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PREFACE

HOUGI the theory "of plane algebraic curves

still attracts mathematical students, the English
reader has not many suitable books at his disposal.
Salmon’s classic treatise supplied all that could be
desired at the time of its' appearance, but the last
edition was published some forty years ago, and has
been long out of print. It seemed therefore as if
a new book on the subject might be useful, if only
to bring some more recent developments within reach
of the student.

In the preparation of this volume I have made
frequent use of the books written by Salmon, Basset,
Wicleitner, Teixeira, Loria, &c. But most of the con-
tents and examples are extracted from a very large
number of mathematical periodicals. With the ex-
ception of the list at the end of Ch. XX, I have not
attempted to give systematic references. In fact, in
a field which has attracted so many workers, it would
be almost impossible to trace the steps by which
particular results have reached their present form.
In some cases I cannot even remember whether a
result is my own or not; but Chapters IX, XI, XVII,
and XVIII contain most of my own contributions to
the subject. The solutions are mine for the most
part, even in the case of examples derived from other
authors.
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In a book dealing with so wide a subject I can
hardly hope to escape the criticism that I have in-
cluded just that material which happeéns to interest
myself, and have excluded other matter of equal or
greater importance. I have not seriously dealt with
problems of enumeration, such as ‘ How many conics
touch five given conics?’ I have treated all curves
with the same degree and singularities as forming a
single type, and have not attempted to subdivide the
type by considering all their possible positions relative
to the line at infinity. 1 have not given the properties
of ‘special planc curves’, unless they are representa-
tive of some general type, such as, for example,
Cassinian curves, into which any quartic with two
unreal bhiflecnodes can he projected. I have not in-
cluded any discussion of curves of degroe » for special
values of n other than 2, 3, or 4. A thorough dis-
cussion of quintic curves would be very welcome, but
at present the difficulties seem insuperable. At any
rate very little work has been published on their
properties. The reader will doubtless detect other
important omissions. But on the whole I have tried
to cover the limited ground I have selected with
reasonable completeness.

No one can really master a branch of mathematics
except by working at it himself. I make no apology,
therefore, for the long lists of examples. The reader
can select from them few or many, as he pleases.
I give hints for solution in most cases. I hope that
these will be of real assistance to the student, setting
him on the right track if he is in difficulties, enabling
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him to check the accuracy of his results, and giving
him a guarantee that the examples are not of un-
reasonable difficulty.

The beginner should not attempt to read the book
straight through, but should select for himself those
parts which he thinks easiest and likely to interest
him most. As a rough guide I recommend the omis-
sion of the following portions on a first reading:
Ch. VI; Ch. VII, §§ 8 to 10; Ch. VIII, {{ 4 and 5;
Ch. IX; §¢ 8 to 12; Ch. X, § 7 and 8; Ch. XI;
Ch. XII, ¢§ 7 to 10; Ch. XVI; Ch. XVII, §§ 6 to 8;
Ch. XVIII, § 9 to 15; Ch. XIX, § 3 to 7; Ch. XX,
¢§ 10 and 11; Ch. XXL

My best thanks are due to friends and pupils who
have made suggestions and pointed out inaccuracies
while the book was being written. 1 owe a special
debt of gratitude to Miss G. D. Sadd, who has given
me very valuable lists of corrections required in the
MS.

I must also express my gratitude to the Delegates
of the University Press for so kindly undertaking the
publication of the book.

H. H.
June 1919,
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ERRATA, ETC.

PREFACE. While this book was in the press a treatise by S. Ganguli
called Lectures on the Theory of Plane Curves has appeared.

Page 9, Ex. 2. Omit (—1)".

Page 10, Ex 8. Read ‘24 —2" for *n—3", and ‘2,41, Your1) Fousr fOr
‘Tpi1y Ysnb1s Santr -

Page 24, Ex. 12. Read ‘three real tangents® for ‘ three tangents®.  For
the solution read ‘Use Ex. 11 or Ch. 1, § 6, Ex. 2°,

Page 116. In the theorem at the foot of the page a linear branch is
counted as being superlinear of order 1,

Page 146. In Ch. X. § 4, N must-be less than o, Otherwise the state.
ment on page 146, line 33, ¢ By choosing # properly, I’ may be made
any point of the n-ic’ might be incorreet.  Similarly in Ch. X, § 7.

Page 359, line 24. The quartic consecutive to Q is supposed non-cuspidal.

Page 369. In Fig. 13 it is essential thut the nest should lie inside the
circle and outside Q.

Puage 371, Add ‘ Gottingen Nachrichten. xi (1909), p. 308", to the list of
references.



CHAPTER I
INTRODUCTORY

§ 1. Coordinates.

WE shall assume a knowledge of the more clementary
portions of the caleulus and of pure and analytical geomectry
including the theory of cross-ratio, involution, projection,
reeiprocation, and inversion; bhut in this introductory chapter
we shall remind the reader of some elementary results of
which we shall make frequent use.

Y

PFig. 1.
1f through a point P (Fig. 1) we draw parallels PN, PM to
two fixed reference lines meeting at an origin (), and OM,
ON contain « and ¥ units of length,  and y are the Cartesian
coordinates of the point P (z, y).
2216 B
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COORDINATES I

1f the reference-axcs are perpendicular,
s =rcosd, y=r7rsinf:
where r is the distance OP and 8 is the angle between (P
and y =0. We call » and 6 the polar coordinates of the
POin::' D (r. ) with respect to the pole 0 and prime vector
'I/ = .
A .

B o

Fia, 2

If ABC s a fixed triangle of 1eference (Fig. 2), the vatios
ry iy = of the triangles ’BC. PCA, I’AB to the triangle A B('
are ealled the areal coordinales of 1. They are evidently
connected by the relation

z+y+:=1L

Instead of defining the position of 12 by its arcal coordinates,

we may use instead any constant multiples of them and write
w=k . PBCJABC, y = I, . PCAJABC, = = |, . PAB/1BC.

In this &, k,, &, are any constants chosen arbitrarily, but

considered ofixed when once chosen. We call «, g, 5 in this
ase general konwgeneous coordinales. We hayve the relation

£/ ke + oy + by = L

hy means of which the equation of any locus may be made

Lhomogeneous.

Instead of .y, = we may take any quantities proportional
to them when dealing with such homogeneous equations.
For instance, the vertices of the triangle of reference will
usually be taken as (1,0, 0). (0, 1, 0). (0,0, 1); though these
arc the actual coordinates only if areal coordinates arc
used.

We shall mean by the symbols ., y, s the general homo-
geneous (not necessarily the areal) coordinates, or quantities
proportional to them, unless the contrary is stated.

The new equation of a given curve when fresh homogeneous
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coordinates (and triangle of reference) are taken is obtained
by replacing &, ¥, 2 in the original equation hy expressions of
the form

bhatmyy+us L,y +n,s, Lo g+,
respectively.

Yy 2 Projection.

Suppose we have fixed planes I1, IT" and a fixed point V.
Suppose also that I’ is any point in [T and that VP meets 11/
in P’. Then 1" is called the projection of P on I, V being
the * vertex of projection’. If I’ traces out a locus ¢, 1”7 traces
out some locus ¢/, which is called the ¢ projection”’ of ¢. Simi-
larly ¢ is the projection of ¢ on II.

11

1

The projection of a straight line is evidently a straight line.

The projection of a range (ABCD) of four collinear points
whose cross-ratio is AB.('D/AD.CB is a range of the same
cross-ratio. For the range and its projection are the inter-
sections of two transversals with the rays of a peneil whose
vertex is V.

In particular, if the range (AC, BD) is harmonic, so that
AB.CD/AD.('B = —1, its projection is harmonic.

Similarly the projection of a geneil of four concurrent lines
is a pencil of the same cross-ratio. In fact, the pencil and
its projection have the intersection @ of the planes I1 and Il
as a common transversal.

It follows that the projection of the ‘involution range’
traced out by points P, P’ such that (/J, PP’) is harmonie,
where I, J are the fixed ‘double points’ of the involution, is
an involution range. Similarly for involution penecils,

B2
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Suppose that the planes through V parallel to 11" and TT
meet T and IT’ in the lines v and +’ respectively (see Fig. 3,
in which the plane of the diagram is perpendicular to the
lines #, o, a). If the point P, moving in the plane II,
approaches v. its projection /' recedes indefinitely ; while if
P lies on ». VP does not meet I"; so that I’ has no
projection.

1t is convenient to observe the convention that two planes
mneet in a straight line, or (what is the same thing) that the
projection of a straight line is a st‘raiaht line, even in the
case in which the planes arc parallel.  We say, therefore, that
“all points at infinity in the plance 1" lic on the straight line
which is the projection of the vanisking line v’

Similarly such a statement as ‘ a parabola touches the line
at infinity” means thut its projection touches the vanishing
line; and so on. In gencral, when we describe any property
of a curve at ‘an infinitely distant point 1”’, we mean a
property possessed by its projection at the corresponding
point P of v: it being understood that the property is one
which would be unaltered hy projeetion, if P and I’ were
finite points. Similar remarks apply to the line .

Ex. 1. The 1elation between pole and polar with respect to a conu
and between conjugate points or lines is unaltered by projection.

Fx. 2. 1f two lines through P in the plane 11 meet r in /J and A, the
angle HI’K projects into an angle equal to /1A

Ex. 3. It 1» possible with a given vanishing line to project two angles
into angles of given magnitude; or to project a given conic into a circle.

[See Ex. 1, 2. P'roject any two conjugale pairs of lines through the
pole of the vanishing line into perpendicular pairs. |

{3 Plane Perspective.

Suppose that P and P’ and (', R and R’ are projections
of each other, and that (), R are taken as fixed points of II,
and P as any other point of [1. Since R’ is the projection
of YR, QR and (YR’ meet on «.

1f the planc 11 is turned about « carrying /°, ¢, R with it,
while 11" is kept fixed, QR and @R’ continuc to meet on «,
and @, R, (/, R’ continue to be coplanar. Hence Q¢ and
RER’ continue to intersect. Similarly P7” and Q, PJ” and
RR’ continue to intersect. 'This is only possible if PI”, Q.
RR’ are concurrent, since they are not coplanar. But P ig
uny point whatever of 1. Hence when IT is rotated about «,
two figures in TT and 11’ which were originally projections of
each other remain projections of cach other. The vertex V
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turns about the line #’, as is evident from Fig. 3, since the
distance between « and + is constant and is equal to the
distance between V and +'.

Suppose that 11 turns about « till it coincides with JI'.
Two figures which originally were projections of one another
are now two figures in the saie plane with the property that
the line joining corresponding points of the two figures passes

yzy’
A
a
c
v —> X’
b-c
v > X
c
-
V I
Ing. 4.

through a fixed point V, and corresponding lines of the two
tigures intersect on a fixed line «. Two such figures are said
to be in plane perspective, 1 heing the vertex and,« the weis
of perspectivo.

Suppose that in each of the figures the vanishing line is
chosen as axis of . and the perpendicular line through V as
axis of y. Suppose that I’(z, ) and P’ (2, y’) are the co-
ordinates of two corresponding points. Let ¢ be the distance
between V and v and 0 that hetween V and +’, which is the
same as that between v and a by Fig. 3.

Then @' = bufy, o = be/y of « = c&/y, y = be/yf. . ()

For, taking as axes of reference the lines through ¥ parallel
and perpendicular to ». the points H (0, ) and H’(0, )
correspond, while I’ i (i, ¥ +¢). Then P’ is the intersection
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(b«e/y, by+c)/y) of the line VI’ and the line joining
H’ to the intersection of PJ1 with the axis of perspective.
But by definition /7 is (+/,y’+0): from which (i) at onece

f()?ﬂ\‘ﬂ.
f 7 (2, y) = O is the equation of the locus of P,
flea/y, be/y) =0

is the equation of its projection.

We can always choosc the projection so that b = ¢. We
thus get the usetul rale

If in the equation of « curve we replace &,y by uz/y, «* /Y,
we gel the equalion of ils projection ; the awis of @ being the
vanishing line both for the eurve and its projection, awd the
wris of y being wnaltered.

Let Le+auy+n = 0 be any line in the first figure.  The
distance « from it of the point P (z, y) is given by

d (8 +fm,2)": = le+my+n.

The distance ¢’ from the corresponding line in the second

figure el + sy + hem = 0 of the point P (ha/y. be/y) is given

}’y 4/'?/ (212 4 p2 2 = be (lx + my + M).
Hence (B4 = bed (1% + 11),2);/3/. Y (1)

Suppose that we take a fixed triangle 4 BC' of which the
vertex U coincides with 1", while 4 and B lie on v. Then
putting m. = em in (ii) we see that the perpendicular from
I” on CB hears a constant ratio to the quotient of the per-
pendiculars from P on CB and AB3; and similarly for the
pergendiculau' from 7 on ('4.

Now (changing the notation) we may take homogeneous
coordinates (r, 4, z) of I’ with A BC as triangle of reference,
such that /2 is equal to the quotient of the perpendiculars
from I’ on CB and A B multiplied by any constant we please ;
and so for 7/z.

Also the perpendiculars from /” on (/f3 and (/A are constant
mnultiples of the Cartesian coordinates of I referred to C'4
and OB as axes of reference.

If, then, f(z, y) = 0 is the Cartesian equation of a eurve,
f(x/2,9/z) = 0 is a homogeneous equation of a projection in
which = = 0 is the vanishing line, and y = 0, 2 = 0 are the
projections of the Cartesian axes of reference.

Conversely, if f (x, 4, 2) = 0 is the homogeneous equation of
a eurve, f(z, y, 1) = 0 is the Cartesian equation of the curve
obtained by a projection in which 2 = 0 is vanishing line,
followed by an orthogonal projection.
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Kx. 1. If > and I’ are any two corresponding points of two figures in
plane perspective and 7/’/” meets a in R, the cross-ratio of (VPRP') 1+
constant.

|Project « to infinity, and the figures have V as a centre of similitude.

[f the cross-ratio is —1, the perspective is called harmonic.|

x. 2. Given V, «, and a pair of corresponding points @ and @', con-
struct. P’ corresponding to a given point P.

[I” lies on 177’ and on the line joining ¢ to the intersection of ¢
and a.]

Kx. 8. Given V, r, «. construct P’ corresponding to a given point /.

[If @ is on r, @' is at infinity on 1'Q. Now use kx. 2.]

Ex. 4. The relations connecting the coordinates of any two correspond-

g points of two plancs which have a one-to-one correspondence can be
put in the form (i) of § 3 by a suitable choice of axes of reference.

[Let 7, J be the points in one plane corresponding to the circular
points ot the other plane (§ 5). The axes of reference are [J and ifs
perpendicutar bisector.  So for the other plane. |

{ 4. Asymptotes.

Suppose that in § 3 a curve in the first figure erosses »
at () and ¢ is the tangent at ). bus / and » do not coincide
(Kig. 5).  Taking ¢ as the line Le+my+ 1 = 0 referred to in
(i) of § 3 and J? as any point of the curve, /y approaches the
limit zero as I? approaches () along the curve.

t

Fig. 5.

Hence the point 17 of the corresponding curve in the second
figure (the projection of the first), which is at a distance d’
from the projection ¢ of ¢, approaches ¢’ indefinitely as I”
recedes indefinitely.

Sueh a line as ¢* which is the projection of a tangent, whose
point of contact is on the vanishing line (but the tangent and
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vanishing line do not coincide), is called an asymptote of the
projected curve.

§ 6. Circular Points and Lines.

It is well known that the lines through the origin parallel
to the asymptotes of a conic are given by equating to zero the
terms of the second degree in the Cartesian equation of the
conic. Applying this to the general equation of a circle

w4yt + 290 +2fy+0 =0,
we sec that the asymptotes of all circles are parallel to
at+yt=0;
or, as we may put it, all circles go through the unreal and
infinitely distant points on y = + /(—1) .

These points are called the circulur points at infinity. We
shall denote thein usually by w and o”.

Any line through a cirenlar point, i.e. any line parallel to
=+ V(=1)r is called a circular line.

Ex. 1. A circular line is perpendicular to itsclf.

Ex 2. Two points on a cirgular line are at zero distance from one
another.

Ex. 8. Any point not on a circular line is at an infinite distance from
that line.

Ex. 4. Project a given pair of points into the circular points.

[With the line joining them as vanishing line project any conic
through them into a circle. See § 2, Ex. 3.]

§ 6 Higher Plane Curves.

A curve whose homogeneous cquation is obtained by
equating to zero a polynomial in z, y, = of degree n (and
whose Cartesian equation is therefore obtained by equating to
zero a polynomial in @, y of degree n), is called an algebraic
plane curve or higher plane curve of degree n. The word
‘higher’ implies that the degree is greater than the sccond,
the properties of conics being supposed too well known to
require further investigation. Nevertheless we shall not con-
sider conics necessarily excluded from the definition, though
most of our work will be concerned with the case > 2.

If f(x, 9, ) = 0 is the equation of such a curve, the lines
joining its intersections with Ax+puy+vz =0 to the point
(0, 0, 1) will be f(va, vy, —Az—puy) = 0, and are therefore n
in number in general. Hence:

A curve of degree 1 meets any straight line (n n real oy
unreal points in general *

* We note that the number of real points is n—2r, where r iy zero or
a positive integer ; see ulso § 7.
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If the curve meets the line at a point on the vanishing line
(§ 2), the projections of the curve and line meet in less than
w (finite) points. Such exceptions will be considered later.

A curve of degree n’ will often be called for short ¢ an 1-ic’.
Thus a curve of degree 3, 4,5, ..., i.e. a cubic, quartie, quintie,
... curve, will be called a 8-ic, 4-ic, 5-ic, .... Another notation
for an n-ic in common usc is < C,, .

Two or more curves whose degrees have the sum 1 may be
considered, when taken together, as forming an w-ie. Such an
n-ic will be called degenerale. For instance a cubic may
degenerate into a conic and a straight line or into three
straight lines.

Ex. 1. Through any point O two lines are drawn in fixed directions
meeting a given w-ic in Py, I4, ..., P, and @, @y, ..., ¢,. Show that
the ratio OP,.0P,.....0P, : 0Q,.09Q,.....0Q
is independent of the position of 0.

[Take Cartesian axes of reference in the fixed directions; let 0 he
(. ), and the curve be f(r,y) = 0. Then

OP,.0I,... .OP, = + f(&,y’)+ {coefficient of . in f'(z, y)'.]

Ex. 2. The sides of a triangle ABC meet an s-ic in Do Py Py
le Q.’) esey Qu; Rl' If'.” ceen [',u' .

Show that
(=1)" AR, . AR,..... AR, .BP, . BP,..... BP,.CQ,.CQ,.....CQ,

= AQ,.....4¢,.CP, ..., .CP,.BR,..... BR,.

{Use Ex. 1 or take ABC as triangle of reference. The cases n = 1
and 2 are known as Menelaus's and Carnot’s theorems. |

Kx. 8. Extend Ex. 2 to the intersections of an n-ic with the sides of
any polygon.

Ex. 4. Given all but one of the 3x interscctions of three lines with an
n-ie, construct the remaining intersection.

‘x. 5. The lines joining any point O to two fixed points 4 and B
meet u given w-ic in Py, Py, ..., P, and ¢, ¢,, ..., 9,. Show that the
ratio
OP,.0P,..... 0P, .BQ, . BQ,. .... I, :

0Q,.00,.....00Q, . AP, . AD,. ... . AD,
is independent of the position of 0.

[Apply Ex. 2 to the triangle AB0.]

Ex. 6. Two curves touch at P, and 0 is any point not near P. A line
through O close to /> meets the curves in @, ¥ and the tangent at Pin 7.
Show that the ratio of the curvatures of the two curves at P is the cross-
ratio of (OQTER).

Deduce the fact that the ratio of the curvatures of two curves at
a point of contact is unaltered hy projection.

Ex. 7. Given a set of « tangents to a conic meeting at in(n—1)
points and a second sct of tangents also meeting at §n(n—1) points,
show that the #(n —1) points thus obtained lie on an (n — 1)-ic, and that
the intersections of an infinite number of » tangents lie on the (n— 1)-ic.

"
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[Take the conic as the locus of (%, 2¢, 1).  Then, whatever k may be,
the intersections of the tangents whose points of (ontact are given by
7(t) + k¢ (t) = 0, where fund ¢ are polynomials of degree » in ¢, lie on
the (n—1)-ic obtained by eliminating f and 7' from

Flty.p(T)=r(T). (1)) +(@t=1), r=1T:y y=0+7T):
The case n = 3 is well known.|

Kx. & If any line meets the curve o244 y2" " 4 22" — ryz in
(Lrs Y1y 21 (Fos #as @ady ooy (Pasdas Yaudrs T b U heing homogencoux m
£, y, ¢ of degree u - 3, then

O R N I LTTL R R IR VAR
[1f the line is A+ py+ vz = 0, then
Lyl gy [ N e Yaur = (2 =) S (N p2Uth

Ex 9. A variable line is drawn in a given direction meeting a wiven
n-ic at P, where the radius ot curvature is p and the tangent makes an
angle ¢ with the given direction. Show that Scotd is constant and
3 (psin*p) - = v, the summation extending over the w intersections /2 of
the line and »-ic.

[For u given value of o we have Sy = «r i b, the equation of the e
being 4" —(ar- by~ 't ...~ 0 Ditferentiate this 1elation twice with
respect to .o |

§ 7. Intersections of Two Curves.

Two curees of degree i wl N intersect in nN pocnls.
Suppose the equations of the curves are given in homo-
gencons eoordinates.  Let their equations he

’("QH +”I‘F‘“ ! +”2:u ‘.‘.+ +((n — ()'
Doz + 0,2 1 +b,s¥ 2+ by =0
where «, and b, denote homogeneous polynomials of the .th
degree in  and y.
Multiplying these equations respectively by 1,3, 5% ..., 2
and by 1,z 2% ... 2", we obtain n+.V linear cquations in
1z, 2% ., 2t v L .
from which these quantities may be eliminated.  For instanee.
if =4 and N = 3, we have

.o

Vo

ay, oy oty oy a0 0
0 w, « dy a, ap O
0O 0 ay «y «, «; «a,
0 0 0 by b b, b,
0O 0 by b b, b 0
0 b, b by b, 0 0
by b, by by G0 0

This eliminant gives the lines joining the point (0, 0, 1) to
the intersections of the two curves, for it is readily seen to he
homogeneous in . and 4. The lines are »N in number, for

=0. . . (i)
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a typical term of the determinant just written is + 0%«
The theorem is therefore proved.

We note that the number of real intersections of the curves
is nN—=2r, r being zero or a positive integer. For complex
roots of (ii) oceur in conjugate pairs.

If «, and b, are zero, both curves pass through (0, 0, 1).

Suppose that «,, ¢, ...,y and b, b, ..., bg | are iden-
tically zero. Multiplying equations (1) by 1,z, :% ... V=¥ 1
and by 1,2, :% ..., 2" » 7 and eliminating as hefore, we get
an equation giving the lines joining (0,0, 1) to those intersce-
tions of the curves which do not coincide with (0, 0, 1).

For example. if n =4, N =3, ¢, and ¢, =0, b, =0, we have

a, a, a0
O w, «a, q,
0 ’;] I),_, 713
[ A N )
A typiecal term of the determinant just written is
+ /)I‘_n~l.‘“n VoK, .
which is of degroe (n—Ak)y K 4 (V= K) 1 = e N—IK inwand 4.

Hence the curves meet in 1.V~ /A points other than (0,0, 1).
In order to vhserve the convenient convention that in every
case two curves of degrees v and N meet in .V points, we sa
that LA of the intersections of the curves coincide with (0,0, 1).

If in this «; and bg have a factor in common, the factor is
a factor of the first column of the determinant just obtained.
It is readily secn that the number of interseetions of the eurves
other than (0, 0, 1) is «N- LK —1 in general, i.e. LK +1
intersections of the curves coincide at (0, 0, 1).

Similarly, if «; and Oy have r factors in common. AKX + r
intersections coincide at (0, 0, 1).%

= Q.

1
i
i
i

i

Ex. 1. It is imposstble for every line to meet a given s-ic in 2 real
points.

[A line adjacent to and parallel to any tangent will meet it in »—2
real points at most.]

Ex. 2. An »-ic with unreal equation cannot pass through more than
n? real points.

[The only real points on w+(- 1) v =0, where v =0 and » = 0 are
real n-ics, are the real intersections of # == 0 and v = 0.]

ix. 3. If u non-degenerate n-ic has the symmetry of a regula
polygon of & sides, » =2 or clse n > k.

* For a detniled discussion by this method of the intersections of twa
curves see Segre, Giwrnale di Matematiche di Batlaglmi, xxxvi (1898), pp. 1-50
For other methods see Ch. VI, § 2, and Ch. IX, § 8. For the general theory
of the eliminant (1) see Bocher, Higher Algena. § 69,
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If » is not & multiple of &, the n-ic passes through the circular points.

|Consider the intersections of the z-ic with circles concentric with
the polygon.]

Ex, 4. A circle with centrc O and radius « meets a given n-ic at
R, P, .., B, Showthat

(i) The sum of the angles which 0/, OP,, ..., OF,, makes with any
fixed line is independent of both « and the position ot (.

(ii) The sum of the tangents of the angles which OF,, OP,, ... make
with the tangents at P,, Py, ... is zero.
_ (ili) The sum of the polar subtangents of the curve at P, £}, ...
is zero. .

[(1) Use polar coordinates. (ii) and (iii) follow at once from (i). It
is assumed that the i-ic does not pass through the circular points. |

Ex. 5. If we eliminate y between two equations f(x,y) =0 and
F(z,y) = 0 of degrees n and N respectively, we obtain in general an
equation for « of degrec nN. The coefficient of «¥ in this equation
only involves the coefficients of the terms of degree » in f and degree

N in F. The coefficient of z"% ! only involves the coetticients of the
terms of degrees #, n~1 in fand degrees N. N—1in F.

Deduce that :

(i) The centroid of P}, P, ..., I,, in Ex, 4 is independent of a.

(i) The centroid of all points on an algebraic curve at which the
Cartesian tangent is of length a is independent of a.

(iii) The same is true, if we replace ‘Cartesian tangent’ by ‘Car-
tesian normal’ or ‘radius of curvature’.

(iv) The centroid of all points on a curve at which the circle of
curvature cuts a circle with centre O and radius « at an angle « s
independent of « and o,

§ 8. Pencil of Curves.

‘If w =0, v=0 are the equations of curves of the wth
degree, and L is any constant, # kv = 0 is a curve of degree
1 passing through the 1% intersections of w =0 and » = 0.
The family of eurves obtained hy taking ditferent values of £
is called a pencil of w-ics, by analogy with the well-known
case in which » = 1. The 22 fixed points through which all
curves of the pencil pass arc called the buse-points of the
pencil. They are not necessarily all distinet.

ix. 1. The number of curves of a pencil of n ics which touch a given
line is in general 2 (n~1).

[Take = = 0 as the line,]

Ex. 2. If in Ex. 1 the line passes through a base-point, the number
of curves i 2n -3 in general,

|One touching at the base-point and 2 (1 —2) others. |
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{ 8. Tangents.

Suppose I’ (&', ', 2’) is any point on a curve f(x,y,2) =0
of degree «, and @ (x, y, :) is any other point. The point
dividing PQ in the ratio p: A, where A +p =1, is

(Nt o+ o, Ny + pyy NS+ )
This lies on the curve if
T +pu, Ny +py, A" +pz) =0
or
P of of of
" . ~ n L o P RE(p ) 7)) —

APy, 2 )+ A p.(.: Si! +y ' +"'b:’)+ v R (@Y, 2) =0

(i)

of . .
where {IZ, means the result of putting .+ for ., ¥ for ¥,
ol v

. Lof (s
2 for 2 in Ay ), &e.

or

This equation in p/X° gives the ratio in which the curve
divides Q. One root is zero, for I’ lies on the curve.
A second root is zero, if PQ touches the curve at . The
condition for this i«

of of L
Tow TSy TP T

which is therefore the equation of the tangent to the curve
at I

If the equation of the curve in Cartesian coordinates is

f(z,y) = 0, the tangent at (7, ') is

0,

L) A A
(2=t’) 520 + (Y =1) Sy = 0
If the coordinates of any point of a curve arc given in the
form w=ft), y=9@), 3 =¥,

where ¢ is called the parvaneter of the point, the tangent at
the point is
BV — W)+ (Wf — ¥y + (P =Pz =0

In fact, this line goes through the given point and the con-
secutive point, whose coordinates are
(f(t+dt), (t+dt), ¥ (E+dt)) or (f+f'dl, p+¢'dt, yr+y'dl),
neglecting the squares, cubes, &c., of dt.

It we put - = 1, we get the tangent at any point of the
curve whose Cartesian coordinates are

@ = f/¥. y=¢/¥.

Suppose now P’ (&, 9/, 2') is not on the curve. The line £Q
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will touch the curve, if the equation (i) in u/X has equal roots.
If we write down the condition for this, the resulting equation
is that of the tangents from (', 3/, <’) to the curve.

ix. 1. If the n-ic f(r,y,:) = O passes through (0, 0, 1), the coeficient
of 2" in f is zero, and the tangent at (0, 0, 1) is obtained by equating to
zero the terms involving "', )

If f(r,y) = 0 passes throngh the origin, the constant term in £ is
zero and the tangent at the origin is obtained by equating to zero the
terms of the first degree in f

Kx. 2. The axes of reference intercept a constant length on any
tangent to ¥ 4 y¥ = «3.

Ex. 3. The tangent at any point I’ of y2* = a® meets the axes in 4. B
and the curve again at ¢. [Prove that the ratios AP:PB:BQ are
constant.

Ex. 4. The sum of the itercepts made by any tangent to &t yt o o}
on the axes of reference is constant. ¢

Ex. 5. Show that two perpendicular tangents to

=0 (2008 +cos2t), iy — a(dsinf—sin27)
meet on the cucle 2%+ y* = o

Ex. 6. The tangents trom any pomnt O to w cubic are six in number
in general. Their points of contact lic on a conic, and they meet the
cubic again in six points on a conic.  The tangents meet the two conies
again in twelve points on another cubic also tonching the tangents.

|Patting (i) in the form (0 = 3), w A" + SN2+ Sughp? + ugu® = 0,
where «, is of degree » in r, y, :, and writing down the condition for
equal roots, we have

g (e, 2105 = Gotgrgits + 400°) 4ty (Fugr, —30%) =0
The two conics are w, = 0 and 4w, = 31,%; and the other cubice is
Houg =Gy, 1 Lt - 0]

KEx. 7. The two cubics of Kx. 6 are in plane harmonic perspective
with O as vertex, each conic corresponding to itself in the perspective.
(See § 3, Fx. 1)

[Choose the triangle of reference so that 0 is (0,0, 1) and w, = 524 2ay.]

Ex. 8. Find the lengths of the taungents and normals from any point
to a curve.

[Take the point as origin, and put the eyuation of the curve into
the form f(», t)—0, where z=(1-)r/(148), y=2tr/(141t).
' Yy |

oM
<
- 0, wn o =

Kliminate ¢ from 7= 0, and \
[

{10. Inversion.

If O, I, I” are collinear points, O heing fixed, such that
0L .0P = i2 the locus of P and the locus of P’ are said to
be inverses of cach other with respect to a circle * with
cengre 0 and radius k: or more simply ‘inverses with respect
to O°.

* Or a sphere, if the loci are not coplanar,
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If P and 7”. @ and @ are points on two inverse curves,
0F.0P = 0Q.0(Q. Henee the angles 01, OQ' P are
equal. Making @ consceutive to J/ and therefore Q" con-
secutive to 1”7, we see that the tangents at P and I to the
inverse eurves are coplanar and make supplementary angles
with OPI”.

Again, from the similar triangles OFQ, 0Q'I” (Q not neces-
sarily consceutive to /) we have

PQ:I"Q =0L:0Q = 0000010

Hence PQ = 2. 1PQ/01”.0Q,
which enables us to express lengths in one figure in terms of
lengths in the inverse figure.

Suppose now that two ecurves meet in P and the two inverse
curves in 1”7,

Let the tangents at £> and P’ to one pair of inverse curves
meet in 71 and the tangents to the other pair in K. Then,
since the tangents HP, 111" make supplementary angles with
OP1”, PH = P’'II and similarly K = P'K. Therefore the
triangles PR, UI”K are congruent, and the angles IIPK,
IR are equal,

Henee two curves cut at the same angle as their inverses.

If now the two inverse figures are coplanar while O is taken
as the origin of veetangular Cartesian axes and I’ is the point
(@, ), s (kte/ i+ %), k2 g/t +4%)).  This follows at onee
from the fact that 0, %, 1” are collinear and 01, 01" = k2.

Henee, if [, ) = O is the equation of a plane curve,

fika /(2 + ), K2y/ (@ +97) =0
is the cquation of the inverse curve.

For instance the inverse of the circle

Lyt Ry + 2fy+e =0
is I 202 (g +Sfy) + e (4 yF) = 0.

Henee the inverse of a cirele with respeet to a point O in its
plane is a circle, or a straight line if O lies on the given circle.

The inverse of a straight line is in gencral a circle through O.
But, if the line passes through O, it is evidently its own
inverse. Also, if the line passes through a circular point, its
inverse is a line through the other circular point. In fact,
the inverse of Tty =¢
is k= ¢ (0 —14y).

We have a similar result for three dimensions, and may show
that the inverse of a sphere with respect to O is a sphere, or
a plane if () lies on the given sphere,
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The inverse of a circle with respect to a point not in its
plane is a circle, for the intersection of two spheres inverts
into the intersection of two spheres.

Ex. 1. Prove that a circle and two inverse points invert into a cirele
and two inverse points.

[Use the fact that all circles through two points inverse with respect
to a circle cut this circle orthogonally.|

Ex. 2. A sphere is projected from any point ¥ on its surface on to
the diametral plane perpendicular to the radius through 7. Show
that circles project 1nto circles and angles are unaltered by the
projection.

[The projection is the inversc of the original figure with respect to V.
This projection is called stereographic.)

Ex. 3. If o, »” are the circular points, the inverse with respect to ¢ of
a point P on 0 is at w.

If a curve cuts Ow at P, the corresponding tangent at o of the inverse
curve is the inverse of o'l

[Let @ be a point of the curve near P and ¢ its inverse. Then « @’
and o'Q are inveise lines. Now let @ approach P.)

§ 11. Theory of Equations.

For convenience of reference we insert here some well-known
results in the theory of equations.
The typical equation of degree n is

g +"Cra, @V 4Oy, L+, = 0.

The product of two roots is — 1 if
g+ day, =0, (g +3d,)+a, (B, +ay) =0,
(g +6ay,+u,) (dg—u)?+16 (¢, +a,) (¢ a,+a,u,) = 0,
{ag (dg—=5a,) +a, (15—5a;),) Ta,+10a,+5w,) (1,—5a,)
+ (ay+ 10a,+5a,) (0, —50,) )
+25 (w0, + 2y, —azu,—20u50,)* = 0, ..,
in the cases n = 2.3, 4,0, ....

The cubic equation (1 = 3) has two invariants
G = afaz—3aguyu,+Rad, H = aguy—ud.
According as
(P +4H? = ay (v fa,? — 6agu,ayuy + 4aya,’ + 4o a, — 3ata,?)
is negative, positive, or zero, the cubic has three real roots,

one real root, or two equal roots.
The quartic equation (n = 4) has two invariants
a, a, a,
— e —_—
1 = wye,—4a0,+302, J=|a, a, a,].
Uy, ay
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If ¢ is the cross-ratio (a—p) (y—8) = (a—8) (y—B) of the
roots a, B, v, & of the quartic,
{($+1) (9—2) (B—H)2T° = 27 (p—p+ 12U
We note the cases ¢ =0, —1, 1 (1+ v/ —3).
If ¢ = 0, the quartic has two equal roots and I®= 27J*
If¢g=—1,J=0;andif p =114+ =38), T=0x*

* The range of points :a, 0), (8, 0), (v, 0), (3, 0) and the pencil of linces
W=ar, y=px y=qx, y=- 5x are said to be respectively ‘ harmonic’ or
*equianharmonic’ in these two cases.

2218 (o}



CHAPTER 11
SINGULAR POIN'TS

§ 1. Inflexions, &c.

Surprosk that the Cartesian equation of a curve of degree o
arranged in ascending powers of . and # is
O=a+br+by+ea®+2euwy+ e,y +dat+....
If the origin lies on the curve, the equation must he satisfied
by £ = 0 and y = 0; and therefore « = 0.
The equation now becomes
0 =box+by+c,0? + 200y +c,0%+d 0+ 3d 2%y
+ 3yt + dyyt et
The line y = ma meets the curve where
0 = z(by+h,m) +a* (¢, +2¢c;m + ¢, m2)
+a (dy+3dym+3dync +dym)y +ut (o + )+
One root of this cquation in « is always zero; as was to he
expected, since any line through the origin meets the eurve
in one point coineiding with the origin (Fig. 1).

Fig 1.

Suppose that, as i is made to vary, by+b, m approaches
zero. Then a second root of the cquation approaches zero,
i, e. a second intersection of ¥ = ma with the curve approaches
the origin, or the line becomes the tangent at the origin (Fig. 2).
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Eliminating #. between y = mx and b,+ b, m = 0, we obtain
the equation of the tangent at the origin, namely,
byx+ by =0,
Suppose that, when b, + ;2 = 0, we have also
o+ 2em+e,m? =0,
Then the tangent at the origin mects the curve at three points
coinciding with the origin (Figs. 3 and 4). The origin is

e eom e ——— _-..-_--_-_---.>

Fig. 3.

called a point of iuflexion (or simply wn inflexion) in this
case. The tangent at the origin is called an (nflexional
langent or tungent of three-point contact.

It is cvident that b,+b,m is a factor of ¢,+2em + c,m?*;
or, what is the same thing,

byx+b,y is a factor of ¢, 2+ 2c, Ty +c, 2
If we have also
dy+3d,m+3d,m?*+d,m* = 0,
the tangent meets the curve in four points coinciding with the
c?2
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origin. The origin is sometimes called a point of wndwulation
in this case. The tangent is called a lungent of fowr-point
contact.

In this case b,z + 0,7 is a factor of both

cot? + ey + ¢, and of dyu?+3d 2y +3d,uy® + dyyt

These results can be immediately gencralized and we have :

If « cwrve passes througl the orvigin, the terms of the first
degrec equated (o zero give the tangent at the origin.

If the terms of the first degree ave « factor of the terms of the
2 g (r=1)" degrees, the tangen! meets the curve n
r points colnciding with the origing and is called o ‘tangent
of r-point contact’.

The currve crosses the tangent at the point of contuct (f r ix
odd, hut does not cross it if r_is even.

Fig. 4.

.

The last statement in the theorem may be proved as
follows :

The curve may he written

ho@+byy = (11, gt ta) = 4+ r4 o +7,0),
where «, and v, are homogencous of degree b in «w and y.

The perpendicular from any point (z, 7) of the curve on the
tangent at the origin is
(bo+byy) = (b2 +by2)3

= (Upd Upgy Foee 1) = (L4 1+ e+ 2,2,) (B2 + 1,23,

and has therefore the same sign as w, = (b,2+0,%)3%, when
x and y are small and approximately in the ratio b,: —0,. But
u, evidently does or does not change sign with «: and 7, where
by + b,y = 0, according as r is odd or even.

The truth of the statement may also be seen geometrically
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by considering a tangent of »-point contact as the limiting
position of a line meeting the curve in » points close together
(see Fig. 8 for the case » = 3).

The definition of ¢ r-point contact’ of a linc and a curve
may be generalized. Any two curves will have °#-point
contact’ at P, if they may he considered as the limiting case
of two curves meeting one another at r points * very close to
L. Curves having three-point contact at P are said to oscu-
lute at . For instance, at each point of a curve there is an
osculating circle called the ¢ cirele of curvature ’, whose centre
and radius are the ¢ centre of curvature’ and ‘ radius of curva-
ture’ of the given curve at P. The circle of curvature has
four-point contact with the curve, if the radius of curvature
of the curve is a maximum or minimum at 2°.f

{ 2. Double Points.

Suppose that in § 1 4, and 5, are zero. The curve is now
0 =cyu?+ 22y 4,y +dgas +3daty +3dyy? + dyy?
+eut+ ...
and ¥ = o meets tho curve where
0 =u2%(co+ 2epm+cym?)+ 08 (dy+3dym + 3 d,m? + dym?)
+at (ey+...) + ... .
Two roots of this equution are zero for every value of m.

Hence every line through the origin meets the curve in two
points coinciding with the origin. The origin is called a
double point.

The tangents at the origin are detined as the lines meeting
the curve at three points coinciding with the origin. The line
Y = mu is such a tangent if

eyt 2epm+ cgm® = 0.

Eliminating 1 between this equation and y = m.u«, we have
the equation of the tangents at the origin

o+ 2oy + 023/2 =0,

Such a tangent may be considered as the limiting position
of a chord joining the double point to another point of the
curve, when this point approaches the double point.

There arc three cases to be discussed.

The tangents may be real, when the origin is called a cru-
node (Fig. 5). In this case the curve has two real * branches’
through the origin. .

* On the same branch of each curve ; see next section,
+ See treatises on ¢ Differential Calculus’,
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The tangents may  be unreal, when the origin is called an
acnode (Fig. 6). The origin is a real point of the curve, but
there is no real point of the curve adjacent to the origin.

The tangents may be coincident, when the origin is called
a cusp (Fig. 7).

The word node is equivalent to * erunode or acnode’. i. e. to
“a double point which is not a cusp ¥

A
H
1
:
|
i

et S o>

Fig. 6

—————>

Fig. 7.

As in § 1, we show that, if one factor of ¢,.*+ 2¢,ay + ¢,y° is
a factor of d,z°+3d,a% +3d,xy*+d,y*, the corresponding
tangent is an inflexional tangent. The origin is called a
Sflecnode in this case (Fig. 8).

If both tangents are inflexional tangents, so that the terms
of the second degree in the equation of the curve are a factor

* Other nomenclatures are ‘ node’ for crunode, ¢ isolated point’ or ¢ con-
Jjngate point’ for acnode. The term ¢ spinode ’* for cusp is obsolete.
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of the terms of the third degree, the origin is called a biflec-
node (Fig. 9).

Similarly if one of the factors (or both) of the terms of the
second degree is a factor of the terms of the third, fourth, . ..
degrees,

A i

{ 8. Multiple Points.

If ¢, ¢, c, arve all zero, so that the terms of the lowest
degree are the terms of the third degree, the origin is called a
(riple point.  Any line through the origin meets the curve in
three poiuts coinciding with the origin, except the three.
tangents at the origin obtained by equating to zero the terms
of lowest degree. These tangents mect the curve at four
points (at least) coinciding with the origin.

In general we have the result :

If the terms of lowest deyree in the Cartesian equation of
« curve are of degree k, the origin (s called @ multiple point
of order k (« k-ple point).  Awy line through the origin meets
the curve in k points coinculing with the origim, except the
k tangents at the origin obtuined by equating to zero the ternus
of lowest degree. which meel the curve in k+1 points (at leust)
cotnciding with the origin.

1f the equation of the curve is given in homogeneous
coordinates, a very slight modification is necessary. Let us
suppose the curve is of degree 1, and passes through the point
0,0, 1). Exactly as in §§ 1 and 2 the consideration of the
intersections of the curve with the line ¥ = ma shows that :

If the highest powsr of 2 which occwrs in the homogeneous
equation of u cwrve of degree w is 2" the point (0,0, 1) is
u multiple point of order k, and the tungents at (0,0, 1) wre
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obtained by equating to zero the terms multiplying LY
the equation. If the terms multiplying 2", sn=E=1, L., gu=h=r
have” a factor in common, the corresponding tangent has
(r + 2)-point contact rwith the branch it towches.

Ex. 1. Investigate the nature of the origin and trace roughly the curves
ay=u% af=2, ay=at ayf=.% pPla-x)=2"
(P49}t = a? (@ —y?), (P+y)?=ay(Ba—yf), a4yt=any
alyt+ ¥ = 2a° Py

[Inflexion, cusp, undulation, triple point, cusp, biflecnode (twin into
polars to tiace), triple point (turn into polars to trace), triple point
{solve for y to trace), quadruple point (solve for y to trace).]

Ex. 2. Trace roughly the curve y*+a(2?—1)*(«—2) =0.

[Acnode at (=1, 0), cusp at (0, 0), crunode at (1, 0). Transfer the
origin to each point in turn.]

Ex. 3. Trace #*= £*(r+k) when £ =-1,0,1

Ex. 4. Trace y*+a*(2?—2x4Lk)=0 when k=-3,0,4, 1.

Ex.5. Trace g +z(x—k) (x—2)* (r—4)*= 0 when k= -1,0,1,2,3,4,5.

Ex. 6. An n-ic has the sides CA. CB of the triangle of reference as
tangents of »~point contact, 4 and B being the points of contact. Show
that its equation is of the form =zyw,.,=z'uw, ,, where u, is homo-
geneous of degree in ., y, 2.

[The equation has 2’ as a factor when we put # =0 or y=0. Kx. 7
to 10 are special cases.]

Ex. 7. The line joining two real inflexions of a cubic passes through a
third real inflexion.

[In Ex. 6 n =3, »r=3.]

Ex. 8. The line joining two inflexions A4, B of a quartic meets the
curve again in D, E. The tangents at 4, B meet the curve again in
P, ¢, and PQ meets the curve again at R, S. Show that a conic can he
drawn osculating the quartic at ), E and passing through R, S.

[n=4, r=238]

Ex. 9. The line joining two undulations of a 4-ic meets the curve
again in 7, Q. Show that a conic can be drawn having four-point
contact with the curve at Pand Q.

In=4, r=4]

Exz. 10. The line through three real collinear undulations of a quartic
passes through a fourth real undulation.

Ex. 11. Three tangents of n-point contact of an a-ic are taken as the
sides of the trianglc of reference. Show that the equation of the n-ic is
of the form

Tyzu,_y+ (az + by)" + (by + cz)" + (cz + ax)" = a"z" + V"y" + "5
the + sign in the ambiguity being taken if « is odd, and either sign if
n is even.

Ex. 12. An n-ic has three tangents having n-point contact. If # is
odd, the three points of contact are collinear. If n is even, either the
points ure collinear or the three lines joining each to the intersection
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of the tangents at the other two are concurrent. If the tangents are
concurrent, only the former altcrnative is possible.

Discuss the cases n = 2, 3, 4.

[Use Ex. 11.]

Ex. 13. An n-ic has r-point contact with the side BC of the triangle
of reference ABC at B and C. Show that its equation is of the form
My =Y U, gy
Kx. 14. A line is drawn through each of the points of contact of
a bitungent of a quartic (a line touching the quartic at two points;
see Ch. 1V, § 7). Show that a cubic touches the quartic at the six
points in which these two lines meet the curve aguin.
[InEx. 18 n =4, r=2.
Ex. 15. Enunciate a similar theorem for a sextic having three-point
contact with a line at two points.
Ex. 16. An n-ic has i~point contact with each of x = 0 and y=0 at
two distinct points. Show that its equation ig of the form
LYty g = U U, g,
[See Ch. XIX, § 2.] e
Ex. 17. If the six points of contact of three bitangents of a 5-ic, 6-ic,
or 7-ic lie on a conic, the other intersections of the bitangents with the
curve are respectively collinear, lying on a conic, the base points of
@ pencil of 3-ics.
[Use Ch. 1, § 6, Ex. 2 in Ex. 17, 1%, 19.]

Ex. 18. The tangents at three collinear inflexions of a uartic meet
the curve again in collinear points.

What are the corresponding theorems for a 5-ic and 6-ic ?

Ex. 19. Three bitangents of a quartic form « triangle 4 BC whose sides
touch the quartic at P, and P,, @, and @,, R, und R;. Show that the
conic P,Q,Q, R, R, passes either through P, or through the harmonic
conjugate of I’, with respect to B and C.

What are the corresponding theorems for a 2n-ic having n-point
contact with each of three lines at two points; for a 6-ic with three
triple tangents, &c. ?

Ex. 20. The tangents to an n-ic from the A-ple point (0,0, 1) are
found by writing down the condition that the equation of the curve,
considered as an equation in z, should have equal roots. There are
n(n—1)=k(k4 1) such tangents in general.

§ 4. Conditions for a Double Point.

Let (X, Y) be any point on the curve whose Cartesian equa-
tion is f(«, ) = 0. Transfer the origin to this point, and the
equation becomes f(x+ X, y+Y)=0, or

= L
O=fX, V)+w iy +y,y

+ % w?

Rf oo O ¥
ox: HRUSEET HV ) oo
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where o means the result of putting X for « and ¥ for y

20X
in 3{: , &. If the new origin is a double point on the curve,
e v
FE = vy =7y=0
and the tangents at the new origin are
™~ a"f D) a2f .2 (\2/ _
Cxe RSy Ty =Y

Hence, with a slight change of notation,
If (x, y) (s a doulle point on the curve f(z, y) = 0.
of of
fe= ¥y,
: dx dy
The double point 4s a crunode. vcnode, or cusp, wccording «s
. (\‘.'.f 2\ ‘\zf (\2/‘
m?/) cSor = du dyr
Similarly, if (x,y) is a &-ple point, all the partial derivatives
of f with respect to z and y up to the order k—1 inclusive
must vanish.

Again, let (X, ¥, Z) be any point O on the curve of degree
whose homogeneous equation is f(x, y,2) = 0. Tt P (e, y. 2)
be any other point. and let () be the point.

(rotpd, Aytp¥ ?\.Hﬂ”)
At pu Atp Atu
dividing PO in the ratio g:A. This point lies on the curve if
SAe+pX, Ay+uY, Ac+puZ)=0,
X T i L
WX 2yt n (e by )
T4 2f 2
n-2 32 2;}(_ o &7 -e_z
HhN (@ T+ S
o xef A
Dop Y DY e n p ) —
+R2w 5t +"£be6)') + o+ A (2, y, 2) = O

If O is a double point, two roots of this equation in A/u are

zero for all values of w:%:2; or
X T Y 7

i.e.

s
Yoz

+2yz
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It will be noticed that
f _ o _ ¥ _,
0X T T 2z~
implies f(X, ¥, Z) =0, since by Euler’s theorem on homo-
geneous functions
- Of of L, — 'Y
X oy YaY +J<\Z" nw.f(X, Y, Z).
Three roots of the equation in A/u are zero if P lies on a
tangent at 0. Therefore the equation of the tangents at () ix
*f L, O L O *f o f
2 g Y .2 4 ) e O Dap
S ORI TR VIRALE S VARV ¢
2 ————(\zj ’ )
TEIXaY T
Hence :
If (e, y, 2) (3 « dowlle point on the curve f(x, y, 2) = 0,
of d
(‘f = (f = ()f = (.
dx oy oz
The double point is « crunode, wenode, or cusp, according us
the lines

\Zf (\2}' b‘lr’ ‘)'Af 2 f 32]
22 2 2 P —_ VeEE—— 2 - -4 =0
3zt b./‘~‘+( b:'~’+~77fby3;+"§£<\zbw+ gnbwby

are reul, unreal, or colncident; £, 7, ¢ being current courdi-
nutes.

The reality, unreality, or coincidence of the lines is at
once determined by considering their intersections with ¢ = 0,
77:0,01‘(:0. )

We may deduce the result for Cartesian coordinates by
putting z = 1; or the result for homogeneous coordinates may
be deduced from that for Cartesian coordinates by replacing z
and y by «w/z and y/z.

Ex. 1. Find the wultiple points of f= y*(da-y)' -4 (r+3a)*=0.

. BN/ AN T . . _
|Equating to zero o’ 3 oa we obtain (r+2a)(x+3a)a®=0,
(y—2a) (da—y)’y* =0, ¢ (da—y)?=2a'(r+3a). These are ali satis-
fied at the points (0, 0), (0, 4a), (—34a,0), (—3q,4a), (-2a, 2a).
Transferring the origin to each of these points in turn, we see that the

first two are triple points, the next two are cusps, and the last is
a crunode.]

Ex. 2. Find the double points of
(i) ' ~2ay* - 8% ~2a%* + a* = 0.
(ii) ' —4axr®*—2ay®+4a%?+ 3a%* —a* = 0.
(iii) «£%y*+ 126 (30 +2y) + 1080t = 0.
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(iv) 4(z—1)*+ (y—8x+2)? = 0.
(v) (2*+y*—a?)*+ 27 2%%a? = 0.
(vi) (Bazy+ 224 ¢%)® = 4 (ay + )"
(vii) ('~ a®py = (y*~b?)%.
(viii) (22 —a®)?+ (2 =022 = o',

(ix) By—a=u)’ = 216a.ry.

(x) #**—4a (x"+ y*) + 18a%cy —27a* = 0.

(xi) y (r438)* =4 (4u—38y) (2r—8y—b).

(i) Crunodes at (a, 0), (—a, 0), (0, - «).

(ii) Crunodes at (0, a), (a, 0), (2¢, «).

(iii) Crunodes at (=2a, —3a), cusps at (o7, 0), (0,0 ). Kor these
latter replace @ by =. Then the tangents at (1, 0, 0) are the cocfficient
of % equated to zero, i.e. ¥=0. Or we may project the curve as
in Ch. I, § 8. See Ch. X, Fig. 1.

(iv) Cusp at (1, 1).

(v) Cuspsat (+«,0), (0, +a) and the circular points. Unreal nodes
along # = +y. The curve i~ the * four-cusped hypocycloid °.

(vi) Cusp at (¢, —c%/a).

(vii) Nodes at (+a, +b).

(viii) Nodes at (0, +b).

(ix) Node at (¢, —«/8).

(x) Cusps at (3a, 3a), (Suw?, Saw), (Saw, 3uw?).

(xi) Cusp at (-3, —4).]

Ex. 3. Find the double points of
(i) a/x*+b/y*+c/2*+ 2 f/ys +2g/20+ 2 h/ry = (.
(1) Sy=(y’=+y=— 2.5+ 24 2y2) = 0.
(iii) Zyz (Y’ +yF—40°4 2y2) = 0.
[ (i) Nodes at (1, 0, 0), (0, 1, 0), (0, 0, 1).
(ii) Cusps at (1, 0, 0), &ec. ; nodes at (~1, 5, 0), &e.
(iii) Triple point at (1, 1, 1) ; nodes at (1, 0,0), (0, 1,0), (0,0, 1).|

Ex. 4. When has f= y*: —~4.0°+ g,&2* + g,2* = 0 a double point ?

 _ & _of s = 1928 — g B — g2 - 2=

W@ Ty e 0 gwves y:=122%~g, 3 = y*+ 29,22+ 89,22 = 0.
These ure only satisfied if y =0, 2g,x4 3yys =0, ¢,5 =27 g5’ Hence
the required condition is ¢,* = 27g,% If this holds, there is a double

point at (—1g4*, 0, 1), which is & crunode or acnode as ¢, is <0 or >0.]

Ex. 5. For what value of & have the following curves a double point ?
() Pz = y(y~=) (y~—kr).
(ii) 24 P+2 =k (x+y+2P.
(ili) (x+y+ 2P+ 6kzyz = 0.
(iv) L +y"+ 25+ 6hay> = 0.
(V) @ +xy’ +yt —koy® — 22y — 2y’ + Y2t = 0.
[(i) #=0; an acnode at (1, 0,0). % =1; a crunode at (1, 1, 0).
(ii) # =1; an acnode at (1, 1, 1).
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(ili) &= —}; an acnode at (1, 1, 1).
(iv) 84% =—1. The cubic splits up into three lines.
(v) Always a cusp at (0,0, 1). A node in addition if # = 1 or 2.]
Ex. 6. For what values of «, b, ¢ has 2" = (ar+ by +cz) zy a double
point ?
[a=0,(1,0,0); b=0,(0,1,0); ¢ = 27abd, (be, cu, -3aub).]
Ex. 7. Of u pencil of n-ics 3 (2 —1)? have a node in general.
If every curve of a pencil has a double point at O, the tangents at 0
form an involution.
Ex. 8 If §,=0, 8,=0, ..., §,=0 have a &-ple point at I’ and
C,=0, C,=0, .., C,=0 arc any other curves,
F=Ci84 CoS+ 4 LS, =0
has a k-ple point at P,
LV
[f= Py Wi 0 is sutisfied at 1]
Ex. 9.If w=0, v=0 are lines and p =0, g=0, r=0 are
(n—2)dcs, pu+2qur+r? = () is an n-ic with a node at the intersection
of =0 and » = 0.

[See Ex. 8.]

Ex. 10. In symmetrical form the conditions that (., y, 2) should be
amnode of f=10 are f; =/, =1, =0, and that it should be a cusp are
I =Inde=liwhn = Jnlu =Tty =l o~ fuSe =0;
where the suffixes 1,2, 3 denote pmrtial differentiation with respect

to x, y, 2.
|For the cusp, we get fi27:, = /2,7 &c. Then
(n=1) (S i=S1n ) = Sz (14 Yha+2f1s) = Sia (@Fn+ YFn+ i) = 0.
Hence fi/fn=/o/fie=1s/S1s =0/ (m=1)f;; which gives
N=f=fi=0.
We leave to the reader the modifications required when some of the
quantities fy, fa, ... are zero.)

§ 6. Points at Infinity.
Suppose that in the equation
Poa™+prat P pa i 4 p, =0
the coefficients are made to vary. Then, if p, approaches the
limit zero, one of the roots of the equation becomes indefinitely
large.

For the equation is

PotPié+poft+ .t P =0,
where x¢ = 1.

Now if p,—> 0, one value of ¢ given by the latter equation
tends to zero. Hence one value of « given by the former
equation becomes very large.

Similarly, if p,, py, ..., p,all=>0, r+1 roots of the equa-
tion in « become very large.

We now apply this result to the theory of plane curves.
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Suppose we have a curve of degree n. Writing its Carte-
sian equation in descending powers of = and ; we obtain
(y—myx) (y—myx) ... (Y —m, @)+ 0z 4 b2y 4 ., 4 ky»!

+Aa""2 4 Ba 3y 4. =0,
where y—an @, y—unm, ... are the factors of the terms of
highest degree.*

The line ¥ = ma moets the eurve where

(Mm—m) (=) .o (=) &+ (0 +bm 4 .. F ™) !
+...=0.

One root of this cquation becomes very large, if the line
y = mux as it turns about the origin approaches one of the
lines y = mw, ...,y =wm,x; for then

(Mm—ne) (=) oo (e—my) — 0.

We may sum up this result in the convenient, if rather
inaceurate, form

The terms of highest deyree (1 (he Curiesian equation of «
curve equated to zero give the Lines joining the origin to the
points at infinity on the curve.

Let us now discuss a few cases in more detail.

First suppose m, not equal to any one of m,, m,, ..., m,.

The line % = e, + ¢ meets the curve where
Py =) (=) e 2T (g e 4 L) et E L =0,
if we write

pEatbn 4. +ln", g = A+ Bug+...,
r=b4 .+ (n— 1) /.:m,"“"'.

Hence any line parallel to ¥ = 2,2 meets the curve in onc
and only one infinite point,t with the exception of the linc ¢
for which p + (my —m,) (m; —my) ... (m;—my)e = 0.

It follows at once that any projection of the curve touches
the projection of [ at the point where it erosses the vanishing
line, i. e. ¢ is an asymptote (Ch. 1, § 4).

Next suppose m; = wm, = iy, My, ....

Now y = mx+ ¢ mects the curve where

PETTE Lg e+ (myg—mg) L (g —an) ¢ a4 L =0,

In general y = m x +c¢ meets the curve onee and only once
at infinity whatever finite value ¢ may have, while the line at
infinity mecets the curve twice on y = ma. This cvidently

* The reader will easily make the nocessary moditfication in the argument
if x is a factor of these terms.

+ More accurately, ¢ meets the curve in exactly n—1 (finito) points’ ; but
it i8 convenient to keep the convention ‘every straight linc mects a carve of
degree n in u points’ ; and so throughout.
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means that the line at infinity touches the curve * where it
meets y = m,w,

If, however, y —m, . is a factor of the terwms of degree n—1
as well as of the terms of degrec » in the equation of the
curve, p = 0. Then every line parallel to » = m,2 meets the
curve in two points at infinity, while the two lines y = m,z+¢
for which ¢+ re+(niy—my) ... (Mmy—m,) * =0 1meet the
curve in three points at infinity.

Hence the curve has a double point at infinity at which
thesc two lines are tangents; i e. these two lines are a pair of
parallel asymptotes.

Suppose NOW  my = iy = Ny F oy, M, ... L the line
Yy = myx+c¢ meets the curve at only once infinite point for
overy linite value of ¢, the curve has an inflexion at infinity
along w = m & at which the line at infinity is the tangent.

If 4 = m,«+c meets the curve at two and only two in-
finite points for every finite value of ¢, the curve has a cusp
along ¥ = n,x at which the line at infinity is the tangent.

1y = w2+ ¢ meets the curve at two and only two infinite
points for all finite values of ¢ but one, the curve has a double
point at infinity along ¥ = m,« at which the line at infinity
18 one tangent.

If %= m,2+¢ meets the curve at three and only three
infinite points for all but three finite values of ¢, the curve has
a triple point at infinity.

Similarly we may discuss the cases in which

Wy W, = Mg = My TFE Mg, Mgy
and so on.

1f a curve with a real equation passes through one circular
point at infinity, it passes also through the other. For, if
# + 4w is a factor of the terms of highest degree in the equa-
tion, 8o is y—ix. Such a curve is called a cercular curve,

Similarly a eurve with a real equation haviny a node at one
circular point has a node at the other. Such a curve is called
bicirewlar ; and so on.

Ex. 1. @y = has a cusp al infinity, ay*=.* has an inflexion,
(*—r')y = a* and Baxry — a*4 «* have crunodes, o®y = x* hasa triple
pomnt, ay® — o* has an undulation.

Trace thesc curves.

[Use § 5. Another method is to obtain the cquation of a projection
of the curve by replacing . y by ar/y, «*/y as in Ch. 1, § 8.]

~* More accurately : the vanishing line touches any projection cf the
curve,
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Kx. 2. The equation of an n-ic with »# distinct asymptotes
ax+bhy+e, =0, ..., o, z+b,y+c,=0
is of the form
(a,r+byy+ c) (A +byy+cq) ... (a,x+ b, y+e)+ gt it,oy+ o= 0,
where «,; is homogeneous of degree 4 in z and y.
[Any one of the given lines meets the curve in only n — 2 finite points.]

Ex. 8. Show that a cubic meets its three asymptotes in three finite
collinear points Generalize by projection.

[The cubic is f=wuwe+4 p =0, where =0, r=0, =0 are the
asymptotes and p = 0 is the required line. On projection we get ¢ the
tangents at three collinear points of a cubic meet the curve again in
three collinear points’. See Ch. XII. § 4.]

Ex. 4. A variable cubic has a cusp and three fixed asymptotes. Show
that the cusp lies on the conic touching at their middle points the sides
of the triangle formed by the asymptotes.

I O _ (VN

=( = in Kx. 3.
dat dxdy l

| The conic is

Ex 5. A quartic meets its four asymptotes in eight finite points
lying on a conic.

Generalize by projection.

Kx. 6. If an n-ic has » asymptotes parallel to y = mua, the terms of
the nth, (n—1)th, | (2 —r+1)t0 degrees in its equation have respectively
the factors (y—mx), (y—mx) ™' ..., (y—mz).

The equations of a circular and bicircular »-ic are of the forms

(224 Y?) Lo+ gy F U2+ oo =0,
and (4 2P H (PP YR e, gt Uyt = 0.

Ex. 7. An n-ic has » distinct asymptotes all passing through 0. Show
that O is the centroid of the intersections of the m-ic with any line
through 0.

[Taking O as origin, the curve is w, +u, o4 4, 34 ... +u, =0 Also
y = mzx meets this curve in » points whose absciscae and ordinates have
zero sun |

Iix. 8, Two curves with distinct finite asymptotes meet in points
whose centroid is the same as the centroid of the intersections of the
asymptotes.

Kx. 9. A varying a-ic passing through » given points at infinity meets
a given ellipse in 2x points whose eccentric angles have a constant
sum (to within a multiple of 2x). )

If the » points can be paired to form an involution with the points at
infinity on the axes of the ellipse as double points, the sum is w multiple
of 2,

The sum of the eccentric angles of the intersections of a circle and
ellipse is a multiple of 2.

Fx. 10. If a real n-ic meets the line at infinity at the circular points
only, any line through a fixed point () meets the curve in »n points
whose distances from O have a constant product.

Conversely. if the product is constant. the curve meets the line at
infinity only at the circular points. 4

|Use Ch. I, § 6, Ex. 1. 2 must be even. Note the cases n = 2 or 4.]
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Fx. 11. The sum of the angles which the »n asymptotes of the n-ics
u=0. »=0 make with a given line is the same. Show that one
curve of the pencil « +4» = 0 is circular.

Ex. 12. The lines joining a point P to » fixed points make angles
with a fixed direction whose sum is o (plus a multiple of n). Show that
the locus of P is an n-ic whose asymptotes are parallel to the sides of
a regular polygon, one of whuse sides makes an angle o/n with the
fixed direction.

[The case n = 2 is well known.]

§ 6. Relations between Coefficients.

The information that a curve with cquation f(x,y) = 0 has
a node at a given point (i, y) is equivalent to assigning three
linear relations betwecn the coeflicients of f(x, ), namely

)

1= o QY
It (i, y) is stated to be a cusp, we have a fourth relation
between the coeflicients

2fNE NS ..
(b.rb_a/ =om oy o oo @

Similarly the information that a curve has a k-ple point at
a given point is equivalent to 3k (L +1) linear relations.

The information that the curve has a node (not at a given
point) is equivalent to one relation between the coeflicients
pamely the result of eliminating w«, y from (i).

The information that the curve has a cusp is equivalent,
to two relations found by climinating « and y from (i) and
(it); and similarly that it should have a k-ple point to
1k (k+1)—2 relations.

We see that a curve whose equation is written down at
random has no double point. Such a curve is called non-
stmgular. It has no ‘ point-singularities’, i. e. multiple points,
though it has in general ‘line-singularities’, i,e. multiple
ta,r'xlgent.s.*

he Cartesian equation of'a curve of degree » contains one
constant term, two terms of the first degree, three of the
second degree, ..., 1w+ 1 of the nth degree. Hence the equa-
tion has 3(n+1) (n+2) coefficients.

* The definition is therefore not free from objection. ¢ Anautotomic’ (not
cutting itsclf) which has been suggested would, however, not exclude acnodes
or unreal multiple points.

22168 D
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One of these coeflicients may bhe taken as unity without loss
of generality. We have then '

3+l (+2)-1=3%n(n+3)
arbitrary cocflicients. Hence

A curve of degree w is determined in general by Ln(n+3)
conditions.

We mean by this that only a finite number of »-ies can be
found to satisfy the given conditions, and that no »n-ie ean he
found in gencral satisfying given conditions, if their number
exceeds 3n (n+3).

If the conditions are that the curve is to pass through
3n (1 +3) assigned points, we have % (n+3) lineer rela-
tions between the coeflicients of the curve’s equation, which
determine the ratios of these coeflicients uniqucly. Henee

One and only ome curve of degree n cen be fownd i1 general
pussing through n(n+8) given points.

We say * in general ’ ; for it way happen that the 3 (1 +3)
relations between the coefficients are inconsistent or not in-
dependent, and then the theorem is not truc.

Consider. for instance, the case n = 2. We have ¢ One and
only one conic can be drawn through five points’; which is
true in general. If three of the points are collincar, the conie
is degenerate, being a line-pair. This is legitimate, for we did
not exclude in the theoremn the possibility of the n-i¢ splitting
up into simpler curves.

But, if tour of the points are collincar, an infinite number of
conics pass through the points ; for the line through these four
points and any line whatever through the fifth point form
such a conic.

\ As an easy deduction from the results of this section we
have

A finite number of curves of degree nw can in general be
drawn having & nodes and k cusps and satisfying
in(n+3)—8-2«
other rélations. *

If the modes and cusps are at assigned points, the number of
other relations is 3m (n+3)—38—4«.

For instance, if a curve has 8 nodes. there arc & sets of
values of & and y satisfying (i). Expressing the conditions for
this, we have & relations between the coeflicients of f (, y).

But such results are not universally true, and must be
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applied with due care; as is shown by consideration of
Ex. 12, 17 below, or of Chap. IV, § 7, Ex. 5 to 7.*

Fx. 1. Show that in general exactly one cubic can be drawn through
9 given points; but that through the 9 intersections of two given cubics
a singly infinite number of cubics can be drawn.

[If 1 = 0. v =0 are the two cubics. «+Av = 0 is any cubic through
their intersection. ]

Fx. 2. In general oue wac can be drawn with a given node and
passing through 1 (#*+3#  6) other given points ; while two 2-ics can be
drawn with a given cusp and passing through % (»*+3» —8) other points.

ix. 3. To be given a A-ple point and the tangents at that A-ple point
is equivalent to Leing given 24 (k+3) linear relations between the
coefficients of the curve's equation.

Ex. 4. The equation of any »-ic through » given points can be put in
the form S+, 8, +a, 8,4 ... +a, S, = 0. where S. 8. ... S, are given
polynomials such that S=0. S, =0. ..., 8, =0 are n-ics through the
 given points, the a's ure arbitrary constants. and p=1a (n+3)-»

It is assumed that there is no identical relation of the form

SA DS +b S 4 +b, S, =0,
Ex. 5. The equation of any »-ic with » given nodes 1s
Sta, S +a, S+ ..+ a, S, =0,
where N=0..... 5, = 0 are given n-ics with the » given nodes. and
= Yn(n43)-3n

|Use § 4. Ex. 8. The result may be extended to cover the case of any
given multiple points.)

Fx. 6. Obtain the equation of any n-ic with » given double points and
given tangents at those double points.

[Asin Ex. 5 with p=1u(n+3)—-5:]

kx. 7. The equation of any cubic with a given node is

(@w+by+)u+ (ayr+by+4 2)uc+ (x4 byy+2)r? = 0,
where w = 0 and ¢ = 0 arc given lines through the node.
Kx. 8. The equation of any quartic with three given nodes is
a/ut+ b/e* 4 cf/u?+ 2 f/vi0+2g/un+2h/uv = 0,
where « =0, »=0. » = 0 are the sides of the triangle whose vertices
are the nodes.

Ex.9. Find the general equation of quintics with nodes at (1. 1. 1),
(-LLn (. -1,1), (1.1, =-1).
ez (=) (=204 by (y? =20 (P —a®) + c3 (7 —2?) (= oP)

+(Ly+mz) (5 — 20+ (o + myx) (2= 2% + (I + mgy) (22 - 9°)* = 0.]
. Ex. 10. The equation of any quintic with six given nodes 1.2.3.4.5. 6
is aCyCyly;+bCyCy Ly +¢CCoLy;=0; where €, = 0 is the conic
through 2. 3. 4. 5.6 and Ly, = 0 is the line 12. &c.

[Use Ex. 5. The reader may find the general equation of quintics
with nodes at (+2,0), (0, +1). z=+y = .]

* The reader may consult a paper by J. E. Campbell in Messenger Mafh.,
xxi (1892).

D2
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Ex. 11. The equation of any sextic with eight given nodes is
all24 2RUV +DV? = CQ.
where U= 0. V=0 are two cubics through the eight nodes. C =0 is
a conic through five of the nodes. and ¢ = 0 is the quartic through
these five nodes having double points at the other three nodes.

Ex. 12. Ifa sextic has nine nodes of which eight are fixed, the ninth node
lies on a certain 9-ic with a triple point at each of the eight fixed nodes.
[See Halphen, Bull. de lu Soc. Math. de Irance, x (1882), p. 162;
Hodgkinson, Proc. London Math. Soc.. 11. xv (1916), p. 343.
Note that nine nodes of a sextic cannot be chosen arbitrarily : even
though such a choice is equivalent to 16 (6+3) = 27 conditions.]
¥x. 13. The general cquation of a sextic with seven given nodes is
au?4 b2 4 e+ 2 foie 4 2geu+ 2huv +dJ = 0
where « = 0. »p=0. =0 are cubics through the given nodes. and
d(u.v ) . . . .
J= (w.0.10) is their Jacobian (Ch. VII. §10).
dx,y.2) :
[J = 0 has a node at each of the seven points.|

Fx. 14. If in Ex. 13 d = 0. all cubics through the seven nodes and
a point P on the sextic pass through another point P’ of the sextic.
Kach such cubic meets the sextic again in points ¢) and @ such that
all cubics through the nodes and @ pass through @'.

[If ;. 7. 10, ure the values of u. v. 1 when the coordinates of P arc
substituted for a. y. 2. the cubics through the seven nodes and I’
are (wiy—iwyu) + k(v —w,v) = 0. Hence at their ninth intersection
wiv:iw=nu,:r :w,. Therefore. if P lies on the sextic. so does the ninth
intersection. See Rohn, Math. Anualen, xxv. p. H59R.]

Fx. 15. If w =0 is a conic and + = 0 a cubic. «*=-¢? is u sextic
with cusps at « = r = 0. the cuspidal tangents touching » = 0.

[The preceding examples may suggest interesting investigations to
the reader. For instance, is #® = ¢* the most general sextic with six
cusps ?  What is the most general septimic with ten given nodes ?, &c.]

Kx. 16. The statement ‘a curve has an inflexion at a given point ' is
¢quivalent to two relations between the coefficients in general.

Fx. 17. Show. however, that to he given three collinear inflexions of
a cubic is equivalent to five (not six) conditions. For instance, show
that a singly infinite family of cubics can be drawn with three given
collinear inflexions and a given node.

[Taking (0, 0. 1) as node and (1. 0. 0). (0. 1. 0). (1. m. 0) as inflexions.
the cubic is zy(y—mx)+ ke (may—m*e?—y?) =0, where & is an
arbitrary constant.]

Ex. 18. The statement ‘a curve has a tangent touching at & points’
is equivalent to % —2 relations between the coefficients.

Fx. 19. If (2, y') is a centre of the nic f(r.y) =0, all the partial
derivatives of f with respect to x. y of orders n—1, n—3, n—5, ...
vanish when z=a'. y =y

[The curve comes to self-coincidence when rotated through 180° about
a centre. If the centre is the origin, the terms of degrees n—1, n~3,
#—2>5, ... in 2 and y vanish.)

Ex. 20. An n-ic passes through » given points and has a centre;
» being 3 (n+2)% or $(n+1)(n+3) as »n is even or odd. FKind the
degree of the locus of the centre.



CHAPTER III
C('URVE-TRACING

§1. The Object of Curve-tracing.

THe problem ‘ Trace a curve with given Cartesian equation
is capuble of more than one interpretation. It may mean
that a mechanical construction is required; for instance, a
circle can be traced by means of compasses. Or it may imply
that the curve is to be drawn with the utmost possible degree
of accuracy, finding for this purpose a large number of points
on the curve. Or we may wish to obtain only a rough idea
of the main features of the curve (e.g. the number of its
branches, the position of its asymptotgs and singular points,
&e.), and to draw a sketeh of the curve which gives some
approximation to the truth.

By ¢ curve-tracing’ we shall here mcan the third of thesc
alternatives ; though it will be useful to indicate, where pos-
sible, how a more accurate diagram may be obtained ; even if
for most practical purposes a rough sketch of the curve will
suffice, and we can spare oursclves the rather considerable
expenditure of time which a more detailed tracing usually
requires.

§2. The Method of Curve-tracing.

The following hints are useful in curve-tracing; the reet-
angular Cartesian equation of the curve being supposed given.

(i) Find where the curve mects the axes of reference.

(ii) See if the curve has symmetry. If only even powers of
@ oceur in its equation, the curve is its own reflexion inz = 0.
Similarly if only even powers of y oceur. 1f the equation
contains only terms of odd, or only terms of even degree, the
curve is symmetrical about the origin, which is called a
centre of the curve.

(iii) Notice if any values of  make y unreal (or vice versa).
If so, these values of & do not correspond to any real part
of the curve.

(iv) Equate to zero the terms of lowest degree in the equa-
tion to obtain the tangents at the origin, and equate to zero
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the terms of highest degree to obtain the lines joining the
origin to the points at infinity on the curve. (Ch. II, § 3, 5.)
Use Newton’s diagram to get approximations to the shape of
the curve near and very far from the origin (§ 3). If this
fails to give any fresh information, proceed as in § 4.

(v) Find the asymptotes of the curve, and, if necessary, find
on which side of an asymptote the curve approaches it at the
two ends.

(vi) Find the finite intersections of the asymptotes with the
curve : for, if the curve is of degree i, this requires the solu-
tion of an equation of degree 7 —2 at most.

(vii) Find if it is possible to get any number of points on
the curve by solving equations of degree 1 or 2 at most.

The ahove hints are usually more than sufficient to obtain
all the information necessary for tracing the curve, though
occasionally special devices are needed.

It may sometimes be useful to obtain the tangent at one or
more points of the curve. 1t is also well to remember that a
tracing of an .-ic cannot be correct, if it is met by a line in
7 real points, where 1 — 7 is negative or odd.

§3. Newton’s Diagram.

Suppose that any term in the equation of a curve is A.c*yA,
A being a numerical coeflicient, and a, B zero or positive
integers. Consider a geometrical representation of the terms
of the equation such that Az*y8 is vepresented by the point
(e, B) referred to rectangular Cartesian axes placed as in
Fig. 1. The points thus obtained are said to form Newtosw's
diugram for the curve.

Suppose now that, when & and y are both small or both
large, 2® and 7 are of the same order of magnitude Then
the order of the term Axz®yB is the same as that of y8*w1/z,
whose index is equal to the intercept made on the axis of y in
Newton’s diagram by a line through (a, B8) parallel to the line
making intercepts p and ¢ on the axes of z and y.

Suppose that a line * joining two or more points of Newton’s
diagram (not parallel to an axis of reference) is such that all
other points of the diagram lic to the right and above the line.
Then, if the points on this line are considered as representing
terms of the same order of magnitude, all the other points of
the diagram represent terms of higher order of magnitude. If

* If the curve does not pass through the origin, there is no such line, If
the curve does so pass, there may be one or more,
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we suppress all these higher terms in the equation of the curve
and then divide out by any power of « or y, which is a factor
of the remaining terms, we get an approximation to the curve
near the origin.

Similarly, 1f all points not on the line lie to the left and
helow the line, we get an approximation to the curve very far
from the origin,
§Illustmtions of the use of Newton’s diagram are given in
§§ 4-8.

Ex. 1. Newton’s diagram applies even if the original axes of reference
are not rectangular.

Ex. 2. If a line through two or more points of Newton's diagram is
such that all other points lie to the left and above or to the right and
below the line. the terms represented by points on the line give an
approximation at infinity.

For example. 1n the curve a4 y?~2ry—a =0 Newton's diagram
gives the approximation y* = . near the origin and £?+y =0, ay =1
far from the origin. As another example take the curve in § 7.

Ex. 8. Knunciate and prove a method similar to that of Newton's
diagram for approximating in three dimensions to the shape of an
algebraic surface near and far from the origin.

Apply the method to tind the shape of a sutfuce in the neighbourhood
of w parabolic point.

[t approximates to the form of the surfuce : = ay?4 ba® near the
orign. |

{4. Examples of Curve-tracing.

In each of the following examples we shall only give details
of the working when such details illustrate methods which
have not heen used in previous examples.

Ex. 1. Trace
2 —aty— eyt +Huy + 242 = 0,

The curve meets the axes of reference in no finite point
cxcept the origin.  There is no symmetry.

The origin is a crunode at which the tan-
gents are y = 0 and 5.0+ 2y = 0. The lines T
joining the origin to the points at infinity
mex =0, =2y o4y=0.

Newton’s diagram (Fig. 1) gives as approxi-
mations near the origin 2*+5y =10, and
S+ 2y =0, and far fiom the origin

x(x—2y)(w+y) =0, Fig. 1.

The only new information is that the branch through the
origin touching y = 0 approximates to «?+ 5y = O near the
origin.
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To get an approximation to the branch touching
542y =0,
put 2y +5x =Y. The curve becomes
0=V:-5u,y—1822+9a% ¥ —uY?
and Newton’s diagram now gives the approximation
5V +18a* =0 or 5(2y+5u)+ 1822 = 0.

Another method is to write the equation of the curve in the
form 2y+5r = (—uwP+ oty + 2wy /y.

On the right-hand side of this equation put in the first
approximation —$. foryand we get the closer approximation
2y +5x = —32a% as before. If the equation of the curve had
contained terms of degree higher than the third, we should
have retained only the terms of lowest degree in . in the
numerator of the right-hand side after putting —3. for .

We know that there are asymptotes parallel to » =0,
& =2y,w+y=0. These may be found as in Ch. II, §5; or
we may employ the device just used to find the approximation
at the origin. Thus write the equation of the curve in the

form - —
| vy = Say—2y°
T wr(@+y)
On the Tight-hand side put in the first approximation
« = 29, and we have the second approximation x—2y = —2,

which is the asymptote. If the equation of the curve had con-
tained terms of lower degree than the second, we should have
retained only the terms of hiﬁhest degree in y in the nume-
rator of the right-hand side after putting 2y for ..

Similarly the other asymptotes arce

2=1and z+y=1.
Write now the equation of the curve in the form
(@=1)(x—Ry+2)(¢+y—1) = —8uw—4y+2;

where the left-hand side equated to zero is the equation of

the asymptotes.
The curve evidently meets the asymptotes at their inter-
sections with Sx+4y=2,

giving three points on the curve. (See Ch. II, § 5, Ex. 3.)
We have now enough data to trace the curve (Fig. 2). We
will verify the diagram by finding the side of each asymptote
on which the curve approaches it at either end.
Write the curve
—3uw—4y+2

g — Q= .
w—2y+ (x=1)(z+y—1)
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An approximation to the curve as it approaches the asymp-
tote £ —2y+2 = 0is o = 2y—2. Put this value of z into the
right-hand side to get a closer approximation, and retain only
the highest powers of 4 in the numerator and denominator.

We get 5
et D = —
o=2y+ 3y

For a given large positive value of y . is 2y —2 for the
5
asymptote, and 23/—2-—5%/ for the curve; i.e. slightly

smaller for the curve than the asymptote. Hence the curve

A
+
4
[
3
!

e el St 2

Fig. 2.
23— 22y =2a2 4 Bay+ 2y =0,

lies close to the asymptote and to the left of it. Similarly, if
y is large and negative, the curve lies to the right of the
asymptote.

The reader may discuss the other asymptotes similarly.

The line .» = ty meets the curve where

N 1% R L £
A=y Ty e=y
Putting in any .value for ¢ we may obtain any number of
points on the curve, and trace the curve accurately. As stated
in § 1, we do not usually require this. However, the accurate

tracing of most of the curves given in the examples of {{4 to 9
does not present much difficulty.
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Ex. Trace the curves:
(1) 2y +2xy?+6ay+20%+ 4 —4y = 0.
(i) ay(@®—Bzy+2y%) + 02~ 2% -2y 424 = Huy+ 0 +2y.
(ili) 3z (x*+y?)+2.20%+ 6.xy +6y* = 4.,
(iv) 9(z+4)y*+24uwy+ & (w24 2.r—16) = 0,
(v) 24y’ = (y—x) (y—2).
(vi) z(at—ay+4y*) 4+ 4y (2e—y) =0.
(vil) 64y%(xr—4) + 167y + 2% (Har—12) = 0.
(viil) 2y%(wr=1) =2y (o* -2u)4 22 (0=2) = 0.
(x) 2’y —yr+a’—4y* = 0.
(x) xy(@®+ )+ 2%+ i =2 —y2
(xi) z(a?—y?) = 40— Gy — 142
(xil) (>4 2y) (2a—y) = 4ai—ry+ 2y%
(xiii) (w4 ) (P4 y?) 1 20 (e —y) = 0.
(Xiv) & (2 —y) (w4 y)+ 3y =0,
(xv) yt—u' = dlry.

[() The curve 15 x(y+2)(r+2y+2) =4y, showing that the
asymptotes arc £ =0, y+2=0, r+2y+2=0, and meet the curve
again where y =0.

The asymptote y+2 =0 meets the curve in no finite point. It isan
inflexional tangent at infinity, and therefore the curve approaches it on
the same side at both ends.

(i) (+ D) (y+x-2y-1)(r—y+1)=2'+y*—1

The asymptotes meet the curve on the circle #? + y* = 1.

(iii) Writing the curve y(r42)=—r+!—o@=1)(r45)3, we
see that the real asymptote 18 a+2 =0 and that the tangent 1s
parallel to » = 0 at the points (0,0), (1, —}),(=1,1), (-5, —4).

For real points z must lie between 0 and 1 or between —3 and - 1.

(iv) By(r+4) = —4drx  —welri2)(z-4)(r18))L  See Ch. XIV,
Fig. 1.

() (@+y—2)(P—ay+y") +ay+y’ = 0.

(vi) Real asymptote .« = 1. See Ch. XIII, Figs. 3, 4 for (vi) and (vii).

(vii) Real asymptote r = 4.

(viii) Real asymptote « = 1. See Ch. XIII, Fig. 2.

(ix) (z+4)(y+ 1) (@—y—3) =2—-16y—12.

(x) (@+1)(y+1)(2?+y?) = 2y (B+y) + 222

Since z+y is a factor of the terms of the third degree as well us of
the terms of the second degree, £+ = 0 is an inflexional tangent at the
origin, (Ch.II, §2.) An approximation at the origin is w+y=—u";
the other approximation being x—y = 1%

(xi) (@+y—8)(r~y+3)(xr—4)+9z+24y—36=0.

(xii) (®+1) (z+2y—-2)2x~y-2)+2(z41y—-2)=0.

(xiii) (L4 y?*—2y+1)(x+y+2)=2-3y+2.

(xiv) (2-3) Qz—y+4)(r+y+1)+14249y+4 12 = 0.

(xv) Asymptotes x =y,  =—y. There is an inflexion on each
branch at the origin. The curve has the origin as a centre of
symmetry. |
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{5.

Ex. II. Trace .

(12— y) 2 — (0" —y*) (¢ + 3y) —BuF+ 6.y +° = 0.

Since (£—y)* is a fuctor of the terms of highest degree in
this equation, the curve either has an infinitely distant tangent
with its point of contact on . =y, or clse has an infinitely
distant double point on .« = y.

We find that + = y+ ¢ meets the eurve where

4 (=172 + 202 Qe =3) y+ 2 (*—e=8) = 0;

\.--

*

et I

Fig. 3.
(P= )= (2= ) (r 4+ 3y) =3 " +6ay+y? = 0.

giving only two finite values of y, so that the latter alternative
is correct. (See Ch. II, §5.) The line « = y+¢ meets the
curve in only one finite point if (¢—1)? =0, so that the
tangents at the infinite double point both coincide with
r—y = 1. Henece the double point is a cusp, and the curve
has two asymptotes coinciding with «—y = 1.

Similarly the curve has an infinite double point on
«+y = 0, the tangents at whicharex+y = landa+y = —2.

The curve has these lines as parallel asymptotes.

Writing the curve in the form

(w—y—12+y—=1)(x+y+2) =52—-8y—2
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we see, as in {4, that the curve meets its asymptotes where
they wmeet 5z = 3y+2; and that closer approximations to
the form of the'curve far from the origin are
v+y—=1=—2/8y, r+y+2=1/2y, (¢e—y—1)*=1/2y.
The third of these approxhmations shows that the curve
approaches the asymptote & = y+1 from both sides at onc
end only, namely the end at which y is positive. The other
two approximations are interpreted as in § 4.
The origin is a crunode at which the tangents are
a2 — 6.y — y? =0,
See Fig. 8. ,
The coordinates of any point on the curve may be put in
the form
_ (420 =-2) ¢+t 1)
= w42
(See Ch. X, {4, Ex. 3.)

o (B2 =2) (2 4E-3)
Y (EHr )

bl

ix. Trace the curves:
(i) z° + 222y +ay’ ~2*—ay+2 = 0.
(ii) 2’ +ay4 2+ 3y+3=0.
(iii) (22~ 22+ (2t —y?) Dy -ar) =Bt ~Lxy+9y° = 0.
(iv) zy (2ey—52-10y) +560(r—y)* = 0.
v) z(@—y)2=2yx—-y)+y=0.
(vi) 22 (@?=9?) +(x+1) 2+ zy— 1)+ 0 = 0.
(vii) 2 (2r—y)+2+x+y=0.
(viii) @ (=g =& (e—y) (34 y) = Ba* =Ruy+ 2%
(ix) y(z—y): = r+y.
(x) Ty (x+y)2+(x+y) (@ =3y —y*) —4e* + 24 = 0.
(xi) %% +126* (824 2y) = 0.
(xii) (#®=1)(x=2)y*—2*414y=0.
(xiii) (z+y)x%* +(@*+6zy—y*) 2y +2 (2°+9°) = 0.
(xiv) 2%yt ~2xy (x—2y)~3x*+8xy+ 3y = 0.
(xv) 1002%2+2y (100 + 90x) — 1442* + 36.0 +469 = 0.
(xvi) 10(z®~4)(y*—1) +ay+28x+26y+ 94 = 0.
(xvii) 9a%®+ 96y + 144 (& +y) +496 = 0.
(xviii) 2?92 —y?+25 =0,
(xix) 225 (ya?+1)* = (54 ) (1 +.0) (14 2.2) (3= 5a) (3-4.0) (H—x).

[() «(x+y) (x+y—1)+2=0. The asymptote =0 is an in-
flexional tangent at infinity ; compare § 4, Ex. (1).

(ii) Solving the equations as a quadratic in . or y we see that the
tangents are parallel to =0 at (-3,0), (1, —2), (-% —-2) and
parallel to y =0 at (0, —1), (=6, 1), (=6, —}). The asymptotes are
iyt =0, See Ch. [1, §4, Ex. 2 (iii).

(iii) (e~y+1p2(@+y—1)(r4y=2)=a~Tyd 2
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(iv) The curve has no real asymptote. The tangents ure parallel to
the axes of r and y at (5, 10) and (8, 4") respectively. Compare (ii).
V) (@+2)(x~y—-1)2+3r-3y—2=0. There is an inflexion at
the origin.
(vi) (Prx+l)(r~y+1)(c+y)=y.
(vii) (2=D(z+1) (2r=y+1)+8r+1=0.
(viii) (r=1)(x+2)(r—y—-1)(x—y-3) = 11z—8y—0.
(ix) y {(r—y?—2) = r—y. The curve iy symmetrical about the
origin and has an inflexion at the origin.
(x) (x=D)(y+ D) (r+y-1)(x+y—2) = Hr+y=-2.
(xi) The asymptotes are %2 =0.
(xil) (@ -1 (r=2)(y*=1) =2 2+x—-4y—-2  The curve has a
crunode at (« , 0), and a triple point at (0, ). The intersections with
the asymptotes and with 22 = 3, y = 2 should be found.

(xiii) The curve has acnodes at (0,% ), (o0, 0) and a triple point at
(U, 0). It has a branch asymptotic to »+y+6 =0 and an oval lying
between the asymptote and the axes of reference. Consider its inter-
sections with y=1tr or tay+ar4y=0.

(xiv) (x+1) (4 3)(y+ D(y=3)+ 16wy +1224+6y+9 =0,

(xv) Asymptotes x?(25y?—36)= 0. Solve for . and y. Sec
Ch. XVTIII, Fig. 6.

(svi) Asymptotes » =12, y=+1.

(xvii) Asymptotes «%? = 0. Solve for . and y.

(xviil) Asymptotes .« = +1, y = +3. Biflecnodes at (0, o0 ) and (w0, 0).
Bitangents £ =y, Yx =y, 3r+y =4, &ec.

(xix) Asymptotes x2= 0. Solve for y. See Ch. XVIII, Fig. 2.

. y6.
Ex. ITI. Trace
YRt y) = 2 (y+2).
Newton’s diagram (Fig. 4) gives us as
the approximation at the origin

?/4 = 2a? XN
which is the pair of parabolas N
¥ = + v 2 Y
Hence there are two branches of the )
curve touching cach other and touching i >

the axis of y at the origin. The origin is
called a tacnode in such a case. It is
sometimes called also a ‘double cusp’; but this nomen-
clature is open to objection, as we shall sec later.*

As in §5 we find the parallel asymptotes

y+1=0 and y—2=0.

Py
Fig. 4.

* A tacnode is the point of contact of two ordinary branches of a curve,
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There are two infinite points on the curve along z+y = 0,
since (@ +y)® is a factor of the terms of the highest degree :
but #+y = ¢ meets the curve at only one infinite point for all
finite values of ¢. Hence the curve has an infinitely distant
tangent with its point of contact on »+y = 0. (Ch. II, §5.)
To get an approximation to the curve far fromn the origin along
r+9y = 0, write its equation in the forn

(x+y)? =2 (y+2)/y%
Now put —y for = on the right-hand side and retain the
highest power of # in the numerator. We get as a closer
approximation (x+%)*=y. This is a parabola with axis
A

F B it St B

-+

T T e T e s St e A -.)

Fig. o,
P+ oy,

parallel to .+ y = 0, touching » = 0 at the origin, and lying
above the axis of w.

Writing the equation of the curve in the form

H+1)(y—2) (v +9)*+ (" +2y) 2z +y) =0,

we sec that it meets its asymptotes where 2247 = 0, and
readily find the side on which the curve approaches either
asymptote.

Solving the cquation as a quadratic in  we sce that for
real points on the curve y> —2. Sec Fig. 5.

Ex. Trace the curves:
(i) (r+y) (r-g)* =8ury—y
(ii) 2® = 2*+ 42
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(iii) a% = y24 2ay+ 4.,
(iv) 492 = 22 (r—2y).
v) (y+z) (y—2.)% = 9ory.
i) P r-yf -t (@—y)4y=0.
(vil) r(y—cP =a(y*+a?).
(viii) ary+ a' = .
(ix) * (r4 )+ axr(rt y)*+ aPry = 0.
(x) riy=a) (y+4.r)4 (y—x)(r+2y) = 82,
(xi) (xy+6)? = 9(2y43).
(xii) (ry+4)2=22y43)(y42).
(xili) 2y = 4 (y + 1).
(xiv) 2y =4 (y+4)(y-1).
(xv) 2y =161y—1).
(xvi) 16 (By+4 a?? — T(r+ 311§ 2)(r=1) (r-4).

() (@4 g4 1) (0 —y)’=r(x+ y). Parabolic approaimation (v —y)2= o,

(ii) Asymptote y - 1. Parabolic approximation «*=y. Sym-
metrical abont > = 0,

(1ii) Asymptote y = 0. Parabohc approximation %= y. Tangents
parallel to axes of rund y at (=1, —1) and (4, 4) respectively.

(iv) Asymptote « =2y+ 1. Parabolic approximation 2y = —z2

(v) Asymptote x4 4 1=10. Parabolic approximation (y—2.)2= 6.r,

(vih 2*(r—yYlr-y—~1)— —y. The approximations at infinity are
=11y (x-y)*~ 1/y. ¥—y-1=-1/y. There is a tacnode at in-
finity at which .« = 0 is the tangent, and u triple point at infinity at
which 2=y, r = y, r = y+1 are the tangents. The tangent at (1, 0)
meets the curve again at (1, 2).

(vii) Asymptote r == a. Parabolic approximation (y—x)2 = ay

(viii) Asymptote x = 0. Parabolic approximation z? = ay.

(ix) y* (x4 y—a)(r+y+ a)+a(r+y) (@ +.ry+ay) = 0. Parabolicap
proximation y’+4 ez =0. Approximations at origin 1*+ay =0 and
#+ar=0. The asymptote .r+y=a is an inflexional tangent at
infinity.

(x) A tacnode at the origin. Asymptotes z=-2, r =y twice,
The curve has an infinite cusp. Parabolic approximation (z+y)* = 2y.

(xi) Tacnode at (o, 0), cusp al (0, 00). Asymptotes at z’y? =0,
Solve for .» and y.

(xii) Tacnode at (0, 0), node at (0, v). Asymptotes y?(a"—4) = 0.
Solve for x and y.

(xiii) Tacnode at (o, 0), cusp at (0, 0 ). Asymptotes x*y? = 0.

(xiv), (xv) Tacnode at (o0, 0) at which the tangents are y =0, but
which is an isolated point on the curve. One curve has a node at
(0, o0 ), and the other a cusp.

(xvi) Tacnode at (0, oo ) with Jinc at infinity as tangents. Solve for y.
See Ch. XVIII, § 14.]
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§7.
Ex. IV. Trace
Y= 2% +wy.

A Newton’s diagram (Fig. 6) gives y* = 2a3
as the approximation at the origin and
__l 2224+9% = 0 as an approximation at in-
) finity. The asymptote is = 0.
1 The curve has an inflexion at infinity
“Loh with an infinitely distant tangent. (Ch. I1,
RN §5, Ex. 1.)
“8——> " The tangents parallel to the axes of
Fig. 6. reference are readily found.

The line y = tx meets the curve where
p=t8 — 1+ (P +1)3), y=tt{ =14 +1)al.
Putting in values of ¢ we get any number of points on the

curve (Kig. 7). In particular, taking ¢t = —1, we see that
& = -~y touches the curve at (1,-- 1).

A

+

+

B et S SERY EERS

Fig. 7.
y? = 2.8 + 3yt

We may verify our approximations at infinity by writing
down the equation of a projection as in Ch. I, §3. Thus, it
we replace # and ¥ by @/y and 1/y, the equation of the
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curve becomes y? = 2z%y+x. This is the equation of the
projection in which the axis of y is unaltered, while the line
at infinity is projected into the axis of «, and vice versa. The
projection has « = 0 as an ordinary tangent at the origin,
and therefore the original curve has # = 0 as an ordinary
asymptote.

Again, replacing « and y by 1/« and y/x, the equation
becomes x?y? = 2x+y" This is the equation of the projection
in which the axis of . is unaltered, while the line at infinity
is projected into the axis of y, and viee versa. The projection
has « = 0 as an inflexional tangent at the origin, and therefore
the original curve has the line at infinity as an inflexional
tm?lgent at (o, 0).

he reader may apply this process to #ny of the examples in
this chapter. "

¥ia 1. Trace the curves
(i) «? - Bxy®+ 24+ y = (.
(i) '+ a (24 y®) = 3Py,
(ill) 2y—.24 P =0.
(iv) S+ (z—y)? = y.
(V) -y = -2
(vi) r(c+y) =y —y'.
wii) A ty) =24 00
(vil) p*(x—y) =z (+y).
(ix) y*+ay*+ 22yt +rty +.05 = o2y
(x) wy+y* 4.8y’ =%
(xi) & (x—2y) =8y’ (y—x)—4 (4" - 2°).
(xil) o (r=—y)*+aly =2t +y'
(xiii) P (e—y)?+ 08+ y*4 22 (w—y)+ £ (x+2y) = 0.
(xiv) By = (y—2*) (y —20%) (y—3?).
(xv) 3uxt = 2%y (x+1)+92
(xvi) y*+.r3 (2®—9%) = 0.
(xvii) y?=2yr*+2" =0.

[(i) Approximations at origin y*=.r and 24°=u; at infinity
£ yS =0,
(ii) Approximations at origin Say = * and 8ax = y?; at infinity
rtay =0,
(iii) Approximation at origin y* = 2®; at infinity 4y =0. The
asymptote y = 1 is tangent at an infinite point of undulation.
(iv) Approximation at origin y = 2*; at infinity y* = —23,
(v) Approximation at origin # =y—#*; at infinity 4> = .. The
curve is symmetrical about 2y = 1.
(vi) The curve is closed. The tangents are parallel to the axes of
x and y when y =3 (1+4/2) and when z=-1, }, 1 respectively.
2216 E
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(vii) Approximation at origin y=+.%; at infinity ' =a'. 'The
asympfote i8 z+y+ 1 =0 meeting the curve at (0, —1) and (-}, —3).
The line y+1 = 0 is an inflexional tangent at (0, —1) and meets the
curveagain at (1, ~1), where the tangent is .+ = 1 which meets the curve
again at (1, 1).

(viii) Approximations at origin ' = . and x+y=24"; at infinity
y* = —a* and asymptote w+y = 2. -

(ix) Approximations at infinity y = x* and »* = #'. An isolated
quadruple point at the origin.

(x) Approximations at origin = ~y° and y—=.a%; at infinity
z=y and y =%

(xi) Approximations at origin B(y—a) = 2" and y+x=2y*; at
infimty 544y =0. The asympote x—2y+1=0 meets curve at
(0, %) and (3, ).

(xii) Approximations ut origin y=.* and «“=y": al infinity
2=y and (z-y)’=2r.

(xiii) Approximations at origin -4 2y =~32" and y' = -2, al
infinity 3’ = —+* and (x—y)*=—2+. The curve has a crunode at the
origin, touches y = 0 at (—1, 0), and passes through (0, —1).

(xiv) Approximations at origin y = a¢ and y = 2.* and y = 34%; at
infinity y = 4* and y* = —6a® Any number of points may be found by
considering the intersections of the curve with y = o (Take especially
the cases 7 = $ and ¢ = §:)

(xv) Approximations at origin y =a* and y =—3x%; at infinity
y=—22° and 2y = 3(r—1). Consider the intersections with y = 2",

(xvi) Asymptotes +2y=2r+1. Approximation at origin y*+ 2°=0:
at infinity »% = o

(xvii) Approximations at origin y = 20% and 2y =ux*; at nfinity
y*+a = 0.]

Ex. 2. Trace "4 4" == nar™' when » 1 an odd o1 even positive or
negative integer.

¥x. 8. Trace a" 44" = n?a’x" * when n is integral.

Ex. 4. Trace 22"+ 4 42t = (2n4 1)ax"y" when » is integral.

Ex. 5. Trace (#2—a?i2+ (52— %) = ¢*, distinguishing the cases «>b>c.
a>b=r¢, a>c>b, a=c>b (a4 Bl >e>a>h, (at4 )i =c>a>h,
a=b=c

§8.
Ex. V. Trace
at =2ty + 20ty +yt =0,

Newton’s diagram (Fig. 8) gives as an approximation at
infinity 22° =vy. Hence the curve has a cusp at infinity
with an infinitely distant cuspidal tangent.

There is an asymptote z—2y+1 = 0.

Newton’s diagram gives (y +2%)? = 0 as the approximation
at the origin, namely two coincident parabolas. This indicates
that the origin is a somewhat complex singularity on the
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curve.
the origin, write its equation in the form

Y= —a+2+ v (=225 +2°.
We see that for real points on the curve 2 must not lie

between 0 and 2. Hence the approxima-
tion at the origin is given omly by those
parts of the two coincident parabolas for
which « is negative (Fig. 9).

The origin is sometimes called in such
cases a ‘rhamphoid (ramphoid) cusp’* or
¢cusp of the second species’, the ordinary
cusp being ‘a ceratoid cusp’t or ‘a cusp
of the first species .

The nomenclature is objectionable, for it

(.
-
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Te ascertain more closely the nature of the curve at

y/

-
-
N
'~

-

)
Fig. 8.

inplies that cusps of the first and second species are com-
parable, whereas the former is the cusp of the simplest

A

+

-

Fig 9.
at—22%y 22 242 = 0,

[P PR

possible type and the labter is really a singularity of con-

siderable complexity.

* From pdugpos — beak.
E2

+ From wepdriov = a little horn.
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Ex. 1. Trace the curves .
(i) & (r+y)*+2* (2> 4 2y ~y?) + 2y 2 —y)4 4> = 0.
(i) (P +x%)? = 205
(iii) by+o)? =4x(x—3) (x4 7).
(iv) (y+2?)? =40 (r*-2242).
(v) 4(xy+ 1) = (9r+16).
(vi) 4(ry+1)* = x(25.r+16).
(vii) (2y—a*)+4oy(y+at) = 0.
(viii) (2y+ 1) = .

[(i) The asymptotes are (r+1)(r—1)* =0, and there is & parabolic
approximation at infinity (a+ y)* = 2o. There is a ‘rhamphoid cusp’
at the origin. The tangents at (—1. —=3) and (-2, ) are parallel to
£ = 0; as 1s seen by solving for y.

(ii) The approximations at infinity are y?=a and y*= . The
approximation at the origin is that part of (4*+2?)* = 0 for which .« >0.
The curve meets x? = ty* where x =+t *(1+1)% y=t3(t+1).

(iii) Rhamphoid cusp a$ (0, ), See Ch. XVIII. § 15.

(iv) Rhamphoid cusp at (0. o). The line x+y =2 touches at
(2,0) and (1. 1).

(v) Rhamphoid cusp at (0. o). Asymptotes 42(4y*—-9) = 0.

(vi) Rhamphoid cusp at (0, ov ). Asymptotes .r? (4% -25) = 0.

(vii) Rhamphoid cusp at origin. Node at (0.0:) with tangents
x4+ 1 =0 and the line at infinity. Also asymptote 4r+ 16y +5 = 0.

(viil) There is a singularity at (0, o) whose projection is like a
rhamphoid cusp in shape.]

Ex. 2. If u«,. v, and w, are homogeneous of degrec » in z and y, the
curves 0=1w2+ug+u,+ ... +u,,
0 =2y (14 ug) +1e, 4 ..+,
0= (s 1224210, Fogag 4 0,4 .o+,
have in general an ordinary (keratoid) cusp. a tarnode., a rhamphoid
cusp respectively at the origin.

[Choose axes of reference such that w; =% r,=.,. Then use
Newton's diagraum.]

Ex. 8. The tangent at an ordinary cusp, a tacnode, a rhamphoid cusp
meets the curve in 3, 4, 4 points respectively coinciding with the double
point.

Ex. 4. The radii of curvature of the two branches at an ordinary cusp.
a tacnode, a rhamphoid cusp are respectively both zero, non-zero, and in
general unequal, non-zero, and equal.

[The radius of curvature at the origin of a curve touching y = 0 there
1s the limit of x*/2y as we approach the origin.]

Ex. 5. The ratio of the radii of curvature of the two branches of a
curve at & tacnode is unaltered by projection.

[See Ch. I, § 6, Ex. 6. Note the casc in which these radii of curvature
are equal and opposite, as in Fig. 5.]
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Ex. 6. The curve
0= (1, +9,7)" + (s 10+ 1) (wy + 02 + 1, up dwyu + 205+ oou 4,
has two ordinary branches touching «, = 0 at the origin and having
the same curvature there.

[The origin is called an ‘oscnode’. Contrast the case of the rham-
phoid cusp in Ex. 2; and see Ch, XVII, § 8 (iv).

Making the equations of the curves in Ex. 2 and 6 homogeneous by
means of u; = v,;, we get the lines joining the origin to the intersections
of the curve and w, = v,. If we choose the coefficients of v, so as to
make as many of these lines as possible coincide with w, = 0, U = v,
hecomes a conic of closest contact with the curve at the origin. A
doubly infinite number of conics meet a curve five times ut a rhamphoid
cusp, and no conic meets it six times there. |

Kx. 7. To give u tacnode or rhamphoid cusp and the tangent at that
point is equivalent to assigning 6 or 7 relations respectively between
the coeflicients of the equation of a curve.

If the tangent is not given, the number of relations is one less.

3 9.

. . .. o
If the coordinates of a point on a curve are given in terms
of a parameter ¢ by means of the equations

w=f{t), y= ¢,
we may obtain the equation of the curve by eliminating
{ hetween these two equations and then trace it by the
methods of §§ 4-8.

As an alternative we may obtain any number of points on
the curve by taking various values for ¢ and so trace the
curve. But this is apt to be laborious,-and the method of the
following example will often suffice.

Ex. V1. Trace
w= 1+t (=201, y=(1+6? Q=20

The curve only wmeets the axes at the origin, and then

t= —lor4 Wehavey = tz? and therefore the approxima-
tions at the origin are y = —a? and 2y = a2

Again, & and ¥ are infinite when { = O or .

Since y/x = (1 +t) (1 —2t), we see that there is an asymp-
tote parallel to 4/« = 1 corresponding to ¢ = 0.

Because #—y = (1+1¢) (1 —4t%), we obtain w—y =1 as the
asymptote, on putting ¢ = 0. The curve meets the asymptote
where (141) (1 —4¢%) = 1, whence ¢t =0 or }(+ v 2—1),i.e.
=0 or 2+ /2.

Moreover, putting { = ® in

2y = (1 +1) (1 —24) /22,
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we see that ®+ 2y = 0 is the other approximation at infinity,
(see Fig. 10).
The tangents parallel to « = 0 are given by Z’; = 0 and arc

unreal. Similarly, the only real tangents parallel to y = 0
are the tangents at the origin. .

As other examples the reader may take the curves in {4
and 5. or those given in Ex. 2 below.

Fig. 10,
2ttty a+ 10 at

Fx. 1. The real ordinary cusps of a curve are given by values of the
parameter ¢ making 4 and y both zero, dots denoting differentiation
with respect to #.  The inflexions are given by 7y = ry.

[The radius of curvature is (#2+ %)%+ (efj—7y). It vanishes at an
ordinary cusp (see § 8, Kx. 4), and is infinite at an inflexion. |

FEx. 2. Trace the cuives

(i) v = 8a®/(14¢), y=—=3at/(1+).
(ii) o = Hat?/(14 ), y= bat*/(1+2).
(i) » = (488, y=(+1.
(iv) o= (#*=2#), y=£-3t
(v) w=t+t", y=1+2
(vi) w = /(1 +1), y=2/141).
(vii) o= (t+1)"/t, y=(+1)Yt
(vill) £ =¢(2-1¢), y=1t1(2~1)\
(ix) = (1+t+8)/t+1)), y=(1+t+8)/(1+1).
|(i) Approximations at the origin y* = 3exr and 2" =8ay; at
infinity z+y+« = 0. Symmetrical about « =y, us is seen by changing
¢ into 1/t.

I



III 10 EXAMPLES OF CURVE-TRACING | 55

(ii) Approximations at origin #* =54¢s? and &° = Say*; atinfinity
£+y=a Symmetrical about « = y.
(iii) Approximation at infinity y'=u« 'langents parallel to axes of
« and y where ¢ = 0 (inflexion) and ¢ = ~ 23,
(iv) Approximation at origin 2y* =—9»; at infinity y*=J"
Symmetrical about y = 0. Node at # =+ 4/3, cuspsat t =+1.
(v) Approximations at infinity y =1 and *=y. Symmetrical
about « = 0,
(vi) Approximation at origin y* = .*; at infinity »+y = land +* = ».
(vii) At origin a rhamphoid cusp. At infinity approximates to
=yt and z =y’
2(viii) Approximations at origin @' =2y und 2% =y; at infinity
[
(ix) Acnode at origin. Asymptotes w=1, y=1, r+y+1=0.
Symmetrical about .c = y.|
Ex. 8. Trace the curves
(i) &= acos®t, y = asin’/.
(ii) o= acos"t, y-—= asin't.
(iii) » =a~m i1, y— acost.
(iv) 0 = acos't . cos2t, y=asin®t . sin 2t
(v) & =acosh®t, y = bsinh®£.
(Vi) o = avos Bt cosee 2t, y=asin 3¢ . cosec 2t

§10.

Somwe eurves are most readily traced by turning the Carte-
sian into the polar equation.
For instance, the curve
(@*+ o'~ bx)* = o @+ )
becomes in polar coordinates '
r = w+h cos 6.
This is readily drawn by noting how 7 alters as 6 increased

from O to 2r.* The case of 5« = 6b isshown in Ch.IV, Fig. 1.
The asymptotes are given by noting that the polar sub-

tangent »* {Z;T, becomes the perpendicular from the pole on an

asymptote, if @ has a value « which makes » infinite. The
perpendicular is positive or negative according as the asymp-
tote lies on the right or left of a person standing at the pole
and looking along the direction 6 = «.

* It may also be drawn by increasing each radius vector of the cire’
r = bcos@ by the constant a.
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Fx. 1. Trace the curves
(i) (2*+9°) = o* (2 —9*).
(i) (2®+9*) (x—b)* = a®a2*.
(iii) (e*+¢)? = ay (3.02—y*).
(iv) (2 +9?)* = a*y*.
(v) 2* (2t +9%) = a?y
(vi) (*+y’—2a?)* = .r* (22 +47).
(vii) ¥? (@ +y*—a?)? = 4a?a® (4 + ).
(viii) (424 ¢%) 2y* = «* (2= 9P)".
Ex. 2. Trace the curve
(P +49%)° = a* (r' - 240742 + 16 )2,
{The locus of the mid-points of the ordinates of
(2?4 9*)8 = a* (' =Bty + y*)2]



CHAPTER 1V

TANGENTIAL EQUATION AND POLAR
RECIPROCATION

§1. Tangential Equation.
Ir the line
Ar+py+ve =0
touches a given curve whose equation in homogeneous coor-
dinates is f(z,7,2) = 0, a certain relation, say ¢(A, u, ») = 0,
must hold between A, g, v. This relation is called the tan-
gential equation of the curve.

It is homogeneous in A, g, », for it is not altered if we
multiply A, g, v by the same constant.

We may call f(z,,2) = 0 the point-equution of the curve.
if we wish to emphasize the difference between it and the
tangential equation.

If the equation of the curve is given in Cartesian coordin-
ates, the tangential equation is the condition that the curve
should touch Az+py+1=0.

It is not homogeneous in A, u in general.

Suppose that the triangle of reference of homogeneous
coordinates is altered. We shall obtain the new equation of
a curve f(x, y, <) = 0 by putting in this equation

w=0La'+my + 5, Y=l +myy + n,3,
=L +my +0,2" . 0 0 0 L (i)
ly, My, ..., 1y being constants; and then dropping the dashes.

We get the new tangential equation of the curve by putting
in the original tangential equation ¢ (A, g, ») = 0,

A=LN+Ly+Ly, p=MN+Muy+My,
Y= NN+ Ny + Ny )
and then dropping the dashes; where equations (i) give on
solving for z, ¥, =
2 = Lla;+M,;1/+Nl:;, Yy = L+ M,y+ N,z,
2= Lyx+M,y+ N,z
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For on changing the homogeneous coordinates by the sub-
stitution given by equations (i), the line Az+py+ve=0
becomes

CA+Lp+Ly) 2"+ A+ ayp+my)y

+ (A ptatyr) s’ = 0.

This is identical with A"’ + uy + V5" = 0, if

N=IlA+lp+ly, p'=n+m,pt+anyp,
V= A+ igutgy oo ... (1)

But equations (iii) give equations (ii) on solving for A, u, v
which proves the resualt.

§2. Class of a Curve.

A line is considered as ‘ touching’ a point in the sense of
§ 1 if it passes through it. The line Aw+puy+vs =0 passes
through the point (&',y’, <) if

A +py +vs =0

This is therefore the tangential equation of the point. It
is to be noted that the tangential equation of a point is of the
first degree. A straight line has no tangential equation.

If the tangential equation ¢(A, u, v) = 0 of & curve is homo-
geneous of degree m in A, g, v, the tangents from («/, i, <) to
the curve are given by solving for A: g : v from

)\.L"+,uy’+y‘;' =0, ¢, p. v)=0.

Eliminating » from these two equations, we have an equation
of degree m in A: u. Hence m tangents can be drawn from
any point to the curve. This number is called the clasx of the
curve. Asa particular case, . tangents can be drawn to the
curve in any given direction.

The common tangents of two curves of class m and M,
oA pv)=0 and ®(A, p, v) = 0,
are found by solving these two equations for A:p:v. They
are mM in number. The proof is exactly similar to that used

in Ch. I, §7. .
The point of contact of any tangent having the point-
equation Net+p'y+vz=0

with the curve whose tangential equatioh s pA pv)=0
has the tangential equation

of of A
)\3_)\'4-/‘3[—/ +VS7—07
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of . ,
where é‘{" means the result of putting X', u/, v’ for A, p, v
d o e
in b{, &e. The proof is similar to that of Ch. L, § 9.

As in Ch. I, §8, we may call uw+Av = 0 a(tangential) pencél
of curves of the m-th class, » and » being homogeneous of
degree m in X, g, v.

he curves obtained by taking different values of & have
m? common tangents, namely the common tangents of w =0

and v = 0,
§3. Tangential Equation of any Curve.
To obtain the tangential equation of

Fle,w,2)=0,

we find the lines
Jl@ g —Qa+py)/ry=0 . . . . . (i)

joining its intersections with the line

AZ A+ py +ve =
to the vertex (0, 0,1) of the triangle.of reference. Two of the
lines represented by (i) are coincident if' Az+py+vs =0
touches the curve. Hence, if we find the condition that (i)
considered as an equation in z/y has equal roots, by climina-
ting &/y between (i) and the result of differentiating (i) with
respect to /%, we get the required tangential equation.

Similarly, to obtain the point-equation when the tangential
equation ¢(A, g, ») = 0 is given, we find the condition that
two of the intersections of the curve with a side of the tri-
angle of reference

oA, —(Az+py)/z) =0
should coincide, i. e. that this last equation should have equal
roots considered as an equation in A/p.

An alternative method of finding the tangential equation of
f(w, vy, z) =0 is as follows.

Suppose (2, ¥, 2) is the point of contact of the tangent
A&+ py+ve=0. This line must pass through (/, ¥/, 2’) and
be identical with the tangent

f L o _
Ly + 3/3:;/—, tay = 0
to f=0 at («, v, <)

‘We therefore obtan the required tangential equation by
eliminating (2, ¥/, 2’) between

of

ot g 4o = o , _ 3
AL +[ly +vz =0 and a.l_,'i/h- ag}/’l— b"z“,/l’-
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Again, if the coordinates of any point of the curve are
known functions of a parameter ¢, the equation of the tangent
at the point is «x+by+cz =0, where a, 5, ¢ are known
functions of t. (See Ch. 1, §9.)

Eliminating ¢ between a/A = 0/u = ¢/v, we have the tan-
gential equation required.*

Ex. 1. The tangential equation of
a4+ by? +c3+2fyz+ 292+ 2hay = 0
is AN+ B2+ C2 4+ 2 Fuv+ 2GwA + 2 A = 0,
where 4 = be—f? F=gh—uf, &ec.
Fx.2 A conicis of degree 2 and class 2.

Ex. 3. If in Kx. 1 the point-equation is deduced from the tangential
in the same way as the tangential from the point-equation, we have the
original equation multiplied by (abe+ 2fyh —af* —by* — ch?).

Ex. 4. If in Ex. 1 the original equation is a line-pair, the tangential
equation is the intersection of the lines twice over.

If the original equation is a pair of coincident lines, the tangential
cquation vanishes identically.

Fx. 5. Find the tangential equations of
(1) ko' = gtz
(1) ayis = . (rf+ ).
(i) 3 (x4 y) = 0%
(iv) « (22 + y*) = ay’.
(v) &*2 =y (x+y+az).
(vi) (w4 y*)* = a* (¥ —y*).
(vii) #f 4yt = adzi,
(viii) y?27 = 40,

[(i) 27hu*v + 423 =0,

(ii) 27a%u?v+4 (ar+4)* = 0.

(i) 9u+4 (A—p)® = 0.

(iv) 27a%u*+ 4 (eA+1)* = 0,

(v) 27\ —18a* uv+4a (A +u) vi—3* =0,

(\'i) 27 a* ()‘2+"2)2 — (4_ a’)\z-i-a’p,’)”_ .
(vii) (A% +p?2)0? = a*\2u?
(viii) (=N)**1pPy? = p?s7 (p+q)P*1.]

¥x. 6. The product of the perpendiculars from m fixed points on
a line is proportional to the cosine of m times the angle which these
perpendiculars make with a fixed direction. Show that the envelope of
the line is a curve of class m, and that the tangents from any one of the
fixed points are parallel to the sides of the same regular polygon.

* The third method is usually best when it can be applied. The second
method is best in Ex. 1.



Iv4 EQUATION OF CIRCULAR POINTS 61

Ex. 7. The envelope of the asymptotes of the pencil of n-ics N+ 45 =0
is of class 2n—1.

Any one of these asymptotes meets § =0 and S’ = 0 in two sets ot
n points with the same centroid.

The envelope touches the line at infinity at each of the 2(n—1) points
where a curve of the pencil touches it.

[1t follows from Ch. VIII, § 1, that the degree of the envelope is
4(n~1) in general.]

{4. Tangential Equation of the Circular Points,

The tangential equation of the circular points is obtained
by writing down the condition that any line should be per-
pendicular to itself. For instance, in rectangular Cartesian
coordinates the tangential equation of the circular points is

A4 /12 =0,
for this is the condition that Aw+puy+1 = O should be self-
perpendicular.

Ex. 1. The circular points are
A—2hpcosw+u® =0
for Cartesian axes inclined at an angle .

Fx. 2. The circular points are
A4 p?4 12 ~2uvcos A —2vh cos B=ANpcos C =0
for trilinear coordinates.

Kx. 3. Write down the tangential equation in trilinear coordinates of
& conic with foel (&, By, y1), (0, By, ¥,) and minor axis 24,
Deduce the equation of a circle with given centre and radius, e.g. the
circle inscribed in the triangle of reference.
[(A0; + By +vy;) (N + 1By + )
= E3(A%+ u? 4 v* —2up cos 4 —2»\ cos B—2Ap cos C).]

Ex. 4. Obtain the equation of the director-circle of a conic whose
cquation is given in any coordinates.
[The locus of a point such that the tangents from it to the vonics
AN+ Bp?+ Cv* + 2 Fpuv + 2GvA + 211 \p = 0,
AN+ B+ CV+ 2w+ 26+ 2 Hpv =0
form an harmonic pencil is
(BC'+B'C-2FF)*+ ... 4 ...
+2(GH' + GH—-AF -A'F)y:+ ... +...= 0.
Take the second conic as the circular points, and this ‘ harmonic locus’
becomes the director-circle of the first conic.]

¥x. 5. A curve of class s touches the line at infinity at the circular
points und m—3 other points. Show that the sum of the angles which
the tangents from any point'make with a fixed line is constant to within
a multiple of 7.

[The curve is 7/ (A, )+ (N2 +p?)p (A, p) =0; 7 and ¢ being homo-
geneous of degrees m and m — 3 respectively in A and p. The inclination
of the tangents from (r, y) to y = 0 is given by f= (\*+p?) Az +py)¢.]
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Fx. 6. More generally, the sum of the angles which the common
tangents.to this curve and any curve of given class make with a fixed
line is constant to within a multiple of .

Discuss the case m = 3.

|(i) Asin Ex. 5. (ii) The three-cusped hypocycloid.]

§ 6. Polar Reciprocation.

Suppose we have a certain ‘base-conic .  The envelope of
the polar of any point on a given curve = is called the polar
reciprocal =’ of S with respect to the base-conic.

Consider two consecutive points P and @ on =. Their
polars wmeet at the pole R of PQ with respect to the base-
conic. But these two polars are consecutive tangents to I in
the limit, and R is the point of contact of either. Also PQ
is in the limit the tangent at P’ to =. Hence X is the envelope
of the polars of points on X’; or the relation between the
curves is a reciprocal one, a point on ¥ and the tangent at this
point being the pole and polar with respeet to the base-conic
of a corresponding tangent to 3" and its point of contact.

If I is any line, its intersections with X are the poles of the
tangents to X’ from the pole of [ with respect to the base-conic.
Hence:

The degree of « curve is equal to the cluss of its polar recip-
rocal.

§ 8. Equation of Polar Reciprocal.

The polar reciprocal of the curve huving tanyential equation
G (A, g, ¥) = O with respect to the base-cowic &+ Y4zt =0 iy
¢,y 2)=0.

For the polar of (2', ¥, <') with respeet to the base-conic is

ax’ +yy' +:5" =0;
and this touches (A, g, v) =0, if (@, y, :’)=0. But
(«', o, ') lies on the polar reciprocal in this case.

Hence the polar reciprocal of a curve can be obtained when
its tangential equation is known, which is always the case
when its point-equation is given.

The reader will notice the close connexion which exists
between the algebraic notion of ‘ tangential equation’ and the
geometrical conception of ‘ polar reciprocal ’.

Ex. 1. If the condition that a curve (in Cartesian coordinates) should
touch Az+y+v==0 is ¢ (A, ») =0, the polar reciprocal with respect
to 2?42y =10 is ¢ (x,9) =0.

[The polar of («, y') with respect to 2+ 2y =0 is zr'+y+ y'=0]

Ex. 2. The polar reciprocal of a ‘Lamé Curve’ (z/a)"+(y/b)" =1
with respect to (z/4)*+ (y/B)* =1 i a Lam¢ Curve.
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Fx. 3. The base-conic, any conic, and its polar reciprocul have in
general a common self-conjugate triangle.
Ex. 4. The polar reciprocal of ¢ (A, p, v) = 0 with respect to
art+ byt + ezt 4 2fyz+2g=r+ 2hay = 0
15 ¢ (ax+ hy +gz, ha+by+fz, gr+fy+ecz)=0.

§7. Singularities of Curve and its Reciprocal.

We shall now consider what corresponds in the polar recip-
roeal to the ‘singularities ' of a curve, i. e. its nodes, cusps, &e.

A node is a point of a curve at which there are two tangents,

Hence to a node corresponds in the reciprocal curve a
tangent with two points of contact. Such a tangent is called
a betangent.

If the base-conic has a real equation, to a crunode corre-
sponds a real bitangent with two real points of contact, and
to an acnode corresponds a real bitangent with unreal points
of contact.*

In the same way, to a triple, quadruple, ... point with
distinet tangents corresponds a tangent with three, four, ...
distinct points of contact, which may be called a triple, quad-
ruple, . . . tangent.

To a cusp C of a curve and its cuspidal tangent ¢ correspond
an inflexional tangent ¢ of the reciprocal curve and its in-
flexion T.

For the cusp has the properties that every line through
(/ meets the curve twice at C, except 7, which meets it thrice
at ('; while of the tangents from any point P on ¢ one
coincides with /, unless P is at (!, when three of the tangents
coincide with it

Hence from any point on ¢ two tangents can be drawn to
the reciprocal curve coinciding with ¢ unless the point is at J,
when three of the tangents coincide with ¢; while any line
through I meets the reciprocal curve once at 1, except ¢, which
meets it thrice at . Thercfore I is an inflexion and ¢ the
inflexional tangent.

Hence:

To « node of « curvewnd its lunyenls correspond a bilangent
of the reciprocal curve and its points of contact, to a cusp and
its cuspidal tangent correspond an inflexional tangent and

* Sometimes called an ‘ideal’ bitangent. For pictures of bitangents see
Ch. IV, Fig. 1; Ch. X, Fig. 1; Ch. XVIII, Figs. 2, 6,7, 9, 10.

_t These properties of the cusp are evident from the fact that, by Newton’s
diagram, any curve approximates near a cusp to a semi-cubical parabola
ay? = 2%, for which tho properties are at once established. They are almost
intuitive from a figure. Similarly for the inflexion.

A more rigorous proof is given in Ch. VI, §§ 3, 5.
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its inflewion. More generally, to a k-ple point and its k tan~
gents correspond a k-ple tangent wnd ts k points of conjact.

The relations between the singularities of a curve and its
reciprocal are illustrated by Fig. 1. This diagram shows the
limagon 7 = 6+ 5 cos 6 and its reciprocal with respect to the
circle 4(12—37 cos §) = 55.

The singularities of the limagon are an acnode, two unreal
cusps (at the circular points), a bitangent with real points of
contact, and two real inflexions. These rcciprocate respec-
tively into an ideal bitangent, two unreal inflexional tangents,
a crunode, and two real cuspidal tangents. The degree and
class of the limagon and its reciprocal are both four. The two
bitangents are shown hy the dotted lines.

Fig. 1.

Ex. 1. To  triple point with three coincident tangents corresponds
in general the tangent at a point of undulation ; and so for quadruple,
quintuple, ... points.

Fx. 2. If 0 is a multiple point of a curve with distinet tangents, two
of the tangents from O to the curve coincide with each tangent at O.

Ex.8. If ¢ (A, p, ») =0 is the tangential equation of a curve, the

hitangentsarc given by i;’ = ‘%43 ~%_ 0.
C o v

Find the inflexions,
[Compare Ch. II, § 4.]
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Kx. 4. The singularities of y7s? == x?*v at (0, 1, 0) and (0, 0, 1) are
reciprocals of each other.

[Use § 3, Ex. 5 (viii).]

x. 5. A quinlic cannot bave u triple point and three cusps.

[1ts reciprocal would be a quintic with a triple tangent.

Note that to be given that a curve has a triple point and three cusps
is equivalent to only 446 conditions, whercas a quintic can satisfy
20 conditions in general.]

x. 5. A sextic cannot have a triple point, a node, and six cusps.

¥x. 7. A T-c cannot have o quadruple point, four nodes, and five cusps.

§8.

If a curve has degrec n, class m, & nodes, « eusps, 7 bitan-
gents, and ¢ inflexions, we have shown, in § 7, that the polar
reciprocal has degree m, class », T nodes, ¢ cusps, & bitangents,
and « inflexions.

If tho point-cquation of a curve is written down at random,
it has no node or cusp ((h. I, § 6), but we shall see that it has
bitangents and inflexions. The point-equation of its reciprocal
must not be considered as ¢ written down at random’, for this
reciprocal curve is specialized by the fact that it has been
derived by reciprocation from a curve with random point-
equation. In fact the reciprocal bas both nodes and cusps in
general.

If the, tangential equation of a curve is written down at
random, the curve will have no bitangent or inflexion, but will
have nodes and cusps. In fact the writing down of the
tangential equation of a curve is equivalent to writing down
the point-equation of its polar reciprocal with respect to the
base-conic 2%+ y2+:2 = 0.

Suppose a eurve is subjected to r conditions ; then its polar
reciprocal with respect to any given conic is also subjected to
r conditions. For instance, if the given curve is made to pass
through 7 assigned points, the reciprocal has r assigned tan-
gents, &e.

Supposc we are told that the curve is of degree i, has &
nodes, has « cusps, and satisfies » other conditions; and also
that only a finite number of curves can be found with these
properties. Then (Ch. II, § 6)

$n(n+8)=38+42«c+r

The polar reciprocal is of degree m, has 7 nodes, ¢ cusps,
and satisfies » other conditions, and only a finite number of

2216 K
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polar reciprocals exist; the base-conic being supposed given
throughout. Hence
tdmm+8)=71+20+r
We deduce
tinn+3)—8—2k =3m@m+3)—1—20

Ex. 1. A singly infinite family of curves has the equation
_f(.l', Y, 2oa) = O)
which is an algebraic equation of degree p 1 the parameter a.  Show
that the tangential equation of the family ¢ (A, p. v, @) = 0 isulso an
algebraic equation in «, say of degree /.
%how that the general p curves of the family pass through any given
point, and 7 touch any given line.

[(p. 1) is called the characteristic of the family.|
Ea. 2. The characteristic of the polar reciprocal of the fanuly is (7, p-.

Ex. 3. Find the characteristics of the following families :

(i) Conics through » points and touching s lines, where »+ ¢ = 4.

(i1) Conics touching two given lines at given points.

(iii) Conics through two given points touching a given line at a
given point.

(iv) Conics through a given point, touching a given line, and touching
a given line at a given point.

{v) Circles touching a given circle with their centres on a given line.

(vi) Conics with a given focus, point, and length of major axis.

(vii) Couies with given vertices.

(viii) Conice with axes along given lines and passing through a
given point.

(ix) Conics with given centre and cccentricity, passing through a
given point.

(x) The circles of curvature of a given parabola.

[(1) (1, 2), (2,4), (4,4), (4,2), (2,1) asr=4,3,21,0. {ii) (1,1).
(i) (1,2).  (iv) 12,2).  (v) (2,4).  (vi) (10,6).  (vii) (1, 1).
(viil) (1,2).  (ix) (2.4).  (x) (4, 6).]

Kx. 4. Find the characteristics of

(i) A pencil of n-ics.

(ii) Curves of degree n and class m with a common centre of
similitude.

(iii) The family obtained by rotating a curve through auny angle
about a fixed point.

(iv) The family obtained by translating a curve through any distance
in a given direction.

(v) Curves parallel to a given curve.

14) @,2n-2). (i) (n, m). (iii) (2n, 2m), (iv) (n, m).
(v) (n+m, m). See Ch. XI, § 2, Ex. 4, and § 10.]
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Ex. 5.* Find the characteristics of

(i) Cubics with a given cusp, cuspidal tangent, inflexion, and in-
flexional tangent.

(ii) Cubics with a given cusp, point, inflexion,and inflexional tangent.

(iii) Cubies with a given cusp, inflexion, tangent, and point of contact.

[(1,1), (2,3), (2,3). The families are

= ax®, :(y+ar) =2uryt+atxty, =2(yd4ar)®=ary’+2atr%y.]

¥x. 6. Find the characteristics of

(i) Cubics with a given node, nodal tangents, and inflexions.

(ii) Nodal cubics with threc given collinear inflexions and given
tangents at two of them.

(1, 4) and (3, 4). The families we

ar (49 = y (32—, 2 =ay(e4y43az).|

Ex. 7. Find the characteristies of

(i) Cubics with nine given inflexions.

(ii) Cubics with three given collinear inflexions and corresponding
inflexional tangents.

[(1,4) and (1,2). See Ch. XIV, §§ » and 8.]

Ex. 8. Find the characteristics of

(1) Lemniscates of Bernouilli with a given node and axis.

(ii) Quartics with w given node, two given cusps, and given tangents
at these cusps.

(111) Quartics with thiee given biflecnodes and given tangents at one
of the hflecnodes.

(iv) Quartics with three given nodes and four other given points.

1(1,3), (1,8), (1,3), (1,6). See §3, Ex. 5 (vi), and Ch. XVII, §§ 3, 6.]

Ex. 9. Find the characteristic of the conics having 5-point contact
with a given cuspidal cubic.

116, 6). See Ch. XIII, § 3, Ex. 7.]

Ex. 10. The complete primitive of the difterential equation
(
B (2, 1y 52) = 0,
Coa . . . dy
which is algebraic and of degree p in il;’
an equation of degree v in v, is a family with characteristic (g, »).

while ¢ (x, me, m) =0 is

Ex. 11. Find the Plicker’s numbers of the locus of the point of
contact of tangents from a given point O to a family of curves with
characteristic (p, 7).

[W=p+l, m" =2p+4 M, ' = 0 in general, where M is the class of the
envelope of the family. O is a p-ple point of the locus. Consider the
intersections with the locus of any line through 0, and the tangents
from O to the locus. Verify by considering conics through four points
or touching four lines.]

* Ex. b to 13 should be omitted on a first reading.
¥32
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Ex. 12. Find the degree and class of the locus of the intersection of
tangents from fixed points A and B to a family of curves of degree n
and class m with characteristic (p, 7).

[0 =102m-1), m =m(M+p)+2l(m—1), where M is the class of
the envelope. A4 and B are !(m—1)-ple points of the locus and the
tangents from A4 and B to the envelope are m-ple tangents of the locus.]

Ex. 13. Find the degree and class of the locus of the foci of a family
of curves of degree » and class m with characteristic (p, ). The foci of
the envelope are m-ple foci of the locus.

[In Ex. 12 take 4 and B at the circular points.]



CIHAPTER V
FOCI
§1. Definition of Foci.

1r @ and o’ are the eircular points, and the lines So, So’
touch a given curve (not at » and ), S is called a focus of the
curve.

If the curve is of class m, m tangents can in general be
drawn to the curve from o and m from o', If such a tangent
is £+ iy =« +ib, then »: - iy = w— b is also a tangent, the
curve being supposed real.

These tangents meet in the real focus (¢, b), so that thero
ave w real foci. Thoere are no more than m real foei, for no
tangent from o can contain more than one real focus, since the
line joining two real points is real, and cannot pass through o
or .

Hence :

A cwrve of eluss m has (e general i real and an*—m un-
real foci.

IE£(A, p v) = O is the tangential equation of the curve, any
curve with the same foci is

FO )+ my) A pr) =0 . . . (i),
where ¢ (A, g, ¥) = 0 is the tangential equation of the circular
points, and ¥ (A, p, ¥) = 0 is any curve of class me—2.

For to say that a curve is confoeal with f = 0 is equivalent
to saying that it touches the 2 common tangents of f'=0
and ¢ = 0. [Tence the general tangential equation of a curve
confocal with f = O has

im(m+3)—2m = jm(m—1)
arbitrary cocflicients. But (i) evidently touches the common
tangents of f = 0 and ¢ = 0 and has jm (m—1) arbitrary
coefficients, since this is the number of coefficients in .

As a special case, the general tangential equation of the
curve whose m real foci have tangential equations f, =0,
fi=0., =018

flfz St V) Y A pv) =0,
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where ¢ = 0 is tho circular points and = 0 any curve of
class m —2.

Not many properties of the foci of the general curve are
known (but see the examples below). The foci of special
curves may have interesting geometrical properties.

That the « foci’ as defined in this section are the ‘foci’ of
the conic, when m = 2, according to the usual definition of
foci of a conic may be shown as follows.

If P () is any point of a conie, 8(r;, »,) & focus, e the
eccentricity, and p = @ cos a+¥ sin o the direetrix, the equa-
tion of the conic is

(@—uwp)+ (y—1,)* = €*(p—x cos a—y sin &)*;
since SP = ¢.PM, where I’ is the perpendicular from I” to
the direetrix.

It is scen at once that the circular lines through S, namely

(w—z) + (=) =0
touch the conic, and that the dirvectrix is the chord of contact.
By analogy we may call the chord of contact of the two
circular lines through a focus S of any curve the directriz
corresponding to .

Ex. 1. If the middle point I’ of the line joining two foci of a real
curve is real, Pis the middle point of the line joining two real foei.

Ex. 2. The coaxial family of circles through two foci of a curve have
two other foci as limiting points.

Ex. 8. Tangents are drawn from any point 0 to two confocal curves.
The tangents to one curve make with any fixed line angles whose sum
is &, and the tangents to the other curve make angles whose sum is 3.
Show that a—A 1s a multiple of #.

[Taking rectangnlar Cartesian axes through  and the fixed line
parallel fo the axis of x, suppose the terms of highest degree in the
tangential cquations of the curves to be

poxm_pl)‘m-1F+Pz)\m-2 2 ... and qoy\m_q‘)‘m-lp_’ 92)‘m_2/"2_ Ve
Since the difference of these has A\*+ p? as a factor,
tan X = (=P, + Py — P-4 ) T (Po—Ppt Pa— ..0)
and tan B = (=g +q—qo+ (o= @4 g— ...)
are equal. |

Ex. 4. The tangents from O to a curve make with a fixed line angles
whose sum is &, and the lines joining O to the foci make angles whose
sum is 8. Show that o — 3 is a multiple of .

[A particular case of Ex. 3. The theorem is well known in the case
of the conic.]

Ex. 5. The sum of the angles (to within u multiple of ») which the
common tangents to two curves ¢ and ¢’ make with any fixed line is not
altered, if ¢ and ¢’ are replaced by curves respectively confocal with them.

[See Aneriean Jowrnal Math., %, p. 58, und xii, p. 161.]
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Ex. 6. If the two curves of the family Pe’+Qa+ R =0 which pass
through any point are always orthogonal, where P, @, B are polynomials
in z, y and ¢ is a parameter, then the curves of the family are confocal.

|'The envelope of the family must evidently consist of circular lines.
The case in which the family consists of conics is familiar.]

Ex. 7. If four foci are concyclic, the curve has three other sets of
four concyclic foci. The four circles cut orthogonally.

[If a, b, ¢, d are tangents from » and @', V', ¢/, d’ tangents from ' such
that the intersections of wa’, b¥', cc’, dd’ are concyclic, the pencils (abed),
(@' b’ ¢"d’) have the same cross-ratio. Therefore so do the pencils (abed),
(ba'd'e), &e]

y 2. Singular Foci.

If a curve of class w1 touches the line at infinity ww’, the
number of tangents, other than ww’, which can be drawn to
the curve from » and o', and by their intersections determine
the foci. is less than in the general case ; so that the number
of foci is less than m**

For instance, if the curve has ordinary contact at one point
with ww’, it will have (in—1)* foei, of which m—1 are real.
A well-known example is the parabola.

If the curve passes through w and ', the tangents at » and
®’t meet in points which arc not usually included among the
ordinary - foei’. They will be called singular foci. 1f the
curve has k-ple points at @ and o', it will have in general &*
singular foei of which k are real, and (m—2k)* ordinary foci
of which m— 24 are real (see Ch. IV, §7, Ex. 2).

For example, the centre of a cirele is a singular foeus, and
the circle has no ordinary foei.

Ex. 1. The projection of a curve nearly touches the projection of wo’.
Show that the projection of (m —1) foci are close to the projection of w,
and so for o ; and that the projection ot another focus is near the point
of approach of the projection of ww’ and the curve.

Kx. 2. The projection of u curve nearly passes through the projections
of @ and . Show that the projections of four of the foci are close
together and in the limit coalesce at the projection of a singular focus.

Fx. 3. Find a curve with no focus, singular or ordinary.

|A curve of class m touching ww’ at , o’ and m—3 other points; or
touching o o’ at @, @’ and m —4 other points, and having cuspsat w and o”.]

7x. 4. The envelope of a line of given length with its ends one on
cach of two given curves has no (ordinary) foci.

|A segment through » must have zero length.]

* A point is not callod a ¢ focus’ unless it is finite.

+ Excluding wo’, if this is a tangent. The intersection of a tangent of w
with a tangent from o', or vice versa, is not counted as either a singular or
an ordinary focus.
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Ex. 5. If 2 =0, 2" =0 are the tangential equations of two curves of
the m-th class, the locus of the foci of the pencil S+A3" =0 is a
(2m —1)-ic having an (m —1)-ple point at » and «’, and passing through
its own singular foci.

[By § 1if (»,, y,) and (z',, y'.) are the foci of

S=0and =0 (»=1,2, ..., m),
= 1:1 Az, + py, +1)+ (A*+p?) , and so for &',

Writing down the conditions that the lines joming (&, y) to » and w
should touch £+ 42" = 0, and eliminating &, we have for the locus

Uz, + iy, —x—iy) (&, =iy, —r+ iy)

= (&, =iy, —x+ iyl ', + i), —x—iy).
For another proof see Ch. XXI, § 2, Kx. 4, and Ch. 1V, § &, Kx. 13]

Fix. 6. The lines joining any point of the locus of Kx. 5 to the foci of
2 =0 and 3’ = 0 make angles with any fixed line whose sum is the
saime for both curves to within a multiple of #.

[If o is the angle which the line joining (x,y) and (x,, y,) makes
with y =0, ¢t = (2, +iy, —2—iy)/(x: iy, — 2+ iy).]

Kx. 7. The tangents from the real foci of 3’ == 0 to any curve of the
tangential pencil £+ 42" = 0 touch a curve confocal with 3 = 0

Kx. 8. The sum of the angles made with o fixed line hy the tangents
to a curve of class m from any point of an m-ic thiough all its foc
is constant.

The asymptotes of the latter curve are parallel to the sides of a
regular polygon.

[See KEx. 6, and § 1, Ex. 4]

ix. 9. If 7(x) =0 is an algcebraic equation of degree n with roots
Xy + i3y, X+ By, ..., and the roots of f'(w) =0are &'y +if'y, 0y + 18, ...,
prove that the centroid of the points (2, 3;), (Xy, Ba), ... coincides
with the centroid of the points (&'y, $')), (&'y, B7%), ...

Show that there exists a curve of cluss 2 ~1 with real foc1 at the
former points which touches at its middle point the line joining any
two of the latter points.

[The curve is (A0 +pB,+1)'+ (A0 + B4 1) T4 o = 0.]

Fx. 10. Fixed segments A, B,, A, ..., AmBu_subtend angles at P
whose sumn o is constant. Show that the locus of P is a m-civeular 2m-ic.

If o is an odd multiple of }m, the real singular foci of the locus ure
the middle points of the segments.

Discuss the case in which ¢ is an even multiple of 1x.

|The difference of the sums of the angles which PdA,, ..., P4, and
PB,, ..., PB, make with a fixed line is o. Now use Ex. 5, 6.

If ¢ = km, we have the locus of Ex. 5.]

x. 11. If 4, ..., A,, B,, ..., B,_, are fixed points, the locus of F
suchthat pg . p4,.... PA,=k.PB*.PB,....IB,,
has 4,, ..., 4, as ordinary foci.

The locus of P such that

PA,.PA;. ... PA, =k .DIB,.PIB,.... .PB,,

has 4,, ..., 4, as singular foci,

[In ‘connexion with the above examples see Darboux, Sus wne classe
remarquable de conrbes el de surfaces alyébrigues, § 30.]
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§38. Moethod of obtaining the Foei.

The singular foci are the intersections of the asymptotes
which are circular lines. These asymptotes may be found in
the usual manner. If one such asymptote is z+ iy = a +1b,
another is £— ¢y = «—1b, the curve being supposed real, and
(«, b) is a real singular focus.

To obtain the ordinary foci, find the value of ¢ such that
«+{y = ¢ touches the curve, by putting —1/¢ for A and —i/¢
for u in the tangential equation, or otherwise. If ¢ = «+ih
is such a value, « and b heing real, (v, b) is a real focas.

Ex. 1. Find the real singular and ordinary foci of
(i) 2z (x4 y*) = a (32 ~y').

(i) (x+y) (2 +y) + 2o (r—y) = 0.

(iii) x (2®+y%) = ay®.

(iv) (%4 y?)?—Da?—4y2 4 7 = 0.

(v) (PB4 922 -2 (= )+ et —a* = 0.

() (@ 0); (=3a,0). -

(i) (0,1); (=3F24// w241, —1F2,/4/2-1).
(iii) (—=3a,0); (4a,0).

(iv) (£3, 005 (£1,0), (£4/7,0).

(v) (£6 005 (£(e=a)3/e, 0) or (0, +(a'=c)}/e) as e>a or e<al
Ex. 2. Find the real foci of

(i) (A2=2p%)2+Ap + 0.

(i) 4A2u2—8A%4 1 == 0.
(iii) 2A%pu 4+ 2Au—2p24 2A+p+1 = 0.

[(G) (242, 24/2), (342, —3V2)

(ii) (£2,0), (0, £1).

@iii) (1, £1), (0,1).]

Ex. 3. Given the tangential ecquation ¢ (A, u) =0 of a curve in

rectangular Cartesian coordinates, find an equation giving the distances
of the real foci from the origin.

[If (», 6) are the polar coordinates of u real focus,
G (=rle b, —ire=0)=0 and ¢ (=—rTeb, 11eft) =0,
Now eliminate ¢#. |
ix. 4. The product of the distances between a given real focus of that

curve of a tangential pencil which touches the line at infinity and the
real foci of uny other curve of the pencil is constant.

Fx. 5. The distances from the pole of the intersections of a curve
with its directrices are given by putting p infinite in its pedal eyuation.

Apply to the case of a conic.

Fx.6. If  =f(t), y = ¢ (¢) is the parametral equation of a curve,
the circular lines through the foci are the tangents at the points given

by f'(t) =+i¢’' (7).
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FEx. 7. Find by means of Ex. 6 the foci of
(i) z = at*+2bt+¢, y= Af+2DBt+C.
(ii) = = at?, y = at’*’, p and ¢ being positive integers.
(iii) = = at?/(1+1?), ¥ = at*/(1+1%).
Ex. 8. Find the singular foci, if any, of the curve in Ex. 6.

[Ch. TII, § 9 shows the method of obtaining the tangents at the
circular points. Apply it to Kx. 7 (iii).]

§ 4. Inverse and Reciprocal of Foci.

If & is the point inverse to § with respect to a point O,
S’ and S'w are the inverses of Sw and So’ respectively
(Ch. I, § 10).

If 8 is a focus of a given curve, Sw and S’ touch the curve.
Hence 8’0" and 8’ touch the inverse curve. Therefore :

The tnrerses of the foci of a ewrre wre the foci of the inverse
curve.

The inverses of the lines joining o’ to the intersections of
the curve with Ow are the tangents at o to the inverse curve
(see Ch. I, § 10, Ex. 3, or Ch. 1X, § I). Hence, if O is a focus
of the curve, two tangents at » to tho inverse curve coineide.
Hence :

The inrerse of « curve with respect to « foews has cusps at
o and o'.

As an example, the inverse with respeet to O of a conie with
real foei 8 and () is a limagon

r=a+bcosé,
which is a quartic having cusps at o, " and a node at (). The
real focus of the limagon is the inverse of S.

If we reciprocate with respect to () (i.e. with respeet to a
circle whose centre is (), the lines Ow and Ow” become the
points » and »”. Hence:

The reciprocal of « cwrve with respect to « forus is « curve
through © and o, wd the reciprocal of the corregponding
directrix ix a singular focus.

For instance, the reciprocal of a conic with respect to a focus
is a circle, and the reciprocal of the corresponding dircetrix is
the centre of the circle.

If we reciprocate with respect to any point O, the recipro-
cals of the foci are the lines joining the intersections of the
reciprocal curve with Ow and Oo’.

Ex. 1. The singular and ordinary foci // and S of the limagon
»=a+bcosd with node O are (3b,0) and ((b*—a?)/2D, 0).
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Ex. 2. »(1-%%) = a(cos §—k), where % is a parameter, is a family of
limagons with a common node and focus.

Ex. 8. Trace the limagon of Kx. 1 in the cases

b>a>0, a=0b, a>b>0.

[0 is a crunode, cusp, acnode; the curve being the inverse with
respect to a focus of un hyperbola. parabola, ellipse.

There are real inflexions if a/b lies between 1 and 2; see Ch. IV,
Fig. 1, and Ch. XVII, Fig. 1.

If « = b, the curve is called a cardioid.|

Kx. 4. If P iz any point on the limagon, OSP is twice the angle
between OF and the tangent at /.

|Invert with respect to 0. Then we get: ‘The tangent to a conic
makes equal angles with the focal distances of the point of contact.’
Obtain similarly other properties of the limagon or cardioid.]

Ex. 5. In Kx. 1 4HI* = 4bSP+2¢*—1*, P being any point of the
curve.

[ The equation with S as pule is

4082 —4br (et cos 0+ 1) (a2 =18 = 0.]

Kx. 6. A limagon is its own inverse with respect to the circle through
the node with its centre at the ordinary focus.

|The equation of kx. b is not altered on replacing » by (a*~bd%)2/40%r.]

'x. 7. The angle ¢ between the tangent and radius vector of a
limagon is & maximum when ¢ = 6.

[tan ¢ = —(a+bcos 8)/bsin 6. ]

Ex. 8. Find the locus of the inflexions and of the points of contuct of
the bitangent of the family » =« +bcosd when (i) b, (ii) « is kept
vonstant and « or b respectively vary.

L(1) #*4brcos +2b%sin?d = 0, »r+4 bceosf =0.

(ii) 22+ ar (8 cos- —2)+ 2¢*sin’d =0, 2r=a.

For the inflexions 3ab cos§+a’+ 2% = 0, for the points of contact of
the bitangent 2bcosf+a = 0]

I’x. 9. The inverse of any curve with respect to a singular focus O has
also a singular focus at O.

Fx. 10. Ifin §4 & and O are reflexions of each other in the directrix
corresponding to S, the inverse curve has inflexional tangents at » and o’
which meet at S'.



CHAPTER VI
SUPERLINEAR BRANCHES

§1. Expansion of 7 in terms of .’ near the Origin.

LT f (2, y) = 0 be the equation of an algebraic curve pass-
ing through the origin.

In the neighbourhood of the origin it is possible to express
the value of - on any branch of the curve through the origin
(not, touching .+ = 0 at the origin) in the form

B ¥
y=dr+bofr ottt oL L L L (i),
where w%=1, «, b, ¢,... are constants, and a, B, y. 6. ... are
positive integers in ascending order of magnitude* The
entire portion of the curve near the origin obtained by putting
for w every o-th root of unity in turn is called a superlinear
branch of order o whose tangent is y = .

If we take a single a-th root of unity for @ we get a ¢ partial
superlinear branch .

If o = 1, the branch is called lineer. If we take the origin
at any ordinary point of the curve, just one lincar branch
passes through the origin. Through an ordinary multiple
point of order k with distinet tangents, & lincar branches pass.
It is only at multiple points where two or more tangents co-
incide that we can have superlincar branches.f

We assume the above results as proved in hooks on the
‘Theory of Functions’, and only give here the practical
method of obtaining the cxpansions such as (i), ,

First suppose the curve has a lincar branch through the
origin. Take, for example, the curve

Yy—2x+ 2ut—3xy - y+4a’ = 0;
the method being general.
Substituting for y the expansion «x +bs*+cr’+ ... in the

* For points on a curve near (0, m) add m to the right-hand side of (i).
+ We ean also have multiple points with coincident tangents formed by
the contact of distinet lineer branches ; see, for instance, Ch. III, Fig. 5.
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equation of the curve, which we assume legitimate when .~ is
sufficiently small, we have

(wr+brt e+ ) =R+ 2% =8 (e + bat 4 erb4 ...)

—(ar+br* et + )P40 =0,

Equating to zcro the coeflicients of w, % .« ... in turn,
we obtain « = 2, b =8, ¢ = 52, ..., and have as the required
expansion

y=2r+8u 452454 . ¥
As another example, consider the curve
y = Awy+ Byt +Crd+ Daty + Ery + Fy’ + Gt + ...,
which has an inflexion at the origin with 5 = 0 as inflexional
tangent.

Put 4 = «s? + bs + et + ... in this equation, and cquate to
zero the coefticients of 2 a7 0t . We get « =0, b =C,
c=AC+G.....

Hence

yo= 4 (AC+G) * + o

Similarly for a curve having r-point contact with y = 0 at

the origin we obtain an expansion of the form
o= wr’ + b e L

Suppose now that the curve has any singularity at the
origin and that y = «. is a tangent at the origin. Putting
a.r+7y for y in tho equation of the curve, we obtain a curve
touching the axis of .+ at the origin ; »and y being considered
as the eurrent coordinates of any point on the curve. By the
method given below we can expand y in terms of . and thence
get  in terms of ». We may therefore confine ourselves to
the case in which the curve touches the axis of . at the origin.

Suppose that Newton's diagram (Ch. TI1, § 3) gives us as an
approximation to the curve touching y = 0 at the origin terms
represented by points which lic on a straight line making an
ungle tan—! p/¢ with .2 =0, p and g being positive integers
prime to one another.

In the equation f(r,y) = 0 of the curve put

y=YXr, &= X,

We thus get a new curve f (X1, Y.X7)=0, if we consider X, ¥

as current coordinates. Suppose that (0,m) is an intersection

* Another method is to differentiate the equation of the curve repeatedly.
dy 4%y ddy

a5’ e’ a0
Then the expansion may be written down by Maclaurin’s theorcm.

Putting  and y zero, we obtain the values of at the origin.
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of the new curve with X = 0, and that through this point
there is a linear branch of the curve. Then transferring the
origin to (0, m) we get an expansion ¥ = m 40X +cX2+ ....

ﬁ’hence

» 12
y =l (4 batl et +...).
! ! ! !

Replacing 2 by w., ou1, @'s, ..., where o is a primi-
tive q-th root of unity, we get a complete superlinear branch
of the original curve.

But if no linear branch of the new curve goes through its
intersection (0, n) with X = 0, we put in the original curve

y=Y+unXr »=JX1
30 that our new curve is (X7, ¥V +nXr) = 0,

We now apply Newton’s diagram to this curve as before, in
order to expand Y in terms of .\" and thence y in terms of .r.
Substitutions similar to the above wmust be repcated as often
as necessary.

For example, suppose the curve has an ordinary cusp at the
origin, the tangent at the cusp heing w = 0. The curve is

Y= @t bty v eyt dyt v et + L

By an ‘ordinary’ cusp we mean that there ix no relation
between the coefticients «, b, ¢, d, . ... : in particular, none of
them are zero.

Newton’s diagram gives the approximation y* = ax* at the
origin, and therefore put

o= ‘\’z’ Y = Y‘\n:_
The curve becomes
YVi=a+eX*+bX YV X2V 4 ..
This has linear branches through (0, +a2).
Putting
Y= +uwd+BX+0X:+ ...

into the equation of the curve and equating to zero the co-
cfticients of X, .X? X% ..., we have

Y= +4a2+3bX+3ad(e+eu+3b) X2+...,
and thence
Y= taiai+3bart+3a i (e+ca+ib)at+....
Exactly similarly for the curve
gk = auh 1 4 bty + cafyP 4 L
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which has an ‘ordinary ’ superlinear branch of order £ at the
origin touching % = 0,* we get an cxpansion
’ k+1 k+2 k+3
y=Aort +Betr t +Co'x k ...,
o being any k-th root of unity.
If we have found the expansion
B b
Y =brtgert+ ..., where a<B<y<...,
for a curve touching v = 0 at the origin, we may expand x in
terms of ¥ near the origin by putting
o 1 2
=0 ByB(1+AyB+ ByB+...),
in the given expression for  in terns of ., expanding by the
binomial theorem, and equating coefticients of powers of % on
both sides of the resulting identity. Each possible value
«
of b~ B gives an expression for .

This process is known as ‘reversion of series’.

In expanding 7 in terms of » we assumed that the curve did
not touch . = 0 at the origin.  If it does, we may use the pre-
ceding method to expand .« in terms of y, and then obtain the
expansion of 4 in terms of .» by reversion of series.

The arithmetic of the methods described in this and the
following section is often tedious. Devices for saving some of
the labour will he described under the head of ‘quadratic
transformation’ (C'h. IX, §§ 3 to 12).

Ex. 1. Find the expansion of the branch of the curve
(y_z.?)'.’. — _1.2.,,/'1__!/4
near the origin
|Putting ¥y = YX% x= X, we get (Y—1)*= ¥Y’X?—}4X* Dutting
Y=1+aX+bX?4¢X*+ ... and cquating to zero coeflicients of
X2 X% ..., we have a=4+1, b=1, ¢=+1,.... Hence the required
cxpansion 1s y = * (1 +or+ 22+ 12+ ...).]
¥x. 2. Expand the branches of the following curves near the origin :
(1) (y—r%)’ =ty
(i) (y—a°)° = 2"
(ill) y—a® = 2?y~24°.
(iv) P+ 82y —ay*+22r* = 0.
(v) y*=32%*+xty—a® =0,
(vi) (y—=)?=.r"y.
(vii) (y+a*)? = 4y (2 +97).

* ¢Ordmary ', because there is no special relation between the coefficients
@y by ¢, ... ; none of them, for instance, being zero,
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[()) y =2+ oai+ 02w +o*a44 ... where o® = 1.

(i) y = 4 0r'l 4 022 + o' 54 ...

(i) y = 2+ + ...

(iv) y= e (=2-4r+0.0%4 ) and y*=u¥~142-3.24 ...).
(v) y =23 (L4 2345254 ...) and two similar expansions,

i) y=r"(Lar+432+220% L)

(vid) w = (=1+2r—4,2+92"4 )]

Ex. 3. Find the expunsion of the branch of the curve
(y—a) =.ry* =y
near the origin,

{The method of Kx. 1 gives a non-lincar branch at (0. 1) after putting
y=YX? r=X. Tut then instead y = ¥4 X? »r =X and the curve
becomes }* = X (¥4 X"~ (¥4 X! approximating to ¥2= X7 at the
origin. Writing therefore ¥ = p£, X = ¢* we get

,".! P (1 +é3,l)'!_&‘: (l +§3',)1‘
Put in this n = 14 «£+bt24 ¢1*+ dg* 2+ e£"4 .. and compare coefficicnts.
Weget a=0,b=-2% ¢=% d=-1 ¢=-2 Hence

~3

P sy L
y=2raiv e+ 30 F ey =208+,

Kx. 4. Find the expansion of the branch of (y—.®)?= y"u"4 yx"
near the origin.
¥x. 5. Find .r in terms of y it
() y=4r2482-2.4 ...
(i) y=at+87 =284 ...,
(ili) 8y = a®—8u' =8+ ...
(iv) y =i +22 3.8+ ...

[() Pat o =+3yd (14 4ys+ By+ ...), expand, and compare co-
cflicients. We get ft:iﬂl..!/s"%yi:];i!ﬁ'* .
(i) Put r=y3 (14 Ay’ + By¥+ ...). We get
x=yT-2y44tyl+ ..,
and the expansions obtained on replacing y% by ey} and w?yh.
(iii) « = 25 (14293 +- 1643 + ...).
(iv) =yt (1-4y4 265*+ ...).]

Kx. 6. A curve has a rhamphoid cusp at the origin with y =0 as
tangent. Show that near the origin

y=art+brd e rdeh+ ...
|Cf. Ch. 11, § 8, Kx. 2.)
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§ 2. Intersections of Two Curves.

We showed in Ch. I, § 7, that two curves of degrees w, N

T y) = doy" + "y i+ Lty '

= (=) (Y= %) - (=) =0}

F(z y) = by +byy™ ' + byy¥ =2+ ... + by

= (y—v) (Y—v,)...(y—ry) =
meet in v N points.

In this «,, b, denote polynomials of the »-th degree in .
while w,, w,, ..., u, and », v,, ..., vy ave {unctions of ., of
which we have obtained the expansion (§1), when .« is suffi-
ciently small.

We assume that » = 0 meets the curves in finite points
only and does not touch cither curve, also that no intersection
of the curves other than the origin lies on » = 0.

The result of eliminating v between the equations of the
two curves may be expressed by equating to zero a certain
determinant (Ch. I, § 7), or in the form

G ()= (wy— 1) (U — 7). (U —vy) X (y— ) (U, — ). (g —R)
X oo X (U —1) (Uy —19) .o (Uy—vn) = 0.

In this equation ¢ () is a polynomial of degree iV in ..¥
Suppose we wish to find the number of zero roots, i. e. the
number of intersections of the given curves which coincide
with the origin.

The number is €, where € is the lowest power of .« in ¢ (),
1. c. the product of the lowest powers of . in each of the ex-
pressions

(=) =12, =12,..,N.

It is evident that the lowest power of » in w;—wv; is 0
unless y = w;, and y = v; aro (partial) branches through the
origin. Hence: '

The number of (ntersections of two given curves which coin-
cide with the origin is the inder of the product of the lowest
powers of & tn «l possible erpressions of the form w;—v; ;
Y =g and y=w; being expansions of y in terms of w for
branches of the lwo cwrves pussing through the origin.

Let us consider the following examples, which will be useful
later on.t

(i) One curve has a node or cusp at the origin, and the
other passes through the origin but does not touch it there.

* It is the determinant just mentioned multiplied by a constant.
+ Cases (i), (ii), (v) have been already dealt with in Ch. I, § 7.

2216 G
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In this case
w, = ax+bat+ ..., 1y, = dr+bat+ oy = Ar+ Brt+

Hence TT(u;—7;) = {(a—4)r+ ...} (W —A)w+ ..}, and
the curves meet twice at the origin, as might have been
anticipated.

(ii) One curve has a cusp at the origin, and the other passes
through the cusp and touches the first curve there.

Here
wy = xS+ 02t + .., Uy = —aid bt — ey = Awt 4+ B 4
and the curves meet thrice at the origin.

(ili) The curves have a node at the origin, the tangents at
the node to the two curves heing the same.

Here

wy=aa+bt 4wy =de st

=+ Bt = ded e+

Henee
I (u;—m;) = | (= )ym+.... (' —a)z+...)
((h=Byat+..} (V' =B)a+ .05
and the curves meet six times at the origin.

(iv) One curve has a cusp at the origin, while the other
has a triple point, two tangents at which coincide with the
cuspidal tangent.

Here

Uy = 4T+ ey Uy = — BB+ .0v s 1y = Db ea®+ .,
v2=Aw§+ ey Ty = —Axi+...,0or r,=Bat4 ., vy=Cat

In either case the curves meet eight times at the origin.

(v) The curves have k and A lincar branches through the
origin, no two of the k+ K tangents coinciding.

Here IT (w;—v,) has kK factors each of the type

ar+ bzt +ext+ .
and the curves meet AK times at the origin.*

(vi) The curves have k linear branches through the origin
with the same tangents for cach curve.

Here k(k—1) of the factors in IT(u;—v;) are of the type

aw+ b +ca® + ...
and / are of the type
Br*+Cx'+ ...
The curves meet k(k+1) times at the origin.
* This result might have been expected ; for each of the & hranches of one

curve at the origin meets each of the K hranches of the other curve once at
the origin.
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Ex. 1. The tangent at the origin to the superlinear branch (i) of § 1
meets it in 3 points coinciding with the origin.-

Ex. 2. Two curves have linear branches through the origin. Show
that, if the expansions of y in terms of  for the two curves are identical
as far as the terms in «, the curves have (»+1)-point contact at the
origin,

Ex. 3. The expansion of y in terms of . for the conic

y=mr+ari+2hr(y—mr)4b(y- mx)*
is y =mr+artd 2ahrisa (402 +ab).rt+2ah (402 +3ab) .7+ ...

Ex. 4. Use Kx. 2 and 3 to obtain the conic of closest contact at the
origin with »r—y+.ry+.4° =0

[For the curve y= .r+2%+2s°42r'4 2.+ ... Comparing the co-
cfficients of .r, 2, ', .r' in this and the expansion of Kx. 3 we have

m=1 a=1 h=1 b=-2

Other methods are (i) to differentiate the cquations of curve and conic
four times and to wdentify the valnes of N
dy &'y d'y d'y
dr’ drt’ da? dat
for curve and conic at the origin; (ii) to ftind the lines joining the
intersections of curve and conic to the origin and to choose m, a, hy, b 80
that five of them are y = » |

KA

kx. 5. Find the conics of closest contact at the origin with

a'r4byf+y'=0 and s+ yt = 3ary.

[P ated byt) = (ale+ @b y)r and  y* =3ar, x°'=38ay]

Kx. 6. Find the parabolas of closest contact at the origin with

O=.rqy4ay+a® and  y= r+a'-22"

ledy=y* and y-r=(2x-y)*]

Ex. 7. Two curves have linear branches touching the same tangent
at 0, one having p-point and the other ¢g-point contact with the tangent,
where p >q. Show that they meet g times at 0.

[Sec kx. 2 and § 1. See also Ch. 1X, § 12, Kx. 11.]

Kx. & A cuarve has a A-ple point O with superlinear branches of order
Py 7ay +.es 17 having distinet tangents (A = Sr). Another curve has at ¢
a (k~1)-ple point such that the tangent to the branch of order », of the
first curve is & tangent to a branch of order »,—1 of the second. How
many of their intersections coincide at ()%

[Zri(r=1) (r+1)/r+(k=1)=(r=1)] = k*~1.]

§8. Tangential Equation near a Point.

Suppose that it is required to obtain an approximation to
the tangential equation of a branch of a curve near a point.
We may of course find the tangential equation of the curve
as in Ch. IV, § 3, and then employ a method similar to that
used in § 1 for point-coordinates. But a less laborious process
will usually be the following.

G2
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Suppose the branch touches y = O at the point (k, 0). We
want the condition that Az +puy+v =0 should touch the
branch. We shall take u = 1, and obtain the condition by
expressing v in terms of A, just as in §1 we expressed y in
terms of ..

Transfer the origin to the point (%, 0). The line hecomes
A+ py+v+kx =0, and we have the point-equation of the
branch by §1 in the form

B Y 3
g =loBryeotu +daed ... . . . . ()
The tangent at the point (¢, n) of the curve is
_dnq .
Yy—n= dé (" g)
or, substituting
s L4 §
Ile§"+(‘m7£"+1/w5£“+
for  and writing ¢ = X' it is
(hBwBX B~ 4eywY N7 4+ 4P XP 4 ...) 0~ ay
=h(B—x) P XB+c(y—x) @Y X7+ ...
Comparing with Av+puy+v+/IA =0, we have on putting
g=1and XA = AB-®

A= — (hBRBNB ¢y X1 "+ ...) 2 (ii)

Ay +hAB) = b(B—a) B XB+e(y—) oy X7+, §° U

Substituting in the first of these cquations

X=AA+BA2+CN+... . . . . (i)
and equating to zero the coefticients of powers of 4, we get
A, B, C,... in turn.

Then substitute the value of X given by (iii) in the second

of eqllmtions (ii) and we have v expressed in terms of A, which

is AB-Q,

If we now replace X by . and » by 7, we get the point-
cquation of the polar reciprocal of the branch (i) with respect
to the base-conic 2%+ 2y = 0 (Ch. IV, § 6, Ex. 1).

For example, in the neighbourhood of a cusp at the origin
at which 7 = 0 is the tangent, we have

Y= +awd +bad feat +dri+ ...

The above process gives now

A= FJuoX-20X2F §cXP—...
v=+3aX*+0X4+3cX+... § ’
where £ = X2
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Putting XN = AX+BA2+CN+... in the first of these
equations, and equating to zero the coeflicients of A, A% N3, ...
we get

2 164
P T .. )\2
=3 3¢(A+ QWat =
whenee
4 16b
VE Tz Teigh Y

The polar rcciprocal of this branch with respect to

A242y =0 is
4 . 16b

g7 T gra T

This equation represents a linear branch with an inflexion
at the origin, verifying the result of Ch. IV, § 7, that to & cusp
of a curve corresponds an inflexional tangent of the polar
reciprocal.

Y=

Ex. 1. Expand v in terms of A for the curves of § 1, Ex. 2, (i) to (iii).
ix. 2. Show that, it
yo=dgi a4 gt + . and v = DA 0 N0 N+ L

represent the same linear branch touching y = 0 at the origin. ¥,
involves a,. dy. .... @,, but not a,,;, ¢, 4, ....

§4. Common Tangents of Two Curves.

As in § 2, we prove that:

The number of those common tangents to two curves, which
coincide with the wels of v, is the inder of the product of the
lowest powers of N in expressions of the form u,—v;, v = u;
and v = v; being expanswns of v in terms of X for brunches of
the two curres touching the aris of w.

We may also find the number of ecommon tangents by recip-
rocation.

Ex. 1. Two curves have superlinear branches of orders p and ¢ (p 2q)
with a common tangent /. How many of their common tangents
coincide with 7?

[One or g according as the point-singularities do not or do coincide.
Reciprocate and use § 2, Kx. 7.]

ix. 2. Show that, if two linear branches have r-point contact at P,
1 of their common tangents coincide with the tangent at I

|See §2, Ex. 2, und § 3, Ex. 2.]
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§6. “Polar Reciprocal of Superlinear Branch.

If the polur reciprocal of « superlinear branch of order o at
0 whose tangent meets it 21 B points coinciding wilh O is «
superlinear branch of order o at (" whose tangent meets il in
B’ points coinciding with 0’, then

a+a’ =B=4.

Take the superlinear branch (i) of §3. It is scen at once by
§ 2 that its tangent meets it in @ points coinciding with the
origin.

The polar reciprocal is obtained by putting », y for A, » in
the tangential equation of the branch (3 3).

From equations (ii) and (iii) of § 83 we have » + &X expressed
in ascending powers of A, the lowest power being Af ; where
A = A% Hence o’ = 8—a and B’ = B, unless the index of
every power of A in the expansion of »+AX is divisible by
a factor of B—a, in which cases (B—a)/B = o’/B and
B—a>u, B>RH.

But considering the original curve to be obtained by a
second reciprocation from the reciprocal, we should obtain

(B'—a)/B =o/p and B'—a’>0, B>,

This is inconsistent with the preceding, and therefore

a+o’=B=p.

We deduce at once that :

The polar reciprocul of « swperlivear ranch of order o is in
general a Linear branch haviag (oc+ 1)=point conlact with its
tangent.

For taking the tangent to the superlinear branch at the
origin as axis of «, the Cartesian equation of the curve takes
the form

YU = Uiy Ut 3

where w, is homogeneous in « and y of degree r. Putting
y =0 we get an cquation of degree k+1 for .« in general.
But the origin is a multiple point of order £, so that the
tangent to the superlinear branch meets the other branches in
k—a points at the origin. Therefore B of the theorem at the
beginning of this section is x+1. Hence a’=1, B/ =a+1;
as was to be proved.

f1§‘l§e theorem may also be established directly by the process
of §3. :

For example, the polar reciprocal of an inflexion is & cuspi-
dal tangent, of a point of undulation is the tangent to a
superlinear branch of the third order, &e. (ef. Ch. IV, §7).
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The number of tangents from O to a superlinear branch at
0 which coincide with the tangent at O is equal to the number
of intersections of the reciprocal branch with its tangent which
coingide with the singularity 0’.

Also the number of tangents from a point on the tangent at
() which coincide with this tangent is equal to the number of
intersections of a line through ()’ with the reciprocal branch
which coincide with 0’

Hence the relation a+a’ = B = B’ gives us

If « superlinear branch of order o at O meets its tungent in
B points coinciding with 0, B tungents from 0 to the branch
coimcide with the tangent at 0, wnd B-o tangents to the
branch from any point on the tangent ab O coincide with the

tumgent at O.

Ex. 1. Suppose a curve has a superlincar branch of order 2 at the

origin with » = 0 as tangent and expansion

= art+ bad e vdr iy L,
Then o =2, 8 = 4, so that x' = 2, 8’ = 4. The origin is a rhamphoid
cusp (§ 1, Ex. 6).  We see that the reciprocal singularity is of the same
type as the original.

Fx. 2. If o is the “‘order’and 8— the ‘ class’ of asuperlinear branch,
the order and class of w branch are respectively the class and order of
the reciprocal branch.

{For the nomenclature see Halphen, Bull. de I« Soc. Math. de France,
vi (1877), p. 10.]

Kx. 3. Write down the order and class of the branchesin § 1, Ex, 2to 5.



CHAPTER VII
POLAR CURVES

{1. Polar Curves.

LET O be any fixed point. Through () draw any line OF
meeting & given curve of the u~th degree in @, @y, ... . @,
The locus of P such that

0Q, . 09, 0Q,
gl b2 VO =)
rg, trg, Tt g,
is called the first polar curve of () with respect to the given
curve.*
Similarly the locus of 1’ such that

.‘JOQ,,..()QJ/I’Q,-.PQJ. =0 Gj=12 .., 0;i#))

is called the second polur curve of () with respeet to the given
curve; the locus of P such that

EOQ" . OQ/ . ()QL/JJQ,: . PQI' . I)Q]‘ = 0
(bgy k=012 ..,ms5 j#F bk k#1i, %))
is called the third polar curve of O with respeet to the given
curve; and so on.

We shall see in §2 that the first, second, third, ...,
(1w—2)-th, (n—1)-th polar curves are of degrees n—1, n—2,
=3, ..., 2, 1 respectively. They are therefore also called
the polar (n—1)-ie, (1w—2)-ie, (n—38)-i¢, ..., conie, line of O
with respect to the given curve.

If { is the polar line of 0, O is ealled a ‘pole’ of I with
respect to the curve.

If we project the curve from a vertec V, the k-th polar curve
of O (for euch value of k) prrojects into the k-th polur curve of
the projection of O with respect to the projection of the iven
curee.

* Or ‘first polar of O for the given curve’, if there is no ambiguity ; and
50 for *second polar’, &e.
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For in the figure, denoting projections of points by dashes,
0Q _ VO.sin 0VQ . cosec QP VO .sin 0VQ
PQ ™ TP sin PVQ. cosec VP ~ VP . sin PVQ’
and similarly

0Q _ V0O .sin OVQ
PQ = VP §n Py’

Hence
0Q _ 0y _Vo.vP
PQT Py VoD

Therefore, if

S0Q,.00y. ... .0Q./PQ, . PQ,. ... I'Q;, =0,
we have

SUQLOQ). .00 PO P, ... Q) = 0.
Vv

r
(o P Q
Fig. 1.

The locus of points whose polar conics degenerate into
a pair of straight lines is called the Ilessian of the given
curve.

The theorem just proved shows that

The progection of the Hessian of a curveis the Hessiun of the
projection of the curve.

§2. Equation of Polar Curves.

In §1 1et O be (X,Y,Z) and P be (x, v, ), while the
equation of the curve is f(., %, ) = 0. The point @ dividing
OP so that OQ/QP = \/u is

(A.zz+;iﬁ\', )\;I/+;§Y, >_\:+;4Z_)'
Atp At p Atp
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If this lies on the curve,
JAe+p X, Ny+puY, Ao+ puZ) =0,

i.e.
2 d N .
N (r,9,2) + | ! )\"",u(X St Y—-- +Z (‘)j
/ 2T Ty T
1
+ N (X —+Y s )f+
1 " ¢ 1) 7 " —
L G N +Za:) I=0
or

, 1 o d d
n . -1 . _ - :
WIE Y Z)+ "(" axtVayr*- az)-’

1 > 2 2\
o n-2y2 . Py - _ *
T ok A("a.\"L”aP‘L‘az)-H‘"

1 d d N\

- n o . ~ ~ — ()’
My Haptag)
by Taylor's theoremn.

\ 1
In this R S
n this (X + Y= \;/ b ) J means

- o f (2 Ys %)
> XYy LRy — m
"I"I’ Xryuz (\l/'\l/'/ st (h P+a+ 1),

where (x +y+z) = Sa,, arys,

pygr
d L . .
Also (a'b v+, Y + 2 37) f means the same thing with

@y, 5 X,Y,Z put for X, Y, Z, 2, y. - respectively.

If @ lies on the &-th polar curve, the sum of the produets of
the roots taken & at & time of the equation in A/u is zero.
Hence the equatlon of the L-th polar curve is

(X +Y a)f 0°‘(aX '/aYJ“\Z) =0

the two equa,tlons being of course identical.

We have at once

The k-th polur curve of an m-ic is an (n—k)-ic.

To find the polar curves, if the equation of the curve is given
in Cartesian coordinates as f(«,y) = 0, wefind the polar curves
of f(x/z, y/,) = 0 by the above method and then put 2 = 1.
(See Ch. 1, § 8.
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Ex. 1. The k-th polar curves of the vertices of the triangle of reference
are Hkf_ *f_ *f_
e e B S = S
Ex. 2. Any polar curve of the ‘triangular-symmetric’ curve
. (x/@)"+(y/b)* + (/)" = 0
is trinngular-symmetric.

ix. 8. 1f u curve has a ‘ centre’ 0,* the polar curves of 0 and the polar
curves of any point at infinity have O as a centre.

Ex. 4. The »th polar curve of O is the s-th polar curve of O with respect
to the (r —s)-th polar curve.

Fx. 5. If P lies on the k-th polar curve of @ for an n-ic, @ lies on the
(n—k)-th polar curve of P.

[The polar curves are

d k d WK
(.z-, ot ) J=0 and (xbz: + ) r=0,
Pand Q being (&, #,, #) and (zy, 43, ).

An alternative method in Ex. 5, 6, 7 is to tuke Pand @ as vertices of
the triangle of reference ]

Ex. 6. If @ is a node of the (n—k)-th polar of P for an a-ic, I’ is a
node of the (&—1)-th polar of ¢.
. Ex. 7. The A-th polar of P with respect tothe »th polar of @ for y=0
is also the 7-th polar of ¢ with respect to the 2-th polar of P.

[It is (.z:,i—l + )A (a:z bi- + ...)Tj'== 0.1

Ex. 8. 1f the polur conic of O with respect to a given cubic has ABC
as a self-conjugate triangle, the polars of 4 with respect to the polar
conics of B and C, &c., must be concurrent at 0.

If B and C are given, there is in general one position of 4 and 0.

|Take ABC as triangle of reference.]

Ex. 9. If Ilies on a given line, the envelope of the polar line of P
with respect to a given n-ic is of class n~1.

|'Take the line as = = 0 and find the number of tangents from (0,0, 1).

More generally, if Plies on a given N-ic, the class 1s N (2 —1).]

Kx. 10. If the asymptotes of a curve are parallel to the sides of a
regular polygon, so are the asymptotes of the polar curves of any
infinitely distant point.

x. 11. On the polar line of O there are three points whose first
polar curves have an inflexion at ().

|Take the curve as =%+ 2" 2uy+283ug+ ... +u, =0, for which =z =
is the polar line of (0,0, 1). See Ex. b.]

Ex. 12. (i) If the polar conic of O with respect to a given n-ic has
a self-conjugate triangle which is inscribed in a given conic, the locus of
0 is an (n—2)ic, .

(ii) If a triangle can be inscribed in the polar conic of O which is

* The curve is brought into self-coincidence by rotation through 180°
about 0. .
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self-conjugate with respect to a given conic, the locus of Ois u 2 (n~2)-ic
(cf. §9, Ex. 9).

[See Salmon's Conic Sections, §§ 373, 375. The reader may consider
the cases in which the conics touch, or a triangle can be inscribed to one
and circumscribed to the other, &¢.]

'x. 13. Through a point () any line is drawn meeting u given n-ic in
Q15 D2y ..y Qu.  Show that an ‘axial’ direction of the line making
0Q,.09,..... 0Q, a» maximum or a minimum is perpendicular to the
polar line of the point at infinity in this direction.

Show that there are 2 such axial directions in general, and that they
are independent of the position of 0, und are the same for all n-ics with
the same infinite points.

Discuss the case in which the curve passes through the circular points
any number of times.

| Use polar coordinates. Notc the case # = 2, and the case of an n-ic
only meeting the line at infinity at the circular points. See Bull. de lu
Noc. Math. de France, ix, p. 49.|

Ex. 14. The &th polar curve of P with respect to an n-ic having an
(n—1)-ple Point at 0 is an (» —&)ic having an (n—A—1)-ple point at O.

If two of the tangents at O to the polar curve coincide (or are per-
pendicular), the locus of P is straight lines through 0.

{ 3. Polar Curves of a Point on the Curve.

Supposc the triangle of reference chosen so that () is (0, 0, 1).

Ak 1

Then the A-th polar eurve for f = 0 is ash =0 by § 2.

If the given curve is
0= az+ bz +by)s"" + (et + 2oy +e,y%) <t 24 ... . (i),
the k-th polar curve of () is

—_ ! ~n = tJ)_!_ , o)~ =h -1
V=i T W SE Ty et )

(it—2) !
(n—k—2)!

If O lies on the given curve, ¢ = 0; and the tangent at ()
is hyo+by = 0. Hence the polar curves of () all touch the
given curve at 0. And, more gencrally, we show in the
same manner that

Ay polar curve of an r-ple point O of a given curve hus
am r-ple poink at O with the same tungents as the given curve.

If O is aninflexion of the given curve, « = O and by« +b,y is
a factor of ¢ x* + 2¢,xy + c,y%.

Hence O is an inflexion of all the polar curves; and similarly
in general :

The polar curves of « poind O at which the tungent has
r-poiut contact have r-poiit contact at O with the sume tangent.

(Cor®+ 200y + ) 224
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Kx. 1. The (» —#)-th polar curve of an r-ple point of an n-ic consists of
the » tangents at the point.

The (s —»+ 1)-th, (n —»+ 2)-th, ... polar curves are non-existent,

Ex. 2. The ratio of the curvaturc at O of an n-ic to the curvature of
the Z-th polar curve of O at Ois (n—1)/(n—k~1).

[1f the curve is 0 = y4 ax®4 ..., the k-th polar of the origin is

O=mn—-1y+(n—k-1)aa’+ ....]
Kx. 3. The polar conic of (¢, n, ¢) with respect to
(b—c) e~y y=+ (c~a) (fe—E&e)ard (a—Db) (€y—nr)ay = 0

has the triangle of reference as a self-conjugate triangle.

[1tis (a€2+4Dn®+00?) (@ +y%+ 2%) = (€4 94 {3) (ax®4 by? 4 ¢22).]

Xx. 4. The locus of a point whose polur conic with respect to a given
n-ic is a rectangular hyperbola isa (1 —2)-c.

[If the equation of the curve in rectangular Cartesian coordinates is
af L Af
art o= 1

Fx. 5. The number of points on an nic whose polar conic is a
rectangular hyperbola is n (2 - 2).

Kx. 6. The locus of a point whose polar conic with respect 1o a given
n-ic is a parabola is a 2 (n —2)-ic.
NfNf s S )? |

d Ayt dxdy

S (zy, y) =0, the locus is

[The locus is

Ex. 7. The number of points on an 1 1¢ whose polar conic with respect
to the curve is a parabola is in general 2a (1 —2)~2«, where « is the
number of cusps.

| The locus of Ex. 6 passes through each cusp of the a-ic, as is seen hy
taking the origin at the cusp and writing down the cquation of the
locus. The polar conic of a cusp is the cuspidal tangent twice over by
Iix. 1, which we do not count as a parabola. |

¥x. 8. The locus of a point whose polar conic with respect to a given
n-ic has given eccentricity (0, 1, or 2}) is a 2 (n—2)dc; and the
number of points on an #-1c whose polar conic with respect to the curve
has a given eccentricity is 2n (n—92).

Ex. 9. There ure (#—2)* points in the plane of an n-ic whose polai
conic is a cirele.

]‘V‘f- 2f . 2f _

22 MM kT

Fx. 10. If all the polar conics for

fle, ) S u, g+ oy +u,=0
are rectangular hyperbolas, where w, is homogeneous of degree & in
« and y, then u, = 0 arc lines parallel to the sides of a regular polygon.

The »n asymptotes meet in a_point and are parallel to the sides of

@ regular polygon ; and so are the tangents at any multiple point.

0 are equations giving the points.]

PSRV I L s () (=0
Rert 3ot o T e =27 (jp t 1) (=0,
Therefore g = 2 (a coskd+bsink6).

If one asymptote passes through the origin, w, and w,, have a
common factor. If two asymptotes meet at the origin, v, , =0.]
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Ex. 11. All the polar conics for y =a,+ax+a2’+ ... +a,a" are
arabolas ; and conversely every curve all of whose conics are parabolas
18 of this type.
The curve is of degree and class ». It has a superlinear branch of
order n—1 at (0, ), the line at infinity being the tangent.
The centroid of the intersections of this curve with any other lies on
a fixed line, if n >2.

[Choose axes of reference for the curve of Ex. 10 such that = is a
factor of «,. Then substitute in
RS ONF_ RS\
art agr = \awdy/
The centroid lies on z = 0. if a,-, = 0.]

kix. 12. If every polar curve of degree » goes through two fixed points
A and B, the curve is a (2r—2—k)ic with a (r—1-k)-ple point at
A and B.
[Taking 4 and B as (1, 0, 0) and (0, 1. 0),
¥f_o f_y.
s‘x; =0 and (\7]1’ = 0 H
/= 0 being the equation of the curve.
Taking » = 2 or 3, we have the two following examples. |

Ex. 13. If every polar conic is o circle, the curve is a circle.

Ex. 14. If every polar cubic is circular. the curve is a circular cubic
or bicircular quartic.

Kx. 15, If a line meets a (Z2u+ 1)-ic in I, Py, ..., Py, and we
derive a series of curves o), oy, ..., 0y,. such that o, is the first polar ot
P, for the given curve, o, is the first polar of P, for o,, o, is the first
polar of P; for oy, ..., then the line o,, goes through P,,,,.

[Take the line as = =0.]

Ex. 16. The &-th polar curves of a point () with respect to a pencil of
n-ics form a pencil of (n —k)-ics.

Ex. 17. The tangent at () to that curve of a given pencil which passes
through O goes through the intersection of the polar lines of O with
respect to any two curves of the pencil.

[Take & =n—1 in Kx. 16.]

Fx. 18. The locus of the poles of u given line with respect to all curves
of a pencil of n-ics is a 2 (n—1)-ic_passing through the points of con-
tact of those curves of the pencil which touch the line.

If Pis any point of the line, the first polar curves of P form a pencil
of (n—1)-ics. As P travels along the line the base-points of this pencil of
(n—1)-ics trace out the same locus.

[If w+kv = 0 is the pencil and = = 0 the given line, the locus is
> dnu dr_ dv ]

dr dy oz dy’
Ex. 19. 3(n—1)? of a given pencil of n-ics have a node in general.
The polar line of such a node is the same for each n-ic of the pencil ;
and the node lies on the 2 (n—1)-ic of Ex. 18.
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[The nodes are the intersections of

e _c\w__ dv and du dv _ dv du
o dy - ddy dx 3z dr dz
other than the intersections of
N o
— =0 nd = 0.
o a o

The case » = 2 is familiar, For the case n =3 sec Mohrmann, Math.
Awnalen, 1xxiv (1913), p. 319.|

§4. Harmonic Polar of an Inflexion on a Cubic.

In § 3 suppose the curve is a cubie, and consider the first
polar curve, i. e. the polar conic, of any point O.
If 0rQ,Q,Q, is a line through () such that

0Q,.PQ,. PQ.+0Q,. 'Q; . I'Q,+ 0Q. . PQ, . PQ, = 0,
P lics on the polar conie of O (§1). If O lics on the curve, we
may suppose that one of (), Q,, @, say (3, coincides with O,
and then 0Q,.1Q,+0Q, . PQ, =0
or (0P, Q,Q,) is an harmonic range, Hence:

If throwgh any point O of « cubic any line is drawn cutting
the cwrve i lwo other puinds,the harmonic conjugate of O with
respect 1o these two points liex on the polar conic of 0.

If O is an inflexion of the cubie, the tangent at O meets the
curve at three eonsccutive points, which may be considered as
forming an harmonic range with any point on the tangent.

- Hence the polar conic degenerates into the tangent at O and
a straight line called the harmonie polwr of the inflexion O.*
Therefore :

If through an inflerion O of a cubic any line is drawn
cutting the eurve in two other points, the harmonic conjugate
of O with respect to these trro points lies on a line through the
points of contact of the three tangents from. 0.

Suppose any line meets the cubic in D,, D,, D,. Let the
lines OD,, 0D,, 0D, mcet the cubic again in &), E,, E, and
meet the harmonie polar of O in ¥, F,, F,. Since the ranges
‘OF,, D,k), (OF,, D,E,), (OF,, D,E;) are harmonie, and

» Dy, Dyand F | F,, F; are collinear, so are £, K,, E,. If
he points D, D,, I); are consecutive on the cubic, so are
K, E;, Ey; and both trios of points coincide at inflexions.
Jence we have the important theorem :

The line joining two inflerions of a cubic passes through a
hird imflexion.

* Soe § 7 for the result that the polar conic of an inflexion for any curve
agenerates.
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Fx. 1. Show that the harmonic polar of (0, -1, 1) for
B4y +24 6mayz =

is the same for all values of m.

|The polar conic of (0, =1, 1) is (2mr—y—2)(y—2) = 0.

2mr —y—z = 0 isthe tangent at the point, and y—2 = 0 the harmonic
polar.]

Fx. 2. Find the harmonie polar of

(i) (0, 0,1) for X (y—a)= (y4 ) (ar’+by).
(ii) (0, =1) for Ba'=ay+y'4 x+y.
(iii) (=1, 1, 0) for (x4 y+2)+6kays = 0.

[ 2=0, Gi)z4y~=1, (i) a=y]

kx. 3. Any two chords OPQ, 01”Q’ are drawn through the inflexion 0
of a cubic. Show that PF” and @@’ mect on the harmonic polar of 0.

Show also that the tangents at Pand @ meet on the harmonic polar of 0.

[Use the harwonic property of the diagonals of a quadrilateral. Then
make the two chords adjucent. |

Ex. 4. Two chords through a point 0 of a cubic mect the curve again
in Pand @, I and ¢’ ; while they meet the polar conic of 0 in Rand R'.
Prove PP, ¢, R concurrent.

Show also that the tangents at P. @, I are concurrent.

[As in Fx. 3]

Ex. 5. A conic touches @ cubic at O and cuts it at P, @, R, S. Show
that 0P, 0Q, OR, OS meet the cubic again at four points on a conic
also touching the cubic at 0.

Ext 6. Any line through an (¥ —2)-ple point O of an n-ic cuts the
carve again in @, and ¢,. F¥ind the locus of P, if (0P, @, Q,) s
hatmonic.

| The first polar of O less the inflexional tangents at (), if any.|

{ 5. First Polar Curve.

We consider now the intersections with a given curve of
the first polar curve of () with respeet to this curve. Take
C(0,0, 1) as such a point of intersection, O as (1, 0, 0), and
any point as B(0, 1, 0). Take the curve as (i) in §3. The
tirst polar curve of (1, 0, 0) is
0= 0" 14+ 2 (cour + 1Y) 2" 2+ 3 (dya® + 2y + dyy?) 2™ 5 + ...

Since this meets the given curve at (0, 0, 1), we must have
one of various alternatives.

Firstly, we may have « = b, = 0.

Then the tangent at (0, 0, 1) to the given curve is y = 0
and passes through O. Hence C is the point of contact of a
tangent from O. The curve and the first polar curve have
C as an ordinary point and the tangents to the curves at C are
distinet. Hence a single intersection of the curve and its first
polar is at C.
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Secondly, we may have « = b, = 0, = 0.

The given curve has a node at C, and the first polar curve
has C as an ordinary point, the tangent at C to the first polar
curve not coinciding with either tangent to the given curve at
C. Hence two of the intersections of the curve and its first
polar coincide at ("%

Thirdly, the given curve may have a cusp at (. Taking
£ = 0 as the tangent to the cusp, we have

We see that the first polar touches the given curve at the
cusp, and three of the intersections of the curves coincide at (' *
¢ sum up our results thus:

The first polar curve of O meels the given curve once at the
poind of contact of euch tungent from O lo the given cwrve,
twice al eack node, and thrice «b each cusp of the given curve.

It follows at once that, if 1 is the class of the given w-ic
(Ch.1V, §2), 8 the number of nodes, and « the number of cusps,

m=n(n—-1)—286—-3« . . . . . (i).

For m is the number of tangents from (), i. e. the number of
intersections of the first polar of O with the given curve at
points which are not multiple points of the given curve.

If the curve has 7 bitangents and : inflexions, the reciprocal
curve is of degree an, is of class 71, and bas 7 nodes and ¢
cusps (Ch. IV, §7).

Hence w=awmm—1)—2r-3. . . . . . (i)

If O lies on a curve, the first polar touches the curve at O,
i.c. meets it twice at O (§3). Hence two of the tangents from
a point O on a curve must be considered as coinciding with
the tangent at ().

Ex. 1. Find the tangents from (1, 1, 1) to (£*+y%) 2 = 2w’

[The first polar curve of (1,1,1) is y2—bu?+2z(x+y)=0. This
meets the curve wheie (y®—2xy+.7?) (y*+2xy—2*) = 0. The points of
contact of the tangents arc therefore (1, —1+2%, 1+2-1).]

Ex. 2. Find the tangents:

(i) From (1,1,1) to 2% +y" = 2%

(ii) From (0, 1, —1) to 24 y*+2° = haye.

(ii1) From (11, 16, 9) to 2 +y® = 3xy=.

(iv) From (§ a, 3a) to ay* = .~

(v) From (e, a) to 2°+y* = a®.
(vi) From (0, 0, 1) to ax(y*—2%)+ by (*—x*)+cz (P —y*) = 0.

* See Ch. I, § 7or Ch. VI, § 2.
2218 H
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[The points of contact arc given hy

() F+22y+2xy* +y* = 0.

(ii) afy =2 0or —1+4/2.
(iii) (z=») (2r—y) (Ba4 ay+114°) = 0.
(iv) 2 = at*, y = at*; where t=1,2, —3.
(v) 222 (32?7 =2y 3y?) =0.
(Vi) e = {a (=)} b 2= 0|

ix. 3. Extend the vesult of Ch. T, § 9. Kx. 6 to the case in which
tangents are drawn to an »-ic from a (1: —3) ple point.
|The tangents from (0, 0, 1) to
B, g+ 32 Uu_g+ 320, 141, =0
touch at points on the first polar
T T L T R e
and meet the curve again on
(2 g+ 1, )2+ 4 (1 g1, — 0%, ) = 0]

{ 6. Equation of Hessian.

In §1 we defined the Hessian of a curve as the locus of
pomts whose polar conic with respect to the given curve
degenerates into a line-pair. The polar conic of (X, Y, 7)
with respwt to f (., 7/ H) =01s

af , OF o2 92, *f +9 O
S CRA Ay TR \71* Yesyez TN
o o
+ - "/:\—:\’_(\.Y— R

This is a line-pair if (X, Y. Z) lies on
27 af o wf
. a1y o ds

aBYAf WY

Y,

Vi

I

=0

|
yaw  dyyF dydz !
2f 0 Rf
2 do oz dy Azt |

)

which is the equation of the Hessian of f = 0. It fis of
degree 7 in , ¥, z, each element of the determinant is of
degree 1 — 2. ‘Henco -

The Hessian of am n-ic is @ 3(n~— 2)-ic.

To find the Hessian of a curve whose equation is given in
Cartesian coordinates we make the equation homogeneous by
writing /2 and 7/z for » and y. Then after finding the
Hessian we put z =
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Multiply the columns of the determinant H by «, ¢, s, and
add the first two columns to the third; then multiply the
rows by .r, 9, z and add the first two rows to the third. We
shall obtain the identity *

d S AN a2/ 224
ol = (,f,~1)-'{:z o af ¥r (‘l = (?,Jf) A

o dy drdy dy/ du il dy*)
(O X1 ¢ 2\ ;
Loz age (h.r (\//) i'f coes )
This Igi ves an alternative method of caleulating the equation
of the Hessian which is convenient when the equation of the
curve is given in Cartesian coordinates, or when an approxi-

zna.tion) to the Hessian is required in the neighbourhood of
0,0, 1).

+9 (0 —1)

ix. Find the Hessiun of o curve 7, =0 given in polar co-
ordinates.
[Putting 2 =1 in § 6 (1) the expression in the first brackets { ) is
1 (,of of 2F ‘ OF\E B AL\ 0
=1 7ar a0 Sa " Yae) 52 TUE) ae
. ' 1O (a.0FfF Af\?
A {"2‘ ar) 1205 |
and the expression in the second bruckets { | is
Lay af  afy 17320 1arye
” (\1'2(;\62 + ).Dr\ - 1""(8@9 Y 2

$7. Intersections of a Curve with its Hessian,

Ry relation (i) of § 6 the intersections of an w-ic f' = O with
its Hessian 2/ = 0 arc the same as the intersections of /= 0
with

' 24 N2 a2 20
PO L B AT
Qi dy du dy dy/ du® e/ dy
except that /= 0 and &' = 0 meet, not only at the inter-
sections of /' = (0 and H = 0, but also twice at cach intersection
of f=0and z=0.

To deterinine the intersections of f = 0 and I/ = 0 which
coincide with any point O on f=0, we shall take O as
(0, 0,1): and for this purposc we may cevidently replace the
Hessian H =0 by K = 0.

0,

* For by Luler's theorem on homogeneous functions

d P) o2 o o )
af""!’(-{-‘”!(,-.:ll, n'(-‘[+1/—(f- +:—(—£~E/n—l\‘f,
e Ty 2T M2 Ty drdz dx

H2

&e.

T
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Suppose, then, the triangle of reference chosen so that any
point O on f = 0is (0, 0,1) and the tangent at 0 is y = 0.
We have

f = by + (e 4+ Reguy + ¢ y7) T

+ ((10.1'3 + 3(61."""'1/ + 3((2.1'3/"’ + ll:;y“) + e

The polar conic of 0 is

coat o,y + (n—1)bys + 20y = 0.

If this is a linc-pair, cither ¢, = 0 and the coeflicient of "1
in f is a factor of the coefficient of =% i.e. the curve f=0
has an inflexion at O, or else b = 0 and O is a multiple point
of the curve. Hence

The Hessian meets « curce only at the inflexions and multi-
ple points of the curve.

Inthe case h#£ 0,¢, =0

K = (8le,2—612d ) y—6b2d,w) 3=+ .|
keeping only the highest power of z.

Hence the curve and K = 0 (and therefore the eurve and
the Hessian) meet only once at O.

Suppose now f = 0 has a node at 0, so that b = 0.

In this case

K =8(c*—cuey) (¢g® + 2y + M EAL A

Hence & = 0 (and H = 0) has a node at () with the same
tangents as the given curve. The curve and Hessian there-
fore meet six times at the node (Ch. VI, § 2, Ex. (iii)).

Suppose now that 0 is a cusp of the given curve at which
4 = 0 1s the tangent. Then

f = 92224 (dyu + Bty + 8dyay? + dyy?) 2+ L
and
K =—-24(d,r+dy) 22> "+ ...

Hence K = 0 (and H = 0) has a triple point at () at which

two tangents coincide with the cuspidal tangent of the given

curve.
The curve and the Hessian intersect cight times at the

cusp (Ch. VI, § 2, Ex. (iv)).

Summing up the above results we have :

The intersections of « curve wilh its Hessian lie one at eacl,
inflexion, six at each node, and eight at each cusp of the given
cwrve.

If & is the number of nodes, x of cusps, and ¢ of inflexions of

the n-ic,
t=3u(n—2)—68-8«.
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For the curve and Hessian meet altogether in 3w (n—2)
points.

The number of interseetions of the Hessian with the curve
at the nodes and cusps may also be obtained in the following
manner (due to Cayley). The number is evidently indepen-
dent of 1, so that therc are constants 4 and B such that

t=38n(n—2—A8—Bk, k=3m(m—2)—Ar—Bu;
the latter equation being derived from the reciprocal curve as
in § 5.
But by §5
m=un(n—1)—28-3k, n =mm—1)—27-3.
Eliminating m, 7, ¢ from these four equations, we have
(A—6){nt—2n—28—3k) (n*—28—3x) +48+6x}
+(BA—2B-2) -8n*+6n+48+(B-1)k} = 0.
Since this must hold for all values of n,
A—6=84-22-2=0or A=6,B=28

Fx. 1. Find the Hessian of S+ +2°4 6mueye =0, and find its
inflexions.

[The Hessian is m? (@4 4°+ %) = (2m* + 1) zyz, meeting the original
curve where xys = 0. Hence the inflexions are the intersections of the
curve with the sides of the triangle of reference.]

Ex. 2. Find the Hessians of the following curves :

(i) y¥e! = 2Pt
(i) (e+y+2)°+6Axry2=0.
(i) LB+ Yyt 422 =h(r+y+2)"
(iv) o* =z (2 +97).
(v) w(@*=3y)+a(x*+y?) = 0.
(vi) 6z(2*+ %) = (c+y) (@ 4day+ 7).
(vii) &*4 y* =y (r+y+ <)
(viii) 22z = y (y—z) (y—*%«).
(ix) oz = 4.2 = gyaz’ — g, 2%
(x) @o®+3a,22y4 3a,zy* +a,y* +6xye = 0.
(x1) e+ 22y+4 B+ 6prys = 0.
(xii) ez (2~ +by (P —2a?) +ce (P —y?) = 0.
(xiil) *y+y'c+232 = 0.
(xiv) (y=+ o) = .

[(i) aP+9-242-2529-2 = 0,
(i) (@+y+2)(2ye+220+2ay—a*~y*—2") +2kayz=0. The in-
flexions lie on (z+y+2) (x+ oy +0’2) (z+ e’y +az) = 0.
(i) zy== h (x+y+2)(yc+2x+.ry).
(iv) 3ay® =z (y* £ 2%).
(v) 8z (*=3y") +a(@+y’) = 0.



102 INTERSECTIONS OF CURVE WITH HESSIAN VII7

(vi) 22 (%4 V4 (2t y) (PB~4aoy+y°) = 0.
(vii) 3(2*+y*) = 2y (2~ —y).
wiii) & (1 +k) e —8y) +& [k a?— 12 (1+4%) ry+ (1 =224 04 42 =0,

(ix) 120y% = = (12 4y0% 4 36 gy oy + 4,7 2%).

(x) agt’ — sy —ayry +ayyt = Qowye.

(Xi) a4yt 4 =9 p? 2 yat ) =D (IR F ) ey = 0,

(xii) (B2—e") (b4 e2ia® + ... + ...

= i Pt (D —F et a+ L

(xiii) 2Pz +y 24 Sy = Syt Similarly for vy pyrs 4 2 = 0.
(xiv) 8(yz4 a4 16y (y2 4 2% +3 9% = 0]
Ex. 3. The number of inflexions of an #-ic is even o1 odd according as

the » is even or odd.
A curve of odd degrec has at least one real inflexion.

Ex. 4. If a curve has »point contact with its tangent at 0, the Hessian
has (»~2)-point contact with the same tangent at () ; and the corve and
Hessian meet »—2 times at 0.

[The Hessian of yu+ r =0, where the terins of lowest degree in » are
of the r-th degree, 18 of the form yl'4 17= 0, where the terms of lowest
degree in 1" are of the (r—2)-th degree. |

»

Ex. 5. The Hessian of the * triangular-symmetric * cur ¢
(/)" +(y/b)" + (2/¢)" = 0
is the sides of the triangle of reference n—~2 times
Kineh side pusses through # points of the curve at which the tangent
has #-point. contact and passes through the opposite vertex

[By Ex. 4 each such point counts as (n —2) inflexions. |

ix. 6. The locus of the inflexions of =ty = P (2u4 y)+ax* for
varying values of « is 2g°+2%c = 0.

| The Hessian is 2* (2 ax* +4.0y"+.r%y2 + 8y*) = 0. Now eliminate a.]

ix. 7. The locus of the inHexions of u pencil of n-ics is a 6 (# - 1)-ic.
Fxplain the case »n == 2.

¥x. 8, The locus of the points whore polar comie with respect to a
given a-ic touches a given line is a 2 (n —2)-ic.

This (n—2)-ic divides the planc into parts in one of whick the n-ic
Lias no real inflexion or ¢runode, while in the other the si-ic has no acnode.

[If 7= 0 isthe wicand 2 = 0 the given line, the 2 (4 - 1)-ic i~
v O F 0 ( A )’
P=aap Gy =0

If F > 0, the degenerate polar conic of a point on the Hessian is unreal.

In the case n =8, the 2 (n~2)-ic is called the ¢ polo-conic' of the
given line.|

Kx. 9. The 2 (rn~2)-ic of Fx. 8 is the envelope of the (u—2)-th polar
curve of any point on the given line.

Fix. 10, If the given line of Fx. 8 is the tangent at an inflexion 0, the
locus hus a node at O with the given line as one tangent at 0.
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Ex. 11. The tangents to a curve at the multiple point (0, 0, 1) are
= (. Show that the tangents to the Hessian at the same point are in
general v = 0 and My 2 2

at dyt (a—x(\_y :

Fx. 12. A I-ple point O of a curve is in general a (3k—4)-ple point
of the Hessian, and the tangents to the curve at O are tangents to the
Hessian at 0.

Ix. 13. The lines joining (0. 0, 1) to the inflexions of zrvyi4 = 0,
where « is homogeneous of degree p+q+1 in z and y, are

>

ue

¢
= drdy

g 0% ) 9
qlg+1)x o plp+1)y’ oy = 2 pgxy
)2
I p =0, they hecome (\,.,“ = 0. If p=gq, they become
D

4 1) =y Fu
pip "= ry 01'(\]/

[Elimmate : between the equations of curve and Hessian; or use
Kx. 14 (v).]

Ex. 14. Suppose that A, g, v are homogeneous functions of x and y of
degtees p, q, r not less than 2. With the notation

v) —
2y, = MypgeHAggryy — 2 A ppy,,

! 3 g
o _ Ay gy Hag A 1 !
2 = )\12 Moy Vg |+ | g ;‘\22 )
1 M2 M 2 '

oo S A, Fpd A v ) F(n=1) (b, a+ by 4 by ),
where the suftixes 1 and 2 denote partial differentiation with respect
to 2z and ¢,
(i) Prove that

and that
2(p=N(g-D(r=-1b,, .= =r@=1)(p+g=2)va,,
Ap(p=D(p-DNay, +qlg-1)(g=p)pay,

(’/\u = «;4,\' "t\p.. r = I)p)\. v

(p=1)(g=D =T,
=p-hin@-gp-ri+@-—p)(p—g=r+l1); e,
+(g=1) (n(g=» (@-p)+(m—@) (=p+g=r+1) pa,
+=1) n(r=p) (r=@)+ (n=r) (=p=g+r+1)] va,,.
(ii) Show that the Hessian of
ou kg on—k—1p4 m—h—2qp f cn—h-Btpon-h-dg 4 | =,
where & > 2, and u, r, 0, {, s, ... are homogeneous of degree
Ry h+1, k42, 0483, k+4, ...
in . and y, is
0 = z3n- 3A—2§"u1zll + in—dh—d Cuue +z3n—3k—4 (€t cmm:)
4 2n=Bk=5 (ke 42, Fe, )+ 330 e+ 20 e )

“Tuanw new e
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(iii) Hence show that the Hessian when expressed in terms of

3 Uy Py Wy ey gy Ay eeny 18
2In—34 -2 adn—3h—3 :
0=- =T (n—Fk) wa,, + ST (=2 (k=1)(n~k)ua,,
T (—k43) + (k+1) (k—-2)]va,,,)
23n--3h-4

+ =1y (=(F=12n—k=1) (ua, +2va,,) -2k (k=1) (0 ~F)ua,,
+E[n(=k47)+(k+2)(F-8)]wa,,] + ....
(iv) In particular the Hessian of zu+ ¢ =0, where « and » are of
degrees («—1) and # in x and y, is
(m=2)uay, s = nra,,—2@-2) ua,,.
(v) The inflexions of ziu+» =0 le on
m-Na,,+m-2)a,, =0 andon (n—-1)ra

= (n-1
e = (=21 ua,,.

[(i) In the definition of b,, . substitute for A,», &c., from the
identities
2(p-D@-DMm =g @-1) pdy+p (p=1)Ap, ~2 4%,
2(p-1) (gD A =q(g—1) phos + p (p=1) Auyy — 22,
=1 (g=1) Mype+Ap) = q(q—Dph 4 p(p—1) Ay + 2aya,,;
which are derived from (p—1)A = A 4 yAyy, e
(v) Kliminate » between the equations of the curve and Hessian. |

Kx. 15. The ratio of the curvatures of the branch of an n-ic through
a h-ple point O and of the branch of the Hessian touching this branch

at O is (m=k)(k=1) : (nk=3n—=I*41+2).

[If the curve is

0=y (L "+axrtty+ )+ bt 4 L.,
by Ex. 14 (iii) the branch of the Hessian touching y = 0 at the origin is
O=gyn—hk)(k=1)+nk=3n—k2+k+2)br*+ ...,

using Newton's diagram. ]

Kx. 16. The curvatures of two branches of an n-ic and its Hessian
which touch at a crunode of the #-ic are in general in opposite directions.

[1f k=2 in Ex. 15, the ratio of the curvatures is (2—n) : 2.]

Ex. 17. In what cases is it true that each branch of the Hessian
touching a given #n-ic at a A-ple point is inflexional ?

|wk=3n—E*+k+2=0 gives #w=10, A=4; 2 =10, k=7; or
n=9, k=0>5l]

§8. The Steinerian.

Suppose that the first polar ecurve of a point P (¢, 7, ¢) with
respect to a curve f(z, ¥, 2) = 0 of degree m has a double
point at @ (X, ¥, Z). The locus of P is called the Steineriwn
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of the given curve. Writing down the conditions that the
first polar curve”of P, namely,

bf of of
Eoa oy +{5: =0
should have a double point at @, we have by Ch. II, § 4,
af 2 A a 2fRf
ox: tivay axaz= " fsvax t1avE tapz = O
& rxf ¥ -
Ssmxtrapy tp=0 - - )

Eliminating .X, ¥, Z from the equations (i) and replacing
& n, ¢ by @, y, = we have the equation of the Steinerian. 1t
may be shown that, since each of the three equations (i) is of
gzag,rre?))?;,;:z in X. Y, Z, the Steinerian is in general of degree

1n—2)%

Eliminating ¢, 5, ¢ from equations (i) we have

& ’f iBf
0.X® XY X Z |

& sf 2y
E) R GEEF) RN )

o o8 2
023X azdY oz

=0 . . . (i

Henee :

The locus of the double poinls of the first polar cuives of
given curve 48 its Hessian.

The conditions that 2 should be a node of the polar conic

of ¢

2f L 2f
2 2 o ~2 N
NPy CREAy CREPY ¢
2 3 22y
Qoym V. D A Doy — L
Ry Sz TR sy TR syar =Y

are the equations (i).
Hence :
If the first polar cwrve of I’ has a node at Q, the polur conic
of @ is a line-pair meeting al P.
Suppose now that corresponding points /*” and @ on the
* Salmon’s Higher Algelna, § 76. Another proof is given in § 9, Ex. 9. For

an extension of the theoroms in §§ 8, 9, see Henrici, Proc. London Matk. Soc., ii
(1868), pp. 112, 183,
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Steinerian and Hessian consecutive to I’ and @ have coor-
dinates
(+dg n+dn, ¢+d¢) and (X +dX, Y+dY, Z+d7)
respectively. Then, since the first polwr earves of P and F
go through Q and ()" respectively,
of L f L Lof _
Eax t7ay =

A o%f ‘ het) ___‘\i_ )/ =0:
(£+¢lg)(b‘\,+ AN L\¢‘((\Z’I[)+”'+.“_ .
or, using (i),

o/ of LA

Eax Tay o=

dof hYa of o
4/§(\:(-, +dy (\')r, +([fa'{[ = 0)

These equations show that the polar line of @)

o
rax Yy teaz="

is identical with the line through the points I> and Z”. which
is the tangent at P to the Steinerian in the limit. Hende:
If the first polar curve of P has « node et Q, Ue polar line
of Q is the tungent wt I to the locus of P.
A tangent from («/, i, 2’) to the Steinerian is the polar line
of a point (X, ¥. Z) on the Hessian, such that (ii) holds and
also

\f bf Ff
s C ’ ’

£ = — 4= =0
lb.\'+?/DY+ 7

Therefore the tangents from (.7, ', 5’) to the Steinerian are
the polar lines of the intersections of the Hessian with the
first polar curve of («/, %/, z’), other than the double points of
the original curve. This Hessian and first polar curve are of
degrees 3 (1—2), n—1, and may be shown to meet twice at
each node and four times at each cusp of the original curve
(Ch. VI, §2). Hence:

The class of the Steinerian is

3(n—1) (n—2)~28—4x,
where 8, k ave the wwmber of nodes und cusps of the given
curve*

* For the effect of multiple points of a curve on the degree and class of the
Steinerian, see Koehler, Bull. de lu Suc. Math. de France. i (1873), pp. 124-9.
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¥ 9. The Cayleyan.

If the first polar curve of P has a double point at €, the
envelope of I°Q) is called the Cuyleyan (or ¢ Pippian ') of the
given curve.

Suppose that the line Az +uy +»z = 0 is the polar line of
(X, Y, Z) with respeet to f'(«, y, z) = 0. Then

oo, Y
ax/N =y e =g

Therefore the given line is the polar line of each of the
(1e—1)% intersections of

of _of )/ d/

A voooand p o =p 000 (i),

C
0z T T oz oy

which are the first polar curves of (v, 0,— A) and (0, v,— M)

Henee :

I'm generdd « given line has (1 —1)* poles with respect to o
grven w-ic.

Supposc now that two poles of Ar+ py+ vz = 0 coincide at
the point (X, ¥, Z). The two curves (1) touch at this point.
The tangents at the point to the curves (i) are

Ry af A?f a*f
! (A aZax 7 \T) Y (}‘ oZ2Y VIxXay
f Y
0 =
N T YR
! (" 2ZaX TV al") Y ('“ oZay T VavE

W3 2y o
teWaze T avan) =

Identifying them and climinating A, g, » between the rela-
tions thus obtained we get equation (i) of §8. Hence
(X,Y,Z) lies on the Hessian. Moreover, the corres om_lmg
point (£, 5, ¢) of the Steinerian lics on either of the (identical)
tangents by equations (i) of §8. Summing up. we have:

1f bwo poles of « line coéneide, the coincident poles bie on the
Hessian and the line towches the Steinerian at the correspoid-
ing point. The ('wyleyan is the envelope of the tangent at the
poind of comtact of two first polar curves of the given cwrve.

Ex. 1. If the first polar curve of I’(1, 0, 0) with respect to /=0 has
a node at @ (0, 0, 1),

SZE a2 02"y "2y 23 (dyxt + 8yt y + 8 dyy +dy ) + ..

kx. 2. Use Fx. 1 to show that @ lics on the Hessian and that the
polar conic of @ is a line-pair 1lecting at P.
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Ex. 8. The second polar of I’ touches the Hessian at ¢.

[The common tangent is dyx+dyy = 0.]

¥x. 4. The tangent at @ to the Hessian is the harmonic conjugate of
PQ for the tangents to the first polar of /> at Q.

|The tangents are d,2?+2d,xy ! dyy* = 0.]

Ex. 5. The tangent at P to the Steinerian is the harmonic conjugate
of P’Q for the degenerate polar conic of Q.

[The tangent at P is the polar line of @, which is nas+by = 0. The
polar conic of @ is

an=1 e 1 2(n—1)bey+2cy* = 0.]

Fx. 6. The first polar of any poini on the tangent at P to the
Steinerian touches PQ at ¢.

Ex. 7. If P touches the Hessiun at @, it touches the Cayleyan at Q.

[If Pand @, P and ¢’ are consecutive pairs of points on Steinerian
and Hessian, 1’9 and P'¢’ meet at Q']

Fx. 8. The Steinerian and Cayleyan touch the inflexional tangents of
the given curve.

[These tangents are the polar lines of the inflexions.| N

¥x. 9. The locus of § 2, Kx. 12 (ii) meets the IHessiun at the points
corresponding to the intersections of the Steineriun with the given
conic.

Ex. 10. The Hessian and Steinerian of the *triangular-symmetric’
curve (.r/a)" + (y/b)n 4 (z/(:)" =0
degenerate into the sides of the triangle of reference, and the Cayleyan
into the vertices of this triangle.

Ex. 11. The polar cubic of O with respect to u quartic degenerates
into a line and u conic. Show that O is a mode of the Steinerian and
that the line is a 4-ple tangent of the Cayleyan.

[Take O as (0, 0, 1) and the quartic as

A Pug Py = 0.]

§10. Jacobian of Three Curves.

It U=0,V =0, W =0 are the cquations of three curves,
the eurve
PYASEERY /AN Y A
- dy
hY LN AP
do dy ¥z
IW W oW
FY ) ?} 2%
or, as it is usually written,

~
i

is called the Jacobiwin of the three curves.
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The polar lines of (., y, 2) with respect to the three curves are

d T
XUyl 2 o g
Q. oy oz

X, Y, Z being current coordinates.

Hence the Jacobian is the locus of a point whose polar lincs
with respect to the three given curves are concurrent.

It follows that the Jacobian of thrce curves projects into
the Jacobian of their projections.

If the curves arc of degrees i, m,, M, the Jacobian is evi-
dently of degrec

Wy + 1y + 1y — 3.

We at once verify that,if 7 =0 and V =0 are straight
lines, the Jacobian is the first polar curve of their intersection
with respect to W = 0. Henec a first polar curve is only
a particular case of a Jacobian.

In § 5 we diseussed the intersections of a eurve with any
tirst polar. We may generalize this investigation by finding
the intersections with a given n-ic W = 0 of the Jacobian of
an n-ic U= 0, an nsic V=0, and the nie W = 0.

Multiplying the columns of the determinant J by o903
and adding the first two columnns to the third, we can express
Jz in the form

U 23U
l).l' b:’)] IL-‘ U
2V VY
P ~ _ 4
Jz ey ™
QN AW .
2wy W

Suppose that (0, 0, 1) is an interscetion of W =0 and
J =0. Take the tangent to W =0 at (0, 0, 1) as y = 0.
Then

W = b,y2" '+ (cpa? + 20,0y 40,90 SVE 4L

Arranging the determinant just given for Jz in descending
powers of z, and taking for U and V the most general ex-
pressions of degrees m, and =, also arranged in descending
powers of 2, we readily find that the Jacobian passes through
(0, 0, 1) in the following cases.

(i) That curve of the pencil U+%kV =0 which passes
through (0, 0, 1) touches W = 0 there.

The Jacobian does not in general touch W =0 at (0,0, 1)
in this case. Hence the Jacobian cuts W =0 once at
each point of contact of W =0 with a curve of the pencil
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U+LkV = 0. This may also be proved by identifying the
tangents to W =0 and U+AkV =0 at any point of inter-
section.

(i) b, = 0.

Now W = 0 has a node at (0, 0, 1) and the Jacobian passes
through (0, 0, 1). Hence the Jacobian meets W = 0 twice at
every node of W = 0.

(ii1) b(, =c,=c,=0.

Now W = 0 has a cusp at (0. 0, 1) with ¥ = 0 as cuspidal
tangent. The Jacobian touches y = 0 at (0, 0, 1). Henee the
Jacobian meets W = 0 thrice at cvery cusp of W = 0.

These results are true only if {7 and V are perfoctly gencral.
Some important special cases are discussed in the examples
below.

Ex. 1. If the first polar curves of I’ with respect to three given curves
are concurrent at @, @ is on the Jacobian.

Ex. 2. Any three curves of the family «(’4 b1+ ¢ == 0 have the same
Jacobian as the three curves 1" = 0, V= 0, W = 0. provided the equation
of the Jacobian does not vanish identically.

¥x. 8. The Jacobian of ' =0, V=0, W = 0 is the locus of the nodes
of the family «l'+ bV +eW =0, andalso of « VW4 0W U+ 'V = 0.

Kx. 4. If three curves pass through 0, their Jacohan passes through
0 If the curves are of the same degree, 0 18 o node of the Jacobian.
If two of them are of the same degree, the Jacobian touches the third
curve al. (),

[In Ex. 4 to 7 take O as (0, 0, 1).]

Ex. 5. If Oisacusp of W = 0. the Jacobiun of I'=0.17 =0, H"=0
touches W ==0 at O.

1f O is a k-ple point of 7" = 0, the Jacobian has a (k- 1)-ple point at 0.

Ex. 6. If O is a ky-ple, kyple, kyple point of an i, nyie. mc
respectively, the Jacobian of the curves s an (n,+ ny,4 n,— 3)-i¢ with 0
as a multiple point of order not less than 4+ Ay t &, - 2.

If #y = ny, and ky, = ky, Oisa (2, +1, - 2)-ple point of the Jacobian
at which &, tangents coincide with those of the ng-ic.

If w,=n,=n, and &, =k, = ky, Oisin general a (3k;--1)-ple point
of the Jacobian.

¥x. 7. If 0 is a cusp of a curve. the Jacobian of this carve and any
other two curves through 0 has a node at O one of whose branches
touches the given curve at 0.

If the two other curves have the same degree, the Jacohian has a cusp
at () with the same tangent as the given curve.

Ex. 8. The number of curves of a pencil of N-ies Ut k1 = 0 which
touch a given curve W = 0 of degrce » and class m is in general
2u(N-1)+m.

[The points of contact are the (2.N+4 #n—3)» inlersections of 1 =0
and the Jacobian of U=0, V=0, W =0 less thc nodes of W =0
counted twice and the cusps counted thrice. Now use equation (i) of § 5.]
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Ex. 9, A pencil of N-iex has as its base-points each of the & nodes and
« cusps of an a-ic (n > N) and other points of the n-ic. Show that the
number of N-ics touching the n-ic at a point other than a base-point is

(n—=N)(N—u+3)+4D-2;
where D=Xn-1)(n=2)—8-«

|By Ex. 4, 6, 7 the Jacohian of the a-ic and two N-ies of the pencil
mects the n-ic at the points of contact required, xix times atb each node
and cusp of the n-ic. and twice at the other » base-points of the pencil.
"The number of points of contact i therefore

(ON+n—3)n—6(d+x)—2r while r+8+xk=3N(N+3)-1]

ix. 10. Show that the result of Kx. 9 is true if the »-ic has multiple
points, the N-ies having a (k=1)-ple point at each A-ple point of the
w-ic; where D=1(n-1) (-2 -3} k(-1).

[Use Ex. 6.]

Kx. 11. A pencil of N-ics has as hase-points points of an n-ic. Any
curve of the pencil meets the n-ic at p points other than the huse-points,
and q curves of the ypencil touch the x-ic at a point which is not a
base-point. Show that ¢~ 2p+2(D 1) -«/, where «' is the number
of cusps of the n-1c which are not base points of the pencil. *

By Ex. 4 to 7 the ¢ points of contact are the intersections of the
Jacobian of the s-1c and two N-ies with the a-ic, less each node base-
point six times, each cusp base-point six times, each other base-point
twice, ench other node twice, and each other cusp (< in number) thrice.]

Ex 12. Show ihat the resnlt of Fx. 11 still holds, if the n-ic has
ordinary maltiple pownts with distinet tangents at some of which the
N-ics have ordinarvy multiple points of ussigned order.

¥x. 13, The number of curves of o singly infinite family with
characteristic (p, 1) which touch u given curve /=0 of degree n and
class m i in geneval wl 4 wp. .

[Thisx exampie 1 a generalization of Kx. 8. For the definition see
Ch. IV, § &

If £(x,y. 2 a)-=0 is the family, and ¢ (A, p, », a) = 0 its tangential
cquation. the points of contact of a curve of the family with the line
Az + py+ vz = 0 are the intersections of this line with the curve obtained
by eliminating @ between f=0 and ¢ = 0, say Y\, py», 2, 9. 2)=0;
where ¢ is homogencous of degree p in X, p, » and degree /in u«, g, :.
Then the points of contact of u curve of the family with F =0 are the
intersections of F'= 0 with the (Jt pn- p)dc

(F )
ax’ Ay h= )

To discuss the intersections of /=0 and ¢y =0 at a node, take the
node as (0, 0, 1).]

Kx. 14. If 2422425 is a square number, the locus of the nodes of
{hose 1 {4/ (24 #*425)—3-ics which go through the 3»* intersections
of three n-ics taken in pairs is the Jacobian of the a-ies.

[The family whose nodal Jocus we require is the second family of Kx.3,
The two simplest cases are # =2 and » =05 The reader may find
other cases.]



CHAPTER VIII
PLUCKER'S NUMBERS

{1, Pliicker’s Numbers.

Wk shall use the following notation for any curve through-
out the book unless otherwise stated :

n = degree, m = class, 6 = number of nodes, x = number of
cusps, 7 = number of bitangents, ¢ = number of inflexions.

The six quantities n, m, 8, k, 7, « are called the Pliicker’s
nuwinbers of the curve. They are not independent, but arc
connected by various relations, of which the most useful are
perhaps

@) m=nn—1)-28~3«,
(i) n = m(m—1)—27— 3,
(1) ¢ = 3n(n—=2)—68 -8k,
(iv) k =8m(m—2)—67—8.
(v) tn(n+3)—8—2k=3im m+3)—1-24
(vi) 3(n—=1)(n—2)—8—k = (m—-1)(m—2)—7—1,
(vil) t—«& = 3 (m - n),
(viii) 2(r—8) = (m—n) (m+n—9),
(ix) n*—28—3k = m*—27 -3

Of these Lliicker’s equations only three are independent. If
we take three, for instance, (i), (ii), (iii), or (i), (ii), (v), the
other relations may be deduced.

Thus, assuming (i), (ii), (v), we get (ix) by subtracting (ii)
from (i). Then, subtracting (v) from (ix), we get (vi); and
80 on.

The Pliicker’s numbers of the reciprocal curve arc by
Ch. IV, §7

Ny Ny T, L, 6, K.

Hence, if we prove (i), (i) follows at once on consideration
ofgthe reciprocal of the given curve.

Similarly, (iv) follows from (iii). The equations (v) to (ix)
do not give any fresh equations by consideration of the recip-
rocal curve.
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It remains now to establish three of Pliicker’s cquations.

We proved (i) in Ch. VII, § 5, by considering the inter-
sections of the first polar curve of any point O with the given
curve. These intersections lie one at each point of contact of
a tangent from O, two at each node, and three at each cusp
of the given curve.

Then (ii) follows from the reciprocal curve.

We proved (iii) in Ch. VII, §7, by considering the inter-
scetions of the Hessian with the given curve. These inter-
sections lie one at each inflexion, six at each node, and eight at
each cusp of the given eurve.

We may deduce (v) from (i), (ii), (iii), which we have
proved. But we have given an independent proof of (v)in
Ch. IV, § 8 ; and we may deduce (ii1) from (i), (i), (v), if
preferred.

It is readily seen that a curve has the same Pliicker’s
numbers as any projection of the curve; but that curves with
the same Pliicker’s numbers arc not necessarily projections of
each other. All curves with the same Pliicker's numbers may
be said to belong to the same type.

\ 2. Deficiency.
We shall denote
3(n=1)(n—2)—6—«
by the symbol D), which is called the deficiency (or yenus) of
the curve.

We shall prove in Ch. X, §3, that D cannot be negative ;
and that, il D is zero, the coordinates of any point on the
curve can be expressed rationally in terms of a parameter ;
while conversely, if the coordinates can be so expressed,
D=0

For instance, a cubic cannot have two double points unless
it degencrates. For the line joining two double points meets
the curve twice at ecach, whereas a straight line meets a cubic
in only three points.

Also if (a, ) is a double point of a cubic, the line

y—b=1(r—u)
meets the cubic again in a point whose coordinates are rational
functions of .

Again, a quartic cannot have four double points. For the
conic through four double points and any other point of
a curve meets it in nine points at least.

Also the pencil of conics through three double points of a
quartic and any other given point of the curve ieets the

2216 I
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quartic again in an eighth point, whose coordinates are
rational functions of the parameter of the pencil.

Equation (vi) of § 1 states that the deficiency of a curve and
its reciprocal are the same. For a more general theorem of
which this is a special case see Ch. XXI, §3.

For a more general definition of ¢deficiency > when the
curve has multiple points other than ordinary nodes and
cusps see Ch. IX, §7.

Ex. 1. Prove the rest of equations (i) to (ix) in § 1.
Ex. 2. Prove that
T=08+1(1?—2n—28-3«) (n*—9-28~-3«).

Kx. 3. Enumerate the types of cubic and quartic.

[See Ch. XIII, § 1, and Ch. XVIL, § 1]

Fx.4. () If w=m, or if k=1, we have n=m, k=1, and 8 =r.
The curve 1s then of the same type as its reciprocal. If » is given, the
number of such types is the integral part of } (n*—5n+12).

(ii) Find the type of curve for which n=m=8=«ck=r=1

[(i) Use § 1 (vii), (viii).

d=3}n-2)(n-3)=3D, x=n=-242D.
For example, the cubic with a cusp, the quartic with a node and two

cusps, the quintic with three nodes and three cusps, the quintic with
five cusps, &e. (i) » = 7.]

Ex.5. If 8=r, cither w=m, «=¢; or elsc the curve is a non-
singular cubic, a quartic with two nodes and a cusp, a quintic with
two nodes and four cusps, or a sextic with nine cusps.

|Use § 1 (vii), (viii). The exceptions are given by 8 =7, n+m = 9.
Fx.6. If n>m, then x>t and 8>, =, <7 as n4+m>, =, <9.
Ex. 7. If «=n+m, «=4(D-1),
Fx. 8. If 8=0, x=1? r=3}(n+1)(n—3) (n2~12).
Ex.9. m >3 (14 (dn+1)}}.
|For m(m=1) 2 n.]
Ex.10. (i) m=2(n=~1)+2D—«, 1= 3 (n—2)4 602k,
d=tn~-1)(n-2)=D—-x
(ii) If m=348, 6D = (n~1)(n—6) If 2m=1, 2D=n+2
If 23=4 8D=n—2)(n—4).
Ex. 11. The number of cusps cannot exceed the smaller of
f(m-2+2D) and 1{4n—-8—(4n+Di+4Dn.
|Use Fx. 9,10, and ¢ > 0.]
Ex. 12. If D=0 and n >4, not all the double points are cusps.
Fx. 13. If D=0, m £ 2(n—1); while m > 3 (n+2) if n is even,

=

and m > % (n+3) if nis odd.
[f D=0, m=2(m~-1)—c=31(n+2+.).]
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Ex. 14. Through a fixed point O any line is drawn meeting a fixed
curve in Pand a fixed line in @. TIf the 1ange (OPQR) has a fixed cross-
ratio, the locus of R is a curve of the same type as the fixed curve.

[Project the fixed line to infinity ; or note that the two curves arc in
plane perspective.]

Ex. 15. The result of Ex. 14 holds if we replace the fixed line by
a fixed conic through O.

[Project the conic into a circle, and invert with respect to 0.]

§ 3. Multiple Points with Distinet Tangents.

So far we have supposed the curve to possess only ordinary
cusps and nodes.

Let us now suppose that the curve has one or more multiple
points with distinct tangents. We shall show that :

Pliicker’s equutions still hold, if we reckon each ordimary
multiple point with distinct tangents as equivalent to
1k (k—1) nodes and each ordinary k'-ple tumgent with k'
distinct points of contact as equivalent to 3k’ (I —1) bitangents
in the evaluation of 8, 7, and D.

One of the statcments in this theorem is the reciprocal ot
the other. 1t will be sufficient to prove one of them.

We require to show that any first polar curve and the
Hessian meet the given curve I (k—1) times and 3k(k—1)
times respectively at a k-ple point of the curve. For, if that
is 80, equations (1), (i), (i) of § 1 hold good when each k-ple
point is considered equivalent to 3k (4k—1) nodes; and from
these threc equations the other equations of §1 can be
deduced.

The result is plausible; for a curve which bas /& veal
branches all nearly passing through O has evidently 3k(k—1)
crunodes in the neighbourhood of O ; and these coalesce at 0,
if the hranches arc all made to approach O.

Suppose the curve has a A-ple point O at (0, 0, 1). Its
equation is

J=aba, 4k, L, =0,
where u, is homogencous of degree 7 in « and y.

The first polar curve of (0, 1, 0) is %%, = 0, which has evi-

dently a (L—1)-ple point at O, the tangents to the curve and
the first polar at O being all distinct.

Hence by Ch. I, §7, or Ch. VI, § 2, the curve and first polar
meet in & (k—1) points coinciding with O, as required.

To find the number of intersections of curve and Hessian at
O we adopt an indirect method. (See also Ex. 2, below.) The

12
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number is evidently dependent solely on the nature of the
curve in the neighbourhood of O ; and there is therefore no
loss of generality in supposing that the curve has besides O
only orsinary point or line singularities, namely &, nodes,
x cusps, 7 bitangents, and ¢ inflexional tangents.

Then from the reciprocal curve as in § 1

n=m@m—1)—27—8., x =3m (m—2)—67—8¢;
and we have just proved that
m = n(n—1)—28,—8k—L(k—1).
These give
1=8n(n—-2)—68,—8k—3k(k—1),

and thereforc the curve and Hessian meet 3/k(k—1) times
at O.

The first polar of O has evidently a /k-ple point at O with
the same tangents as the given curve. Hence the curve and
first polar meet k(k+1) times at O (Ch. I, §7; Ch. VI, § 2,
(vi)) ; so that 2k of the tangents from a k-ple point must be
considered as coinciding with tangents at that point. *

Ex. 1. The deficicncy of a curve with no singularity other than
ordinary multiple points with distinct tangents is § (m—2n+2).
R(m—~2n+2)=3%(n—-1)(n—-2)~8, since «=0.]
Ex. 2. Establish directly the fact that the Hessian meets the curve
3k(k—1) times at a k-ple point.
[If 1 =0 are the tangents to the curve at the multiple point (0, 0, 1),
the tangents to the Hessian at the point are
Nu du_ g Ru
52 5= (ax3y)
by Ch. VII, § 7, Ex. 14 (iii). Hence curve and Hessian meet
E(k+1)+2k (-2) =3k (k-1
times at (0, 0, 1). A similar method will apply to § 4.]

u=0 and

§4. Multiple Points with Superlinear Branches.

We show now more generally that:

Pliicker’s equations hold if (i) each multiple point of order
k having 1 ordinary superlinear branches with distinct
tangents is counted as equivalent to 3k (k—3)+! nodes and
k—1{ cusps; and (ii) each multiple tangent meeting the curve
in k' +1' points at itsl’ points of contact* is counted as equiva-
lent to 3k (k' —8)+1 bitangents and k' —U inflexions. The
defictency is tuken as 3(n—1) (n—2)—4Zk(k—1).

* It is supposed that the tangent touches only one branch of the curve at
each of these I’ points.
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By an ‘ordinary’ superlinear branch of order ¢ we mean
one whose Cartesian equation near the origin (taken at the
multiple point) is of the form '

12 3
Y = & (@+bad + et +dat +...),
where there is no special relation between «, b, ¢, d, ... , except
that ¢ may be zero, if the tangent to the branch is taken as
y=0(Ch. VI, §1).

The proof of the theoremn is similar to that of §3. We only
note the modifications which are necessary.

As before, (ii) is the reciprocal of (i).

Since a factor repeated » times in u;, is repeated r—1 times
in % , every tangent to a superlinear branch of the curve is
a tangent to a superlinear branch of any first polar of order
lower by unity. Hence (Ch. VI, § 2, Ex. 8) the curve and the
first polar meet in

B=l=2{3kE=8)+l}+3 (k-0
points at O.

Again, to prove that the number of intersections of curve

and Hessian at O is

6 {3k (h—8)+1} +8(k—1),
we may suppose that the curve has besides O no singu]y‘it.ies
except 8, nodes, «, cusps, 7, bitangents, and ¢, inflexion~. As
before,

n=m@m—-1)—27,- 3¢,

and m=mn(n—1)—-26,—8«k,—(F*-1);
while
kg = 8m (Mm—2)—671,—Bi,y-- (K1),
since by Ch. VIL §7, Ex. 4 the Hessian of the reciprocal
curve meets it L —/ times at its points of contact with thc
multiple tangent which is the reciprocal of 0. We deduce

ty=38n(n—2)—68,~8x,—6 1k (k—3)+1} —8(k=10);
which establishes the result.

Ex. Find Plicker’s numbers for a curve of degree » with a single
superlinear branch of order (i) n—1, (ii) n—2. *

) m=n, 8=r=4(n—2)(n-3), k=1=n-2, D=0
(i) m=8(m-1), =% (n-3)(n—4), k=n-38, r=}(n-3)(9n-16)
1=Tn-12, D=n-2]
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5. Higher Singularities.

The general problem, special cases of which have been dis-
cussed in §§ 3 and 4, is as follows :

Given a curve with any multiple point whatever O, how
many nodes, cusps, bitangents, and inflexions * must be con-
sidered as coinciding with O, in order that Pliicker’s equations
may formally hold %

Suppose the numbers required are é,, k;, 7, t;- Let any
first polar curve and the Hessian meet the given curve in «
and é) points coinciding with O respectively. Then we must
have

28,+3Kk =2a, 68+8k+=8. . . . (i).

Similarly, if for the reciprocal curve the line corresponding
to O passes through p intersections of curve and first polar
and o intersections of curve and Hessian,

2r 43y =p, 67,+8+K5=0 . . . (ii).

First of all it is to be noted that (i) and (ii) give identically

8 (ax+p)=B+o0.

Hence the quantitics é,, x,, 7,, ¢, could not be found if this
relation were not satisfied. 'T'o show that it is satisfied, take
8y, Ky, Ty, t, a8 the number of nodes, cusps, bitangents, and
inflexions not coinciding with 0.t

Since the curve and the first polar of P meet altogether in
7 (n—1) points, namely at the points of contact of the m
tangents from P, twice at each of the &, nodes, thrice at each
of the «, cusps, and o times at (),

o= n(n—1)—n—28,—3«k,.
Similarly {rom the Hessian,
B=3n(n—2)=68,—8k,—¢,.

Likewise from the reciprocal curve
p=m(m—1)—n—27,—3,,
c=3m(m—2)—67,—8t,—«,.

The last four equations give 3(x + p) = B+ 7, as required.

The equations (i) and (ii) are then consistent but not in-
dependent. Our problem is soluble but not definite; there
are an iffinity of solutions. We could make the solution
definite if we had a definition of the deficiency D, which was

* i.e. How many bitangents have Loth points of contact at 0, and how
many inflexional tangents have their points of contact at 0?

+ We may consider these as ordinary nodes, &c., without loss of generality;
for &, B, p, o only depend on the nature of the curve in the immediate
neighbourhood of 0.
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applicable to singularities other than ordinary nodes and
cusps, for then we could add to equations (i) and (ii)
F(n—=1)(n—2)—(8,+ 8+ K, +«,) = D,
Such a definition will be given dn Ch. IX, § 7.
We have not proved that &, «;, 7, 1; thus obtained are
positive integers ov zero.
In § 4 we proved that for the case there considered
a=k~l, p=0, o=k=|,
and verified that (i) and (ii) were satisfied by
8, =3k(k-3)+l, kKy=k—-1I, 1,=4,=0.
In this case the solution was made definite by our knowledge

of the fact that the reciprocal curve had no multiple point on
the line corresponding to 0.

Fix. 1. Discuss the singularity of y#z¢ = x¢*< at (0,0, 1).
|Using Ch. 1V, § 7, Ex. 4 and Ch. VII, § 7, Kx. 2 (i) we find
x=(p-1)(p+g)  B=3p(p+g—4p-2q,
p==(g-1)(p+9), o =3g(p+q)-2p-4q.
These satisfy 3 (X +p)= B+, and § 8 (i) and (11) give
h=1p(p+q) -2p-1q+i}F w=p-F
n=3q(p+0)-}p-29+3F, w=gq-F;
where F'is any symmetric function of p and g.

We may determine F by noticing that, since the curve is unicursal
(Ch. X, § 4, Kx. 12), the reciprocal singularities at (0, 0, 1) and (0, 1, 0)
must be together equivalent to 4 (p+g—1) (p+¢—2) nodes and cusps;
i.e Sit+m+y=3(p+g=1)(p+g-2).

Hence F =1 and
=31 (p+q=3), ,=p-1, n=1¢-1)(p+g-3), 4y=¢g-1]

Ex. 2. Discuss the singularity of (yz+2%)? =3z at (0, 0, 1).

[By Ch. XVII, § 8 (V) the curve has a single point singularity at
(0, 0, 1) and three other inflexions. The reciprocal curve is a 5-ic with
the reciprocal singularity, no other inflexions, and three other cusps.
Hence o =p=7, B=0=21. These give

8, = =2+3k, =1y =1-2k
We may prove & =0, by noticing that, since the curve is unicursal,
814k =38.]



CHAPTER IX
QUADRATIC TRANSFORMATION

§1. Definition of Quadratic Transformation.

SurposE we have a fixed conic = with fixed tangents
CA, OB (Fig. 1). Let any variable transversal through C cut
¥ in @, R and let (PP, Q%) be an harmonic range on the line
('QR. In Fig. 2, if P lies in any portion of the plane, P’ lies

Fig. 1.

in the other portion labelled with the same letter, as is easily
verified.

The dotted conic in Fig. 2 is the locus of the middle point
of the chord QR.

Suppose that P traces out a locus ¢, P’ will trace a locus c.
The loci ¢, ¢ are said to be derived from one another by
quadratic trangformation; = being the ‘base-conic’ and C
the pole of the transformation.

Choosing A BC as triangle of reference, we may take homo-
geneous coordinates so that 3 is 2* = xy.

If P is the point (X, Y, Z), P is (;, —i;, % ; for these
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pzoints are collinear with C and conjugate with respect to
2= wy.
Hence, if f(z,y, 2) = 0 is the locus ¢ of I, then
11
f(~, =,

’!j(l!

Q|

)'= 0

is the locus ¢’ of P'.*

From this result, or from the original definition, we at once
derive the following :

If Pison AB, P isat C.

If Pis on BC, P is at B.

If Pison AC, P’is at A.

If ¢ is a line through C, ¢ is the same line.

If ¢ is a line through 4, ¢ is a line through B.

If ¢ is a line through B, ¢’ is a line through 4.

If ¢ is any other line, ¢’ is a conic through 4, B, C.

For instance, if ¢ is the line Az + py +vz = 0, ¢’ is

Ny+p/e+v/c=0;
which is a conic through 4, B, C.

* Tt is more usual for reasons of symmetry to take the transformation in
the form X:¥:Z = 1/x:1/y:1/z so that the curve /f(z,9,s) = 0 is trans-
formed into j(1/x, 17y, 1/2) = 0. This is equivalent to quadratic trans-
formation followed by interchange of the vertices 4 and B of the triangle of
reference.
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Again :

If ¢ meets AB at I, ¢ touches CP at C'.*

To the tangent at P to ¢ corres;}onds the conic osculating ¢’
at C and passing through 4 and B.

For if @ is close to I’ on ¢, @ is on ¢ close to C, and the
lim(i}t,ing position of CQ)’ (which is ('P) is the tangent to ¢’
at C.

Also, to the linc joining P to any point R of ¢ corresponds
a conic through A4, B, R’ touching ¢ at (. If R approaches
P, the conic becomes the osculating conic to ¢” at C.

Again :

If ¢ meets C'4 at I, ¢’ touchcs at A the line through A4
corresponding to BP, i.c. the lino joining 4 to the second
intersection of BI’ with ¥. Similarly if ¢ mects B at P.

by

c
Fig. 8.

For, if P is close to C4, P’ is close to 4 (Fig. 3), and
AP, BP meet on =.

Hence to every intersection of ¢ with AB corresponds a
branch of ¢’ through C, to every intersection of ¢ with CA
(or CB) corresponds a branch of ¢’ through A (or B); and
conversely.

If ¢ touches AB, two tangents to ¢’ at (' coincide; and
similarly if ¢ touches C4, two tangents to ¢’ at A coincide.

Suppose ¢ is an n-ic with a k-ple point at ', a p-ple point
at A, and a g-ple point at B.

Then ¢ meets A B, CA, CBrespectively at w—p—gq, n—p—£k,
n—q—k other points. Hence ¢ has n—p—q, n—p—=k,

* Provided P is not at 4, B, or C; and so throughout. It follows that, if
¢’ has k linear branches touching CP at ¢, P is an ordinary k-ple point of ¢;
and vice versa.
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n—q —k branches respectively through C, 4, B. Also it meets
AB at the k intersections of AB with the tangents to ¢ at C;
and similarly it meets (/4 and CB at p and ¢ points re-
speetively other than 4, B, (. o

Since ¢’ meets AB at {(n—p—k)+ (n—q—k)+Lk) points, it
isa (2n—p—q—k)ic. Hence:

If ¢ is an nw-ic with « k-ple point at U, « p-ple point at A,
and a q-ple point at B, then ¢ is « (21— p—q—Fk)-ic with an
(n—p—q)-ple point at C,an (n—p—=r)-ple point at A, and
an (n—q—k)-ple point at B.

For instance, taking n = 2, p = q = 1, £ = 0, we see that
the transform of & conic through 4 and B is a conic through
A and B.

Kx. 1. Properties of any quintic with three or more double points cun
be deduced from those of a quartic with the same deficiency.

[Take three double points us 4, B, C of § 1. The propertics so derived
are not usnally of much elegance or importance. Our knowledge of the
theory of quintic curves (and still more of sextic) is very limited. |

Ex. 2. 1f two curves (or branches of the same curve) have s-point
contact at a point on CA, the transformed curves (or brunches) have
(»+1)-point contact at 4.

§ 2. Inversion.

If in § 1 we project 4, B into the circular points, = becomes
a circle with centre ¢, and P, I” are inverse points with
respect to this circle. The loci ¢, ¢’ of P, P’ are now inverses
of each other with respect to the circle. Hence inversion is
a particular case of quadratic transformation, and quadratic
transformation is the generalization by projection of inversion.

From the results of the last section we may derive many
well-known theorems connected with inversion. For instance,
‘ the inverse of a circle is a circle’, ¢ the inverse of a curve with
respect to a focus is a curve with a cusp at each circular
point’, and so on.

One of the main uses of quadratic transformation is to
deduce properties of a curve ¢ from those of its transform ¢’

This 1s exactly equivalent to the process of projecting two
points into the circular points and inverting with respect to
some other point.

The main advantage of quadratic transformation over pro-
Jection followed by inversion is that, if 4, Bin Fig. 1 are to
be projected into the circular points, it is convenient that they
should bear similar relations to the curve ¢ (e. g. be both nodes,
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or both cusps, &ec.); and this restriction is unnecessary if we
employ the generalized form of inversion, namely, quadratic
transformation.

Quadratic transformation (or the equivalent process of in-
version) will also enable us to simplify the solution of problems
which have been discussed in Ch. VI and elsewhere, such as
the determination of the number of intersections of two
curves at a given point, the expansion of y in terms of « near
a given point, the number of tangents from a point whose
points of contact coincide with the point, &e.

§8. The Number of Intersections of two Curves at
a given Point.

If the point P in Fig. 1 does not lie on a side of the triangle
ABC, the quadratic transformation evidently transforms two
curves meeting at P into two curves meeting at P’. Suppose
then we have two curves of degrees n and N, and we want to
know how many intersections of these curves must be con-
sidered as lying at a certain point, which is a £-ple and a
K-ple point on the two curves respectively, if we are to
observe the convention that an n-ic and an N-ic meet at nN
points.

Take the point as (/, and take the sides of the triangle A BC
(Fig. 1) so as to have no other special relation to either curve.
Suppose that the curves meet in 7 points other than (), and
therefore W N— times at C. The transformed curves are of
degrees 2n—k and 2N — K, have multiple points of orders
n—k and N— K at cach of 4 and B, and have multiple points
of orders n and N at ' (§ 1).

At A, B, and ( no two branches of the transformed curves
touch one another; since we took the points 4 and B in a
general position. The transformed curves thercfore meet
én—k) (N—K) times at each of 4 and B, and nV times at C
Ch.L, §7; Ch. VI, §2). They meet also at the transforms of
the r intersections other than C of the original curves. Hence
they must meet at s points on A B other than 4 and B, where

s§=R@n—k)RN—-K)-2(n—k)(N—K)—nN-r

=naN—-LK—r.

Therefore nN—r = s + kK, so that :

If two curves have a k-ple and a K-ple point at C' respec-
tively, «und the trangformed curves meet at s points on the line
AB other than A and B, the two given curves meet s+ kK
times at (.
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We suppose, as stated before, that the lines CA and OB
have no special relation to the curve, though this restriction
may at times be removed if due precautions are taken.

If the transformed curves intersect at a point If on AB, and
it is not immediately evident how many times they meet at
H, we may apply the above theorem to the transformed
curves, taking C at H.

As a simple example of the above theorem, take the case of
a curve passing through the cusp (J of another, the two curves
having a common tangent at C, which meets AB at H. The
transformed curves pass through H, one touching AB and the
other not, so that they have a simple intersection at H.
Hence the number of intersections of the original curves at €'
is142.1=3.

As another example, take the case of curves with & and K
linear branches at C respectively, all the branches having C/{
as a common tangent. The transformed curves have /-ple
and K-ple points at H, and therefore meet in LK points coin-
ciding with H. The original curves thereforc meet at 2EK
points coinciding with C.

§4. Class of a Curve.

Suppose we wish to find the number of intersections o of
a curve with any first polar curve at a multiple point C of
order k on an n-ic. We may find the equation of the polar
curve and then use §3. An alternative method is the
following.

Suppose A and B have no special relation to the curve.
The first polar of P meets the n-ic o times at (, and at the
m points of contact of the tangents from I>. We shall assume
the n-ic has no multiple point other than C'.* Then

m = nn—1)—a.

To each of the m tangents from A to the n-ic corresponds
a tangent from B to the transformed curve whose point of
contact does not lie on AB. Now the transformed curve is of
degree 2n—*k. It has ordinary (n—k)-ple points at A and B,
and an m-ple point at C. It meets the first polar of B
(m—k)(n—k—1) times at 4, (n—k)(n—k+1) times at B,
n(n—1) times at C (Ch. VIII, §38), at the m points of contact
of tangents from B not lying on AB, and (say) o times at
points on AB other than A and B.

* o depends only on the shape of the n-ic in the neighbourhood of C, so
this assumption involves no loss of generality.
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Therefore
@n—k)y(@n—k=1) = (n—k) (n—k—-1)+(n—k) (n—Fk+1)
+n(n—1)+m+al,
or (n—=k)(n+hk=1)—a’=m = n(n—1)—a.
This gives
=o' +k(k-1).

Now the number of intersections at H of a curve with the
first polar of O is dependent on the shape of the curve in the
neighbourhood of H in general and not on the position of O
(unless O is ncar H or on the tangent at H).

Hence:

The number of tntersections of a curve with any first polar
curve at « k-ple point (! is equal to the number of intersections
k(k—1) at an ordinary k-ple poimt together avith the number
of those intersections of the transformed curve with any first
polar which lie on’ AB but not at A or B.

For example, if the curve has £ linear branches with a
common tangent at C' meeting AB at H. the transformed
curve has a k-ple point at H. The effect of this on the class
of the transformed curve is to lower it by k(k—1) ; and therec-
fore the effect of the singularity at (' is to lower tho class of
the original curve by 2k (£ —1).

{6. Tangents from a Singular Point to a Curve.

Suppose that in the curve of §4 A of the tangents from C
have their point of contact at (', and that u of the tangents
from C to the transformed curve have their points of contact
on AB. The other tangeunts from C to the transformed curve
are the m tangents at C cach counted twice, and the m—2a
tangents from (' to the given m-ic which do mnot touch at C.
Hence the class of the transformed curve is

m—A+p+2n.
But we see, as in § 4, by consideration of the tangents from
B that this class is
m+2((m—~k)+e,
where € is the number of tangents from B to the transformed
curve whose points of contact are on 4B but not at B (or 4).
Therefore A = 2+ pu—e, or:

The wumber of tangents from the k-ple point C to a curve
whose points of contact coincide with (' us 2k, plus the number
of tangents from C to the transformed curve whose points of
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contact are on AB, minus the wumber of tangents from B to
the transformed curve whose points of contact are on AB but
not at B.

For example, if the curve has / linear branches at ¢’ with
a common tangent meeting AB at H, the transformed curve
has a k-ple point at H at which in general neither AB nor
UH is a tangent. Hence the points of contact of 2k tangents
from C coincide with (/.

Ex. If a tangent at a k-ple point C of an n-ic meets the curve in
k+7r points coinciding with C and meets AB at I, the transformed
curve meets CH in » points coinciding with 1.

[The transformed curve meets CIf % times at ¢ and n—k — » times not
at Cor /I. Bat it is of degree 2n —4.]

{ 6. Latent Singularities.

Suppose that the transform of a curve with a k-ple point at
C has a j-ple point at H on AB, not coinciding with 4 or B.
Supposc now that the transformed curve and the lines CA4, CB
are kept fixed while the line 4B is slightly displaced so as not
to pass through I/. Then the original curve will alter its
shape slightly. The transformed curve now cuts AB in k
distinet points not close to 4 or B (j of them very close to H),
so that the original curve has an ordinary k-ple point at C
and a j-ple point corresponding to H at the point H’ very
close to €. As AB is moved back into its original position
the j-ple point at H’ moves up to (' and coalesces with the
k-ple point to form a ‘ higher singularity ’ at C. The j-ple
point of the transformed curve is said to be latent in the &-ple
point C of the original curve.

We say that C has been ¢ analysed by quadratic transforma-
tion’.

{7. Deficiency.

We defined the ‘ deficiency’ D of an w-ic in Ch. VIII, §§ 2
and 3 as $(n—1)(n—2)—8—«, where & was the number of
nodes and « the number of cusps. with the proviso that an
ordinary k-ple point is to count as % (k—1) nodes.

It is desirable to give a definition which shall be valid when
the curve has higher singularities. It is difficult to do this
satisfactorily without a knowledge of function-theory, but an
attempt is here made. (See also §12, Ex. 10.)

First we word the definition of deficiency when no higher
singularities exist a little differently. We say that the
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deficiency of an n-ic is one more thaw the number of arbitrary
coefficients in the equation of the most general adjoined
(n—8)-ic.*

By an  adjoined ’ N-ic we mean one which has a (k—1)-ple
point at every k-ple point of the n-ie.

That this definition of deficiency is equivalent to the earlier
one is readily proved.

To state that a curve has a (k— 1)—£le point at a given
point is equivalent to assigning 3% (k—1) linear relations
between the coefficients of its equation (Ch. II, § 6). Hence

the (n —3)-ic has
t(n—8)n—23ik(k-1)

arbitrary coefficients, the summation being taken over every
multiple point of the n-ic. But this is the number we have
defined in Ch. VIIL, § 3 as D—1.

We shall state the fact that an N-ic has a (t—1)-ple point
at a given k-ple point O of an n-ic, by saying that the N-ic is
¢adjoined to the n-ic at O’. If the N-icis ¢adjoined’ to the
m-ie, it is adjoined at every multiple point.

§ 8. Deficiency unaltered by Quadratic Transformation.

We now show that the deficiency of a curve and its quadra-
tic transform are the same, when the curve has only ordinary
multiple points. Suppose as in §1 that an n-ic has p-ple,
qg-ple, k-ple points at A, B, C respectively. Any adjoined
(1t—3)-ic has (p—1)-ple, (¢—1)-ple, (k—1)-ple points at 4, B, C.
By § 1 the transforms of the m-ic and (n—38)-ic are there-
fore a (2n—p—q—Fk)-ic with (n—p—£k)-ple, (n—gq—k)-ple,
(n—p—q)-ple points at A, B, C and a curve of degree

2(n—8)~(p—1)—(¢—-1)—(k=1)=2n—p—q—k-3
with a multiple point of order
(n—8)—(p~-1)—(g—1) = nu—p—q-—1
at O, and so for 4 and B.

Thus the transforms of the curve and an adjoined curve of
degree lower by three are also a curve and an adjoined curve
of degree lower by three; from which the equality of the
deficiencies of the n-ic and its transform follows immediately.

We have assumed p, ¢, k all greater than zero. Now
suppose & = 0. The transform of the (n—38)-ic is now only of
degree 2n—p—q—4 (not 2n—p—q—3, as required for the

* To complete the definition add ‘and D - 0, if n = 1 or 2; while D = 0
or 1 when n = 8, according as the cubic has or has not a double point’.
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proof) and has a multiple point of order n—p—2 (not n—p—1)
at A3 and so for B. But if, as is lawful, we take as the
transform of the (1 —3)-ic the (2 n—p—g—4)-ic together with
the line AB, we obtain a curve of degree 2n—p—g—38 ad-
joined to the transform of the n-ie.

In fact, since the transform of the wn-ic is of degree
2u—p—q with (n—p)-ple and (n—gq)-ple points at A and
B, an adjoined (2n—p—q—38)-ic has (n—p—1)-ple and
(n—q—1)-ple points at A and B. The line AB therefore
meets the adjoined curve in points whose numnber is greater
than the degrec of the curve, showing that the curve degener-
ates into AB and a (2n—p—q—4)-ic.

Similarly, if p = 0. C4 is part of the transformed adjoined
curve; and, if ¢ = 0, OB is part of the curve.

In practice, however, the case p, ¢, L all greater than zero is
the only one we need consider. In the following we shall
require to transform any curve by successive quadratic trans-
formations into one having only ordinary multiple points with
distinct tangents. To do this we can take A and Bas ordinary
points on the curve and €' as any multiple point which is not
‘ordinary . The process of transformation is repcated till
only ordinary multiple points are left.*

§ 9. Deficiency for Higher Singularities.

The definition of deficiency can be applied to curves with
higher singularities when we have defined what we mean by
a curve adjoined to an n-ic with such singularities.

Suppose that in §6 a curve has a (j—1)-ple point at H, then
its transform would be considered as adjoined to the given
curve at the k-ple point C. If the j-ple point H is not an
ordinary one, it could be still further analysed by taking (' ab
H in §6. In this way we can find what is intended by a
ourve adjoined to the transformed curve at M, and then the
transform of this adjoined curve will be adjoined at ' to the
given curve.

According to this definition we shall still have deficiency
unaltered by quadratic transformation.

For instance, if the given curve has k linear branches touch-
ing CH at C, the transformed curve has an ordinary k-ple
point at H. A curve adjoined to the transformed curve has
therefore a (A —1)-ple point at H. Hence a curve adjoined to

*
* It is fairly evident that this is possible, We do not give here the
formal proof.
2218 K
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the given curve has k—1 linear branches touching CH at C.
Also the k-ple point C Jowers the deficiency by k(k—1), since
the k-ple point at H lowers the deficiency of the transformed
curve by 1k (b—1).

§10. Intersections of a Curve with Adjoined Curves.

To state that an N-ic is adjoined to an m-ic at an ordinary
k-ple point (' is equivalent to assigning 4% (¢ —1) linear rela-
tions between the coefticients of the equation of the N-ic. The
number of intersections of the m-ic and N-ic at C'is k(k—1),
which is twice the number of linear relations just referred to.

Now suppose, as in § 6, that ' has a latent j-ple point. The
transform of the N-ic has an equation whose coefficients are
subjected to 34 (j—1) linear relations, since it has a (j—1)-ple
point at 1. Hence the cocflicients of the equation of the N-ic
are subjected to 3j (j—1) linear relations in addition to the
4k (k—1) relations which state that (' is a (k—1)-ple point of
the N-ic.

Also, since the transforms of m-ic and N-ic meet j(j—1)

.times at H, the n-ic and N-ic meet & (h—1)+5(j—1) times at
¢ by § 8, which is again twice the number of relations between
the coefficients of the N-ic due to the fact that it is adjoined to
the n-ic at C.

If H is not an ordinary j-ple point, it may be analysed in
its turn till the n-ic is finally resolved into a curve with
ordinary multiple points only.* Hence:

The number of intersections of an m-ic and adjoined N-ic
at the multiple points of the n-ic is twice the nwumber of relu-
tioms to which the coefficients of the equation of the N-ic are
subjected owing to the fuct that the N-ic is adjoined to the n-ic.

The number of relations in question is

3(n—1) (n—2)-D;
for an adjoined (n— 8)-ic has D —1 arbitrary coefficients in its
equation.

We deduce that

If a pencil of N-ics is adjoined to an m~ic and the base-
points of the pencil other thum the multiple points of the n-ic
are also on the n-ic, awy N-ic of the pencil meets the n~ic in
L (m—N)(N—n+3)+ D variable points (n>N).

* This statemnent assumes that a curve and an adjoined curve are trans-
formed into a curve and an adjoined curve; i.e. N =7n~—38. But the number
of intersections and of relations between the coefficients due to the adjoining
at ¢ is evidently independent of the value of N.
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Of the fixed intersections of the n-ic with a variable N-ic of

the pencil (n—1) (n—2) —2D lie at the multiple points and
s N(NVN+38)—1-2(n—-1)(n—2)+D*

at the remaining base-points of the pencil.

There remain

aN—{(n—1) (n—2)—-2D)

—3NN+3)—1-2(n—1) (n—2)+D;
=i(n—-N)(N—n+38)+D

variable intersections.

If N = n—3, the number is D. If N = —1 or n—2, the
number is D +1,

kx. 1. A pencil of N-ics has as its base-points points of an s-ic, being
adjoined to it at all its singularities with the exception of x’ cusps and
certain of its ordinary multiple points. If any N-ic of the pencil mects
the n-ic at p points other than basc-points, while g N-ics of the pencil
touch the n-ic at a point other than the base-points, show thut

q=2p+2(D-1)—«.

[The n-ic may be transformed by successive quadratic transformations
into a curve with ordinary multiple points; and p, ¢, «/, D) are unaltered
by this process. Now use Ch. VII, § 10, Ex. 12.]

Tix. 2. A pencil of N-ics has as its base-points points of an s-ic and 1s
adjoined to it. Show that
(n—N)(N—n43)+4D-2
of the N-ics touch the #-ic al points other than a base-point.

§11. Another Transformation.

A form of transformation alternative to that in §1 is
obtained by taking as our base-conic a pair of lines through
B harmonically conjugate to BA and BC. As before, we take
any transversal through C' cutting these lines in  and R and
take points 2 and P’ on the transversal so that (PI”, QR) is
harmonie (Fig. 4).

In Fig. 5,if P lies in any portion of the plane, P’ lies in the
other portion labelled with the same letter, the hyperbola
in the figure being the locus of the middle point of the
chord QR.

Choosing homogeneous coordinates so that AB(' is the
triangle of reference and the two fixed lines are % = 22, we
find that, if P"is (X, ¥, Z), Pis (X, Y, X*/Z), since CPF’ is
a straight line and the pencil B(PF’, QR) is harmonic.

Hence if the locus of P is f(x,y,z) = O, the locus of P’ is
fe, y, 2%/z) = 0.

* N must be such that this quantity is positive or zero. We may always

have N = n—1 or n—2, when n>2. For N to be n—8, we must have D>1.
K2
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It is at once shown that this transformation may be obtained
by taking in succession three transformations of the type of
§1, the base-conics being respectively

arery+:2=0, H—ytt+2t=0, witay—22=0
and the pole of the transformations being (0, 0, 1).

The properties of the transformation are somewhat similar
to those of the transformation of §1.

The reader will have no difficulty in verifying the following
statements, in which ¢ and ¢’ are the loci of P and I” respec-
tively :

If ¢ is a line through (', so is ¢

If ¢ is a line through B, so is ¢’.

C
Fig. 4.

Ilf;c is any other line, ¢’ is a conic through (' touching 4B
at B.

1f ¢ meets 4B at P, ¢’ touches P’ at . To the tangent at
P to ¢ corresponds the conic osculating ¢ at (! and touching
AB at B,

To each intersection of ¢ with BC corresponds a linear
branch of ¢’ touching AB at B.

To each linear branch of ¢ through /3 (not touching A4B)
corresponds a linear branch of ¢’ through B, the tangents to
the two branches being harmonic conjugates with respect
to the two given lines.

If ¢ is an m-ic with a A-ple point at (! and a ¢-ple point at
B, ¢ is a (2n—k—q)-ic with an (n—g)-ple point at C and
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n—k linear branches through B, n—/%—¢ of which touch 4B
ab B.

The theorems in italics in §§ 3, 4, 5 relating to the number
of intersections of two curves, tangents from a singular point,
and class still hold for the transtormation of this section.*
The proofs are very similar, and the necessary modifications
may be left to the reader. He will require the application of
the theorems to the case of a point at which linear branches
touch. This has been given at the end of each of these sections
by way ot illustration.

Fig. 6.

The transformation of this section does not alter the de-
ticicney of a curve. Yor it is equivalent to three transforma-
tions of the type of §1, none of which alters the deficiency
(§8). ,

§12. Applications of this Transformation.

The main advantage of the method of § 11 is that the posi-
tion of the line (/4 is still at our disposal. For instance,
suppose the curve f(r, 9, z2) = 0 goes through . We may
take (/4 as a tangent at ¢’ without loss of generality, which
was not the case in § 1. Much simplification in arithmetic may
be thus secured.

* In the theorem of § 8 read ‘other than B” for ‘other than A4 or B’. In
the theorem of § 4 read ¢but not al B’ for ‘but not at 4 or B'.
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If C4 is a tangent at C, the transformed curve passes
through 4. 1t is convenient to take C'BA instead of ABC as
triangle of reference for the transformed curve. This is
equivalent to interchanging . and z in the equation of this
transformed curve, which now becomes f (z, ¥, 2*/2) = 0, the
original curve being f(r, y, z) = O.

Writing it in the form f(x/z, ay/2% 1) = 0, we see that, if
the Cartesian equation of the original curve is f (z, ) = 0, the
transformed curve is f(x, +9) = 0.

Points of f(«, y) = 0 near the origin correspond to points of
J (&, #y) = O near the axis of ¥, and points of one curve near
the axis of « correspond to points of the other curve also
near the axis of z.

If the nature of any singularity 7/ of the transformed
curve is not immediately obvious, we may take H as origin
and repeat the transformation.

Fx. 1. 1f (4 is the tangent at the cusp C of a curve, AB is an ordinary
tangent to the transformed curve at A.
More generally, it C4 is a tangent at C to a superlinear branch of
order », AB is a tangent of »~point contact to a linear branch at A.
Ny =axt +batyd eat Tyt L kg4 L. becomes, on putting
xy for y and dividing by =,
Y =ax4 bry+ ... 4 key T+ L]

Ex. 2. If C'4 is a tangent of s-point contact at € 1o a curve, C4 is
a tangent of (o - 1)-point contact at A to the transformed enrve.

¥x. 3. A quadruple point ol a curve consists of two cusps with a
vommon tangent. Find the effect of this point on class, deficiency, &c.

[ Taking C as multiple point and CA4 as tangent, the transformed
curve has two linear branches touching AB at 4 (Kx. 1). We have
shown that the effect of such a ‘ tacnode” as 4 is to lower the class by 4,
and also the two tangents from B to the transformed curve touch at A.
‘Thercfore the effect of the quadruple point on the class is to lower it by
4+2+43 =18 Again, the tacnode lowers the deficiency by 2, so
that the quadruple point lowers the deficiency by 2+34.3=5&. A
curve adjoined to the transformed curve at 4 has a linear branch
touching 4B at 4, so that a curve afijoined at C to the given curve has
i cusp at C with CA as tangent. The tacnode is latent in the quadruple
pointeC, which may be considered (Ch. VIII, § 5) as equivalent to &
nodes and « cusps where 8+«x =8, 28+3«x =18, or 8 =6, « = 2.

The tangents from C which touch at C are 2.4+ 0-2 = 6 in number.]

¥x. 4. Discuss similarly the case of the rhamphoid cusp.
[Taking C as cusp and C4 as tangent at C the curve is
0= (y+ax?)®+y* (bx +cy)+y (da® +ex’y +fxy’ + gy*) + ha®+ ... ;
and the transformed curve is

0= (y+ax)*+ha’+ ...
which has o cusp at 4.
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Hence C is a double point with a latent cusp. The existence of a
rhamphoid cusp lowers the deficiency by 2 and the class by 248 =5.
An adjoined curve has a linear branch touching CAat C. The rhanm-
phoid cusp may be considered as formed by uniting an erdinary node
and cusp, Since the reciprocal of a rhamphoid cusp is also a rhamphoid
cusp (Ch. VI, § b, Ex. 1), it may be considered as formed by the union
of a bit@ngent and intlexion. The number of tangents from C whose
points of contact lie at C is 4.]

Ex. 5. Discuss the nature of the origin for y* = x?»+!,

[Put yz for y and use induction.

There is a latent cusp and n—1 latent nodes. The origin lowers the
class by 2n+1 and the deficiency by #. An adjoined curve has a linear
branch with y =+0 as a tangent of n-point contact.]

Fx. 6. Discuss the origin for the curves
(i) ¥*4 2ary+atrt =0.
(1) y» = zgrzn,
(ili) (y—xr)1 = p#EN,
[Put y for y and use induction.]
Fx. 7. Show that the cffect on Plicker's numbers of o double point at

which two linear branches have »-point contact is the same as that of
» nodes and » bitangents in general.

| Use induction.]

Jix. 8. Find any latent double points of the following curves at the
origin ; where »=ax+y~
(i) o = o (p2* 4 qy°).
(i1) u? = xy®.
(i) (v —xXy?) (v —By") (n—yy?) = k(xu—y*)"

[(G) Two latent nodes.
. (ii) A latent node and cusp. As another example find the double
points latent in its Hessian at the origin.
(iii) Put in turn yx for y, z — y for o, xy for z, &e. Consider separately
she cases k=1, £ = — 0y, and also
7:0, a_——_(j, ﬁ=‘y=0, a=/3='y=0.
I'o trace the curve, find its interscctions with » = ¢y |

Ex. 9. The order of a superlinear branch at € (§ 11) is equal to the
order of the transformed branch plus the number of tangents from B to
this transformed branch which coincide with 4.

[Put yx for z in the expansion (i) of Ch. VI, §3. If 2a>8>a,
apply ‘reversion of series’ (Ch. VI, § 1) and the theorem at the end of
Ch. VI, § 5 to the transformed expansion.]

Fx. 10. If 7 is the order of any superlinear branch of a curve,

2(D-1)=m—-2n+35(1-1),
the summation being taken over all the superlinear branches of the
curve.

[Repetitions of the transformation of § 11 will transform the curve
cventually into a curve with no superlinear branch, for which the result
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is readily seen to be true. But Ex. 9 proves m—-2n+3 (/—1) unaltered
by such a transformation.
We may define the deficiency as

tm-2n+3(-1)+1,

if we choose. This is an alternative definition to that given in § 7.]

Ex. 11. Prove Ch. VI, § 2, Kx. 7 by quadratic transformation.

[Use Ex. 2, § 3, and induction.]

kx. 12. Two curves having at C superlinear branclies ot orders & and
K (K > k) with a common tangent meet 4 (K+1) times at C.

[Use Fx. 1 and 11.]

Ex. 13. Two curves have a common tacnode C with a common tangent

at C. How many of their intersections coincide with ¢'? Discuss the
case in which two or more of the branches at C osculate.

Kx. 14 Discuss similarly the case in which € is a rhamphoid cusp of
both curves.



CHAPTER X
THE PARAMETER

§1. Point-coordinates in terms of a Parameter.

SuppPost the coordinates of any point (», 9, z) of a curve
given as functions of a quantity ¢, which we will call the
parameter of the point, by the equations

r=f({t). y=¢@®), == Y().

The equation of the line joining the points with parameters

1,1, is evidently

‘ a Y : :
- f $ (1) YO o)
JEY=F(O o) =) v (t)—v(h) o
t,—t -1 f,—t |
Making 7, approach £, we have the equation
. o o o2
| F0 ety v ‘:0 I (1))

L) ) ()
for the tangent at the point with parameter 7.
The condition that the points with parameters {, ¢,, ¢, should

be collinear is
: 10 e v
— LT e

_ . - | 1 1 1
GRG0 0 g v

To find the real nodes, we suppose that the parameter of a
point considered as lying on one branch of the curve at a node
1s ¢, and that the parameter of the point considered as lying
on the other branch is t;. The equation (iii) must be satisfied
for all values of t,, since the points with parameters ¢ and ¢,
coincide.

This will give us equations in ¢ and ¢, which are equivalent
to two equations to solve for ¢ and #,.*

=0 . (lll)

* We assume throughout that in general to each point on the curve corre-
sponds a single value of . See § 4, Ex. 13,
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A similar method is to equate to zero the coefficients of
x, 9, 2 in (i) ; for the line joining two coincident points is in-
determinate.

If the values of ¢ and ¢, thus obtained are real,* the node is
a crunode ; for on giving a small increment to the value of
t or t, we obtain a real point on the curve close to the node.

If the values of ¢ and t, are conjugate complex quantities,
the node is a real acnode.

The cusps are given by the equations

POt =¢ /M) =¥/ - - - (V)

For if the values of the parameter at a double point are
{and ¢,

T OO = $)/9(®) = YL/ F(O = k (s2).

*Therefore
(k=1)/(t,—t) = (f(t)—F O/ t,=) f (&) = '+ 0 [t =¢]/F (),
where 1> 6> 0, by the mean-value theorem.

Now make ¢, approach 4, i. c. suppose the tangents at the
double point approach coincidence. Then

J'(8)/f(t) and similarly ¢’ (8)/6 (), ¥ 1)/ ¥(t)
all become equal to the limiting value of (k—1)/(t;—1)-

The inflexions ure given by the equation

‘ VA
Fo= s ¢V
t .fll d),’ \,,/I
where f, /7, ... denote f(¢), 1'(1), ... -
For suppose the tangent (ii) meets the curve again in the
point with parameter 7. Then
S e v@d)
iy e v
F() o(T) v(T)
We may replace the elements in the third row of the deter-
minant by 2{f(T)—f&)—(T—t).f #)}/(T—1)*, &e., without
altering its value.
Now if the point of contact approaches an inflexion, one
value of 7' approaches t. But

1 . v 4 ' 7/
L 2 /@) —(=0. 5@y /@=1p =1"(0);

which proves the result.

=0 . . . . (V);

= 0.

* It is supposed that f, ¢, ¥ are real, if f is real.
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The cusps, for which f'/f = ¢'/¢ = '/, are also given by
F(t) = 0. The cusps are given by the values of ¢ satisfying
both F(t) =0 and

[ v

;e =0

f/// ¢III ‘I,'I/

while the parameters of the inflexions satisfy F(¢) = 0, but
not F’'(f) = 0 in general.

If f, ¢, ¥ are polynomials in ¢, the cusps are given by the
repeated roots of F(t) =0, and the inflexions by the single
roots.

The degree of the curve (if it is algebraic) is obtained by
noting that the line

Fty =

Ar+py+rve =0
meets the curve where
IO+ ppO) + v (t) = 0.

If this equation gives values of ¢ corresponding to exactly
n distinet points on the curve, the curve is of degree n.

§ 2. Line-coordinates in terms of a Parameter.

If

Av4py+ve =0
is a tangent to the curve in § 1, we may take
A= Y=g =TV =S8 S
by equation (ii) of § 1.

Hence the line-coordinates A, u, v of any tangent to the
curve are expressed in terms of the parameter .

Just as we obtained the parameters of the nodes and cusps
and the degree of the curve, so by using the line-coordinates
we may obtain the parameters of the bjtangents and inflexional
tangents and the class of the curve.

For instance, the inflexional tangents will be given by
N/N = p'/u = v/v; which correspond to equation (iv)
of §1.

An alternative method of finding the nodes and bitangents
is as follows. Suppose that the tangent (ii) of §1 meets the
curve again at a point whose parameter is 7. Then

F(@) o) v(T)
F@O @O v
F@)y ¢ ¥

Write down the condition that this equation in 7" has equal

e =0 . . . (.
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roots. We obtain an equation in ¢ whose solutions are the
parameters of the points of eontact of the bitangents and the
points of contact of the tangents from the cusps.

e SeRET RN SRR R S

Fig. 1.

If we write down the condition that (i) considered as an
oquation in £ has equal roots, we get an equation giving the
parameter 7' (3 ¢) of a point P on the curve from which two
coincident langents can be drawn not coinciding with the

tangent at /.
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It is clear that P is either an intersection of the curve with
an inflexional tangent, or is a node. In the latter case the
coincident tangents from P are the tangent to the other
branch of the curve through the node.

If the curve is referred to Clartesian axes, the coordinates of
any point being

xr=f(O/ ¥, y=¢t)/¥®),
the results of §§1, 2 evidently still hold with slight modifica-
tions; for instance, the tangent at any point is obtained by
putting 1 for z in equation (ii) of § 1.

.Ex. 1. Find the double points, inflexions, bitangent, degiee, and cluss
of o= @Qt=1)a/r?, y=-6(4+0a

[The curve meets Ax+py+a =0 where

Rt=DA~-6 (1" +8)p+ 2 =0.
This equation is of the fourth degree in ¢, so that the carve is a quartic.

Any tangent to the curve is

382+ x—(t—1)y—9t(2-1)a=0.
This equation is of the fourth degree in #, so that the curve is of the
fourth class.

The equation (v) of § 1 giving cusps and inflexions is

22e-2t-1)=0.

Since the factor ¢ occurs twice on the left-hand side, + = 0 gives
acusp. If in the original values of .r and y we replace ¢ by 1/T and
repeat the process, we see that T= 0, i.c. £ =0, also gives a cusp.
The inflexions are given by

2¢2—-2t—-1=0  or =1(114/3).
The equation of the line joining the points with parameters ¢ and T is
62T (t+T+ )x+(1+T-2¢T)y g
+6a {(1-2¢T) (B+tT+ T+t +T)(t—~T); =0.
The coefficients all vamish if ¢+7T=-1, 2iT=-1. This gives
{ =1 (=14 4/3) as the parameters of the node.
The tangents at the points with parameters ¢, 7' meet at tho point
3z _ y
24 2un+20+1 o (QuP-40+u—20)
_ 9a
T Wt 2utr—utt bur—20 4o

where »=¢t+1T, v=1¢T.
If the tangents coincide in a bitangent, the denominators of these
fractions vanish. Eliminating v we get

w(@u+1) (uP—2u=2)=0,

and obtain # = —1, v =—1 as the values of » and » required. Hence
t=-1 and } give the parameters of the points of contact of the
bitangent.

As an alternative method notice that the tangent at the point with
parameter ¢ meets the curve again at a point with parameter T where

2(t-1)T?+2(t—-1) (2t +1) T-2t(2t+1) =0 . . . (i)
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This gives coincident values of T'if £ =1, —3, —1, 1; the correspond-
ing values of T being 0, 0,3, —1. Hence 1, —1 are the parameters of
the points of contact of tangents from the cusps; and —1,} are the
parameters of the points of contact of the bitangent, as before obtained.

Again, the equation (ii) considered as an equation in ¢ has equal roots .
if 2T?427-1=0, which gives the parameters of the node; or
2T%+107~1 =0, which gives the parameters of the intersections of
the curve with the two inflexional tangents.

The curve is (see Fig. 1)

2y +12a® (8x +2y)+ 1084 = 0.]
Ex. 2. Find the double point and inflexions of
z=80+t+1, y=0+2+t+1
[Acnode is (0, 1) given by #+47+1=0. Inflexions are (1, 1), (1, 0).
(0, ) given by t =0, —1, 0.]
Fx. 3. ¥ind the double point and inflexions of
x=(1—-1) y=1=, y=(t+1)%
[Acnode is (8, —1,8) given by 8¢*+1 =0. Inflexions are (0, 1, 8),
(1,0, -1), (8,1, 0) given by t=1,0, ~1.]
Ex. 4. Find the double point and inflexions of
z=1r+1, y=1"+3t+4, z=18—1
[Crunode is (1, 4, 0) given by ¢ = 0,1. Inflexions given by
(25=1)¢+1=0, &e.]
Ex. 5. Find the double point and inflexions of
r=1+1, y=14+3t+4, =141
[Acnode is (3, 8, 4) given by #2—~3t+4 = 0. Inflexions given by
£-38-3t+7=0.]
Ex. 6. Find the double point and inflexions of
Z = cos 3, y=sin3¢, 2= cos ¢.
[Crunode is (2,0, ~1) given by ¢ = +3x. Inflexions are (0, 1, 0)
and (1, +4, 0).]
Ex. 7. Find the double points, inflexions, and bitangents of
x =1t y=1+2, =t
[Acnodes are (—1,1,1) given by #*—¢+1 =0 and (1, —1, 1) given
by #4+¢+1=0. Cuspis (1,0, 0) given by ¢ =co.
Inflexions are given by ¢=0, 0, +4/2; the coincident values of #
implying that ¢ =0 gives the point of undulation (0, 1, 0).
he bitangents are =0 and z+4y =0 given by #=0 and
2241 =0.]
Ex. 8. Find the inflexions of
z =1 —-137, y = t*+255, c=1t-9,
[t=00,0,-1, ~8,5,17]
Kx. 9. Find the double points, inflexions, and bitangents of
z=a(t*—28), y=ua(?-31).

[Cusps where #* = 1, crunode where 72 = 8, point of undulation with
infinitely distant tangent where # = o0.]
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ix. 10. Find the double points and inflexions of
x = a (t'+81), y=a(t®+1)
|Triple point where #+8 =0, inflexions where t(1°—4) =10, un-
dulation where ¢ = .]
Fx. 11. Find the double points and inflexions of
ziyia=(t4a®): (t+0):
[There are cusps at (1,0, 0) and (0, 1, 0) given by =100 and 7 =0,
The third double point is also a cusp if @ =48, given by t=-20]
Ex. 12. Find the double points and bitangent of
riy:z=(2-1):28: (241>
[Cusps where ¢ = + 4/3, 0. Bitangent = = 0, the points of contact
given by t = +4. Any tangent is
te+1)z—(2+1)y+t: = 0.]
Kx. 13. Find the double points and inflexions of
wryie=(14+): —-1:(1+t+282+1¢").
[Double point at # = oo, inflexions at =}, 1 o, } w?]
Ex.14. If r:iy:iz2=7(@): ¢ (t): ¥ (t) isa curve and
Slo+iB) = /i (o, B%) + iBf, (&, B?), &e.,
the acnodes are given by solving for o and 32 from
D1 = oy, Vo = Vafis i = /2.
Apply the method to Ex. 7.
Ex. 15. The equation of the conic of closest contact at any point of
ziy:a=f():d@): V(@)
is obtained by equating to zero the determinant whose first row has the
clements %, g2, % y2, 22, xy, whose second row has the elements
S5 % Y, oY, Vo, f¢, and whose other four rows have as elements the

first, second, third, and fourth derivatives of these with respect to ¢.

Find similarly the cubie, quartic, ... of closest contact.

| The reader may apply the same method to find the osculating sphere
at any point of a twisted curve, &c.

The evaluation of the determinant when f, ¢, y are polynomials is
easily carried out by noticing that the determinant, whose first row is

ALREEL R S
and whose other rows are the 1st, 2nd, ..., (= —1)-th derivatives of these
with respect to ¢, is Rf* where
R= (au—au-'l) (aﬂ— “»-2) N al) (an—l - an—z) e (aE - al)!
A= 0 +0G+ ... +0,—3n(n-1).

If f, ¢, ¥ are trigonometric or hyperbolic functions, we may express
them in terms of exponentials, using the fact that if the first row of the
determinant is

et + 51, et + Bu’ cers et + Bn,
its value is Re®, where
b= (0+0+ ... +0)E+(By+B+ ... +8,).]
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Xx. 16. Find the conic of closest contact at any point of
(i) pryre=tr:te:1,
(i) w:yre=t:2:140

[(4) (p+49) (p—29) *t12®+(p+q) (a—2p) P* 7y
+(p—=q)t(p—2q) (g-2p)P+¥i2+4(p+q) (p—9) (p—2q) pt™ 1y
+4(p+q)(q—p)(g—2p) gt?** 2z +4(p—29) (g—2p) pgt*+ iy = 0.
(ii) (5P+565410654 1) 2®+¢ (£ +10¢°+ 5%+ 5) y? + 522 !
— (5854 1) yz—t* (1 +5) 2z - 282 (5°+ 1+ 5) ay = 0.]
Ex. 17. The parameters of the sextactic points (at which a conic has

six-point contact) of the curve of Kx. 15 are given by equating to zero
the determinant whose first row is

e VR By, S Sb
and whose other rows are the first. second, third, fourth, and fifth
derivatives of these.
ix. 18. There is no non-(legenemte conic bhaving six-point contact

with yrz4 = x¥ta,

Ex. 19. The non-degenerate conics of closest contact with a??y» = 21
are all ellipses if (p—2¢) (¢—2p) >0, and all hyperbolas if

(p—-2q) (g—2p)<0.
[Use Ex. 16 (i).]

Ex. 20. The non-degencrate-conics of closest contact with y”z7 = x4,
where p and ¢ arc positive integers, meet .« = 0 in real points. Their
intersections with = = 0 ure real if ¢ > p. otherwise unreal.

|Replace ¢ by p+ q in Ex. 16 (i).]

§3. Deflciency not Negative.

Suppose now that a curve of degree n has deficiency D, so

that

S+k=3%(n=-1)(n—2)—D;
and suppose that the curve does not degenerate into two or
more curves of lower degree.

A curve of degree 1 —2 can be drawn through the

3(m—1)(n—2)—D |
double points and through any
1n=2)(n+l)—i(n—-1)(n—-2)+D=n-2+D
other fixed points of the given m-ic, since the (n—2)-ic is
determined by %(n—2) (n+1) points. (Ch. LI, §6).

The (n—2)-ic and n-ic meet twice at each double point of
the n-ic and once at each of the n—2+ D other fixed points.
They therefore meet at

nn—2)—23(n-1)(n—2)—-D}~n-2+D)=D
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other points, since the m-ic and (n—2)-ic meet in n(n—2)
points.* '

It follows that :

The deficiency of « non-degenerate curve cannot be neqative.

We have so far supposed that the n-ic has only ordinary
nodes and cusps. Now let it have ordinary multiple points.
An (n—2)-ic can be drawn with a (k—1)-ple point at each
k-ple point of the m-ic, and also passing through n—2+D
other fixed points of the n-ic. For by Ch. VIII, {3

D=3n—-1)m—2)—X3k(k—1),t
and by Ch. II, § 6 we have subjected the (n—2)-ic to
Sik(k=1)+(n—2)+D = }3(n—2)(n+1)
conditions. But the n-ic and (n—2)-ic meet in
n(n—2)—=2k(k-1)~@n-2+D)=D
other points, so that the previous argument still applies.

It should be noticed, however, that there may be other
restrictions on the nature of the multiple points of a non-
degenerate curve in addition to D>0 (see Ex. 1, 2, 3 and
Ch.IV,§7, Ex. 5 to 75 Ch. XVIIL, {6, Ex. 1; &e.).

If the curve has higher singularities, it may be transformed
as in Ch. IX into a curve with ordinary inultiple points
without altering the deficiency. Hence in this case
also 1> 0.

¥x. 1. An n-ic cannot have two multiple points of orders 4, and %&,,
if key4leg >,

[For otherwise the line joining the points would meet the curve in
more than » points.|

Ex. 2. An a-ic cannot have multiple points of orders Ay, &y, b, 4y, Ay,
if ky+ky+hy+k +ks>2n,

[Consider the intersections of the n-ic with the conic through the
points. |

Ex. 8. If a non-degenerate n-ic has 3p (p+3) triple points,

n>§(p+3)

[Consider the intersections of the n-ic with a p-ic through the triple
points.]

Ex. 4. If an #-ic degenerates into » curves of deficiencies

: Dy, Dy, ..oy Dy,
it has tn(w—1)—(m=7)—(I+Dy+ ... + D,)
double points,

[Fach intersection of two constituents of the n-ic counts as a node
of the n-ic.]

* If the n-ic was degenerate, the (n—2)-ic might be part of the x-ic, and
this statement would not be correct.
+ Phe summation is extended over all the multiple points of the n-ic.

2216 L
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Fx. 5. If a degenerate n-ic hae 3n (n — 1) nodes, it consists of n straight
lines. 1f it has 1n (¥ —1)~1 nodes, it consists of n—2 straight lines
and a conic. 1f it has Ln (# —1)~2 nodes, it consists of n—4 straight
lines and two conics.

[See Fix. 4.|
4. Unicursal Curves.

Consider now an n-ic f = 0 with zero deficiency. Suppose
that a variable N-ic is subjected to certain conditions, such as
passing through tixed points of the m-ic or having assigned
singularitios at fixed points of the n-ic ; which conditions are
in all equivalent to 3 NV (N +8) — 1 independent linear relations
between the coefficients of the equation of the N-ie. Suppose also
that the N-ic meets the n-ic nNV—1 times at these fixed points.
We assume for the present that such a variable N-ic exists.
Since the 1 N (V + 3) ratios of the coefticients in the equation of
the N-ic are subjected to 3N(N+3)—1 lincar relations, the
coefficients can be expressed linearly in terms of a single
quantity {. Thus the equation of the N-ic is of the form
w41 = 0, where w = 0 and v = 0 are two such N-ics; i.e.
the N-ies form a pencil.

If (lartesian coordinates are used (a similar process holds
good for homogeneous coordinates), we may eliminate y
between f = 0 and w +fv = 0, obtaining an equation of degree
7NN in « with coefficients rational in ¢ Of the roots of this
equation nN—1 are abscissae of fixed points, and the remain-
ing root is the abscissa of the other intersection 1’ of the n-ic
and N-ic.

Dividing the equation by the factors corresponding to the
abscissae of the fixed points, we have an equation of the first
degIr)ee in 2 with coefficients rational in ¢, giving the abscissa
of P.

In a similar manner the ordinate of P is expressed rationally
in terms of £. But, by choosing ¢ properly, P may be made
any point of the n-ic. Hence:

The coordinates of any point on « curve of zero deficiency
cun be expressed as rational algebraic functions of a parumeter.

This implies that, if the curve of §1 is of zero deficiency,
F(t), ¢(t), and () may be taken as polynomials in ¢.

A curve of zero deficiency is often called a rational or
unicwrsal curve. The former name comes from the fact
that the coordinates are expressed rationally in terms of a
parameter.

The latter name comes from the fact that the curve can be
drawn by a pen which never leaves the plane of the paper
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except to pass from one end of an asymptote to the other, or
to insert the acnodes ; in other words, the curve consists of a
single circuit.* In fact, the coordinates of a point P on the
curve being continuous functions of ¢, the point ” moves con-
tinuously as ¢ varies (provided P is finite). This would not
hold if ¢ were complex ; but, if a real point I> on the curve is
gwven by ¢ = a+ 3¢, where o and 3 are real, I is also given
by t = o— i, i.e. P is a double point. Since any value of ¢
close to o+ (32 gives evidently an unreal point of the curve,
there is no real part of the curve in the neighbourhood of £ ;
i.e. P is an acnode.

We now show that there always exists an N-ic with the
properties stated at the beginning of this section.

First suppose the m-ic has no multiple points other than
ordinary nodes and cusps. We take N = n—2, and subject
the N-ie to the conditions that it shall pass through each of
the 2(n—1) (11—2) nodes and cusps of the n-ic and also pasy
through m—3 other fixed points{ of the m-ie. Then the
coefficients in the equation of the N-ic are connected by

L(n=1)(n—2)+(n—3), i.e. 1N (N+3)—1
linear relations ; and the N-ic meets the n-ie
2xin—1)(n—2)+(m—38). i.e. nN-1
times at the fixed points ; as required.

Next suppose the n-ic has ordinary multiple points as well
as ordinary nodes and cusps. We take N = n—2, and subject
the N-ic to the conditions that it shall have a (k—1)-ple point
at cach k-ple point of the m-ic, and also pass through n—3
other fixed points of the n-ic. Then the coefficients in the
cquation of the N-ic by Ch. 11, § 6 are connccted by

Sik(k—1)+n—38, ie 3N(N+3)-1
linear relations, and the N-ic meets the n-ic
Sk(k—1)+n—3, i.e. nN—1
times at the fixed points ; as required.
For by Ch. VIII, §3
D=1(n—1)(m—2)—Sik(k—1)=0.

Lastly suppose that the n-ic has higher singularities. We
take the N-ic as an adjoined (n—2)-ic passing through n—3
fixed ordinary points of the n-ic, and use the result of Ch. IX,
§10. Or as an alternative we may transform the n-ic by

* See Ch. XX, §§ 1, 9. Of course, curves of deficiency other than zero may
consist of a single circuit ; ¢. g y2x+ (x—1) (@2 +2x+2) = 0.

+ It is often convenient to take them as points on the n-ic consecutive to
double points,

\
4 IZ
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Ch. IX into a curve with only ordinary multiple points, and
apply the above process to the transformed curve.

But in the case of an n-ic whose singularities are not all
ordinary cusps and nodes it is often possible to take for N a
value less than n— 2, thus saving much labour in the practical
applications (see Ex. 5, 6).

We now show that, conversely,

If the coordinates of wny point on « curve can be expressed
rationally and algebraically <nterms of @ paraimeter, the curve
is of zero deficiency.

For suppose that in §1 f(¢), ¢ (t), ¥ (f) are polynomials of
degree m, the curve being thercfore of degree n. The tangent
at any point is, by § 1,

W Yy - i
Nf—f' Hp— ([)' np— \[;' = 0,
L ¢’ v

If we consider this as an equation in ¢, (., y, ¢ being taken
as constant), it is evidently of degree not greater than 2n—2.
Its solutions will include the parameters of the « cusps for
which 7' /f = ¢’/ = ¥'/¢ (§ 1), and the parameters of the m
tangents which can be drawn from (r, %, 3) to the curve.
Hence m + k< 2n—2. But the class m is given by

m=mnn—-1)—28—-8xk=2n—2—«k+20D;
so that m 4+« = 2n—2+2D.

Now D) is not negative, so that we must have m+«x = 2n—2
and D = 0, as stated.

It should be noted that the parameters of three assigned
points on a unicursal curve may be taken as any three
assigned quantities, say T, T,, T,. For suppose that, when
the coordinates of any point on the curve are expressed
rationally in termns of the parameter ¢, the paramcters of the
three points are ¢, {,, {;. Then we have only to express the
coordinates in terms of the parameter T = (at+8)/(yt+9);
where a, 3, y, & are constants chosen to satisfy

Tl = (od, + B)/(yt,+8), T,= (at,+ B)/(Ytz +9),
Ty = (ods+B)/(vts + ).

Fx. 1. Express the coordinates of any point on the curve
4(x-1>2+(y—32+2)" =0
rationally in terms of a parameter.
|The line y—1=t(x—1) through the cusp (1, 1) meets the curve
where z=1+1(0-3)%, y=1+}1(t-32]
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Ex. 2. Kxpress rationally in terms of & parameter the coordinates of
any point on the curves
(i) & +y" = axy.
(ii) (222 +2y%+ 1) (y—w) = L5 =6uay +4°
(iii) z*+y*+4xz(x+y) = 0.
(1v) (x+y) (x—y)? = day=.
Fx. 8. Kxpress the coordinates of any point on the curve
(=92 — (2 —y?) (x+8y)—8x*+ Gy y* = 0
rationally in terms of a parameter.
[A variable conic through the double points
0,0, x=-y=oo, x=y=oo
and one other fixed point 7 on the curve meets this quartic in one
more point. Choosec R as the point on the curve consecutive to the
cusp o =y =oo. The conic is then
(x4 y=(xr=y-1) =t
meeting the quartic where
_(242t=2)(P+t-1) #+21=2)(*+1-3)
= dfE+mn 0 YT TR EREy
See § 6, kix. 1 and Ch. TII, Fig. 3.|
Fx. 4. Express rationally in terms of a parameter the coordinates of
any point on the curves
(1) P +2rly+xy* -3 +2.ry—2y% = 0.
(ii) 2¢%(20*—br+4) —ry(x—2)(x—8)+22% (2 -2)2 = 0.
(iii) z’y*+12a® (3 +2y) +108a* = 0.
(iv) oy (2ay—Ha—10y)+ 50 (x—y)* -~ 0.
(v) (@®—y?)? + (a%~y?) Dy —x) =302 =2xy+9y* = 0. .
(vi) 9224 2+ 2ty = Qayz (e +y+2).
(vii) 2ay*—8a’y® = x* -2a’2%
(viii)) »= a(1+ cos ).
(ix) »% = a?ces 26.
(x) (y+a°) = 4a? (r+k).

(i) Meets »(1- x) = tr where

(t+1)(B8=Ha=2#-2/+3 = (4—31)y.
(i) Meets y (24 tx) +2*—2x = 0 where
z=8+(2%+t+4), y=8t(2t+1)+ (284 t+4) 212+ 5¢t+4).
(iii) Meets x (y+6at)+ 6a®(2/—1) = 0 where

z=(2t=1)a=?, y=—6(2+t)a.
(iv) Meets txy = 5 (x—y) where

z=15+(2-t+2¢%), y=15+2(1+t+2).
(v) Meets (x—y+1) (x+y+t) =1 where
x=—(2—6t+2)(82—3t+5)+6(t—1)(t—-2),
y=—@—-6t+2)(*-3t-1)=6@—-1)(+-2).
(vi) Meets = (x—y) = txy where
z(t=1)2=y(t41)* = 4=
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(vii) Meets r*—ay = tx (y—a) where
r=(2-3t)ax#, y=(2-3t%) (2—t) a2t
(vii1) Meets ay =t (2?+y*) where
x=21-1)a+1+), y=4la-1+7)>
(ix) Meets x?+y®= at (r—y) where
r=tF+1)a+(t'+1), y=t(B=1)a+({' +1).
(x) Meets y+a® = 2¢tr where
=1t -k, y=(*—k) (k4 2t—1t).]

Kx. 5. Kxpress the coordinates of any point on
(@+y) et =2 (y+2)
rationally in terms of a parameter.

|This quintic has a triple point at (0. 0, 1), a node at (1,0, 0), and
cnsps at (0, 1,0) and (1, =1, 1). In the case of a 5-ic with a triple
point and three double points the N-ic of § 4 may be taken as a conic
through these multiple points. In fact x(x+y) = tz (x+y) meets the
curve again where (2—1)z =y = (*—1) <.

We may 1llustrate the general theory for which N = #—2 by taking
the N-ic as the cubic

zys 4 Yo+t (PPy+2ats —yfe)=0;
which has a double point at (0, 0, 1), passes through (1, 0, 0), (0, 1, 0),
(1, —1, 1) and through two more fixed points on the 5-ic conseculive to
(1, 0, 0) and (0, 1, 0) respectively. 1t meets the 5-ic again where
t(81-2)(t—1)x=(t-1Py=¢t(1#-974 3)=.

An alternative method is to transform the curve by quadratic trans-
formation, replacing z :y: = by 1/x: 1/y: 1/z, and to apply the method
of § 4 to the transformed curve, which is a cuspidal cubic. The reader
may apply this process to Kx. 4 (i), (iv), (vi).

Yet another method is given in § 6, Kx. 3.]

Ex. 6. Kxpress rationally in terms of a parameter the coordinates of
any point on the curves

(i) '+ y* = ax (2> —xy+ *).
(i) z(x+2)' = y' (1-y).
(iil) 2 (y+ )+ y* (x+2)* = 2y (x+ 2) (¥ +2).
(iv) $*2%+4 127 4 S+ 2’ + 2 Pt + 2y’
=2ayz (2024 22+ 22—y — sk — ).
(v) (24 y) (2= 2y) = «®y,
(vi) (y—a?)® = x°+2%y.
(vii) (y+r°) (y+2x%) (y+32*) = y*x'".
(viii) 2y, +u, = 0.
(ix) = (xy +az?)?+ y (zy +b=2)2 = 0.
(x) r(xy +az?)2+y (xy +b2®)2+2 (xy + az?) (xy +b2?) = 0.
(xi) (y2+2) = ¢* (€ +y).

[Find the intersections of the curve with (i) y = tx, (ii) y =t(x+2),
(i) ty(z+2)=x(y+2), (V) ty(x—2)==(@y—=<), (v)y==ts" (see
Ch. 111, Fig. 10), (vi) y = ta?, (vil) y = t?, (viil) y = tx,
(ix) @y = 1222 (x) 4wy = (1=, (xi) y= (£#-1)r]
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]*};:. 7. 1f i&n § 4 the n-ic has only ordinary cusps and nodes, N must be
n—1orn=2.
|Suppose the fixed intersections of the #-ic and N-ic are ¢ double
points and b other points of the n-ic. Then
a+b=1N(N+3)-1, 2a+b=unN-1],
giving a=4}N(2n—-N-3), b=N(N+3-n)-1.
Hence N >n—3. See Clebsch, Crelle. 1xiv (1865), p. 44.]

Fx. 8. Three points on a curve have parameters #, ¢, %. Transform
the parameter so that the points have new parameters 0, 1, oo

| The new parameter is (¢—t,) (t,—t5)/(E—1:) (t;~1)).]

Kx. 9. In the ndc x:y:2=f(t):d(): ¥ (), where f, ¢, are
polynomials of degree n with the coefficients of ¢* zero, the sum of
the parameters of the intersections of the n-ic with any algebraic curve
is zevo.

¥x. 10. The curve of Kx. 9 has a cusp. Conversely, any unicursal
curve with a cusp can be put in this form.

[The cusp is given by ¢ = oo. Conversely, if the curve has & cusp given
by ¢t = &, take as a new parameter T=8+1/(t—0a), where § is chosen
to make zero the coefficient of 7! in x.]

Kx. 11. Find the Plicker's numbers of x:y:2=f(t):(f): ¥ (f);
J» ¢, ¥ being polynomials in ¢

[# and m are given by §§ 1 and 2, while D = 0.]
Fx. 12. Find the Plucker’s numbers of y”z¢ = xbta.

[The tangent at (tr,¢0¥7,1) is (p+q)t9x = py+qtr+iz.  Hence
D=0, w=m=ptq S=r=}(p+e-2)(p+g¢-3)
k=1=p+qg—2.

See also Ch. VIIL, § 5, Fx. 1.

For other examples find the Pliicker’s numbers of the examples in
Ch. 111, § 9.]

Ex. 18. Tn the curve z:y:2 = f({): ¢ (1) : ¥ (¢t), where f, ¢, § are
polynomials, to cach point on the curve corresponds in general a single
value of ¢; but, this is not universally the case. Suppose that to each
puint on the curve corresponds s values of #, and that the highest
common factor of

FO ¥ (&)=F¢) ¢ () and D) ¥ (t)~d(t) ¥ (2
is arranged in powers of f,, the coefficients being polynomials in ?.
Then, if T is the ratio of the coefficients of any two powers of ¢, and is
not a constant, g:y:s can be expressed rationally in terms of the
parameter T, so {hat to each point on the curve corresponds a single
value of T.

[If to a point on the curve correspond the values ¢, 1,, ..., %, of ¢
the highest common factor is (¢—1#,) ((—1t,) ... (¢—¢,). The coefficients of
any two powers of ¢,in this are symmetric functions of #, 4, ..., f.;
and therefore their ratio has a single value for cach point on the curve.
But the expressions whose highest common factor was taken are only
changed in sign by interchange of ¢ and #,. See Liiroth, Math. Annalen,
ix, p. 163.]
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¥ix. 14, In the following curves express the coordinates in terms of
a parameter so that to each point of the curve corresponds only a single
value of the parameter.
Nx:y:z=#:1:1
(ii) rry:io=@+1)2:e(+1): (¢4 3824 1).
(i) r:y:e=2@"+1): (1) :
(iv) z:yg:a=t@E-1)(@+t=1): (F+1)*: 1%

[The H.C.F. of Ex. 13 is

i) 2—t2 If T=#8 z:y:2=T:1:T"

() 2 —t@2+1)+t,. f T=t4+t7, a:y:c=T0:T:(T-+1).
(i) 24 +t(1—42) -t If T=1—2t", 2:y:2=(T?+2):(T*437T):1.
(iv) Bt,—t(14t)t+t. If T=8+¢1, z:y:2=(T-2):T?:1]

Fx. 15. The homogeneous equation of x : y : = = () : ¢ (¢) : Y (¢) may
be derived by equating to zero the coefficients of 1, #, 2% «*, ... in
1 x Y c
o lrm e v
flu) ¢@) ¥(w)
and eliminating 1, ¢, ¢ t* ... between the equations so obtained.

[We thus get the equation by equating to zero a determinant of order
n, if f, ¢, ¥ are polynomials of degree n. See Richmond, Bull. Amer.
Math. Soc.. xxiii (1916), p. 90.]

Ex. 16. The line joining corresponding points (with the same para-
meter) of a unicursal n-ic and a unicursal N-ic envelops a curve of
class »+N.

¥x. 17. If more than n,+mn,+n, trios of corresponding points on
given unicursal curves of degree n,, n,, 1, are collinear, every trio of
corresponding points is collinear.

Fx. 18. If a, b are the parameters of a given node on a given #-ic
ziyie=r0): b0,
where f, ¢, ¥ are polynomials, and F(¢) = 0 is the equation giving the
parameters of the nr intersections of any r-ic with the »-ic, then
F (a)/F (b) is the same whatever r-ic is chosen.

[If the ~icis SAa"yPz7 =0, where x4 p3+y=r, then
' Fit)=sA4r%¢By7;
and  F(a)/F(b) = |f(@)/f )] = | (a)/d (b)})’ = ¥ (@)/¥ (B)}'-]
Fx. 19. Apply § 1 (v) and the relation 2x+¢ =3 (n—2)+6.D to show

that, if the coordinates of any point on a curve can be expressed rationally
in terms of a parameter, D =0,

[The degree of F'(¢) in ¢ is 2x++.|

Ex. 20. A line AB of length ¢ slides with its ends on the rectangular
axes 0X, OY. Find the locus of the point of contact with AB of the
circle inscribed in the triangle 4 BO.

[w/e=t(1—2t) A+8)2/(1+8)?, yle=2t(1-#)/(1 +*)? where ¢ is
the tangent of half the angle between 4B and OX. Hence the locus is
a unicursal quartic with a node at the origin.]
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kx. 21. Tf 4 is an end of an axis and P any point on an ellipse, find
the loci of the intersection of the line through A4 perpendicular to AP
with the tangent and normal at I

[A unicursal cubic and quartic.}
Ex. 22. A triangle ABC of fixed size and shape turns about C. Show

that the locus of the intersection of HB and KC is a utticursal uartic,
H and K being fixed points.

Fx. 23. The locus of the poles of any normal to a given conic is in
general a unicursal quartic. Consider the case in which the conic is
a parabola.

Kx. 24. A range of points on a conic is homographie with a pencil of
lines. Any line of the pencil meets the tangent at the corresponding
point of the conic on a fixed unicursal cubic.

[Tts node is at the vertex of the pencil.]
¥x. 25. The locus of the intersection of the tangents at corresponding
points of homographic ranges on two given conics is & unicursal guartic.
[The tangents can be put in the form
Pr4+2Qt4+ R=0, p*42qt+r-=0,
where P, @, R, p, q.» arelinearin .,y 2.]

§5. Coordinates of a Point in terms of Trigonometric
or Hyperbolic Functions.

Instead of expressing the coordinates of any point on a uni-
cursal curve rationally in terms of the parameter ¢, it may be
more convenient to express them rationally in terms of cos ¢
and sin ¢ or of cosh ¢ and sinh ¢; where ¢ is a new para-
meter. The case of the ellipse is well known. Here the most
convenient parameter is the eccentric angle of any point.

Putting ¢ = tan?, we can immediately change from the

‘.)/ 3
rational cxpression of the coordinates in terms of ¢ to the
rational expression in terms of cos ¢ and sin ¢ ; or conversely.

The following theorem is of interest :

The coordinates of any point on a wwicursal n-ic (n>2)
with an acnode can be expressed rationally in terms of cos ¢
and sin ¢, o that the parameters ¢, ¢gs ..., Gy, of the inter-
sections of the n~ic with any r-ic satisfy the relution

G+ dot ...+ =0 (mod. ).
For an n-ic with a crunode cos ¢ and sin ¢ are replaced by
cosh ¢ and sink ¢, and w by mwi.
Suppose that the triangle of reference is taken so that
(1, 0, 0) is the acnode. We may suppose the parameters of
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the acnode to be i and —¢ (see end of §4). Then we have
cquations of the form
&= (@ +a, L+ a,), Y= (24 1) (bt 2+ . 4+ b, ),
2= (24 1) (ct" 7 4 ... +¢pg)s

if (x, ¥, 2) is any point of the n-ic.

First take » = 1. The n-ic meets any straight line

AT+ py+vs =

where

A+ a, 1T+ L +ay)

£ +1) B+ e¥] 02+ [y o] 075 L) = 0.

If s, is the sum of the products of the roots of this equation
I at a time, we have at once

(8, =8548 — .. )=(1—s, 45— ...) = (—+a,—a; + ...)

(@, — g+ ay—...).

Hence, if we put tan ¢ for ¢, @ :y: 2 are expressed rationally
in terms of cos ¢ and sin ¢, so that, if any straight linc meets
the m-ic in the points for which ¢ = ¢, by, ..., Py
tan (¢ + b+ .o+ 6) = (—g+ @y —az+ .. ) F(g— s+ ay— ),
or

&+ ¢, ... + ¢, = & (mod. =),
where
tan o = (—a,+y—dy+ )= (@ =t a— ).

Replacing ¢ by ¢ + o/, we have the sum of the parameters
of any m collinear points = 0 (mod. 7).

Similarly the sum of the parameters of the intersections of
the n-ic with any r-ic is a constant (mod. m). That this
constant is zero is evident by taking the 7-ic as » straight
lines.

If the point (1, 0, 0) is a crunode, we take its parameters as
1 and —1, and put ¢ = tanh ¢.

For the corresponding result in the case of a cusp see
§ 4, Ex. 10.

§e.

If a variable N-ic (N<mn) passes through 1N (N+38)—1
fixed points of a unicursal m-ic (as in § 4) and 1neets the n-ic
nN —2 times at these fixed points, two of the family of N-ics
touch the n-ic in general.* E‘or the n-ic and N-ic meet at two
more points. Let ¢,, ¢, be their parameters and let 8 be the

* At a point not coinciding with one of the fixed points. One (or both) of

the N-ics here obtained may meet the n-ic at a cusp instead of touching it.
For ¢, = ¢, in this casc also.
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sum of the parameters of the nN—2 fixed intersections, the
parameter of any point on the n-ic being taken asin § 5. Then
d)] +¢2+B = 0 (mod- 77').
If the N-ic touches the n-ic, ¢, = ¢, and
$,=—3Bor = —$p+3m

This result also follows from Ch. VII, § 10, Ex. 11 and 12,
Ch. IX, § 10, Ex. 1 and 2.

The coefficients in the equation of the N-ic may be expressed
linearly in terms of a parameter £. On eliminating y between
the equations of the n-ic and N-ic we get an equation in 2
(or in % : z, if homogeneous coordinates are used). Dividing
out by the factors corresponding to the nN—2 given inter-
sections, we have a quadratic equation in .z, whose coefficients
are rational in ¢, giving the two variable intersections of m-ic
and N-ic. Solving it we have

«=M+LX:

where L, M arc rational in ¢, and X is a polynomial in .

Substituting either of these values of « in the equations of
n-ic and N-ic, we have two equations for i which have a
common solution of the form M’ + IX%, where M’ and L’ are
rational in ¢.

Since X = 0 gives the two N-ies which touch the n-ic, X is
of the second degree in ¢.

Hence the coordinates of any point on the m-ic may be
expressed rationally in terms of ¢ and an expression of the
form (at?+ 2bt+c)3.

But ¢ and (at® + 26t + )3 can always be expressed rationally
in terms of a new parameter T'; for instance, by the sub-
stitution

at+h = 2(ac—b2): T=(T*-1),

if « and ac— b* are positive; and similarly in other cases.

This process gives a method of expressing the coordinates of
a point on a unicursal curve rationally in terms of a para-
meter alternative to that given in §4; which, if less simple
in theory, may be much easier in practice, since the value of
N may be lower than in the method of § 4.

If the multiple points of the m-ic are all ordinary nodes or
cusps, the N-ic may be taken as an (n—38)-ic through all the
double points of the n-ic but two ; since

im—-38)n—1=%(n—-1)(n—2)-2,
2i(n—1)(n—-2)—-2} =n(n—-3)-2.
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If the n-ic has a (n—2)-ple point, the N-ic may be taken as
a straight line through the (n—2)-ple point ; and so on.

Ex. 1. Kxpress the coordinates of any point on the curve
(22— 92— (x> —y?) (£ + 3y) — 3.7+ bury +y° = 0

rationally in terms of a parameter.

[A variable line x+y+A =0 through a node at infinity meets the
curve where 9\ _9)(A+1)y = —\*+ 3A+A (3-A)L.
Putting A = 83— (¢+1)® wé get the coordinates given in § 4, Ex. 3.

The second N-ic’ of § 6 is the line at infinity : for this line passes
through the infinite cusp.]

Ex. 2. Apply the method of § 6 to the examples in § 4, Ex. 4.

[As another example the reader may take the general conic or the
guartic with nodes at the vertices of the triangle ot reference.]

Ex. 8. Kxpress the coordinates of any point on
(2490 =2 (y+2)°

rationally in terms of a parameter.

[y = Az meets the curve where A\r/: =—1+(A41):. DTl A =#-1,
and we have (#—1)r =y = (*-1)z asin {4, Ex. 5.|

Kx. 4. In the argument of § 6 N must be »—1, n—2, or n—~3 in the
case in which all the multiple points of the »-ic are ordinary nodes or
Cusps.

[Asin § 4, Ex. 7.

\7. Curves with Unit Deflciency.

Consider now an m-ic with unit deficiency. Suppose that
just as in § 4 a variable N-ic w4+ {v = 0 is subjected to certain
conditions which are in all equivalent to £ N (¥ +3)—1 linear
relations between the coeflicients of the equation of the N-ic.
But suppose that the N-ic meets the n-ic n¥V—2 times at the
fixed points (not mN—1 times as in §4). Then, when we
climinate 77 between the equations of the n-ic and N-ic, we get
an equation in ©# nN—2 of whose roots are the abscissae of
tixed points, while the remaining two roots are the abscissae of
the two variable intersections P and @ of m-ic and N-ie.
Dividing the equation by the factors corresponding to the
abscissae of the fixed points we have an equation of the
second degree in .z with coefficients rational in { whose roots
are the abscissae of P and Q. Suppose its solution is

z=M+ LX 31!,
where M and I are rational in ¢ and X is a polynomial in ¢.
If we substitute either of these values of 2 in the cquations of
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n-ic and N-ic, we get two equations in y whose common root
is also of the formn

M+ L'Xz,
where M’ and L’ are rational in ¢.

Now the values of { given by .\' = 0 arc the parameters of
the points of contact of those of the variable N-ies which
touch the n-ic at a point other than one of the fixed points,
and the parameters of the cusps of the n-ic which are not in-
cluded among the fixed points. But by Ch. VII, §10, Ex. 11
and 12 (ef. Ch. IX, § 10, Ex. 1), putting p = 2 and D = 1, we
see that the number of such points of contact and cusps is four.
Hence X is a polynomial of degree four in ¢. If then we
assume the existence of the N-ic, we have:

The coordinutes of any point on « curve of unil deficiency
muy be expressed ratiovnally i terins of « parameter { and an
expression X of the forn

Lyt + 4, F + 6,2 +dagl+ag )5

It is well known that ¢ and X can be simultaneously ex-
pressed as rational functions of the elliptic functions siu,
¢, duw ; or if preferred, in terms of Weierstrass’s elliptic
funetion gw and its dorivative @u, defined by

1
)2 3 . @ — 1 .
(') =4 (pu)f—yg,0u- g3 L"_m“ pu =1
For instance, if we take « as a constant defined by

wp? . P = —(aya,—t,2), . @'u = ala,—3a,a,a,+ Ra?,
where
a, ¢, a,
a2, = qu—daya,+ 30l afy, = w ow, ay |,

@, W, ((,4
we have, on putting
t=_" _1(0’}".—@_,_",
u,  * pu—pa

Laglt + 4oy t® + 6a,t2 + duyt + a,}2 = ab {Pu—g (w+a)}*

Hence:

The coordinates of any point on a cuwrve of unit deficiency
can be expressed rationally in terms of elliptic functions.

* If a, is negative, put ¢ = 7 ! +/ where a,/f+4a,h%+6h2+4ashk+a, is
positive, and proceed as above. See Halphon's Fonctions elliptiques, I, Ch. 1V,
p. 120,

The reader may also consult Picard, 1haité &’ Anayse, 11, Ch. XV, §§ 12
and 16, Ch. XVII, §§ 2 and 4, or Goursat, Cow s d’'Analyse, 11, §§ 840 and 362,



158 ('URVES WITH UNIT DEFICIENCY X7

To prove the existence of the N-ic, we show that when the
m-ic has only ordinary multiple points and cusps, an (n—2)-ic
with a (k—1)-ple point at each A-ple point of the m-ic and
passing through n—2 other fixed points of the m-ic satisfies
the conditions imposed on the N-ic. In fact, if N = n—2 and
D=1,

s(n=1)(n—-2)—53k(k-1) =1,
n—R+1xk(k—1) = NN +8)—1,
n—24+3k(k—1) = nN-2.

In general we may take for the N-ic an adjoined (n—2)-ic
pessing through n —2 other fixed points of the n-ie.*

In practice, however, we may often take a lower value of N,
For instance, if the n-ic has cnly ordinary double points, we
may take for the N-ic an (n—3)-ic through all the double
points but one.

Ex. 1. Express the coordinates of any point on a cubic rationally in
terms of elliptic functions.

[Consider the intersections of the cubic with a line through a fixed
»oint of the curve.]

Ex. 2. Express rationally in terms of elliptic functions the coordinates
»f any point on

() 2=y (y—r)(y—~x).

(i1) (a*4 ) (y—x) = (y +x) (a®r®+ B%y%).
(i) y> = 4ut—gpaat—gg2s.
(iv) 2 +y*+ 2+ 6maye = 0.

(V) (+y+:2)P+6kayz=0.
(vi) ax (y2—2%) + by (> —a?) + ez (@®— ) = 0.
[Consider the intersections with

rx=1ty, x=ty, x=1tz, z="*t(x+y), z=t(x+y), y=tr]

ix. 3. Kxpress the coordinates of any point on a quartic of unit
deficiency rationally in terms of elliptic functions.

|Consider its intersections with a line through a node; and so for any
n-ic with an (n —2)-ple point.]

Ex..4. Express rationally in terms of elliptic functions the coordinates
gfl a.nl): p(iint on the quartics of Ch. XVIII, § 5 (i), § 7 (i), § 14 (ii),
5, Ex. 1.

* This follows from the second theorem of Ch. IX, § 10. But we may
also argue as follows: Since the coordinates of any point of a curve with
unit deficiency having only ordinary multiple points can be expressed
rationally in terms of elliptic functions, and any curve with unit deficiency
can be transformed into such a curve by rational change of variables
(successive guadratic transformations), the coordinates of a point on any
curve with unit deficiency can be expressed rationally in terms of elliptic
functions.
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Ex. 5. Express rationally in terms of elliptic functions the coordinates

of any point on
(i) * (a*+y") = 29"

(1) (w—0y®) (u—By?) (u—vyy?) = k (xu—y"),, where u =yz+a”

(ii1) 2%ay +2yug+ 22 421, = 0, where wy, 1y, ng are of degrees 1,2, 3
in z and y. .

|Consider the intersections with

(1) g2 = tx(y—2), (1) « =ty (iil) y = tr.|

. Ex. 6. The coordinates of any point of u curve are expressed rationally
in terms of Weierstrass’s function. If g% < 27¢.% the curve hus a single
circuit given by real values of the parameter u. If ¢,*>27¢.% the
curve has a second circuit given by values of « for which «—o’ is real,
where 2o’ is an unreal period of Weierstrass's function,

kx. 7. When the coordinates of o point on a curve with unit
deficiency are expressed rationally in terms of Weierstiass’s function of
a parameter «, we may suppose the sum of the parameters of the inter-
sections of the curve with any other curve to be zero.

[Asin § 5, using Abel’s theorem on the roots of an equation rational
in @u and @ u.|

Ex. 8. The coordinates of any point on an n-ic of deficiency 2 can be
expressed rationally in terms of a parameter # and X3}, where X is a
polynomial in 7 of degree 5 or 6. .

1t is in general impossible to express the coordinates of a point on
a curve of deficiency greater than 2 in terms of ¢ and X%, where X iy
a polynomial in 7.

[(i) Consider the intersection of the n-ic with u (n—3)-ic through the
nodes.

(ii) As in § 4, Kx. 7. But there are exceptions; e.g. an n-ic with
a (n—2)-ple point.]

{8.

We now prove the converse theorem :

If the coordinates of any point on a curve can be expressed
rationally in terms of pu and @, the curve is of wnit
deficiency.

If (=, y, 2) are homogeneous coordinates of any point on the
curve, we have

e=f(u), y=o¢@), s=y);
where f, ¢, Y are each of the form A + B @'u, A and B being
polynomials in gu.

Now differentiating repeatedly the relation

(p'w)* = 4 (Pu)' — g, pu—g;
we express Pu, p*u, P, ..., Pw.pPw, Pu. P, ... linearly
in terms of pu, P'u, p”’u, .... For instance
piu =2, (2p"u—g,), P'n.pu= %" &e
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Hence we may take
fu) =a+e,pu+a,pu+..+a, 0" u,

and so for ¢(w) and (u).

The curve meets A\x + uy + vz = 0 where

Af (u) + pp (u) + vy (u) = 0.

The left-hand side of this equation has w poles, and has
thercfore 1 zeros.* Hence the curve is of degree n.

The points of contact of any tangent through the point
(, ¥, 2) is given by

AT+ py+ve =0,

where A = d)/\l"—d)“l’,, K= \I'tf_ ‘I’fl’ v =f,¢ _f(l’,a
(see § 2).

In ¢’y — ¢y’ the terms in p*-2y @=Nqy cancel, so that
A when reduced to linear form becomes of the type

A+ A pu+dpu+t...+A4,, 0% D,

and so for p, .

Hence the class of the curve is 27 at most.

The argument of §4 (p. 148) will show that the deficiency
is zero or umity. But f, ¢, 4 will not usually be rational
functions of a single parameter. Hence in general D = 1.

Fx. Show by means of § 8 that any point on a cubic may be taken
as (P u, @'u, 1) by a suitable choice of triangle of reference.

[We proved that with any chowce of triangle of reference .r, g, ¢ are
linear functions of @u and £'«. Hence three linear functions of », y, =
can be chosen in the ratios @Pw : 07w : 1.]

* Forsyth, Theory of Functions, § 116,



CHAPTER XI
DERIVED CURVES

§1. Derived Curves.

FroM a given curve may be derived other curves by various
geometrical processes, for instance its polar reciprocals, in-
verses, evolute, pedals, orthoptie locus, &e.

The case of the polar reciprocals has been alrcady sufficiently
discussed. In this chapter we shall consider some of the
other derived curves. In particular we shall concern ourselves
with determining the type of the derived curve (as defined hy
its Pliicker’s numbers), when the type of the original curve is
given. We shall also determine the multiple points and any
other peculiarities of the derived curves which may be of
interest.

In determining the Pliicker’s numbers of any derived
curve we shall make use of the principle that, if the derived
curve is algebraic, the number of its intersections with every
line is the same.

Hence, in order to determine its degree, it is sufficient to
find the number of its intersections with a single line.

Similarly to find its class, it is sufficient to tind the number
of its tangents passing through a single point.

§ 2. Evolutes.

The evolute of a curve is the envelope of its normals, the
locus of the intersection of each normal with the consecutive
normal, and the locus of the centre of curvature at each point
of the curve.

Since the centre of curvature at any point of the curve
f(x, y) = 01is (£ ), where

§=w+fi(/)? +J_c22)/ @fifof 1~/ 22.'7‘ 1 =J1" ), i )

1=y +LAE L)/ CQfiloe - FEm—F e - - o ()
suffixes 1 and 2 denoting partial differentiation with respect to
z and y, the evolute of an algebraic curve is algebraic.*

* Its equation is obtained by eliminating x and y from the three equations
just written, and then replacing ¢ and n by = and y.

2216 M
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We denote the Pliicker’'s numbers of the curve by n, m, 8, «,
7, ¢, D, and of its evolute by n/, m’, &, , 7/, //,

We now determine »/, m/, ... in terms of n, m, ....

Suppose that o, »” are the circular points at infinity and
that the tangent at P to the given curve meets ww” in Q,
while (ww’, QR) is harmonic. Then PR is the normal at P,
i. e. touches the evolute.

If P is on 0o’ it coincides with @, and QR coincides with
wo’, which is therefore a tangent to the evolute.

In this case let " be a point on we’ near P, and let Q'P,,
Q'P; be the tangents from @' to the curve which touch at P,
and P, adjacent to I’ (Fig. 1).

W

Fig. 1.

Let (0w’, @ R’) be harmonic. Then P, R’ and I, R’ are the
normals at P, and P,, so that through R’ three consecutive
tangents R’I’,, R'P, R'P, can be drawn to the evolute, all
ultimately coinciding with ww’”. Hence R is a cusp of the
evolute, at which we” is a tangent, and we’ meets the evolute
in three points at R.

We see then that the evolute has m cusps at infinity at
which we’ is the tangent, one for each of the n intersections
of we’ with the given curve, and meets ww’ 31 times at these

cusps.
’lphe only other infinite points of the evolute are those due
to the ¢ inflexions of the given curve. Hence
7' = 8n+1.

The tangents to the evolute from a point @ on we’ are the
m normals corresponding to the m tangents to the given curve
from R, where (o’, QR) is harmonic, and the line we’ which
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counts for 7 tangents, since it has » points of contact, namely
the cusps of the evolute on we’. Hence

m = m+n.
Again, it is evident that in general no two comsecutive

normals coincide; hence the evolute has not coincident

tangents at consecutive points, i. e. has no inflexional tangent.
Therefore

U =0.

Pliicker’s equations now give &, «’, 7.

Ex. 1. Find the evolute of y* = 4a..
[ThLe normal at (af?, 2at) is tx+ y = « (*+ 21), meeting the consecutive
normal at r = a (31*+2). These two equations give
r=a(3+2), y=—2at"
as the centre of curvature at (af?, 2a¢). Hence the evolute is
27ay? = 4 (x—-20a)"]
Ex. 2. Find the evolute of

() & = « cos ¢, y = bsin ¢.
(ii) @& = ct, y = c/t.
(iil) 2 = at, y = at’,
(iv) z = a cos® ¢, ¥ =« sin®¢.

|The centre of curvature is
() o = (a*=8) cos? p/u, g = (b~ sin" /.
(i) x=¢(31"'+1)/2¢, y=c(1"+3)/2¢
(iii) » =—3at', y= ; (224 6¢°).
(iv) x=a(cos’hp+8 cos hsin?),  y =« (3cos?¢p sin p—sin’ p).]
Fx. 8. Find the Pliicker’s numbers of the evolute of aiy? = i+,
p and ¢ being positive integers prime to one another.
[m =p+2q, '=0; wn'=p+2qifp>q, W =38¢ifpgyq
For other examples take the curves of Ex. 2.]
Ex.4. The number of normals which can be drawn from any point to
a curve is ms +a.

[The number is m'. Verify the result by consideration of the fact
that the normals from O to a curve are lines joining O to the intersections
of the curve with the curve obtained by rotating it through a very small
angle about 0. See also Ch. XII, § 5, Ex. 12.]

Ex. 5. How many circles of curvature of a given curve have four-point
contact ?

[Each such circle is given by a cusp of the evolute not lying on wo’
Hence the number is

K=n=3(n-m)+—n=>5n—-83m+38.]
ix. 6. How many lines are normal to a curve at two points ?
["—3n(n—-1) =L (m*+2mn—4m—«).]
M €
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Ex. 7. How many pairs of concentric circles exist, each of which
osculates a given curve ?

Fx. 8. The deficiency of a curve and of its evolute are equal.

Ex. 9. The evolute has the same foci and directrices as its involute.

[A tan, fent passing through o or o’ coincides with its normal. The
curve and evolute touch at the point of contact of such a tangent.]

kx. 10. There are m (m+n—4) normals to a curve which are also
tangents.

[The common tangents of curve and (,volute which do not pass through
o or o’. See Kx. 9]

Ex. 11. Find Pliicker’s numbers for the locus of the extremity of the
polar subtangent of a given curve, O being the pole.

| The locus is the polar reciprocal of the evolute of the reciprocal with
respect to 0. Conmder the case of a conic with 0 us focus.]

Ex. 12. Find the Plicker's numbers of the locus of the harmonic
conjugate of a variable point I’ on a given curve with respect to the
intersections of the tangent at I’ with two fixed lines.

[Reciprocate and project the reciprocals of the fixed lines into » and o'.]

Kx. 13. If a eurve touches ww’ at P, the evolute has an inflexion at R,
where (ow’, PR) is harmonic, oo’ being the tangent at the inflexion.

Ex. 14. If a curve passes through o (or '), the evolute has the tangent
at o as inflexional tangent.

Ex. 15. 1f a curve touches wo’ in g points and passes / times through
cach circular point,
W=3n41=312f+y), wm =m+n—=(2f4y), =2f+y.
What modification must be made in the results of Ex. 4 to 7in this case ?
[Use Ex. 13 and 14.]

¥ix. 16. If the curve has wo’ as inflexional tangent, the evolute has
wo’ a8 1 tangent at a point of undulation, and so on.

Ex. 17. The number of normals common to two curves of degree n, n,
and class ue, m, is mm, +ma, + myn.

| The normals are the finite common tangents of their evolutes. Putting
ny = 0, m; =1 we have the result of Ex. 4.]

§3. Inverse Curve.

The curve inverse to f(x, y) = 0 with respect to the circle
whose centre is the origin and radius £ is

f /(a2 +y%), K/ e+ y7) = 0.
If f=u,+u,+u+...+u,, where u, is homogeneous of
degree » in « and v, the inverse curve is

Uy (22 + Y + 2w (2P + 5 4L+, = 0.
It is at once verified that this inverse curve has a multiple
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point of order n at each of the circular points @, ®”* and has
also an m-ple point at the origin ().

(See also Ch. IX, §§ 1, 2.

To find the Pliicker’s numbers »’, w/, &, «’, 7/, o', IV of the
curve inverse to a curve with Pliicker’s numbers «, i, 6, &, 7.
¢, D, we proceed as follows.

First of all, it is obvious from the above that 1" = 2mn.

Secondly, a cusp of the given curve inverts into a cusp of
the inverse curve, and vice versa, so that " = «.

Again, a nodo of the given curve (not at () or on ww’)
inverts into a node of the inversc curve. Also the w-ple points
of the inverse curve at O, w, and ' are each equivalent to
in(n—1) nodes, so far as their cffect on Pliicker’s numbers
are concerned (Ch. VIII, § 3). Hence

¥=08+3n(n—-1)
We can now deduce w/, 7, /, IY. We find
n=2un mwm=m+2n &=3Fnn-1)+8 « =«,
=2nRn-7)+4mn+27, =8n+, D=0D %

As a verifieation we shall determine »” independently.

The tangents from () to the inverse curve are the » tangents
at O each counted twice (Ch. VII, § 5) and the tangents from
O to the original curve. Hence /' = m +2n.

The same result follows from consideration of the tangents
from o (or o’), remembering that a lino through w inverts into
a line through o’

The result 1Y = D is a particular case of the theorem that
two curves with a 1:1 correspondence have the same defi-
ciency (Ch. XXI, § 3).

We have proved earlicr (Ch. V, §4) that the inverses of the
foci of a curve are the foci of the inverse curve; and that, if
O is a focus of the curve, the inverse curve has cusps at
o and o’

Ex. 1. If the original curve has o Z-ple point at 0 and a p-ple point
at each of w and ', we have .
n=2u=2p-k, ¥=tm-2p)(u-2p-1)+(n—p=L)(n—-p-k-1)+3,
K =x;
and the inverse curve has a (n—2p)-ple point at O and (n—p—k)-ple
points at each of » and o',

Kx. 2. What modification is required in the result of § 3, if the curve
touches wo' ?

* In fact any line z+iy = ¢ meets the inverse curve at » finite points
only ; whereas the curve is of degree 2n.
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Ex. 3. A curve of degree 2N with N-ple points at w and ' inverts
into a curve of the same type.

Ex. 4. Find the number of circles of curvature of u given curve which
pass through a given point (. Discuss the case in which O lies on the
curve,

[Invert with respect to O.|

Ex. 5. Find the number of circles passing through a given point and
having double contact with a given curve.

Ex, 6. Find the number of circles passing through two given points
and touching a given curve. N
[Invert with respect to either point.|
Ex. 7. An n-ic is self-inverse with respect to a circle . Show that »
is even, and that the curve has a }n-ple point at cach circular point.
Show also that the curve has $n (1 —2) foci lying on j in general, which
are the intersections of j; with the locus of the centres of a family of
circles having double contact with the n-ic.
Ex. 8. A 2u-ic hus n-ple points ut w and o. Any transversal through
P meets it in @, @,, ..., @;,. Show that the product
pp=PQ,.PQ,. ... PQ,,
is independent of the direction of the transversal ; and that on inversion
with respect to O we have
pp=k".pp/p,. 0P,
[(i) Use polar coordinates. (ii) Take OP as the transversal.]

4. Pedal Curve,

If OY is the perpendicular from a fixed point O on the
tangent at any point P of a given curve, the locus of ¥ is the
pedal (first pedul) of the given curve with respect to O. The
pedal of the pedal is called the second pedal, the pedal of the
second pedal is called the third pedal, and so on.

The angles between the radius vector awl the tungent at
corresponding points of a curve and its pedal are equal.

For let the tangents at consecutive points P, P’ of the curve
meet at 7', and let OY, OY” be the perpendiculars from O on
these tangents (Fig. 2).

Then since O, Y, ¥, T are concyclic, the angles OTY’, OY Y’
are equal.

But in the limit these angles are the angle OPY and the
angle between OY and the tangent to the pedal at Y.

The pedal is the envelope of the circles described on the radii
rectores as diameters.

F}n‘ by the last theorem the circle OPY touches the pedal
at

We now proceed to find the Pliicker’s numbers n’, m’, &, «’,
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v, ', IV of the pedal, the Pliicker’s numbers n, m, &, k, 7, ¢, D
of the curve being supposed given.

The pedal is the inverse of the polar reciprocal of the curve
with respect to a circle whose centre is O. For if @ is the pole
of PY in Fig. 2 with respect to this circle, 0YQ is a straight
line and OY.OQ is constant. We have then only to inter-
change m and #, 8 and 7, x and ¢ in the expressions for
2w, m/, ... obtained in §3. We have

w=2m, m=n+2m, ¥=Fmm—-1)+7, =4

T =2m@m—7)+4mn+28, S =8wm+k, I'=D } )

Also the pedal has multiple points of order m at O, o,
and o

As a verification, we note that it is evident geometrically
that there is a branch of the pedal through O corresponding

Y

0

Fig. 2.

to each fangent from () to the given curve. Hence O is an
m~ple point of the pedal.

Again, any line through O meets the pedal m times at O
and m times where it intersects the m perpendicular tangents
of the given curve, so that %' = 2m.

Also the tangents from O to the pedal are the m tangents at
O ecach counted twice and the perpendiculars from O to the
n asymptotes of the given curve, as will be evident from the
first theorem of this seetion. .

Hence m’ = n+2m.

The same theorcm will show that to each bitangent of the
given curve corresponds a node of the pedal and to each
inflexional tangent corresponds a cusp; so that " = «.

The reader will readily prove that to each of the m tangents
from o to the given turve corresponds a tangent at w to the
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pedal, this tangent at @ and we’ being harmonic conjugates
with respect to Ow and the tangent from w to the given eurve.*
Hence @ and o are m-ple points of the pedal; so that
& =3mm-—1)+r.

Ex. 1. If the polar equation of the pedal of a curve is »» = f(6), the

polar equation of the pedal with respeet to (¢, &) as pole is
»4 ceos (0—) = /(6).

Fx. 2, The pedal of a parabola with respect to the vertex is a
cuspidal cubic.

|The pedal with respect to the focus is the tangent at the vertex :
now use Ex. 1.

Otherwise : Any tangent to #’=4axr is c—ty+at> =0, and the
perpendicular from the origin is #r+y == 0. Now eliminate .|

¥x. 8. The pedal of a circle is a limacon.

| Use kx. 1.]

Iix. 4. The pedal of #™ = a™cos 9 is obtained by changing m into
m/f(m+ 1.

¥x. 5. The pedal of a conic with respect to its centre is a unicursal
quartic.

Ix. 6. 'The line joining O tu a focus of a curve is bisected by asingular
tocus of the pedal.

The ordinary foci of the pedal are the feet of the perpendiculars from
O on the hnes joining the intersections of the curve with the civenlar
lines through 0.

Ex. 7. Any tangent to the curve of Kx. 115

reoswt ysine = o,

The normal is

—rsinet yeos w = [ (0),
and the corresponding normal to the evolute is

reoso+ysine =- 7 (o).
The coordinates of the point of contact of the tangent and of the centre
of eurvature are

(tcosw./—snw.7’, sinw./ | cosw. /')

and (=sinw.f' — cosw.f’, cosw.f —sinw./").

The radius of curvatuwre is f(w)+7" (w).

kx. 8. Tangents are drawn in any direction to a given curve., Show
that the algebraic sum of the radii of curvature at the points of contact
is zero. Show also that the centroid O of the pointsof contact coincides
with the centroid of the corresponding centres of curvatmie, and is
independent of the direction of the tangents.

[If the polar equation gf the pedal is

A T B L T R

where u, is homogeneous of degree & in cos 8 and sin 8, the sum of the
. . | d*u c .
radii of curvature is by Kx. 7 — d 6’1 —ity, which is zero.]

* Draw a diagram in which the tangent to the given curve at P passes
¢lose to w, eonstruet Y, and proceod to the limit.
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Ex, 9. The sum of the perpendiculws from the point O of Kx. 8 on
the tangents drawn in any direction is zevo, and () ix the centroid
of the foci.

[We have w, =0, if we take O as pole.]
Kx. 10. The deficiencies of a curve and its pedal are the sume.

¥x. 11. Show that, if a curve touches ww’ at H, its pedal with respect
to O has in general an asymptote perpendicnlar to O/, whose distance
from 0O is the same for all positions of 0.

Discuss the Plucker’s numbers of the curve.

Ex. 12. Discuss the Pliccker’s numbers of the pedal of a ecurve with
multiple points at 0. w, and o'

Ex. 13. Find the Plucker’s numbers of the second, third, ... pedals of
a curve.

[See Messenger of Math., July 1904, p. 50.]

Fx. 14. If the curve « 1x the r~th pedal of the curve b, b is called the
1-th negative pedal of «.

Find the Plucker’s numbers of the first negative pedal of o given enrve,

[ 1L is the polar reciprocal of the inverse curve with respect to (.|

Kx. 15. Show that the inverse to the rth positive pedal is the »th
negative pedal of the inverse enrve,

lix. 16. The locus of the intersection of any tangent to a curve with
the line through ¢ making u fixed angle with the tangent is similar to
the pedal.

Fx. 17. Find the Plicker’s numbers of the loens of the eentre of
« eirele passing thiough a given point 0 and tonching a given curve,

[Invert with respect to 0.|

Ex. 18, Find the Plicker's numbers of the envelope of a eirele which
passes through a given point O and whose centre lies on w given curve.

[The envelope and the pedal with vespect to O huve 0 as centre of
similitude. |

{ 5. Orthoptic Locus.

The locus of the intersection of two perpendicular tangents
of a curve is called its orthoptic locus.

If the coordinates used are rectangular Cartesian, we may
obtain the equation of the orthoptic locus as follows. Let
J (A p) =0 be the tangential equation of the curve, and let
AL+ py+1 = 0 be the tangential cquation of a point I on
the orthoptic locus, so that two of the tangents from R to the
curve are perpendicular. If we make f(A, u) = 0 homogencous
in A, p by means of Ax+ py+1 = 0, the resulting equation in
—\/p gives the slope of the tangents from R to the given
curve. The product of two of the roots of this equation in
—A/pu must therefore be —1. If we write down (Ch. I, § 11)
the condition that this should he the ease, we obtain a relation
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between . and y which is the point-equation of the orthoptic
locus.

We see at once that the orthoptic locus of an algebraic
curve is algebraic.

If the equation of the curve is given in parametral form, we
can express the equations of the tangents at the points with
parameters ¢ and 7" in the form

x+f(t)y = ¢(t) and »+f(T)y = ¢(T).

If these are perpendicular, f(t).f(1)+1 = 0; and from the
three equations just written we can express the coordinates
«, 5 of any point on the orthoptic locus in terms of a single
parameter.*

If RP, RQ ure perpendicular tangents to a curve, the circle
PR touches the orthoptic locus at R.

Fig. 3.

For suppose R, I’ are consecutive ?oints on the orthoptic
locus (Fig. 3), while Rp, Ry and R’p, R’q are the perpendicular
tangents from R and R’. Then p, g, R, R’ are concyclic. If
we proceced now to the limit, p, ¢, R’ approach P, . R re-
spectively ; and the theorem is proved.

kx. 1. Find the orthoptic locus of the following curves:
(1) Parabola.
(ii) Central conic.
(iii) Circle.
(iv) 2= % .
(v) 3lr+y) =5
(vi) 2?y?—4da (2’ +y°) + 1RaPey - 2T¢* = 0.

* It is usually advisable to express ¢, T in terms of w = 1+T, v =T, The
three equations thon give t, y conveniently in terms of w or %,
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(vii) 27 (¥ +y?) = (2 + 1)%
(viil) M +p' = A A=p) (2N —p).
(ix) M +2p* = A%pu.
(x) (A2=2p22 42 = 0.
(xi) M4 2p! = Ap(A—p).
(xii) 7«5+p:' = )\2;1.2.
(xiii) NS+ M p+4pb = Ap (A2—12).

[(1) Straight line.
(ii) Concentric circle.
(1ii) Concentric circle.
(iv) 729y* = 108.r—16.
(v) 8ly* (& +y*) =36 (22 —2ury+5Hy*) + 128 = 0
(vi) x+y+4 2a = 0.
(vil) 16y —16xy* +4r*+4y*—4r—1 = 0.
(viii) 6z (z—y) (RQe—y)+ 170 =182y + 9y’ == 0.
(ix) 22+ y+8 = 0.
(x) (z*+y?) 42?4 )+ 92xy+4 1) - 0.
(xi) 2x*—Buy4 y*—x+4y+3=0.
(xi1) (e—y)*+2(wr+y)+4=0.
(xiii) (x—y-1(2z—y~—-1)41 - 0.]

Ex. 2. Find the directrix of the parabola
o= at’4 20t +c, y=At?41 2Bt + (.

Kx. 3. Show how to find the orthoptic locus when the polar equation
r = f(6) of a pedal is given.
|'T'wo perpendicular tangents may be written
LeosO ysinX = f(X",

—wrsinot yeosx = (- 1)/ ((2h+ 1); + o

from which we get .r, y in terms of .|
Fx. 4. Find the orthoptic locus of the curve 1 = @™ cos mé.
[£(6) = acos"8/n, where »n=(m+1)/m.|
Ex. 5. Find the orthoptie locus of the hypocycloid.
|f(6) =csinm (12: - 0), where ¢=a—-20 und w =ua/(a-2D);
« being the radius of the fixed, and b the radius of the rolling cirele.|

Ex. 6. The orthoptic locus of o cardioid is a cirele and a limacon.
[In Ex. 5 a+b=0.]

§8. Pliicker’s Numbers of Orthoptic Locus.
We proceed now to determine the Pliicker's numbers
w,m', &, &, 7, , D of the orthoptic locus of a given curve

with Pliicker’s'numbers n, m, 8, k, 7, t, D. .
If two points E and F divide harmonically the line joining
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the circular points @ and ’, & tangent from & and a tangent
from F to the given curve are perpendicular and meet at R on
the orthoptic locus. Suppose now £,and therefore F,approaches
. Then R also approaches w, while R (we’, EF) remains
harmonic; unless the tangents from % and F become consecu-
tive, when R becomes the point of contact of either tangent.

Proceeding to the limit we see that to each pair of tangents
to the given cure from w corresponds a branch of the orthoptic
locus through o, while the tangent to this branch and the
line ww” are harmonic conjugates with respeet to the pair of
tangents 1mn question. Now there are 2m (i —1) such pairs
of tangents ; so that the orthoptic locus has a 3w (m—1)-ple
point at each of w and w”. Tt is readily seen that there is no
other point of the orthoptic locus on we’ in general, so that
0" =an(m-—1).

Aguin, the theorem of § 5 shows that the intersections of
a bitangent of the given curve with the m gerpendicu]m‘
tangents are nodes of the orthoptic locus, while the inter-
scctions of an inflexional tangent with the 2+ perpendicular
tangents arc cusps of the locus. Tn general there are mo
other cusps, so that ¥ = .

We now proceed to the more difficult task of finding w//.
It suffices to find the number of tangents which can be drawn
to the locus from o, .

Of these tangents 4 (m—1) coineide with the tangents at
o’. To find the remaining tangents from ', suppose that in
Fig. 3 RR’ passes through o’. Then sinee £ (pg, wo’) and
R (pq, ww’) are harmonie, pg passes through o.

Procceding to the limit, p, ¢ become the points of contact
L, Q of the perpendicular tangents RI’, RQ: while the
tangent at R to the orthoptic locus passes through o and
PQ through w.

Now suppose any line whatever through » meets the given
curve in I”and . Let the tangents at P and () meet in 7';
and consider the envelope of the line IV where 1'(PQ, o V) is
harmonie. By what bas just been said, every tangent from o’
to the envelope which does not coincide with ww” will be a
tangent to the orthoptic locus. Now in general the envelope
will not touch ww’: and hence the number of tangents from
@’ to the orthoptic locus, whose points of contact are not on
ww’, is equal to the class of the envelope.

To find this class, we obtain the number of tangents from
o to the envelope. The line 7'V cannot pass through o unless
wl’Q) touches the given curve at I’ but not at @, or vice
versa, If' this is the ecasc. however, wPQ will touch the
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envelope at a point U such that (ol/, 1°Q) is harmonie. Henee

each tangent from w to the curve is an (n—2)-ple tangent to

the envelope ; so that the class of the envelope is m (n—2).
We have then

m = m (- 2)+ n(m—1) = m (Mm+n-—3).
We now obtain &, 7/, ¢/, /) from Ch. VIII, § 1 and see that
= (m=1), ' = (m+n-3), )

& =3mim+1)(m=2°+27], & =,

=3 o (i +n) = (6mE+ 600+ nf) —an + 22+ 28!,
J=mBm4k—6), V=3 m—1)(m—2)+mD ‘

In general the orthoptic lvcus of a curve is of relatively
high degree. For instance, the general cubic has an orthoptic
locus of degree 30. But as will be seen in the following
examples, the orthoptic locus simplities materially, if the given
curve is specialized by touching the line we’, &e.

Fx. 1. The singular foct of the orthoptic locus are the Lm(m—1)
middle points ot the 3w tmn—1) segments joining the m real foci of
the curve.

Ex. 2. There are m (m 3) (1 -2) points of a curve from which two

. 1 : A
perpendicular tangents can he diawn to the carve. neither of which
coincides with the tangent at the point.

[The curve meets the orthoptic locus at the points of contact of the
tangents to the curve fiom o and o, and touches it at the fect of the
m (m+n—4) normals which are also tangents. There remain

m (- 3) (e —2)
mtersections of curve and locus |

Kx. 3. There are ym@n-+1) (m- 2)0n  3) points from wlich two
pairs of mutually perpendiculin tangents can he drawn to o given
curve ot class m.

| The nodes of the orthoptic locus other than w. o', and the mr nodes
derived from bitaugents of the given curve.|

Fx. 4. If o curve touches wo’ at ¥ and (Y7, we’) is harmonic, the
orthoptic locus has @ and o’ as } (m—1) (m—2)-ple points and Z us an
(nm—1)-ple point. 1If ¥ is a cusp at which we’ is o tangent, the tangents
at Z to the locus are the tangents from Z to the curve other than ww'.

Ex. b, If wo' is u A-ple tangent to the cunve,

n = (m—k)(m-1), m = (m—~k)(m4 n-3-k), k' = (m- k)

Ex. 6. If in Fx. 4 the curve has wo’ as inflexional tangent at Y, the
Jocus has (m —2) linear branches touching ww’ at Z. We have

woe=m=1)(m—-2), ' =(m-=2)(m4n-4), «=(m-2)C-1).

Ex. 7. If the curve touches wo' at }V and Z where (ww’, YZ) is
harmonic, the locus has ¥ and Z as (m—3)-ple points, v and o as

1 (m~2) (m—3)-ple points. It also culs ww’ ut one other point.
Discuss the cases In which Y, Z are cusps, inflexions, &c.
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Ex. 8, If the curve pusses through o and ', the orthoptic locus has
a branch through o touching the curve at w, and m—2 superlinear
branches of order 2 at . We have

w =m(m-1), w' = m(m+n—-5)4 4, K'=2(m-2)4 mu

Kx. 9. If bitangents of the curve pass through « and o',
W= (m+1)(m—-2), m =m(m+n—3)—4, K = nu.

Ex, 10. If inflexional tangents of the curve pass through o and o,
= (m+1)(mn-2), m' o= m(m+n ~4), k" = nu—4.
Ex. 11. The degree and class of the locus of the intersection of two
perpendicular normals are
(m=1)(m+n-2) and (m—1)(4m+x—6).
The locus has no cusp.
[The locus is the orthoptic locus of the evolute. ]

Kx. 12. Verify the results of Ex. 1 to 11 on the curves of § 5, Ex. 1.

Ex. 13. The orthoptic locus is a straight line when the curve (i) is a
parabola; (ii) touches ww’ in two points dividing ww’ harmonically,
while #n =4, m = 3.

Fx. 14. The orthoptic locus is a circle when the curve (i) is a circle,
(ii) is a central conic, (iii) touches wo’ at  and o', while » =4, m = 3.

Ex. 15. The orthoptic locus is a parabola when the curve (i) has wo’
as inflexional tangent, while # = m = 3; (ii) has we’ as ordinary and
inflexional tangent, the points of contact dividing ww’ harmonically,
while # = 5, m =4 (iii) hus oo’ as inflexional tangent at two points
dividing we’ harmonically, while » = 6, m = 5.

Kx. 16. The orthoptic lovus is a central conic when the curve (i) has
we’ as bitangent, while # = 4, m = 3 (ii) has wo’ as triple tangent, two
of the points of contact dividing ww’ harmonically, while » = 6, m = 4 ;
(iii) has ww’ as quadruple tangent. two pairs of points of contact dividing
ww’ harmonically, while » = 8 m = 5.*

37. Isoptic Locus.

The locus of the intersection of two tangents to a curve
which are inclined at a fixed angle « is called an isoptic locus.
The investigation of its properties is similar to that of {5
and 6. The construction for the tangent to the isoptic locus
implied in Fig. 3 still holds. The locus is an algebraic curve
if we consider tangents cutting at an angle = —a as included
among those which cut at an angle a.t

* The orthoptic locus is a cubic in fourteen cases, and a quartic in thirty-
eight cases.

+ For the circle the loci of the intersection of two tangents cutting at
angles 0 or m— (X are distinet and both algebraic (being in fact concentric
circles)., But this is not usually the case. For the parabola the two loci are
the two branches of the same hyperbola.
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For the Pliicker’s numbers »’, m’, ... of an isoptic locus we
find

n =2mm—1), m =mQ@Rn+2n—4), )
¥=m@m=38)(m*—m—1)+2mr, & = 2w, |
' = m{2m (m+n)2— (Bm?+8mn+n2)—2m + 12+ 28],
J=2m@Bm+k—3), U =(m-1)*+2mD ‘

An isoptic locus has m (m—1)-ple points at » and o”.

¥x. 1. Tangents RP, RQ to a curve are inclined at a constant angle,
and the normals at P and @ meet at S. Show that 7S is the normal at
R to the locus of R.

Deduce the orthoptic locus of a parabola or central conic.

| S is the instantaneous centre of rotation of the rigid body PQR.
The line RS is parallel to the axis or passes through the centre,
Therefore the orthoptic locus is a straght line or concentrie cirele.|

¥x. 2. The isoptic locus touches the curve at the 2m points of contact
of tangents from w and o' (cuts if X = }x), and at the 2m (m+ n—4)
points I’ such that a line through I making an angle & with the
tangent at P touches the curve elsewhere. It cuts the curve at the
2m (m —3) (n —2) points Q of the curve from which two tangents can be
drawn inclined at an angle &, neither touching at @.

Ex. 3. Find the locus of the intersection of two tangents inclined at
a constant angle, one drawn to each of two given curves.

|The isoptic locus of the two curves taken together, less the isoptic
loci of the two curves taken separately.]

Ex. 4. Find the isoptic loci of

¥=4ar and £a’+ 20 = 1.
|9 —4ux = tan®* X (e + «)* and
tan? X (224 P —a? —b%)? = 4 (P24 a* P —a®h?).|

Ex. 5. Find the Plicker's numbers of the cnvelope of a chord of a
given curve subtending an angle of given magnitude at a given point O.

[Reciprocate with respect to 0.]

Ex. 6. A curve has A-fold symmetry about 0. Show that the tangents
at the ends of the radii through O inclined at an angle «, which is a
multiple of 2x/k, meet on a curve which is part of an 1soptic locus and
which is similar to the pedal with respect to O.

\{ 8. Cissoid.

Suppose that from a fixed point O any linc is drawn cutting
two fixed curves I, and X, respectively in I, and I’,. Take
a point P on the line such that OP = OP,—0I’,. The locus
of P is called the cissoid of =, and ¥, for the pole O.

Suppose the Pliicker’s numbers of =, and =, are n,, m,, .
and m,, m,, ..., while the Pliicker’s numbers of the cissoid are
n, M, .... On any line through O there are n, points such as
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P, and w, such as £,, Hence the line meets the cissoid at
1, n, points other than O.

Moreover, the line joining O to an interscction of =, and X,
is evidently a tangent at O to the cissoid; so that O is a
n,m,-ple point of the cissoid. Therefore any line through O
meets the cissoid in 24, w, points.

Hence

= 20y n,.

Again, each of the 1, tangents from O to X, is evidently
a n,-ple tangent to the cissoid, and so for the m, tangents
to X,.

Also the m, «, tangents to the cissoid at ) count as 2» n,
tangents from (). Henece g e, 49, my+2 0, 0, tangents can
be drawn from O to the cissoid, or

M= Ny Wy + N, Ny + 20, 0,

Also it is evident from a diagram that a line joining O to
a cusp of I, passes through m, cusps of the cissoid, and so
for X,. Hence

K= ik, + 1y K.

It has been assumed that neither curve passes through the
circular points, that all the intersections of the curves are
tinite, &e.

kx. 1. Prove that the cissoid of algebraic curves is algebraic,

|'This was assiwmed in § 8.]

Kx. 2. The cissoid has », linear hranches touching =, al each of its
infinite points.

Ex. 3. Find the Plucker’s numbers of the locus of Pif in §8

OP = [ OP, +k, 00,
where 4 and A, are constants.

[Consider the cissoid of the two curves obtained by increasing the
radii vectores of 2, and 2, in the ratio 1/k, and —1/k, respectively.
Note the case &) ==k, =1.]

Ex. 4. If a radius vector meets three given curves in Py, 1%, P, and

OF =k OP 4k OP, + &, OP,,
where PP 1,0 is a line and &, k,, Ay, are constants, find the
Pliicker’s numbers of the locus of P Kxtend to the case of N given
curves.

[ First apply kx. 3 to the locus of @, where
0Q =k OP, + &, OP,,
whd then apply Kx. 8 to the loci of @ and P,.|
Ex. 5. What modification is necessary in the results of § 8, if either
of the given curves passes through 0, or if the curves meet at infinity ?
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Kx. 6. Any transversnl O PP, P, through O meets a given curve in
P, and P,. Find the Pliicker's numbers of the locus of 7, if
OP =k, 0P, 4 k, OP,.
[See Kx. 3] P

Ex 7. How mwany chords of a given curve through 0 are divided
« given ratio at 0%

Kx. 8. How many chords of u given curve through O are divided in
& given ratio by a given line ?

Fx. 9. The cissoid of two circles. one of which passes through 0, is
a bicircular quartic with a node at 0.

Kx.10. If 0, A are two points, find the cissoid of the line through
4 perpendicular to 04 and the circle on 04 as diameter.

|If O1is (0, 0) and A4 is (¢, 0), the curve is y® (@ —a) = a3,

The area between the circle and cissoid is something like an vy leaf.
Hence the name ¢ cissoid’, from the Greek xiwwods.]

Ex. 11. The normals at Py, P, and P’ to 3, 5, and the c¢issord meet
the perpendicular to OF through O in ¢, @,, and (. Prove that
06 = 06, = 0G,.
dr . .
76 | polar coordinates.}

Kx. 12. If the tangents at Py, P, to 2, 3, meet at 7'and £, hisects
QT, the tangent at P to the cissoid passes through @.

|Take OF and OG in ¥x. 11 as axes of reference.)

|'The polar subnormal is

{ 9. Conchoid.

If on the radius veector O’ of a curve we measure off' 1’
cqual to +4, where £ is constant, the locus of @ is called a
conchoid of the curve. Tt is the cissoid of the curve and the
circle with centre O and radius 1.

If we are given the Cartesian equation of a curve, we ay
obtain the equation of any conchoid as follows. Turn the
given equation into polars. Replace » by »+4. Expand the
powers of r+k which occur by the binomial theorem, and
collect terms involving an odd power of I on one side of the
equation and the terms involving an even power of /4 on the
other. Now square both sides, and turn the equation back
into Cartesian coordinates. We have the required equation of
the conchoid.

For instance, consider the case of a curve of degree 2m and
class m with multiple points of order n at O and at the
circular points w and o’.

2210 N
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Taking n = 3 (the method is general) the equation of the
curve is

@+ 92" +3u, (@ + y2)2 + Buy (2 + y*) +uy; = 0,
or in polar coordinates
4+ 3u, 7+ 30,7 +v3 =0

where v, is a homogeneous function of degree p in cos 6 and
sin 8, and w, (= 77y) is the same function of « and y.

The conchoid is
(r+k)>4+30, (r+Lk)*+3v,(r+k)+v; =0
or
(r+8v,rt 4+ 8, + 1) + 3K (r +vy) )
= k23 (r*+ 20,7 +v,) + k%

Turning back into Cartesians we have

L@ +97)° + 8w, (2 + 1) + B, (2 +4%) + ]
31 (2 1) (o + )
= k2 (22 4+9*) (8 [(w* + 472+ 2y (@ +47) + a0, ) + 12 (2" + %) )%

We see that the conchoid is of degree 4n with 2m-ple points
at 0, », . On finding the unreal asymptotes in the usual
manner we sec that the conchoid has 1 cusps at o whose
tange,nts arc the tangents at o to the given 2n-ic, and so
for '

The tangents from O to the conchoid are the m. —:2 it tangents
from O to the 2n-ic not touching at (), each reckoned twice
(as is obvious from a diagram), and the 2n tangents at O to
the conchoid each reckoned twice, Hence the class of the
conchoid is 2.

Each of the k cusps of the 2n-ie gives two cusps of conchoid,
which with the cusps of the conchoid at @ and " make up
2k +2n cusps in all.

Since the conchoid is of degree 4m, is of class 2m, and has
2k + 2n cusps, it has

1i4n (4n—1)—2m -3 2k +2n)|
nodes.

These are accounted for as follows: by Ch. VIII, §4 O
counts for n (2n — 1) nodes, while » counts for 27 (n—1) nodes
(and n cusps), and so for «”.

Moreover, each of the § —$n (n — 1) nodes of the 2n-ic other
than O, w, ” gives rise to two nodes of the conchoid. There
remain 7 (1v— 1) nodes of the conchoid which lie at the middle
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points of the 1 (n—1) chords of the 2u-ic which pass through
O and are of length 21.*

Ex. 1. Find the conchoid of a straight line.
|If the line is & = «. the conchoid is
(x—a)* (224 y*) = P
1t is called the ‘conchoid of Nicomedes’. It has a node at O and a
tacnode at infinity with the given line as tangent.]

kx. 2. Find the conchoid of a circle through 0.

[A limagon » = '+ b cosé.]

Fx. 3. Find the conchoid of the conic

ar®+4 2hxy+ b+ 2904 2fy4 ¢ = 0.

L+ y*) (ax?4 2hay + by 2gad 2fy+ )+ 22 (ar 4 2y + by*) ) *

=452 (24 y®) (ar?+ 2 hay + by 4 gad Sy,

Consider the case « =b =1, I = 0.]

Ex. 4. An n-ic doe~ not pass through 0. o, or »’. Find the nature of
its conchoid at 0 and atl infinity.

[The conchoid is a 4 n-ic with a 2 w-ple point at ), an a#-ple point at
each of w and o, and a tacnode at cach infinite point of the n-ic. What
are the asymptotes 7]

Ix. 5. How many lines can be drawn through a given point on which
two given curves intercept a segment of given length ?

[Consider the intersections of one curve with a conchoid of the other.]

Ex. 6. The centres of curvatuie at corresponding points of all possible
conchoids of a given curve lie on a conic. ’

|Use Savary’s theorem on the centre of curvature of a roulette.]

y10. Parallel Curves.

If along the normal at 1> to a given eurve we measure
P(Q = +1, the locus of @) is said to he parallel to the given
curve. All parallel curves have the same normals and the
same evolute. The loci of the two possible positions of § are
in general parts of the same algebraic curve.f The tangents
at P and Q are parallel and at a distance 4 apart. Hence the
pedal of the parallel curve is the conchoid of the pedal of the
given curve for any pole O.

We proceed to find Pliicker’s numbers for any curve
parallel to a curve of given type. Suppose that the given

* The Yn-ic meets the conchoid obtained by changing & into 2k in 8a°
points. By the above reasoning 2%2 lie at 0, n(2n+1) at o, and n(2n+1)
at o’. The 2n(n—1) remaining intersections are the ends of the chords of
the 2n-ic through 0 with length 2k,

+ But they may each be distinet algebraic cuives ; for instance, in the caso
of a circle.

N2
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curve docs not pass through O, w, or o', and that its Pliicker’s
numbers are n, m, 8, k, 7, t. We shall denote the Pliicker’s
numbers of any other curve, which we are for the moment
considering, by n', m’, &, «, 7', (.

By {§ 4 for the pedal with respeet to O

Wo=2m, w' = u+2m, &= Fm@m-1)+7),
K = 10]+1),
0, », ® being m-ple points of this pedal.

Here in the expressions for & and «” the term in the first
brackets ! ! refers to the multiple points at O, w, ® and the
term in the second brackets {] refers to multiple points elsc-
where ; and so in what follows.

For the eonchoid of the first pedal we have by §9

W =4m, m =2u+4din,

& = {m (6m—>5))+mm—=1)+27), & = 2m|+|2¢0.

For this conchoid O, w, ” are 21n-ple points, the tangents
at o, o coinciding in pairs. :

For the inverse of this conchoid we have by §3

Wo=2m, w =2n+2m, & =10j+m@n—-1)-27],
K =004+ 120,

For this inverse U and Ow” are 1n-ple tangents.

The polar reciprocal with respect to O of the inverse is the
first negative pedal of the conchoid, i.e. the curve parallel to
the given curve.

. For the paralle] curve we have finally

’

W=2u4+2m, m'=2m, =m@m—-1)=2r, =2,

» and o being m-ple points of the parallel curve.

That the class of the parallel curve is twice that of the
original curve is also evident from the fact that to each
tangent to the given curve in a given direction correspond two
parallel tangents of the parallel curve at a distance / from it.
Similarly, to cach inflexion of the given enrve correspond two
mflexions on the parallel curve.

If A2+py+1 =0 is a tangent to a curve with tangential
cquation (A, p) = 0, then

At py+ L+ b\ +pd)s =0
is a tangent to the parallel curve, whose tangential equation
is therefore .
A

- ©
= 0.
j(l FhN+phE’ 14k (>\2+,u‘4)é)
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This equation is rationalized by a process similar to that
used to obtain the polar equation of a conchoid in §9. We
leave to the reader the investigation of the properties of
parallel curves by this means.

The parallel curve can readily be shown to be the envelope
of a circle of radius £ whosc centre lies on the given curve.
This gives in practice a convenient method of drawing curves
parallel to a given curve.

Ex. 1. Show that the foci of a curve are singular foci of all parallel
curves.

[Use the tangential equation.]

ix. 2. Find the tangential equation of curves parallel to the ellipse
z«®+ /bt = 1.
Draw the parallel curves distinguishing the cases
k<ta, I=bYa, b>k>V/a, k=b a>k>bh I=u,
Wb >k >a, k=a¥bh, k> d/b

[:(az_kQ, )“2_,_ (]'2_1.2';‘.5 —_ 1 :2 —_ 4 I..Z ()\2_' #'2).|

Ex. 3. Find the tangential and parametral equations of curves
parallel to the parabola y? = 4 e, and draw them.

[(ap®=N)% = I*A2 (N2 +uh).  Also, if 2tan~'t is the ungle which a
tangent to the parabola makes with the tangent at the vertex,

oo At + k(1—¢) P L
S T 1+ - T
Changing the sign of & is equivalent to changing ¢ into —1//.

The cunrve is the reciprocal of the quartic of Ch. XVII, § 8 (IV). It has
degree 6 and class 4. It has two linear branches osculating each other
at (0o, 0), the conics of closest contact being (y +4)? = 4ar. I has also
a node where (k4 2a)t = k—2e, and six cusps where

2a(lt#)>P=k(1-1%
It has no inflexion. It pusses through the circular points, its singular
focus being the focus of the parabola.

Distinguish the cases 4 >2a, A =24, L<2a

Discuss similarly ay®= " and «*y = 17|

Ex. 4. The radii of a singly infinite family of circles ure all increased
by a constant. Show that their new envelope is parallel to their old one.

Fx. 5. Find the envelope of a family of circles whose centres lie on
a given curve and which touch a given circle.
[Combine § 4, Kx. 18 and § 10, Kx. 4.]

Ex. 6. A rhombus 4BCD with centre O moves in its own plane so that
the lines through O parallel to the sides both touch a fixed curve. Show
that O traces out an isoptic locus of the curve while 4, B, C, D trace
out the isoptic locus of a parallel curve; and that the normals at
0, 4, B, C, D to the two isoptic loci are concurrent.
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§11. Other derived Curves.

Many other cases of derived curves might be given. But
those already discussed must suffice. Further illustrations of
the principle at the end of §1 will be found in the following
examples. The attention of the reader is espccially called to
Ex. 1 to 4, which will be found useful later on. The Pliicker’s
numbers of the given curve arc denoted in the examples by
n, m, 8, k, 7, , and those of the derived curve under considera-
tion by n’, w/', &, &, 7, ¢

Ex. 1. Find the Plucker's numbers of the locus of the centre of a
circle touching a given curve and orthogonal to a given cirele with
centre O.

[We consider the casc in which the given curve is of cven degree »,
having a L wu-ple point at @ and . The reader may consider other
cases,”

To each of the » points in which a given line through O mcets the
given curve corresponds a tangent to the locus perpendicular to the
line. Hence wm' = .

To each tangent fiom O to the given curve corresponds an intersection
of the locus with ww’. Hence »' = m.

To each cusp of the given curve corresponds an inflexion of the locus.
Hence = «.

We see that the locus has the same Plncker's numbers as the reciprocal
of the given curve.]

Ex. 2. How many circles can be drawn orthogonal to a given circle
and bitangent to or osculating a given curve ?
[Such a circle is given by each node or cusp of the locus of Fx. 1.]

'x. 3. Find the Placker's numbers of the envelope of a circle with its
centre on a given curve s and cutting orthogonally a given circle j
whose centre 1s O,

[w = 2m, w' =2 (n+m), 8 =m(m—-1)+2r, K =2
=124 4mu+2m2—10m + 29, C=20Bm4«), V= (m-1)+2D.

The envelope is the locus of the points @, @, on the perpendicualar
0Y from O to the tangent at any point P of s, which are equidistant
from Y and inverse for j. The envelope is self-inverse with respect to j,
and has an m-ple point at » and o’. The tangents from Oto the envelope
are 7 bitangents given by taking P at infinity and the 2m perpendiculars
from O to the 2m common tangents of j and s. Kach bitangent of s

ives two nodes of the envelope and each inflexion gives two cusps.
'he foci of s are the singular foci of the envelope, and the 2# inter-
sections of j and s are ordinary foci of the envelope.

The circle with centre ¥ and radius equal to the tangents YL and YL’
from Y to j passes through @, and @,, while P9, and PQ, are the normals

at @, and @, to the envelope. 1f OR is perpendicular to LL', Pand Rare

* If the curve has a i-ple point at each of  and o', »'=m+2n—4Fk
m' = 2n-24, /= &,
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corresponding points on s and its polar reciprocal with respect to j.
These facts enable us to construct any number of points on the envelope,
when either s or its polar reciprocal with respect to j are drawn.

Ifj is #%+y? = k and s has the tangential equation
0=a+fi( p)+fa(h w)+ A )+ ooy
where f, (A, ) is homogeneous of degree » in X and p, the equation of
the envelope is
0 =a—2f, (xy 9)/(a?+ y*+ k) +4 1o (2, 9)/ (@ +y*+ L)
~8f; (0, /(2 +yt+h)P + ..

'x. 4. What modification must be made in the results of Ex. 8 if the
curve s (i) touches wo’ at H; (ii) goes through o and «'; (iii) touches
the tangents from a focus S at two points on j ?

[(i) The envelope cuts OII orthogonally at O and has an asymptote
perpendicular to OIf twice as far from O as the corresponding asymptote
of the pedal of s with respect to 0. See § 4, Fx. 11.

(ii) The tangents at o and o’ to s are cuspidal tangents of the
envelope.

(iii) Sw and S’ are inflexional tangents of the envelope. |

Ex. 5. Find the locus of the middle point of a chord of a given curve
drawn in a fixed direction. .

[ =3nm-1), w =(n-2)m « = (n-2)k Consider the infinite
points on the locus and the tangents in the fixed direction. |

¥x. 6. How many lines can be drawn in a given direction on which
a given n-ic intercepts 3 n (n—1) segments two of which have the same
middle point ?

[In Ex. 5 & = Yu(-1)(n-2) (n—3)+(n—2) 3 Of these nodes of
the locus (#n—2)8 are given by the nodes of the given n-ic, and the
others by the segments in question.]

Ex. 7. Find the Pliicker's numbers of the locus of the middle point of
the segment intercepted by two fixed lines on any tangent to a given curve.

[W=2m m =2m+n, «=u|

Ex. 8. Find the degree of the locus of the end of the polar subnormal
of a given curve.

[2n+m. Consider the intersections of the locus with the line at
infinity.]

Ex. 9. Find the degree of the radiul of a given curve; i.e. the locus of
the end of the line through a fixed point O parallel and equal to the
radius of curvature at each point of the curve.

[8m+x. The cusps and points of contact of tangents from v and o’
give branches of the radial through 0. Any line through O meets the
radial in » more points. Prove also m’' = Tm—~81+3«k, K =n, D' = D,]

¥x. 10. Find the degree of the locus of the centre of a circle touching
a given curve and a given straight line.

[2(m+n). The locus meets the given line at its intersections with
the tangents to the curve from w and «’, und has a node at each inter-
section of the given line with the curve.]
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Ix. 11. The tangent at P lo a curve meets it again in @, K, .... Find
the degree of the locus of X if (i) X divides PQ in a given ratio, (ii) X
divides QR in a given ratio.

[Tt is easy to find the intersections of the loci with the line at infinity.
Their degrees are '

n(m+2n—6) and 2(m—2)n(n-3).|

Ex. 12. Find the degree of the locus of X, if the tangent at P is
replaced by the normal at P in Ex. 11,

Ex. 13. Find the degree of the locus of the intersection of two equal
tangents to a curve.

[The circular points are %m (m—1)-ple points of the locus, and fo
the other points at infinity see § 2, Kx. 6.

Discuss the locus of a point from which equal tangents can be drawn
to two different curves.|

Ex. 14, If P is any variable point on the first polar curve of u fixed
point O with respect to a given curve, the locus of intersection of the
polar linc of P and the polar of P with respect to a fixed conic is a
curve of degree m+8+«.

[The polar line of P passes through 0 which is a (1 —1)-ple point of
the locus. Find where the polar line meets the locus again.]



CHAPTER XII
INTERSECTIONS OF CURVES

y 1. Conditions determining a Curve.

Tne equation f(r, 9, 2) = 0 of a curve of degrec i contains
one term of zero degree in « and ¥, two terms of the first
degree, ..., 1 +1 terms of the n-th degree. Hence f(r, y, )
contains % (n+1)(n+2) coefficients.

Suppose we are given 7 points

(wl ’ yl’ 71)’ (wZ’ y::! 2’;’,)’ ey (mr) ? I :I)‘
The curve will pass through them if

F@s 41 2) =0, [ (@ Y 20) =0, ooy S0y Y 2) = 00 1)

These are lincar equations in the 3 (1 + 1) (12 + 2) coefficients
of f(x,y,z). They will determine the

F(ne+)(n+2)—1=3%n(n+3)
independent ratios of the cocfficients, if
r=3in(n+3)

Hence in general one and only one curve of degree n passes
through % » (n+3) given points (see Ch. II, § 6).

It may happen, however, that the equations (i) are not
independent. In this case an infinite number of n-ics will
pass through the } n (n+3) given points.

Let us consider two special cases.

First take 2 =1. In this case Zn(n+3)= 2 Equa-
tions (i) have one and only one solution; for one and only
one straight line passes through two given points.

Next take = 2. Here 3n(n+3)=5.

If no four of the five assigned points are collinear, one and
only one conic goes through them.

If three of the five points are collinear, the conic through
the points is degenerate, being the line through these three
points and the line joining the other two points.

If four of the given points are collinear, there are a singly
infinite number of conies through the five points, namely the
line through the four points and any line through the fifth
point.
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Lastly, if all five given points are collinear, there are a
doubly infinite number of conies through the five points,
namely the line through the points and any other line
whatever.

If r<%n(n+3), equations (i) express the ratios of the
coefficients of f (., 9, =) linearly in terms of 4n (n+ 3)— arbi-
trary independent quantities; so that an |3 w (s +3)—7}-ply
infinite number of n-ies pass through the given » points in
general. If only s of equations (i) are independent, the ratios
of the coefficients can be expressed linearly in terms of
3 1 (n+3)—s quantities. The equation of the i-ic is then
of the form

keywy + kg + oo+ hyw, = 05
where &y, ky, ..., k, are arbitrary constants, and

w=0,w,=0, ..,1w,=0
are s fixed n-ies through the given points.

¥x. If p and ¢ are positive integers such that a p-ic and a g-ic can
be described through any pq arbitrary points, we must have p = g=1,
p=landg=2,p=2and g=1, 0or p=¢g=2.

[These are the only values of p and g such that

Tpiptdi>pg and  Lqlg+3)>pq.)

{ 2. Cubics through Eight Points.

We now take the case » = 3. Here in(n+38) =09.

Suppose eight points on the cubic are given. The coefli-
cients of its equation can in general be expressed linearly in
terms of a single quantity. Hence the equation is of the form
u +kv =0, where . = 0 and v = 0 are fixed cubics, and % is
a parameter not involving «, ¥, . Therefore the cubic passes
through the nine fixed intersections of w =0 and v=0;
eight of them being the eight given points. Hence:

All cubics through eight fixed points pass through a ninth
Sized point.

In general onc and only one cubic passes through nine
given points. But if the nine points are the intersections of
two cubics, an infinite number of cubics pass through the nine
given points.*

N2
1t is necessary now to consider whether there is any excep-

tion to the statement that all cubics through eight points pass
through a ninth. The argument which established this result

* In this case any two of the nine points arc said to be conjugate to one
another with respect to the other seven.
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will not be valid if the eight points are such that all cubics
through any seven of them necessarily pass through the eighth ;
which implies that the equations (i) of § 1 (n = 3, » = 8) are
not independent. The equation of the cubies will involve not
one, but two or more parameters in this case; and the pre-
ceding proof breaks down in consequence.

Let the eight points then be 4, B, ', 1, E, F, (7, H, which
are such that any cubic throngh seven of them passes through
the eighth.

First suppose no three of the eight points collinear. The
cubic consisting of the conic ABCDE and the line GH passes
through seven of the points and therefore through the eighth
point F. But F does not lie on GH. Hence the conic
ABCDE goes through F, and similarly through G and Il
The cight given points lie on a conic, and any cubic through
them consists of this conic and some straight line ; for a non-
degenerate cubic cannot mect a conic in more than six points.

The case in which three or more of the given points are
collinear is dealt with in a similar manner. It will be found
that the eight points lic on one or other of two straight lines,
one (or both) of which is part of every cubic through the cight
points.

Hence all cubics through eight given points always pass
through a ninth fixed point, and may under special circum-
stances pass through an infinite number of other fixed points.

Y 4.

Let ns now consider some applications of the theorem of § 2.

If two straight lines meel o cubic in A, 4,, 4, and
B,, B,, B,, while the lines A,B,, A,B,, 4, B, meel the cubic
aguin in Cy, Oy, Cy, thew ', C,, C; are collinear.

For the three cubics

(1) the given cubie,

(2) the line-trio 4,4,4,, BB, B, (,C,,

(8) the line-trio 4,B,(,, 4,B,0C,, 4,B,C;,
pass through the eight points 4, 4,, 4,, B,, B,, B;, C,, C,.
They therefore pass through a ninth point. But cubics (1)
and (3) pass through ;. Hence Cj lies on cubic (2). But (',
cannot lie on the lines 4,4,4, or B, B,B;, since neither of
them meets the cubic in four points. Therefore C, lies on
C,C, (Fig.1).

Taking the lines 4,4, 4., B, B,B, very close to one another,
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and defining the tangentiul of a point A on a cubic as the
point in which the tangent at A meets the curve again,
we have: .

The tangentials of three collinear points of « cubic are
collimear.

Suppose now 4, and 4, are inflexions of the cubie, while
A A,A; and B, B, B, are close to one another. Then C,C, is
close to them, and we have in the limit:

The line joining two inflerions of « cubic passes throuwgh
wnother inflerion*

Az

kg, 1.

ix. 1. The finite intersections of a cubic with its asymptotes are
collinear.

[They are the tangentials of its intersections with the line at infinity.
See Ch. 1T, § 5, Ex. 3.]

Ex, 2. The points of contact of the tangents from an inflexion of
a cubic are collinear.

[This is a particular case of the collinearity of tangentials of collinear
points. The points of contact lie, of course, on the harmonic polar of
the inflexion.)

Ex. 8. If 4, B, C, D, E, F are points on a conic, while 4B and DE
meet at L, BC and EF at M, CD and FA4 at N, then L, M, N are
collinear.

[Consider (1) conic and line LM, (2) line-trio AB, CD, EF, (3) line-
trio BC, DE, FA. This is Pascal's well-known theorem.]

* See also § 5, Ex. 9; Ch. II, § 3, Ex. 7; Ch. VII, § 4.
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Ex. 4. 1f six of the intersections of two cubics lie on a conic, the other
three are collinear.

[Consider the two given cubics and the cubic consisting of the conic
and the line joining two of the remaining intersections. The theorems
in § 4 and many of these examples are particular cases of this result.]

Kx. 5. If two cubics have the same asymplotes, their finite inlersections
are collinear.

[The conic of Kx. 4 is the line at infinity twice over. Ex. 11sa
particular case.|

Kx. 6. A conic meets a cubic at 4, Iy C, D, E, I, Show that B, CD),
EF meet the cubic again at three collincar points L, M, N.

|The second cubic of Fx. 4 18 the line-trio ABL, CDM, KFN.]

Ex. 7. A conic touches a cubicat P, @, R. Show that the tangentials
of I, @, R are collinear.

Show that there are three families of conics, each doubly infinite in
number, having triple contact with a given non-singular cubic.

Discuss the case of a unicursal cubic.

[See Kx. 6. P and @ may be chosen arbitrarily. When they are
chosen, the tangentials of P, Q. I are known. Then there are three
possible positions for R, excluding the case in which 7’ @, B are
collinear.|

Ex. 8. A conic¢ osculates a cubic at /> and Q. Show that I’Q passes
through an inflexion.

[Sce Ex. 6.]

Fx. 9. The sextactic points of a cubic (points at which a conic has
six-point contact) are the points of contact of the tangents from the
inflexions. Discuss the number of such sextactic points in the cases of
a non-singular, nodal, or cuspidal cubic.

[A particular case of Ex. 8. The number of points is 27, 3, 0.]

Ex. 10. A circle meets a circular cubic in the finite points 4, B, C, D.
If AB and CD meet the cubic again in L and M, LM is parallel to the
real asymptote of the cubic.

[In Ex. 6 take F and F' at the circular points.]
Ex. 11. A conic has four-point contact with a cubic at 4 and meets

the curve again at K and /. If KF meets the cubic again in N, N is
the tangential of the tangential of 4.

|Take 4, B, C, D consecutive in Ex. 6.]

KEx. 12. Fnunciate the theorem obtained by making 4 and B, Cand D
respectively consecutive in Kx. 6.

¥x. 13. The tangents from a point I’ of a cubic are I’4, PB, PC, PD.
Show that 4B and CD meet at @ on the curve.

[Consider (1) the given cubic, (2) polar conic of P and hne 48,
(3) line-trio P4, PB, C1).]

Ex. 14, Show that the tangents at P and Q in Kx. 13 meet on the
curve.

|The tangentials of A, @. B3 ure collincar.]
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Fx. 15. Two cubics go through the vertices 4, B, C, D of a quadrangle
and through the diagonal points E, F, G. Show that, if they touch at
4, they osculate there; while, if they touch at E, they meet again
on FG,

%Consider (i) two cubics and line-trio ABE, ACG, ADF; (ii) two
cubics and line-trio EBA, ECD, FG.|

Ex. 16. Chords PQ, RS of a cubic meet at 7' on the curve. Show thata
quadrilateral can beinscribed in the cubic with the sides 4B, BC, CD, DA
going through P, R, @, S and any given point 4 of the curve as vertex.

[Consider (1) given cubic, (2) line-trio SRT, APB, CQL, (3) line-trio
PQT, BRC, DSA.]

Ex. 17. A conic passes through four fixed points 4, B, C, D of a cubic.
Show that the line joining the other two intersections of the conic and
cubic meets the cubic again at a fixed point.

[Let conics S, & through 4, B, C, D meet the cubic again in E, F and
£, F'. Consider the cubics (1) given cubic, (2) conic ABCDEF and line
E'F", (8) conic ABCDE'F” and line EF.]

¥ix. 18. Through four given points of a cubic four conics can be
drawn touching the cubic at some other point. The tangents at the
four points of contact all meet on the cubie.

|See Fx. 17.]

¥x. 19. The circle of curvature at 4 to a circular cubic passes through
B, and the circle of curvature at B passes through 4. Show that the
tangents at 4 and B meet on the cubic.

|Take C, D in Ex. 17 at the circular points.]

Ex. 20. Two points P, I” on a cubic are joined to points A4, B on the
curve; and PA, B, P’A, I”B neet the curve again at @, B, @', R"
Prove that @R and @I’ meet on the cubic.

[See Ex. 17.]

¥x. 21. A variable point P on a cubic is joined to two fixed points of
the curve, and the joining lines meet the curve again in @ and R. Prove
that QR is divided harmonically by the cubic and its point of contuct
with 1ts envelope.

|[Make P’ consecutive to /> in Fx. 20.]

Kx. 22. Any cubic is the locus of the intersections of a pencil of conics
with a homographic pencil of lines whose vertex is any given point O
of the cubic.

[Let ABC be uny three fixed points of the cubic. If any line through
0 meets the 3-ic in 0, P, @, the conic ABCPQ meets the 3-ic again in a
fixed point 1) (Ex. 17) and the line OPQ and the conic ABCDPQ have
a one-to-one correspondence. The point O is called the point opposite to
A, B, C, D with respegt to the cubic.]

Kx. 23. Prove the accuracy of the following ruler construction for the
point opposite to 4, B, C, D with respect to the cubic through
A4,B,C, D, E F,G,H I. ‘Let the conics through 4, B, C, D be put
into homographic correspondence with the lines through H so that
the lines HE, HF, HG correspond respectively to the conics ABCDE.
ABCDF, ABCDG. Let the line through I corresponding in the



XI1 5 INTERSECTIONS OF TWO #n-IC'S 191

homography to the conic ABCDI meet in I' the conic 3 through
E, F, G, H touching at H the line corresponding to the conic ABCDH.
Then IT meets = again at 0.’

Ex. 24. Show that if O and 2 are the points opposite to 4, B, C, D
and to K, F, G, H, the conics ABCDQ and EFGHO meet 0Q at the
ninth common point of all cubics through 4, B, C, D, E, F, G, II.

Deduce a ruler construction for the ninth intersection of all cubics
through eight given points.

Fx. 25. Given nine points, construct by ruler the intersection of the
cubic through them with the line through two of the points or the conic
through five.

§ 5. Intersections Qf Two ui-ics.

The theorem that all cubies through eight Eiven points pass
through a ninth fixed point can be extended to curves of
higher degree in the form:

In general all curves of the wn~th degree tlhrougl
3n(u+3)—1 fired points puss through L(w—1) (n—2) other
Jized points.

For in gencral by § 1 any such curve has an equation of
the form u+ kv = 0, where L is a parameter; and the curve

asses through all the n* intersections of =0 and v = 0.
Noting that
inn+3)=1+3(n—-1) (n—2) = n?
we have the required result.

The theoremn is only true ‘in gemeral’ if »>3; i.e. only
if the given points are such that not all m-ics through
L2 (n+3)—2 of themn pass through the remaining point. We
shall assume that the theorems of §§ 5, 6, 7 hol(% good in the
examples given in these sections: but it must be admitted
that this assumption is hardly rigorous without further inves-
tigation.

Ex. 1. A conic meets a quartic at 4,. 4,. B,, By, (', C., Dy, D,, and
the lines 4, 4,, B, B,, C,C,, D, D, meet the quartic again at 4; and 4,
B; and B,, Cy and C,, Dy and D,. Show that 4,, 4,, B;, B,, Cs, C,,
D,, D, lie on a conic.

[(1) The given quartic, (2) the lines 4, 4,, B,B,, (| C,, D, D,. (3) the
given conic and the conic Ay B; C; D; A,, are three quartics through the
same thirteen points. Therefore they bave three more points in common.
Ex. 2, 8, 4 are special cases of this result.)

Ex. 2. The tangents at four collinear points of o quartic meet the curve
again in eight points on a conic.

Fx. 8. Deduce Ch. IT, § 8, Ex. 8, 9, 10 from Kx. 1.

Fx. 4. Four normals are drawn to a conic from a point, and from the

centres of curvature at the feet of the normals two more normals are
drawn. Show that these eight normals touch a conic.

[Reciprocate and use Ex. 2.]
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Ex. 5. A straight line meets a quartic at 4, B, C, D. Show that the
twelve points in which a conic through 4, B and a conic through C, D
meet the quartic again lie on a cubic.

[Consider the quartics (1) given quartic, (2) puir of conics, (8) given
line and cubic through nine of the twelve points.]

Fix. 6. If a conic passes through the points of contact of a bitangent of
W quartic, a cubic will touch the quartic at its six other intersections
with the quartic,

[Limiting case of Kx. 5]

Ix. 7 Through each of » collinear points of an u-ic a straight line is
drawn. Show that they meet the s-ic again in # (n—1) points on an
(s — 1)-ic.

[Consider the n-ics (1) given w-ic, (2) u lines, (3) line of collinear points
and (n—1)-ic through X (n —1) (1 + 2) of the #(r—1) points.]

Kx. 8. A conic meets an w-ic in 22 points. These are divided into
parrs.  Show that the » lines joining cach pair meet the n-ic again in
i (n—2) points on an (n - 2)-ic.

Consider the n-ics (1) given n-ic, (2) » lines, (8) conic and (n - 2)-ic.

his includes Kx. 1 as a special case. Generalize Fx. 2.]

Iix. 9. A line through »- 1 inflexions of an n-ic passes through an
n-th inflexion.

|Take the conic of KEx. 8 as the line twice over and the » lines as the
tangents at its intersections with the n-ic. The result also follows from
Ch. 1, §6, Kx 9. The case n = 3 is well known.]

Ex. 10. All a-civeular 2a-ics through w*+2n—1 finite points pass
through (- 1)* éther fixed finite points

Kx. 11, Show that the theorem of § b 1s not «licwy~ trae when » > 3.

[1f two quartettes of lines meet in sixteen points of which three lie on
another line, the theorem is readily seen to be not true for 4-ics through
the other thirteen points. More generally, it may be shown to be untrue

for the thirteen other intersections of any two 4-ics through threc
collinecar points.]

Fix. 12. The feet of the normals to a curve f(«, y) =0 of degree »
and class m from a point O (¢, 4) lie on an n-ic through 0 and the poles
of the line at infinity, the directions of whose asymptotes are the axial
directions of f 0. The number of such normals is m +n.

[On (r “E J = (y- n) h '—t » which meets f = 0 twice al each node and

thrice at each cusp. See Ch VIL §2, Ex. 13 ]

Fx. 13. Any w»-ic through the feet of 1w (#+43)—1 normals from O to
i given n-ic passes through the foot of every normal from O (n > 2).

§ 6.
In general, if mp of the n* intersections of two n-ics lie on
@ p-ic, the remaining n(n—p) lie on an (n— -1c.

For the p-ic and an (n—p)-ic through 3 (n—— p)(n—p+3)
of the remaining points form an n-ie (degem-ra.te) through

ap+i(m—pY(n—p+3)=Fn(n+3)=1+%(p— )(p 2)
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of the n* intersections of the two given m-ics. Hence by § 5
all the remaining points lie on this degenerate n-ic. But none
of them can lie on the p-ic, for the p-ic cannot meet the m-ic
in more than np points unless the n-ic degencrates, which we
suppose not to be the case. Hence they must all lie on the
(m—p)-ie.

Ex. 1. A polygon of 2u sides is inseribed in a conic. The intersections
of the sides, other than the vertices of the polygon, lie on an (n—2)-ic.

[Consider the two x-ics formed by taking every alternate side of the
polygon : 2. of their intersections lie on a conic.
Note the cases n =3 or 4.]

Kx. 2. Any quartic through the intersections of a cubic and quartic
mects the quartic again in four collincar points.

¥ix. 8. Any quartic through the inlersections of u conic and quartic
meets the quartic again in eight points on a conic.

Ex. 4. A conic meets a quartic n P, Q, I, S, I, Q, R, §. Any conic
through I, @, Rk, S and any conic through I”, @', I, 8 wmeet the quartic
again in eight points on a conic.

[This and the following examples arc particular cases of Ex. 3.
Obtain other theorems as special cases |

lix. 5. Two conics are drawn through the points of contact of two
bitangents of a quartic. Show that their cight other intersections with
the quartic lic on a conic.

[See also Ch. XIX, § 2, Ex. 2.]

Ex. 6. A conic through the points of contact of two bitangents of
a quartic meets the curve again'in 4, B, ¢, D. Show that a conic can
be drawn touching the quartic at .4, B, C, D.

Ex. 7. If a conic meets a quartic in eight points and a conic touches
the quartic at four of the points, a conic touches the quartic at the
other four.

{ 7. Intersections of any Two Curves.

An extension of the theorem of § 5 is the following :
In general any r-ic through alj but
s+ N—r—1)(n+N—r—2)

of the nN intersections of an n-ic and N-ic will pass through the
remaiing intersections, provided r>n, r> N, r<n+ N—8.%

If w = N =, we have the theorem of § 5.

Take } (r—m) (r—mn +8) arbitrary points on the N-ic and
32 (r—N) ﬂr—N+ 3) arbitrary points on the n-ie.

Take also

wN—-3(n+N-r—1)(n+N—r—2)

of the intersections of n-ic and N-ic.

* For a discussion of limitations to which this result is subjected, see

Bacharach, Math. Annalen xxvi (1886), pp. 275-299.
(6]
2216
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The total number of points taken will be found to be
1r(r+3)—1,
The n-ic together with the (r—m)-ic through the
i(r—m)(r—m+3)

points form a degencrate r-ic through the 37 (r 4+ 8)—1 points;
and so for the N-ic together with the (r— N)-ic through the
1 (»—N)(r— N+3) points. Therefore every r-ic through the
17 (r+8)—1 points passes through every intersection of this
pair of degenerate r-lcs; which proves the result.

Ex. 1. If a quartic meets a cubicin 4, B, C, D, E, F, 4, B, D EF,
the lines AA’, BB, CC, DD’, EE', FF’ meet the cubic again in six
points on a conic.

[n-ic is given cubic, N-ic is the quartic and the conic through five of
the points, r-ic is the six lines.]

Ex. 2. The tangents at the six intersections of a conic and cubic meet
the cubic again in six points on a conic.

[Take the quartic in Ex. 1 as a pair of adjacent conics.]

Ex. 3. The tangents from a point O to a cubic meet the curve again in
six points on a conic.

[Take the conic of Ex. 2 as the polar conic of 0. See Ch. 1, § 9, Ex.6.]

Fx. 4. A quartic through the intersections of two cubics meets either
cubic again in three collinear points.

[n-ic is cubic, N-ic is quartic, s-ic is other cubic and the line through
two of the three points.]

§ 8. Theory of Residuals.

Suppose that C, demotes a homogeneous expression of
degree r in @, 9, =. The curve C, = 0 is a curve of dogree 7,
which we shall call ‘the curve »°, when there can be no
confusion with the number r.

Suppose Oy, Cx, Cy,, O,y Oy, €y to be such that

Cl CA“I’ Cm C“ + OnC,, = o . . . . . (]),
where [+A=m+p=n+v.

Suppose that the curves [, m, n all pass through points
which we call collectively ‘the points O'. Let the complete
intersection of the curves 7 and = be the points O together
with other points which we call collectively ¢ the points L.
Then (i) shows that the curve X passes through L.

Suppose that

the curves [ and m meet in the points O and N,
the curves / and n meet in the points O and M,
the curves A and m meet in the points L and M’,
the curves A and » meet in the points L and N’.
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By (i) the curves x and v meet in points each of which lies
on one of the curves [ or . Suppose they meet in points L’
onland O’ on A. Now by (i) the curves [ and m meet in
points each of which lies on one of the curves n or ». But
the only points common to the curves [, m, n are O; so that
the curve v passes through the points V.

Proceeding thus, we obtain relations between the curves
and their intersections which will be clear from Fig. 2. In
this diagram is shown a cube with unit edge whose faces

z=0,z=1,9y=0,y=1,2=0,2=1
represent the curves [, A, m, u, m, v respectively.

v

B

\<w\Z
Z

Fig. 2.

Each curve passes through the points whose symbols lie at
the corners of the face representing that curve. Thus the
curve [ passes through the points OL'MN, the curve X passes
through the points O’LM’N’, and so on. Moreover, the com-
plete intersection of any two curves represented by faces of
the cube (not opposite) is the points whose symbols lie at the
ends of the edge common to those faces. Thus OL is the
complete intersection of the curves m and n, MN’ of p and =,
O’L’ of p and », &e.

02
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¥x. 1. The n-ics through any given point O and the intersections of
three given #-ics taken in pairs form a pencil.

[Let f=0, ¢ =0, ¥ =0 be the given n-ics; f,, o, Vo what f, ¢, ¥
become when we substitute in them the coordinates ot 0. Then use
Jo(Fo¥ =V P) +bo (Yo 1o V) + Vo (fo — Do Sf) = 0.]

Ex. 2. Through the #N intersections of an n-ic and an N-ic three n-ics
are drawn. Through the remaining intersections of each pair of n-ics is
drawn an (n—N)-ic. Show that these three (n — N)-ics form a pencil.

[If Cy=0 and C, =0 are the N-ic and n-ic, the three n-ics are
C,+ CNA =0, Co+ CNB =0, C,+Cyr=0,
and the (n—N)-icsare B=T, I'=A, A =B.]

§o.

Let us now consider C, =0 as a given m-ic with any
points O taken on it. We assume that, subject to certain
limitations as to the positions of the points OX* &e., it is
always possible to find polynomials C,, C, such that

Cy\+ 00+ C, 0 =05
where €y, C,,, () are given polynomials such that I+ X is not
less than m and n, while the curves C; =0, C,, = 0 meet at
ecach of the points O, but at no other point of the given w-ic,
and O\ = 0 passes through the interscetions of C, = 0 and
(',, = 0 other than O.

For the proof of this important theorem see § 10.

We assume its truth and deduce some consequences.

As in § 8 we may consider O and M as the complete inter-
section of (3 =0 and C, =0, and O and L as the complete
intersection of (,, = 0 and (*, = 0. Suppose any curve C) = 0
through L meets (/, = 0 in the points Z and N’. Then the
points M and N’ are the complete intersection of C, = 0 with
some curve, namely C, = 0.

The points O and M are said to be residual groups of points
for the curve (!, = 0, meaning that, taken together, they are
the complete intersection of (', = 0 with some curve (€} = 0).
This will be expressed Ly the notation

O+M =0+
Similarly O and L are residual, i.e.
O+L=0,

sénce O and L form the complete intersection of €, = 0 with
Cp. = 0.

* For instance, care is necessary if some of the points 0 are multiple
points of the n-ic.

+ And in general, if groups of points P, , R, ... form taken all together the
complete intersection of C,, with a given curve, we write P+Q+R+...=0.
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The points L and M are said to be coresidual groups of
points for the curve C,, meaning that they are both residual
to the same points 0. We denote this by the notation

L=M.
The result above obtained may then be worded:

If L and M are coresidual groups of points for an mn-ic,
any points residual to L are residual to M.

In fact, we proved that, since I and M were both residual
to O, any points N’ residual to L. were residual to M. In
other words, if OL, OM, LN’ are all complete intersections of
the n-ic with some other curve, so are MN'.

Symbolically, we deduce from

O+L=0, 0O+M=0, L+N'=0, that M+N'=0.

Remembering the notation L = M, we sco that symbolical
relations such as O+ L =0, &c, can be added or subtracted
just as if they were ordinary identities. It is only necessary
to consider such a relation as L—M = 0 to be equivalent to
L=M, and 2P+@Q =0 tomean I’+ "+ () = 0,* &e.

Such a trcatment of the symbolisin is a great cconomy of
labour. It enables us to some extent to replace geometrical
reasoning by clementary algebraical work ; though, of course,
at some stage or other the algebraic result must be interpreted
geometrically, if it is to be of any value.

We must be careful to confine our algebraic processes to
addition and subtraction. Multiplication by an integer will
be lawful, for that is only equivalent to repeated addition;
but division is not allowed.

Ex.2 1. Two single non-coincident points 2, Q cannot be coresidual
(n>2).

[Any line through P other than PQ meets the #-ic in n—1 points
which]ca.nnot form with @ the complete intersection of the,n-ic with any
curve.

Ex. 2. Through points I’ on a given n-ic any curve is drawn meeting
the n-ic again in points P,, through P, is drawn any curve meeting the
n-ic again in P,, through P, is drawn any curve meeting the n-ic again
in P;, and so on. If P,, consists of a single point, show that this point
is the same whatever the curves used and whatever the value of r.

[P+P,=0, P,+P,=0, P,+P,=0, .., P ,+FP,=0 give
P=P,,. Suppose other curves used ; then we have P=PF, (say).
Hence P,, =P,,. By Ex. 1if P,, and P, are single points, they
coincide.

If the points P are p in number, and the curves are of degrees

Ty, gy woey Tlg,, We have w(my—mng+itz— ... —itg,)—p+1=0.]

* ¢The points Q and the points P taken twice from the complete inter-
section of the n-ic with some curve.’
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Ex. 3. Through four points of a given 3-ic draw a conic meeting the
given 3-ic in two more points, through these points draw a 3-ic meeting
the given 3-ic in seven more points, through them draw a 4-ic meeting
the 3-c in five more points, through them draw a conic meeting the 3-ic
in one more point R. Show that any conic through the four points
initially taken meets the 3-ic again in two points collinear with R.

[See Ex. 2. The reader may enunciate similar theorens.]

Ex. 4. Two pairs of points on an n-ic (n >3) cannot be coresidual, if
no three of the four points are collinear.
[As in Fx. 1.]

Ex. 5. Two trios of points on a quartic cannot be coresidual (unless
they coincide).

[One trio is residual to the remaining five intersections of the 4-ic with
any conic through the other trio. Therefore the trios coincide. ]

¥x. 6. Through seven points P of a quartic a cubic is drawn meeting the
quartic in five more points @. Through P is drawn a quartic meeting
the given quartic in nine more points R. Show that the conic through
Q and the cubic through R meet in three points on the quartic.

[Use Ex. 5.]

Ex. 7. The tangents at n collinear points of an #-ic meet the curve
again in 5 (% —2) points on an (n —2)-ic.

[Denoting the » points by P and the n (n —2) points by @,
. P=0 and 2P+Q=0.
Hence Q=10. For the case n = 3,8ee § 4 See also § 5, Ex. 8.]

¥x. 8. From any point O # (n—1) tungents ave drawn to a non-singular
ndc. Show that they meet the curve again in » (n—1) (1 —2) points
lying on an (n—1) (n—2)-c.

[Denoting the points of contact, which lie on the first polar of O, by
P, and the »n (n—1) (n—2) pointsby ¢, P=0 and 2P+ ¢Q=0. Hence
Q=0. For the case n = 3see § 7, Ex. 3.]

Fx. 9. If six intersections of a 3-ic and 4-ic lic on a conic, so do the
remaining six, The four other intersections of the 4-ic and the two
conics are collinear.

[Denote the six intersections of the 4-ic and the first conic by P and
the other two intersections by R. Let the line joining 2 meet the 4-ic
again in two points S. Let the 3-ic and 4-ic mect in six other points Q.
Then P+Q=0, P+R=0, R+S=0 give Q+8=0.]

ix. 10. Three cubics go through seven points. Show that the lines
joining the remaining intersections of the cubics taken in pairs form
a triangle whose vertices lie one on each of the three given cubics.

[Denote the seven points by P, and the intersections of cubics 2 and 3,
1 and 3 by A4, B respectively. Let the lines joining the points 4, B
meet cubic 8 in 77, K. Then on cubic 3 we have

P+A=0, P+B=0, A+H=0, B+K=0.
These give H = K, so that by Ex. 1 H and K coincide.]

Ex. 11, An #n-ic has § nodes and no cusp. Show that the remaining
intersections with the n-ic of a p-ic through the inflexions lie on a
(p~8n+28+6)-ic which passes through the intersections of the n-ic
with its nodal tangents other than the nodes.
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[Suppose the n-ic and p-ic meet at the inflexions 7 und other points P,
while the nodal tangents meet the n-ic at points @ and R, of which
R coincide with the nodes. Then P+I=0, Q+R=0, /+ R=0 (since
the points I and R lie on the Hessian), so that P+ Q =0.]

Ex. 12. An #-ic has a single node 0. Show that the remaining inter-
gections with the #n-ic of a p-ic through the points of contact of the
tangents from O and the intersections of the »-ic with the tangent#at O
(other than O) lic on a (p—n+3)-ic.

[As in Ex. 11, letting I be the points of contact of tangents from 0,
and replacing the Hessian by the first polar of 0.] .

Fx. 13. The sixtcen inflexions of a quartic with a biflecnode lie on
another quartic, and the eight inflexions of a quartic with two biflecnodes
lie on a conic.

[Denote by I the inflexions and by R the intersections of the 4-ic with
the nodal tangents. Then from the Hessian I+ =0, and from the
goda,l tangents R=0, so that I=0. See Ch XVIII, § 1, Ex. 6;

9, Fx. 6.]

§ 10.

In § 9 we made use of the theorem that, if the curve
f(x,y) =0 passes through the intersections of ¢ (x,y) =0
and ¥ (z,y) = 0, then we can put f in the form A¢+ By,
where A and B are polynomials in « and y.

We are here using Cartesian coordinates, and taking f, ¢, ¥
as the -—Ul (J')u (/'m, ("'It of § 9.

We shall suppose that the intersections of ¢ =0, ¢ =0
are ordinary distinet points of f=0, ¢ =0, ¢ =0, and give
a proof of the result with this limitation. We may suppose
the axes of reference taken perfectly generally.

Let (a, b) be an intersection of ¢ =0 and ¢y =0. To
eliminate y between ¢ = 0 and = O we may carry out the
process of finding the highest common factor of ¢ and y, con-
sidered as polynomials arranged in descending powers of y,
till we reach a remainder R involving « but not y. Equating
this remainder to zero we get the result of elimination required,
which is an equation giving the abscissae of the intersections
of $ =0 and ¥ = 0. The remainder R must have therefore
xz—a, but not (x—a)? as a factor. Moreover, it follows at
once from the process of finding fhe highest common factor
that each remainder found in the process, and in particular
the last remainder R, is of the form A¢ + py, where A and . are
polynomials in  and ¥.

Suppose that, when Af is divided by vy, the quotient is »
and the remainder 4, so that

Af = vy 40,
v and @ being polynomials in « and .
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It only remains to show that ¢ has R as a factor. For, if
that is proved, we have 6 = AR or § = A (A\¢ + py), A being
a polynomial. .

We should then have

| N = v+ 4 (\p+ )
or ‘A(f—A¢)=(+Ap)y.

Now, since R = Ap+py and R is independent of 3, any
common factor of A and y would be independent of y. But,
if we have chosen the axes of reference generally, 4 has not
a function of w as factor. Henee A and ¢ have no common
factor, and therefore (v+.Ap)/A must be a polynomial /3; or
f = A¢+ By, as required.

To show that 6 has R as a factor, we prove that 6 has z—a
as a factor. A similar argument will then apply to each
factor of R, and the result follows.

Suppose  of degree » in 2 and ¥, and therefore J of degree
n—1. The relation B = A¢ + ) shows that every one of the
7 intersections of ¥ =0 with & =« liesson A =0 or ¢ =0,
since B has x—a as a factor. But (the axes of reference
being general) tho only intersection of ¢ = 0 and ¢ = 0 with
abscissa @ is (a, b). Hence the n—1 intersections of v = 0
and & = @ other than («, b) lie on A = 0.

Then 6 = Af—w»y shows that all the = intersections of
Yy=0 and « =« lie on § =0, for (¢, b) lies on f=0 and
¥ = 0, while the other n—1 lic on ¥y =0 and A =0. But
0 = 0, being of degree m—1, cannot mect & = a in more than
7 —1 points unless  —a is a factor of 6.

For the case in which the intersections of /=0, ¢ = 0,
y=0 are multiple points of any of these curves the reader
may refer to Noether’s paper in the Muthematische Annalen
xl (1892), p. 140% from which the above proof has been
adapted. We have applied the residuation theorem in the
examples of § 9 to such cases, which was not strictly lawful
without a more careful investigation. But the results there
given can also be established in most cases by other methods.

* The reader may consult the bibliography in the Mathematical Encyclopaedi



CHAPTER XIII
UNICURSAL CUBICS

§1. Types of Cubic.

SINCE a line joining two double points of a curve meets it
in at least four points, a cubic cannot have more than one
double point. Hence there are only threc types of cubic*
whose Pliicker's numbers are given by the table

Type ! —:a- :_m [ & E 3 [ T t 7)w |
@3 6 o o o | e |1
T R RN RS

(1) i 3 E 3 0 ;_l—l 0 ‘ 1 (0] !

In this chapter we shall discuss the types (ii) and (iii) whose
deficiency is zero. These are the nodal and cuspidal cubies.
They are unicursal, and the coordinates of any point on the
curve may be expressed rationally in terms of a parameter by
considering the interscction of the curve with any straight line
through the double point.

{ 2. Geometrical Methods applied to Unicursal Cubics.

The properties of a unicursal cubic may be derived from
those of a conic by projection and inversion.

There are lines meeting the cubic in only one real point.
For let any tangent meet the curve again at P. The point P
must be veal, since the tangent meets the curve at two real
(coincident) points at its point of contact, and therefore meets
the curve in three real points. If through P two lines are
drawn adjacent to the tangent, one of them evidently meets
the curve in three real points and the other in one (see Fig. 1).

Suppose then that a real line meets the curve in unreal
points ® and @’. Project » and «” into the circular points at

* By curves of ‘the same type’ we mean those with the same Pliicker’s
numbers.
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infinity. Then, if the origin O is taken at the double point of
the cubie, the curve is now a circular cubic with an equation
of the form

ax? + 2hay + by? + 2 (9 + fy) (2* +y?) = 0.
Inverting with respect to a circle with centre O and unit
radius, we obtain the conic through O

ax?+2hxy +by? + 292 +2fy = 0.

This conic is a parabola, ellipse, or hyperbola, according as
the cubic has a cusp, acnode, or crunode; i.e. according as

ht=, <, or > ab.

The real asymptote of the cubic inverts into the circle of
curvature of the conic at O, and- the inflexional tangents of
the cubic invert into the other osculating circles of the cubic
which pass through O.

Fig. 1.

Fx. 1. A cubic with an acnode has three real inflexions, and a cubic
with « crunode has one real and two unreal inflexions.

| Take the case of the acnodal cubic. By a real projection it may be
transformed into a circular acnodal cubic, and then inverting with
res}l)ect to the acnode we get: ‘ Through any point O of an ellipse three
1eal circles of curvature pass other that the circle of curvature at 0.’

In fact, if the eccentric angle of O is ¢, the eccentric angles of the
three points of contact of the circles of curvature are

-3¢, 3@2r—¢), FW@r—9).
Since the sum of these is 27 —¢, the three points of contact are con-
eyclic with 0. and therefore the three inflexions are collinear (cf.
Ch. VII, § 4). Similarly for the crunodal cubic.]

Ex 2. The real asymptote of a cuspidal circular cubic is equally
inclined to the tangent at the cusp and to the line joining the cusp and
the focus.

[Inverting with respect to the cusp and remembering that the focus
inverts into a focus (Ch. V. § 4) we have: ‘ Any tangent to a parabola is
equally inclined to the axis and to the focal distances of the point of
contact.’]
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Ex. 3. The lines joining the node of a nodal circular cubic to the real
foci are equally inclined to the real asymptote.

Ex. 4. A chord of a circular cubic with a node O subtends 90° at O.
Show that the middle point of the chord lies on a fixed straight line,
and that the circles on such chords as diameter are coaxial.

Ex. 5. If O is the node of a circular cubic with real foci §, ' and the
circle 0SS’ meets the curve again at 4 and 4’,
1,1, 44 _

SO~ 80~ 40.40

Ex. 6. If 0 is the centre of a fixed circle touching two given circles

externally, find the locus of the inverse of O with respect to any other
circle touching the given circles externally.

[Part of a circular cubic with a crunode at 0.]

0.

Ex. 7. Obtain properties of a nodal circular cubic by inverting other
properties of the conic.

Fx. 8. Any line meets the cissoid x(2®+y?) = ay® with cusp O in
P, P, Py; and any circle meets il in Q,, @,, @5, ¢,. Show that the
sum of the colangents of the angles which

or,, 0r,, 0Py or 0Q,, 0Q,, 0Q,, 0Q,
make with the tangent at the cusp is zero.

[Invert with respect to O. The cissoid becomes a parabola with
vertex 0.]

Ex. 9. A cubic has three asymptotes and a node 0. 1If a line through
O meets the cubic in @ and the asymptotes in P,, P,, P,, show that

OP, + OF, + OP, = 0Q.

¥x. 10. The chord of a circular cubic with a node O subtending 90° at
0 envelops a conic.

[Expressing the condition that two of the lines joining the inter-
sections of

Ae+py+1=0 and a(r’+y°) 4 ax?+2hry+by?=0
to the origin arc perpendicular, we get the tangential equation of the
envelope. |

Ex. 11. The locus of the point of contact of a tangent from O to
a family of confocal conics is a circular cubic through the foci with
a node at O.

Consider the case in which 0 is on an axis or at infinity.

Consider the case of confocal parabolas.

Generalize by projection.

Ex. 12. The locus of the centre of a circle whose circumference passes
through two given points and meets a given line mot coplanar with the
points is a nodal circular cubic.

Ex. 13. A ray of light proceeds from a fixed point A4, is reflected at P
from any sphere with a given centre 0, and atter reflexion passes through
a fixed point B. Find the locus of P.

[+ {y ®+a)cosX +x (b—a)sin 0} = 2abxy, 2= 0; if O, 4, B
are the origin, (@ cos X, asin®, 0), (bcos®, —bsin «, 0).]
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§ 8. Cuspidal Cubics.

A real cuspidal cubic has one cusp and one inflexion, and
these must be real. Take the triangle of reference 4BC so
that B is the inflexion and C the cusp, while AB and AC are
the tangents at B and C (Fig. 2).* Then there is no term in
the equation of the cubic involving z* or z*; and the only
term involving z is 2y? sinee y? = O are the tangents at C.
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Fig. 2.

Also, when we put = = 0, the equation must reduce to z* = 0,
gince 2z = O meets the curve three times at B. Hence the
equation of the cubic is 2y = az®. Putting az for z, we see
that
A cuspidal cubic can be put into the forn, zy* = a* by u real
choice of homogeneous coordinates.

* The curves shown in Figs. 2, 8, 4 have the Cartesian equations
2y (x—1)—2y (x?-22) +2? (x~ 2) = 0, 64y*(x—4)+ 1622y + 22 (bx —12) = 0,
and z(2?—axy+4y?)+4y(2x—y) =0 respectively.
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1t follows from Ch. I, § 3 that any cuspidal cubic can be
projected into the semicubical parabola ay® =

Any point on the curve zy* = 2 may be taken as (¢, 1, %),
¢ being the parameter of the point.

If the points with parameters ¢,, t,, ¢, lie on the line

Az+py+ve =0,
{;, Ly, t, ave the roots of the equation in ¢
A+ p+rtt =0,

so that t;+¢,+1, = 0.

Hence :

If three points of zy* = «* are collineur, the sum of their
parameters is zero, and conversely

If the tangent to any cubic (unicursal or otherwise) at I
meets the curve again at (), @ is called the first tangential, or
simply ‘the tangential’ of P. The tangential of the first
tangential is called the second tungentiul, the tangential of
the second tangential is called the third tangentiul, and so on.

If the parameter of I’ is ¢, the parameter of the first
tangential ) is — 27, for the tangent at 1> mects the curve in
the points I’, I, () whose paraipeters have a zcro sum.

The parameter of the n-th tangential of I’ is evidently
(—R)"t.

If the points with parameters t,,¢,,1¢,, #,, 15, t; lie on the
conic

@+ by + e+ 2fys + 2920+ 2hay = 0,
these quantities are the roots of
at> + b+ ct®+Rf1P+ 29l + 2kt = 0.

Since the coefficient of ¢° in this equation is zero, we have:

If sixz points of zy* =’ lie on a conic, the sum of their
parameters is sero, and conversely.,

Similarly : .

If nine points of zy* = x® are the intersections of this cubic
with another cubic, the sum of their parameters s zero, und
conversely.

Ex. 1. Any cuspidal cubic can be projected into
a’y =2, orinto yr®=ad

ix. 2. The successive tangentials of a given point approach the cusp as
their limiting position,

[I ‘ (-2)"t = o, and the parameters of the inflexion and cusp
—Ap—>00

are zero and infinite.]
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Ex. 3. From a point P on a cuspidal cubic a tangent is drawn touching
at P, from P, a tangent is drawn touching at P,, and so on. Show that
P, approaches the inflexion as its limiting position.

[The parameters of P and P, are in the ratio 1: (—1)n]

Ex. 4. The conic of closest contact at P to a cuspidal cubic meets it
again in Py, similarly P, is derived from P,, and so on. Find the
limiting position of P,.

[The parameters of P and P, are in the ratio 1: —5.]

Fx. 5. Through a point P of a cuspidal cubic a conic is drawn having
5-point contact at P’, similarly I’ is derived from P, and so on. Find
the limiting position of P,

¥x. 6. A conic passes through two given points of a cuspidal cubic,
osculates it at P, and cuts it again at P,. Similaily P, is derived from
Py, P, from P,, and so on. Find the limiting position of P,.

¥Ex. 7. The conic of closest contact at any point of a cuspidal cubic
(other than the cusp or inflexion) meets the inflexional tangent in
unreal points and the cuspidal tangent in real points.

[The conic of closest contact at (¢, 1, £*) with <y’ = 2% is

Ot +585y —22—40 Pyz+ 158 — 24ty = 0,
as is seen by putting 6,1, 6 for =z, y, = in the general equation of
a conic and comparing the resulting equation for 4 with
-85 (@—t)=0.
See also Ch. X, § 2, Kx. 16 (i).]

¥x. 8. The loci of the poles of the inflexional and cuspidal tangents
with respect to the conic of closest contact at any point of a cuspidal
cubic are cuspidal cubics with the same cusp, inflexion, cuspidal tangent,
and inflexional tangent.

Ex. 9. A conic osculates a cuspidal cubic at Pand Q. Show that the
line PQ passes through the inflexion and is divided harmonically by the
inflexion and the tangent at the cusp.

ix. 10. Find the locus of the intersection of the tangent at P to a
cuspidal cubic with the tangent at the second tangential of P.

Ex. 11. The tangent at P to a cuspidal cubic meets the curve, the
inflexional tangent, the cuspidal tangent in @, R, T respectively. Show
that the cross-ratio of the range (PQRT) is 9/8.

Ex. 12. If in Ex. 11 the cross-ratio of (PQRS) is any constant other
than 9/8, find the locus of S.

[A cubic with the same cusp, inflexion, cuspidal tangent, and in-
flexional tangent.]

Ex. 13. The tangents from P to a cuspidal cubic meet the curve again
in three points. Show that the tangents at these points meet in a
point @ ; and that, if P moves along a straight line, so does Q.

Ex. 14. Obtain theorems from Ex. 7 to 13 by reciprocation.

Ex. 15. Find the locus of the intersection of tangents to the semi-
cubical parabola ay® = x* at points subtending 90° at the cusp.

[A parabola having double contact with the given curve.]

Ex. 16. The locus of the intersection of two perpendicular normals to
a semicubical parabola is a nodal cubic.
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Ex. 17. The locus of a point P, which moves so that the sum of the
angles made with a fixed Iine by the tangents from P to a semicubical
parabola is constant, is a straight line.

Ex. 18. The chord PQ of the cissoid x (2* +y’) = ay® subtends 90° at
the cusp. Show that
(i) The locus of the middle point of PQ is a straight line.
(ii) The locus of the intersection of the tangents at Pand Qisa circle.
(iii) The locus of the intersection of the normals at P and @ is
a straight line.
[Any point on the curve is 2z =a/(14 ), y=a/t(14¢#). See § 2,
Ex. 8, and Ch. XI, § 8, ¥x. 10.]
Ex. 19. Find the envelope of the common chord of a cissoid and its
cirele of curvature.
[If four points on the curve are concyclic, their parameters have zero
sum. The chord joining the points with parameters ¢, — 3¢ is
(1472 = 6y+ « enveloping 3%y (¢ —r) = Ta]
ix 20. The locus of the focus of w parabola passing through fixed
points P and @, and having PQ as normal at P, is the cissoid of Ex. 18.
[If the parabola is * =4ax and P is (af?, 2af), while SZ is the
perpendicular from the focus S on 1’9,
SEZ=at 1+, PZ=a (14}, PQ.=da(1+£)3
Now eliminatc « and #.]
Ex. 21, The sum of the ahscissae of the feet of concurrent normals of
a(x—y)*= a® is constant,
FEx. 22. The equation of any n-ic with a tangent of w-point comtact
and « superlinear branch of order # -1 may be put in the form
2yl = ot

§ 4. Nodal Cubics.

The equation of any acnodal cubic can be put in the form
s(@+y’) =y Ba"—y’)
by o suitable choice of homogeneous coordinales.

A real nodal cubic has a real node and three inflexions, of
which one at least must be real. Take the triangle of refer-
ence ABC so that C is tho node, 4 is a real inflexion, and CB
is the harmonic conjugate of CA with respect to the tangents
at C, i. e. CB is the harmonic polar of the inflexion 4.

Since C is a node, and the tangents at ' form a harmonic
pencil with @y = 0, the coefficients of 2%, x2?% y2% wyz in the
equation of the cubic are zero. Since 4 is an inflexion, the
coefficients of 2 and &y must be zero, remembering that the
tangent at A meets the curve thrice at A.

oreover, since C' is an acpode, the coefficients of 2%z and
y’2 have the same sign. Choosing suitable .homogeneous
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coordinates, we may make these coefficients the same, and the
equation takes the form
2 (@ +y?) +y (ax? + by?) = 0.
In this replace 2 by i(b—a)z—3(B3b+a)y, which by
Ch. I, § 1 is equivalent to choosing the line
s+3@Bl+w)y=0
as the side 45 of a new triangle of reference, and the equation

reduces to sty =yBat—yd) . . . . . ()

Fig. 3.

The Hessian of (i) 1s
s(@i+y) = =3y @Bat—y®) . . . . (iD).

It meets the curve (i) where 2 = 0. Hence the line 2 =0
passes through the three inflexions (1, 0, 0), (1, + +/8, 0) of
the cubic (i).

Any point on the cubie (i) is

(cos ¢, sin ¢, sin 3¢).

The whole curve, except the acnode, is obtained by giving

¢ all real values between O and = (Fig. 3).
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If the points with parameters ¢,, ¢,, ¢, lie on the line
Ax+py+ve =0,
tan ¢,, tan ¢,, tan ¢, are the roots of
(cos? ¢ +sin? ¢) (A cos ¢ + p sin §)
+v sin ¢ (Beos? p—sin? ¢p) = 0,
considered as an cquation in tan ¢. Therefore
tan ¢, + tan ¢, + tan ¢, = tan ¢, tan ¢, tan ¢,.
Hence:
If three points o the cubic (i) with parameters ¢, b, ¢,
are collinear, ¢,+¢,+dy, = 0 (mod. w) ; and conversely.
Putting ¢,, b,, ¢, all equal, we obtain the parameters of the
inflexions, namely 0, 37, 2. The sumn of these is 7. Hence :
An acnodal cubic has three rveal collinewr inflexions ;
as found hefore by means of the Hessian.
Similarly we may show that :
If six points onthe cubic (1) wilh paramelers ¢, d,,y g, by,
bs, b lie 0n @ conic, b+ d,+Py+ o+ s+ b = 0 (mod. m) 5
and conversely.

The equation of any crunodal cubic can be put in the form
g (=) = y (Bu* +4%)
by « suitable choiee of homogeneous coordinates.

The proof is almost exactly the same as that given for the
acnodal cubic, except that the coefficients of +#2 and y*z have
opposite signs,

The Hessian of

Q

(*—y*) =y Bu*+y?) . . . . . (i)
is s(af—y?) = =3y Ba2+y?) . . . . (iv).
As hefore, = = 0 1s the line of inflexions.
The eoordinates of any point on (iii) are
(cosh ¢, sinh ¢, sinh 3¢).

The condition for three points on a line or six points on a
conic is the same as that given for the acnodal cuhie, sub-
stituting (mod. w4) for (mod. ).

The inflexions have parameters 0, 37 i, 3w,

Hence:

A crwnodal cubic has three collinear inflexions of which
only one is real. ,

1t we suppose that the points of (iii) at the two ends of an
asymptote are the same, we may say that the whole curve is
divided into two portions by the crunode. One contains the

2216 P
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real inflexion, and is obtained by giving ¢ all real values from
—o to +®. The other portion, which we shall call the
loop, is obtained by giving ¢ the value 6 + =i, where 6 takes
all real values between — oo and +oo (Fig. 4).

The coordinates of any point on a nodal cubic can be
expressed rationally in terms of a parameter i, by putting
cot ¢ =t or coth ¢ =1. ,

Many convenient standard forms of the equation of a nodal
cubic exist, other than (i) and (iii).

Fig. 4.

We may mention the form
zCE+y) =9 . . . . . . . (V)
obtained by taking A as the node, ' as an inflexion. AB as
the harmonic polar of C, and UB as the tangent at C. Any
point on the curve is
(sin® ¢, sin ¢, cos ¢) or (sinh®¢, sinh ¢, cosh ¢).

The condition for three points on a line or six points on a
conic is the same as that given above. The line of inflexions
is 4o = +3y.

The form (v) is suggested by that given in Ch. XVI, §1 for
the non-singular cubie.
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Ex. 1. A nodal cubic can be projected into
a(@+y?’) =2* orinto y(z’+a?) =d’

Ex. 2. Show from the form y («® + a®) = o® that a nodal cubic has three
or one real inflexions according as it has an acnode or crunode.

[Z:’, =24a® (322 F a?)/(2® +a*)* vanishes at an inflexion.]

ix. 3. Show that the tangents at two inflexions of a nodal cubic meet
on the harmonic polar of the third inflexion.

[The tangents at the finite inflexions of y (2*+¢*) = ¢® meet on 2 =0,
which is the harmonic polar of the inflexion (w, 0).]

Ex. 4. Show that the equation of any crunodal cubic can be put in
the form «°+y° = 3xyz. .

Show that, if any point on the curve is taken as (3# 3¢ 1+#), the
product of the parameters of three collinear pointsis —1 and the product
of the parameters of six points on a conic is +1.

.Show that any crunodal cubic can be projected into the folium of
Descartes a*+y* = 3 axy.

Ex. 5. A line meets a nodal cubic in P, @, R, and the lines joining
these points to the node make angles 6, and 8,, ¢, and ¢,, ¥, and ¥,
with the tangents at the node. Show that

(sin 8 . sin ¢, . sin )+ (sin 6, . sin ¢, . sin yry)
is constant.

[Use the fact that in Kx. 4 the product of the parameters of three
collinear points is —1.]

Ex. 6. Show that no real tangent can be drawn to a crunodal cubic
from a point on the loop; and that from any other point of the curve
two real tangents can be drawn, one point of contact being ow the loop
and the other not.

[1f ¢, § are the parameters of a point and its tangential,
2¢ +¢ =0 (mod. =i).}
Ex. 7. Considering an acnodal cubic (supposed continuous at the two
ends of an asymptote) as divided into three parts by the three real
inflexions, prove that from any point on one part two real tangents can

be drawn to the curve, one point of contact lying on cach of the other
two parts.

Ex. 8. The conic of closest contact at I’ with a crunodal cubic meets
the line of inflexions at unreal or real points according as P does or does
not lie on the loop.

[See Fix. 4 and Ch. X, § 2, Ex. 16 (ii).]

Ex. 9. The line of inflexions of
(@gx?4-2a, 2y + a,y?) 2+ A, 2" + B3 A, 2%y + B A, 2y + A7 = 0
is 4 (agny—a2)z+3(agdy+a,4y—2a, 4) 2 +3(a,4;+0,4,-2a,4,)y=0.
|1t is the (n-1)a,,z=—-(1-2)a,, of Ch. VII, § 7, Ex. 14 (v) in the
case n =3. For another proof see Bromwich, Messenger Math., xxxii,

p. 113. Or again, we may use the theory of covariants, verifying the
result for any special form of the equation of the cubic.]

P2
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Ex. 10. A family of nodal cubics has given inflexions and the tangents
at two of the inflexions are also given. Show that the locus of the node
is a straight line.

[The harmonic polar of the third inflexion by Ex. 8. Or put the
equation of the family in the form
B = (z+y+3k2)xy.]

ix. 11. The line joining two points of the cubic of § 4 (i) with
parameters 0 8 is
2= {sin20(+sin 28 —sin 2 (X4 B)} r+ {cos 20+ cos 28+ cos 2 (A +B)) ¥.
For the cubic of § 4 (iii) replace sin and cos by sinh and cosh.

Ex. 12. The other intersections with the curve of any line through
a fixed point of a nodal cubic subtend an involution at the node.

Ex. 13. The tangents at @ and R to a cubic with node O meet on
the curve at P. The line QR meets the curve again at S, and OP meets
QR at E and the line of inflexions at F. Show that

(i) 0Q and OR are harmonically conjugate with respect to the tangents
at 0 and also with respect to OP and 0S.

(il) (OF, EP) is harmonic.

(iii) As I’ varics QF envelops a conic touching the tangents at the
node, the line of inflexions being the chord ot contact.

[Take the cubic of § 4 (i) ; the casc of the cubic (iii) is similar. The
parameters of P, @, R, S8 arc respectively ¢, —%1¢, L(m—¢), ¢p—}m.
The line QR is 24 sin2¢ 24 cos2¢hy = 0, whose cnvelope is 22 = x? + y2.]

¥x. 14. The tangents at @ and R to a cubic with a node 0 meet on
the curve at P, and the tangents at ¢ and R’ mcet on the curve at P'.
Show that

(i) The conic OQRQ'R’ meets the line of inflexions on OP and OP',

(ii) The conic through O touching the cubic at @ and R touches the
line of inflexions at a point on OF.

(iii) If the tangents at P and I’ meet on the curve, QR and Q'R
mect on the line of inflexions.

Ex. 15. A nodal cubic and its Hessian are in plane perspective, the
node being the vertex of perspective, and the line of inflexions the axis
of perspective.

Ex. 16. The points of contact of the four tangents from P to a nodal
cubic subtend a pencil of constant cross-ratio at the node. Find the
locus of I .

(Kliminating = between the equation of the cubic and the polar conic
of P, we get the rays of the pencil. Now use Ch. I, § 11.

If the pencil is equianharmonic, the locus is the line of inflexions, If
it is harmonic, the locus is a cubic.]

ix. 17. A conic touches the tangents at the node of a cubic. Prove
that the points of contact with the cubic of the six oth# common
tangents of conic and cubic lie on another conic.
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Ex. 18. A straight line cuts ¢ (z*+y?) =2* in P, @, . Show that
the lines joining P, @, R to the node make angles with any fixed line
whose sum is constant.

[Any point on the curve is (a(1+¢%), at (1+¢)). If t,,t,, t; are the
parameters of three collinear points, #3¢,+1f,#,+#, =1, which shows
that the lines ioining the points to the origin make angles with x =0
whose sum is 3.}

Ex. 19. Prove a similar theorem for the six points in which the cubic
of Kx. 18 meets any conic.

Ex. 20. Show that the points of contact of tangents from any point on
3x = 2a to a(«?—g®) = «* lie on u circle through the origin, and that
the centre of this circle lies on a fixed line.

Ex. 21. A circle through the node cuts a («*—y*) = « again in four
points, and the sum of the angles which the lines from the node to these
points makes with a fixed line is constant. Show that the locus of the
centre of the circle is a fixed line.

Ex. 22. If a chord of 2°+ y* = 3ary subtends 90° at the node, the
chord meets the cubic again at u fixed point.



CHAPTER XIV
NON-SINGULAR CUBICS

§ 1. Cubics with Unit Deficieney.

A

Fig. 1.
9(x+4)y?+24xy + x (2% +2x~16) = 0.

IN this chapter and the two following we shall consider the
properties of non-singular cubies, i. e. cubics without a double
point and of unit deficiency.

As in Ch. XIII, § 2, we see that there are lines meeting the
curve in only one real point. Project such a line to infinity,
and the curve will have one and only one real asymptote.

Place the asymptote vertical (Fig. 1), and suppose a line {
starts from coincidence with the asymptote and travels to the
right, remaining parallel to the asymptote.
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At first I meets the curve in two real finite points, for the
curve in general approaches the asymptote on opposite sides
at the two ends. As [ travels, eventually these two points
coincide and [ is a tangent. Similarly if { travels to the left.
Hence there is a continuous portion of the cubic called the odd
circuit ¥ approaching the asymptote at its ends, meeting the
asymptote in a finite point, and contained between two lines
l,, 1, parallel to the asymptote.

It may happen that, when ! travels still further to the right
(or left), it touches the cubic again. As [ travels yet further
it must again become a tangent, since the curve has only one
asymptote. The curve will then have a portion called the
even circuit * or oval contained between two lines Iy, 7, parallel
to the asymptote. The curve can have no other portion ; for,
if two ovals existed, a straight line cutting both would meet
the curve in four points.

If a cubic has three real asymptotes, the term ‘ even circuit’
is applied to that part of the curve (if any) which can be pro-
jected into an oval, the rest of the curve being the odd
circuit .

Hence cubics can be classificd into two main divisions®
one-circwited cubics having a single odd eireuit, and (wo-
cirewited cubics having an odd and an even cireuit.t

From & point I’ on the even circuit of a cubie, no real
tangent can be drawn (other than the tangent at ). For any
line through 2 must evidenily meet the odd circuit and must
meet the even circuit in a point other than P (see fig. 1). Of
the three points thus obtained no two can coincide, unless the
linc is the tangent at 1.

From a point P on the odd cireuit two real tangents can
evidently be drawn to the even circuit (it any). Moreover,
two real tangents can be drawn from P to the odd circuit.
For this is true of ome point of the circuit, namely the
distant point 4 ; and as a point travels along the curve from
A to P, a real tangent from the point remains real and an
unreal tangent remains unreal.

The cubic has nine inflexions, namely the nine intersections
of the cubic with its Hessian (Ch. VII, § 7). Of these an odd
number must be real, since both cubic and Hessian are real.
We shall show that exactly three are real, that they are col-
linear, and that they lie on the odd circuit of the cubic.

* The names ‘odd’ or ‘even’ circuit emphasize the fact that the circuit is
met by any straight line respectively in an odd or even number of points.

+ The names ‘unipartite’ and ¢ bipartite’ are also used instead of ‘one-
cireuited’ and ¢ two-circuited’.
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Firstly, no inflexion can lie on the even circuit. For the
tangent at such an inflexion would meet the cubic at threc
points coinciding with the point of contact. But every straight
line must evidently nect the odd circuit in at least one point,
and therefore no straight line can meet the even circuit in
more than two points.

Secondly, suppose 4 and B very distant points on opposite
ends of the odd circuit. It is evident from fig. 1 that, since
the odd circuit does not cross itself ¥ hetween A and its inter-
section C' with the asymptote, the cireuit has at least one

7

[o)]

Fio. 2.

inflexion between A and €. Siwilarly it has an inflexion
between B and C.

The circuit has then two real inflexions. The line joining
them meets the circuit again in a real point which is also an
inflexion (Ch. VII, § 4).

To show that the curve has no more than three real inflexions,
suppose that I,, 1,, I, are the inflexions just found and that
1, is a fourth real inflexion (Fig. 2). Then I,1,, 1,1,, 1,
meet the curve again in real inflexions I;, Iy, 1,5 while 1,1,
and 1,1, meet the curve again in real inflexions /g and /,
which we may suppose to be their intersections with /,/; and
I,1;, since these latter lines also meet the curve again in
inflexions. Then I,1,, 1,1,, 1,1, I;1,, &c., meet the curve

* Contrast the case of the crunodal cubic in Ch, XIII, fig. 4.
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again in real inflexions; contrary to the fact that the curve
has no more than nine inflexions real or unreal.*

Ex. 1. Obtain the results of § 1 by proving that at least one line can
be drawn through an inflexion meeting the curve in only one real point,
and projecting that line to infinity.

Ex. 2. Obtain the results of § 1 by projecting a real inflexional
tangent to infinity.

Ex. 8. Show that the locus of the centroid of the three intersections
with a given cubic of straight lines drawn in afixed dircction isa straight
line ; and that, as the direction varies, the locus envelops a conie.

Ex. 4. Through a point O of a cubic any line is drawn meeting the
cubic in Pand Q. Show that the locus of the middle point of I’Q is
a cubic with a node at O and asymptotes parallel to those of the given
cubic.

[Use polar coordinates with 0 as pole; or sec Ch. X1, § 8, Ex. 3.]

ix. 5, The locus of & point P, such that the lines joining I’ to three
fixed points meet three fixed lines in collinear points, is a cubic through
%'he fixed points and the vertices of the triangle formed by the fixed

ines.

Esx. 6. If 04, OB, 0C, OD are the tangents from a point O of a cubic
to the curve, the cubic 15 the locus of the point of contact of a tangent
from O to any conic through .1, B, C, D.

§ 2. Circular Cubics.

We pointed out in § 1 that we can always find a line mecting
a real cubie in only one real point. We may project the unreal
intersections of the line and cubie by a real projection into the
circular points », »’. Hence we can always project a cubic
into a circular cubic, i. e. a cubic passing through the circular
points o, @'

From the real point at infinity on a circular cubic two or
four real tangents can be drawn according as the cubic has
one or two circuits (§ 1). They are parallel to the real
asymptote.

Take the point of contact of one of these tangents as the
origin, and the tangent as the axis of . Then the eubic takes
the form

o (2% + 9% +vat+ 2hay + byt + k=0 . . . (i)

The inverse of this with respect to the circle with centre the

* We may apply the above proof to show that an acnodal cubie has exactly
three inflexions which are real and collinear.
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origin and radius /% is obtained by writing kz/(z?+y?) for x,
ky]ﬁ(w2+y2) for y, and is found to be the cubic itself. Hence:

A circular cubic is self-inverse * with respect to four circles.

This system of circles is obviously self-inverse with respect
to any one of the circles, since the cubic is. Therefore the

Fig. 3 (i).

circles are all mutually orthogonal. It follows that the radical
axis of any pair of the circles must pass through the centres
of the other two, and thence that any one centre is the ortho-
centre of the triangle formed by the other three.

If the circular cubic has two circuits, three of the circles
with respeet to which it is self-inverse are real. The remaining

* The word anallagmatic is sometimes used in the sense of ‘its own
inverse’ or ‘self-inverse’.
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circle is unreal, but it has a real centre on the side of the oval
near to the odd circuit.

If the circular cubic has one circuit, two of the circles are
real, and the other two have unreal centres. This will be clear
from Fig. 8.

Fig. 3 (in).
dr(x+92) +42 (x+5y) +40y=T1x = O,

Ex. 1. The two circles with respect to which a circular cubic is self-
inverse and which have their centres on the odd circuit meet the cubic
at two or four real points according as the cubjc has one or two circuits.
The other two circles do not meet the cubic in real points.

[The points are the points of contact of tangents to the cubic from
the centres of the circles.]

Ex. 2. The tangents to a circular cubic from a point where the
tangent is parallel to the real asymptote are all equal.
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Ex.3. The inverse of a circular cubic with respect to a point on it
is a circular cubic. Its inverse with respect to any other point is a
bicircular quartie.

Ex. 4. Any circular cubic can be inverted into a circular cubic sym-
metrical about a line, or into a bicircular quartic symmetrical about two
perpendicular lines.

[The pole of inversion is (i) the intersection of the cubic with a circle
for which it is self-inverse, (i1) the intersection of two such circles.]

Ex. 5. A nodal circular cubic is self-inverse with respect to two circles,
and a cuspidal circular cubic with respect to one circle.

§ 8. Foci of Circular Cubics.

Suppose j is one of the four circles with respeet to which

a circular cubic is self-inverse. Let a tangent from the circular
oint ® to the cubic meet j at 8. Then the inverses of the
cubic and the line oS with respect to j are the cubic and 'S
respectively. Hence o’ also touches the cubic, and S is a
focus. Now four tangents can be drawn from o to the cubic,
other than the tangent at w, for the cubic is of class 6. Hence:

Any circular cubic is sélf-inverse with respect to each of four
mwluwally orthogonal civcles, and the sixteen foci lie by fowrs
on these four circles.

If P, Q, R, S are the foci on j, the pencils w (I’QRS) and
o’ (PQRS) have the same cross-ratio, since o, o, I, (), R, N are
all on the circle j. Therefore the pencil of tangents from o to
the cubic has the samne cross-ratio as the pencil of tangents
from o’. If we allow the use of unreal projection, any two
points of a cubic may be projected into » and o', the cubie
being thus projected into a circular cubic. Henee we have
the important theorem :

The tangents to « cubic from any point of the curve (vther
than the tangent at the point) form a pencil of constant cross-
ratio.

The cross-ratio is real, if the cubic has two circuits ; unreal
or equal to —1, if the cubic has only one circuit. This is
evident on considering the peneil of tangents from a real point
at infinity on the cubic (see Fig. 1). For the cross-ratio of
a pencil formed by two real and two conjugate unreal lines is
unreal, unless the pencil is harmonic ; while the cross-ratio of a
pencil formed by four real lines is real.

It will be seen in § 5 that, if the cross-ratio is —1, then
with the notation of that section, A2+4+6k+6 = 0. There
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exist both one-circuited (k= —3+ +/8) and two-cireuited
(k = —8—+/3) cubics, for which the cross-ratio of tangents
is =1,

If a real focus S of a two-circuited circular cubic lies on
a circle j for which the cubic is self-inverse, the other real foci
are obtained by inverting § repeatedly with respect to the
other circles for which S is self-inverse. These inversions
leave j unaltered, and therefore all four real foci lic on j. The
cross-ratio of the pencil of tangents fromn any point of the
curve is the cross-ratio of the pencil subtended by the four real
foci at w or atany point of the circle j.

Similarly we show that, if the cubic is one-circuited, two
real foci lie on each of the two rcal circles with respect to
which the cubic is self-inverse *

Take now the origin at the singular focus of the circular
cubic and the axis of y parallel to the real asymptote. Then
the terms of the highest degrec in the equation of the curve
are z (+2+y?%), and the lines 2* + 4* = 0 meet the curve in only
one finite point apiece. It follows at once that the equation
of the cubie is

(w+p) @+ y)+ax+by+e=0 . . . . (i),
where «+p = 0 is the real asymptote.

Consider the circle, whose centre (¢m®— ¢, 2ant) lics on the
parabola with focus at the origin

=4t @+t) . . . . . . (i}),
and which cuts orthogonally the circle
2+ Y2+ 2 (p—20)w+by/2t— (812 —4tp+a) =0 . (iii).

Its equation is

2tm? (Rt—x—p)—m (4ty+b)+a?+ 12 +a+ 2t (x—p)+412 =0
oo (i)

Its envelope is found by writing down the condition that
(iv) should have equal roots in m. It coincides with (i) pro-
vided

648 — 64t + 16 (p?+a) 124+ 8 (c—ap) -2 =0 . (v).

The cirele (iv) is orthogonal to the circle (iii), and therefore
it is self-inverse with respect to (iii). Hence its envelope
(i) is self-inverse with respeet. to (iii). If ¢ is any given root
t, of (v), (iii) is one of the circles with respect to which (i) is
self-inverse.

* As just pointed out, if all four real foci lie on j, the cross-ratio of tangents
is real, which is only possible for a one-circuited cubic, if the pencil is

harmonic. This case requires further investigation; see § 8, Ex. 1, and
§ 4, Ex. 3.
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The centres of those four circles of the family (iv) which
degenerate into line-pairs (circles of zero radius) lie both on
(ii1) and on the parabola obtained by putting ¢ =1¢, in (ii).
They are by definition foci of (i).

It will be noticed that the distance of the centre of (iii)
from the asymptote 2+ = 0 is 2¢. Summing up, we have:

A circular cubic may be considered in four ways as the
envelope of a circle which is orthogonal to one of the circles j
with respect to which the cubic is self-imverse, and whose centre
lies on a fized parabola with its focus at the singular focus of
the cubic and with its axis perpendicular to the'real asymptole
of the cubic. The intersections of the parabola with the circle j
are foci of the cubic, and the distance of the centre of § from the
asymptote 18 equal to the semi-latus-rectum of the parabola.

The parabolas are called  focal parabolas’ or ¢ deferent para-
bolas’ of the cubie.

‘In Fig. 3 (i) the singular focus of the cubic is (0, 0) and the
real ordinary foci are

©, —5), (75,1), (2:31,16), (416, —2.1).

The points at which the tangents are parallel to the Peal
asymptote 200. = 361, i.e. the centres of the circles with
respect to which the cubic is self-inverse, are the centre
(2-305, —-715) of the circle through the real foci, and the
harmonic points (32, %%2), (—$3, &%), (&, 33) of the quad-
rangle whose vertices are the veal foci.*

The focal parabola through the real foci is 492 = 4w+ 1.
The other focal paraholas arc at once obtained from the
fact that their latera recta are twice the distance from the
asymptote of the centres of the circles for which the cubie is
self-inverse.

In Fig. 3 (ii) the circles for which the cubic is self-inverse are

42° + 492 — 402+ 28y—99 = 0
and 4024+ 492+ 402+ 12y —59 = 0,
while the corresponding focal parabolas are
(2y+5)=40(x+3) and (2y+5)2 = —40(2—2).
The asymptote is # = 0, and the origin lies on the curve.
In Fig. 3 (i) and (ii) the foci are shown by the small
circles o, the singular focus hy a cross x, the points of con-
tact of tangents parallel to the asymptote by the dots . .

* This follows from the fact that foci invesl into foci when the cubic is
inverted into itself.
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Ex. 1. Let «, b, ¢, d be tangents from w to a circular cubic, and let
@, b, ¢,d be tangents from o', so that the foci aa’, bb, cc’, dd’ lie on the
circle 7 of § 8. Then the foci

(i) ad, BY, c¢', dd, (i) ba', ab, dc’, ed’,
. (iii) ca', db', ac', bd’, (iv) da’, cb’, by ad’
are such that the groups (i), (ii), (iii), (iv) each lie on one of the circles
for which the cubic is self-inverse. If aa’ and b’ are real, the circle (i)
contains four real foci, or else the circles (i) and (ii) contain two real
foci apiece. No other circle passes through four foci, unless the pencil
of tangents from a point on the curve is harmonic.

[The pencil (a’b'c'd’) has the same cross-ratio as (abed), (bade), (cdab),
(deba). " Tf (abed) is bharmonic, (a'd'c'd’) and (cbed) have the same cross-
ratio, so that ca’, bb', ac’, dd’ are also concyclic.]

Ex. 2. In Ex. 1 the centres of the circles with respect to which the
cubic is self-inverse are the centre of the eircle (i) and the intersections,
of the pairs of lines joining aa’, V', c¢’, dd'.

Ex. 3. The radius of curvature of a circular cubic is a maximum or
a minimum at its intersections with the circles for which it is self-
inverse.

Ex. 4. The equation of any circular cubic can be put in the form
z(a®+y?) + ax®+2hry+ 2gr+2fy = 0.

[Take the intersection of the cubic with the real asymplote x =0 as
onigin.]

Ex. 5. Through the intersection ) of a circular cubic with its real
asymptote any chord OPQ of the cubic is drawn. Show that P, @ are
equidistant from the singular focus.

[The singular focus of the cubic of Ex. 4is (—}a, —k).]

Fx. 6. The normals to a circular cubic with singular focus O at its
intersections with a circle for which it is self-inverse touch a parabola
with focus 0 and axis perpendicular to the asymptote.

[The corresponding focal parabola; see Ch.XI, §11, Ex. 3. Many
properties of these normals can be deduced; for instance, the four
circles circumscribing the triangles formed by any three of them pass
through O and their centres lic on a circle through 0, &c.]

Ex. 7. Find the focal parabolas of
Sx(x?+y)+2a%+6ay+ 6y = 4z
and the circles with respect to which it is self inverse.
[The circles bave centres (—1,1), (=4, —4), (1, -3), (0,0) and radii
3430, 3v220, 3v/22, §v/(-3).]
Ex. 8 In a one-circuited circular cubic the two real focal parabolas
huve concavities in opposite directions. In a two-circuited circular

cubic the focal parabola through the real foci has its concavity in a
direction opposite to that of the other focal parabolas.

Ex. 9. The centres of three circles for which a circular cubic is self-
inverse are the vertices of the common self-conjugate triangle of the
fourth circle and its focal parabola.
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Ex. 10. Two circular cubics can be found with four given concyclic
foci, and their real asymptotes are perpendicular.

[Parallel to the axes of the two parabolas through the foci.]

Ex. 11. The lines joining four concyclic foci of a circular cubic in
pairs are equally inclined to the real asymptote. :

Ex. 12. The centroid of any four concyclic foci of a circular cubic is the
foot of the perpendicular trom the singular focus on the real asymptote.

[Eliminating y or # from § 3 (ii) and (iii) we get the abscissae or
ordinates of the four foci on (i1i).]

Ex. 13. The directrices corresponding to four concyclic foci of a
circular cubic form a pencil of the same cross-ratio as the pencil sub-
tended by the foci at any point of the focal parabola through them.

[The directrices are found by differentiating (iv) with respect to m,
and choosing m so as to wake (1v) a line-pair.]

Ex. 14. The centres of the four circles for which a circular cubic is
self-inverse lie on a rectangular hyperbola whose asymptotes are the
real asymptote of the cubic and the perpendicular from the singular
focus.

[The locus of the centre of (iii) is 2(x+ p)y+b =0, if ¢ is taken as
a varying parameter.]

Ex. 15. Show that the cubic (i) of § 2 is self-inverse with respect to
2+ y® = k, and that the corresponding focal parabola is

(y+0h)=0b(2x+a).
Find an equation giving the other focal parabolas.

Ex. 16. Show that all circular cubics having the same real asymptote
and singular focus, and self-inverse with respect to the same point, have
a focal parabola in common.

[See Ex. 15.]

Ex. 17. Show that the circle through the real foci of a two-circuited
circular cubic meets it in four real points, and that the inverse of the
cubic with respect to any one of these points is a circular cubic with an
axis of symmetry on which the four real foci lie.

[The corresponding focal parabola meets the circle at the real foci,
and the required points are the points of contact with the circle of the
common tangents to circle and parabola. The circle inverts into the
axis of symmetry.]

Ex. 18. Show that a real circle with respect to which a one-circuited
circular cubic is self-inversc meets it in two real points, and that the
inverse of the cubic with respect to either of these points is a circular
cubic with an axis of symmetry passing through two reul foci and
bisecting at right angles the line joining the other two real foci.

Ex. 19. A two-circuited circular cubic has = 0 as asymptote and
three real foci 4 (&, 0), B(B,0), C(y, 0). Show that its equation is
(B+7) (y+0) (X +B) Bz (2 +y7)

+4(0C+ 8+ 91+ By +yx + &) z—(B+7y) (v + &) (x+8)}
=4 {(00+8%+y*+ By +y0+0B)* +4 0By (X +B+7)} 22

[Find the foci of x(x?+y%)+ax+ by+ c=0 in the usual manner, and

identify Ythem with («, 0), (8, 0), (1, 0), (3,0). We have
oa+B8+y+8 =0, &c.]
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Ex. 20. A circular cubic has three real foci 4, B, C on a ling meeting
the asymptote in H. Prove that
(HB*~HC?) . PA + (HC*~HA?) . PB + (HA’— HB*) . PC = 0,
where P is any point on the curve. '
[(8'=+") (2°+y* —20@ + A7) b+ (y* —OF) (r° +y° — 2B+ B°)
+(0P =B (2*+ 9 =2y +9))E =0
becomes the equation of Ex. 19 when rationalized.]

Ex. 21. Show that, if in Ex. 19 O is the singular focus,
04 = — (=00 + 8+ + By + X+ OB) + 4(B+7) (y+&X) (X +8), &e.:
and that
(0BY—0C}) . P4 +(0Ct-04%) . PB+(04}-0B}) . PC= 0.

Ex. 22. Show that, if in Ex. 20 4 BC meets the cubic in U, V, W,
8HU . HV . [IW = (HB+ HC) (HC + II4) (HA + HB).

Ex. 23. A two-circuited circular cubic has real foci 4, B, C and the
circle ABC meets the cubic in K. The circle of curvature at K meets
the circle ABC again at H. Prove that

(HB. KC*~1IC?. KB*) KA . PA+ ...+ ...=0,
where P is any point of the curve.

[Invert with respect to K, and we have Ex. 20. Similarly we may
invert the results of Ex. 21, 22.]

Ex. 24. A one-circuited circular cubic has z = 0 as an asymptote and
three real foci E (£, n), F(& —n), C(v, 0). Show that its equation is
£(£+n2 4+ +28y) 4z (2 +Y)

+2(B8 -+ +2fy)z— £ (8 +n"+y' +28y))
= (B =P+ 2¢y) +4y (£ +07) (€ +y)} 2
[(£+14n, 0) are foci. Therefore replace &, 8 by &+in in Ex. 19.]

Ex. 25. Show that the distances of any point P from the points
A (¢+in, X+iY), B(£—in, X—iY), E(£+Y, X—n), F(§~Y, X+1)
are connected by the relation
(p+is) PA+(p—ic) PB = p (PE*+ PF*~EF*+2PE . PF)}
~o (EF*—PE'~ PF" 42 PE . PF)},

p and o being any real constants.

Ex. 26. Obtain a relation connecting the distances of any point P on
the cubic of Ex. 24 from the foci E, F, C by substituting for P4 + PB,

&e., from Ex. 25 in Ex. 20 or 21. .
By inversion obtain a property of any one-circuited cubic, asin Kx. 28,

Ex. 27. The locus of the foci of a conic through four given concyeclic

points is & pair of circular cubics with the given points as foci. .
[Write down the conditions that the pair of tangents from any point to
k (a:’+2fy+a; =y*+29x+b
should be a circular line-pair, and eliminate %.

The asymptotes of the cubics are parallel to the axes of reference.]
3316 Q
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Ex. 28. Any circular cubic passing through its own singular focus O
may be considered as the locus of the intersection of any member of
a given family of coaxial circles with its diameter through 0.

[Take O as origin and the circles as

224y +pr+a=t(py—>b).]

Ex. 29. Any circular cubic passing through its own singular focus may
be considered as the locus of a point P such that PA . PB= PC. PD,
where 4, B, C, D are fixed points.

Ex. 30. Find the locus of I’ if

(i) The tangents of the angles 4PB, CPD have a constant ratio,
A, B, C, D being fixed points.

(ii) The product of the tangents from I to two fixed circles is equal
to the product of the tangents from P to two other fixed circles.

(iii) The square of the distance of P from a fixed point multiplied by
the distance of P from a fixed line varies as the distance of I’ from
another fixed line.

§ 4. Pencil of Tangents from a Point on a Cubic.

The theorem that the four tangents to a cubic from any
point of the curve (excluding the tangent «¢ the point) form
a pencil of constant cross-ratio was proved in § 3 by means of
unreal projection. The theovem is so important that a straight-
forward proof is given here, only involving real quantities.

It is sufficient to show that, if A and B are any two points
on the cubic, the cross-ratio of the pencils of tangents from
A and B are the same. Let the tangents at A and B mcet
at ' ; and take A BC as the triangle of reference. Since C4,CB
are the tangents at 4 and B, the coefficients of a3 #°, u*z, y°2
in the equation of the cubic are zero. :

Hence, choosing suitable rcal homogencous coordinates, the
equation of the cubic becomes

B4zt (x+y)+ay(ax+by+38cz) = 0.
The line x = {z meets this cubic where
(t+1) 22+ (ut* +2ct+1)yz + bty? = 0,
and therefore touches it, if
(at?+2ct +1)2—4bt (t+1) = 0.
Hence the tangents from B to the cubic are
(aw? + 2 ez +2%)° — 4bad® (x +2) = 0.
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By Ch. I, § 11, the cross-ratio ¢ of these tangents is given by
P (p+1)° (p—2)* (p—3)? = 27J* (@' = +1),
where

1=12{a?—ab+b*+3abc—2 (a+b)c*+c),
J=4(2a2—5ab+20?) (@ +b) —27a*1* + 86ab (¢ +b) ¢
—12(2a2 +ab + 202) ¢* — 86 abc® + R4 (o + b) c* — 8"
Since these expressions for J and J are symmetrical in «
and b, the cross-ratios of the pencils of tangents from 4 and B
are the same.
Another proof of the theorem is given in Ch. XV, §7, Ex. 1.

Ex. 1. Discuss the case tacitly excluded in § 4 in which the tangent
at A goes through B, or vice veisa.

[Compare the pencils of tangents from 4 and B with the pencil
drawn from any other point of the curve. |

Ex. 2. Show that the pencils of tangents from two adjacent points
P and T of the cubic have the same cross-ratio, by using the fact that
the polar conic of P touches the cubic at P and passes through the points
of contact of the tangents from P.

Can the theorem of § 4 be deduced ?

[Strictly speaking, only if 4 and B lie on the same circuit of the
cubic.]

Ex. 3. If a circular cubic is inverted with respect to a point O on the
curve, the cross-ratio of tangents is the same for the curve and its inverse.

By taking O as the intersection of the curve with a real circle for
which it is self-inverse, prove that the intersection of two such circles
cannot be a focus; and that the four real foci of a harmonic one-
circuited cubic lie on a circle for which the cubic is not self-inverse.

[The four tangents from o invert into tangents from o', forming a
pencil with the same cross-ratio.

The equation of the inverse curve is § 2 (i) with =0 and k>0.
The real foci are readily found. The curve is harmonic if ab = 2%, and
one-circuited if 4% > a%]

§ 5. The Cubic (z+¥y+2)*+6keys = 0.

We proved in § 1 that a non-singular or acnodal cubic has
three real collinear inflexions. Choose the tangents at these
inflexions as the sides of the triangle of reference, and choose
real homogencous coordinates such that the line of inflexions
isx+y+2=0.

The most general equation of a cubic is

xyz = ax®+ by + c2® + 8yz (fy + p2) + 32w (92 + q=)

+ 8y (hx +ry).

Q2
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With our choice of coordinates 2 = 0 meets this where
(y+2)* =0, so that b= =f=p. Similarly for y = 0 and
z=0. Hence:

Any cubic (other than a crunodal cubic, a cuspidal cubic,
or a cubic with three concurrent real inflexional tangents) can
be put in the form

(x+y+2)°+6kayz =
by a real choice of homogeneous coordinates.
Conversely, the cubic
= @+y+2P+6kzyz=0 . . . . . (i)

has three and only three real inflexions (0, 1, —1), (-1, 0, 1),
(1, —1, 0), the real inflexional tangents 2 =0, y =0, z=0
being not concurrent. Hence we cannot put the equation
of a cubic with three real concurrent inflexional tangents or of
a cubic with a cusp or crunode into the form (i).

The curve (i) has a double point when

F_U_Y_
Y Il riat ekl
This gives, on excluding z =y =2 =0,
k=—-3% and 2=y ==
Hence :
An acnodal culic can be put in the form
(+y+2)P’ = 2ayz
by a real choice of homogeneous coordinates, the acnode being
the point (1,1,1).

To find the cross-ratio ¢ of the pencil of tangents drawn to
the cubic from any point of the curve, it is sufficient to con-
sider the tangents drawn from the point (1, —1, 0).

Now t(x+7%) = z meets the curve where

(t+1)*(2+y)*+ 6ktay = 0,
and therefore touches it if
4144126846 (2+K) 2448 = 0.

Proceeding now as in § 4 we have

ke +47°{(@+1)(¢—2) (—D}*=(F+6k+6)* ($2—p+1)%

The tangential equation of the cubic, found as in Ch. IV,
{3, is

I(p=v)* =N 2 A—p)?+ 4k (—2u + vA 4+ Ap)

(v —2vA + Ap) (pv +vA = 2Ap) — 12822222 = 0,
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Ex. 1. For what value of & is the pencil of tangents from any point of
the cubic (z+y+2)®+6kzyz =0 (i) harmonic, (ii) equianharmonic ?

[() 424+ 6k+6 =0, (ii) bk =-4.]

Ex. 2. Find the inflexions of the cubic

f=(x+y+2)f+6keyz=0.
[The Hessian is
H=(z+y+2)(2yz+ 220+ 2xy — o —y* — %) 4 2haryz = 0.
The inflexions li¢ on the lines
S=3H=4(x+y+3)(r+oy+o’c)(r+w’y+w)=0]
Ex. 3. Show that in general two cubics with given inflexional tangents

at three given collinear inflexions touch a given line. Mention any
exce)tions.

LIf the line passes through an intlexion or the intersection of two of
the given tangents, there is only one cubic. |

Ex. 4. Given the tangents at three given collinear inflexions of a
cubic, the locus of the remaining inflexions is two straight lines.

[See Ex. 2.]

Ex. 5. Show that nine cubics can be drawn in general to pass through

three given points, given three inflexional tangents and the fact that the
three corresponding inflexions are collinear.

[If Lx+my+nz=0 (i=1,28) are the inflexional tangents and
the three given points are the vertices of the triangle of reference, the
cubics are

(ha+myy + n2) (lx+mgy + ny2) (lgx+ mgy + ng)
= {(Llls)d w4 (mymgmg)i y 4 (n,gmg)% 215,
any value of the cube roots being taken.]
Ex. 6. Under what circumstances is the triangle formed by the real

inflexionul tangents of a cubic self-conjugate with respect to one of the
polar conics of the cubics ?

[The polar conic of (1, 1, 1), when & =—38.]
Ex. 7. The point and tangential equations of an acnodal cubic can be
put in the form
:L‘-l=+y-’ﬁ+:-l' =0, P B} 'l.‘&-i-u“i = 0.

§ 6. Symmetry of Cubics.

A curve of the second degree has always symmetry, but this
is not true of a curve of the third degree. However, a cubic
may always be projected into a symmetrical curve.

Firstly, we have:

A cubic can be projected so as to be its vwn reflexion in
u line.

For suppose I is any real inflexion and [ its harmonic polar.
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Let any line through 7 meet the cubic again in P, Q and 7 in R.
Then (IR, PQ) is harmoniec.

Hence, if we project 1 to infinity and the angle between
I and IR into 90°, PQ will be bisected at right angles at R.
Again,

A cubic can be projected so as to be symmetrical about a
cenire.

=1 —_1
m =3, h—=2.

Fig. 6.

For if we project ! to infinity, I will be the middle point
of PQ.

These two theorems hold for nodal and cuspidal cubics also.

More interesting, perhaps, is the result due to Clifford
(Collected Works, p. 412) :

Amny cubic (other than a erunodal or cuspidul cubic) can be
projected so as to have the symmetry of an equilateral triangle.

In fact project the cubic so that the line of real inflexions
is at infinity, and the triangle formed by the real inflexional
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1 =243
m==z k=—75g"

Fig. 8.
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tangents is equilateral. Then, taking areal coordinates, we
proved in § 5 that the equation becomes

@+ y+2)°+6kwyz =0,
from which the symmetry is obvious.

\/

VRS

h =~

Fig. 9.

\%

0/ \C

m==1, ko3

Fig,. 10.

The case in which the inflexional tangents are concurrent
wants separate discussion.

In this case project the curve so that the line of real
inflexions is at infinity and the angles between the inflexional
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tangents are 120°. Take their intersection as origin and one
of them as the axis of . Then the asymptotes of the curve
are y =0, y = ++/3.2; and since the asymptotes meet the
curve in no finite point the equation of the curve is of the form

Y (3a2—y?) = a¥,
or in polar coordinates
5in 30 = u?,
from which the symmetry is obvious.

The cubie has one or two circuits according as y = = meets
the curve in one or three real points, i.e. according as k is
greater than or less than — 3.

Diagrams of the cubic for various values of k are given in
Figures 4 to 10. The m and the dotted lines are explained
in§7 Wehave dm?—-2m+1)k=4(m=—1)%

§ 7. The Cubic &’ +y*+:%+6mayz = (.

Every real non-singulur cubic can be put vn the formn
o +y* +27+ 6mayz =0
by u red chotice of honogeneous coor dinutes.
We proved in § 5 that a cubic can be put in the form
@+y+2)°+6keyz=0 . . . . . (i)

by a real choice of homogeneous coordinates.
In this equation put

2=-2mX+Y+2Z, y=X-2mY+Z, :=X+Y-2mZ,
where 4(m=1P=k(4m*—2m+1) . . . . (i)
ie. 21—m)Rm+1) X =Rm+1)z+y+z, &e.
This will be lawful except in the cases
m=1 when k=0, and m = —% when k= —3.
Then straightforward reduction gives
. 2m+1)?
(x+y+2)*+6keyz = 4—,'%2_2—0—73-_“
. Hence if we choose m as the real root of (ii), i.e.
m = {2 Qk+9)¥+ 2k} - (2 (Qk+9)¥ —2 (2k)}),

(X*+Y3+2Z°+6mXYZ).
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and replace X, ¥, Z by z, 3, 2* we have the cubic in the
required form,
e now consider the cases m =1 and m = —4.
Firstly, we note that, if

f=a+yP+2+6mayz=0 . . . . (iii)
R df _df _df _ .
has a double point, S8 =39 35 0 at the double point,

which gives on elimination of z:y:2z that 8m*+1 =0, But
a value of m satisfying this cquation makes f split up into
three linear factors.t Hence (iii) cannot be a unicursal cubic
unless it is three straight lines. This cxplaind the failure of
the above argument when &k = — §, which gives us an acnodal
cubie (§ 5).

Secondly, we note that our argument does not apply to the
cubic for which the tangents at the three real collinear in-
flexions are concurrent ; for such a cubic cannot be put in the
form (i). We showed in § 6 that it can be put in the form

y(Baf—y) = a¥s
and putting

X=—2%a+3%z+y, Y=—25a—8z+y, Z=—-23a—2y,
we have

X'+ Y34+ Z°+6XYZ = —18¢®— 184>+ bda’y = 0.

Hence the case m = 1 gives us the cubic in which the
tangents at three real collinear inflexions are concurrent.

The sides of the triangle of reference for the cubic (iii) are
given by the dotted lines of Figures 4 to 10.

§s8.
The inflexions of
Byt +2t+6mayz=0 . . . . . (i)
are its intersections with the sides of the triangle of reference.
In fact the equation may be written
(—2mz+y+2)(—2mz+ o’y +02) (- 2me + 0y + 0*2)
+(8m*+1)a* =0;
which shows that
—2me+y+2=0, —2mr+e?y+wz=0,
—2ma+ oy + ez =0
are inflexional tangents whose points of contact lie on = = 0.

* By Ch. I, § 1, this is equivalent to choosing fresh homogeneous co-
ordinates with (2m+1)x+y+2 = 0, &c., as the sides of the new triangle of
reference.

+ See the beginning of § 8.
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Another proof is obtained by writing down the polar conic of
any intersection of the cubic and « = 0, for instance (0, —1, 1).
It will be found to be

(—2ma+y+2)(y—2) = 0.
Since this degenerates, (0, —1, 1) is an inflexion,
—2mx+y+2=0

being the inflexional tangent and y = ¢ the harmonic polar of
the inflexion. Another proof is given in § 9.
The nine inflexions of (i) are given by the scheme

0, =1,1), (0, —0% ), (0, —w, @)
1,0, =1), (0,0, —0?, (&% 0, —w)}.
(-1,1,0), (=0%0), (—o 0’0

The inflexional tangents are

mr+y+s=0, —2mr+oy+oz=0, —2mrt+e?y+wz=0
z=2my+2z=0, o*z—2my+oz=0, wr—-2my+oe’z=20
z+y—2mz=0, ozr+o’y—2mz=0, o*T+oy—2mz=0

The harmonic polars of the inflexions are

=%z Y=z :l/=w"':
=2, =0 =oT}.
r=y, =0y, =o'y

The inflexions lie by threes on twelve lines

=0 £+y+2=0) or+y+s=0 w2w+y+z=0}
y=0p, 2+0y+e’2=0 z+oy+zs=0",

z2=0) z+o*y+wz=0] c+ytoc= z+y+a?z=0

Three inflexions are collinear if (1) they lie in the same row
of the inflexions-scheme, (2) they lie in the same column,
() no two of the three inflexions lie either in the same row
or in the same column.

The twelve lines intersect in twenty-one points, namely the
nine inflexions and the twelve ‘ critic centres’ of the cubic

(1,0,0, (1,1,1), (o%11), (»1,1)
(0: l’ 0): (17 m2) a’): (1’ ‘02, 1), (la , 1)} .
0,0,1), (1,0, 0%, (1,1,0%), (1,1, 0)
If ¢ is the cross-ratio of the pencil of tangents from any
point of (i) to the curve,

64m® (m*—1)* {(¢p +1) (p—2) (p— 3)}?
= (8mS+20m3—1)2($2— +1)%

|

e+ o’y +2 =OJ .



236 THE CUBIC «*+3*+ 2+ 6mayz =0 XIV 8

This may be proved as in § 5 by considering the pencil of
tangents from (—1, 1, 0) to the curve; or by putting

k=dm—1)P=@m-2m+1) . . . (i)

in the expression for the cross-ratio found in that section.*

The tangential equation of the curve is

Aﬁ +l‘6 + VG_ (32,'n3+2) ("Ziyii + V:$A3+A3I‘3)

— 4m Ay (N + p® + 1) — (48m* + 24m) N ptv* = 0.

The curve has two cireuits if m < —}, and one circuit if
m>—3, as may be deduced from § 6 by means of equa-
tion (ii) above.

As an exercise the reader may obtain this result from the
expression just obtained for ¢, noting that ¢ is only real (and
not —1, , or 2), if the cubic has two circuits.

Ex. 1. Show that the equation of any cubic, not crunodal or cuspidal,
can be put in the form

Pr+yt+izt e’ +aly +xyt 4+ 6leyz = 0.
Find the cross-ratio of thg tangents from any point of the curve.
[Consider the tangents from (1,0,0). The cubic is acnodal, if 7= —1.]

Ex. 2. Find the cross-ratio of the tangents from any point of
Y+ Py + P+ 6prys = 0.

[Consider the tangents from (0,0,1). The pencil of tangents is
harmonic if 2162°4-86p%+ 1 =0, and equianharmonic if p=0 or
92°+4+1=0. We show in Ch. XVI, § 6, Ex. 15, that the equation of a
cubic can be put into this form in twenty-four different ways.|

Ex. 3. Show that the equation of any cubic, not crunodal or cuspidal
or having three real concurrent inflexional tangents, can be put in the
form

Br+yP’+2 =h(z+y+2)>

[Replace z, ¥,z by y+=2, z+x, z+y in § 7(i).]

Ex. 4. The inflexions of the cubic of Ex. 3 lie on

(T+y+2) (z+oy+os) (@4 0’y +w) = 0.

The lines £ =0, y = 0, = = 0 each pass through a real inflexion, the
inflexional tangents being y+ > = 0, &c.

Ex. 5. Find the cross-ratio of the pencil formed by the tangents from
any point of the cubic of Ex. 8.

[Consider the tangents from (-1, 1, 0).]

* For the case of any cubic, see Elliott’s Algebra of Quantics, § 291, &e.
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§ 8. Syzygetic Cubics.

The Hessian of
B+yPP+2+6mayz=0 . . . . . (i)
is at once found to be
+P+2°+6Mryz =0
where =—Rm?+1)/6m? . . . . . (i).
The curve and its Hessian meet where ayz = 0; i.e. the
inflexions of the cubic lie on the sides of the triangle of
reference, as proved before.
We see that :

A cubic has the sume inflexions as its Hessian.

The family of cubics found by varying m in the equation (i)
all have the same inflexions; they are called a family of
syzygetic cubics. The Hessian of any member of the family
belongs to the family.

The harmonic polars of the inflexions are the same for all
the syzygetic cubics of the family.

Sinee (ii) is of the third degree when considered as an
equation in m,

Any non-singular cubic is the Hessian of three syzygetic
cubics.

Ex. 1. A real cubic is the Hessian of one or three real cubics according
as it has one or two circuits.

[The roots of the equation 2m*+6Mm?+1 =0 in m are all real, if
8M3+1<0.]

Ex. 2. All cubics through eight given inflexions of a cubic pass
through the ninth inflexion and are syzygetic with it.

[If f£=0 is the cubic and I =0 its Hessian, any cubic through
eight inflexions is f+#%H = 0].

Ex. 8. The polar Jine of a point P on a cubic with respect to any
syzygetic cubic passes through the tangential of P.

[If Pis (=, y, 2), the tangential of P is

(ey® — w28, y2* —yx®, 2a® - 2y*).]
Ex. 4. The polar conic of a point P with respect to any cubic of

a syzygetic family goes through four fixed points lying on that cubic
of the family which passes through P.

[If Pis (£, g, (), the polar conic passes through the four intersections
o &+t + (=0 and tyz+nzx 4+ (xy = 0.]

Ex. 5. If the pencil of tangents from any point of a cubic is harmonic,
the cubic is the Hessian of its Hessian.

[8m®+20m*—1 = 0. We may call the cubic ‘ harmonic ]
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Ex. 6. If the pencil of tangents from any point of a cubic is equi-
anharmonic, the Hessian degenerates.

[m® (m®—1) = 0. We may call the cubic ‘ equianharmonic.]

Ex. 7. There are two species of equianharmonic cubic. One species
has a Hessian consisting of three real lines. Each real inflexional
tangent meets two unreal inflexional tangents at a critic centre which is
a vertex of the triangle formed by the Hessian.

The other species has a Hessian consisting of one real and two unreal
lines. Its real inflexional tangents are concurrent at a critic centre.

[n =0 and »® =1 in the two cases. The critic centres are (1, 0, 0),
0, 1,0), (0,0, 1) and (1, 1, 1) respectively.]

Ex, 8. Under what conditions is the polar conic of a point P for a
cubic a coincident line-pair ?

[Either (1) the cubic is cuspidal, and P is the cusp or the intersection
of the cuspidal and inflexional tangents, or (2) the cubic is equi-
anharmonic, and P is one of the critic centres referied to in Ex. 7.]

Ex. 9. If all polar conics for a cubic have a common self-conjugate
triangle, the cubic is equianharmonic. The sides of the triangle are
the degenerate Hessian,

Obtain the equations of the sides of the triangle for the cubic of
§8, Ex. 2, in the cases p =0 and p =—3"%; show that the cubic is
equianharmonic of the second and first species respectively.

“Ex. 10. The tangents at two inflexions of a cubic meet on the har-
monic polar of the inflexion collinear with the two given inflexions.

Ex. 11. The intersection of the tangent at an inflexion of a cubic
with its harmonic polar lies on the Hessian.

[If (0, —1, 1) is the inflexion, the intersection is (1, m, m).] -

Ex. 12. The polar ! of P with respect to the polar conic of Q for a
cubic is the same as the polar of @ with respect to the polar conic of P.

If P and @ are fixed and the cubic is any member of a syzygetic
family, I goes through a fixed point. If this point is on P’Q, P and @ lie
on the same cubic of the syzygetic family.

If R is any point on /, the relation between P, @, R is symmetric.

[PQR is an ‘apolar’ triangle of the 3-ic. If it is taken as triangle of
reference, the coefficient of xyz in the equation of the 3-ic is zero.]

Ex. 13, If any line meets

1P 4224 6maeyr =0
in (#1110 21)y  (ray Yoy 22)y (%5, Yss %),
then Ly Xy Xy + Y1 Yo Y3 + 212525 = 0,
Z1Yz25 + 2, Y32+ LYs 2y + TyY1 S+ Xy Y1 2y + T3 Y2y = 0.

[See Ch. 1, § 6, Ex. 8, and Ch. VII, § 3, Ex. 15. Note list of ‘ Errata’.]

Ex. 14. The inflexions of a cubic lie by threes on the lines e, b, c.
The tangents at the inflexions on b and the tangents at the inflexions

on ¢ form two triangles whose vertices lie on a conic and whose sides
touch a conic. Both conics touch b and ¢ at their intersections with a.

[If @, b,c are z =0, y = 0, 2 =0, the conics are
@+2myz=0 and 2*+8myz=0.]
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Ex. 15. Two triangles are such that each side of either triangle
passes through three inflexions of & cubic, and no two sides of the same
triangle pass through the same inflexion. Show that the two triangles
are in persﬂective in six ways, and that the axes of perspective each
pass through three inflexions.

[If the sides of the triangles are =0, y =0, = =0, and
z+y+2z=0, x+ oyt o’z =0, z+oly+ w0z =0,
the axes of perspective are ox+y+2=0, &c.]

Ex. 16. The pencil of four lines joining an inflexion of a cubic with
the other eight inflexions is equiunharmonic.

[If the inflexion is (0, —1, 1), the lines meet » =0 at
(0’ 11 0)1 (-17 1’ 0)1 (_“’,1 11 0)) (—“” 1! 0)‘]

Ex. 17. Two lines each passing through three inflexions of a cubic
meet at 0. Show that the points of contact of the tangents from O lie
by pairs on three lines through the remaining inflexions.

[#® + 4+ 234 6mzys + kx (2 + 2myz) = 0 is a line+rio, if
Bm®(k+3)*+27(k+1)=0.]

ix. 18. The three 1ntersections of the line through three collinear
inflexions with their harmonic polars form an involution with those
inflexions.

[If the inflexions are (0, —1,1). (1,0, -1), (=1,1,0), the inter-
sections of x+y+z = 0 with their harmonic polars are

("'2, l’ l), (ly _2’ 1)- (l, 1, -2).
The double points of the involution are (w, @ 1), (%, w, 1).]

Kx. 19. The harmonic polars of three collincar inflexions of a cubic
pass through the same critic centre A4, and the remaining inflexions lie
on two lines thiough 4.

The line joining 4 to any one of the collinear inflexions is divided
harmonically by the cubic.

[Take the collinear inflexions as those on 2 =0. Then 4is (1,0,0).]

Ex. 20. The three real lines each passing through one real and two
unreal inflexions of a two-circuited cubic form a triangle. Show that
from each vertex of the triangle two real tangents can be drawn, that
the six points of contact lie on a conic, that the tangents meet the cubic
again in six points on a conic, and that the six tangents touch a conic.

[Ex. 20 to 24 are obvigus from Fig. 4 to 10.}

Ex. 21. From each intersection of two real inflexional tangents of a
two-circuited cubic two real tangents can be drawn to the oval. Show
that these six tangents touch a conic, that their points of contact lie on
a conic, and that the intersections of each pair of tangents with the
third inflexional tangent lie on a conic.

Ex. 22. The three lines joining two real critic centres and passing
through a real inflexion meet the real inflexional tangents at those
inflexions and at six points lying on & conic.

[ALl the conics of Ex. 20, 21, 22 pass through the same two unreal
points on the line of real mﬂexions.]p
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Ex. 23. The six tangents drawn to a cubic from a point on the
harmonic polar of an inflexion I form an involution, and the chords of
contact of conjugate pairs of the involution pass through I.

[There are also twelve cubics such that the tangents from any point on
one of them to the given cubic form an involution. Each such cubic
has three collinear inflexions and corresponding inflexional tangents in
common with the given cubic. See Roberts, Proc. London Math. Soc.,
xiii (1882), p. 26.]

Ex. 24. It is possible to project a family of syzygetic cubics so that
each curve has the symmetry of an equilateral triangle.

Ex 25. The polo-conic’ of the lines 7 and I’ with respect to a cubic is
the locus of a point whose polar conic has ! and 7 as conjugate lines.
The * polo-conic’ of 7 is the locus of a point whose polar conic touches
I(I'=1). Show that

(i) The polo-conic of I and ¥ 1s the locus of the pole of 7 with respect
to the polar conic of any point on 7', and vice versa.

(ii) The polar line of any point on I touches the polo-conic of &

(iii) The polo-conic of I touches the Hessian at three points, which lie
on the polo-conic of Zand 7.

[The polo-conic of :

Ne+py+re=0 and Nz+p'y+vz=0
i AN (MP2P—y2) + oo + o+ (4 py) (mat—-mPy2) 4+ L+ o= 0]

Ex. 26. The configuration formed by the nine inflexionsand the twelve
lines joining them is dualistic to the configuration formed by the nine
harmonic polars of the inflexions and the twelve critic centres.]

¥x. 27. If the equation =0 of a cubic is given, prove that the in-
flexions can be found without solving any equation of degree higher than 4.

[Let H=0 be the Hessian of f= 0. Find % such that f+*rH=0
coincides with its Hessian; then it will be a line-trio on which the
inflexions lie.]

Ex. 28. A quartic through the twelve critic centres of a cubic has an
inflexion at each critic centre.

[The quartic is az (5° —=")+ by (2 —2°) + ¢z (2 —y*) = 0.]

Ex. 29. A doubly infinite family of quintics passes through the nine
inflexions and the twelve critic centres of a cubic. Each such quintic
has an inflexion at every inflexion of the cubic, and the nine inflexional
tangents are concurrent at a point of the quintic.

[The quintic is

ayz (y° + 2 — 2a5) + bex (2 + 2* — 24°) + cavy (2° +y° — 22%) = 0.
The inflexional tangents are
(b+c)x=a(y+2), (b+cw) x = a(y+ws), (b+cot)x = a(y+n’2),
&ec., meeting at (a, b, ¢).]
Ex. 30. Defining a syzygetic fa.milHy of cubics by the equation
+kH =

where f=0 is a cubic and H =0 its Hessian, show that

(i) A syzygetic family of nodal cubics may be projected so as to be all
gimilar and similarly situated with the node as centre of similitude, and

(ii) A syzygetic family of cuspidal cubics may be projected so as to
be all congruent and have a common asymptote which is the cuspidal
tangent of each curve.

[(i) See Ch. XIII, § 4, Ex. 15, (ii) Project into (z—%)y*=1.]



CHAPTER XV
(CUBICS AS JACOBIANS

§ 1. Jacobian of three Comnics.

SupPOSE that U =0, V =0, W =0 are the equations in
homogeneous coordinates of three conics not passing through
the same four points, The polars of the point P (2, ¥, <)
with respect to the conics are

20 AU, A

’ =0
o H syt as

P)
and two similar equations; where ;—;{ means the result of

putting «’ for @, y” for y, &’ for = in ba -, &e.
£

These polars are concurrent (at ¢ say) if

AT AU A7
al dyf

AV 2V ¥V -0
s sy 37 | T
W AW oW

| 3y o7

Dropping the dashes we have the equation of the locus of
a point whose polars with respect to the three given conics are
coneurrent. It is evidently a cubic curve. called the Jacobian
of the conics.* Its equation is usually written

2OV, _
d(x,9,5)
Since the polar of P with respect to each conic passes

through @, the polar of @ passes through P. Hence Q is also
on the Jacobian. We call P and @ conjugate points on the

Jacobian.

* For the moro general case see Ch. VII, § 10.
2216 R
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The Jacobian of the conics
N+ Vi W=0, ,U+p,V+r,W =0,
A317'+ﬂ3V+V3W = 0,
where the A’s, u’s, v's, are constants, is

0 O dmy,2)
_ ; );1 14 MU, V, W)
= | AP vy o
} Ay py vy 2=, ¥, 2)

as is at once verified by the rule for multiplying determinants.
If these conics all pass through the same four points,

l A
Ay By ¥y
| Ay B3 V3!
In this case the equation of their Jacobian vanishesidentically;
as is geometrically obvious, for the polars of any point with
respect to all conics through four given points are concurrent.
If the conics do not pass through the same four points,
their Jacobian is identical with the Jacobian of the original
conics U=0,V =0, W =0. Hence:

The Jacobian of any three conics of the fumily
AU+pV+vW =0

(which do not pass through the same four points) is identical

with the Jacobtan of U=0,V =0, W=0.
The conic AU+puV+vW =0 hasanode at (X, Y, 2), i.e.

is a line-pair meeting at (X, Y, 7), if
2 20V bW__O )\b_U VW
axtrax trax =Y Mrtewtrar =
A 2 oV W
2zt Pzt 5z
Eliminating A:p:v between these equations, we see that
(X, Y, Z) must lie on the Jacobian ; and if this is the case,

the equations give one and only one value of the ratio A: u:v.
Hence :

= 0.

A 0,

=0.

Any point on the Jacobian of a family of cowics is the centre
of one and only one degenerate conic of the family, and the
centre of any degenerate conic must lie on the Jacobian.

If P, Q are conjugate points on the Jacobian, and 4 is any
other point on the Jacobian, the lines AP and 4Q are har-
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monic conjugates with respect to the degenerate conic with
centre A. For AQ is the polar of P with respect to the
degenerate conic.

Ex. 1. If three conics have a point 4 in common, their Jacobian has
a node at 4.

[Take 4 as (1,0, 0).]

Ex. 2. If three conics have points B, C in common, their Jacobian
degenerates into the line BC and a conic through B and C.

Fx. 3. The Jacobian of three circles is the line at infinity and the
circle orthogonal to them all.

[Take the circles as

22+ 1+ 29,2+ 2f,y+¢c =0, (i=1,2,38).]
Fix. 4. Find the circle orthogonal to
2+ +8x+15 = 0. 24 P +2x—-12y+21 =0,
x4 t—-2x+4y+1=0.

[£*+y*+20—-2y—-T7 = 0.]

¥x. 5. If three conics pass through the points 4. B, C, their Jacobian
degenerates into the lines BC, C4, AB.

Kx. 6. If three conics pass through 4 and two touch at A, their
Jacobian has a node at 4 and one branch of the Jacobian totiches the
two conics at A.

Ex. 7. If three conics have a common pole and polar, their Jacobian
degencrates.

[Into the common polar and two lines through the pole.]

Kx. 8. If three conics have a common self-conjugate triangle, their
Jacobian degenerates into the sides of that triangle.

[See Ex. 7.]

Ex. 9. The sides of the common self-conjugate triangle of any two
conics may be obtained by forming the Jacobian of the two conics and
their harmonic locus.

|The two conics and their harmonic locus have a common self-conjugate
triangle. See Ch. IV, § 4, Ex. 4.]

ix. 10. The Jacobian of two conics and a coincident line-pair
degenerates.

[Into the line and a conic.]

Ex. 11. The Jacobian of a conic, a circle with centre P, and a co-

incident line-pair at infinity is the rectangular hyperbola through the
feet of the normals from P to the conic together with the line at infinity.]

[The Jacobian of
ar’+by? = 2% 2%+ y*—2¢xy —2qyz +c2? = 0, 2=0
by (2~ £2) = ax (y—n2).

R2

is
Now put 2z =1]
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Ex. 12. The axes of a conic (using any coordinates) may be obtained
by writing down the Jacobian of the conic, its director circle, and a
coincident line-pair at infinity.

[We suppose that we know the equation of one circle and of the line
at infinity. We thus obtain the tangential equation of the circular
points. Then, forming the harmonic locus of the conic and the circular
points, we have the director circle. The Jacobian degenerates into the
axes and the line at infinity by Ex. 11.]

Ex. 13. The Jacobian of two conics having double contact and any
third conic degenerates.

[Into the chord of contact and a conic dividing the chord of contact
harmonically.]

Fx. 14. The Jacobian of two concentric circles and any conic is a
rectangular hyperbola and the line at infinity.

[See Ex. 13. Discuss the case in which the conic is a circle.]

¥x. 15, If the Jacobian of three conics passes through the intersection
A of two of them, the two conics touch at 4.

|Take 4 as the point (1, 0, 0).]

Ex. 16. The locus of the point of contact of two members of the
family AU+pV 4+ vW = 0 is their Jacobian.

[See Ex. 15.]

§ 2. Any Cubic as a Jacobian of three Conics.

Suppose f(xz, 7, 2) = 0 is the equation of a cubic. Then the
polar conig, i. e. the first polar curve, of the point I’ (¢, 7, ¢) is

d d of .
g.b!‘_;.,.,,.b!;JrgS%:o ().

The Jacobian of any three polar conics is the same as the
Jacobian of

o _o, ¥ oo, Yoy,
dw QY dz
und is therefore
Cw
dua- Qe dy drdz
/A A R

I A '
[ dgdx 2yt dydz
B A

[ dzdx dzdy 2zt

which is the Hessian of f(x, y,2) = 0. Now any cubic * is
the Hessian of three different cubics by Ch. XIV,§9. Hence:

* i &, non-singular cubic. See § 3, Ex. 9.
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Any cubic may be considered us the Jacobian of a family
of conics, and that in three different ways.

Suppose now that the polars of P with resp;ect to
3 _o, 2_o, 2f_ '
2= 5y=0 55=0
are concurrent at the point (X, Y, Z), so that P> and @ are
conjugate points of the Jacobian. Then

&f of *f _
$sxe t 15Xy T45xez = O
of o & _
Larax Y57 oy =
2f Af 2 N
Espix tszay TG =0 - - - ()

But equations (ii) are the conditions that @ should be
a double point of the conic (i). Hence:

The polar conic of a point on the Hessiam of a given cubic
ts a line-pair meeting at the conjugate point of the Hesgian
considered as the Jacobiun of the polar conics of the given
cubic.

§ 8. Ruler-construction for Cubics.

Consider,a given cubic as the Jacobian of a family of conics.
Denote conjugate pairs of points on the cubic by P and 17,
Qand @, ....

If Pand P, Q and Q' are conjugate pairs of points on a
cubic, so are the intersections of PQ and P'Q’, PQ" and P'Q.

For P and P’ are conjugate for any conic of the family, and
so are @ and . But when two pairs of opposite vertices of
a quadrilateral are conjugate with respeet to a conic, so is the
third pair of vertices.* Hence R and R’in Fig. 1 are con-
jugate for any conic of the family, i. e. are conjugate points on
the cubic.

A cubic is uniquely given when three pairs of conjugate
points ure given.
Expressing the fact that the conic
axt+ byt 4 c2*+ 2 fyz + 29z + 2 hay = 0
has the three pairs of points as conjugate pairs, we get three

* Hesse’s Theorem. It may be proved by projecting the conic into a
circle and one vertex into the centre.
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linear relations between «, b, ¢, f, g,k and thus reduce the
conic to the form AU+uV+vW =0, where A, pu, v are
constants. The Jacobian of this family is the cubic required.

Suppose that 4 and A4’, B and B/, C and ("’ are the three
conjugate pairs of points, then the intersection /) of AB and
A’B’* and the intersection 1)’ of AB" and A’B are a fourth
conjugate pair. From C and (", D and 1)’ we obtain similarly
a fifth conjugate pair; and so on. Hence:

Given three pairs of conjugate points on a cubic, we can in
general construct an infinite number of conjugate pairs by
ruler only.t

Suppose that in Fig. 1  and R are consecutive points on

P

P/

Q R
Fig. 1.

the cubic, then the conjugate points @ and R’ are also con-
secutive points on the curve. We obtain then the result:

The tangents at conjugate points @ and Q' of a cubic meet
at @ point P on the curve, and QQ’ meets the curve again at
the point P’ conjugate to P.

If, therefore, we draw the four tangents from any point P of
a cubic (Fig. 2), the points of contact are two conjulgate pairs
Q and @, S and §’; and the lines QQ’, SS’ meet at .

Since the four points of contact can be grouped into two
pairs in three different ways, we see that

The points of u given cubic calv be divided into conjugate
pairs in three different ways.

* We have tacitly assumed that D does not coincide with C or C'.

1 We do not necessarily obtain the whole cubie in this way. For special
positions of the three given pairs the number of conjugate pairs obtained by
the construction may be finite. See Ch. XVI, § 6, Ex. 9.
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This also follows from the fact that the cubic is the Hessian
of three different cubics, and is therefore the Jacobian of
three different families of conics.

By §2 the polar conic of P with respect to a cubic for
which the given cubic is the Hessian is a line-pair meeting at
P’. Also by §1 this line-pair is harmonically conjugate with

Fig. 2.

respoct to P'Q, P'Q/ and with respect to 1”S, P’S. This
shows that the line-pair is QQ’, SY".

The tangent at I’ is the harmonic conjugate of PP’ with
respect to the line-pair Q@’, SS".

For if p is a point on the cubic close to P, P’ (pp’, @S) is
harmonic; and P’p’ is the tangent at P’ in the limit.

Ex. 1. The real points of a cubic with one circuit can be divided into
conjugate pairs in only one way. The real points of a cubic with two
circuits can be divided into conjugate pairs in three ways. In one way
both points of the pair lie on the same circuit. In the other two ways
one point lies on each ciréuit.

[See Ch. XIV, § 1.]
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Ex. 2. If three polar conics of a cubic are rectangular hyperbolas,
every polar conic 1s a vectangular hyperbola; and the Hessian is a
circular cubic whose singular focus lies on the Hessian.

[The cironlar points are conjugate points on the Hessian. See also
Ch. VII, § 8, Ex. 10.]

Fx. 8. Given three pairs of points 4 and 4’, Band B, Cand C;
the locus of P such that P(44’, BB, CC’) is an involution pencil is
a cubic having the given pairs as conjugate pairs of points.

(The cubic is the Jacobian of conics having the given pairs as con-
jugate pairs. The double rays of the involution are the line-pair of the
family of conics through P.]

Ex. 4. A quadrangle is inscribed in a cubic so that its diagonal points
lie on the curve. Show that, if we take the verticesas (1, +1, +1), the
cubic has the equation

ax (y ~2?) + by (2 —a?) + cz (2®—y?) = 0.

[The quadrangle is QQ'SS’ in Fig. 2.]

Ex. 5. Show that in Ex. 4 the tangents at the vertices of the quad-
rangle meet on the curve at (e, b, c), and that the tangents at

(1,0,0, (0,1,0), (0,0,1), (e d,c)
meet on the curve at (1/a, 1/b, 1/c).

Ex. 6. Show that the cross-ratios of the épencil of tangents from any
point of the cubic of Ex. 4 are (¢ —a?)+(*~0%), &c.

[See Ch. VII, § 5, Ex. 2 (vi).]

Ex. 7. If the tangents at four points of a cubic meet on the curve, the
polar conic of any one has the triangle formed Ly the other three as
a self-conjugate triangle.

[Consider the polar conic of (a, b, c).]

Ex. 8. Any transversal through a fixed point O of a cubic meets the
curve again at Pand Q. Show that the locus of the intersection of the
tangents at P and @ is a trinodal quartic.

[The locus has evidently nodes at the points conjugate to O in the
three wais of dividing the points of the cubic into conjugate pairs. It
also touches the cubic at the tangential of O and cuts it at the points
of contact of the tangents from O.]

Ex. 9. Any two conjugate points P and P’ on the Hessian of Ch. XIII,
§ 4 (ii) of the cubic of Ch. XIII, § 4 (i) are

(coso, sin, —3sin80x) and  (cosB, sin B, —3sin3R),
where 8=o+3m

The tangents from P to the Hessian touch at two points collinear with
P, and the polar conic of P degenerates into a line-pair through P.

For the cubic of Ch, X111, § 4 (iii) and its Hessian we replace sin and
cos by sinh and cosh, while 8 = &+}xi.

§ 4. Cayleyan of Cubic.

Suppose now that P, P’ are conjugate points on the Hessian
of a given cubic (Fig. 2). The envelope of the line PF is
called the Cayleyan of the given cubic. It may be considered
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as the envelope of the line joining any point I’ on the Hessian
to the centre of the degenerate polar conic of 1> with respect
to the given cubic.*

The Cayleyan of a cubic is of the third class. For in Fig. 2
the tangents from P’ to the Cuyleyan are PP, QQ', 8.

Each of the lines of the degenerate polar conic of any point
on the Hessian of a cubic touches the Cayleywn.

For the polar conic of P is the line-pair QQ’, S§" by § 3.

Any two conjugate points Q, Q' on the Hessian of a cubic
are hurmonic conjugates with respect to the point of contact
of QQ with the Cayleyan and the remaining intersection of
QQ’ with the Hessian.

For in Fig. 1 suppose R, R’ the pair of conjugate points on
the Hessian consecutive to @, Q’. Then P’ is the third inter-
section of Q@ with the Hessian, and the intersection & of
Q, RR’ is the point of contact of Q@ with its envelope.
But by the harmonic properties of the quadrilateral (P'E, Q¢)
is a harmonic range in the limit.

§ 5. Tangential Equation of Cayleyan of Cubic.

The tangent iul equation of the Cayleyan of
2+ + 23+ 6mayz =0
‘8 )\3+;43+v3+;,}b(1—4'm3))\pv= 0.

We proved in §4 that the Cayleyan touches the lines into
which “the polar conic of a point (¢, 7, ¢) on the Hessian
degenerates. This polar conic is

£ (@ + 2 myz) + 7 (4 + 2 mex) + { (2 + 2 may) = 0.
If one of the lines into which this conic degenerates is

A +py+ve =0,
the conie is

@+ py +v2) (x/N+ny/p+{2/v) = 0.
Comparing the coefficients of yz, 2, xy, we have
Lmépy —np?—(pt =0
and two similar equations.

* We see that the Steinerian and Hessian of a cubic coincide. See
Ch. VII, §§ 8, 9.
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Eliminating ¢, , ¢ we get
)\3+,u3+v3+7% 1 —4m3) apv = 0,

which is the tangential equation of the Cayleyan.
Exactly similarly we show that

The tangential equution of the Cayleyun 'of
(+y+2P+6kays =0
is (+2) (+2) A+ p2) = 2 (k+4) A

Ex. 1. The Cayleyan touches the inflexional tangents of a cubic.

[The polar conics of the inflexions touch the Cayleyan. Or use the
tangential equation of the Cayleyan.]

Kx. 2. The envelope of a line divided in involution by three given
conics is of the third class.

[The Cayleyan of a cubic having the given conics as polar conics.
The result may also be obtained by considering the tangents to the
locus from any intersection of two of the conics.

For a particular case of the reciprocal of this theorem see § 3, Fx. 3.]

Ex. 8. The poles of uny line with respect to a cubic form the vertices
of a quadrangle whosc sides touch the Cayleyan and whose diagonal
points lie on the Hessian.

[The polar conic of any point on the line goes through the four poles
by Ch. VII, § 2, Ex. 5.]

¥x 4. The Cayleyan and Hessian touch at the point conjugate to any
inflexion P of the Hessian.

[Make P consecutive to an inflexion in Fig. 2. Or verify that the two
curves touch at the points (m, m, 1), &ec.]

Ex. 5. The Cayleyan of a non singular cubic is a curve of the sixth
degree with nine cusps.
The cuspidal tangents are the harmonic polars of the inflexions of the

given cubic.
[The cuspidal tangents and cusps of the Cayleyan are obtained in the
same way as the inflexions and inflexional tangents of
a’+y°+ 2%+ 6mayz = 0.]
Ex. 6. 1f 4 and 4’ are conjugate points on the Hessian, the polar of

A with respect to the polar conic of A’ for any syzygetic cubic touches
the Cayleyan.

Ex. 7. The locus of a point whose polar line with respect to the cubic
touches the Cayleyan is a sextic.

Ex. 8. Discuss the case m =0 in § 5.

Ex. 9. Reciprocate the mutual relationships of cubic, Hessian, and
Cayleyau.
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Ex. 10. Find the tangential equation of the Cayleyan of
() 9’z = 42° - g, 22" — g, 2", (ii) Sz =y(y—=) (y-¥'=),

(iii) ax (y*—2%) +by (*—2%) + ez (2~ y®) = 0.

[Equating the coefficients of 2 3?, 2%, yz, 2z, xy in
(Az+py+vz) Ne+p'y+v'2) and géf + "_bf + (éj;,
ox dy o=

and eliminating &, n. , X, ', »' between the six linear equations thus
}bta.(i)n]ed, we have the tangential equation of the Cayleyan of the cubic

Ex. 11. The Cayleyan of a cuspidal cubic degenerates into the cusp
and the intersection of the cuspidal and inflexional tangents.

Ex. 12. The Cayleyan of a nodal cubic is a conic having as the vertices
of a self-conjugate triangle the node 4, any inflexion C, and the inter-
section B of the harmonic polar of C with the line of inflexions,

[The Cayleyan of = (2’+y®) =y (32*Fy?) is 22 = 9(y*+2%). See §3,
Ex. 9, for the coordinates of a pair of corresponding points on the
Hessian ; or use the method of Ex. 10.]



CHAPTER XVI
USE OF PARAMETER FOR NON-SINGULAR CUBICS

§ 1 A Standard Equation of the Cubic with two Circuits.

The equation of any cubic with two circwits can be put in
the form
22 =y (y—o) (y—~kix), where 1 >k%>0,
by a suitable choice of homogeneous coordinmates.

Take a triangle of reference ABC such that BC is the
t.?.ngent at a real inflexion C, and AB is the harmonic polar
of C.

Since the equation of the cubic must reduce to y*> = 0 when
we put z = O in this equation, the coefficients of 2%, y%z, y2* in
the equation are zero.

Since the polar conic of (0, 0, 1) is zz = 0, the coefficients of
2%z and xyz are also zero. Choosing homogeneous coordinates
such that the coeflicients of z:z and y® are equal and opposite,
the equation becomes

2 —(y—aa) (y—Be) () y4) = 0.

The points (1, «, 0), (1, B, 0), (1, y, 0) are the points of con-
tact of the tangents to the cubic from (0, 0, 1), and are real
since the cubic has two circuits. Suppose a>8>y.

Put now

X 1 -
a‘f‘y, Y= Y+ay_—79 z:(a_y)zz, 5__1=k2’
and the equation becomes
2*X = Y (Y-X) (Y -I*X).
Replacing X, Y, Z by «, y, = we have the required form.
; Th(;} point (1, 0, 0) is now the point of contaet of a tangent
rom C.

€r =

§ 2. Coordinates of any Point on a Cubic with two Circuits.

Any point on the cubic

sz =y (y—a) (y—k'=z)
may be taken as

(sn®u, snu, enw dnu),
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the modulus of the elliptic functions being k, as is at once
verified.
Remembering that,* if m and n are integers,

sn(w+2mK+2nK'i) = (—1)"snwu,
en (w+2m K+2nK'i) = (—1)™*"eny,
dn (u+2m K +2n K’i) = (—1)"dnu,
we see that the point on the cubic is unaltered, if we replace
w by u+2m K +2n K.
The points with parameters u,, u,, w, are collinear if
Uy + Uy +uy = 0 (mod. 2K, 2K'i).

This is equivalent to sn (u,+u,+u,) = 0. Denote snu,,
enw,, dnu,, ... by s;, ¢;, d;, .... Then en (w,+u,+u;) = +1
gives

ey =en (U +u,) = (5,6, dy—r, 05, )= (s ey dy—8y 0y dy) ¥

Hence

d, _ d, _ dy ‘
si(CaesFe) T 8,0 FCy) T s eF )
Substituting for d,:d,: d, in the determinant
5 8 ody
8" 8, Cpdy |
88 edy

we find that it vanishes. But the vanishing of this determi-
nant is the condition that the points with parameters u,, u,,u,
should be collinear.

Another line of argument is to employ the formula

L3 . 2

8% 5 od, 82 e d,

SN (U, + Uy +Uy) = | 87 8, Cydy 8% ¢, ({2
8% 8y ¢ d “‘32 Cydy

To obtain the inflexions take 2, u,, u, all equal to v. We
have then sn3» =0 or

u=5%eK+3Kt (e, =0,1,2)
The real inflexions are given by
u=0 u=3%K, uwu=
The odd circuit of the curve is given by real values of u
lying between O and 2 K.

* See A. C. Dixon’s Elliptic Functions, §§ 22, 88.
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The even circuit of the curve is given by u = v+ K’¢, where
v is real and lies between 0 and 2 K.*

Fx. 1. Use § 2 to prove that the inflexions lie by threes on twelve
straight lines.

Ex. 2. The four tangents from any point of the cubic to the curve
form a pencil, one of whose cross-ratios is k%

[Consider the tangents from the inflexion C.]

Ex. 8. The points of contact of the four tangents from the point on
the curve with parameter u are

(% s, ed), (¢ cd?, —Kk'%sd), (1,K%s% —KPsed), (d% K*c*d, kK %sc);
where s, ¢, d denote

sn(—3u), en(—%u), dn(—1w), and #*+k2=1.
[The parameters of the points of contact are
-tu, -3u+K, —}u+K'i —Ru+K+K'i]

Ex. 4. Obtain the cross-ratio of the range in which the tangents at

the points with parameters
n, o+K, o+Ki ov+K+K'i

meet a side of the triangle of reference, and verify that the cross-ratio of
the pencil formed by the tangents from a point on a cubic is constant.

[The method of § 7, Ex. 1, is also available.]

§ 8. Parameters of Points on a Conic or Cubic.

If wy, uy, Ug, Uy, Uy, U are the parameters of poimts on o
conic,

Wy + U+ Uy + U, + 0+ U, =0, .

The congruence is taken modulo 2 K, 2 K’¢ ; and so always
unless the contrary is stated.

For suppose the three lines joining the points with para-
meters u, and u,, u, and u,, u; and u; meet the cubic again
in points with parameters vy,, v,,, v;5. Then

U+ U+ 0, =0, Ug+U,+v3y =0, us+u;+v;=0.

But the given cubie, the three lines just mentioned, the

conic and the line through the points with parameters v,, and
vy, are three cubies through the points with parameters

WUy s Ug, Uy, Uy, Uy, Ug, Vpgy Vyge

They therefore all pass through the point with parameter
vy (Ch. XII, § 2). Hence the points with parameters v,,, v,,,
v, are collinear, and v, + vy, + v5, = 0. Hence

Uy + Ug + Uy + Uy + Uy + Uy = 0.

* Forsn(v+ K't) = 1/kenv, cn (v + K'i) = idnv/ksnv,dn(v + K’3) = icnv/snv,
see A. C. Dixon's Elliptic Functions, § 18.
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If uy, Wy, Wy, Wy, W, g, Wy, g, Uy e the parameters of the

intersections of the given cubic with another cubic,
Uy +Ug+ Uy + Uy + 2+ U+ U+ g+ Uy = 0.

Suppose that the conic through the points with parameters
Uy, Uy, Uy, U, Wy meets the cubic again in a point with para-
meter p; and that the two lines joining the points with
parameters g and w,, 4, and u, meet the curve again in
points with parameters ¢, ». Then
U+ U+ U+ U+ U +P =0, ug+u,+9 =0, ug+u,+r =0.

Now of the twelve intersections of the given cubic and the
quartic consisting of the conic and the two lines just mentioned,
nine lie on another cubic. Therefore the remaining three lie
on a straight line.*

Hence p+¢g+7 =0; and thercfore

Uy + g+ Uy + Uy + Uy + Ug + Ug 4+ Uy + Uy = 0.

§ 4. A Standard Equation of the Cubic with one Circuit.

The equution of any cubic with one circuit can be put in

the form
22 (y—r) = (y+x) (k2 +k2y2) ; where 2+1k" = 1.

Asin {1, take C as a recal inflexion and A B as the harmonic
polar of C.  But take 4, B as the double points of the involu-
tion determined by (1) the intersection of 4B with the tangent
at ' and the real intersection of AB with the cubie, (2) the
pair of unrcal intersections of AB with the cubic. Choose
also the homogeneous coordinates so that the tangent at C is
@ =7. Then, asin § 1, the equation of the cubic contains no
term in 2%, #%z, xyz, or Y%z, and takes the form

2 (y—2) = (y + ) (aa® + by?).

In this @ and b have the same sign. There is no loss of
generality in supposing them both positive, for we ean inter-
change « and y if they are negative. Now replace z by
(¢ + b)iz, and the equation of the cubic is in the required form.

Any poing on this curve is

(snw enw, snw, (1+cnwu)dnuw),

the modulus of the elliptic functions heing k. The point on
the cubic is unaltered, if we replace u by

w+2m (K+K'i)+2n (K —-K'3).

* Ch. XII, §7, Ex 4. More rigorous is the proof by Abel’s theorem,
Ch.X, § 7,-Ex. 7.
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As in § 2 the parameters u,, 15, 15 of three collinear points

are connected by the relation
w,+uy+uz =0,

the congruence being now taken modulo 2 (K +K’%) and
2 (K —K'i). The proof is as in §2, noting that for three
collinear points en (u, +uy+uy) = +1.

The inflexions have parameters

2e(K+K'))+3¢ (K—K"), (¢, =012).

The real inflexions have parameters 0, $K, $K. The real

part of the curve is given by real values of u lying between 0

and 4K.
The connexions between the paramcters of the points in

which the curve meets a conic or another cubic are the same
as in the case of the cubic with two circuits, except that the
congruences are taken modulo 2(K + K’3) and 2(K — K’3).

Fx. Show that the equation of a cubic with two circuits can be put in

the form
2 (y—z) = (y+) (4*—k*x"), where 1>k° >0;

and express the coordinates of uny point rationally in terms of elliptic
functions.

[C is the inflexion, and 4 and B are the double points of the involution
determined by the intersections of the harmonic polar of C (1) with the
odd circuit and the tangent at C, (2) with the even circuit.]

§ 5. Unicursal Cubic.

If (z, ¥, 2) is a double point of
2x =y (y—a) (y—k*x),
then (Ch.II, § 4)
24 (L4 Ayt —2kzy = —3)2+2(1+ A% wy—k*a® = 22 = 0.
Rejecting the case & = y = z = 0, we get
either k=0, y=2=0,
when the cubic becomes
e = o (y—a),
with an acnode at (1, 0, 0) ;
or k=1l z—y=2=0
when the cubic becomes
2o =y (y—a)}
with a crunode at (1, 1, 0).
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Similarly (z, y, 2) is a double point of
2t (y—a) = (y+2) (K*2®+ k%Y%), where k?+K?% =1,
either if k =0, y =z = 0, when the cubic becomes
2 (y—a) = y*(y +2),

with an acnode at (1, 0, 0) ;
orif k=1, x = z = 0, when the cubic becomes

_ 2 (y—a) = a*(y +)
with a crunode at (0, 1, 0).

If the cubic has a double point, the elliptic functions de-
generate into trigonometrical functions, as could have been
foreseen, since the cubic is now unicursal.

We sce that the standard equation of a cubic found in either
§1 or §4 includes the case of arracnodal or crunodal cubic, but
not that of a cuspidal cubie.

In Ch. XIII we expressed the coordinates of any point on a
unicursal cubic in terms of a parameter in such a way that
the sum of the paramcters of three collinear points = 0.
Hence many of the results established for non-singular cubics
hold good with slight modification for unicursal cubics. We
shall Jeave the reader in general to find out for himself what
modification is necessary in any particular case.

§ 8. Applications of the Parameter.

We now apply the parametric ropresentation of a point on
a cubic to the investigation of various properties of the curve.

A cubic has twenty-seven sexlactic points, namely, the points
of contact of tamgents from the inflexions.

A sextactic point of a curve is one at which the conic of
closest contact has six-point contact.
If v is the parameter of such a point, we must have 6u = 0,
for the sum of the parameters of six points on a conic = 0.
" This gives

€ €
’llv=6;M+6.Z\’, (€,€,=0,1,2,3,4,5);

where M=232K N=2Kk'

for the cubic with two circuits, and
M=2K+HK'3), N=2(K-K")

for the cubic with one circuit.

But this formula includes the inflexions (the conic being

the inflexional tangent taken twice), namely, when € and €’ are
2216 s
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both even. There remain twenty-seven values of u giving
sextactic points.

If the tangential of such a point has the parameter v,
’
ut+u+v=0,orv=—-2u= —-ﬁM—e‘—N.
3 3
Hence the tangential of a sextactic point is an inflexion.

A cubic has seventy-lwo coincidence points, namely, the
points coinceding with their third tangential. .
A coincidence point of a curve is one at which an infinite
number of cubics can be drawn having nine-point contact
with the curve. .
If w is the parameter of such a point, we must have u = 0,
and therefore

’
€ € ,
w=gM+ N, (4 ¢ =0,1,284567,8).

Excluding the case in which e and € are multiples of 3,
which gives the inflexions, we have seventy-two coincidence
points.

As shown above, the tangential of the point with parameter
v has parameter —2u, the second tangential (tangential of
the tangential) has parameter —2 (—2«) = 4%, and the third
tangential has parameter —2.4u = —8u. Therefore a point
coincides with its third tangential if «w = —8u or 9u = 0.

If the tangents at the points with parameters u,v meet on
the curve, i.e. the points have the same tangential, 2u = 2v
and therefore, since v £ u,

v=u+iM u+iN, or u+iM+3N.

Hence when the points of a cubic are grouped into con-
Jugate pairs (Ch. XV, § 3), the parameters of a pair differ
by $M, 3N, or 3(M+ N). It will be remembered that there
are three different ways of grouping the points into conjugate
pairs.

1f, however, we confine ourselves to the real points of the
cubic, we have only one method of pairing the points of the
cubic with one circuit, and three methods of pairing the points
of the cubic with two circuits.

Ex. 1. If one polygen of 2 sides can be inscribed in a given cubic
with the gides passing alternately through Pand @, where Pand Q are

given points of the cubic, an infinite number of such polygons can be
sciibed.



XVI6 APPLICATIONS OF THE PARAMETER 259

[Suppose 1y, g, ...y Uy, are the parameters of the vertices of such
a polygon, and p, g are the parameters of P, Q. Then we must have
the congruences,

pHegtug =0, prus+u, =0, ..., PHUg 1+, =0;
gHug+us =0, g+ug+u; =0, ...y gtuga+1,=0;
which are consistent if n(p—g)=0.

P and Q are called Steiner's points. See Clebsch, Crelle, 1xiii (1864),
p- 106.]

Ex. 2. Show that for the polygons of Ex. 1

(i) If » =2, the tangents at P and ¢ mcet on the curve; so that
P and Q are conjugate points on the cubic.

(ii) If n =8, PQ, and QP, mect on the curve; where Py and @ are
the tangentials of P and Q. .

Any two inflexions form a Steiner pair for inscribed hexagons.

(iii) If »n = 5, PQ, and QF, meet on the curve; where PQ, and QF,
meet the curve again in P, and @,, and PQ, and @I, meet the curve
again in P; and Q.

The conics of closest contact at P and @ meet on the cubic.

(iv) Any two sextactic points form a Steiner pair for inscribed
dodecagons.

ix. 3. The two points in which the lines joining any point of the
cubic to a pair of Steiner points meet the curve again are also a
Steiner pair.

Ex. 4. If P, Q and P, @ arc two Steiner pairs, the lines PP’ and Q@'
meet the curve again in a Steiner pair. ,

Ex. 5. If P, @ is a Steiner pair for a polygon of 2« sides, and P@
meets the curve in the tangential of R, then P, R (and ¢, R) is a Steiner
pair for a polygon of 4n sides.

Ex. 6. If all but one of the 3n points, which are the vertices of a
polygon of 2n sides and the intersections of opposite sides of the polygon,
lie on a cubic, so does the remaining point.

[If 2y, #z, ..., Uy, are the parameters of the vertices, we have to prove

U+ Syt thygy, Ut Us = U1 FUnggy oo
consistent ; which is evidently the case.

Pascal’s theorem is a particular case of this result. The reader may
generalize the theorem. For instance, consider the case
Uy + Uy = Uy F 1y, Uty =gt U, ey

Uppog+ Ugy g = hgn+ 1y, Mgy g+ Uy = tig+ 5]

Ex.7. If 4,, B,, 4;, By, ..., 4,, B, are given points on a cubic such
that one polygon of 27 sides can be inseribed in the cubic with its sides
passing in order through A,, B, 4,, By, ..., 4,, By, then an infinite
number of polygons can be thus inscribed.

Ex. 8. Three triangles can be inscribed in a given cubic whose sides
meet the curve again in three given collinear points.

Ex. 9. Three non-collinear points are taken on a cubic with parameters
u, v, w. The lines joining any two of these meet the cubic again in
three more points. The line joining two of the six points now obtained
meets the cubic again in a fresh point, and so on. Show that the points
thus obtained have parameters given by the expression mu+nv+pw,
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where m, 1, p are positive or negative integers such that m+n+p—1 is
a multiple of 3.

Under what conditions is the total number of points obtained finite ? *

[The points with parameters
—v—w, —w—u, —u-—0, (v+w)+Ww+u), u+v-(v+v+2w)=— 2w,
and similarly —2u, —2» are among those obtained. Now assume the
result true for all values of m, n, p numerically less than those considered,
and use induction.

The number of points is finite if 1, v, 10 are commensurable with any
periods.]

Ex. 10. The tangents at 4, B, C, D on a cubic meet on the curve, and
P is any other point of the cubic. The lines PA, PB, P(', PD meet the
curve again at A’ B, ¢', D'. Show that the tangents at 4’, B’, C', D’
meet on the curve, and that the line joining 4, B, C,or D to 4', B, C’,
or I’ passes through one of four points P, @, R. S on the curve, such
that the tangents at P, @, R, S meet on the curve.

¥x. 11. An infinite number of triangles can be inscribed in a cubic
such that the tangent at cach vertex mcets the opposite side on the
curve. Any side is divided harmonically by the cubic and its point of
contact with its envelope.

[If u, v, 10 are the parameters of the vertices,

u=3v=3w=u+v+u.
See also Ch. XII, § 4, Ex. 21.]

Ex. 12. Find tbe number of conics through four given points of a
cubic which touch the curve, and the number of conics through three
given points of a cubic which osculate the curve.

- [Easy also by quadratic transformation.]

Ex. 13, Nine or three of the sextactic points are real. Three of them
lie on the odd circuit, and six on the even circuit, if it exists,

Ix. 14. Six of the coincidence points are real. They all lie on the
odd circuit.

Ex. 15. The coincidence points are the vertices of the 24 ‘Hart
triangles’, both inscribed and ~circumscribed to the cubic.

Fx. 16. If a conic has five-point contact with a cubic, it meets the
cubic again on the line joining the point of contact to its second
tangential. i

Deduce the fact that the sextactic points are the points of contact of
tangents from the inflexions.

[bu+v=0, u+du+w=0 give v=w.]

Fx. 17. If a conic has four-point contact with a cubic, the line joining
the other two intersections of the conic and cubic passes through the
gecond tangential of the point of contact.

[du+v+w=0, p+v+uw=0 give p=4u.]

Ex. 18. All cubics having eight-point contact with a given cubic at
a given point pass through the third tangential of the point of contact.

Deduce the fact that a coincidence point coincides with its third
tangential.

* If not, the construction gives the whole of the odd circuit or the whole
of both circuits, Sce llurwitz, Crelle, evii, p. 141,
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Ex. 19. The locus of the sextactic points of a pencil of syzygetic cubles
is nine straight lines.

The harmonic polars of the inflexions. The locus of the coincidence
points is eight equianharmonic cubics; see Halphen, Math. Annalen,
xv (1879), p. 359. We may get their equation by identifying P with its
third tangential in Ch. XIV, § 9, Ex. 3.]

Ex. 20. A cuspidal cubic has no sextactic or coincidence points,

Kx. 21. A nodal cubic has three sextactic and six coincidence points.
How many are real ?

Ex. 22. From the number of sextactic points of a cubic, deduce that
any curve has 12m—15n+9« sextactic points.

[We assume that the number is the same for all curves of the same
type. Let it be ¢ (n, m, &), where & is 3m+«x. Now if f=0, f; =0
arc the equations of {wo curves, ff; =< 1s a curve very closc to the
degenerate curve ff; = 0, € being a small constant. Hence for all values
of n, m, &, #’y m’, & we must have

G, m, X)+P(n, m', )= ¢ m+n, m+m, x+).
The theory of functional equations gives rcadily that ¢ = an+bm+ X,
where a, b, ¢ are constants not involving 2. m, &. Now @, b, ¢ are at
once given by noting that

n=3 m=6 =18, ¢p=27; n=3, m=4 x=12, ¢=3;
n=38 m=38, x=10, ¢=0
must satisfy the relation ¢ = an+bm+c0.]
Ex. 23. The number of coincidence points on a curve is
33m—42n+27«.

[As in KEx. 22. For a more general result see Halphen, Bull. dc lu
Soc. Muth. de France, iv (1876), pp. 59-85.]

¥x. 24. Three families of conics can be drawn touching a given cubic
at three distinct points. If a conic is drawn through the three points of
contact of any such conic, it meets the cubic again in the points of
contact of a triply-tangent conic of the same family.

Ex. 25. If six points of a cubic lie on a conic, so do the six conjugate
points. T,
[If w4 uy4 cos +ug =0, (e +3M)+ (g +3M)+ oo 4 (ug+3 M) =0]

Ex. 26. If a second cubic passes through nine points of a given cubic,
another cubic passes through one of the points und the points conjugate
to the other eight.

§ 7. Another Standard Equation of the Cubic

The equation of awy cubic can be put in the form
Ytz = 4a®— g,02% — g, 2"
by a suitable choice of homogeneous coordinates.

" In this equation g, and g, arc any constants, the notation
being that which is usual in the theory of elliptic functions."
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“Take as sides of the triangle of reference the tangent at
a real inflexion B, the harmonic polar of B, and the polar line
of the intersection A of this tangent and harmonic polar.

Since the equation of the cubic must reduce to #° =0 when
we put 2z = 0 in this equation, the coefficicnts of a?y, @y?
and ¥° in the equation are zero.

Since the polar conic of (0, 1, 0) is yz = 0, the coefficients
of wyz and yz* are zero.

Since the polar line of (1,0, 0) is = 0, the coefficient of
x2z is zero.

We see then that the cubic is of the form

ax®+ by?z + cx2? +dz* = 0.
Replacing now = by (—4b/w)¥z, we get the required form.

The cubic has one or two circuits according as the harmonic
polar ¥ = 0 of the real inflexion meets the curve in one or
three real points; that is, according as g,°—27 g,* is less than
or greater than zero.

The usual condition (Ch. II, § 4) shows that, if (z, ¥, 2) is
a double point of the curve,

yz = 1222 — g, 2% = y* 4+ 29,25+ 3¢32* = 0,
leading to g,® = 27¢.% and to
1
z:y:z=—0,2:0:2,
It will be readily found that in this case the double point is
a crunode, cusp, or acnode, according as g; is <, =, or >0.

Hence the equation of every (non-degenerate) cubic can be
put in the given forin.

Fx. 1. Use the equation of a cubic given in § 7 to prove that the
pencil of tangents from any point of a clﬁlic has a constant cross-ratio.

[Let (& n,’1) be a point P on the curve. The line

y—nz=m (r—£2)
through P meets the curve where & = {2 and where
422+ (4E—m¥) zz+ (mPE—2mn+4£2—g,) 22 = 0.

The linc is therefore a tangent if this equation in x/2 has equal roots,
which gives mt—24 ¢m?+82ym + 16 g, —48¢* = 0.
Since the line meets = = 0 at (1, m, 0), the cross-ratio ¢ of the pencil of
the tangents from P is given by (Ch. I, § 11)

(p+1)%(p—27 (p—3) I° =27 ($*~p+1)*J?,
where I=16g,, J=~64g,.]

Ex. 2. The cross-ratio of the tangents from any point of the curve is
harmonic if g, = 0, and equianharmonic if g, = 0.
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§ 8. Coordinates in terms of Weierstrass’s Funotion.
If the cubic

Y2 = 407 — 9,22 — g, 2"

is non-singular, we may tako any point on the curve as

(pw, p'u, 1); where pu is Weierstrass’s elliptic function
given by

() 3 t
(@) = 4 (pu) —gpu—y,; L

u. pu=1.
>0 @

If the points with parameters w, v, w are collinear,

pu pu 1
pv v 1 |=0 . . . . . (i
pw pw 1

This gives
u+r+w =0 (mod. 20, 2¢’),
where 20, 20 are the periods of @u.
In fact (Dixon’s Elliptic Functions, § 72), if w+v+w = 0,

(a’v—p'w)z__ A(@’w—[o’u 2

pu+@v+‘ow=%(pv—pw T\ puw—pu

pv—p'w ow—p'u o u—pv
tov—pw — + pro—pu * pu—pv’
from which (i) immediately follows.*
The inflexions have parameters
2 (ew+€w), (e, =0,1,2).
20 4o

The real inflexions have parameters 0, 3’ 3 where 2w

Henee

is the real period.

The odd circuit is giyen by real values of the parameter.
If ¢,°>27g,% the cubic has also an even circuit given by
parameters of the form u + o', where u is real.

The connexions between the parameters of the points in
which the curve meets a conic or another cubic are the same
as in the case of the cubic with two circuits in § 3, except that
the congruences are taken modulo 2w.and 2”. The standard
form of this and the preceding section may be used as in § 6
to establish properties of the cubic instead of the standard
forms of &§ 1, 4.

* It is at once proved that all the plus or all the minus signs must be taken.



CHAPTER XVII
UNICURSAL QUARTICS

§ 1. Types of Quartic.

A QUARTIC cannot have more than three double points
(Ch. VIIL, § 2), so that its deficiency may be 0, 1, 2, or 3.
By the aid of Ch. VIII, § 1, we may draw up a table showing
all possible types of quartic as follows:

| Type " ( n ) " i T ¢ D
LW $o0oae 0 0 28 2y 3
G| 4 1|1 e [ s |2
dii) R o 1 |10 w6 | o2
Gvi | 4 | 8| 2 0 85 12 | 1
() t l 7 1 1 4 10 1
(vi) ] 6 0 2 1 9 1
(vit) 4 6 3 0 1 Ti-u_‘
(vin) 4 ; ) ::-)__._ T _:)__ | i ) u__
dx) L 4__! 12 1 2 i__ -
[ox) I 1 3 , 0 3 ] 1 0 ’ 0

To these types must be added the quartic with a triple
point, or higher singularity.

In this chapter we discuss yuartics of zero dcficiency,
namely types (vii) to (x) of the above table, rescrving the
discussion of the other types for Chapters X VIII and X1X,

§ 2. Geometrical Methods.

Suppose a quartic has three double points 4, B, C. We
may convert it by quadratic transforhation into a conie,
taking 4, B, C as the vertices of the triangle in Ch.IX, Fig. 1.
We thus deduce the properties of the unicursal quartic from
those of the conie.
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A process which comes to the same thing is to project B
and C into the circular points and then invert with respect
to A, when the quartic becomes & conic (a parabola, if 4 is a
cusp); and from each property of the conic a property of the
quartic is deduced.

In fact, it is readily scen that the equation of a quartic with
double points ab the origin and circular points is of the form

e (@ + %)%+ 2 (g +fy) (@ +y2) + ua? + 2hry + by* = 0,
since every circular line meets it in only two finite points

Fig. 1.
The limacon + = «+bcosd for a/b = 3,1, 8,2 3.

(Ch. IL § 5). An inverse of this with respect to the origin is
the conic
ww? +2hay + byt + 2 gx + 2fy +¢ = 0.

The method of projection and inversion will, however, be
suitable only if B and C are double points of the same kind,
e.g. both cusps or both ordinary nodes. It is not readily
applicable if all the double points are of different kinds;
for instance, a cusp, an ordinary node, and a flecnode. But
quadratic transformation is still available.

In the case of a quartic with a node A and two cusps B, ¢
cach property of the curve can be duplicated by reciprocation ;
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for the reciprocal of such a curve is a similar quartie, as is
evident from its Plicker’s numbers.

If we project B, C into the circular points, and then invert
with respect to A4, the quartic becomes a conic with A4 as focus ;
since the inverse of a curve with respect to a focus has cusps
at the circular points, and converscly (see Ch. V, § 4, and
especially Ex. 1 to 6 in that section).

Hence, if we project the cusps of a quartic with a node and
two cusps into the circular points, it becomes the inverse of
a conic with respect to a focus, i.e. a limagon with polar
equation of the form

r=a+hcosd.

Fig. 1 shows five limagons with the same b and
a/b=1%,1,%,2, 3.

The properties of a quartic
with three cusps may be inves-
tigated geometrically in various
ways. For instance, we may
obtain its propertics by re-
ciprocation from the known
properties of the nodal cubie.

Or again, if we project two
of the cusps into the circular
points, the curve becomes a
limagon with a finite cusp, i.e.
the cardioid

r=a(l+cos ),

which is the inverse of a para-
bola with respect to its focus.

. Or again, if we project the
points of contact of the bitangent into the circular points, the
curve becomes a threc-cusped hypoceycloid (Fig. 2).

For the polar reciprocal of the curve with respect to a cusp 4
will be a cubic touching the circular lines at 4 and having
the line at infinity as inflexional tangent. Its equation can
therefore be put in the form

c@+yt)=2> . . . . . . ()

Fig. 2.
Threc-cusped hypocycloid.

A being the origin. .
But the parametric equations of a three-cusped hypocycloid
are
z=3%a(2cosp+cos2¢), y=3%a(2sinp—sin2¢) . (ii),
the cusps being ¢ = 0, 2, $m, and the origin the centre of
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the curve. Writing down the polar of the point (ii) with
respect to the circle
o (z—a)l+yr=10
and finding its envelope, by differentiating with respect to ¢
in the usual manner, we obtain
3 {(z—a)+y*} +4a(xz—a)P =0

as the polar reciprocal of the hypocycloid with respect to
a cusp. But this is the curve (i).

Another proof is given in § 5.

ix. 1. A quartic has nodes 4, B, C. Through A4 is drawn any line
meeting the quartic again in P, @ and BCin R. Find the locus of S if
(PQ, RS) is harmonic.

[Project B and C into the circular points. Then we have : ‘¥ind the
locus of the middle point S of a chord PQ of a bicircular quartic meeting
the quartic again at its finite node 4. Now invert with respect to 4,
and we have : ‘ Through a fixed point 4 a line is drawn meeting a fixed
conic in P, @ and Sis a point on PQ such that 1/4P+1/4Q =2/4S;
find the locus of S." It 1s a straight line (the polar of 4). Hence the
locus of the middle point of the chord of the bicircular quartic is a circle
througg ]A ; and the locus of § for the original quartic isa conic through
4, B, C.

Ex. 2. The four points of contact of tangents from two nodes of a
trinodal quartic lie on a conic through those nodes.

[Projecting the two nodes into the circular points and inverting with
respect to the other node, we have: ‘The intersections of a conic with
a pair of directrices are concyclic.”)

Ex. 3. A quartic has nodes 4, B, C. Tangents BM, BM’ and CN, CN'
are drawn to the quartic. Show that two bitangents to the quartic pass
through the intersection of MN and M'N'.

If BM and BM' meet CA in m and m’, CN and CN’' mcet B4 in n and
2/, then two bitangents pass through the intersection of m»n and m'n’.

[Project B, Cinto the circular points and invert with respectto 4 ; or
use the equation of the bitangents given in § 3. These theorems are
due to Jolliffe, Messenger Math., xxxiii.]

Ex. 4. Six conics pass through the nodes 4, B, C of a trinodal quartic
and touch the curve. The first conic meets the second again in P, the
second meets the third again in @, and so on for the points P, Q, R, S, T, U.
Show that the conics ABCPS, ABCQT, ABCRU pass through the same
four points.

[Projecting and inverting we have Brianchon’s theorem. Derive a
theorem from Pascal’s theorem similarly.]

Ex. b. A quartic has three nodes 4, B, C. The conics through 4, B, C
osculating the curve at 4 cut at L and M a conic through 4, B, C
touching the curve at P. Show that LM, PA are conjugate chords of
the conic LMPABC.

Ex. 6. A quartic has three nodes 4, B, C. A chord P’Q meets BC in R
and (PQ, RS), 4 (PQ, BC) are harmonic. Show that the locus of Sis a
conic through B, C and that the envelope of the conic ABCPQ is a
guartic with 4 as node and B, C as cusps.
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Ex. 7. A quartic has nodes 4, B, C. Conics are drawn through these
nodes touching the quartic at P and Q. If PQ passes through 4, the
locus of the remaining intersection of the conmics is a conic through
A, B, Cc ]

Ex. 8. Quartics with three given nodes and passing through four other
fixed points cut any line through a node in involution.

Fx. 9. In general there are two quartics with threce given nodes,
passing through four other fixed points and touching the circle through
the nodes (the point of contact not being & node).

Ex. 10. A quartic has a node 4 and two cusps B, C. Prove that

(i) If 4D is the chord conjugate to BC of any conic through 4, B, C
touching the quartic, the locus of D is a conic through B and C.

(ii) If tangents from B and C to the curve meet at D and 4D meets
the curve at I’, PA and the tangent at P dividle BC harmonically.

(iii) The chord of contact of a conic through B and C touching the
quartic at two points passes through one or other of two fixed points.

(iv) If PAQ is a chord of the quartic, the conics through A4,B,C
touching the curve at P and @ meet again on a fixed conic through
4, B, C.

[Project B and C into the circular points and invert with respect to A.
The reader may derive other propertics of the quartic similarly, or may
obtain other theorems by reciprocating those given above.]

Ex. 11. The tangents at the cusps of a tricuspidal quartic are concurrent.

[The reciprocal of: ‘The inflexions of a nodal cubic are collinear.’
Obtain other proEerties of the tricuspidal quartic by reciprocating the
examples 1n Ch. XIII, § 4.

The result is also evident on projecting the quartic into a cardioid or
three-cusped hypocycloid. ]

Ex. 12. Quartics have given cusps 4, B, (' and the tangent at 4 is
also given. Show that the locus of the point of contact of a tangent
drawn from a fixed point on BC is a pair of lines through 4.

Show also that the tangents to two such quartics at an intersection
divide BC harmonically.

¥x. 13, Through the cusps of a tricuspidal quartic three conics are
drawn touching the curve clsewhere. Show thaut the remaining inter-
sections of the conics are collinear.

¥x. 14. Find the envelope of the line through any point I’ of a
tricuspidal quartic which forms a harmonic pencil with the lines joining
P to the cusps.

Ex. 15. Any tangent to a tricuspidal quartic meets the curve again at
Pand Q. The tangents at I, @ meet at 7" and cut the bitangent IJ at
E, F. Prove that

(i) (EF, 1J) is harmonic.

(ii) The locus of T is a conic through I, J touching the quartic at
three points.

(iii) The line joiming T to the intersection of PF and QE passes
through the point of concurrency of the cuspidal tangents.

.
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Ex. 16. Two bicircular quartics with the same foci and common finite
node cut orthogonally.

Ex.17. TfSand S are the foci of a bicircular quartic with a finite
node 4, (AS'.SP+ AS.S'P)/AP is constant, P being any point on the
curve.

Ex. 18. In Ex. 17 the lines A4S, AS are equally inclined to the tangents
from A to the quartic.

Fx. 19. A bicircular quartic with finite node O can be regarded as the
envelope of a circle passing through O whose centre lies on a fixed conic.

It can also be regarded in two ways as the envelope of a circle
orthogonal to a fixed circle j through O whose centre lies on a fixed
conic touching j at O.

27, 2

20
+ .-
ys o ozx o wxy

b
§ 8. The Quartic (:_ + i—/—“' + p,_; + =0,

Another method of obtaining properties of the trinodal
quartic is to take the three double points as vertices of the
triangle of reference. In the equation of the quartic there can
be no terms involving tho third or fourth power of z, y, or =.
Hence the quartic takes the form

ay?? + 02at + catyt + Rays (fe+ gy + he) =0 . . ().
If we divide by 2?y%:%, we get the equation at the head of
this section.

We shall denote by A, B, C, F, G, Il the cofactors of
a,b¢, f, 9,k in

w bhog
A=L b f], .
g f ¢

so that. 4 = be—f2, F = gh—«af, &e.

The tangents at the nodes are
¢y +2fyr+b22 = 0, az?+ 2gza +ca? = 0, ba? + 2hay +ay® = 0,
being the terms multiplying «? 32 2? respectively equated to
zero.

The tangents from the nodes touching the quartic elsewhere
are L
By —2Fyz+Cz2 =0, (22—2@2x+ Aa? =0,
Axz*—2Hzxy + By* = 0.

For the quartic may be put in the form

a h g\, C 2F B __
5+§ 5)+§/§—E+52—0 R VI

which shows that the lines By?—2Fyz+ C2? = 0 touch the
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quartic at its intersections with the conic a/z+h/y+g/2 =0
other than the nodes.

The four bitangents of the quartic are
Fe+gy+he = + vVbex + Veay + vVabz,
either three or one + signs being taken on the right.
For putting
w = fo+ gy + he,
the cquation of the quartic may be written
(Vays + vVbez+ v exy)®
4 = 22yz (—u+ Vhew+ veay+ vabe) . . (iii);
showing that
u= vbcx+ Veuy+ vabz
is a bitangent with its points of contact on
Vayz+ Jbaz+ Vewy =0;
and similarly for the other bitangents.
The result may also be proved by writing the equation of
the quartic in the form
(ul—be & —ca y®—ab 2%)?
= (w— Vboa— Voay— vabz) (u— vbew+ veay+ vab2)
xw+ viea— vVeay+ v ab2) (u+ Ve + veay— vabz)

(iv).
The tangential equation of the quartic, found in the usual
way,* is
S2(AS 4+ A%) = Auv (18 AAS + 16 A% +27 A%Apy),
where A=FAx+Gu+Hvy
and S =aX4bpt+er?—2fuv—2gvA—2hAp.
It will be found that
AS+AN2=BOXN +CAu*+ ABV+2AF v+ 2BGV7\+2CH?;4
e e e (V)

The cross-ratio ¢ of the range in which the line
Az +py+ve=20
is divided by the quartie is given by
I3 {{p+1) (§—2) (p—B)}* = 27J2 (°—$+1)°
where

T=3832—36AurA, J=—33+18AurSA +54AN2u%2

* See Ch. IV, §8. Or, if Az+puy+vz =0 and the quartic touch ome
another, so do A/z+p/y+v/z=0 and ax®+ by +c2? + 2fyz + 2g2x + 2hay = 0.
Now write down the well-known condition that these two conies should
touch,
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For the lines joining the intersections of the line and
quartie to (0, 0, 1) are

6022t + 12 (AA2 + DAp—fAv) 22y
+6 (@A +bu?+cvi—2fuv —2gvA + 4hAp) 22y?
+12 (hp®+arp— guv) zy* + 6ap?yt = 0;

and the cross-ratio ¢ of this pencil is given by the above
equation (Ch. I, § 11).

Ex. 1. If a quartic with three real nodes has a rcal bitangent, each
node is either an acnode, or is a crunode such that the tungents at this
crunode and the lines joining it to the other two nodes form two non-
overlapping pairs of lines. In this case all four litangents are real,
the tangents from the nodes are all real or all unreal, and the quartic
may be put in the form

Y2+ 2t + 2yt + 2y (fr+ gy +he) = 0.
[For a real bitangent a, b, ¢ have the same sign.]

Ex. 2. A real quartic with three nodes of which only one is real has
two real bitangents.

LWe mnly] suppose « and b, f and y, x and y conjugate imaginaries, and
¢, h, z real,

Ex. 8. The envelope of a line divided by a trinodal quartic in a
equianharmonic range is a curve of the fourth class with four nodes.
Three of these nodes are the nodes of the quartic and the two curves
have the same tangents at these nodes. The other common tangents of
the curves are the inflexional tangents of the quartic.

[The envelope is 7=0. The fourth node is (¥, G, H). We shall
show in § 4 thut £ = 0 touches the nodal tangents of the quartic.]

Fx. 4. The cnvelope of a line divided harmonically by a trinodal
quartic is of the sixth class. It hasthe nodes of the quartic as biflecnodes,
the two curves having the same tangents at these nodes. The other
common tangents of the curves are the inflexional tangents of the
quartic.

[The envelope is J = 0.]

Ex. 5. Show that (27+8J)/Auv = 0 is a curve of the third class and
that the twelve common tangents of this curve and I = 0 are the nodal
and inflexional tangents of the quartic.

Kx. 6. If one of the nodes becomes a cusp. one of 4, B, C is zero.

‘x. 7. What modification occurs in the tangential equation of the
curve, if one or more nodes become cusps ?

Fx. 8. Find the bitangents if one or more of the nodes becomes a
cusp. What modification must be made in Ex. 1 in this case ?

Ex. 9. The diagonals of the quadrilateral formed by the bitangents
are Gr+Fy—Cc=0, &c. The triangle whose sides are these
diagonals and the triangle whosc vertices are the nodes are in plane
perspective.

[The axis of perspective is z/F+y/G+2/H=10]
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Kx. 10. The four conics through 4, B, C and the points of contact of
a bitangent touch.in pairs at C, and the two tangents at C are harmonic
conjugates for C4 and CB.

[The conics are =+ 4/ayz+ y/bzx + 4/c xy = 0.]

Ex. 11. The equation 4/p+ 4/q+4/7++/s =0, where p, g, , s are of
the first degree in z, y, z, represents a quartic with bitangents

p=0, ¢g=0, r=0, s=0,
and with nodes
P=8 g=r; g=8 r=p; r=s p=g

Conversely, the equation of any trinodal quarlic can be put in
this form.

[The equation may be put in either of the forms

{2(*+@*+17+8) —(p+q+r+5)°}* = 64 pgrs,
H(p=3)+(g—")}*~8(pg+rs) {(p—9) +(¢—7)}’
+16 {g(p—9)+s(g—2)}*=0.

For the converse take p=u—+/bex+ /cay+ /abz, &c., in §3(iv).

The points of contact of the four bitangents all lic on the conic

2(p*+ @+ +s%) = (p+qtr+s)i]

Ex. 12. Three bitangents of a quartic with nodes 4, B, C form a triangle
PQR. Show that the triangles 4BC and PQR are in perspective.

Show that, if AP meets QR in I”, &c., the conic touching QR at I,
RP at @', PQ at R’ passes through the points of contact of the fourth
bitangent.

[The centre of perspective is p = g =», and the conic is

2(p*+ ¢+ =(p+q+7)2]

Ex. 13. The four centres of perspective obtained in KEx. 12 are the
vertices of a quadrangle whose harmonic triangle is ABC.

[For the quartic of § 3 (i) they are (+ +/a, +/ £b, +4/¢).]

Ex. 14. One of the common chords of any two of the four conics of
Ex. 12 passes through a node.

Ex. 15. Find the locus of the nodes of a trinodal quartic, given the
four bitangents and two points on the curve.

Ex. 16. The double rays of the involution formed by the tangents at
C and the lines CA4, CB pass through a pair of vertices of the quadri-
lateral formed by the bitangents.

[b2?® = ay?.]
Ex. 17. The bitangents touch the quartic at real points if e, b, ¢ are
positive and ‘
2 (af+bg? + ch?—abe) > (+ +/af+ /byt /ch—/abe),
three or one + signs being taken.
Fx. 18. The quartic is the envelope of the conic
Alz? + Bm?y? + Cn?z? + 2 Fmnyz + 2 Gnlzx 4+ 2 Himzxy = 0,
where I, m, n vary subject to I+m+n = 0.
Fx. 19. The quartic is the envelope of the conic
2a® + 2t (ayz + hex + gwy) — By* + 2 Fyz — C2* = 0,
where ¢ varies ; afid of two similar families of conics.
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Fx. 20. ABC ig a fixed triangle and O g fixed point. Through the
remaining intersections of 40, BO, CO with the sides of the triangle
a conic of given eccentricity is drawn meeting the sides of the triangle
again at D, E, F. Show that AD, BE, CF meet in a point whose locus
is a quartic with nodes at 4, B, C.

Ex. 21. Conics of given eccentricity pass through fixed points 4, B, C.
Show that their envelope and the locus of their centres are quartics with
nodes at 4, B, C.

[The envelope of an asymptote or axis is a three-cusped hypocycloid.
See Annals of Math., 11, 1ii (1902), p. 154 ; Trans. Amer. Math. Soc., iv
(1903), pp. 103, 489.]

Ex. 22. A conic touches the sides of a given triangle 4ABC, and one
focus lies on o fixed conic 8. Show that the locus of the other focus is
a quartic with nodes at 4, B, C.

Ex. 23. Given the nodes and five other points of a unicursal quartie,
construct the tangents at and from the nodes and any number of other
points on the curve.

|Use Ex. 22. By varying the relative positions of 8 and 4BC, we may
find every possible shape of a quartic with three real double points.]

§ 4. Conics connected with a Trinodal Quartic.

There arc many conies of interest connceted with the tri-
nodal quartic
ay?2? +b2at + eyt + Rays (fa+ygy+he) =0 . . (i)
Their propertics are given in the following theorems.
If the point-equation of the conic is obtained, the tangential
equation can, of course, e at onee deduced, and vice versa.
Various forms of the equation of each conic are given, as they

are needed in the examples.
To save space we use the following contractions :

w = fe+ gy +he,

A= F)\+G/1.+IIV,

M=fgG+1H)w+ gl H+fF)y+h(fF+yli)s,

S = a4 bp+ ovi—2fuy —RgyA —2hp,

U = afyz+byax +chey,

T = @®f2N2 4 DrgPpt + v —2begh pv — Rcal fra
—2abfgiu,

N

T = ghys+hfzx+fyxy,
K = ay®2? + 02222 + ca®y® + 2uwyz (fe + gy + h2).

By u, A, = we denote the same as in §3. The identity of
§3 (v) is useful in the examples.

The conics 7= 0 and U = 0 (i.e. T = 0) are of importance
n the theory. They pass through the nodes of the quartic

2216 T
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K = 0 and meet the quartic again at its intersections with the
line M = 0. For we have

TU +xyzM = fghK.

1. The eight points of contact of the fowr bilungents lie on
the conie
) u? = bea? + cuy® + abz?
i.e.

(abe —aft—bg® —ch?) (a2 + bp? +cv?) + (afA + bgp + chw)* = 0.

This follows at once from §3 (iv). Sec also § 3, Ex. 11.

I1. The sixc intersections of the tangenis at a mode with the
line joining the other two nodes lie on the conic .

bea? + cuyy® + abz® + 2afyz + 2 bgza + 2chay = 0,

or u? = Au? + By*+ 07— 2 Fyz—2 Gex—2 Haxy ;
ie.

a2 AN + D2 Bp® 4 c2Cv® + 2be Fuv + 2¢aGvX + 2abHAp = 0,
or abcs =T.

For the intersections are s = 0, be? + 2hry +ay® = 0, &e.

I11. The six langents ut the nodes touch the conic
(A4 By*+ U2 =2 Fyz: —2 G —2 Hry) + 41 = 0,
or (4a*+ By*+C:z*+2Fyz+2G2x+2 Hay)+4U = 0;
i.e. =0

This result is at once established by using the equations of
the nodal tangents; or it may be deduced from II by using
the fact that the lines joining the vertices of the triangle of
reference to the intersections of the conic

ax?+ by + e+ 2fyz +2gce+2hay =0
with the opposite sides all touch the conie
beA? +cau?+abri—2afuy —2bgyA —2chip = 0.

IV. The siz intersections of the langents from « node with

the lime joining the other two modes lie on the cowic
Au?+ By? +C2*—2Fyz—2Gew—2 Hay = 0

i.e. AS +2(GHuv + HFvA 4 FGAp) = 0.

For the intersections are z = 0, Cx*—2 Hay+ By = 0, &e.

V. The siz tangends from the nodes touch the conic

wA%a? +bBy? + 0?2 + 2f BCyz + 2gCAzx +2hA By = 0;
i.e. A +A%2=0.
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VI. The siw inflexional tangents of the quartic wwch

4(cA22®+...+...+2fBCyz+ ...+ ...)
= A(Az*+ By + U2 + 2 Fyz + 2Gow + 2 Ilxy) + 4 AU
e 3AS+4A%=0.
For, if Ar+puy+vz=0
is an inflexional tangent, we obtain on eliminating 2 between
the equations of this line and the quartic an equation in z/y
with three equal roots. The same will thercfore be true, if
we eliminate z between the result of substituting 1/a for «,
1/y for y, 1/z for z in the equations of the line and quartic.
This shows that the conies
MNa+p/y+v/z =0, ae?+ly?+ca®+2fys+2geu+huy = 0

. (i1)

have three-point contact.

The conditions for this are well known to be (with the
notation of Salmon’s Conric Nections)

34/0 = 0/@ = @/34,

where A =2y, @ =3 0O =2A.

The relation ®* = 3A®’ is the tangential equation of the
conic required.

VIL The six inflexions of the quartic Lie on the conic

@A+ ... +.. . +2fBCys+...+...)
—2A (AP + By + 02— Fys— Qza— Hxy) + AU = 0,
or
2M (ghAx+ hfBy + fyCz)
= U{fgh (4abc+2fgh— 8)—2bcg?l* —2cal*f?—2abf2g?}.
Since with the notation of tho last paragraph the two
c«z_n]ics (i) have threc-point contact, therefore for some value
of k
ke (a@® + by® + c2* + 2fyz + 2gzw + 2 hay)
—{@ (a2’ + 1y’ +92) +y (ha’ + by’ +f2') +2 (92" + [y’ +¢2) }
(px+qy +7r2)
EAye+psx+vay;
where (2, ¥, 2’) is the point of contact of the conics and
px+qy+rz =0 is the line joining this point of contact to
their fourth point of intersection. Equating to zero the co-
efficients of % 37 =* on the left-hand side, and remembering
that pa’+qy’ +7" = 0, we have
wa’ by’ cz _
aa’ +hy’ + g2’ + Wby f7 T g Ay e
T2

’
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Henee the point of osculation of the two conics lies on
ax (hx + by +f2) (g +fy+c2)+...+... =0,
und therefore on
(ghax + hfy +fyz) (@x® + by? + ¢z + 2fyz + 2 gza + 2hay)
= ax (hx +by +12) (gr+fy+c2)+ ...+ ...,
i.c. on

2 Ayz (hy + g0) + 2 Bzz (f= + ha) + 2Cey (92 +fy)

+ (4abe —4fyh— A) zyz = O.

Replacing now @ by 1/x, by 1/y, z by 1/2, we see that
the point of contact of Az+puy+vz =0 and the quartic,
i. e. any inflexion of the quartic, lies on

2 Ax? (gy + ko) + 2 By? (hz + fx) + 2 C2* (fz + gy)

+ (dabe—4fgh— D) xyz = 0.

Of the twelve intersections of this cubic with the quartic
six lic on the conic 7'= 0 which touches the cubic at each
vertex of the triangle of reference. Therefore the remaining six
intersections of the cubic and quartic, namely, the inflexions
of the quartic, lic on a conic (Ch. XIIL, § 7). We can verify
that

(afyh A + UfghB + cfgh(! + 2bcghF + 2cahfG + RabfgH) K

+ M {2 Ax? (qy + h2) + 2 By? (hz + fx) + 202 (fe + gy)
+(4abe —4 fgh— A) xyz}

=T{2A(GG+IH)a*+...+... .

—(4fF*+2gh A+ 3uafA)yz—...— ...},

The contents of the last brackets {} equated to zero give
the equation of the conic through the inflexions, which is
readily seen to be the same as that given above. This proof
is due to Richmond and Stuart, Proc. London Math. Soc., I1.
i (1908), p. 130. ‘

The "remaining intersections of the quartic with the
inflexions-conic are those intersections of the quartic with
the line M = O which do not lie on the conic T' = 0; i.e. the
intersections of the line with the conie U = 0.

VIIL. The sixz points where the tangents at the nodes meet
the quartic again lie on the conic
2 M (beghx + cahfy + abfqz)
= U (5ab¢fyh —4fgh A —2bcg®h?—2cal®f2 —2aly?y*).
The lines joining the ,intersections of the quartic with
Az+puy+vz =0 to the node (0, 0, 1) are
(ay® + ba® + 2hay) (A + py)?—2xy (fo+ gy) v (A x + py)
+eviaiy? = 0.
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If wy?+0a’+2hey =0 is one pair of these lines and
Pa?+2Quy + Ry* = 0 is the other pair, we have readily, on
identifying the four lines with

(uy? +ba® + 2hey) (Pa* + 2 Quy + Ry?) = 0,
A:p:v =gbe:fea: =2 (fF+yQ);
P:Q: R =biey?: fy (abe +4fgh—2af*—Rbg?) : aef,

Suppose the tangents at the nodes meet the curve again in
A, and 4,, B and B,, ¢ and C,. We have just shown that
Ul( Y, is the line

be cu 2(fF+y0) q(z)
z—y =
oy fr
Now, since
(b2 + ey + 2fyz) (st + ca® + 2yem) — ¢ K
= 22 {ubst + 2 (2fg —ch) wy + 2byzw + 2afys},
the four points 4,, 4., B;, B, lic on the conic
abz? + 2 (2fg—ch) wy + 2bysz + 2 fys =

They therefore lic on the conic
k {aba®+ 2 (2fy — ch) wy + 2bgzaw + 2ufyz;

_§_ 2(9G+hrH) _u’ ab ) %b( _ l(ZL_![jJ‘F) ab %

I B A R o YT

We require to show tha.t /v can be chosen so that this conic
also passes through €, and C,, in other words that £ can be
chosen so that the. cquatmn of this conie is symmetrical.

A comparison of the cocfficients of «? y*, 2 shows that the
required value of £ must be

(2L (fF + y@Q) + abfy} = fgh?,
and straightforward verification then shows that for this valuo
of & the conie reduces to ‘
2b¢ (9G + LH ) u? +
= a(abcf+.£b<Jh+4¢gf —8figh)yz+ ...+ ...,
which is equivalent to the given form.

1X. The siw points of conbuct of the lungents from the nodes
to the quartic Lie on the conic*
wA2a? + OBy 4 cC% 22 + 2 fBUyz + 29U Amw+ 2h A Bay
= A (Aa?+ By® + 03— Fyz— Gzu — Hay).
* An alternative form is obtained by omitting the A fromn the right-hand

side of the second form of the equation of the conic through the six
infloxions.
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If the tangents touch the quartic in 4, and 4,, B, and B,,
C; and C,, we prove as in the case of Theorem VIII that C,C, 1s
B F+9G

Let—y=" z;

POV T
the lines joining (0, 0, 1) to the interscctions of this line and the
quartic being the tangents from the nodes Az*+ By? = 2 Hxy
and the lines

by* At + 2y (A—LH) zy + af*By* = 0.
Then since
(By:: _ QFyz + sz) (Aw2 —2Gx+ (”52) —AK
} = (05* — Fyz— Gz + Hay)?,

Fig. 3.
St—a?)a—4)(41—-y—40) — 10 (a2 + 24— 122 )%

the points 4,, A, B, B, lic on the conic
V22— Fyz—Guz+ Hey = 0
and also on
k(Cs?— Fyz — Gy + 1ay)
_yG+RIl B C_ A MI+fF C
—(ﬁgh-"‘ - Lﬁd)(_‘pf'b.*- Lf 'll—]:z)’

g7
which reduces to the given form on taking
k = (fF + ghG + fyC)/fyhz.
In the following examples the conic through the points of
contact of the bitangents, which is referred to in Theorem I, is

called ¢ Conic I’; and so for the other theorems.
In Figs. 8, 4 are shown typical unicursal quarties.
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Ex. 1. The tangents a¢t the nodes 4, B, C of a trinodal quartic meet
the curve again in 4, and 4,;, B, and B,;, C,and C,. Show that the
intersections of 4,4, and BC, B, B,and CA4, C,C,and AB are collinear.

Prove also a similar result for the points of contact of the tangents
Jrom the nodes.

[The required lines are beghz + culify + abfy: = 0 and

ghAz+hfBy +jyCz = 0.]

Fi

ig. 4.
(12 =422) (v = 4) (200 + 7+ 160) — 10 (22— % + 82)2,

Kx. 2. Show that if in Ex. 1 (either case) the line 4,4, meets the
quartic again in 4’,, 4’;, &c., the six hines Ad4',, 44’;, BB, BU,,
CCy, ('C, touch a conic, and their intersections with BC, C4, 4B
respectively lie on a conic.

[The equations of the lines are given in § 4.]

Ex. 8. The conics III, V, VI touch at the same two points.
[Evident from their tangential equations. The chord of contact is
AFx+ BGy+ CHllz =0,
and its pole is (¥, G, H).]
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Kx. 4. The conics I, VI, VII pass through the same four points.

[If S, =0, S, = 0. S5 = 0 are the point-equations of the conics in the
first foom given. we have S;—-25,=34aS5,. This result is due to
W. Gross; see Stahl, Crelle, civ. p. 308.]

Ex. 5. The conics I’ = 0, VII. IX pass through the same four points.

Ex. 6. The conics U = 0. 1, IV pass through the same four points.

¥x. 7. The conies 7= 0, IIl, 1V pass through the same four points.

¥x. 8. The coniecs U =0, VII VIII, IX pass through the same two
points on the quartic.

|The intersections of ("= 0 with M = 0. .

Obtain theorems by projecting these points into the circular points,
inverting with respect to a node, and generalizing by projection.]

Ex. 9. The conics U = 0, 11, 111 have four common tangents.

kx. 10. The conics II and 1V have double contact. 'The chord of
contact passes through the intersection of a common chord of /=0
and VI1, and a common chord of U = 0 and VIIL.

Fix. 11. A conic can be drawn touching the lines joining the nodes
and the common tangents of the conics 111 and IV.

-

kx. 12. A conic cun be drawn having the nodes as vertices of o self-
conjugate triangle and touching the common tangents of the comics
1V and V.

¥x. 13, The dingonals of the quadrilateral formed by the bitangents
are the polars of the nodes with respect Lo the conic 1V.

Ex. 14. If the conic

Ax*4 Byt + C2%— Fys— Gax—1ary = 0 .

meets the sides of thie triangle of reference in X, und X,, ¥, and 17,
Zy and Z,. the lincs AX, and AX,. &c., meet the conic again at its
intersections with the diagonals of the quadrilateral formed by the

bitangents, The conic pusses through the interscctions of the conics
V and 1X,

Kx. 15. Show that the common tangents of the quartic and the conic
AS4 1A% =0 are the common tangents of the conic und the two curves
of the third class )

(1—k) A% = ((8=9k) + (4—8k)%) A
Deduce the equations of the conies I1I. V, VI,

[#=0.1.4/3. Use the tangential equation of the quartic.]

lix. 16, Conics are drawn touching the four bitangents and one side of
the triangle ABC. Show that the points of contact with these sides are
collincar.

|00 AFr+ BGy4 ClHz =0. Any conic touching the bitangents is
1B = WP) N~ DA+ cAV* 4 2eGoN — 2hIINp)

4k {—aBN* + (af? —cB?) g+ e By 4 2cFop—2allap) = 0.]

Kx. 17. If the points of contact of the tangents from P lie on a conic,

the locus of 2’ is the cubic
Fr(ey’—b:Y) + Gy (az? — cx?) + Iz (b2 —ay?) = O.
[The polar cubic of P touches a conic at 4, B, C.]
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Ex. 18. If the tangents at 4 are harmonic conjugates with respect to
AB and A(, the points of contact of tangents from ¢ lie on a line
through B, and sa do the remaining intersections of the curve with the
tangents at C.

[r=01]

Ex. 19. 1f the tangents from 4 are harmonic conjugates with respect
to 4B and AC, the points of contuct of tangents from B and C arc
collinear,

" =0]
Ex. 20. The tangents at the nodes mcet by threes in two points, if
A= 4fy}l.
[Conie 1 is o point-pair. Ilustrate by tracing
2yt =2y (r—2y) ~3u%4 Buy+3y* = 0.]
¥x. 21. The tangents fiom the nodes cannot meet by threes in two
points.

Ex. 22. The points of contact of the four bitungenls wre the inter-
sections of Lthe quartic with two lines, if A = 2/gh.
[Comic I is a-line pair.]

Kx. 23. The interscctions of the tangents at each node with the line
Joining the other two nodes cannot lic on two lines.

Iix. 24. The intersections of the tangents from each node with the
line joining the other two nodes hie on two lines. if A% = 4 F'GH,

kix, 25, Show that conics 1 and V are always 1cal. What conditions
must hold in order that conics 1. TIL TV may be real ?

[The conic aa®+ by? -+ 2+ 2fys 4 2ge 4 2hy = 0 is real, if ¢A and C
are not hoth positive.]

Ex. 26, Conic 11 for

ay*2®4 L4 A2 w4 .= 0
is the polar reciprocal with respect to 4?4 424 2* — 0 of conic V for
Ay L 2F i . =

and vice versa.

Similarly for conics 111 and 1V.

Thesreader should read Ch. XVIH, §§ 1 and 4, before attampting the
Jollowing examples.

¥ix. 27, The tangents ut A und B form a quadriluteral. One diagonal
is AB; the other two meel at (” and intersect AB in Ry, R,. Similarly
we obtain points A', P, I, and 5, (), @,. Show that 44', BB, ('
are concurrent. Show also that thiee of the points Iy 1%, ¢y, @, I, It;
(say Py, @;, Ry) are collinear. and that .11y, BQ,, CR, are concurrent.

[4C and 4B are harmonically conjugate with respeet to the tangents
at 4. Thereforc AC is cy+/> = 0, and similarly BC' is cx4 g = 0.
Hence (" is (g, f, —¢), and the point of concurrency is fir =gy = h=.
Ry, Ry are Ax*= By* z=0.]

Ex. 28. Show that AC" and the harmonic conjugate of BC' for BA, BC
meet on « diagonal of the quadrilateral formed by the bitangents.
[See § 3, Ex. 9.]



282 TRINODAL QUARTIC XVII 4

Ex. 29. The lines B4’, CA’, CB', AB’, AC’, BC' {ouch a conic.

[aA?+ .. + oo = (f+be/f) wo+ ... + ...=0.]

Ex. 30. The conic through ABC touching AC’ and BC' passes through
the points of contact of the tangents from C to the quartic.

[gyz + fex + cxy = 0.]

Ex. 81. The points of contact of the tangents from C’ to the quartic
lie on a conic through C.

[(fh+bg) zz+ (gh + af ) yz = Ax*+ By*+ 2 (ch—2f9) xy.]

Ex. 32. The points of contact of the tangents from A lie on a conic
through 4, C and the intersections of BC’ with the quartic. Similarly
for the tangents from B.

[bgz=+ ghyz = By*+ (ch=2fy) xy ; fhxz+afys = Ax*+ (ch—2fy) zy.]
Ex. 33. The conics of Ex. 81, 32 pass through the same four points.

Ex. 34. The tangents at (" meet the quartic again in C, and C,, and
C,C, meets the curve again at €', and C’,. Show that the points of
contact of the tangents from C lic on a conic touching CC’, and CC', at
C'y and C’, and passing through 4 and B.

Show also that through the intersections of the conic U = 0 with this
conic a conic can be drawn touching C4 and CB at 4 and B.

[(/F+9G +hIl) *— H (e + cay) = ¢U.|

Fx. 85. Through two pairs of vertices of the quadrilateral formed by
the bitangents can be drawn (i) a conic touching C'4 at 4 and C'B at
B; (ii) a conic touching conic I at its inteiscctions with AB; (i) two
conics each touching C'4 at 4 and C'B at £ and cach passing thiough
the points of contact of two bitangents.

l(l) uztery = 0; (ll) ltz-bth—ul.'/"-l-abz" =0;
(1ii) sz cay+ fabz? = 0.
Iix, 36. Show that, if
w=fu+gy+hs,
0= ey + us~ 127
w=ber’ +acy* —uwt4 24 (cay+ uz)—1'3
w =0 touches the quartic at its four intersections with r = 0, other

than 4 and B.
Show that » = 0 touches ("4 and C'B.

[The quartic is ¢®+2%w = 0.]
Kx. 387 Showthat w = 0 is  line-pair, if t = hor if 1=+ Jab. Show

that in the former case w = 0 is the tangents from € to the quartic, and
that in the latter case »w = 0 is two bitangents.

Kx. 38. Show that the locus of the pole of 45 with respect to w0 =0
is a conic through C, C', R,, R,; and thut this and the two similar
conics pass through the same four points.

|da® = By*+ Fyz—Ga: = 0.]
Ex. 89. Show that o = 0 divides £, I}; harmonically.
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§ 8. Tricuspidal Quartic.

The results of the preceding section require modification if the
three double points of the quartic are not all ordinary nodes.
Suppose the double points are all cusps. Since the tangents
at each double point are coincident, the quartic takes the form
b 2V (b 2V p
_a,_2+_2+£2i x/(c)i (ca)i.ZJ(ab)
A T Yz z
The ambiguous si%‘ns may all be taken as minus without
loss of generality. For unless the quartic is a pair of coin-
cident conics, three plus signs or onme plus and two minus
signs are impossible; while if (say) the first sign is minus
and the other two plus, we can make all signs minus by
replacing va by — v .
Finally, replacing @, y, 2 by vaw, vby, +/¢2 we obtain
the equation of the tricuspidal quartic in its canonical form
1 1 1 2 2 2
— + — - — — - =0
wt oyt 2t yr ocw wy
The cuspidal tangents y =z, 2 =, « = y are concurrent
at the point (1,1, 1).
Since the equation of the quartic may be written
(yz +ze+xy)? = dayz (X +y +2), _
«+y+2 =0 is the bitangent, its points of contact heing its
intersections with yz +zu +uy = 0.
The equation of the quartic may be also written
TRy TigTE =0
The tangential equation is
A+ p+r) = 27up.

=0,

.

In the equations of the three-cusped hypocycloid given in
$ 2 (ii) put

X=uw—a—+8y, ¥ =u—u+V3y, 2Z=u+2u;
50 that X =0, Y =0, Z=0 arc the sides of the triangle
whose vertices are the three cusps.

This gives

6X =a{l+2cos(p+3m)}* 6Y =c«{l+2cos(p+4m)}%

6Z =ua{l+2cos ¢}
from which is readily deduced
X-i+y-isz-i=0.

It follows that, if any three-cusped quartic is projected so

that the cusps and the point of concurrcncy of the cuspidal
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tangents become the vertices and centroid of an equilateral
triangle, the quartic becomes a three-cusped hypocycloid.

Ex. 1. The coordinates of any point on the tricuspidal quartic in

canonical form are expressed rationally in terms of a parameter ¢ by
(t=10z = (t+1)7y = 4=

kx. 2. A conic is inscribed in a given triangle and passes through
a fixed point. The locus of the point of concurrcency of the lines joining
the vertices of the triangle to the points of contact of the opposite sides
is a tricuspidal quartic.

[If the point is (X, ¥, Z) and the conic is .

(/&) + (y/m)E + (/)% = 0,

(X/)} + (Xfy) +(2/) = 0.]

Ex. 3. A variable cubic touches three fixed lines at fixed collinear
points and has inflexions at its other intersections with the fixed lines.
Show that the line of these inflexions envelops a tricuspidul quartic,
having the line of the fixed points as bitangent.

|Writing down the conditions that (0, —», u) and (—», 0, ) arc
inflexions of

the quartic is

ry (@4 y+ 2 A+ py+ez) = 0,
we obtuin
; pEy A AN AT A B At = B ;
which is of the third class and fourth degree since it has (1,1, 1) as
a bitangent.]

Ex. 4. The locus of the centre of a conic having a given equilatoral
triangle as self-conjugate tiiangle and having its asymptotes inclined at
an angle tan='1,/3 is a three-cusped hypocycloid.

kx. 5. A fixed radius of a circle and the tangent af its extremity
intercept on & moving line a segment which is biseeted by the circle.
Show that the envelope of the moving line is a three-cusped hypocycloid.

'x. 6. The envelope of the Simson (pedal) line of u given triangle is
& three-cusped hypocycloid.

The tangents from u vertex of the triangle ure the two sides and
altitude of the triangle through that vertex.

|Writing down the condition in trilinear coordinates that the lines
perpendicular to the sides of the triungle at their intersections with

AX+pB+ry=10
are concurrent, we gel the tangential equation of the envelope
2(1+ cosA . cosB . cosC)Apv = Zsin® 4 . pv (ucos C+vcos B)
which touches sin 4. o+4sin B.B+sinC.y=0 atthe circular points.
see Converse, Annals of Math., 11. iii (1904), p. 105, for an extension of
this result.]

Fa. 7. The equation of a uartic with one real and two unreal cusps

may be put in the form
(P +y*—2x2) = 42 (2 + 1.
The quartic can be projected into a cardioid by a real projection.

[Replace », y in § 5 by z+iy. For other examples on the tricuspidal
quartic sec § 2.]
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§ 8. Other Quartics with Three Distinct Double Points.

The point (0, 0, 1) is a cusp of
ay?e? + b2+ Pyt + 2ays (fe+ gy +he) =0 . . (i)
if ('=0, i.e. ab = k%
It is a fleenode if the terms
x4 2hary+yt oL 0 0 L o L (D)
multiplying c* in (i) have a factor in common with the terms
wy(fedgy) o o o . . .. (il)
multiplying ». This is the case, if )
fF+gQ@ =0, i.c. 2fyh = af?+by*
It is a biflecnode if (i) is a factor of (iii), whieh is only
possible if [=g=0.

I. Quartics with three Biflecnodes.

ix. 1. If two of the nodes of a trinodal quartic are biflecnodes, so is

the third, |

[ f=yg=0h=0]

Ex. 2. 1f a quartic has biflecnodes A, B, C, the tangents at 4 are
harmonic conjugales for AB, AC.

The tangents at .4, B. C touch a conic for which ABC is a sell-
conjugate triangle.

Ex. 8. Tf a quartic has three real biflecnodes, one is an acnode, and
the otheis are crunodes. Its equation can be put in the form

-ty =22

Ex. 4. If a quartic has three real biflecnodes, the acnode is the
intersection of two diagonals of the quadrilateral formed by the tangents
at the crunodes.

¥x. 5. Show that the ¢ cross-curve’

oy = aty?+ b7,
the ¢ carbon-point-curve’
222 = a?y? — VP,
and the ¢ hour-glass-curve’
@ (g2 — D) = 40802 (4P +17)

are curves of this type.

Trace the curves, and show that the two former are the loci of inter-
section of lines parallel to the axes of an ellipse or hyperbola through
the intersections of any tangent with the axes.

Fx. 6. The points of contact of the tangents from 0 to a quartic with
three biflecnodes 4, B, C lie on a conic which meets the quartic again
on the polar line of O with respect to the quartic.

[Take the quartic as z~2+y~2+2* =0 and Oas (£ 9, (). Then use
the identity
EM+O) e+ oo + 2} (P44 o+ )

— (nﬂ (2 + cﬂ&z + £2n2) (y'zzz + zﬂxﬁ +-sz2)
= Inbyz + (e + Enay} (1P +8) 27+ ol + o Fnlyet o+ 0]
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Fx. 7. Ifin Ex. 6 O lies on the quartic, the points of contact lie on
o line whose envelope is a conic having A BC as a self-conjugate triangle.

[The conic of Kx. 6 degenerates into x/t+y/n+2/{=0 and the
polar line of 0.]

Ex. 8. Any point of the curve z~?+y2=2z"% is (sec ¢, cosec &, 1).

Four points with parameters ¢, o, b5, ¢, lie on a conic through the
crunodes, if ¢, +d,+ ¢+ P, = 2n—-1)m

The four points are collinear, if in addition #f,t¢, = ~1, where
t,=tanle,, &e.

Three points with parameters ¢, ¢ 5, ¢y are collinear if

byt (Iyty + T3+ by lg) = i+t +1g.

Ex. 9. The conics through the crunodes 4, B of ax?+y?=2""
osculating the quartic at P, @, F. S meet the curve again at P, @', II', S
If A, B, I, Q, R, 8 lie on a conic. so do A, B, I’, @', It', §".

Kx. 10. Two conics through the crunodes 4, B of 2z ?+y?==2
meet the quartic again in P, @, K, § and B, @, R, S;. If
A, B, P, &, I, @, lie on a conic, so do 4, B, I, S;, Ry, S;.

¥x. 11. The sextactic points of 24y 2 =2"% are
(i, +2°4, 1), (2274 +i 1), (x1, +1,2%),
[The method of Ch. X, § 2, Fx. 17, gives sindh =0 or cosd¢p =17
at a sextactic point.]

ix. 12. Through the crunodes 4, B of the quartic of Kx. 8 four conies
can be drawn having four-point contact with the curve. Their points of
contact are the real sextactic points.

The conic through 4, B and three of the sextactic points touches the
quartic at one of them.

Kx. 13. If in Ex. 9 the conic .lBPQR meets the line joining N to the
acnode on the quartie, the conic ABP'Q' R’ meets the line joining 8 to
the acnode on the quartic.

Ex. 14. Obtain the envelope of a line divided in a range of given
cross-ratio by a quartic with three biflecnodes.

Pat f=g=h=0 in§3. ) .

The envelope becomes the conic touching the tangents at the
biflecnodes, if the range is equianharmonic.]

—2

¥x. 15. The equation of a real quartic with one real and two unreal
iflecnodes can be put in the form zy=* = («?+y?)>%
The quartic can {Je projected into the lemniscate of Bernouilli

»? = a®sin 24.

II. Quartic with two Cusps and a Node.
[See § 2. Ex. 10; and Ch. X, Fig. 1.]

ix. 1. A quartic with two real cusps and a real node can be put in the
form Y42t eyt = Qays (w+y +mz).
The inflexions are unreal or real according as m does or does not lie
between 1 and 7.

|The quartic meets a (y—=2) = (¢+1) y= at
(R (h+t+1), k+1+1, kt?),

where 2k (m+1)=1.
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Now using Ch. X, § 1 (v), we get

h 3kt*+(8k+1)t+3 =0
ie. I(m+1)(x*+y®) =2(m’+m+16) xy
for the inflexions.]

Ex. 2. The bitangent of the quartic of Ex. 1is 224 2y+(m4 1)z = 0.
Its points of contact are unreal or real according as m does or does not
lie between —1 and 7.

[The points of contact lie on 2z°—(m—38)ay+2y®=0. The reader
may illustrate by tracing z?y*+a3+y* = 2y (x+y+8), with bitangent
22+2y+9=0]

¥x. 8. Find the value of m in Ex. 1, if polygons of 4, 5, or 6 sides can
be inscribed in the quartic whose sides touch the curve.

[If t,, t,, %5, £, arc the parameters of collinear points

httg+tg+t,=—2(m+1), #4474 1+8, 1 =~1
Eliminating ¢; and ¢, from these and #; = ¢,, we have
4ty = {2(m+ 1)+ (t+1;)] {{fs+(H+1)].
But this is the condition that the tangents at the points (1, #,% 2¢) and
(1, t% 2¢,) on = = 4xy should meet on
dzy = {2(m+1)z+2) {y+2}.
Now use the properties of invariants of conics to obtain the condition
that polygons of 4, 5, 6 sides can be inscribed in the latter conic and
circumscribed to the former. We find
m=-2, —for} —1§1*

¥x. 4. Show that in the case m = —2 the cuspidal tangents pass
through the points of contact of the bitangent, and that any two lines
harmnonically conjugate with respect to the tangents at the node meet
the curve again at four points such that the tangents at these points
form a quadrilateral inscribed in and circumsecribed to the quartic.

{(i) The points of contuct are (2, —1, 2), (-1, 2, 2).

(ii) The points of contact of the two other tangents’to the curve from
the point with purameter T are given by

2k (T+1) 8+ (kT?*+ 42T+ T+ 1)t+ 27T (kT+1) = 0.
If 1, t, are the rools, we readily verify that x =&ty and x=kt)’y
form a harmonic pencil with 2?+y* = 2musy in the case
m=-2, P =—13]

Ex. 5. Show that the line joining the points of contact of the other
two tangents from any point of the bitangent of a quartic with a node
and two cusps envelops a unicursal curve of the third class.

[The tangents from the point (x, y, 2) are given by

E+2)x+kt* 2kt +1)y—2 (kP +¢+1)’2= 0.
If the point lies on the bitangent == —4k(z+y), this becomes
{2kt + 242} {(4%2°+ 0kt +4k+4 1) x4 k(4R8P 4+ +6t44)y] = 0.
Hence if t,, #, are the parameters of the points of contact, while
tL+t,=u and tty=o0, 6kv+ (8k+1)u+6 = 0.
But the line joining the points with parameters ¢,, #, involves » and »
in the third degree.]

* See Roberts, Proc. London Math, Soc., xxiii (1892), pp. 202-211, for this and
the following examples.
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Ex. 6. A quartic has cusps 4. B and a node C. Show that the
following points lie on a conic:

(i) 4, B, the points of contact of tangents from 4 and B, and the
points of contact of the bitangent.

(ii) 4, B. the inflexions, the remaining intersections of the curve with
the tangents at C.

[These and many similar results are proved by noticing that the cnrve
can be projected so as to be symmetrical. |

Fx. 7. A quartic has two cusps 4, B and a node C. Show that the
line joining C to the intersection O of the tangents at 4 and B is a
double line of the involution determined by the tangents at ¢ and the
lines C4, CB.

Given 4, B, C, 0, find the locus of the inflexions and of the points of
contact of the bitangent.

[A quartic with nodes at 4, 2 and a cusp at C touching 04, OB;
a conic through 4BC. See Ch. V, § 4, Ex. 8]

FEx. 8. Reciprocate kx. b, 6. 7.

III. Quartics with two Flecnodes and a Node.

Ex. 1. The equation of a quartic with two real flecnodes and a node
can be put in the form

(@2 +y°) =2y’ Lhary (2 4+ x) (2 +y) =0,

Ex. 2. A quartic has two flecnodes 4, I3 and a node C. Show that the
following sets of six points lie on a conic:

(i) 4. B and the points of contact of the tangents from A, B, C.

(ii) 4, B and the intersections (other than 4. B, (') with the curve of
the tangents at A, B, C.

|These and many similar results follow at once from the fact that the
quartic can be projected into a quartic with symmetry.|

Fx. 3. A unicursal quartic with two unreal fleenodes can be projected
into the inverse of a conic with respect to the reflection of a focus
the corresponding directrix.

IV. Quartics with a Biflecnode and two Nodes.

Ex. 1. The tangents from A to a quartic with nodes 4, B, (' form
2 harmonic pencil with 4B, AC, and sinularly for the tangents fiom .
Show that C is a biflecnode ; and that the tangents at A form a haimonic
pencil with AB, AC, and similarly for B,

Show that the equation of the quartic can be put in one of the forms

2 (2 + y? +2maxy) + X’y = 0.
[F=G =0 gives f=g =0, if the curve is not degenerate.]

Ex. 2. Show that, if a quartic has nodes 4, B and a biflecnode C, it
can be projected so as to have two axes of symmetry; unless 4 is a
crunode and B an acnode, or vice versa, when it can be projected so as
to have a centre of symmetry at C.

Trace the projected curves in the various cases which ean occur.

Prove that, if 4 and B are acnodes, C is a crunode.

[Put 2 =11in Ex. 1.]
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Ex. 8. A quartic has crunodes 4, B and a biflecnode C. Show that the
tangents at 4 and B meet at the vertices of a quadrangle having 4, B, C
as diagonal points; and that their remaining intersections with the
curve are the vertices of a quadrangle whose diagonal points are € and
two points on 4B. .

[This and similar theorems follow from symmetry, or by putting
f=y=0 in§§ 3 and 4.]

Kx. 4. A unicursal quartic cannot have (i) a bLiflecnode and a cusp,
gi) a léiﬂecnode and a Hecnode, (iii) a flecnode and two cusps, (iv) three

ecnodes.

§ 7. TUnicursal Quartics with Two Distinct Double Points.

Unicursal quarties with only two distinct double points
include quartics with a tacnode or rhamphoid cusp and another
double point. The reader will readily obtain their properties
by modification of the results of Ch. XVIII, §§ 14 and 15. He
may illustrate his argument by tracing the curves of Ch. III,
§ 6 (xi) to (xv), § 8 (v) to (vii).

1. Unicursal Quartics with a Tacnode.*

ix. 1. A quartic has a tacnode at C and another double point at B;
CA is the tangent at C and B.1 the harmonic conjugate of IC with
respect to the tangents at B. Show that its equation is

(yz+x?)?2 = (1—m) 22 (2 +p 2y | pyy?)
in general.

Show that p, =0, if B is a cusp; (1—m)p,®> =4p, if B 1s a flecnode;
and that 7 cannot be a biflecnode.

Ex. 2. The bitangents b;, b, of the quartic of Ex. 1 are

2= (1x+/m) (p2+pyy).

Ex. 8. If C,, C, are the points of contact of the tangents from C,
then C;, C, and the points of contact of b, lie on a conic touching the
guartic at C. .

[yz+at = (1++/ m) (2 +p, 2y +p29").]

Fx. 4. The points of contact of b, and b, lie on a conic touching the
quartic at C.

[2y=+2a® = (1 —m) (2% + pyzy + P, 4*).]

Ex. 5. AB, C,C,, by, b, are all concurrent.

Ex. 6. A conic touches the quartic at C,, C; and touches the tangents
from B.

[z +py—2)* = (1=m) p, (2 +pyxy +p;9°)-] ’

Ex. 7. The points of contact of b, and its intersections with the
tangents from B form an involution with a double point on C4.

¥x. 8. The points of contact of the tangents from 4 lie on a conic
touching the quartic at C.

[Write down the polar cubic of 4.]

* For other examples see Messenger Math., xlvii (1917), p. 95.
2216 U
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1I. Unicursal Quartics with a Rhamphoid Cusp.

Kx. 1. A quartic has a rhamphoid cusp at C and another double point
at B; CA is the tangent at C and B4 the harmonic conjugate of BC
with respect to the tangents at B. Show that its equation is

(y=+ 2% = 4oy (x + ay).

Show that @ =0, if Bisa cusp; @ = 1, if B isa flecnode; and that B
cannot be a biflecnode.

Fx. 2. The bitangent b of the quartic of Fx. 1is z+ay =< touching
where a?—ay—ay®= 0. .

The tangent from Bis == (14 «)z, touchingat B, (1—a, 1, 1—-a?.

The tangent from C'is #+ay = 0, touching at C, (a, —1, a?).

Ex. 8. AB, b, CC| are concurrent.

Ex. 4. b, C4, B, C, are concurrent.

Ex. 5. B, C, By, C), and the points of contact of b lie on a conic for
which AC and BC, are conjugate lines,

|22z +ay) = (2+a) 2*+ 2axy.]

Kx. 6. If BB, meets b at /1, the involution pencil formed by CB, CH

and by the lines joining C to the points ot contact of b has 4 as
a double ray.

Ex. 7. The points of contact of b and €, lie on a conic osculating
the quartic at C.
[y2+2% = 2y (z+ay).]
Kix. 8. The points of contact of the tangents from A lie on a conic
osculating the guartic at (.
[Write down the polar cubic of .]
‘x. 9. If the tangents at B meet the quartic aguin at F; and F,, the

line C4 is divided harmonically by F,F, and the tangent at B to the
conic touching C4 at C and passing through B, F,, F,.

[FiF,is 2248 (t—1)y+2z= 0, and the conic is ' —4zy+2ys = 0.]

Kx. 10. The conic osculating the quartic at € and touching the conic
of Kx. 9 ut B passes through B,.

lyz+a* = 2ay.]

Ex. 11. The conic osculating the quartic at C and passing through
the intersections of the curve with AB (other than B) passes through C,.

[y2 +u? =4y (z+ay).]

¥x. 12, The conic osculating the quartic at € and passing through

the remaining intcrsections K, K, of F,, f, with the curve passcs
through B,.

lgz+2*4 2y = 4 (1 -a)y?]

Ex. 13. BK, and BH, touch the conic of Fx. 12 ; and K, K, is divided
harmonically i)y CA, CB.

§ 8. Quartics with a Triple Point, &c.

A quartic with a triple point is converted into a unicursal
cubic by projecting two points of the quartic into the circular
points and then inverting with respect to the triple point.
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Of course quadratic transformation with the triple point and
two other points on the curve as the points (!, 4, B of Ch. IX,
§ 1, comes to the same thing.

Hence from each property of a unicursal cubic can be
deduced a property of a quartic with a triple point.

An alternative is to reduce the equation of the quartic to
a simple form by a suitable choice of axes or triangle of
reference.

The eoordinates of any point can be expressed rationally in
terms of a parameter by considering tho intersection of the
curve with a line through the triple point.

If we take the triple point as (0, 0, 1), the equation of the
quartic is

sudr=0 . . .. 0L (D)
where
W= gt + 8a, Ay + Ba,ay? + Y,
v=Aat+4 A0ty + 64,200+ 4 A 00+ Ayt

We may simplify this equation by a suitable choice of the
other two vertices of the triangle of reference.

For instance, if all three tangents at (0, 0, 1) are real, we
may suppose « = .y (+y). Then, replacing = by 2+ +qy
and choosing p and q so as to make the coefficients of w*y and
ay® zero, we may reduce (i) to the form

wy @+y) = axt+ 2heiy?+ 0yt . . L L (id).
The reader will easily verify that, if
(t—Va— V)2 =a+2h+b, (T—va+V)?=a+2k+D,
then
s42t(Vaz+vby) =0, 2427 (Ver—vby) =0 (iii)
meet the curve (ii) where
(Vaxt+tzy+Vhy?2 =0, (Vua?+Tey— Vby?? = 0.

Therefore the lines (iii) are the four bitangents of (ii), and
z=0 is a diagonal of the quadrilateral formed by thesc
bitangents.*

I. Quartics with a Triple Point.

Ex. 1. If O is a triple point of a quartic through 4 and B, the three
conics through 4, B, O osculating the quartic at O meet the quartic
again on a conic through 4, B, 0.

[Project A4, B to the circular points and invert with respect to O.
Then: ‘The tangentials of three collincar points of a cubic are
collinear.’]

* An exception arises if * —)ub. See Ex. 18, 19, p. 295,
Ul
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Tx. 2. In Ex. 1 there are three conics through 4. B, O which osculate
the quartic at I, @, R, Show that 4, B, 0, I, @, R lie on a conic.

Ex. 3. A conic through the triple point O of a quartic meets the
curve again in 4, B, P, 9, R. 1f A4, B, I’ are fixed and @, E vary, 0Q
and OR trace out an involution pencil.

[See Ch. XI1II, § 4, Ex. 12.]

Tix. 4. Two conies through the triple point ) of a quartic meet again
at 4, B, P on the curve, and they both touch the quartic at @ and R
respectively. The conic OABQI meets the quartic again at S. Show
that 0Q and OR are harmonically conjugate with respect to OF and 05,
and also with respect to the lines joining O to the other intersections of
ADB with the quartic.

|See Ch. XIII, § 4, Ex. 13.]

Ex. b. No triangle can be both inscribed in and circumscribed to
a quartic with a triple point.

[The quartic could be transformed quadratically into a quintic with a
{riple point and three cusps, whose reciprocal would be a quintic with
a triple tangent.]

Kx. 6. The line y = ta joining the triple point of § 8 (ii) to the
remaining interscctions of the curve with the line joining the inter-
sections of y = #;« and y = t,x with the curve is given by

b4 b+ ar—(a+2h+d)u) t+av=0,
where oht, =1, w(l+t)(148)=1.

Fx. 7. A triangle is inscribed in a quartic with a triple point 0. The
lines joining O to the remaining inteisections of the quartic with the
sides of the triangle form an involution.

| Use Ex. 6.]

¥x. 8. A quartic with a triple point O passes through three fixed
points A, B, C and meets BC, CA. AB again at six fixed points. Show
that the locus of 0 is a cubic.

[Use ¥x. 7 and Ch. XV, § 3, Ex. 3.]

Fx. 9. If p=0,¢g=0, »r=0, s =0 are four lines, such that p=s,
¢=s, r=s areconcurrent, +/p+4/q+4/r4+/3=0 isa quartic with
a triple point and with these lines as bitangents.

[See § 8, Ex. 11.]

Fx. 10. The points of contact of the four bitangents of a quartic with
a triple point lie on a conic.

Tor the quartic § 8 (ii) the equation of the conic is

224 4z (ax+ ly) — 8 (ab+ ah) 2*— 8 (ab- D) y* = 0.

[Tt is readily seen that these bitangents are

f2"4 4z (ax+ by) —8 (ab+ al) x*— 8 (ab+ bh) y*}*
+64ab(a+2h+d) l2xy (x+y)—azxt =20y’ —by'; = 0;
or we may use kx. 9.]

Fx. 11. Any diagonal of the quadrilateral formed by the bitangents
of a quartic with a triple point O meets the curve and the conic through
the points of contact of the bitangents in an involution whose double
points lie on two tangents at 0.
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[In § 8 (ii) the diagonal is 2 = 0. The curve
16 (r—y) 2z +y) y = 122 — 162°y — 42’y* + 82y’ + By
with bitangents
3z+2y+12=0, z42=0, z~-4=0 y-3=0,
will illustrate Ex. 10 to 15.

The conic 62°+ 4xy+ 352 — 2424 8y— 96 = 0 passes through Lhe points

of contact of the bitangents, and the conic

522" ~h2xy —27y*— 162~ 152y —48 = 0
touches the six inflexional tangents (only two are real). Through the
four real intersections of these conics passes another conic through the
inflexions.]

¥x. 12. Let K, F,; FK,, I,; E,, I, be the three pairs of vertices of
the quadrilateral formed by the bitangents of a quartic with a triple
point 0. Show that, if the tangents ¢, #,, #, at O are taken in a certain
order, then :

(i) t,. t, are the pair common to the two involutions subtended at O
by the points of contact of the pair of bitangents which meets at ¥, and
the pair which meets at I}.

(ii) The two conics through O and the points of contact of these two
pairs of bitangents both touch ¢ at O and have four-point contact.

(iii) The conic Of, F, I I touches #, at 0,

(iv) Through E,, F,, E,, Fy can be drawn a conic having double
contact with the conic through the points of contact of the four
bitangents at its interscctions with ¢,.

(v) Let 8,, 5, S, be the conics of closest contuct with the quartic
at 0, and 1,, I, I, the lines joining O to their remaining intersections
with the quartic. Then prove that ¢, and 7, divide E, Fy harmonically.

(vi) The lines O, and OF}, t, and ,, ¢, and Ig form an involution.
(vii) A conic passes through k|, ¥} and the four intersections of 5, and
N;. It touches at O the harmonic conjugate of ¢ for 7, and #,.

(vii1) The conic through the inlersections of S, and S; touchimy ¢, at
0 meets ¢, and 7, in points collinear with the intersection of #, and £, F}.

[Two pairs of bitangents are

244 (a+ /b)) (Var+ /by) s =% (= 4/ ab) (y/wr+ Vy)? =0,
244 (a—b) (Vaz—/by): =S+ A/ ab) (v ax- /by — 0.

Adad and subtract these equations, and subtract cach from the equation
of the conic of Ex. 10.

The conies of closest contact ut O with § 8 (ii) are

sy —a (@ —ry+y*)=2hy* =0, swe—b (L —zy +y*) —2ha* = 0,
2(@+y)+Ba+b) 2+ (3a+3b—2h) oy +(w+3b) y* == 0.]

Ex. 13. A line divided equianbharmonically by a quartic with a triple
point O envelops a conic touching the six inflexional tangents and
touching the Hessian of the tangents at O.

Vor the curves § 8 (i) and (ii) the tangential equation of the conic is
(oA —4 A, A3 +34,2) v —4 (agd —Ba, A3+ 8a, Ay —as.ly) vA

~4(agdg—3ay A, +3ay Ay —ayAg) vu—3 (ayag—ay?) \?
+ 8 (g — @y tg) A — 3 (gt — ) p* == 05
Ntpi—Au+4h N +p)v+4 (A +3ab),* = 0.
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(Eliminate z between Az + puy+vz = 0 and the equation of the quartic,
and write down the condition that the resulting pencil of lines is equi-
anharmonic.

The inflexional tangents are divided equianharmonically by any
quartic.]

Ex. 14. With the notation of § 8 (i) verify that
(8 C0y22+2Cpyy5) (Cigyo 2+ Cupyy) =2 Ciyy o (st 4 0)

= Coy5(8Ci05 024 Clypy 1842 Cy,y ),
where Cy,, &c., are invariants or covariants of « and » given by
Cross = (@pay—a?) 2 + ..., '
Chos = (g Ay —2a, A +ay 4) 2 + ...,
Ciso=ala—6ay0,a,05+4ay 03 +4a,2 0, —3a, 0,2,
Cois 1 = {4g(ay 0~ 20y 0,05+ a;?)
+(aa—a’) (=44, a,4 640, —4 A 0+ 4, 00)) x + ...,
Ciir o = Ag (@ 0y—0a,*)' +2 4, (@, 05— a3?) (@, ay — ty @)
4 Ay (0t et + 302t~ 202 6, ~2aga,®)
+2 4, (0,80~ g ay) (aga; — ay®) + A (@g a,— a,2),
C1i= (4o (Bagad — 14,0305+ 90,°) 4 A, (— 16050505+ 28 4,2, —12a,a,?)
+dz (80aya* ~12a0a, a; —~ 184" a,) + Ay (4ay*ay — 16 ay 0y a,+ 12a,7)
+A(alag—aya®)} 0+ ...,
Cozyo = (A a? =6 Ay Ay agay 4 Ay Ay (D0 =20, 5) + 84,2 0,
+ 4045 (2aa5—6a,ay) — A, A, (120, 0, +4aya,) + Ay 4, a,°
+84, 4307+ 6.4 ayay =24, A aqu =44y dgaga 4 Ay A, aft) 2ty
Deduce that the six inflexions lie on the conie
3Cy0)02%4 Cya+2Cp.p=0.
For the quartic § 8 (1i) the inflexions lie on
2a (b+3h) x*—4 (ab+h?) ry+2h («+ 30) y*
=(3a—2h) ze+ (30—2h) cy4 22"

[By 8h. VII, § 7, Ex. 14 (v) the inflexions lie on

8Cy.0242C,,,=0.]

lix.15. The three conics of Ex. 10, 13, 14 pass through the samec
four points.

“eee

Kx, 16. Show that the equation of a quartic with a triple point O at
which (i) three tangents are real, (i1) one tangent is real, can be put
mto the form

(1) 2 (Ba?y—y') 1 atd 6ar*y? +4buy’ = 0,
(1) 2 (3Ly+y’)—at4 6ax®y® - 4bay® = 0.
Show that the bitangents of these curves are
2b—t 2
z=2[x-( 34 ) Y
where () 278 —(18u+1)¢24 41 = 0,
(ii) 27644 (18 a+1) 2412 = 0.

* For this equation, which suggoests the more general form, I am indebted
to Miss R. E. Colomb.
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Ex. 17. The bitangents of a quartic with a triple point O at which the
three tangents are real are all real or all unreal.
If one tangent at O is real, two bitangents are real,

iz, 18. Find the condition that the conic touching the inflexional
tangents of the quartics of § 8 (ii) or Kx. 16 should degencrate into a
point-pair,

Determine whether this point-pair is real or unreal, and find the
bitangents in this case.

[For § 8 (ii) the condition is A% = ab, and the point-pair is unreal.]

Ex. 19. Tf the conic touching the inflexional tangents degenecrates,
three bitangents are concurrent. HKach of them is divided harmonically
by two of the tangents at the triple point 0. The fourth bitangent 1is
divided harmonically by the Hessian of the tangents at O.

Determine whether the points of contact of the bitangents are real
or unreal.

[Ilustrate by tracing 24xy (r+y) = (22°+y%? whose bitangents
are the line of infinity and

2r+y+2=0, 22-y+3=0, 22—y—06=0.
Their points of contact lic on 2(w—22+ (y—1)% = 21.|
Fx. 20. Determine the condition that the conics of Ex. 10, 14 should
degenerate into line-pairs.
[Cayo=10. For § 8 (1i) this becomes «+ /4 b =0, when the conics
become respectively unreal and real line-pairs.]
Fx. 21. By replacing z, y, @, b, b in § 8 (ii) respectively by
xz+iy, x—iy, p+ig,  p-ig r=2(t10)
obtain the equation of a quartic with a triple point at which one
tangent is real. Obtain the conics through its inflexions, &ec.

kEx. 22. Sketch roughly the different types of quartic with a triple
point O, one tangent at O being the line at infinity, and determine the
number of bitangents and inflexions for each type.

| There arc four such types ; one is illustrated by
3y (y+1)w =4y —84y%4 81
with bitangents
9x+10y+45 =0, Se+4y+18 =0, Bar=2y+9 =0,
9r—8y+36 = 0.]

1I. Quartics having a Triple Point with two Coincident T'angents.

Ex. 1. The equation of a quartic with a triple point at which two
tangents coincide may be put in the form 2y = y*(2z+y) 4 ax’.

The bitangents are z+y = +2vVa (r+y).

Ex. 2. The inflexions lie on the conic 3yz+2a2z = 2au’.

[Fliminating ¢ between the equations of the curve and its Hessian,
we get 297+ 2?2 =0, &e.]

Ex. 8. The conic through the points of contact of the bitangents and
the triple point O touches the linear branch at 0.

[y (y+2) = 2ast]
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Ex. 4. The envelope of the line divided equianharmonically by the
quartic is a conic touching the inflexional tangents and touching the
superlinear branch at O. :

[p2+12as? = 6 An.]

III. Quartics with a Superlinear Branch of Order Three.

Ex. 1. The equation of a quartic with a superlinear branch of order
three can be put in the form zy® = (3ay?—u?)>%

The bitangent is & =0.

The inflexions are (+al, 1, 4¢?) and the inflexional tangents are

2+8aixr—12a%y = 0.

They meet the curve again at (F3a?, 1, 3642).

Yx. 2. The inflexions are real or unreal according as the points of
contact of the bitangent are real or unreal.

ix. 3. The tangent to the superlincar branch, the bitangent, the line
joining the inflexions, and the line joining the remaining intersections
of the inflexional tangents with the curve, wre all concurrent.

[Putting = =1, we see that the curve may be projected into one with
an axis of symmetry. Trace this projection, distinguishing the cases
a>0, a=0, «<0.]

Ex. 4. Any line met Ly the quartic in an equianharmonic range passecs
through the intersection of the inflexional tangents.

Ex. 5. The line divided harmonically by the quartic envelops a conic
touching the curve at the singular point, and touching the inflexional
tangents.

[1tis A2 416 apr+128a°v* = 0.]

kx. 6. A conic passes through the intlexions und the remaining inter-
sections of the inflexional tangents with the curve, which touches the
bitangent and touches the quartic at the singular point.

|lyz = 4ar]

IV. Unicursal Quartics of Class Six with one distinet
Double Point.

kx. I. A quatic has two linear branches having three-point contact

with one another. Show that its equation can be put in the form
(y=+2%) = y* (pe + qy°).
[By Ch. 111, § 8, Ex. 6, the cquation is
0 = (y=+ 22+ 2y (y2 +2°) (Lr + my) + y* (ax® + 2hey + by*).

Choose a triangle of reference ABC such that (' is the double point,
B the other intersection of the osculating conics at C, 4 theintersection

of the tangent at (" with the other common tangent of the conics. We
find that then I =m=h= 0.]

Fx. 2. Show how to tiansform the quartic into a conic by quadratic
transformation.
[Put z—a*/y for = in kx. 1.]
¥x. 8. The bitangents of the quartic of Ex. 1 are
(P*+4q)y = 4ps and ¥ =0
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Ex. 4. Show that the quartic can be projected into one with an axis
of symmetry. Indicate roughly its shape in the cases
>0, ¢>0; p>0, ¢g<0; p<0, ¢g>0.
Put ==1. Properties of the curve can be written down from the
symmetry; e.g. ‘A conic through two inflexions and the points of
contact of a bitangent touches the curve at C."]

Kx. 5. Express the oordinates of any point of the curve rationally in
terms of a parameter.
[Put 2eplar = (1-1)qdy.]

V. Unicursal Quartics of Class Five with one distinect
Double Point.

Kx. L. If in IV, Ex. 1, @ = (% the equation can be put in the form
(y=+ 2% = .
[Replacing = by =—Ir—my we reduce the equation to
=+ =y (pe+gy).

An infinite number of conics meet the curve at seven points coinciding
with (0, 0, 1), but no conic meels it eight times there.

Choose a new triangle of reference ABC such that € is the singularity,
CA the tangent at ¢, B8 the point of contact of the tangent from C, 4B
the tangent at B to that conic of closest contact at C which goes
through B.]

Ex. 2. Any point on the quartic is (¢4, 1, —#*~¢).

If the points with parameters ¢, 4,, 1,, ¢, are collinear,

Lh+tdt,+41,=0, totgt, + ittt ittt 4 81t +1 =0,
Ex. 8. The tangent at any point is
(1+4P) r+12(1-2"y42/1: =0,
and meets the curve again at the points with parameters +(1/2¢4)} -z

The curve is of class 5.

Fx.4. One of the inflexions is real and two unreal. They lie on a
conic having double contact at B and C with that conic which passes
through B and has closest contact at ¢ with the quartic.

The inflexional tangents meet the curve again at points lying on
such a conic.

[t=21 3w, o> Conics are yz+92* =0, 8y=+35at=10. More
generally, if any such conic meets the curve at P, @, 2, the tangents at
P, @, B meet the quartic again in six points lying by threes on two
such conics.]

Ex. 5. The bitangents coincide with y = 0.

¥Ex. 6. Derive properties of the quartic from those of the conic by
quadratic transformation.

[Putting : —.*/y for z we obtain ?= ry.]



CHAPTER XVIII .
QUARTICS OF DEFICIENCY ONE OR TWO

§ 1. Nodal Quartics.

IN this chapter we shall consider quartics with deficiency
one or two.

A quartic with deficiency two has a single node or cusp. If
it has a node 0, we take this node as (0,0, 1). Each of the

Fig. 1.
100 (2224 2 =160 —4 ) (12 + 352 =8x—12y) + (1 1 + ) (2 1 3y) — 0.

tangents at O mects the curve at another point. We call
these points I and J, and take the line IJ as z ="0.
Since (0, 0, 1) is a node, the equation of the quartic is of
the form
Uy +2Ugz +Uy2? =05

where wu,, uy, w, are homogeneous of degree 2, 8, 4 in z and ¥,
and 2, = 0 18 the cquation of the tangents at the node. Also,
sincc 5 =0 and u, = 0 intersect at two points on the curve,
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u, is a factor of u,. Hence the equation of the quartic may
be written UV +2Ugz+U2> =0 . . . . . (i),
v, = 0 being the equation of the lines joining O to the points
H and K at which IJ meets the quartic again (Figs. 1 and 2).

The siw points of contact of the tangents to the quartic from
the node O lie on a conic touching OH und OK at H and K.

For the polar cubic of O is u,+w,z = 0, which meets the
quartic six times at O and at the six intersections of the quartic
with 2* = v,, as is seen by writing (i) in the form

w, (1, — 2% + 22 (uy+uy2) = 0.

Fx. 1. We may without loss of generality take u; as xy or £~y if the
node is a crunode, or as 2%+ »* if the node is an acnode.

Ex. 2. A line meets the quartic in 4, B, C, I’ and 04, 0B, 0C, OD
meet the quartic again in 4', B, ¢/, D’. Show that 0, H, K, 4', B’, U, '
lie on a conic.

[If the line is = = »,, the lines 04, OB, OC, OD are

gty + 2005 4 uy 1y =0,
and the required conic is 2, = v, 2.]

¥Kx. 3. A line through H meets the quartic again in 4, B, ¢; and
04, 0B, OC meet the quartic again in 4’, B, ¢’. Show that K, 4', I?', ',
are collinear, and that the lines H.4BC, KA'B’C' meet on the conic
through the points of contact of the tangents from 0.

Kx. 4. If f{ and K are unreal, the quartic can be projected so us to be
its own inverse with respect to a circle j whose centre is the node 0.
Kight foci of the projected 4-ic lie on j, and the 4-ic is the envelope of
a circle cutting j orthogonally whose centre lies on the polar reciprocal
with respoct to j of the polar cubic of 0. The foci of the 4-ic on j arc
the points of contact with j of the common tangents of j and the polar
cubic of 0.

Conversely, the envelope of a circle cutting any given circle ortho-
gonally whose centre lies on a tricuspidal 4-ic with an infinite bitangent
is a nodal 4-ic.

[Project H and A into the circular points. See also Ch. XI, §11, Ex. 8.]

Ex.5. If IJ touches the quartic at I, the points of contuct of tangents
from O lie on two lines through 71.

Ex. 6. Show that:

(i) The equation of a quartic with a biflecnode O can be put in the
form ayz®+u=0 or (#*+y*)s*+u =0, where « is homogeneous of
degree 4 in z and .

(ii) The points of contact of the tangents from O are collinear.

(iii) The sixteen inflexions other that O lie on another quartic.

(iv) Any line through O is divided harmonically by the quartic and
a fixed line.

[(iii) Combine the equations of the curve and its Hessian.

(iv) Putting = = 1, we see that the curve can be projected so as to
bave 0 as u centre of symmetry. From this fuct other propertics of a
biflecnodal quartic may be written down.]
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Ex. 7. Show that:
(i) The equation of a quartic with a flecnode O can be put in the form
zy2? + 2yuz+ x*v = 0,
where » and v are homogeneous of degree 2 in x and y.

(ii) The tangents from O to the curve lie on a conic touching the
non-inflexional branch at 0.

(iii) If a line meets the quartic in 4, B, C, D and 04, 0B, OC, OD
meet the quartic again in 4', B, C, D', then 4’, B, C’, D’ lie on a conic
touching the non-inflexional branch at O.

[(i) ws4u =0, (iii) z(z+w)+2u =0, if the lineis = =1w0.]

Ex. 8. Show that the theorem of § 1 can be generalized as follows:
(tiven an n-ic with an (n~2)-ple point O, we can find an sic with an
(r—2)-ple point at O such that any line through Ois divided harmonically
by the curves; » being any given number > 3n. Kach curve passes
through the points of contact of the tangents from O to the other.]

[If 1,922 +2u,,2+u, =0, v,,5%+2r,_,2+0,=0 are the curves,

"n—! v, + ", 0.9 = 2“11-1 Ty -

See Bateman, Archiv der Math. und Physik, xiii (1908), p. 48.]

Fx.9. Show that Ex. 4 can be generalized as follows: If an n-ic with
an (n—2)-ple point O is self-inverse with respect to a circle j with centie
0, it is the envelope of a circle cutting j orthogonally whose centre lies
on the })ola.r reciprocal with respect to j of the first polar curve of O.
This polar reciprocal passes through 4 (1 —2) foci of the n-ic lying on j.

¥x. 10. A large number of polished wires in the form of concentric
circles lie on a table. Light emanating from a fixed point is reflected
at the wires to another fixed point. Find the locus of the point of
reflexion.

[A nodal cireular quartie.]

{ 2. Cuspidal Quartics.

If a quartic has a single cusp O, we may take O as (0, 0, 1).

As in § 1 the equation of the quartic is

Uy +2us+u, 2t =0,
where in this case u, is a perfect square. Most of the results
of § 1 hold with slight modifications. The points /, J coincide
at the intersection of the quartic with the cuspidal tangent,
and the tangent at this intersection meets the quartic again
in H and K.

We shall leave the verification of these facts as an exercise
to the reader, and give here only the method of finding the
bitangerits of a cuspidal quartic.*

The polar cubic of the cusp O has also a cusp at O and the
cuspidal tangents of the cubic and quartic coincide; for this
cubic is U=zu,+u, = 0.

* H. A. Richmond. Quarterly Jowrnal Math., Xxvi 1893), pp. 5-26.
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The quartic is
U? = u® —uyuy.
Now by a proper choice of the triangle of refercnce we may
reduce the equation of the polar cubic to
za 4yt = 0.
We have then u, = 2%, w, = »° and the quartic becomes
(z® +°)* = y° —a*uy.

Suppose that

Y —aPuy = (y +az) (y+be) (y + ) (y + da) (y + ex) (y + /) ;
where a, b, ¢, d, e, f are subject only to the relation

at+bt+c+d+e+f=0.

We shall denote y+ux, y+be, ... by o, B,y, 9, ¢ ¢ and
22+ by U.

Now

a2l = cxﬁy + 8¢ ¢
is cquivalent to
@2 {22 — (be + cw + ab + ef + fd + de) y — (ale + def) ) = O,
and mects the quartic
U* = ofydel
‘where (aBy—8e¢)* = 0.
Hence
25— (be+ca+ab+ef +fl+de)y—(abe +def)w =0 . (i)
and the nine similar equations are tho ton bitangents of the
quartic.*

Writing the quartic in the form

Rz —pr—p,y) @ +4 2z —pu—py) ¥

= {(4pg—15") "+ 2 (2 p5 = Pag) 4y + (4P, —py’) '} 2%,
where py, ps, P Pse Pe 8re the sum of the produects of
a, b, ¢, d, e, f two, three, four, five, six at a time, we sec that
the tangent at 1 (= J) is

2z—px—pry = 0,
and that the points I, K of §1 are its intersections with
(49— D) @ +2 (Rp5— Py ) 2y + (4P~ 22" y* = 0.

Some of the properties of the cuspidal quartic may be
verified on Fig. 2. Init a, B, ... denote the points oftcontact
of a=0, =0, .... They are the points with abscissac
—%,-1,—4%,%, 32, 5; the cusp being (0, ), and the cuspidal
tangent z = 0.

* The six quantitics «, 8, , 5, ¢, ¢ can be divided into two sets of three in
ten ways.
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The bitangent (i) may be conveniently denoted by the
symbol (abe, def). In Fig. 2 the equations of the bitangents
are as follows: .

(abe, def) x +45y = 122; (abd, cef) x—10y = 23 ;

(abe, def) x—5y = 125 (abf, dec) 991z —450y = 859 ;
(ade, bef) B +15y = —34; (uer, bdf) 3z + 30y = —61;
(afe, bde) 241 —225y = 92 (ade, bef) w— 45y = —68;
(udf, bee) 652+ 50y = —51; (aef, bed) 41x+ 25y = —38.

The bitangents («he, def) and (abd, cef) have unreal points
of contact.

¥x. 1. Of the ten bitangents of a cuspidal quartic, ten, four, or two
are real.

[If a, b, ¢, d, e, f are real, ten bilangents are real. If four or none of
them are real, four bitangents are real. If two of them arc reul, two
bitangents are real.]

¥x. 2. No two of a, b, ¢, d, ¢, f can be equal unless the quartic has
a second double point.

[1f a = b, (1, —a, @) is a node. |

Ex. 3. Through the points of contact of any bitangent can be drawn
two conics touching the quartic at the cusp and each passing thréugh
the points of contact of three tangents from the cusp.

[tz = abea*+ (be+ca+ ab) xy +(a+b+c)y?, &e.]

Kx. 4. Show that the points of contact of ¢=0, (=0 and the
bitangents (abe, cdf) and (abf, cde) all lie on a conic through the cusp.

[U(e+¢) = (aB+y8) ]

Ex. 5. The point of contact of & = 0, the intersection of B =0 with
the bitangent (acd, bef), and the intersections of the bitangents
(abe, cdf) and (abf, cde) are collinear.

[They lie on 2 U+ 0B = 0tyd + 0(Be + X3¢, which is a straight line.

The reader may refer to Richmond, loc. cit., for further examples.]

Ex. 6. What modifications must be made in § 1, KEx. 4, iu the case of
a cuspidal cubic ?

[Six foci lie on j. The centre locus is a cuspidal cubic having three-
point contact with the line at infinity.]

Ex. 7. A quartic with deficiency two is referred to a triangle both in-
sceribed and circumscribed to the curve, the double point being taken as
(1,1, 1). Show that its equation takes the form

ayzu*4 bzrv: +cryw? = 0,

the tangents at the double point being eu?+bv?+c10® = 0; where
u=(1+A4)x—y—A2, v=—Be+(1+DB)y—-:, w=—x-Cy+(1+0C)=.

Show also that owu+pBv+y0 =0, and that the quartic has a cusp if

beo*+caB’+aby* = 0;

where O, 8, y denote BC+B+1, CA+C+1. AB+A4+1.

Show that the polar cubic of the node is

a(y+z)ul+b(2+r)v* +e(r+y)w? =0.
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§ 3. Bicircular Quartics.

If a real quartic has a pair of unreal nodes, they may be
projected into the circular points at infinity. The quartic then
becomes bicircular, and its equation is of the form

¢ @+ +2 (lw+my) (@° + %)

+ wa + 2hawey + byt + 29x + 2fy = 0,
if the origin is taken on the curve.

If we now invert with respect to a circle with centre the
origin and unit radius, the quartic hecomes the circular cubic
¢+ 2 (lz +my) + ax® + 2hay + by? + 2 (gx +fy) (x* + y¥) = 0.

Since foci invert into foci and a circle and two inverse
points into a circle and two inverse points, the properties of
the foci of a circular cubie proved in Ch. XIV, §§ 2, 8, hold for
a bicircular quartic, namely :—

A bicircular quartic is self-tnverse with respect to each of
Sour mutually orthogonul circles each of wlich passes through
four foci. If the four veal foci are concyclic, the quartic
consists of two ovals and three of the four circles are real. If
the four real foci are not concyclic, the quartic consists of a
single oval awdl two of the circles are real, while each pusses
through two real focs.

The reader will at onee verify that, if the four lines

Y+ @ta)=0

each meet a bicircular quartic at only one finite point, the
coefficients of @?, @y, xy> y° xy in the equation of the quartic
are all zero. Hence the equation of a bicireular quartic becomes

@+ 92+ ax® + by + 292+ 2fy+e=0 . . . (i)
when the line joining a pair of singular foei is taken as y =0,
and the middle point O of the line is taken as origin. The
four singular foci of this quartic are rcadily shown to bhe
(+1+v(—-a),0), (0, +%+/ (a—0h). We shall suppose h>a
in the following.

The quartic (i) may be written
@+ 2=t +(@+2t)u*+ O+ 28) Y2+ 292+ 2fy +c—12 = 0.
Hence the conic
(e4+28) a4+ (h+20) 2+ 292+ 2fy+e—12=0 . . (ii)
has contact with the quartie at four points lying on a circle
2+yt=t . . . . . . . (i)
with centre 0, whatever may be the valug of {. If
414 +2(a+ )t +(ab—4c) 1 —2 (uc+be=f2—g?)t
—(abe—af*—bg?) =0 . . (iv),
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the conic (ii) is a line-pair. It is therefore a pair of bitangents
in this case.

We may exhibit the bicircular quartic (i) as an envelope in
another manner. In fact it is the envelope of a circle whose
centre lics on the conic

4% (w+20) +4y/(h+28)+1=0 . . . (V)
and which euts orthogonally the circle
a4+ 92+ 200 a4+ 28+ 2fy/(b+28) +t =0.. . (vi),
where ¢ is any root of equation (iv).
For, if we take the centre of the variable circle at
@ (—a—2l)icosd, (—h—28ising) . . (vii),
its equation is

(P4t —1) = cos b {(—a—2)iw—(—a—20)"2y)}

+sing {(—b—20y—(—b- 20)73f} . . (viii),
whose envelope is found in the usual manner to be (i), on
making use of (iv).

The variable circle has double contact with its envelope (i).*

The foci of (v) are the singular foci of (i).

The curve (i) is self-inverse with respect to the cirele (vi),
since the variable circle is self-inverse with respect to (vi),
being orthogonal to it. Hence the four circles with respect to
which (i) is self-inverse are obtained by putting into equa-
tion (vi) any value of ¢ derived from (iv).

The ordinary foci of the quartic (i) are the intersections
of (v) and (vi), each value of ¢ giving four such foci.

or, if P is any intersection, the cireular lines through P
form a degenerate circle orthogonal to (vi) and touching the
envelope of the cirele (viii), which is (i).

The conics (v), where ¢ is a root of (iv), are called the  focal’
or ‘deferent’ conics of the bicircular quartic. .

The reader will notice that (ii) and (vi) have the same centre.
It follows that a pair of bitangents passes through the centre
of each circle for which the quartic is self-inverse, as is
geometrically obvious.

In Fig. 3 is shown the bicircular quartic, whose real foci
0, 1), (—2%, —2%), (32, —32), (&, %) lie on the focal conic
22 +9y?=09. The centres of the circles for which the quartic
is self-inverse are (3, 8), (%%, 7) (3%, %) (5§, — 4%), being
the harmonic points of the quadrangle formed by the real foci

* As is the case in general with any singly infinite family of cireles. For
the sumilar result for circular cubies see Ch. XIV, §

2216 X
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and the centre of the circle through the foci. The quartic is
drawn by the method deseribed in Ch. XI, § 11, Ex. 3.

The real foci are denoted by O, the singular foci by x, and
the centres by e« in the figure.

n
%
:

Fig. 4.
(r24 y22=22,2-2,2—-1 = 0.
Singular foci ( +4/5, 0); ordinary foei (£1, 0), (0, +2),

Ex. 1. The inverse of a bicircular quartic with respect to a point not
on the curve is a bicircular quartic; the inverse with respect to a point
on the curve is o circular cubic.

Ex. 2. Through any point O of a bicircular quartic three real circles
of curvature pass besides the circle of curvature at 0, and the three
points of osculation lie on a circle through 0.

| Invert with respect to 0. We may derive other theorems by inverting
properties of a circular cubic, e.g. Ch. XIV, § 3, Ex. 10, 11.]

ix. 3. The circles of curvature of a bicircular quartic at its four
intersections with any circle for which it is self-inverse have four point
contact.

Ex. 4. If O is the point half-way between the real singular foci of
a bicircular quartic, show that:

(i) O is half-way between the unreal singular foci, #nd the sum of
the squares of the distances of O from the singular foci is zero.

(ii) The points of contact of the tangents from O lLic on a conic.

(iii) O is equidistant from the middle points of AB and CD, where
A, B, C, D are the intcrsections of any line with the quartic.

[Use equation (i) of § 3, and write down the first polar of (.]

FEx. 5. The bisectors of the angle between any pair of bitangents of
a bicircular quartic are parallel and perpendicular to the line joining
the real singular foci.

[Equation (ii) of § 8 has no term in .xy.]

Ex. 6. The four intersections of two puirs of bitangents lie on a circle
whose centre O is half-way between the real singular foci.

The sum of the squares of the radii of the circles obtained by taking
two pairs of bitangents and also the other two pairs is the same for each
way of dividing into pairs.

X2
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Fx. 7. The eight points of contact of any two of the conics (i) of § 8
lie on a conic.

The eight points of contact of any two pairs of bitangents lie on a conic.

[The points of contact of the conics for which ¢ = # and ¢ = ¢, lie on

(a+28) 2+ (b+24,) " +20r +2fy +c— 1,2+ (1,— 1)) (& +5°~1,) = 0,
ie. azx®+ by’ Qg 1 2fy+ e+ (ty4 1) (P + ) — 1 4y = 0.]

Ex. 8 The four intersections of uny two of the conics (ii) of § 3 lie on
a circle with centre 0.

The rectangular hyperbola through the intersections has fixed
asymplotes. . .

The conic through 0 and the intersections has a fixed tangent at 0.

[Note the case in which the conics are pairs of bitangents as in Ex. 6.1

Fix. 9. Find the centres of the circles for which the quartic (i) of § 3
is scli-lnverse; and show that they lie on a rectangular hyperbola
through O shose usymptotes are parallel and perpendicular to the line
joining the real singular foci.

[(—g/(a+2¢t), ~7/(b+21)), where tis given by (iv).

The centre of (ii) lics on b—a =g/x—f/y.]

Ex. 10, The centroid of the four finite intersections of a bicircular
quartic with any circle whose centre O 1s half-way belween the real
singular foci of the quartic is o fixed point V. It is also the centroid of
any four concyclic foci, and the centroid of the four points of contact of
any pair of bitangents. Tt is the interscction of the axes of the two
pati?bo]u.s of the family (ii) ; and the centre of the rectangular hyperbola
of Ex. 9.

|Fliminate « o1 y between (i) and (iii) or hetween (v) und (vi). 7 is
the point (g/(b—a). f/(a=0)).]

Ex. 11. In Ex. 10 the ratio of the distances from x = 0 of the centre
of (ii) or (vi) and of ¥ is the squarc of the eccentricity of (v).

[This enables us to determine the focal conic corresponding to any
cirele for which the quartic is self-inverse |

Ex. 12. The centres of three circles for which a bicircular quartic is
self-inversc are the vertices of the common self-conjugate triangle of the
fourth circle and its focal conic.

[They are the harmonic points of the quadrangle whose vertices are
the four foci on the fourth civele.]

Ex. 13. If a bicircular guartic consists of two ovals one inside the
other, the focal conic through the real foci is a hyperhola and the other
three focal conics are ellipses.

1f the guartic consists of two ovals external to each other, the focal
conic through the real foci is an ellipse and the other three focal conics
are hyperholas.

If the quartic consists of one oval, one focal conic is an ellipse, one is
a hyperbola, and two are unreal.

[Use Ex. 11 and Ch. X1, § 11, Ex. 8, 4.]

Ex. 14, The directrices corresponding to four concyclic foci pass
through the centre of the circle and form a pencil of the same cross-
ratio as that subtended by the foci at 0.

|The line joining O to the point (vii) forms a pencil homographic with
that traced out by the chord of contact of (viii) with its envelope. |
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Ex. 15. The normals to a bicirculur (uartic at the points where it
meets a circle for which it is self-inveise touch a conic whose foci ate the
singular foci of the uartic.

[The corresponding focal conic. It follows that these normals foim a
quadrangle whose opposite sides subtend supplementary anglesat either
singular focus, &e., &c.]

Ex. 16. The pair of bitangents through the centre of uny one of the
circles for which a bicircular quartic is self-inverse are perpendicular to
the asymptotes of the corresponding focal conic.

[Sce Fig. 3 and compare Kx. 13.]

Kx. 17. The distances of any point P on a two-circuited bicivcular
quartic from three real foci 4, B, (' are connected by a linear® relation
t.PA+m.PB+n.PC=0, wheie l, m, n are constants.

[Invert Ch. XIV, § 3, lix. 20, with respect to uny point, and we find
that the result of Ch. XIV, § 3, Ex. 23, holds for the hicircular quartic.

As in Ch. XIV, § 8, KEx. 26, we obtamn results for the onc-circuited
quazrtic.

As an alternative, we may invert the result of § 6 (iv) or § 10, Ex. 3.]

Kx. 18. If a two-circuited bicircular quartic with real foci 4, B, ('
passes through real points P, @, R, thenatwo-circurted hicitculur quartic
with foci P, @, I passes through 4. B, ¢

A PB IC |
[By Ex. 17 we have ' QA4 QL @QC  =0; which 1s unaltered by
i RA RB RC
interchange of P, @, B and 4, B, .}

¥x. 19. Any bicircular quartic can be inverted into a bicireular quartic
symmetrical about two perpendicular lines on which lie the 1eal foci
and singular foci.

[Invert with respect to the intersection of' two real circles for which
the quartic is self-inverse and on which lie the real foci. See Fig. 4.]

Ex. 20. Obtain the equations of the bicircular quartic symmetrical
about the axes of reference whose real singular and ordinary foci arc
given and are on these axes.

|There are three types. We may take the real singular foci as
(+m, 0). Then the curve is

W AR =2 (L) wt =2 (L=m?) f +ho 82 =,
where
(1) The real foci are (+&, 0), (+8,0), ¥ = (m*=2%)(m*=p*), k=41
(2) The real foci are (0, +), (0, £B), *= (m*+0F) (m*45%), I - +1.
(8) The real foci are (+0, 0), (0, £B), I*= (m*~0F) (m24 g%). k=~1

As an exercise the reader may discuss the relative position of singular
and ordinary foci, and the nature of the ovals.:md l;itaqgents for cach
type. He may also find the relation connecting the distances of any
point of the curve from three foci (Ex. 17). For this purpose he may
put m?® = &2 cosh®e— g% sinh* ¢ in type (1).]

Ex. 21. Find the locus of the singular foci of a two-vircuited bicircular
quartic, given the real ordinary foci.

[The circular cubics with the given foci. See Ch, XIV. § 3, Kx. 27.]
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Ex. 22. Show that the equation of a two-circuited bicircular quartic
can be put in the form

@ +¥*) -2 (le+ my) (2 +y*—1) + aa® + 2 Imay + by +1 = 0.
[Take #?+4*+1 =0 as the unreal circle with respect to which the

quartic is self-inverse, and the axes of reference parallel and perpendicular
to the line joining the real singular foci.]

Ex. 23. Obtain the equations of the conics touching the quartic of
Ex. 22 in four points, the equations of the bita.ngents, and the equations
of the circles with respect to which the quartic 1s self-inverse.

|The quartic is #*+9 =0, where
w=at 4yt —le—my+t,
v=(a—0=2t) 22+ (b=m*—=20) y* + 2 (¢4 1) (lx + my) + (1 -1¢7).
The conics are r= 0; and the bitangents are v =0, where
t=—1 or t,1,, 1,
which are the roots of the equation
48 -2 (w4 b+2) i+ (ab+2¢+2b -4 —4m*=1*n?) t
+(2am*+ 2012 — ab-- 32 m*) = 0.

The required circles have their centies at the centre of » — 0 where
t=-—1,¢, t,, t,, and are mutually orthogenal. Their cquations are
thercfore &%4 4*11=0, S;,=0, 5, =0, 5 =0, where
S =ty -2 (6 + 1) /(24 + B —a) =2 (1, + 1) my /(28 + m*—b) =1, &e¢.]

Ex. 24. Show that the squares of the tangents from any point of a
twe-circuited bicircular quartic to the three real ciicles with respect to
which the quartic is self-inverse are connected by a homogencous linem
relation.

Conversely. if the squares of the tangents trom P to three given circles
are connected by a homogeneous linear relation, the locus of P is a
bicireular quartic; which is self-inverse with respect to each of the given
circles, if these circles are mutually orthogonal.

|The guartic of Ex. 22 is

(tg—1,) (24, + =) (20,4 m* = D) S+ ... + ... = 0.]

lix. 25. Show how to find the foci of N4 S+ e8* = 0, wheie
Ny =0, S;=0, Ny =0 are given mutually orthogonal circles.

[The quartic is the envelope of AS, +uS, +vS, = 0 where

\/a+p*/b+vije = 0.
Now make the radius of this circle zevo.]

Fx. 26. Given the circles with respect to which a bicircular quartic is
self-inverse and one point on the curve, find the locus of the singular foci.

Ex, 27, Find the locus of P, if

(i) PA.PBo I'C.DD,
(ii) PA.PB o PC,
where A, B, C, D are fixed points.

[(1) A Vbicircular quartic such that an infinite number of quadrilaterals
can be inscribed in it whose sides pass alternately through the two
circular points.

(ii) A bicircular quartic with 4 and B as singular foci. What is its
inverse in respect to 4, C or any point ?}
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Fx. 28. Find the locus of P, if the product of the tangents from P to
two fixed circles (i) is constant, (i1) varies as the square root of the
distance of P from a fixed line, (iii) varies as the tangent from P to
another fixed circle.

[A bicircular quartic with singular foci at the centres of the two
circles.]

Ex. 29. Find the locus of P, if the product of the tangents from P to
two fixed circles (i) varies as the distance of P from a fixed line, (1i)
varies as the product of the tangents from P to twd other fixed circles.

[The reader may consider the question, ¢ Under what circumstances
can a given bicircular quartic be generated by one of the methods of
Ex. 27°29 27 For instance, any bicircular quartic can be generated by
a point P’ the product of whose distances from the singnlar foci varies us
the tangent from P to a fixed circle, if we allow this circle to be unreal,
or allow P to be inside the circle if real; but not always, if we rcfuse to
allow these alternatives.]

Kx. 30. The locus of the intersection of two orthogonal circles one
belonging to a given coaxial family and the other belonging to another
given coaxial family is a bicircular quartic through the common points
and the limiting points of the two families.

|Invert with respect to a common point.]

Kx. 31. Trace the quartic (i) as the intersection of circles.

[1t is casy to put the equation in the form S8, == N, where S, =0,
S;=0, S=0 are circles.

Now find the intersections of 8, = 8, S, =:¢ for different values of
the parameter ¢.]

§ 4. Quartics with Two Real Nodes.

In our discussions of quartics with two real double points,
we shall adopt throughout the following notation. The rcal
double points are 4 and B. The harmonic conjugate of 45
with respect to the tangents at A meets the curve again in M,
and M,. The harmonic conjugate of BA with respect to the
tangents at B meets the curve again in L, and L,. The lines
AM M,, BI, L, meet at (. The tangents at A meet the curve
again at &, and #,; the tangenis at B meet the curve again
at F, and F,. The line E, %, mcets the curve again at I
and I,; the line F,F, meets it again at A, and K,. The
tangents from A touch at 4,, 4,, 4, 4, and tho tangents
from B touch at B,, B,, B,, B,. The ranges (AU, M, M,) and
(BV, L,L,) are harmonic. The other diagonals of the quadri-
lateral formed Dy the tangents at A and B mcet 4B at K,
and R, and intersect at (/ (Fig. 5).

If A and B are not ordinary nodes, a slight modification
of the above notation is necessary. Such modification will
usually be quite obvious without explanation.
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For instance, if B is flecnode, one of the points F, and F,
will be at B, and the other will be denoted by F. The points
K, and K, do not exist in this case. There are only threc
tangents from B (other than the tangents at B); their points
of contact are B,, B,, B,.

Or again, if B is a cusp, the points F; and F, coincido at
the intersection of the curve with the cuspidal tangent, now
called F. The points K, and K, arc the other intersections
of the curve with the tangent at F. There are only three

Ig, 5.

tangents from A, whose points of contact are 4, 4, 4,
Similarly in other cases.

Taking ABC as triangle of reference, the cocfficients of
oyt &P P, atyz, ayPe are zero in the equation of the
quartic, which takes the form

(@ +p2°) (Y +q2%) + 2mayz* + 2 (fw+ gy +h2) 2 = 0 . (i),
where 3*+¢2*=0 and &*+p:* =0 are the tangents at A
and B,

_ Roplacing « and y by suitable multiples of # and ¥, we may
simplify the equation (i). For instance, we may make f,and g
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both unity.* But in view of the following sections, it is better
to leave f and ¢ general at present.
Writing equation (i) in the form
1@y + (m—1) 2%} + 22 {qa* + py? + 2tay + 2fez + 29y
+(pg+2h—[m—t})z* =0,
we see that the conic
gt + py* + 2ty + 2fxs + 29y + (pg + 2h—|m—t)%) 22 =0 . (ii)
touches the quartic at its four intersections with
2y+m—)*=0 . . . . . . (i)
other than 4 and B.
The conic (ii) is a line-pair, and therefore represents a pair
of bitangents, if
B =2l + (m*—Rpg =2 12+ 2 (fy + mpy) ¢
+ (P24 Ry — pgit—pfi—qg?) = 0 . . (iv).
We shall take the values of ¢ given by (iv) as a, b, ¢, d.
The pole of A B with respect to the conic (i), or the inter-
section of the pair of bitangents, is
(gt =1t fr—ag, py—1*).
The locus of this point when ¢ varies is
Q= fer—gyz =0 . . L L L (),
which passes through the points ¢, R,, R,.

Ex. 1. The points k,, F,, E,, F,, A, B lie on a conic. *

(On wry + (fir+ gy hz) 2 = 0.] )

¥a. 2. The points of contact of the tangents from C lie on a conic.
[On g +py*+4 2 (pg+20) 22+ 2may+ 3 (fr+gy)z =0,

Write down the first polar of C.]

Kix. 3. The points A, 1,, 4,. 4,, 4,, L,, L, lie on a conic, and so do

B, By, By, B, B,, M,, M,.
The two conics touch the conic of Ex. 1 at 4 and B respectively.

|On Py’ + (pg +2h) 2%+ may + fiz + 2gy= = 0,
and qx® + (pg +2h) 2* + may + Sfxz+ gye = (.

Write down the first polar of 4 and use
Y+ (pg +2h) 2 + mxy + foz + 2gyz} 4 (wy?+ qut4 my=2 4 f3)
= (427 (P4 057 + 2maryzt + 2 (f 4 gy + h2) 23]

Ex. 4. The three conies of Kx. 2 and 3 pass through the same four
points, which also lie on the conic (v).

[Add and subtract the equations of the conics in Ex, 8.]

* We cannot, however, make f2:g% = q:p; / or y zero, &c.
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Ex. 5. The points 4,, 4,, 4,, 4,, B, II;, H, lie on a conic which
touches AH,, AH,, BC.
[On (/%4 gm®) 22+ 2 (fg—hm) ry +2 (qmg + hf) xz
—(pft+pgm®+2hm? -2 fgm) 2% = 0.
The conic B, B, B, B, 4 K, K, is
(*+pm?) y* + 2 (fy—hm) xy + 2 (pmf + hg) yo
—(gg*+pgm® + 2hm® —2fgm) 2* = 0.
If we write X=(f2+gm*)z+(fg—hm)y+(gmg+ hf)z, the quartic
becomes (y®+¢2?) X2+ 21, X+ (4* +¢*) v, = 0, where
vy = {(fy—hm) y+ (qmg +hf) <}2+ (f2+qm?) (pf* + pam® + 2han? — 2fym) =*
and u, is homogeneous of degree 3 in y and =.
Hence the required conic is X?=1wv, by § 1; the line /7, being
X =0, and the lines AM,, AIl, being v, = 0.]
Ex. 6. A conic touches the quartic ut L,, L,, M,, M,.
[Put ¢ = in (ii).]
Ex. 7. The conics (ii) meet the sides of the triangle 4B in involutions
of which BV, AU, R, R, are double points.
Ex. 8. Through the intersections of any two of the conics (ii) passes
@ conic touching CA4 and CB at 4 and B.
| g2+ py?+ 2t xy + 2 fr= 4 2 gy=+ (pg + 2h —[m—1,]*) 22}
— @t +py2+ 2ty + 21z + 2 gy + (g + 2 — | m — 1,]%) 2
=(t—t) 2(ey+|m—t] 2N+ (2t -t —1,) 2}.]
Ex. 9. If P, Q arc any two points dividing R, 12, harmonically, a
conic can he drawn through P, ¢ and the intersections of any one ot
the conics (ii) with any one of the conies (iii). It touches one of the
conics (ii) at  and Q.
[See Ex. 8.]

\x, 10. Through the points P, ¢) of Ex.9 a conic can be drawn passing
through the four points of contact of any one of the conics (ii) with the
quartic.

[In Kx. 8 put ¢ = ¢.]

¥x. 11. A conic can be drawn through the points of contact of any
two of the conics with the quartic.

[If the conics are given by ¢=¢ and ¢=1¢", put t=t =1t and
2t = ¢+t in Kx. 8]

Ex. 12. The conic through ¢ and the intersections of any two of the
conics (ii) has a fixed tangent at C and divides AU, BV harmonically.

Ex. 13. The points of contagt of any pair of bitangents liec on « conic
touching C4 at 4 and CB at B.

|On conice (iii), where 7 =aq, b, ¢, or d.]

Ex. 14. The intersections of the four pairs of bitangents with* AB form
an involution whose double points are 12, and R,.

|See Ex. 7.]

Ex. 15. The four intersections of the two pairs of bitangents liec on
a conic touching C4 at 4 and CB at B.

[See Ex. 8.]

Ex. 16. The conics through € and the intersections of any two paiis
of bitangents touch one unother at C and divide AU, BV harmonically.

[See Fx. 12.]

.
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Ex. 17. The points of contact of any two pairs of bitangents lie on
a conic,

|See Ex. 11.]

Ex. 18. The cunic CE, Ey F, F, touches the conics of Ex. 12 at C.
The tangent to this conic and the tangent to conic (v) at C divide 4B -
harmonically.

[The conic is

b (f*+gm®) 2+ b (g* + pm?) y* + (2 fyh — mh* — pgm®) ay
+ (gh—pg?®) (fx+gy)z = 0]

Kx. 19. Show that the pencils of tangents from 4 and B have the same
cross-ratio. .

[The tangents are

PY 298+ (204 2pg—mt) P34 2 (9g —mf )yt + (2hy+ pgP—f A =0,
gt + 215 2+ (2h+2pg—m?) &7+ 2 (fp = my) x* + (2hp + pPq—g?) * = 0.
Now use Ch. I, § 11.

Another proof consists in projecting 4 and B into the ecircular points
apdlusilng the fact that the foci of a bicircular quartic lie by fours on
clreles.,

KEx. 20. The left-hand side of (ii) may be written in the form wv+ 22,
where kpq is the left-hand side of (iv) and

.

— tan o o tan
w=sgtan i (@ — g+ \/p coby, (w+ 7 fR)
* Vap Y/

tan & [0 4 tan
v= x/qcot.{.cx(:v + ~ g+ \/J)tim (y — - J=),

V/pq 2 Vg

1= 4/pg cosec .
|Tuking t = a, b, ¢, d, we get the eight bitangents.]
Kx. 21. The quartic is the envelope of the conic
pruz+2p ey + (m—1)2% 4oz =0,
where ¢ is any root of (iv), and p is a purameter.

The locus of the pole of »= 0 with respect to this conic is u conic
touching the tangents at 4 and B to the yuartic.

Lgw* + py* — 2ty + (pg—*) ] = 0]

Kx. 22. The sixteen intersections of tangents to the quartic from
4 and B lie Ly fours on four conies touching the tangents at 4 and B,

[The intersections are the centres of the line-pair conics of the family
of Ex. 21, and these lie on the pole-locus. |

Vx, 23. The points 4, 4,, Ay, <Ay, <4, B, B,. B,, B3, I5,, U, V lie on
a cubic. It passes through the intersection of AB with the tangent at

C to the conic at ¥x. 12 and the intersections of ¢'.4 and CB with the
tangents at B and 4 to the conic of Ex 1.

| Dividing
(.ry.’ + g2+ my2? + 12°) (ya* + pys? + mrt+ g=3)
~ay (& +22°) (974 ¢=*) + 2mayt + 2 (for+ gy + he )2
by =* we obtain the cubic
zy (fr+gy) = & {gma®+ (m®— 2h) £y + pmy?}
+& {(gy+mt) w+ (pf + my) y} +7y2.]
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¥x. 24. If one polygon of 2 sides can be inscribed in a binodal
quartic so that the sides go alternately through the nodes, an infinite
number of such polygons can be inscribed.

[Project the Steiner points of a polygon inscribed in a cubic (Ch. XVI,
§ 6, Fx. 1) into the circular points and invert.]

Ex. 25. All quartics with two given nodes and passing through seven
other fixed points, pass thiough an eighth fixed point.

[Project the nodes into the circular points and invert with respect to
one of the fixed points ]

Kx. 26. Discuss the guartic for which f%/¢® = ¢/p.

[The quartic has either two crunodes or two acnodes. In the first cuse
we may take p=¢=—1, g=/. One root of (iv) is /= —1, the
corresponding pair of bitangents meeting at (1. ~1,0). The locus of
the pole of 4B with respect to the conics (ii) is = y. The quartic can
be projected so as to be symmetrical. Similarly in the second case.]

¥ix. 27. Discuss the quartic for which fy = han.
[The conics of Ex. 1 and 5 degenerate.]

§ 5. Quartics with a Node and a Cusp.
In §4 A and B were any two real double points of a quartic.
If A is a node and B is a cusp, we have p =0 and we may
also take f= 1, ¢y = 1, as explained in § 4.
The cquation (1) of the quartic becomes
L2 (et + 2mayZ+ 2 (w+y+ha) P =0 . . (i);

while cquations (ii), (iii), and (iv) become
gz + 2txy + 2z +2yz + (Rh—[m—1]9) 22 =0 . (i),
zy+(m—t)2=0 . . . . . . (i),
B =2t + (mE—=2h)t +2—q=0 . . . (iv).

If ¢ is any one of the roots «, b, ¢, d of (iv), (ii) represcnts
a line-pair which must evidently be

(z+te) {gtw+ 2y + Rt—qg) 2} =0,
and by § 4 this touches the quartic where it meets (iii).

Taking ¢ = «, we obtain a tangent from the cusp 2 +ux = 0
touching at the point B, (— 1, mu®— @, a), and a corresponding
bitangent b, with equation

gax+2¢*y+(2a—q)z =0
touching where
20y + (Ra— @) yz +qu(@—m) 2% = (.

Similarly taking ¢ = & we get the tangent 2 +bz = 0 from

the cusp touching at B, and the corresponding bitangent b,.
gbz+ 2b*y+ (Rb—q)z = 0;
and so for t =¢, t = d.

The line 2y = ez meets the curve (i) again in coincident

points, if
e+ Rh—m?) e +4(q—m) e+4(2qh—1)=0.
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This is readily proved to be an equation in ¢ whose roots are
ad + e, bd +ca, cd+ ab.
Hence the tangents from the node 4 are
2y = (ud +bc) 2, &e.
The points of contact 4,, 4,, A, will be found to be
2b+2c—2a-2d, 2ad—2be, a2d®—b*c?), &e.

Fig. 6.
1002292 4+ 2 100 + 90x) ~ 14422+ 36 ¢ + 469 = 0,
In Fig, 6 is shown the quartic
1002242 + 24 (100 + 902) — 144 +* + 36.r + 469 = 0.
The tangents from the cusp (0, ) are
3z=-5 du=5, z=1, 8x=—-1
and the corresponding bitangents 4. b,, b,, b, arc
120 —10y =123, 92 +10y =—9, 86a+50y = —27,
12050y =7.
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The tangents from and at the node (0, 0) are respectively
10y =13, 2y = -8, 50y =—87, and by = +6.
In Fig. 6 B,, b,, &c., ave represented by their suffixes only.

Ex. 1. Apply the method of § 2 to obtain the bitangents of the
quartic (1) of § 5 and the tangents from 4.

[yx?+2* +m*z = 0 is the polar cubic of B and the quartic is
(ya® +2* + mx)? = (2 +az) (24 bx) (= + cx) (c + dz),
Hence 2 (y2+8+m2lr) =<2 (s+axr)+(e+br)(c+er)(v+dr) is a bi-
tangent touching where
22 (z+ax) = (c +br) (z+ex) (2 + dx).
Similarly 2 (ya?+<%+metz) = ¢ (c+ax)(c+dx)+2(2+bzx) (c+cx) i8 a
tangent from 4 touching where
(24 ax) (z+dx) = (c+bx) (5 +cx).
The reader may consult Messenger Math., xlvi (1916). p. 81.]
Fx. 2. The conic A, A, 4, IT, II, touches the quartic at B and touches
Al AH,.
[See § 4, Ex. 5.]
Kx. 8. The conic ABE, E, I’ touches the quartic at F.
[See § 4, Ex. 1]
Iix. 4. The points of contact of the tangents from C lie on a conic
through B.
[See § 4, Ex. 2.]

Ex. 5. The pencils B(B,B,B,B,) and A(A4, A, A,B) 'have the
sume cross-ratio.

Kx. 6. The conic through B, 4, B, and the points of contact of the
hitangent b, touches 4" at 4 and BCat B.

[y +(m—a)2*=0.]

Ex. 7. B, B,, B, and the points of contact of b,. b, lie on a conic.

[qr’ +(2h—w? + am + bm —ab) 2+ 2y= + (@ + b) 2y + 2xz = 0.]

Ex. 8. The cross-ratio of the pencil formed by the tangents from I3 is

squal to the cross-ratio of the range formed by the intersections of A5
vith the bitangents.

Kx. 9. The conic touching AB,b,, by, by. b, touches 4B at B, and
ouches AC.

[2N? + guv = 2Ap.]

Fx. 10. The diagonals of the quadrilateral formed by the bitangents
rass respectively through 4,, 4,, 4,. .

ix. 11. Four, two, or none of the bitangents are real according as
our, two, or none of the tangents from the cusp are real.

Fx. 12. The points of contact of the two real conics through 4, B, I/
sculating the curve (not at A, B, or F) lie on a line through 4.

[In Ch. IX, § 1, take ABF as the triangle ABC.]
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§ 8. Cartesian Curves.

If a quartic has a cusp at each circular point o, o', its
inverse with respect to any point @ has @ as a focus (Ch Vv,
§4) and is a bicircular quartic (§ 3, Ex. 1), which is self.
1nverse for a real circle j through ¢). The quartic with » and
o’ as cusps is therefore qymmetncal about the line which is
the inverse of j.

Taking the line as axis of x, the equation of the quartic
takes the form

(@2+y)2+p(2®+yY)e+axt+ by’ + 2gx+c=0 . (i)

The curve is of class 6, and -therefore there are three
tangents from o other than the tangent at w. Hence the
curve has one dlstmct singular focus O, the intersection of the
tangents at » and o’, and “three real or dinary foci.

Considerations of symmetry show that there are only two
cases to consider.

(1) The singular focus O a.nd the real ordinary foci 4, B, (/
lie on the axis of 2.

(2) The singular focus O and one real ordinary focus C lie
on the axis of 2 «, which is the perpendicular bisector of the line
joining the real ordinary foci £, #

Let us consider case (1).

When we invert with respect to @, the real foei are @ and
the inverses of 4, B, C. These lie on the real circle j. Hence
the quartic consists of two ovals (§ 8).

Let us take O as origin and A B, C as the points (o, 0),
(B,0), (y,0). Then y= +ir are asymptotes twice over,
which gives p=0 and a =0 in (i). Also y =< (t—d)
touches the curve (), if

4gdi+(de—?)d*-2agd—g* = 0,

This equation in d has the roots «, B, y; from which it
readily follows that (i) now takes the form

(@ + 92— By —yx—aB)y +daBy 2e—a—B—y) =0 . (ii).
The curve is called a ¢ Cartesian curve ".*
We now show that : .

The locus of @ point P whose distunces from two fized points
A, B are connected by « linear relution ©s « Cartesian curve.

Suppose the relation is
+m.PA4+1l.PB=n.AB . . . . ().

* Or ‘Cartesian oval’; but it consists of fwo ovals.
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Take a point O on AB such that
0A4:0B =1*:m,
and let C be a point on AB such that
Zim?:?=04:0B:00.

Then the equation of the locus P, when () is taken as origin

and 4, B, C as (a, 0), (B,0), (y, 0) is
+ B {(r— o) +yt)E 2 oc {(@— B +y}E = ¥t (B0,

which when rationalized proves to he the same as (ii).

Fig. 7.
@2+ 32— 61)2+ 144 (4 r—~29) - 0.
Singular focus (0, 0) ; ordinary foci (2, 01, (3, 0}, 8,0

Conversely, the distances of any point P on a Cartesian
curve from the foci 4, B are connected by tho linear relation

+0B: . PA+0A* . PB=0C:.BA . . . (iv),

where O is the singular focus, and (/ the third real ordinary
focus.

A quartic with two cusps has one bitangent. The bitangent
of (ii) is evidently

Re=a+B+7y.

In Fig.7 Ois (0,0), 4 is (2,0), Bis (3,0), C is (8, 0).
The curve meets O ABC at points whose distances from 0
are —13,1,5,7. Wehave +3PA +2PB =10, &e.

Case (2), in which the three real foci of (i) are not collinear,
is not so interesting geometrically. The real foci £, F, ¢ may
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be taken as (£, +7), (0, ), and the singular focus O as origin.
Then (£ +4%7, 0) are also foci. Hence the equation of the curve
is obtained by replacing o, 8 in (ii) by § +én. Itis

@ +y 28y — £ —nY +4y (F+n°) Re—2f~y) =0 . (v),
the bitangent being '

2o=2¢+7.

The curve consists of a single oval. (Sce Proc. London Math.

Soc., iii, p. 115, for diagrams of this case.)

Fx. 1. What does the locus of P become, if in (iii) 7, m, or » is zero ?

Ex. 2. The distances from a given focus of the intersections of a
Cartesian curve with a variable line have a constant sum.

[Use polar coordinates, tuking the focus as pole.]

Ex. 8. The points of contact of (ii) with its bitangent are real if

2 (By + v+ aB) > (0% + % +4%).
Ex. 4. Show that, if
PA+ PB = 2u, PB—PA = 2v, AB =2¢,
where 4 and B are fixed points and P a variable point, then the ortho-
gonal trajectory of the family of curves with differential equation
Mdu+Ndr=0 is8 N(®®—c)du+M@t-c?)dv=0.

¥x. 5. Find the orthogonal trajectories of Cartesian curves (i) with
given singular focus and two given ordinary foci, (ii) with two given
ordinary foci and passing through a fixed point.

[Use (iv) to obtain M and N in Kx. 4.]

Ex. 6. Two Cartesian curves with the same real ordinary foci cut
orthogonally.

[Invert with respect to an intersection and use Ch. XIV, § 3, Ex. 10.
Inverting with respect to any point, we see that any two bicircular
quartics with the same four real coneyelic foei cut orthogonally.]

Ex. 7. What relation connecting the distances of a.point on the curve
from two seal foci 1eplaces (iv) in the case of the quartic (v) ?

[Use Ch. XIV, § 3, Ex. 25.]

Ex. 8. By inversion of (iv) obtain the results of § 3, Ex. 17.

Ex. 9. Discuss the modifications which must be made in § 3 when the
bicircular quartic is a Cartesian curve.

[§ 8 (ii) becomes any circle with centre, on y = 0 touching the curve
at two points only. The roots of § 3 (iv) are

By+yX+0B, =By+yX+aB, By—yX+0B, By+x—B.
The first root makes (ii) become the bitangent, the other three make (ii)
become the circular lines through a focus. .
§ 3 (v) becomes the circular lines through O or else § 3 (v), (vi)
become the circles
Byt =Py, (-0 +y'=(@-p)(x-y), &
Hence the Cartesian curve is in three different ways the envelope of
a circle whose centre lies on a fixed circle with centre at the singular
focus, and which cuts orthogonally a fixed circle with its centre at a
focus. The other two foci are the limiting points of the fixed circles.]
2216 Y
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Ex. 10. Show that the locus of P is a quartic with cusps at » and o', if

(i) The tangents from P to two fixed circles are connected by a
linear relation.

(ii) The square of the tangent from P to one circle varies as the
tangent from P to another circle. .

(iii) The fourth power of the tangent from P to a circle varies as the
distance of P from a line.

Ex. 11. Find the locus of a point whose normal distances from two
fixed circles have a constant ratio.

Tix. 12. A man is in a pond at 4, swims to the bank at P, and runs to
a point B on the land. If his time from 4 to B is the same for all
positions of P, find the shape of the pond. *

¥x. 13. Find the surface scparating two homogeneous isotropic media,
if rays of light emanating from a point in one medium are brought
accurately to a focus in the cther.

Fx. 14. Given one focus and three points of a Cartesian curve, find
the locus of the other foci.

§ 7. Quarties with Two Real Cusps.

Suppose that in § 4 both A and B were cusps. Then O is
the intersection of the tangents at A and B. We bave now
p=0, ¢g=0. Ay explained in § 4, we way suppose f =1,
g = 1; and we shall put

k= h—3m"
The equation (i) of the quartic becomes
(y+m2®)2+2 @+y+ke)z*=0. . . . (i);
while equations (ii), (iii), (iv), and (v) become
tey+uwz+yz+(k+mt—4t*)z2=0 . . . (i),

zy+m—t)22=0 . . . . . . (iii),

tP—2mi—2kt+2}=0 . . . , . (iv),

se—y)=0 . . . . . . . (V)

If we tako the root t = 0 of (iv), (ii) becomes z =0 and
the bitangent z+y+hz=0

of the quartic (i). In fact from equation (i) it is obvious that
this line is the bitangent of the quartic, the points of contact
W, and W, lying on
xy +mz® = 0.
If we take the other roots ¢ = «, b, ¢ of (iv), (ii) gives the

tangents

z+ay=0, 2+by=0, z+cy=0
from A touching at 4,, 4,, 4, and the tangents

z4+ar =0, z24bx =0, z+cx=0
from B touching at B,, B,, B,.
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The coordinates of 4, are (a*—ma? 1, —a), and so for the
other points of contact.

The reader may illustrate the properties of the curve by
tracing

9uty? + 96y + 144 (x +7) + 496 = 0.
The bitangent is
3z+3y+5=0;

whilo the tangents {rom the cusp (0, ) are 2 =2, x = — 3,
2 = —3; and so for the cusp (0, 0).

Ex. 1. The points 4, B, E, F, W, W, lic on a conic.

[Putting = = 1 we see that the quartic can he projected so as to have
an axis of symmetry.

The reader can write down a large number of theorems which follow
from thisfact. For instance, 4,, 4,, 4,, B,, B,, B;lie ona conic, &c., &c.|

Ex.2. 4, B, A,, A,, Ay, L lie on a conic.

[See § 4, Ex. 3.]

Ex. 8. The conic W,, W,, 4,, 4,, 4, touches the quartic at 4.

[Ttis xy+m? =2y (x+y+ke).]

Ex. 4. The points of contact of the other four tangents which can be

drawn to the curve from any point of the blta,nrrcnt lie on a conic
through 4 and B.

[The polar cubic of the point (2, y', 2”) on @ +y+kz = 0 with respect
to (1) meets (i) on the conic

2z (Y2 +x'y+2m2’z) = 82 (xy+ m2*?).]

§ 8. Cassinian Curves.

(Jonsnder a quartic with a biflecnode at each circular point
o, . It has two real singular foci F,, ¥, We may choose
axes of reference such that these slnwula.r foci are (+c¢, 0).
Writing down the general equation of a » bicircular quartic, and
expressing the fact that the four lines

y=tif@to)
meet the curve only at » or o/, we see readily (cf. § 3 (1)) that
the quartic has the equation
@ +92)2 =2 (?—yD) +ct=at . . . ().

The left-hand side of (i) is at once proved to be the square
of the produet of the distances of the point (z,y) from (+¢, 0).
Hence, if P is any point on (i),

PF,.PF, = % :

The curve is called a ‘Cassinian Curve’® If ¢= qa, the
curve is a lemniscate of Bernouilli.

* Qr ¢Cassinian Oval’. But it 'consists of fwo ovals if ¢ >a.
Y2
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The shape of the curve is shown on Fig. 8 for the cases
afe =3, V3,1, V3, V3, V2, ¥§, V3.

The most intercsting properties of the Cassinian curve are
given in the following examples,*

In order to keep this chapter within reasonable compass, we
shall confine ourselves to a very brief account of the other
varietics of quartic with unit deficiency. The reader who is
interested will find in the cxamples their more important
properties.

Fig. 8.

Ex. 1. The real ordinary foci S, S, of (i) are (+d, 0) where
ctd? = c*—at, .

if c>a; and are (0, +d) where ¢?d®> =a'-c, if c<a.

Ex. 2. If Pis any point of (i) and O is the centre of (i), i.e. the
middle point of F,F, and of §,5,, then

c?. PS,. PS, = a*. PO~

Ex. 3. The angle between OI’ and the normal at P is the difference
of the angles OPF, and OPF,.

Ex. 4. A family of Cassinian curves has given singular foci F, F;.
Show that

(i) Their orthogonal trajectories are rectangular hyperbolas with
F, F, as diameter.

(ii) The locus of the inflexions is a lemniscate of Bernouilli.

(iii) The locus of the points of contact of tangents parallel to F\F, is
the circle on F| F}, as diameter and the perpendicular bisector of F| Fj.

[The polar and pedal equations of (i) when O is pole are

272’ cos28 = 1+ ct—a* and 2a’pr=ritat-ct,

giving (87 +c¢*—a*)p = 2a%*. The inflexions are shown in Fig. 8;
their locus is #2+¢* cos26 = 0.]

* The reader may extend these results to the ‘n-poled Cassinoid’, i.e. the
locus of a point whose distances from the vertices of a regular polygon have
a constant product. See Messenger Math., xIviii (1919), p. 184.
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¥x. 5. Find the orthogonal trajectories and the locus of the inflexions
of Caseinian curves with given ordinary foci.

[The curves are the inverses of the family in Fig. 8 with respect to 0.]

Ex. 6. If ABCD is a parallelogram, find the locus of I’ when

(i) PA.PC: PB.PD is constant.

(ii) The sum of the angles made hy P4 and PC with a fixed line less
the sum of the angles made by P’ and I’ with the line is constant.

(iii) The Cassinian curve through /> with singular foci 4, C and the
Cassinian curve through P> with singular foei B, D cut at a given angle.

[Bach locus is a Cassinian curve. |

Ex. 7. Find the locus of P, if the polar conic of P with respect to
a given Cassinian curve has a constant eccentricity.

[A Cassinian curve with the singular foci of the given curve as
ordinary foei.]

Ex. 8. The locus of the foci of a variable conic concentric with and
having double contact with two given confocal conies is a Cassinian
curve with singular foci at the foci of the given confocals.

|If («, y) is a focus of AN +2HAp+Bp® =1 which bas double contact
with the confocals OA*+Bu® =1, (X4 k)A!+(B+k)u? =1, we have
Wogp=A-B, zy=H, (X—A)B—-B)=(x+k—A)(B+k—B)=H"
Now climinate A, B, H.]

Ex. 9. The locus of the intersections of two circles having their
centres at #he foci of a given conic and touching any tangent of the
conic is a Cassinian curve.

Ex. 10. The locus of the foci of an ellipse with a given director circle
and passing through a given point is a Cassinian curve.

[If C is the centre and # the radius of the director circle, P the fixed
point and C bisects PQ, while § and " are the foci of the ellipse,

PS.QS=PS.PS =,-CP%]

Ex. 11. What do the results of § 8 become in the case of a Cassinian
curve ?

[§ 8 (iv) gives { = +¢%, or +(c'—a*)i.

The Cassinian curve is the envelope of a circle which cuts orthogonally
the directer circle of a hyperboli and whose centre lies on the curve. |

§ 9. Quartics with Two Real Biflecnodes.

Ex. 1. A quartic has real biflecnodes 4 and B. With the notation of
§ 4 its equation is (2% +p2?) (y*+¢=*) +2h2* = 0.

KEx. 2. Any line through 4 is divided harmonically by BC and the curve.

Ex. 8. The intersections of the curve with any line through C form
two pairs of an involution with one double point at Cand the otheron 4B.

Ex. 4. The tangents from 4 to the quartic are AL, and AL;. The
tangents from B are BM, and BM,.

¥x. 5. A conic touches the quartic at L,, L,, M,, M, having ABC as
self-conjugate triangle.

[g2®+py*+(pg+2h) 2= 0.

Aliter, project the quartic into the curve with double symmetry
obtained by putting 1 for z; and so for other examples.]
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Ex. 6. The eight inflexions other than those at 4 and B lie on a conic
with ABC as self-conjugate triangle.

[8gc® + 8py?+ 2 (pg+2h)s* = 0.]
Ex. 7. Four of the bitangents of the quartic pass through C. Their

eight points of contact lie on a conic huving ABC as self-conjugate
triangle.

[In § 4 we have m =f=g=0. Two roots of § 4 (iv) are

t =t (pg+20)3, ‘
giving the bitangents
gx*+2 (pg+ 2h)day4 py? = 0,
which touch the curve where
qxt+ pyt+2 (pg+2h) 2t = 0.]

Ex. 8. The other four bitangents form a quadrilateral of which two
vertices lie on C4, two on CB, and two on AB. The two latter are on
the diagonals of the quadrilateral formed by the tangents at 4 and B.
The points of contact of the bitungents lie on a conic having ABC as
self-conjugate triangle.

If 9% =8pq each of these bitangents meets one bitangent of Ex. 7 on
a tangent at 4 and another on a tangent at /5.

[Two roots of § 4 (iv) are ¢ = +(pg)}, giving the bitangents
g7* +2(pg) vy +py* +2h2® = 0

which touch the curve where ga*+4 py?+2(pg+h)2?=0.

Illustrate by tracing a?y*—9.2—y®+25 =0 with bitangents = =y,
x=y, Bx+y=4 &c]

Ex. 9. The conics of Ex. 5, 6, 7, 8 touch at two points on 4B.

[gz°+py*=2=0.]

Ex. 10. Discuss the conditions under which the inflexions, bitangents,
and points of contact of the bitangents are real.

Ex. 11, A quartic cannot have a biflecnode and a flecnode.

§ 10. Quartics with Two Unreal Flecnodes.

Ex. 1. A quartic has flecnodes at the circular points  If the inter-
section O of the inflexional tangents at the flecnodes is taken as origin
and the intersection S of the non-inflexional tangents as (—g, 0), the
cquation of the curve takes the form

(«®+9%) (2 + 2+ 292 +¢) = k.
ix. 2. The quartic has three real ordinary foci 4, B, C. If these are
(%, 0), (B, 0), (y, 0), the quartic is
(@ +9%) {(O* 4 B+ 9%~ 2By ~ 29X —20(8) (2* +*) + BaByx
) —208y (0 +B+7y)} +0a?B%y* = 0.
The directrices are
2(B+y—0)x=By+yX+0B-0% &c.
Ex, 8. If I’ is any point on the quartic of Ex. 2 -
BC.AP CA.BP AB.CP 0
Vo4 *7yo8 *joc T

[Rationalizing (B—y)0} (249’ ~20@+02)i4 oo + ... =0, we get
the equation ofﬁ]x. 2.] &
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Ex. 4. Discuss the case in which the real foci are (&, +n), (y, 0).

[Cf. Ch. X1V, § 3, Ex. 25.]

Ex. 5. The quartic of Ex. 1 can be generated as the locus of P in one
of three ways. .

(1) The product of PO and the tangent from P to a fixed circle with
centre S is constant.

(2) I’0. PS o the tangent from I’ to a fixed circle with centre O.

(3) PO . PS o the chord thiough I’ perpendicular to PS of a fixed
circle with centre S,

[The three cases are given by

1) >0, #>ec (2) k<0, g2>c. B) k>0, gt <e.

Diagrams will be found in Proc. London Math. Soc., xii, p 22.]

§11. Quartics with Two Real Flecnodes.

Ex. 1. A quartic has two real flecnodes 4 and B. With the notation
of § 4 its equation may be written
(@ —22) (y*—2%) 4 2me® (w2 +ys +ay) 4 2ha' = Q.
[For the following examples sce § 4 or use the symmetry in x and y.
The non-inflexional tangents at 4 and B meet the curve again in
E and F, and the inflexional tangents meet ut 7.]

Ex. 2. A, A,, 4,, Ay, I,. I, lic on a conic touching AT at 4.

Ex. 8. 4, B, E, Flie on a conic touching AT, BT.

Ex. 4. The conic A4 A, 4, 4; B touches AE, B(..

Ex. 5. 4,, A,, 4, By, B,, B; lie on a conic.

Ex. 6. E, F, L,, L,, M,, M, lie on & couic.

Ex. 7. The tangents from C form an involution and their points of
contact lie on a conic.

Ex. 8. The tangents from the intersection of AE and BZ' form an
involution.

Fx. 9. Three pairs of bitangents intersect on C7' and the other pair
on AD.
[Putting p=g=~—1, f=yg=m in§4(iv), onc value of ¢ is —1.]

No T w

§ 12. Quartics with a Node and a Biflecnode.

Fx. 1. A quartic has a node 4 and a biflecnode 8. With the notation

of § 4 its equation may be written
(22 +pe?) (P + %) +2 (x + he) 2° = 0.

[The quartic may be projected into the symmetrical curve obtained
by putting z = 1.]

Ex. 2. Any line through B is divided harmonically by the curve and AC.

Ex. 3. The two tangents from B touch at the points M, M,.

Ex. 4. The four tangents from A form an involution pencil whose
double rays are 4B, AC. The tangents at 4 belong to the involution.

The points of contact lie on a pair of lines through B and on a conic
touching 4B at 4.



328 NODAL-BIFLECNODAL QUARTICS XVIII 12

Ex. 5. B, E,, E, are collinear.

Ex. 6. The intersections of the bitangents lie on AC or by pairs on
lines through B.

[Putting m = ¢ =0, f=1 in § 4 (iv), the bitangents are
g+ py? + 2txy 4+ az + (pg+2h—13) 2 =0,
where 2= pg+h+ (W?+p)i.]

§ 18. Quartics with a Flecnode and another Double Point.

Ex. 1. The quartic has a node 4 and a flecnode B. 'With the notation
of § 4 its equation may be written

(*—2%) (Y +qe?) + 2922+ 2 (fe+y4 he) 2* = 0.
Ex. 2. The conic 4 BE, E,; F touches the inflexional tangent at B.
Ex. 8. The poinis B, By, B,, By, My, M, lic on a conic touching the
inflexional tangent at B.
¥x. 4. The conic BB, B, B, A touches AC at 4 and the non-inflexional
tangent at B.

ix. 5. Transform the curve of ¥x. 1 into a cubic by quadratic trans-
formation, and investigate properties of the curve by this means.

[Replace z by = (z—x)/x.]
Ex. 6. A quartic cannot have a cusp and a biflecnode.
Ex. 7. The quartic of § 5 has a cusp and a flecnode, if
(ad—-be) (bd — ca) (cd —ab) = 0.
The tangents from B form an involution with B4, BC. The bi-
tangents meet A in two pairs of points forming an involution with 4, B.

§ 14. Quartics with a Tacnode.

We now consider quartics with a tacnode, i.c. a double point
at which two linear branches touch. We take the tacnode
as C (0,0, 1) and the tangent at (' as 4 = 0. Then by Newton’s
diagram, or otherwise, it is readily scen that the coefficients of

24, BPa, Py, 22a? 2wy, af
in the equation of the quartic are zero. Hence the equation
takes the form
2+ 2oyu,+u, =0 . . . . . L (i),
where «, and u, are homogencous of degree 2 and 4 in z, y.
The polar cubic of C with respect to the quartic is
Y (cy +uy) = 0.

Hence, if w, does not contain y as a factor,

The points of contuct of the four tangents to a quartic from
a tacnode C, other than the tangents at C, lie on a conic
touching the quartic ut C.

The conics of closest contact to the two branches of the
quartic at C meet in two points at €' and in two other points
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Joined by a real line. Let this line meet y = 0 at 4 (1, 0, 0),
and let the point of contact of the second tangent from 4 to
the conic 2y +wu, = 0 be 8(0,1,0). Then with a proper choice
of homogeneous coordinates, we have u, = #? and equation (i)
becomes

Wz +a%)? = (L—m) @*  p1a’y + p.a*y* + pyy’ +pyy?) - (i),
or, factorizing the right-hand side of (ii),
(Y= + 2% = (L=m) (x +«y) (« + by) (x+cy) (e +dy) . (iii),

Preponden

T o s st e

168y +a22 =7 (zilsgj 4 2) (1= 1) (5.
the lines
z+ay=0, z+by=0, x+cy=0, x+dy=0

being the tangents from C to the curve which touch at

Ci(a, —1,a%, C,(b, —1,0%, Cy(c, =1,¢%, C,(d, —1,d%.

The conics

yz+at = £/ (1—m) {&*+ipay+ (Gp, — 52, ¥°}

are the conics of closest contact with the quartic at C'; for,
squaring this equation and subtracting from (ii), we see that
either conic meets the quartic in seven points at €. Since

these conics have y = 0 and a line through 4 as a pair of
common chords, we must have

p1_=_a+b+c+d=0 N (34 8
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Writing
a=31+vm), B=%(1—-+vm)
we find that the line by, (or b,,) .
{a(@+D)+B(c+d)} z+(xab+Bed)y—z=0. . (v)
is a bitangent, touching where
& (& +ay) (@ +by) = B (x+cy) (x+ dy).
This may be seen by writing (v) in the form
Yo+ @t = a (v +ay) @+by) + B @+ cy) (¢ +dy)
and then squaring this Jast equation and subtracting from (iii).
Interchanging a and B we have another bitangent by,.
We have thus three pairs of bitangents, excluding the tangent
at 0, namely b,, and by, by, and by, by, and by,.
The bitangents are shown in Fig. 9 for the quartic*
16 By+a?): =7 (x+3)(x+2)(@—1) (z—4).
Their equations are
3z+12y+43=0) 122+ 24y+59 =()} 152+ 12y—17=0)
3w—12y—13=0}’ 124—24y—29=0§" 15z —12y+23 = 0f
The points C), C,, C, C, are
(“31 ‘_3)’ ("'2’ —3), (11 "’:14')’ (4, "3'35')-

Ex. 1. C,, ¢; and the points of contact of by, lic on a conic touching
the 4-ic at C.

[On yz+a? = 20 (2 +ay) (x +by).]

Ex. 2. €, C, and the points of contact of b, lic on a conic touching
the 4-ic at C.

[On yz+a2%= 2B (x+cy) (x+dy).]

Ex. 8. Any pair of bitangents divides C4 harmonically.

Ex. 4. Of the vertices of the quadrilateral formed by by,, by, and by,

by, two are the intersections of C,C, and C,C,, C,C, and C,C;. The other
four lie on a conic touching the 4-ic at C and dividing 4B karmonically.

[On 4 (yz+a®) = (1—m) 2x+(a+c)y} {224+ (b+d)y}.]
_ Ex. 5. The bitangent b,y meets the 4-ic, by and by, by, and b,y in an
involution with a double point on CA4.

Ex. 6. The intersections of each pair of bitangents lie on the same
conic through 4 touching BC at C.

[On psy*+2p,ay =422 (P =0)]

Ex. 7. The points of contact of b,,, bs, lie on a conic touching the
4-ic at C.

[On yz+mat+3 (m—1)(ab+ed)y* = 0.]

* For a more detailed discussion of the tacnodal quartic see Messenger Matk.,
xlvii (1917), p. 88. 1In Fig. 9 the suffixes only of Cy, by, &e., are given.
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Ex. 8. If in § 14 u; has y as a factor, the curvatures of the branches
touching at C are equal and opposite. In this case the points of contact
of the four tangents from C are collinear. The equation of the quartic
may be put in the form

My*2? + (z +ay) (z+by) (z+cy) (x+dy) = 0,
and the equation of the bitangent b, in the form
2/ Mz = (a+b—c—d)z+(ab—cd)y = 0.

[The quartic can be projected into a symmetrical curve, and its
properties deduced from this symmetry or by modification of Fx. 1to 7.]

Ex. 9. Obtain properties of the tacnodal quartic by quadratic
transformation.

[We can transform § 14 (iii) into the quartic of Ex. 8 by replacing =
by 2—a%y. Or we can transform it into the cubic of Ch. XVI, § 8,
by replacing z by x (y—ax)/y, yby 2°/y, =by z—(y—oa=)/y.]

S~ A 1

4

Fig. 10.
By +2%)? = 4z (z—3) (x+5).

§ 15. Quartics with a Rhamphoid Cusp.*

Ex. 1. If a quartic has a rhamphoid cusp C, the points of contact
C,, C;, C, of the tangents from the cusp lie on a conic osculating the
curve at C.

[Write down the polar cubic of C. See Ch. III, § 8, Ex. 2.]

Fx. 2. The equation of a quartic with a rhamphoid cusp can be put in
the form (ye+ %) = 4y (x +ay) (x+by) (z+cy).

The bitangents b;, b,, b; are (b+c+1)x+(a+b)y—2=0, &c.; C, is
(a, =1, a?), &ec.
[CA4 is the tangent at C, and 4B touches the conic of Ex. 1 at B.]

* In Fig. 10 C is (0, ) and C4 the line at infinity. ¢, C;, C; are
(8, —£), (0, 0), (B, —B); by, Uy, by are 6z = By +8, 3z = by +15, 22+5y = b.
The equation of the curve is (5y+a%)?= 4x(x~38)(x+5). In the figuro
0y, b, &c., are represented by their suffixes only.
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Ex. 3. The intersections of 4C with b, by, by form together with C
a range of the same cross-ratio as the pencil C(C, C, C, 4).

Fix. 4. The points of contact of b, and C, lie on a conic osculating the
quartic at C.

[yz+ 2 = 2y (r+ay).]

Ex. 5. The line joining the intersection of b, and b, to the intersection
of b, and AC passes through C,.

Fx. 6. The points of contact of b,and b, lic on a conic through C, C,, Cs.

Ex. 7. There is no loss of generality in taking a = 0 in Kx. 2.

Obtain properties of the curve by transforming it quadratically into
a cubic in this case.

b[(i) Ta.lf'e Bas C on the conic of Ex. 1. (ii) Replace y by x*/y and
by z-y.



CHAPTER XIX
NON-SINGULAR QUARTICS

§ 1. Non-singular Quartics.

IN this chapter we consider the non-singular quartic without
double or triple point. It is of class 12, has twenty-eight
bitangents, and twenty-four inflexions.

Of the geometry of the inflexions practically nothing is
known, except such properties as are special cases of theorems
relating to the inflexions of a curve of any degree.

The properties of the twenty-eight bitangents have been
worked out in very great detail. We cannot spare space for
more than the most interesting of these results. The reader
who wishes to pursue the matter further may consult Weber’s
Algebra, 11, §§ 112-122 ; Miller, Blickfeldt, and Dickson’s Finite
Grouyps, ch. xix ; and the references in Crelle, xcix, p. 275 ; evii,
p. 1; exxii, p. 209; Proc. London Math. Soc., I1. ix (1910),
pp. 145, 205; &e., &c.

We shall return to the subject in Ch. XX, § 8.

Ex. 1. Find the inflexional tangents and bitangents of
4yt 4+t =0.
[y =( —1/i2, &c., are twelve undulatory tangents, counting as twenty-
four inflexional and twelve bitangents.
The remaining bitangents are z+1iy+1iz=0, &ec.]
Ex. 2. The bitangents of
art + byt +c' + 21y + 29t + 2haty? = 0
are Bx*—2Fy*z’+ Cy* = 0 and eight similar bitangents,
(F—/BC)}z+(G~/CA)}ty+(II-/4B)}2z=0,
and the same with two of the — 4/ changed into +4/.
[The notation is that of Ch. XVII, § 8. See Mathews, Proc. London
Math. Soc., xxii (1891), p. 173.]
Ex. 3. The equation of any non-singular quartic can be put in the form
axt + byt + e2* + fyz (2% — Byz + 22%) + gew (22° - B2z + 22%)
+hay (222 — 3wy + 24?) + pa? (Byz —zy — 2) + gy? (Bz—yz —yx)
+72% (Bwy — 22 —2y) = 0.
[The polar cubic of (1, 1, 1) is canonical.]
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§ 2. Bitangents of Non-singular Quartics.

Suppose that any two of the twenty-eight bitangents of
a non-gsingular quartic are taken as 2 =0, y =0. Let its
equation arranged in descending powers of z be

24+ 22° (axz+by)+ ... = 0.

When we put y = 0, the left-hand side reduces to a perfect
square, say (2*+ azz +cx?)?; and when we put # = 0, it rcduces
to a perfect square, say (2%+ bzy + dy?)%

The equation must therefore evidently be of the form

2+ ayu+2azt e+ (2 +2¢) 22 a2 + 2acca’ + 2at

+2bz%y + (02 + 2d) 2°y* + bdzy® + d?y* = 0,
where w = 0 is a conic.

This may be written

ayU="V2: . . . . . .. (),
where
U = 2ab2* + 2 (bex + ady) z + 2cday —u,

V = 22+ (az+by) 2+ (ca® + dy?) ;
so that U = 0 and V = 0 are conics.
Now (i) may be written

ay (U+ 2KV +k2ay) = (V + kay)®.

Choose % so that U+2kV +k%xy has a pair of factors p, q
linear in #, 9, z. The condition that U+ 2kV +k*zy should
factorize is readily seen to be of degree 5 in £, so that k& may
be chosen in gencral in five ways. The equation of the quartic
then takes the form

ypg=W2 . . . . . . . (i),
where W = V +kay. e W

It is evident that p = 0, ¢ = 0 are also bitangents, and that
the conic W = O passes through the eight points of contact of
the four bitangents 2 =0, y =0, p =0, ¢ = 0.

Hence :

Through the four points of contact of two bitangenis of
a non-singular quartic pass five conics each of which passes
through the points of contact of two more litangents.

Since % can be chosen in five ways, we obtain thus six pairs
of bitangents, namely =0, y = 0 and five pairs such as
p=0,q=0. Now these six pairs have the property that
the eight points of contact of any two of these pairs lie on
a conie.
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For suppose that any two such pairs are p =0, ¢ =0 and
#=0, s=0. Then the quartic is f = 0, where
f=aypq—W? = ayrs—2*;
W =0 and Z = 0 being conics.
We deduce
xy (pq—1s) = (W—2) (W+ 7).

Now we cannot have @ a factor of W—Z and y of W+Z, or

vice versa. For otherwise

W=3(W+Z)+3(W-7)
will vanish when 2 =y = 0, and the quartic will go through
the point (0, 0, 1) ; which is impossible, since &« = 0 and y = 0
only meet the curve in their points of contact.

Hence we must have

xy=p(WFZ) and pg—rs = p' (WtZ),
where p is a constant.

Now a hitangerit is not altered by multiplying its equation
through by a constant. Hence there is no loss of generality in
supposing g = 1 and the upper signs taken in the ambiguity.

Then we have

—4f = —day pq+4W*E = —day pq + (xy + pg —78)*

) = a?y?+ PP+ st — 2y pg —2ay rs—2 pq 8.

The equation of the quartic is therefore

@y)i+(pi+ ()t =0 . . . . . (i)

The symmetry of this result shows that the eight points of
contact of p =0, ¢ = 0 and » = 0, s= 0 lic on a conic, which
is the required result. .

Three bitangents of a quartic are called syzygetic or asyzy-
getic, according as their six points of contact do or do not lie
on a conic. Similarly four bitangents will be called syzygetic
or asyzygetic according as their eight points of contact do or
do not lie on a conic.

Consider now the pair of bitangents # =0, p = 0. There
are five pairs of bitangents such that the points of contact of
any pair lie on a conic through the points of contact of z = 0
and p =0. One such pairis ¥y =0 and ¢ =0. Let another
pair be { = 0 and w = 0.

We have shown that, if W =0 is any conic through the
points of contact of x =0,y =0,p=0,9=0, 2W is of the
form ay/u+ pu(pg—rs); similarly it is of the form

xp/v+v (yq—tu).
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Comparing these expressions for 2 W we get

(/% - q) (vy — pp) = prs — viu.

Therefore the line through the intersections of r =10,7 =0
and s = 0, w = 0 passes through thec interscction of either
z2=0,¢g=0o0ry=0,p=0.

Hence :

The 878 intersections of the bitungents lie by threes on
straight lines.

Ex. 1. A conic through the points of contact of two bitangents meets
the curve again in 4, B, C, D.  Show that a conic can be drawn touching
the quartic at 4, B, C, D.

[If the quartic is xy U = V* and the conic is ¥+ kxy = 0, the required
conicis U+2kV+kizy =0. Forthe quartic may be written

oy (U+2kV+ R xy) = (V+hay)? ] .

Fx. 2. Two conics are drawn through the points of contact of two
bitangents. Show that their eight other intersections with the quartic
lie on a conic.

[Taking the conics as V+k,xy =0 and V+Zyzy =0, the required
conic is U+ (b, +ky) V+kylgoy =0. The preceding example is a
limiting case of this. See also Ch. X1I, § 6, Ex. 5.]

Ex. 8. If ABC is the triangle formed by three real bitangents whose
points of contact are Py and P,, @, and @,, R, and It), then
BP,.BP,.CQ,.CQ,. AR, . AR, = + BR, . BR, . AQ, . AQ,.CI,. CP,;
the upper or lower sign being taken according as the Litangents are
syzygetic or asyzygetic. An even or odd number of the involutions
(BC, PP, (CA, ©,@:), (4B, R R,) are overlapping in the two cases
respectively.

[Use Ch. I, § 6, Ex. 2. Compare Ch. II, § 3, Ex. 19 ]

Ex. 4. If four bitangents, not all concurrent, are such that any three
are syzygetic, then all four bitangents are syzygetic.

[Project the points of contact of one of the bitangents into the circular
points, and remember that a pair of common chords of a circle and conic
are cqually inclined to the axes of the conic.]

Ex. 5. Three concurrent bitangents are syzygetic.

[By a proper choice of coordinates the bitangents become

2 +2hxy+y*=0 and y=0.
The equation of the quartic is (2*+2hay+y*) U= V? and, if y=0
is a bitangent, we find that
U+2kV+k? (2* + 2hay + 9%)
will have y as a factor for a suitable value of £.]

Ex. 6, Four concurrent bitangents are syzygetic.

[As in Ex. 5, taking # = 0 as the fourth bitangent.]

Ex. 7. The four common tangents to two ovals of a quartic are
syzygetic.

[Use Ex. 3.]



XIX 3 STEINER’S COMPLEX 337

Ex. 8. If the sides of the triangle of reference are three bitangents of

a quartic, the equation of the quartic can be put in one of the two forms
P2+ tyt + 222 1 2qryz + 2rpax + 2pqay = xyzie,

where p, g, #, 1 are linear functions of z, ¥, 2. .

If the upper signs are taken, the bitangents are syzygetic and
pdx+qgdy+rds is an exact ifferential.

If the lower signs are taken, the bitangents are asyzygetie.

If pde+qdy+ rd> is an exact differential in this latter case, the
bitangents are the diagonals of o guadrilateral whose vertices are their
points of contact.

[Suppose that when we put z =0, y = 0, z = 0, the equation reduces
to (b +2fyc+c?)? (et +2gzx4axt)?,  (+ar+2hry+ byt
respectively. The signs of a, b, ¢ may be changed withont loss of
generality ; and we readily obtain in the two possible cases

P = ar+hy+yz, q = hr+by+rz, r= gr+fy+cs,
or p=ax+hy—gz, q=—hx+by+jz, r=gr—fiy+c.

If in the second case pdr+qdy+rd: is an exact differential,

f=9=h=0.

See Humbert, Liourille's Journal, 1V. vi (1890), p. 423.]

§ 3. Steiner’s Complex.

Six pairs of bitangents such that any two pairs are syzygetic
are said to form a Steiner’s Compler

We shall denote the pairs by a,b,, a,b,, «,b,, a,b,, @by, a;b,.

The points of contact of @, will be denoted by 4, and 4/, &e.

Either bitungent of uny pair of « complex is met by the other
JSive pairs in an involution. The points of contuct of the given
bitangent also belony to the involution.

Let «, be the bitangent. It meets all conics through
A, A/, B, B in an involution. The lines q, and b,, the
conic 4, 4,"B,B’A,A/, and the conic 4,4,"B, B/ A, A, B,B,
are three such conics. Suppose ¢, meets this Jast conic in
P and @, and meets «q, by, «,, b, in oy, By, &, B,. Then

(PQ, 0, 8;, AgA{)
is an involution, and similarly (PQ, a,B,, 4,4,") is an involu-
tion. Hence (4,4, ,B;, ®,B,) is an involution, and similarly
for the intersections of w; with a, and b,, &e.t

The twelve bitangents of @ complex towch « cwrve of the third
class.

* Or Steiner’s Gioup or Steiner’s Set or Doubdle-six. We shall say ‘a complex’.

+ Another proof is the following : Take z = 0, y = 0 as agb;. Then taking
§ 2 (i) a8 the equation of the quartic, the line-pairs a,0,, ..., a5b; are included
among the conies U+2kV +k?xy = 0. But it is at once proved that thesc
conics cut £ = 0 in an involution.

2216 Z
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For it is readily proved that the envelope of a line divided
by three line-pairs in an involution is a curve of the third
class * touching the lines in question.

Three bitangents of a complex, no two of which belony to the
sume pair, are asysiygetic.

Taking the bitangents as the sides of the triangle of reference,
the cquation of the quartic takes the form

(22 + 1, @y + 1y 22)3 + (Lyz + myy? + 1,32

+ (Lyex + myzy +nyz?)2 = 0
by § 2 (iii).

The intersections of this with the sides of the triangle of
reference are at once found, and can readily be shown not to
lie on a conic.}

The siz intersections of each puir of « complex lie on a conic.

This is cquivalent to proving that the six centres of the six
line-pairs included in the family of conies
S+2kN+28"=0 . . . . . . (i),
where
S=ax®+ by +cs® + 2fy=+ 2yza+ 2hay, S =d'2?+...,
S=da"a%+ ...,
lic on & conic.

Tor the sake of symmetry we have replaced the U, V, and
xy of § 2 by S. S’, ) /.

If ¥ =0 is a line-pair, its centre (a, ¥, <) is given by the
cquations

ae+hy+gs =0, hr+by+fe=0, go+fy+cz=0,
which give
wt/A = y*/B =22/C = y:/F = z2/G = ay/H,
where A =0be—f? F=gh—uaf, &e.

Suppose now (i) is a line-pair when k =k, k,, ..., or /;;
and that the quantities A4, B, ... become A4;, B;, ... when we
replace N by S+ 24,8 +4287 (1= 1,2, ..., 6).

The conditions that the contres of the line-pairs lie on a conic

ar?+by?+ect+2fyz+2gza +2hay =0
are
aA‘-+bBi+ 00,5‘}' 2f11',£+28'G[+2hIIi = (), (; = 1, seey 6)-

* See Ch. XV, § 5, Ex. 2.

+ By Cainot's theorem, or otherwise, the points
=0yt + 0ot +20yz = 0, Y = 22+ uy a2+ 282w = 0, 2 = a;72 + b3y’ + 2yzy = 0
lic on a conie, if «gbyc, = aybyc,. In this case wo get {m,ng = 0, as the
condition that the interseetions should lie on a conie, which is excluded.
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Therefore the six eentres lio on a conie, if the determinant A

of the sixth order whose rows are
A’i’ B’i! C"i’ ﬁ'i’ (;i’ H‘l: (‘l: = ], 2, veey 6)

vanishes.

But this is the case, for A = () considered as an equation in £,
is of the fourth degree, and has five roots

ky = kg, Iy, by, &y, and k.

Hence A vanishes identically.*

There are sixty-three comypleaes of bitangents.

For any two bitangents determine a complex. There are
(), = 878 such pairs. Any onc of the six pairs of a complex

determines the same complex. Hence the number of complexes
is 8378 =6 = 63.

Fx. 1. Any non-singular quartic is the envelope of the polar conic of
any point P on a certain fixed conic with respect to a fixed cubic.

[The quartic is the envelope of the conic U7+ 2&V + k*xy = 0 for varying
k. The cubic is a curve of which the Jacobian of U=0, V=0, 2y =0
is the Hessian.]

Ex. 2. The pairs of bitangents of a complex are the polar conics of P
in Kx. 1, if Pis at an intersection of the fixed conic with the Hessian.
The curve of the third class touched by the bilangents of the complex is
the corresponding Cayleyan. .

[See Ch. XV, § 4]

Ex. 8. Use Ch. XVI, § 6, Ex. 25, to deduce from Kx. 2 that the inter-
sections of pairs of hitangents of a complex lie on a conic.

§ 4. Relations between Complexes.

We have secn in § 2 that from any two bitangents a single
complex may be obtained. In the complex whose pairs are
a, by, a,by, aghy, a,by, ushs, b, take any two bitangents not
forming a pair, say «, and «,. These determine a complex
with the pairs a,¢,, b;h,. The remaininz bitangents of this
new complex are not in the original complex. For by the
result that three bitangents of a complex are asyzygetie, if no
two belong to the same pair, no one of «g, by, ..., ug, by can
be syzygetic to both «,a, and b,b,. Similarly a, and b, dcter-
mine a complex containing the pair a,b,; and no two of the
three complexes thus determined by a,h,, «,a,, «,b, respec-
tively have a bitangent in common other than a,, %}1, Uy, by
which are comnmon to all three. We call three such complexcs
a complex-triple. Between them they contain all the twenty-
eight bitangents; four of the bitangents lying in all three

* This proof is due to Baker, Proc. London Math. Soc., II. ix (1910}, p. 148.
z2
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complexes, and the other twenty-four lying in one of the
complexes only.

Two pairs of the given complex such as a,a,, b, can be
sclected in 8C, = 15 ways. Hence each complex is a member
of fiftecn complex-triples including in all thirty-one complexes.

Returning now to the given complex with pairs

tyby, tyhy, by, agby, @by, tghe;
take any hitangent ¢, not in the complex. We get two new
complexes determined by «,¢; and b;c;.  Since ¢, can be
chosen in sixteen ways, we get thus thirty-two more com-
plexes, which with the thirty-one complexes just mentioned
make up the total of sixty-three.

We shall show that the complexes determined by a,c;, bc,
have six bitangents in common, i.c. their pairs are of the form
@10y, (19Cq, UyCy, Wyly, (15C, (e Cos
byey, bycy, bgeg, bycy, byey, Dycg.

For the litangent ¢, must lie in the complex determined
by @,a, or in that determined by a,b,. There is no loss of
generality in supposing it to be in the former; for the given
complex determined by «,0; is not altered by interchange of
a, and b,. Suppose then that «,a,, ¢;c, are pairs of & complex,
and consider the threescomplexes with pairs

(yety, byby, crey, .
€y UyCoy vuny .ont
(g Cyy Byl cuny onn .

These form a complex-triple and therefore contain all the
bitangents, and in particular a, and ,. Neither of them is in
the first complex of the triple. They cannot both be in the
second (or both in the third) eomplex. For they are not a pair
of this complex, and threc bitangents of the eomplex no two
of which are a pair are asyzygetic, whercas «,, ay, O, are
syzygetic. Since ay and )y arc interchangeable in the given
complex, we may without loss of gencrality suppose ag to bo
in the second (and b, in the third) complex of the triple. Let
then a,c¢,. «,c,, t ey be three pairs of the second complex.
Now the complex with the pairs a,u,, ¢,c; contains the pair
byb,, since «a,, a,, b,, b, arc syzygetic. Hence the complex
with the pairs b,¢,, by¢, contains the pair byc,. This argn-
ment is at once extended, and the result proved.

Summing up we have

Two complexes have either four syzygetic bitangents in
common and form with another complex containing the same
Sour bitangents a complex-triple including all the twenty-eight
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bitangents; or else they huve siz bitangents in common o
three of which are usyzygetic, and form « complex-pair of
eighteen bitangents.
The complexes formed by

Dy by, by, @by s by, agbgs

Wy €y UyCgy UyCyy UyCqy UpCyy UgCy's

bycys byeyy byegy bycy, byeg, byeg
are such that any two have six asyzygetic bitangents in
common. The seven bitangents «,, a,, us, @,, ¢, ¢, by are
such that no three of them are syzygetic Such a set of
bitangeuts is called an ¢ Aronhold Seven’. Another Aronhold
Seven is by, b,, b,, b,, by, Uy, Cg-

§ 5. The Hessian Notation.

In the three complexes at the end of § 4 alter the notation
by interchanging «, and b;, and by writing ¢ for ¢;. They
becomc

wyhys Wby, wgbyy @by, sy, webys
U1y Uylyy UyCyy UyCyy Uglsy UyCs
hyeys byey, bycy, bycyy bges, dge.

Then oy, ¢, dg, @4, €5, dg, ¢ 15 an Aronhold Seven ; and so
is by, by, by, Uy, b, bg, c.

Denote the bitangents oy, oy, ty, dy, t5, ¢ by the symbols
18, 98, 38, 48, 58, 68 or BI, 82, 83, 84, 85, 86, and the bi-
tangents 0, b,, by, b,, bs, b, by 17, 27, 37, 47, 57, 67 or
71,72, 73,74, 75, 76. Denote ¢ by 78 or 87.

Now ¢ must occur in one complex of the triple

“ibi’ “’jbj’ ooy Léitlj bibj’ cer s a"ibj’ (iji, oo
2 and j being any two of the digits 1, 2, 3, 4, 5, 6.

1t does not oceur in the first by definition, and ecannot oceur
in the second as it is asyzygetic to «;«;. Hence it must
occur in the third. The bitangent paired to it in this complex
is denoted by 5 or ji.

There are 8C,, = 28 symbols such as i = ji. Hence we have
a notation which will include all the twenty-eight bitangents.
We note that the bitangents 4 and rs cannot be the same.
For, it they were,

C’I;j, “ibj» (thbi,
is a complex ; therefore
Wiy, b;by, ajay, ...
is a complex, contrary to the supposition that «;, «;, ¢, are
asyzygetie.

a,b,, ub,, ...
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Tho notation is not symmetrical, but it is perhaps as con-
venient as any we can find.

We may visualize * the notation by considering the quartic
fg+¢€ =0, where € is a small constant, and f=0, g =0 are
equal ellipses of small eccentricity and ncarly concentric, the
major axis of one being parallel to the minor axis of the other.
The quartic consists of four portions each lying inside one
cllipse and outside the other; see Fig. 1.

These portions are narrow ovals cach touched by one
bitangent, while any two ovals have four tangents in comnmon.

Hence the quartic has twenty-eight real bitangents each
touching the curve in points which lic very close to two of the
points Jabelled 1, 2, 8, 4, 5, 6, 7, 8 in the figure. '

Fig. 1.

If we proceed to the limit in which the ovals are indefinitely
narrow, we may consider the bitangents as the twenty-cight
lines joining in pairs the eight points 1, 2, ..., 8 (Fig. 2).

The bitangents are now denoted by the symbols 12 or 21,
18 or 81, &e¢. We shall show that this is the same notation
for the bitangents as that beforc derived at the beginning of
this section.

The criterion of § 2, Ex. 3, applied to Fig. 1 will readily
show that three bitangents are syzygetie, if (i) their symbols
in Fig. 2 involvo six distinet digits, ¢.g. 12, 34, 56; (i1) their
symbols involve two digits twice and two digits once, e.g.
12, 23, 34. .

It follows from § 2, Ex. 4, that four bitangents are syzygetic,
it their symnbols are of one of the two types 12, 84, 56, 78
or 12, 23, 34, 41.

* Fontené, Bull. de la Soc. Math. d¢c France, xxvii, p, 229,
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In Fig. 2 the four bitangents either join four distinet pairs
of points or else are the sides of a quadrilateral.
It follows at once that we have complexes of the two types

18 17, 28 27, 38 37, 48 47, 58 57, 68 67;
or 14 23, 24 81, 34 12, 58 67, 68 75, 78 56.

The first type contains *C!, = 28 complexes and the second
3.8C, =35 complexes. Hence we have thus all possible
sixty-three complexes; and then, retracing our steps, we soc
that we have given above every possible set of threc or four

Fig. 2.

syzygetic bitangents. Morcover, since we have just shown that
847, i7j8, ¢y 78, ...

is a complex in Fig. 1, we see that the notation for the bi-

tangents obtained at the beginning of the section agrees with

that obtained from Fig. 2.

We can deduce the fact that three bitangents of the type
P17, gr, s or three of the type pqg, 7s, lu are syzygetie, from the
original definition without the use of Ilig. 1.*

We begin with the type pq, qr, 7s.

First take the case in which two of p, ¢, r, 8 are 7 and &.
We have the possible types {

7,78, 8 and 87, 7j, ji and 7j, 78, 8i and 7j, ji, i8.

* The figure only gives a special quartic, and therefore must not be relied
upon for a proof, though it assists us to visualize the results obtained in this-
chapter.

+ iy ), %y 1, ... denote any of the integers 1,2,3,4,5,6.
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These are all syzygetie, for
1857, (758, i 78, ...
is & complex by definition.

Now take the cases in which one of 9, ¢, 7, s is 7 or 8. We
have the two possible types

i8, 85, jk and 84, ik, L.

For the first type we note that jk is in one of the triple of

complexes
18 17, 28 27, 38 37, 48 47, 58 57, 68 67;
@8 j7, 47 j8, i 78, ... ;
i8 58, 17 47, ... .

It is not in the first. It is not in the second ; for 57, 78, jk
are syzygetic. Therefore it is in the third; which makes
18, 85, Jk syzygetic.

It follows that 48 is in the complex j8jk,.... But,
changing the notation, j8, 8%, ik arc syzygetic. Hence

J8 gk, 18k, ...
is a complex, for otherwise we should have three bitangents
in different pairs of a complex syzygctic. Thercfore for any
value of %
18 1%, 28 24, ..., 78 7k
is a complex.

It follows that the other type 8¢, 4k, kj is also syzygetic;

since this complex is
8 ik, j8 4k, ...

A sinilar process holds if we interchange 7 and 8.

Now take the type 4j, jk, kL.

We bave shown that

U811k, 78 7k, j8 jk, ... and 17 18, 27 28, 37 38, ...
arc complexes, whence
Kl kj, 8L 8j, 71 74, ...
is & complex.
Repetition of this argument shows that
1015, 20 2j, ..., 81 8j
Jds a complex ; and 47, jk, Al are syzygetic.
This exhausts all trios of the type pq, qr, rs.
We have now shown that there are complexes of the type
1p 1q, 2p 2¢q, ..., 8p 8y,
where p and ¢ are any of the integers 1, 2, 8,4, 5, 6, 7, 8.
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Now consider three bitangents of the type pg, rs, tw; for
instance, 12, 34, 56. Since 56 is in one complex of the triple

12 14, 32 34, 52 54, 62 G4, 72 74, 82 84;
21 23, 41 43, 51 53, 61 63, 71 73, 81 83;
12 34, 14 32, ...,

and is not in the first two, it is in the third. Hence 12, 34, 56
are syzygetic.

This complotes the proof that three bitangents of the type
g, qr, r8 or pg, rs, tu are syzygetic. Then the proof that
complexes are of two types; and that there are omnly two

types of three or four syzygetic bitangents follows as before.

Tx. 1. Obtain all the 288 Aronhold Sevens of bitangents.

[Lines in Fig. 2 joining one point to the other seven; or lines forming
a triangle together with the lines joining one of the remaining points to
the other four.]

Ex. 2. How muany sets of four syzygetic bitangents exist ?

(105 4 210.]

kx. 3. The bitangents ¢, ¢, ¢, ¢,, ¢; 0of §5 are 16, 26, 36, 46, 56.

§ 8. Lines on a Cubic Surface.

If we take any point O on a cubic surface as the point
0, 0, 0, 1), the cquation of the surface in homogeneous
coordinates is

f=u w4+ 2u,w+u, =0,
where u, is homogencous of degree r in «, ¥, .

The tangent-lines from O to the surface have their points

of contact on

”f _ .
o = 2 (wu, +u,) = 0¥

3F
Eliminating 1w between f= 0 and b{;) =0, we have the

cquation w,u, = w,? for the intersection of the tangent-lines
with the plane «w = 0. This is a plane quartic with the inter-
section u; =0 of w =0 and the tangent-plane at O to the
surface as a bitangent. The points of contact of this bitangent
lie on u,; =0, w, =0, i.e. on the inflexional tangents of the
cubic at 0.

Conversely, any non-singular quartic can be derived from
a cubic surface in this manner ; for the equation of any quartic

* The proof is similar to that which shows that the pointg of contact of the
tangents from O to a plane curve lie on the first polar curve of 0,
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can be put in the form w,u,= u,?, where u, =0 is any
bitangent.

This result enables us to deduce properties of the plane
quartic from those of the cubic surface and vice versa.®

For the present let us denote the bitangent w =0, u, =0
by {. The plane joining O to any bitangent of the quartie,
other than [, touches the surfacc in two points P, ) one on
each of the lines joining O to the points of contact of the
bitangent. Hence the curve of intersection of the plane with
the surface has P and @ for nodes. But the curve is of
degree 3, and must therefore degencrate into the line PQ and
a conic.

Hence the projections from O on to w = 0 of the lines on
the surface are the bitangents of the quartic other than Z.

It follows that there are twenty-scven lines on a cubic
surface.

In Ch. XX we shall show that either 4, 8, 16, or 28 of the
bitangents of a non-singular quartic are real. Hence either
3, 7, 15, or 27 of the lines on a non-singular cubic surface are
real.

There is evidently no loss of generality in supposing that
the plane w = 0 passes through a line of the surface. Take
the line as w = = = 0. The equation of the surface is

v+ 2Vw+ Uz =0,
where U and V are homogencous of degree 2 in , , =.
The surface mects the plane w = ks where

s(U+2EV+Euz)=0.

Hence the conics in which plancs through the line w =2 =0
meet the surface again project from O into the family of conics
U+2EV + 4202 = 0.

By choosing k to make such a conic a line-pair, we obtain
tive pairs of bitangents of the quartic which together with the
pair w = 2 = 0, w = u, = 0 make up a Steiner complex (§ 3).
The plane w = k= for such a value of & meets the surface in
three lines which form a degenerate cubic with three nodes,
at each of which the plane touches the surface. Hence:

Through any line m of « cubic surfuce five plunes can be
drawn euch touching the swifuce in threc points and meeting
it again in « line-pair. The projections of these five line-
pairs form with 1 and the wprojection of m a complex of
bitungents of the quartic curve.

* The method 18 due to Geiser, Muth. Annalen, 1, p. 129,
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The number of such triple tangent-planes is evidently
27 x 5-=3 = 45.
The above result gives us all the twenty-seven complexes
whicli contain Z. We now proceed to find the other thirty-six
complexes.

§ 7. Schlifi’s Double-six.
Suppose that the line g, of & cubic surface is met by the five
line-pairs (§ 6)
by, byey, by, bycy, byegs
the planes ugb ¢, &ec., being triple tangent-planes of the
surface.
No two of ¢, c,, ¢, can meet. Suppose that ¢, mects the

—

de bS
b) b,
b) b {
b )
(of C, Cs Cq Cs
n
by \
a) a \
2 2 a
3 a)

Fig. 3 (diagrammatic only).

hyperboloid with ¢, ¢,, ¢, as generators in two points.
Through each of them passes a generator of the opposite
family to ¢, ¢,, ¢;. One of these is a; let the other be b;.
Sinee b; meets ¢, c,, ¢;, ¢, in four points lying on the surface,
b, 18 a line of the surface.

The plane of a4c;b; meets the surface in the three lines
UWgs Cs IK;. Henee 0, meets one of these lines. It cannot
meet «g; there is no loss of generality in supposing it to
meet c;.

Let the planes bycy, bgcy, bycs, byey, Doy meet the surface
again in the lines «,, ¢,, @, ¢, a;. Then it is at once scen
that the configuration of twelve lines on the surface

{al a, dg U, U ac}
by by by by by b
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is such that any line does not meet each of the lines in the

same row or column in the array {}, but does meet the other

five lines. For instance, «, meets b,, b,, b,, b5, b; only. Such

a configuration is called a ‘ Schlafli’s double-six . .
Since the triple tangent-planes through a, are

ay by, ayby, ayby, aybs, @b,
it follows readily that we might have constructed the double-

six starting from the pair «,0, instead of «gh;. In other words,
the double-six is symmetrical as regards its six pairs
by uyby, @iy, wyby, agby, agb.

Denoting the bitangents into which the lines «,, by, ¢y, ...
project by the same symbols, we showed in § 6 that «,b;, ¢¢b;
are pairs of the complex determined by ¢ and ¢;. Hence
a, tg, by, bg are syzygetic, or «,b, is a pair of the complex
determined by agby. Similarly for «,b,, ¢50,, &e. Hence:

A double-six projects into a complex of bitungents.

We showed that cach line on a cubic surface meets ten other
lines, and therefore does not meet sixteen lines. Hence there
are 27 x 162 = 216 non-intersecting pairs of lines on the
surface. Therefore, as each double-six may be determined by
any one of its pairs, the number of double-sixes is 2166 = 36.
Hence all the complexes of bitangents are projections of
double-sixes or else contain L.

The projections of the generators of a hyperboloid fromn any
point O on to & plane all touch a conic, namely the conic in
which the tangent-lines from O to the hyperboloid meet the
plane. For the plane through O and a generator touches the
hyperboloid.

Now the lines «,, a,, «., b,, b;, by of a*double-six lie on
a hyperboloid, a,, ,, u; being generators of one family, and
b,, b;, b, which meet them, being generators of the other
family. Hence the corresponding bitangents of the quartic
touch a conic. These lines can be chosen out of «,, a,, ..., ¢;
in twenty ways. Hence:

In any complex of bitungents of « quartic there are twenty
sets of wix bitwngents touching a conw. No two of these six
bitangents belong to the same pair in the complez.

¥rom the theorem that the intersections of each pair of
a complex lie on a conic we obtain:

The sixz lines drawn through any point of a cubic surface
euch intersecting a puir of u given double-siz lie on a cone of
the second degree.
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Fx. 1. By taking O of § 6 on a line of the cubic surface obtain
properties of the bitangents of a quartic with a node.

Ex. 2. By taking O at the intersection of two lines of the surface
obtain properties of a binodal quartic.

Ex. 8. The intersection of any plane with the tangent-lines from a point
0 to a cubic surface not passing through O is a sextic with six cusps.
These cusps are the intersections of a conic with a cubic touching the
sextic at the cusps; and the twenty-seven bitangents of the sextic are
the projections fromn ¢ of the twenty-seven lines on the surface.



CHAPTER XX
CIRCUITS

§ 1. Circuit and Branch.

HERrETOFORE, when we have discussed singularities on a
curve, we have not always distinguished real from unreal
singularities. Such a statement as ‘ the number of inflexions

\\/

A O©O
s

of a non-singular n-ic is 8 (n—2)’ is only true if we include
unreal inflexions. In the present chapter we shall make the
distinction between real and unreal points on a curve, and by
‘point’, ‘inflexion’ mean ‘real point’, ‘real inflexion’, &e.,
unless the contrary is stated.

Suppose a point P starts from any point O on a curve, and
travels along the curve, so that the direction of the tangent
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at P varies continuously. Suppose that, if in its journey
P travels outwards to infinity from a very distant point 4, it
next travels inwards from infinity to a very distant point B
such that 4 and B are neighbouring points on any projection
of the curve. This means that in general 2 jumps from one
end of an asymptote to the other. Kventually P returns to O.
The part of the curve thus traced out by P is called a circuit
of the curve. The portion of a circuit traced out by P hetween
two infinitely distant positions of I’ is sometimes called a
branch of the curve. Thus a hyperbola has one circuit com-
posed of two branches.*

These definitions will apply to any continuous curve with
continuously varying tangent. The curve need not be alge-
braie, though we shall be mainly concerned with algebraic
curves.

Fig. 1 shows a curve with two circuits, one eomposed of
three branches, and the other closed and crossing itself.

§ 2. Ovals.

Suppose that a circuit is closed, i. e. all its points are finite.
Suppose, moreover, that it does not
cross itself, i. e. has no erunode. Such
a circuit will be called an oval. An
oval can be reduced to a point by con-
tinuous deformation, as shown in Fig. 2
which gives successive positions of the
oval as it shrinks to a point.

1t is to be noticed that an acnode is
not counted as a circuit. A curve loses
one of its circuits, if an oval shrinks Fic. o,
into a point. "

§ 8. 0Odd and Even Circuits.

Suppose that a linc is moving in the planc of a circuit. If
the number of its intersections with the circuit alters, the
nymber is incremsed or decreased by two (or some even
number) as is obvious from Fig. 8, which shows three con-
secutive positions of the moving line. It follows at once that

* In German, Zug= circuit, Ast=branch. Some Tnglish writers use
¢pait’ for ‘circuit’, and speak of curves with one, two, three, ... circuits as
¢unipartite’, ¢ bipartite’, ¢ tripartite’, .. .

The reader must distinguish between the use of the word ‘branch’ as
defined above and its use in such a phrase as ¢ branch of a curve at a multiple
point’,
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circuits can be divided into even circuits which arc met by
every straight line in an even number of points, and odd
circwits which are met by every straight line in an odd
number of points. . .

Any closed circuit, in particular any oval, is even; for it
meets the line at infinity in an even (zero) number of points.

The oddness or evenness of a circuit is cvidently unaltered
by projection.

In general an a-ic has an odd or even number of odd
cireuits, as 7 1s odd or even.

The least number of points in which a circuit is met by any
line is called its index. The greatest number of points is
called its order. The index and order are both odd or both
even according as the circuit is odd or even.

\ /

\ [
X

" v 4

Fig. 3.

Tawo odd civcuits meet in an odd nuwmber of points; two
even circuits, or an odd and an even circuit, meet in an even
number of points.

To prove this we first notice that, if onc of the circuits is
continuously deformed, and the number of its intersections
with the other circuit alters, the number is inereased or
diminished by two (or other even number). In fact the argu-
ment of Fig. 8 still applies. We now show that the first
circuit can be deformed so that all its points are very distant.
Its interscctions with the second (fixed) circuit will then be
practically identical with its intersections with the asymptotes
of the second circuit. But an odd number of lines meets an
odd cireuit in an odd number of points, an even number %of
lines meets an odd or even circuit in an even number of points,
and any number of lines meets an even circuit in an even
number of points. The theorem will thercfore be established
if we show how to deform the first circuit so that all its
points are distant. :

First of all deform the circuit so that its crunodes are ‘ cut’
This is done by replacing the part near the node by the dotted
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line as shown in Fig. 4 (i). The method of Fig. 4 (ii) is
inferior, for it would necessitate the alteration of the direction
in which a moving point traces out the circuit, as shown by
the arrow-heads.

The cutting of the nodes may really resolye the circuit into
two or more distinet circuits, but for our present purpose we
shall think of these distinct circuits as a single circuit whose

Fig. 4 (1).

Fig. 4 (ii).

oddness or evenness is evidently unaltered by cutting the
nodes.

The circuit now consists of distinet nodeless branches and
ovals, no two of which cut. Keeping the two distant ends of
each branch fixed, we can evidently withdraw such a branch
continuously to an indefinitely great distance as shown in
Fig. 5.

Also each oval can be deformed into a point; and we have
achieved our purpose.

A nodeless curve cannot have more than one odd ecircuit.

2218 Aa
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For two odd circuits would meet in one or more nodes of the

curve.
A non-singular n-ic has therefore one or no odd circuit as
7 is odd or even.

Fig. b.

Ex. 1. An odd circuit is projected on to any sphere from its centre.
Show that the projection is a closed circuit on the sphere met by any
great circle in 4»+2 points, whose points can be divided into dia-
metrically opposite pairs.

Ex. 2. If an even circuit is projected similarly, the projection is a pair
of diametrically opposite circuits each met by any great circle in an
even number of points.

Fx. 8. Use Ex. 1, 2 to prove the theorem of § 3.

| Project after cutting the crunodes. On the sphere an even circuit is
deformable into a point-pair and an odd circuit into a great circle in
such a way that each pair of diametrically opposite points remains
diametrically opposite.]

Ex. 4. The difference between the order and index of a circuit is even
and greater than zero.

Ex, 5. An odd circuit of a (singular) quartic cannot meet any other
circuit in more than one point. In particular, it cannot meet an even
circuit.

[1f it met in two, the line joining them would meet the quartic in
five points.]
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&

Ex. 6. Two, 0dd circuits of a quintic cannot meet in more than one
point. . L

A quintic with two intersecting even circuits cannot have more than
one odd circuit.

Ex. 7. A closed circuit has # crunodes. Show that, if a node is cut as
in Fig. 4 (i), the circuit is divided into two closed circuits. Also that, if
all the nodes are cut, the number of circuits obtained differs from = +1
by an even number,

What happens if a node is cut the wrong way as in Fig. 4 (ii) ?

[See Landsberg, Math. Annalen, 1xx (1911), p. 568.]

ix. 8. Show that, if the circuit is even, but not closed, the cutting of
a node either divides the circuit into two even circuits or 1nto two odd
circuits. In the latter case it is possible, by cutting a second node, to
reconvert the figure into a single even cireuit with two nodes less than
the original.

[See Fig. 4.]

§ 4. Reciprocation of Circuits.

We call now an odd cireuit ¢ point-odd’ and an even cireuit
¢ point-even’. A ‘point-odd’ circuit meets any line in an odd
number of points. To its reciprocal with respect to any base

= <D

Point-even, tangont-even. Point-even, tangent-odd.
Point-odd, tangent-even. Point-odd, tangent-odd.
Fig. 6.

conic we may therefore draw an odd number of tangents from
any given point. The reciprocal will be called ‘ tangent-odd ’.
Similarly we obtain ‘ tangent-even’ circuits as the reciprocals
of point-even circuits. Fig. 6 shows the four possible varieties
of circuit.

As a point P travels from a fixed point O on a circuit in
a fixed direction, finally returning to O (§ 1), the tangent at P
turns through an odd multiple of 7, if the circuit is tangent-
odd. For the tangent at P has passed an odd number of times

Aazl
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through any fixed point A4, since the number of tapgents from
A to the circuit is odd. Similarly the tangent at P turns
through an even multiple of ar, i’ the circuit is tangent-even.

§ 5. Inflexions and Cusps of Circuits.

A point-odd or point-even cirewil conlains respectively an
odd or even. number of inflerions. A langent-odil or tangent-
even circwit conlains respectively an odd or even number of
cusps.

One of these statements is the reciprocal of the other. We
may confine our attention to the first.

Suppose that the tangent at a point P travelling along the
circuit mects a fixed line 7 in Q. Let the tangent at a fixed
point O of the circuit meet 7 in 4 (Fig. 7). As P starts from O,

o]
Fig. 7.

traverses the cireuit, and returns to O, @ starts from 4 and
finally returns to 4, arriving at 4 in the same direction as it
left 4. .

Hence a+b+c must be even, « being the number of times
Q passes through 4,% ) the number of times ¢ jumps from one
end of [ to the other, and ¢ the number of times ¢ travels up
to a certain point of / and then begins to move back again.

Now « is the number of tangents from A to the circuit, and
b is the number of tangents parallel to I. Hence « and b are
both odd or both even, according as the circuit is tangent-odd
or tangent-even. Therefore a + 6 is even; so that ¢ is even.

But @ reaches a limiting position on / and then moves back
again, if and only if P is an inflexion or an intersection of the
circuit with 7, which proves the result.

L]
* The initial starting from 4 and the final arriving at 4 taken together
count as passing through 4 once.
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Ex. 1. If the tangent at P meets the circuit at Q,, @,, ¢,, ..., when
does the product P, . PQ, . PQ, . ... change sign as £ travels along the
curve ?

Deduce the theorem of § 5.

Ex. 2. An odd circuit without node or cusp has at lemt three inflexions.
| Project one inflexion to infinity.]

KEx. 8. A non-singular curve of odd degree has at least three real
inflexions.

Ex. 4. An odd circuit of order three without node or cusp has exactly
three inflexions (Mobius’s theorem).

[Project one inflexional tangent to infinity. There is only one other
tungent through the infinite inflexion, since the circuit is of order 3.

Let the tangent at P meet the circuit again at R As P travels along
the circuit, 1 “travels along it twice in the opposite direction, and there-
fore comudm with I’ twice. Hence there are two finite inflexions.]

Ex. 5. Denoting the three parts into which the inflexions divide the
circuit of Kx. 4 by, I, I;, show that there are two tangents from any
point of 7, whose points of contact lie on /7, and 7, ; and that the tangent
from the inflexion at which ¢, and 7, ineet has its pomt of contact on 7,.

Show that if two lines meet tlu,(m nitin ABC, A'B'C’"; 1,4, B, B, C,C’
cannot lie in this order on the circuit.

Ex. 6. An odd c¢irenit has 2+ 3 inflexional tangents no one of which
meets the cirenit at moie than three points (coinciding with the point
of contact). Show that it has » (2, +3) bitangents.

Show also that 2»+1 tangents can be drawn from any inflexion, and
2r+2 tangents from any other point of the circuit.

| Project one inflexion to infinity. The reader may enunciate a theorem
concerning the positions of the points of contact similar to that of kx. 5.]

Fx. 7. An even (0dd) circuit has no node or cusp, but has 2p (2p+3)
inflexions and ¢ bitungents. Show that p—g¢ is even.

[ Deform the circuit into some standard position, and notice that during
the deformation p —q isnever increased or dinunished by an odd number.]

Fiz. 8. The inverse of a circuit of i branches with respect to a point O
not on the circuit is an even closed circuit with an r-ple point at O.

If 0 is an 7-ple point of the circuit, the inverse circuil 18 odd or even
as »is odd or even.

Ex. 9. An even number of vircles of eurvature of a circuit (1) pass
through a given point 0. (ii) cut orthogonally a given circle.

@) Invert with respect to' 0. (ii) Deform the circle continuously
into its centre.]

KEx. 10. Describe the circuits of the curves in the diagrams contained
in Ch. II1 to XIX.

|State whether point- or tangent-even or odd, give their order and
index, &c.]

Ex. 11. Draw a one- or two-circuited cubic and show the portions of its
plane from which 0, 2, 4, or 6 tangents can be drawn. Treat similarly
sone non-singular quartic curves.

[The curve and inflexional tangents divide up the plane into these
various portions.]
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Ex. 12. Every tangent to a circuit without node or bitangent meets it
in the same number of points.

Ex. 13. Show that the result of Ex. 12 cannot be true for a circuit with
a bitangent, but may be true for a circuit with a node.
[E.g. a?—p*= oy’ Another example is
v =4yt + 24 + 2~ 2¢° = 0.
The theorem is true for each circuit of this quartic, and for the quartic
as a whole. |

¥x. 14 An oval without double point has at least four ‘vertices’, i.c.
points at which the circle of curvature has four-point contact. and the
radius of curvature is a maximum or minimum.

[Invert with respect to a point O of the oval and use Kx. 2, remember-
ing that the circles of curvature at two points of the oval lying between
two consecutive vertices cannot both pass through 0.]

Ex. 15, If the oval of Ex. 14 has no inflexion. the sum of the maximum
radii of curvature less the sum of the minimum radii of curvature is half
the perimeter of its evolute.

{ 8. Method of Variation of Coeflicients.

We shall require a method enabling us to obtain the equa-
tion of a curve with an assigned degree, number of circuits,
inflexions, &e.

Such a method consists in giving small inerements to the
coefficients in the equation of some given curve C. The new

Fig. 8.

equation thus obtained represents a curve of the same degree
as (' and lying very close to it. This is illustrated in Fig. 8,
where the curve C is shown with a erunode, an acnode, a cusp,
and two adjacent curves also.

1t will be noticed that in general, if C has a crunode while
an adjacent curve has none, the adjacent curve has an inflexion
close to each inflexion of C and two more inflexions close to
the crunode of C. Similarly for a cusp.

In general also an adjacent curve on one side of C' has
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a small oval enclosing the acnode of C, which is in general
a convex oval without inflexions.*

The adjacent curve on the other side of (' has no circuit
near the acnode.

To cach tangent from a node of C' to (' corresponds either
two bitangents of an adjacent curve which are both real with
real points of contact, or no real bitangent.

To each line joining two nodes of C corresponds four real
bitangents of an adjacent curve baving real points of contact,
or no real bitangent.

The results for the case of a cusp are at once written down
from Fig. 8,

We shall call a real hitangent with unreal points of contact
an ideal bitangent. The name is due to W. K. Clifford. The
number of ideal bitangents of an adjacent curve is the same
as for (' and these bitangents arc adjacent to those of C, pro-
vided (' has no imaginary nodes or cusps.

If, however, (' has a pair of conjugate imaginary nodes or
cusps E, F, an adjacent curve has respectively two or three
ideal bitangents adjacent to AF.

For take the case in which #, F are nodes. Let @ be the
quartic with a real cusp which approximates most closely to c
at &, F; and as C passes into a consecutive position let @ pass
into a consecutive quartic still approximating to (' near A, F.
The quartic in the position in which it bas , ¥ as nodes
consists of one circuit and has two real bitangents ¢, t,, as
mway be readily proved by projecting &, F into the circular
points and inverting with respect to the cusp. In the neigh-
bouring position @ will have four bitangents of tho first sort,
i. e. bitangents whose points of contact are unreal or lie on the
same cireuit. This will be proved in § 8 by reasoning which
does not involve the usc of the result we are here establishing.
Two of these bitangents are consecutive to t,, /,. The other
two must be consecutive to EF. Now since the quartic ¢
approximates to the curve C near ZF, a bitangent of (! must
approximate to cach bitangent of ¢ near EF.t

A siwilar argument holds if Z, # are cusps.

* Taking the acnode of € as origin, the adjacent curve has an equation of
the form O = ¢ +bx+cy + pa?+ 2qxy + ry® +s13+ ..., where ¢* < pr and a, b, ¢
are small. The approximation near the origin is the ellipse

0 = a+br+y+px?+2qxy + ry?

+ Zeuthen, Math. Annalrn, vii, p. 424, reasons as follows: The line joining
two nodes counts as four bitangents. If the nodes E, F are conjugate
imaginary, the line EF counts as the limiting position of four bitangents.
Two of these must be real bitangents in their final position just before
becoming unreal, and the other two must be unieal becoming real, as C varies.
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As illustrations of the above remarks which will be useful
later on, let us take one or two theorems.

If a non-singular ny-ic and ng-ic ewist having respectively
0, (n,—2) and m,(n,—2) inflexions and no ideal bitangent,
which meet in nyny real points, there ewists a non-singular
(ny +ng)-tc with (1 +ng) (1 +my—2) inflexions and mo ideul
bitangent.

For if f, = 0, f, = 0 are the equations of the 1,-ic and n,-ic,
fif, = 018 an (n; +ny)-ic with nyn, erunodes,

0y (1 —2) + 75 (1, —2)
inflexions, and no ideal bitangent. Then f,f, =€, where ¢ is
any small constant, is a non-singular (n, + 115)-ic with
ny (M —R) +m, (ny—2) + iy = (1 +ny) (g +11,—2)
inflexions and no ideal bitangent.

For any given value of n there exists a non-singular n-ie
with n (n—2) inflevions and no ideul hitangent.

Let us assume that such a curve cxists and that moreover
it meets an ellipse in the 2 (veal) points. The reader will
readily establish the truth of this statement in the cases
n=2 and n=3.

Take n+% lines each meeting the ellipse in real points.
Then if f=0, e =0, g = 0 are the equations of n-ic, ellipse,
and lines, ef = €, where € is a small constant, is an (n+ 2)-ic
meeting the cllipse in the 2(n+2) real intersections of
e=0, g=0. It bas also (n+2)n inflexions and no ideal
bitangents as in the proof of the preceding thcorem.

Now use induction.

Ex. 1. If £ =0 has & real branches through a point 0, prove that one
of the adjacent curves 7+ep =0 (where ¢ = 0 does not go through 0
and e is a small constant) bas 2 inflexions near O and that the other
has 2 (k—r). If k is even, » = }k; but, if % is odd, » may have any of
the values 0, 1, 2, ..., A,

}x. 2 Obtain the equations of (i) a unicursal curve, (ii) a non-singular
curve, of degree » consisting of one vircuit only which is of index 0 or 1
a8 n is even or odd.

(@) #=Si8), y=¢ (), 2= (). where f, ¢, Y are polynomials of
degree n and Y = 0 has not more than one real root.

(i) (@ +y’=1)f=¢ or (x—1)f=¢, where f= 0 is any unreal non-

gingular (i —2)-ic or (n—1)-ic with real equation.]

For we shall sce in § 7 that the number of 1eal bitangents of any non-singular
n-ic adjacent to an n-ic with nodes at E and F is the same.

Perhaps neither line of argument will appear quite convineing. But the
result is only required in the second part of § 7, and does not affect our dis-
cussion of the circuits of a non-singular curve in §§ 7, 8.
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Ex. 8. A pic is cut by a straight line Z in p real points, no two of
which are conmsecutive. Show that an n-ic exists cutting the p-ic in
np real points, n being any given integer.

[f = ¢, where f= 0 is the equation of » straight lines each ineeting
the curve in p real points. The line / can always be found if p = 2 or 8,
but not if p > 3.]

§ 7. Klein’s Theorem.

I wny cureve of degree n and class m
N+i+2 =m+k+2d,
where 4 is the number of real inflerious, t is the number of
ideal bitungents (real, with unreal points of contuct), k is the
nunber of real cusps, and d is the number of real acnodes.

I. First consider the case of a non-singular n-ic. Suppose
the coefficients in the equation of the curve to vary con-
tinuously. Then the curve is continuously changing its shape,
and we inay thus continuously deform the n-ic till 1t coincides
with some standard non-singular n-ie.

Fig. u.
(The straight line is a bitangent in each case.)

We may suppose that during the deformation there is never
more than one relation between the coefticients. Buring the
deformation the curve may have one triple tangent, or one
node, &e., but not a quadruple tangent, or flecnode, or pair of
unreal nodes, &ec.

Now in the process no two ideal bitangents can coincide,
for this would imply the existence of a quadruple tangent.*
Hence the only way in which ¢+ 2¢ can alter is

(i) by the coincidence of two inflexions at a point of undula-
tion and their subsequent disappearance;

(ii) by the points of contact of a bitangent becoming real
instead of unreal, or vice versa;

(iii) by the appearance of a node.

Now Fig. 9 shows that cases (i) and (i) are really the same
and that such an event decreases ¢ by two and increases ¢ by
one, or vice versa. Also we have shown in § 6 that in case (ii1)
the numbers / and 7 are not permanently altered. For instance,

* This would not apply to two bitangents with real points of contact, for
they might coincide to form a triple tangent,.
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if a crunode appears, < is diminished by two, and is increased
by two again as the node disappears.

Hence m+1%+ 2t is the same for all non-singular n-ics.

But we have shown in § 6 that an w-ic exists for which

i=anm=2), t=0, k=d=0, m=mn(n-1).
Hence the theorem is established for a non-singular curve.

II. Now suppose the m-ic has nodes and cusps. Let it
have 3k’ pairs of conjugate imaginary cusps, 3¢’ pairs of
conjugate imaginary nodes, and d; crunodes, besides its & real
cusps, d acnodes, 7 real inflexions, and ¢ ideal bitangents.

An adjacent non-singular n-ic has by §6 ¢+2d, +2k in-
flexions and t+d’+ 34" ideal bitangents. Therefore by Part 1
of the proof

N4 @ +2d,+2k)+ 2+’ +3K) =n(n-1).
Hence
n+i+2t =n(n—-1)—2(d,+d+d)-8k+I)+2d+k
=n(n—1)—28=3k+2d+k=m+L+2d,
as required.

The theorem of this section is due to F. Klein (Math.
A nnalen, x (1876), p. 199). It may be put in the form:

‘The quantity w+7+2¢ is the same for a curve and its
polar reciprocal.’

As a covollary from Klein’s theorem we deduce :

No w-ic has more than 1w (n—2) real i nflexions.
For a non-singular n-ic
i=m—n—2t=mn(n—-2)—2t
by Klein’s theorem, which proves the result.
For an w-ic with double points it is sufficient to notice that
we can find an adjacent non-singular n-ic for which / may he
greater, but cannot be less.

We have already shown that for any assigned value of
an n-ic with n (1—2) real inflexions exists.

¥x. 1. Klein takes as standard n-ic with # (n—2) inflexions, &c., the
following : For n = 2, a curve adjacent to the curve consisting of »
equal concentric ellipses with major axes parallel to the » sides of a
regular polygon. For n=2r+3, add to the ellipses a cubic whose
odd circuit cuts all the ellipses in six points.

Verify this.

Ex. 2. What property of a curve do we obtain by applying Klein’s
theorem to its evolute ?
[Use Ch. X1, § 2, Ex. 5, 6, 7.]

Ex. 8. Prove (—3i+6d =«x—-3k+6¢
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Ex. 4. A curve has no acnode and not more than a third of its cusps
are real. Show that not more than a third of its inflexions are real.

[Use Ex. 8.]

_ Ex. 5. An n-ic with d; crunodes cannot have more than #(n—2)—2d,
inflexions.

¥x. 6. What modification must be made in Klein's result, if the curve
has a multiple point with distinct tangents ?

[Apply Klein’s theorem to an adjacent non-singular curve. Cf. § 6,
Ex. 1. The reader may illustrate on » = a cos 36, which has the linc at
infinity as ideal bitangent.

{ 8. Circuits of a Quartic.

We have already discussed (Uh. XIV, § 1) the possible
circuits of a cubic. We consider here the case of the quartic,
and discuss in detail the non-singular quartic.*

Such a quartic cannot have an odd circuit (§ 3). It cannot
have more than four even circuits. For if it had fiver the
conic through a point on each circuit would meet the curve in
ten points.

Klein’s relation (§ 7) becomes ¢ + 2¢ = 8 for the non-singular
quartic. There is some line meeting the curve in no (real)

oint. If there is an inflexion, the reader will casily convince

imself of the truth of this statement by projecting the
inflexional tangent to infinity.t If there is no inflexion, there
are four ideal bhitangents each meeting the curve in no real
point. The quartic can thercfore be projected into a closed
curve, which consists of one, two, three, or four ovals. Each
oval is of order two or four.

1f therc are two ovals, they may lic one inside the other or
be external to each other. In the former case the inner oval
has no inflexion, for an inflexional tangent to the inner oval
would meet the inner oval in four points and the outer oval in
at least two, which is impossible for a curve of degree four.

If there ave three or four ovals, no oval can lie inside
another. For if a quartic had threc ovals 4, B, C with B
inside 4, a line cutting B and (! would meet A, B,and C in at
least two points cach.

If two ovals are external to each other, it will be readily
sgen that they have four and only four common tangents

* See Ex. 6 for the case of quartics with double points.

+ There is then a circuit approximating at infinity to a semi-cubical
parabola (ay? = 23) and with one asymptote also. This will be seen to haveo
two branches with a common tangent, and a line adjacent to this tangent
will mect the curve in no real point.



364 CIRCUITS OF A QUARTIC XX 8

which are bitangents of the quartic* Such bitangents are
called bitangents of the second sort.

Bitungents of the first sort are those whose points of contact
are either unreal or lic on the same oval.

A non-singular quartic has fowr hitungents of the first sort.

Tmagine a string wrapped round an oval of order four. If
AB is a straight portion of the string touching the oval at
4 and B, ABis a bitangent subtending a ‘bay’ ACB of the
quartic with two inflexions (Fig. 10). Hence the quartic has
twice as many inflexions as it has bitangents of the first sort
with real points of contact.

The relation i+ 2t = 8 now proves the result.

Fig. 10.

A nonssingular quartic has 4, 8, 16, or 28 real bitangents.

It bas four bitangents of the first sort. If it has 7 ovals
external to each other, it has also §+ (r—1) x4 bitangents of
the second sort; where 7 is 1, 2, 3, or 4. Hence it has
0, 4, 12, or 24 bitangents of the second sort and four of the
first sort, which proves the thcorem.

Non-singular quarties may be classified by means of their
ovals and the nature of their bitangents. We give an example
to show how an equation may be found whieh shall represent
u quartic belonging to an assigned class. Suppose we require
a quartic with four ovals each with a bitangent. There will,
of course, be also eight real inflexions and twenty-four bi-
tangents of the second sort. The equation

(942 + 4y — 36) (422 + 992 —36) = ¢,

* If the curve is of degree higher than five, there might be more than four
juch common tangents.
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where € is a small negative constant, will represent a quartic
adjacent to the pair of ellipses

922 +4y% = 36, 4a?+9y* = 36,

and lying inside one ellipse and
outside the other, as shown in
Fig. 11 by the dotted line. It
will evidently be a quartic of the
kind stated.

If we take € a small positive
constant, we obtain a quartic

with two ovals, one inside the
other, as shown by the narrow

line in Fig. 11. The outer oval
has eight inflexions and four w
bitangents.

Fig. 11.

Kx. 1. The eight points of contact of the four bitangents of the first
sort lie on a conie.

[Use Ch. XIX, § 2, Ex.3. Kach of the involutions is non-overlapping.
See Ch. XIX, § 2, Ex. 6, for the case of four concarrent bitangents.]

Fx. 2. No triangle formed by three bitangents of the first sort can
enclose two ovals external to one another.

[The argument of Kx. 1 would show that the conic through the points
of contact of the three Litangents passes through the points of contact
of one of the common tangents to the two ovals; which is impossible.]

Ex. 3. Describe the nature of the ovals and bitangents of the quartics
fg9 = +¢, where ¢ is a small positive constant, and f = 0, g = 0 are the
curves given below:

i) 22+ =1, 22%+y°+1=0.
(ii) *+y*+42+3=0.
(iii) %+ y* = 4, 2r2+yt =1
(iv) 2*+y* +42-5 =0.
(v) ¥ +4y* =4, 47—yt = 4.
(vi) 22—yt =9, 2+ 9y +2z2 =8
(vil) 2 +4y? =4, aF—-y?=2x
Kx. 4. Describe the nature of the quartic fy = +ep, where
f=at+4y*-5, g=4z*+y*—b
and ¢ is
i) z4y-2, (i) (x+y-2)(x—y+2),
(iii) (z—1)(y=1) (= y), (iv) (r=y)(x+y—2) (x+y+2).
Ex. 5. Describe the nature of the quartic (% +y® - 5y)?= + ed, where ¢ is
0) -1 -2)(y-3)y—4), (i) (y=1)(y—2)(y-3),
(iii) (y—-1)(y-2), v) (y-1),
() ==y (vi) (y—22)(y—4) (y +2).
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Ex, 6. Describe the nature of the circuits of the quartics in
Ch. XVIII, §§ 3-15.

[The nature of the bicircular quartics may be obtained by inversion
from the circular cubic. The naturc of their bitangents is given by
§ 3. Ex. 13 and 16.

For § 4 take 4 und B at infinity and consider the possible positions
of the conic of § 4, Kx. 1, relative to the tangents at 4 and B.

For §§ 5, 7, 14, 1> we may classify the various types of curve by
considering the cases in which none, two, or four of «, b, ¢, d are unreal.

For § 9 project the curve into 2%y*+as+by*+ ¢ =0, and similarly
for §§ 11, 12.]

Fix. 7. To ovals of a quartic external to one another have two ecfernal
bitangents (i.e. a bitangent such that the ovals lic on the same side of
it) and two internal bitangents (the ovals lying on opposite sides).

Fx. 8. A quartic with three real cusps has one bitangent which is
ideal. A conic meeting the curve in eight real points intersects the
bitangent.

A (uartic with one real and two unreal cusps has ope bitangent with
real points of contact. A conic mecting the curve in eight real poinis
does or does not intersect the bitangent. In the latter case all the six
cominon tangents of curve and conic are real.

[The quartic ean be projected into a three-cusped hypocycloid or
a cardioid.]

lz. 9. Show that #°y+4-9°2+232 =0 has exactly six real inflexions
and four real bitangents. The real inflexions lic on a conic.

[Drawing the curve, after putting =1, we see that the quartic
consists of a single oval touched in real points by three bitangents.
The fourth bitangent is 2+ y+2 = 0.

The real inflexions are (1,0,0), (1+¢#, —}(1-#), 1—¢), &e., where
#41=1+97. Theylieon 1/x+1/y+1/z=0.]

Ex. 10. To two ovals of a quintic external to one another four common
tangents can be drawn,

Ex. 11. No oval of a quintic can have more than twelve inflexions or
six bitangents.

[Three real inflexions lie on the odd circuit, and no quintic has more
than fifteen real inflexions.]

§ 9. Maximum Number of Circuits.

A curve of deficiency D has at most D+ 1 cirewits.

This result, due to Harnack * is familiar if D = 0 (Ch. X,
§4). To prove it in general, suppose the curve to be of
degree n with 7 odd circuits. These odd circuits meet in at
least 37 (r—1) erunodes, since two odd eircuits meet in one or
more crunodes. Let the curve have s other double points,
acnodes, unreal, or lying on odd or even circuits. Then

D=3n-1)(n—2)—%r(r—1)—s.

* Math. Annalen, x (1876), p. 189,
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Suppose that, if possible, the curve had D+2 or more
circuits. It will have at least D—r+ 2 even circuits.

First consider the case in which % is even. Then » is even.
Take one point on each of the D—»+2 even circuits, the
47 (r—1)+s double points, and n+r—4 more points on one
of the even circuits. The total number of these points is

(D=r+2)+ir(r—l+s+(n+r—4) =% (n+1) (n—2).

Hence a (n—R)-ic can be drawn through them. This
(n—22)-ic meets each odd eircuit of the n-ic at least twice ; for
it meets them each once at a crunode, and n—2 is even. Also
it meets each even circuit in an even number of points, so
that it meets one of them in at least 7+ —2 points and the
others at least twice. Hence the n-i¢ and (n— 2)-ic meet in at
least

2{r(r—D+s}+r+2D—r+1)+(n+r—2)=n(n—2)+2
real points, which is impossible.

For the case of » and  odd, take one point on cach of the
even circuits, the {7 (r—1)+s double ‘points, another point
on each of the » odd circuits and 1 —4 more points on an even
circuit.

Sinee n—2 is odd, the (n—2)-ic mecets each odd cireuit in
three points at least, and the n-ic and (n—=2)-ic meet in at
least

{3r(r—1)+8+27+2(D—r+1)+(n—8) = n(n—2)+1
real points, which is impossible.

Ex. 1. Show that not every non-singular a-ic can be projected into
a closed curve, if # is a given number greater than 4.

[If » is odd, the curve can never be closed, for it has an odd circuit.
For n =6 take

(2~ —2) («® + 8y + 82y + 28) (2 + 8y’ — 82y +28) = «.]

Fx. 2. Let ¢ = 0 be the equation of six lines parallel to the line of
inflexions of a two-circuited cubic f= 0, four being on one side and
two on the other side of the line of inflexions, and all meeting the odd
circuit of the cubic in three points. Then /2= +eg are (1) a sextic
with twenty-four inflexions and eleven ovals, (2) a sextic with eighteen
inflexions and nine ovals (i. e. projectable into such a sextic).

|To find all possible arrangements of the circuits of a non-singular
n-1¢ is a difficult problem, which has been solved only for » =3, 4, 6.
For n = 6 we have the result : * If a sextic has eleven ovals, they consist
of ten ovals all external to each other and an oval enclosing either nine
of them or only one’; as in the above example. The reader may discuss
the cases in which ¢ = 0 represent six or less lines in various positions.]

Ex. 3. Prove that
{27°8in 3 (0+8) +372—1} {8+°sin 84+ 1142} +¢ =0,
where ¢ and & are small and positive, is a sextic with eleven ovals.
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§10. Nested Ovals,

A set of ovals o, w,, ..., ®, such that o, lies inside o,,
®, inside @,, ..., ®,_; inside , is called a family of r mested
ovals.

If un n~ic has r nested ovals, we have :

(i) m even; r<3 (n—2), or 1+ = }n, the nest being the whole
n-1c.

(i) n odd; v<}(n—38), or r =% (n—1), the nest and one
odd circwit being the whole n-ic.

Suppose n even. Then, if the curve had 4n nested ovals
and another circuit as well, a line cutting this other circuit

Fig. 12,

and the innermost oval would cut the m-ic in more than
T points,

Suppose n odd. Then, if the curve had % (n—1) nested
ovals'and also an even or two odd eircuits in addition, a line
cutting this even circuit (or two odd circuits) and the inner-
most oval would cut the n-ic in more than % points.

It will be noticed that a nest may contain ovals not belong-
ing to the nest, as in Fig. 12. In this diagram we have the
three nests abed, alf, ae.

In the following section we prove the converse of this
theorem, showing that for an assigned value of = it is always
possible to find a non-singular n-ic with its maximum number
of nested ovals and its maximum number of circuits and real
inflexions.
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Ex. Find the equation of an n-ic with 1» nested ovals when » is even,
and 1 (n—1) nested ovals and an odd circuit when » is odd.

(@@ +y?—1) (22 +4*—2) ... (@ +y*~}n) = ex;
(@ 4+ —1) (P +y*=2) .. (@ 4y} n—1}) (x—n) = ]

§ 11. Hilbert’s Theorem.

For every assigned value of n greater tham 3 there exisls an
n-ic 1vith the following properties :

(i) It is non-singular.

(i) It has the mazimuwm number % n(w¥—8n+4) of
cireudts.

(i) 7¢ has the mazimum number ¥ (n—2) or % (n—3) of
nested ovals.

(iv) Tt has the mazimum nuwmber n (n—2) of real inflexions.

Fig. 13.

The theorem may be considered to hold even in the cases
n =2 or 3, if we adopt the convention that a single oval
shall count as a nest of one oval when >3 and shall not
count as a nest when n = 2 or 8.

Suppose that in Fig. 13 we have a circle (shown by the
thick line) with equation ¢ = 0. Suppose we have also a
curve (shown by the thin line) with equation f= 0, which
possesses a nest of p ovals, such as is shown at the bottomn of

2216 Bb



370 HILBERT'S THEOREM XX 11

the diagram, and an oval Q meeting the circle in 2¢ points
(only) passed throuzh in the same order whether we traverse
the circle or the oval Q. There is a portion of the plane not
containing the nest, which is bounded by an are of the circle,
and an arc of Q lying inside the circle. On this arc of the
circle take 27 points B, B,, ..., B,,; and let the equation of
the lines B, B,, B;B,. ..., B,,_;B,, be g = 0.

In the diagram p=2, ¢ =3, r = 2.

Then, if € is a small constant of suitable sign.

f=eg
is a curve such as is shown by the broken line in Fig. 13.

It has a nest of p+1 ovals and has in all 2¢—1 more ovals
than the original curve. It has too 4¢ more inflexions, since
each intersection of the circle and original curve gives rise to
two extra inflexions by § 6.%

It bas also an oval of the samne nature as the oval Q, meeting
the circle in 27 points passed thiough i the same order
whether we traverse the cirele or the oval.

Supposing now we have an n-ic f= 0 satisfying the con-
ditions of the theorem, with } (1n2—8n 4 4) circuits of which
$(n—2) or 3 (n—3) form a nest as in Fig. 13 and one is an
oval such as © meeting a tixed cirele e = 0 in 2 n points (¢ = n).
Suppose also the m-ic has n (n—2) real inflexions. If we
take r = 0+ 2, the derived curve

of = ey
is an (n+2)-ic with a nest of zn or 2 (n—1) ovals and an
oval such as Q meeting the circle in 2(n+2) points. The
derived curve has also
n(M—2)+4n = (n+2)n
real inflexions, and the number of its circuits is
F(nP=3n+4)4+2n—1 =3 {(n+2)*—3(n+2)+4).

We have now only to establish the existence of the n-ic
with the nest, the oval , and the % (n—2) inflexions for the
cases n = 2 and n = 8. .

The result will then follow by induction.

For m = 2 it is sufficient to take any ellipse meeting the
circle in four real points. For n = 8 we may take the curve

eh = eg,

where ¢ = 0 is a circle, b = 0 a straight line not meeting the
circle, and g = O three straight lines all meeting the circle.

* Fig. 18 is purely diagrammatic, and inflexions are shown in the figure
which do not really exist.



XX 11 HILBERT'S THEOREM 371

The reader who wishes to pursue further the subject of
circuits may consult:

American Journal Math., xiv, p. 245; xxix, p. 805,

Annale di Mat. Pura ed Applicata, 111, xxii, p. 117.

Berichte der K. Sdchsischen Gesell. der Wiss. zu Leipztg,
Ixiii, p. 540.

Bull. New York Math. Soc., i, p. 197.

Crelle, exiv, p. 170,

Math. Annalen, vii, p. 410; x, p. 189; xxxviii, p. 115;
xli, p. 349; lxvii, p. 126 ; 1xix, p. 218; lxxiii, p. 177 ; lxxiv,
p- 819; Ixxvii, p. 416.

Rendiconti del Reale Istituto Lombardo, 11, xliii (1910),
pp- 48 and 143; xlvii (1914), pp. 489 and 797 ; xlviii (1915),
p. 182; xlix (1916), pp. 495 and 577.

Trans. American Math. Soc., iii, p. 388.

Ex. 1. A curve f= 0 has a circuit meeting a line ¢ =0 in ¢ points
(only) which are passed through in the same order whether we traverse
the line or the circuit. The / lines g = 0 meet ¢ = 0 in » points, such
that the two segments containing the ¢ points and the » points on e =0
do not overlup. Prove that ef = ¢y, where ¢ is a small constant of
suitable sign, bas g—1 more circuits than f=0, and has a circuit
meeting e = 0 in » points only which are passed through in the same
order whether we traverse the line or the circuit.

Fx. 2. A non-singular n-ic exists for any given value of », having its
maximum number of cirenits, with a circuit meeting a given line in
» points passed through in the same order whether we traverse the line
or the circuit.

[Take ¢ =, »=n+1 in Kx. 1, and use induction.]

Ex. 8. (2 +9%) (y—ax) (y—cx) ... (y—kz) = y (y—bx) (y ~ dz) ... (y — Ix),
where a. b, ¢, d, ..., k, I are 2n—4 constants in ascending order of
magnitude, is an »n-ic of zero deficiency with a single circuit of index n—2.

Bb2



CHAPTER XXI
CORRESPONDING RANGES AND PENCILS

§ 1. Correspondence of Two Pencils.

SuPPOSE we take two lines PA, PB y = tz, x = 1'%z respec-
tively through the points 4 and B of the triangle of reference
AB(, such that t and 7"are connected by a relation of the forn

T4 (agtl +atP o+ a ) + TV (Bt + 0,827+ 4+ b))
+ot R+ L+ E) =0 L (D).

To every position of I’B correspond p positions of P4, aund
to every position of PA correspond ¢ positions of PB. The
lines PA and PB are said to trace out pencils with vertices
A and B having a p: q correspondence.

Eliminating ¢ and T between (i) and y =t2, = T'> we
obtain the locus of P. 1Tt is a (»+g)-ic with multiple points
at A and B of orders p and q respectively. The p tangents
at A are the p lines of the pencil with vertex 4 which corre-
spond to the line BA with verlex B: and similarly for the
tangents at B. These facts are obvious either from the equation
of the curve or from simple geometrical considerations.

Plicker’s numbers are at once written down, remembering
that a k-ple point counts as 34 (k—1) nodes (Ch. VITI, § 3).
We have *

n=p+q m=2pg, §=50 +9*—p—q), «=0,

T=R02?=5pg+2p+2q), =3Rpy—p—yq),

D= (p-1)(¢-)

The tangents from 4 to the curve are the p tangents at 4
each counted twice and the 2 (¢—1)p lines given by those
values of ¢ which make (i), considered as an equation in 7
have equal roots. We verify easily from this that m = 2pg.

In (i) we have supposed a,# 0. If a,= 0, the line AB
corresponds to itself in the two pencils. The locus of Pis now

* Assuming that the tangents at 4 and B are all distinct, and that the
curve has no multiple point other than 4 and B. This assumption may not
be valid, if certain relations hold between the coefficients of equation (i).
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the line 4 B together with a (p+¢—1)-ic having a (p—1)-ple
point at A and a (¢ —1)-ple point at B. For this curve
n=p+q=1, m=2(pg~1), §=75(p*+¢*-3p—8q+4),
k=0, 7=2(p2=Tpg+2p+2q+4),
t=3QRpy—p—q—1), D= (p=1)(@¢—1)

The case p = =1 is very well known. We have then
that the intersection of corresponding rays of two homographic
pencils is a conie, or is a straight line if the line joining the
vertices of the penecils corresponds to itself. The reader may
also verify the results obtained by taking p=2, ¢ =1 or
p=qg=2

If g =, = b, =0, the locus of P is similarly a (p+q—2)-ic
with (p—2)-ple and (g —2)-ple points at 4 and B respectively :
and so on.

We readily show that, conversely, the lines ’4 and PB
joining any point P on a (p + q)-ic to multiple points 4 and B
of orders p and ¢ respectively have a p): ¢ correspondence. In
fact, putting y = tz and & = Tz in the equation of the curve
we have a relation of the form (i).

More generally, any m-ie with an r-ple point 4 and an
s-ple point B* may he considered as the locus of P, when
the pencils traced out by /4 and I’B have a (n—s):(n—7)
correspondence such that n—r—s of the lines through 4
corresponding to BA coincide with AB, and n—r—s of the
lines through B corresponding to 4B coincide with BA.

This is evident on putting ¢ for g/:, T for 2/z in the oquation
of the curve, when we get a relation of the form (i) with

e Uy oy Wy oy Doy Oy ooy by a5
all zero.
Kx. The quadiatic transform of the (p+g¢)-ic of § 1 with respect to
a conic touching C4 and CB at A and B is the intersection of pencils
through A and B having a ¢:p correspondence.
[The quadratic transform of a line through 4 is a line through B.]

§ 2. Correspondence of Two Ranges.

The polar reciprocals of two pencils with a p:q corre-
spondence are ranges of points on two lines: with a p:¢
correspondence. To any point of the first range correspond
q points of the second, and to any point of the second range
correspond p points of the first. We have a relation such

* 3 =0 if 4 is not on the curve, r = 1 if 4 is an ordinary point of the
curve ; and so for B.
Bb3
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as (i) of § 1, if ¢ and 7" are the distances of corresponding
points measured from fixed origins on the two lines.

Two pencils with a p : ¢ correspondence meet any two lines
in ranges with a :q correspondence, and the pencils formed
by joining any two vertices respoctively to the points of
ranges with a p:q correspondence have themselves a p:g
correspondence.

The line joining corresponding points ol two ranges with a
p:q correspondence in general envelops a curve of class p+q
having the lines on which the ranges lie as p-ple and g-ple
tangents respectively.

Ex. 1. Two ranges on the same line with p : ¢ correspondence have
p +¢q self corresponding points.

Two pencils with a common vertex and p : ¢ correspondence have
p+q self-corresponding rays.

Ex. 2. 4, B. C are fixed points. Any line through A4 mects a fixed
conic through B in I’ and a fixed line in Q. Find the locus of the
intersection of BP and CQ.

|The pencils CQ and BP have a 1:2 correspondence. The locus is
therefore a cubic through € with a node at B ]

Ex. 8. Find the locus of the intersection of tangents from two fixed
points 4, B to a given family of confocal conics.

[The tangents from 4 and B have a 2 :2 correspondence in which 4B
is self-correspouding. The locus is a cubic through 4 and B.]

Fx. 4. Find the locus of the foci of curves of the m-th class touching
m~1 given lines when the line at infinity (i) is not, (ii) is. one of the
given lines.

[(i) A (2m—1)-ic with (m—1)-ple points at the circular points. The
singular foci of the locus lic on the locus.

(ii) A (2m—2)-ic with (m —1)-ple points at the circular points.

Consider the correspondence of the tangents to the curve from the
circular points.

See also Ch. V, § 2, Kx. 5.]

Ex. 5. A, B, C are fixed points. Through 4 and € are drawn con-

jugate chords of a fixed conic through A and B meeting the conic in
Pand @ respectively. Find the locus of the interscction of AP and Be.

[The pencils AP and BQ have a 1:2 correspondence.]

¥x. 6. A conic is drawn through three fixed points 4. B, C to touch
a fixed line [ at any point P. 'The tangent at A meets ! at @. Find the
locus of the intersection of BQ and CP.

[The pencile BQ and CP have a 1:2 correspondence.]
Ex. 7. A conic is drawn through four fixed points A4, B, C, D and

meets a fixed line through 4 in P and another fixed line in Q. Find the
locus of the intersection of BP and CQ.

[’I‘ﬁe pencils BP and CQ have a 1:2 correspondence, BC being self-
corresponding.]
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Ex. 8. 4,B, C, D, E, F arc fixed points. Any conic through 4, B, C, D
meets two fixed lines in P and @ respectively. Find the locus of the
intersection of KP und F'Q.

[The pencils EP and F'Q have a 2: 2 correspondence. |

Ex. 9. 4, B, C, D are fixed points Tangents are drawn from 4 and B
to any conic of a given confocal family to meet a given line in P and ¢
respectively.  Find the locus of the intersection of CP and D@Q.

[The pencils CPand DQ have a 2:2 correspondence. ]

‘x. 10. 4, B, C, D, E are fixed points. A fixed conic passes through (".
A variable conic touches fixed lines at .4 and B, and meets the tangent
«l C to the fixed conic in P. A common tangent of the two conics meets
this tangent at C in @. Find the locus of the intersection of DI’and EQ.

[The pencils DP and EQ have a 2: 4 correspondence.]

Kx.11. 4, B, C, D, K, F, G, II, I are fixcd points. Any cubic through
A, B, C, D, E, F, G, I mcets a fixed line at /2. Find the locus of the
intersection of the tangent at A und the line 1P

[The tangent and 1P have a 1:8 correspondence. |

Kx. 12. How many solutions are there to the problem: ‘ Draw a circle
thiough two given points to meet two given lines in points /%, @ collinear
with u given point 0’ ?

[OF and 0Q have a 2:2 correspondence. Yheiefore by LEx. 1 the
auswer is 24 2 — 4.]

ix. 13. low many circles can be drawn through a fixed point A
touching o given line at /2 such that £ and the intersection @ of another
tixed line with the tangent at .1 are collinear with o fixed point O ?

. [0Q and OF have a 1:2 correspondence. Therefore the answer is
+2=3]

Ex. 14. How many solutions are there to the problem : * Draw a circle
through two fixed points 4, B meeting a given conic at I’ and a given
line at @ so that I’Q meets the conic again ut a given point 0'?

[OF and OQ have a 4:2 correspondence. The answer 1s 6. Discuss
the casc in which the given line passes through 4. ]

Ex. 15, If « iy the distance of a point on a given line from a fixed
origin and (), ¢ (x) ure polynomials of degree n, the group ot » points
given by f(x)=k¢(x) 1s smd to tiace out an involution-range of
degree n as L vaiies. A similar defimtion holds for pencils. Show
that the involution-range has 2 (n—1) double points.

Ex. 16. The two involutions of degrec »# and N given by the equations

J(@)=k¢p(r) and  F(y)=i"®(y),

are said to be projective, if I and &* are connected by a relation of the
form akk'+ bk +ck'+ d = 0. Show that two projective involution-ranges
on the same line have n+ N self-corresponding points ; and that the line
joining corresponding points of two projective involutions along different
lines envelops a curve of class n+ N having the lincs containing the
involutions as s-ple and N-ple tanggnts respectively. Show also thut
a corresponding result holds for penculs.
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Ex. 17. Two families of curves have respectively degree, class,
characteristic ny. my, (21, &) and ny, my, (g, b)- Show that, if the
families have a 1:1 correspondence, the locus of the intersection of
corresponding curves is in general of degree ,p;+#p: and of class
myl+m,l,. (See Ch. IV, §8.)

[Corresponding curves have equations

A (z: 9, k) = 0 and N k) =0,
where f; and f; are of degrees »; and n, in « and y, p, and p, in k. The
intersections of the locus with y = 0 are found by eliminating % from
Si(e, 0,k)=0 and  f,(r, 0,%) =0.]

§ 8. Curves with a One-to-One Correspondence.

We may usc our knowledge of the locas of the intersection
of corresponding rays of two pencils to establish the theorem :

If the points of two curves have a 1:1 correspondence, the
curves have the same deficiency.

This means that, if to cach point 1> with Cartesian coordinates
(2, y) on one curve corresponds a point I~ with coordinates (2, /)
on the other so that &/, ¥ may be expressed rationally in terms

“of @7 and vice versa, then the curves have the same deficiency.

It is at once scen that, if points P, P, P’ are taken on
three curves, such that the coordinates of 2 can be expressed
rationally in terms of P’ and vice versa, while the coordinates
of P’ can be expressed rationally in terms of P” and vice
versa, then the coordinates of £ can be expressed rationally
in terms of /" and vice versa.

Now we have proved (Ch. IX, §§ 1, 8) that two curves
derived from each other by quadratic transformation have
a 1:1 correspondence and have also the same deficiency. 1t
will suffice therefore to prove the result for any two curves
into which the given curves may be transformed by a scries
of (uadratic transformations. Now by a scries of quadratic
transformations we may transform a given curve successively
into curves with less and less complex singularities, till we
obtain a curve with no singularities other than ordinary
wmultiple p[)ints with distinet tangents. Hence it suffices to
prove the theorem for two curves with ordinary multiple
points with distinet tangents only. .

Suppose @, R corresponding points on two such curves of
degrees 1, V and classes m, M. Take two fixed vertices 4, B,
and let AQ, BR meet in P. The locus of I’ is an algebraic
curve ; for we may eliminate the coordinates of @ and R from
the rational equations connecting them, from the equations of
the given curves, and from the equations of the lines BR and
A(Q), thus getting an algebraic climinant which is the equation
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of the locus of P. To each position of AQ correspond 2 posi-
tions of BR, and to each position of B2 correspond N positions
of AQ. Hence AQ and BR have an N:u correspondence,
and the locus of P is an (n+N)-ic, with 4 and B as N-ple
and n-ple points.

The tangents from A to tho locus of 2° are the V tangents
at A each counted twice, together with the m. lines through 4
touching the locus of Q. For two of the lines BR corre-
sponding to such a position of A€ coincide. Hence the class
of the locus of £ is 2N +m. Similarly it is 2n+ M. There-
fore m—2n+2 and M—2N 42 are equal. But these are
twice the deficiencies of the curves since they have no cusps
(Ch. VIIL § 3, Ex. 1).

For example, we pointed out that the coordinates (£, n) of
a point on the evolute corresponding to a point (x, ) of a given
curve f(&,y) = O are expressible rationally in terws of w and y
by means of equations (i) of Ch. X1, § 2.

Conversely, when we solve for @ in terms of £ o by
eliminating y from these equations, making use of f(z,y) = 0,
we express « rationally in terms of & 7. For otherwise (§,7)
would be the centre of curvature at more than one point of
F(x,7) = 0, which is not in gencral the case. Similarly for y.

Hence a eurve and its cvolute bave a 1:1 correspondence,
and have thercfore the same deficiency.

Ex. 1. A curve and its reciprocal have the same deficiency.

[See Ch. VILI, § 1 (v1).]

lx. 2. The Hessian, Steincriun, and Cayleyan of a curve have the
same deficiency.

Ex. 8. If p and ¢ are relatively prime integers, p being positive, the
deficiency of 2op .

L74+9y714+1=0 is 1(p-1)(p—-2).

[The transformation « = ¢, y = 17 establishes a 1 :1 correspondence
between the given curve and «¥+ #'+1=0 which is non-singular of
de;igeze]p. See V. Jamet, Bull. de la Soc. Math. de France, xvi (1888),
p. 132.

§ 4. Correspondence in Three Dimensions.

Just as in §1 we had two pencils of lines with p: ¢ corre-
spondence, so we may have two pencils of planes with p:g¢
correspondence, the planes of cach pencil passing through a
given line called the «ais of the pencil.

Corresponding planes meet on a ruled surface of degiee p+¢
having the axes of the pencil as p-ple and g-ple lines respec-
tively. This is evident from the fact that any plane meets
the two pencils of planes in two pencils of lines with a p:¢
correspondence ; or 1t way be proved indepcudently as in § 1.
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If the axes of the pencil intersect at O, the ruled surface
becomes a cone with vertex O. '

Reciprocating, the line joining corresponding points of two
ranges on non-intersecting lines with a p:q correspondence
generates a ruled surface X such that p + ¢ tangent planes can
be drawn to = through any line /. But these tangent planes
are the planes joining [ to the generators through the inter-
sections of / with =; so that these intersections are p+g¢ in
number. Moreover, the reciprocation shows that the lines on
which the ranges lie are ¢-ple and p-ple lines of =.

We see then that the line joining corresponding points of
two ranges on non-intersecting lines with a p:q correspondence
generates a ruled surface of degree p+q with the given lines
as g-ple and p-ple lines respectively.

The case p = ¢ = 1 is well known.

Ex. If the coordinates of two points P and P, one on each of two
given twisted curves, ure connected by rational relations so that p points
P correspond to each position of #” and g points I” to each position of P,
then the line P’ traces out an algebraic ruled surface of degree p+g.

[The planes joining any given line 7 to P and I have a p:gq corre-
spondence, and the » + ¢ seli-coriesponding planes give the generators of
the surface which meet Z.]

§ 6. Curves on a Conicoid.

The (p+qg)ic of § 1 may be employed to study algebraic
curves on a conicoid, that is, the whole or partial intersection
of the conicoid with any algebraic surface.*

Let O be a point of the conicoid j, and let any plane IT weet
the generators through O in 4 and B.

Consider the projection from O on to 1I of any curve on j,
which does not pass through 0. All generators of one family
on j intersect OA ; they therefore project into straight lines
through 4. Similarly the other family of generators project
into straight lines through B.

Suppose that the curve on j we are investigating is the
intersection of j with a surface of degree » having a generator
of the same family as O4 as an (n— q)-ple line, and a generator
of the same family as OB as an (n—p)-ple line, these two
generators not being counted as part of the curve of inter-
section. Then 0.4 meets the curve in » points all projecting
into the point 4, and OB meets the curve in ¢ points all
projecting into B. Any generator of the same family as 04

* Every twisted curve of the third or fourth degree is of this nature; for
& conicoid through nine points of the curve must contain the curve,
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meets the curve in p points, and projects into a line meeting
the projection of the curve ¢ times at B and p times elsewhere.
Similarly for a generator of the other family. Hence the
projection of the curve is a (p+q)-ic with 4 as p-ple point
and B as ¢-ple point The tangents at 4 to the projection lie
in the planes through 04 touching the twisted curve where it
meets O A4 ; and so for B.

Each inflexion of the plane curve is the projection of a point
of the twisted curve at which the osculating plane passes
through O.

Every propetty of the plane curve gives a property of the
twisted curve on projecting back on to the conicoid j; and
vice versa.

A conic on j projects into a conic through 4 and B; and
conversely.  This is clear on putting p = ¢ = 1, or otherwise.
Let V be the pole of the plane of a conic on j, which meets
OAand OBin I’and Q. Then OVP and OV() are the tangent
planes at I’ and () toj. Hence the lines VP and VQ project
into the tangents at A and B to the projected conic; i.e. the
pole of the plane of a conic on j projects into the pole of AB
with respect to the projected conic.

If the plane of any other conic on j passes through V, the
polar of V with respect to it is the line of intersection of its
plane with the polar plane of V. Projecting we sce that, if
the planes of two conics on j are conjugate, their projections
are two conies through A and B such that the pole of AB for
one conic is the pole of their other common chord for the
second conic; in other words, the projections are two conies
through A and B with degenerate harmonic locus and
envelope. ¥

We have so far supposed that the point O does not lie on the
given twisted curve. If O does lie on this curve, the generators
0OA and OB meet the curve respeetively in p—1 and ¢—1
points other than 0. 1f we project on to the plane IT, we obtain
a (pet g —1)-ic with 4 as (p—1)-ple point and B as (¢—1)-ple
point. The projection meets AB again at a point P on the
tangent at O to the given twisted curve, and the tangent at P
to the projection lies in the osculating planc of the curve at O,

A twisted curve on j meeting all generators of one family
in p points and all generators of the other family in ¢ points

* This is obvious on projecting 4 and B to the circular points, when the
conics become orthogonal circles. The harmonic envelope is the envelope
of a line divided harmonically by the conics, and the harmonic locus is the
locus of a point from which a harmonic pencil of tangents can be drawn to
the conics.
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may be called a curve of type p+q on the conicoid. The
curves of type 2+1, 242, 3+ 1 are well known.

Any twisted cubic curve is the partial intersection of two
conicoids with a common generator and is of the type 241.
For since a twisted cubic meets any conicoid not containing
it in six points, it must lie wholly on all conicoids through
any eight points of the curve.

Similarly a twisted quartic lies on the eonicoid through any
nine points of the curve. lf it lies on a second conicoid, it is
of type 2+2; otherwise of type 3 + 1.

Ex. 1. The points of contact of the three osculating planes of a twisted
cubic which pass through any point O lie on a plane through O.

|[The cubic lies on a conicoid through 0. Projecting from O we
have: ‘The three inflexions of a plane nodal cubic are collineur.’]

¥x. 2. With uny point O as vertex three cones of the second degree can
be drawn having six-point contact with a given twisted cubic. The
tangent planes to the cone at the points of contact pass through the
points of contact of the osculating planes through 0.

Ex. 3. Four tangent lines of u given twisted cubic meet any given
line in spuce.

[Project from a point on the line.]

Ex. 4. Through the line joining a fixed point O to any point of
twisted cubic two tangent planes are drawn to the curve touching at
@and . Show that the planc OQR envelops a cone of the second degree.

[See Ch. XIII, § 4, Ex. 13 (iii).]

Fx. 5. The planes joining four given points P, @, B, S of a twisted
cubic to any chord form u pencil of constant cross-1atio.

[Let AB and CD be two chords. Projecting from A, we sce that
the pencils AB(PQRS) and .IC(PQRS) have the same cross-ratio.
Similarly project from C for the pencils joining CA and ('Dto P, @, R, S.]

ix. 6. If in Ex. 5 the pencil is harmonic, the tangent at P mcets the
osculating plane at R in a point on the plane KQS.

[Project from £.]

Ex.,7. Nine osculating planes of a curve of type 2+2 pass through
a givén point O on the curve. The plane through O and any two of the
points of contact passes through a third point of contact. .

[Project from O.]

Ex. 8. Through any variable chord of a curve of type 2+2 four
tahgent planes can be drawn, and the cross-ratio of the pencil of planes
is constant.

[Let AB and CD be two chords. Projecting from 4, we have the fuct
that the pencils of tangent planes through 4B and AC have the same
cross-ratio. Similarly project from C for the chords C4 and CD.]

Ex. 9. The tangent planes through any point O to a curve of type
242 at the points where it meets the generators through 0 of a conicoid
containing the curve meet the curve again in four coplanar points.

[Projecting from O we huve Ch. XVIII, § 4, Ex. 1.]
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Ex. 10. Obtain properties of a twisted curve of type 3+ 1 by projecting
from any point of the conicoid containing the curve. .

[See Ch. XVII, § 8.]
¥x. 11, The three points of contact of the osculating planes of a curve

of type 3+ 1 which pass through a point O of the curve lie on a plane
through 0.

Ex. 12, 01is a fixed point on a curve of type 3+1, and P is any other
point on the curve. 'The tangent planes through OPF to the curve touch
at Q and B. Show that the plane OQR envelops a cone of the second
degree.

Ex. 13. The linc of striction of onc family of generators of a hyper-
boloid is a curve of type 3+ 1.

§ 8. Curves on a Sphere.

If the conicoid 5 of § 5 i8 a sphere, we must have p=gq
when the curve onj is real ; and the degree of the curve is even.
If we take I'T as the diamctral plane parallel to the tangent plane
at (), the projection becomes the well-known stercographic
projection. The gencrators 0.4, OB become the circular lines
through O in the tangent plane at 0, while A and B become
the circular points o and o’ in II. The properties of conics
on j proved in § 5 now become the well-known theorems that
a circle on j and the pole of its plane project into a circle and
its centre, and that two circles on j whose planes are conjugate
project into orthogonal circles. In particular, all great circles
project into cireles orthogonal to a fixed (unreal) circle which
is the projection of the circle at infinity. We may show
similarly that angles arc unaltered by stereographic projection.
These results also fellow from the fact that a spherical curve
and its stereographic projection from O are inverses of cach
other with respect to O.

If the generators through a point F on the sphere j touch
a curve on j, /' may be called a focus of the curve. The
generators through # project into lines through o and o'
Hence the stereographic projections of the foci of a spherical
curve are the foci of the projected curve.

Suppose a spherical curve of even degree n has ¢ nodes
and « cusps ; while m great circles can be drawn through any
point to touch the curve,  great circles are bitangent to the
curve, and ¢ great circles osculate it. Then the projected
curve is of degree 7 and class m; it has é nodes and « cusps
besides a in-ple point at each circular point; while it has
7 bitangent circles and ¢ osculating circles which are orthogonal
to any fixed circle,
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Looking at the results of Ch. XI, § 11, Ex. 1, we get
m=231nt=20—-8k, 1=3n(n—2)—68—8«,
w=1m(m-—1)—27—-3.

These may be regarded as Pliicker’s equations for a spherical
curve.

¥x. 1. Two points P, I’ on a sphere are said to be ‘inverse with
respect to a circle’ on the sphere, if the line PP’ passes through the
pole of the plane of the cirele. 1f P traces out a locus on the sphere, so
does I, and the loci of I’ and P are ‘inverse’ with respect to the circle.

Show that (i) the stcreographic projection of a circle and two inverse
points is a circle and two inverse points. (ii) The angle between two
spherical curves 1s equal to the angle between their inveises with respect
to any circle of the sphere. (iii) The inverse of a spherical 2ux-ic¢ is in
general a spherical 2n-ic of the same type (with the same Plucker’s
numbers). (iv) A self-inverse spherical 2x-ic is the intersection of the
sphere with a cone of degiee u.

[For (i) use the fact that the circle is cut orthogonally by any circle
through the points. It follows that the stereographic projection of a
circle and two inverse curves on the sphere is a circle and two inverse
curves ; whence we get (i1) and (iii). |

¥x. 2. The foci of a spherical 4-ic lie by fours on four circles with
respect to which the 4 ic is self-inverse.

The 4-ic is the intersection of the sphere with four cones of the
second degree.

Ex. 3. Obtain properties of the spherical 4-ic from those of the plane
bicircular 4-ic.

Ex. 4. Show that propertics of w plane bicircular quartic whose real
foci are concyclic may be obtained from the properties of a conic as
follows: Project the conic on to a sphere from the centre. Then project
the spherical cuarve thus obtained (a sphero-conic) stercographically into
a bicircular quartic.

Kx. 5. A bicircular quartic has real concyclic foci 4, B, ¢, D. Show
that the bitangents to the curve from the intersection O of 4B und CD
make equal angles with OAB, OCD.

[The tangent-arcs to a sphero-conic from a point P make equal angles
with the focal distances of I Project fiom the point diametrically
opposite to P.  See also Ch. XVIIL, § 3, Ex. 5.] -

Ex. 6. A chord PQ of a circular cubic subtends a right angle at a fixed
point O of the curve. Show that the circle through FPQ bisecting the
circumference of a fixed circle with centre O passes through two fixed
points.

Ex. 7. Two bicircular quartics with the same four real concyelic foui
cut orthogonally.

[Two confocal sphero-conics cut orthogonally. See also Ch. XVIII,
§ 6, Ex. 6.]

Ex. 8. P and @ are two points on a bicircular quartic with real
concyclic foci 4, B, C, D. Show that the four circles 4PC, AQC, BI'D,
BQD are all touched by the same two circles.
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Ex. 9. The locus of a point on the Farth’s surface at which a given
place has a given azimuth is a spherical quartic.

Kx, 10. The spherical quartic has a node O and foci S, 8", Show that,
if P is any point on the curve,

(sin L8P . cosec} OS +8in L S'P . cosec } O8') cosec L OP
is constant, the plus or minus sign being taken according as O is an
acnode or crunode.

[Projecting stereographically from O we project the curve into a conic,]

ix. 11. Two spherical quartics with & common node and foei cut
orthogonally.

¥x. 12. Two orthogonal circles are drawn through the node O of a
spherical quartic touching the curve. The locus of their second inter-
section is a circle.

Fx. 13. Two circles are drawn through the cusp O of a spherical
quartic touching the corve and cutting each other at a constant angle.
The locus of their second intersection is a spherical quartic with a
node at 0.

| Projecting stereographically from O we have: * The isoptic locus of
a parahola is a hypeihola.’]

Fx. 14. A spherical guartic hus a node O and foci S, 8. A circle
through ¢ touching the curve is met again by the orthogonal circles
through 0 and S, O and & at ¥. ¥'. Show that ¥ and ¥’ lie on a fixed
virele, and that

sinINY . sin28Y7 . cosec L 0Y . cosec 1 OY
is constant.

[The reader will find a very interesting discussion of spherical quartics
in Darboux’s Swr ine elasse remarquable de courbes et de surfaces algébliques
(Paris, 1873), pp. 1-60.]

Fx. 15. A spherical sextic has a triple point 0. Show that three real
eircles of curvature of the sextic pass through O, and that their points of
contact lie on a circle through 0.

[Projecting stereographically from O we have: ‘A cubic has three real
collinear inflexions.’|

Ex. 16. Show that the method of Ex. 4 is applicable to any curve
which is self-inverse with respect to a circle.

Fx. 17. Two properties of a plane curve are derived by projecting a
given spherical curve stereographically from two different points of the
sphere. Show that the two properties are obtainable fiom each other
by ordinary inversion.

¥x. 18, Through a given point O of a sphere any great circle OP is
drawn meeting a given spherical 2n-ic in @, @;, ..., Q.
0=-=:5in}0Q, .sinl09,.....sin100Q,.
cosec 3 PQ, . cosec 3 @, . ... . cosec } PQ,
(the summation extending over ®*C, terms), find the locus of P.

|Project stercographically from the point diametrically opposite to O
and use Ch. VII, § 1.]
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Asympbote, 7, 30, 55, &c.

Asyzygetic bitangents, 335.

Axial direction, 92, 192,

Axis of pencil of planes, 877.

of perspective, 5.

Base-conic :
of quadratic transformation, 120.
of reciprocation, 62.

Base-point of pencil, 12.

Bay of quartic, 364.

Bicircular curve, 81.

quartic, 304, 382, &c.

Biflecnodal quartic, 299.

Biflecnode, 23.

Bipartite, 215, 351.

Bitangent, 25, 63, 64.

Bitangents of qua.rt.lc, 25, 270, 283,
305, 313, 316, 320, 322 326 328,
330, 331, 332, 333, 334, 363, 364.

Branch, 21, 351.

C,, 9.
Canonical equation of cubic, 228,
233, 236, 252, 255, 261.
Canonical equa.tlon of quartic:
bicircular, 804.
biflecnodal, 285 288, 299, 323,
325, 327.

' Canonical equation

of quartic
(contd.) :
binodal, 312.
flecnodal, 288, 326, 328.
non-singular, 333, 387.
tacnodal, 289, 329,
tricuspidal, 283.
trinodal, 269.
unicursal with one distinet double
point, 135, 296, 297.
with thamphoid eusp, 290. 331.
with triple point, 291, 294, 295,
296,
Carbon-point curve, 285.
Cardioid, 75, 171, 266, 284.
Carnot’s theorem, 9.
Cartesian coordinates, 1.
curve or oval, 319,
Cassinian curve or oval, 323.
Cayleyan, 107, 248.
Centre of curvature, 21, 161,
Centre of curve, 36, 37, 91.
Ceratoid cusp, 51.
Characteristic, 66, 111, 376.
Circle of (,ulva,ture 21.
Circuit, 215, 851, 363, 366.
Circular cubic. 190, 217.
curve, 31.
lines and points, R, 61.
Cissoid, 175, 177, 203, 207.
Class, 58, 87, 125.
Coincidence point, 358, 261.
Complex of bltangents, 337.
Complex-triple, 339.
Coordinates, 1.
Conchoid, 177.
Conchoid of Nicomedes, 179.
Condligions determining a curve, 34,
5
for double point, 26.
Confocal curves, 69, 71, 75.
Comco%f closest conta.ct 53,83, 143,
206.
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Conicoid, 378,
Conjugate point, 22.
points on cubic, 241, 245, 258.
Coresidual groups of points, 197.
Correspondence of pencils and
ranges, 372, 373.
Critic centres of cubic, 255.
Cross-curve, 285.
Cross-ratio, 3.
of tangents to a cubic, 220, 226,
228, 235, 236, 248, 254, 262.
Crunodal cubie, 209, 256, 257, 262.
Crunode, 21, 63.
Cubic curve, see * Contents .
equation, 16.
surface, 34H.
Curvatures of touching curves, 9.
,Curve-tracing, 37.
Cusp, 22, 52, H4, 63, 78, 85, 138,
356.
Cuspidal cubic 204. 262, &e.
quartic, 300.
tangent, 63, 86.
Cutting of a crunode, 352.

Deferent conic, 305.

parabola, 222.
Deficiency, 113, 115, 116, 127, 129,

136, 144, 164. 165, 169, 376,

Degeneracy, 9.
Degree of curve, 8, 139.
Director cirele. 61 325.
Directrix, 70. 164, 224, 308,
Double cusp, 45.

point, 21.

points of involution, 3.
Double-six, 348.

F.quianharmonic cubie, 229, 238,
pencil and range, 17.

Even circuit, 215, 352.

Evolute, 161.

Expansion near origin, 76, 83.

First polar curve, 88, 96, 109.

Flecnodes, 22.

Foca.éoconic of bicircular quartic,
5

parabola of circular cubie, 222.
Focus, 68, 69, 164, 169, 173, 181,
182, 299, 300, 374.
Focus:
of bicircular quartic, 304,
of circular cubie, 220.
of evolute, 164.

INDEX

Focus (contd.) :
of inverse curve, 74, 165.
of pedal, 168.
of spherical curve, 381.
Four-cusped hypocycloid, 28.

Genus, 113.
Harmonie cubic, 220, 223, 227, 229,

237.
envelope and locus, 61, 379.
pencil and range, 3.
perspective, 7.
polar of inflexion of cubic. 95,
235,
Harnack's theorem, 366.
Hart triangles of a cubic, 260.
Hesse’s notation for bitangents, 341.
theorem, 245.
Hessian, 89. 98, &ec.
of cubic. 101, 208. 209. 229.
244,
Higher plane curve, 8.
singularity, 118, 129.
Hilbert’s theorem, 369,
Homogeneous coordinates, 2.
Hour-glass-curve, 285.

237,

Ideal bitangent, 63, 64, 302, 306.
359, 361.
Index of circuit, 352.
Inflexion, 19, 54, 63, 77, 86,
192, 356.
of cubic, 24, 95, 188, 204.
215, 227, 235, 253,
of quartic, 24, 363.
Tnflexional tangent, 19, 63, 85, 108,
Intersections of curves, )10, 81, 124,
of curve and adjoined curve, 130.
Invariants of cubic and quartic
equations, 16.
Inversion, 14, 74, 123, 164.
Involution, 8, 375.
Isolated point, 22.
Tsoptic locus, 174.

138,

207,

Jacobian, 108, 241.
Klein’s theorem, 361.

Lamé curve, 62.

Latent singularity, 127.
Lemniscate, 286, 323, 324,
Limagon, 55, 64, 74, 171, 179,



INDEX

Line at infinity, 4.
of inflexions of cubic, 209, 211,
216.
on cubic surface, 346,
Line-singularity, 33.
Linear branch, 76.
branches touching (see ‘Tac-
node '), 125, 126, 127, 129.
Loop of nodal cubie, 210.

Menelaus’s theorem, 9.
Mobius’s theorem, 357:
Multiple point, 23, 115.

Negative pedal, 169.

Nest of ovals, 368.

Newton's diagram, 38,

n-ie, 9.

n-ic with (n —1)-ple point, 104,
with (#—3)-ple point, 98,

Nodal quartic, 298.

Node, 22, 137.

Non-singular curve, 3.

Odd circuit, 215, 352,
Opposite point, 190.
O1ider of rircuit, 352,
of multiple point, 23.
of superlinear branch, 76, 87
Orthoptic locus, 169.
Oscnodal quartie, 135, 296.
Oscnode, H3.
Osculation, 21.
Oval, 215, 336, 351, 363, 366, 567.

Parallel asymptotes, 81.
curves, 179.
Parameter, 18, 33, 137, 252, &e.
Partial superlinear branch, 76.
Pascal’s theorem, 188, 193, 259.
Pedal curve, 166.
equation, 78.
Pencil of curves, 12, 59.
Perspective, 5.
Pippian, 107.
Plicker’s numbers, 112, 201, 264.
numbers for spherical curve, 382.
Point-equation, 57.
Poingggen and point-odd circuits,
Point of contact, 58.
Doints at infinity, 29.
Point-singularity, 88.

87

Polar conic, 88.
coordinates, 2.
curve, 88.
line, 88.
reciprocation, 62, 86.
Pole, 88, 107.
of quadratic transformation, 120.
Polo-conie, 102, 240.
Projection, 3.
Projective involution, 375.

Quadratic transtormation, 120.

Quadruple tangent, 63.

Quartic curve, see ¢ Contents’.
equation, 16,

Quintic curve, 25, 35, 65, 123, 366.

Radial, 133.

Radius of curvature, 21.
Ramphoid, see ‘ Rhamphoid .
Rational curve, see < Unicursal .
Reciprocal of circuit, 355
Reciprocation, 62, 74,

Residual groups, 196.
Reversion of series, 79.
Rhamphoid cusp, o1, 52, 80, 134.
Ruled surface, 877.

Ruler construction, 191, 245.

Schliifli’s double-six, 843,
Septimic curve, 25, 65.
Sextactic point, 144, 189, 257, 260,
261.
Sextic curve, 25, 36, 65, 367.
Singular focus, 71.
of orthoptic locus, 173.
of parallel curve, 181.
of pedal curve, 168,
Sort of bitangent, 364.
Species of cusp, 51.
Spherical curve, 381.
Sphero-conic, 382.
Spinode, 22.
Standard equation, see * Canonical
equation .
Steiner complex, 337.
pair on a cubie, 259,
Steinerian, 104, 249,
Stereographic projection, 16, 881.
Supergglea.r branch, 76, 79, 86, 116,
1

Symmet:rical bicircular quartic, 809.
circular cubic, 224, 225,
Symmetry of cubics, 229, 230.
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Syzygetig bitangents, 335.
cubics, 237, 250.

Tacnodal quartic, 289, 328.

Tacnode, 45, 52.

Tangent, 13, 137, &c.

Tangent-even and tangent-odd cir-
cuits, 355.

Ta,u%eznt of »~point contact, 20, 77,

Tangential equation, 57, 59, 62.
of point on cubie, 188, 205, 211,
258. .
pencil, 59.
Theory of equations, 16.
Th‘fge-cusped hypocycloid, 62, 266,
283.
Triangle of reference, 2.
Triangularsymmetric
102, 108.

curve, 91,

INDEX

.
Triple point, 23, 64, 290.
tangent, 63.
Twisted curvesy 378.
Type of curve, 113, 161, 201, 264.
of twisted curve, 380.

Undulation, 20, 64, 86.

of quartic, 24, 333.
Unicursal curve. 146, 201, 264, &c.
Unipartite, 215, 351.

Vanishing line, 4.
Vertex of curve, 163, 358.
of perspective, 5.
of projection, 3.
Weierstrass's function, 157, 263.

Zug, 351,

PRINTED IN ENGLAND

AT THE OXFORD UNIVERSITY PRESS


















	00000001.tif
	00000002.tif
	00000003.tif
	00000004.tif
	00000005.tif
	00000006.tif
	00000007.tif
	00000008.tif
	00000009.tif
	00000010.tif
	00000011.tif
	00000012.tif
	00000013.tif
	00000014.tif
	00000015.tif
	00000016.tif
	00000017.tif
	00000018.tif
	00000019.tif
	00000020.tif
	00000021.tif
	00000022.tif
	00000023.tif
	00000024.tif
	00000025.tif
	00000026.tif
	00000027.tif
	00000028.tif
	00000029.tif
	00000030.tif
	00000031.tif
	00000032.tif
	00000033.tif
	00000034.tif
	00000035.tif
	00000036.tif
	00000037.tif
	00000038.tif
	00000039.tif
	00000040.tif
	00000041.tif
	00000042.tif
	00000043.tif
	00000044.tif
	00000045.tif
	00000046.tif
	00000047.tif
	00000048.tif
	00000049.tif
	00000050.tif
	00000051.tif
	00000052.tif
	00000053.tif
	00000054.tif
	00000055.tif
	00000056.tif
	00000057.tif
	00000058.tif
	00000059.tif
	00000060.tif
	00000061.tif
	00000062.tif
	00000063.tif
	00000064.tif
	00000065.tif
	00000066.tif
	00000067.tif
	00000068.tif
	00000069.tif
	00000070.tif
	00000071.tif
	00000072.tif
	00000073.tif
	00000074.tif
	00000075.tif
	00000076.tif
	00000077.tif
	00000078.tif
	00000079.tif
	00000080.tif
	00000081.tif
	00000082.tif
	00000083.tif
	00000084.tif
	00000085.tif
	00000086.tif
	00000087.tif
	00000088.tif
	00000089.tif
	00000090.tif
	00000091.tif
	00000092.tif
	00000093.tif
	00000094.tif
	00000095.tif
	00000096.tif
	00000097.tif
	00000098.tif
	00000099.tif
	00000100.tif
	00000101.tif
	00000102.tif
	00000103.tif
	00000104.tif
	00000105.tif
	00000106.tif
	00000107.tif
	00000108.tif
	00000109.tif
	00000110.tif
	00000111.tif
	00000112.tif
	00000113.tif
	00000114.tif
	00000115.tif
	00000116.tif
	00000117.tif
	00000118.tif
	00000119.tif
	00000120.tif
	00000121.tif
	00000122.tif
	00000123.tif
	00000124.tif
	00000125.tif
	00000126.tif
	00000127.tif
	00000128.tif
	00000129.tif
	00000130.tif
	00000131.tif
	00000132.tif
	00000133.tif
	00000134.tif
	00000135.tif
	00000136.tif
	00000137.tif
	00000138.tif
	00000139.tif
	00000140.tif
	00000141.tif
	00000142.tif
	00000143.tif
	00000144.tif
	00000145.tif
	00000146.tif
	00000147.tif
	00000148.tif
	00000149.tif
	00000150.tif
	00000151.tif
	00000152.tif
	00000153.tif
	00000154.tif
	00000155.tif
	00000156.tif
	00000157.tif
	00000158.tif
	00000159.tif
	00000160.tif
	00000161.tif
	00000162.tif
	00000163.tif
	00000164.tif
	00000165.tif
	00000166.tif
	00000167.tif
	00000168.tif
	00000169.tif
	00000170.tif
	00000171.tif
	00000172.tif
	00000173.tif
	00000174.tif
	00000175.tif
	00000176.tif
	00000177.tif
	00000178.tif
	00000179.tif
	00000180.tif
	00000181.tif
	00000182.tif
	00000183.tif
	00000184.tif
	00000185.tif
	00000186.tif
	00000187.tif
	00000188.tif
	00000189.tif
	00000190.tif
	00000191.tif
	00000192.tif
	00000193.tif
	00000194.tif
	00000195.tif
	00000196.tif
	00000197.tif
	00000198.tif
	00000199.tif
	00000200.tif
	00000201.tif
	00000202.tif
	00000203.tif
	00000204.tif
	00000205.tif
	00000206.tif
	00000207.tif
	00000208.tif
	00000209.tif
	00000210.tif
	00000211.tif
	00000212.tif
	00000213.tif
	00000214.tif
	00000215.tif
	00000216.tif
	00000217.tif
	00000218.tif
	00000219.tif
	00000220.tif
	00000221.tif
	00000222.tif
	00000223.tif
	00000224.tif
	00000225.tif
	00000226.tif
	00000227.tif
	00000228.tif
	00000229.tif
	00000230.tif
	00000231.tif
	00000232.tif
	00000233.tif
	00000234.tif
	00000235.tif
	00000236.tif
	00000237.tif
	00000238.tif
	00000239.tif
	00000240.tif
	00000241.tif
	00000242.tif
	00000243.tif
	00000244.tif
	00000245.tif
	00000246.tif
	00000247.tif
	00000248.tif
	00000249.tif
	00000250.tif
	00000251.tif
	00000252.tif
	00000253.tif
	00000254.tif
	00000255.tif
	00000256.tif
	00000257.tif
	00000258.tif
	00000259.tif
	00000260.tif
	00000261.tif
	00000262.tif
	00000263.tif
	00000264.tif
	00000265.tif
	00000266.tif
	00000267.tif
	00000268.tif
	00000269.tif
	00000270.tif
	00000271.tif
	00000272.tif
	00000273.tif
	00000274.tif
	00000275.tif
	00000276.tif
	00000277.tif
	00000278.tif
	00000279.tif
	00000280.tif
	00000281.tif
	00000282.tif
	00000283.tif
	00000284.tif
	00000285.tif
	00000286.tif
	00000287.tif
	00000288.tif
	00000289.tif
	00000290.tif
	00000291.tif
	00000292.tif
	00000293.tif
	00000294.tif
	00000295.tif
	00000296.tif
	00000297.tif
	00000298.tif
	00000299.tif
	00000300.tif
	00000301.tif
	00000302.tif
	00000303.tif
	00000304.tif
	00000305.tif
	00000306.tif
	00000307.tif
	00000308.tif
	00000309.tif
	00000310.tif
	00000311.tif
	00000312.tif
	00000313.tif
	00000314.tif
	00000315.tif
	00000316.tif
	00000317.tif
	00000318.tif
	00000319.tif
	00000320.tif
	00000321.tif
	00000322.tif
	00000323.tif
	00000324.tif
	00000325.tif
	00000326.tif
	00000327.tif
	00000328.tif
	00000329.tif
	00000330.tif
	00000331.tif
	00000332.tif
	00000333.tif
	00000334.tif
	00000335.tif
	00000336.tif
	00000337.tif
	00000338.tif
	00000339.tif
	00000340.tif
	00000341.tif
	00000342.tif
	00000343.tif
	00000344.tif
	00000345.tif
	00000346.tif
	00000347.tif
	00000348.tif
	00000349.tif
	00000350.tif
	00000351.tif
	00000352.tif
	00000353.tif
	00000354.tif
	00000355.tif
	00000356.tif
	00000357.tif
	00000358.tif
	00000359.tif
	00000360.tif
	00000361.tif
	00000362.tif
	00000363.tif
	00000364.tif
	00000365.tif
	00000366.tif
	00000367.tif
	00000368.tif
	00000369.tif
	00000370.tif
	00000371.tif
	00000372.tif
	00000373.tif
	00000374.tif
	00000375.tif
	00000376.tif
	00000377.tif
	00000378.tif
	00000379.tif
	00000380.tif
	00000381.tif
	00000382.tif
	00000383.tif
	00000384.tif
	00000385.tif
	00000386.tif
	00000387.tif
	00000388.tif
	00000389.tif
	00000390.tif
	00000391.tif
	00000392.tif
	00000393.tif
	00000394.tif
	00000395.tif
	00000396.tif
	00000397.tif
	00000398.tif
	00000399.tif
	00000400.tif
	00000401.tif
	00000402.tif
	00000403.tif
	00000404.tif
	00000405.tif
	00000406.tif
	00000407.tif
	00000408.tif
	00000409.tif
	00000410.tif
	00000411.tif
	00000412.tif
	00000413.tif
	00000414.tif

