finding the distribution of a function of one or more
random variables is the distribution function technique. That is, if
X,, X;,..., X, are random variables, the distribution of Y =
u(X,, X3,..., X,) is determined by computing the distribution
function of Y, namely,

G(y) = Priu(X,, X,,..., X,) <yl

Even in what superficially appears to be a very simple problem, this
can be quite tedious. This fact is illustrated in the next paragraph.
Let X, X3, X3 denote a random sample of size three from a distri-
bution that is #(0, 1). Let Y denote the statistic which is the sum of the
squares of the sample items. The distribution function of Y is given by
G(y) = Pr(X{ + X} + X§ <y).
If y < 0, then G(y) = 0. However, if y > 0, then

G(y) = I!f-(z—"l)m exp [—% (=3 + 23 + .1:3)] dx, dx, dz,,
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where A is the set of points (z,, Z,, x,) interior to, or on the surface of,

a sphere with center at (0, 0, 0) and radius equal to Vy. This is not a
simple integral. We might hope to make progress by changing to
spherical coordinates:

L = pcos 6sin g, Zy = psin fsin g, X3 = pCos g,

where p > 0,0 < 8 < 27,0 < ¢ < = Then, fory > 0,
G(y) = e prsinpdpdod
V=) Jo Joampr® P OEIRETER

2 [ 2,-03/2
‘JT:YJ‘O ple dp.

If we change the variable of integration by setting p = v'w, we have
5 0y
G(y) = J%J .\_/__Ife—wm dw,
), 2

for y > 0. Since Y is a randorn variable of the continuous type, the
p.d.f. of Yisg(y) = G’(y). Thus

y33-1e-vi3 0 <y < oo,

g(y = \/‘2

= 0 elsewhere.

Because I'(3) = ()T'(d) = (3) V7, and thus VZr = I'(3)2%2, we see
that Y is x’(.’i).

The problem that we have just solved points up the desirability of
having, if possible, various methods of determining the distribution of
a function of random variables. We shall find that other techniques are
available and that often a particular technique is vastly superior to
the others in a given situation. These techniques will be discussed in

subsequent sections.

EXERCISES
4.1. Show that

1< 13
5* =52(X‘ - X)2 =,—.ZX? - X
where X = ‘ZX'/n.
1

4.2. If a random experiment has been performed five times and it has
been found that X, = 2.1, X, = 2.5, Xy =22, X, =25 X5=27,
compute the mean Z and variance s? of this sambole.
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4.3. Find the probability that exactly four items of a random sample of
size 5 from the distribution having p.d.f. f(z) = (x + 1)/2, ~1 <z < 1,
zero elsewhere, exceed zero.

4.4. Let X,, X,, X, be a random sample of size 3 from a distribution that
is #(6, 4). Determine the probability that the largest sample item exceeds 8.

4.5. Let X,, X, be a random sample from the distribution having p.d.f.
fl@) = 22,0 < z < 1, zero elsewhere. Find Pr (X,/X, < }).

4.6. Ii the sample size is n = 2, find the constant ¢ so that $? =
(X, — X,)2.

47. If 2, =4, i =1,2,...,n, compute the values of Z= 3 z/n and
$? =3 (z — 2)n
48. Lety, = a + bz, i = 1,2,...,n, where a and b are constants. Find

§=73y/n and s? =3 (y, — §)?n in terms of a, b, Z = 3 z/n, and
2 =2 (n — 2)%n

49. Let X, and X, denote a random sample of size 2 from a distribution
which is #(0, 1). Find the p.d.f. of Y = X} + X3.

4.10. Let X,, X, denote a random sample of size 2 from a distribution
with p.d.f. f(z) = 4, 0 < z < 2, zero elsewhere. Find the joint p.d.f. of X,
and X, Let Y = X, + X,. Find the distribution function and the p.d.f.
of Y.

4.11. Let X, and X, denote a random sample of size 2 from a distribution
with pdf. f(z) =1, 0 <z < 1, zero elsewhere. Find the distribution
function and the p.d.f. of Y = X,/X}.

4.12. Let X,, X, X, be a random sample of size 3 from a distribution
having p.d.f. f(z) = 52*, 0 < = < 1, zero elsewhere. Let Y be the largest
item in the sample. Find the distribution function and p.d.f. of Y.

4.13. Let X, and X, be items of a random sample from a distribution
with p.d.f. f(z) == 2z, 0 < z < 1, zero elsewhere. Evaluate the conditional
probability Pr (X; < X3|X, < 2X,).

4.2 Transformations of Variables of the Discrete Type

An alternative method of finding the distribution of a function of
one or more random variables is called the change of variable technique.
There are some delicate questions (with particular reference to random
variables of the continuous type) involved in this technique, and these
make it desirable for us first to consider special cases.
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Let X have the Poisson p.d.f.

.te-'ll
fl@) = "z! , z=01,2...,

0 elsewhere.

As we have done before, let 27 denote the space of = {z;2=0,1,2, .. .4
so that & is the set where f(x) > 0. Define a new random variable
Y by Y = 4X. We wish to find the p.1.{. of Y by the change of variable
technique. Let y = 4x. We call y = 4x a transformation from z to y,
and we say that the transformation maps the space & onto the space
B ={y;y=042812,...} The space 4 is obtained by transforming
each point in & in accordance with y = 4x. We note two things about
this transformation: It is such that to each point in & there corresponds
one, and only one, point in &; and conversely, to cach point in # there
corresponds one, and only one, point in /. That is, the transformation
y = 4z sets up a one-to-one correspondence between the points of &/ and
those of 4. Any function y = u(z) (not merely y = 4x) that maps a
space . (not merely our &) onto a space 4 (not mecrely our %) such that
there is a one-to-one correspondence between the points of & and those
of & is called a one-lo-one transformation. 1t is important to note that a
one-to-one transformation, y = #(z), implies that y is a single-valued
function of z, and that z is a single-valued function of y. In our case this
is obviously true, since y = 4x and = = (})y. '
Our problem is that of finding the p.d.f. g(y) of the discrete type of
random variable Y = 4X. Now g(y) = Pr (Y = y). Because there is a
one-to-one correspondence between the points of & and those of 4, the
event Y = y or 4X = y can occur when, and only when, the event X
= ($)y occurs. That is, the two events are equivalent and have the
same probability. Hence

/ M “ylce—u
2(y) Pr (Y = y) =‘Pr \X = ‘{4-) = —(-—y/zv-. y=0438,...,

0 elsewhere.

The foregoing detailed discussion should make the subsequent text
casier to read. Let X be a random variable of the discrete type, having
p.d.f. f(z). Let .7 denote the set of discrete points, at each of which
f(z) > 0,andlet y == u(z) define a one-to-one transformation that maps
o onto @. il we solve y = u(x) for z in terms of y, say, x = w(y), then
for each y € &, we have = w(y) € &. Consider the randem variable
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Y = «(X). If ye B, then z = w(y) € &, and the events Y =y [or
#(X) = y) and X = w(y) are equivalent. Accordingly, the p.d.f. of Y is

Ey) =Pr(Y =y9) = Pr(X = w(y)] = flw(y)], yeP,
= 0 elsewhere.

Example 1. Let X have the binomial p.d.f.

1o =) ) - -0

= 0 elsewhere.

We seek the p.d.f. g(y) of the random variable Y = X?. The transformation
y=1u(z) =22 maps & ={x;2=0,1,2,3} onto & ={y;y=0,1,4,9).
In general, y = 22 does not define a one-to-one transformation; here, how-
ever, it does, for there are no negative valuesof z in & = {z; z = 0, 1, 2, 3}.
That is, we have the single-valued inverse function z = w(y) = Vy (not

—VYy), and so

3! 2\vi/I\3-vy
gly) = f(Vy) = m(g) (3) , ¥=0149
= () elsewhere.

There are no essential difficulties involved in a problem like the
following: Let f(x,, x;) be the joint p.d.f. of two discrete-type random
variables X, and X, with & the (two-dimensional) set of points at
which f(z;, z;) > 0. Let y, = u,(x,, z;) and y, = u,(z,, ;) define a
one-to-one transformation which maps & onto #. The joint p.d.f. of
the two new random variables Y, = u,(X,, X;) and YV, = u,(X,, X,)
is given by

8(Y1, ¥2) = flwi(Y1, ¥2), wa(¥1, ¥2)]. (y1, y2) € B,
= 0 elsewhere,

where z; = w,(y,, ¥,) and x; = wy(y;, y,) arc the single-valued inverses
of y, = 4,(x,, ) and y, = u,(x,, 2,). From this joint p.d.f. g(y,, y,)
we may obtain the marginal p.d.f. of Y, by summing on y, or the
marginal p.d.f. of Y, by summing on y,.

Perhaps it should be emphasized that the technique of change ol
variables involves the introduction of as many ‘‘new’’ variables as
there were ““old” variables. That is, suppose f(«,, x4, #3) is the joint
p.d.f. of X,, X,, and X, with & the set where f(c,, x5, 25) > 0. Let
us say we seek the p.d.f. of Y, = u,(X,, X,, X3). We would then define
(if possible) Y, = uy(X,, X3, X;5) and Y5 = uy(X,, X,, X3), so that
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Yy = #,(Z), T3, Z3), Y2 = (%1, T2, T3), Y5 = Ug(2y, T3, T,) define a one-
to-one transformation of & onto #. This would enable us to find the
joint p.d.f. of Y,, Y,, and Y, from which we would get the marginal
p.d.f. of Y, by summing on y, and y,.

Example 2. Let X, and X, be two stochastically independent random
variables which have Poisson distributions with means p, and p,, respectively.
The joint p.d.f. of X, and X, is

plpie 7R 01,23, 2 =0,123,...,
x,! z,!

and is zero elsewhere. Thus, the space & is the set of points (z,, x;), where
each of z, and z, is a nonnegative integer. We wish to find the p.d.f. of
Y, = X, + X,. If we use the change of variable technique, we need to
define a second random variable Y,. Because Y, is of no interest to us, let
us choose it in such a way that we have a simple one-to-one transformation.
For example, take Y, = X,. Then y, = z, + z, and y, = z, represent a
one-to-one transformation that maps & onto

B={y¥2):ya=01,...,40 and y, =0,1,2,...}

Note that, if (y,, y;) € @, then 0 < y; < y,. The inverse functions are given
by 2, = y, — y; and x; = y,. Thus the joint p.df. of Y, and Y, is

s ~Vapdae 1
(1 — ya)ly ’

and is zero elsewhere. Consequently, the marginal p.d.f. of Y, is given by

&y, ¥2) = (y1, ¥2) € B,

Vi

&ly) = z &(Y1, ya)

v2=0
PR TR yI!
= pl1 " Vauha
TR (1 — 92l ya!" ' Ha
Vyp=-lhy;— U
=(F1+IL2)'!£ 17t g =0,1,2,.
Yy
and is zero elsewhere. That is, Y, = X, + X, has a Poisson distribution
with parameter p; + pg.

. ey

EXERCISES

4.14. Let X have the p.d.f. f{x) = 4,z = 1, 2, 3, zero elsewhere. Find the
pdfof Y =2X + L

4.15. i f(zy, 2) = (§)*1 52(3)? 175, (x5, 25) = (0,0), (0, 1), (1,0), (1, 1),
zero elsewhere, is the joint p.d.f. of X, and X, find the joint p.d.f. of
Y, =X, - Xgarnd Yy = X, + X,
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4.16. Let X have the p.d.f. f(z) = (})%, £ =1,2,3,..., zero elsewhere.
Find the p.df. of Y = X3

4.17. Let X, and X, have the joint p.d.f. f(z,, z;) = #,22/36,2, = 1, 2,3,
and z, = 1, 2, 3, zero elsewhere. Find first the joint p.d.f. of Y, = X, X; and
Y, = X,, and then find the marginal p.d.f. of Y,.

4.18. Let the stochastically independent random variables X, and X,
be b(n,. p) and b(n,, p), respectively. Find the joint p.d.f. of Y, = X, + X,
and Y, = X,, and then find the marginal p.d.f. of Y,. Hint. Use the fact

that

2 ()6 - ()

Lo \w/\k —w k
This can be proved by comparing the coefficients of z* in each member of
the identity (1 + 2)™(1 + )" = (1 + )M *"a

4.19. Let X,, X, X, be three mutually stochastically independent

random variables which have Poisson distributions with means ., p,, and pj,
respectively. Let Y, = X, + X; + X,. Show that Y, has a Poisson distri-

bution with mean p, + p; + pg. Hint. Show first that X, + Xzis stochastic-
ally independent of X, and use the result of Example 2.

4.20. Let X, and X, be stochastically independent random variables of
the discrete type with joint p.d.f. f,(z,)f2(%5). (@1, %2) € . Lety, = w,(x,)
and y, = u,(x,) denote a one-to-one transformation which maps & onto 4.
Show that Y, = u,(X,) and Y, = uy(X;) are stochasticaily independent.

4.3 Transformations of Variables of the Continuous Type

In the preceding section, we introduced the notion of a one-to-one
transformation and the mapping of a set & onto a set # under that
transformation. Those ideas were sufficient to enable us to find the
distribution of a function of several random variables of the discrete
type. In this section we shall examine the same problem when the
random variables are of the continuous type. It is again helpful to
begin with a special problem.

Example 1. Let X be a random variable of the continuous type, having
pd.f.

fl2) = 22, 0<x<l,
= ( elsewhere.

Here & is the space {z; 0 < z < 1} where f(z) > 0. Define the random
variable Y by Y = 8X? and consider the transtormation y = 8z°. Under the
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transformation y = 829, the set .o/ is mapped onto theset # = {y;0 < y < 8},
and, moreover, the tiansformation is one-to-one. For every 0 < a < b < 8,
the event a < Y < b will occur when, and only when, the event

3Va < X < 3Vb occurs because there is a one-to-one correspondence
between the points of &/ and 4. Thus

Pra< Y <b) =P (3Va<X<i¥h

- VYbia 2z dzx.
Yan

Let us rewrite this integral by changing the variable of integration from z to
y by writing y = 823 or z = }Vy. Now

dx 1

dy ~ &

and, accordingly, we have

Pria<¥ <b) = f ("/”)((m,a)d

- [

Since this is true for every 0 < @ < & < 8, the p.d.f. g(y) of Y is the inte-
grand; that is,

1
gly) = 6y renvit 0<y<s§,
= 0 elsewhere.

It is worth noting that we found the p.d.f. of the random variable
Y = 8X3 by using a theorem on the change of variable in a definite
integral. However, to obtain g(y) we actually need ouly two things:
(1) the set @ of points y where g(¥) > 0 and (2) the integrand of the
integral on y to which Pr (@ < Y < b) is equal. These cant ‘,und by
two simple rules:

(a) Verify that the transformation y = 82% maps & = {z;0 < = < 1}
onto # = {y; 0 < y < 8} and that the transformation is one-to-one.

(b) Determine g(y) on this set & by substituting 3Vy for z in f(=x)
and then multiplying this result by the derivative of 4¥/y. That s,

Vi d(H)Vy 1
8y) = ( y) [(%i)y 9. 61/!’3'

= 0 elsewhere.

0<y<38,
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We shall accept a theorem in analysis on the change of variable in a
definite integral to enable us to state a more general result. Let X be a
random variable of the continuous type having p.d.f. f(x). Let .o/ be the
one-dimensional space where f(r) > 0. Consider the random variable
Y = u(X), where y = u(x) defines a one-to-one transformation which
maps the set &7 onto the set 4. Let the inverse of y = u(x) be denoted
by z = w(y), and let the derivative dr/dy = w’(y) be continuous and
not vanish for all points y in 4. Then the p.d.f. of the random variable
Y = u(X) is given by

g(y) = fle(ll='(y)], yeH
= 0 elsewhere,
where |w'(y)| represents the absolute value of w'(y). This is precisely

what we did in Example 1 of this section, except there we deliberately
chose y = 823 to be an increasing function so that

dx , 1
Zg_lzw(y)_(:—y"’ﬁ’ 0<y<3§,

is positive, and hence

1

1
=5.-'ITITS’ 0<y<8

Henceforth, we shall refer to dr/dy = w’(y) as the Jacobian (denoted by
J) of the transformation. In most mathematical arcas, J = w'(y) is
referred to as the Jacobian of the inverse transformation z = w(y), but
in this book it will be called-the Jacobian of the transformation, simply
for convenience.

Example 2. Let X have the p.d.f.
f(z) =1, 0<z<l,
= 0 elsewhere.

We are to show that the random variable Y = --21n X has a chi-square
distribution with two degrees of freedom. Here the transformation is
y =u(x) = ~2Inz, so that z = w(y) = e ¥%2 The space & is of =
{x; 0 < z < 1}, which the one-to-one transformation y = -2 In  maps onto
# = {y,0 < y < o0}. The Jacobian of the transformation is

J=E v =~

Accordingly, the p.d.f. g(y)of Y = —=21In X is

gy = fle )| ]| =% ¥, O0<y<oo,
= 0 elsewhere,
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a p.d.f. which 1s chi-square with two degrees of freedom. Note that this
problem was first proposed in Exercise 2.37 (p. 104).

This method of finding the p.d.f. of a function of one random variable
of the continuous tvpe will now be extended to functions of two random
variables of this type. Again, only functions which define a one-to-one
transformation will be considered at this time. Let y, = u,(x,, ;) and
Yy = My(x,, rp) define a one-to-one transformation which maps a (two-
dimensional) set &7 in the x,2,-plane onto a (two-dimensional) set # in
the y, y,-plane. If we express each of x; and 2, in terms of y, and y,, we
can write z, = w(¥y, ¥2), ¥3 = wa(¥1, ¥2). The determinant of order
two,

ox, Ox,
% oy,
dzy 0zy|
%1 oy,

is called the Jacobian of the transformation and will be denoted by the
symbol J. It will be assumed that these first-order partial derivatives are
continuous and that the Jacobian J is not identically equal to zero in 4.
An illustrative example may be desirable before we proceed with the
extension of the change of variable technique to two random variables
of the continuous type.

Example 3. Let &/ be the set o/ = {(z,,7,),0 <z, < 1,0 <z, < 1}
which is depicted in Figure 4.1. We wish to determine the set 4 in the
¥, yz-plane which is the mapping of ./ under the one-to-one transformation

Y1 = 14(2), 23) =2, + Za,

Ya 13(Zy, T) = T, — X,

X2

X2=1

(0,0) XZ :O X'
FIGURE 4.1
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and we wish to compute the Jacobian of the transformation. Now

x, = wi(¥, y2) = Hy + va),

xy, = wa(¥, ¥2) = Hyr — ¥2).

To determine the set # in the y, y,-plane onto which &/ is mapped under the
transformation, note that the boundaries of ./ are transformed as follows
into the boundaries of A:

z, =0 into 0=4(n + 9,
z =1 into 1 =¥y, + a2,
z3=0 inte 0= 4y, — ¥a),
z,=1  into 1=4(y — o)

Accordingly, 4 is as shown in Figure 4.2.

S

(0,0) I

FIGURE 4.2
Finally,
o, om| |1 1
J = Yy, ¢y _ 2 2 . __1_.
émy fm| |1 1) 2
cy, ¢y, 2 2

We now proceed with the problem of finding the joint p.d.f. of two
functions of two continuous-type random variables. Let .X; and X, be
random variables of the continuous type, having joint p.d.{f. ¢(x,, 2,).
Let o7 be the two-dimensional set in the 2,2,-plane where ¢(x,, 25) > 0.
Let Y, = u,(X,, X,) be a random variable whose p.d.f. is to be found.
Ify, = uy(x,, ¥5) and y, = 1y(x,, a,) define a one-to-one transformation
of &/ onto a set # in the y, y,-plane (with nonidentically vanishing



130 Distributions of Functions of Rundom Variables [Ch. 4

Jacobian), we can find, by use of a theorem in analysis, the joint p.d.f.
of Y, = 1,(\Y,, Xp) and Y, = 1u,(X,, .X,). Let A be a subset of &/, and
let B denote the mapping of A under the one-to-one transformation
(see Figure 4.3).

Y2

6% 7

(0,0) 4 (0,0 K

FIGURE 4.3

The events (.Y, X,) € 4 and (Y,, Y,) € B are equivalent. Hence
Pr[(Y,, Y,) € B] = Pr[(\XY,, X,) e 4]

[, [#@1, z2) dz, dz,.

We wish now to change variables of integration by writing y, =

1, (Xy, T3), Y2 = Uz(xy, 75), O Ty = w,(yYy, ¥Y2), Tz = wy(yy, ¥2). It has
been proved in analysis that this change of variables requires

@y, 15) dxy dxy = olwy (Y1, ¥2), wal¥y,, 3/2)”.” dy, dy,.
A D
Thus, for every set B in 4,
Pr((Y,, Yo € B] = [, [lws(y1, 9a). walys, 92))|J | dys dya,
which implies that the joint p.d.f. g(y,, y,) of Y, and Y, is
gy ¥2) = @lwi(y1, ¥2), waly,, .’/2)“.”' (y1, y2) €4,
= 0 elsewhere.

Accordingly, the marginal p.d.f. g,(y,) of Y, can be obtained from the
joint p.d.f. g(y,, ;) in the usual manner by integrating on y,. Four
examples of this result will be given.

Example 4. Let the random variable X have the p.d.f.

f(x) =1, 0<z<l,
= 0 elsewhere,
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and let X, X, denote a random sample from this distribution. The joint
p.d.f. of X, and X, is then
ol x3) = fl2,)f(x) = 1, 0<x, <1,0<x2 <1,
= 0 elsewhere.
Consider the two random variables Y, = X, + Xyand Y, = X; — X,. We
wish to find the joint p.d.f. of Y, and Y,. Here the two-dimensional space 2/
in the z,z,-plane is that of Example 3 of this section. The one-to-one trans-
formation y, = 2, + Z3, ¥, = T, — ¥, maps &/ onto the space A of that
example. Moreover, the Jacobian of that transformation has been shown to
be ] = —4. Thus
g(y1, ¥a2) = e[H(yr + ¥a). 3(y1 — 9] J |
=y + 9By — ]| =% (41, y2) € B,
= 0 elsewhere.

Because & is not a product space, the random variables Y, and Y, are
stochastically dependent. The marginal p.d.f. of Y, is given by

&ly) = J.__‘lu &(Y1. ¥2) Ay,
If we refer to Figure 4.2, it is seen that

o) =[" tdn=u. O0<msl

= 2—”'Hya=2~y1. 1<y <2

v1-2
= 0 elsewhere.

In a similar manner, the marginal p.d.f. g;(y;) is given by

Vg +2
alyd = [" 4dy =w+ 1, -1<mso,
2~ V.
[ =1-y O<m<l,
= 0 elsewhere.

Example5. Let X, X, be a random sample of size 2 from the distribution

“having p.d.{.
flx) = e %, 0<z<oo,
= 0 elsewhere.

Let Y, = X, + X, and Y, = X,/(X, + X,). We shall show that Y, and
Y, are stochastically independent.

Since the joint p.d.f. of X, and X is

oz, T3) = f(,)f(x3) = e"T17 73, 0<z <o, 0<2z <00,

= 0 elsewhere,
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the space &7 is, exclusive of the points on the coordinate axes, the first
quadrant of the z,z,-plane. Now

Y1 = 14,(T, T) = 2 + 75,
xy
= Uy(xy, Z;) =
Y2 2(%1, 73) z + 7,

may be written z; = y,y,, z, = y,(1 — y,) so that

Y2 L2

J=
1 -y, -y

,="‘y1¢0-

The transformation is one-to-one, and it maps & onto # = {(y,,va);
0 <y, <©,0 <y, <1} in the y;y,-plane. The joint p.d.f. of Y, and Y,
is then

&Yy ¥y2) =ye™, O<y <o 0<y,<]l,
= 0 elsewhere.

In accordance with Theorem 1, Chapter 2 (p. 77) the random variables
Y, and Y, are stochastically independent. The marginal probability density
functions of Y, and Y are, respectively, given by
1 - -
&(4) =f° yiedy; =ye, 0<y <o
= 0 elsewhere,

and

gxlv) = [T ypemdy, =T@) =1, 0<y <y,

= 0 elsewhere.

Example 6. Let Y, = §(X, — X,), where X, and X, are stochastically
independent random variables, each being y?(2). The joint p.d.f. of X, and
A, is

f@nf) = pesp(-25%), 0<z <0, 0<z <o,
= 0 elsewhere.

Let ¥, = X, so that y; = §(x; — x2), ya = 23, Or 2, = 29 + Y5, 23 = y,
define a one-to-one transformation from & = {(z,,2,);0 < z, < oo,
0 <z, < o0} onto # = {(y,,¥,); -2y, < y;and 0 < y,, —0 < y; < oo}.
The Jacobian of the transformation is

_12 1,
712 4| -=
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hence the joint p.d.f. of Y, and Y, is

2 ,
8(y1, 92) = ljl-e"’x"'a (y1.y) e,

= 0 elsewhere.

Thus the p.d.f. of Y, is given by

&ly) = jf

- Je~V1Vady, = 4evs, -0 <y, <0,

= J'o‘” e Vady, = Je 4, 0<y <,

or
&1(y,) = YW, —00 < Y, < 00.

This p.d.f. is now frequently called the double exponential p.d.f.

Example 7. In this example, a rather important result is established.
Let X, and X, be stochastically independent random variables of the
continuous type with joint p.d.f. f(x,)f5(x,) that is positive on the two-
dimensional space &7 Let Y, = u,(.Y,), a function of X, alone, and
Y, = u,5(X,), a function of X, alone. We assume for the present that
¥, = 1,(2,), ya = 1y(x;) define a one-to-one transformation from .27 onto a
two-dimensional set 4 in the y,y,-plane. Thus, solving for z, and z, in
terms of y, and y,, we have x, = w,(y,) and z; = w,(y,) so that

wi(#1)
0 wa(ya)
Hence the joint p.d.f.of Y, and Y, is

&(y1, ¥2) = filwi(4) falwa(ya) :|ui(y1)wa(ya) ], (y1, ¥2) € B,
= 0 elsewhere.

J= = wi(y)wa(ya) # 0.

However, from the procedure for changing variables in the case of one
random variable, we see that the marginal probability density functions of
Y, and Y, are, respectively, g,(y1) = fuiws(ya)ilwi(ys)| and ga(ys) =
Jfaruo(¥Y2) lwa(ya)| for y, and y, in some appropriate sets. Consequently,

8(Y1, ¥2) = &1(¥1)ga(Ya)-

Thus, summarizing, we note that, if X, and X, are stochastically independent
random variables, then Y, = u,(X,) and Y, = u,(.X;) are also stochastically
independent random variables. It has been seen that the result holds if X,
and X, are of the discrete tyvpe; see Exercise 4.20.

EXERCISES

4.21. Let X have the p.d.f. f(x) = 22/9, 0 < x < 3, zero elsewhere. Find
the p.d.f. of ¥ = X3,
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4.22. If the p.d.f. of X is f(x) = 2z¢~*", 0 < z < o0, zero elsewhere,
determine the p.d.f. of Y = X2 i }

b e o A

4.23. Let X be a random variable of the continuous type with p.d.f.
f(z). (1) Find the p.d.f. of Y = X2 (b) If f(z) = f(—=), for all z, simplify
the answer of part (a). (c) If f(x) = 0 when z < 0, simplify the answer of
part (a). Note that the transformation y == 22 is not necessarily one-to-one.
If this is too difficult now, return to the problem after Section 4.5.

4.24. Let X,, X, be a random sample from the normal distribution
n(0, 1). Show that the marginal p.d.f. of Y, = X,/X, is the Cauchy p.d.f.

1
ey F —00 < Y, < 00.
Hint. Let Y, = X, and take the p.d.f. of X, to be equal to zero at z, = 0.

Then determine the joint p.d.f. of Y, and Y,. Be sure to multiply by the
absolute value of the Jacobian.

&y =

4.25. Let X, and X, be two stochastically independent random variables
that have gamma distributions and joint p.d.f.

2,% lx, A le T T, 0<x <0,0<2z2; <00,

1
Sfley, 1) = W

zero elsewhere, where o > 0, B > 0. Show that the marginal p.d.f. of
Y, = X,/(X, + X;) is the beta p.d.f.

[(a +ﬁ) 11

gl(yl) l‘( )l (B) .'I" - yl)”-l' 0< Y < 1.

zero elsewhere. Hint. Let Y, = X, + X, and find first the joint p.d.f. of
Y,and Y,.
4.26. Find the mean and variance of the beta distribution considered in
Exercise 4.25. Hint From that exercise, we know
! (o) '(B)
a-1(1 — o)8-1dy ==
foy =9y = v p
foralla > 0,8 > 0.
4.27. Determine the constant ¢ in each of the following so that each f(z)
is a beta pd.f.
(@) f(r) = cx(1 — 2)3, 0 < z < 1, zero elsewhere.
(b) f(x) = cx*(l — )5, 0 < x < 1, zero elsewhere.
(¢) f(x) = cx*(1 — x)8, 0 < z < 1, zero elsewhere.

4.28. Dectermine the constant ¢ so that f(z) = cz(3 — 2)%, 0 < z < 3,
zero elsewhere, is a p.d.f.

4.29. Show that the graph of the beta p.d.f. is symmetric about the
vertical line through z = }if « = B.
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4.39. Let X have the uniform distribution over the interval (—n/2, n/2).
Show that ¥ = tan X has a Cauchy distribution.

4.31. Let X have the p.d.f. f(z) = (x — 1)/2, 1 < z < 3, zero elsewhere
Find a monotone function #(z) so that Y = %(X) has a uniform distribution
over the interval (0, 1).

4.32. Let X, and X, denote a random sample of size 2 from a uniform
distribution with p.d.f. f(z) = 3,1 < x < 10, zero elsewhere. Find the p.d.f.
of Y, = X,X,. Show that Pr(Y,€4) >}, where 4 = {y,;1 <y, <2 0r
10 < y, < 20}. This problem is of interest in analy.ing the random error in
floating decimal-point computations.

4.33. Let X, and X, denote a random sample of size 2 from a distribution
which is n(p, ¢%). Let Y, = X; + X; and Y, = X, — X,. Find the joint
p.d.f. of Y, and Y, and show that these random variables are stochasticaily
independent

4.34. Let X, and X, denote a random sample of size 2 from a distribution
which is n(u, 02). Let V| = &, + X, and Y, = X, + 2X,. Show that the
joint p.d.f. of Y, and Y, is bivariate normal with correlation coefficient

3/v/10.

4.4 The ¢ aund F Distributions

It is the purpose of this section to define two additional distributions
quite useful in certain problems of statistical inference. These are called,
respectively, the (Student’s) ¢ distribution and the F distribution.

Let W denote a random variable which is #(0, 1); let V denote a
random variable which is yx%(r); and let W and V be stochastically
independent. Then the joint p.d.f. of W and V', say ¢(w, v), is the
product of the p.d.f. of W and that of 1" or

-w3/2 1

o(w, v) = ;/_I_,Z e TG E yri2-1g-vi2,

—~00 <w < 00,0 <v < o0,

= 0 elsewhere.
Define a new random variable T by writing
w
T = \/—V_/r

The change of variable technique will be used to obtain the p.d.f. g,(¢)
of T. The equations

w

Vir

t = and =0
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define a one-to-one transformation which maps & = {(w, v); —00 < w
< 0,0 < v < w}onto # = {(t, 4); —0 <t < ©,0 < u < oo}. Since
w =1V 1_4/\/ 7, v = %, the absolute value of the Jacobian of the trans-
formation is | J| = v/#/v/7. Accordingly, the joint p.d.f. of Tand U =
V is given by

gte) = o 22, u)lJ1
—_ 1 ri2-1 [_u( tﬂ ] \/;
= varemea . ezt 7) Vi
—0<t<w0<u <o,
= 0 elsewhere.

The marginal p.d.f. of T is then

g:) = [l wdu

_ J-m 1 u‘””’”"‘exp[——’i (1 +f)] du.
o V2mrl\(r[2)22 2 7

In this integral let z = u[1 + (¢2/r)]/2, and it is seen that

b 1 2: \o+vaE-1 2
&l - 'L V2mT(r[2)2"2 (1 + ‘2/') ¢ (1 + t“/r) az
T((r + 1)/2] 1
VarL(r[2) (1 + B+

Thus, if W is #(0, 1), if ¥ is x3(r), and if W and V are stochastically
independent, then

—o0 < £ < 00.

I

W

VVir

has the immediately preceding p.d.f. g,(¢). The distribution of the ran-
dom variable T is usually called a ¢ distribution. It should be observed
that a ¢ distribution is completely determined by the parameter 7, the
number of degrees of freedom of the random variable that has the
chi-square distribution. Some approximate values of

Pr(T<t?) = Iiwgl(w) dw

for selected values of » and ¢, can be found in Table IV in the Appendix.



Sec. 4.4] The t and F Distributions 137

Next consider two stochastically independent chi-square random
variables U and |’ having », and r, degrees of freedom, respectively.
The joint p.d.f. ¢(u, v) of U and V is then

1 14 2—lvr212-1e-(u+u)l2,

- I
P(u,v) = T(7,/2) T (rg[2)20: T 772 us
0<u<00,0<v< o0,

0 elsewhere.

We define the new random variable

_Un
B Virg

and we propose finding the p.d.f. g,(f) of F. The equations

ufr,
- P
define a one-to-one transformation which maps the set & = {(x, v);
0 <u<0,0<v< o} onto the set # = {(f,2);0 <f<0,0<z
< oo}. Since u = (r,/ry)zf, v = 2, the absolute value of the Jacobian of
the transformation is |J| = (r,/rz)z. The joint p.d.f. g(f, 2) of the
random variables FF and Z == V is then

1 ’lzf rj2-1 21
&2 = T AT e (T) 2l

provided (f, z) € &, and zero elsewhere. The marginal p.d.f. g,(f) of F
is then

el = [ el 2 d

_ © (f /f )rIIZ(f)r,IZ—l vy bri2 - _Z y f
- [ e e [ - (M 4 1)]es

If we change the variable of integration by writing
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it can be seen that

_ (rafra)a3(f)a2 2 2y (ry+ri2-1,-v
gl(f) = o Iw(,,l/2)%‘!(,2/2)20l +1.)/3 ('1f/'2 + 1) ¢

()

Ll(ry + 73)[2)(ryfro)""? (f)i3-1
- 1P('l/;)l‘(’z/lz)2 (1 + 7y flrg) it 0<f<oo,
= ( elsewhere.

Accordingly, if U and V are stochastically independent chi-square
variables with r, and r, degrees of freedom, respectively, then

_Um
" Vi,

has the immediately preceding p.d.f. g,(f). The distribution of this ran-
dom variable is usually called an F distribution. It should be observed
that an / distribution is completely determined by the two parameters
r, and 7, Table V in the Appendix gives some approximate values of

Pr(F<f) = J’o,g,(w) dw

for selected values of r,, 75, and f.

EXERCISES

4.35. Let T have a ¢ distribution with 10 degrees of freedom. Find
Pr (JT| > 2.228) from Table IV.

4.36. Let T have a ¢ distribution with 14 degrees of freedom Determine
bso that Pr (=b < T < b) = 0.90.

4.37. Let F have an F distribution with parameters », and r,. Prove that
1/F has an F distribution with parameters r, and 7,.

4.38. If F has an F distribution with parameters», = 5 and », = 10, find
a and b so that Pr (F < a) = 0.05 and Pr (FF < 6) = 0.95, and, accordingly,
Pr(a < F <b) =090. Hint. Write Pr(F <a) =Pr(1/F > 1/a) =
1 — Pr (1/F < 1/a), and use the result of Exercise 4.37 and Table V.

4.39. Let T = W/V/V]r, where the stochastically independent variables
W and V are, respectively, normal with mean zero and variance one and
chi-square with » degrees of freedom. Show that T2 has an F distribution
with parameters 7, = 1 and 7, = ». Hint. What is the distribution of the

numerator of T2?
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4.40. Show that
1
Y=rF——
U+ (rifr) F
where F has an F distribution with parameters », and r,, has a beta distri-
bution (Exercise 4.25).

4.41. Let X,, X, be a random sample from a distribution having the p.d.f.
f(x) = e %, 0 < x < o0, zero elsewhere. Show that Z = X,/X; has an F
distribution.

4.5 Extensions of the Change of Variable Technique

In Section 4.3 it was seen that the determination of the joint p.d.f.
of two functions of two random variables of the continuous type was
essentially a corollary to a theorem in analysis having to do with the
change of variables in a twofold integral. This theorem has a natural
extension to #n-fold integrals. This extension is as follows: Consider an
integral of the form

f’;' I¢(x,,x2,...,xn) dz, dx, - - - dz,
taken over a subset A4 of an n-dimensional space &/. Let
Y1 = %y (®y, Xg, ..., T,), Yg = Ug(Ty, Tg, .., Ty), . - -,
Yn = Un(Zy, ..., 2),

together with the inverse functions

r, = wl(yll Yar--oH yn)» Xy = w2(yl! Ya, ..o yn)' ey
Ty, = wu(ylt Y2, .. yn)
define a one-to-one transformation which maps & onto # in the
Y1, Y. - - -» Yn Space (and hence maps the subset 4 of &/ onto a subset B

of #). Let the first partial derivatives of the inverse functions be con-
tinuous and let the # by # determinant (called the Jacobian)

oz, bz, 0%
3!/1 a?/z ayn
Ox, 0%, 0%q

ol &

_aﬁ ox, ox,

., . oy,
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not vanish identically in #. Then
f‘;'J.¢(zls Zg, .., xn) dxl dx2 e dx"

= f 'B"[‘P[wl(yl’ RN yn)' w2(y1' e !/n)»‘ T wn(yh LR yn)]
x |J| dy, dys - - - dyn.
Whenever the conditions of this theorem are satisfied, we can determine
the joint p.d.f. of » functions of » random variables. Appropriate
changes of notation in Section 4.3 (to indicate n-space as opposed to
two-space) is all that is needed to show that the joint p.d.f. of the
random variables Y, = u,(X,, Xa, ..., X,), Y5 = 4g(X,, Xg, ..., X))
LY, =u (X, X,, ..., X,)—where the joint p.d.f. of X, X3,..., X,
is p(z,, - . ., z,)—Iis given by
g(yl' y2r R y’l) = I.Il(p[wl(yl' M yn)» R wﬂ(yl’ MR yl)]’
when (y,, Y2, - - ., ¥n) € #, and is zero elsewhere.
Example 1. Let X,, X,,..., X,,, be mutually stochastically inde-

pendent random variables, each having a gamma distribution with g = 1.
The joint p.d.f. of these variables may be written as

k+1
1
Xy, Ty e h ey Tpyq) = zh~lem T, 0 <z < oo,
‘P( 1 2 k#l) !:1 P(a‘) 1 !
= 0 elsewhere,
Let
Y X, i=1,2,..k

' =X1 + X+ 4 Xewd
and Y,,, = X; + Xy +---+ Xy, denote & + 1 new random variables.
The associated transformation maps & = {(x,,..., Zx4+;); 0 < 2, < 00,
i =1,...,k + 1} onto the space
B={y YY) 0 <y, =1,k
Y1+ + ¥ <1, 0<y,, <o}

The single-valued inverse functions are z; = ¥ ¥k41,---» T = YiYr+1,
Zev1 = Yus1(l = y1 — -+ — ), so that the Jacobian is
Yic+1 0 te 0 Y1
0 Yesr - 0 ?{2
J = : : : : =yk, .
0 Y Y +1 Y
~Yeer —Yee1 o —Yksr (L= = =)
Hence the jomt p.d.f. of YV, ..., Y,, Y,,, is given by
yesy e b e M - gy — = )T Tl

Play)- - L (ae) (et 4 1)
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provided (yy,..., ¥k, Yi+1) €F and is equal to zero elsewhere. The joint
pdf.of Y,,..., Y, is seen by inspection to be given by

r +---
&Y. W) = I(:z:zl)- : -P(a:::)l) yhlo B (1 — gy — =) e,

when0 < y,¢t=1,...,k ¥y, +---+ y, < 1, while the function g is equal
to zero elsewhere. Random variables Y, ..., Y, that have a joint p.d.f. of
this form are said to have a Dirichlet distribution with parameters «, ...,
&, 41, and any such g(y,, ..., y,) is called a Dirichlet p.d.f. 1t is seen, in
the special case of £ = 1, that the Dirichlet p.d.f. becomes a beta p.d.f.

We now consider some other problems which are encountered when
transforming variables. Let X have the Cauchy p.d.f.

1

f) = m(l + z?)’
and let Y = X2 We seek the p.d.f. g(y) of Y. Consider the trans-
formation y = z2 This transformation maps the space of X, & =
{x; —0 < x < 0}, onto # = {y; 0 < y < co}. However, the transfor-
mation is not one-to-one. Toeach y € #, with the exceptionof y = 0, there
correspond two points z € &. For example, if y = 4, we may have either
z = 2 or x = —2. In such an instance, we represent &/ as the union of
two disjoint sets A, and A4, such that y = 22 defines a one-to-one trans-
formation which maps each of 4, and 4, onto &. If we take 4, to be
{x; —0 < x < 0}and A, tobe {x; 0 < x < oo}, we see that 4, is mapped
onto {y; 0 < y < oo}, whereas 4, is mapped onto {y; 0 < y < oo}, and
these sets are not the same. Our difficulty is caused by the fact that
x = 01is an element of &/. Why then do we not return to the Cauchy
p.d.f. and take f(0) = 0? Then our new & is & = {—00 < z < co but
x # 0}. We then take A4; = {#; —0 < z < 0} and A;={z; 0 <z <00}.
Thus y = z?, with the inverse z = - vy, maps A, onto & =
{y;0 < y < oo} and the transformation is one-to-one. Moreover, the
transformation y = 22, with inverse z = Vy, maps 4, onto & =
{y;0 <y < oo} and the transformation is one-to-one. Consider the
probability Pr (Y € B], where B < #. Let A; = {x; x = —-Vy,ye B}
< A, and let A, = {z; 2 = Vy, y€ B} © 4,. Then Y € B when and
only when ¥ € 4; or X € A,. Thus we have

Pr(YeB) = Pr(Xed;) + Pr(Xed,)

- La f@) dz + L‘ f(@) dz.

In the first of these integrals, let x = — vy. Thus the Jacobian, say J,,
is —1/2/y; moreover, the sct A, is mapped onto B. In the second

—0 < T < 00,
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integral let z = V3. Thus the Jacobian, say J,, is 1/24/y; moreover,
the set A, is also mapped onto B. Finally,

Pr(YeB) = [ /(-VyI-12Vy|dy + [ f(V9)(12Vy) dy
= [ /(- V) + [(Vy))1/2Vy) dy.
Hence the p.d.f. of Y is given by
g(y) = (12VYf(-Vy) + f(Vy)l, yeB.
With f(z) the Cauchy p.a.f. we have

1
(1 + y)Vu'
= 0 elsewhere.

g(y) 0<y<oo,

In the preceding discussion of a random variable of the continuous
type, we had two inverse functions z = — v/ y and z = V. That is
why we sought to partition &/ (or a modification of .¢/) into two disjoint
subsets such that the transformation y = 22 maps each ontov the same
4. Had there been three inverse functions, we would have sought to
partition & (or a modified form of &) into three disjoint subsets,
and so on. It is hoped that this detailed discussion will make the follow-
ing paragraph easier to read.

Let ¢(z,, z,, . . ., z,) be the joint p.d.f. of X,, X,, ..., X, which are
random variables of the continuous type. Let & be the #n-dimensional
space where ¢(z,, 25, ..., %,) > 0, and consider the transformation
¥1 =ul(xlr E2 TR zn)' y2=u2(x1, E2 R xn)l RN yn=un(xl' L2 T xn)
which maps & onto & in the ¥, ¥, . . ., ¥, space. To each point of &/
there will correspond, of course, but one point in #; but to a peint in
% there may correspond more than one point in &/. That is, the trans-
formation may not be one-to-one. Suppose, however, that we can
represent . as the union of a finite number, say &, of mutually disjoint
sets A,, A,, ..., A, so that

Y, = Uy (2, Zgy o oo, Ty)y e ey Yn = Un(®y, Zq, - . ., T,)
define a one-to-one transformation of each A, onto 4. Thus, to each

point in %, there will correspond exactly one point in each of 4,, 4,,
voo, Ay Let

x, = w“(yl. Y- yn)'
x., wa(Y1, Yar - - -1 Y, 1 =1,2,...,k

wnl(yli Y2, -+ yu)t

i

Zn
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denote the % groups of n inverse functions, one group for each of these &
transformations. Let the first partial derivatives be continuous and let
each

ayl ayﬂ ayn
0wy % 0w,

Jo=|% @y, o, i=1,2,...k
ayl 3.'12 ayn

be not identically equal to zero in #. From a consideration of the prob-
ability of the union of & mutually exclusive events and by applying the
change of variable technique to the probability of each of these events,
it can be seen that the joint p.d.f. of Y, = 4,(X,, X,,..., X,), Y, =
uy(X,, Xa, .., X3, oo, Yo = 4, (X, X, ..., X,), is given by

U AR SR A OSSO CARPA LA

provided (y,, ¥a, - - -, ¥,) € &, and cquals zero elsewhere. The p.d.f. of
any Y,, say Y,, is then
&1(yy) = J‘T

@

" f:, g(Y1. Yar - - -, Yn) @Yz - - - Y,
An illustrative example follows.

Example 2. To illustrate the result just obtained, take # = 2 and let
X,, X, denote a random sample of size 2 from: a distribution that is #(0, 1).
The joint p.d.f. of X, and X, is

2 a
A -l_exp _nt , —00 < Z; < 0, —00 < Ty < 0.

2n 2
Let Y, denole the mean and let Y, denote twice the variance of the random
sample. The associated transformation is

z, + x
Y=

z, — %)?
gy = B2

This transformation maps & = {(z,, Z3); —0 < Z; < 0, —O < Z3 < O}
onto # = {(y1, ¥2); —0 < ¥, < 0,0 < y3 < oo}. But the transformation
is not one-to-one because, to each point in &, exclusive of points where
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ya = 0, there correspond two points in . In fact, the two groups of inverse

functions are
3’1=!I1—,,/y2"’ x1=y1+~/g2-"

and
3=y + !Iiz' X, =Y — /%’

Moreover, the set & cannot be represented as the union of two disjoint sets,
each of which under our transformation maps onto #. Our difficulty is
caused by those points of & that lie on the line whose equation is z; = ;.
At each of these points we have y, = 0. However, we can define f(x,, z,)
to be zero at each point where z, = z,. We can do this without altering the
distribution of probability because the probability measure of this set is zero.
Thus we have a new & = {(r,, z;); —0 < Z, < 0, —© < %3 < oo, but
%, # x;). This space is the union of the two disjoint sets 4, = {(z,, a);
z, > x,} and A, = {(z,, #3); z, < z;}. Moreover, our transformation now
defines a one-to-one transformation of each A4,, + = 1, 2, onto the new # =
{(y,, ¥2); — < ¥; < 0,0 < y, < 0}. We cannow find the joint p.d.f., say
&(¥1, ¥o), of the mean Y, and twice the variance Y, of our random sample. An

easy computation shows that | J;| = |Ja| = 1/V2y,. Thus

&y, y3) = %—rexp [_(yl - 2V .712/2)2 (y, + \/y,/Z)ﬁ] \/21

+ lﬂexp [_(yl + 2\’ ¥2/2? _ {y \/.'12/2)2

] V2y,

[Z 1
= H 12-15-v,/3
= Vg ¢

—oo<y1<oo,0<y,<zzo.

We can make three interesting observations. The mean Y, of our random
sample is n(0, 4); Y, which is twice the variance of our sample, is x*(1); and
the two are stochastically independent. Thus the mean and the variance of
our sample are stochastically independent.

EXERCISES

4.42. Let X,, X, X, denote a random sample from a normal distribution
(0, 1). Let the random variables Y, Y;, Y3 be defined by

X, =Y, cosYysinY, X;=7Y,;sin¥Y,;sinY; and X;=7Y,cos Y,

where 0 < Y, < 0,0 < Y, < 2m, 0 < Y, < n. Show that V,, YV,, Y, are
mutually stochastically independent.
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4.43. Let X,, X; X, denote a random sample from the distribution

having p.d.f. f(z) = "%, 0 < z < o, zero elsewhere. Show that

D SN A St 12 W
X, + X5’ X+ X+ X

are mutually stochastically independent.

Yl Y3=X"+X2+X3

4.44. Let X,, X,, ..., X, be r mutually stochastically independent
gamma variables with parameters o = o and 8 =1, ¢=1,2,...,7,
respectively. Show that Y, = X, + X; +--- + X, has a gamma distribu-
tion with parameters« = o, +---+ a,and 8 = 1. Hint. Let Y, = X, +---
+ X, Y, =X +---+ X,,....Y, =X,

4.45. Let Y,,..., Y, have a Dirichlet distribution with parameters
&, ..., 0 .- (@) Show that Y, has a beta distribution with parameters
«=o;and B = ag + -+ &,y (b) Show that Y, +---+ Y, 7 < &, has
a beta distribution with parameters « = «; +---+ e, and = &,y +---
+ o4y (c) Show that Y, + Y, Y+ Y, Ys.. .,Y,, k25 have a
Dirichlet distribution with parameters «;, + a, a3 + &4, a5, ..., €, 4.
Hint. Recall the definition of Y, in Example 1 and use the fact that the sum
of several stochastically independent gamma variables with B =1 is a
gamma variable (Exercise 4.44).

4.46. Let X,, X,, and X, be tiree mutually stochastically independent
chi-square variables with 7,, 7,, and 7, degrees of freedom, respectively.
(a) Show that Y, = X,/X, and Y, =X, + X, are stochastically
independent and that Y, is x*(r; + 7a)-
(b) Deduce that
Xyl X7
b S A A

are stochastically independent F varniables.

4.47. I f(x) = 4, —1 < = < 1, zero elsewhere, is the p.d.£. of the random
variable X, find the p.d.f. of Y = X2

448. If X,, X, is a random sample from a distribution which is (0, 1),
find the joint p.d.f. of Y, = X2 + X3 and Y, = X, and the marginal p.d.f.
of Y,.

4.49. If X has the p.d.f. f(z) = }, —1 < = < 3, zero elsewhere, find the

p.df. of Y = X3 Hint. Here # = {y;0 < y < 9} and the event Y e B is
the union of two mutually exclusive eventsif B = {y;0 <y < 1}.

4.6 Distributions of Order Statistics

In this section the notion of an order statistic will be defined and
we shall investigate some of the simpler properties of such a statistic.
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These statistics have in recent times come to play an important role in
statistical inference partly because some of their properties do not
depend upon the distribution fromn which the random sample is obtained.
Let X,, X,,..., X, denote a random sample from a distribution of
the continuous type having p.d.f. f(x) which is positive, provided
a < x < b. Let Y, be the smallest of these X, Y; the next X, in order
of magnitude, ..., and Y, the largest X,. Thatis, Y, < Yy <--- < ¥,
represent X,, X,,..., X, when the latter are arranged in ascending
order of magnitude. Then Y,, + = 1,2,..., n, is called the 7th order
statistic of the itandom sample X;, X, ..., X,. It will be shown that
the joint p.d.f. of Y,, Y,,.. . Y, is given by
(1) 8(y1 Yz - ¥a) = (m)f(1)f(ya) -~ - f(yn),
B <Y <Yy <---<Y, <
= 0 elsewhere.

We shall prove this only for the case # = 3, but the argument is seen to
be entirely general. With n = 3, the joint p.df. of X,, X;, X, is
(1) f(zg) f{ws). Consider a probability such as Pr (@ < X, = X; < b,
a < X, < b). This probability is given hy

J.: .{: f;’f(xl)f(ﬁ'a)f(xa) dxl dw-) dxa = 0,
since

[ /(@) dz,

is defined in calculus to be zero. As has been pointed out, we may,
without altering the distribution of X,, X,, X;, define the joint p.d.f.
f(z,)f(x5) f(x3) to be zero at all points (x,, x5, ¥3) which have at least
two of their coordinates equal. Then the set .o, where f(x,)f(x3) f(x3)
> 0, is the union of the six mutually disjoint sets:

A} = {(xy, 3, %3); 8 < % < X3 < 73 < b},
Ay = {(y, %3, 23); 8 < 23 < 7y < 73 < B},
Ay = {(z), %3, %3); @ < T, < T3 < 23 < b},
Ay = {(®1, %3, T3); 8 < T3 < T3 < 7, < b},
Ag = {(%), %3, %3); 8 < 3 < %, < 23 < b},
Ag = {(z,, 73, T3); 8 < 73 < 73 < 1, < b}.

There are six of these sets because we can arrange x,, x5, 23 in precisely
3! = 6 ways. Consider the functions y, = minimum of z,, 23, ;; y3 =
middle in magnitude of z,, z,, z3; and y; = maximum of z,, z;, z,.
These functions define one-to-one transformations which map each of
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A,, A, ..., Ag onto the same set # = {(y,, Y2, ¥3); 2 < ¥, < Y3 <
ys < b}. The inverse functions are, for points in 4, z; = y,, 2; = y,,

%3 = y,; for points in 4,, they are z; = y,, 2, = y,, 3 = ¥,; and so
on, for each of the remaining four sets. Then we have that

1 00
Ji=10 1 0l=1
0 01
and
010
Ja=1[1 0 0= -1
0 01

It is easily verified that the absolute value of each of the 3! = 6
Jacobians is +1. Thus the joint p.d.f. of the three order statistics
Y, = minimum of X,, X,, X3; Y, = middle in magnitude of X,, X,, Xj;
Y, = maximum of X, X,, X, is

&(¥1, Y2, ¥a) = | ol f(9) f(92) f(ya) + |Jal f(y2) f(w1) fwa) +---
+ | Jel/(ya) (92 f(41), @<y <ya<ys <}

= (B)f(y)f(y2)f(ya), a <y, <ya<ys<y,
= 0 elsewhere.

This is Equation (1) with » = 3.

In accordance with the natural extension of Theorem 1, Section 2.4
(p- 77) to distributions of more than two random variables, it is seen
that the order statistics, unlike the items of the random sample, are
stochastically dependent.

Example 1. Let X denote a random variable of the continuous type with
p.d.f. f(z) which is positive and continuous, provided a < z < b, and is zero
elsewhere. The distribution function F(z) of X may be written

F(z) = f: fw)dw, a<z<b

If x < a, F(x) = 0; and if b < 2, F(z) = 1. Thus there is a unique median
m of the distribution with F(m) = 4. Let X,, X,, X, denote a random
sample from this distribution and let Y, < Y; < Y, denote the order
statistics of the sample. We shall compute the probability that Y, < m.
The joint p.d.f. of the three order statistics is

&(¥1, Y2, ¥3) = 6f (1) f(¥a)flya), a<y<ya<ys<b,
= 0 elsewhere.
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The p.d.f. of Y, is then

wya) = 6f(wa) [ [ S0/ (y0) dy dys,

= 6f () F(y2)[1 — F(yJ)]. a<y,<b,
= () elsewhere.

Accordingly,

Pr(Y, < m)

6 [T 1F(ya)f(32) = (F (32 (92)} dys
(Flyd? _ [Flya)if\" _ 1
- (,{ - F=3

2 3

‘he procedure used in Example 1 can be used to obtain general
formulas for the marginal probability density functions of the order
statistics. We shall do this now. Let X denote a random variable of the
continuous type having p.d.f. f(r) which is positive and continuous,
provided a < x < b, and is zero elsewhere. Then the distribution
function I’ (x) may be written

F@) =0, z<a,

f/(w) dw, a<ux<b,

=1, b <=z
Accordingly, IF'(x) = f(x), a < x < b. Moreover, ifa < z < b,
1 = F() = F(b) — F(»)
= [ fw) dw — 7 f(w) dwo
= [} 1) dw.

Let X,, X,,..., X, denote a random sample of size n from this
distribution, and let Y, Y,, ..., Y, denote the order statistics of this
random sample. Then the joint pdf. of Y, Y,, ..., Y, is

nf(y)f(y2) - f(9a),

A<y <Yy <---<y,<b,

(Y1, Y2, -2 Yn)

0 elsewhere.

It will first be shown how the marginal p.d.f. of Y, may be expressed in
terms of the distribution function F(%) and the p.d.f. f(x) of the random
variable X. If a < y, < b, the marginal p.d.f. of Y, is given by



Sec. 4.6] Distributions of Order Statistics 149

= [ s S (wa) S (ya) Ay dya dys - dy,
Lo P m (2 ) d3) f(ya) - 1 (9) ey
[ [ Fyaf () - S (ya) dya - - dya_s,

since F(z) = j f(w) dw. Now

i

e

V3

V3 F . 2
f F(y2)f(ya) dy, = [_(_g:)_]_

_ [E(ya)?,
2

since F(a) = 0. Thus

It

£n(v2) jf VWY fye) ) dya- - dg

But

¥ [F(y,)]? (F(ya) PP [F(ya))?
J.a —"2“‘/(313) dy; = 2.3 = 2_3 ?

a

SO
gu(¥n) —j f LAY £y - f(2) dy- - dyas.

If the successive integrations on y,, ..., ¥, , are carried out, it is seen
that

gulys) = ((—— f(wa)
n(F(ya)i" Y(ya), @<y, <b

= ( elsewhere.

It will next be shown how to express the marginal p.d.f. of Y, in
terms of F(x) and f(r). We have, fora < g, < b,

aly) = [ [ [ (e S () dyn Y-y - dys

Vu

= fV1 an-J JVn-2 "‘f J’ /(J2)
S(Yn-2)il = F(Yyn-1)]Yp_y - - dya.
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But

] — F 20b
[ 0= P dg, = L Eadl

_l = Fly o
2

Yn-2

so that

b b N O 2
atw) = [ [ mp sty g DTl gy,

Upon completing the integrations, it is found that

&i(yy) = n[1 — F(y,)" Y(y,), a <y <b,
0 elsewhere.

Once it is observed that
x - .
f [F(w))* Y (w) dw = ”(_z)]. «> 0
G

and that

- Far

fb[l — F(we))f-f(w) dw = —-—F—‘—, B >0,

it is casy to express the mdr_&mal p-d.f. of any order statistic, say Y,
in terms of F(x) and f(x). This is done by evaluating the inte, g,ml

alwd = [ [ L0 w0 S (ga) S (a) -
Y i1 8Yy - Yy ;.
The result is

(2 gilye) = (-k-—:ﬁ——k)' (F (1Y = F(yd " ()

a < Y < b:
= 0 elsewhere.

The student may be interested in noting that in Example §, p. 89,
the p.d.f. of Y,, when n = 3, was obtained in another manner.

Finally the joint p.d.f. of any two order statistics, say Y, < Y,, is
as easily expressed in terms of F(x) and f(z). We have

YT Ol O O T O

S(Yn) Ay, - 4y, 18y, Ay dy, - “dy;_,.
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Since, fory > 0,

fv (F(y) - F(w))~f(0) dw = LY = F@"

Y =
_[FQy) - F@)pP,

Y
it is found that

. n!
3) &yy) = G=DF-t=1Dl(m—7) ‘
x [F(y)]'~'[F(y;) — F(y)V "1 — F(y) 1" f(y)f(y)
fora < y, < y, < b, and zero elsewhere. A '
Three illustrative examples follow.

Example 2. Let Y, < Y, < Y, < Y, denote the order statistics of a
random sample of size 4 from a distribution having p.d.f.

f(x) = 2z, 0<z<,
= ( elsewhere.

We shall express the p.d.f. of Y, in terms of f(z) and F(x) and then compute
Pr (4 < Y;). Here F(x) = 22, provided 0 < z < 1, so that
4
85(¥s) = o (8971 — ¥3)(23a). O <y <1,

= 0 elsewhere.
Thus

Pr(} < Vo) = [ galys) dys

= [ 24008 — yD) dy, = 383,

Example 3. Let Y, < Y, <---< Y, denote the order statistics of a
random sample of size 5 from a distribution having p.d.f.

flx) ==, 0 <z < oo,

= 0 elsewhere.

It will be shown that the statistics Z, = Y, and Z; = Y, — Y, are
stochastically independent. Since F(z) = 1 — ¢7%, 0 < x < oo, the joint
pdf.of Y,and Y, is

g?{(yﬂr .'/4) 1’ f' l. (1 6-'3)(8—'3 - g‘h)(e"o)g‘vz'h'

0 <y, <y, <oo,
= () elsewhere.
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The transformation z, = y,, z, = y, — y, maps the set {(y5. ys); 0 < ¥, <
y, < oo} onto the set {(z,,2,); 0 < z; < 0, 0 < z; < o}, and the Jacobian
of the transformation is 1. Accordingly, the joint p.d.f. of Z, and Z, is

h(zy, 23) = 120e 451 (1 — e~ 21)e"22(1 — e~ %), 0 <z <00,0 <23 <00,

0 elsewhere.

In accordance with Theorem 1, p. 77, Z, and Z, are stochastically
independent.

Certain functions of the order statistics Y, Y,, ..., Y, are important
statistics themselves. A few of these are: (a) Y, — Y, which is called
the range of the random sample; (b) (Y, + Y,)/2, which is called the
midrange of the random sample; and (c) if n is odd, Y, 1,2, Which is
called the median of the random sample.

Example 4. Let Y,, Y,, Y, be the order statistics of a random sample of
size 3 from a distribution having p.d.f.
flz) =1, 0<z<l,
= 0 elsewhere.

We seek the p.d.f. of the sample range Z, = Y, — Y, Since F(z) = z,
0 < z < 1, the joint p.d.f. of Y, and Y, is

&1a(¥1. ¥a) = 6(ys — %), 0<y, <ya<l,
= 0 elsewhere.

"
In addition to Z, = Y, — Y,, let Z, = Y,. Consider the functicns z; =
Ya — Y1, %3 = Y5, and their inverses g, = z; — 2z;, ¥5 = z3, so that the
corresponding Jacobian of the one-to-one transformation is

%, %y
0z, Oz -1 1
J=| " = |,=_1,
w, | |01
03y 0z,

Thus the joint p.d.f. of Z, and Z, is
h(zy, 25) = | —1]6z, = 62, 0<z <z;< 1.

= 0 elsewhere.
Accordingly, the p.d.f. of the range Z, = Y; — Y, of the random sample of
size 3 is

1

hy(z,) =L 62,d2; = 62,(1 — z,), 0 <z <1,
1
= 0 elsewhere.
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EXERCISES

4.50. Let Y, < Y, < Y,; < Y, be the order statistics of a random sample
of size 4 from the distribution having p.d.f. f(z) = e %, 0 < x < 00, zero
elsewhere. Find Pr (3 < Y,).

4.51. Let X,, X,;, X; be a random sample from a distribution of the
continuous type having p.d.f. f(x) = 2r,0 < z < 1, zero elsewhere. Compute
the probability that the smallest of these X, exceeds the median of the
distribution.

4.52. Let f(z) = }, 2 = 1,2,3,4,5, 6, zero elsewhere, be the p.d.f. of a
distribution of the discrete type. Show that the p.d.f. of the smallest item of
a random sample of size 5 from this distribution is

7 - g\ (6 — y\®
gl(yl)=( (‘yl) "( 6?/1)' yn=12..6,

zero elsewhere. Note that in this exercise the random sample is from a
distribution of the discrete type. All formulas in the text were derived under
the assumption that the random sample is from a distribution of the
continuous type and are not applicable. \WWhy?

453. Let Y, <Y, <Y, <Y, <Y, denote the order statistics of a
random sample of size 5 from a distribution of the continuous type having
distribution function F(x) such that I'(z) = f(x) is positive and continuous,
provided @ < < b. Show by integrating the joint p.df. of Y,,..., Y5 0on
Y1 Ys. Yo Ys that the p.df. of Yy is g5{ys) = 20F(y,)[1 — F(y2)]%f(¥a),
a < y, < b, and zero elsewhere.

454. Let Y, <« Y, < Y3 < Y, < Y, denote the order statistics of a
random sample of size 5 from a distribution having p.df. f(x) = 322,
0 < x <1, zero elsewhere. Show that Z, = Y,/Y, and Z, == Y, are
stochastically independent.

4.55. Find the probability that the range of a random sample of size 4
from the uniform distribution having the p.df. f(x) =1, 0 < z < 1, zero
elsewhere, is less than 4.

4.56. Let Y, < Y, < Y, be the order statistics of a random sample of
size 3 from a distribution having the p.df. f(x) = 22, 0 < z < 1, zero
elsewhere. Show that Z, = Y,/Y,, Z, = Y,/Y;, and Z; = Y, are mutually
stochastically independent.

4.57. If a random sample of size 2 is taken from a distribution having
pd.f. f(x) = 2(1 — x), 0 < x < 1, zero elsewhere, compute the probability
that one sample item is at least twice as large as the other.

4.58. Let Y, < Y, < Y, denote the order statistics of a random sample
of size 3 from a distribution with p.d.f. f(x) = 1,0 < z < 1, zero elsewhere.
Let Z = (Y, + Y;)/2 be the midrange of the sample. Find the p.d.f. of Z.
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4.59. Let Y, < Y,denote the order statistics of a random sample of size 2
from n(0, ¢3). Show that E(Y,) = —o/Vm.

4.60. Let Y, < Y, be the order statistics of a random sample of size 2
from a distribution of the continuous type which has p.d f. f(z) such that
f(z) > 0, provided z > 0, and f(z) = 0 elsewhere. Show that the stochastic
independenceof Z, = Y, and Z; = Y, — Y, characterizes the gamma p.d.{.
f(z), which has parameters « = 1 and g > 0. Hinl. Use the change of
variable technique to find the joint p.d.f. of Z, and Z, from that of ¥, and
Y, Accept the fact that the functional equation A(0)i(z + y) = h(x)h(y)
has the solution A(z) = c¢,e2*, where ¢; and ¢, are constants.

4.61. Let Y denote the median of a random sample of size n = 2k + 1,
k a positive integer, from a distribution which is #(u, 0%). Prove that the
graph of the p.d.f of Y is symmetric with respect to the vertical axis through
y = p and deduce that E(Y) = p.

4.62. Let X and Y denote stochastically independent randoin variables
with respective probability density functions f(r) = 2x, 0 < z < 1, zero
elsewhere, and g(y) = 32, 0 < y < 1, zero elsewhere. Lot U = min (X, Y)
and ¥V = max (X, Y). Find the joint p.d.f of U and V.

4.63. Lot the joint pdf.of Xand Y bef(z, y) = (2 + y),0 < x < I,
0 <y< 1, zero clsewhere. Let U =mm (X, Y) and V = max (X, Y).
Find the joint p.d.f. of U and V.

4.7 The Moment-Generating Function Technique

The change of variable procedure has been seen, in certain cases, to
be an effective method of finding the distribution of a function of several
random variables. An alternative procedure, built around the concept
of the moment-generating function of a distribution, will be presented
i this section. This procedure is particularly effective in certain
mstances. We should recall that a moment-generating function, when
1t exists, 15 unique and that 1t uniquely determines the distribution of
a probablity.

Let g(ry, 1y, ..., x,) denote the joint p.d.f. of the # random vari-
ables X, X,, ..., X,. These random variables may or may not be the
items of a random sample from some distribution that has a given p.d.{.
flr). Let Y = w (X, Xg ..., X}). We seek g(y,), the p.d.f. of the
random variable Y,. Consider the moment-generating function of Y,.
If it exists, it is given by

M) = E@™) = [7_ evg(y) dy,
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in the continuous case. It would seem that we need to know g(y,)
before we can compute M (¢). That this is not the case is a fundamental
fact. To see this, consider

(1 f_i .- J.:n exp [tu, (xy, - . -, z,))@(xy, . . ., %) dx, - - - dz,,

which we assume to exist for —A < ¢ < h. We shall introduce » new
variables of integration. They are y;, = #,(2,, %3, ..., Zy), ..., ¥n =
#,(Z,, g, . - -, Z,). Momentarily we assume that these functions define
a one-to-one transformation. Let x, = w(¥y, ¥a,-- -, ¥a), 0 = 1, 2,...,:,
denote the inverse functions and let J denote the Jacobian. Under this
transformation Display (1) becomes

(2) f:om .. .'Lm e‘v.|_]|(p(wl, ., wy) dyg - - - dy, dy,.
In accordance with Section 4.5,

[ Jleley (%1, Y2 - -0 Ya)s - - -0 Wal Yy, Yz - - -, Ya)]

is the joint p.d.f. of Yy, Y, ..., Y, The marginal p.df. g(y,) of Y,
is obtained by integrating this joint p.d.f. ony,, ..., y,. Since the factor
eV does not involve the variables y,,...,y, Display (2) may be
written as ’

(3) [7 gy dys.

But this is by definition the moment-generating function M(¢) of the
distribution of Y,. That is to say, we can compute E[exp (¢u,(X,, ...,
X,)] and have the value of E(et:), where Y, = #,(Xy,.. , X,). This
fact provides another technique to help us find the p.d.f. of a function
of several random variables. For if the moment-generating function of
Y, is seen to be that of a certain kind of distribution, the uniqueness
property makes it certain that Y, has that kind of distribution. When
the p.d.f. of Y, is obtained in this manner, we say that we use the
momenl-generaling function technigue.

The student will observe that we have assumed the transformation
to be one-to-one. We did this for simplicity of presentation. If the
transformation is not one-to-one, let

z, = w,(y1, .-, Yn) j=12....m 1t=12..,&,

denote the k groups of n inverse functions each. Let J,, 1 = 1,2,..., &,
denote the £ Jacobians. Then

*) S oy Y- (-]
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is the joint p.d.f. of Y,,..., Y,. Then Display (1) becomes Display
(2) with |J|e(w,, ..., w,) replaced by Display (4). Hence our result
is valid if the transformation is not one-to-one. It seems evident that
we can treat the discrete case in an analogous manner with the same
result.

It should be noted that the expectation, subject to its existence, of
any function of Y, can be computed in like manner. That is, if w(y,) is
a function of y,, then

Efp(Y)) = [7 w(y)e(y,) dy

= J:o . j:ﬂ wlu,(xz,, ..., z,)]elx,, . .., x,) dx, - - - dx,.

We shall now give some cxamples and prove some theorems where
we use the moment-generating function technique. In the first example,
to emphasize the nature of thc problem, we find the distribution of a
rather simple statistic both by a direct probabilistic argument and by
the moment-generating function technique.

Example 1. Let the stochastically independent random variables X,
and X, have the same p.d.f.

fi@) =3 ==123

= 0 elsewhere;

that is, the p.d.f. of X, is f(z,) and that of X, is f(x,); and so the joint p.d.f.
of X, and X, is
Z,T,

f@) flxg) = 36 2 =1,2,3,2,=1,2,3,

= 0 elsewhere.

A probability, such as Pr (X} = 2, X; = 3), can be seen immediately to be
(2)(3)/36 = . However, consider a probability such as Pr (X, + X; = 3).
The computation can be made by first observing that theevent X, + X, = 3
is the union, exclusive of the events with probability zero, of the two
mutually exclusive events (X, = 1, X; = 2) and (X, = 2, X; = 1). Thus,

Pr(X, + X,=3)=Pr(X; =L,X,=2) + Pr(X, =2, X, =1)

_@ , @ _ 4
=36 + —7 37

3 36 36

Morc generally, let y represent any of the numbers 2, 3, 4, 5, 6. The probability
of each of the events X, + X, =y, y = 2,3, 4, 5, 6, can be computed as in
the case y = 3. Let g(y) = Pr (X, + X, = y). Then the table

y |2 3 4 5 6
gy | 3% % 38 3 %
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gives the values of g(y) fory = 2, 3, 4, 5, 6. For all other values of y, g(y) = 0.
What we have actually done is to define a new random variable Y by Y =
X, + X,, and we have found the p.d.f. g(y) of this random variable Y. We
shall now solve the same problem, but by the moment-generating function
technique.

Now the moment-generating function of Y is
M(t) = E(¢%1+%)
= E(e*1¢%a)
= E(et*1)E(e'%a)
since X, and X, are stochastically independent. In this example X, and X,
have the same distribution, so they have the same moment-generating
function; that is,
E(e%1) = E(e*3) = Let + 2e% + et
Thus,
M(t) = (4 + ge* + 3*)°
= deeB et 4 100 g 125t 4 20t

This form of M (¢) tells us immediately that the p.d.f. g(y) of Y is zero except
aty = 2, 3, 4, 5, 6, and that g(y) assumes the values 3%, 3%, 19, 3%, 2%,
respectively, at these points where g(y) > 0. This is, of course, the same
result that was obtained in the first solution. There appears here to be little,
if any, preference for one solution over the other. But in more complicated
situations, and particularly with random variables of the continuous type,
the moment-generating function technique can prove very powerful.

Example 2. Let X, and X, be stochastically independent with normal
distributions n(u,, o) and #n(u,, o3), respectively. Define the random variable
Y by Y = X, — X,. The problem is to find g(y), the p.d.f. of Y. This will
be done by first finding the moment-generating function of Y. It is

M(t) = E(ef%: %)
= E(etX1e7X2)

= E(et*1)E(e Xa),

since X, and X, are stochastically independent. It is known that

242
E(et*1) = exp (;th + (—712-[—-)
and that
242
E(ers) = exp (st + %)
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for all real t. Then E(e -**3) can be obtained from E(¢*a) by replacing ¢ by
—t. That is,

e 59 = exp (-t + %)

Finally then,

022

M(l) = exp (y,t + g—zf) exp (——,L,t + T)

2 2 t?
= exp ((m — pa)t 4+ (o—'izo—’)—)

The distribution of Y is completely determined by its moment-generating
function M(¢), and it is seen that Y has the p.df g(y), which 1s
n(pw, - py 02 + o2). That is, the difference between two stochastically
independent, normally distributed, random variables is itself a random
vartable winch is normally distnbuted with mean equal to the difference of
the means (in the order indicated) and the variance equal to the sum of the
varianoes

The following theorem, which is a generalization of Example 2, is
very important in distribution theory.

Theorem 1. Let X\, Xy, ..., X, be mutually stochastically indepen-
dent random variables having, respectively, the normal distributions

n(pey, o), n(py, of), ..., and n(p,, 02) The random variable Y = kN, +
ko XNy -4 kN where Ry kg, ok, are veal constants, 1s normally
distributed with mean kypy -+ - v kop, and variance k2o? + -+ - + k202

n n
Fhat s, Y is n(}_ kyt,, > k'fo;‘)
1 1
Proof Becanse X, \,, ..., X, are mutually stochastically inde-
pendent, the moment-generating function of Y is given by
M)y Flexp{t(h X, + kyXg +--- + kX))
) L,(l.tkl (Y2 (l.u.ixz) L 1."(‘,lk,..\,,)_

Now

242
E (%) — exp (p,l + 0'2’ ).

forall realt, 1 = 1,2,..., n. Hence we have

(™ Xy - exp (p.,(k,!) + 0'2(;'02).
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That is, the moment-generating function of Y is

[ [t + B2

l-l
(\ k2 2)[2

exp (2 k,;t,)l + 5

But this is the moment-generating function of a distribution which is

n n
n(z kap,, > kfo;‘). This 1s the desired result.
1 1

M)

If, in Theorem 1, we sct each &, = 1, we see that the sum of »
mutually stochastically independent normally  distributed variables
has a normal distribution. The next theorem proves a similar result
for chi-square variables

Theorem 2. et X,, X,, ..., X, be mutually stochastically indepen-
dent variables that have, respectively, the chi-square distributions y*(r,),
x2(7a), - . ., and x3(r,). Then the random varniable Y — X| 4+ Xy 4 -+ 4
X, has a chi-square distribulion wath r, + --- 4 r, degrees of freedom;
that 1s, Y is x%(ry + -+ + 1,).

Proof. The moment-generating function of Y is

M) = Elexp{t(X, + Xy +---+ X))}

— E(e)E(e'2) - - - E(et*n)
because X4, XX, ..., X, are mutually stochastically independent. Since
Iz(e‘x-) = (1 - 2¢) "2 t< e =1,2,....n

we have

M@E) = (1 = 2¢) "utrat vz t < 4.
But this is the moment-generating function of a distribution that is
xXry + 7y + -+ 1), Accordingly, Y has this chi-square distribution.

Next, let X, X,, ..., X, be a random sample of size n from a
distribution which is #(u, 02). In accordance with Theorem 2 of Section
3.4, each of the random variables (X, — w)2/o?, 0 -- 1,2, ..., 0,18 x2(1).
Moreover, these n random variables are mutually stochastically inde-
pendent  Accordingly, by Theorem 2, the random vanable Y =

n
; (X, ~ w2 is x23(n). This proves the following theorem:

Theorem 3. Let X, X,, ..., X, denote a random sample of size n
Sfrom a distribution which is n(u, o). The random variable

3

has a chi-square distribution with n degrees of freedom.
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Not always do we sample from a distribution of one random vari-
able. Let the random variables X and Y have the joint p.d.f. f(z, y)
and let the 2n random variables (X,, Y,), (X,, Y,), ..., (X, Y,) have
the joint p.d.f.

S0, y1) f(®2, y2) - -~ f(Tns Ya)-

The n random pairs (X,, Y,), (X, Ys,), ..., (X, Y,) are then mutually
stochastically independent and are said to constitute a random sample
of size n from the distribution of X and Y. In the next paragraph we
shall take f(r, y) to be the normal bivariate p.d.f., and we shall solve
a problem in sampling theory when we are sampling from this two-
variable distribution.

Let (X,,Y,), (X3 Y2),..., (X, Y,) denote a random sample of
size n from a bivariate normal distribution with p.d.f. f(r, ) and
parameters py, pro, 03, 02, and p. We wish to find the joint p.d.f. of the

two statistics X = iX,/n and ¥ = i Y /n. We call X the mean of
1 1

X,, ..., X,and ¥ the mcan of Y, ..., Y,. Since the joint p.d.f. of the
2n random variables (X,, Y,),7 = 1,2,..., n, is given by

@ = f(x1, y)f(x2 Y2) - - f(®n, Yn),

the moment-generating function of the two means X and Y is given by

n

/
© » LS S
M) = [ [ exp(“‘“+ Z%y*)wdzl---dyn
* n

I R P

The justification of the form of the right-hand member of the second
equahty is that cach pair (.|, Y,) has the same p d.f., and that these
n pauit, are mutually stochasticaily independent. The twofold integral
in the brackets in the last equality is the moment-generating function
of X, and Y, (see p. 113) with ¢, replaced by ¢,/n and {; replaced by
to/n. Accordingly,

- fyp, ¢
Mty b)) = | [exp [ iy 2
[EFY v
+ 03(ty/n)? + 2poy04(ti[n)(ta/n) + of(ta/n)* ]
2

-

I

(01/")12 + 2p(a,0,/n)tt, + (Uz/”)t‘]

exXp |y + tapg + 7
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But this is the moment-generating function of a bivariate normal
distribution with means p, and p, variances of/n and o3/n, and
correlation coefficient p; therefore, X and Y have this joint distribution.

EXERCISES

4.64. Let the stochastically independent random variables X, and X,
have the same p.d.f. f(z) = §, x = 1,2, 3,4, 5, 6, zero elsewhere. Find the
p.d.f of ¥ = X, + X, Note, under appropriate assumptions, that Y may
be interpreted as the sum of the spots which appear when two dice are cast.

4.65. Let X, and X, be stochastically independent with normal distribu-
tions n(6, 1) and n(7, 1), respectively. Find Pr (X, > X;). Hint. Write
Pr (X, > X,) = Pr(X, — X; > 0) and determine the distribution of
X, - X,.

4.66. Let X, and X, be stochastically independent random variables.
Let X, and Y = X,; + X, have chi-square distributions with r, and r degrees
of freedom, respectively. Here r, < r. Show that X, has a chi-square distribu-
tion with » — 7, degrees of freedom. Hint. Write M(t) = E(e!*: **2) and
make use of the stochastic independence of X, and X,.

4.67. Let the stochastically independent random variables X, and X,
have binomial distributions with parameters n,, p, = 4 and n,;, p, = 4,
respectively. Show that ¥ = X, — X, + n, has a binomial distribution with
parameters n = n, + n3, p = 4.

4.68. Let the stochastically independent random variables X, and X,
have chi-square distributions with 7, and r, degrees of freedom, respectively.
Define the random variable Y by Y = 4, X, + k3X,, where &, and %, are
real consiants not equal to zero. When, and only when, will Y have a chi-
square distribution?

4.69. Let X be n(0, 1). Use the moment-generating function technique tc
show that Y = X2 is y2(1). Hint. Evaluate the integral which represents
E(et**) by writing w = zV1 — 2, ¢ < }.

4.70. Let X,, X,, ..., X, denote » mutually stochastically independent
random variables with the moment-generating functions M, (¢), M,(¢), . . .,
M, (t), respectively. (a) Show that Y = & X, + kX, +--- + k,X,, where
ky, Ry, ..., k, are real constants, has the moment-generating function
M(t) = [1M,(kt). (b) If each k, = 1 and if X, is Poisson with mean u,

1
1 =1,2,...,n, prove that Y is Poisson with mean u; + - + u,.

4.71. 1If X, X,,..., X, is a random sample from a distribution with
moment-generating function M(#), show that the moment-generating func-

tions of }'_l: X, and i X,/n are, respectively, (M (¢)]* and [M(t/n)]".
1 1
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4.72. 1.et Y be the sum of thiee items of a random sample from a
distnibution that has pd f fir) - ¢ 7,0 < r < 2, zero elsewhere Compute
(Y < 2

4.73. If X and Y have a bivanate normal distnbution with parameters
TR a? o}, and p, show that 2 = aX + bY + ¢ 15 n(ap, + bu, + ¢,
a%a? 4 2abpoya, + b%03), where a, b, and ¢ are constants Hint. Use the
moment-generating function M(¢, ) of X and ¥ to find the moment-
generating function of Z.

4.74. L.t X and Y have a ivanate normal distnbution with parameters
ny = 25, 35, of = 4, 2 =16, and p = ;; If Z =3X —2Y, find
Pr(-2< 7 - 19

4.75. 1.0t X,, X; be a random sample from the normal distribution
n0.1). Let ¥ =X, + X, and Z == X} + X3 Show that the moment-
generating tunction of the joint distiibution of Y and Z is

exp [B/(1 = 25)]

Elexp 6,(Y, + Xy) + 6(XT + X3)} = ]
2

for - < ¢, < o, —w < t, <3 Find the correlation coefficient of Y
and 7

4.76. 1.ct 17 and V be stochastically independent random variables, each
having a normal distiibution with mean zero and vanance one. Show that
the moment -gencrating function E(eYY?) of the product UV is (1 — #3)- 113,

-l<t < 1.

4.77. lLet X and Y have a bivariate normal distribution with the param-
ete's . pg. o, 03, and p. Show that W = X — p and Z = 'Y — p,) -
plogloy)(X — p;) are stochastically independent normal variables.

4.78. let X, X,....,. X, be a random sample of size # from the normal

n
distribution n(u, ¢%). Find ihe joint distribution of Y = 3 4,X, and
1

n

Z = > b\, where the a, and b, are real constants. When, and only when,
1

are Y and Z stochastically independent?

4.79. Let X, X, be a random sample of size 2 from a distribution with
pusitive variance and moment-generating function M(). If ¥ = X, + X,
and Z = X, - Xjarestochastically independent, prove that the distribution
from which the sample is taken is a normal distribution. Hint. Show that
m(ty, o) = Elexp [L,(X, + Xa) + 6(X, — Xo)} = M4, + t)M(4 — &)
Express each member of m(4,, t;) = m(¢,, 0)m(0, ¢5) in terms of M, differentiate
twice with respect to f,; set ¢, = 0; and solve the resulting differential
equation in M
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4.8 The Distributions of X and nS?/a2

Let X,, X,, ..., X, denote a random sample of size n > 2 from a
distribution which is n(g, ¢?). In this section, we shall investigate the
distributions of the mean and the vanance of this random sample,

_ n
that is, the distributions of the two statistics X = > X,/# and
1
n -

=5 - Xppm,
The problem of the distribution of X, the mean of the sample, is
solved by the use of Theorem 1 of Section 4.7. We have here, in the
notation of the statement of that theorem, p;, = py, =--- =y, = p,

0?=02=---=02=02% and k =k, =---=k, = I/n. Accord-
ingly, Y = X has a normal distribution with mean and variance given

by n 1 n 1 2
S = S[G)

respectively. That is, X is n{g, o?/n).

-—

Example 1. Let X be the mean of a random sample of size 25 from a
distribution which is n(75, 100). Thus X is n(75, 4) Then, for instance,

1\,(79 - 75) _ ‘\.(71 - 75)

N(2) — N(=2) = 0.954.

Pri7l < X <79

We now take up the problem of the distribution of $2, the variance
of a random sample X, ..., X, from a distribution which is n(u, ¢%).
It turns out that the random variable #52%/0? is <omewhat more trac-
table. There is a very elementary proof of the nature of the distribution
of nS?/o? if we will but establish the stochastic independence of X,
the mean of the sample, and the variance $2. We shall first show that
X is stochastically independent of (X, — X, X, - X,.... X, - X). It

then follows that X is stochastically independent of £82 = { (X, - X)2
1

Let M(t, ¢,, ..., ¢,) be the moment-generating function of X, X, — X,
«.., X, — X. Thus

M ty, ...,

ff(

) exp [t.'i + (e, — F) 4+ + t(x, — T)

—ZE‘ZT;ﬁ]dI"”h"
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Consider the integral on z, ¢ = 1, 2,..., n. We have

® )2
f 1_ exp {[l +ont— (4 +- -+ t,,)]%' - (iz;iﬁ)‘} dzx,.

~o 0 m

This integral exists for all real values of ¢,¢,,...,¢, and it may be
interpreted as the moment-generating function of a distribution which
is n(u, 0?), with the more familiar symbol ¢ replaced by

[t + n(t, — 9), where { = 24

X |-

1
;‘t[t+”‘4"‘ 24 =

Thus the integral is equal to

exp {’_" (¢t + n(t, —8)] + ot + s - i)P},

n 2n?
and hence M (¢, ¢, ..., t,) is equal to
n 2 7\12
M ; o[t + n(t, — 1))
exp( {—t+;;(t—t)+ .
'Zl " ! 2n?

Since i (¢, — &) = 0, we have
1

MOt Y

exp {p,t + n + 5
: 242 2% (¢ — )2
exp l"t + %;] exp {?._2'_(2‘___)_}

In the right-hand member of the preceding equation, the first factor
is the moment-generating function of X and the second factor does not
depend upon ¢ In accordance with a generalization of Theorem 4,
p. 80, X and the random variables (X, — X, X; - X,..., X, - X)

]

are stochastically independent. Accordingly, X and nS? = 5_ (X, - X)?
151

are stochastically independent.

Remark. The second factor of M(¢, ¢,, ..., ¢,) is the moment-generating
function of the joint distribution of X, — X, X, — X,..., X, — X. At this
time we do not know what distribution is implied by this moment-generating
function, but that has nothing to do with the stochastic independence of X
and (X, — X,..., X, — X). Actually the implied distribution is called a
singular multivariate normal distribution. Nonsingular multivariate normal
distributions are discussed in Chapter 12.  *
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We shall now prove that n5%/0? is x*(n — 1). We have
n , n — a2
S —wr=2(X - X+ X -y

= 3 (X - X7+ (X -,

because 2(X — p) 3 (X, — X) = 0. That is,
1

;(XI - P)2 n(f _ #)2 nS?
F T T T

Theorem 3 of Section 4.7 states that }E (X, — p)3/o? is x*(n). We know
1

that X is #(u, 02/n) so that Vn(X — u)/o is #(0, 1). Hence n(X — u)3/o?
is x2(1). Because X and S? are stochastically independent, n(X — p)3/o?
and nS2%/0? are also. This stochastic independence permits us to write

o [ 205} - o i 22

o E{exp [t 1@0—;—"2]} é(é‘"s””’).

That is,
(1‘ - 2‘)—../2 = (1 —- Zt)‘”zE(e“"s""z’). t < i
Consequently, the moment-generating function of #S32/o? is
E(‘t(nS’Io"')) = (1 = 2¢)--vi3, t <}

But this is the moment-generating function of a chi-square distribution
with n — 1 degrees of freedom, so #5202 is y2(n — 1). The determina-
tion of the p.d.f. of S2 is left as an exercise.

EXERCISES

4.80. Let X be the mean of a random sample of size 5 from a normal
distribution with ¢ = 0 and ¢% = 125. Determine ¢ so that Pr (X < ¢) =
0.90.

4.81. If X is the mean of a random sample of size n from a normal
distribution with mean u and variance 100, find # so that Pr(p — § <
X < u+5) =0.954.
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4.82. Let X, and X, be stochastically independent random variables.
Let X, and Y = X, + X, have Poisson distributions with parameters u,
and p, respectively. Here u, < p. Show that X, has a Poisson distribution
with parameter p — u;.

483. Let X,, X;,...,Xgsand Y, Y,, ..., Yy be two random samples
from two independent normal distributions »(0, 16) and n(1, 9), respectively.
Let X and ¥ denote the corresponding sample means. Compute Pr (X > Y).

4.84. Find the mean and variance of S? = i(X‘ — X)?/n, where
1

X,. X, ..., X, is a random sample from n(u, ¢*). Hint. Find the mean and
variance of n5%/o?.

4.85. Let S2 be the variance of a random sample of size 6 from the normal
distribution n(u, 12). Find Pr (2.30 < S? < 22.2).

4.86. Find the p.d.f. of the sample variance S provided the distribution
from which the sample arises is #(u, 0%).

4.87. Let X and S? be the mean and the variance of a random sample
of size 25 frem a distribution which is (3, 100). Evaluate Pr (0 < X < 6,
55.2 < S? < 145.6).

4.9 Expectations of Functions of Random Variables

Let X,, X, ..., X, denote random variables that have the joint
p.df. f(z,, 3 ..., x,). Let the random variable Y be defined by
Y = u(X,, X, ..., X,). We found, in Section 4.7, that we can com-

pute expectations of functions of Y without first finding the p.d.f. of Y.
Indeed, this fact was the basis of the moment-generating function
procedure for finding the p.d.f. of Y. We can take advantage of this
fact in a number of other instances. Some illustrative examples will be
given.

Example 1. Given that W is n(0, 1), that V' is x*(r) with » > 2, and let
W and V be stochastically independent. The mean of the random variable
T = W+/7]V exists and is zero because the graph of the p.d.f. of T (see
Section 4.4) is symmetric about the vertical axis through ¢ = 0. The variance
of T, when it exists, could be computed by integrating the product of 2 and
the p.d.f of T. But it seems much simpler to compute

o = E(T?) = E[IV’ ‘1,] - E(W’)E[ll,].

Now W?2is y¥(1), so E(W?) = 1. Furthermore,

N (Prl ae,-
E(V) ‘fo Py T vy R
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exists if » > 2 and is given by

rTi(r — 2)/2) rT((r — 2)/2) oy
2T(rj2)  2[( = 2))2)T((r — 2)/2] r - 2

Thus, o2 = 7/(r — 2), 7 > 2.

Example 2. Let X, denote a random variable with mean g, and variance
o? 1=12,...,n Let X, X,, ..., X, be mutually stochastically inde-
pendent and let &, k,, ..., k, denote real constants. We shall compute the
mean and variance of the linear function Y = b X, + kX, + - + £ X,.
Because FE is a linear operator, the mean of Y is given by

py = E(y X, + RaXy + -+ + kX))
BEX) + kE(Xy) +- -+ hE(X,)

I

=k1}l1 +k2[-lv2 +"‘+knl"n=zl:kll"l'

The variance of Y is given by

o = EQ(Xy 4+ RaX) = (R + o+ )]}
E{(ky(Xy = m) + -+ Fa(Xn = pa)]T}
E{ 3 B(X, = p)* + 235 kiky(Xy = m)(X, = )}

i

I

3 REL(X, = w)?) + 233 k(X = w)(X, = )

Consider E[(X, — u)(X, — u,)], ¢ < j. Because X, and X are stochastically
independent, we have

E((X, — p)(X, — )] = E(X; — p)E(X; — p)) = 0.
Finally, then,
of = 3 KE(X - p)¥) = 5 kal.
We can obtain a more general result if, in Example 2, we remove
the hypothesis of mutual stochastic independence of X;, X,,..., X,.

We shall do this and we shall let p,; denote the correlation coefficient
of X, and X,. Thus, for easy reference to Example 2, we write

E[(X, — w)(X; — py)] = pyor0,, i<
If we refer to Example 2, we see that again uy = i k. But now
1
n
0}2) = %k?a‘z + 2 ;<,z klk,p“a‘o,.

Thus we have the following theorem.
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Theorem 4. Let X,,..., X, denote random wvariables that have

means p,, . .., p, and variances o3, ..., 02 Let p,, i # ], denote the cor-

relation coefficient of X, and X, and let k,, ..., k, denole real constants.
The mean and the variance of the linear function

Y = 3 kX,
are, respectively, 1
By = éklf"l
and
o2 = }::k?of + 23 3 ko,
The following corollary of this theorem is quite useful.

Corollary. Let X,, ..., X, denote the items of a random sample of
size n from a distribution that has mean p and variance o®. The mean and

the variance of ¥ = S:k,X‘ are, respectively, py = (i ki)p, and o} =
1 1
()f k,’)o’.
1

Example 3. Let X = iX,/n denote the mean of a random sample of
size # from a distribution t‘hat has mean p and variance ¢ In accordance
with the Corollary, we have uy = p i (1/n) = p and o} = o? i (1/n)2 =
o?/n. We have seen, in Section 4.8, tha; if our sample is from a dilstribution

that is #n(u, 0%), then X is n(u, o®/n). It is interesting that uy = u and
0% = o%/n whether the sample is or is not from a normal distribution.

EXERCISES

4.88. Let X,, X, X, X, be four mutually stochastically independent
random variables having the same p.df. f(z) = 2z, 0 < z < 1, zero else-
where. Find the mean and variance of the sum Y of these four random
variables.

4.89. Let X, and X, be two stochastically independent random variables
so that the variances of X, and X, are 0} = kand ¢3 = 2, respectively. Given
that the variance of Y = 3X, — X, is 25, find 4.

4.90. If the stochastically independent variables X, and X, have means
i1, pg and variances o3, o3, respectively, show that the mean and variance of
the product Y = X, X, are u,u; and olo3 + ulod + ujoi, respectively.
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4.91. Find the mean and variance of the sum Y of the items of a random
sample of size 5 from the distribution having p.d.f. f(z) = 6z(1 — z),
0 < x < 1, zero elsewhere.

4.92. Let Y, denote the median of a random sample X,, XA, X; of size
3 from a continuous-type uniform distribution on the interval (0, 8). Com-
pare E(Y,) and E(X), where X is the mean of the sample.

4.93. Let Y, denote the median of a random sample X,, .X,, X, of size
3 from a distribution with p.df. f(z) = 22, 0 < x < 1, zero elsewhere.
Compare E(Y,) and E(X), where X is the mean of the sample.

4.94, Determine the mean and variance of the mean X of a random
sample of size 9 from a distribution having p.d.f. f(z) =42% 0 <2z < 1,
zero elsewhere.

4.95. Let X and Y be random variables with uy, = 1, p, = 4, 03 = 4,
o2 = 6, p = }. Find the mean and variance of Z = 3X — 2Y.

4.96. Let X and Y be stochastically independent random variables with
means p;, py and variances o?, o3. Determine the correlation coefficient of
X and Z = X — Y in terms of yu,, p,, o}, o

4.97. Let X and Y be random variables with means pu,, u,; variances
a2, o2; and correlation coefficient p. Show that the correlation coefficient of
W=aX+ba>0andZ =cY +d,¢c>0,isp.

4.98. Let u and o? denote the mean and variance of the random variable
X.Let Y = ¢ + bX, where b and ¢ are real constants. Show that the mean
and the variance of Y are, respectively, ¢ + bu and 4202

4.99. A person rolls a die, tosses a coin, and draws a card from an
ordinary deck. He receives three dollars for each point up on the die, ten
dollars for a head, zero dollars for a tail, and one dollar for each spot on the
card (jack = 11, queen = 12, king = 13). If we assume that the three
random variables involved are mutually stochastically independent and
uniformly distributed, compute the mean and variance of the amount to be
received.

4.100. Let I/ and V be twostochastically independent chi-square variables
with 7, and 7, degrees of freedom, respectively. Find the mean and variance
of F = (r,U)/(r, V). What restriction is needed on the parameters », and 7,
in order to ensure the existence of both the mean and the variance of F?

4.101. Let Xy, X,, ..., .\, be a random sample of size # from a distribu-
tion with mean u and variance o2. Show that E(5%) = (n — 1)o?/n, where S?
is the variance of the random sample.

4.102. Let X, and .\, be stochasticallv independent random variables
with nonzero variances. Find the correlation coefficient of ¥ = X,.\'; and
X, in terms of the means and variances of X, and X,.
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4.103. Let X, and X, have a joint distribution with parameters u,, p,,
o}, 3. and p. Find the correlation coefficient of the linear functions Y =
&, X, + a;X, »nd Z = b X, + b,X; in terms of the real constants a,, a,,
3,, b5, and the parameters of the distribution.

4.104. 1.t X,, X5, ..., X, be a random sample of size » from a distri-
bution which has mean x and variance ¢2. Use Chebyshev’s inequality to
show, for every € > 0, that lim Pr (|X — u| < ¢) = 1; this is another form

- O

of the la'v of large numbers.

4.105. Let X denote a random variable of the continuous type whose mean
is u. Let ¥ = v(X), let E(Y) exist, and let v(z) be given by v(z) = v(u) +
v(p)(x — p) + v(€)(x — p)?/2, where £ is between p and z. If v"(z) = 0 for
all z, show that E[v(X)] > v(u). If v"(z) < 0 for all z, show that E[v(X)] <
v(p).

4.106. let X,, X, and X, be random variables with equal variances
but with correlation coefficients p,; = 0.3, p;3 = 0.5, and py3 = 0.2. Find
the correlation coefficient of the linear functions Y = X, + X; and
Z =X, + X,

4.107. Find the variance of the sum of 10 random variables if each has
variance 5 and if each pair has correlation coefficient 0.5.

4.108. Let X,, ..., X, be random variables which have means g, .. ., p,
and variances o3, . .., 3. Let p,, ¢ # 7, denote the correlation coefficient of
X, and X,. Let a,,...,a, and b,, ..., b, be real constants. Show that the

covariance of Y = lz aX; and Z = "z bX, is i i ab,00,p,;, Where
=1 =1 J=1 =1

pu=11i=12..n



Chapter 5
Limiting Distributions

5.1 Limiting Distributions

In some of the preceding chapters it has been demonstrated by
example that the distribution of a random variable (perhaps a statistic)
often depends upon a positive integer n. For example, if the random
variable X is b(n, p), the distribution of X depends upon n. If X is the
mean of a random sample of size n from a distribution which is n(u, ¢2),
then X is itself n(u, o%2/n) and the distribution of X depends upon ».
If S2is the variance of this random sample from the normal distribution
to which we have just referred, the random variable n5%/0? is x*(n — 1),
and so the distribution of this random variable depends upon #.

We know from experience that the determination of the p.d.f. of a
random variable can, upon oceasion, present rather formidable com-
putational difficulties. For example, if X is the mean of a random
sample X,, X,, ..., X, from a distribution that has the p.d.f.

flx) =1, 0<z<1l,

= 0 elsewhere,

then (p. 161) the moment-generating function of X is given by
(M (¢/n)]*, where here

M)

1 t
J‘e"dx=g l, t# 0,
0 ¢
1

R t=0.

I
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Hence

E(eM) —_

I
—~~~
“‘
3
|
—
N —
. 3
-~
*
o

=1, t=0.

Since the moment-generating function of X depends upon #, the
distribution of X depends upon #. It is true that various mathematical
techniques can be used to determine the p.d.f. of X for a fixed, but
arbitrarily fixed, positive integer n. But the p.d.f. is so complicated that
few, if any, of us would be interested in using it to compute probabilities
about X. One of the purposes of this chapter is to provide ways of
approximating, for large values of 7, some of these complicated
probability density functions.

Consider a distribution that depends upon the positive integer .
Clearly, the distribution function F of that distribution will also
depend upon n. Throughout this chapter, we denote this fact by
writing the distribution function as F, and the corresponding p.d.f.
as f,. Moreover, to emphasize the fact that we are working with
sequences of distribution functions, we place a subscript # on the ran-
dom variables. For example, we shall write

* 1
I: .’E) = f ———eem e 8—""”’/2 dw
nl cw V10V 27
for the distribution function of the mean X, of a random sample of size
n from a normal distribution with mean zero and variance one.
We now define a limiting distribution of a random variable whose
distribution depends upon #.

Definition 1. Let the distribution function F,(y) of the random
variable Y, depend upon #, a positive integer. If F(y) is a distribution
function and if lim F,(y) = F(y) for every point y at which F(y) is

n-—» oo

continuous, then the random variable Y, is said to have a limiting
distribution with distribution function F(y).
The following examples are illustrative of random variables that

have limiting distributions.

Example 1. Let Y, denote the nth order statistic of a random sample
X,, Xa, ..., X, from a distribution having p.d.f.

f(x):—-%, 0<r<00<8 <o,

= 0 elsewhere.
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The p.d.f. of Y, is

_m!
g..(y)—T. 0<y<b,

= 0 elsewhere,

and the distribution function of Y, is

Foly) =0, y<0,

v n-1 n
=j"z dz=(%), 0<y<9

o O
=1, 0<y < oo
Then
lim F,(y) = 0, —o<y<§d,
=1, 0 <y< oo
Now
F(y) =0, —w<y<®o,
=1, <y < oo,

is a distribution function. Moreover, lim F,(y) = F(y) at each point of

continuity of F(y). In accordance with the definition of a limiting distribu-
tion, the random variable Y, has a limiting distribution with distribution
function F(y). Recall that a distribution of the discrete type which has a
probability of one at a single point has been called a degenerate distribution.
Thus, in this example, the limiting distribution of Y, is degenerate. Some-
times this is the case, sometimes a limiting distribution is not degenerate, and
sometimes there is no limiting distribution at all.

Example 2. Let X, have the distribution function

F) = * __1____ -nw?,2
F,(z) = f_m \/l_/;me dw.

If the change of variable v = V' nw is made, we have

Fo(3) = f g,
-w V2n
It is clear that

lim F,(z) = 0, <0,
=4, =0,
=1 z>0.

Now the function
F) =0, z
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is a distribution function and lim F,(Z) = F(z) at every point of continuity
of F(z). To be sure, lim F,(0) # F(0), but F(Z) is not continuous at Z = 0.

Accordingly, the randem variable X, has a limiting distribution with distribu-
tion function F(Z). Again this limiting distribution is degenerate and has all
the probability at the one point Z = 0.

Example 3. The fact that limiting distributions, if they exist, cannot in
general be deiermined by taking the limit of the p.d.f. will now be illustrated.

Let X, have the p.d.f.

1
f,‘(I)xl, I:2+,—‘)

= 0 elsewhere.
Clearly, lim f,(z) = O for all values of z. This may suggest that X, has no
limiting distribution. However, the distribution function of X, is

Fiz) =0, z 2+

=1, z>24+1L
n

and
lim F (x) = 0, z <2,

=], z > 2.
Since
F(z) = 0, xr <2
=1, =2,

is a distribution function, and since lim F, (z) = F(z) at all point, of
n— o

continuity of F(x), there is a limiting distribution of X, with distribution
function F(z).

Example 4. Let Y, denote the nth order statistic of a random sample
from the uniform distribution of Example 1. Let Z, = n(6 — Y,). The p.d.f.
of Z,is
(0 — z/n)~-?
—_—
= 0 elsewhere,

ha(z) = 0 <z < nd,

and the distribution function of Z, is

‘ G,.(2) =0, z2<0,

_[r 8=t z\"
-J;.—_F—_“wgl—(l_;{?))‘ 0<z<nd

= 1, né < z.
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Hence
lim G,(z)

"

0, z2<0

=1 — "%, 0 <z< o0
Now
G(z) =0, z2<0,
=1 -7, 0<z
is a distribution function which is everywhere continuous and lim G,(z) =

G(z) at all points. Thus Z, has a limiting distribution with di-tribution
function G(z). This affords us an example of a limiting disinbution which is
not degenerate.

EXERCISES

5.1. Let X, denote the mean of a random sample of siz= # from a distribu-
tion which is n(u, 03). Find the limiting distribution of X,

5.2. Let Y, denote the first order statistic of a random sample of size n
from a distribution that has the p.d.f. f(z) = ¢ *-?, 0 < 2 < o0, zero
elsewhere. Let Z, = n(Y,; — 6). Investigate the limiting distribution of Z,,.

5.3. Let Y, denote the nth order statistic of a random sample from a
distribution of the continuous type that has distribution function F(z) and
p.d.f. f(z) = F'(z). Find the limiting distribution of Z, = n[l1 — F(Y,)].

5.4. Let the p.d.f. of Y, be f.(y) = 1, y = n, zero elsewhere. Show that
Y, does not have a limiting distribution. (The student should accept, at this
time, the fact that a distribution function F has at most a countable number
of discontinuities.)

5.5. Let Y, denote the second order statistic of a random sample of size
n from a distribution of the continuous type that has distribution function
F(z) and p.d.f. f(x) = F'(z). Find the limiting distribution of W, = nF(Y,).

5.6. Let X,, X,, ..., X, be a random sample of size n from a distribution

which is n(u, 0?), where 4 > 0. Show that the sum Z, = i X, does not have
1

a limiting distribution.

5.2 Stochastic Convergence

When the limiting distribution of a random variable is degenerate,
the random variab'e is said to converge stochastically to the constant
that has a probability of one. Thus Examples 1 to 3 of Section 5.1
illustrate not only the notion of a limiting distribution but also the
concept of stochastic convergence. In Example 1, the nth order
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statistic Y, converges stochastically to 6; in Example 2, the statistic
X, converges stochastically to zero, the mean of the normal distribution
from which the sample was taken; and in Example 3, the random
variable X, converges stachastically to 2. We shall show that in some
instances the inequality of Chebyshev can be used to advantage in
proving stochastic convergence. But first we shall prove the following
theorem.

Theorem 1. Let F,(y) denote the distribution function of a random
variable Y, whose distribution depends upon the positive integer n. Let c
denote a constant which does not depend upon n. The random variable Y ,
converges stochastically to the constant c if and only if, for every € > 0, the

lim Pr(lY, —¢|] <¢ =1.

n-—+»

Proof. First, assume that the lim Pr (|Y, — ¢| < ¢) = 1 for every
n-o

e > 0. Weare to prove that the random variable Y, converges stochasti-
cally to the constant ¢. This means we must prove that

lim I (y) =0, ¥y <ec,
n- o

il

=1, Yy > c.

Note that we do not need to know anything about the lim F,(c). For

n -+
if the limit of F,(y) is as indicated, then Y, has a limiting distribution
with distribution function
F(y) =0, y <ec,
=1, y = c
Now
Pr(|Y, —¢c| <€ = F,[(c + =] — Fy(c — ¢,
where F,[(c + €)—] is the left-hand limit of F,(y) at y = ¢ + €.
Thus we have

1 =1lim Pr(|Y, —¢| <€ = lim F,[(c + ¢f—] — lim F,(c — ¢).

n-+ o n-—+ o

Because 0 < F,(y) < 1 for all values of y and for every positive
integer »n, it must be that

lim I (c —¢ =0, lim Fyf(c + ¢—] = 1.

n-+o

Since this is true for every € > 0, we have
lim F,(y) =0, Yy <c,
n-—+ o
=1, y>oe

as we were required to show.
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To complete the proof of Theorem 1, we assume that
lim Fu(y) =0, y<e
=1, Yy >c
We are to prove that lim Pr(|Y, —¢| < ¢ =1 for every ¢ > 0.
Because "
Pr(|Y, —c| < ¢ = Fyllc + -] — Fulc — ),
and because it is given that
Im Fof(c + -] =1,
lim F,(c — ¢ =0,

n-—+ a0
for every € > 0, we have the desired result. This completes the proof
of the theorem.
We should like to point out a simple but usetul fact. Clearly,
Pr(|Y,—c¢| <e¢ +Pr(Y,—cl2¢ =1
Thus the limit of Pr (|Y, — ¢| < e is equal to one when and only when

lim Pr(|]Y, —¢| 2 ¢ =0.

That is, this last limit is also a necessary and sufficient condition for the
stochastic convergence of the random variable Y, to the constant c.

Example 1. Let X, denote the mean of a random sample of size # from
a distribution which has mean y and positive variance o?. Then the mean and
variance of X, are u and o3/n. Consider, for every fixed ¢ > 0, the probability

Pr( X, — 4l 2 0 = Pr (1%, - ] 2 o)
Vn

where k = eVn/a. In accordance with the inequality of Chebyshev, this
probability is less than or equal to 1/4? = o%/ne?. So, for every fixed ¢ > 0,
we have

. . ao®
322 Pr(X, —ul2e¢s .}E."l i = 0.
Hence X, converges stochastically to p if o® is finite. In a more advanced

course, the student will learn that u finite is sufficient to ensure this stochastic
convergence.

Remark. The condition lim Pr(|Y, — ¢| < €¢) = 1 is often used as

the definition of convergence in probability and one says that Y, converges
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to ¢ in probabslsty. Thus, stochastic convergence and convergence in prob-

ability are equivalent. A stronger type of convergence is given by

Pr (lim Y, —¢] < c) = 1, for every ¢ > 0; in this case we say that Y,
R -+ @

converges to ¢ with probability one. Although we do not consider this type
of convergence, it is known that the mean X, of a random sample converges,
with probabiiity one, to the mean u of the distribution, provided the latter
exists. This is one form of the strong law of large numbers.

EXERCISES

5.7. Let the random variable Y, have a distribution which is b(n, p).
(a) Prove that Y, /n converges stochastically to p. This result is one form of
the weak law of large numbers. (b) Prove that 1 — Y /n converges stochastic-
ally to 1 — p.

5.8. Let S2 denote the variance of a random sample of size # from a
distribution: which is n(g, ¢2). Prove that nS3/(n — 1) converges stochastically
to o3

5.9. Let W, denote a random variable with mean u and variance b/n®,
where p > 0, u, and b are constants (not functions of n). Préve that W,
converges stochastically to u.

5.10. Let Y, denote the sth order statistic of a random sample of size n
from a uniform distribution on the interval (0, §), as in Example 1 of

Section 5.1. Prove that Z, = V'Y, converges stochastically to V.

5.11. Let X have a distribution with mean p and let E[(X — p)*] = p,
exist for & = 2, 3, 4. Let S2 denote the variance of a random sample of size »
from this distribution. Then the mean of S? is given by (8 — l)u,/n =
(» — 1)a*/n and the variance of S2is given by (u, — pd)/n — 2(u — 2u3)/n?
+ (g — 3pd)/n. Prove that nS3/(n — 1) converges stochastically to o2

5.3 Limiting Moment-Generating Functions

To find the limiting distribution function of a random variable Y,
by use of the definition of limiting distribution function obviously
requires that we know F,(y) for each positive integer #. But, as
indicated in the introductory remarks of Section 5.1, this is precisely
the problem we should like to avoid. If it exists, the moment-generating
function that corresponds to the distribution function F,(y) often
provides a convenient method of determining the limiting distribution
function. To emphasize that the distribution of a random variable Y,
depends upon the positive integer #, in this chapter we shall write the
moment-generating function of Y, in the form M(¢; »).
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The following theorem, which is essentially Curtiss’ modification of
a theorem of Lévy and Cramér, explains how the moment-generating
function may be used in problems of limiting distributions. A proof of
the theorem requires a knowledge of that same facet of analysis that
permitted us to assert that a moment-generating function, when it
exists, uniquely determines a distribution. Accordingly, no proof of the
theorem will be given.

Theorem 2. Let the random variable Y, have the distribution function
Fo(y) and the moment-generating function M(; n) that exists for
—h <t < h for all n. If there exists a distribution function F(y), with
corresponding moment-generating function M(t), defined for |t| < h, < h,
such that lim M(t; n) = M(t), then Y, has a limiting distribution with

n-—+a

distribution function F(y).

In this and the subsequent section are several illustrations of the
use of Theorem 2. In some of these examples it is convenient to use a
certain limit that is established in some courses in advanced calculus.
We refer to a limit of the form

im [ 2+ 52"

where b and ¢ do not depend upon n# and where lim () = 0. Then

n-+ 0o
cn qen
lim [1+2+¢.‘_(."_)] = lim [1+é] — ebc.
n— o n n n— o n
For example,

2 3 1-n/2 2 3/a/9g ]~ nI2
lim[l—£—+tTm] =Iim[1—t—+t/an .
n n n

n-sw n-+ o n

Here b = —f2, ¢ = —}, and ¢(n) = 3/V/n. Accordingly, for every
fixed value of ¢, the limit is "2,

Example 1. Let Y have a distribution which is b(n, p). Suppose that the
mean u = np is the same for every n; thatis, p = u/n, where u is a constant.
We shall find the limiting distribution of the binomial distribution, when
p = p/n, by finding the limit of M(¢; n). Now

M(t;n) = E(") = [(1 — p) + pet|* = [1 + "——'—(“n_ ”]n
for all real values of ¢£. Hence we have

lim M(t; n) = e#¢'-V

- ®
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for all real values of ¢. Since there exists a distribution, namely, the Poisson
distribution with mean p, that has this moment-generating function este' -1,
then in accordance with the theorem and under the conditions stated, it is
seen that Y, has a limiting Poisson distribution with mean p.

Whenever a random variable has a limiting distribution, we may, if we
wish, use the limiting distribution as an approximation to the exact distri-
bution function. The result of this example enables us to use the Poisson
distribution as an approximation to the binomial distribution when # is large
and p is small. This is clearly an advantage, for it is easy to provide tables for
the one-parameter Poisson distribution. On the other hand, the binomial
distribution has two parameters, and tables for this distribution are very
ungainly. To illustrate the use of the approximation, let Y have a binomial
distribution with #n = 50 and p = 3. Then

Pr(Y s 1) = (34)%° + 50(3%)(34)*® = 0.400,

approximately. Since p = np = 2, the Poisson approximation to this
probability is
e~2 4+ 2¢72 = 0.406.

Esample 2. Let Z, be y*(n). Then the moment-generating function of zZ,
is (1 — 26)~™3, ¢ < . The mean and the variance of Z, are, respectively, n

and 2#. The limiting distribution of the random variable Y, = (Z, — n)/ V2n
will be investigated. Now the moment-generating function of Y, is

i = oo [(E52)]}
= e—lll'/il_lE(elan‘la_n)
exp [—(t/g)(;)](l - 2#)-'”2, t < .\/_Z-E
This may be written in the form
Mt %) = (a“ﬂ“/- - :Jga“ﬁ)"", t < J’%

In accordance with Taylor’s formula, there exists a number §(n), between 0
and $v/2]n, such that

— 2 &(n) 2\ 3
a./a/n,:].;.tﬁ.{.l(tﬁ).{.e_.(&/g).
n 2 ”n 6 n
If this sum is substituted for ¢V¥™ in the last expression for M(¢; n), it is

seen that
Mt n) = (1 - ‘;: + ﬂ;’ﬂ)’”’.
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where
\/-Z't%“"’ \/Za 28e8m
A v -y S R

Since ¢(n) — 0 as n — oo, then lim y(n) = O for every fixed value of ¢ In

accordance with the limit proposition cited earlier in this section, we have

lim M(¢; n) = %3

for all real values of ¢. That is, the random variable Y, = (Z, — n)/V 2n has
a limiting normal distribution with mean zero and variance one.

EXERCISES

5.12. Let X, have a gamma distribution with parameter « = n and B,
where B is not a function of n. Let Y, = X,/n. Find the limiting distribution
of Y,.

5.13. Let Z, be x%(n) and let W, = Z,/n2. Find the limiting distribution
of W,

5.14. Let X be x?(50). Approximate Pr (40 < X < 60).

5.15. Let p = 0.95 be the probability that a man, in a certain age group,
lives at least five years. (a) If we are to observe 60 such men and if we assume
independence, find the probability that at least 56 of them live five or more
years. (b) Find an approximation to the result of part (a) by using the
Poisson distribution. Hint. Redefine p to be 0.05and 1 — p = 0.95.

5.16. Let the random variable Z, have a Poisson distribution with
parameter u = #. Show that the limiting distribution of the random variable

Y, = (Z, — n)/V/n is normal with mean zero and variance one.

5.17. Let S2 denote the variance of a random sample of size n from a
distribution which is n(u, 02). It has been proved that #S3/(n — 1) converges
stochastically to 3. Prove that S2 converges stochastically to ¢2.

5.18. Let X, and Y, have a bivariate normal distribution with parameters
M1, Mg, 03, o3 (free of n) but p = 1 — 1/n. Consider the conditional distribu-
tion of Y, given X, = . Investigate the limit of this conditional distribution
as n — 00. What is the limiting distribution if p = —1 + 1/n? Reference to
these facts was made in the Remark, Section 2.3 (p. 70).

5.19. Let X, denote the mean of a random sample of size # from a Poisson
distribution with parameter u = 1. (a) Show that the moment-generating
function of Y, = vVn(X, — p)jo = vVn(X, — 1) is given by exp[—tVn +
n(e”™ — 1)]. (b) Investigate the limiting distribution of Y, as n — co.
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5.20. Let X, denote the mean of a random sample of size n from a
distribution which has p.df. f(r) =e * 0 < x < o0, zero elsewhere.
(a) Show that the moment-generating function M(¢; n) of Y, = Vn(X, — 1)
is equal to [¢/7" — (¢/V/n)e"”") ", ¢ < V/n. (b) Find the limiting distribution
of Y, as n — oo. This exercise and the immediately preceding one are special
instances of an important theorem that will be proved in the next section.

5.4 The Central Limit Theorem

It was scen (p. 163) that, if X, X,,..., X, is a random sample
from a normal distribution with mean g and variance o2, the random
variable

n
VAR, -
oVn - 14

is, for every positive integer 22, normally distributed with zerc mean and
unit variance. In probability theory there is a very elegant theorem
called the central limit theorem. A special case of this theorem asserts
the remarkable and important fact that if X, X,, ..., X, denote the
items of a random sample of size # from any distribution having positive
variance o® (and hence finite mean p), then the random variable
vn(X, — p)/e has a limiting normal distribution with zero mean and
unit variance. If this fact can be established, it will imply, whenever
the conditions of the theorem are satisfied, that (for fixed n) the random
variable \/;()? — w)/e has an approximate normal distribution with
mean zero and variance one. It will then be possible to use this approxi-
mate normal distribution to compute approximate probabilities
concerning X.

Only a modified form of this special case of the central limit
theorem will be proved here. The modification consists in requiring the
existence of a moment-generating function for the distribution from
which the sample is to be taken. This is, of course, much more stringent
than mercly requiring a positive variance of that distribution. The
modified form of the theorem follows.

Theorem 3. Let Xy, Ny, ..., X, denote the items of a random sample
from a distribution which has mean ., positive variance o2, and momnent-
generating function M(t) that exists for —h < t < h. Then the random

variable 'Y, = (i X, - ny.)/\/;;o = (X, — wfo has a limiting
1

distribution which is normal with mean zero and variance one.
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Proof. Since M(f) = E(e'X) exists for —h < ¢ < h, the function
m(t) = E(MX-0) = e~ #M(t)

exists for —h < ¢t < A. It will first be shown that

o | [m(f) = oI

m) = 1+ 2 -

where £ is between 0 and ¢. To see this, note that

m'(t) = e “M'(t) — pe *M(t)
and
m'(t) = e MM"(t) — 2ue " “M'(t) + p2e “M(t).

Now M(0) = 1, M’(0) = u, and M"(0) = ¢% + u2. Hence m(0) = 1,
m'(0) = 0, and m"(0) = o2 By Taylor’s formula there exists a number
£ between 0 and ¢ such that

m(t) = m(0) + m'(0)¢ +

-1+ ”‘"‘2‘3)‘2.

I

m”(£)*
2

If 0%2/2 is added and subtracted, then

o [m(§) — o7

as was to be shown.

Next consider M (¢; n), where

- (522 ) )
— £ X;\/—;#)] +-E[exp (t X;\/}t" )]

{ [e"p( avnp)]}n
-

| B

< h.
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In m(t), replace ¢ by t/ov/n to obtain

AN 2 [(m'(§) — o*)?
M(;—-—;) =1+ n + et
where now ¢ is between 0 and t/oVn with —heVn < t < haV/n.

Accordingly,

C £ [(m"(¢) - uN"
M(t; n) _{1 +2_n+_w__}.

Since m”(¢) is continuous at ¢ = 0 and since £ — 0 as n — 00, we have
lim [m"(§) — o%] = 0.
The limit proposition cited on p. 179 shows that
lim M(t; n) = &2

n-+ o
for all real values of ¢£. This proves that the random variable Y, =
vVn(X, — p)/o has a limiting normal distribution with mean zero and
variance one.

We interpret this theorem as saying, with » a fixed positive integer,
that the random variable V7(X — p)/o has an approximate normal
distribution with mean zero and variance one; and in applications we
use the approximate normal p.d.f. as though it were the exact p.d.f.
of \/;(X — w)fo.

Some illustrative examples, here and later, will help show the
importance of this version of the central limit theorem.

Example 1. Let X denote the mean of a random sample of size 75 from
the distribution which has the p.d.f.

flx) =1, O<z<l,
= 0 elsewhere.

It was stated in Section 5.1 that the exact p.d.f. of X, say g(2), is rather
complicated. It can be shown that g(z) has a graph at points of positive
probability density which is composed of arcs of 75 different polynomials of
degree 74. The computation of such a probability as Pr (0.45 < X < 0.55)
would be extremely laborious. The conditions of the theorem are satisfied
since M(t) exists for all real values of ¢. Moreover, p = } and o* = 43, so
we have approximately

Pr(0.45 < X < 0.55) =

Pr [v7(0.45 -n V(X —u) _ Vn(0.55 — ,;)]
4 [ [+4

= Pr[—-15 < 30(X — 0.5) < 1.5

= 0.866,

from Table III in the Appendix.
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Example 2. Let X,, X;,..., X, denote a random sample from a
distribution which is b(1, p). Here u = p, 0 = p(1 — p), and M(¢) exists for
all real values of ¢&. If Y, = X, +---+ X, it is known that Y, is b(n, p).
Calculation of probabilities concerning Y,, when we do not use the Poisson
approximation, can be greatly simplified by making use of the fact that
(Yo = #p)/Vnp(T = p) = VX, = p)/VH( =) = VX, — p)]o has a
limiting distribution which is normal with mean zero and variance one. Let
s = 100 and p = 4, and suppose we wish to compute Pr (Y = 48, 49, 50, 51,
52). Since Y is a random variable of the discrete type, the events Y =
48, 49, 50, 51, 52 and 47.5 < Y < 52.5 are equivalent. That is, Pr (Y =
48, 49, 50, 51, 52) = Pr (47.5 < Y < 52.5). Since np = 50 and np(l — p) =
25, the latter probability may be written

47.5 — 50 < Y — 50 < 52.5 — 50)
5 5 5

Pr (475 < Y < 52.5) = Pr(

Y — 50
5

= Pr (—0.5 < < 0.5)-
Since (Y — 50)/5 has an approximate normal distribution with mean zero
and variance one, Table I1I shows this probability to be approximately 0.382.
The convention of selecting the event 47.5 < Y < 52.5, instead of, say,
478 < Y < 52.3, as the event equivalent to the event Y = 48, 49, 50, 51, 52
seems to have originated in the following manner:” The probability,
Pr (Y = 48, 49, 50, 51, 52), can be interpreted as the sum of five rectangular
areas where the rectangles have bases one but the heights are, respectively,
Pr(Y = 48),..., Pr (Y = 52). If these rectangles are so located that the
midpoints of their bases are, respectively, at the points 48, 49,..., 52 on a
horizontal axis, then in approximating the sum of these areas by an area
bounded by the horizontal axis, the graph of a normal p.d.f., and two
ordinates, it seems reasonable to take the two ordinates at the points 47.5
and 52.5.

EXERCISES

5.21. Let X denote the mean of a random sample of size 100 from a
distribution which is x%(50). Compute an approximate value of
Pr (49 < X < 51).

5.22. Let X denote the mean of a random sample of size 128 from a
gamma distribution with « = 2 and 8 = 4. Approximate Pr (7 < X < 9).

5.23. Let Y be b(72, §). Approximate Pr (22 < Y < 28).

5.24. Compute an approximate probability that the mean of a random
sample of size 15 from a distribution having p.d.f. f(x) = 32%, 0 <z < 1,
zero elsewhere, is between % and £.
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5.25. Let Y denote the sum of the items of a random sample of size 12
from a distribution having p.d.f. f(z) = §, 2 = 1,2, 3, 4, 5, 6, zero elsewhere.
Compute an approximate value of Pr (36 < Y < 48).

5.26. Let Y be b5(400, }). Compute an approximate value of
Pr (0.25 < Y/n).

5.27. If Y is (100, 4), approximate the value of Pr (Y = 50).

5.28. Let Y be b(n, 0.55). Find the smallest value of # so that (approxi-
mately) Pr (Y/n > 1) > 0.95.

5.29. Let f(z) = 1/2%, 1 < 2 < o0, zero elsewhere, be the p.d.f. of a
random variable X. Consider a random sample of size 72 from the distribution
having this p.d.f. Compute approximately the probability that more than
50 of the items of the random sample are less than 3.

5.30. Forty-eight measurements are recorded to several decimal places.
Each of these 48 numbers is rounded off to the nearest integer. The sum of
the original 48 numbers is approximated by the sum of these integers. If we
assume that the errors made by rounding off are stochastically independent
and have uniform distributions over the interval (—14, 4), compute approxi-
mately the probability that the sum of the integers is within 2 units of the
true sum.

5.5 Some Theorems on Limiting Distributions

In this section we shall present some theorems that can often be
used to simplify the study of certain limiting distributions.

Theorem 4. Let F (1) denote the distribution function of a random
variable U, whose distribution depends upon the positive integer n. Let U,
converge stochastically to the constant ¢ # 0. The random variable U ,/c
converges stochastically to one.

The proof of this theorem is very easy and is left as an exercise.

Theorem 5. Let I4,(u) denote the distribution function of a random
variable U, whose distribution depends upon the positive integer n. Further,
let U, converge stochastically to the positive constant ¢ and let Pr (U, < 0)

= 0 for every n. The random variable v/ U, converges stochastically to V/c.

Proof. We are given that the lim Pr (|U, — ¢| > €) = 0 for every
n-+ 0
€ > 0. We are to prove that the lim Pr (|[VTU, — V¢| 2 €) = 0 for

n— o

every € > 0. Now the probability

\
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Pr{|(VU, = VO(VT, + Vo)| 2 ¢

Pr(lU, —c| 2 ¢

- pr(wm ERVARS \/_U'ETE)
> Pr(l\/F,.— \/Z|z—-\;-_;) > 0.

If we let € = e/\/E, and if we take the limit, as # becomes infinite, we
have

0= lim Pr(|U, —¢| > € 2 lim Pr(|VU, - V¢| 2 ¢) =0
n-+»o n-s
for every ¢ > 0. This completes the proof.

The conclusions of Theorems 4 and 5 are very natural ones and they
certainly appeal to our intuition. There are many other theorems of
this flavor in probability theory. As exercises, it is to be shown that if
the random variables U, and V, converge stochastically to the respec-
tive constants ¢ and 4, then U,V, converges stochastically to the
constant cd, and U,[/V, converges stochastically to the constant c/d,
provided d # 0. However, we will accept, without proof, the following
theorem.

Theorem 6. Let F,(u) denote the distribution function of a random
variable U, whose distribution depends upon the positive integer n. Let U,
have a limiting distribution with distribution function F(u). Let H,(v)
denote the distribution function of a random variable V, whose distribution
depends upon the positive integer n. Let V, converge stochastically to one.
The limiting distribution of the random variable W, = U,[V , is the same
as that of U,; that s, W, has a limiting distribution with distribution
Sfunction F(w).

Example 1. Let Y, denote a random variable which is b(n, p),0 < p < 1.

We know that
Y, — np

vnp(l — p)
has a limiting distribution which is #(0, 1). Moreover, it has been proved that
Y,/mand1 — Y,/nconverge stochastically to pand 1 — p, respectively; thus
(Ya/n)(1 — Y,/n) converges stochastically to p(1 — p). Then, by Theorem 4,
(Ya/n)(1 — Y./n)/[p(1 — p)] converges stochastically to one, and Theorem 5
asserts that the following does also:

[(Y./n)(l — Y, /n)]
1-9)
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Thus, in accordance with Theorem 6, the ratio W, = U,/V,, namely,

Y, —np
\/n(yn/")(l - yn/")

’

has a limiting distribution which is #(0, 1). This fact enables us to write (with
n a fixed positive integer)

_ Y — np _
Pr[ 2<\/m<2] 0.954,

approximately.

Esample 2. Let X, and S? denote, respectively, the mean and the
variance of a random sample of size n from a distribution which is n(u, ¢3),
a? > 0. It has been proved that X, converges stochastically to x and that S2
converges stochastically to o®. Theorem 5 asserts that S, converges stochastic-
ally to ¢ and Theorem 4 tells us that S,/o converges stochastically to one. In
accordance with Theorem 6, the random variable W, = ¢X,/S, has the same
limiting distribution as does X, That is, ¢X,/S, converges stochastically to u.

EXERCISES

5.31. Prove Theorem 4. Hint. Note that Pr(|U,jc — 1| < ¢) =
Pr (JU, — ¢| < €|c|), for every ¢ > 0. Then take ¢ = ¢|c|.

5.32. Let X, denote the mean of a random sample of size # from a gamma
distribution with parameters « = u > 0 and 8 = 1. Show that the limiting

distribution of Vn(X, — p)/VX, is #(0, 1).

5.33. Let T, = (X, — u)/V5S3[(n — 1), where X, and $2 represent,
respectively, the mean and the variance of a random sample of size n from a
distribution which is n(u, ¢2). Prove that the limiting distribution of T, is
n(0, 1).

534. Let X,,..., X, and Y,,..., Y, be the items of two independent
random samples, each of size n, from the distributions which have the
respective means u, and p, and the common variance ¢2. Find the limiting
distribution of

(Xu - Yn) - (F’l - I‘z)’
oV2n

where X, and Y, are the respective means of the samples. Hint. Let
Z, = il./n, where Z, = X, - Y,.
1
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5.35. Let U, and V, converge stochastically to ¢ and d, respectively.
Prove the following. (a) The sum U, + V, converges stochastically to
¢ +d. Hint. Show that Pr(|jU, + V, —c —d|>¢ < Pr(|U, —¢| +
|Va—d| =€ <Pr(lU, —c|2¢2o0r |V, —d| 2¢2) <Pr(U, —c¢|>
€/2) + Pr(|V, — d| = €/2). (b) The product U,V, converges stochastically
to cd. (c) If d # 0, the ratio U,/V, converges stochastically to c/d.

=
<



Chapter 6
Interval Estimaticn

6.1 Random Intervals

An interval, at least one of whose end points 1s a random variable,
will be called a random interval. Let X denote a random variable and
consider the event 1 < X < 2. This event is equivalent to 2 < 2X and
X <2o0rto X < 2 < 2X.1If pis the probability Pr (1 < X < 2), then
p = Pr(X < 2 < 2X). The interval (X, 2X) is a random interval, and
we may read the probability Pr (X < 2 < 2X) = p as follows: The
probability is p that the random interval (X, 2.X) includes the point 2.
To be sure, the probability that the random interval (X, 2X) includes
the point 2 is precisely the probability that the random variable X
satisfies 1 < X < 2. We shall now compute some probabilities and
discuss some problems that involve random intervals.

Example 1. Let X be x?(16). What is the probability that the random
interval (X, 3.3.X) contains the point x = 26.3? And what is the expected
length of the interval? Now X < 26.3 < 3.3X when and only when X < 26.3
and X > 26.3/3.3 = 7.97, approximately; that is, when 7.97 < X < 26.3.
Accordingly, the probability that the random interval (X, 3.3X) includes the
point x = 26.3 is given by

Pr(7.97 < X < 26.3),

where X is y2(16). We see from Table 11 in the Appendix that this probability
is almost 0.90. The length of the random interval is 3.3X — X = 2.3X.
Since X is y2(16), we have E(X) = 16. Accordingly, the expected value of
the length of the random interval is 2.3E(X) = 36.8.

190
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Example 2. Let X be n(0, 0?), 0> > 0. What is the probability that the
random interval (| X{, [10X]) includes the point ¢? And what is the expected
value of the length of this random interval? Now |X| < ¢ < 10]X| when
and only when ¢/10 < |X| < 0. The event ¢/10 < |[X| < o is the union
of the two mutually exclusive events ¢/10 < X < oand -0 < X < —a/10.
Since X is #(0, o?), these mutually exclusive events have the same probability.
Accordingly, the probability that the random interval (| X|, [10X]) includes
the point ¢ is

1 _X
P(10<|X|<a)=2Pr(10 <1)
2[N(1) — N(0.1}]
= 0.60, approximately.

The length of the random interval is 9| X|. Now

6 - x3/203 dz

E(X]) = 2 f

'/2
=g |~
”

Hence the expected value of the length of the random mterval is 9oV 2w =
7.20, approximately.

Example 3. Let X denote the mean of a random sample of size # from
a distribution which is n(u. 62), 62 > 0. Then X is #n(u, 0?/n). What is the
probability that the random interval (X — 2¢/vn, X + 20/V/n) includes
the point x, whatever be the values of u, 0® > 0, and the positive integer »?
The event

= 20 = 20
X-L<cpu<X+2Z
Vn Vn
occurs when and only when the event
2 < .‘_/—%__“l <2

occurs. Thus these events have the same probability. But vVu(X — u)/o is
7(0, 1). Accordingly, the probability that the random interval (X ~ 20/vn,
X + 26/Vn) includes the point u is N(2) — N(—~2) = 0.954. It is seen that
this probability in no manner depends upon the values of u, ¢® > 0, and the
positive integer n. Consider next the length of the random interval. The
length is 4¢/V/n, a constant function of X; so the expected value of the
length of the random interval is 4s/v/n. Note that we do not know this length
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(or expected length) until both ¢ and 7 are known; and note further that, for
o assigned, we can make this length as short as we please by taking »
sufficiently large.

Example 4. Let X,, ..., X, denote a random sample of size 10 from a
10

distribution which is n(x, ¢3). Let Y = > (X, — p)%. What is the probability
1

that the random interval (Y/20.5, Y/3.25) includes the point 02? We know
that Y/e? is x2(10). Moreover, the events Y/20.5 < ¢® < Y/3.25 and
3.25 < Y/o® < 20.5 are equivalent. Accordingly, the probability that our
random interval includes the point o? is

Pr (3.25 < X< 20.5),
where Y/o? is x3(10). From Table II in the Appendix, this probability is
found to be 0.95. The length of the random interval is Y (1/3.25 — 1/20.5) =
0.26Y, approximately. Since E(Y/o?) = 10, we have E(Y) = 100® Accord-
ingly, the expected value of the length of the random interval is 2.6¢°.

EXERCISES

6.1. Let the random variable X have the p.d.f. f(z) = ¢ %, 0 < z < o0,
zero elsewhere. Compute the probab.lity that the random interval (X, 3X)
includes the point z = 3. What is the expected value of the length of this
random interval?

6.2. Let X,, X, denote a random sample from a distribution with p.d.f.
fx) =} =1, 2,3, 4, zero elsewhere. Compute the probability that the
random interval (1, X, + X, — ) contains the point 3.

6.3. Let X,, X, denote a random sample of size 2 from a continuous-type
uniform distribution on the interval (0, 1). Compute the probability that the
random interval (X,/3X,, 2X,/X,) includes the point %.

6.4. Let X denote the mean of a random sample of size # from a distri-
bution which is n(u, 02). What is the probability that the random interval
(X — p)?/5.02, n(X — u)3/0.001] includes the point ¢?? What is the
expected value of the length of this random interval? Note that this expected
length is the same for all values of n. Compare your result with that of
Example 4 of this section.

6.5. Let S? denote the variance of a random sample of size #» from a
distribution which is n(yx, 0?), 6 > 0. Thus nS2%/o? is y?(n — 1). If n = 10,
what is the probability that the random interval (5%/1.9, $%/0.27) includes
the point ¢?? What is the expected value of the length of this random
interval? Compare your result with those of Example 4 and Exercise 6.4.
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6.2 Confidence Intervals for Means

The first five chapters of this book deal with certain concepts and
problems of probability theory. Throughout we have carefully dis-
tinguished between a sample space € of outcomes and the space o/
of one or more random variables defined on ¥. With this chapter we
begin a study of some problems in statistics and here we are more
interested in the number (or numbers) by which an outcome is repre-
sented than we are in the outcome itself. Accordingly, we shall adopt a
frequently used convention: We shall refer to a random variable X as
the outcome of a random experiment and we shall refer to the space of
X as the sample space. Were it not so awkward, we would call X the
numerical outcome. Once the experiment has been performed and it is
found that X = z, we shall call x the experimental value of X for that
performance of the experiment.

This convenient terminology can be used to advantage in more
general situations. To illustrate this, let a random experiment be
repeated # independent times and under identical conditions. Then
the random variables X, X,, ..., X, (each of which assigns a numerical
value to an outcome) constitute (p. 118) the items of a random sample.
If we are more concerned with the numerical representations of the
outcomes than with the outcomes themselves, it seems natural to refer
to X,, X, ..., X, as the outcomes. And what more appropriate name
can we give to the space of a random sample than the sample space?
Once the experiment has been performed the indicated number of
times and it is found that X, = a,, X; = 2,,..., X, = z,, we shall
refer to x,, z, .. ., x, as the experimental values of X,, X,,..., X, or
as the sample data.

We shall use the terminology of the two preceding paragraphs, and
in this section we shall give some examples of statistical inference.
These examples will be built around the notion of a confidence interval
for an unknown parameter in a p.d.f.

Suppose we are willing to accept as a fact that the (numerical) out-
come X of a random experiment is a random variable that has a normal
distribution with known variance ¢2 but unknown mean . That is, p is
some constant, but its value is unknown. To elicit some information
about p, we decide to repeat the random experiment # independent
times, n being a fixed positive integer, and under identical condxtlons
Let the random variables X,, X,,..., X, denote, respectlv
outcomes to be obtained on these n repetntlons of the experiment. If our’
assumptions are fulfilled, we then have under consideration a ra.pdom
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sample X,, X,, ..., X, from a distribution which is n(u, 0?), o known.
—_ n

Consider the statistic X = (}_ X‘)/n. In Example 3, p. 191, it was found
1

that the probability is 0.954 that the random interval (X — 2of\ n,
¥ + 20/7'n) contains the fixed (but unknown) mean p. That is,

- 20
Pr (‘\' - <u< X+ ——) = 0.954.
Vi # Vi

Since ¢ is a known number, each of the random variables X — 20/\/11
and X + 20/V/n is a statistic. The interval (X — 20/An, X + 20/\'n)
is a random interval. In this case, both end points of the interval are
statistics. The immediately preceding probability statement can be
read: Prior to the repeated independent performances of the random
experiment, the probability is 0.954 that the random interval
(X - 20/Vn, X + 20/Vn) includes the unknown fixed point
(parameter) p.

Up to this point, only probability has been involved; the determina-
tion of the p.d.f. of X and the determination of the random interval
were problems of probability. Now the problem becomes statistical.
Suppose the experiment yields X, = v,, X, = 2,,..., X, = 2,. Then
the sample value of X is ¥ = (¥, + ¥ +---+ 2,)/n, a known
number. Moreover, since o is known, the interval (¥ — Za/\/;i,
# + 20/V/n) has known end points. Obviously we cannot say that
0.954 is the probability that the particular interval (¥ — 20/V/n,
T+ 20/\";;) includes the parameter yu, for p, although unknown, is
some constant, and this particular interval either does or does not
include u. However, the fact that we had such a high degree of prob-
ability, prior to the performance of the experiment, that the random
interval (X — 20/v/n, X + 20/\’x) includes the fixed point (param-
eter) p leads us to have some reliance on the particular interval
(# — 20/A"n, ¥ + 20/V/n). This reliance is reflected by calling the
known interval (¥ — 20/v/n, ¥ + 20j7’n) a 95.4 per cent confidence
interval for u. The number 0.954 is called the confidence coefficient. The
confidence coefficient is equal to the probability that the random
interval includes the parameter. One may, of course, obtain a 90 per
cent or a 99 per cent confidence interval for u. A statistical inference of
this sort is an example of interval estimation of a parameter.

If o were not known, the end points of the random interval would
not be statistics. Although the probability statement about the random
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interval remains valid, the sample data would not yield an interval with
known end points.

Example 1. If in the preceding discussion # = 40, ¢ = 10, and
= 7.164, then (7.164 — 1.282Vv/13, 7.164 + 1.282v/13), or (6.523, 7.805),
is an 80 per cent confidence interval for u. Thus, we have an interval estimate
of .
In the next example, we shall show how the central limit theorem
may be used to help us find an approximate confidence interval for p
when our sample arises from a distribution which is not normal.

Esample 2. Let X denote the mean of a random sample of size 25 from
a distribution which has a moment-generating function, variance o = 100,

and mean p. Since o/V%z = 2, then approximately
X -
2

Pr (—1.96 < B oo 1.96) = 0.95,

or
Pr(X —392<p< X +3.92) =095

Let the observed mean of the sample be x = 67.53. Accordingly, the interval
from Z — 3.92 = 63.61 to ¥ + 3.92 = 71.451s an approximate 95 per cent
confidence interval for the mean p.

Let us now turn to the problem of finding a confidence interval for
the mean p of a normal distribution when we are not so fortunate as
to know the variance ¢2. In Section 4.8 we found that nS2%/¢?, where
S2 is the variance of a random sample of size # from a distribution
which is n(u, 0?), is x2(n — 1). Thus we have V(X — p)/o to be
7n(0, 1), nS2%/o? to be y*(n — 1), and the two to be stochastically
independent. In Section 4.4, the random variable 7" was defined in
terms of two such random variables as these. In accordance with that
section and the foregoing results, we know that

o (VX = p)lfe X-u
1 = =
VaS?[[e®(n — 1)] S|V -1
has a ¢ distribution with # — 1 degrees of freedom, whatever the value
of 02 > 0. For a given positive integer n and a probability of 0.95, say,
we can find numbers a < b from Table 1V in the Appendix, such that

Pr[a 5/\/11— <b] 0.95.

Since the graph of the p.d.f. of the random variable T is symmetric
about the vertical axis through the origin, we would doubtless take
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a = —b, b > 0.If the probability of this event is written (witha = —b)
in the form

bS << 5S
vn -1 # \/ n —
then the interval [X — (bS/\/n — 1), X + (bS/Vn — 1)] is a random

interval having probability 0.95 of including the unknown fixed point
(parameter) u. If the experimental values of X, X,, ..., X, are x,, x,,

l

Pr (X - ) = 0.95,

n n
., x, with s? = 3> (z, — Z)?/n, where T = ) x,/n, then the interval
1 1

(2 — (bs/Vn — 1), % + (bs/Vn — 1)] is a 95 per cent confidence
interval for u for every o2 > 0.

Example 3. If in the preceding discussionn = 10,7 = 3.22,and s = 1.17,
then the interval [3.22 — (2.262)(1.17)/v/9, 3.22 + (2.262)(1.17)/v/9] or
(2.34, 4.10) is a 95 per cent confidence interval for p.

Remark. If one wishes to find a confidence interval for p and if the
variance o2 of the nonnormal distribution is unknown (unlike Example 2 of
this section), he mayv with large samples proceed as follows. If the conditions
of Exercise 5.11 are satisfied, then $2, the variance of a random sample of
size n > 2, converges stochastically to 0% Then in

Va(X —po _ Vi 1(X — )

VnS%(n — 1)o? S

the numerator of the left-hand member has a limiting distribution which is
n(0, 1) and the denominator of that member converges stochastically to one.
Thus, V2 — I(X — w)/S has a limiting distribution which is »(0, 1). This
fact enables us to find approximate confidence intervals for u when our
conditions are satisfied. A similar procedure can be followed in the next
section when seeking confidence intervals for the difference of the means of
two independent nonnormal distributions.

We -shall now consider the problem of determining a confidence
interval for the unknown parameter p of a binomial distribution when
the parameter # is known. Let Y be b(n, p), where 0 < p < 1 and n is
known. Then p is the mean of Y/n. We shall use a result of Example 1,
p. 187, to find an approximate 95.4 per cent confidence interval for the
mean p. There we found that

f — np
Pr|-2 < =0.
r[ \/n(Y n)(1 — Y/n) 2] 0954,
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approximately. Since
Yomp (YW -p
Vu(Yn)(1 — Y/n) vV (Y[n)(1 — Y/n)[n

the above probability statement can easily be written in the form

pr[L - o [TRT=YR Y [TRT=VR) g5,

approximately. Thus, for large #, if the experimental value of Y is y,
the interval

(2 o ORI =A v, , [T =)

n (]

provides an approximate 95.4 per cent confidence interval for p.

A more complicated approximate 95.4 per cent confidence interval
can be obtained from the fact that Z = (Y — np)/Vup(l — p) has a
limiting distribution which is #(0, 1), and the fact that the event
—2 < Z < 2is equivalent to the event

Y +2-2V[Y(n - Y)n] + 1
n+ 4

(1)

- Y +242V[Y(n—Y)n] +1

<? n+ 4

The first of these facts was established in Example 2, p. 185; the proof
of Inequalities (1) is left as an exercise. Thus an experimental value y
of Y may be used in Inequalities (1) to determine an approximate
95.4 per cent confidence interval for p.

If one wishes a 95 per cent confidence interval for p which does not
depend upon limiting distribution theory, he may use the following
approach. (This approach is quite general and can be used in other
instances.) Determine two increasing functions of p, say ¢,(p) and c5(p),
such that for each value of p we have, at least approximately,

Pric,(p) < Y < cy(p)] = 0.95.

The reason that this may be approximate is due to the fact that Y has
a distribution of the discrete type and thus it is, in general, impossible
to achieve the probability 0.95 exactly. With ¢,(p) and c,(p) increasing
functions, they have single-valued inverses, say d,(y) and dgy(y),
respectively. Thus the eventsc,(p) < Y < ¢y(p)and dy(Y) < p < dy(Y)
are equivalent and we have, at least approximately,

Pr(dy(Y) < p < dy(Y)] = 0.95.
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In the case of the binomial distribution, the functions c¢,(p), ca(2),
d,(y), and d,(y) cannot be found explicitly, but a number of books
provide tables of d;(y) and d,(y) for various values of ».

Example 4. 1f, in the preceding discussion, we take n = 100 and y = 20,
the first approximate 95.4 per cent confidence interval is given by

(0.2 — 2v/(0.2)(0.8)/100,0.2 + 2/(0.2)(0.8)/100) or (0.12, 0.28). The approxi-
mate 95.4 per cent confidence interval which is provided by Inequalities (1) is

(22 ~ 2V/{T600/100) + 1 22 + 2v/{1600/100) + 1)

104 104

or (0.13, 0.29). By referring to the appropriate tables found elsewhere, we
find that an approximate 95 per cent confidence interval has the limits
d,(20) = 013 and 4,(20) = 0.29. Thus, in this example, we see that all three
methods yield results that are in substantial agreement.

EXERCISES

6.6. Let the observed value of the mean X of a random sample of size
20 from a distribution which is n(u, 80) be 81.2. Find a 95 per cent confidence
interval for u.

6.7. Let X be the mean of a random sample of size # from a distribution
which is n(s,9). Find #n such that Pr(X — 1 < u < X + 1) = 0.90,
approximately.

6.8. Let a random sample of size 17 from the normal distribution
n(u, 9% yield ¥ = 4.7 and s? = 5.76. Determine a 90 per cent confidence
interval for pu.

6.9. Let X denote the mean of a random sample of size # from a distri-
bution which has mean g, variance o = 10, and a moment-generating
function. Find n so that the probability is approximately 0.954 that the
random interval (X ~ 4, X + 4) includes p.

6.10. let X'\, X, ..., Xy be a random sample of size 9 from a distribu-
tion which is n(u, 0%). (a) If o is known, find the length of a 95 per cent
confidence interval for p if this interval is based on the random varnable

VX - w)/o. (b) If o is unknown, find the expected value of the length of a
95 per cent confidence interval for p if this interval is based on the random

variable V8(X — u)/S. (c) Compare these two answers.
6.11. Let X, X,,..., X, X, ,, bearandom sample of sizen + 1,2 > 1,

from a distribution which is #n(u, 0?). Let X = iX,/n, and S2 =
1

2::(1\', — X)3n. Find the constant ¢ so that the statistic ¢(X — X,.,)/S



Sec. 6.3] Confidence Intervals for Differences of Means 199

has a ¢ distribution. If # = 8, determine % such that Pr (X — &S < X, <
X + kS) = 0.80. .

6.12. Let Y be (300, p). If the observed value of Y is y = 75, find an
approximate 90 per cent confidence interval for p.

6.13. Let X be the mean of a random sample of size » from a distribution
which is n(u, 0%), where the positive variance o? is known. Use the fact that
N(2) - N(-2) = 0954 to find, for each pu, c,(u) and c,y(u) such that
Pric,(n) < X < cy(u)] = 0.954. Note that c,(u) and cy(u) are increasing
functions of u. Solve for the respective functions d,(r) and d,(¥); thus we also
have that Pr[d,(X) < p < d,(X)] = 0.954. Compare this with the answer
obtained previously in the text.

6.14. In the notation of the discussion of the confidence interval for p,
show that the event —2 < Z < 2 is equivalent to Inequalities (1). Hint.
First observe that —2 < Z < 2 is equivalent to Z% < 4, which can be
written as an inequality involving a quadratic expression in p.

6.15. Let X denote the mean of a random sample of size 25 from a
gamina-type distribution with « = 4 and B > 0. Use the central limit
theorem to find an approximate 0.954 confidence interval for x, the mean of
the gamma distribution.

6.3 Confidence Intervals for Differences of Means

The random variable T may also be used to obtain a confidence
interval for the difference u; — p, between the means of two inde-
pendent normal distributions, say n(u,, 0?) and n(u,, 02), when the
distributions have the same, but unknown, variance o2.

Remark. Let .\" have a normal distribution with unknown parameters
#, and o%. A modification can be made in conducting the experiment so that
the variance of the distribution will remain the same but the mean of the
distribution will be changed; say, increased. After the modification has been
effected, let the random variable be denoted by Y, and let Y have a normal
distribution with unknown parameters p, and o?. Naturally it is hoped that
Mo is greater than u,, that is, that u, — u, < 0. Accordingly, one secks a
confidence interval for u, — u, in order to make a statistical inference

A confidence interval for u, — p, may be obtained as follows: Let
XAy, ..., X,and Y,, Y,, ..., Y, denote, respectively, independent
random samples from the two independent distributions having,
respectively, the probability density functions n(u,, 0?) and n(u,;, o®).
Denote the means of the samples by X and ¥ and the variances of the
samples by S% and SZ, respectively. It should be noted that these four
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statistics are mutually stochastically independent. The stochastic
independence of X and S? (and, inferentially that of ¥ and S3) was
established in Section 4.8; the assumption that X and Y have indepen-
dent distributions accounts for the stochastic independence of the
others. Thus X and ¥ are normally and stochastically independently
distributed with means g, and u, and variances ¢%/n and o2/m, respec-
tively. In accordance with p. 158, their difference X — ¥ is normally
distributed with mean p; — p, and variance o?/n + o?/m. Then the
random variable

(X - F) — (1 — p)
Voin + o*lm

is normally distributed with zero mean and unit variance. This random
variable may serve as the numerator of a 7" random variable. Further,
nS%/o? and mS%/e? have stochastically independent chi-square distribu-
tions with » — 1 and m — 1 degrees of freedom, respectively, so that
their sum (nS? + mS3)/o? has a chi-square distribution withn + m - 2
degrees of freedom, provided m + n — 2 > 0. Because of the mutual
stochastic independence of X, ¥, 52, and SZ, it is seen that

J nS% + mS%
a?(n + m — 2)

may serve as the denominator of a T random variable. That is, the
random variable

_ (X F) — (g~ po)
Jn.S? + mS% (l l)

- + f—

n+m—2\n m

has a ¢ distribution with n + m — 2 degrees of freedom. As in the
previous section, we can (once »# and m are specified positive integers
with # + m — 2 > 0) find a positive number b from Table IV such
that

Pr(-b < T < b) = 0.95.

R = an’+m5’( s
n+m-—2 m)'
this probability may be written in the form
Pr((X - Y) ~bR < py —pg < (X - ¥) + bR] = 0.95.

If we set
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It follows that the random interval
nS%2 + mS2 (1 1
[(X ?)_b*/n+m—2( +E)’
T nS? + mS3 (1 1
R RVE S [T

has probability 0.95 of including the unknown fixed point (u, — uj).
As usual, the experimental values of X, ¥, S%, and S2, namely, #, 7, s2,
and s3, will provide a 95 per cent confidence interval for p; — pg when
the variances of the two independent normal distributions are unknown
but equal. A consideration of the difficulty encountered when the
unknown variances of the two independent normal distributions are
not equal is assigned to one of the exercises.

Example 1. It may be verified that if in the preceding discussion 2 = 10,
m=7T=42y=134 53 =49 53 =32 then the interval {-5.16, 6.76)
is a 90 per cent confidence interval for u, — p,.

Let Y, and Y, be two stochastically independent random variables
with binomial distributions b(n,, p,) and b(ng, p,); respectively. Let us
now turn to the problem of finding a confidence interval for the
difference p, — p, of the means of Y,/n, and Y,/n, when n, and n,
are known. Since the mean and the variance of Y,/n, — Y,/n, are,
respectively, p, — pg and p(1 — p)fn, + pa(l — pg)/na, then the
random variable given by the ratio

(Yy/ny, — Yy/ng) — (P — P3)

Vol = pi)ny + pa(l — pa)[ng
has mean zero and variance one for all positive integers #, and #n,.
Moreover, since both Y, and Y, have approximate normal distributions
for large n,; and n,, one suspects that the ratio has an approximate
normal distribution. This is actuallv the case but it will not be proved
here. Moreover, if n;/n, -= ¢, where ¢ is a fixed positive constant, the
result of Exercise 6.20 shows that the random variable
(1) (Yy/ny))(1 = Yy/ny)[ng + (Ya/ng)(1 = Ya/n,)/n,

Pill = pi)/ny + poll = pg)[ng
converges stochastically to one as n, > (and thus s, — 00 since
nyfny = ¢, ¢ > 0). In accordance with Theorem 6, p. 187, the random
variable

=[(Yy/n, — Ya[ny) — (P — $9)}/U,
where

= V(Yi/n)(1 = Yi/m)[n, + (Ya/no)(1 — Yang)/na,
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has a limiting distribution which is #(0, 1). The event -2 < W < 2,
the probability of which is approximately equal to 0.954, is equivalent
to the event

Y,/n, — Yyng —2U < py — pa < Yy/ny — Yy/ng + 2U.

Accordingly, the experimental values y, and y, of Y, and Y,, respec-
tively, will provide an approximate 95.4 per cent confidence interval for
pr = Pa

Example 2. 1f, in the preceding discussion, we take n, = 100, n, = 400,
y, = 30, y, = 80, then the experimental values of Y,/n, — Y,u/n, and U

are 0.1 and V/(0.3)(0.7)/100 + (0.2)(0.8)/400 == 0.05, respectively. Thus the
interval (0, 0.2) is an approximate 95.4 per cent confidence interval for

P — Pa

EXERCISES

6.16. Let two independent random samples, each of size 10, from two
independent normal distributions #(uy, 0%) and n(u,, o) yicld z = 4.8,
s2 = 8.64, j = 5.6, s3 = 7.88. Find a 95 per cent confidence interval for
P~ M.

6.17. Discuss the problem of finding a confidence interval for the
difference py — pp between the two means of two independent aormal
distributions if the variances o3 and o3 are known but not necessarily equal.

6.18. Discuss Exercise 6.17 when it is assumed that the variances are
unknown and unequal. This is a very difficult problem, and the discussion
should point out exactly where the difficulty lies If, however, the vatiances
are unknown but their ratio o2?/e2 is a known constant &, then a statistic
which is a T random variable can again be used. Why?

6.19. Let X and Y be the means of two independent random samples,
cach of size #, from the respective distributions #(u,, 0?) and n(ps, 02),
where the common variance is known. Find # such that Pr (X — ¥ — a/5 <
py — g < X = ¥ 4+ 0/5) = 0.90.

6.20. Under the conditions given, show that the random variable defined
by Ratio (1) of the text converges stochastically to one.

6.4 Confidence Intervals for Variances

Let the random variable X be n(u, 02). We shall discuss the problem
of finding a confidence interval for o2. Our discussion will consist of two
parts. First, when u is a known number, and second, when p is unknown.
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Let X,, X5, ..., X, denote a random sample of size n from a
distribution which is n(u, 6%), where u is a known number. The random

variable Y = i (X, — u)?/o? is x%(n). Let us select a probability, say
1

0.95, and for the fixed positive integer #n determine values of a and b,
a < b, from Table II, such that

Pr(a <Y < b) = 0.95.

Thus,
n
2 (X —p)?
Prja < 2—p— < b| =095,
o
or
n n 2
2 (X —p)? 2 (X — p)
Pr 1__b____<oz< -‘———7—-——— = 0.95.

n
Since p, @, and b are known constants, each of Y (X, — p)?/b and
1

n
> (X, — p)?/a is a statistic. Moreover, the interval
1

P‘;(Xt - I‘)2 g(Xl - H)2
b ’ a
is a random interval having probability of 0.95 that it includes the
unknown fixed point (parameter) o?. Once the random experiment has

been performed, and it is found that X, = x,, X, = 2,,..., X, = z,,
then the particular interval

[r}: (= W2 3 - y)ﬂ]

b ’ a
is a 95 per cent confidence interval for o2
The student will immediately observe that there are no unique
numbers @ < b such that Pr(a < Y < &) = 0.95. A common method
of procedure is to find a and b such that Pr (Y < a) = 0.025 and
Pr (b < Y) = 0.025. That procedure will be followed in this book.

]
Example 1. If in the preceding discussion up = 0, n = 10, and 122:,’ =
1

106.6, then the interval (106.6/20.5, 106.6/3.25), or (5.2, 32.8), is a 95 per cent
confidence interval for the variance %, since Pr (Y < 3.25) = 0.025 and
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Pr (20.5 < Y) = 0.025, provided Y has a chi-square, distribution with 10
degrees of freedom.

We now turn to the case in which p is not known. This case can be
handled by making use of the fact that #5%/o? is x*(n — 1). For a fixed
positive integer n > 2, we can find, from Table II, values of a and b,
a < b, such that

2
Pr (a < ’—?2— < b) = 0.95.

Here, of course, we would find a and b by using a chi-square distribution
with 7 -- 1 degrees of freedom. In accordance with the convention
previously adopted, we would select a and & so that

2 2
pr (™ < a) ~0025 and Pr (@ > b) = 0.025.
\o

g

We then have
J2 2
Pr ("—S— < o? < ’15-) = 0.95,
b a

so that (nS2/b, nS?/a) is a random interval having probability 0 95 of
including the fixed but unknown point (parameter) o2. After the random
experiment has been performed and we find, say, X, = z;, X; = 2,,...,

X, = z,, withs? = "Z (r, — Z)2/n, we have, as a 95 per cent confidence
1
interval for o2, the interval (ns?/b, ns?/a).

Example 2. If, in the preceding discussion, we have n = 9, s? = 7.63,
then the interval [9(7.63)/17.5, 9(7.63)/2.18] or (3.92, 31.50) is a 95 per cent
confidence interval for the variance o?.

Next let X and Y denote stochastically independent random
variables that are n(u;, 03) and #n(u,, 02), respectively. We shall deter-
mine a confidence interval for the ratio o3/o? when p, and p, are
unknown.

Remark. Consider a situation in which a random variable X has a
normal distribution with variance o2. Although o% is not known, it is found
that the cxperimental values of X are quite widely dispersed, so that o}
must be fairly large. It is believed that a certain modification in conducting
the experiment may reduce the variance. After the modification has been
effected, let the random variable be denoted by Y, and let Y have a normal
distribution with variance o2. Naturally it is hoped that o3 is less than o},
that is, that o2/0o? < 1. In order to make a statistical inference, we find a
confidence interval for the ratio o3/o?.
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Consider a random sample X,, X,, ..., X, of size n > 2 from the
distribution of X and a random sample Y, Y,,..., Y, of size m > 2
from the independent distribution of Y. Here n and m may or may not
be equal. Let the means of the two samples be denoted by X and 7,
and the variances of the two samples by S% = i(X‘ — X)?/n and

1
S2 = i (Y, — Y)2/m, respectively. The stochastically independent
1

random variables #52/0? and mS%/o3 have chi-square distributions
with n — 1 and m — 1 degrees of freedom, respectively. On p. 137 a
random variable called F was defined, and through the change of
variable technique the p.d.f. of F was obtained. If #S%/o? is divided by
n — 1, the number of degrees of freedom, and if mS2/o is divided
by m — 1, then, by definition of an F random variable, we have that
_ #SHlo3n — 1))
mSZ[[o3(m — 1)]
has an F distribution with parameters # — 1 and m — 1. For numeri-
cally given values of # and m and with a preassigned probability, say
0.95, we can determine from Table V, in accordance with our con-
vention, numbers 0 < a < b such that ’
nS3loim — 1)) c

[f the probability of this event is written in the form
mS3/(m - 1) o} mS%/(m — 1)
”PIWWTW<E<bme4)

it is seen that the interval

mS2{(m — 1) , mSZ/(m — 1)
[ﬁﬁm—U'nww~w

Pr [a <

] ~ 0.95,

is a random interval having probability 0.95 of including the fixed but
unknown point oZ/o?. If the experimental values of X, X,,..., X, and
of Y,, Y, ..., Y, are denoted by x;, x5, ..., 2, and ¥, ¥y, ..., Ym

3

n
respectively, and if ns? = ;_'(x, — )2, msZ = 3 (y, — #)?, then the

-0

interval with known end points, namely,

[ ms3/(m — 1) bms%/(m - 1)]'

nsif(n — 1)’ nstf(n - 1)

is a 95 per cent confidence interval for the ratio o%/o? of the two
unknown variances.



206 Interval Estimation [Ch. 6

Esample 3. If in the preceding discussion n = 10, m = 5, s} = 20.0,
s3 = 35.6, then the interval

1\ 5(35.6)/4 5(35.6)/4
[(Tﬁ) 10(20.0)/9° (8.90) 10(20.0)/9

or (0.4, 17.8) is a 95 per cent confidence interval for o3/o}.

EXERCISES

6.21. 1£8.6,7.9,8.3,6.4,84,9.8,7.2, 7.8, 7.5 are the observed values of a
random sample of size 9 from a distribution that is #(8, ¢?), construct a
90 per cent confidence interval for o2.

6.22. Let X,, X,;,..., X, be a random sample from the distribution
n(u, 03). Let 0 < a < b. Show that the mathematical expectation of the

length of the random interval (z (X, — p)3b, S (X, - ,L)'/a) is (b — a) x
1 1
(no?/ab).

6.23. A random sample of size 15 from the normal distribution #n(u, o3)
yields Z = 3.2 and s? = 4.24. Determine a 90 per cent confidence interval
for 2.

6.24. Let two independent random samples of sizes n = 16 and m = 10,
taken from two independent normal distributions n(u,, ¢?) and n(u,, o3),
respectively, yield Z = 3.6, s1 = 4.14, j = 13.6, s3 = 7.26. Find a 90 per
cent confidence interval for o/o? when p, and u, are unknown.

6.25. Discuss the problem of finding a confidence interval for the ratio
a3/0? of the two unknown variances of two independent normal distributions
if the means yu, and u, are known.

6.26. Let X,, X;,..., A be a random sample of size 6 from a gamma
distribution with parameters a« = 1 and unknown 8 > 0. Discuss the
construction of a 98 per cent confidence interval for 8. Hint. What is the

distribution of 2 5 X,/8?
1

6.27. Let S?and S denote, respectively, the variances of random samples,
of sizes # and m, from two independent distributions which are n(u,, o?)
and n(u,, 0%). Use the fact that (nS3 + mS3)/o? is y%(n + m — 2) to find a
confidence interval for the common unknown variance o?.

6.28. Let Y, be the nth order statistic of a random sample, n= 4, from
a continuous-type uniform distribution on the interval (0, 8). Let 0 < ¢, <
c; < 1 be selected so that Pr(c,0 < Y, < ¢;0) = 0.95. Verify that ¢, =
V0.05 and ¢, = 1 satisfy these conditions. What then is a 95 per cent
confidence interval for 6?
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6.5 Bayesian Interval Estimates

°

In Sections 6.2, 6.3, and 6.4 we constructed two statistics, say U/ and
V, U < V, such that we have a preassigned probability p that the
random interval (U, V') contains a fixed but unknown point (parameter).
We then adopted this principle: Use the experimental results to com-
pute the values of U and V, say # and v; then call the interval (4, v) a
100p per cent confidence interval for the parameter. Adoption of this
principle provided us with one method of inteival estimation. This
method of interval estimation is widely used in satistical literature and
in the applications. But it is important for us to understand that other
principles can be adopted. The student should constantly keep in mind
that as long as he is working with probability, he is in the realm of
mathematics; but once he begins to make inferences or to draw con-
clusions about a random experiment, which inferences are based upon
experimental data, he is in the field of statistics. '

There are various reasons why some prefer to adopt different
principles. One of them is illustrated by the following example.

Example 1. Let X,, X,, ..., X, denote a random sample from the
uniform distribution that has the p.d.f. .

f(z) =4, —-1<z<0+1,

= ( elsewhere,

where 8 > 0. Let Y, and Y, be the first and the nth order statistics. Let us
compute the probability that the random interval (Y,, Y,) includes the
point 6, the mean of the uniform distribution. We could compute this
probability by using the joint p.d.f. of Y, and Y,. But the following useful
fact makes that unnecessary. The complement of the event Y, < 6§ < Y,
is the union of the mutually exclusive events Y, < ¢ and 6 < Y,. That is,
the only ways in which the interval (Y, Y,) does not include 6 are those in
which all the items of the sample are below 8 or those in which all the items
of the sample are above 8. Thus,

Pr(Y, <0<Y)=1-Pr(Y, <8 —-Pr(8 <Y,
=1-Pr(X,<0,i=1,...,n)
-Pr8< X,i=1,...,n).
Since Pr(X;, <8 =Pr(@<X,)=4 ¢=12..., 7 and since X,,
X,, . .., X, are mutually stochastically independent, we have
Pr(Yy<f8<¥)=1=()—@d" =1-@""

1f we take n = 5, this probability is approximately 0.94. Let the experiment
yield the observed values Y, = y, and Y, = y,. The interval (y,, y,) is then
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a 94 per cent confidence interval for 4. Now it is quite possible, and highly
probable, that the difference y, — y, exceeds 1. In such a case we know
definitely that the interval (y,, ¥,) includes the point 8 because the difference
¥, — ¥, exceeds one half of the difference (8 + 1) — (8 — 1) = 2. Thus,
when y, — y; > 1, it may seem odd to call the interval (y,, y,) a 94 per cent
confidence interval for the unknown parameter 6. That is, there is no
difference of opinion about the probabilistic statement that Pr (Y, < 8 <
Y,) = 0.94 approximately when # = 5, but there can be a difference of
opinion about the desirability of calling the interval (u,, y,), withy, — y, > 1
a 94 per cent confidence interval for 6.

We shall now describe another approach to the problem of interval
estimation. This approach takes into account any prior knowledge of
the experiment that the statistician has and it is one application of a
principle of statistical inference that may be called Bayesiar statistics.
Consider a random variable X that has a distribution of probability
that depends upon the symbol 6, where 8 is an element of a well-
defined set Q. For example, if the symbol 8 is the mean of a normal
distribution, then Q 1ay be the real line. We have previously looked
upon @ as being some constant, although an unknown constant. Let us
now introduce a random variable © that has a distribution of probability
over the set Q; and, just as we look upon » as a possible vaiue of
the random variable .X, we now look upon 8 as a possible value of the
random variable ©. Thus the distribution of X' depends upon 6, a
random determination of the 1andom variable 9. We shall denote the
p.dLf of © by h(6) and we take 2(0) = 0 when 8 is not an clement of Q.
Let X, X, ..., X, denote a random sample from this distribution of
Y, and let Y denote a statistic which is a function of X, X,. ..., X,
We can find the p.d.f. of ¥ for every given 6; that is, we can find the
conditional p.d.f. of Y, given O = 8, which we denote by g(y|8). Thus
the joint p d.f. of Y and @ is given by

k{0, y) = h(0)g(y]9).
1f @ is a random variable of the continuous type, the marginal p.d.f. of
Y is given by

ky(y) = [7 h(B)g(y16) 6.

If ©is a andom variable of the discrete type, integration would be
replaced by summation. {n either case the conditional p.d.f. of ©,
given Y = y, 15

k(]y) = k(y. 0) _ h(B)g(y]9) hi(y) > 0.

By Akl
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This relationship is one form of Bayes’ formula (see Exercise 2.7, p. 61).
We can now find two functions #(y) and v(y) so that the conditional
probability :

Pru(y) < © < v(y)|Y = g = [ k(6]y) a6,

is large, say 0.95. The experimental values of X, X,,..., X,, say
Xy, Xy, ..., Ty, provide us with an experimental value of Y, say y
Then the interval u(y) to v(y) is an interval estimate of 8 in the sense
that the conditional probability of © belonging to that interval is
equal to 0.95

In Bayesian statistics, the p.d.f. £(8) is called the prior p.d.f. of ©,
and the conditional p.d.f. k(0]y) is called the posterior p.d.f. of ¢. This
is because /(f) is the p.d.f. ot @ prior to the observation of Y, whereas
k(8ly) is the p.d.f. of O after the observation of Y has been made. In
many instances, () is not known; yet the choice of () affects the
interval #(y) to v(y). In these instances, the statistician takes into
account all prior knowledge of the experiment and he assigns the prior
p.d.f. (8). This, of course, injects the problem of personal or subjective
probability.

Remark. Many persons who have contributed to the development of
probability theory and statistics have thought of probability as a rational
measurc of belief. If this approach to probability is taken, certainly any past
information about the problera under censideration should be used to help
assign the various probabilities. In particular, information about the relative
frequency of the occurrence of an event would undoubtedly influence the
assignment of probability. However, it is important to note that personal or
subjeclive probability can be extended to situations beyond those which can
be repeated under identical conditions. In addition, if a person who assigns
subjective probabilities adopts certain principles to ensure consistent
assignments, it is possible to prove that this probability measure satisfies the
requirements of Definition 7, p. 11. Since the mathematics of probability
depends upon these requirements, the subsequent development does not
depend upon the particular approach to probability. As a matter of fact, an
individual statistician may very well find it appropriate to vary his approach
from one situation to the next.

The following example will show that if the statistician’s prior
notions are not too sharp, the influence of the choice of #(6) may be
small. Specifically, if the variance of the prior distribution of @ is
large, relative to the variance of the statistic Y, given ® = 6, the length
of the interval #(y) to v(y) may not be changed too much by selecting
somewhat different functions for 4(6).
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Esample 2. X,, X,, ..., X, denote a random sample from a distribution
which is #n(6, 0?), where the positive variance is known. The statistician
makes use of prior knowledge, and he takes h(9), the prior p.d.f. of ©, to be
n(u, 72), where p and 72 are known. Let Y = X, the mean of the random
sample. Then g(y|0), the conditional p.d.f. of Y, given 8, is n(0, o%/n).
Accordingly, the joint p.d.f. R(6,y) of ©® and Y is given by

9 - n)’ (y - 6)?
W0.9) = grrer= e [ |

—oo<y<oo,—-co<0<co.

Now
(y=0F=(y—p+p—07>=(0—p)*—20 - p)y—p)+(y—u?
so that the exponent in the expression for 2(0, y) can be written

\[/1 1 2 (2 ) 1 ) 2]
@)z )0 = w7 = ()@ =y — ) + () -
It is easy to verify that © and ¥ have a bivariate normal distribution with
common mean u, respective variances +? and 7% + ¢*[n, and correlation

coefficient r/V/7% + o?fn. Thus, k,(y) is n(u, 72 + o2/n) and k{f|y) is the
normal p.d.f. with mean

w (\/72 :L qﬁ/nl)(\/f2 :L pye )(y —H = yzzli t‘/y;

and variance

T2 2/n
- 2 =2 Ly
2 + o?ln 2 + o?/n
So, for illustration, given Y = y, the conditional probability of the event

uod/n + yr? _ 2ra/Vn <o <t 2In + y+? N 270/ Vn
2 + o*n V7t 4 o3In ™ + o?[n V2 + o¥n

is 0.954, approximately. The interval described by this inequality then serves
as an interval estimate of 6in the sense implied by the conditional probability.
Table 1 is illustrative of the comment that the distribution n(u, v?) of ©
may not influence the interval too much if the variance 72 of © is large
relative to the variance o?/n of Y = X. During the study of the table, it is
important to recall that the unconditional mean of ¥ = X is p.

It is interesting to compare these results with the 95.4 per cent confidence
interval for 8, namely,

(y — 20/Vn.y + 20/Vn) = (y — 1,y + 1).

Thus, if the sample size n is large enough so that y = Z approximates the
mean u and so that o?/n is much smaller than 73, then the confidence interval
estimate of @ and the Bayesian interval estimate of 8 are not too different.
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TABLE |

Bayesian Interval Estimates of 0
(y = ¥ and the conditional probability is 0.954)

n a? 72 Approximate Intervals

100 25 229 (0.03u + 0.97y — 0.98,0.03u + 0.97y + 0.98)

100 25 400 (0.05u + 0.95y — 0.98, 0.05x + 0.95y + 0.98)

100 25  ES (0.15% -+ 0.85y — 0.92, 0.15x + 0.85y + 0.92)

100 25 &  (0.64u + 0.36y — 0.60, 0.64u + 0.36y + 0.60)
EXERCISES

6.29. Let Y denote the sum of the items of a random sample of size »
from a distribution which is b(1, 8). Assume that the unknown 6 is a value of
a random variable © which has a beta distribution with parameters a and
B. (a) Display the joint p.d.f. of ©® and Y. Note that © is a random variable
of the continuous type and Y is a random variable of the discrete type.
(b) Determine the marginal p.d.f. of Y. (c) Show that the conditional
distribution of @, given Y = y, is a beta distribution. Find the mean and
variance of this distribution. (d) Explain how to find a Bayesian interval
estimate of 6 subject to the availability of suitable tables of integrals.

6.30. Let Y denote the sum of the items of a random sample of size n
from a Poisson distributicn with unknown mean 6. Work the previous
exercise with the word ‘‘beta” replaced by the word ‘“gamma.”

6.31. Refer to Example 2 of this section and verify that %(6, y) is the
bivariate normal p.d.f. that it was stated to be.

6.32. Let X be n(0, 1/6). Assume that the unknown @ is a value of a
random variable ® which has a gamma distribution with parameters
« = r{2and B = 2/r, where r is a positive integer. Show that X has a marginal
¢t distribution with » degrees of freedom. This procedure is called one of
compounding, and it may be used by a Bayesian statistician as a way of first
presenting the ¢ distribution, as well as other distributions.

6.33. Let X have a Poisson distribution with parameter 6. Assume that
the unknown 8 is a value of a random variable ® that has a gamma distri-
bution with parameters « =7 and 8 = (1 — p)/p, where r is a positive
integer and 0 < p < 1. Show, by the procedure of compounding, that X has
a marginal distribution which is negative binomial, a distribution that was
introduced earlier (p. 90) under very different assumptions.



Chapter 7

Point Estimation and
Sufficient Statistics

7.1 The Problem of Point Estimation

I.et a random variable X have a p.d.f. which is of known functional
form but the p.d.f. depends upon an unknown parameter 6 that may
have any value in a set Q. This will be denoted by writing the p.d.f. in
the form f(x; 8), 8 € Q. The set Q will be called the parameter space.
Thus we are confronted, not with one distribution of probability, but
with a family of distributions. To cach value of 8, 8 € ), thete corre-
sponds one member of the family. A family of probability density
functions will be denoted by the symbol {f(x; 6); 8 € Q}. Any member
of this family of probability density functions will be denoted by the
symbol f(x; 8), 8 € Q. We shall continue to use the special symbols
that have been adopted for the normal, the chi-square, and the binomial
distributions. We may, for instance, have the family {n(6, 1); 8 € Q},
where Q is the set —o00 < 8 < 0. One member of this family of
distributions is the distribution that is #(0, 1). Any arbitrary member
isn(0,1), ~0 < 0 < 0.

Consider a family of probability density functions {f(x; 6); 8 € Q}.
The student will immediately perceive that inferval estimation of the
parameter 6 can be looked upon as an effort on the part of the statis-
tician (who uses information derived from the performance of a random
experiment, perhaps blended with prior knowledge) to select a subset
of the family of probability density functions in such a way that any
member of the subset can plausibly be regarded as being the p.d.f. of
the random variable. In certain instances, however, this may not be

212
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adequate for the purpose at hand; it may be that the experimenter
needs to select precisely one member of the family as being the p.d.f. of
his random variable. That is, he needs a point estimate of 8 as opposed
to an interval estimate of 6. Let X,, X,,..., X, denote a random
sample from a distribution that has a p.d.f. which is one member (but
which member we do not know) of the family {f(z; 8); 8 € Q} of prob-
ability density functions. That is, our sample arises from a distribution
that has the p.d.f. f(x; 8); 8 e Q. Our problem is that of defining a
statistic Y, = u,(X,, X,,..., X,) so that if x,, z,,..., z, are the
observed experimental values of X,, X,,..., X,, then the number
Y1 = % (), xy, ..., x,) will be a good point estimate of 6. In this
connection, we need the following definition.

Definition 1. Any statistic whose mathematical expectation is
equal to a parameter 6 is called an unbiased statistic for the parameter 6.
Otherwise the statistic is said to be biased.

Now it would seem that if y, = u,(x,, z,, ..., ,) is to qualify as a
good point estimate of J, there should be a great probability that the
statistic Y, = (X, X,,..., X,) will be close to 8; that is, 6 should
be a sort of rallying point for the numbers y, = u,(x,, 75, ..., z,).
This can be achieved in one way by selecting Y, = u,(X,, X, ..., X,)
in such a way that not only is Y, an unbiased statistic for 8 but also
the variance of Y, is as small as it can be made. We do this because the
variance of Y, is a measure of the intensity of the concentration of the
probability for Y, in the neighborhood of the point 6 = E(Y,).
Accordingly, we define a ‘‘best’’ statistic for the parameter 8 in the
following manner.

Definition 2. For a given positive integer #, Y, = u,(X,, X,, ...,
X,) will be called a best statistic for the parameter 8 if Y, is unbiased,
E(Y;) = 6, and if the variance of Y, is less than or equal to the
variance of every other unbiased statistic for 6.

Remarks. Definition 2 is wholly arbitrary. There are many ways of
defining a ‘‘best” statistic for a parameter. Our definition adopts the
principles of unbiasedness and minimum variance as being reasonable. One
of our purposes in adopting these principles is to motivate, in a somewhat
natural way, the study of an important class of statistics called sufficient
statistics.

It should also be pointed out that a statistic, which is to be used to
estimate a parameter, is often called an estimator of that parameter. Thus, in
this terminology, our best statistic is an unbiased, minimum variance
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estimator. The experimentally determined value of the estimator is then
referred to as a (point) estimate of the parameter.

For illustration, let X,, X,, ..., Xy denote a random sample from
a distribution which is #(8,1), —o0 < 8 < co. Since the statistic
X=(X,+X,+ -+ Xg)/9 is n(4,}), X is an unbiased statistic
for 6. The statistic X, is n(6, 1); so X, is also an unbiased statistic for 6.
Although the variance 4 of X is less than the variance one of X,, we
cannot say, with n = 9, that X is the best statistic for #; the definition
of a best statistic requires that the comparison be made with every
unbiased statistic for 8. To be sure, it is quite impossible to tabulate
all other unbiased statistics for this parameter 6, so other methods
must be developed for making the comparisons of the variances. A
beginning on this problem will be made in Section 7.2.

EXERCISES

7.1. Show that the mean X of a random sample of size # from a distri-
bution having p.d.f. f(x; 8) = (1/0)e ", 0 < x <0, 0 < 8 < w0, zero
elsewhere, is an unbiased statistic for 8 and has variance */n.

7.2. Let X,, X,, ..., X, denote a random sample from a normal distribu-
n

tion with mean zero and variance 6, 0 < @ < oo. Show that > X?/z is an
1

unbiased statistic for 6 and has variance 262/n.

73. Let Y, < Y, < Y, be the order statistics of a random sample of
size 3 from the uniform distribution having p.d.f. f(z; 6) = 1/6,0 < z < 8,
0 < 8 < oo, zero elsewhere. Show that 4Y,, 2Y,, and 4Y, are all unbiased
statistics for 8. Find the variance of each of these unbiased statistics.

7.4. Let Y, and Y, be two stochastically independent unbiased statistics
for 9. Say the variance of Y, is twice the variance of Y,. Find the constants
k, and k; so that £, Y, + %,Y,is an unbiased statistic with smailest possible
variance for such a linear combination.

7.5. Let X,, X,, ..., X, be a random sample from a distribution of the
continuous type with p.d.f. f(x), where f(6 — z) = f(0 + 2) for all z. Let
#(X,,...,X,) denote a statistic for which w(x, + h, ..., 2z, + h) =
u(xy, ..., z,) + A, for all &, and u(-=,,..., —2,) = —u(x,,..., x,). Prove
that u(X,, ..., X,) i$ an unbiased statistic for 8, subject to the existence of
Elu(X,, ..., X,)). Hint. Display E{u(X,,..., X,) — 8] as an n-fold integral.
Make the change of variables z;, =y, + 0, ¢ = 1,2,..., n, and denote the
resulting integral by K. In K make the change of variables y, = -z,
t=12,..., n toshow that A = —K.
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7.2 A Sufficient Statistic for a Parameter

Let n denote a fixed positive integer and let X, X,, ..., X, denote
a random sample of size # from a distribution that has p.d.f. f(z; 6),
6 € Q. The joint p.d.f. of X;, X,;,..., X, is then

J(@1; 0) /(%2 6) -+ -f (a3 ).
Let YV, = u;(X,, Xg ..o, Xp), Yo = ug(X,, X5, X)), ..., Yy =
u,(X,, X, ..., X,) be n statistics. If the associated transformation is
one-to-one, the joint p.d.f. of Y,, Y,, ..., Y, is given (in a notation
which has been used previously) by

&Y Yoo Yns 0) = | J|flwr(y1s- - -1 ¥n): 6)
X flwa(Yr, - .- ¥a); 6] - flwa(yr, - -, ¥n); ),

if the random variables are of the continuous type, and by

&Y Yar - Yns 0) = flwi(yy, - -, ¥a): 8]
% flwg(yy, .- Yn): ) - - flwn(Ys, - - -, Yn): 6]

if the random variables are of the discrete type. If the transformation is
not one-to-one, the right-hand member in each case is the sum of, say,
k terms of this form. Whether or not the transformatiori is one-to-one,
the marginal p.d.f. of Y, is given by

gy 0 = [7_-[7 elyrya ... va 0) dy,- - -dy,
in the continuous case and by

gl(yl; 0) = Z : 'yzg(yl» Y2, -2 Yns 0)

Yn
in the discrete case. For either the continuous or the discrete case, the
conditional p.d.f. of Y,,..., Y, given Y, = y,, is

h(ya, ..., ) _ &Y Y2 - Ynl
v ;9 &1(y: 9)

provided g,(y,; 6) > 0. In the interest of conservation of space, it will
be tacitly assumed in the future that, if a transformation is not one-to-
one, the joint p.d.f. g(y,, ¥a, ..., ¥.; 6) would be given by a sum of
k terms.

In general the conditional p.d.f. A(ys, ..., ¥s|¥:; 6) will depend
upon 8, as is indicated by the notation. In certain cases, however, as
will be seen presently, the conditional p.d.f. will not depend upon 6,
and these cases will be very important to us. The following definition is
made.
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Definition 3. Let n denote a fixed positive integer and let X,, X,,
..., X, denote a random sample of size # from a distribution which is
one member of the family {f(x; 6); 6 € Q}. The statistic Y, =
#,(X,, Xa, ..., X,) is called a sufficient statistic for @ if and only if for
all other statistics Y, = ug(X,, Xo. ..., Xp)o ..., Yo = 4,(Xy, X,
..., X,) (for which the Jacobian of the associated transformation is
not identically zero) the conditional p.d.f. h(ys, ..., ¥a|%:) of Ya, ...,
Y,, given Y, = y,, does not depend upon the parameter 6, whatever
be the fixed value y,.

Perhaps it should be emphasized that when we say that a function
does not depend upon 8, we mean not only that 6 does not appear in the
“formula’’ but also that the domain of the function does not involve 8.
For example, the function

f(x) =4, d-1<zxz<f0+1 —00 <0 < oo,
= 0 elsewhere,
does depend upon 6.

Remark. Why we use the terminology ‘‘sufficient statistic”’ can be
explained as follows: If a statistic Y, satisfies the preceding definition, then
the conditional p.d.f. of Y, say given Y, = y,, does not depend upon the
parameter 6. As a consequence, once given Y, = y,, it is impossible to use
Y, to make a statistical inference about 8; for example, we could not find a
confidence interval for 8 based on Y,. In a sense, Y, exhausts all the informa-
tion about @ that is contained in the sample. It is in this sense that we
call Y, a sufficient statistic for 6. In some instances it is preferable to call Y,
a sufficient statistic for the family {f(z; 6); 8 € Q} of probability density
functions.

When a sufficient statistic Y, for a parameter 8 exists, we shall see
later that it may serve as the basis for a best statistic for 8. At the mo-
ment, however, let us prove two theorems about a sufficient statistic for
a_parameter . The first of these theorems is called the Fisher-Neyman
criterion for the existence of a sufficient statistic for a parameter. It
may be stated as follows.

Theorem 1. Let X,, Xj,..., X, denote a random sample from a
distribution that has p.d.f. f(x; 0), 0 Q. Let Y, = u,(X,, X3,..., Xg)
be a statistic whose p.d.f. is g,(yy; 0). Then Y, = uy(X,, X, ..., X,)isa
sufficient statistic for 0 if, and only if, ’

f(zl; o)f(xﬂ; 0) : 'f(xn; 0) = gl[ul(xl' L2 TR xn); O]H(Il, Ty, e s xn)n

where, for every fixed value of y, = %,(%,, g, ..., %), H(zy, %3, . . ., Zp)
does not depend upon 0.
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Proof. To prove the Fisher-Neyman criterion for random variables
of the g6ntinuous type, suppose first that

f(x 0)](‘”2: 0) t 'f(xn; 0) = gl[ul(xlt L2 T xn); O]H(xl’ 2 PRI xn)'

our proof we shall make the one-to-one transformation y, =
&1, T), Yo = Ug(®y, ..., Z), ., Yy = %,(xy, . .., z,) having the
jnverse functions z;, = w,(yy, ..., ¥n), T3 = Wa(Y1, .-, Yn)s ..., Ty =
w,(Yy, - .., ¥,) and Jacobian J. Thus

Slwr(yr, - 9a); 0] - flwa(yy, ... 9a); 0] |
= gl(yl; 0)H[w1(yh MR yn)' M wn(yh M) yn)]l.]l'

The left-hand member is the joint p.d.f. g(y,, ¥a, ..., ¥n; 0) of Y, =
U ( Xy, o0 Xp)y Yo=u(Xy, .., Xp), .., Yy = u(X,,..., X,). In
the right-hand member, g,(y,; ) is the p.d.f. of Y, so that H(w,, w,,
..., w,)| J| is the quotient of g(y,, ¥s, - - -, ¥,; 6) and g,(y,; 8); that is,
it is the conditional p.df. A(y,, ..., ¥,|yy; 0) of Y, ..., Y,, given
Y, = y,. But H(z,, x,, ..., x,), and thus H [w,(y,, ..., ¥,), wa(¥yy, . . .,
Yn) oo WolYy, - .., ¥,)], Was given not to depend upon 6. Since § was
not introduced in the transformation and accordingly not in the
Jacobian J, it follows that A(y,, ..., y,|y,; 6) does not depend upon 8
and that Y, is a sufficient statistic for 6.
The converse-is proved by taking

" A
& Y2 - Y 0) = g1(y1; OA(ya, - ... ¥alv1),

where A(y,, ..., ¥y,|y;) does not depend upon 8. Now look upon
Y1, Y2, - .., Y as the “old” variables and z,, x,, ..., z, as the ‘““new”
variables. If J* is the Jacobian, then the elements of J* are the partial
derivatives of the y’s with respect to the x's. If we replace y,, ¥, . . ., ¥»
by the functions u,(z,, z,, . . ., x,), Uus(x), Tg, ..., X,), . .., Un(Xy, X, . . .,
z,), and multiply by the absolute value of J*, we have

gluy(@y, ..., ), .., Uy, .., 2,); 0)] %
= gilui(@y, - .., 2,); O)h(uy, . .., “nl“x)l]*l-

The left-hand member is necessarily the joint p.d.f. f(z,; 6)f(x,; 6) - - -
f(xa; 6) of X\, Xy, ..., X,. Since A(y,, ..., y,|y,), and thus h(u,, ...,
W), does not depend upon 6, then .

H(x,, 2q, ..., 2,) = h(ug, ..., ua|uy)| J*|

is'a fanction that does not depend upon 6 and the proof is complete.
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If the random variables are of the discrete type, of course no
Jacobian is involved, but otherwise, the proof is identical with the one
given.

We now give some examples that are illustrative of Theorem 1.

Example 1. Let X, X,,..., X, denote a random sample from the
distribution that has p.d.f.
flz; 6) = 65(1 — §)t-=, z=01,0<8<1,

0 elsewhere.

i

The statistic Y, = X + X, +--- + X, has the p.d.f.
n!
_
yi! (n — )l
= 0 elsewhere.

gy, 8) = i(l — 6)"~¥1, n=01...n

Accordingly, the joint p.d.f. of X, Xy, ..., X, may be written
015(1 — ) Tih%2(1 — 0)! 2. .- 0%a(1 — 6)1- =

011'1‘2""'111(1 _ 8)"‘(“"'1"1'2*‘ c+x,)

gill@ + 23 + -+ 24); 6]
x{(xl +xy A w) [~ (2 + 2 +"'+xn)]!}.

n!

In accordance with the Fisher-Neyman criterion, Y, = X} + X, +---
+ X, is a sufficient statistic for 6.

Example 2. Let Y, < Y, <--- < Y, denote the order statistics of a
random sample X,, X, ..., X, from the distribution that has p.d.f.

flz; 8) = e~ =9, 0 <x<o0 —0< 0 < o0,
= 0 elsewhere.
The p.d.f. of the statistic Y, is

g1(yy; 6) = ne "7, 0 <y <oo

il

0 elsewhere.
Thus the joint p.d.f. of X, X,, ..., X, may be written

exp (=2 = 73 =+ = x|
n exp | —n(min )] f

e E M =D - @m0 = g (min z,; 0){

By the Fisher-Neyman criterion, the first order statistic Y, is a sufficient
statistic for 8.

If we are to show, by means of the Fisher-Neyman criterion, that
a certain statistic Y, is or is not a sufficient statistic for a paramecter 6,
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we must first of all know the p.d.f. of Y,, say g,(y;; 6). In some
instances it may be quite tedious to find this p.d.f. Fortunately, this
problem can be avoided if we will but prove the following factorization
theorem.

Theorem 2. Let X,, X,,..., X, denote a random sample from a
distribution that has p.d.f. f(x; 0), 8 € Q. The statistic Y, = u,(X,, X,,
..., X, is a sufficient statistic for 0 if and only if we can find two non-
negative functions, k, and k,, such that

f(xl; 0)_/(212, 0) o 'f(xn; 0) = kl[“l(?l»‘xzr ey In); o_lkz(xlt Ly ey zn)'

where, for every fixed value of y, = 1u,(x,, Z3, . . ., ), Ra(y, Za, . . ., X)
does not depend upon 8.

Proof. We shall prove the theorem when the random variables are
of the continuous type. Assume the factorization as stated in the
theorem. We make the same transformation that we made in the proof
of Theorem 1. The joint p.d.f. of the statistics Y,, Y,,..., Y, is then
given by

g(ylr Yar oo s Yns 0) = kl(yl; B)kz(‘ll}l, Wy, ..., wn)ljl'
where w; = w(y;, Yo, ..., %), £ =1,2,...,n. The p'.d.f. of Y,, say
g1(y1; 9), is given by
&y 0) = J.:o s J‘j; g(Y1, Y2, .- ., Yp; 0) Ay, - -dy,
= ks 0) [ [ katwy, wa ., w,) dya- - -dy,.

Now the function k;, for every fixed value of y, = uy(x,,..., z,),
does not depend upon 8. Nor is 8 involved in either the Jacobian J or
the limits of integration. Hence the (» — 1)-fold integral in the
right-hand member of the preceding equation is a function of y,
alone, say m(y,). Thus

81(y1; 0) = ki(y; O)m(y,).
If m(y,) = 0, then g,(y ; 6) = 0. If m(y,) > 0, we can write

Ryuy(ey, ..., x,); 0] = gl,E:E:l(::l . fc;:),,,)]a],

and the assumed factorization becomes

ko(zy, . .., 2,)

fly; 0)- - flen; 0) = goluy(ry, ..., 2,); 0] 2]
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Since neither the function %, nor the function m depends upon 6, then
in accordance with Theorem 1, Y, is a sufficient statistic for the

parameter 8.
Conversely, if Y, is a sufficient statistic for , the factorization can

be realized by taking the function &, to be the p.d.f. of Y, namely, the
function g,. This completes the proof of the theorem.

Example 3. Let X,, X,,..., X, denote a random sample from a
distribution which is (0, ¢?), —00 < 8 < o, where the variance o2 is known.

Ifz = ix,/n, then
1

S3@-0=Sim-n+E-0r= 5 @-2+nE- 0
because
235 @ -BE-0)=2G—0 5 (1 -3 =

1

i=1 i

Thus the joint p.d.f. of X,, X,, ..., X , may be written

(7m) exe [~ 2, e - 01200

% — 7)2/(22

- expinie — ooyl @ [~ 2 b - e )18
(oV/2m)"

Since the first factor of the right-hand member of this equation depends upon

x,, %3, ..., ¥, only through 7, and since the second factor does not depend

upon 6, the factorization theorem implies that the mean X of the sample is,
for every fixed value of o2, a sufficient statistic for 8, the mean of the normal
distribution.

We could have used the Fisher-Neyman criterion in the preceding
example because we know that X is n(6, 0%/n). Let us now consider an
example in which that criterion is inappropriate.

Example 4. Let X,, X,, ..., X, denote a random sample from a distri-
bution with p.d.f.
6% 1, 0<z <1,

0 elsewhere,

f(=, )

where 0 < 6. We shall use the factorization theorem to prove that the
product u,(X,, X,, ..., X,) = X,X,--- X, is a sufficient statistic for 0.
The joint p.d.f. of X}, X,, ..., X, is

1
@y - 2,)° 7t = (M2, »:t,.)”][x“"lzz. Tz ]’
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where 0 < 2, < 1,4 = 1,2, ..., n. In the factorization theorem let
Ry[sy(21, 2, - - -, Tp); 0] = OM(zy25- - - 7,)°
and
Ra(xy, 24, ..., 2,) = —l—
T1Zg' Ty

Since ky(z,, z,, . . ., z,) does not depend upon 8, the product X,X,---X,
is a sufficient statistic for 6.

There is a tendency for some students to apply incorrectly the
factorization theorem in those instances in which the domain of
positive probability density depends upon the parameter 6. This is
due to the fact that they do not give proper consideration to the domain
of the function k,(z,, z,,...,z,) for every fixed value of y, =
u,(x,, 3, . . ., z,). This will be illustrated in the next example.

Example 5. In Example 2, with f(z;0) = ¢ *"9, 0 <z < 0, —0 <
6 < oo, it was found that the first order statistic Y, is a sufficient statistic
for 6. To illustrate our point, take » = 3 so that the joint p.d.f. of X,, X, X3
is given by

e~ ~0p (=00~ (x3-0) 6 <z <00,

1t =1,2,3. We can factor this in several ways. One way, with n = 3, is
given in Example 2. Another way would be to write the joint p.d.f. as the
product

[e—(mhx x)+ 3’][8"'1 - Xgq~ X3+ max z‘J'

Certainly there is no @ in the formula of the second factor, and it might be
assumed that Y; = max X, is itself a sufficient statistic for 6. But what is the
domain of the second factor for every fixed value of y; = max z,? If
max z; = z,, the domain is § < 2, < z,, 0 < x; < z,; if max z, = z,, the
domain is 0 < z, < z,, 0 < 23 < x,; and if max z, = x,;, the domain is
0 <z, € 25, 0 < x; < x5 That is, for each fixed y; = max z;, the domain
of the second factor depends upon 6. Thus the factorization theorem is not
satisfied.

If the student has some difficulty using the factorization theorem
when the domain of positive probability density depends upon 4, we
recommend that he use the Fisher-Neyman criterion even though it
may be somewhat longer.

Before taking the next step in our search for a best statistic for a
parameter 6, let us consider an important property possessed by a
sufficient statistic Y, = u,(X,, X,,..., X,) for 8. The conditional
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p.d.f. of another statistic, say Y, = #3(X,, X, ..., X,),givenY, =y,
does not depend upon . On intuitive grounds, we might surmise that
the conditional p.d.f. of Y, given some lincar function aY, + b,
a # 0, of Y,, does not depend upon 6. That is, it seems as though the
random variable aY, + b is also a sufficient statistic for . This con-
jecture is correct. In fact, every single-valued function Z = u(Y,), or
Z = u[u, (X1, Xa ..., X2)] = v(X,, X, ..., X,), not involving 8, with
a single-valued inverse ¥, = w(Z), is also a sufficient statistic for 6. To
prove this, we write, in accordance with the factorization theorem,

flzy; 0)- - -f(zn; 0) = ky[uy(@y, g, . . ., X,); ORo(21, 2o, - - -, z,).

However, y, = w(z) or, equivalently, u,(z,, r;, ..., %,) = w[v(z,, Z,,
z,)], which is not a function of 8. Hence

(215 0)- - f(za; 0) = By{w(v(zy, - . ., 2)]; OYka(s, 2, - -, 22)-
Since the first factor of the right-hand member of this equation is a
function of z = v(x,, ..., ¥,) and 6, while the second factor does not

depend upon 8, the factorization theorem implies that Z = u(Y,) is
also a sufficient statistic for 8.

EXERCISES
7.6. Let X,, X3, ..., X, be a random sample from the normal distribu-

tion (0, 8), 0 < 6 < 0. Show that 5 X7 is a sufficient statistic for .
1

7.7. Prove that the sum of the items of a random sample of size n from
a Puisson distribution having parameter 6, 0 < § < oo, is a sufficient
statistic for 6.

7.8. Show that the nth order statistic of a random sample of size # from
the uniform distribution having p.d.f. f(z; 8) = 1/,0 < £ < 6,0 < 6 < oo,
zero elsewhere, is a sufficient statistic for 8. Generalize this result by consider-
ing the p.d.f. f(z;8) = Q(O)M(x), 0 <z < 6, 0 < 8 < o0, zero elsewhere.
Here, of course,

" M) dz = ~
[, Mo bz =

7.9. Let X,, X,, ..., X, be a random sample of size n from a geometric
distribution that has p.d.f. f(x:8) = (1 — )0, 2=0,1,2,...,0 < 8 < 1,

n
zero elsewhere. Show that ¥ X, is a sufficient statistic for 4.
1
7.10. Show that the sum of the items of a random sample of size n from

a gamma distribution which has p.d.f. f(z; 8) = (1/8)e"**%, 0 < z < oo,
0 < 8 < o, zero elsewhere, is a sufficient statistic for 6.
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7.11. Let X,, X,,..., X, be a random sample of size » from a beta
distribution with parameters « = # > 0 and 8 = 2. Show that the product
X,X;--- X, is a sufficient statistic for 8.

7.12. Let X, X,, ..., X, be a random sample of size n from a distribution
with pd.f. f(x;0) = l/n{l + (x — 0)?)), -0 <z <00, —00 < §<o0.
Can the joint p.d.f. of X}, X,, ..., X, be written in the form given in Theorem

2? Does the parameter 6 have a sufficient statistic?

7.3 The Rao-Blackwell Theorem

We shall prove the Rao-Blackwell theorem.

Theorem 3. Let X and Y denote random variables such that Y has
mean p and positive variance a}. Let E(Y|x) = @(r). Then E[@p(X)] = p
and o2y, < o}.

Proof. We shall give the proof when the random variables are of

the continuous type. Let f(x, y), f1(x), f2(y), and &(y|x) denote, respec-
tively, the joint p.d.f. of X and Y, the two marginal probability density
functions, and the conditional p.d.f. of Y, given X = x. Then

® [ wydy

E(Y) = [ htyla) dy = 222 < o)
so that
7, otz y) dy = e(a)/i(@).
We have
Ep(X)] = |7 ol i) dz = [* [T of (. y) dy] dz

J.:o y”:, flx. ) d.r] dy
= [7 uay) dy = .

and the first part of the conclusion of the theorem is established.
Consider next

o} = E[(Y - p)?) = E{((Y — (X)) + (¢(X) = w)]?}
E(CY — ¢(N)2) + E{Q¢(X) — u?) + 2E([Y — o(X))@(X) — nul}

We shall show that the last term of the right-hand member of the
immediately preceding equation is zero. We have

E(Y - o(X)Ne(X) — ul} = [*, [, [y - ola)lols) = ulf(z,y) dy d.
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In this integral, we shall write f(z, y) in the form A(y|z)f,(z), and we
shall integrate first on y to obtain

[7. 0@ - wl{[” [y - o@)h(yl2) dy} /() do.
But ¢(z) is the mean of the conditional p.d.f. A(y|x). Hence
[7. 1y - ol@h(yl2) dy = 0,
and, accordingly,

E{[Y — ¢(X))[@(X) — u]} = 0.

Moreover,

"3(x> = E{[‘P(X) - ul?
and

E((Y - ¢(X)]%) = 0.
Accordingly,

2 2
Oy 2 Ouexy

and the theorem is proved when X and Y are random variables of the
continuous type. The proof in the discrete case is identical to the proof
given here with the exception that summation replaces integration.

It is interesting to note, in connection with the proof of the theorem,
that unless the probability measure of the set {(z, y); ¥ — ¢(x) = 0} is
equal toone, then E{[Y - ¢(X)]?} > 0, and we have thestrict inequality
o > o2

Y o)
We shall give an illustrative example.

Example 1. Let X and Y have a bivariate normal distribution with
means p; and u,, with positive variances o? and o2, and with correlation
coefficient p. Here E(Y) = p = p, and o} = o3. Now E(Y|z) is linear in z
and it is given by

E(Y|e) = (o) = pa + p 2 (= — pu)

Thus @(X) = u; + plogfo,)(X — p,) and E[p(X)] = pg, as stated in the
theorem. Moreover,

"gm = E{['P(X) - I‘z]a}

PR

= p2o3.
With —1 < p < 1, we have the strict inequality o3 > p203. It should be
observed that ¢(X) is not a statistic if at least one of the five parameters is
unknown.
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We shall use the Rao-Blackwell theorem to help us in out search
for a best statistic for a parameter. Let X,, X,, ..., X, denote a random
sample from a distribution that has p.d.f. f(x; 8), 8 € Q, where it is
known that Y, = u,(X,, X,,..., X,) is a sufficient statistic for the
parameter 6. Let Y, = u,(X,, X,,..., X,) be another statistic (but
not a function of Y, alone) which is an unbiased statistic for 8; that is,
E(Y,) = 6. Consider E(Y,|y,). This expectation is a function of y,,
say @(¥,). Since Y, is a sufficient statistic for 8, the conditional p.d.f.
of Y,, given Y, = y,, does not depend upon 8 so that E(Y,|y,) = ¢(y,)
is a function of y, alone. That is to say, here ¢(Y,) is a statistic. In
accordance with the Rao-Blackwell theorem, ¢(Y,) is an unbiased
statistic for §; and because Y, is not a function of Y, alone, the variance
of p(Y,) is strictly less than the variance of Y,. We shall summarize
this discussion in the following theorem.

Theorem 4. Let X, X,, ..., X,, n a fixed posilive integer, denote a
random sample from a distribution (continuous or discrete) that has
padf f(x;0),0eQ Let Y, = u,(X,, X, ..., X,) be a sufficient statistic
Jor 0, and let Y, = uy(X,, X, ..., X,), not a function of Y, alone,
be an unbiased statistic for 0. Then E(Y,|y,) = ¢(y,) defines a statistic
o(Y1). This statistic o(Y,) is a function of the sufficient statistic for 6,
it 1s an unbiased statistic for 0, and its variance is less than that of Y ,.

This theorem tells us that in our search for a best statistic for a
parameter, we may, if a sufficient statistic for the parameter exists,
restrict that search to functions of the sufficient statistic. For if we
begin with an unbiased statistic Y, that is not a function of the
sufficient statistic Y, alone, then we can always improve on this by
computing E(Y,|y,) = ¢(y,) so that (Y,) is an unbiased statistic with
smaller variance than that of Y.

In Section 7.4 an additional concept, called completeness, will be
introduced. Completeness, in conjunction with sufficiency, will lead us
to the best statistic for a parameter.

EXERCISES

7.13. Let Y, < Y, < Y3 < Y, < Y, be the order statistics of a random
sample of size 5 from the uniform distribution having p.d.f. f(z; 8) = 1/8,
0<z< 6, 0< 60 < oo, zero elsewhere. Show that 2Y, is an unbiased
statistic for . Determine the joint p.d.f. of Y, and the sufficient statistic Y
for 6. Find the conditional expectation E(2Y,|ys) = ¢(ys). Compare the
variances of 2Y5 and p(Y). '
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7.14. 1{ X,, X, is a random sample of size 2 from a distribution having
pd.f. f(r;6) = (1/8)e %% 0<x <o, 0< < oo, zero elsewhere, find
the joint p.d.f. of the sufficient statistic Y, = .\, + X, for §and Y, = X,
Show that Y, is an unbiased statistic for 6 with variance 62. Find E(Y,|y,) =
¢(¥,) and the variance of ¢(Y,).

7.15. Let the random variables X and Y have the joint p.d.f. f(z,y) =
(2/6%)e =*v? 0 < x < y < o, zero elsewhere. (a) Show that the mean and
the variance of Y are, respectively, 36/2 and 562/4. (b) Show that E(Y|z) =
z + 6. In accordance with the Rao-Blackwell theorem, the expected value
of X + 0is that of Y, namely, 36/2, and the variance of X' + 0 is less than
that of Y. Show that the variance of X + 6 is in fact 62/4.

7.16. In the notation of Theorem 4, consider E{g(Y,)|Y, = y2] = 7(ya)-
It follows from the Rao-Blackwell theorem that E[#(Y ;)] = 6 and that the
variance of 7(Y,) is less than that of @(Y,). Why is not r(Y,) a better statistic
for 8 than ¢(Y,)? Hint. Is 7(Y ;) a statistic?

7.4 Completeness

Consider the family {f(x; 0);0 < 6 < oo} of probability density
functions, where f(x; 0) = 1/, 0 < x < 0, zero elsewhere. Let #(z) be
a continuous function of x (but not a function of 8), and suppose we
are told that E[#(X)] = 0 for every § > 0. We shall show that this
requires u(x) = 0 for every x > 0. For each z, ze{z; 0 < z < o0},
there exists at least one meinber of the family of probability density
functions which is positive. So we could say we shall show that
E|u(X)] = Oforevery § > Orequires #(x) = 0at every point z at which
at least one member of the family of probability density functions is
positive. Our assumption is that

Elux)) = |

Thus

® 0
w(@)f(z; 0) dz = f () %dx ~0, for 0 > 0.
o o

[[u@de =0, for 8>0.
If we take the derivative of both members with respect to 8, we have,
by the fundamental theorem of calculus, that
u(6) = 0, for 6 > 0.

That is,
#(z) =0, forz>0,

as we proposed to show.
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Next, comsider the family {f(z;8);0 < @ < 1} of probability
density functions, where f(r; 0) = 67(1 — 6)'~%, x = 0, 1, zero else-
whe-e. Again, let %(x) be a continuous function ot x (but not a function
of 8), and suppose that E{u(.X)] = 0 for every 8, 0 < § < 1. We shall
show that this requires u#(z) to be zero at every point z at which at
least one member of the family of probability density functions is
positive. In this example, each member of the family is positive at the
same points, namely, at # = 0 and x = 1. Hence we shall actually
show that E[#(X)] = 0,0 < @ < 1, requires #(0) = u(1) = 0. We have

E[u(X)] = 3 u(@)/(z, )

i

]

3 w(@6r(l — 6y -=

#(0)(1 — 6) + u(1)6
B[u(l) — u(0)] + u(0) =0, 0<@<1.

If a linear function of z, say az + b, is equal to zero for more than one
value of z, then a = b = 0. But we have a linear function of 8, namely,
6[1(1) — %(0)] + u(0), which vanishes for every 8, 0 < 8 < 1. Accord-
ingly,
u(l) — u(0) =0 and u{0) = 0,
or
u#(0) = (1) =0,

as we wanted to show.
We now define the concept of completeness.

Definition 4. Let {f(x; 6); 0 € Q} denote a family of probability
density functions of either the continuous type or the discrete type.
Let u(x) denote a continuous function of z (but not a function of 6).
If E[u(X)] = O for every 8, 8 € Q, requires u(z) to be zero at each
point z at which at least one member of the family of probability
density functions is positive, then the family of probability density
functions is called a complete family.

Remarks. Two remarks should be made. On p. 42, it was noted that the
existence of E[u(X)] implies that the integral (or sum) converge absolutely.
This absolute convergence was tacitly assumed in our definition of complete-
ness and it is needed to prove that certain families of probability density
functions are complete. The second remark concerns the continuity of u(z).
This assumption would not be made in a more advanced textbook. The
assumption does permit us to show by elementary methods that certain
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families of probability density functions are complete. However, the primary
purpose of the assumption of continuity is to make it unnecessary to discuss
certain aspects of measure theory.

We were able to show by elementary methods that a certain family
of uniform probability density functions and that a certain family of
binomial probability density functions are in fact complete families.
In general, however, elementary methods are not adequate. Since a
proof that a family is complete is a problem in analysis rather than a
problem in probability or statistics, we shall not press the point in this
book. Instead, as is our practice, we shall assert theorems from other
branches of mathematics whenever they are needed.

EXERCISES

7.17. 1f az® + bz + ¢ = 0 for more than two values of z, thena = b =
¢ = 0. Use this result to show that the family {§(2, 8); 0 < 8§ < 1} is complete.

7.18. If the infinite series ag + 4,z + ag2® + @32° + - - - converges to zero

for all values of z in a given interval, then ag = @y = a4, = a3 =---= 0. Use
this to prove that the family given by the Poisson p.d.f. f(z; 8) = 6%e~°/rl,
z=20,1,2,...,0 < 8 < o0, zero elsewhers, is complete.

7.19. Let Y, < Y, <---< Y, be the order statistics of a random
sample of size # from the uniform distribution having p.d.f. f(z; 8) = 1/6,
0<z<800< 8 < oo, zero elsewhere. Show that the family of probability
density functions of Y, the sufficient statistic for 6, is complete.

7.20. Let the p.d.f. of X be f(x; 8) = Q(0)M(x),0 <2 < 0,0 < 6 < oo,
zero elsewhere, where M (x) is a continuous functionof r. Let ¥’y < Y, <---
< Y, be the order statistics of a random sample of size n from this distribu-
tion. Snow that the familyv of probability density functions of Y,, the
sufficient statistic for 8, is complete.

7.21. Show that each of the following families {f(x; 6); 0 < 6 < oo} is not
complete by finding at least one nonzero continuous function () such that

E[u(X)] = 0, for all 6 > 0.

(a) f(z; 6) =2—10, —-0<x<®,
= 0 elsewhere

(b) n(0, 6).

7.22. Prove that the family {b(n, 6),0 < & < 1} is complete. Hint.
Display E[r(X)) = 0, show that the constant term u«(0) is equal to zero,
divide both members of the equation by 8 # 0, and repeat the argument.
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7.5 Uniqueness

Let the parameter 6 in the p.d.f. f(z; 6), 6 € Q, have a sufficient
statistic Y; = %,(X,, X,,..., X,), where X,, X,,..., X, is a random
sample from this distribution. Let the p.d.f. of Y, be g,(y,; 8), 8¢ Q.
It has been seen that, if there is any unbiased statistic Y, (not a func-
tion of Y, alone) for 9, then there is at least one function of Y, that is
an unbiased statistic for 8, and our search for a beet statistic for § may
be restricted to functions of Y,. Suppose it has been verified that a
certain continuous function ¢(Y,), not a function of 6, is such that
E[p(Y,)] = 6forall valuesof 8, § € Q. Let y(Y,) be another continuous
function of the sufficient statistic Y, alone so that we have also
E[(Y,)] = 6 for all values of 8, 6 € Q. Hence

Ele(Y)) —¢(Y))] =0, feQ

If the family {g,(y,; 6); 6 € Q} is complete, the continuous function
#(y1) — ¥(y,) = 0 at each point y, at which at least one member of the
family is positive. That is, at all points of nonzero probability density,
we have, for every continuous unbiased statistic y(Y,),

o(y1) = ¥(y1).

In this sense [that is, p(y,) = ¥(y,), at all points of nonzero probability
density], @(Y,) is the unique continuous function of Y, which is an
unbiased statistic for 8. In accordance with the Rao-Blackwell theorem,
¢(Y,) has a smaller variance than every other unbiased statistic for 8.
That is, the statistic ¢(Y,) is the best statistic for 8. This fact is stated
in the following theorem.

Theorem 5. Let X, X,, ..., X,, n a fixed positive integer, denote a
random sample from a distribution that has p.d.f. f(x; 6), 0€ Q, let
Y, = u(X,, Xy, ..., X,) be a sufficient statistic for 8, and let the family
{&1(y1: €); 0 € Q} of probability demsity functions be complete. If there is
a continuous function of Y, which is an unbiased statistic for 8, then this
Sunction of Y, is the unique best statistic for 8. Here * unique” is used in
the sense described in the preceding paragraph.

This theorem is a special case of a very general theorem due to
Lehmann and Scheffé. Our assumption of continuity is unnecessarily
restrictive, but it seerns undesirable to try to relax it here. Such an
attempt only creates problems, called measure theoretic problems,
which we wish to avoid.
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The statement that Y, is a sufficient statistic for a parameter 6,
6 € Q, and that the family {g,(y,; 0); 8 € 2} of probability density
functions is complete is lengthy and somewhat awkward. We shall
adopt the less descriptive, but more convenient, terminology that Y,
is a complete sufficient statistic for 6. In the next section we shall study a
fairly large class of probability density functions for which a complete
sufficient statistic Y, for 8 can be determined by inspection.

EXERCISES

7.23. Let X,, X,;,..., X, represent a random sample from each of the
discrete distributions having the following probability density functions:

(a) fl@,8) =651 — 8-, 2=0,10<0<1,
= 0 elsewhere.
-8
(b) /(z;o)=01:, 2=01,2...,0 <8 < o,

= 0 elsewhere.

n
Show in each case that Y, = 3 X, is a complete sufficient statistic for 6.
1

Find, for each distribution, the unique continuous function of Y, which is the
best statistic for 6.

7.24. Show that the first order statistic Y, of a random sample of size
from the distribution having p.d.f. f(z;6) = e *"?, 8 <z < ©, —© <
6 < oo, zero elsewhere, is a complete sufficient statistic for 6. Find the
unique continuous function of this statistic which is the best statistic for .

7.25. Let a random sample of size # be taken from a distribution of the
discrete type with p.d.f. f(z; 8) = 1/6,z = 1, 2,..., 0, zero elsewhere, where
6 is an unknown positive integer. (a) Show that the largest item, say Y, of the
sample is a complete sufficient statistic for . (b) Prove that

(Yrr — (Y = (Y™ = (Y = 1)1
is the unique best statistic for 6.

7.26. In the notation of this section, let w be a subset of the parameter
space Q. Prove the following: (a) If Y, is a sufficient statistic for 6 € (2, then
Y, is a sufficient statistic for. 8 € w. (b) If the family {g,(y,; 6); 8 € w} is
complete, then the family {g,(y,; 8); 0 € Q} is complete.

7.27. Let Y, denote the nth order statistic of a random sample of size #
from a distribution with p.d.f. f(z; 8) = Q(8)M(z),0 < z < 8, zero elsewhere,
with 0 < 8 < co. Find ¢(Y,), the unique best statistic for 0.
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7.6 The Exponential Class of Probability Density Functions

Consider a family {f(z; 6); 6 € Q} of probability density functions,
where Q is the interval set Q = {;y < 8 < 8}, where y and & are
known constants, and where

1 fx9

exp [p(0)K(z) + S(z) + ¢(0)], a<z<b,
= ( elsewhere.
A p.df. of the form (1) is said to be a member of the exponential

class of probability density functions of the continuous type. If, in
addition,

(i) neither a nor b depends upon 6, y < 6 < §,
(ii) p(8) is a nontrivial continuous function of 8, y < 6 < §,
(iii) each of K’'(x) # 0 and S(z) is a continuous function of z,
a<zx<b,

we say that we have a regular case of the exponential class. A p.d.f.

(@ 0) = exp[p(O)K() + S(z) + ¢(6)), = = ay,a5,...,
= 0 elsewhere

I

is said to represent a regular case of the exponential class of probability
density functions of the discrete type if

(i) the set {xr; z = a,, a,, ...} does not depend upon 8,
(ii) () is a nontrivial continuous function of 6, y < 8 < §,
(iii) K() is a nontrivial function of x on the set {x; x = a,, a,,...}.

For example, each member of the family {f(z; 6);0 < 6 < o0},
where f(x; 6) is n(0, 8), represents a regular case of the expocnential
class of the continuous type because

z: 0 e~ %20
flx; 0) = \/ 5%
=exp[—‘,,_—10:z:2 In \/Zr—O], ~0 < ¥ < 0.
Let X,, X,,..., X, denote a random sample from a distribution

that has a p.d.f. which represents a regular case of the exponential
class of the continuous type. The joint p.d.f. of X, X,,..., X, is

exp [4(0) 3 K@) + 3S@) + na(0)]
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fora <z <b i=12,...,n 9 <8 < § and is zero elsewhere. At
points of positive probability density, this joint p.d.f. may be written
as the product of the two nonnegative functions

exp [(0) 3 K(w) + ng(@)] exp [3 Stz
In accordance with the factorization theorem (Theorem 2, p. 219)

Y, = 3 K(X,) is a sufficient statistic for the parameter 6. To prove
1

that Y, = i K(X,) is a sufficient statistic for § in the discrete case,
1

we take the joint p.d.f. of X;, X,, ..., X, to be positive on a discrete
set of points, say, when z,e{z;z = a,,a,, ...}, ¢ = 1,2,...,n. We
then use the factorization theorem. It is left as an exercise to show that
in either the continuous or the discrete case the p.d.f. of Y, is of the
form
&1(y1; 6) = R(y,) exp [p(0)y, + nq(0)]

at points of positive probability density. The points of positive
probability density and the function R(y,) do not depend upon .

At this time we use a theorem in analysis to assert that the family
{g.(y,; 0);y < 8 < 8 of probability density functions is complete.
This is the same theorem we used when we asserted that a moment-
generating function (when it exists) uniquely determines a distribution.
In the present context it can be stated as the following theorem.

Theorem 6. Let f(x;0), y < 0 < 8, be a p.d.f. which represents a
regular case of the exponential class. Then if X\, X,, ..., X, (where n is
a fixed positive integer) is a random sample from a distribution with p.d.f.

[z, 0), the statistic Y, = ‘"ZK (X,) is a sufficient statistic for 8 and the
1
Sfamily {g\(y1; 0);y < 0 < 8} of probability density functions of Y, is

complete. That is, Y, is a complete sufficient statistic for 0..
This theorem has useful implications. In a regular case of form (1),

n
we can see by inspection that the sufficient statistic is Y, = > K(X)).
1

If we can see how to form a continuous function of Y,, say ¢(Y,), so
that E[e(Y,)] = 0, then the statistic ¢(Y,) is unique and is the best
statistic for 8.

Example 1. Let X,, X,,..., X, denote a random sample from a normal
distribution that has p.d.f.
_ 3
flz; 6) = l_exp[—-(z—f—)—], -0 < T < o, —0 < 8 < o0,
oV 2n 20



Sec. 7.6] The Exponential Class of Probability Density Functions 233
or

f(=z; 6) —exp[—x————ln v21ro =55

Here o2 is any fixed positive number. This is a regular case of the exponential
class with

P00 =5 K@=z

z? 3 02
S(x) = —5— — In V2nd?, q9(0) = —5—5-

20
Accordingly, Y, = X, + X, +---+ X, = nX is a complete sufficient
statistic for the mean 6 of a normal distribution for every fixed value of
the variance o2. Since E(Y,) = 76, then ¢(Y,) = Y,/n = X is the only
continuous function of Y, which is an unbiased statistic for 8; and being a
function of the sufficient statistic Y,, it has minimum variance. That is,
X is the unique best statistic for 8. Incidentally, since Y, is a single-valued
function of X, X itself is also a complete sufficient statistic for 6.

Example 2. Consider a Poisson distribution with parameter 8,0 < 6 < co.
The p.d.f. of this distribution is
0xe-°
f(z; 0) = — = eXp ((In @)z — In (z!) — 6], z=0,12,...,

= 0 elsewhere.

n
In accordance with Theorein 6, Y, = 3 X, is a complete sufficient statistic
1

for 6. Since E(Y,) = n#, the statistic ¢(Y,) = Y,/n = X, which is also a
complete sufficient statistic for 8, is the unique best statistic for 6.

EXERCISES
7.28. Write the p.d.f.
flz; 0) = 6_:?_136 I8, 0<zr<o00,0< 8 < oo,
zero elsewhere, in the exponential form. 1f X,, X,,..., X, is a random

sample from this distribution, find a complete sufficient statistic Y, for
and the unique continuous function ¢(Y,) of this statistic which is the best
statistic for 6. Is ¢(Y,) itself a complete sufficient statistic?

7.29. Let X, X;,..., X, denote a random sample of size n > 2 from a
distribution with p.d.f. f(x; 8) = 8e %%, 0 < z < o0, zero elsewhere, and

6 > 0. Then Y = )'_': X, is a sufficient statistic for 6. Prove that (n — 1)/Y
1

is the best statistic for 6.
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7.30. Let X denote the mean of the random sample X,, X,, ..., X, from
a gamma-type distribution with parameters « > 0 and 8 = 6 > 0. Compute
E[X,|z].

7.31. Let X be a random variable with a p.d.f. of a regular case of the
exponential class. Show that E[K(X)] = —¢'(6)/p’(6), provided these
derivatives exist, by differentiating both members of the equality

[[exp (20K (@) + S@) + q(0) dz = 1

with respect to 6. By a second differentiation, find the variance of K(X).

7.32. Given that f(z;0) = exp [0K(z) + S(z) + ¢()], a <z < b,
y < 8 < 8. represents a regular case of the exponential class. Show that the
moment-generating function M(¢) of Y = K(X)is M(¢) = exp[q(8) — q(8 + ¥)],
y<0+t<

7.33. Given, in the preceding exercise, that E(Y) = E[K(X)] = 6.
Prove that Y is n(6, 1).

7.34. If X,, X,, ..., X, is arandom sample from a distribution that hasa
p.d.f. which is a regular case of the exponential class, show that the p.d.f. of

Y, = EK(X,) is of the form g,(y,: 8) = R(y,) exp [p(0)y, + ng(0)]. Hint.
1
Let Y, = X,,..., Y, = X, be n — 1 auxiliary random variables. Find the
joint pdf. of Y,, Y,, ..., Y, and then the marginal p.d.f. of Y,.
7.35. Let Y denote the median and let X denote the mean of a random

sample of size n = 2k + 1 from a distribution which is n(u, 02). Compute
E(Y|X = z). Hint. See Exercise 4.61 (p. 154).

7.7 Functions of a Parameter

Up to this point we have sought an unbiased and minimum variance
statistic for a parameter 6. Not always, however, are we interested in 6
but rather in a function of 6. This will be illustrated in the following
examples.

Example 1. Let X,, X,, ..., X, denote the items of a random sample of
size #.> 1 from a distribution which is b(1, 6), 0 < 8 < 1. We know that if

Y = iX., then Y/n is the unique best statistic for §. Now the variance of
1

Y/nis 6(1 — 0)/n. Suppose an unbiased and minimum variance statistic for
this variance is sought. Because Y is a sufficient statistic for 8, it is known
that we can restrict our search to functions of Y. Consider the statistic
(Y/n)(1 — Y/n)/n. This statistic is suggested by the fact that Y/n is the best
statistic for 8. The expectation of this statistic is given by

SE[3(1 - 3)] = JEw) - LY
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Now E|Y] = n6 and E[Y?] = n6(1 — 6) + n%6%. Hence

-]-E[-}—/(l-—z)]=”~ 16(1 ——0)_
n|n n n "

If we multiply both members of this equation by n#/(n — 1) we find that the
statistic (Y/n)(1 — Y/n)/(n — 1) is the unique best statistic for estimating
the variance of Y/n.

A somewhat different, but very important, problem in point
estimation is considered in the next example. In this example, the
distribution of a random variable X is described by a p.d.f. f(x; 6)
which depends upon 6 € Q. The problem is to estimate the fractional
part of the probability for this distribution which is at or to the left of a
fixed point ¢. Thus we seek an unbiased, minimum variance statistic for
F(c; 6), where F(x; ) is the distribution function of X.

Example 2. Let X,, X,, ..., X, be a random sample of size n > 1 from
a distribution which is n(6, 1). Suppose we wish to find a best statistic for the
function of @ defined by

— ¢ __l_ —(x - 6)2/2 = _
Pr(X < ¢ f_w\/_z_;e dx = N(c ' 9),
where ¢ is a fixed constant. There are many unbiased statistics for N(c — 8).
We first exhibit one of these, say #(X,), a function of X, alone. We shall then
compute the conditional expectation, E[u(X,)|X = Z| = ¢(¥), of this un-
biased statistic, given the sufficient statistic X, the mean of the sample. In
accordance with the theorems of Rao-Blackwell and Lehmann-Scheffé,
#(X) is the unique best statistic for N(c — ).
Consider the function u(z,), where

u(z,) =1, x, <c
= 0, xz, > cC.

The expected value of the random variable «(X),) is given by

E[u(X,)] = J‘“’m u(z,) v—-lz_"c'xp [—(—ﬁ;—o’f] dr,

= fjm(l) \/!2_"0.\[) [-(x‘—;ﬂzl dz,,

because u(x,) = 0, x; > c. But the latter integral has the value N(c — 6).
That is, #(*,) is an unbiased statistic for N(c — 6).

We shall ne- discuss the joint distribution of X, and X and the condi-
tional distribution of X, given X = % This conditional distribution will
enable us to compute E[u(X,)|X = Z] = @(x). In accordance with Exercisc
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4.78 (p. 162) the joint distribution of X, and X is bivariate normal with
means 6 and 6, variances o2 = 1 and ¢3 = 1/n, and correlation coefficient

p = 1/4/n. Thus the conditional p.d.f. of X,, given X = Z, is normal with
linear conditional mean

8 + (porfo)(E — 6) = 2
and with variance
oAl = pY) = (n = Dn.

The conditional expectation of u(X,), given X = %, is then
r) = ” u(z " 1 _nz, — ) ]
®(7) f - ( )*/n — l\/Zwexp 2 =) dz,

=[S e [ e,

The change of variable z = Va(z, — Z)/Vn — 1 enables us to write, with
= V/n(c — #)/V/n — 1, this conditional expectation as

olF) = Jm ‘/'Z_nc-z’ﬂ dz=N() = N l/\-/’%—_‘—-f—)

Thus the unique, unbiased, and minimum variance statistic for N(c — 6) is,
for every fixed constant ¢, given by o(X) = N(Vn(c — X)/vn — 1].

Remark. We should like to draw the attention of the student to a
rather important fact. This has to do with the adoption of a principle, such
as the principle of unbiasedness and minimum variance. A principle is not a
theorem; and seldom does a principle yield satisfactory results in all cases. So
far, this principle has provided quite satisfactory results. To see that this is
not always the case, let X have a Poisson distribution with parameter 8,
0 < 8 < co. We may look upon X as a random sample of size one from this
distribution. Thus X is a complete sufficient statistic for 8. We seek the best
statistic for e 2%, best in the sense of being unbiased and having minimum
variance. Consider Y = (—1)*. We have

@ -
E(Y] = E[(-)*] = D (0% " 0" )
x=0
Accordingly, (=1)* is the (unique) best statistic for ¢~2, in the sense
described. Here our principle leaves much to be desired. We arc endeavoring
to elicit some information about the number ¢-3, where 0 < ¢~ 2% < 1.
Yet our point estimate is either —1 or +1, each of which is a very poor
estimate of a number between zero and one. We do not wish to leave the
student with the impression that an unbiased, minimum variance statistic
is bad. That is not the case at all. We merely wish to point out that if one tries



Sec. 7.8] The Case of Several Parameters 237

hard enough he can find instances where such a statistic is not good. In the
next chapter we shall consider other principles of estimation, each of which
has its own merits.

EXERCISES

7.36. Let X,, X,,..., X, denote a random sample from a distribution
which is 5(1, §). Find the best statistic for the variance n6(1 — 6) of
Y =3 X,

7.37. Let X,, X,,..., X, denote a random sample from a distribution

which is #(0, 8). Then Y = 3 X? is a sufficient statistic for . Find the best
statistic for 6.

7.38. In the notation of Example 2 of this section, is there a best statistic
for Pr(—c < X < ¢]? Herec > 0.

7.39. Let X,, X,, ..., X, be arandom sample from a Poisson distribution
with parameter > 0. Find the best statistic for Pr (X < 1) = (1 + 8)e~°.
Hint. Let u(x,) = 1, 2, < 1, zero elsewhere, and find E[u(X,)|Y = y], where

Y = 3 X, Make use of Example 2, p. 124.
1

7.8 The Case of Several Parameters

In many of the interesting problems we encounter, the p.d.f. may
not depend upon a single parameter 6, but perhaps upon two (or more)
parameters, say 8, and 6, where (6,, 8,) € Q, a two-dimensional
parameter space. We now define joint sufficient statistics for the
parameters. For the moment, we shall restrict ourselves to the case of
two parameters. The student may wish to refer to p. 67, on which we
define conditional probability density functions.

Definition 5. Let X, X,, ..., X, denote a random sample from a
distribution that has p.d.f. f(z; 8,, 6,), where (6;, 8,) € Q. Let Y, =
(X, Xa, .o, Xp), Yo=u(Xy, Xoyoo o, X0)o oo Yo = u (X, X,

.., X,) be n statistics such that the Jacobian of the associated trans-
formation does not vanish identically. Let g(y;, ¥2. ..., ¥n; 05, 02)
denote the joint p.d.f. of Y, Y,, ..., Y,, and let g,5(y;, ¥2; 6,, 02) be
the joint p.d.f. of Y, and Y,. The statistics Y, and Y, are called joint
sufficient statistics for 6, and 0, if and only if the conditional p.d.f.

(Y1, Y2, - - - Yn; 61, 65)
£12(Y1, Ya: 6,, 63)

h(.'/a' ) ynlyl' y?) = £
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of all other statistics Y,,..., Y,, given Y, = y, and Y, = y,, does not
depend upon 8, or 8, or both 8, and 8,, whatever be the fixed values
Y, and y;.

As may be anticipated, there is a Fisher-Neyman criterion for the
existence of joint sufficient statistics. In the notation of the preceding
paragraph, this criterion can be stated as follows: The statistics Y, =
w, (X, Xa, ..., X,) and Yy = uy(X,, X,, ..., X,) are joint sufficient
statistics for 8, and 6, if and only if
f(xy; 6y, 8)f(z3; 8y, 63) - - f (%, 8y, 63)

= g1 (Ty, Tg, - ., Tn), Uy, gy ., Z); 0y, O5)H (24, 2, -, T,),
where, for fixed valuesof y, = u,(z,, ..., z,) andy; = ug(z,, ..., z,), the
function H(z,, z,, . . ., %,) does not depend upon both oreither of 8, and 6,.

Moreover, the factorization theorem can be extended. In our
notation, it can be stated in the following manner. The statistics
Y, = u(X,, Xa- .., X,) and Y, = uy(X,, X5, ..., X,) are joint
sufficient statistics for the parameters 6, and 0, if and only if we can
find two nonnegative functions &, and &, such that

Sf(xy; 8y, 63)f(xa; 0, 05)- - f(q; 6y, 05)

= ky[uy (@, g, . -, Ta), Ug(Zy, Tay -, Xa); Oy, Og)Ra(Ty, o -, )
where, for all fixed values of the functions y;, = #,(x,, %5, . .., z,) and
ya = ug(x,, g, . . ., x,), the function ky(xy, 24, . . ., x,) does not depend
upon both or either of 6, and 6,.
Example 1. Let X,, X,, ..., X, be a random sample from a distribution
having p.d.f.

1
flz; 0,, 8;) = 76, 0, — 8, <z < 6, + 90,

= ( elsewhere,
where —00 < 8, < 0, 0 < 8, < 00. Let Y, < Y, <---< Y, be the order
statistics. The joint p.d.f. of Y, and Y, is given by
_sn—1)

&in(¥1 Yn: 01, 8,) = 2007 (Yo —y)" %, 0, —0; <y, <yn <0, + 0,
(265)
and equals zero elsewhere. Accordingly the joint p.d.f. of X,, X,, ..., X, can

be written, for points of positive probability density,

—l_)n _ n(n — 1)[max () — min (x;)]" "2
(20, - (28,)"

1
) (ﬂ(" — I)[max {z,) — min (x')]"")'
Since the last factor does not depend upon the parameters, the Fisher-
Neyman criterion assures us that Y, and Y, are joint sufficient statistics for
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6, and 8,. This result can also be established by showing that the conditional
pdf. of Y, Y,,...,Y, |, given Y, =y, and Y, = y,, does not depend
upon the parameters or it can be established by use of the factorization
theorem.

The extension of the notion of joint sufficient statistics for more
than two parameters is a natural one. Suppose that a certain p.d.f.
depends upon m parameters. Let a random sample of size n be taken
from the distribution that has this p.d.f. and define » statistics in such
a way that the Jacobian of the associated transformation is not
identically zero. Then m of these statistics are said to be joint sufficient
statistics for the m parameters if and only if for fixed values of these
m statistics, the conditional p.d.f. of the remaining statistics does not
depend upon any or all of the m parameters. We remark that the
criteria for the existence of sufficient statistics, namely, the Fisher-
Neyman criterion and the factorization theorem, are readily extended.

There is an extension of the Rao-Blackwell theorem that can be
adapted to joint sufficient statistics for several parameters, but that
extension will not be included in this book. However, the concept of a
complete family of probability density functions is generalized as
follows: Let

{f(v, v, ..., v 0y, 05, ...,04); (0,0, ...,0,) €}
denote a family of probability density functions of £ random variables
Vi Va, ..., Vi that depends upon m parameters (8,, 8,, ..., 6,) € .
Let u(v,, v, .. ., v,) be a continuous function of v,, v,, ..., v, (but not
a function of any or all of the parameters). If
Eu(Vy, Vg ..., V)l =0

for all (6,,80,,...,0,) € Q implies that u(v,, v, ...,v,) = 0 at all
points (v, v, ..., v,) at which at least one member of the family of
probability density functions is positive, we shall say that the family
of probability density functions is a complete family.

The remainder of our treatment of the case of several parameters
will be restricted to probability density functions that represent what
we shall call regular cases of the exponential class. Let X, X,, ..., X,,
n > m, denote a random sample from a distribution that depends on
m parameters and has a p.d.f. of the form

(1) f(x;6,,0,...,04)
= exp [él P40y, 05, ..., 0K (x) + S(z) + 9(6,, 03, ..., 0m)]

for a < z < b, and equals zero elsewhere.
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A p.d.f. of the form (1) is said to be a member of the exponential
class of probability density functions of the continuous type. If, in
addition,

(i) neither @ nor b depends upon any or all of the parameters
8,,0,...,06,

(ii) the p,(0,, 0,,...,0y), 7 =1,2,...,m, are nontrivial, func-
tionally independent, continuous functions of 8, y; < 8, < 3,
j=12...,m

(iii) the Kj(x), j = 1,2,..., m, are continuous for @ < z < b and
no one is a linear homogeneous function of the others,

(iv) S(z) is a continuous function of z, a < z < b,
we say that we have a regular case of the exponential class.

The joint p.d.f. of X,, X,, ..., X, is given, at points of positive
probability density, by

m n n
exp [ 8 0. 00 3 Kiw) + 3 Sle) + mal0r...... 0]
m n n
= exp [,gl PBu - 0 3 Kim) + nq(6y, . 0m)] exp [215(3;‘)].
In accordance with the factorization theorem, the statistics

Vo= 3 KX) Vo= 3 KX)o Ya= 5 KuX)

are joint sufficient statistics for the m parameters 6,, 0, ..., 0. It is
left as an exercise to prove that the joint p.d.f. of Y,,..., Y, is of the
form

(2) Rmnw%HngM%~WMM+M@~W%ﬂ

at points of positive probability density. These points of positive
probability density and the function R(y;, . .., ym) do not depend upon
any or all of the parameters 6, 0,, ..., 8,,. Moreover, in accordance
with a theorem in analysis, it can be asserted that, in a regular case
of the exponential class, the family of probability density functions of
these joint sufficient statistics Y, Y,, ..., Y, is complete whenn > m.
In accordance with a convention previously adopted, we shall refer to
Y, Y ..., Y, as joint complete sufficient statistics for the parameters
6,,0,...,6,

Example 2. Let X,, X,,..., X, denotc a random sample from a
distribution which is n(6,, 8,), — < 6, < 0, 0 < 8; < c©. Thus the
p.d.f. f(z; 0,, 8;) of the distribution may be written as

o, _ 8
f(x; 8,, 8;) = exp [———z + <t 5%~ 28, —In \/21r0,]
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Therefore, we can take K,(z) = 22 and K,(z) = z. Consequently, the
statistics

Y1=ix‘z and YQ=iX‘
1 1

are joint complete sufficient statistics for 8, and 6,. Since the relations

z2,=Ya_x gz -Yi-Yin_ 3(X-Xr

” n—1 n—1

define a one-to-one transformation, Z, and Z, are also joint complete sufficient
statistics for 6, and 6;. Moreover,

E(Z) =06, and E(Z;) =6,

From completeness, we have wnat Z, and Z; are the only continuous func-
tions of Y, and Y, which are unbiased statistics for 8, and 8,, respectively.

A p.df.
f(z; 0,80, ...,04,)
= exp [ 3 201 s 0K (&) + S(o) + (01, 6ar- )]
x = a;, ay as, ...,

zero elsewhere, is said to represent a regular case of the exponential
class of probability density functions of the discrete type if

(i) the set {x; x = a,, ay, ...} does not depend upon any or all of
the parameters 6,, 0,, ..., 0,

(i) the p,(8,, 0, ...,6,), j =1,2,...,m, are nontrivial, func-
tionally independent, continuous functions of 6, y; < 8; < §,
j=12,...,m,

(iii) the K,(z), j = 1, 2,..., m, are nontrivial functions of z on the

set {x; x = a,, ay, ...} and no one is a linear function of the others.

Let X,, X,, ..., X, denote a random sample from a discrete-type
distribution which represents a regular case of the exponential class.
Then the statements made above in connection with the random
variable of the continuous type are also valid here.

Not always do we sample from a distribution of one random variable
X. We could, for instance, sample from a distribution of two random
variables V and W with joint p.d.f. f(v, w; 6,, 6, . . ., 6,). Recall that by
a random sample (Vy, W), (Vy, W), ..., (V,, W,) from a distribution
of this sort, we mean that the joint p.d.f. of these 2» random variables
is given by

floy, wy; 04,...,00)f(vs, ws; 0y,...,00) - f(Vy, s 0y,...,0).



242 Point Estimation and Sufficient Statistics [Ch. 7

In particular, suppose that the random sample is taken from a distribu-
tion that has the p.d.f. of V and W of the exponential class

(3) flv,w;0,,...,04)
m
= exp [Iz1 560y, ... B)K (v, w) + S(v, w) + ¢(bs, .. ., o,,,)]
fora < v < b, ¢ < w < d, and equals zero elsewhere, where a, b, c, d

do not depend on the parameters and conditions similar to (i), (ii),
(iii), and (iv), p. 240, are imposed. Then the m statistics

vi= 3 KWW Ya= 3 KV W)
Ym = 1?1 Km(Vh W!)

are joint complete sufficient statistics for the m parameters 8,, 05, ., .

EXERCISES

7.40. Let Y, < Y; < Y, be the order statistics of a random sample of
size 3 from the distribution with p.d.{.

1 x — 0
f(z; 8y, 85) ='0';CXP[—L-E—L)]’
0, <z <00, —0< b <000<8; <o,

zero elsewhere. Find the joint p.df. of Z, =Y,, Z; =Y, and Z; =
Y, + Y; + Y, The corresponding transformation maps the space
{(¥1, Y2, ¥3); 0, < ¥, < Y2 < Y3 < o} onto the space {(z,, 22, z3); ) < 2z <
23 < (23 — 2,)/2 < o0}. Show that Z, and Z, are joint sufficient statistics

for 6, and 4,.
7.41. Let X,, X;,..., X, be a random sample from a distribution that
has a p.d.f. of form (1) of this section. Show that Y, = i K,(X),...,
i=1

Y, = ‘i K, (X,) have a joint p.d.f. of form (2) of this section.

=1

7.42. Let (X,,Y)), (X3 Ya),..., (X, Y,) denote a random sample of
size # from a bivariate normal distribution with means p, and p,, positive

n
variances o2 and o3, and correlation coefficient p. Show that > X|, i Y,
1 1

1.3 n n
3 X3, g Y?, and ; X,Y, are joint sufficient statistics for the five parameters.
1

Are X = %:x./n, ) g ; Y n, S? = é(x. ~ X)%n, S3 = é:(}’. — P)in,
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and i (X, — X)(Y, — ¥)/nS,S; also joint sufficient statistics for these
pararr:eters?
7.43. Let the p.d.f. f(z; 6,, ;) be of the form
exp [p1(0:, 02)K,(x) + pa(0,, 63)Ka(2z) + S(x) + ¢(6y, 05)], a<z<b,

zero elsewhere. Let K(z) = cKj(x). Show that f(z; 8,, 8,) can be written in
the form

exp[p(0,. 0K + S@) + q:(0,, 8], a<z<b,
zero elsewhere. This is the reason why it is required that no one K;(x) be a

linear homogeneous function of the others, that is, so that the number of
sufficient statistics equals the number of parameters.

7.9 Sufficiency, Completeness, and Stochastic Independence

\We have seen that the properties of sufficiency and completeness
can be combined to provide a most attractive theory of point estimation.
We shall now investigate the impact that these two fundamental
concepts have upon stochastic independence.

Theorem 7. Let X, X,, ..., X, denote a random sample from a
distribution having a p.d.f. f(x; 8), 0 € Q, where L is an interval set.
Let Y, = (X1, Xa, ..., X,) be a sufficient statistic for 0, and let the
family {g,(y,; 0); 6 € Q} of probability density functions of Y, be com-
plete. Let Z = u(Xy, X,, ..., X,) be any other statistic (not a function of
Y, alone). If the distribution of Z does not depend upon 8, then Z is
stochastically independent of the sufficient statistic Y.

Proof. We shall prove a special case of this theorem. We assume
that f(x; 6), 8 € Q, is the p.d.f. of a random variable X of the con-
tinuous type and that the conditional p.d.f. of Z, given Y, = y,, isa
continuous function of y,. Denote the joint p.d.f. of Y, and Z by
g(y,, z; 6); the conditional p.d.f. of Z, given Y, = y,, by h(z]y,); and
the p.d.f. of Z by g,(z). The integral

(1) [, T8ale) — hlzly)les(v1; 6) dyy = O
for all 0, 6 € 2, because
[, aal2lea(on} 6) dys = gal2)

and

“ ® , 2,6
hal g O dyy = | EHLZ0 o 0y dy, = ga(a).
. o &1y 0)
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Since Y, is a sufficient statistic for 8, k(z|y,) does not depend upon 6.
From the hypothesis, g4(z) does not depend upon 6; thus g,(z) — A(z|y,)
does not depend upon 6. Moreover, h(z|y,), thus ga(z) — h(z]y,), is a
continuous function of y, by assumption. Since {g,(y,; 0); 0 € Q} is
complete, Equation (1) requires that

ga(2) — hlzly)) =0, or  ga(2) = h(z|y)

at all points y, where, for some 0, g,(y,; 8) > 0. However,

&y, 2, 0) = g:(y:; Ohzly),  g:.(y1:0) > 0,
so that
&(¥1, 2: 0) = g1(¥1: 0)ga(2),  g1(y1; 0) > 0.

That is, Z is stochastically independent of the sufficient statistic Y,, as
was to be proved.

If it is assumed that a statistic Z is stochastically independent of a
statistic Y, then, of course, g,(z) = k(z|y,). It is interesting to observe
that if Y, is a sufficient statistic for 8, then A(z|y,), and hence g,(2),
does not depend upon 8 whether {g,(y,; 6); 8 € } is or is not complete.
That is, the theorem may not be stated as an ' if, and only if,”” condition
for the stochastic independence of the statistic Z and the sufficient
statistic Y,. However, if we restrict f(x; 8) to represent a regular case
(continuous or discrete) of the exponential class, and if X, X,,..., X,
is a random sample from this distribution, then the family {g,(y,; 0);
0 € Q} of prebability density functions of the sufficient statistic Y, =

n
> K(X,) is complete. In those cases the statistic Z is stochastically
1

independent of the sufficient statistic Y, if, and only if, the distribution
of Z does not depend upon 6.

It should be remarked that the theorem (including the special
formulation of it for regular cases of the exponential class) extends
immediately to probability density functions which involve m param-
eters for which there exist m joint sufficient statistics. IFor example,
let X,, X,, ..., X, be a random sample from a distribution having the
p.d.f. f(x; 6,, 6,) that represents a regular case of the exponential class
such that there are two joint complete sufficient statistics for 8, and 8,.
Then any other statistic Z = u(X,, X,,..., X,) is stochastically
independent of the joint complete sufficient statistics if, and only if,
the distribution of Z does not depend upon 6, or 8,.
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We now give three examples of Theorem 7. The first of these provides
an alternative proof of the stochastic independence of X and S3, the
mean and the variance of a random sample of size # from a distribution
which is n(u, o3).

Example 1. Let the random variable X be n(u, ¢%), and let X,, X,, ...,
X, denote a random sample from this distribution. We shall show that the
statistic S? is stochastically independent of the statistic X. It has been seen
(p. 232) that X is, for every fixed o? > 90, a complete sufficient statistic for
4, —0 < u < oo. If the distribution of S? does not depend upon g, then, in
accordance with Theorem 7, S2 is stochastically independent of X. Now the
distribution of S2 is uniquely determined by its moment-generating function
M() = E(ets%). Our problem will be solved if we can show that M(f) does not
depend upon u. Now

M) = E{exp [ti(x‘ ; ‘E]}
oS- ()

n — 2
X exp [— z(i'zjf'f)—] dz, dz,- - -dz,
1

exists provided ¢ < #/203. This is a fairly complicated integral, and we shall
make no effort to evaluate it. But by the following argument it is easy to
see that M (¢) does not depend upon u. Consider the one-to-one transformation
w, =%, — ..., W, =z, — p, which maps the entire z,2,- - -z, space onto
the entire w,w,- - -w, space. The Jacobian J = 1. Under this transformation

2(’4 —u)? = ?w?
and
i("—" - %)% = i (wy, — )3,
1 1

where @ = (v, + wy + -+ + w,)/». Thus,
M) = J‘_n. . .fj‘ exp [ﬁi(w, - E)’]

1 \" 1<
x (72_;) exp(—f’ij,’)dw,-ndw,.

and M(t) obviously does not depend upon u. Accordingly, the variance S* of
the random sample from the distribution #(u, ¢?) is stochastically independent
of the mean X of the sample.
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Example 2. Let X,, X;, X, X, denote a random sample from a distri-
bution having p.d.f.

f(x;0)=%, C<z<60<6<ow,

= () elsewhere.

Let Y, < Y, < Y, < Y, denote the order statistics of this random sample.
Exercise 7.19 (p. 228), shows that Y, = max (X,) is a complete sufficient
statistic for 8. It will now be shown that the statistic Z = (Y; + Y; +
Y, + Y,)/Y, is stochastically independent of the sufficient statistic Y.
The moment-generating function of Z is

M(t) = E[exp (t Yo+ Y’; Yo + Y‘)]
4

0 (v, (V3 (V2 + + 4 4'
= [ (22 1)) 1 dya de
oJo Jo Jo Ys
The one-to-one transformation w; = ¥,/0, wy = ¥,/0, wy = ya/0, wy = y,/0
has |J| = 6*,anditmaps 0 < y; < Y2 < Y5 < Y, < fonto 0 < w; < w, <
wy; < w, < 1. Consequently,
1 w, w, w,
M(@) = f f ‘f ’I =lexp (twl + st Wy F w’)(ﬂ) dw, dw, dw, dw,,
oJo Jo Jo w

4

which clearly does not depend upon 0. Thus the distribution of Z does not
depend upon 8, and so Z is stochastically independent of Y, the complete
sufficient statistic for 6.

Example 3. Let X,, X,, ..., X, denote a random sample from a distri-
bution which is n(f,, 61), —© < 8, < ©. 0 < 6; < co. In Example 2,
p- 240, it was proved that the mean X and the variance S? of the sample are
joint complete sufficient. statistics for 8, and 8,. Consider the statistic

n-1

2 (X - X)?

/A S
3 - X

The one-to-one transformation y, = (%, — 0,)/\/?,, 1 =12,...,n, may be

used to show that E(e?) does not depend upon 6,, 6;. That is, Z is

stochastically independent of both X and S2.

EXERCISES

7.44. Let X,, X, be a random sample of size 2 from a distribution having
the p.df. f(z;8) = (1/8)e*°, 0 <z <o, 0 <8 <o, zero elsewhere.
Show that Z = X,/(X, + X,) has a moment-generating function that does
not depend upon 6. Thus Y = X, + X,, a complete sufficient statistic for 9,
is stochastically independent of Z.
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7.45. et Y, < Y, <---< Y, be the order statistics of a random
sample from the normal distribution 7(8, 6?), —c0 < 6 < co. Show that the
moment-generating function of Z = Y, — ¥ does not depend upon 8. Thus

Y= f Y/, a complete sufficient statistic for 8, is stochastically independent
1

of Z.
7.46. Let X,, X, ..., X, be a random sample from the normal distribu-
tion n(6, ¢3), —c0 < 0 < co. Prove that a necessary and sufficient condition

that the statistics Z = i aX, and Y = i X,, a complete sufficient statistic
1 1
for 0, be stochastically independent is that ia‘ = 0.
1

7.47. Let Y, < Y; <---< Y, be the order statistics of a random
sample of size n from the distribution having p.df. f(z; 6) = e (-0,

8 < z < 00, —00 < 8 < o0, zero elsewhere. (a) Show that Z = 3 (Y, — Y)
and the complete sufficient statistic Y, for 8 are stochastically irlldependent.
(b) Write é(Yl —8) = n(Y, — 6 + g(y. —Y,). Find the moment-
generating functions of ‘?_(Y. — 6) and n(Y, — 6). Use the fact that Y,
and g(Y‘ — Y,) are stochastically independent to find the moment-
generating function of ? (Y, - Y,). .

7.48. Let Y, < Y; <---< Y, be the order statistics of a random
sample of size # from a distribution that has p.d.f. f(z; 6) = 1/6, 0<z<¥,
0 < 6 < o, zero elsewhere. Show that Y,/Y, and the complete sufficient
statistic Y, for 8 are stochastically independent.

7.49. Let X and Y be random variables sach that E(X*) and E(Y*) # 0
exist for £ =1,2,3,.... If the ratio X/Y and its denominator Y are
stochastically independent, prove that E[(X/Y)*] = E(X¥)|E(Y¥), k =
1,2,3,.... Hint. Write E(X¥) = E[Y*(X|Y)*].

7.50. Let Y, < Y, <---< Y, be the order statistics of a random
sample of size n from a distribution that has p.d.f. f(z; 6) = (1/8)e-="*,

0 <z < o 0< 8 < o, zero elsewhere. Show that the ratio R = nY,/'z Y,
1

and its denominator (a complete sufficient statistic for ) are stochastically
independent. Use the result of the preceding exercise to determine
ER*, k=1,273,....

7.51. Let X,, X, ..., X5 be a random sample of size 5 from the distri-
bution that has p.d.f. f(z) = ¢ %, 0 < z < o0, zero elsewhere. Show that
(X, + Xo)/(X, + X3 +---+ X;) and its denominator are stochastically
independent. Hint. The p.d.f. f(z) is a member of {f(z; 8); 0 < 8 < oo}, where
f(z; 8) = (1/8)e~*%, 0 < z < 0o, zero elsewhere.



Chapter o]

Further Topics in
Point Estimation

8.1 The Rao-Cramér Inequality

In chapter 7 we used the problem of point estimation of a param-
eter 0 to motivate the study of sufficient statistics. In that chapter we
arbitrarily adopted the principles of unbiasedness and minimum
variance as being the most desirable properties that a statistic should
have if that statistic is to be called a ‘“best ’’ statistic for the parameter
9. Not always, however, will there exist such a best statistic. In this
chapter we shall investigate other principles of point estimation. But
first we wish to establish an important inequality.

Let X,, X,, ..., X, denote a random sample from a distribution
with p.df. f(z; 8), 6 Q = {0;y < 0 < 8}, where y and & are known.
Let Y = u(X,, X;,..., X,) be an unbiased statistic for §. We shall
show that the variance of Y, say o%, satisfies the inequality

1
(1) % 2 SE@R X, 0067

Throughout this chapter, unless otherwise specified, it will be assumed
that we may differentiate, with respect to a parameter, under an
integral or a summation symbol. This means, among other things, that
the domain of positive probability density does not depend upon 6. In
the terminology of Chapter 7, we are dealing with regular cases, although
not necessarily regular cases of the exponential class.

We shall now give a proof of Inequality (1) when X is a random
variable of the continuous type. The student can easily handle the

248
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discrete case by changing integrals to sums. Let g(y; 8) denote the
p.d.f. of the unbiased statistic Y. We are given that

1= f: flx; 0)dz,  i=1,2,.
and

0= (" vely; 6)dy
= [T s a2 23 ) flan; 6) dey - -d

The final form of the right-hand member of the second equation is
justified by the discussion on p. 155. If we differentiate both members of
each of these equations with respect to 6, we have

0 - f:: af(;,o, 0) dz, = f_‘”m 8lnf(x‘, 9) (,; 0) da,

® [ L1 9f(x; 0)
‘=f..,,“'J_m“"‘"""""”“’[Zf(x.;e) S ]
X f(@3; 0)- - -f (zn; 0) dy - - -dzy

=f_:...f:: u(®y, xg, . . ., T,) [l Blnf(x!,O)]

X f(xl' ) : 'f(xn; 0) dxl' : 'dxr

Define the random variable Z by Z = nz (¢Inf(X,; 8)/26]). In accordance
1

(2)

with the first of Equations (2) we have E[Z] = i E[@Inf(X,; 0)/26) =
1

Moreover, Z is the sum of # mutually stochastically indepéndent random
variables each with mean zero and consequently with variance
E{[oIn f(X; 6)/26)%}. Hence the variance of Z is the sum of the n

variances, namely,
- )]
Because Y = «(X,,..., X,) and Z = S:[a In f(X; 0)/06], the second
of Equations (2) shows that E[YZ] = 1.l Recall (p. 69) that
E[YZ] = E[Y]E[Z] + poyoy,
where p is the correlation coefficient of Y and Z. Since E[Y] = 6 and

E[Z] = 0 we have
1

Cy0Oz

l =0'0+P¢7y0’z or P=
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Now p? < 1. Hence
1

- —_—< .

<1, or 1< o}

If we replace o2 by its value, we have Inequality (1), namely,

1

of 2 /X, 0\
() |

Inequality (1) is known as the Rao-Cramér inequality. It provides, in

regular cases, a lower bound on the variance of an unbiased statistic for

a parameter. We call this lower bound the Rao-Cramér lower bound.
We now make the following definitions.

Definition 1. Let Y be an unbiased statistic for a parameter § in a
regular case of point estimation. The statistic Y is called an efficient
statistic for 0 if and only if the variance of Y attains the Rao-Cramér
lower bound.

It is left as an exercise to show, in regular cases of point estimation,
that E{[2In f(X; 0)/00]%} = —E[&*In f(X; 6)/06%]. In some instances
the latter is much easier to compute.

Remark. If, in a regular case of point estimation, one assumes that a
certain unbiased statistic for a parameter has the Rao-Cramér lower bound
for its variance, one can prove that this statistic must first of all be a sufficient
statistic for the parameter. That is, the class of efficient statistics can be
proved to be a subclass of the class of sufficient statistics.

Definition 2. In a regular case of point estimation, the ratio of the
Rao-Cramér lower bound to the actual variance of any unbiased
statistic for a parameter is called the efficiency of that statistic.

Example 1. Let X,, X,, ..., X, denote a random sample from a Poisson
distribution that has the mean 6 > 0. It is known that Y = iX4 is a
1

sufficient statistic for 8. We shall show that Y/n = X is an efficient statistic
for 6. We have

dlnf(z; 0 0
—%—Ef—) = 55(zin 0 — 6 — Inz]

(z — 6)
=9,

x
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Accordingly,
E[(alnf(X 0)) ] E(Xo; 0 & 6 1

The Rao-Cramér lower bound in this case is 1/(n(1/6)] = 6/n. But 6/n is the
variance o} of X. Hence X is an efficient statistic for 6.

Example 2. Let S? denote the variance of a random sample of size
n > 1 from a distribution which is #(u, ), 0 < § < o0. We know that
E[nS3/(n — 1)] = 0. What is the efficiency of the statistic #53/(n — 1)? We
have

. (z —p? _In(2n6)
Inf(z; 0) = — 7 7
oinfz: ) _(z=p? _ 1
20 262 ’
and
9% In f(x; 0) (x — )3 1
207 B tag
Accordingly,

_g[Pnje) 611
[ I T T

Thus the Rao-Cramér lower bound is 26%/n. Now #5%/0 is x3(» — 1), so that
the variance of nS3/@is 2(n — 1). Accordingly, the variance of nS?/(n — 1) is
2(n — 1)[63/(n — 1)3] = 26*/(n — 1). Thus, the efficiency of the statistic
nS%/m — 1) is (n — 1)/n.

Example 3. Let X, X,, ..., X, denote a random saniple of size n > 2
from a distribution with p.d.f.

f(z;0) = 02 =exp(flnz — Inxz + In 0], O<z<l,

= 0 elsewhere.

Itis easy to verify that the Rao-Cramér lower bound is %/n. Let Y; = —In X,
We shall indicate that each Y| has a gamma distribution. The associated
transformation y, = —In z,, with inverse x; = e~¥i, is one-to-one and the
transformation maps the space {z;; 0 < 2, < 1} onto the space {y;; 0 < y,
< o}. We have |J| = e¥. Thus Y| has a gamma distribution with a = 1

and B = 1/0. Let Z = —i In X,. Then Z is a sufficient statistic for § and Z
1

has a gamma distribution with « = # and B = 1/6. Accordingly, we have
E[Z] = a«f = n/6. This suggests that we compute the expectation of 1/Z
to see if we can find an unbiased statistic for 8. A simple integration shows
that E(1/Z) = 6/(n — 1). Hence (» — 1)/Z is an unbiased statistic for 6.
With # > 2, the variance of (» — 1)/Z exists and is found to be 6%/(n — 2),
so that the efficiency of (n — 1)/Zis (8 — 2)/n. This efficiency tends to one as
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n increases. In such an instance, the statistic is said to be asymptotically
efficient.

The concept of joint efficient statistics for several parameters has
been developed along with the associated concept of joint efficiency of
several statistics. But limitations of space prevent their inclusion in this
book.

We have investigated the notion of a sufficient statistic and that of
an efficient statistic. We shall now define a consistent statistic.

Definition 3. Any statistic which converges stochastically to a
parameter 6 is called a consistent statistic for that parameter 6.

For example, let S2 denote the variance of a random sample of size n
from a distribution which is n(u, ¢3). In Exercise 5.8 (p. 178) it was
proved that the unbiased statistic for o2, namely, nS3/(n — 1), con-
verges stochastically to 2. Thus #S2/(n — 1) is an unbiased consistent
statistic for o2. In Exercise 5.17 (p. 181) it was proved that 52 also
converges stochastically to o?. Thus S2? is a biased consistent statistic
for o2.

A reexamination of Theorem 1, p. 176, shows that an equivalent
definition in terms of probabilities is that a statistic Y, is a consistent
statistic for a parameter 4 if and only if

lim Pr(]Y, — 0] 2 ¢ =0 for every € > 0.

n-+ @

If Y, is an unbiased statistic for 8, we have the following theorem.

Theorem 1. An unbiased statistic Y, for the parameter 8 is a
consistent statistic for 0 if the variance o} of Y, approaches zero as the
sample size becomes infinite.

Proof. In accordance with Chebyshev’s inequality we have, for

every k > 0,
1 .

Pr(|Y, — 0] = koy] < yxi
Let € > 0 denote an arbitrary positive number and take & = ¢/oy,.
Accordingly, Pr(|Y, — 6] = €] < o2 [¢2. Since lim o = 0, then, for

n—+w
every ¢ > 0, we have the following limit:

lim Pr(|Y, — 0] = ] = 0.

K- ©

This proves the theorem.
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The student will show in Exercise 8.7 that if lim E(Y,} = # and if

n-+ 0

lim ¢} = 0, then Y, is a consistent statistic for 6.

n— o

EXERCISES

8.1. Prove that X, the mean of a random sample of size n from a distri-
butign which is n(8, ¢?), — < 6 < o, is, for every fixed o2 > 0, an
effi¢ient statistic for 6.

8.2. Show that the mean X of a random sample of size # from a distribu-
tion which is 8(1, 6), 0 < 6 < 1, is an efficient statistic for 8.

/8.3. Given f(z;€) =1/0, 0 <z < 8, zero elsewhere, with 6 > 0,
formally compute the reciprocal of

E{[a In /(x o)] }

Compare this with the variance of (n 4 1)Y,./n, where Y, is the largest
item of a random sample of size » from this distribution. Comment.

8.4. Given the p.d.f.

1

f(x,0)=m, —Q')(Z(CO,.—G)<0<G).

Show that the Rao-Cramér lower bound is 2/, where n is the size of a
random sample from this Cauchy distribution.

8.5. Show, in a regular case of point estimation, that

E{[a In f(X o)] } [o’ Inf(X; 0))

06?

8.6. Let X, X,, ..., X, be a random sample of size n from a distribution
with p.d.f. f(z; 6,, 8,,...,8,), (6,,...,0,) € Q. The expectation E(X*) may
be called the 2th moment of the distribution, say M,k = 1, 2,.... The sum

iX:‘/n is called the kth moment of the sample, say m,, £ =1,2,.... A
1

method of point estimation, called ‘‘the method of moments,”” can be
described as follows: Equate M, to the experimental value of m,, beginning
with 2 = 1 and continuing until there are enough equations to provide unique
solutions for 8,, 8,,..., 6, say 8, = hy(m,, my,...), s = 1,2,...,r. Subject
to certain conditions on the function #,, the random variable /,(n,, m,, . . .),

where ;. = i X¥[n, is a consistent statistic for 6;. In each of the following
1

problems, find the functions A, such that 8, = h,(m,, m,, ...) and show that
hy(m,, m,, ...) is a consistent statistic for ,: (a) X is Poisson with parameter
0 > 0; (b) X is n(8,, 0;); (c) X has the pd.f. f(z;0) =621, 0<2z < 1,
zerc elsewhere, where 0 < 6.
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8.7. Let Y, be a statistic such that lim E(Y,) = 9 and lim of, = 0.

n - ©

Prove that Y, is a consistent statistic for 6.

8.2 Maximum Likelihood Estimation of Parameters

In this section we present a very general method of point estimation
which is applicable whether the regularity conditions are or are not
satisfied. This method of finding point estimates of parameters is called
the method of maximum likelihood. Consider a random sample X, X,,
..., X, from a distribution having p.d.f. f(z; 6), 8 € Q. The joint p.d.f.
of X,, X,, ..., X, is f(zy; 9)f(xz; 0)- - -f(x,; 0). This joint p.d.f. may
be regarded as a function of 8. When so regarded, it is called the
likelihood function L of the random sample, and we write

L(0; x,y, x5, ...,2,) = flzy; 8)f(20; 0)- - -f(x; 0), e Q.

Suppose we can find a nontrivial function of z,, x,,...,z,, say
u(z,, x,, . . ., x,), such that, when 8 is replaced by u(x,, z,, . . ., z,), the
likelihood function L is a maximum. That is, L[u(x,, z,, ..., 2,);
Zy, Xy, . .., X,] 1s at least as great as L(0; x,, z,, .. ., x,) for every 8 € Q.
Then the statistic u(X,, X,,..., X,) will be called a maximum likeli-
hood statistic for 6. A maximum likelihood statistic for 8 will be denoted
by the symbol § = u(X,, X,, ..., X,). We remark that in many
instances there will be a unique maximum likelihood statistic § for a
parameter 8, and often it may be obtained by the process of differentia-
tion. A few examples should help clarify these definitions and statements.

Example 1. Let X,, X,,..., X, be a random sample from the normal
distribution 7#(8, 1), —c < 6 < co. Here

L(O; %y, 7q, ..., 7,) = (—’—)' exp [—2 (2, — 0)2/2]
’ 1 2' AR ] n V—Z; l ‘

This function L can be maximized by setting the first derivative of L, with

respect to 6, equal to zero and solving the resulting equation for 6. We note,

however, that each of the functions L and In L is a maximum for the same

value 6. So, it may be easier to solve

din L(0;2,,2,,...,%,) _

20 0.

For this example,

dln L(0; z,, 2,, ..., x, <
( i M:Z(z.—a).
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If this derivative is equated to zero, the solution for 6 is u(z,, z,, . . ., z,) =

i’, z;/n. That ix,/n actually maximizes L is easily seen. Thus the statistic
1 1
13 -
0=uX, X;,....,X,) = ;ZX‘ =X

is the unique maximum likelihood statistic for the mean 6. In this instance
the maximum likelihood statistic is unbiased, sufficient, efficient, and
consistent.

Example 2. Let
1

f(x;0)=§, 0<:¢cs(?,0<0<oo‘e

= 0 elsewhere,

and let X,, X,,..., X, denote a random sample from this distribution.
Note that we have taken 0 < z < 6 instead of 0 < z < 6 so as to avoid a
discussion of supremum versus maximum. Here

L(0;x,,z,,...,x,,)=-oln, O0<z <0,

which is an ever-decreasing function of 6. The maximum of such functions
cannot be found by differentiation but by selecting 6 as small as possible.
Now 6 > each z;; in particular, then, 8 > max (z,). Thus L can be made no

larger than
1

(max (z)]"

and the unique maximum likelihood statistic § for 6 in this example is the
nth order statistic max {X,). We know that E[max (X,)] = nf/(n + 1).
Thus, in this instance, the maximum likelihood statistic for the parameter 0
is biased. That is, the property of unbiasedness is not in general a property
of a maximum likelihood statistic.

Example 3. Let
flz; 0 =1, 0-3<z2z<0+4 —0 <0 <oo

= 0 elsewhere,
and let X,, X, ..., X, denote a random sample from this distribution. Then
L0z, 2q,...,2,) =1, 0 —-3<z,<6+13,

= 0 elsewhere.
Thus L attains its maximum provided

6-3<min(z) and max(z)<0+4,
or when
0 < min (z) + % and max (z) — 4 < 0.

So, every statistic #(X,, X, ..., X,) such that
max (X;) — § < w(X,, X;,..., X,) < min (X)) + §
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is a maximum likelihood statistic for . The length of the random interval
(max (X,) — 4, min (X,) 4+ 4] is 1 + min (X,) — max (X,). If b is a positive
proper fraction, the statistic
max (X,) — 4 + 81 + min (X,) — max (X,)]

' = bmin (X,) + (1 — b)max (X,) + b — 3
is in this interval. Accordingly, for each 4, 0 < b < 1, this statistic is a
maximum likelihood statistic for the parameter 8. One such statistic is
[min (X,) + max (X,))/2. Thus uniqueness is not in general a property of a
maximum likelihood statistic for a parameter.

One of the important properties of the method of maximum likeli-
hood is contained in the following theorem.

Theorem 2. Let X,, X,,..., X, denote a random sample from a
distyibution that has p.d.f. f(z; 8), 0 € Q. If a sufficient statistic Y =
w(X,, Xa, ..., X,) for 0 exists, and if a maximum likelihood statistic ]
for 0 also exists uniquely, then 8 is a function of Y = 1(X,, Xo, . . ., Xa).

Proof. Let g(y; 6) be the p.d.f. of the sufficient statistic Y. Then,
by the Fisher-Neyman criterion,

L(o' Ty, Xy, ..., Ty ) = f(xl; a)f(zﬁ; 0) : 'f(zn; 0)
= glu(x,, z, - . ., 2,); O1H(z), 24, . . ., 2),

where H(z,, 2, . . ., x,) does not depend on 6. That is, in maximizing L
with respect to 6, H(x,, z, . . ., z,) plays the role of a constant, so that
each of the functions L and g[u(z,, z,, . . ., &,); 0] is a maximum simul-
taneously. Apart from trivial solutions (that is, 6 a constant) any 8 that
maximizes g[u(z,, z,, . . ., z,); 0] will be a function of u(x,, z,, ..., z,).
Thus the maximum likelihood statistic 8 is a function of the sufficient
statistic Y = #(X,, X3, ..., X,). This important fact was illustrated
in Examples 1 and 2 of this section.

The preceding definitions and properties are easily generalized.
Let X,Y,..., Z denote random variables which may or may not be
stochastically independent and which may or may not be identically
distributed. Let the joint p.d.f. g(z, y,...,2; 6,, 04, ..., 0,), (61, 0, . . .,
0,) € Q, depend on m parameters. This joint p.d.f., when regarded as
a function of (6, 6,, ..., 8,) € £, is called the likelihood function of the
random variables. Those functions #,(z, ¥, ..., 2), 43(z, ¥,...,2),...,
#n(z, ¥, . .., 2) which maximize this likelihood function with respect to
6,, 0, ..., 0, respectively, define maximum likelihood statistics

b, = (X, Y,....2), B;=uX,Y,...,2),...,
b = 4n(X, Y,..., 2)
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for the m parameters. If joint sufficient statistics for the parameters
exist and if the maximum likelihood statistics exist, then these maxi-
mum likelihood statistics are functions of the joint sufficient statistics.
An illustrative example follows.

Example 4. Let X,, X,, ..., X, denote a random sample from a distri-
bution that is n(8;, 6,), —00 < 6, < ©, 0 < 8, < o0. We shall find 8, and
8, the maximum likelihood statistics for 8, and 6;. The logarithm of the
likelihood function may be written in the form

n-M:

@ = 0" 10 (200,
26, 2

n L8, 0;2,...,2,) = —
We observe that we may maximize by differentiation. We have

n n
omL 2@—=0) 5y 2@ -6

n
29, = 9, 20, 263 20,

1f we equate these partial derivatives to zero and solve simultaneously the
two equations thus obtained, the solutions for §, and 6, are found to be

n
2 xy/n = Fand i (z, — T)3/n = s, respectively. It can be verified that these
1 1

solutions maximize L. Thus the maximum likelihood statistics for 0, and 8,
are, respectively, the mean and the variance of the sample, namely, 8, = X
and §, = S2. These are two joint sufficient statistics for 8, and 6,. Whereas
8, is an unbiased statistic for 6,, the statistic 8, is biased. It has previously
been shown that §, = X and 8, = S? converge stochastically to 8, and 6,,
respectively. In this example, we can say that the statistics X and S? are
joint sufficient and consistent statistics for 6, and 6,. In all cases of practical
interest, consistency is a property of a maximum likelihood statistic.

EXERCISES

8.8. Let X,, X,,.:., X, represent a random sample from each of the
distributions having the following probability density fuactions:

(@) f(z; 6) = e~ %2,z =0,1,2,...,0 < 0 < o0, zero elsewhere, where
f(0;0) = 1.

(b) f(x; 6) = 62,0 <z < 1,0 < 6 < o0, zero elsewhere.

(c) flx; 8) = (1/6)e~*°, 0 < x < 0, 0 < 6 < , zero elsewhere.

(d) f(z; 6) = 4e-1*-0 —0 <z < 00, —00 < 8 < cO.

(€) flz; 0) =e =9, 0 < x <o —0 < 8 < o0, zero elsewhere.

(f) fl;0) =65(1 -6 2=0,1,0x< 0 <1, zero elsewhere, where
f(0;0) =f(1,1) = 1.
In each case find the maximum likelihood statistic § for 8. If a sufficient
statistic Y also exists, express 8 as a function of Y.
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8.9. Let X,, X,,..., X, be a random sample from the distribution
having p.d.f. f(z; 8,, 8;) = (1/65)e"="%"%, §, < x < 0, —00< b, < 0,
0 < 8, < w, zero elsewhere. Find the maximum likelihood statistics for
6, and 6,.

8.10. (Madow) Prove the following: Let X, X, ..., X, denote a random
sample from a distribution having p.d.f. f(x; 6), 8 € Q. Let the likelihood
function L(8) = f(z,; 0)f(xq; 8)- - -f(x,; 8). Let ¥ = u(X,, X,,..., X,) be
a sufficient statistic for the parameter 6. If g(y; 6,) is the p.d.f. of the
sufficient statistic Y in the special case 8 = 6, then the p.d.f. g(y; 8) of the
sufficient statistic Y for every 6 € Q is given by

8y 0) = gly: 60) T35
This result proves useful in certain difficult distribution problems. The result
shows that if we can find the p.d.f. of a sufficient statistic when the parameter
is assigned a special value, we can find the p.d.f. of the sufficient statistic for
all values of the parameter. This will be illustrated with the distribution of
the sample correlation coefficient in Chapter 10. The symbol § may represent
any number of parameters.

8.3 Decision Functions

In this section we shall discuss the problem of point estimation of
a parameter from a different standpoint. Let X;, X5, ..., X, denote a
random sample of size n from a distribution that has the p.d.f. f(x; 0),
0 € Q. The distribution may be either of the continuous or the discrete
type. Let Y = u(X,, X, ..., X,) be a statistic (sufficient, if one exists)
on which we wish to base a point estimate of the parameter 8. Let w(y)
be that function of the observed value of the statistic Y which is the
point estimate of 6. Thus the function w decides the value of our point
estimate of 6 and w is called a decision function or a decision rule. One
value of the decision function, say w(y), is called a decision. Thus a
numerically determined point estimate of a parameter 8 is a decision.
Now a decision may be correct or it may be wrong. It would be useful
to have a measure of the seriousness of the difference, if any, between
the true value of 6 and the point estimate w(y). Accordingly, with each
pair, [0, w(y)), 6 € Q, we associate a nonnegative number Z[6, w(y)]
which reflects this seriousness. We call the function £ the loss function.
The expected (mean) value of the loss function is called the risk function.
If g(y; 0), 6 € Q, is the p.d.f. of Y, the risk function R(6, w) is given by

R(6,w) = E(L(6,w(Y)]} = [*_ 210, w(y)k(y; 6) dy,
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if Y is a random variable of the continuous type. It would be desirable
to select a decision function that minimizes the risk R(6, w) for all
values of 6, 8 € Q. But this is usually impossible because the decision
function w which minimizes R(8, w) for one value of § may not minimize
R(8, w) for another value of §. Accordingly, we need either to restrict
our decision function to a certain class or to consider methods of order-
ing the risk functions. The following example, while very simple,
dramatizes these difficulties.

Example 1. Let X,, X,. ..., X5 be a random sample from a distribution
that is #(8, 1), —0 < 0 < 0. Let Y = X, the mean of the random sample,
and let Z(0, w(y)] = [0 — w(y)]2. We will compare the two decision functions
given by w(v) = y and wy(y) = 0 for —00 < y < co. The corresponding
risk functions are

R(6,w,) = E[(6 — Y)%] = ¥
and
R(8, w,) = E[(6 — 0)3] = 62,

Obviously, if, in fact, § = 0, then wy(y) = 0 is an excellent decision and we
have R(0, w,) = 0. However, if 6 differs from zero by very much, it is
equally clear that w,(y) == 0 is a poor decision. For example, if, in fact,
60 =2, R(2,w;) =4 > R(2, w,) = 3%. In general, we see that R(6, w;) <
R(6, w,), provided —} < 0 < 1, and that otherwise R(f, w,) > R(0, w,).
That is, one of these decision functions is better than the other for some
values of 6 and the other decision function is better for other values of 8.
If, however, we had restricted our consideration to decision functions w
such that E[w(Y)] = 0 for all values of 6, 6 € Q, then the decision wy(y) = C
is not allowed. Under this restriction and with the given #[9, w(y)], the risk
function is the variance of the unbiased statistic. Thus we know from the
results of Chapter 7, that the decision function given by w,(y) =y = Z is
the best possible. Suppose, however, we do not want to restrict ourselves to
decision functions w such that E[w(Y)] = 6 for all values of 8, § € Q. Instead,
let us say that the decision function that minimizes the maximum of the
risk function is the best decision function. Because, in this example,
R(0, w,) = 6 is unbounded, w,(y) = 0 is not, in accordance, with this
criterion, a good decision function. On the other hand, with —o0 < 8 < oo,
we have

max R(6, wy) = max () = 7.
)

Accordingly, w,(y) = y = % seems to be a very good decision in accordance
with this criterion because 5 is small. As a matter of fact, it can be proved
that w, is the best decision function, as measured by this minsmax criterion,
when the loss function is #£[6, w(y)] = [8 — w(y)]2.
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In this example we illustrated the following:

(a) Without some restriction on the decision function, it is difficult
to find a decision function that has a risk function which is uniformly
less than the risk function of another decision function.

(b) A principle of selecting a best decision function which is called
the minimax principle. This principle may be stated as follows: If the
decision function given by w,(y) is such that, for all f € Q,

max R[8, w,(y)] < max R[6, w(y)]
[} L]

for every other decision function w(y), then wy(y) is called a minimax
decision function.

With the restriction E[w(Y)] = 6 and the loss function £[8, w(y)] =
[0 — w(y)]? the decision function which minimizes the risk function
yields an unbiased statistic with minimum variance. If, however, the
restriction E[w(Y)] = 6 is replaced by some other condition, the
decision function w(Y), if it exists, which minimizes E{(6 — w(Y)]?}
uniformly in 6 is sometimes called the minimuon mnean-square-error
statistic. Exercises 8.12, 8.13, and 8.14 provide examples of this type
of statistic.

Another principle for selecting the decision function which may be
called a best decision function will be stated in Section 8.4.

EXERCISES

8.11. In Example 1 of this section, take .#[8, w(y)] = |6 — w(y)|. Show
that R(6, w,) = $v/2/= and R(0, w;) = |8]. Of these two decision functions
w, and w,, which yields the smaller maximum risk?

8.12. Let X,, X, ..., X, denote a random sample from a Poisson

distribution with parameter 8, 0 < § < co. Let Y = iX, and let
1

210, w(y)] = [0 — w(y)]® If we restrict our considerations to decision
functions of the form w(y) = b + y/n, where b does not depend upon y,
show that R(6, w) = b3 + 8/n. \What decision function of this form yields a
uniformly smaller risk than every other decision function of this form? With
this solution, say w, and 0 < 8 < oo, determine m:nx R(0, w) if it exists.

8.13. Let X, X,,..., X, denote a random sample from a distribution

that is n(u, 6), 0 < 8 < oo, where u is unknown. Let ¥ = i(X, - X)%n =
1

S% and let Z[0, w(y)] = [0 — w(y))? If we consider decision functions of the
form w(y) = by, where b does not depend upon y, show that R(6, w) =
(83/n3)[(n® — 1)b% — 2n(n — 1)b + n3). Show that b = n/(n + 1) yields a
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minimum risk for decision functions of this form. Note that nY/(n + 1) is
not an unbiased statistic for 8. With w(y) = ny/(n + 1) and 0 < 6 < oo,
determine max R(6, w) if it exists.
[

8.14. Let X,, X,,..., X, denote a random sample from a distribution

thatis 5(1,0),0< 8 < 1. Let Y = S_',\" and let 26, w(y)] = 6 — w(y))%
1
Consider decision functions of the form w(y) = by, where b does not depend
upon y. Prove that R(8, w) = b218(1 — 6) + (bn — 1)262. Show that
b4"2

o°n — (bn — 1)2)

max R(0, w) =
0

provided the value b is such that b2z > 2(bn — 1)2. Prove that b = 1/n
does not minimize max R(0, w).
]

8.4 Bayesian Procedures

In Section 6.5 we introduced a principle of statistical inference that
we called Bayesian statistics. Recall, in the notation of that section,
that the conditional p.d.f. of the random variable @, given the statistic
Y = y, namely,

_ 0B)g(y]9)
k(0ly) = h(y) 0e Q,
was the basis for our inference. We determined two functions, #(y) and
v(y), such that the probability Pr[u(y) < © < v(y)|Y = y] was close
to one. The interval «(y) to v(y) was then used as an interval estimate
of 6.

Suppose, however, that we want a point estimate of 6 instead of an
interval estimate. From the Bayesian viewpoint, this really amounts
to selecting a decision function w so that w(y) is a predicted value of 8
(an experimental value of the random variable ©) when both the
computed value y and the conditional p.d.f. 2(8|y) are known. Now, in
general, how would we predict an experimental value of any random
variable, say W, if we want our prediction to be ‘““reasonably close’’ to
the value to be observed? Many statisticians would predict the mean,
E(W), of the distribution of I¥; others would predict a median (perhaps
unique) of the distribution of 1¥; some would predict a mode (perhaps
unique) of the distribution of I¥; and some would have other predic-
tions. However, it seems desirable that the choice of the decision
function should depend upon the loss function #[6, w(y)]. One way in
which this dependence upon the loss function can be reflected is to
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select the decision function w in such a way that the conditional
expectation of the loss is a minimum. A Bayes’ solution is a decision
function w that minimizes

E(£10, w(y))|Y = y} = [*_ 210, w(y)1k(6]y) 46,

if @ is a random variable of the continuous type. The usual modification
of the right-hand member of this equation is made for random variables
of the discrete type. If, for example, the loss function is given by
Z[6, w(y)] = [0 — w(y)]®, the Bayes’ solution is given by w(y) =
E(©|y), the mean of the conditional distribution of ©, given Y = y.
This follows from the fact (Exercise 1.81) that E[(W - b)?], if it exists,
is a minimum when b = E(W). If the loss function is given by
Z[0, w(y)] = |0 — w(y)|, then a median of the conditional distribution
of O, given Y = y, is the Bayes’ solution. This follows from the fact
(Exercise 1.71) that E(|W — b]), if it exists, is a minimum when b is
equal to any median of the distribution of W'

The conditional expectation of the loss, given Y = y, defines a
random variable which is a function of the statistic Y. The expected
value of that function of Y, in the notation of this section, is given by

[ [ 216, w(w)kely) dohiu(y) dy
= [7 {]". 216 wi)e(s1®) dy}uo) ao,

in the continuous case. The integral within the braces in the latter
expression is, for every given 0 € €2, the risk function R(6, w); accord-
ingly, the latter expression is the mean value of the risk, or the expected
risk. Because a Bayes’ solution minimizes

f:, Z16, w(y)1k(6]y) 40

for every y for which k,(y) > 0, it is evident that a Bayes’ solution
w(y) minimizes this mean value of the risk. We now give an illustrative
example.

Example 1. Let X, X, ...,. X, denote a random sample from a
distribution which is (1, 6), 0 < @ < 1. We seek a decision function w which

is a Bayes’ solution. If Y = i X,. then Y is b(n, 0). That is, the conditional
1
p.df. of Y, given @ = 4, is
8(yl6) = (:)0"(1 -0y, y=01,...,n

= () elsewhere.
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We take the prior p.d.f. of the random variable © to be

I'(a + )
h0='—‘—-—0a-11—0‘-l, 0<b6<1,
= 0 elsewhere.
where « and 8 are assigned positive constants. Thus the joint p.d.f. of Y and
© is given by g(y|6) #(8) and the marginal p.d.f. of Y is

k(o) = [ 1o)e(y]6) do
—_ " F(a + B) ! v+a- — n-y+f-1
= () Tegrm [, oo - pvrsia

(m\ e+ Ale + y)l'(n + B~ y) _
- (y) T (B + « + B) , ¥y=012...

= 0 clsewhere.

Finally, the conditiunal p.d.f. of ©, given Y =y, is, at points of positive
probability density,
JWM@
k1(y)
_ I'(n + « + B)
R LAY EY) _
andy = 0,1, ..., n. We take the loss function to be £[8, w(y)] = [0 — w(y)]%.

Because Y is a random variable of the discrete type, whereas © is of the
continuous type, we have for the expected risk

f {Z 6 — w(y]’( )0"(1 _ gn- V}h(o
>, > {10 - wtormiery) o,y

k(6y)

gatv-1(1 — g)pen-v-1, 0<8<1,

The Bayes’ solution w(y) is the mean of the conditional distribution of
given Y = y. Thus

f " or(6]y) 40

I'n + a + B)
Fe + y)ln + 8-y
o+ Yy
c+p+n

This decision function w»(y) minimizes

Ji 10 — w(y) (6] y) db

fory = 0, 1,..., n and, accordingly, it minimizes the expected risk.

w(y)

J'l fea+y(1 — G)F+n-v-149
o
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EXERCISES

8.15. Let X,, X,,..., X, denote a random sample from a distribution
which is n(6, ¢?), —0 < 0 < 0, where o¢? is a given positive number. Let
Y = X, the mean of the random sample. Take the loss function to be
Z10, w(y)] = |0 — w(y)|. If 8is an observed value of the random variable ©
which is n(u, 72), where 72 > 0 and p are known numbers, find the Bayes’
solution w(y) for a point estimate of 8.

8.16. Let X,, X,, ..., X, denote a random sample from a Poisson
distribution with mean 0, 0 < 0 < 0. Let Y = }EX‘ and take the loss
1

function to be Z[6, w(y)] = {6 — w(y))?. Let 8 be an observed value of the
random variable . If ® has the p.d.f. 2(6) = 8- 'e~%3/I'(«)B*, 0 < 6 < o0,
zero elsewhere, where « > 0, 8 > 0 are known numbers, find the Bayes’
solution w(y) for a point estimate of 6.

8.17. Let Y, be the nth order statistic of a random sample of size n from
a distribution with p.d.f. f(x|8) = 1/6, 0 < & < 6, zero elsewhere. Take the
loss function to be £[0, w(y,)] = [0 — w(y,)]?. Let 8 be an observed value of
the random variable ©, which has p.d.f. h(8) = Ba?/6°*!, « < 6 < 00, zero
elsewhere, with « > 0, 8 > 0. Find the Bayes’ solution w(y,) for a point
estimate of 6.



Chapter 9
Statistical Hypotheses

9.1 Some Examples and Definitions

The two principal areas of statistical inference are the areas of
estimation of parameters and of tests of statistical hypotheses. The
problem of estimation of parameters, both point and interval estima-
tion, has been treated. In this chapter, some aépects of statistical
hypotheses and tests of statistical hypotheses will be considered. The
subject will be introduced by way of example.

Example 1. Let it be known that the outcome X of a random experiment
is n(6, 100). For instance, X may denote a score on a test, which score we
assume to be normally distributed with mean @ and variance 100. Let us say
that past experience with this random experiment indicates that 8 = 75.
Suppose, owing possibly to some research in the area pertaining to this
experiment, some changes are made in the method of performing this random
experiment. It is then suspected that no longer does 8 = 75 but that now
6 > 75. There is as yet no formal experimental evidence that 8 > 75; hence
the statement 8 > 75 is a conjecture or a statistical hypothesis. In admitting
that the statistical hypothesis 8 > 75 may be false, we allow, in effect, the
possibility that § < 75. Thus there are actually two statistical hypotheses.
First, that the unknown parameter 8§ < 75; that is, there has been no increase
in 6. Second, that the unknown parameter § > 75. Accordingly, the param-
cter spaceis 2 = {#, —c0 < § < o}. We denote the first of these hypotheses
by the symbols H,: 8 < 75 and the second by the symbols H,: § > 75. Since
the values 0 > 75 are alternatives to those where 8 < 75, the hypothesis
H,: 0 > 75 is called the alternative hy pothesis. Needless to say, H, could be
called the alternative to H,; however, the conjecture, here § > 75, which is

265
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made by the research worker is usually taken to be the alternative hypothesis.
In any case, the problem is to decide which of these hypotheses is to be
accepted. To reach a decision, the random experiment is to be repeated a
number of independent times, say #, and the results observed. That is, we

consider a random sample X,, X,,..., X, from a distribution which is
7(6, 100), and we devise a rule which will tell us what decision to make once
the experimental values, say z,, z,, . .., z,, have been determined. Such a

rule is called a test of the hypothesis H,: 8 < 75 against the alternative
hypothesis H,: @ > 75. There is no bound on the number of rules or tests
which can be constructed. We shall consider three such tests. Our tests will
be constructed around the following notion. We shall partition the sample
space .27 into a subset C and its complement C*. If the experimental values of
X, X, ..., X, say z;, x,, . . ., ,, are such that the point (z,, z,, .. ., z,) €C,
we shall reject the hypothesis H, (accept the hypothesis H,). If we have
(2, 23, . . ., x,) € C*, we shall accept the hypothesis H, (reject the hypothesis
H)).

Test 1. Let n = 25. The sample space & is the set
{(®y, 23, ..., Zg5); —0 < 7y < 00,8 =1,2,...,25}.
Let the subset C of the sample space be
C ={(xy, %3, ..., Za5); Ty + %3 +--- + zy5 > (25)(75)}.

We shall reject the hypothesis H, if and only if our 25 experimental values
are such that (z,, z,, ..., x35) € C. If (zy, 23, . . ., Z35) is not an element of C,
we shall accept the hypothesis H,. This subset C of the sample space that
leads to the rejection of the hypothesic Hqy: 8 < 75 is called the critical region

2
of Test 1. Now 225::‘ > (25)(75) if and only if Z > 75, where Z = st,/ZS.
1 1

Thus we can much more conveniently say that we shall reject the hypothesis
Hy: 0 < 75 and accept the hypothesis H,: 8 > 75 if and only if the experi-
mentally determined value of the sample mean Z is greater than 75. If
Z < 75, we accept the hypothesis Hy: 8 < 75. Our test then amounts to this:
We shall reject the hypothesis Hy: 8 < 75 if the mean of the sample exceeds
the maximum value of the mean of the distribution when the hypothesis
H, is true.

It would help us to evaluate a test of a statistical hypothesis if we knew
the probability of rejecting that hypothesis (and hence of accepting the
alternative hypothesis). In our Test 1, this means that we want to compute
the probability

Pr((X,,..., X5) €C] = Pr (X > 75).

Obviously, this probability is a function of the parameter 6 and we shall
denote it by K,(6). The function K,(6) = Pr (X > 75) is called the power
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Jfunction of Test 1, and the value of the power function at a parameter point
is called the power of Test 1 at that point. Because X is n(8, 4), we have
X-06_75- 75 - 0
Ky(0) = Pr (57 > B ”)_ 1- NE2)
So, for illustration, we have, by Table III of the Appendix, the power at
6 = 75 to be K,(75) = 0.500. Other powers are K,(73) = 0.159, K,(77) =
0.841, and K,(79) = 0.977. The graph of K,(6) of Test 1 is depicted in Figure
9.1. Among other things, this means that, if § = 75, the probability of

K,(6)
1
0 T 73 75 77 79 o
FIGURE 9.1

rejecting the hypothesis Hy: 6 < 75 is 4. That is, if 8 = 75 so that H, is
true, the probability of rejecting this true hypothesis H, is 4. Many statisti-
cians and research workers find it very undesirable -to have snch a high
probability as 4 assigned to this kind of mistake; namely, the rejection of
H, when H, is a true hypothesis. Thus, Test 1 does not appear to be a very
satisfactory test. Let us try to devise another test which does not have
this objectionable feature. We shall do this by making it more difficult to
reject the hypothesis H,, with the hope that this will give a smaller probability
of rejecting H, when that hypothesis is true.

Test 2. Let n = 25. We shall reject the hypothesis H,: 6 <75 and
accept the hypothesis Hy: 8 > 75 if and only if Z > 78. Here the critical
region is C = {(z,, ..., Tzs); £, + - - + X5 > (25)(78)}. The power function
of Test 2 is, because X is n(6, 4),

Kyf) =Pr(X >78) =1-— N(m—z‘f’)-

Some values of the power function of Test 2 are K4(73) = 0.006, K;(75) =
0.067, Kg(77) = 0.309, and K, (79) = 0.691. That is, if 8 = 75, the
probability of rejecting H,: @ < 75 is 0.067; this is much more desirable
than the corresponding probability 4 which resulted from Test 1. However,
if H, is false and, in fact, § = 77, the probability of rejecting Hy: 6 < 75
(and hence of accepting H,: 8 > 75) is only 0.309. In certain instances, this
low probability 0.309 of a correct decision (the acceptance of H, when H,
is true) is objectionable. That is, Test 2 is not wholly satisfactory. Perhaps
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we can overcome the undesirable features of Test 1 and Test 2 if we proceed
as in Test 3.

Test 3. Let us first select a power function K4(8) which has the features
of a small value at 8 = 75 and a large value at 6 = 77. For instance, take
K,4(75) = 0.159 and K;(77) = 0.841. To determine a test with such a power
function, let us reject Hy: 8 < 75 if and only if the experimental value z
of tne mean of a random sample of size 7 is greater than some constant c.
Thus the critical region is C = {(z,,%3,..., Z,); %, + T3 + - -+ x, > nc}.
It should be noted that the sample size # and the constant ¢ have not been
determined as yet. However, since X is n(8, 100/2), the power function is

Ko@) =Pr(X>c)=1-— N(l‘();/;)-

The conditions K3(75) = 0.159 and K3(77) = 0.841 require

1 - N(‘ - 75) ~0159, 1-— N(° =~ 77) ~ 0.841.

10/v/n. 10/vn
Equivalently, from Table 11I of the Appendix, we have
c—-175 c—-177

R T

The solution to these two equations in # and ¢ is n = 100, ¢ = 76. With
these values of # and ¢, other powers of Test 3 are K3(73) = 0.001 and
K3(79) = 0.999. It is important to observe that although Test 3 has a more
desirable power function than those of Test 1 and Test 2, a certain ““price”
has been paid; namely, a sample size of n = 100 is required in Test 3, whereas
we had n = 25 in the earlier tests.

We have now given illustrations of the following concepts:
(i) A statistical hypothesis.
(ii) A test of an hypothesis against an alternative hypothesis and
the associated concept of the critical region of the test.
(iii) The power of a test.

These concepts will now be formally defined.

Definition 1. A statistical hypothesis is an assertion about the dis-
tribution of one or more random variables. If the statistical hypothesis
completely specifies the distribution, it is called a simple statistical
hypothesis; if it does not, it is called a composite statistical hypothesis.

If we refer to Example 1, we see that both H,: § < 75and H,: 6 > 75
are composite statistical hypotheses since neither of them completely
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specifies the distribution. If there, instead of H,: 8 < 75, we had
H,: 8 = 75, then H, would have been a simple statistical hypothesis.

Definition 2. A fest of a statistical hypothesis is a rule which, when
the experimental sample values have been obtained, leads to a decision
to accept or to reject the hypothesis under consideration.

Definition 3. Let C be that subset of the sample space which, in
accordance with a prescribed test, leads to the rejection of the hypoth-
esis under consideration. Then C is called the critical region of the
test.

Definition 4. The power function of a test of a statistical hypothesis
H, against an alternative hypothesis H, is that function, defined for
all distributions under consideration, which yields the probability that
the sample point falls in the critical region C of the test, that is, a
function which yields the probability of rejecting the hypothesis under
consideration. The value of the power function at a parameter point is
called the power of the test at that point.

Definition 5. Let H, denote an hypothesis which is to be tested
against an alternative hypothesis H, in accordance with a prescribed
test. The significance level of the test (or the size of the critical region C)
is the maximum value (actually supremum) of the power function of
the test when H is true.

If again we refer to Example 1, we see that the significance levels
of Tests 1, 2, and 3 of that example are 0.500, 0.067, and 0.159, respec-
tively. An additional example may help clarify these definitions.

Example 2. 1t is known that the random variable X has a p.d.f. of the
form

f(z; 0) -—-%c“""’, 0<z<oo,
= () elsewhere.

It is desired to test the simple hypothesis H,: 8 = 2 against the alternative
simple hypothesis H,: § = 4. Thus Q = {6; 6§ = 2,4}. A random sample
X,, X, of size n = 2 will be used. The test to be used is defined by taking
the critical region to be C = {(z,, %3); 9.5 < ¥, + x; < ©0}. The power
function of the test and the significance level of the test will be determined.

There are but two probability density functions under consideration,
namely, f(z; 2) specified by H, and f(z; 4) specified by H,. Thus the power
function is defined at but two points § = 2 and § = 4. The power function
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of the test is given by Pr[(X,, X,;) € C). If H, is true, that is, 8§ = 2, the
joint p.d.f. of X, and X, is
f(zy; 2)f(zg; 2) = Je~ =1t =213, 0<z <,0<z; <00,
= 0 elsewhere,

Pr((X,, X5) €C] = 1 — Pr((X,, X,) €C*
- 1- J-:.s J»:.s—x, Jo- 1t 78 dy, dx,

and

= 0.05, approximately.

If H, is true, that is, 8 = 4, the joint p.d.f. of X, and X, is

Zz,; Zq; = e (TP xR <z <0,0< 2z <00,

(22 )f (22 4) = e ==, 0 0

= 0 elsewhere,
and
9.5 (9.5
Pri(X,, X;)eC]=1— fo s I: 8% fee- @+ T4 dx, dxy

= 0.31, approximately.

Thus the power of the test is given by 0.05 for 6 = 2 and by 0.31 for § = 4.
That is, the probability of rejecting H, when H, is true is 0.05, and the
probability of rejecting H, when H, is false is 0.31. Since the significance
level of this test (or the size of the critical region) is the power of the test
when H, is true, the significance level of this test is 0.05.

The fact that the power of this test, when 8 = 4, is only 0.31 immediately
suggests that a search be made for another test which, with the same power
when 0 = 2, would have a power greater than 0.31 when 8 = 4. However,
Section 9.2 will make clear that such a search would be fruitless. That is,
there is no test with a significance level of 0.05 and based on a random
sample of size n = 2 that has a greater power at 6 = 4. The only manner in
which the situation may be improved is to have recourse to a random sample
of size n greater than 2.

Our computations of the powers of this test at the two points § = 2
and 0 = 4 were purposely done the hard way to focus attention on funda-
mental concepts. A procedure that is computationally simpler is the follow-
ing. When the hypothesis H, is true, the random variable X is x*(2). Thus,
the random variable X, + X, = Y, say, is x*(4). Accordingly, the power
of the test when H is true is given by

Pr(Y 295)=1-Pr(Y <95) =1-0.95 = 0.05,
from Table II of the Appendix. When the hypothesis H, is true, the random
variable X/2 is x3(2); so the random variable (X, + X,)/2 = Z, say, is
x2(4). Accordingly, the power of the test when H, is true is given by

Pr (X, + X3 = 9.5) = Pr(Z > 4.75)
= * -2/2
.L.’:s dze dz,
which is equal to 0.31, approximately.
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Remark. The rejection of the hypothesis H, when that hypothesis is
true is, of course, an incorrect decision or an error. This incorrect decision
is often called a Type-1 error; accordingly, the significance level of the test
is the probability of committing an error of Type I. The acceptance of H,
when H, is false (H, is true) is calied an error of Type II. Thus the probability
of a Type-1I error is one minus the power of the test when H, is true.

EXERCISES

9.1. Let X have a p.d.f. of the form f(z; 0) = 62°~!, 0 < x < 1, zero
elsewhere, where 8 € {0; 0 = 1, 2}. To test the simple hypothesis Hy: 0 = 1
against the alternative simple hypothesis H,: 6 = 2 use a random sample
X,, X, of size n = 2 and define the critical region to be C = {(z,, z5);
3/(4x,) < z,}. Find the power function of the test:

9.2. Let X have a binomial distribution with parameters n = 10 and
pe{p,p =4, 1) The simple hypothesis Hy:p = % is rejected, and the
alternative simple hypothesis H,: p = } is accepted, if the observed value
of X,, a random sample of size 1, is less than or equal to 3. Find the power
function of the test.

9.3. Let X,, X, be a random sample of size n = 2 from the distribution
having p.di. f(z; 6) = (1/8)e~ ", 0 < = < o0, zero elsewhere. We reject
Hy: 0 = 2 and accept H,: 8 = 1if the observed values of X,, X,, say z,, 2,,
are such that

flEiDfEs?) 1
S ) f(2a: 1) 7.2

Here Q = {0; 8 = 1, 2}. Find the significance level of the test and the power
of the test when H, is false.

9.4. Sketch, as in Figure 9.1, the graphs of the power functions of Tests
1, 2, and 3 of Example 1 of this section.

9.5. Let us assume that the life of a tire in miles, say X, is normally
distributed with mean 6 and standard deviation 5000. Past experience
indicates that = 30,000. The manufacturer claims that the tires made by a
new process have mean 6 > 30,000, and it is very possible that § = 35,000.
Let us check his claim by testing H,: 8 < 30,000 against H,: 6 > 30,000.
We shall observe n independent values of X, say z,, ..., Z,, and we shall
reject H, (thus accept H,) if and only if Z > ¢. Determine % and ¢ so that the
power function K(6) of the test has the values K(30,000) = 0.01 and
K(35,000) = 0.98.

9.6. Let X have a Poisson distribution with mean 8. Consider the
simple hypothesis Hy: 8 = } and the alternative composite hypothesis
H,:0 <} Thus Q = {6;0 < 6 < }}. Let X,,..., X,3 denote a random
sample of size 12 from this distribution. We reject H, if and only if the
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observed value of Y = X; +---+ X;3 s 2. If K(0) is the power function
of the test, find the powers K(3), K(3), K(}), K(}), and K(i;). Sketch the
graph of K(6). What is the significance level of the test?

9.2 Certain Best Tests

In this section we require that both the hypothesis H,, which is to
be tested, and the alternative hypothesis H, be simple hypotheses.
Thus, in all instances, the parameter space is a set that consists of
exactly two points. Under this restriction, we shall do three things:

(a) Define a best test for testing H, against H,.

(b) Prove a theorem which provides a method of determining a best
test.

(c) Give two examples.

Before we define a best test, one important observation should be
made. Certainly, a test specifies a critical region; but it can also be
said that a choice of a critical region defines a test. For instance, if one
is given the critical region C = {(x,, %3, %3); 23 + 2} + 3§ 2 1}, the
test is determined: Three random variables X,, X,, X3 are to be con-
sidered; if the observed values are z,, x,, 5, accept H, if 22 + 23 + 23
< 1; otherwise, reject H,. That is, the terms “test” and ‘““critical
region” can, in this sense, be used interchangeably. Thus, if we define
a best critical region, we have defined a best test. ‘

Let f(x; 6) denote the p.d.f. of a random variable X. Let X, X,,
..., X, denote a random sample from this distribution, and consider
the two simple hypotheses Hy: 0 = 6" and H,: 8 = 6". Thus Q =
{6; 6 = ', 6"}. We now define a best critical region (and hence a best
test) for testing the simple hypothesis H, against the alternative simple
hypothesis H,. In this definition the symbols Pr[(X,, X,,..., X;) ¢
C; Hg) and Pr[(X,, X,,..., X,) €C; H,] mean Pr((X,, X,,..., X,) €
C] when, respectively, H, and H, are true.

Definition 6. Let C denote a subset of the sample space. Then C is
called a best critical region of size a for testing the simple hypothesis
H,: 0 = 6 against the alternative simple hypothesis H,: 6 = 6 if, for
every subset A of the sample space for which Pr[(X,,..., X,)€
A4;Hg) = o,

(i) Pr{(Xy, Xq,..., X,) €C; Ho) = a;
(i) Pr(Xy, Xa ..., X,) €C; H,) 2 Pr[(X,, X, ..., X,) € 4; H,].
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This definition states, in effect, the following: First assume H, to be
true. There will in general be a multiplicity of subsets 4 of the sample
space such that Pr{(X,, X,,..., X,) € 4] = a. Suppose there is one of
these subsets, say C, such that when H, is true, the power of the test
associated with C is at least as great as the power of the test associated
with each other A. Then C is defined as a best critical region of size a for
testing H, against H,.

In the following example, we shall examine this definition in some
detail and in a very simple case.

Example 1. Consider the one random variable X which has a binomial
distribution with » = 5 and p = 0. Let f(z; 8) denote the p.d.f. of X and let
Hy: 0 =4 and H,: 8 = }. The following tabulation gives, at points of
positive probability density, the values of f(z;4), f(z; 1), and the ratio

f@ Df (=

x | 0 1 2 3 4 5
f=h | % ¥ 13 it 3 EP3
f=:d) | 1ér= iz %k Tor% Tors STFT)

z;
ra Tk S L

We shall use one random value of X to test the simple hypothesis Hy: 6 = 4
against the alternative simple hypothesis 11 6 = 1 and we shall first assign
the significance level of the test to be « = 3!;. We seek a best critical region
ofsizea = 4. If A, = {z;z = 0}and 4, = {z z = 5}, then Pr (X € 4,; H,)
= Pr(Xed, H, =+ and there is no other subset A; of the space
{x;z = 0,1, 2,3, 4, 5} such that Pr (X € A,; Hy) = 3. Then either 4, or 4,
is the best critical region C of size « = 34 for testing H, against H,. We
note that Pr (X € A,; Hy) = !5 and that Pr (X € 4,; H,) = 1443 Thus if
the set 4, is used as a critical region of size « = i3, we have the intolerable
situation that the probability of rejecting H, when H, is true (H, is false)
is much less than the probability of rejecting H, when H, is true.

On the other hand, if the set A, is used as a critical region, then
Pr (X e A, Hy) = 4 and Pr (X € A,; H,) = #4%%. That is, the probability
of rejecting H, when H, is true is much greater than the probability of reject-
ing H, when H is true. Certainly, this is a more desirable state of affairs and
actually A, is the best critical region of size « = 3!;. The latter statement
follows from the fact that, when H, is true, there are but two subsets A, and
A, of the sample space each of whose probability measure is 3l; and the fact
that

‘e =Pr(Xedy Hy) >Pr(Xed Hy) = 1dsz

It should be noted, in this problem, that the best critical region C = 4, of
size @ = 3} is found by including in C the point (or points) at which f(z, 4)
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is small in comparison with f(x; §). This is scen to be true once it is observed
that the ratio f(z; §)/f(z; }) is @ minimum at z = 5. Accordingly, the ratio
f(z; 4)/f(x; ), which is given in the last line of the above tabulation, provides
us with a precise tool by which to find a best critical region C for certain given
values of «. To illustrate this, take « = -%. When H, is true, each of the
subsets {r; z = 0, 1}, {z; z = 0, 4}, {x; z = 1, 5}, {x; = 4, 5} has probability
measure 5. By direct computation it is found that the best critical region of
this size is {z; x = 4, §}. This reflects the fact that the ratio f(z; 4)/f(x; 3) has
its two smallest values for x = 4 and # = 5. The power of this test, which

has « = %, is
Pr(X = 4,5 H,) = %% + &% = e

The preceding example should make the following theorem, due to
Neyman and Pearson, easier to understand. It is an important theorem
because it provides a systematic method of determining a best critical
region.

Neyman-Pearson Theorem. Let X,, X,,..., X,, where n is a
fixed positive integer, denote a random sample from a distribution that has
p.d.f. f(x; 0). Then the joint p.d.f. of Xy, X,,..., X, is

L(6; 2y, %3, - .., %a) = [(%1; 0)f(%2; 0): - -f (s 0).
Let 0’ and 0" be distinct fixed values of 0 so that Q = {6; 0 = ¢’, 0"}, and
let k be a positive number. Let C be a subset of the sample space such that:

L(O; 2, z,,...,2,)
L(0"; 2y, 23, ...,%,)

< k  for each point (x, z,, . . ., x,) €C;

(i)

. L(0'; %y, 25,...,2%,)
(i) L(0"; 2y, 25, . .., %,) =k
(i) @ = Pr[(X,, X,,..., X,) €C; Hy).

for each point (z,, z,, . . ., x,) €C*;

Then C is a best critical region of size o for testing the simple hypothesis
Hy: 0 = 0' against the alternative simple hypothesis H,: § = 0".

Proof. We shall give the proof when the random variables are of
the continuous type. If C is the only critical region of size «, the
theorem is proved. If there is another critical region of size «, denote it

by A. For convenience, we shall let f . -J’L(o; 5, ..., %,) dz, - - -dz, be
R
denoted by In L(6). In this notation, we wish to show that

jc L(6") - L L(6") = 0.
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Since C is the union of the disjoint sets C N 4 and C N A* and 4 is
the union of the disjoint sets 4 N C and 4 N C*, we have

([, L) - [ L@
= J‘ChA L(o,) + ICHA' L(O,) - ."A"\C L(O”) - IAnC'
= [ L =, L),

However, by the hypothesis of the theorem, L(8") > (1/k)L(6") at
each point of C, and hence at each point of C N A*; thus,

fcnm L") = ’l_*fcn,« L#).

But L(6") < (1/k)L(8’) at each point of C*, and hence at each point of
A N C*; accordingly,

f L") < % J' L(®).
ANCe ANCe
These inequalities imply that

fC!\A’ L(o,) B fﬂ L(o', J.Cf\A‘ - %IAHC‘ L(BI);

and, from Equation (1), we obtain

o - funai[] 0], uo)

However,

fCﬁA' L(ol) - .[4000 L(e')
= CNA* L(OI) + fCﬂA L(el) - jAnO
101 - [, )

=a—a=0.

L(6")

L) — f

ANCe

L(#)

If this result is substituted in Inequality (2), we obtain the desired
result

[, Len - L L") 20

If the random variables are of the discrete type, the proof is the same,
with integration replaced by summation.
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One aspect of the theorem to be emphasized is that if we take C to

be the set of all points (z,, z,, . . ., z,) which satisfy

L0z, 25,...,%

L((O"; xi, x:, cee, z:; <k k>0,
then, in accordance with the theorem, C will be a best critical region.
This inequality can frequently be expressed in one of the forms (where
¢, and ¢ are constants)

uy(xy, Zg, ..., %, 0, 6" < ¢y,

or
Ug(zy, Zg, ..., 2y 0, 0") = c,.
Suppose that it is the first form, #; < ¢,. Since 8’ and 8" are given
constants, #,(X,, X,,..., X,; ¢, 8") is a statistic; and if the p.d.f. of
this statistic can be found when H,, is true, then the significance level of
the test of H, against H, can be determined from this distribution.
That is,
a = Pru(X,, Xy ..., X0 0, 6" < c,; Hy.

Moreover, the test may be based on this statistic; for, if the observed
values of X, X,,..., X, are x,, z,, ..., x,, we reject H, (accept H,) if
uy (2, Zg, ..., T,) < €y,

A positive number & determines a best critical region C whose size
is @« = Pr{(X,, X,, ..., X,) €C; Hy] for that particular k. It may be
that this value of « is unsuitable for the purpose at hand; that is, it is
too large or too small. However, if there is a statistic »,(X,, X,,..., X,),
as in the preceding paragraph, whose p.d.f. can be determined when
H, is true, we need not experiment with various values of 2 to obtain
a desirable significance level. For if the distribution of the statistic is
known, or can be found, we may determine ¢, such that Pr [u,(X,, X,,
..., X,) < ¢;; Hy) is a desirable significance level.

An illustrative example follows.

Example 2. Let X,, X,, ..., X, denote a random sample from the
distribution that has the p.d.f.

1 (z — 0)“)
z; 0) = —=ex (—— , - < z < 0.
It is desired to test the simple hypothesis Hy: 8§ = 8 = 0 against the alter-
native simple hypothesis H,: 8§ = 6" = 1. Now

L0z, . 2) _ (1V2m)" exp ['(12 ”‘2)/2]
L6 2y, ..., x,) (1)V/Zm)" exp [_ ($ (@, - 1)2)/2]

z n
= exp [—z z + -2-]-
1
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If & > 0, the set of all points (z,, 2, . . ., ,) such that
exp [—-z z + %] <k
1
is a best critical region. This inequality holds if and only if
< n
—Zn+§smk
or, equivalently,

i '-zt-—lnk=c.

n
In this case, a best critical region is the set C = {(z,, x5, ..., x,); 2 %, > c},
1
where ¢ is a constant that can be determined so that the size of the critical
n
region is a desired number «. The event > X, > c is equivalent to the event
1
X > ¢/n = ¢,, say, so the test may be based upon the statistic X. If H, is
true, that is, 8 = ' = 0, then X has a distribution which is #(0, 1/n). For a
given positive inceger 7, the size of the sample, and a given significance level

a, the number ¢, can be found from Table ITII in the Appendix, so that
Pr (X > ¢,; Hy) = «. Hence, if the experimental values of X,, X,,..., X,

were, respectively, z,, z,, ..., z,, we would compute Z = ix,/n. If # > ¢,
1
the simple hypothesis Hy: 8 = 8° = 0 would be rejected at the significance
level «; if Z < ¢,, the hypothesis H, would be accepted. The probability of
rejecting H,, when H, is true, is «; the probability of rejecting H,, when H,
is false, is the value of the power of the test at § = 8" = 1. That is,
- w 1 (x — l)’] -
Pr(X>c¢;H) = —_——exp | ———| dZ
Xzt =) Tovim Pl 2
For example, if n = 25 and if « is selected to be 0.05, then from Table III

we find ¢, = 1.645/v/25 = 0.329. Thus the power of this best test of H,
against H, is 0.05, when H, is true, and is

) —_ 2 @©

f — 1 exp —(” ”]dx—_" L g = 09994,
0.330 V2m Vs 2355 V/2n

when H, is true.

There is another aspect of this theorem that warrants special
mention. It has to do with the number of parameters that appear in the
p.d.f. Our notation suggests that there is but one parameter. However,
a careful review of the proof will reveal that nowhere was this needed
nor assumed. The p.d.f. may depend upon any finite number of param-
eters. What is essential is that the hypothesis H, and the alternative
hypothesis H, be simple, namely, that they completely specify the
distributions. With this in mind, we see that the simple hypotheses
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H, and H, do not need to be hypotheses about the parameters of a
distribution, nor, as a matter of fact, do the random variables X,, X,,
..., X, need to be mutually stochastically independent. That is, if H,
is the simple hypothesis that the joint p.d.f. is g(z;, 23, . . ., %), andif
H, is the alternative simple hypothesis that the joint p.d.f. is A(z,, 23,
..., z,), then C is a best critical region of size « for testing H, against
H, if, for k > 0;

., &(xy, Ta, ..., Ty .
(i) %z_xﬁzn—z; <k for (z, zg,...,%,) €C;

o, E(Ty, Tgy ..., Ty) .
(i1) oz ) >k for (z,, z,, ..., x,) €C?;
(iii)’ « = Pr{(X,, X, ..., X,) €C; H,).

An illustrative example follows.

Example 3. Let X, ..., X, denote a random sample from a distribution
which has a p.d.f. f(z) which is positive on and only on the nonnegative
integers. It is desired to test the simple hypothesis

-1
Hyif@) =25, 2=012...,
= 0 elsewhere,

against the alternative simple hypothesis
Hy: fl@) = 3)**, ==0,12,...,

" = 0 elsewhere.
Here
&z, ..., %) e M(zl Tyl - -z,))
My, .. x)  B)ME)TrEr
N i)
I ()

1

If & > 0, the set of points (x,, z,, . . ., x,) such that

(%x,)lnl ~In [111 (z,!)] <lk—nln(2) =c

is a best critical region C. Consider the case of £ = 1 and » = 1. The preced-
ing inequality may be written 271/z,! < ¢/2. This inequality is satisfied by all
points in the set C = {z,;2, = 0, 3,4,5,...}. Thus the power of the test
when H, is true is

Pr(X,€C;Hg) = 1 — Pr(X, = 1,2; Hy) = 0.448,
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approximately, in accordance with Table I of the Appendix. The power of
the test when H, is true is given by

Pr(X,eC;Hy) =1— Pr(X, =1,2; H,)
=1- (4 +4) = 0625.

EXERCISES

9.7. In Example 2 of this section, let the simple hypotheses read
Hy:0 =60 =0 and H,: 8§ = " = —1. Show that the best test of H,
against H, may be carried out by use of the statistic X, and that if » = 25
and o = 0.05, the power of the test is 0.999+ when H, is true.

9.8. Let the random variable X have the p.d.f. f(z; 6) = (1/0)e~*",
0 < x < o0, zero elsewhere. Consider the simple hypothesis Hy: 6 = ¢ = 2
and the alternative hypothesis H,: 8 = 6" = 4. Let X,, X, denote a
random sample of size 2 from this distribution. Show that the best test of
H, against H, may be carried out by use of the statistic X; + X, and that
the assertion in Example 2 of Section 9.1 is correct.

9.9. Repeat Exercise 9.8 when H,: 8 = 6" = 6. Generalize this for every
@ > 2

9.10. Let X,, X,, ..., X,, be a random sample of size 10 from a normal
distribution n(0, o?). Find a best critical region of size a = 0.05 for testing
H,: 0 = 1 against H,: 0% = 2. Is this a best critical region of size 0.05 for
testing H,: o® = 1 against H,: o = 4? Against H;:¢®* = o3 > 1?

9.11. If X,, X,,..., X, is a random sample from a distribution having
p.d.f. of the form f(z; 8) = 62®-*, 0 < z < 1, zero elsewhere, show that a
best critical region for testing H,: @ = 1 against H;: 0 =2 is C =

{(z,, Ryg, .., Tg); € S ‘]i‘]l x.}.

9.12. Let X,, X,,...,X,, be a random sample from a distribution
which is n(0,, 8,). Find a best test of the simple hypothesis Hy: 6, = 0} = 0,
0, == @, = 1 against the alternative simple hypothesis H,: 0, = 6] = 1,
0, = 0; = 4.

9.13. Let X,, X,, ..., X, denote a random sample from a normal distri-
]

bution (6, 100). Show that C = {(x,,2;,...,%,);c ST =D x/n} is a
1

best critical region for testing H,: 8 = 75 against H,: @ = 78. Find » and ¢
so that

Pr{(X,, X;,...,X,)€C; Hy] = Pr(X > ¢; H,] = 0.05
and

Pr((X,, X,,...,X,)€C; H,] = Pr[X > ¢; H,] = 0.90, approximately.
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9.14. Let X,, X,,..., X, denote a random sample from a distribution
having the p.d.f. f(z; p) = p*(1 — p)* "%,z = 0, 1, zero elsewhere. Show that
C={(xy,..., z,); ix‘ < ¢} is a best critical region for testing Hy: p = 4

1

against H,: p = }. Use the central limit theorem to find # and ¢ so that
approximately Pr (3_ X, <c Ho) = 0.10 and Pr (i X, <c; H,) = 0.80.
1 1

9.15. Let X,, X,,..., X;o denote a random sample of size 10 from a
Poisson distribution with mean 6. Show that the critical region C defined by
10
> x, > 3is a best critical region for testing Hy: 8 = 0.1 against H,: § = 0.5.
1

Determine, for this test, the significance level « and the power at § = 0.5.

9.3 Uniformly Most Powerful Tests

This section will take up the problem of a test of a simple hypothesis
H, against an alternative composite hypothesis H,. We begin with an
example.

Example 1. Consider the p.d.f.
flz; 0) = %e“”, 0<z< o0

= 0 elsewhere,

of Example 2, p. 269. It is desired to test the simple hypothesis Hy: 8 = 2
against the alternative composite hypothesis H,: 8 > 2. Thus Q = {6; 6 > 2}.
A random sample, X, X,, of size n = 2 will be used, and the critical region
is C = {(z,, 2,); 9.5 < z, + z, < oo}. It was shown in the example cited
that the significance level of the test is approximately 0.05 and that the
power of the test when @ = 4 is approximately 0.31. The power function
K(0) of the test for all § > 2 will now be obtained. We have

9.5 9.5-zx, 1 z + z
K6 =1 —f f 1 (——‘———’)d d
(6 o Jo 5 ¢XP r] Ty 4%q
- (_0_1.0_9'_5)6—9.5/0' 2 < 0'

Thus, for instance, K(2) = 0.05, K(4) = 0.31, and K(9.5) = 2/e. It is known,
Exercise 9.8, p. 279, that C = {(z,, z5); 9.5 < 2, + 23 < oo} is a best critical
region of size 0.05 for testing the simple hypothesis H,: § = 2 against
each simple hypothesis in the composite hypothesis H,: § > 2.

The preceding example affords an illustration of a test of a simple
hypothesis H, which is a best test of H, against every simple hypothesis
in the alternative composite hypothesis H,. We now define a critical
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region, when it exists, which is a best critical region for testing a simple
hypothesis H, against an alternative composite hypothesis H,. It seems
desirable that this critical region should be a best critical region for
testing H, against each simple hypothesis in H,. That is, the power
function of the test which corresponds to this critical region should be
at least as great as the power function of any other test with the same
significance level for every simple hypothesis in H,.

Definition 7. The critical region C is a uniformly most powerful
critical region of size « for testing the simple hypothesis H, against an
alternative composite hypothesis H, if the set C is a best critical region
of size o for testing H, against each simple hypothesis in H,. A test,
defined by this critical region C, is called a uniformly most powerful test,
with significance level «, for testing the simple hypothesis H, against
the alternative composite hypothesis H,.

As will be seen presently, uniformly most poWwerful tests do not
always exist. Howcver, when they do exist, the Neyman-Pearson
theorem provides a technique for finding them. Some illustrative
examples are given here.

Example 2. Let X, X,, ..., X, denote a random sample from a distri-
bution that is (0, 6), where the variance 6 is an unknown positive number.
It will be shown that there exists a uniformly most powerful test with
significance level « for testing the simple hypothesis Hy: 8 = ', where 6’ is a
fixed positive number, against the alternative composite hypothesis
H,:0 > 6. Thus Q = {0; § > 0'}. The joint p.d.f. of X, X,,..., X, is

1 \n3 ( gzlz )
L0z, 2,5,...,2,) = (m) exp \~ 55 |
Let 8" represent a number greater than ¢, and let k denote a positive
number. Let C be the set of points where

L0z, z;,...,%,) _
L(9"; 2y, 25, ..., ,) =

k,
that is, the set of points where
0/:),./3 [ (0” — 01) n 2]
- exXp | =557 ¥ | <k
(o P 260 Z J

or, equivalently,

e 200" [»n 9"
Zz? 2 -7 [Eln (-o—,) - lnk] = C.
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The set C = {(z,, Z3, - - ., Za); izr > ¢} is then a best critical region for

testing the simple hypothesw H,: 8 = 0 against the simple hypothesis
@ = 6”. It remains to determine c so that this critical region has the desired

size a. If H, is true, the random variable z X3?/6" has a chi-square distribu-
1

tion with # degrees of freedom. Since « = Pr (i X3O > /¢, Ho), ¢/60 may
be read from Table II in the Appendix anld ¢ determined. Then C =
{(z1, Za, . . .. W) S:x.’ > ¢} is a best critical region of size a for testing
Hy0=0 again;t the hypothesis § = 6. Moreover, for each number 6"
greater than @', the foregoing argument holds. That is, if 67 is another
number greater than ¢, then C = {(z,, ..., z,); i 2? > c} is a best critical
region of size « for testing Hy: 8 = @ against the l:ypothesis 8 = 6". Accord-
ingly,C = {(z,, ..., Z,); i x} > c}is a uniformly most powerful critical region
of size a for testing H,,:le = §' against H,: 0 > 0. If z,, x,,. . ., x, denote
the experimental values of X,, Xs, ..., X,, then Hy: 8 = 6’ is rejected at the
significance level «, and H,: 0 > & is accepted, if é‘z,’ > ¢; otherwise

Hy: 0 = @' is accepted.

If in the preceding discussion we take n = 15, « = 0.05, and ¢ = 3, then
here the two hypotheses will be Hy: 6 = 3 and H,: 6 > 3. From Table 11,
¢/3 = 25 and hence ¢ = 75.

Example 3. Let X,, X,,..., X, denote a random sample from a
distribution that is (6, 1), where the mean 6 is unknown. It will be shown
that there is no uniformly most powerful test of the simple hypothesis
H,: 0 = &, where @ is a fixed number, against the alternative composite
hypothesis H,: 0 # 6. Thus Q = {6; —o0 < 6 < o0}. Let 6" be a number
not equal to @'. Let k be a positive number and consider

e exp [ -3 @ — 0]
(1/2n)2 exp [~ (&1 - o')’/z]

The preceding inequality may be written as

exp{ -0 - 03 n+ 3107 - @) sk
oY

(6"~ 0) 2,0 2 51D - (@] - Ik
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This last inequality is equivalent to

2 n Ink
250"+ 60)— 5 ,
Zt 2( ) 0—0’

provided 6" > @', and it is equivalent to

" ” In k
2 <20 + 60) — s
2' 2 & —0

if " < @'. The first of these two expressions defines a best critical region for
testing Hy: @ = 6’ against the hypothesis § = 67, provided 6" > ¢, while
the second expression defines a best critical region for testing Hg: 8 = 6
against the hypothesis 6 = 6", provided 8" < 8. That is, a best critical
region for testing the simple hypothesis against an alternative simple
hypothesis, say § = 8 + 1, will not serve as a best critical region for testing
H,y: 0 = 0 against the alternative simple hypothesis § = ' — 1, say. By
definition, there is then no uniformly most powerful test in the case under
consideration.

It should be noted that had the alternative composite hypothesis been
either H,: 0 > @ or H,: < &, then in each instance, a uniformly most
powerful test would exist.

This section will conclude with an observation which, although
obvious when pointed out, is important. Let X,, X,, ..., X, denote a
random sample from a distribution that has p.d.f. f(z; 8), where 6 is an
element of a prescribed set. Let Y = #(X,,..., X,) be a sufficient
statistic for 8. In accordance with the Fisher-Neyman criterion (p. 216),
the joint p.d.f. of X,, X,, ..., X, may be written

L(B;xy, ..., %) = [(21; ) (22 0): -/ (20; 6)
= g[u(xlr Loy - - o xn); o]H(xlﬁ £ T xn):

where g(y; 0) is the p.d.f. of the sufficient statistic Y and H(zy, z,,. . ., Z,)
does not depend upon 8. Consequently, the ratio

L0 zy, ..., %) _ g[u(21, Zay . .., Z4); O]
L(0";xy, ..., %) glu(xy, 23, . .., Za); 07]

depends upon z,, %, . . ., &, only through y = u(z,, , . . ., &,). Accord-
ingly, if there is a sufficient statistic Y for the parameter 6, and if a
best test or a uniformly most powerful test is desired, there is no need
to consider tests which are based upon any statistic other than the
sufficient statistic Y = u(X;, X,, ..., X,). ’



284 Sta:istical Hypotheses [Ch. 9

EXERCISES

9.16. Let X have the p.d.f. f(z; 0) = 65(1 — 6)' =, = = 0, 1, zero else-
where. We test the simple hypothesis H,: 6 = ] against the alternative
composite hypothesis H,: 8 < } by taking a random sample of size 10 and
rejecting Hy: @ = } if and only if the observed values z,, z,, . . ., 2,0 of the

10

sample items are such that > z < 1. Find the power function K(6),
1

0 < 0 < }, of this test.

9.17. Let X have a p.d.f. of the form f(z; §) = 1/6,0 < = < 0, zero else-
where. Let Y, < Y, < Y, < Y, denote the order statistics of a random
sample of size 4 from this distribution. Let the observed valuc of Y, be y,.
We reject Hy: 6 = 1 and accept H,: 6 # 1 if either y, < $ or y, = 1. Find
the power function K(6), 0 < 6, of the test.

9.18. Consider a normal distribution of the form (8, 4). The simple
hypothesis Hq: 8 = 0 is rejected, and the alternative compuosite hypothesis
H,: 8 > 0is accepted if and only if the observed mean Z of a random sample
of size 25 is greater than or equal to 3. Find the power function K(6), 0 < 0,
of this test.

9.19. Consider the two independent normal distributions n(u,, 400) and
n(pg, 225). Let 8 = u; — py. Let Z and § denote the observed means of two
independent random samples, each of size #, from these two distributions.
We reject Hy: 8 = 0 and accept H,: 8 > 0if and only if # — § > c. If K(f)
is the power function of this test, find # and ¢ so that K(0) = 0.05 and
K(10) = 0.90, approximately.

9.20. If, in Example 2 of this section, Hy: § = ¢, where 8’ is a fixed posi-
tive number, and H,: 6 < @, show that the set {(z,, 3, ..., %,); ix? < c}is
1
a uniformly most powerful critical region for testing H, against H,.

9.21. If, in Example 2 of this section, Hy: § = 6', where €' is a fixed
positive number, and H,: § # @', show that there is no uniformly most
powerful test for testing H, against H,.

9.22. Let X,, X,, ..., X35 denote a random sample of size 25 from a
normal distribution (8, 100). Find a uniformly most powerful critical region
of size « = 0.10 for testing Hy: 8 = 75 against H,: 6 > 75.

9.23. Let X,, X,,..., X, denote a random sample from a normal
distribution n(8, 16). Find the sample size # and a uniformly most powerful
test of Hy: 6 = 25 against H,: 6 < 25 with power function K(6) so that
approximately K(25) = 0.10 and K(23) = 0.90.

9.24. Consider a distribution having a p.d.f. of the form f(z;0) =
6=(1 — 8)*~=,z = 0, 1, zero elsewhere. Let Hy: 6 = 35 and H,: § > 7. Use
the central limit theorem to determine the sample size # of a random sample
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so that a uniformly most powerful test of H, against H, has a power function
K(0), with approximately K(35) = 0.05 and K(5%) = 0.90.

9.25. Let X,, X,, ..., X3¢ be a random sample of size 20 from a Poisson
20

distribution with mean . Show that the critical region defined by S z, > §
1

is a uniformly most powerful critical region for testing H,: 8 = 5 against
H,: 8 > . What is «, the significance level of the test?

9.26. Let X,, X,,..., X, be a random sample of size n from a distribu-
tion which has p.d.f. f(z; 6,, 0,) = 8,67~ 8, < z < oo, zero elsewhere.
Find a best critical region for testing the simple hypothesis Hy: 6, = 6,,
6; = 6; > 0, against the alternative simple hypothesis H,: 8, = 6] < 6,
03 = 63 > 6;. Is this a uniformly most powerful critical region for testing
Hy: 8, = 6;, 6, = 6; > 0, against H,: 6, < 6}, 8, > 6;?

9.27. Illustrative Example 1 of this section dealt with a random sample
of size n = 2 from a gamma distribution with « = 1, 8 = 6. Thus the
moment-generating function of the distribution is (1 — 6t)~*, ¢ < 1/6,
60 >2 Let Z= X, + X,. Show that Z has a gamma distribution with
« = 2, B = 0. Express the power function K(6) of Example 1 in terms of a
single integral. Generalize this for a random sample of size n.

9.28. Let X, X,,..., X, be a random sample from a distribution with
p-d.f. f(z; 0) = exp [p(0)K(x) + S(x) + ¢(#)], a < z < b, zero elsewhere,
which is a regular case of the exponential class. Let Q = {8; ¢ < 6}. (a) 1i
2(0) 1s an increasing function of 0, show that C = {(z,, z,, ..., x,); 34 K(x)

1

2 ¢} is a uniformly most powerful critical region for testing H,: 8 = 6’
against H,. 9 > ¢". (b) Consider the case in which p(6) is a decreasing
function of 6.

9.4 The Sequential Probability Ratio Test

In Section 9.2 we proved a theorem which provided us with a
method for determining a best critical region for testing a simple
hypothesis against an alternative simple hypothesis. The theorem was:
Let X,, X,, ..., X, be a random sample with fixed sample size n from
a distribution which has p.d.f. f(x; §), where 8 ¢ {60 = 6,0} and 6
and 0" are known numbers. Let the joint p.d.f. of X,, X,, ..., X, be
denoted by

L(6, n) = f(xy; 0)f(xg; 6)- - -f(2,; O),
a notation that reveals both the parameter 8 and the sample size n. If

we reject Hy: 6 = 9 and accept H,: 6 = 6” when and only when
L(6', n) &

L(6", n)
where &£ > 0, then this is a best test of H against H,.
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Let us now suppose that the sample size # is not fixed in advance.
In fact, let the sample size be a random variable N with sample space
{n;n =1,2,3,...}. An interesting procedure for testing the simple
hypothesis Hy: 6 = 6 against the simple hypothesis H,: 6 = 6" is the
following: Let k, and %, be two positive constants with &, < %;.
Observe the mutually stochastically independent outcomes X, X,
X,, ... in sequence, say x,, Z3, %3, . . ., and compute

L(¢’, 1) L(¢,2) L(¢,3)
L(6", 1) L(6",2) L(?",3)

e e

The hypothesis Hy: 6 = 6 is rejected (and H,: 0 = 0" is accepted) if
and only if there exists a positive integer # so that (z;, z5, ..., Z,)
belongs to the set

_ ) L(6,7) .
Cn = {(zl,...,xn),ko < H—O'—,ﬂ < kl'] = 1,...," bl l,
L(6',n)
N ."°}'

On the other hand, the hypothesis Hy: 6 = ' is accepted (and
H,: 0 = 8" is rejected) if and only if there exists a positive integer 7
so that (z,, z,, . . ., z,) belongs to the set

Bn ={(xlt"-txn);k0 <£‘('£—,'J.—)‘ <k1,j= 1,...,”—- 1,

L(#",5)
L(6’, n)
and im 2 kl}
‘That is, we continue to observe sample items as long as

L(#, n)
(1) kO < -Z‘TG-T;‘;; < kl'

We stop these observations in one of two ways:

(a) With rejection of H,: 6 = 8’ as soon as
L(#,n) _
L, n) ~
or
(b) with acceptance of H,: § = 8 as soon as

L(#', n)
) > k.

)
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A test of this kind is called a sequential probability ratio test. Now,
frequently Inequality (1) can be conveniently expressed in an equivalent
form

Co(n) < u(xy, Zg, - . ., T,) < ¢4(n),

wkere u(X,, X,,..., X,) is a statistic and ¢y(n) and ¢,(n) depend on
the constants &y, k,, 6’, 8, and on n. Then the observations are stopped
and a decision is reached as soon as

u(xy, Zg, . . ., T,) < (M), or u(xy, 2, ..., ,) = cy(n).
We now give an illustrative example.
Example 1. Let X have the p.d.f.
flz; 8) = 6=(1 — 6)*-=, z =01,
= 0 elsewhere.

In the preceding discussion of a sequential probability ratio test, let
Hy:0 = yand H,: 0 = §; then, with Sz, = 5 z,,
1
Lt m) _ @@ren L
L, n)  (§)25@)" 2=
If we take logarithms to the base 2, the inequality

L}, n)
ky < & ) < ky,

with 0 < &, < k,, becomes
loga kg < m — 2%1‘ < log, k,,
1

or, equivalently,
n 1 2 n 1
co(n) = 5~ Elog2 ky < Zz, <3~ ilog, ko = ¢,y(n).
1

Note that L(§,n)/L(§,7) < ko if and only if ¢,(n) s 51:2‘; and L(§,n)/L(%,n)
2 k&, if and only if ¢o(n) > ;nx‘. Thus we continue to observe outcomes as
long as co(n) < gz‘ < ¢,(n). The observation of outcomes is discontinued
with the first value n of N for which either ¢,(n) < }:‘,x' or co(n) = };x‘. The
inequality ¢,(n) < $ z leads to the rejection of Hy: 8 = § {the acceptance of

H,), and the inequality cq(n) > i’x‘ leads to the acceptance of Hy: 0 = §
1
(the rejection of H,).
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Remarks. At this point, the student undoubtedly sees that there are
many questions which should be raised in connection with the sequential
probability ratio test. Some of these questions are possibly among the
following:

(2) What is the probability of the procedure continuing indefinitely?

(b) What is the value of the power function of this test at each of the
points § = ¢’ and 6 = 67?

(c) If 6" is one of several values of 0 specified by an alternative composite
hypothesis, say H,: 8 > §’, what is the power function at each point § > g?

(d) Since the sample size N is a random variable, what are some of the
properties of the distribution of N? In particular, what is the expected value
E(N)of N?

(e) How does this test compare with tests that have a fixed sample size n?

A course in sequential analysis would investigate these and many other
problems. However, in this book our objective is largely that of acquainting
the student with this kind of test procedure. Accordingly, we assert that the
answer to question (a) is zero. Moreover, it can be proved that if § = 6’ or
if 8 = 6", E(N) is smaller, for this sequential procedure, than the sample size
of a fixed sample size test which has the same values of the power function
at those points. We now consider question (b) in some detail.

In this section we shall denote the power of the test when H, is true
by the symbol « and the power of the test when H, is true by the
symbol 1 — B. Thus « is the probability of committing a Type-I error
(the rejection of H, when H, is true), and B is the probability of com-
mitting a Type-II error (the acceptance of H, when H, is false). With
the sets C, and B, as previously defined, and with random variables of
the continuous type, we then have

a= ");Jc‘ L@.n, 1-B= ,.%Jcn L(6", n).
Since the probability is one that the procedure will terminate, we also
have

I=e= :2::1 fﬂn L(al, n)’ B - ngl Ba L(e”’ ”)-

If (2,, 2, ...,x,) €C,, we have L(8’,n) < koL(6", n); hence it is clear
that
«=3 fc. L, n) < ,.Z.Jc. ko L(6", ) = ko(1 — B).
Because L(8', n) > k,L(8", ») at each point of the set B,, we have
l—a= 3 L' Lg.mz 3 fa, E,L(6", n) = k..

n=l
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Accordingly, it follows that

l-a

2 2 <ky k<
() 0 1 B

1-8
provided B is not equal to zero or one.
Now let «, and B, be preassigned proper fractions; some typical
values in the applications are 0.01, 0.05, and 0.10. If we take

«

_ a 1 —q
TR

kl_ ﬁ
a

)

ko

then Inequalities (2) become
1l -« 1 -«
3 o < a, , a < .
©) T-BST-A' A ° P
or, equivalently,
a(l —Ba) < (1 - Blea, Bl — @) < (1 - ).

If we add corresponding members of the immediately preceding
inequalities, we find that

a+ B —oaf, — Py < oy + By — Pa,— af,

and hence
a+ B <a, + B,

That is, the sum « + B of the probabilities of the two kinds of errors is
bounded above by the sum «, + B, of the preassigned numbers.
Moreover, since « and B are positive proper fractions, Inequalities (3)
imply that

o

(!Sﬁ, BS Ba

| B

’

consequently, we have an upper bound on each of « and B. Various
investigations of the sequential probability ratio test seem to indicate
that in most regular cases, the values of « and B are quite close to «,
and B,. This prompts us to approximate the power function at the
points § = 6’ and § = 6" by «, and 1 — B,, respectively.

Example 2. Let X be n(6, 100). To find the sequential probability ratio
test for testing Hy: 8 = 75 against H,: 8 = 78 such that each of « and 8
is approximately equal to 0.10, take

000 _1 1-0.10
T-010" 9

NE e

ko=
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Since
L(75, n) _ exp {—2 (z, — 75)%/2(100)} — exp [ 6>z — 4S9n]
L(78,%) ~ exp (=3 (& — 78)7[2(100)) _ Wm0

the inequality

L(75 n)
ko = L(78 n) =k
can be rewritten, by taking loganthms, as
6>z, — 459n
—-In9 < -5 < In9.

This inequality is equivalent to the inequality
n
co(n) = 1$3n — 1921In9 < Y2, < Lin + 19210 9 = ¢,(n).
1

Morcover, L(75,n)/L(78, n) < ko, and L(75, n)/L(78, n) > k, are equivalent
to the inequalities 2::1;, > ¢,(n) and }:jx‘ < ¢o(n), respectively. Thus, the
observation of outcomes is discontinued with the first value # of N for which
either ix, > ¢,(n) or %n“x( < ¢o(n). The inequality E;x, > ¢,(n) leads to the
rejection of H,: 8 = 75, and the inequality i Z, < co(n) leads to the accept-
ance of Hy: 0 = 75. The power of the test islapproximately 0.10 when H, is

true, and approximately 0.90 when H, is true.

EXERCISES
9.29. Let X be n(0, 6) and, in the notation of this section, let 6’ = 4,
0 =9, a, = 0.05, and B, = 0.10. Show that the sequential probability
ratio test can be based upon the statistic }": X?. Determine cy(n) and c,(n).
1

9.30. Let X have a Poisson distribution with mean 6. Find the sequential
probability ratio test for testing Ho: 8 = 0.02 against H,: § = 0.07. Show

that this test can be based upon the statistic iX‘. If «, =0.20 and
1
Ba = 0.10, find ¢y(n) and c,(n).

9.31. Let the stochastically independent random variables Y and Z be
n(u,, 1) and n(u,, 1), respectively. Let @ = u; — p,. Let us observe mutually
stochastically independent items from each distribution, say Y,, Y,,...
and Z,, Z,,.... To test sequentially the hypothesis Hy: @ = 0 against
H,: 8 = } use thesequence X, =Y, — 2,1 =1,2,....If ¢ = B, = 0.05,
show that the test can be based upon X = ¥ — Z. Find cy(n) and ¢, (n).

9.5 Minimax and Bayesian Tests

In Chapter 8 we considered several procedures which may be used
in problems of point estimation. Among these were decision function
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procedures (in particular; minimax decisions) and Bayesian pro-
cedures. In this section, we apply these same principles to the problem
of testing a simple hypothesis H, against an alternative simple hy-
pothesis H,. It is important to observe that each of these procedures
yields, in accordance with the Neyman-Pearson theorem, a best test
of H, against H,.

We first investigate the decision function approach to the problem
of testing a simple hypothesis against a simple alternative hypothesis.
Let the joint p.d.f. of » random variables X, X, ..., X, depend upon
the parameter 8. Here  is a fixed positive integer. This p.d.f. is denoted
by L(0; %, , . . ., x,) or, for brevity, by L(6). Let 6’ and 8" be distinct
and fixed values of 8. We wish to test the simple hypothesis Hy: § = 6
against the simple hypothesis H,: 8 = 6”. Thus the parameter space is
Q = {6;60 = ¢,8"). In accordance with the decision function pro-
cedure, we need a function w of the observed values of X, ..., X, (or,
of the observed value of a statistic Y) that decides which of the two
values of 0, 8 or 8”, to accept. That is, the function w selects either
Hy: 0 = 6 or Hy: 6 = ¢". We denote these decisions by w = 6’ and
w = 0", respectively. Let £ (0, w) represent the loss function associated
with this decision problem. Because the pairs (6 = 6',w = ') and
(8 = 0", w = 6") represent correct decisions, we.shall always take
L0, 6) = £(6", 0") = 0. On the other hand, if either w = 8" when
0 = 0 orw = @ when @ = 8", t-en a positive value should be assigned
to the loss function; that is, £(8’, 8") > 0and £(0", §') > 0.

It has previously been emphasized that a test of Hy: 6 = 6’ against
H,: @ = 0" can be described in terms of a critical region in the sample
space. We can do the same kind of thing with the decision function.
That is, we can choose a subset C of the sample space and if (z,, 2, . . .,
z,) € C, we make the decision w = 8”; whereas, if (xy, zg, ..., x,) €C¥,
the complement of C, we make the decision w = '. Thus a given critical
region C determines the decision function. In this sense, we may
denote the tisk function by R(6, C) instead of R(8, w). That is, in a
notation used on p. 274,

maQ=mepﬁ;0$mmuﬂ
Sincew = 6" if (x,...,%,) €Candw = ¢'if (2,, ..., x,) €C*, we have
(1) R(8,C) = fc L6, 0)L(6) + fc_ £(6, 6')L(6).
If, in Equation (1), we take § = ', then £(¢’, 8’) = 0 and hence

me=memum=mmmLuw
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On the other hand, if in Equation (1) we let # = 9", then £(6", ") = 0
and, accordingly,

me=L$mmuw=mmmLum

It is enlightening to note that, if K(6) is the power function of the test
associated with the critical region C, then

R(#',C) = £(0, 0")K(0) = 2(6, 0)e,
where « = K(#') is the significance level; and
R(8",C) = 2(6", &)[1 — K(6")] = £(6", &),
where 8 = 1 — K(8") is the probability of the Type-II error.

Let us now see if we can find a minimax solution to our problem.
That is, we want to find a critical region C so that

max [R(6', C), R(8", C)]
is minimized. We shall show that the solution is the region

L(#;x,,..., 2,
C = {(xl,...,x,‘);zﬁ-f?—; < k}:

provided the positive constant & is selected so that R(¢", C) = R(6", C).
That is, if & is chosen so that

20,6 [ L) = 267, 0) [ L"),

then the critical region C provides a minimax solution. In the case of
random variables of the continuous type, & can always be selected so
that R(#’,C) = R(6", C). However, with random variables of the dis-
crete type, we may need to consider an auxiliary random experiment
when L(6")/L(6”) = k in order to achieve the exact equality R(6",C) =
R(0", C).

To see that this region C is the minimax solution, consider every
other region A for which R(¢’,C) = R(¢’, 4). Obviously, a region 4
for which R(6’, C) < R(#, A) is not a candidate for a minimax solution,
for then R(8’,C) = R(6",C) < max [R(#', 4), R(8", A))]. Since R(¢’, C)
> R(6’, A) means that

gwmqkumszwnLum,
we have
a= [ L@ = [ L@)
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That is, the significance level of the test associated with the critical
region A is less than or equal to «. But C, in accordance with the
Neyman-Pearson theorem, is a best critical region of size a. Thus,

R [, L)
and
fc. L(0") < L. L(6").
Accordingly,
20", 0) [ 107 < 20", 8) [, L),
or, equivalently,
R(0",C) < R(0", A).
That is,
R(6',C) = R(6",C) < R(6", A).
This means that
max [R(¢, C), R(6", C)] = R(6", A).
Then certainly
max [R(#, C), R(8",C)] < max [R(9’, A), R(6", A)],

and the critical region C provides a minimax solution, as we wanted
to show.

Example 1. Let X,, X,,..., X,q0 denote a random sample of size 100
from a distribution that is #(6, 100). We again consider the problem of
testing Ho: 0 = 75 against H,: 8 = 78. We seek a minimax solution with
£(75,78) = 3 and £(78,75) = 1. Since L(75)/L(78) < k is equivalent to
Z > ¢, we want to determine ¢, and thus %, so that

3Pr(X>c;0=75 =Pr(X <c; 0 =78).
Because X is #(8, 1), the preceding equation can be rewritten as
3[1 — N(c — 75)] = N(c — 78).

If we use Table III of the Appendix, we see, by trial and error, that the
solution is ¢ = 76.8, approximately. The significance level of the test is
1 — N(1.8) = 0.036, approximately, and the power of the test when H ' is
true is 1 — N(—1.2) = 0.885, approximately.

Next, let us consider the Bayesian approach to the problem of
testing the simple hypothesis H,: 8 = 6’ against the simple hypothesis
H,: 0 = 6". We continue to use the notation already presented in
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this section. In addition, we recall that we need the p.d.f. k(f) of the
random variable @©. Since the parameter space consists of but two
points, 6’ and 6°, © is a random variable of the discrete type; and we
have h(8') + A(6") = 1. Since L(0; x,, 25,...,x,) = L(8) is the con-
ditional p.d.f. of X,, X,,..., X,, given @ = 0, the joint p.d.f. of
X, X3 ..., X,and O is

h(O)L(0; z,, x4, ..., 2,) = h()L(6).
Because
gh(O)L(O) = h(6')L(6") + h(8")L(6")

is the marginal p.d.f. of X,, X,,..., X,, the conditional p.d.f. of O,
given X, ==x,,..., X, ==z, is

h(6)L(6)

KOl - 20) = S TIE) + WEVLE)

Now a Bayes’ solution to a decision problem is defined in Section
8.4 as a w(y) such that E[£(0, w(y))|Y = y] is a minimum. In this
problem if w = 6’, the conditional expectation of £(f, w), given
Xi=2..., X, =2, 1s

26", 0)h(6")L(6")
L0, 0)k(8|z,, . .., %) = 57375 T
Z L0 W6k 5) = LY + o) LE)

because # (8, ') = 0; and if w = 0", this expectation is

] ZL(0°, 6")h(6")L(6")
;.2’(0, 0M)k(Blxy, . .., 2,) = ROYL(0) + h(6)L(6")

because £ (6", 8”) = 0. Accordingly, the Bayes’ solution requires that
the decision w = 6" be made if

L0, 6)h(8)L(8) 20", 0)h(€)L(6")
ROVL(T) + A(O)VL(6") ~ A(O)VL() + h(O)L(E")’

or, equivalently, if

L(6) 26", 6')h(6")
@ Lo = 2@, 0)h(0)

If the sign of inequality in expression (2) is reversed, we make the
decision w = §'; and if the two members of expression (2) are equal, we
can use some auxiliary random experiment to make the decision. It is
important to note that expression (2) describes, in accordance with the
Neyman-Pearson theorem, a best test.
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Example 2. In addition to the information given in Example 1, suppose
we know the prior probabilities for 8 = 8 = 75 and for § = 6" = 78 to
be given, respectively, by A(75) = 4 and A(78) = $. Then the Bayes’ solution
is, in this case,

L(75) _ (1)
78 < 0)d) = >
which is equivalent to Z > 76.3, approximately. The power of the test when
H,is true is 1 — N(1.3) = 0.097, approximately, and the power of the test
when H, is trueis 1 — N(—1.7) = N(1.7) = 0.955, approximately.

In summary, we make the following comments. In testing the simple
hypothesis H,: 6 = 6’ against the simple hypothesis [{,: 0 = 67, it is
emphasized that each principle leads to critical regions of the form

L(0;zy,...,2,)
{(x,,xz, S ), L6 x,, ..., 2 ) s kp,
where k is a positive constant. In the classical approach, we determine
k by requiring that the power function of the test have a certain value

at the point § = 6’ or at the point § = 6" (usually, the value « at the
point 8 = #'). The minimax decision requires & to be selected so that

L6, 07 J-C L6 = £(0", 9) fc. L(8")
Finally, the Bayes’ procedure requires that

Z(07, 0')h(0")
2@, e

Each of these tests is a best test for testing a simple hypothesis
H,: 8 = 0 against a simple alternative hypothesis H,: 6 = 6".

EXERCISES

9.32. Let X,, X,,..., Xy be a random sample of size 20 from a distri-
bution which is n(8, 5). Let L(6) represent the joint p.d.f. of X, X;, ..., Xgo.
The problem is to test H,: 8 = 1 against H,: 6 = 0. Thus Q = {0; 6 = 0, 1}.

(a) Show that L(1)/L(0) < k is equivalent to Z < c.

(b) Find ¢ so that the significance level is a« = 0.05. Compute the power
of this test if H, is true.

(c) If the loss function is such that £(1,1) = £(0,0) = 0 and
£(1,0) = £(0,1) > 0, find the minimax test. Evaluate the power function
of this test at the points § = 1 and 6 = 0.

(d) If, in addition, the prior probabilities of # =1 and 6 = 0 are,
respectively, A(1) = # and A(0) = {, find the Bayes’ test. Evaluate the power
function of this test at the points § = 1 and 6 = 0.
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9.33. Let X,, X3, ..., X;, be a random sample of size 10 from a Poisson
distribution with parameter 6. Let L(6) be the joint p.d.f. of X}, X, . .., X;0-
The problem is to test Hy: 6 = 4 against H,: § = 1.

10
(2) Show that L(4)/L(1) < kis equivalenttoy = 3 z, > c.
1

(b) In order to make « = 0.05, show that H, is rejected if y > 9 and, if
y = 9, reject H, with probability 4 (using some auxiliary random experiment).

(c) If the loss function is such that £(,4) = £(1,1) =0and £(},1) =1
and #(1, 3) = 2, show that the minimax procedure is to reject Hp if y > 6
and, if y = 6, reject H, with probability 0.08 (using some auxiliary random
experiment).

(d) If, in addition, we are given that the prior probabilities of 6 = %
and 0 = 1 are A(4) = 4 and A(1) = 3, respectively, show that the Bayes’
solution is to reject H, if y > 5.2, that is, reject Hy if y > 6.



Chapter IO
Other Statistical Tests

10.1 Likelihood Ratio Tests

The notion of using the magnitude of the ratio of two probability
density functions as the basis of a best test or of a uniformly most
powerful test can be modified, and made intuitively appealing, to
provide a method of constructing a test of a composite hypothesis
against an alternative composite hypothesis or of constructing a test of a
simple hypothesis against an alternative composite hypothesis when a
uniformly most powerful test does not exist. This method leads to tests
that are called “‘likelihood ratio tests.” A likelihood ratio test, as just
remarked, is not necessarily a uniformly most powerful test, but it has
been proved in the literature that such a test often has desirable
properties.

A certain terminology and notation will be introduced by means of
an example.

Example 1. Let the random variable X be n(6,, 6;) and let the param-
eter space be Q = {(6,, 6;); —© < 6, < o, 0 < §; < oc}. Let the composite
hypothesis be H,: 8, = 0, 8; > 0, and let the alternative composite hypoth-
esis be H,: 0, # 0, 6; > 0. The set w = {(6,, 83); §, = 0,0 < 8, < o0} is
a subset of Q and will be called the subspace specified by the hypothesis H,.
Then, for instance, the hypothesis H, may be described as Hy: (6,, 6,) € w.
It is proposed that we test H, against all alternatives in H,.

Let X,, X,,..., X, denote a random sample of size n > 1 from the

297
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distribution of this example. The joint p.d.f. of X,, X,,..., X, is, at each
point in Q,

1\ [ ?(xl - 01)2]

L(8,, 03: 7y, . .., 7,) = (2—"—0;) exp | - £ —| = L@).

At each point (8,, §;) € w, the joint p.d.f. of X,, X;, ..., X, is

1 n/2 zl:x(z
L(O, 85; 2y, . .., 7,) = (2—"72) exp | 2| = Lw).

The joint p.d.f., now denoted by L(w), is not completely specified, since 8,
may be any positive number; nor is the joint p.d.f., now denoted by L(Q),
completely specified, since §; may be any real number and 6, any positive
nurnber. Thus the ratio of L(w) to L(£2) could not provide a basis for a test
of H, against H,. Suppose, however, we modify this ratio in the following
manner: We shall find the maximum of L(w) in c, that is, the maximum
of L(w) with respect to 8,. And we shall find the maximum of L(Q) in Q;
that is, the maximum of L() with respect to 8, and 8,. The ratio of these
maxima will be taken as the criterion for a test of H, against H,. Let the
maximum of L(w) in o be denoted by L(&) and let the maximum of L(Q)
in Q be denoted by L(Q). Then the criterion for the test of H, against H, is
the likelihood ratio

L(&)

AZy, g, ..., 2,) = A = f(?f)

Since L(w) and L(2) are probability density functions, A > 0; and since w
is a subset of , A < 1.
In our example, the maximum, L(®), of L(w) is obtained by first setting

dinLw) n 2%
a5, - 26, T 2@

equal to zero and solving for 8;. The solution for 6, is S:x?/n, and this
1

number maximizes L(w). Thus the maximum is

3

\

1 n/a 2.z
)\ exp | -
(Zn > x?/n) 25 a}n
1 1

ne-1 \ M2
(217 é‘: x?)

L(a)

i

]
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On the other hand, by using Example 4, p. 257, the maximum, L(Q), of L(Q)
is obtained by replacing 6, and 6, by éz.[n = Z and 2:: (x, — %)3/n, respec-
tively. That is,

1 w1 i (@ — 2)*
L) - [ : ————] exp | -—F———
2n g (z, — Z)3/n 2 2‘: (2, — Z)3n
ne- 1} »/2
[2" % (@ — 5)*]
Thus, here
3 (@ - 20 "
A=|tu—r! -
Sa

Because i = i(r. ~ %) + nZ3, A may be written
1 1

A= 1 .
{1 + [nfﬂ/g (z, — ae)a]}"'a

Now the hypothesis H, is 6, = 0, 8; > 0. If the observed number Z were

zero, the experiment tends to confirm Hy. But if Z = 0 and ix.’ > 0, then
1

A = 1. On the other hand, if Z and ni’/i (z, — Z)? deviate considerably
1
from zero, the experiment tends to negate H,. Now the greater the deviation
of ni’/i (x, — ¥)? from zero, the smaller A becomes. That is, if A is used
1

as a test criterion, then an intuitively appealing critical region for testing
H, is a set defined by 0 < X < Ay, where A, is a positive proper fraction.
Thus we reject Hy if A < A, A test that has the critical region A < A is a
likelihood ratio test. In this cxample, A < A, when and only when

Vi |3
n
JEe - aYe -
If Hy: 8, = 0 is true, the results on p. 195 show that the statistic
Vvn(X -0
n
J3 - DYe -y

has a ¢ distribution with » — 1 degrees of freedom. Accordingly, in this
example the likelihood ratio test of H, against H, may be based on a T

> VB =D —1) =c.

UXy, Xay oo X)) =
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statistic. For a given positive integer #, Table IV in the Appendix may be
used (with # — 1 degrees of freedom) to detetermine the number ¢ such that
a = Pr|t(X,, X, ..., X,)| = ¢; Ho] is the desired significance level of the
test. If the experimental values of X,, X,..., X, are, respectively,
z,, . .., ,, then we reject H, if and only if |t(z,, 25, ..., z,)| = c. If, for
instance, n = 6 and & = 0.05, then from Table 1V, ¢ = 2.571.

The preceding example should make the following generalization
easier to read: Let X,, X,,..., X, denote n mutually stochastically
independent random variables having, respectively, the probability
density functions f(z;; 6,, 0,,...,0,), ¢ =1,2,...,n. The set ihat
consists of all parameter points (8,, 8,, . .., 8,) is denoted by Q, which
we have called the parameter space. Let w be a subset of the parameter
space Q. We wish to test the (simple or composite) hypothesis
Hy: (0,, 8,, ..., 8,) € » against all alternative hypotheses. Define the
likelihood functions

L(w) = ‘I:Il fi(zy; 04, 0, .. ., On), (6,, 0, ...,0,)cw,
and

LQ) = [T [ 05 02, 6n), (01, 62, 0 € Q2

Let L(c) and L({}) be the maxima, which we assume to exist, of these
two likelihood functions. The ratio of L(&) to L(£2) is called the likeli-
hood ratio and is denoted by

L(s)

L(Q)
Let ), be a positive proper fraction. The likelihood ratio test principle

states that the hypothesis Hy: (8;, 65, .. ., 0,) € w is rejected if and
only if

B

|

Ay, Zg, ..o, Ty) = A =

[&}

Azy, Zg, ..., Z,) = A < A,

The function A defines a random variable A(X,, X,, ..., X,), and the
significance level of the test is given by

@ = PrAX;, X ..., X,) < Ao Hol

The likelihood ratio test principle is an intuitive one. However, the
principle does lead to the same test, when testing a simple hypothesis
H, against an alternative simple hypothesis H,, as that given by the
Neyman-Pearson theorem (Exercise 10.3). Thus it might be expected
that a test based on this principle has some desirable properties.

An example of the preceding generalization will be given.
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Example 2. Let the stochastically independent random variables X and
Y have distributions that are n(#,, 8;) and #n(8,, 8;), where the means 8,
and 6, and common variance #; are unknown. Then Q = {(6,, 8,, 65);
—©0 < 0, <0, -0 < l; <0, 0< ; <o} Let X,, X, ..., X, and
Y,, Y, ..., Y, denoteindependent random samples from these distributions.
The hypothesis Hy: 8, = 6,, unspecified, and 8; unspecified, is to be tested
against all alternatives. Then w = {(6,, 8;, 0;); —0 < 8, = 6, < o,
0<6; <o} Here X,,X,,....X,, Y, Y, ...,Y, are n+m>2
mutually stochastically independent random variables having the likelihood
functions

1 \@emi 3 (@ = 87 + 3 (v~ 6)7]
Lw) = (2#93) exp | — TR
and
1 \(+mi3 ;(zt - 0,)% + ;(3/( - 02)2-
LQ) = (m) exp | - 5
If
oIn L(w) 2In L(w)
20, and 20,

are equated to zero, then (Exercise 10.4)
21:(31 - 6, + Zl(yl_ 6,) =0,
(1)
1 n n
~em o+ g[S - 00+ 3w - 0] -
1 1

The solutions for 6, and 8, are, respectively,

2T+ 2
=1 1

n+m

%

and

S -+ 3y - wp?
w = n T+ m ’

and # and w maximize L(w). The maximum is

. e~ 1\(n+mj2
L(@) = (m)

In like manner, if
d1In L(Q) 2ln L(Q) 2ln L(Q)

’ ’

20, a0, a0,




302 Other Statistical Tests

are equated to zero, then (Exercise 10.5)

(z¢ — 6,) =0,

(2) (y — 63) = 0,

M2 et e

—(n +m) + m-mv+§w~wm]=u

>l
e

The solutions for 6,, 8,, and 6, are, respectively,

e
U, = T’
m
;yt
Hq = —’-”—-,
n n a2
2 (2 — ) + 2 (Y — )
wl — 1 1 ,

n+m

and u,, #4,, and w' maximize L(€2). The maximum is

L) = (‘"l )mm,

2mw’

so that

~—~

L(d‘, (w')(n+m)/2

ATy, oo Ty Y1y s Yom) ‘zA:L(Q) -

The random variable defined by A%®+m jg

S - X4 Sy, - P

[Ch. 10

i{m — (X + mY)/(n + m)]}* + ?:{Y. — [(nX + mY)|(n + m)J}’.

Now

n X __nX + m?‘zz
2 (% -5

n+m

_ 2
(X, = X2 + i

and

3
i ¥ (X_nX+mY)2

- nX + mf)] 2
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But

”(X_nf+m7)’ min (X — Py

n+m T+ mp
and

m(? _nX + mY)2 _ _n'm (X - 7.

n+ m

Hence the random variable defined by A%"+™ may be written

S - Xp 43 (v, - Py

S (X~ XP + 5(Yi - D2 + [nmf(n + m))(X - T
1
[wm](w + m))(X = T)°
S -Xp+ (v, - ¥

1+

If the hypothesis Hy: 8, = 0, is true, the random variable

J m_x_y
T = n+m
A/i(x.—f)wi(y‘— 7
n+m—2 ’

has, in accordance with p. 200, a ¢ distribution with #n + m — 2 degrees of
treedom. Thus, the randomn variable defined by A%¢+m jg
n+m— 2
m+m—2) + T2

The test of H, against all alternatives may then be based on a ¢ distribution
with n + m — 2 degrees of freedom.

The likelihood ratio principle calls for the rejection of H, if and only if
A < Ay < 1. Thus, the significance level of the test is

a=PrMX,,...,X,, Yy, ..., Y,) < Ay Hyl.
However, A(X,,..., X,, Y,,..., Y,) < A, is equivalent to |T| > ¢, and so
a = Pr(|T| = ¢; Hy).
For given values of #n and m, the number ¢ is determined from Table IV in
the Appendix (with # + m — 2 degrees of freedom) in such a manner as to
yield a desired o. Then H, is rejected at a significance level a if and only if

|t| = ¢, where ¢ is the experimental value of T. If, for instance, n = 10,
m = 6, and a = 0.05, then ¢ = 2.145.

In each of the two examples of this section, it was found that
the likelihood ratio test could be based on a statistic which, when the
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hypothesis H, is true, has a ¢ distribution. To help us compute the
powers of these tests at parameter points other than those described by
the hypothesis H,, we turn to the following definition.

Definition 1. Let the random variable W be #n(é, 1); let the random
variable V be x*(r), and let W and V be stochastically independent.

The quotient
. w
7 = —
VVir
is said to have a noncentral ¢ distribution with r degrees of freedom and
noncentrality parameter 8. If 8§ = 0, we say that 7 has a central ¢

distribution.
In the light of this definition, let us reexamine the statistics of the

examples of this section. In Example 1 we had

Xy, o) Xp) = —= VX
J3 X - X -
VnX/o

J3 X Rpfon - 1)

Here W, = VaX/o is n(vVnbyfo, 1), Vi = 5 (X, — X)2[o?is x2(n — 1),

and W, and V, are stochastically independent. Thus, if 6, # 0, we see,
in accerdance with the definition, that #(X,, ..., X,) has a noncentral
¢ distribution with n — 1 degrees of freedom and noncentrality param-

eter 8, = V/n0,/o. In Example 2 we had
T = _______W_z._______’
VV,m + m = 2)

where

W, = J _(X - Y)o

n+ m
and

V=[S - X2+ Zvi- T

Here W, is n[Vam/[(n + m)(8, — 0,)/0, 1], Vg is x*(n + m — 2), and
W, and V, are stochastically independent. Accordingly, if 8, # 0, T
has a noncentral ¢ distribution with #» + m — 2 degrees of freedom and

noncentrality parameter 8, = Vnm/(n + m)(6, — 6;)/o. It is interest-
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ing to note that §, = Vn8,/c measures the deviation of 8, from
6, = 0in units of the standard deviation ¢/%/% of X. The noncentrality
parameter 8, = Vam/(n + m)(6, — 8;)/o is equal to the deviation of
0, — 6, from 6, — 6, = 0 in units of the standard deviation
oV(n + m)nmof X — V.

There are various tables of the noncentral ¢ distribution, but they are
much too cumbersome to be included in this book. However, with the
aid of such tables, we can determine the power functions of these tests
as functions of the noncentrality parameters.

In Example 2, in testing the equality of the means of two inde-
pendent normal distributions, it was assumed that the unknown vari-
ances of the distributions were equal. Let us now consider the problem
of testing the equality of these two unknown variances.

Example 3. We arc given the stochastically independent random
samples X,,..., X, and Y,,..., Y, from the independent distributions
which are #n(8,, 85) and #(0,, 8,), respectively. We have

Q = {(0,, 6,, 05,0,); —0 < 8,0, < 0,0 < 6, 0, < o0}.

The hypothesis Hy: 8; = 8,, unspecified, with 6, and 6, also unspecified, is
to be tested against all alternatives. Then ’

w = {(6,, 0,, 05, 8,); —0 < 0,,0, < 0,0 < 8; = 8, < ©}.

It is easy to show (see Exercise 10.10) that the statistic defined by A =
L(&)/L(f) is a function of the statistic

X - X - )

BT

If 83 = 0,, this statistic F has an F distribution with # — 1 and m — 1
degrees of freedom. The hypothesis that (8,, 6,, 05, 6,) € w is rejected if the
computed F < ¢, or if the computed F > ¢,. The constants ¢, and ¢, are
usually selected so that, if 8; = 6,,

Pr(F<e)=Pr(F2c¢,) = %&
where «, is the desired significance level of this test.

Recall that in Example 2 a statistic, which was denoted by T, was
used to test the hypothesis that 8, = 8,, provided the unknown
variances 6, and 0, were equal. The hypothesis that 8, = 0, is rejected
if the computed |T| > ¢, where the constant ¢ is selected so that
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ay = Pr(|T| = ¢; 8, = 0,, 03 = 6,) is the assigned significance level of
the test. We will show that, if 8; = 6,, F and T are stochastically
independent. Among other things, this means that if these two tests
arc performed sequentially, with respective significance levels «; and
a,, the probability of accepting both these hypotheses, when they are
true, is (1 — «,)(1 — «3). Thus the significance level of this joint test is
a=1—(1 - a)(l = ay).

The stochastic independence of F and T, when 8; = 6,, can be
established by an appeal to sufficiency and completencss. The three

statistics X, ¥, and %‘(X, - X)? + E(Y, — Y)? are joint complete
1

sufficient statistics for the three parameters 6,, 6, and 0, = 0,.
Obviously, the distribution of F does not depend upon 8,, 8,, and
0, = 6, and hence F is stochastically independent of the three joint
complete sufficient statistics. However, T is a function of these three
joint complete sufficient statistics alone, and, accordingly, T is
stochastically independent of F. It is important to note that these two
statistics are stochastically independent whether 8, = 6, or 8, # 0,,
that is, whether T is or is not central. This permits us to calculate
probabilities other than the significance level of the test. For example,
if 0, = 6, and 6, # 0,, then

Prc, < F <y |T|2¢) =Pr(c, < F <) Pr(|T| = ¢).

The second factor in the right-hand member is evaluated by using the
probabilities for a noncentral ¢ distribution. Of course, if 8; = 6, and
the difference 6, — 68, is large, we would want the preceding probability
to be close to one because the event {¢c;, < F < ¢,, |T| = ¢} leads to a
correct decision, namely, accept ; = 0, and reject 8, = 6,.

EXERCISES

10.1. In Example 1, let n = 10, and let the experimental values of the
10

random variables yield Z = 0.6 and 3 (2; — Z)2 = 3.6. If the test derived
1

in that example is used, do we accept or reject H,: 6, = 0 at the 5 per cent
significance level ?

10.2. In Example 2, let n =m =8, £ = 75.2, j = 78.6, > (x, — %)? =

~Me

)
71.2, 3 (y, — ¥)* = 54.8. If we use the test derived in that example, do we
1

accept or reject Hy: 6, = 0, at the 5 per cent significance level ?



Sec. 10.1] Likelihoed Ratio Tests 307

10.3. Show that the likelihood ratio principle leads to the same test, when
testing a simple hypothesis H, against an alternative simple hypothesis H,,
as that given by the Neyman-Pearson theorem. Note that there are only
two points in Q.

10.4. Verify Equations (1) of Example 2 of this section.
10.5. Verify Equations (2) of Example 2 of this section.

10.6. Let X,, X,,..., X, be a random sample from the normal distribu-
tion n(8, 1). Show that the likelihood ratio principle for testing Hy: 6 = ¢,
where 6’ is specified, against H,: 0 # @ leads to the inequality | — 6’| > c.
Is this a uniformly most powerful test of H, against H,?

10.7. Let X,, X,, ..., X, be a random sample from the normal distribu-
tion n(8,, 6;). Show that the likelihood ratio principle for testing Hgy: 0, = 95
specified, and 6, unspecified, against H,: 8, > 0,, 8, unspecified, leads to the

inequality i (xy —7)? 2 c. Here Q = {(8,, 0,;); —0 < 8, < 00, 0; < 0, < 20}
1

108. Let Y,, Y, ..., Y, be the order statistics of a random sample

of size n from a distribution which has the pdf. f(x; 6,, 8,) =

(1/85) exp[—(z — 0,)/0;], 0, < x < oo, zero elsewhere. Show that the

likelihood ratio principle for testing Hg: 8; = 6,, where 0; is a specified
positive number and where 6, is an unspecified real number, against

H,: 0, < 0,, 0, unspecified, leads to the inequality i(y‘ ~ ¥,) < ¢. Here
1

Q = {(8,, 0,); —0 < 0, < 0,0 < 8, < 8). If 68, =0, show that

2% (Y, - Y,)j031s x?(2n — 2). Hint. See Exercise 7.47.

M=

10.9. Use the background of the previous exercise and show that the
likelihood ratio principle for testing Hy: 8, = 67, where 8 is a specified real
number and where 0, is an unspecified positive number, against H,: 8, > 6;,

8, unspecified, leads to the inequality [n(y, - Oﬁ)li (¥ — y,)] > c. Here
1

Q= {(0,,0,);0, <0, <0,0<80; <o} If 6 = 0;, show that the
statistic defined by the left-hand member of the inequality has an F
distribution with 2 and 2»n — 2 degrees of freedom.

10.10. Let X,,..., X, and Y,,..., Y, be random samples from the
independent distributions n(6,, 6,) and »n(8,, 6,), respectively. (a) Show that
the likelihood ratio for testing Hy: 0, = 8, 8; = 0, against all alternatives
is given by
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where u = (nZ + my)/(n + m). (b) Show that the likelihood ratio test for
testing Hy: 85 = 6,, 8, and 6, unspecified, against H,: 8; # 8,, 6, and 6,
unspecified, can be based on the random variable

. S = Xyyn — 1)

S (v = ¥pyem - )

10.2 Chi-Square Tests

In this section we introduce some tests of statistical hypotheses
that are called chi-square tests. A test of this sort was originally proposed
by Karl Pearson in 1900, and it provided one of the carlier methods of
statistical inference.

Let the random variable X, be n(u, o), i = 1,2,..., n, and let
Xy, X, ..., X, be mutually stochastically independent. Thus the joint
p.d.f. of these variables is

1 Ty — Wy .
e[S () e

The random variable which is defined by the exponent (apart from the
coefficient —1) is )_n:(X, — p,)%/o?, and this random variable is x%(n).
1

In Chapter 12 we shall generalize this joint normal distribution of
probability to » random variables that are stochastically dependent,
and we shall call the distribution a multivariate normal distribution.
It will then be shown that a certain exponent in the joint p.d.f. (apart
from a coefficient of —4) defines a random variable which is x2(»n). This
fact is the mathematical basis of the chi-square tests.

Let us now discuss some random variables that have approximate
chi-square distributions. Let X, be b(n, p,). Since the random variable
Y = (X, — np,)/Vnp,(1 — p,) has, as n — oo, a limiting distribution
which is #(0, 1), we would strongly suspect that the limiting distribution
of Z = Y?is y%(1). This is, in fact, the case, as will now be shown. If
G,(y) represents the distribution function of Y, we know that

lim G,(y) = N(y), ~00 < Y < 0,
n— o
where N(y) is the distribution function of a distribution which is

n(0, 1). Let H,(2) represent, for each positive integer n, the distribution
function of Z = Y2 Thus, if z > 0,

Hy(2) =Pr(Z <2 =Pr(-vVz< Y <7
Gn(‘/;) - G”[(—‘\/E) -

I
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Accordingly, since N(y) is everywhere continuous,
lim Hy(z) = N(VZ) = N(=V3)
=2 J‘oﬁ \/1.2.; e V2 dy.
If we change the variable of integration in this last integral by writing
w? = v, then

|
3 — 1/2-1 ,-v/2
fm 1) = |, et e
provided z > 0. If z < 0, then lim H,(z) = 0. Thus lim H,(2) is'equal
n-—+ o n-+

to the distribution function of a random variable which is x*(1). This is
the desired result.

Let us now return to the random variable X, which is b(n, p,). Let
X, =n — X, and let p, = 1 — p,. If we denote Y? by Q, instead of
Z, we see that @, may be written as

0, = (X, — np,)? _ (X, — np,)? + (X, — np,)?
! np (1 — p1) np, n(l — 2,)
- (X, — np,)? + (Xz - ”?2)2,
np, npq

because (X, — np,)% = (n — X, — n + npy)? = (X3 — np,y)% Since
Q, has a limiting chi-square distribution with one degree of freedom,
we say, when # is a positive integer, that Q, has an approximate chi-
square distribution with one degree of freedom. This result can be
generalized as follows:

Let X,, X,,..., X, _, have a multinomial distribution with param-
eters n, Py, ..., px-1, as in Section 3.1. As a convenience, let X, =
n— (X, + -+ Xe_;) and let p, =1 — (p; +-- -+ px_1). Define
Qx-1 by .

k
Or_1 = z (X, nP”Pt) )
i=1 i
It is proved in a more advanced course that, as # — 0, Q,_, has a
limiting distribution which is (k& — 1). If we accept this fact, we can
say that Q,_, has an approximate chi-square distribution with & — 1
degrees of freedom when # is a positive integer. Some writers caution
the user of this approximation to be certain that » is large enough so
that each np, 1 = 1,2,..., &, is at least equal to five. In any case, it
is important to realize that Q, _, does not have a chi-square distribution,
but only an approximate chi-square distribution.
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The random variable @, ., may serve as the basis of the tests of
certain statistical hypotheses which we now discuss. Let the sample
space & of a random experiment be the union of a finite number % of
mutually disjoint sets A,, 4,, ..., A,. Furthermore, let P(4,) = p,,
t1=1,2,...,k where p =1~ p, —---— p,._,, so that p, is the
probability that the outcome of the random experiment is an element
of the set A;. The random experiment is to be repeated » independent
times and X, will represent the number of times the outcome is an
element of the set A,. That is, X, X,,..., X, =n - X, —.-. =
X, -, are the frequencies with which the outcome is, respectively, an
element of A,, A,, ..., A,. Then the joint p.d.f. of X,, X,, ..., X, _,is
the multinomial p.d.f. with the parameters n, py, ..., P ;. Consider
the simple hypothesis (concerning this multinomial p.d.f.) Hy: p, = py,,
P2 = P20 Pk-1 = Pr-r.00 (P = b0 =1 = P10 =+~ Pr-1.0).
where Pyq, ..., Px_1.0 are specified numbers. It is desired to test H,
against all alternatives.

If the hypothesis H, is true, the random variable

N JGEEY

1 "Pio

has an approximate chi-square distribution with & — 1 degrees of free-
dom. Since, when H is true, np,, is the expected value of X, one would
feel intuitively that experimental values of (), _, should not be too large
if Hy is true. With this in mind, we may use Table II of the Appendix,
with & — 1 degrees of freedom, and find ¢ so that Pr (Qx_, 2 ¢) = ¢,
where a is the desired significance level of the test. If, then, the hy-
pothesis H, is rejected when the observed value of @, _, is at least as
great as c, the test of H, will have a significance level that is approxi-
mately equal to a.
Some illustrative examples follow.

Example 1. One of the first six positive integers is to be chosen by a
random experiment (perhaps by the cast of a die). Let 4, = {x;x = 1},
i =1,2,...,6. The hypothesis Ho: P(d)) = po =, 1 =1,2,...,6, will
be tested, at the approximate 5 per cent significance level, against all
alternatives. To make the test, the random experiment will be repeated, under
the same conditions, 60 independent times. In this example & = 6 and
npo = 60(3) = 10,7 = 1,2,..., 6. Let X, denote the frequency with which
the random experiment terminates with the outcomein A,,1 =1,2,...,6,

andlet Qs = S (X, — 10)3/10. If Ho is true, Table II, with # — 1 = 6 — 1 =
1
5 degrees of freedom, shows that we have Pr(Qs 2 11.1) = 0.05. Now
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suppose the experimental frequencies of A,, 4;,..., A¢ are, respectively,
13, 19, 11, 8, 5, and 4. The observed value of Qj is

(13 - 102 (19— 102 (11 — 10)2
ot t 70
8—102  (5—10?7 (4 — 10)3
L T/ R S T R T '

= 15.6.

Since 15.6 > 11.1, the hypothesis P(4)) = %, ¢+ = 1,2,..., 6, is rejected at
the (approximate) 5 per cent significance level.

Example 2. A point is to be sclected from the unit interval
{v;0 <z < 1} by a random process. Let A; = {#;0 <z < }}, 4, =
{x;d<a<i), A;3={x;4 <z< 3}, and 4, ={z; 3 <z < 1}. Let the
probabilities p,. ¢ = 1, 2, 3, 4, assigned to these sets under the hypothesis
be determined by the p.df. 2z, 0 < x < 1, zero elsewhere. Then these
probabilities are, respectively,

1/4 1

5
P10 = . 22 dx = 16’ P20 = 16’ Pse = 1%’ and  pyo =

al~

Thus the hypothesis to be tested is that p,, p,, ps,and py = 1 — p, — po — ps
have the preceding values in a multinomial distributicn with & = 4. This
hypothesis is to be tested at an approximate 0.025 significance level by
repeating the random experiment » = 80 independent {imes under the same
conditions. Here the np,, ¢+ = 1, 2, 3, 4, are, respectively, 5, 15, 25, and 35.

Suppose the observed frequencies of 4,, A4, 44, and 4, to be 6, 18, 26, and
4
36, respectively. Then the observed value of @3 = Y (X; — np,0)?/(npy0) is

>
(6— 52 , (18153 (20 — 25 (36 — 35)? 64
s T S ST S T Sl T

= 1.83,

approximately. From Table II, with 4 — 1 = 3 degrees of freedom, the value
corresponding to a 0.025 significance level is ¢ = 9.35. Since the observed
value of @, is less than 9.35, the hypothesis is accepted at the (approximate;)
0.025 level of significance.

Thus far we have used the chi-square test when the hypothesis H,
is a simple hypothesis. More often we encounter hypotheses H, in which
the multinomial probabilities p,, p,, . . ., p, are not completely specified
by the hypothesis H, That is, under H,, these probabilities are
functions of unknown parameters. For illustration, suppose a certain
random variable Y can take on any real value. Let us partition the
space {y; —o0 < y < oo} into k& mutually disjoint sets A,, Ag, ..., Ay
so that the events 4,, 4,, ..., 4, are mutually exclusive and exhaustive.
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Let H, be the hypothesis that Y is n(u, ¢?) with u and o2 unspecified.
Then each

1 2 .
= —_— eX - - 202d, 1=l,2,...,k,
b " Vs Pl—(y — W2 dy
is a function of the unknown parameters g and ¢2. Suppose we take a
random sample Y,,..., Y, of size n from this distribution. If we let
X, denote the frequency of A, ¢t = 1,2,..., k, so that X; + -+ X,
= n, the random variable

& (X — np)?
Qk—l - Z ”Pg
cannot be computed once X,, ..., X, have been observed, since each

#., and hence Q, _,, is a function of the unknown parameters u and o2.

There is a way out of our trouble, however. We can accept, without
proof at this time, the following fact. We are entitled to use the
observed values of the items of the random sample Y,, Y,,..., Y, to
obtain point estimates of u and o2 These point estimates of u and o?
enable us to compute numerically the estimates of each p,. Accordingly,
if these values are used, @, _, can be computed once Y,, Y,,..., Y,
and hence X,, X,, ..., X,, are observed. However, a very important
aspect of the fact which we accept without proof is that now Q, _, is
approximately x2(¢ — 3). That is, the number of degrees of freedom of
the limiting chi-square distribution of Q, _, is reduced by one for each
parameter estimated by the experimental data. This statement applies
not only to the problem at hand but also to more general situations.
Two examples will now be given. The first of these examples will deal
with the test of the hypothesis that two multinomial distributions are
the same.

Example 3. Let us consider two independent multinomial distributions
with parameters n,, p,, pa;, ..., P, 7 = 1, 2, respectively. Let X, ¢ =
1,2,...,k 7 = 1,2, represent the corresponding frequencies. If #, and =,
are large, the random variable

L& (Xy — nyp)?
121 Z npy

is the sum of two stochastically independent random variables, each of
which we treat as though it were x2(k — 1); that is, the random variable is
approximately y?[2k — 2]. Consider the hypothesis

Ho: pry = P12, Par = Pazs - -, Pra = Puas
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where each p; = p,5, + = 1,2,..., &, is unspecified. Thus we need point
estimates of these parameters. The maximum likelihood statistic for

u = Pz is (X + Xig)/(ny, + ny), 4 =1,2,..., k. Note that we need only
k — 1 point estimates because we have a pomt estimate of p,, = p,, once
we have point estimates of the first 2 — 1 probabilities. In accordance with
the fact which has been stated, the random variable

5 & {Xy — n,[(Xiy + Xig)[(ny + n))}?
2 Z (X + Xio)/(n, + ny))

has an approximate y? distribution with 2k — 2 — (K — 1) = & — 1 degrees
of freedom. Thus we are able to test the hypothesis that two multinomial
distributions are the same; this hypothesis is rejected when the computed
value of this random variable is at least as great as an appropriate number
from Table II of the Appendix, with 2 — 1 degrees of freedom.

The second example deals with the subject of contingency tables.

Example 4. Let the result of a random experiment be classified by two
attributes (such as the color of the hair and the color of the eyes). That is,
one attribute of the outcome is one and only one of certain mutually exclusive
and exhaustive events, say A,, 4,,..., 4,; and the other attribute of the
outcome is also one and only one of certain mutually exclusive and exhaustive
events, say B,, By, ..., B,. Let p, = P(A,NB), i=12,...,a;, j=
1,2,...,b. The random experiment is to be repeated » independent times
and X, will denote the frequency of the event 4, N B,. Since there are
k = ab such events as A; N B,, the random variable

b a 1\ -
Qupr = z Z i np:/’n

§=1 =

has an approximate chi-square distribution with ab — 1 degrees of freedom,
provided x is large. Suppose that we wish to test the independence of the
A attribute and the B attribute; that is, we wish to test the hypothesis
Hy P(A,nB)) = P(A)P(B,), 1=1,2,...,a;, j=1,2,...,b. Let us
denote P(4,) by p; and P(B,) by p.,; thus

p = i by b, = i y 28
=1 i=1

and

L

i
i Mo
:Mo

>
Mo

= f P
=1

Then the hypothesis can be formulated as Hy: p,, = pi.p,, ¢t = 1,2,...,a
j=12,..., b To test H,, we can use Q,,_, with p,, replaced by p, p .
But if p., 1 =1,2,...,a4,and p,, 7= 1,2,...,b, are unknown, as they
frequently are in the applications, we cannot compute Q,,., once the
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frequencies are observed. In such a case we estimate these unknown
parameters by

X )
ﬁ,,=—"-'-'. where X, = ZX.,, i=1,2...,4a,
i=1
and

X, 2 .
., = —2, where X, = X, =12,...,b
b, n ’] Zl 1 J
Since 3 p,. = 2 p, =1, we have estimated only ¢ — 1 +b—-1=4a +
] 7
b — 2 parameters. So if these estimates are used in Qg _y, With py, = p.p.,,
then, according to the rule which has been stated in this section, the random

variable
> o [Xy — (X [n) (X, [n))2
j=1 =1 n(Xo/n) (X [n)

has an approximate chi-square distribution with @b — 1 ~ (@ + b — 2) ==
{a — 1)(b — 1) degrees of freedom, provided H, is true. The hypothesis H,
is then rejected if the computed value of this statistic exceeds the constant c,
where ¢ is selected from Table 11 so that the test has the desired significance
level «.

In each of the four examples of this section, we have indicated that
the statistic used to test the hypothesis H, has an approximate chi-
square distribution provided = is sufficiently large and H, is true. To
compute the power of any of these tests for values of the parameters
not described by H,, we need the distribution of the statistic when H,
is not true. In each of these cases, the statistic has an approximate
distribution which is called a noncentral chi-square distribution. The
noancentral chi-square distribution will be discussed in Section 10.5.

EXERCISES

10.11. A number is to be selected from the interval {#; 0 < z < 2} by a
random process. Let A, ={z; (¢t — 1)/2 < 2 <42}, + =1,2,3, and let
A, = {x; 3 < r < 2}. A certain hypothesis assigns probabilities p, to these
sets in accordance with p,, = L' (4)(2 — z) dz,1 = 1, 2, 3, 4. This hypothesis
(concerning the multinomial p.d.f. with 2 = 4) is to be tested, at the 5 per
cent level of significance, by a chi-square test. If the observed frequencies
of the sets 4,, ¢+ = 1, 2, 3, 4, are, respectively, 30, 30, 10, 10, would H, be
accepted at the (approximate) 5 per cent level of significance ?

10.12. Let the following sets be dcfined. 4, = {z; —0 < z < 0},
A ={xr;s -2<2<i—1}, i=2,...,7 and dg={x,;6 <z < 0}. A
certain hypothesis assigns probabilities Dio to these sets 4, in accordance with

1 - 3)’] .
= | — d =12,...,7,8
Puo A 2V2n ex? [ 2(4) “ ’ 78
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This hypothesis (concerning the multinomial p.d.f. with 2 = 8) is to be tested,
at the 5 per cent level of significance, by a chi-square test. If the observed
frequencies of the sets 4,5 = 1, 2,..., 8, are, respectively, 60, 96, 140, 210,
172, 160, 88, and 74, would H, be accepted at the (approximate) 5 per cent
level of significance?

10.13. Consider the problem from genetics of crossing two types of peas.
The Mendelian theory states that the probabilities of the classifications
(a) round and yellow, (b) wrinkled and yellow, (c) round and green, and
(d) wrinkled and green are %, %, %, and i, respectively. If, from 160
independent observations, the observed frequencies of these respective
classifications are 86, 35, 26, and 13, are these data consistent with the
Mendelian theory? That is, test, with « = 0.01, the hypothesis that the
respective probabilities are %, -%, 7%, and %.

10.14. Two different teaching procedures were used on two different
groups of students. Each group contained 100 students of about the same
ability. At the end of the term, an evaluating team assigned a letter grade to
each student. The results were tabulated as follows.

Grade A B C D F Total
Group | 15 25 32 17. I 100
Group |l 9 18 29 28 16 100

If we consider these data to be observations from two independent multi-
nomial distributions with 2 = 5, test, at the 5 per cent significance level, the
hypothesis that the two distributions are the same (and hence the two
teaching procedures are equally effective).

10.15. Families were selected at random from a certain population in
which the parents had been mairied for at least 10 years but less than
15 years. The data were tabled by two attributes in the following manner.

Number of Children
Family Income Cr—

in Dollars 0 | 2 More Than 2
Under 6000 I 24 49 44
6000-12,000 9 28 39 3l
Over 12,000 6 15 16 15

Test, at the 0.01 significance level, the hypothesis that the attributes—
family income and number of children---are independent in this population.

10.16. A certain genetic model suggests that the probabilities of a
particular trinomial distribution are, respectively, p, = p3, pa = 2p(1 — p),
and py = (1 — p)3, where 0 < p < 1. If X, X;, X, represent the respective
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frequencies in n independent trials, explain how we could check on the
adequacy of the genetic model.

10.3 The Distributions of Certain Quadratic Forms

A homogeneous polynomial of degree two in # variables is called a
guadratic form in those variables. If both the variables and the co-
efficients are real, the form is called a real quadratic form. Only real
quadratic forms will be considered in this book. To illustrate, the form
X? + X,X, + X3 is a quadratic form in the two variables X, and X,;
the form X2 + X2 + X2 - 2X,X, is a quadratic form in the three
variables X,, X, and X,; but the form (X, — 1) + (X, — 2)% =
X2 + X3 - 2X, — 4X, + 5 is not a quadratic form in X, and X,,
although it is a quadratic form in the variables X, — 1 and X, - 2.

Let X and S? denote, respectively, the mean and the variance of a
random sample X,, X,, ..., X, from an arbitrary distribution. Thus
S (X, - X2 = i[X‘ D O Xn)]”

1

1 n

i

nS?

n -1

- (X3 + X3 +---+ X3

2
—;-'(X,X2+---+X1X,,+---+ Xa-1X,)

is a quadratic form in the » variables X,, X,, ..., X,. If the sample
arises from a distribution which is n(u, 0®), we know that the random
variable n5%/a%is y2(r — 1) regardless of the value of w. This fact proved
useful in our search for a confidence interval for o> when g is unknown.

It has been seen that tests of certain statistical hypotheses require a
statistic which is a quadratic form. For instance, Example 2, p. 281,

n
made use of the statistic > X2, which is a quadratic form in the
1

variables X, X,, ..., X,. Later in this chapter, tests of other statistical
hypotheses will be investigated, and it will be seen that functions of
statistics that are quadratic forms will be needed to carry out the tests
i an expeditious manner. But first we shall make a study of the
distributions of certain quadratic forms in normal and stochastically
independent random variables.

The following theorem will be proved in Chapter 12.

Theorem 1. Let Q = Q, + Qz + -+ + Qc-y + Qx, where Q, Oy,
. esQp are k + 1 random variables that are real quadratic forms in n
mutually stochastically independent random variables which are normally
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distributed with the means u,, py, . .., p, and the same variance o®. Let
Qlo%, Qy/d>, ..., Qx-1[0* have chi-square distributions with degrees of
Sfreedom v, 7y, ..., 7, _,, respectively. Let Q, be nonnegats. . Then:

(@) Q.. .., Qx are mutually stochastically independent, and hence
(b) Qx/o? has a chi-square distribution withy — (ry + - + 7,_}) = 7,
degrees of freedom.

Three examples illustrative of the theorem will follow. Each of these
>¥amples will deal with a distribution problem which is based on the
rgmarks made in the subsequent paragraph.

Let the random variable X have a distribution which is #(u, ¢2). Let

and b denote positive integers greater than one and let n = ab. Con-
sider a random sample of size n = ab from this normal distribution.
The items of the random sample will be denoted by the symbols

th X12’ sy X“. “eey th
Xﬂl: an: sy Xg,. ceey X2b

X"_. X‘Q, ey X“, “eny lY‘b

Xaln Xag, ey an, “ ey Xab'

In this notaticn, the first subscript indicates the row, and the second
subscript indicates the column in which the item appears. Thus, X, is
inrowiand columnj, ¢ =1,2,...,aandj = 1,2,..., 6. By assump-
tion these # = ab randoma variables are mutually stochastically
independent, and each has the same normal distribution with mean p
and variance ¢. Thus, if we wish, we may consider each row as being a
random sample of size b from the given distribution; and we may con-
sider each column as being a random sample of size a from the given
distribution. We now define @ + b + 1 statistics. They are

X+ -+ X+ + Xy +--- 4 an=|§1 ;=Z1X"

X = ab ab
S X
Xﬁ.=X‘1+JY‘2;-...+X“=’=‘b ", Z=l.2; , @,
and
ﬂ~ X
X.’=X11+X21+"'+Xal=tg'1 “' j=1,2...b

a Qa
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Thus the statistic X is the mean of the random sample of size n = ab;
the statistics X, ., X,., ..., X,. are, respectively, the means of the rows;
and the statistics X ,, X 5,..., X, are, respectively, the means of the
columns. The examples illustrative of the theorem follow.

Example 1. Consider the variance $2 of the random sample of size

n = ab. We have the algebraic identity

abS* = 3 5 (X, - X)3

f=1 =1

i Eb: (X, - X)) + (X, - X)?
=1 /=1

a ] — a b _ -
2 2 Ky - X)r+ 2 2 (& - X)?
(=1 f=1 . i=1 f=1
a b — — -,
22 2 Xy — X)X — X).
21 4=
The last term of the right-hand member of this identity may be written
a <= b - a — - =
23 [ - X % 06 - K] =2 3 (% - BOX, - 0R) =0

and the term

$ 3@ - %
fml j=

may be written
b 5 (X, - X

L

1

Thus,
a b — a — —
abS? = 3 > (Xy-— X))+ b > (X, - X)%,
fa] J=1 j=1
or, for brevity,
Q=01 +0Q,

Clearly, Q, Q,, and Q, are quadratic forms in the n = ab variables X|;. We
shall use the thecrem with 2 = 2 to show that @, and Q, are stochastically
independent. Since S? is the variance of a random sample of size n = ab
from the given normal distribution, then abS?/o? has a chi-square distiibution
with ab -- 1 degrees of freedom. Now

b =

For each fixed value of 5, Y (X,, — X,)?/b is the variance of a random
i=h

sample of size b from the given normal distribution, and, accordingly,

[ -
> (X, — Xi)?/e® has a chi-square distribution with b — 1 degrees of
=1
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freedom. Because the X, are mutually stochastically independent, Q,/o? is
the sum of a mutually stochastically independent random variables, each
having a chi-square distribution with b — 1 degrees of freedom. Hence
Q,/o? has a chi-square distribution with a(b — 1) degrees of freedom. Now

0, = b‘i (X,. — X)2 > 0. In accordance with the theorem, @, and Q, are
=1

stochastically independent, and Q,/o? has a chi-square distribution with
ab — | — a(b — 1) = a — 1 degrees of freedom.

Example 2. In abS?, replace X, — X by (X, — X.) + (X, - X) to
obtain

abS? = il 1-5:1 [(Xy ~ X-l) + (X—'f - 7,

=

or

o a - [ - =
abS? = Zl IZI (Xy—X)? ta ,Zl (X, - X)?,

s~
or, for brevity,

Q=03+ Qs
It is easy to show (Exercise 10.17) that Q4/0® has a chi-square distribution
with 5@ — 1) degrees of freedom. Since Q, = a 15:1 (X, — X)3= 0, the

theorem enables us to assert that Q, and Q, are stochastically independent
and that Q,/o? has a chi-square distribution with ab — 1 — b(a — 1) =
b — 1 degrees of freedom.

Example 3. In abS3, replace X;,, — X by (X, — X) + (X, - X) +
(X, — X,. — X, + X) to obtain (Exercise 10.18)

abs? = b‘:zl (X, — X) + a"_"zl (X, - X)3

] a — .
+ 121 "21 Xy -X. - X,+ X3,
or, for brevity,
Q =0z + Q4 + 05,

where Q, and Q, are as defined in Examples 1 and 2. I'rom Examples 1 and 2,
Q/d?, Qgla?, and Q,/o® have chi-square distributions with ab — 1, @ — 1,
and b — 1 degrees of freedom, respectively. Since @5 > 0, the theorem
asserts that Q, Q,, and Q; are mutually stochastically independent and that
Qs/o® has a chi-square distribution with ab — 1 — (@ — 1) — (6 — 1) =
(@ — 1)(b — 1) degrees of freedom.

Once these quadratic form statistics have been shown to be stochastically
independent, a multiplicity of F statistics can be defined. For instarce,

Qullo?d — 1)] _ Qb — 1)
Qallo®(a — 1)] ~ Qaf(b(a — 1))
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has an F distribution with b — 1 and b(a — 1) degrees of freedom; and
QI -~ 1] __ Q.
Qslle*(@ — 1)(6 — 1)]  Qsf(a — 1)
has an F distribution with & — 1 and (@ — 1)(b — 1) degrees of freedom. In
the subsequent sections it will be seen that some likelihood ratio tests of
certain statistical hypotheses can be based on these F statistics.

EXERCISES .
10.17. In Example 2, verify that Q = Q; + Q, and that Qg/0? has a
chi-square distribution with b(a — 1) degrees of freedom.
10.18. In Example 3, verify that Q = Q; + Q, + Qs.
10.19. Let X,, X, ..., X, be arandom sample from a normal distribution
n(u, 02). Show that
> (X, - X =D (X, - X) +
=1 =3

n—1 Fna
— X, - X,

where X = i Xn and X' = i X,/(n — 1). Hint. Replace X, — X by
i=1 {mg
(X, = X') — (X, — X')/n. Show that 3: (X, — X')3/o* has a chi-square
1=32

distribution with » — 2 degrees of freedom. Prove that the two terms in the
right-hand member are stochastically independent. What then is the
distribution of

(s - D)X, — X2,
02 ’

10.20. Let X\, i=1,...,a;7=1,...,0;k=1,...,¢, be a random
sample of size # = abc from a normal distribution n(u, o). Let X =

c b a c b
5 2 2 Xy/mand X, = 3 3 X,/(bc). Show that
1 K=1 551

k=1 =1 {=
b [ a b [3 — a -
2 2 (X=X =3 3 3 (X — X))+ 0 > (X, - X)2
ful jm]l kx]} fml f=m]l k=l i=1
b C —
Show that i 2 Y (Xyx — X..)30? has a chi-square distribution with
fm] fm]l k=1

a(bc — 1) degrees of freedom. Prove that the two terms in the right-hand
member are stochastically independent. What then is the distribution of

be ¢ix (X... — X)3/a*? Furthermore, let X, = i i X./(ac) and X, =
< k=15

i Xys/c. Show that
k=1

$ 3 5 (X - X
fm]l f=1 k=1l
=5 2 3 K- Ky 5 (K- D a3 (X, - X

te 121 121 Ky~ X = X, + X
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Show that the four terms in the right-hand member, when divided by o?,
are mutually stochastically independent chi-square variables with ab(c — 1),
a—1,6—1, and (a — 1)(b — 1) degrees of freedom, respectively.

10.4 A Test of the Equality of Several Means

Consider & mutually stochastically independent random variables
that have normal distributions with unknown means p,, p,, ..., o,
respectively, and unknown but common variaunce o2. Let X,,, X, ...,
X,; represent a random sample of size 4 from the normal distribution
with mean p, and variance 0%, j = 1,2, ..., b. It is desired to test the
composite hypothesis Hg:py = pg =---= p, = u, p unspecified,
against all possible alternative hypotheses H,. A likelihood ratio test
will be used. Here the total parameter space is

Q = {(p1, pa, - -+, Py, 0%); —0 < p; < ©,0 < 0% < 0}
and

w={("'1:f“2:'--1#b902); —00 < py =g =---
=pp, =p < 00,0 < o < o0}

The likelihood functions, denoted by L(w) and L(f) are, respectively,

o - () e[ 3 -]

and
1 ab/2
L(Q) = (m) exp [ ;Z; 2:1 @y — 1) ]
Now
b a
oln Liw) 2y 2 @ —#)
o a?
and
oln L(w b b g
;(02§ - —L Z Zx @y — %

If we equate these partial derivatives to zero, the solutions for u and o?
are, respectively, in w,

1)
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and these numbers maximize L(w). Furthermore,

oln L(Q) 'gl (1 — 1)

_—— N = ln ). » b,
Oy, o2 ] 2
and
o1n L(Q) 1 & &
0% = t 551 Z 21 @y — )
If we cquate these partial derivatives to zero, the solutions for
1, Ha, - - -5 o and @? are, respectively, in Q,
a
‘21 Ty B )
’ = =% j=12,...,b
(2)
121 ‘2 (@, — %.,)?
ab =

and these numbers maximize L(£). These maxima are, respectively,

b a =
r ab qab/2 ab z 2 (xll - x)2
L(@) = exp | —— 5+
2 2 S (2 — 22 2> 2 (xy - %P
L =1 =1 i f=1 i=1
_ r ab - ame_am
2 Z 2 (zy — z)?
[ s=114=1 -
and
b/2
L) = . aab ¢ e-ab/2.
27 j; :‘-21 (xy — 7.;)2
Finally,
b a = \a ab/2
_ L@) _ IZI 4-21 (zy — 2.)
L(Q) i i (2 — 2)?
J=1 =1

In the notation of Section 10.3, the statistics defined by the functions
# and v given by Equations (1) of this section are

=5 % X,ab and 5= 3 5 (X, - X)/ab = Qab;
=1 i=1 =]l (=]
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while the statistics defined by the functions Z.,,Z.,,...,%, and w

given by Equations (2) in this section are, respectively, X, = i X,/a,
1=1

j=1,2....b and Qyab= 3 5 (X, — X.,)%ab. Thus, in the
j=1 {=1

notation of Section 10.3, A%¢® defines the statistic Q3/Q.

We reject the hypothesis H, if A < Aq. To find A, so that we have
a desired significance level «, we must assume that the hypothesis H,
is true. 1f the hypothesis H, is true, the random variables X, con-
stitute a random sample of size n = ab from a distribution which is
normal with mean p and variance o2. This being the case, it was shown

[ T =
in Example 2, p. 319, that @ = Q; + @4, wherc @y = a > (X, - X)%
151

that Q@ and Q, are stochastically independent; and that Q3/e? and
Q,/0? have chi-square distributions with b(@ — 1) and & — 1 degrees
of freedom, respectively. Thus the statistic defined by A% may be
written

Os 1

Qs+ Qs 1T+ 040
The significance level of the test of H, is

) 1
= Pr|s——— o < Ndlab; H]
* 15 0.0, = " o

[ Q=1 ]
“[Qa/[bw—l)]—“”"}

]

where

¢ = IZ%__;TI)_ (/\;”"" _ 1)_

But

Foo QoG —1)] _ Q-1
Qaflo?b(a — 1)]  Qs/lbla — 1)]

has an F distribution with b — 1 and b(a — 1) degrees of freedom.
Hence the test of the composite hypothesis Hoip; = pg =+ =
up, = p, p unspecified, against all possible alternatives may be based
on an F statistic. The constant ¢ is so selected as to yield the desired
value of .

Remark. It should be pointed out that a test of the equality of the b
means p,, j = 1,2,..., b, does not require that we take a random sample of
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size a from each of the b normal distributions. That is, the samples may be
of different sizes, say a,, a5, ..., 4,. A consideration of this procedure is left
to Exercise 10.22.

Suppose now we wish to compute the power of the test of H,
against H, when H, is false, that is, when we do not have pu; = p, =
-+« = u, = u. It will be seen in Section 10.5 that, when H, is true, no
longer is Q,/0? a random variable which is x%(6 — 1). Thus we cannot
use an F statistic to compute the power of the test when H, is true.
This problem is discussed in Section 10.5.

An observation should be made in connection with maximizing a
likelihood function with respect to certain parameters. Sometimes it is
easier to avoid the use of the calculus. For example, L(2) of this section
can be maximized with respect to pu,, for every fixed positive o2, by
minimizing

3

z = 121 ‘gl (zy — uy)?

with respect to p;, 7 = 1,2,..., b. Now z can be written as

K4

]

121 ‘_il [y — ) + &, ~ py))?

I

) a b
2 2 (@ —Z2)+a3 @, m?
jml {m1 i=1

Since each term in the right-hand member of the preceding equation
is nonnegative, clearly z is a minimum, with respect to yx,, if we take
By = E'l'j = 1, 2,...,b.

EXERCISES

10.21. Let p,, pa, pa be, respectively, the means of three independent
normal distributions having common but unknown variance o2. In order to
test, at the 5 per cent significance level, the hypothesis Hy: p; = pg = pgq
against all possible alternative hypotheses, we take a random sample of
size 5 from each of these distributions. By using the F statistic considered in
this section, determine whether we accept or reject H, if the observed values
from the three distributions are respectively

3 2 4
0
-1
0
2

M W =
v o0 O W



Sec. 10.5] Noncentral x? and Noncentral F 325

10.22. Let X,;, X, ..., X, represent independent random samples of
sizes 4, from normal distributions with means u, and variances o2, j =
1,2,...,b. Show that

b
2
=11

% (X4 — )—()’ = lsil ‘:il (X4 — X_!)a + ;é’:n “;(X—q - X)z,

=1

- b g b _ a

or ¢'=Qi+ Qi Hee X= 5 5 X,/ % a, and X, = ‘z'lx.,/a,. If
B1 = pg == u,, show that Q’'/o? and Q3/0? have chi-square distributions.
Prove that Q3 and Q; are stochastically independent, and hence Q}fo? also
has a chi-square distribution. If the likelihood ratio A is used to test
Hy py = pg =---= pp = pu, p unspecified and o? unknown, against all
possible alternatives, show that A < Ay is equivalent to the computed
F > ¢, where
b‘ ’
(;g'x a; — b)(,)a

0 -105

What is the distribution of F when H, is true?

F =

10.5 Noncentral x2 and Noncentral F

Let X,, X,,..., X, denote mutually stochastically independent
random variables that are n(u;, 0%, 1t =1,2,...,n and let Y =
iX,’/o’. If each p, is zero, we know that Y is y2(»n). We shall now
1

investigate the distribution of Y when each g, is not zero. The moment-
generating function of Y is given by

Consider

XA _ (° 1 tz}  (z — p)?
e (F)] - [ e [ - B ] 4
The integral exists if £ < 4. To evaluate the integral, note that
t_‘fg T m)? - _z,’(l -2 27 _ ﬁ_&_’
o? 202 202 202 20%

2 — 2
tp 1 2‘(3‘ M )

THA1 =2 "2 T1T-2
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Accordingly, with ¢ < 4, we have
2
e (3]
_ 1" e[ (- )
-er [o’(l = 2t)] vnlT T o) |

If we multiply the integrand by V1 — 2¢, ¢ < 4, we have the integral
of a normal p.d.f. with mean /(1 — 2¢) and variance o%/(1 — 2t).

Thus
Xy 1 tu?
El‘”‘" (7)] SVion o ? [a’(l - Zt)]’

1
and the moment-generating function of Y = > X?/o? is given by
1

1 t%#‘?
M(t)=(—l-t—2t)—-’;”—26xp m ’ t<5.

A random variable which has a moment-generating function of the
functional form

1
M(t) = (1 — 2;)?/2 etela 21)’
where ¢ < 4, 0 < 6, and 7 is a positive integer, is said to have a non-
central chi-square distribution with » degrees of freedomand noncentrality
parameter 8. If one sets the noncentrality parameter 6 = 0, one has
M(t) = (1 — 2¢)~"'2, which is the moment-generating function of a
random variable which is x2(r). Such a random variable can appro-
priately be called a central chi-square variable. We shall use the symbol
x3(r, 8) to denote a noncentral chi-square distribution which has the
parameters 7 and 0; and we shall say that a random variable is x*(r, )
to mean that the random variable has this kind of distribution. The

symbol x3(r, 0) is equivalent to yx*(r). Thus our random variable
Y = iX?/o’ of this section is x'*’(n, i ;4?/02). If each p, is equal to
1 1

zero, then Y is y2(n, 0) or, more simply, Y is x*(n).

The noncentral chi-square variables in which we have interest are
certain quadratic forms, in normally distributed variables, divided by
a variance ¢2. In our example, it is worth noting that the noncentrality

L n
parameter of Y X?/o?, which is 3 u?/o?, may be computed by replacing
1 1

each X, in the quadratic form by its mean p,, t = 1, 2,...,n This is
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no fortuitous circumstance; any quadratic form Q@ = Q(X,,..., X,) in
normaily distributed variables, which is such that Qfo? is x*(r, ), has
8 = Q(iy1, pa, - - -» #a)/o?; and if QJo? is a chi-square variable (central
or noncentral) for certain real values of u,, pg, . .., py, it is chi-square
(central or noncentral) for all real values of these means.

It should be pointed out that Theorem 1 of this chapter (p. 316)
is valid whether the random variables are central or noncentral
chi-square variables.

We next discuss a noncentral F variable. If U and V are stochasti-
cally independent and are, respectively, x3(r,) and x?*(r5), the random
variable F has been defined by F = r,U/r,V. Now suppose, in particu-
lar, that U is x%(r,, 8), V is x3(r,), and that U and V are stochastically
independent. The random variable r,U/r,V is called a noncentral F
variable with r, and 7, degrees of freedom and with noncentrality
parameter 0. Note that the noncentrality parameter of F is precisely
the noncentrality parameter of the random variable U which is
x*(r1, 0).

Tables of noncentral chi-square and noncentral F are available in
the literature. However, like those of noncentral ¢, they are too bulky
to be put in this book. '

EXERCISES
10.23. Let Y, i =1,2,...,n, denote mutually stochastically inde-
pendent random variables that are, respectively, X2, 0),+=12...,n

Prove that Z = % Y, is x’(i . i 0‘).
1 1 1
10.24. Compute the mean and the variance of a random variable which is
x*(r, 6).
10.25. Compute the mean of a random variable which has a noncentral F

distribution with degrees of freedom r, and r; > 2 and noncentrality
parameter 6.

10.26. Show that the square of a noncentral T random variable is a
noncentral F random variable.

10.27. Let X, and X, be two stochastically independent random variables.
Let X; and Y = X, + X, be x*(r;, 8,) and x*(r, ), respectlvely Here
r, < rand 6; < 6. Show that X, is y3(r — r,, 0 — 6,).

10.6 The Analysis of Variance

The problem considered in Section 10.4 is an example of a method
of statistical inference called the analysis of variance. This method
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derives its name from the fact that the quadratic form abS2?, which is
a total sum of squares, is resolved into several component parts. In this
section other problems in the analysis of variance will be investigated.

Let X,,t=1,2,...,aandj = 1,2,...,5, denote n = ab random
variables which are mutually stochastically independent and have
normal distributions with common variance o2. The means of these

a
normal distributions are p; = p + o, + B, where Y a, =0 and
1

iﬂ, = 0. For example, takea =2, 0 =3, p =5, a; = 1, a3 = —1,
;;1 = 1,B, = 0,and B3 = —1. Then the ab = 6 random variables have
means

p =17, mz = 6, ma =5,

Ba1 =5, Baz = 4, Hag = 3.
Had we taken 8, = B, = B3 = 0, then the six random variables would
have had means

pi =6, ma = 6, Mis = 6,

Ba =4, M3z = 4, B2a = 4.
Thus, if we wish to test the composite hypothesis that

K11 = 12 = 0= B
Ha1 = Mz = 0= Koy
Ha1 = Haa = " = Haby

we could say that we are testing the composite hypothesis that g, =
By =+ = B, (and hence each B; = 0, since their sum is zero). On the
other hand, the composite hypothesis

Hi1 = P21 =0 = [y,
Pig = P2z = = Ha2s
K1y = P2o =" = Habs
is the same as the composite hypothesis that ¢; = ag =+ = a, = 0.

Remarks. The model just described, and others similar to it, are widely
used in statistical applications. Consider a situation in which it is desirable
to investigate the effects of two factors which influence an outcome. Thus the
variety of a grain and the type of fertilizer used influence the yield; or the
teacher and the size of a class may influence the score on a standard test.
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Let X,, denote the yield from the use of variety ¢+ of a grain and type j of
fertilizer. A test of the hypothesis that 8, = B; =--- = B, = 0 would then
be a test of the hypothesis that the mean yield of each variety of grain is
the same regardless of the type of fertilizer used.

3
There is no loss of generality in assuming that ;:a, = > B, = 0. To see
1 1
this, let p,, = p’ + aof + B;. Write @ = J oifa and B’ = 3 B;/b. We have
po = +3d +B)+ (i — @)+ (Bj — B') = p + o« + By, where 3 o =
2B, =0

A likelihood ratio test will be used to test the composite hypothesis
Hy: By, = By =---= B, = 0against all possible alternative hypotheses.
Here the parameter space is

[ —00 < p < 00,

‘ —oo<a,<oo,ia.=0
(2 = ﬁ(l",al:-'-:amﬁl""rﬁb'oz): ; 1
-0 < B; <0, 2B =0

1
0<o®<o )
and

( —0 < p < © )

) —oo<a,<oo,$:a‘=0
w=W(ﬂ.a;.---.aa.ﬂl.---.ﬁb.o): 1 f

Bl=ﬂ2="'=pb=0
0<o?2 < ]

The likelihood functions, denoted by L{w) and L(Q), are, respectively,
] ab/2 b
L) = () exp[-53 2 3 oy — - w7
and

L(Q) = (7—1—5)“/2 exp [‘“"1“2 i Z @y — o — o — ﬁ;)zl‘

o

Consider first the problem of maximizing L(Q). To accomplish this, we
wish, for each o2, to minimize the sum of squares

b a
z= 3 2 (xy—p—o—B)°
j=11=1
with 1espect to pu, @), ..., a5 By, ..., By. If we let
b a b a
1;1 4}“1 v = 121 v = 1;1 Fu
RET) Ty T T
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the sum of squares z can be rewritten as
3
"'121‘2 @y —Z. -Z,+2D)+ E-p)+ & -2 - «)
+ @, -7 - )

Since 3 a, = 3 B, = 0, we obtain
i=] =1
b a
1M z= ;Zx 421 @y —%. - Z, + 2)* + ab(x - p)?

a b
+ b 21(5'1-—5“'4)2'*‘“ 2 ;- -B)

) i=1
because each of the other terms sums to zero. The values of y, «,, and
B; which minimize z are, respectively, Z, Z,. — Z, and Z., — Z, because
these values make each of the last thiree nonnegative terms of Equation

(1) equal to zero. Note that these values satisfy the conditions 5_ o« =
i=1

Z B, = 0. To find the value of o which maximizes L(Q), equate the

partnal derivative

. b, 133

to zero and replace i, o4, and B, by
The solution for o? is

O’

Z, 7. — z,and Z.; — Z, respectively.

Il

e-|"" 8.[-

ey -2 - (&. - 2) - (&, — 7))°

(x“ - E'. - 5.’ + 5)2.

(] a
2 2
553
These values maximize L(2) and the maximum is

L) = (2 w)we-nm.

Now consider the problem of maximizing L(w). That is, we wish to
minimize z when 8, =---= B, = 0. Accordingly, if in Equation (1)
we set B =---= B, = 0, we see immediately that # and Z,. — Z are
the respective values of p and «; which minimize z under the conditions

that B, = ... = B, = i o = 0. [f the paitial derivative (2) is equated
i=1

to zero, when 8, = ... = B, = 0, and if » and «, are replaced, respec-
tively, by # and Z,. — 7, we see that the solution for o2 is

Yo ]
_a_zz

J=1

I\/lo

-Tu -z
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These values maximize L(w) and the maximum is
Li@) = 1 “me—om
0 (o)
Finally, the likelihood ratio A is given by
L(®) (w)nm
A = —= | — .
L(Q)

w
In the notation of Section 10.3, the statistic defined by A%2® is

5 5 (X, - X. - X, + X)?

J=1 {=1

a

i A (XU - Xl-)n

J=1 =

The denominator in the preceding ratio may be written (Exercise 10.29)
in the form

3 Xy - K- X4 K+ (X, - X)P
-3 S X, -X. -X,+%P+a 2’1 (X, - X2

Jj=1 {=1
Accordingly, in the notation of Section 10.3, the statistic defined by
A%/ad g
-1

» -
a (X., - X)3 1
=1

i .%_. (XU - X,. - XJ + X)z - 1+ (.)4/05.

=1 {w

1+

We reject the hypothesis Hy if A < Ay. To find A, so that the test
of H, has a desired significance level «, we must assume that the
hypothesis H, is true. But here, unlike the situation in Section 10.3,
when the hypothesis is true, the # = b mutually stochastically
independent normally distributed random variables X, do not have
the same means. Thus the results of Examples 1, 2, and 3 of Section
10.3 may not be valid; that is, in particular, Q, and Qs may not be
stochastically independent, and Q,/o® and Q;/e? may not have their
chi-square distributions. Fortunately, however, these fears are ground-
less, as may be seen by the following argument. With 8, =... =
B, = 0, then certainly if oy =---= a, = 0 the ab random variables
X,; have the same mean u. We know from Section 10.3 (p. 319) that
Q./0® and Q/0? are stochastically independent chi-square variables.
Thus, in accordance with the discussion in Section 10.5, {),/0? and
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Qs/o? are stochastically independent and chi-square (possibly non-
central), even though the mean of X, is p + «. We shall compute the
noncentrality parameters of @,/a? and Q5/0? when H, is true. We have
EX)=p+e, EX,)=p+a, E(X,) =p, and E(X) = p. Thus
the noncentrality parameter of Q,/o? is

a3 (u- w2
j=1 5 = 0'

o

and the noncentrality parameter of Q/o? is

b a

2 2t —p—o—ptp)?

=111 =0
3 .

J

(o)

Thus, not only are Q,/0? and Q;/o? stochastically independent but also
each, when H, is true, is a central chi-square variable.
The significance level of the test of H is

« = Pr[ L < e, Ho]

1 + Q4/Q5
= Pr [(L_—Q_:)& > ¢ HO],
where
¢ = (a - DG — 1),
But

__ Qe -1 _(@-1)0
Qs/lo*(a — 1)(b — 1)] 0s

has an F distribution with 4 — 1 and (@ — 1)(b — 1) degrees of free-
dom. Hence the test of the composite hypothesis Hy: B, = By =+ =

F

a
y = 0,or Hoipyy = p + o, g «, = 0, against the alternative composite

)
hypothesis Hy: py; = p + o + 8, i o = > B, = 0, may be based on an
1 1

F statistic. The constant c is so selected as to yield the desired value of a.

If we are to compute the power function of the test, we need the
distribution of F when H, is not true. From Section 10.5 we know,
when H, is true, that Q,/o? and Qg/o? are stochastically independent
(central or noncentral) chi-square variables. We shall compute the non-
centrality parameters of Q4/o? and Qz/0? when H, is true. We have



Sec. 10.6] The Analysis of Variance 333

E(Xy) =p+a+B,EX)=p+a EX,)=p+pand E(X) =
u. Accordingly, the noncentrality parameter of Q,/o? is

a5 w+B - alp
=1 j=1

o? o3

and that of Qg/0? is

Z Z(#+a.+ﬂ;—#—a.-#—ﬁ,+#)’
i=1 i=1 ___0.

o2

Thus, if the hypothesis H is not true, F has a noncentral F distribution
with b — 1 and (a — 1)(b — 1) degrees of freedom and noncentrality

k
parameter a > B%/o2. The desired probabilities can then be found in
i=1

tables of the noncentral F distribution.

The analysis of variance problem which has just been discussed is
usually referred to as a two-way classification with one observation per
cell. Each combination of ¢ and j determines a cell; thus there is a total
of ab cells in this model. Let us now investigate another two-way
classification problem, but in this case we take ¢ > 1 stochastically
independent observations per cell.

letX,,,,1 =1,2,...,a,7=12,...,bandk = 1,2,...,c, denote
n = abc random variables which are mutually stochastically indepen-
dent and which have normal distributions with common, but unknown,
variance o2. The mean of each X, £ = 1,2,...,¢, is p,, =p+ a +
a
B; + vi,, where Za,—O Zﬁ,-—O Zy,,—O and }_y,,-0 For
example, tdkea—Z b—3,p.—5 a,—l ag = —1, ﬁ, = 1,8, =0,

Ba= -1, yu=1 yvia=1 yi3= =2, ysu = —1, yau = -1, and
y23 = 2. Then the means are

p = 8, Mtz =17, ps =3,
kg = 4, Moz = 3, Bas = 5.

0, then

Note that, if each y

e =17, piz = 6, i3 = 5,
Moy =5, Bag = 4, Boa = 3.
That is, if y;, = 0, each of the means in the first row is two greater than

the corresponding mean in the second row. In general, if each y; = 0,
the means of row ¢, differ from the corresponding means of row 7; by a



334 Otker Statistical Tests [Ch. 10

constant. This constant may be different for different choices of ¢, and
i,. A similar statement can be made about the means of columns j,
and j,;. The parameter y,; is called the inferaction associated with cell
(5, ). That is, the interaction between the ith level of one classification
and the jth level of the other classification is y,,. One interesting
hypothesis to test is that each interaction is equal to zero. This will
now be investigated.
A likelihood ratio test will be used to test the hypothesis

Ho:‘)’“=0, i=l,2,.-.,a,j=1,2,...,b,

against all possible alternatives. In Exercise 10.34, the student is
asked to show that the statistic defined by the likelihood ratio A is, in
terms of the notation of Exercise 10.20, a function of the statistic’

¢S S (X, -X. -X, + X)Z]/[(a ~ 1) - 1))
B F=1A=tt1=l - .
(233 (X — Xyy.)%/[ab(c — 1))

That same exercise, with the statement made in Section 10.5 (p. 327)
can be used to show that this I* has an F distribution with
(@ — 1)(b — 1) and ab(c — 1) degrees of frcedom. The student should
verify that the noncentrality parameter of this F distribution is equal

) a
toc 3 > y}/o? Thus F is central when Hy:y; = 0,1 =1,2,...,4a,
f=1 (=1
7=12,...,b,is true.

EXERCISES

10.28. If, in the two-way classification with one observation per cell,
a =4 and b = 3, test at the 5 per cent significance level the hypothesis
By = B, = B3 = 0if the observed values of X, are

3 5 7
-1 2 2
0 2 5
6 6 10.

Hint. The computed value of Q5 can be determined by Q5 = Q — Q, — Q,,
once the values of terms in the right-hand member are found.

10.29. Show that

) a < ] a, - :
PAPNCIERALED A HCTED A AR TN A (U
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10.30. Let X, denote n = ab random variables, mutually stochastically
independent and having normal distributions with means p,; = u + & + 8,

a
Sa =0, ZB: = 0, and common but unknown variance o®. Consider the
1

hypothesis Ho. pwy = + By (or Hy:a; = ag =--- = a; = 0). Show that a
likelihood ratio test of H, against all possible altematives may be based,
in the notation of Section 10.3, on the F = (b — 1)(Q2/Qs) statistic having
(@ — 1) and (@ — 1)(b — 1) degrees of freedom.

10.31. Use the data of Exercise 10.28 to test at the 5 per cent significance
level the hypothesis in Exercise 10.30.

10.32. Let the random variables X, be defined as in Exercise 10.30.
Consider a likelihood ratio test of the composite hypothesis Ho: pyy = p (or
Hyo=8,=0,i=1,...,a,7=1,...,b) against Hy:py = p + o, + B,

b
i a, = Y B, = 0. Show that this test can be based on an F statistic
im1 J=1

having @ + b — 2 and (@ — 1)(b — 1) degrees of freedom.

1033. Let Xy, ¢ =1,2,...,a;7=1,2,.. Lbik=1,2,..., ¢ denote
n = abc mutually stochastically independent random variables which have
normal distributions with common unknown variance o?. Let E(X,) =

a
H+al+ﬁl+8krWheregal Zﬁ/“zsk—
(a) Show that the maximum likelihood statistics for u, &, B,, and 8, are
X, X,.- X, X, - X,and X, — X, respectively.

(b) Shew that the likelihood ratio test of Hy: 8, = S =-=68,=0
against all possible alternatives may be based on the statistic

ab 3 (X = XPle = 1)
F =

R
~NMe

S Xy — Xp. — X4 —X,‘+2X)’/(abc—-a—-b—c+2)
1

(c) Prove, uncer the alternative hypothesis, that F has a noncentral ¥
distribution with ¢ — 1 and abc — a — b — ¢ + 2 degrees of freedom, and

C
with noncentrality parameter ab 3 83/o*.
1

10.34. Show that the statistic defined by the likelihood ratio A which is
used to test Hy: y,; = 0 is a functicn of the F statistic given by Display (3).
Demonstrate that this F has an F distribution with (@ — 1)(b — 1) and
ab(c — 1) degrees of freedom. If at least one v, # 0, show that the

b a
noncentrality parameter is equal to ¢ 3 2 yf/o%
j=1 4=

10.7 A Regression Probiem

Consider a laboratory experiment the outcome of which depends
upon the temperature; that is, the technician first sets a temperature
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dial at a fixed point ¢ and subsequently observes the outcome of the
experiment for that dial setting. From past experience, the technician
knows that if he repeats the experiment with the temperature dial set
at the same point ¢, he is not likely to observe precisely the same out-
come. He then assumes that the outcome of his experiment is a random
variable X whose distribution depends not only upon certain unknown
parameters but also upon a nonrandom variable ¢ which he can choose
more or less at pleasure. Let ¢y, ¢y, . . ., ¢, denote » arbitrarily selected
values of ¢ (but not all equal) and let X, denote the outcome of the
experiment when ¢ =¢, 1 =1,2,...,n. We then have the » pairs
(X4, ¢1), ..., (X, c,) in which the X, are random variables but the
are known numbers and ¢ = 1, 2, ..., #n. Once the # experiments have
been performed (the first with ¢ = ¢,, the second with ¢ = ¢, and so on)
and the outcome of each recorded, we have the n pairs of known
numbers (z,, ¢,), - . ., (%,, ¢,). These numbers are to be used to make
statistical inferences about the unknown parameters in the distribution
of the random variable X. Certain problems of this sort are called
regression problems and we shall study a particular one in some detail.

Let ¢,, ¢3, ..., ¢, be n given numbers, not all equal, and let ¢ =
ic,/n. Let X,, X, ..., X, be n mutually stochastically independent
1

random variables with joint p.d.f.

L(x, B, 0%y, 24, . . ., 2,)
- (%’2)"” exp{_z%g[xi R T a)]z}.

Thus each X, has a normal distribution with the same variance o2, but
the means of these distributions are « + B(c; — €). Since the ¢, are not
all equal, in this regression problem the mecans of the normal distribu-
tions depend upon the choice of ¢y, ¢, . . ., ¢,. We shall investigate ways
of making statistical inferences about the parameters «, 8, and o2

It is casy to show (see Exercise 10.35) that the maximum likelihood
statistics for «, B, and o? are
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and

8 =

(X, — & — Ble, — &2

|-

.—Ma

Since & and B are linear functions of X,, X,, ..., X,, eachis normally
distributed (Theorem 1, p. 158). It is easy to show (Exercise 10.36)
that their respective means are « and B and their respective variances

are o%/n and azli (¢, — €)%
1

Consider next the algebraic identity (Exercise 10.37)

SIX -« Bl -9 = 3(E - o)+ (- Ao -0
+ (X~ & = Bl — )

@ -+ (B - B3 (o - o)

1

+ 31X~ & Bl - o,

or
ﬁtxi —a— Ble, - )2 = nid — a)? + (B ~ B)? z (6 — &% + nb?,

or, for brevity,
Q=01+ + s
Here Q, Q,, @3, and Q; are real quadratic forms in the variables

X, — a — B(c;, — @), i=1,2,...,n

In this equation, @ represents the sum of the squares of #» mutually
stochastically independent random variables that have normal dis-
tributions with means zero and variances o?. Thus Q/o? has a chi-square
listribution with n degrees of freedom. Each of the random variables

V(& - «)jo and Ji (c, — &)2(B ~ B)/o has a normal distribution
1

with zero mean and unit variance; thus, each of Q,/0? and Q,/¢? has a
chi-square distribution with one degree of freedom. Since Qg is non-
negative, we have, in accordance with the theorem of Section 10.3,
that Q,, @,, and Q; are mutually stochastically independent, so that
Qa/0? has a chi-square distribution withn — 1 — 1 = n — 2 degrees of
freedom. Then each of the random variables

(Vr(& — o))/o - 4 -«
T VGt = 2] V&t - 2)

1
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. [J3e-ae-n)e g
VOl - 2)] Jrel|o =23 e - o7

has a ¢ distribution with » — 2 degrees of freedom. These facts enable
us to obtain confidence intervals for « and B. The fact that 762/ has a
chi-square distribution with  — 2 degrees of freedom provides a means
of determining a confidence interval for o2. These are some of the
statistical inferences about the parameters to which reference was made
in the introductory remarks of this section.

and

Remark. The more discerning student should quite properly question
our constructions of 7, and 7T, immediately above. We know that the
squares of the linear forms are stochastically independent of Q; = né?, but we
do not know, at this time, that the linear forms themselves enjoy this
independence. This problem arises again in Section 10.8. In Exercise 12.15,
a more general problem is proposed of which the present case is a special
instance.

EXERCISES

10.35. Verify that the maximum likelihood statistics for «, B, and o? are
the &, ﬂ and &2 given in this section.

10.36. Show that & and B have the respective means « and § and the

n
respective variances o%/n and o2/} (¢, — ¢)3.
1

10.37. Verify that i [Xy —a— B, — ©)]2 =0Q, + Q3 + Q,, as stated
1
in the text.

10.38. Let the mutually stochastically independent random variables
X,, X, ..., X, have, respectively, the probability density functions
n(Bc, y3cd), s = 1, 2,..., n, where the given numbers c,, c,, .. ., ¢, are not
all equal and no one is zero. Find the maximum likelihood statistics for 8
and 2.

10.39. Let the mutually stochastically independent random variables
X,, ..., X, have the joint p.d.f.

La B o%zy,...,2,) = (T:-F)"Izexp{—z—:—, 2:: [y — « — Ble; — é)]ﬂ}.

where the given numbers ¢,,c,, ..., ¢, are not all equal. Let Hy: B8 = 0
(« and o2 unspecified). It is desired to use a likelihood ratio test to test H,
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against all possible alternatives. Find X and see whether the test can be
based on a familiar statistic. Hiné. In the notation of this section show that

n

S -8 =0y + P30 - an

1

10.8 A Test of Stochastic Independence

Let X and Y have a bivariate normal distribution with means u,
and u,, positive variances o? and o3, and correlation coefficient p. We
wish to test the hypothesis that X and Y are stochastically independent.
Because two jointly normally distributed random variables are sto-
chastically independent if and only if p = 0, we test the hypothesis
Hy: p = 0 against the hypothesis H,: p # 0. A likelihood ratio test
will be used. Let (X,, Y,), (X2 Y,), ..., (X, Y,) denote a random
sample of size # > 2 from the bivariate normal distribution. Although
it is fairly difficult to show, the statistic which is defined by the likelihood
ratio A is a function of the statistic

5 (X, - XY, - P)
R = (=1 . .
J3 -0 3 v - P

-1

This statistic R is called the correlation coefficient of the random sarmnple.
The likelihood ratio principle, which calls for the rejection of H, if
X < A, is equivalent to the computed value of |R| 2 c. That is, if the
absolute value of the correlation coefficient of the sample is too large,
we reject the hypothesis that the correlation coefficient of the distri-
bution is equal to zero. To determine a value of ¢ for a satisfactory
significance level, it will be necessary to obtain the distribution of R,
or a function of R, when H, is true. This will now be done.

Let X, =2, Xy =%;,...,X, =, n>2, where z,,x,,...,%,

and = = i x,/n are fixed numbers such that i (z, — %) > 0. Consider
1 1

the conditional p.d.f. of Y,, Y,, ..., Y, given that X, = z,, X3 = z,,

.., X, =z, Because Y,, Y, ..., Y, are mutually stochastically
independent and, with p = 0, are also mutually stochastically inde-
pendent of X;, X,, ..., X,, this conditional p.d.f. is given by

] 3 (9 — pa)?
SRR
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The conditional distribution of i (Y, — Y)?|o3, given X, = 2,,...,
1

X, = x,, is x*(n — 1). Moreover, the conditional distribution of the
linear function W of Y,, Y,, ..., Y,, namely,

3l - B(Y, - )]
J3 @ -2
@m—am

) ,J ﬂg (= — i)a.

is n(0, 02) (see Exercisc 10.44). Thus the conditional distribution of
W2/o2, given X; =&y, ..., Xy = &, 18 x?(1). We have the algebraic
identity (sce Exercise 10.45)

(1) W=

a)im—ﬂz
. I A R R ) ’
_wre Sy -7 - (e — 2)
1 2 (- 5')2

1

The left-hand member of this equation and the first term of the right-
hand member are, when divided by o3, respectively, conditionally
x3(n — 1) and conditionally x*(1). In accordance with Theorem 1,
the nonnegative quadratic form, say U, which is the second term of the
right-hand member of Equation (2) is conditionally stochastically
independent of W2, and, when divided by o3, is conditionally x2(n — 2).
Now W /ag is n(0, 1). Then (Remark, p. 338)

W/og _Wvim -2
VvV U]|a2(n — 2)] vU

has a conditional ¢ distribution with n — 2 degrees of freedom. Let

Se-a -7

i1y
Then we have (Exercise 10.46)

) Wvn -2 _ RVn — 2
vU v1- R2’

R, =
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this ratio has, given X; = z,,..., X, = #,, a conditional ¢ distribution
with # — 2 degrees of freedom. Note that the p.d.f., say g(f), of this
¢ distribution does not depend upon x,, z,, . . ., ,. Now the joint p.d.f.

of X,, X;,..., X, and RVn — 2[V1 — R3, where

S - XY, - T)
R 1

JEx - 23y, - Py

is the product of g(¢) and the joint p.d.f. of X, X,, ..., X,. Integration
on z,, ..., z, yields the marginal p.d.f. of RVn — 2/V1 — R%;
because g(t) does not depend upon ry, Z,, . . ., &y, it is obvious that this
marginal p.d.f. is g(f), the conditional p.d.f. of R,V n — 2/V/1 = RA.
The change of variable technique can now be used to find the p.d.f.
of R.

Remarks. Since R has, when p = 0, a conditional distribution which
does not depend upon z,, x, . . ., ¥, (and hence that conditional distribution
is, in fact, the marginal distribution of R), we have the remarkable fact that R
is stochastically independent of X,, X,...., X,. It follows that R is
stochastically independent of every function of X, X3, ..., X, alone; that is,
afu tion that does not depend upon any Y,. In like manner, R is stochastic-
ally independent of every function of Y,, Y, ..., Y, alone. Moreover, a
careful review of the argument reveals that nowhere did we use the fact that
X has a marginal distribution which is normal. Thus if X and Y are
stochastically independent, and if ¥ has a normal distribution, then R has
the same conditional distribution whatever be the distribution of X, subject

to the condition i (x, — %)% > 0. Moreover, if Pr [i X, - X)2 > 0] =1,
1 1

then R has the same marginal distribution whatever be the distribution of X.

If we write T = RVn — 2/V/1 — R2?, where T has a ¢ distribution
with # — 2 > 0 degrees of freedom, it is easy to show, by the change
of variable technique (Exercise 10.47), that the p.d.f. of R is given by

4) glr) = Fél)[%;-l—)/zz)]/f] (1 — )=z, “1<r<l,

0 elsewhere.

We have now solved the problem of the distribution of R, whenp =0

and# > 2, or, perhaps more conveniently, that of RvVn - 2/vV/1 - R2
The likelihood ratio test of the hypothesis Ho:p = 0 against all
alternatives H,: p # 0 may be based either on the statistic R or on




342 Other Statistical Tests [Ch. 10

the statistic RV'# — 2/v/1 — R? = T. In either case, the significance
level of the test is

a = Pr(|R| 2 ¢,; Hy) = Pr(|T| = ¢; Hy),

where the constants ¢; and ¢, are chosen so as to give the desired
value of a.

Remark. To obtain the power of the test when the hypothesis Hy: p = 0
is false, we need the distribution of R when p # 0. One way to obtain this
distribution is to use the general formulation of Exercise 8.10 (p. 258). In that
exercise, let @ denote the vector (u,, pg, 03, 03, p], for which there exist the
five joint sufficient statistics X, ¥, V, = 3 (X, — X)3, V, = 3 (Y, — ¥)3,
and R; and let 8, denote the vector [0, 0, 1, 1, 0]. In the notation of that
exercise, we would have

®) &1(Z, §,v1, 03,7, 0) = £,(Z, §, 0,, v3,7; 6) ZL%’

where L(6) is the joint p.d.f. of (X,, Y,), (X, Y,),..., (X, Y,). Since
X, ¥, V,, V,, and R are mutually stochastically independent provided
0 = 6,, the p.d.f. g,(Z, ¥, vy, v5,7; 0,) can be determined easily. From the
&%, §, vy, vy, 7; 0), the marginal p.df. of R can then be obtained by
integrating on Z, §, v,, and v,.

EXERCISES
10.40. Show that

R ?(X,—X)(Y,—- Y) é::X.Y,—n)_(Y
/? (X, - X)? é:: (Y, - 7)3 J(il X2 - "Xz)(:‘g Y? - ”72)

10.41. A random sample of size n = 6 from a bivariate normal distribu-
tion yields the value of the correlation coefficient to be 0.89. Would we
accept or reject, at the 5 per cent significance level, the hypothesis that
p=0?

10.42. If, with p = 0, the bivariate normal p.d.f. is written in the
exponential form, what are the four joint complete sufficient statistics

;Kl(xh YJ), ng(Xh Y, ?K:I(Xln Y}, and %KA(XI- Y, for uy, pa, of,

and o3? Why then are X, ¥, V,, and V, also joint complete sufficient
statistics for these parameters?

1043. If » = 2 and p = 0, show that R is a random variable of the
discrete type and find the p.d.f. of R.
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10.44. Verify that W of Equation (1) of this section is n(0, o3).
10.45. Verify the algebraic identity (2) of this section.

10.46. Verify Equation (3) of this section.

10.47. Verify the p.d.f. (4) of this section.

10.48. From Equation (5) of this section show that the pair (X, ¥) is
stochastically independent of (V,, V,, R), and show that X and ¥ have a
bivariate normal distribution with parameters u,, p,, o3/n, od/n, and p.
Hint. Show that the exponent in L(6,) is —(v, + nZ% + vy + n%3)/2 and
that the exponent in L(6) is the product of —4(1 — p?)~! and

v + 0T — )’ _ 2p[rVv,0; + nZE — ) (§ — pa)l + vs + n(j — I‘z)z.

o} 0,03 o3

10.9 Multiple Comparisons

Consider b mutually stochastically independent random variables
which have normal distributions with unknown means u,, po, - - -, iy,
respectively, and with unknown but common variance o2. Let &,, &,
..., k, represent b known real constants which are not all zero. We

» .
want to find a confidence interval for Y k,u;, a linear function of the
1

means pu,, ig, - - ., pp. 10 do this, we take a random sample X,;, X,
.., Xgy of sife a from the distribution n(p,0?),7=12,...,b If we

denote i X/a by X, then we know that X, is #n(u,, 0%/a), that
=1

i (X,; — X ,)?/o%is x*(a — 1), and that the two random variables are
i=1

stochastically independent. Since the random samples are taken from
mutually independent distributions, the 26 random variables X,
S (Xy - X.)%e% j =1,2,...,b, are mutually stochastically inde-

i=1
pendent Moreover, X ,, X ,,..., X, and

i i X, - X.)?
j=11=1 o?

are mutually stochastically independent and the latter is x2[b(a — 1)].

b — b
Let Z = 3 kX, Then Z is normal with mean J k;u; and variance
1 1

b
(Z k}’)o’/a, and Z is stochastically independent of
1

1 b a -
V = b—-—(a — 1) ,Zl ‘Zl (X“ — X.j)z.
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Hence the random variable
b b
zl:ktx S gkll"’/
b b b
JEB)e  SRE, - Sk
1 = 1 1
b
1
has a ¢ distribution with b(a — 1) degrees of freedom. A positive number
¢ can be found in Table IV in the Appendix, for certain values of

a,0 <« < 1,suchthat Pr(—c < T < ¢) = 1 — a It follows that the
probability is 1 — « that

iszl N (Z ka) i ik,X_,. + ey (i ka) ':{'

1 1 1

The experimental values of X ;, j = 1,2,..., 5, and V" will provide a

b
100(1 — a) per cent confidence interval for ¥ kpu,.
1

b
It should be observed that the confidence interval for 3 kpu;
I

depends upon the particular choice of %, &, ..., k,. It is conceivable
that we may be interested in more than one linear function of u,, g,
< os oy SUch as pg — py, pg — (p1 + pa)/2, or py + -+ + p,. We can,

b
of course, find for each } k,u, a random interval that has a preassigned
1

3
probability of including that particular > %,u,. But how can we compute
1

the probability that simultaneously these random intervals include their

respective linear functions of g, pg, ..., pp? The following procedure

of multiple comparisons, due to Scheffé, is one solution to this problem.
The random variable

b
Z (X g = #!)2
j=1
o?la
is x*(b) and, because it is a function of X, ..., X, alone, it is sto-
chastically independent of the random variable
1
b(a — 1) z ‘Zl (XU - XI)

Hence the random variable

b
a > (X, —p)2
F = =1 %
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has an F distribution with b and d(a — 1) degrees of freedom. From
Table V in the Appendix, for certain values of a, we can find a constant
d such that Pr(F <d) =1 - «aor

: 14
Pr [,zl (X, — uy)? < (bd) ;] =1-a

b
Note that > (X ., — p,)?is the square of the distance, in b-dimensional
=1

space, from the point (u,, ua, . - ., py) to the random point (X ,, X ,,

.., X ;). Consider a space of dimension b and let (¢, ¢,, ..., ¢,) denote
the coordinates of a point in that space. An equation of a hyperplane
that passes through the point (u,, ps, . . ., pp) is given by

(1) ki(ty — ) + Ralta — pa) + -+ Rylly — pp) = 0,

where not all of the real numbers k,,7 = 1, 2,..., b, are equal to zero.
The square of the distance from this hyperplane to the point (¢, = X .,,
by =X ...ty =X, is

(Ry(X .y — ) + Ao(X g — ) + -+ ky( Xy — l“b)]z.
kI + R+ + k2

(2)

b

From the geometry of the situation, it follows that > (X ., — p;)2 is
1

equal to the maximum of expression (2) with respect to %,, %5, . . ., &,.

b —
Thus the inequality 3 (X., — u,)? < (bd)(V/a) holds if and only if
1

b 2
[ 2, 0% - )]
b
2 K
=1
for every real k,, k,, ..., &k, mnot all zero. Accordingly, these two

equivalent events have the same probability 1 — «. However, In-
equality (3) may be written in the form

b b b 1%
Iz kX — D k| < /bd(z k?) =
1 1 1

Thus the probability is 1 — « that simultaneously, for all real %,, k,,
..., ky, not all zero,

S, 5 " vV b b 5\ V
4 Zk,X.,—WZSZk,p,szk,X.,+ /bd(zk?)?

Denote by A the event where Inequality (4) is true for all real
ki, ..., ky, and denote by B the event where that inequality is true

3) < (bd) ; ,
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for a finite number of b-tuples (,,..., %,). If the event A occurs,
certainly the event B occurs. Hence P(4) < P(B). In the applications,
one is often interested only in a finite number of linear functions

b
S k,u;. Once the experimental values are available, we obtain from (4)
1

a confidence interval for each of these linear functions. Since P(B) =
P(A) = 1 — a, we have a confidence coefficient of at least 100(1 — «)
per cent that the linear functions are in these respective confidence
intervals.

Remarks. If the sample sizes, say a,, a,, ..., a, are unequal,
Inequality (4) becomes

b _ [] ka b b _ bk?
@) D kX, - /bdZ;—VsZk,p,sZk,X.,-i- /bdZ;V,
1 1 % 1 1 1 %

where

ay b ay -
2 Xy 2 2 (X, - X))
X.,=‘.l , V=!-1 i=1 )

b

el > (a,— 1)

1

and d is selected from Table V with b and i (a, — 1) degrees of freedom.
1

Inequality (4') reduces to Inequality (4) when a, = a; =--- = a,.
Moreover, if we restrict our attention to linear functions of the form

b b
S k,u, with 3 k, = 0 (such linear functions are called contrasts), the radical
1 1

in Inequality (4') is replaced by

[ap - 1)21';—”’%

b
where now d is found in Table V with & — 1 and > (4, — 1) degrees of
1

freedom.
In these multiple comparisons, one often finds that the length of a

confidence interval is much greater than the length of a 100(1 — «) per cent
b

confidence interval for a particular linear function Y k,u,. But this is to be
1

expected because in one case the probability 1 — « applies to just one event
and in the other it applies to the simultaneous occurrence of many events.
Onc reasonable way to reduce the length of these intervals is to take a larger
value of &, say 0.25, instead of 0.05. After all, it is still a very strong statement
to say that the probability is 0.75 that all of these events occur.
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EXERCISES

10.49. If A,, A,, ..., A, are events, prove, by induction, Boole’s in-
equality P(4, U A, U---U 4,) < 3 P(4). Then show that
1

k
PA*NAfNn---nAf) =21 - ?:P(A‘).

10.50. In the notation of this section, let (&, Ry, - - -, i), ¥ = 1, 2,...,m,
represent a finite number of b-tuples. The problem is to find simultaneous

b
confidence intervals for > k4 =1,2,...,m,bya method different from
=1

that of Scheffé. Define the random variable T', by

(3, 20X = 3, hus) [ (2 m)vie i=12..m

(a) Let the event A¥ be given by —¢,; < T, < ¢, ¢ = 1,2,...,m. Find
b

the random variables U, and W, such that U, < 3 k,u, < W, is equivalent
i=1

to A

(b) Select ¢, such that P(A}) = 1 — a/m; that is, P(A,) = a/m. Use the
results of Exercise 10.49 to determine a lower bound on the probability that
simultaneously the random intervals (U,, W,),..., (Um» W,) include
’i Ryags oo oo ]il ks, respectively.
= <

(c) Let a =3, b=6, and « = 0.05. Consider the linear functions
i — Mg Bz — Mo Ba — Pa e — (s + pe)[2, and (s + Ba + - + pe)/6.
Here m = 5. Show that the lengths of the confidence intervals given by the
results of part (b) are shorter than the corresponding ones given by the
method of Scheffé, as described in the text. If m becomes sufficiently large,
however, this is not the case.



Chapter 11
Nonparametric Methods

11.1 Confidence Intervals for Distribution Quantiles

We shall first define the concept of a quantile of a distribution of a
random variable of the continuous type. Let X be a random variable
of the continuous type with p.d.f. f(x) and distribution function F(z).
Let p denote a positive proper fraction and assume that the equation
F(x) = p has a unique solution for x. This unique root is denoted by
the symbol £, and it is called the quantile (of the distribution) of order p.
Thus, Pr (X < ¢,) = F(§,) = p. For example, the quantile of order §
is the median of the distribution and Pr (X < £,) = F(&.5) = 3.

In Chapter 6, we computed the probability that a certain random
interval includes some special point. Frequently this special point was a
parameter of the distribution of probability under consideration. Thus
we were led to the notion of an interval estimate of a parameter. If the
parameter happens to be a quantile of the distribution, and if we work
with certain functions of the order statistics, it will be seen that this
method of statistical inference is applicable to all distributions of the
continuous type. We call these methods distribution-free or nonpara-
metric methods of inference.

We now give an example which is illustrative of a theorem which is
basic in this kind of statistical inference.

Example 1. Let the p.d.f. of a random variable X be given by

flz) = 32, 0<z<1,
0 elsewhere.

I

348
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Define the random variable Z by Z = X3. It will be shown that the p.d.f. of
Zis
h(z) =1, 0<z<,
= 0 elsewhere.

The transformation z = 2® or z = 2!/ maps the set {z; 0 < z < 1} onto the
set {z; 0 < 2z < 1}. The Jacobian of the transformation is

dx 1
J=z;=§-;§7:—’.

Thus the p.d.f. of z is

@) = f@R)|J] =320 =1, O0<z<l,
322l3

= ( elsewhere.

That is, Z = X?® has a uniform distribution having this p.d.f. This result
could have been obtained somewhat more easily by observing three things:

(i) F(z) = 2® is the distribution function of X when 0 < z < 1.
() z = 2® = F(), so dzfdx = 32% = f(x) when 0 < z < 1.
(ii) dz/dz = 1/(dz/dz) if dz[dx # 0.

It follows that here

)| %

dx dz 1
=0 %= (&) @m) -
When z is replaced in the preceding expression by z!/3, it is seen that A(z) = 1
on the set {z; 0 < z < 1}.

The preceding example is illustrative of the following theorem.

Theorem 1. Let X be a random variable of the continuous type
having a p.d.f. f(x) and distribution function F(x). Then the random
variable Z = F(X) has a uniform distribution with p.d.f.

h(z) =1, 0<z<l,

0 elsewhere.

]

Proof. We prove the theorem under the assumption that the p.d.f.
f(x) is positive and continuous, provided a < = < b, and is zero else-
where. The distribution function of X may be written

Fz) =0, z<a,
j:f(w)dw, a<z<b,

=1, b <z
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The transformation z = F(z) maps the set {z; a4 < z < b} onto the set
{z; 0 < z < 1}. Since dz[dx = f(x), a < x < b, then

fl@)

That is, the p.d.f. of Z = F(X) is

h(z) = 1, 0<z<l,
0 elsewhere,

T -r0% o g - =1 e<z<s

]

as was to be shown.

The random variable Z = F(X) is an important random variable.
Theorem 1 describes the distribution of Z. It is our purpose now to
make an interpretation. Since Z = F(X) has the p.d.f.

h(2) = 1, 0<z<1,

= 0 elsewhere,

then, if 0 < p < 1, we have
Pr[F(X) < $] = J’o’ dz = p.

Now F(x) = Pr (X < z). Since Pr (X = z) = 0, then F(z) is the
fractional part of the probability for the distribution of X which is
between —oo and x. If F(x) < p, then no more than 100p per cent of
the probability for the distribution of X is between —oo and 2. But
recall Pr[F(X) < p] = p. That is, the probability that the random
variable Z = F(X) is less than or equal to p is precisely the probability
that the random interval (—o0, .X) contains no more than 100p per cent
of the probability for the distribution. For example, the probability
that the random interval (—o0, X) contains no more than 70 per cent
of the probability for the distribution is 0.70; and the probability that
the random interval (—oo, X) contains more than 70 per cent of the
probability for the distribution is 1 — 0.70 = 0.30.

We now consider certain functions of the order statistics. Let
X,, X,,..., X, denote a random sample of size # from a distribution
that has a positive and continuous p.d.f. f(x) if and only if a < z < b;
and let F(x) denote the associated distribution function. Consider the
random variables F(X,), F(X,),..., F(X,). These random variables
are mutually stochastically independent and each, in accordance with
Theorem 1, has a uniform distribution on the interval (0, 1). Thus
F(X,), F(Xy),..., F(X,) is a random sample of size n from a uniform
distribution on the interval (0, 1). Consider the order statistics of this



Sec. 11.1] Confidence Intervals for Distribution Quantiles 351

random sample F(X,), F(X,),..., F(X,). Let Z, be the smallest of
these F(X,), Z; the next F(X,) in order of magnitude, ..., and Z, the
largest F(X,). If Y,, Y,,..., Y, are the order statistics of the initial
random sample X, X, ..., X,, the fact that F(x) is a nondecreasing
(here, strictly increasing) function of z implies that Z, = F(Y)),
Z,=F(Y,),...,Z, = F(Y,). Thus, the joint p.df.of Z,, Z,,..., Z,is
given by

h(zy, 23, - . ., 2,) = nl, 0<z;<2z3< "<z, <1,
= 0 elsewhere.
This proves a special case of the following theorem.

Theorem 2. Let Y,, Y, ..., Y, denote the order statistics of a
random sample of size n from a distribution of the continuous type that
has p.d.f. f(x) and distribution function F(x). The joint p.d.f. of the

random variables Z, = F(Y)),+ =1,2,...,m,1s
h(zy, 29, ..., 2,) = n!, 0<zy<2zg<---<2z,<1,
= 0 elsewhere.

Because the distribution function of Z = F(X) is given by z,
0 < z < 1, the marginal p.d.f. of Z, = F(Y,) is the following beta
p.d.f.:

n!

(1) hma=w_1ym_m!

2711 — z )"k, 0<z <1,
= 0 elsewhere.

Moreover, the joint p.d.f. of Z; = F(Y,) and Z, = F(Y,) is, with¢ < j,
given by

. n!
@ A z) = o =T ST =)
x 2i"Yz; — )71 = z) S, 0<z<z<l,
= 0 elsewhere.
Let Y,, Y,, ..., Y, denote the order statistics of a random sample

of size n from a distribution of the continuous type with distribution
function F(x). We shall compute the probability that the kth order
statistic is less than the quantile of order p. Now ’
Pr (Y, < &) = PrF(Y,) < F(§)]
= Pr(Z. <)
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since F(¢,) = pand Z, = F(Y,). The p.d.f. of Z, is given by Equation
(1) of this section. Accordingly,

(3) Pr(Y, < &) =Pr(Z, <p)

- f" ! 211 = z)* dz
Tl B=1O'(n - &)1k k ke

We shall show that the integral in the right-hand member of Equa-
tion (3) may be expressed in a form which is sometimes computation-
ally more convenient. If we are to have Y, < £, at least % items of
the random sample must be less than ¢,. Now Pr (X < £,) = p, where
X is an item of the random sample. The sum

S n! w n—-w

4 wzkmﬁ (1-2)

is precisely the probability of at least 2 ““successes’’ throughout =
independent trials, each trial with probability p of success. Thus,
Pr (Y, < &,) is given by Display (4). Accordingly, the right-hand
member of Equation (3) and Display (4) are equal. It is interesting to
note that a “ partial sum” of a binomial p.d.f. can be expressed exactly
as the integral of a beta p.d.f. over a subset of {x; 0 < » < 1}.

Display (4) will be used to compute the probability that a certain
random interval includes ¢,, the quantile of order p. Take Y, < Y,.
The event Y, < £, is the union (exclusive of events of probability zero)
of the two mutually exclusive events Y, < é, < Y,and Y, < Y, < §,
(or Y; < £,). Consequently,

Pr(Y,<¢&)=Pr(Y,<¢ <Y)+ Pr(Y, <¢,),
or
Pr(Y,<é,<Y)=Pr(Y, <§) - Pr(Y; <§).

When particular values of #n, ¢, and j are specified, each term of the
right-hand member of the last equation can be computed by using
either Equation (3) or Display (4). By this procedure, suppose it has
been found that y = Pr(Y, < ¢, < Y,). Then the probability is y that
the random interval (Y,, Y,) includes the quantile of order p. 1f the
experimental values of Y, and Y, are, respectively, y, and y,, then the
interval (y, y,) serves as a 100y per cent confidence interval for ¢,
the quantile of order p.
An illustrative example follows.

Example2. T.et Y, < Y, < Y3 < Y, be the order statistics of a random
sample of size 4 from a distribution of the continuous type. The probability
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that the random interval (Y, Y,) includes the median &, s of the distribution
will be computed. We have
Pr(Y, < f5<Y,) =Pr(Y, < fs) — Pr(¥Y, < é.s)
: 4! AR 4! 1\*
- WZ! w! (4 — w)! (i) -2 wl (4 — w)! (2)

w=4

0.5 4! .5 4!
J; m—i(l - 21)3 dzl —j: ng d:.'.

- [1 - (%)‘] - (%)4 = 0.875.

If Y, and Y, are observed to be y, = 2.8 and y, = 4.2, respectively, the
interval (2.8, 4.2) is an 87.5 per cent confidence interval for the median £, ¢
of the distribution.

EXERCISES

11.1. Find the distribution of Z = F(X) by computing the moment-
generating function of Z, M(t) = E(etF®). Impose the same conditions of the
proof of Theorem 1.

11.2. Let Y, denote the nth order statistic of a random sample of size n
from a distribution of the continuous type. Find the smallest value of # for
which Pr (¢, < Y,) > 0.75.

11.3. Let Y, < Y, denote the order statistics of a random sample of size
2 from a distribution which is n(u, 02), where o2 is known. (a) Show that
Pr(Y, < p < Y,;) =4 and compute the expected value of the random
length Y, — Y,. (b) If X is the mean of this sample, find the constant ¢ such
that Pr (X — co < p < X + co) = 4 and compare the length of this random
interval with the expected value of that of part (a).

114. Let Y, < Y, < Y; < Y, < Y, denote the order statistics of a
random sample of size 5 from a distribution of the continuous type. Com-
pute (a) Pr(Y, < &5 < Ys); (b) Pr(Y, < &oa2s < Ya); (c) Pr(Y, <
€o.00 < Y5).

11.5. Compute Pr (Y, < &5 < Y;) if Y, <---< Y, are the order
statistics of a random sample of size 9 from a distribution of the continuous
type.

11.6. Find the smallest value of »# for which Pr (Y, < &, < Y,) = 0.99,

where Y, <... < Y, are the order statistics of a random sample of size n
from a distribution of the continuous type.

11.2 Tolerance Limits for Distributions

We propose now to investigate a problem that has something of the
same flavor as that treated in Section 11.1. Specifically, can we compute
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the probability that a certain random interval includes (or covers) a
preassigned percentage of the probability for the distribution that is
under consideration? And, by appropriate selection of the random
interval, can we be led to an additional distribution-free method of
statistical inference?

On p. 350, after Theorem 1, it was remarked that the probability
that the random variable Z = F(X) is less than or equal to a positive
proper fraction p is exactly the same as the probability that the random
interval (—co, X) contains no more than 100p per cent of the probability
for the distribution of X. We now refer to Theorem 2. Consider the
difference Z, — Z, = F(Y;) — F(Y)),i < j. Now F(y,) = Pr(X < y))
and F(y) = Pr (X < y,). Since Pr(X = y) = Pr(X =y,) =0, then
the difference F(y;) — F(y,) is that fractional part of the probability
for the distribution of X that is between y, and y,. Let p denote a
positive proper fraction. If F(y;) — F(y) = p, then at least 100p
per cent of the probability for the distribution of X is between y, and
y, Let it be given thaty = Pr[F(Y,) — £(Y,) 2 p]. Then the random
interval (Y,, Y,) has probability y of containing at least 100p per cent
of the probability for the distribution of X. If now y; and y, denote,
respectively, experimental values of Y, and Y, the interval (y, ¥,)
either does or does not contain at least 100p per cent of the probability
for the distribution of X. However, we refer to the interval (y;, y,) as a
100y per cent tolerance interval for 100p per cent of the probability
for the distribution of X. In like vein, y; and y; are called 100y per cent
tolerance limits for 100p per cent of the probability for the distribution
of X.

One way to compute the probability y = Pr[F(Y,) — F(Y,) > p]
is to use Equation (2) of Section 11.1, which gives the joint p.d.f. of
Z, = F(Y,) and Z; = F(Y,). We have

n'

hl!(zl' Z,) = (1' — 1)| (] — i--— 1)| (ﬂ — ])| Z:"X(Zi - zl)l—‘_l(l - Zl)n‘,

0<z <z <1,

= 0 elsewhere.

The required probability is then given by

1- 1
y=Pr(Z,— 2 2p) = [ hylanz)dzyda

Sometimes this is a rather tedious computation. For this reason and
for the reason that coverages are important in distribution-free statistical
inference, we choose to introduce at this time the concept of a coverage.
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Consider the random variables W, = F(Y,) = Z,, W, = F(Y,) -
F(Y,) = 23— Z,, Wy = F(Yy) — F(Yy) = Z3 - Z,,..., W, =
F(Y, — F(Y,_,) = Z, — Z,_,. The random variable W, is called a
coverage of the random interval {z; —0 < z < Y,} and the random

variable W,, i = 2, 3,..., n, is called a coverage of the random interval
{z; Y,_, <z < Y,}. We shall find the joint p.d.f. of the n coverages
Wi, W, ..., W,. First we note that the inverse functions of the

associated transformation are given by

z, = w,,
23 = W, + Wy,
23 =

w, + Wy + W3,

Zy = W, + Wy + Wy + -+ + w,.

We also note that the Jacobian is equal to one and that the space of
positive probability density is

{(w),w,,...,9,);0 <w,i{=12,...,nw, +---+w, < 1}.

Since the joint pdf.of Z,,Z,,..., Z,isn!,0 <2z, <z; <---< 2z, < 1,
zero elsewhere, the joint p.d.f. of the n coverages is

k(wy, ..., w,) = nl, O<w,t=1,...,n,w, +---+ w, < 1,

= 0 elsewhere.

A reexamination of Example 1 of Section 4.5 (p. 140) reveals that this
is a Dirichlet p.df. withk =nande; = ag =+ = a,,, = 1.

Because the p.d.f. k(w,, . . ., w,) is symmetric in w,, @,, ..., w,, it is
evident that the distribution of every sum of , » < =, of these coverages
Wi, ..., W,is exactly the same for each fixed value of ». For instance,
if i < jandr = j - 7, thedistributionof Z, — Z, = F(Y;) — F(Y,) =
Wier + Wiea +---+ W, is exactly the same as that of Z, ;=
FY,) =W, + W, +.--+ W,_,. But we know that the p.d.f. of
Z;_, is the beta p.d.f. of the form

F'n +1)
FG—-a'n —7+7+ 1)
0 elsewhere.

hy_i(v) = VRNl — )t 0<v <],

Consequently, F(Y,;) — F(Y,) has this p.d.f. and
Pr(F(Y,) = F(Y) 2 p] = [ hy_ (o) dv.
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Example 1. Let Y, < Y, <---< Yq be the order statistics of a
random sample of size 6 from a distribution of the continuous type. We
want to use the observed interval (y,, ¥s) as a tolerance interval for 80 per
cent of the distribution. Then

y = Pr[F(Ye) — F(Y,) 2 0.8]
=1- :‘ 300%(1 — v) do,

because the integrand is the p.d.f. of F(Y¢) — F(Y,). Accordingly,
y =1 — 6(0.8)° + 5(0.8)% = 0.34,

approximately. That is, the observed values of Y, and Y, will define a
34 per cent tolerance interval for 80 per cent of the probability for the
distribution.

Example 2. Each of the coverages W,, 1 = 1,2,...,n, has the beta
p.d.f.

ky(w) = n(l — w)*"!, 0<w<l,

= 0 elsewhere,

because W, = Z, = F(Y,) has this p.d.f. Accordingly, the mathematical
expectation of each W, is

! n-1 —_ 1
fo nw(l - w)* ldw = a1

Now the coverage W, can be thought of as the area under the graph of the
p.d.f. f(z), above the z-axis, and between the lines z = Y,_, and z = Y.
(We take Y, = —o0.) Thus the expected value of each of these random
areas W,, 4 = 1,2,...,n,is 1/(n + 1). That is, the order statistics partition
the probability for the distribution into # + 1 parts and the expected value
of each of these parts is 1/(» + 1). More generally, the expected value of
F(Y) — F(Y), % < j,is (j — ¢)/(n + 1) since F(Y,) — F(Y,) is the sum of
j — 1 of these coverages.

EXERCISES

11.7. Let Y, and Y, be respectively the first and nth order statistics of a
random sample of size # from a distribution of the continuous type having
distribution function F(z). Find the smallest value of n such that
Pr(F(Y,) — F(Y,) 2 0.5] is at least 0.95.

11.8. Let Y, and Y,_, denote the second and the (n — 1)st order
statistics of a random sample of size # from a distribution of the continuous
type having distribution function F(z). Compute Pr [F(Y,_,) — F(Y,) = 2],
where 0 < p < 1.
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119. Let Y, < Y, <--- < Y, be the order statistics of a random sample
of size # from a distribution of the continuous type having distribution func-
tion F(z). (a) What is the distribution of U = 1 — F(Y,)? (b) Determine the
distribution of V' = F(Y,) — F(Y,) + F(Y,) — F(Y,), where i < j.

11.3 The Sign Test

Some of the chi-square tests of Section 10.2 are illustrative of the
type of tests which we investigate in the remainder of this chapter.
Recall, in that section, we tested the hypothesis that the distribution
of a certain random variable X is a specified distribution. We did this
in the following manner. The space of X was partitioned into 4 mutually
disjoint sets A,, A,, ..., A,. The probability p,, that X € A, was
computed under the assumption that the specified distribution is the
correct distribution, ¢+ = 1, 2,..., k. The original hypothesis was then
replaced by the hypothesis '

Hy:Pr(XeA) = by, 1=12,...,k;

and a chi-square test, based upon a statistic which was denoted by
Qx-1, was used to test the hypothesis H, against all alternative
hypotheses.

There is a certain subjective element in the use of this test, namely,
the choice of # and of 4,, 4,, ..., 4,. But it is important to note that
the limiting distribution of Q, _,, under H,, is y3(k — 1); that is, the
distribution of Q, _, is free of p,q, P20, - - -» Pro and, accordingly, of the
specified distribution of X. Here, and elsewhere, ‘‘under H,”’ means
when H, is true. A test of an hypothesis H, which is based upon a
statistic whose distribution, under H,, does not depend upon the
specified distribution nor any parameters of that distribution is called a
distribution-free or a nomparametric test.

Next, let F(x) be the unknown distribution function of the random
variable X. Let there be given two numbers ¢ and p,, where 0 < py < 1.
We wish to test the hypothesis Hy: F(§) = p,, that is, the hypothesis
that ¢ = £, , the quantile of order p, of the distribution of X. We could
use the statistic Q,_,, with & = 2, to test H, against all alternatives.
Suppose, however, that we are interested only in the alternative hy-
pothesis, whichis H,: F(§) > p,. One procedure is to base the test of H,,
against H, upon the random variable Y, which is the number of items
less than or equal to ¢ in a random sample of size # from the distribu-
tion. The statistic Y can be thought of as the number of ‘“successes"’
throughout n independent trials. Then, if H, is true, Y is b[n, p, =
F(£)]; whereas if H, is false, Y is d[n, p = F(§)] whatever be the
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distribution function F(z). We reject H, and accept H, if and only if
the observed value y = ¢, where ¢ is an integer selected such that
Pr (Y = ¢; H,y) is some reasonable significance level a. The power
function of the test is given by

n
Ko =5 (D)pra-prn posp<t,
y=c
where p = F(£). In certain instances we may wish to approximate
K(p) by using an approximation to the binomial distribution.
Suppose that the alternative hypothesis to H,: F(§) = p, is
F(£) < po. Then the critical region is a set {y; ¥y < ¢,}. Finally, if
the alternative hypothesis is H,: F(£) # po, the critical region is a set
{y;y < caores < g}
Frequently, po = 4 and, in that case, the hypothesis is that the
given number £ is a median of the distribution. In the following example,
this value of p, is used.

Example 1. Let X,, X,,..., X,, be a random sample of size 10 from a
distribution with distribution function F(r). We wish to test the hypothesis
Hy: F(72) = } against the alternative hypothesis H,: F(72) > 4. Let Y be
the number of sample items which are less than or equal to 72. Let the
observed value of Y be y, and let the test be defined by the critical region
{y; y > 8}. The power function of the test is given by

10
K@p) =S (f)pvu e ysp<t,

v=8

where p = F(72). In particular, the significance level is

o= (9 (3) (-

In many places in the literature the test which we have just
described is called the sign test. The reason for this terminology is that
the test is based upon a statistic Y which is equal to the number of
nonpositive signs in the sequence X; — £, X, — &,..., X, — £ In the
next section, a distribution-iree test, which considers both the sign and
the magnitude of each deviation X, — §, is studied.

EXERCISES

11.10. Suggest a chi-square test of the hypothesis which states- that a
distribution is one of the beta type, with parameters « = 2 and B8 = 2.
Further, suppose that the test is to be based upon a random sample of size
100. In the solution, give &, define 4,, 4,, ..., 4,, and compute each p. If
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possible, compare your proposal with those of other students. Are any of
them the same?

11.11. Let X,, X,, ..., X4 be a random sample of size 48 from a distri-
bution that has the distribution function F(z). To test Hy: F(41) = } against
H,: F(41) < }, use the statistic Y, which is the number of sample items less
than or equal to 41. If the observed value of Y isy < 7, reject H, and accept
H,. If p = F(41), find the power function K(p), 0 < p < }, of the test.
Approximate a« = K(}).

11.12. Let X,, X,, ..., X, be a random sample from a distribution of the
discrete type. Let p, = Pr(X, < §), p,=Pr (X, =¢ >0, and p, =
Pr (X, > ¢). Let Y, be equal to the number of sample items less than ¢, Y,
the number equal to ¢, and Y; the number greater than ¢. (a) Find the chi-
square test of the hypothesis that p, = p,. (b) Show that the conditional
distribution of Y, given Y, = y,, is one of the binomial type. Propose a
test of the hypothesis that p, = p, which is based upon this conditional
distribution.

11.4 A Test of Wilcoxor

Suppose X,, X,,..., X, is a random sample from a distribution
with distribution function F(x). We have: considered a test of the
hypothesis F(£) = 4, ¢ given, which is based upon the signs of the
deviations X, — £, X, — £,..., X, — £ In this section, a statistic is
studied that takes into account, not only these signs, but also the
magnitudes of the deviations.

In order that we can-find such a statistic which is distribution-free,
we must make two additional assumptions:

(a) F(x) is the distribution function of a continuous type of random
variable X;

(b) the p.d.f. f(x) of X has a graph which is symmetric about the
vertical axis through £, 5, the median (which we assume to be unique)
of the distribution.

Thus,
F(éo5 —2) =1 — F(,5 + 2)
and

S(€os — 2) = f(€os + ),

for all z. Moreover, the probability that any two items of a random
sample are equal is zero, and in our discussion we shall assume that no
two are equal.
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The problem is to test the hypothesis that the median §, 5 of the
distribution is equal to_some fixed number, say {. Thus we may, in all
cases and without loss of generality, take £ = 0. The reason for this is
that if £ # 0, then the fixed ¢ can be subtracted from each sample item
and the resulting variables can be used to test the hypothesis that their
underlying distribution is symmetric about zero. Hence our conditions
on F(z) and f(z) become F(—z) =1 — F(z) and f(—2) = f(2),
respectively.

To test the hypothesis H,: F(0) = 4, we proceed by first ranking
X,, X3, ..., X, according to magnitude, disregarding their algebraic
signs. Let R, be the rank of |X,| among |X,|, |X,l, ..., |Xa|. ¥ =1, 2,
..., n. For example, if » = 3 and if we have | X;| < |X5| < |X,]|, then
R, =3,R;,=1and R; = 2. Thus, R,, R;, ..., R, is an arrangement
of the first » positive integers 1, 2, ..., n. Further letZ,t=1,2,...,n,
be defined by

Z, = -1, if X, <0,
=1, if X, > 0.

If we recall that Pr (X, = 0j = 0, we see that it does not change the
probabilities whether we associate Z;, = 1 or Z, = —1 with the
outcome X; = 0.

n
The statistic W = S Z,R, is the Wilcoxon statistic. Note that in
=1

computing this statistic we simply associate the sign of each X, with
the rank of its absolute value and sum the resulting # products.

If the alternative to the hypothesis Hy: &5 = 0 is H;: §55 > 0,
we reject H, if the observed value of W is an element of the set
{w; w > c}. This is due to the fact that large positive values of W
indicate that most of the large deviations from zero are positive. For
alternatives £, s < 0 and &5 # O the critical regions are, respectively,
the sets {w; w < ¢,}and {w; w < cyorw > cg}. To compute probabilities
like Pr (W > ¢; Hy) we need to determine the distribution of W,
under H,.

To help us find the distribution of W, when Hy: F(0) = } is true,
we note the following facts:

(a) The assumption that f(z) = f(—2) ensures that Pr{X, < 0] =
Pr(X,>01=4%4:i=12,...,n

(b) Now Z, = —1if X; < 0and Z, = 1if X; > 0,¢ = 1,2,...,m.
Hence we have Pr(Z, = -1)=Pr(Z,=1) =14, ¢1=12,...,n
Moreover, Z,, Z3,..., Z, are mutually stochastically independent
because X,, X3, ..., X, are mutually stochastically independent.
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(c) A sum W is made up of the numbers 1, 2,..., n, each number
with either a positive or a negative sign.

The preceding observations enable us to say that W = iZ,R,
1

n
has the same distribution as the random variable V = > V,, where
1

Vi Va, ..., V, are mutually stochastically independent and
Pr(V,=1)=Pr(V,= —1) =4,
=1,2,...,n. That V,, V, ..., V, are mutually stochastically
independent follows from the fact that Z,, Z,, ..., Z, have that
property; that is, the numbers 1, 2,..., n always appear in a sum W
and those numbers receive their algebraic signs by independent
assignment. Thus each of V,, V,,..., V, is like one and only one of

Z,R,, Z4R,, ..., Z ,R,.
Since W and V have the same distribution, the moment-generating
function of W is that of ¥, namely,

M) = E{exp [z 3 V]} T Elet]

i=1

-1

We can express M(t) as the sum of terms of the form (a,/2%)e®*. When
M(¢) is written in this manner, we can determine by inspection the
p-d.f. of the discrete-type random variable W. For example, the smallest
value of W is found from the term (1/2")e"te~%...e " = (1/2")e nn+ U2
and it is —n(n + 1)/2. The probability of this value of ‘W is the
coefficient 1/2". To make these statements more concrete, take n = 3.

Then
P -t + et e 2t + (’2‘ e~ 3t + eﬁl
M) = (= )( 2 )( 2 )

= (e % + et + e 4+ 2 4 €2 + M + €8,

Thus the p.d.f. of W, for n = 3, is given by
gw) = §, w= -6, —4 -2,2,4,6,
= £, w =0,
= 0 elsewhere.

The mean and the variance of W are more easily computed directly
than by working with the moment-generating function M (f). Because

V = )': Viand W = i Z R, have the same distribution, they have the
1 1
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same mean and the same variance. When the hypothesis Hy: F(0) = }
is true, it is easy to determine the values of these two characteristics of
the distribution of W. Since E(V,) = 0,4 = 1,2,..., n, we have

pu = EW) = SE(V) = 0.

The variance of V, is (—1)2(4) + (s)2(4) = 2. Thus the variance of
W is

& . nn + 1)(2n + 1)

3 z 42 = 5 .

For large values of n, the determination of the exact distribution of
W becomes tedious. Accordingly, one looks for an approximating
distribution. Although W is distributed as is the sum of » random
variables that are mutually stochastically independent, our form of the
central limit theorem cannot be applied because the # random variables
do not have identical distributions. However, a more general theorem,
due to Liapounov, states that if U, has mean g, and variance a?,
i=1,2,...,m if U, U,,..., U, are mutually stochastically inde-
pendent, if E(|U, — p?) is finite for every 1, and if

n

& E(JU, — wl?
lim ry 373 =0,
=5

1=
then

n n

Z U - 2 m

1=1 (=1
n
> o
{=1

has a limiting distribution which is #(0, 1). For our variables V,, V,
..., Vy we have

|
.

E(V, — m|?) = () + °@) =
and it is known that

2 w3(n + 1)2

Now

. n2(n + 1)%/4 _
M e+ @A + D6
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because the numerator is of order n* and the denominator is of order
n%2 Thus,

: w
Vnn + 1)(2n + 1)/6

is approximately 7(0, 1) when H is true. This allows us to approximate
probabilities like Pr (W > ¢; H,) when the sample size » is large.

Example 1. Let £, 5 be the median of a symmetric distribution which is
of the continuous type. To test, with « = 0.01, the hypothesis Hy: £ 5 = 75
against H,: £, > 75 we observed a random sample of size # = 18. Let it be
given that the deviations of these 18 values from 75 are the following
numbers:

1.5, —-05, 1.6, 0.4, 2.3, —-0.8, 3.2, 0.9, 2.9,
03,18, -0.1,1.2,25,06, —0.7, 1.9, 1.3.
The experimental value of the Wilcoxon statistic is equal to

w=11—-4+12+3+15-7+184+8+17.+2+ 13 -1
+9+16+5—-6+ 14 4+ 10 = 135.

Since, with » = 18 so that Vn(n + 1)(2n + 1)/6 = 45.92, we have that

w
0.01 = Pr ( A 2.326) — Pr (W > 106.8).

Because w = 135 > 106.8, we reject H, at the approximate 0.01 significance
level.

There are many modifications and generalizations of the Wilcoxon
statistic. One generalization is the following: Let ¢; < ¢; <---< ¢, be
nonnegative numbers. Then, in the Wilcoxon statistic, replace the
ranks 1,2,...,n by ¢y, ¢y, .. ., ¢,, respectively. For example, if n = 3
and if we have |X,| < |X4| < |X,|, then R, = 3 is replaced by c,,
Ry, =1 by ¢, and Rz = 2 by ¢,. In this example the generalized
statistic is given by Z,c; + Zyc, + Zsc,. Similar to the Wilcoxon
statistic, this generalized statistic is distributed under H,, as is the sum
of n stochastically independent random variables, the sth of which
takes each of the values ¢; # 0 and —c¢, with probability %; if ¢, = 0,
that variable takes the value ¢, = 0 with probability one. Some special
cases of this statistic are proposed in the Exercises.
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EXERCISES

11.13. The observed values of a random sample of size 10 from a distri-
bution which is symmetric about §, 5 are 10.2, 14.1, 9.2, 11.3, 7.2, 9.8, 6.5,
11.8, 8.7, 10.8. Use Wilcoxon's statistic to test the hypothesis Hy: {55 = 8
against H,: §,5 > 8 if « = 0.05. Even though # is small, use the normal
approximation.

11.14. Find the distribution of W for » = 4 and » = 5. Hint. Multiply
the moment-generating function of W, with n = 3, by (e~* + ¢**)/2 to get
that of W, with n = 4.

11.15. Let X, X, ..., X, be mutually stochastically independent. If the
p.d.f. of X, is uniform over the interval (—-2!-!,2!-¥), ¢ =1,2,3,..., show
that Liapounov’s condition is not satistied. The sum i X, does not have an

i=1

approximate normal distribution because the first random variables in the
sum tend to dominate it.

11.16. If n = 4 and, in the notation of the text, ¢; =1, ¢3 =2, ¢3 =
¢, = 3, find the distribution of the generalization of the Wilcoxon statistic,
say W,. For a general n, find the mean and the variance of W, if ¢; = 1,
1 < mf2,and ¢, = [n/2] + 1,¢{ > n/2, where z] is the greatest integer function.
Does Liapounov’s condition hold here?

11.17. A modification of Wilcoxon'’s statistic which is frequently used is
achieved by replacing R, by R, — 1; that is, use the modification W, =

3: Z(R, — 1). Show that W,/V/(n — 1)n(2n — 1)/6 has a limiting distri-
T

bution which is #(0, 1).

11.18. If, in the discussion of the generalization of the Wilcoxon statistic,
welet ¢, = ¢; =---= ¢, = 1, show that we obtain a statistic equivalent to

that used in the sign test.

11.19. If ¢, ¢, . . ., ¢, are selected so that i/(n + 1) = I:‘ V2[m e~ =2 dz,
t=12,...,n, the generalized Wilcoxon W, is an example of a normal
scores statistic. If n = 9, compute the mean and the variance of this W,

11.20. If ¢, =2', ¢ =1,2,...,n, the corresponding W, is called the
binary statistic. Find the mean and the variance of this W,. Is Liapounov’s
condition satisfied ?

11.21. In the definition of Wilcoxon's statistic, let W, be the sum of the
ranks of those items of the sample which are positive and let W', be the sum
of the ranks of those items which are negative. Then W = W, — W,.
(a) Show that W = 2W, — n#(n + 1)/2 and W = a(n + 1)/2 — 2W,. (b)
Compute the mean and the variance of each of W, and W,.
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11.5 The Equality of Two Distributions

In Sections 11.3 and 11.4, some tests of hypotheses about one
distribution were investigated. In this section, as in the next section,
various tests of the equality of two independent distributions are
studied. By the equality of two distributions, we mean that the two
distribution functions, say F and G, have F(z) = G(z) for all values
of z.

The first test that we discuss is a natural extension of the chi-square
test. Let X and Y be stochastically independent variables with distri-
bution functions F(z) and G(y), respectively. We wish to test the
hypothesis that F(z) = G(z), for all z. Let us partition the real line into
k mutually disjoint sets 4,, 4,, ..., A,. Define

pu =Pr(Xed), i=1,2,...,k,
and
P2 =Pr(YeAd), i=12,...,k

If F(z) = G(z), for all z, then p,; = pa, ¢t = 1,2,..., k Accordingly,
the hypothesis that F(2) = G(z2), for all z, is replaced by the less
restrictive hypothesis

Hy: py = pia, i=1,2,...,k

But this is exactly the problem of testing the equality of two inde-
pendent multinomial distributions which was considered in Example 3,
p. 312, and the reader is referred to that page for the details.

Some statisticians prefer a procedure which eliminates some of the
subjectivity of selecting the partitions. For a fixed positive integer &,
proceed as follows. Consider a random sample of size m from the
distribution of X and a random sample of size n from the independent
distribution of Y. Let the experimental values by denoted by x,, x,,
.., Zy and ¥y, Yy, ..., Y, Then combine the two samples into one
sample of size m + n and order the m + n values (not their absolute
values) in ascending order of magnitude. These ordered items are then
partitioned into & parts in such a way that each part has the same
number of items. (If the sample sizes are such that this is impossible, a
partition with approximately the same number of items in each group
suffices.) In effect, then, the partition 4,, A,, ..., A, is determined by
the experimental values themselves. This does not alter the fact that the
statistic, discussed in Example 3, p. 312, has a limiting distribution
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which is x%(k — 1). Accordingly, the procedures used in that example
may be used here.

Among the tests of this type there is one which is frequently used.
It is essentially a test of the equality of the medians of two independent
distributions. To simplify the discussion, we assume that m + =, the
size of the combined sample, is an even number, say m + n = 24,
where 4 is a positive integer. We take £ = 2 and the combined sample
of sizem + m = 2h, which has been ordered, is separated into two parts,
a “‘lower half”’ and an ““upper half,” each containing A = (m + #)/2 of
the experimental valuesof X and Y. The statistic, suggested by Example
3, p. 312, could be used because it has, when H, is true, a limiting
distribution which is y?(1). However, it is more interesting to find
the exact distribution of another statistic which enables us to test the
hypothesis H, against the alternative H,: F(z) > G(2) or against the
alternative H,: F(2) < G(z) as opposed to merely F(z) # G(z). [Here,
and in the sequel, alternatives like F(z) > G(z) and F(z) < G(z) and
F(2) # G(z) mean that strict inequality holds on some set of positive
probability measure.] This other statistic is V, which is the number of
observed values of X that are in the lower half of the combined sample.
If the observed value of V is quite large, one might suspect that the
median of the distribution of X is smaller than that of the distribution
of Y. Thus the critical region of this test of the hypothesis H,: F(z) =
G(z), for all z, against H,: F(z) > G(z) is of the form V > ¢. Because
our combined sample is of even size, there is no unique median of the
sample. However, one can arbitrarily insert a number between the Ath
and (b + 1)st ordered items and call it the median of the sample. On
this account, a test of the sort just described is called a median test.
Incidentally, if the alternative hypothesis is H,: F(z) < G(z2), the
critical region is of the form V < .

The distribution of V is quite easy to find if the distribution func-
tions F(z) and G(y) are of the continuous type and if F(z) = G(z), for
all z. We shall now show that }” has a hypergeometric p.d.f. Let
m + n = 2k, h a positive integer. To compute Pr (V' = v), we need the
probability that exactly v of X, X,, ..., X,, are in the lower half of
the ordered combined sample. Under our assumptions, the probability
is zero that any two of the 2k random variables are equal. The smallest

h of the m + n = 2h items can be selected in any one of (2:) ways.

Each of these ways has the same probability. Of these (Zh) ways, we

h
need to count the number of those in which exactly v of the m values of
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X (and hence & — v of the # values of Y) appear in the lower 4 items.

But this is (':) (h ﬁ v)’ Thus the p.d.f. of V is the hypergeometric p.d.f.

m n
kv) = Pr(V =v) = (—z,_)”(—_—;i.;)ﬁ-

= 0 elsewhere,

v=20,12,...,m,

where m + n = 2h.
The student may be momentarily puzzled by the meaning of

(h ﬁ v) for v=20,1,2,...,m For example, let m = 17, n = 3, so

that A = 10. Then we have ( ), v=201,...,17. However, we

3
10 — v

take ( ) to be zero if A — v is negative orif A — v > ».

n
h—v

If m + =n is an odd number, say m + n = 2k + 1, it is left to the
student to show that the p.d.f. k(v) gives the probability that exactly v
of the m values of X are among the lower A of the combined 24 + 1
values; that is, exactly v of the m values of X are less than the median
of the combined sample.

If the distribution functions F(zx) and G(y) are of the continuous
type, there is another rather simple test of the hypothesis that
F(z) = G(z), for all z. This test is based upon the notion of runs of values
of X and of values of Y. We shall now explain what we mean by runs.
Let us again combine the sample of m values of X and the sample of »n
values of Y into one collection of m + #n ordered items arranged in
ascending order of magnitude. With m = 7 and » = 8 we might find
that the 15 ordered items were in the arrangement
T YYy TX Y T Yy TIT YY.

Note that in this ordering we have underscored the groups of successive
values of the random variable X and those of the random variable Y.
If we read from left to right, we would say that we have a run of one
value of X, followed by a run of three values of Y, followed by a run of
two values of X, and so on. In our example, there is a total of eight
runs. Three are runs of length one, three are runs of length two, and two
are runs of length three. Note that the total number of runs is always
one more than the number of unlike adjacent symbols.
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Of what can runs be suggestive? Suppose, with m = 7 and # = 8
we have the following ordering:

TIXTIXT Y TT YYYYYYy.

To us, this strongly suggests that F(z) > G(z). For if, in fact,
F(z) = G(z) for all z, we would anticipate a greater number of runs.
And if the first run of five values of X were interchanged with the last
run of seven values of Y, this would suggest that F(z) < G(z). But runs
can be suggestive of other things. For example, with m = 7and n = 8,
consider the runs

Yyyy TTTIXXT YYYy.

This suggests to us that the medians of the distributions of X and Y
may very well be about the same, but that the ‘“spread” (measured
possibly by the standard deviation) of the distribution of X is
considerably less than that of the distribution of Y.

Let the random variable R equal the number of runs in the com-
bined sample, once the combined sample has been ordered. Because our
random variables X and Y are of the continuous type, we may assume
that no two of these sample items are equal. We wish to find the p.d.f.
of R. To find this distribution, when F(z) = G(z), we shall suppose that
all arrangements of the m values of X and the » values of Y have equal
probabilities. We shall show that

pee=2sn = {("; ) )+ (G2
D)

when 2% and 2k + 1 are elements of the space of R.
To prove Formulas (1), note that we can select the m positions for

|

o
]
~
]
N
Ko
!
N
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3
|
Pk
p
—
x> X
(|

the m values of X from the m + n positions in any one of (m’: ")

ways. Since each of these choices yields one arrangement, the probability
m+n
m
determine how many of these arrangements yield R = », where 7 is an
integer in the space of R. First, let r = 2k + 1, where % is a positive
integer. This means that there must be £ + 1 runs of the ordered values

of each arrangement is equal to 1 / ( ) The problem is now to
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of X and & runs of the ordered values of Y or vice versa. Consider first
the number of ways of obtaining # + 1 runs of the m values of X.
We can form & + 1 of these runs by inserting &k ““dividers’ into the
m — 1 spaces between. the values of X, with no more than one divider

r space. This can be done in any one of m -1 ways. Similarly, we
pe y k y

can construct % runs of the n values of Y by inserting & — 1 dividers
into the » — 1 spaces between the values of Y, with no more than one

»- l) ways. The

divider per space. This can be done in any one of (k 1

joint operation can be performed in any one of (m; 1)(: - :)

ways. These two sets of runs can be placed together to formr» = 2k + 1
runs. But we could also have % runs of the values of X and £ + 1 runs
of the values of Y. An argument similar to the preceding shows that this

can be effected in any one of (’: B ll)(" ; l) ways. Thus,

PP e [ e £ () ()

m + n
m
which is the first of Formulas (1).
If » = 2k, where £ is a positive integer, we see that the ordered
values of X and the ordered values of Y must each be separated into

k runs. These operations can be performed in any one of (': : l] )
n—1
k-

together to form r = 2% runs. But we may begin with either a run of

values of X or a run of values of Y. Accordingly, the probability of 2k
runs is
(216 0)
Pr(R = 2k) = _

m+n
(")
which is the second of Formulas (1).
If the critical region of this x#n test of the hypothesis H,y: F(z) =
G(2) for all z, is of the form R < ¢, it is easy to compute a =
Pr (R < ¢; H,), provided m and n are small. Although it is not easy to

and-( ) ways, respectively. These two sets of runs can be placed

’
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show, the distribution of R can be approximated, with large sample
sizes m and #n, by a normal distribution with mean

mn

+ 1
mant

p=ER) =2

and variance

oz_(l"‘l)(#‘z)

T T m+n—1

The run test may also be used to test for randomness. That is, it can
be used as a check to see if it is reasonable to treat X, X,,..., X asa
random sample of size s from some continuous distribution. To facili-
tate the discussion, take s to be even. We are given the s values of X to
be 2, x4, .., x,, which are not ordered by magnitude but by the order
in which they were observed. However, there are s/2 of these values,
each of which is smaller than the remaining s/2 values. Thus we have a
“lower half” and an “upper half” of these values. In the sequence
Zy, Zg, . . ., X, Teplace each value of X which is in the lower half by the
letter L and each value in the upper half by the letter U. Then, for
example, with s = 10, a sequence such as

LLLLULUUUU

may suggest a trend toward increasing values of X; that is, these
values of X may not reasonably be looked upon as being the items of a
random sample. If trend is the only alternative to randomness, we can
make a test based upon R and reject the hypothesis of randomness if
R < c¢. To make this test, we would use the p.d.f. of R, as given on
p. 368, with m = n = s/2. On the other hand if, with s = 10, we find a
sequence such as

LHLHLHALHLH,

our suspicions are aroused that there may be a nonrandom effect which
is cyclic even though R = 10. Accordingly, to test for a trend or a
cyclic effect, we could use a critical region of the form R < ¢, or
R 2 c,.

If the sample size s is odd, the number of sample items in the
““upper half’”” and the number in the ‘‘lower half’’ will differ by one.
Then, for example, we could use the p.d.f. of R, given on p. 368, with
m = (s — 1)/2and » = (s + 1)/2 or vice versa.
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EXERCISES

11.22. Let 3.1, 5.6, 4.7, 3.8, 4.2, 3.0, 5.1, 3.9, 4.8 and 5.3, 4.0, 4.9, 6.2,
3.7, 5.0, 65, 45,55, 5.9, 4.4, 5.8 be observed samples of sizes m = 9 and
n = 12 from two independent distributions. With 2 = 3, use a chi-square
test to test, with a« = 0.05 approximately, the equality of the two distri-
butions.

11.23. In the median test, with m = 9 and » = 7, find the p.d.f. of the
random variable V, the number of values of X in the lower half of the
combined sample. In particular, what are the values of the probabilities
Pr (V = 0) and Pr (V = 9)?

11.24. In the notation of the text, use the median test and the data given
in Exercise 11.22 to test, with a = 0.05, approximately, the hypothesis of the
equality of the two independent distributions against the alternative
hypothesis that F(2) > G(z). If the exact probabilities are too difficult to
determine for m = 9 and » = 12, approximate these probabilities

11.25. In the discussion of the run test, let the random variables R, and
R, be, respectively, the number of runs of the values of X and the number of
runs of the values of Y. Then R = R, + Rj;. Let the pair (r,, r,) of integers
be in the space of (R,, R,); then |r; — ry] < 1. Show that the joint p.d.f. of

R, and R, is 2("‘ - 1)(” - 1) /("‘; ”), if , = r,; that this joint p.d.{. is

ry — 1 \r; — 1
m— 1\(n — 1 m + n\ . .
( ) ( )1f |ry — 73] = 1, and is zero elsewhere. Show
r, — 1J\r, — 1 m
. . (m— 1\/n + 1 m+n
that the marginal p.d.f. of R, 15('1_1)( ’ )/( m ),rl=l,...,m,

and is zero elsewhere. Find E(R,). In a similar manner, find E(R,). Compute
E(R) = E(R,) + E(R,).

11.6 The Mann-Whitney-Wilcoxon Test

We return to the problem of testing the equality of two independent
distributions of the continuous type. Let X and Y be stochastically
independent random variables of the continuous type. Let F(z) and
G(y) denote, respectively, the distribution functions of X and Y and let
X, X, ...,Xpand Y,, Y,, ..., Y, denote independent samples from
these distributions. We shall discuss the Mann-Whitney-Wilcoxon test
of the hypothesis Hy: F(z) = G(z) for all values of z.

Let us define

Z” = l, X‘ < Yl’
= 0, X‘ > Yl'
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and consider the statistic
We note that

counts the number of values of X which are less than Y, j =1, 2,
..., 7. Thus U is the sum of these n counts. For example, with m = 4
and » = 3, consider the observations

Xy € Y3 < ) < Xy < Y; < T3 < Y,

There are 3 values of x which are less than y,; there are 4 values of z
which are less than y,; and there is 1 value of x which is less than y3.
Thus the experimental valueof Uisu =3 + 4 + 1 = 8.

Clearly, the smallest value which U can take is zero, and the largest
value is mn. Thus, the space of U is {u;4 = 0,1,2,..., mn}. If U is
large, the values of Y tend to be larger than the values of X, and this
suggests that F(z) = G(z) for all z. On the other hand, a small value of
U suggests that F(z) < G(z) for all z. Thus, if we test the hypothesis
H,: F(z) = G(2) for all z against the alternative hypothesis H,: F(z) =
G(z) for all z, the critical region is of the form U > ¢,. If the alternative
hypothesis is H,: F(z) < G(z) for all z, the critical region is of the form
U < ¢;. To determine the size of a critical region, we need the
distribution of U when H, is true.

If » belongs to the space of U, let us denote Pr (U = %) by the
symbol h(u; m, n). This notation focuses attention on the sample sizes
m and n. To determine the probability /(u; m, n), we first note that we
have m + n positions to be filled by m values of X and n values of Y.

We can fill m positions with the values of X in any one of (m,: n)

ways. Once this has been done, the remaining » positions can be filled
with the values of Y. When H, is true, each of these arrangements has
" 1: ") The final right-hand
position of an arrangement may be either a value of X or a value of Y.
This position can be filled in any one of m + n ways, m of which are
favorable to X and n of which are favorable to Y. Accordingly, the
probability that an arrangement ends with a value of X is m/(m + #)
and the probability that an arrangement terminates with a value of Y
is nf(m + n).-

the same probability, namely, 1/(
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Now U can equal % in two mutually exclusive and exhaustive ways:
(1) The final right-hand position (the largest of the m + 7 values) in the
arrangement may be a value of X and the remaining (m — 1) values of
X and the n values of Y can be arranged so as to have U = u. The
probability that U = w, given an arrangement which terminates with a
value of X, is given by h(u; m — 1, n). Or, (2) the largest value in the
arrangement can be a value of Y. This value of Y is greater than m
values of X. If we are to have U = u, the sum of » — 1 counts of the m
values of X with respect to the remaining #» — 1 values of Y must be
u — m. Thus, the probability that U = u, given an arrangement which
terminates in a value of Y, is given by A(¥ — m; m, n — 1). Accordingly,
the probability that U = u is

= n)h(u;m —1m+ (

h(u; m, n) = ( )h(u —m;mn — 1)

n
m+n
We impose the following reasonable restrictions upon the function
h(u; m, n):

h(u; 0,n) =1, u =0,

=0, u>0n2>1,
and
h(u;m,0) = 1, u =0,
= 0, u>0mz21,
and

h(u; m, n) =0, 4u<0,m=>20,n2>0.

Then it is easy, for small values m and #, to compute these probabilities.
For example, if m = #n = 1, we have

h(0;1,1) = 3h(0;0,1) + 44(—1;1,0) = 3-1 + 4.0 = 4,
h(1;1,1) = 3h(1;0,1) + 34(0;1,0) = 4.0 + 3-1 = 4;
andif m = 1, n = 2, we have
1(0;1,2) = 44(0;0,2) + 34(—1;1,1) = 41 + -0 =},
h(1;1,2) = 34(1;0,2) + 34(0; 1,1) = -0 + 3-3 = &,
h(2;1,2) = 3h(2;0,2) + 4h(1;1,1) = 40 + -4 =&

In Exercise 11.26, the student is to determine the distribution of U
whenm =2,n=1,m=2,n=2;m=1n=3;andm =3,n =1
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For large values of s and #, it is desirable to use an approximate
distribution of U. Consider the mean and the variance of U when the
hypothesis H,: F(z) = G(z), for all values of z, is true. Since U =

n m
3 3 Z,, then

Jmliml
E(U) = 3 2 E(Zy).
11 5=1
But
EZ)=MNPr(X,<Y)+ (0)Pr(X,>Y) =1
because, when H, is true, Pr (X; < Y)) = Pr (X, > Y,) = }. Thus

LD | mn
E(U) = (_) =
lzl !Zl 2 2
To compute the variance of U, we first find

EUy =5 5 3 3 EZ.Z

kul h=1 f=1 (=1

n n n m
2 EZ}) + 2 > 2 E(Z,Z,)
j=1 t=1 k=1 g1 0=

]

n M_ m n n m m
+ 2 2 E(ZyZy) + 2 2 2 2 E(Z,,Zy).
=1 h=]l {=] km]l jm]l A=l {m]
hwi k] hwi

Note that there are mn terms in the first of these sums, mn(n — 1)
in the second, mn(m — 1) in the third, and mn(m — 1)(» — 1) in the
fourth. When H, is true, we know that X, X,, Y,, and Y,, 7 # A,
j # k, are mutually stochastically independent and have the same
distribution of the continuous type. Thus, Pr (X, < Y,) = 4. Moreover,
Pr(X, < Y, X, < Y,) =% because this is the probability that a
designated one of three items is less than each of the other two.
Similarly, Pr (X; < Y, X, < Y,) = 4 Finally, Pr (X, < Y, X, < Y})
= Pr(X, < Y) Pr(X, < Y,) =4 Hence we have

E(Zy) = (1P Pr (X, < Y, =},
E(Z,Z,) = () () Pr(X, <Y, X, <Y, =4 7+ R
E(ZyZ,) = W) Pr(X, <Y, X, <Y) =14 i #h,
and

E(ZyZy) = (W) Pr (X, < Y, Xa < Yy) = 4, sk bk



Sec. 11.6] The Mann-Whitney-Wilcoxon Test 375
Thus,

E(U? = mn mn(n — 1) + mn(m — 1) + mn(m — 1)(n — 1)

2 3 3 4
and
1 n—-1 m-—1 (m—-1n-1) mn
2 — — ——
ou—mn[2+ 3 + 3 + yy 4]
mn(m + n + 1)

12

Although it is fairly difficult to prove, it is true, when F(z) = G(z) for
all z, that

mn
V-7
mu(m + n + 1)
12

has, if each of m and # is large, an approximate distribution which is
7(0, 1). This fact enables us to compute, approximately, various
significance levels.

Prior to the introduction of the statistic. U in the statistical litera-
ture, it had been suggested that a test of H,: F(z) = G{z), for all z, be
based upon the following statistic, say T (not Student’s ¢). Let T be the
sum of the ranks of Y,, Y,, ..., Y, among the m + » items X,,...,
X, Yy ..., Y, once this combined sample has been ordered. In
Exercise 11.28, the student is asked to show that

nn+ 1),

U=T-2"

This formula provides another method of computing U and it shows that
a test of H, based on U is equivalent to a test based on T.

Example 1. With the assumptions and the notation of this section, let
m = 10 and n = 9. Let the observed values of X be as given in the first row
and the observed values of Y as in the second row of the following display:

43,59,49,3.1,53,64,6.2,3.8,7.5,5.8,
5.5,79,6.8,9.0,5.6,6.3, 85, 4.6, 7.1.

Since, in the combined sample, the ranks of the values of y are 4, 7, 8, 12, 14,
15, 17, 18, 19, we have the experimental value of T to be equal to ¢ = 114.
Thus, 4 = 114 — 45 = 69. If F(z) = G(z) for all z, then, approximately,

U — 45

0.05 = Pr nﬂ7zluﬂ Pr(U > 65.146).
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Accordingly, at the 0.05 significance level, we reject the hypothesis
H,: F(z) = G(z), for all z, and accept the alternative hypothesis H,: F(z) >
G(2), for all 2.

EXERCISES

11.26. Compute the distribution of U in each of the following cases:
@m=2n=1bm=2,n=2,c)m=1,n=3,dm=3,n=1

11.27. Suppose the hypothesis Hy: F(z) = G(z), for all 2, is not-true.
Let p = Pr (X, < Y,). Show that U/mn is an unbiased statistic for p and
that it converges stochastically to p as m —> oo and % — co.

11.28. Show that U =T — [n(n + 1)]/2. Hint. Let Y,, < Y5, <---
< Y, be the order statistics of the random sample Y,, Y,,..., Y. If R, is
the rank of Yy, in the combined ordered sample, note that Y, is greater than
R, — 1 values of X.

11.29. In Example 1 of this section, assume that the values came from
two independent normal distributions with means u; and pu,, respectively,
and with common variance o?. Calculate the Student’s ¢ which is used to test
the hypothesis Hy: p; = p;. If the alternative hypothesis is H;: p; < p,, do
we accept or reject H, at the 0.05 significance level?

11.7 Distributions under Alternative Hypotheses

In this section we shall discuss certain problems which are related
to a nonparametric test when the hypothesis H, is not true.

Let X and Y be stochastically independent random variables of the
continuous type with distribution functions F(x) and G(y), respectively,
and probability density functions f(x) and g(y). Let X,, X,,..., X,
and Y,, Y, ..., Y, denote independent random samples from these
distributions. Consider the hypothesis H,: F(z) = G(2) for all values of
2. It has been seen that the test of this hypothesis may be based upon
the statistic U, which, when the hypothesis H is true, has a distribution
that does not depend upon F(z). = G(z). Or this test can be based upon
the statistic T = U + n(n + 1)/2, where T is the sum of the ranks of
Y., Yy ..., Y, in the combined sample. To elicit some information
about the distribution of 7 when the alternative hypothesis is true, let
us consider the joint distribution of the ranks of these values of Y.

Let Y, < Y3 <--- < Y, be the order statistics of the sample
Y,, Y, ..., Y, Order the combined sample, and let R, be the rank of
Yo, t =1,2,...,n Thus, there are + — 1 values of Y and R, — ¢
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values of X which are less than Y ,,. Moreover, thereare R, — R,_, — 1
values of X between Y,_,, and Y, If it is given that Y;, = y, <
Yo =92 <--- < Y, =y, then the conditional probability

(1) Pr(Rl='15R2='2:"'an='nIyl<y2<"’<yn)v

where 7, < 75 <--- < r, £ m + n are positive integers, can be com-
puted by using the multinomial p.d.f. in the following manner. Define
the following sets: 4, = {r; —0 <z <y}, 4y = {x; 9., <z < y;},
t=2,...,m 4,,;, = {z;y» < < co}. The conditional probabilities
of these sets are, respectively, p, = F(y,), p2 = F(ys) — F(y,), ...,
Pn = F(yn) — F(yn-1), Pns1 = 1 — F(y,). Then the conditional prob-
ability of Display (1) is given by

mlplilpianaml. L piaTaca-lpmin-ra
r—Da—r, =Dty —rp s = Dl (m+ 7 —r )

To find the unconditional probability Pr (R, =7, Ry = 7,,...,
R, = r,), which we denote simply by Pr (r,, .. ., 7,), we multiply the
conditional probability by the joint p.d.f.of Y;, < Y5, <--- < Y,,,
namely, n!g(y,)g(¥z)- - -g(y,), and then integrate on y,,ys, ..., Yn-
That is,

Pr(ry,70...,7,) = J‘:ofj: ﬂ: Pr(ry,...,7|y, < < y)n!
X &(y1) - -&(Yn) dyy- - -dy,,

where Pr (r,...,7,]y; < - < y,) denotes the conditional probability
in Display (1).

Now that we have the joint distribution of R,, R, . . ., R,, we can
find, theoretically, the distributions of functions of R,, R,, ..., R, and,

in particular, the distribution of T = i R,. From the latter we can find
1

that of U = T — n(n + 1)/2. To point out the extremely tedious
computational problems of distribution theory which we encounter,
we give an example. In this example we use the assumptions of this
section.

Esample 1. Suppose that an hypothesis H, is not true but that in fact
fx) = 1,0 < x < 1, zero elsewhere, and g(y) = 2y, 0 < y < 1, zero else-
where. Let m = 3 and n = 2. Note that the space of U is the set
{wu,u =0,1,..., 6}. Consider Pr (U = 5). Thisevent U = 5 occurs when and
only when R, = 3, R; = 5, since in this section R, < R, are the ranks of
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Y, < Y, in the combined sample and U = R, + R; — 3. Because
F(z) = 2,0 < z < 1, we have

Pr(U=>5)=Pr(R, =3 Ry =5)

= [[ [ = ) oy, ey dy, dy,

o[ [ - o -

Consider next Pr (U = 4). The event U = 4 occurs if R, = 2, Ry = 5 or if
R, = 3, R, = 4. Thus,

Pr(l' =4 = Pr(Ry=2,R, =5)+ Pr(R, =3,R, = 4);
the computation of each of these probabilities is similar to that of

Pr (R, = 3, R, = 5). This procedure may be continued until we have
computed Pr (U = u) foreach ue{u;« =0,1,..., 6}.

In the preceding example, the probability density functions and the
sample sizes m and n were selected so as to provide relatively simple
integrations. The student can discover for himself how tedious, and even
difficult, the computations become if the sample sizes are large or if the
probability density functions are not of a simple functional form.

EXERCISES

11.30. Let the probability density functinns of X and Y be those given in
Example 1 of this section. Further let the sample sizes be m = 5and n = 3.
If R, < R; < R, are the ranks of Y;, < Y < Y in the combined
sample, compute Pr (R, = 2, R; = 6, R; = 8).

11.31. Let X,, X,,..., X, be a random sample of size m from a distri-
bution of the continuous type with distribution function F(x) and p.d.f.
F'(x) = f(x). Let Y,, Y, ..., Y, be a random sample from a distribution
with distribution function G(y) = [F(y)]%, 0 < 6. If @ # 1, this distribution
is called a Lehmann alternative. With @ = 2, show that

Zrrat Dora+ 2 lratn=1
)(m+n+l)(m+n+2) -(m + 2n)

Pr(ry,7;,...,7,) = (m +

11.32. To generalize the results of Exercise 11.31, let G(y) = A[F(y)],
where k(z) 1s a differentiable function such that 4(0) = 0, A(1) = 1, and
K(z) > 0,0 < z < 1. Show that
EW VK (Vr)- K (Vr)]

(m + n)

m
where V, < V3 <--- < V,,, are the order statistics of a random sample of
size m + » from the uniform distribution over the interval (0, 1).

Pr(ry, 75, ...,7,) =



Chapter 12

Further Normal
Distribution Theory

12.1 The Multivariate Normal Distribution

We have studied in some detail normal distributions of one and of
two random variables. In this section, we shall investigate a joint
distribution of # random variables that will be called a multivariate
normal distribution. This investigation assumes that the student is
familiar with elementary matrix algebra, with real symmetric quadratic
forms, and with orthogonal transformations. Henceforth the expression
quadratic form means a quadratic form in a prescribed number of
variables whose matrix is real and symmetric. All symbols which
represent matrices will be set in boldface type.

Let A denote an n x n real symmetric matrix which is positive
definite. Let p denote the » x 1 matrix such that p’, the transpose of
@, is 0’ = [y, po, . . ., u,), where each p, is a real constant. Finally, let
x denote the » x 1 matrix such that x’' = [x,, z,, ..., z,]. We shall
show that if C is an appropriately chosen positive constant, the non-
negative function

f(@y, 22, ..., x,) = Cexp [_(x il 2 g(x — p-)],

-0 < T <00,t=12,...,m,
is a joint p.d.f. of » random variables X, X,, ..., X, that are of the
continuous type. Thus we need to show that
(1) f:~~-ffw f(2y, g, .. ., T,) dzy dzg- - -dz, = 1.

3
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Let t denote the n x 1 matrix such that t' =[¢,,¢,,...,¢,], where

ty,t,, ..., t, are arbitrary real numbers. We shall evaluate the integral
2) CI f exp [t’x _x-w ZA(" — “)]dxl.-.dx,,

- -
and then we shall subsequently set ¢, = ¢, =---=¢, = 0, and thus

establish Equation (1). First we change the variables of integration in
integral (2) from z,, z5,..., 2, to ¥;, Y3, .. ., Y, by writing x — pn =y,
where y' = [y;, Y2, . .-, ¥»). The Jacobian of the transformation is one
and the n-dimensional z-space is mapped onto an #n-dimensional
y-space, so that integral (2) may be written as

’

, L] (-] , A
(3) CeXP(tu)f j exp(ty—lz—y)dyl---dyn.

Because the real symmetric matrix A is positive definite, the =
characteristic numbers (proper values, latent roots, or eigenvalues)
a,, a,, ..., a, of A are positive. There exists an appropriately chosen
n x n real orthogonal matrix L(L’ = L-!, where L -1 is the inverse of
L) such that

ay 0 ... 0
0 a; .- 0
L'AL =|. . .|

o 0 - a,
for a suitable ordering of a,, a,, ..., a,. We shall sometimes write
L’'AL = diag[a,, a,, ..., a,]. In integral (3), we shall change the vari-
ables of integration from y,,y,, ..., ¥, to 2,25, ...,2, by writing
y = Lz, where z' = [24, 2, . . ., 2,]. The Jacobian of the transformation

is the determinant of the orthogonal matrix L. Since L'L = I, where
I, is the unit matrix of order #, we have the determinant |L'L| = 1
and |L|2 = 1. Thus the absolute value of the Jacobian is one. Moreover,
the n-dimensional y-space is mapped onto an n-dimensional z-space.
The integral (3) becomes

(4) Cexp(t'w) fm .- -Jqo exp [t’Lz - —Z—%M] dzy- - -dz,.
- -

It is computationally convenient to write, momentarily, 'L = w’,
where w' = [w,, 0,, ..., w,]. Then

exp [t'Lz] = exp [w'z] = exp (i w,z,).
1
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"yy ialza
oo 2242 - o |57

Then integral (4) may be written as the product of # integrals in the
following manner:

(5) Cexp (W'L'w) ‘Ii[ [ f :o exp (w,zzl - a—‘;‘a_) dz,]

vt 5]

The integral that involves 2, can be treated as the moment-generating
function, with the more familiar symbol ¢ replaced by w,, of a distribu-
tion which is #(0, 1/a,). Thus the right-hand member of Equation (5) is
equal to

(6) Cexp(wLlp) 1_1 [A/Z_,TT P (g) ]
= Cexp (W’L'F)JT_n exp (Z ;}7)

Now, because L~! = L’, we have

Moreover,

(L'AL)'I = L'A-L = diag I:_l.,l,. vy _1.]
a, a, a,

Thus,
n 2
Z% = w/(L'A"'L)w = (Lw) A-}(Lw) = t'A-1t.
1 i

Moreover, the determinant |[A~!| of A~1is

1

a2. . .an

A= = JLA-IL| =

Accordingly, the right-hand member of Equation (6), which is equal to
integral (2), may be written as

‘A -1
) Cety/2m)TA=T] exp (‘ Az ‘).

If, in this function, we set {, =, =--.= ¢, = 0, we have the value
of the left-hand member of Equation (1). Thus, we have

CVZm) AT = 1.
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Accordingly, the function

- 1 (X~ wAX — )
f(zhxa.-n,zn)—mﬁexp[ 3 ,
-0 <z <, t=1,2,...,n,is a joint p.d.f. of n random variables

X,, X,, ..., X, that are of the continuous type. Such a p.d.f. is called
a nonsingular multivariate normal p.d.f.

We have now proved that f(z,, z,, . . ., ,) is a p.d.f. However, we
have proved more than that. Because f(z,,x;, ..., z,) is a p.d.f,
integral (2) is the moment-generating function M(¢,, ¢,, .. ., ¢,) of this

joint distribution of probability. Since integral (2) is equal to function
(7), the moment-generating function of the multivariate normal
distribution is given by

‘A -1
M(t, tg, ..., ¢) = exp (t'p. + t'A t),

2

Let the elements of the real, symmetric, and positive definite
matrix A~! be denoted by oy, 4,7 = 1, 2,..., n. Then

o, t?

M(@,...,0,4,0,...,0) = exp (td‘l + —%‘—)
is the moment-generating function of X, ¢+ = 1,2,..., #n. Thus, X, is
n(ug, oy4), ¢ = 1,2,..., n. Moreover, with ¢ # j, we see that M(C, ..., 0,
4,0,...,0,¢,0,...,0), the moment-generating function of X, and

X, is equal to

1+ 204t 12
exp (tl"'l + iy + it + 0‘2’” + o’”).

But this is the moment-generating function of a bivariate normal distri-
bution, so that oy; is the covariance of the random variables X, and X,.
Thus the matrix @, where p’ = (uy, po, - . -, py], is the matrix of the
means of the random variables X, ..., X,. Moreover, the elements on
the principal diagonal of A~1! are, respectively, the variances o, = o7,
1 =1,2,..., 7%, and the elements not on the principal diagonal of A~*
are, respectively, the covariances o;; = pj00,, ¢ # j, of the random
variables X,, X,, ..., X,. We call the matrix A~?, which is given by

J11, O3, ceey Ogpn

012, Oag, ceey Ogp
. . . ’

Oins  O3n» coey Opg



Sec. 12.1] The Multivariate Normal Distribution 383

the covariance matriz of the multivariate normal distribution and
henceforth we shall denote this matrix by the symbol V, In terms of
the positive definite covariance matrix V, the multivariate normal
p.d.f. is written

—_ 'y-1 —
_(x-wVi(x n)], —0 < 2, < o,

1
————eX
(2‘”)"/2\/m P [ 3
i =1,2,...,n,and the moment-generating function of this distribution
is given by

( , t'Vt)
exp {t'p + ——
2
for all real values of t.
Esample 1. Let X,, X, ..., X, have a multivariate normal distribation

with matrix p of means and positive definite covariance matrix V. If we

let X' = [X,, X,,...,X,], then the moment-generating function M(¢,, ¢,,
.., t,) of this joint distribution of probability is

t'Vt)

(8) E(e¥*) = exp (t’p. + -

Consider & linear function Y of X,, X,,..., X, which is defined by ¥ =
cX = ic,X‘, where ¢’ = [¢y, ¢g, - . ., ¢,) and the several ¢, are real and not
1

all zero. We wish to find the p.d.f. of V. The moment-generating function
M(¢) of the distribution of Y is given by

M(t) = E(e) = E(e*).

Now the expectation (8) exists for all real values of t. Thus we can replace t’
in expectation (8) by ¢’ and obtain

'V g3
M(t) = exp (tc’p. + ¢ ‘ga )
Thus the random variable Y is n(c'w, €'Ve).
EXERCISES
12.1. Let X,, X,,..., X, have a multivariate normal distribution with

positive definite covariance matrix V. Prove that these random variables are
mutually stochastically independent if and only if V is a diagonal matrix.

12.2. Let n = 2 and take

V= o} Pan%]_
poyo3 03

Determine |V|, V-1,and (x — p)’'V-!(x — p). Compare the bivariate normal
p.d.f. with the multivariate normal p.d.f. when n = 2.
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12.3. Let X,, X,, ..., X, have a multivariate normal distribution, where
@ is the matrix of the means and V is the positive definite covariance matrix.
Let Y =c¢'X and Z = d'X, where X' =[X,,..., X,], ¢ =[c1,...,¢n,
and d’ = [d,, ..., d,] are real matrices. (a) Find M(,, t;) = E(ehY*%?%) to
see that Y and Z have a bivariate normal distribution. (b) Prove that Y
and Z are stochastically independent if and only if ¢'Vd = 0. (c) If X,,
X, ..., X, are mutually stochastically independent random variables which
have the same variance o2, show that the necessary and sufficient condition
of part (b) becomes c¢'d = 0.

12.4. Let X' = [X,, X,, ..., X,] have the multivariate normal distribu-
tion of Exercise 12.3. Consider the p linear functions of X, ..., X, defined
by W = BX, where W’ = [W,,...,W,], p<n, and B is a p x n real
matrix of rank p. Find M(v,, ..., v,) = E(¢"W), where v’ is the real matrix
[vs,...,0,], to see that W,,..., W, have a p-variate normal distribution
which has Bu for the matrix of the means and BVB’ for the covariance
matrix.

12.5. Let X’ = [X,, X3, ..., X,] have the n-variate normal distribution
of Exercise 12.3. Show that X,, X,,..., X,, p < n, have a p-variate normal
distribution. What submatrix of V is the covariance matrix of X,, X,, ...,
X,? Hint. In the moment-generating function M(t,,¢,,...,t,) of X;, X,,.. .,
Xylett,,, =---=t,=0.

12.2 The Distributions of Certain Quadratic Forms

Let X,,7 = 1, 2,..., n, denote mutually stochastically independent
random variables which are n(y, of), ¢ = 1,2,..., n, respectively.

Then Q = i (X, — w)?/o? is x%(n). Now Q is a quadratic form in the
1

X, — u, and Q is seen to be, apart from the coefficient —4, the random
variable which is defined by the exponent on the number ¢ in the joint
p.d.f. of X,, X,, ..., X,. We shall now show that this result can be
generalized.

Let X,, X,,..., X, have a multivariate normal distribution with
p.d.f.

1 (- wWVx - )
(2.".)11/2\/]'\'7—' exp [ 2 ],

where, as usual, the covariance matrix V is positive definite. We shall
show that the random variable Q (a quadratic form in the X, — u,),
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which is defined by (x — p)’'V-}(x — ), is x%(n). We have for the
moment-generating function M (¢) of Q the integral

[ e

x exp [t(x -wWVIix — ) - (e = ")’VZ_I(X — ")] dz, - - -dz,

o R e

X exp [_(x - M)'V“(’; - (- 2‘)] dz,- - -dz,.

With V-1 positive definite, the integral is seen to exist for all real
values of ¢ < 4. Moreover, (1 — 2)V~1, ¢t < 4, is a positive definite
matrix and, since |[(1 — 20)V-1| = (1 — 25)*|V -1, it follows that

1 T - WV — (1 = 29
Cm iV = 20 F [ 2 ]

can be treated as a multivariate normal p.ﬂ.f. If we multiply our
integrand by (1 — 2#)™2, we have this multivariate p.d.f. Thus the
moment-generating function of Q is given by

1
M) = =z t< ¥
and Q is (x?n), as we wished to show. This fact is the basis of the
chi-square tests which were discussed in Chapter 10.

The remarkable fact that the random variable which is defined by
(x — p)V-1(x — p) is x*(n) stimulates a number of questions about
quadratic forms in normally distributed variables. We would like to
treat this problem in complete generality, but limitations of space
forbid this, and we find it necessary to restrict ourselves to some special
cases.

Let X,, X,, ..., X, denote a random sample of size #n from a distri-
bution which is #(0, ¢2), 62 > 0. Let X' = [X,, X,,..., X,] and let A
denote an arbitrary # x # real symmetric matrix. We shall investigate
the distribution of the quadratic form X’AX. For instance, we know

that X'I, X/o? = X'X/o? = iX?/o2 is x2(n). First we shall find the
1

moment-generating function of X'AX/o?. Then we shall investigate
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the conditions which must be imposed upon the real symmetric matrix
A if X'AX/o?® is to have a chi-square distribution. This moment-
generating function is given by

M) =f“° f"’ (o ‘2")"exp(‘l‘§f );x)dl s,
f j (a 21r) exP[ X ]dxr'dxm

where 1 = I,. The matrix I — 2¢/A is positive definite if we take ¢
sufficiently small, say |¢{| < 4, & > 0. Moreover, we can treat

[~ 2]

202

1
ex
@V = ZA) ]
as a multivariate normal p.df. Now |(I — 2tA)~!e?|'? =
o"/|T — 2¢tA|'2. If we multiply our integrand by |I — 2tA|'2, we have
this multivariate p.d.f. Hence the moment-generating function of
X'AX/o? is given by

(1) M) = |1 — 2tA|~13, It < A.
It proves useful to express this moment-generating function in a
different form. To do this, let a,, aq, . . ., a, denote the characteristic

numbers of A and let L denote an # x » orthogonal matrix such that
L'AL = diag[a,, a,, . . ., 4,]. Thus,

(1 — 2ta,) 0 0
0 1 —
L'(I - 2ZA)L = : ( :2‘“’) ?
0 0 s (1 = 2ay)
Then

[1(1 - 2ta) = |L/(T — 2A)L| = |T — 2A|.
fm]
Accordingly we can write M (#), as given in Equation (1), in the form

2) Mo =[f10- 2ta,)]"”’, I < .

Let », 0 < r < n, denote the rank of the real symmetric matrix A.
Then exactly r of the real numbers a,, ag, ..., 4,, say 4,,..., 4, are
not zero and exactly n — » of these numbers, say a,,;,..., @, are
zero. Thus we can write the moment-generating function of X'AX/o? as

M(@t) = [(1 — 2a,)(1 — 2tag)---(1 — 2ta,)] =13

Now that we have found, in suitable form, the moment-generating
function of our random variable, let us turn to the question of the con-
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ditions that must be imposed if X'AX/o? is to have a chi-square
distribution. Assume that X'AX/o? is x3(k). Then

M) = [(1 — 2a,)(1 — 2ag)---(1 — Aa,)]" V2 = (1 — 2)7%73,
or, equivalently,
(1 — 2ta,)(1 — 2tay)---(1 — 2ta,) = (1 — 2t)%, |l < A

Because the positive integers » and % are the degrees of these poly-
nomials, and because these polynomials are equal for infinitely many
values of ¢, we have £ = 7, the rank of A. Moreover, the uniqueness of
the factorization of a polynomial implies that ¢, = a; =---=a, = 1.
If each of the nonzero characteristic numbers of a real symmetric
matrix is one, the matrix is idempotent, that is, A? = A, and con-
versely (see Exercise 12.7). Accordingly, if X'AX/o? has a chi-square
distribution, then A% = A and the random variable is x*(r), where 7 is
the rank of A. Conversely, if Aisof rank7,0 < » < n, and if A? = A,
then A has exactly » characteristic numbers that are equal to one, and
the remaining # — r characteristic numbers are equal to zero. Thus the
moment-generating function of X'AX/e? is given by (1 — 2£) -3,
t < 3, and X'AX/o? is x3(r). This establishes the following theorem.

Theorem 1. Let Q denote a random variable which is a quadratic
form in the items of a random sample of size n from a distribution which is
n(0, 02). Let A denote the symmetric matrix of Q and let v, 0 < r < n,
denote the vank of A. Then Q[o? is x%(7) if and only if A? = A.

Remark. If the normal distribution in Theorem 1 is n(u, o), the
condition A? = A remains a necessary and sufficient condition that Q/o?
have a chi-square distribution. In general, however, Q/o? is not y?(r) but,
instead, Q0% has a noncentral chi-square distribution if A? = A. The
number of degrees of freedom is », the rank of A, and the noncentrality
parameter is w'Apfo?, where p' = [u, p,...,n]. Since p'Ap = p? 'Ela,,,

where A = [a,,], then, if u # 0, the conditions A? = A and } a, = 0 are
i

necessary and sufficient conditions that Q/a? be central x?(r). Moreover, the
theorem may be extended to a quadratic form in random variables which
have a multivariate normal distribution with positive definite covariance
matrix V; here the necessary and sufficient condition that Q have a chi-square
distribution is AVA = A.

EXERCISES

12.6. Let Q = X, X, — X,X,, where X,, X,, X;, X, is a random sample
of size 4 from a distribution which is 7{0, o?). Show that Qfa? does not have
a chi-square distribution. Find the moment-generating-m&tion of Q/o?.
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12.7. Let A be a real symmetric matrix. Prove that each of the nonzero
characteristic numbers of A is equal to one if and only if A2 = A. Hint.
Let L be an orthogonal matrix such that L'AL = diag[a,, a,, . . ., a,] and
note that A is idempotent if and only if L’ AL is idempotent.

12.8. The sum of the elements on the principal diagonal of a square
matrix A is called the trace of A and is denoted by tr A. (a) If Bis n x m
and Cis m x =, prove that tr (BC) = tr (CB). (b) If A is a square matrix
and if L is an orthogonal matrix, use the result of part (a) to show that
tr (L’AL) = tr A. (c) If A is a real symmetric idempotent matrix, use the
result of part (b) to prove that the rank of A is equal to tr A.

12.9. Let A = [a,] be a real symmetric matrix. Prove that > Y a? is
7

equal to the sum of the squares of the characteristic numbers of A. Hint.
If L is an orthogonal matrix, show that > > a3 = tr (A% = tr (L’A%L) =
PN}

tr [(L’AL)(L'AL)].

12.10. Let X and S? denote, respectively, the mean and the variance of a
random sample of size # from a distribution which is #(0, 0?). (a) If A denotes
the symmetric matrix of #X?2, show that A = (1/n)P, where P is the n x n
matrix, each of whose elements is equal to one. (b) Demonstrate that A is
idempotent and that the tr A = 1. Thus nX2/o? is x%(1). (c) Show that the
symmetric matrix B of #nS% is 1 — (I/n)P. (d) Demonstrate that B is
idempotent and that tr B = n — 1. Thus %52%/0? is x2(n — 1), as previously
proved otherwise. (e) Show that the product matrix AB is the zero matrix.

12.3 The Independence of Certain Quadratic Forms

We have previously investigated the stochastic independence of
linear functions of normally distributed variables (see Exercise 12.3).
In this section we shall prove some theorems about the stochastic
independence of quadratic forms. As we remarked on p. 385, we shall
confine our attention to normally distributed variables that constitute
a random sample of size # from a distribution that is #(0, ¢2).

Let X,, X,, ..., X, denote a random sample of size n from a
distribution which is #(0, ¢2). et A and B denote two real symmetric
matrices, each of order n. Let X’ = [X,, X,,..., X,] and consider the
two quadratic forms X'AX and X'BX. We wish to show that these
quadratic forms are stochastically independent if and only if AB = 0,
the zero matrix. We shall first compute the moment-generating
function M(¢,, £;) of the joint distribution of X'AX/o? and X'BX/o2.
We have
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= (3 [

tLx'Ax  t,x'Bx  x'x
exp 5

3 - 7;5) d.x:l' . 'd.l'"
gy
0\/-2—1; - o -®
x'(I — 26,A — 2,B)x

exp (—— 757 ) dx, - -dx,.

The matrix I — 24,A = 24,B is positive definite if we take |¢;| and
|| sufficiently small, say |t,| < &,, |ta] < hy, where ky, by > 0. Then,
as on p. 386, we have

M, t) = |I — 26,A — 2t,B| 12, |t] < Ay, Jta] < Ao

Let us assume that X'AX/o? and X'BX/e? are stochastically indepen-
dent (so that likewise are X'AX and X’'BX) and prove that AB = 0.
Thus we assume that

(1) M(t,, t;) = M(t,, O)M(0, t,)

[o4 (04

for all ¢, and ¢, for which || < &, 7 = 1, 2. Identity (1) is equivalent
to the identity

2) |1-24A—26,B| = |1 - 26,Al |1 - 26,B|, 6| <h, i=1,2

Let » > 0 denote the rank of A and let a,, a,,..., a4, denote the 7
nonzero characteristic numbers of A. There exists an orthogonal
matrix L such that

Ca, 0 --- 0 E n
0 a - 010
. o C,:0

IJ'AL = H N . : = -»4--:-- = C
H 0 :0

0 0 a, i '

I 0 10

for a suitable ordering of a,, a,,. .., a,. Then L’BL may be written in

the identically partitioned form

The identity (2) may be written as
(2) L)X = 24A — 26,B| |L| = || [T - 24,A] [L] |L'] T - 2,,B] |L],
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or as
(3) T - 2,C — 2,D| = |I — 24,C| |I = 2¢,D|.

The coefficient of (—2¢,)" in the right-hand member of Equation (3)
is seen by inspection to be a,a,---a,|I — 2¢,D|. It is not so easy to
find the coefficient of (—2¢,)" in the left-hand member of Equation (3).
Conceive of expanding this determinant in terms of minors of order »
formed from the first » columns. One term in this expansion is the
product of the minor of order 7 in the upper left-hand corner, namely,
|1, - 2¢,C,; — 2t,D,,|, and the minor of order » — r in the lower
right-hand corner, namely, |I,_, ~ 2t,D,|. Moreover, this product is
the only term in the expansion of the determinant that involves
(—2¢,)". Thus the coefficient of (—2¢;)" in the left-hand member of
Equation (3) is a,a,- - - a,|I, ., — 2t;,D,,|. If we equate these coefficients
of (—2¢,)", we have, for all &, |t;| < kg,

4) 1T — 2,D| = |1,., — 2¢,Dy,|.

Equation (4) implies that the nonzero characteristic numbers of the
matrices D and D,, are the same (see Exercise 12.17). Recall that the
sum of the squares of the characteristic numbers of a symmetric matr:x
is equal to the sum of the squares of the elements of that matrix (see
Exercise 12.9). Thus the sum of the squares of the elements of matrix D
is equal to the sum of the squares of the elements of D,,. Since the
elements of the matrix D are real, it follows that each of the elements of
D,,, D,,, and Dy, is zero. Accordingly, we can write D in the form

0
D =L'BL = [-—-
0

EO
]
[

Thus CD = L'ALL'BL = 0 and L'’ABL = 0 and AB =0, as we
wished to prove. To complete the proof of the theorem, we assume that
AB = 0. We are to show that X'AX/o? and X'"BX/a? are stochastically
independent. We have, for all real values of ¢, and ¢,

(I - 24,A)(I — 2¢,B) = I — 2t,A — 2¢,B,
since AB = 0. Thus,
I - 24A - 26,B| = |I - 24,A| |T - 2¢,B|.

Since the moment-generating function of the joint distribution of
X’AX/o? and X'BX/o? is given by

Mty t) = |1 - 2,A - 2,B|-Y3, 4| < by, i=1,2,
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we have
M(tlt tz) = M(tl' O)M(O, ta),

and the proof of the following theorem is complete.

Theorem 2. Let Q, and Q, denote random variables which are
quadratic forms in the items of a random sample of size n from a distribu-
tion which is n(0, 02). Let A and B denote respectively the real symmelric
matrices of Q, and Q,. The random variables Q, and Q, arc stochastically
independent if and only 1f AB = 0.

Remark. Theorem 2 remains valid if the random sample is from a
distribution which is n(u, 0?), whatever be the real value of u. Moreover,
Theorem 2 may be extended to quadratic forms in random variables that
have a joint multivariate normal distribution with a positive definite
covariance matrix V. The necessary and sufficient condition for the stochastic
independence of two such quadratic forms with symmetric matrices A and
B then becomes AVB = 0. In our Theorem 2, we have V = o2, so that
AVB = A¢’IB = ¢’AB = 0.

We shall next prove the theorem that was used in Chapter 10
(p- 316).

Theorem 3. Let Q =Q, +---+ Qp_¢ + Q, where Q, Q,,...,
Qx-1, Q are k + 1 random variables that are quadratic forms in the items
of a random sample of size n from a distribution which is n(0, 0%). Let
Q/a? be x2(r), let QiJo? be x3(r), t = 1,2,..., k — 1, and let Q, be non-
negative. Then the random variables Q,, Q,, . . ., Q, are mutually stochasti-
cally independent and, hence, Qyfa? is x:(r, =7 —ry — - -+ — 7,,_y).

Proof. Take first the case of & = 2 and let the real symmetric
matrices of Q, Q,, and Q, be denoted, respectively, by A, A,, A,. We are
given that Q = Q, + Q, or, equivalently, that A = A, + A;. e
are also given that Q/o? is x*(r) and that Q,/o? is x*(r,). In accordance
with Theorem 1, p. 387, we have A? = A and A2 = A,. Since @, > 0,
each of the matrices A, A, and A, is positive semidefinite. Because
A? = A, we can find an orthogonal matrix L such that

r

L'AL = [
0

(=]
—_

If then we multiply both members of A = A, + A, on the left by L’
and on the right by L, we have '

i 0
[._-.:_6] = L'A,L + L’A,L.
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Now each of A, and A,, and hence each of L’A L and L’A,L is positive
semidefinite. Recall that, if a real symmetric matrix is positive semi-
definite, each element on the principal diagonal is positive or zero.
Moreover, if an element on the principal diagonal is zero, then all
elements in that row and all elements in that column are zero. Thus
L’'AL = L'A|L + L’A,L can be written as

o R

Since A2 = A,, we have
G, 0
(LA,L)2 = L'AL = ['b" ]

If we multiply both members of Equation (5) on the left by the matrix
L’'A,L, we see that

G o0 G, 0 GH, 0
el = oo N RN -
00 0:0 0 0

or, equivalently, L'A|L = L'A,L + (L'A,L)(L’A,L). Thus, (L'A,L) x
(L'A;L) = 0 and A;A, = 0. In accordance with Theorem 2, @, and Q,
are stochastically independent. This stochastic independence immedi-
ately implies that Qu/o? is x2(r, = r — 7). This completes the proof
when & = 2. For £ > 2, the proof may be made by induction. We shail
merely indicate how this can be done by using 4 = 3. Take A =
A, + Ay + Ay, where A2 = A, A2 = A, A = 22 and A, is positive
semidefinite. Write A = A, + (A + Ag) = A, + B, say. Now
A? = A, A? = A}, and B, is positive semidefinite. In accordance with
the case of & = 2, we have A,B, = 0, so that B} = B,. With B, =
A, + A, where B? = B,, A2 = A,, it foillows from the case of £ = 2
that A;A; = 0 and A = A, If we regroup by writing A = A, +
(A, + Aj), we obtain A;A; = 0, and so on.

Remark. In our statement of Theorem 3 we took X,, X, ..., X, to
be items of a random sample from a distribution which is 2(0, o%). We did
this because our proof of Theorem 2 was restricted to that case. In fact, if
Q', 0% ..., Qr are quadratic forms in any normal variables (including
mult\vanate normal variables), if Q' = Qy +---+ Qi if 0", 01, ..., 0k
are central or noncentral chi-square, and if Q; is nonnegati\'e, thenQy., ..., Qx
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are mutually stochastically independent and @, is either central or noncentral
chi-square.

This section will conclude with a proof of a frequently quoted
theorem due to Cochran.

Theorem 4. Let X,, X,,..., X, denote a random sample from a
distribution which is n(0, 0?). Let the sum of the squares of these items be
written in the form

%X?=Q:+Qz + 4 QO

where Q, is a quadratic form in X,, X,, ..., X,, with matrix A, which
has rank v, j = 1,2,..., k. The random variables Q,,Q,, ..., Q, are
mutually stochastically independent and Q,[o? is x2(r,), j = 1,2,..., &,

k
if and only if 3 r, = n.
1

=l /A%

Q)

to be satisfied. The latter equation implies that I = A, + A, + .-
+ A,. Let B, = I — A, That is, B, is the sum of the matrices A,, .. .,
A, exclusive of A,. Let R, denote the rank of B,. Since the rank of the
sum of several matrices is less than or equal to the sum of the ranks,

k n
Proof. First assume the two conditions > 7; = n and J X? =
1 1

k
we have R, < >r;, —7r,=n — r. However, I = A, + B,, so that
1

n<r7,+ R, and n — r, < R,. Hence R, = n — »,. The characteristic
numbers of B, are the roots of the equation |B, — AI| = 0. Since
B, =1 — A,, this equation can be written as |[I — A, — Al| = 0.
Thus, we have |A; — (1 = A)I| = 0. But each root of the last equation
is on¢ minus a characteristic number of A, Since B, has exXactly
n — R, = r, characteristic numbers that are zero, then A, has exactly
7, characteristic numbers that are equal to one. However, 7, is the rank
of A,. Thus, each of the », nonzero characteristic numbers of A, is one.
That is, A2 = A, and thus Q,/o%is ¥3(r), ¢ = 1, 2,..., k In accordance
with Theorem 3, the random variables Q,, Q,, ..., Q, are mutually
stochastically independent.

To complete the proof of Theorem 4, take EX? =Q;, +Qy + -
¢ ;
+ Q. let Q;,Q,, ..., O, be mutually stochastically independent, and
K K
let Q;/0® be x%(r), j =1,2,...,k Then X Q,lo? is xz(}: r,) But
1 1

k«
SQo? =
¢

n—[ A3

k
XZ[o?is x2(n). Thus, 3 r; = n and the proof is complete.
1



394 Further Normual Distribution Theory [Ch. 12

EXERCISES
12.11. Let X,, X,,..., X, denote a random sample of size # from a
distribution which is n(0, ¢?). Prove that i)q and every quadratic form,
which is nonidentically zero in X,, X,, ..., .l\’,., are stochastically dependent.
12.12 Let X, X,, X3, X, denote a random sample of size 4 from a distri-
bution which is #(0, ¢?). Lot Y = é:a‘X .» where a,, a,, a5, and a, are real

constants. If Y2 and Q = X, X, — XX, are stochastically independent,
determine a,, a,, a,, and a,.

12.13. Let A be the real symmetric matrix of a quadratic form Q in the
items of a random sample of size # {rom a distribution which is »(0, o?).
Given that Q and the mean X of the sample are stochastically independent.
What can be said of the elements of each row (column) of A? Hint. Are Q
and X2 stochastically independent ?

12.14. Tet Ay, A,, ..., A, be the matrices of £ > 2 quadratic forms
01, Qa2 ..., Oy in the items of a random sample of size # from a distribution
which is (0, ¢2). Prove that the pairwise stochastic independence of these
forms implies that they are mutually stochastically independent. Hint. Show
that AA, =0, i+# 7, permits Elexp (4,0, + 80, +- -+ 4,0x)] to be
written as a product of the moment-generating functions of ¢y, Q,, . . ., Q4.

12.15. Let X' = [X,, X,,..., X,], where X, X,,..., X, are items of a
random sample from a distribution which is 2(0, ¢?). Let b’ = [b,, b,, . . ., b,]
be a real nonzero matrix, and let A be a real symmetric matrix of order ».
Prove that the linear form b’X and the quadratic form X’ AX are stochastically
independent if and only if b’A = 0. Use this fact to prove that b’X and
X'AX are stochastically independent if and only if the two quadratic forms,
(b'X)? = X’'bb’X and X'AX, are stochastically independent.

12.16. Let O, and Q, be two nonnegative quadratic forms in the items of
a random sample from a distribution which is n(0, ¢2). Show that another
quadratic form @ is stochastically independent of @, + @, if and only if Q is
stochastically independent of each of @, and Q,. Hint. Consider the orthogonal
transformation that diagonalizes the matrix of @, + Q. After this trans-
formation, what are the forms of the matrices of Q, Q,, and Q, if Q and
0, + Q, are stochastically independent?

12.17. Prove that Equation (4) of this section implies that the nonzero
characteristic numbers of the matrices D and D,, are the same. Hint. Let
A = 1/(2,), t3 # 0, and show that Equation (4) is equivalent to |D — Al| =
(=A)'|Dgg = AL, _,|.
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Appendix B
Tables

TABLE |
The Poisson Distribution

I W, — U
PriX<a)=>HE"
wao W
p = E(X)
x| 0.5 1.0 15 20 30 40 50 60 70 80 90 10.0
0]0.607 0.368 0223 0.135 0.050 0.018 0007 0002 0.00I 0.000 0.000 0.000
110910 0.736 0.558 0.406 0.199 0.092 0.040 0.017 0.007 0.003 0.001 0.000
210986 0.920 0.809 0.677 0.423 0.238 0.125 0.062 0.030 0.014 0.006 0.003
30998 0.981 0.934 0.857 0.647 0.433 0.265 0.I5| 0.082 0042 0021 0010
4[1.000 0996 0.981 0.947 0815 0.629 0.440 0.285 0./73 0.100 0.055 0.029
5 0.999 0.996 0.983 0.916 0.785 0.616 0.446 0301 0.191 0.116 0.067
6 1.000 0.999 0.995 0.966 0.889 0.762 0.606 0.450 0.313 0.207 0.130
7 1.000 0.999 0.988 0.949 0.867 0.744 0.599 0.453 0.324 0.220
8 1.000 0.996 0.979 0.932 0.847 0.729 0.593 0.456 0.333
9 0.99% 0.992 0.968 0.916 0.830 0.717 0.587 0.458
10 1.000 0.997 0.986 0.957 0.901 0816 0.706 0.583
I 0.999 0.995 0.980 0.947 0.888 0.803 0.697
12 1.000 0.998 0.991 0.973 0.936 0.876 0.792
13 0.999 0.996 0.987 0.966 0.926 0.864
14 1.000 C.999 0.994 0.983 0.959 0917
) 0.999 0998 0.992 0.978 0.951
16 1.000 0.999 0.996 0.989 0.973
17 1.000 0.998 0.995 0.986
18 0.999 0.998 0.993
19 1.000 0.999 0.997
20 1000 0.998
21 0.999
2 1,000

398
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TABLE I
The Chi-Square Distribution*

o 1
= ri2-1p-w/2
Pr(X <z) = J; l‘(r/Z)Z"’w e dw

Pr(X < x)

r 0.0l 0.025 0.050 0.95 0.975 0.99
| 0.000 0.001 0.004 3.84 5.02 6.63
2 0.020 0.051 0.103 5.99 7.38 9.21
3 0.115 0.216 0.352 7.8l 9.35 1.3
4 0.297 0.484 0.711 9.49 .1 13.3
5 0.554 0.831 I.15 A 12.8 15.1
6 0.872 1.24 1.64 12.6 14.4 16.8
7 1.24 .69 217 14.1 16.0 18.5
8 1.65 2.18 273 15.5 17.5 20.1
9 2.09 2.70 333 16.9 19.0 217
10 2.56 3.25 3.94 18.3 20.5 23.2
I 3.05 3.82 4.57 19.7 21.9 24.7
12 3.57 4.40 5.23 21.0 . 233 26.2
13 4.11 5.01 5.89 224 24.7 27.7
14 4.66 5.63 6.57 237 26.1 29.1
I5 523 6.26 7.26 25.0 27.5 30.6
16 5.8l 6.91 7.96 26.3 28.8 320
17 6.4l 7.56 8.67 27.6 30.2 33.4
I8 7.0l 8.23 9.39 28.9 31.5 34.8
19 7.63 8.91 1Q.1 30.1 329 36.2
20 8.26 9.59 10.9 31.4 34.2 37.6
21 8.90 10.3 1.6 32.7 35.5 38.9
22 9.54 11.0 12.3 33.9 36.8 40.3
23 10.2 1.7 13.1 35.2 38.1 41.6
24 10.9 12.4 13.8 36.4 39.4 43.0
25 1.5 13.1 14.6 37.7 40.6 443
26 12.2 13.8 15.4 38.9 41.9 45.6
27 12.9 14.6 16.2 40.1 43.2 47.0
28 13.6 15.3 16.9 41.3 4.5 48.3
29 14.3 16.0 17.7 42.6 45.7 49.6
30 15.0 16.8 18.5 43.8 47.0 50.9

* This table is abridged and adapted from ‘' Tables of Percentage Points of the
Incomplete Beta Function and of the Chi-Square Distribution,”” Biometrika, 32 (1941).
It is published here with the kind permission of Professor E. S. Pearson on behalf of
the author, Catherine M. Thompson, and of the Biometrika Trustees.



Pr(X <z) = N(x) = JI V%:e“"”’dw
0 V2n

TABLE I

The Normal Distribution

[N(-2) =1 - N(2)]

Appendix B

X N(x) X N(x) X N{(x)
0.00 0.500 .10 0.864 2.05 0.980
0.05 0.520 .15 0.875 2.10 0.982
0.10 0.540 1.20 0.885 2.15 0.984
0.15 0.560 1.25 0.894 2.20 0.986
0.20 0.579 1.282 0.900 2.25 0.988
0.25 0.599 1.30 0.903 2.30 0.989
0.30 0.618 1.35 0911 2.326 0.990
0.35 0.637 1.40 0.919 2.35 0.991
0.40 0.655 1.45 0.926 2.40 0.992
0.45 0.674 1.50 0.933 2.45 0.993
0.50 0.691 1.55 0.939 2.50 0.994
0.55 0.709 1.60 0.945 2.55 0.995
0.60 0.726 1.645 —___0.950 2.576 0.995
0.65 0.742 1.65 0.951 2.60 0.995
0.70 0.758 1.70 0.955 2.65 0.996
0.75 0.773 1.75 0.960 2.70 0.997
0.80 0.788 1.80 0.964 2.75 0.997
0.85 0.802 1.85 0.968 2.80 0.997
0.90 0.816 1.90 0.971 2.85 0.998
0.95 0.829 1.95 0.974 2.90 0.998
1.00 0.841 1.960 0.975 2.95 0.998
}.05 0.853 2.00 0.977 3.00 0.999
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TABLE IV
The t Distribution*
I'i(r + 1)/2]
~o VarD(r/2)(1 + w?/r)7+ 173
[Pr(T < ~t) =1 - Pr(T <)

Pr(T <t =

Pr(T<v
0.90 0.95 0.975 0.99 0.995
| 3.078 6314 12.706 31.821 63.657
2 1.886 2.920 4.303 6.965 9.925
3 1.638 2353 3.182 4.541 5.84l
4 1.533 2.132 2.776 3.747 4.604
5 1.476 2.015 2.571 3.365 4.032
6 1.440 1.943 2.447 3.143 3.707
7 1.415 1.895 2.365 2.998 3.499
8 1.397 1.860 2.306 2.896 3.355
9 1.383 1.833 2262 2.821 3.250
10 1.372 1.812 2.228 2.764 3.169
H 1.363 1.796 2.201 2718 3.106
12 1.356 1.782 2,179 2.68l 3.055
13 1.350 1.771 2.160 2.650 3.012
14 1.345 1.761 2.145 2.624 2.977
I5 1.341 1.753 2.131 2.602 2.947
16 1.337 1.746 2.120 2.583 2.921
17 1.333 1.740 2.110 2.567 2.898
18 1.330 1.734 2.101 2.552 2.878
19 1.328 1.729 2.093 2.539 2.861
20 1.325 1.725 2.086 2.528 2.845
21 1.323 1.721 2.080 2.518 2.831
22 1.321 1.717 2.074 2.508 2.819
23 1.319 1.714 2.069 2.500 2.807
24 1.318 1711 2.064 2.492 2.797
25 1.316 1.708 2.060 2.485 2.787
26 1.315 1.706 2.056 2.479 2.779
27 1.314 1.703 2.052 2.473 2.771
28 1.313 1.701 2.048 2.467 2.763
29 1.311 1.699 2.045 2.462 2.756
30 1.310 1.697 2.042 2.457 2.750 -

* This table is abridged from Table IIT of Fisher and Yates; Statistical Tables fos
Biological, Agricultural, and Medical Research, published by Oliver and Boyd, Ltd.
Edinburgh, by permission of the authors and publishers.
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Appendix C

Answers to Selected
Exercises

CHAPTER 1

1.2

1.3
1.6

1.7

1.8

19

1.10
1.12
1.14
1.18
1.19
1.24

1.25

1.26
1.28

x=0,123 4}

z =2}

b) {x;0 < z < 3};
{x;1 <2 < 2}

10 <z < g}

a) {z;0 < x < 3};

b) {(x,9);0 < *

a) {z;
{z;

+ y? < 4}

{x; z = 2};
ull set;
); % + y? = 0}.

ST ®
Lce

1.
21; 2.
;0, 11/2.

n
{2,
;1
; 0;
;7

bt e GDICD
O\OP'-)C

i

=

[ R N
Np- -
(et
s

e

o

wt

o
)
—
i

S ]

c {r;-10 < z < 10}.
a) & (b) .

o =

404

1.30
1.31
1.32
1.33
1.36
1.38
1.44

1.45
1.46
1.48

1.53

1.54

1.55

IEIR

i

¢~2 — ¢-3

(@) 4 (b) 1
LTI T 2

(a) 1; (b) %; (c) 2.

(@) 0,z <0;1,0=<x
(d) 0,z < 0;1 — (1 —2)?°
0<zxz< ;1,1 <2z

(b) 0; (e) 2; (f) 2.5
(a) 4; (b) 0; (c) 4; (d) 0.

0,y<0,92,0<y <11,
1<y 2y,0<y<1;
0 elsewhere.

1/3v9,0 < y < 1;1/6Vy,
1 < y < 4; 0 elsewhere.

o (/)
o (/)
)



Answers to Selected Exercises

1.57
1.60

1.62

1.64
1.65
1.66
1.68

10\ /(20
o= (5)/G)
—~Inz,0<z<1;
0 elsewhere.
(€ = 1)(10 = 1) — =)/
420, 2 =2,3,...,8
2: 86.4; —160.8.

3:11; 27.
1

HA) # &

CHAPTER 2

23

2.6
2.8
29
2.10

2.12
2.17

3
e

3z, + 2)/(62, + 3);
(653 + 6z, + 1)/

@) (6x, + 3)2.
3x,/4; 3x3/80.
(b) 1/e.

CHAPTER 3

3.1
3.4
3.6
3.9
3.11
3.14
3.15
317
3.18
3.19
3.22
3.23

® LN wp= ®$
i =0
Niw

—ln

.
i

N 2

- o
o ™~ <
(] ~‘

;225 3

™
o

s
0.09.
4% 42!, 2 =0,1,2,....
0.84.

1.69
1.70
1.73
1.74

1.75
1.83
1.86
1.89
1.94

2.18

2.19
2.26

2.31
2.33

234

2.35

3.27

3.28
3.29
3.30
3.31
3.33
3.34

3.35

405

(@) b () f(1) = 4.
$7.80.

3

(@) 1.5,0.75; (b) 0.5, 0.05;
(c) 2; does not exist.

(2 —eY),t <In2;2; 2
(1=-073t<1

10; 0; 2; —30.

31 1067
127 144-

0.84.

(a) 1; (b) ~1;

7/v/804.

by = o1(p12 — Piapaa)/
(oa(l — p3s)];

by = a1(prs — Pi2P23)]
[oa(l — p2a)).

(c) 0.

3
1~ (1-920<y<l;
121 - L0 <y < 1.

gly) = (¥* — (y — 1)%)/6%,
y=1223,456.

i

(a) exp[—2 + eta(l + eh)];
(b) py = 1,y = 2,

o =1,0% =2,
p= V22

(c) y/2.

0.05.

0.831, 12.8.

0.90.

x*(4).

3673, 0 <y < 0.

2, 0.95.

8, 4V3.
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336 4. 348 0.477.
337 Q). 3.49 0.461.
3.39 0.067; 0.685. 3.50 =#(0, 1).
341 713, 189.7. 3.51 0.433.

3.53 n(0, 2).
342 ¢4V 3.54 (a) 0.264; (b) 0.440;
3.45 0.774. (c) 0.433; (d) 0.642.
3.46 V2m; (v — 2)[m. 357 p=1*%
347 0.90. 3.58 (382, 43.4).
CHAPTER 4
42 24;0.048. 4.42 (1/V2m)%y%e ¥3sinys,,
4.4 0.405. 0<y, <,0<y; < 2m,
45 . 0<yg<m
47 (n + 1)/2; (»* = 1)/12. 4.43 yayde ¥, 0 <y, < 1,
48 a + bx; b33 0<yz;<1,0<y; <oo.
49  x*(2)- 447 1/2Vy).0 <y < 1.
411 3,0<y<l; 448 ¢ 13(2nVy, — ¥),

1/24%, 1 < y < o0.

4.12 yls, 0<y< 1 ISy“, "\/.’_/_1 < Yg < \/Z.

0 <y, <oo.

0<y<l 450 1—(1— e 3"
413 % gy
414 },y=357 ves o
v - 16"
416 1) y=182,.... 456 482,233,0 < z, < 1,
4.17 ll_ﬁa(_f_/_lz 0<z3<1,0<23<1.
Il oss 457 .
2| 3¢ 4.62 6uv(u + v),
3 i‘i- O<u<v<l
M 464y |gy)
6| 4% 2 &
91 % 3| %
421 X, 0<y<27 ol
4.26 af(x + B); 5| <&
© el + B+ D+ B)) 6| %
4.27 (a) 20; (b) 1260; (c) 495. 7|5
4.28 3% 8| %
431 (z — 1)3/4or 9| &
1= (r — 1)34. 10 | &
435 0.05. 11| &
4.38 1/4.74, 3.33. 12 | 3%
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4.65
4.72
4.74

4.78

4.80
4.81
4.84

4.85

0.24.
0.323.
0.818.

n
Sab = 0.
1

6.41.

n = 16.

(n = 1)o?/n;
2(n — 1)o*/n?.
0.90.

CHAPTER 5

5.1
5.2
5.3
5.5
5.14
5.15
5.18

Degenerate at p.
Gamma («
Gamma (o
Gamma (¢ =
0.682.

(b) 0.815.
Degenerate at pq

i

’

=18=1).
1,8
2;B

)-

I
I

1
1).
1

+ (03/01)( — ).

CHAPTER 6

6.1
6.2
6.3
6.5
6.6
6.7
6.8
69
6.15

0.318; 2.
13
16

-1
12

0.95; 2.8602.
(77.28, 85.12). -
24 or 25.
(3.7, 5.7).
160.

(5z/6, 5z/4).

CHAPTER 7

74
7.13

7.14

7.23
7.24

1%

60y3(ys — y3)/0°; 6ys/S;
627, 63/35.

(1/6%)e= e,

0 <y, <y <o
Y1/2; 62/2.
(@) Yy/n; (b)
Y, - I/n.

Y,/n.

4.87
4.88
4.89
491

4.95

4.96
4.99
4.100

4.102
4.106

5.19
5.20
5.22
5.24
5.27
5.29
5.30
5.34

6.16
6.19
6.21
6.23
6.24

6.30

7.27

7.28

7.35
7.36

7.39

0.78.
% (3

2 s 0.25.

—5: 60 — 121/6.
0,/Va? + al.
22.5, 281,

rg > 4.

paoy/Volad + plad + pdod.
5/4/39.

(b) »(0, 1).
(b) »(0, 1).
0.954.
0.840.
0.08.
0.267.
0.682.

n(0, 1).

(—3.6, 2.0).
135 or 136.
(0.43, 2.21).
(2.68, 9.68).
(0.71, 5.50).

(n8)'T(a + 9)
®) Jreng + 7eere)’

y=012....
(Q(yn) — nynQ'(¥n)]/
nM (Yn)Q?(Yn)-

= iX,; Y,/4n; yes.
1

)
n )—/ 1)'
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CHAPTER 8
8.3 6%n; 6*/n(n + 2).
88 (a) X;
(b) —n/ln (X, X5 - - X,);
(c) X; (d) the median;
(e) the first order statistic;
H X
8.9  The first order statistic Y,
L]
?(X! - Y,)n.
CHAPTER 9
9.1 }+ilni, i + $In}
9.2 14, (31)38/4°.
95 n = 19 or 20.
9.6 K() = 0.062;
K(#) = 0.920.
9.10 lzo:c? 2> 18.3; yes; yes.
9.12 321‘+221‘2c
9.13 95 or 96; 76 7.
9.14 38 or 39; 15.
9.15 0.08; 0.875.
9.16 (1 — 6)°(1 + 99).
9.17 1,0 < 0 s ¥;1/(166%),
} <0 <1;1 - 15/(1664),
1<6.
9.19 53 or 54, 5.6.
9.22 Reject H, if Z 2 77.564.
CHAPTER 10
10.1 ¢ = 3 > 2.262, reject H,,
10.2 || = 2.27 > 2.145,
reject Hy.
10.11 ¢ = 931 > 7.81,
reject Ho.
1013 g, = 42 < 113,
accept H,
10.14 6.4 < 9.49, accept Ho.

8.11
8.12
8.13
8.15
8.16

9.23

9.24

9.26

9.29

9.30

9.32

10.16
10.21
10.24
10.25

10.28

Appendix C

w,(y).
b = 0; does not exist.

Does not exist.
[yr® + po?[n)/(* + o[n).
Bly + a)/(nf + 1).

26 or 27;

reject Hy if Z < 24.
220 or 221;

reject Hoy if y = 17.

n
gx, < ¢ or min (z) < 6;;

yes.
co(n) = (14.4)
x (nln15 — In9.5);
eu(n) = (14.4)
x (nin 1.5 + In 18).
co(n) = [0.052 — In 8]/
In 3.5;
cy(n) = [0.05# + In 4.5]/
In 3.5.
(b) ¢ = 0.18; 0.64.
(c) ¢ = 0.5;0.16; 0.84.

(d) ¢ = 0.23; 0.06; 0.68.

P = (Xi + X2f2)/
(X, + X3 + X5).
F = 7.6 > 3.89, reject H,.

r + 6, 2r + 496.

r2(0 + 71)/lr1(rz — 2)],

rg > 2.

F = 18.7 > 5.14, reject

H,.
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10.31 F = 27.7 > 4.76, reject H,,

10.38 B = S (X,/nc,),
[(X‘ Bc))?/nc?).
CHAPTER 11

1.0 (¢t - 1)t t#0;1,¢=0.
114 (a) 1%; (b) 675/1024;

() (0.8)%
116 8.
CHAPTER 12

12.3  (a) exp{(t,c + t,d)'p +
((t,c + t,d)'V

x (Lie + 1,d)]/2).

10.41
10.42
10.43

11.11
11.13
11.20
11.30

12.12
12.13

409

Reject H,.

2X, Y, 2 X 2YL
gr)y=4%r=-11

0.067.

Reject H,,.

0; 4(4» — 1)/3; no.
o

4, =0i=1234
Sa,=0i=12...n
j=1






Index

Analysis of variance, 327, 333
Approximate distribution(s), chi-
square, 308
normal for binomial, 185
normal for chi-square, 180
normal for Poisson, 181
of X, 182
Poisson for binomial, 179

Bayes’ formula, 61

Bayesian statistics, 207, 261, 293

Bernstein, S., 83

Beta distribution, see Distribution

Binary statistic, 364

Binomial distribution, see Distribu-
tion

Bivariate normal distribution, see
Distribution

Boole's inequality, 347

Cauchy distribution, see Distribu-
tion

Central limit theorem, 182

Change of variable, see Technique,
Transformation

Characterization, 154, 162

Chebyshev's inequality, 55, 89, 177

Chi-square distribution, see Dis-
tribution

Chi-square test, 308, 357, 365

Cochran’s theorem, 393

Comparisons, see Multiple com-
parisons

Completeness, 227, 229, 232, 239,
240, 243

411

Compounding, 211
Conditional expectation, 65, 67
Conditional probability, 57, 64
Conditional p.d.f., 63, 64, 66, 67,
112
Confidence coefficient, 194
Confidence interval, 193, 197
for difference of means, 199, 201
for means, 194, 196
for p, 197, 202
for quantiles, 352
for ratio of variances, 205
for regression parameters, 338
for variances, 202
Contingency tables, 313
Contrasts, 346
Convergence
in probability, 177
stochastic, 175, 186, 189
with probability one, 178
Correlation coefficient, 69, 75, 339
Covariance, 69, 170
Covariance matrix, 383
Coverage, 354
Cramér, 179
Critical region, 266, 269, 272
best, 272, 274, 278
size, 269
uniformly most powerful, 281
Curtiss, J. H., 179

Decision function, 258, 290
Degrees of freedom, see Distribu-
tion, chi-square
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Distribution, beta, 134, 139, 352

binomial, 86, 179, 187, 352

bivariate normal, 111, 160

Cauchy, 134

chi-square, 102, 109, 159, 180,
308, 316, 385, 387

conditional, 63, 64, 67, 215

continuous type, 23, 24

degenerate, 53, 173

Dirichlet, 141, 355

discrete type, 22, 24

exponential class, 231, 239

function, 29, 32, 34, 119

gamma,.99

geometric, 90

hypergeometric, 40

limiting, 171, 186, 308, 362

marginal, 61, 66

multinomial, 91, 92, 309, 377

multivariate normal, 164, 308,
379

negative binomial, 90, 211

normal, 104, 107, 158, 182

of coverages, 355

of F, 137, 305, 319

of functions of random variables,
33, 116, 166

of F(X), 349

of linear functions, 158 .

of noncentral chi-square, 314,
325, 387

of noncentral F, 327, 333, 334

of noncentral T, 304

of nS*/a?, 165

of order statistics, 145

of quadratic forms, 316, 384

of R, 341

of runs, 368

of sample, 119

of T, 135, 211, 303, 338, 341

of X, 160, 163

Poisson, 94, 179

posterior, 209

prior, 209

Index

trinomial, 91
uniform, 37, 349
Distribution free, 348, 357

Efficiency, 250
Estimation, 190, 212
Bayesian, 207, 261
interval, see Confidence interval
maximum likelihood, 254
minimax, 260
point, 213, 248
Events, 2, 15
exhaustive, 14
mutually exclusive, 14
Expectation (expected value), 41,
42,79, 166
of a product, 79
Exponential class, 231, 239

F distribution, see Distribution
Factorization theorem, 219, 221,
238
Family of distributions, 212
Fisher-Neyman criterion, 216, 238
Frequency, 2, 310
relative, 2, 11, 89
Function, characteristic, 52
decision, 258, 261
distribution, 29, 32, 34, 119
exponential probability density,
231, 239 "
gamma, 99
likelihood, 254
loss, 258, 261
moment-generating, 47, 49, 73,
82, 154
of parameter, 234
of random variables, 33, 42, 116,
166
point, 8
power, 266, 269, 376
probability density, 22, 23, 24, 29
probability distribution, 12
probability set, 11, 16, 32



Index

risk, 258, 261, 291
set, 8

Hypothesis, see Statistical hypothe-
sis, Test of a statistical hy-
pothesis

Independence, see Stochastic inde-
pendence
Inequality, Boole, 347
Chebyshev, 54, 89, 177
Rao-Blackwell, 223
Rao-Cramér, 248
Interaction, 334
Interval estimation, see Estima-
tion

Jacobian, 127, 128, 139, 143

Joint conditional distribution, 67

Joint distribution function, 61

Joint probability density function,
61

Law of large numbers; 89, 170, 178
Lehmann alternative, 378
Lehmann-Scheffé, 229
Lévy, P., 179
Liapounov, 362
Likelihood function, 254
Limiting distribution,
187, 308, 362
Limiting moment-generating func-
tion, 179
Linear functions, covariance, 384
mean, 168
moment-generating function,
161, 383
variance, 168
Loss function, 258, 261

172, 182,

Madow, W. G., 258
Mann-Whitney, 371
Marginal p.d.{., 62, 66, 67
Maximum likelihood, 254

413

method of, 254
statistic, 254, 256
Mean, 46, 118
conditional, 70, 71, 112
of a sample, 118
of linear function, 168
of X, 168
Median, 28, 152
Midrange, 152
Minimax, criterion, 260
decision function, 260, 290
Mode, 28, 93
Moment-generating function, 47,
49, 73, 80, 82, 179
of binomial distribution, 87
of bivariate normal distribu-
tion, 113
of chi-square distribution, 102
of gamma distribution, 101
of multinomial distribution, 92
of multivariate normal distribu-
tion, 382 :
of normal distribution, 105
of Poisson distribution, 96
of X, 161
Moments, 50, 53, 94
method of, 253
Multinomial distribution, see Dis-
tribution
Multiple comparisons, 343, 347
Multiplication rule, 59, 60
Multivariate normal distribution,
see Distribution

Neyman-Pearson theorem, 274

Noncentral chi-square, see Distri-
bution

Noncentral F, see Distribution

Noncentral parameter, 304, 326,
327

Noncentral T, see Distribution

Nonparametric, 348, 357

Normal distribution, see Distribu-
tion
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Normal scores, 364

Order statistics, 145, 351
distribution, 145
functions, 152, 351

Parameter, 86
Parameter space, 212
Percentile, 28
Poisson distribution, see Distribu-
tion
Poisson process, 95, 100
Power, see Function, Test of a
statistical hypothesis
Probability, 2, 11, 31, 38
conditional, 63, 64
induced, 15, 58
measure, 2, 12, 144
models, 24, 36, 59
subjective, 209
Probability density function, 22,
23, 24, 25, 29
conditional, 63, 64, 67
exponential class, 231, 239
Probability set function, 11, 16, 32

Quadratic forms, 316
distribution, 316, 384
independence, 316, 391

Quantiles, 28, 348
confidence intervals for, 352

Random, experiment, 1, 11, 38, 193
interval, 190, 196, 344
sample, 118, 160
sampling distribution theory, 119
Random variable, 15, 33
continuous-type, 23, 24
discrete-type, 22, 24
mixture of types, 33
space of, 15, 17, 18, 25
Range, 152
Rao-Blackwell theorem 223, 225
Rao-Cramér inequality, 248

Index

Regression, 335
Relative frequency, 2, 11, 89
Risk function, 258, 261, 291

Sample, correlation coefficient, 339
mean of, 118
median of, 152
random, 118, 160, 241
space, 1, 11, 193, 310
variance, 118
Scheffé, H., 344
Set, 3
complement of, 6
element of, 3
function, 8
null, 4, 12
of discrete points, 22
probability measure, 2, 12
subset, 4, 12
Sets, algebra, 3
intersection, 5
union, 4
Significance level of test, 269
Space, 6
of random variables, 15, 17, 18,
25, 193
parameter, 212, 300
product, 76
sample, 1, 11, 57, 193
Standard deviation, 47
Statistic, 116
best, 213, 229
consistent, 252
efficient, 250
maximum likelihood, 254, 256
minimum mean-square-error, 260
order, 145, 351
unbiased, 213, 236
see also Sufficient statistic(s)
Statistical hypothesis, 265, 268
alternative, 265
composite, 268
simple, 268
test of, 266
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Statistical inference, 193
Stochastic convergence, 175, 186,
189
Stochastic dependence, 76, 77
Stochastic independence, 76, 77,
80, 114, 133, 243, 306, 316,
339, 391
mutual, 81, 82, 83
of linear forms, 162
of quadratic forms, 316, 388
of X and S?, 163, 245
pairwise, 83
test of, 339
Sufficient statistic(s) 213, 216, 222,
225, 232, 243, 256, 283
function, 222
joint, 237, 240

T distribution, see Distribution
Technique, change of variable, 121,
123, 125, 128, 139
distribution function, 119
moment-generating function, 154
Test of a statistical hypothesis,
269, 272
Bayesian, 293
best, 272, 274, 278
chi-square, 308, 357, 365
likelihood ratio, 297, 300
median, 366
minimax, 291
of equality of distributions, 365
of equality of means, 301, 321

N5
of equaqity of varidhces, 305
of randgmness, 370
of stocHastic independence, 313

power qf, 264, 26

run, 36 '

sequential prpbabjlity ritid. 285
sign, 357

significanceMevel,|269
umformly most powerful, 281

ofcontmug? pe variables, 125,
of diér:‘ pe variables, 121,
on -to- e, 122, 126, 128

Types I and 11 errors, 271, 208, 292

Uniqueness, of best statistic, 229
of characteristic function, 52
of moment-generating function,
48

Variance, analysis, 327, 333
conditional, 65, 72
of a distribution, 46
of a linear function, 168
of a sample, 118
of X, 168

Venn diagram, 5

Wilcoxon, 359, 371
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