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PREFACE

The motivation in writing this book is to be found in the many prob-
lems in physics, especially nuclear physics, wherein the basis of the
description of the pertinent phenomena is the angular-momentum prop-
erties of the systems involved. As examples, the intcrnal conversion
process, emission and absorption of electromagnetic radiation (for ex-
ample, by nuclei), cmission of beta particles, angular correlation of
radiations emitted by nuclei (or atoms), and the static interactions: of
nuclear moments with ficlds due to surrounding ions or other charges
may be mentioned. All these problems have played an important role
in recent progress in nuclear physics, and, from the point of view of
the theorctical deseription, this is due, in no small measure, to the de-
velopment, of analytical tools particularly well suited for the purpose
in hand. These tools involve the application of cssentially group the-
oretic methods: the theory of angular momentum and the application
thereto of rccent developments in the algebra of irreducible tensors.
Because of the power and elegance of these methods their exposition
scems highly worth while. In this volume these methods have been
utilized in a description of the clectromagnetic field. The central theme
is the angular-momentum and parity properties (transformation prop-
erties) of the multipole fields, inasmuch as it is these aspects of the fields
that account for the importance of the role assumed by these fields in
our present theories.

In preparing this book I have attempted to make the exposition
as sclf-contained as possible without extensive reproduction of material
contained elsewhere. Thus, no very wide knowledge of group theory
is necessary, and all the basic results are derived from a comparatively
simple starting point. Where a detailed result is obtained clsewhere,
and only after a lengthy but straightforward manipulative process, ap-
propriate references are cited. A general knowledge of quantum me-
chanies and clectromagnetic theory is assumed, although, for the sake
of continuity, the necessary basis of Maxwell theory is given in the
first chapter. The first three chapters, especially Chapters II and 111,
are devoted to the general development of the theory of multipole
ficlds; the last three chapters are devoted mainly to applications. It is
only in these latter chapters that a knowledge of quantum mechanies
is necessary.

v
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I am indebted to Dr. L. C. Biedenharn of Yale University for a
critical reading of the manuscript. It is to be understood that the
responsibility for whatever shortcomings that may exist is solely mine.

M. E. Rose
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I. THE CLASSICAL FIELD EQUATIONS

1. INTRODUCTION

The theory of multipole fields, which has attracted considerable atten-
tion in recent years, was first studied by Mie in 1908.! At first sight
it seems rather remarkable that this essentially classical problem, which,
to a large extent, is concerned with the properties of certain types of
solutions of the Maxwell ficld equations, should be of current interest.
However, the reasons are not difficult to discern.

One rather obvious reason lies in the fact that the problem is not en-
tirely classical. One of the major problems of modern physics is the
quantum theory of the radiation field. Of prime importance in this con-
nection is the fact that the sources (and sinks) of the field are quantum-
mechanical systems for which the angular momentum is quantized.
Not only the angular momentum but also the parity = of the emitting
(and absorbing) nuclei, atoms, ete., are good quantum numbers, that
is, constants of the motion. As a consequence the angular momentum
and parity of the radiation fields, coupled to such systems, are matters
of major concern. The existence of angular momentum in the radiation
field has been recognized from a classical point of view for many years,
Abraham (14), but the fact that this angular momentum is quantized
can be deseribed only in terms of a non-classical theory.

While a quantum description of the field is necessary to account for
the conservation of angular momentum in the emission and absorption
of electromagnetic radiation as well as in non-radiative electromagnetic
transitions,® it is important to recognize that there exists a kind of semi-
classical counterpart of this description. This arises from two circum-
stances: (a) the correspondence-principle formulation of the interaction
energy responsible for emission and absorption and (b) the possibility of
classifying the Maxwell fields according to their properties under three-
dimensional rotations. The correspondence-principle formulation con-
sists in the replacement of the current and charge densities of the source
by their quantum-mechanical operator equivalents. These density

1 A list of references, complete as of 1953, is given in the bibliography on page 95.
2 'or example, internal conversion: Tralli and Goertzel (51); internal pair forma-
tion, Rose (49).
1



2 MULTIPOLE FIELDS

operators are coupled to the classical four-potential solutions of the
Maxwell equations.? The classification of the Maxwell ficlds to which
we refer implies the possibility of representing these fields as irreducible
tensors.t It is these representations of the Maxwell fields that are
referred to as multipole fields, and, indeed, the potentials of a 2* pole
field will be given in terms of irreducible tensors of rank I, sec. 10. Of
the many alternative and, of course, equivalent definitions of a multi-
pole ficld, the definition in terms of the transformation properties is the
most pertinent one for the purposes of application to problems of cur-
rent interest.

The remainder of this chapter is devoted to the classical field equa-
tions of the Maxwell theory. The major part of our attention is there-
after concerned with the construction of the multipole fields and a study
of their properties. In concluding chapters application is made to a
few problems of particular importance for the development of current
nuclear theory. These applications, which are concerned with internal
conversion accompanying de-excitation of isomeric states of nuclei and
the emission of gamma rays by such nuclear states, are discussed pri-
marily as illustrations. Many other applications for which the theory
of multipole fields is pertinent will come to mind. Thus, the theory of
gamimna-ray emission from nuclei can be adapted to a discussion of the
radiation emitted by atoms. In the description of nuclear phenomena,
the present discussion provides the tools for treating problems of the
interaction with electromagnetic radiation at higher energies as well.
Iixamples are the gamma-ray-emission processes accompanying capture
of nuclear particles (neutrons or protons) and the inverse process of
photodisintegration of nuclei. Other cases of interest for which the
formalism presented here is particularly useful are: angular correlation
of radiations emitted by nuclei [Biedenharn and Rose (53)], the theory
of beta disintegration [Rose (54)], gamma-ray emission by Coulomb
excitation of nuclei [Alder and Winther (53)], and the process of inter-
nal pair formation already mentioned. The intcraction of the static
moments (quadrupole moment, for example) of a nucleus with electric
and magnetic fields of its environment [Pound (50) and Rose (54)] also
finds its natural expression in terms of the formalism given below.

2. THE MAXWELL EQUATIONS

Primarily for the purposes of definition and notation the discussion
of this section is devoted to providing the background of Maxwell theory

3 See, for example, Schiff (49), Chapter X.
4 Wigner (31).



THE CLASSICAL FIELD EQUATIONS 3

on which further developments are based. The real (observed) clectric
and magnetic field strengths are designated by E and H, and, in general,
real time-dependent Maxwell fields are denoted by bars. Then, if the
source of the field is deseribed by a charge density 5, a current density j,
and a distribution of magnetization i}, the Maxwell equations in mixed
Gaussian (non-rational) units are

ceurl A = 4xj + % (1.1a)
ceurl E = — —a% (# + 47) (1.1b)
div E = 4xp (I.1¢)
div (H + 47M) = 0 (1.1d)
The equalion of continuity
- dp
divij4+—=0 1.2
ivj+ Y (1.2)

expressing charge conservation, is a consequence of (1.1a) and (1.1¢c).
Each of the real ficlds and source quantities will be expressed in terms
of complex scalar and vector functions as follows:

E(r,t) = E(r, t) + E*(r, ) (1.3)

and
E(r,f) = E(r) ¢~ ™" (1.4a)
E*(r, t) = E*(r) ¢™* (1.40)

A similar representation expresses H, p, j, and 9% as twice the real part
of ¢~ times H, po, jo, and My. Ilere we restrict our attention to
“monochromatic” fields of frequency w. The special case of a static
field is the limit @ — O.

With the introduction of the wave number

k=w/c (1.5)

the Maxwell equations become

4
curl H = — jo — ¢kE (1.6a)
¢
curl E = k(H + 47Mp) (1.6b)
div E = 4mpg (1.6¢)

div (H 4 473p) = 0 (1.6d)
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and the continuity equation is
div jo — twpo = 0 (1.7)
In the usual manner the vector potential A is introduced by
curl A = H + 4oM (1.8)
by virtue of (1.1d). With
A = A(r) e ™! 4 A*(T) ™!

equation 1.8 is equivalent to

curl A = H + 47 (1.8")
As a consequence of (1.6b) we can write
10A _
E=————grad U (1.9)
c at

where U is a real scalar (scalar potential), and with
U = Ur) e=t + U*(r) o't
the time-independent form of (1.9) is
E = ikA — grad U (1.9%)

The time-independent field quantities such as E, H, A, and U may
be referred to as amplitude functions. Since we deal with these time-
independent quantities for the most part, it will be convenient to refer
to them as electric and magnetic field strengths, vector and scalar poten-
tials, etc., without further qualification. TFor cach equation involving
amplitudes, another is obtained by taking the complex conjugate.

As is well known the purpose in introducing the potentials is to formu-
late the theory in terms of these alone. Then the field strengths are
derivable from (1.8) or (1.8’) and (1.9) or (1.9°). To obtain decoupled
wave equations for the potentials it is necessary to impose another
restriction, the Lorentz condition:

- 18U
avi+ 1% _y (1.10)
¢ dt
or
div A — kU = 0 (1.10)

Then, with the aid of the identity
curl curl = grad div — V? (1.11)
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we obtain the well-known wave equations

2

VA — 0—12%;— = — 4% G + ceurl M) (1.12a)
and

. 18°0 )

The time-independent forms are

V2A + k2A = —(4n/c)(jo + ¢ curl Mo) (1.12a’)
and
VU + K*U = —4mwpo (1.120")

In subsequent developments it will not be necessary to explicitly ex-
hibit the decomposition of the current into convection (j) and amperian
(c curl M) contributions. We may write j for the total current. The
continuity equation is then unchanged.

For the case of practical interest the sources of the field are located
within a bounded region, and we may also consider that these sources
were established within a finite time interval in the past. Then the
retarded potential solutions of (1.12a’) and (1.12b’) are, in this notation,

A®) = %f io() Go(x, ') dr’ (1.134)
Ur) = f oo(t') Go(r, ) dt’ (1.13b)
where
ik|r—r/|
Go(r, 1') = ——— (1.14)
|r —r'|

is the Green’s function for the scalar Helmholtz equation:
V2Go + k’Gy = —4nd(r — 1) (1.14")

with 8(r — r’) the three-dimensional Dirac delta function [e.g., Schiff
(49), Chapter III].

For a source wherein j and p are restricted to a finite region, such
that outside this region j = 5 = 0, the fields outside are given as solu-
tions of the free-space Maxwell equations. These are obtained, of
course, from the set (1.1) or (1.6) by setting 5 = j = 0 and also I} = 0.
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The time-independent form of the resulting wave equations
VA + k*A =0 (1.15a)
VU4 KU =0 (1.15b)

are referred to as vector and scalar Helmholtz equations, respectively.
The solutions of these equations clearly form a complete set, which can
be orthonormalized. Ience, the solutions of the inhomogeneous equa-
tions with sources present can be expressed in terms of those of the
homogeneous equations.

In fact, a particular solution of (1.15b) is

Ul = fr.(kr) Y (x) (1.16)
where f1, is v/2/7 times the spherical bessel funetion,
fr@) = (U/V5) I 1414(x) (1.17)

and YV (r) is a (normalized) spherical harmonic depending only on the
unit vector r. For purposes of subsequent application we give the
explicit definition:®

, 2L 4 1 (I, — M)!(— sin )M ¢Me ¢ g\L+M
Yi'(x) =\/ LT 2L (‘E) & — 1 (1.18)

where ¢ = cos ¢, and 3, ¢ are, respectively, the polar and azimuth angles
of v. The solution (1.16) is regular at the origin. A lincarly independ-
ent solution, irregular at the origin, is

Vil = gu(kr) Y7 (v) (1.19)

where ¢y, is defined in terms of the spherical Hankel function of the
first kind (outgoing wave):

gr(x) = (1/\/;«')HL+!,§($) (1.20)
Note that
Yy = (=)My;V (1.21)
Then the well-known expansion of the Green’s function Gy is
] L
Go=2v%k Y, > U@ VIs) (1.22)
L=0 M=—L

in a self-explanatory notation. If this result is used in (1.13¢) and
(1.13b) then in the region r > r’ the solution is expressed as a sum of

5 Cf. Appendix A.
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outgoing waves, solutions of (1.15b), multiplied by constants of the
form

f UY (") po(r') dr’ (1.23)

which are characteristic of the source. Since expressions like (1.23)
give various moments of the charge distribution they are referred to as
multipole moments. ITowever, it is to be emphasized that the solutions
of (1.12) obtained in this way are not yet represented in terms of multi-
pole fields.

3. GAUGE INVARIANCE

Since the starting point of these considerations is the Maxwell equa-
tions 1.1 wherein no potentials but only field strengths oceur, it is clear
that two sets of potentials A, 7 and A’, U’ which yield the same field
strengths are physically equivalent. Thus, if

A’=A+ V8 (1.24a)

— _ La8

U0=U0--— (1.24b)
c dl

or, in terms of time-independent potentials,
A = A+ VS (1.25q)
U = U+ kS (1.25D)

then, by (1.8) or (1.8") and (1.9) or (1.9'), the two scts of potentials are
equivalent. The transformation (1.24) or (1.25) is called a gauge trans-
formation.

Tn order that the primed or gauge-transformed potentials satisfy the
same wave equations (1.12), it is necessary and sufficient that the
Lorentz condition (1.10) be satisfied in the primed gauge. This requires
that the gauge function 8 be a solution of the homogeneous wave
equation.

23 328 .
Vb——cE-BF-:O (].2())

or
VIS + k2SS =0 (1.26")

It is clear that a gauge transformation is equivalent to adding a solu-
tion of the homogencous wave equation to (1.13a) and (1.13D).
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In the free-space case it is possible to gauge-transform the scalar
potential to zero. That is,

U =0 S = (i/k)U (1.27)

Then div A’ = 0. This is referred to as the solenoidal gauge. It is not
possible to use this gauge where there are sources.

A field of the form A’ — A, U’ — U, that is, onc whose vector and
scalar potentials are

A =8 (1.28a)
U 138 (1.28b)
! ¢ ot -

is called a longitudinal field—and corresponds to zero field strengths.
Note that for the electrostatic field a time-independent potential must
be added to (1.28b).

4. PARITY OF THE MAXWELL FIELD

An important consideration in the following is the property if the
Maxwell field under coordinate inversion. We define the parity opera-
tor I by

HE(r) = E(—r) (1.29)

and similarly for any other field quantity. If we consider the free-space
wave equation it is clear that the operator V2 — (1/¢?) 8%/ commutes
with TI. Hence if A(r) is a solution, A(—r) is also a solution. Conse-
quently

A, (r) = A(r) = A(-1)

are solutions and are, moreover, eigenfunctions of the parity operator
II:

In fact, since 112 = 1 it is clear that 41 are the only eigenvalues of TI.

For those fields which have even (or odd) parity in A, that is, the
cigenvalue of II = +1 (or —1) respectively, the magnetic field strength
is odd (or even) and the electric field strength is even (or odd). The
present interest in parity properties stems from the fact that the multi-
pole fields are eigenfunctions of the parity operator. It will be con-
venient to define the parity of a multipole ficld as the parity of H.
Thus, if TTH = H the upper sign will imply cven parity and the
lower odd parity.



THE CLASSICAL FIELD EQUATIONS 9

5. DUAL FIELDS

We again consider the free-space Maxwell equations. It is evident
that if £ and H are solutions, then E’ and H' are also solutions if

F=4+H a =¥E (1.31)

where either the upper or lower signs are to be used. The field E/, H’
is dual to the field E, H. Clearly, apart from an irrelevant overall
sign, E, H is dual to E’, H'.

From the considerations of the preceding scction it is clear that the
parity of any ficld and its dual are of opposite character.

It may also be pointed out at this juncture that the energy flux, total
energy, and angular momentum of the Maxwell ficld are invariant
under the dual transformation. The instantaneous Poynting flux is

N = (¢c/4n)(E X H)
and for the time-average Poynting flux we have
(N) = (¢/27) Re (E X H*) (1.32)
wher Re means “real part of.”
The energy density is
w = (c/8r)(E? + H?
and for the time average we obtain
(w) = (¢/4r)(E-E* + H-H*) (1.33)
The density of angular momentum is
g= (/A r XN
and the time average is
g = (1/4wc)r X (E X H* + E* X H) (1.34)

Each of these N, w, and g, or their time averages, is invariant under the
transformation (1.31).



II. THE MULTIPOLE FIELDS

6. THE ANGULAR-MOMENTUM OPERATORS'!

There is a very intimate connection between the theory of angular
momentum and the description of multipole ficlds. The fact that the
multipole fields are eigenfunctions of the angular-momentum operators
introduced below is the very fact that we wish to exploit.

The general angular-momentum operators may be defined as a set of
three hermitian operators J,, J,, and J, with the commutation rules?

Jy'-[z "'JzJ;l/ = Uz: (2.1(1,)
JZ"J! - J;c']z = ‘it]” (2.1b)
Jody — Jpls = il 2.1¢)

or, written more succinctly,

IJXJ=1] (2.2)

Some examples are:
(a) The orbital angular-momentum operator:
L=—-iaXV (2.3)

(b) The Pauli spin matrices:

1 1(0 1) | 1(0 ~-i) I 1(1 0) o
272\ o/ 272\i o/ 2772\ ) &

(¢) The “spin’’ matrices for a vector field:

00 0 0 0 ¢ 0 —i 0
S, =0 0 —i S,=l 0 o0 o0 S;=[(7i 0 0) @5)
0 i 0 —i 0 0 0 0 o0

These matrices are considered further in sec. 9.

1 A much more complete discussion of the material in this section is given in
Condon and Shortley (35), Chapter 111,
2 The angular-momentum operators of quantum mechanies are identical with these
when the former are expressed in units of £, i.c., Planck’s constant divided by 2.
10
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It is clear that if J; and J, are angular-momentum operators then
J1 + J2 is also an angular-momentum operator. It is also evident that
if J is an angular-momentum operator then a unitary transformation
generates another angular-momentum operator J’:

J =cCJCc! (2.6)

where C is a non-singular matrix, or in general, an operator for which
the inverse C ! exists. Consequently, (2.4) and (2.5) are special repre-
sentations.

The square of the total angular-momentum operator J2 is defined by

P=0+Jd 40 (2.7)
It is recognized that

1 9 . 9 1 a°
L= ———sind —+ ———
sin ¢ 94 dd  sin” d dy

(2.8)

that is, the Laplace operator on the unit sphere, commutes with V2 and
therefore with @ = V2 4 k2. Also o? = 3 and S% = 2 commute with
Q. The same follows for J2, where J = L + S, or L + Yo, since each
component of o, S, and L commutes with Q. Also the commutator
J:; —J:J? =0 (¢ ==z, y,2). It follows that if ¢} is an eigenfunction
of @ (with eigenvalue 0 or otherwise) then the matrix whose elements
are

W 121
can be diagonalized simultaneously with the matrix with elements
W 1)
where J; is any one component of J. If J; is chosen to be.J, we have
247 =iy
J A" = my; (2.9)
The eigenvalues n; and m are readily determined. From (2.9)
e+ D) ¥ = (n; — m?) 4"

and since the eigenvalues of J? and of JZ + JZ are non-negative it fol-
lows that 0 < |m| < nf%.  Also from (2.1)

where we define

Consequently, J ;. ¢7* = 0 or is proportional to ¢;"*'. In general J is
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an operator increasing the projection (magnetic) quantum number (m)
by unity and J_ lowers m by unity. Thus for each 7; there is a set of
simultancous eigenfunctions of J2, J, with successive m values differing
by unity. The set of m values is bounded for given j by 7%, Hence,
there is a minimum m, my say, for which

J_yr=0 (2.10a)
and a maximum m, ms say, for which

Jyy® =0 (2.100)
Equation 2.10a gives

JJ = JF—Ji+J)¢ =0
or
ni—mi+m =0 (2.11a)

Similarly, from (2.10b),

nj —ms — mg =0 (2.11b)
whence
(my + ma)(my — my — 1) =0

Therefore m; = —ms, and since my — m; is a non-negative integer,
which is written as 25 with j = 0, 14, 1, 34 - - -, it follows that m is an
integer (half-odd integer) whenever j is integer (half-odd integer) and
that
~-j<m<j (2.12)
From (2.11)
7 =30+ 1) (2.13)
For the examples quoted above:
(@ If)J=Ly'=Yrandj=L=0,1,2---.
(b) Taking J = Yo, 7 = 14 and

() ()
v (0 Vi 1

() Here j = 1. A representation of the eigenfunctions will be given
in sec. 9.

In the general case, the matrix elements of J,. are readily found.
With ¢;" orthonormal and

m o __ 1 m 41
Jodi =Ty

we have, with J§ = J5 (where the asterisk on an operator means her-
mitian eonjugate),
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ITL? = @ =d 197 = Q7 [J° — J.(J. = DY)
= GFmGEm+1)

The phase is chosen so that

ry=VGFm@Em+1)
or

Joyh = V(GF m)(G£m 4 1)yl (2.14)

This choice of phase is consistent with the definition (1.18) as well as
with other widely used conventions, Condon and Shortley (35), Racah
(42) and (43).

7. COUPLING OF TWO ANGULAR MOMENTA

In most physical problems two (or more) angular momenta which
couple together to form a resultant are dealt with. KExamples are the
orbital and intrinsic spin angular momenta of a single particle, the total
angular momenta of a system of two particles, or the angular momenta
of a particle and the radiation which it emits (or absorbs). In these
cases the angular momenta j; and j; are in different spaces and they
couple together to give a resultant angular momentum j. The respee-
tive projection quantum numbers are my, my, and m. The cigenfunc-
tions in the representation for which i3, 33, J12, and jo, are diagonal are

m g™ where the direct product is to be taken. The eigenfunctions in
the representation for which i3, 33, i% and j. = ji. + Jja. arc diagonal are
¢. The two representations are then connected by a unitary trans-
formation:

=2 CGujed; mamem) ¥ ¥y (2.15)

mim2

and the C-cocflicients are variously called vector-addition coefficients,

Ylebsch-Gordan coeflicients, or Wigner cocfficients [scc Wigner (31)].3
A well-known example of the transformation in question is the passage
from the weak-field representation (in which the spin-orbit coupling or
hyperfine structure interactions are diagonal) to the strong-field vepre-
sentation [wherein the coupling energy to an external magnetic field is
diagonal; see Bethe (33)].4

3The C-cocficient, as we shall call it, is written as (jijemame| jrjzjm) in Condon
and Shortley (35).
4 Note that the phase convention used in this reference differs from the one adopted

here.
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Upon application of the j, operator to (2.15) it is evident that the
condition
m; + mg =m (2.16)

must be fulfilled by all the C-coeflicients. Henceforth, the third projec-
tion quantum number will be omitted inasmuch as the condition (2.16)
will always be understood. This condition implies the presence of a
factor 8y, 4mym, and the sum over my, say, may be carried out at once.

The choice of phase implied by (2.14) is consistent with real C-coefli-
cients. Then from
WP ) = 8j Bmmr = 20 2 C(juads ma, m—my)

my;  mj
X C(]1]2],; m’l, m""'m;) 5m|m'1 61)1—171,‘,7)1'—171'1

we obtain

> CGajog; mi, m—my) CGrjag'; my, m—my) = 850 (2.17)

This result is simply an expression of the unitary property of the
C-coefficients. For the same reason there is obtained

Z C(JIJZJ: my, m—ml) C(Jl]ZJ) mi; ml—7n'1) = amlmll 6mm’ (218)
J

from which it follows that
W = Z C(jijed; mamg) Y™ (2.19)
J

It is easy to see that, when the two angular momenta j; and jo are
coupled, the resultant j is associated with angular momenta

J=ljh—Jdely ldr —del + 151+ J2 (2.20)

that is, the cigenvalue of j° is j(7 + 1), where the permitted values of j
are given by (2.20). The maximum value j; + j2 follows from (2.16)
and the fact that the maximum values of m; and my are j; and j; respec-
tively. Since there are 2j + 1 linearly independent eigenfunctions
associated with the total angular-momentum quantum number j and
since a unitary transformation does not change the number of linearly
independent eigenfunctions the minimum value of j, j., say, is given by

J1+J2

]Z @Qi+1) =@+ 124 1)

Since j, > 0, the result j, =|j1 — jz| follows immediately. As a con-
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sequence it must be understood that the C-coefficient vanishes unless
the three momenta j;, j», and j form a triangle. We will say that a
triangular condition applies to three quantitics a,, ag, ag if

<aj+ a

la; — ax| < a;

where a;, aj, and a; are any permutation of ay, as, and a3. The tri-
angular condition is obviously symmetric in a4, as, ag. This condition
will be denoted by A(ajazas).

A derivation of the explicit form of the C-cocfficient in terms of the
parameters upon which it depends has been given by Wigner (31).
From this explicit representation ® Racah (42) was able to obtain the
following symmetry relations:

C(jiads; mime) = (=) 277 C(jofsfa; momi) (2.20a)
C(fijada; mimg) = (=)' V7 C(fijeds; —my, —mg)  (2.200)

(252 + 1) C(Grjogs; mamg) = (=)™ (25 + 1) C(fijajz; m1, —ms)

(2.20¢)

1 + DY CGraga; mima) = (—=)2""(2j3 + 1) C(jajagr; —ms, me)
(2.20d)
@iy 4+ D' CGrdaga; muma) = (=) 777725 + 1) Cjagafi; me, —ma)
(2.20¢)

where my = m; + ms and (2.20¢) is a consequence of (2.20d and a).
Similarly, (2.20d) can be obtained from (2.20a) and (2.20c). From
these symmetry relations it follows that

unless Iy + o 4 I3 = 0 (mod 2). Of course, this condition arises only
when [, ls, and I3 are integers. In subsequent applications the parity
selection rule will be contained in a C-coefficient of this type. With
our choice of phase it also follows that ¢

C(.710.73: mlm'2) = 5_1',]'3 61)120 (221’)

It will subsequently be seen that we may often dispense with a knowl-
edge of numerical values of the C-coefficients. ITowever, one particular

5 Cf. Appendix B.
8 Cf. Appendix A.
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case is useful for our purposes. This is C(ji17; m—ms, my) which is
given in Table I. Other cases are given in Condon and Shortley (35).

TABLE 1. Values of C(ji15; m—mz, ms)

. my =1 my = () myg = —1

B \ﬁfl +mG+m+ 1) \/o. —m A+ DU+ m o+ 1) \/(jl —m)GL —m+1)
@i+ D@42 @i+ DG+ 1) @i+ D@+ 2)

i AfuitmG —mEn | m \/(11 —mGi tm+ 1)
2j1G1 + 1 Vi £ 1 2161+ 1)
i G ml = FU |y ft = m Lt m) ALl DG

2121+ 1 HCh o+ 1) 272+

8. THE TRANSFORMATION PROPERTIES UNDER ROTATION

If an cigenfunction ¢ of J* and J is described in terms of a second
coordinate system which differs from the first by a rotation, it is clear
that since the rotation in general alters the direction of the quantization
axis z, and because J? is an invariant operator under rotations, the
eigenfunction in the rotated frame of reference (¥;*)" will be a linear
combination of ¢]* with different m values but the same j. The coeffi-
cients will depend on j and on the parameters fixing the rotation. For
the latter we use the Kuler angles «, 8, v, and the rotation is carried
out as follows: First a rotation of v about the z-axis is carried out, then
a rotation about the y-axis through an angle 8, finally a rotation through
an angle « about the z-uxis.®

We designate the eigenfunction obtained from ¢j* after the first ro-

tation by R, ¢;". Then

]l) wm _ iJ,'y '//;n — l?imy ¢Jm (222)

This is a special case of the general relation ¢
mn-J0)”
Ry = ™V yr = Z (- JO r (2.23)
V.

which describes the effect on the ¢} of a rotation through an angle
6 about the direction n. Indeed, (2.23) can be used to define the angular-
momentum operator J.

The second rotation gives

Rely 97 = €™ Rg ' = ™ 2 dim(B) ¥ (2.24)

m'
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Finally
W) = RaRgRy ¥ = €™ 32 €™ dir () ¥}

m’

If we represent the matrix for the complete rotation by D’ (aBY),
that is,

WY = 2 Diew(ar) ¥ (2.25)
then . )
Dgn’m(aﬂ'Y) = eim'a d“)]n’m(ﬁ) eim'y (226)

The (real) matrix element d’,,(8) can be given explicitly [Wigner (31)]
by ®

dr(B) \/ G—mG+ m')! cos T g sin™ ™ 3p
- G+ m)'G — m"! (m' — m)!
X o (m'—j, —m—j;m'—m+1; — tan® 3B) (2.27)

where the hypergeometric function o/ is a finite polynomial of degree
j+ m or j —m’ (whichever is smaller) in tan® 148. The result (2.27)
applies for m’ > m. For m > m’ the corresponding result may be
obtained from the unitary property of D. Since the rotation inverse
to aBy is —v, —B, —a we have

[D'rin'm]--l = D{::m'(aﬂ‘)') = l)f;l.’m(_'Y; -8B, —Ol) (228)
We also observe that
d{n’m("r - 3) = (—)jvm’d{n’,—m(ﬁ) (2'29)
and _ _
]):n’m = (_)171.'—1711)1_""'._‘7" (229’)

since d;’.nm'(ﬂ) = d{n’m(—‘ﬁ) = (_)m_m, 'i;l.l’lll(ﬁ)' .
From the definition that an eigenfunction ¢} transforms under 1),

the (2j + 1) dimensional representation of the rotation group, we ob-
tain an important property of the D’. Performing a rotation on the
eigenfunctions in (2.19) we have

Z Dilmu ])ﬁmg M: #j = Z (’v(jljZ.'i; m 1’"1'2) Z I)im 'I/;‘

Hipz J m
where m = m; + ms and p = u; + p2. Using (2.15) and the linear
independence of the ¢ we find

D Dz, = Z C(jrjed; mimz) C(rfed; pme) Dim (2.30)
J

where A(j1jz7) applies. The arguments of all the D matrices arc a, 8, v.
iquation 2.30 is known as the Clebsch-Gordan series.
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We now apply (2.25) in the special case of the eigenfunctions of the
orbital angular momentum, namely,

Y¥('¢") = D DEy(aBy) YT (3¢)

where the primed and unprimed coordinates refer to rotated and pri-
mary reference frames, respectively. If this result is compared with
spherical harmonic addition theorem

hid Sy Y7 (s
TR L (=B, —a) YT.(39)

DL — 47!' __\ym ym ‘
woleBY) = 4 [o7 +1( )" Yi(Ba) (2.31)

Of course, v does not appear in this result. Substituting (2.31) in (2.30)
we obtain the coupling rule

| @Ly + )@Ly + 1)
rm) Ym:;! — o
fo T e ‘,Y \/ 4r(2L + 1)

Y38 =

it. follows that

X C(LlL2L; 00) C(LngL; mlm2) Y']'l“—{-m2 (232)

where the arguments of all the spherical harmonics are the same.  Here
we have used (2.20b) and (2.21). Equation 2.32 gives the convenient
result for the integral, over the unit sphere, of three spherical harmonics

(ym rmi1 yrmsa \/(72[11 + 1)(2[/1 + l)
(VYY) =
Ar(2L + 1)
X (,'(]Jl[/‘z.’-l; 00) C'(LnglJ; mlm2) 6"‘14_"‘2'"‘ (2.33)

In comparing (2.32) and (2.19) note that in the former case the eigen-
functions are in the same spacc whereas in the latter case they arc in
different spaces. The triangular condition A(LyLgL) and the parity
rule Ly + Ly + L = cven integer are well known and appear in the
C-coefficients in (2.33).

9. THE IRREDUCIBLE TENSORS ON THE UNIT SPHERE

Before defining the multipole ficlds it is necessary to introduce one
further definition. If a set of 2L + 1 functions (£ integer) transform
under rotations according to the representation D* these 2L + 1 func-
tions constitute the components of an srreducible tensor of rank L.
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If we consider two eigenfunctions ¥i*' and ¢}7* which respectively

diagonalize the squarc and z-component of the operators L; and L,,
then, from the Clebsch-Gordan series (2.30), the direct product %t w12
is not an irreducible tenscr but is instead a superposition of tensors of
rank L where |L; — I.;| < L < L; + L. However, from the dis-
cussion of secs. 7 and 8 it is clear that the particular linear combination
of the (2L 4+ 1)(2Ls + 1) tensor components which is represented in
(2.15) is an irreducible tensor.

We now define the multipole fields for a 2" pole as those solutions of
frec-space Maxwell equations which transform under D¥ and which,
moreover, are eigenfunctions of the parity operator. The first part of
the definition implies that these ficlds (both potentials and field
strengths) are irreducible tensors of rank .. "There will be two kinds of
2L pole fields, one with even parity and one with odd parity. The
ficld for which

1H = (—-)'H (2.34)
is defined as the electric multipole field, and that for which
IIH = ()" (2.35)

is defined as the magnetic multipole field. These latter statements imply
that H # 0 so that the longitudinal field is automatically excluded.

As noted previously, the gencral solution of the scalar 1lelmholtz
equation is a linear combination of the set I7y(kr) Y3(t), where v/ F\(x)
is a cylinder function. Considering one member of the set, that is, a
particular value of A, the transformation properties under rotation are
unaffected by the (scalar) radial function and only the spherical har-
monic need be considered. Obviously Yy is an irreducible tensor of
rank A.

Tor the vector MHelmholtz equation, which the vector potential A
satisfies, we must construct a sct of three solutions with the correct
transformation properties. In order to do this we introduce the spher-
ical basis vectors

1
F —— (ey k= tey)

V2
& = e, (2.36)

g:i:l

where e, €,, €, are unit vectors along the cartesian coordinate axes.
The motivation for this step is clear from the results of sec. 7. In fact,

7 Parity requircments may exist, for example, w1, = =z, 71, and only every other
tensor rank is present.  loquation 2.32 illustrates such a casc.
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we adopt a notation corresponding to (2.36) for all vectors and vector
operators B:

1 . y
B:L; = F —ﬁ (B;,; =+ ’LBu) Bo = Bz (23())

and in the following the components of the vector in the spherical basis
will be used exclusively. For any veetor B,

B =2 .(—)B.t. (2.37)
Since g
£ = (—)E. (2.36")
and
£ = (=) Eukw = Suw (2.38)
the spherical components of B are
B, =§,-B =B-§, (2.39)

We now consider an arbitrary vector field A(r) and show that under
rotations wherein the vector transforms according to

A=A (2.40)
the angular-momentum operator J is given by
J=L+S8

and the components of S are just those given in (2.5).* Then the fact
that the vectors £, are the eigenfunctions of S* and S, will permit us to
construct the desired multipole fields. In order to establish the connec-
tion with the previous notation we use cartesian coordinates in the first
step of this development.

We begin with a rotation through an angle 6 about the z-axis. Then
if 2, y, 2, or, collectively, r, denote the coordinates of a point in the
rotated coordinate system, and 7, 'r the coordinates of this point in the
original coordinate system, we have

A'(r) = 7, A(r;'1) (2.40")
where
cos® siné
7, =| —sinf cosf O
0 0 1

8 As was mentioned above, equation 2.23 or the equivalent, equation 2.10, may be
taken as the definition of the angular-momentum operator, and, from an investiga-
tion of the transformation properties, the explicit definition of J in cach particular
case is obtained. This is the procedure followed in this section. From the explicit
representation of J the commutation rules (2.1) follow.
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and the inverse matrix is
cos —sinfd O
)= (sin 0 cos 6 0)
0 0 1
In detailed form (2.40’) is
AL(r) = cos@ A, (x cos 0 — ysin 6, y cos 8 + 2 sin 0, 2)
+ sinf@ Ay(x cos§ — ysinb, ycosd + xsind, z) (2.4la)
Ay(r) = — sin @ A (x cos§ — ysin §, y cos 6 + x sin 0, 2)
+ cos@ A, (xrcosd — ysinb, ycosd + xsing, z) (2.410)
A,(r) = A,(xcos — ysinf, y cos 0 + xsin 6, 2) (2.41¢)

It is sufficient to consider an infinitesimal rotation. With the replace-
ment of sin @ by 6, cos 8 by 1, a Taylor expansion gives

Al — A =1J,A
where

-1 0
PR A (P

z=-——$ x—-——-—— —— ]

ay yam '
O 0 0

=L, + 8.

by (2.3) and (2.5).°

By cyclically permuting the z, y, and z coordinates the corresponding
results for a rotation around the z- and y-axes are obtained. The 2-
and y-components of the intrinsic angular-momentum operator S are
just the matrices S, and S, of (2.5). It may be observed that the repre-
sentation (2.5) is not the same as that defined by (2.9) and (2.14). If
we designate the latter representation by M, the two representations
differ by a unitary transformation:

UsSU'=M
where
1 —1 0
= — 0 0 - 2
V2 Ve
-1 —1 0

9 We note incidentally that for a scalar field ¢(r), an example of which is the set
of functions Y, the transformation replacing (2.40') is ¢/(r.r) = ¢(r) or ¢(r) =
Y(r;7 ). Thend, = L, (i.e.,S =0)and J = L.
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which corresponds to the change from the cartesian to the spherical
basis.?®
In the light of these results the rotated field is

A=A+ %n-JA
with
J=L+8S

for a rotation about the direction n.
By direct multiplication it is seen that

SXS =18

10
SZ=2<O 10

0 0 1

and

or S is an angular-momentum operator with the ecigenvalue of
S?% = s(s 4+ 1) with s = 1. Since

Az 4y
A, 0

S, g# = MK gn (2-42)

1t follows that

In fact, it can be seen that

Ss & = (=)'v2C(111; 0, —0) §us (2.42')

This is a special case of the general result

Jo ¥ = (=)ViG + 1) C(jlj; m+to, —a) ™" (2427)

which follows from (2.9), (2.14), and Table 1.

From these results it follows that the §, are the angular-momentum
eigenfunctions in the space of the basis vectors and correspond to
“spin” 1. On the other hand the spherical harmonics Y, (r) are the
angular-momentum wave functions in the space of the unit vector r.
It follows that

T/ = 2, CONL; —p, M+u) Y T(x) &, (2.43)

are (a) the angular-momentum eigenfunctions in the compound space

0 If the change of basis is denoted by ¢ = Ce then +C = U™ = U*. Com-
parison with (2.36) shows that the minus sign applies.
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and (b) irreducible tensors of rank L, parity (—)*. It also follows im-
mediately that

JPTH = LA+ 1) TH (2.44a)
J.TH = MTH (2.44b)

TFinally, the triangular condition A(INL) implies that there are three
linearly independent irreducible tensors of rank L. These are T},
and T}, Since these tensors span a three-dimensional space it is evi-
dent that for given L, Al they form a complete set. ‘This means that
any vector field on the unit sphere can be expanded in terms of these
tensors.

The tensors T, which have been referred to as “vectorial spherical
harmonics” [Blatt and Weisskopf (52)], actually transform with D¥
and not, in general, with D'. The term “vector,”” as used here, does
not imply transformation with D' and is therefore not cquivalent to a
first-rank tensor. As used in the foregoing a vector is actually an in-
variant under rotation. A special case is T{); which is proportional to
v.11 In fact, from (2.20c¢) and (2.21")

1
C(110; —p, p+M) = — Vi (=)o
and it is seen from (2.37) that while the components of a vector, B,
and the §, transform with D', the vector B itself transforms with D
Thus, the components B, and the base vectors §, transform cogre-
diently, and

B = Z(‘_)”BM £, = Z(_)#BL §',.

This is in complete accord with equation 2.40, which is actually a rela-
tion between components of the vector as (2.41) shows explicitly.

The properties of the irreducible tensors introduced in (2.43) will be
further discussed in Chapter 111,

10. CONSTRUCTION OF THE MULTIPOLE FIELDS

All that is needed to construct a solution of the vector 1lelmholtz
equation for the vector potential is to adjoin the appropriate radial
function fy or gx to the tensor T45. We use the symbol {\ to denote
the general radial function. In order that the solutions be eigenfunc-
tions of the parity operator we may mix Ty, 1,41 and Tr, 1y, but Ty, z,

1t In the case L = 0, there is only one tensor (scalar) since the only possible re-

sultant with angular-momentum veetors 0 and 1is 1. Thus, for L = 0 only TY; =
—(4x) ¥ is different from zero.
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having the opposite parity, cannot be mixed with these. It follows
from (2.34) and (2.35) that

Al(m) = oy ¢u(kr) TLL (2.45)
is the vector potential of the magnetic 2° pole field and that
AY@) =S antn)Th N=LzxlI (2.46)
A

is the vector potential of the electric 2& pole field.'* The e\ are coclfi-
cients which will be discussed below. Both of these are irreducible
{ensors of rank L (transform with D*) and are therefore eigenfunctions
of J? and J, with eigenvalues L(L 4 1) and M respectively. AM(m)
has parity (—)*, whercas A¥(e) has parity (—)*~". Thus, H(m) and
H(e) have the required parity properties: (—)“~! and (=), respec-
tively.

The constant ¢;, in (2.45) is, of course, a normalization constant.
The two constants ¢;,; and cr,4; in (2.46) are equivalent to a normal-
ization constant (ci_; -+ ci+1)"5’ and a second constant cr,..i/cr4
which is fixed by the gauge. As will be shown in sec. 12, the mag-
netic vector potential, as given by (2.45), is already in the solenoidal
gauge. The electric veetor potential (2.46) is in an arbitrary gauge.

11. THE GRADIENT FORMULA AND THE RACAH COEFFICIENTS

Subsequent developments are greatly facilitated by the use of the
gradient formula which gives the gradient of a function F of the space
coordinates in the form ¥ = &(r) Y(¢r). The result to be obtained
gives a direct expression of the longitudinal field, and we are thereby
cnabled to cxpress the gauge transformation in terms of the irreducible
tensors T,

Using the identity

V=1V)—tX (tXV) (2.47)
we write

V‘I’(T) )’i’ =B = Bl + Bz
where the radial part, B;, commutes with any function of angular
variables alone, and the tangential part, Bs, commutes with any radial
function. Here

B1 =7 Yﬁf 21—

12 An exception oceurs for e, (/e 41 = V' L/L + 1; ef. equation 2.65 below.  This
case corresponds to the longitudinal field for which the Poynting flux vanishes.
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!.
St

and
B, = —dr X (r X V))I‘j

and (2.32) we find for the uth component of B,

e ( [L+1
B,- =—~{\/ S C(LL LA M) YLy
lgu dr 2L+3 ( +' I-’-) L+1

With the aid of

—\/--jg-:(f(l,u,_l uﬂn‘““‘- (2.18)
20 — ' [

q s L

To evaluate By we first observe from (2.3) that
P M
B,=—-—trXLY; (2.19)
R

and from (2.14) and Table [ it follows that
Lo Yi' = (=)L + 1) CUNL; Mo, —o) V17 (25

&)
=
'
=

Hence

i M
By-§, = — — (gu X1)-LY],

8 L(L + 1) &
. (3 -) 2. C(LL; M+a, —a) C(111; u—v, »)
r av

I

. M-
X Y; },I, be gp—u'g——a
wherein

S 3
E.Xr =1 \/;Z C(NL;p—v,») Y1, = i\/—‘;Tﬁ (2.51)

has been used. The result (2.51) is most readily derived by inspeetion,
see Table I. Using (2.32) and (2.38) we obtain
C(L1IX; 0()

VaF1

B,-£, = \/211(L+1)(2L+1) 2 Miug (2.52)

where 8 is the sum
8§ = Z (=) cQl1t;o, p—o) CUAL; M40, —0) C(LIN; M+-0, u—0a)
] (2.524)
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Sums over projection quantum numbers of products of three (or
more) C-coefficients can be carried out using techniques developed by
Racah (42) and (43). The results are invariably expressed in terms of
Racah (W) coefficients, which are, within a normalization constant,
the elements of a unitary matrix connecting two representations in the
coupling of three angular momenta. Thus, consider the case of three
angular momenta jj, js, and j3 with projection quantum numbers m,,
ms, and mg respectively, and the coupling of these to yield an eigen-
function of the total (square) angular momentum and projection opera-
tor with eigenvalues J(J + 1) and M. One representation is obtained
by the coupling scheme

i1 t+ie=173

i'+is=17J
and another by the coupling scheme

j2 +is=13"

P +i=1
The unitary transformation which cffects the recoupling from the first
to the second transformation (coupling schemes) is

Guda(isd |1, G2ds (G, J) = V(& + 1) + 1) W(ijadda; 537")
= Z C(j'5sJ ; m'mg) C(j1geg"; mymg) C(Jogsg” ; mams) C(j15"J ; mym”’)
(2.53)

and the summation is over my, mg, mz, m’, m’’ with

my+ mg+mg =M

m1+m2=m'

my + mg = m"

From (2.53) it is clear that W (abed; ¢f) is different from zero only if
the triangular conditions A(abe), A(cde), A(acf), A(bdf) are fulfilled.
Using the unitary properties of the C-coefficients, (2.17) and (2.18),
we deduce from (2.53) the very useful result:

CGjads mims) C(iiaja; mat-ma, mg) = >, V(25 + 1)(2j + 1)

X C(j2jss; mama) C(jisja; my, ma+mg) W(ji1jajaja; js) (2.54)

Iiquation 2.51 is the form generally used for evaluating sums like (2.52a)
in terms of Racah coefficients. Numerical values of these cocflicients
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have been given by Biedenharn (51), and the properties of the W-coeffi-
cients have been summarized by Biedenharn, Blatt, and Rose (52).13
In general, the procedure for evaluating the sums of products of
C-coeflicients is to note that in a given pair of C-coefficients one of the
three projection quantum numbers (either one of the two which appear
explicitly, or their sum) in each C-coefficient is independent of the sum-
mation index. By means of the symmetry relations (2.20) this pro-
jection quantum number can be brought into the second place, that is,
into the position of my as it appears on the left-hand side of (2.20).
Then, when (2.54) is applied, one of the C-coefficients appearing on the
right-hand side (namely, the first) will be independent of the summa-
tion index. Repeated application of this procedure will eventually
reduce the sum to the form (2.17). The result is to introduce a number
of Racah coefficients (W) equal to the number of Racah recouplings
(2.54). Further transformation of the results is effected by the sym-
metry relations

W (abed; ef) = W (badc; ef) = W(cdab; ef)
= W(acbd; fe) = (=) ~*2W (ebef; ad)
= (=)W (aefd; bc) (2.55)

or combinations of these permutations of the arguments.

These symmetry relations may be visualized geometrically by con-
structing a quadrilateral. For example, for W (abcd; ef) the sides a and
d are opposite, as are ¢ and b. The diagonals are ¢ and f so chosen that
A(abe) and A(acf) pertain. Any permutation which preserves the tri-
angular relations is permissible, and permutations of the sides (or
diagonals) among themselves introduce no phase factor. Permutations
in which sides and diagonals are transposed introduce a phase. Thus,
transposition of the diagonal e and the side b introduces (—)*~°. Such
transpositions always occur in pairs (that is, both diagonals are replaced
by sides) so that the exponent in the phase factor is an integer in every
case.

It is also uscful to note that

0ab Oca

AV (2b + 1)(2c + 1)

by (2.53), and by (2.55) the Racah coefficient can be brought to this
form whenever any one of the six parameters vanishes.

13 Cf. Appendix B. See also Sharp et al. (53).

W (abed; Of) = (=)t~

(2.55)
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In the manner indicated above we find
$ = V/3(2L + 1) C(L1x; My) W(LIAL; L1) (2.56)
which, when substituted in (2.52), yields

e
Bz'g,‘ = (2L + 1) GL(IJ + 1) —
r

[C(L1 L+1;00)
| +/2L+3
C(L1 L—1;00) _
_____ 2 CUAL—-1; Mp) W1 L—11;11 Y’tff“}
T ( w W( ) Y

From Tables I and BII of Appendix B we have

C(L1 L+1; M) W(L1 L+11; L1) Y5

L
2L+ 1
(2.56a)

L+1
oL, +1°

C(I1 L+1; 00) =\/ C(L1 L—1;00) = —\/

L
W(LLL4+11;T1) = W L+111; 1L) = —
(L )= WLt ) \KS(L+1)(2L+1)

(2.56b)

[ L+1
WILL—11;11) = W(I. L—111; 1L) = S L
6L(2L + 1)

Finally,

L+1 d® L
B.§, = V, () Vi = CUNL+1; M, )’M+“<— - q>)
£ w P() Y oL + 3 ( +1; My) Y14 PRl

L de L+1
- C(L1 L—1; My) Y¥H (—- + t q,) (2.57)
o, — 1 dr

r
This is the desired gradient formula. It can also be expressed in terms
of the irreducible tensors as follows:

L4+1/dd L
oo - - [EEL(E LNy
()Y 2L 4+ 1\dr r ot
L (i® L+1 ) o
— ®)Ti - 2.58
+ 2L+1(dr r vz-1 (2.58)
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It is clear that (2.58) is the vector potential of a 2% pole longitudinal
field when ®(r) is a spherical bessel or hankel function.

12. THE SOLENOIDAL GAUGE

The result (2.58) can be used immediately to investigate the sole-
noidal gauge. We consider

div & T73 = Z( ) Vuin Tia-E—u
= > C(NL;p, M—p) V, Y4 ¢, (2.59)
73

where (2.38) and (2.43) have been used. By (2.58) and the orthogo-
nality rule (2.17) this becomes

A1 dix A
div (T = g (~—~ — - >
v (T o1 3 orn41 Y1 R [N
BY dix A+ 1
- 6 - Y ( o )
\/;\_ ) In—1 Y1 . + . [9)
[ \/ .
= — ; — BaL kY ¢, (2.60
[ 2L+1”+1+ 2L+1Ml L §1. (2.00)
Here we have used
dix A A1 :
e == — g‘}\ —_— g-)\-l—l = — — g')\ + g"\__l (2.60,)
dx z T

where 2 = kr.

"This result makes it obvious that the magnetic multipole field, (2.45),
is already in the solenoidal gauge. For the electric multipole field (2.46)
shows that the solenoidal gauge corresponds to

co—1/epi1 = =V (L + 1)/L (2.61)
We choose the normalization
L =—1 ey =—-VI/@L+1) (2.62)

so that ¢;1, + ¢ —; = 1. The choice (2.62) will be shown in sec. 15
to be equivalent to normalization to the same Poynting flux so that
the electric and magnetic multipoles will be dual fields. Obviously,
this statement applies to any gauge. With the normalization (2.62)
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the vector potentials in the solenoidal gauge are

Al(m) = —;1L TIL, (2.63)

, / L /L +1
AMe) = — YA topr T o + AT tooa Thoo: (2.64)

To these we add the longitudinal field

1
A = - vovY

e
$n41 To L1 + of + 1

L+1
2L +1

co1 T (2.65)

and the three fields constitute a complete set. Only in the subspace of
solenoidal vectors will the radiative fields given by (2.63) and (2.64)
form a complete set. Corresponding to the vector potential AY(l),
the scalar potential is
UH®Y) = LYy (2.66)
We note that the conjugate fields are given with the aid of
Til\‘ — ("‘)1+L_)‘+MTZ)‘M

as follows directly from the definition (2.43).
We shall consider gauge transformations with a gauge function, sce
equation 1.24,

S = %;Ly}f (2.67)

where a is an arbitrary constant. The gauge-transformed vector poten-
tial for the electric multipole field is then

w  [aVL+1-VL o
AL = { m } §L+l TL'L‘I-I
{a\/i + VL -;-—1
VoL +1

When {1, = g1, (outgoing wave) it is very convenient to use the so-
called conventional gauge which corresponds to the choice

a=VL/(L+1)

} traTHooy (2.68)
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Thus, the conventional gauge is that for which the most singular term
(involving gr,.1) vanishes. In this gauge the potentials are

: 2L + 1
A = & TH, 2.69
L+1 SL—-11p -1 ( )
and
U' =1 / L a Yy (2.70)
L+1

The application of these results to internal conversion of atomic elec-
trons will be given in Chapter V.

13. STATIC INTERACTIONS

As an illustration of some of the ideas presented in preceding sections
we consider two simple physical applications. This will constitute a
digression from the main consideration of dynamic multipole ficlds but
will serve to introduce some useful concepts.

The first application to be treated is the elementary one of a con-
figuration of static charges arranged in such a way that no lower mo-
ments than the 2“ pole moment exists. Then there are 2% charges,
half of them positive and half negative. The electrostatic potential is

L
Vi = Vixe(—)" I] (a,- V)19 (2.71)
n=1

where e is the absolute value of each charge and
T = r Y ()

is the irregular solid harmonic of degree I.. The vectors a; - - - ay,
which are L arbitrary constant vectors representing the charge distribu-
tion, commute in pairs. Using the gradient formula it is seen that
only the first term contributes and

4m\L2  [L\eL — 1)
Vi = '\/;r—(’(-é—) Jﬁ%(”)ﬂisf:)‘{(a1 ---ay) T},l(r)
(2.72)

where
@n+ DN =1:35---(2n+ 1)

and the tensors 3 (a; -- - az), which represent the multipole moments,
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are defined by the recurrence formula

3May ---a)) = 2 C(LA=1X; —u, M+p) Yi*@) 5@ - - - an_y)
M

(2.73)
3
W (ar) = Y'(ar) = \/Z;al'gu

It is clear that the 33/(a; - - - a)) are irreducible tensors of rank A, sym-
metrie with respect to any permutation of the A argument vectors. It
is also to be noted that the form of (2.72) shows that the potential V7,
is an invariant, as expected.

with

If a;, = a, =--- a7, = r’ we find the standard result
4re B 'k
Vo=t rL +1 ;[( WYY@ YL V() = eL! 75 Pu(cos 0)

(2.74)

where © is the angle between r and r’. For an arbitrary charge distri-
bution with density po the 2" pole electric moments are proportional to

f P TH ) polt’) dr’
Cf. sec. 22.

As a sccond example we consider the interaction of an arbitrary spin
I with an external field. The interaction of a nuclear spin with the
field produced by surrounding orbital electrons is a case in point. For
the purpose in hand we define a new irreducible tensor

530 = 1-V)*yz/(r) (2.75)

where Y = r“Y#(r) is the regular solid harmonic. It is to be noted
that the components of I do not commute but instead I X I = ¢I or,
in terms of the spherical basis,

LI~ LI, =1, p<v»

Using (2.57) again, where now only the second term contributes, and
defining the sequence of irreducible tensors 3% _,(I) by

S (I) = ZC(M LN —u, w4+ M) IR @) Yt @ (2.75)

with
Sro(I) = ‘UIM(I) Jo—1 =0
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4n\F2 |L\(2L nn
52 —(3) ,/*(7—:—'-)—(“ @ (2.76)

For the interaction of two spin systems I and J, where J may repre-
sent the total angular momentum of the orbital electrons, the coupling
energy is the invariant 4

=K Z( Yo' @ 5(7) (2.77)

we find that

where K is a constant, see Casimir (36). For L = 1 the sum in (2.77)
becomes (3/4m)I- J, the usual cosine coupling of the hyperfine structure.
For I. = 2 the components of 32" are given by

57(I) = V15/2x 2,
35 @0) = V15/4x (Io] ., + I Io)
5 = V'5/4x 312 — I?)

and (2.77) yields the well-known quadrupole interaction. For a nuclear
spin embedded in a crystalline lattice the expectation values of 35 ¥ (J)
may be inserted in (2.77) in place of the corresponding tensor operators,
and these parameters (the components of the electric ficld gradient
tensor) are then treated as empirical constants, Pound (50). The
matrix elements of the interaction (2.77) then depend on

(P 33D | W) = (Img| 3 (X) | I'm;) (2.78)

where V7% etc., are the nuclear wave functions which diagonalize I?
and I,.

The matrix elements (2.78) can be evaluated using the Eckart theorem
[Eckart (30)], which gives the projection quantum number dependence
of the matrix element of an irreducible tensor between angular-momen-
tum cigenstates in the form of a C-coefficient. In the present case this
takes the form:

(Umg |38 | I'my) = CULI; mM)(I|| 3. T") (2.79)

where the second factor, the so-called reduced matrix element, is inde-
pendent of the projection quantum numbers. The Eckart theorem,
which is expressed quite generally by (2.79), is an immediate conse-

4 Note that both 3¥(I) and 3¥(J) transform under D*. With C(LLO; M, —M)
= (=) M/y/2L F 1 together with the use of the Clebsch-Gordan scries (2.30), the
invariance of (2.77) is readily demonstrated. This is simply a generalization of the
invariant vector of sec. 9 where the contraction of two first-rank tensors is involved.
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quence of the results of sec. 7; in partlcular, see equation 2.19, which
applies here with ¢j," replaced by 31, 7 by \pr' and Y™™ by Wi,
A special case of the Eckart theorem has already been given in (2.33).
In the present application the matrix elements are non-vanishing only
for I = I’ since 33 (I) depends solely on the spin operator I; cf. (2.09)
and (2.14).

We need only evaluate the reduced matrix element, which can be
done by considering a special case. Thus, from Wigner (31),

. [ @+ e
@I + L+ DI

CULI; I-L, L) = (—) (2.80)

where we have taken M = Landm; = I. Then,in (2.75") only p = —1
contributes, and by Table 1

3ip—1 = (Yi@)"
From (2.14) we have

I [ L'm’) = —V @3/8m)(T — mi)(I + my + 1) Smymi 41 0110

(2.80")
By repeated use of (2.80") we obtain
, n
(Im; |37 | I'my) = Bms,mi+ M 6,1'5;

1 2L+ 1 @I+ L+ 1!

e C(ILI; mM) (2.81)
dr 2l +1 (2 — L)!

It is evident that for a given spin I multipole moments for L < 2I only
may exist. Thus, a quadrupole moment may exist only for 7 > 1.

From the formal point of view it may be noted that the two examples
discussed in this section involve special cases of the process of “polar-
ization.”” A general polarized solid harmonie is

Vi (a8s -~ ar) = H1 (8, V)YL (1)

where the vectors a; - - - az, are arbitrary and need not commute. When
they do not commute the irreducible tensors defined by (2.75"), or an
obvious extension thereof, provide automatically symmetrized polarized
harmonics. For further details the reader is referred to Weyl (39),
p. 149 et seq. These polarized harmonics, which are, of course, irre-
ducible tensors, are also useful in the theory of angular correlation
[FFalkofl and Uhlenbeck (50)]. They may also be introduced advan-
tageously in the theory of beta decay [Rose and Osborn (54)].
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14. ORTHOGONALITY OF THE FIELDS

The particular utility of the solenoidal gauge, discussed in sce. 12,
lies in the fact that in this gauge the potentials A} (r), with r = m, ¢,
or [, form an orthogonal set. They also form a complete set, but, as
will be evident, this is true for any gauge. To demonstrate the ortho-
gonality we first consider the complete set of tensors T7a with A = L,
L 4= 1. Then on the unit sphere

fTLx TLI)J dQ = Z C(]}\L — K, IJ"'I"ZM) C(l)\’L ; "‘p u +11[’)
PO S f dQ YM et yM b

where d2 is the element of solid angle. Since §* ,-&_,- = 8, and the
angular integration yields \+ 6ar 4,317 4, it follows that

fT TXdQ = 2, C(UNL; —p, p+M) CN'L'; —p, u+M) Sanr Sprar
n
= 8L’ OA\ OMM’ 3.1)

From (2.63), (2.64), and (2.65) it follows that

a3 AL @) = 1) b1 tuse 30 3.2)

and
F@) = g2 for 7=m

_ Llsrp?+ L+ Do
2L + 1

(LA Do P + L

2L +1
35

T = 3.2)
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If we consider standing waves, {;, = fr, the normalization is given by

f AY*(kr) - AY (k'r) dr = TJL+1~z(lcr) T p3s(k'r) dr

\/ |
= (1/k% 8(k — k') (3.3

for the magnetic multipoles. Since the radial integral in (3.3) is inde-
pendent of L, the same result applies for electric and longitudinal fields.

If the gauge transformation (2.67) is carried out on the electric multi-
pole field the transformed vector potential is no longer orthogonal to
the longitudinal field but the magnetic multipole field remains orthog-
onal to both electric and longitudina,l fields.

The completeness of the set A2 (7'), (r =m, e, and ), fo]lows from
the completeness of the tensors Tih, since AM(e) and AY(l) are two
linearly mdependent combinations of T}5, (A\ = L +1). A gauge
transformation of AY(e) corresponds to a rotation (and 19normahza—
tion) of only the electric vector potential in the T,,, 1 — T8 L.—1 blanc.

15. ALTERNATIVE FORMS OF TIIE MULTIPOLE POTENTIALS

Although the form (2.63)-(2.65) for the potentials in terms of irre-
ducible tensors is the fundamental one from the point of view of identi-
fication of the transformation and angular-momentum properties, it is

sometimes convenient to express the fields in other cquivalent forms.
Thus, from (2.50) and (2.63) it follows that

L
A¥m) = ¢L VIETT Yy (3.4)
Since A¥ () is in the solenoidal gauge the field strengths arc
EX(m) = ikAY (m) (3.5)
and, with I = 0,
HY(m) = curl A} (m) (3.6)
The dual field is
Hi'(e) = —E}f(m) = —ikA}/(m) (3.7)
and
EX(e) = HY(m) = curl A¥(m) (3.8)

In the solenoidal gauge for the electric vector potential

EX(e) = ikAY ()
and therefore
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A¥(e) = cml (X Ve Yy (3.9)

k\/'L

The potentials as given by (3.4) and (3.9) were first obtained by Hansen
(35); see also Stratton (41).

It follows from (3.4) and (3.9) that the magnetic and electric multi-
pole fields vanish identically for L = 0.! In sec. 9 it has been shown
that the only irreducible tensor of rank zero is proportional to the unit
veetor t. It is clear that the zero-rank tensor gives vanishing electric
and magnetic field strengths and is a longitudinal field.

Using the identity

curl (r X V) = V2 — V[1 + r(d/dr)] (3.10)

the electric veetor potential (3.9) becomes

AY(e) = \ﬁ,(; iy {km Y+ - V(l + r—');, Y } (3.11)

Using (2.32) in conjunction with the first term and (2.58) with the
second of (3.11), together with

d 2d L(L-l—])}
{5;5+rdr k2._____§__-— fr. =

we find that (3.11) is identical with (2.64). This demonstrates that,
with the normalization (2.62), the electric and magnetic multipole
fields are dual fields. Hence the Poynting fluxes associated with these
fields are the same.

The explicit forms for the electric and magnetic field strengths in
terms of the irreducible tensors follows immediately:

Eff(m) = —~H} () = —iksLTIL, (3.12)

HY/(m) = EZ (¢)

L L+1
=ik{— / . T, / s T } 3.13
? { 2L+1§I+l Lri+1+ 2L+l§l 1T -1y (3.13)

1 This is obvious if we consider the fields without the normalization factor
1/A/L(L +1). Then, since L = 0 need no longer be considered, the use of this
normalization is permissible.
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Obviously

f dQE¥(m) -H¥*(m) = f dQE¥ (e) - HI(e)
- f dQ EY (m) -EX* (¢)

= fdQH}‘,"(m)-H‘},’*(e) =0

and the integration over the surface of the unit sphere vanishes for the
scalar product of any field strength vector and the conjugate of any
other multipole field strength (L # L’) or substate of the same multi-
pole (M = AM").

16. RADIAL AND TANGENTIAL DECOMPOSITION OF THE FIELDS

For the discussion of the Poynting flux and the angular momentum
of the fields it is convenient to decompose the field vectors into radial
and tangential parts. Thus, for any vector A,

A=A”+A_L

where A is the radial part, parallel to r, and A is normal to r and lies
in the surface of a sphere. In general,

A;=r(A-7) (3.14a)
A =—-1tX (XA (3.14b)
We consider the solenoidal gauge for the vector potential. Then
Aym) =0 A, (m) = A(m) (3.15)
and, in any gauge,
Ey(m) = Hy(e) =0 (3.15a)
E,(m) = E(m) H, () = H(e) (3.150)

For convenience the indices L, M are omitted.
For the electric vector potential we use the form (3.9), writing it as

1
Ae) = — m {freurl @ X V)Y + Ve X (£ X V)YI}
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The first term in the brace is simplified by using (3.10):
curl (r X V)Y = tV2YY — V[1 + r(d/dr)]Y ¥
= —(@/r)L(L + 1)YY — vy¥ (3.16)

Since V{7 is in the direction r and VY] lies in the surface of the sphere,
the first term on the right-hand side of (3.16) is the only contribution
to Aj(e). Thus,

Aye) = (/R VLWL + 1)(t/r)ss, Y 3.17)
and

ALE) = — — ( +ri)mrx<rx VY (3.18)

L4 kr/L(L + 1) dr S

In terms of the irreducible tensors we find by the use of (2.20a), (2.200),
(2.20c), (2.21), and (2.56a) that

L+1 L
Aj(e) = —\/I;(L + 1) ——{ TZL-H - \[‘—““—' Tg{L—l}

2L+ 1 2L + 1
= VIL D (frq1+ §n—0)
}:T':—r M \/ L M I
T; — | TL 1y 3.19
X{\/2L—|—1 L L1 oL 4 1 Ll (3.19)
by (2.60").
For the field strengths

Ej(e) = Hy(m) = ikAj(e) (3.20)

It is also useful to note that
[t X @ X VY2 =]r X LYY ?
=t-LY' X (r X LY})*
- |Lyp
since the V operator acts on Y2 only. Therefore

|ILYZ|

d
A (0)] = Z—(/Z(L+ ])'(1 +r;;> s“,,’ (3.21)



40 MULTIPOLE FIELDS
This may be compared with
[A(m)| = IL—Y};” lsnl (3.22)
VIL(L 4 1)

For kr>> 1 it is seen that |A(e)|=2|A ()| =|A(m)]| [cf. (3.24), below],
and the same result applies for the field strengths.

17. POYNTING FLUX

To evaluate the Poynting flux we consider the outgoing wave field
(1. = gr) in the wave zone, that is, for kr > 1. The asymptotic be-
havior of gz, for large argument is

gr ~ (=0 tI\/2/m (™" /kr) (3.23)
so that |gr| is asymptotically independent of L. Also
(1 + r(d/dn)lgr. ~ tkrgy (3.24)

From the results of sec. 16 it is seen that |A, (e)| ~|g1|, apart from an
angular dependent function and a constant, while [A)(e)|~|gL|/kr.
Hence, in the wave zone the perpendicular components dominate and
the field is transverse for distances r large compared to the wavelength
of the radiation.
From (1.32) the net energy flux is
cr2
P=—|det-E X H* (3.25)

2w

Since the flux P is the same for clectric and magnetic multipoles we
consider only the latter case. Then for a 2% pole, omitting the L, M
indices, we have

er?
P=— f dg v-E(m) X H*(m)
2m

7‘2,(32
=< dQr-A(m) X A*(e)

s

Using (3.4) for A(m) and (3.18) for A(e) we find

: dgL\*
1, (.(IL +r _d—r)
e A@n) X AHQ) = {r-LYZ X (r X LYZ)*)
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The factor in front of the brace is asymptotically
: dgi\*
g, (gb + r- )
dr

- l!h,|2
krL(L + 1) LL+4+1)

from (3.24). The factor in the braces is
LYY X (r X LY)* = |LY¥)?
From the hermitian property of the L operator we find
f dQ LYY |2 = f dQ YI'LAY Y = L(L + 1)
Hence, using (3.23)
P = ¢/ (3.26)

The number of quanta radiated per second is

P/hw = 1/7°hk (3.27)

Since E(m)-H*(m) = E | (m)-H% (m) and E  (m) is proportional to
LY} while, from (3.18), H , (m) is in the direction r X LYY it follows
that E(m)-H*(m) = 0 and, of course, the Poynting vector N is dirceted
radially outward as was to be expected.

18. BEHAVIOR OF THE FIELDS IN THE STATIC ZONE

We consider the standing-wave solutions which are the only solu-
tions regular at the origin. Then for kr < 1

et
L = fL = ;r- (22;:1—3_'—' (3.28)

From the results of sec. 16 we find the following results for the depend-
ence of the field strengths on kr in the static zone:

(1/k)E | (m) ~ (kr)* (1/K)H | (m) ~ (kr)=~!
(I/K)E (e) ~ (kr)~! (1/k)H  (e) ~ (k)"
(1/K)E;(e) ~ (kr)=—1 (1/k)Hy(m) ~ (kr)-1

It is seen that there is no distinction, so far as order of magnitude is
concerned, between the radial and tangential components of the field
strengths. This is apart from the components which vanish identically :
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E,(m) = Hj(¢e) = 0. However, for thc magnetic multipole field
[H(m) |>|E(m)]|

and for the clectric multipole field
|E(e)|>[H(e)|

The nomenclature “electric” and ‘“magnetic”’ multipole fields can be
understood from this circumstance.

19. CLASSICAL DESCRIPTION OF THE ENERGY AND
ANGULAR MOMENTUM

In the classical treatment of the electromagnetic field the total energy
of the field is given by

1
W = - (E-E* + H-H¥) dr (3.29)
4r
and the angular momentum is
1
G = 4—--~fr X (E X H* 4+ E* X H) dr (3.30)
wc

It is again sufficient to consider only the magnetic multipole field
since W and G are invariant under the dual transformation. The
encrgy W becomes

k‘}.
W= [1iAm [ +1A@ L) b
4

k:!

dr

1
2L + 1

{f}i + (Lfia+ W+ ﬁ,—x]} r* dr
where we have used (2.63), (2.64), and (3.1). Since the normalization
of the radial functions is independent of I, see (3.3), this becomes

K .
W= o f 7 r?dr (3.31)
L

Actually, the normalization previously used is not suitable for our
present purpose. If the energy as given by (3.31) is to be equal to the
encrgy of one quantum, viz., W = fiw, we must adopt the artifice of
enclosing the field in a “box.”” The box may be taken to be a perfectly
conducting sphere on the surface of which the tangential components
of the clectric field strength vanish. This boundary condition makes
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the k-spectrum discret2 and permits a discrete set of eigenfunctions to
exist. The normalization integral in (3.31) is then finite. If the vol-
ume of the box is V, the normalization integral is

ffL(k'T) FuK"'r) 2 dr = V 8popnr

where k&’ and k' are two eigenvalues of the wave number, that is, roots
of fr.(kR) = 0 where R is the radius of the spherical enclosure. Then,
all the potentials may be renormalized by multiplication with the

factor 2
= V 2rhic?/wV (3.32)
With this normalization
W = hw

For the angular momentum we may write
G = f(&+g7d
where, for magnetic multipoles,

g’ = (1/4wc)E*(H 1)
= (k*/4mc)A*(m)[A(e) 1]

From (3.17)
VL(L+ 1)
A(e):r = ——T-—-——IL Yy
and, from (2.63)
g = - -»-—--VL<L+1 ¥iReA 20(1LL, —u, M+4p) (Y82,

Consequently,
2

kn . e
G = = ZVLL+ D) X CULL; ~, M) 8 b [ 2S5 dr
2wc m 0

kor® — Y
- - E’L\/E(L + 1) C(ILL; 0M) & f v fi.dr
e 0

In other words,

G = Gof (3.33)
and only the z-component of the angular momentum is different from

2 This represents one photon in the volume V in the quantized radiation field.
See e.g., Wentzel (46).
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zero. For this component we obtain from Table I, (2.20a), and (3.32),
Go = MR (3.34)

From the results given in this section it is clear that the contribution
to the angular momentum from various points r is the same as in the
case of the energy. That is, the same radial integral is involved. It
is also clear that the angular momentum, as well as the energy, receives
contributions from all points and not just from the static zone;
cf. Wallace (51), Blatt and Weisskopf (52).

These results are, of course, exactly the same as those given in a
quantum-mechanical description. The vanishing of G,; means, in
the latter case, that the diagonal matrix elements of the angular-
momentum operators (J 1) vanish. An alternative presentation of the
classical description of this section has been given by Franz (50). The
quantum-mechanical description of the angular momentum in the radia-
tion field has been given by Heitler (36) and by DeWitt and Jensen
(53). Representing the general electromagnetic field as a superposition
of multipoles with amplitudes a,, where ¢ is a collective index repre-
senting L, M, k, and 7 (r = m or e), the quantization of the field re-
quires that these amplitudes no longer commute. Instead

* *
Aoly — ApQy = [
In a representation in which
1 * *
?(adaa + a'v aa‘)

is diagonal, with the cigenvalues N, + ¥4, we find, by evaluation of
the energy and angular momentum integrals, (3.29) and (3.30),

W =2 (N, + 3w,
Gy = X, NAM

where N, is the number of quanta in the state ¢ of the radiation field.
For the off-diagonal components of the angular momentum we obtain

G Z-;f (VL F ML+ M+ 1) ag(M) af (M % 1)

1
= F -
V2

+ V(L + M)(LF M + 1) aX(M) a,(M F 1)}

where the M values associated with the amplitudes a, are indicated
explicitly. For further details the reader may consult the references
cited above.

3 It will be noted that ordinary units are used here for the angular momentum.



IV. THE RETARDED ELECTROMAGNETIC
INTERACTION

20. PRELIMINARY REMARKS

In preceding chapters consideration has been given to the multipole
fields in free space. Obviously every clectromagnetic field must be
generated by a (dynamical) charge distribution. Consequently, in any
actual situation the sources of the field must be taken into account.
In the first part of this chapter we consider the solutions of the Maxwell
equations with sources present and obtain a representation of the source
distribution in terms of its multipole moments. The remainder of the
chapter is concerned with the application to a quantum-mechanical
system of two charged particles and the dynamical interaction between
them. The results obtained are then directly applicable to a number
of problems such as internal conversion of orbital electrons and Auger
transitions. The internal conversion problem will be treated in some
detail in Chapter V.

21. EXPANSION OF THE DYADIC GREEN’S FUNCTION

In the presence of sources the vector and scalar potentials are given
by the retarded potential solutions (1.13) of the inhomogeneous wave
equations. Since we shall be concerned only with the magnetic field
strength in the following, it is sufficient to consider the veetor potential
as given by (1.13a). Then

1
A(r) = ;fjo(r’)-l Go(r, ') dr’ (4.1)

where I is the unit dyadic. In the spherical basis this is
I=23 (-t (4.2)
s0 that for any vector jg g
jorIT =TI-jo = Jjo
The dyadic Gyl, the so-called dyadic Green’s function, may now be

expanded in terms of the complete set of multipole potentials. For
45
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this purpose we use the notation A} (r) for the standing waves and
B}(r) for the outgoing waves. That is, A}'(r) arc the tensors given
by (2.63)—(2.65) with ¢ = fz, and B () is obtained from these tensors
by setting ¢7, = gr. From (1.22) it follows that

Gol = 2k E Uil (o) Vil(rs) Z (—)"8u 6 (4.3)

in terms of the notation of (1.16) and (1.19). The standing-wave multi-
pole potentials are

Ai(m) = — Z C(LLL; —p, p+0) UL 1§, (44a)
AT = \/21 51 VLY C(l L+1L; —p, M+p) U E,
4 ®
+ VL+1Y CUL=1L; —p, M4u) UL §_,)
g (4.4b)
| 1 -
MO = 57! (VL+1 3 CQULAL L =y M) UHIE §-

+ VI E COUL—1L; —p, M+u) UL E L} (4.4¢)

dnd the outgoing-wave potcntmls are obtained by replacing U} by
Vil. From (4.4b) and (+.4c) it is seen that

Z;B () AL (rr) = 2 2

LM pp'p
[C(L L4p Ly —pu, M+p) C(1 Lp L; —u', M+y') VI UL
X ("")" g—-n gu’
where p = 4=1 and 0. The sum over L and p is carried out by keeping
L + p = I/ fixed and first summing over L. Then only the product
of the two C-coefficients is involved in the L-sum, which gives é,,» by
(2.18). In the sums over u and M we set p + M = M’ and the sum-

mation indices are p and M’. Dropping the primes on L’ and M’ we
find, for r > 7/,

Gol = 2r%k Z B (r; 1) A (r; 1) (4.5)

For greater clarity the argument vectors r and r’, indicating the point
in space at which the potentials are to be evaluated, have been inserted.
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For r < r’ the arguments r and r’ in (4.5) are interchanged. The sum
over L includes the term L = 0, but, of course, only the longitudinal
field (r = I) contributes to this term. It is recognized that in the expan-
tion of the dyadic Green’s function as given by (4.5) the electric and
magnetic multipoles must be in the solcnoidal gauge. The expansion
is not gauge invariant, although, of course, expansions in other gauges
forming a complete set do exist. The expansion (4.5) has been given
in the literature by Morse and Feshbach (53).

22, THE MULTIPOLE MOMENTS

As is well known, the current-charge distribution can be characterized
by a set of constants which describe the electric Jn(i m‘mgnetlc momcnts
of the distribution. We dcfine these constants aj’(e) and aj’(m) by
the following expansion for the magnetic field strength 1

T ‘ 1
H= /5 > tiar (e) g TiL — ia-’z','(m) eurl g, T2} (4.6)
LM v

w1
= 33 2 e @HY + oo B G0}
LM

valid outside the source.
From (4.1), with I = 0,

2'n'z

> curl BY(7) f jo(r') - A¥*(7) dr’ (4.7)

C LMt

where BY is evaluated at the field point r and AM* 4t the source point

r’. In comparing (4.6) and (4.7) we use

B (e) = — curl BY(m)

1
BY(m) = -’;cnrl B¥(e)
with
B} (m) = —g1 TIL
It is also to be noted that in (4.7) only r = e and m contribute. The

1 With the normalization we have used, the free space field strengths HY()
have the dlmenswm of a reciprocal length. On the other hand the dimensions of
H and therefore of a2/(r) are those of a field strength [charge divided by (length)?].
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comparison shows that

agf(m) = (2m)* it f (k') jo(x) - Ty dr’ (4.8)
and ‘
af (e) = —(2m)° 51:: f jo-curl A¥*(m) dr’
= —(2n)% fv f AY*(m)-curl jo dr’
wherein C

divC XD =D-curlC — C-curl D

is used. Tinally, substituting the tensor form for A¥(m) we obtain
M 33 k ’ M* : ’
a(e) = (2r)*% ~ | fr(kr") TiL -curl jo dr (4.9)
C

"The results (4.8) and (4.9) were obtained on the assumption of zero
magnetization, M = 0. The contribution due to a volume distribution
of magnetization is casily obtained by replacing jo by

jo + ¢ curl My
and curl jo by
curl jo + &My

In most practical cases the wavelength of the radiation is much
larger than the lincar dimensions of the sources. For example, for the
emission of a 1-Mev y-ray by a medium-weight nucleus, kr < 0.03. In
the case kR <« 1, where R is the nuclear radius, or more generally, the
maximum value of #/ which contributes to the multipole moment inte-
grals, the results (4.8) and (4.9) can be re-expressed in simpler form.
Tor the electric multipole moment we use

N LYH*
T ewl j, = — _ AT curl jo

V(L + 1)

s0 that
M 1
ff], T%[, -curl jo dr' = — Vﬁf—_:ﬁ f(L’CUI‘l j”) Yﬁf* f/, dr’

by the hermitian property of L. Further
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d
L.-curlj, = —2 {(2 + a—) div jo — V2(f'jo)}
r

and
div jo = iwpg

by the continuity equation. Using the hermitian property of the
Laplace operator the integral in (4.9) takes the form

ff;, T . curl jo dr’

L fYM*f [(24—7"’6)1' +k2r"]dr’
= — L — ] 1w, ? °
NVLL+nd R o) % Jo
7 dfL
= o mmomomn oo }7M* '[( / 1) ) - k2 "o } I !
VLT l)f L r Py, + fr. ) iwpy JLr'jo dr

where the last form is obtained after an integration of the dpy/d7" term
by parts. The condition k7’ << 1, which has not been used up to this

point, gives
dfr, 2 L+1
v+, = \/: e (k")
r r (2L + 1)!!
On the other hand the ratio of the second to the first term is

kzr’ . jo

~ (kr")?
wpPo

since div jo ~|jo|/r’. Ilence, the second term is negligible compared
to the first, and we obtain the result

47 L+ 1
Mo\ — e TV L2 | oL yME "N dy’
ary, (6) (2L n 1) n \/ 7. k f’l Yy p()(r ) dr (4.]0)

A similar reduction may be carried out for the magnetic multipole
moment:
fLjo- T = — L (L Y¥)*.j
. JO LL '\/Z_(L_:l—__l—)- L 0
ifr, .
= e— VYM T x i
VLt ETR
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Therefore

ﬁmﬂud=—7mﬁmeU’M%kW

_~—W~JhYLmurxmw

VLIL+1)
Consequently, in the long-wavelength limit
4 1 kL+2
M = — ___._..__.,‘:‘: /L Y{l* d'V l‘l j (]I"
WO = Ly ONVEL D e f7 L div (" X Jo)

(4.11)

It will be recognized that the multipole moments given by (4.10) and
(4.11) have the form of the well-known static moments. For example,
the integral in (4.10) for I = 1 gives the usual electric dipole moment.
TFor L = 1 the magnetic multipole moment may be written in more
familiar form by observing that »’ VH* are essentially the components
of the vector r’ and

fl" divr’ X j() dr' = — | r X j() dr’

by Gauss’s theorem.

The circumstance that the exact form for a}f(¢) depends on curl jo,
that is, the transverse (or solenoidal) current density, while the approx-
imate form (4.10) depends on py or div jo which involves only the longi-
tudinal (or irrotational) current density, is explained by French and
Shimamoto (53) as a consequence of the fact that these two constituents
of the current density are not independent. Indeed, outside the source,
the total current, which is the sum of transverse and longitudinal parts,
vanishes identically.

23. THE INTERACTION BETWEEN TWO CIHIARGES:
GENERAL DISCUSSION

The results of the foregoing sections provide a description of the field
generated at a point r duc to a given source. If the charge and cur-
rent density at r’ are given by po(r’) and j(r’) the classical interaction
energy is

1 :
u= f [po(r') U(r') — :J'o(l")‘A(l")] dr’ (+.12)

In this scction we consider the quantum-mechanical description of the
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interaction encrgy. Explicit results can be obtained only when the
equations of motion of the interacting systems are fully specified. One
of these systems will be taken to be a Dirac electron. However, the
results of the present section will be applied in sec. 27 to the internal
conversion problem where the interaction between a Dirac electron
and a nucleus is the problem of chief concern. Ior reasons to be dis-
cussed below, the equations of motion (hamiltonian equation) for a
nucleus coupled to an electromagnetic field depend intimately on the
esscentially unknown nuclear forces. For this reason, in most of this
section, the dynamical description for one system (the nucleus) will be
retained in gencral form. TFor the internal conversion coefficient of a
point nucleus it is unnecessary to specify the nuclear dynamics in detail.
Subsequently, as an illustration of the results to be obtained in this
section, we consider the interaction of two Dirac electrons, and in this
case the hamiltonian equations can be made explicit throughout.

The total system under consideration consists of the radiation field
and two particles, labeled 1 and 2 (the term particle includes the case
of a nucleus or, more exactly, a nucleon to which the radiation ficld is
coupled). Particle 1 will be a Dirac electron. The hamiltonian cqua-
tion for the system is

I - -
za—’f — ©:(B) + D:(B) + Hrlv (4.13)

¢ designates the time, and the units are such that # = ¢ = 1. In (4.13),
Or is the hamiltonian of the radiation ficld alone; $;(A) and .(A)
refer to particles 1 and 2 in the presence of the field, whose vector poten-
tial is A. Thus §; and §; contain the coupling terms which represent
the interaction between particles and field.

For the Dirac clectron

O = —a(p — e;A) — fm + ¢, U (4.14)

In (4.14), e; is the electron charge, m the electron mass; the matrices

( )

where each element is a two-by-two matrix and o is defined in (2.4).
Obviously (4.14) can be written as

H1 = $:1(0) + H:1(A)

$10) = —a-p — pm (4.15)

where
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is the free-particle hamiltonian and
H1(A) = ey(a-A + 0) (4.16)

is the coupling term. Corresponding to the decomposition of A and U
into complex fields, we write

O1(B) = D1(A) e7 + D (A*) ™t (4.16)

and 9;(A) is the functional of A defined by the form (4.16).

It is essential to consider the effect of a gauge transformation; see
equation 1.24. If the wave functional ¢ describes the Dirac electron
so that

oY
7'"(,; =iy (4.17)

and we make the transformation
g =c Sy (4.18)

where S is a (onc-by-one) function of the coordinates and ¢, it follows
that

Pi.A o1y (4.19)
at D 1 Tl
where
=/ ie1S —ze1S aS
OD1=€e""H1e7 — ¢ o (4.20)

and where §, is given by (4.14). It will be recognized that the result
(4.20) is quite general and describes the effect of the unitary transfor-
mation (S hermitian) on any hamiltonian equation. In the particular
case of (4.14) it follows that

H1A) = 9,(&) (4.21)

where A’ stands for the gauge-transformed potentials as in sec. 3.
Equation 4.21 then states that a gauge transformation on the poten-
tials is equivalent to a canonical (unitary) transformation on the basis
¥. A canonical transformation, of course, docs not change any physical
results (for example, matrix elements of the coupling operators), and
so we arrive at the conclusion that physical results such as transition
probabilitics are independent of the gauge. The importance of this
result lies in the fact that it dictates the manner in which we must con-
struct the hamiltonian $(A) from the free-particle hamiltonian £(0)
in the general case. Only if the property expressed by (4.21) is ful-
filled do we obtain the result that the gauge can be changed without
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affecting the physical results. The hamiltonian for which (4.21) is
fulfilled is then said to be gauge invariant.

For the Dirac electron the construction of the gauge-invariant hamil-
tonian is well known, and, in fact, as the preceding shows, the required
form is precisely that given in (4.14). This is also valid when a central
field term (Coulomb interaction) is added to £;. However, if there
are interaction terms, such as those representing the nuclear forces in
92(0), which do not commute with S, the gauge-invariant hamiltonian
may be much more complicated and its exact form depends on the
nature of these (nuclear) interactions. This circumstance has been
discussed in detail by Sachs and Austern (51), and, as these authors
explicitly demonstrate, the prescription for construction of the gauge-
invariant hamiltonian will be different from (4.14) (or its non-relativistic
equivalent) if the nuclear forces contain exchange or velocity-dependent
interactions. In these cases the coupling to the radiation field is di-
rectly dependent on the nuclear interactions.? Inasmuch as the latter
are not completely understood it is preferable to treat the interaction
of the second particle with the radiation field in a general way.

Accordingly, we write for particle 2,

H2R) = HO) + 9V (A) + P (A) +--- (4.22)

which corresponds to an expansion in the vector potential or coupling
constant ¢;. Thus $(0) is the free-particle hamiltonian, $M(A) is a
linear homogenecous functional of A, $®(A) is homogencous and of
second degree in A, ete. Tach term in (4.22) is hermitian. In what
follows we are interested only in single quantum emission (or absorp-
tion) and terms beyond $® will be dropped. Again,

SVAE) = SO(A) e + HD(AX) et (4.22)

where A, A* are time independent.

24. THE INTERACTION BETWEEN TWO CHARGES:
SPECIFIC RESULTS?

The interaction between particles | and 2 takes place via the cou-
pling of each particle with the radiation field. The situation considered
is the following: At ¢ = 0, particle 1 is in a state of zero energy, particle 2
in an excited state of energy W. This is the initial state and will be

2 In Chapter V we shall show that this restriction does not apply to the emission
(or absorption) of electric multipole radiation in the long-wavclength limit.

3The results to be presented in this section were first given by Tralli and Goertzel
(51). The procedure adopted here is somewhat different from the one used by these
authors.
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labeled by the index 7. There are two intermediate states described by
the following scheme:

Particle 1 Particle 2 Quantum Energy

State j 0 0 w
State j E w w

That is, for state 7 a (virtual) quantum of energy » has been emitted
by particle 2 whose energy after emission is zero. For state ;' a quantum
of energy w has been emitted by particle 1 which takes the energy FE
after emission. The final state (label f) is one in which there are no
radiation quanta, particle 1 is in the state with energy E, and particle 2
is in the state with zero energy. This state is reached from j (or j') by
the absorption of radiation energy w by particle 1 (or 2).

The total wave function ¥ is expanded into functionals of states
CY IR E

¥ = a,(8) Vi + a;(t) ¥; + a;:()) ¥jr + as(t) ¥y

Then the equations of motion for the probability amplitudes a; -- - as
take the form

id; = Wa; + f dow How a;(w) + f dw o a5+ (@) (4.23a)
idj = wu; + oo a; + f B Sur /() (4.935)

idjr = (0 + W + E)ajr + Do a; + f dE S5 a;(I) (4.23¢)

ity = By + [do S @) + [do Srw@  (4230)

Here f dw implies an integration over all intermediate photon energies

and a sum over 7, I.,, M, that is, over the complete set of multipole
fields in terms of which the general radiation field is expanded. The

integration designated by f dll sums over the energies of the Dirae

clectron and also implies a spin summation. The matrix elements in
(4.23) are defined by

Do = V2o | dr; ¥} S.(A% () ¥ (4.240)

Do = V2o | drg @f P (AY () @; (4.24b)
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Puo = V2w | dry & DV AY () @; (+.24¢)
oo = V2o | dry Y] H1(AF () ¥ (4.24d)

Here ¢; and ¢, refer to particle 1, and ®; and ®; refer to particle 2
Equations 4.23 are to be solved subject to the initial conditions

=1 g=a=a=0 ati=0.

The solution will be effected by the standard methods of perturbation
theory [for example, Schiff (49)], and the lowest non-vanishing order
will be considered. This implies that in (4.23a) the second and third
terms on the right-hand side are neglected and in (4.23D) as well as
(4.23c) the third terms are dropped. Then

a; = e~ Wt (4.25a)
Do . .
a; = — gt _ omiWE 1.25b
i= W( ) ( )
4y = DD iWr—itm _ ) (4.25¢)
w+ I
@Ew @w() 6i(l'/'—W)t -1 (/,i(l‘}—w)t — 1
= [ ey
W—-—wl It—-—W F—w .
RICETST: i (W o)t .
Pry ! hwo[ -1 - IJ :
de + .
+f ot Bl E—w W+ o (1.25d)

"The second and fourth terms do not conserve energy between the initial
and final state, and only the first and third terms, which do conserve
energy and which do lead to a transition probability increasing linearly
with the time, are retained. In the usual fashion we obtain for the
number of transitions to the final state

fﬂll’flﬂifl2 = 2wl | 9y4)?

and for the number of transitions per unit time

v = 2r| Oy:|? (4.26)
where
Pro Do S S
; _f{wl: E 0 + » lew g:Dwﬂ (4.27)
W—-—w+1iy o+ E—1iy
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evaluated at W = E. In (4.27) the path of integration is along the
real axis from w = 0 to w = «. The displacement of the poles into the
upper half-plane is effected by the addition of the term 7y (n > 0) in
the energy denominators.

The matrix element $y; can be expressed in the form

w va
Oy f oo 20 Doo (4.27")
T/V — w1y

with the path extending over the entire real w-axis. In general, from
(4.24),
w dw

O =2 | ———— dri 47 1(AL(D) ¥
O = 20 [ 3 fanif Al ) ¢

Xf dry o7 P (AL (1) & (4.28)

where the multipole summation is now explicitly indicated.

The w-integration is now carried out by closing the path with a large
semicircular loop in the lower or upper half-plane. Since both £; and
$M are linear in the potentials and since for the standing waves appear-
ing in (4.28) the radial function involves fr,, where

fr. = 3L + 1)

the asymptotic behavior of each operator will consist of two parts: viz.,
one containing the factor e'or (scc equation 3.23) from gy, and one con-
taining e~ %" from gr. For r; $ry the product $; HP contains four
terms pI‘OpOI‘th]’ldl to ezw(n—l—n) eiw(rn—rz), e—iw(r1~r-z), e~iw(rx+r2)’ respec-
tively. For r; > ry the path can be closed in the upper half-plane for
the first two. For the second two, with exponents which have a necga-
tive coefficient of 7w, the path must be closed in the lower half-plane
and hence these terms contribute nothing. Therefore, only the out-
going part (e™"™) of the standing wave in r; space contributes to the
integral. Thus, in evaluating the residue in (4.28) we replace fL(rl) by
1g1(ry). 'This means that AY(r) in r; space is replaced by 2BY(r).
Thus, for r; > 73,

B = —2n%k ) f dry y; ©:1(BY (7)) ¥ f dry &f HVAY () ®;
LM+
(4.29)
Similarly, for ro > ry,
By = 20t 3 [deo 9] SUAY () wi [ af 9O B ()
(4.29")
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where we have introdiced W = E = k, on the basis of energy conser-
vation, and in the matrix elements of (4.29’) we must set w = k. This
result will form the basis of the treatment of the internal conversion
problem; see Chapter V.

For the interaction of the particles we consider two Dirac electrons.?
Then both $; and H$? in (4.27’) have the form (4.16) and

dw
$yi = 2meses f _ede [ f dry ¥ (an-AY(7) + U¥ (D) s
Mz

—w+
X | dry &f (ap-AM'(7) + UM'(r)) &; (4.30)

Since both matrix elements are gauge invariant, no loss of generality
is incurred by using the solenoidal gauge. Then U(7) = 0 except for

= [, and in this case
AY(r) = VS

U (r) = iwS
where S is defined by (2.66). For the longitudinal terms we have
ar- A (I, 1) = a- V8 = i(SH1(0) — $:(0)S)

and a similar result applics for as-A*(l, ;). Using the hermitian
property of £,(0) and
$:10)¢; =0

$:10) ¢y = Eyy
D2(0) d; = W @,
$2(0) &, =0

the matrix element in (4.30) reduces to

Osri = 2m f ﬂl h n// &)
ee dr; dr
Y, 162 W p . 1 dr2 vy Py

. W+ E e
X |a1 A} () az- AL (1) + (l - ——-l;—) Uil () UL (T)}

w

where the starred potentials are in the space r and the unstarred poten-
tials are in the space r;. Carrying out the w-integration as before the

1 In this case it is necessary to antisymmetrize either the initial-state wave fune-
tion ¢i ®; or the final wave function ¢y @, of the clectron pair.  This need not be
done explicitly for the considerations of this section.
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result obtained for ry > rs is

\\:)fi = —21r2'i0182k E fdrl dl'2 II/}'= ‘l’}k
LM~

X {al .Bil(‘r) rl) a2'A‘I‘II*(T) I'2) - Uln;l(‘r, rl) (][1‘;’*(7', ')'2)} ({31)

I'rom the expansion of the dyadic and scalar Green’s functions, (4.5)
and (1.22), this becomes

.S:)_H = elegffdrl dl'g 3(/; ‘I’}k Go(l - al'ag)lll,; b; (432)

This means that the interaction operator between the two electrons,
the matrix elements of which determine the transition probability, is

ekin—rl

W = erea(l — ay-ap) [P
1 — T2

(4.33)

This corresponds exactly to the retarded interaction between two rela-
tivistically moving particles. That is, ¥; ®;(1 — ay-a)y; ®; is the
contraction between the two current four-vectors, and the Green’s
function Gy represents the retardation. The operator W, or the matrix
element (4.32), is used in the relativistic theory of the Auger effect
[Massey and Burhop (36)]. The result (4.33) was first obtained by
Hulme (36).



V. INTERNAL CONVERSION

25. DEFINITION OF THE INTERNAL CONVERSION COEFFICIENT

A nucleus in an excited state in making a transition to a state of
lower energy may emit a gamma ray or, alternatively, the energy re-
leased may be utilized to eject an atomic electron from one of the bound
states into the continuous energy spectrum. The mechanism of the
latter process has been deseribed in see. 23. The two processes are
competing in the sense that one or the other takes place when a given
nucleus makes a transition.! The internal conversion coeflicient is a
measure of the relative probability of the two processes and is defined
as the ratio of the total number of cjected {conversion) electrons per
unit time to the total rate of emission of gamma rays. This means
that N., the number of clectrons cjected per second, is given by (1.26)
summed over all directions of emission and all substates of the initial
(bound) state and final (continuum) state. This summation is indi-
cated by the symbol &. Thus

N, = 228 $y* (5.1)

The integration over all directions of emission is automatically taken
into account by the angular-momentum representation of the electron
wave functions used below; see equation 5.8. Clearly, the wave num-
ber k which appears in the explicit form of y;, (4.29), is, in our units,
just the encrgy released in the nuclear transition.

The total number of quanta emitted per sccond, N, is given by

N, =& fl la; |2
= — Jdw|a;|”
q dt J
and from (4.25b) this is

Ny = 492 f"‘sinz sl — WL
T a0 - w)?

= 2r| Drol? (5.2)

1 This is aside from the alternative possibility that the energy (f >1.02 Mev)
appears as an eleetron-positron pair. The ratio of pairs to gamma rays is about
1071 to 10" 3,

dlw — W)

59



60 MULTIPOLE FIELDS

Let us consider a nucleus of negligible dimension so that (4.29) would
apply. The matrix element appears then as a sum (over L, M) of prod-
ucts of two matrix elements, one in electron space and one in nuclear
space. We abbreviate the notation by writing this in the form

i = —2n%k L% (F1D1BE) NSOV AL (NI (5.3)

From the transformation properties of AY it is clear from the Eckart
theorem that if J; and J; are the angular momenta of the nuclear states
then the triangular condition A(J;J;L) applies in the Lth term of the
sum. This, of course, is an expression of the angular-momentum con-
servation. The parity conservation is expressed by

T W = Ty

where , is the parity of $®(A¥*()). If the nuclear forces are of the
ordinary type P ~ A¥*.V (see equation 6.24 below) and the parity
7, is (=) for electric multipoles and (—)**! for magnetic multipoles.
This conclusion will not be changed whatever the nuclear forces may
be. The consequence of the selection rules is that only a finite number
of terms appear in (5.3). From the discussion of multipole moments
in sec. 22 it follows that the matrix clement (f| 9V (A *(r))|4) changes
by a factor kR when L increases by 1 unit. Here R is the nuclear
radius. This result is borne out in Chapter VI, where explicit results
for the transition rates are given. Ilence, since kR <1 in practical
cases, the minimum possible value of L will generally be the most im-
portant. We designate the electric and magnetic 27 pole radiations
(or transitions) by EL and ML, respectively. For a spin change
[AJ| = |J; — Jy|, we have, in many cases, L = |AJ |, and for |AJ| odd
(even) the radiation would be electric, EL (magnetic, ML) for w; = —my.
For m; = m; and L = |AJ| electric radiation occurs for |AJ| even and
magnetic for [AJ| odd. In Chapter VI it will be pointed out that ML
and E(L + 1) radiation may be of comparable intensity.

For the internal conversion coefficients there can be no interference
between different IL-, different M-, and different r-values. This can
be shown quite easily from a simple extension of the formalism appear-
ing below in sec. 27. The lack of M-interference is obvious from con-
servation of the z-component of total angular momentum, equation
5.20, and the fact that the various substates of ¥; and ¥, are incoherent
in the envisaged process.

Finally, it is readily seen that for a point nucleus the longitudinal
field makes no contribution to (5.3). This is simply the statement of
gauge invariance. Actually, the principle of gauge invariance must be
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applied rather carefully here, and attention is given to this question in
see. 26.

From these remarks we may write for the conversion coefficient for
a particular field (L and 7)

a(r, [) = No/Nq = 2x*k&| (| $1(Bi () 9) |* (54)

By virtue of the realistic assumption of a point nucleus the matrix
element in nuclear space has canceled out and the internal conversion
coefficient is independent of any unknown nuclear properties.® In par-
ticular it is independent of the unknown form of the operator .
The only role which the nucleus plays is to act as a source of a “virtual”
electromagnetic field with specified energy, angular momentum, and
parity. The fact that the latter two properties condition the conver-
sion coeflicient constitutes the reason for the importance of this quan-
tity in nuclear physics. In fact, the conversion coefficient is, in general,
a rather sensitive function of k, L., and = (= e, or m).

26. THHE GAUGE PROBLEM ?

In the case of electric multipole conversion the result (5.4) is valid
only in the conventional gauge. That is, we must use

$1(Bi () = er(a-BY + V) (5.5)

where B
B! = V@@L + 1)/(I. + 1) g1._1 TH,_, (5.5a)
V¥ = VLT F ) g VY (5.5b)

In any other gauge the matrix elements for a(£L) may actually diverge
if the wave functions ¢; and ¢, are Dirac wave functions for an electron
in a Coulomb field. Since the difficulty arises from the singular be-
havior of these wave functions at the origin, sce below, it might be
thought that the use of Dirac wave functions for an electron moving
in a potential which is less singular at the origin [Rose (51)] would
remove the trouble. ITowever, as a simple calculation, similar to that

2 If the multipole radiation is not pure but is a mixture of, say, ML and E(L 4 1)
the conversion coefficient is seen to be a weighted average of «(ML) and a(E, L + 1)
where the weights are the relative intensities of the two multipoles. A measurement
of the conversion coefficient is often useful as a means of determining this intensity
ratio. An estimate of this intensity ratio is obtained in Chapter VI, see equation
6.31’, based on a calculation using the j-j coupling model for the nucleons.

3 This problem was first discussed by Dancoff and Morrison (39); see also Tralli
and Goertzel (51), and Coish (51).
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given below, will demonstrate, while the matrix elements are now finite,
they are not gauge invariant.

At first sight the fact that the matrix element in (5.4) is not gauge
invariant seems to contradict the gauge principle. Actually, this is not
so. That the principle of gauge invariance is valid here will be shown
in the following. ITowever, first it will be demonstrated that the matrix
element in question does have the properties ascribed to it. That the
matrix elements for the conventional gauge do converge and are the
correct ones to use will be apparent when the calculation of the internal
conversion coefficients is considered in greater detail in sec. 27. There-
fore it is sufficient to examine the extra terms which arise when a gauge
transformation from the solenoidal to the conventional gauge (or any
other gauge) is made. These terms are proportional to

r= f V! (a- VS + ikS)y; dr (5.6)

where, for the transformation from solenoidal to conventional gauge in
the outgoing wave fields, see sce. 12,

S = (/RVL/L+1) g, Y} 6.7)
Again using

a VS = (S H0) — H(0) S)

the matrix element T' becomes
T =4[y {[S, DO)] + kS}y: dr

where the square bracket is the commutator. Denoting the initial
and final state electron energies by FE; and K, respectively, so that
$0) ¢: = E;¢; and $(0) ¥y = Er ¢y, and noting that k = E, — I,
we obtain

it = [v $0) S widr — [(©©O v9* S st

If $(0) were hermitian with respect to the functions ¢, and Sy;, I'
would vanish. The only term in $(0) which needs to be examined is
—a-p and this gives

I = f div (n[/}k aSy,)dr

= 3?2 f V; o, S ¥; dQ
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where the sum is over the surfaces bounding the region of integration:
a sphere at infinity and a small sphere surrounding the origin. The
angular integral is exactly the same as that whiech oceurs in the matrix
elements of the clectric multipole conversion, as may be seen by appli-
cation of the methods of see. 27. This is to be expeeted since otherwise
the selection rules would be gauge-dependent. Consequently, we need
only examine the radial dependence of I' on the aforementioned spheres.
Clearly, no contribution arises from the infinite sphere.  The bound-
state wave functions vanish exponentially as r approaches infinity.
For the sphere around the origin we use the results that ¢, ~ /!
and ¥; ~ "' in a Coulomb field; here

y=V({i+ }? - a2

. D 9 . .
and (the fine structure constant) a = €i/fic = ¢; (in these units)
=~ 1/137. As a consequence I' ~ ", where

n=24+@w—-D+@i—-)—L—-—{=v+vi—L—1
and we have used the fact that gr, ~ v~ for small . We set,
y=j+3—28

and it is evident that 0 < 8§ <1 — V1 — o?Z% From the sclection
rules, sce. 27, we have A(j;jsL), which is the expression of the angular
momentum conservation. Hence, there will be one final state with
L = j; + ji. Tor this case

n=—6—208<0

Therefore, when the limit » — 0 is taken, I' diverges in this case. If
the Coulomb field is modified to take into account the finite size of the
nucleus, the two Dirac radial functions, see (5.8) below, have the in-
dicial behavior

f ~ ,,.n' g ~ ,,.n”

where n’ = j — 14 or j + 14, where j is the angular momentum of

the conversion electron, and n’’ = 25 — n’. In this case the gauge

terms make a finite non-vanishing contribution for the transition cited.
The difficulty, it will be noted, arises from the singular gauge func-

tion (5.7), and for the more general gauge function (2.67) with ¢, = g1,

the situation is no different. This also shows explicitly that for gauge



64 MULTIPOLE FIELDS

transformations in which the gauge function is a standing wave
(¢ = fr), which is regular at the origin, the additional terms of the
form (5.6) actually vanish, as expected.

The last statement provides the clue for the solution of the difficulty.
First of all, it is to be emphasized that a gauge transformation on the
outgoing-wave fields is not expected to be valid. From the discussion
of sec. 23 a gauge transformation is valid when applied to the fields
which actually occur in a hamiltonian. The outgoing-wave fields never
occur in a hamiltonian.® In fact, as the results of sec. 24 very clearly
indicate, only the standing-wave fields occur in (4.13). As a conse-
quence, before the integration over intermediate state photon fre-
quencies the matrix elements, sec equation 4.28, contain only standing-
wave fields. At this point any gauge transformation can be made, and
after the w-integration of sec. 24 is carried out the resulting matrix
element is (4.29) in whatever gauge was introduced.’

This being so, one may well ask why the solenoidal gauge is unsuit-
able. The answer lies in the simplification made in passing from (4.29)
to the form of the matrix element given in (5.3). A tacit assumption
is made here, and to see clearly the nature of this assumption one may
consider, for the moment, the conversion from a finite size nucleus.
Then, the matrix element (4+.29) is a sum of three parts: (i) a
term in which the electron is outside the nucleus, r; > R and, of course,
ro < R; (ii) a term in which the electron is inside the nucleus but
R > ry > ro 2 0; (iii) a term in which the electron is again inside the
nucleus but £ > ro > r; > 0. In obtaining the result (5.3) for K — 0
the terms (i1) and (iii) were dropped. This is permissible only in the
less-singular conventional gauge. If any other gauge is used the terms
(i1) and (iii) have a non-vanishing limiting form which must be added
to (i). In this way onc may see the mechanism by which gauge in-
variance is fulfilled. In the conventional gauge one may not only drop
the terms (ii) and (iii) but also extend the range of integration to
0 < r; < » with negligible error. It is somewhat misleading to refer
to the conventional gauge as the “correct gauge,” as is sometimes done.
Any gauge is correct, but the conventional gauge permits the matrix
elements to appear in the simplest possible form.

4 Presumably part of the confusion in the literature with regard to the gauge
problem arises from the fact that (5.4) has the superficial appearance of a first-order
process in which the operator $1(BY) appears as the interaction with the radiation
field so that N, would be 2xS|(f|$1(BY)|4) |2 and from (3.27), N, = 1/x%. Of
course, the internal conversion process is actually second order, involving the emis-
sion and reabsorption of a virtual quantum of the radiation field.

5 The solcnoidal gauge was used in sec. 24 only for the purpose of obtaining the
intcraction operator W of (4.33) in terms of the dyadic Green’s function.
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27. THE INTERNAL CONVERSION COEFFICIENTS

In this section we treat the problem of reducing the internal conver-
sion coeflicients to radial integrals. The latter must then be computed
numerically.

As a necessary preliminary the following recapitulation of the Dirae
wave functions is given. In a central field the stationary-wave equation

(H0) + o)y = Ey

where v is a central field potential, is separated in polar coordinates by

writing

_‘ifxx‘-‘—x

Y= / > (5.8)
\ gt

In (5.8) the symbols arc defined as follows: « is the quantum number

(a non-vanishing integer) defining both the parity =, of the Dirac elee-
tron and its angular momentum j according to

i=|x|—% (5.9a)
T = (=" (5.9b)

and
I, =« for «>0

= —x— 1 for x <0 (5.9¢)

Thus, j = b, — «/2|x| and «x = —1, —2, =3 for s, Py, ds states
while « = 1, 2, 3 for py, du, fs; states; cf. Bethe (33). The parity .
is the eigenvalue of the relativistic parity operator = = 8 X space
inversion.

The spinors x*, where u is the eigenvalue of j,, are defined by

X =2 Cldjiu—m D)X Y~ 1=%£3 (5.10)

where, cf. sec. 6,

Trom the definition x* is an eigenfunction of j> and j, with cigenvalues
7 + 1) and u respectively.® Obviously, x“, has the same eigenvalues
and is degenerate with x* with respect to j* and j,. These two spinors

8 Here, and in the following, an operator applicd to x% is represented by a two-by-
two matrix. Thus, j = L 4+ 3o. When the same symbol is used as an operator
acting on the four-component ¢ what is meant is a direct product of the two-by-two
matrix and the two-by-two unit matrix; cf. (4.14%).
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are distinguished by the fact that

(0L + Dxi = —xxe (5.11)
and are related by
or X = X (5.12)

Relations (5.11) and (5.12) may be verified directly or derived by a
calculation employing the Racah algebra as outlined in sec. 11. Kqua-
tion 5.11 is equivalent to the well-known fact that x{, multiplied by
an appropriate radial function, is a Pauli spinor which diagonalizes the
spin-orbit coupling, ~o-L.

From (5.8) and (5.11) it follows that

BloL 4 1)y =« (5.13)
Using the fact that
(Xf) Xt:’) = Oy’ 8;1;4’ (514)

where the scalar product in (5.14) means spinor sum and integration
over the angular coordinates, and the identity

d 1 1
a'V = py o, (_ + ) — —pro(o-L+ 1) (5.15)
ar T r

(() l)

p =

""\1 o

and direct products are implied in (5.15), we find from (5.11) and (5.12)
that the radial functions fulfill the differential equations

where

d, k—1
l'f = —-fo — (K — v — 1)gx
dr T
dgy k+ 1
W=+ D=
dr r
For a Coulomb field » = —aZ/r, and the radial functions for this case

have been given by Rose (37).

We now consider the matrix clement of (5.4) and treat the magnetic
multipole case first. To avoid a multiplicity of indices the final state
will be designated by «, u and the initial state by «, p'. Also | =,
Ve=leandl=1_,0"=1_+ Then

M - é1 2 M
K = (f19:1(BL, (m)) |2) = VG i \/; (flhra-LY1 [)  (5.16)
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hi, = \/—"~ 1P, (k)
T Aok Ut

is the usual spherical hankel function of the first kind. Using (5.8)
this becomes

n \/L—(L 5 A7 il L)
— Ry(ep|o LYY | =)} (5.17)

where

Here R, and RE» are radial integrals defined by

R, =f fohi g r2 dr
0

R, =f g hr fo 1 dr
0

The matrix elements in the spin-angular space are simplified as follows:
we use o- (LY}‘,’)xf{f =o-L(Y¥x%) — Y¥o-Lx*% where, for clarity,
parentheses are inserted to indicate the functions on which L operates.
Since o+ L is hermitian the application of (5.11) gives

(—kulo- LY |Kw) = (o L | YE|x8) — (x| Y1 |o-Lxt)
= (x + x')(—xp.lYillK'u') (5.18)

T'o obtain the second matrix element in (5.17) we have only to change
the signs of x and . Thus

(ko LYY | =) = —(c + )] Vi | =)
= &+l VW) (318)

where in the last step (5.12) and the hermitian property of o, arc used
together with the result of = 1.

This shows that only onc spin-angular matrix element is involved.
Its evaluation proceeds as follows: We consider
(X X) = 2 CUyis n—r, 7) CU' 3" ' =7, ") (Xig Xig) Vi YE T

T1'

where the scalar product does not imply integration over r. Of course

(XIQ: X}Tg) = Orr
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and the product of the two spherical harmonics is expanded according
to (2.32). The result is

@+ ner+1)
ir(2v + 1)

o X = 2 Cll'v; 00) Y¥ s,
where
8 = D (=W CA%j, p—71,7) CURS ;0 —7,7) CWv; —ptr, 0" —7)

This sum is evaluated by the same procedure as was followed in sce. 11.
The result is

8, = (=) HE RV (95 + 1)@+ 1) CG'y; —my w) WTTY; 3)
(5.19)

The spin angular matrix element is then 7

— My r o — (M (2Z+ 1)(2l,+1)
(Tl = ) \/ 4w @2L + 1)

CQAUL; 00) S1, 84, 421

(5.20)

The selection rules are contained in the coefficient 8z, and in the C-coefhi-
cient of (5.20). These give the triangular conditions A(j’/.) and A('L).
In addition ! 4+ I’ + L = even integer or I + I, + L = odd integer.
These are the selection rules referred to in sec. 26.

The summation & in (5.4) is simply the operation of summing over
7, m, &' and averaging over M. This is equivalent to summing over
final states and averaging over initial states with a fixed M.* Applied
to 83, this procedure gives

————— 2 8L =2 (2 + D@+ 1) WAl SL)
2L+ 1 v i

It is this averaging process which shows that for a mixture of clectric
and magnetic multipoles there is no interference term and the intensities

"Since (=R UM CGIL; —u, w) = VL + /@] + 1) (=) CGLy;
w' M) it is scen that (5.20) is in the form required by the Eckart theorem; ef. (2.79).
¥ Actually N, is proportional to

2 [CU Ly —m, m') CGj'L; —p, B)P

where J;, J; and m’, m refer to the initial and final nuclear states. Since p — o’ =
M = m’ — m and the summation is over m, m’ as well as u, u’, the projection quan-
tum number M must be fixed in the u, p’ sum. The result of averaging over g/,
summing over g, is independent of M, and the sums over electronic and nuclear
projection quantum numbers are effectively decoupled.
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of the corresponding conversion electrons are additive. This follows
since, for a given nuclear transition with specificd parity, L must differ
by 1 unit in the electric case as compared with the magnetic. The
vanishing of the cross term is a consequence of the orthogonality of the
C-coefficients. An interference term would arise if the direction of the
conversion electron were observed relative to some physically defined
direction; Biedenharn and Rose (53).

Combining these results the internal conversion cocflicient for mag-
netic 2% pole radiation is

rak(2f + 1)@ + 1) } ,
a(ML) = 27 1) (21 Dk + k)2
(ML) LT DELT D 4:3(1+)( + Dk + )

X C2(W'L; 00) W2(lis LL) | Ry + Ra | (5.21)

The values of the Racah coefficients can be obtained from Table BI of
Appendix B. The explicit form for the C-coefficient occurring in (5.21)
is also given there.

As an example we consider the initial state to be the K-shell, or any
other shell with ¥ = —1. The only difference, arising from the prin-
cipal quantum number which distinguishes these various possible initial
states with the same «/, is in the radial integrals. The «’ = —1 corre-
sponds to I’ = 0 and j = 14. The possible final states are characterized
by j=L+¥%and L — ¥ or xk = L + 1 and —L respectively. For
both cases [ = L. 'The C-coefficient in (5.21) is then unity. In this
simple case

W2(T30; 3L) =
(.72,2) 2(2L+1)
and

2rak

a(ML) = - (LIRy + Rolicpyr + (L4 D[Ry + Rafi-_1}

oL + 1
(5.22)

The evaluation of the radial integrals for the Coulomb ficld and for the
K-shell has been carried out by Rose, Goertzel, Spinrad, Harr, and
Strong (51) where numerical results for the K-shell conversion coefi-
cients may be found.

In evaluating the cleetric multipole conversion coeflicient the pro-
cedure is much the same. 1t is most convenient to cxpress the out-
going wave multipole fields in the following way:
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/2 1 ‘ _
Bi’ (e) = ; L-(‘[—:*_—*l—)' hy,_1(rV + Lr) YZ’ (5.23a)

Ve = L\/? Yoy (5.230)
r(L+1) )

That (5.23a) is identical with (5.5a) is easily seen by application of the
gradient formula (2.57) and the coupling rule (2.32). The cvaluation
of the spin-angular matrix elements is facilitated by the use of the
identity

d

re-V = o, (r -—— 0'-L> (h.24)
ar

Details of the calculation are very much like those performed in ob-

taining the intensity for the emission of magnetic multipole radiation

by a nucleus, sec. 30.

The selection rules are easily found to be A(Jj'L), A('L), and
[+ U+ L = even integer. The conversion cocfficient for an initial
state with arbitrary « is

rakL(27 4+ 1)(2U + 1)

EL) = 21 (27 2 'L; 00
a(EL) 0+ DEL T D AZ( + )2+ 1) ¥ )

g, 12
! 7 : (Rs + Re) + R — B5 + R3 -+ 11’-‘4!
|

4

X W2l 3L)

The allowed values of « for electric conversion are the negatives of
those for magnetic conversion and, for a given initial state and ||,
the quantity [ which appears in (5.21) is equal to the quantity [ appear-
ing above. For ' = —1 the electric conversion coefficient is

2rakl

a( ) (IJ+1)(2[/+]) |( + )I ~5+ 1+ (l L1

s 1 Re |2
+ L R3+1€.,—(2+}->I,.—,———- } (5.25)

Here the radial integrals are

£ 73
Ry = f fehi fo r2dr Ry, = f g he, gor 12 dr
0 0

0

185 =f f,( h[,_l g’ 7'2 (_l‘l' 1{(; =f Jx h[,__l fx’ 'I'2 di‘
]

Numerical results for the K-shell are to be found in the reference cited
above.



V1. EMISSION OF GAMMA RADIATION

28. FORMULATION OF THE PROBLEM

The theory of gamma-ray emission from excited nuclear states is of
central importance in nuclear physics. Because of some uncertainty
with regard to the nuclear forees it is not possible to provide a complete
description of this process; ef. sec. 23. Nevertheless, the results that
can be obtained are of considerable utility. The motivation here is
concerned with the gamma-ray-emission problem as an application of
the principles and results presented in foregoing chapters, and a com-
plete discussion of the applications of the theory to experimental results
will not be attempted.! However, it may be noted at this point that
one of the striking properties of nuclear states -that the lifetime of
the state can become very large if all transitions to lower-lying states
involve small energy changes and large changes of angular momentum—
is readily understood in terms of the theory. Such long-lived states,
known as isomeric stales, must necessarily have low excitation, and
so comparatively few radiative transitions are possible. In fact, iso-
meric states will generally be found to coincide with the first (or pos-
sibly second) excited state. For states of appreciably greater excita-
tion, where several levels exist at lower energy, the dominant mode of
emission will be via low-order (dipole or quadrupole) multipole radiation.

The transition probability, quanta per second, is

€

1 2r
-=N, = 7®I~DnI2N(E) (6.1)
T (A

in ordinary units. Here 7 is the mean life, £;; is the matrix element
which was denoted by 5 in Chapter 1V, N(J) is the number of final
states available per unit energy. For quantization in a box of volume

! See, for example, Moszkowski (53) or Stech (52). It should be emphasized that,
in contrast to the problem of internal conversion, the description of gamma-ray
emission by nuclei depends upon the explicit use of a model (at least for magnetic
multipole emission, see below) and that the validity of the physical assumptions on
which this model is based is somewhat open to question. For the internal-conversion
process the only model utilized is the well-justified Dirac electron theory.

71
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V, see sec. 19, the number of quanta per unit encrgy interval traveling

in the solid angle d2 is
p2dp/dW
NFE) = ———— V dQ
(2n7)3
where the momentum of the radiation is p = Aw/c = W/c. lence

-

N w o

The veetor potential of the plane wave emitted is, ¢f. (3.32),
A = V2rhict/wV up e** (6.3)

where up is a unit polarization vector for the polarization state P. In
(6.1) the summation & is over all propagation directions and polariza-
tion states and, in addition, involves a summation (denoted by &)
over magnetic substates. Thus,

1
L - ) f | 5,:(A1) |2 4 (6.4)
T 2whe

where
A, =upe™’ (6.3")

The plane wave (6.3) is, of course, representable as a superposition
of multipoles. In the emission of a gamma ray between nuclear states
of specified angular momentum and parity, one or at most two terms
will be relevant. All other terms either violate the selection rules or
are negligible in the long-wavelength limit as explained in sce. 25; sce
also equations 6.22 and 6.30 below. For this reason it is essential to
expand A; into a multipole series. For this purpose we use a basis of
circularly polarized waves and

up = —= (ul -+ ’I[)U3) ((;3”)

\/
where u; and u, are (real) unit vectors such that uy, up, and k/k form
a right-handed orthogonal cartesian coordinate system. In (6.4) and
(6.3") the polarization index PP = #+1 with > = 1 corresponding to left

circularly polarized waves and PP = —1 to right circularly polarized
waves.

We first consider a plane wave propagating along the z-axis. Thus,
u; = e, and uy = e,. Thercforc up = —I’§p. Then the well-known

Rayleigh expansion gives

A= —PEN i E AN 1 Y (cos @) jullkr) (6.5)

=0



EMISSION OF GAMMA RADIATION 73

where z = r cos 9. The superscript in A? indicates k = k.. The series
(6.5) can be expressed in terms of multipoles by inverting (2.43) by
means of (2.18). Thus

YrE,, = Z) C(IL; m'm) T3 ™ (6.6)

Therefore

A = —p\f,rz Vel + 1 1;,2((111, Po) T,

1==0

In this sum L = [, I &= 1. Writing out the three terms explicitly with
the aid of

1)

V2

CLI+1; PO) = / t+2

T T Ne@+ 1)
CAli—1; PO) = _| t-1 (1 — )
’ T T Ne@+1) 0

1 = -—P\/27r E zl\/zl_—l-—ljl

=0 . L
[L+2 ., \/1—1 ,, }

PT T T,
{ u+ T 110+ o+ 1 1-1,

We now introduce f, = V/2/x ji, and set [ + 1 = L in the second sum,
!l — 1 = Lin the third, and I = L in the first. Since Tp,,—1 = Trr =0
for I = 0, the plane wave A} becomes

cQau; roy =

we have

AY = = 3 iEVoL + 1 {AL(m) + iPAL(e)) (6.7)
L=1
Of course, the potentials are in the solenoidal gauge. To obtain the
expansion of the plane wave propagating in an arbitrary direction k,
with polar and azimuth angles 6, ¢, the result (6.7) is rotated with
Euler angles « = ¢, 8 = 0, v = 0. Thus

@ L
A =), X i"V2L+ 1Djp(e00) (A7 (m) 4 iPAL ()} (6.8)

L=1 M=—L

This is the form in which this expansion was obtained by Goertzel (46).
The derivation given here follows the procedurc of Biedenharn and
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Rose (53). Of course, the same expansion applies for the ficld strengths.
The occurrence of A} in (6.7) shows that a photon may have angular-
momentum components about its direction of propagation equal to
+1 only.

For propagation in the direction —k the corresponding expansion is
easily obtained from

Dg{l’(_kl) = (_)I‘Dﬁl—l’(kl) (6.9)

where k;, a unit vector in the direction of k, collectively denotes the
arguments of the D) matrix. Thus,

U_pe ™ =1 > (=)EV2L 4 1 DY p () {AY () —iPAY (e)}  (6.10)

LM

Properly speaking, this is the appropriate potential for emission al-
though, since an integration over k; and a sum over P is performed,
either (6.8) or (6.10) may be used.

I'rom the results of sec. 16 it follows that A} (m)-A} (e) = 0 and
that in the wave zone these two vector potentials are in phase and are
of equal magnitudc Hence, in this case, the fields represented by

AY(m) £ iA}!(e) represent circularly polanzed waves; ¢f. Kramers (43).

29. EMISSION OF ELECTRIC MULTIPOLE RADIATION

In sec. 23 some discussion was given to the question of the construc-
tion of a gauge-invariant hamiltonian, and it was stated that without a
knowledge of nuclear forces, unhappily not now available, this con-
struction was not possible without ambiguity. Iowever, in the limit
of long wavelengths the problem of the nuclear forces is irrelevant as
far as the emission of electric multipoles is concerned; Siegert (37) and
Sachs and Austern (51).

To demonstrate the validity of this interaction-independence of the
electric multipole coupling we first remark that the vector potential
A¥(e) can be decomposed into two parts, one of which is irrotational.
Of course, this can be done in more than one way. For example, equa-
tion 3.11 is such a decomposition. Another procedure [Sachs and
Austern (51)] is to use the identity

Al=u_pe ™ =vS+iaXkXS) (6.11)

where

S = r-f A @) adr (6.11a)
0
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with the integration taken along the straight line from the origin to r;

1 r
! — ’ 4 ’
S = j; " A(r') dr (6.11b)

with the same path of integration. In the long-wavelength limit the
two decompositions (3.11) and (6.11) are identical. We use (3.11) in
the following. Then writing A; = A;(e) + A ()

A(e) = VS + A}

where

v=____E( )L-H 2L+1
k

L(L+1)

Dipr(k,) (1 + Tg;)fl; Y (6.12)

and

/sz+_i"
Al = 7Pk L1 Do) e Y 6.13
1= g‘;( 7) 7 Str(&y)fr, r Y1 (6.13)

It should be noted that S is not a gauge function because (1 + » d/dr)
does not commute with the radial part of the I.aplace operator. Thus,
while the irrotational part of A; does not contribute to the magnetic
field it does give rise to an electric field. It may also be recalled, see. 18,
that in the limit kr << 1 the electric field is dominant for the electric
multipole. One may therefore expect that in the long-wavelength
limit only the irrotational part of A, is of importance. This is now
shown to be the case by an explicit evaluation.
From the gradient formula 2.58 we obtain

_ 1rP (-—i)1+l L
[\ kr P \/L(L MP( l)

X {\/ZT}—_I_ ThL+1 [ (L7 — K*r®f, + Lr fL]

ar

o d ;
+ VL Ti -1 [(L + 1%, — k5%, Dr (ZJ} (6.14)

and from (2.32), after using

Z (=) Yié .,
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we find
(__') L+1

S VLEL+ 1)

X (VL4 1T — VLT ) (6.15)

Al = —xPkr Digp(ky)f1,

The radial functions in the square brackets in (6.14) are, for kr < 1,

d ‘ D) DD 8 92
Lr —{i — (L2 = k3)fy, ~ O(kr) "+

ar

f" 2 22 N\/§ L+1 YA
(L + 1); -+ (L + D% — krf oL — D1 (kr)
On the other hand |Aj|~ (kr)“*' which is smaller than the second
term in VS by a factor of order (kr)2. Therefore, for the electric multi-
pole case, we can take
Ai(e) = VS (6.16)
where

SN\/é:r[)Z (_i)LH
= k GieL+nn
oL + 1)(L + 1
X\/( + [)( +1)

Dip(&) (k) Y (6.17)

The second step in the argument is to use the principle of gauge
invariance. Inasmuch as the hamiltonian must be gauge invariant it
follows (cf. 4.20) that

HA + VS) = A H(A) =

where A is any vector potential and
)
A=— Z elS(r,) (618)
hie 1
while r; is the position of the lth nucleon with charge e;. With the
expansion (4.22)
9O) + SV (A + V8) +- - =€ {DHO) + SV (A) +---Je!
= $(0) + [4, H0)] + HP(A) +---

where the expansion has been carried to first-order terms on each side.
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Again, the square bracket is the commutator. Since $ is a linear
operator

HPA + v8) = $V(4) + $V(VS)
it follows that [cf. Sachs and Austern (51)]
HD(VS8) = [4, H(0)] (6.18")
From (6.16) we find for the required matrix element
Sri = (F19VE)[1) = (fl[4, $O)]]) = Wi — W)(f]4]4)

and W; and Wy are the nuclear energy values for initial and final states,
respectively. Since we are dealing with the case of emission, this is

$yi = Tick(f] A]3) (6.19)

Equation 6.19 is a formal expression of the Siegert theorem according
to which the electric multipole emission operator is fickA, see (6.17) and
(6.18), independent of the nature of the nuclear interactions; ef. Brennan
and Sachs (52).

To evaluate the lifetime for the clectric multipole case we adopt the
J-j coupling model [Mayer (50)] according to which the nuclear wave
functions are to be constructed from single-particle wave functions ¢4,
where

¥ = Q) xc (6.20)

[ef. (5.10)] are cigenfunctions of j%, j,, and L? with eigenvalues j(j + 1),
g, and I(l + 1). In (6.20), &(r) is a radial wave function. We consider
the ease of a single nucleon configuration. Then for a 2% pole

L

L o QL+ D!

$ri = (=)o

X (| Y | iy, (6.21)

where «, u denote the final state and «/, 4’ denote the initial state. ITere
Ny, is a (real) radial matrix element

P L
My, =f(Rf <E) ®; 72 dr (6.21")

The spin-angular matrix element was evaluated in sec. 27, equation
5.20. We use this result, averaging over the initial substates and sum-
ming over the final substates, and note that the integration over k; is
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carried out simply [cf. Wigner (31)] by

[ a0l Do ? = L
2L + 1

so that the polarization sum merely yields a factor 2.
The result is

1_ Lt @+ 1) + 1)@ + 1)
r L [(2L + DI ‘

yy ey 1 2 € 217 2
X [CQUL; 00) WG 30T o - (R)* 0 (6.22)
W

This is just the result obtained by Moszkowski (53) when the spin-
angular integrals appearing in his work are evaluated as above. Again,
numerical results are obtained by using the results given in Appendix B.

The selection rules A(j5’L), AQL), and 1 + ' + L = even integer
will be noted. The long lifetime of nuclear isomers is associated with
small k and large I. and arises primarily from the retardation parameter
(kR)*>%. The selection rules for electric radiation will be discussed in
greater detail in sec. 31.

30. EMISSION OF MAGNETIC MULTIPOLE RADIATION

In order to ecalculate the mean lifetime for the emission of magnetic
multipole radiation it is necessary to make some assumption concerning
the nuclear forces. We consider a single-particle configuration, that is,
one nucleon outside a closed shell subject to an ordinary potential
V(r), due to the remaining nucleons. The hamiltonian for a single
proton is

70
(p — eA)? + V(1) — pp——o-H (6.23)

P = oM, 2M e

where p, = 2.79 is the proton magnetic moment in units of the nuclear
Bohr magneton efi/2M,c. We use M, for the proton mass to avoid
confusion with M, the projection quantum number of the radiation.
Equation 6.4 gives the reciprocal mean lifetime with

$ri = —(e/Mpc)(Ar-p + Fuphio-Hy) (6.24)

where A; is given by (6.8) and H; = curl A;. The reciprocal mean
lifetime for the 2 magnetic pole may then be written in the form

1 27 7 \?
- = 41r26—(—) w &' (f| —AY (m)-V + Skupo-Al(e)|9) > (6.25)
T fic \M ¢
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where use has been made of HY(m) = ikA} (e) and A}/ (e) is therefore
in the solenoidal gauge. The wave functions ¢y and ¥; have the form
(6.20).

From (2.63) and (2.43) we find

—AY(m)-V = 1 T8V = 1. 3 CALL; —p, p+M) Yit¥ V_,
"

The matrix elements of this operator (which is, incidentally, an irre-
ducible tensor of rank L) are obtained by a straightforward but lengthy
application of the Racah algebra, sec. 11. For the V_, operator acting
on ¥; we use the gradient formula 2.57. The result is

(f] — AY(m)-V]i) = (= )4

x \/(2[4 + DI+ 1D+ DE7+ 1D (kR k

4

2 1
X . [- CUs'L; —uu W'l'l"’;lL
\/;(2L+1)!! (w7 up') W(l'y'; s L)
X {NZ\/l’ + 1CULV41;00) WLLU+1U; 10)

— NFVUCULT—1;00) WLLV—11; 1)}  (6.26)

In (6.26) the radial integrals are

1 d U
- _ L+ - — — .
N, = EL—_‘I f?‘ 2 Ry (d’ 1‘) ®; dr (6.26a)
1 d U'+1
+ o +
NL = er—l f’l’L 2 (Rf (‘; + ; > ®R; dr (626b)

To evaluate the matrix element of the second operator in (6.25) we
use (3.11) for A¥(e). With (5.24) we obtain

g

[PR | d M d
X krfLYL +—\r——o-L}) YL {14+ 7r— fL
kr \ or dr

a-All(e) =
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By a procedure exactly like that followed in sec. 27 we find for the
matrix element of this operator

(—xu| YT | 1)

oDl
kdr Tar) T

_(“+M(QJ%(1+T%>h

1
. a1 ) 7)) = — — —
(flo-AL () ]4) ISy

X {((Rflkrfbl(ﬂi) + (‘Rf

)]

The radial integrals in the retardation limit are

2 (kR)LH
(R krfr|®) = [- ———— My

x QL + D!
1d d 2 L(L 1
((Rf I -2 (1 +r —) fr (Ri> ~ \/:“( Lt D (kR)" 1 oy,
kdr dr
1 d
(] (455

(2L + 1!
2 L+1
(R,~> >~ \/: — (kR T oy,
(2L + 1!
where 97y, is defined by (6.21’). Consequently only the second and
third terms are important. This is simply a verification of the general

result of sec. 29. The matrix element of the second term in (6.25)

then becomes
PL+1e+x—L
i 'fj_ * kp, (R)“ ' omy,_,
N L 2L+ D!

(fiku,o-AZ () ]7) =

X (—xu| Y| K'u)  (6.27)

and the spin-angular matrix element is given by (5.20).
The radial matrix elements which occur in (6.26) can be transformed
to the form 9z, by using the radial-wave equations

(l‘z(ﬁi 2d®; n [21‘[ (W V) l/(l/ + 1)] =0 ((‘ o )

dr? r dr 7 * 2 i = 5.28a
d*®y  2dey [2M I+ 1)]

Y (W, = V) — - ® =0 (6.28b

dr? r dr? + h2 Wy ) 2 ! (6.28b)

Multiplying the left-hand side of (6.28b) by 713 ®; and subtracting
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from the product of r“*3 ®; with the left side of (6.28a) and then inte-
grating over r we obtain

- , ) MckR?
L+ DNy =3(0-V—-L-1)(0+V+L+2)M_ + M
(6.29a)
+ 1 , , MckR?
L+UONL =30—-V+L+DE+V — L)y, + P ML 41
(6.29b)

It will be noted that the second terms in (6.29) are not necessarily small
compared to the first terms. Thus 9y ~ NM;_;, and the ratio of
second to first terms in (6.29) is of order

(1 kaRz/ﬁ) ~3 10 (flw)Mev A 3%

where A is here the mass number of the emitting nucleus. This quan-
tity, which is the product of the small retardation parameter (kR)>
and the large momentum ratio M,c/fk, is of order 0.1 for 200-kev radia-
tion and a light nucleus (A ~30). But for 1-Mev radiation and
A ~ 200, the ratio may be of order unity or larger. Nevertheless, the
M1 terms do not appear in the final result since they enter with a
coefficient proportional to

VI + 1 CULV+1;00) W(LL U+17;11)
— VU CULY—1;00) WLLV—11;11) = 0

by (B.3) and Table BII of Appendix B. Since the selection rule derived
from (6.26) requires A(IL I'+1) with | + L 4+ I/ = odd integer, it is
cven possible for the first term in Nz, or in N, to vanish. They
cannot vanish simultaneously, however.

The final result for the reciprocal mean lifetime is

1 e? fik \? . 2 +nerL+1
I, T kR 2(L—1) N5 _
;2 “< >( ) (@L+ pup !

he

M pC

X {@ + )V @L + 1)@+ 1)(’ + 1) C(L I'+1; 00)
X WGl 30) WL VA1V 1) + Supc + & — L)

(L+ D@+ 1)
XJL

C(ILY; 00) W{jj'; 11)}2  (6.30)

Although this result appears in rather complicated form, numerical
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results (in terms of radial integrals) are obtained from it without diffi-
culty by recourse to the tables of Appendix B. In detail, we consider
the four possible types of transitions: (i) j = 1 4 34 (that is, x < 0)
andj =U'+ W < 0); () j=1—24«>0)andj =1 — L’ > 0);
Gii) j =14+ % and j =V —1%; (iv) j=1— 14 and F=UV4+%
Then we may write

1_ 1 © (.ﬁﬂ)2 (kR)2L—D
T 2k \Mye

(27 + DL + 1) C2(IL I'+1; 00)
[(CL + 1)!N? LL+1)
X B(1 — App)? M1 (6.30a)

and the constants B and A are

@)

B - Q+V+L+220+V+1—-LPEEA4V -1+ D)(L+1-1)
B @ + 3)@U + 2)(21 + 2)

fo —E+D
I+ —L+1
{a+r+L+ma+r+L+na+L~w 1
XU+ -+ —L+DC+L—1+1])

(6.300)

G) B=
U2 + 3)21
L+1
P U ) (6.30¢)
I+ + L+ 1
{(l+l’+L+2)(l——l'+L+ D -1+ L+ 1)
| XU+ —-L+ L+ -UTL -1+
(i) B =
2 + 3)(2l + 2)
L+
A= 6.30d
L—1+0 (6.30d)
(iv)

B_a+r+L+mw—z+L+nm—v+mm—L+r+n
- @ + 2)(2U + 3)2L
_ @+
T L-U+1

Similar results have been obtained by Sharp et al. (53).
In sec. 31 it will be seen that the cases of practical interest are

L=1-V+1 1>

(6.30¢)

and
L=0V-1+1 r>1
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In these cases the C-cocfficient appearing in (6.30a) takes the values

4+ n! 212U — 214 2)!
CUUV—~I417+41;00) = ¢+ \/( M +2)

uE — i1+ nt @+ 2)!
(=) (1 4 1)1 \FZZ — 2U)121) 1221 + 3)
~U+10141;00) =
CUI=TFHT ;000 = 0= 2 + 3)!

31. SELECTION RULES AND RELATIVE INTENSITIES

The transition rates for electric and magnetic transitions, as given
by (6.22) and (6.30), should be evaluated for the minimum permissible
value of I.. This minimum value of L is fixed by the selection rules.
In all cases the triangular condition A(jj’L), expressing conservation of
angular momentum, applies. For electric radiation one has, in addi-
tion, the triangular condition A(I/’L) with L 4 Al an even integer,
where Al = |l — U'|. For the four possible types of transitions de-
seribed above, Aj = |j — j'| = Al 4+ ¢, where ¢ = 0, &=1. For Aj < Al
the minimum L is Al. For Aj > Al the smallest value of L is Al 4 2,
and, in addition, we must have Al < j 4 j° — 2. Thus, if Al = Aj = 0
we have electric quadrupole radiation provided that j 4 7/ = 27 > 2;
that is, 7 ¥ 14. Otherwise only magnetic radiation is possible and
dipole radiation will be most important. These selection rules apply
to odd mass nuclei. Even mass nuclei are discussed below.

The analysis of the selection rules for magnetic radiation is easily
obtained from (6.30a)—(6.30¢). The general rules are A(jj’L) and
L + Al an odd integer. The triangle condition A(IL I'+1) does permit
L = Al — 1forl > 1, Al =1 — U’ which implies ] — " > 2. Iowever,
for this value of L, the condition L > Aj is fulfilled only in case iv,
and in this case B = 0 for the assumed value of L. Consequently, the
minimum value of L is L,;, = Al + 1. For I’ > [ the C-coefficient in
(6.30a) requires L > Al+ 1. Hence L, = Al+ 1 in general. If
j+ 7 < Al+ 1 no magnetic radiation is possible and pure electric
radiation occurs. An cxample is the s, <> dy; transition. In general,
for these ‘“forbidden” magnetic transitions cither the initial (or final)
state is 814, and for the final (or initial) statej =1 — 14 (orj’ = V' — 1%)
withL =1—1 (or I/ — 1).

The selcction rules imply that the transitions sy, — si; and py;, — Py,
involve pure magnetic dipole emission while s, <> py; involves pure
electric dipole radiation. These results are seen to be an immediate
consequence of angular momentum and parity conservation. On the
other hand the impossibility of such transitions as s,; <> dy; with the



84 | MULTIPOLE FIELDS

emission of magnetic dipole radiation is a consequence of the assump-
tions made concerning the nuclear forces. For instance, such transi-
tions are permitted if the forces contain a term of the spin-orbit coupling
type [i.e., a term proportional to o-L; see Jensen and Mayer (52)].2

For even mass nuclei with integer 7 and 5/ the selection rule embodied
in A(Lgs"), which is an immediate consequence of the Eckart theorem,
together with the parity selection rule, implies pure 2L pole radiation
if either j = 0 or 7/ = 0. In such cases L = Aj is the only possibility.
The radiation is pure electric if the initial and final state parities, m;
and =, fulfill ; 7; = (—)* and pure magnetic if =; =y = (=)L+,

When the transition does not correspond to pure multipole emission
there will be a mixture of effectively two multipoles which, in some
cases, may have comparable intensity. It is of interest to examine the
foregoing results from this point of view. For this purpose we need at
least an approximate evaluation of the radial integrals 917z, Estimates
of these radial integrals have been given by Moszkowski (53) for sev-
eral models, and his results show that 9, ~ 0.4 to 0.5 for all models
investigated and is rather insensitive to the value of L. With this fact
in mind we may compare (6.30) and (6.22) to obtain a rough estimate
of the relative intensity of an ML versus an E(L + 1) radiation. This
is

M, L) «(B,L+1) (2L + 3)2< hik )2 6.31)
IE LD OLL) R \Me
For R = 1.2 X 107'3 A4’% em and fiw in Mev, the ratio (6.31) is
101, L 25(2L + 3) |2
L) (e ) )
I(E, L+1) (hw)mevA™

This is essentially the result obtained by Austern and Sachs (51) from
somewhat different considerations. For fiw = 100 kev and A ~ 30 the
ratio of magnetic dipole to electric quadrupole intensities would thus
be estimated as 10*, and for L > 1 the magnetic multipole intensity

2 The interaction term is then proportional to oor X A, From (6.8) and (3.4) this
is scen to be o-r X (r % V) Y7, within a factor which is irrelevant from the point of
view of selection rules. From (2.47) and (2.58) it follows that the spin-angular part
of the pertinent operator is

o {\/Z T%[,.{.l + \/ﬂ_-i TZL—— l}

The matrix elements of this operator have been evaluated in j-j coupling by Rose
and Osborn (54). Tor the s1; « dy; transition with the emission of M1 radiation
the first term makes a non-vanishing contribution. In general this term contributes
to 814 «» lj_15 with L = [ — 1, and the second term makes no contribution.
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would predominate cven more strongly. For 1-Mev radiation from
heavy nuclei the ratio (6.31") is of order 10 for L = 1. Inasmuch as
the possibility of an overestimation by a factor of this order is possible
in the rough evaluation which led (o (6.31") it is not too surprising that
the experimental evidence does show that the M1 and K2 intensities
may be comparable in some cases. In this conneection it should be
emphasized that the measured lifetime 7o is given by

1z = (1/7)(1 + a)

where « is the internal conversion coeflicient; see Chapter V. When
there is a mixture of two multipoles in the radiation field, ML and
E(L + 1) say, the internal conversion coeflicient is

1M, L) «(M, L) + I(E, L+1) a(#, L+1)
- I(M, L) + I(E, L+1)

where the conversion cocfficients for the pure multipoles arc given by
Rose, Goertzel, et al. (51). In practice, the intensity ratio for ML and
(L + 1) radiations is determined by a comparison of the mecasured
a and the caleulated conversion coefficients for pure multipoles, or by
comparison of observation and thcory in the angular correlation of
two successively emitted radiations, one of which is the mixed multipole
transition; cf. Biedenharn and Rose (53) and see. 32.

24

32. ANGULAR DISTRIBUTION OF THE RADIATION

On physical grounds it is obvious that, if no direction in space is pre-
ferred, the emitted radiation will be isotropic. However, there are two
circumstances of particular interest whercin a preferred direction may
cxist. The first is the angular correlation process in which the radia-
tion is detected in coincidence with another radiation the propagation
vector of which serves to single out the preferred direction. The second
case of interest is that in which the emitting nucleus is situated in an
electric or magnetic field which provides the unique direction. The
magnetic field may be an external one or may be a result of the com-
bined action of an external field which polarizes surrounding electrons,
and these, by the hyperfine coupling, polarize the nucleus. In the
absence of such ficlds the nuclear energy levels, of angular momentum
j’, exhibit a (2" + 1)fold degeneracy corresponding to the isotropy of
space. In the presence of the ficlds these levels are split, and, under
the cquilibrium Boltzmann distribution, the population p,s of the
substates of the initial state, with quantum numbers j/, m’, will depend
on m’. The electric field may be provided by the electric quadrupole
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interaction in single crystals [Pound (49)] or by the anisotropic
hyperfine structure interaction of paramagnetic ions in single crystals
[Bleaney (51)]. For these electrostatic interactions the perturbation is
unchanged when all spins are reversed in direction and p,- depends
only on |m’|. The type of orientation in such cases is referred to as an
“alignment” in contrast to the magnetic orientation where p,, will, in
general, depend on the sign of m’ and where one speaks of a “polariza-
tion.”

In all the cases of orientation referred to there is a natural choice for
the direction of the quantization axis, and we take it to be along the
preferred direction. We therefore consider the intensity of electro-
magnetic radiation emitted in a transition from a state 7'm’ to a state
Jm, and the projection quantum number of the radiation, which now
has an observational significance, is M = m — m/. The intensity per
unit solid angle will be proportional to

g = 2 pwl|(im|HA) [jm") [? (6.32)

m’'M
where 9(A) is an operator linear in the vector potential A of a plane
wave. For greater generality we consider that the plane wave is de-
tected by a polarimeter which measures its state of linear polarization.
A Compton scatterer interposed between source and detector provides
one example of such a detection method. The vector potential is then

1 . .
A= =3 Ap = e (6.33)
~ pP

where Ap represents a circularly polarized wave, and is given in (6.8).
The unit polarization vector is, cf. (6.4),

€ =U; Cos¢p + uysing

and ¢ is the angle hetween the eclectric field and u;. That is, u; is the
direction defined by the intersection of the plane normal to k and the
plane of k and the quantization axis. The dircction of u; along this
line is irrelevant for our purpose.

Using (6.8) and the Eckart thcorem the matrix element in (6.32)
hecomes

(jm| (A) |jm’) = —\% 3 iAV2oL 4 1 6= Dhy(y) C('L; m'M)

LMP
X (G AL + iPlID(ALE)N]  (6.34)

The square brackets in (6.34) contain the reduced matrix elements.
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We consider a specific pair of substates m and m’ and, to begin with,
pure multipole cmission. Then only a single value of L and M arc
involved in the sum (6.34). In this case

g = E Pt St (1) (6.35)
m'M
where
2
1‘. «
I (r) = 5 QL + D{CG'Li; m M) | G DALEN) 32 FI (k)

(6.35a)

with _
2 k) =| 25 L7 Dl (6.355)

and ¢ = 1 for clectric multipoles while ¢ = 0 for magnetic multipoles.
Of course, I’ = =1 only. The functions I'{’ give the angular depend-
cnce of the emitted intensity and are referred to as radiation patterns.

Applying the Clebsch-Gordan scries (2.30) the radiation patterns
become

FY (k) = 2(=)M0 3 C(LLw; M, —=M){C(LLy; 1, —1)P,(cos &)

+ (=)°C(L.Iv; 11) f%}——; 5}— cos 2¢ Pi(cos9)}  (6.36)

Here ¢ is the angle between ky and the quantization axis. In obtaining
this result use is made of the following:

}; C(LIv; P, —P) = [L + (=)"] C(LLv; 1, —1)

from (2.200). Hence, in (6.36) the sum index v takes on only even
values. This implies symmetry of the angular distribution with respect
to 9 = w/2. Moreover, » < 2L, because of A(LLy), and in the second
term, which represents the polarization dependent part of the intensity,
v > 2. In addition we have used

Diz(k1) = Diy(e30) = D5o(0, =8, —¢)

Dn(0, —9, —¢) \/ w0
- —20\Y, y Q) = 21} + 1 v ]

(v —2)!

———— P}(cos 9)
v+ 2)!
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by (2.28) and (2.31). Here P? is the well-known associated Legendre
polynomial: P? = sin® 8d*P,/d(cos 9)°.

From (6.36) it is seen that the shapes of the angular distribution for
electric and magnetic multipoles differ only for polarized radiation.
For unpolarized radiation the average over ¢ removes the second term
and the dependence on the character of the radiation which is repre-
sented by the phase factor (—)°. Tt is to be noted that for pure multi-
pole emission the reduced matrix elements enter only as scale factors
and do not affect the shape of the angular distribution. The normaliza-
tion of the radiation pattern is

M 8
Fr (k) dQ = ——
2L+ 1
For emission of mixed multipoles such as ML and F(L + 1) two
terms of (6.34) are necessary, and we obtain

1r2 g - . . ~ . D |}
Junar(e,m) = - 2L + D{CGLi; m' M) | Gl OALE)) [} 7 (i, m)

+ % @L 4 3CG L1 j; m A | GISBr )7 1 Fil 1k, o)

+ 2V (2L + DEL + 3) CG'Li; m'M) O L1 j; m'M)

X Re(j| DAL GIOAL () F)* Fiin (&) (6.37)

Ilere Fi'(k,, m) and Fi.,(k,, ¢) represent the radiation patterns for
pure ML and pure F{(L + 1) radiation respectively; ef. (6.36). The
third term represents interference between the two multipoles. In this
term “Re” indicates real part. The interference radiation pattern is

M _ 1y (P —P L gy L1*
Fipia(k) = — > Pe % Dy Digpr
Pl)l

This is again evaluated by using the Clebsch-Gordan series and
(2.20b). One obtains

FYL k) = —2(=)MH 3 C(L L+1v; M, —M)

X {C(L L+1v;1, —=1) P,(cos #) — C(L L+1»; 11)

X /(;: 2)i 26 P2( a)} (6.38)
— Ccos L (cos ).e
Vo2



EMISSION OF GAMMA RADIATION 89

Again, » is even and in both terms 2 < » < 2L. Since the total in-
tensity is obtained by integrating over all directions of k;, so that only
the » = 0 term contributes, it follows that the interference term does
not contribute to the total intensity. In contrast to the case of pure
multipoles the shape of the angular distribution depends on ratio of
reduced matrix elements for the two multipoles of the mixture.

Specific results for the angular distribution follow when the popula-
tion function p,- is specified; cf. Steenberg (52). Without cntering
into these details it is casy to sec that only the part of p, even in m’
is relevant. Thus, the intensity in a given direction will be proportional
to

8= > (=)Ypu CGLj;mM) C(FL'j; m'M) C(LL'v; M, —M) (6.39)
m'M

where L’ = L for the self-terms and L’ = L + 1 for the interference

term. Since m’ and M are summation letters which have limits sym-

metrical with respect to 0, their signs may be changed. Then, if (2.20b)

is applied, the signs of m’ and M in the C-coeflicients are brought back

to the form in which they appear in (6.39) and a phase factor

(=Y T (A = (=) = 1

is introduced. Since A is an integer the net result is that p,, is changed
to p_m. Hence, p,s in (6.39) may be replaced by L4(pm + D—m)-
Consequently, the alignment technique for which p,,» = p_ns consti-
tutes no restriction so far as obtaining anisotropic radiation is concerned.
On the other hand, if 7/ = 14 then pu + p_mr = Py + p—1; is inde-
pendent of m’. Consequently, in this casc the situation is the same as
if the populations of the substates were uniform. For constant p,,,
as is to be expected, only an isotropic distribution will be obtained.
That this result actually does appear may be checked by observing
that when p,,» = constant the sum in (6.39) may be carried out directly
by the technique described in sec. 11. Two Raeah recouplings accom-
plished by means of (2.54) show that for constant p,. the sum § is
proportional to

X (MO Ly M, —M) = (=) V2L + 18,
M
hy use of
C(L’L'0; M, —M) = (__)I/—M/\/2L/ +1

and the orthogonality rule (2.17). The » = 0 term in the radiation
patterns contains only I’y = 1 and gives isotropy.
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The relation between the reduced matrix elements and the total
intensity may be seen by integrating over all directions of emission and
carrying out the summations over m’ and M in (6.35). The total in-
tensity is then proportional to

ISALE) I ? 2o pmr C2(G'Lj; m'M)

m'M

g =fd99 = 40{| (j

+ | GIOAL )P 2 pur C*(" L1 55 m'M)}

m'M
Carrying out the M summation after interchange of j* and j in the
C-coefficients, we obtain

N 2% + 1
2 P CAGLG; M) = ——— 2 P
mM 2], + 1

where I’ = L or L 4+ 1. 'The latter sum is merely the total population
of the initial state which we normalize to 2;° + 1. Hence,
gr = 47°27 + D{| GISALm)) ? + (DALl )

Thus, the square moduli of the reduced matrix clements are propor-
tional to the respective multipole intensities, and their ratio is precisely
the relative intensity of the two multipoles.




APPENDIX A. SIGN CONVENTIONS

In adopting a set of sign conventions for the orbital angular-
momentum eigenfunctions Y2, the C-coefficients (sec. 7), and hence
the W-coefficients (sec. 11) and the rotation matrices introduced in
sec. 8 it is obviously necessary to be consistent. It is also desirable
that the adopted conventions agree, so far as possible, with already
existing definitions. This desideratum has motivated the choice made
throughout this book. To facilitate comparison with other choices
the following remarks may be made.

The definition of Y¥ given in (1.18) differs from that used in Bethe
(33) and Rose (37) by a phase factor (—)™ and agrees with the defini-
tion of Condon and Shortley (35). The vector addition or C-cocfficients
are identical with those of the latter reference and hence identical with
those used by Racah, (42) and (43). In particular, the choice of phase
is in accord with

C(jrje 1t+iz; drje) =1 ' (A.1)

The rotation matrices D7, are so chosen as to agree with Wigner
(31). Note, however, that Wigner used a left-handed coordinate sys-
tem. The definition given in scc. 8 is equivalent to

Dion(aBy) = (jm'| e’ v ¢ | jm) (A.2)

and, in order that the customary commutation 1ules for the angular-
momentum operators be valid, the rotation vy around the z-axis is a
counterclockwise rotation as seen from the positive z-axis. That is, a
rotation v = 7/2 brings the x-axis into the direction of the positive
y-axis. This is the reason for the negative angles —8, —a in the spher-
ical harmonic addition theorem as it appears in scc. 8. Goertzel (46)
uses the definition

Diyn(aBy) = (jm|e™ ™" = uf o= 7| ) (A.3)

In comparing (A.2) with other definitions it is to be noted that the
replacement of «, 8, ¥ with —vy, —B8, —a« implies replacing D by the
inverse matrix, and this is what must be done when a given rotation of
the coordinate axes is replaced by an equivalent rotation of the field.
Because the inverse rotation is carried out on the field rather than on
the coordinate axes it is not necessary to introduce the J, and J. oper-
ators in a rotated frame of reference. All the operators in (A.2) refer
to the same coordinate system.
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APPENDIX B. EXPLICIT C- AND W-COEFFICIENTS

For purposes of convenience the explicit forms of the vector addition
or C-coefficients (sec. 7) and Racah or W-cocfficients (scc. 11) are
given here. These are conveniently given in terms of hypergeometric
functions. The latter are!

) L e a®ae®) a2
PFq(a] - Qp; b[ e bq: z) = ,,§0 bl(v)bz(y)bq(y) ! (Bl)

(@, +» — D!

((l,, - 1)'

et simile. The reciprocal of (—¢)! where ¢ is a positive integer is equal
to zero. If any of the a, are negative integers then I, is a polynomial.
Of course, if any b,, is a negative integer there must be a negative integer
a, > b,.

In terms of these functions

where

a,(v) =

C(Jlj?j, 7n1'”l2) = (_)J-?.+m:g
\/ GH7—3D) GiHia—D)'G—m) G —m) 2 +1)
(] ]1+JZ)'(]1+] +]+l)'(] i—lll,)'(]l‘*‘”l])'(]z—-yn,)’(] +7’l))'

(j+Jo+m|)' .
s gly(—J g — Jo i — a1, =g momg
(] — Jo — m)!
Ji—Je—m~+1,—j—js—m;1) (B2)

If m; = my = 0 we obtain

2 +
C(abc;OO) = (_)}f(a‘i'b—-r) \/ C + |
a+b+c+1
(a + b+ ¢)

X : (B.3)
lat+b—c)r(a—b+c)yr(—a+ b+ ¢

1 The properties of the C- and W-coefficients given in the text may be obtained
using the well-known properties of the hypergeometric functions.  The properties
of the hypergeometric functions are summarized by Bailey (35).
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where

and a, b, and ¢ are integers with an cven sum.
For the W-coeflicient we obtain

t(abe) t(cde) t(acf) t(bdf)(a + b + ¢ + d + 1)!
e+f—a—-d)le+f—b—)!
X 4Fy(—a—b+e —c—d+e —a—c+f, —b—d+f;
—a—b—-—c—d—-—1le+f—a—-d+1l,e+f—b—c+1;1)
(B.4)

W(abed; ef) =

Here

@—b+el—a+tb+el
{(abe) =
(a+b—ela+ b+ e+ 1)!
Both C and W are polynomials for all arguments finite.
Particular results of importance are obtained from these formulas

when one of the six parameters is 14 or 1. These results, taken from
Biedenharn, Blatt, and Rose (52), are given in Tables BI and BII.

TABLE BIL. W (abed; 3f)

a=0b+% a=b— Y
emd g rs | (oyprasq/ _GHATIEDCHd=s+D) (—ypra-sg[ Y=bhd DU Hb—d)
é ©2b+1)(2b+2) (2d+1) (2d+2) 2b(26+1)(2d +1) (2d +2)
cmd— 15| (oyprarq[ Utb=dtDU—b+d) (ypta—r-1q[GFd TS+ DG+d—1)
26+ 1)(2b+2)2d(2d+1) 26(2b+1)2¢(2¢+1)
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TABLE BIL. W(abed; 1f)
c=d+1

a=bt1 (ptas AT 4o +d+DU+b+d+D(—S+btd+D(f+b+d+ 1)

426 + 3)(b + 1)(2b + 1)(2d + 3)d + 1)(2d + 1)
amb (_)b+d_,\/(f+h+d + (=S +bF+d4+ DU —b+d+ DU +b—d)

1b(2b + 1)(b 4 1)(2d + 1)(@ + 1)(2d + 3)

abo1 (Cyptas AU+ b= DU +b—d~ DU —b4+d+2(f—b+d+ 1)

4(2b + 1)(2b — 1)b(d + 1)(2d + 1)(2d + 3)

c=d

ot il (_)h+d_,V(/+b +d - D +b—d+ Db +d—f+ D —b+d

42b + 1) -+ Db + 3)dd + 1)(2d - 1)

. bb+ 1) +dd + 1 —fL+ D)
a=b (=)htdas :
Vabb + 1)@b + 1)d(d 4- 1)(2d + 1)
amb1 (—ybri=11 \/(b Fd 4+ Db +d—NU+b—Df —b+d+1
4(2b 4+ 1)b(2b — 1)d(2d + 1)(d + 1)
c=d—1

eob il (_)H,,_,\/(f- b+ —b+d—DU+b—d+ D +b—d+ 1)

4(2b + 1)(b+ 1)(2b + 3)(2d — 1)d(2d + 1)
et (—ypta=r-1A [ F b+ d + DU +b—d+ DY +d=bb+d— /)

4620 + 1)(b + 1)d(2d + 1)(2d — 1)

b1 (_)Hd-/V(fﬁ— b+d+ DU +b+d(—f+b+d(—f+b+d—1)

4(2b + Db(2b — 1)(2d + 1)d(2d — 1)
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