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PREFACE

THE study of electrical transients is a branch of the study of
vibrations, and has always been of great mathematical interest.
With recent developments in engineering it has now become
of great practical importance. Certain branches of engineering,
as for example communication engineering, are essentially the
study of controlled transients.

This book deals especially with electrical engineering pro-
blems. The formal mathematical treatment has been discarded,
and the Heaviside operational methods, now widely used in
technical literature, adopted. I do not profess to have given
a rigorous treatment of operational methods, but reference to
the writings of Bromwich, Jeffreys, Carson, and others will
l‘eadlly supply this deficiency.

© Attually, the work may be regarded as consisting of two
ﬁnam sections. The first section, Chapters I-VI, gives the theory
of lumped circuits, wherein the expansion yields negative
powers of the operator p. The second section deals with smooth
circuits, or repeated lumped circuits, wherein expansion gives
fractional positive powers of p. Problems of the latter section
are analogous to those of weighted strings. On writing down
a differential equation for such a string the tacit assumption
is made that dy/dx is continuous, but this need not be the case.
To avoid this difficulty the modern method is to view the system
as the limiting conditions of a discrete system. This method
has been adopted.

In Chapter X I have discussed Fourier series and Fourier
integrals in order to give further insight into operational
methods and to show that the Fourier mtegral ylelds a long
list of operators and their equivalencies.

Some of the methods®of dealing with Vanable circuits have
been discussed in Chapters XI and XII. This is a very wide
subject, and considerably more mathematical research is needed
to put it on a firmer (i.e. more rigorous) basis.

Throughout the work the technical press has been freely
drawn upon for practical illustrative matter. In several investi-
gations, simplifying assumptions have been made in order to
bring the work within the compass of this book. Indebtedness

v



vi PREFACE

to the writings of others is evident from the many references
in the text.

I am also indebted to my colleague, Assistant Professor
W. O. Richmond, M.A.Sc., for rcading the manuscript and
for several helpful criticisms, and also to the publishers for
their painstaking work.

W.B.C.

Vancouver
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TRANSIENTS IN
ELECTRIC CIRCUITS

CHAPTER 1
GENERAL THEORY

1. Definitions. Transient conditions refer to what happens
between steady-state conditions when the initial stability is
disturbed. They are usually of short duration and of decreasing
amplitude with respect to time, space, or both. In engineering
practice, studies of these conditions are of increasing import-
ance; for example, communication engineering is in reality
the study of controlled transients.

It is usual to segregate transients as free or forced. In the free
condition, the transient is occasioned by switching or some
such change of circuit conditions. The duration of the disturb-
ance will depend on circuit constants. In the forced condition
the transient is set up by induction, radiation, etc., and the
period of the disturbance will depend on the source creating
the disturbance. In the solution of differential equations the
particular integral yields the forced vibration, while the
complementary integral gives the free vibration.

2. Representation. The mathematical representation of a
transient term will now be explained. Every engineer is
familiar with the fact that a harmonically varying quantity
may be represented by 4 sin wt, and that such a quantity may
be represented as a vector of length 4 rotating in a plane about
the origin with angular velocity 2=f, where f is the frequency.

For transient conditions the quantity varies with respect to
time or space exponentially. Then the length of the vector
instead of being constant (= A) would vary as 4¢~* or Ae~*,
and the full expression would be A¢~* sin wt or A¢~** sin w2.
The locus of the extremity of the vector would now be a
centre-seeking spiral.

3. Derivation of Network Equations. The basic laws of the
differential equations in electrical work, from which the unknown
may be found in terms of the known quantities, are Kirchhoff’s

1



2 TRANSIENTS IN ELECTRIC CIRCUITS

laws. These are usually considered for steady-state conditions,
but apply equally well to transient conditions. These
laws are—

1. The sum of the e.m.f.s in any mesh or closed circuit is
equal to the sum of the potential drops in that circuit.

2. The sum of the currents at any junction in a network is
zero. Current flowing towards the junction is reckoned as
positive, and that leaving is considered as negative.

There are also certain theorems which are of use in setting up
the equations in certain instances, as follows—

(i) SuperposiTION THEOREM. The current that flows in a
network, due to the simultaneous action of a number of e.m.f.s

Lo ¢

E z ) 7,
i :

Fie. 1

applied in any manner, is the sum of the currents due to each
of the component e.m.f.s acting separately.

(i1) Recrerocity THEOREM. If an e.m.f., located at a point
in a circuit, produces a certain current at any other point in
the circuit, then the same e.m.f. acting at the second point would
produce the same current at the first point. In other words,
the receiving point and the sending point may be interchanged.

(iii) THEVENIN'S THEOREM.* The current in any circuit is
equal to the open-circuit voltage divided by the sum of the
external and internal impedances. For the circuit shown in
Fig. 1, consisting of impedances Z and Z,, where Z includes
the impedance of the source, let the voltage across ab with Z,
absent be e, Then the current with Z, present is given by

v = eJ(Z + Z,)

(iv) CompENSATION THEOREM. If a network is modified by
making a change AZ in the impedance of the network, the
current increment A/, produced at any point in the network,
is equal to the current that would be produced at that point
by a compensating e.m.f.-of value I . AZ acting in series with
the modified branch, where I is the original current in the
network.

* Comptes rendus, 1883, 97, 159.



GENERAL THEORY 3

4. Differential Equations of a Network. In all our subsequent
discussions we assume that the current in every branch is
directly proportional to the voltage, i.e. the parameters or
coefficients of the equation are constants. In a circuit con-
sisting of a resistance, inductance, and capacity in series we have
that the voltage drop in the resistance is B¢ by Ohm’s law,
in the inductance is L . difdt by Lenz’s law, and in the capacity

is J.i/C’ . dt. So that, if V is the applied voltage, we have
V = Ri+ L.difdt + [ifC . dt
= (B + L.dfat + [1/C . dt)s
= Zyji

where Z,, denotes the self-impedance of the circuit. When
circuits are coupled as shown in Fig. 2, there is a mutual effect

Za Zg

B R e e i X U ip R —

between the currents flowing in the two circuits. For the
current directions as shown, we have the following equations

L2, + 1,2, — 1,Z, = E,
1,Z, + I,Z,— I,.Z, + E, = 0
whence
1(Zy + Z,) (Zy + Zo) — 1,2 = (Zy + Z,)E, — ZE,
(Zy + 2.)E, — Z.E,
(Za '+' Zc) (Zb =+ Zc) - Z02
Denoting by Z,, the self-impedance of circuit 1, viz.
(Zs + Z,), by Z,, the self-impedance of circuit 2, viz.
(Z, + Z,), and by Z;, (= Z,) the mutual impedance of
circuit 1 with respect to circuit 2, viz. Z, we have, on
substitution,

i.e. Il =

—_ Z22E1 _ ZI2E2

I, =
Y 2yl — 7y



4 TRANSIENTS IN ELECTRIC CIRCUITS

For a complex network we get
E,=21,+ Z,,], + 231, . .. + Z,,1,
Ey,=ZyI, + Zppdy + Zgoly . . . + Zg,l,
and so on.
From this array of = linear equations we obtain the equation
for I, in a concise form by use of determinants as follows.
Let D be the determinant of the impedance operators, viz.

le le . . . Zln
Zipy gy ... Ly

Zoy Zng . . Dy

Then the minor M,, is formed from the above by deleting
the ath column and the bth row.
We then obtain the following set of differential equations—

I,=E, My,|[D+E, M,/D+ ... +E,.M,[D
I,=E, M,|D+ E, My|D+ ...+ E,. M,[D
and so on.
The general differential equation is given by
=S p 0
r T ‘Zl . s D . . .
wheres =1,2, . .. n.

5. Heaviside Notation. Following Heaviside, we introduce the
symbol p = d/dt; the inverse operation of integration we denote

by 1fp = fot ( )dt. Prior to Heaviside, this notation had been

used by both Caqué and Boole (1864-5). For repeated differen-
tiation we have p” = d»[dt", and for repeated integration we

have 1/p" = f; J: . . . n times. This latter statement may be

demonstrated by using Caqué’s method of solution. Thus,
suppose we have
Then pi = (E — Ri)JL

or i = (L f " Bdt— (RJL) f it
0 0
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On integrating the first term and substituting the whole
expression for ¢ we obtain

i = Et/L— (RJL) f [I[L f Edt— (BJL) f idt]

. . E ER ©# R? .
i.e. z=.f‘t_—L?'§_!+f2J‘fldt

Repeating this process, we get

;_E, ER £ _ER £ _
L 12 921 3 31
_E[,_ R £2
1.e z—i[t oL +3'L‘ ] . (2)
_“E L __ p—oat _E __ p— ol
or zHE.R(I € >_R<l > )
where o = RfL.

Another method of dealing with this equation is what
Heaviside calls algebrizing. On writing the original equation in
symbolic form we get

F E
= —, 1 = "
i VT oar@n g P
ElN R 1 Rz 1
=7:[5_Z'§72+Z'2'{o?‘”'](1) .. ®)

Comparing like terms in equations (2) and (3), we obtain that
(1/p) is equivalent to* ¢

(1/p?) = ¢[2!

and (1/p~) = trfn! . . . . . (4)
Incidentally, we also obtain that
1 — . p—oat
s D= W = )

Also, it may be demonstrated that the operator p obeys the
usual laws of differentiation. Thus if 4 is a constant, and
x, y variables with respect to time, we have

p(Az) = Ap(x)
P+ y) = p)+ p(y)
prp™(x) = p‘"*’"’ ()

* The sign = means ‘‘is equivalent to’ wherever it occurs in the text.
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A word of caution must be inserted for expressions like
e~ p (1), which is not equivalent to pe~* (I). The p operates
only on subsequent terms, and not on prior terms.

In the above discussion we have used a symbol introduced
by Heaviside, namely (). This denotes his unit function. He
defined this function as having a zero value before ¢ = 0 and a

E

I
l()

-co
Fic. 3

constant value of unity thereafter (Fig. 3). So it represents
a square wave of infinite period. For the beginner it is best
to consider it as a battery of unit e.m.f. switched on to the
line at ¢t = 0. The mathematical basis of the idea will be dealt
with later.

6. Solution of the Differential Equation. From Section 4 we
have the differential equation

Dropping the subscripts, and, in conformity with usual
practice, writing Y (p) and Z(p) in place of M and D, we have

. Y(p)
I=5.2 %
Z(p)

Now Z(p) will be a polynomial in p and may be written as
Zp)=pr+ap" P+ bp" 4 ...

and Y (p) will be a polynomial in p also, but of degree less than
that of Z(p). In view of the simplicity and straightforward
nature of Heaviside’s method of solution of such equations, we
will proceed with his methods and neglect the formal mathe-
matical methods which are obtainable elsewhere. Heaviside
now proceeds as follows.

(i) By algebrization of the Y (p)/Z(p) term in a power series.
Frequently the result is difficult to convert to a known function.
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This method has already been illustrated in Caqué’s method of
Section 5.

(ii) By the expansion method, described in his Electromagnetic
Theory, Vol. 11, p. 127, where he gives the following expansion

. 1 pt
i= B[ gt 3 )

“The Z in the operational solution is an operator, a function
of p, the time differentiator. But Z is entirely algebraical.
Thus Z(0) is the algebraical function obtained by putting p = 0
in Z. Then, in the summation, dZ/dp is the ordinary differential
coefficient of Z with respect to p as a quantity. Lastly, the
summation ranges over all the roots of the algebraical equation
Z=0"

Heaviside merely sketched the proof of this expansion.
However, several rigorous proofs now exist (see Bibliography),
and we now give a method due to Goto* which is based on a
method due to Press.t

The fundamental equation is given by

v = E[Y (p)/Z(p)]
By a well-known theorem on partial fractions{ we have that
f'@) =f@)x--a) + f@)(x—-b)+ . ..
where f(x) = (x—a) (x—10b) . . .
So with = a we get
[f@)kea=(@—b)@—c) ... .=[f@)(x—a)lua
Also
@) o= [f@)(@— b))
As Y (p) and Z(p) are polynomials in p, we may write
Y(p)lZ(p) = A](p—p)) + Bl(p—p2) + . . . . (8)

where p,, Py, P3, - . . are therootsof Z = 0,and 4, B,C . . .
are constants. To determine these constants we proceed as
follows.
Cross-multiplying equation (6), we obtain
Y(p)=A(p—p:) (p—ps) - . - +Blp—p1)
(P—p) - - - +C@—p) (P—pa) - - -

* Researches of Electrotechnical Laboratory, Tokio, p. 201.
t Trans. A.I.E.E. (1917), Vol. 36, p. 232.
1 WiLLiamson, Integral Calculus, p. 49.



8 TRANSIENTS IN ELECTRIC CIRCUITS
With p = p,, we get
Y(p,) = A(p1 — Do) (01— 24) -

Y(p,)
(P1— P2) (P1— Ps) -

By the preceding theorem
A=(Y|Z},- P
Similarly B ={[Y]Z'), .,
So that
Y|Z=1Y(@—p1) . [YIZ'Ypmp, + Y (0= Ps) - [Y]Z )}, + - -

We consider the case when the applied voltage is given by
E¢*. Then

t = E{l[(p—p,) - [Y]Z')y=p,
+ Y(p—p2) [Y]ZYpup, + . .- } & . (7)
Now, by power expansion
Y(p—q) .= (fp) 1 +qlp + &p*+ . . )&
Noting that

(1Yp). e = L‘ eddt = (1fa) (% — 1)

or A=

Up). e = [ (1) (6 — 1)t = (1) (= 1) = ()
and generaliy
(Ufp") . e = (1fn)e — 1o — tfan=>
—f2lam=2 . . . — " (n—1)!a
So that
Y(p—q). &= (Up) [(1 + gla + ¢?[a® . . .)
— (qfa) (1 + gle + ¢¥fa® . . ) — (¢%]a)
(L4 gfa+ g% .. .) . . .]
= (Yp) [(* — gfa— @/« . . .) . 1/ (1 — gfa)]
= (1fp) (e — ge"/a) . 1/ (1 — g[)
Carrying out the integration, we get
(p—gq). e = (—e")(@—q)
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Substituting this expression in equation (7), we get
v = E{[1)(a— p,)] (* — &) [Y]Z']p = p, + [1f(x — Py)]
(e — ) [Y]Z')pmp,+ . - -}
= Ee* {[1f(a— 1)) [Y]Z')p = p, + [1] (2 — D5)]
(Y/Z'Ypep, + - - -} — B[P (e — p)I[Y]Z'] p =y,
+ [ (e — p)] [Y]Z ] pmpy + - - -}

Now
(e — p )1 [Y]Z' )y~ p, + [Y (2 — 2a)][Y/Z'], =,
+ .. = (Y2),
So that we get
i = Ee(Y|Z]yma— B > [ —p)][¥[ZTpmp, - (8)
r=1

The value of « is determined by the form of the applied
voltage. For a d.c. voltage, « = 0, and then equation (8)
becomes

i=B{(¥|Z)ym0+ S [¥]pZ e} - - . (9)

which we will call the first kind of expansion.
For an a.c. voltage, « = jw, and we have

]S Bl

which we call the second kind of expansion.

For a voltage given by E cos wt, we obtain, on rationalizing
and discarding imaginaries,

s3] Sy 3] Jo o0

7. Routine to be Adopted. For a beginner with this method
of solving equations it would be well to adhere to a fixed
routine such as the following.

(i) Deduce the equation using the ‘“p”’ notation. Suppose
we get p% + apt + br = E . (1). This, according to our inter-
pretation, means a constant voltage E is applied at ¢ = 0, and
is maintained indefinitely at that value.

»

2—(T.152)
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(ii) By algebraic manipulation, we have

E
“Frats

Here note, Y(p) = 1 and Z(p) = p® + ap + b. On equating
Z(p) to zero we get p = [— a 4 +/(a® — 4b)][2 = p,p,.

(iii) By differentiation, we have Z’(p) = 2p + a.

(iv) For p = 0, we get Z(0) = b and Y (0) = 1.

(v) By collecting terms and substituting in the expansion
expression

1= E{[Y|Z),-0 + Z[(Y[PZ')")p=p,}
we get
v = E[1/b + e"[p,(2p, + @) + e[py(2p, + «)]

(vi) On substituting the values for p, and p,, the complete
solution of the differential equation is obtained. It will be
noted that by this method no integration constants are left to
be evaluated. This is because of the assumption that at { = 0
the circuit is dead. This, as will be seen later, does not hold
for all cases, but by a simple extension we are able to bring
our solution into line with any circuit conditions. In Chapter II
we will follow this routine in solving certain circuit problems.

8. Discussion on Roots of Z(p) = 0. The solution of the
equation by means of the expansion theorem depends on our
ability to extract the roots of Z(p) = 0. A little consideration
will show the difficulties we are liable to encounter in analytical
work, but, fortunately, in a numerical example, we are able to
approximate to the roots by either Horner’s or Graeffe’s method.
These are explained fully in many texts.*

If the roots obtained from Z(p) = 0 are all different, then
the application of the expansion theorem is straightforward.
But when certain of the roots are equal, then Wagnert shows
that for roots p;, p, . . . p, and p,,, the latter occurring m
times, we have

r=n

Y(0) Y(p,
2w + 2 [pzo ], + ot B
+ .. .B,,,t’”‘l)}

* E.g. WHITTAKER AND RoBINSON: Calculus of Observations (Blackie).
t Elect. fiir Elek., 1916, 159.
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where B,, B, ... are constants determined by terminal
conditions.

Also, it should be noted that the proof of the expansion
theorem is dependent on Y (p) being of degree less than that of
Z(p). If this condition is not fulfilled, we must divide through
until our remainder R(p) is of power less than that of Z(p) as

Y(p)|Z(p) = B;p® + Byp + . . . + R(p)|Z(p)

Frequently it is possible to get out of this difficulty by
golving for ¢fp, say, and then differentiating the result to
obtain 1.

Propucts. Sometimes the impedance operator Z(p) is given
as the product of two components, Z,(p) . Z,(p). To evaluate
such an expression, recourse is had to the superposition theorem
of Borel (see p. 56), which may be written operationally
as follows—

YZ(p) = A(t) = dfdt fo' Ayt — ). Ay(A)dA

— A(t) . 45(0) + f "A,(t— 1) Ay (A)dA

where A4,(t) = 1/Z,(p) and A,(t) = 1/Z,(p).
We will illustrate this important theorem by an example.
We have already shown in equation (5) that

1 1
(1) = -[l—g
oo W= e
Then by differentiation p_ (1) = e~
P+

Suppose now that we are given
1 - 4 P

Z(p) p+oa pta

Then we have

1 : o : —al) —
Zl(p);p—}—oc(l)':(l—s ) = A,(t)

1 —_— p — o—ob —_
and Z,(p) == P+ (1) = ¢ = A,(¢)

By substitution we get
¢
A@)=[1—e""] + f 1 — == [— ae~*]dA
0
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On integrating, we get
Aty =[1— e ] 4 ate~* + e~ — 1
= afe~*

Hieavry OsciLraTory CirculT. Guillemin* shows that for
alow dissipation circuit we may split our determinantal equation
into two parts, and, by combining the roots so obtained, get a
close approximation to the actual roots. For a full discussion
of this method we refer the reader to the original, but the
working may be illustrated by the following example taken
from the original—

Let Z(p) = p* + 50p3 4 8:91 X 10%p% 4 2-03

X 107p + 101

Now let D(p) = p* + 891 X 105p2 + 1011 = 0
This gives p = -+ j800,0r p = + 5500.
Also, let G(p) = 50p3 + 2:03 x 107p
On substituting the above values of p, we have
G(p) = + 79-36 X 10% or G(p) = 4 33-90 X 10°

Then .
dldp .[D(p)] = 4p3 4 17-82 X 10%

G(p)

Let 0 =— 7
D'(p)
7623 x 108

or (5:_.7:3-9())(109:_10

7390 X 108

So that the approximate roots (8 + p) are — 15 4- 5800 and
— 10 + §500.

9. Notes on Roots. Frequently in discussions of circuit
conditions the prime consideration is stability, and so we need
not solve our equations, for such information (i.e. regarding
stability) may be obtained from the determinantal equation.
The underlying theory can be obtained from the theory of
equations, and we give below a brief summary of some of the
rules involved.

* Trans. I.E.E. (1928), Vol. 47, p. 361.
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GENERAL. 1. For f(x) = 0, there cannot be more positive
roots than there are changes in sign of f(x). Also, there cannot
be more negative roots than there are changes in sign of f(— x).

Thus fx) =2% 4 b8 — 2% + Tx +2 =0

Here there are two changes, so we may expect two positive
roots.

Also f(—z)=—2a4+ b2 +23—Tx +2=0

Now, there are three changes in sign, and so we may expect
three negative roots. Altogether there will be nine roots, and
so the other four must be imaginary.

2. If all coefficients are real, then the imaginary roots must
occur in conjugate pairs.

QuabpraTIiCc EQUATIONS. For the equation ax? + bx + ¢ = 0,
the roots are given by the well-known expression

x = [—b 4 1/(b% — 4ac)]/2a

If all coefficients are positive, then the roots arc negative.
For roots to be positive, the coefficicnt b must be negative
by general rule 1.

1. For real roots, b2 > 4ac.
2. For equal roots, b? == 4ac.
3. For imaginary roots, b% < 4ac.

As these will be of frequent occurrence in the text, we refer
the reader to later discussion.

Cusic Equartions. Here the general equation is of the form—

ax® +bx? +cx +d=0

On substituting (— «) for z, we find, in accordance with
Rule 1, that there are three changes in sign, and so there may
be three negative roots. Usually in solving these equations
[ — (b/3a)] is substituted for z, and an equation of the form
3 + qx + r = 0 results.

From this equation we are able to state—

(a) If 3[4 4 @327 is positive then the roots are of the form

S
(b) If r?/4 + ¢3]27 is zero, the roots are 2o; — a; — a.
(c) If 3[4 4 ¢3/27 is negative, then o and (% are imaginary
quantities. Solet « =y + jé, f = y — j4.
Then the roots are 2y; — y— d4/3; — y + 64/3, i.e. real




14 TRANSIENTS IN ELECTRIC CIRCUITS

quantities. The conditions for non-oscillation may be shown
to be b2 — 3ac > 0 and b%c2 — 4ac® > 27a%d% — 18 abcd + 4b%d.

Biquapratic EquaTions. Let us consider an equation of
the form

mt + Cymd + Cym? 4+ Cgm + Cy =0

The roots of this equation, if C,, C,, C,;, C, are real and
positive, will be real or complex conjugate. They will occur in
pairs, two reals and two complex. Now, it may be shown that
if p;, Pa, D3, Dy, are the roots, then

(Pr + p2) (21 + P3) (21 + Pa) (D5 + 13) (P2 + Do)
= C,0,0;,— C,0,%2 — (32 = X (say)
(a) If the roots are a, 4 jb, and a, + jb,, we obtain

2y +ag) =—Cp . . . (12)
and
X = daja,[(a; + a5)® + (b + b2)?] [(ay + @2)® + (b, — b(zl);}

From equation (12), and for a stable damped system, a,, a,
must be negative, and so we have X positive.
(b) If the roots are a, + jb, and a, 4+ b,, then we have
2@, +a) =—C . . (14)
and X = da,a, {[(a; + a5)* + b2 — by%)® + 4b, 2 2} . (15)
Here we have the same criterion, viz. if a,, a, are both
negative, then X is positive.
(c) If the roots are p, -+ jq;; 7y 4+ js;, then we have the
following relationships between roots and coefficients—
P+ 1y =—0C2
PP+ g+ P+ s+ 4pry =0,
1P -+ 41%) + pi(r? + 8,%) = — Cy/2
(P2 + 0®) (r? + 8%) = (4
If we make p, zero, we then get jq, and r, 4 js,, so that

T, =— 01/
q1 + 7'12 + 81 =
rg? = — Cy 2
02 (r? + 8%) = C,
Whence we get ¢,%(C; — Q12) = C,
Cs
or 2r1( at o ) = C,

‘. 0 0203—' 03 0120‘ - O . . (16)
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This is an important relationship in systems, since for
stability p, and r, must be negative. Now increase p, to, say,
P, = 0. Then equation (16) gives the limiting characteristics
for stability.
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CHAPTER 1I

APPLICATION OF EXPANSION THEOREM
TO LUMPED CIRCUITS

(A) Making the Circuit with D.C. Applied Volts

1. WE now apply the expansion theorem to simple lumped
circuits, i.e. with concentrated characteristics. We concentrate
on the problem of the making of the circuit by the application
of a d.c. battery, of voltage E, to the circuit. At the time
t < 0, the circuit is decad, and at time ¢{ = 0 a voltage E is
applied. We are supposing that an ideal switch to give instan-
taneous application of voltage, without any leakage current,
is available.

2. The RL Circuit. For a circuit consisting of resistance R
and inductance L, at any instant we have the following equa-

tion— Ri+ Lpi=E
For a suddenly applied voltage, we write, in accord with
previous discussion—

Ri 4 Lyt = E(1) Yo
- 1 . P
So that z_Em(I)—E—Z—(F).(I)
where Z(p) = R + Lp and Y (p) = 1.
Following our routine, we get—
R+ Lp=20; ".p=—R[L
Z'(p) =L
Z(0)=R, Y(0)=1
So, on substituting in the expansion theorem, we have—
t=F [Jl—g + 1—_1—(—__—1]?/?) s“R‘/L:] = (B[R)[1— e~ B} . (17)
where ¢ is the base of Napierian logarithms.

As t approaches infinity, the current approaches EfR. This
is the steady-state current, and is usually denoted by I;,. Our
equation becomes—

v = I[1— e
where o = RJL.
16
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3. Deductions from Above Equation. (¢) On differentiating

with respect to ¢, we obtain
defdt = ale= %

and at ¢t = 0 we get difdt = ol
The initial rate of growth is proportional to «, so a coil of large
resistance and small inductance will reach its steady state
more quickly than a coil of small resistance and large induct-
ance. After a lapse of time 1/a = LJR, the current is I[1 — 1/¢],

i.e. 0:6231,. This value of time is known as the time constant
of the circuit.

(b) The voltage drop and power consumption in the com-
ponents of the circuit are dealt with as follows. Across the
resistance the voltage drop is Ri, or E[1 — ¢~ *], and across
the inductance it is L(difdt), or Ee~*. By adding these com-
ponents we see that the sum of the voltage drops is equal to
the applied voltage at any instant.

The energy dissipated as heat at any instant is

Ri? = (E?[R)[1 — 2e= % 4 ¢~ 2]
and the energy stored in the magnetic field at any instant is
1L (defdt) = (B*R)e=*[1 — e~ %]

The power consumed between ¢ = 0 and ¢t = T' is given by
T T
f Ri*dt + f Li(difdt)de watts
0 0

Substituting the value of ¢ and simplifying, we get—
(BYR)T + (Yfa)e==T — (1f)]
When 7T is large, this expression becomes (ER)[T — 1[«)
and as a limiting case it becomes E*T[R.

4. The Condenser Circuit [CR). In considering the charging
of a condenser we pass over the interesting case of charging a
perfect condenser and consider the case of a condenser C with
a resistance R in the circuit. Initially, let the charge on the
condenser be zero, so that the voltage becomes

Ri 4 (1p0)i = B(1)
1 Cp
=F. ———  (I)=F —"*—.(1
graon V= rop 1Y

Here Y(p)=Cp, and Z(p)=RCp + 1, so Y(0)=0,

Z(0) =1, and Z'(p) = RC.

le. )
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From Z(p) = 0 we have p = — 1/CR. From the expansion
theorem we get

— 1/CR)&!CR _
[0+ 1/130)] (EJR) e-!I°R . (18)

The charge g — f idt = EC[1 — £~*], where o = 1/CR.
0

The values of the time constant, the voltage across the circuit
components, the energy, and the power consumption may be
determined in the same way as shown above in Section 3.

6. The RLC Series Circuit. For a resistance, inductance,
and capacity in series, the equation becomes

Ri + Lpi + (1p0)i = E (1)
. V) Cp
hat ¢ = 1)=E
o rr o) ) T U I T ROp 1 1

Now, Y(p)= Cpand Z(p) = L0p2 + RCp + 1

also Y(0)=0 and Z(0 ) =

The roots obtained from Z(p) = 0 are

pz_thJ4B
It is usual practice to denote RE[2L by o and 1/LC by w,?,

. . 2 1
where w, is the natural angular velocity. Also J ( i I—Z’)

is denoted by w;. Then w;? = a? — w2 Thus the roots are

p=—oa+ w.
By differentiation we get

Z'(p) = [2LCp + RC],,, p,= &+ V/(B*C*— 4LC) = 4 2LCw,
On substituting in the expansion formula we get

i=EC’[ T L 2Lt ]

(1)

Py . 2LCw;,  p, . 2LCw,
= (Bf2La,) [e%— o]
Inserting the values of p, and p,, we get
1 = (Bf2w,L) e~ *[e>t — g~ ] | . (19)

Further development depends on the value of w,. From
Section 9, Chapter I, we see that there are three cases—

(i) If w,? is positive, i.e. R?[4L? > 1/LC, we get
t = (Efw,L) e~ * sinh w,t . . (20)
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The value of ¢ approaches its final value slowly, ard the condi-
tion is known as overdamped.

(ii) If ,? is negative, i.e. 1/LC > R%*4L? then we must
substitute jw, for w, in the above equation, and so obtain

t = (EBfw,L) e~ * sin w,? . . (21)

In this case the current is oscillatory, its period is equal to the
free period of the circuit, and the circuit is said to be under-
damped.

(i) If w, = 0, i.e. R*4L? = 1/LC, then sinh w,t approaches
w,t, and thus the limit of (sinh w,t)/w, is .

This gives t = (BJL)t e~ . . . (22)

The current here approaches its final value without oscillation
and at a faster rate than under (i). This condition is known
as critical damping, and the value of R obtained from

R)412 = 1]LC
is 24/(LJC) and is known as the critical resistance of the circuit.

(B) Making the Circuit with A.C. Applied Volts

6. The RL Circuit. Since an alternating voltage may be
represented as the real part of Ee = E[cos wt + j sin wt],
we now apply equation (10) of Section 6, Chapter I, namely—

Y ]
_ E’[ (Jw) Z wY(p) & p,),,_,,,]

re=1
The values of Y (p), Z(p), Z'(p), and the roots are identical
with those obtained in Section 2, Chapter II; so by substitu-
tion in the above formula we get

1 g~ (RILH
i =B g™~ e DL
E¥joLl® ~ ot ®LIL
[cos wt + jsinwt ¢~ (RILH ]
R+ joL ~ R+ joL
Rationalizing and discarding imaginaries from the above
equation, we have
i = E "R cos wt + wL sin wt R 8—(Rllm]
| R? + L2 R? + @%L?
Letting tan ¢ = wL/R, we get
t = [E[1/(R? + w?L®)] [cos (wt— ) — cosd.e~ RN | (23)

=FE

ks
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The steady-state current will be (£/Z) cos (wt — ¢). It will be
noted that the time constant of the circuit is not affected by
the type of voltage applied to the circuit.

We next consider a voltage Eei@+9 applied to the circuit,
i.e. the voltage is K¢ when the time is zero. Then we have

. gllwt + 6) &0 g— (RIL)

=B mpgor~ 7o)

Discarding imaginaries, we get

i = [B]y/(R? + o*L?)]

[cos (wt + O —¢)— cos (0 —¢) . e~ RILE] (24)

When 6 = 0 it is seen that this expression reduces to that
given above. The transient term depends on the value of the
angle 6. When 0 = ¢, we get the maximum transient current.

We may regard the transient term as raising or lowering the
time axis. On this distorted axis the steady-state condition is
superimposed. So, if we produce the resultant steady-state
current back to meet the initial current, it will be found that
sometimes they meet without any phase distortion but at
others do not do so. In the former case there would be no

transient.
7. The CR Circuit. The voltage equation may be written as

Rpq + ¢/C = Bt +9 . (1)

Completion of the solution along the lines of the last paragraph
gives

¢ = [EC[v/ (1 + w?R2C?)]

[cos (wt + 6 — ¢) — cos (6 — ¢) . e ~HCE]

where tan ¢ = wCR. By differentiation we get

i = — [EC[\/(1 + w?R%*C?)]

[wsin (wt + 0 —¢)— (1/OR) cos (0—¢)e —HCR] (25)
8. The RLC Circuit. For an applied voltage Ee“t we get
i[R + Lp + (1/pC)] = E&™(1) "

=] Jot
or CERr L apo) S W

Adopting the notation of Section 5, Chapter II, we have
p=—oa 4+ o, and Z'(p) = 4- 2LCw,, and on substituting we
get

i=E’0[

joo edot 2

pnep”t
— w?LC + joRC +1 ~ =+ (Jo—pa). 2L0w1]
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On simplifying and discarding imaginaries, we have that
. w cos (wt 4+ ¢) e~
i=EC [\/[szan 4+ (1 — w?LC)?] + w, LC
[(0? — ;%)% + w?(a? + o,2)] sinh ;¢ — 2aw,w? cosh w,t 96
(0 — 0,2 — w?)? 4 4w?? (26)
where tan ¢ = (1 — w?LC)]wRC . . (26a)
The development of this equation depends on the relative
values of R?[4L? and 1/LC.
(i) When R2[4L? > 1/LC, then w,? is positive and we are
not able to simplify the above expression.
(ii) When R?%/4L* < 1/LC, then w,? is negative and we have
cos (wl + ¢)
VIR? + (oL — 1[wC)?]
e (o« + wy?) cos (ot + p)
oL V(€ A+ 02— 0?)? 4 dade?)
where tan y = [(¢% + ©,%)% 4+ w?(a® — w,?)][2aw 0w . (274)
(iii) When w, = 0, the circuit is critically damped. We get,
as w; approaches 0, that (sinh w,¢)/w, approaches ¢ and cosh w;?
approaches 1, so equation (26) becomes

) cos (wt + ¢)
= B | L 5o

e~ o? 20w?
+ L [az + w? t— (22 + wa)z]} . (28)
It is of interest to see the effects of impressed oscillations.
Substituting « = Rf2L and wy? = 1/LC, equation (27) becomes

. _E w cos (wt + )
P LV w2 + (0t — @)
where A4 is a constant.

It is evident that—

(@) The system gives up its natural period (w,) and assumes
that of the impressed force () with lapse of time.

(b) When the impressed and natural frequencies are almost
equal and the damping coefficient o is small, the two com-
ponents will assist each other during one interval and neutralize
during the next. The system would thus produce a series of

beats.”
(¢) When v = o, and afw is very small, then o — o® = o®

1=F

(27)

} — Ae~* cos (w,t - y)
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and tan ¢ = «f2w, which approaches zero. The amplitude may

be written as
Eow B

"7 LAk (0 — @] T LV (G0 + o)

_ Ew _ Ew E

h oLV (40? + a2)  2LoV (1 + *f40?) B
which is very large.

9. Numerical and Logarithmic Decrement. Using the expres-
sion for current as given in Section 5, Chapter II, viz.

t = (Elw,L) e~ *sin w,t,
and differentiating, we get
difdt = (Efw,L) e =% [w, cos w ¢ — & 8in w,t]

1N

On equating difdt = 0, we obtain that tan w;t = (w,fa) or
generally tan (w,t + 2n7) = (w,[«) where = is an integer. So
at t, = [tan~! (w,/a) — 2n7]fw, the current is a maximum.
By substituting this value of time, we get that

tmaz = (Lfw,L)e = *nsin [tan=1 (w,fa) — 2nn]
The first maximum will be obtained when n = 0—
tymaz = (Efw,L)e ™ %nsin tan—Y(w,fa) = [EfLy/ (2 + w,?)]e*
For n = 1 we get the second maximum as
tomaz = [EfLA/(a® 4+ w,2)]e %
Or generally we get
tnmaz = [BILy/(o6® + w;%)]e ™%

The interval between successive maxima is 2nfw; and the
difference of the currents is

tn—ta 1= [E[]LA/ (0% 4+ 0,2)] [~ %n— &~ Hns1]
= [E/L\/(a2 + wlz)] [1 — 8a(2n/w.)] . g—n

or E"_:i_f!‘_ﬂ = 1 — gtoafed | . . . . (29)
n

This expression is known as the numerical decrement.
For the logarithmic decrement we take
log, (t,/tn +1) = log, . eX®*) = a(2nfw,)
= RJ2Lf, = § (say) . . (30)
where f; = w,[2m.
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10. Natural Period and Critical Resistances. We have defined
the natural period of the RLC circuit as

_o_ 1 i_ﬁq
fi= 27 = 2m LC ™ 4L2

So for an undamped circuit we obtain

fo= (f2m) +/(1/LC)

and thus we get fi=fi— ;%(le—i)
= fi— 8 f2[4n?
S Solfi = V(1 A 8dn?) N 20

This latter formula is well known to radio engineers.

We have seen that the value of the resistance which makes
the term under the root sign vanish is given by 24/(L/C).
This is the critical resistance of the circuit.

If the value of the applied frequency in an RLC circuit
given in equation (26) be altered, then the maximum steady-
state current is obtained when w?R%*C? + (1 — w?LC)* is a
minimum, i.e. when 2wR20? 4 4w3L2C?% — 4w LC = 0.

So we get a value of
R=+ +/[(2LJC)— 20?L*] = £ L/2 +/[(1— w?LC)[LC] (32)
These may be defined as frequency critical resistances.

11. General Tuning or Resonance Conditions. The equation
for forced periodic motion may be written as

ap?0 + bp0 + c0 = F cos wt

Then, in accord with Section 8, we obtain that the steady
state deflection is given by

6 = F cos (wt — ¢)[/[w?? + (¢ — aw?)?]
where cot ¢ = (¢ — aw?)[wb.

Let the impressed frequency be continuously varied. Then
the amplitude of 6 will be a maximum when

w? = (c/a) — }(b/a)? = w,* (say) = resonant angular velocity.
As the natural angular velocity of the system is given by
wy? = cfa, we have w2 = w2 — }(bfa)>.
By substitution, the amplitude is given by
2aF[by/ (4ac — b?) = Ffbw,
where w,? = (4ac — b2)[4a? = w,? — }(bfa)?.



24 TRANSIENTS IN ELECTRIC CIRCUITS

Now, the critical value of b = b, = 24/(ca), so we have the
amplitude of the deflection as

o? \2 b2e?
"‘F’H/RI“&?) “bﬁw&]

Let y = wfw, and é = b/b,. We then have
6 = Fley/[(1—»?)? + 46%7] . . (33)

: [\
\
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=
4/‘—“\ o \
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\ \ dh].
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When o — 0, i.e. applied frequency approaches zero, we get
0, = F[C, so that

amplitude 0

1

amplitude at zero frequency 6, 1/[(1—y?)? + 46%?] " (34)
Also tan ¢ = 2dy/(1 — 9?) (356)

As these results are very general, we have plotted the results
in Figs. 4 and 5 for various degrees of damping (d) against p.
It is seen th