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Foreword

THIS volume contains papers in Algebraic Geometry and Topology
contributed by mathematical colleagues of S. Lefschetz to celebrate
his seventieth birthday (September 3, 1954). The goal has been to
feature contemporary research that has developed from the vital
basic work of Professor Lefschetz.

Eight of the papers, including the special surveys by W. V. D.
Hodge and N. E. Steenrod, were presented at the Conference on
Algebraic Geometry and Topology held in honor of Professor
Lefschetz April 8-10, 1954, at Fine Hall, Princeton University.

The editing of the volume has been a joint enterprise of the
members of the Princeton Department of Mathematics. In addition,
the following kindly served as referees: E. G. Begle, M. P. Gaffney,
Jr., V. K. A. M. Gugenheim, A. P. Mattuck, F. P. Peterson,
H. Samelson, E. Snapper, and O. Zariski. The Departmental
secretaries, Mrs. Agnes Henry and Mrs. Virginia Nonziato, and the
Amnnals of Mathematics secretaries, Mrs. Ellen Weber and Mrs. Bettie
Schrader, have ably looked after the many details of correspondence,
manuscripts, and proofs. To all these, and to the Princeton Uni-
versity Press and its Director, Mr. H. S. Bailey, Jr., the Editors
express their gratitude for the unstinted cooperation that has
produced this volume.

A. W. TucKER
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Part 1

An appreciation of the work and
influence of S. Lefschetz






Professor Lefschetz’s Contributions
to Algebraic Geometry:
An Appreciation

W. V. D. Hodge

IF one attempts to give a systematic account of the work of a
distinguished mathematician paper by paper, the final impression
produced is apt to make this work appear as a museum piece, and this
may be the opposite of what is really intended. If any such impression
should be given by my remarks on Professor Lefschetz’s work on
algebraic geometry, it would be particularly unfortunate and mis-
leading; for it is a fact that a number of the discoveries which he has
made are of more vital interest to mathematicians at the present day
than they have been since they aroused widespread excitement on their
first appearance some thirty or thirty-five years ago. I therefore think
it would be wiser for me not to follow the historical method, but to
select a number of the outstanding contributions which Lefschetz has
made to algebraic geometry and to discuss these in relation to current
mathematical developments; and I venture to suggest that this
procedure will have the approval of Lefschetz himself, since, though
no one is more generous in recognizing the merits of others, to him
mathematics is more important than the mathematician.

Without a word of warning, however, the method which I propose
to follow may equally give a wrong impression, for in treating different
aspects of Lefschetz’s work separately I may give the idea that the
ideas were developed independently, and this is far from being the
case. Indeed, one of the most striking features of the whole range of
Lefschetz’s contributions to the topological and transcendental
theories of algebraic varieties is the interplay between the various
ideas, and it is clear that the next step in one line was inspired by some
achievement in another direction. The essential fact is that Lefschetz
clearly regarded the whole range which he covered as a single subject,
and the keynote is its unity—a unity which he eventually carried into
his work in pure topology, where his fixed-point theorems are clearly
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derived from ideas familiar in algebraic geometry. But having made
this point, it will be convenient to take up a number of aspects of
his work separately.

The topology of algebraic varieties

One of the great lessons to be learned from a study of Lefschetz’s
work on algebraic varieties is that before proceeding to the investiga-
tion of transcendental properties it is necessary first to acquire a
thorough understanding of the topological properties of a variety. Not
only does this greatly simplify the technical problems encountered in
developing the transcendental theory, but it is an absolute necessity
if one is to appreciate the true significance of the difficulties to be
overcome. It is therefore natural to begin an appreciation of Lef-
schetz’s work with a discussion of his investigations of the topological
structure of varieties.

The importance of the topological structure of curves in the study
of Abelian integrals of algebraic functions of one variable was made
clear by Riemann, and when Picard came to study the integrals
attached to an algebraic surface he naturally made use of all the
topological methods available. His difficulty, of course, was the fact
that at that time our knowledge of topology was extremely primitive,
and he had to reinforce his weak topological weapons with more
powerful analytic ones. One of the most impressive features of his
celebrated treatise is the way in which, by such primitive and indirect
means, he did succeed in obtaining a deep understanding of the
topological nature of an algebraic surface, though naturally, owing to
the use of transcendental methods, some of the finer aspects of the
topology, such as torsion, were lost. Nevertheless, his final analysis
of the topology of an algebraic surface provided Lefschetz with the
scheme for a direct investigation of the topology, not only of surfaces
but of varieties of any dimension. Lefschetz’s achievement was to
obtain all of Picard’s topological results by direct methods, and
then to use them to simplify the transcendental theory. I wish to
emphasize the directness of Lefschetz’s methods, for it does seem
to me to be most satisfactory to know the topological structure of
a variety thoroughly before embarking on transcendental considera-
tions. This is not intended as a criticism of elegant methods which
have been employed to obtain results similar to those of Lefschetz by
using harmonic integrals or the theory of stacks (though it must be
remembered these methods only obtain the homology groups with
complex (or real) coefficients, whereas the direct method enables us
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to use integer coefficients), but merely reflects my view that without
a direct method of investigating the topology of an algebraic variety
something important would be missing.

The method used by Lefschetz is a direct generalization of the
classical process for studying the topology of an ordinary Riemann
surface by reducing it to an open 2-cell by means of a system of
cuts. Lefschetz similarly introduced cuts into a non-singular variety
V of complex dimension d and reduced it to an open 2d-cell. Repre-
senting this 2d-cell as the interior C,; of a solid 2d-sphere, the problem
is then to determine the image of the boundary of Cy; in V, which, as
a point set, coincides with the cuts. Once this is done, it is possible to
read off all the necessary results.

An induction argument is used to reduce V to a cell, making use
of the fact that on V there are systems of subvarieties of dimension
d—1. A suitable subsystem is selected, for example, a pencil | S, | of
prime sections which has a non-singular subvariety B of dimension
d—2 as base and contains only a finite number of singular sections
8y, ..., Sy, where the singular point P, of S; is not in B. The varieties
of | S, | can be represented by the points of the complex plane %, and
the singular sections by the critical values z,,...,zy of z. It is quite
simple to prove rigorously that a homeomorphism can be established
between two non-singular sections S, and S, in which points in B are
self-corresponding. What Lefschetz then does is to introduce on X a
set of cuts zyz; (¢=1,...,N) from a suitable point 2, to the critical
points z;, and to try to establish a uniquely determined homeo-
morphism 7, between C, and C,., where 2’ and z” are in the cut plane
3’ with the properties: (a) points in B are unaltered in 7., and
(b) 7,.,.T,,=T,,. By the hypothesis of induction, if z is any
point in X', C, can be reduced to a cell C; by introducing cuts in
such a way that B lies on the boundary of the cell, and the
homeomorphism 7., enables us to reduce C, to a cell. Thus we can
reduce each C, (zeX’) to a cell homeomorphic to O}, and then V is
reduced to a cell.

The next step required is to discuss the nature of the boundary of
C, x ¥'. This requires (a) a discussion of the behavior of C} as 2>z,
(1=1,...,N); the essential point here is that we obtain a mapping of
C, onto C,; (b) a discussion of the homeomorphism induced on C,
where 2’ is on z,z; and z describes a circuit round z; beginning and
ending at 2’ going from the right to the left of z,2;; in fact, it is sufficient
to consider the effect of this homeomorphism on the various homology
groups of C,, and this Lefschetz examined in detail. By investigating
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these questions Lefschetz was able to extract all the information
required about the topology of V.

The guiding principles of the whole of this investigation are clear;
the difficulties lie in the details. It must be recalled that at the time
this work was being done, while the study of algebraic topology was
getting under way, the topological tools available were still primitive,
and one would expect that nowadays, when we have so much more
powerful tools at our disposal, it would be possible to use them to
straighten out the difficulties which arise over details. It is indeed sur-
prising that we have had to wait almost to the present moment for this
to be done. In a forthcoming paper in the ANNALS OF MATHEMATICS,
A. H. Wallace has used modern singular homology theory to rewrite
that part of Lefschetz’s work which deals with the homology groups
of dimension less than d, and he has shown me a preliminary account
of a subsequent paper in which he deals with the remaining homology
groups. It is most striking to see how Wallace’s methods in principle
follow so closely the methods of Lefschetz and indeed provide a
triumphant justification of them.

One of the main difficulties of the Lefschetz argument is to establish
the unique homeomorphism 7,_. referred to above, for all points 2, 2”
of Z’. It is quite easy to do this when 2’ is any point of X’ different from
the z; and 2" is sufficiently near z'. This suggests that instead of using
direct products we should use fibre bundles. Let K be any closed set
in X not containing a critical point. Wallace shows that it is possible
to construct a fibre bundle X over K, whose fibre is U, and an em-
bedded bundle X over K equivalent to B x K, such that, if Vx denotes
the part of V covered by C, (z€ K), there is a continuous mapping y
of X onto Vg which, when restricted to Xz — X%, is a homeomor-
phism on Vi — B, and projects the direct product X% on B. If K in-
cludes a critical point z,, we can construct X 5, X% as before, but in
this case i restricted to X — X ceases to be a homeomorphism at
the part of X x — X% over z;. The behavior of i at the critical points
can be determined. Then taking K =X it is possible to determine the
singular homology properties of the pair (X, X3) and to use the
properties of i to deduce the singular homology properties of V. With
a number of obvious points of difference, Wallace’s treatment bears
a great resemblance to Lefschetz’s original methods.

Thus Lefschetz’s pioneer work comes into its own. In addition to
its own intrinsic interest, it has a key position in the literature of
algebraic varieties as the basis of a great deal of the transcendental
theory of varieties. But it also has a unique historical interest, in
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being almost the first account of the topology of a construct of
importance in general mathematics which is not trivial. And it settled
a number of questions which now seem trivial, but which at one time
caused a good deal of speculation. For instance, the fact the Betti
numbers R, of odd dimension are even, and that R o 2R, 2 (2sp=m),
showed at once that not all orientable manifolds of even dimension
are the carrier manifolds of algebraic varieties. Moreover, Lefschetz’s
work is the direct inspiration of all the researches which have taken
place subsequently in the theory of complex manifolds. In fact, it is
not too much to say that our greatest debt to Lefschetz lies in the
fact that he showed us that a study of topology was an essential for
all algebraic geometers.

Integrals of the second kind on an algebraic variety

One of the first applications of his work on the topology of algebraic
varieties which Lefschetz made was to the theory of integrals of the
second kind. Some of his work on this subject preceded the work on
the topology of varieties, and it seems fairly clear that he was led to
the topological work in order to make progress possible in the study
of integrals. However that may be, it is certain that his most im-
portant contribution to our knowledge of integrals of the second kind
depends essentially on his previous study of topology. In this he was,
essentially, reversing the order followed by Picard, who used the theory
of integrals to get to the topology.

It is as well to point out that there are several definitions of integrals
of the second kind on an algebraic variety, and that they are not all
equivalent. The notion derives, of course, from the notion of an
integral of the second kind on a Riemann surface, where we have three
possible definitions. It will be recalled that in discussing integrals
the fields of integration must be in the open manifold obtained by
removing the locus of singularities. The integrals under discussion
are assumed to be integrals of forms which are meromorphic every-
where (rational forms).

(a) An integralis of the second kind if all its residues are zero. (A resi-
due is an integral over a cycle which bounds on the Riemann surface);

(b) An integral is of the second kind if in the neighborhood of any
point its integrand is equal to the derived of a local meromorphic
0-form (function);

(c) An integral is of the second kind if in the neighborhood of any
point its integrand differs from the derived of a rational 0-form on the
Riemann surface by a form holomorphic at the point.
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The equivalence of these three definitions is almost trivial when
p=1. But when we extend our investigation to exact p-fold integrals
on a variety V of dimension d, they are no longer equivalent. With
trivial alterations in wording, (a) and (b) give unambiguous definitions
on V; but there are two ways in which (c) can be generalized:

(e;) A p-fold integral is of the second kind if in the neighborhood
of any point its integrand differs from the derived of a rational
(p—1)-form on V by a locally holomorphic p-form;

(cg) If Ty, ..., T, are the irreducible components of the locus of the
singularities of the integral, J' Q is an integral of the second kind if
there exists a rational (p — 1)-form P, such that I'; is not a component
of the locus of singularities of Q —dP,.

In his investigations Picard used the definition (c,), and Lefschetz
uses (¢,). In the case p=2, d=2 both prove that their definitions are
equivalent to (a), and hence, indirectly, we deduce the equivalence
of (c;) and (c,). But even in this case, (b) is not equivalent to any
of the others, and is a much weaker condition. For example, let

f(x,y,z)=0Dbe the equation of a surface V of order » with only ordinary
singularities and suppose that =0 is a general section of this. Then
it is easily seen that if P(x,y,2) is an adjoint polynomial of order
n— 3, the integral

satisfies condition (b), but has residues, namely, the periods of the

integral [(Pee2)
DS gy
fz =0

on the section z=0. More generally, it can be shown that any mero-
morphic integral of multiplicity ¢ (¢ = 2) satisfies condition (b) at any
non-singular point of the singular locus of the integral. Neither
Picard nor Lefschetz ever used (b); at the time at which they worked
on this field it was more natural to think always in terms of globally
defined forms on a variety, and it is impossible to say whether they
were aware of the difficulties which attach to definition (b); but I feel
it is necessary to point out the difference between (b) and the others,
since a number of modern writers do use the term ‘integral of the
second kind’ for the integral of a form which satisfies (b).

For general values of p and d, it has, as far as I am aware, never
been proved that (c,) and (c,) are equivalent, though this may well be
the case. But Lefschetz has shown that for p=3, d=3, an integral
may have non-zero residues and yet be the integral of a derived form,
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contrary to what happens when p=1,2. Hence in any discussion of
integrals of the second kind it is necessary to make clear at the outset
which definition is being used. Each definition can lead to an inter-
esting theory, but one must not expect the same theory from different
definitions.

If definition (c,) or (c,) is used, two p-fold integrals of the second
kind are to be regarded as equivalent if their difference is equal to the
derived of a rational (p — 1)-form on V. The main problem is to deter-
mine the group of equivalence classes of p-fold integrals of the second
kind. The first step, both with Picard and with Lefschetz, is to show
that any integral of the second kind is equivalent to one having as its
singular locus a fixed non-singular prime section C of V—usually
taken as the section by the prime at infinity. The second stage is to
show that any p-fold integral of the second kind having C as its
complete singular locus which has zero periods on all the p-cycles of
V in ¥V —C is equivalent to zero, and that there are integrals of the
second kind having arbitrarily assigned periods on the p-cycles of
Vin V-C.

There is not much to be said here about the case p=1, which is
really classical. Picard and Lefschetz both treated the case p=2,d =2
by somewhat similar but not identical methods, and Lefschetz ex-
tended the results to the case p =2, any d. He also gave a brief account
of the case p =3, d =3, along lines which, in theory, should be applic-
able to any p, d, though there are a number of difficulties of a topo-
logical nature which still require detailed study. This work is extremely
ingonious, and merits much more attention than it has ever had. But
there is still a third stage in the process of computing the groups of
p-fold integrals of the second kind which we have still to mention,
and it is here that Lefschetz’s topological approach produced an
urgently needed fresh idea. We have seen that a base for the p-fold
integrals of the second kind can be constructed by taking a set of r,
integrals having singularities only on € and having independent
periods on the 7, independent cycles of ¥ which lie in V —C. But
these r,, integrals may not be independent. The case p=2, d=2 was
fully investigated by Picard, and the results he obtained constitute
one of his most famous contributions to the theory of surfaces. His
solution related the non-zero combinations of his 7, integrals whose
integrands are derived with the simple integrals of the third kind, but
it is more convenient to explain his results in terms of the theory of
algebraic equivalence of curves on a surface due to Severi. On the
algebraic surface V there exists a set of curves I';, ..., I‘P which are
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algebraically independent, and are such that any other curve on the
surface is algebraically dependent on them. Without loss of generality,
we may take I',=C, and suppose that T', ..., I',_; are virtual curves
of order zero. Then each I'; (: <p —1) can be represented as a 2-cycle
in V—C,and a base A, ..., A,, for ¥ —C can be chosen so that A; = I,
(t=p-1),(A;,A)=0 (t=p—1,j2p). Picard’s result may be stated
as follows: an integral of the second kind with singularities only on C
18 equivalent to zero if and only if its periods on the cycles A; (i 2 p)
are zero.

The problem of extending this result to p-fold integrals on a variety
of dimension d is not an easy one, and must have been extremely
formidable around 1920, when the topological nature of an algebraic
variety was not well understood. The difficulty is that Picard’s result,
as [ have stated it, puts perhaps too much emphasis on the algebraic
nature of the exceptional 2-cycles, and this obscures the essential
properties of the cycles which make them exceptional. A further com-
plication is due to the accident that the dimension of the period cycles
is equal to the dimension of the cycles determined by the singular
loci of an integral of the second kind in the case p =2, d=2. Lefschetz
succeeded in seeing the essential nature of the exceptional cycles.
What he has shown, in fact, is that there exists a maximal subset
Ay, ..., A, of p-cycles on an algebraic variety V such that, if C is any
subvariety (possibly reducible) of dimension d—1on V,A,,..., A, are
homologous on V to cycles of ¥ — (), and an integral of the second kind
is equivalent to zero if and only if it has zero periods on the cycles A;
(i=1,...,0).

Lefschetz’s contribution to the theory of integrals of the second kind
may therefore be summed up as follows: (1) by beginning with a clear
understanding of the topology of an algebraic surface, he greatly
simplified the work of Picard on the double integrals on a surface;
(2) in extending the theory to double integrals on a variety of any
dimension, and then to triple integrals, he made abundantly clear the
pattern which the theory should follow in the case of p-fold integrals
on a variety of d dimensions. That for many years nothing further was
written on the subject was due to the fact that geometers felt they
knew all that they wanted to know about integrals of the second kind,
though some of the formal proofs were not available, owing to diffi-
culties of a purely technical nature. Just as in the case of the study
of the topology of an algebraic variety, I think that most geometers
felt that there was little point in pursuing a subject the results of
which were clear to them until a new technique appeared which would
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be capable of giving an elegant and comprehensive treatment of the
whole subject.

Such a technique has, indeed, presented itself in the theory of stacks,
and in the last few weeks a complete account of integrals of the second
kind has been developed by this means. In developing this method,
a careful study of Lefschetz’s definitions and results has been necessary
in order that the treatment should proceed on the right lines, and it is
not too much to say that without Lefschetz’s work as a guide it would
have been much more difficult for the investigators to set their target
so that an elegant and complete theory would result. In particular,
it has turned out that it is the necessity of fitting the theory of stacks
to the classical notions of algebraic integrals on a variety which has
led to the rejection of definition (b) as a suitable definition of integrals
of the second kind.

The definition of a p-form of the second kind which is adopted in
the stack-theoretic approach can be briefly described. On the algebraic
variety V of d dimensions, let ¥ be any divisor, given locally by the
equation f=0. We denote by Q?(kZ) the stack of germs of p-forms w
such that f¥w is holomorphic, and we let QP(xX) be the direct limit
of these stacks as k— o0, QP(*) the direct limit of the stacks QP(*X)
as X runs through the directed set of divisors. The essential results
used in the theory are that Ho(V,Qr(x))=0 (¢>0), and that if X is
ample, HY(V, QP(xX)) =0 (¢ > 0). Let ®»(x) be the substack of Q?(x)
formed by the germs of closed p-forms. Then any globally defined
meromorphic closed p-form on V is an element of the cohomology
group HO(V, ®»(x)), and the group of equivalent closed p-forms is
isomorphic to HY(V, ®P(x))[dH(V, QP~1(x)).

We construct an exact sequence of stacks
0—>dQP1(x) > OP(x) > AP -0,

and the associated cohomology sequence

e > HYV,dQP~1(%)) > HYV, ®P(x))

- HYV, R?)—> HHY(V,dQP~1 (%)) > ....

If i is any closed meromorphic p-form on V, that is, an element of
HO(V, dP(x)), we call its image in H(V,#?) in this sequence the
0-residue of 1. Assume that the 0-residue is zero. Then ¥ is the image

of an element of H(V,dQP~1(x)) and hence the class of equivalent
p-forms whose 0-residue is zero can be represented as

H(V,dQr=1(x))[dH(V, QP~1(¥)),
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and it can be shown that this quotient group is isomorphic to
HY(V, ®P-1(x)).

Let 3, be the element of this group representing the class of equivalent
forms to which ¥ belongs. We consider the same cohomology sequence
as above, but with p replaced by p— 1, and define the 1-residue of ¢ .
as the image of ¥, in H(V, #P-1). If this is zero, ¥, is the image of an
element of H(V,dQP~1(x)), and this group is isomorphic to
HX(V, ®r-2(x)).

We can then repeat the argument and define a 2-residue of ,, and if
this is zero, a 3-residue, and so on, up to a (p—1)-residue. If it is
possible to carry on the process so that we can define the (p—1)-
residue of i and if this is zero, i is said to be of the second kind, and
it is possible to show that this is equivalent to definition (a). Thus,
according to this definition, classes of equivalent p-forms of the second
kind are obtained as the images of the elements of H(V,C) in

HOV, ©7(x))[dHO(V, QV~1(x))
in the sequence of homomorphisms
Hr(V,0)x HP-Y(V,dQo(x)) > HP-Y(V, ®(x))
~ Hr=2(V,dQl (%)) = HP~2(V, D%(x))
...> HYV, ®r-1(x))

;H"( V,dQr=Y(x))[dHO(V, QP~1(x))
— HY(V, ®»(x))[dHO(V, QP~1(%)).

8

In this sequence of homomorphisms, the arrow always represents
injection. The dimension of the image can be determined, and the
result agrees with the results obtained by Lefschetz.

The subvarieties of an algebraic variety

One of Lefschetz’s theorems which is of great current interest is
that which gives necessary and sufficient conditions for an integral
(2d — 2)-dimensional homology class of a variety V of d complex
dimension to contain the cycle of a divisor on V. These conditions are,
of course, that the dual cohomology class can be represented by a
2-form of type (1,1). Lefschetz’s proof concerns the case d=2; the
generalization of this case to the case of a variety of d dimensions is
an easy matter, and we need only consider the simple case. We recall
that Lefschetz stated his results (referred to in what follows as his
main result) in the equivalent form: On an algebraic surface V a
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2-dimensional homology class contains the carrier cycle of a virtual
algebraic curve if and only if all the algebraic double integrals of the first
kind have zero periods with respect to it; and we shall consider the
theorem in this form.

The necessity of the condition is trivial, though it is worth noting
that in his earlier writings Lefschetz made rather heavy weather
of it; later, as his understanding of the problem grew, he was able
to reduce the proof to a couple of lines. There are indications that this
part of the result was known before, though it is difficult to trace an
explicit statement of it. But his great achievement was his proof of
the sufficiency.

His proofis an extremely ingenious deduction from an investigation
due to Poincaré. Poincaré considered a surface V, with ordinary
singularities, whose equation we may take to be

f(x’ Y, z)=0,

referred to axes in general position. A base for the integrals of the first
kind attached to the curves x =const. can be taken to be of the form

fﬂ<z}y’z)dy (t=1,...,p),
where P, is a polynomial in (z,y,2). Let (z,y;,2;) (j=1,...,m) be m
points in z = const. which vary in some manner with z, and let 4 be
any fixed base point of the pencil x =const. We consider the Abelian

sums
(x,v5,25) })l(x, Y, z)

where the same path of integration in x=const. is taken for each <.
Poincaré considered the behavior of the functions v,(x) when the
points (z,y;,2;) are the intersections of x=const. with an algebraic
curve I on V, or, more generally, when (x,y,,2;) (j=1,...,m) for
general z are the parts common to the section and I' which do not lie
at infinity (the base of the pencil = const.).

Poincaré’s determination of the form of the functions v;(z) has a
close connection with the description of the 2-cycles on V given by
Picard and Lefschetz. We again consider the critical values 2, ..., 2V
of z for which x = const. is tangent to V, and on the sphere X repre-
senting  we draw the cuts 2%/ (j=1,...,N). Picard and Lefschetz
showed that, associated with each point of the cut z%*, there is a
uniquely determined 1-cycle 8* varying continuously with z on the
cut, and reducing to a point at z=x*. Its locus is a 2-cell A;, whose

dy=v,(x) (t=1,...,p),
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boundary is the position &} of 8% as z—z°. Let w;,(x) be the period of
f (Py(x,y,2)dy)[f, on 8%, for x on z%*. Then Poincaré showed that if
(x,y425) (i=1, ...,m) describe an algebraic curve I' as x varies, then

Vi(x)_'27n2k=l kj gm(g)d§+¢qu G=1,...,p),

where A,, ..., Ay are integers, and ¢,(z) is zero if Pj(z, y, z) is of degree
not exceeding n— 3, and a polynomial of degree m, if Pyz,y,z) is of
degree n — 2 +m,. Conversely, he showed that, given integersA,, ..., Ay
and any polynomials ¢,(x) of degree m;, equations (1) determine a set
of points (x,y;, 2;) which describe an algebraic curve I if and only if
the following conthlons are satisfied:

(1) N1 A 0(®) =0;
(2) if for any point £ of  there exist constants a;, ...,a, such that
210y Pz (g: ¥,2)=0,
then Xo1a,v,(8)=0.

Lefschetz derived his theorem by suitably interpreting these con-
ditions. The first simply tells us that A, 0% ~ 0 in x=2a®. The second
simply states how the functions v;(x) are related at a point at which the
integrals selected cease to be independent. The conditions can be
simplified a good deal by a judicious choice of the integrals. Following
Severi, Lefschetz devotes a considerable part of one chapter of his
Borel tract to a discussion of the polynomials ¢,(x), and thereby
obtains the Picard integrals of the first kind on ¥}, but since this part
of his work has been largely replaced by using the theory of harmonic
integrals to discuss the Picard integrals, we shall shorten this account
by making use of results on Picard integrals and adjoint systems
obtained by other methods.

We then take the integrals

P(x,y,z .
J‘J(»fy‘ -»)dy (t=p—q+1,...,p),

where ¢ is the irregularity of V(2q = R,), to be the integrals on « = const.
deduced from the Picard integrals. Wehave m;=0, w;,(x) =0 (: 2 p —q).
In the remaining integrals Pi(z,y,2) is an adjoint polynomial of
degree n — 3 at most. If, for x=£ (£ finite), we have
Y%.10;FP(§,y,2)=0, wehave a, ,,,=...=a,=0,

and SPfa; Pz, y,2)=(x— &) Pz, y,2),
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and, by replacing one of the P, by P, we can lower the degree of one of
these polynomials. We can proceed in this way, and finally we reach
a stage where no further reduction of degree is possible; this means
that the polynomials P,(z,y,z) have been chosen to be linearly in-
dependent in x = const. for all values of the constant except infinity.
When we have so chosen the integrals

J‘Pi(x’y’_z)dy (i=1,...,p),

f
Poincaré’s second condition can be interpreted as
xk
pI /\kf w(x)dx=0,
or 2N A Uz.9,2) dzdy=0,
A fz
whenever Q(z, y, z) is an adjoint polynomial of order n — 4 (or less), and
[ Q=,y,2)
w,(z) = o T dy.

The condition XA, 0§ ~ 0 enables us to assert that there is a 2-chain
M in z=2%such that ', =2A, A, + M is a 2-cycle of V, and Lefschetz’s
form of Poincaré’s second condition states that the double integrals
of the first kind on V all have zero periods on I',.

If the points (x,y;,2;) (j=1,...,m) describe a curve I', then Lef-
schetz shows that I'~ I',+pC (C being a plane section of V, and p
an integer), and we obtain a new proof that the integrals of the first
kind have zero periods on the algebraic cycles. Now consider any
2-cycle on V. Lefschetz showed that it is homologous to a cycle of
the form Ty~XA, A+ M. We then construct functions vy(x) with
these A,, ¢, (i >p—q) being arbitrary constants. By the Poincaré-
Lefschetz theorem, there exists a curve I' with these Abelian sums,
and we have I'~ I, +pC. Hence I',, being homologous to I'—pC,
is therefore homologous to the cycle of a virtual algebraic curve,
and this establishes the theorem. The method has the direct-
ness which is typical of all Lefschetz’s contributions to algebraic
geometry.

Given a curve I' on V, the set of corresponding integers A, is not
uniquely determined, but the different sets correspond to the homo-
logically different choices of the paths for 4 to (z,y;,2,) (j=1,...,m).
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In particular, if I" and I'" are two curves (of order m) which are homo-
logous as cycles, we can choose the paths so that

@.v5.2) P(x,y, 2 (z,u,z)P , .
zr.lL Lfy g —zjﬂf PE@ .8 4, (i=1,...p—q),

p f.
(xw.B;)Px s (ZVJ")PZ , %
2721 i@, y,2) 4 y=3m lf i (fy )dy+pi

fo
. (t=p—q+1,...,p),
where p; is a constant. If p,=0 for all 7, the two curves cut linearly
equivalent sets on a general plane section, hence they are linearly
equivalent; if the p; are not all zero, the curves are not linearly equi-
valent, but in fact belong to the same algebraic system, and hence we
have the result that algebraic equivalence of curves and topological
equivalence of the corresponding cycles are two aspects of the same
relationship. This fundamental result of Lefschetz throws a great light
on the geometric theory of the base for curves on a surface—a theory
which was, of course, already known from the work of Severi.

It is scarcely necessary to emphasize the importance of this group
of theorems to the algebraic geometer. Those of us who are old enough
to remember our feelings on first discovering these results after years
of study of the more geometrical methods of getting the results will
recall the thrill with which we discovered that we had been presented
with a new and powerful tool for attacking our problems, and how high
our hopes were that we could use these new methods to attack new
problems. Could these results be used to build up a satisfactory theory
of equivalence for varieties of dimension r on a variety V of dimen-
sion d? As we have already remarked, the case r=d— 1 presents no
serious difficulties (though the method is more that of deduction from
the case d =2 than a generalization of the argument), and the case
r=2 any d can also be squeezed out of the Lefschetz argument, but
it is unfortunately the fact that all other cases have defied all attempts
to deal with them.

A direct generalization of Lefschetz’s method would involve first
the study of the d-cycles on a variety of dimension d. It is then an easy
matter to set up the equation which corresponds to the equation

(z,v529) Py(x, y,
)y Y p 'i'(:'cf“z'y‘ Da Zk-‘l/\kf E— o g)d§+¢t($);

but the difficulty is that the left-hand side is now a (d—1)-fold
integral over a chain, and we have to determine a suitable boundary
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cycle for this chain which will satisfy the equation; and no general-
ization of the theorem of inversion of Abelian integrals on a curve
has ever been found that is suitable for this problem. Many other
devices have been tried for generalizing Lefschetz’s arguments, all
without success, and it has been clear for some time that the best hope
of making progress was to find a new method of proving the main
result established by Lefschetz.

In the last year such a method has been found, by Spencer and
Kodaira. They begin by observing that any divisor D on an algebraic
variety V of dimension d defines a fibre bundle with base D whose
group is the multiplicative group C* of non-zero complex numbers:
If {U,} is a suitable locally finite covering of V, and D is given by
Ja=0inU,, f,5=1,Ifs the transformation functions of the bundle are
these f,,. Two divisors define analytically equivalent bundles if and
only if they are linearly equivalent. The characteristic cocycle of such
a bundle is an integral 2-cocycle, and it is shown that an integral
2-cocyecle is the characteristic cocycle of a fibre bundle with group C*
if and only if its cohomology class contains a 2-form of type (1, 1).
This main result is that any such bundle is equivalent to one defined
by a divisor, which is dual, in the classical sense, to the given 2-form.
This new method of obtaining Lefschetz’s main theorem (which applies
without restriction on d) raises hopes of progress towards the general-
ization so eagerly sought. It has led to the formulation of a number of
other problems, the solution of any one of which would yield the
solution of the main problem, but so far none has been solved; but it is
to be remembered that this method of proceeding has not yet had the
thorough examination that the problem of generalizing Lefschetz’s
methods directly has had.

An important point to notice is that Lefschetz’s method of pro-
ceeding links his main result with algebraic equivalence, while
Spencer’s and Kodaira’s method links it with linear equivalence. If
and when their methods yield the required generalization of the main
theorem, many extremely interesting problems on equivalence, the
answer to which is at present wide open, will be ripe for close examina-
tion.

The theory of correspondences

We have already seen the importance in the classical geometry of
algebraic surfaces of Lefschetz’s investigations on the curves on a
surface. They have other equally important applications, and we now
refer briefly to the application he made of his results to the theory of
correspondences between curves. Severi had used the surface which is
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the product of two curves C' and D with great effect to give a geo-
metrical treatment of the theory of correspondences between C and D.
Lefschetz used his theorems to give an extremely elegant treatment of
the transcendental theory, obtaining all the results which Hurwitz
had obtained.

On C x D any correspondence A between C and D is represented
by a curve L, representing the pairs of points z, y of C, D which corre-
spond in A. The 2-cycle defined by L is sufficient to determine the
mapping of the homology group of C into the homology group of D,
and that of D into that of C, and hence the usual equations of Hurwitz.
Thus we have only to consider the algebraic cycles of C'x D. If x is
a point of C, and y,, ..., y,, is a minimal basis for the 1-cycles of C,
and y is a point of D, 4, ..., d,, a minimal basis for the 1-cycles of D,
any 2-cycle of C' x D is homologous to

Po~vaxx D+ 0 xy+ 3 3, tijyi X 0
where a, 8, u;; are integers. A necessary and sufficient condition that
there should be a curve on €' x D homologous to this is that the double

integrals of the first kind should have zero periods on this cycle. Let

jdui (¢=1,...,p) be a basis for the integrals of the first kind on C,
and let

du;=w;y;
7]
and similarly let f dv; (1=1,...,q) be a basis for the integrals of the first
kind on D, and let

Then fdu,.xdvj (¢=1,...,p; j=1,...,q) is a basis for the double in-
tegrals of the first kind on C' x D, and the necessary and sufficient
condition that I', is homologous to an algebraic cycle is

Eiz‘fﬂzjwhlvkj=0 (h‘:l,.-.,p; k=1,...,q).

If there are k independent sets of relations of this type, there are
exactly k+2 independent algebraic curves on Cx D, and hence
exactly k+ 2 algebraically independent correspondences between C
and D. This gives a new proof of the central result of Hurwitz’s theory.

It is not necessary to enlarge here on the details of this theory,
nor to discuss the application of the same arguments to the case in
which D is a copy of C to obtain the Riemann relations between the
periods of the integrals of the first kind on C. The brief sketch we have
given should be sufficient to show that a most fruitful field of applica-
tion of Lefschetz’s result lies in the theory of correspondences. It is
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natural to apply similar methods to the theory of correspondences
between irreducible algebraic varieties U and V of dimension r and 8
respectively. An algebraic correspondence between U and V, of dimen-
sion d, is represented by a variety L of dimension d on U x V, and one
easily sees that the problem is largely one of determining the con-
ditions for a 2d-cycle on U x V to be homologous to the cycle defined
by an algebraic variety of dimension d, and the notion of equivalence
of varieties of dimension d on U x V plays a fundamental role. In
the case d =7+ s— 1, as we have seen, we have the necessary knowledge
and much progress has been made. In particular, D. B. Scott has been
able to make very effective use of Lefschetz’s methods, particularly
in the case r=s=2, but the general problem brings us back to the
problem we discussed at the end of the last section, and gives an
additional reason why we should use every endeavor to solve it.

Abelian varieties

No appreciation of Lefschetz’s contributions to algebraic geometry
would be complete without a reference to the extensive contributions
he has made to the theory of Abelian varieties, though the present
position of this branch of geometry is different from that of the other
branches mentioned above. Although the theory of Abelian varieties
in modern algebraic geometry is a matter of the greatest interest,
I do not think it can be claimed that it derives to any extent from
Lefschetz’s work. The fact is that the study of Abelian varieties and
Riemann matrices developed by Scorza and Rosati, and carried on by
Lefschetz, has been essentially completed by Albert and Weyl, and, as
happens too often now in modern mathematics, has then been left
aside. In spite of this, however, Lefschetz’s contributions call for
some mention in the present setting.

Apart from the actual results achieved, Lefschetz’s work on
Abelian varieties is well worth attention from those who derive in-
spiration from the study of the way in which a master works; for
I have formed the impression that his Bordin Prize memoir, which
contains an account of nearly all his work on Abelian varieties, con-
tains many indications of the manner in which his ideas on the
topology of varieties, integrals of the second kind, and on the charac-
terization of algebraic cycles, developed. The memoir is divided into
two parts: the first is a forerunner of his Borel Tract, dealing with the
properties of general varieties, and the second deals explicitly with
Abelian varieties, but in fact it falls naturally into two sections, one
dealing with the geometry of the varieties, and the other with the
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complex multiplication of Riemann matrices. This last is much the
longer, and takes the subject a very long way, running on parallel
lines to the work of Scorza. But it is not so typical of the work of
Lefschetz as the part dealing with the geometry of Abelian varieties,
and if I do not devote as much space to this part of the memoir this is
not to be taken as implying in any way a lack of appreciation of its
achievement. It did, indeed, set out a scheme for determining all
possible complex multiplications and carried the application of the
scheme a long way; but its very success carried its own condemnation,
since in the hands of Albert it completely answered the question it
was designed to solve and left little more to be done.

For me the fascination of the section of the Bordin Prize memoir
dealing with the geometry of Abelian varieties lies in seeing Lef-
schetz’s general ideas in action for the first time, and in seeing them
verified in special cases. Of course, a mathematical theorem, rigorously
proved, needs no such verification; but it is a common human instinct
to see how a novel idea works in practice in a simple case, and Abelian
varieties, where the topology is so simple, are ideal for applying
Lefschetz’s general theory. But there is more to it than this; by seeing
how this theory works out on an Abelian variety, where the results
can be obtained by using the theory of §-functions which is available,
one gets a deeper understanding of the general theory, and so a greater
mastery of it. In the present case, one may even speculate on how far
the study of Abelian varieties led to the theory for general varieties.
Only Lefschetz can give a definite answer, but it seems to me to be
quite possible, for instance, that he first observed that on an Abelian
variety a 2-cycle could be represented as an algebraic curve if and only
if the double integrals of the first kind had zero periods on it, and
from this was led to his general theorem. Whether this is so or not, the
significance of the general theorem when applied to Abelian varieties
is most illuminating, and one cannot but wonder whether we could not,
with profit, use Abelian varieties to test out a number of the con-
jectures which are now current in the theory of algebraic varieties.

Conclusion

In the foregoing sections my purpose has been mainly to discuss
the relation to current problems of mathematics of the more im-
portant contributions which Lefschetz has made toalgebraic geometry.
I have, I hope, shown that this work bears heavily on a great deal of
present-day research in algebraic geometry, and that its great quality
is that it is as alive today as it ever was. But, lest it should seem that
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Thave merely selected anumber of isolated contributions which happen
to be of interest today in order to establish my thesis that his work
counts a great deal in modern algebraic geometry, I should like to deal
briefly in more general terms with Lefschetz’s influence on algebraic
‘geometry. The fact that so many of his contributions are concerned
with present-day problems says a great deal, but I believe that his
greatness lies even more in the permanent change in direction which
his influence has produced in algebraic geometry.

To speculate on what might have been, had some historical event
not taken place, is a singularly useless occupation, and any opinion on
how algebraic geometry would have developed without Lefschetz’s
intervention can only be a personal one. I am, however, in a position
to state one incontrovertible fact. The idea of generalizing the notion
of an algebraic integral to give a theory of harmonic integrals on an
algebraic variety arose out of a study of Chapter 1v of Lefschetz’s
Borel Tract, and an attempt to carry the work of that chapter further,
and but for the influence that Tract had on me I should never have
thought of the idea. Whether others would have arrived at the same,
or a similar, idea by other ways I cannot say, but it is surely not un-
reasonable to claim that Lefschetz’s influence is responsible for that
particular development, and led, through the fusion of the notion
of harmonic integrals with Schwartz’s theory of distributions, to
de Rham’s theory of currents, which in the hands of Kodaira, Spencer
and others has done so much for algebraic geometry. I do not think
that it can be claimed that the theory of stacks owes anything to
Lefschetz, but, on the other hand, the number of applications which
have been made of that theory, particularly to algebraic geometry,
owes beyond doubt a very great deal to him.

In considering the development of algebraic geometry since 1924
(the date of the publication of the Borel Tract) one is conscious of
three main streams: first, the classical theory which we owe to the
Italian school, in which the ideas of system of equivalence and
canonical systems have emerged; secondly, the abstract algebraic
geometry which we owe to Zariski and Weil; and thirdly, the trans-
cendental-topological theory, which has, to a certain extent, been
merged into the theory of complex manifolds, in which, however,
the algebraic varieties keep on distinguishing themselves as the only
manifolds on which some of the operations of the theory can be per-
formed. No single person can claim to be the sole founder of the
theory of complex manifolds, but when one considers how many of
the properties originally derived by Lefschetz for algebraic varieties



22 W.V.D. HODGE

now hold their place in the theory of complex manifolds, and how he
has influenced decisively so many who have contributed to this
theory, one must accord him an honored place among the founders
of a great branch of mathematics; and this without even taking
account of his influence, through his work in pure topology, on the’
topologists who have helped to build the theory. It seems clear to me
that Lefschetz by his work on the topology and transcendental theory
of algebraic varieties has been a major influence in turning the minds
of geometers in new and fruitful directions, and in so doing he has
achieved what it is given to few to do.

Bibliographical note

I have not given references to individual papers in this article. The
plan I have adopted for my appreciation of Lefschetz’s services to
algebraic geometry involves a great deal of combining part of one paper
with a part of another, and, at times, it has led me to reinterpret some
of his results in a more modern idiom. Hence most quotations would
have involved a multiplicity of references, and without a detailed
guide to the relevant section of the papers quoted, the references
would not be much help to the reader. A complete bibliography of
Lefschetz’s writings may be found on pp. 44-9 of this volume; the
titles of these are usually sufficient to indicate to the reader which are
relevant to the various sections of this article. Moreover, we are
fortunate in the fact that Lefschetz has given us, in the form of books
and tracts, a number of invaluable expositions of his work, and in
these will be found copious references to his relevant papers, and to the
writings of other mathematicians to whom he is indebted.

Of these, the Borel Tract of 1924 is the most famous. This sets out
the essentials of his work on the topology of algebraic varieties, his
theory of curves on a surface, the theory of integrals of the second
kind, and on Abelian varieties (but not complex multiplication).
The MEMORIAL DES SCIENCES MATHEMATIQUES (1929) reviews, mainly
without proofs, from a wider point of view, the whole range of algebraic
geometry which is related to his own particular work, and ends with
a suggestive list of unsolved problems, some of which have been solved
in the meantime, but others are still a challenge. The chapters which
he contributed to the NATioNAL RESEARCH COUNCIL REPORT ON
BIRATIONAL TRANSFORMATIONS (1932) contains a good bibliographical
account of the transcendental theory of varieties, and, in particular,
the last chapter is an invaluable record of researches on Abelian
varieties and Riemann matrices.
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It is appropriate to refer here to another book on algebraic varieties
which we owe to Lefschetz. In 1935-8 he gave at Princeton a series of
lectures on algebraic geometry, particularly the birational theory of
curves. In these he made consistent use of the theory of formal power
geries so that he could extend to any algebraically closed field of charac-
teristic zero the classical treatment given to the theory of curves over
the complex field. These lectures were issued at the time in mimeo-
graphed form, and in 1953 they were included in a book on algebraic
geometry, which also contains an account of the basic principles of
abstract algebraic geometry in space of » dimensions, and concludes
with his latest reflections on the theory of integrals of the second kind
on a surface. This book is of such recent date that there is no need
to discuss its contents here, save only to say that it provides an
astounding example of the way in which Lefschetz, in his seventieth
year, retains his grasp on recent developments in a wide field.

CAMBRIDGE UNIVERSITY



The Work and Influence of
Professor S. Lefschetz in
Algebraic Topology

Norman E. Steenrod

1. Introduction

Of the many contributions of Lefschetz to algebraic topology, the
two which are best known and most often remarked are the fixed-
point formula and the duality theorem for manifolds with boundaries.
Although these two results appear on the surface to be quite un-
related, this is not the case. They possess a common underlying
theme, namely, intersections and products. 1t was in the development
of intersection theory and the algebraic techniques connected with
products that Lefschetz made contributions of the highest order.

This assertion is substantiated in part by a survey of subsequent
developments in algebraic topology. The fixed-point and duality
theorems are nearly terminal results. Much of their beauty lies in
their completeness and finality. It is true that they have found
numerous applications and have been extended in various directions.
However, they have not inspired any large-scale new trends. In
contrast, the theory of products has had an extensive development
culminating in the cohomology ring and the reduced power operations
associated with the ring structure. These appear as vital tools in all
phases of algebraic topology beyond the most elementary.

The fixed-point problem seems to have dominated nearly all of
Lefschetz’s work in topology. Some dozen papers appearing during
the period 1923-38 were concerned directly with the problem. It is
probable that much of the inspiration and impetus for his investiga-
tions in topology ‘was provided by his discovery in 1923 of the fixed-
point formula and the proof of its validity for a self-mapping of a
closed manifold. The problem he faced was the generalization of the
result to a wider class of spaces than closed manifolds. This involved
an extension of the meaning of the terms of the formula as well as an
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extension of the proof. Successive papers marked successive steps in
the process from closed manifolds to relative manifolds, to general
complexes, to the final form for locally connected spaces. In con-
sequence he was a central participant in one of the major trends of
the period 1925-35, namely, the extension of the methods of com-
binatorial analysis situs to general topological spaces.

It is indicative of the influence of Lefschetz that the present-day
usage of the terms ‘topology’ and ‘algebraic topology’ is due to him.
Before the appearance in 1930 of his first Colloquium Publication
entitled T'opology, the subject was known as analysis situs. When his
second Colloquium Publication entitled Algebraic Topology appeared
in 1942, the adjective ‘combinatorial’ fell into disuse.

2. The fixed-point formula

The results on fixed points which preceded the work of Lefschetz
were the theorems of Brouwer for continuous mappings of the n-cell
and n-sphere, and a theorem of Alexander on topological mappings
of a 2-dimensional manifold.

The basic step toward a full-fledged result was Lefschetz’s discovery
in 1923 [25]1 of a formula. Its description runs as follows. Let f be a
continuous map of a topological space X into itself. For each dimen-
sion n, f induces an endomorphism f, of the homology group H,(X)
based on the rational numbers R as coefficient group. Now H,(X) is
a vector space over R. Ifits rank is finite, there is assigned a numerical
invariant of f, called its trace and denoted by Tr(f,). The trace is
computed by choosing a base for H, and taking the trace of the corre-
sponding matrix representation of f,. Then the Lefschetz number
of f, denoted by L(f), is given by

(2.1) L(f)=Z5=o (= )" Tr (f,).

It is clear that restrictions must be imposed if L(f) is to be well
defined. It suffices, for example, to require that X be the space of a
finite complex. Then it can be shown that Tr (f,) is an integer, and it
is zero in dimensions exceeding that of the complex; hence L(f) is
defined and is an integer.

The conclusion of the fixed-point theorem reads: If L(f)#0, then
f has at least one fixed point (i.e. there is a point x€ X such that

fl@)=2).

t References are to the Bibliography of the Publications of S. Lefschetz, pp. 44-9,
this volume.
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The conclusion is valid whenever X is the space of a finite complex.
This result was proved by Lefschetz in 1928.

His initial theorem in 1923 asserted the conclusion only when X is
a compact orientable manifold (without boundary). In this case he
was able to prove more by assigning a geometric significance to the
numerical value of L(f) for an arbitrary f in the following manner.
For each f and each e > 0, there exists an e-approximation g to f such
that (i) the fixed points of g are finite in number, and (ii) for each fixed
point, g maps some neighborhood topologically onto a neighborhood.
Then, for each fixed point z; (¢=1,...,k) of g, there is a local degree
or index a;= + 1 according as g preserves or reverses the orientation
of the neighborhood. For such a g, he proved the basic relation

(2.2) L(g)=X¥_,a;.

The method of proof will be discussed in the next section. If ¢ is
sufficiently small, g is homotopic to fso that f, =g, in each dimension n.
Hence L(f)=L(g). These facts justify calling L(f) the sum of the
wndices of the fixed points of f. It is a count of the ‘algebraic’ number
of fixed points.

3. Product spaces and intersections

As stated in the introduction, the techniques introduced by Lef-
schetz have had a major influence on the development of algebraic
topology. His proof of the first fixed-point theorem (for manifolds,
1923)initiated the use of product spaces and intersections as basic tools.

A map f of a manifold M into itself determines its graph G(f) in
M x M consisting of the pairs (z, fx) for xe M. The fixed points of f
correspond to the points in which G(f) intersects the diagonal D of
M x M. Assuming that M is oriented, we may regard G(f) and D as
n-dimensional cycles on the 2n-dimensional manifold M x M; then
there is defined an intersection number (Kronecker index) of the two
cycles. It can be computed by choosing a cellular decomposition of
M x M in which the diagonal D appears as a subcomplex, and by
deforming the cycle G(f) into a cycle of the dual subdivision where
the intersections of dual n-cells with the diagonal are regular and may
be counted with due regard for signs.

If one observes that the deformation of f into a map g, as described
in § 2, corresponds to the above deformation of G(f) into a cycle which
intersects the diagonal in general position, it becomes intuitively
evident that the intersection number of G(f) with D is precisely the
sum of the indices of fixed points as defined in (2.2).



LEFSCHETZ AND ALGEBRAIC TOPOLOGY 27

The final step is the computation of the intersection number in
terms of the induced homomorphism f,.. To accomplish this, Lefschetz
gave a formula for the homology class of G(f) on M x M as a sum of
products of cycles on the two factors as follows. In each dimension g,
choose an independent base z9 (i=1, ..., R,) for the homology group
H, (M) with rational coefficients. Poincaré duality provides a dual
base y?=? (t=1,...,R,=R,_,) such that the intersection number
z-y?~?=1 or 0 according as i =j or not. The cross-product x% x f, y»~2
is an n-dimensional homology class of M x M. Summing over all 4
and q gives the homology class of the cycle G(f)

(3.1) G(f)~ 2,28 X fuy? 2.
Taking f to be the identity, the same formula gives the diagonal
cycle
D~ S 0 x 3.

Since D is symmetric under the interchange of the two factors, we
have also
(3.2) D~ 3, i (= 1)Pm=P) yn=p x g7,

The intersection number G(f):D can now be computed from (3.1)
and (3.2) using intersection relations in M. Since x§-f,y!~? is the
coefficient of y7~?in the representation of f,, y?~?in terms of the y-base,
the trace formula follows immediately.

4. Coincidences

The basic idea in the preceding construction was the observation
that the fixed points of a map correspond to the intersections of the
graph with the diagonal. Observing that the intersection number of
two n-cycles in a 2n-manifold is always defined, Lefschetz generalized
the problem and the result as follows. Let M and N be two n-mani-
folds, and let f and ¢ be two maps of M into N. A coincidence of f and
g is a point « in M such that fx=gz. In the product manifold M x N
both f and g have graphs G(f) and G(g). Clearly a coincidence corre-
sponds to a common point of the two graphs. So if the intersection
number L(f, g) of the two n-cycles G(f) and G(g) is non-zero, the two
maps will have a coincidence.

The reduction of the computation of L(f,g) to a sum of traces is
carried out much as before. The result, however, is not easily ex-
pressed in invariant form in the original language of homology. The
invariant form needs also the language of cohomology. Let x, v
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denote the duality isomorphisms between homology and cohomology
in M and N with rational coefficients:

Uy H(M)~H" M), v,: H(N)~H"9N).
Let foo H(M)—H/N), g9 H9YN)->H"YM)
be the homomorphisms of homology and cohomology induced by
fand g. Then

(4.1) Oo=ta 9" Vel
is an endomorphism of H (M) for each q. The main result becomes
(4.2) L(f,9)= Zo (— 1) Tr 6,

If M =N and g is the identity, a coincidence of f, ¢ is just a fixed
point of f. Also in (4.1), z=v and g"~¢is the identity so that 6,=Ff,.
Thus (4.2) reduces to the previous formula for L(f).

5. The intersection ring

Consider now the case dim N < dim M. The graphs of f and g are
still m-cycles, but M x N has dimension m +n < 2m. The geometric
intersection of the two cycles is no longer a finite set of points, i.e. a
0-cycle with a Kronecker index. If the two cycles are in general
position, the dimension of the intersection is m —n.

It is quite probable that this consideration was one of those which
led Lefschetz to develop the theory of the intersection ring of a mani-
fold [31,32,33]. Perhaps more important considerations were the
parallelism between cycles on a manifold and subvarieties of an
algebraic variety, and the applications real and potential, of homo-
logy theory to algebraic geometry.

In any case Lefschetz undertook the task of defining an intersection
homology class corresponding to any two homology classes of an
orientable manifold. If 4 and B are representative cycles of two
homology classes on the same triangulation of M there is no obvious
way of defining a combinatorial operation leading to an intersection
cycle. Several triangulations are necessary.

The first solution was the introduction of the concept of general
position. A polyhedral complex is a complex imbedded in a Euclidean
n-space so that each g-cell o is a convex subset of a g-dimensional
linear subspace L(o). Two linear subspaces L,, L, of dimensions p, q
are in general position in n-space if their intersection L, N L, has the
least possible dimension, namely, p +¢—n. Two polyhedrons K,, K,
in n-space are in general position if, for each o€ K, and each 7€ K,,
L(c) and L(7) are in general position. In this case a simple induction
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shows that if the closed cells &, 7 have a non-vacuous intersection,
then o N7 is an open convex set in L(o) N L(r) whose boundary is
a polyhedron whose cells are the intersections of o and its faces with
7 and its faces (excluding o N 7).

An orientation of a vector space is an equivalence class of sets of
basis vectors, two bases being equivalent if the matrix relating the
two bases has a positive determinant. There are thus two orientations,
and an orientation is specified by a set of basis vectors. A vector sub-
space is oriented in the same manner. A linear subspace, i.e. a coset of
a vector subspace, is oriented by selecting an orientation of the
parallel vector subspace. Let a fixed orientation of n-space be chosen.
If L,, L, are oriented linear subspaces, of dimensions p,q, a unique
orientation of L, N L, is defined as follows. Select base vectors
%y, ..., %, for L, agreeing with the orientation of L, and so that z,_, ...,
z, is a base for L, N L,. Complete the latter base to a base z,_, ..., 2,
for L, agreeing with its orientation. Then z,_,, ..., 2, is or is not the
orientation of L, N L, according as 2y, ..., 2, is or is not the orientation
of the n-space.

An orientation of a polyhedral cell o is just an orientation of the
linear space L(o). The concept of an oriented intersection extends
naturally to an intersection o N 7. This defines an algebraic inter-
section for the generators of the chain groups of K, and K, with the
added agreement that o N 7 =0 if the geometric intersection is empty.
Then there is a unique bilinear extension to an intersection of chains:
if cis a p-chain of K, and d is a ¢-chain of K,, thencNdisa (p+q—n)-
chain of K, N K,.

A most important step is to prove the boundary formula

(5.1) ocnd)=dcNd+(—1)PcNad.

It is sufficient of course to prove this for an intersection of oriented
cells. This is not difficult if the incidence numbers occurring as coeffi-
cients in the boundary formula are defined as follows. Let p be a
(p—1)-face of the p-cell o. If z,,...,2,_, are vectors defining the
orientation of p, adjoin a vector z, in L(c) extending toward the side
of L(p) not containing o (e.g. the outward normal). Define the in-
cidence number of p and o to be +1 according as z,, ...,x, does or
does not agree with the orientation of .

The importance of (5.1) is that it implies that the intersection of
two cycles is a cycle, and also that the intersection of a eycle and a
boundary is a boundary. These facts are vital if an intersection of
homology classes is to be defined.
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Recall that the original problem was to define intersections of
cycles in a manifold. We have sketched above an intersection theory
for two polyhedrons in general position in a linear space. Several
more ideas are needed. Most manifolds do not admit a linear structure.
However, a triangulation of a manifold defines a local ‘piecewise’
linear structure. Each cell has a linear structure and the linear struc-
ture of a face of a cell agrees with that of the cell. This proves to be
sufficient for extending the concept of general position to triangulated
manifolds.

The final step is to show that two homology classes of M can be
represented by cycles in general position. This is done by constructing
the dual complex K* of a simplicial triangulation K of M. Let K’ be
the first barycentric subdivision of K. The vertices of K’ are the
barycenters of the simplexes of K; the weight of a barycenter is the
dimension of the corresponding simplex. Then the dual of a g-simplex
o is the union o* of the simplexes of K’ whose vertex of least weight
is the barycenter of o. Conditions on the triangulation K which insure
that M is a manifold imply that o* is an (n — ¢)-cell; and the collection
of dual cells forms a complex K* in general position relative to K.
Furthermore, K N\ K* has K’ as a subdivision. Thus the intersections
of cells of K and K* can be defined directly as chains in K'.

The topological invariance of the homology groups implies that any
two homology classes b, ¢ can be represented by cycles b on K and ¢ on
K*, then the intersection cycle b "¢ on K’ represents the homology
class bN¢.

The foregoing sketch is given with some detail so that the boldness
of the procedure is in evidence. One complicated construction is
piled on top of another before even the basic definition can be given.
Actually the sketch of the definition is incomplete; it must still be
shown that the intersection class b N ¢ is independent of the choice of
the initial triangulation K of M.

The basic properties of the intersection ring established by Lefschetz
are the associative and distributive laws, the commutation law

(5.2) bne=(-1)PeNd,

where p, ¢ are the dimensions of b,¢; and the fact that the fundamental
n-dimensional class of M is a unit of the ring. Although the results
are simple the proofs were exceedingly complicated. The reader can
eagily convince himself of this by making a rough estimate of the
number of triangulations involved in a proof of the associative law.
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6. The relative homology groups

Although the fixed-point theorem for manifolds is an extremely
beautiful result, Lefschetz must have been dissatisfied by the fact that
it did not include the fixed-point theorem of Brouwer for an n-cell.
A cell is not a manifold. However, it is a manifold with a boundary
which is itself a manifold, i.e. it is a relative manifold. If the techniques
used in proving the fixed-point formula for manifolds could be
extended to relative manifolds, then the Brouwer theorem might be
included. The techniques in question were products, intersections
and duality.

It is likely that Lefschetz was impelled by these considerations into
an investigation which resulted in two fundamental contributions:
the introduction of the concept of relative homology groups, and the
discovery of the relative form of the Poincaré duality theorem
[34,36,44].

It is an idle occupation but highly fascinating to speculate as to
what might have happened if Lefschetz had suspected in 1924, say,
that his fixed-point theorem was valid for an arbitrary complex, and
not just for manifolds and relative manifolds. Would he have headed
straight for the goal of proving this general result, and thereby missed
the relative duality theorem? When and in what connection would
the basic concept of relative homology have been developed?

It is hardly necessary to describe in detail the definition of the
relative homology groups. In modern language, if K is a chain com-
plex, L a subcomplex, then the factor groups C,(K)/C (L) with the
induced boundary operator give a chain complex K /L whose homology
groups are the relative groups of K modulo L. In the original form, the
relative cycles are chains of K whose boundaries are in L. Two relative
cycles are homologous mod L if their difference plus a chain of L is
a boundary.

7. Duality in a relative manifold

The foundation of duality is the construction of the dual complex K*
described in § 5. 1f the same construction is applied to a triangulated
n-manifold K with boundary L all steps carry through as before for
the cells of K —L. The dual of a g-cell ¢ in K—L is a transverse
(n—gq)-cell o* contained in K — L and incidence relations <7 in
K — L are inverted: 7* < o*. For a cell o of L, the dual o* is not an
open cell; it is only half of an open cell. Using the idea of relative
homology, the cells of L are neglected, so that K* is defined to be the
complex of cells dual to the cells of K —L. Since K —L is an open
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complex, K* is a closed complex. As a geometric point set it is closed
and contained in the open set K — L.

In modern language, the correspondence o—o* defines isomor-
phisms of homology with cohomology: H,(K/L)~ H"-9(K*). This is
hardly satisfactory as a result, since K* is a new geometric configura-
tion, and as a point set it depends on the triangulation. However, it
contains all of K except for a neighborhood of L, and this can be
made arbitrarily small by using a sufficiently fine triangulation.
Using the regularity conditions on cells of L, Lefschetz showed that
any chain of K could be deformed into K*. In modern language, K* is
a deformation retract of K. Therefore the inclusion map K* < K induces
isomorphisms H"~9(K)~ H"-9(K*). Combining the two isomorphisms

gives the final result H(K/|L)~H9(K).

Of course, the original result was not stated in this form since the
language of cohomology had not been developed. In the original form
the statement reads: the gth Betti number of K mod L equals the
(n—q)tr Betti number of K, and the ¢-dimensional torsion numbers
of K mod L coincide with the (n —g¢ — 1)-dimensional torsion numbers
of K.

If L is vacuous, it is clear that we obtain the Poincaré duality
theorem, and therefore the relative theorem is a true generalization.

8. The Alexander duality theorem

One of the principal achievements of the Lefschetz duality theorem
was that it revealed clearly the intimate relationship between the
duality theorems of Poincaré and Alexander. Suppose K is an
n-dimensional sphere and L is a closed subcomplex. As above we can
construct the dual K* of the open complex K — L, and we have

(8.1) H/(K|L)~ H™4(K*).

In this case L is not a regular boundary, and K* is not a deformation
retract of K. However, it is a deformation retract of the open set
K — L. This is easily seen if one observes that each simplex of K’
which is neither in L’ nor in K* is the join of a simplex o of L’ with
a simplex 7 contained in K*. The complement of ¢ in the join is a set
of half-open line segments each with an end in 7; hence there is a
canonical deformation of this complement into 7. Therefore the
inclusion map K* < K — L induces an isomorphism

(8.2) Hn—(K — L)~ H"(K*).
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Since K — L is an open set, the type of cohomology group must be
specified. It is of course the singular cohomology group.
Combining (8.1) and (8.2) gives the Lefschetz duality

(8.3) H(K|L)~H"(K — L)

based only on the weaker assumption that K — L is an open manifold.
The final step, in current language, is to examine the homology
sequence of (K, L): P
- H(K)->H,(K|L)—~>H, ,(L)-> H, ,(K)-.

Since K is an n-sphere, we have H,(K)=0 if ¢#0 or n. Since the
sequence is exact,

0: H(K|Ly~H, (L) (22q<n).
Combining this with (8.3) gives the Alexander duality theorem
(8.4) H(L)xH"YK—-L) (1sq<n-2).

The cases ¢=0 and n—1 are included by inserting the known values
of Hy(K) and H,(K), with the result

A(L)~H"K-L), H, (L)~HAK-L)

where the tilde means to take the reduced 0-dimensional group.

This, of course, is not the full story since it is assumed that L is a
subcomplex of a triangulation of K. If it is only assumed that L is
topologically imbedded in K, an additional argument is needed which
runs as follows. Form the sequence of successive barycentric sub-
divisions of K. In the jth subdivision, let L; be the smallest closed
subcomplex containing L. Then {L;} is a decreasing sequence of closed
complexes converging to L, and {K — L,} is an expanding sequence of
open sets whose union is K — L. The groups {H,(L;)} form an inverse
sequence converging to H,(L) as limit. The groups {H*2-}(K — L,)}
form an inverse sequence converging to H»~¢-}(K — L) as limit. The
duality relations H,(L,) ~ H*~4-(K — L,) give an isomorphism of the
two inverse systems which in turn induces an isomorphism of the
limit groups.

The reader should take heed that this account is much over-
simplified by the use of concepts such as cohomology and inverse
limits which had not been developed at the time Lefschetz was engaged
in these investigations. In fact the homology group itself was barely
recognized, for the language of groups and homomorphisms was not
used generally in the subject. Instead one dealt with chains and
cycles, systems of linear relations on cycles given by boundaries, and
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then passed directly to the Betti numbers and torsion coefficients.
During the period 1925-35 there was a gradual shift of interest from
the numerical invariants to the homology groups themselves. This
shift was due in part to the influence of E. Noether, and developments
in abstract algebra. It was also enforced by two directions of general-
ization: (1) from complexes to general spaces where the homology
groups may not be characterized by numerical invariants, and
(2) from integer coefficients to arbitrary coefficients where, again,
numerical invariants are inadequate.

Because of these language difficulties, it is not possible to give a
simple answer to a question such as: Did Lefschetz use inverse limits,
and did he define the homology groups usually attributed to Cech?
He did define Betti numbers for a compact set L imbedded in a sphere
by the use of a decreasing sequence {L;} of polyhedra converging to L;
and he did remark that these were topological invariants of L, and
that the Alexander duality for Betti numbers holds in this general
case.

9. The fixed-point theorem for a complex

As stated earlier, Lefschetz extended the validity of his fixed-point
formula from closed manifolds to manifolds with a regular boundary.
In 1928, Hopf showed that it held for an arbitrary »-dimensional com-
plex if the transformation is restricted so that the fixed points are
isolated, and are contained in n-cells. This breach in the wall of
manifold-like assumptions probably convinced Lefschetz that the
formula has very general validity. In any case he set about an in-
vestigation of the homology theory of finite-dimensional separable
spaces. Just when and where he succeeded in extending to complexes
the validity of the fixed-point formula is difficult to determine. In
1930 he over-optimistically claimed its validity for a compact metric
space of finite dimension having finite Betti numbers [46, 48]. But
certainly by 1933, he had devised a simple and elegant proof for a
complex which runs as follows [57].

Let f be a map of a complex K into itself which has no fixed point.
A simplicial triangulation of K is taken so fine that each closed star
fails to intersect its image under f. Denote this triangulation by K.
By the simplicial approximation theorem, there exists a subdivision
K’ of K and a simplicial map g: K’'— K such that, for each z, gz lies
on the closure of the simplex of K containing fz. Denote the sub-
division chain-mapping K > K’ by ¢. Then g¢ is a chain-mapping
K—>K, and it induces the homomorphisms f,: H,(K)-> H,(K).
Because of the fineness of the initial triangulation K and the nearness
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of g to f, each cell o of K fails to intersect the chain g¢o. Therefore, in
each dimension g, the trace of the chain-map g¢,: C,(K)—>C,(K) is
zero. Hence the alternating sum of these traces is zero. The final step
is provided by a simple algebraic lemma which asserts in general that
the alternating sum of the traces of an endomorphism of a chain
complex equals the same sum for the induced endomorphisms of the
homology groups. Thus, no fixed points implies L(f)=0.

10. Pseudo-cycles

The proof sketched above bears little resemblance to the initial
proof for manifolds. The product space K x K and intersections are
not used. However, these ideas were used in an earlier proof [48] which
is notable in that it marked the first appearance in the literature
(1930) of a kind of cocycle. Lefschetz called it a pseudo-cycle.

The construction of pseudo-cycles is based on duality in a sphere.
Let K be a complex of dimension n. Using rational coefficients, let &
be any homomorphism of H,(K) into the rational numbers. K can be
imbedded topologically in a sphere of sufficiently high dimension
(2n + 1 is adequate). Consider any imbedding of K in a sphere S; and
let =dimS. By duality, there exists an (r—g)-chain y of § whose
boundary does not meet K and such that the intersection number
v -2 for any g-cycle z of K coincides with the value of & on the homology
class of z. y is called a pseudo-cycle of K of dimension »n —gq of K, and
4 is called its class. Two pseudo-cycles v,y for the same imbedding
K < § are homologous modulo S — K if and only if they have the same
class. If y,y’ are pseudo-cycles of different imbeddings, they are
called homologous if they have the same class. The pseudo-homology
group of dimension n — g is the set of homology classes of pseudo-cycles
of dimension n —gq. Clearly this is isomorphic to the vector space of
linear maps of H,(K)into the rational numbers, i.e. to the g-dimensional
cohomology group.

Lefschetz regarded the pseudo-cycle as a tool in the proof of the
fixed-point theorem. He probably observed that two pseudo-cycles,
for the same imbedding K =S, intersect in a pseudo-cycle; but there
is no indication that he considered the question of the topological
invariance of the resulting ring. This was proved first in a paper
presented by Gordon at the Moscow conference in 1935. At the same
conference Alexander and Kolmogoroff, independently, presented
intrinsic definitions of the cohomology groups (i.e. without using
imbeddings K <8). Alexander also presented a definition of a cup-
product. It was not satisfactory since it did not correspond under
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duality to the intersection of pseudo-cycles. It deviated from this
by a numerical factor. Subsequently Alexander, Cech and Whitney
found independently the definition which did correspond.

11. Singular homology theory

As has already been remarked in §8, Lefschetz did define cycles
and homologies which give the Vietoris-Cech homology groups for
a closed set in a sphere. He attempted to use these to extend the mean-
ing and validity ‘of his fixed-point formula to such spaces. It soon
became clear however that the fixed-point theorem in this form is
false for such general spaces. The best counter-example was given by
Borsuk in 1932. He constructed a compact connected set X in
Euclidean 3-space which was the intersection of a decreasing sequence
of 3-cells. Its Cech homology is therefore the same as that of a 3-cell.
Hence L(f)=1forany mapf. Borsuk showed that X admits arbitrarily
small deformations without fixed points.

The inadequacy of the Vietoris-Cech homology theory for the fixed-
point theorem probably led Lefschetz to investigate other methods of
defining homology groups. In any case, he gave the first formal
definition of the singular homology theory [45]. Singular cycles had
been used by Veblen in his proof of the topological invariance of the
homology group. The term singular was applied by Veblen to em-
phasize the fact that his cells and chains were continuous images of
polyhedral cells and chains, and were not themselves polyhedral.

Lefschetz defined a singular g-cell of a space X to consist of a geo-
metric ¢-simplex o and a map f:0— X. The cell was oriented by
orienting o, i.e. choosing an order of the vertices of ¢ unique up to
even permutations. Two oriented g-cells f:0— X and g:7—> X are
called equivalent if there exists a 1-1 barycentric map h:o —>7 pre-
serving orientation such that gh =f. He took the free group generated
by the oriented singular g-cells and reduced by the relations which
identified the negative of an oriented singular cell with the oppositely
oriented singular cell. The resulting group was the singular chain
group Cy(X). The boundary operator 0:C,(X)—>C,_,(X) was defined
by specifying its values on the generating cells in the obvious manner.
The singular homology groups were those of the resulting chain
complex. )

With his definition, as outlined above, Lefschetz assumed as obvious
that the chain groups C,(X) were free Abelian, and therefore that
operators such as 0 and the deformation operator 2 could be defined
on Cy(X) by merely specifying their values on the generators. Cech
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pointed out this oversight by giving an example of an oriented sin-
gular g-cell equivalent to its oppositely oriented cell (i.e. a 1-simplex
which is folded about its mid-point and then mapped into X). As a
consequence C,(X) contains elements of order 2 and is not free Abelian.

The oversight was repaired in a subsequent paper [53] in which Lef-
schetz called these cells and the group they generate degenerate. He
showed that 0 and the various other operations, when applied to
degenerate chains, gave degenerate chains; and therefore one could
reduce modulo the degenerate chains. Subsequently Tucker observed
that a degenerate cycle was always a boundary so that it was not
necessary to factor out degenerate chains.

In spite of this repair work, the neatness of the original definitions
had been impaired. In consequence the singular groups were neglected
until 1944 when Eilenberg re-established their popularity by using
ordered singular simplexes instead of oriented. This modification gave
free Abelian chain groups, and thereby restored simplicity to the
fundamental constructions.

12. Locally connected spaces

The singular homology groups likewise proved inadequate for an
extension of the fixed-point theorem. One can give a fairly simple
example of a compact, connected 1-dimensional space with a fixed-
point free map f such that L(f)#0 where L(f) is computed using
singular homology. All such examples exhibit bad local structure,
e.g. are not locally connected. If the fixed-point theorem cannot be
extended to arbitrary compact metric spaces, perhaps it can still be
extended to a useful class of spaces larger than triangulable spaces.
Such thoughts may well have influenced Lefschetz; for he undertook
an intensive investigation of local-connectedness.

It is not easy to communicate in a few words the spirit of the time,
that is, the influential ideas, and the problems considered to be im-
portant. One outstanding problem was (and still is) the extension to
higher dimensions of the topological characterizations of the 1-cell
and 2-cell. Local connectedness in the sense of point-set topology had
an important role in these characterizations. It was natural to re-
formulate this property in the language of algebraic topology so as to
obtain an automatic generalization to higher dimensions. Such a
generalization would surely be needed for a successful characterization
of the n-cell.

Another important influence was the thesis of van Kampen in 1928.
He showed that the combinatorial conditions for a manifold could be
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relaxed without losing the duality property. Instead of requiring that
the transverse of a g-cell be an (n—gq)-cell, he showed that it was
sufficient for it to have the homology structure of a cell. This raised the
problem of finding the largest (or, at least, a large) class of spaces for
which the duality theorems could be proved. A number of definitions
of generalized manifold were promulgated by Alexandroff, Cech,
Lefschetz [55] and Wilder. In all cases, the more important conditions
were local in nature.

In 1931, Borsuk intrcduced the concepts of the absolute retract
(AR) and the absolute neighborhood retract (ANR). These spaces are
generalizations of cells and complexes respectively. Borsuk extended
to them numerous theorems valid for the latter. The definition of an
ANR space is not exactly local in nature, however it was clear that
such spaces are locally smooth in some sense.

It was in the presence of these cross-currents that Lefschetz made
his contribution to the theory of local-connectedness [57]. A space X
is locally-connected in dimension ¢, if for each point x of X, and each
neighborhood V of z, there is a neighborhood U of z such that each
continuous map of a g-sphere into U can be contracted to a point
in V. This property is abbreviated by the symbols LC,. A space is
LCrifit is LC, for ¢=0, 1, ..., n; and it is LC= if it is LC, for all . An
LC=-space, for which the neighborhood U corresponding to ¥ can be
chosen independently of ¢ is called an LC-space. Lefschetz showed [58]
that the class of compact metric LC-spaces coincides with the ANR
spaces of Borsuk.

Lefschetz defined an even broader concept of local-connectedness
1n the sense of homology [64], denoted by HLC,, HLC", etc. He simply
modified the above definition to read: ‘any g-cycle in U bounds a chain
in V”. He showed that the class of compact metric HLC spaces enjoys
many of the properties of complexes. In particular the fixed-point
theorem is valid for such a space [7].

13. The cohomology ring

As remarked earlier, the period 1936-9 saw the development of
cohomology and cup products at the hands of Alexander, Cech and
Whitney. It was not likely that Lefschetz, who had enjoyed a mono-
poly on products and intersections for ten years, would have nothing
to say on the subject. In his 1942 Colloquium Volume [79], he gave a
full and fresh treatment of the topic. It is only recently that the
importance of his methods have been fully appreciated.

Alexander and Cech constructed products only for the simplicial
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type of complex. They derived the cup-product of cohomology classes
from a cup-product of cochains. The basic law the cochain product
satisfies is

(13.1) S(uV v) =0y v+ (—1)dimuyy dv.

Its analogy with the formula for the boundary of a cross-product of
two cells should not be missed.

There are many cochain cup-products which induce the same pro-
ducts of the cohomology classes. This is the basic difficulty, choices
must be made, and then the result must be proved independent of
the choice.

Alexander’s fundamental choice was a simple ordering of the
vertices of the simplicial complex K. If u is a p-cochain, v a g-cochain,
and A°A4!... Ar+2is a (p +q)-simplex with vertices in the prescribed
order, then he defined

(13.2)  (uUw)(4OAL... AP+e)=u(AO... AP)-v(AP ... AP+9).

The coboundary formula (13.1) is easily verified; hence there is an
induced product of cohomology classes. This cochain product is
associative, so the product of classes is associative. The really difficult
argument was his proof that a rearrangement of the order and the
corresponding new product of cochains gave the same product of
classes. Topological invariance was not difficult since for any simplicial
map f: K - K’ one can choose orders in K, K’ so that f is order pre-
serving, hence f(uL v) = fuU fv.

Cech axiomatized a concept he called a construction. Any construc-
tion determined a unique cup-product of cochains satisfying (13.1).
It was not necessarily associative. He then gave a proof that any two
constructions determine the same product of classes. This argument
was of the acyclic-carrier type, and was much easier than Alexander’s
explicit construction. Cechshowed that any simple order of the vertices
gave a construction which determined the cochain product (13.2).

Whitney considered cell complexes which were subject to the sole
restriction that the closure of any cell is acyclic. He axiomatized the
concept of a cochain cup-product; and he proved existence of such
products and uniqueness of induced products of classes using the
acyclic-carrier type of argument.

Whitney’s method was the most general and the most conceptual.
His cochain products were likewise not necessarily associative. He
could prove associativity of the cohomology product only by passing
to a simplicial subdivision, using invariance, and the Alexander
formula (13.2) in the subdivision.
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The three methods were alike in that they involved constructions
entirely within the initial complex.

Lefschetz’s procedure was still more general; but entirely in keeping
with methods he had used earlier. If K, K’ are two complexes, he
defined an external cross-product of cochains u on K, v on K’ by

(13.3) (uxv) (ox1)=(u"0)(v'7),

where o, 7 are cells of K, K' respectively. The formula
“O(uxv)=0uxv+(—1)Umey x Jv

is an immediate consequence of the standard formula
0(0xT)=00 xT+(—1)dim7 g x or,

Hence there is an induced cross-product of cohomology classes which
is a pairing of the groups H?(K) and HY(K’) to HP*¢(K x K').

Notice the uniqueness of the procedure. There is no choice involved
in the formula (13.3). Topological invariance is proved readily, since
chain maps f: K—K,, g: K'—> K; determine a unique chain map
fxg:KxK'—>K,xK; leading to the formula for the induced
cochain maps (f % g) (uy X vy) = (fuy) x (gv,).

Associativity of the external cross-product (for three complexes)
is entirely obvious. The commutation law is easily derived. Let
T:K x K'-> K’ x K be defined by T'(x,2’)= (z’, z). Then 7' maps cells
onto cells; hence it induces a unique chain map. A simple induction
based on 97 =T'0 yields

T(oxt)=(-1)"7x0,

where p, g are the dimensions of o, 7. This gives immediately
(13.4) Tuxv)=(—1)Pv x u.

Thus the external cross-products are easily and uniquely defined,
and all properties are readily derivable. Now comes the essential
feature of Lefschetz’s method: the derivation of the cohomology cup-
product from the cross-product. Let K be a complex, let d: K-> K x K
be the diagonal map, and let d* be the induced homomorphism of the
cohomology of K x K into that of K. If u,v are cohomology classes

of K, define WU v=d*u x v).

The properties of cup-products follow quickly from those of cross-
products using obvious properties of d. For example, since 7'd =d,
the formula (13.4) implies the commutation law

uVv=(—-1)PVu.
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In retrospect it is easy to see the source of the difficulties Alex-
ander, Cech and Whitney had to overcome in their purely internal
constructions. The map d is not a cellular map. Hence to compute d*,
it is necessary to choose a chain approximation dy to the diagonal
map. Any such dg induces a cochain cup-product by the formula

(V) o=(uxv)dgo.

Thus the multiplicity of cochain cup-products comes from the multi-
plicity of chain approximations to d. The various proofs that two
cochain cup-products induce the same products of cohomology classes
were nothing more than proofs that two chain approximations to d
induce the same d*. But this is a special case of a well-known basic
theorem.

It should be remarked that Lefschetz handled the internal cap-
product in a similar fashion.

14. Subsequent developments
The moral of the preceding discussion is that the external product
is simple and geometrically intuitive; and the less obvious internal
product can be obtained as an image of the external product under

a homomorphism induced by a mapping. This lesson has been applied
in several cases.

An example is the J. H. C. Whitehead product in homotopy groups.
Let f: (E?, SP-1) > (X, ;) be a map of a p-cell into X which sends its
boundary into z, so that f represents an element a of the homotopy
group 7,(X,x,). Similarly, let a map g represent an element £ of
7(Y,y,). Form the product mapping fx g of EP x E?into X x Y. It
maps the boundary of E? x E? into the union of two cross-sections
(which are copies of X and Y):

- XvY=(Xxy,)U(z,x7Y).

Hence f x g represents an element a x # of the relative group
Mo X x Y, XVvY).

The properties of this external cross-product are easily established.
Using the boundary homomorphism
o:m

prd XX Y, XvY)»m,  (XVY),
the external Whitehead product [«, £] is defined by

[, B]=0(a x f)
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and [a, £] lies in the union of X and Y. In case X =Y, the internal
Whitehead product is derived as the image of the external product
under the map X v X — X which folds together the two copies of X.
Most of the properties of the internal product become entirely obvious
with this definition.

Another example is provided by the definition of addition in the
Borsuk-Spanier cohomotopy groups. Here again product spaces
are used liberally.

A final example is provided by the cup-i-products which this
reporter defined in 1946. They are a sequence of bilinear cochain
products » U, v defined for 1 =0, 1, ..., such that u U,v=u U v. These
cochain operations led to topologically invariant squaring operations
which were used in the classification of mappings.

In my original construction of the cup-t-products, I followed the
simplicial method of Alexander based on ordering the vertices. I was
aware at the time of the advantages of the Lefschetz method; but it
seemed to have no obvious extension to cover the new products.
I experimented fruitlessly with possible external cross-i-products.
Subsequent experiments of a different nature gradually revealed
what I should have done. The external cross-product must be left
untouched; it is the diagonal map d which must be generalized. This
is done as follows.

If W is any complex, the projection A: W x K - K into the second
factor can be composed with d to give a mapdA: W x K-> K x K. Let
7 be the group of order 2 generated by the interchange of the factors
of K x K. If W is chosen so that 7 operates also in W, then dA is an
equivariant map. In particular, W can be taken to be 7-free and
acyclic, so that the homology groups of the collapsed complex W/
are the homology groups of the group 7 in the sense of Eilenberg
and MacLane.

The above procedure, which is strictly in the Lefschetz spirit,
revealed that the squaring operations on cohomology groups were
nothing more than the non-zero elements of the homology groups of
the group 7 of order 2. The generalization to nth power operations
then became obvious. Replace K x K by the product K™ of » factors
K. Let d: K > K™ be the diagonal map; and let A be as before. Then
let 7 be the symmetric group of all permutations of the factors of K*,
and let W be a m-free acyclic complex. The final result is that any
homology class of any symmetric group determines a topologically
invariant operation on the cohomology groups of any complex.
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15. Concluding remarks

Although Lefschetz’s labors were crowned with a number of out-
standing results, by far the greater part of his work was devoted to
the development and polishing of the basic tools of algebraic topology.
Although it is easy to trace the impact of some of his ideas in recent
developments, the full story of his influence would require a review
of the entire field. Over a period of twenty years, he and a few others
nurtured algebraic topology from a small sprout to a husky and vital
branch of mathematics.

PriNcETON UNIVERSITY
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On the Complex Structures
of a Class of Simply-Connected
Manifolds

Aldo Andreotti

1. A topological variety of even dimension 2n has an analytic
complex structure, if for every point there exists a neighborhood
homeomorphic to an open subset of the complex (Euclidean) space
of » dimensions, such that the correspondence which arises between
local coordinates in the common part of two overlapping neighbor-
hoods is analytic and bi-regular.

The definition itself causes us to consider as equivalent two struc-
tures of the same variety if in the neighborhood of every point the
change from one system of local coordinates to the other is analytic
and bi-regular.

Among topological varieties admitting a complex structure we
have the Riemannian varieties of algebraic non-singular irreducible
manifolds of a complex projective space. The natural complex struc-
ture in the neighborhood of each point is given by the equations which
represent parametrically the branch through this point. In other
words, this is the structure induced on the variety by the complex
structure of the surrounding space.

An analytic complex structure will be said to be algebraic if there
exists an analytic homeomorphism which carries the given variety
into an algebraic (irreducible non-singular) manifold of a complex
projective space, such that the structure becomes equivalent to the
natural structure on the algebraic model.

In a recent paper Hirzebruch[11] has considered three types of
topological varieties: the complex projective plane P®, the Cartesian
product of two spheres S2x S2, and the sum of the second kind (as
defined by Rueff[18]) of two projective planes P® + P®, While for the
projective plane the sole algebraic structure which it has occurred to
him to consider is the natural one, for the two other types of varieties
he has given an infinite number of different algebraic structures.
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Our object is to re-examine the models studied by Hirzebruch; to
place them in relation to the classification given by C. Segre of rational
normal ruled surfaces of a complex projective space; and finally, to
prove that the structures considered by Hirzebruch are the only
possible algebraic structures for the given topological models with the
3-genus Py 25, 28.1

In a second part of the paper we shall develop some applications to
algebraic geometry of the above results. Among other things we shall
give a complete classification of non-singular rational surfaces without
exceptional curves of the first kind with respect to the group of
birational transformations without exceptions.}

I wish to acknowledge my gratitude to Professor Heinz Hopf for

having called my attention to this problem and for his encouragement
and helpful criticism.

1. THE ALGEBRAIC STRUCTURES OF HIRZEBRUCH

2. The models of algebraic surfaces studied by Hirzebruch are
defined as follows:

Let P™ be the projective complex space of » dimensions. In the
Cartesian product P x P® of the projective plane (z,, z,, z,) and the

projective line (y,, y,) we consider the surfaces X, defined by the equa-
tions

(1) ZYP - 2,9 =0 (n20)
for every n.

For these models Hirzebruch has proved (a) that they are analytic-
ally distinct, and (b) that for » even, they are homeomorphic to
§?% x 8%; for n odd to the sum of the second kind P® + P®,

Let us consider anew these surfaces, and let us prove first of all that
the surface T, in Segre’s variety, image of P® x PO, is obtained by
unexceptional birational projection of a ruled surface ¢,., of P®+d)
with a directriz line.

t It has privately been brought to my attention that F. Hirzebruch and K. Kod-
aira have proved the following fact: Let n be odd and M" a compact Kihler manifold
(with n complex dimensions) which is differentiably homeomorphic with the projective
space P'™); then M™ is analytic (complex) equivalent with P, [ Added in proof. 1 have
realized, reading the proofs, that the condition for the plurigenera in the case of P®
is actually superfluous; therefore the result of Hirzebruch and Kodaira can be extended
also to the case of n =2 (see the final remark at the end of §6).]

1 This classification could be deduced from a paper of G. Vaccaro, which, however,
to be fully rigorous, would bring us into a very detailed analysis of Cremonian trans-
formations. For this reason we have not made use of Vaccaro’s results{27].



COMPLEX STRUCTURES OF MANIFOLDS 55

Proor. Segre’s variety mentioned above is defined [20] in P®),
where we assume as homogeneous coordinates z; (¢=0,1,2; k=1, 2),

by the equations
Y q 2 =% Yk

or by the three quadratic equations

201212 = Z02%11)
(2) Z01%28 = Zo2%21>

211222 = 212221
On this variety, Z, is given by the six equations
(3) 2t =22 (h=1,2;1=0,1,2).
We consider now in P®+3) (zy, z,, ..., Z,,3) the line C;:

Zo=1, x,=A, Xy=...=2,,3=0;
and the rational normal curve C, ., in zy=2,=0:
Zo=2,=0, Zpa=1, Z3=A, ..., Tpz=A""L

These two curves are related projectively if we make them correspond
one-to-one to the same value of the parameter A. The ruled surface

Pp.1o described by the lines joining corresponding points is given by
the parametric equations

To=1, Ty=A, Zy=p, T=pA, ..., Lyp=pA% Tya=pA™H
or by the equations

T By Ty Ty o Tuia| o
Xy Xy Ty Xy ... Tpyg

The subspace ¥, =2, =%,=23=2,,3==,3=0 does not meet ¢. We
now project ¢ onto z,=...=,,,=0. The latter is a space of five
dimensions. We superimpose it on the space P® of the Segre variety
by putting
Zo = 2g9s Z3 =211
Z1=2%01, Tni2= %22

Lo Z2=213, Zp43=7%m1-
The projection of ¢,

wo=1, @=A, Fy=p, Tg=pA, Tpa=pA" Tpig = pAntl,

is contained in the hyperquadrics (2) and in the hypersurfaces (3).
Therefore it coincides with Z,. In addition, X, has no singularities
and the projection of ¢ on X, is one-to-one without exception, as we
can verify by the equations.
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3. The surfaces ¢,,, that we have considered in the preceding
section are special cases of non-singular irreducible surfaces of order
rin a Pr+D,

These surfaces, according to a theorem of Del Pezzo,} are ruled
rational surfaces (with the exception of the Veronese surface) and have
been classified by C. Segre [3b]. Every non-singular rational normal
ruled surface of P"+D can be obtained by joining with straight lines
corresponding points in a projectivity established between two
rational normal curves of orders m and » —m contained in two spaces
without common points. Therefore each one of these models
@(m, r —m) has, with a convenient choice of coordinates, the equations

zo=1, z,=2, ..., z,=A™

L1 =M Tppg=HA, oy Tppy=pA",

The surfaces T, considered earlier are therefore birationally equi-
valent, without exceptions, to surfaces of the type ¢(1,n+ 1). The
significance of these models is emphasized by the fact that:

with respect to the group of birational transformations without excep-
tions the non-singular rational normal surfaces are fully represented by
those surfaces with a rectilinear directriz.

In fact, let us consider one of these surfaces, ¢(1,n+ 1), with the
rectilinear directrix d: let @ be a directrix of order n+ 1; let g be a
generator.

Since a + g is a hyperplane section of ¢(1, 7+ 1), we have

[a+g,a+g]=[a,a]l+2=n+2, thatis, [a,a]l=n.
The linear system | a + sg | has the virtual grade
[a+sg,a+3g]=n+2s (s=1);

moreover, the system is irreducible without neutral pairs because it
contains partially the system of hyperplane sections. The genus of
the generic curve of |a+sg| is equal to the virtual genus of a+sg,
that is, it is zero. We have, therefore, a linear system of rational curves.
Its characteristic series is complete, and therefore its dimension is
n+2s+ 1 and it has no base points, no fundamental curves, and no
neutral pairs.

Taking the projective image of it, we have a surface ¢ of order
n+2s in P+2+) birationally equivalent without exceptions to
¢(1,m+1). This surface is a ruled rational normal surface of type
@(8,n +8) (the generators of ¢(1,n+ 1) change into generators of ¢).

t See, for instance, [3a].
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In ract, the directrices d and a change into directrices of orders
[d,a+sg]=s, [a,a+sg]=n+s, respectively.
Since s can be any integer number, this establishes the result.
REMARK. From the above proof we see more precisely that every
¢(m,r —m) is birationally equivalent without exceptions to

o(l,r—2m+1) (r=2m).

Moreover, we have the theorem: Of the ruled rational normal surfaces
with a rectilinear directriz, no two are analytically equivalent.

This follows from the result of Hirzebruch on the analytical non-
equivalence of the models £, and from the proven identity of these
models with the above-mentioned surfaces.

Here is another proof. We first note that an analytical correspond-
ence between two surfaces ¢(1,7+ 1), ¢(1,m + 1) (n=m) is necessarily
birational and without exceptions, because of a theorem of Hurwitz-
Severi-Chow [21, 7].

Let us now consider the rectilinear directrix d of ¢(1,n+1). Its
virtual grade is [d,d]= —n. Infact, a hyperplane through it cuts the
surface in n + 1 generators g, so that

[d+(n+1)g,d+(n+1)g]l=n+2,
or [d,d]+2(n+1)=n+2,
and so [d,d]= —n.

The curves d and g give a base for linear equivalence on ¢(1,7+ 1)
[23a].

Let & be the irreducible algebraic curve of ¢(1, 7+ 1) which corre-
sponds to the rectilinear directrix of ¢(1, m + 1). The virtual grade of
d is [0,8] = —m, for reasons analogous to those given above. Let
d=ag+ fd. Because ¢ is irreducible and of negative virtual grade, it
cannot be contained as a total curve in an infinite linear system.
Therefore we must have a=0, =1, and m= —[4,0]= —[d,d]=n,
which contradicts the hypothesis m +n.

4. From these premises we pass on to the demonstration that the
only allowable algebraic structures with P;< 25 and 28 on the pro-
jective plane P®, on the product of two spheres S% x §%, and on the sum
P® 4 P® of two projective planes, are those considered by Hirzebruch.

Let us start with the projective plane. We must prove that:

An irreducible, non-singular algebraic surface F with the 3-genus
P, + 28, differentiably homeomorphic to the projective plane P®, is bi-
rationally equivalent, without exceptions, to P®.t

t This theorem is practically contained in a paper of Severi[22].
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We recall that the projective plane P® has Betti numbers alter-
nately equal to 1 and 0:

p’=1, p1=0’ p’=1 p3=0, P4=1,

and also that it has no torsion[28,17, 2].
The same will hold for F, and therefore for both # and P® we have

g=irregularity = 4p!' =0,

. ptpo=p*=1
(p =base number, p,=number of transcendental 2-cycles), and so,

p=1, py=0.
Moreover, from a theorem of Hodge [13] the geometric genus p,=0
and also the arithmetic genus p,=p,—g=0.
Let D be an algebraic curve, minimal base on F; let K be a canonical
curve of . We will have [D, D]=1, and because K is an immersion
character in F' x F' of the diagonal [6, 12, 19, 29], in the same way we

will havet K=—-3D [4]

The virtual genus of D is 0; in fact, 3D + K is the 0-curve, and
therefore the virtual genus of 3D is 1; if x is the virtual genus of D,

we have 3r+3-2=1; x=0.

Now if D is an arithmetically effective curve [23b], it can be repre-
sented by an effective curve necessarily irreducible, because every
irreducible component of D is a positive multiple of D.

Because F is regular, the characteristic series of D is complete and
| D| is a net of curves, all irreducible, of virtual grade 1 and virtual
genus 0.

The linear system | D | has no base point (each curve being irre-
ducible and the characteristic series being a g}). It also has no neutral
pairs ([D, D]=1) and no fundamental curves.

The projective image of F constructed by means of | D | is a projec-
tive plane P® and the correspondence is one-to-one, without ex-
ceptions.

Let us now suppose that D is not arithmetically effective. If by
1(D) we indicate the index of specialty of D, that is,

i(D)=dim|K-D|+1,
we must have (D) > 2, that is, | — 4D | must be effective.
1t By direct reasoning, we have I+4=3X(—1)"pi=3; from Moether's formula

I+pV=12p,+9, we get p¥=10, [K, K]=9, K= +3D. By changing the sign of
D, if necessary, we may suppose K= —3D.
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Let C be a hyperplane section of F, and let us suppose that C =4D;
d is the order of D: 8 =[C, D).

Because | — 4D | is effective, the order of —4D is positive, that is,
[C, —4D]= — 46> 0, therefore & < 0.

Let A be any integer > 3; we wish to calculate the virtual dimension
of the linear system | —AD |.

The virtual grade of —AD is ny=[—AD, —AD]=A?; the virtual
genus of —ADism,=4[—AD, —AD + K]+ 1=3A(A+3)+1; the index
of specialty of —AD is i(—AD)=0, because K+AD=(A—3)D has
the order (A —3) & < 0. Therefore the virtual dimension of | —AD | is

Fa=ny— T —i(—AD)+ 1=A2— }A(A+3))— L + 1 =3A(A — 3) > 0.

Then | —AD| is effective and for A=3k (k=2,3,...) we have for
the plurigenera P, of F the relations

Po22k(k—1)+1 (k=2,3,...).

In particular F, > 10, P, > 28.

We note that the bicanonical curves are virtually connected [10].
In fact, an effective curve of the system | — 6D | either is irreducible
or, if reducible, two of its true components aD, #D, which are com-
plementary, have positive order, and therefore o <0, f<0; their
intersection number is therefore [a D), #D]=af > 0. From the theorem
on the regularity of the adjoint system, given in the most compre-
hensive form by Franchetta [9],1 we must have P;=mg=28. This is
the case we excluded in the hypothesis.

5. We pass on to the case of the product S2 x §2. We shall prove
that:

An irreducible non-singular algebraic surface F with the 3-genus
Py 25, differentiably homeomorphic to a non-singular quadric, is bi-
rationally equivalent, without exceptions, to a rational normal ruled
surface ¢(1,n + 1), of even order (n=0 mod 2).

We recall that a non-singular quadric @ has the Betti numbers

pP=1, p'=0, p?=2, p*=0, pi=1,

and has no torsion.
The same will hold for F, so that we will have for both @ and F,
with the same notations as in the preceding section,

q=0, p+po=2,
and also, because of a theorem of Hodge [13],
p,=0.

t Note that F, being regular, cannot contain irrational pencils.
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From a theorem of Lefschetz[14]
Po=0 and therefore p=2.
Let A and B be the curves of a minimal base on ¥. We can suppose
that [4,4]=0, [A,B]=1, [B,B]=0

if we assume 4 and B to be the cycles corresponding to two generators
of different systems of Q.

If K is the canonical curve of F, for the same reason given in the
preceding section, we havet

K= -24-2B.

From this it follows that the virtual genus of both 4 and B is 0.

If A and B are both arithmetically effective curves, they can be
represented by two effective curves. We shall first discuss this case.

Let us suppose that

order of 4 >order of B.

Let I, be the maximum integer [ > 0 such that | 4 —IB | is effective.
The curves D=A—1[,B and B form a minimal base and we have
[D, D)= —2i,.

We consider now the linear system

|D+@2l+1)B|=|A+(,+1)B|=|C|.

Its virtual grade is 2/,+ 2 and its dimension (evaluated by means of
the Riemann-Roch theorem)] is > 2/, + 3.

The curves of | B| form at least a pencil. The curves of this system
cannot have a fixed component. In fact, let us suppose

B=B,+B,,

with B, the fixed part and B, variable.

Let us suppose that B,=a,A+p,.B,

By=0,4 + f,B.
By addition it follows that
aytag=0, fy+p,=1.

We cannot have a, =0 because B; cannot be a multiple of B unless
it coincides with B, which is impossible. Therefore o, # 0, a, =+ 0.

t In this case it is [+4=4, pV=9, [K, K]=8; if K=ad + /B, af=4 and
a=f=+2 or a=+1, #=+4. The second case is excluded because if m, is the
virtual genus of B, we would have 27, — 2=+ 1.

1 The virtual genus of AA +uB is At —A —p+ 1, the virtual grade, 2Au, the dimen-
sion of |AA +uB| is8 ZAu+ A+ u, if the curve AA + uB is nonspecial.
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Let us suppose a, > 0. Put a, =a. We have a,= —a. Because B, is
effective, certainly £, > 0; put #,=b+1; we have #,= —b.
The second of the preceding equations can be written now:

By=—aA+(b+1)B, with a>0, 620.

From this it follow that [B,, B;]= —2a(b+1), which is absurd
since [B,, B,] 2 0 for the reason that B, is variable in a pencil without
fixed components.

We must have therefore a, <0, and if we put a,=a, we have
a, = —a. Moreover, #, >0, and if we put #,=b+ 1, we have f,= —b,
and it follows that

By,=aA-bB, with a>0, bx0.

Since [B,, B,] 20, we find =0, which is equally absurd because B,,
which is a part of B, cannot have an order which is greater than the
order of 4.

In conclusion, B is a total curve of a pencil without fixed com-
ponents, and because [B, B] =0, the pencil has no base points. More-
over, it contains no reducible curves. In fact, if we had B=B,+ B,
(B, and B, being parts of B), we would have

B,=ad +fB.

But [B,B,]=a=0, and therefore f=1, that is, B,=B, and B, is
lacking.

Thus B defines a pencil with no base point, the curves of which are
all irreducible.

From this is follows that D is also an irreducible curve. In fact,
[B, D]=1 and the points of a component of D are in one-to-one corre-
spondence with the curves of the pencil | B|. D cannot contain other
parts, because each of these parts would coincide with some curves of
| B|, and this contradicts the definition of D.

We shall now prove that the linear system | C'| has no neutral pairs.

Let P be a point of F. Among the curves of | C' | through P there are
those curves composed of a B through P, of D, and of 2[, curves B
which do not contain P, if P is not on D. If P is on D, a curve of | C|
can be obtained by adding to D 2l,+ 1 curves B which do not contain
P. Tt is sufficient to prove that the system |C'| cuts linear series
without neutral pairs on every curve B and on curve D.

Since [D,C]=1, the series cut on D is either a ¢? or a g}. The first
instance is impossible because in this case D would be a fundamental
curve for |C'| and the residual system of D would have dimension
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2 2ly+ 2, but actually it is composed of 2I,+ 1 curves of | B| and its
dimension cannot exceed 2/,+ 1.

Our assertion is proved for the curve D.

Let us now consider a curve B. Since [B, C]= 1, the series cut on B
is either a ¢? or a gl. The first instance is impossible because the g}
would consist of the point cut by D on B. This would be a base point
for | C'|, and | C'| would cut on D a ¢, which is contrary to the fact
proved above.

In conclusion, | C | has no neutral pairs; hence it cannot have funda-
mental curves or base points, nor can it be composed of the curves of
a pencil.

The projective image of F' by means of | C' | is therefore birationally
equivalent, without exceptions, to F.

The generic curve C is irreducible and non-singular, and therefore
its virtual genus is equal to its effective genus. The curves C' are then
rational and the dimension of | C| is therefore exactly equal to 2, + 3.

The image we obtain of F is an algebraic surface, non-singular, of
order 2/, + 2 of a P®*3, From this our theorem follows immediately
if we recall § 3. More directly, we can remark that the image we obtain
of F is a ruled surface; its generators are the images of the curves B;
this ruled surface has a rectilinear directrix, the image of D. The image
of F is therefore a ¢(1, 2, + 1) of a Pt3, ag we wished to prove.

Let us now suppose that one of the two curves 4, B (4, for example)
is not arithmetically effective. If by i(4) we indicate the index of
specialty of 4, that is, i(4)=dim | K — 4 | + 1, we must have i(4)>1,
that is, | — 34 — 2B| must be effective.

Let C be a hyperplane section of a non-singular model of # and let
us suppose that C =44 +aB; a=[C, A] is the order of 4, f=[C, B]
that of B.

Because [C, ('] = 204 is the order of F, 2af > 0, so that we have two
possibilities: . 2>0, A>0,

2. a<0, f<o0.

In addition, |—34 —2B| being effective, the order of its curves is
positive, that is, — 3« — 2420, which excludes the possibility of the
first case.
Let us examine the second case. Let A, x be any two integers > 2.
We wish to calculate the virtual dimension of the system | — A4 — uB|.
The virtual grade of —A4 —uB is

My =[—A4 —uB, — A4 — pB]=2Au;
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the virtual genus of —A4 — uB is

My =3—AA—uB, —AA—pB+K]+1=p+A+p+1;

the specialty index is ¢,,, = 0, because the curves of | K — (—A4 —uB) |
have the order (A — 2) & + (4 — 2) # < 0. Therefore the virtual dimension
of | -4 —uB| is

r,\#=n,\”-—ﬂ,\ﬂ+Pa—’iM+1=/\/L—/\—/L>0.

Hence | — A4 — uB | is effective and for A=p =2k (k=2,3, ...) we have
for the plurigenera P, of F the relations

P,z 4k(k—1)+1.

In particular P, 29, P, > 25.

The bicanonical curves are effective, and since the linear genus of F
is p®=9, they are virtually connected, because of a theorem of
Franchetta[9]. The 3-canonical system is regular[9], therefore
Py;=m, ,=25. This is the case which we excluded in the hypothesis.

6. We come finally to the case of the sum of the second kind of two
projective planes P® + P®. We must prove that:

An irreducible non-singular algebraic surface F, with the 3-genus
P, + 25, differentiably homeomorphic to the ruled surface ¢(1,2) of P®,
18 birationally equivalent without exceptions to a rational normal ruled
surface ¢(1,n + 1) of odd order (n=1 mod 2).

The surface ¢(1, 2) has Betti numbers

po=1, p1=0, p2=2, p3=0, pi=1,

and has no torsion. So for both F and ¢(1, 2) we have ¢=0, p+p,=2,
and also, because of the above-mentioned theorem of Hodge, p,=0.
From this, as in the preceding section, we deduce p,=0, p=2.

Let A be the rectilinear directrix of ¢(1, 2), and let B be a generator.
We have [4,A]=—1, [4,B]=1, [B,B]=0, and 4 and B form a
minimal base on ¢.t Let K be a canonical curve of ¢; we have
K= —2A4—-3B, as we can easily verify.]

1 See §3 and [23a].

t For instance, we may observe that ¢(1, 2) can be regarded as the projective image
of conics in a projective plane passing through a given point O; O becomes 4; the
lines r through O the curves B, the canonical curve —3r, —3B—34, and to it we
must add 4 in order to have the canonical curve of ¢(1, 2). We can also refer to the
projection of ¢(1, 2) in P®, It is a cubic primal with a double line which defives from

the projection of a conic on ¢(1,2). On this projection the quadrics cut curves
O=2(A +2B), the adjoint system |C’| is given by the pencil B, and

K=('—-C=B—2(A+2B)= —24-3B.
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Also on F, if we indicate by 4, B and K two curves of a minimal
base and a canonical curve, we can assume that

[4,A]=-1, [A,B]=1, [B,B]=0
and we must havef K=-24-3B.

From this it follows that the curves 4, B have virtual genus 0.
If the specialty indices of 4 and B are zero, 4 and B are arithmetic-
ally effective curves and they can be represented by two effective
curves. Moreover, from the Riemann-Roch theorem, we find that B
is a total curve of a pencil (at least). We shall first discuss this case.

The curves of this system | B| cannot have a fixed part. In fact, let
B =B, + B,, B, being the tixed part and B, variable. Suppose that

B,=a,4+p,B,
B,=0,4+p,B.
We see that Ay +a,=0, fBi+pf,=1.

Certainly a, + 0, and therefore a, + 0, because B, is not a multiple of B.

If a;, > 0, putting a, =a, we have a,= —a. Because B, is effective,
B2>0, and putting B,=b+1, we have f; = —b. From the second of
the above equivalences

By=—ad+(b+1)B, with a>0, b=0.

From this it follows that [B,, B,] = —a(a + 2[b + 1]), and this is absurd
because [B,, B,] = 0.

We must have therefore a; <0, and putting a,=a>0,.we have
o, = —a. Consequently £, > 0, and putting £, =b+ 1, we have f,= —b.
The second of the preceding equivalences gives

B,=aAd -bB.

From this it follows that [B,, By]= —a(a+ 2b), and this is absurd
because [B,, B,] 2 0.

Thus B is a total curve of a pencil without a fixed part; and it is
without base points, because [B, B]=0.

This pencil does not contain reducible curves. In fact, if B= B, + B,
and B, =aA + B, since [B, B,]=0, we must have a=0and f=1.

+ We have [K, K]=8; let K=aAd+/B; we may suppose a=0; so from
(28— a)=8, we obtain a= —2, f=—3 or a= —4, f=—3. The second case has to
be excluded. In fact; if B is arithmetically effective, dim | B| 22. As in the
discussion which follows, we see that | B| has no fixed part, so | B| is compound
with couples of curves taken in a pencil of rational curves without base points,
because the virtual genus of B is —1. This is impossible because if B=DB,+ B,,
B,=aA +fB, since [B;, B]=0, «=0, #=1. If B is not arithmetically effective, we
get again, as in the discussion below, P, =25.
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Thus | B| is a pencil without base points and without reducible
curves.

Now let /, be the maximum integer />0 such that |4 —IB| is
effective. The curves D=4 —[ B and B give again a minimal base,
and we have [D, D]= — 2l,—1.

Let us consider the linear system

| D+(2l,+2)B|=|4A+(@,+2)B|=|C]|.
Its virtual grade is 2/, + 3, and its dimension is = 2l, + 4.

The curve D is irreducible because [B, D] =1, for the same reason
given in the preceding section. Moreover, [D,C]=1, [B,C]=1, and
the reasoning of the preceding section holds without change. There-
fore, if we consider the projective image of F by means of | C |, we have
a surface in one-to-one correspondence, without exceptions, with F,
which lies in a P+, and has order 2[,+ 3.

Thus the theorem is proved because of the results of §3. More
precisely, the image of F' is ¢(1, 2/, + 2), the image of D being a recti-
linear directrix and the images of the curves B the generators.

Let us now suppose that the specialty index of 4 or B is not zero.

Let C be a hyperplane section of a non-singular model of F and let
us suppose that C'= A4 + aB. The order of 4 is [C, A]=a— f, that of
B is [C, B]=/. Moreover, the order of the considered model of F' is
[C,C)=p(2a—f) > 0. We have therefore two possibilities:

1. >0, 2a—4>0.
2. <0, 2a—-f£<0.

Let us first suppose that the specialty index of 4 is not zero, that is,
that the system | K — A |=|—34 —3B] is effective. The order of its
curves is therefore not negative: —3a 20, that is, « <0. This makes
the first case impossible, because 2a > £ > 0.

In the second case we shall calculate the virtual dimension 7;, of the
pluricanonical systems | — 2k4 —3kB| (k=2,3, ...). The virtual grade
of the curve — 2kA — 3kB is n; = 8k?; the virtual genus is

me=4k(k+1)+1;
the specialty index is i, =0, because the curves of
| K —(—2kA—3kB)|=|2(k—1)A+3(k—1)B|
have the order (k— 1) {2« + £} < 0, since # < 0 and 2a < f# < 0. Therefore
Ty=My— M+ Pg—ix+1=4k(k—1)>0. Hence we have for the pluri-
genera the relations
P, 24k(k—-1)+1 (k=2,3,...).
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In particular, for k=2, 3, we have P,>9, P, = 25.
Similarly, if the specialty index of B is not zero, that is, if

|K—B|=|-24-4B)|

is effective, we must have — 2(a + £) 20, or « + f# < 0. This again makes
the first case impossible and we return to the second case, examined
above.

In both instances the bicanonical curves are effective, and because
the linear genus of # is p® =09, they are virtually connected and the
adjoint system, that is, the 3-canonical system, is regular [9]. There-
fore P;=m,=25; this is the case which we excluded in the hypothesis.

(REMARK. [Added in proof.] In the theorem of §4 the condition
P,+ 28 can be omitted. Suppose, in fact, there exists an algebraic
surface F differentiably homeomorphic to P, and with the 3-genus
P,=28. By expanding a point of F into an exceptional curve of
the first kind, we get a new algebraic surface F which is differenti-
ably homeomorphic to ¢ (1, 2). The 3-genus of F remains P,= 28,
but, because of the preceding theorem, the 3-genus of F can only
have the values 25 and 0. So F cannot exist.

Since any Kihler manifold differentiably homeomorphic to P@ is
algebraic (because of a well-known theorem of Kodaira) we see that
only the natural complex structure on P® can carry a Kdhler metric.)

2. SOME GEOMETRIC APPLICATIONS

7. Let us begin with the proof of some preliminary lemmas.

LemMA 1. Let F be an irreducible non-singular algebraic surface of
PD, containing a pencilt | C | without base points, of rational trreducible
curves. If a curve C is reducible, at least one of the components is an
exceptional curve of the first kind.

Let K be a canonical curve of #. We have:

[C,C+K]= -2, andsince [C,C]=0,
[C,K]=-2.
Now let us suppose C = 3% 4,0, with the 6 irreducible. We see that
[C, K]=Xu,[0, K]=2p{(0,0,+ K]-[0,,0,]}.
So if we call p, the virtual genus of the component 0,, we obtain
(1) —-2=3m{2p,—2-1[0,,0,1}.

1 Rational or not.
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Now p, > 0; and for [6,,6,] we have
[C,0,]=0= E’ll #5[0,,6,),
that is, - #.10,,6,]1= Zssr [0, 0]

Since C' =Y u,0, is connected, the sum in the above equation is > 0;
therefore [6,,0,]< — 1.
From this it follows that each bracket in the above equation (1)

is 20 unless p,=0and [§,,0,]= — 1. For at least one r we must there-
fore have p,=0, [6,,6,]= —1, because the sum in equation (1) is
negative.

LeMMA 2. Under the hypothesis for F in the preceding lemma, let
| C'| be a net of rational curves, irreducible and of virtual grade [C,C] = 1.
If a curve C s reducible, at least one of its components ts exceptional of
the first kind.

Let C be a reducible curve of | C'| and C'=C;+C,, C; and C, being
proper parts of C. We have [C,C,]20 and [C, C,] 2 0. Since

[07 C!. + 02] = [C> 01] + [C: 02] =1,

we must have, for instance, [C,C,]=0, [C,C,]=1. If C, is reducible,
reasoning in the same way as above for C, and so on, we find one of
the irreducible components 6, of C =% 0, (6, being irreducible)
such that [C,6,]=1 and [C,0,]=0 if r>1. Certainly u,=1. So we
can write L if re1

"630,,0q={
21 #5l0r 03] 0 if r>1,

and therefore
—[61, 0,1+ 1= 251 1[04, 6],

- ﬂ’r[gr’ 01-] = Zs#r:u“s[ar’ 03] (T > 1)‘
We also have

-3= {2:01 -2- [01’ 01]} + Zr>1:u’r{2pr_ 2- [01-7 0,]}
But [01: 61] =0; [07': 0,.] =-1 (T > 1)’

and therefore there exists an » > 1 such that p,=0, [6,,0,]= — 1, and
this proves the lemma.

LemMA 3. A non-singular rational surface F of P always contains
an infinite system of non-singular rational irreducible curves.

For our purpose we shall make use of some arguments developed by
Castelnuovo [6].

(1) Let F be a rational surface of order » of the projective complex
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space S, without singularities and without exceptional curves of the
first kind.

We can suppose

(a) That F does not already have rational hyperplane sections (this
excludes the possibility that F is ruled) and that r>24. In fact, in
ordinary space a non-singular cubic surface contains exceptional
curves of the first kind, its lines (a plane through a line a of the surface
cuts the surface residually to a in a conic ¢ variable in a pencil without
base points, because F is non-singular; and we have

[a+c,a+c]=[a,al+2[a,cl=[a,a]+4=3; [a,a]l=—1).

(b) That F is normal, that is, that the system | C'| of the hyperplane
sections is complete. If this is not so, we can always take the pro-
jective image of F' by means of the system | C'| made complete. This
implies, F being regular, the completeness of the characteristic series
of |C|.

(¢) That F does not contain lines. If this is not so, it is sufficient to
take the image of F by means of the complete system | 2C |.

(2) First of all, let us consider the case in which the hyperplane
sections of F are elliptic. Then F is a surface of order r of S..

From a theorem of Del Pezzo [16]7, it appears that:

if » > 9, F is ruled, which for us is excluded;

if r<9, F can be represented on the plane by the system of cubics
through 9 —r base points, or by the system of the quartics with two
double base points.

Therefore if r=9, the surface is the image of the system of all the
cubics of a plane. The image of the lines of the plane give a system of
rational curves as sought.

If r < 9, the images of the lines through one of the base points give
a system of conics on F. (We may note that, with the exception of
the case of the representative system of quartics, the base points give
lines of F', which we have excluded in (¢) above.)

In that which follows, we can thus exclude the case in which F has
hyperplane sections of genus 1.

(8) Let | K | indicate the impure canonical system of F, certainly
virtual since p,=0. Let us consider the adjoint system of the system
of hyperplane sections of F: | 0" |=|C+ K |.

The virtual dimension 7’ of | C’ | is given by

r =[C",C']—-3[C",C" +K]-1+1,

t See also [8].
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since the specialty index of |C’| is zero (the curves —C are not
effective). Then ¥ =3[C", "] - 3[C", K]

=‘}[C,’C]=p— 1>0,

where p > 1 is the genus of the hyperplane sections of F.

The system | C’ | cuts canonical groups on the generic C. Not only
that, but it cuts the complete canonical series gf, !, because | C"|
cannot contain |C |, otherwise the impure canonical system would
be effective.

From this it follows that | C’| has no base points (nor, therefore,
fixed components). In fact, if A were a base point for | C’|, the irre-
ducible curves C through 4, of genus p, would have a fixed point on
the canonical series.

(4) Let us examine the possibility that | €| is reducible. Since the
curves C’ have the order 2p — 2 and | ' | has the dimension p —1 and
no fixed components, | C’ | is composed of groups of p— 1 conics of a
pencil. In this case, the lemma is proved.

We note that this possibility is present if, and only if, all curves of
| C | are hyperelliptic. In fact, if | C" | is reducible, the pencil of conics
cuts on any C a g} and the curves C are hyperelliptic. Conversely, let
us suppose that the curves C' are hyperelliptic. Take any point A
on F. The locus of the conjugate point 4’ of 4 in the g} over the curves
C through 4 is contained in all the curves C’ through 4. It is therefore
a curve y. Thus | €' | is composed of the curves of a pencil, which is
a pencil of conics.

In what follows, we can therefore exclude the case in which F has
hyperelliptic sections andin which | C" | isthusreducible. In particular,
we may suppose that the genus p of the hyperplane sections is p = 3.

(5) We wish now to examine the possibility that | C’ | is composed
of an involution /. It is impossible that the generic C of | C'| should
contain couples of conjugate points of I, because C' would be hyper-
elliptic.

Any C of | C| which contains two conjugate points of I is hyper-
elliptic and therefore contains an infinity of conjugate couples of I.
I is composed of an involution I’ of the second order.

The system | C'| contains oo’ hyperelliptic curves. Moreover, the
lines joining the conjugate couples of I’ are such that any two of them
impose three conditions on the hyperplanes which contain them.
They intersect each other and therefore they pass through the same
point O. The system of hyperplane sections through O is thus made up
of hyperelliptic curves.
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In conclusion, the fact that | C’ | is composed of an involution leads
to the existence of a linear system co™~! of hyperelliptic sections. And
vice versa, as can be verified.

Let us put aside this case for the moment.

(8) We wish to prove that, if we exclude the case in which | C"| is
composed of an involution, | C" | has no fundamental curves.

Let us suppose that the curves C’ through a given point A of F
contain, in consequence, a curvea. Let C, be the generic C through A.
The curves C’ through A4 cut C, residually to 4 counted with multi-
plicity one, in a further 2p — 3 points, all variable; otherwise the curves
C, would be hyperelliptic and we should find ourselves back in the
case discussed in §(5) above.

From this it follows that A is simple for the curves €’ which
contain it.

The curve @ must contain 4, otherwise it would cut C, in a point
different from 4 and common to ali canonical groups of C, through 4,
so that C, would be hyperelliptic.

The curve a cuts the curves C, in the point A only. Therefore a is
a line, and this is excluded.

(7) Let us now prove that | C’ | has no neutral pairs.

If, indeed, the curves C” through A4 contain another point B, the
curves C through 4 and B form a linear system | C, 5| (c0? at least),
without fixed parts (because the line 4B is not, by hypothesis, on F).
The generic curve | C | is irreducible, without multiple points, and
hyperelliptic because AB is a neutral pair of its canonical series.

Let P be a generic point of F. The curves C’ through P must all
contain a second point, the conjugate point of P in the g} which exists
on an irreducible C, 5 of genus p through P.

It follows that | C’ | is composed of an involution. We are therefore
again in the case discussed in §(5) above.

(8) If we thus exclude the case of §(5), | C"| is a system which will
give an image ¢ of F birationally equivalent, without exceptions,
to F.

We want to prove that ¢, if it contains lines, is a ruled surface.

In fact, if D is a curve of F which is mapped on a line of ¢, D is
an irreducible non-singular rational curve such that [C',D]=1. If
d denotes the order of D, and ¢ its virtual grade, we have

I'=[C,D]+[K,D]=d+[-2-4]
=d—8—2
or d=d-3.
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But d = 2, therefore § = — 1. We cannot have § = — 1 because # has no
exceptional curves of the first kind. Hence 62 0, and D belongs to a
system of dimension 8 + 12> 1. So ¢ is ruled.

(9) Now the adjunction process extinguishes itself on F because F
isrational. If therefore we take the projective images of #' by means of
the successive adjoints of | C'|, we arrive at a surface F of S, for which
the lemma is immediate or which contains a linear system oo™1 of
hyperelliptic sections.

There remains only this last instance to be examined.

The system of hyperelliptic sections is obtained by cutting F with
the hyperplanes through a point O of ,.

We distinguish two cases, according to whether O is on F or not.

In the second case the projection of F from O is a surface ¢ of S,_,,
which has rational hyperplane sections. Moreover, ¢ is normal. In
fact, if f is the mapping of # onto ¢, fF=¢, and if I'; is a curve of ¢
linearly equivalent to a hyperplane section I', then f-1I'j=Cj is
linearly equivalent on F to f~I'=C; that is, C, is a curve of |C|.
Such a curve is composed of the involution I, of order m, existing
on F, of which ¢ is the image. Hence the hyperplane of C, passes
through O because it contains the lines belonging to the groups of I,
on C,. T, is therefore one of the hyperplane sections of ¢.

Consequently, the surface ¢ is either

(a) a non-singular rational normal ruled surface of order r—2 in
Sr—l;

(b) a rational normal cone of order »—2in §,_;; or

(c) the Veronese surface of S;.

(a) In this case the generators g of ¢ give on ¥ a pencil of plane
curves f~1g. This pencil has no base points. The curves f—!g belong
therefore to a pencil of irreducible non-singular plane curves.

Let D indicate the generic section of ¢ by a hyperplane through g,
residual to g. D is irreducible and non-singular and varies in a linear
system without base points. The curves f-1D also vary in a system
without base points; they are therefore non-singular. Moreover, they
are irreducible, lying on rational normal cones of order r — 3.}

t Consider tho image of the cone by means of the system cut by quadrics through
the vertex; it is a non-singular rational normal ruled surface of order 3(r—3). Let
d be the image of the vertex and g that of a generator. We have [d, d]= —(r—3).
If L, is the image of a curve of the cone which does not pass through the vertex and
which is reducible, Ly= L, + L;, we have

Li=ad+p;9 and [L;gl=a,>0, [L,,d]l=—a(r—=3)+4;=0 (:=0,1,2).
Then [L;, Ly)=ay By + oy iy — (r—3) ayag=(r—3) a,a,> 0.
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Let p,, p, be the genera respectively of f~1g, f~1D. If p; =0or p,=0,
there is nothing to prove.

Let us suppose p, 21, p,=2 1. We cannot have p, =1 because f~lg
would be a plane cubic, but the order of such a curve is m, which is
an even number since I, is composed of an involution of the second
order. Therefore p, >1. The curves C’ through a canonical group of
f71D, through the m points common to f~1¢, f~1D and through p, —1
generic points of f~1g, form a pencil. It cannot contain f~1g as a fixed
component, otherwise there would exist a curve C’ containing
fl9+f1D, which is impossible (see §(3) above). The pencil therefore
cuts a g} on f~g, and this curve must be a plane hyperelliptic non-
singular curve, which is impossible.

(b) Let V be the vertex of the cone ¢, | g| the system of generators,
and f the mapping of ¥ onto ¢. The curves f~lg are plane curves of a
pencil without fixed components because the line OV is not on F.
The pencil cannot have base points, which would consequently be
multiple points for ¥, because a hyperplane section through OV cuts
F in at least two curves of the pencil. The curve f-lg cuts OV in a
variable group and OV would belong to ¥, which is excluded.

(c) Let g be the system of the conics on the Veronese surface ¢,
f the mapping of F on ¢. The curves f~lg are a net of curves without
base points, therefore the generic f~lg is non-singular and also
irreducible because it lies on a quadric cone.

Let p, be the genus of f~1g. If p, =0, there is nothing to prove. If
py=1, f1g are elliptic quartics, m =2, and the involution I, repre-
sents ¥ on a double plane with a branch curve of the fourth order not
consisting of four lines of a pencil. (The plane is the image of the
Veronese surface by means of the system |g|.)

A double tangent g to the branch quartic is the ‘ projection’ of two
conics (), C,, of the surface F' of the same virtual grade & (because
they are changed one into the other by the birational transformation
which generates I,), for which we have

t A curve I, of a quadric cone which does not pass through the vertex and which
cuts tho generators in m points is the intersection of the cone with a surface of order m.
In fact, the surfaces of order m cut on the cone a linear system |C,,| of curves which
is complete because the characteristic series is complete. Let d be the image of a
generator over the model of the cone that we obtain by means of the system cut out
by the quadrics through the vertex. If C is the image of a plane section of the cone,
we have C=2g+d. If I',, denotes also its image on the non-singular model of the
cone, we have I',=ag+pd; [ag+pd,gl=B=m; [ag+pd, d]=a—28=0, therefore
I'p=2mg+md=m(29+d)=mC. Hence on the cone I, is & curve of |C,,|.
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Therefore they have the virtual grade 8= —1, and they are thus
exceptional of the first kind, which is excluded.

If p, > 1, certainly m > 2. We recognize, as in (a) above, that these
curves are hyperelliptic. On the other hand, they are on a quadric
cone and do not pass through the vertex. Therefore each one is a com-
plete intersection of the cone with a surface of order m. The surfaces
of order m — 2 cut on the curve the canonical series which cannot be
compound, and this is a contradiction.

(10) Let us suppose that O in on F. The projection of ¥ from O is
a surface ¢, normal and with rational sections, therefore ¢ belongs to
types (a), (b) and (c) of § (9) above.

We exclude the case in which ¢ is a cone, as in § (9). Moreover, the
point O gives rise by projection to a line d on ¢. That makes it im-
possible for ¢ to be the Veronese surface. It is therefore a rational
normal ruled surface of order r— 2 of S,_;.

Let | g| be the system of generators of ¢; let | D| be the residual
system of | g | with respect to the system of hyperplane sections; and
let f be the mapping of F onto ¢.

If d is a directrix line on ¢, we have [d,d]= — (r — 4), and because
D=d+(r—4)g, we have [D,d]=0. The system of the curves f~1D
cannot therefore have base points (the only possible one would
be O, which would lead to [D,d]>0). The generic curve f~1D lies
on a rational normal cone, and is therefore irreducible and non-
singular.

The system of curves f-lg is a system of plane curves with the
ordinary simple base point O and therefore its curves are generically
irreducible and non-singular.

Let p, be the genus of the generic f~'g and p, that of the generic
f71D. If p,=0 or p,=0, there is nothing to prove. Let us suppose
Pzl pyzl.

If p,> 1, asin (a) of §(9) above, we have a contradiction.

We have only to examine the case in which p,=1, p, > 1. This
implies that the curves f~lg are plane elliptic cubics with the base
point O. Therefore m =2, and F is of order m(r —2)+1=2(r—2)+1.
Moreover, there is a hyperplane section of ¢ consisting of d and r—3
generators g; a hyperplane section of F can therefore be broken into
r—3 curves f~lg, so that we must have r=6.1 Thus F is a surface of

t If zis the order of the curve cut on F by the plane Od (x =0 if the curve is lacking),
we have x + 3(r —3) =2(r — 2) + 1, 80 that r = 6 —x and the order of F'is 9, 7, 5 according
as =0, 1, 2 (r=4). The second case has to be excluded; the third implies that the

83 through an f-lg cut F in a pencil of conics; there remains only the first case,
discussed in the text above.
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order 9 of S, with hyperplane sections of genus 4; the curves f~1D are
of genus p,=2.

F is doubly mapped onto ¢ with a branch curve A which cuts the
generators in four points and the curves D in six points. Therefore
A=4d+6g. Because [A,d]= —2, A contains the line d and a residual
part A, =3d + 6g (this means that the cubics f~1g all have inflection
at 0). The curve A, is a curve of the 9th order =3D. It does not meet
d because [A;,d]=0, and d cannot be doubly subtracted from A,
because A meets the generic generator in four distinct points. The
curve A, is irreducible and non-singular. In fact, the presence on A;
of a multiple point 4 would imply that f~14 is multiple for the curve
f~1g which contains it, and also for the curves f~1D which contain it;
these two implications are contradictory.

The curve A, is therefore a curve of genus 4 (which on the quadric
cone, image of | D|, is a canonical sextic not passing through the
vertex). Hence there exist irreducible curves D which touch A, at
three points (they correspond to the triple tangent planes to the sextic
which are not tangent planes of the cone). Let D, be one such curve;
the curve f-1D), is composed of two twisted cubics Cy, C,, one of which,
if both are not exceptional of the first kind, must vary in an infinite
linear system.

If d is a generator, | f~'g| has no base points and we can repeat
with slight changes the reasoning of (a) in § (9) above.

8. A theorem of M. Noether. As an illustration of the preceding
premises, and more precisely as a consequence of the theorems of
§§5 and 6, and Lemma 1 of the preceding section, we will prove a
well-known theorem of M. Noether:

Each irreducible algebraic surface with a linear pencil of rational
curves can be birationally transformed into a rational ruled surface so
that the generators are the images of the curves of the pencil.

We can refer to a non-singular model of F. If we expand the possible
base points of the pencil by introducing a suitable group of exceptional
curves of the first kind [1], we may assume that on F the pencil has
no base points. Finally, if we eliminate the exceptional curves of the
first kind which are contained in some curves of the pencil, we obtain
a model of F on which the pencil is still without base points and whose
curves are all irreducible because of Lemma 1. It is sufficient to prove
the theorem for this model.

We note that the 3-genus of ¥ is P,=0. In fact, if P; > 1, because of
the adjunction formula, it would follow that the genus of the curves
of the pencil is = 1. Moreover, F is a fibre bundle [26] with base space
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a 2-sphere and whose fibres are also 2-spheres. Thergroup is the pro-
jective group on the complex projective line.

In fact, mark a point on the 2-sphere which is the base space. To this
point corresponds as a fibre a curve of the pencil. We can find three
analytic branches with origins in three different points of the fibre,
which cut in one point each of the fibres in a convenient neighborhood
of the considered one. This bunch of fibres is therefore homeomorphic
to the product of a 2-cell and the complex sphere, in such a way that
the correspondence induced on the fibre is a projective one. From this
the assertion follows.

Now, by virtue of a theorem of Steenrod [25, 26], the only possible
types of sphere bundles are those we have considered in §§5 and 6,
and because of the theorems we have proved there, F is birationally
equivalent, without exceptions, to a rational normal ruled surface
(non-singular). From this the assertion follows, because the only
pencil without base points (or the only two in the case of a quadric)
is the pencil of the generators.

REMARK. The theorem we have proved is both somewhat more and
less wide than the original theorem of Noether. It is less wide in rela-
tion to the ground field in which we obtain the required transformation.
We have supposed the ground field to be the complex field, but the
theorem holds in every algebraically closed field of characteristic 0
and also in more general fields. On the other hand, our theorem is
more comprehensive because we have proved that every abstract
rational ruled surface [24], without exceptional curves of the first kind
contained in the pencil, is always birationally equivalent, without
exceptions, to a projective rational normal ruled surface with a
directrix line. This is a particular case of a theorem due to Maroni [15].

9. The classification of rational surfaces with respect to birational
transformations without exceptions. Let us consider the totality of
non-singular rational surfaces without exceptional curves of the
first kind. With respect to the group of all birational transformations,
they stand in a single class; on the contrary, with respect to birational
transformations without exceptions they stand in infinitely many
classes. This is a consequence of the following theorem (first stated
by G. Vaccaro [27]):

Every non-singular rational surface F without exceptional curves of
the first kind is birationally equivalent, without exceptions, either to the
projective plane or to a rational normal ruled surface of even order with
a directriz line.

Let us consider on F a complete and infinite linear system | C'| of
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irreducible rational non-singular curves. Among all possible choices
we fix a system of minimum order. All this is possible because of
Lemma 3 in §7.

The dimension of |C| is certainly <3. Otherwise let us consider
the image ¢ of the complete system | C'|. It is a surface with rational
sections and therefore ruled, rational and normal (possibly a cone),
or the Veronese surface. The system | C | has no base points and is not
composed of an involution; hence the correspondence between F
and ¢ in the sense ¥ — ¢ is strictly one-valued. The system of gener-
ators of ¢, or that of the conics of ¢ when ¢ is the Veronese surface, is
mapped onto F by a system of non-singular rational curves whose
order is less than the order of the curves C because it is partially
contained in | C|.

So | C| is either a net or a pencil.

In the first case, because of the completeness of the characteristic
series, we must have [ C,C]=1. Moreover, since ¥ does not contain
exceptional curves of the first kind, no curve C of | C' | can be reducible
(Lemma 2, §7). Consequently |C | gives an unexceptional birational
transformation of F on the projective plane.

In the second case, we must have [C,C]=0, that is, the pencil has
no base points. Moreover, no curve of the pencil is reducible, because
of Lemma 1, §7. F is therefore an abstract ruled surface without
reducible generators, and as such (§8, REMARK) it is birationally
equivalent, without exceptions, to a rational normal ruled surface
with a directrix line.

The order of this ruled surface cannot be odd, because with the
directrix line and a convenient number of generators, we can construct
a curve of virtual genus 0 and virtual grade — 1, that is, an exceptional
curve of the first kind. So the theorem is proved.

REMark. The models we have considered in the statement of the
theorem are distinct with respect to birational transformations
without exceptions, as follows from § 3.
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On Kdahler Manifolds

with Vanishing Canonical Class

Eugenio Calabi

THE purpose of this note is to show certain properties of compact
Kihler manifolds whose canonical class vanishes; an application of
the results obtained leads to a partial classification of all such mani-
folds, reducing it to the problem of classifying a more restricted class
of compact Kihler manifolds, namely, those whose canonical class
vanishes and whose first Betti number is zero. A complete classifica-
tion of manifolds of the latter type is claimed by Severi [9] in the case
of algebraic surfaces.

We shall first recall that the canonical class of an algebraic manifold
M, of dimension 7 is the homology class of the divisor of any non-zero
meromorphic n-uple differential. This definition is not suitable for
generalization to compact, complex manifolds, since it is not known
whether one can always find a non-trivial meromorphic n-uple
differential in all manifolds of this wider class. An alternate defini-
tion which allows such a generalization is due to Chern [3]. Let M, be
a compact, n-dimensional complex manifold, in which let ¢ be any
real, differentiable, positive-valued density of weight 1; g is expres-
sible in any coordinate domain {U; (2)} ((z) = (2%, 2% ...,2")) by means
of a positive, differentiable function g (z,2z), so that, if {V; (')} is
another coordinate domain, then at every point of UN V

2
’

(1) (7, 7) =gule, z)l%z’%

where 9(z)/0(z') is the Jacobian of the coordinated transformation.
It follows from (1) that

log gy =log gy + 2Re log ((9(2)/0(2")),
and hence the tensor components defined in each coordinate domain
{U; (2)} by

(2) Bopo(e7) = CUBIUEE) (0 p12. )
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define the same hermitian tensor over all of M, ; consequently the
exterior formt
(3) L= —3dCd(logg) =/(— 1) R, sedz* ndZF

is a closed, real-valued exterior differential form of type (1, 1)} defined
over M,. If a different density g’ is chosen, then g¢’/g is a positive,
differentiable scalar; hence

(4) ¥ -¥=-— gdcoz(log %)

18 a closed form cohomologous to zero. Thus the cohomology class of
Z depends only on the complex analytic structure of M,, and not on
the particular density chosen. It is shown by Chern [3] that whenever
a non-trivial meromorphic n-uple differential exists in M,, then the
dual of its divisor cycle is cohomologous to (1/27)X. Thus for any com-
pact, complex manifold one can define the canonical class (or first
Chern class) to be the cohomology class of (1/2m)X.

From this point on we shall assume that the complex manifold M,
admits an infinitely differentiable, positive-definite Kihler metric
(for a definition, see [2])

(5) ds® =29, 44(2,2) d2*dzF;

then one can take the density g to be the determinant of the matrix
(9up+), 1. the volume distribution with respect to a local coordinate
system. One of the properties of a Kihler metric which we shall use
here is that the tensor E,;. defined by (2) from the volume element g
is equal to the Ricci tensor of the metric (cf. [1], p. 789); we shall
therefore call the form X defined by (3) the Ricci form relative to the
metric. The property which is characteristic of and was originally
used to define a Kihler metric is that the exterior form w associated
with (5) and defined by

(5a) w=4(— 1) g ped2* Ad2P

is, like the Ricei form, closed, differentiable, of type (1, 1), and real-
valued (see [6]); we shall call w the principal form of the metric. Since
w"/n! is the volume element of M, ,§ its integral over the cycle carried
by M, is positive, so that, as a closed differential form of type (n,n),
"™ cannot be cohomologous to zero; therefore w belongs to a non-
trivial, real cohomology class (see [4]), which we shall call the prin-
cipal class.

+ The notation hereis the same as in Kodaira ([8], pp. 95 et seq.).

t An exterior form of type (p, q) (0=p, ¢=n) is an exterior form of degree p+gq,
which is p-fold linear in dz!, ..., dz" and ¢-fold linear in dzl, ... .dz".

§ An exponent written over an exterior form denotes its power with respect to
exterior multiplication.
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The topology of compact, Kihler manifolds from the standpoint
of homology theory has been studied extensively by Hodge [4], who
generalized to this class of manifolds the homology properties with
respect to real coefficients that Lefschetz[7] had discovered for
algebraic varieties. In particular we shall use the following facts. All
holomorphic and all antiholomorphic differentials in M, are har-
monic; those of degree 1 (Picard differentials of the first kind and
their conjugates) for a complete set of representatives of cohomology
classes with complex coefficients for dimension 1; thus the first Betti
number B, of M, is twice the irregularity g;, or number of linearly
independent Picard differentials of the first kind in M,. If «y, ..., a,,
form a basis for these differentials, we call the Albanese variety 4,,
of M, the complex torus of (real) dimension 2¢g, whose periods are those
of the integrals a; (1=1, ..., g,) over the 1-cycles of M, ; we have also
a complex analytic mapping of M, into A4,,, which we shall call the
Jacobi map, defined up to a translation in A,,, described as follows:
if poe M,, and a,€ 4, are fixed points and if p ranges over M,,

J(p)=a,+ ( f pai)al (modulo periods of ¢a,).
Do i=1

The map J induces the natural isomorphism of the translation in-
variant simple differentials of 4,, with the Picard differentials of M,,.
As in algebraic geometry we shall call M,, regular, if B, =2g,=0.

We shall now postulate a general result about compact, Kihler
manifolds. While the proof of this result is not complete, we feel
justified in assuming the truth of the statement for several con-
current, intuitive reasons. A sketch of a heuristic argument for the
proposition is given in the Appendix.

ProrosiTiON 1. Let M, be a compact, complex manifold admitting
an infinitely differentiable Kdihler metric with principal form o and
Ricci form Z. If ' is any closed, real-valued, infinitely differentiable
form of type (1,1) and cohomologous to X, then there exists a unique
Kdihler metric with principal form o’ cohomologous to w and Ricci form
equal to X'. This metric 18 always infinitely differentiable; it is real
analytic, if ' 18 analytic.

We shall now assume that the canonical class of M, is zero, or,
equivalently, that the Ricci form X is cohomologous to zero. We shall
call M, with this restriction, for short, a special Kdhler manifold,
because (see Chern [3]) this property is equivalent to the reducibility
of the structural group of the tangent bundle from the unitary to the
special (or unimodular) unitary group.



ON KAHLER MANIFOLDS 81

Examples of special Kihler manifolds of dimension » are given:
(a) by the n-dimensional complex tort (group manifolds of compact,
Abelian, complex Lie groups); (b) by the non-singular hypersurfaces
of order n + 2 in a complex projective (n + 1)-space; the latter examples
are, for n 2 2, alsoregular; for n = 1 of course the only possible examples
are algebraic curves of genus 1.

The following theorem describes the first characteristic property of
special Kihler manifolds:

THEOREM 1. If M, is a special Kihler manifold of dimension n and
with irregularity g,, then 0 = g, < n (equality holding only for a complex
torus) ; more precisely the Jacobi map J of M, intoits Albanese variety A 5, :

(i) s a map onto; ‘
(ii) 4t s the projection map of a complex analytic fibre bundle with
base space A,; and bundle space M, ;

(iii) the structural group of the bundle is finite and Abelian;

(iv) the fibre is a connected, special Kdihler manifold.

Proor. Since X is cohomologous to zero, we can set £’'=0; then,
by applying Proposition 1, we can replace the given Kihler metric
by another one with the same principal class, for which the Ricei
tensor vanishesidentically; this new metric is unique and real analytic.
All of the statements that will follow will be referred to this metric.

Animmediate application of the theorems of Bochner ([1], Theorems
1, 2, 5, 6) to the case of vanishing Ricci tensor leads to the following
statement: a vector function in M, cannot be harmonic, nor satisfy
Killing’s equation, nor have holomorphic or antiholomorphic contra-
variant components, unless it is a parallel vector field (of course if it
is parallel, then it trivially satisfies all three other conditions simul-
taneously). In other words, a real vector function in M, is harmonic
(i.e. the real part of a Picard differential of the first kind), if and only
if, its contravariant components are the sum of a holomorphic and an
antiholomorphic vector, or if, and only if, it satisfies Killing’s equation
(i.e. the vector generates a one-parameter group of complex analytic,
isometric transformations of M,). It follows from this that the
mapping J induces a one-to-one linear correspondence between the
parallel vector fields of M, and those of A,,; hence the group G’ of
translations of A4, is locally isomorphic under a map induced by J to
the component @ of the identity in the group of analytic (and iso-
metric) transformations of M,,. This shows that J maps M, onto 4 ,,;
in the special case where g,=n, the map is locally one-to-one and
without singularities, because of the properties of the group of trans-
lations of A4,; therefore M, is a compact covering of 4,, under J,
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whence it isitself a complex torus, i.e. its own Albanese variety, so that
J becomes the identity map.

The inverse image J—1(a) of each point a € 4,, is a complex analytic
subvariety of M,. If U is a geodesically convex, sufficiently small
neighborhood of a, the set U of translations of 4,, mapping a into
U is a neighborhood of the identity in the translation group &,
constituting a local group which under the local isomorphism induced
by J carries each point of J~!(a) into an analytic cross-section of
J-1(U); the image of each element of U under the local isomorphism
maps J~}(a) analytically and isometrically onto J-1(a’) for some
a’ € U. One verifies easily that each cross-section over U thus defined
is analytically isometric with U and intersects orthogonally the
subvariety J ~1(a’)foreacha’ € U. ThusJ ~}(U)is analytically isometric
with U x J~1(a). Since each local cross-section as constructed above
is uniquely determined by one of its points but for its extent, we have
established the complex fibre bundle structure of M, over A,,.
Furthermore, each component of a fibre is a complex submanifold
without singularities, because of the local metric product structure
of the bundle space.

It is clear that J induces a homomorphism of & onto ¢, and that
the kernel consists of the analytic isometries of M, which are analytic-
ally deformable to the identity, and map each J~1(a) for each a€ 4,
into itself. But it is well known that the group of all isometries of a
compact Riemannian space is a compact Lie group; thus @ is a com-
pact, connected Lie group, locally isomorphic to the compact,
Abelian group G, so that G is itself Abelian. The kernel K of the homo-
morphism of G onto @' is thus a discrete, and hence finite, Abelian
subgroup of . It is easy to see that K is the structural group of the
fibre bundle of M, over A, so that the third contention of the
theorem is proved.

We have already verified that each component of a fibre is a com-
plex submanifold of M, without singularities; from the local metric
product structure we see that it is totally geodesic, so that its Ricci
curvature tensor is the tensor induced from the Ricci tensor of the
ambient space. It follows that the Ricci curvature of each com-
ponent of a fibre vanishes identically, so that it is a special Kihler
manifold. In order to prove that each fibre is connected, we identify
all points of M, lying on the same component of any fibre; we obtain
thus a complex manifold A’, over which M, is fibered by connected
submanifolds, and which is in turn fibered over 4 ,, by fibres consisting
of a finite number of points, so that the composition of the two fibre
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projections is J. The manifold 4’ thus obtained is a finite covering
of A,; therefore it is a complex torus, in which the group of periods
of Picard integrals of the first kind is a subgroup of finite index of the
corresponding one for A,,. This would imply, if the covering of 4,,
by A’ were not trivial, that the group of periods of the integrals in
M,, would be a proper subgroup of the group of periods of 4,,;, which
would contradict the definition of the Albanese variety. Theorem 1 is
thereby proved.

The next theorem is a new interpretation of the first, but it is per-
haps more helpful in describing the structure of special Kihler mani-
folds.

THEOREM 2. If M is a special Kihler manifold, then there exists a
finite covering manifold M of M, which is a direct product of its own
Albanese variety Az with a special Kdihler manifold Y, which 18
regular, and possibly a point. The relative covering group of M over M
18 solvable.

Proor. We construct the principal bundle (cf. Steenrod, [10],
pp. 35-9) associated with the fibre bundle {M, 4,,,J}; since the struc-
tural group of the bundle is finite, the principal bundle is given by a
finite, necessarily Abelian, covering A, of 4,,. Denote the fibre of M
by ¥, and set My=M and M,=Y,x A,. Then the principal map P:
M, - M, defines a finite, Abelian covering of M, by M,. The complex
torus A, appearing as a direct factor of M, is not necessarily the
Albanese variety of M,, since M; may have some Picard differentials
of the first kind other than those induced from M under the covering
map P; it is obvious that the additional differentials appearing in M,
are precisely those induced from its other direct factor, namely, ¥,
Thus the Albanese variety of M, is the direct product of A, with the
Albanese variety of Y.

Since it is clear that J, is again a special Kihler manifold, the
process may be repeated with M, replaced by its covering manifold
M,, thus obtaining a special Kéihler manifold M, as a finite, Abelian
covering of M,, and continue inductively. At the k'th step one obtains
a special Kihler manifold M, which is a finite, Abelian covering of
M, _,, such that the Albanese variety of M, is the direct product of the
corresponding finite covering of the Albanese variety of M;_, with the
Albanese variety of the fiber Y,_, of M,_, under J. Since

91(My) — 91(My—y) =dim (¥},_,) — dim (¥y) = ¢,(¥;—y),

either the process stops when the fibre Y, is reduced to a point, in
which case the covering manifold M, is a complex torus, or one
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reaches a stage when the irregularity of Y is zero, in which case the
next inductive step will yield as covering manifold M, ,=Y, x 4;,,
with the properties we set out to prove. Repeated application of the
process will then yield only the identity covering. Thus we have
obtained a finite covering manifold of M, which is the direct product
of a complex torus (its own Albanese variety) with a special Kéhler
manifold that is regular. The relative covering group is solvable,
because it has a normal series consisting of finite, Abelian groups.
This completes the proof of Theorem 2.

By means of the result just established one could completely classify
all special Kihler manifolds in terms of those that are regular. We
shall describe briefly how this can be done.

Let A be a complex torus and @ a finite soluble group of complex
analytic transformations of 4 such that no element of G except the
identity leaves any point of 4 fixed (for a discussion of these crystallo-
graphic groups, cf. H. Weyl[11] and H. Hopf[5]). Let Y be aregular,
special Kéhler manifold (this may even be one point) and (G, ¢) a
(possibly trivial) representation of G as a group of analytic trans-
formations of Y. We then define a group & of transformations of
Y x 4, naturally isomorphic to G as follows: if xe@ and 2’ is the
corresponding element of @', and if ye Y and ae€ A, then

'(y, a) = ($(2) (¥), x(a)).

It is clear that no element of G’ other than the identity leaves any
point of M, x A fixed; the identification of points in y x A equivalent
under G’ produces a Kihler manifold, which is obviously special.
As a result of Theorem 2 we know that every special Kéihler mani-
fold can be obtained in this way, so that the whole class of special
Kihler manifolds can be contructed from a classification of the regular
ones plus the family of all compact Kahler manifolds which are
metrically flat.

It might be interesting to know immediately, given a special Kiahler
manifold M, with its Ricci flat metric, what the dimension is of the
complex torus As and the complementary dimension of the regular
manifold Y suchthat ¥ x Ay isa finite covering of M,,. It is clear that
an upper bound for the dimension of A4 is given by maximum number
m such that at each point of M, there exist m linearly independent
(over complex coefficients) parallel vector fields; however, this upper
bound is not the best possible, at least for n > 3, since one can construct
a compact, regular, 3-dimensional Kéhler manifold, with Riemann
curvature identically zero, admitting a complex torus as a finite
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covering. Another unanswered question in this connection is whether
a special Kédhler manifold with no local parallel vector fields with
respect to its Ricci flat metric is not only regular, but also simply
connected.

One interesting application of the above results is the following one,
suggested to the author by G. Washnitzer. Let M, be a special Kihler
manifold with an arbitrary (i.e not necessarily Ricci flat) Kihler
metric. We consider on M, the density g’ defined by

(6) g’ =gexp (2AGY),

where g is the volume density, A is algebraic operator on exterior
p-forms ¢ defined by Ag = (—1)? x (w A * @) (i.e. the negative of the one
so denoted by Kodaira [8]), Gisthe Green’s operator asin de Rham 8],
and X is the Ricci form (3). From the well-known identities in the
exterior calculus in Kihler manifolds, and from the assumption that
the closed form X is cohomologous to 0, we obtain the identity for the
functional expression gy;(2,z) of ¢’ in a complex coordinate system

{U; (=)} dCd(log gy (2, 7)) = 0.

Consequently the density g’ is locally equal to the squared absolute
value of a complex analytic, nowhere vanishing, n-uple differential ©,
uniquely determined up to constant factors of modulus unity, i.e.
a generalization of a Prym differential. The analytical continuations
of ® over closed paths depend on the homology class of the latter
only, and hence furnish a multiplicative representation of the first
homology group of M,. We remark that, if M, is regular, then © is
single-valued; the same is true if M, is a complex torus, for then ®
becomes, with a constant factor, the exterior product of a base for the
Picard differentials of the first kind.

A direct application of Theorem 2, in connection with the con-
siderations just made, produces the following result.

COROLLARY TO THEOREM 2. Let M, be a special Kdhler manifold and
let the smallest finite covering manifold M, of M, that is a product of a
complex torus with a regular, special Kdihler manifold be k-sheeted.
Then there exists a divisor d of k such that the m-genera of M, (m=1,2, ...)
are 1 or 0 according as to whether d divides m or not.

Proor. We recall that the m-genus of a complex manifold is the
maximum number of linearly independent single-valued, everywhere
holomorphic densities of weight m; for m=1 it is also called the
geometric genus. If M, is itself the product of a regular, special
Kéhler manifold with a complex torus, then k=d =1; in this case we
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have already verified that there is a single-valued, holomorphic,
n-uple differential ® with no zeros. Each mth tensor power of ©
(m=1,2,...) is a holomorphic density of weight m; it is unique up to
constant factors, since its divisor vanishes; thus the m-genera of
M, are all 1.

In the general case there exists a k-sheeted covering M, of M,
which is a product of a regular, special Kédhler manifold with a com-
plex torus. The real density g’ defined by (6) on M, induces the corre-
sponding one of J,. Hence the generalized Prym differential ® on
M, has multiplicative periods corresponding to a representation of the
relative covering group of M, by M,, which is finite and of order k;
thus the multiplicative periods of @ are the totality of dth roots of
unity for some divisor d of k. For each positive integer m the density
O™ is an m-uple, holomorphic Prym density on 3, obviously unique
up to a constant factor, since its divisor vanishes, and single-valued,
if and only if m is a multiple of d. This concludes the p;@f. o

ArpENDIX. We shall give here a heuristic argument™to the
statement of Proposition 1 seem plausible. The proof oyaw,u eness
of the Kihler metric with prescribed Ricci form (subject to hganeces-
sary restrictions stated) will be rigorous; the existence part will rely
on the assumption of the existence of a solution of an integro-differ-
ential equation.

We remark first that, if M, has two distinct metrics whose prin-
cipal forms w and o’ belong to the same (principal) class, then there
exists a real-valued scalar ® defined over all of M, and unique up to
an additive real constant, such that

(7 0 —w=dC0dd;

in fact, it is enough to set ® = AG(w'—w), where A and G are taken
relative to either (or any other) Kédhler metric, and verify that @ is
a solution. If @’ is any other solution, then dCd(® — ®’) =0, meaning
that the difference between the two solutions of (7) is the sum of an
everywhere holomorphic with an everywhere antiholomorphic scalar,
i.e. a constant. Since the conjugate of a solution is clearly a solution,
it follows that the imaginary part of any solution of (7) is & constant,
so that its real part will do.

We now prove that, if the principal forms w and ' are distinct, but
cohomologous, then their corresponding Ricci forms X and X’ are
distinct. In fact, suppose that £ =X’; from equation (4) it follows that
g'/g is the real part of an everywhere holomorphic scalar; therefore it
is a constant, namely, the ratio of the volumes of M, as calculated by
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each of the two metrics. But the volume elements are given respec-
tively by the forms w”/n! and w'®/n!, which are clearly cohomo-
logous, so that their integrals over M, are equal. Thus we have
w'r=p".

Using the solution ® of equation (8), we obtain

(8) 0=x (0" — ") =x[dCdD A (Tpi w* A0/ mk-1)]
=30l * (Wk AW R-1AdCdD).

Each term in the last summation on the above equation can be written
in the form )

@ o

where the coefficient matrices HG" are, for each value of k
(0=k=n—1), Hermitian contravariant tensors; using the local
orthogonal developments of the two metrics, one can easily show that
each tensor Hg#" is positive-definite. Thus the tensor H*#*= Y1 -1 H&#
is positive-definite, and the scalar @ satisfies the equation

(9) Ha8* 92D 022028 =0,

these two facts imply that, since M, is compact, ® is a constant, be-
cause no solution of (9) can achieve a maximum value in the interior
of its domain of existence, unless it is a constant (cf. Bochner and
Yano [2], pp. 26-31). From this it follows trivially that &’ —w=0.

We shall now derive the integro-differential equation whose solu-
tion yields the Kihler metric with the prescribed Ricci form ¥,
subject to the conditions stated in Proposition 1. Assume that for
each such form X’ there existed a corresponding Kéhler metric with
principal form ’; suppose further that for each continuous system
3(t) of Riceci forms depending differentiably on a real parameter ¢
(0<t<1) the corresponding principal forms () depended also
differentiably on ¢. Then, by using equations (3) and (4) we could
compute the relationship between the derivatives of X(t) and w(t)
with respect to ¢. In fact

os(t) .. glt+h)\ _ du(t)
_a—t—_;lll_,o_ éﬁdCd(l _—g(—t)_)_ —%dCdAl( ot )

-2,

where the subscript ¢ under the operators A and A indicates that they
are the ones associated with the metric corresponding to w(t). Since
both of the derivatives with respect to ¢ of w(t) and Z(t) are closed
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forms cohomologous to zero, using the Green operator G, relative to
w(t), we-obtain the integro-differential equation

ow(t) 0X(t)

(10) wét—-_—zc:,( = )
It can be shown analytically that, subject to sufficient conditions
of differentiability of the function 0Z(t)/ot, the integro-differential
equation above has a solution w(t) with initial value given by the
principal form.w(0) of an arbitrary, infinitely differentiable Kihler
metric. In particular, on letting the initial values correspond to the
Kiéhler metric assumed in the statement of the Proposition, and
choosing 9X(t)/0t to be the form £’ — X, the solution w(t) of equation
(10) such that w(0) = w formally gives the principal form of the Kéahler
metric whose Ricci form Z(¢) satisfies

(11) Zt)=Z+HZ' - Z);

for t=1 the solution becomes the metric whose existence is asserted.

The first essential step in rigorizing this argument consists in
showing that, as ¢ varies, equation (10) preserves its elliptic character.
In fact the corresponding equation for the volume element w"(t)/n!
is given by

(12) o(®) _ nwn_l(t)a_wég_)

. aw(t))

=w"(t) At('@*
= —20(t) A,G(E —X).

Remembering again that the operator AG acting on closed forms of
type (1,1) and cohomologous to zero gives the same scalar modulo
additive constants independently of the metric, and that the volume
of M, under any of the metrics considered is constant, we have the
explicit solution of equation (12):

(13) w™t)=w™(0)exp[—-2AG(Z’' - Z)]/H{exp[ - 2AG(Z' - )]},

where the operators A, @ and H (harmonic projection) are taken
relative to the given metric w = w(0). This fact indicates that, since the
determinant g(¢) of the metric remains positive for all values of ¢, the
solutions of equation (10) can be continued locally with respect to ¢.}
The proof of existence of the solution w(t) of (10) for

%[0t =3 —£(0)

t There seems to be some question as to whether the interval in ¢ for which one
can solve for w(t) is unbounded. This essential gap in the proof of Proposition 1
makes the results of this paper depend on the conjecture that a compact Kihler
manifold admits a Kahler metric with any assigned, positive, differentiable volume
element,
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can then be completed by evaluating formally from it 92w(t)/0t2 and
obtaining a uniform a priori estimate of the latter expression in terms
of w(t) and ow(t)/ot, so that one can then apply the Cauchy-Peano
method of polygonal approximations to a solution.

LouisiaANA STATE UNIVERSITY

REFERENCES

[1] S. BocHNER, Vector fields and Ricci curvature, Bull. Amer. Math. Soc.,
52 (1946), pp. 776-797.

[2] —— and K. YANoO, Curvature and Betti numbers, Annals of Mathematics
Studies, no. 32, Princeton, 1953.

[3] SHiING-SHEN CHERN, Characteristic classes of Hermitian manifolds, Ann.
of Math., 47 (1946), pp. 85-121..

[4] W. V. D. Hopcr, Theory and applications of harmonic integrals, Cam-
bridge University Press, 1941.

[6] Heinz Hopr, Zum Clifford-Kleinschen Raumproblem, Math. Ann., 95
(1925), pp. 313-339.

(6] E. KAHLER, Uber eine bemerkenswerte Hermitesche Metrik, Abh. Math.
Sem. Hamburg Univ., 9 (1933), pp. 173-186.

[7] S. LeFscHETZ, L’analysis situs et la géométrie algébrique, Paris, Gauthior-
Villars, 1950.

[8] G.pE RuAM and K. KopaIlra, Harmonic integrals, Institute for Advanced
Study Seminar, 1950.

[9] F. SevEeRi, Sulle superficie algebriche con curva canonica d’ordine zero,
Atti Ist. Veneto, 68 (1908-9), pp. 31-32.

[10] N.E.STeEENROD, The topology of fibre bundles, Princeton University Press,
1951.
[11] H. WEYL, Group theory, Lecture Notes, Princeton University, Spring,

1949.



Quotient d’un Espace Analytique
par un

Groupe d’Automorphismes

Henri Cartan

LE quotient d’une variété analytique complexe X par un groupe
proprement discontinu d’automorphismes G n’est pas, en général,
une variété analytique complexe, & cause de la présence possible de
points fixes dans les transformations de . Récemment, diverses
extensions de la notion de variété analytique complexe ont été pro-
posées (cf. [2, 3,4]). Nous prouvons ici que si X est un ‘espace analy-
tique’, il en est de méme de X /G (Théoréme 4). Dans ce but, nous
étudions d’abord le quotient d’un espace numérique complexe C* par
un groupe linéaire fini; dans la mesure ol les résultats ont un caractére
purement algébrique, ils sont établis pour un corps quelconque K au
lieu du corps C. Les démonstrations sont de nature élémentaire.

Revenant au cas d’un groupe proprement discontinu G d’automor-
phismes d’une variété analytique complexe X, nous démontrons, sous
certaines hypothéses, que I'espace analytique X /@, supposé compact,
peut étre réalisé comme variété algébrique ¥ dans un espace projectif;
V peut avoir des singularités, mais est ‘normale’ en tout point (au
sens de Zariski). Un théoréme d’immersion de ce type a été récemment
démontré dans le cas ou le groupe G n’a pas de points fixes[8, 9].
W. L. Baily[1] a aussi annoncé un théoréme d’immersion lorsque G
posséde des points fixes; mais ici, nous précisons que I'immersion peut
étre obtenue a I’aide de ‘séries de Poincaré’ d’un poids convenable.

Le présent article constitue une mise au point de développements
donnés dans mon Séminaire de I’Ecole Normale en 1953-54[4]. De
nombreuses discussions avec J. P. Serre m’ont apporté une aide
efficace, dont je tiens & le remercier.
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1. Groupe linéaire fini opérant dans K~

Soit K un corps commutatif. Onnotera GL(n, K)le groupe linéaire &
nvariables; S = K[z,, ...,z,]’algébre des polynomes; F = K[[z,, ...,z,]]
l’algébre des séries formelles; si de plus K est valué complet (non
discret), on notera H=K{z,,...,z,} la sous-algébre de F formée des
fonctions holomorphes (i.e. séries entiéres en z,, ..., z, qui convergent
dans un voisinage de 1’origine).

Soit G' un sous-groupe fini de GL(n, K). Notons S¢ (resp. F¢, HS)
la sous-algébre des éléments de S (resp. F, H) invariants par G.

Prorosition 1. L’algébre SC est engendrée par un nombre fini
d’éléments.

C’est le classique ‘théoréme des invariants’. En voici une démon-
stration simple, qui ne suppose pas que K soit de caractéristique 0,
et est valable pour tout anneau noethérien K (commutatif avec
élément unité). Les générateurs z,,...,x, de l’algébre S sont entiers
algébriques sur S¢; il existe donc une sous-algébre 4 de S¢, engendrée
par un nombre fini d’éléments, et telle que z,, ...,x, soient entiers
sur 4; S est ainsi un A-module de type fini. Comme 4 est noethérien,
le sous-4-module 8¢ de S est de type fini. Alors un systéme fini de
générateurs de ¢ (comme 4-module) et un systéme fini de générateurs
de A (comme K-algébre) engendrent S¢ comme K-algébre.

Choisissons une fois pour toutes un systéme de ¢ polynémes homo-
génes @,(x) € 8¢, qui engendre ’algébre S¢; soit d;> 0 le degré de Q;.
Un polynéme R(y,, ..., y,) sera dit isobare de poids p si

R(ky,, ..., k%y,) =kPR(y,, ..., y,)

pour ke K. Tout élément de S¢ homogéne de degré p, s’écrit
R(Q,, ...,Q,), ou R est isobare de poids p. Donc tout élément de F¢
8'exprime comme série formelle en les Q, (cf. Théoréme 1 ci-dessous).

ProposiTiON 2. Sotent f,e FC (i =1, ..., q) des séries formelles telles que
o(f;—Q;)>d; (en notant w(f) lordre d’une série formelle f). Alors
tout élément de FC 8’ exprime comme série formelle en les f;.

Cette proposition va résulter de la suivante:

ProrosiTioN 3. Soient f;€ F'¢ des séries formelles telles que

o(f;— Q) >d,.

11 existe q séries formelles Fi(y,, ..., y,) telles que

(1) F(@y, -, Qq)=fi;

(2) 8t Ly, ..., y,) désigne la composante homogéne de degré un de
Fi(yy, ..., Y,), les formes linéaires L, sont linéairement indépendantes.
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La Proposition 3 entraine que les @, s'expriment comme séries
formelles en les f;, d’ou la Proposition 2.

DEmMONSTRATION DE LA ProposiTiON 3. Disons que le systéme
de générateurs homogeénes Q; est irréductible si tout polynome isobare
R(y,, ....y,) tel que R(Q,,...,Q,)=0 est d’ordre 2 2. Il est immédiat
que tout systéme de générateurs contient un systéme irréductible de
générateurs; appelons-les @, ...,Q, (r < q) Prenons r séries formelles
F(y,,....y,) (i=1,...,r) telles que f;=F(@,,...,Q,); soit L, la com-
posante homogéne de degré un de Z. Par hypothése, la série formelle
F(Q,,...,Q,)—Q; est d’ordre >d;, ¢ <r; done, pour tout d<d,, I'en-
semble des termes de poids d de L,(y,,...,¥y,)—¥; est nul, sinon le
systéme (@, ..., @,) ne serait pas irréductible. Ainsi la forme linéaire
Ly(y,, ---,y,) — y; ne contient aucune des variables y; telles que d; < d,.
Si on range les y; dans I’ordre des d; croissants, la matrice des formes
L; est triangulaire, avec 1 dans la diagonale principale. Pour i>r,
choissons des séries formelles g;(y,, ..., y,) telles que

fi=Qi+9/@Qy, ... Q).

En prenant E(y,, ..., ¥,) =y;+9:(¥, ---»¥,) pour ¢ >r, la condition (2)
de la Proposition 3 sera satisfaite; ce qui prouve la proposition.

Pour chaque point a=(a,, ...,a,) de K™, on notera G(a) le groupe
d’isotropie de a: sous-groupe des éléments de @ laissant fixe a.

LeMME 1. Pour tout entier r, et tout polynéme R(x,, ..., x,) invariant
par G(a), il existe un polynéme Q € S¢ tel que l'ordre de R —Q au point
a soit >, .

D£MONSTRATION. Prenons un polynome U(x) tel que U(x)— 1 soit
d’ordre >r au point a, et que U(z) soit d’ordre >r aux points sa #a
(s€@). Le produit V des transformés de U par G(a) jouit des mémes
propriétés. Le polynéme R — RV est d’ordre >rena, et RV est d’ordre
>r aux points sa #a. Comme RV est invariant par G(a), 'ensemble
G, des classes s-G(a) (ou s€ () opére dans RV; la somme @ des trans-
formés de RV par G, répond & la question.

Appliquons la Proposition 2 au point a et au groupe G(a), et tenons
compte de Lemme 1; on obtient:

THEOREME 1. Soit a=(a,,...,a,) € K*. Toute série formelle en les
x,—a, (k=1,...,n), invariante par le groupe d’isotropie G(a), 8’ exprime
comme série formelle en les Q;(x) — Q,(a), en désignant par (Q;) un systéme
fint de générateurs homogénes de Ualgébre SC.
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2. L’espace quotient K*/@G comme variété algébrique affine

L’application y: z—>(Q,(x)) de K™ dans K¢ passe au quotient
suivant G, et définit une application ¢ de K»/@ dans K9 L’application
¢ est biunivoque, car les polynémes G-invariants séparent les points
de K*/G: en effet, si '€ K™ et ” € K™ ne sont pas congrus modulo G,
il existe un polynéme R égal & 1 aux points sz’ (s€ G) et & 0 aux points
sz”; le produit des transformés de R par G sépare la classe de z’ et
celle de z”.

ProrositioN 4. St le corps K est algébriquement clos, Uapplication
¢ applique biunivoquement K*|G sur la variété algébrique V < K9, liew
des zéros de U'idéal I < K[y, ...,y,] formé des polynémes R(y, ...,y,)
tels que R(Q,, ..., Q,)=0.

DEmonsTrATION. Tout revient & prouver que tout point de V est
image d’un point de K». D’apreés le ‘théoréme des zéros’ de Hilbert,
les points de V correspondent aux idéaux maximaux de l’algébre
A=Ky, < Yg)/I (anneau de la variété affine V); or ¢ définit un
isomorphisme de A sur S¢. Il suffit donc de montrer que tout idéal
maximal J de S7 est induit par au moins un idéal maximal de S. Cela
résulte d’un théoréme de Krull,{ puisque tout élément de S est entier
sur 8¢, Directement: I'idéal de S engendré par J ne contient pas 1;
carsion avait 1 =3, a,u;, a;€8, u;eJ, onaurait 1 =J],a(X:(8.a;) u;),
et le second membre appartiendrait & J, ce qui est absurde.

Jusqu’a la fin de ce numéro, nous supposerons que le corps K est
algébriquement clos. Ce n’est pas une restriction essentielle, car le
groupe G se prolonge en un groupe linéaire opérant dans K" (K:
cloture algébrique de K). La variété V qui réalise K*/G' est normale
au sens affine: ’anneau de V, isomorphe & S%, est un anneau d’intégrité
intégralement clos. En effet, il est évident que si un groupe G opére
dans un anneau d’intégrité intégralement clos (ici, 'anneau S), le
sous-anneau des invariants de G est un anneau d’intégrité intégrale-
ment clos.

Il est classique que si une variété algébrique affine V est normale,
alors, pour tout point be V, 'anneau local de V (anneau des fractions
rationnelles dont le dénominateur est # 0 en b) est un anneau d’inté-
grité intégralement clos; la réciproque est vraie si K est algébrique-
ment clos. De plus, un théoréme de Zariski ([13], Théoréme 2)
affirme que si ’anneau local d’une variété algébrique V, en un point

t [10], Satz 1. Plus généralement, si B est un sous-anneau d’un anneau commutatif
A, et si tout élément de 4 est entier sur B, tout idéal maximal de B est induit par un
idéal maximal de 4, méme si A n’est pas un anneau d’intégrité (théoréme de Cohen-
Seidenberg[6]).
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be V, est un anneau d’intégrité intégralement clos, il en est de méme
de son complété (anneau induit sur V par les séries formelles de I’espace
ambiant au point b). Dans notre cas particulier, cela résulte directe-
ment du Théoréme 1, qui dit que ’anneau local complété est isomorphe
au sous-anneau des éléments G(a)-invariants de ’anneau des séries
formelles en les z; —a;, anneau qui est intégralement clos.

3. L’espace K"/G comme variété analytique

Supposons désormais que le corps K soit valué complet, non discret.

THEOREME 2. Soit (Q,) un systéme fini de polyndémes homogénes
engendrant U'algébre SC. Alors tout élément de HY s’exprime comme
SJonction homomorphe des Q;.

DEmonsTraTION. Soit H' la sous-algébre des éléments de H qui
s’expriment comme fonctions holomorphes des @;. Les éléments
x,, ..., x, sont entiers sur 8¢, done sur H’'; par application du Vorberei-
tungssatz de Weierstrass, on voit facilement que tout élément de H
s’exprime comme polynéme en z,, ..., z, & coefficients dans H’; donc
H est un H’-module de type fini. Ceci entraine que H' est fermé dans
H pour la topologie définie par les puissances de I'idéal maximal de
H (idéal des fonctions holomorphes nulles & 1’origine).t Or le développe-
ment d’une fonction holomorphe en série de polynémes homogénes
montre que S est dense dans HY pour cette topologie; a fortiori,

. H' est dense dans HG, d’oi H' = HC.

A partir du Théoréme 2, on obtient des énoncés analogues aux
Propositions 2 et 3 et au Théoréme 1. En particulier:

ProposiTioN 3 bis. Sotent f,€ H tels que w(f;— Q;) >d;. Il existe q
Jonctions holomorphes Fy(y,, ...,y,) telles que :

(1) @y, - Q) =f;

(2) 81 Ly(y,, ..., y,) désigne la composante homogéne de degré un de
Fyy,, ..., y,), les formes linéaires L, sont linéairement indépendantes. Les
Q, 8’expriment donc comme fonctions holomorphes des f,. (Méme démon-
stration que pour la Proposition 3.)

THEOREME 1 bis. Soit a=(a,,...,a,)€ K*. Toute fonction holo-
morphe en les x,—a, (k=1,...,n), invariante par le groupe d’isotropie

t Soient K un corps, 4 une K-algdbre locale (noethérienne), M I'idéal maximal
de A, A’ une sous-K-algdbre locale de 4, d’idéal maximal M~ A’=M’. Si A est un
A’-module de type fini, la M-topologie de A (i.e. la topologie définie par les puissances
de M) induit sur 4’ la M’-topologie de A4’, et A’ est fermé dans A (cf. [4], Exp. VIII
bis). Cela résulte d'un théoréme de Krull: soit E un madule de type fini sur un anneau
noethérien A’, st F un sous-module de E; pout tout idéal I’ de 4, il existe un entier
n tel que F~ (I'"E)c I'F.
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G(a), S'exprime comme fonction holomorphe en les Q(x)—Q,(a).
(Méme démonstration que pour le Théoréme 1.)

Supposons maintenant, pour simplifier ’exposition, que K soit le
corps C des mombres complexes. La Proposition 4 est applicable.
De plus:

ProposiTiON 4 bis. L’application ¢ est un homéomorphisme de
Uespace quotient C™|@ sur la variété algébrique V.

DEMONSTRATION. Soit 2 —tx I’homothétie de rapport ¢>0 dans
Iespace C"/@; et soit o(t) la transformation (y;)—> (t4iy;) de V en
elle-méme. On a ¢(tx)=o(t).$(x). Soit U un voisinage compact de
Porigine 0 dans C*/@; ¢(U) est un voisinage de 0 dans V, sinon, utilisant
le groupe des homothéties, et sachant que ¢ applique C*/G sur V,
on trouverait une suite de points de C*/G ayant une limite # 0 et dont
les transformés par ¢ tendraient vers O € V, ce qui est absurde. Comme
U est compact et ¢ biunivoque, ¢ est un homéomorphisme de U sur
#(U). Utilisant & nouveau le groupe des homothéties, on voit que ¢
est bicontinue en chaque point de C*/G.

On a vu (fin du n°2) que I'anneau local complété de V en chacun
de ses points b est un anneau d’intégrité intégralement clos. L’anneau
local holomorphe en b (anneau des fonctions induites sur V, au point b,
par les fonctions holomorphes de 1’espace ambiant) est aussi inté-
gralement clos, d’aprés un raisonnement classique. Ici, cela résulte
directement du Théoréme 1 bis, qui définit un isomorphisme de
Panneau local holomorphe au point b=ys(a), sur le sous-anneau des
fonctions holomorphes en a € C* et invariantes par le groupe G(a).

Ainsi V est H-normale (normale au sens ‘holomorphe’) en chacun
de ses points. Prenons alors des f;€ H? telles que w(f;—@;)>d;, et
soient des Fy(y,,...,y,) holomorphes, comme dans la Proposition 3
bis. Il existe dans C? un voisinage ouvert U’ de 0 tel que les F; soient
holomorphes dans U’ et définissent un homéomorphisme de U’ sur
un ouvert U de (9, la transformation réciproque étant holomorphe.
On en déduit:

THEOREME 3. Soient f;€ HE telles que w(f;—@Q;)>d;. Il existe dans
C™ un voisinage ouvert A de Uorigine, stable par Q, dans lequel les f; sont
holomorphes, et qui jouit de la propriété sutvante : Uapplication f de A
dans C9, définie par x> (fi(x)), induit un homéomorphisme de A|G sur
un sous-ensemble analytiquet W d’un ouvert U<C9; W est H-normal

t Nous disons qu’un ensemble W de points d’un ouvert U de C? (ou plus générale-
ment d’une variété analytique complexe U) est un sous-ensemble analytique 8'il est
fermé dans U et peut, au voisinage de chacun de ses points b, étre défini par ’annula-
tion d’un systéme fini de fonctions holomorphes au point b.
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en chacun de ses points; pour chaque point ae A, Uapplication f définit
un 18omorphisme de 'anneau local holomorphe de W au point f(a), sur
Panneau des fonctions holomorphes au point a € C* et invariantes par le
groupe d’isotropie Q(a).

4. Espaces analytiques et groupes d’automorphismes

Le Théoréme 3 va permettre d’étudier le quotient d’une variété
analytique complexe par un groupe d’automorphismes satisfaisant
4 des conditions locales convenables. Auparavant, il faut élargir la
notion de variété analytique complexe (cf. [2, 3, 4]).

Un espace analytiqgue (complexe) sera, par définition, un espace
topologique séparé X muni de la donnée, en chaque point z€ X, d’un
sous-anneau , de 'anneau %, des germes de fonctions continues au
point z (& valeurs complexes), de maniére que soit satisfaite la con-
dition suivante: pour chaque point a € X, il existe un voisinage ouvert
A de a dans X, et un tsomorphisme f de A sur un sous-ensemble analy-
tiquet V d’un ouvert U d’un espace C% Le mot ‘isomorphisme’
signifie que, pour chaque ze€ 4, 'application x >aof est un isomor-
phisme de I’ ‘anneau local homomorphe’ de V' au point f(z), sur
Panneau J,.

Pour tout ouvert 4 de X, les fonctions continues dans 4 et apparte-
nant & 3%, pour tout z€ 4, forment un anneau: ’'anneau des fonctions
holomorphes dans A. Les éléments de %, s’appellent les fonctions
holomorphes au point x (ce sont des germes de fonctions).

L’espace analytique X sera dit normal en un point a si V est H-
normal au point f(a), ou en d’autres termes si £, est un anneau
d’intégrité intégralement clos.i Si X est normal en chacun de ses
points, X s’appelle un espace analytique normal.

Les points a€ X qui possédent un voisinage ouvert isomorphe & un
ouvert d’un espace C" sont dits réguliers. Si tous les points de X sont
réguliers, X n’est autre qu’une variété analytique complexe, au sens
usuel.

Soit X un espace analytique, muni des anneaux 5#,. Soit R une
relation d’équivalence dans X, et notons p l'application de X sur
I’espace quotient ¥ = X/R supposé séparé. Attachons & chaque point
y€ Y un sous-anneau ¥, de ¥, comme suit: pour U ouvert <Y, soit
Xy, 'anneau des fonctions a continues (complexes) dans U telles que

1 See note on p. 95.

t Il résulte d’un théoréme d’Oka ([11], ‘lemme fondamental’) que I'ensemble des
points de X en lesquels X n’est pas H-normal est un sous-ensemble analytique

(voir[4, Exposé X]). En particulier, si X est H-normal en un point a, X est H -normal
aux points assez voisins de a.
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aop soit ‘holomorphe’ dans I'ouvert p~*(U). Par définition, ¢, est
la limite inductive (‘direct limit’) des anneaux J;; quand U parcourt
P’ensemble des ouverts contenant y. La question peut alors se poser
de savoir si ¥, muni des anneaux ./, est un espace analytique; on
la résoudra dans un cas particulier (ci-dessous, Théoréme 4).

DiriniTION. Soit X un espace topologique séparé. Un groupe G
d’homéomorphismes de X sera dit proprement discontinu 8’il satisfait
aux deux conditions suivantes:

(a) si '€ X et z”€ X ne sont pas congrus modulo G, il existe un
voisinage A’ de z’ et un voisinage 4” de z” tels que, pour tout se@,
84’ et A” soient disjoints;

(b) pour tout @€ X, le groupe d’isotropie G(a) est fini; et il existe
un voisinage ouvert A de a, stable par G(a), tel que les relations
entrainent se G(a). s€G, wed, sved

La condition (a) exprime que I’espace quotient ¥ = X /@ est séparé.
La condition (b) implique que I'image de A dans ¥ est isomorphe au
quotient de A4 par le groupe d’isotropie G(a), qui est fini.

TaEoREME 4. Soit X un espace analytique, et soit G un groupe
proprement discontinu d’automorphismes de X (respectant la structure
d’espace analytique). Alors; (1) Uespace quotient ¥ =X |G, muni des
anneaux K, comme ci-dessus, est un espace analytique; (2) st X est
normal, Y est normal.

DEMONSTRATION. Soit be ¥, b=p(a), ae X. Pour étudier I'espace
Y au voisinage de b, on prend un voisinage ouvert 4 de a, stable par
le groupe fini G(a); si A est assez petit, alors pour tout ze A, applica-
tion a —a 0 p est un isomorphisme de 'anneau ¥, sur 'anneau des
fonctions holomorphes au point z et invariantes par G(x): cela résulte
de la condition (b). On va montrer que A/G(a) est unespace analytique;
ceci établira la premiére partie de I’énoncé; la seconde en résultera,
car si X est normal en a, 'anneau %, est un anneau d’intégrité
intégralement clos, donc Y est normal au point b = p(a).

La démonstration du fait que A/G(a) est un espace analytique est
facile dans le cas ol @ est un point régulier de X ; on peut alors supposer
que X est un ouvert de C*, a étant a I'origine. Par une transformation
holomorphe sur les coordonnées x,, ..., &,, on peut se ramener au cas
ot le groupe fini G(a) est linéaire: en effet, pour seQ(a), soit 8’ la
transformation linéaire tangente & s; la transformation

x>0x=(1)r)Z,eq8 sz

(ot r désigne I'ordre du groupe ((a)) est tangente & I'identité, et
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o8 =¢'c pour se€@(a). La transformation o transforme z,, ..., z, en un
systéme de coordonnées locales, au voisinage de ’origine, sur lequel
G(a) opére linéairement. On peut alors appliquer & ce groupe linéaire
les résultats du n° 3, qui montrent que le quotient par G(a) est un
espace analytique normal.

Il reste & examiner le cas ol1 le point a n’est pas régulier. Voici une
méthode dont 1'idée est due & J. P. Serre:

LemMmE 2. Soient X un espace analytique, ae X, G un groupe fini
d’automorphismes de X laissant fixe a. Il existe un owvert A contenant a,
stable par G, un isomorphisme f de A sur un sous-ensemble analytique
E d’un ouvert B d’un espace C" (avec f(a) = 0), et un groupe linéaire fini
I’ d’automorphismes de C*, isomorphe a G, tel que B et E soient stables
par I et que f transforme le groupe G dans le groupe I d’automorphismes
de E induit par T.

Admettons d’abord le Lemme 2, et déduisons-en que A/G est un
espace analytique. Il suffit de prouver que E/I" est un espace analy-
tique. Or, d’aprés len° 3, on a un isomorphisme ¢ de C7/I" sur un sous-
ensemble algébrique ¥ d’un espace C1, et ¢ est induit par une applica-
tion polynomiale ¢: C"— (9, d’image V, telle que ¥(0)=0. Pour
z € E, soit 7, ’anneau des fonctions holomorphes (dans C*) au point z,
et , I'idéal des fonctions nulles sur E. Soit I'(z) le groupe d’isotropie
au point z. Soit F=¢(E[I")=y(E). On a vu au n° 3 que ¥ définit un
isomorphisme de I’anneau local holomorphe ¥, de V au point ¥ (),
sur le sous-anneau (J#,)T@ des éléments I'(x)-invariants de #;
dans cet isomorphisme, I'idéal £, des éléments de ) nuls sur ¥
correspond a (£,)T®@. Ceci prouve que F est un sous-ensemble
analytique au voisinage de (), car £, au voisinage de z, est 'ensemble
des zéros communs aux fonctions de (£,)'®. De plus, ¢ définit
un isomorphisme de l'anneau local holomorphe Xy fy de F
sur lanneau (J£,)'@/(S,)T@, Ce dernier est canoniquement iso-
morphe & (#,/7,)T@, comme on le voit en faisant une moyenne.
Finalement, ¢ est un ¢somorphisme de E|I" sur I'espace analytique F,
et par suite E/I" est un espace analytique. Ainsi s’achéve la démon-
stration du Théoréme 4.

Il reste & démontrer le Lemme 2. Prenons d’abord un ouvert A
contenant a, stable par G, et un isomorphisme g de A sur un sous-
ensemble analytique ¥ d’un ouvert U d’un espace C™, avec g(a)=0.
A chaque s€ @ associons un exemplaire U, de U; alors @ opére sur le
produit [T,¢q U, =B en permutant ses facteurs. Ces opérations sont
induites par un groupe I, isomorphe & G, de transformations linéaires
de I'espace ambiant C*™ (k désignant I’ordre du groupe G): en fait,
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les transformations de I' sont des permutations sur les coordonnées
de C*m. Soit f: A —C*m I’application définie par

f@)=(9(8,%), ..., 9 (8 %)),
ou sy, ..., 8, désignent les éléments de . L’image E de f est un sous-
ensemble analytique de B, stable par I'; f est un isomorphisme de 4
sur £ (comme espaces analytiques) et transforme les automorphismes
de A4 dans ceux de E induits par I'. Ceci démontre le Lemme 2.

5. Un théoréme d’immersion

Le Théoréme 4 s’applique notamment au cas ou X est un domaine
borné de C™, et G un groupe discret d’automorphismes de X. Il est
classiquet que G est alors proprement discontinu (au sens du n° 4).
L’espace quotient X /G est donc un espace analytique normal (résultat
bien connu dans le cas = 1). On va montrer que, dans ce cas, ’espace
analytique X /@, lorsqu’il est compact, peut étre réalisé comme sous-
ensemble algébrique V d’un espace projectif, V étant normal en chacun
de ses points. Cette réalisation peut &tre obtenue au moyen de séries
de Poincaré d’un poids convenable.

D’une maniére générale, considérons un groupe (f, proprement
discontinu, d’automorphismes d’une variété analytique complexe X.
L’espace Y = X /G n’est pas supposé compact. Supposons donné un
facteur d’automorphie, c’est-a-dire, pour chaque se€@, une fonction
holomorphe J,(x) dans X, partout # 0, et telle que

Jy(x)=J(tx) J(x) pour zeK,sel,teC.
Attachons & chaque point a € X un entier g(a) tel que (J;(x))?® =1 pour
tout se G(a) (groupe d’isotropie de a) et tout x assez voisin de a; par
exemple, il suffirait de prendre pour g(a) I'ordre du groupe G(a). On
peut supposer que 'entier g(a) nedépend que dela classe @ de a modulo
G, on le notera aussi q(a).

Supposons attaché & chaque entier m assez grand un espace vec-
toriel L,, de formes automorphes de poids m, c’est-d-dire de fonctions
Jf holomorphes dans X et telles que

f(sz) (J(x))m=f(x) pour zeX, seC.

Et supposons vérifiées les trois conditions suivantes:

(i) pour tout couple (z,x') de points de X, non congrus modulo G,
il existe un entier m(x,z’) tel que, pour tout m 2 m(z,x’) et multiple de
q(x) et ('), L,, contienne une fonction f satisfaisant a f(x) =a, f(x') =b
(a et b nombres complexes arbitraires);

(i) pour tout zye X et tout entier d, 1l existe un entier n(x,, d) joutssant

t Voir par exemple [12, Chap. x].
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de la propriété suivante: si m 2 n(x,, d) est multiple de q(x,), et st h(z) est
holomorphe au voisinage de z, et invariante par G(z,), il existe une
fe Ly, telle que Uordre de f — h aw point x, soit >d;

(iii) le produit d’une fonction de L, et d’une fonction de L, est
dans L, ..

ExEmMPLE. Supposons que X soit un domaine borné de C*, et que
Jy(x) désigne la valeur, au point x€ X, du jacobien complexe de la
transformation > sz. Prenons pour g(a) le plus petit des entiers ¢
tels que (J,(@))?= I pour tout s€ G(a). Soit P, (n = 2) 'espace vectoriel
des séries de Poincaré ¥, . @(s) (J,(2))™, ol ¢ est un polyndme; et
prenons pour L,, 1’espace vectoriel engendré par les produits finis
fi-- S, avec fieP, et 3,m;=m. Chaque fonction de L, est une
série de Poincarét de poids m. Alors on démontre assez facilement}
que les conditions (i) et (ii) sont satisfaites; pour (iii), c’est évident.

Revenons au cas général. Sous les hypothéses (i), (ii), (iii) nous
démontrerons au n° 6 les trois propositions que voici:

ProrosiTioN 5. Etant donnés arbitrairement y, et y,e Y, 1l existe
un ouvert V contenant y, et y, et jouissant de la propriété suivante : pour
tout multiple m de q(y,) et q(y,), assez grand, il existe une fe L,, telle que
f(x) # 0 pourtout ze p~(V). (Onnote p'applicationde X sur ¥ = X/G.)

ProrosITION 6. Pour tout couple (y;,y,) de points distincts de Y, il
existe deux voisinages V, et V, de y, et y, respectivement, jouissant de la
propriété suivante : pour tout m assez grand et multiple de q(y,) et q(y,),
1l existe deux fonctions g et he L, telles que g(x)#0 et | h(z)/g(x) | <1
pour xep~Y(V)), h(x) #0 et | g(x)/h(x) | <1 pour xepi(V,).

ProrosrTioN 7. Tout point y,€ Y posséde un voisinage ouvert W
Jowissant de la propriété suivante: pour tout multiple assez grand de
q(Yo), ¢l existe un systéme fini de fonctions de L,,, dont Uune est #0 en
tout point de p~'(W) et dont les rapports mutuels définissent un iso-
morphisme de W sur un sous-ensemble analytique normal d’un ouvert
de Uespace projectif.

Ces propositions étant admises, considérons un compact K de
Y =X/G. 1l résulte facilement des Propositions 5, 6, 7 que, pour tout
entier m assez grand et multiple d’un entier g(KX) (& savoir le plus
petit commun multiple des g(y) pour y € K), il existe un systéme fin:
de fonctions de L,, dont les rapports mutuels définissent un homéo-
morphisme ® de K sur un compact d’un espace projectif P; et ceci de
maniére que, pour tout point y intérieur & K, ® soit un isomorphisme

t Nous appelons ‘série de Poincaré’ toute série f(z)=3,eq ¢()(J4(x))™ qui
converge uniformément sur tout compact de X, et ou ¢ est holomorphe dans X, non
nécessairement bornée. Une telle f(x) est évidemment une forme automorphe de
poids m, t Voir [7], et 'Exposé I de [4].
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d’un voisinage ouvert de y sur un sous-ensemble analytique normal
(dans un ouvert de P). En particulier, si Y est compact, ®(Y) est
un sous-ensemble analytique de I’espace projectif P. D’aprés un
théoréme classique de Chow [5], ®(Y) est un ensemble algébrique.
11 est clair que toute composante irréductible de ®(Y) est ouverte et
fermée; donc si X est connexe, ®(Y) est irréductible. En conclusion:
THEOREME 5. Soit G un groupe proprement discontinu d’automor-
phismes d’une variété analytique complexe X, tel que U'espace quotient
Y =X/|G soit compact. Supposons donnés un facteur d’automorphie
Jy(x) et des espaces vectoriels L,, de formes automorphes de poids m,
vérifiant (i), (ii) et (iii). Alors, pour tout entier m assez grand et tel que
(Jy(x))m =1 pour tout xe X et tout se G(x), il existe un systéme fini de
fonctions de L, dont les rapports mutuels définissent un isomorphisme de
Vespace analytique normal X |Q sur un sous-ensemblealgébriquedel’espace
projectif, normal en chacun de ses points, et irréductible si X est connezxe.
REMARQUE. Il est connut que si X/G est compact, I’espace vectoriel
de toutes les formes automorphes de poids m est de dimension finie.

6. Démonstration des Propositions 5, 6, 7

DEMONSTRATION] DE LA PropositioN 5. Soient z,€X, z,e X
tels que p(z,) =y,, p(s) =¥y,. Soit ¢ le plus petit commun multiple de
q(y,) et q(y,). D’aprés (i), il existe deux multiples consécutifs de g,
soient m’ et m”=m’+q, et deux fonctions f'€ L, et f”€L,,., telles
que f'(z;)=f"(x;)=1 (¢=1,2). Soit U un ouvert de X contenant z,
et x,, tel que f'(x) #0 et f”(x) # 0 pour ze U. Soit V I'image de U dans
Y. Si m est un multiple de ¢ au moins égal & (m'm”)/q, il existe
des entiers positifs a’ et a” tels que m=a'm’+a"m”; la fonction
F=(f)*(f")*" appartient & L,, et est # 0 en tout point de p~*(V).

DEMONSTRATION DE LA ProposiTioNn 6. Soient y, et y, deux
points distincts de Y: soient z; € X, x, € X, tels que p(x;) =¥y, p(x;3) =Y,-
Soit ¢ le plus petit commun multiple de g(y,) et q(y,). D’apreés (i), il
existe un entier m,, multiple de g, une f,eL, telle que fi(z;)=1,
fi(xg) =0, et une f, € L, telle que fy(x,) =0, fo(xy) = 1. Soit U un ouvert
contenant z, et tel que | f,(x) | > 1/2 et | fo(x) | < 1/2 pour z € Uj; et soit
U, un ouvert contenant , et tel que | f,(x) | <1/2 et | fy(¥) | > 1/2 pour
xeU, On peut choisir U, et U, assez petits pour que V,=p(U;) et
V,=p(U,) soient contenus dans 'ouvert ¥V de la Proposition 5. D’aprés
la Proposition 5, pour tout multiple m assez grand de g, il existe une
f€L,_pn, telle que f(x)# 0 pour tout zep1(¥;) U p~'(F). Alors f,f=g
et f,f = h satisfont aux conditions de la Proposition 6.

t Voir par exemple ’Exposé II de J. P. Serre dans [4]. 1 Cf. [7].
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D#MONSTRATION DE LA ProposiTION 7. Soit z,€X tel que
(o) =y,. D’apreés le n° 4, on peut choisir dans X, au voisinage de z,,
des coordonnées locales (nulles en x,) sur lesquelles le groupe d’iso-
tropie G(z,) opére linéairement. Soit (Q;(z)) un systéme fini de poly-
nomes homogénes par rapport & ces coordonnées, et engendrant
P’anneau des polynémes invariants par G(z,). Soit d; le degré de @;.
Soit m, un multiple de g(z,), au moins égal & tous les entiers n(x,, d;)
de la condition (ii). D’aprés (ii), il existe, pour chaque ¢, une f;€ L,,,
telle que I’ordre de f; — Q; au point z, soit >d,. D’aprés le Théoréme 3,
il existe un ouvert U contenant z,, stable par G(z,), tel que les f,
restreintes & U, induisent un homéomorphisme de W =p(U) sur un
sous-ensemble analytique normal N d’un ouvert de ’espace numérique
Cr (r désignant le nombre des f;). On peut de plus choisir U assez
petit pour qu’il existe, pour tout multiple m assez grand de g(z,), une
geL,_, etune felL, quisoient #0 en tout point de p~}(W) (cf.
Proposition 5). Alors, pour chaque tel m, les fonctions gf; (1<i=s7r) et
Jfsont dans L, et leurs rapports mutuels définissent un isomorphisme
de W sur un sous-ensemble analytique normal d’un ouvert de ’espace
projectif.
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On a Generalization of

Kahler Geometry

Shiing-shen Chern

1. Introduction

A Kihler manifold is a complex Hermitian manifold, whose
Hermitian metric

(l) d‘gz:z:lsa,ﬂgmgaﬂ(zl:"'azm;zl""’zm)dzadzﬂ (gaﬂ=gﬂa)’
has the property that the corresponding exterior differential form
(2) Q=lea,ﬂ§mgaﬂdz“,\d§ﬂ

is closed. The importance of Kihler manifolds lies in the fact that
they include as special cases the non-singular algebraic varieties over
the complex field.

So far the most effective tool for the study of the homology pro-
perties of compact Kéhler manifolds is Hodge’s theory of harmonic
integrals or harmonic differential forms.7 The notion of a harmonic
differential form is defined on any orientable Riemann manifold,
and can be briefly introduced as follows: The Riemann metric allows
us to define the star operator x, which transforms a differential
form of degree p into one of degree n—p, n being the dimension
of the manifold. From the operator * and the exterior differentiation
operator d we introduce the operators

{8:(—1)"P+"+1*d*,
A=dé +68d.

If the manifold is compact, as we shall assume from now on, a differ-
ential form 7 is called harmonic, if Ay=0.

In the case of a complex manifold it will be convenient to consider
complex-valued differential forms. The star operator can be extended
in an obvious way to such differential forms. For its definition we

(3)

t Various accounts of this study are now in existence; cf. (3], (4], [5], [8], [9].
The numbers refer to the Bibliography at the end of this paper.



104 SHIING-SHEN CHERN

follow the convention of Weil,} without repeating the details. We
only mention that we can define an operator * by

The operator 8 is then extended to complex-valued differential forms
by the definition

(5) d=(—1)rp+nt1ng,

By means of this- we define A by the second equation of (3). For a
Kihler manifold we introduce furthermore the operators

{L'I]=QA’)],
A=%L%.

A differential form 5 on a Kihler manifold is called effective or primi-
time, if Ay=0.

The notion of a primitive harmonic form is a formulation, in terms
of cohomology, of the effective cycles of Lefschetz on an algebraic
variety.} Lefschetz proved that on a complex algebraic variety every
cycle is homologous, with respect to rational coefficients, to a linear
combination of effective cycles and the intersection cycles, by linear
spaces of the ambient projective space, of effective cycles of higher
dimension. This result can be expressed in terms of harmonic differ-
ential forms by the following decomposition theorem of Hodge:

Every harmonic form w of degree p on a compact Kdihler manifold of
(complex) dimension m can be written in a unique way tn the form

(7) w=XZLkrw,,

(6)

where the summation 18 extended over the following range of k:
max (0, p—m) S k<q=[4p],

and where w, i8 a primitive harmonic form of degree p — 2k, completely
determined by w.

The existing proofs of this theorem depend on the establishment of
various identities between the operatorsintroduced above. Weattempt
to give in this paper what seems to be a better understanding of this
theorem by generalizing it and proving it in an entirely different way.

It is well known§ that the existence of a positive definite Hermitian
metric on a complex manifold allows us to-define a connection with
the unitary group and that the Kihler property dQ2=0 is equivalent
) T.Since we are dealing with real manifolds, our 8 operator differs from Weil’s
n sign.

b 8[2] or (5], p. 182. § (1], p. 112.
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to the absence of torsion of this connection. Our contention is that the
latter condition accounts more for the homology properties of Kihler
manifolds than the analytically simpler condition dQ =0.

Utilizing this idea, we generalize the Kihler property as follows:
Let M be a real differentiable manifold of dimension n. Suppose that
the structural group of its tangent bundle, which is the general linear
group GL(n,R) in n real variables, can be reduced, in the sense of
fiber bundles, to a subgroup @ of the rotation group R(n)<GL(n, R).
It will be proved in §2 that a connection can be defined, with the
group G. In general, the torsion tensor of this connection does not
vanish. The vanishing of torsion of this connection is then a natural
generalization of the Kihler property.

On the other hand, the group G acts on the tangent vector space V
of M at a point and also on its dual space V*. This induces a linear
representation of G in the exterior gth power A¢(V*) of V*, which can
also be described as the representation of @ into the space of all anti-
symmetric covariant tensors of order ¢q. If G=GL(n,R), it is well
known that this representation is irreducible. However, if G is a
proper subgroup of R(n), it is possible that this representation is
reducible. When this is the case, suppose W be an invariant subspace
of this representation. Since G < R(n), there is an inner product
defined in A¢(V*), and the subspace W’ in A9 V*) orthogonal to W
is also invariant. The invariance property of W allows us to introduce
the notion of a differential form of degree ¢ and type W, as one which
assigns to every point x € M an element of W(x) < A9(V*(x)). Similarly,
we can define an operator Py, on differential forms of degree g, its
projection in W. With these preparations we can state our decom-
position theorem:

Let M be a compact differentiable manifold of dimension n, which has
the following properties: (1) The structural group of its tangent bundle
can be reduced to a subgroup G of the rotation group R(n) in n variables.
(2) There is a connection with the group Q, whose torsion tensor vanishes.
Let W< Ay(V*) be an invariant subspace of AYV*) under the action
of G, and let Py, be the projection of an exterior differential form of degree
q into W. Then

(8) Py A=APy,.

1t follows that if W,, ..., W, are irreducible invariant subspaces of A%(V*)
under the action of G and if 7 is a harmonic form of degree q, then
Py, ..., Py, n are harmonic. Moreover, if 9 is a form of degree g and
type W, then Ay is also a form of degree q and type W.
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When 7 =2m is even and G = U(m) is the unitary group in m com-
plex variables considered as a subgroup of GL(n, R), our notion of a
manifold having a G-connection without torsion includes that of a
Kihler manifold. As will be shown in §4, it also includes a general-
ization of Kihler manifold studied by A. Lichnerowicz,t namely, an
orientable even-dimensional Riemann manifold with the property
that there exists an exterior quadratic differential form, everywhere
of the highest rank, whose covariant derivative is zero. To derive
Hodge’s decomposition theorem from ours it remains to solve the
following algebraic problem: Let V¥, V¥ be two m-dimensional com-
plex vector spaces and V* their direct sum. Let U(m) act on V* such
that it acts on V§ in the usual way but on V} by the conjugate-
complex transformation. This induces a representation of U(m) into
the group of linear transformations of A¢(V*). Our problem is to
decompose this representation into its irreducible parts. It will be
shown in §4 that the summands in (7) correspond to the irreducible
parts of the representation. In this sense the Hodge decomposition
theorem cannot be further improved.

To illustrate that the scope of our theorem goes beyond Kihler
geometry, we consider in § 5 the case that = R(s) x R(n—8) (0 <s<n)
is the direct product of two rotation groups of dimensions s and n—s
respectively. As is well known, the reduction of the structural group
of the tangent bundle to ¢ is equivalent to the existence of a con-
tinuous field of oriented s-dimensional linear spaces over M. The
existence of a G-connection without torsion means the existence of
such a field with the further property that its linear spaces are parallel
with respect to a Riemann metric. Qur decomposition theorem shows
that the cohomology classes of M can be given a bi-degree. In par-
ticular, it follows that the s-dimensional Betti number of such a
manifold is > 1.1

2. @-connection in a tangent bundle; torsion tensor

We shall derive in this section the basic notions and formulas for
a G-connection in the tangent bundle of a real n-dimensional differ-
entiable manifold M. Since the results are local, M will not be assumed
to be compact.

The tangent bundle of M has as structural group the general linear
group GL(n, R) in n real variables. We consider GL(n, R) to be the
group of all n x n real non-singular matrices. Let G be a closed sub-

1 (7]
1 I was first informed of this theorem by Dr T. J. Willmore.
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group of GL(n, R). By a G-structure in M we mean a covering of M by
coordinate neighborhoods U, and, to each U,, a set of n linearly
independent Pfaffian forms 67 in U,,{ such that, when U, N U;#0,
we have

(9) 0§=2192ﬂ.1(‘”) 619 (xeU,N Uﬂ):

where g,,(x) = (9%4, (%)) € G and the mapping U, N Uz~ G defined by
z—>g,4(x) is differentiable. Let 6, and 6, denote respectively the one-
rowed matrices, whose elements are 6 and 6. Then equation (9) can
be abbreviated in the matrix form

(9a) 0o =049ap(®).

The ‘coordinate transformations’ g,,(x) define a principal fiber
bundle p: B, —~ M with the structural group G. We recall that By is
the union of the sets {U, x G}, under the identification

(10) Yp=9u5(®) Yos

where @,9.)eU, x @G, (x,y,)eUyx G, zeU,NUj

From (9a) and (10) it follows that the one-rowed matrix of Pfaffian
forms

(11) w=0aya=0ﬂyﬂ

is globally defined in Bg. The elements ! in w = (v, ..., w™) are clearly
linearly independent. By exterior differentiation we find

(12) do=—way;'dy,+d0,y,,

where y;1dy, is a matrix of left-invariant Pfaffian forms of G. If
m? (1=p=r) is a set of linearly independent left-invariant Pfaffian
forms of G, we can write (12) in the form

(13) dwi= —Zp’kaf,kw"/\n/’+%Zj'kc}'k(b)wf/\w",

where a?, are constants and c},(b) are functions in By satisfying the
conditions

(14) che(d) +ck,(b)=0 (beBy).
The constants a?, in (13) have a simple geometrical meaning. In

fact, we can regard @ as acting on an n-dimensional vector space with
the coordinates (£?), according to the equations

(15) E>Ei=3,yit ((v)e@d).

t Unless otherwise stated, we agree on the following ranges of indices:
1<1,j5,k,lsn, 1=5p,0,7=r.
In this section we use a, 8, v to index the neighborhoods. When we discuss almost
complex manifolds of dimension 2m, we suppose 1 Za, 8, ySm.
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Then the infinitesimal transformations
0
(18) Xp=21.kafak§ka—g¢

are linearly independent and generate the group G. It follows that
their commutators satisfy equations of the form

(17) [Xp’ X:r]=z‘ry;¢rx‘r’ 7;¢= —Y;p’

where 7, are the constants of structure of G. When the expressions
(16) are substituted into (17), we get

(18) E (apkam aka ) Er 7pa ‘rk

The equations (12) or (13) are derived with reference to a repre-
sentation of w in p~1(U,) and are therefore local in character. To put
this in a different way, the forms ## are not globally defined in By,
The permissible transformation on 77 is given by

(19) P —>n'P=mP + 3, bj Wk

Under this transformation the equations (13) preserve the same form,
with new coefficients ¢ given by

(20) ce=chi+ T, (—ab, b +al;bp).
The 4n%(n — 1) expressions
(21) A% =3, (—al;bs +aj,b7)

are linear and homogeneous in b¢, with constant coefficients. We say
that the group @ has the property (C), if there are »r linearly indepen-
dent ones among them, that is, if 4}, =0 implies 6§ =0.

If the group @ has the property (C), we can define a connectiont in
the bundle p’: By — M, where G’ is the group of non-homogeneous
linear transformations on = variables with @ as the homogeneous part
and the bundle is obtained from p: B;— M by enlarging the group
from G to @’. To define such a connection it suffices to determine in
Bg a set of forms 7 satisfying (13). Suppose 4%, be a subset of nr
linearly independent expressions among the A%, and suppose A},
be its complementary set. Then there exists one, and only one, set of
forms mn# in B, satisfying the equations (13) together with the con-
ditions ¢, = 0. These forms, together with w?, define a connection in
the bundle p': Bg > M. By abus du langage, we call such a con-
nection a G-connection in the tangent bundle.

The bundles p: B,—> M and p’: Bg—> M are (F-equivalent in the
sense of bundles. From the point of view of connections it is, however,

t [2).
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necessary to consider the second bundle. The curvature form of our
connection is a tensorial quadratic differential form in M, of type
"ad(G') and with values in the Lie algebra L(G’) of @'. Since the Lie
algebra L(@&) of G is a subalgebra of L(G'), there is a natural projection
of L(®') into the quotient space L(G')/L(G). The image of the cur-
vature form under this projection will be called the torsion form or
the torsion tensor. If the forms 77 in (13) define a G-connection, the
vanishing of the torsion form is expressed analytically by the con-
ditions

(22) Chner=0.

We proceed to derive the analytical formulas for the theory of a
G-connection without torsion in the tangent bundle. In general we
will consider such formulas in B;. The fact that the (*-connection
has no torsion simplifies (13) into the form
(23) dot=3, palm Aok,

By taking the exterior derivative of (23) and using (18), we get

(24) Yok 1P Ak =0,
where we put
(25) He=dnr+ 43, ,v5,mAn.

For a fixed value of k we multiply the above equation by
. WA ... AWK T AKTIA . AT,
getting ,
2, IPAGIA .. A" =0,
or ¥,a1°P=0, modwi.
Since the infinitesimal transformations X, are linearly independent,
this implies that =0, modw.
It follows that I1# is of the form
Ilr = Zf ¢/; A a)f,
where ¢¢ are Pfaffian forms. Substituting these expressions into

24), we get )
(34 we e ik (@ B) —al;87) A0 AWF=0.

3, (@92 —a};$f) =0, modw'

Since G has the property (C), the above equations imply that

It follows that

$4=0, moduw*.
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In other words, we have
(26) r=3}3, Bj 0 awk, REH +RE=0.

These are essentially the curvature form of the G-connection.
It will be convenient to introduce the quantities

(27) S}kl=zpafﬂR£z'
By substituting (26) into (24) and equating to zero the coefficients of
the resulting cubic differential form, we get

We now consider a differential form of degree g in B which belong
to the base manifold M, that is, which is the dual image of a differ-
ential form in M under the projection p. Such a differential form can

be written as

1 ,
(29) ”=azil"”"ql)il"'iq (U"IA_,, Aw1q7

where F; , can be supposed to be anti-symmetric in any two of its
indices. In order that » belongs to M, it is necessary that dy has the
same property. By using (23), we see that this implies the relations
(30)  dF, i+ 33X, B i gty al, =%, P, ...iqllwl‘

Exterior differentiation of this equation gives

Zi@F, ot X EPJI,tl...i,_xjt,ﬂ...iqllazlt,”p+Ep,jl)ﬁ...fq(1a;jalﬂp)/\w’
=330 P, Si kAt
R TR T

LD INDTRY NP TR 2¥
This allows us to put
(1) AP i+ Zia1Z s Pty ity i1 @i, T

+2p,fPt,...tq|1af:l"”=Ekﬂ,...tqlllkwk~

Substituting this into the last equation and equating to zero the
coefficient of w* A/, we get
(32) By tqie— Py igen=281 25 Pyt g0y 1, Sttt

These equations are usually known as the interchange formulas.

An important case of a G-connection is when @ is a subgroup of
the orthogonal group O(n) in n variables. In this case we shall lower
the superscripts of our symbols and use subscripts throughout.

We first remark that such a group G always has the property (C).
Since the infinitesimal transformations X, leave invariant the quad-

ratic form (E12+ ... + (E")2,
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we have
(33) aipk+akpi=0.

Suppose that 2o (=g bf +ay,;b8)=0.
Permuting this equation cyclically in ¢, j, k, we get
2 —ajpib,’z+ajpkbf) =0,
3, (=308 +a;,405) =0.
By subtracting the first equation from the sum of the last two equa-

tions, we find
’ Zp b =0.

But these equations imply 52=0. This proves that G has the pro-
perty (C).

When @ is a subgroup of O(n), there are some symmetry properties
of S;;; which will be useful later on. From the second equation of
(26) and (33), we have

(34) Sijrr= —Sjia= — Sijuic
It is well known that these relations and (28) imply
(35) S0 = Sus-

3. Proof of the decomposition theorem

We are now ready to give a proof of the decomposition theorem as
stated in the Introduction. Since G'<R(n), the G-structure on M
defines an orientation on M by the condition w;A...Aw,>0 and a
Riemann metric on M by

(36) ds?=wi+ ... + 2.

Relative to these the operators in (3) are defined. Our first problem
is to compute Ay, with 5 given by (29).

This is a routine computation, and we shall only give the relevant
formulas. First of all we have

1
(37) dy =4 Bty Py i j W5 AO A AW,
To make the coefficients anti-symmetric, we can write
—1)
(38) dy= EE]l Sty enigrs By tgiges — Pigariaig

—...—'R‘ )wilA"'Aw‘q+l'

1o fg_19g+1lig
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We also have, by definition,
(39)  *7= q' (n=q)! s inCiynigigry o in Digoig@igsy A oo AW
wheree; ,; isequal to +1or — 1, according as iy, ..., i, form an even

or odd permutation of 1, ..., n, and is otherwise equal to zero. Using
(3), we find

(=1
(40) o= G- Diroigor, i by ig 1317 O Ao A0y
Further computation gives

—(q-D'ddn =324 i By 51518, @u A A,

1
(41) 1 —(g- 1)!6d77=§Eil....,iq,jPil...iqlfl;fwixA e AWy
= Dy eigd Lty g dig1 Wiy A - AWy

By using (32), we get the following fundamental formula:

1
(42) —(¢- 1)!A77=§Zil,...,iq.IRi,...iqUUwilA e AO;,

F D iphy 1 Fiy oty Sk g5 Wiy A e AWy,
=@V Zu, gk i Biyiggks Skiq,ljiqwil A AWy
The disadvantage of this formula is that the coefficients are not
anti-symmetric in their indices. The following artifice is used to anti-
symmetrize the coefficients: Let €(i; ... ¢;; j, ... J,) denote the number
which is equal to +1 or — 1 according as ji, ..., j, form an even or odd

permutation of ¢,, ..., %, and is otherwise equal to zero. We define

(43)  8(i,.. ’q,jl Jo kyekp by L)
=Te(y ve g5 Ty e Tqe19) €(J1 - Jg5 T1 -+ Tg1P)
X G(kl k q lu) (l l q-lr) Sghuv
(1 ér,s,g,h,u,vén),

where all the indices run from 1 to » and the summation is over all the
repeated ones. To shorten our notation we write the symbol on the
left-hand side also as S((¢) (j); (k) (!)). It is easily seen that these
symbols have the following properties:

(1) They are anti-symmetric in any two indices of each of the sets
Uys eens b Jus e osdigs Kis s g Ups ooy Uy

(2) 8(() (5); (k) (M) = —8((5) (2); (k) (1))

(3) 8(() (4); (k) ()= —8(() (5); () (k))-

(4) 8((5) (4); (kYD)= S((k) (D); (2) (5))-
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From these quantities we define
(44)  S(6) (k) =iy oo igs By .. By)

1 . .. . . .
=a2ﬁ.---hS(’1 ooty 1+ Jg5 Ky een kg, Gheen o)

Then §((¢) (k)) are anti-symmetric in the indices of each one of the
sets ¢y, ...,5, and k,, ..., k,, and

(45) 8(() (k) =8((k) (3)).

It turns out that S(i, ...1,; k, ... k,) are the quantities which occur in
the expression for Ay. In fact, we find

1
(46) —A’?=(ﬁZil,...,tq,;fPil...tquu‘”il" s AWy
1 . .
e Dby oSGy gk K)o A AW, .

+ e ——
(@' (n—q
The exterior gth power A%(V*(x)) of the space of covectors V*(x)

at xe M of is dimension N = (Z) and has as base

(47) Wy A A0y (150,<...<5,Sn).

1

In AYV*(x)) an inner product is defined by

1
(48) (%77)=q—!2f1,...iq. P%;...iq‘

Under the action of G' through its linear representation this inner
product remains invariant. If W] is an invariant subspace of A(V*(x))
under @, its orthogonal space W, is also invariant. There exist there-
fore base vectors @y, ..., ®y € A4 V*(x)), which are related to the base
(47) by an orthogonal transformation

(49) wilA...Aw¢q= E“/\v"lg’il...“q,/\ d)/\,
such that ®@,,...,®, and ®,,,,..., Oy span W, and W, respectively.
Wecanassumeg;, ; ,tobedefined foralliy, ..., 1, and anti-symmetric
in any two of its first ¢ indices. Then equations (49) can be solved for
®D,, giving

1
(50) ¢A=a§]ﬁ,...¢q, 94y ig AWy Ao Al
From now on till the end of this section we shall agree on the following
ranges of indices:

(61) 154,B,Csh, h+lsa,pysN.
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We shall find the condition that W, and W, are invariant under G.
For this purpose we compute the exterior derivative d® , and find
(62) qld®,=q3%;, cotglipTir.igoy, A VpigMp AW A ... AW;,

=q Zil,.,..iq_l,l,m,,\,pgil...iq_ll,A 93y...ig_1m, A Vpm T p A D,.
It follows that the invariance of W, under @ implies

(83) Zirsoriq ntmTiy.ig_st, 49%,...4g_yma Hpm =0
or
(64) s igortimPiy...ig_it, 4 9. iq-1m,a Stmj = 0-

As to be expected, this relation is symmetric in 4 and c.
Our theorem will be established if we prove that the condition that
7 is of type W, implies that Ay is of type W,. Suppose therefore that
1
(55) 1=2X,4P P = ] D oripaLaiy. i Wi Ao AW,
By (46) we find

1
(66) _A7’=azPA|j|jgi1...iq,AwilA AWy,

1 , ,
+( Tig— )')2 Pygi,.. 15,4800 g by k) 0 A AWy

1 .
—EPA|5|1¢A+( lg— ),)2 Pagi, .. igaThy.kga Syt Ky kg) Oy

It suffices to prove that

(57) i nig ke, kg Sy ...t ky ... k) 9ir...i0,49key ... kg =0.

For this purpose we consider the quantities introduced in (43),
and put

(58) (@) B =Z4,,...109% ... ik Iy .o A Ther . g Tty T

X8ty ity Jaaaligs by logo 1y 1),

where the indices of R,, , have the ranges

(59) 1<k,A,pu,vsN.
We also put

(60) RK[‘ = EARKA;U\'

Because of similar properties of
By tgy Jreedgs by g Uy oil L),
E,,,, has the properties
(61) Rx/\,uv == R/\x,uv == Rx,\v;u
R.,,.=R

KAy UVKA*
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From (54) it follows that, on remembering the ranges of indices as
agreed upon in (51),

(62) RAa;w =0.

From this we find

Ry,=3\Rpua=2XpR p.p+ 2B apap=0.

But this is exactly the equation (57) to be proved. Thus the proof of
our decomposition theorem is complete.

4. The case of the unitary group

Asdiscussed in the Introduction, our decomposition theoremreduces
the proof of (7) to a purely algebraic problem. The latter has been
solved in the theory of representations of the unitary group. To be
Pprecise, the problem can be formulated as follows:

Let L be a complex vector space of dimension 2m, which is a direct
sum of two complex vector spaces V, V of dimension m. Let w,, @,
be base vectors of V, V respectively. The equations

(63) {wa»w;=zﬂuaﬁwﬂ,

By —> W=Dy Uy g0
where (u,z) is a unitary matrix, define a linear mapping of L, which
maps the vector ¥ (f,0,+9,®,) into the vector ¥ (f,w;+9,@,).
The linear mappings so obtained, for all (u,;) € U(m), define a repre-
sentation of U(m). It induces a linear representation of U(m) in the
exterior power A7(L). Our problem is to decompose this representation
into its irreducible parts.

As base vectors of A7(L) we can take

(64) @4 A AW Al A ... ATp,

(p+g=r, 1S, <...<a,sm, 15f,<...<f,=m).
For fixed values of p, ¢ these vectors clearly span an invariant sub-
space of A7(L), to be denoted by A?9(L). An element of AP9(L) is

said to be bi-homogeneous with the bi-degree (p, ¢). Such an element
can be written in the form

(65) S Poy.cappypg@ay Ao AW, ADg A .. A,

where we can suppose the coefficients to be anti-symmetric in the a’s
and f’s separately. For p>1, ¢=1, the linear subspace in A?¢(L),
defined by the equation

(68) EYP“I‘--“p—-lYﬁlmﬂq—l‘Y=0’

is an invariant subspace.
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We wish to remark that the following theorem is true: For p+gsm
the representation of U(m) in the linear subspace (66) of AP9(L) is
trreducible.

This can be verified by a computation of the character of the
representation. Infact, we easily show that in thenotation of H. Weyl}
this is the representation of signature (1...10...0-1...-1).

p q
Moreover, if we consider the maximél Abelian subgroupof all diagonal
matrices

€ 0
o~ )

of U(m) and introduce the integers
(68) {l1=m, v bp=m—p+1, 1, ,=m-p-1, ...,
b= bpg1=9-2, ..., b= —1,

this representation has the character

|€h...€m|
(69) = et e
where eh ... ém ert ... €
(70) |ér...ém|=| ... [em-1...¢%|=
e ... em em-1 .. €l

As is well known, condition (66) characterizes the primitive ele-
ments. Hence all these add to the remark that each summand in (7)
corresponds to an irreducible representation of U(m), so that in this
sense Hodge’s decomposition theorem cannot be improved.

We shall show briefly that our considerations include also as a
particular case a generalization of Kéhler geometry, which has been
studied by A. Lichnerowicz.f This is the geometry on a compact
even-dimensional manifold on which there are given an exterior
quadratic differential form Q of highest rank and a Riemann metric
with the property that the covariant derivative of Q vanishes. Lich-
nerowicz proved that if such is the case the Riemann metric can be
so modified that we can suppose

ds?=3 62+ .62,
(71) { += 2o a2 O
Q=3,6,40,,

1 [10], in particular, pp. 198-201. t (7).
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where a’=a+m, etc., and where 6,, 6, are linearly independent
linear differential forms. By putting

we can also write
(73)

JZ —10,),
{dsz =23, 0,0,

Q=13Y,0,A0,.

These forms define an almost complex structure on the manifold, and
the group of the bundle is reduced to U(m). By following the general
discussions in §2, we see that a connection can be defined in the
bundle, with the group U(m). Without going into details, we state
that the forms w,, which define the connection are characterized by
the conditions

dw,= Tp0pA0g,+Q,,
(74) Qa=§_]},,./ (Aaﬂ.,wﬂ/\cu +Baﬂ75ﬂ/\5y)
(Aaﬂr ays=0, Baﬂy+Bavﬂ=0)’
and
(75) waﬂ+6ﬂa=0.
It is possible to express these equations in the real form. For this
purpose we write

(76) Wap=Pap+1Pups
where ¢4, .4 are real. Conditions (75) are equivalent to the con-
o (s
af~Vpa=Ys
and equations (74) will then take the real form
(78) {dea =2p(O0sAbp.—0p A Yp,) +0,,
A0y =25 (0pAYpa+0pAdp,) + Oy,

where 0,, ©,. are defined by

‘/2 (©,+10,),
(79)
Qa = 75 (@a - ‘t@ao).
On the other hand, the ds? in (71) defines a Riemann metric on the
manifold. To this structure with the orthogonal group there always

exists a connection without torsion, the parallelism of Levi-Civita.
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The latter will be defined by the forms 8 ,z= —0,,, (A, B=1, ..., 2m),
satisfying the equations

{d0a= Eﬂ (0ﬂA0ﬁa+8ﬂ'A0ﬁ'a)?
d04,= Zﬂ (Hﬂ/\ Bﬁa' +0ﬂ'A0ﬂ'a')'

In terms of this connection we express the condition that the co-
variant derivative of Q is zero. This gives

(80)

(81) ° 0:1';9:0/?'01’ 0&"9’:0“/?'
Equations (78) are therefore satisfied, if we put
(82) ¢ﬁa = 6/91’ wﬂa == oﬂ‘m ®a =0, Ga’ =0.

Since the forms ¢4, ¥, @,, O, in (78) are completely determined
by their symmetry properties (77) and the form of Q,, it follows that
the condition of Lichnerowicz is equivalent to saying that the group
of the tangent bundle can be reduced to U(m) in such a way that the
resulting connection has no torsion. Our decomposition theorem
applies therefore to this case and gives a decomposition of harmonic
forms identical with Hodge’s theorem for Kihler manifolds.

As an illustration to derive topological consequences let us prove
the following theorem: If a compact manifold of dimension 2m has a
U (m)-connection without torsion, then its odd-dimensional Bettt numbers
are even.

On the complex-valued differential forms # of degree r we define
the operator

(83) C=3,14-ri"P,

»,Q

where P, .7 is the bihomogeneous component of 7 of bidegree (p,q).
If 7 is harmonic, P, ,7 is harmonic, and the same is true of Cy. More-
over, this operator C has the following properties: (1) C2=(—1)";
(2) C is a real operator, that is, it maps a real form into a real form.
If r is odd, C defines a linear mapping on the space of real harmonic
forms of degree r, such that C?= — 1. It follows that the dimension
of this vector space, that is, the »-dimensional Betti number, must

be even.

5. Riemann manifolds with a field of parallel
oriented linear spaces

We first prove the theorem:

Let G = R(s) x R(n—8) < R(n) be the product of two rotation groups in
s and n — s variables respectively, 0 < s <n. The existence, on a manifold
of dimension n, of a G-connection without torsion is equivalent to that
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of a Riemann metric and a continuous field of oriented s-dimensional
linear spaces which are parallel with respect to the Riemann metric.
We adopt in this section the following ranges of indices:

(84) 1<a,B,yss, s+1=a,b,c<n.

Following the general method in §2, we define, in the corresponding
principal bundle, a uniquely determined set of forms w,, w,, 7,5 = —mg,,
Map = — Mg, Wqq, SUch that w,, w,, my,, m,, are linearly independent and

(85) Wyq= ZﬂAaaﬂwﬂ+ b Baab(‘)b’
which satisfy the conditions
(86) {da)a=zﬁwﬂ/\ﬂﬁa——20wa/\wm,

dwa = Ea Wy AWy t+ Zb Wy AT
The forms ,,, m,, define a G-connection in the bundle. It is without
torsion, if and only if
(87) Wye=0.

Let e,, ¢, be tangent vectors which are dual to the covectors w,, w,.
The s-dimensional linear space spanned by e, defines a parallel field,
if and only if (87) is fulfilled. This proves our theorem.

Suppose from now on that we have a compact manifold with such
a G-structure without torsion. A differential form of degree r can be
written in the form

(88) =X pg=r Ez,apal...apal...aqa)al A AWy AWq Ao A,
.where the coefficients F,,..apay...a, @re supposed to be anti-symmetric
in the o’s and in the a’s. For fixed p, ¢ we define the operator

(89) P, 1= Za,aPal...a,,al...a,“’al AiAWg AWg A ... AWq.

Then we have

(90) N=2pigmr Fp,a -

Each of these summands is said to be bihomogeneous of bidegree p, q.
According to our decomposition theorem, P, , commutes with the
operator A. It follows that if » is harmonic, then each of the sum-
mands in (90) is harmonic. Let B¢ be the number of linearly in-
dependent bihomogeneous harmonic forms of bidegree p, g. Then the
r-dimensional Betti number of the manifold is given by

(91) B=3,,,., B
It can be shown that each of the summands in (90) corresponds to

an irreducible representation of G. In this sense the decomposition
of a harmonic form 7 given by (90) cannot be improved.
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Let
(92) Q,=w,A... A0,

and let ® be a bihomogeneous differential form of bidegree 0, g. We
wish to prove the following lemma.:
The differential form ® is harmonic, if and only if Q, A ® is harmonic.
To prove this lemma we remark that the exterior derivative of a
bihomogeneous differential form 7 of bidegree (p,q) is a sum of two
bihomogeneous differential forms, of bidegrees (p+1,¢) and (p,q+1)
respectively. We call them d,% and d,7, so that

(93) d=d1+d2.
We write I
(94) (D=aEal,'...,a,lljal...a,l(‘)all\ e Alg,,

where the coefficients P, , are supposed to be anti-symmetric in
their indices. We define an operator %, by

1

(95) *, d)__’qT(n ;:g_:i)j Eal ..... an-s€ay...an_y Ezl...aqwaqul\ <o Alg,
'(1;::;;n we have { s D= £ QA% D,
*(QAD)= +%,D.

1t follows immediately from definition that, for a form of type (0, q),
the conditions d, ® =0 and d,(*, ®) =0 are equivalent.
To prove our lemma, suppose ® be harmonic:

db=0, d»x®=0.
From the first equation follow
d,®=0, dy(x,®)=0.
From the second equation we get
d(Q A%, P)=0 or dy(*,P)=0.
It follows that
d(QAD) =0,
d*(QAD)= +d(x; D)= +d;(%; D) £ dy(%; P)=0.

Hence Q, A ® is harmonic.

Conversely, suppose Q, A ® be harmonic:

d(QADP)=0, dx*(QaD)=0.
From the first equation we get
d,®=0.
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From the second equation we get
d(‘2¢)=07

which gives dy(*yP)=0, d,0=0.
It follows that
dP=0, dx®P= +d(Q,A*,D)=0.

Therefore ® is harmonic.
From our lemma we get the following equalities:

(97) B%.2=PBsa, PBr.0= Bp.n-s,

In particular, we have

(98) Bz B0=PB0.0=1,

which is the result stated at the end of the Introduction.
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On the Projective Embedding of

H omogeneous Varieties

Wei-Liang Chow

I~ an article [5] elsewhere in this volume, Weil has shown that an idea
of Lefschetz on the projective embedding of an Abelian variety over
the complex field, which seemingly depends upon the use of theta
functions ([1], pp. 368-9), can actually be extended to the case of an
abstract Abelian variety over a field of arbitrary characteristic. In
this note we shall show that this idea can be further extended to get
a projective embedding not only of an arbitrary group variety, but
also of any homogeneous variety. We shall say that a variety V can
be embedded in a projective space or has a projective embedding, if
there is an everywhere biregular birational transformation of V onto
a (not necessarily complete) variety contained in a projective space.
A group variety @ is said to act on a variety V, if there is a subvariety
T in @ x V x V, such that for any point a in G, the cycle

T,=prog(T-(ax VxV))

is defined and is an everywhere biregular birational transformation
of V onto itself, and that for any two points @ and b in 7, we have the
relation 7, =T, T,; G is said to act transitively on V, if for any two
points p and ¢ in V, there exists a point a in G such that p=T,(q).
A variety is said to be homogeneous if there is a group variety which
acts transitively on it; it is clear that a group variety is homogeneous,
since it acts transitively on itself by left translation. A field is said to
be a field of definition for a homogeneous variety V, if it is such for
the varieties V and ¢ as well as for the subvariety 7'in @ x V x V.
For the sake of convenience, we shall avail ourselves of the use of
topological terminology by introducing the Zariski topology on an
algebraic variety V, in which the closed subsets are bunches of sub-
varieties in V. If k is a field of definition for V, then we shall say that
a subset W in V is k-closed if the bunch W is normally algebraic over
k, and that a subset is k-open if it is the complement of a k-closed
subset. A subset in a projective space is evidently a variety if and only
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if it is an open subset in a complete variety, and it is defined over a
field k if and only if it is a k-open subset. We do not know whether any
variety, not necessarily one embedded in a projective space, is also
an open subset in a complete variety, but the following Lemma 1
offers in a sense a substitute for this property. This simple lemma is
significant for our purpose for the following reason. One of the main
difficulties in extending Weil’s proof to our more general case is the
fact that, for anincomplete variety V, the linear system of all functions
fon V which are multiples of a given divisor X in V has in general an
infinite dimension and hence does not possess a finite base; since the
embedding mapping in the Weil proof is obtained from a finite base
of a suitably chosen linear system, one sees readily that the lack of
such a base is a serious obstacle. In case V is an open subset in a com-
plete variety ¥, any divisor X is the restriction to ¥V of a divisor X in
V and any function f is the restriction of a function fon ¥; it is then
natural to consider only those functions f such that fis a multiple of
X on V. As we shall see later, the complete variety V' in Lemma 1
below can be used for a similar purpose in the general case.

LEMMA 1. Let V be a variety and k be a field of definition for V ; then
there exist a complete normal subvartety V' in a projective space and a
birational correspondence F between V' and V, both defined over a purely
inseparable extension k' of k, such that F is defined at every point in a
k’-open subset W in V' and only at such points, and the image of W under
F is V; furthermore, the inverse tmage of every point in V under F is a
closed subset in V'.

Proor. Let V,,...,V, be the representatives of the variety V and let
B,, ..., B, be the frontiers of V,, ...,V respectively; without any loss of
generality, we can consider each V; to be a complete subvariety in a
projective space, so that the product variety ¥} x ... xV, can also be
considered as a complete subvariety in a projective space. Let zy,...,
be a system of corresponding generic points of V}, ..., V, respectively
over k, and let V' be the locus of the point z, x ... x x, over k; then V*
is a complete subvariety in ¥} x ... x ¥}, defined over k, and the projec-
tion from V'’ to V; defines a birational correspondence F; between V’
and V, — B, defined over k, which is defined at every point in the k-open
subset W,=V'N\(V;x...xV,_y xV,—B;xV,;; x ... x¥); furthermore,
it is clear that for any point y in ¥, — B;, its inverse image under F; is
the closed subset V'N(Vyx...xV,_yxyxVyyx...xV) in V'. The
system (F}, ..., F,) then defines a birational correspondence F' between
V' and V, defined over k, which is defined at every point in the k-open
subset W = U%_, W and only at these points; since 1}, ..., ¥, constitute a
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system of representatives of V, one sees readily that the image of w
under F is V. Finally, if ¥’ is not already normal (in the absolute
sense), we can replace it by a derived normal model of it over
the perfect closure of k¥ and replace F by the induced corre-
spondence between this derived normal model and V. This proves
the lemma.

We further observe that W coincides with ¥’ in case V is complete;
however, we have no particular use here for this fact.

If X’ is a divisor in V’, we define F(X')=pr,(F-(V x X')); if X is
a divisor in V, then pry(F-(X x V’)) is a divisor in W and we define
F-1(X) to be the divisor in ¥’ which contracts to the divisor
pro(F+(X x V’)) in W. It can be easily shown that there exists a
k’-closed subset C' in W, such that F is biregular at every point in
W —C; we set D=(V'—W)+C, so that D is also a k'-closed subset
in V’. Since the image set of C under F cannot contain any variety
of dimension 7 — 1 (r being the dimension of V) which is not singular
on V and since V' has no singular subvariety of dimension -1, we
have the relation F(F-1(X))=X for every divisor X in V; while for
any divisor X’ in V’, the divisor X' — F~}(F(X")) contains only com-
ponents which lie in D. Similarly, if f is a function on V and f’ =f-F'is
the function induced by fon V', then we have the relation (f)= F((f'),
while the divisor (f')—F-1((f)) contains only components which lie
in D. If K is an extension of k¥’ such that the divisor (f) is rational over
K, then the divisor F-1((f)) is also rational over K; since the divisor
(f")= F-Y((f)), having only components which lie in the k’-closed
subset D, is rational over %, it follows that the divisor (f’) is rational
over K. Since V' is a complete variety, there is a constant element ¢
such that the function ¢f’ is defined over K, and hence the function
¢f is also defined over K. We shall find this remark useful presently.

Let V be a homogeneous variety and @ be the group variety that
actson V;let ¥’ be a complete normal subvariety in a projective space
with the property stated in Lemma 1, and let F be the corresponding
birational correspondence between V' and V. Consider a function
fon V and a divisor X in ¥, and let K be a field of definition for V, V"
and F such that X is rational over K and f is defined over K; let u be
a generic point of G over K, and let f; be the function induced on | 4
by the function f:7;1. We shall say that the function f is a strong
multiple of the divisor X (relative to F) and we shall write (f) >> X,
if we have the relation (f,)>F-1(X,) on V’'. We observe that, on
account of the relations X, =F(F-(X,)) and (f)=F((f’)) mentioned
before, the relation (f,)% F-1(X,) implies the relation (f-7';')» X,
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and hence the relation (f)% X, so that a strong multiple of X is also
a multiple of X in the usual sense. Also, it is clear that the definition
of a strong multiple is independent of the choice of the generic point
u of G over K. We shall denote by L(X) the set of all functions on V
which are strong multiples of the divisor — X; it is easily seen that
L(X) is a vector space of finite dimension over the field of constants.
In fact, the dimension of L(X) cannot exceed the dimension of the
linear system |F-1(X,)| on V’. For, if fi,...,f i8 & set of linearly
independent functions in L(X), and if we denote by fi, ..., fg the func-
tions induced on V’ by the functions f,- 7'z, ..., f;- T';! respectively,
then fj, ..., f; are evidently linearly independent functions which are
multiples of the divisor F-1(X,), and the number of such functions
cannot exceed the dimension of | F-1(X,)|. We shall denote by | X|
the set of all positive divisors in ¥ which has the form (f)+ X, where
fis any function in L(X), and we shall call this set the complete linear
system determined by X. We shall say that a divisor X in V is strongly
equivalent to zero (relative to F), and we shall write X ~ 0, if there exist
a function f on ¥ such that we have both the relations (f) >>— X and
(1/f) =X, and we shall say that a divisor Y is strongly equivalent to
X (relative to F) if X — ¥ ~0. It is easily seen that we have the rela-
tion X~0 if and only if there exist a function f on V such that
(f.)=F-YX,), where f_ is the function induced on V' by the function
f-T7!and u is a generic point of G over a field of definition for V, V',
F and f over which X is rational. The complete linear system | X|
contains all positive divisors which are strongly equivalent to X, but
it may contain also other partial’ divisors in case V is not complete.
It can be easily seen that the relations X~ ¥ and | X |=|Y| imply
each other, and that both imply that L(X) and L(Y) have the same
dimension.

LemMa 2. Let X be a divisor in V, and let K be a field of definition
for V, V' and F, such that X is rational over K ; then the relation X ~0
holds if and only if the relation F-1(X,) ~ 0 holds for every generic point
u of Q over K.

Proor. That the condition is necessary follows immediately from
what we have just said above, so that we need only to prove the con-
verse statement. Let f’ be a function on V', rational over K(u), such
that (f')=F-1(X,), and let f be the function induced by f’ on V; if
we set g=f-T,, then g is defined over K(u) and we have the relation
(9)=X. According to a remark we made before, there is a constant
element ¢ such that the function & =cg is defined over K; if A, is the
function induced on ¥V’ by the function k- T';1=cg-T~'=cf, then we
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have evidently the relation A,=cf’ and hence (k,)=(f")=F"X,).
Since u is a generic point of G over K, this proves our lemma.

We shall say that a linear system X on a homogeneous variety V is
ample, if it has no fixed component and satisfies the two conditions
(A) and (B) stated in Weil [5]. Similarly as in the case of a complete
variety, we shall show that the existence of an ample linear system
| X | on V implies the existence of a projective embedding of V,
whereby it is already sufficient to assume the condition (B) for a
generic point of V. In fact, the condition (A) shows that a base of
L(X) will define a rational transformation 7' of V into a variety U
(of the same dimension as V) in a projective space, such that T is
defined at every point in ¥ and is one-to-one between the points of
V and its image U, under 7'; and the validity of condition (B) at a
generic point shows that 7' is a birational transformation. Let U’ be
a derived (absolutely) normal model of U, and let R be the birational
transformation of U onto U’, so that 7" =RT is the induced bira-
tional transformation of ¥V into U’ and T" =7"F is the induced bira-
tional transformation of ¥V’ onto U’; let Uy, be the image of U, under R.
Since the image of any point in ¥V under 7" consists of at most a finite
number of points and since V is non-singular, it follows from ([3],
Chap. v1, Theorem 13), that 7" is defined at every point in V; on the
other hand, since the image of any point in U under 7"~ consists of
a single point in ¥ and since U’ is normal, it follows, from [6], Main
Theorem, that 7"-! is defined at every point in Ug. Thus 7" is an
everywhere biregular birational transformation of ¥ onto Uy, and it
remains to show that Uy is an open subset in U’. Since the image of
any point in U under 7"~ consists of a single point in V and since
the image of a point in ¥ under F-!is a closed subset in ¥’ which is
contained in W, it follows that the image of any point in Ug under
T"-! consists of a non-empty closed subset in ¥V’ which does not
intersect V' — W and a closed subset in V' — W; since U’ is normal, it
follows from Zariski’s Connectedness Theorem ([7], p. 6), that the
image of any point in U; under 7"~ does not intersect V' — W, and
hence U’ — Uy is the image of ¥’ — Wunder 7. Since V' — W is a closed
subset in V', U’ — U; must be a closed subset in U’ and hence Uy must
be an open subset in U’.

In order to prove the possibility of a projective embedding of a
homogeneous variety V, it is therefore sufficient (and necessary) to
show the existence of an ample complete system of divisors in V. In
order to do this, we observe that Lefschetz’s idea, as formulated by
Weil, can be carried over to our more general case with no essential
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change, provided we have the relation 3X~X,+ X, + X -1, for
any divisor X in ¥V and any two points @ and bin G. For this, we prove
the following lemma, which is known to be true for Abelian varieties
(Weil [4], Theorem 30, Corollary 2):

LemMma 3. If X is any divisor in a homogeneous variety V, and if
a and b are any two points in the group variety G which acts on V, then
we have the relation X ,,— X, — X, + X ~0.

Proor. We shall use the following result from the theory of Picard
varieties: For any complete normal variety M in a projective space,
there exists an Abelian variety P, called the Picard variety of M, and
arational homomorphism of G,(M) onto P, called the canonical homo-
morphism, which has the group G;(M) as its kernel; here G,(M) is the
group of all divisors in M which are algebraically equivalent to zero
and Gy(M) is the group of all divisors in M which are linearly equi-
valent to zero. For the proof of this fact we refer to Matsusaka [2] as
well as a forthcoming paper of ours on Picard varieties over arbitrary
ground fields. Let P be the Picard variety of V', and let ® be the
canonical homomorphism of G, (V') onto P; let K be a field of definition
for V, V', F, P and such that the divisor X and the points a and b are
all rational over K, and let » and » be independent generic points of G
over K. The divisor F-1(X,,) — F-1(X,) is rational over K(u,v), and is
contained in G,(V’); hence the point ®(#-1(X,,) — F-1(X,)) is rational
over K(u,v); therefore the correspondence v—> ®(F-4(X,,) — F1(X,))
defines a rational transformation ¢ of @ into P, defined over K(u),
which carries the unit element in @ into the unit element in P. Accord-
ing to ([4],§19), the rational transformation ¢ is a homomorphism
of G into P; furthermore, for any point ¢ in @ such that uc is a generic
point of G over K, we have the relation ¢(c) = ®(F1(X,.)— F1(X,))-
Since the points uab, ua, ub evidently are generic points of G over K,
we have then the relation

O(F X ypp) — FH(X,)) = P(ab) = (a) + $(b)
= O(FYX,,) — FYX,) + O(FHX,p) - F1(X,))
=Q(F (X 0) + F (X yp) - 2F (X))
This means that we have the relation
FY(X o) = FHX) ~ F (X ) + FH(X ) — 2F 71X

and hence F-Y(X,,)-F1X,,)—-FYX,)+FYX,)~0; according
to Lemma 2, this implies the relation X, — X, - X, + X~ 0.
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If we apply the above lemma to the pairs of points (a,b), (ab,b)
and (a,a1b7!), we obtain the following relations:

XnX,+Xy— X,
Xn X+ XX,
XzXa+Xa—1b—1_.Xb—1,

which, when added together, gives the relation 3X ~ X, + X, + X ,-15-1.
From here on we can proceed exactly as in Weil [5], except for a few
obvious changes here and there; there is no need to repeat the proof
here.

THEOREM. Any homogeneous variety has a projective embedding.
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Various Classes of Harmonic Forms

G. F. D. Duff

1. Introduction

ON a closed Riemaunnian manifold there is no distinction between
harmonic forms and harmonic fields. Consequently the relationship
of both these classes of differential forms to the homology structure
of the manifold is contained in Hodge’s theorem, which states that
the number of linearly independent harmonic fields of degree p is equal
to the pth Betti number of the manifold. Since the dual of a harmonic
field is again a harmonic field, the Betti numbers of complementary
dimensions must be equal—a well-known conclusion of the Poincaré
duality theorem.

On a Riemannian manifold with boundary, a harmonic form is not
necessarily a harmonic field. We shall consider these two classes of
differential forms, and also a third and intermediate class, that of
closed (or co-closed) harmonic forms. The theory of boundary value
problems for such forms or tensors is closely connected with the
relative homology theory of a manifold M with boundary B. In
particular, we shall see several instances wherein the Lefschetz
duality theorem R, (M, B)=Ry_,(M) plays an important role. Here
N is the dimension of the manifold.

The boundary-value problems which we discuss will not be proved
here from the beginning, our intention being rather to consider the
relationships among the various problems for the different classes of
harmonic forms. We shall derive a number of boundary-value theorems
for special classes of harmonic forms as special cases of three general
boundary-value theorems for harmonic forms.

The following notations are included for the convenience of the
reader[2,7]. An exterior differential form of degree p (0Sp=<N),
represented in a given coordinate neighborhood by the expression

p=0,= ¢(t1...ip)dxi' A...nd',

is constructed by multiplying components of a totally skew-symmetric
tensor ¢, _, ofrank pby theexterior differential product dz’1a ... Adz'»
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of degree p and contracting over all sets of indices i, <iy<... <%,,.
The differential or exterior derivative is defined by

d¢=(ddy,..;p) Adz1A ... Ada'r,

where the dp;, ...i, 18 the ‘scalar’ total differential. Upon multiplying
out the differentials a form of degree p+1 is found. If dp=0, ¢ is
said to be closed, and if there exists a (p — 1)-form 6,,_,,such that ¢ =d6
¢ is said to be derived. Since d-d¢ =0 in all cases, a derived form is
necessarily closed.

Denoting by bC the boundary of a (p+1) dimensional chain
C=0C,,,, we have the general form of Stokes’s theorem

f dop = é.
Cpir bCpy

From this formula it is easy to show that the integrals of closed forms
over homologous cycles are equal; their common value is called the
period of ¢ over cycles of the homology class. A derived form neces-
sarily has zero periods. It has been proved by G. de Rham that in a
closed manifold there exists a closed form having R, (M) assigned
periods on independent p-cycles, and that a closed form with vanishing
periods on all cycles is derived. Analogous theorems for a manifold
with boundary have been proved and will be quoted when necessary.

The preceding developments are independent of any Riemannian
metric. However, we now introduce such a metric, based upon a
covariant and symmetric tensor a,,. We suppose that a,, is positive-
definite, that is, that ds?=a,,dx*dz*>0 for ¥,(dx?)2#0. We also
assume that M + Bis compact and C®, that Bis C*in M + B, and that
a,, is C° in the local coordinate systems.

The adjoint, or dual, of the form ¢ is the form of degree (N —p),
denoted by * ¢, where

( ¢)1,... Iv-p= Cly.ip r... 1N_p¢(i"" i),

e,...1, being the ‘unit’ alternating N-tensor density. The relation
*kp=(—1)¥?+P § holds. Exterior multiplication of ¢ by its dual ¢
leads to an N-form ¢ A x ¢ which when integrated over the manifold

defines a positive definite norm N (¢)=(¢,¢)=f dAax¢, and corre-
M

sponding symmetric scalar product (@, ) = (¢, ¢).
The co-differential d¢ of degree (p — 1) is defined as

dp=(—1)VP+N+ v §,

and satisfies the operator relation dd¢=0. A form is co-closed or co-
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derived according as 8¢ =0 or ¢ = 8y. From Stokes’s theorem we may
derive Green’s formula

(A, )~ (6,80) = f¢m&

where ¢=0¢,_1, Y=y, and the brackets indicate scalar products
over M. Thus ¢ is the formal differential adjoint of d.

We now introduce the Laplacian operator A =dd + éd. A harmonic
form ¢ satisfies, by definition, the linear second-order equation A¢ = 0.
In Euclidean space the components of a harmonic form are harmonic
functions in the usual sense. The equations satisfied by harmonic
fields are d¢p =0, 8¢ =0, which imply at once that a harmonic field is
a harmonic form. Green’s formula for harmonic forms may be written

(db, i) + (), 89) — (¢, Agf) = j (@andf—dy axg).

On the boundary manifold B there is an induced form of degree p
which we denote by ¢¢. Letting ¥ denote a coordinate normal to B,
we see that td consists of those terms of ¢ not containing dxV. The
remaining, or normal part, contains dz? as a factor. Dualizing inter-
changes the ¢ and n operations; thus xt=n* and *n=t*.

Finally, we remark that a harmonic form on M is C*[7].

2. Harmonic forms

The following boundary-value theorems for harmonic forms have
been proved elsewhere [2, 3]. We state them here as a starting point
for our comparisons of the various special cases. In the Dirichlet
problem the assigned data are values of the components of ¢ on the
boundary. For brevity we state once for all that all such data are
assumed sufficiently smooth (Hoélder continuous).

THEOREM 1. There exists a harmonic form ¢ having assigned boundary
values of t¢ and ne.

The solution is known to be unique if the metric tensor a,; is analytic,
and in other cases it can be proved that the number of linearly in-
dependent eigensolutions of the Dirichlet problem is finite. From
Green’s formula we see that the Dirichlet integral (d@, d@)+ (¢, d¢)
of any harmonic form ¢ with f¢ =0, ng =0 vanishes. That is, @ must
be a harmonic field, a result analogous to the situation in a closed space.

We state next the mixed boundary-value theorem for harmonic
forms, in which ¢@, 8¢ are assigned. The reader may verify that the

total number of components assigned is equal to (l;:) .
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THEOREM II. There exists a harmonic form ¢ having assigned values
of t¢ and td¢ if and only if these values satisfy

f 0pAxp=0,
B

for every harmonic form p with tp=0, t5p = 0.

From Green’s formula we see that Ap=0, ¢p=0 and t5p =0 imply
dp=0, dp=0. Thus the independent conditions satisfied by p are
dp=0, §p=0 and tp=0, so that p is a harmonic field with vanishing
tangential part'on B. We shall see below that the number of these
linearly independent eigenforms p is precisely the relative Betti
numbers R,(M, B). Dual to Theorem II is a problem in which n¢
and nd¢ are assigned. However, this dual problem for p-forms is
equivalent to the original one for (N — p)-forms and so need not be
stated separately. The number of linearly independent eigenforms of
this problem is Ry_,(M,B)=R,(M), the number of independent
absolute p-cycles.

Finally, we have the Neumann problem in which only values of the
components of d¢ and ¢ are given.

THEOREM III. There exists a harmonic form ¢ having assigned values
of nd¢ and t8¢ if and only if

f (TAxdp—0paxT)=0
B

for every harmonic field T which is C® in M.

This problem differs from the two preceding inasmuch as the num-
ber of linearly independent eigensolutions is infinite. This we will
demonstrate in § 4 by showing that infinitely many linearly indepen-
dent harmonic fields can be constructed on a manifold with boundary.
Green’s formula again shows that an eigenform of this problem is
necessarily a harmonic field.

Proofs of these results have been given by the integral equation
method of Poincaré and Fredholm. However, since certain tangential
derivatives of components on the boundary are present in the pro-
blem, the singularity of the kernels in the integral equation is of a
higher order than in the classical Poincaré-Fredholm theory. This
necessitates the use of principal values to define the integrals, and
the theory of Giraud[5] to solve the resulting singular integral
equations.

3. Co-closed harmonic forms

The simplest formal analogue of the scalar Laplacian A =div grad
is the operator dd, which for p 2 1 has somewhat weaker properties
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than the Laplacian A=dé +dd. However, a co-closed harmonic form
satisfies both dd¢=0 and d¢=0. The boundary-value problems
appropriate to this pair of differential equations may be derived as
special cases of Theorems II and III above in view of the following
Lemma. If Ap=01n M and t8¢=0 on B, then 8¢ =01in M.
To prove this we use Green’s formula to calculate first

N(ddg) = (dbg, ddg) = (34, 8dbp) + f g axddp.

The first term on the right vanishes since ddd¢ = §A¢@ = 0. The second
term contains only tangential components of §¢ in the first factor of
the integrand; these are zero by hypothesis. Thus N(dd¢)=0 which
implies that dd¢=0. Now consider

N(69)= (06, 39) = (4,489) - [ 0px

by Green’s formula. Since each term on the right contains a vanishing
factor, we see that N(d¢)=0so d¢ =0 in M as stated.

In the Dirichlet problem for co-closed harmonic forms the values
of i are assigned.

THEOREM LV. There exists a co-closed harmonic form ¢ having assigned
values of t¢.

To establish this we construct the harmonic form of Theorem II
having the given values of ¢¢ and zero values for td¢. Since the ortho-
gonality condition in Theorem II is satisfied if ¢d¢p = 0, such a harmonic
form exists. Applying the Lemma, we see that it is co-closed through-
out M. Clearly the eigenforms of Theorem II are also eigenforms of
this problem.

The Neumann problem for co-closed harmonic forms is a conse-
quence of Theorem III,in which we take td¢ = 0, and apply the Lemma.
However, the orthogonality condition can be expressed in a more
convenient form in this case by means of the concept of an ‘admis-
sible’ tangential boundary value, due to Tucker[8]. Since, for any
closed form ¢ we have Ayt = tdg =0,

where dj, is the differential operator in the boundary B, we see that
the tangential boundary values t¢ of ¢ must be closed in B. If, more-
over, C, is a p-cycle of B which bounds in M, we have C,=bR,, for
some relatlve cycle R, of M (mod B) and

pr J‘Cy J'Rp—i-;
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by Stokes’s theorem. Thus ¢¢ has zero period on all such cycles C, of
B which are homologous to zero in M. Conversely given any form 6,,
defined on B, closed, and having zero periods on these cycles, there
exists a form ¢ in M, closed (d¢ =0), and with ¢¢ =0[1]. Such a form
0 is therefore said to be admissible as the tangential boundary value
of a form closed in M.

If td¢p = 0, the orthogonality condition of Theorem III becomes

JTA*qu:O, dr=0, dr=0.
B

In the Neumann problem for co-closed harmonic forms we require
dxd¢= + *(0dp)=0, so the tangential boundary values ¢ *d¢ must
be admissible. That is, we take t*d¢p=ty, for some closed form yr
defined in M. Thus

f TA*d¢=f TAY = if UAax(xT)= £ (dyf, x7) F (Y, 0%7) =0,
B B B

and the condition is satisfied. Therefore we have

THEOREM V. There exists a co-closed harmonic form ¢ with assigned
admissible boundary values of t xd¢.

The solution is unique up to an additive harmonic field only.

Since the condition of admissibility for ¢xd¢ is necessary if the
differential equation dd¢ =0 is to hold, we see that the solution of
Theorem III is co-closed if and only if td¢p = 0 and ¢ * d¢ is admissible.

The existence of p-tensor potentials (dd¢ = 0) satisfying the boun-
dary conditions of Theorems IV and V was conjectured by Tucker
in his early work on this subject.

4, Harmonic fields

The theorem of this section is not new, but the proof of existence is
considerably simpler [4]. From the results to be found here we shall, in
the next section, derive alternative statements for the theorems of § 3.

In the Dirichlet problem for harmonic fields ¢,

d¢=0, &p=0,

values of ¢, necessarily admissible, are assigned.

TueorEM V1. There exists a unique harmonic field ¢,, having assigned
admissible values of ¢, and assigned periods v, on R,(M, B) given in-
dependent relative p-cycles.

Since the values of t¢ may differ from zero the relative periods are
not relative homology invariants; hence the boundaries of the relative
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cycles must be p — 1-dimensional point sets assigned in advance. The
uniqueness follows from the fact that if ¢¢ = 0 and the relative periods
v; all vanish, then ¢ is derived, ¢ =d6, say, where t§ =0 ([1], Theorem
6). Thus

N($)=(4,d0)=(3,0)+ | 0axg=0,

and ¢ vanishes identically.

To construct the solution in the non-homogeneous case, we start
with a closed form p having the assigned boundary values and periods.
The existence of such a form p is established in ([1], Theorem 4).
From the Kodaira or de Rham orthogonal decomposition for-
mulae [6, 7] we can express pp 88 & sum

Pp= dap—l + Xp>

where y,, is a harmonic field. Now let ¢2_, be a solution of Theorem IV
with t¢2_, =to,_,. Then consider the form

P=ddj 1+ Xp»
which is a harmonic field since
0dg?=0.
Since tdp?=dytp2=dyto =tdo,

we see that t¢p=t(do,_,+x,)=tp which is the assigned boundary
value. Since also

2 _ 2 _ _
f ‘d¢p—1—f ,¢p—1—f ,o'p—lf . =doy_;,
1 bR, bR R

we see that ¢ has the same relative periods as p and therefore con-
stitutes the required solution.

As a first Corollary we see that if ¢ = 0 the above harmonic field is
an eigenform of Theorem II. Since the R, (M, B) relative periods v;
can be chosen independently, we have the

CoROLLARY 1. The dimension of the eigenspace of Theorem 11 :

dp=0, dp=0, tp=0
18 the relative Betti number R, (M, B).

We state next, as a Corollary of Theorem VI, a result which is a

kind of dual to that theorem.

COROLLARY I1. There exists a unique harmonic field ¢ having assigned
admissible values of t * ¢, and assigned periods p; on R (M) independent
absolute p-cycles.
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The uniqueness follows at once, for if the absolute periods are zero,
¢ is a derived form, ¢ =d¢, say. If then ¢ x ¢ is zero, we have

N(¢)=(¢,d§>=<a¢,g)+fB§A*¢=o,

and ¢ vanishes identically.

To show that the solution exists, we take an N —p-form ¢}_,
which is a solution of Theorem VI with the assigned boundary values
tx@. We require to adjust the absolute periods of x¢y_,. Now the
period matrix on the absolute p-cycles of the duals of the

RN——p(M’ B) =Rp(M)

independent eigenforms of degree N—p for Theorem VI is non-
singular. Indeed. if any linear combination of these forms had
vanishing absolute periods it would, by the above demonstration of
uniqueness, vanish identically, in contradiction to the property of
linear independence. We may therefore find a form p,_,,, such that
tpy_p=0,dpy_,=0,dpy_,=0, whose dual *py_, has suitable periods
on the absolute p-cycles. Adding this form to ¢;,_, we obtain a form
whose dual is the required solution.

CororraryY III. There exists a unique co-derived harmonic form ¢
having given admissible values of t¢.

The differential equations in this case are d¢ = 0 and ¢ =y for some
form y. The uniqueness is immediate, since if ¢ =0, we have

N<¢)=(¢,8x>=<d¢,x)—ju¢ux=o.

To demonstrate that a co-derived harmonic field exists, we note
that the duals of the eigenforms of Theorem VI have a non-singular
period matrix on the absolute cycles of dimension N —p. We may
therefore add to a solution ¢, of Theorem VI having the assigned
values of t¢, an eigenform p so chosen that the absolute periods of
the dual of the resulting harmonic field ¢, + p vanish. Since this dual
form is then derived, the form ¢ =¢, + p is co-derived, as required.

Theorem VI was also conjectured by Tucker, and was proved in [4].
By analogy with the case N =2, p=1, when a harmonic field and its
dual may be represented as the differentials of the real and imaginary
parts of a function of a complex variable, the second Corollary above
has been called thé Neumann problem for harmonic fields. This is
because the Dirichlet problem for a harmonic function u(z,y) is in
a certain sense equivalent to the Neumann problem for the harmonic
conjugate function v(x,y). However, in the higher dimensional cases
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it seems better to regard the boundary value problems as equivalent
and then the choice of relative or absolute periods to specify the
solution uniquely is seen as a consequence of the Lefschetz duality
theorem.

5. Co-derived harmonic forms

From the first Corollary of the preceding section we can deduce
alternative statements of the results of § 3.

THEOREM IVa. There exists a unique co-derived harmonic form ¢
having assigned values of t¢.

Thus the differential equations to be satisfied are dd¢ =0, ¢ =4y.
The uniqueness can be proved in two stages as follows[4]. If ¢ =0,

then
N~ (39, d9) = (4. 84)+ [ $ardp=o,
so that ¢ is closed. Next,

N(@) = (¢, 8) = (deb, X) — fB¢A*x=o,

showing that ¢ vanishes identically, and establishing the uniqueness
of the solution.

To construct the solution, let ¢, be a solution of Theorem IV with
the assigned boundary values t¢. Then @, is closed. To ¢, we add a
suitable eigenform p, (the existence of which is assured by the work
of §4), whose dual has as absolute periods on the N —p cycles the
negatives of the periods of ¢,. Thus * @, + x p, is derived, so ¢ =@, + p,
is co-derived as required. A special case of this result has been
proved in [4].

The Neumann problem for co-derived harmonic forms can be
solved in an exactly similar way. Taking ¢, asa solution of Theorem V
with assigned values of t * d¢, we add to ¢, a harmonic field p, such that
* (¢, + p,) has zero periods on the absolute cycles of dimension N —p.
Thus * (¢, + p,) is derived, and ¢ = ¢, + p, is co-derived.

THEOREM Va. There exists a co-derived harmonic form ¢ having
assigned admissible values for t xdg.

The solution is not unique, for any co-derived harmonic field can
be added to it.

In conclusion, it may be remarked that since our results have all
flowed from the theorems for harmonic forms, these might be re-
garded as the basic boundary-value theorems for all classes of har-
monic forms. However, the connections with the homology properties
of the manifold are most evident when we turn to the special cases.

UNIVERSITY OF TORONTO
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On the Variation

of Almost-Complex Structure

K. Kodaira and D. C. Spencer*

1. Introduction

LET M be an almost-complex manifold of class C®, and let ® be
the exterior algebra of the complex-valued differential forms of class
C*on M. We denote by 0 the anti-derivation of degree + 1 of ® which
maps elements of ®° (functions) into forms of type (0, 1) and which
satisfies the commutativity relation d0 + &d = 0, where d is the exterior
differential of ®. Given an arbitrary Hermitian metric on M, let d
be the adjoint of @ in the sense that (3¢, ) = (¢, by) for forms ¢, Y e @
with compact supports. We introduce as Laplacian the operator
A =2(bd+ 0b) and show that the almost-complex structure of M is
integrable if A =dd +dd, where 4 is the adjoint of d. Denote by #"2
the complex vector space of norm-finite harmonic forms of type (r, s)
(forms annihilated by @ and d). If M is compact, #7* is finite-dimen-
sional; if, in addition, M is complex, ¢ is isomorphic to the d-coho-
mology of forms of type (r, s) (theorem of Dolbeault).

Nowlet M be a compact manifold of class C* which carries an almost-
complex structure #(¢) which depends in a C* manner on a point ¢
in a domain of a Euclidean space. We construct a metric which is
Hermitian with respect to the structure &(t) and depends on #in a C®
manner, and consider the corresponding space J#73(t). Writing
hn8(t) = dim #"3(t), we investigate the integer ~™3(t) in its dependence
on ¢t and show that it is upper semi-continuous; that is

lim supy_,,, A"%(t) < h"4(t,).

Moreover, if #(t) is a Kihler structure for each ¢, then A™*(t) is con-
tinuous, therefore a constant.

* This work was supported by a research project at Princeton University spon-
sored by the Office of Ordnance Research, U.S. Army.
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2. Almost-complex structure

Let M be a real differentiable manifold of class C* and dimension
m, and let 7=T(M) be the sheaf (faisceau) of germs of C® cross-
sections of the tangent bundle of M, A = A(M) the de Rham sheaf of
germs of exterior differential forms of class C=. Write CT =T ®5C,
CA =4 ®5C, where R and C denote respectively the real and complex
numbers. For each point ze M, (CT), is a left (CA)%-module which is
m-dimensional and free. The manifold M has a complex almost-
product structure if and only if there exists an endomorphism P of
CT satisfying: (1) P2=P; (2) image P, is a free submodule of (CT),
for each xe M. We therefore have a direct sum decomposition
CT =P(CT)® Q(CT), where Q is the projection of CT onto the kernel
of P. The manifold has an almost-complex structure if and only if it
has a complex almost-product structure with a conjugate-linear
involutory isomorphism »-—>w% (conjugation) of CT which maps
P(CT) onto Q(CT). If M is almost-complex, its real dimension m is
even, m=2n.

Assume that M has an almost-complex structure, and let
O =T(CA, M). Thus ® is the exterior algebra of ®'=T'((CA)!, M),
and we denote the symmetric algebra of ®! by V. The direct sum
decomposition of C7T induces corresponding decompositions of @

and ¥, namely,
O= Er,s Hr,s o, Y= Er,s Hr,slp.!

where [], , denotes projection onto the subspace composed of elements
of type (r,8). A form is of type (r, 8) if and only if its contraction with
r + 8 tangent vectors at a point p € M vanishes unless r of these vectors
belong to P(CT), s of them to Q(CT).

Let 0 be the anti-derivation of degree + 1 of ® which coincides on
®° with [T, ,d and which satisfies the relation dd+ od =0. We have
the decomposition d =d, +d, +d, +d,, where

dy= Zrs Hr+l.sd I1.s dy= Zrslrizs1 d I1.,s
and it is easy to verify that
0=2dy+d, —d,.
We denote the conjugate of 9 by d (0= 2d,+d, —d,), and we have the
decomposition d=2+0.

The almost-complex structure of M is said to be (completely) inte-
grable if and only if 02=0-0=0.
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An element ye[],,"V which is positive-definite at each point
defines an Hermitian metric on M. Such a metric always exists, and
we assume that one has been chosen. Then, in terms of this metric,
we have the duality isomorphism #*: ®"— ®27— and the Hermitian
character of the metric is expressed by the formula

X * Hr,s=nn—s.n—r *.
Further, if we let

@)= sasT0 181=14. 91
then (Hr,s¢’¢)=(¢! Hr,s Sﬁ)
Now let D= —%0=*.

Writing 6 = — xd %, ;= — *d, * (k=1, 2), we have the decomposition

81 = Er,a Hr,s—l 0 Hr.s’ 62 = Er,s Hr+l,s—2 0 Hr,s’

and b=28,+6,— dy.
Therefore d=b+Dd,
where b=28,4 ¢, —9,.

Let @, be the subspace of ® composed of forms with compact
supports. For ¢, e ® we have (d¢, )= (4, 0y), and it follows that
a similar formula is valid for d,, 8, namely,

(Ek¢’ ')[f) = (¢7 61:1/’)

Hence (09, ¥)=(4,0Y), ¢, Yed.
If we write A =2(b0 + 0b), we therefore have

(A¢’ W) = (¢’ A'r/’)’ ¢’ ¢‘€ (Dc'

We say that the Hermitian metric v is a Kédhler metric if and only
if A=2(b0+ dd)=0d+ds. If a Kihler metric exists on an almost-
complex manifold, we say that the manifold is a Kdhler manifold or
that the almost-complex structure is Kahlerian.

THEOREM 2.1. An almost-complex Kdihler manifold possesses an
tntegrable structure.

Proor. Let M be an almost-complex manifold with a Kahler
metric. In terms of this metric, A = 2(bd + db) is a real operator, that is,

b0+ 6b =50 + b,
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and we have
dd+dd=(d+D)(0+0)+(0+3)(d+D)
= (D0 + D) + (b0 + D) + {(b0 + b) + (59 + 9D)}

=0d +dd+ (b9 + 0d) + D3 + .
Therefore

(2.1) (b9 +9d) + (b8 + 8d) = 0.
Substituting for 9 and b in terms of d;, J), (k=1, 2), we obtain
(2.2) D9+0b= —2{(8,dy+dy8,) + (dpdy +dy 0y)} +{01dy + 4,81}
—{(81dy +dy8,) + (d, 5, + 05d,)}
+2{(8,dy+d,y0) + (d1 8, + 8,d,)}
+4{0,dy +dy 85} +{8ydy +dy 0o}
We say that an operator on an almost-complex manifold is of type

(u, v) if it maps a form of type (r,s) into a form of type (r+p,s+v).
The bracketed terms on the right side of (2.2) are grouped according

to type: I _ .
(05dy+dy0,) + (05dy+dy0,) is of type (0,0);

(6,d,+4d,6y) of type (1, —1);
(8,dg+dy0,) + (d,0,+ 0,d;)  of type (—1,1);
(8,dy+dy8,) + (4,8, +8,d;) of type (2, —2);

(0,dy+d,3)) of type (3, —3);

(0gdy +dy 3y) of type (-3, 3).

Since the terms of type (0, 0) in the left side of (2.1) must equal zero,
we obtain

(2.3) (83dy +dy ;) + (9;dy +dy 0,) = 0.

Given an arbitrary form ¢ e ® and point ze€ M, let € ®, be such
that the support of ¢ — ¢ vanishes in some neighborhood of z. Since
Y e ®,, we have by (2.3)

0=((8ydy+dy85) ¥, ¥) + ((03dy + dody) ¥, ¥)
=(do ¥, da¥) + (051, 03 9) + (do ¥, dp ) + (8,9, 8, ¥)-

Therefore d, i vanishes everywhere and d,¢ =d, ) =0 at x. Since z is
an arbitrary point of M, we see that d, maps ® into zero, that is,

8=d1 a,nd d=d1+a1

Finally, the vanishing of d? implies d?=02=0 and it follows that the
almost-complex structure of M is integrable.



VARIATION OF STRUCTURE 143

3. Potential theory

Assume that M is an almost-complex manifold with Hermitian
metric. Let D: ®—>®® ® be defined by D(¢)=20¢ @ dp, and let

D: ®® D> D be defined by (¢ @ ) =b¢ + 0. Then the composite
map 22D: ® - ® coincides with A.
We define a norm in the space ® @ ® by setting

Ig@yi=l¢l*+]vI*

We denote the Hilbert space of norm-finite differential forms on M
by &/ if ¢es/ there exists a sequence {9}, ¢,€®D, | ¢,| <oo, such
that |#—¢,[ >0. We say that a form ¢ belongs to (the closure
of) the domain of D if and only if there is a sequence {¢,}, ¢, D,
| 6.l <co, | D, | <co, such that | $—@, | and | Dig,— )| tend to
zero (u,v->00). If we impose the additional restriction that ¢,e @,
for all 4, we say that ¢ belongs to the domain of the operator Dec. The
domains of the operators &2, 2°¢ are then defined in a similar manner
to those of D, D). If a form ¢ belongs to the domain of an operator
such as D, we shall write ¢ e D.

A form ¢ belongs to the domain of A =22 D if and only if ¢ belongs
to the domain of D and D¢ belongs to the domain of 2. We introduce
also the operators A¢=22D¢, °A=29°D, and we denote the domain
of A° by §, that of °A by RN. Let

He={p|peDr,0p=bg=0}, H={p|peD,op=bp=0}
Given a constant 0>0, let D.: ®>DPd P> P be defined by
D, (¢)=0¢ ®dp ®+/(}0) ¢, and let A,=A+ o, where o denotes the
trivial operation of multiplication by o.
THEOREM 3.1. For each o>0 there exist linear isomorphisms
G,: & —>® and N,: o >N, where A,G,¢=¢, A,N,p=¢, pest. As
operators on &, G, and N, are symmetric and

| D, Gopll <l @1IN(20), | DN, B <] ¢ 1/V(20).
Moreover He={p|ped, p—0G,d=AG,$=0},
H={p|peAd, p—oN,$=AN,¢=0}.
A proof is to be found in [5].
Given fef, let E,($)=E,(; /) =| D¢ |*+4o| ¢ (8o | then

G,p, N,p are the unique elements which minimize E,(¢) in D¢, D
respectively. If we write e, =inf £ (¢), ¢ € D, we have the inequality

(cf. [5])
3.1 | Do(@ — V) || S VIEo(B) — ;] + VI Eo(¥) —e)-
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Assume that M is compact; then the spaces &, N coincide with &/
and G,=N,. In this case G, is a completely continuous operator and
o = is therefore a finite-dimensional complex vector space. Let
Hre=T], ,, h~*=dim "¢ If M is complex, S#"¢is isomorphic to
the &-cohomology of forms of type (r,s) (after a theorem of P. Dol-
beault) and is thus independent of the particular choice of Hermitian
metric.

4. Variation of almost-complex structure

Let M be a compact manifold of class C* with an almost-complex
structure & (t) which depends in a C* manner on a point ¢ = (!, ..., t™)
which varies on a domain E of real Euclidean m-space. Given an
arbitrary point ¢,€ £, let v, be an Hermitian metric compatible with
the structure &(t,). Then there is a neighborhood of ¢, on £ such that
Y(t)=114,1(¢) ¥, is an Hermitian metric on M for the structure &(¢)
provided that ¢ varies in the neighborhood. Let d(t), b(t), G,(t), *(t) and
| @ ||, correspond to.#(t) with the metric y(t), and let A75(t) = dim 5#"5(¢).
We observe, however, that the space .27 does not depend on ¢.

THEOREM 4.1. There exists a neighborhood U on E, t e U, such that
Rro(t) < hrat,) for te U.

Proor. Given an arbitrary point x,e M and a positive integer v,
there exists a neighborhood W of x, on M, a neighborhood V of ¢,
on E, and a form w=mn(x,y;t) on M x W x V which satisfies the
following conditions:

(1) mis C* except for x=y.

(2) Let r=r(x,y,t) be the geodesic distance of the points z, y with
respect to the metric y(¢); then r%»—V-7ris of class C*»1in W x W x V.

(3) For fixed ye W, A (t)m=p where pisof class C* in M x Wx V.

(4) Given ¢ e @, let

(TIg) (@, t) = f 7@, ,08 (O 90);

(P@) (x,t) = f B0 03

The parametrix 7 can be constructed along the lines of the method
used by Kodaira [2], provided that the power series employed by him
are replaced by partial sums whose orders depend on the given
integer v. .

Let IT’, P’ be the adjoint operators satisfying (I1'¢, ¥),= (¢, [1¥),,
(P'¢, )= (¢, PY). Let X, Y be neighborhoods of z, on M, X< ¥,
Y < W, let p be a function of class C* on M which is equal to 1 in X,
equal to 0 in M — Y, and write 7(x,y,t)=p(x) m(z,y,t). Given fe,
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B independent of ¢, we have by Green’s formula (v being chosen suffi-

ciently large) that N
e, p=T'p- PG,

where P=A,(t) fI and where the formula is to be interpreted in the
sense that the norm over X of the difference of the two sides of this
equation vanishes. It follows that

0
& Gtr(t) ﬂ B

where the constant ¢ is independent of fand te V.

We denote by |t —¢"| the Euclidean distance between ¢’ and ¢".
Then we infer from (4.1) the following

LemMmA 4.1. There is a number ¢ independent of f and t', t"e V such

ha
et |Gt B—G ") Bl Sc || Bl |t —t" |-

Now let {¢,(t)} be a complete orthonormal set of eigenforms of the
operator G_(t) of type (r,s); that is,

G,(8) Bi(1) =2A,() §;(t), 1[/s2A;()) 2 Ap(t) 2 ... >0,

where (¢,(t), §,(t)),= d;; and where each ¢, is of type (r, s).

Lemma 4.2, If there is a sequence {t,}, t,—>t, (u—>0), such that
Ayt,)—>A>0 for j=k+1,....,k+h, then there exist h eigenforms ¢; of
type (r,8) of G (t,), j=k+1,...,k+h, such that

Gv(to) ¢j = /\¢ja (¢1: ¢j)lo = ai;i'

Proor. For all but a finite number of 4, | ¢,(t,) [, <2 and there-
fore, since G, ({,) is completely continuous, we can find a subsequence,
which we again denote by {t,}, such that G,(t,)$,(t,) converges in
norm to a limit ¢; (j=k+1,...,k+A). By Lemma 4.1,

| Go(t,) B5(2,) — Go(to) P5(E,) [,y > O
and hence I /\,(tﬂ) ¢,(t#) -y ||,u - 0;
that is, | 4(2,) — A2 ||, —>O.
Let ¢;=A"1; (j=k+1,...,k+h). Then || ¢,(t,) — ;0 where
| 651l =Tim || $5(8,) Nl =Tim || @5(2,) [, = 1.
Now G,(t,) ¢;=1im G, (t,) §;(t,) = ¥; = Ad; where, for i #j,
(Po» Ps)io=Lim (4(2,), B5(2,))s,:

(4.1) sc | Bl
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Let w; = ¢,(t,); then for suitable choice o1 a rea1 number 6, we have
2| (wy, 0;), | = 2(w;, €% w)),
ol KR el N e A
= i+ e w; |}~ o |f— | w5 |2+ 0(|t,—to ) = 0| t, = o ])-
Hence (¢,, ¢;),, =0, and this completes the proof of Lemma 4.2.

Let M(A,t) be the dimension of the space of eigenforms of G,(t) of
type (r,s) which belong to the eigenvalue A>0. It follows from
Lemma 4.2 that M(A,t) < M(A, ¢,) for | ¢ —t, | <e. In particular, taking
A=1]o, we obtain Theorem 4.1.

If &#(t) is a Kahler structure for each ¢, then

Zr+s=p hr2(t)

is equal to the pth Betti number of the manifold M and we have in
this case:

THEOREM 4.2. If F(t) is a Kiihler structure for each t, h™(t) is equal
to a constant.

5. Variation of complex line bundles

Let M be a (fixed) compact-complex manifold, F(t) a complex line
bundle over M depending in a C* manner on ¢, and let #™*(M, F(t))
be the space of harmonic forms on M with coefficients in F(t). Then,
by the same method as above, we can prove that dim #"8(M, F(t))
is an upper semi-continuous function of ¢, while

HT(M, F(t) = H(M, (F(1))),

where Q7(F(t)) is the sheaf of germs of holomorphic r-forms with
coefficients in F(t). Hence we obtain

THEOREM 5.1. The dimension dim Hs(M,Qr(F(t))) is an upper
semi-continuous function in t.

As an example of applications, we derive from the above result the
following theorem:t

Let V be an algebraic manifold and let F be a complex line bundle
over V. The Euler characteristic y(V, Q’(F)) depends only on the
characteristic class ¢(F) of F, where Qr(F) denotes the sheaf over V
of germs of holomorphic 7-forms with coefficients in F. Let % be the
Picard variety, i.e., the additive group consisting of all line bundles P
over V with ¢(Py=0. Then it can be shown} that there exists on the

t This is an immediate consequence of a deep theorem of F. Hirzebruch[1] to the
effect that x(V, Qr(F)) can be represented by the Todd polynomial in ¢(F). A different

proof of this result was given earlier by K. Kodaira[3]. .
t This construction will be given in a forthcoming paper by K. Kodaira.
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product manifold ¥ x @ a complex line bundle E such that the restric-
tion By, , of E to V x P (regarded as a bundle over V in an obvious
manner) coincides with P. Take sufficiently ample bundles E over V
and & over P and form the sum

F=E+E+& over Vx%,

where E and & are to be regarded as bundles over V in an obvious way.
Letting 5, , be the restriction map of Q(F) to V x P, we can prove
that the map

roxp: HAV x P, Q(F))>H(V, (P +E))

is onto. Considering P+ E as a bundle depending analytically on a
point PeB, we therefore infer that dim HO(V,Qr(P + E)) is a lower
semi-continuous function in P, while the above theorem asserts that
dim H(V, Q'(P + E)) is upper semi-continuous in P. Hence we obtain

dim H(V, Q"(P + E))=dim HY(V, Q"(K)).
This proves that dim H)(V, Q7(E)) is determined uniquely by the
characteristic class ¢(£) of E, provided that E is sufficiently ample.
Let § be a general hypersurface section of V of sufficiently high

order and let £ = F +[S], where [S] denotes the line bundle over V
defined by S. We have

XV, F)=x(V, B) - x*(S, Eg) — x*~'(S, Fs),
and, since ¥ is sufficiently ample,

XV, E)=dim H(V, Q3(E)).
Hence we obtain

x'(V, F)=dim H(V, Q*(&)) — x*(8, Fs + [S]s) - x* (S, F).

Now, applying induction on the dimension of the variety V, we
conclude from this that y*(V, F) is determined uniquely by ¢(F).

We note that dim H3(M, Qr(F(t))) is not necessarily a constant even
in case M is an algebraic variety. As an example we consider an
Abelian variety 4 of dimension 2 (i.e. a complex torus of complex
dimension 2 whose period matrix is a Riemann matrix). Let ‘B be the
Picard variety attached to 4, i.e. the group consisting of complex
line bundles F over A which are topologically trivial [4].

The Picard variety % is also an Abelian variety and each member
F € P can be written as F = F(t), where ¢ denotes a point on the complex
torus B and where F(t) depends analytically on ¢.

Now we have if t=0,

1
. 0 o(F =
dim H%(A4, Q(F(t))) {0 otherwise.
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Since the Euler characteristic x(4, F(¢)) depends only on the charac-
teristic class of F(t), we have

23-0(— 1) dim H*(4, Q%(F(t))) = x(4,0)=0,
while by Serre’s duality theorem,

dim H2(4, Q% F(t)))=dim H(A, Q% — F(t))).
Consequently we obtain

2
dim HY(4, QF (1) =
m H(4, Q%F(t))) {0 otherwise.

if t=0,

As an example of a non-algebraic complex manifold, we consider
the Hopf manifold defined as follows: Let C, be the space of two
complex variables (z,,z,) and let #=C,—(0,0). Moreover, let
A={T™|m=0,1,2,...} be the discontinuous group of analytic auto-
morphisms of #Z generated by

T: (2q,29) > (224, 22,).
The factor space V =4%/A is obviously a compact complex manifold
which is called the Hopf manifold. We note that, for an arbitrary
complex manifold M, the group B consisting of all complex line

bundles over M which are topologically trivial may be called the
Picard variety attached to M. We have the canonical isomorphismf

“i*H (M, Z)’
where Q is the sheaf over M of germs of holomorphic functions, Z is

the integers, and where ¢ is the map: k— 2ik of Z into Q. For the Hopf
manifold V =2%[A, we have

H\(V,Z)=Z,
and} HYV,Q)~C.
Therefore the Picard variety ‘B attached to V is given by
PxCl2mZ =~ C*.

Moreover, for each number ¢€ C* we can construct the corresponding
line bundle F(t) € P explicitly in the following manner: Let

A={Tm|m=0,1,2, ..}
be the discontinuous group of analytic automorphisms of the product
space Z x C generated by
T: (21, s C) - (221, 222’ t g)'

+ The proof of this fact is contained in [4], p. 871.
1 This result has been proved by A. Borel.
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Then the factor space F(t)=#xCJA

forms, in an obvious manner, a complex line bundle over V=4%|A.

M
oreover, we have F(s) + F(t)=F(st£1).

Clearly F(t) depends analytically on ¢.

Now it is easy to compute dim H(V, Q%(F(t))). Clearly each holo-
morphic section ¢eHV,QOF(t))) corresponds one-to-one to a
holomorphic function ¢ = §(z,,2,) on & satisfying

(6.1) (22, 225) = t(2,, 2,),

while, by a theorem of Hartogs, an arbitrary holomorphic fumction
on % must be holomorphic on the whole of C, 5 Z. Hence we can write

é(zl’ zZ) = Em, n=0 Cmn zinzg’
and therefore the equation (5.1) is reduced to
2mine =t Con-

This shows that (5.1) has non-trivial solutions ¢ if and only if ¢=2}
((=0,1,2,...), and, if t=2! the number of linearly independent
solutions ¢ of (5.1) is equal to I+ 1. Thus we obtain
) I+1 if t=2(=0,1,2,..),
dim H(V, Q(F(t))):{ .
0 otherwise.

Added in proof. We indicate another application of the upper
semi-continuity principle (details are contained in a forthcoming
Princeton thesis of J. Kohn). Let M be a compact complex manifold
and introduce the differential operator {(7—./—1)3+ (7+4/—1)3}/2
where 7 is an arbitrary but fixed complex number. It is obvious that
d*=0, d,=d,. In terms of any given Hermitian metric on M we
can introduce the adjoint operator d;=0,= —*d and form the
Laplacian A, =2(8;d,+d,8,) which, for 7=,/—1, coincides with the
Laplacian 2(bd+0b) introduced in §2. It may be verified that the
Poincaré lemma holds for d,: if ¢ is of positive degree and d,$=0
in the neighborhood of some point of M, then there exists locally
a form ¢ such that ¢=d,)y. Moreover, in case 7+ +,—1, a 0-
form (function) f satisfies d, f=0 if and only if f is a constant. Let
P be the space of harmonic forms of degree p on M (forms annihi-
lated by A,) and let h?=dim s#?; then J#7? is isomorphic to the
d,-cohomology of forms of degree p and is thus independent of the
choice of the Hermitian metric. For 7+ +.—1, one verifies readily
that #P is isomorphic to H?(M,C) and hence h? is equal to the
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pth Betti number b of M. On the other hand, for 7=,/-1,
h? =3, empP®. An argument similar to that given in §4 shows that
kP is upper semi-continuous from which we conclude that

B2 < Sprpmp 0.

This is a recent result of A. Frolicher (Proc. Nat. Acad. Sci., US.A4.,
41 (1955), pp. 641-644).

PrRINCETON UNIVERSITY
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Commautative Algebraic Group

Varteties

Maxwell Rosenlicht

1. Among the many fields enriched by Lefschetz is that of Abelian
varieties. These constitute one much studied extreme in the set of all
algebraic group varieties, another consisting of the set of all linear
groups, i.e. group varieties that are biregularly isomorphic to algebraic
matric groups. It is our object here to discuss a number of results in
the theory of arbitrary algebraic group varieties, and especially of
commutative group varieties. Many of the results given here are not
new.t The proofs, which appear here only in the merest outline, will
be given in detail in subsequent papers.

Before proceeding with the general theory we make a few remarks
about the invariant differential forms and Lie algebra associated with
any given group variety. These can be constructed in a manner en-
tirely analogous to that used in the theory of Lie groups and most of
the usual relations can be shown to hold. In the case of characteristic
zero the Lie algebra mechanism functions more or less normally and
one can apply it to get most of what one would expect. For example,
the adjoint representation of a group variety is a rational homo-
morphism onto a linear group with kernel equal to the center of the
original group. However, if the characteristic is p # 0, the Lie theory
is of very limited use, so we neglect it entirely in what follows.

2. Suppose that the group variety G operates rationally on the
variety V. This means that we have given a rational map of G x V
into V such that if the point g x p of @ x ¥V maps into g(p)e V, then
(1) if k is a field of definition for @, V and the rational map in question,
then g(p) is defined whenever p is a generic point of V over k(g),
(2) if p is a generic point of V over k and g,, g,€ @, then

91(92(P)) = 9192(p),

+ At the time of the conference we learned of I. Barsotti’s independent work
which overlaps heavily with the material below. Some of these results had previously
been published by S. Nakano.
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and (3) if e is the identity element of G, then e(p) =p. If g(p) is always
defined, we may say that G operates regularly on V. As a first result
one has the following:

If G operates rationally on V, then there exists a variety V and a
rational map 1: V>V such that if k is any algebraically closed field of
definition for everything in question and p is a generic point of V
over k, then 7(p) is generic for V over k and k(t(p)) consists precisely of
all elements of k(p) left fixed by all the automorphisms of k(p) induced
by points of G that are rational over k. Furthermore, these properties
characterize V and 1 to within a birational transformation of V.

If@, V, V, 1, k are as above, and if q is a generic point of ¥ over £k,
it is easy to verify that 7-1(¢g) consists of the orbit G(p) of a certain
generic point p of V over k. In the case where V, @ are replaced by a
group variety ¢ and an algebraic subgroup H we can let H act on ¢
according to the law h(g)=gh~! to get a sharpened version of the
preceding result:

If G i3 a group variety and H an algebraic subgroup, then there exists
a variety (which we denote by G|H) and a rational map 7 of G onto G|H
such that (1) the points of G|H are in natural 1-1 correspondence (under 1)
with the left cosets of G modulo H and (2) the map g x aH — gaH makes
G operate regularly and transitively on G/H. If k is any algebraically
closed field of definition for G and H, then we may take G/H, T and the
action of G on GH to be defined over k. In this case, if p tsa generic point
of G over k, then k(p) is separably generated over k(7(p)). Furthermore,
these properties characterize G/H and T to within a biregular trans-
Sformation of G|H.

If H s a normal algebraic subgroup of the group variety G then G|H
18 also a group variety. G|H and the map v: G— G[H are characterized
to within a biregular isomorphism of G|H by the following properties:
(1) G/H s a group variety, (2) 7 18 a rational homomorphism of G' onto
G/H with kernel H, (3) if k 18 a field of definition for G, H, G|H and 7,
and if p is a generic point of G over k, then k(p) is separably generated
over k(1(p)).

By suitably modifying a few definitions, we can extend the above
results to reducible group varieties. The same will be true of much of
what follows.

The preceding. results enable one to prove that the elementary
algebraic theorems on groups, such as the homomorphism theorems
and the Jordan-Holder-Schreier theorem, can be extended to group
varieties in such a way that they hold from the point of view of
algebraic geometry also, i.e. the group isomorphisms are given by
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algebraic correspondences, etc. Without this many of our results
would be of limited significance.

If the group variety G acts on V, if ¥ is the variety of orbits on V,
as above, with 7 the natural rational map from V to V, then a rational
map o from V to V is called a cross-section if 7o =1 on V. The situation
is particularly simple if such a cross-section o exists in the case where
G operates regularly on V in such a manner that for any pe V, the
natural may f G— G(p) is birational. In this case, let k be a field of
definition for @, V, ¥V, 7, o and let p be a generic point of V over k.
Then ¢=17(p) is generic for ¥V over k, so o(q) is defined and o(q) € G(p).
Hence there exists an element g e @ such that p=g(o(q)). One easily
shows that k(p)=~k(g, o(q)), and a dimension argument shows that
g is generic for G over k(q). Hence the map of @ x V into V defined by
mapping g x g into p is birational.

Define G, to be the group of the affine line with the group com-
position (x) O (z')=(x+x’), and let @,, be the group of the affine line
with one point deleted and the group composition (z) 0 (z') = (zz').
G, and G,, are the only linear groups of dimension one. Define an
irreducible group variety to be solvable if it contains a normal chain of
algebraic subgroups going down to {e} such that the factor group of
two successive groups in the chain is always either G, or G,,. A detailed
analysis for the case of groups of dimension one and then induction
on the dimension of the group yields the following:

There exists a cross-section whenever a solvable group variety G acts
on a variety V.

An easy consequence is that if @ is any group variety and H a
solvable algebraic subgroup of G, then G can be considered a principal
fiber bundle with base space G/H and fiber H. Repeated application
shows that any solvable group variety is rational, i.e. has a rational
function field. Using this one can prove:

A solvable group variety is linear.

3. If G is a commutative complex Lie group, then we can write
G=C" x G, where C is the additive group of complex numbers,
v, an integer, and G, a subgroup of G that contains a subgroup (C*)'s,
where C* ts the multiplicative group of non-zero complex numbers
and v, an integer, such that G,/(C*)» is compact, i.e. a complex
multitorus.

This result is easily proved by passing to the universal covering
group of G, which is C4m¢, Of course, if our universal domain is the
complex number field, we have C =@, and C*=G@,,. Unfortunately,
the analogous result for group varieties (when we consider algebraic
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rather than analytic structure) is not valid, even in the case of the
complex number field, since, for example, the theory of generalized
Jacobian varieties shows the existence of group varieties @ of dimen-
sion greater than one that contain exactly one irreducible algebraic
subgroup, and that subgroup a G,. However, a somewhat similar
result will be seen to be true.

Let V be an abstract variety. Then there exists a projective model V'
of V and a subvariety W of V' such that, k being any field of definition
for everything present, any valuation v of k(V) over k has a center on V
if and only if its center on V' is not contained in W.

Thisis an easily proved lemma that helpsin the proof of the following
fundamental fact:

Let the group variety G operate reqularly on the non-complete variety
V, and let k be an algebraically closed field of definition for G, V and the
action of G on V. Then there exists a local ring v, properly between k and
k(V), whose quotient field is k(V), such that v is invariant under all the
automorphisms of k(V) over k induced by elements of G that are rational
over k.

If G, V, k, o are as above, and if we restrict ourselves to points of G
that are rational over k, we get a normal algebraic subgroup H of ¢
by defining H to consist of all elements k€ @ satisfying h(x) —zem for
each x €, m being the maximal ideal of 0. H is then a group of auto-
morphisms of the vector space mi/mi+! over the field o/m, for any
integer ¢ >0, and G/H becomes a group of k-automorphisms of the
function field o/m. If we let V=G =a non-complete group variety
we are led to:

A non-complete group variety of dimenston greater than one contains
a non-complete group variety of strictly smaller dimension.

The next result is easily proved:

If the group variety G contains a complete algebraic subgroup H such
that G|H is complete, then G is complete.

We now get the main structure theorem for commutative group
varieties:

If @ is a commutative group variety then G contains an irreducible
linear subgroup H such that G|H is an Abelian variety.

To prove this, note that it suffices to prove the result with the word
‘solvable’ replacing the word ‘linear’. Since the result is trivial if G
is complete or dim G = 1 we may assume the contrary and use induction
on dim G. Let G, be a minimal non-complete algebraic subgroup of G.-
Then @, is either a G, or a G,, and GG, satisfies the theorem by our
induction hypothesis. Hence G satisfies the theorem. Note that H
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may be characterized as the greatest linear, or solvable, or rational,
irreducible algebraic subgroup of G.

We remark that it is probable that a refinement of the method used
here will produce an elementary proof of the last theorem without the
restriction of commutativity of @, a result that has been proved
recently by Chevalley by using the theory of the Picard and Albanese
variety.t

4. This section is devoted to a few results on commutative linear
groups. We define an affine group to be a group variety which is bi-
regularly equivalent to an affine space. The first result is:

If Q is a commutative linear group variety, then we can write @, in
one and only one way, as a direct product G =G, x Gy, where G, i3 a
direct product of G,,’s and Gy is an affine group. In the case of character-
istic zero, G, is the direct product of G,’s but this need not be the case for
characteristic p # 0.

The structure of a commutative affine group can be very complicated
in the case of characteristic p # 0, but one easily shows, at any rate,
that any irreducible algebraic subgroup of an affine group is also
affine, and that any factor group of an affine group is affine. We
already know that any affine group is solvable, so that one can develop
the theory of these groups by induction on the dimension. The case
of dimension one is trivial, the only affine group being ¢¢,. For the
rest, we confine ourselves to the case of dimension two, where things
are particularly simple: One can show that any affine group of dimen-
sion two over a field of characteristic p# 0 is either G, x G, or the
group with law of composition

(2,9)0 (@', y) =@+, y+y + Lo ay(F(z,2")"),

where a,, ..., a, are non-zero constants and
1 ,
F(=,2) ~» (x+2)P — 2P — (2)7).

Finally, any affine group of dimension two of the latter type is iso-
genous to the group with composition

(@,y) 0 (@,y)=(@+2",y+y + F(z,2)).

5. Let H be an irreducible commutative linear group, 4 an
Abelian variety. The group variety @ is said to be an extension of H
by A if H is a normal algebraic subgroup of G such that G/H = A. Here
the essential problem is to find all @ for given H and A. This problem

t+ Since the conference both the author and Barsotti have obtained such elementary
proofs of Chevalley’s theorem.
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falls into the cadre of fiber bundle questions, since @ is a principal
fiber bundle over A with group H. The theory of principal fiber
bundles with group @G,, is known to lead one to the theory of the
Picard variety; that of principal fiber bundles with group G, leads one
to the theory of simple differentials of second kind. In the latter case
we arrive naturally at the following results:

Let the commutative group vartely G be an extension of the direct
product of a certatn number of G,’s by the Abelian variety A. Then if
dim G > 2dim 4, we can write G as the direct product of G, by another
extension of a direct product of G,’s by A; furthermore the number
2dim A4 18 minimal here. In the case of characteristic p # 0, G 8 1sogenous
to the direct product of A and a certain number of G’s.

We remark that the last statement is false for characteristic zero.
The first statement implies that, given an Abelian variety A, there
exists a unique commutative extension A’ of (G,)4'm4 by A with the
property that any commutative extension of a product of @,’s by 4
is ‘contained in’ (in a certain sense) the product of A’ by a certain
number of G, ’s. In the case of complex numbers, 4’ is analytically,
but not algebraically, the group (G,,)24m4,

The theory of generalized Jacobian varieties, in addition to giving
the first non-trivial examples of extensions of linear groups by
Abelian varieties, plays a crucial role in the proofs of the foregoing
statements.

NORTHWESTERN UNIVERSITY



On the Symbol of Virtual Intersection
of Algebraic Varieties

Francesco Severi

A DEBATE which took place (on September 10th, 1954) in the Sym-
posium of algebraic geometry in Amsterdam, during my lecture on
‘Problémes résolus et problémes nouveaux dans la théorie des séries et
des systémes d’équivalence’, convinced me of the desirability of illus-
trating once again the value of the symbol of virtual intersection of
the algebraic varieties (effective or virtual), introduced and used
since 1904 in my works, especially in the papers quoted below. As a
result of this debate, I realized that some of my listeners were not
quite aware of these researches of mine, which had constituted the
basis of my lecture[2, 3, 4, 6].

The following reflections do not make any change in my preceding
definitions and conclusions, but they condense them in a systematic
synthesis.

I dedicate these reflections to the celebration of the 70th birthday
of my good and great friend Solomon Lefschetz, who, by a fortunate
coincidence, presided that day over the session of the Symposium.

I'do so even more willingly, because the concepts of virtual varieties
and virtual intersections, which I introduced half a century ago into
algebraic geometry, established more intimate relations between this
branch of geometry and topology. Since that time the reciprocal reper-
cussions of the two branches of study have been remarkable; to these
repercussions the work of Lefschetz has made significant contributions.

1. We deal with pure varieties, lying upon an algebraic irreducible
non-singular variety, M,, of dimension r, and we shall always suppose
these varieties to be either irreducible, or with simple components.

If hy, by, ..., h, are the dimensions of s such varieties on M,, we
shall suppose that the inequality A, +Ay+...+h,2(s—1)r holds;
therefore the case may arise where the set of the common elements of
those varieties has the regular or normal dimension

l=hy+...+h,—(s—1)r,
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or else the dimension of at least one component of the intersection of
this is ¢rregular or abnormal, i.e., >1, or finally those varieties have
no common point.

Indeed, by means of elementary theorems of the theory of analytic
functions, and by using an analytic parametrization of the neighbor-
hood of a (simple) point P of M,, taken to be a common point to those
varieties, we conclude at once that, if such a point P exists, the set of
common points of those varieties certainly has a dimension =/, and
that P belongs to at least one component of the intersection, of
dimension not less than /.

2. We consider first the case of two (pure) varieties V, W of dimen-
sions A, k, with I=h+k—r=0.

Let us define the wvirtual set VW to within an algebraic equival-
ence.t

If the points common to ¥V, W (when they exist) are all simple
intersections,] then as virtual set VW, we take the effective set of
such intersections (each taken with coefficient +1). If ¥, W have no
common paint, we assume by definition VW = 0.

Now let ¥, W be in a quite arbitrary mutual situation (possibly
with an infinity of intersections, or also, if possible, one of them con-
tained completely or partially in the other, or in one of its components).
In order to define VW, we first prove that it is possible to find, in an
infinity of ways, a pure oo* variety V', such that V+ V' belongs,
on M,, to an irreducible algebraic system of dimension >0, {V +V'},
and besides both V' and the generic variety H of {V + V'} have only
simple intersections with W. We then put by definition

VW=HW-V'W.

1 We must remember that I have called (in 1905) algebraically equivalent two (pure)
effective varieties 4, B, of equal dimension, upon M, (and I have symbolized this fact
with A=B) if A and B are (total) varieties of some irreducible algebraic system lying
on M,, or if they can be so reduced by adding to them one variety having their com-
mon dimension. On this subject, cf. [1]. In this paper there are also references to
former works of the author, where this notion has been introduced for the first time.
The attribute of ‘total’, referring to a variety A4, denotes, according to the concepts
and terminology of E. Noether-van der Waerden, that A is a specialization of the
generie variety of a given irreducible algebraic system. Our definition of a total
variety is rather different.

1 An intersection P of two varieties of complementary dimensions k, k(h+k=7)
is called simple (of zero dimension) if the two varieties go through P simply, without
any common tangent. A simple intersection is necessarily isolated; therefore, when
there are only simple intersections, these are certainly finite in number. The same
conceptual process which leads us to define in any case the group VW, and which we
are going now to indicate, leads also to the precise notion of multiplicity of intersection
of V, W at one of their isolated intersections. In any simple intersection the multi-
plicity of intersection is 1. Cf. particularly [6] and the following §9.
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According to this definition, every point of the set VW has a co-
efficient +1 or —1.

If we change V' and H to V' and H = V + V' respectively, theset VW
remains algebraically equivalent to itself (therefore it is defined only
to within algebraic equivalence); this follows from the equivalence

HW-V'W=HW-V'W,
because, as H+V'=H+V,

the two effective sets (H+ V') W, (H+ V') W, formed by simple inter-
sections, contain the same number of points (with coefficients + 1) and
are therefore algebraically equivalent.

We denote by the symbol [V W] the order of the virtual set VW,
that is, the algebraic number (independent of the variable elements of
the definition) of its points.

The topological comparisons with the properties of the Kronecker
index between cycles are spontaneous !

3. Let us suppose l=h+k—r>0. We define the virtual oo’ variety,
VW. If the common points of V, W are distributed upon components
of regular dimension /, and if, in the generic point P of each one of
these components, V, W have a simple intersection of dimension l,
namely, they pass simply through P and their linear tangent spaces
8, S, intersect along an S; (one also says, in such a case, that that com-
ponent 18 simple, although it may happen that some of its particular
points are not simple intersections), then we represent by the symbol
VW the variety which is the sum of those effective components, each
taken with the coefficient + 1.

If there does not exist any common point we put VW = 0.1

In any other more intricate case we can extend the procedure of
§ 2, with the only variation that the difference

HW-V'W

now represents a virtual variety with components of dimension ,
some with the coefficient +1 and others with the coefficient —1.
(We do not exclude the possibility that some of the preceding symbols
may be equivalent to 0.) The symbol VW remains algebraically
equivalent to itself if V', H are changed to V', H respectively, under
the stated conditions, because the (all simple) components of the two
effective oof varieties (H+ V') W, (H+ V') W belong, each one as a

t As we have remarked (§ 1), if there exists a common point, then ! = h +k —r always.
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total variety, upon W or upon every component of W, to the same
irreducible algebraic system.t

4. From the definition above, it follows immediately that the symbol
VW 18 distributive with respect to addition, both to the left and to the
right, because the symbol has such a property when it represents simple
effective intersections of regular dimensions. Hence if V splits up
into the sum V14 V2, we have

VW = VW + V2W;
likewise, if W= W'+ W2, it follows
VW=VWl+ VW2

This suggests that the symbol VW is commutative, thatis, VW =W V.
In fact, if H= V+ vV’

the symbol H W satisfies the equivalence

HW=VW+V'W,
and likewise for WH
WH=WV+WV’;

but, as we are dealing with symbols of effective varieties with simple
components, we have

HW=WH; V'W=WV’,

and so it follows that VW = WV.

5. The definition of the virtual oo variety VWZ, is also immediate,
where the dimensions A,, k,, h; of the three varieties V, W, Z having
only simple components satisfy the inequality b, + hy+ hy = 2r, and we
assume l=h, + h, + hy— 2r. In fact, from what precedes,

VW=A-B,

where A, B are certain effective oo™+s—r varieties, having only
simple components. Therefore, after having defined ¥V WZ as the set

(VW)Z, we have  pyz-47_Bz=C-D,

where C, D are two convenient effective oof varieties with simple
components.

t For: Two algebraically equivalent effective varieties A, B of dimension A cut
out two algebraically equivalent varieties, upon any irreducible variety C of dimen-
sion k, when h+ k=~ and the intersections are regular. In fact, 4, B can always
be joined (possibly with the addition of an h-dimensional variety) in an irreducible
system X, to which they belong, by an irreducible co! system, L’, containing none
of the varieties of X passing through C (if any); and I’ cuts out upon C an algebraic
system of effective varieties which is in unirational correspondence with X’, and so
is irreducible.
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It is then obvious that VWZ has the associative and the com-
mutative properties; similarly for any number of varieties, in the case
when their intersection exists normally, of dimension 2 0.

Moreover, if the pure varieties V, W, ..., Z to which we are referring
have multiple components, for instance, if

V=a,V'+... +a, Vo, W=bW'+...+b,W°, ..., Z=¢,Z'+...+¢, 2"
the symbol VW ... Z is defined by the relation
VW...Z§ Zi",""/\aibj... CA V"W’...Z’\.

6. The definitions of the virtual groups VW, VWZ, ... and the con-
sequences deduced above, concern the chosen type of equivalence,
which has until now been that of algebraic equivalence.

However, definitions and properties hold exactly in the same way
for any type of equivalence, that is, for any choice of the class of
equivalence zero, provided that certain conditions are satisfied.
More precisely we require the conditions which make possible the
construction of the varieties V' and H, as well as those that allow us
to transfer the chosen equivalence relation in M, onto the subvarieties
of M,, by means of intersections.

We can, for instance, refer to rational equivalence, taking as class
zero, for any given dimension %, that of the differences between the
pairs of co* varieties belonging to a certain kind of elementary
system.t

7. Concerning the definition of elementary system and of systems
of rational equivalence, we warn the reader that the definitions con-
tained in the works and lectures[4] of the author never attribute
the symbols of virtual intersection to algebraic equivalence (this
would imply the coincidence of the type of equivalence to be intro-
duced there with that of algebraic equivalence).

Here are in fact the definitions concerning rational equivalence.

Let us take upon M,r—h (h<r—1) linear systems of hypersur-
faces, | A!|, | 42|,...,| A" |, and suppose that they are generic and

+ The set of these differences is not a group, but it becomes one if we consider all
their linear combinations (Abelian minimum group containing all those differences
within the Abelian group of the virtual varieties co* lying on M,). It is obvious that
it is possible to construct in this case, under the stated conditions, the varieties
V’, H. The possibility of transferring by intersection the relation of rational equi-
valence within M, is an obvious consequence of the properties possessed by linear
systems of hypersurfaces upon M,, according to which they give as intersections
linear systems of hypersurfaces on a variety lying on M,, and therefore elementary
systems give elementary systems, and linear combinations of elementary systems
give similar combinations.
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generically placed, in the sense that the variety ¥, common to r—%
hypersurfaces taken generically, one for each of the given systems, is
pure and co*. Let us consider the totality of the effective intersection
A'A2... Ar-* each component of which has to be counted with its own
multiplicity of intersection ; then this totality completed, if necessary,
with the co* varieties (spectalizations), each of which is of accumulation
for the ¥, mentioned above, results algebraic (and even rational).
This is what we shall call an intersection system or elementary system
(a sertes for h=0).

It must be understood that, in this definition, possible co* base
varieties, appearing as fixred components of the above intersection
variety, may, at one’s will, be included or not in the variety describing
the elementary system.

It is hardly necessary to warn the reader that each one of the
specializations mentioned above has dimension 4; nevertheless, it can
be contained in a pure or impure variety, with components at least
one of which has the dimension >#hA, common to r—#h particular
A. In this case the specialization referred to may vary over one of
the components of abnormal dimension, because, when we try to
obtain it as a limit of the generic ¥}, the limiting position constitutes
the functional equivalence on the component of abnormal dimension,
according to the concepts of p. 17 of the ‘Lezioni’ [4].

Further complements may be added to the definition of elementary
systems (e.g. transferring the idea in the virtual field).f But they
become useless because finally everything is included in the more
general definition of systems of equivalence at which one arrives, as
we shall recall at the end of this section.

As the set of the elementary systems does not constitute a group,
it is necessary to pass (as the author did in 1934) to the systems of
rational equivalence, each of which in fact consist of all possible linear
combinations (with integer positive, negative, or zero coefficients) of
the varieties taking one from each member of a given set of ele-
mentary systems.

According to the fundamental theorem of p. 84 of the ‘Lezioni’
referred to in [4], the set formed by the elementary systems of kind A
becomes closed with respect to the operations of addition and sub-
traction, when, instead of referring to elementary systems of effective
varieties, we consider elementary systems of virtual varieties. The
set thus obtained then coincides with the one of all the systems of (rational)
equivalences of kind h.

1 As it is done in Lectures [4], pp. 70 and 765.
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8. We now make a further remark on the values of the symbols of
virtual intersection of several hypersurfaces of M,.

Let A%, A% ...,A™* be r—h (h<r—2) such hypersurfaces. The
value of the symbol A!A4%... A~* with respect to rational equi-
valence has already been implied by the general considerations of § 6;
but we may also establish it directly, as follows, in agreement with the
concepts of § 2.}

First we suppose the hypersurfaces 4 to be irreducible, and assume
h=r—2. We can, in an infinity of ways, determine upon M, a linear
system | B | of hypersurfaces, such that, if | C | = | B+ A2/, the generic
hypersurfaces B, C of the systems mentioned above cut irreducible
varieties on A!. Then we shall assume

Al4%?=AC - A'B,

where A1B, A'C denote the generic oo™~ varieties of the linear systems
cut out upon A'by | B|, | C|. If welet A!C, A1B vary in the respective
systems, the difference A1C — AlB describes on 4!, that is, on M,,
an elementary virtual system. The same occurs if B varies under
the said conditions, because, if | B!| and | C! | are systems analogous to
| B|, |C|, we have A2=C — B=C" — B'. Therefore A142is defined only
for its variability in a virtual linear system with simple components
(therefore only for rational equivalence). Further, with simple con-
siderations analogous to those of § 4, one finds that 4142= 424",

Let us proceed by supposing h=r—3. We can, in an infinity of
ways, determine a linear system | D | such that, assuming

|B|=|D+43),
the generic hypersurfaces D, E cut out on each one of the irreducible

components of H=AC, K = A'B of the elementary system 4142 an
irreducible co™-2 variety. We assume then
A'A243=(H-K)E—-(H-K)D=(H—-K)(E-D).

The co"-3 variety defined by the right-hand side of the above equality
varies, as is now obvious, in an elementary virtual system (with simple
components) independent of the choice of |D|, under the given
conditions; moreover the symbol 414243 is associative and com-
mutative.

We can continue with the same procedure; and, on applying it in-
ductively, we reach the conclusion that, however complicated or ab-
normal or non-existent the intersection of the hypersurfaces A is in the
effective domain, we obtain for the symbol A'A? ... AT~ a precise meaning

t+ What follows is essentially included in §41 of Lectures{4], although in a less
concise form.
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80 that it always denotes a virtual variety with simple components, of
dimension h, mobile in an elementary system.

This is but a natural extension of the very concept which half a
century ago led the author to the introduction in [3] of the notion of
the characteristic virtual series on a curve of a surface, independently
of the variability of the curve in a continuous system.

The meaning of A'4%... A™*, when the hypersurfaces 4 can vary
in an arbitrary way, and also have multiple components, is now clear.
A'A%... A%" is-given by an equality identical with the one stated
explicitly in § 5 for the algebraic equivalence.

Finally, if we remember that every pure variety co* can be ob-
tained in a linear space as a complete intersection of »—h suitable
virtual hypersurfaces (cf. ‘Lezioni’[4], p. 62), we deduce in an
autonomous way the meaning of the symbol of virtual intersection of
several varieties of any dimension with respect to rational equivalence.

9. The general concept, constituting the foundation of the process
by which we arrive at the notion of virtual intersection of several
varieties, is the same one (as we said in footnote } on p. 158) as that
which led the author to the precise notion of multiplicity of inter-
section, remaining strictly in the algebraic domain, by the use of
a process the author has called dynamaic.t

The definition of multiplicity of intersection and of functional
equivalence which we obtain, is, we believe, both clear and elegant.

After having defined the symbol VW, for instance, only for an
algebraic equivalence, with the relation

VW=HW-V'W,

let us make H tend to V+ V' (H— V + V') with the only condition,
in the case I =0, that the sets HW, V' W contain distinct simple points,
certainly at the limit; and, in the case [ > 0, that the components of the
varieties HW, V'W are simple, at the limit. If P is an isolated in-
tersection of ¥, W (I=0), and V' does not pass through P, the number
of positive points of the set of distinct points of the set HW — V'W,
which tend to P, is the multiplicity of intersection of ¥V, W in P. If
N is a component of the effective intersection of V, W (> 0), the
number of distinct positive components of the variety HW —V'W
tending to N, when V' does not contain N as a component, gives the
multiplicity of N as a component of the effective intersection of the
two varieties.

t See [6], where the previous treatment by van der Waerden, based on topology
(intersections of cycles, after Lefschetz), also is quoted.
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Finally, if @ is a component having abnormal dimension (>1) in
the effective intersection of ¥, W, and ¥V’ does not contain @, then the
set of the components of the virtual variety VW, which can partly
be positive and partly negative or all of the same sign, tending to
lie upon @, gives the functional equivalence of @ in the intersection
of ¥V, W, and the algebraic sum of the coefficients + 1 and — 1 of the
above mentioned components gives the numerative equivalence of Q in
that intersection.t

10. We conclude this work with some further remarks. When two
virtual or effective varieties 4, B (pure and oo*) are rationally equi-
valent (so that they totally belong to some rational system of virtual
varieties), they are always joined by an infinity of rational co! systems
of virtual varieties.

Let X be one of these systems which contain totally 4, B, and let
D=E —F be a variable virtual variety in X, equal to the difference
of two effective varieties E, F. Then two alternatives are possible.

(a) The negative part —F is missing in D. Then for D—-> A4 or
D — B the limits of £ are A, B, and therefore £ describes a rational
oo! system of effective varieties containing A4, B totally.

(b) The order of E is greater than the order of 4 and B. Then for
D — A or D— B the limits of E are respectively 4 + A,, B+ B,, where
A,, B, are limits of F' and they are joined by the rational system of
effective varieties described by F. Therefore:

Two rationally equivalent effective varieties A, B are either totally
contained in a rational system of effective varieties or they are reduced
to two varteties joined by a rational system by adjoining two effective
varieties 4,, B, totally contained in a rational system of effective varieties.

If the case (a) occurs for every pair of varieties totally contained in
a complete system of rationally equivalent effective varieties, then
a variety of points representative of the system is such that any two
of its points are always joined by some rational curve. Does this imply
that the variety is unirational? Once before the author had the oppor-
tunity of asking this question which still remains unanswered. The
conjecture made in the lecture of September 10th quoted at the begin-
ning, namely the unirationality of the complete systems of effective

t The most recent paper[5] by the author on the multiplicities of intersection was
published in 1950 for the celebration of the 70t birthday of Perron. In this paper
we prove the equivalence of the definition of the author with the static one (which is
more suited for fields where one cannot or will not use the continuity), given by A. Weil
in his work[7]. Severi’s paper deals also more fully with the multiplicity of in-
tersection in particular points of a different type from that considered in the short
remark of §9.
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varieties rationally equivalent on M,, i.e. of the traces in the effective
domain of the virtual systems of rational equivalence (in particular,
of the families of effective varieties of a given order and a given
dimension lying in a projective space)is specified by the above remark.

RomME
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Integral Closure of Modules and
Complete Linear Systems

Ernst Snapper

Introduction

LeT ¥ be the field of rational functions of an irreducible, r-dimen-
sional, algebraic variety V over an arbitrary groundfield k. Then,
r is the degree of transcendency of £/k and Z/k has a finite number of
field generators, say £ =k(o, ..., 0,,), where o, ..., 0, € X. It is known
that every linear system of ¥, which arises from its (» — 1)-dimensional
subvarieties, is contained in a complete linear system. Hence we ask
ourselves the question ‘What algebraic theorem concerning finitely
generated field extensions is equivalent to the geometric theorem that
a linear system is always contained in a complete linear system?’

Let L be a k-module of Z, i.e. L is a subgroup of the additive group
of T and is closed under multiplication by elements of k. We say that
L has a finite number of k-generators .y, ..., o, € Z, if L consists of the
linear combinations ¢;a, + ... +¢c,a,, where ¢,,...,c,€k; we indicate
this by L=(«,,...,a,). We introduce in §1 the notion of the integral
closure | L |; of L. This | L |, is again a k-module and the existence of
complete linear systems is equivalent to the following theorem.

THEOREM. If L has a finite number of k-generators, the same i3 true
Jor | L;.

The integral closure of fractional ideals of integrally closed rings
occurs in [1], §6. Although we find ourselves in the study of Z/k in
quite a different situation, many of the methods of [1] can be applied
in our case.

Whenever we refer to ‘the theorem’, we mean the theorem stated
in this introduction. Sections 2, 3 and 4 are devoted to the proof of
the theorem, while in § 5 we discuss briefly why the theorem is equi-
valent to the existence of complete linear systems. The first four
sections are self-contained and require, for their reading, no know-
ledge of algebraic geometry. The last three sections lean heavily
on [3], §§ 17 and 18 and on [2], §§ 2-4.
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1. The integral closure of a module

As in the introduction, Z/k denotes a finitely generated field exten-
sion of degree of transcendency . Whenever we say ‘module’ we mean
‘k-module of £’, and when we say that a module is finitely generated
we mean that it has a finite number of k-generators.

The product LM of two modules L and M is the smallest module
which contains all products Ax, where Ae L and pe M; clearly, if L
and M are finitely generated, so is LM. When o€ X, we write oL for
(o) L and hence the module oL consists of all the products oA, where
A€ L. Multiplication of modules is clearly commutative and associa-
tive; in particular, the powers L™, for m 2 1, are well defined. We add
to this the convention that L0=#%.

As is customary, the sum (L, M) of two modules is defined as the
smallest module which contains all the elements of L and M. Again,
when L and M are finitely generated, so is (L, M) and we write (o, L)
instead of ((o),L). Addition of modules is also commutative and
associative, while multiplication and addition are combined by the
law of distributivity. We note for the proof of Statement 1.1 that,

consequently, (o, Lyn= (o™, L(o, Lyn-1) for mz 1;
namely,

(o, Ly = (o™, 6™ 1L, ..., L™) = (o™, L(o™!, gm=2L, ..., [m-1)
(o™, L(o, L)"-1).

For § 2 we observe that, if we extend the notion of addition of modules
in the usual way to infinitely many modules, we obtain that the ring
k[L] is equal to the infinite sum (L% L, ..., L™, ...).

DEerinrtioN 1.1. If L is a module, its integral closure | L |; consists
of all elements o€ X for which there exists a non-zero, finitely generated
module M such that oM < M L. (M depends of course on ¢.)

Since k is finitely generated and Lk=£kL, certainly L<|L |; this
shows in particular that | L |; is not empty. Let oy, 0p€| L |; and let
the corresponding modules be M, and M,. We then conclude from

oy MicM,L and o,My<M,L
that o M Myc M\M,L and o,M M,=M M,L
and hence that - (0, 0y) My My< M, M, L;

consequently, | L |; is an additive group. Finally, since oM < ML
implies that (co) M < ML for any cek, | L|, is closed under multi-
plication by elements of k£ and hence is a k-module.
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Observe that | k|, is exactly the algebraic closure &’ of k in Z.
Hence the theorem to be proven implies the well-known fact that,
since Xk i3 a finitely generated field extension, k' has a finite field degree
with respect to k. We would furthermore like to point out that | L |,is
actually closed under multiplication by elements of &’ and not just by
elements of k. Namely,ifa € k' and o €| L |,, there exist non-zero, finitely
generated, modules M, and M,, such that aM, <M, and oM,< M,L.
We conclude that aoM; My< M, M, L and hence that ace|L]|,.

Observe that if L had been a subring R of X, instead of a module,
and we had been dealing with R-modules instead of with k-modules,
Definition 1.1 would have given rise to the usual integral closure of
R in X. The following statement, which we will need later, bears out
further the close relationship between our integral closure of modules
and the usual integral closure of rings.

STATEMENT 1.1. If L is finitely generated, an element of X belongs to
| L |; if and only if it satisfies an equation

™ +a, ™+ .. +a, v+a,=0,
where m21l and ajeli for j=1,...,m.

1t follows that | L |; is contained in the usual integral closure of the ring
k[L] in Z.

Proor. Let oe|L|; Then there exists a module M =(a,,...,a,),
where not all ,, ..., «, are zero, such that oM < ML. Hence

oo;=Xr_ Ay, where Ayel and j=1,...,n,

which shows that o is a characteristic root of the matrix (4;,). Since
the characteristic equation of this matrix has the required form, the
‘only if’ part has been proved; we have not used, so far, that L is
finitely generated. Now let o be an element of X which satisfies an
equation of the form described in Statement 1.1. Then

ome (o™ 1L, o™ 22, ..., L™)=L(o™}, 0™ 2L, ..., L™ )= L(co, L)" 1.
Hence we conclude from the relation, observed earlier, that
(o, Ly*= L(o, L)™1,

i.e._that (o,L)(o,L)*1=(o,Ly" L. If =0, of course ge|L]|;.
If 0#0, the module (o, L)™' is non-zero and finitely generated,
since L is finitely generated; hence every element of (o, L), in particular
o, belongs to | L |;. The proof of Statement 1.1 is now complete.

We conclude this section with the remark that for any module L
and 0€Z, |oL|;=0|L|; This is an immediate consequence of
Definition 1.1 and is used in the next section.
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2. Preparation for the proof of the theorem

Let L be a module of our field extension Z/k. If £ is a field which
contains ¥, the module defined by L in E, that is, the smallest k-module
of E which contains L, is set-theoretically identical with L. However,
the integral closure of L as a module of £ (denoted by ‘| L |, in E’) may
be larger than the integral closure of L as a module of £ (denoted for
distinction by ‘| L|; in X’). Consequently, if we can prove that, for
a certain choice of E, the first closure is finitely generated, so is the
latter one and we are done. The following statement, although not
necessary for the proof of the theorem, is convenient to have, since we
will use as £ a simple transcendental extension of .

STATEMENT 2.1. Let L be finitely generated. Then

If E is a purely transcendental extension of X, where the degree of tran-
scendency of E|X may be any cardinal number, | L|;in E=|L|;in Z.

Proor. We know from Statement 1.1 that oe(|L|; in B)NZ if
and only if 0 e X and o is the characteristic root of a matrix with ele-
mentsin L, i.e. ifand only if oe | L|;in X. If £ is a purely transcen-
dental extension of ¥, a characteristic root in £ of a matrix with
elements in L must necessarily belong to ¥, since in that case a poly-
nomial with coefficients in ¥ cannot have roots in E which do not
already belong to X. Hence the statement is proved.

Let L be any module of X. Since Z/k is a finitely generated field
extension, we can find elements «,, ..., a, € . such that

k(eey, ..., a,, L)=X.

Denoting by M the module (1,ay,...,a,, L), we see that k<M and
that k(M) =X. Furthermore, we conclude from L < M that|L|,<| M |;,
and hence, if | M |; is finitely generated, so is | L |;. This argument
shows that, in order to prove the theorem, we can restrict ourselves
to modules L which are such that k< L and k(L)=XZ.

Let L then be a module of £ which has the just mentioned two
properties and let £ = X(t), where ¢ is transcendental over =. We have
seen earlier that all we have to show is that | L|, in E is finitely
generated. Instead.of studying the module L in E, we consider the
module ¢L in E. Now |tL|;in E=4(| L|; in E) and hence, if |tL|; in
E is finitely generated (always over k), so is | L|; in E. Observe that
tL has lost the property of containing &, but that tL contains ¢ and
hence is certainly not the zero-module. Furthermore, since k(L)=X
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and tetL, k(tL)=2Z(t)=E. Finally, the additive decomposition
k[tL]=((tL)°tL, ..., (tL)™, ...) is direct, i.e. if y,e(tL)" for j=1,...,8
and the exponents k,, ..., b, are mutually distinct, ¥, + ... + 7, can be
zero only if each y;=0. This follows immediately from the fact that
(.L)* consists of the polynomials t'f(ay, ..., a,), where f(a,, ...,a,) is &
homogeneous polynomial of degree & of k[a,, ...,«,] and ;, ..., x, € L;
it is at this point that we use that ¢ is transcendental over £. Hence,
we have to prove the theorem only for non-zero modules L of £ which
are such that (A) the additive decomposition k[L)=(L° L,...,L™,...)
18 direct and (B) k(L)=ZX; we refer to these last two italicized pro-
perties of L as respectively ‘property A’ and ‘property B’.

3. Non-zero modules with property A

In this section we assume that L is a mon-zero module of £ which
possesses property A. We say that a non-zero element o€ X is homo-
geneous of degree m if o= A/p, where Ae L, pe Li and h—j=m; here,
h and j are any two non-negative integers and property A guarantees
that the definition makes sense. It is clear that, if o and ¢’ are homo-
geneous elements of degrees respectively m and m’, oo’ is homo-
geneous of degree m +m', while, if m=m' and o#0', o—0c’ is also
homogeneous of degree m. It follows that the homogeneous elements
of fixed degree m >0, together with the zero element of X, form a
module (as always over k) which we denote by H,, and that the
elements of X which can be written as sums of homogeneous elements
(not necessarily of the same degree) form a ring, denoted by H.
Clearly, H is equal to the infinite sum (H,, H,, ..., H,,, ...) and we now
show that property A can be extended from k[L] to H.

STATEMENT 3.1. The additive decomposition H = (Hy, Hy, ..., H,,, ...)
18 direct.

Proor. Let yjeH,j for j=1,...,q, where the indices ¢; are mutually
distinct. We assume furthermore that y,+...+7,=0, and we have
to show that consequently each y;=0. If not all y;’s are zero, let us
first delete all those y,’s which happen to be zero and then assume
that in the remaining sum y,+...+7,=0 no term is zero. Now
Y5=A;/p;, where A;eL*i and p;eL¥ and u;—v;=t; we denote
v+ v+ ... + v, by w. Since

O0=Y1t+ e+ Y= (1ptaftg o ts) Zjmy Ajhta o fi1Misr -+ Mo
we conclude that 33J_, A;u; .o gty 051 ... 5=0.
The facts that Aju, ... #;_ 44, - .- o€ L+ and that property A holds,
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imply that each A;u, ... 5 4444, ... p,=0 and hence that each y;=0,
which is a contradiction; the proof is now complete.

We now go over to the study of submodules of H which are closed
under multiplication by all elements of the ring k[L] and not just of
the field k. Observe in this connection that k[L]< H.

STATEMENT 3.2. Let the module L of X, which still satisfies property A,
be finitely generated (over k). Let J be a submodule of H which 18 closed
under multiplication by the elements of the ring k[L] and 1s finitely
generated over k[L]. Then the module J N H,, is finitely generated over k
for each m 20,

Proor. We are given that there exists a finite number of elements
2y, ...,2,€J such that, if yeJ, y=f,2,+... +f,2,, where f;ek[L]. Let
Z;=ay+... +ay, be the decomposition of z; into a sum of homo-
geneous elements; we do not claim that necessarily a;eJ. Since
fi€k[L], we see that y =Y u,;a,,, where u,;e L. If y is homogeneous
of degree m, we conclude from Statement 3.1 that y = Yuj;a;;, where
we have deleted from the sum Y u;;a,; all those terms whose degree is
not exactly m. Then u;;€ LY, where t;;<m, which shows that J N H,,
is contained in the product of the k-module (L° L,...,L™) and the
k-module which is generated by all the elements a,;. Since both these
modules are finitely generated over & (here we use the finite generation
of L), so is J N H, and we are done.

Let us return to the case where L is an arbitrary module of X
which possesses property A. Since products and quotients of homo-
geneous elements of degree zero are again homogeneous elements of
degree zero, the module H, is a field which contains k. (Actually,
Statement 3.4 implies that H, contains the whole algebraic closure
of kin k(L).)

STATEMENT 3.3. Every non-zero element o of L 18 transcendental over
H,. Furthermore, Hjal=H,L]=H and Hya)=HyL)=k(L) and
H,=omH,. Finally, Hy=k(L,), where L, denotes the module (1/a) L.

Proor. If y,a™+7y,a™'+...+¥,=0, where m21 and y,;€H,,
each term y,a™* is either zero or is homogeneous of degree m —i;
hence we conclude from Statement 3.1 that each y,=0, i.e. that a is
transcendental over H,. Observe that Hya]< Hy[L]< H is trivial. If
v € H, decompose vy into homogeneous elements, say y =g+ ... + ls,
where z, is homogeneous of degree m;. Then

Y = (Hafam™) ami+ ...+ (pgfo™) o™

and consequently, since p.a™ieH,, vyeHy[a] which shows that
Hy[a]=H[L]=H. All elements of L, clearly belong to H, and hence
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k(L,)< H,. Conversely, if yeH,, there exist elements A,u€L* for
some s =0 such that y=A/u; it follows that y=(A/a®)/(u/a®) € k(L,)
and hence that Hy=k(L,). We conclude from Hj[a]=H,[L] that
Hy(a)=Hy(L). Furthermore, Hy(a)=k(L,, o) and, since aelL,
k(L,,a)=k(L). Finally, observe that a™H,< H,, is trivial; conversely,
if ye H,,, then y = (y/a™)a™ and, since y/a™ € H,, v € a™H,. This shows
that a™H, = H,, and Statement 3.3 is proved.

STATEMENT 3.4. The field of quotients of the ring H is k(L). The ring H
18 integrally closed in k(L) and the field H, is algebraically closed in k(L).

Proor. We know from Statement 3.3 that H=Hj[x] and that
k(L) = Hy(a); hence k(L) is the field of quotients of H. The remainder
of Statement 3.4 follows from the fact that « is transcendental over H,,.

Let I denote the usual integral closure of the ring k[L] in its field
of quotients k(L). We conclude from Statement 3.4 that I<H. It
is well known that, if L is finitely generated (over k), I is finitely
generated over k[L]. Hence we can then use I as the module J of
Statement 3.2 and conclude that the modules I N H,, are finitely
generated over k for m = 0.

4. Non-zero modules with properties A and B

All symbols have the same meaning as before. In particular, I is
the usual integral closure of k[L] in k(L)=ZX. Observe that
k[L™] < k[L] and that all elements of L depend integrally on k[L™];
hence I is also the usual integral closure of ¥[L™] in Z.

The following statement, when restricted to the case m =1, shows,
in connection with the last italicized remark of the previous section,
that the theorem is correct for the special type of finitely generated
modules with which the present section is concerned. Consequently,
as observed in the last sentence of § 2, our theorem is proved.

STATEMENT 4.1. Let L be a finitely generated, non-zero module which
possesses properties A and B. Then, for any m20, | L™ |,=1N H,.

ProoF. Let ye| L™ |;. We know from Statement 1.1 that | L™ |, is
contained in the usual integral closure of k[L™] in Z, i.e. | L™|,<I;
hence, in order to show that | L™ |, <IN H,, all we have to show is
that ye H,. Statement 1.1 tells us that y*+a,y*1+...+a,=0,
where A2 1 and a;e L™ for j=1,...,h. If a is any non-zero element
of L, we conclude that

(y/om) + (@yfa™) (y[om)*=1 + (agfa®™) (Y a™)P2 + ... + (ap/o™) = 0.

Since a,/a’™e Hy and H, is algebraically closed in X, y/a™e H,, and
hence y € H,,. We have not used, so far, that L is finitely generated.



174 ERNST SNAPPER

Conversely, let y be a non-zero element of I N H,, and let us prove
that ye| L™ |,. Hence we know that 7y satisfies an equation

2t +axh14 ... +a,=0,
where 21 and a;ek[L] for j=1,...,k, and also that y=A/u, where
AeL? pell, s—t=m. We conclude that
AP+ a APl da uPAh 2+ Lt a uh=0.
In this expression, replace each a; by the sum a;, +... +a,, , where

o €Li and a;=a + ... +ay,,;. It follows then from Statement 3.1
and the fact that A* is homogeneous of degree sk, that

AP oy p AR AR 4 L oy ph =0,
where a;€ L™/. We then conclude from
Afp)+ oy (A )1+ ... + 0 =0,
and from Statement 1.1 that A/ue|L™|; and we are done; this last
conclusion uses that L is finitely generated.

5. Complete linear systems

Asin the introduction, let V be an irreducible, »-dimensional variety
over the groundfield k£ whose field of rational functions is our field .
We know how V selects, from among all the (» — 1)-dimensional valua-
tions of X[k, a subset B whose elements are called the prime divisors
of the first kind of V. These divisors arise from the irreducible, (r —1)-
dimensional subvarieties of V where, unless V satisfies special con-
ditions, several divisors of the first kind may correspond to the
same subvariety of V. The knowledge of the set 8 alone suffices to
define the linear systems and complete linear systems of V. Namely,
if @ i8 a non-zero element of X, its pole divisor P(a), zero divisor Z(«)
and its divisor D(a)=Z(a)— P(a) are defined as usual, where we
restrict ourselves completely to the valuations which occur in 8. If L is
a non-zero, finitely generated module of X, every valuation reaches a
minimum on L; hence we can speak of the pole divisor P(L), zero
divisor Z(L) and divisor D(L)=Z(L)— P(L) of L, where we restrict
ourselves again to the valuations which occur in 8. The linear system
g without fixed divisor which arises from L consists of the divisors
D(a) — D(L), where a runs through the non-zero elements of L. We
denote by | L |, the module of £ which consists of the zero element
of Ztogether with those non-zeroelements a of X for which D(a) 2 D(L);
here, the inequality sign has the usual meaning for divisors. It is
clear that | L |, is a module which contains L and which determines
the complete linear system |g| in which g is contained. Precisely,
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|g| consists of the divisors D(a)— D(L), where a runs through the
non-zero elements of | L |,. Consequently, the geometric theorem that
a linear system is always contained in a complete linear system is
equivalent to the statement that the modules | L |, are always finitely
generated (over k).

Of course, since | L |, is constructed in a strictly invariant fashion,
that is, without any choice of a set of divisors B, usually | L |;#| L |,.
Onlyifr=1,i.e.if Vis a curve, does L not depend on the choice of our
model V for the function field 2. % then always consists of all the valua-
tions of X/k, no matter how V is chosen, and it is easy to show that in
that casealways | L|,=| L|,. Ingeneral, all we can say is the following.

StaTrEmMENT 5.1. |L|;<|L|,.

Proor. Let a be a non-zero element of | L |,. There exists a finitely
generated, non-zero module M such that a M < ML. It follows that
D(a)+D(M)z D(M)+ D(L) and hence that D(e)=D(L). Conse-
quently, a€| L |, and we are done.

We see from Statement 5.1 that the finite dimensionality of com-
plete linear systems, that is, of the modules | L |,, implies that in-
tegral closures of finitely generated modules are again finitely gen-
erated. Conversely, let us show how the finite generation of integral
closures leads to the finite dimensionality of the modules |L |,.
Hereto, let g,, denote the linear system cut out on our V by the hyper-
surfaces of degree m, for m = 1. It is well known that, in order to show
that all complete linear systems of V are finite dimensional, we only
have to prove the finite dimensionality of the complete linear systems
|gm|. Let ay,...,a, be elements of X such that a,,...,a, are the
coordinates of a generic point of V. We consider, for each m = 1, the
module L™, where L= (1,a,,...,a,). The linear system without fixed
divisor which arises, in the manner described above, from L™ is
exactly the system g,,. Hence, all we have to show is that the special
modules | L™ |, are finitely generated for m > 1. It follows easily from
the proof of Theorem 1 of [2] and our § 4 that for these special modules
again | L|,=| L |; and hence we are done.

The arguments of this section can be carried out in a strictly
algebraic fashion, in which the set of valuations % is defined ring-
theoretically and no reference is made to projective models of the
function field X/k. This will be worked out elsewhere.

UNIVERSITY OF SOUTHERN CALIFORNIA
and
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On the Projective Embedding
of Abelian Varieties

André Weil

THE modern theory of Abelian varieties may be said to have originated
from Lefschetz’s Bordin prize memoir[1]. The abstract theory,
developed more recently, consists largely in nothing else than the
extension to arbitrary groundfields, not only of Lefschetz’s results,
but also, whenever possible, of his methods.

The purpose of the present note, respectfully dedicated to Lefschetz,
is to give still another example of the application of his ideas to a
problem of the abstract theory; we shall concern ourselves with the
projective embedding of Abelian varieties, a question which has
attracted a good deal of attention in recent years and to which Chow
and Matsusaka have applied the method of associated forms (‘Chow
coordinates’). In the classical case, Lefschetz had given a solution
([1], pp. 368-369) which seemingly depended upon the use of theta-
functions. It will be shown here that his idea can be extended very
simply to the abstract case, giving a more complete result than those
of Chow and of Matsusaka.

Following modern usage in the theory of complex-analytic varieties,
we shall say that a complete linear system is ample if it has no fixed
component and defines a one-to-one and everywhere biregular em-
bedding of the variety into a projective space. On a complete non-
singular abstract variety V, a complete linear system § is ample if
and only if the following two conditions are satisfied:

(A) S separates points on V. This means that, given any two dis-
tinct points P, @ on V, there is a divisor in S going through P and not
through @; when that is so, S can have no ‘base-points’.

(B) 8 separates infinitely nearby points in the sense that, given any
point P on V and any tangent vector 7' to V at P, there is a divisor
X in 8 going simply through P and transversal to 7' at P. This means
that there is just one component of X going through P, that it has the
coefficient 1 in X and has a simple point at P, and that the tangent
linear variety to it at P is tranversal to 7'.
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We shall say that a class of divisors (for linear equivalence) is ample
if the complete linear system consisting of all the positive divisors in
that class is ample.

To say that a variety is projectively embeddable is to say that there
exists on it at least one ample class of divisors. For Abelian varieties
over complex numbers, Lefschetz proved much more; he showed that
a suitable multiple of the class determined by any Riemann form
(satisfying Riemann’s bilinear relations and inequalities) is ample.
His proof will be extended to the corresponding theorem in the
abstract case.

Let A be an Abelian variety of dimension #. If X is any divisor on
4, we denote by X, as usual, the transform of X by the translation
x—>x+a. Let the W® be finitely many subvarieties of A of dimension
n—1, all going through O and with the following properties:
(a) N WO={0}; (b) given any tangent vector T to A at O, there is a
W® having a simple point at O and transversal to 7' at O. Then the
class determined on A bythe divisor 33, W®is ample. In fact, by a known
result ([3], no. 57, Theorem 30, Corollary 2), this class contains all

the divisors X=5 WSB + W(v? + W(i)uﬁw)-

Let a and b be two distinct points of 4. By our assumption (a), one
at least of the W®, say W, does not go through b —a. Take u,=a;
take for v; and the u,, v; for i # 1 a set of independent generic points
of A over k(a,b), where k is a common field of definition of 4 and the
W®. Then X goes through a and not through b, i.e. it satisfies
condition (A). Similarly, let 7' be a tangent vector to 4 at a; the
translation # -z — a transforms it into a tangent vector 7, to 4 at O.
By our assumption (b), one at least of the W®, say WO, has at O a
simple point and is transversal to 7',. Taking the u,, v; just as before,
we get a divisor X which satisfies condition (B).

Now the existence of varieties W® such as we want them here is
a trivial consequence of the following facts:

(a’) given any point a on 4, there is a subvariety W of 4 of dimen-
sion 7 — 1 going through O and not through a;

(b’) given any linear subvariety L of dimension n — 1 of the space of
tangent vectors to 4 at O, there is a subvariety W of A of dimension
n— 1 having O as a simple point and L asits tangent linear variety at O.

The latter is true for arbitrary varieties; it is a purely local property
of simple points, is obvious for a variety in an affine space, and is
therefore always true. As to the former, 4 being given as an abstract
variety, let A’ be one of its representatives; if & is a field of definition
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for 4, and u a generic point of 4 over k(a), u +a is also generic on 4
over k(a), and so both « and u +a have representatives u’, v’ on 4’.
If W’ is any subvariety of A’ of dimension n — 1 going through %’ and
not through v" (e.g. a component going through »’ of the intersection
of A’ with any hyperplane going through »’ and not through v’),
it will be the representative on A’ of a subvariety W of 4 such that
W_,, satisfies (a’).

This already shows that 4 is projectively embeddable. But we
want to prove the following precise result:

THEOREM. Let X be a positive divisor on A. In order that there may
exist an integer n > 0 such that the class of nX be ample on A, it is neces-
sary and sufficient that X should be non-degenerate.

Here, following an interesting recent paper by Morikawa [2], we
say that a divisor X on A is non-degenerate if there are only finitely
many points ¢ of 4 such that X,~ X; otherwise it is called degenerate.

Assume first that X is non-degenerate. Write X as X =3 X®,
where the X® are subvarieties of A of dimension n — 1. The set y of
points a of A4 such that X% = X® for all v is contained in the set of
those a for which X, ~ X and is therefore finite. Consider the divisor

Y = Z(X?l’: + 'Xg'z+ X(i)’uv—‘vv)‘

We see, as before, that ¥~ 3X. Let a and b be two points of 4 such
that b—a is not in y; then there is an X®, say X%, and & point ¢ in
X® guch that ¢+ (b—a) is not in XV, Take u,=a —c¢ and take for v,
and the u,, v, for v 1 a set of independent generic points of A over
K(a,b,c), where K is a common field of definition for 4 and the X®;
then the divisor Y goes through a and not through b. This shows that
the complete linear system determined by 3X separates at any rate
all pairs of points a, b such that b —ais notin y. Let fy=1,f;,...,fx be
a basis for the vector-space of all functions f on 4 such that (f)»—3X;
these functions, taken as homogeneous coordinates, determine a
mapping F of 4 into the projective space P¥ in which two points a, b
cannot have the same image unless b—a is in y. As y is finite, this
implies that the image F(A4) of 4 has the same dimension n as 4 itself.
Therefore, if W is any subvariety of A of dimension n— 1, its image
F(W) is not F(A), so that there is a homogeneous polynomial
P(X,, ..., Xy) which is 0 on F(W)and not on F(A4). Let d be the degree
of P, and put g=P(f,,...,fy); g is not identically 0 on 4; we have
(9)>—3dX;and W is a component of the positive divisor Z = (g) + 3dX.

Now let W® be a system of finitely many subvarieties of A such
as was used above in order to embed A4 projectively. We have just
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shown that to every W® one can find an integer d, and a positive divisor
Z;~3d;X having W® as one of its components. Put d=3d, and
Z=3Y27 Z is a positive divisor, linearly equivalent to 3dX, having
all the W® among its components. Putting Z= Y W®+ ¥ Z%, and
reasoning just as before, one sees that the complete linear system deter-
mined by the class of 3Z, i.e. by that of 94X, is ample. This completes
the proof of the sufficiency of the condition in our theorem.f

In order to prove the converse, we shall have to lean somewhat more
heavily upon the results and notations of [3]. We need the following
lemmas:

LemMmA 1. Let W be a subvariety of A of dimension n—1. Let f be a
mapping of a curve I into A, and A its linear extension ([3], no. 42) to
the Jacobian variety J of T'. Then, if d(A, W)=0 ([3], no. 44), W is
tnvariant by the translation Az for every z in J.

Let k be a field of definition for 4, W, T, f; let M and x be indepen-
dent generic points of I' and W over k. The assumption means (loc.
cit.) that = —f(M) is of dimension <= over k; its locus W’ over k is
therefore of dimension <n—1. But W’ contains all points y —f(P),
where y is any point of W and P any point of I'; hence it contains all
the varieties W_;), and therefore, since these have the dimension
n—1, it must coincide with everyone of them. This shows that W is
invariant by the translation f(P)—f(Q) when P, Q are any two points
of I, and therefore by the whole subgroup of 4 generated by these
translations; this subgroup consists precisely of the translations Az,
with z in J.

LemMa 2. Let f, T, A, J be as in Lemma 1; let X be a divisor on A,
and t a point such that X,~ X. Then we have A’y t=0.

In fact, we have X, ,~ X, for every u. Taking » such that X, -f(T")
and X, ,-f(I') are defined, and calling ¢ a function on 4 such that

(¢)=X,,,—X,, one finds that the divisor fl(Xu+,—Xu) is the divisor
of the function ¢ O f on I and therefore is ~0 on I'; the assertion
follows by Theorem 23 of [3], no. 45.

Now let g be the subgroup of 4 consisting of all points ¢ such that
X,~ X; and assume that X is degenerate, i.e. that g is infinite. It
could be shown that g is a closed algebraic set, and therefore, being
infinite, must contain an Abelian subvariety of 4; but we do not wish

1 A similar reasoning shows that the class of 3Z +mX, is ample if m>2 and X, is
any positive divisor. In particular, the class of nX is ample for every n=9d+2.
Using a result of Morikawa ([2], Lemma 7; cf. ibid., Lemma 10), one can even see

that, if X, is any positive divisor, the class of 3Z + 2X + X, i.e. that of (9d +2) X + X ,,
is ample.
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to prove this here, and therefore reason as follows. Among all Abelian
subvarieties of 4 containing infinitely many points of g, let B be one
of smallest dimension. Iff, T', A, J are as in Lemmas 1 and 2, Lemma 2
shows that g is contained in the kernel N of A%. It follows that N
must contain B; in fact, if this were not so, the component of 0 in
N N B would be an Abelian subvariety B’ of B, other than B, and
therefore would contain only a finite number of points of g; as B’ is
of finite index in N N B, the same would then be true of N N\ B and
therefore of B since g< N.

Take now for f a non-constant mapping of a curve I into B; this is
possible, since B contains infinitely many points and is therefore not
of dimension 0. Then A is a homomorphism of J into B; as B is con-
tained in the kernel of Ay, we have A’y A =0and therefore, by Theorem
31 of [3], no. 61, d(A, X)=0.

Now let X' be any positive divisor linearly equivalent to a multiple
nX of X;thend(A, X')=0. As X' ispositive, we can writeitas X' =3 X,
where the X, are subvarieties of A of dimension » — 1. By the definition
of d(A, X) as an intersection number, we have d(A, X,)2>0 for all v.
Since d(A, X')=0, this gives d(A, X,)=0 for all v. By Lemma 1, this
shows that the X, are invariant by all translations Az, where z is any
point of J. Since this is so for every component of every positive
divisor X’ ~nX, it is clear that such divisors cannot separate two points
Az, Az’ on A, and therefore the class of nX cannot be ample. This
completes the proof.
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The Connectedness Theorem for

Birational Transformations

Oscar Zariski

1. Introduction

In our memoir[4] on abstract holomorphic functions we have
proved the so-called ‘principle of degeneration’ in abstract algebraic
geometry, by establishing a general connectedness theorem for
algebraic correspondences. It is desirable to establish the connected-
ness theorem without using the theory of holomorphic functions
which we have developed in the above-cited memoir. In the classical
case this theorem follows, for birational transformations, from very
simple topological considerations, as was pointed out in our memoir
([4], footnote on p. 7). By Lefschetz’s principle it follows that in the
case of characteristic zero we have a proof of the connectedness
theorem for birational transformations, independent of the theory of
abstract holomorphic functions. In the present paper we propose
to deal algebraically with the connectedness theorem for birational
transformations, without making any use of our theory of abstract
holomorphic functions. We shall prove the connectedness theorem,
in the case of birational transformations, only for non-singular
varieties (or, more precisely, for simple points, since the question is
of a purely local character). .

2. The connectedness theorem for
birational transformations

Let V be a variety defined over a ground field k. We say that V/k
18 connected, or that V 18 connected over k, if V is not the union of two
proper subvarieties which are defined over ¥ and have no points
in common.

Let V and V' be two irreducible varieties, of dimension r, defined
and birationally equivalent over k, and let 7' be a birational trans-

t This work was supported by a research project at Harvard University, sponsored
by the Office of Ordnance Research, U.S. Army, under Contract DA-020-ORD-3100.
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formation of V/k into V’[k (we assume, of course, that T itself is
defined over %, i.e., that the graph of 7', on the direct product ¥ x V’,
is a variety defined over k; this is indicated by our saying that 7' is
a birational transformation of V/k into V’[k). The following is the

CONNECTEDNESS THEOREM FOR BIRATIONAL TRANSFORMATIONS. If
P isa point of V at which V [k is analytically irreducible, then the variety
T{P} is connected over k(P).

(By T{P} we mean the set of points of ¥’ which correspond to P,
under 7'. It is known that this set of points is a variety defined over
the field k(P) which is generated over k by the non-homogeneous
coordinates of P.)

We shall now prove this theorem in the case in which P is a simple
point on V/k. In the proof we may assume that P is a fundamental
point of P, for otherwise T{P} would consist of a single point, and
there would be nothing to prove. We shall now recall from our paper
([1], p. 529) the definition of isolated fundamental points, since in our
proof we shall consider separately two cases, according as P is or is
not an isolated fundamental point of 7'.

Let V* be the join of V and V', i.e., let V* be the graph of T on the
direct product V x V’. The projection 7* of V* onto V is a birational
transformation defined over k and semi-regular at each point of V*
(we use the terminology of our paper[1]). Let F be the fundamental
locus of 7. Then F is also the fundamental locus of 7*-1. An irre-
ducible subvariety W of F/k is said to be an isolated fundamental
variety of 7' if it corresponds to an irreducible component of
T*-YF}/k, and a point P of F is said to be an isolated fundamental
point of T if P is a general point, over k, of an isolated fundamental
variety of T'. It is clear that every irreducible component of F/k is
an isolated fundamental variety; but the converse is not necessarily
true.

It is known that if an isolated fundamental variety W of T is simple
for V/k, then every irreducible component of 7*-1{F}/k which corre-
sponds to W has dimension r—1 ([1], p. 532). It follows that an
irreducible simple subvariety W of V/k is an isolated fundamental
variety of 7' if and only if the following two conditions are satisfied:
(1) dim W <r—1; (2) there exists an irreducible (r—1)-dimensional
subvariety W* of V*/k such that W and W* are corresponding sub-
varieties under 7* (i.e., such that W is the projection of W*). Condition
(2) can also be expressed as follows: if P is a general point of W/k,
then there exists on V' a point P’ which corresponds to P under T
and which is such that dim (P x P')k=r—1. If we denote by s the



184 OSCAR ZARISKI

dimension of Pk (i.e. the transcendence degree of k(P)/k; s is also the
dimension of W), then the relation dim (P x P’)/k=r—1 is equivalent
to dimP’[k(P)=r-1—s. Summarizing, we have the following
characterization of simple isolated fundamental points of 7', which
makes no direct use of the join V*: 4 simple point P of V |k, of dimen-
sion 8 over k, 18 an isolated fundamental point of T if and only if the
Jollowing two conditions are satisfied :

(1) s<r—1; (2) dimT{P}=r—1-s.
(For non-isolated fundamental points P we always have

dim T{P}<r—1-s.)

3. The case of a non-isolated fundamental point P

We assume now that the simple point P of V/k is a non-isolated
fundamental point of 7'. We observe that T{P} is the projection of
T*-{P}into V'. Since the projection is a single-valued transformation
and since the V’-projection of any variety Z* defined over some ground
field K (Z*<V x V') is again a variety Z’ defined over K (Z< V'), it
follows that T'{P} is connected over k(P) if and only if 7*-1{P} is con-
nected over k(P). We can therefore replace V' by V* and T by T'*-1.
We may therefore assume that T-1 18 semi-reqular at each point of V'.

We observe that the connectedness theorem is obvious in the case
r=1 (always in the case of birational transformations), for in that
case there are no fundamental points at all. We shall therefore use
induction on r. We assume therefore that » > 2 and that the connected-
ness theorem, for birational transformations, is true for simple points
of varieties of dimension <. )

We assume that V lies in some affine space of dimension n and that
P is at finite distance. Let x,,#,,...,x, be non-homogeneous co-
ordinates of a general point of V/k. We denote by o the local ring of P
on V/k (0 =set of all quotients f(x)/g(x), where f and g are polynomials
with coefficients in k and where g(P) +# 0) and by m the maximal ideal
of o (f(x) g(x) e m if and only if f(P)=0). Since the fundamental point
P is not isolated, the isolated fundamental varieties of 7' which pass
through P are all of dimension >s. Let F{, F;, ..., F; be the (r—1)-
dimensional subvarieties of V' which correspond to the isolated
fundamental varieties passing through P and let F; be the variety
which corresponds to F;. Let p, be the prime ideal in o which corre-
sponds to F;.Since dim ¥, > s, p,isa proper subidealof m (:=1, 2, ..., ).
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We fix a polynomial f(X) in £[X] such that the following conditions
are satisfied:

(1) f@)em, f(x)¢m?;
(2) f(x)¢p1! (i=1’2"'-,h)'

We denote by H the hypersurface f(X)=0. By (1), this hypersurface
has a regular intersection with V at the point P. That means that the
intersection HNV has only one irreducible component passing
through P (we shall call that component W), that P is a simple
point of W/k and that the principal ideal generated by f(z) in o is the
prime ideal of W. We also note that W has dimension r—1. Con-
ditions (2) signify that F;¢ W(i=1,2,...,A).

Since dim W=r—1, W is not fundamental for 7', and hence 7T is
regular at any general point of W/k (since 7! is semi-regular). Thus
to W there corresponds a unique irreducible subvariety W' of V'/[k;
this variety W’ is also of dimension r—1, and the restriction of 7!
to W’ is a semi-regular birational transformation of W’ into W. We
denote the inverse of this induced birational transformation by 7).
Since P is a simple point of W |k, we have, by our induction hypothesis,
that the variety 7\{P} is connected over k(P). We also have that
T{P}<T{P}, since the graph of 7T is contained in the graph of 7'
We shall now show that T\{P} = T{P}, and this will complete the proof
of the connectedness theorem in the present case.

Let P’ be any point of T{P} and let o’ be its local ring on V’/k.
Since 71 is semi-regular, we have o<o’, whence f(x)eo’. Since P
and P’ are corresponding points under 7', every non-unit of o is also
a non-unit of o’. Hence f(x) is a non-unit of o’. We fix some isolated
prime ideal p’ of the principal ideal generated by f(x) in o’ and we
denote by @’ the irreducible subvariety of V’/k which contains P’ and
is defined by p’. Then G’ is of dimension r—1, and the irreducible
subvariety G of V/k which corresponds to G' under 7' passes through
P and is defined in o by the prime ideal p=0Nyp’. Since f(z)ep, it
follows from (2) that p#p; (¢=1,2,...,4). Hence G is not an isolated
fundamental variety of 7. On the other hand, @’ corresponds to G
and has dimension r — 1. Hence @ is not a fundamental variety at all.
It follows that G has dimension 7 — 1, and p is a minimal prime ideal
of 0. Since f(x) € p, it follows that the variety W coincides with G. Hence
G’ =W’ and P’ e W'. The point of W which corresponds to P’ under the
semi-regular transformation 7';! must be the point P (since the graph
of T, is contained in the graph of 7' and since P is the only point of V
which corresponds to P’ under 7'). Hence P’ € T\{P}, as asserted.
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4. The case of an isolated fundamental point P

We now consider the case in which the point P is an isolated funda-
mental point of 7'. We apply to V a locally quadratic transformation
@, defined over k and having center P (this is another way of saying
that ¢ is a monoidal transformation of V/k whose center is the irre-
ducible variety having P as general point over k). Let V; denote the
¢-transform of V. By known properties of monoidal transformations
we have that-the variety ¢{P} is defined and irreducible over k(P),
that it is non-singular over k(P), has dimension r—1-s, where
s=dim P/k, and that all its points are simple for V;/k. The given
birational transformation 7' of V into V' and the birational trans-
formation ¢ of V into V] define, in an obvious fashion, a birational
transformation 7', of ¥, into V'. It is clear that T{P} and ¢{P} are the
total transforms of each other under 7' and 7'y respectively. We now
show that if for every point P, of ¢{P} it ts true that T\{P,} is connected
over k(P,), then T{P} s connected over k{P}. Assume the contrary, and
let T{P} be the union of two varieties W; and W, having no points
in common and neither of which is empty (it is assumed that both
varieties are defined over k(P)). Let G, and G, be the total 7T{!-
transforms of W] and W, respectively. The two varieties @, and G,
are defined over k(P) and their union is ¢{P}. Since ¢{P} is irreducible
over k(P), one of the varieties G; contains the other. Let, say, G, < G,.
Then if P, is any point G,, the variety 7\{P,} meets both varieties W}
and W;. The variety T\{P,} is defined over k(P,), and the field k(P,)
contains the field k(P) since ¢! is semi-regular at any point of V.
Hence the intersections of T',{P,} with W} and W are varieties defined
over k(P,); these intersections are non-empty and have no points in
common. Therefore, T|{P,} is disconnected over k(F,), contrary to our
assumption.

Let then P, be any point of ¢{P}. If P, is not an isolated funda-
mental point of T}, then 7T {P,} is connected over k(P,), by the pre-
ceding case of the proof. Assume that P, is an isolated fundamental
point of T;. We now proceed with P, as we did with P, i.e., we apply
to ¥, a quadratic transformation ¢, with center P,, we denote by V,
the ¢,-transform of ¥; and by T}, the birational transformation of 7,
into ¥’ which is defined in an obvious fashion by the two .birational
transformations ¢, and 7. If ¢,{P,} carries no isolated fundamental
points of T}, the proof is complete. In the contrary case, we consider
a point P, on ¢,{P,} which is an isolated fundamental point of 7}, and
we repeat the above procedure. The proof of the theorem now depends
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on showing that this process must come to an end after a finite number
of steps. This we now proceed to prove by an indirect argument.

Suppose that the contrary is true. We will have then an infinite
sequence of varieties V,7,,¥,,...,V,, ... with the following properties:
(8) Viyy is the transform of ¥, by a quadratic transformation ¢, whose
center is a point P, of V; (V;=V,¢,=¢, F,=P); (b) the point P, (i > 0)
belongs to ¢, ;{F;_,}; (c) if T},, is the birational transformation of
V.41into V' which is determined in a natural fashion by the birational
transformations ¢; and Tj, then P,,, is an isolated fundamental point
of T,,,. If V is a surface (r=2), then every fundamental point is
isolated and the situation which we have just described signifies that
it is not possible to eliminate the fundamental point P of the bira-
tional transformation 7' by applying to V successive quadratic trans-
formations. However, we have proved in earlier papers of ours that
the contrary is true, i.e., that the fundamental point P will be auto-
matically eliminated if we apply a sufficient number of quadratic
transformations ([3], p. 681). Our proof for surfaces is such that its
generalization to varieties of any dimension leads to the conclusion
that any tsolated fundamental point can be eliminated by consecutive
quadratic transformations. We have actually carried out this general-
ization in the case of three-dimensional varieties ([2], p. 535), and it
will be sufficient to indicate here the main steps of the proof.

We assume then the existence of an infinite sequence of varieties
¥, having the above indicated properties and we denote by s, the dimen-
sion of the point F;, over k. We have s; < r— 1 (since P, is a fundamental
point of T}) and s;<s;,, (since ¢; ! is semi-regular at P, ,, whence
k(F;) is a subfield of k(F,,,)). Hence for i sufficiently large we will
have s;=s;,,=..., and we may assume without loss of generality that
this happens already for =0, i.e., that s=¢, =s,=.... By the charac-
terization of simple isolated fundamental points given at the end of § 2,
we have dim T;{P;}=r— 1—s. On the other hand, we have

TP} = Ty r{Piss}s

in view of the semi-regularity of ¢;1, and hence T{P} = T}, ,{P;;}= ...
for all sufficiently high values of ¢. There exists therefore a point P’
of V' which belongs to all the varieties T;{ #} and which has dimension
r—1—g over k(P) (that point will then have dimension r—1—s over
each of the fields k(F,), since these fields have the same transcendence
degree s over k). We have dim P’/k=r—1, and therefore there is only
a finite number of valuations whose center is P’; all these valuations
are of dimension r — 1, i.e., they are prime divisors. Since P’ and P, are
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corresponding points (under 7j), at least one of these valuations must
have center P,. Let L, be the set of those valuations of center P’ on V'
whose center on ¥} is P,. Then each L, is a non-empty finite set, and we
have LoL,>L,>...2L,.... It follows that there exists at least one
prime divisor ¢ which is contained in all L,. This prime divisor B is
of second kind with respect to all varieties V, since the center P, of
R on ¥, has dimension s <r— 1. If then m; denotes the maximal ideal
of the local ring of P, on ¥} and if vg(m,) denotes the minimum of all
vgs(x) for  in m,, then we obtain as in [2], p. 536, or p. 493, Lemma 9.1,
(see also [3], p. 681) the absurd sequence of inequalities

vg(m) > vgg(my) > ... > vgg(my) > ... >0,

where all the vg(m,) are integers.
This completes the proof of the connectedness theorem for birational
transformations, in the case of simple points.

HARVARD UNIVERSITY
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The Relations on Steenrod Powers

of Cohomology Classest

José Adem

1. Introduction

THE purpose of the present paper is to give complete proof of some
of the results previously announced by the author (cf. [1,2]). The
main result states that the iterated Steenrod p-powers (denoted by
Sqt for p=2 and by £ for p>2) satisfy a system of linear re-
lations.

The p-power operations £ have already been applied in diverse
situations such as the computation of obstructions, the study of
properties of differentiable manifolds (Borel-Serre, Hirzebruch, Thom
and Wu; see bibliography), and the computation of the cohomology
of Eilenberg-MacLane complexes by Cartan and Serre. The #¢ are
homomorphisms of cohomology groups of any space X with coefficient
group Z, (=the integers mod p):

Pi: H(X; Z,) > Hi+2o-0(X; Z,) (p>2),
and Sqt: H(X; Z,) > H"*(X; Z,).

These homomorphisms are topologically invariant, and provide
additional structure in the cohomology ring of X. Any relations which
are universally satisfied by the p-powers impose strong restrictions
on the possible structures of the cohomology ring. All the relations
we obtain have the form Ya;;#'2iu =0 for all cohomology classes u.
These can be used to express an arbitrary 2 in terms of those in which
1 is a power of p.

In this paper we shall not give any applications of these relations.
Those applications announcedin my PROCEEDINGS notes will appear in
subsequent papers.

I have been informed that Cartan has obtained the same relations

t+ The research presented in this paper was developed in part while the author
was a Guggenheim Fellow at Princeton University ; and in part with support from the
Instituto Nacional de la Investigacion Cientifica, Mexico City.
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by his special method of calculating the cohomology structure of the
Eilenberg-MacLane complexes K(Z,,n).}

The method we use is based on Steenrod’s (cf. [19]) representation
of a reduced power operation as an element of a homology group of a
permutation group. Conversely, any homology class ce Hy(m) of a
permutation group 7 of degree n defines a reduced power of a coho-
mology class u denoted by »*/c. In particular, the p-powers Py are
reduced powers associated with homology classes of the cyclic per-
mutations of degree p.

If 8, is the symmetric group of degree n and w<8,, there is an
induced homomorphism of homology

hy: Hy(m)—> Hi(S,),
and we have the general relation
(1.1) utjc=u"h,c (cf. [19], p. 218).

We study the symmetric group of degree p? where p is prime. If ¢
is a p-Sylow group of S, we give a system of generators of the homo-
logy of @ which interpret as two-fold iterations of cyclic reduced
powers. As pointed out by Steenrod in [19], p. 216, to obtain relations
we consider the images of cycles of G on S,;. The map ky : H(G)—~H(S )
has a non-trivial kernel, and if h,c = 0 then, by (1.1), we have u?*/c=0.
Since u?*/c is equal to a sum of two-fold iterated powers, this repre-
sents a relation. The elements in the kernel of 4, are constructed by
considering an automorphism of a subgroup of G that extends to an
inner automorphism of S,.. If ¢ lies in the subgroup of G and if ¢’ is
its image under the automorphism, then ¢ —¢’ belongs to the kernel
of h,. It is important for the success of the construction to use
appropriate complexes for the various groups.

Finally, the author wishes to express his gratitude to Professors
S. Lefschetz and N. E. Steenrod for their interest and encouragement
while engaged in this work. The present paper is an elaboration of a
doctoral thesis, developed under the guidance of Professor Steenrod,
and submitted to Princeton University in the spring of 1952. The
author also wishes to thank Dr. J. C. Moore for many valuable discus-
sions.

2. m-modules and tensor products}

By a m-module we mean an additive Abelian group 4 on which a
multiplicative group 7 operates from the left. That is, for each aem

t (Added in the proofs.) Cartan’s results have since appeared in Comment. Math.
Helv., 29 (1955), pp. 40-58.

t For further information regarding this and some of the next sections, the reader
is referred to (7).
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and aeAd the element aaed is defined satisfying the following
conditions:

ala+b)y=aa+ab, o (x,a)=(xa)a, la=a.
We say that a 7-module 4 is 7-free if A is a free group and if there
exists a set X < A4 such that the elements ax, for all ze X, aem, are
pairwise distinct and form a basis for 4. The set X will be called a
m-basis.

An element of 4 that is a sum of elements of the form aa — a, with
aem and ae€ 4, is called residual. Let R(A) denote the subgroup of
residual elements. Define 4, as

4,=A[R(4),
the factor group of 4 by R(4).

Let A be a m-module, let B be a p-module and suppose it is given a
homomorphism @¢: 7—p. Under these circumstances B can be made
into a 7-module by definining operations for be B, a em by ab=¢(a)b.
A homomorphism f: 4 B is called a ¢-homomorphism, m-homomor-
phism or (m-) equivariant homomorphism if the condition

flaa)=g()f(a)
holds for all e, ae A. Obviously, an equivariant homomorphism
takes only residual values on residual elements, hence, it induces a
natural homomorphism f,: 4, - 4,. Sometimes it will be convenient
to write either f, or f, for f,.

The tensor product 4 ® B of two Abelian groups 4 and B, briefly,
can be described as follows. Each pair (a,b), a€ A, be B determines an
element denoted by @ ® b. These elements generate over the integers
the Abelian group A ® B and the relations are

{(a1+a2)®b=a1®b+a2®b,
a®(by+b)=a®b,+a®b,.

If A and B are m-modules, then A ® B will also be a 7-module with the
operations defined by

(2.2) a(@®b)=(aa)® (ab).
Then 4 ®, B, the tensor product over 7 of 4 and B, is defined by
A ®,B=(A®B),.
Under the natural map 4 ® B-» 4 ®, B, the class corresponding to

a®b is denoted by a ®,b or simply by a®b, if no confusion arises.
Besides (2.1) we have in 4 ®, B the relations

a®b=(aa)® (ab),  all aem.

(2.1)
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Let A, B be m-modules, let C, D be p-modules and ¢: 7 - p a homo-
morphism. If f: 40, g: B> D are given homomorphisms, then
f®9: A® B~>C ® D is defined by

(f®9) (@@b)=f(a)®g(b).
If f, g are 7-homomorphisms, then f ® g is a 7-homomorphism and the

induced (f®9)¢: A@,,B—>C®PD
is denoted by f®,¢.

3. Complexes

All our cell complexes will be closure finite and augmentable. The
same symbol K will be used to denote the geometric cell complex K
and the chain cell complex K = {C;(K), 8}, naturally associated with it.
Then, if K, L are cell complexes by K x L we mean either the product
complex as a cell complex or the chain complex K x L ={C,(K x L), 9}.
The tensor product K ® L of K and L is the chain complex with

Cq(K ® L) = Zq=r+s Or(K) ® Cs(L)’
and 0 defined by

o T)=(05)®T+(—1)0o® o7,
where o€ C,(K) and 7€ C,(L). Under the correspondence o x7—>0 ®7
the complexes K x L and K ® L are isomorphic and

HKxLY~HK®L).

The complex K is called a 7-complex if each C(K) is a 7-module in
such a fashion (cf. [10], p. 54) that €d=0a and aln=In for all aem,
where In is the Kronecker index for the 0-chains. The 7-complex K
is 7-free if each Cy(K) is m-free.

For K, a m-complex, define K, to be the chain complex with
Cy(K,)=[C,(K)], as chain groups. Let uy: C,(K)->C,(K,) be the
natural map; s is a homomorphism onto and the boundary operator
in K is defined by duy,c=puy0c. Since pyc=pyc’ implies puyoc=py0c’,
the boundary is well defined in K, and s4: K- K, is a chain trans-
formation. If K, L are m-complexes, then K ®, Lisdefined as (K ® L),.

Given K a m-complex, L a p-complex and ¢: #—>p a homomor-
phism, we say that fy: K-> L is a @-chain transformation or an equi-
variant chain transformation if f, is a chain transformation and each
fu: C(K)—>C,(L) is a ¢-homomorphism. The induced chain trans-
formation f,: K,—>L,is defined by fy(7) =fys(py o) = vyfy(o), where
puy: K—> K, vy L—>L,are the natural maps, 7€ K,, ce K and 7= p40.
If f4,94: K—~L are two ¢-chain maps, then a chain homotopy
Ey: fy~gy is a @-chain homotopy if each Ey: C(K)—>Cpyy(L) is a
¢-homomorphism. In this case Ey;: fu,~ gy, where E 4 y(1) = vy Ey(0).



RELATIONS ON STEENROD POWERS 195

Suppose now that K and L are cell complexes. A carrier C from K
to L is a ¢-carrier or an equivariant carrier, if for each cell o of K and
all a e 7 the condition C(ao) = ¢(a) C(c) holds. The following lemma is
basic in this work:

(3.1) LeMMA. Let K be a n-free complex, L a p-complex, ¢: m—>p a
homomorphism and C an acyclic ¢-carrier from K to L. Then there
exists a ¢-chain map fy: K — L carried by C and, if fy, g4 are two such
chain maps, then C carries a ¢-chain homotopy Ey: fy~gy4.

This lemma is well known (cf. [10], p. 59; [13], p. 112) and the proof
is a construction by induction on dimension. The equivariance of the
chain maps is obtained by defining them, first on elements of a 7-basis
of K and then extending the maps equivariantly to the transforms.
The proof is omitted, since it is essentially given in [18], p. 49 (cf.
also [19], p. 214).

4. The derived complex and the cup-product

The derived K’ of a cell complex K (cf. [14], p. 164) is the simplicial
complex whose oriented g-simplexes are the collections of distinct
cells of K, (o4 ---:U'tq) with o <... < Ty If K is a m-complex, then
K’ is made a m-complex by defining

(4.1) a(oy, ..., 05)=(a0y, ...,a0;) forall aem.

We say that a cell complex K is regular if @ is an acyclic subcomplex
for every cell o of K.

(4.2) LemMMA. If K is a nm-free complex then K’ is also m-free and
(K'"), 18 regular.

Proor. The first part follows from (4.1). For the second part, since
K is free, we have (7), ~7, where 7 is any simplex of K'. Therefore K’
is regular.

Now suppose that K is a 7-free regular complex, and let C;, C; be,
respectively, carriers from K to K’ and K’ to K defined by

Cy(o)=CY(oy, ...,04,0) | 0y<...<0;< 0},
Cyl(oy ..., 0, 0)]=0.

It follows that C,, C, are equivariant acyclic carriers (cf. [14], p. 167).
(4.3) LEMMA. Let K be a m-free regular complex and K’ its derived.
Then there exists equivariant chain maps fy: K~ K', fy carried by C,
and gy: K' > K, gy carried by Cy, such that gufy=1 and By fygu~1,

where E 4 is an equivariant chain homotopy of fugu tnto 1.
Proor. This is an adaptation to the case of equivariance, of the
arguments given by Lefschetz in [14], pp. 165-167. We shall indicate
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the steps of the proof. Since K, K’ are n-free complexes and C,, C,
equivariant acyclic carriers, it follows from (3.1) that C,, C, carry
respectively the equivariant chain maps fy, g4 The maps fug, and 1
are carried by the equivariant acyclic carrier C, C,, hence (3.1) implies
the existence of E,: f4g4~ 1, an equivariant chain homotopy carried
by C,C,. Finally, the composition g,fy is carried by C,C, and
C,C\(0) =7 for all o, therefore g fy=1.

Let K be a m-free regular complex. We would like to compute cup-
products in K, but K, may not be regular, and the standard defini-
tion of the cup-product (cf. [18 (a)], p. 55) applies only to those com-
plexes L that are regular (augmentable and closure finite). In this
cage, one constructs a chain transformation dy: L > L ® L carried by
C(0) =7 ® 7 and then the cup-product of two cochains u, vis defined by

(vuv) o= (u®v) -dy(o).

We will show how this definition extends to K,. First, K ® K is a
m x m-free complex with the operations naturally defined by

(axf)(o@T)=(20)®(fr) for axPfenxm and oc®reK®K.

Let d: m—m x 7 be the diagonal map, i.e. d(e) =a x a, and let C be the
diagonal carrier from K to K ® K, that is, C(0’)=7 ® &. The carrier
Cis equivariant and acyclic and K is 7-free, then by (3.1) we can con-
struct dy: K — K ® K, a d-chain map carried by C. Set dy=(dy),, then
dy: K,~K,®K, is the chain map induced by dy and we have the
following:

(4.4) THEOREM. The cup-product can be defined in K, by means of
dy: K,>K,®K,; that is, u, v are cohomology classes of K, and
d*: H(K,® K,)> HY(K ) 18 the homomorphism in classes induced by
dy, then wvv=d*(u®v). ,

Proor. Let dyy: K'—> K'® K’ be a d-chain map and let dj = (d}),
be its induced. Set L= (K’),. The chain map J;: L~ L ® L is carried
by the diagonal carrier and L is a regular complex. Hence, d, can be
used to compute cup-products in L. Let f4, g4 be the maps of (4.3)
andlet fy = (f4),, 4 = (94), be theirinduced. Let pp:K—>K, vy K'—>L
be the natural chain maps, then commutativity holds in the following
diagram.

f# dy Ju®gy
K K’ K'®K' K®K
’ﬂ# Vi Ve ®V Py ® 1y
| e d Ju®dy

K———1L LoL K, 0K,
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Now it follows from (3.1) that d* is independent of the particular d,
we choose. Therefore, we can take d, = (94 ® g4) df4, since this com-
position is a d-chain map carried by the diagonal carrier. From the
commutative relations above we have that dy=(§, ® §u) dyfy, con-
sequently d*=f*d"*(§* ®§*) for the induced homomorphisms in
cohomology. Finally, if u, v are cohomology classes of K,, we have

d*(u @ v) =f*d"*(§*u ® §*v)
=f*G*uu §*v)=uvw.
Thus the theorem is proved.

5. Homology groups of groups

Given 7, a multiplicative group, let K be an augmentable 7-free
acyclic complex. Such a K always exists (e.g. cf. [13], p. 112). Let 4
be a m-module regarded as a m-complex where Cy(A4)= A is the only
non-trivial group of chains. The complex 4 ® K is a 77-complex where
the operations are given by (2.2). The homology groups of 4 ®, K
are proved to be independent of K, and by definition they are the
homology groups of 77 with coefficients in the 7-module 4. They are
denoted by Hy(m; A).

Suppose given f: (m; A)—>(p; B), 