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Preface.

The present volume gives a systematic treatment of potential
functions. It takes its origin in two courses, one elcmentary and one
advanced, which the author has given at intervals during the last
ten years, and has a two-fold purpose: first, to serve as an introduction
for students whose attainments in the Calculus include some knowledge
of partial derivatives and multiple and line integrals; and secondly,
to provide the reader with the fundamentals of the subject, so that
he may proceed immediately to the applications, or to-the periodical
literature of the day. .

It is inherent in the nature of the subject that physical intuition
and illustration be appcaled to freely, and this has been done. However,
in order that the ook may present sound ideals to the student, and
also scrve the mazmatician, both for purposes of reference and as
a basis for further developments, the proofs have been given by rigorous
methods. This has led, at a number of points, to results either not
found clsewhere, or not readily accessible. Thus, Chapter 1V contains
a proof for the general regular region of the divergence theorem (Gauss’,
or Green’s theorem) on the reduction of volume to surface integrals.
The treatment of the fundamental existence theorems in Chapter XI
by means of integral equations meets squarcly the difficultics incident
to the discontinuity of the kernel, and the same chapter gives an
account of the most recent developments with respect to the Dirichlet
problem.

Exercises are introduced in the conviction that no mastery of a
mathematical subject is possible without working with it. They are
designed primarily to illustrate or extend the theory, although the
desirability of requiring an occasional concrcte numerical result has
not been lost sight of.

Grateful acknowlcdgements are due to numerous friends on both
sides of the Atlantic for their kind interest in the work. It is to my
colleague Professor COOLIDGE that I owe the first suggestion to under-
take it. To Professor OsGooD I am indebted for constant encouragement
and wisc counsel at many points. For a careful reading of the manuscript
and for helpful comment, T am grateful to Dr. A .PXANDER WEINSTEIN,
of Breslau; and for substantial help with the proof, I wish to thank
my pupil Mr. F.E. ULRICH. It is also a pleasure to acknowledge the
generous attitude, the unfailing courtesy, and the rcady coéperation
of the publisher.

Cambridge, Mass. O. D. Kellogg.
August, 1929,
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Chapter I.
The Force of Gravity.

1. The Subject Matter of Potential Theory.

While the theory of Newtonian potentials has various aspects, it
is best introduced as a body of results on the properties of forces
which are characterized by Newtons Law of Universal Gravitation':

Every particle of matterin the universe attracts every other particle, with
a force whose divection is that of the line joining the two, and whose magnitude
is divectly as the product of their masses, and inversely as the square of
their distance from each other.

If, however, potential theory were restricted in its licatio
problems in gravitation alope, it could not hold the important place
m;i—;ﬁhematical physics, but in pure mathema-
tics as well. In the physical world, we meet with forces of the same char-
acter acting between electric charges, and between the poles of magnets.

But as we proceed, it will become evident that potential theory may
also be regarded as the theory of a certain differential equation, known
as FAPLACE'S. This dilferential equation characterizes the steady flow
of heat in homogeneous media, it characterizes the steady flow of ideal
fluids, of steady electric currents, and it occurs fundamentally in the
study of the equilibrium of elastic solids.

The same differential cquation in two dimensions is satisfied by
the real and imaginary parts of analytic functions of a complex variable,
and RIEMANN founded his theory of these functions on potential theory.
Differential geometry, conformal mapping, with its applications to geo-
graphical maps, as well as other branches of mathematics, find impor-
tant uses for Laplace’s equation. Finally, the methods devised for the
solution of problems of potential theory have been found to be of far
wider applicability, and have exerted a profound influence on the
theory of the differential equations of mathematical physics, both
ordinary and partial, and on other branches of analysis2.

1 Philosophiae Naturalis Principia Mathematica, Book I11, Propositions I—VII.
Formulated as above in THomsoN and Tarr, Natural Philosophy, Pt.1l, p.o.
2 Indications on the literature will be found at the end of the book.

Kellogg, Potential Theory. 1



2 The Force of Gravity.

2. Newton’s Law.

It is our experience that in order to set bodies in motion, or to stop
or otherwise change their motion, we must exert forces. Accordingly,
when we see changes in the motion of a body, we seek a cause of the cha-
racter of a force. As bodies about us, when free to do so, fall toward
the earth, we are accustomed to attribute to the carth an attracting
power which we call the force of gravity. It isnot at all obvious that the
smaller bodies on the earth attract each other; if they do, the forces
must be exceedingly minute. But we do see the effects of forces on the
moon and planets, since they do not move in the straight lines we are
accustomed to associate with undisturbed motion. To NewTON it
occurred that this deviation from straight line motion might be re-
garded as a continual falling, toward the earth in the case of the moon,
and toward the sun in the case of the planets; this continual falling could
then be explained as due to an attraction by the earth or sun, exactly
like the attraction of the earth for bodies near it. His examination of
the highly precise description of planetary motion which KEPLER had
embodied in three empirical laws led, not only to the verification of this
conjecture, but to the generalization stated at the beginning of the
first section. The statement that all bodies attract each other according
to this law has been abundantly verificd, not only for heavenly bodies,
but also for masses which are unequally distributed over the earth, like
the equatorial bulge due to the ellipticity of the earth, and mountains,
and finally for bodies small enough to be investigated in the laboratory.

The magnitude of the force between two particles, one of mass #i,
situated at a point P, and one of mass m,, situated at Q, is given by
. Newton’s law as

where 7 is the distance between P and (. The constant of proportio-
nality y depends solely on the units used. These being given, its deter-
mination is purcly a matter of measuring the force between two bodies
of known mass at a known distance apart. Careful experiments have
been made for this purpose, an account of which may be found in the
Encyclopedia Britannica under the heading Gravitationl. If the unit of
mass is the gramme, of length, the centimetre, of time, the second, and

1 See also ZENNECK: Encyklopadie derMathematischen Wissenschaften, Vol. V,
PP. 25—67. Recently, measurements of a high degree of refinement have been
made by Dr. P. R.HEvL, of the U S.Bureau of Standards. See 4 Redetermination
of the Constant of Gravitation, Proceedings of the National Academy of Sciences,
VIl 13 (1927), pp 601—605.

The value of y there given has been adopted here, although it should be
noted that further experiments by Dr. HEYL are still in progress.



Interpretation of Newton’s Law for Continuously Distributed Bodies. 3

of force, the dyne, it is found that y = 6:664 X 10-8. If we borrow the
result (p.7) that a homogeneous sphere attracts as if concentrated at
its center, we sce that this means that two spheres of mass one gramme
each, with centers one centimetre apart, will attract eachother with a
force of 00000006664 dynes.

In order to avoid this inconvenient value of 9, it is customary in
potential theory to choose the unit of force so that y = 1. This unit of
force is called the attraction unit.

Exercises.

1 If the unit of mass is the pound, of length, the foot, of time, the second,
and of force, the poundal, show that p has the value 1070 X 10®. One foot
contains 30 46 cm., and one pound, 453 6 gm.

2 Two homogencous lead spheres, of diameter 1{t arec placed in contact
with each other. Compute the force with which they attract cach other. A cubic
foot of lead weights 710 pounds. Answer, about 0000046 1b This 1s approxi-
mately the weight of a square of medium weight hond paper, of side 1/, in.

3. Compute the mass of the earth, knowing the force with which 1t attracts a
given mass on its surface, taking its radius to be 3955 miles. Hence show that
the carth’s mean density 1s about 5 5 times that of water. Newton inferred that
the mean density lies between 5 and 6 times that of water.

4 Find the mass of the sun, 1t being given that the sun’s attraction on the
earth 1s approximately in equilibrium with the centrifugal force due to the carth’s
motion around the sun 1 a circle of 4'90 X 10! feet. Answer, about 330,000 times
the mass of the carth.

3. Interpretation of Newton’s Law for Continuously
Distributed Bodies.

Newton’s law was stated in terms of particles. We usually have to
deal, not with particles, but with continuously distributed matter. We
then naturally think of dividing the body into small parts by the me-
thod of the integral calculus, adding the vector forces corresponding
to the parts, and passing to the limit as the maximum chord of the parts
approaches 0. This, in fact, is exactly what we shall do. But it should
be pointed out that such a process involves an additional assumption.
For no matter how fine the division, the parts are still not particles,
Newton’s law as stated is not applicable to them, and we have no means
of determining the forces due to the parts.

The physical law which we shall adopt, and which may well be re-
garded simply as an amplified statement of Newton’s law, is the follow-
ing: Given lwo bodies, let them be divided into elements after the manner
of the integral calculus, and let the mass of each element be regarded as con-
centrated at some point of the element. Then the ativaction which one body
exerts on the other is the limit of the attraction which the corresponding
system of particles exerts on the second system of particles, as the maximum
chord of the elements approaches 0. We shall revert to this assumption,
and consider its legitimacy, on p. 22.

1#



4 The Force of Gravity.

4. Forces Due to Special Bodies.

Because of their use in other problems of potential theory, because
of the generalizations which they illustrate, and because of the practice
which they give in dealing with Newtonian forces, the attractions due
to special bodies are well worth study.

While each of two bodies attracts the other, the forces exerted are
not equal vectors. Their magnitudes are equal, but they are oppositely
directed. In order to avoid ambiguity it will be convenient to speak
of one body as the attracting, and the other as the attracted body. This
merely means that we are specifying the body the force on which we
are determining. We shall also confine ourselves for the present to the
case in which the attracted body is a unit particle. It will appear in § 11
(page 27) that the results are of wider significance than is at first evident.
This section will be devoted to some illustrative examples.

Straight homogeneous segment. Let us consider a straight line segment,
which we regard as having mass, so distributed that the mass on any
interval is proportional to the length of the interval. The constant factor
of proportionality 4 is called the linear density. We have here an ideali-
zation of a straight wire, which is a better approximation the smaller
the diameter of the wire relatively to its length and the distance away
of the attracted particle.

Let axes be chosen so that the ends of the wire are the points (0, 0, 0)
and (/, 0, 0). As a first case, let the attracted particle be in line with the
wire, at (¥, 0, 0), x > [. Let the wire be divided into intervals by the
points £, =0, &, &, ... &, =1 (fig. 1). Then the interval (&, &, ,) carries
a mass 4 4 &, which, by our physical law, is to be regarded as concen-
trated at some point & of the interval. The force due to the particle
thus constructed will lie along the x-axis, and will be given, in attraction

, units, by
: ML A Ax. — _ &
0 Ev Ewer L z LN P I
Fig. 1. 4Y, =0, d4Z,=0.

The force due to the whole segment will be the limit of the sum of the
forces due to the system of particles, or

ld$
f(x gir ¥=0, Z=0,

or
X = Al

! TR

Y=0, Z=0.

The result may be given a more suggestive form by introducing the
total mass M = Al, and considering at what point of the segment a
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particle of that mass should be placed in order to yield the same attrac-
tion on a unit particle at P (x, 0, 0). If ¢ is the coérdinate of this point,

X=——-—-""_=—2" and c¢c= ]/;(l‘—x)

Thus the wire attracts a unit particle at P as if the mass of the wire were
concentrated at a point of the wire whose distance from P is the geometric
mean of the distances from P of the ends of the wire.

As P approaches the nearer end of the wire, the force becomes in-
finite, but only like the inverse first power of the distance of P from
this end, although a particle would produce a force which became in-
finite like the inverse square of the distance. The difference is that in
the case of the particle, P draws near to the whole mass, whereas in the
case of the wire the mass is distributed over a segment to only one of
whose points does P draw arbitrarily near.

As P recedes farther and farther away, the equivalent particle (as
we shall call the particle with the same mass as the wire, and with the
same attraction on a unit particle at P) moves toward the mid-point
of the wire, and the attraction of the wire becomes more and more
nearly that of a fixed particle at its mid-point. An examination of such
characteristics of the attraction frequently gives a satisfactory check
on the computation of the force.

Let us now consider a second position of the attracted particle,

namely a point P (é, 52 O) on the perpendicular bisector of the material

segment (fig. 2). The distance » of the attracted particle from a point
(é,0,0) of the interval (&, &4,) is given by

7= (5,{ — é)z-l- ¥,

and the magnitude of the force at P, due to a particle at this point,
whose mass is that on the interval (£, &.44) is

AdE,
AF, = e . \
(5; — é) + 92 pl{f’.‘/}
1 \d%
This force has the direction cosines ! ;}\
& — 4 ) ! :\ -+ 4
2 -7 0 0 & Swer L
r r ’ ’ Fig. 2.
and therefore the components
!
AMEI— ) A&
4X, = ("—%—)-—— aY, = _M:’Ek 4z, =0
1



6 The Force of Gravity.

The limits of the sums of these components give the components of the
attraction of the segment

vofe ! ]
M , Y=—yi]|- € z—o.
J[(e-3)+]
0

Jle= 2T

The first integral vanishes, since the integrand has equal and opposite

X=1

'
wes |

. . l . . .
values at points equidistant from § = 5. The second integral is casily

evaluated, and gives
_AL M

ne o c2
3’]/(“2—) + ¥?
if ¢ is the geometric mean of the distances from P of the nearest and
farthest points of the wire. The equivalent particle, is thus seen to lie
beyond the wire as viewed from P. This fact is significant, as it shows
that there does not always exist 7% a body a point at which its mass can
be concentrated without altering its attraction for a second body.
Our physical law does not assert that such a point exists, but only that
if one be assumed in ecach of the parts into which a body is divided,
the errors thereby introduced vanish as the maximum chord of the parts
approaches 0.

Spherical shell. Let us take as a second illustration the surface
of a sphere with center at O and radius a4, regarding it as spread with
mass such that the mass on any part of the surface
is proportional to the area of that part. The con-
stant factor of proportionality ¢ is called the
surface density. We have herc the situation
usually assumed for a charge of clectricity in equi-
librium on the surface of a spherical conductor?.
Let the attracted particle be at P(0,0,2), z4a
(fig. 3). Let A4S, denote a typical element

Fig. 3. of the surface, containing a point Q, with
spherical codrdinates (a, @i, ¥;). Then the magnitude of the element
of the force at P due to the mass 0 45, of the element of surface 4.S,,
regarded as concentrated at Q, is

__0dS, cAS,
AFy= 5"+ a1 0 5avcosdl

?

.. By symmetry, the force due to the spherical shell will have no com-
ponent perpendicular to the z-axis, so that we may confine ourselves

1 See Chapter VII (page 176).
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to the components of the elements of force in the direction of the z-axis.
The cosine of the angle between the element of force and this axis is
acosdf —z

1% 2

so that
VA o (acosd, — z) A4S,
AZ, = - CZTET Tk

[a? 4 22 — 2azcosw9,,’]g ’

and the total force is given by the double integral over the surface of

the sphere
7= “ﬂ (acosh —2)dS
[a® + 22 — .‘Zatzcosn?]g
S

This is equivalent to the iterated integral

T 2n

Z—aasz (acosd - z)dpsinddd
o 0
T

[a% 4 52 — 2azcosﬁ]‘}

J [a? 4 22 — 2azcosz9]5’l
0

In evaluating this last integral (which may be done by introducing »
as the variable of integration), it must be kept in mind that

r = Va*+ 22 — 2azcosd
is a distance, and so essentially positive. Thus, its value for & = 0 is
|a — z|, thatisa — z or z — a according as @ > z or 2> a. The result is

4nato M
—~-nh: =—-, for z>a,

s <

Z=0 for 0<z<a.

That is, a homogeneous spherical shell attracts a particle at an exterior
point as if the mass of the shell were concentrated at its center, and exercises
no force on a particle in its interior.

Homogeneous solid sphere. If a homogeneous solid sphere be thought
of as made up of concentric spherical shells, it is a plausible inference
that the whole attracts a particle as if the sphere were concentrated at
its center. That this is so, we verify by setting up the integral for the
attraction. Let » denote the constant ratio of the mass of any part of
the sphere to the volume of the part, that is, the density. The mass
x4V in the element AV, regarded as concentrated at the point
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Q (o, @, 9 will exert on a unit particle at P (z, 0, 0), a force whose

magnitude is
.2 14
0 + 22 — 2gscosd

4F =

and whose component in the direction of the z-axis is therefore

A7 — _*lecosd = AV
[o® + 22 — 2gzcosﬂ]¥
Hence, for the total force,

a w27
Z—n J f f (cosd — z) dpsind ddg®dg
3 .
[o2 + 22 — 2 pzcos )
000

The two inner integrals have been evaluated in the previous example.
We have only to replace a2 by g and evaluate the integral with respect to g.

The result is
a

3
Z= A1y _Anxsd M

z e 3z 22’
0
as was anticipated.
Further examples will be left as exercises to the reader in the
following sections. We take them up in the order of multiplicity of the

integrals expressing the components of the force.

5. Material Curves, or Wires.

We take up first the case in which the attracting body is a material
curve. Consider a wire, of circular cross-section, the centers of the circles
lying on a smooth curve C. If we think of the mass between any pair
of planes perpendicular to C as concentrated on C between these planes,
we have the concept of a material curve. By the linear density A of the
material curve, or where misunderstanding is precluded, by the density,
at a point Q, we mean the limit of the ratio of the mass of a segment
containing @ to the length of the segment, as this length approaches 0.

Our problem is now to formulate the integrals giving the force
exerted by a material curve C on a particle at P. Let the density of C
be given as a function A of the length of arc s of C measured from one
end. We assume that 4 is continuous. Let C be divided in the usual way
into pieces by the points s, =0, s;, S5, ..., s, =, and let us consider
the attraction of a typical piece 4s;. The mass of this piece will lie be-
Jween the products of the least and greatest value of 4 on the piece by
the length of the piece, and therefore it will be equal to A, 4s;, where
4, is a properly chosen mecan value of A. A particle with this mass,
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situated at a point @, of the piece, will exert on a unit particle at
P (%, vy, 2) a force whose magnitude is

T —
AF———kkk, rk=PQk‘

If &, i, Cx are the codrdinates of Qy, the direction cosines of this force

are

51: He — V
coso =4 T, cosf = e COSY =S,

so that the components of the force due to the typical piece arc

A (E— 24 A (e — ) As AC—24
Axk=_k£5_k_¢_i)_.fk, AY,C=_*_({I£___,£¥). v AZ,c=.'f.@.k_r,?‘_)43k

The components in each of the three directions of the axes correspond-
ing to all the pieces of the wire are now to be added, and the limits
taken as the lengths of the picces approach 0. The results will be the
the components of the force on the unit particle at P due to the curve:

A —
.X= f—Fl)dS,
¢
Ay —
1) Y = f_..(.'_l_r_a..yl
7 f_;._z;_~

We shall sometimes speak of a material curve as a wire. We shall
also speak of the attraction on a unit particle at P simply as the aftrac-
tion at P. An illustration of the attraction of a wire was given in the
last section. Further examples are found in the following exercises,
which should be worked and accompanied by figures. ,

Euxercises.

1. Find the attraction of a wire of constant density having the form of an
arc of a circle, at the center of the circle. Show that the equivalent particle 1s

distant V ,“
sina

angle it subtends at the center. The equivalent particle is thus not in the body.
But there is a point on the wire such that if the total mass were concentrated there,
the component of its attraction along the line of symmetry of the arc would be the
actual attraction. Find this point.

2. Find the attraction of a straight homogeneous piece of wire, at any point
P of space, not on the wire. Show that the equivalent particle lies on the bisector
of the angle 4 PB, A and B being the ends of the wire, and that its distance ¢
from P is the geometric mean of the two quantities: the length of the bisector

between P and the wire, and the arithmetic mean of the distances PA and PB.

from the center, where a is the radius of the arc and 2a is the
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3. Show, by comparing the attraction of corresponding elements, that a straight
homogencous' wire exercises the same force at P as a tangent circular wire with
center at P, terminated by the same rays from P, and having the same linear
density as the straight wire.

4. Find the attraction of a homogeneous circular wire at a point P on the
axis of the wire. Show that the distance ¢ of the equivalent particle is given by

c=d / 737 where d is the distance of P from the wire, and d’ its distance from

the plane of the wire.

5. In Exercise 2, show that 1f the wire be indefimitely lengthened in both
directions, the force approaches a limit 1n direction and magnitude (by definition,
the force due to the infinite wire), that this limiting force 1s perpendicular to the

22
wire, toward it, and of magnitude -5 where 4 1s the linear density of the wire,

and 7 the distance of P from 1t

6. Material Surfaces, or Laminas.

Consider a thin metallic plate, or shell, whose faces may be thought
of as the loci formed by measuring off equal constant distances to
either side of a smooth surface S on the normals to S. We arrive
at the notion of a material surface or lamina by imagining the mass
of the shell concentrated on S in the following way: given any
simple closed curve on S, we draw the normals to S through this curve;
the mass included within the surface generated by these normals we
regard as belonging to the portion of S within the curve, and this for
every such curve. The surface density, or if misunderstanding is pre-
cluded, the density, of the lamina at Q is defined as the limit of the ratio
of the mass of a piece of S containing Q to the arca of the piece, as the
maximum chord of the piece approaches 0. In addition to the terms
material surface and lamina, the expressions surface distribution, and
surface spread, are used.

As we have noted in studying the attraction of a material spherical
surface, the notion of surface distribution is particularly useful in
electrostatics, for a charge in equilibrium on a conductor distributes
itself over the surface.

Now, according to Couloumb’s law, two point charges of electricity
in the same homogeneous medium, exert forces on each other which
are given by Newton’s law with the word mass replaced by charge,
except that if the charges have like signs, they repel each other, and if
opposite signs, they attract each other. A constant of proportionality
will be determined by the units used and by the medium in which the
charges are situated. Because of the mathematical identity, except for
sign, between the laws governing gravitational and electric forces, any
problem in attraction may be interpreted either in terms of gravitation
or in terms of electrostatics. Thus, in the case of an electrostatic charge
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on a conductor, the force at any point will be that due to a surface
distribution.

As an illustration of the determination of the attraction due to a
material surface, let us take a homogeneous circular disk, and a particle
at a point P of its axis. Let the (v, x)-plane coincide with that of the
disk, the origin being at the center. Then Y and Z vanish, by symmetry.
Instead of the codrdinates 5 and £, let us use polar coordinates, g and ¢.
If ¢ denotes the constant density, the element 4 S; of the disk, con-
taining the point Q; (0, @) Will have a mass 64 S, ; if this mass be re-
garded as concentrated at (., it will exert on a unit particle at P (x,0, 0)
a force whose magnitude is

AF, =723 (1= PO.= Voi + ),

and which makes with the x-axis an angle whose cosine is

— X
Tre
Hence
= lim 2, AX, =lim Y \” L ”
27 a
e ox J’ f edodp.
e + #}
The integral is easily evaluated, and yields
1 1
X——-"—27Z0'x[|xl yﬁiﬂ]'

The absolute value sign is important, for ]/x_z is not necessarily x.
s e . - M
As x becomes infinite, the ratio of the force to e approaches 1,

as the reader may verify. At any two points on the axis and equidistant
from the disk, the forces are cqual and opposite. As P approaches the
disk, the force does not becomc infinite, as it does in the cases of particle
and wire. We can account for this, at least qualitatively, by noticing
that a given amount of mass is no longer concentrated at a point, or
on a segment of a curve, but over an area. The force does, however,
have a sudden reversal of direction on passing through the disk; the
component of the force in the direction of the x-axis has a sudden
decreasc of 470 as P passcs through the disk in the direction of in-
creasing «x.

Exercises.

1. Write as a simple integral the expression for the force, at a point of its
axis, due to a disk whose density is any continuous function ¢ = f(p) of the dis-



12 The Force of Gravity.

tance from the center. Examine the behavior of the force, as is done in the illus-
tration in the text, if f(g) = a + bg?.

2. The solid angle subtended at P by a piece of surface, which is always cut
at an angle greater than 0 by a variable ray from P, may be defined as the area
of that part of the surface of the sphere with unit radius and center at P which
is pierced by the rays from P to the given surface. Show that the component
of the attraction at P, of a plane homogeneous lamina, in the direction of the
normal to the lamina, is equal to the density times the solid angle which the lamina
subtends at P. Verify the result of the example of the text by this theorem.

3. Find the attraction of a homogencous plane rectangular lamina at a point
on the normal to the plane of the lamina through one corner. The answer can be
obtained by specialization of the results of the next exercise.

4. Find the attraction of a homogeneous plane rectangular lamina at any
point not on the rectangle, by decomposing the rectangle into sums or differences
of the rectangles obtained by drawing parallels to the sides of the given rectangle
through the foot of the normal from P. The answer may be given as follows. Take
y- and z-axes parallel to the sides of the rectangle, with origin at the foot of the
perpendicular from P. Let the corners of the rectangle referred to these axes be
(b,c), (b',¢), (b', ¢’) and (b, ¢’), 1n order, and let the distances from P (x,0,0) of these
four points be d;, d,, d;, and d,, respectively. Then

be b ¢ e’ be’
;o -1 0 12 ¢ an-1-"° _ 170
X [ [tan d, tan p dz+ tan 7 d, tan xdj’
dy+ ¢ dy+ ¢ dy+ b dy+ b
Y = ¢ lo [—2-—_- 1, Z=glo {' ———-,]
84, %0 Gt ] Bl ¥o d,+0b

It should be kept in mind that the numbers b, ¢, b’, ¢’ may have either sign, or
vanish.

5. Show that if the dimensions of the lamina of the last exercise become
mmfinite, the force will not, 1n general, approach a Iimit. Show, on the other hand,
that 1f the ratios of the distances of the sides of the rectangle from the origin
approach 1 as these distances become infinite, the force does approach a limit,
and 1nvestigate the character of this limiting force.

6. If, 1n working Exercise 1, polar codrdinates are used and the integration
with respect to the angle is carried out first, the integrand of the remaining integral
may be interpreted as the force due to a circular wire (see Exercise 4, p. 10). What
1s the significance of this fact? Does it illustrate any principle which can be of
use in other problems?

7. Curved Laminas.

So far, the surface distributions considered have been on flat sur-
faces. There is no difficulty in setting up the integrals for the force on
a unit particle due to distributions on any smooth surfaces. We shall
keep to the notation P (x, v, 2) for the position of the attracted particle,
«nd to Q (£, 1, §) for the point of the distribution whose coérdinates
are the variables of integration. The distance between these two points
will be denoted by 7. If ¢ is the density, we have
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X_—_ﬂf_if_;_")ds,
r
S
Y= f LAV R 2P
@) =, 7 ,
S

zzﬂ_z@s—::)_,gg,
14
S

for the components of the attraction. The derivation of these formulas
follows lines already marked out, and is commended as an exercise to
the reader.

A particular type of surface distribution may receive special mention.
It is that in which the surface is one of revolution, and the density is
independent of the angle which fixes the meridian planes. Let us sup-
pose that the surface is given by the meridian curve in the (#, v)-plane, in
parametric form, §=£& (s), =17 (s), s being the length of arc (fig.4).
Then the position of a point Q on the surface S is determined by a
value of s and by the angle ¢ which the meridian plane through Q makes
with a fixed meridian plane. We nced to know the area of an element
AS of S, bounded by two
meridian planes correspond-
ing to an increment A ¢ of g,
and by two parallelcirclescor-
responding to an increment
As of s. A complete strip
of S, bounded by parallel
circles, has an area given by
the forimula from the calculus

s+ds
A=2x [ nds=2nyds
s

where %’ is a properly chosen mean value. The portion of the strip be-
tween the two meridian planes is the fraction %—;’: of this amount. Hence
A4S =n'Apds. Recalling the sum of which the integral is the limit,

we see, then, that the first of the formulas (2) becomes

S, 2m

X = ff‘lﬁ;a_*)ﬁwds.
s 0

If the attracted particle is on the axis, at P (x, 0, 0), we need only this
component of the force, for the perpendicular components vanish.
Moreover, in this case, the integrand is independent of ¢, so that the
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formula becomes

Sq
3) X=on [ 600 g
o UE— 2242

As an illustration of the attraction of spreads on curved surfaces, let
us consider that due to a homogeneous hemispherical lamina at its center.
In order to give an example of different methods, we shall employ
first the gencral formulas (2). If we take the z-axis along the axis of the
hemisphere, X =Y = 0. Let us change the field of integration from
the surface S itself, to its projection S’ on the (x, y)-plane. Then for
two corresponding clements of these fields, we have 4 S = sec y’4.5’,
where 9’ is a suitable mean value of the angle between the normal to
S and the z-axis. If 4 is the radius of the sphere, the third formula (2)

becomes ¢
Z = Jf wsecydS’.
SI

Since cos y = i, this reduces to

Z = a-‘}ffds' - {; . ma® = no.
s

The formula (3) also is applicable to this problem, if we take the
x-axis along the axis of the hemisphere. We take the origin at the
center, and write s = a¢, & = a cos @, 7 == a sin ¢. Then the formula
becomnes .

X = 27zo'fcos<p sinpdp =no.
0
as before.

Exercises.
1. Find the attraction of a lune of a homogeneous spherc, bounded by two
great circles whose planes make an angle 2« with each other, at the center. Check

7
for o = R
2 Show that the z-component of the attraction at the center due to any por-

oA
tion of the upper half of a homogeneous spherical surface, is Z = gl where a
is the radius of the sphere, o the density, and 4 the area of the projection of the
portion in question on the (#, y)-plane. Check the result of the example of the
text by this result.
3. Determine the attraction at the center due to the portion of the upper
half of the homogeneous spherical surface #* + 3% 4 22 = a2 which is cut out

l‘)y the cone , 2 y2
=y + B
noa?f?

Answer, X=Y = 0, Z = (—i‘*_*_—a-sj‘('l'.l_"ﬂ‘z*)‘ .
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4. Find the attraction due to a homogeneous right circular cylindrical surface,
at a point P of its axis. Check the result a) by taking P at the center, b) by taking
P at a great distance, and ¢) by allowing the radius of the cylinder to approach 0,
P being on the axis extended. Compare with the attraction of a straight wire,
studied 1n § 4 (page 4).

5 Study the attraction due to a homogeneous spherical shell by means of the
formula (3). Determine the break n the radial component of the force at the sur-
face.

6. Obtain the formula (3) on the assumption that the attraction is correctly
given by regarding the surface as the himiting form of a large number of circular
wires.

7. Find the attraction of a homogeneous spherical cap, at a pomnt of its axis.
Check your result by allowing the cap to spread over the whole sphere. Draw a
curve representing in magnitude and sign the component of the force in the direc-
tion of the axis as a function of the position of P when the cap comprises nearly
the whole sphere. Compare 1t with the curve for the complete sphere.

8. Change the variable of integration in (3) to the abscissa & Find the attrac-
tion at the focus of that portion of the homogencous surface which is the para-
boloid of revolution whose meridian curve 1s 92 = 2m &, cut off by the plane
& == b, the density being constant Check by allowing & to approach zcro, the total
mass remaining constant. Find the value of % for which the force vanishes.

Answers,
ng-na{l—wfi ) 1;:%?(3+2y'3).
(m -+ 2h)2

9. Find the attraction, at the cusp, of that portion of the homogeneous lamina
whose meridian curve 1s g = a (1 — cos ¢), 0 <a< @<f. Show that this force
remains finite as « approaches 0, and find, in particular, the force due to the whole
closed surface.

8. Ordinary Bodies, or Volume Distributions.

Suppose we have a body occupying a portion V of space. By the
density x (or the volume density), of the body, at Q, we mean the limit
of the ratio of the mass of a portion of the body containing Q to the
volume of that portion, as its maximum chord approaches 0. It is
customary to regard this limit as not existing unless the ratio approaches
a limit independent of the shape of the portion for which it is calculated,
and it is similar also with surface and lincar densities. We shall assume,
as usual, that the density exists and is continuous. The only physically
important cases in which the densities are discontinuous may be treated
by regarding the body as composed of several partial bodies in each
of which the density is continuous.

The setting up of the integrals for the force duc to volume distribu-
tions is so like the corresponding process for the distributions already
treated that we may confine ourselves to setting down the results:

@ X =ﬂfﬂ§§- Dav, ¥ =fﬂ-’3»(—" v, 2 ~fﬂ 2= ay.
14 % ¥
14 14 v
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An illustration of the determination of the attraction of a volume
distribution has been given in §4 (p. 7). Asasecond example, let us con-
sider the attraction of a homogeneous right circular cylinder, at a point of
its axis, extended. Let us take the z-axis along that of the cylinder, with
the origin at the point P the attraction at which is to be found. Cylindri-
cal coordinates are most appropriate, that is, the coordinate ¢ of Q, and
the polar cotrdinates g and ¢ of the projection of Q on the (x, y)-plane.
The element of volume is then given by AV = ¢’ dgAp AL, where
o’ is a suitable mean value. Then, if 4 is the radius of the cylinder, and
¢ = b and { = c the equations of the bounding planes (0 < b << ¢), the
third equation (4) becomes

c2n a

Z::xfff Y2 jgodgar.
(g2 + o2
b 00

The integral is easily cvaluated. The result can be given the form

2M
sz[h+d1_d2],

where M is the total mass, 4 the altitude and d; and d, the distances
from P of the nearest and farthest points of the curved surface of the
cylinder, respectively. It can be checked as was Exercise 4 of the last
section. It will be observed that the force remains finite as P approaches
the cylinder.

Exercises.

1. Find the attraction duc to a homogeneous hollow sphere, bounded by con-
centric spheres, at points outside the outer and within the inner sphere.

2. Show that if the above hollow sphere, instead of being homogeneous, has
a density which 1s any continuous function of the distance from the center, the
attraction at any exterior point will be the same as that due to a particle of the
same mass at the center, and that the attraction at any interior point will vanish.

3. Derive the following formula for the attraction of a body of revolution
whose density is independent of the meridian angle ¢, at a point of 1ts axis:

&g 1(8)

X = 2nJ [—"—(_——-‘5 —Ne__gqae,
J [ — %P+ 0%?
1
where g 1s the distance of the point Q from the axis, & its distance from the (y, 2)-
plane, and p = f (&) the equation of a meridian curve of the bounding surface.

4. Show that if »# depends only on &, the formula of the last exercise becomes

E—x E—x

AY = 2 Yo T T T T L IT
njxﬂﬁ*”l vw*xﬂ+ﬂwdda
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5. A certain text book contains the following problem. ‘“Show that the attrac-
tion at the focus of a segment of a paraboloid of revolution bounded by a plane
perpendicular to the axis at a distance b from the vertex 1s of the form

4maxlog ¢ ’;—I: "

Show that this result must be wrong because it does not give a proper limiting
form as b approaches 0, the total mass remaining constant. Determine the correct
answer. The latus rectum of the meridian curve 1s supposed to be 4a.

6. Show that there exists in any body whose density is nowhere negative,
corresponding to a given direction and a given exterior point P, a point Q, such
that the component in the given direction of the force at P 1s unchanged if the body
1s concentrated at Q. Why does not this show that there 1s always an cquivalent
particle located 2z the body?

9. The Force at Points of the Attracting Masses.

So far, we have becn considering the force at points outside the
attracting body. But the parts of a body must attract cach other. At
first sight, it would seem that since the force varies inversely with the
square of the distance, it must become infinite as the attracted particle
approaches or enters the region occupied by masses, and so it is, with
particles or material curves. We have seen, however, that surface and
volume distributions are possible, for which this does not occur. This
is less surprising if we think of the situation as follows. If P lies on the
boundary of, or within, the attracting body, the matter whose distance
from P lies between r and 27, say, has a mass not greater than some con-
stant times r?, and since its distance from P is not less than », the magni-
tude of its attraction at P cannot exceed a constant times r. Thus the
nearer masses cxercise not more, but less attraction than the remoter.

Let us turn to the question of the calculation of the force at an
interior or boundary point. The integrals (4) arc then meaningless, in the
ordinary sensc, since the integrands become infinite. If, however, the
integrals are extended, not over the whole of V, but over what is left
after the removal of a small volume v containing P in its interior, they
yicld definite values. If these values approach limits as the maximum
chord of v approaches 0 these limits are regarded as the components of the
force at P duc to the whole body. This amounts to a new assumption, or
to an extension of Newton’s law. It is found to be entirely satisfactory
from the standpoint of physics. We may state it more briefly as follows:
the formulas (4) still give the force at P, even though P is interior to, or
on the boundary of V, provided the integrals, which are now improper
integrals, converge.

We shall now show that in all cases in which the volume density is
continuous—or even if it is merely integrable and bounded—the integrals
always converge. Let us consider the z-component. The others admit of

Kellogg, Potential Theory. 2
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the same treatment. We may also confine ourselves to the case in
which P is interior to the body, for we may regard the body as part of a
larger one in which the density is 0 outside the given body. Let v be a
small region, containing P in its interior. We have to show that

approaches a limit as v shrinks down on P, v having any shape?.

But how can we show that Z’ approaches a limit unless we know
what the limit is? If a variable approaches a limit, its various values
draw indefinitely near each other. It is the converse of this fact that we
necd, and which may be stated as follows?: a necessary and sufficient
condition that Z’ approach a limit is that to any positive test number &
there corresponds a number § > 0 such that if v and ¢” are any two
regions containing P and contained in the sphere of radius é about P,

: fff % (Cr;_"_)_ d[/_fff_’.‘_@ﬁ_.i),dv i <e.
V=v V—v

Let us examine this inequality. If we take away from both regions of
integration that part of ¥ which lies outside the sphere ¢ of radius &
about P, the difference of the two integrals is unaltered. Our aim
will then be attained if we can show that each of the resulting integrals

can be made less in absolute value than% by proper choice of 4. The
following treatment will hold for either.

5z ev| ] 57

g—-v

I =

where B is an upper bound for | #]. We can easily obtain a bound for the
last integral by replacing it by an iterated integral in spherical coordi-
nates, with P as pole, and z-axis as axis. It then ceases to be improper,
even when extended over the whole of ¢, and as the integrand is nowhere

1 The limit 1s not regarded as existing if it is necessary to restrict the shape
of v in order to obtain a hmit. The only restrictions on v are that it shall have a
boundary of a certain degree of smoothness (be a regular region in the sense of Chap-
ter IV, § 8, p. 100), that it shall contain P in 1its interior, and that its maximum
chord shall approach 0.

2 This test for the existence of a limit was used by CAUCHY, and is sometimes
referred to as the Cauchy test. A proof of its sufficiency for the case of a func-
' tion of asingle variableis to be found in OsGooD: Funktionentheorie, 4th ed., Leipzig,
1923, Chap. I, § 7, pp. 33—35; 5th ed. (1928), pp. 30—32. See also FINE, College
Algebra, Boston, 1901, pp. 60—63. A modification of the proof to suit the present
case involves only formal changes.
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negative, this extension of the field cannot decreasc its value. Hence

727 8 x2xd
I<Bfff gcosd| 2d9d<psin0dﬂ<3fffdgd.pdﬂ = 2Ba%s.
000 000

Hence I can be made less than by taking 0 < The condition

4B 37t
that Z’ approach a limit is thus fulfilled, and the integrals (4) are
convergent, as was to be proved.

When we come to the computation of the attraction at interior points
of special bodies, we see the advantage of being unrestricted as to the
shapes of the volumes v removed. For we may use any convenient
system of codrdinates, and remove volumes conveniently described in
terms of these coordinates.

As an illustration, let us find the attraction of a homogencous sphere
S at the interior point P. We cut out P by means of two spheres S’
and S”, concentric with S. The hollow sphere bounded by S’ and S
then exercises no force at P, while the sphere bounded by S’ attracts at
P as if concentrated at the center. As the region cut out, betwecen the
two spheres S’ and S”, shrinks down, the attraction at P approaches
as limit the attraction of a particle at the center whose mass is that of
the concentric sphere through P. In symbols,

Z =— :;-nxz .
The attraction of a homogeneous sphere at an interior point is thus
toward the center, and varies as the distance from the center.

It will be observed that the region v cut out in these considerations,
did not shrink to 0 in its maximum chord. However, its volume did
shrink to 0, and if an integral is convergent, the limit thus obtained
is the same as if the maximum chord shrinks to 0. Indications as to the
proof of this statement will be given in connection with Exercise 18,
below.

FExercises.

1. Find the attraction, at an interior point on the axis, due to a homogeneous

right circular cylinder. Answer,

F=2mnx(hy—hy + dy—d,),
where 4, hy are distances of P from the centers, and d,, d,, from the circumferences
of the bases.

2. Show that in Exercise 5, § 8, the quoted result must be wrong because it
is incompatible with the fact that for b < a the force must be to the left, while for
b > 2a it must be to the right, and so vanish at some intermediate point. This
involves the justifiable assumption that the force varies continuously with b.

3. Show that the formula of Exercise 4 (page 16) holds when P is an interior
point on the axis of the body. Are there any precautions to be observed in apply-
ing it?

2%
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4. Lack of homogeneity in the earth’s crust produces variations in gravity.
This fact has been used with some success 1n prospecting for hidden ore and oil
deposits. An instrument used is the Eotvos! gravity variometer or torsion balance.
A body of matter heavier than the surrounding material will change the field of
force by the attraction of a body of the same size, shape, and position whose den-
sity1s the difference between that of the actual body and the surrounding material.
Investigate the order of magnitude of the change in the force produced by a sphere
of density 1/,, of radius 200 feet, imbedded 1n material of density !/, and tangent
to the carth’s surface, the average density of the earth being taken as unity.

Answer, at the highest point of the sphere, gravity is incrcased by about
16 x 10-* percent, and 1t falls off per foot of horizontal distance by about 4 X 10-®
percent

5. Show that within a spherical cavity 1n a homogencous sphere, not concentric
with 1t, the force is constant in magnitude and direction. This should be done
without further integrations, simply making use of the result of the example of
the text.

6 Determine the attraction at interior points due to a sphere whose density
1s a function of the distance from the center.

7. Find the attraction of the homogencous paraboloid of revolution whose
meridian curve 1s 72 = 4 a &, cut off by the plane & = &, at any poimnt of the axis.
Answers,

. " : h—x+4+2a-+d
.X_2nn1~h-- xr—d+4 2alog Sar = a) ] it x<0,
X:2nu( v — ~d+-2alog!1~-:f%;‘?ﬂj], if ¥=0,

where d is the distance of the attracted point P (x, 0, 0) from the edge of the solid.

8. Verify that the force changes continuously as the attracted particle moves
into and through the masses in Exercises 1, 5 and 6

9. Verify that the derivative of the axial component of the force in the direction
of the axis cxperiences a break of 4 7 » as P enters or leaves the masses, in Exer-
cises 1, 5 and 6.

10. Determine the attraction of a homogeneous spheroid, at a pole. Answers,
for an oblate spheroid of equatorial radius b, the magnitude of the force 1s

3M

T s e (e — 1 —c2sin-te),

and for a prolate spheroid of polar radius a,

3M 1+e
F = 1 —_——

azc"[Og 1—¢ (,J’
e being the eccentricity of the meridian curve.

11. A body is bounded by a) a conical surface which cuts from the surface of
the unit sphere about the vertex P of the conical surface, a region 2, and by b)
a surface whose equation 1n spherical codbrdinates with P as pole is ¢ —= f(¢,d).

, 1 For an account of this sensitive instrument, sce F. R. HELMERT, 1n the
Encyklopadic der mathematischen Wissenschaften, Vol. VI, I, 7, p. 166;
L. OerRTLING, LtD., The Eotvos Torsion Balance, I.ondon 1925; or SIEPHEN
RyBAR, 1n Economic Geology, Vol. 18 (1923), pp. 639—662.
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Show that the component of the attraction at P in the direction of the polar

axis 18 (g, )
Z.—:ffl: f xdg]cosz‘)d!.?.
Q 0

or, 1f the density is constant,

Z=x£ff(<p,ﬁ)cosz9d!2.

12. Show that the attractions, at the center of similitude, of two similar and
similarly placed bodies, have the same lhine of action, and are 1n magnitude as the
linear dimensions of the bodies

13 Tind the attraction at the vertex due to a right circular cone of constant
density. Answer, 27 b (1 — cos )

14. The same for a spherical scctor, bounded by a right circular conical surface
and a sphere with center at the vertex of the cone. Answer, zax sin2 «.

15. By subtracting the results of the last two exercises, find the attraction
at the center duc to a spherical cap

16 Find the attraction due to a homogeneous hemisphere at a point of the
edge Answer, ) 4
g Tax, 3

17. A mountain has approximately the form of a hemisphere of radius a,

ax, 0.

a
and its density is »’. If higher powers of I are neglected, show that the difference

n latitude at the northern and southern edges of the mountain, as observed by
the direction of gravity, 1s

a 2t x’)

R < x /)’

where R and x are the radius and mean density of the earth.

18 (a) Show that 1if f(Q) 1s an integrable function of the coordinates &, #, ¢
of (, and bounded 1n any portion of ¥ which does not contain P, and 1f

fyfffw)dl'
fvff/(Q)dV

approaches 0 with the maximum chord of v, where v 1s any portion of ¥ with P
m its mterior.

1s convergent, then

(b) On the same hypothesis, show that
fJff(Q)dV =lim [ [[(@Qav
V—u

as the volume of u approaches 0, whether the maximum chord of « does, or does
not, approach 0. Suggestion. It is required td show that

[[[1@av—o

with the volume of #. Consider the portions #, and %, of %, inside and outside a
sphere of radius 6. Show first how the integral over #, can be made less than
£ -

3 in absolute value by properly choosing 8, and then how, with d fixed, the integral

€
over u, can be made less than 0} in absolute value.
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Ellipsoidal Homoeoid. We have seen that a homogeneous body
bounded by concentric spheres exercises no attraction in the cavity.
NEWTON showed that the same is true for an ellipsoidal homoeoid, or
body bounded by two similar ellipsoids having their axes in the same
lines, To prove it, we first establish a lemma: let P be any point within
the cavity ;drawany line through P,andlet 4,4’, B, B be its intersections
with the ellipsoids, in order; then 4 A’ = B’B (fig. 5). The problem is
reduced to the similar problem for two similar coaxial ellipses if we pass
the plane through the center O of the ellipsoids and the line AB. In
this plane, we take axes through O, with x-axis parallel to AB. The
equations of the ellipses may then be written

Ax* +2Hxy + By* —a =0,

Ax? +2Hxy + By2 —b =0,
44/%5 Ty By

/77 i and the equation of 4B will be y =c. The

abscissas of 4 and B are then the roots
( / of the equation obtained by eliminating y

between y = ¢ and the equation of the first

ellipse:
Fig. 5. Axt 4+ 2Hcx + (B2 —a) =0,
so that the midpoint of the chord 4 B has the abscissa “fc . But this

value is independent of @, and therefore the midpoints of the chords
AB and A’B’ coincide. Hence A A’ = B’B, as we wished to prove.

Now by Exercise 11, the z-component of the attraction at P may
be written

Z = nff[F(q), ?) — f(p, 9)] cos 942,
(o)

where o = F (p,?) and ¢ = f(p, ¥) arc the equations of the ellipsoids
in spherical coordinates with P as pole, and where £ denotes the entire
surface of the unit sphere about P. By the lemma, F (p, #) — [ (¢, &)
remains unchanged when the direction of a ray is reversed, 7. e., when ¢
isreplaced by ¢ + 7 and @ by w — . On the other hand, cos # is replaced
by its negative by this substitution. Thus the integral consists of pairs
of cqual and opposite elements, and so vanishes. As the z-axis may
have any direction, it follows that the force in the cavity vanishes, as
was to be proved.

10. Legitimacy of the Amplified Statement of Newton’s Law;
Attraction between Bodies.

We revert now to the amplified statement of Newton’s law given in
§ 3 (page 3), and to a study of the attraction between bodies neither of
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which is a particle. The justification of the amplified statement must rest
on the consistency of its consequences with observation and experiment.
At the same time, it is hardly fair to call our physical assumption an
amplified statement of Newton’s law, unless it is consistent with this
law. Our test of consistency will be this. As the dimensions of two
bodies approach 0 in comparison with their distance apart, does their
attraction, determined on the basis of the amplified statement, ap-
proach that given by Newton’s law for particles ? We shall see that this
is indeed the case. Incidentally, we shall gain a deeper insight into the
nature of the force between two bodies, and our inquiry will clothe
the notion of particle with a broader significance.

The first point to be noticed is that a body does not, in general,
exert a single force on another, but exerts forces on the parts of that
body. In the case of a deformable body, these forces cannot, as a rule,
be combined to form a system of even a finite number of forces. We shall
therefore confine oursclves to rigid bodies, for present purposes. It
is shown in works on statics! that the forces on a rigid body are equi-
valent to a single force at an arbitrarily selected point O of the body
and a couple. The single force is the resultant of all the forces acting on
the body, thought of as concurrent. The couple depends on the position
of 0, and its moment is the vector sum of the moments with respect
to O of the forces acting on the body. If the forces acting are (X,, Y, Z,),

applied at (x,, v,, 2,), ¢ =1, 2,...n, we have for the single resultant
force,
(5) X::A\;'Xu YZL’YH Z=SZ1:

14 12 1
and if the point O at which this force is assumed to act is the origin of
codrdinates, we have for the moment of the couple
:—‘2()’,2,—‘3, Y), Mr:_\_’(z,X,—x,Z,),
1

1
© N =YY, —y,X)
If the forces, instead of being finite in number, are continuously distri-
buted, the summation signs are to be replaced by integrals. For the sake
of simplicity, we continue for the present, with a finite nummber.

We are particularly interested in the case in which the couple is
absent, so that the system reduces to a single force. Since the couple
depends on the position of the point of application of the resultant force,
it may be possible to choose O so that the moment of the couple vanishes.
If we shift the point of application to the point (4, %, [), then in (6)
%;, ¥i, %;, must be replaced by x, — &, y, — k, 2z, — /. This amounts

1 See, for instance, APPELL: Trailé de mécanique rationelle, Paris 1902, Vol. I,
Chap. IV.
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to adding to the couple (6) the couple
— (RZ —1Y), —(IX—hZ), — (Y —kX).

The question is, can %, k, I be so chosen that the couple thus altered
vanishes ? That is, so that the following equations are satisfied ?

RZ—1Y =L,
(7) — 1z +1X =M,
AY —kX  =N.

It will be seen that if we eliminate two of the quantities %, £ and I,
the third disappears also, and we arrive at the following necessary con-
dition

(8) LX +MY +NZ =0,

that is, the resultant (X, Y, Z) and the moment with respect to the
origin (L, M, N) must be at right angles, or else one of them must
vanish. In Newtonian fields, the force vanishes only at exceptional
points, and if we assume now that the force is not 0, it will be found
that two of the equations (7) can be solved for %, %, / (giving, in fact,
a whole line of points), and that the solution will also satisfy the third
equation if the condition (8) is fulfilled. The equation (8) is therefore a
necessary and sufficient condition that the forces acting on the body reduce to
a single force, when the point of application is properly chosen. One such
point having been found, it will be seen that any other point on the line
of action of the force will also serve.

With these preliminarics, we may proceed to the consideration of
the attraction on a body B; due to a body B,, the bodies occupying
regions ¥, and V, of space. The first step is to divide the bodies into
elements, concentrate cach element at onc of its points, and consider
the attraction of the system of particles thus arising. Let AV, denote
a typical clement of ¥}, containing the point P (x, y, z), and 4V, a
typical clement of V, containing Q (&, %, ). Let %, and », be suitably
chosen mean values of the densities in these elements. Then the particle
in AV, exerts on the particle in 4V, a force whose x-component is

AX = uyny AV, AV, £,
and whose point of application is P. The x-component of the moment
with respect to the origin of this force is

AL = oy [y° 3 P — 2 L2 ) AV, 4V, = sy 250V, AV,
These components, due to a pair of particles, arc now to be summed
over all pairs, one in each volume, and the limits are to be taken as the
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maximum chord of the elements of volume approaches 0. We arrive at
the result:

In accordance with the amplified statement of Newion's law, the attrac-
tion exerted by the body B, on the body B, consists of a force

X =ﬂf ﬂf e l= N ana,
o eI
oo

applied at the origin of codrdinates, and of a couple whose moment is

= [ o,
o [,
o JI{s o,

or, of course, any equivalent system. The above constitutes the analyti-
cal formulation of Newton’s law in its amplificd form. It is satisfactory
from the standpoint of precision, and is, in fact, the actual, if usually
the tacit, basis of all trcatments of gravitation.

We are now in a position to consider the consistency of this state-
ment with Newton’s law for particles. Let the maximum chord of
the bodies shrink toward 0, B, always containing the origin of coordi-
nates, and B, always containing a fixed point Q, (&, 7,, {,). Taking
first the moment, and fixing our attention on the component L as typi-
cal, we may apply the law of the mean, on the hypothesis that the
densities are never negative, and write

-— A fffﬂ]xl %y dV,dVy =" C e m1 "y

where P’ (%', y’, 2') is a point in Vj and Q' (¢, %", {’) in V,. As the dimen-
sions of the bodies—or even if the dimensions of B; alone—approach
0, %/, 9/, 2’ approach 0, and L, and similarly, M and N, approach 0.
Hence the forces exerted by a body on a particle reduce to a single ve-
sultant force, applied at the particle.
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Treating the components of the force in a similar way, we find that
when the bodies shrink down toward points, the origin and Q,, the
force approaches

¢ ul 4
X = %mlmz, Y = ;32 mymy, Z= émlmz,
and this constitutes the statement of Newton’s law for particles. Thus
the consistency of the law in its broader form with the law for particles
is established.

11. Presence of the Couple; Centrobaric Bodies;
Specific Force.

We have seen that the gravitational effect of a body B, on a body
B, is a force and a couple. In certain cases, if the force is applied at the
right point, the couple disappears. This happens always when B, is a
particle, also when it is a sphere, and the very name center of gravity
implies that it happens in the case of any body B, when the attracting
body is the earth, regarded as exerting a force constant in direction and
proportional to the mass acted on. There are, indeed, many bodies such
that the attraction of other bodies on them reduces in each case to a
single force passing through a fixed point in the body. They are called
centrobaric bodies! and have interesting properties. But centrobaric
bodies are to be regarded as exceptional, for in general the attraction
cannot be reduced to a single force. An illustration of this is provided
in Exercise 3, below.

It would be disconcerting if, in the application of Newton’s law as
stated in the equations (9) and (10), we had to face sextuple integrals at
every turn. Fortunately this is not the case. Morcover, it is only infre-
quently that we need consider the couple. The reason is that we usually
confine ourselves to the study of the influence of a body B,, abstracting
from the shape and density of the body B, acted on. This is made possible
by the notion of specific force, or force per unit of mass at a point.

Let us consider a small part of the body B, contained in a volume
AVy, and containing a fixed point Py (%,, ¥y, %). We compute the force
on this part due to B,. The component 4 X of this force is given by the
first of the equations (9), where the region of integration V| is replaced
by 4V;. We arc assuming continuous dcensities and simple regions of
integration, so that the multiple integral can be replaced by an iterated
integral. Accordingly, ‘

' = [ [ aw]

AV,

1 See THoMsoN and Tarr: Natural Philosophy. Vol. I, Part 11, §§ 534—535.
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The inner integral is a function of x, y, z only, and if », does not change
signs, this integral may be removed from under the outer signs of inte-
gration by the law of the mean:

AX:fff”&@;%ﬁdlfzﬂfxldV =ﬂf"’—‘§,—§—"ﬁdlfz-4m
Va v, V,

where P’ (%', ¥, 2') is some point in 4V}, 7’ its distance from the variable
point Q (&, 7, ) in V,, and Am the mass in AV,. If now, we divide this
force component by Am and allow the maximum chord of 4V; to
approach 0 in such a way that P, remains within 4V;, we arrive at

the limit
. AX &~ -
X, =1lim ‘> =ﬂf "%‘-,‘-;,-“—")de, 7o = Py 0.
V,

This, with two other components, defines the specific force at P, due
to the body B,. But the components thus obtained are exactly those
given by equations (4), § 8 for the attraction of a body B on a particle at
P, except for the notation. We sec thus that the expressions force on a
unit particle, specific force, and force at a point are entirely synonymous.
The importance of the specific force lies in the fact that when it has
been determined, we may find the force on a body B; by simply multi-
plying the components of the specific force at P by the density of B,
at P and integrating the products over the volume occupied by B;.
bor we then arrive at the integrals (9). In a similar manner we can con-
struct the components (10) of the moment of the couple. It is for this
reason that the knowledge of the force on a particle is so significant.

Should we care to define in a similar manner the specific force per
unit of attracting mass, Newton’s law could be stated: the specific force
at a point P of a body, per unit of mass at a point Q of a second bodvy, is
divected from P toward Q, and is equal in attraction units to the inverse
square of the distance between P and (). This statement is very nearly
of the form given in § 1, yet it implies, without further physical assump-
tions, the amplified statement of Newton’s law given in § 3.

Exercises.

1. Determine the attraction due to a homogeneous straight wire, of unit linear
density, terminating in the points (0, 0), (0, 12) of the (#, y)-plane, on a similar
wire terminating in the pomts (5, 0), (9, 0). Show that the couple vanishes when
the point of application of the force is properly taken, and find such a point, on
the wire. Draw the wires and the force vector Answer,

27>, 2.

3
X=log<5->, Y=log(—26 =3

2. Show that if two plane laminas lie 1n the same plane, the attraction on either
due to the other may always be given by a single force.
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3. Let the ‘“body” B, consist of a umit particle at (0, 0, 1) and a unit particle
at (0, 0, — 1) ; let the “body’’ B, consist of unit particles at (0, a, 0) and (1, a, 1).

a) Determine, for a == 1, the resultant force, regarded as acting at the origin,
and the moment of the couple, which constitute the attraction of B, on B;.
Answer,

1+3)3 149)3 2

616 616~ 6}6’
—313+1 3131
616 616

b) Show, for a = 1, that the attraction is not equivalent to a single force.
c) Show that when a becomes great, thc moment of the attraction, relative

»

6 6
to the origin, 1s approximately (— s 0) , so that the moment falls off with

the fourth power of the ratio of the dimensions of the bodies to their distance apart,
while the force falls off only with the second power of this ratio.

Chapter II.
Fields of Force.
1. Fields of Force and Other Vector Fields.

The next step in gaining an insight into the character of Newtonian
attraction will be to think of the forces at all points of space as a whole,
rather than to fix attention on the forces at isolated points. When a
force is defined at every point of space, or at every point of a portion
of space, we have what is known as a field of force. Thus, an attracting
body determines a field of force. Analytically, a force field amounts to
three functions (the components of the force) of three variables (the
coordinates of the point).

But in the analytical formulation, the particular idea of force has
ceased to be essential. We have rather something which can stand for
any vector field. The result is that any knowledge gained about fields
of force is knowledge about any vector field, such as the velocity fields
of moving matter, of heat flow, or the flow of electric currents in con-
ductors. All these are simply interpretations of vector fields, or vector
functions of a point in space.

2. Lines of Force.

We may picture a field of force by imagining necdles placed at
various points of space, each needle pointing in the direction of the
force at the cye of the needle, and having a length proportional to the
magnitude of the force. Thus, for a single particle, the needles would
all point toward the particle, and their lengths would increase as they
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got nearer the particle. Indeed, the nearer needles would have to run
way through the particle. The picture can be improved in many respects
by the introduction of the idea of lines of force, a concept so fertile in
suggestion that it led FARADAY to many of his important discoveries
in electricity and magnetism.

A line of force is a curve which has at cach of its points the diregtion
of the field af that point. Thus the lines of force of a single particle are
the straight lines through the particle. Another example is provided in
Exercise 2, page 9, where it was found that the force at P due to a
homogeneous straight wire bisects the angle subtended by the wire at P.
Now we know that the tangent to a hyperbola bisects the angle between
the focal radii. Hence in this case, the lines of force are hyperbolas with
the ends of the wire as foci.

We are all familiar with the lines of force exhibited by the curves
into which iron filings group themselves under the influence of a magnet.
If the ficld, instead of being a field of force, is a velocity field, the lines
are called lines of flow. A general term applicable in any vector field
is field lines.

The determination of the lines of force, although in a few simple
cases a matter of easy geometric reasoning, amounts essentially to the
intcgration of a pair of ordinary differential equations. A tangent vector
toacurveis (dx,dy, dz). If the curve is to be a line of force, this vector
must have the direction of the force. Hence the differential equations
of the lines of force are

1 dz
Iy ==

Instead of the components of the force, we may, of course, use any
quantities proportional to them. Thus, for a single particle at the origin
of codrdinates, we may take x,y,z as direction ratios of the force.
The differential equations are

dv dy _ dz

x y z !

which yield at once the integrals
logy =logx +loge,, logz=logx -+ logec,,
or
Y =%, Z=0C(%.

We thus find as the lines of force, the straight lines through the origin.
The lines in the (y, z) - plane are not given by the integrals written down.
If it is desired, all the lines of force can be given by the parametric
equations obtained by integrating the equations above with the equal

. dt
ratios set cqual, say, to 5.
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The lines of force become more complicated, and more interesting,
when more than one particle acts. Let us consider the case of two, with
masses m, and m,, located at the points (— 4, 0, 0) and (a, 0, 0). The
diffcrential equations (1) become

dx dy dz

a— x a—x vy Yy z z
n P L — My = — My — —
1 rd 2 S 1 rh 2

The equation involving 4y and dz reduces at once to
dy _ dz

y 2z

2

the integral of which tells us that y and z are in a constant ratio. In other
words, the lines of force lic in planes through the two particles, as we
should expect from the symmetry of the field. Also, because of the
symmetry of the field about the line through the particles, the lines of
force lie on surfaces of revolution with this line as axis. This too is re-
flected in the differential equations. IFor, if the numerators and denomina-
tors in the second and third ratios are multiplied by y and 2, respec-
tively, the two numerators added, and the two denominators added, the
equality of the resulting ratio with the first ratio in the differential
equations constitutes a differential equation in x and y2 4 22, ¥
and z entering only in this combination. The solution is therefore a re-
lation between x, y2 4 22, and a constant, and thus represents a family
of surfaces of revolution.

We may therefore confine ourselves to a meridian plane, say the
(%, y)-plane. The differential equation involving dx and dy may then

be integrated by collecting the terms in 715 and ,—l;,:
1 2

ydx — (v + a)dy ydx — (x — a)dy
17T “‘,’.la -+ m, 7 =

0.

Since z =0,
ri=(x+a)P2+9y2, and r}]= (x —a)?+ 42,
and the differential equation may be written

50 ()

(N A

x4+ a ¥ —a

-+ m,

my

The integral is

) 1
This equation can be expressed in still simpler form by introducing

the angles 4, and 4, which the vectors from the particles to the point
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(%, y) make with the positive x-axis. It then becomes
mycost + mycosdy, = C.

The curves may be conveniently plotted by first drawing a set of rays,
u = cos ¥, corresponding to 4 = —1, —9,... —1,0,1,...,9, 1,
drawing a similar set of rays for v = cos #,, and numbering these rays
with the corresponding values of # and v. It is then a simple matter to
plot the linear equation my s 4 m, v == C, for various values of C, on
the cotrdinate paper thus prepared. It may be found necessary to inter-
polate intermediate values of # and v and draw the corresponding lines
m parts of the paper where those already drawn are sparse. Such coérdi-
nate paper being once prepared, curves corresponding to different values
of my, m, and C can be drawn on thin paper laid over and attached to
it by clips. The labor of repeating the ruling can thus be avoided.

Exercises.

1. Find the equations of, and dcscribe, the lines of force of the field given by
XN=2x2—9% Y=—2xy, Z=0

2. Find the equations of the lines of force for the field (dx, By, Cz). This
1s the character of the field in the interior of a homogeneous ellipsoid.

3 Draw the lines of force of the field due to two particles ot equal mass. Does
any pomnt of equilibrium appear? What can be said as to the stability of the equi-
Iibrium ?

4. The same, when the masses of the particles are as 1 to 4.

5. The same, when the masses are equal and opposite. This case illustrates
approximately the situation when iron filings are placed on a sheet of paper over
the poles of a magnet.

6. Find the equations of the lines of force due to # particles in line.

3. Velocity Fields.

It has doubtless not escaped the reader that the lines of force do not
give back a complete picture of the field, for they give only the direction,
not the magnitude, of the force. However, in the case of certain fields,
including the fields of Newtonian forces, this defect is only apparent,
for it turns out that the spacing of the lines of force enables us to gauge
the magnitude of the forces, or the sntensity of the field. We shall be
led to understand this best by interpreting the vector field as a velocity
field. An incidental advantage will be an insight into the nature of the
motion of a continuous medium, and into the relation of potential theory
to such motions.

The motion of a single particle may be described by giving its co6rdi-
nates as functions of the time:

x=zx@), y=y@, z2=z(.

If, however, we have a portion of a gas, liquid, or elastic solid in motion,
we must have such a set of equations, or the equivalent, for every particle
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of the medium. To be more specific, let us talk of a fluid. The particles
of the fluid may be characterized by their codérdinates at any given
instant, say ¢ = #,. Then the equations of all the paths of the particles
may be united in a single set of three, dependent on three constants:

(2) ¥=x (xOJ Yo %o, t) y Y=Y ("0» Yo, %o, t)' Z=2z (xor Yo, %0, t) )
for these will tell us at any instant ¢ the exact position of the particle of
the fluid which at ¢, was at (x,, ¥4, 2,). The functions occuring in these
equations are supposed to satisfy certain requirements as to continuity,
and the equations are supposed to be solvable for x,, y,, 2,. In particular,
x must reduce to %, ¥ to y,, and 2 to zo when ¢ == £;:

(3) %= %(%, Yo, %0, t0)» Yo =1 (%0, Yo, %0, o), Z = Z (%0, Yo, %0, bo) -
The velocities of the particles are the vectors whose components
are the derivatives of the coordinates with respect to the time:
4) %j = %' (%0, %0, %0, %) , %i’ =9 (%, %, 20, 1) , *Z}Z‘ =2 (%, %, %0, 1) -
These equations give the velocity at any instant of a particle of the fluid
in terms of its position at ¢ = {,. It is often more desirable to know the
velocity at any instant with which the fluid is moving past a given point
of space. To answer such a question, it would be necessary to know
where the particle was at £ = #, which at the given instant ¢ is passing
the given point (x, v, 2). In other words, we should have to solve the
equations (2) for x,, ¥,, 2. The equations (4) would then give us the
desired information. Let us suppose the steps carried out once for all,
that is, the equations (2) solved for x,, ¥,, 2, in terms of x, ¥, zand ¢,
and the results substituted in (4). We obtain a set of equations of the
form

dx

(5) W:X(x,y,z,t), %:Y(x,y’z,t)’ ii=Z(x,y,z,t).

d dt

The right hand members of these equations define the velocity field.
It differs from the fields of force we have considered so far, in that it
varies, in general, with the time. This is not esscntial, however, for a
field of force may also so vary, as for instance, the ficld of attraction
due to a moving body. But what is the effect of the dependence of the
field on the time, on the field lines ? By definition, they have the direction
of the field. As the field is changing, there will be one set of ficld lines
at one instant and another at another. We mean by the field lines, a
family of curves depending on the time, which at any instant have the
direction of the field at every point at that instant. In other words, they
a b the integrals of the differential equations

dx _ dy _ dz
X(x,y,2,0) Y@, 92,0 Z(x921
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on the assumption that t is constant. On the other hand, the paths of the
particles arc the integrals of (5), in which £ is a variable wherever it
occurs. Thus, in general, the lines of flow (field lines) are distinct from
the paths of the particles. Evidently they do coincide, however, if the
ratios of X, Y and Z are independent of the time, that is, if the direc-
tion of the field does not change. This includes the important case of a
stationary field, or one in which the field is independent of the time.
Thus, in a stationary velocity field, the lines of flow and the paths of the
particles coincide.

To illustrate the above considerations, let us examine the flow
given by

X =zxget, y=19pe”t, z2=2,.

Here x, y, z reduce to %, ¥,, 2, for ¢ =#,=0. It will suffice to consider
the motion of particles in the (x, y)-plane, since any particle has the
same motion as its projection on that plane. The equations of the paths
may be obtained by eliminating . The paths are the hyperbolas

XY = %9Yo -
The velocities of given particles are furnished by
dx ay
LYy et &Y oy et
dt %o, at Yoe™",

and the differential equations of the flow are obtained from these by
climinating x, and y,:
dv dy
ar =% ar T TV
The field is stationary, since the velocities at given points are indepen-
dent of the time. The lines of flow are given by

dx _ 4y

X — 9y’

the integral of which is x y = C. The lines of flow thus coincide with the
paths, as they should in a stationary field.

To take a simple case of a non-stationary flow, consider

x=%+t y=y+8B 2=2.
Here
dx dy
—d—t“ = 1 N "ﬁ == 2 t .
As %, and y, do not appear, these are already the differential equations
of the motion in the (xy)-plane. The ficld depends on the time, and so

is not stationary. The lines of flow are the integrals of

Kellogg, Potential Theory. 3
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that is, the parallel straight lines y = 2¢x 4- C, which become con-
tinually steeper as time goes on. From the equations of the paths, we
see that the fluid is moving like a rigid body, keeping its orientation,
and its points describing congruent parabolas.

Exercises.
1. Study the motions

a) x=x°_j__y°[.t+f:°:l‘2[—t’ y=_x°+3_'93!___x°__¥9g—t' 2=z,
2 2 2
b) & = x5+ sint, ¥ = ¥9+ (1 — cost), z=1z,,
dx dy dz
O =Y =Y =

determining the nature of the paths, the velocity fields, and the lines of flow.

2. Show by a simple example that, in general, the path of a particle, moving
under a stationary field of force, will not be a line of force.

4. Expansion, or Divergence of a Field.

An important concept in connection with a fluid in motion is its
rate of expansion or contraction. A portion of the fluid occupying a
region T, at time £, will, at a later time £, occupy a new region T. For
instance, in the steady flow of the last section, a cylinder bounded at
t = 0 by the plancs z, = 0, 2, = 1, and by the surface 7 + y3 == %,
becomes at the time ¢ the cylinder bounded by the same planes and the
surface

x2 yS
Goye ¥ aege =1
as we see by eliminating %, ¥,, 2o between the equations of the initial
boundary and the equations of the paths (fig. 6). Here the volume of
the region has not changed, for the area of the elliptical base of the
cylinder is ma? and so, independent of the time.

On the other hand, in the flow
% ) x=2xy+1¢, y=2y9pet,
(Z,Y,

T 0"’”/?”) the same cylinder at time ¢ =0,
has at the time ¢ the elliptical
boundary

(x — t)z yn _ 1
Fig. 6. T T (e T

so that the volume has increased to mwa2¢. The time rate of expansion
of this volume is the derivative of this value, also wa?é'. If we divide the
rate of expansion of the volume by the volume, and find such a quotient
for a succession of smaller and smaller volumes containing a given point,
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the limit gives us the time rate of expansion per unit of volume at that
point. In the present instance, the quotient is 1, und by decreasing «,
we may make the original volume as small as we please. Hence the time
rate of expansion per unit of volume at the point originally at the origin
is always 1. It is not hard to see that this characterizes the rate of expan-
sion of the fluid at all points, for the chords of any portion of the fluid
parallel to the x- and z-axes arc constant, while those parallel to the
y-axis are increasing at the relative rate 1. Thus every cubic centimetre
of the fluid is expanding at the rate of a cubic centimetre per second.

Let us now consider the rate of expansion in a general flow. The
volume at time £ is

V(t):frffdxdydz.

We must relate this expression to the volume at #,. By the equations (2),
every point (x, ¥y, 2) of 1" corresponds to a point (%, ¥,, 2,) of 1,. We
may therefore, by means of this transformation, in which ¢ is regarded
as constant, change the variables of integration to %, ¥,, %,. According
to the rules of the Integral Calculus?, this gives

ve)=[[[axdydz=[[] ] (x. 50, %, 8) dxodyedzo,

where J denotes the Jacobian, or functional determinant
| 9x 9y - 92

1 dxy’ dxy’ dx,
\ dx dy 9z
Iy’ 0%’ 99,
ox Jdy 0z
Vs’ Do Oz

J (%0, Yo 20, 8) =

of the transformation.
We are interested in the time rate of expansion of the volume. This
is given, if the Jacobian has a continnous derivative with respect to the

time, by .
‘” —fff i -dxgdyo Az .

We can compute the derivative of the Jacobian for £ = #, without diffi-
culty, and as 4, can be taken as any instant, the results will be general.

First, 92y 0%y l
dtdxy’ 0tdzy’ ()tOxo |
aj =S ax oy 0z I
dt 2y,’ 99, 0% |
Jox ay dz

Ui Oa 0

1 See Oscoop: Advanced Calculus, New York, 1925, Chap. XII, §§4—8, or
CouURANT: Differential- und Integralvechnung, Berlin, 1927—29, Vol. II, pp. 261, 264.

3‘
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where the symbol S means that we are to add two more determinants
in which the second and third rows of J, instead of the first, have been
differentiated with respect to f. Let us assume that all derivatives
appearing are continuous. Then, since x, y, 2 reduce to %,, ¥,, 2,, for
t = t,, at this instant

0x _ 0y _ 9z ox_or _ 9y _ oy _ 0r_0:
Dxy 0y, dz ' T 0z dxm 0z 0%y 3, O’
P ___a_(_a_f_>_ox a2y oY Pz 9z
dtdxy  Oxg\Ot)  dag’ 0tdy, 0y,’ 0t0z, s "
Accordingly
4] e
dt lgt, ()/To d¥ 070 Jt=t,

We may now drop the subscripts, since #, ¥, z coincide with %, ¥y, 2,
at{=1,, and f, may be any time. We then have, for the time rate of ex-
pansion of the fluid occupving a region T at time ¢,

() ﬁ—fﬂ‘ t" + dy + c)z)dV

From this equation we may derive the relative rate of expansion, or
the rate of expansion per unit of volume at a point. We remove the inte-
grand from under the sign of integration, by the law of the mean, and
divide by the volume:

‘_iZ

dt 09X oY (4

= oy T oo
If, now, the region T is made to shrink down on the point P (x, v, 2),
the limit of the above expression gives us the relative time rvate of expan-
sion of the fluid at P:

X 0z

) divV=2%4 5% 4 92,
or the divergence of the vector field ¥V (X, Y, Z), as it is called. The ex-
pression (6) is called the fotal divergence of the field for the region T.

We see at once that if the rate of change of volume (6) is everywhere
0, the divergence (7) is everywhere 0, and conversely. Thus a fluid whose
divergence vanishes everywhere is {ncompressiblel.

We are now in a position to see how the field lines can give us a pic-
ture of the intensity of the field. Consider all the field lines passing
rthrough a small closed curve. They generate a tubular surface called a
field tube, or, in a field of force, a tube of force. If the flow is stationary,

1 Sce, however, § 9 (p. 45).
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the fluid flows in this tube, never crossing its walls. If, in addition, the
fluid is incompressible, it must speed up wherever the tube is pinched
down, and slow down when the tube broadens out. Interpreting the field
as a field of force, we see that i a stationary field of force whose diver-
gence vanishes ever ywhere, the force at the points of a line of force is greater
or less according as the neighboring lines of force approach or recede from
it. This qualitative interpretation of the spacing of the lines of force
will be made more exact in § 6.

Exercises.
1. Venify that the field of Excrcise 1, page 31, has a divergence which vanishes
everywhere. Draw the lincs of force 342y —33 =C for C=—2, —1, 0, 1, 2,

and verify the relationship between intensity and spacing of the field lines.

2. Verify the fact that the total divergence vanishes for the field of force due
to a single particle, for regions not containing the particle, bounded by conical
surfaces with the particle as vertex, and by concentric spheres. Show that for
spheres with the particle at the centers, the total divergence 1s — 4 wm, where m
is the mass of the particle.

3 A central field of force is one in which the direction of the force is always
through a fixed point, and in which the magnitude and sensc of the force depends
only on the distance from the pomnt. The fixed point is called the center of the
field. Show that the only field of force with Q as center, continuous except at Q,
whose divergence vanishes everywhere except at Q, is thc Newtonian field of a
particle at Q. Thus Newton’s law acquires a certain gecometrical significance.

4. An axial field of force is one in which the direction of the force 1s always
through a fixed line, and 1n which the magnitude and sense of the force depends
only on the distance from this line. The line is called the ax:s of the field. If such
a field is continuous, and has a vanishing divergence everywhere except on the
axis, find the law of force. Find also the law of force in a field with vanishing
divergence in which the force is always perpendicular to a fixed plane and
has a magnitude and sense depending only on the distance from this plane.

5. Show that the divergence of the sum of two fields (the field obtained by vector
addition of the vectors of the two ficlds) is the sum of the divergences of the two
fields. Gencralize to any fimite sums, and to certain limits of sums, including
integrals. Thus show that the divergence of Newtonian fields due to the usual
distributions vanishes at all ponts of free space.

6. The definition of the divergence as

av
im 2L
V>0

involves no coordinate system. Accordingly, the expression (7) should be inde-
pendent of the position of the codrdinate axes. Verify that it 1s invariant under
a rigid motion of the axes.

5. The Divergence Theorem.

The rate of expansion of a fluid can be computed in a second way,
and the identity obtained by equating the new and old expressions will
be of great usefulness. Let us think of the fluid occupying the region
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T at a certain instant as stained red. We wish to examine the rate of
spread of the red spot. Suppose, for the moment, that 7" has a plane
face, and that the velocity of the fluid is perpendicular to this face,
outward, and of constant magnitude V. Then the boundary of the red
spot is moving outward at the rate of V' centimetres per second, and
VAS cubic centimetres per second are being added to the red spot
corresponding to an element A4S of the plane boundary of T. If the
velocity is still constant in magnitude and direction, but no longer
perpendicular to the plane face, the red fluid added per second, corres-
ponding to 4 S will fill a slant cylinder, with base 4 S and slant height
having the direction and magnitude of the velocity. Its volume will
therefore be V, 4 S, where V,, is the component of the velocity in the
direction of the outward normal to the face of 7.

Giving up, now, any special assumptions as to T or the velocity, we
may inscribe in 7T a polyhedron, and assume for each face a constant
velocity which, at some point of the face coincides with the actual ve-
locity of the field, and thus compute an approximate time rate of expan-
sion of the red spot:

("%’) — NV, 4S.
If the velocity field is continuous, and if the faces of the polyhedron are
diminished so that their maximum chord approaches 0, while the faces
approach more and more nearly tangency to the surface bounding T,
the error in this approximation should approach 0. We are thus led to
the second desired expression for the time rate of expansion, or total
divergence

(8) v ﬂ V,dS =ﬂ(xz + Ym + Zn)ds,

where [, m, n are the direction cosines of the normal to S, directed out-
ward, S being the surface bounding T.

The identity of this expression with that given in equation (6) gives
what is known as the Divergence Theorem, or as Gauss’ Theorem, or
Green’s Theorem?, and may be stated

1 A similar reduction of triple integrals to double integrals was employed by
LAGRANGE: Nouvelles vecherches sur la natuve et la propagation du son, Miscellanea
Taurinensis, t. 1I, 1760—61, 45; Ocuvres, t. I, p. 263. The double integrals are
given 1n more definite form by Gauss, Theoria attractionis corporum sphaevordicorum
ellipticorum homogeneorum methodo novo tractata, Commentationes societatis

,reglae scientiarum Gottingensis recentiores, Vol. II, 1813, 2—&; Werke, Bd. V,
pp. 5—7. A systematic use of integral identities equivalent to the divergence theo-
rem was made by GEORGE GREEN in his Essay on the Application of Mathematical
Analysis to the Theory of Electricity and Magnetism, Nottingham, 1828.
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fﬂdiv Viv = ff v,ds, \
T S

Y VA
fﬂ'(%{_,_aa_y +%;)dv=ﬂ(xz+Ym+Zn)dS,
¥ N

or in words, the integral of the divergence of a vector field over a region
of space is equal to the integral over the surface of that region of the compo-
nent of the field in the direction of the outward divected normal to the sur-
face.

The reasoning by which we have been led to this theorem is heuristic,
and the result is so important that we shall devote special attention to
it in Chapter IV. For the present we shall borrow the results there
rigorously cstablished, for we do not wish to interrupt our study of
vector fields.

9)

Exercises.

1. Verify the divergence theorem for the field X =%, Y =1, Z =0, and
the regions (a) any cuboid ¢ < ¥ < a’, b Sy 2 b, ¢ < 2= ¢, (b) the sphere
2%+ 9% 4 22 < al.

2. The same for the field X = #2, Y = 92, Z = 22 Tor the sphere this may
be done without the evaluation of any integrals

3. Show by applying the divergence theorem to the field (%, ¥, z) that the
volume of any region for which the theorem is valid is given by

Vzé—‘!;frcos(r,n)ds

where S is the boundary of the region, 7 the distance from a fixed point, and (7, #)
the angle between the vector from this point and the outward directed normal
to S. Apply the result to find the volume bounded by any conical surface and a
plane. Find other surface integrals giving the volumes of solids.

4. Show that the projection on a fixed plane of a closed surface is 0, provided
the surface bounds a region for which the divergence theorem holds.

5. By means of the divergence theorem, show that the divergence may be de-

fined as
ff VadS
. 'S
lim =--

as thec maximum chord of T approaches 0, ¥V being the volume of T. With this
definition alone, show that if the divergence exists, it must have the value (7).
Suggestion. If the above limit exists, it may be evaluated by the use of regions
of any convenicnt shape. Let T be a cube with edges of length a, paraliel to the
axes.
6. Show in a similar way that in spherical cotrdinates, the divergence is
given by '
1 o 1 oD 1 0
S S oD o
divy o QQ R+gsinﬂ op 981n03'951n19@,

where R, @, O, are the components of the field ¥ in the directions of increasing
o, @, ¥, respectively.
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6. Flux of Force; Solenoidal Fields.

When a vector field is interpreted as a field of force, the integral
f V,dS, taken over any surface, open or closed, is called the flux_of
Jorce across the surface. If the flux of force across every? closed surface
vanishes, the field is called solenoidal. A necessary and sufficient con-
dition for this is that the divergence vanishes everywhere, provided the
derivatives of the components of the field are continuous. For, by the
divergence theorem, if the divergence vanishes everywhere, the flux
of force across any closed surface vanishes. On the other hand, if the
flux across every closed surface vanishes (or even if only the flux across
every sphere vanishes), the divergence vanishes. For suppose the diver-
gence were different from 0 at P, say positive. Then there would be a
sphere about P within which the divergence was positive at every point,
since it is continuous. By the divergence theorem, the flux across the
surface of this sphere would be positive, contrary to the assumption.
Newtonianfieldsaresolenoidal at the points of free space. Thishas been
indicated in Exercise 5, page 37. Let us examine the situation for volume
distributions. Others may be treated in the same way. If P is a point
where no masses are situated, the integrands in the integrals giving the
components of the force have continuous derivatives, and we may there-
fore differentiate under the signs of integration. We find

. A E—x 0 — 9 a C —z
leV=Jff%{;—; T 5}‘17’3 + 5= oz ]dV
4

_ -3 E—22+m—9*+(E—2°
S e
Vv

= 0.

Thus Newtonian fields are among those for which the spacing of the
lines of force gives an idea of the intensity of the field. We can now
state the facts with more precision, as was intimated at the close of § 4.
Consider a region T of the field, bounded by a tube of force of small
cross section, and by two surfaces S; and S, nearly normal? to the

1 The word every here means without restriction as to size, position, or general
shape. Naturally the surface must have a definite normal nearly everywhere, or
the integral would fail to have a meaning. The kind of surfaces to be admitted
are the regular surfaces of Chapter IV.

2 It may not always be possible (although we shall see that it is in the case
of Newtoman fields) to find surfaces everywhere normal to the direction of a field.
Picture, for instance, a bundle of fine wires, all parallel, piercing a membrane

pendicular to them all. If the bundle be given a twist, so that the wires become
helical, the membrane will be torn, and it seems possible that the membrane
could not slip into a position where it is perpendicular to all the wires. In fact,
the field (— y, #, 1) has no normal surfaces.
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field (fig. 7). The field being solenoidal, the flux of force across the sur-
face bounding this region will be 0. The flux across the walls of the tube
vanishes, since the component of the force normal to these walls is 0.
Hence the flux across the two surfaces S; and S, is 0, or what amounts
to the same thing, if the normals to these surfaces have their senses
chosen so that on S they point into 7" and on S, out from T,

(10) j;f V,dS = j;f V,ds.

If 4, and 4, denote the areas of S; and
S,, and F; and F, the magnitudes of the
forces at a point of cach—say points
where the forces are actually normal to
the surfaces—we derive from the above an approximate cquation,

AIFI = 442F2,

in which the relative error approaches 0 with the cross scction of the
tube. That is, the intensity of the force in a solenoidal ficld at the points
of a tube of force of infinitesimal cross section, varies inversely as the
area of the cross section. The equation (10), of course, embodies the exact
situation.

It is quite customary, in considering electrostatic fields, to speak of
the number of lines of force cutting a piece of surface. This number means
simply the flux across the surface, and need not be an integer. If a de-
finite sense is attached to the normal to the surface, we speak of lines
leaving the surface when the flux is positive, and of lines entering the
surface when the flux is negative. The equation (10) tells us that in
a solenoidal field, the number of lines in a tube of force is constant
throughout the tube.

Fig. 7.

Since Newtonian fields are solenoidal in free space, ceasing to be so
only at points where masses are situated, it is customary to say that
lines of force originate and terminate only at points of the acting masses.
But this should be understood in terms of tubes of force. For an individ-
ual line may fail to keep its continuity of direction, and even its iden-
tity throughout free space. As X, Y and Z are continuous, this may
happen only when they vanish simultaneously, that is, at a point of
equilibrium. But such points occur, as we have seen in Exercise 3, page 31.
The straight line of force starting from one of the two equal particles
toward the other (or, more properly, if we think of the lines of force
having the sense as well as the direction of the field, arriving at one
particle from the direction of the other), encounters the plane which
bisects perpendicularly the segment joining the particles, any ray in
which from the point of equilibrium may just as well be considered a
continuating of the line of force as any other. Clearly any assertion that



49 Fields of Force.

the lines of force continue and keep their identity beyond such a point of
equilibrium must be a matter purely of convention. It is, however, al-
ways possible to find tubes of force which do continue on, for points of
equilibrium can never fill volumes, or even surfaces, in free space,
however restricted?®.

Exercise.
Dectermune which of the following fields are solenoidal, specifying the excep-
tional points, 1f such exist

a) the field (#, ¥, 2),
b) the ficld (#, 0, 0),
. x | 1

c) the field (72—_1_—;2— sy cot 7 i/‘r_z:i—_:}ﬁ) .

d) the attraction field due to a homogeneous sphere,

e) the field of the instantaneous velocities of a rigid body (a + gz — ry,
b+ rx—pz, c+ py—qx),

) the field (—--e’;, g; 0), o=+

In the cases in which the field is not solenoidal, alter, if possible, the intensity,
but not the dircction of the field, so that it becomes solenoidal.

7. Gauss’ Integral.

In the field of force due to a particle of mass m, the flux of force across
the surface of any sphere ¢ with center at the particle, is —4mm, the
normal being directed outward. For the normal component of the field

is the constant:-’;, and the arca of the surface is 472, But the flux

is the same for any other closed surface S containing the particle,
to which the divergence theorem can be applied. For if we take the
radius of ¢ so small that it lies within the region bounded by S, then
in the region between ¢ and S, the field is solenoidal, and hence the flux
across its entire boundary is 0 :

Jfv.as+ [[fv,is=o,

o S

the normal pointing outward from the region. Reversing the sense of
the normal on the sphere, so that in both cases it points outward from
the surfaces, makes the two integrals equal. Thus the flux of this ficld
across any closed surface containing the particle is — 4w m.

If we have a field containing a number of particles, the flux across
any closed surface S containing them all is the sum of the fluxes of the
fields due to cach singly, and is therefore —4 M, where M is the total
mass within the surface. This remains true if there are also masses
outside S, for since the field due to them is solenoidal within S, they
contribute nothing to the flux across S.

1 See Chapter X, § 9.
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The result may be extended to fields due to continuous distributions
which nowhere meet S. The fields due to masses outside S are still
solenoidal inside of S, as we saw in § 6 (p.40). Let us consider, as
typical, the contribution to the flux of a volume distribution within
S. It has the form

ﬂv,,ds =ﬂﬂf,, E=nito=nmt =924y,
S S 14

and as S passes through no masses, 7 is never 0 and the integrand is
continuous. So the order of integrations can be reversed, and

[ d5=fff,‘ff@ eI EP LR S PP
S 14 S

Here the inner integral is simply the flux of force across S due to a unit
particle at Q (&, 5, {), and so is equal to —4x. The iterated integral
is thereforc equal to —4 M, where M is the total mass of the volume
distribution. In all cases then, in which S meets no masses,

(11) [ V.dS=—4am

)

The integral giving the flux is know as Gauss’ integral, and the
statement (11) is known as Gauss’ theorem, or Gauss’ integral
theorem: the flux outward across the surface bounding a region is equal
lo — 47 times the total mass in the region, provided the bounding surface
meets no masscs.

Gauss’ theorem may even be extended, under certain conditions,
to the case in which S passes through masses. Let us assume, for in-
stance, that the mass within any closed surface sufficiently near S is
arbitrarily close in total amount to that within S, as would be the case
if the masses belonged to volume distributions with bounded volume
density. Let us also assume that the flux of the field due to the masses
within S, across any surface S’ enclosing S, varies continuously with
the position of S”, and similarly, that the flux of forces due to the
masses without S, across any surface S’ enclosed by S, varies con-
tinuously with S’. Then

[fvids=o0, and [[V,dS=—4aM,
s S5

where V" and V" are the normal components on S’ and S” of the fields
due to the masses outside of and within S respectively and M is the
total mass within S. These equations are valid because the surfaces S’
and S”” do not meet the masses producing the fields whose fluxes over the
surfaces are computed. Now suppose that S’ and S”” approach S. The
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right hand members of the above equations do not change, while, by
hypothesis, the left hand members become the fluxes over S due to the
fields of the exterior and interior masses, respectively. The sum of the
limiting equations thus gives Gauss’ theorem for S.

Implicit in the above reasoning is the assumption that S can bound
a region for which the divergence theorem is valid (for the first equa-
tion of this section is derived from that theorem), and that it is possible
to approximate S by surfaces S”and S”, arbitrarily closely, S” and S
having the same character. This is evidently possible for spheres, and
for many other simple surfaces. But a general assumption of the vali-
dity of Gauss’ theorem for surfaces cutting masses is dangerous, and
the application of the theorem in such cases, made in many text books,
is unwarranted.

Exercise.

Determine the outward flux across the unit sphere about the origin in the fields
(a), (b), (d), of the exercise of §6 (p.42). In (d), the origin 1s supposed to be the
center of the sphere For the field (d), verify Gauss’ theorem for concentric
spheres, with radii both less than, and greater than, that of the given sphere.

8. Sources and Sinks.

It is advantageous to keep before ourselves the various interpreta-
tions of vector fields, and the question arises, what is the significance
. of Gauss’ theorem for velocity fields ? Let us consider first the field of a
single particle at @, the components of the force now being thought
of as components of velocity. The point Q is a point of discontinuity of
the field. What is happening there ? Everywhere else, the field is sole-
noidal, that is, incompressible in the sense that any portion keeps its vo-
lume unaltered. Yet into any region containing (, by Gauss’ theorem,
4 xm cubic centimetres of fluid are pouring every second. As they are
compressed nowhere, what becomes of them ? It is customary to regard
the fluid as absorbed at Q, and to call Q a sink, of strength 4 wm. If m
is negative, so that the senses of the velocities are reversed, Q is called
a source, of strength 47| m]|.

The exact physical realization of sinks and sources is quite as im-
possible as the realization of a particle. For a fluid, we may imagine a
small tube introduced into the field, with mouth at @, through which
fluid is pumped out from or into the field. In the case of electric currents,
a source corresponds to a positive electrode at a point of a conducting
body, and a sink to a negative electrode.

Suppose now that we have the Newtonian ficld due to a volume
distribution with continuous density. We have already seen in examples,
for instance, the homogeneous sphere, that the field due to such a distri-
bution may be continuous everywhere. If the density is always positive,
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Gauss’ theorem tells us that the fluid with the corresponding velocity
field pours into the region occupied by the distribution at the rate 4z M
cubic centimetres per second, and, further, that it passes into any portion
of this region at the rate 4z m cubic centimetres per second, wherc m
is the mass in this portion in the corresponding field of force. If the por-
tion is small, » will be small, so that the fluid may be thought of as ab-
sorbed continuously throughout the whole region. We then spcak of a
continuous distribution of simks. Similarly, we may have a continuous
distribution of sources, and we may also have sources and sinks distri-
buted on surfaces. These concepts are useful. Thus, for instance, the
heat generated by an electric current in a conductor because of the re-
sistance, may be thought of as due to a continuous distribution of
sources in the conductor. In problems in the conduction of heat and in
hydrodynamics, flows satisfying preassigned conditions may often bc
produced by suitable distributions of sources and sinks, usually on
bounding surfaces.

KExercises.

1. Show that the field (#, ¥, 5) has continuously distributed sources by form-
ing and evaluating Gauss’ integral for cuboids. Show that the source demsity
1s 3, that 1s, that the flux out from any region is 3 times the volume of that region.

2. Show that for a field with continuously distributed sources, the source
density, or rate of yield of fluid per unit volume at any point is equal to the diver-
gence of the field at that point

9. General Flows of Fluids; Equation of Continuity.

Thus far, we have been considering the kinematics of fluids, that is,
purely the motion, the concept of mass of the fluid not having entered.
To say that a fluid is incompressible has meant that any portion of the
fluid, identified by the particles it contains, occupies a region of constant
volume. But if sources arc possible, this criterion of incompressibility is
inadequate. For if fluid is poured into a region, particularly through
continuously distributed sources, it is impossible to identify at a later
instant the exact fluid which at a given instant occupies a given volume.

What then should be the definition of incompressibility ? If a given
body of fluid is introduced into a cylinder, and the volume decreased by
means of a piston, the ratio of mass to volume increases. The same
thing happens if new material is forced into the cylinder, the volume
remaining unchanged. In either case, we should say that a compression
has taken place. The density has increased. Thus a broader formulation
of the notion of incompressibility may be founded on the density. It
will not do, however, to say that incompressibility and constant density
are synonymous. We might, for instance, have a flow of a layer of oil on
a layer of water, both fluids being incompressible. The density would
not be constant throughout the fluid. What would be constant is the
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density of the fluid at a particular particle, no matter where it moves, as
long, at least, as the motion is continuous. So we must formulate ana-
lytically the meaning of this kind of constancy.

To say that a function, the density g in the present instance, is con-
stant at a poini of space, means that

0
'579(x’ Y, 2,8 =0,

x, y and z being held constant. To say that the density remains constant
at a given particle is another matter. We must identify the particle, say
by the equations (2). If o were given as a function of %, ¥,, %, and ¢,
we should again equate to 0 the partial derivative with respect to’ the
time, %,, ¥, %, remaining fixed. But if g is given as a function of «, y, 2
and ¢, this derivative must be computed by the rule for a function of
several functions:

do _de0x 000y  000: . D

dt dx Jt Jdy Ot 0z Jt Jgt’

If we introduce the components of the velocity, this becomes

d 0 J 2] 17}
(12) -tif=X0—§+Yb_§+25§+3§’-.
The rate of change of density is thus in part due to the change at the
point (x, ¥, z), and in part to the rate at which the fluid at this point is
flowing to other parts of the field where the density is different. The
process of forming this kind of derivative with respect to the time is
known as particle differentiation. The symbol for the total derivative is
employed to distinguish this time derivative from the time rate of change

. . . . Do .
at a point fixed in space. The notation '5% is also used.

The definition of incompressibility is now

dg_
dt

throughout the region considered.

We shall sec that in case no sources or sinks are present, this concept
of incompressibility coincides with that of § 4 (p. 36). This will be a conse-
quence of the equation of continuity, which we now derive. This equa-
tion amounts simply to an accounting for all the mass in the field. We
shall assume that the components of the velocity and the density have
continuous derivatives, and allow for continuously distributed sources,
the density of the distribution of sources being denoted by 6 =0 (x, ¥, 2, t).
Thus at any point P, ¢ cubic centimetres of fluid per second per unit of
volume at P are accounted for by the sources, as measured by the limit
of the rate of efflux from a region containing P to the volume of the
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region, as the region shrinks to a point. More concretely, it means that
o units of mass per second per unit of volume are added by the sources
to the fluid. Thus, in the region T,

f’[fgadV

units of mass per second are added by the sources.

The same region may gain in mass through the streaming in of fluid
through its bounding surface S. Just asin § 5 (p. 37) we found

JSv.as
S

for the rate at which a given portion of the fluid was expanding, so we
may now show the number of units of mass entering T through S per
second is

— [[eV.as.
S
Thus the total time rate of increase of mass in T is

[ffesav—[fev.as.

But the mass in T at any instant is the integral of the density over T,
so that the time rate of increase of mass in T is the derivative of this inte-
gral, the region 7T being fixed

& [Tovr- 5

differentiation under the integral sign being permitted on the hypothesis
that the density has continuous derivatives. Equating the two expres-
sions for the rate of gain in mass, we have

[feoev=[ferss-[[s2ev

In order to draw conclusions as to the relation between density, source
density and velocity, at a point, we must transform the surface integral
to a volume integral. This service will be rendered by the divergence
theorem. We replace, in that theorem as stated in the equations (9),
X,Y,ZbyoX, oY, oZ. It becomes

fff 8x9X+ 9Y+d QZ dV JIQV as.
T

Accordingly, the preceding equation takes the form

do 7] a a —
I3+ Frex+ 350+, 02— ea)av —o.
T
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This must hold for any region T. Accordingly, the integrand, being con-
tinuous, must vanish everywhere, in accordance with the reasoning
at the beginning of § 6 (p. 40). Carrying out the indicated differen-
tiations, we have

dg do

—p0=0,

+ 2{ Y éEZ}

R G A
or, employing the formula (12) for the particle derivative, and dividing
by ¢, we may reduce this to

LA L divi—o=o0.
This is the desired equation of continuity of hydrodynamics.

We sce from the equation of continuity that in the absence of sources
(o = 0), the vanishing of the divergence 1s a necessary and sufficient con-
dition that the fluid be incompressible. Furthermore, we see that in the
case of an incompressible fluid, the divergence is equal to the source density.

Chapter III.
The Potential.

1. Work and Potential Energy.

The properties of fields of force developed in the last chapter grouped
themselves naturally about the divergence, and were concerned espe-
cially with solenoidal fields, among which are the ficlds duc to matter
acting in accordance with Newton'’s law. We are now to develop a second
property of Newtonian fields and study its implications.

A particle of mass m, subject only to the force of a specific field
X, Y, Z) will move in accordance with Newton’s second law of motion

d2x dz

dzy z
m-‘-l-lz-_},mX, mdtz' le m';i_tz -—-}.mZ,

where 4 is a constant depending on the units used. If these equations be

d d . .
- d:’— and d—f, respectively, and added, the result is

b (84 )+ () = am( i 47 2 4 23)

The lefthand member of this equation is the time derivative of the kinetic

multiplied by ~=,

energy of the particle, T = %Z—mvz. If we integrate both sides of the

equation with respect to £ from £, to ¢, we have
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¢
T — To=1mf(x-‘}f—+yg—f-+z-§;)dt
to

A
=1mff (Xdx + Ydy + Zdz)

= AmW (P, P,; C),

C being the path of the particle. The expressions on the right,—the
last a notation—, are known as the work done on the particle by the
field during the motion, and the equation states that the change in kinetic
encrgy during a time interval is equal to the work done by the forces of the
field during the motion in that interval.

Let us examine whether the result is of value in determining the char-
acter of the motion. In order to determine the work done, we must
evaluate the integral on the right. At first sight, it would scem that we
must know the velocity of the particle at every instant of the motion.
But the sccond expression shows that this is not neccessary. It does,
however, demand a knowledge of the path travelled by the particle, and
this, as a rule, is not known in advance. We can, however, dispense with
a knowledge of the path in the important special casc in which the ficld
is such that the integral is independent of the path, i. e. has the same
values when taken over any two paths' connecting P, with P which
can be continuously deformed one into the other, and this for any pair
of points P,, P. The work is then merely a function of the positions
of P,and P, and we may drop the argument C in the notation. Under
these circumstances, the field is called conservative, or lamellar. Py being
thought of as a fixed point, the function of P (x, y, 2), —Am W (P, P,),
is called the potential energy of the particle at P, and the above equation
states that the total energy is constant during the motion. The energy
equation, or the principle of the conservation of energy, is most useful
in problems of mechanics, and the fact lends a special interest to con-
servative ficlds.

Let us now consider conscrvative fields. Furthermore, let us confine
ourselves to a region in which the force is continuous, and which is
stmply connecied, i. e. such that any two paths with the same end-points
may be continuously deformed one into the other without leaving the
region?. We take units for which 4 = 1. The function

P

(1) W (P, Py) = [ (Xdx +Ydy + Zd2)

Py

1 Any two regular curves, in the sense of Chapter IV.
2 See § 9, page 74.
Kellogg, Potential Theory,
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is determined by the field only, and we may speak of it as the work per
unit of mass, or the work of the specific field. We shall not even have to
bother with its dependence on P,. A change in the position of this point
will merely mean adding a constant to the function, namely, the work
between the two positions of P, taken with the proper sigh.

We shall now show that the work function completely detcrmines the
field, assuming that it arises from a continuous field of force. But two
preliminary remarks should be made.

The first is concerned with the notion of directional derivative. Let
W (P) be a function of the coordinates (x, v, z) of P, defined in a
ncighborhood of P;, and let « denote a ray, or a directed straight line
segment, issuing from P;. We define the derivative of W in the direction
= by W _ i WD) =W (P

da rr,
as P approaches P; along the ray, provided this limit exists. The direc-
tional derivative is thus a one-sided derivalive, since P is confined to
the ray, which extends from P; in only one sense. The reader may show
that if « has the direction cosines Z, #¢, #, the derivative of W in the direc-

tion & has the value

W  IW a1 o

da bdh):"l + ady m+ PrAE

provided the derivatives which appear are continuous. He may also
show that on the same hypothesis, the directional derivatives at P; in
two opposite directions are numerically equal and opposite in sign.

The sccond remark is to the effect that the work integral (1) is inde-
pendent of the codrdinate system involved in its definition. Since it is
the limit of a sum of terms of the form

X dx, + Y, Ay, + Z, Az,

it is only necessary to show that this expression can be given a form
independent of the codrdinate system. It is, in fact, a combination of
two vectors, (X, Yy, Z) and (4 x,, 4y,, 42,), known as their scalar
productt, and whose value is the product of their magnitudes times the
cosine of the angle between them. For if F; is the magnitude, and
I, m, n, are the direction cosines of the first vector, and if As, and
and I, m’, n’ are the corresponding quantities for the second, the above
expression is equal to

F,ds, (' 4+ mm' + nn') = F, As, cos (F,, 4s,),
as stated. Incidentally, we see that the expression for the work may

be \{vritten P
W (P, P,) =‘J‘Fcosﬁds,

1 See the footnote, page 123.
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where ¢ is the angle between the force and the forward direction of the
tangent to the path.

Let us suppose now that the work function is known, and that it
belongs to a continuous field (X, Y, Z). We compute its derivative in the
direction of the x-axis at P;. We take the path from P, to Py (%, y, 2)
along any convenient curve, and the path from Pyto P(x + 4%, y, 2)
along the same curve to Py, and then along the straight line to P.
Then, by (1),

W (D) — W () 1
e T ds j Xx,y,2)dx=X (x40 Ax,y,2),

1

z+dx

o<d<1, dx>0,
by thelaw of the mean. This gives in the limit, as P P; = A x approaches 0,

aw
X =—".
Since the work is independent of the axis system, it follows that the
above result holds for any direction, that is, that the component of the
field in any direction is equal to the derivative of the work in that direction.
In particular,
ow

oW 0w
P dz °

X =- Y

ox’ =y’ Z=

Thus a great advantage of a conservative field is that it can be specified
by a single function W, whereas the general field requires three func-
tions, X, Y, and Z, or their equivalents, to detcrmine it. Because it
determines the field in this way, the work is sometimes called the
force function.

Any field which has a force function with continuous derivatives is
obviously conservative. For if the ficld (X, Y, Z) has the force function
@ with continuous derivatives,

Xx_0P y_oe

9P P
dx’ Ty’

Z= 9z’
and
P
oD oD )P
W (P, Py) =J‘(~dﬁx—dx + —a;»dy -+ —(()
P,

o

P

Z—dz> =fd¢ =& (P)— & (Py),
P,

and the integral is independent of the path because the last expression

depends only on the end points.

Thus the notions of work and force function are equivalent, and both
are essentially,—1. e. except for a positive constant factor, depending on
the mass of the particle acted on and the units employed, —the nega-
tive of the potential energy. Hereafter, we shall consider the mass of
the particle acted on as unity, and assume that the units have been so
4*
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chosen that the potential energy is equal to the negative of the force
function.

It is now easy to verify that Newtonian fields have force functionst.
Taking first a unit particle at Q (£, 7, {), we see that the force due to it
at P (x, v, 2) is given by
x 1 n—9 d 1 z -z 0 l

R — - -
X-———r@ T dx v’ BT Jdyr!’ B T dz v’

so that -:— is a force function. It follows also that the ficld of a system of

a finite number of particles has a force function, namely the sum of the
force functions of the ficlds due to the separate particles. Also, the fields
of all the distributions we have studied have force functions, namely the

integrals of the products of the density by yl, provided it is permitted to

differentiate under the signs of integration, and we know that this is
the case at all points outside the masses. As a matter of fact, we shall
see that in the case of the usual volume distributions, the force function
continues to be available at interior points of the distribution (p. 152).

If a ficld had two force functions, the derivatives of their diffcrence
with respect to x, ¥ and z would vanish, so that this difference would be
constant. Hence the force function of any field which has one, is deter-
mined to within an additive constant.

We now introduce the idea of potential? of a field, which in some
cases coincides with the force function, and in others with the negative
of the force function. In the case of general fields of force not specifi-
cally due to elements attracting or repelling according to Newton’s law,
there is a lack of agreement of writers, some defining it as the work
done by the ficld, and thus making it the same as the force function
and so the negative of potential energy, while others define it as the
work done against the field, and so identifying it with potential encrgy
and the negative of the force function. In vector analysis, whenever
abstract fields are considered, the first definition is usual. The field
(X, Y, Z) is then called the gradient of the potential U,

. oU dU 09U
(X,Y,2) =grad U = (-J;, = JZ)’
We shall adopt this definition in the casc of abstract fields, general force
fields, and velocity fields.
On the other hand, in the theory of Newtonian potentials, authori-

1 This fact was first noticed by LAGRANGE, Mémoires de 1’Académie Royale
des Sciences de Pars, Savants étrangers, Vol. VII (1773) ; Oeuvres, Vol. VI, p. 348.

* Called potentral function by GREEN, 1. c. footnote, page 38, potential by
GAuss, Allgemeine Lehrsatze in Bezehung auf die wm verkehrten Verhdltms des
Quadrates der Entfernung wirkenden Anziehungs- und Abstofungskrafte, Werke,
Bd. V, p. 2001f.
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ties are in substantial agreement, defining the potential of a positive unit
. . . 1 .

particle, point charge, or magnetic pole, as -, and the potentials of

various distributions as the corresponding integrals of the densities times

1 . . .
- (see Exercise 4, below). This convention has as consequence the

great convenience of a uniformity of sign in the formulas for the
potentials of all the various types of distributions. It does result, how-
ever, in a difference in the relation of the potential to the field, accord-
ing as the force between clements of like sign is attractive or repulsive.
Bcecause of the puzzling confusion which is likely to meet the reader, we
summarize the conventions as follows.

In abstract fields, (X, Y, Z) == grad U ; the potential corresponds
to the force function and the negative of potential energy.

In Newtonian ficlds, the potential at P due to a unit element at
Q is >, and

a) if clements of like sign attract, as in gravitation, (X, Y, Z)
= grad U; the potential is the force function, and the negative of
potential ¢nergy,

b) if elements of like sign repel, as in electricity and magnetism,
(X,Y,Z) = — grad U ; the potential is the negative of the force func-
tion, and is identical with potential energy. /

Furthermore, in the theory of Newtonian potentials, it is customary
to fix the additive constant which enters, by some convenient convention.
In case the distribution is such that the potential approaches a limit as
P recedes indefinitely far, no matter in what direction, the constant
is fixed so that this limit shall be 0; in other words, so that the zero
of potential shall be at infinity. This is always possible where the masses
are confined to a bounded portion of space. Cases arise, especially in
connection with the logarithmic potential (see page 63) where this is
not the situation, and the convention must be modified.

Exercises.

1. Show that a constant force field (0, 0, —g) is conservative, a) by exhibiting
a force function, and b) by showing that the work is independent of the path.

2. The same for any central force field (see Exercise 3, page 37).

3. The same for any axial force field (see Exercise 4, page 37).

4. Show that the work done by the field in bringing a unit particle from P,

to P, in the field of a unit particle at Q, 1s -yl— 4+ C. Show that as the distance of

P, from Q becomes infinite, C tends toward 0.
5. Show that if the components of a field have continuous partial derivatives,
a necessary condition that it be conservative is
0Z _ JY X 0z Y  9X
0y o 0F T os ox T oy "
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6. Show that the condition that a field be conservative in a region in which
it 1s continuous is equivalent to this, that the work integral (1), taken over any
closed path 1n the region, which can be continuously shrunk to a point without
leaving the region, shall vanish.

—_ X
7. Apply the result of Exercise 5 to the field X = *é:‘,' v=2. Z2=0,

where g = } 22 4 y2. Then show that the work done by the field in carrying a unit
particle over the circle #2 4 9% = a2, z = 0, in the counter clockwise sense, is 2 7.
Does any contradiction arise? Show that the work over any closed path which
does not make a loop around the z-axis, is 0.

8 Find the work done by the field (y, 0, 0) 1n moving a umt particle from
(0, 0, 0) to (1, 1, 0) over the following paths in the (#, y)-plane: a) the broken
line with vertices (0,0), (0,1), (1,1), b) the broken line with vertices (0,0), (1,0),
(1,1), c) the parabolic arc ¥ = 22 Show how a path can be assigned which will
give as large a value to the work as we please.

9. Show that the gradient of a function is the vector which points in the direc-
tion of the maximum rate of increase of the function, and whose magnitude 1s the
rate of increase, or the dircctional derivative of the function, in this direction.

2. Equipotential Surfaces. /

We are now in a position to form a second kind of picture of a force
ficld in casc it is conservative. If U denote the potential of the ficld, the
surfaces U == const. are called equipotential surfaces or cquipotentials.
At every point of the field (assumed continuous), its direction is normal
to the equipotential surface through the point. For the equipotential
surface has, as direction ratios of its normal, the partial derivatives of
U with respect to x, y, z, and these are the components of the force.
An exception arises only at the points where the three partial derivatives
all vanish. Here the field cannot be said to have a direction. Such points
are points of equilibrium.

But more than this, the equipotential surfaces give an idea of the
intensity of the force. Let us imagine a system of equipotential surfaces,
U=k, U=k+c, U=k+2c,... corresponding to constant
differences of the potential. Let P be a point on one of these surfaces,
and let N denote the magnitude of the force at P. Then, since the force
is normal to the equipotential surface, IV is also the component of the
force normal to the surface, and as such

ou

on T
the normal being taken in the sense of incrcasing potential. If A# is the
distance along the normal from P to the next equipotential surface of
the set constructed, the corresponding A U is ¢, and we have

! NAn =c + ¢

where theratioof{ tocapproaches0, when c is given values approaching 0.
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We see, then, from the approximate equation N = AL”-, that the smaller

¢, the more accurate is the statement: the intensity of the field is inversely
proportional to the distance between equipotential surfaces. Crowded equi-
potentials mean great force, and sparse equipotentials, slight force. The re-
liability of such a picture in a given region is the greater the more the equi-
potentials approximate, in the region, a system of cqually spaced planes.

In certain cascs, simple graphical representations of the equipotential
surfaces arc possible. If the direction of the field is always parallel to a
fixed plane, the equipotential surfaces will be cylindrical, and the curves
in which they cut the fixed plane will completely characterize them.
Again, if the field has an axis of symmetry, such that the force at any
point lies in the plane through that point and the axis, and such that
a rotation through any angle about the axis carries the field into itself,
the equipotential surfaces will be surfaces of revolution, with the axis
of symmetry of the ficld as axis. A meridian scction of an equipotential
surface will then characterize it

Exercises.

1. Draw equipotentials and lines of force for the pairs of particles in Exercises
3, 4 and 5 (page 31). Describe the character of the equipotential surfaces in the
neighborhood of points of equilibrium, particularly of those which pass through
such points. Show that in Exercise 4, one of the equipotential surfaces 1s a sphere.

2. In the above excrcise, any closed equipotential surface containing the two
particles, may be regarded as the surface of a charged conductor, and the field
outside the surface will be the field of the charge. Inside the conductor there 1s
no force (see Chapter VII, § 1, page 176), so that the lines of the diagram would
have to be erased. Describe, at least qualitatively, the shapes of certain con-
ductors the electrostatic ficld of charges on which are thus pictured.

3. Draw equipotentials and lines of force for the field obtained by superimposing
the field of a particle on a constant field.

3. Potentials of Special Distributions.

We saw, in the last section, that the potentials of line, surface and
volume distributions are

(2) Uzbf%-ds,
® v = [[2as,
W U=fyﬂz;dv,

1 For a method of construction of equipotentials in certain cases of this )
see MaxweLL, 4 Treatrse on Electricity and Magnetism, 38 Ed., Oxforg/M892,

Vol. I, § 123. Interesting plates are to be found at the end of the volume. o«
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valid at points of free space. The same integrals are regarded as defining
the potential at points of the distributions, provided they converge.
This is generally the case for surface and volume distributions, but not
for linc distributions. But the formulation and proof of theorems of
this sort, and of theorems assuring us that the force components are
still the derivatives of the potential at interior points, is a task which
had better be postponed for a systematic study in a later chapter.
We shall content ourselves for the present with the verification of cer-
tain facts of this sort in connection with the study of the potentials of
special bodies in the following exercises.

Exercises.

1. Find the potential of a homogencous straight wire segment. Answer, the
value of the potential in the (#, z)-planc 1s
B =
Ja2 4 (cp— 22—z
where (0, 0, ¢;) and (0, 0, ¢,) are the ends of the wire. Show also that this result
may be given the form

U =1log

>

A
U ::—21-[— coth—1

71+ 7
2
where 7 is the length of the wire, and 7, and 7, are the distances from P to its ends.
Thus show that the equipotential surfaces are ellipsoids of revolution with their

foci at the ends of the wire.
2 Show that at a point of its axis, a homogeneous circular wire has the poten-

. M
tial U =7 where d is the distance of P from a point of the wire. Check the

result of Exercise 4 (p. 10), by differentiating U in the direction of the axis.

3. Reverting to the potential of the straight wire of Exercise 1, verify the
following facts: a) as P approaches a pomnt of the wire, U becomes infinite;
b) P, the density, and the line of the wire remaining fixed, U becomes infinite
as the length of the wire becomes infinite in both directions. Note that in this
case, the demand that the potential vanish at infinity is not a possiblg one. Show,
however, that c) if the potential of the wire segment 1s first altered by the subtrac-
tion of a suitable constant (i. e. a number independent of the position of P), say
the value of the potential at some fixed point at a unit distance from the line of
the wire, the potential thus altered will approach a finite limit as the wire is pro-
longed infinitely in both directions, independently of the order in which ¢, and
— ¢, become infinite. Show that this limit is

2 Alog (-}) s

where 7 is the distance of P from the wire. Finally, show d) that this is the value
obtained for the work done by the force field of the infinite wire (see Exercise 5,
page 10) in moving a unit particle from P,, at a unit distance from the wire, to P.

4. Find the potential at a point of its axis of a homogeneous circular disk.
Verify the following facts: a) the integral for the potential at the center of the
dis .4s convergent; b) the potential is everywhere continuous on the axis; c) the
derivative of the potential in the direction of the axis, with a fixed scnse, experi-
ences an abrupt change of — 4 7 ¢ as P passes through the disk in the direction of
differentiation (compare with § 6, page 11).
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5. Find the potential of a homogeneous plane rectangular lamina at a point
of the normal to the lamina through one corner. If O denotes this corner, B and
C adjacent corners distant b and ¢ from it, and D the diagonally opposite corner,
the answer may be written

+ dg —|—d L
U—a[clog———— + blog — — x tan ;dsil,
where ¥ = PO, dy=PB, dy=PC, and dy= PD.

Note. In obtaining this result, the following formula of integration will prove
useful:

Jlog 0+ Va2 40222l =Llog b+ 122 + 52+ 22) +

. ) .= . ¢ _ b1.
4 blog (& + Ja2+ b2 £ ¢2) —  + a tan-! x——\tan lxb +b2+C2

It may be verified by differentiation, or derived by integration by parts.

6. By the addition or subtraction of rectangles, the preceding exercisc gives,
without further integrations, the potential at any point due to a homogeneous
rectangular lamina. Let us suppose, however, that we have a rectangular lamina
whose density is a different constant in each of four rectangles into which it is
divided by parallels to its sides. Show that the potential is continuous on the nor-
mal through the common corner of the four rectangles of constant density, and that
the derivative in the direction of the normal with a fixed sense changes abruptly
by — 47 times the average of the densities, as P passes through the lamina in the
direction of differentiation.

7. Study the potential of an infinite homogeneous plane lamina, following
the lines of Exercise 3. Take as a basis a plane rectangular lamina, and check the
results by a circular lamina. The potential should turn out to be 2z o (1— | #]),
if the lamina lies in the (y, z)-plane.

8. Show that the potential of a homogeneous spherical lamina is, at exterior
points, the same as 1f the shell were concentrated at its center, and at interior
points, constant, and equal to the limiting value of the potential at exterior points.
Determine the behavior with respect to continuity of the derivatives of the poten-
tial, in the directions of a radius and of a tangent, at a point of the lamina.

9. Find the potential of a homogeneous solid sphere at interior and exterior
points. Show that the potential and all of 1ts partial derivatives of the first order
are continuous throughout space, and are always equal to the corresponding
components of the force. Show, on the other hand, that the derivative, in the direc-
tion of the radius, of the radial component of the force, experiences a break at the
surface of the sphere. Show, finally, that

. RU | BU | RU
X Y2 = gt gt gw

1s 0 at exterior points, and — 4 z » at interior points.

10. Given a homogeneous hollow sphere, draw graphs of the potential, its
derivative in the direction of a radius, and of 1ts second derivative in this direction,
as functions of the distance from the center on this radius. Describe the character
of these curves from the standpoint of the continuity of ordinates, slopes and cur-
vatures.

11. The density of a certain sphere is a continuous function, % (s) of the distance
s from the center. Show that its potential 1s
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Show that at any interior point,
/AU U U 4
dx Ty g =T A
12. Show that in any Newtonian field of force in which the partial derivatives
of the components of the force are continuous, the last equation of the preceding
excrcise holds Use Gauss’ theorem.
13. In a gravitational field, potential and potential energy are proportional,
with a negative constant of proportionality, and the equation of energy of §1
(p. 49) becomes T — kU = C, where £ > 0, or

—%mzﬂ:kU—{—C.

The constant % can be determined, if the force at any point 1s known, by differen-
tiating this equation, and equating mass times acceleration to the proper multiple
of the force, according to the units employed Thus if the unit of mass is the pound,
of length, the foot, of time, the second, and of force, the poundal, then the mass
times the vector acceleration is equal to the vector force, by Newton’s second law
of motion.

This being given, determine the velocity with which a meteor would strike
the carth 1n falling from a very great distance (1. e. with a velocity corresponding
to a limiting value 0 as the distance from the carth becomes infinite). Show that
if the metcor fell from a distance equal to that of the moon, 1t would reach the
earth with a velocity about /g less. The radius of the earth may be taken as
3955 miles, and the distance of the moon as 238000 miles. The answer to the first
part of the problem is about 36700 feet per second. Most meteors, as a matter
of fact, are dissipated before reaching the earth’s surface because of the heat
generated by friction with the earth’s atmosphere.

14. Joule demonstrated the equivalence of heat with mechanical energy. The
heat which will raise the temperature of a pound of water one degree Farenheit
is equivalent to 778 foot pounds of encrgy. A mass of m pounds, moving with a

2
velocity of v feet per second, has § mv? foot poundals, or %-n;L (g = 32'2) foot

pounds of kinetic energy.

Show that 1if all the cnergy of the meteor in the last exercise were converted
into heat, and this heat retained in the meteor, it would raise its temperature by
about 178000° Fahrenheit. Take as the specific heat of the meteor (iron), 0'15.

4. The Potential of a Homogeneous Circumference.

The attraction and potential of a homogeneous circular wire have been
found, so far, only at points of the axis of the wire. While the potential
at § general point may be expressed simply in terms of elliptic integrals,
we pause for a moment to give a treatment of the problem due to Gauss,
partly because of the inherent elegance of his method, and partly be-
cause of incidental points of interest which emerge.
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Let the (x, y)-plane be taken as the plane of the wire, with origin at
the center, and with the (¥, 2)-plane through the attracted particle P
(fig. 8). Let a denote the radius of the wire, and ¢ the usual polar coordi-
nate of the variable point Q. The coérdinates of P and Q are (x, 0, 2)
and (@ cos®, asin?d, 0), so that the distance » = PQ is given by

72 = x% + a2 + 22 — 2ax cos 9. 7 r

Accordingly, (4
x / 25
6) U= 2a).f e \_/
g yx% 4+ a% + 22 — 2ax cos &

Fig. 8.

‘We now express r in terms of its greatest value p for any position of Q,
and its least value g. As
Pr=(tap+s = (—arta

we find, on forming half the sum and half the difference of these quan-
tities, that

R ik ol Y el — p2ein?? 2o

=" 5 cos19~psln2+qcos2.
Ii this expression is substituted for the radicand in (5), and a new
variable of integration introduced by the substitution # = & — 2¢, the
result is

d 4al d
(6) f—:*‘*: 7**21—‘ —_ == "‘F = w: —_.
0 n*g 0 ]/cos.2 @ + ! sin? @

The last integral depends only on the ratio Z— Hence, if we can find

the potential at any point where this ratio has a given value, we can
find it at all points where it has this value. Now the locus of points of

the (¥, 2)-plane for which -Z— is constant is a circle with respect to which

the two points in which the wire cuts the (%, 2)-plane are inverse®. Let
P, be the point of this circle in the (%, y)-plane and interior to the
circle of the wire. Then if p; denotes the maximum distance of P,

1 We shall have use again for the fact that the locus of points 1n a plane, the
ratio of whose distances from two points 4 and B of the plane is constant, 1s a
circle with respect to which 4 und B are inverse points, ¢. e. points on the same ray
from the center, the product of whose distances from the center is the square of
the radius of the circle. The reader should make himself famihar with this theorem
if he is not so already.
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from the wire, we see from (6) that p U (P) = p, U (P,), so that
() U(P)="U ().

Thus the problem is reduced to finding the potential at the points of a
radius of the wire.
g To do this, we return to the expression (5),
AA where zisnow 0, and 0 < x <a. We introduce as
Xx newvariableof integrationtheangle p=<_XP, Q@
(fig. 9). By the sine law of trigonometry,
asin (p — ¥) = xsin g,

Fig. 9. Differentiating this, we find

acos(py—B) dy—dd) =zxcosypdy,

o [acos (y — ¥) — xcos pldy = acos (p — F)dd.

The coefficient of dy is the projection of P,OQ on P;Q, and is there-
fore equal to P, Q, or r. Thus

rdy = acos (y — 9) dd,
and
b _ Ay dy - 4

v acos(y— ) Y& —afent(y — ) Ya2— sy

dy

i/az cos? ;T('az?;z) sin? y )
The limits of integration for y are again 0 and =, but the substitution
y’ =7 — y shows that the integral from % to & is equal to that from

0 to %, so we may write

wid

( 1) = 4“1‘1‘ 'VJL: .
} a2 Cos? p+ (e — 2% sm?y

If we introduce the maximum and minimum distances, p, and ¢, of Py
from the wire, since p, = a + x and ¢, = a — x, we see that

pr1t4q
a = ‘1‘“‘! = p,, and V“z — 2= ]/p1 91 =14:
are the arithmetic and geometric means of , and ¢,, and

dy

U (P —_—
Ypicosty i gfsmty
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Comparing this value with that given by (6), which is valid for P = P,,
P ==p,, ¢=¢q,, We see that the integral is unchanged by the substitution
for b, of the arithmetic mean p, of p, and q,, and for q, of the geometric
mean ¢, of p, and ¢,. The substitution may now be repeated, with the
result that U (P;) remains unchanged if we substitute

pn+1 - _Pn_+_qn fOl' Pn: and qn+‘l = W/P—nq—n fOI' qn,

for n==1, 2, 3...,. The significance of this remark lics in the fact that
the sequences [p,] and [g,] tend to a common limit « as 7 becomes in-
finite, so that

ﬂ

4ad n M
8 U(P —4alf v ek m M
® v(®) Vo2 2 Cost p + a?sin?y a2 o
To demonstrate the stated convergence, we observe first that p,
lies midway between p, and ¢;, and sccondly that g, lies between ¢,
and $,, for

__Vpl 1, and p,~*q,,~(”- 4

Thus g, lies in the interval (g, p,), whose length is half that of (g;, #,),
(Pr-- 90
2

2in) _ e —bat o

ml!

andso 0 < p,—¢q, <

-. As the same inequalities hold when the
indices 1 and 2 are replaced by # and # 4 1, we conclude that

q

0< pn+1 i < El_ ~_!'

The sequences [¢,] and [p,] are always increasing and always decreasing,
respectively. The first is bounded above by p, and the second is bounded
below by ¢,. Hence they converge. The last inequality shows that their
limits coincide. This limit « is called the arithmetico-geometric mean of
the two positive quantities ¢,, ;. We have supposed ¢; and p, unequal.
1f they arc equal, P, is at the center of the wire, and the potential at
that point is 1—:{

To determine the potential at P, then, we first determine the ex-
treme values p and ¢ of ». We then determine the numbers p; and ¢,
by the equations p, 4 ¢, = 24, gl = %’

1
— 2P =291
h=ptey D755
We then determine the arithmetico-geometric mean of p, and ¢, to a
suitable degree of accuracy, and this gives us the potential at Py toa
corresponding degree of accuracy, by (8). Then (7) gives the potential
at P.
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Thus the problem is solved. The potential of a homogeneous circular
wire will be found in another way in Chapter X, § 3.

Exercises.

1. Interpret the process of substituting means, as the reduction of the poten-
tial of the wire to that of a wire of the same mass and smaller radius, at a point
relatively nearer the center, yielding in the limit, the potential at the center of a.
wire of radius o.

2. The last inequality given shows that the scquences of means converge at
least as rapidly as a geometric sequence with common ratio . Show, in fact,
that the convergence 1s considerably more rapid by deriving the equation

Prsr — Iy = 2 - ’

and noticing that g'—'- is approaching 1.
n
3. Calculate the potential of a circular wire of unit radius and unit mass,
at a point 2 units from the center in the plane of the wire. Answer, 0°5366.
4. From the equation (6), show that

o 2
(P =‘—:[K(h), =1 %E

where p 1s the greatest, and ¢ the least, distance of P from the wire, and where
K(k) 1s the complete elliptic mntegral of the tirst kind with modulus k. Check
in this way, by means of tables, the result of Excrcise 3. Show also that the
potential becomes mfinite as P approaches a point of the wire.

5. Two Dimensional Prdblems; The Logarithmic Potential.

A problem involving the position of a point in space may be regarded
as two dimensional whenever it may be made to depend on two real
coordinates. Two cases of this sort have been mentioned in § 2, page 55.
However, it is usual, in speaking of potential theory in two dimensions
to understand the theory of potentials of fields of force which depend
on only two of the carlesian codrdinates of a point, and in which the
directions of the field are always parallel to the plane of the correspond-
ing codrdinate axes. Then if these coérdinates are taken as x and y,
the components of the force will be independent of z, Z will be 0, and the
whole field is characterized by the field in the (%, 9)-plane.

The simplest distribution which produces such a field is the infinite
straight wire, of constant density. We have seen (p.10, Exercise 5) that
the attraction of such a wire is perpendicular to it, and that its magnitude

in attraction units is —2;)1, where 7 is the distance of the attracted unit par-

ticle from the wire. Confining ourselves to a normal plane, we may think

1 See B. O. PEIRCE, A short Table of Integrals, Boston, 1929, p. 66 and 121.
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of the point where the wire cuts the plane as the scat of a new sort of
particle, of mass equal to that of two units of length of the wire, and
attracting according to the law of the inverse first power of the distance.
The potential of such a particle we have seen (p. 56, Exercisc 3) to be

24log (—:—) The constant, which may always be added to the potential,

was here determined so that the potential vanishes at a unit distance from
the particle. Continuous distributions of matter, attracting in accordance
with this law of the inverse first power, are at once interpretable as
distributions of matter attracting according to Newton’s law on infinite
cylinders, or throughout the volumes bounded by infinite cylinders,
the densities being the same at all points of the generators of the cylin-
ders, or of lines parallel to them.

The potentials of such distributions, if their total mass! docs not
vanish, will become infinite as the attracted particle recedes infinitely
far. This deprives us of the possibility of making the convention that
the potential shall vanish at infinity. The customary procedure is to
allow the zero of the potential to be defined in the case of a particle, by
making it at a unit distance from the particle, and in continuous distri-
butions, by integrating the potential of a unit particle, thus fixed, multi-
plied by the density, over the curve or area occupied by matter. In other
words, the potential is defined by the integrals

©) U=[iloglds, U= [[ologlds,
C A

for distributions on curves and over areas, respectively. To distinguish
these potentials, regarded as duc to plane material curves, or plane
laminas, whose elements attract according to the law of the inverse first
power, from the potentials of curves and laminas whose elements
attract according to Newton'’s law, it is customary to call them logarith-
mic potentials. We shall also speak of logarithmic particles, when the law
of attraction is that of the inverse first power.

Exercises.

1. Wrnte the components of the force at P(x, ¥) due to a logarithmic particle

of mass m at Q(&,7). Show that they are the derivatives of the potential in the
corresponding directions.

2. Find the equations of the lines of force due to a logarithmic particle of mass
m, at Q; (—a, 0) and one of mass m, at Q, (2, 0). Answer, m; &, -+ my¥#, = const.,
where #; =X X, P and #,=<XQ, P. Plot these lines, and also the equipoten-
tial lines for m, = my, and for my = — m,. Show that in the first case the lines
of force are equilateral hyperbolas through Q, and Q, and in the second case,

1 The total mass means the integral of the density of the distribution in the
plane, on a curve, or over an area, or, what is the same thing, the mass of the dis-
tribution on the surface or within a cylindrical surface, between two planes, perpen-
dicular to their generators, and two units apart.
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circles. The cquipotentials are Cassinian ovals in the first case. What are they
in the second?

3. Dctermine the rate of expansion, or the total divergence, for a region of the
plane, 1n a plane velocity field. Interpret the result in terms of a field in three
dimensions whose directions are always parallel to a fixed plane and whose com-
ponents are mdependent of the distance from this plane.

4. State the divergence theorem for plane fields, and deduce it from equation
(9) of Chapter 11, (page 39).

5 By means of the divergence theorem for the plane, find two expressions
for the area bounded by a plane curve, in terms of integrals around the curve.

6. Show that the fields of force due to logarithmic distributions are solenoidal
at points distinct from those occupied by the distribution.

7. Determine the flux of force through a closed curve enclosing a logarithmic
particle, and write the form which Gauss’ theorem (p. 43) takes. Consider the
possibility of deriving Gauss’ theorem 1n the plane from Gauss’ thcorem in space.

8. Find the logarithmic potential of a straight homogeneous line segment.
Answer,

(va - ¥y ¥
3 3y )
where (0, ;) and (0, y,) are the end-points of the segment, and d; and d, arc the
distances of P (#,0) from them.

Show that the mmproper integral for the potential at a point of the segment
15 convergent, and that the potential 1s continous throughout the plane. Show
that its normal derivative drops by 2s4 as P passes through the segment in the
direction of differentiation. Does this result harmonize with that of Exercise 4,
(p. 12), when the densities of the four rectangles there considered are the same?

9 I'ind the logarithmic potential of a homogeneous circumference, at interior
and exterior points. Note the formula of integration

1 1
U= A[yz log i Y1 log—a: + y3 — y, — ¥ tan™!

2 1_72
flog (1= ccos@)dd = 2nlog—1 +—’_)l =, 0 <e-<1l, (Chap.XII,§5).
5 2
The desired potential 1s

U == Mlog <-] ), a2 7 a2,

a
1
= M log <_'_1,. | ) , 42 >> a2,

10. Define the components of force due to logarithmic distributions on curves
and over arcas, as integrals. Find in this way the force due to the circumference
in the above exercise. From the force, dctermine the potential to within an additive
constant, on the assumption that the potential is everywhere continuous. The
above formula of integration may be evaluated in this way, the additive constant
in the potential being determined by its value at the center, for which point the
integral for the potential can ecasily be evaluated.

11. Find the logarithmic potential of a homogeneous circular lamina at interior
and exterior points. Show that this potential and its derivatives of the first order

are everywhere continuous, but that .
02U 0*U
) Ja? Jy?

is 0 at exterior points, and — 270 at interior points.
12. Generalize the results of the above problem to the case in which the density
is a continuous function of the distance from the center.
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6. Magnetic Particles.

We are familiar with the attractions and repulsions which the poles
of magnets exert on each other. The ordinary compass is a magnet, one
pole, the positive, or north-seeking, being attracted toward the north
magnetic pole of the earth, and the negative, or south-seeking pole being
attracted toward the south magnetic pole of the earth. COULOUMB esta-
blished the fact that two unlike poles attract, and two like poles repel,
according to Newton’s law for particles, the masses of the particles being
replaced by the strengths of the poles. The sense of the forces must be
reversed, in the statement of this law, if, as is customary, the strengths
of positive poles are regarded as positive quantities, and the strengths
of negative poles as negative quantities.

It is found that the strengths of the poles of a single magnet are
equal and opposite. If a long thin magnet is broken at any point, it is
found that the two pieces are magnets, cach with positive and negative
poles, of strengths sensibly equal to the strengths of the original magnet.
It is therefore natural to think of a magnet as made up of minute parts,
themselves magnets, arranged so that their axes, or lines from negative
to positive poles, are all approximately in the same direction. Then, at
moderate distances from thec magnet, the effects of the positive and
negative poles in the interior of the magnet will very nearly counter-
balance eachother. But at the ends, there will be unbalanced poles, and
these will give to the magnet as a whole its ability to attract and repel.
This view is further strengthened by a consideration of the process of
magnetizing a piece of iron. Before magnetization, the particles may be
thought of as having random orientations, and therefore no appreciable
effect. Magnetization consists in giving them an orderly orientation.

The question which now confronts us, is to find a simple analytical
equivalent for the field of this magnetic particle. Just as we idealize the
clement of mass in the notion of particle, we shall try to formulate a
corresponding idealization of the minute magnet, or magnetic particle,
as we shall call it. Actual magnets can then be built up of these magnetic
particles by the process of integration. The natural thing to do is, per-
haps, to take the field of two particles of equal and opposite mass, and
interpret this as the field of a magnetic particle. But here, the distance
between the particles seems to be an extraneous element. If we allow
the distance to approach 0, the field approaches zero. We can, however,
prevent this if at the same time we allow the masses to become infinite,
in such a way that the product of mass by distance, or moment, ap-
proaches a limit, or more simply, remains constant. Let us try this. We
are to have a mass—m at Q, and a mass m at Q' on a ray from Q with a
given direction . The potential at P of the pair of masses is

U = m m

7 r
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or, in terms of the moment g = mQQ’,

But the limit of this, as Q" approaches Q is nothing other than the direc-
tional derivative of the function —':‘— of &,#, in the direction «. Hence
we find for the potential of the magnetic particle
Jd 1 a1 J 1 01
Uspggy=nllgey +mary+r5ey],

!, m, n being the direction cosines of the direction «. The direction is
called the axis of the magnetic particle, and p is called its moment.
The components of the field of the magnetic particle are obtained at
once by forming the derivatives of the potential with respect to %, y
and z.

The field of a magnetic particle also plays a role when interpreted
as a flow field in hydrodynamics or in the conduction of heat. It is then
referred to as the field of a doublet.

Exercises.

1. Write the components of the force due to a magnetic molecule of moment 1
situated at the origin and having as axis the direction of the x-axis. Find the lines
of force. Show that they consist of plane sets of similar and similarly placed curves,
those in the (#, y)-plane having the equation # = ¢sin? ¢. Compare these lines
of force at a considerable distance from the origin with those due to two particles
of equal and opposite mass, drawn 1n connection with Exercise 5 (p. 31).

2. On a straight line segment of length a is a continuous distribution of magnetic
particles of constant moment density u per umit of length, and with axes along
the line segment, all in the same sense. Show that the distribution has the same
field as a single magnet, with poles at the ends of the segment, of strength —u
and u.

3. Find the potential of a quadruplet, formed by placing poles of strength
m at (a, a, 0), —m at (—a, a, 0), m at (—a, —a, 0) and —m at (a, —a, 0), and
taking the lim1t of their combined potential as a approaches 0, while their strengths
mcrease in such a way that u =4ma? remains constant. Indicate an interpre-

. 1
tation of any partial derivative of 7 with respect to the codrdinates &, 5, {.

4. Dcfine a logarithmic doublet in the potential theory of two dimensions,
and determine its equipotentials and lines of flow, supplying a figure.

7. Magnetic Shells, or Double Distributions.

By means of magnetic particles or doublets, we may build up magnets
or distributions of doublets of quite varied character. We confine
ou:¥elves here to one of particular usefulness. It may be regarded as the
limiting form of a set magnetic particles distributed over a surface, with
their axes always normal to the surface and pointing to one and the
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same? side, as the particles become more and more densely distributed
and their moments decrcase. We proceed as follows. Let a surface S be
given, with a continuously turning tangent plane, and a continuous
function u of the position on the surface of a variable point Q. Let S
be divided into elements A4 S. At some point of each such element, let
a magnetic particle be placed, whose moment is the product of the
value of the function g at that point by the arca of the clement 4.S and
whose axis has the direction of the positive normal ». Let the potential
of the field of these particles be denoted by U’:

’ Jd 1 -
U=2r 5345
The limit of such a distribution, as the maximum chord of the clements
A S approaches 0, is a magnetic shell or double distribution. Its potential is

J 1
(10) U=ffy—(;77d5.
S

Here p is called the density of magnetization of the magnetic shell, or the
moment of the double distribution.

The potential can be given
another form in the case of simple
surfaces, which better reveals some
of its properties. We shall think of
P as fixed, for the moment, and
suppose that in addition to having
a continuously turning tangent
plane, the surface S is cut by no
ray from P more than once, and is tangent to no such ray (fig. 10). Let

1 The reader is doubtless aware that there exist surfaces for which it is not
possible to speak of two distinct sides. One such is the Mobius strip. If a long,
narrow rectangle of paper with corners 4, B, C, D, in order, have its ends pasted
together, so that B coincides with C and 4 with D, we have, approximately, a
cylindrical surface, which 1s two sided. But if the ends arc joined after turning
one end through 180° in a plane roughly perpendicular to the initial plane of the
paper, so that B falls on D and A on C, we have the Mobius strip, which 1s one sided.
If we fix on a positive sense for the normal at some point P of the paper, and if
we then pass once around the strip, keeping the sense of the normal so that its direc-
tion changes continuously, when we arrive at P again, we find the positive sense
of the normal reversed. Any convention as to a positive side of the strip is thus
impossible — at least as long as such circuits are allowed.

It is of interest to notice that the strip also has but one edge. It is also amusing
to ask someone unacquainted with the situation to predict what will happen if
the strip is cut along the line which in the original rectangle lay half way betwcen
the long sides until the cut closes. And similarly, if the cut be along a line which
in the rectangle was one third the way from one long side to the other.

‘We shall understand, throughout, that one-sided surfaces are excluded, unless
the contrary 1s distinctly stated.

b*
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A S be an element of S. We apply the divergence theorem to the region
T bounded by 4 S, the conical surface joining the boundary of 4 S to P,
and a small sphere o about P to which S is exterior. We take

9 1 9 1 a1

X=Tg7 Y=uv 4=

the variables being &, 0, {, and %, v, z being held constant. We have,

then
92 1 a2 1 92 1
W Ga+ i+ i) av= ﬂ s,
T

S’ being the boundary of T'. As 7 does not vanish in T, the integrand
in the volume integral vanishes, as may be seen by carrying out the
differentiations. Moreover, the surface integral vanishes on the conical

portion of the boundary because 'l is constant in the direction of
differentiation. Hence

W[itas+ [[ 5 tas=o.

a8 do

A ¢ being the projection of 4S on the sphere g. The sense of the normal
is outward from T'. On the sphere,

Wisizas =[5~ -aa,

where 4 Q is the solid angle subtended at P by 45, to be regarded as
positive when the positive normals to S make acute angles with the
rays from P, and negative when these angles arc obtuse.

We thus have a geometric interpretation of the double distribution
in the case of a unit moment, namely the solid angle subtended at P by
the surface on which the distribution is placed. To generalize the result,
we apply the law of the mean to the above integral, and find

[557],45 =— 49,

so that

where Q’ lies on 4 S. If now we multiply the two sides of this equation
by the value of the moment u at Q’, sum over S, and pass to the limit
as the maximum chord of the elements 4 S approaches 0, we obtain

U= [fudtas——[fuao,

where £ is the solid angle subtended at P by S.

1
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This equation holds even if the rays from P are tangent to S at points
of the curve bounding S, provided they are not tangent at interior points,
as may be seen by applying it to an interior portion of S and allowing
this portion to expand to the whole of S. Then by addition of portions,
it can be extended to the case where P has any position off the surface
S, provided there is a limit to the number of times any straight line
cuts S. For such surfaces, then, U may be written

1) U=—£f;¢d!2.

Exercises.

1. Find the potential at interior and exterior points of a closed magnetic
shell of constant moment density for which the representation (11) is valid. Show
that this potential has a sudden increasc of 47t u as P moves out through the sur-
face.

2. Show that the representation 1s valid for cllipsoids, right circular cones
and cylinders, and polyhedra.

3. Compare the potential of a homogencous double distribution on a plane
area with the component, normal to the plane, of the force due to a homogeneous
plane lamina occupying the same area (see Exercise 2, page 12).

4. Show that the potential of a double distribution of constant moment on an
open surface may be regarded as everywhere continous, except on the edges of the
surface, provided we admit multiply valued potentials, and that, in this case,
the surface may be replaced, without changing the potential, by any other surface
with the same boundary, into which it can be continuously warped. It is under-
stood that we are restricting ourselves to surfaces for which the representation (11)
1s valid.

5. Define double distributions in the theory of logarithmic potentials, and de-
velop their properties analogous to thosc of the double distributions considered
m the text and exercises of this section.

6. Show that the double distribution may be interpreted in the following
way. We draw the normals to the continuously curved surface S. On the nor-
mals we measure off the same distance a, to the same side of S, and call the locus
of the points so constructed, S’. On S’ we construct a simple distribution of den-
sity 0. On S we construct a simple distribution whose density at any point is the
negative —o of the density of the distribution on S’ at the point on the same
normal. Let U’ be the combined potential of these two spreads. Forming the
function u == ao, we now allow a to approach 0, ¢ increasing in such a way that
4 keeps its value at each point. The Iimit U of U’ is the potential of the double
distribution on S of moment p. This interpretation indicates the significance
of the name double distribution.

8. Irrotational Flow.

We have considered the fields of flow which correspond to solenoidal
fields of force. What are the characteristics of flows corresponding to
conservative, or lamellar ficlds of force ? The line integral f (Xdx + Ydy
+ Zdz) whose vanishing when taken over all closed paths defines a
lamellar field, and which in a ficld of force means work, does not, in
a field of flow, correspond to any concept familiar in elementary mechan-
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ics. It does, however, indicate the degree to which the general motion
of the fluid is along the curve, and if its value when the curve is closed
is different from 0, it indicates that there is a rotatory element in the
motion, or a character of vortex motion. In a field of flow, the integral
is called the circulation along the curve. If the integral vanishes when
extended to all closed curves in a region, which can be shrunk to a point
without leaving that region, the motion is said to be irrotational, or free
from vortices, in the region.

Irrotational flows are characterized by the fact that they have a
potential, that is, that the components of the velocity are the correspond-
ing derivatives of one and the same function, called the velocity poten-
tial.

We have seen that a necessary condition for the existence of a
potential is that

oz oY oxX oz oY 70,4
Jy T 9z’ Tz dx’  dx  dy’

but is has not yet appeared that this condition is sufficient. It was the
divergence thecorem which showed us that the vanishing of the diver-
gence of a ficld was necessary and sufficient that it be solenoidal. There is
a corresponding integral identity which will answer in a similar way the
question which now confronts us. The divergence thecorem may be
thought of as stating that the total divergence for a region is equal to
the integral of the divergence at a point, over the region. Can we, in
order to follow the analogy, define such a thing as the circulation at
a point ?

Let us consider first the case of a very simple flow, namely one in
which the velocities are those of a rigid body rotating with unit angular
velocity about the z-axis. The circulation around a circle about the
origin in the (x, y)-plane, of radius «, is readily found to be 2742, Na-
turally, as a approaches 0, the circulation approaches 0, as it would in
any continuous field. But if we first divide by the area of the circle, the
limit is 2, and we should find this same limit if we followed the same
process with any simple closed curve surrounding the origin in the
(%, y)-planc. Suppose, however, that we take a closed curve in a vertical
plane. The velocity is everywhere perpendicular to such a curve, and
the circulation is 0. Thus we should get different values for the circu-
lation at O according to the orientation of the plane in which the curves
were drawn. Now when a concept scems to be bound up with a direction,
it is natural to ask whether it has not the character of a vector. It turns
oyt that this is the key to the present situation. The circulation at the
origin in our case is a vector, whose component perpendicular to the
(%, ¥)-plane is 2, and whose component in any direction in this plane is
0—it is the vector (0, 0, 2).
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We now formulate the definition of the circulation at a point, or as
it is called, the curl of a field at a point. Let P denote a point, and #
a direction (fig. 11). Through P we take a smooth surface S, whose
normal at P has the direction #. On S we draw a simple closed curve C
enclosing P, and compute the circulation around C, the sense of inte-
gration being counter-clockwisel as seen from the side of S toward
which # points. We divide the value of the circulation by the area of the
portion of S bounded by C, and allow the maxi-

mum chord of C to approach 0. The limit defines K S

the component of the curl in the divection n: ED"'
J(Xdx4-Ydy 4-2d2)

(12) curl, (X,¥,2) =lim® — - — — — —, Fig. 11.

This definition contains a double proviso. The limit of the ratio of
circulation to area must exist—and it is understood that it shall be
independent of the particular form of S and of C—and the components
defined by the limits for various directions of # must actually be the
components of a single vector (see the exercise, below). If these con-
ditions are not fulfilled, the curl simply does not exist at P. But we shall
sec that they are fulfilled whenever the components of the field have con-
tinuous derivatives.

Let us now find an expression for the curl, on f)’ (04, a)
the hypothesis that it cxists. This means, among 2
other things, that we may specialize the curves C so 2502 206,0,2)

that they have any convenient shape. We take the y
point P as origin of codrdinates, and compute the |,
x-component of, the curl. We find first the circu-
lation around the square in the (y, z)-plane which is Y(0,y-a)
bounded by the lines y =+4-a, z=-4-a (fig.12). Ttis

Fig. 12.

[20,a,2dz+ }Y(O,y, a)dy+]2(o, —a,z)dz

+[Y0©,v, —a)dy.

We assemble the two integrals with respect to z and the two with
respect to v, and apply the law of the mecan:

J1z0,a,2)—20, —a, 2)]dz ~_f [Y©O,y,a) —Y(0,y, —a)]dy
=[Z(0,a,2)—Z(0, —a,?)]2a —[Y(0,9,a) —Y(0,y, —a)]2a.

! This convention is the one adopted when the system of coérdinate axes is a
right-hand system, 4. e. such that a counter-clockwise rotation about the z-axis,
as seen from the side of positive 2z, through an angle 90° carries the positive x-axis
into the positive y-axis. For a left-hand system of axes, the convention as to the
sense of integration around C is usually the opposite of that given above.
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Applying the law of the mean for differences, we find for the circula-
tion around the square C
oz| _ 9y 2
[737 lp 0z ;P"]‘M ’
where P’ and P’ are points of the surface of the square. If we divide
by the arca 4a? of the square, and pass to the limit as @ approaches 0,

we find ;
curl, (X, Y,Z) = jj .

By cyclic interchanges we find the two other components. The result is
that if the components of the field have continvous derivatives, and if the
curl exists, it must be given correctly by
(4 Y 0X dZ JY 0xX

18)  curl(X, Y, 2)= (3, — i 57— 95 ui ~ 9y)-

In the case of an irrotational field, the curl of course exists, and
vanishes. We thus find again the necessary condition for an irrota-
tional field given at the beginning of the scction.

Exercise.

Show that a necessary and sufficient condition that a set of vectors, finite or
infinite 1n number, drawn from a point O, shall be the components of one and the
same vc% that they shall all be chords of the same sphere.

9., Stokes’ Theorem.

We next ask, whether, knowing the curl at every point, we can re-
construct the circulation around a smooth curve C. We suppose C such
that it can be spanned by a smooth simple surface S. Let a positive sense
for the normals to S be decided upon, and let S be divided into clements
by a net-work of simple curves. Then if the boundary of each element
A S, be given a sense, such that it is counter-clockwise when seen from
the side of the positive normal to S, the sum of the circulations around
the boundaries of the elements will be the circulation around C. For the
parts of this sum that correspond to the common boundary to two ad-
jacent elements will destroy each other, because this common boundary is
described twice in opposite senses, and what remains after these common
boundaries have been accounted for, is simply the curve C, described in
a counter-clockwise sense as seen from the positive side of S. But, if
the curl exists, the circulation around the boundary of an element
A S, is approximately equal to the normal component of the curl at one
of the points of the element, multiplied by tha area of the exement /For
the equation (12) may be written

cf(de+Ydy—|—Zdz) \
curl, (X,Y,2) == 7S + &
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C;, being the boundary of 4 S, and {; a quantity which approaches 0
with the maximum chord of 4S;. If this equation be multiplied by
A S,, and the result summed over the whole of S, we have

J(de +Ydy+Zdz) = Scurl, (X,Y,2) A4S, — 3¢, 4S,.

This gives, in the limit, as the maximum chord of the elements ap-
proaches 0, the equation

[(de+Ydy+Zdz ffcurl (X,Y,2)ds.

We are thus led, granting any assumptions necessary to justify the
reasoning, to the identity known as Stokes’ theorem?!, which may
be stated in various ways

ffcurl,, VdS:éstds, [

0z m 00X dz JdY 9X ',
1 [5G+ (G = S+ (5 ) nlas
—éf(‘x dx +Ydy +2dz),

or, in words, the circulation around a simple closed curve is equal to the
wntegral over any simple surface spanning the curve, of the normal com-
ponent of the curl, the positive sense on the curve being the counter-clock-
wise sense as seen from the side of the surface toward which the positive
normal poimts. This is on the assumption that X, Y, Z are the com-
ponents of the field referred to a right-hand set of axes. If a left hand
set of axes is used, the sense of integration around the curve must be
reversed, or else a minus sign introduced on one side of the equation.

A rigorous establishment of Stokes’ theorem will be given in the
next chapter. Assuming that it has been established, let us make some
applications. First, as to the existence of the curl. Taking the defini-
tion (12), we express the curvelinear integral as a surface integral over
the portion of S within C, by means of Stokes’ theorem. We then apply
the law of the mean to the surface integral, divide by the area of the
portion of S within C, and pass to the limit as the maximum chord of C
approaches 0. Because of the continuity of the derivatives of the com-
ponents of the field, and of the direction cosines Z, m, » of the normal,
this limit exists, and is the value of

(4 Y 0X 9z /Y 90X
(oy =) + (= 5a)m+ (G = 55)7
at P. That is, the component of the curl in any direction is the com-
ponent in that same direction of the vector given by the right hand

1 Stokes, G., 4 Smuth’s Prize Paper. Cambridge University Calendar, 1854.
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member of (13). Thus the components of the curl as given by (12) do
exist, they are the components in various directions of one and the
same vector, and the equation (13) is valid.

Secondly, we may show that the vanishing of the curl at every point
of a region is a sufficient condition—as we have seen it to be a necessary
condition—that the field be irrotational, at least on the hypothesis of a
field with continuously differentiable components. For if C is any
smooth curve that can be continuously shrunk to a point without leav-
ing the region, it can be spanned by a simple smooth surface S, and
applying Stokes’ theorem we see that the vanishing of the curl at every
point has as consequence the vanishing of the circulation around C.

Multiply connected regions. Both in the present section, and in § 1,
we have mentioned curves which can be shrunk to a point without leav-
ing a given region. A region such that any simple closed curve in it can
be shrunk to a point without leaving the region is called simply connect-
ed. Such, for example, are the regions bounded by a sphere, a cube, a
right circular cylinder, and the region between two concentric spheres.
On the other hand, a torus, or anchor ring, is not simply connected. For
the circle C, which is the locus of the midpoints of the meridian sections
of the torus cannot be continuously shrunk to a point without leaving
the region. What peculiarities are presented by conservative, or irrota-
tional fields in such multiply connected regions? Let us take the region
T, occupied by a torus, as an example. Suppose we cut it, from the axis
outward, by a meridian curve, and regard the portion of this plane
within the torus as a barrier, or diaphragm, and denote the new region
with this diaphragm as part of its boundary, which must not be crossed,
by T”. In 17, the circulation around any closed curve is 0, for the field
is irrotational, and any closed curve in 77 may be continuously shrunk
to a point without leaving 7. We shall later
see in exercises that the circulation in T around
the circle C need not vanish. What we can say,
.however, is that the circulation in 7 around
all curves which can be continuously warped
into C without leaving T, is thc same, it
being understood, of course, that the senses
on these curves go over continuously into
the sense on C. We may see this as follows.
Let the point where C cuts the diaphragm
have two designations, 4, regarded as the
point where C leaves the diaphragm, and A’, the point where it arrives
at the diaphragm (fig. 13). Let C’ be a curve which can be continuously
deformed into C, and let B and B’ be notations for the point at which
it leaves and arrives at the diaphragm. Consider the following circuit:
the curve C from 4 to A’ in the positive sense, the straight line segment

Fig. 18.
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in the diaphragm from A’ to B’, the curve C’ in the negative sense from
B’ to B, the straight line segment from B to 4. The circulation around
this circuit vanishes. For, although it is true that it does not lie in T7,
the slightest separation of the segment A’ B” == 4 B into two segments,
one on either side of the diaphragm, will reduce the circuit to one in 77,
and since the circulation around such circuits vanishes, it vanishes also
in the limiting case of the circuit A4’ B’ BA. But since the circulations
along 4’ B’ and A B destroy each other, it follows that the circulation
around C and that around C’ in the negative scnse have the sum 0, that
is, that the circulations around the two curves in the same sensc are
equal. This is what we wished to prove.

In T7, the ficld has a potential U. It is determined save for an addi-
tive constant, as the work over any path in 7" connecting P, with P.
‘What we have just seen amounts to this, that in the case of ficlds
with vanishing curl, the differences of the values which the potential
approaches, as P approaches a point on the diaphragm from opposite
sides, isone and the same constant %, over the whole diaphragm, namely,
the circulation around C. But the diaphragm is after all an artificial thing,
and might have had other shapes and positions. So the potential U may
be continued across it in either direction. Only, the function so deter-
mined is not uniquely determined at ecach point, but its values will
differ by %, the value of the circulation around C. If the potential be
continued along a circuit cutting the diaphragm a number of times,
always in the same sense, its values will increase by an integral multiple
of k. It is thus infinitely many valued, its branches at any point differing
by integral multiples of 2. This number & is called the modulus of the
diaphragm (or of any equivalent diaphragm). Of course 2 may be 0 for
the given field, in which case the potential is one-valued.

The torus is typical of regions which can be rendered simply connect-
ed by the introduction of a single diaphragm. Such regions are called
doubly connected. If a bar runs across the hole in the ring, so as to form
a sort of link like those used in some heavy anchor chains, two diaphragms
will be necessary in order to reduce the region to a simply connected
one. An irrotational field in such a region will have a potential which,
in general, is multiple value with two moduli. It is clear how the situation
is generalized to regions of higher connectivity. In a multiply connected
region, fields whose potentials have moduli different from 0 are called
cyclic, whereas those whose moduli all vanish are called acyclic.

Exercises.

1. Show, by means of (13), that for a velocity ficld given by the velocities
of the points of a rigid body, rotating with constant angular velocity about a
fixed axis, the curl 1s twice the vector angular velocity.

2. The curl can be different from O in a field of constant direction, and can
vanish in a field in which the particles all move in the same sense along circles



76 The Potential.

with a common axis. Show that these situations occur in the fields a) (y, 0, 0)
and b) <—é~:{. —;L,-, 0), respectively.

3. The field (b) of Exercise 2 is not everywhere continuous. If the discon-
tinuitics are excluded by an appropriate enveloping surface, show that the rest
of space 1s not a simply connected region. Introduce a diaphragm to produce a
simply connccted region, and find the corresponding modulus and the potential.

4. Show that in two dimensions, the divergence theorem and Stokes’ theorem
are identical in content, 2. e. that they differ only in notation.

5. Show that in a field whose components have continuous partial derivatives of
the first order, the integral of the normal component of the curl over a closed region
vamshes. Again, assuming sufficient differentiability, show that div curl V = 0
and curl grad U = 0.

6. Granting always sufficient differentiability, show that any solenoidal ficld
1s the curl of some field. Suggestion. Iet (F, G, H) denote the given solenoidal
field. The desired end will be attained if we can find a field (X, Y, Z) whose curl
is (F, G, H). Wrte down the differential equations for X, Y and Z, and attempt
to integrate them on the hypothesis Z == 0. It will be found to be possible. What
15 the most general solution?

7. Show that any ficld, sufficiently differentiable, is the sum of a gradient
and a curl.

8 Show that an open magnetic shell, of constant moment-density, not 0,
produces an irrotational cyclic field, and determine the modulus. Construct in
a similiar fashion an rrotational cyclic field with several moduli.

9. In Exercise 6 (p.37), 1t was shown that the divergence of a field with
continuous derivatives was invariant under a rigid motion of the axes. Show in
the same way that grad U and curl V are invariant under a rigid motion of the axes.

10. Discuss the relation of the problem of integrating the differential equation
Xdx+ Ydy + Zdz = 0 to the theory of irrotational fields. In particular, give
the geometric significance of the usual condition for integrability

L [(0Z oY 0X JZ Y 090X
(o= am) v (G- ) 2 (G - 55) =0

11. In footnote 2, page 40, the question was raised as to when a field ad-
mitted surfaces orthogonal to i1t. Show that any Newtonian ficld does, and find
a condition that is at once necessary and sufficient.

10. Flow of Heat.

Suppose we have a solid all of whose points are not at the same tem-
perature. The cooler parts become warmer, and the warmer parts be-
come cooler, and it is possible to picture what goes on as a flow of heat
from the warmer to the cooler parts. The rate of flow may be represent-
ed as a vector (1, v, w), whose direction at any point is that in which
heat is flowing, and whose magnitude is obtained by taking an element
A4S of the plane through the point P in question, normal to the direction
f flow, determining the number of calories per second flowing through
this element, dividing this number by the area of 4S5, and taking the
limit of this quotient as the maximum chord of 4S approaches 0. It
is natural to assume that the velocity of flow is proportional to the rate
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of fall of temperature, U, at P. The constant of proportionality would
depend on the character of the material of the solid, and would measure
its conductivity. In certain bodies, like crystals, the conductivity may
differ in different directions at one and the same point. We shall avoid
such materials, and confine ourselves to bodies that are thermally iso-
tropic. Then we should expect the flow vector to have the same direction
as the gradient of the temperature, and, of course, the opposite sense:

(15) u=—k%’§, v=—k%(y£, w=—k%€.
These equations constitute our first physical assumption, for which
there is ample experimental justification. Though % may vary from
point to point, and even vary with the temperature, it is determinate at
any point when the temperature is known, and may usually be regarded
as constant for homogencous bodies and moderate ranges of tempera-
ture. The flow field is obviously always normal to the isothermal sur-
faces U = const. and, if % is constant, lamellar.

We are led to a second physical assumption by considering a region
T in the body, and balancing the rate of flow of heat into it against the
rise in temperature. The rate of flow into T in calories per second, is
the negative of the flux of the field (%, v, w) out from the bounding sur-

face, or —[fV,dS=— [f(ul+vm+ wn)dS.
S S

A calorie of heat will raise a unit mass of the body ¢ degrecs, if ¢ is the
specific heat of the material. Thus the nuinber of calories per second re-
ceived per unit of mass is measured by

oU

c m*,

and the number of calories per second received by the whole mass in

T is
fff co %g av.
¥

We now cquate these two expressions for the rate of flow of heat into
T, transforming the first to a volume integral by the divergence theorem;

aU ou v Jw
J;ff[”é"ér o5 Ty T or]dv=0.

Assuming that the integrand is continuous, we conclude by reasoning
now familiar, that the integrand must vanish, since the integral vanishes
for every region T. Hence we have our second physical assumption,
oU 1 (au dv ()w)

7y .

= T eg\ar Ty tar

(16)
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The flow of heat in a body may be stationary, 7. e. such that the
temperature at each point is independent of the time. Such, for instance,
might be the situation in a bar, wrapped with insulating material, one
end of which was kept in boiling water, and the other end in ice-water.
Though heat would be constantly flowing, the temperatures might
not vary sensibly with the time. If the flow is stationary, the equation
(16) shows that it is solenoidal. Thus the fields of stationary flows of
heat in isotropic bodies of constant conductivity have two important
properties of Newtonian fields. We shall see later that these two
properties characterize Newtonian fields, so that the theory of stationary
flows of heat in isotropic bodies of constant conductivity and the theory
of Newtonian fields is identical.

We may eliminate the components of the ficld between the equa-
tions (15) and (16), and obtain the differential equation which the tem-
perature must satisfy:

)uU 1 70 0U Ay J QU
(17) ¥ [ k57 + 5 ]

gt = o lox oyt ok

If %, ¢ and g are constant, this reduces to

au U | 02U | 92U
(18) ot =@ Loxz + 0 Tt :2']’

and if the flow is stationary,

JgzU g2 U J2U
(19) Tox? +- dy? + Jdet T 0.
The situation is similar in the stationary flow of electric current in a
conductor. In such a flow, we have

4= — AgradU,
divéi =0,

where € is the current vector, 4 the electrical conductivity, and U the
potential. In particular, if the conductivity is constant the potential
satisfies Laplace’s equation (19).

Exercises.

1. Show that in a stationary flow of heat in an 1sotropic solid with constant
conductivity, the only distribution of temperatures depending on a single car-
testan coordinate is one 1n which U is a linear function of that coérdinate.

2. If the stationary temperatures in a spherical solid of the same material
depend only on the distance from the center, show that they must be constant.
Determine the possibilities in a hollow sphere for temperatures depending only on
the dis*‘ance from the center.

3. Describe the flow of heat in an isotropic solid of constant conductivity when

. 1
the temperatures are given by U = P Determine the strength of such a source
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of heat in calories per second. Interpret as fields of flow of heat the fields of the
excrcises of § 2 (p. 31).

4. Determine the relation which takes the place of (16) when continuously
distributed sources are present, and find also the corresponding differential equa-
tion for the temperatures.

11. The Energy of Distributions.

If a distribution of matter, of electricity, or of magnetism, is altered,
work will, in general, be done, and there will result a change in the
encrgy of the system. Such changes can readily be computed if we know
the energy of a distribution compared with some standard distribution.
The standard distribution which is most convenient is one of infinite
dispersion of all its elements. The energy change in assembling the dis-
tribution from such a state of infinite distribution is known as the
energy of the distribution. We procced to show how it may be found.

Let us first take the case of # distinct particles. There being no field
of force to start with, no work is done in bringing the first particle, of

mass #, to P,;. There is now a field of force whose potential is ";1 and

this potential is the work done by the field of force in bringing a unit
particle from an infinite distance to P. The work done in bringing a
particle of mass m, to P, will therefore be

my My

712

where 7y, is the distance P, P,. The two particles now produce a field
whose potential is

ml My _ R . B

Ty
and the work done in bringing the third particle of mass #, from infinity
to Pgis mg times the value of this potential at P,. Thus, the total amount
of work done in assembling the three particles is

ity | MMy Matig
712 + 713 + a3

Proceeding in this way, we find for the work done in assembling the #
particles S
= My
W —"}J L£Y]

where the first index runs through all integral values from 1 to # and
the second runs through all greater values to #. It is convenient to remove
the restriction on the indices. If we do so, and let 7 and § run through
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all pairs of different values, we simply count each term twice, and we
have
1

_ 1 yimm
w 1->" L7

where ¢ and § run through all pairs of different integers from 1 to #.

Since the fields are conservative, the work done in changing the con-
figuration of the particles is simply W, — W,, where W; and W, are the
values of the above sum in the first and second positions of the particles.
The cxpression W is called the self-potential of the system of particles.
If the field is interpreted as a gravitational field, so that the particles
attract, the work is done by the field, and is the negative of the potential
energy. If the field is an electrostatic or magnetic field, W is the work
done against the ficld, and is equal to the potential energy. Of course, a
positive factor of proportionality, depending on the units used, may
enter. For instance, in order to express W in foot pounds, we should have
to multiply the above sum, the masses being measured in pounds and the

distances in feet, by »z,i where y is the constant of gravitation (see Exer-

cise 1, page 3), and g the acceleration due to gravity at the earth’s
surface, measured in the foot pound second system.

When it comes to determining the work done in assembling a con-
tinuous distribution, something of the nature of an additional hypothe-
sis is inevitable. For no matter how small the masses of the elements
brought up to their final positions from infinity, they are brought up
as wholes, and the work of assembling each of them is ignored. We do
not even know in advance that this work is a finite quantity, to say
nothing of being able to neglect, as an error which vanishes in the limit,
the sum of all such elements of work. We shall therefore set down as the
hypothesis itself that the work is the cxpression, analogous to that found
for particles,

(20) W= -;»ffllff " Baw.

The test of the hypothesis, like all others of a physical nature, rests on
the consistency of its consequences with measurements. By this test,
the hypothesis is satisfactory.

The integral (20) is improper. Because it is sextuple, the verification
that it converges involves cither a geometric intuition concerning re-
gions of six dimensions, or else dealing with systems of inequalities
which would vex rather than enlighten the reader at this point, unless he
happened to have an interest for this very sort of problem, in which
case'he would be able to supply the reasoning. We therefore ask him
to accept the facts, first that the integral is convergent when the den-
sity is continuous, or bounded, and continuous in a finite number of re-
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gions into which T can be divided; and secondly, that it is equal to the
iterated integral, obtained first by integrating over the region T with
respect to the coérdinates &, %, { of Q, and then over T with respect to
the coérdinates %, ¥, 2z of P. It may then be expressed in the form

21) W= ;ff % UAV,
T

where U is the potential of the distribution.

FExercises.

1. Show that the energy of a charge ¢ in equilibrium (. e. distributed with
jc?

constant density) on a conducting sphere of radius a is - ot

2. Show that the work done by the field in assembling from a state of infinite
} 2

dispersion a homogencous sphere of mass m and radius a is é’a——. Note that this

is also the work done when the sphere contracts from one of infinite radius to one
of radius @, always remaining homogencous.

3. Show that the energy expended in drawing together into a sphere of radius
one foot, of the density of lead, 1ts material, from a very finely divided and diffused
state, is about 0 000177 foot pounds Lead weighs about 710 pounds per cubic
foot.

4. If the sun were homogencous, the shrinkage of its radius by one foot would
release about 7:24 X 103! foot pounds of encrgy. Verify this statement, using the
following data: the radius of the sun is about 432200 muiles, its mean density is
about 14 tunes that of water, one cubic foot of water weighs 624 pounds.

5. The heat annually radiated from the sun has been estimated, on the basis
of the heat received by the earth, as 6 X 103 times the amount which will raise
one pound of water one degrec centigrade!

Show that the sun’s age cannot have exceeded 20000000 years, on the assumption
that it 1s homogeneous. The energy whose equivalent in heat will raise the tem-
perature of a pound of water one degree centigrade 1s at least 1400 foot pounds.
Geological evidence 1s to the effect that the age of the earth is at least 60 times
the above figure for the sun, and for this, among other reasons, the theory which
accounts for the energy radiated by the sun on the basis of its contraction is no
longer regarded as satisfactory?2

6. If two bodies are brought, without change of form, from an infinite distance
apart to a given position, show that the work done, or their mutual potential, 1s
the integral over either body of the product of its density by the potential of the
other. Show that the sclf-potential of the system of the two bodies is the sum of
the self potentials of the bodies separately and their mutual potential.

7. Two straight homogeneous wires of length  and masses m; and m, form two
parallel sides of a rectangle of width »; Show that the work necessary to increase
the width of the rectangle to #, is

P T 3202 xe= 7y
Zomy [_v_ef_+_e L DY +__l_] ,

! X x=x,

1 See TuomsoN and Tarr, Natural Philosophy, Vol.I, Part. II, Appendix E.
More recent estimates somewhat exceed this figure.
2 See EDDINGTON, Stars and Atoms, New Haven, 1927, pp. 96—98.

Kellogg, Potential Theory. 6
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12. Reciprocity; Gauss’ Theorem of the Arithmetic Mean.

The property that two bodies attract each other with equal and
opposite forces is reflected in the potential. The potential is symmetric
in the codrdinates of the two points involved, so that the potential at
Q of a unit particle at P is the same as the potential at P of a unit par-
ticle at Q. From this fact a number of theorems follow, which are of
great usc in the theory and applications of the potential. We shall
now derive two of them, and suggest further consequences in exer-

cises.
1 as
U(P) = a‘méHT
S

The potential
of a homogencous spherical shell of radius a4 and total mass 1, is, as we
have seen, equal at exterior points to the potential of the unit particle

at the center, that is, to s while at interior points it is constant and
equal to % But we see from the formula that this potential can also be

interpreted as the average, or arithmetic mean?, over the surface of the
sphere, of the potential at Q of a unit particle at P. Thus, remembering
the values of U (P) at exterior and interior points, the above equation
has the interpretations

a) the average over the surface of a sphere of the potential of a unit
particle outside the sphere, is equal to the value of that potential at the

center of the spherc (namcly —;—), and

1 The arithmetic mean of a set of numbers is their sum divided by the number

of them, or
me " +ay+ag+ .- 4a,
14+414+1+4..-41

If, instead of a finite set of numbers, we have a function f defined on a surface
(and the process would be the same for other regions of definition), we may divide
the surface into # ecqual portions, take a value of the function at some point of each
portion, and form the arithmetic mean of these values, which we may write

o= AS+1HAS LAt £ AS
AS+ ASH+ AS 4 ... +45  °

‘We may climinate the arbitrariness in the choice of the points in the regions at
which the values of f are taken, by passing to the limit as the maximum chord of
the elements AS approaches 0:

JStas

S -- .

) o= e

S

This constitutes the usual definition of the arithmetic mean of a function f on a
surface S.
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b) the average over the surface of a sphere of the potential of a unit
particle within the sphere, is independent of the position of the particle
within the sphcere, and is equal to the value at any point of the surface

of the potential of the particle when located at the center <name1y —;—) .

Suppose now that we have a number of particles, or even one of the
usual continuous distributions of matter either entirely exterior or
entirely interior to the sphere. We have merely to sum the equations
stated above in words, or in case of continuous distributions, sum and
pass to the limit, in order to have the two following generalizations:

a) Gauss’ theorem of the Arithmetic Mean; the average over the
surface of a sphere of the potential of masses lying entirely outside of the
sphere is equal 1o the value of that potential at the center of the sphere, and

b) A Second Average Value Theorem; the average over the surface
of a sphere of the potential of masses lying entively inside of the sphere
is independent of their distribution within the sphere, and is equal to their
total mass divided by the radius of the spherel.

The second theorem gives a means of determining the total mass
of a bounded distribution when its potential is known. It therefore plays
a role similar to that of Gauss’ intcgral (p.43). As a rule, however, it
is less convenient than Gauss’ integral, since the surface of integration
must be a sphere.

FExercises,

1. Show that the value of a Newtonian potential (not a constant) at a point P
of free space 1s strictly intermediate between the extreme values which it has
on the surface of any sphere about P which has no masses within it or on its surface.

2. Show that a Newtonian potential can bave neither maximum or minimum
in free space, and deduce a theorem duc to EARNSHAW with respect to the possi-
bility of points of stable equilibrium in a Newtonian field of force.

3. According to the second average value theorem,

Jfupyas =4dama,
S

where U(P) is the potential of a distribution ot total mass m within the sphere
S of radius @. Write a similar equation for the concentric sphere of radius a + Ada,
and from the two deduce Gauss’ integral (p. 43) for spheres.

4. Charges in equilibrium on conductors are always so distributed that the poten-
tial throughout each conductor is a constant (p.176). Suppose that we have a
set of conductors, By, By, ... B,, and that charges e, e, . . . ¢, are imparted to
them. Let the potential of these charges when in equilibrium have the values
Vy Va ... V, on the conductors. Show that if a different system of charges,

1 The first of these theorems is given in Gauss’ Aligemeine Lehrsdtze, Collected
Works, Vol. V, p. 222; reprinted in OstwaLDS Klassiker der Exacten Wissenschaften,
No. 2. We shall meet with it again (Chap. VIII, § 6). The second theorem is less
current, although also in Gauss’ work (L. c).

6*



84 The Divergence Theorem.

¢, e, ... ¢, produce a potential with values V], Vi, ... V] on the conduc-

tors, then
’ ’
Zf’th’—‘ jé’; V.
1 1

5. State a thcorem on the average value on a sphere of the potential due to
masses both within and without (but not on) the sphere. Apply 1t to prove thatifa
spherical conductor is brought into the presence of various charges, the value on
its surface of the resulting potential 1s the sum of the potential due to the initial
charge of the conductor, and the value at its center of the potential of the field
into which it was introduced.

6. Assuming the applicability of Gauss’ theorem (p. 43), — as 1s often done
in text books, without justification — derive the following results, already verified
1n certain special cases:

o*U | U | RU

) g T gy Togme T A

where % is the density of the distribution whose potential 1s U,

ou oU
L P Pt

where these derivatives represent the limits of the derivatives of the potential of a
surface distribution with density o, in the direction of the positive normal at Py,
as the pomnt P approaches P, along the normal, from the positive and from the
negative side, respectively.

c) the corresponding results in the theory of logarithmic potentials.

7. Write an exposition of the theory of potentials in one dimension, starting
with the force due to an infinite plane. Derive a standard form for the potential,
consider continuous distributions on a line segment, consider solenoidal and
lamellar ficlds, derive an analogue of Gauss’ integral, consider the analoguc of the
divergence thcorem, and consider mean value theorems.

8 Write an exposition of the theory of potentials in # dimensions, deternuning
the law of force in a way analogous to the method of Exercise 3 (p. 37).

Chapter 1IV.
, .
./ The Divergence Theorem.
1. Purpose of the Chapter.

We have already seen something of the role of the divergence theorem
and of Stokes’ theorem in the study of fields of force and other vector
fields; we shall also find them indispensable tools in later work. Our first
task will be to prove them under rather restrictive assumptions, so that
the proofs will not have their essential features buried in the minutiae
which are unescapable if general results are to be attained.

1’The theorems will thus be established under circumstances making
them available for fairly large classes of problems, although not without
the possibility of difficulty in verifying the fulfillment of the hypotheses.
Both becanse of this situation, and because of the desirability of being
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able to enunciate in simple terms general results based on these theo-
rems, it is important that they be demonstrated under broad conditions
the applicability of which is immediately cvident. The later sections of
this chapter will therefore be concerned with the exact formulation of
certain essential geometric concepts, and then with the desired general
proofs.

In the preceding chapters, we have used certain geometric con-
cepts, like curve and surface, as if they were familiar and sharply de-
fined ideas. But this is not the case, and at times we have had to specify
that they should have certain properties, like continuously turning
tangent lines or planes. This was not done with meticulousness, because
such a procedure would have obscured the main results in view at the
time. The results howcver, subsist. We shall have only to understand
by curve, regular curve, by surface, regular surface, and by region, re-
gular region, as these concepts are defined in the present chapter.

The reader approaching the subject for the first time will do well to
study carefully only the first four sections of the chapter. The rest
should be read rapidly, without attention to details of proof, but with
the object merely of obtaining adequate ideas of the definitions and the
content of the thecorems. When he comes to a realization of the need of
a more critical foundation of the theorems, and hardly before then, the
reader should study the whole chapter for a mastery of its contents.

2. The Divergence Theorem for Normal Regions.

The divergence theorem involves two things, a certain region, or
portion of space, and a vector field, or set of three functions X, Y, Z
of x, y, z, defined in this region.

The rcgions which we shall consider are
those which we shall call normal regions. A
region N is normal if it is a convex polyhedron,
or if it is bounded by a surface S consisting of
a finite number of parts of planes and one
curved surface F, and is such that for some
orientation of the coérdinate axes, the follow-

ing conditions are fulfilled (fig. 14):

a) the projectionI-': of F on the (%, y)-plane
is bounded by a simple closed curve consisting
of a finite number of arcs, each with conti-
nuously turning tangent; the projection of all
the edges of S on the (#, y)-plane divide that plane into a finite
number of regions, each bounded by a simple closed curve;

b) any parallel to the z-axis containing an interior point of N has in
common with N a single segment and no other point, and F is given by

Fig. 14.
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an equation of the form z = f (x, y), where f (x, ) is one-valued and con-
tinuous, together with its partial derivatives of the first order, in F;

c) these same conditions are fulfilled when the %, ¥ and z-axes are
interchanged in any way.

A sphere is not a normal region, because it does not satisfy con-
dition (b). But it is made up of a finite number of normal regions. For the
region bounded by a spherical triangle and the planes through its sides
and the center of the sphere will be normal if the angular measures of
the sides are sufficiently small. The situation is similar for the usual sur-
faces met with, and we shall sce that the divergence theorem is appli-
cable to regions made up of normal pieces.

As to the field (X, Y, Z) we shall assume that its components and
their partial derivatives of the first order are continuous within and on
the boundary of N.

‘1 For a normal region N and a field satisfying the above requirements in
N, the divergence theorem holds:

() fﬂ ) ay = ﬂ X1+ Ym + Zn)dS

Let o denote one of the regions into which the projection of the edges
of S divides the (x, ¥)-plane, and let v denote the portion of N whose pro-
jection is ¢; v will be bounded by a surface o consisting of a vertical
cylindrical surface through the boundary of ¢, and by two surfaces
2=g(x,y)andz = [ (x,9), ¢ (x,y) =f (¥, y), one of them being plane,
and thus both satisfying condition (b). We start by establishing the
divergence theorem for the region v and the field (0, 0, Z):

@) ﬂf%édt/ =ﬂ2ndo.

By the theorem on the equivalence of multiple and iterated integrals?
we have

o ([ er=[[I[s

o a(v,y)

=J;fZ[x,y,/(x,y)]d6——fde[x,y,q:(x,y)]da.

We now change the field of integration in the surface integrals from the
projection o to the surface o bounding v. If A ¢ is an element of the > upper
poltion z = f(x, y) of ¢, and Ag the corresponding portion of o, i. e.

1 See, for instance, OscooDp, Advanced Calculus, p. 90. —CoURANT, Differen-
tial- und Integralvechnung, Bd. 11, pp. 1756—183.
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its projection, we have, by the familiar formula for areas,

Ao = [[secydo =secy’'ds, Ao =cosy'de.
do
¥’ being a mean value of the acute angle between the normal to the sur-
face and the z-axis. The application of the law of the mean is justified
because of the condition (b) on f(x, y). Thus the first integral on the
right of (3) may be written

lim %:Z[xk) Vir | (&, yi)1 4oy = lim%‘Z[xk, V> | (%ks ¥1)]1cos y, Aoy,
= fchosydo,

where ¢’ is the portion of ¢ in the surface 2 = f (x, y). The second inte-
gral on the right in (3) may be transformed in the same way. On ¢”,
cos y is exactly the direction cosine #, since here the outward normal
makes an acute angle with the z-axis. On the portion ¢’ of ¢ in the sur-
face z = ¢ (%, ¥), however, the outward normal makes an obtuse angle
with the z-axis, namely the supplement of ¢, and hence cos y = — n.
We therefore obtain

ﬂf"f AV = fon do -l-fj‘ln do.

The parts of ¢ not comprised in ¢’ and ¢' are vertical cylindrical
walls. On them # = 0, so the last equation is equivalent to (2).

We may now establish the corresponding equation for the region N.
For, if we add equations (2) corresponding to the finite number (by con-
dition (a)) of regions of type v into which N is divided, the sum of the
left hand members is exactly

Jff e

while the surface integrals have as sum the integral over the surface S
of N, the surface integrals over the vertical walls being 0. Thus

fﬂfi—dv —_—ﬂzms.

Now, because of condition (c), we can derive in the same way, the
equations

J]:f ——dV—!ledS, fff———dV_imedS,

and the sum of the last three equations gives the divergence theorem (1)
for N and for the particular orientation of the axes involved in the hypo-
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thesis on N. However, from the first form of the divergence theorem
in equation (9), page 39, we know that both sides are invariant under a
rigid motion of the axes, so that it holds for N with any position of the
axes (see also Exercise 6, page 37).

3. First Extension Principle.

Any region which can be cut into normal regions by a finite number
of plancs, is also one for which the divergence theorem holds, the hypo-
thescs on the field being maintained. For if the equations expressing the
divergence theorem for the parts arc added, the left hand members add
up to the integral, over the whole region, of the divergence. The surface
integrals add up to the integral of the normal component of the field
over the surface of the whole region, plus integrals over surfaces each
of which is part of the boundary of two adjacent partial regions. As the
normal is outward from each, it is in opposite senses on such a surface,
according as the surface is regarded as bounding one or the other of the
partial regions. The surface integrals over such common boundaries
thercfore destroy each other, leaving only the outer surface of the whole
region.

Thus the divergence theorem holds for any regiom which, in this sense,
is the sum of normal regions. The principle of adding regions in this way
we call the first extension principle.

Exercise.

1. Show that a right circular cylinder, an ellipsoid, a torus, a truncated right
circular cone, are all sums of normal regions. Show, on the other hand, that any
portion of a right circular cone containing the vertex is not the sum of normal
regions. .

By mcans of the first extension principle, we may assert the va-
lidity of the divergence theorem for a broad class of regions. It is
easy to show that it holds also for right circular cones. It is the vertex
which causes the difficulty. But the vertex can be cut out by means
of a plane near to it, and normal to the axis, and the divergence
theorem holds for what is left. Then, as the plane is made to ap-
proach the vertex, the divergence theorem for the truncated conc has
as limiting form, the same theorem for the full cone. This is a
special case of the second extension principle which we shall meet later.

Exercises.
2. Show that the divergence theorem in two dimensions

ff R ay dS—r(Pl—}-Qm)ds——f(de Qdx)

holds, provided P and Q are continuous, together with their partial derivatives of
the first order, in S and on its boundary C, and if S is the sum of a finite number
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of polygons and regions bounded by simple closed curves, each of which consists
of a finite number of straight sides and one curved side with continuously turning
tangent, the tangent never turning through as much as a right angle.

3. Show that the hypothesis on the field (X, Y, Z) in the divergence theorem
may be lightened as follows. X, Y and Z shall be continuous in the region R,
and on its boundary, and R can be broken up into a finite number of regions for
which the divergence theorem holds, and in each of which X, Y and Z have deriv-
atives which are continuous, the boundary included. This means that as P ap-
proaches the boundary from the interior of one of the partial regions, each derivative
approaches a limit, and that these limits together with the values in the interior
form a continuous function. The limits, however, need not be the same as P ap-
proaches a common boundary of two partial regions from the two sides.

\ /4. Stokes’ Theorem.

Stokes’ theorem deals with an open, two sided surface S (sec the
footnote, p. 67), bounded by a simple closed curve C, and with a field
X, Y, Z). A positive sense is assigned to the normal to S, and the di-
rection cosines of the normal with this sense are assumed to vary con-
tinuously with the position of the foot of the normal on S. A positive
sense is assigned to the curve C in accordance with the conventions of
§ 9, page 72. The condition on the continuity of the direction of the nor-
mal will be lightened.

We first prove Stokes’ theorem for a simple class of surfaces S,
corresponding to the normal regions for the divergence theorem. We
assume, namely, that S satisfies the conditions imposed on the curved
face F of a normal region, in (a), (b), and (c) of § 2, page 85, and that its
projection on each of the codrdinate planes is a region for which the
divergence theorem in two dimensions holds.

As to the field, we assume that in a region of space with S in its
interior, X, Y, Z and their partial derivatives of the first order are con-
tinuous.

For surfaces S and fields (X, Y, Z) satisfying these requirements,
Stokes theorem holds:

o (I~ (= ) 01 - 2
=I(Xd" + Ydy + Zd2).
C

Considering first the terms involving X, we shall show that

(5) ﬂ(‘?(,,ijm_%n>d5=fxczx.
S [

Here X is given as a function of %, y and z, but as its values on the sur-
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face S, z = f (x, ), are all that are involved, we may substitute for it
the function

X[x, %f(x, =@ (x,y).

Then
oD 0X 0X of 0X 0X m
dy dy T 9z oy dy  dz m?
since
af of
Jxr _dy _ 1
T Tm T w
Hence

JT dS__fJ'OX_()X.m =__f_(’)@
dJdz n
*-ff;)y—db

where S is the projection of S on the (¥, ¥)-plane. The last integral we
now transform into a line integral over the curve ¢ which is the pro-
jection of C on the (¥, y)-plane, by means of the divergence theorecm
in two dimensions!. Writing P = 0, Q = @, we sce that the last inte-
gral is cqual to

f@(x,y) dx

and since the values of @ on y are identical with those of X at the cor-
responding points of C, this integral is equal to

cfde,

so that the identity (5) is established. Since the conditions on S hold
also when the axes arc interchanged, we have two similar identities,
found from (5) by cyclic permutation of the letters, the sum of which
yields Stokes’ theorem (4), for the particular orientation of the axes used.
But by the first formula (14), page 73, we see that the two members of the
equation expressing Stokes’ theorem are independent of an axis system,
and hence (4) holds for any orientation of the axes.

The theorem may now be extended. Let us call surfaces satisfying
the conditions imposed on S normal surface elements. Then if a surface
can be resolved, by means of a system of curves, into a finite number of
normal surface elements, and if senses are assigned to the normals and
bounding curves of these elements in according to the convention we

1 See Exercise 2 of the last section. The formula is derived in OsGooDp’s Advanced
Calculus, pp. 222—223.
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have established, the convention for two adjacent elements being
such that their common boundaries are described in opposite senses, the
sum of the identities (4) for the separate normal surface elements will
yield the identity (4) for the whole surface. It is not necessary that S
should have continuously changing normal directions throughout. This
direction may break on the common boundary of two of the normal
surface elements. The connection between the sense of the normal and
the bounding curve permits us to decide on how the convention as to
the positive side of S is to be continued from one element to the next.
Only, the surfacc must be two sided, or a contradiction may be ar-
rived at.

The result is that we may now assert the validity of Stokes’ theorem
under the following conditions: the surface S is two sided, and can be re-
solved into a finite number of normal surface elements. The functions X, Y, Z
are continuous at all points of S, and their partial derivatives are con-
tinuous at all points of the normal surface elemenis into which S is divided
(see Exercise 3 of the last section, page 89).

5. Sets of Points.

We turn now to the discussion of the geometric concepts which
underlic any theory of integration, and which are especially important
in the cases of line, surface, and volume integrals. Curves, volumes and
portions of space are certain specified collections of points. By a set of
points, we mean the aggregate of all points which are given by a definite
law or condition, and only those points. Some examples of scts of points
are given in Exercise 1, below.

If the points of a set E lie in a plane, E is called a plane sct of points,
and if the points of E lie on a straight line, E is called a linear set of
points. Of course plane and linear sets of points lie in space, and it is
sometimes important to know whether such sets are to be regarded as
parts of space, or as parts of the planes or lines in which they lie. We
shall point out the cases in which such distinctions arise.

A set of points is said to be finite or infinite according as it contains
a finite or an infinite number of distinct points.

A set of points is said to be bounded if all of its points lie in some
sphere.

A point P is said to be a limit point of the set E provided there are
points of E, other than P, in every sphere with P as center. A limit
point may belong to the set, or it may not. Thus if E consists of all the
points within a given sphere, but not on its surface, all the points of the
sphere, including its surface, are limit points of E. Thus some of its
limit points belong to E and some do not.

Finite sets do not have limit points. On the other hand, an impor-
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tant theorem known as the Bolzano-Weierstrass Theorem assures us
that every bounded infinite set of points has at least one limit pointt.

The set of points consisting of all the limit points of E is called the
derivative of E, and is denoted by E’. Thus if E is the set within a sphere,
E’ consists of the points of the sphere, the boundary included. The deri-
vative of a finite set is empty, that is, it contains no points.

A point P of E is said to be an suterior point of E, provided there is a
sphere about P all the points in which belong to E.

A point P of a plane set of points E is said to be an ¢nterior point of
I with respect to the plane (or, if we are dealing only with a single plane,
and misunderstanding is precluded, simply an interior point of E), pro-
vided there is a circle in the plane with center at P all the points in
which belong to E.

Thus, if E consists of the points of the (x, y)-plane for which
—a<x<a, —a <Yy <a, any of its points is interior with respect
to the plance. But none of its points are interior when it is considered a
set of points in space.

A point P of a linear set of points E is said to be an ¢nterior point of
E with respect to the line (or, if misunderstanding is precluded, simply
an interior point of E) provided it is the mid-point of a segment of the
line, all the points of the segment belonging to E.

A point P is said to be exterior to a set E provided it is the center of
a sphere none of whose points belong to E.

The boundary of a set of points E is the set of all limit points of E
which are not interior to E. As this definition involves the notion of
interior points, we must know in the case of plane and linear sets whether
they are being considered as parts of space, or of the planes or lines
in which they lie. Thus the set of points in a plane consisting of the
surface of a circle, if regarded as a set in the plane, would have as boun-
dary the circumference of the circle. If it is regarded as a set in space,
all its points are boundary points, since it has no interior points. Unless
explicit statement is made to the contrary, we shall understand that
the word interior, when used in connection with a plane set, means
interior with respect to the plane, and similarly with respect to linear
sets.

The frontier of a set E is the set of points which are not exterior to E
but are limit points of exterior points. Thus if E consists of the points
interior to a circle and not on a given radius, the circumference of the
circle belongs both to the boundary and to the frontier. The points of the
radius, other than the extremity, belong to the boundary, but not the
frontier.

1 For a proof, sce OsGoop, Funktionentheorie, Leipzig, 1923 4th ed., p. 38,
5th ed. 1928, p. 35.
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A closed set of points is one which contains all its limit points.

An open set of points is onc all of whose points are interior points. The
set x2 + v2 4+ 22 < a?is closed. If we suppress the sign of equality, the
set becomes open. The set of all points whose codrdinates are positive
proper rational fractions is neither open nor closed.

A function of one or more variables is defined for certain values of
the variable or variables, and these values constitute the coordinates
of the points of a set. Such sets, in the case of functions occurring in
mathematical physics, are of somewhat special character, and the names
region and domain are employed for them. The usage is not uniformly
established ; we shall employ the words as follows.

A domain, or open continuum is an open set, any two of whose points
can be joined by a polygonal line, of a finite number of sides, all of whose
points belong to the sct.

A region is either a domain, or a domain together with some or all
of its boundary points. It is thus a broader term than domain. Usually
it will be a domain with all its boundary points, in which case it will be
called, as a rule, a closed region.

A neighborhoed of a point is a domain containing that point.

Any bounded set S of numbers has a least upper bound. This is a
number with the properties, that it is exceeded by no number of the sct,
while in any neighborhood of it, there is at least one number of the
set. The existence of the least upper bound may be proved as follows.
Let a, denote a number less than some number of S, and b, a number
which exceeds all the numbers of S. We form the arithmetic mean of a4,
and b,, and define a, and b, as follows:

__ay+by

b
a——'f‘ff—", by==5, or a =ay b 5

17 2
according as this mean is exceeded by some number of S or not. Simi-
lary, we define a,, b,, 45, b,, . . ., . In general

— =1+ hay b o= -1t basy

n 4 bn = bn—l! or a, = an-l’ n 9 4

L
2

. a .
according as is excceded by some number of S or not. We

thus construct two sequences

(a) ay, ay, a;, a4z, ...

(b) by, by, by, bs, .

The first is never decreasing and bounded by &,, and the second is never
increasing and bounded below by a,. Both therefore converge, and since

b, — a, approaches 0, to the same limit /. Tt is easily verified that I
is the least upper bound of S.
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Exercises.

1. Examine the following sets of points as to whether they are finite, bounded,
open, closed, domains, regions. Specify also their limit points, derivatives, their
interior points, their exterior points, and their boundaries and frontiers. The
answers can be given conveniently in tabular form.

a) the points whose codrdinates are integers less in absolute value than 10,

b) the points whose coordinates are integers,

c) the points whose coordinates are rational numbers less in absolute value
than 10,

d) the points of the x-axis given by 0 < » =5 1,

¢) the same, with the point ¥ = } removed,

. L 1 .
f) the points of the x-axis given by x = where # assumes all integral

values,

g) the points of the plane given by g2 < a2 cos 2¢,

h) the points whose coordinates satisfy cither of the inequalities (¥—2)2
+yE<l (x+2)24 92 <1

1) the points #2 + y2 + 22 <{ 1 and the pomnts ¥ =0, y =0, 1 < 2 < 2.

2. Prove that the boundary of any set of points 1s closed.

3. Show that if any two points 4 and B of an open set E can be connccted by
a continuous curve (see page 98, Exercise 5) lying in I, they can also be con-
nected by a polygonal line with a finite number of sides, also lying in E. Thus
m the defimition of domain, we may replace the polygonal line by any continuous
curve in E.

Suggestion. About the point 4 there is a sphere, entirely in E. Consider the
last point of the curve which belongs to this sphere. About it there is a second
sphere in E. Thus a chan of spheres can be constructed, finite in number, in the
last of which the point B lies. Having proved this, construct the polygon. The
reasoning can be abbreviated by use of the Heine-Borel thcorem of the next
section.

4. If R1s a closed region, and E is a set of points in R, containing at least one,
but not all, of the interior points of R, show that there must be a frontier point of
E 1n the interior of R

Suggestion. Let P and P, be interior points of R, P, belonging to E, and P,
not. Consider a polygonal line connecting P; and P,, and lct ! denote the least
upper bound of the values of the length s of arc, measured from P, corresponding
to points in E. Show that s == / gives a frontier pomnt of E.

6. The Heine-Borel Theorem.

The idea of uniformity is fundamental in analysis, and the reader
who has not a clear appreciation of this concept should lose no time in
obtaining onel. Generally speaking, a function is said to possess a cer-
tain property uniformly, or uniformly with respect to a certain variable,
when the inequalities defining that property can be so chosen as to hold
independently of that variable. Thus the series

—_—— ty (%) +- %y (%) + vq (%) + - -

1 See the first eight sections of Chapter 111 of OsGoop’s Funktionentheorie, or
Courant’s Differential- und Integralrechnung, under the heading Gleickmdprge
Annaherung etc., 1n the index.
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defines, by means of the sum of its first # terms, a function s, (x). To
say merely that the series converges, in the interval a < x < b, to
I (x), means that to any «x in the interval, and to any & > 0, therc
corresponds an N such that for this value of x,

[sa(0) —1(2) | <&,
provided #» > N.
To say that the series converges uniformly in the interval to I (x)
means that to any number & > 0, there corresponds a number N inde-
pendent of x, such that

[s, () — ()] <e,
for all x in the interval, provided n > N.
To say that a function f (P) of the codrdinates of P, defined in a

region R, is continuous in the region, means that to any point P of
R and any & > 0, there corresponds a 6 > 0, such that

1) —[(P)] <e,
provided Q is in R and the distance Q P is less than 6.

To say that the above function is uniformly continuous in R means
that to any & > 0 there corresponds a é > 0, independent of P, such that

1) —/(P)|<e,

where P and Q are any points of R, provided the distance PQ is less
than 6.

The reasoning establishing many thcorems on uniformity has a
common part which can be formulated as a theorem on sets of points
and proved once for all. This theorem is known as

The Heine-Borel Theorem?!: Let E be any closed bounded set of
points, and S a set of domains, such that each point p of E is in one of
the domains T, of the set. Then there is a subsct S’, consisting of a finite
number of the domains T}, such that every point of E lies in one of the
domains of S’.

To prove this, we show first that there is a number « > 0, such that
each point of E lies in one of the domains of S whose boundary points
all have a distance from that point greater than «. Suppose this were
not the case. Then for each positive integer #, there would be a point
P, such that all the domains of the set S containing p, had boundary

points within a distance of % from p,. An infinite sequence of such
points, since E is bounded, would have at least one limit point $,, by

1 BoreL, Annales de 1’Ecole Normale Supérieure, 34 Ser. Vol. 12 (1895) p. 51.
HEINE, Die Elemente dey Funktionentheorie, Journal fur Mathematik und Physik,
Vol. 74 (1872), p. 188.
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the Bolzano-Weierstrass theorem. And as E is closed, p, would be a
point of E. It would therefore lie in one of the domains T of S. We
have here a contradiction. For if § were the radius of a sphere about 2,
lying entirely in T, there would be points in the sequence pl, Do D3y e v

lying within a distance - u 5 of o, with index » such that = < 3. For such
a point there was no domam of S which did not have boundary points
within a distance ni of p,. But T, would be a domain whose boundary

points all lay at a greater distance from p,,, and this is the contradiction.
Hence the number « exists.

Suppose now that e is a set of a finite number of the points of E,
with the property that each point of E has a distance less than « from
some point of e, Then for each point p of e there is a domain of the set
S whose boundary points are all at a distance greater than a from .
The set of domains consisting of one such for each point of ¢ is a set S’
of a finite number of domains, such that ecach point of E is in one of them,
and it has therefore the character demanded by the theorem.

Should there be any doubts about the existence of the set e, they
may be set at rest by the following considerations. Let space be divided

into cubes with diagonals of length %, by three systems of parallel planes.

The points of E can lie in but a finite number of these cubes, since E
is bounded. Any sct e consisting of one point of E in each cube which
contains points of E, within it or on its boundary, has the required
properties.

This proof of the Heine-Borel theorem has been given for sets in
space. The changes to be made for plane or linear scts of points are only
of a formal nature.

As an application, we prove the theorem if f(P) is continuous in the
closed region R, then 1t is uniformly continuous in R. Let > 0 be given.
By hypothesis, there is a sphere ¢ (P) about cach point P of R, such that
for any point Q of R in the sphere,

11—/ (@) <.

Consider the domains attached to the points of R, defined thus: the
domain corresponding to P is the interior of the sphere about P whose
radius is half that of o (P). By the Heine-Borel theorem, every point
of R is interior to one of a finite number of these domains. If é denotes
the least of their radii, then

Q) —f(P)<e

if P and Q are any two points of R whose distance apart is less than 6.
For P lies in one of the finite set of domains, say that about P,. Hence
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both P and Q lie in the sphere g (P,), of radius at least 2 §. Thus both
f (P) and f (Q) differ from f (P) by less than —26-, and so differ from cach

other by less than . The above inequality therefore holds independent-
ly of the positions of P and Q, and the continuity is uniform.

7. Functions of one Variable; Regular Curves.

We shall be concerned with one-valued functions, defined for values
of variables which are the coérdinates of points of domains or regions.
In the case of functions of one variable, the domains or regions are inter-
vals, without, or with, their end-points.

Let I denote a closed interval @ =< x << b of the x-axis, We say that
f (%) is continous én I if it is continuous at every point of I.

We say that f(x) has a continuous derivative, or is comntinmously
differentiable in I provided it is continuous in I and its derivative exists
at all interior points of I, and coincides at all such points with a func-
tion which is continuous in 7.

Some such definition is necessary, if we are to speak of the derivative
in a closed interval, for the ordinary definition of the derivative is not
applicable at the endpoints of an interval in which a function is defined
(see Exercisc 2, below).

We say that f (x) is piecewise continuous in I provided there is a
finite set of points of division, a == ay < a; <<dy-++ <a,=0b, of the inter-
val I, such that in the interior of cach of the intervals (a,, a;,,), f (%)
coincides with a function which is continuous in the closed sub-interval.

We say that f (x) is piecewise differentiable in I provided there is
a set of sub-intervals of I of the above sort in cach of which it has a
continuous derivative (the sub-intervals being regarded as closed).

Exercises,
1. Characterize, with respect to the above definitions, the following functions:

a) f(#) =Ya®— 2, on (—a, a), on(— ., %} b) f(#) =[#], where [¥] means the

2 z
greatest integer not exceeding #, on various intervals; ¢) f(x) = f [¥]dx, on
various intervals. 0

2. Show that the above definition of continuously differentiable functions is
equivalent to the following: a) f(#) shall have a derivative at every interior point
of I, and one-sided derivatives at the end-points, and the function thus defined
shall be continuous in the closed interval I'; b) the derivative is continuous in the
open interval, and approaches limits at the end-points.

A regular arc is a set of points which, for some orientation of the
axes, admits a representation

y=1@x), z2=¢@k), a=sx=b (I),
Kellogg, Potential Theory. 7
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where f (%) and ¢ (x) are continuous and have continuous derivativesin I.
We call such a representation a standard representation of the arc.

We shall need several facts about regular arcs, some of which will
be left to the reader as exercises, and some of which we shall prove as
theorems.

FExercises.

3. A regular arc admits a parametric representation in terms of the length
ofarc s, ¥ — x(s), ¥y = y(s), 2==2(s), 0:Z s I, where x(s), y(s), z(s) are con-
tinuous and continuously differentiable 1n 0 <2 s =, L.

4 A curve ¥ = x(s), ¥ = y(s), 2= 2(5), 02 s -7 I, where x(s), ¥(s), z(s) arc
continuous and continuously differentiable 1n the interval 0 - s <7/, admits a
standard representation provided therc 1s an orientation of the axes for which

no tangent to the curve 1s perpendicular to the x-axis. The curve is then a regular
arc.

5. A continuous curve 15 a sct of points given by x == x(t), y == y(t), = z(¢),
a <t b, where x(t), ¥(t), z(t) are continuous functions of ¢ 1n the closed nterval
(a, b). Show that such a curve is a closed bounded set of points. Show hence that
a function which 1s continuous mn a closed nterval actually takes on, at pomts
1n the interval, 1ts least upper bound, its greatest lower bound, and any intermediate
value. Notice that the bounds are not necessarily taken on 1if the interval 15 open.

Theorem 1. Given a regular arc C, and a ninmber o > 0, there exists
a number 0 > 0, such that no two tangents to C at points on any portion
of length less than &, make with each other an angle greater than «.

By Exercise 3 the direction cosines %7 (s), ¥’ (s), 2 (s) of the tangent
to C at the point s are continuous in the closed interval (0, Z), and hence
are uniformly continuous. There is therefore a number ¢ > 0 such that
if s and ¢ are any two points for which | s — 7| < 4,

[ (5) — ' OF + [y () — ' (OF + [/ (8) — 2/ (OF < 4sin? &

If the parentheses are expanded, we find for the cosine of the acute
angle (s, f) between the tangents at s and ¢

(6) cos (s, ) = &' (s) &' (¢) + &' (8)y' () + 2’ (s) 2’ (¢) > cosa,
and this angle is therefore less than o on any portion of C of length less
than .

For plane regular arcs, we could infer that the tangents at such a
portion of C make angles less than « with the chord joining the end-
points of the portion, for one of these tangents is parallel to the chord.
But for arcs which are not plane, there nced not be a tangent parallel

to a chord, as may be seen by considering several turns of a helix. The
fact subsists however as we now prove.

, Theorem II. Given a regular arc C, and a numbcr o > 0, there is
a number § > 0, such that the tangent to C at any point of a portion of
lengthlessthan o, makes wilh the chord joining the end-points of that portion
an angle less than o.



Functions of one Variable; Regular Curves. 99

The samce 8 as that determined in the proof of the previous theorem
will serve. In fact, if we integrate both sides of the inequality (6) with
respect to s from s; to s,, 0 < s, — 8; << 8, we find

(g — 2,) &' () + (Y2 — 1) ¥ () + (z2 — 27) 2" (£) > (53 — 5,) cos ax.

If we divide by ¢, the length of the chord joining s, and s,, we have on
the left the cosine of the acute angle (c, ) between the chord and the
tangent at ¢, and on the right something not less than cos «. Hence
if 5; = t = 55, the angle (c, ¢) is less than «, as was to be proved.

Theorem I1I. The projection of a regular arc on a plane to which it
is nowhere perpendicular consists of a finite number of regular arcs.

We take for the regular arc C the parametric representation of Exer-
cise 3, the plane of projection being the (x, v)-plane. This is possible,
since the properties there given for x (s), v (s), z (s) subsist if the axes
are subjected to a rigid displacement. Since the arc is nowhere perpen-
dicular to the (x, ¥)-plane, |2’ (s)| <1, and hence, by Exercise 51, the
maximum g of |2’ (s)] is less than 1. Then, if ¢ is the length of arc of the
projection C; of C,

() = () F Y () =1 — () 21— .

Hence, with the proper sense chosen for the positive direction on Cy,
o is an always increasing function of s for 0 =< s < /, with continuous,
nowhere vanishing derivative. The inverse function s (¢) therefore
exists, and if 0 and 4 are the values of ¢ corresponding to 0 and  of s,
. . . o s 1 .
s (o) is continuous and has a continuous derivative (namoly - (5)) in
the closed interval (0, 4). Hence C, is given by x == x [s (0)], v =¥ [s (¢9)],
z=0, the codrdinates being continuous and continuously differenti-
able functions of ¢ on the closed interval (0, 4).

It remains to show that C; can be divided into a finite number of
pieces on each of which the tangent turns by less than a right angle,
for corresponding to cach such piece there will be an orientation of the
axes such that no tangent to the piece is perpendicular to the x-axis.
The pieces will then be regular arcs, by Exercise 4. But the coordi-
nates of C; expressed as functions of ¢ fulfill the conditions used in
the proof of Theorem I, hence that theorem is applicable to C;, and
C, has the required property for o = }

A regular curve is a set of points consisting of a finite number of re-
gular arcs arranged in order, and such that the terminal point of each
arc (other than the last) is the initial point of the next following arc. The
arcs have no other points in common, except that the terminal point

1 Or, sce OsGoop, Funktionentheorie, Chap. I, § 4, Theorem 2.
7*
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of the last arc may be the initial point of the first. In this case, the reg-
ular curve is a closed curve. Otherwise it is an open curve. Regular curves
have no double points. This means thatif x = x (s), y = y (s), 2 = 2 (s),
0 < s <1, is a parametric representation of the curve in terms of its
length of arc, the equations

x()==x(0), vE)=y@), z(s)=z2()

have no solutions other than s = ¢ for s and ¢ in the closed interval (0, ?)
if the curve is open, and only the two additional solutions s==0, t=1,
and s =1, ¢t = 0, if the curve is closed. A curve without double points
is called a simple curve.

Exercise.

6. Show that the following is an equivalent definition of regular curve: a regular
curve 1s a set of points which admits a representation x =x (), y = y(¢), 2 =2(¢),
a 5t < b, where x(t), y(?), 2(¢) are continuous and have piecewise continuous deriv-
atives 1n the closed interval (a, b), these derivatives never vanishing simultaneously,
and where the equations x(s) = x(f), y(s) == ¥(¢), 2(s) == 2(¢) have no common solu-
tions for a <5 s < t ;5 b, except possibly the solution s = a, ¢ = b.

8. Functions of Two Variables; Regular Surfaces.

Functions of two variables will usually be defined at the points of
plane regions. Of primary importance will be regular regions.

A regular region of the plane is a bounded closed region whose
boundary is a closed regular curve.

Exercise.

1. Which of the following are regular regions? a) the surface and circumference
of a circle; b) the points exterior to and on the boundary of a circle; c¢) the points
between two concentric circles, with the circumferences; d) the pomnts ¢? < p <

1
ed+m $>0; c) the region 2 + 92 4, y = xsin; for ¥ + 0, y =0 for » = 0.

A regular region R is the sum of the regular regions Ry, R,,... R,,
provided every point of R is in one of the regions R,, every point of
cach R,isin R, and no two of the regions R; have common points other
than as follows: a regular arc of the boundary of one of these regions
and a regular arc of the boundary of another may either coincide, or
have one or both end points in common.

Let R denote a regular region of the (x, y)-plane. We say that
f (%, y) is continuous in R provided it is continuous at every point of R.

We say that f (x, y) is conlinuously differentiable in R, or has con-
tintous partial derivatives of the first order in R, provided it is continuous
L) R and provided its partial derivatives of the first order with respect
to x and y exist at all interior points of R and there coincide cach with
a function which is continuous in R.
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We say that f (x, y) is piecewise continuous in R, provided R is the
sum of a finite number of regular regions in the interior of each of which
f (%, ¥) coincides with a function which is continuous in that sub-region.
It may be noted that on the cornon boundary of two sub-regions,
f (», ¥) need not be defined. A function which is 1 for 2% 4 y? < a2,
y>>0,and — 1 for x2 4+ 92 < a2, y <0, is piecewise continuous in the
circle.

We say that f (x, y) is piecewise differentiable, or has piecewise con-
tinuous partial derivatives of the first order in R, provided R is the sum
of a finite number of regular regions in each of which f (x, y) is con-
tinuously differentiable.

The above definitions concerning functions depend on a systein of
axes in the (x, y)-planes, although they deal with functions defined on
sets of points whose cotrdinates may well be measured from other axes.
It is important for us to know that a function satisfying any of these
definitions continues to do so when the axes undergo a rigid displace-
ment. This is the case. For if we make such a change of axes

x=a 4 fcosa — 7 sina,
y=>b+4 sina 4 ncosa,

f (%, ¥) will become a function @ (&, 4)). If f (x, y) is continuous in any
region, @ (£, n) will be continuous in that region. If f (¥, y) has con-
tinuous partial derivatives of the first order in the interior of any re-
gion, @ (£, %) will have the derivatives

PP if of .
()E—-—axcosoc—l—aysmoc,
oD af . af
?7]——5;51110!4- ;}7COSG,

in the interior of that region, and they will also be continuous there. If
in one case the derivatives coincide with functions which are continuous
in the closed region, they will also in the other case.

The Triangulation of Regular Regions. A regular region may be com-
plicated in character, and it will be useful to have a means of dividing
it into simple parts. We proceed to a consideration of this question.

Theorem IV. Given a regular region R, and a number 6 > 0, it is
possible to resolve R into a sum of regular sub-regions o with the properties

a) each sub-region is bounded by three vegular arcs,

b) no sub-region has a reéntrant vertex,

c) the maximum chord of the sub-regions is less than 0.

A regular region has a reéntrant vertex at P if, as its boundary is
traversed with the region to the left, the forward pointing tangent vector
has at P an abrupt change in direction toward the right. The process
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of resolving R into the sub-regions of the theorem will be referred to as
the triangulation of R.

The triangulation is accomplished by first cutting off triangular re-
gions at the vertices of R, and then cutting out triangular regions along
the cdges, so that what is left of R is bounded by straight lines. The
polygonal region is then ecasily triangulated.

We first interpolate vertices on the boundary C of R, finite in num-
ber, and such that between two adjacent vertices, C turns by less than
159 (fig. 15a). This is possible, by Theorem I. We then determine a
number 7 > 0, which does not exceed the minimum distance between
any two non-adjacent arcs ¢f C, the arcs being regarded as terminated
by the original and the interpolated vertices. With a radius 7, less than

n
3 )
have no points in common, and each will be cut by no arcs of C other
than the two terminating at its center.

either 6 or we describe about cach vertex a circle. These circles will

Fig. 15a. Fig.15Db. Fig 15¢.

Suppose the arcs entering one of these circles mect at an angle not
greater than 60° (fig. 15b). Then the tangents to these arcs at points
within the circle will make with the bisector of the angle at the vertex,
angles which never excced 459 A perpendicular to the bisector, at a

distance é—from the vertex, will cut off from R a region ¢ with the re-

quired properties. The rest of R will have a straight linc segment as a
portion of its boundary, mct by the adjacent arcs at angles differing
from a right angle by not more than 45°.

If the arcs entering a circle meet at an angle greater than 60°, we
draw from the vertex into R two radii, each making an angle 30° with
one of the arcs at the center (fig. 15c). We then cut off from R two
triangles ¢ in the way just indicated, each bounded by an arc and two
straight lines. The rest of R in the neighborhood of the vertex has a
polygonal boundary.

After all such triangular regions have been removed from R at its
vertices, the boundary C’ of the portion R’ of R which remains has the
property that such of its arcs as remain never turn by more than 159,
and are flanked by straight lines which meet them at angles which are
not reéntrant and differ from right angles by not more than 45° No
two curved arcs of C’ have common points. No curved arc has points
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other than its end-points in common with a straight line segnient of
C’ because all such segments are interior to the circles, and the construc-
tion within the circles has avoided this. Hence there is a number 9’ > 0,
such that any curved arc of C’ has a distance greater than %’ from any
non-adjacent arc of C’, curved or straight.

We now interpolate on the curved arcs of C’ a finite number of ver-
tices so that these arcs are divided into parts whose chords never exceed

the smaller of the numbers %— or 0. With the chords of the sub-arcs as

diagonals, we construct rhombuses
whose sides make with the chords
angles of 300 (fig. 15d). As the arcs do
not differ in direction from their chords
by more than 159 the rhombuses do
not contain points of the straight line
segments of C’ in their interiors. As cach rhombus lies within a

Fig. 15 d.

’
distance '7;)3" of its arc, none has points in common with another belonging

to a different arc of C’. Finally, the rhombuses belonging to a single
arc of C’ have no interior points in common, since that arc, on which
their longer diagonals lie, turns by less than 159

The regions common to R’ and the rhombuses are regular regions o.
After their removal, the rest of R’ is bounded by a finite number of
straight line scgments. If the lines of these segments are prolonged
through R’, they cut the polygonal region into a finite number of con-
vex polygons. Each of these may then be triangulated by joining its
vertices to an interior point. If the resulting triangles are too large, they
may be quartered by joining the mid-points of their sides, and this pro-
cess repeated, if necessary, until their maximum chord is less than 4.
The triangulation of R is thus accomplished.

The triangular regions ¢ have further properties, one of which we
shall need. It is as follows.

Theorem V. If A and B are any two points of an arbitrary one of
the regions o, they cun be connected by a regular curve y, all of whose
points, with the possible exception of A and B, ave interior to this region o,
and whose length does not exceed 2 ¢, where ¢ is the length of the chord 4 B.

The regions ¢ are of three types, the construction of y varying
according to the type. First, there are the regions cut out, from the
region R which was triangulated, at the vertices (fig. 16a). These can
be characterized as follows, the x-axis being taken along the bisector
of the angle at the vertex:

a) f=y=eh), 0=x=aq
where f(0)=¢(0) =0, f(*») <@ for 0<x<La,
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and where f (x) and ¢ (x) are continuously differentiable in the closed
interval (0, a). Moreover, the curves y = f (x) and y = ¢ (x) turn by
less than 159

Sccondly, we have the parts of rhombuses (fig. 16b). Choosing the
chord of the curved side as x-axis, we may characterize ¢ as follows:

1 a
f(x)éyé%(a—x), 'g‘éx_é_a,

where

F(0) =1 (@) =0, f(x)<7].5x, f<x><{§<a—x) for 0<x<a,

y Sz y-%- --},ge(a—ac)
a
0 0 (a,0)
y-plx y=flx)
Fig. 16a. Fig. 16 b.

and where f(x) is continuously differentiable in the closed interval
(0, a). Moreover, the curve y =: f (x) turns by less than 1509,

Finally, we have the type
¢) o is bounded by three straight lines.

We first reduce the problem of constructing ¢ to the case in which
A and B are interior to g, if they are not so at the outset. Suppose 4 is
a boundary point. Unless it is a vertex at which the sides arc tangent,
we can draw a straight linc segment into o, and take on it an interior
point A4’ distant from 4 less than 0-1c. If A is a vertex wherc the sides
are tangent, o must be of type (a), and A must be the origin in the re-
presentation given. We may then draw into o the regular curve

y= _f_(x)__-i-?w (ﬂ,

and take upon it a point A’ whose distance from A4 along the curve is
less than 0-1c. If B is also a boundary point, we construct in the same
way an interior point B’. The chord ¢’ = A’ B’ cannot then cxceed
1-2¢. The theorem will be proved when it has been shown possible to
connect A’ and B’ by a curve 9 whose length does not exceed 1-8c,
and this will be the case if its length does not exceed 1+ 5¢’. Let us there-
fore drop the primes, and show that any two interior points 4 and B
of ¢ can be connected by a regular curve  entirely interior to ¢ and of
length not more than 1-5c¢, ¢ being the distance 4 B.
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If o is of type (c), the chord A B will serve for . If ¢ is of type (b),
the chord A B cannot have points in common with the upper, or straight
line parts of the boundary, and hence will again serve as y unless it
meets the curve ¥ = f (x). This cannot occur if 4 B is vertical, so that
A B has a representation y =ax + b, ¥ < x < x,. Now the distance
ax + b — f (x) of a point of A B above the lower boundary of ¢, meas-
ured vertically, is positive at x; and x,. Let > 0 be less than the
smaller of the values of this function at x; and x,, and also less than the
minimum of the differences

%x——f(x) and Tlé(a—-x)-—/(x) for %, 2x=<x,.

Then the curve y = f (x) + 7 is interior to o for #; < ¥ < «,, aud lies
below A and B, but above 4 B at some intermediate points. Let 4’
and B’ be its intersections with 4 B with least and greatest x, respec-
tively. We take as ¢ the straight piece AA4’, the arc of y =f(x) 4+
between A’ and B’, and the straight piece B’B. Then ¥ is regular, is
entirely interior to o, and its direction never deviates from that of the
x-axis by more than 159, because 4 B is a secant of the curve y == f (%),
and so is parallel to a tangent, and the same is true of the x-axis. Hence
the length of y does not exceed ¢ sec 159 < 1+5 ¢, as required.

If o is of type (a), the chord will again serve unless it meets one or
both of the arcs y = f (x), y = ¢ (x). If it meects the first, say, a portion
of the chord A B may be replaced by a curve y = f (x) 4+ 5, between
the points A’ and B’ of 4 B. If the chords 4 47 or B’ B or both, are met
by the curve y = @ (x), portions of such a chord may be replaced by a
curve ¥ == ¢ (x) —n. We shall then have a regular curve y, entirely
within ¢, connecting 4 and B, whose direction never deviates from that
of the x-axis by more than 459 and whose length therefore does not
exceed ﬁc < 1-5¢. The theorem is thus established.

Regular Surface Elements. We now turn to the definition and the
consideration of the more important properties of regular surface ele-
ments, from which regular surfaces are built as were regular curves
from regular arcs.

A regular surface element is a set of points which, for some orien-
tation ot the axes, admits a representation

V)] z={f(x,%), (¥,9) in R,

where R is a regular region of the (x, y)-plane, and where f (¥, y) is
continuously differentiable in R.

We call such a representation a standard representation. The boun-
dary of the regular surface element is the set of those of its points (x, v, z)
for which (#, y) is on the boundary of R.
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Exercises.

1. Let  be a plane regular arc all of whose points are interior to R. Show
that 9 1s the projection of a regular arc on the regular surface element

2. Show that the direction cosines of the upward pointing normal to the regular
surface element are continuous functions of (¥, ) 1n R.

Theorem VI. The boundary of a regular surface cleinent E is a re-
gulay curve C.

Consider one of the regular arcs of the boundary of R. As f (x, y)
remains continuously differentiable when the axes ot x and y are rotated,
we may assune that this arc ¢ has the standard representation

y=¢@x), 0=x=a,

where ¢ {x) has a continuous derivative in the closed interval (0, a).
The corresponding portion of C is given by

9’:‘7’(")» z=f[x, ‘P(x)]: 0=x=a,
and f[#, ¢ (%)] is clearly continuous. It must be shown to have a con-
tinuous derivative in the closed interval (0, a).

Let (x,, 1) be a point of y, for
the present not an end point, and let
us suppose the axes chosen so that
R lies above y in the neighborhood
of (x4, ¥,) (fig. 17). Then, since the
boundary of R is free from double
points, the curve »’

y =+ & —x)°

lies, for sufficiently small |x — x|, within R except for x = x,. Now
let (x4, y;) be a second point of y, near (xy, ¥,), and let (x,, ¥,) be the
point of " with the same abscissa. Let zy = f (%9, ¥o), 21 = f (%1, %),
and z, = f (%;, v,). Then

V.

f (x , , ‘
a—%=fﬂ“”M=nmwum—m=—nmmua—ma

ay
Va

where we have used the law of the mean and the values y, = ¢ (x,) and
Yy = @ (%) + (% — %)% Also, integrating along y’, we find

A1 )

a—ro= [ Sar= [{1 4 Y g @)+ 2l — )]} dx

= fo (6", 9") (51 — %) + [, (", ") [ (") + 2 (#" — %0)] (%1 —%0)-
Addir g the last two equations and dividing by x; — %,, we find

DT LWy W) 8 () + 2 (0 — )]y (1, Y) (1 — ).

Ay — X
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As %, approaches x, the points at which mean values are taken approach
(%, ¥o), and since f (x, 9) is continuously differentiable, its partial deriva-
tives approach values which we may regard as defining these derivatives
on the boundary of R. The result is

dz of of

Thus at points of y other than end-points, z has a derivative with respect
to 2 which is given by the ordinary rules for composite functions. From
the form of the result, it is clear that this derivative coincides in the
interior of (0, a) with a function which is continuous in the closed inter-
val. Hence 2z has a continuous derivative with respect to # in the closed
interval and the part of C corresponding to y is a regular arc. As C 1s
made up of a finite number of regular arcs, suitably ordered, with only
end points in common, it is a regular curve, as was to be proved.

We have scen that a regular arc admits a standard representation
with any orientation of the axes such that the curve is nowhere perpen-
dicular to the x-axis (Exercises 3and 4, p. 98). A similar situation is not
present in the casc of regular surface clements. Consider, for example,
the helicoidal surface

z = tan—1 i—'

—n<zs<=mn, (¥ 9) in R,

)

where R is given in polar coérdmnates by
—ntesSesn—o 1502 ((0O<oa.

If o is very small, it is possible to tilt the axes very slightly in such a
way that the new z-axis cuts the surface element twice, so that a stand-
ard representation is not possible with the new orientation of the axes.
It is true, however, that any regular surface element can be divided into
a finite number of regular surface clements, such that each admits a
standard representation, with much latitude of choice in the orientation
of the axes. We proceed to a study of this question, deriving first a
lemma which will be of repeated use to us.

Schwarz’ Inequality. Let [ (x) and ¢ (x) be two real functions,
piecewise continuous on (a, b). Then

b o b )
®) J1e ewax] <[ waxf o @ax.

A similar relation holds for functions of several variables, and {unc-
tions less restricted than the above. But for present needs the formula-
tion given is sufficient. To derive the inequality, we introduce two real
parameters, A and g, and observe that the integral

b
Ja1 () + po@pax
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is never negative, the integrand being the square of a real function.
Accordingly, the quadratic function of 4 and u obtained by expanding
the integrand,

ﬂ2fﬁ(@dxﬂ-2luff %) dx + p? f¢ (%) d

cannot have real distinct factors, for otherwise 4 and p could be chosen
so that these factors would have opposite signs. Hence the square of the
cocfficient of Au is less than or equal to the product of the coefficients.
of 22 and u?, and this gives the desired relation.

Theorem VII. Any regular surface element E can be divided into
a finite number of regular surface elements e, each with the property that
1f any system of codrdinate axes be taken, in which the z-axis does not make
an angle of more than 70° with any normal to e, ¢ admits a standard re-
presentation with this system of axes.

Starting with the standard representation (7) for E, we determine a
number § > 0, such that if (x,, ¥,) and («,, ¥,) are any two points of
R whose distance apart does not exceed 6,

(9) (I — 1o+ g — 1) <y COS T,

This is possible since the partial derivatives of f(x,y) are uniformly
continuous in R. We then triangulate R in accordance with Theorem IV,
so that the maximum chord of the sub-regions ¢ of R is less than 6.
Then the surface element e

g = f(x: y)9 (x’ y) in o
is regular, o being any one of the sub-regions of R given by the triangu-
lation. We shall show that e has the properties required by the theorem.
We first seek limits to the angle which any chord 4 B of ¢ makes with
the normal to e at 4. Let 4 have the coordinates (x,, ¥, z;) and B,
(%3, ¥a, %), and let ¢ denote the length of the chord. The direction co-
sines of the chord, and of the normal to e at A are
oTh YN AT A

H H c

v c ’

and
=fa __ = i .
WA F7 Wi+ M+
so that the acute angle (c, #) between chord and normal is given by
(fa— 21) — fu, (¥ — 1) — fy, (Y2 — 91)
V147 + f,;,

The points (x,, ,) and (#,, ,) can be connected, by Theorem V, by a

regular curve y, interior, except possibly for its end-points, to ¢, and of

cos (¢, n) =
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length not more than twice the distance of these points, and so certainly
not more than 2¢. Let x = x (s), ¥ = vy (s) be the parametric equations
of y, the length of arc s being measured from (xy, ¥,). Then % (s), y (s)
and z = f[x (s), ¥ (s)] are continuously differentiable in the closed inter-
val (0, /), I being the length of . Hence

a—n= f‘“ds f[/m )+ 1y ©)1ds.

The remaining terms in the numerator of the expression for cos (¢, #)
can also be expressed as an integral over y. For f, and f, are con-
stants, and

!
Xo — X% = fx 3’2"‘3’1:6[3"(3)d5

so that

l
oo (B — 21) + fy, (v2 — 31) = of [Feu ' (5) + F o ()1ds,
and
| 1
Of L(fx—ft.) (s (fy — t) ¥ ()] ds

cos (¢, ) = T TR AR
3 "1

Applying Schwarz’ inequality to the integral of the first term in the
numerator, we find

l

=12 @ asT= [ nyras fr20 s < Leotmoi,
0
because of the inequality (9) and the fact that | #" (s)| = 1. Hence
lf —fo) )dsl <+ cos T,

A similar inequality holds for the integral of the second term, and
hence

cos (¢, 7) < 5.-cosT5 < cos T,
since I =< 2¢. Thus the angle between any chord of ¢ and the normal to
¢ at one end of the chord differs from a right angle by less than 15°.

Suppose now that the axes of the system of coérdinates (&, 7, {)
are selected in any way subject to the restriction that the {-axis does
not make an angle of more than 70° with any normal to e (fig. 18). Then
no chord of e can make with the {-axis an angle of less than 59, and
hence no parallel to the {-axis can meet e twice.
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This means that if T is the set of points which is the projection of e
on the (£, n)-plane, and (&, 7, {) are the coordinates of a variable point
one, ¢ = ¢ (£, ) is a one valued function of £ and # in 7.

Our object is now to show
that

{=e@&mn, Eninz
1s a standard representation of e.

The correspondence between
the points P (x, ¥) of ¢ and the
points P’ (& 1) of T which are

.y the projections of the same point
p of e, is one-to-one, since par-
allels to the z-axis and the {-axis
each meet e but once. It is also
continuous. First, & and % are
continuous functions of x and
y, because 2 == f (¥, y) is continuous, and & and 7 arc continuous func-
tions of #, ¥ and z. Conversely, x and y are continuous functions of &
and ». This will follow in a similar way if it is shown that { = ¢ (&, 1))
is continuous in 7. Suppose this were not the case. This would mean
that there was a point Py (&, 7,), and a number o > 0, such that in
every neighborhood of Py there would be points at which ¢ (€, %) differed
from {y = @ (&, 79) by more than a. Let Py, P,, Py, ... be an in-
finite sequence of such points with Py as limit point. The correspond-
ing points of ¢ would have at least one limit point, by the Bolzano-
Weierstrass theorem. This limit point would lie on ¢, since e is closed,
and its ordinate {” would differ from {, by at least a. Thus e would
have a chord parallel to the {-axis, namely that joining (&, %,, {) to
(&, Mo, €'). This we know does not happen. Hence @ (&, #) is contin-
uous in 7, and the correspondence is continuous in both senses.

In such a correspondence between the closed bounded sets o and 7,
interior points correspond to interior points. Thus, let P, be an inte-
rior point of ¢, and let y be a circle about Py, lying, with its interior, in o.
As the correspondence is continous and one-to-one, y corresponds to a
simple closed curve ” in 7. By the Jordan theorem!, such a curve sep-
arates the plane into two domains, a bounded interior one, and an in-
finite one. The points within y all correspond to points in one of these
domains only, for otherwise the continuity of the correspondence would
be violated. This domain cannot be the infinite one, because T being
bounded, the set of points corresponding to the interior of y would have

——

Fig 18.

1 See Oscoon, Funktionentheorie, Chap. V, §§ 4—6. For the sake of simpli-
city of proof, the theorem there given is restricted to regular curves. References
to the more general theorem are given,
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to have boundary points other than those of 9/, and this would violate
the one-to-one character of the correspondence. For the same reason,
the points corresponding to the interior of ¥ must fill the whole interior
of y”.  As the point P; corresponding to Py must lie in the interior of
y’, it is interior to v. Similarly, interior points of ¢ correspond to in-
terior points of 7. It follows that the boundary points of ¢ and 7 also
correspond.

Because of the correspondence of interior points, the interior of 7 is
a domain, and hence 7 is a closed region. From Theorem III, it follows
that the boundary of 7 is made up of regular arcs, finite in number.
These are ordered, corresponding to the boundary of ¢, in such a way
that each has an end-point in common with the next following, and
nonc has any other pomnt in common with any other, since e has no
chords parallel to the {-axis. Hence 7 is a regular region.

We have seen that { = ¢ (&, ) is one-valued and continuous in 7.
It remains to show that it is continuously differentiable. The equations
determining the coérdinates &, 1, £ of p are those giving the transforma-
tion from one orthogonal set of axes to another, and may be written

=a-+lix+my+nfxy),
(10) n=">b+4+lLx+my-tn,fx7v)),
C=c+Lix+ myy-+n,f(xv).
The first two, according to the theorem on implicit functions?, deter-
mine x and y as continuous functions of & and 5. The third then deter-
mines the function { = ¢ (§,%). We have seen that the first two equa-
tions have a solution corresponding to any interior point (&, ) of 7. It
remains to verify that the Jacobian doecs not vanish.
But this has the value
hAnfe, m+mfy|
B lz - ”:.’.f.zu "y + ”2/‘11 "
and if it be recalled that in the determinant of an orthogonal substitu-
tion (both svstems being right-hand, or both left-hand) each minor is
equal to its co-fuctor, it will be found that
J=—1Uf,—myf, + ny,

But this reduces to

J = V1473 +f2 cos (n,0),
and so is never less in absolute value than sin 5°.

The theorem on implicit functions now assures us that the deriva-
tives exist at interior points of 7, and are given by the ordinary rules

1 See Oscoop, Lekrbuch der Funktionentheorie, Chap. 1I, §5.
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for differentiating implicit functions. Thus, from (10) we find, by dif-
ferentiating with respect to &,

1=(, +n1f¢) +(m1+%1f,,)

0_ (l + nzfac) af + ("1'2 + ”2fv)

P =ty ) St e 1) 2

from which we find, on eliminatlng the derivatives of x and v,
_("C_ —hLfe—mf+m

(«

0§ —lfo—mgf, oy’
with a corresponding expression for the derivative with respect to 7.
Since the denominator, which is the Jacobian considered above, does
not vanish in the closed region 7, the continuously differentiable charac-
ter of { = @ (£, %) in 7 follows from that of z = f(x, ¥) in 6. The proof
of Theorem VII is thus completed.

Regular Surfaces and Regular Regions of Space.

A regular surface is a set of points consisting of a finite number of
regular surface elements, related as follows:

a) two of the regular surface elements may have in common either
a single point, which is a vertex for both, or a single regular arc, which
is an edge for both, but no other points;

b) threc or more of the regular surface elements may have, at most,
vertices in common ;

c) any two of the regular surface elements are the first and last of
a chain, such that each has an edge in common with the next, and

d) all the regular surface elements having a vertex in common form
a chain such that each has an edge, terminating in that vertex, in common
with the next; the last may, or may not, have an edge in common with
the first.

Here edge of a regular surface element means one of the finite number
of regular arcs of which its boundary is composed. A vertex is a point
at which two edges meet. The boundary of a regular surface clement
need not experience a break in direction at a vertex, but the number
of vertices must be finite. One of the regular surface elements is called
a face of the regular surface.

If all the edges of the regular surface clements of a regular surface
belong, each to two of the elements, the surface is said to be closed.
Otherwise it is open.

Exercise.

2 *Show that the following are regular surfaces: a) any polyhedron, b) a sphere,
c) the finite portion of an elliptic paraboloid cut off by a planc, d) a torus, e) the

boundary of the solid interior to two right circular cylindrical surfaces of equal
radii, whose axes meet at right angles.
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9. Functions of Three Variables.

A regular region of space is a bounded closed region whose boundary
is a closed regular surface.

A regular region R of space is the sum of the regular regions Ry,
R,, ... R,, provided each point of R is in onc of the R,, and each
point of any R, is in R, and provided no two of the R; have points
in common other than a single point which is a vertex of cach, or a
single regular arc which is an edge of each, or a single regular surface,
which is a face of each.

If R is a regular region of space, and f(x, v, 2) is a one-valued func-
tion defined at the points of R, then f(x,y,z) is continuous in R, is
continuously differentiable or has continuous partial devivatives of lhe
first order in R, is piecewise continmous in R, or has piecewise continuous
partial derivatives of the first order or is continuously differentiable in R,
according to the definitions of § 8. We have merely to substitute x, y
and z for x and y.

10. Second Extension Principle; The Divergence Theorem
for Regular Regions.

The object of this section is to establish the divergence theorem
for any regular region R and for functions (X, Y, Z) with continuous
derivatives in R. The foundation of the argument is the theorem for
normal regions, established in § 2. In the light of the intervening study
of functions and regions, we may characterize more sharply the notions
there employed. All that need be added to the definition of normal re-
gions is that they arc regular regions of space, and that the projections
referred to are regular regions of the plane. All that need be said of the
functions X, Y, Z is that they are continuously differentiable in the
region N, and of f(x,v), that it is continuously differentiable in F,

A first extension principle was established in § 3, which may now
be stated thus: the divergence theorem holds for any regular vegion which
is the sum of a finite number of normal regions, the functions X, Y, Z
being continuwously differentiable in each of the normal regions. If it were
possible to show that the general regular region was such a sum, the
desired end would be attained. But this programme presents serious
difficulties, and it is easier to proceed through a second extension prin-
ciple.

Second Extension Principle: the divergence theorem holds for the
regular region R, provided to any & > 0, there corresponds a regular
region R’, or set R’ of a finite number of regular regions without com-
mon points other than vertices or cdges, related to R as follows:

Kellogg, Potential Theory. 8
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a) every point of R’ is in R;

b) the points of R not in R’ can be enclosed in regions of total volume
less than ¢;

¢) the points of the boundary S of R which are not points of the
boundary S’ of R’ are parts of surfaces of total area less than ¢, and the
points of S’ not in S are parts of surfaces of total area less thane¢;

d) the divergence theorem holds for R’.

Here, the functions X, Y, Z, are assumed to have continuous
partial derivatives of the first order in R.

To establish the principle, we start from the identity

‘Y

which holds, by hypothesis. As X, Y, Z are continuously differentiable
in R, there is a number M such that these functions and their partial
derivatives of the first order are all less in absolute value than M in R.
Then

! 0X  JY oz X (n o/
[T ([ e
—| Hf ox L oV ”’)dV sfﬂszV<3Ms.
()v
Also

(13) iff(Xl—{—Ym-}—Zn)dS—ff(Xl-}—Ym-}—Zn)dS’

= [[(XI+Ym+Zn) d€—ff (X1+Ym+Zn)ds|

Lo

= [[3Mas+ [[3Mas < 6Me,

where ¢ is the part of S not in S’ and ¢’ the part of S’ not in S. From
the cquation (11) and the inequalities (12) and (13), it follows that

ﬂf X Ty f X1+ Ym+Zn)dS| <9Me.

()x dy Jz

But the left hand member is independent of ¢, and ¢ may be taken as
small as we please. This member is therefore 0, and the divergence
theorem holds for R, as was to be shown.

Approximate Resolution of the General Regular Region into Normal Re-
gions. We now attack the problem of showing that any regular region can
be approximated to, in the sense of the second extension principle. We
first divide the regular surface elements of which the surface S of R is
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composed into regular surface elements such that for each no two nor-
mals make an angle of more than 159 and such that cach admits a
standard representation with any orientation of the axes such that the
z-axis makes with no normal to the surface element an acute angle
exceeding 70°. These requirements can be met, the first because of the
uniform continuity of the direction cosines of the normal in the coordi-
nates x, ¥ of the standard representation, and the second by Theorem
VII. These smaller elements we call the faces of S, the regular arcs
bounding them, the edges of S, and the end-points of these arcs, the
vertices of S. Let N denote the sum of the number of faces, edges, and
vertices.

We next introduce a system X, of spheres, not for the purpose of
sub-dividing R, but as an aid in establishing the inequalities of the scc-
ond extension principle. On each edge of S, we mark off points, terminat-
ing chords of length 7, beginning with one end, until we arrive at a
point at a distance less than or equal to # from the second end. About
each of these points, and about the second end point of the edge, we
describe a sphere of radius #. This is done for every edge, and the resulting
system of spheres is X,. The essential property of X, is that it encloses
all the edges of S. This will be assured, if as a first requirement on 7,
we demand that it be chosen so that no edge, between successive centers
of sphercs, deviates in direction from its chord by more than 159, this
being possible by Theorem II. For no arc can deviate in distance from
its chord by more than it would if it constantly made with it the maxi-
mum angle permitted, and hence all the points of the arc are distant
from the chord not more than 5 tan 159 But any two successive spheres
contain in their interiors all points whose distances from the chord of
centers are less than 7 tan 60°. Any point of an edge is thus interior to
some sphere of X, .

We need an upper bound for the total volume of all the spheres of
Z,, and also one for the total area of a system of great circles of the
spheres, namely as many for each sphere as there are faces of S with
points interior to that sphere.

The number of spheres corresponding to a given edge, that is, the
number of vertices of the polygon connecting successive centers, is not
more than two more than the length of the polygon divided by %, for at
most one side of the polygon is less than # in length. If [ is the length
of the longest edge, the number of spheres with centers on any edge

does not, therefore, exceed (Zl) -+ 2. Thus the total number of spheres

! . ces
does not exceed N [(17) -l—2]. Accordingly, since it is legitimate to
assume 7 < I, the number does not exceed 3 N (%), and if we set
N, =45 NI, the total volume of the spheres of X, does not exceed N, n?,
8#
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The sum of the areas of a system of great circles, one for cach sphere, is
—';3— times the volume just considered, and so does not exceed 3N, 5. As

the number of faces with points interior to any sphere is less than N,
if we write N, = 3 NNy, the area of a system of great circles of X, , as
many for cach sphere as theve are faces S with points in that sphere, does
not exceed N,1).

We now subdivide R. We notice that since the edges are interior to
2 ,» the distance between the portions outside of X ) of any two different
faces of S has a positive minimum %, for otherwise two faces would have
a common point other than a point of an edge. Let a be a positive

k —_—
number, such that }/3a <3 and ]/3a < 7. Starting with one of the

faces f; of S, and with some normal to this face as diagonal, we
construct a cubic lattice of side a, by means of three sets of parallel
planes a distance @ apart, the lattice covering the whole of space. Let
¢; denote the cubes of this lattice having points of f; within them or
on their boundarics. All other cubes of the lattice are discarded.
Similarly, we construct a lattice for each of the other faces, and retain
those cubes and only those having points in common with the corres-
ponding faces. We thus obtain a set ¢, ¢,, ..., ¢, of sets of cubes,
which together contain all the points of S, no cube being free
from points of S. The portion K of R, not intcrior to any of thesc
cubes, consists of one or more regions bounded by plane faces.

The cubes of the sets ¢y, ¢,, . . ., ¢, may now be reclassified:

the set ¢’ of cubes none of which has any point on or within any
of the spheres of X, and

the set ¢” of cubes each of which has a point on or within some
sphere of X,.

No two cubes of ¢” have interior points in common. For if two cubes
belong to the same face of S, they belong to the same lattice, and arc
separated by a plane of the lattice. If two cubes belong to different
faces, each contains one of a pair of points a distance % or more apart,
and this is more than three times their diagonal. No cube of ¢’ has an
interior point in K. The region, or regions K, together with the portions
of R in the cubes ¢’ constitute the approximating region, or set of
regions R’. It remains to show that R’ is made up of normal regions,
and that 7 can be so chosen as to make the approximation arbitrarily
close.

It is simple to show that K is made up of normal regions, for if its
bounding planes arc indefinitely extended, they divide it into a finite
nu nber of convex polyhedra, which are normal regions.

Now let » denote the portion of R in one of the cubes ¢ of the set
¢’. If we take coordinate axes along three properly chosen edges of c,
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the face f of S which meets ¢ has at some point a normal with direction
cosines (é, fl—_, —l;> As f turns by at most 159, none of its normals
make with any cordinate axis an angle exceeding cos™ (y_l’,; +15°<< 700,
Hence f admits a standard representation with the orientation of the
axes chosen, no matter which is taken as z-axis. It follows that each
face of ¢ cut by f is severed into two plane regions, separated by a single
regular arc. Morcover, as the normal to f makes an angle never greater
than 70° with any codrdinate axis, the normal to the arc in the plane
never makes an angle greater than 700 with an edge of ¢ in that planc.
Thus the arc in which f cuts a face of ¢ is never parallel to an edge of that
face, and cannot cut an edge twice.

If f contains no interior points of ¢, cither there are no points of R
interior to ¢, and the cube may be discarded, or the whole cube belongs
to R, and is a normal region. Suppose f cuts the face z = a of ¢, but not
the face z = 0. Then the projection on the (x, y)-plane of the portion
of fin ¢ is a regular region 7, and so is the rest 77 of the face of ¢ in this
plane (it is understood, of course, that the boundary between 7 and 7’
is counted as belonging to both). As the portion of f in ¢ is a regular
surface clement, the conditions (a) and (b) for a normal region are met.

If f cuts the lower but not the upper face of ¢, the situation is the
same, as is seen by reversing the senses of the axes. If f cuts neither
face, its projection on the (x, y)-plane is a square, and conditions (a)
and (b) arc again met. If f cuts both the upper and lower faces, the
projection of the part of f in ¢ is bounded by two regular arcs and not
more than four straight linc segments, forming a regular curve, for
the only damaging possibility would be that the curved arcs had common
points other than end points. But as this would mean a vertical chord
for f, it is not a possibility. The rest of the face of ¢ in the (x, y)-plane
consists also of regular regions. Hence in this case also 7 fulfills condi-
tions (a) and (b) for normal regions. And as we have considered the
only possibilities with respect to the direction of the z-axis, which may
have any of the three perpendicular directions of the edges of ¢, the
condition (c) for normal regions is also met.

Hence R’ is made up entirely of normal regions, and hence the diver-
gence theorem holds for their sum, R’. The first part of our task is ac-
complished.

We now study the closeness of the approximation to R of R’. Let
2, denote the system of spheres obtained from X, by doubling their
radii, while keeping their centers. Then all points of R not in R’ lie within
spheres of the system Z2,,, for they are in cubes of the set ¢’/ which
contain points of the spheres of X, , and since the diagonals of these
cubes are less than 7, the cubes all lie within 2,,. But the total volume
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of the spheres of X, is 8 times that of the spheres 2, , and hence is not
greater than 8 N, %2 Thus the volume of the part of R not in R’ is less

than ¢ if 5 < VS‘S\;

As to the portion g of the boundary S of R which is not a part of the
boundary S” of R’, that also lies in 2, , since R and R’ coincide outside
these spheres. A bound for the area of the portion of a single face of S
within one of these spheres, may be found by considering the fact that
its projection on its tangent plane at the center of the sphere has an
area not greater than that of a great circle, and as its normals differ in
direction by not more than 159, the area of the portion of the face within
the sphere is not more than the area of a great circle times sec 15°.
Thus, since the arca of a system of great circles, each of radius 27, as
many for cach sphere as there are faces of S with points in that sphere,
does not exceed 4N, 7, the total arca of o will not exceed 4N, 7 sec 15°.

. gcos 159
Thus if n < 4N,

Finally, the area of the portion ¢’ of S not in S may be treated
similarly. For ¢’ is a part of the faces of the cubes of the set ¢, all of
which lie in 2,,. Considering first those belonging to a single face of S,
it is clear that there is at most one of these cubes on a single diagonal
of the corresponding lattice, if cubes having a single point in common
with R are discarded, as has been done. These diagonals cut a perpen-
dicular planc in the vertices of a lattice of equilateral triangles. A point
of onc of these triangles can have over it but one cube for each lattice
diagonal through its vertex, and hence not more than three cubes.
Thus the projection of the faces of the cubes corresponding to a single
face of S, on a plane perpendicular to the diagonal which is somewhere
normal to f, can cover any portion of this plane at most six times. The
sccant of the angle between the faces of the cubes and this plane is
¥3. Hence if we multiply by 6 3 the expression for the area of the
system of great circles, we shall have a bound for the area of ¢’. Such

a bound, then, is 6 Y3-4 N,z = 24 Y3 N, 7. If 5 < m‘}—Nz

, the area of o will be less than e.

the area
of ¢’ will be less than e.

All the conditions required by the second extension principle can
thus be met in the casc of a regular region, the ficld being continuously
differentiable. But the first extension principle permits us then to
assert that the results hold for fields which are continuous and have

piecewise continuous partial derivatives of the first order. Thus we
may state:

The divergence theorem holds for any regular region R, with functions
X, Y, Z which are continuous and piecewise continuously differentiable
i R.
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This is the degree of generality we set out to attain. It is true that
conical points, cannot, in general, occur on the boundary of a regular
region. But by means of the second extension principle it is clear that a
finite number of conical points may be admitted. More generally, if
a region becomes regular by cutting out a finite number of portions
by means of spheres of arbitrarily small radius, the areas of the portions
of S cut out vanishing with the radius, then the theorem holds for that
region.

11. Lightening of the Requirements with Respect
to the Field.

It is sometimes desirable to dispense with the hypothesis that the
partial derivatives of the first order of X, Y, Z are continuous in the
closed region R, and assume only that they are continuous in the
interior of R. The divergence theorem subsists under the following
hypothesis on the field

X, Y, Z are continuous in R and have partial derivatives of the [irst
order which are continuous in the interiors of a finite number of regular
regions of which R is the sum, and the integral

X JdJY JdzZ
(14) J‘ff(()v toyy T oZ)dV
R

is convergent.

This integral, in fact, may well be improper, for there is no reason
why the partial derivatives may not become infinite at points of the
boundary of R. In order to say what we mean by the convergence of
the integral, let us, for the purposes of this section only, understand
that when we use the word region, without qualification, we mean a
regular region, or a set of a finite number of regular regions without
common interior points, or the difference of two such sets, one con-
taining the other. By the difference, we mean the points of the includ-
ing sct which are not in the included set, plus their limit points. Such
a region lacks the property, in general, that its interior is connected, as
required by the definition of § 5, but for the present that is unecssential.

The integral (14) is convergent, then, if when R’ is any region interior
to R, and containing all the points of R whose distance from the
boundary S of R exceeds d, the integral extended over R’ approaches
a limit as § approaches 0.

We now indicate the proof that the divergence theorem subsists for
a regular region R under the stated conditions on the field.

In the first place, as a consequence of the definition of convergence,
it follows that the difference of the integrals over two regions R’ and R”,
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both interior to R and both containing all points of R at a distance
greater than 6 from S, vanishes with §. It follows that the integral over
any region interior to R and lying within a distance 6 of S, vanishes
with 8, and this holds also, by a limit process, if the region contains
boundary points of R. From this again it follows that the integral
is convergent if extended over any region contained in R.

The integral is also additive. That is, if R, and R, are any two
regions in R without common interior points, the sum of the integrals
over R; and R, is the integral over the region consisting of the points
of both. For if we cut off from R, and R, regions close to S, the integrand
is continuous in the remaining regions, and here the additive property
is a consequence of the definition of integral. Hence, in the limit, the
additive property holds for R, and R,.

With these preliminary remarks, it is a simple matter to verify that
the divergence theorem holds. We have simply to review the argument
of the last section. In the first place, the second extension principle
holds. For although the bound M for the derivatives of X, Y, Z may
no longer exist, we know that the region R — R’ will lie within a distance
y of S, and hence the integral over this region can be made arbitrarily
small by sufficiently restricting 7. No change need be made in the
trecatment of the surface integrals.

Thus the divergence theorem will hold for R if it holds for R under
the present conditions on the field. And, by the first extension principle,
it will hold for R’ if it holds for the normal regions from which such a
region R’ can always be built because of the additive property of the
volume integral. We may assume that the derivatives of X, Y, Z are
continuous in the interior of R ; the extension to the case in which they
are continuous in the interiors of a finite number of regular regions of
which R is the sum will then follow by the first extension principle.

Now let # be one of the normal regions of which R’ is composed. To
fix ideas, let it be of the first type considered in the last section:

. 0=z2=f(x,y), (x,9) int, 0Zz=<Za, (x,y) in 7'

With a sufficiently small positive «, we replace 7 by the normal region
#’, obtained from » by substituting f (x, ¥) — « for f (x, ¥). The diver-
gence theorem holds for #’, since all its points are interior to R, where
the ficld is continuously differentiable. Also, by hypothesis, the volume
integral over 7’ converges to that over »as a approaches 0 ; and because
of the continuity of the field, it isa simple matter to show that the sur-
fac.1 integral over the boundary of #” approaches the surface integral
over the boundary of r. This will show that the divergence theorem
holds for r. Similar considerations apply to the other types of regionz,
and thus the reasoning is completed.
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12. Stokes’ Theorem.

In section 4, Stokes’ theorem was shown to hold for surfaces made
up of normal surface elements. Now a normal surface element is a regular
surface element bounded by plane arcs. But if we have any regular
surface element, by triangulation of its projection on the (¥, y)-planc of
its standard representation, we may approximate to it arbitrarily closely
by a normal surface clement. As Stokes’ theorem holds for this approxi-
mating normal surface clement, and as the field is continuously differen-
tiable, it must hold also for the limiting regular surface element. Then
by the juxtaposition of regular surface clements, we conclude that

Stokes’ theorem holds for any two-sided regular surface, the functions
X, Y, and Z being continuwously differentiable in a region containing the
surface in its inierior.

Generalizations will suggest themselves, but the above formulation
will be sufficient for our purposes.

Chapter V.

Properties of Newtonian Potentials
at Points of Free Space.

1. Derivatives; Laplace’s Equation.

So far, we have studicd potentials arising from given distributions
of matter. But in many problems, the distribution is not known, and
the potential must be determined by means of other data. Thus in
higher gcodesy, very little is known of the distribution of the masses
except at the surface. But the forces can be measured on the surface,
and from these the potential can be determined, approximately, at least.
In order to solve problems given in terms of data other than the dis-
tribution of acting matter, we need more information on the properties
of potentials. We first consider such properties at points exterior to the
regions occupied by the distributions. Such points are called points of
free space.

We have seen on page 52, that the partial derivatives of the first order
of the potential exist at the points of free space, and give the correspond-
ing components of the force. We now go farther, and show that at
such points, the partial derivatives of all orders exist and are continuous.

It is easy to prove this for a particle by induction. The partial de-
rivatives of the first order are linear polynomials in #, y, z, divided by 73.
The partial derivatives of order # are polynomials of degree # in %, v, 2,
divided by 72"+, For if P, denote such a polynomial of degree #,
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where P, , , is a polynomial of degree # + 1. Thus if the statement holds
for one value of #, it holds for the next greater. It holds for » = 1, and
so for any positive integral value of #n. Now as the quotient of two
continuous functions is continuous except at the points where the de-
nominator vanishes, we see that the potential of a unit particle
has continuous partial derivatives of all orders at all points of free
space.

We notice that the polynomials in the numerators of the expressions
for the partial derivatives are also polynomials in £, 7 and {. Thus the
derivatives are continuous in all six variables as long as r &= 0. This
remark finds its application when we consider the potentials of various
continuous distributions. For, if we differentiate under the sign of
integration, in the expression for the potential of such a distribution,
we find that the resulting integrand is the density times the corres-
ponding derivative of the potential of a unit particle at the point
Q(& 1, 8) of integration. Hence, if the density is continuous, the
integrand is continuous in all six variables, as long as P(x, y, 2) is
confined to a closed region having no points in common with the
distribution, and the differentiation under the integral sign is justified.
As the integrand is continuous, so are the partial derivatives. The same
holds for the case in which the densities are piecewise continuous,
for the distributions are then sums of distributions with continuous
densities. Hence we have

Theorem 1. The potentials of the distributions of all the types studied
in the preceding chapters have partial derivatives of all ovders, which are
continuous at all points of free space.

Exercise.

Can the same be said of the potential of a distribution consisting of an in-
fimte number of discrete particles? Consider, for instance the potential

o oo
v m. zj m
U = ) T " —= . - < —" Convergent) *
”-:1 ](x——n)’—{—y”-{-z*’ 1 n

We shall see later that the derivatives are analytic functions of
%,y and z. But before turning to questions of this sort, we should
emphasize the important relation existing between the second deriva-
tives of a Newtonian potential. We saw on page 40 that the force field
of a' Newtonian distribution was solenoidal in free space, and on page 52

that it has a potential, U, whose derivatives give the components of
the field.
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It follows that this potential satisfies the differential equation

U v 02U
VEU= G2 T oye T g2 =0

known as Laplace’s differential equation.

1 The differential equation in polar coordinates, to which the above 1s equi-
valent was found by LAPLACE as a condition on the potential of a Newtonian distri-
bution 1n the Histoire de I’Académie des Sciences de Paris (1782/85), p. 135, reprinted
an the Oeuvres de Laplace, Vol. 10, p. 362 Later LAPLACE gave the equation 1n the
above form, :bid. (1787/89), p 252, Oewvres, Vol. 11, p. 278. In conncction with
a hydrodynamical problem, the ecquation had alrcady been used by LAGRANGE,
Miscellanea Taurmesia, Vol. 2, (1760/61), p. 273, Ocuvres, Vol. 1, p. 444.

As LAPLACE'S cquation occurs frequently, an abbreviation for the left hand
member is convenmient. The one used above 1s due to Sir W. R. HAMILTON,
and a brief explanation of 1its significance may not be out of place 1f
u (a,, by, ¢;) and v (a,, b,, ¢,) are two vectors, the combination

WV = ayay + by by +- ¢, 05

is called the scalar product of the two vectors, and has, according to GiBBs
(Vector Analysts, edited by E B Wilson, New York, 1909), the notation given
The scalar product of a vector by itself 1s called the square of the vector,
and is denoted by u2. The vector

UNXC = (bycg— 1y, ayg—a,6y, arhy—ba,)
is called the vector product of ® by . If %k 1s a scalar, :. e. a single number
or function, as oppoused to a vector or a vector ficld, then
Uk = (ayk, agk, azk)

is called the product of the scalar & by the vector w. We now introduce the
symbolic vector, or vector operator

= < J 4 J >
“\ox’ Jdy’ dz/)°
This has no meaning when standing alone, but 1f combined with vectors or
scalars, the operations indicated being carried out as if the three symbols were

numbers, and these then interpreted as symbols of differentiation of the next
following quantity, the resulting combinations have decfinite meanings. Thus

) U ou oU
U:—. (— - - - - - = & /
v (!)‘L ooy’ d:) grad U,
. 0X oY JDZ . ;
v.V_<—0-x+0-; ()—z—)—dlvadlv(‘\,Y,l),
L] 0Z oY 00X 0dZ 0Y ¢
V=_——" — —_— - —_ —_——
VX <()y i’ dz dx’ dx r)y)

= curl ¥V,
=curl (X,Y,2),

; ) U\2 QU\2 dU\2
2 (Y l .
Vo) ”(dx> +<d:v> +(02>'

RU  oU OfU

ey =Y L9 ¢
ViU = Jdxt | Jdy? 1 ga2
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Theorem II. The potentials of all the distributions studied satisfy
Laplace’s differential equation at all points of free space.

The significance of this fact is, that in many cases, the determination
of a differential equation satisfied by a function which is sought, is the
first step in finding that function. The main object of this and the next
chapter may be described as the determination of auxiliary conditions,
which, with the differential equation, determine the potential.

2. Developments of Potentials in Series.

Valuable information on the properties of Newtonian potentials may
be inferred from devclopments in series of certain types. In addition,
series frequently offer the best bases for computation in applications.

We seck first to develop a given potential as a
¢ power scries in the distance of the variable point

P(p, ¢, 9) from the origin of coordinates, which we
take at a point O of free space. We take first the
potential of a unit particle at Q(o’, ¢’, ¢#'), not the
origin (fig. 19). Then, in terms of the given spher-
ical coordinates of I and Q, the distance 7 between
them is given by

Fig. 19

7%= (pcos psin & —p' cos ¢’ sin §’)24- (g sin ¢ sin F—p’ sin ¢'sin 9’)2
(2) + (pcos & — o’ cos9')?
=z p2—2pp cosy 4-¢'2,
cosy = cosdcos ¥’ -}- sindsin ¥’ cos(p—¢q),

y being the angle between therays OP and 0Q. The potential at P of a
unit particle at Q is
11 1 1

) T i a sy & N R
l/ L’; ‘y 012

where we have set g, = u and cos y = u.

Our task is now to develop : as a power scries in y. By the binomial
theorem, valid for |z| < 1,
- 1-3...2n—1
(1—=2) $ oy + 2+ g2 4 g2 -, o, == 2.4“(_(;—”) ), xo==1.
Hence, if |2up—p?| <1,
1- -
VU — 2up + pu?
This is not a power series in , but it may be made into one by expanding
the binomials in the separate terms and collecting like powers of u, a

(4) = oy oy (20 p—pu?) + oy (2up—pu 4 -
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process which is justified provided |u | < ]/'_5— 1L The coefficients
of the powers of g will now be polynomials in %, and we write the result

Oy s P+ Pl Pyt
where
Po(u) =1, Py(u)=u, Py(u)= g(ﬁ — ‘1;>, ..
Exercise.

Continue the above list of the coefficients as far as Pg (1). Show generally
that P, (¥) may be written

{n2]
\T1-3...(2n—2k—1)

P,,(“) - k—/ Sk o ;ﬁé-k)! . (— 1)k un—2%
=0
LB @uo ), nl- D),

n! 27 —1).2
n(n—1)(m —2)(n —3)

2Zr-1)@2n--3)-2-4

ur—4 __ ..

3. Legendre Polynomials.

The coefficients P, (i) are of such frequent use, not only in potential
theory, but in other branches of analysis, that we shall be warranted
in devoting a separate section to them. They are called Legendre poly-
nomials?.

We observe first that P, (#) is of degree #, and that only alternate
powers of # occur in it, so that the Legendre polynomials of even degree
are even functions of u, and those of odd degree are odd functions of 1.

Recursion Formulas. The scries obtained by differentiating termwise
a power series converges at all interior points of the region in which the
power scries converges, and represents the derivative of the function

represented by the given series®. Hence, for [u| <y2 —1,

1 The possibility of this rearrangement is most easily established by means
of a theorem in the theory of analytic functions of a complex variable (Sce Chap-
ter X11, § 6). The series (4) 1s a series of polynomuals, and thercfore of tunctions which
are everywhere analytic, and 1t is uniformly convergent as to both u and p if u
isreal and —1 & # 3 1, and | p| 5 gy < J2— 1. The rearrangement may also
be justificd by elementary methods by first showing it possible for a dominating
scries, obtained from (4) by replacing # and g by their absolute values, and the
minus signs by plus signs. It 1s then easy to infer the possibility for the series (4).

2 LEGENDRE, Sur lattraction des sphéroides, Mémoires présentés & 1’Académie
par diverses Savans, Vol.X, Paris, 1785, p. 419. See also HEINE, Theorie der
Kugelfunktionen, Berlin (1878) Vol. I, p. 2.

3 Chapter X11I, § 6, Excrcise. The fact can also be verificd by eclementary methods,
using the theorem that a series may be differentiated termwise, provided the
result is a umiformly convergent scrices.
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(6) "y = Pyu) + 2Py () e+ 3Py ()
(1 —2up + p2)?

Comparing this series with (5), we see that
u - /l o= — LIS
N 2upta (10— p) [Po(u) + Py (1)t + -]
= (1 —2up+ u) [Py (1) + 2P, (W) p+ - 1.
The comparison of the coefficients of x® in the two sides of this equation,
written as power series, yiclds, after simplification, the recursion for-
mula

(7) n+1DP, () —2n+ 1) uP,(u)+nP,_,()=0.

Exercises.
1. Show that
Po(1)--1, Pu(=1)= (=1, Pen_1(0) =0, Puu(0)=(--1)"0ap.
2 Show that P, (1) =0 has » distinct roots 1in the open interval (—1, 1),
and that they are separated by the roots of P,_; (u).

Formulas for the Derivatives of Legendre Polynomials, and the Differen-

tial Equation which they Satisfy. Just as 1 was developed
V1 — 2% pu+ p?
in a power series in g, we may develop the derivative of this function

with respect to u:

® - =P+ Piwp+ Pyt -,

(1 — 2up + pu?)?
the coefficients being polynomials in #, not as yet shown to be the de-
rivatives of the corresponding Legendre polynomials, the series being
uniformly convergent for—1 <u <1, |u| L py < Y 2—1. Butsucha
series may be integrated termwise with respect to # between any two
points of the closed interval (— 1, 1), and we find

u

o %
w1 U S e
| = P Fe el LT ED R

o

= S — P, 14"

Comparing the coefficients of u™ in the two power series, we find

!

fP;, (#)du =P, (1) — P, (0),
]

and on differentiating both sides of this equation, we find that P; (x) is
indeed the derivative of P, (u). If we now compare the developments
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(5) and (8), we find

(1 — ) [Py () + Py () -+ - - 1= p [Py () + 2Py ) pe + - - -1,
and from this we infer that
(9) wP, (u) — P, _, (1) =nP,(u).

As a first consequence of this relation, we may derive a differential
equation satisfied by the Legendre polynomials. We eliminate between
the equations (7) and (9), and equations derived from them, the poly-
nomials other then P, (#) and its derivatives. Differentiating (7)., we
find
(n+1) P, () —2n~+1)P,(u) — 2n-+1)uPp(u)+ nP,_,(u)=0.
Eliminating P, _, () by means of (9), we have, with # in place of n 4- 1,
(10) Py (1) —uP;,_q (1) =nP,_,().

Again climinating P, _, (#) by mcans of (9), we have

(1 —w?) P, () +nulP,(u)=nP,_,(n).

Differentiating this relation and once more climinating P, _, (1), we
have the homogeneous linear differential equation of the second order
satisfied by the Legendre polynomials:

(11) L =) PL(] 4 n(n+ 1) Py () = 0.

FExercise.

3. Determune P, (1), except for a constant factor, on the assumption that it
is a polynomal of degree » satisfying the above differential equation.

If from (10) we eliminate the term P, _ | (#) by means of the equa-

tion obtained from (9) by replacing » by » — 1, we obtain the formula
Po(u)=2n—1)P,_, (1) + P2 ().

If we write the equations obtained from this by replacing #» succes-

sively by n — 2, » — 4, . . ., and add them all, we arrive at the following
development of P, (x) in terms of Legendre polynomials:
12) P =@n—1) Py () + @n—5) Py (w)

+@n— 9Py ) + -,

the sum breaking off with the last term in which the index of the poly-
nomial is positive or zero.
Expression for the Legendre polynomials as Trigonometric Polynomsials.
Making use of the formula of EULER for the cosine, we write
eV ety

U = Cosy = 9
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and with this value of #,

1 1 -3 —y 4
- T/ o T S oUTo LIt L. STT— S T = ]. — et 1 - ty
T Pre R Y v i or S A R
= (gt oy e'?p+ age®Tpt 4 - - o) (gt oy e A o™ Ut A - 1),

the series converging for all real y if | u | < 1. These series may be multi-
plied termwise, and the product arranged as a power serics in g. Thus
we have a second development of the function in (5):

1

2 1 —1
- - ==+ (g e’? - xg oy e
V1= 2up 4 ot 5+ (@10 0 %1 )

+ (g g€ ? + of + ogage= ) pu 4« -
=of+ 2apa,cosyp+ (2aga,cos2y + o) u2 4 - - - .

Comparing the coefficients of y” in the two, we have the desired ex-
pression for P, (u) as a trigonometric polynomial:

(13) P, (1) =205a,cosny + 200, _jcos8(n—2)yp
+ 2050, _pcos(n—4)y +---.
the last term being

o , #even,
2

9
“a";la‘":‘ cosy, mnodd.

As the coefficients on the right are all positive, and as the separate
terms attain their maxima for y = 0, it follows that | P, (u) | attains
its maximum value for real y,"s. e. for real # in the interval (—1, 1),
for # = 1. This value has been found in Exercise 1 to be 1. It may also
be found by setting « == 1 in (5). Thus, the maximum of the absolute
value of P, (u) for veal w in the interval (— 1, 1) is 1, and this value is
attained for uw = 1.

We sec thus that the series (5) is convergent and equals the

given function, not only for x| < J2 — 1, but for all |u| < 1.

Euxercise.
4. Show by means of (12) that the maximum of | P} (u)| for real « in (—1, 1)
( 1
is attained for 4 = 1, and s " (”Q‘t_).
The maximum value of | P, («) | for real or imaginary «, |« | < 1, is
evidently attained for u = 7, for then the terms of the polynomial as
given in the exercise on page 125 attain their maximum absolute values,

ard except for the common factor ¢7, are all real positive quantities.
. . . P, . .
This maximum value is —1,,(1) . It will be useful to have a simple upper

bound for this maximum. Returning to equation (5), valid for |#| < 1,
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lu] < y2—1, we have

1 . .
T eyt VUL +P2;1)/¢2 +... %
=[1—iQ+V2)pu] [1—i0—7y2)ul 7,
and the coefficient of u" in the expansion of this product cannot exceed
in absolute value the coefficient of x® in the expansion of

— —3 — ] _
=+ o=+ 2y d == e y2) ™
It follows that for |u| <1,
(14) [P, ()| < (14 Y2)"

Eaercise.

5. Show that the maximum m, of |I’,(u)| for ] < 1 satisfics the recursion
formula, or difference cquation:

P 2n’f.+ill_ m, - 7—1—:_ PP Mg =y 1.

Orthogonality. Just as it is sometimes desirable to express a given
function as a Fouricr series, so it is also sometimes desirable to express
a given function as a series in Legendre polynomials. It is clear that any
polynomial can be expressed as a terminating series of Legendre poly-
nomials. For the equation giving P, (x) as a polynomial in x can be
solved for x*, so that x™ is a constant times a Legendre polynomial plus
a polynomial of lower degree. Since this holds for cach #, the lower
powers: of x can be eliminated, and x" expressed as a terminating
series of Legendre polynomials, with constant coefficients. Hence any
polynomial can be so expressed by means of the formulas thus obtained.
The equation (12) gives an cxample of a polynomial developed in terms
of Legendre polynomials.

Functions which are entirely arbitrary, except for certain conditions
of the nature of continuity, can be expressed, on the interval (—1, 1),
as convergent infinite series of Legendre polynomials with constant
coefficients. We shall not attempt here to develop these conditions?,
but shall confine ourselves to showing how the series may be determined
when the development is possible.

The simple method by which the cocfficients of a Fourier series are
determined is based on the fact that the functions

1, cosx, sinx, cos2x, sin2x«, ...
have the property that the integral of the product of any two of them,

1 See, however, the end of § 4 Chapter X. See also STONE, Developments in
Legendre Polynom:als, Annals of Mathematics, 2¢ Ser., Vol. 27 (1926), pp. 315—329.

Kellogg, Potential Theory. 9
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over the interval (0,27), is 0. A similiar situation is present in the case
of the Legendre polynomials, for the interval (— 1, 1). In fact,

1
(15) [P, ()P, (du=0, m=+n.
-1

Because of this property two different Legendre polynomials are said
to be orthogonal on the interval (— 1, 1), and the system of all Legendre
polynomials is called an orthogonal set of functions on this interval. The
above sct of sines and cosines is an orthogonal set on the interval (0,27).

The stated property of the Iegendre polynomials can be derived
from the differential equation (11). If this be multiplied by I, (%),
and integrated from — 1 to 1 with respect to u, the result is

1 1
me (1) :ldu [(A—12) P, (u)]du+ n(n + 1) J P, (5)P,(w)ydu=0.
-1 -1

In the first term, we employ integration by parts, and as the integrated
term vanishes, we have

1 1
—-f(l—-z#) P, () P, (u)du + n(n -} 1) me () P, (u)d1=0.
—1 -1

If we subtract from this equation that obtained from it by interchanging
m and 7, we have

1
[#(n 4+ 1) —m (m -|- 1)] me ()P, (1)du=0.
-1

From this the property of orthogonality (15) follows.

This orthogonality characterizes, among polynomials, those of Le-
gendre. That is, apart from a non-vanishing constant factor in each,
the only system of polynomials containing one of each degree (the 0t degree
included), orthogonal on the interval (—1, 1), is the sct of Legendre poly-
nomzals. It is not difficult to verify this directly, but we shall give a
proof from which will emerge a new and useful expression for the Legendre
polynomials.

Let f(x) denote a polynomial of degree # which is orthogonal to a
polynomial of each degree from 0 to # — 1 inclusive. Then, since f(x)
is orthogonal to a constant, it is orthogonal to 1, and since it is ortho-
gonal to 1 and to a lincar function, it is orthogonal to x, and so, by in-
duction, to %2, x3, ... "~ 1. Hence f(x) is orthogonal to every poly-
nomial of degree less than #. In particular

1
[f@Q—xrdx=0, r=0,1,2,...,n—1.
1
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We now integrate by parts, using as the integral of f(x) that from —1
to x:

z
[Jf@dx]a—axr [+r ff/(x)dx(l—x)f—ldx = 0.

-1 -1 —-1-1
The first term vanishes for » > 0, and we sec that the integral of f(x)
satisfics a sct of orthogonality relations

1 z
JIJimdx]q—x)-tdx—=0, r=1,2,...,n—1.
15

If the process of integration by parts be repeated, we sec that the
functions

T z z

f(x), _Jl'/(x)dx, {flfx)dxdx, 1”1 flf(x)dxdx...dx,

the last integral being (» — 1)-fold, are all orthogonal to 1. In other
words, the #-fold integral

I (x) :4:{‘_‘]; .. ._j;/(x)dxdx .. dx

together with its first # — 1 derivatives, vanishes for x = 1. But this
function and its first # — 1 derivatives obviously vanish for x = —1.
Thus I (x), a polynomial of degrece 2, has an n-fold root at — 1 and an
n-fold root at 1, and is thercfore of the form

F(x) = c(x2—1)".

It is thus uniquely determined save for a constant factor, and therefore,
so also is its derivative of #'M order

[y =c @ —1y.

This is what we set out to prove. As P, (x) has the properties postulated
for f(x), f(x) must be proportional to this Legendre polynomial.
Let us now determine the constant of proportionality so that f(x)
shall be P, (x). The coefficient of x” in the above expression is
2n(2n—1)@2n—2)... n+e= """,

whereas the coefficient of x” in P, (%) is, by the Exercise on page 125,
1-3.5...(2n -1) _ (2! °*

nt T 2m(nl)2”
The two will be equal if ¢ = é-}"‘. We thus arrive at the formula of
RODRIGUES
1
Pn(x) 2"n'dx"(x ___l)n

g*
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Exercises.
6. Show by means of the formula of Rodrigues that P, (x) has # real distinct
roots in the open 1nterval (— 1, 1).
7. Assuming the formula of Rodrigues, derive the equation (15). Derive also
the recursion formula (7) and the differential equation (11).
8. Dernive the result
1

. _ 2
(16) fP" (W du=5 =,
-1

first from Rodrigues’ formula, and secondly, by deriving and then using the formula

L SRS S & VY7
=23 A4 A2 )1 —2xpu4p2 Yip -1 -Jap’
-1

Note that the second method gives also the relations of orthogonality (15).

We are now in a position to determine the coefficients in the develop-
ment of a given function in a serics of Legendre polynomials, on the
assumption that the series converges uniformly. If we arc to have

1(x¥) = coPo(%) 4 ¢, Py (%) + o Py(%) + - - -,

multiplication by P, (x) and integration from — 1 to 1 with respect to %
gives

1 1
; 2
_jl‘f(x) P (x)dx = c,_j;Pf (x)dx = Cray i1

so that the coefficients must be given by

1
an e =25 (10 Py a
=1

if the function is developable in a uniformly convergent series.

Exercises.
9. Show that 1f f(») = »7,

nmn—1)...(n —r342)
mFr+l)ntr—1)... (n—7r+3)

1f n—7 is even, and not negative; otherwise, ¢, == 0. Show, accordingly, that

6= (27+1)

. _n! 2n+1
e (2n+1)[(2n+1)P +(2n—3)=" T P

(2n+1)(2n—1)

+en-n ")
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1
10. Show that f P, (x)dx = 0 1f » is positive and even, and equal to
0

(= l) 2 (n -~ 2)(n—4).

n 41 ln_—])(n——.})
if »# is odd. Hence show that 1f the function
f)=0, —1<x<0, f(=1, 0<z<1,

has a development 1n series of Legendre polynomuals which can be integrated
termwise after multiplication by any polynomial, that devclopment must be

3 11
fx)= Q“ 0("‘)"";1 oo Py (%) — Z“lps(”)'i‘lz“zps(x)—
4k
+ (- )4ki4akp2k+1()+-..

Note that the value of the series at the pomnt of discontinuity of f () 1s the arith-
metic mean of the hmits of f (x) as ¥ approaches the point from either side.

11. Show that'if the function
f(x)=0, —1Z<x<0, f(u)—=x, 05251,

has a umformly convergent devclopment, this development must be

1) ) Pl + oy Prlo) b o %0 Pyle) — g S Pye) o -

4k+] Hg — 1

Y

12. Show that the above development 1s uniformly convergent, by showing
that 1t 1s absolutcly convergent for x = 1.

13. Show that 1if the series
1
2741
S() = aPol) + G Pi¥) + e Pan) oo | ) P
gl

is uniformly convergent, f(¥)—S(#) 1s orthogonal to all the Legendre polynonuals

As 1t can be shown that a continuous function not identically 0 on the interval
(—1, 1) cannot be orthogonal on that interval to every polynomial, this excrcise
contains the key to the proof that developments 1n scries of Legendre polynomials
actually represent the functions developed, under suitable conditions of the char-
acter of continuity.

14. Show that for real a and b,

2 27
atibeosy  2m
a—zbcostp a2+bzcos*<pﬂva2_+bz
0 0

and hence derive Laplace’s integral formula for the Legendre polynomials,

() = -]ltf[u-l—z“ ~utcosp]tdg.
0
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15. Show by Schwarz’ inequality that

1
| Pa(¥)idr < - 2 .
J2n41

-1

Show that 1if f(#) is continuous with its first derivative, and has a piecewisc con-
tinuous second derivative in (—1, 1),
1

2 1 d
=gy ) 3L =AW Pl dx,
=1

and hence that the development 1n series of Legendre polynomials of f(x) 1s uni-
formly convergent.

16. Show that if f () is continuous on (— 1, 1), that polynomial p () of de-
gree n is the best approximation to f(#) in the sense of least squares, ¢.e. such that

1
S [F(¥) = p(¥)]2dx = minimum,
-1
which 1s given by
P(v)=coPy(x) 4- ¢y Py (¥) + -+ - + ca Pulx),
where the coefficients are given by (17).

Gauss showed how the Legendre polynomials lend themselves in a
peculiarly efficient way to the approximate computation of integrals.
If x4, %,... %, are the roots of P,(x), there cxists a set of points on the
interval (—1, 1), dividing it into sub-intervals, 4,, 4,,...4,, cach
containing the corresponding x,, such that

Sfx)d,
1

is a close approximation to
1
‘{‘ fx)dx.

In fact, there is no polynomial p(x) of degree not greater than 2n—1
such that

1
fl p(x)dx
gives a better approximation!.

L Gauss: Mcthodus nova tntegralium valoves per approximationem tnveniend:.
Comment. soc. reg. Gottingensis rec. Vol.IIIL, 1816; Werke, Vol. ILI, pp. 163-196.
HEINE: Handbuch der Kugelfunktionen, Vol. II, Part. I. A brief exposition is to be
found 1n RIEMANN-WEBER: Diffcrential- und Integralgleichungen dev Mechanik und
Physik, Braunschweig 1925, Vol. I, pp. 315—318.

For further study of Legendre polynomials, the reader may consult BYERLY:
Fourier Series and Spherical Harmonics, Boston, 1902; WHITTAKER and WATSON:
A Course of Modern Analysis, 4t Ed., Cambridge, 1927; and the books of HEINE
and RIEMANN-WEBER, mentioned above.
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4. Analytic Character of Newtonian Potentials.

The formulas (3) and (5) give us the development of the potential
of a particle of unit mass as a power serics in g ;

1 1 0 N 0?
(18) =Py () =+ Py(u) S5+ Py(u) "7+,
v e e e
valid for -5, < Y2 —1. But the series confinues to converge for

—-1<5#<L1, -57 <1, and to represent the same analytic function

-lr- of p for such values of the variable (sce page 128).

We note first that this series is a series of homogeneous polynomials,
in %, vy, and z of ascending decgree. Consider, for instance,

n e s
Hn:P”(u) S = cosy = SX +L:£Z+C .

an +1?
P, («#) contains only the powers u®, «”~2, yn=4 ... of u, and hence the
n
radical g only in the powers o=, =" +2, p—#*+4,, ... Hence H, contains
this radical only with exponents 0, 2, 4, ..., none greater than #. This
function is therefore rational and integral in #, y, z. It is further homo-
gencous of degree #, since # is homogencous and of degree O in x,v,2.

1 . . . .
Let us now show that —-, the potential of a unit particle at Q, is
analytic at points other than Q. A function [ (x,y,2) is said to be analvtic
at (a, b, ¢), provided it can be developed in a power scries
D (x—a)fly—0bi(z—c)k 1=:01,2,..., j=0,12,...,
k=0,1,2,...,
which converges in a neighborhood of the point (4, b, ¢). No definite
order of the terms is specificd, so that it follows for power series in more
than one variable that convergence is synonymous with absolute con-
vergencel,
Py . 1 .
In considering the potential —-, we may take the point (2, b, ¢) as

origin. The series (18) is a series of homogeneous polynomials in z, ¥, z,
1
o =Ho(x,y,2) + Hy(%,,2) + Hy (x,9,2) + .. .,

and if the parentheses about the groups of terms of the same degree
be dropped, and the separate terms of the homogencous polynomials
be regarded as separate terms of the series, it becomes a power series
in %, y, 2

(19) S50y 2h,

1 See, for instance, KNoPP: Theoric und Anwendung der uncndlichen Reihen.

Berlin, 1922, pp. 132—133.
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If we show that in some neighborhood of the origin this series converges

and represents lr , we shall have completed the proof that the potential

J;is analytic at the origin, that is, at any point other than Q.

We may do this by setting up a dominant scries for the series (18).
A dominant scries for a given series is one with positive terms, greater
than or equal to the absolute values of the corresponding terms of the
given series. Suppose that in (18) we replace u by

g lSiixl by iz
e’e ’

and then replace all minus signs in the Legendre polynomials by plus

signs. The effect will be to give us a series of homogencous polynomials

in |x|, |»|, |2], which, when the parentheses are dropped, becomes a

dominant serics (we are assuming that x, y, 2, & #, { are real) for (19):
(20 S, b5y |yl

Let us consider the convergence of the dominant scries. Before
the dropping of parentheses, it may be written

. 1 1 1 . 2
(21) Py (tu) e + ., (e1r) -e‘f_; A4 e P, (tu) —5,3 + ...
The powers of 7 here enter only apparently, for they may be factored
out, and it is understood that this is done. Now in a serics of positive
terms, parentheses may be introduced or dropped at pleasure, for the
sum of the first # terms, S, in the series with parentheses, and s, in the
series without, are both increasing functions of %, and any S, is less
than some s,, any s, is less than some S,, and hence both series con-
verge, or else both diverge. Hence the dominant series (20) will converge
if (21) does. Now |u| is not greater than 1, since || is the cosine of the
angle between the directions (|x|, |y|, |z]) and (|&], |n], |{]). Hence
[f1#] = 1, and so by equation (14),
PG| S (0
; 0y @ : ’

Thus (21) converges for (1 -+ }/Z)Z),—- <1, that is for o < (Y2 —1)¢".
The dominating series (20) then converges, as we have seen, in the same
neighborhood of the origin.

This, of course, means that (19) converges in the same neighbor-
hood. But more, it converges to 1 For since (21) and (20) converge

tc the same limit, we can chose N so that for any # and »’ greater than
N, the difference between the first # terms of (21) and the first #” terms
of (20) is less than any assigned positive quantity &. This difference con-
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sists in a certain set of terms of (20), and so dominates the corres-
ponding difference in (18) and (19). Accordingly the last two series
must converge to the same limit. This completes the proof that the
potential ly is analytic.

Parenthetical Remarks on Power Series in Several Variables. Before
proceeding to extend the above result to the usual continuous distri-
butions of matter, we state several properties of power series of which
we shall have need, with bricf indications as to the proofs. In the first
place,

If F(x, 9, 2) = Na,,, x*yiz% converges for x = xg, y = vy, 2 = 2,,
it converges uniformly for | x| < A %o, |v] £ A|wo|, |2] £ 4 |2,], where A
is any fixed positive proper fraction.

For, since a necessary condition that a series converge is that its
terms approach 0, there is a number B such that
| @ ¥ha S B, die. a,,| = i"cf'lﬁl’i‘;gxk.

Hence the series I' (x, y, 2) is dominated by

y iz k

Yo ’ | -zo

and this, in turn, by M BA+/+k That the last series is convergent
is most ecasily seen by regarding it as the result of multiplying by itself,

vp'r
= x|

. . . 1 .
three times, the geometric series for W) for such a process is per-

mitted in the case of convergent series with positive terms. Thus since
the given series is dominated by a convergent scries with constant
terms, its convergence must be uniform.

On the same hypothesis, any given partial devivative of F(x, v, z) is
obtained by differentiating the series termwise. The resulting series con-
verges uniformly for |x| = A|xo|. |y = A ¥ol 2| = 4|2

Consider first the derivative of F(x, v, z) with respect to x. The
result of termwise differentiation of the series is

1, i—1 00 5k
Nia,,, ATy 2k,

This is dominated by the series obtained by expanding
B def =27 ]A=H" 0 —H=% or BL—A,

and as this is convergent, the series obtained by differentiating term-
wise that for F(x, y, z) is uniformly convergent in the region stated.
It may therefore be integrated termwise, and we find in this way that
it represents the derivative of F(x, v, 2).

The same is true for the derivatives with respect to y and z. By
the same argument, the derivatives of thesc series may be found by
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termwise differentiation, the resulting series converging uniformly
for [x| =< A2|x,], |¥| = 2%|0], |2] = A%| 2|, and so on, the series for the
derivatives of order # converging in a region given by the inequalities
obtained by replacing A2 by A". But as A is any positive number lcss
than 1, 2* may be replaced by 4.

1{, on the same hypotheses, F(x, y, z) = 0 throughout any neighborhood
of the origin, the coefficients of the power series all vanish.

For in this neighborhood, or the portion of it in the cuboid
2| =< A%, |¥| = Ayl 2] = 4|2, any given derived series must
converge to 0. Hence, as

1 or+1+k
‘ [

R0k [9at0 (j_,:_kF (x, , z)} ’

N e
[
cce

it follows that a,;, = 0.

The DPotentials of the Usual Distributions arve Analytic at the Points
of Free Space. Let us now consider a distribution of continuous density »x,
occupying a volume V. Let the origin O be taken at a point of frec
space, and let a denote the distance from O to the nearest point of V.

. 1 .. .
In the series (19) for P the coefficients a,,, are functions of &, 5, g,

but the first # terms of that series arc less in absolute valuce than a
certain number of terms of the series (21), which, in turn, is dominated
by

LU ) L

since ¢’ =a. If p<<A(1 — y2)a, 0 <A <1, this serics is dominated
by the convergent series with constant terms

1

.

3t

so that with the variables thus restricted, (19) is convergent uniformly

as to all its variables.

The conditions on the variables are obviously met for Q (&, 5, {) in
V and P (x,y,2) in the cube ¢: || <24, |y|<-2a, |2|<-2a. The
series (19) remains uniformly convergent in all its variables upon multi-
plication by » = % (§,, {), and hence

U =jvffx Lav = Z[fJ‘fxa,jde]x‘yfzk,

the serics being uniformly convergent in ¢. Thus the potential is analytic
at the origin, that is, at any point of free space.
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The same treatment holds for a surface distribution. When it comes

to double distributions, we note that

a1 x—§ .

iy = g5 = @8 [ Yayxty P
and that in the region ¢, where the series is dominated by a convergent
series with terms independent of the variables, the product on the right
may be expanded and written as a single power series, uniformly con-
vergent for Q in V and P in ¢. The same situation holds with respect
to the linear combination of the partial derivatives with respect to
&, n, £, with continuous coefficients I, m, n:

01 0 1 0 1 0 1

b » = (oe ) b (ﬂ*) mot (gg )
and the same process as before shows that the potential of a double
distribution is analytic at the points of free space. Finally we remark

that the potential of a distribution with piecewise continuous density
is a sum of those with continuous densities. We thus have established

Theorem IIl. The Newtonian potentials of particles and of the usual
distributions of matter are analytic at the points of free space.

The same, as a consequence, is true of the derivatives of the poten-
tials, of all orders.

5. Spherical Harmonics.

1. .
We have scen that the development (18) for - is equivalent to a
development in terms of homogeneous polynomials

1
(22) - =Ho(%,9,2) + Hy(x,9,2) + Hy (%,9,2) +---.

These polynomials are solutions of ILaplace’s equation. For, if the
parentheses are omitted from the groups of terms of the same degree,
we obtain a power scries which is differentiable termwise in a ncigh-
borhood of the origin, and since the introduction of parentheses is
always permitted, it follows that at lcast in the same region, the series
of homogeneous polynomials is differentiable termwise. Hence, since

1 - , .
; satisfies Laplace’s equation,

0=V2Hy(%,y,2) + V2H,(%,,2) +VEH,(x,y,2) + .

Since a power series cannot converge to 0 in a region containing the
origin in its interior unless all its coefficients vanish, it follows that
all the terms of the above series vanish, and thus

VEH,(%,y,2) =0.
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A solution of Laplace’s equation is called a harmonic function. As the
polynomials H,(x, y, z) are peculiarly adapted to the treatment of prob-
lems connected with the sphere, they are called spherical harmonics.
We shall understand by this term any homogeneous polynomial which
satisfies Laplace’s equation?.

Let us examine the spherical harmonics given by (22). The first
few terms are

s = gt g By L]y g [E2R—yt—t) 4o 2ytmat— )
+ {2 (222—x2—y?) 4 69l yz + 60 2%
+6&nxy]+ -

The spherical harmonics thus depend on the parameters &, 7, . They
remain spherical harmonics if the powers of ¢’ are dropped, and as the
resulting polynomials satisfy Laplace’s equation for all values of the
parameters, it follows that the coefficients of the separate powers and
products of these letters are also spherical harmonics. We thus can
make a list of spherical harmonics of the first few orders:

Othorder, 1,

18t order, %, v, 2,

24 order, 242 —y2— 32, 242 — 22— x2 D22 x2 42

yz , zx , xy

Those of the second order are not independent, for any one of those
in the first linc is the negative of the sum of the other two. The number
of independent spherical harmonics of order # is 2 # + 1, that is, there
exists a set of 2# 4+ 1 spherical harmonics of order #, such that any
other spherical harmonic of the same order is a lincar homogeneous
combination of them, with constant cocfficients. We leave the proof
to the reader in exercises.

Exercises.

1. Write a list of spherical harmonics of the third order obtained by finding
the coefficients of the polynomial ¢’7H, (x, v, 2) 1n & 7, {. Show that seven of
them can be picked out in terms of which all the others can be expressed.

2. Wrniting

'H-n('f’ y’z) =ap+ AGp—12+ p— 2224 “n—-:«!:a + -0+ oap e,

where «, is a homogencous polynommal of degree » 1n x and y, show that a ncces-
sary and sufficient condition that this be a spherical harmomc 1s that it have
the form

May, , I? (lzﬂn)

Ay —
H,o(¥,y,2) =ap+ tp—1 5 — o 2 ‘;: 1 3+
l72([ an—-l) 5
51 B,

1 The term spherical harmonic is often applied to a broader class of functions,
namely, to any homogeneous solution of Laplace’s equation.
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where a,-; and a,, are arbitrary Thus prove the statement of the text that there
are 2 n + 1 independent spherical harmonics of order », in terms of which all
spherical harmonics of that order can be linearly expressed:

3. Show how an independent set of 2 n 4 1 spherical harmonics of order
# can be detcrmined, and apply 1t to the case n = 3.

4. Using Euler’s relation for a homogcncous function of degiee n

J Jd
S H,,+y0 v}—z— -H,=nl,

show that 1f A, 1s a spherical harmonic of order », then is a solution of

H,
ba n+l
Laplace’s cquation for g 0.

5. A spherical harmonic of order #» can be expressed in the form

H,(v,y,:) = o" Sy (o, '9) .

S, (@, 8 is called a surface spherical harmonic of order n. Taking from Chap-
ter VII, page 183, the expression for Laplace’s equation 1n spherical coordinates,
show that this surface spherical harmonic must satisfy the differential equation

()9) J%S,

a
sin & (smﬂdﬁ - () X

08
Note that the Legendre polynomuial P, («) 1s a surface spherical harmonic of order 2,
and that if in (2) we put & = 0, % == cos #, and P,(u) 15 independent of . Thus,
assuming that S, (@, #) 1s independent of ¢, and making the substitution cos & — #,
find again the difterential equation (11) satisfied by the Legendre polynomials.

+n(n-+4 1)smn?dS, 0.

6. Developments in Series of Spherical Harmonics.

In (18), we have the development of the potential of a particle in a
series of spherical harmonics. Let us now consider the potential of a
distribution of continuous density » occupying a volume V, and let the
origin O be taken at any point of free space. Let a denote the distance
from O of the nearest boundary point of V. Then, with Q (&, 5, {) inV
and P(x, y, 2) in the sphere p < A4, 0 << 4 < 1, the scries (18) is domi-
nated by the geometric series for (1—4)-1, and thus is uniformly con-
vergent in all its variables. Hence we may multiply by » and integrate.
We find

1
U=-£ff”“;dV:Ho(x,y,z) + H,(x,v,2) + Hy(x,v,2) .

where H,(x, v, z) is the spherical harmonic of degree »
H,(x,y,2 “‘J"P ()~ ,”+ LAV = n"_”‘jx-]—,”—(_)l sin ¢ do'de’di’.

where # = cos y has the value given in equation (2).

Thus this potential is developable in a series of spherical harmonics,
convergent at any interior point of the sphere about the origin through
the nearest point of the distribution, and uniformly convergent in any
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smaller concentric sphere. The same is clearly true of surface dis-
tributions, and in the cases in which the densities are piecewise con-
tinuous.

When it comes to double distributions, we need to consider for a
moment the potential of a doublet, or magnetic particle. We have

J 1 _ J 1 1 J[P, (u)pe"]
o0& v PR - p'ntt ox

the termwise differentiation bemg permitted, at least in a sufficiently
small neighborhood of the origin. For the derivative, we have

? P, (1) p" == P, (1) Z: o+ P, (u)no""%x,

Jx

or, making use of the expression for # in terms of cartesian cosrdinates,
and the relation (9),

) | :
(;x P, (1) p" == LI’” (1) Qe — P, () x~’ -2
Hence

(3]
Jd 1 [

o0& r

, poyeE] en T
Phos () x =Py 7] 200

It will be noticed that the general term of this series is a homogencous
polynomial in %, y, z, and it may be proved to be harmonic just as were

. 1 A .
the separate terms in the development of —-. The series is dominated,

as may be seen by referring to Exercise 4 (p. 128) by
(7 L in(n—1) + n(n -{-_!):l on—1

e L2 2
since [&]|=< ¢  and |x|Z . If Q isinV, and P in the sphere ¢ < Aa,

this series is in turn dominated by the series

0/”._.1 ’

71 2 am—1
% oM AT
which the ratio test shows to be convergent. Thus the potential of the
doublet can be expanded in a series of spherical harmonics convergent
in the sphere about the origin of radius Aa, uniformly as to the coordi-
nates of both P and Q. The rest of the treatment follows that for the
volume distribution.

Theorem IV. The potential of any of the usual distributions is
developable in a series of spherical harmonics, convergent at any interior
point <')f the sphere about the origin (which may be taken at any point
of free space), through the nearest point of the distribution, and uniformly
convergent in any conceniric smaller sphere.
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7. Developments Valid at Great Distances.

We may also develop the potential of a particle as a series in
negative powers of p. All we nced do is interchange P and Q, or,
since # is symmetric, g and ¢’ in (18). We have

1 1 ’ 'z
y =Po(w) ) +Py(w) gy +Pyw)Cy 4 - -

If a is the distance from the origin of the most distant point of a given
distribution, say in a volume V, so that when Q isin V, ¢’ < a, then this
series is uniformly convergent in all six variables when P is outside the
spherc p = Aa, A> 1. It may be multiplicd by a continuous, or picce-
wise continuous density and integrated termwise over V, and thus
gives an expansion of the potential U of the volume distribution,
valid at all points outside any sphere containing the whole distribution,
and uniformly convergent if that sphere contains the distribution in

. . . .. r,(u)p’™ .
its interior. The term arising from -"Q(Hf} is seen to become a

homogeneous polynomial of degree » in x, v, z on multiplication by
27+, The other types of distribution may be treated in a similar way,
and we arrive at the result

Theorem V. The potential of any of the usual distributions is develop-
able in a series of which the general term is a spherical harmonic of
order n divided by %"+l This series is convergent outside any sphere
about the origin and containing the distribution, and uniformly convergent
outside such a sphere if it contains the distribution in its interior. The
same is true of the partial derivatives of first order of these potentials.

The last statement of the theorem can be verified by the process
used in considering the development of the potential of a double dis-
tribution. In the case of the derivative of the potential of a double dis-
tribution, another diffcrentiation will be necessary, but the treatment
of this casc presents no new difficulties. Later we shall see that the
theorem is truc for derivatives of the potential of any order?.

Exercises.
1. A homogencous cube of side 24 and center at the origin, has its sides parallel
to the coordinate axes. Show that 1ts potential has the development:

M M
U=, o Bet =50 A Ao

Show that at distances from the center exceeding the length of the diagonal of the
cube, the second term is less than 0-2 per cent of the first. Show that the potential
is less than that of a sphere of equal mass and the same center, at distant points
on the axes, and more on the diagonals. Does this seem recasonable?

1 This follows from Chapter VIII (p. 211), the fact that the derivative of
a harmonic function is harmonic, and from Chapter X, § 2. See also Exercise 4,
at the end of Chapter VIII, page 228,
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2. Given a distribution whose density is nowhere negative, show that if the
origin of coordinates 1s taken at the center of mass, the development 1n falling
powers of the distance lacks the terms of order —1 in #, », z, and 1if, in addition,
the axes arc taken along the principle axes of 1nertia of the distnibution, the imtial
terms of the development are

M B4-C—24)x* C+ A—2B)y? A+ B—2C):?
g M PO €A D A (U4 P20

where A, B, C arc the moments of 1nertia about the axes.

3 Show that if the development of the potential of a distribution be broken off,

M  H, (xvy 2z H,(x, 9,z
U=_e +_1_(Q:,3, )+...+‘ eg”_fl_),_{_]en,

the remainder £, is subject to the inequality

M < a )n +1
L. b \b
[Rpiii- — T T
1 -
b

where a 1s the radius of a sphere about the origin containing all the masses, and
b 1s the radius of a larger concentric sphere, to the externior of which P (x, ¥, 2)
is confined.

4. Show that at distances from the center of mass ot a body, greater than ten
times the radius of a sphere about the center of mass and contaimng the body,
the equipotential surfaces vary in distance from the center of mass by less than
1.2 per cent. Show that the equipotentials of bounded distributions of positive
mass approach spheres as they recede from the distribution.

8. Behavior of Newtonian Potentials at Great Distances.

We have scen that at great distances, developments hold for the
potential of bounded distributions,
M | Hy(a,yz) IU Mx

U=Q+ 03 [—."; D’V“"—e;‘i—

Hy(x,9,2)
2_05.__ + .-,
the termwise differentation being permitted because the resulting
series is uniformly convergent. Similar expressions exist for the
other partial derivatives of the first order. From these we derive the
important properties of the usual potentials at great distances:

Theorem V. IfU is the potential of any bounded distribution of one
of the usual types, then at a great distance o from any fixed point, the
quantities

aU aU ouU

' el ey, @y @y,
are all bounded. As P (%, y, z) recedes to infinity in any divection, oU
approaches the total mass of the distribution.
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The limits of the quantities

20U 2()U 2(’)U
0" gx € Jy ’ "y

as p becomes inifinite do not exist, in general. If, however, the direction
in which P recedes to infinity is restricted, say so as to approach a limit-
ing direction with direction cosines [, m, n, then these quantities

approach limits
—MIl, —Mwm, —Mn,

respectively. In other words, the force becomes more and more nearly
that due to a particle, situated at a fixed point, and having as mass
that of the distribution. We have used this as a check in the exercises
of Chapter I, assuming it at that point as reasonable.

In the development of the potential of a double distribution, valid
. . N .
for great distances, it turns out that the term in o 18 lacking. To say

that the total mass of a double distribution is 0 is entircly reasonable,
in view of its possible interpretation as the limit of two equal and
opposite distributions on parallel surfaces, as these surfaces approach
coincidence. This holds whether the total moment vanishes or not. It is
to be noted that this circumstance of a vanishing total mass does not
impair Theorem V; it enables us to make supplementary statements.
In this case the four quantities there given approach the limit 0.

Exercises on the Logarithmic Potential.

1. Show that the partial derivatives of order 2 of the logarithmic potential of
a particle

U-——logi

are homogeneous polynomials 1n #, y, &, and 7, of degree =, divided by p2". Show
also that the potentials of the usual distributions satisfy Lapiace’s equation in two
dimensions
02U 02U
2] — o
Y 2% Jdy? ’
2. Show that
2

1 1 , 1 )
logyzlog Q,+coq((p—~¢p)§,-4 2cos2((p——¢p)--5,2
1 3 n @

g cos3(@— ) gy A

and that the terms of this series arc homogeneous polynomials in ¥ and y which
satisfy Laplace’s cquation.

3. Denive developments in terms of homogencous polynomials satisfying
Laplace’s equation, and in terms of such polynomials divided by appropriate powers
of g, for the potentials of the usual logarithmic distributions.

4. Show that there are only two independent homogeneous polynomials of each
order (z - 1) which satisfy Laplace’s equation, and that these may be taken as the

Kellogg, Potential Theory. 10
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rcal and imaginary parts of (¥ 4 ¢y)". Show also that they are the numerators in
certain derivatives of the logarithmic potential of a unit particle at the origin,
when these are expressed as homogencous polynomials divided by the proper
powers of p. Explain why only two of the # 4- 1 derivatives of order » are 1n-
dependent.

5. Show that if U 1s the logarithmic potential of one of the usual distributions,
containcd 1n a bounded portion of the plane, and of total mass M,

1
U—Mlog,

approaches 0 as p becomes infinite, 1n fact, that p times this difference is
bounded for large p. Show also that

aU au
x> 0y ¥
arc bounded for large ¢. Make sharper statements for the case where M = 0.

Chapter VI.

Properties of Newtonian Potentials at Points
Occupied by Masses.

1. Character of the Problem.

We continue our study of the propertics of Newtonian potentials,
now in the neighborhood of points of the distributions of matter. OQur
object is to find relations between the potential and the density, for the
purpose indicated at the beginning of the last chaptler. As it is only
in the neighborhood of a point of a distribution that the density at
that point makes itsclf felt in a preponderating way, we must of
necessity investigate the behavior of the potentials at such points.

As the integrands of the integrals become infinite at such points, the
study presents some difficulties, and it will probably’be wisc for the
reader to use the present chapter in a manner similar to Chapter 1V.
He should by all mcans be acquainted with the results, a number
of which have been verified in particular cases in the cxercises of
Chapters T, and ITI. He will do well to review the exercises in question
in order that he may see the results in the light of illustrations of
general principles. Some acquaintance with a few typical proofs, say
the carlier ones, is also desirable. Otherwise, a detailed study of the
chapter should be left until after the later matcrial has shown the need
of the present developments. It will then be found more interesting
and more rcadily understandable.

' 2. Lemmas on Improper Integrals.

We shall confine oursclves, in this chapter, to regular surfaces and
regions, and, in general, to densities which are piecewise continuous.
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We have already met with improper integrals, in Chapter I, § 9 (p. 17)
and in Chapter IV, §11 (p. 119). At present it will serve if we restrict
ourselves to integrands f (Q) which become infinite only at a single
point P of the region V of integration. In any region in V" which does
not contain the point P, we shall suppose that f (Q) is piccewise con-
tinuous in the coordinates &, 7, £ of Q. It is not an essential restriction
to assume that P is an interior point of V, for as we have seen, we may
extend V, defining f (Q) as 0 in the region added. We recall the definition
of convergence:

the integral I= f ,)f f f(Q)dV
1s said to be convergent, or to cxist, provided
lim [ Q) dV
d>0 1V v

exisls, where v is a variable regular vegron subject to the sole restriclions
that it shall have P in its interior, and that its maximum chord shall not
exceed 8. T'he value of the convergent integral is defined to be this limat.

If the integral I is convergent, the definition of convergence, applied
to the first and last term, shows the following equation to be valid

Iffr@av—[ifr@av=[fli@av,

where v is thought of, for the moment, as fixed. The cquation once
established, we may allow the maximum chord of v to approach 0.
The left hand member of the equation then approaches 0, and we have

Lemma 1. If I is convergent, the integral

J{fi@av

approaches 0 with the maximum chord of v.

We recall also the Cauchy test for convergence (p. 18). An incon-
venience inherent in the application of that test is the very general
character of the regions v that must be considered. We shall thercefore
find useful the criterion given by

Lemma II. If there is a function g (Q) such that | f (Q)| =< g (Q),

and such that
JfJe@av

is convergent, then I is convergent.
This test obviates the necessity of considering gencral regions v, for

the reason that if
[Jfe@av
10*
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approaches a limit when v is a sphere about P, it will approach the same
limit for the most general regular region v containing P in its interior,
as the maximum chord of v approaches 0. This we shall show in a
moment.

To prove the lemma, let v and v” denote any two regions having P
as an interior point, with maximum chord less than 6. Let o be a
sphere about P of radius 24. Then

Jfr@av—[ifreav. = JIf1@ar—[[]1@av]

= [[fe@av+[ffe@av=2[[[¢@ar.

The last integral is convergent, by hypothesis, and so approaches 0
with 0, by Lemma I. The Cauchy test then shows that I is convergent.

We now justify the remark made with respect to the convergence
of the integral over g (Q) for special regions. Let oy, 0,, 05,... be a
sequence of spheres about P, with radii approaching 0. Let

G—[[Je@av.

Then, by hypothesis, the monotone increasing sequence G, G,, Gy, . ..
approaches a limit. But the integral

G- [[fe@av

lies, for small enough maximum chord of v, between a term of this se-
quence, as far advanced as we please, and some following term, and
hence G approaches the same limit as the sequence, as the maximum
chord of v approaches 0.

Remarks. All that has been said for triple integrals holds for double
integrals with the mere substitution of two dimensional for three dimen-
sional regions of integration. IFurthermore, we may apply the results to
integrands f () becoming infinite at two points I and P’ by simply
dividing the region of integration—say by a small sphere about one of
these points—into two, one containing each point, and understanding
that the improper integral over the whole region is the sum of the im-
proper integrals over the two parts. This simply amounts to extending
the definition of improper integral to the case of two infinities of the
integrand. We shall have need of this remark in considering derivatives
of potentials.

Lemma II1. (a) The integral

fyff‘i; 0<p<3
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is convergent, and for all regular regions V of the same volume, it is greatest
when V is a sphere about P.

(b) The integral
S
J]‘KIT B 0-< ﬁ <2,

where S is a regular vegion of the plane, is convergent, and for all regions
S of the same area, it is greatest when S 15 a circle about P.

That the integrals are convergent is easily proved by means of
spherical and polar codrdinates, respectively. In the integrals over
regions with the infinitics cut out, the integrands are continuous, and
the multiple integrals are then cqual to the iterated integrals with
respect to these codrdinates. But it is found that the iterated integrals
are not improper, and the convergence is readily established (see
Chapter I, page 18).

Suppose now that V is not a sphere about P. Then there will be
points of V, outside the sphere X of equal volume about P, and also
points in X not in V

The set v of points in V' which are not interior to 2 may not con-
stitute a region at all. For instance, the regular surface bounding I may
touch, from within, arcs of an infinitc number of parallel circles on the
sphere. However, the integral of a continuous function f over such a set
is easily defined. Let € denote a cube containing v. We define a function
F, IV == f at the points of v, and I’ = 0 elsewhere in C. Then, by defi-

nition,
fvff/dvz fcfflv‘dV.

It is true that F is discontinuous in C, but not at any interior points of v.
The boundary of v lies entirely in the boundaries of 2 and V, and it is
casy to show that a regular surface clement can be enclosed in the
interior of a region of arbitrarily small volume. It follows that the
above integral exists. If f becomes infinite at a point I of v, the improper
integral is defined in the usual way.

With these preliminaries, we sce that

8 T

where o is the set of points of X not interior to V. But

1 1 . 1 1
GZgiine L=

in v,

a being the radius of 2, and the incqualities holding at interior points.
Hence the integral over X exceeds the integral over V if cither o or v
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contains interior points, since the volumes (that is, the integrals of
the function f = 1) of ¢ and v are equal. If neither ¢ or v have interior
points, it follows at once that ¥ coincides with 2. Part (a) of the lemma
is thus established, and similar reasoning cstablishes part (b).

Some cquations and inequalities are of such frequent occurence in
what follows that we add them as

Lemma IV.
(a) 2]ab|<a®+ 0% a,b real
1 1 7§ — 72
(b) vy 19 - r7g (¥ —}:_7],)‘ ’
4
1 1 1 1 1 1 1 1 1 1 1 v 1
(c) Iz Y = <7 - ;'0> (r” +ﬁ,;+ 737>’ ¥ _r'(’; = <r~_ r0> % ;‘"‘T;‘—j'

The inequality is the familiar consequence of (¢ — §)2 = 0, and the
equations are obvious algebraic identities.

\/.,/ 3) The Potentials of Volume Distributions.

We consider the potential U of a distribution of piccewise continuous
density x, throughout a regular region V'; also a typical component of

the force:
U=JHMV, zzﬂ xS lav.
JJ v ¥
v 7

As | % | is bounded, and as | { — z| = 7, we scc by Lemmas II and III
that these integrals converge for all P in V. Thus the potential and
force are defined everywhere.

We next show that these functions are everywhere continuous. The
reasoning is typical of that to be used repeatedly in this chapter. We
confine ourselves to the points of V, for we already know that the inte-
grals arce continuous everywhere else. Let Py be a point of V'; as re-
marked, we may assume that it is interior. Then U = U,; + U,, where

Uﬂ)):f! Zav, U2(P)=Vf£ Zav,

where o is a sphere about P,. Now, given any € > 0, we may take ¢ so
small that

|U(P)| < 5.
i1 dependently of the position of P, because of Lemmas III and I. For
such o,
2
| UL(P) = Uy (Py) | < G
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Then, with ¢ fixed, there is a neighborhood of P, such that when P is
init,and Qisin V — o,
1

where 7 and 7, are the distances PQ and Po(), Bis a bound for | x |, and
V is the volume of the region V. Then, with I’ in this neighborhood,

1 l 3
EEARETE

Combining the incqualities for Ul (P) and U, (P), we have
|U(P)—U (P)|<e.

Thus U is continuous at Py, and hence throughout space.

Characteristic of the reasoning is the breaking up of the region of
integration into two, such that the integral over the first vanishes with
the maximum chord of the region, uniformly as to P, and that in the
second region, the integrand is a bounded density times a continuous
function of all the codrdinates of P and Q. The same argument holds for
the function Z of P. Thus we have

Theorem 1. The potential U, and the components X, Y, Z of the force,
due to a volume distribution of piccewise continuous density in the bounded
volume V, exist at the points of V, and are continuous throughout space.

But it is not evident without further study )
that the force components are, at points of the
distribution, the corresponding derivatives of the 70
potential, for the usual criterion for the possibility {

of differentiating under the sign of integration does
not apply to improper integrals. Nevertheless, the
relationship subsists (we are considering the gravi-
tational ficld — in electrical or magnetic ficlds the
force is the negative of the gradient of the potential). Fig. 20.
To show this, let us take the origin of coérdinates at P,, and let P
have the codrdinates (0, 0, ) (fig. 20). We consider the function

up)—UP,) Lo .-
T _[(P°)=fﬂ"[‘1:<7—,o — plav

— i QC—II &

fff ero(r Fr) w]dV (b 4 0).

Here wehave employed LemmalV (b) and the values»§ = &2 4 % + (2,
=t (C — B2,
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This integral is convergent, by Lemmas II and III, since | £ | <7,
and |2¢ — k| = | C| +| ¢ — k| =< 7 + 7. It converges, and vanishes,
for & == 0. If it is a continuous function of %, the difference quotient on
the left approaches the limit Z (Py) as & approaches 0, that is, the de-
rivative of the potential exists and equals Z. The problem is reduced,
then, to showing the integral continuous.

If P is confined to the interior of a small sphere ¢ about P,, the
integrand is a bounded density times a function which is continuous in
all the variables, when the integral is extended over the portion of V
outside the sphere. The integral over this portion is thercfore continuous
in P, thus restricted. It remains to show that the integral over the
sphere can be made arbitrarily small by restricting the radius of the
sphere, uniformly as to . But the integral is dominated by (z.e. is less
in absolute value than)

s [[fC a3 [ L+ Bav=en[[[%

by Lemmas IV (a) and ITI. As the last integral is convergent, it ap-
proaches 0 with the radius of ¢, by Lemma I. This completes the proof.
We have, therefore

Theorem I1. The potentral U of the volume distribution of Theorem I
1s everywhere differentiable, and the equations

, JlU oU . aU
‘\:()E’ Y:T)—y’ [;J:,’
hold throughout space.

This amounts to saying that the derivatives of the first order of U
may be obtained by differentiating under the sign of integration. It is
otherwise with the derivatives of the second order. In fact, the mere
continuity of the density does not suffice to insure the existence of these
derivativest, We therefore impose on the density a condition introduced
by HOLDER2. A function f (Q) of the coordinates of Q is said to satisfy
a Holder condition at P if there are three positive constants, ¢, 4 and «,
such that

1@ —1(P)|<4re, r=PQ,
for all points Q for which » <X ¢. If there is a region R in which f (Q)
satisfies a Holder condition at cvery point, with the same ¢, A and o,
f (Q) is said to satisfy a uniform Holder condition, or to satisfy a Holder
condition uniformly, in R.

1 Here is an 1llustration of the necessity of the investigations of this chapter,
fur this situation would not have emerged in a study of the cxamples of Chapters
I and III, where the densities are all analytic.

2 Beitrage zur Potentialtheorie, Dissertation, Stuttgart, 1882.
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Exercises.
1. Show that the function defined by

P = §40, () =0,

1s continuous at the origin, but does not satisfy a Holder condition at that point.
Tevise a function which satisfics a Holder condition at a pont, but 1s not differen-
tiable at that point. Thus a Holder condition 1s stronger than continuity, but weaker
than differentiability 1f &« << 1.

2. We know that a function of x, continuous in a closed interval, is uniformly
continuous 1n that interval. Show that a similar theorem does not hold with
respect to a Holder condition, by an examination of the function defined in the
closed interval (0,1) as follows*

1 1

n
]_‘ )’J” <t_;lll_>"’ lg‘é"l‘: ”=234)' >

1
H(x) = —-F [7(7__ 1
£(0) = 0.

We may now study the partial derivatives of U of the second order,
at interior points of V. Let P, be such a point, and let 2 be a sphere
about P, lying in V. Then U = U, |- U,, where U, is the potential
of the masses within 2, and U, the potential of the remaining masses.
As Py is an exterior point for U, this potential has continuous deriva-
tives of all orders at Py and is harmonic therc. Thus the problem is
reduced to onc in which V' is a sphere.

If the density of the sphere is constant, we have the following value
of Z from Chapter I, § 9 (p. 19):

Z = — -; Tn2,
valid at interior points. As Z is the derivative of U with respect to z,
by theorem II, we sec that at interior points all six of the partial deriva-
tives of U of second order cxist and arc continuous, and that in parti-
cular,

Pz U RU 4 3
gt = gy T gE T Ty A% and ViU = —4m.

If we now write % (Q) = [ (Q) — » (I’,)] + » (P,), we sce that the
potential of a sphere whose density is continuous at Py is the sum of the
potentials of a sphere whose density vanishes at Py and of a sphere with
constant density, cqual to that at I’), of the given sphere. We are thus
reduced to a consideration of the case in which the density vanishes at
P,. We now supposc that x satisfies a Holder condition at P, Assum-
ing that the radius of the sphere X is less than ¢, this means that

I%]éz‘lf%, ro=Po0Q.

Under these circumstances, differentiation under the sign of integration
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is still possible. In fact,

1= ([ e @yev] =[5 - 2] er

where we have taken the origin at P, is a convergent integral, by
Lemma III, since | { | < 7y, and | 2 | =< A7§. If P is the point (0, 0, %),
then

Z(P) — Z (D) —

TSR -1,

for & 0, where

(PN ERTR I

The integral I is convergent as can be seen by the reasoning applied to J.
We wish to show that I tends to 0 with /. But to do this, we must elim-
inate /4 from the denominator. Now

(e =R w i)

and so, using Lemma IIT (c) and (b), and the values 72 = £2 4- 92 + (2,
72 = £2 4+ 5% 4 ({ — h)2, we sce that

C(ZC-—II) 1 32 1
[l S e e )=

This integral has a meaning for 4 = 0, in fact it is 0, for the integrand
then reduces to 0. If we can show that I is continuous in P at P, we
shall know that it approaches 0 as & approaches 0, and it will follow that
the derivative of Z with respect to z exists at Py and equals J.

To show that I is continuous at P, we follow the usual reasoning.
The integrand is continuous in X — ¢, apart from the piecewise con-
tinuous density, where g is a small sphere about P, provided P is interior
to o. Hence I will be continuous if the integral over ¢ can be made
arbitrarily small by sufficiently restricting the radius of ¢, independently
of the position of P. This we now show to be possible. Let us call I,
the integral over o.

Now there are two infinities of the integrand of I,;, one due to the
denominators containing 7y and the other due to the denominators con-
taining » as a factor. The first are rendered innocuous by the fact that

|%] < Ar§. It is the term in ;13' which is troublesome. We must under-
take further transformations. We have
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I + ¢(g;:_1,)_g_;=z2; Clxwrn—rro’

| ’3 77y (v + 19) 7% | ’3’0 (r + 7o) !
lZ(C—}z)—Ez—)] 1 i 2
T N e TR A R A

since
IC'—§’0. |C'—h[_g_7', 62+7}2-_—<_~721 7+7ogro.

For the remaining terms in the bracket in the integrand, we have

|E(25—7) 1 3¢ 1 1 4
|"o(’+’o)(\”o 73) a3 '3 l AT R b
Hence the integrand of I, is dominated by
o 4 1 3 1 1 7
ABrOLE_*N_ s T e J<4ABL"""+75‘“7+V},:"73,|°

2
rry

+

We have a right to assume a« < 1, for a Hélder condition with one
exponent always implies one with a smaller positive exponent. Then in

the part of ¢ in which 7y < 7, the last written function is only increased

by replacing 7 by 7, That is, it is less than - ]2A . In the rest of o

it is less than =2, A . Then | I, | is certainly less than the sum of the

integrals of thosc two functions taken over the whole of ¢, and since,
by Lemma III, the first of these integrals is the greater, we have

|1, {<‘>4A13ﬂf‘”’

As this integral is convergent, and independent of P, it follows by
Lemma I that 7, vanishes with the radius of ¢, uniformly as to P.
Thus I is continuous, and the existence of the derivative is proved.
Further Y4 ()2 U

=ta =1

In the same way the existence of the other partial derivatives of U
of the second order at P, can be proved. In particular, we have for the
Laplacian, V2U, of U, the value obtained by interchanging %, y, 2 in
J, and adding the results,

RU— J‘ff ;(52+u=+c= s]dV:O'
0

This is for the potential with a density satisfying a Hélder condition
and vanishing at P,. If we add to the distribution one of constant density
throughout the sphere, we have the result holding for a distribution
with continuous density in a sphere, and satisfying a Holder condi-
tion at P,: the derivatives exist, and

VU = — 4% (P,).
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Finally, if we add the potentials of distributions outside the sphere,
nothing is contributed to the Laplacian, and the same cquation holds.
This differential equation, which contains Laplace’s as a special case, is
known as Poisson’s equation'. We sum up the results on the derivatives
of second order in

Theorem III. Let U be the potential of a distribution with piecewise
continuous density x in a regular region V. Then at any inlerior point
Py of V, at which » satisfies a Holder condition, the derivatives of second
order of U exist and satisfy Poissons’ equation

VU = —4nx.

The theorem leaves unmentioned the situation at boundary points
of V. But here, in general, the derivatives of second order will not exist.
It is clear that they cannot all be continuous, for as we pass from an
exterior to an interior point through the boundary where % is not 0,
V2U experiences a break of — 4.

Poisson’s equation enables us to find the density when we know
the potential.

Exercises.

3. Show that a continuous function of x, which has derivatives in an nterval
including the origin except at the origin, cannot have a derivative at the ongin
unless the limits of the derivatives to either side are the same at the origin. Hence
show that there are cases in which the second derivatives of the potential of a volume
distribution do not exist at boundary points

4 Show that a condition highter than a Holder condition 1s sufficient for the
existence of the second derivative with respect to z of the potential of a volume dis-
tribution, namely the following. Denote by % the average of the values of x on the
circle through  whose axis 1s the parallel to the z-axis through P, 2 e. with the
axes employed above,

2x

% == ;J;J‘x (7o sin 8’ cos @, rysin § sin @, 7ycos #)dp, Q== (rg, ¥, ¢').
0

Then it is sufficient that x satisfy a Holder condition at P, Venfy also that the
lighter condition is sufficient: there exists a continuous function d(7), defined on
d(r)

some 1nterval 0 <7 :X a, such that || < d(r,), that ~,~ mever increascs with

7, and that

a

f () ,,
14

0
is convergent.

1 1 PoissoN, Remarques sur une équation qui se présente dans la théorie de U'attrac-

tion des sphérordes. Nouveau Bulletin de la Société philomathique de Paris, Vol. III
(1813), pp. 388-—392. See also BACHARACH, Geschichte dey Potentraltheorie, Got-
tingen, 1883, pp. 6—13.
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4. Lemmas on Surfaces.

We shall limit ourselves to distributions on regular surface elements
S, which are subject to the further restriction that the function
z2=1f(x,y), (x,y)in R, giving the standard representation (sec p. 105),
shall have continuous partial derivatives of the sccond order in R. These
are bounded in absolute value by some constant 3 .

The results attained will hold for regular closed surfaces which are
sufficiently smooth, because the lines breaking such surfaces up into
regular elements may be drawn in a variety of ways, so as to avoid any
given point of the surface under investigation. Since potentials are
analytic in free space, it makes no difference what the character of the
surface is except in the neighborhood of the point under investigation.
Thus we may conclude that our results subsist for any regular surface,
provided we keep away from the cdges. Certain results subsist here also,
like the continuity of the potentials of surface distributions. But in the
enunciation of the results we shall suppose that we are dealing with an
interior point of the surface.

It will be convenient to have a notation for the point of the surface S
in whose neighborhood we are investigating the potential; let it be 5.
We shall find it convenient to usc a system of axes in which the (&, #)-
plane is tangent to S at $, this point being taken as origin. If we wish
then to study how the potential changes as » moves on S, it will be ncces-
sary to think of the axes as changing with p. Certain incqualities derived
will then hold uniformly as to p, when they can be expressed in terms
of constants which are independent of the position of p, at least in a
certain portion of S.

One such inequality we derive at once, and it will illustrate the idea.
We have scen in Chapter 1V, Theorems I'V and VII (pages 101, 108) that S
can be broken up into a finite number of regions of triangular form,
for each of which a standard representation is possible with any orien-
tation of the axes in which the {-axis makes an angle greater than 70°
with no normal to the portion of S in question. Moreover, these pieces
can be so taken that the normals vary in direction on cach by less
than 159. If $ is a point of such an element, and the axes arc taken in the
tangent and normal position at p, the normals over the element in which
2 lies as well as over the adjacent clements, will deviate in direction from
the {-axis by less than 309, so that we shall have a standard representa-
tion with this position of the axes which certainly holds in a ncighbor-
hood of $. In fact, if ¢ denotes the minimum distance between any two
non-adjacent triangular elements of S, such a neighborhood of  in which
the standard representation holds, will include all of S within a distance
¢ of . And ¢ will be independent of the position of p. Thus the standard
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representation with the langent-normal system of axes exists, uniformly
as to p.

More than this, the function { = ¢ (§, ) giving the standard re-
presentation of the portion S; of S within a sphere of radius ¢ about p
will have partial derivatives of the second order which are bounded in
absolute value by a constant M, independent of the position of p. This
is most casily scen by using the system of direction cosines relating the
(x, y, 2)-axcs, in terms of which the defining standard representation of
S is given, with the (£, 5, {)-axes in the tangent normal position at .
We may assume that both systems are right hand ones, and that they
have the same origin, p. Then

f: l1x+ 7”,}1 ‘*.‘ nl/(x: y)’
n=1lx+my+nf(x,y),
E=1lx+my+nyf(x,9).

We know that when (&, #) is in the projection of S on the (&, #)-plane,
these equations have a unique single-valued continuously differentiable
solution ¢ = ¢ (&, ), by Chapter IV, Theorem VII, (p. 108). And it is
shown in the works on the Calculus?! that the derivatives of ¢ are com-
puted by the ordinary rules for implicit functions. Keeping in mind that
in the determinant of the direction cosines, any element is equal to its co-
factor, we find

92 _ (g by fu)? fer - 2 (mg A nafa) Iy & 29f.) fon -t (g -+ nyfe)? T

o0& (Isfs + mgf, -— ng)? :
As f,, f, are continuous in the closed region R, they are bounded in
absolute value, say by N, and the derivatives of f of the second order
are bounded by AM,. As to the denominator, it is the cube of the cosine
of the angle between the normal to Sy and the f-axis, multiplied by
]/ 1 -+ fi -+ f; and as this angle never exceeds 309, the denominator is

2\3
never less in absolute value than <‘—;) . Hence
i (,‘ 21\3
 S4(1+N)M (),
[ )52. ( t ) 4 [1 (l 3>

a quantity independent of p, which we call M. Exactly the same con-
siderations apply to the other two derivatives of ¢ of second order, the
same constant M being available.

We may now enunciate

Lemma V. If S; be the portion of S in a sphere of radius ¢ aboutp,
and if & = ¢ (&, 1)) is the equation of Sy referred to axes tangent and normal
to S atp,then

' [¢]= M+ 7).,

for all points of S,, where M is independent of .

) Sce, for instance, Oscoop, Advanced Calculus, Chapter V, especially § 9.
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We have merely to expand the function { = ¢ (&, %) in a Taylor
series about the origin, with remainder, remembering that the lineat
tevms vanish because of the position of the axes:

=3 [@ & + 20, 60+ @, 1)
Hence, using the bound M for the derivatives, and Lemma IV (a), we
have
0] = M (& +p)
and the required inequality is established.
The density, o == ¢ (¢), of a surface distribution on S at a point ¢
may be regarded as a function of & and %, namely the codrdinates of

the projection of g on the (&, n)-planc. Let y denote the angle between
the normal at g and the {-axis, 7. e. the normal at p. We then have

LemmaVI. If o satisfies a Holder condition at p, the function o secy
also satisfies a Holder condition at p. If o satisfies a uniform Hilder con-
dition on a portion of S, then o secy satisfies a Holder condition, uni-
formly as to p.

As scc p, that is, J1 4 ¢ + ¢}, has bounded derivatives at points
of S in the sphere of radius ¢ about p, it satisfies a Holder condition at
# with exponent & — 1. Let ¢ be less than one, and less than the smaller
of the two values, one of which assures the standard representation of
the portion S; of S within a sphere of radius ¢ about p, and the other of
which assures the inequality of the Holder condition. Then, since y = 0
at p,

|o(g)secy — a(p)secO| = |[o(q) — o (p)]secy + o (p)[secy — sec0]]
< sec30°Are -+ max |a|A'r, v = pq.

If B is the smaller of the two numbers a and 1, then since r < 1, 7/ = 7,
7 =7, and

|o(q)secy —a (p)secO| < A"rF for r Zc.

Thus the Holder condition obtains. Moreover, in any region in which
the Holder condition on ¢ is uniform, all the constants involved arc
independent of the position of p. Thus the lemma is established.

Remark. In the inequality for the Holder condition, we may re-
place 7 by its projection #” on the (&, 9))-plane if we wish. As

72 = 52 + 7}’.’ + C2 = p’2 _l_ C2 é y'2 (1 + Jl,lzr'ﬁ) _S_ y'2 (1 + MZCZ),
we should only have to replace A”” by the constant

A7 (14 ey,
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5. The Potentials of Surface Distributions.

Let S denote a surface subject to the restrictions of the last section,
and let the density be piecewise continuous on S; that is, let it be a
piecewise continuous function of the codrdinates x and y of the projec-
tion of ¢ on the (x, y)-plane of the standard representation of S, in the
region R. We consider the potential

U =ff—;’5-d5 =ffo'scc y%dS',
S S

where S’ is the projection of S on the (%, ¥)-plane of the standard re-
presentation of S asa whole. As the distance » between P (x,y, 2) and the
variable point ¢ (£, %, {) of S is never less than its projection 7’ on the
(%, y)-planc, we see at once that the integral for U is convergent, by the
Lemmas IT and IIT (b). And by reasoning similar to that applied to the
volume distributions, we see that U is continuous. This holds for bound-
ary points of R as well as for interior points, for we may extend the
region S, defining o as 0 at the points annexed. Thus we have

Theorem IV. The potential U of the given surface distribution exists
at the points of S, and is continuous throughout space.

Tangential derivatives. In investigating the derivatives of U, we shall
make use of the tangent-normal system of axes. Restricting ourselves
tu a portion of S contained in a sphere of radius ¢ about one of its points
#, we have for any tangent-normal position of the axcs, a single re-
presentation for the whole of this picce. As the potential of the rest of S
is analytic in a neighborhood of p, we may neglect it, and assume once
and for all that the whole of S is given by a function { = ¢ (£, ) having
the properties derived in the last section, for axes tangent and normal
to S at any of its points.

We f{irst investigate the derivatives of U
taken in any fixed dircction parallel to the
tangent plane at p, an interior point of S. We
choose the x-axisin this direction, and the y-axis
in a perpendicular tangent dircction (fig. 21).
Let P be a point of the z-axis. Then, for z24=0.

ou & '
o =ffa7§d5 =ffosec y—:’; ds’,
s s’
T S

7’ being the projection of 7 on the (x, y)-plane. We are intercsted in the
existence of a limit for this derivative as z approaches 0.

In the first place, the mere continuity of ¢ is insufficient to insure the
cxistence of such a limit (see the Exercise, below). We shall thercfore
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impose upon ¢ a Hélder condition. We shall show that the limit then
exists, following the mcthod used in § 3 to prove the continuity of certain
integrals. Let o” be a small circle in the (%, y)-plane about p. If we write

--—I-I—] I= Ifasecy——dS’ J= ffo'secy—-dS’

then for any fixed ¢’, J is continuous, and if £ > 0 be given, there will be
a & such that for 0 <[z, <8, 0<|z|<d. |J() —J(m)| <+

Consequently, if we can show that ¢’ can be taken so small that | I| < ; )
independently of z, it will follow that for 0 < |z | <9, 0 <| 2| <4,

I 70U U\
I <’);>zl B (d;>z,| ~¢
This is the Cauchy condition for the existence of a limit.
To prove the desired property of I, we write I = I, + I,, where

I, =0 ff -dS’, 1, —ff[a(q) secy — cr(;b)]-—‘it as’.

The first we compare with
o P)ff(—,i-ds', P =&+ A 2 =717+ 22,

This is 0, since the integrand has equal and opposite values at (&, %)
and (—¢&, ). Hence

11=a(1>)”E(}a-——-o-lg)dsea(p)f [+ 5+ e as.

ro(r -+ o) o?

And so, since [&| <7, |{| = Mr'? by LemmaV, |2z — (| <7 + g,
rzr, og=7,
11| =< max]o‘lfj‘zy

This integral is convergent, and so vanishes with ¢’, by Lemmas III (b)
and I.

As to I,, Lemma VI enables us to write at once

7, |<Aﬂ @,

and this also approaches 0 with the radius of ¢’. The existence of the
limit of the tangential derivative of U is thus assured. Moreover, a
Kellogg, Potential Theory. 11
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review of the steps will show that if a uniform Holder condition obtains
for the density on a certain portion of S, closed, and containing no
boundary points of S, the incqualities obtained can be made independ-
ent of the position of . We thus arrive at

Theorem V. If the density o of the surface distribution on S satisfies a
Holder condition at p, the derivative of U at P, in the divection of any tan-
gent o S at p, approaches a limit as P, approaches p along the normal.
1f the Holder condition holds uniformly over a closed portion of S which
contains no boundary points of S, the limits of such derivatives are ap-
proached uniformly as to p on such a portion.

Exercise.
Let S denote the surface of a plane circular lamina, n the (#, ¥)-plane, the origin
being at the center. At P(0, 0, 2),

7
()E___ff ‘s‘ds’——ff r(,oqtp,dyd(p

For o, let us take a product ¢ == f(#’) cos ¢, where f(¥') 1s never negative. Then,
as ¥? = »'2 4+ 2% 1s independent of ¢, we can carry out the integration with respect

to ¢, and we find e
e a1
7 ’g ’y 72 ’
¢()jl__2nJ' (ryr d/r \7 )y rrdr ,
A = 2 1 o2)72 ._/ 2 . 22y e
(2 sy ) )
éTn gn

if a is the radius of the lamma. Show that if f(#') is continuous and approaches
1 a a
0 at the origin, but exceeds ” in the interval ( gnFi 2—,;) , the above sum can be

made arbitrarily great by taking m large enough and | z| small enough. Thus, con-
tinuity of the density 1s not enough to insure the existence of a limit for the tangen-
tial derivative.

Normal Derivatives. The study of the normal derivatives is simpler.
At first, in addition to the piecewise continuity of ¢, we shall assume
simply that ¢ is continuous at p. With the same position of the axes
(fig. 21), and P on the normal through $, we have, for z &= 0,

g -’3-—3 ds -—-—-—ffasecyg-;—;—zdS'-
%

Consider, as a basis of comparison, the potential U’ of the plane lamina,
occupying the area S’ of the projection of S, with density o sec y:

[au

oz—’“rfasccy aS' =1+ 1, @=&+n+2,

where . ;
I, = —J‘J‘asecy@—3 as', I,= -—-ffasecy—é;dS'.
[ S'—o
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o’ being a small circle about the origin. For fixed ¢/, I, is continuous in z,
uniformly as to p, and vanishes for z = 0. I, can be written, using a
mean value of ¢ sec y,

I, = —~ffasecyd.Q= —osecy Q,
o

£2 being the solid angle subtended at P (0, 0, 2) by the surface of the
circle ¢/, counted as positive if z > 0, and negative if z < 0. The limit
of £, as z approaches 0 from above is 27, and as z approaches 0 from
below, is — 27, If ¢ > 0 is given, we restrict ¢’ so that for ¢ in ¢’,

lo(g)sccy —o(B)| < 5=

and then, with o’ fixed, we select d > 0 so that for 0 < z <2 0,

€
3max|o (q) secy |’

|2 —2x| <
Then

|1, 4 270 (p) | =|osccy 2 — 270 () |
= o (@)secy (2 — 27) + 2mlo @) secy — o ()] < e

If we further restrict | z|, if necessary, so that /, differs from its limit,
0, by less than —i , we see that

o U’

¥ + 2no‘(1>);< €.

Thus the derivative of U’ with respect to z approaches the limit — 2o (p)
as P approaches p along the positive z-axis. Similarly, it approaches
+ 2mo (p) as P approaches p along the negative z-axis. It is readily veri-
fied that the approach is uniform with respect to p in any closed portion
of S, including none of the boundary points, in which ¢ is continuous.

We now return to the potential U of the curved lamina, and con-
sider the difference

dz — (—)U, -ffo’ secy "t —Z;—] as’
_ffa sccy (73~ - Z"’ﬂ as’.

According to the usual reasoning, this integral is continuous at z =0,
if the integral extended over a small circle ¢’ about p vanishes with
¢’, uniformly as to P. But this can be shown just as was the similar fact
with respect to an integral arising in connection with the tangential
derivatives.

11*
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Thus the difference of the derivatives of U and U’ coincides with
an integral which is continuous in z. The value of this integral for

z2=0Is
ff«rsccysd9’~—ff z’.dS ff (ﬁ-: S,

which integral is obviously convergent, since Fl = 7. Hence we have
’

for the limits of —- as z approaches 0 from above and below respec-
tively,

(5%),+2a0(0) = ()5)_— 2a0(p) = ﬂ 77)

The limits are approached uniformly as to p for any closed interior
portion of S on which ¢ is continuous. We now express the results in
terms free from any system of axes. Let # denote the direction of the
normal to S, in the sense agreed upon as positive. By the derivative of

% with respect to #, we mean the derivative at a point of S, in the di-

rection of the positive normal, the codrdinates x, y, z of P being the
variables.

Theorem V1. If the density o of the distribution on S s contintous at p,
the normal derivative of the potential U approaches limits as P approaches
p along the normal lo S at p from either side. These limits are

oU
(71_1:_:_27!0(1))_1‘-]]‘ c)nrd‘S
S

)U ) 1
-:)~"_- =+ 270 (p) -}-ffaﬁ;ds.
S

These limits are approached uniformly as to p on any closed portion of S,
containing no boundary poitnts of S, on which the density is continuous.

Subtracting the second limit from the first, we have

The significance of this cquation is that it cnables us to determine the
density when we know the potential, or even if we know only the
normal derivatives of the potential, or the normal components of the
force.

Derivatives in any Direction. Since the derivative of U in any fixed
direction is a homogeneous linear function of the derivatives in the
direction of two tangents and a normal, it follows that any such deriva-
tive approaches a limit along the normal at a point » where the density
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satisfies a Holder condition. And more, that if S, is a closed part of S
not containing boundary points of S, on which the density satisfies a
uniform Hélder condition, the derivative on U in a fixed direction
approaches its limits uniformly along normals at all points of S;. We
shall now prove

TheoremVII. Let o satisfy a Holder condition uniformly on S. Let V
be a closed region of space parily bounded by S, but containing no boundary
points of S, and such that a point P can approach S from only one side
while remaining in V. Then the potential U of the distribution of density
o on S is continuously differentiable in V.

We recall that this means (see p. 113) that if any one of the partial

derivatives of U, say
- ol
F(P) =75y,

is defined on S in terms of its limiting values, then F (P) is continuous
in the closed region V. Now we have scen in the previous chapter that
F (P) is continuous at all points of frec space, and such are all points
of IV except those on S. So it only remains to verify! that I (P) is con-
tinuous at each point p of S.

We observe first that there is a sphere ¢; about p, such that the
points of V within ¢, are simply covered by the normals to S at points
near p. This fact is a consequence of the theorem on implicit functionsZ2.
Let X, Y, Z, be the codrdinates of a point P of V, referred to axes
tangent and normal to S at . The equations of the normal at the point
(¢, 7, L) of S are

Fob_yon izl

- — @y 1 ’
where § = @ (&, %) is the equation of S referred to those axes. The normal
will pass through (X, Y, Z) provided

) X=8—@:(Z—9),
Y=n—9,Z—9.

We wish to know that these cquations have exactly one solution (&, %)
for each set of values of X, Y, Z, at least in some neighborhood of the
origin. Now they have the solution (0,0) when X =Y =27 =0, and

1 Such verification is needed. The mere fact that a function, continuous
in an open region bounded by a surface S, approaches continuous limiting values
along normals, does not guarantee that the function is continuous at points
of S. A simple example illustrating this situation in two dimensions is given by

2xy
F(P)=- ~—>
B =1
proach along the normals is uniform.
2 See Oscoop, Lehrbuch der Funktionentheorie, Chap. II, §5.

The important element in the present case is that the ap-



166  Properties of Newtonian Potentials at Points Occupied by Masses.

because ¢ (£, #) has continuous partial derivatives of the second
order, the functional determinant

X ay| |

Te " ae (I ten —en @ -t e,

ax oy

G0t on -9, Z—9)t o, 1—9,Z—¢ +o,

is continuous in the ncighborhood of , and reduces to 1 when all the
variables vanish. Thus the hypotheses of the theorem on implicit
functions are satisfied, and there is a neighborhood N; and a neighbor-
hood N, of the origin such that when (X, Y, Z) is in N,, there is one
and only one solution (&, 7)) of the equations (1) in the neighborhood N,,.
Any sphere o, about $ and lying in N; will serve our purpose.

Now let oy be diminished, if necessary, so that the difference between
the value of I' (P) at any point P of V in oy differs from its limit at the

foot of the normal through P by less thdn . This is possible becausc

of the uniformity of the approach of F (P) to its limiting values along
normals to S. About a point of the normal at » we construct a sphere
g,, interior to ¥ and to oy, such that within it, I (P) varies by less than
: It follows that within the region covered by the normals to S, corres-
ponding to the neighborhood N,, and meeting o,, I’ (P) differs from
I (p) by less than €. As the reasoning holds for any € > 0, F (P) is con-
tinuous at $, as was to be proved.

6. The Potentials of Double Distributions.

We consider surfaces S subject to the conditions imposed in § 4,
and moments g which are piecewise continuous. We study the potential
of the double distribution

) 1 ,
U= ff 2248 = ff‘usecydm as’,

S’ being the projection of S on the (£, )-plane. Here, if cos «, cos B,
cos y are the direction cosines of the normal to S at ¢ (£, %, {), the normal
derivative means

0 1 J 1

oy r (D??) cosa + ((h] r>CO ﬂ+ (dC )COS}I,
and as

cosa cosﬁ cosy
| . Pe P -1’
this may be written
o1 - - -

@) J= (-0 — (% - ,)s% -y =) ¢y cosy.
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We notice first that U has a meaning when P is a point of S. For,
taking x =y =2=20,

= _.ff,u [l fa: Prll g5,
4,

If we apply the law of the mean for functions of two variables to the
numerator of the integrand, remembering that ¢; and ¢, vanish at the
origin, and that ¢z, ¢@:,. ¢,, are bounded in absolute value by M,
we find that the numerator is bounded in absolute value by M (§% + #?)
== Mr’2. The integral is therefore convergent, by Lemmas IT and III (b).
The potential U is defined on S by the integral which represents it
elsewhere, this integral, although improper, being convergent.
However, U, thus defined, is discontinuous at the points of S, ex-
periencing a finite break there — unless the density happens to vanish
at the point of S considered. The problem can at once be reduced to the

problem of simple distributions. IFor, the derivatives of % with respect

to &, 17,  being the negatives of those with respect to x, v, z, U may be
written

J 1 . N

3) U:—‘!;f‘uCOSOt-JA yd_s_{'f‘ucosﬂ—l%/:-db
_“ff,ucosy 1
'S dz r ’

so that U is the negative of the sum of two tangential derivatives of
surface distributions and one normal derivative of a surface distribu-
tion, with densities

pcosa, pcosf,  ucosy.

Since ¢ (£, ) has continuous derivatives of the second order, the cosines
satisfy Holder conditions with exponent 1. The first two reduce to 0
at p, and so, u being bounded, their products by u also satisfy Holder
conditions at p. If g is continuous at p, u cosy is continuous at p,
and this is sufficient in the casc of the normal derivative for a limiting
value. Hence we see that U approaches a limit as P approaches p along
the normal to S at $ if the moment is continuous there, from either side.
The first two integrals are continuous. The limiting values of the third,
on the other hand, are its value at p less 27w u(p) cosy, and plus
27 pu (p) cosy, according as the approach is from the positive or
negative side of S, by Theorem VI. But as cosy = 1 at $, this gives
us the following result:

Theorem VIII. As P approaches a point p of S along the normal lo
S at p, from either side, the moment u being continuous at p, the potential
U of the double distribution on S approaches limits, given by

U,=2np(p)+U,, U_=-—2nu(p)+ U,.



168 Properties of Newtonian Potentials at Points Occupied by Masses.

On any closed portion of S containing no boundary points of S, on
which p is continuous, these limits are approached uniformly.

The last follows from the fact that the inequalities controlling the
approach can be chosen independently of the position of  on the
portion of S in question. It is a matter of mere detail to pick these up,
and verify the fact.

If we subtract the limiting values of U, we have
U, —~U_=4nu.

Thus, knowing the limiting values of the potential, we are enabled to
determine the moment.

We may apply the same reasoning as that used in the proof of
Theorem VII to establish

Theorem IX. Let p be continuous on S. Let V be a closed region of
space partly bounded by S, but containing no boundarv points of S, and
such that a point P can approach S from only one side, while remaining
in V. Then the potential U of the double distribution of moment j on S
is continuous in the closed region V, when defined on S by means of its
limiting values.

Normal Derivatives. For the existence of limits for the derivatives
of the potential of a double distribution, more than continuity of the
moment is required. We shall here confine ourselves to a study of the
normal derivatives, which arc the most important in potential theory,
and derive two results concerning them.

The first requires only the continuity of
the moment, and although it does not assert
r the existence of a limit for a normal derivative,
) it asserts the existence of a limit for the dif-
ference of the normal derivatives on opposite
>\ F ¥ sides of S. Taking the axcs in the usual tangent-
¢
T

z

©

normal position at p, we form the difference
of the derivative of U with respect to z at the
- Fig. 22. point P (0, 0, 2) and at the point T (0,0, —2)
(fig. 22). The distance ¢ P we denote as usual
by 7, and the distance ¢ T we shall denote by ¢, so that

P=84+p+ - ="+ (-2 E=r"4(¢+2%

The difference of the derivatives is then

1) 7 ]
D= jf (;er secydS’,

or, using the value (2) for the normal derivative, and carrying out the
steps indicated,

4
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Let us now reduce the moment at p to 0 by the subtraction of the
potential of the double distribution on S with constant moment, namely
the value of xat p. This potential is a constant times the solid angle sub-
tended at P by S, and as we saw in Exercise 4, § 7, Chapter III (p. 69),
may be regarded as analytic at interior points of S if we permit it to be
many valued. In this case, the branches will differ by constants, and so
the derivatives will be continuous. Hence the subtraction of such a
potential will not affect the limit, as z approaches 0, of the difference D.

We notice also that if the integral giving D werce extended over
S’ — o, where ¢’ is a small circle about p, it would vanish in the limit
as z approached 0. Thus without affecting the limit of D we may assume
that u vanishes at p, and that the ficld of integration is an arbitrarily
small circle about . It follows that if the integral D’, with the same
integrand as D, but extended over a circle ¢’ of radius 4, tends to 0
with a, uniformly as to 2, the limit of D, as z approaches 0, will be 0.
We now prove that this is the case. We write

D =1I,—3I,-3I,—3I,,
L=[[pd,ds, Li=[[und,ds, I,=[[fpd,ds,

I, = f_f,uA4d5',

0

A== A= (5 —5)2 4= (5 —5)0C— g —nw),

1 1
A= (5 +3) @ —Ep— 10, 2.
The end will be attained if we show that the integrals I; approach 0
with «, uniformly as to z.

This may be done by the introduction of the distance ¢ from P to
the projection (£, %) of ¢,

23 ,,"z 22
Thcn
!_7_1]< }M———M ZZ—C
—_— ro T Z F)
| P } = 2 2 I |

and if —§ <2< 4, 6 and a can be chosen so small that uniformly
as to z in this interval, the quantity on the right is less, say, than }.

Then r > g— and similarly ¢ > —; .
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We now attack I, using Lemma IV (c) and (b), and the law of the

mean.
I, -—/LffA dS'=n ff _464 —I— 7+ )dS'.

Hence, since |C| = M7r'2, r> E’ t > %,
a

/t384Mnf

'3z ar

(2 + 2 ,.2)'.3

A */L1921MJ].-;" dS";

The integral is not greater in absolute value than %, for any 2z, as
may be seen by using the substitution » = z tan 1. Hence, since g ap-
proaches 0 with a, it follows that I, does '1150 uniformly as to z.

The remaining three integrals can be treated similarly. All are
bounded quantities times p. Thus, lim D = 0. We formulate the re-
sult in

Theorem X. If U is the potential of a double distribution on S with
piccewise continuous moment p, and if the moment is continuous at the
point p of S, then the difference between the derivatives of U in the direclion
of the positive normal to S at p, at two points of this normal equally distant
from p, approaches 0, as the points approach p. In particular, if the
derivative approaches 0 from one side, it docs also from the other.

Our sccond result on normal derivatives assures us that their limits
exist on S, but under the more stringent hypothesis that the moment
has continuous sccond derivatives with respect to & and # in a neighbor-
hood of p, where & and # arc the coordinates of a variable point ¢ of
S with respect to a tangent-normal system of axes at p. We shall
establish this by a method illustrating a different means of attack on the
propertics of potentials in the neighborhood of masses.

We construct a right circular cylinder with the normal to S at p
as axis, and with radius small enough so that the portion of S necar p
within the cylinder is included in the region on which g has continuous
derivatives of second order. Let V be the portion of space within this
cylinder, on the positive side of S, and otherwise bounded by a plane
normal to the elements of the cylinder. If the radius of the cylinder is
small enough, and the bounding plane is suitably chosen, V will be a
regular region, and we may apply the divergence theorem to it. We
change the variables in the divergence theorem to &, , ¢, and apply it
to the functions

a1 01 a1

gy YEegry L=y

the letters x, y, z entering » being regarded as fixed. The function u
is regarded as defined in V by means of its values on S, and the con-

[ X=upu
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vention that it shall be independent of {. It then has continuous partial
derivatives of the second order in the closed region V. If P (x, y, 2)

isin V, % becomes infinite in ¥, and it is necessary to cut it out from

the ficld of integration. We surround P by a small sphere ¢, with center
. . N ,

at P. The divergence theorem then gives, since - satisfies Laplace’s

cquation in 17— v,
du 0 1 du Jd 1 du d 1
fﬂ_ue vty ooy Tt )4V
V—v
fies e i

where v denotes the region within g, and S is the surface bounding 1

Let us investigate the integral over o. As the normal is understood to be
directed outward from the region of integration, it is here into the
sphere ¢, 7. e. toward the point P from which 7 is mecasured. Hence the
normal dcrivativc is the negative of the derivative with respect to 7,

and so is ;g‘. Accordingly

ff‘n 5, 45 = ,uffd.{) =4mu.

Suppose we now let ¢ shrink to the point P. The volume integral is
. . . 1 .
convergent, for since the derivatives of P with respect to &, 1, {, are

the negatives of the derivatives with respect to %, v, z, the volume
integral is the sum of three components of force due to volume distri-
butions with continuous densitics. Hence, as g approaches u (P), we
have

due 0 1 "l‘ 0 1 L de 9 1| 01
fff’ OE 0E ¥ (h/ oy r + Jd& J¢ y_j av —“ff:“ P dS + 4mp (P).

If we follow the same procedure with

- op 1 > du 1 Jdu 1
A_as r? T oy v Z*oc v’

the integral over ¢ vanishes in the limit, and we have

A 0 1 r),u J 1 (),u Jd 1
ff 2 ) ”‘dV'*’ﬂf os ok? ononr | o oc'rJdV

Ip l
or v as
S
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-

Subtracting this identity from the preceding, we have

@) —fﬂ(vm).}w:ﬂﬂ%-:.ds—ﬂ%‘v‘--}dsﬂum,»(p).
v S S

The volume integral is the potential of a volume distribution with con-
tinuous dcnsity. It therefore has continuous derivatives throughout
space. The second integral on the right is the potential of a surface dis-
tribution with differentiable density, and so, by Theorem VII, has con-
tinuous derivatives in V, except possibly where S cuts the cylinder, and
certainly at all points of V near p. The last term on the right is con-
tinuously differentiable throughout V. The first term on the right is
the potential U of the double distribution we are studying, plus the
potential of a double distribution on the rest of the surface bounding
V, which is analytic near $, minus that due to the rest of S, also
analytic near .

Hence U coincides with a sum of functions all of which arc continuous-
ly differentiable in a portion of ¥ near p. As p may be any interior point
of S, we may enunciate the following theorem, which includes the result
we desired to establish.

Theorem XI. If the moment u of the double distribution on S has con-
tinuous partial derivatives of second order on S, then tn any region V,
partially bounded by S, but containing no boundary points of S, and such
inat a point P of V can approach S only from one side while remaining
in V, the partial derivatives of the potential U of the distribution, when
defined on the boundary of V by their limiting values, are continuous in
the closed region V.

Exercise.

Show that if P is exterior to V, the term — 47z u (P) 1 formula (4) must be re-
placed by 0, and if P is an interior point of the portion of S bounding V, it must be
replaced by — 2z (P). Hence find again, on the hypothesis that 4 has continuous
derivatives of second order, the results stated in Theorem VIII.

7. The Discontinuities of Logarithmic Potentials.

The treatment of logarithmic potentials can be carried out along
lines parallel to the treatment employed for Newtonian potentials, and
is in many respects simpler. However, their behavior can also be in-
ferred directly from the behavior of Newtonian potentials. We proceed
to substantiate this remark.

We first show for the usual continuous logarithmic distributions
what we have already seen to be the case for the logarithmic particle,
namely that they are limiting cases of Newtonian potentials of dis-
tributions, on or within finite scctions of cylindrical surfaces, as these
sections become infinitely long in both directions.
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Let us examine the case of a volume distribution of density
% = (£, ), in a cylinder with clements parallel to the z-axis, whose
trace on the (x, y)-plane is a regular plane region 4. Let the cylinder
be cut off by the planes z = — f;, 2 = f,. We are interested in the
existence and character of the limiting potential

o-tnl[Fzors l-pn [ o).

where C is independent of the codrdinates of the attracted particle at
P (x, v, 0), though it will have to depend on 8, and g, if the limit is to
exist. We carry out first the integration with respect to {. There is
no difficulty in showing that the triple integral may be thus evaluated
as an iterated integral, cven when P is interior to 4. If 7’ represents the
projection of # on the (x, y)-plane, that is, the distance from (&, %)

o(x,9),

Pa Ba o
ffd5=x f ({_C - = xlog —EL—tm—t]j—
= gy = By + 1B+ 7

We must determine C so that thelimit in the expression for U exists. Let
¢ denote the value of the last integral when # = 1. This is in harmony
with the convention made for logarithmic potentials (p. 63). Then

c = xlog _ﬁz-i_-'ﬁ:i___—t_l‘:’

— Bt 1B+ 1

Zdg = nlog {ﬁzi_] Bi+7® — B+ VB +1 ] .
Bo+VBi+1 — B4 }Bi4r2]

and if C is taken as — ¢ times the area of 4,

= lim ff% log ﬂz't—}_ﬁ;j_?i —ht 'E_j-ji— d
B> Bt 1B +T =Bt Bt

B>

e o[ VT 1 G
= ﬂhm ffn log . M7 1dS,
1‘*: "L - ) 2
- e G e ()
where we have multiplied and divided the second factor in the logarithm
by its conjugate. Now if P is confined to a bounded region, all the
radicals in this expression approach 1 uniformly, and it follows that the

logarithm approaches log 7—}~2 uniformly, and that the limit of the
integral is the integral of the limit:

U—_—£f2xlog}ds.
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Thus the logarithmic potential of a distribution over an area is indeed a
limiting case of a Newtonian potential, and a similar discussion will es-
tablish the corresponding facts for simple and double logarithmic dis-
tributions on curves.

We remark that if the above potential is thought of as that of a
logarithmic spread of surface density o, then ¢ = 2%, and a similar
situation exists with respect to distributions on curves. The amount of
matler allracting according to the law of the inverse first power, in any
area of the (x, y)-plane, is always to be understood as the amount of matter
in a cylinder of height 2 whose trace 1s the given arvea, when the logayithmic
potential is interpreted as a Newlonian potential, or as a limiting case
of a Newtonian potential.

The second question we have to consider, is whether—to keep to
the case of the volume potential—the potential of the portion of the
infinitc distribution outside the planes z = — a and z == 4, is continuous,
together with its derivatives, in the (x, y)-plane. It is readily computed

to be
ff »log ‘+V“2 s

The integrand is clearly continuous in &, 9, %, y, in any region which
keeps these variables bounded and in which » is continuous. Therefore
U’ is continuous in # and y in any bounded region. As for the deriva-
tives with respect to x# and y of the integrand, they will be found to be
cxpressible as rational functions of x, y, £, and 9, and }’a?' -1;_7'2, whose
denominators are products of powers of Ya 47’2 andof (a 4 a2 7%).
Hence the derivatives of the integrand also are uniformly continuous
when the variables are bounded, and it is the same with the derivatives
of U’.

Thus the logarithwic potentials are equal to the Newtonian potentials
due to bounded sections of the corvesponding infinite cylindrical distribu-
tions, increased by continnous functions with continuous derivatives of
all orders.

As an example, the potential of the volume distribution we have
considered, bounded by two parallel planes, satisfies at interior points,
Poisson’s equation

ViU =—4nx.

If U be regarded as the logarithmic potential
1
U= log - dS

¥
of a surface distribution on the plane region 4, then
ViU =—2mo.
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Exercises.
1. Make a table of the properties, near the masses, of the logarithmic potentials

1 1 J 1
U=£fo'log7ds, U= zf)»log y,-ds, U=!;¢51—;10g;7ds,

corresponding to those derived for Newtonian potentials in the present chapter.
2. Derive a few of these properties by the methods used in the chapter.

For further information on the discontinuities of Newtonian poten-
tials at points of the masses, the reader should consult above all the
article of E. ScHMIDT, in Mathematische Abhandlungen H. A. SCHWARZ
gewidmet, Berlin, 1914. The treatment given in POINCARE’s Potenticl
Newtonien, Paris, 1899, may also be studied with profit. Further works
on the subject may be found through the bibliographical indications at
the end of the present volume.

Chapter VII.

Potentials as Solutions of Laplace’s Equation;
Electrostatics.

1. Electrostatics in Homogeneous Media.

The fundamental law of electrostatics was discovered by CouLouMB!,
and states that the force between two small charged bodies is proportional
in magnitude to the product of the charges and inversely proportional to the
square of theiv distance apart,

0y €
F=c¢ ._1;22_ ,
the force being one of repulsion or attraction according as the charges are
of the same or opposite kinds.

The constant of proportionality depends on the units employed.
The unit of charge is usually so chosen in electrostatics that ¢ = 1.
In determining this unit, however, it is found that the medium present
has an effect. Thus if the unit were determined in air at atmospheric
pressure, the value of ¢ would be found to rise by a fraction of one percent
as the pressure was reduced toward 0. It is understood then, that the
unit charge is such that two of them, a unit distance apart, repel with
a unit force in vacuo. We shall consider in § 9 the effect of the medium
or dielectric in which the charges are located. For the present we shall
regard the space in which the charged bodies are placed as devoid of
other matter. This will serve as a good approximation to actuality when

1 Histoire et mémoires del’Académie royale de sciences, Paris, 1785, pp. 569—577.
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the charges are situated in air, with all different dielectric media at a
considerable distance from the charges compared with their distances
from each other.

Couloumb’s law then agrees with Newton’s law, except for a reversal
of the sense of the force. We shall have electrostatic potentials of the
same form as the gravitational potentials. The reversal of sense in the
force will be accounted for by agreeing that the force shall be the nega-
tive of the gradient of the potential (see Chapter III, p. 53).

Conductors. Materials differ in the resistance they offer to the motion
of charges placed on them. A charge on a non-conductor, such as a piece
of glass, will not change in distribution perceptibly, cven when sub-
jected to electric forces. On the other hand, charges on conductors,
among which are metals, move under any changes in the field of force in
which the conductors are placed. A conductor may be defined as a body,
a charge on which cannot be in equilibrium, if there is any electric
force at any point of the body. The charge will be so distributed as to
produce a field exactly neutralizing that in which the conductor is
placed.

If the conductor was initially uncharged, it nevertheless appears to
possess charges when introduced into a field of force. This is accounted
for by the assumption that the conductor originally had equal and
opposite charges, distributed with equal and opposite densities, so that
they produced no effect. The production of a ficld of force in the con-
ductor, by changing its position to one where there are forces, or by
bringing charges into the neighborhood of the conductor, separates these
charges, and produces the distribution which annihilates the ficld in the
conductor in the manner indicated. The charges which appear becausc
of the field are called nduced charges, and their total amount is 0. If the
conductor was originally charged, the induced charges are superposed,
and the total charge remains unchanged by the addition of the induced
charges. Since there is no force in a conductor when equilibrium is es-
tablished, Gauss’ theorem (p. 43) indicates that therc are no charges
in the interior. This is born out experimentally. We recapitulate:

In an electrostatic field, the potential is constant throughout each con-
ductor, and there are no charges in the interiors of the conductors. T here will,
in general, be induced charges on the surfaces of the conductors. The total
charge on each conductor is independent of the inducing field.

2. The Electrostatic Problem for a Spherical Conductor.

So far, potential theory has appeared in the light of the theory of
certain distributions of matter acting in accordance with Newton’s law,
the distributions being given. The last two chapters were concerned with
a derivation of properties needed for a change of point of view, and
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from now on, the potential theory will take on more the aspect of the
theory of Laplace’s equation.

In order to determine the electrostatic distribution of a given charge
on a spherical conductor, new methods are not needed. At the same time,
we approach the question from the new point of view, since in other
problems, we cannot, as a rule, know the distribution from simple con-
siderations of symmetry, or on the basis of knowledge alrcady gained
of distributions which satisfy all the requirements. The spherical con-
ductor will thus illustrate a general problem of clectrostatics.

We formulate the problem as follows. We have a sphere of radius a,
whose center we take as origin of coérdinates. We first determine the
potential and then the density of a charge E in equilibrium on the
sphere, from the following data:

a) U=const, 0=Zp=a, PU=0, a<p;

b) U is everywhere continuous;

c¢) the derivatives of the first order of U are everywhere continuous,
except for o = a; here they satisfy the cquation

a9l

B G |
dny,  dn_ o,

o being the surface density of the distribution;

d) pU — E as p becomes infinite.

We shall secek a solution of this problem on the assumption that
U is a function of p only. It will appear later (p. 218, Ex. 1) that the
solution is unique. Either by substituting U = U (p) in Laplace’s equa-
tion, or by borrowing the form of that equation in spherical cosrdinates
from § 3, we find that it takes the form
1 d ,dU

‘72 U = 02 ;ILTQ (19— = 0.
We find, accordingly, from (a), that
LAl U— oy f
0(10-_% _—e—l—cz, or o>a.
The condition (d) then shows that ¢, == 0 and ¢; = — E. Accordingly,
from (b) and (a),
(b) (a) u—E ‘<o
4
v="%, o=a
a
This gives the potential. The density is determined by (c). This gives
Ip E
—":’2*'—0:—'4..7!0', or O'=4n?z.

The density is thus constant. As a check, we notice that its integral
over the surface of the sphere gives the total charge.
Kellogg, Potential Theory. 12
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Exercises.

1 Determine, as a solution of Laplace’s equation with suitable auxiliary con-
ditions, the potential of a double distribution on the surface of a sphere Assume
that the potential 1s a function of the distance from the center only, and that the
total moment 1s a given quantity M.

2 Determune, by the method of this section, the potential of a hollow sphere
of radit @ and b, of constant density %. Compare the results with Exercise 11, § 3,

Chapter IIL (p 57).

3. General Coérdinates.

For the treatment of special problems, suitable coordinate systems
arc well nigh indispensable. The fact that the surface of the sphere, in
the last section, is given by setting o equal to a constant, was a great
help. We shall be justified if we devote some attention to coordinate
systems in general, with the main object of finding a means of express-
ing V2U in terms of any given coordinates in a simple manner.

Unless the reader is already somewhat familiar with the subject, he
may find it helpful to illustrate for himself the following developments
in the case of spherical coérdinates, of which the simplest analytic
description is given by the equations

(1) x =psingpcos?d, y=psingsind, z=pcosd.

In an analogous way we define a system of coérdinates in gencral by
the equations

(2) %= [ (41,92, 93) Y= g0, 92 95), z=1(9,,9,9)-

We shall suppose that the functions f, g, & are continuously differentiable
for any values of the variables considered, and that they are solvable

for ¢1, ¢, ¢5:
h=0%52, @G=q¢x%y2, §=4q¢x*7y2.

Then to a point (x, y, 2) of space, or of a region of space where the nec-
essary conditions are fulfilled, there corresponds a set of values of
¢, 92, 3, and to a set of values of ¢, ¢,, g5, there corresponds a point
(%, v, 2) of space.

A geometric picture of the system of coordinates ¢y, ¢,, ¢; is possible
(fig. 23). Suppose we regard ¢, as constant, and allow ¢; and g, to vary.
Then the equations (2) are the parametric equations of a surface, which
we shall call a gs-surface. To different values of ¢; correspond different
surfaces. We thus have a family of g,-surfaces, to each of which is at-
tached a value of g;. Similarly, we have a family of ¢;-surfaces, and a
family of g,-surfaces. When values are assigned to ¢;, ¢,, and g¢;, these
va'mes pick out surfaces, one from cach family, and their intersection
gives the point whose coordinates are (¢4, ¢,, g5). On the other hand, if
a point is given, the three surfaces on which it lies, one from each family,
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determine the values of the three codrdinates. Of course this is based on
the assumption that the surfaccs arc well behaved, and intersect pro-
perly. Thus, if at a point, the surfaces, one from cach family through
that point, intersectedina curve through that point, the point would not
be determined by the codrdinates. Such inconveniences cannot arise
if the curves in which the pairs of surfaces intersect meet at angles
which are the faces of a trihedral angle which is not flat, 4. e. if the
functional determinant

" ox 0y Jz

day’ o 7 dqy g, =const.

/3 const.

(~;) (%, v, ) | Ix _()y Jz
' d (91, 92 43) dqy’ 0qy’ Oqs |’
Jdx ady az

Fig 23. 71

Ay’ dgy’ I,
is not 0, for its rows are direction ratios of these three curves. We assume
that it is not 0 ; this amounts to the condition already mentioned, that
the equations (2) be solvable for ¢;, ¢,, ¢5-

The curves given by (2) when ¢, and ¢; are held constant, that is,
the interscctions of g,-surfaces and gs-surfaces, are curves along which
¢, alone varies. We call them gy-curves. Similarly, we have g,-curves
and gy-curves. If ¢, ¢,, g5 are functions of a single variable ¢, the equa-
tions (2) give us the parametric equations of a curve. We shall find use-
ful, expressions for the differentials of x, y, 2z and of the length of arc s
of such a curve. The first follow at once from (2):

d )
dx =" 9y + f]-_»+(;fidq3,

4)(1 ()q
__dv ()y
(4) dy o ;)t/ dql + ()([ q +()q
)
dz= ¢ 1_,_1)(] ~+()[ dq3’

The square of the differentlal of arc is the sum of the squares of these:

() ds? =Qld9“{+de¢I3 + Qadqg
+ 2Q,3d9,d gy + 2Q03,dg;d gy + 20Q,,dq,dq,,

Jdy\2 Js\2 dx Ox dy dy dz dz
+ <35/) + <dt1 > o Q=00 g, Yo s T 074,

where

Jdx\2
Ql == <d‘q_'>

None of the quantities Q;, Q,, Q5 vanish, for then one of the rows of the
functional determinant (3) would consist of vanishing elements, and
the dcterminant would vanish.

From (5) we obtain the differentials of arc of the coérdinate curves,
measured in the sense of increasing values of the coordinates, by allow-
ing one alone to vary at a time:

(6) ds;=710Q,dqy, dsy=7Y0Q,dq,, ds;= md%- )
1 *
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From (4) we find the direction cosines of these curves:

ox v dz ox Jy Jz _(')_x __0 y dz

dg,  dgy A4y . dqy  dqy  dqy. dqz;  dqy  dqy
(7) - -y T - s i ’ s - y — b 7

[RST FCT LN FEPR ST TN 1 1 )

and from these, we {ind the cosines of the angles wy, my, ®,,, between
the pairs of codrdinates lines:

Y2

COS Wyy = - -, gy = - Q;"—, - G

- 12203 b Qs } 1 Q2

In spherical and cylindrical codrdinates, these quantities vanish — that
is, the codrdinate curves, and hence also the coérdinate surfaces, meet
at right angles (cxcept at points where the functional determinant
vanishes). Such systems of coérdinates are called orthogonal systems,
and from now on, we shall confine ourselves to orthogonal systems.
Accordingly, we shall have Qs = @y = 0}, = 0.

COS My

Exercises.
1. Determine the points at which the functional determinant (3) 1s 0, in the
casc of spherical coordinates, and note that (a) at such pomnts the coordiate sur-
faces cannot be said to meet at right angles, and (b) that such pomnts do not
uniquely determine the coordinates, even under the restriction ot the usual in-
cqualitiecs0 5 8-~ %, 0~ ~2n
2 Show that the condition for orthogonality can also be expressed m the form
dy, dg, dq, dg, dg, dyg,

! ) — 4.
Jdy Jdx ('y ()y dz Jz Ov L4

There are two quantities which we now wish to know in terms of Qy, 0,,
and Qy. The first of these is the absolute value of the functional de-
terminant (3). If we square that determinant according to Laplace’s

rule! we find
o v.a 3 i 01, O O
T= Ql‘.” (,)2 > 023 ’
Qs Qasy Q5

| J 41 920 43) T
and hence, since our system is orthogonal,

® 10,00,

d(x, 9, 2)
O (41 4o 43)

The second quantity for which an expression in terms of Q;, Q,, and
Q; is desired is

10 B 1A ) R [0 (x )
R Dyy = l } + } [

92

L) (41, 92) (41 42) 0 (91 ¢2)

1 See, for instance BOCHER's Inifroduction to Higher Algebra, Chap. 11, § 9.
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This we transform by the readily verified algebraic identity

2 la,b 2

g = @)+ Y
— (@ + 0B -+ cp)?,

‘b, c 2 ¢, a

By |y,

with the result

) Dyp = Y010Qs — Q% = 10105
Expressions for Gradient, Divergence, Curl and Laplacian in General
Codrdinates. In general systems of codrdinates it is usually convenient
to express a vector at a point in terms of its components in the directions
of the codrdinate lines at that point. We have scen that the gradient
of a scalar function is a vector which is independent of any system of
axes. If we allow the (x, y, 2)-axes tohave the directions of the coirdi-
nate curves at P, for the moment, we have for the gradient of U at P,
AU oU oU dU JU JU
\(_)x ’ .()yA’ —()3) (7)51— dsy’ .().53>’

or, using the expressions (6),
»u N Y
(10) grad U =py =1 00 1 ot 1« )
[ 907 0y 27 |y Y
the components being along the codrdinate lines.

The quantities Q;, Q,, Q, arc given, in the cxpressions following (5),
in terms of ¢;, ¢,, ¢;. It is often convenient to have them in terms of
%, y and 2. This can now be accomplished by mcans of the above ex-
pression for the gradient. In fact, if we set U = ¢; in (10), we have

1
ve,—(-1 .0, 0).
f (ml )

- 1 . .
Thus V—@‘ appears as the magnitude | Vg, | of the gradient of ¢,
1

whose value is

- I\ | [0y D%
Ve | = V<0x> r <dy> —} (o:) :
Thus, if we know the codrdinates ¢; in terms of x, ¥, z, the desired
expressions are

1 1 1
(n O= W “T g BTy
We next seek the expression for the divergence of a given vector
field. Let W (W,, W,, W) decnote a vector field, specified in terms of
its components in the direction of the coérdinate curves. We may find
an expression for the divergence of this field by the method of Exer-
cise 8, § 5, Chapter IT (p. 39). That is, we start from the definition

[fw.as

divIW = lim - v
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where V is the volume of a regular region R containing the fixed
point P, the divergence at which is defined; S is its bounding surface,
and the limit is to be taken as the maximum chord of R approaches 0.
By the use of the divergence theorem it can be shown that in case the
field is continuously differentiable in a neighborhood of P the limit
exists, and actually gives the divergence (sce p. 39, especially Exer-
cise 5). Under these circumstances we may take for the regions em-
ployed, any convenient shape. We shall supposc that R is bounded
by a pair of codrdinate surfaces from each of the three families: g, = a;,
G=a+Aday, =0y, go=0,+ Aay, ¢3=a;, g3 = a; + Adag. We
now evaluate the above limit. First we have to compute the surface
integral. To do this, we shall need to know the area 4 S of an element
of the g,-surface, bounded by g;,-curves and g,-curves. For this we have
the formula from the Calculus?
0t dd +da,
4S8 = ! qf Dyydqydyg,,

where D, is the expression for which we found the value (9). The re-
sult of employing the law of the mean in this integral is the expression

A4S = 10,0, 4q, 4g,,

which will form the basis for the surface integrals in the computation
of the divergence. Similarly, the expression for the volume of R is

4V = VEAQ:@; A%A%A%'

Consider now the integral of the normal component of the ficld
over the face g3 = a3 of the region R. Since W, = — W, this is the
negative of

[[WydS =1lim W, 4S = lim 3 W, 10,0, Aq, Aq,
a,+ ta, a,+ 1a,

= f f A ‘/Q;@d%d%-

a @,

If we form the same integral for ¢; = a; -+ 4 a,, and subtract the above
from it, we shall have the integral of the normal component of the ficld
over two opposite faces of the region:

a,+da, a;+da,

f f {[Wa VQ——le]qFaﬂA a, — [Wa '/QI.Q-;]‘I;‘:a;} dg,dg,

. — I[Wa V—Q_l @]" - [W3 V0. 0. ]"‘f”':} Ada, Aa,
1 fh=a;+4a; g:-:—-:{: ! ?

1=q)
92=q,

1 Oscoop, Advanced Calculus, p. 66, (7) and p. 269, Ex. 3.
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where we have employed the law of the mean for integrals. Using
also the law of the mean for differences, we reduce this to
I [W }Qlel Aa, Aay, Aay,
in which the variables g¢,, ¢,, ¢; have mean values corresponding to some
point in R.

If we now add the corresponding expressions for the other pairs of
faces in the g,-surfaces and the gg-surfaces, divide by the expression

Av=1Q, 293 Aa, Aa, Aay obtained above, for the volume of R, and
pass to the limit as da,, Aa,, Aa; approach 0, we find

(12) divW V-w
1y
VQlQeQa L()ql VQzQ; Wi+ r)q l Q-’ LW, + ()q VQI Qz Wa-]

It is true that for this expression all that is required of W is the
existence of its derivatives of first order. We have supposed that they
are continuous. But the existence of the derivatives of Q;, Q,, QO is
also implied, and this means a requirement not explicitly made. We shall
assume that the derivatives involved exist and are continuous. Usually
the coodrdinate systems employed are those in which the functions
Q1. 0s, Q; arc analytic in their arguments.

We are now able to find easily the expression for the Laplacian of
U in terms of general coordinates. As it is the divergence of the gradient
of U, we have at once, from (10) and (12),

(13) Vzu__l__[ ( Qqut)U) 0( Qa@,lf’H)
J01Q29s LIy 1 dqy ‘)’12 Qo U4y

9 (1/ae ‘LU.)] :
+ d‘la( Qs dgs

As an application, let us find the Laplacian of U in spherical co-
ordinates. We identify ¢, with g, g, with ¢, g; with &. The square of the
differential of arc can be found by geometric considerations, or {from
the equations (4) and (5), and is

ds? = dg* + ¢%sin?J d¢?* + p*d9?,
so that
Oi=1, Qy=¢’sin’?, Q=g

We have, accordingly, by (13),

(14) P2U= ,smﬂ[a (g%inz?%%—)-}--ﬁp(s“lw d¢)+ 5 (sind 55 )]
e _59_) + ”sllnaﬁ izqg + g*s{—ﬂ_%(smﬁ )
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Exercises.
3. Express the Laplacian of U 1n terms of cylindrical coordmates, o, @, 2:

x=pcCcos@, y=ppsme, Ii=2Z.
4 Check, by the formula (12), the expression for the divergence in spherical
coordinates obtamned mn Exercise 6, § 5, Chapter 11 (p. 39).
6. Ring Covrdinates. The cquations

s sinh A

1= 7 cos — 7sin g == where r = - g
v ¥ K cosh A -+ cosp

’ 2

cosh 2 + cos ,u—

define #, 9, z as functions of 4, u, ¢ Show that the @-surfaces are meridian planes
through the z-axis, that the A-surfaces are the toruses whose meridian sections

are the circles
22 2~ 2xcothiA+4+1 -0,

and that the ge-surfaces are the spheres whose meridian sections are the circles
2424 2ztanpu - 1==0.,

Show that the system 1s orthogonal, except at points where the functional de-
termmant (3) vanishes, and fid these points  Finally, show that

di? { du? 7
2| | dg?

. sinh%Z Hdy I’

d 2 - ¥

and, accordingly, that

. smh2{ o ol J ol v 22U
b2l = 7= (r >| --<r )[ g —)
13 Ld2 A apn Jdu snh?i dJd¢?

4. Ellipsoidal Coérdinates.

As an illustration of codrdinate systems, we choose cllipsoidal
coordinates. We shall then make use of them in the discussion of the
conductor problem for an cllipsoid. We start with a basic ellipsoid,

a2 42 2 o o )
(15) —{vlé + .[)2 + (‘2 = ]' 4 c* (\" b- <: az’
and form the functions
e y2
T = o st oy T,
@ (S) == (a* 4 s) (6% + s) (c* + ).

The equation f (s) = 0, when s has any fixed value not a root of
@ (s), represents a central quadric surface, and for various values of s,
a family of such surfaces. The scctions of these surfaces by each of the
codrdinate planes are conic sections with the same foci, and the family
of surfaces is called a confocal family. When s is very large and positive,
thy surface is a large ellipsoid of nearly spherical form. As s dccreases,
the ellipsoid shrinks, the difference in its axes becoming more pro-
nounced. For s = 0, the ellipsoid reduces to the basic ellipsoid (15). The
surface continues to be an ellipsoid as long as s > — ¢2. As s approaches

—1,
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— ¢2, the semi-axes of the ellipsoid approach Va® — %, 4 — ¢2, 0,
that is, the ellipsoid approaches the flat elliptical surface

X2 y2
(16) ;2:—72"_]_7)2__(2 =1, <=0,

having swept out all the rest of space.

When s becomes slightly less than — ¢2, the quadric surface be-
comes a hyperboloid of one sheet, at first very close to the portion of the
(%, y)-planc outside the elliptic surface (16). As s goes from — ¢? to
— b2, this hyperboloid cxpands, swecping out all the rest of space
except for the points of its limiting form, which is a portion of the
(%, 2)-plane bounded by a hyperbola, namely

22 .2

(17) A<]_, y:_:: ,

Wb 2 =

As s decreases from — b2 to —a?, the surface passes from the com-
plementary portion of the (x, 2)-plane, as a hyperboloid of two shecets,
to a limiting form which is the entire (v, 2)-plane, having swept through
the whole of space except for the points of its limiting positions.

Thus for any point (x, ¥, ) not in a coérdinate plane, and, in lim-
1iting forms, for points in these planes, there is an ellipsoid of the family,
a hyperboloid of one sheet of the family, and a hyperboloid of two
sheets of the family, which pass through the point. It looks as if we
might have here three sys-
tems of surfaces which
could functionascoérdinate
surfaces, one of which is
the basic ellipsoid. This is
indeed the case. The values

of s giving the members
A
of the confocal system are ) S 5 »¥] 0\‘ £
the roots of the cubic \ 3\ \
=7

() g(s) =0.

We have just had geometric
cvidence that this equation
has three real roots, 4, u,
and », distributed as follows Fig. 24.

(18) -y - us -2

The fact admits an immediate verification by considering the variation
of the function f (s) as s ranges from — o to 4 oo (fig. 24). The equa-
tion £ (s) ¢ (s) = 0 has the same roots as f (s) = 0, except that the in-
finities of f (s) may be additional roots of the first equation. These occur
at the end-points of the intervals (18), and as the roots of f (s) ¢ (s) = 0
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vary continuously with x, y, z, we sce thus that this equation has, in
fact, the roots distributed as stated.

We thus find that the system of confocal quadrics may be regarded
as a system of A-surfaces, which are ellipsoids, a system of u-surfaces,
which are hyperboloids of one sheet, and a system of v-surfaces, which
are hyperboloids of two sheets, and we may takeA, u, v as a system of
coirdinates. A point in space, except possibly for certain points in the
cobrdinate planes, determines uniquely a set of values of 4, , ». Let us
see if, conversely, a set of values of 4, u, , in the intervals (18), de-
termines a point in spacce. Expressing the determining cubic in fac-
tored form, we have, since the coefficient of s3 is — 1,

(19) [()@(s) = 2% (6% + 5) (¢ + ) + y* (¢* + 5) (@® + )
+a @) () —pls): — 6 — A~ — ).
From this, we find by putting s == — 4%, — b2, — c?, successively,

2 (a® + A) (a® -+ ) (@® + v) o (B2 A) (B2 + p) (02 -+ )
¥ T (a? — b?) (a% = (?) V= (u2 — b2 (b — 7 O’
e (D (P ) (B

(a® — (%) (b2 — [2)-

(20)
P

Each set of values of 4, u, » determines thus, not one, but eight points,
symmetrically situated with respect to the (x, y, 2)-planes. This diffi-
culty can be avoided by an introduction of new cotrdinates, like those
given by the equations ¢} = a2 + A, ¢; = b2 + p, g2 = ¢, +», with
the understanding that g, shall have the same sign as «x, etc., or also
by the introduction of elliptic functions. However, we shall not do this
at this point, for our application will deal only with functions which
are symmetric in the (x, y, 2) planes, and it will not be necessary to
distinguish between symmetric points.

The codrdinates A, u, v are known as ellipsoidal codrdinates. We shall
now show that the system is orthogonal. The components of the gradient
of A are its partial derivatives with respect to x, y and z. We find these by
differentiating the equation defining 4, f () = 0:

2y 2
@) g5+ iy =0

where

, _ 22 y2 22

PO == Giae @y @
Accordingly,

1 —_— — e .4,2x P — — _..‘2y . — — __._._2—i~_.—_-

@) ri= ( @+ 7@’ E+AHFD’ [GEWYE (/1)>’

V pand Vv being found by substituting u and » for 2. The condition for
the orthogonality of the A-surfaces and the u-surfaces, is, in accordance
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with Exercise 2, §3 (p. 180),
A2 2 22

@ih@tn TeTaeEn T @iy e v

©2 7)) 07+ p) =9,

from which we have dropped the factor This factor is certainly

/' "
different from 0 at all points off the coordlnat(‘) planes. We omit a con-
sideration of the orthogonality at points of these planes, though it does
not break down at all of them. We sce that the above condition is
fulfilled at other points by subtracting the equations / (1) =0, / (1) =0,
defining 4 and p:
- 22 2 22
= nwim T e e st T e el =0

Thus, if A and u are distinct, the condition for orthogonality is fulfilled,
and A = p is only possible on a coérdinate plane, in fact, on the boundar-
ies of the limiting areas (16) and (17). One shows similarly that the
other scts of surfaces are orthogonal.

Our objcct is now to find Laplace’s equation in ellipsoidal coérdi-
nates. It is all a question of the quadratic form (5) for ds2. We use the
expressions (11). By (21),

4| %2 y? 22 4
2 I A T _ | —
(hA)* = 2y L T A2 + et A2 + (c® + ).)2} =T rw
(V 1) 2 and (V )2 being found by the substitution of u and » for 2. But we
should like to have these cocfficients expressed in terms of 4, u, » alone.
This can be done by differentiating the identity (19) with respect to s
and substituting 4, u, », for s, successively. We find

FS)@(s) +71(s) ¢ ()
—(=As—p)—E—=ANE—»)—(—p(—9),
o (A—p) (A—9) ’ . (A—p) (e —»)
== B =

roy=— 4T IE=T,

With these values the quadratic form becomes

@) de=@—m G-, T h— ) (Y

+a—wMu—w(

v 2
2)¢ (ﬂ) '
A simplification suggests itself, namely the introduction of new coérdi-
nates defined by the differential equations

dz du
23 d = o T Ly, d =
@) = yew

- s mEm—, dC——" dtf = .
+2)—-9@ +2)p @)
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The differential of arc is then given by
(24) ds*=(A—p) A=) dE+ (A —p) (p—2)dy’+ (A —2) (p—») A%

Such a change of coordinates does not affect the system of coérdi-
nate surfaces, since cach of the coodrdinates is a function of but one of
the old. We shall employ the following solutions of the differential equa-
tions (23):

X f “[ g L[ as
(26) bo(s)’ =TIl AT

By (8), the absolute value of the functional determinant (3) is
(A=) (A=) (e — ),

and this vanishes only on the ellipse (16) or the hyperbola (17), where
the equality sign is used in those relations.
The Laplacian of U is given by
1 02U a2l
[Ty [(/t =) e B A )

02U
+ (4 — /‘)'(,L-z }

(26) 12U =

KExercise.

Develop the notion of general coordinates in the plane. Develop elliptic co-
ordinates.

5. The Conductor Problem for the Ellipsoid.

For the solution of the problem of finding the distribution of a
charge in equilibrium on an cllipsoidal conductor?, we have the condi-
tions, analogous to those for the spherical conductor,

a) U=const, 150,
12U == 0, 0<A;
b) U is everywhere continuous;
c) the derivatives of the first order of U are continuous everywhere
except for A = 0, where they satisfy the equation

Jl ou

dny T oonl T T dmo;

d) oU — E as p becomes infinite, g = x% + y* 4 22

»
1 For historical ndications with respect to the potentials of ellipsoidal surface
distributions and of sold ellipsoids, sce the Encyklopadie der Mathematischen
Wissenschaften, 11 A 7b, BURKHARDT-MEYER, § 15.
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Let us see if there is a solution of Laplace’s equation depending only
onA. If there is, it will reduce to a constant on the surface of the ellipsoid,
as it should. If U depends only on A, or, what amounts to the same
thing, only on &, the expression (26) shows that it must satisfy the

equation

U _0, whence U= A&+ B
qge =0, whence U= .
The constants are now determined by (d). Comparing the cocefficients

of s in the identity (19), we find
At p+v=rp>— (a4 b+ c?).
As p and » arc bounded, 4 becomes infinite with p, and lim —;2 —1.

Moreover,
(¢ + )P <q(s) < (a* + s),
and hence

[ee}

o0
1 d 1 4 . 1 1
ol S a<E<, | e 0 <E<io
(a2 4 5)2 J (%4 5)2 }at+ 2 Je? k2
A

It follows that lim A& = 1, and hence that lim p& = 1. Hence
. . 1 . B
limp U = lim ¢ U = lim (A + ?) .

1f this limit is to exist and equal E, we must have 4 —= K and B=0.
Thus

v=rE=4 [ C L 0=,
“J hel)
(27)
U= ;J “ A=,
o Fo ()

the second formula resulting from condition (b) and the fact (a) that
U — const. in the interior of the ellipsoid.

We have thus found a function which satisfies all the stated con-
ditions in the interior of each octant. But U is obviously continuous and
continuously differentiable in 4, and 4 is a continuous and continuously
differentiable function of x, y, z, for a root of an algebraic equation,
whose leading coefficient is constant, is a continuous function of the
coefficients, and is continuously differentiable in any region in which
it does not coincide with another root. But the points at which roots
of the equation f(s) ¢ (s) =0 coincide are on the bounding curves of (16)
and (17). Thus U is continuous, with its derivatives of first order, also on
the codrdinate planes, except on these curves. We shall sec (Theorem VI,
Chapter X) that solutions of Laplace’s equation on two sides of a
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smooth surface, on which the solutions and their normal derivatives
agree, form a single function satisfying Laplace’s equation both near and
on the surface. The doubtful curves are then cared for by Theorem XIIT,
Chapter X. Thus the values of U in the various octants form a single
function, which really mects the conditions of the problem.
It remains to determine the density. As U is constant in the interior
of the conductor, condition (c) becomes
U 1 dU E 1 A

on, = ARG O O = g T By O

as is seen by the rule for differentiating an integral with respect to a
Iimit of integration. The outward normal points in the direction of the
A-curve, so that by (22)

(2_‘,4)(1“;) 2 eV V e

dn? = U dA?, and hence 0 =2 @

If we put this value, for A = 0, in the expression for ¢ just obtained, we
find the result

(28) E

4dnfuv
The problem is completely solved, if we are content with a formula!
But here curiosity should be encouraged rather than the reverse, and
discontent is in order. How does the charge distribute itself ? The pro-
duct pv is the value, for 1 =0, of one of the symmetric functions of
the roots of the equation determining the ellipsoidal codrdinates. Let us
find its value in terms of the coefficients. We compare the coefficients
of s in the identy (19):
—(wv+vA4+An)
= a2 (0% 4 ¢2) + 92 (2 + a?) + 22 (a® + b?) — (b*® + c*a® + a2 b‘-’)

ALY NN S AN AN |
=a’b’c le <{:'3_+¢2>+7)v37 (-2 + ~112_) _I_(—?‘<7:3 -+ 7)-2-> (u- + + ) l
. o 1 1 1 x2 y2 52 12 y?2 52
Cevel(h )G R ) - (2 2]
Hence, on the surface of the ellipsoid A = 0,
2
Jy = a~bzcz( -+ 2,4 + ‘4)

The equation of the plane tangent to the cllipsoid at (%, y, 2), is

> X z

(X —2) 5+ (Y—y) ‘,,J;‘ +(Z—2),=0,

and the distance of this plane from the center is

") Ve i2
P = -—— P , whence w + bt + n =
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Collecting the results, we reduce (28) to

E

(29) G=4nab-[p’

or, the density of the charge at any point of the ellipsoid is proportional
to the distance from the center of the tangent plane at that point.

Since the tangent planes to two similar and similarly placed ellip-
soids have, at the points where they are picrced by any ray from their
center, distances from the center which are in the constant ratio of the
dimensions of the ellipsoids, we may also picture the distribution of the
charge as follows. Imagine a slightly larger similar and similarly placed
cllipsoid, and think of the space between the two ellipsoids filled with
homogencous material of total mass E. The thickness of this layer of
material gives an approximate idea of the density, for the distance -
between tangent planes at corresponding points differs from the distance
between the ellipsoids, measured perpendicularly to one of them at the
point in question, by an infinitesimal of higher order. If now the outer
ellipsoid shrinks down on the inner one, always remaining similar to it,
and the material between them remaining homogeneously distributed,
we shall have in the limit a distribution of the material which has the
density of the charge in equilibrium on the conductor.

It will be observed that the density is greatest at the ends of the
longest diamecter, and least at the ends of the shortest diameter. This
illustrates the tendency of a static charge to heap up at the points of
greatest curvaturel.

FEaercises.
1. Check the result (29) by integrating the density over the surface of the ellip-
soid.

2. On the assumption that the density varies continuously with the form of
the cllipsoid, show that the density of a static charge on a circular lamina of
radius a at a distance p from the center is given by

3. Find the potential of the above lamina at points of 1ts axis (a) by specializ-
ing the result (27), and (b) by finding the integral of the density times the recip-
rocal of the distance. Reconcile the two results. Beware an error which intro-
duces a factor 3!

4. Show that 1if the ellipsoid is a prolate spheroid, and we pass to the Iimit
as the equatorial radius approaches 0, the limiting distribution is that of a material
straight linc segment of constant hinear density. Thus find again the result on
the equipotential surfaces of Exercise 1, page 56.

1 In fact, the density of charge on the ellipsoid is proportional to the fourth root
of the total curvature of the surface.
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Ja

6. The Potential of the Solid Homogeneous Ellipsoid.

Let us now consider a solid homogencous ellipsoid (15), of density 2.
By Exercise 3 (p. 39) the volume cut out from this ellipsoid by a conical
surface with vertex at the center and cutting out an element 4.5 from

the surface is
Ur cos (1, ¥) f pds,

where p is the perpendicular from the center to the plane tangent to
the ellipsoid at the variable point of integration. The volume cut out
by the same cone from a similar and similarly placed ellipsoid, whose
dimensions are #; times those of the basic ellipsoid, is #} times the
above quantity, or

, u} <
AV= ) podS,,

IS,

where we have introduced a subscript in order to emphasize the fact
that the integration is over the surface of the basic ellipsoid. The
volume cut out by the same cone from the region between two ho-
mothetic ellipsoids u = 1, 14 = u, is

AV _n : u‘,‘f PodSy =1u2p, AuAS,,
1S,

wherc we have used the laws of the mean for differences and for inte-
grals. We should like, however, to have this element of volume ex-
pressed in terms of the values of the functions involved at a point
within the element of volume. We notice that for points on the same ray
from the center, the values of p, for two ellipsoids, are proportional to
the dimensions of the ellipsoids, so that on the cllipsoid # = 1, p = up,.
Also, for the element of surface of this ellipsoid, we have, 4 S -= 124 S,,.
Hence
a4v =—]A7) ASAu.
u

Armed with this implement, we may now find the potential of a
solid ellipsoid, or, more generally, of the body bounded by two homo-
thetic ellipsoids, 2 == 1,, 7 = 1,. We have, for the latter

U,

(30) U =lim \j’”:] = xlim Y N1 opAsAdu =xf‘l-f /”“du.
S

uvr v

We notice first that the inner integral is the potential of a charge in
cequilibrium on the surface of the cllipsoid # = %, since the density of
such a charge is proportional to . Hence the inner integral is constant
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within the inner limiting ecllipsoid; that is, it is independent of %, ¥
and z, and is a function of # alone. Hence U is itsclf constant inside the
inner ellipsoid # =: #;, and we find again Newton’s thecorem (Chapter I,
p. 22), to the effect that an ellipsoidal homoeoid exercises no attraction at
points in its interior. In fact, we might have found the law of distribu-
tion of a static charge on an ellipsoidal conductor by means of Newton’s
theorem, but we should still have had left the problem of determining
the potential.

Lct us now revert to the solid ellipsoid, writing accordingly, in (30),
1, == 0, 14, = 1. The inner integral is the potential of a spread of density
4 on the ellipsoid # —= # of scmi-axes ua, 1b, 1c. It is therefore, by (29),
the potential of a spread of total charge 4mabeu®. This potential, as
given by (27) is

@ .

(31) U,= yzabcu"Jv

ds

|(r(11 s) 9’

2(u)
where

g (1, 5) = (@ u* +5) (B2a - 5) (2u + ),

and whereA () is the greatest root of the equation

/o, 2) =

2 p2 22

atu? .l A + - D2 4 4 +- 2y 2 —1=0

Thus the potential U of the solid cllipsoid, at an exterior point, given
by (30), becomes
1 ©

Yo
U, =2mabcx [u‘-’ J . du.

(.) i) ‘!I’(", *)

This expression can be reduced to a simple integral. We introduce
first a new variable of integration in the inner integral, by the substitu-
tion s = u?2¢:

} 2]
U, —-"nabcxjuf fL-du, v:ﬁ'(il)n
g J lew u

We next employ integration by parts in the outer integral:

[ee} 1
we [ oar 1J‘ 1 do
—(z == f + |t —- . —du.
f J [2 ww} 2 e dn

As v is the greatest root of the equation

3‘) i x2 y2 a2 2
(82) i tarstuiy =%

it always decreases as # increases, and hence may be used as a variable
of integration in place of #. For # = 1, v = 4, the greatest root of the
Kellogg, Potential Theory. 13



194 Potentials as Solutions of Laplace’s Equation; Electrostatics.

equation f (1) == 0, while as u approaches 0, v becomcs infinite. Hence

y2 2 dv
Uc = nabcx{ i:p‘*[j f t£2+ o b2_-—-{—ll + ?T”:"/——(,;—(y)_}'

or, finally

e _ Ty_At vt ds
(33) Ue~—7tabcxj Ll W s B s s 3y
. Yo (s)

To find the potential at an interior point, let # = 1, characterize the
cllipsoid of the family of similar cllipsoids which passes through the
point P’ (x, y, z). We shall now have to break the integral (30), —always
with u; = 0, #, == 1—into two, since for the ellipsoids # << #,, P is an
exterior point. For the first, we still use for the inner integral in (30)
the value (31). For the second, we have merely, by (27), to replace the
lower limit by 0. Accordingly we have

o smaren [t e fuf ).

In the first integral, we carry out an integration by parts. In the second,
the inner integral is a constant. We note that when v =0, % =1,, by
(32), since P (%, v, 2) lics on the ellipsoid # = #,. We have, then,

[ve] U, U, [v9)
2 it - dt
U, = 2nabcx[-’f2 f—.( - 4--12— fuz - 1_ d;” du L?l—‘f’-f ]
g he | PO DO 0

[« w

[ o dt A2 v z2 dv
- nabc%]“o(;f"q‘(,) (;I‘{(ﬁ.pv i 2| v I ¢2+v]'&,([)

[ )
that is, 0 be ()

. s a2 y2 22 ds
(34) U,_nabcxoﬂl—;wr;_7)2..4_\__72“]';,) 1

Thus in the interior of the ellipsoid, the potential is a quadratic func-
tion of x, ¥ and z:

(35) Uz = — A x2 — By2 —Czz _f_ D’
where © ’ 0 .
A=7tdbcxf — D =mabcx "“;f—:’
! (@ + 9)}eE) ¢ I

B and C being obtained from A4 by interchanging b with a, and ¢ with «,
respectively.
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Exercises.

1. Show that the constants 4, B, C are the same for all similar ellipsoids of
the samc density. Hencc infer Newton’s thcorem on the ellipsoidal homoeoid.
Find the value of the potential at interior points in terms of a single integral.

2. Specialize the results obtained for the potential at exterior and interior
points of a homogencous ellipsoid to the case of the sphere.

3. Obtam from the potential the components of force at interior and exterior
pomnts of a homogeneous ellipsoid. Vernity directly that the formulas (33) and (35)
define a potential for which V2U,=10, V32U, = — 2(A4 + B 4+ C) = — 4nax.
Verify that the potential and force are everywhere continuous, and that pU, ap-
proaches the total mass as ¢ become infinite.

4. Show that in the interior of a homogencous ellipsoid, the equipotentials
arc similar and similarly placed ellipsoids of more nearly spherical form than
the given cllipsoid. Show by means of the developments of the preceding chapter
that these equipotentials join on continuously, with continuously turning tangent
planes, to the cquipotentials outside the clhipsoid, but, as a rule, with breaks mn
the curvatures.

5 In finding the solution of the conductor problem, we saw that a family of
confocal ellipsonds, 4 = const would be equipotentials. Show that a necessary
and sufficient condition that a family of surfaces F (¥, y, £) == C, where F(x, , 2)
has continuous partial derivatives of the sccond order, may be equipotential

2 14
(VI
is a function @ () of I only. Show that if this condition 1s fulfilled, the
potential 15

surfaces of a Newtonian potential (solution of Laplace’s equation) is that

r !
U = (‘lft'_/" dt g4 + o,

6. Specialize the formulas for the potential of a homogencous cllipsoid to
the cascs of prolate and oblate spheroids, evaluating the integrals which occur.
Answers, for the prolate spheroid,

. OE [4x% — 2,2 — f? Js = f SR (222 — %) --2)2 4%
Tz = l()gl/ - : ) I,
2L 2f s+ / s J

for the oblate spheroid,

42 . 9,2 Lg2 22 9% 242,
U, = ‘iﬁi’_ © 272 4 -sim~1 j -}- S %tl_ 7y
f 2f s 2y g ’

where f1s the distance between the foci of a meridian scction, s the sum of the focal
radu to P, #, or 2, the distance of P from the equatorial plance, and # the distance
from P to the axis. In both cases U, 1s obtamned trom U, by replacing s by 2a,
the maximmum diameter of the ellipso:d.

Numerical Computation. The computation of the potential and of the
forces duc to the distributions considered above, involves, in general, the
solution of cubics and the evaluation of certain elliptic integrals. The
approximate solution of the cubics in numerical cases will give no dif-
ficulty, but the usual approximation methods for the integrals do not
work well on account of the slow convergence of the integrals. They are

13*
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probably best handled by reducing them to normal forms and having
recourse to tables?.

Fxercises.
7. Writing the formula (33) in the form
Uy=mabcx [D(A) — A4 (A) 22— B((A)y2 — C(4) 22,
and writing

R

g —  Jar e g <
par = angp ba? 2 s 0=:.'
3 T o b2 2
- ]/ﬁ_,_.",,, W= )1 - B = ,/:— G
a= - (= a=
show that
A (3 - 2 . F(k ) E (k9]
(”2 .. ,2): k2
9 1 N Iy
B(}) = S - E(k ) —NEIF(k 8) _pe i Beos ')—(- ,
(a? - (22 k22 b - k2 sin? 9
2 o @ )1 - k2
C(4) = — = 5 — —E®& 9],
@) (a® — ‘2);‘ P cos $ ( ):J‘
Y — I (k, 9).
(uz [2)‘!

In the derivation of the above values for B (1) and C(4), reduction formulas
arc necded. These may be obtained by differentiating

SN Los and el T- k%omn?g
J1 — k22 ¢ Cos

8. An ellipsoidal conductor of semi-axes 7, 5 and 1 carries a umit charge in equi-
librium  Determime the potential on the ellipsoid, and at points on the axes distant
20 units from the center. Compare these values with those of the potential at the
last three points due to a umit charge on a small spherical conductor with the same
center. Give the results to at least three significant figures.

9. The same ellipsoid, mstead of being charged, is filled with homogeneously
distributed atiracting matter, of total mass 1. I'ind the potential at the same three
exterior points, and determine the coefficients of the quadratic expression giving
the potential at interior points. Plot the section, by the plane containing the
greatest and least diameters, of the matenal ellipsoid, and of several interior
equipotential surfaces.

7. Remarks on the Analytic Continuation of Potentials.

Newtonian potentials are analytic at the points of free space. On the
other hand, the potentials, or some of their derivatives, arc discontinuous

' 1 The definitions of the Legendre normal forms, and brief tables of their

values may be found in B. O. PiErRcE, 4 Short Table of Integrals, Boston.
A discussion of clliptic integrals may be found in the minth chapter of Oscoop’s
Advanced Calculus.
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on surfaces bearing masses, or bounding regions containing masses.
But if the surfaces and the densities are analytic, the potentials to cither
side of the surfaces, as we have seen in special cases, may be analytic,
and may be continued analytically across the surfaces. This is not in
contradiction with the results of the last chapter, it simply means that
the functions representing the potentials, when so continued, cease to
represent the potentials on the farther sides of the surfaccs.

Take, for instance, the potential of a charge E on the surface of a
spherical conductor of radius a. In51de the sphere, the potential has the

E
constant value --. Outside, it is —) The first is analytic throughout

E
space. The second is analytic except at the origin. For o < a, o 1o

longer represents the potential of the charge on the given sphere. It
does, however, represent the potential of the same charge on any
smaller concentric sphere of radius b, as long as o> b. This is an
example of the fact that one and the same function may be the poten-
tial ot different distributions in a region exterior to both. We shall sce
later (p. 222) that when, and only when, the potential is given throughout
all of space, the distribution of masses producing that potential is
uniquely determined.

The potential, at exterior points, of a charge in equilibrium on an
cllipsoidal conductor can also be continued into the interior, when it
will also be the potential of an equal charge in cquilibrium on a smaller
confocal ellipsoid at exterior points. In fact, this holds for A > — ¢2,
and even in the limit, so that the same function can represent the poten-
tial of an elliptic lamina. Here the function ceases to be analytic on the
edge of the lamina—but only on the edge. It can therefore be continued
across the lamina. Here it ceases to be the potential of the lamina,
because that potential must have a break in its normal derivative on
the lamina. The function cannot therefore be single valued (see the
exercise, to follow).

A potential, then, can be due to various distributions. We shall sce
that it can always be regarded as duc to masses nearer to the attracted
particle than those which first determine it. Whether the masses may be
made more distant or not is usually a question to be decided in special
cascsl.

1 The formulas of the last chapter show that if a potential of a volume dis-
tribution can be continued analytically across an analytic bounding surface from
erther side, the density, if it satisfies a Holder condition, must be analytic, and
similar results hold for other distributions. Conversely, it can be shown that ana-
lytic densities on analytic surfaces always yield potentials which are analytically
continuable across the surfaces, and similarly for volume distributions with ana-
lytic densities. For references, see the Enzyklopadic der Mathematischen Wissen-
schaften, II C 3, LICHTENSTEIN, p. 209.



198 Potentials as Solutions of Laplace’s Equation; Electrostatics.

Exercise.
Specialize the result (27) to the case of a charge on an oblate spheroid, and
cvaluate the integral. Show that
(ry + rg)?
A="1 — a?,
2
where 7, and 7, are the extreme distances from P to the circumference of the limit-
mg circular lamina. Thus obtain the result in the form
E 2
U,=" s -a—~,
a 7y - 1g

the branch of the inverse sine being so determined that U, vamishes at infinity.
Thus show that U, 1s continuable across the Iimiting lamuna, and forms then a
two-valued function of the posttion of P. Note that U, 1s constant on a system

E
of confocal spheroids, and that on the axis, 1t is equal to " times the angle sub-

tended at P by a radius of the limiting lamuna.

8. Further Examples Leading to Solutions of Laplace’s
Equation. -
N e -

Steady I'low of Heat in an Infinite Strip. Suppose we have a very long
strip of homogencous metal, so long that we may idcalize it as infinitely
long. Let its two edges be kept at the temperature 0, and let one end
be kept at temperatures which are a given function of position along
that end. Let the faces be insulated. What will be the distribution of
temperatures in the strip when a steady state is realized ?

Let the strip lie in the region of the (x, y)-plane

R: 0=Zx<m,y:220.

We have, then, for the temperature U, the conditions
U U
2% Jy?

U=0for x =0 and x ==,
U=f@x)for0<x<mand y =0,

U continuous and bounded.

=0in R,

We follow a method used by DANIEL BERNOUILLI? in a discussion
of the vibrating string, and called by EULER Bernouilli’s principle. It
consists in finding particular solutions of the differential equation, and
building up the desired solution as a linear combination of the particular
solutions with constant cocfficients, a process here rendered feasible
by the lincar homogeneous character of Laplace’s equation. For, be-
cause of this character, a constant times a solution is a solution, and a
Yum of solutions is a solution.

* Novi Commentarir Academiae Scientiarum Impevialis Petropohitanae, Vol. 19,
(1775), p. 239.
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The method of finding particular solutions consists in seeking to
satisfy the differential equation by a product of functions, of which
each depends on one variable only. The solution of the partial differen-
tial equation is then reduced to the solution of ordinary differential
equations. Thus if X is a function of x only, and Y of yonly, U = XY
will satisfy Laplace’s equation provided

X"Y + XY =0,
or
X Y”

X Y -
As the left hand member does not depend on y, and the right hand
member does not depend on #x, neither can depend on either. Hence
both arc equal to a constant, which we shall write —c¢2. Then

X" +c2X =0, Y” - 2Y =0,
and we find, accordingly, four types of particular solutions:
U=XY =e¢Ycoscx, ¢=¥coscx, ¢'Vsincx, e~c¥sincy.

The first and third are not bounded in R, and we therefore reject
them. The first does not vanish for x = 0. But the fourth does. The
fourth will also vanish for ¥ = =z, for all values of y, provided sinz ¢ = 0.
This equation is satisfied for ¢ == 1, 2, 3, . . . . Thus we have an infinity
of solutions of Laplace’s cquation, all satisfying all but the third of the
conditions to be met.

The question is now, can we build up the desired solution, fulfilling
the third condition, in the form

0
U= Nb,e"?sinnx?
1

If so, and if the series converges for y = 0, the third condition demands

that o
f(x) = Yb,sinnx 0=x=m.
1

We are thus led to a problem in Fourier series, and if f (x) can be ex-
panded in a series of this type which converges at every point of the
interval, it is not difficult to show that the above serics for U satisfics
the conditions of the problem. We shall not consider questions of con-
vergence at present. For Fourier series, a discussion of this topic will be
found in Chapter XII, § 9. For rcasonably smooth functions, the con-
vergence is assured.

Exercises.
1. Show that if in the above problem f(#) = 1, we are led to the solution
s ¥

4 1 1 2
U=-—|e¥s - =3 — e~5 e.s| ==—tan"l
po [e sinx + 3 e=3vsin3x 4+ 5 e~Svsinby ] - tan sinhy
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g
the inverse tangent lying in the interval (O, -§~> . Show that U satisfies the con-

ditions of the problem, except at the corners, where they are contradictory. Draw
the isothermals for small » and 9.

2. Solve the problem of the text with the alteration that thc edges » = 0
and x == 7 arc insulated instead of kept at the temperature 0.

3 Five of the faces of a homogencous cube are kept at the temperature 0,
while the sixth is kept at temperatures which are a given function of position on
this face. Show how to dectermune the temperatures in the interior, assumed
stationary.

If, instead of having finite breadth, the plate occupies the whole
upper half of the (¥, y)-plane, the method of series is not available.
Instcad of replacing ¢ in a particular solution by a variable » taking on
positive integral values, multiplying by a function of # and summing,
we may, however, replace it by a variable o, taking on continuous
values, multiply by a function of «, and integrate. In fact, we assume

Ulx,y) =6ft""”[A (o) cosax + B(a) sinax]da.

Waiving the justification of the steps, we now sct y = 0. If U is to take
on the assigned valuces f(x) on the edge y = 0 of the plate, we should
have

f(x) == fJ[A () cosax }- B(a)sinax]da.

The question then arises, can A («) and B(«) be so chosen that an

arbitrary function f(x) is represented by this formula? The answer is

contained in the following identity, known as Fourier’s integral theorem?
+ o (;.,

)J cosa (x - & dadf,

— o 0

~
—
-
=
li
s -
S~
—
)

which is valid, and in which the order of integration can bc inverted,
provided f (%) satisfies certain conditions of smoothness and of behavior
at infinity. In fact, if these conditions are met, the choice

o0 o

A (a) L"’cos 2Ef(E)dE,  B(x) - -};fsin wEf(£)dE

—_ —s

meets the requirements of the problem, and the solution is

Ule,y) = f/ (s)fc—w cosa( — &) dadé.
—w 0

"1 Sec, for instance, RIEMANN-WEBER, Die Differential- und Integralgleichungen
der Mechanik und Physik, Vol. I, Chapter IV, § 3. Braunschweig 1925; CArszAw,
Introduction to the Theory of Fourier's Series and Integrals, Chapter X, London 1921.
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Ezxercise.
Determine the stationary temperatures in a homogencous isotropic plate oc-
cupying a half-plane, when a strip of length 2 of the edge is kept at the temperaturc 1,
?
while the rest of the edge is kept at the temperature 0. Answer, U (¥, ¥) = Py

where ¢ is the angle subtended at the point (#, y) by the segment kept at the tem-
perature 1.

Flow of Heat in a Circular Cylinder. To solve Laplace’s equation in a
way to get solutions adaptable to problems dealing with circular cylin-
ders, we start with that equation in cylindrical codrdinates

1 0 00U 1 02U 2U

120 = —-"—p =0,

0 dp 8 ug T R agr T 92

and seek solutions of the form R @ Z. For such a solution

1 d dR R axz
0 a':;gdy 1 dg? | ds? —0
K 0} @ z

The last term depends on 2z only, and the first two arc independent of z.
Hence we must have

arz
dz2 C]'Z:O’
(36) 1 d dR 2P
wdo 2 do 2
Q_d_g_ ___(I’Q_ n d g’ 9
R Flgp Taet=0.

The second equation leads, by similar reasoning, to

2
(37) _(ri’qf —a®—0,
1 d { I 9
(38) wiagQig T T ag) R=0.

If U is to be a one-valued function in the cylinder —which we assume
to haye the axis of the cylindrical coérdinates as axis—, @ must be a
function of ¢ with period 2z. It follows that in (37), ¢, must have the
form ¢, = — #?, where % is an integer. Hence

@ =cosne or sinng.

" The character of ¢, will depend on the given boundary conditions.
We leave it undetermined for the present. It can be made to disappcar
from the cquation (38) by introducing a new independent variable,
x = J¢;0. The equation then becomes

) d*R 1 dRr 2
(39) st et R=0.

x2
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-

This is known as Bessel’s equation, and its solutions, as Bessel
functions?.

By the power series method, a solution of this differential equation
may be found:
x )n +24

o (— l)h(_-

7 2

(40) R = Jolx) = _\_/ RV (0 F k)
0

. " '1_‘ 22 N + 2t . J
—'2»-;;{ 220 1-2) U 2:4(2n +2) (21 + 4) )

The series is always convergent, and represents Bessel's function of the
first kind of order n. No solution of the differential cquation other than
a constant times J, (¥) remains finite at the origin.

When we know a particular solution of an ordinary homogencous
linear differential equation of the sccond order, we may reduce the
problem of finding the general solution to a quadrature. Thus if we
substitute in the differential equation

R=u],(x),

and integrate the resulting differential equation for #, we find
dx ,
R = c]n(x)ijﬁ(‘) _}_ (4 ]n(x)'

The second term of this solution is the Bessel function of the first kind.
The first term, with the constant of integration properly fixed, is
Bessel's function of the second kind of order n.

If the problem is to find the stationary distribution of temperatures
in an infinite homogeneous cylinder

e=a, 220,

the temperature being kept at 0 on the curved surface p = a, and kept
at valuces given by a function f (0) on the plane face z = 0 (where, for
simplicity we have assumed these temperatures to depend only on ),
we should expect the internal temperatures to be independent of g.
Accordingly, we should take # = 0. Then we should have, as particular
solutions

U—::]o(]/ﬂ Q) Bl;': and U=]0(Vci Q) e—lc—lz.

1 BessEL, Untersuchungen des Theils dev planetavischen Stérungen, welcher aus
'y Bewegung der Sonne entsteht, Abhandlungen der Kéniglichen Akademie der
Wissenschaften zu Berlin, mathematische Klasse, 1824, pp. 1—52. Special cases
of Bessel functions had been considered by D. BeErnouiLLl and by EULER. Sce
WaTsON, Treatise on the Theory of Bessel Functions, Cambridge, 1922, Chapter I.
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If the temperatures are to be bounded, the first of these must be rejected.
Solutions involving Bessel functions of the second kind are also to be
rejected, since they become infinite for g == 0. Accordingly, we take
the solution

U= Jo(Je0) 1%,

and since the temperature is to be 0 on the wall g = «, for all z, we
must have

]O(VCI(I) = 0.

Now J, (#) has only real positive roots, and of these it has an infinite
number?). Let them be denoted, in order of increasing magnitude by

oy,0%,%;, - .. . Lhe condition on the wall will then be satisfied if ]/cl = 9‘: ",
n=1,2,3,.... The problem is thus reduced to the examination of

the question as to whether the desired solution can be built up of the
particular solutions, that is, in the form

@,

U:A1]0<°‘1‘f:‘> ¢ 4 :-i—A‘_,]o(ocz—f:—) P

+A:;]0<°‘3'§‘) e e z+ e

If we are to satisfy the condition on the plane face of the cylinder, we
must be able to develop the function

He) = flat) =T (h)

in a scries of the form
() = A Jog(ont) + Ao Jo(0a?) -F Az Jo(ot38) + -+, 0=t =<1.

This is always possible for sufficiently smooth functions. Morcover, it
can be shown that the functions

Jolw,y Yt and  Jo(at) Vi, ik,

are orthogonal on the interval (0, 1) and that

1
Jrih =111,

so that if the series is uniformly convergent the coefficients are given by

1
2 -
A, = Tf(ogzi)fl’ (t) ]0 (dlt) tdt.

1 See RIEMANN-WEBER, L. c., Vol. I, p. 337.
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Special Spherical Harmonics. The differential equation for surface
spherical harmonics of order #, obtained by the method of substituting
a product U= Q" Sin Laplace’s equation, is

----- +-sm0 smz?dﬂ +n(m-4+1)sin?dS =0,
or, with the mdopendcnt variable # = cos ¥,

J2S
o L) [ (L= ) 5% L+ 1) S| =0,

1f we seck spherical harmonics which are products of functions cach of
one variable, S = @ P, we sec at once that @ must be of the form sin c¢,
cos cp, or an exponential function. The only cases in which S will be a
one-valued function of position on the whole sphere are those in which
® is cos me or sin m e, where m is an integer. Accordingly, we take

S = cosmep P(u), or S=sinmeq P(u),
and the differential equation for P (u) is
d o 40 mE T,
an (1 — u?) m - Ln (1) — TRy P=0.
This is found to have the solution

P= (1) P, () = Pr (),

dum

(41)

where P, (1) is the Legendre polynomial of degree n, and P, (1) is the
usual notation for this solution of the equation (41). It is obviously
identically 0 for m > #, but not for m = n. Expressed in terms of ¢,
it is a polynomial of degree # — m in cos ¢, multiplied by sin ™§. Giving

to m the values 0, 1, 2,... %, we find the surface spherical harmonics
of order #:
P, (u),
Pl(u) cos g, Pl(u)sin g,

P2(u)cos2¢p, P2 (u) sm..,(p,

P (u)ycosnp,  P!(u)sinng,

These functions are clearly independent, and there are 2 # 4 1 of them.
They thercfore comprise a complete list of surface spherical harmonics
of degree #, in terms of which any other can be cxpressed as a linear
homogeneous combination. They are orthogonal on the surface of the
unit sphere—in fact the integral with respect to ¢ of the product of
any two of them, from 0 to 2 7 is 0. Morcover, it can be shown that

’

Y . . 2 (n + 1)
f[Pn ('ll)]zd“ ‘)” + 1 ()I, — 1”)' :
-1
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The above special surface spherical harmonics vanish on equally spaced
meridians, and on parallel circles, dividing the surface of the sphere into
curvelinear rectangles. They are sometimes called Tesseral Harmonics.
These, and related functions in which # and m are not both integers are
adapted for use in problems connected with regions bounded by spheri-
cal surfaces, meridian planes, and cones through parallel circles.

Lamé Functions. Laplace’s equation in ellipsoidal coérdinates may
be written

© a0 alr - (
W=V A 5V e® 5+ G- Yo )
4

+@ Ve s ee) s =o.

NCAM

Vo (= 1)

U;

Assuming the product form U = LM N for the solution, we find
(@ —v) L* + (A —v) M* 4 (A — p) N* = 0,

where L*, M*, N* are functions of 4, u, v, alone, respectively. 1f we
solve this equation for L*, we sce that L* is lincar in A, with cocfficients
apparently depending on g and ». But as L* is independent of these
variables, we must have L* == gl + 0, where a and b arc constants.
It is similar with M* and N*. It turns out that L, M, and N are all
solutions, in diffcrent intervals, of the same differential equation

Vo ()1 () 4 @s+0) L =0,

belonging to the same valuces of the parameters @ and b. The solutions
of this differential equation are known as Lamé functions. They are
suited to the treatment of problems connected with regions bounded by
cllipsoids, or by parts of any surfaces belonging to a system of confocal
quadrics.

It thus appears that each region gives rise to functions more or less
characteristic of the region, and also to a problem of developing an
arbitrary function as an infinite series in the characteristic functions
with constant coefficients. The treatment of such questions cannot be
taken up here, as it would take us too far from the study of the funda-
mental propertics of Newtonian potentials. The above indications have
mercly the purpose of suggesting the methods that are available for the
actual solution of problems connected with Laplace’s equation, and for
the attaining of numerical results; and at the same time they may give
some idea of the extent to which analysis is enriched by a great variety
of interesting functions, which are useful in treating the most diverse
problems. The rcader who wishes to pursue the subject farther will find
ample material. From the standpoint of actual application to problems,
without much concern as to questions of convergence, he will find stimu-
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lating and rich in material BYERLY’S Fourier Series and Spherical Har-
monics, Boston, 1902. He will also find interesting the chapters devoted
to the subject in the book of RIEMANN-WEBER (1. c. footnote p. 200), and
CoOURANT-HILBERT, Methoden der Mathematischen Physik, Berlin, 1924.
A more extensive study of the properties of the various functions may
be made with the help of WHITTAKER and WA1SON, .4 Course in Modern
Analysis, Cambridge, 1927; BOcuer, Die Reihenentwickelungen der
Potentialtheorie, Leipzig, 1894. Sec also Carsraw (1. c. footnote p. 200).
References to further material may be found in the Encyklopiddie der
mathematischen Wissenschaften, Vol. II, especially II, A. 10, Kugel-
Junktionen etc., A-WANGERIN; 11, C, 11, Aligemeine Rethenentwickelungen,
E. HiLB u. O. SzAsz.

9. Electrostatics; Non-homogeneous Media.

We have considered briefly some problems in electrostatics in which
it was assumed that there was but one medium present. Before taking
up the coexistence of different dielectrics, let us consider the effect
on the force due to a single unit point charge at O, of a homogeneous
dielectric not a vacuum. The charges on the molecules of this di-
electric, having a certain degree of mobility, will move under the in-
fluence of the force. We shall reason in a heuristic manner, our object
being to make plausible the physical laws which we shall formulate.
Their actual justification must rest on experiment.

Thinking of the molecules as like small conductors, we should expect
the charges to move so as to reduce the potential within each to a con-
stant. Throughout the small region occupied by this conductor, we may

. 1 . .
regard the potential U7 = o of the unit charge atQ, as lincar. If the

gradient of this linear function were increased, the potential within
the conductor could be brought to a constant value again by multiplying
the induced charges by the same constant, so that the degree of electri-
frcation of the molecule is proportional to the inducing force. The charge
on the molecule being negative on the side toward O, positive on
the side away from O, and of total amount 0, its effect at moderate
distances away will be sensibly that of a doublet, with axis in the
direction of the radius from O, and of moment proportional to the in-
verse square of the distance from 0. The factor of proportionality & will
depend on the character of the molecule.

Let us now consider the potential of a uniform distribution of thesc
doublets throughout space. We shall ignore the cffects of the molecules
in inducing charges on each other, a rcasonable procedure, in view of
tlicir distances apart in comparison with their dimensions. Also, we
shall ignore their tendency to move under the force of the charge at 0.
The sum of their combined effects will be satisfactorily given by an in-
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tegral. If there is an average of N molecules per unit of volume, the in-
tegral will be that giving the potential of a distribution of doublets of

., N& . . . .
moment density o where g’ is the distance of the point Q at which

the doublet is situated, from O (fig. 19, p. 124). If » denote, as usual, the
distance from Q to the point P (a distance g from 0) at which the poten-
tial is to be reckoned, the potential of the doublet will be (p. 66)

Nk od 1

V]

0% de’

so that we have, for the potential of the induced charges,

1\/2 17 I
S ’

the integral being extended over the whole of space. We shall, however,
for a later application, first evaluate it when extended over the region
between two spheres about O of radii @ and b, a < b:

g 27 b
2 ’ 1«
U -—szfJ fa'zl’ 7 o'*do'sinddpdd

0O 0 a

=Nk ff ‘f sinddpdd

:4nNk[4—”l ff Q"’smﬁdqodﬂ-l

o=

The quantity in brackets is the potential at P> of a unit charge dis-

tributed uniformly on the sphere of radius ¢’ about O, and so is cqual
1 1 . . . .

to riha to e according as P is outside or inside the sphere. Accord-

ingly we have the three cascs,

U” = 4][Nkl’~l—~—-'*l.} for g<ﬂ<bg

(42) U ~4nNk[_--— '}J for a<p<b,
U’=0 for a<b<op.

In particular, if we extend the integration over the whole of space
by allowing a to approach O and b to become infinite in the second ex-
pression, we find

(43) U" = — 4xNk ;
The constant N % is always such that this potential is less in magnitude

than the inducing potential U’ = -:)—, so that the effect of the surrounding
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dielectric is to diminish the total potential in a constant ratio. We write
_]
er’

(44) U=U' - U =

where
1

&= | _4aNk

is known as the diclectric constant, or the inductive capacity of the me-
dium. The formula would indicate that its value is never less than 1,
and no substance has been found which is not in harmony with this
result.

We remark that if the dielectric had been different outside a neigh-
borhood at P, the effect on the potential would simply have been to
add to it the potential of distant distributions of charges. We are thus
led to the first of the physical assumptions with respect to the effects
of dielectrics:

(I) The charges present in space produce an clectric field of force
F (X, Y, Z), which is conservative, and therefore has a potential U,

I = —grad U.

The potential of an isolated point charge e at Q differs from

o

v

by a function which has, at Q, the character of the potential of distant
charges.

If the above potential of an isolated unit point charge be multiplied
by a density and integrated over a volume or surface, we should have
a gravitational potential with the same density divided by €, except
for the potential of distant charges, and so should be led to

(II) The potential of a distribution of volume density s satisfics,
at P, the differential equation

])
P2U = — 42D
and the potential of a surface distribution of density o is continuous,
at points of the surface, together with its tangential derivatives,
while its normal derivatives satisfy the equation

a7 al

[
oy Tl T AR

A surface separating a medium of diclectric constant g from one of
du.lectrlc constant ¢, requires consideration, even if no inducing charges
aié on it. Here the induced doublets on one side of the surface have
different moments from those on the other side, and there is accordingly
an unbalanced induced charge on the surface. In order to obtain a
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suggestion as to the situation, let us consider the case of the field of a
unit charge, at the center of a sphere of radius R separating two di-
clectrics. Employing the formulas (42), with NZ% replaced by its
value in terms of ¢ inside the sphere, and in terms of ¢, outside, and
adding in the potential U’ of the inducing charge, we find for the
potential within and without the sphere, the values
1 1 1\ 1
U, = £ 0 + (12 _—:> B’
1

0

. =
We are thus led to the assumption:

(III) On a surface separating a medium with one dielectric constant
from one with another diclectric constant, no inducing charges being
on it, the potential is continuous, together with its tangential deriva-
tives. The normal derivatives, however, are in general discontinuous, and

U our
€2 nf' T é dn_

= 0.

It has been customary to call the charges placed in the field, as
opposed to those induced in the diclectric, the “truce’ charges, while the
induced charges, as they become evident when there are breaks, or
variations, in the inductive capacity &, have been called the “free”
charges. The densities »” and ¢’ of the “free” charges are given, if in-
ducing charges are at a distance, by

V2U == —4mx’ and o __au

’
an, dn_ 4o’

In accordance with the modern electronic theory of the atom, however,
thesce old terms are inappropriate, for the “free” charge is just as actual
as the “‘true’” charge. The above equations, as a matter of fact, give
cxactly the total charge present. It would be better to call this total
charge the frue charge, and to call the charges introduced by the experi-
menter, rather than those induced in the dielectric, the free charges, for
they are free to move on the conductors on which they are placed, while
the charges induced in the diclectric are bound, each to its molecule.

(IV) oU remains bounded as p becomes infinite, g being the distance
from some fixed point.

We now consider briefly two cases in which two dielectric media are
present. We have just found the potential of the field of a point charge
at the center of a sphere separating two homogencous dielectrics. We
note that in the first diclectric, the effect of the sccond makes itself felt
metely by the addition of a constant to the potential, while in the sec-
ond dielectric, the situation is as if it alone filled space. The lines of
force are exactly as they would be in empty space; only the magnitude
of the force experiences a break on the surface separating the media.

Kellogg, Potential Theory, 14
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The situation is different, however, if the dividing surface is other
than a sphere about the inducing charge. Let us consider the field of a
point charge at the origin, the dividing surface being the planc x = a.
We scek the potential on the assumption that it is symmetric about the
x-axis, so that we may confine ourselves to a meridian plane, say the
(%, ¥)-planc. If we write, in this plane,

— 1 _I__I/

RN RN
I” will satisfy Laplace’s cquation cverywhere except on the plane ¥ = a,
by (I1), will be continuous everywhere by (I) and (I1I), and, also by (I11),
will satisfy the equation

q a1t € « a1
— de == e b

. o
@4y T gyl

~

2ox :2.

We can satisfy the conditions on V' by assuming that in the second
medium it is the potential of a point charge at O, and in the first, ofa
point charge at the symmetric point (2a, 0, 0):

V. A L ox=a, Ve - A )

J(2a — a)% 4 y2 Jx% 4 92

the cocfficient 4 being the same in both cases so that the potential will
be continuous. If we substitute these expressions for V in the previous
equation, we find

alx

== 3

£ - &
o1 ler -l &)

Hence the required potential is
1

e )+ y?
+ &y 1
& &1 (14 #2) p(2a — 2)2 4 92
o
&-1 x<a,
2 1
U= a<x.

bk by a2 +7y2’

Comparing the situation with that
in which the bounding surface was
a sphere, we sce that in the first
medium the effect of the presence
of the second amounts to more than

Fig. 25. the addition of a constant, whercas
in" the second medium the first makes itself felt as if the diclectric
constant of the sccond were replaced by the arithmetic mean of the two.
The lines of force in the first medium are now the curved lines due to

DTN
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two Newtonian particles as discussed in the exercises of page 3I.
They experience a refraction on the boundary, becoming straight in the
second medium (fig. 25).

This problem also gives a basis for illustrating the cffect of a second
medium at some distance away. We see that if either the dielectric con-
stants are nearly equal, or the bounding surface is at a great distance,
a large, the effect of the seccond medium is slight. This makes plausible
the assumption madec in the earlicr sections of this chapter.

For further study of electrostatics, the reader may consult the
appropriate chapters in ABRAHAM, Theorie der Elektrizitit, Leipzig, 1918;
JeaNs, Electricity and Magnetism, Cambridge, 1925; MAXWELL, A
Treatise on Electricity and Magnetism, Oxford, 1904; RIEMANN-WEBER,
Die Differential- und Inlegralgleichungen der Mechanik und Physik,
Braunschweig, 1925.

Chapter VIII.
Harmonic Functions.

1. Theorems of Uniqueness.

We have scen that Newtonian potentials are solutions of Laplace’s
equation at points free from masses. We shall soon learn that solutions
of Laplacce’s equation arc always Newtonian potentials, so that in study-
ing the properties of such solutions, we are also studying the propertics
of Newtonian fields. We shall find that a surprising number of general
properties follow from the mere fact that a function satisfies Laplace’s
equation, or is harmonic, as we shall say.

More definitely, a function U (%, v, 2) is said to be harmonic at a
point P (x, y, z) if its second derivatives exist and are continuous and
satisfy Laplace’s equation throughout some neighborhood of that
pointl. U is said to be harmonic 1w a domain, or open continuum, if it is
harmonic at all the points of that domain. It is said to be karmonic in
a closed region, that is, the set ot points consisting of a domain with its
boundary, if it is continuous in the region, and harmonic at all interior
points of the region. If the domain or region is an infinite one, a supple-
mentary condition will be imposed which will be given in § 3, p. 217.
For the present, we confine ourselves to bounded regions. Functions
will be assumed always to be one-valued unless the contrary is explicitly
stated.

Since V2U =0 is a homogeneous linear differential equation, it
follows that if U; and U, are both harmonic in any of the above senses,

where the notions of domain, region, neighborhood, etc. arc defined.
14*
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¢, Uy ++ ¢, U, also is harmonic in the same sense, ¢ and ¢, being con-
stants. It is the same for any f{inite sum. We shall consider infinite
sums in Chapter X.

A potent instrument for the derivation of properties of harmonic
functions is a set of identities following from the divergence theorem,
and known as Green’s theorems!. Let R denote a closed regular region
of space, and let U and V be two functions defined in R, and continuous
in R together with their partial derivatives of the first order. Moreover,
let U have continuous derivatives of the second order in R. Then the
divergence theorem holds for R with the ficld
,.N ,ou L oU

Z=V Jz?

X==1 Y =1

and it takes the forin

(1) ” VVIiUdY ;-W(VU-VV)W: ﬂ; s,
'k ';{ v e

S

where # means the outwardly directed normal to the surface S bounding
R,and V U -V V means the scalar product of the gradients of U and V,

that is,
U dl” JU JT° Ul Jd1r

VU-rv = Ox dx Jdy —4_)3/‘ 0z ozt

The equation (I) will be referred to as Green's first identity.

If U is harmonic and continuously differentiable? in R, (I) is appli-
cable, and the first term vanishes. If we write 77 = L, the identity
becomes

) f [otas

and we have

Theorem 1. The integral of the normal derivative of a function vanishes
when extended over the boundary of any closed regular region tn which the
function is harmonic and continwously differentiable.

Later (§ 7, Theorem XIII, p. 227) we shall see that a converse of this
theorem is true, namely that if the integral when extended over the
boundary of any closed regular region in a domain vanishes, the function
is harmonic in that domain. We thus have a means of characterizing
harmonic functions without supposing anything about its derivatives
of second order.

! GeorGcE GREEN, L. ¢ footnote page 38.

2 It will be noticed that the hypothesis that U is harmonic in R does not
involve the supposition that its second derivatives arc continuous in R, but only
in the interior of R. However, the divergence theorem is applicable without
further hypothesis, as is seen by § 11 of Chapter IV (p. 119).
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We ncext identify V' with U, still supposing U harmonic. Green’s
identity then becomes

@) fﬂ(v V)RdV = ff vlas.

If U is the velocity potential of a flow of fluid of density 1, the left hand
member of this equation represents twice the kinetic energy of that part
of the fluid in R, and hence so does the right hand member. If the right
hand member vanishes, the kinetic energy in R vanishes, and there
should be no motion. The equation thus yields scveral theorems, which
we proceed to formulate.

First, suppose U = 0 on S. Then, since by hypothesis (¥ U)2 is con-
tinuous in R, and never negative, it must vanish at all points of R.

Hence
ou PR CEP ) b
A )
Ox Jdv 754
and U is constant in R. But U =- 0 on S, and as it is continuous in the

closed region, U = 0 throughout R. Thus follows

Theorem II. If U is harmonic and continuously differentiable in a
closed regular region R, and vanishes at all points of the boundary of R, it
vanishes at all poinis of R.

We deduce at once an important consequence. Let us suppose that
U, and U, are both harmonic in R, and take on the same boundary
values. Then their difference is harmonic in R and reduces to 0 on the
boundary. Hence it vanishes throughout R. We may state the result
as follows.

Theorem III. A function, harmonic and continuously diffcrentiable
in a closed regular region R, is uniquely determined by its values on the
boundary of R.

The surface integral in (2) will also vanish if the normal derivative
vanishes cverywhere on S. Again we sce that as a consequence, U will
be constant in R, although we can no longer infer that it will vanish.
Indced the equation (2) is satisfied by any constant.

Theorem IV. IfU is one-valued, continuously differentiable and har-
monic in the closed regular vegion R, and if its normal derivative vanishes
at every point of the boundary of R, then U is constant in R. Also, a func-
tion, single valued and harmonic in R, is defermined, save for an additive
constant, by the values of its normal derivative on the boundary.

Consider a fluid, flowing in a region consisting of a torus, with the
potential U=tan™! % , where we take as z-axis the axis of the torus. The
flow lines are casily scen to be circles with the z-axis as axis, and thus
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there is no flow across the surface of the torus. That is, the normal deri-
vative of U vanishes over the whole surface of R, and yet U is not
constant in R. Why is this not a contradiction of the last theorem?
The answer is that the potential is not onc-valued, and it is for this
reason, in spite of a general statement at the outset that we should
considcr only one-valued functions, unless the contrary was stated, that
the hypothesis that U shall be one-valued has been expressly introduced
in the theorem,

If U dcnotes the temperature of an isotropic homogeneous body
filling the region R, Theorem II shows that if the boundary of R is
kept at the constant temperature 0, there is no thermal equilibrium
possible unless the temperatures are everywhere 0 in the body. Theorem
1V shows that if the surface of R is thermally insulated, the only sta-
tionary temperatures possible occur when they are everywhere equal.

Suppose now that the body is neither thermally insulated nor has
its boundary kept at zero temperature, but that instead, it is immersed
in a medium of constant temperature U,. Then heat will escape through
the surface at a rate proportional to the difference in temperature of the
body at the surface, and the surrounding medium, according to the law

a7
® -y,

where % is an essentially positive quantity, usually constant, called the
surface conductivity. This is a physical law which is applicable when
there is no radiation of heat from the body. Under these circumstances
a steady state of temperatures in the body is only possiblec when U = U,
throughout the body. For, under these circumstances the equation (2),
applied to the difference U — Uy becomes

J[Sw @ —vapav + [fhU —Uyds =0.

The two terms on the left cannot either of them be negative, and hence
both must vanish. The integrals can only vanish, since the integrands
are continuous and never negative, when the integrands vanish. We
are thus led to

Theorem V. Let U be harmonic and continuously differentiable in the

closed regular region R, and salisfy the condition on the boundary

Jal

o TRU =g
¥
where h and g are continuous functions of position on S, and h is never
negative. Then there is no different function satisfying the same con-
ditions.
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Exercises.

1. Prove Theorem I by mecans of the fact that if the divergence of a field
vanishes at every point of a regular region, the total divergence of the ficld for
that region vamishes.

2. Show that in a closed vessel bounding a regular simply connccted region,
a steady irrotational flow of a fluid of density 1, other than rest, is impossible.

3. Prove that 1f » 1s continuous in the closed, regular region R, and g is con-
tinuous on the boundary S of R, then there is not more than one function U,
(a) continuous together with its partial derivatives of first order in R, (b) having
continuous derivatives of the second order in the interior of R which satisfy Dois-
son’s equation

P2y = — 4,

and (c) taking on the boundary values g. Give at least one more uniqueness
theorem on Poisson’s equation.

Remarks on Uniqueness Theorems. We have suggested, in the pre-
ceding theorems, rather than made an exhaustive study of, the possible
theorems of uniqueness on harmonic functions. Suppose, for instance,
that U vanishes on a part of S, while its normal derivative vanishes on
the rest. Then U will be 0, and any harmonic function will be uniquely
determined if the conditions imposed on it and any second function
have as conscquence that their difference is subjected to the boundary
conditions on U. Generally speaking, we have a uniqueness theorem
corresponding to any boundary conditions which make the surface
integral in (2) vanish.

Every uniquencss theorem suggests an existence theorem. Ior
instance, if continuous boundary values are given on S, there is not
more than one harmonic function which takes them on. But is there
onc? As a matter of fact, corresponding to each of the uniqueness theo-
rems given, there is a true existence theorem, and these existence
theorems arc among the most fascinating in the history of mathematics,
and have been studied for a whole century. We shall revert to them in
Chapter XI.

2. Relations on the Boundary between Pairs of Harmonic
Functions.

Let us now suppose that both U and V are continuously differentiable
in R and have continuous partial derivatives of the second order in
R. We then have the identity (1), and in addition, the identity obtained
by interchanging U and V. If the resulting cquation is subtracted from
(I), the result is Green'’s second identity,

a  [[[orv—vrvar - [[vE_rs.
R "b

Jon

From this, we deduce at once



216 Harmonic Functions.
Theorem V1. If U and V are harmonic and continuously differentiable
in the closed regular region R, then

,JU
g _()_;z— ) n> 5=0,

S being the boundary of R.

We shall make much use, from time to time, of the identity (II)
and the Theorem VI. In the present section, however, we shall confine
oursclves to some simple applications of the theorem which are well
adapted to use as exercises.

Euxercises.

1. Show that Theorem VI remains valid if instead of assuming U and V har-
monic, we assume that they are solutions of onc and the same cquation V2U =k U,
subject to suitable conditions of continuity.

2. Show that any two spherical harmonics of different orders are orthogonal
on tllc surface of any sphere about the ongin. Suggestion Write U7 = o™ S, (¢, #),

= p™S, (9. 9), and employ Theorem VI.

In particular, prove agamn the orthogonality of two Legendre polynomials
of different degrees

3. Show that the functions

= (dcosnx 4 Bsmnx)eny, 17 == (Ccosma -f D sinmz) emy

are harmonic 1n the rcglon 0:-x7 27,07y 1,07 2<1 Infer that if m
and # arc integers m? | n2,

KR 2 R

fcus Mxcosnydy == fcns mysmnydy == fsm mxsmmnydx ==

0 0 0

4 I U ==u (4) uy(u,») and V = vy(A) v, (p, ¥) arc harmonic 1n the clhpsord

PLINDY I
A <
a? b2 F (2= L

2, i, and v being ellipsoidal coordinates based on this ellipsoid, then

U 4
and

4 -
YE—mi—» I (h— ) (2—7)
are orthogonal on any cllipsoid 4 = 4,-20, confocal with the above, provided

1y (A) 0, vy () F0, 1y (4) v (Ay) — u (A4) vy (4) £ 0.

3. Infinite Regions.

The divergence theorem, on which the results of the first two
sections are based, is not valid for infinite regions without further
hypotheses on the functions involved. It is, however, highly desirable
t.* have similar theorems for functions which are harmonic outside
a given bounded surfacc—for instance, in connecction with problens
on conductors.
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Although we defined a regular region in Chapter IV, § 9 (p. 113) as
a bounded region, let us now understand that at least when qualified
by the word infinite, it may comprise unbounded regions. An infinite
regular region would then be a region bounded by a regular surface
(and hence a bounded surface), and containing all sufficiently distant
points.

Let R be an infinite regular region, and X' a sphere, containing the
boundary of R in its interior. Then the divergence theorem holds?! for
the region R’, consisting of the points of R within and on 2';

fff S L L .H(\'ur Yo |- Zn)ds
+ ff(Xl + Ym 4 Zn)d

provided X, Y, Z satisfy the requircments of Chapter IV (p. 119). In
order to extend the theorem to the whole of R, we lct the radius ¢ of
2, whose center we think of as fixed, become infinite. If then
4) 0®X, 0*Y, ¢*Z approach 0,
uniformly as to directions, as p becomes infinite, the integral over X
tends to 0, and we have the divergence theorem for R, the volume
integral over R being defined as the limit for spherical regions with
fixed center.

We shall now impose on the functions U and V of the opening sec-
tions, the additional conditions for infinite regions, that

2 U ,()U ,()U . OV 517 »d17

oU, 0*-, , 0* oy @050 oV, oy oy o5

shall be bounded in absolute value for all sufficiently large o, where o
is the distance from any fixed point. Of functions satisfying this con-
dition, we shall say that they are regular at infinity. This, it will be
recalled, is the character of Newtonian potentials of bounded dis-
tributions. If M is a bound for the absolute value of the quantities
listed above, then for the functions X, Y, Z of § 1 (p. 212), we have
:) U ! . M3 < ﬂlz
le’X|—|eV <M~ Y=, |e*Z]|=

and the condition (4) is fulfllled. Under these circumstances, the 1denti-
ties (I) and (II) hold for infinite regular regions.

We shall from now on understand that when a function is said to be
harmonic in an infinite domain or region, this includes the demand that
it shall be regular at infinity.

1 This will probably be scen most easily by use of the sccond extension
principle (p. 113). R’ may be approximated to by a regular region formed by
cutting out from R’ a small tubc connecting a face of the boundary of R with
S, The resulting region 1s bounded by a single regular surface,
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Let us now sce whether the theorems derived for finite regions hold
for infinite regions. In the first place, V' = 1 is not regular at infinity,
so that Theorem I cannot be derived as it was for bounded regions.
Indeed, it is not always true, as can be seen from the example U = 1/r.
But if we apply Theorem I to the portion R’ of R included within and
on a regular surface 2 enclosing all of the boundary S of R, we obtain.

Theorem I'. If R is a regular infinite vegion, and U is harmonic and
continuously differentiable in R, the integral

4 U S
ff Jn 15
has one and the same value when extended over the boundary of any finite
regular region containing all the boundary of R in ils inlerior.
In all the later theorems of §1 and §2, U and V are assumed to be
harmonic, and so are regular at infinity if R is infinite. Hence these
theorems hold also for infinite regions.

Exercises.

1. Apply Theorem IT to prove the uniqueness of the potentials in the problems
on static charges on conductors 1n the last chapter.

2 Show that if Uis hatmonic thronghout all of space, 1t 1s 1dentically 0 Sug-
gestion: consider the imuting form of equation (2).

3. Show thatit U and V are harmonic in the mfinite region R, the volume
mtegrals i (I) and (1I) are convergent in the strict sense.

4. Any Harmonic Function is a Newtonian Potential.

We may now substantiate the statement made at the beginning of the
chapter, to the cffect that any harmonic continuously differentiable
function is a Newtonian potential. This is done by means of Green’s
third identity. Let R be any regular region, bounded or infinite, and et
P (x, y, ) be any interior point. We take for V, in the identity (I1I) the
function

where 7 is the distance from P to Q (&, #, {), &, %, {, being now taken
as the variables of integration in that identity, in place of , v, z. Since
P is interior to R, the identity cannot be applied to the whole region R,
so we surround I’ with a small sphere ¢ with P as center, and remove
from R the interior of the sphere. For the resulting region R’, we have,

. 1. ..
since - is harmonic in R’,

1., _ 1 10U
() —ﬂf»,x UdI/-—ff (U —220)as
L] R S
J 1 190U
+H(U'a;r —, 5)4S-
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Here v denotes the normal to the boundary of R, pointing outward from
R, so that on ¢, it has the direction opposite to the radius ». Hence the
last integral may be written

©) ﬂ ~+-y.1(’}r’) 240 = U4n+ﬂr."_9.dp

9

where U is a value of U at some point of ¢, and the integration is with
respect to the solid angle subtended at P by the element of ¢. The limit
of the integral over ¢ in (5), as the radius of ¢ approaches 0, is thus
47U (P), and the volume integral on the left converges to the integral
over R. We thus arrive at the third identity

o v [ e s o

The hypotheses underlying this identity are that U and its partial
derivatives of the first order arc continuous in R, and that its partial
derivatives of the sccond order are continuous in the interior of R, and
that the volume integral is convergent if R is infinite. In this case we
assume also that U is regular at infinity.

The first term on the right is the potential of a volume distribution

U
of density — F , the sccond is the potential of a distribution on the

1) U
boundary S of R, of density - 47—, while the third is the potential of a
P : ” A .
double distribution on S of moment — W5 - Thus not only do harmonic

Junctions appear as Newtonian potentials, but so also do any functions
with sufficient differentiability. In particular, the identity (I1I) gives
at once

Theorem VII. A4 function, harmonic and continuously differentiable
in a closed-regular region Rmay be vepresented as the sum of the potentials
of a simple and of a double distribution on the boundary of R.

If U is harmonic in any region, it is also harmonic and continuously
differentiable in any region included in the first, and hence can be rep-
resented as the potential of spreads on the surface of the included region.
Thus we have a more general aspect of the facts illustrated on page 197,
that different distributions may, in restricted portions of space, have
onc and the same potential. If, however, two distributions are required
to have the same potential throughout space, it can be proved that the
two distributions must be essentially the same.

Before taking this up, however, we should notice a further conse-
quence of Theorem VII. Let 7" be any domain, regular or not, and let U
be harmonic in 7T". Then U is harmonic in any sphere lying entirely in
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T, and is thus, in that sphere, the potential of Newtonian spreads on the
surface. But we have seen in Chapter V, § 4 (p. 139), that such spreads
are analytic at the points of free space, and hence in the interior of the
sphere. As such a sphere can be described about any point of T', we have

Theorem VIII. If U is harmonic in a domain, 1t is analytic at all
the points of that domain.

The extraordinary fact thus emerges that if a function has con-
tinuous derivatives of the second order in a domain, the circumstance
that the sum of a certain three of these derivatives vanishes throughout
the domain, has as consequence, not only the existence and continuity of
the derivatives of all orders, but also that the function is analytic
throughout the domain. This striking property of Laplace’s equation,
that 1t has only analytic solutions, is shared by a class of partial
differential equations, namely those of elliptic typel.

5. Uniqueness of the Distribution Producing a Potential.

Let U be continuous together with its derivatives of the first and
second orders except on a finite number of regular surfaces S (open or
closed) without common points. We suppose further that U and its
derivatives of first and second orders at P, approach limits as P ap-
proaches any point Pyof S, not onan edge, from cither side of S. More-
over, we assume that U, together with its limiting values from one side
near P,, constitute a function which is continuous at all points of a
neighborhood of Iy, on S and on the given side of S. This shall be true
for either side, and also for the derivatives mentioned. We suppose that
the second derivatives satisfy a Holder condition at all points not on
S, and finally that U is harmonic at all points outside a sufficiently
large sphere 2.

Formula III shows that in any regular region R containing none
of the points of S, U is the potential of certain distributions. We now
show that U can be represented, at all points of space not on S, as the po-
tential of one and the same distribution.

In the first place, the integral

1 Pe,
| [

is everywhere continuous, together with its derivatives of the first order,
and has the same Laplacian as U. Hence U — Uy, is everywhere harmonic,

B

1 Sece Encyklopadic der Mathematischen Wissenschaften, II C 12, LICHTEN-
STEIN, Neucre Entwickelung dev Theorie particller Diffeventialgleichungen zweitey
Ordnung vom elliptischen Typus, pp. 1320—1324.
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except on S, and has, with its derivatives of the first order, the same
discontinuities as U.

If a positive sense be assigned to the normal to the regular surface
elements of S, then

I JC O AUN T,
Vo= (00 oty Las

1 ([ Jo1 .
Us =;’.~,ﬂ U= Us) ), 45
S

and

are harmonic except on S. Because of the hypotheses on U, it is not
difficult to verify that the density and moment of these distributions
admit derivatives of the first and second orders respectively, so that the
results of Chapter V (Theorems IV, VI, VIII, XI) are applicable. Hence

()l2 ol e s
U2+ - U:')"' =0, o )l oo _4); o
Iy 0l
U+— Up=U, ~U_, r)n1 T oon =0,

at all interior points of S. Accordingly,
U-U —U,—U;

is harmonic except on S, and, together with its normal derivatives, has
the same limiting values from either side at all interior points of S. If
defined in terms of these limiting values, U — U, -- U, — U; becomes
harmonic at all interior points of S (Theorem VI, p. 261). On the edges
of S, this function is bounded, and hence can be so defined there as
to be harmonic everywhere (Theorem XIII, p. 271). It then vanishes
identically, by Excrcise 2, page 218 and U has the value

I 2[ , ol dUNT , .

@) fﬂ av— H (o = ) 5 45
J 1 ..

IT «)v r.db

at all points of spacc not on S. It is thus at every point not on S the
potential of a single set of Newtonian distributions, as stated.

However, we arc by no means assured that no other distributions
produce the same potential. In fact, if we changed the volume densities
at the points of a finite number of regular surface elements, or the sur-
face densities on a finite number of regular curves, the integrals would
be unaffected, and a different distribution would produce the same
potential. But to exhibit this possibility, we have had to admit dis-
continuous densities.
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We shall now establish

Theorem IX. No potential duc to spreads in regular vegions and on
regular surfaces, finite in number, with continuous densities and moments,
can be duc to any olher spreads of the same character.

At the outset, it is clear that if two representations were possible, the
spreads would have to be in the same regions and on the same surfaces.
For if P were an interior point of one volume distribution, not on any
spread of the sccond representation, the potential of the second spread
would be harmonic at P, while that of the first would not. After sub-
tracting the potential of the volume distribution, a similar argument
applies to the surfaces.

Let %, o, and p¢ denote the differences of the volume and surface
densities respectively, of the two supposed representations, and of the
moments of the double distributions. These functions are continuous,
and they are densities and moments of a distribution producing a poten-
tial which vanishes everywhere, save possibly on the surfaces bearing
spreads:

o4 a1
(8) ::‘[f ’jdv+ﬂ7d5 +H” 5o S,
v S S

Transposing the first two terms, we sce that the double distribution is
the sum of a surface and of a volume distribution with continuous den-
sitics. It is hence continuous, according to the results of Chapter VI,
and so its moment is 0.

The last term is therefore absent from cquation (8), and we sce that
the surface integral is the potential of volume distribution with con-
tinuous density. It therefore has derivatives of the first order which are
everywhere continuous, and thus Gauss’ theorem is applicable to the
potential of the surface distribution. We apply it to the surface of a
small sphere about any point of the distribution, and infer that the
total mass within the sphere is 0. If the density were anywhere positive,
we could find a sphere, cutting out from the surface bearing the dis-
tribution, a piece on which the density was positive, since the density
is continuous, and the total mass within the sphere would not then
vanish. Hence the surface density is 0. Then, applying Gauss’ theorem
to the potential of the volume distribution, we infer in the same way
that its density is also everywhere 0, and the theorem is proved.

Exercises.

1. Show, by (LIT), thatif U is harmonic throughout all of space, and regular at
infimty 1t 1s identically 0.

2. Inthelastchapter, Exercisc2 (p.191), we saw that a static charge on a circular
Jamina became imnfinite at the edge of the lamina. Theorem IX does not therefore
show that but one distribution will produce the potential of the lamina. Prove
that there 1s no other distribution, continuous at all interior points of the lamina,
and producing the same potential.



Further Consequences of Green’s Third Identity. 293

6. Further Consequences of Green’s Third Identity.

The identity (III) gives us at once a new and more general proof of
Gauss’ theorem on the arithmetic mean. ILet U be harmonic and
continuously differentiable in R. Then

24 o ]
®) “4n [f av v fo Jdv ¥

If Ris bounded by a sphere S, and P is at the center of the sphere, the
first integral vanishes, by Theorem I, since 7 is constant on S. We have
therefore

U(P) = »4n—'?.[ uds.
This result is based on the assumption that U and its derivatives of the
first order are continuous in the closed sphere. However, the derivatives
do not appcar here, and it is clear that we need make no assumptions
as to their behavior on the boundary. In fact, the relation holds for any
interior concentric sphere, and thercfore, if U is continuous, it holds
also in the limit, for the given sphere. Indeed, U may have certain discon-
tinuities if the limit of the integral is the integral of the limit of U,
properly understood. We content ourselves, however, with the following
enunciation.

Gauss’ Theorem of the Arithmetic Mean. If U is harmonic in a
sphere, the value of U at the center of the sphere is the arithmetic mean of
its values on the surface.

As a corollary, we deduce

Theorem X. Le¢t R denote a closed bounded vegion (regular or not) of
space, and let U be harmonic, but not constant, in R. Then U attains ils
maximum and minimum values only on the boundary of R.

That U actually takes on its extreme values is a consequence of its
continuity in the closed region R (see Exercise 5, page 98). Let E denote
the sct of points at which U =M, the maximum of U. It cannot contain
allinterior points of R, for if it did U would be constant. Accordingly, if E
contained any interior point of R, it would have a frontier point P, in the
interior of R (see Exercise 4, page 94). Therc would then be a sphere
about Py, entirely in R, and passing through points not in E. That is,
the values of U on the sphere would never exceed M, and at some
points, be less than M. As U (Py) = M, we should have a contradiction
with Gauss’ theorem. Hence E can contain no interior points of R, as
was to be proved. The same argument applies to the minimum?.

1 This form of the proof of the thcorem is due to Professor J.L.WALSH.
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FKxercises.

1. Show that if U is harmonic and not constant, in an infimite region with
finite boundary, 1t either attains its extremes on the boundary, or attains one of
them on the boundary and approaches the other at infinity.

2 Iixtend Theorem III as follows. Let R be any closed region, regular or not,
with fimte boundary, and let U be harmontc in R. Show that there is no different
function, harmonic in R, with the same boundary values as U.

3 Gaven a single conductor 1 an mfinite homogencous medium, and a charge
mn cquilibrium on the conductor, there being no other charges present, show that
the density is everywhere of the same sign.

7. The Converse of Gauss’ Theorem.

The property of harmonic functions given by Gauss’ theorem is so
simple and striking, that it is of interest to inquirc what properties
functions have which are, as we shall express it, their own arithmetic
means on the surfaces of spheres. Let R be a closed region, and V a
function which is continuous in R, and whose value at any interior point
of the region is the arithmetic mean of its values on the surface of any
sphere with that point as center, which lies entirely in R:

a2

(10) V(P) = 1;y2 ” V(Q) 2 sind dedd, r<a,

00
where Q has the spherical codrdinates (7, ¢, 9) with P as origin, and a is
the distance from P to the nearest boundary point
of R.

We first remark that V7 is also its own arith-
metic mean over the volumes of spheres. For if
we multiply both sides of equation (10) by 72 and
integrate with respect to » from 0 to », we have,
since 17(P) is independent of 7,

I'(P)-'::=;‘-lnfffV(Q)r%im?dqodz‘)dr, r<a,
0 00

or,
, 3

(1) v =2 [ vy,

Fig. 26.

where X' is the sphere of radius » about P.

We now show that 77 (P) has continuous derivatives at the interior
points of R. Let P be any interior point of R, and let a denote a fixed
number less than the distance from P to the nearest boundary point
cd R. Let us take P as origin, and the z-axis in the direction of the de-
rivative to be studied (fig. 26). Let P’ be the point (0,0, %), /& being small
cnough so that P’ also has a minimum distance greater than a from
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the boundary of R. Then

Ve =Dy _ 4_7313};[LHV(Q)dV—f!fV(Q)dV],

where 2 denotes the sphere of radius @ about P, and 2 the equal sphere
about P’, For small enough %, these spheres intersect, so that the inte-
grals over the common part destroy each other. Let C denote the cylinder
through the intersection of the spheres, with axis parallel to the z-axis.
The parts of the spheres outside C have a volume which is an infinitesi-
mal in % of higher order (of the order of 43), so that since V is bounded
in R, because of its continuity, the integrals over these parts of the
spheres are also infinitesimals of higher order. We may then write

(g LT 8 [ fB [[v@a V—MV ) V] o (),

where @, () vanishes with 22, and A is the part of 2 in C but not in 27,
and B is the part of 27 in C but not in 2. We now express the volume
integrals as iterated integrals with respect to z and the surface of the
projection o of A and B on the (x, v)-plane. Let 2, (x, ¥) and 2, (x, ¥)
dcnote the values of 2 on the lower surfaces of 4, and B, respectively.
Then 2z, (x, ¥) + 2 and z, (¥, 3) |-~ arc the values of 2 on the upper
surfaces of 4 and . The bracket in (12) can then be written

Zy+h z+h
[J T viz— J vaz|ao
=h ff [(Vx, v, 2o 4 D0) — V(x, v, 7 .—}— N h)]do,
0O<<d, <1, 0<d,<1),
=h ff (Vix,y, 20(x,9) +Vix, 9, 2z, (x,9))]do+ ys (k) I
where we have first used the law of the mean, and secondly the fact

that the values of ¥ at points a distance % or less apart is a uniform
infinitesimal in /%, so that y, (k) vanishes with 4. Thus

V(P -1 (P 3 , ,
A | [ T R PP LA )

If we now replace the field of integration ¢ by the surface of 2, as in the
derivation of the divergence theorem (page 87), we have

V(P)—T1 (P 3
e ﬂvcos (n, 2)dS + v, ().

2, being the portion of X within C. We may now pass to the limit as
Kellogg, Potential Theory. 15
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h approaches 0. As the integrand is continuous, we see that the limit
exists, and that

(13) ov f Veos (n, 2) dS.

Jdz  4mad
N

The tedious reckoning is now done, and the rest is simple. Because
of the continuity of V, this derivative is continuous, and because a
can be any sufficiently small positive number, the result holds for any
interior point of R.

If we now apply to (13) the divergence theorem, we find

) 3
(14) :I,.— w 71":7«3__[[[ dz F4V,

the integral being over the region bounded by 2. Hence the derivatives
of V of first order are also their own arithinetic means over the volumes of
spheres in any rcgion in the interior of R.

The process can now be repeated as often as we like. Since any region
interior to R is onc of a nest of regions, cach interior to the next, and
the last interior to R (sce page 317), we see that the partial derivatives, of
any given order, of V exist and are continuous in any region interior to R.

In particular,
o2l 3 Jr
9:2 T dmad ﬂ_),, “cos (n, 2)dS,

Vv .- 1)1'
o 4"ta3 n

at all points a distance more than @ from the boundary. It is casy to
show that the last integral vanishes. In fact, if in (10) we cancel the
constant factor #2 inside and outside the integral, and differentiate the
resulting equation with respect to 7, this being possible because of the
continuity of the derivatives of ¥, we have

”.‘Jl)l' .
0= ff g, snddpdd,
00
which may also be written
ar
fJ‘ Jn dS =0.

Thus, at any interior point of R, V is harmonic, and we have the con-
Versel of Gauss’ theorem,

1 Duc to KoeBE, Sitzungsberichte der Berliner Mathematischen Gesellschaft,
Jahrgang V (1906), pp. 39—42.

and
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Theorem XI. If V is continuous in the closed region R, and at every
interior point of R has as value the arithmetic mean of its values on any
sphere with center at that point and lying 1n R, then V is harmonic in R.

This theorem will be of repeated use to us. As already suggested, it
may serve as a basis for the definition of harmonic functions.

We shall now consider two consequences of the above developments.
The first is with regard to the derivatives of a harmonic function. If
we apply the equation (13) to the function

M | m
U=V— 9
M - -
where M and m are the extremes of V7 in R, then | U| =X ( i-—’—'ﬂ and
tort ! (I("
i“(}': i !‘(): = 47:«" ffl U cos (» ! s
3 AM—m
Sine 2 ff |cosd|atsinddpdd = -/ (M — m).

0 0
Accordingly, we have derived

Theorem XII. If a function is harmonic in a closed region R, the
absolute values of its devivatives of first order at anvy interior point are
not greater than three fourths the oscillation of the function on the boundary
of R divided by the distance of the point from the boundary.

A second conscquence is a converse of Theorem I. We state it as

Theorem XII1'. If U is continuous in a region R, and has continuous
derivatives of the fivst order in the interior of R, and if the integral

oU
ff dn
vanishes when extended over the boundary of all vegular vegions interior
to R, or even if only over all spheres, then U is harmonic in the interior
of R.
This may be proved as follows. Let P be an interior point of R, and

2 a sphere, of radius », about P, and lying in the interior of R. Then,
by hypothesis, 2

0=ﬂ1"l’ds—ff — r:sindded?d,
. Jgn

1 This theorem, 1n space, and 1n the plane, respectively, was discovered inde-
pendently by KoEBE (footnote, p 226) and by BOcHER, Procecdings of the
American Academy of Arts and Sciences, Vol. 41 (1906). Koebe’s treatment 1s
also valid in the plane.

15*
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and so, as 7 is constant on X,

2

[f ':}[r—f sinddpdd = 0.
b 0

If we integrate this equation from O to » with respect to », we have

R

S JU©sinddpdd —4nUP) =0,

00
the integral being taken over the sphere of radius » about P. But this
cquation is cquivalent to

v(p) = ‘4';7?1].(](@) ds.

This holds at first for spheres interior to R, but by continuity it holds
for spheres in R. Thus the function U is its own arithmetic mean on
the surfaces of spheres in R and so, by Theorem XI, is harmonic in R.
The theorem is thus proved.

Exercises.

1. Show that i1f ¥ 1s continuous in a region R, and is its own arithmetic mean
throughout the volumes of spheres 1n R, it is also its own arithmetic mean on the
surfaces of spheres 1n ® Hence show that 11 a function 1s bounded and integrable
in R, and 1s 1ts own arithmetic mean throughout the volumes of spheres 1n R, 1t 1s
harmonic in the interior of R.

2 Prove Koebe’s converse of Gauss’ theorem as follows. T.et 7 be continuous
and 1ts own arithmetic mean in R. Let &' be any sphere in R, and U the function,
harmonic in X, with the same boundary values on 2 as V. This function cxists,
by Chapter IX, § 4 (page 242). Consider V — U in X.

3. Investigate the analogues of the developments of this section in one -
mension.

4. Show, by mecans of Theorem XII, that a series of spherical harmonics,
convergent 1 a sphere about the origin, may be differentiated termwise at any
interior point of the sphere.

Chapter IX.
Electric Images; Green’s Function.

1. Electric Images.

In the closing section of Chapter VII, we saw an example of a case
in which a potential with certain requirements as to its normal deriva-
tives on a plane could be represented on one side of the plane by the
potential of a point charge on the opposite side of the plane. This is an
example of the use of electric images.
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In the present section, we shall confine ourselves to the case in which
one homogencous medium is supposed to fill space, the dielectric con-
stant being 1. Let us suppose that we have a plane conducting lamina,
so great in its dimensions that it may be considered infinite, and let us
suppose that it is grounded, or connected to earth, which means that it
may acquire whatever charges are necessary to enable it to remain
at the potential 0. If then a point charge is brought into the neighborhood
of the plane, it will induce charges on it, namely such as make the po-
tential of point charge and charge on the plane together equal to 0 on
the plane. How can we find the induced charge?

We shall presently have the necessary materials to show that on the far
side of the plane, the potential, if bounded, must be cverywhere 0. If that
region had a finite boundary, this would follow from Theorem 11, of the
last chapter. But it has not, and we shall borrow the fact. Let us take
the plane of the infinite lamina as the (y, z)-plane, with the x-axisthrough
the point charge. Let this be of amount e, and situated at P (a, 0, 0).
If now we place a point charge — e at the image of P in the lamina,
thought of as a mirror, that is at the point I (— a, 0, 0), the potential
of the two charges will be 0 on the lamina, and the problem is solved.
IFor (supposing a > 0), the potential is

Ue - =,
Jx— @)+ y% 4 22 | (& + @) + y2 4 2f -
U=0. x

A

0.
The density of the charge on the lamina is

e

(,,2 + '12 + zﬁ)g ’

as is readily verificd. The total induced charge is found, by integrating
the density over the infinite lamina, to be —e¢, that is, the total induced
charge is equal and opposite to the inducing charge. We notice morcover,
that the density of the charge varies inverscly with the cube of the
distance from the inducing charge.

1 (()l/ e

oo Ly
4 \dn, Jdn_ 27

Exercises.

1. Verify the correctness of the values given for the density and total amount
of the induced charge given above.

2. Consiuder the conducting surface consisting of the half plane 2 =0, y =2 0,
and the half planc ¥ = 0, 2= 0. Iind the potential due to a charge e at (0, b, ¢)
b >0, ¢ >0, and the induced charge on the conductor. Determine the density
of electrification of the half planes, showing that they bear charges proportional to
the angles between them and the coaxial plane through the point charge, and that
the sum of the charges on the two planes 1s the negative of the inducing charge.
Show that the density approaches  at the edge of the conductor.

3. Given a point source of fluid in the presence of an infinite plane barrier,
deternmune the potential of the flow, assumed to be irrotational and solenoidal.
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4 At what angle other than a right angle can two half-planes meet to form a
conductor the charge induced on which by a point charge can be determined by
the method of images?

5. A grounded conductor, occupying a bounded region, is in the presence of
a pomnt charge Show that the density of the induced charge will never change
s1gn.

6 The total charge on the above conductor will be less in magnitude than the
inducing charge. But if the conductor 1s a closed hollow surface, and the inducing
charge 1s 1 1ts interior, the induced charge will be equal 1n magnitude to the in-
ducing charge. Prove these statements.

Infinite Series of Images. Suppose now that we have two parallel
grounded conducting planes, and a point charge between them. Let
axes be chosen so that the planes are x =0 and x = a, while the
charge is at (¢, 0,0), 0 <c <a. A charge — ¢ at (2a - ¢, 0, 0) will
reduce the potential to 0 at x = a. To reduce it to 0 on x =0, we
shall have to introduce corresponding charges of opposite sign at the
points symmetric in the plane x = 0, 7. e. a charge — ¢ at (- ¢,0, 0)
and a charge e at (— 24 + ¢, 0, 0). But the potential on x = a is then
not 0, so we introduce a pair of new charges symmetric to the last in
the plane x = a, and so on. Since the charges are getting farther and
farther from the planes, their influence gets less and less, and it seems
that the process should converge. If we write the potential in the form

(e o] (ee]
7 4 7 4
v- > N e
d ¢ 2 P © . ’
b —2na -4 y2 422 T h(x--2na- o) |y2 2R

the series do not converge, for they have terms comparable with those
of the harmonic series. But if we group the terms properly, say as in

sze(l( — T )

v—2na —0E Lyt i f(x—Znatrryida)

the resulting series has terms whose ratios to the corresponding terms
of the series
Vv 1
— 3
are bounded for sufficiently large #%. It follows that when (x, ¥y, 2) is
confined to any bounded region in which none of the charges are locat-
ed, the second series for U is absolutely and uniformly convergent.
It is not difficult to verify that this potential is 0 on the planes x =
and x = a. That the sum of the series is harmonic is easily shown by
means of Theorem XTI of the last chapter, for in any closed region in which
tRe series is uniformly convergent, it may be integrated termwise.

The method of images is also available in the case of spherical con-
ducting surfaces. We revert to this application later.
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Exercises.
7. Show that the density of the induced distribution on the plane ¥ — 0 1s
given by

2 — 2 -
_2{ mese o Reabc *} o=t 2.
[(2na— c) + 02]? LZra+ Of 4 g%)?

The density on the second plane may be obtamed from this by replacing ¢ by a —c.
It 1s interesting and nstructive to find the total charges on the two planes They
turn out to be proportional to the distances of the point charge from the planes,
and 1n total amount —e¢ Referring to Exercisc 6, we see that the situations here,
and 1 the casc of a single infinite plane, are as if the charge were enclosed 1 a
hollow conducting surface, of finite extent.

8. Find the distribution of the charge induced on the walls of a cubowd by a
pomnt charge in 1ts interior?!.

2. Inversion; Kelvin Transformations.

From the solution of certain problems in electrostatics, and indeed,
in potential theory in general, we may infer the solution of others by
means of a transformation of space known as inversion in a sphere. Two
points are said to be snverse in a sphere, or with respect to a sphere, if
they are on the same ray from the center, and if the radius of the sphere
is a mean proportional between their distances from the center. 1f
cvery point of space be thought of as transported to its inverse in the
sphere, we have the transformation in question.

Let us now examine some of the properties of an inversion. Let us
take the center of the sphere as origin of coérdinates, and let a denote
the radius of the sphere. If P (x,y,2) and P’ (x’,y’,2’) be any two
points which are inverse in the sphere, at distances » and 7, respectively,
from the origin, we have for the equations of the transformation

2 2 2
(1) x = f;;x', y = —::-B- y, z= 7(:2 2, rv=al,

The transformation is obviously its own inversc. The ecquation
A(x2+y2+4+2%) 4+ Bx +Cy+Dz+ E == 0becomes E (2’24 y'24-22)
+ Ba2x’ 4 Ca?y’ 4+ Da?2’ + Aa* =0, so that the inversion carries
all spheres or planes into spheres or planes. A necessary and sufficient
condition that a sphere be transformed into itself is that it be ortho-
gonal to the spherc of inversion, as may be seen by means of the thcorem
that the length of the tangent from a point P to a sphcre is a mean pro-
portional betwcen the distances from P to the two points where any
secant through P cuts the sphere. Any circle orthogonal to the sphere
of inversion is the intersection of spheres which are orthogonal to the
sphere of inversion, and so is transformed into itself. If /; is a line through
P, there is a single circle C; through P, tangent to /; and orthogonal to

1 See APPELL, Trauté de Mécanigue Rationelle, 'T. 111, Exercise 12, Chap. XXIX.
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-

the sphere of inversion. If /, is a second line through P, there is a single
circle C, with the corresponding properties. These circles are trans-
formed into themsclves by the inversion, and at their two intersections
(for they must intersect again at the point inverse to P) they make the
samc angles. It follows that any angle is carried by the inversion into
an equal angle, and the transformation is conformall.

Keclvin Transformations. Let us now consider the effect of an in-
version on a harmonic function. We start by expressing the Laplacian
of U in terms of x/, ¥, 2. The differential of arc is given by

at

@ A5t = Lo ds'® = o (@7 4 Ay + 42,

rs

and accordingly,

Y8 J a? U J a? QU d [/ a? U
Y 5 S B G O T SR - a o
VU = u l:()x’ <;"~' dx’) * Jy’ <r"-’- dy’) +d;'<r’-’ 4):'>:"
This may be given a different form. As

d o« oU o[ 1 ()‘-’U+‘ 1 A 1\ U
ox Y ox T 37 gare a <(),v' _r'»> -dx’]

£

t

a2 1 0?2 17
| FU =T 0,

= 0’2 <_) ox':
1. . . ..
and as -, is a harmonic function of ¥’,y",2” (except at the origin), we

have

A 2 a J? /a 02 [a .
2 ' o . ~ N L
(3) VU= W ooae (7’ U) + dy'2 <;' U) + 02 <r’ U)l
1t follows that if U (x, v, 2) is a harmonic function of x, v and z in a
domain T, then
AN a a?a’ a2y a?
I (x,y;~) :';/'U< ye 'rlg B _;,72
s harmonic 1w x', ', and 2’ in the domain T’ into which T is carried by
the inversion.
This transformation of onc harmonic function into another is known
as a Kelvin transformation®.

The Point Infinity. An inversion in a spherc is onc-to-onc cxcept
that the center of the sphere of inversion has no corresponding point.
The neighborhood of the origin goes over into a set of points at a great

1 It should be remarked that the transformation by inversion, though con-
formal, does not carry a trihedral angle into a congruent trihedral angle, but into
the symmetric one. Thus a set of rays forming the positive axes of a right-hand
system would go over into circular arcs whose tangents form the positive axes of
a 1 ft-hand system.

2 W. TuomsoN, Lord KELVIN, Journal de mathématiques pures et appliqudes,
Vol. 12 (1847), p. 256.
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distance—into an infinite domain. If U is harmonic at the center of
the sphere of inversion, or the center of inversion, as it is sometimes
called, V will be regular at infinity, as is easily verified. On the other
hand, if U is harmonic in an infinite domain, and therefore also regular
at infinity, it may be expressed in terms of potentials of distributions on
the surfacc of a sufficiently large sphere, by (III), page 219, and will
thus be expressible in the form

Hy (%, v, 5) (v, 9,2

0 ; + = ’L_,:;‘ 2

U= 4 e,
where H,, H,, ... arc homogencous polynomials of the degrees given
by the indices, as we saw in Chapter V (p. 143). Accordingly

_Hy(#' v, )

V- Hy (V9 7)

+ e

a d
is convergent inside the sphere about the origin inverse to any sphere
outside of which the scries for U is convergent. Of course the trans-
formation does not define V at the origin, but we sce that if it is defined
there by this series which defines it at points nearby, it will be harmonic
at the origin. Thus a function which is harmonic in an infinite domain
goes over, by a Kelvin transformation, into a function which is har-
monic in a neighborhood of the origin, if properly defined at that single
point.

In order to be able to regard an inversion as one-to-one, we intro-
duce an idcal point infinity, and say that the inversion carrics the center
of inversion into the point infinity, and the point infinity into the
center of inversion. We should naturally say that the point infinity be-
longs to any infinite domain with finite boundary, and this demands
an extension of the notion of interior point. We say that the point
infinity is interior to a set of points provided there is a sphere such that
every point outside the sphere belongs to the set. An unbounded set is a
domain provided all its points are interior points, and provided any two
of its points can be joined by a polygonal line of a finite number of sides,
at most one of which is infinite in length, and all of whose points belong
to the domain. The point infinity is a limit point of a set provided
there are points of the set outside of every sphere. In short, we ascribe
to the point infinity with respect to any set of points, exactly the pro-
perties which the center of inversion has with respect to the set into
which the given set is transformed by an inversion.

Exercises.
. H, n (%, z)
1. If H, (#, , 2) is a spherical harmonic of order #, show that - s2ns1 IS
harmonic throughout space except at the origin.
2. Show that an inversion in a sphere with center O and a Kelvin transformation
carry the potential of a point charge e at a pomnt Q («, ff, ), not the point O,
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into the potential of a charge at the point Q” («’, f’, ¥’) inverse to Q. Show that
the amount of the charge 1s changed in the ratio OQ’:a, where a is the radius

s’
of the sphere of inversion (t” = -c-c-:—-. =o' B2+ 7'2) .

3. Show that if v is a small volume about Q («, f, ¥), and v’ the volume into

which v 1s transformed by an inversion in a sphere about O, of radws a, then,
. : . e

to within an infinitesimal of higher order in the maximum chord of v, v’ = il

where §’ is the distance from the origin O to some point of v’. Hence show that

densities % and ', at corresponding points Q and Q’, of volume distributions pro-

ducing potentiass U and V related by the corresponding Kelvin transformation,

5
are related by the cquation »’ = ( g,) x. Determine a similar relation for surface

distributions. Check by Poisson’s equation and the equation (3), and by the
equation relating surface densities with the break in the normal denivatives of
the potential.

4. Show that two points symmetric in a plane are transformed by an inversion
nto two points mverse in the sphere corresponding by the inversion to the plane.

Induced Charge on a Sphere. Let us now secc what we get by an in-
version and a Kelvin transformation from the problem of the charge in-
duced on a plane /7 by a point charge e at P, not on /1. The potential
U of the charge ¢ and of the charge induced on 17, is, as we have scen,
equal, on the side of IT on which P, lies, to the combined potential of
the charge ¢ at P, and of a charge
— e at the point P, symmetric in
IT; beyond I, U = 0.

Let us now subject space to an

[»
T

ot
i
®

inversion in a spherc with center O at
a point of the ray from P; through
P,, beyond P,, and let us subject
U to the corresponding Kelvin trans-
formation. The plane IT goes over
into a sphere X through O, and P,

and P, go over into two points Py
and P} which are inverse with re-
5 spect to X, by Exercise 4 (fig. 27). If
a is the radius of X2, and c the dis-

Fig. 27.
N tance of P} from the center of 2, the

2
distance of Pj from the center will be f:— The distances of Pjand Py

2
from the center of inversion O will thenbe @ + ¢ and a + a—c« —atae ,

respectively. Thus, by Exercise 2, the Kelvin transformation carries U
into a potential V, which, in the interior of X' is the potential of charges
at P{ and Py, of opposite signs, and whose magnitudes are proportional
to the distances of these points from the center of inversion, 7.e. in the
ratio c:a. We have thus the desired result: a charge e at a point a distance
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¢ from the center of a sphere, and a charge — fai at the point inverse to the

first in the spheve, produce together a potential which is O on the surface of
the sphere. This enables us to find the induced charge on a sphere caused
by a point charge either within or without the sphere. We could find the
density by means of Exercise 3, but we shall find it directly at a later
point.

The problem of Exercise 2, § 1 enables us to find, by inverting in a
sphere with center on one of the planes, the charge induced by a point
charge on the surface, consisting of a hemisphere and the part of
its diametral plane outside the sphere of which the hemisphere is part.

Exercise.

What will be the shape. of the conductor if the center of inversion is not on one
of the two planes ? Enumerate a number of other cases in which induced charges
on surfaces may be found by the method of 1mages and inversions.

The Possibility of Further Transformations. It is natural to ask
whether there are not further transformations of space, similar to inver-
sions, and of functions, similar to Kelvin transformations, which enable
us to pass from a function, harmonic in one set of variables, to a function
harmonic in a second sct. We have seen that Laplace’s equation is in-
variant under a rigid motion of space, and hence harmonic functions
remain harmonic functions under such a transformation of coordinates.
The same is clearly true of a reflection in a plane, say the (y, 2)-plane:
%"= —x, y=19, 2’ =z. The Laplacian of a function goes over into
a constant multiple of itself under a homothetic transformation:
%' =ax, y=ay, 2 =az, and such transformations leave harmonic
functions harmonic. But these transformations, together with inversions
and combinations of them, are all there are of the kind in question.

The transformations of space mentioned are the only conformal ones,
as is proved in works on differential geometry!. But if we are to have
any analytic transformation

x=f@,y,7), y=g&¥.7), 2=hy,2)
in which

V(M’ y’l Z’) =@ (x’! y': Z’) U[f (x': y', Z'), 4 (x,; y’: Z’), h (x': y" Z’)]

is harmonic in x’y’2" whenever U is harmonic in %, y, z, it can be
shown that the transformation must be conformal.

The situation is different if we do not require the transformation to
carry over every harmonic function into a harmonic function. Thus if
we only require that it shall carry all harmonic functions independent of
z into harmonic functions, there are transformations in which z is un-

1 See, for instance, BLASCHKE, Vorlesungen uber Diffeventialgeometrie, Berlin
1924, Bd. I, § 40.
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changed, which carry such harmonic functions into harmonic functions,
namely all those in which f and g are the real and imaginary parts of an
analytic function of " 4 ¢y” (see Exercise 10, p. 363).

We may say, therefore, that in space, there are no new transforma-
tions of the character of Kelvin transformations, although in the plane,
there is a great variety of them.

3. Green’s Function.

At the close of §1 in the last chapter, the question of the existence
of certain harmonic functions was raised, among them, one which
we shall now formulate as that of the existence of a function, har-
monic in a closed region R, and taking on preassigned continuous
boundary values. The problem of showing that such a function exists,
or of finding it when it exists, is known as the Dirichlet problem, or the
first boundary problem of potential theory. It is historically the oldest
problem of existence of potential theory. We are about to outline an
attack on this problem, and in the next section, carry it through in the
very simple but important case in which R is a sphere. We shall sce
that there is a relation between this problem and the problem of the
charge induced on the surface of R by a point charge within R. The
guiding thought is simple. We first seek to express a harmonic function
in terms of its boundary values. We then see if the expression found con-
tinues to represent a harmonic function when the boundary values arc
any given continuous function.

The natural point of departure is the formula (9) of the last chapter,
1 a1 JdU 1
U(P)=— Z?JI(UE’ v ov i) as,
N

valid if U is harmonic in the closed regular region R bounded by S.
This formula expresses U at any interior point of R in terms of its boun-
dary values and those of its normal derivative. But we know that the
boundary values alone determine U, and it is natural to try to eliminate
the normal derivative. For this purpose we may take the relation of
Theorem VI of the last chapter:

1 oV ou
0= — fo(UT)}{ — 5, V)4s,
S

where V is any function harmonic in R. If, now, a harmonic function V

can be found, such that
)

PV

vanishes at all points of S, the normal derivative of U will be eliminated



Green's Function. 237

by adding thesc two equations. Such a function V, however, is nothing
other than the potential of the charge induced on a grounded sheet con-
ductor with the form of the surface S, by a unit charge at P, and the
function

GQ,P)= ) +V(Q,P)

is the value at Q of the potential of the inducing charge at P and the
induced charge together. This function is known as Green’s function for
the region R and the pole P. In terms of Green’s function we have

@ U(P m—mﬂu Q)5 G (0, P)ds

where the differentiation and integration are with respect to the coordi-
nates &, 17, {, of Q. Thus if Green’s function exists, and has continuous
partial derivatives of the first order in any closed portion of R which
does not contain P, any function U (P), harmonic in R, admits the above
represcntation®.

Now suppose that instead of having under the integral sign the
function U (Q), representing the boundary values of a function known
to be harmonic in R, we have an arbitrary continuous function of the
position of Q on S. What then docs the integral

©) Fe) = [[10 )60 pas

represent ? Granted (a) that Green’s function exists, we have to show,
if we wish to solve the Dirichlet problem in this way, (b) that F (P)
is harmonic in P, and (c) that it takes on the boundary values f(P).
Let us consider this programme for a moment.

First, to establish the existence of Green’s function, we have to solve
a special case of the Dirichlet problem, namely find a harmonic function

. 1
taking on the same boundary values as —-. Morcover, we have to solve

the problem for all positions of P in the interior of R. GREEN himself
argued that such a function ekisted from the physical evidence. Of
course the static charge on S exists! We have here an excellent example
of the value and danger of intuitional reasoning. On the credit side is
the fact that it led GREEN to a series of important discoveries, since well

1 It is true that the derivation of the formula (4) is based en the assumption
that U is continuously differentiable in R. But if harmonic in R, U will be con-
tinuously differentiable in any closed region interior to R, and by applying (4)
to a suitably chosen interior region, we can, by a limit process, infer its validity
for R without further hypothesis on the derivatives of U.
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established. On the debit side is its unreliability, for there are, in fact,
regions for which Green’s function does not exist?.

If Green’s function has been shown to exist for R, we must then
make sure that F (P) is harmonic in R. We know that G (Q, P) is har-
monic in Q for fixed P, and we shall see presently that it is symmetric,
and it will follow that it is harmonic in P. After that, it must be shown
that the intcgral is harmonic in P. This done, we must show that F (P)
takes on the given boundary values.

Under proper limitations on R, the programme is a feasible one, and
has been carried out in an elegant manner by LiAPoUNOFF2, We shall
find it relatively easy in the case of the sphere, but for more general
regions, simpler and farther reaching methods are now available.

The Symmetry of Green’s Function3. The usual proofs of the symmetry
of Green’s function are based on Green’s identity II, which demands
some hypothesis on the derivatives of the function on the boundary.
These, in general, do not exist. We may, however, proceced as follows.

Let R denote a closed bounded region, and let G (Q, P) denote Green’s
function for R with pole P, supposed to exist. This supposition includes
the demand that it be harmonic in R, except at P, and that it approach
0 at every boundary point, but includes no demand on the derivatives
on the boundary. We note that the continuity is uniform in any region
in R which omits a sphere about P, and hence that for any ¢ > 0, there
isa 6 > 0, such that G (Q, P) < ¢ at all points of R whose distance from
the boundary is less than 6. Furthermore, in any closed region interior
to R, the minimum of G (Q, P) is positive, for otherwise we should have
a contradiction of Gauss’ theorem of the arithmetic mean.

Now let g be any positive constant. The equipotential G (Q, P) = u
lies in the interior of R; it also lies in the closed subregion of R

’g— = G(Q,P) = 2u. In this region the hypotheses of Theorem XIV,

Chapter X (p.276) are in force, and hence in any neighborhood of
any equipotential surface, there are mon-singular equipotential surfaces.

We next show that a non-singular equipotential surface G (Q, P) = u’
bounds a finite regular region. The interior points of such a region,
namely those for which G (Q, P) > u’, evidently constitute an open set,
since G (Q, P) is continuous, except at P, which is clearly interior to the
set. Secondly, any two interior points can be connected by a regular

1 GREEN’s introduction of the function which bears his name is in his Essay,
L c. footnote § 5, Chapter II, p. 38. An example of a region for which Green’s
function does not exist is given by LEBESGUE, Sur des cas d’impossibilité du pro-
bléme de Dirichlet, Comptes Rendus de la Société Mathématique de France, 1913,
11 17. See Exercise 10, p. 334.

2 Sur quelques questions qui se ratachent au probléme de Duvichlet, Journal de

mathématiques pures et apphiquées, 5 Ser Vol. 1V, (1898).
3 This topic may well be omitted on a first reading of the book,
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curve lying in the interior. This will be proved if it can be shown that
any interior point Q, can be so connected with P, for any two can then
be connected by way of P.

Let T, denote the set of points of R’ which can be connected with
Q, by regular curves entirely in the interior of R’. If a boundary point Q,
of T, were not a boundary point of R’, there would be a sphere about
it interior to R’, and within this sphere there would be points of T\,
Thus Q, and all points near it could be joined by straight line segments
to a point of T, and this, by a regular curve, to Q, - Q; would then be
an interior point of T, and not a boundary point. Thus G (Q, P) = u’
at every boundary point of T,, so that if T did not contain P, and
G (Q, P) were thus harmonic in T, it would be constant. As this is not
the case, P lies in T, and so can be joined to @, in the required way.

Finally, as the bounding surface S” of R’ has no singular points, it
may be represented in the neighborhood of any of its points by an equa-
tion z = @ (x, y), if the axes are properly orientated, ¢ (¥, y) being ana-
Iytic. It follows that the surface can be divided by regular curves into
regular surface elements. These will be properly joined, and so R’, being
bounded by a regular surface, is a regular region.

Turning now to the symmetry of Green’s function, we cut out from
R’ two small spheres ¢ and ¢’, about P and any second interior point
P’ of R’, the spheres lying in the interior of R’. In the resulting region
both G (Q, P) and G (Q, P’) are continuously differentiable and har-
monic. Hence II is applicable (see the footnote, p. 217), and we have

t)(r I
[[le@n™ 57 gz as
G (@, P n 0G(Q, P) _
Fff (6L g2 as <o
0’40

We now allow the radii of ¢ and ¢’ to approach 0. Near P/, G (Q, P)
and its derivatives are continuous, whereas G (Q, P’) differs from

1 . . . .

~7 by a harmonic function V (Q, P), " being the distance P’Q. On ¢
the normal » points along the radius toward the center P’. Accordingly,
the integral over ¢’ may be written

Jr (Q P)

HG @, P)dg+r'2f G, p) ct%- aQ

_rﬂ"‘”g " ag - ﬂV ) 208D 49

the integrations being with respect to the solid angle subtended at P’.
As 7" approaches 0, all but the first term approach 0, and this approaches
4 7 G (P, P). Similarly, the integral over ¢ approaches — 4z G (P, P’).
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The integral over S’ is unaffected by this limit process. The resulting
equation holds for all non-singular equipotential surfaces G (Q, P) = u’.
But there are values of u as close to 0 as we please for which this surface
is non-singular. Accordingly we may allow x4’ to approach 0 through
such values. The first term in the integral over S’ has the value

(| oG @, 7 ’
5,

for G (Q, P’) is the sum of a function harmonic in R’ and the potential of
a unit particlein R’. As to the second term, G (Q, P’) is not constant on
S’, but as the other factor of the integrand is never positive, we may
cmploy the law of the mean, and write this second term

47G (Q, P,

where Q is some point on S’. As u’ approaches 0, the first term ap-

proaches 0, and as Q must become arbitrarily near to the boundary of R,
where G (Q, P’) approaches 0 uniformly, the second term also approaches
0. In the limit then, there are but two terms left in the identity, and
this, after a transposition and division by 4 &, becomes

G (P, P) =G (P, P').

Here P and I’ may be any two interior points of R, and thus the sym-
metry of Green’s function is established.

FExercise.

1. Show that if ¢ (P, Q) 1s the density at Q of the charge induced on S by a
unit charge at P, the formula (4) may be written

U(P)=— g J U@ e @ 1)as,

Referring to Exercisc 6, p. 230, show that U (P) is a weighted mean of its values
on S, and hence lies between its extreme values on S. The above is the form 1n
which GREEN wrote the formula (4).

4. Poisson’s Integral.

We proceed now to set up Green'’s function for the sphere. Let a be
the radius of the sphere, and let P be a point a distance g from the center
O. Then a unit charge at P will induce on the surface of the sphere,
thought of as a grounded conducting surface, a distribution whose poten-

tial in the interior of the sphere is the same as that of a charge -_—-é(f

at the point P’ inverse to P in the sphere, as we saw in § 2. Accordingly,
if » and #’ are the distances of P and P’ from Q, Green’s function for the

sphere is «1_1_ 0P 1
e Vv a ¢°

GQ, P)=7—
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Evidently Green’s function is continuously differentiable in the codrdi-
nates of Q in any closed portion of the sphere omitting the point P, so
that it may be used in the formula (4). This then becomes

©) ve)=— g [veg [L -0 1as
S

Let us express the integrand in terms of the coérdinates (g, ¢, 9) of
P and (¢’, ¢’, &) of Q. Since

T at

2
=g+ o'? — 200’ cosy, and 7%= +9'2~2'%9’C057’,

92
where
cosy = cos ¥ cos ¥ + sin? sind cos (p — ¢'),
we have
J 1 Jd 1. o cosy — o pcosy —a
vy e Y = yma 80
a2
a1 -—Q——cosy - __@* acosy— g
A e e

where in the last step we have used the fact that G (Q, P) vanishes
when @ is on the surface of the sphere. With these values, the formula
(6) becomes
at— g (U (. ) dS
(1) U, p, 9 = 4n‘5)——ff—~—~73———, 72 = o® 4 a? — 2ap cosy.
S

As this formula involves no derivatives of U, it holds if U is harmonic
in the interior of R and continuous in R, as may be seen by applying it
to a smaller concentric sphere and passing to the limit as the radius of
this sphere approaches a. It is known as Poisson’s integrall.

Let us now ask whether the boundary values can be any continuous
function. Does

_ = [ f(¢.¥as
®) Vie.p,0) = 4,2 [[1@ 0
s
solve the Dirichlet problem for the sphere ? We shall prove that it does.
First of all, we have the identity, for Q on S,
a® — g? _ 1 a1

1 a— gcosy
©) T8 _7+2a 73___”*_7—2‘1_5;7

’

which shows that V¥ is the sum of the potentials of a simple and of a
double distribution on S with continuous density and moment. Hence

1 Journal de I’Ecole Polytechnique, Vol. 11 (1820), p. 422. See also the Ency-
klopadie der Mathematischen Wissenschaften, II, A 7b, Pofentialtheorie, BURK-
HARDT u. MEYER, p. 489.

Kellogg, Potential Theory. 16
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V is harmonic in all of space except on S, and in particular, within the
sphere.

Secondly, as P (g, ¢, ¥) approaches the point Q, (2, @, &) of the
surface of the sphere in any manner, V (p, @, ¥#) approaches f (@y, ¥y).
To show this, we start with the remark that the formula (7) holds for
the harmonic function 1, so that

_ -—-Q as
10 1= R [
S

Multiplying both sides of this cquation by the constant f (g¢,, #,) and
subtracting the resulting cquation from (8), we have

19'——-
Vi, 9. 9) —f(po, 9) =2 f 10078 = 170, 90) g

Now let ¢ denote a small cap of the sphere S with Q, as center, sub-
tending at the center of the sphere a conc whose clements make an
angle 2« with its axis. If ¢ > O is given, a can be chosen so small that

ona, | f(¢,9) — [ (@ D) | < -. Then, making use of (10), we sec that

@ e ) — g, D ) as _ &
4naf raoods‘ 24aff

a

But if we confine P to the interior of the cone coaxial with the one sub-
tended by o, and with the same vertex, but with half the angular
opening, then when Q is on the portion S — ¢ of S,

cosy=<cosa, and 7>=p?®4 a®— 2pacosa.

Let us call 7, the minimum value of 7 thus limited. Then if M is a bound
for |/ (p,9) |on S,

,4 ﬂf(w' 0’)—/(¢o,ﬂo S| < @@ 2M e
nu

“47:a 3

S—au

a quantity which can bec made less than — 5 Dy sufficiently restricting
a — g. Thus
IV(Q"P:ﬂ) - f(‘Po: 0())’ <e

in a region which contains all the points within and on the sphere which
arc within a certain distance of Q,. So V is not only continuous on the
boundary, but assumes the given boundary values. Accordingly, the
Dirichlet problem is solved for the sphere. There is no real difference be-
tween the formulas (7) and (8) when f (g, 9) is a continuous function.
Moreover, Poisson’s integral also solves the Dirichlet problem for
the infinite region exterior to the sphere. For, as we have seen, the inte-
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gral is the sum of simple and double distributions on S. The first is
continuous. For the second, we have the moment
_ ¢ ¥
K=="""95
as a glance at the formulas (8) and (9) shows. Accordingly the limits

V_and V. of V from within and from without S are connected by the

relation
V,—V_=dnu=—2f(@,9¥).

Hence, as we have shown that V_ ==f(¢’,94'), we know that

V.= —f(¢, &). If we change a sign in (8), and write it
_et—a [ (¢ #)dS
(1) V(Q""'ﬂ)—'—ﬁa“ﬂ' M
'S

the function thus represented is harmonic outside the sphere (this
implying also regularity at infinity), and assumes the boundary values
f (@ 9).

Remark. As a matter of fact, Poisson’s integral represents a function
harmonic everywhere except on S when f (¢, ¥) is any integrable func-
tion. We shall have the materials for a proof of this fact in the next
chapter. But in case f (@, 9), while remaining integrable, has discontinui-
ties, ¥V can no longer approach this function at every boundary point.
What we can say—for the above reasoning still applies to integrable
bounded functions—is that V approaches f (¢, ¥) at every boundary
point where this function is continuous, and lies between the least upper
and greatest lower bound of this function.

Exercises.

1. Show by elementary gcometry that the function G (Q, P), p. 240, vanishes
when @ is on the surface of the sphere.

2. Verify that Green’s function is symmetric, when R is a sphere.

3. Show that the density of the charge induced on the surface of a sphere
by a point charge is inversely proportional to the cube of the distance from the
point charge.

4. Sct up Green’s function for the region R consisting of all of space to one
side of an infinite plane. Set up the equation corresponding to Poisson’s integral
for this region, and show that it can be given the form

V(P) =2LnJ]‘f(Q)dQ’
S

the integration being with respect to the solid angle subtended at P by an element
of the plane S. Show that this formula solves the Dirichlet problem for the region R,
on the understanding that instead of requiring that V shall be regular at infinity
(which may not be consistent with its assuming the boundary values f (P)), we
require that it shall be bounded in absolute value. Here f(P) should be assumed
to be continuous and bounded. Discuss the possibility of inferring the solution
of the Dirichlet problem for the sphere from this by means of an inversion.

16*
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5. Show that if f (Q) is piecewise continuous on the surface of a sphere S, there
exists a function, harmonic in the interior of the sphere, and approaching f (P) at
every boundary point at which this function is continuous. Show that if Q, is
an 1nterior point of onc of the regular arcs on which f(Q) 1s discontinuous, the har-
monic function will approach the arithmetic mean of the two limiting valucs of
7(Q) at Q,, and determine the hmiting value of the harmonic function if Qg is a
point at which several arcs on which £ (Q) 1s discontinuous meet.

6. A homogeneous thermally isotropic sphere has its surface maintained at
temperatures given by U = cos &, & being the co-latitude. Determine the tempera-
tures 1n the nterior of the sphere for a steady state.

7. Derive Gauss’ theorem of the arithmetic mean from Poisson’s intcgral.

8. Show that if U 1s harmonic at every proper pomnt of space (not the point
infinity) and is bounded, 1t 1s a constant.

9. Llet R be a closed region bounded by a surface S with a definite normal
at each point, and such that cach pont of S 1s on a sphere entirely in R. Let U
be harmonic in R, no hypothesis being made on 1ts first derivatives on the boun-
dary, other than that the normal derivatives exist as onc-sided limits and are 0.
Show that U 1s constant 1n R, thus generalizing in onc direction Theorem 1V,
Chapter VIII, p. 213. Suggestion. Apply Poisson’s mtegral to U/ in the sphere
through the boundary point at which U attains 1ts maximum, on the assumption
that the statement 1s not true.

A great deal has been written about Poisson’s integral, and something
on it will be found in nearly cvery book on Potential Theory (scc the
bibliographical notes, p.377). In recent literature on the subject, the
reader may be interested in the geometric trcatment given by PERKINS,
An Intrinsic Treatment of Poisson’s Integral, American Journal of
Mathematics, Vol. 50 (1928), pp. 389—414.

Poisson’s integral in two dimensions has similar properties. An
excellent treatment of it is to be found in BOCHER’S Iniroduction to the
Theorv of Fourier's Series, Annals of Mathematics, 2¢ Ser. Vol. VII
(1906) pp. 91—99. Very general theorems on the subject are found in
EvaNs, The Logarithmic Potential, New York, 1927.

5. Other Existence Theorems.

We have spoken several times of existence theorems, and we have
proved one, namely, that given a sphere and a function defined and con-
tinuous on the surface of the sphere, there exists a function continuous
in the sphere and harmonic in its interior, which assumes the given
boundary values. An existence theorem in mathematics has nothing to
do with any metaphysical sense of the word “‘exist”; it is merely a state-
ment that the conditions imposed on a function, number, or other
mathematical concept, are not contradictory. The proof of an existence
theorem usually consists in showing how the function, or other thing
whose existence is asserted, can be actually produced or constructed.

deed it has been maintained that a proof of existence must be of this
nature. The solution of the Dirichlet problem for the sphere has estab-
lished the existence of a harmonic function with given boundary values
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on a sphere by producing a formula which gives the harmonic function.
The existence theorem corresponding to this for a general region is
known as the first fundamental existence theorem of potential theory.

The Cauchy-Kowalevsky Existence Theorem. There are other existence
theorems concerning harmonic functions. Applicable to all differential
equations with analytic coefficients is the Cauchy-Kowalevsky theorem?.
For Laplace’s equation, its content may be formulated as follows.
Let P (%, ¥, %) be a point of space, and let S denote an arbitrary sur-
face passing through P, analytic at P. By this we shall understand that
for a proper orientation of the axes S has a representation z = f (x, y),
where f (x, ¥) is developable in a power serics in ¥ — %y, ¥— ¥,, conver-
gent in some ncighborhood of the point (%, 3,). Let ¢ (x, ¥) and
@1 (¢, ¥) denote two functions, analytic at (x,, ¥). Then there exists a
three dimensional neighborhood N of P and a function U (x, y, 2) which
is harmonic in N and which assumes on the portion of S in N the same
values as the function @, (x, y), and whose normal derivative assumes on
the same portion of S the values @, (x, v). There 1s only one such function.
Here a positive sense is supposed to have been assigned to the normal
to S, in such a way that it varies continuously over S.

This theorem tells us that we may assign arbitrarily the value of a
harmonic function and of its normal derivative on a surface element,
provided all data are analytic. Thus it appears that essentially fwo
arbitrary functions of position on a surface fix a harmonic function,
whereas the first fundamental existence theorem indicates that one
arbitrary function is sufficient. But in the latter case, this function is
given over the whole of a closed surface, whereas in the former, the two
functions are given only on an open piece of surface . The Cauchy-Kowa-
levsky theorem asserts the existence of a function harmonic on both sides
of the surface on which values are assigned, as well as on the surface,
but only in a neighborhood of a point. The first fundamental existence
theorem asserts that even though the assigned boundary values be merely
continuous, a function exists which is harmonic throughout the entire
interior of the region on whose surface values are assigned, but not
that it can be continued through the surface. The Cauchy-Kowalevsky
theorem asserts the existence of a function in some neighborhood of a
point (or ¢m Kleinen, as it is expressed in German), the first fundamental
existence theorem, throughout a given extended region (im GroBen).

The Second Fundamental Existence Thecorem. We have seen that if
continuous boundary values are assigned, on the surface of a regular
region, to the normal derivatives, not more than one function, apart

1 See, for instance, GOURSAT, A Course wn Mathematical Analysis, translated
by Hebprick, Boston, 1917, Vol. II, Part. II, sections 25 and 94; BIEBERBACH,
Differentialgleichungen, Berlin, 1923, pp.265—270.
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from an additive constant, harmonic in the region, can have normal
derivatives with these values. Can the boundary values be any continuous
function ? Evidently not, in the case of finite regions atleast, for Theorem I
of the last chapter places a restriction on them. Suppose that this con-
dition is fulfilled, that is, in the case of finite regions, that the integral
over the surface of the assigned boundary values vanishes. The problem
of finding a function, harmonic in the region, and having normal deriva-
tives equal to the function given on the boundary is known as Neumann’s
problem, or the second boundary value problemn of potential theory, and
the thcorem asserting the existence of a solution of this problem is
known as the second fundamental existence theovem of polential theory.

In considering the Neumann problem, it is natural to ask whether
there is not a function similar to Green’s function which may here
play the role which Green’s did for the Dirichlet problem. We consider
the case of a bounded region, and follow the analogy of the work of § 3.
We wish to eliminate U from under the integral sign in

U(P) -—‘ff(”/ —U')—ljldS

(.)’ll v Jdv v

o=4—1&£ﬂ”’”v U V]ds

in order that U may be expressed in terms of the boundary values of
its normal derivative alone. This could be accomplished if we could find
a function V, harmonic in R, and having a normal derivative which

by means of

was the negative of that of —: . But this is impossible, since, by Gauss’

theorem on the integral of the normal derivative, the integral of the
R 1 . g - .

normal derivative of -,- over S, the surface of R, is — 47, while if Vis

harmonic in R, the integral of its normal derivative over S is 0. We
therefore demand that the normal derivative of V shall differ from that of

1 . . .
— - by a constant, and this will serve our purpose. Then the combined
potential

1
GQ.P)=,+V(@Q,P),
if it exists, is known as Green’s function of the second kind for R. In terms

of this function, we obtain the following expression for U (P) by adding
the last two equations:

aw v =L[["c0 pas+ L[ [veas
S S

This gives U in terms of its normal derivatives except for an additive
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constant, which is all that could be expected, since U is determined
by its normal derivatives only to within an additive constant. Further
consideration of this formula is left for the following exercises, where it
is assumed once and for all that G (Q, P) exists and possesses the requi-
site continuity and differentiability.
xrercises.

1. Dctermine the value of the constant in the formula (12), and thus show that
the last term is the mean of the values of U (P) on S.

2. Show that G (P, Q) = G (Q, P) for Green’s function of the second kind.

3. Given a generalized function of Green

@) =1+ V@),

where V(P, Q) is harmonic in R and subject to any boundary conditions which
have as consequence that *

“ (6. Py P GOP) =G (0.1 ) G0, Py |dS =0,
S

show that G (P, Q) = G (Q, P).
4. With the notation of § 4, show that

G (O, P)=- +__ “_ll 2 a?
B er " a Bar ggrcosy + o
is Green’s function of the second kind for the sphere, 2. e. (@) that the sccond and
third terms constitute a function @ (g’, ¢’, #') harmonic in the sphere, and (b)
that the normal derivative 1s constant on the surface of the sphere. Suggestion as to
part (a). The direct reckoning showing that the third term is harmonic may be
tedious. Remembering that P is fixed, 1t 1s easily verified that the third term 1s
a linear function of the logarithm of the sum of the distance of Q from a fixed
pomt (the inverse of P) and the projection of this distance on a fixed line. It is then
simply a matter of verifying the fact that the logarithm of such a sum, referred
in the simplest possible way to a suitable coordinate system, is harmonic, and of the
examination of possible exceptional points.

5. Verify that the above function is symmetric in ” and Q.

6. With the above function, show that (12) becomes

. oU 2a )
vr) = ffr)v —loga-—gcosy—i—r]db-*-b(o)’

O being the center of the sphere.
7. Show that the formula

, . 1 s 97 [2 1 2a -
Ve @, )= Z;fff(?"ﬂ)[_“f—i_—a'bg;—— @ cosy +’]a’5,

f (@, 9) being any continuous function such that ” ¢, ¥)dS =0, solves the
Necumann problem for the sphere.

8. Show how to solve the Neumann problem for the outside region bounded
by a sphere. Show how the condition that the integral of f (g, #) shall vanish can

be removed by the addition of a suitable multiple of—;— to a formula analogous to
that of Exercise 6.
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Exercises on the Logarithmic Potential.

9. Define harmonic functions in bounded domains of the plane, establish
Green’s identities for bounded regular plane regions, and develop the properties
of functions harmonic in bounded domains.

10. Set up Laplace’s equation in general coérdinates in the plane, and discuss
inversion in the plane. If, by an inversion, a bounded domain T goes over into a
bounded doman T”, and if U (#, ¥) is harmonic in T, show that

2 4 a2y’
14 (x” y/) =U (fzr'/:' ’ —;7?.:“)
1s harmonic in T’. Thus, in the plane, we have in place of a Kelvin transformation,
a mere transformation by inversion, and this leaves a harmonic function harmonic.

In space, regularity at infinity has been so defined that a function, harmonic
at infinity (and, by definition, this means also regular at infinity) goes over by a
Kelvin transformation into a function harmonic at ‘the center of inversion. We
follow the same procedure 1n the plane and say that U 1s regular at infimity pro-
vided

a) U approaches a limit as ¢ becomes infinite in any way, g being the distance
from any fixed point, and

Jy

11 Develop properties of functions harmonic n nfinite domains of the plane.
In particular show that
U
J‘i— ds=0
dn

when extended over any closed regular curve including the boundary of the in-
finite domain 1n which U is harmonic (see Theorem I’, p. 218), and that if U 1s
harmonic and not constant in the infinite region R, 1t attains its extremes on and
only on the boundary of R (see Exercise 1, p 224).

12. Define and discuss the properties of Green’s function in two dimensions,
and derive Poisson’s integral in two dimensions.

13. Discuss Neumann'’s problem for the circle.

14. Study harmonic functions in one dimension, considering, in particular,
Green’s function.

22|
b) I,() ax | and

QU | . i
0% - l remain bounded as g becomes infinite.

Chapter X.
Sequences of Harmonic Functions.

1. Harnack’s First Theorem on Convergence.

We have already found need of the fact that certain infinite series of
harmonic functions converge to limiting functions which are harmonic.
We are now in a position to study questions of this sort more system-
atically. Among the most useful is the following theorem due to HARr-
NACKL.

Theorem I. Let R beany closed region of space, and let Uy, Uy, Us, ... be
a Pinfinite sequence of functions harmonic in R. If the sequence converges

1 Grundlagen dev Theorie des logarithmischen Potentials, Leipzig, 1887, p. 66.
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uniformly on the boundary S of R, it converges uniformly throughout R,
and its limit U is harmonic in R. Furthermore, in any closed region R’,
entively inlerior to R, the sequence of derivatives

- grratk
b-x,oy,dz-ku,,], n=123,...,
i, 7, k being fixed, converges uniformly to the corresponding derivative
of U.

First, the scquence converges uniformly in R. For the difference
(Upyp — U,) is harmonic in R, and so by Theorem X, Chapter VIII
(p. 223), is cither constant, or attains its extremes on S. Hence its
absolute value is never greater in the interior of R than on S, and
since the sequence converges uniformly on S, it must converge uniformly
in R. Also, a uniformly convergent sequence of continuous functions has
a continuous function as limit! and hence the limit U of the sequence
is continuous in R.

Secondly, U is harmonic in the interior of R, by the converse of
Gauss’ theorem on the arithmetic mean (Theorem XI, Chapter VIII,
p. 227). For cach term of the sequence is its own arithmetic mean
on sphéres in R, and since a uniformly convergent sequence of con-
tinuous functions may be integrated termwise, that is, since the limit of
the integral of U, is the integral of the limit U, it follows that U also
is its own arithmetic mean on spheres in R. Hence, by the theorem cited,
U is harmonic in the interior of R, and as it is continuous in R, it is
harmonic in R.

Finally, the sequence of derivatives converges uniformly to the
corresponding derivative of U. Consider first the partial derivatives of
the first order with respect to x. By Theorem XII, Chapter VIII (p. 227),
if @ is the minimum distance of any point of R’ from the boundary

of R,

I i 4

I‘);(U" - U) §3—a2max| Un - Ul,
the quantity on the left being taken at any point of R’, and that on the
right being the maximum in R. Since the right hand member approaches

0 as # becomes infinite, the left hand member approaches 0 uniformly,

o s aU .
and the convergence of the sequence of the derivatives to - is

established. To extend the result to a partial derivative of any order,
we need only to apply the same reasoning to the successive derivatives,
in a nest of regions, each interior to the preceding and all in R. This can
always be done so that R’ will be the innermost region (sce Chapter XI,
§ 14, p. 317).

1 See, for instance, OsGoop, Funktionentheorie, I, Chap. I1I, § 3.
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Remarks. The theorem has been enunciated for sequences rather than
for series, but there is no essential difference. For the convergence of an
infinite scries means nothing other than the convergence of the sequence
whose terms are the sums of the first # terms of the series. And the con-
vergence of a sequence S, S,, Si, ... can always be expressed as the
convergence of the series

SpH (S —8) + (S5 —Sp) + ...
But there arc cases in which we have neither a sequence nor a series

before us where the same principle as that expressed in the theorem
is useful. Suppose, for instance, that it has been established that

26, P)

v

is harmonic in the coérdinates of P in a region R’, interior to the region
R for which G (Q, P) is Green’s function. Can we infer that the function
given by Green’s integral (equation (5), page 237) is harmonic in R’?
Recalling the definition of integral, we note that any of the sums of
which the integral is the limit, being a finite sum of functions which
are harmonic in R’, is also harmonic in R’. If these sums approach the
integral uniformly in R’, the rcasoning used in the theorem shows that
the limit is harmonic in R’. This can easily be shown to be the case in
the present instance.

In order to express the extension of the theorem in a suitable way,
let us remark that if § is supposed given, the sum

kZ’f(Qk)ASL:

in which the maximum chord of the divisions A4S, of S is restricted
to be not greater than 4, is a function of 4. It is infinitely many valued,
to be sure, but its values are still determined by the value of §, and
its bounds are uniquely determined. If f (Q,) depends also on parameters,
like the codrdinates of a point P, the sum will also depend on these para-
meters. What are we to understand by the statement that a many-
valued function is harmonic in R? We shall say that a function U (P, 8)
is harmonic in R if to any of its values at any point P, of R there
corresponds a one-valued function having the same value at P,, whose
value at any other point P of R is among those of U (P, §) at P, and'that
this one-valued function is harmonic in R. Such a one-valued function
we call a branch of U (P, ¢). To say that U (P, §) converges uniformly
to a limit as § approaches 0, shall mean that there is a one-valued func-
tion U such that ¢ > 0 being given, d can be so restricted that

|[UP,) —U|<e

for all points P in the set of points for which the convergence is uniform,
and tor all branches of the many valued function U (P, §).
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With these preliminaries, we may state the theorem as follows: let R
be any closed region in space, and let U (P, 0) be continuous in R and har-
monic in the interior of R. Then if U (P, 8) converges uniformly to a limit
on the boundary of R, it converges uniformly throughout R to a one-valued
Junction U, which is harmonic in R. Any given derivative of U (P, d) con-
verges uniformly in any closed region R’ interior to R to the corresponding
derivative of U. By a derivative of U (P, §), if U (P, J) is many valued,
we mean the many valued function whose values at any point are those
of the corresponding derivative of the branches of U (P, ) at that point.

It follows that if (Q, P) is continuous in the coérdinates of P and Q,
when Q is on the boundary S of the regular region R, and P is in a re-
gion R’ interior to R, and if f (Q, P) is harmonic in P for Pin R’, for every
fixed Q on S, then

F(P)=[[1( P)ds

is harmonic in R’.

2. Expansions in Spherical Harmonics.

We have seen that Newtonian potentials can be expanded in series
of spherical harmonics, and that harmonic functions are Newtonian
potentials. It follows that harmonic functions can be so expanded. We
are now concerned with the determination of the cxpansion when the
harmonic function is not given in terms of Newtonian distributions.

We take as point of departure, Poisson’s integral

a? — g?

1) Ul.g. ="t

ffg_ﬁf"r_;l’:’_‘?ﬁ dS, r*=p9%+4a®—2apcosy
s

where S is the surface of the sphere of radius 4 about the origin, and
where U is harmonic in the closed region bounded by S. We have seen
equation (9), (p.241) that

—gt 1 a1

@) = —2a

v v r’

and that (equation (18), page 135)
1 1 o 0?
@) =P+ PL )G+ Py S, u=cosy,

valid for p < ¢’. If we differentiate this series termwise with respect
to ¢’, and set ¢’ = a, we have

) == P — 2P ) &~ 3P0 & -

Setting ¢’ = @ in (3) and using this and (4), we find for the function (2)
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the expression

e P+ 3Py ()
5Py (1) %+ -+ 2k + 1) Py (w) Z:+]

the series being uniformly convergent for ¢ < 41a, 0 <A < 1. This func-
tion may therefore be used in (1), and the integration carried out term-
wise, so that we have
5) Ulo, 9,9 = ‘2’7 2k -+ 1) [4n52f Ua,¢',3') P, (u )dS]
0

Since g* Py, (#) is a spherical harmonic of order %, we have here a
development of U in spherical harmonics, determined by the boundary
values of U, the series being convergent for o < 4, and uniformly con-
vergent in any region R’ interior to the sphere. We shall discuss later
the question of convergence on the sphere itself.

Let us apply this development to the spherical harmonic

H,(0,9,9)=0"S,(¢,9)
We find

e"Salp. M) =D12k+1) [g,ﬁé f fa" Su (@, %) Py () ds] e.
0 s

The coefficients of the powers of p on both sides of this equation must
be identical, and we conclude that

] ffS (p',¥) P, (u)dS =0, k+n,
(6 Salp,9) = (24nn+u21)ffs (¢, 9") P, (n)dS
T2

orf S (¢, 9") P, (cosy)sind do¢’ d = 3% +1 S, (p,9).

00

The spherical harmonics p* P, (1) are often called zomal harmonics, as
the surfaces on which they vanish divide the surface of the sphere into
zones. If the factor g* be suppressed, we have what is known as a sur-
face zonal harmonic. This is thercfore another name for Legendre poly-
nomials, although the term is often used in the wider sense of any so-
lution of the differential equation (11) (page 127), for Legendre polyno-
mials, whether # is integral or not. The ray (g, 9) from which the angle y
is measured is called the axis of the zonal harmonic. The first equation (6)
states for an apparently particular case, that two spherical harmonics
of different orders are orthogonal on the surface of the unit sphere, a result
found in Exercise 2, § 2, Chapter VIII, (p. 216). The last equation (6)
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states that the integral over the unit sphere of the product of any spherical
haymonic of order n by the surface zonal harmonic of the same order is
the value of the spherical harmonic on the axis of the zomal harmonic,
multiplied by 4 7 and divided by 2n + 1.

Thus, if U is harmonic in a neighborhood of the origin and hence has
a uniformly convergent development in terms of spherical harmonics

U =S+ Si0+ S0+ -+,

the terms of this series may be obtained by multiplying both sides of
the equation by Pj (#) and integrating over the surface of a sphere lying
in the region in which the development is uniformly convergent. The
result is nothing other than the development (5), where a is the radius
of this sphere. Of course in deriving the development (5) we did not need
to know that the series converges for P on the sphere itself.

The development of a harmonic function in a series of spherical har-
monics is a special case of developments of harmonic functions in given
regions in series of polynomials characteristic of those regions?.

Exercises.

1. Check the equations (6) for simple cases, for instance Sy =1, S; = cos®,
Sy == cos 2 ¢ sind, with Py(u), Py (u), Py(u).

2. Derive Gauss’ thcorem on the arithmetic mean from (5).

3. Derive the expansion in terms of spherical harmonics divided by powers
of p, valid outside a sphere.

4. If U 1s harmonic 1n the region between two concentric spheres, show that

1t can be expanded in a serics.
00

U= 2 ¢"Se(p,®),
—
where S_;. (p,#) (£ > 0) 1s a surface spherical harmonic of order ¥ — 1, the series
bzing uniformly convergent 1n any region lying between the two spheres, and having
no points 1n common with their surfaces. Show how the spherical harmonics of
the development are to be determined.

5. Show that any function, harmonic in the region bounded by two concentric
spheres is the sum of a function which 1s harmonic in the interior of the outer
sphere, and a function which is harmonic outside the inner sphere.

6. Show that there are no two different developments in spherical harmonics
of a harmonic function, the developments having the same origin.

7. Show that

;lc fo (a, ¢’y &) Py (u)sin §’ dg’ d9’
N

is independent of a for all a < a;, where 4, is the radius of a sphere about the
origin 1n which U 1s harmonic.

8. Show by means of the equation (6,) that any surface spherical harmonic of
degree n is a linear combination with constant coefficients of functions obtained
by giving to the axis of the surface zonal harmonic P, (#) at most 2 » + 1 distinct
directions.

o See J. L WaLsH, Proceedings of the National Academy of Sciences, Washing-
ton, Vol. XIII (1927), pp. 175—180.
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9 Show that
I = 2_171-J‘ I, (cos & cos 8 4 sin & sin §' cos @'Y d ¢’

0
= P, (cos &) Py (cos &’).
Suggestion. The integral is a polynomial of order % in cos #, since the integral
of any odd power of cos ¢’ is 0. Hence we may write
k
I=Ne, (9) P, (cos ),
0

and the problem is reduced to the determination of the cocfficients ¢, ().

3. Series of Zonal Harmonics.

Suppose that U is harmonic in the neighborhood of a point, which
we take as origin, and that it is symmetric about some line through that
point; in other words, if we take the axis of spherical codrdinates along
that line, U is independent of the longitude @. Then the development
(5) takes the form

Ulp,d) = )7(‘>k+1)[ fU(aﬂ)P(cosﬁcosz?’

+ sin & sin & cos (p — (p))dS]F.

As U is independent of @, we may set ¢ = 0 in the integrals, and carry
out the integration with respect to ¢/, with the result (see Excrcisc 9,
above):

\ 2k »{* 1 ( ’ ’ : ’ ’ Qk

Ul,9) =2 """ g—| |Ula, ) P, (cos ) sind' d9 | Py (cos )
0 0

Hence the function U (g, ), harmonic within the sphere of radius «

about the origin, and continuous within and on the surface, is develop-

able in a series of zonal harmonics,

W) Ule, ) = Ne, P, (cos B) g,
0
2k -1

Cr = 2 ak

—5 —IU (@,cos™u) P, (u)du,

*

uniformly convergent in any region interior to the spherel.

1 Attention should be called to the distinction between this type of develop-
ment and that considered in Chapter V, § 3, (page 129), and in Theorem III, Corol-
lary, of the next section. Here 1t is a question of developing a harmonic function
in a region of space; there it is a question of developing an arbitrary function
of one variable — yet the developments leading to Theorem III really connect
the two.
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For & = 0, this series reduces to
U, 0) = Seuer,

and the coefficients are seen to be simply those of the power series in
o for the values of U on the axis. We sce thus that a function, harmonic
in a neighborhood of a point, and symmetric about an axis through that
point, is uniquely determined by its values on the axis. For the function
U (p, 0) has a unique development as a power series, so that the co-
efficients are uniquely determined, and these in turn, uniquely de-
termine U. With this theorem goes the corresponding existence theorem:

Theorem I1. Let f () be developable in a series of powers of o, con-
vergent for o << a. Then there is one and only one function U (g, 9), sym-
metyic about the axis of &, harmonic in the interior of the sphere about the
origin of radius a, and reducing for 9 =0 to f (o), and for $ == to f (— o).

We have just scen that there is not more than one such function.
Let the development of f (o) be

/o) = Yere™.

As this scries is convergent for o =244, 0 <1 < 1, it follows that its
terms arc bounded in absolute valuc for ¢ = Aa, say by the constant
B, and accordingly that
B
el = G -
Since the Legendre polynomials never exceed 1 in absolute value for
— 1< u <1, the series

U=‘§Ckpk(“)9k
0

is dominated by the series
Np et
o T (Ra)e?

and therefore converges uniformly for ¢ =2A2a4. Hence by Theorem I,
it represents a function harmonic in the interior of the sphere of radius
A2a, and since 4 is any positive number less than 1, this function is har-
monic in the interior of the sphere of radius 4. As the sum U has the
requisite symmetry and reduces to f(g) ford =0, and to f(—p) for
& = m, the theorem is proved.

As an cxample of a development in zonal harmonics, let us take
the potential of the circular wire, studied in § 4, Chapter III, (p. 58).
The determination of the value of the potential at points of the axis is
very simple, and was found in Exercise 2, page 56:

. M ___M 1 o2
UeO= = [l-vatesa—zi6e
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where M is the total mass and ¢ the radius of the wire. Hence for
0=p<c

13 4 3
Ulp,d) = [po(cosﬂ) (coso)— + 55 Palcost) G —- -]
Similarly, it may be shown that for o > ¢,
M 1 3 13 4
Ulp,9) = ?[Po(cosﬂ) — g Palcos ) g+ -y Palcos ) oo — - .

Exercises.

1. Check the result of Exercise 3, page 62, by mecans of one of the above
serles.

2. Obtain and establish the development of a function harmonic outside a
given sphere in terms of zonal harmonics divided by proper powers of g, the function
being symmetric about an axis.

3. The surface of the northern hemisphere of a homogencous 1sotropic sphere of
radius 1 1s kept at the constant temperature 1, while the surface of the southern
hemisphere is kept at the constant temperature 0 Determine a series of zonal
harmonics for the temperature at interior points, a steady state being postulated.
Istimate the temperature at a distance 05 from the center on a radius making
the angle 60° with the axis. Check the estimate by computation.

4. Tind the potential of a hemispherical surface of constant density in the
form of series 1n zonal harmonics, one valid for points outside the sphere and one
valid mnside. Partial answer,

U .= KLP (cos &) +—~ P, (cos 3).;_ —;—-l (00519)-——- --:',

where M is the mass and ¢ the radius of the hemisphere, the origin being at the
center and the axis of & pointing toward the pole of the hemusphere.

4. Convergence on the Surface of the Sphere.

Suppose that in the development (5) we write, under the integral
sign, f (¢’, ¥) in place of the function U (a, ¢, ¢’), and call the resulting
series V (o, @, 9):

® Vern=Xerty| L [f1e.rmas| L

If f (p, ¥) is continuous, as we shall assume, the integrals are bounded
in absolute value, so the series is uniformly convergent for ¢ =<Aa,
0 <A < 1. As the terms are spherical harmonics, the series converges
here to a harmonic function. Moreover, for ¢ < a, the series converges
to the function given by (8), § 4, Chapter IX, that is, by Poisson’s inte-
gral. So we know that the series converges at all interior points of the
sphere to the harmonic function whose boundary values are f (¢, 9).
However, it is often of importance to know that the series converges
on the bounding surface S. We shall show that this is the case if f (¢, 9)
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is continuously differentiable on the unit sphere, or, what amounts to
the same thing, that it has continuous partial derivatives of the first
order with respect to ¢ and ¢ for two distinct positions of the axis from
which &4 is measured. The series converges under lighter conditions on
/ (@, 9), but the hypothesis chosen yields a simpler proof.

The derivative of f (@, #) with respect to the arc s of any continuously
turning curve, making an angle v with the direction of increasing ¢,
the sensc of increasing T being initially toward the north pole, from
which 9 is measured, is given by the formula

d f J / cos T Jf

ds T Jdp sm @ 4)1‘)-“111

From this we draw two inferences. Since such a representation holds
for two distinct positions of the axis, we may, for any point of the
sphere, choosc that codrdinate system for which ¢ and = — ¢ are not less
than half the angular distance between the two positions of the axes, so
of Jdf !
o712 |5
uniformly continuous on the sphere, are bounded. Se condly, the variable s
may be identified with the length of arc along any meridian curve or
parallel of latitude, so that f (p, 4) has continuous derivatives of the
first order with respect to the angles, with any orientation of the axes
of codrdinates.

that ’—-‘ is uniformly bounded, say by B. For being

Turning now to the proof of the convergence of the series (8), we
denote by s, (p, 9) the sum of the terms of the series as far as the term
in p". Then by equation (12), page 127, we have, for p = a,

5, (@, 9) = —‘;f (2k 1) f(¢", &) Py () sin @' d g A’
00 0

1 2x
1
= a7 | /@) [Pas1(u) + Pa(w)]de’ du.
ol oo

As all the terms of this equation can be interpreted as values of func-
tions at points of the unit sphere, it is really independent of a codrdinate
system, and we are free to take what orientation of the axes we wish.
Let us therefore take the polar axis through the point at which we wish
to study the convergence. Then # = cosy becomes cos ', and we may
carry out the integration with respect to ¢’ by mtroducmg the mean on
parallel circles of f (¢, 9):

F (u) = —;ﬂ—ff (', 9)de', 1u=cos?d'.
0

Kellogg, Potential Theory. 17
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The result is

) 0, 0) = 5 [ F ) P10 + Phtwyan,
-1

Since the derivatives of f (¢, 9') with respect to ¢ and ¢’ are bounded ir
absolute value by B,

aF(u) :
T ‘foa' Ndg' =B,
and
dI (u)
| o0 ._'dF(u)!__' a9 B
(10) I () = du |7 du | = ',_i_;_]—é'
a¥’

Let us now carry out an integration by parts in (9), remembering
that P,,,(—1) and P,(—1) are equal and opposite, and tha
Puiy(1) =P, (1) =1, F (1) = (¢, 0):

50(0,0) = 1 (9,0) — [/ Py (a3 [0 P, ) de
—1 —1

1t is now not difficult to show that these integrals approach 0 as # be
comes infinite. Take, for instance the second. Let 0 <a << 1. Then

, B (Ilf_n_ du .
IF ) u)du< fl “)|d”+Bf“ + fyl_u*'

We apply Schwarz’ inequality to the first term (see page 134, Exercise 15)
and evaluato the last two integrals, with the result

2B
= + 2Bcos™'a.
11-—- azv2n F1

fl" (1) P, (1) due

If £> 0 isgiven, we choose a0 << 1, so that the second term is less than —;—

and then choose # so that the first term is less than % Thus, as stated

the integrals in the expression for s, (p, 0) approach 0 as #» becomes in
finite, and it follows that s, (p, 0) approaches the limit f (¢, 0). Thus th
series (8) does converge for p = a, and to the value f (¢, #). Moreover
the inequalities being independent of the position of the point wher
the convergence was studicd, the convergence is uniform.

Incidentally, we may draw conclusions as to the expansion of func
tions in series of Legendre polynomials. Let f (@, #) be independent of ¢
Writing f (¢, 9) = f (#), we assume that this function is continuousl;
differentiable in (— 1, 1). The conditions of the theorem just establishec
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are then met, and the series (8) becomes a series of zonal harmonics, uni-
formly convergent for o = a, and we have

/(1) =,_§P/' [%k;—lff (') Py, (22") du’] P, (u).

We formulate the results as follows.

Theorem III. Let f (@, ) be conlinuwously differentiable on the unit
sphere. It is then developable in a uniformly convergent series of surface
spherical harmonics.

Corollary. Any function f (u), continuously diffeventiable in the closed
interval (— 1, 1), is developable in that interval in a uniformly convergent
series of Legendre polynomials in 1.

Ecxercise.

By means of Exerc:scs 11 and 12 of § 3, Chapter \Y% (p 133) extended to the
function f(#) =0, — 12 << a, f(*) = ¥ — a,a :I x =_ 1, generalize the above
corollary to the case m whu.h f (#) 15 merely piccewise differentiable in (—1, 1).
Suggestion. Using integration by parts, and the formula following (11), page 127,
we find

¢

1Pl /4 11 '_2(4)7
TR Br 43 <2r+3+2r )P(“)+

l
Thus the sertes for f(x) will converge umiformly if the series 2-; | P,(a)| con-

verges. We obtamn a bound for | P, (¢)|, a® <1, from Laplace’s formula, page 133.
Replacing the integrand by 1ts absolute value, and }1 — 4% by %, we have

.T T

9

4

n
2y
P, (a)]<——f(l-—k"am’ )2d¢<~2—f 1_@’5(,;) g
;s _

zc]'-l

1 . E
<7f51n”+1¢d¢<¢= 5k )
0

5. The Continuation of Harmonic Functions.

In Chapter VII, § 5 (p. 189), we had necd of a theorem cnabling us to
identify as a single harmonic function, functions defined in different
parts of space. We shall now consider this problem, and the general
question of extending the region of definition of a harmonic function.

Theorem IV. If U is harmonic in a domain T, and if U vanishes at
all the points of a domain T’ in T, then U vanishes at all the points of T.

Let T denote the set of all points of 7" in a neighborhood of each
of which U = 0. Then T” is an open set, containing 7”. The theorem
amounts to the statement that 7’/ coincides with T. Suppose this were
not the case. Then 7" would have a frontier point Pyin T (cf. Chapter IV,

17+
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§ 5, Exercise 4, p. 94). In any neighborhood of P, there would be points
of T, and thus about one of them, P;, there would be a spherc o con-
taining P, and lying in T Taking P; as origin, U would be developable
in a series of spherical harmonics, convergent in this sphere. The spheri-
cal harmonics of this development could be determined by integration
over a sphere of radius so small that U vanished identically on its sur-
face, since Py was to be interior to 7". Thus the development (5) would
show that U vanished throughout ¢, and therefore throughout a neighbor-
hood of P,. Thus Py would be an interior point of 7", and not a frontier
point, as assumed. It follows that 77 contains all the points of 7", and
the theorem is proved.

It follows that if a function is harmonic in a domain T, it is deter-
mined throughout 7T by its values in any domain 7” whatever, in 7.
For if U; and U, are two functions, harmonic in 7', and coinciding in
T”, their difference is 0 throughout 7', by the theorem.

Theorem V. If T, and T, are two domains with common points, and
if Uy is harmonic an Ty and U, in T,, thesc functions coinciding at the
common points of Ty and T,, then they define a single function, harmonic
in the domain T consisting of all points of Ty and T,.

For since T; and 7, have common points, and any such point P,
is intcrior to both, there is a sphere about Py lying in both T; and T,.
Let its interior be denoted by 71”. Then if U be defined as equal to U,
in T; and to U, in T,, it is uniquely determined in 73 by its values in
77, by Theorem 1V, and similarly, it is uniquely determined in 75,. It is
therefore harmonic throughout 7', as was to be shown.

So far, we have been restricting ourselves to one-valued functions.
But when it comes to continuations, this is not always possible. For we
may have a chain of overlapping domains, the last of which overlaps
the first, and a function harmonic in the first, and continuable in ac-
cordance with the above theorem throughout the chain, may fail to have
the same values in the overlapping part of the last and first domains,
when thought of as single-valued functions in each of these domains. For
instance, let the interior of a torus, with z-axis as axis, be divided by
meridian planes into a number of overlapping domains of the sort con-

sidered. Starting in one of them with the function tan—1 (—z—), we

arrive, after a circuit of the domains, at sets of values differing by 2 7.
These values constitute branches of the many-valued function, and each
branch can be continued in the same way. We arrive, in this case, at
an infinitely many-valued function, any of whose branches is harmonic
in any simply connected region in the torus. Since any of these branches
is a harmonic continuation of any other, it is customary to speak of them
all as constituting a single many-valued harmonic function. However,
we shall continue to understand that we are speaking of one-valued
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functions unless the contrary is stated, although this does not mean that
the one-valued function may not be a specified branch of a many-valued
one, in a region in which a continuation to another branch is impossible.

We now establish the theorem on harmonic continuation which was
needed in connection with the problem of a static charge on an ellip-
soidal conductor:

Theorem VI. Let T, and T, be two domains without common poinis,
but whose boundaries contain a common isolated regular surface element E.
Let U, be harmonic in Ty and Uy in T,. If Uy and U, and their partial de-
rivatives of the first order have continuous limits on E, and if the limits of
U, and U, and of their normal derivatives in the same sense coincide on E,
then each is the harmonic continuation of the other, that is, the two to-
gether form a single harmonic function in the domain 7" consisting of
the points of 73, T, and the interior points of E.

By saying that the boundaries contain a common #solated regular
surface element E, we mean that about each interior point of E, there is
a sphere within which the only boundary points of either T; or T, are
points of E.

To prove the theorem, let P, be any interior point of E, and let ¢
denote a sphere about P, all of whose points are in Ty, T,, or E. Let
7, and 7, be the regions consisting of the points in ¢ and T3, and in ¢
and T,, respectively, together with their boundary points. If now U is
defined as equal to U, in 7, and to U, in 7,, and if P is any interior
point of 7, the identity III of Chapter VIII, § 4, p. 219, becomes

U(pP) = 4,,ff?)lj 1 - AJ]‘U()V 7

s, being the surface boundlng -
Again, the identity IT (page 215) is applicable to the region 7,, with the

. 1 . D
above U and with V = —, since r docs not vanish in 7,:

oU l
ff&v ¥ —__foW _r_ds

s, being the surface boundmg 7,. If these two equations are added, the
integrals over the portion of E in ¢ distroy each other, since the normal
derivatives are taken in opposite senses, and so, by the hypothesis on
U, and U,, are cqual and opposite. The resulting cquation is

U l
v(Pp) = nffdv 14 41[ U ()77‘15

Exactly the same formula determines U in 7,. But it gives U as harmonic
throughout ¢. Thus, by Theorem V, U, defined as U in T, as U, in Ty,
and as their common limit on E, is harmonic throughout 73, T,, and a
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neighborhood of P,. But as P, is any interior point of E, this function
is harmonic throughout T, as was to be proved.

As a corollary, we may state the following: If U is harmonic in a
closed region R, and if the boundary of R contains a regular surface element
on which U and its normal derivative vanish, then U is identically 0 in R.
For, by the theorem, 0 is a harmonic continuation of U, and thus, by
Theorem IV, U is 0 throughout the interior of R, and, being continuous
in R, it is also 0 on the boundary of R.

Exercises.

1. Why is the above corollary not a consequence of the Cauchy-Kowailevsky
existence theorem ?

2 Let U be harmonic 1n a regular region R whose boundary contains a plane
regular surface clement, and let U/ = 0 at all points of this element. Show that U
admits a harmonic continuation in the region symmetric to R in the plane. The
same when U has any constant value on the plane surface element.

3. Show that if U 1s harmonic in a sphere, and vanishes at all those points of
the surface of the sphere which are in a neighborhood of a point of the surface, 1t
admits a harmonic extension throughout all of space exterior to the sphere.

4. Derive results similar to those of Exercises 2 and 3, where instead of 1t
being assumed that U vamshes on a portion of the boundary, 1t 1s assumed that
the normal derivative of U vamshes on that portion.

6. Harnack’s Inequality and Second Convergence Theorem.

HAaRrNACK has derived an inequality?, of frequent usefulness, for har-
monic functions which do not change signs. If U is harmonic in the
sphere S, and is either never negative or never positive in S, we may

1 . .. . .
take a mean value of 5 from under the integral sign in Poisson’s integral

[Chapter IX, (7), p. 241], and write
Up) =4 - fsfo ©ds ="“ -y,

where O is the center of the sphere, the last step being an application

of Gauss’ theorem. The extreme values of #, if O P = o is held fixed,
are @ — o and a + p. Accordingly we have the inequality of Harnack
for the case in which U = 0:

(11) e vo<up < u).
If U < 0, the inequality signs are reversed.

» From this we derive a more general inequality. We keep to the case
U =0, as that in which U < 0 may be trcated by a simple change
of sign of U. We state the result in

1 Grundlagen der Theorie des logarithmischen Potentials, Leipzig, 1887, p. 62.
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Theorem VII. Let U be harmonic and never negative in the domain
T, and let R be a closed region in T". Let O be a point of R. Thewn'there exist
two positive constants, ¢ and C, depending only on R and T, such that
n R
cUQO)SUP)LCU(0).

To prove this, let 4a be the minimum distance from the points ot R to
the boundary of T. This quantity is positive, for otherwise R would
have a point on the boundary of T, which is impossible since R is in T
and all the points of 1" are interior points. Consider the set of domains
consisting of the spheres of radius a¢ with centers at the points of R.
By the Heine-Borel theorem all the points of R are interior to a finite
number of these spheres. We add one, if necessary, namely that with
center 0, and call the resulting system of a finite number of spheres
2. Now U is harmonic and not negative in a’sphere about O of radius
4a, and hence, writing in Harnack’s inequality 44 in place of a, and 2a
in place of g, we find that on, and therefore in, a sphere of radius 2a
about 0,

2U0)<UP) <6U(©0).

As every point of R is interior to a sphere of X, of radius «, it follows
that there is a center of a sphere of 2, other than O, in the sphere of
radius 24 about O. Call this center P;. U is harmonic and not negative
in a sphere of radius 4a about P, and hence Harnack’s inequality can
be appliced in this sphere. Since the value at the center is restricted by
the last inequalities, we have, in a sphere of radius 24 about P,
22
(y)vosuE U0
If # is the number of spheres in 2, we can, in at most # steps, pass from

the sphere about O to a sphere containing any point of K. It follows,
by repeating the reasoning, that for any point in R,

(2)'vo <uP <60V 00),
. . 2\n
so that the theorem is proved, with ¢ = (7;-> and C = 6.
As a corollary we have at once Harnack’s second convergence
theorem,

Theorem VIII. Let U, (P), U, (P), Uy (P), ... be an infinite sequence
of functions, harmonic in a domain T, such that for every P in T, U, (P)
S=U,  (P),n=1,2,3,.... Then if the sequence is bounded at a single
point O of T, it converges uniformly in any closed vegion R in T to a function
which is harmonic in T.
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A bounded monotone sequence is always convergent, so that the
sequence FU, (0)] is convergent. Moreover, by Theorem VII, if P is in R
(which may always be extended, if necessary, so as to contain 0),

C[Unljl(()) - Un(o)]é Un-‘-D(P) - (]n(P) __-<= C[Un+z)(0) - U"(O)],

so that the convergence of the sequence at O carries with it the uniform
canvergence of the sequence throughout R. It follows from Theorem I
that the limiting function is harmonic in R. But as R is any region in 7,
the limiting function is harmonic in 7. The theorem is thus proved.

It is clear that the theorem may be applied to series of harmonic func-
tions whose terms are not negative, and that a corresponding theorem
holds for a harmonic function depending on a parameter, as the para-
mcter approaches a limit, provided that at every point P of the domain
in which the function is harmonic, the function is a never decreasing
function of the parameter.

Exercise.

Let R be a closed region with the property that there is a number a, such that
any point @ of the boundary of R hes on the surface of a sphere in R, of radius a.
1f U 1s harmonic, and never negative in the interior of I, show that there is a
constant K, such that at any point P of R,

K
US 5

where J 1s the distance from P to the nearest boundary point of R.

1. Further Convergence Theorems.

Suppose we have an infinite set of functions f;, f,, f5, . . ., all con-
tinuous in a region R. Since R is closed, each function is uniformly con-
tinuous in R; that is, corresponding to any # and any & > 0, there is a
0 > 0, such that for any two points of R whose distance apart does not

exceed 4,
11a(P) — 1, (Q) ]| <e.

Here, the number § may have to be chosen smaller and smaller, for
any given ¢, as » increases. But if for any £ > 0 a d can be chosen which
is independent of #, so that one and the same inequality of the above
type holds for all P and Q whose distance does not exceed 8, and for
all #, then the functions are said to be equicontinuous, or equally con-
tinuous in R. This means that their continuity is uniform, not only with
respect to the positions of P and Q in R, but also with respect to #. To
illustrate in the simple case of a lincar region, the functions

)

2nxy
/n(x):l—‘_{__nz:"g) n=1:2)3:-°';

are not equicontinuous in an interval including ¥ = 0. For f, (%) is
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0at x=0,and lat ¥ = —117 Thus, no matter how small 6> 0, there

are functions of the set whose values at points in an interval of length §
differ by 1. On the other hand, the functionsf () =ax + 5,001,
0 < a + b < 1, are equicontinuous. For since || < 1, no function of
the set varies by more than ¢ in an interval of length . The choice
& = ¢ will serve for the whole set.

We now prove the

Theorem of Ascolil. Any infinite sequence of functions which are
equicontinuous and uniformly bounded in absolute value tn a closed bounded
region R, comtains a sub-sequence which converges uniformly in R to a
continuous limat.

To prove this, we form first an infinite sequence of points in R, P,
P,, P,, ..., the points of the sequence being everywherc dense in R.
This means that in every sphere about any point of R, there are points
of the sequence. Such a sequence may be formed in a variety of ways,
for instance as follows. Assuming some cartesian coérdinate system, we
take first the points in R whose codrdinates are all integers. These we
arrange in ‘“‘dictionary order”, 7. e. two points whose x-codrdinates are
different are placed in order of magnitude of these coérdinates. Two
points whose x-codrdinates are the same, are placed in the order of
magnitude of their y-coordinates, if thesc are different, otherwise in
order of their z-cosrdinates. These points are then taken as Py, P,,...P,,
#n being the number of them, in the order in which we have arranged
them. Next we add all new points of R whose codrdinates are integral
multiples of % also arranged in dictionary order. After these, we add

. . . . 1
all new points whose cotrdinates are integral multiples of g3, and so on.

To find a point of this set in a sphere of radius « about any point of R,
we merely need to determine what power of —lz—is less than a, and we are_
sure to find a point in the sphere among those of the set whose coordi-

nates are integral multiples of that power of % .

Since the functions of the set are bounded in absolute value, their
values at P, have at least one limit point, by the Bolzano-Weierstrass
theorem. Then there is an infinitec sequence culled from the sequence
f1, fa» fs, - . . which converge, at P,, to such a limiting value. Let us
call this sequence

fus has hss oo

In the same way, we can cull from this sequence, a second sub-se-

quence, which converges to a limit at P,. Let it be denoted by

e fors faas fogs -
1 Atti della R.Accademia dei Lincei, 18 memorie mat. (1883), pp. 521—586.
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From this, we can cull again a sub-sequence converging to a limit at
P,. Let it be denoted by

fars fs2s faas -
And so on. We may thus obtain an infinite sequence of sequences, with
the property that the #t® sequence converges at Py, P,, P,,... P,.
From these, we can now cull a sequence which converges at all the

points of the set Py, P,, P;,.... We have only to use the diagonal pro-
cess, and form the sequence
“2) fll:f‘.’z’f:):)’ e fnn’ cee .

Since this sequence, at least from the #th term on, is contained in the
sequence

fn!.’ fnz’ fn:b R

it converges at P,, and all the points of the set with smaller index. As
n can be any integer, the sequence (12) converges at all points P,.

This sequence converges uniformly in R. For if any & > 0 be given,
there is a 6 > 0 such that

(13) ‘/nn(P) _"_fnn((,))§< ;‘

for any two points P and Q of R whose distance apart does not exceed
9, for all n. This because the given sequence is equicontinuous. Now let

m be such that 51;,;< 0, and let #, be such that the finite set of points
P,, P,, P,,... P, contains all the points of R, whose codrdinates are

integral multiples of —;—m Then there arc points of this finite set S within

a distance ¢ of every point of R. Finally, let N be such that for n > N,
$>0,

(14) lfn'{—??’ﬂ-l‘P(Pl)—fnﬂ(Pl)l<%

for all the points P, of the set S.

Then for any point P of R, there is a point Q = P, of the set S for
which the inequality (13) is in force for f, 4, n4, (£) and for f,, (P).
Writing the corresponding inecqualities, and combining them with (14),
we find

]]‘n+f“ n+m(P) - /nn (P) ' <e,

an incquality which holds for all P in R. But this is the Cauchy condition
for convergence, and as it is uniform throughout R, the sequence (12)
converges uniformly in R. Since a uniformly convergent sequence of
cc atinuous functions has a continuous limit function, the theorem is
proved.

Applying Ascoli’s theorem to harmonic functions, we have the follow-
ing result:
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Theorem IX. If U, U,, U,, ... is an infinite sequence of functions
all harmonic in a bounded domain T, and uniformlv bounded in T, then
given any closed region R in T, there is an infinite sub-sequence taken
from the given sequence which converges uniformly in R to a limit function
harmonic in R.

Let a be the minimum distance of the points of R from the boundary
of T, and let B be a bound for the absolute values of the functions U,
in 7. Then, by Theorem XII of Chapter VIII (p. 227), the directional
derivatives of the functions U, are bounded in absolute value, in R, by

3

D)
ia 2B,

and the sequence of these functions is therefore equicontinuous in R.
Hence, by the theorem of Ascoli, the sequence contains a sub-sequence
which converges uniformly in R, and by Theorem I, the limiting
function is harmonic in R. By taking further subsequences, we can show
that the limiting function is harmonic in 7. The condition that T be
bounded may be removed by an inversion, if 7 has an exterior point.

Convergence in the Mean. A final theorem, which is sometimes useful,
deals with convergence in the mean. A sequence of functions fy, f,, /5, - - -,
defined and integrable in a regular region R is said to converge in the mean
to a function f provided the sequence

Sn =fRff[fn — [RdV

converges to 0. That is, the error, in the sense of least squares, in sub-
stituting f,, for f, approaches 0 as # becomes infinite.

FExercises,

1. Show that there exist sequences which converge at every point of an inter-
val, but do not converge in the mean 1n that interval, by an examination of the
sequence

fo(x)=n2xc—nzx, n=1,2,63,
on the interval (0,1).

2. Construct an example showing that there exist sequences of functions which
converge in the mean in a region, but converge at no point of the region. Sug-
gestion. Take the 1nterval (0,1), and construct a sequence of functions 0 everywhere
on this interval, except that the »** function 1s 1 on a sub-interval whose length
decreases as 1 increases. Do this 1n such a way as to bring out the required situation,
and prove that your results are correct. The functions so constructed will be
discontinuous, but the example can easily be modified so as to make the functions
continuous.

If a sequence f;, f,, f5, . .. converges in the mean to a function f,
then, given &€ > 0, there exists an N such that for any » > N, m > N,

ﬂ [fo =PV <4, ff Um—12aV <,
R R
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so that by means of the easily verified inequality
la —bE<2[|a—cl2+|b—c],
we see that

Smn = L[ Un— 12V <e.

It is therefore a necessary condition for convergence in the mean to a
function, that, given any & > 0, there is an N such that forn > N, m > N,
Sm, n << & When this condition is fulfilled, the sequence is said to con-
verge in the mean — quite apart from any question as to the existence
of a limit function to which the scquence converges in the mean. As a
matter of fact, it can be proved, under suitable assumptions, that such
a limiting function exists, but we shall not concern ourselves with a
general proof herel. In the case of harmonic functions, however, the
existence of a limiting function is easily established.

Theorem X. Let Uy, U,, U,, . .. be an infinite sequence of functions,
harmonic in the closed region R, and convergent in the mean in R. Then
the sequence converges umiformly, in any closed region R’ interior to R, to
a harmonic limiting function.

Let P be any point of R’, and a the minimum distance from the points
of R’ to the boundary of R. Let o denote the sphere of radius 4 about
P. Then as harmonic functions are their own arithmetic means through-
out spheres in the regions in which they are harmonic (see page 224),

Un @)~ 0,7 = 2o [[[w.0 - v.onav.

Accordingly, applying Schwarz’ inequality, we find
3 \2 ,,
Wa(®) ~ P < (o2) [ (100 — v, pav [[[av

= 4fz§fff [Un(Q) — U, (Q)RaV.
R

The right hand member is independent of P, and by hypothesis, becomes
arbitrarily small with » > N, m > N, for large N. Hence the sequence
U,, U,, Us, . .. is uniformly convergent in R’. The rest of the argument
is now familiar.

8. Isolated Singularities of Harmonic Functions.

A singular point of a harmonic function U is a point at which U is
no."harmonic, but in every neighborhood of which there are points at

1 See E. FiscHER, Comptes Rendus de I'Académ:e des Scicnces de Paris,
T. 144 (1907), pp 1022—24; 1148—51.
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which U is harmonic. Thus the surfaces bearing Newtonian distributions
consist of singular points of the potentials of the distributions. We have
devoted a chapter to the study of the behavior of harmonic functions
in the neighborhood of such singular points. But we have done little
with isolated singular points, such a point being one at which a function
U is not harmonic although it is harmonic in the rest of a neighbor-
hood of that point. The point at which a particle is situated is an iso-
lated singular point for the potential of the particle, but this is not the
only type of isolated singular point.

Let U have an isolated singular point, and let us take this point as
origin of codrdinates. If S; and S, are two spheres, both within the
neighborhood in which U is harmonic except at the origin O, and with
centers at O, the formula (9), page 223, applied to the region between
S, and S,, the latter having the larger radius, becomes

1y - roU 1 J 17,6
u(p) = 4nff dv 2 (lv 2 S+4nff ()1)7— WT_!db'

The first of the surface integrals is harmonic within S,. The second, no
matter how small S;, is harmonic outside S;, and can be expanded in a
series of spherical harmonics divided by powers of g, the series being con-
vergent for any p > 0, and uniformly so outside any sphere about O.
Thus we may write the equation, valid except at O within the sphere S,,

1) UE)=V@ S+ 2Ny 20

where V (P) is harmonic within S, .

Suppose first, that for some Iz =0, |o"U (P)]| is bounded in S,.
We change, in (15), ¢ and 9 to ¢’ and ¥, multlply by o* P, (1), where
1 = cos p, and integrate over the surface of the sphere of radius p about
0, within S,:

[ fe U(©Q) P, (w)sin ¢ dg'd ' = g!‘ffV P, (u)sin &' dg' 0’
00
+§',7,?_1 n(‘p’ﬁ) Q,u—n—l,

by (6). The integral on the left is bounded, and so is the first term on
the right. Then the last term must also be bounded. This means that if
p—n—1<0, S, (p, ¥) must vanish identically. For otherwise, there
would be a ray (g,, 9) on which it had a constant value not 0, and
for points on this ray, g could be taken so small as to make the last terms
arbitrarily large. We therefore have the theorem:

Theorem XI. Let the function U be harmonic in a mneighborhood of
O except at O dtself. If there is a constant p =0, such that in some
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included neighborhood of O |g“U (P)| is bounded, then in that neighbor-
hood, except at O, U is given by a finite number of terms of the series (15),
there being no terms for which n > y — 1.

As a special case, we have the important

Corollary. An isolated singularity of a bounded harmonic function is
removablel.

If 4 = 0, there arc no terms at all of the scries after the function
V (P). Thus U coincides, except at O, with a function which is harmonic
at 0, and by a change in definition at this point, namecly the detinition
which gives it the value V (0), it becomes harmonic at O. A harmonic
function is said to have a removable singularity at an isolated singular
point if it can be made harmonic at the point by a change in its defini-
tion at that point alone.

It is evident that the corollary continues to hold if instcad of requiring
that U be bounded, we ask merely that | ¢ U | be bounded, for some
# < 1. But onc does not often meet the nced of it in the broader form.

Erercise.

1. If G; (P, Q) and G, (P, Q) are Green’s functions for two regions, one in the
other, show that G, (P, Q) — G, (P, Q) may be so defined at the pole Q as to be
harmonic 1n P 1n the smaller region.

Let us now assume that in some neighborhood of O, say a sphere
of radius 4, about O, U is harmonic except at O, and never negative.
As 1 + P, (u) is also never negative, we have, by (15) forall0 < p < a,

alm
Uf Uf UQ)[1 + P, (#)]sin® dg’' d9 =
:‘277 ’ ’ by ’ ’ /’ S’l ’ 0
JIVe.w, 0) 01+ P, i]sin & dg' +4n ]S+ (2"17;(%)57)41] > 0.

We conclude from this that for n > 1, S, (p, ¥#) = 0. For since S,, (¢,9),
for n > 1, is orthogonal on the unit sphere to any constant, it must,
unless identically 0, change signs. For the points of a ray on which
S, (p,¥9) <0, we could take g so small that the term in S, (p, 9) in the
last inequality, predominated over the preceding ones, and thus, be-
cause of its negative sign, we should have a contradiction of the in-
equality. By applying the same reasoning to U (P) 4+ Cand to C — U (P),
we arrive at

Theorem XII. If in the neighborhood of an isolated singular point, the
function U is either bounded above, or bounded below, then in the neighbor-
hood of that point, it is the sum of a function harmonic at that point and a

. 14 . oy .
function re wheve ¢ is a constant, positive, negative or 0.

1 Due to H. A. ScHWARz, Journal fiir reine und angewandte Mathematik,
Vol. 74 (1872), p. 252.
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Exercises.
2. From the equation
EEE4
, / 4n  S.(p,?
f [UQ)—V(Q)]Pu(#)sind de’dd = 2n 1 —f'é(“i'?'_l—),

the 1ntegral being over the sphere of radius ¢ about O, derive for the spherical
harmonic S, (p, #) 1n (15) the inequality

/127

|Sn (rp,t?)[<]/2"+ on+ /jjl/ smd' de dd’ + [szstnﬁ'd¢ as’.

From this draw the conclusions

a B

%) 1f ’ foz sin & de’ dy’
00

is bounded, the singulanty of U at O 1s removable,

a2

b) 1f o [ [U?sin®’ dg ad”
00

1s bounded, the series (15) contains no spherical harmonics of order greater than

—2
('ff_é, ). In particular the singularity is removable if the above function is

bounded for some u < 2. (Evans).

3. To say that U becomes positively infinite at O means that given N, however
large, there is a neighborhood of O at all points of which, except O, U > N. Show
that if O is an 1solated singulanty of U at which U becomes positively infinite, then
U must be of the form

U(P)= V(P)

4. Show that if O is an 1solated singularity of U, and if U is neither bounded
nor becomes positively infinite, nor negatively infimite, then in every neighborhood
of O, U takes on any preassigned real value.

Isolated Singular Curves. We say that a curve is an isolated singular
curve of a harmonic function U, provided U is harmonic at none of the
points of the curve, but is harmonic in some neighborhood of every point
of the curve, the curve excepted. We shall confine ourselves to a single
theorem on isolated singular curves, necded in Chapter VIII, § 5
(p. 190).

Theorem XIII. Let C denote a regular curve. If C is an isolated sin-
gular curve for the harmonic function U, and if U is bounded tn some do-
main containing the curve, then the singularity of U on the curve is remov-
able.

Let V denote the potential of a distribution of unit linear density
on C. We need as a lemma that V becomes positively infinite at every
point of C. This is easily shown by means of the observation that the po-
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tential at P of a distribution of positive density is only decreased by a
change of position of the masses to more distant points. Thus the value
of V at P is greater than or equal to that of a straight wire lying in a
ray from P, of the same length as C, whose nearest point to P is as the
same distance as the nearest point of C. We find for the potential of

the straight wire !
log (1 + —0) s

where [ is the length of the wire, and g the distance from P to its nearest
point. Hence V is uniformly greater than or equal to this function, when
o is the distance from P to the nearest point of C.

By the Heine-Borel theorem, there is a finite number of spheres with
centers on C containing all the points of C in their interiors, which lie
in the domain in which U is harmonic, except at the points of C, and in
which U is bounded. If their radii are all decreased, so slightly that they
still contain all points of C in their interiors, the points in all of them
constitute a regular region R, on the surface S of which U is continuous.
We now borrow from the next chapter the fact that the Dirichlet problem
is solvable for R. Let U* denote the function, harmonic in R, and
assuming the same boundary values as U. Then U — U* is O on S,
harmonic in the interior of R except on C, and bounded in absolute
value, say by B. Now aV becomes infinite on C for any fixed «,
0<a < 1. Hence the region R’ consisting of the points of R for which
aV is less than any given fixed constant K, however great, cxcludes all
the points of C. Given any point P in R but not on C, let K be chosen,
greater than B, and so that P is in R’. Then in R’, the function

oV — (U — U*)

is continuous, and has only positive boundary values. It is harmonic in
the interior of R’, and hence is positive throughout R’. Hence at P,

(U—U% <aV <alog(l+ (’;)

Here @ is fixed, but « can be any number between 0 and 1. Hence
U — U* is less at P than any positive number. By applying the same
considcrations to U* — U, we sece that this difference also is less than
any positive number. Hence U = U* at any point of R not on C. If,
therefore, we define U as equal to U* on C, U becomes harmonic
throughout R. This is what is meant by saying that the singularity of U
on C is removable.

It is clear that the reasoning applies to any set of points which can
%e so spread with masses as to have a potential which becomes positive-
ly infinite at every point of the set. But the theorem as stated suffices
for our purposes?.

1 A completely general result of this type will be found in Chapter XI, § 20.
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Exercise.

Study the behavior of a harmonic function at infinity when this is an isolated
singular point, by an inversion, or otherwise.

9. Equipotential Surfaces.

A question, for the discussion of which developments in spherical
harmonics constitute the most suitable tool, is that of the character of
equipotential surfaces, particularly in the neighborhood of a point
of equilibrium of the ficld. At other points, the equipotential surfaces
have exccedingly simple character, but at points of equilibrium the
study of the character of these surfaces presents serious difficulties.
The problem is rather one of geometric beauty than of physical impor-
tance, and perhaps for this reason, it has not been carried far. Yet from
an analytic standpoint, it is one of the first applications of the theory
of functions defined implicitly. We must content ourselves with some
indications.

Let U be one-valued, harmonic, and not constant in a ncighborhood
of a point O, which we take as origin of coérdinates. Suppose first that
the gradient of U does not vanish at 0. Then in the development in
spherical harmonics,

(16) U—-U,=H,(x,y,2) + Hy(x,y,2) + ...,

H, (x, v, 2) is not identically 0. If we choose the orientation of the axes
so that the plane H, (%, v, 2) = 0 becomes the (x, y)-plane,

U

0z T
at the origin. The equation U = U, has the solution (0, 0, 0), and hence
by the theorem on implicit functions, therc is an analytic surface
z = f(x, ¥) which in a neighborhood of O is identical with the locus
U = U, in that neighborhood. That is, the equipotential surface U = U,
in the neighborhood of a point at which VU == 0, consists of a single
analytic regular surface element. Furthermore, this surface element
divides the points in a neighborhood of O into two domains, in one of

which U > U, and in the other U < Uj, since 2~ 4 0 near 0.

The next question which arises is as to how frequently the exceptional
points at which U = 0 occur. They may be isolated, as is the case
with U = x? + y2 — 222 They may fill a line, as is the case with
U = xy. They cannot fill any regular surface element E. For if C be
any regular curve on E, whose length of arc, measured from a con-
venient point is s, we find from the vanishing of the gradient the fact

that U

B = O

Kellogg, Potential Theory. 18
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and so, that U would be constant on E. Thus U — U, and its normal
dcrivative would vanish on E, and hence, by the corollary to Theorem VI,
this difference would vanish in any region in which it was harmonic.
Thus U would be constant, contrary to our assumption.

Let us now supposc that Y U = 0 at 0. Then in the development (16),
H, (%, y, z) will be lacking. Let H,, (%, v, 2) be the first term not iden-
tically 0. Then the locus defined by H,, (x, v, z) = 0 consists of a conical
surface with vertex at 0. The function H, (¥, v, z) may have rational
factors, in which case the locus will consist of several algebraic cones
with vertex at 0. Among these, there may, in case some factors are linear,
be planes. But no factor will occur twice, for if it did, H,, (x, ¥, 2) and
its gradient would vanish at the points where this factor vanished, and
as the set of these points certainly contains a regular surface element,
H, (%, y, z) would be identically 0. Thus V" H, (x, v, z) vanishes at most
on a finite number of the elements of the conical locus H, (%, v, 2) = 0.
Iet us call this locus C.

The points of the locus U = U, other than O, are given by

(17) 0=S,(p, 9 +S,i1(@.Ne+S,2l@. N> +---=TFo,9,9),

where S, (p, #) = o " H, (%, ¥, 2), is not identically 0. Let P, be a point
of the cone C, at which P H, (x, ¥, 2) is not 0, and let us take for the
(%, y)-plane the tangent plane to C at P,, with the x-axis through P,.

The spherical coérdinates of P, will be (90, , 2) At Py,

0 J ' 1 0H,'
(q),ﬂ) n()gH =—z,7u:-1'()}' 0’
and this is not 0, as we have seen in considering equipotentials at points
where the gradient does not vanish. It follows that the equipotential (17)
has a point near the generator of the cone C, S, (¢, d) = 0, through P,.

For S, (0,4) has opposite signs for & = ( )-{-77 and ¢ = ( ) —, for

sufficiently small 7, and on the rays (0, 5 n) and (0 ( , - 2— -+ n), o can
be taken so small that the first term in (17) predominates over the rest,
which form a uniformly convergent series even after division by g. Thus
for such a g, (g 0, 2—- — n) and F (g, 0, —721 + 17) have opposite
signs, and hence F (g, 0, ) must vanish for an intermediate value of
#. This holds for all sufficiently small g; and for small enough g, the
derivative with respect to# of S,, (0, ¢) predominates over the derivative

of the sum of the remaining terms, so that for small enough g, there
is a point P, of the equipotential, for which ¢ = 0, and at which

d
E)"g—F(Q,O, 0) +0.
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Thus the conditions for the theorem on implicit functions are fulfilled,
and the equipotential in the neighborhood of P; consists of the points
of a surface element S, given by

9 =1{(0,9).

This surface can be continued, by the same theorem, for values of g
near 0, toward the origin to within any given distance of that point.
The derivative of # with respect to g is given by the usual rule for the

. .. . .. . . JS
differentiation of implicit functions, and is seen, because —{)—5"- +0

at (O, %), to be uniformly bounded in absolute value, say by ¢, for
all sufficiently small p and ¢. As & lies, for small enough g, between
; — 7 and ;— + #n for any positive 5, it follows that the limit of ¢

as g approaches 0, is —-:, and hence that

g
— <
Iz‘) 2'___60.
Hence on S,
A L )
|z|= [Qcosﬂﬁ_—.;@mn(-;i — ﬁ)‘g:gsmcm,

so that the distance from S to C for small ¢ is an infinitesimal of second
order in g. In this sense, the equipotential surface clement S is tangent
to the cone C. It is obvious that F (g, ¢, ¥) does not vanish on any ray
through O for which S, (¢, 9) &= 0, for small enough p, so that the
equipotential U = U, except within civcular cones of arbitrarily small
angular opening about the finite number of singular generators of the cone
C, will, in the neighborhood of O, consist of a finite number of smooth sur-
face elements tangent to the cone C.

One consequence of this fact is that the equipotential surface, near
one of its points where the gradient of U vanishes, cannot consist of a
single regular surface element. For such an element can be tangent, in
the above sense, only to a cone which is flat, that is, to a plane, and the
cone C can be a planc only when H, (x, v, z) is not identically 0.

In general, the character of the equipotential surface near a point
where the gradient vanishes, is thus closely related to the cone C. The
general properties of algebraic cones given by the vanishing of a spherical
harmonic do not appear to have been extensively studied. For n = 2,
the cone is characterized by the fact that it has three generators each
at right angles to the others.

Another case in which we can make a definite statement is that in
which H, (%, ¥, 2) is the product of lincar factors, the planes correspond-
ing to which all intersect in a single line. If this line be taken as z-axis,
H, (x, v, 2) will be independent of z, and if we substitute H, = " S, (¢)

18+
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in Laplace’s equation in cylindrical codrdinates, we find
azs
_d&; + n2sn =0,

so that S, = A4 sin (p — ¢,). The cone C then degencrates into a set
of equally spaced planes through a common line. If in addition U itself
is independent of z, we know that the equipotential surface through O
consists of # cylindrical surface elements in the neighborhood of the axis,
ecach tangent to one of the planes of C.

But it would be a mistake to suppose that in general, U, the first not
identically vanishing term in whose development in spherical harmo-
nics about O, is of the character just considcred, had an equipotential
surface through O consisting of # separate sheets cach tangent to one of
the planes of C. An inspection of the equipotential

U=22—%*— 13+ 322y=0
is sufficient to show that this is not always the case!.

Exercise on the Logarithmic Potential.
Study the character of the isolated singularities of harmonic functions in two
dimensions.

There is a further result on equipotential surfaces which has already
been of use to us (p. 238). It may be formulated as follows:

Theorem XIV. Lef R denote a closed bounded region, and let U be
harmonic in a domain including R. Then the points of R at which the
gradient V U vanishes lie on a finite number of equipotential surfaces
U = const.

It is known 2 that about any point P, of R at which

U _ QU ou

or =0 gy =0 iz =0

there is a neighborhood, including all points with real or imaginary co-
ordinates sufficiently near to Py, such that all points of the neighborhood,
at which these derivatives vanish simultancously, consist either of the
point P, alone, or of a finitc number of manifolds. For our purposes,

1 This example shows the inaccuracy of certain statements in MAXWELL's Treatise
on Electricity and Magnestism, 3% ed. Oxford (1904), p. 172. “If the po.nt P is
not on a line of equilibrium, the nodal line does not interscct itself.”” This and
the assertion which follows are wrong Rankine’s thcorem as there stated 1s also
Jn nced of change: “If n sheets of the same equipotential intersect cach other,

7
they make angles -n—." Consider, for instance, the cxample U = z (43 — 3 xy?).

2 See OsGoop, Funktionentheorie, Vol. II, Chap. II, §17, p.104; KELLOGG,
Singular Manifolds among those of an Analytic Family, Bulletin of the American
Mathematical Society, Vol. XXXV (1929).
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the essential property of these manifolds is that any two points,
Py (xy + iy, y1 +iyl, 21+ i)
and Py (xg +ixg, y2+1iy2, 2 +1z2)),
of any onc of them, can be connected by a continuous curve,
=20 it (), y=yO+iy'(), z=2)+i@),

whose cotrdinates have continuous derivatives with respect to ¢ except
possibly at a finite number of points, and which lies entirely in the mani-

fold. On such a curve,

dU oU dx oU dy d0U dz 0
= = — = =0,

dt T Jx dt Jdy dt dz dt

and hence U has the same value at any two points of the manifold. As
the number of manifolds is finite, we conclude that there is a complex
neighborhood of P, in which all the points at which U =0 lie on a
finite number of equipotentials U =¢;, U =¢,, ..., U =¢,. The real
points at which the gradient vanishes, being in the neighborhood in
question, must also lie on these surfaces, and, since we are supposing U
real, on those for which the constants ¢, are real.

If E is the set of points of R at which VU =0, E is obviously a
closed set, and each of its points lie in a neighborhood of the above char-
acter. Hence, by the Heine-Borel theorem, E lies in a finite number of
such neighborhoods, and the number of the equipotential surfaces which
contain all points in R at which P U = 0 is thus finite, as we wished to
prove.

Chapter XI.
Fundamental Existence Theorems.

1. Historical Introduction.

As we saw in § 3 of Chapter IX (p. 237), Green, in 1828, inferred the
existence of the function which bears his name from the assumption
that a static charge could always be induced on a closed grounded con-
ducting surface by a point charge within the conductor, and that the
combined potential of the two charges would vanish on the surface.
From this, he inferred the possibility of solving the Dirichlet problem.
Such considerations could not, however, be accepted as an existence
proof. In 1840, Gauss? gave the following argument. Let S denote the
boundary of the region for which the Dirichlet problem is to be solved.

1 Aligemewne Lehrsdtze, 1. c., footnote, page 83.
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Let a distribution of density ¢ and total mass M be placed on S, in such
a way that any portion of S has a total positive mass on it. Let U denote
the potential of this distribution, and f a continuous function of position
on S. Then, GAuss argued, there must be a distribution subject to the
given restrictions, for which the integral

fo(U—ﬁz/)ads

is a minimum. It is then shown that for the minimizing distribution,
U — f must be constant on S. If in particular f = 0, U will be a positive
constant on S, so that by adding to the potential U for any given f the
proper multiple of the potential for f = 0, we obtain a potential whose
boundary values arc f. The serious difficulty with this proof is that it
is not clear that there is a distribution, subject to the given conditions,
which makes the integral a minimum. Indeed, it is not true without
further restrictions. In fact, the Dirichlet problem is not always solv-
able, and no “proof” can be valid unless it places some restriction on
the region.

Similarly, in 1847, Sir WiLLiam THoMsoN, Lord KeLvin?, attempt-
ed to found a proof on the least value of an integral. The same con-
siderations were used by DIRICHLET 2 in lectures during the following dec-
ade. For rcasons to be indicated presently, the method used is still of
high importance.

One might be led to it as follows. We imagine the region R, for which
the problem is to be solved, and the rest of space, {illed with charges,
and in addition, a spread on the bounding surface S. We suppose that
the total potential is regular at infinity. The potential energy of these
distributions is, according to § 11, Chapter III (p. 81),

o4 [onert s,
S

where U is the potential, » the volume density, and ¢ the surface den-
sity. On the assumption that U is a sufficiently smooth function,
we have

[2r 1 70U OU]

o= — 0= — |~ — — ——
4 dng dn_

If we put these values in the.expression for the energy, and transform
the integrals by means of Green’s second identity, we find for E the

1 Journal de mathématiques pures et appliquées, Vol. 12, p. 496; Reprint of
Papers on Electrostatics and Magnetism, London, 1884

2 P. G. DIRICHLET, Die im umgekehvien Verhaltnis des Quadrates der Entfernung
wirkenden Krifte, edited by F. GRUBE, Leipzig, 1876.
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expression

~salfJworav=g [[[[(5)+ (55)+ (5 v

the integral being extended over the whole of space.

Now it is a principle of physics that equilibrium is characterized by
the least potential encrgy consistent with the constraints, or conditions
imposed on the system. Suppose that the condition imposed on U is
that it shall have given valucs f on the boundary S of R. The charges
can move under this condition, for we have seen that different spreads
can have the same potential in restricted portions of space, say on S.
But we know that equilibrium will not be attained as long as the region
in which they can move contains charges. Thus equilibrium is char-
acterized by the fact that U is harmonic in the interior of R, as well as
outside S.

We are thus led to the following mathematical formulation of the
problem. Consider the class of all functions U which have continuous
derivatives of the second order in the interior and exterior domains T
and 7" bounded by S, which are continuous everywhere, and which
assume on S the continuous values f. We seek that one of these func-
tions which renders the Dirichlet integral

= [[J1C8F (59 () o

a minimum. We have here extended the integral only over R, but it is
clear that the integral over the whole of space cannot be a minimum un-
less that extended over Risa minimum. Since for real U, I cannot be neg-
ative, there must be a function U, subject to the given restrictions, for
which the integral is least — so ran the argument, and this argument
reccived the name of the Dirichlet principle. We shall criticize it presently.

But for the moment, let us suppose that a minimum docs exist—
and it does in many cases. What are the properties of the function # for
which the integral is least? Let #” be any other function with the re-
quired properties. Then % = #’ — # has the required properties, except
that it vanishes on S, and so u + 54, for any 5, has all the required
properties. Now

I(w+qh)=1@) + 2y fkff Wu-vh)dV -+ 21 (h).

Since u gives to I its least value, it is impossible for # + 2k to give it a
less value. It follows that

I(u,h) = fkff Vu-hydV =0,

for if this were not so, 9 could be chosen so small a positive or negative
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number that the second term would predominate over the third, and
so it would be possible to make the sum of these two terms negative.
This is impossible since I (¢ +%h) would then be less than I (uw). If
now the equation I (u#, k) = 0 be transformed by Green’s second iden-
tity, we have, since # =0 on S,

— fl[fk(V%)dV=0.

It follows that J/2u = 0 throughout R. For if V24 were positive at an
interior point, since it is continuous, we could find a sphere within which
it remained positive, and then choose for % a function 0 outside this
sphere, positive inside, and having continuous derivatives of the second
order, and thus such that the function » -+ 4 had the required properties.
For such a function #4, the last integral could not vanish. Hence 24 =0,
and » is harmonic. Thus the Dirichlet problem is solved in every case
in which the Dirichlet integral has a minimum under the given condi-
tions.

Now why does the Dirichlet integral not always have a minimum?
The values which it has for all admissible functions U are infinite in
number, and none of them is negative. It is true that they have a lower
limit, that is, a number below which no values of I go, but to which they
approximate arbitrarily closely. But this is not saying that there is
a function % for which I takes on this lower limit. As an example of
the fact that an integral may have a lower limit without a minimum,
consider

1
fy‘zdx,
0

where the functions y are subjected to the requirement that they are
continuous on (0, 1), and assume the valuesOandlat x =0and x =1,
respectively. Clearly the lower limit of the integral is0, as may be seen by
using the power curves, y = x”. The integral then approaches 0 with

1 . . . . .
- Now if any continuous function y made the integral 0, it could not

be different from 0 at any point of the interval, by a type of reasoning
we have employed a number of times. Hence y could not take on the
value 1 for x = 1.

This difficulty with the Dirichlet principle was felt by mathematicians
at an carly date. WEIERSTRASS was among the first to emphasize its un-
reliability, and in 1870 gave a conclusive example showing the principle
in its current form to be falsel. It thercfore remained in disrepute for
a number of years, until in 1899, HILBERT? showed how, under proper

[ — ———

1 See the references in the Encyklopadie der mathematischen Wissenschaften,
II A7), p. 404.

2 Jahresbericht der Deutschen Mathematiker-Vereinigung, Bd. 8 (1900), p. 184.
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conditions on the region, boundary values, and the functions U admitted, it
could be proved to be reliable.

But in the mean time, the problem had not remained dormant.
ScuwaRz! had made notable progress with the problem in two dimen-
sions, where it is particularly important for its connection with the theory
of functions of a complex variable. The next step of importance in three
dimensions was due to NEUMANN2, who used a method known as the
method of the arithmetic mean.

By way of introduction, let us consider for the instant, a double
distribution
1 J 1
W='z;ﬂ”7;77d5’
s

the moment now being denoted by —2'% This notation brings simplifica-

tions with it. Thus, if we denote by W-, W© and W+ the limit of W
from within the surface S as P approaches a point p of S, the value at
p, and the limit as P approaches p from without S, we have

W-=—pu+ W, Wtr=u-+ We.

Suppose that the surface is convex. Then, when W0 is written in the
form

e i,

the integration being with respect to the solid angle subtended at p
by the element of surface, we see that — W0 is the arithmetic mean of
the values of y, transferred along radii, to the hemisphere of the unit
sphere about p which lies to the side of the tangent plane at » on which
S lies. Thus the extremes of — WO lie strictly between the extremes of
u, if this function is continuous, as we shall assume. In other words, the
values of the double distribution, on the surface, vary less, in this sense,
than do those of u. We are here supposing that g is not constant.

Now suppose we take a second double distribution, with g replaced
by — WO The negative of its value on S will vary still less. If the pro-
cess is repeated, we have a succession of potentials whose moments are
becoming more and more nearly constant. Perhaps from such potentials
we may build up a function giving the solution of the Dirichlet problem.
This is the underlying idea of the method. We form the sequence of

1 See his collected works.

2 Berichte iiber dic Verhandlungen der Koniglich Sachsischen Gesellschaft der
Wissenschaften zu Leipzig, 1870, pp. 49—56, 264—321. Cf. also Picarp, Traité
d’Analyse, 3" ed. Paris 1922, Vol. I, pp. 226—233; Vol. 11, pp. 41—45.
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potentials, leaving u for the moment undetermined,

[} l
O =——“_‘H“u0v7 J-W(l)a" r Sieees

W, =

,....

n—1 ()v r

Zn

For these, we have the limiting relations

W]‘,—:lu +W{), W1+=_‘u +W;)r
Wo =Wy +W,), Wf=-Ww +W),
2) Wy =W AW, Wy=-—W + W,

.....................

NEeUMANN proved that if S is convex and is not composed of two
conical surfaces, there exists a constant 2, 0 < & <1, such that

max W — min W < k (max W2_, —minW"_), all n,
n n n—1 n—1

and it is clear that
min W2_; < min W) < max W < maxW?_,.

From these inequalities, it follows that W9 approaches a constant ¢,
uniformly, as # becomes infinite.

We may now build up a solution of the Dirichlet problem. From
the first column of (2) we form the sum

W — W)+ Wy — W)+ 4 (Wi — Way) = 0 — W,

We see from this that the series
@
% (Way -1 — Wi)

converges uniformly to the limit 4 — c.

Now the function W,, u being continuous, approaches continuous
limits on S from within, and when defined in terms of these limits, con-
stitutes a continuous function in the interior region bounded by S. It
is similar with the outer region. Hence W? =} (W] + W}) is con-
tinuous on S. Hence W, enjoys the same properties, and so on. All the
functions W,, when defined on S in terms of their limits from within,
tare harmonic in R. As the series

AIVJ(W211—1 - W2n) s
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whose terms are harmonic within R, and continuous in the closed region
R, is uniformly convergent on the boundary, as we have just seen, it
converges uniformly in R to a function harmonic in R, by Theorem I of
the last chapter. This limiting function U takes on the boundary values
u —c. Thus had we started with 4 = f, and determined the cor-
responding ¢, we should have in

U, =c +%’(W2n—l — Wen),

the solution of the Dirichlet problem for R.
Similarly, we find, taking 4 = — f, and determining the correspond-
ing ¢, that with the terms defined on S by their limits from without,

o
U y=—c+ YW,
1

gives us the solution of the Dirichlet problem for the external region
R’; with the objection, however that it is not regular at infinity if ¢ < 0.
This difficulty comes from the fact that the solution is built up of double
distributions, and not from any impossibility of the problem. We may
obviate it as follows. Let P, be any point interior to K, and let » be the
distance of P from P,. If we solve, to within an additive constant, the

Dirichlet problem for R’ with the same boundary values as %, we find

a function — C 4 V, where C is certainly not 0, and V is regular at
infinity. Thus

1 ,
4+ C =1

is harmonic in R’, and, apart from the term C, regular at infinity, and
vanishes on S. Hence

-

U.,=-~0+$W,,+§bl—+C~V]

is regular at infinity, and so harmonic in the entire region R’, and assumes
the boundary values fon S.

Thus the method of NEUMANN, when the details have been attended
to, delivers a real existence theorem. The restriction to convex surfaces,
however, was felt to be an artifical one, inherent rather in the method
than in the problem itself, and attempts were made, with success, to
extend it. Much more far reaching results were attained by PoIiNCARE!?
by the méthode de balayage, or method of sweeping out.

Instead of building up the solution from functions which are har-
monic in R and do not take on the right boundary values, POINCARE

1 Comptes Rendus de 1’Académie des Sciences de Paris, T. 104 (1887), p.44;
American Journal of Mathematics, Vol. 12 (1890); p. 211; Théorie du Potential
Newtonien, Paris, 1899, p. 260.
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builds a succession of functions which are not harmonic in R, but do
take on the right boundary values, the functions becoming more and
more nearly harmonic. Briefly, the process is as follows. He shows first
that if the problem can be solved when the boundary values are those
of any polynomial in x, y, z, it can be solved for the boundary values
of any function continuous in R.

The problem is then to solve the Dirichlet problem for the boundary
values of a polynomial f. This polynomial is, in R, the potential of a

distribution of density
et

%= 4

in R, plus certain surface potentials. An infinite succession of spheres
is then formed, so that every interior point of R is interior to some
sphere of the set. In the first sphere, f is replaced by the harmonic
function with the same boundary values on the sphere, a thing which
is possible because the solution of the Dirichlet problem for spheres is
known. Call the function, thus defined in the first sphere, but equal to
f elsewhere in R, W,. IV, is then replaced in the second sphere by the
harmonic function with the same boundary values as Wy on the sphere,
and the new function, elsewhere equal to Wy, is called W,. The process
is called sweeping out, because in each sphere after such a process, the
Laplacian becomes 0, so that there are no masses in the sphere. But
the sweeping out may sweep masses into an intersecting sphere already
clean. Accordingly, after the second sphere is swept out, the first is
swept again, and soon, intheorder 1,2,1,2,3,1,2,3,4,1,2,3,4,5, .. .,
so that each sphere is swept infinitely often. It is shown that the process
gradually sweeps the masses toward the boundary, and that the se-

quence
Wl-' Wg, W3, v,

always ke« ping the right boundary values, converges to a function which
is harmonic within R. This is the idca of the method. We need not give
further detail, for we shall revert to it again (p. 322).

The success of POINCARE was soon followed by other treatments
of the problem, establishing even more gencral results. POINCARE showed
that the Dirichlet problem was solvable for any region, such that for
every point p of the boundary, there was a sphere through $ containing
no interior points of the region. In 1898 HILBERT reestablished the
method of reasoning used by THoMsoN and DIRICHLET, and the resulting
type of argument has since been most useful, as it is applicable to a
great varicty of problems!.

1 This method of the calculus of variations was successfully employed by
LEBESGUE m two dimensions to establish the possibility of solving the Dirichlet
problem under very general conditions, Sur le probléme de Dirichlet, Rendiconti
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So far, it was generally believed that the Dirichlet problem was
solvable for any region, and that limitations of generality were inherent
in methods, rather than in the problem itself. It was ZAREMBA! who
first pointed out that therc were regions for which the problem was not
possible. Suppose, for instance, that R consists of the domain interior
to the unit sphere about O, with the point O alone excepted, plus the
boundary of this domain, 7. e. the surface of the sphere and the point O.
If we assign to the surface of the sphere the boundary values 0, and to
the point O the value 1, the Dirichlet problem is not solvable. For if there
were a solution, it would have at O an isolated singularity in whose
necighborhood it was bounded. That is, the singularity would be remov-
able. After its removal the resulting function would be harmonic
throughout the interior of the sphere, assuming continuously the bound-
ary values 0. Such a function we know to be identically 0. Thus a
function which fulfills the conditions imposed cannot exist.

In 1913, LEBESGUE gave an example of a still more striking case ot
the impossibility of the Dirichlet problem (sec Exercise 10, p. 334). Sup-
pose we take a spherc with a deformable surface, and at one of its
points push in a very sharp spine. The region R, consisting of the points
of the sphere thus deformed is one for which the Dirichlet problem is not
always solvable, if the spine is sharp enough. We can sce this in an
intuitive way by thinking of the region as a heat conducting body. Let
the portion of the surface near and including the spine be kept cold,
at the temperature 09, and let the rest of the surface be kept warm, say
at 100° Thermal equilibrium may be possible, but the temperatures
from within will not approach 0 continuously at the point of the spine.
There simply is insufficient surface in the neighborhood of the point to
absorb heat fast enough to keep the temperatures near 0° at this point.
These considerations can be made rigorous, and we have an exceptional
point, by no means isolated, at which there is trouble for the Dirichlet
problem. Recent investigations have been connected with the nature
and possible distribution of these exceptional points.

The method of which we shall now give an account in detail is due
to FREDHOLM?, and is the method of integral equations. It is less general

del Circolo Matematico di Palermo. T. 24, 1907, pp. 371—402. Sce also ZAREMBA,
Atti del 4 Congresso Internazionale dev Mathematicr (1909), Vol. I, pp. 194—199;
Bulletin de I’Académie des Sciences de Cracovie (1909), pp. 197—264; Acta Mathe-
matica, Vol. XXXIV (1911), pp. 293—316; CoURANT, Uber die E xistenztheoveme
der Potential- und Funktionentheorie, Journal fur reine und angewandte Mathe-
matik, Bd. 144 (1914), pp. 190—211; CourRANT has in a number of articles shown
the great power of the method. See COURANT und HILBERT, Die Methoden der
mathematischen Physik, Berlin, 1924.

1 L. c. Acta Mathematica, p. 310.

2 Ofversigt af Kongl. Svenska Vetenskaps-Akademiens Férhandlingar, Vol. 57
(1900), pp. 39—486.
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than a number of other methods, but it has the great advantage of being
able to deliver a number of existence theorems at the same time. Later
we consider a more general method for the Dirichlet problem.

2. Formulation of the Dirichlet and Neumann Problems
in Terms of Integral Equations.

Let R denote a finite region bounded by a surface S, subject to the
condition that for any of its points p, there is a neighborhood, the portion
of § within which, when referred to cotrdinate axes in which the (x, y)-
plane is tangent to S at p, has a representation z = f (x, y), this func-
tion having partial derivatives of the first two orders which are continuous.
It is casily verified that the results of Chapter VI on the discontinuities
of distributions on S hold at all points of S, when the appropriate con-
ditions on density or moment are fulfilled.

We consider first the potential of a double distribution on S, which
we write in the form

1 J ]
W (P) =§;J‘f‘u PR -dS,
S

This function is harmonic in the interior of R. If it is to solve the Di-
richlet problem for the continuous boundary values F (p) — we shall find
it convenient to characterize points of the boundary of a region by small
letters —we must have

W_(p) =F (p) =— n(p) + znﬂ @ }?v:'

The double distribution is also harmonic in the infinite region R’ bounded
by S, and so regular at infinity. If it is to give the solution of the
Dirichlet problem for R’, we must have

W) = F () =+ )+ o5 [ 1@ o L s,
S

The two equations can be written as one, if we introduce a parameter:

3) i (p) 2 [fo@K .95,
where
PR =n(p), K9 =g

For A =1, f(p) = — F (p), this equation reduces to the condition
that W is the solution of the Dirichlet problem for the interior region
R. Ford= —1, [ (p) = F (p), it reduces to the condition that W is
the solution of the Dirichlet problem for the infinite region R’. .
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In the equation (1), the functions f(p) and K (p, g) are known. The
function to be determined, ¢ (p), occurs under the sign of a definite inte-
gral. It may seem, therefore, as if the individuality of ¢ (p) were distroy-
ed by the integration process, and as if the equation therefore could
not be solved for ¢ (p). However, FREDHOLM noticed that the equation
was the limiting form of a set of # linear algebraic equations in # un-
knowns, and this observation enabled him to solve it completely.

The equation (3) is called, following HILBERT, an infegral equation.
The function K (p, q) is called the kernel of the integral equation.

To solve the Necumann problem for R and R’, we use a simple distri-

bution 1 1
V(P) = Z—”Z j‘fo'—r-ds.
S

We have seen that on the hypothesis that ¢ satisfies a uniform Holder
condition, V has continuous derivatives in the closed regions R and R’,
and that the limits of the normal derivatives are given by

oV

v @y+%J] o) gyrds. I @-+2mﬂ'@hm7d5

We have here integral equations of the same type as (3). For the double
distribution, the kernel is élz times the reciprocal of the distance PQ =7,

first differentiated in the direction of the normal at the boundary point
¢, and then with P replaced by p. For the simple distribution, the kernel

is 2—15 times the derivative of -:— in the direction of the normal at p, with

Q replaced by g¢. It is therefore simply the kernel K (p, q) with argu-
ments interchanged, that is it is K (g, #). Hence, if we write

@) 16)=v(®) —2[Jv @K@ 1S,

a solution of this equation would give, for A = — 1, and f (p) equal to
the assigned valucs of the normal derivative, the solution of the Neu-
mann problem for R. For A = 1, and f (p) equal to the negative of the
assigned values for the normal derivative, it would give the solution
of the Neumann problem for R'.

Thus two fundamental existence theorems are reduced to the so-
lution of the two associated integral equations (3) and (4), this being
the term applied to pairs of integral equations when the kernel of one
is obtained from that of the other by the interchange of the arguments.

3. Solution of the Integral Equations for Small Values
of the Parameter.

We shall first consider integral equations of the forms (3) and (4)
in which f(p) and K (p, ¢) are qontin}lous functions of the coérdinates
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of p and ¢ for all positions of these points on S. It will be seen that all
that is said will hold for other regions of definition of these functions, for
instance a linear interval, a region of the plane, or of space. Only, ¢ is
always to have the same region as p. In order to emphasize the indepen-
dence of the theory of dimensions, and also in the interests of simplicity,
we shall write a single integral sign, and replace d S by dg, ¢ being the
point whose cotérdinates are the variables of integration. Thus the equa-
tions to be studied become

(3) fB=9@® —1[e@ K@ 9dg,
(4) @) =v@®)—i[vp@) K p)dg,

We begin with the equation (3) and seek a solution by a method of
successive approximations. We take any continuous function g, (9),
substitute it for ¢ (g) under the integral sign, and solve for ¢ (), calling
the resulting first approximation ¢, ():

9B =10+ 2[00 (@) K (p, 9)dg.

From ¢, (p) we determine similarly a second approximation

g () =1+ 2 [ 9, (9) K ($,9) dyg,

and so on. If we wish to express ¢, () and later approximations in terms
of @, (#), we must, in order to avoid confusion, introduce a new variable
point of integration, 7, say, and write

0@ =1@+Ar[p)K(q, 7 dr.

Substituting this in the expression for the second approximation, we
find
e () =10)+1 [/ @K 9dg
+2[[ o) K (g, K (p, q)drdg.

Before going further, we remark that this sort of change in the notation
for variables of integration will be met with repeatedly, and is inevitable.
The reader should accustom himself to it promptly. We shall also fmd
it convenient to introduce at once the sterated kernels:

6) K.po)=[K., .0, K(r, g9)dr, Ko(p,q)=K($, q).

In terms of these, one finds at once for the #** approximation,

@) =1)+A [ @)K @B q)dg+ 2 [[(9) Ky (P, 9)dg + ---
+ A1 [ 1(9) Ky (, 9)dg + 27 [ o (g) Kooy (B, 9) d9.

It is now easy to show that this approximation converges, for small

|4 |, to asolution of (3), as # becomes infinite. In fact, if K denotes the

product of the maximum of ]K (?, 9) lby the content (length, area, or
®
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volume) of S, and if L denotes the maximum of | f (p) |, the series

(6) o) =1@)+A[1 QK@D gdg+ -

+ [ 1@ Kas (B 9)dg + -
is dominated by
L+LQAK) 4 +LAKP+--,

and so is absolutely and uniformly convergent as to p and 4 for | 4| < 4,,
where 4, K < 1. That it satisfies the equation (3) may be verified by
direct substitufion.

Exercises.
1. Show that
Ko (p, q) = [ K (b, ) Kuy (v, g) d7.
2. Solve the integral cquation
fs)=q()— AJ'I??(’)K (s, 7)dt,
where 0

a) K(s,)=1, b) K(s,t)=st, ¢) K(s,t)y=s5—1¢.
Answers,

1
B e@=r0t g s (1o,
0

1
0 P =16+ T;—?F’ll-,-f/ ofc—n—2[st=gean+g]ha
0

4. The Resolvent.
The solution (6) can evidently be put into the form

@) =1+ 4 [[@ R, g Ndg,

where the function

) R(p A=K} 9 +AK, (5,9 + P K, (. 9) + -+~

is the resolvent for the kernel K (p, q). If the equation (7) is solved for
K (p, q), we have at once two fundamental equations for the resolvent:

(8) K(p,9) =R, q; 1) —A [R(p,7; 1)K (r, q) dr,
© K(p,q)=R(p, ¢: ) — A [R(r,q; ) K(p,7)dr.

These equations contain implicitly the key to the whole theory of the

integral equations (3) and (4). We illustrate this statement by showing

that for |[A|=4,, the equation (3) has but one continuous solution.

Suppose, in fact, that ¢ (p) is a continuous solution of (3). We replace,
Kellogg, Potentia 1Theory. 19
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in this equation, p by 7, multiply by R (p, »; 1), and integrate with
respect to . We have, then, by (8),

JiR@p, r;dr= [on)R(p, ;) dr
+[fo@K®p 9dg— [o@R(®,q; A dq.

The first and last terms on the right cancel, and if we employ the re-
sulting equation to eliminate from (3) the integral containing ¢ (q), we
have

(10) e =1 +A2[1@QR @B ¢:1dq ¢

as a nccessary consequence of (3). The solution must thereforec have
this form, and so is uniquely determined. We have scen that this is a
solution, but it may also be verified by substitution and use of the
identity (9).

In the same way, we show that the equation (4) has one and but one
continuous solution, namely

(11) () =1@)+2 [ @R, p;D)dg.

5. The Quotient Form for the Resolvent.

If we should now attempt to solve the Dirichlet problem by the
above methods, we should find the same difficulty which limited the
success of NEUMANN’s attack, namely in the proof that the various scries
converge for A =1 or — 1. FREDHOLM’S great contribution consisted
in large measure in the representation of the resolvent as the quotient
of two always convergent power series in A. This, it will be observed, is
the case in Exercise 2 (p. 289), where the resolvent is the quotient of
two polynomials.

FrEDHOLM was led to this result by a consideration of a system of
linear algebraic equations of which (3) is a limiting form. Although val-
uable as giving an insight into the nature of integral cquations, we shall
not take the space to develop this phase of the problem, but.refer
for it to works on integral equations!. The results are as follows. With the
abridged notation

(12) K(pl’pz’""pn)

}K(Pv%)s K(p1,95), -+, K(b1,qn)
ql: 92:---» qn -

K(i’z:ﬁ), K(pz»QZ): e K(P2:qn) )

...................

1 See, for instance, BOCHER, An Introduction to the Study of Integral Equations,
Cambridge Tracts, 1909, § 7; RIEMANN-WEBER, Die Differential- und Integral-
gleichungen der mathematischen Physik, Braunschweig, 1925, Vol. I, Chapter XII.
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we form the two series

a(l)=l_”611+6212~—63l3+’

(13) 1 V1,795 000, 7
5n=_n_!ff...f1{ 7'1,72,---,":. arydr, ... dr,;

N(p,g;0) =K(p.q9)— Ny (P, 9) A+ No(p, 9) 22 — -+,
(14) Nn(j’t q) =—,—11Tff”'J‘K(P, T -.,7n)dl’ld}'2-~-dr”,

%1, Y2, 0, ¥y

That these series are convergent for all values of 4follows from a theorem
of HADAMARD! to the effect that the absolute value of a determinant
of order » whose elements do not exceed K in absolute value is not
greater than K7»n"2,

It is not difficult, though perhaps a little tedious, to verify that

(15) R(p,g; ) =57~

is the desired expression for the resolvent as the quotient of two always
convergent power series. One substitutes this value of R (p, ¢; 4) in the
equation (7), multiplies by & (1), and compares the coefficients of the
powers of 4.

Fxercises,

1. Give the details of the proof of the convergence of the series (13) and (14),
and verify the equation (15).

2. Show that if K (p, ¢) is the sum of # products, each a function of ¢ alone
times a function of ¢ alone, the series (13) and (14) become finite sums. Note that
this 1s the case in Exercise 2, page 289.

In terms of the new functions, the identities (8) and (9) become
(16)  OMK(D.q)=N(,¢; ) —AfN(p,r; VK (r,q)dr,
(17) S(MK(p,9) =N (p.q; ) —A N (r,q; DK (p,r)dr.

At first, we know that these equations are valid for all | A| < 4,. But
they are equations between always convergent power series, and the
fact they hold for all sufficiently small | 4| guarantees that they hold
for all 4.

If A is not a root of the equation § (4) = 0, the equations (16) and
(17) may be divided by 6 (4), and then reduce to (8) and (9). These
equations may then be used to solve the integral equations (3) and (4)
just as before. We have therefore the result: the equations (3) and (4),
if A is not a root of & (A) = 0, have one and only one continuous solution
each. These are given by the equations (10) and (11), respectively.

. ! Bulletin des sciences mathématiques et astronomiques, 22¢ ser., Vol. XVII
(1923), p. 240. BOCHER, l.c. § 8.

19+
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8. Linear Dependence; Orthogonal and Biorthogonal
Sets of Functions.

The case in which 4 is a root of d (1) = 0 is of prime importance for
our applications. We devote this scction to a preparation for the study
of this casc.

Given a set of # functions, @, (p), @2 (P), - . . , @, (p), With a common
region S of definition, we say that these functions are linearly dependent
in S if there exist # constants, ¢, ¢,, . . ., ¢,, not all 0, such that

C oy (B) + () + -+ Crpu (p) =0

at all points of S. They are linearly independent if this is not the case. They
are orthogonal on S if
Jo.®)p@)dp=0, i+iij=12. .. n
Exercises.

1. Show that
a) 1f one of the functions of a set is identically 0, the functions are linearly

dependent,
b) if to a set of functions which arc linearly dependent a new function is added,

the functions of the augmented set are linearly dependent,
c) at least onc function of a lincarly dependent set can be expressed as a linear
homogeneous combination of the others, with constant coefficients.

2. Show that a necessary and sufficient condition for the linear dependence
of a set of continuous functions is the vanishing of the determinant of GrRaM:

Lo =S o. () es ()]
The function ¢ (p) is said to be normalized on S if

Jowap=1.
Any continuous function except 0 can be normalized by dividing it by

a proper constant, not 0.

Exercise.
3. Show that the functions of any normalized orthogonal sct are independent.

Two sets of functions are said to be linearly equivalent if any function
of either set is a lincar homogeneous combination of the functions of the
other set, with constant coefficients. In using the terms defined above,
we may omit the word linearly if danger of misunderstanding is preclud-
ed, as it will be in the following.

A set consisting of two rows of # functions each,

(pl(p): 2 (P), ey ‘Pn(?),
“/’1(1’), Yo (p)’ -~-,1pn(j’):

is called a biorthogonal set, if
Jod)w @) ap=0, i%j ij=12,..,n.
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If, in addition, this integral is 1 when ¢ = j, for all §, the set is called a
normalized biorthogonal set.
Exercise.

4. Show that in a normalized biorthogonal set, the functions of cither row are
independent.

Given two sets of n functions cach,

(] @ @esenns Py
(Yo %1, %es o -0s s
such that no homogeneous linear combination of the @,, with constant coeffi-

cients not all 0, is orthogonal to all the y;, it is possible to find a set [D,)
equivalent to [@,], and a set [V,] equivalent to [y,], such that

[djl]: ¢1’ ¢2: sy ®n:
w73 ¥.,.%%,....¥,,

1s a normalized biorthogonal set.

We remark first that if a function is orthogonal to all the functions
of a sct, it is orthogonal to all the functions of any cquivalent set.

By hypothesis, ¢, is not orthogonal to all the p;. Let these functions
be permuted, if necessary, and the notations interchanged, so that ¢
is not orthogonal to y;. We then choose @, = ¢, and ¥ = y,.

We next write ®, = ¢, — c®,, and choose ¢ so that this function is
orthogonal to ¥;. This is possible, because the equation determining

s Sp¥dp—c[ @V dp =0,

and the cocefficient of ¢ is not 0. Then @,, a linear combination of the ¢;,
is orthogonal to y,, and therefore, by hypothesis, not to all the remain-
ing y,. Let the ordering and notation be chosen so that @, is not ortho-
gonal to y,. We then write ¥, = p, — ¢’ ¥, choosing ¢’ so that ¥, is
orthogonal to @;. Then the set @;, @,, is equivalent to the set ¢y, @,,
for @, = ¢, D, = ¢, — cqpy, and ¢ = Dy, @, = D, + cP;. Similarly,
the set ¥, ¥,, is equivalent to y,, y,. Morcover,

f¢1]},1d1’ +0, f¢21_112dp = f¢2'/’2d?=§=0~

Continuing in this way, we form a biorthogonal set of # pairs of
functions, in which no @, is orthogonal to its companion ¥;. If then each
¥, be divided by the non-vanishing number

[ @, 0%, (p)dp,

the set becomes a normalized biorthogonal set.

It will be remarked that in a normalized biorthogonal set, the order
of the pairs is unessential. The pairing, however, is essential.
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Exercises.

5. Complete the above proof by an argument from % to & + 1.

6. Show as a corollary to the theorem that any set of # independent functions
is equivalent to a normalized orthogonal set.

7. The Homogeneous Integral Equations.

If 2, is a root of 0 (4) == 0, the associated homogeneous integral equa-
tions, obtained from (3) and (4) by setting f (p) =0,

(18) ¢ () =k [e@)K@®,q9dy,
(19) w(0) =4[y @) K(q,p)dy,

have solutions. In fact, the equation (17) shows that for any fixed ¢,
N (p, q; 4y) is a solution of (18), and (16) shows that for any fixed g,
N (g, p; Ay) is a solution of (19).

However, 0 is a solution of any homogeneous equation, and for most
purposes, a valucless solution. By a solution of a homogeneous equa-
tion is usually meant one which does not vanish identically. We do not
know that the above solutions are different from 0. But it is still true
that these cquations have non-trivial solutions. To see this, we note
that from the equations (13) and (14), it follows that

[N, rsndr=— 2 o).

Hence, if 44 is a root of order # of § (), so that the »** derivative of
d (4) is not 0 for A =4,, N (p, ¢; 4) cannot contain (4 —2y)" as a factor
for all p and ¢q. Accordingly, every zero of & (A) is a pole of the resolvent
R (p, ¢; A). The poles of R (p, q; 4) are called the characteristics, or
characteristic numbers of the kernel.

In a neighborhood of such a pole 4y, R (p, g; 2) has a development

’ iy Am(g) | Am_1(p9) .
(20) Ripog: by = " (g

A,(p,
+ 500+ B, ),

where m < #, the coefficients 4, (p, ¢) being continuous, A,, (p, g) not
identically 0, and B (p.q; A) being a power series in A—4,, uniformly
-onvergent in a neighborhood of 4,, with coefficients which are con-
inuous in p and ¢. It is readily verified that 4,, (p, ¢) and 4, (g, )
ire, for any fixed ¢ for which these functions are not identically 0 in p,
ron-trivial solutions of the equations (18) and (19), respectively.

Since the solutions we have found for the homogeneous equations
lepend upon a parameter point ¢, which may be chosen in infinitely
nany ways, it might appear that these equations have infinitely many
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solutions. There are, however, only a finite number of lincarly indepen-
dent real comtinuous solutions for amy real chavacteristic number. The
kernel is assumed to be real, here, and throughout the chapter.

To show this, let ¢y, @,, ..., ¢, denote a set of real, continuous,
independent solutions of the equation (18). Clearly, any cquivalent set
of functions are solutions, and so by Exercise 6 of the last section, we
may assume the given set to be a normalized orthogonal one. Now

SIWE (B,7) — 91(0) 1(1) — qu(B) (1) — -+ — @u(B) @u (NP dr 2 0.

Expanding the square, carrying out the integration, and keeping in mind
the hypothesis on the solutions, we have

B R P dr =2 Squp) e 0. VK (i) dr -+ X (P)
— SR dr = S0,

Integrating the last inequality with respect to p, we obtain
ngl"'ffK’ rdrdp.

Hence the number of linearly independent real continuous solutions
of (18) is limited, as asscrted. It is the same with the solutions of (19).

If a characteristic is real, the real and imaginary parts of a complex
solution are solutions of the homogeneous equation, and it follows at
once that the number of independent complex solutions is bounded.

If Ay is not a pole of the resolvent, the homogencous equations (18) and
(19) have no non-trivial solutions. This is seen by putting f (p) = 0 in
the unique solutions (10) and (11).

Relationships between the Solutions of the Associated Homogeneous
Equations. We show first that anv solution of one of the homogeneous equa-
tions for a characteristic A,, s orthogonal to any solution of the associated
homogencous equation for a diffcrent characteristic 2,. Supposc

m=zfmmeqM%
) =4[ v K, p)dyg.

If these equations be multlphcd by y (p) and ¢ (p), respectively, and
integrated with respect to p, the resulting integrals on the right will be
equal. Accordingly

(1 = Drre@ar=o,

division by the characteristics being justified since 0 is never a charac-
teristic (6 (0) = 1). Asd; +4;, ¢ (p) and y(p) are orthogonal, as stated.
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The Case of a Simple Pole. Here the relation (20) takes the form
A(p,
(21) Rp.; 0 =50+ B.gsh,  Ap.9=R0.
If this expression for the resolvent be substituted in the equations (8)
and (9), we find by comparing the coefficients of (A —4,)~1 and the terms
free from 4 — 4,, the equations

(22) A, =h[Ap.NK(r qdr,

(23) A, )=l fA(r. 9K (@p,7dr,

(24) K(.9)=B#.g:%)— [A@p.nK(r, qdr
— M B, r; M) K (r,q)dr,

(25) K(p,9)=B(,0:2)— [A(r,q) K(p,r)dr

— A [ B, g; W) K (p,7)dr.

As already remarked, and as now shown by equation (23), 4 (p, 9)
is, for any fixed g, a solution of (18). But that cquation has only a finite
number of real independent solutions, so that if ¢ (p), ¢, (P), ..., . ()
denotes a sct of independent solutions in terms of which any solution
can be expressed, 4 (p, g) must be a lincar homogencous combination
of these functions with coefficients independent of p, and so, functions
of ¢:

(26) A(,9) =@ (B)v1(@) + P2 (D) w2 (9) + -+ + @u (D) 9, (q).

That the functions ,(¢) are continuous can be scen by assigning to
p #» suitable values and solving the resulting equations for the v, (g).
The selection of the values pq, p,, . . ., p, can be made so that the deter-
minant involved is not 0, otherwise the @;(p) could be shown to be
dependent. The functions y;(g) then appear as linear homogeneous
functions of the continuous functions 4 (p4, ¢), 4 (b5, 9), .- ., A (P, @),
and so are continuous.

Now let @ (p) be any continuous solution of (18). Inserting in
this equation the expression (24) for K (p, ¢), and simplifying the result
by (18) and (22), we find

(27) ¢<p>=—f¢(q)A(p,q)dq=$c,¢,(p),

c,=— [o@y. () dqg.

Thus we verify what we already know, that any solution of (18) can be
¢ ‘ptessed in terms of the functions ¢, (p). But a similar process involv-
ing the equations (19), (25) and (23) shows that any solution of (19)
1S a homogeneous linear combination with constant coefficients of the
functions y, (q) occurring in the expression (26) for A (p, q).



The Non-homogeneous Equation; Summaryof Results for Continuous Kernels 297

Let us now identify @(p) in the equation (27) with ¢;(p). Since
the @;(p) are independent, this means that ¢; =1, and ¢; =0 for ¢ == 7.
We have, accordingly

[0, i+j,
Jo@i-v@dg =\,

so that the functions @,(p) and the functions — y,(q) occurring in the
expression (26) for the residue A (p, q) at the pole Ay form a normalized
biorthogonal set. It follows from Exercise 4, page 293, that the func-
tions p;(g) as well as the @, (p) form independent sets. Thus, in the case
of a simple pole, the two associated homogencous equations (18) and (19)
have the same number of linearly independent solutions. These can be so
chosen as to form a normalized biorthogonal sct.

Poles of Higher Order. These do not occur in the applications which
we shall make. In order to establish the fact, however, we shall have
nced of one result. If the expression (20) for R (p, ¢; A) is substituted
in the equation (8), and coefficients of powers of A — A, compared, as
before, we find

m(0.9) =2 [ A, (.1 K(r,q)dr,
Apr(p,9) = [An@.NK @, q)dr + 2y [Apy (p,1) K (r,q)dr.

Trom these equations, we see that if 4y is a polc of R (p, q; 2), of order
higher than one, the simultaneous integral equations

v () =2 S (VK (r,q)dr,
v () = [ (VK (r,9)dr + 4o [ 9o () K (7, 9) d7

have a continuous solution y, (q), v, (¢), in which v, (q) (and therefore also
v, (q)) does not vanish identically.

(28)

8. The Non-homogeneous Equation; Summary of Results
for Continuous Kernels.

It remains to consider the non-homogeneous equations (3) and (4)
when 4 is a characteristic 4, of the kernel. We shall suppose that it is a
simple pole of the resolvent. We may confine ourselves to the equation
(3), since the treatment of (4) is similar. Let us suppose first that it has
a solution ¢ (p). Then

(29) [@)=9@®)— 4 [e@ K, 9 dg.

The function (10) then has a pole at 4y, unless f(p) is orthogonal to
A (p, q). This suggests the following steps. We change p to 7 in (29),
multiply by A4 (p, r), and integrate with respect to ». In the resulting
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equation, the right hand member vanishes, by (22). Accordinglyv

ff(r)A(p,r)dr=.§"¢, B [10)p. (N dr =

This equation can hold only if all the integrals vanish, because of the
independence of the ¢, (p). Hence a necessary condition that the non-
homogeneous equation (3) have a solution when A is a chavacteristic, is
that f (p) shall be orthogonal to all the solutions of the associaled homo-
geneous equation for the same value of 4.

If the equation (29), with p replaced by 7, is multiplied by B (p, 7; 4)
and integrated with respect to 7, it is found, with the help of equations
(24), (22) and (29) that when the necessary condition is fulfilled, the
solution must have the form

G D) =1 44 [1@) B q: A)dg +]_\"’c, v (b).

Clearly the constants ¢, may have any values, for they multiply solu-
tions of the homogeneous equation, and so contribute nothing to the
right hand member of (29). Conversely, it may be proved by substitu-
tion that this is a solution. The necessary condition s therefore also
sufficient.

.

Summary. Hypotheses: the kernel K (p, ¢) and the function f (p)
are real and continuous. The characteristics are real, and simple poles
of the resolvent R (p, ¢; 4).

(a) 4 is not a characteristic.
The associated integral equations

(1) 1) =9~ 4[g@K(p,9)dq,

(I) [B)y=v@®) —4[v@) K. pdq,

have each one and only one continuous solution, namely
g0y ==1(B)+2[ 1@ R(p.g: A dy,
p(B) =1+ 2[ @) R(g, p; D dg,

respectively.

The corresponding associated homogencous integral equations

(I1) o) =2[0@)K(p,q)dyg,

(I1') v(®)=2[ v K, p)dyg,
have no non-trivial solutions.
.(b) 4 is a characteristic.

The equations (II) and (II’) have the same number of lincarly in-
dependent solutions. These may be so selected as to form a normalized
biorthogonal set.
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A necessary and sufficient condition that (I) or (I') have solutions
is that f (p) be orthogonal to all the solutions of the associated homo-
geneous cquation (IT) or (II). The solution is then determined, except
for an additive solution of the corresponding homogencous cquation,
(II) or (IT%).

If, the other hypotheses being maintained, 2 = 44 is a pole of higher
order of the resolvent, the simultancous equations (28) have a non-
trivial solution.

9. Preliminary Study of the Kernel of Potential Theory.

For the first and second fundamental existence theorems in two
dimensions, the above discussion suffices, provided the region under
consideration has a boundary with continuous curvature. But in three
dimensions, the kernel becomes infinite when p and ¢ tend toward co-
incidence. We first examine the naturc and some consequences of this
discontinuity, and then show how the results for continuous kernels may
be extended to hold for the kernel which interests us.

Recalling the conditions imposed on the surface S in § 2, the resulte
of Chapter VI are available. We find there, developing 2 in the numera-
tor of the expression (2), page 169, in a Taylor serics with remainder
about the point (&, %), that

7 M2
;()1; 7 = N
where #* is the projection of » on the tangent plane to S at p. As this
is less than », we infer that

(30) |K(p,q)| <0, r=5q+0.

This result was obtained only for ¢ in a neighborhood of p, but all the
materials were given for the proof that such an inequality held uni-
formly over S, that is, that there is one constant 4, and one constant
M, such that (30) holds whenever » = a. Also, the last restriction may
be dropped. For, for » > a, | K (p, 9) | is bounded, say by B, and if
we increasce M, if necessary, so that

M
JE'gB’

where R is the greatest chord of S, the inequality (30) will hold without
restriction.

A further study of the function (2) of Chapter VI shows that K (p, ¢) has
continuous derivatives of the first order with respect to the codrdinates
of the projection of p or ¢ on any fixed plane tangent to S at a point
near the variable point, for » 4= 0. It follows that the derivative
of K (p, gq) with respect to the distance s measured along any regular
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arcon S to p, or g, is continuous for » not 0. Moreover, such a derivative
is subject to an inequality

0K (p,q) ! 74
(31) e <5 r+0,

first uniformly for # less than some constant «, and then, by increasing
M, if necessary, for the whole of S. It is unnccessary to distinguish
between the constants M in (30) and (31). The larger will serve for both.

We now prove
Lemmal. If ¢ (p) and p (p) are continuous on S, the integrals

®(p)=[p@)K(p,q)dg and ¥ (p)= [v(g) K (q,p)dq

salisfy a uniform Holder condition on S. Moreover, if F is a bound for
| @ (p) | and |y (p) |, there is a constant C, independent of these functions,

such that
D) <CF, |P(p)|<CF.

We neced consider only @ (p). The same considerations will apply to
¥ (). Let @ be a number such that the portion of S in the sphere of
radius ¢ about any point p of S admits the representation z = f (#, )
when reterred to a tangent-normal system of axes at p, in which there
is a bound for the absolute values of the derivatives of first and second
orders, independent of the position of p.

Let p and p, be two points of S a distance # apart, not greater than
a. We rcfer the portion of S within a sphere of radius @ about p, to axes
tangent and normal to S at pg, taking the (x, z)-plane through p. Then,
by (31),

II - I W
[K(b) = K (pop)| = [ L0 0] < max y1 4752 ]

ar
="

where we have differentiated along the curve y in which the (x, z)-plane
cuts S near p,, where M’ is a constant which is the same for all positions
of py, and where 7 is the distance of ¢ from the nearest point of the
curve y between pg and p.

Let ¢ be less than a, and less than 2;5 , and let n be restricted to
be not greater than ¢. We divide S into the part ¢ inside the sphere

about p, of radius ¥, and the rest, $ — ¢. Then when gison S —o,
7 3% —7, and hence, if S be used to denote the whole area of S,

[o@ 6.0 —K@.mdg| <P — 1 <arsua,

5= ('i" —n)?
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since 7 < ¢ < —é—]/é- Also
1 M M -
qu @ [K(?.9) — K(po, 9))dg | < Fff(;- + »,—0) as, 1,=pyq,
g O

where we have used the inequality (30). If we change the region of
integration to the projection on the (x, y)-plane, and usc the Lemma
IIT (b) of § 2, Chapter VI (p. 149), we find that this integral is less than

1
FE L]

SM'F [ [drdd) =anM Fqp.
00

Thus the integral giving | D (p) — P (p,) | is composed of two parts,
each less in absolute value than a uniform constant times . If 4 is
the sum of these constants, we have, writing # in place of %,

| ®(p) — D ()| K Arh, for ppo=r<ec.

Thus the existence of the uniform Hélder condition is established.
For the second part of the lemma, we have

omizraft-eu ][+ [

s—
where ¢ denotes the portion of S in a sphere of radius a4 about p. The
. . . . S .
first integral on the right is not more than - -, and the second is not

greater than a uniform constant times a, as is seen by integrating over
the projection on the tangent plane at p. If C be the sum of these two
bounds for the integrals, multiplied by M, we have

|@ ()| <CF,

where C is independent of $ and of the function ¢ (p).

Lemma II. The iterated kernel K, (p, q) is continous.

We first consider K (p, g), showing that it is continuous for p =+ g¢.
To do this, we write it as the sum of two integrals

L=[KpnKp,qdr, L=[K@pnNK(gadr,
S—op—04 Up+ aq

where ¢, and o, are the portions of S within small spheres of radius o
about the points p, and ¢, at which the continuity is to be investigated.
The method of proof follows the lines of Chapter VI. The continuity
at (py, 4o) is cstablished by showing that | I, | can be made arbitrarily
small, independently of pand ¢, by taking « sufficiently small, and by
showing that I is continuous at (p, g,) for any fixed «. If, for instance

Ppo< -% and qgq, < -52‘- the integrands in I; are continuous in all
variables, and so, therefore, is I;.
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As to I, if we subject « to the first restriction that it shall be less
than one third the distance 9 = p, ¢y, then for 7 in ¢,

M 3M
- <=
n—2a= 1y

H

K(p) =Y, and K9] < -

by (30), o being the distance pr. Similar inequalities hold when 7 is in
a,. Accordingly, integrating over the projections of ¢, and o, on the
tangent planes at p and g respectively, we have, if ¢’ is the projection
of 0 27 a

3M M , 6212
|1, ng —);—o-é—,—sccyg do'dd < f)/—- 27 maxsecy-o,
0

which shows that | I, | has the stated property. Thus K, (p, ¢) is con-
tinuous at (p,, g,), these points being distinct.

We next seek a bound for K, (p, g) when p and g are close together.
We think of ¢ as fixed, and describe a sphere about g of radius @. Let o

be the portion it cuts from S. With pg=9n= < , the integral
11=f1\ )V K(r,q)dr

S—a

4 M2
has an integrand less in absolute value than —3-, and the integral is

uniformly bounded. And

fK (r,q)dr! S_M"ff —-secydS’,

where ¢ and g’ are the projections on the
tangent planc at ¢ of the distances rg and

pr, respectively, and the integration is over
- the projection ¢’ of 0. Thus
£ 2 ,
1, < M J’ f as’

where M’ = M2 max sec v is a constant, inde-
pendent of the positions of p, g, or 7, and C is
Fig. 28. a circle of radius @ about ¢ (fig. 28). Let %’ be

the projection of pg. We suppose it less than —;—. We now divide the

field C of integration into two parts, namely, a circle ¢ of radius 27
about ¢, and the remaining annular region C — c.

' As to ffd_y
g QI tl
c

it is obviously unchanged by a transformation which changes all dis-
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tances in a fixed ratio, and hence, being convergent, it is equal to a fixed
constant A4’.

As to fj’ds'
Qe/’
C—c¢

since for7in C —c¢, p =21/, o' = o — 1/, and hence ¢’ = 2 , this integral

is not greater than
2 a

"dod® a
2J‘j—9 ——47!]0g2*"—,.
029’

Hence, assembling the inequalities, we see that for 3/ < 5
|Ki(p.q)| < 4+ Blogss,

where A and B are two constants, uniform over all of S. Since 7 = pg
is less than %, 1’ will be also. And as %’ =7 cosy, p being the
greatest angle between the normals to ¢ at ¢ and at any other point,
log (é%‘,/) =< log (‘f ;c); 7) . Therefore, adopting now the usual notation »

for the distance # = pg, we have, for » S-é—,

|Ki(p,0)| < A4+ Blog (“5-1).

The constants may be selected so as to be independent of the positions of

pand g, aslongass < . Then, since | K, (p, )| is continuous, and there-

fore bounded for rg?, we may select M, and increase B, if necessary,
so that the incquality

(32) |Ky(p.q)| < Blog™

holds uniformly on S.

This, with the continuity for p and ¢ distinct, is the information we
need about K, (p, q).

Coming now to K, (p, g), the reasoning, used to show K, (p, ¢g) con-
tinuous when p and ¢ are distinct, holds for K, (p, g), since the inequality
(32) is stronger than (30). Hence it remains only to establish the con-
tinuity when p and ¢ coincide, say at p,. Let ¢ denote the portion of

S within a sphere of radius & < % about p,, and let $ and g be restricted
to the interior of a concentric sphere of half the radius. Then

L=[KNK(r,qdr
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is continuous in p and ¢. As to the integral over ¢, we have

27 a
|1, ] = U‘Kl(P:")K(",Q) dr §2ff310g%-%1secygdgdﬁ
4 00

= 4:zBMsec97(1 +log%>a

for first,
M

M M M
-—l g—< log g +0—,log§7,
o and p’ being the projections of pr and 7g¢, respectively, on the tangent
plane at p,, the left-hand member being dominated by the first term
on the right, where ¢ = ¢’, and by the second where o’ =< p. Secondly,
the integral of one of these terms over a circle of fixed radius is
greatest when the distance involved is measured from the center of
that circle (sce the proof of Lemma III, on page 148).

Thus | I, | vanishes with o, uniformly as to p and ¢, and the con-
tinuity of K, (p, ¢) at all points is established.

It will be of service later to notice that the same considerations
would have applied had the kernel been replaced by its absolute value,
with the understanding that K (p, ¢) and K, (p, g) would then have
meant the iterated kernels for the kernel | K (9, ¢) |.

Lemma II1. The order of integrations in ttevated integrals over inte-
grands containing K (p, q) as a factor may be inverted in the cases which
arise in the theory of integral cquations of this chapter.

Let us consider, for instance, the iterated integral

Ky(p.q) = J[JK(p.nK(r,5)dr]K (s, q)ds,

taking first  and ¢ distinct. It is not a question of decomposing the
integral with respect to 7, or the integral with respect to s, cach in re-
ality a double integral over the surface S; the problem is to show that
the above integral, which is expressed as a double integral with respcct
to s of a double integral with respect to #, can be evaluated in the re-
verse order.

Now the codrdinates &, 7,, {3, of s, and the coérdinates &,, 7,, £,
of r, may together be regarded as the coordinates of a point P in space
of six dimensions, and if s and » be confined to S, the corresponding
point P will be confined to a certain four dimensional locus, which we
shall denote by V. The product K (p, 7) K (r, s) K (s, g) becomes in-
finite at certain points of V, but if these points be cut out by the sub-
traction of a suitable region v, the product will be continuous in ¥ — v.
The integral over this region of the product may be defined as the limit
of a sum, that is; as a multiple (quadruple) integral, which we shall denote
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by S (V —v). We shall show first that this multiple integral has a
limit, as the content of v approaches 0, that is, that the improper multiple
integral S (V) is convergent. We shall then show that the above iterated
integral for K, (p, ¢), which we denote by I (V), is equal to S (V). As the
same reasoning will apply to the iterated integral in the reverse order,
it will follow that the iterated integrals in the two orders are equal.

We cut out the singularities of the integrand by the following ine-
qualities:

(33) sP=a, sq=a, PP=o, =,

where 5, etc. denote the ordinary distances in space of three dimensions
between the points s and p, etc. on S, and where 0 <« << a,0 <o’ <a.
Here a is such that the part of S in the sphere of radius a about any
point of S is a regular surface element. ILet IV — v denote the portion
of V' in which these inequalities are all satisfied. Then v denotes the
portion in which at least one is not satisfied.

If o, and o, denote the portions of S in spheres of radius « about p
and ¢, respectively, and o} and of the portions in spheres of radius o’
about p and s, respectively, the iterated integral

IV—v= [ [fK ) K (r,s)dr|K (s, q)ds

S—op—oag S—o —l)

is equal to the multiple integral
SV —uv) = Vf p,r)K(r,s)K(s,q)dV,

for the regions of integration covered are the same, by (33), and the
integrand is continuous!.

Furthermore, if we distinguish by bars the corresponding integrals
obtained from the above by replacing the integrand by its absolute
valuc, we have likewise

I(V—v)=S¥V —v).

Now I (V) exists, as follows from a remark made in connection with
the proof of Lemma II. Moreover, I (V — v) < I(V), since the inte-
grand is never negative. Hence S (V — v) is bounded, and as it never
decreases as o and o’ decrease, it is a simple matter to show that it has
a limit as « and &’ approach 0. It follows (see Lemma II, Chapter VI,
page 147) that S (V) is convergent. Thus the first step is complete.

1 Sec, for instance, OsGoop, Advanced Calculus, New York, 1925, p. 50.
Kellogg, Potential Theory. 20
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From the convergence of S (V) and the equality of S(V — v) with
I(V — v), it follows that o and &’ may be given such initial restrictions
that

(34) (V-9 =SV <5,

¢ being any fixed positive quantity. Then we may further restrict «,
if necessary, so that

) 1)~ [Kap 9K, gas| <5

S—op—0yg

for the first term on the left is the limit of the second as « approaches 0.
Next, with o fixed so that these inequalities are in force, we further
restrict o', if necessary, so that

l fo
Ky s) ——fK(p,r) K@, s)dr | <y

— ot —o
S af, =0y

where M is the constant of the inequality (30), and S the area of the
surface S. If the functions on the left are multiplied by K (s, g), which

. . M .
in § — 0, — 0, is not greater in absolute valuc than —, and integrated

with respect to s over this region, the result is

(36) UKl(p,s)K(s,q)ds——I(V——v) <5-

S—op—oq

We conclude from (34), (35) and (36) that
IT(V)y=S(V)| <e.

But the difference on the left is independent of ¢, and as ¢ is any positive
constant, the difference must be 0. This completes the second step in
the reasoning.

Thus the iterated integrals in the two orders are equal when p and ¢
are distinct. But we have seen in connection with the previous lemma
that one of them is continuous in p and ¢ for all positions of these points,
and the same reasoning applies also to the other. It follows that they
are equal when p and ¢ coincide.

It is now clear that the other iterated integrals which occur in the
theory of integral equations as presented are independent of order,
~for they are over products containing K (p, g) or iterated kernels, or
continuous functions, and these only. In any case, the factors will be
dominated by the inequality for | K (p, ¢) |, so that the proof still will
be valid. From this, in particular, follows the extension of Lemma I:
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Lemma I holds also if in the integrals there considered, any iterated
kernel K, (p, q) be substituted for K (p, q). This is seen by carrying out
the integration with respect to the variable entering ¢ (p) or v (p)
under the integral sign first, applying Lemma I, and repeating the
process until all integrations have been carried out.

10. The Integral Equation with Discontinuous Kernel.

We shall now show that the results obtained with respect to the
solutions of the integral equations (I), (I’), (II) and (II), § 8 (p. 298),
continue to hold for the kernel just studied. It is true that the Fredholm
series for 6 (1) and N (p, ¢; 4) no longer exist in the same form, since
they involve the now meaningless symbol K (p, ). However, the resolv-
ent function still exists. Let us consider the series (7) for the resolvent,
first as to the character of the terms. We see that after the second they
are all continuous functions of p and q. How about convergence? We
saw that K, (p, q) was continuous. Let K3 denote the maximum of
| K, (p, 9) | and S the arca of the surface S. Then

(K (p,q)| = | [ Ko (p,7) Ky (r,q)dr | < SKS, |Kq(p,q)| < S°K°, ...

Thus the series consisting of cvery third term of (7), is dominated by the

series 1 ‘ ,
IAISH ABK3S 4+ |A[BK8S2 4 [A°KOS3 + -..],

. 1 . o s

which converges for 4] < &]75 K By Lemma I, the series consisting of the
DI
4 7% 10 .. terms of (7) is dominated by the series whose terms
are ]2 f C times those of the above, and the series consisting of the
remaining terms of (7) is dominated by the series whose terms are
| A ]% C? times those of the above. Thus the series for the resolvent con-
verges absolutely and uniformly for [A] < 4,, if 4, < 4 L . The resolvent
SK

s equal to K (p, q) + A K, (p, q) plus a power series in A with continuous
coefficients, uniformly convergent for |A | < A,. It satisfies the characteris-
tic equations (8) and (9) for |4 | < 4,.

TFurthermore, the resolvent can be expressed as the quotient of two
always convergent series in A. Consider the resolvent for the continuous
kernel K, (p,9):

Ry(p,q; ) =Ky (p,9) + AK5(P,9) + 22K (p,q) + -+ .

We see that the function A2R, (p, ¢; A3) gives exactly the series of the
34, 6™, 9t .. terms of (7). The series of the next following terms
of (7) is therefore given by

ARy (p,7; K (r,q)dr,
20*
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and the series of the next following terms, by
B[Ry (p,7; BV Ky (r,q) dr.
Hence we have the identity, valid for |1 | < 4,,

R(p,q; ) =K(p,q) +AK,(p,q) + 2R, (P, q; A3)
+ B[Ry (p,7; B)[K(r,q) + 1K, (r,q)]dr.

Now the resolvent R, (p, ¢;4) corresponding to the continuous
kernel K, (p, q) is the quotient of two always convergent power series,
Nv’(()/’i—%-l) , the coefficients of N, (p, ¢; 4) being continuous. Hence

2

WK (p,q) + AK, (b, ) n(A) + M(p,q: A
R(p,q:3) = (P, q) + ] }I(P’]r&)n(_)g #.g:2)
where

M (p,q; 2) = 2N, (p, q; 2 + 23 [N, (p,7; ) [K (r,q) + A K, (r, q)] d7,
n(A) = 6, (4.

Thus the resolvent for K (p, ¢) is a quotient of two always convergent
power series, as stated. Moreover, if R (p, ¢; A) is expressed in the form

M(p,q; 2
R(p,q; 0 = K(p,q) + 1K, (p,q) + .__(’i,_’_(_}%_ )

we see that the residues A (p, q) at the poles are continuous functions, and
that the functions B(p, q;A,) are linear combinations of K (p,q) and
K, (p, q) plus continuous functions of p and q.

We are not able to conclude that all the roots of # (4) are poles of
R (p, ¢; A), but this is not important for our purposes. The important
thing for us is whether a given value of 4 is a pole of R (p, g;4). It is for
this reason that we defined the characteristics of a kernel as the poles
of its resolvent. This definition is independent of the particular quotient
form given to R (p, ¢; 4).

The above resolvent satisfies the equations (8) and (9) and when these
equations are multipled by # (4), they become identitics known to be
valid for small |1|, but since they are identities between always con-
vergent serics, they are valid for all 4.

If A = 4y is not a characteristic of K (p, g), whether % (4) is 0 or not, the
numerator and denominator are developable in always convergent
series in A — Ay, and if a power of 4 — 4, is a factor of the denominator,
it is always a factor of the numerator, since 4, is not a pole of the resol-
vent. If this factor is removed, and the resolvent defined at 4, by the
value of the resulting quotient, it will be continuous in all its variables
for A near 4y, (except for the two terms in K (p, ¢) and K (p, ¢)), and
since it satisfies the equations (8) and (9) can be used, just as in the
case of continuous kernels, to solve the non-homogeneous equations (I)
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and (I'). If f(p) is continuous, we see by the form of the solutions in
§ 8, by means of Lemma I of the last section, that these solutions are
continuous. In the present case, the homogeneous equations (II) and
(IT") have no non-trivial solutions.

If 2 = 4, is a pole of the resolvent, we have a continuous residue, and
all the theory for this case goes through, just as in § 7. Thus the state-
ments of the summary in § 8 hold unaltered if we substitute for the hypothesis
that K (p, q) be continuous, the hypothesis that it be the kernel of the potential
theory problem. Furthermore, the solutions of the homogeneous equations
all satisfy uniform Holder conditions on S. This follows from Lemma I.

11. The Characteristic Numbers of the Special Kernel.
Reverting to § 2, we found there that the potentials

wip) =g [o0 1 Lag, viey =1 [p@ Lag

satisfies the following boundary conditions

(37) —W_o=g¢@) ~[o@K(.q)dg,
(38) TWo=g( + ftp g)dyg,
) -
(39) "'t;n =y®) 1 [v() qu;bdq,
72
(40) — —[v@ K. p)dqg.
+
. . a I A) (-4
If we multiply (37) by ~-,-= and (38) by ;" and add, we have
l — 2 1+ 4
(41) s W= L Wo=g) — Ao @) K (p.9)dg,
and treating (39) and (40) similarly, we have
1— A adV 1+ l )V
(42) 2 T e e = v —1[y@

The characteristics of K (p, q) are real. For if A = o + ¢f is a char-
acteristic (« and f§ real), there will be a function vy, (p) + 2y, (p) for
which the right hand member of (42) vanishes identically. This function
is not identically 0, and satisfies a uniform Holder condition, by Lemma I,
§ 9, so that the corresponding potential V, (P) + ¢V, (P) has continuous
derivatives of the first order in the region R, and alsoin the region R'.
Thus, separating real and imaginary parts in the left hand member of
(42), we have
@) (-5 — (@5l =0,

(44) (1—«)‘”” (1+ )"V“ 9%, ,3(,”+ 0.
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If we multiply these equations respectively by V, and V,, subtract, and
integrate over S, the terms in « drop out, by Theorem VI (page 216).
There remains

(45) B(L+ L) —B(L+ 1) =0,

where J denotes a Dirichlet integral (see page 279), formed for V; or V,,
and extended over the region R or R’. If we multiply the equations (43)
and (44) by V, and V, respectively, add and integrate, we find

(46) (I—o) (h+ F)+ 1+« (J; + J3) =0.

We have, in (45) and (46), what may be regarded as two equations for
the two sums of Dirichlet integrals in the parentheses. The determinant
of the coefficients is 2 . Therefore either 8 = 0 or all four of the Dirichlet
integrals vanish, for none of them is susceptible of negative values.
The latter condition would mean that V; and V, were constant in R
and constant in R’. But since these functions are regular at infinity,
and continuous at the points of S, they would have to vanish identically.
Then y, (p) = y, (p) = 0. But this is contrary to the hypothesis that
the solution is non-trivial. There is nothing left but that 8 shall be 0,
and this means that the characteristic is real, as was to be proved.

We may draw another conclusion from the equation (46). Suppose
now that #is 0, that « is a real characteristic, and that y, (p) is a real
non-trivial solution of the equation (42) with left hand member set equal
to 0. We have then only to set V, and therefore J, and J,’ equal to O
in (46) in order to obtain the valid equation

(I—o) i+ (L4 0a)J;=0.
Solving this equation for «, we find
_htJi
Ji—J
from which it appears that the characteristics are never less than 1 in
absolute value.
The Characteristics are Poles of the Resolvent of Order Never Greater
than 1. For, if 2, were a pole of order greater than 1, the equations (28)

would have a solution in which neither y, (p) nor y, (p) vanished identi-
cally. The corresponding potentials would satisfy the boundary conditions

¢ ——w—”ﬂ— (1+zo)§,~f1=o,
M—A) 52— (L +a)f =0+ 00,

the latter being derived by means of (42), (39) and (40). If these equa-
tions be multiplied by — V, and V,, respectively, added, and integrated
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over S, the result is

]1‘"];=0,

whereas if the first be multiplied by V; and integrated over S, the
result is

(1 —2) i+ (1+4)J;=0.

These equations are compatible only if J; = J{ = 0. From this would
follow ¥; = 0 and hence g, (p) = 0. But this contradicts the assump-
tion that the pole was of higher order. Hence the poles are simple, as
we wished to show.

12. Solution of the Boundary Value Problems.

We shall now somewhat extend the scope of the problems to be dis-
cussed. In order to include the problem of the existence of static charges
on a number of different conductors in the field at once, we suppose
that R is not necessarily a single region, but % closed regions without
common points, bounded by % smooth surfaces of the kind we have
been considering, and that R’ is the region exterior to these k surfaces,
together with the surfaces themselves. This assumption impairs none
of the results derived in the foregoing sections.

Suppose now that A =1 were a characteristic of K (p, g). There
would then be a function g (p), continuous, and not identically 0, for
which the right hand member of (40) vanished identically. This so-
lution of the homogeneous equation satisfies a uniform Hélder con-
dition on S, by Lemma I, p. 300. The corresponding potential ¥V would
then be continuously differentiable in R and R’, by Theorem VII,
Chapter VI (p. 165). But by (40), its normal derivatives on S, regarded
as the boundary of R’, would vanish everywhere. Hence ¥ would
vanish throughout R’. But the potential of a simple distribution is
continuous everywhere. Hence V would vanish on the boundary of R,
and thereforc throughout R. This could only be if the function y (p)
were identically 0. This is contrary to the assumption, and so A = 1 is
not a characteristic.

It follows that the equations (37) and (40) have continuous solutions

for any continuous values of the left-hand members, and we therefore
have the results

I. The Dirichlet problem is solvable for the finite regions R for any
continuous boundary values.

II. The Neumann problem is solvable for the infinite region R’ for
any continuous values of the normal derivative on the boundary.

The solutions are given as the potentials of double and simple distri-
butions on the boundary, respectively.



312 Fundamental Existence Theorems.

We now show that 4 = — 1 is a characteristic of the kernel. Suppose,
in fact, that W denotes the double distribution whose moment on the
surface S, is 1, and on the remaining surfaces, is 0. Thenin R, W =0,
for the potential of a double distribution with constant moment on a
closed regular surface is always 0 in the infinite region bounded by that
surface. Thus the homogeneous cquation, (38) with left-hand member
set equal to 0, has a non-trivial solution. So A = — 1 must be a charac-
teristic.

We can casily set up a complete set of independent solutions of this
homogencous equation. Let ¢, (p) == 1 on S, and vanish on the other
surfaces. Then any solution of the homogeneous equation is a linear
homogeneous combination of ¢, (p), @s (), ... ¢, (p) with constant
coefficients. In fact, let ¢ (p) be any solution. Since the corresponding
potential W is 0 on the boundary of R’, it is 0 throughout R’, and so has
vanishing normal derivatives in R’. Hence, by Theorem X, page 170,
the normal derivatives of W approach 0 along the normals. This implics
that the normal derivatives on S, exist, as one sided limits, and arc 0,
as may be seen by the law of the mean. Keeping in mind the character
of the surfaces S, (page 286), we sce that the hypotheses of Exercise 9,
page 244, are in force, and that W must be constant in cach region R;.
Hence its moment must be constant on each surface S,, and conscquent-
ly can be represented as a linear homogencous combination of the
@, (p) with constant coefficients, as asserted.

It follows that the associated homogcneous integral equation, (39)
with left-hand member set equal to 0, has also exactly % lincarly inde-
pendent solutions w, (p), +=1,2,...k. Since the potentials V, to
which these functions give rise have normal derivatives which vanish
on the boundary of R, they must be constant in each region R, of which
R is composed. These potentials are linearly independent, for a rela-
tion

aVi+aVe+ - +6V,=0

would give rise, by means of the relationship between densities and
normal derivatives of simple distributions, to the same relation with
the potentials replaced by the v, (), and such a relation does not exist
unless all the constants are 0, the y, (p) being independent.

Since the potentials V, are lincarly independent, any set of lincar
homogeneous combinations of them which are independent, will be
an equivalent set. Since the ¥V, are constant on each surface S,, and
linearly independent, it is possible to form the equivalent set V', such
that ¥/ is 1 on S;, and 0 on all the remaining surfaces bounding R; this
for =1, 2,...%. These potentials are a solution of the problem:
given k conductors in a homogeneous medium, to find the potential when



Solution of the Boundary Value Problems, 313

all but one of the conductors are grounded, and that one is at the constant
potential 1.

Suppose now that the conductors are not grounded, and that charges
€, €, . ..¢ are imparted to them. Let us see whether we can find the
potential of these charges, when in equilibrium on the conductors, in
the form V= Yc¢;V,. The density of the distribution producing V

]
will be given by v (p) = N¢; 9;(p). The problem is to determine

whether the ¢; can be selec]ted so that the charge on S, is the given
e,, for all 7. Since ¢, () =1 on S,, and is 0 on the remaining
surfaces, we may obtain the charge on S, by multiplying the equation
p(p) = Nec;p;(p) by @, (p) and integrating over all the surfaces. The

]
cquations to be fulfilled are
Ne, [oi(p) w, () dp =e,, i=1,2,.. .k
)

These equations are compatible. For otherwise the equations obtained
by replacing the right hand members by 0 would have a solution
€1, €, . - . ¢ in which all the ¢, were not 0, and this would mean that
there was a linear combination of the y, (), namely Z'c;y, (p), which
was orthogonal to all the functions ¢, (). But this is impossible, since
the g, () and the y, (p) are cquivalent to sets which together form a
normalized biorthogonal set (see the end of p.298). Hence we have the
proof of the possibility of the clectrostatic problems:

II1. Given either the constant values of the potential on the conductors
Ry, R,, ... Ry, or, given the total charge on each of them, it is possible to
determine the densities of charges tn equilibvium on the conductors, pro-
ducing, in the first case, a potential with the given constant values on the
conductors, or having, in the second case, the given total charges on the
conductors.

We may now censider the non-homogencous equations (38) and (39).
A necessary and sufficient condition that (38) be solvable is that the
values assigned to W, constitute a function which shall be orthogonal
to , (), o (P), - . .y (p). We shall now suppose that these functions
are chosen so as to form with the ¢, () a normalized biorthogonal set.
Then the function

W () = Se s (8), 5= Sw. )y (p)dp

is certainly orthogonal to all the y, (p). With W replaced by this value,
the equation (38) is solvable, and there exists a double distribution on
S whose potential in R’ assumes the boundary values W, (¢) — ¢, ¢, () .

i
But the function J¢;@,(p), being constant on each surface S,, can
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be represented as the boundary values of a conductor potential. We
therefore have the result

IV. The Dirichlet problem is solvable for the infinite region R’ for any
continuous boundary values. The solution may be expressible as the
potential of a double distribution, or it may not. If not, it is expressible
as the sum of the potential of a double distribution and a conductor
potential.

Passing to the equation (39), we see at once that a necessary and
sufficient condition that it be solvable for given continuous boundary
values of the normal derivative of V is that these values be orthogonal
to a set of independent functions constant on each surface S,, that is

that
ffl’.‘idszo, i=1,2,...k.
S

.

These are not conditions on the mode of representation of a solution,
but are essential restrictions on any function harmonic in the regions
R,. As the regions R, are not connected, there is no difference in content
in the statement that the Neumann problem is solvable for a single
one of them, or for all together. We therefore state the result

V. The Neumann problem is solvable for a single one of the bounded
regions R, under the essential condition that the integral over the bounding
surface of the values assigned to the normal derivative vanishes.

Finally, let us consider the problem of heat conduction, or the
third boundary value problem of potential theory. It is required to find
a function V, harmonic in R, such that on S

ar

G TR@OV-=1(),

on_

where % (p) and f(p) satisfy a uniform Hélder condition on S (now
assumed to be a single surface), and where % (p) = 0, the incquality
sign holding at some point of S. If we seek to represent ¥ as the po-
tential of a simple distribution on S, — that is as the stationary tempera-
tures due to a distribution of heat sources on § —, we are led to the

integral equation

1) =v@®) +[v@[K@.p) +") dg, =57

This equation is always solvable unless the homogencous equation ob-
tained by replacing f(p) by 0 has a solution not identically 0. But
§ 1 of Chapter VIII (p. 214) in the proof of Theorem V, shows that the
potential of the corresponding distribution would vanish in R and conse-
quently in the infinite region R’ bounded by S. This cannot be unless
the density is everywhere 0. So the homogeneous equation has no non-
trivial solutions.
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The non-homogeneous equation therefore has a continuous solution
¥ (p) . Referring to that equation, we note that the integral

Jv@ K(p,q)dg

satisfies a uniform Hélder condition on S, and so does the term
7 1
") L ag,

since first, -~ satisfies all the requirements imposed on K (p, ¢) in the

proof of Lemma I, § 9, and secondly, the product of two functions
satisfying a uniform Hélder condition also satisfies one. Finally, by
hypothesis, f(p) satisfies one, and therefore u(p) must. Hence the
potential ¥ has continuous derivatives in R, and satisfies the boundary
conditions. Thus is proved the possibility of the problem

VI. Given the functions [ (p), h(p), satisfying the above conditions,
there exists a function V, harmonic in R, and satisfying on the boundary
of R the condition

13. Further Consideration of the Dirichlet Problem;
Superharmonic and Subharmonic Functions.

The possibility of the Dirichlet problem has now been established
for any region, finite or infinite, with a finite boundary S with the re-
quired smoothness. This is sufficient for many purposes, but the
theory of functions of a complex variable demands a broader existence
theorem in two dimensions, and recent developments are sufficiently
interesting to warrant some attention to them. We shall see that there
are limitations on the problem in the nature of some domains, and we
shall find methods for constructing the solution whenever it exists.

The notion of superharmonic and subharmonic functions will be
useful. We shall confine ourselves to continuous functions of these
types, although they may be more broadly defined. The function W,
continuous in a region R is said to be superharmonic in R, if, for any
closed region R’ in R, and any function U harmonic in R/,

wWz=U

throughout R’ whenever this inequality obtains at all boundary points
of R’. A subharmonic function is similarly defined, with the inequality
reversed. Harmonic functions belong to both classes; they are the only
functions which do. We now develop those properties of superharmonic
functions which we shall need.
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1. If W is superharmonic in R, it is, at the center of any sphere in R,
greater than ov equal to its arithmetic mean on the surface of the sphere.
It is understood here, and in what follows, that the sphere together
with its whole interior, lies in R.

Given a point P of R, and a sphere in R with P as center, let us de-
note by AW (P) the arithmetic mean of the values of W on the surface
of the sphere, as formulated in Chapter VIII (p. 224). We have to show
that always W (P) = AW (P).

Let U be that function, harmonic in the sphere, which, on the sur-
face of the sphere, coincides with W. Then, by the definition of super-
harmonic functions, by Gauss’ theorem, and by the construction of U,
we have the successive inequalities

W(P)=U(P), U(P)=AU(P), AU(P)=AW(P),

from which follows the desired inequality, holding for any P and sphere
about P in R.

The second property is a converse of the first.

2. 1] W is continuous in R, and if to cvery point P within R there
corvesponds a number o > 0, such that W (P) = AW (P) for all spheres
about P of radius less than o., then W is superharmonic in R.

Let R’ be any closed region in R, and Iet U be any function, harmonic
in R’, and such that W = U on the boundary of R’. Since U (P) = AU(P)
m R’, for spheres in R’, it follows that

W(P) —U(P) = AW(P) — U(P)]

for spheres in R’ of radius less than the value of o corresponding to P.
This difference is continuous in R’, and the reasoning of the proof of Theo-
rem X, p. 223, is applicable to show that it can have no minimum in
the interior of R’. As it is not negative on the boundary, it cannot be
negative in the interior. Hence, by the definition, W is superharmonic.

3. If Wis superharmonic in R and if its devivatives of the second order
exist and ave continuous in the interior of R, then V2W < 0 in the interior
of R. Thus such a function W is the potential of a volume distribution
in R with non-negative density, plus possible harmonic functions. Con-
versely, if W has continuous derivatives of the second ovder in the interior
of R, is continuous in R, and if VW < 0, W is superharmonic in R.

Exercise.
1. Prove these statements, first deriving from Green’s first identity the relation

| (o[ rrwav do= awim—win,
0 e

as a basis for the proof, X, being the sphere about P of radius g, and a the radius
of the sphere used for averaging.
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4. Let W be continuous and superharmonic in a region R. Let R’
be a closed region in R, and U a function, harmonic in R’, and coinciding
with W on the boundary of R'. Then the function W, defined as equal
to U in R’ and equal to W in the rest of R, is superharmonic in R.

We show this by means of the property 2. If P is interior to R’,
W, (P) = AW, (P) for all spheres about P of radius less than the
distance from P to the nearest boundary point of R’. If P is in R but
not in R’, W, (P) = AW, (P) for small enough spheres about P. If
P is on the boundary of R', W, (P) =W (P) = AW (P) = AW, (P),
since W = W, wherever the two differ. Thus the sufficient condition
of property 2 is fulfilled.

Exercise.
2. Establish the property: 5. If Wy, Wy, W, ... W, are continuous and super-

harmonic in R, the function W, defined at each point P of R as the least of the values
assumed at that point by the W,, 1s superharmonic in R.

14. Approximation to a Given Domain by the Domains
of a Nested Sequence.

A sequence Ty, T,, T3, ... will be said to be nested, if for each #,
T, and its boundary is in T, ;. The domains will be said to approximate
to T if they are in 7, and if any given point of T lics in T, for large
enough #.

We proceed to show how such a sequence can be constructed for
any given bounded domain 7. We begin by forming approximating
closed regions, R,, R,, Ry, . . . . When these are stripped of their bounda-
ries, they will yield the required domains.

Let Py be a point of T. Let C be a cube with P, as center, in T. We
construct a lattice of cubes, of side @, equal to one third the side of C,
so placed that the faces of C lic in the planes of the lattice. We assign
to R, the cube of this lattice in which P, lies, and also every other cube
of the lattice with the properties

(@) ¢ and all the 26 adjacent cubes of the lattice are in T,

(b) ¢ is one of a succession of cubes, cach having a face in common
with the next, and the cube containing P, being one of the succession.

Then R, will be a closed region, in the sense of the definition, p. 93.
To form R,, we form a second lattice by adding the parallel planes bi-
secting the edges of the cubes of the first. R, shall consist of the cubes
of the second lattice with the properties (@) and (b) with respect to that
lattice. It should be observed that R; is entirely nterior to R,. For
if ¢ is a cube of Ry, it is entirely surrounded by cubes of the first lattice
in T. It is therefore entirely surrounded by cubes of the second lattice
which, in turn are also surrounded by cubes of the second lattice in T,
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so that they possess the qualification (¢) for membership in R,. Evi-
dently they possess the qualification (b). Thus ¢ is interior to R,. By
continued subdivision of the lattice we construct similarly Ry, R,, . .., R,

being made of the cubes of side :zna_l of the n'? lattice with properties

(a) and (b) for that lattice. Each region is interior to the next.

We now show that they approximate 7. Obviously, they are in T.
Let P be any point of . Then P can be joined to P, by a polygonal line
y in T. Let 3d denote the least distance of a point of y from the bound-
ary of T. If then # is chosen so that the diagonal of the #™ lattice
is less than d, P will lie in R,,. To sce this, we substitute two sides for
one, where necessary, changing y to a new polygonal line §’, joining P
to P,, which nowhere meets an edge of the lattice, except possibly at P.
This can be done so that ' remains within a distance 4 of 9, and hence
so that 9’ remains at a distance greater than 24 from the boundary of
T. It follows that all the cubes containing points of " have property (a).
But since y’ passes from one cube to the next through a face, these
cubes have also property (b), and so belong to R,. As P is in one of them,
it is in R,, as stated.

As P is interior to R, .., it follows that the set of nested domains,
T,, T,, T, . . . consisting of the interiors of the regions Ry, R,, R, . . .,
also approximate to T. We note also that if R is any closed region in T,
R also lies in some T,,. For every point of R is in one of the domains
T,, and hence, by the Heine-Borel theorem, R lics in a finite number
of these domains. Obviously then, it lies in that one of them with the
greatest index.

We now make several applications of the above construction. In
the first place, we had need, in Chapter VIII, to know that if R’ was
interior to R, we could interpolate any desired number of regions be-
tween the two, each interior to the next. To do this, we need only con-
struct a nested sequence approximating to the interior of R. One of
them will contain R’, and between this and R there will be as many
regions as we care to select from the sequence.

As a second application, let us consider the possibility of construct-
ing the set of spheres needed in Poincaré’s méthode de balayage. About
the centers of the cubes of R;, we construct spheres with diameters
one per cent greater than the diameters of the cubes. These spheres
are well within T, and each point of R, is interior to at least one of them.
Call them S;, S,,...S,,. About the cubes of R, which are not in R,
we construct in the same way the spheres S, .y, S, .s,...S,,, and
sojon. We obtain an infinite sequence of spheres, all in T, and such that
every point of T is interior to at least one of the sequence.

We next remark that 4¢ is possible to construct a sequence of nested
domains Ay, Ay, As, . . ., whose boundaries are analytic surfaces without
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singular points, and which approximate to T. We form A, from R, as
follows. We form an integral analogous to the potential of a spread of
density 1 on the polyhedral boundary S, of R,:

Fey=[[47,
Sn

where 7 is the distance from P to the point of integration. The use of
the minus second power of 7 has as consequence that F (P) becomes
positively infinite as P approaches any point of S,,. It is easy to show
by the methods used for Newtonian potentials, that F (P) is analytic
everywhere except on S,. Since R, _, is interior to R,, F (P) has a
maximum M in R,_,, and so for any constant K > M, the set of points
for which F (P) < K contains R, _;. This is an open set, and so it is
made up of two (since it also contains points outside of S,) or more
domains. Let 4 denote the one containing R,,_;.

Now A is bounded by the analytic surface F (P) = K, and the rea-
soning used to prove Theorem XIV, p. 276 is applicable here. It shows
us that in any neighborhood of K, there is a number K’ such that the
surface F (P) = K’ is free from singularities. If we choose K’ > K, the
domain 4 becomes the required member 4, of the sequence. It lies
strictly between R, _, and R,,, and has a non-singular analytic boundary.

As the Fredholm method establishes the possibility of the Dirichlet
problem for what we shall call the analytic domains Ay, A,, A;, ..., we
see that any bounded domain whatever can be approximated to by a se-
quence of nested domains for which the Dirvichlet problem is possible.

A fourth application is to the theorem of LEBESGUE on the extension
of the definition of a continuous function: If t is a closed bounded set,
and if f(p) is defined and continuous on t, there exists a function F (P),
defined and continuous throughout space, and coinciding on t with f(p).
We begin by showing that if ¢ is the boundary of a bounded domain T,
the extension of the definition of f(p) to the domain T is possible.

We form a system of cubes, consisting of the cubes of the first lattice
in R;, the cubes of the second lattice in R, which are not in R,, the cubes
of the third lattice in Ry but not in R,, and so on. We define F (P) first
at the vertices of these cubes. Let P be such a vertex, and ¢ the smallest
sphere about P containing points of £. The points of ¢ on the surface of
o form a closed set, and so the values of f (p) on this set have a minimum.
This minimum is the value assigned to F (P). Thus F (P) is defined at
all the vertices of the cubes, and, in the case of cubes adjacent only to
cubes of the same or larger size, only at the vertices. No cube will
be adjacent to a cube of side less than half its own, but there will be
cubes adjacent to cubes of side half their own. For such cubes F (P)
will have been defined at at least one mid-point of an edge or face.
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We now define F (P) at the remaining points of the cubes by linear
interpolation. Let C denote a cube for which F (P) has been defined
only at the vertices. Then there is one and only one function, linear
in x, ¥ and z separately (the axes being parallel to the sides of C)

F(P)=axyz+bvz+tcax+dxy+ex+fy+gz+h

which assumes the values already assigned to F (P) at the vertices of
C. We let F (P) have this definition in the closed cube. We note that
it assigns to the mid-point of any edge, the arithmetic mean of the
values at the ends of the edge; and to the mid-point of any face, the
arithmetic mean of the values at the four corners of the face. Supposc
now that C is one of the cubes for which F (P) has been defined, in
assigning values at the vertices, at a mid-point of an edge or face, as
well, in virtue of being adjacent to a cube of side half its own. We then
define IF (P) at the following points, provided it has not alreadv been defin-
ed at the point in question, namely, at the mid-point of a side, as the
arithmetic mean of the values at the ends of that side; at the mid-
point of a face, as the arithmetic mean of its values at the four corners
of the face; at the center, as the arithmetic mean of its values at the
eight vertices. Inecach of the eight equal cubes of which C is composed,
F (P) is then defined by linear interpolation, as above.

This manner of definition is consistent, for on a face which a cube
has in common with a cube of the samec size, or in common with
a quarter of the face of a cube of larger size, the interpolating func-
tions agree at four vertices, and therefore over the whole face. F (P), thus
defined, is accordingly continuous throughout 7. It remains to show
that if F(P) is defined on ¢ as cqual to f(p), it is continuous there also.
Let g be a point of ¢, and ¢ a sphere about ¢ within which f(p) differs
from f(g) by less than e. Then there is a second sphere ¢’ about ¢, such
that all cubes with points in ¢’ lie completely in a concentric sphere of
radius less than half that of 6. The vertices of these cubes will then be
nearer to points of ¢ in ¢ than outside of o, so that the values of F (P)
at the vertices will differ from f (¢) by less thane. As the values assigned
by linear intcrpolation are intermediate between the values at the
vertices, it follows that throughout ¢’, F (P) differs from f(g) by less
than ¢, and the continuity of I (P) is established.

Suppose now that ¢ is any bounded closed sct. The set E of points
not in £ is an open set. Let T denote any one of the domains of which
E is made up. If T is bounded, f(p) is defined and continuous on its
boundary, which is in ¢, and by the method just indicated, F (P) may
'be defined in T. If T is infinite, we consider the portion 7" of T in a
sphere, containing ¢ in its interior. We assign to F (P), on and outside
this sphere the arithmetic mean of the extremes of f (p), and then extend
the definition to 7" by the usual method. The continuity of F (P), thus
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defined for all of space, is then established in the same manner as in the
special case of a single domain with its boundary. We note that it lies
between the extremes of f(p), and is uniformly continuous in the whole
of space.

We close with a proof of a theorem we shall need, namely the theorem
of WEIERSTRASS on approximation by polynomials: If F (P) is continuous
in a closed bounded region R, and & any positive number, there exists a
polynomial G (P), such that throughout R,

|G(P) — F(P)| <e.

We give the proof in two dimensions. The method holds in any
number of dimensions, but the integrals employed are slightly simpler
to handle in two. Let f(x, v) be continuous in R. We regard its defini-
tion as extended to the whole of the plane so as to be uniformly con-
tinuous. Let M denote a bound for its absolute value.

Consider the integral extended to a circle of radius @ about the

origin 27 a
D (a) = %—ffc-elds = -}z-ffe"ﬂ"g dodg = (1 — ¢=").
Cq 00

By means of a change of variable, we verify that

h2 arer
"_-('- ¢ e dS = ¢(ha).
Cq

We now form the function

Feey) =2 [ merras, pow—grto-nr,

the integral being extended over the whole plane. This function re-
duces to 1 when f(x, ¥) is 1, so that we may write

ey — ) =2 (U, — 1w erras

as we scc by breaking the integral into the sum of an integral over the
surface of the circle of radius & about (¥, y) and one over the rest of
the plane, and employing the law of the mean. As f(x, ) is uniformly
continuous, we can, given any ¢ >0, so restrict a that the first term
ontheright is uniformly less in absolute value than -ﬁ;, since 0 <P (ha) < 1.
With a thus fixed, 4 can be taken so large that the second term is less in

absolute value than % Thus F (x, y) differs from f(x,y) throughout

the plane by less than % Hereafter s is kept fixed.

Kellogg, Potential Theory. 21
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We next take a circle C with R in its interior, and denote by & the
distance to the circumference from the nearest point of R. If C’ denotes
the region outside this circle, then, when (¥, y) isin R,

| 22 ff/ £,) e=FrdS f < M[1 — ®(hb)],
and this can bc made less than = by taking C, and with it b, large cnough.

(x,y ——--~fff (&,m) e ¥rds,

F,(x,») dlffcrs from F(x, v) in R by less than - 3y, and so from f(x, y)

Hence if

by less than

Finally, e"‘ ™ is equal, by Taylor’s theorem with remainder, to a
polynomi'il in 72, plus a function which can be made uniformly less than

“2 “u for (x,%) in R and (§,7) in C, where 4 is the area of C. Thus
the integral F, (x, y) becomes a polynomial G (x, y) plus a function uni-

formly less than - in R. Therefore in R
G,y —[x,9)]<e,

and the theorem is proved.

15. Construction of a Sequence Defining the Solution
of the Dirichlet Problem.

Let T be any bounded domain, and G (P) a superharmonic polyno-
mial. We proceed to form a sequence whose limit is the solution of the
corresponding Dirichlet problem, if the problem is possible for T. We
shall investigate the possibility later.

Let Ry, R;, R;, ... be a sequence of closed regions in the closed
region R consisting of T and its boundary ¢, with the two properties

(a) the Dirichlet problem is possible for each,
(b) any point of T is the center of a sphere which is in infinitely
many of the regions R;.

They need not all be distinct. For instance, R might consist of two
cllipsoids with some common interior points. Then R, might be one
Rt‘lipsoid and R, the second, Ry the first, R, the second, and so on. Or
the sequence might be a nested set of analytic regions approximating
to R. Or, it might be the system of spheres of Poincaré’s method.
In the first case the method we shall develop reduces, in large degree,
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to the “alternierendes Verfahren”’, of SCHWARz!; in the second to a
method devised by the author?; in the third, to the méthode de balayage.

We now form the sequence Wy, W, W,, W, .. .:
W,, identical in R with G (P);
W,, identical in R — R; with 17,
identical in R, with the function harmonic in R, with the same
values on the boundary of R, as W;

W,, identical in R — R, with W, _,,
identical in R, with the function harmonic in R, with the same
values on the boundary of R, as W, _;;

These functions are continuous superharmonic functions, by pro-
perty 4, p. 317. Furthermore, the sequence is a monotonc decreasing one,
by the definition of superharmonic functions. Finally, its terms are
never less than the minimum of G(P) in R. Hence the sequence con-
verges at every point of R.

Let P be any point of T. Then by hypothesis, there is a sphere o
about P which lies in infinitely many of the regions R,. If n;, 0y, 75, . . .
are the indices of these regions, 1V, , W, W,,,...arc harmonic in o.
Hence, by Harnack’s second convergence theorem (Theorem VIII, p. 263),
they converge uniformly, say in a concentric sphere of half the radius
of o, to a harmonic limit. But as the whole sequence is monotone, it
also converges uniformly in the same sphere to the same limit.

If R’ is any closed region in T, every point of R’ is interior to a
sphere within which the convergence is uniform. Hence, by the Heine-
Borel theorem, R’ lies in a finitc number of spheres in each of which the
convergence is uniform. The limit is harmonic in each. Thus we have
established

Theorem I. The sequence W, W,, W,, ... converges at every point
of R to a function U which is harmonic in the interior or R, the convergence
being uniform in any closed region interior fo R.

16. Extensions; Further Properties of U.

We first remove the restriction that the polynomial G (P) be super-
harmonic. The Laplacian V2 G(P) is a polynomial, and so is bounded

1 Gesammelte Mathematische Abhandlungen, Vol. 11, pp. 133—143. It should
be added, however that the method in this case is more general than the alter-
nierendes Verfahren, in that not only two, but any number—even an infinite
number—of regions may be employed.

2 Proceedings of the American Academy, Vol. LVIII (1923), pp. 5628—529.
The method was suggested by a construction of Green’s function, by HARNACK.

21*
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in absolute value in R, say by M. The Laplacian of the polynomial
? = x%+ y? + 2% is 6, so that if we write G(P) = G’ (P) — G"(P),
where

]kl”"l

¢(p=[c) - %L, P =[-%F]

6
V2G'(P) =<0 and V2G"(P) =<0, and G(P) is thus exhibited as the
difference of two superharmonic polynomials. The sequences defined
by writing first W, =G'(P) and then Wy, = G"(P) are subject to
Theorem I, and therefore so also is the sequence defined by taking
W, = G(P).

We next remove all restrictions on R, whose interior we denote by T'.
The case in which the boundary ¢ extends to infinity may be reduced
to the case of a bounded boundary by an inversion in a point of 7.
Then if T has an exterior point, it may be reduced by an inversion to
a bounded domain. But it need not have. Thus, the conductor problem
for a circular lamina leads to a Dirichlet problem for a domain without
exterior points. In such a case we cannot take for W, a polynomial.
We can, however, take a function whose boundary values are those
of any given polynomial, and which is the difference of two super-
harmonic functions; this is all that is essential to the method of
sequences.

Suppose then that T is an infinite domain, whose boundary is in-
terior to a sphere o, of radius R about O, and that G(P) is any poly-
nomial. We define H (P) as equal to G(P) in oy, as cqual to 0 outside
the sphere o, of radius 2R about O, while between the two we take

2\ 7
HP)=G(P)(4+—9% +68)(2— L5,
o being the distance OP. Then H (P) coincides with G (P) on ¢, has con-
tinuous derivatives of the second order satisfying a Holder condition
everywhere, and is 0 outside g,. The function

h(P)=— = [[[Ir2H(P) | av

has as Laplacian the absolute value of that of H (P), so that in
H(P)=[H(P)— h(P)] —[—h(P)]

we have a representation of H (P) as the difference of two superharmonic
functions. We remark that if F (P) is any function, continuous through-
out space, the function formed from F (P) just as was H (P) from
F (P), can be approximated to by functions of the type H (P) just as
closely as desired, uniformly throughout space.

We now generalize the boundary values to any continuous function
f (p). Weform a continuous extension f (P) of f (p) toall of space (possible,
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by the theorem of Lebesgue), and having described concentric spheres
g, and o, containing the boundary ¢ of T, modify f (P) as G (P) was
modified to form H (P). Let us call the resulting function F (P). Then,
given any ¢ > 0, we form a polynomial G (P) which differs from F (P)
in o, by less than —; (possible by the theorem of Weierstrass), Final-
ly, we form from G (P) the function H (P), everywhere the difference
of two superharmonic functions, using the same spheres and multiplying
function as in the formation of F (P) from f(P). We thenhave, through-

out space
' H(P)— y SF(P)SH(P)+ 5.

We now comparc the sequences W,=F (P), W,,W,,... and
W, = H(P), W), Wy, .... By considering differences, we see that

w, — ; SV W, + .;:, for all #,

Since, by Theorem I, W', W', W,’, . . . converges uniformly throughout
any closed region R’, in T, there will be an N such that for » = N,
m g N’ ' ’ 3

le - W"I <_3\'
and hence, by the preceding inequalities,

| W — W,,I < €.

As there is such an N for any positive ¢, this shows that the sequence
Wy, W), W), ... converges uniformly in R’. As the terms of the se-
quence are all equal on the boundary of R, we see that Theorem I holds
for any region with bounded boundary and any continuous boundary
values, extended as indicated above. Even the vestriction that the boundary
be bounded will be removed. Before taking up this question, however, we
cstablish

Theorem I1. The harmonic function U arrived at by the sequence meth-
od is independent, both of the particular choice of the regions Ry, Ry, Rs, ...
employed, and of the particular choice of the continuous extension of the
boundary values f(p).

First, let onc set of regions lead to the sequence Wy, W, W,, ...,
and a second set to W,, W, , W,',..., with limits U and U’, re-
spectively, the initial function being in both cases the same super-
harmonic function. As the sequences are monotone decreasing,

U<w, U=W,.

Since the terms of both sequences are superharmonic, with the same
boundary values, it follows from these inequalities that

U<LSW,, uswy,
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and hence, in the limit, we must have U’ = U. The extension to the
case in which W, is any continuous function follows immediately.

Secondly, let W, and W,’ denote any two continuous extensions of
the same boundary values, leading to the limits U and U’. Then the
function Wy — W, will lead to the limit U’ — U. As we have already
seen that the limits are independent of the regions R,, we may choose
for thesc a nested set approaching R. As W, — W, has the boundary
values 0, it will be less in absolute value than a given ¢ > 0 at all points
outside some region R’ in T. Then as soon as # is great enough so that
R, contains R’, the values on the boundary of R, of

Wy — W,
will be less in absolute value than ¢, and as this function is harmonic
in R, it is less in absolute value than ¢ throughout R,. This is there-
fore true of U’ — U, and as¢is arbitrary, U' = Uin T. AsU’' = U=W,
on the boundary, the equality holds in R. The theorem is thus proved.
Moreover, the proof brings to light the fact that in the case of an infinite
domain it is not necessary that the continuous extension of f(p) have
the character of the function H (P), vanishing outside some sphere.

If, finally, we have to deal with an unbounded boundary ¢, we
may transform the domain T by an inversion to one 7’ in which the
boundary # is bounded, transform the boundary values f(p) to values
f' (p) by the corresponding Kelvin transformation, and employ the se-
quence method to form a function U’ for T’. Then transforming back
again, we have the sequence, and the limiting function U corresponding
to the domain 7. In all this, we understand by continuity at infinity
a property which is invariant under a Kelvin transformation. In parti-
cular, all functions harmonic at infinity vanish there.

Thus Theorems I und II hold for any domains whatever. It remains
to consider whether U takes on the required boundary values. It does,
if the Dirichlet problem, as set, is possible. And in any case, the method
attaches to any domain and any continuous boundary values, a single
harmonic function U.! We turn now to the question of the boundary
values of U.

Exercise,

Show that if the solution V of the Dirichlet problem exists, it must coincide
with the above function U.

17. Barriers.

An effective instrument for studying the behavior of U on the
»oundary is the barrier. Barriers were used by POINCARE, and their

1 It can be shown that the method of the calculus of variations, and the method
of mediation (see LEBESGUE: Sur le probléme de Dirichlet, Comptes Rendus de
1’ Académie de Paris, Vol. 154 (1912), p. 335) lead in every case to this same function.
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importance was recognized by LEBESGUE!, who gave the name to the
concept, and extended it. We adopt the following definition. Given
a domain 7, and a boundary point g, the function V (P, ¢) is said to
be a barrier for T at the boundary point ¢ if it is continuous and super-
harmonic in T, if it approaches 0 at ¢, and if outside of any sphere
about ¢, it has in T a positive lower bound. We now prove

Theorem I1I. A necessary and sufficient condition that the Divichlet
problem for T, and arbitrarily assigned comtinuous boundary values, is
possible, is that a barrier for T exist at everv boundary point of T.

The condition is necessary. For if the Dirichlet problem is possible
for all continuous boundary functions, it is possible for the boundary
values of the continuous function F(P) = r = ¢ P. By calculating its
Laplacian, it is seen that this function is subharmonic in 7', so that the
harmonic function V (P, q) with the same boundary values is never
less than 7. As V (P, q) approaches the boundary value 0 at ¢, it is a
barrier at q.

Now suppose that a barrier exists for every boundary point of T.
We shall prove that at any such point ¢, the function U, which is the
limit of the sequence determined by the continuous extension F(P)
of the assigned boundary values, approaches the limit F (). If T is in-
finite, we assume that F(P) = 0 outside some sphere containing ¢ in
its interior. Theorem II shows that such an assumption does not
restrict the generality.

Given ¢ > 0, there is a sphere o about ¢ within which
|F(P)—F(g)| <.

For P outside o, the difference quotient

F(P)—F(q)
14

is bounded, say by M, so that I*(P) < F(gq) + M. On the other hand,
in T and outside o, the barrier V (P, g) has a positive lower bound, and

so thercfore has K(-I;' 9 , if T is bounded. Otherwise, it has such a

bound in the portion T’ of T, outside of which F(P)=0. Let b
denote a bound. Then, outside ¢ and in 7T, if bounded, otherwise in 77,

Mrgj?- V(P,q).

’ ":‘—P—q—;

Hence, keeping in mind the inequalities on F(P) and the fact that

1 Sur le probléme de Divichlet, Comptes Rendus de I'’Académie des sciences de
Paris, Vol. 164 (1912, 1), p.335; Conditions de régularité, conditions d'irvégularité,
conditions d'impossibilité dans le probléme de Dirichlet, ibid. Vol. 178 (1924, 1),
pp. 352—354.
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V (P, q) = 0, we see that at all points of T or T’

M . 3
(47) F(PYSF@) +°, VP, 9) + - -

But if T is infinite, this inequality holds on the boundary of the domain
T'" =T — T, and as V (P, g) is superharmonic and the other terms
arc constant, it holds also throughout 77/, and so in any casec through-
out T. It holds therefore throughout R, that is, T" and its boundary.

Now the right hand member of the inequality (47) is superharmonic,
and hence if the function on the left be replaced, in any closed region
in R, by the harmonic function which coincides with it on the boundary
of the region, the inequality still subsists. Thus it subsists for all the

terms of the sequence Wy = F (P), W,;, W,,..., and so also for the
limit U. If then ¢’ is a sphere about ¢, ing, and in which V' (P, ¢) < 2%81,

then in ¢’, U-<F(q) +e.
Similarly, in a sphere ¢’* about g,
U>F(Q) —e.

These two inequalities, holding in the smaller of the two spheres, show
that U has the limit F (g) at ¢, and the proof of the theorem is com-
plete.

But the proof shows more than this. The points of # at which a
barrier exists, are called regular points of the boundary, and all other
boundary points, exceptional. The above proof cstablishes

Theorem IV. The harmonic function U, established by the method
of sequences, approaches the given boundary values at every regular point.

18. The Construction of Barriers.

The progress made through the introduction of the idea of barrier lics
in this: the Dirichlet problem has been reduced to a study of the bound-
ary in an arbitrarily small neighborhood of each of its points, that is
to a problem ¢m Kleinen. For it is obvious that a barrier for T at ¢ is
also a barrier for any domain in 7 which has ¢ asa boundary point. On
the other hand, if 7" includes T, but coincides with 7 within any
sphere ¢ about ¢, however small, from the barrier V (P, ¢) for T can at
once be constructed one for 7. We do this as follows. Let b denote
the greatest lower bound of V (P, ¢) in T outside . We then define
V(P, q) in T" as the less of the two functions V (P, ¢) and b, in o,

d outside o as b. V' (P, q) is then superharmonic, by Exercise 2
?;. 317),and it is clear that it has the other requisite properties®. Thus

1 The exercise shows that V (P, ¢g) is superharmonic in T. Then, as it
has property 2 (p. 316) in T, it is superharmonic 1n this domain also.
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the regularity of ¢ depends only on the boundary in its immediate
neighborhood.

We now construct some examples of barriers. The first is a barrier
for T at any boundary point ¢ which lies on a sphere none of whose
points are in T. Let o denote such a spherc for ¢ and let ¢’ be a smaller
sphere internally tangent to o at ¢. Then if 7 denotes the distance from
the center of ¢’ to P, and a the radius of ¢’,

VPg =, —
is readily seen to be a barrier. We thus have Poincaré’s criterion: the
Dirichlet problem is possible for the domain T if each of its boundary points
lies on a sphere with no points in T.

From the potential of a charge in equilibrium on an ellipsoidal con-
ductor, we can, by allowing the least axis of the ellipsoid to approach 0,
construct the potential of a charge in equilibrium on an elliptic plate.
If the charge is chosen so that the potential V is 1 on the plate, then
1 — V is harmonic in any bounded domain including no points of the
plate, and is positive except on the plate. Hence any boundary point
q of T is regular provided it lies on an ellipse with no other points in com-
mon with T or its boundary. The word ellipse here includes, of course, the
curve together with all points of its plane within the curve. The re-
sulting criterion for the possibility of the Dirichlet problem is also due
to Poincaré.

The spherical harmonics ¢" P, (cos ) are positive between & = 0
and the first root of the function, for o > 0. For large #, this region
is only that in a rather sharp cone. But if # is made fractional, a solu-
tion of Legendre’s equation exists of the form %P, (cos ¥), which is
positive and harmonic outside a cone of one nappe, as sharp as we
please. Thus, in virtue of the remark at the beginning of this section,
we may state that ¢ is a regular point of the boundary of T if it is the
vertex of any right circular cone, which has no points in the portion
of T in any sphere about ¢, however small. The resulting criterion
for the Dirichlet problem is due to ZAREMBA. It follows from this
that the cubical regions R,, R,, Ry,... of page 317 are regions for
which the Dirichlet problem is possible for all continuous boundary
values.

We have spoken of the Dirichlet problem for a given domain and
for all continuous boundary values, because for any domain whatever
the Dirichlet problem is possible for some continuous boundary values.
We have, for instance, in the case of a bounded domain, only to
assign as boundary values those of a terminating series of spherical
harmonics.
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19. Capacity.

Still more general types of barriers are possible!. Before continuing
in this direction, however, let us consider briefly another notion which
has been most fruitful.

In electrostatics, the capacity of an isolated conductor is defined
as the ratio of the charge in equilibrium on it to the value of the poten-
tial at its surface. This definition may be restated as follows. Assuming
the domain outside the conductor to have only regular boundary points,
we form the conductor potential ¥, namely the solution of the Dirichlet
problem for that domain, with boundary values 1. The charge pro-
ducing this potential is given by Gauss’ integral

1 2%

extended over any smooth surface enclosing the conductor. Then ¢
is the capacity of the conductor.

The notion of capacity may be extended to any bounded set of points?
B. We adjoin to B all its limit points to form the sct B’. Then the set
of points not in B’ contains an infinite domain T, all of whose boundary
points are in B’. We form, by the method of sequences, the function 7,
harmonic in T, for the boundary values 1, and call this the conductor
potential of T, or of B, irrespective of whether it approaches the bound-
ary values 1 or not. The capacity of B is then defined by Gauss’ in-
tegral, above.

WIENER? has given the following general criterion as to the regu-
larity of a boundary point g of 7. Let A be a fixed number, 0 <4 < 1.
Let y, denote the capacity of the set of points not in T and in the
closed region between the spheres o, and o, , about ¢, of radii A" and
At Then g 1s a regular or an exceptional boundary point of T according
as the series

Yo 71 g
(48) T et

diverges or converges.

To prove this theorem, we have need of a number of lemmas on ca-
pacity, which are well adapted to serve as exercises.

1 See, for instance, LEBESGUE, Comptes Rendus, Vol. 178 (1924), p.352;
BouLicanp, Bulletin des sciences mathématiques, Ser. 2, Vol. 48 (1924), p 205.
2 WIENER, N., Journal of Mathemat cs and Physics of the Massachusetts Insti-
tute of Technology, Vol. I1I (1924), p.49, p. 127 The concept is there defined for
n dimensions # = 2. It is somewhat more complhicated in the plane than 1n space.
3 L. c., p. 130.
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Exercises.

1. Let ¢ (E) denote the capacity of I (which we shall always assume to be
bounded), and let E’ 4+ E” denote, as is customary, the set of all points in cither
E’ or E”. Show that

(E) e (E'+ E") < o (E) + ¢ (E).

Suggestion. Recall the uniform convergence of the sequences defining the con-
ductor potentials, and use Harnack’s theorem (page 248) to establish the con-
vergence of Green'’s integral.

2. Given a bounded set IF and a number ¢ > 0, the set E can be enclosed within
a set of equal spheres whose capacity differs from that of E by less than ¢.

Suggestion. Apply Excrcise 1 to the boundary of T,, after showing, by the
Heine-Borel theorem, that the spheres may be taken outside T',.

3. Show that the normal derivatives of the conductor potential of the set of
spheres of Exercise 1 exist and are continuous on the spheres, except possibly at
their intersections (see Exercises 3 and 4, page 262), and that they are bounded
in absolute value by those of the conductor potential of a single one of the spheres
Thus show that there 1s an actual distribution of mass on the spheres producing the
conductor potential

4. Show that the conductor potential 1" of I at any point P not on E satisfies
the inequalities
«(E)

’

r< E)

= 5

I\

1% ’

where 1’ and #”/ are thc greatest lower and least upper bounds of the distances from
P to the points of E.
5. Show that the capacity of a sphere is equal to its radius, and that the

capacity of a circular disk is e times 1ts radius. Show that the capacity of a finite

number of regular analytic arcs 1s 0. Suggestion. Show that the conductor potential
of each arc is dominated by the potential of a distribution of constant density % on
the arc, no matter how small &

6. The capacity of the sum ot a finite number of sets of 0 capacity 1s 0. This
1s not always true for infinite sums!. Prove these statements.

7. If E and E’ are similar, 2 ¢ are such that there is a one-to-one correspon-
dence between their points, such that the distance between any two points of E’
is k times the distance between the corresponding points of £, then ¢ (E’) = k¢ (E).

8. If to every point ot I corresponds a point of E’ (the correspondence not being
necessarily one-to-one) such that the distance between any two points of E is not
less than the distance between the corresponding points of E’, then C (E) 2 C (E’).

We now take up the proof of Wiener’s theorem, observing first,
that if it holds for any value of 2, 0 <A < 1, it then holds for values
as near the extremities of this interval as we please. This is easily veri-
fied by comparing the series with that formed for g = 42, and showing
that the two converge or diverge together, by means of Exercise 1.

Let E denote the set of points not in T. We prove the lemma: a
necessary and sufficient condition that the boundary point q of T be regular,

1 The statement is true, however, for an infinite sum of closed sets, provided
the limiting set is closed. This is proved by VasILEsco, Journal de mathématiques
pures et appliquées, 1n a paper soon to appear.
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is that the conductor potential V,, of the portion E, of E in any sphere
about g, approaches 1 as P approaches q. The condition is necessary,
since if ¢ is regular for T, it is also regular for the domain bounded by
E, (page 328) and the conductor potential V, approaches 1 at every
regular boundary point. The condition is also sufficient. Let the radius
of the sphere cutting off E. take on values «, approaching 0. L=t v,
be the conductor potential of E.,. We form the function

1 1 1
V=—2-v1+»4—'u,_, +—8—va+... .
This function never exceeds 1, and is definitely less than 1 outside the

sphere of radius «,, for any #. For the sum of the first » 4 1 terms

1 . .. . .
cannot exceed 1 — 555, while the remaining terms define a function

never greater than é-,,-l; , on the boundary of the domain in which it is
harmonic. As this boundary is inside the sphere of radius «,, the
function is definitely less than 2—,,1,,—1 on and outside the sphere of radius

o,. On the other hand, since V is a uniformly convergent series of
functions approaching 1 at ¢, V' does also. It follows that 1 — ¥V is a
barrier for T at ¢, and so g is regular.

Suppose now that the series (48) diverges. We show that V, ap-
proaches 1 at ¢ for any o > 0. Then by the lemma, ¢ will be regular.

Giveneg, 0 < ¢ < , we choose A =1 — +-, and consider the series

,i’
o @ -]
y ) Vs PYri+1 N Vee+n-1
Tk FIE S EIEERE RV YRS e
0 0 0

where % is chosen so that A*—1 < %

At least one of them must be divergent. We may assume that it is
the first, since the other cases may be reduced to this by means of
Exercise 7. We then choose # so that ##™ << o, Let e, denote the points
of E in the closed region between the spheres ¢; and o0,,, of radii 2 and
Ai+1 about ¢, and let v, denote the conductor potential of ¢;. We con-
struct the function

m'

Vm,m' =2 Vrt>
1=m

where m’ will be determined presently.
This function is harmonic except at the points of

ml
m = 2 €ri>
i=m

and so is never greater than any bound which it has at the points of this
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set. On ¢, v, < 1, while for 7 4 #n, we find, by using Exercise 4, that
1 Ve
vl:é)‘(l ;k 1))_!:-
Hence always w
1+ Vei

;kl
1=m

TV ki
_l+;(1 ;k 1) ;kt<l(l k= 1):

t=m

m'

Vo,

and hence the function
AL =Y Vi

I P== -
m.m m'

T V&
I+ 25
t=m

is always less than 1.

This function, harmonic in a domain including that in which 17,
is harmonic, is therefore dominated by the functions of the sequence
defining V,, and so V,, = V,, . On the other hand, also by Exercise 4,

if P is at a distance 7 from g,
m'

> 2/7 Vi1
m m' r + A’“

1=m
and so

DI

V,>2(1— 1"

m'

14+ ”%

1=m

. . 6
Calling the denominator D, m’ can be chosen so great that D > -,

because of the divergence of the corresponding infinite series. Then,
since the numerator approaches D — 1 as » approaches 0, there is an
n > 0 such that for » < 7, the numerator exceeds D — 2. We find
then that for 7 so restricted

V. >1—e¢,
from which we conclude that V, approaches 1 at ¢, and ¢ is regular,
as was to be proved.
Now suppose that the series (48) converges. We choose m so that
A

< 4

1l
3 8
2N

1

and show that the conductor potential V,, of the points of E in the
closed sphere o, does not approach 1 at g. In fact, if it did, there would
be a sphere ¢ about ¢ in which V,, > §. We then choose m’ > m, such
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that V,,. << } on g, which is possible by Exercise 4. If now V,, ,, denote
the conductor potential of the portion of E in the closed region bounded
by o,, and g,,, we have by the reasoning of Exercise 1,

Vm é Vm’ + I"m m’ >
so that on ¢, we should have
3 .1 , 1
4 4 + V'm.m': or ['m.m' -7 2

The sequence defining the conductor potential V,, ,- is monotone
decreasing, so its terms would be greater than } on o, while inside o
their boundary values are 1. Hence they, and therefore their limiting
function V,, ,- would be greater than } at all points within ¢.

On the other hand we have at ¢, by Exercises 1 and 4,

l

el

T o V7_‘_ IGZ
mm<2,1§é/ gl‘_/;

=m

and we arrive at a contradiction. Hence V,, cannot approach 1 at ¢,
so that by the lemma, ¢ is exceptional.

Euxercises.

9. Obtain by means of Exercise 7 the criterion of Zaremba. Generalize this
to the case where the surface of a triangle with vertex at ¢ contains no other points
of R.

Suggestion. Use Exercises 1 and 5.

10 Show that if ¢ is the vertex of a spine of Lebesgue, generated by rotating
about the x-axis the curve

y.:c—t, 0-2a,

T lying outside the spine and bounded by it 1n the neighborhood of g, then ¢ is an
exceptional point. Suggestion. Obtain from Equation (27), page 189 the capacity
of a prolate spheroid, and enclose the sct ¢, within such a surface.

11. Show that if g lies on a surface separating two domains T and T/, ¢ may be
regular for both T and 7", but 1t can never be exceptional for both. (BouLIGAND).

12. Show that the vertex of an algebraic spine formed by rotating about the
x-axis the curve
y == an, ¥ =20,

is regular for both domains bounded near the vertex by the spine. (ILEBESGUE).

20. Exceptional Points.

The question now arises as to how exceptional exceptional points
really are. We consider first portions of the boundary of 0 capacity.
We have seen (page 271) that a regular isolated arc is the locus of only
removable singularities of a bounded harmonic function. If we form
the sequence for continuous values on the boundary of a domain, the
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boundary of which contains such an arc, the limit of the sequence will
be harmonic and bounded in the neighborhood of the arc, and so will
have only aremovable singularity; we may say that the limiting function
simply ignores the exceptional points of which the arc is composed.
We shall see presently that the notion of capacity enables us to char-
acterize, completely, removable singularities.

First we prove

Theorem V. If M is the least upper bound of the function U in a do-
main T, in which U is harmonic, the set of boundary points at which the
upper limit of U is greater than or equal o M — ¢, for any € > 0, has pos-
itive capacity. It is understood that if T is infinite, so that U vanishes
at infinity, M > 0. A similar result is at once inferred for the greatest
lower bound.

Suppose that for some ¢ > 0 the theorem were false, and that the
set E of boundary points, for each of which the limit of U for some
manner of approach was greater than or cqual to M — ¢, had the capa-
city 0. Let T;, Ty, T3, ... denote an infinite sequence of nested domains
approximating to the infinite domain in which the conductor poten-
tial of E is harmonic. Let %, be the conductor potential of T,. For
the points common to 7 and T,, an open set, U has boundary values
not greater than those of

M—¢+eun,

for all ». Hence, throughout this set of points, U is dominated by this
harmonic function. The same relation holds in the limit, as # becomes
infinite. But if the capacity of E were 0, its conductor potential would be
0 at all points not in E, and so certainly throughout T. That is

UL M—e¢.

But this would show that the least upper bound of U was not M, but
at most M —¢. Thus the assumption that ¢ (E) = 0 is untenable.

We see then that scts of capacity 0 are incapable of holding up a har-
monic function to assigned values against the drag of lower boundary
values elsewhere. We now complement the above theorem by the
following:

Theorem V1. Let T be any domain, and let B be any set of points
taken from the boundary of T, with the properties (a) the se¢ T' = T + B
1s a domain, and (b) the part of B in any closed region in T’ has capacity 0.
Then any function U, bounded and harmonic in T, can have at most ve-
movable singularities at the points of B.

Conversely, ¢f B is a set with the property (a), and if any function
which is bounded and harmonic in T can have only removable singulari-
ties at the points of B, then B has the property (b).
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Let P, be any point of B. It is interior to T”, by (a). Let ¢ denote
a sphere about P,, entirely in T’. We denote by e the set of points of
. B on the surface of g. Now the function f (p), defined on o as equal to
an upper bound M of U at the points of ¢, and as equal to U on the rest
of o, is continuous, except at the points of ¢, and bounded. It is there-
fore integrable, since its discontinuities can be enclosed by a set of
circles on ¢ of arbitrarily small capacity, and so of arbitrarily small
arcal. It follows that Poisson’s integral, formed for the boundary
values f (p), defines a function V, harmonic within ¢, bounded by M,
and like U, bounded below.

Now U — V is harmonic in the domain S, consisting of the points
within ¢ not in B, and has the upper limit 0 at all boundary points of
S not in B, that is, except at points of a set of capacity 0. Hence by the
preceding theorem, U—V < 0. As the same argument applies to V-— U,
U ="V in S. But V is harmonic in the whole interior of ¢, so that if
U is redefined as equal to V at the points of B within ¢, it becomes
harmonic at all these points. Thus the singularities of U in a neighbor-
hood of P, are removable, and as P, was any point of B, at all points
of B.

To prove the converse, let R be any closed region in 77, and let e
denote the set of points of B in R. Let V' be the conductor potential
of e. It is harmonic except at points of ¢, and is bounded. Hence its
singularities are removable, by hypothesis. When redefined, it becomes
harnionic throughout all of space, and so (sec Exercise 1, page 222) is 0.
It follows that ¢ (¢) = 0, as was to be proved.

Boundary values at points of the set B have no influence on the
Dirichlet problem. They are one type of exceptional point, namely
those at which the boundary E of T is of capacity 0,2 by which we
mean that each is the center of some sphere the part of I within which
has capacity 0. If such points are removed from E, the resulting set is
said to be reduced, and it is essentially the same as E for purposes of the
Dirichlet problem. A reduced set may have exceptional points, as in
the case of the spine of Lebesgue, but these cannot, in gencral, be re-
moved without altering the situation essentially.

It is natural to ask whether exceptional points can occur in suffi-
cient frequency on the boundary to affect the solution of the Dirichlet
problem. More precisely, can two different functions, harmonic and
bounded in T, approach the same boundary values at all regular bound-

1 To prove the area infinitesimal, we project 1t onto a plane, using Exer-
cise 8, page 331. If E is a plane set, bounded by a finite number of regular
arcs, and of area 4, we prove by Lemma III(b), page 149, comparing the conduc-
tor potential of E with the potential of a spread of unit density on E, that
2¥nc(E) = JA. Since ¢ (E) is infinitesimal, 4 is.

2 VasILEsco, 1. c. page 331.
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ary points? If so, their difference would be harmonic in 7, bounded,
and approach 0 at every regular boundary point. Call this difference W,
in an order of subtraction which makes W somewhere positive. If M
is the least upper bound of W, the sct ¢ of boundary points of T at which

the upper limit of W is greater than or equal to ];l— must have positive

capacity, by Theorem V, page 335. Now this set is closed, and con-
sists only of exceptional points of the boundary. We should therefore
have a contradiction if it were possible to establish the following lemma:
Every closed bounded set of positive capacity contains a regular point.
The corresponding lemma in two dimensions has been established?,
so that in the plane, there is for any given domain T and any contin-
uous boundary valuecs, one and only one function, bounded and har-
monic in T and approaching the given boundary values at every regu-
lar point. In space of threec or more dimensions, the lemma is still
in doubt.

In all questions of uniqueness, the hypothesis on the harmonic
function that it be bounded, is apt to play an essential part. Consider,
for instance the harmonic function U = x, in the domain in which
x > 0. Its boundary values are everywhere 0, yet it is not unique,
since U = cx has, for any ¢, the same boundary values. If, however,
U is required to be bounded, we must have ¢ = 0, and uniqueness is
reestablished. By an inversion and a Kelvin transformation, this
example yields an example for a bounded domain.

Literature. The literature of the subject matter of this chapter is so
extensive, that we can only give some indications. On integral equations,
the original paper of FREDHOLM, six pages in length, is a gem. Ofversigt
af Kongl. Svenska Vetenscaps Akademiens Forhandingar, Vol. 57 (1900),
pp- 39 to 46 (in French). Brief treatments of the more devcloped theory
are to be found in BOCHER, An Introduction to the Study of Integral Equa-
tions, Cambridge Tract No. 10, 1909 and 1914, and in KOWALEWSKI,
Linfiihrung in die Determinantentheorie, Leipzig, 1909, Chapter 18. For
a more extended treatment one may consult LALEScO, Introduction a
la théovie des équations intégrales, Paris, 1912; also HEywoop and
FRECHET, L’égquation de Fredholm et ses applications a la physique mathé-
matique, Paris, 1912, and KNESER, Die Integralgleichung und thre An-
wendung in der mathematischen Physik, Braunschweig, 1911 and 1922.

As to the fundamental existence theorems, most books on Potential
Theory give more or less attention to them (see the general list of books
on page 377). For further literature, sce the Encyklopddie der Mathe-
matischen Wissenschaften, particularly II, C, 3, LICHTENSTEIN, Neuere
Entwickelungen der Potentialtheorie. References to more recent work

1 KeLLoGG, Comptes Rendus de I’Académie de Paris, Vol 187 (1928), p 526,
on the basis of a theorem of VasiLesco, 1. c. footnote, p. 331.

Kellogg, Potential Theory. 22



338 The Logarithmic Potential.

will be found in a report of the author, Recent Progress with the Divich-
let Problem, Bulletin of the American Mathematical Society, Vol. 32
(1926), pp. 601—625, and in BOULIGAND, Fonctions Harmowiques,
Principes de Picard et de Dirichlet, Fascicule 11 of the Mémorial des
Sciences Mathématiques, Paris, 1926. The problem of attaching a
harmonic function to discontinuous boundary values has also reccived
much attention. Among recent contributions to this study may be
mentioned those of PERRON, Mathematische Zeitschrift, Vol. 18 (1923),
REeMAK, ibid. Vol. 20 (1924), Rapé and F. Riesz, ibid. Vol. 22 (1925),
WIENER, Transactions of the American Mathematical Society, Vol. 25
(1923), and EvaNS, in his book (see p. 377) and Evans, Bray and MiLES
in recent numbers of the Tramsactions and the American Journal of
Mathematics.

FExercises on the Logarithinic Potential.

1. Show that the kernel for the existence theorems in two dimensions is con-
tinuous, 1f properly defined when p and ¢ comncide, provided the boundary curve C
when given m parametric form mn terms of the length of are, x==x(s), y — y (s),
1s such that x (s) and y (s) have continuous derivatives of second order correspond-
ing to all points of C.

2. Solve the Dirichlet problem for the circle by means of integral equations.

3. Develop existence theorems for plane regions by means of integral equations.

4. Iixamine the question as to whether the more general proofs of the possibil-
ity of the Dirichlet problem given in §§ 13—18 need any alterations in order to
be applicable to the problem 1n two dimensions. Establish any facts needed to
make them applicable

5. Construct a barrier which 1s 0 on a straight linc segment, everywhere con-
tinuous, and positive and harmonic except on the segment Thus show that in the
planc the Dirichlet problem 1s possible for any region which can be touched at
any boundary point by one end of a straight line segment, however short, having
no other point in common with the region.

Chapter XII.
- The Logarithmic Potential.
- ru - e — - e mm——
A. The Relation of Logarithmic to Newtonian Potentials.

We have seen in Chapter VI, § 7 (p. 172), that logarithmic poten-
tials are limiting forms of Newtonian potentials. We have seen also
that harmonic functions in two dimensions, being special cases of har-
monic functions in space, in that they are independent of one coérdi-
nate, partake of the properties of harmonic functions in space. The
only essential differences arise from a change in the definition of regu-
larity at infinity, and the character of these differences has been amply
illustrated in the exercises at the close of Chapter IX (p. 248).

An acquaintance with the theory of Newtonian potentials, and
with the excrcises on logarithmic potentials in the preceding chapters,
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will give a good understanding of the foundations of the theory of loga-
rithmic potentials, except that the connection of this theory with that
of functions of a complex variable willhave been left untouched. Accord-
ingly, this chapter will be devoted a study of this connection. The
object will not be to develop the theory of functions of a complex var-
iable in any systematic manner, except as it touches potential theory.
At the same time, no previous knowledge of the theory of functions
on the part of the reader will be assumed. We shall expect him to be
acquainted with the preceding chapters of this book, and with complex
numbers as treated in Chapter XX of Oscoopn’s Advanced Calculus, or
in any good book on algebra. The following remarks and exercises may
serve as a review and for practice.

For the purposes of the rational operations of algebra, we may
think of the complex number @ - 75, where a and b are real numbers,
as a linear polynomial in ¢, subject to the usual rules of algebra, with
the additional provision that expressions may be simplified by means
of the equation 72 4 1= 0. The number a 4 76 may be pictured
as the point in the plane whose codrdinates in an ordinary cartesian
system are (a, b). Or it may be pictured as the vector from (0, 0) to
(a, b). It is understood that @ + ¢b = O meansa = 0 and b = 0.

Exercises.
1. A rational function of a finite number of complex numbers is a complex num-
ber, if no denominator is (. Suggestion. Show that if ¢ and ¢’ are complex numbers,

¢
c+ ¢, c—c, ce’ and o (¢’ <+ 0) are complex numbers (i.e. can be expressed 1n

the form a + :b, a and b real), and then generalize.

2. Show that ¢ — @ 4+ i1b can be written in the form

' @ (cos @ 4 1sm ).

Here g is called the magnitude, or the absolute value of ¢ (written | ¢ ), and ¢ is
called the angle of ¢ (written arc ¢) Arc ¢ is determined, for ¢ + 0, except for an
additive multiple of 2x

3. Show that a) |c+ ¢’ | |c|+|¢'], b) |ec’|=|c]||c']|, ¢) arc (cc)=
arc ¢ + arc ¢/, if the proper branch of one of the three many-valued functions 1s
selected.

4. If » is a positive integer, show that there are » and only » distinct complex
numbers whose #!® power 1s a given complex number ¢ § 0.

If w = f(2) is a complex number, dctermined when z = x -+ 1y is given, we
call w a function of 2. We say that w approaches w, as z approaches z, = %y + %,
if the real function |w — w,| of # and y approaches 0 as » approaches %, and y
approaches y,. This may be expressed

limw = w,,
3=z,

The function w == f(z) is said to be continuous at z; if

lim f (z) = £ (2).

=3,

22%
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5. Show that any polynomial P (2) is continuous at all points z,, and that if
the coefficients are real, P(z) approaches, at any point of the axis of reals, y = O

Q()

the real polynomial P (x). Show the same for the general rational functlon

exception being made for the points at which Q(z) = 0.

ﬁf/Analytic Functions of a Complex Variable.

The last exercise shows how the definition of a real rational function
may be extended to the whole plane of z (with possible exception of a
finite number of points at which Q(z) = 0), namely by substituting
z for x. Other extensions, however, are possible. Thus to %2 corresponds

22 = (22 — 9% +12xy,
but
1(z)=(*+y%) —i2xy

is also defined for all points of the z-plane and reduces to 2 for y = 0.
The first is a rational function of z. The second is not. These examples
illustrate two types of functions of z. Both belong to a broader class
of functions #(x, y) + tv(%, ), in which » and v are any real func-
tions of x and y. The first belongs to a narrower class, of which the
rational functions of z = x + ¢y are examples. What general prop-
erty, applicable to other known functions, has the restricted class, to
‘which the rational functions belong, and which distinguishes it from
the broader class?

RIEMANN! found the answer to this question in the existence of a
derivative. It will be recalled that the derivative of a real function of
a real variable is not regarded as existing unless the difference quotient
approaches a limit, no matter how the increment of the independent
variable approaches 0. The first of the above functions has the difference

quotient

4L—2z(,+Az (4z+0),

and this approaches the limit 2z, as 4z approaches 0 in any way. Thus
2% has a derivative at every point z,. On the other hand, the second
function has the difference quotient

Af(z) (2x0-——z2yo+Ax)Ax+(2yo——z2xo+Ay—-12Ax)Ay
Az Ax+ 14y

If first Ay, and then 4 x, approaches 0, the limit is 2 (x, —%y,), wherecas
if the order is reversed, the limit is 2 (y,—Zx,). It is therefore impossible
that the function f(z) have a derivative in the required sense, save pos-

1 Grundlagen fiér eine aligemeine Theorie dev Funktionen einer komplexen ver-
dnderlichen Grofe, Inauguraldissertation, Werke, I, p. 3.
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sibly at points of the line y = x, that is at points which fill no domain
of the plane.

It is a function which, in some domain of the plane, has a derivative
at every point, which is usually meant by the expression function of a
complex variable, or, to exclude ambiguity, analytic function of a com-
plex variable. We formulate the definition as follows.

The function w = u -+ 1v is said to be an’ analytic function of the
complex varible z = x + 1y in the domain T of the z-plane, if the real
functions w and v of x and y have continuous partial derivatives of the
first order in T, and if w has a derivative with respect to z at every point
of T.

To say that a function is analytic at a point means that it is analytic
in a neighborhood of the point. We shall understand by the expression
analytic in a closed region, analytic at every point of that region.

It may seem striking that analytic functions occupy the position
they do, as opposed to the broader class of complex functions of which
they constitute a sub-class. The reason is two-fold. The theory of the
broader class amounts mercly to a theory of pairs of real functions,
in which a complex variable plays no essential role. On the other hand,
the class of analytic functions includes all the elementary functions
of analysis, and it is a class with a wealth of general properties, all of
which have their source in this quality of differentiability. We shall
see presently that among these properties is that of developability
in convergent power series, and that this property is characteristic.
Thus the term analytic is not being used here in a new sense (see page 135).

3. The Cauchy-Riemann Differential Equations.

If we employ the law of the mean for real functions of two variables,
the difference quotient for the function w == f(2) = » + 7v, analytic
at zy = x4 + 7¥,, can be given the form

Jdu ou Ju v
o (Fr A7+ gy dy)+ (517 *+ 55.47)

z T .Jr—{-z_zivyw - +"7’
mdx+n,dy

} (A2 (dy)?’

;

S

Inl=

where 7, and », arc the differences between values of partial derivatives
of w and v at (%,, ¥,) and at a point between this and (x,+ 4 x, y, + 49),
so that they vanish as Az approaches 0. If first 4y and then Ax ap-
proaches 0, this quotient approaches

ou | ;90
dx, dzy’
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whereas if the order be reversed, the limit is
g 9u 4 Ov
dyy ' 0¥y°

The derivative cannot exist unless these limits are equal. Hence a ne-
cessary condition that the derivative exist at zy= x5+ 7y, is that the
equations

du  dv Ju ov
M 0x =3y 0y o
are satisfied at (%, ¥p). Theyare knownas the Cauchy-Riemann equations'.
We now show that the condition is sufficient. In fact, if these equations
are satisfied, the difference quotient assumes the form

Aw du .Jdv . (0u .dv
=@+t =i i)

Az

and since % approaches 0 as 4 x and 4y approach 0 in any way whatever,
it appears that the derivative exists and is given by

!;’l_’zﬂ___%(u+iv)= —i%(u+iv).

Theorem I. If u and v have continuous derivatives of the first order
in T, a necessary and sufficient condition that w + iv be an analvtic
function of x 4 iy in T isthat the Cauchy-Riemann differential equations
are satisfied.

Exercises.
1. Show that if f,(2) and f,(z) are analytic in T, then the following are also:
z
a) ¢/ (2). ) fh(2) +fo(2), ) h(2)fa(2), 4) ;—;T(z;
f2(2) = 0. Show that the rules of the differential calculus hold for the derivatives
of these combinations of functions.

2 Show that an analytic function of an analytic function is analytic. More
specifically, if { = f (z) 1s one-valued and analytic 1n a domain T, if the values
of { corresponding to the points of T form a domain S, and if w = ¢ () is analytic
in S, then w == ¢ (f (2)) is an analytic function of z1n T.

3. If we write { == § + 1 = a + ib + (cos a + 7 sin @) 2, this linear function
is analytic in the whole plane, and the points { correspond to the points z by a
Euclidean motion of the plane. Thus show that the Cauchy-Riemann differential
equations are invariant under a Euclidean motion of the plane.

4. If w = f(2) is analytic in T, and if f'(z) = 0 at all points of T, show that
f (2) is constant in T.

5. Show that the inverse of an analytic function is analytic. More specifically,
show if that w = f(3) 1s analytic m a neighborhood of z,, and if f* (z) = 0, there
is a neighborhood of the point w, = f (2) 1n which the inverse function z = ¢ ()
exists and is analytic.

except at the points where

1 For historical indications, see the Encyklopidie der mathematischen Wissen-
schaften, II, B, 1, Allgemeine Theovie der analytischen Funktionen einer komplexen
Gréfe, Oscoop, p. 13. We refer also for the rest of this chapter for bibliographical
notes to this article, to Oscoop’s Funktionentheorie, and to the articles II, C, 4 by
BIEBERBACH and II, C, 3 by LICHTENSTEIN, in the same Encyklopidie.




Geometric Significance of the Existence of the Derivative. 343

4. Geometric Significance of the Existence of the Derivative.

A geometric representation of a function of a complex variable re-
quires four dimensions, as four real variables are involved. It iscustom-
ary to meet this situation by using two planes, a z-plane and a w-plane,
between the points of which the function w == f (2) sets up a correspond-
ence. It is said to map the z-planc (or a portion thereof) on the w-plane
(or a portion thercof). A good way in which to identify the correspond-
ing points is to draw in the z-plane a set of numbered coérdinate lines
or curves, and to draw and number the corresponding lines or curves
in the w-plane. Corresponding points then appecar as the intersections
of corresponding curves.

We now seck the geometric significance of the existence of the
derivative. Let w = f (2) be analytic in a neighborhood of z,, at which
the derivative does not vanish. We shall see (page 352) that the deriva-
tive can vanish only at isolated points in a neighborhood of z,, unless
w is constant. Then from the equation

dw = f (2,)dz

we infer that arcdw = arcdz -+ const.,

so that if two curves C;, C, of the z-plane pass through z, and the diffcren-
tials of z corresponding to their tangents at z, are dz, and dz,, while the
differentials of w corresponding to the tangents to the curves of the
w-plane on which C; and C, are mapped are dw, and dw,, then

arcdw, — arcdw, = arcdz, — arcdz,,

so that the angle between two curves is preserved by the mapping. We note
also that the sense of the angle is preserved. In the above considerations,
possible additive multiples of 2z in the angles have been omitted as
having no geometric significance.

A small triangle in one plane is mapped on a small triangle, in
general curvelinear, in the second plane, with the same angles. Thus
the shape of figures is the more nearly preserved the smaller the figures.
The mapping is for this reason called conformal. It can be shown that
the converse is true, namely that if # and v are real functions of x and y
with continuous partial derivatives of the first order in T, with Jacobian
different from 0, and if the transformation # = u (x, y), v =v (%, v)
maps T on a domain of the plane of # and v, in such a way that angles
are preserved in magnitude and sense, then # + 7v is an analytic func-
tion of x 4+ 7y. Thus the conformality of the mapping characterizes
analytic functions.

Exercise.

Study the mapping of the function w = 22, by drawing the lines x» = const.
and y = const. and their maps in the w-plane. Explain the existence of a point
at which the mapping is not conformal.
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The Point oc. An analytic function may be regarded as a trans-
formation, carrying points of the plane into points of the same plane.
Let us consider the transformation brought about by the function

w= _,

If we write z = g (cos @ - £sin ¢), w = r (cos? + ¢ sind), the trans-
formation may be written

y=1 -
o’ ¢

1t can therefore be brought about by an inversion in the unit circle and
a reflection of the planc in the axis of real numbers. It can readily be
scen that this is a transformation of great value in the study of func-
tions at great distances from the origin. As the correspondence it estab-
lishes is one-to-one, except that the origin is left unpaired, we find it
convenient to adjoin to the planc an ideal element which we call the
point infinity, or the point co. We then say that any set of points has

a property with respect to 0o, if the sct on which it is mapped by w = -

has this property with respect to the point 0. For instance, if a sct has a
point other than the point 0o outside every circle about the origin, then
v is called a limit point of the set. We say that a function w == f(2)

is analytic at infinity, if the function f (—:) can be so defined at z2=0 as

to be analytic there. The value which it must have at z = 0 is the value
assigned to w at oc.

5. Cauchy’s Integral Theorem.

The divergence theorem in the plane may be written in the form

(2) “ or "Q ds =f(de —Qdx)

()x

(see Exercise 2, page 88, noting the extension provided by the rest of
Chapter 1V), where R is a regular region of the plane, C its boundary,
described in the positive sensc when R lies to the left, and where P and Q
are piecewise continuously differentiable in R. By means of this theorem
and the Cauchy-Ricmann equations, we infer that sf f(z) = u -+ iv is
analytic in a simply connected domain T, the integral

3 ff(z)dz:f(ua'x—vdy)+if(vdx+udy)

vanishes when extended over any closed regular curve in T. The justi-
fication of the breaking of the integral into real and imaginary parts
is an immediate consequence of its definition as the limit of a sum.
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The above theorem is known as Cauchy’s integral theorem. We shall
make a number of applications of it. The first will be to prove

Theorem II. If [(z) 4s analytic in the simply connected domain T
which contains the point z,, then

F(z):U-{—iV:ff(z)dz

is analytic in T.
In the first place, Cauchy’s integral theorem assures us that the
integral is independent of the path. We find for the derivatives of U

and V

(?.2_—_—_-14 (12___: — i).r;-_: ' i)._V;—“

dx > 0y ’ Jx ’ dy ’
so that these derivatives are continuous in T and satisfy the Cauchy-
Ricmann equations. Hence, by Theorem I, F (2) is analytic in T, as
was to be proved.

We note, morcover, that U and ¥ have continuous partial deriva-

tives of the second order in 7. Hence

o2l U  Jdu Ju 0
dx? Jdy® — dx 9y O’

so that U is harmonic in 7. It therefore has continuous derivatives of
all orders in T, and as these are also harmonic, we have established the
first part of

Theorem II1. The real and imaginary paris of a function which is
analytic in T ave harmowic in T. Conversely, if u is harmonic in the
simply conmected domain T, there exists a function v such that u + 1v is
an analytic function of x 4-iy in T.

The function v is exhibited by the formula

z
ou u
v =f(—— E;dx +$dy>.
2o

An application of the divergence theorem (2) shows that this integral
is independent of the path if % is harmonic, and the derivatives of v
are seen to be connected with those of # by the Cauchy-Riemann equa-
tions. Thus, by Theorem I, # + v is analytic, as was to be proved.

The function v is said to be conjugate to u, the conjugate, or the har-
monic conjugate? of . As 4f(z) = v — du is analytic when f(2) is, — #
is conjugate to v.

1 This use of the word, applied only to real functions, is to be distinguished from
that applied to two complex numbers: a + :b and @ — b are said to be conjugate
numbers.
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We are assuming in this chapter, as heretofore, that functions are
one-valued unless the contrary is stated. In Theorem III it is necessary
to assume that T is simply connected if we are to be sure that v is one-
valucd. We shall meet in the logarithm of z an instance in which v is
many-valued.

Theorem III shows us that the theory of analytic functions of a
complex variable may be regarded as a theory of pairs of real harmonic
functions. However, to assume this point of view exclusively would
be most unfortunate, for there is great gain in simplicity in uniting these
pairs of functions into single objects of thought.

The Definstion of the Elementary Functions for Complex Values of
the Variable. We have already indicated how the rational functions
may be defined. For the other elementary functions we shall confine our-
selves to indications on the extension of the definition of the logarithm,
supplemented by some exercises on related functions. Here Cauchy's
integral theorem is fundamental, for we choose as definition

log z =J<d~z .
1

If the path of integration, for rcal postitve z, is restricted to the segment
joining the point 1 to z, this function coincides with the Naperian log-
arithm of z. Now the integrand is analytic everywhere except at 0.
We introduce a cut along the negative axis of reals between 0 and oo,
and let T denote the sct of all points of the plane except those of the
cut. Then T is simply connected, and the integral gives us a one-
valued analytic function in 7. It thus constitutes an extension of the
definition of the logarithm to complex values of 2.

To gain a better insight into the character of this function, let us
specialize the path of integration as follows: first along the axis of reals
from 1 to the point g, where z = ¢ (cos ¢ + 7sin ¢); then from g to z
along the circle about O through these points. We find then

© @
dx — si s .
log z =f * +f ( c—;sr'l;: oo llan = loge + ig.
1 0
Thus the real part of log z is the logarithm of the absolute value of z,
and the imaginary part is ¢ times the angle of z, — 7 < arcz < 7.
This is in 7.

But the integral defining log z is an analytic function in the domain
dbtained from I by warping the cut in any way. The logarithm may
therefore be defined also ‘at points of the negative axis of reals. Only,
the values on this line will differ, according as the path of integration
approaches it from below or above, by 2n4. Thus a continuous exten-
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sion of the definition is possible only if we admit multiple values for the
function. This is customary, and the last equation gives the definition
for unrestricted values of arc z.

Exercises.

1. Show from the above defimition that log 2, ¢y —= log 2; + log 2, if the angle
of one of the arguments 1s suitably chosen. Study the mapping ot the function
w = log 2z, drawing, in particular, the rays ¢ = const and the circles ¢ = const.
in the z-plane, and their maps in the w-plane. Show that the whole plane of z,
regarded as bounded by the negative axis of reals, 1s mapped on a certain strip of
the w-plane, and consider what part of the boundary should be regarded as part
of the strip if every point = other than 0 and oo are to be represented.

2. Study the function ¢ = ¢ (@) inverse to w =: log 2, showing, in particular,
that it is an extension, analytic 1n the whole plane of w except at 0o, of the real
function ¥ = e%. Show also that a) e¥ as thus extended has the 1magmary period

de*
271, b) that c%i. ¢W: —= ¢®i+%, ) that ¢? = cos v 4 ¢ sin v, and d) that qw = A
We note that the equation (¢) enables us to express a complex number in polar
coordinate form more compactly than heretofore, namely by c = get 7.

3. From equation (c), infer Euler’s expressions
(nr-_}_‘:—uv . ety __p—tr

-9 , sint = S

COS U =
COs 3

and by means of these study the ecxtensions to complex values of the variables ot
the defimitions of the trigonometric functions and their inverses.

4. By means of the identity

1 1 ( 1 1 )
2 +a2  2a1\x —1a x+4ia
integrate the left hand member 1n terms of logarithms, and reconcile the result
with the usual mntegral 1n terms of the inverse tangent.

The Evaluation of Definite Integrals. Another use to which Cauchy’s
integral theorem may be put is in the evaluation of definite integrals.
If such an integral can be expressed as the real part of the integral
of an analytic function, the path of integration can sometimes be so
deformed as to reduce the integral to one easily evaluated. We shall
here confine ourselves to a single example, referring to books on analytic
functions, or on definite integrals, for further illustrations.

The example we shall select is that of the integral needed in Exer-
cise 9, page 64:

2.7
I=flog(1~—kcos¢p)d<p, 0< k<1,
V]
Consider the function
1
(&) =log(a—2)-,

where a is a real number greater than 1. If we cut the z-plane along the
positive axis of reals from @ to oo, any branch of log (2 — 2) is one-
valued and analytic in the domain consisting of the points of the plane
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not on the cut. We select the branch which reduces to the real loga-
rithm of 4 for z = 0. Then f (2) is one-valued and analytic in a domain
containing the annular region between the circles C, | z| =1, and ¢,
!z| =¢, wherc 0 < ¢ < 1. The integral of f(z) over the boundary of
this region vanishes, if the sense of integration is such as to leave the
region always to the left. For if we integrate around C in the counter-
clockwise sense, then along a radius to ¢, then around c¢ in the clockwise
sense, and then back along the radius to C, we shall have integrated
around a closed path bounding a simply connected domain in which
f (2) is analytic, and the integrals over the radius will destroy each other.
Hence the integrals over ¢ and C in the counter-clockwise sense are equal:

2 27
iflog (@ —cosgp — ising) dep = iflog (@ —ecosp —iesing) do.
0 0
The integrand is continuous, and the right hand member approaches
t2mlog @ as ¢ approaches 0. Hence the left hand member, which is

independent of ¢, has this limit as its value. Dividing by ¢, and taking
the real parts of both sides of the resulting equation, we have

2 27
flog la —cosp —ising |dp = flog Y1+a® —2acospde
0 0

= 2nloga.
This leads at once, on writing & = 11 ., to the desired result,
flog (1—% COS(p)d(p = 2m log 1 _F,,;)‘_l_
hy

6. Cauchy’s Integral.

Our next application of Cauchy’s integral theorem is to the deri-
vation of a formula analogous to the third identity of Green. Let f ({)
be analytic in the bounded domain T of the {-plane, and let R be a
closed regular region in 7. Let z be an interior point of R. Then the
function of ¢

is analytic in the region R’ consisting of the points of R not interior to
a small circle ¢, of radius ¢, about z. We infer, just as in the preceding
section, that the integral of this function over the boundary C of R is
~fual to the integral over ¢, both times in the counter-clockwise sense:

1) /(C)
fc—z‘“ = f
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If on ¢ we write { — z = g¢!?, the left hand member becomes

2n
i[f(z+ eeir)dg,
0

and because of the continuity of the integrand, the limit of this ex-
pression as ¢ approaches 0 is 7 27f (z). We thus obtain Cauchy’s integral :

3) 16 =503 ) {5 ac.

211

It gives f (z) at any interior point of R in terms of its values on the
boundary of R. It is thus analogous to Green’s integral (page 237). If,
however, the integral be separated into real and imaginary parts, the
real part of f(2) will be given, not in terms of its boundary values
alone, but in terms of these and the boundary values of its conjugate.
In this respect, Cauchy’s integral is more nearly analogous to the
expression for a harmonic function in terms of its boundary values
and those of its normal derivative, as indicated above. In fact, Green’s
third identity for the plane can be derived from (3). We have only to
keep in mind that the Cauchy-Riemann equations are invariant under
a rigid motion, so that we have the relations

ou dv ou Jdu

dn _ ds’ ds  Jn"

We have, in equation (3), a striking illustration of thec advantages of
considering analytic functions of a complex variable as wholes, rather
than as pairs of harmonic functions. For the equation representing
/ (2) in terms of its boundary values is possible in a most simple form,
without the use of Green’s function, depending on the special char-
acter of the region.

Power Series for Analytic Functions. It is not difficult to verify
that the theorem stating that the integral of a real function may be
differentiated with respect to a parameter by differentiating under the
integral sign, provided the derivative of the integrand is continuous
in all the variables, holds also for functions of a complex variable. We
have then, z still being interior to R,

@ ¥@= 2,,,f({f§),dt atm@ = S e

"nz
Let a denote a point of T, and ¢ a circle about & lying with its
interior in 7. Let 2z be interior to ¢. Then, from the algebraic identity

1 1 z—a (g_a)ﬂ (z— a)r+1

(=i e Temar Tt emarn e —h ez
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and equation (3), we derive the formula

5) () = Nay(z — a) +R,,

0

J‘ R, = (z — a)nuf _H©Qdet
& - (t)"“ 23 (=2 (- ay+t

Comparing the coefficients a;, with the formulas (4), we see that what
we have here is a Taylor series for f (z) with remainder. In order to
obtain an infinite series, let us seek a bound for the remainder. As l {—a |
is constant, equal to the radius p of ¢, we see that

smartt 1 ﬂ e az.

e

[

where

| R

As n becomes infinite, R, approaches 0, and we have the first part of

Theorem IV. If { (z) is analytic in T, it is developable in a power series
about any point a of T, convergent in the interior of any civcle about a
which lies in T. Conversely, any convergent power series in z — a vep-
resents a function which is analytic in the interior of any circle about
a, in which the sevies is convergent.

As an instrument for the proof of the second part of the theorem,
we derive a theorem analogous to Kocbe’s converse of Gauss’ theorem,
in that an analytic function is characterized, by means of it, in terms
of integrals. It is a converse of Cauchy’s integral theorem, and is

Morera’s Theorem. Let f(2) be continuous in the simply connected
domain T, and let the integral

f f(z)dz

vanish when taken over the boundary of any regular region in T. Then
f (2) is analytic in T.

The hypothesis implies that the integral, from the point z, of T to
z, is independent of the path. Its derivatives, given on page 345, are
continuous and satisfy the Cauchy-Riemann equations. Thus the in-
definite integral of f(z) is analytic in T, and we readily verify that its
derivative is f (2). From the formulas (4), we infer that the derivative
of an analytic function is analytic. Hence f (z) is analytic in 7.

Returning to the proof of the second part of Theorem IV, we note
that if the power series

°lusg

, @ (z — @)t

is convergent for z = 2,, | 2, — a| = p, its terms are necessarily bound-

. B
ed in absolute value, so that for some constant B, |a;| < ot It follows
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that for |z —al <Ap, 0 <A <1, the series is dominated by the geo-

metric series o

0
N Bk,
0

and so converges uniformly and absolutely. The rest of the proof of
Theorem IV then follows the lines of that of Harnack’s theorem (p. 249).

Thus analytic functions, in the sense in which we have defined them,
arc identical with functions which can be developed in convergent power
series. It was on the power series that WEIERSTRASS founded his theory
of functions of a complex variable.

Infinite Series of Analytic Functions. In § 2 of Chapter V (p. 125),
we had nced of the fact that a certain infinite series of polynomials
could be represented as a power series. This fact is established in

Theorem V. Let
(6) wy (2) + @, (2) + wy (2) + -~

be an infinite series of functions of z, all analytic in a domain T and let
the series converge uniformly inT. Then the sum w (2) is analytic in any
closed region R in T. Furthermore, if a is in R, if

w, (2) = Na,,(z —a)r, E=1,23,...
n=0
is the development in powers of (z — a) of wy, (z), and if
w(s) = Ya,(z—ay
n=0

is the development of w (z), then

=Sa,, n=1,23,.
k=1

The fact that w (z) is analytic in R’ follows from Morera’s theorem,
since the scries (6) may be integrated termwise. For the same reason
we have, integrating around a circle ¢ about 4, and in T,

1 w (¢) _ °°7 w (¢) _ 2‘%
e W — a)'ﬁ{-l dC , 271 f@- a) n¥1 dC - Ayn -
c k=1

Exercise.
Show that the derivative of a power series, convergent in a circle ¢, may be
obtained, in the interior of ¢, by termwise differentiation.

7. The Continuation of Analytic Functions.

The theorems of § 5, Chapter X, on the continuation of the domain
of definition of harmonic functions, yield at once theorems on the con-
tinuation of analytic functions. From Theorem IV, we infer that an
analytic function is completely determined by its values in a domain,
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however small (see also Theorem VI, below). From Theorem V, we
infer that if two analytic functions agree in an overlapping portion of
their domains of definition, each constitutes a continuation of the other.
Theorem VI has an analogue for analytic functions which makes no
hypothesis on the normal derivatives: Let Ty and T, be two domains
without common points, but whose boundaries contain a common isolated
regular arc. If w, (2) is analytic in T, and w, (2) in T,, if they agree and
form a continuous function at the points of the arc, when defined there by
their limiting values, then they define a function which is analytic in the
domain T, + T, + y, where y denotes the set of interior points of the arc.
The proof follows that of Theorem VI, Cauchy’s integral and integral
theorem playing the roles of Green’s identities.

We have seen that if a function U, harmonic in a domain 7T in space,
vanishes, together with its normal derivatives, on a regular surface
element in T, it is identically O in 7. Corresponding to this we have
a result for analytic functions of which we shall have need:

Theorem VI. If w (z) is analytic in a closed region R, and vanishes
at infinitely many points of R, it vanishes at all points of R.

In fact, if w (2) has infinitely many zcros in R, these zeros will have
a limit point a in R, by the Bolzano-Weierstrass theorem. As w (2) is
analytic at a, it is developable in a power series in z — @, convergent
in a circle ¢ about a. Because of its continuity, w (z) vanishes at a, so
that the constant term in the power series is absent. Let 4, denote the
first coefficient not 0, on the assumption that w (z) is not identically 0
in ¢. Then the function
(zzf_(j)k =ay+ a4y (z—a) +app(z—aP+ -,
is analytic within ¢, and by hypothesis, vanishes at points arbitrarily
near a. Hence, because of continuity, it vanishes at &, and we have
a, = 0. Thus we are led to a contradiction, and w (z) = 0 throughout
the interior of ¢. By the argument used for the proof of Theorem IV,
page 259, we infer that w (z) = 0 throughout R.

An analytic function, defined in a domain, may, or may not, be con-
tinuable beyond that domain. The obstacles to continuation lie in the
function itself. It may become infinite at a point; it cannot then be
analytic in any domain containing the point. If defined in a domain,
and if continuable along a path which leaves and returns to this domain
and which contains a point at which the function is not analytic, the
function may not return to its initial value, and so of necessity be
several-valued. When we speak of an analytic function, we usually have
reference to the function continued in every possible way!.

1 For further detais on this point, the reader may consult Osgoon’s Funk-
tionentheorie, particularly § 3, Chapter IX.



Developments in Fourier Series. 353

Exercises.
1. Show that the function

fle) =S,
1

defined and analytic 1n the unit circle, cannot be continued beyond this circle.
Suggestion. Show that f(z) becomes infinite as & approaches the circumference of

the umt circle along any ray ¢ = (%) 7, where p and ¢ are integers. The umit
circle 1s a natural boundary for f (z).

2. Show that if a function f (x), defined and one-valued on an interval of the
axis of reals, is susceptible of being defined 1n a necighborhood of a point of this
interval so as to be analytic there, this definition 1s possible 1n only one way.

8. Developments in Fourier Series.

The analogue of a series of surface spherical harmonics is, in two
dimensions, a Fourier series.

We shall devote this and the following section to them. Let f (2)
be analytic in a domain including the unit circle. The infinite series

1) =Sla,

will then be uniformly convergent within and on the circle, and so also
will be the series obtained by taking the real and imaginary parts of
its terms. The cocfficients are given by the formulas (5), with a = 0.
We write

z=g¢c'", C=°’“’» ]‘(z):u—{-iv, an=“n_iﬁn’
and find
(o, ¢) = (x,cosngp + B, sinng) o®,
(7) ‘éo
v(o, ) = (x,sinng — B, cosng) o®,
where
o, = 2-l~nf[u (1, ) cosnd + v (1, &) sinnd]d9,
(8) 02:1
B, = El?if[“ (1, #) sinnd — v (1, &) cosnddd.

0

Thus, the real and imaginary parts of f(z) can be expanded in uniformly
convergent Fourier series for ¢ < 1.

We remark that if f(z) is analytic only in the interior of the circle
and bounded on the circumference, the series (7) still converge uniformly
in any closed region within the circle. Also, that if we know the series
for the harmonic function #, that for the conjugate function v may be
obtained by interchanging the coefficients of cosn ¢ and sinz g and then

Kellogg, Potential Theory. 23
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reversing the sign of the coefficient of cos# ¢, for every positive #. This
leaves undetermined the constant term, but we know that this is not
determined by the fact that v is conjugate to u.

Suppose now that the real harmonic function # is given, without
its conjugate. It is desirable to eliminate from the formulas (8), for the
cocfficients, the function ». This may be done by applying Cauchy’s
integral theorem to the function f () 2#~! (» == 1), analytic in a domain
including the unit circle. We find, on integrating around this circle,
the equations

T

T (1, 9) cosn® — v (1, 9) sinnd]dd = 0,

C% (34

27

[ (1, 9)sinnd 4 v (1, 9) cosnd]dd =0,

0

by means of which we are enabled to write the expansion in the form

9) u(o, ) = ; oo —{-%m'@” (e, cosng + B,sinng),

where

2z

(10) o, = -:;—fu(l, PN cosnddd, B, = qu (1, 9) sinnddd.
0 0

T

The series is uniformly convergent in the unit circle if # is harmonic
in an including domain. Suppose, however, that instead of the bound-
ary values of # being given, wec have an arbitrary function f (),
with period 27, integrable and bounded, and that we form the coeffi-
cients

2 2=z

(11) oc,,=;lt—ff(0)cosn0dﬂ, ﬂn:—l-ff(ﬁ)sinnﬁdﬂ.
0 0

T

The scries (9), with these coefficients, will still converge uniformly in
any closed region within the unit circle, and so, by Harnack’s theorem,
represent a harmonic function. We have thus a means of assigning to
any function of the type f(#) (and to even more general ones, in fact),
a function which is harmonic within the circle. The result is a sort
of gencralization of thc Dirichlet problem for discontinuous boundary
values for the circle. The question as to the sense in which the harmonic
function approaches the given boundary values, and the question as
to the sense in which they uniquely determine the harmonic function,
have received much study?.

1 The reader will find the matter treated in EvVans’ The Logarithmic Potential
(see page 377).
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Eaxercises.,

1. Show that if, in deriving the series (9), we had integrated over the circle
| 2| = a < 1, the coefficients would have been given in the form

27 2a
fu (a, ®) cosn Bdd, p,= 7-]“—"-J u (e, §)smnddd.
0

1

Tar

oy ==

Show that thesc expressions are independent of « for 0 < a < 1.
2. Show, on the hypothesis ¢ < 1, that the sum of the series (9), with the coeffi-
cients (11), 1s given by Poisson’s integral

25

_ 1= 1(®) a8
v 9= gy f 1200 (0= ¢) +

>

and thus that 1f f(3) is merely continuous and periodic, the series represents a func-
tion which is harmonic 1n the closed unit circle, and has the boundary values f (¢).

9. The Convergence of Fourier Series.

Because of their usefulness in studying the behavior of harmonic
functions and of analytic functions on the boundary of circles in which
they are harmonic or analytic, as well as for their importance in phys-
ical applications, we shall be justified in a brief consideration of the
convergence of Fourier series for p = 1. We take, then the series

(12) —;—ao-l-g’(% cosnq + f,sinng)

obtained from (9) by sctting p = 1, the coefficients being given by (11).
We shall assume that f () has the period 2z, and that it is integrable
in the sense of Riemann. Products and sums of such functions have the
same property. We first show that the sum of the squares of the coeffi-
cients (11) is convergent. This follows from the identity

of [/ (9) — S ——%m'(ocn cosnd + B, sinn )P dd
27 - m
= [r@® a0 —a[D + S+ 6.
0 1 -

The form of the left hand member shows that the right hand member
is never negative and it follows that if f (@) is periodic and integrable,
the series

LI PRy
2 + ] (“’n + ﬂ")
1

is convergent. As a corollary, we note that o, and 8, approach 0 as n
becomes infinite.

23*
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Returning to the question of convergence of the series (12), let
Sm = Sp, (@) denote the sum of the first # -4 1 terms. Introducing the
values of the coefficients and the notation y = & — ¢, we may write

Sp = -rltff(ﬁ) [-12~ + cosy + cos2y 4 - - cosny} ad.
0
The function in brackets may be written
%[8"’”” F e =Dy oo et L 1 et e 4 et

1
1 ?—t(n+§-)y t(ﬂ-{-%)y 1 sin (n + _2_) y

We thus obtain, if we use y as the variable of integration,

1 - sm(2n+l)g—
et 1 O,
gt sin 5

the change in the limits of integration being allowable because of the
periodicity of the integrand. Finally, writing y = 2¢, we have

i
1 i sin (2% 4 1) ¢
5m=;;ff(‘l’+2t) '(—sm;—)*dt»

which may be written

[f(p+28) +f (p — 2] 2282 DL gy

S ol

(13) s, = nl

Applying this 1dent1ty to the function f (p) = 1, we have, since the
series (12) then reduces to its first term,

sin(2n +1)¢
T st

dt.

(14) 1=2

°;~,w]§

We multiply this equation by f(¢), which is independent of #, and
subtract the result from (13):

(15) Sm ((P) - f(‘P)

sin(2n +1)¢
sint

——dt.

[Flp + 20+ flp — 2¢) — 2/ (p)]-

gﬁwla

1
T =n
0
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We have here a convenient formula for the discussion of the con-
vergence. To establish convergence at a point ¢,, further hypotheses
on f(p) at gy are necessary. Even continuity is not sufficient!. Asimple
condition which suffices is this: there exist two constants, @ and 4,
such that

(16) |f(@o - 28) + fpo — 28) — 2f (go) | < At, for 0<¢(<Za.

Not every continuous function satisfies this condition. Thus, if near

®o, [(p) = (p — @)%, /(p) does not. On the other hand, a discon-
tinuous function may satisfy it. For instance if f(p) has piecewise
continuous derivatives, and at any point of discontinuity has as value
the arithmetic mean of the limits approached from right and left, then
f(p) satisfies the condition.

Consider the formula (15), on the hypothesis that f(¢) satisfies (16).
We note first that

sin(2n 4 1)¢
‘sin ¢

JU ot 20 41 (o —20) — 2/ (o] at|

9
t m 12
gAf;l}ﬁdt<A~2-17. 0<7]<ﬂ, "]<"§‘.
0

Hence, given € > 0, if we take n < j—j , this portion of the integral
in (15) will be less in absolute value than &. If # is thus fixed, the rest
of the intcgral approaches 0 as # becomes infinite. We may see this as
follows. If we define

2t — 21 —2
g(t):[(jgg_—__ )+f(stf;t 21) — 21 (@) . n

A

t

t

IA

T
2

g () = 0 elsewhere in the interval (0, 2x),

then g (¢) is integrable in the interval, and

JUwo+20 +f(g —20) — 2f(po)) SmERED ! gy

25

= [g(t)sin(2n + 1) tdt = 7 Buia
0

is 7 times the Fourier constant f;,., for g(#). It therefore approaches 0
as # becomes infinite. If # be required to be large enough to make this

1 Examples exhibiting this fact have been given by L. FEJ£R, Journal fiir
reine und angewandte Mathematik, Vol. 137 (1909); Sitzungsberichte der Baye-
rischen Akademie, 1910.
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integral less in absolute value than ¢, we shall have

[sm (@0) — 1 (go) | < 22 <&,

and the series (12) therefore converges at ¢, to the value f(g,). It may
be noted that except for the condition of integrability, the convergence
of the Fourier series at a point depends only on the character of the
function in a neighborhood of that point.

FEaxercise.
1. Show that the condition (16) may be replaced by the milder one that

a
[ Flpo+20 + f(go— 20 — 21 (@) |,
t

0
is convergent.

Sometimes the fact that a Fourier series may be thought of as giving
the boundary values of the real or imaginary part of an analytic function
enables us to find in a simple way the sum of the series. Let us take as
an example the series

(17) sincp—i—;sin 2q~—{-—-;-5in3¢+..._

This is, formally, at least, the value, for p = 1, of v in the analytic
function

f(2) =u+1'1'::—{-ézz—}—%z"—{—n-:logr};.

This function, within the unit circle, has as the coefficient of 7,

v=arc; = tant @327 ,
l1-z 1—pcosq
. <. . : 1
where the inverse tangent lies in the interval <- %, % , for T
has a positive real part, and v reduces to 0 for p = 0. From this

expression we see that

s ¢
1—cosg

limv = tan—!

7T @ .
o =35 "3 O<oe<2m.

The function f(g), equal to this limiting value in the open interval
(0, 27), and equal to O at the end points, satisfies the condition (16),
and so is represented by its Fourier series at every point, by the con-
vergence theorem. If we form its Fourier coefficients, we find that they
coincide with those of the series (17), and the function f (¢), just defined,
is therefore the sum of the series.

Exercises.
2. Determine the Fourier coefficients of the function f(@) above, and thus
complete the proof that it represents the sum of the series (17).
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3. Determine the sum of the series

cosq)—%cos3<p+~tl)_-cos5q;—--‘.

4. Given a thermally isotropic homogencous body in the form of a right circu-
lar cylinder whose bases are insulated, and whose curved surface is kept, one half
at the temperature 1 and the other at the temperature — 1, the two halves being
bounded by diamectrically opposite generators, determine the stationary tempera-
tures in the interior. Draw the traces of the isothermal surfaces on a planc perpen-
dicular to the axis.

5. Show that if f(z) 1s analytic n a domain including the closed region R,
bounded by two circles about the origin, then f(z) 1s developable in a Laurent
series

o
1@ = Xazam,
—oo

uniformly convergent in K, where

1 1@

" 3m ) T
[

ag.,

¢ being any circle about the origin between the two given circles Thus show
a) that f (z) 1s the sum of two functions, one analytic within the outer circle, and
the other analytic outside the inner circle; b) that if a function f(2) 1s analytic
and one-valued 1n a neighborhood of a point, except possibly at that point, and
bounded in the neighborhood of the point, it has there at most a removable singu-
larity; ¢) that the only function which is everywhere analytic (including 00), 1s a
constant.

Although the Fourier series of a continuous function need not con-
verge at cvery point, FEJER! has shown that it is always summable.
This means that whereas the partial sums s, s;, 55, ... may not
approach a limit, their arithmetic means

S - 5 So 1 4 S,

So, - ;2'" » " '2"_'~ y e e e
always do, and the limit is, in fact, f (). We shall not, however, de-
velop the proof. It may be found in the Funktionentheorie of HURWITZ
and COURANT, Berlin, 1925, p. 305. Further material on Fourier series
may be found in LEBESGUE’s Legons sur les séries trigomométrigues,
Paris, 1928, in most works on the theory of functions of real vari-
ables, and in the books referred to on page 206.

10. Conformal Mapping.

We have seen that analytic functions map domains of one plane
conformally on domains of another. We shall see later that if simply
connected domains, one in the z-plane and one in the {-plane, are given,

1 Sur les fonctions bornées et intégrables, Comptes Rendus de I’Académie de
Paris, Vol. 131 (1900), pp. 984—987.
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there is essentially only one function { = f(z) which maps the one on
the other conformally. Thus analytic functions are characterized by
their mapping properties, and the geometric theory of functions,
based on this fact, is becoming a more and more important aspect of the
subject. We shall consider, in the present section, some special cases
of mapping.

A. ¢ =z -+ b. The mapping may be regarded as a translation, any
figure in the z-plane being mapped on a congruent figure in the {-plane,
translated with respect to the axes by a vector displacement b.

B(a). (==az, |a|=1, i.e. a=¢" o rcal. The mapping may
be regarded as a rotation of the planc through the angle o.

(b). £ = az, a real and positive. The mapping may be regarded as a
uniform dilation or contraction of the plane, the direction of the axes
remaining fixed. Or, it may be described as a homothetic transforma-
tion.

C. { =az + b. The mapping may be described as a homothetic
transformation followed by a Euclidean motion of the plane. This may
be scen by writing the function in the form

n=|a|lz, z=c¢%2, (=2z-+0b, where a=arca.

We note that the mapping carries circles and straight lines into circles
and straight lines.

1 . . .
D. {=-,. We have met this function on page 344. As an inver-

sion in space carries spheres and planes into spheres or planes,
straight lines and circles in a plane through the center of inversion will
be carried into straight lines or circles. We sce that this is therefore
a property of the present transformation, a fact otherwise casy of veri-
fication.

az-h

E (= cihd ad — bc 0. This is called the general lLnear

function, or broken linear function. If ad — bc were 0, & would be con-
stant, and the whole plane of z would be mapped on a single point. We
assume that this is not the case. The inverse of this function,

—dE+b
= e (—d)(—a) —bc=ad—bc 0,
is also a linear function; each is analytic save at one point. The
linear function is a combination of functions of the types C and D.

If ¢ = 0, this is evident at once. Otherwise, we may write

d 1 a bc—ad
z1=z+<?>x 22=*'“, Cz"'"'l— 2 22'

4

We see thus that the general lincar function maps circles and straight
lines on circles or straight lines.
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Exercises.
1. Show that
z2—1
241
maps the upper half-plane ¥ > 0 on the interior of the unit circle |J' < 1, and the
axis of reals on the circumference of this circle.

¢ =

2. Show that there is a linear function which maps the interior of any circle
on the nterior of the umt circle; the same for the half-plane to one side of any
straight line

3 Show that there is a linear function which maps any three given distinct
points of the z-plane on any three given distinct points of the {-plane, and that
there 15 only one such linear function.

4. Show that the linear function maps the upper half-plane 3 >- 0 on the upper
half-plane % > 0 if, and only 1f, the coefficients a, b, ¢, d all have real ratios, and
after they have been made real by division by a swmitable factor, ad — bc > 0.

5 Show that the function of the preceding excrcise is uniquely determined by
the demands that a given point @ of the upper half-plane of = shall correspond to
=2, and a given point of the axis of reals in the z-plane shall correspond to the
point 00 in the {-plane Infer from this and Exercise 2 that there is one and only
one lincar function which maps the interior of the umt circle on itself 1n such a
way that a given interior point corresponds to the center, and a given point on the
circumference to the point 1.

F. { = 2" n real and positive. The mapping is conformal cxcept at
0 and co. If # is an integer, each point of the z-plane goes over into a
single point of the {-plane, but # points of the {-plane go over into a
single point (other than 0 or c©) of the z-plane. Thus the inverse function
is not onc-valued for #» > 1. The function maps a domain bounded
by two rays from 0 on a domain of the same sort. The latter may over-
lap itself.

G. { =cosz The mapping is conformal except at the points
z = nm, where 7 is any integer. Breaking the function into real and
imaginary parts, we find
& = cosxcoshy,
7 = — sinxsinh y,

The lines y = const. go over into the ellipses

SZ ,’2
B
cosh? y sinh? y
which, since cosh?y — sinh2?y = 1, constitute a confocal family, with
foci at £ = 4 1. The lines x = const. are mapped on the hyperbolas

£2 2
< _ __7)“_ =1
cos2x sin?x

with the same foci.

To study the mapping farther, we note that since cos z has the
period 27, we shall get all the points of the {-plane which are given
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at all, if we consider only the points of the z-plane in a strip of breadth
27, say the strip — z << ¥ <xn. Moreover, since cos (—z2) = cos 2, we
may confine ourselves to the upper half of this strip, provided we in-
clude the part 0 < » < 7 of the axis of reals. It will appear that we
cannot confine ourselves to any more restricted region and still get all
values for { which it may assume, so that the partly open region

R: —a<zx<n, y>0 ard 0<x<n, y=0

is a fundamental region for the function { = cos z; for this is the usual
designation of a region in which an analytic function assumes exactly
once all the values it assumes at all. It is clear that the region obtained
from R by a translation 2, =z} b,
b real, or by the rotation z=—=zis
also a fundamental region, and still
others may be formed.

The fundamental region R and its
map are represented in figure 29.
The boundary of R is mapped on the
Z axis of real ¢ between — oo and 1.
But the points of the boundary,
described with the region to the left,
which come before 0, are not points
of R. Hence the above portion of
the axis of real { must be regarded
as the map of the boundary of R
from 0 on.

We make two applications of the function { — cos 2. We note first
that inasmuch as the derivative vanishes at no interior point of R, the
inverse function cxists and is analytic in the whole plane of ¢, if the
points of the cut from 1 to — oo along the real axis are removed. The
imaginary part ¥ = y (&, ) of this inverse function is therefore harmonic
in the same domain. But it is also harmonic at the points of the axis
of reals to the lcft of — 1, being an even function of & It is thus harmonic
and one-valued in the region bounded by the segment from (— 1, 0)
to (1,0); it approaches continuously the value 0 on this segment, and
is elsewhere positive, as is at once scen by the mapping. It will there-
fore serve as a barrier of the sort contemplated in Exercise 5, page 338.

An allied application is to elliptic codrdinates. The variables x and
y may be interpreted as generalized coérdinates of a point of the (&, #)-
plane. The coordinate curves are confocal ellipses and hyperbolas,

-as we have just seen. As it is convenient to think of x and y as cartesian
cotrdinates, let us interchange these variables with £ and #. At the same
time, we drop a minus sign, and write

Z-plane

.
=

\

N

§
W

\\

h\\\\
\

SN

Fig 29

x=cos§coshy, 9 =sin&sinhy.
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We find
ds? =ld(x —iy)|? =|dcos{ > = |sinl[*|d?
= [(sin & cosh )2 + (cos & sinh 1)?] (d&% + dn?)
= (cosh?n — cos® &) (d&2 + dn?).
Laplace’s equation may then be written
1 92U | 02U
[

2] = . — o S i
v U_cosh*rj——coszf o0& 01;2_1'

FEaercises.

6. Show that by means of a function of type F and a linear function, the
domain bounded by any two rays from a point can be mapped conformally on the
interior of the unit circle.

7. Show that the domain common to any two intersecting circles can be
mapped conformally on the interior of the unit circle.

8. Determine the potential and the density of a charge in equilibrium on the
infinite elliptic cylinder # = 1, it being given that the total charge between two
planes perpendicular to the generators, and two units apart, 1s I£. Check the result
by integrating the density over a suitable region.

9. If 2z = {2, show that the lines £ = const. and # = const. give two systems
of confocal parabolas meeting at right angles. Express the Laplacian of U in terms
of the generalized codrdinates & and % of a pont 1n the z-plane.

10. If z = f({) is analytic and has a non-vanishing derivative in the domain
T of the {-plane, show that the clement of arc do 1n the {-plane 1s connected with
the element of arc ds in the z-plane by the relation

ds? =/ (C) 2do?,
and that
?U | 0*U 1 (3*U | o* U,
9% Tyt T (W o)

=@ =" 4 <t?y)t <"_*)u Dy
M—lf(C)l -\05, T o =~ \o& H (\d'l]) .
Thus the transformation defined by an analytic function carries harmonic func-
tions in the plane into harmonic functions (see the end of § 2, p 236).

11. Show that the Dirichlet integral
() u \ 2 0 2"
f I () X / \ () y ) ds

1s invariant under the transformation defined by an analytic function of ¥ 4 2y.

where

11. Green’s Function for Regions of the Plane.

It has been stated that the mapping brought about by an analytic
function essentially characterizes it. Our aim is now to substantiate
this assertion. By way of preparation, we first establish a property of
the equipotential lines of Green’s function for simply connected regions,
and follow this by a study of the relation between Green'’s function for
such regions and the mapping of them on the unit circle.
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Green’s function for the region R and the pole Q (interior to R) is
the function

¢(P,Q)=log++v(P,Q), r=PQ,

which approaches 0 at every boundary point of R, v (P, Q) being har-
monic in the closed region R. It will be recalled that a function is
harmonic in a closed region if it is continuous in the closed recgion,
and harmonic at all interior points. No hypothesis is made on the be-
havior of the derivatives in the neighborhood of the boundary. If R
is infinite, the function must behave so at infinity that it is carried by
an inversion into a function which is harmonic in the region inverse to
R. We now prove

Theorem VII. If R is a simply connected vegion, the equipotential
lines g == u, p > 0, are simple closed curves which arve analytic at every
point. They have no multiple points.

From § 9, page 273, we infer that the equipotential g = u is analytic
at every point except at those where the gradient Vg of g vanishes.
Such points can have no limit point in the interior of R. For the analytic
function f(2) of which g is the real part becomes infinite at the pole Q,
and it is casily verified that its derivative does not vanish in a neighbor-
hood of that point. Now /' (2) = 0 means the same thing as Vg = 0.
If the zeros of the derivative had a limit point in the interior of R, the
derivativewould thenvanish throughout the interior of R, by TheoremVI.
We conclude that at most a finite number of points at which Vg = 0
lie on the locus g == u. In the neighborhood of such a point, g = u con-
sists of a finite number of regular arcs passing through the point with
equally spaced tangents (see page 276). The
analytic pieces, of which g = u consists, can
terminatc only in the points at which ¥ g =0,
and are at most finite in number.

Consider now the set of points T where
g > p, in which we count also Q (fig. 30).
Because of the continuity of g at all points
involved, the boundary points of T all
belong to the equipotential g=pu. Con-
versely, all points of g = u are boundary
points of T, for g could have only equal or
smaller values in the neighborhood of a point g = u which was not a
boundary point of T. This would be in contradition with Gauss’
-theorem of the arithmetic mean.

Suppose that the equipotential g = u contained a point P, at which
Vg=0. As we have seen, the equipotential would have at least two
branches passing through P;, and these would divide the plane near
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P, into domains in which alternately g < u and g > u; for otherwise
there would be a point at which g = u, but in whose neighborhood it
was never greater, or else never less. Call T; and T, two of these do-
mains in which g > u. They would be parts of T, since T contains all
points at which g > u. If a point of T, could not be joined to a point
of T, by a polygonal line lying in T, T would have to consist of at
least two domains without common points. In only one of these could Q
lie. The other would be one in which g was harmonic, with boundary
values everywhere cqual to g. This isimpossible, since it would make g
constant. So we can join P, to a point in T by a short straight line seg-
ment, and join it similarly to a point in T, and then join the points in 7}
and T, by a polygonal line, the whole constituting a regular closed curve y
lying in T except at the single point P,. Now such a curve, by the Jordan
theorem?, divides the plane into two distinct domains D; and D,. Near
P, there would be points at which g << u on both sides of v, that is, in
both D, and D,. Then in each there would be regions with interiors de-
fined by g << p. At the boundaries of these regions g could take on only
the values O or u. If, for any such region, 0 were not among thesc val-
ues, g would be constant in that region, and this is impossible. Hence
both D; and D, would have to contain boundary points of the region R.
It follows that the closed curve y could not be shrunk to a point while
remaining always in the interior of R, and R could not be simply con-
nected. Thus the assumption that the equipotential g = u contains
a point at which ' g = 0 has led to a contradiction, and the equipoten-
tial is free from multiple points and is analytic throughout.

If R is an infinite region, and if y is the value approached by g at
infinity, the equipotential g == g cannot be bounded. It is, however, a
curve of the sort described, in the sense that an inversion about any
point not on it carries it into one.

Incidentally, it has emerged that at every interior point of a simply
connected region, the gradient of Green’s function for that region is
different from 0.

12. Green'’s Function and Conformal Mapping.

We are now in a position to show the relation between Green’s func-
tion for a simply connected domain and the conformal mapping of that
domain on the circle. It is embodied in the next two theorems.

Theorem VIII. If {=f(2) maps the simply connected domain T of
the z-plane on the interior of the unit circle in the C-plane in a one-to-one
conformal manner, then — log|f(2)| is Green’s function for T, the pole
being the point of the z-plane corresponding to { = 0.

1 See the footnote, page 110.
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Near the pole 2,, f(2) has the development
1(2) = ay(z — 2zp) + ay (2 — 2)* + - -+,
where @, #= 0 because the mapping is conformal. Hence

log / (z) = log (z — 2p) + log [ay + a5 (z — 2g) + -],
and

1
—log|f(s)| =1log  + v,

where v is harmonic in the neighborhood of z,. As there is no other point
within R at which f(2) vanishes, v is harmonic in T'.

As z approaches a boundary point oi T', { can have no interior point
of the unit circle as limit point. For suppose, as z approached the bound-
ary point z;, the corresponding values of { had a limit point £, interior
to the unit circle. This means that no matter how small the circle ¢
about z, there would be points within ¢ corresponding to points arbi-
trarily near {;. But as the inverse of = f(2) is analytic at {;, the points
of the {-plane in a sufficiently small closed circle about ¢, all correspond
to points in a closed region entirely in T, and therefore one which excludes
the points of ¢ if ¢ is sufficiently small. We thus have a contradiction.
Hence as z approaches the boundary of T' in any manner, || = |/(z)]
approaches 1. Thus — log | f(¢) | approaches 0, and therefore is Green’s
function, as stated.

Conversely, if Green’s function for T is known, we can determine the
mapping function:

Theorem IX. If g is Green’s function for the simply commected do-
main T with pole at the point zy = x, 4 1y,, then the function

= [(z) = e"9~ir,

where h is conjugate to g, maps T in a one-to-one conformal manner on the
interior of the unit circle of the {-plane, the pole being mapped on the center
of the circle.

In the representation g = — log » + v, v is harmonic in the simply
connected domain T and so has a one-valued conjugate. The conjugate
of —log 7is — ¢, the many-valued function defined by
%y Y= Yo

X — .
cosp==—-1, sing=:—r

Thus the conjugate 4 of g is many-valued in T, decreasing by 2z each
time that z makes a circuit in the counter-clockwise sense about the
pole z,. As ¢* has the peiod 2 77, the function f (z) of the theorem is one-
valued in T,

Near 2, g + ¢k has the form
— log (2 — 2p) — y (2),
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where y (2) is analytic at z,. Hence

[@) = (z = 2) e,

and since
f’ (20) = eW(ZJ) + 0;

the mapping is conformal in the neighborhood of z,. It is also confor-
mal throughout the rest of T, for

' of(z) - h(ag Oh
F =" — (405,

and this quantity can vanish at no points near which g is bounded
unless ¥ g = 0. But we have seen that such points do not occur in
simply connected domains. The mapping is therefore conformal through-
out T.

Since g is positive in T, [{| = ¢~¢ < 1, and the function { = f (2)
maps I on the whole or a part of the interior of the unit circle. On the
other hand, to any interior point {; of this circle, there corresponds
a single point of T. For if we write {; = e~#—**, the circle |{ | =¢~*
on which ; lics, is the map of a single simple closed analytic curve

g = p. On this curve,

Jdg oh
on—ogs <=0

and 7 decreascs monotonely, the total decrease for a circuit being 2 7.
Hence there is one and only one point of the curve at which 4 differs
from « by an integral multiple of 2 7. Thus there is one and only one point
of T corresponding to ;. It follows that { = f (z) maps the whole of T’
on the whole interior of the unit circle in a one-to-one conformal way, as
was to be proved. It is clear that z = 2, corresponds to { = 0.

We see, then, that the problem of determining Green’s function
for T and the problem of mapping T by an analytic function in a one-to-
one manner on the interior of the unit circle are equivalent. On the
basis of this fact, we proceed to establish RIEMANN’s fundamental
theorem on mapping:

The interior T of any simply connected region whose boundary con-
tains move than one point, can be mapped in a one-to-one conformal manner
on the interior of the unit circle.

The theorem is equivalent to asserting the existence of Green’s
function for T, and this, in turn, to asserting the existence of the solution
v of a certain Dirichlet problem. But this, again, is equivalent to assert-
ing the existence of a barrier for T at every boundary pomt We pro-
ceed to establish the existence of the barriers.

We remark first, as a lemma, that if the function 2z, = f (2) maps the
domain T in a one-to-one conformal manner on the domain T3, the
function being continuous at the boundary point @, then a barrier
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Vi (%, ¥y for T, at the corresponding boundary point a, is carried by
the transformation defined by the function into a barrier ¥ (x, y) for
T at a. Our procedure will be to transform T, by a succession of such
functions, into a domain of such a character that the existence of a
barrier at the point corresponding to ¢ will be evident.

The boundary of T consists of a single connected sct of points, in
the sense that no simple closed regular curve can be drawn in 7" which
encloses some but not all the boundary points. For if such a curve could
be drawn, it would not be possible to shrink it to a point while remain-
ing in T, and T would not be simply connected.

We provide for the case in which there are no points exterior to T.
Since there are at least two boundary points, these may be carried by
a linear function into 0 and 0, respectively. In order not to complicate
notation, let us retain the designation I for the new domain. Its
boundary contains the points 0 and co. We then employ the function
¢ = 72 Let z, be any interior point of T, and ¢, cither of the square
roots of z,, but a fixed one. Then the branch of the two valued function
¢ = z'/» which reduces to ¢, for z = z,is one valued in T, for if we pass
from any point of T by a continuous curve back to that point again, the
value of the square root must come back to itsclf unless the curve
makes a circuit about the origin. This it cannot do if it remains in T,
since the boundary of T extends from 0 to 0o, for it contains these points
and is connected. The branch in question is continuous at all points of
T and its boundary, its derivative vanishes nowhere in T, and it there-
fore fulfills the conditions of the lemma at all boundary points. It is
obviously the same for linear functions.

We may thus assume that T has an exterior point; for instance, the
point — £,. There is thereforc a circle containing no points of T, and
if the domain exterior to this circle be mapped by a linear function on
the interior of the unit circle, T will be mapped on a region interior to
the unit circle.

Now let @ denote a boundary point of the simply connected domain
T lying in the unit circle, and having more than one boundary point.
By a translation, @ may be brought to the point 0. T will then lie in
the circle | z| < 2. Then any selected branch of the function { = log z
will map T on a domain 7" of the { -plane, lying to the left of the line
& = log 2, the point ¢ going into the point 0. As the reciprocal of this
branch of log z vanishes as z approaches 0, the function is to be regarded
as continuous at O for the purposes of the lemma. If now by a linear
function, we map the half of the {-plane to the left of the line & = log 2
on the interior of the unit circle, the domain 7" will go over into a do-
main 7", in the unit circle, the point 00 going over into a point of the
circumference. The function can be so chosen that this point is the
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point 1. For such a domain and boundary point, U =1 — %" is a
barrier. The theorem is thus established.

Incidentally, we may draw a further conclusion as to the Dirichlet
problem. Since a barrier for a domain, at a point 4, is also a barrier for
any domain which is a part of the first, and has a as a boundary point,
we infer that the Dirichlet problem is possible for any domain such that
any boundary point belongs to a conmected set of boundary points con-
taining move than one point.

We may also state that given amy fwo simply connected domains,
each with more than one boundary point, there exists a function which
maps one on the other in a one-to-one conformal manner. For both domains
can be so mappad on the unit circle, ard through it, on each other.

Uniqueness of the Mapping Function. If the mapping function be
thought of as determined by Green’s function, we sce that two arbi-
trary elements enter it. The first is the position of the pole, and the
second is the additive constant which enters the conjugate of g. These
may be determined, the first so that a preassigned point of T is mapped
on the center of the unit circle, and the second so that a preassigned
direction through the pole corresponds to the direction of the axis of
reals at the center of the circle, for changing / by a constant multiplies
the mapping function by a constant of absolute value 1, and the con-
stantcanbe chosen so as to produce any desired rotation. Thus, although
a simply connected domain does not determine quite uniquely a func-
tion which maps it on the unit circle, the following theorem of unique-
ness justifies our assertion at an carlier point, to the effect that an
analytic function is characterized by its mapping properties:

Theorem X. Given a simply connected domain T with more than one
boundary point, and an interior point z, there exists one and only one
function § = f(z) which maps T on the interior of the unit circle of the
{-plane in a one-to-one conformal way, and so that zy and a given dirvection
through z, corvespond to the cemter of the circle and the dirvection of the
positive axis of reals.

We have seen that there is one such function. Suppose there are
two f;(2) and fy(2). By Theorem VIII, the negatives of the absolute
values of their logarithms are both Green’s function for T with the
same pole, and hence are identical. This means that the real part of
f1(2)
(e
inary part is constant, That is,

log ) is 0 (with a removable singularity at z,), so that the imag-
f1(2) = e*%fy(2z), e real

Both functions map the same direction at z, on the direction of the pos-
itive real axis at 0. Let the given direction be that of the vector et#.
Kellogg, Potential Theory, 24
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Then, writing dz = ¢*#dg, we must have

dty = fi(z)efdp and dl, =[f5(z)c*f dp
real and positive. The same must therefore be true of the quotient of
11 (%)
13 (z)" .
quoticnt from the preceding equation, we find it necessary that e** = 1.
Thus the two mapping functions must be identical.

Incidentially, we sec that the only function mapping the interior
of the unit circle on itself is a linear function. This function can be so
chosen as to bring an arbitrary interior point to the center, and an
arbitrary direction to that of the positive axis of reals. It follows that
the function mapping the interior of a simply connected region, with
more than one boundary point, on the interior of the unit circle is deter-
mined to within a linear substitution.

these differentials, and hence of the quotient Computing this

13. The Mapping of Polygons.

A natural inquiry to make with respect to the characterization of a
function by its mapping, is to ask for the simplest domains, and study
the properties of the functions which map them on the interior of the
unit circle. After the circle itsclf, polygons would undoubtedly be
reckoned among the simplest. The problem of the mapping of polygons
was first investigated by CHRISTOFFEL and SCHWARz!.

Let T denote a finite domain of the plane of z, bounded by a poly-
gonal line, whose vertices, in order, the line being described with T to
the left, are a,, a,,... a,. Let the cxterior angles, that is the angles
through which the vector, with the direction and sense of motion along
the polygon, turns at the vertices, be denoted by @y, wu,, . . .7tu,.
Instcad of seeking the function mapping T on the unit circle, it will be
more convenient to attack the equivalent problem of mapping the
upper half-plane of £ on T. Let z = f({) denote the mapping function,
which we know exists, by the last section, and let o, oy, . . . o, denote
the points of the real axis which it maps on the vertices of 7. The
function then maps straight line segments of the boundary on straight
line segments, and we may prove that it is analytic at all interior points
of these segments as follows. If { is on the segment (o;_,, a,), 2 is on the
segment (4;_,, a,), and for suitable choice of a and b, az 4 b lies on a
segment of the axis of reals, and is analytic in the upper half-plane in
the neighborhood of points of the segment. If the definition of such a
function is extended to points in the lower half-plane by a reflection,
that is, by the convention that at the point & — 47 it has as value the

1 CHRISTOFFEL, Annali di Matematica, 29 Ser. Vol. I (1867), Gesammelte Werke,
Vol.1, p.2451f.; ScCHWARZ, Journal fiir reine und angewandte Mathematik, Vol. LXX
(1869), p. 105£f., Gesammelte Abhandlungen, Vol. II, p. 651f.
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conjugate of its value at £+, it will be analytic in the lower half-
planc near the segment of the axis of reals in question, and, by a theorem
of § 7, it will be analytic at the interior points of the segment as well.
Furthermore, since for ¢ on («,_,, &,), az + b is real,

a2z

) - N e Iu, (C)
dC—af ©) and F(8)= 7 =751,

at

are also real. But the second expression is independent of 2 and b, and
hence it is real and analytic on the whole axis of real {, except possibly
at the points «,.

Lct us now consider the situation in the neighborhood of the ver-
tices. As z goes from the side (@,_;. @,) to the side (a;, a,,,) through
points of T, arc (z — a,) decreases by (1 — u,) %, while arc ({ — «,) de-
creases by z. If we write

1
n=k(z—a)

selecting a definite branch of the many-valued function and then choos-
ing the constant % so that z becomes real and negative when z ap-
proaches the side (a; i, ;) from within T', then arcz; also decreases
by @, and z, regarded as a function of {, maps the upper half-
plane of { near «, on the upper half-plane of z; near 0. If dcfined in the
lower half-plane near «; by a reflection, it is analytic in a neighborhood
of «,, except possibly at «,. But the function is bounded in this neigh-
borhood, and so any possible singularity at «, is removable. Hence 2 is
developable in a convergent power series

z1=b1(c_“z)+b2(c—al)2+

where b; == 0, since the mapping is conformal at «,. Eliminating z,
between the last two equations, we find

Z=“z+(C—a)l—“cr 1+ (C 1)+“{l1—m’

valid for a choice of the branches of the many-valued functions which
maps the upper half of the {-plane near «; on T near ;. The second
factor of the second term is an analytic function near { = a;, which
does not vanish at { = «;. We may therefore write

z=a,+ (¢ —a) o+ 6 ¢ —a)+ -], ¢+ 0.
Computing F ({) from this expression, we find

F@Q)=7Lv+ P —a),

where P ({ — a,) is a power series in { — o, convergent in a neighbor-
hood of «;. In verifying this last statement, it is necessary to note that
24+
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us =+ 1. This is true, because if 4, were 1, T could have no points in a
neighborhood of a;, and this point would not be a boundary point.
Carrying out the same reasoning for the other points «,, for which
we may assume that none is the point 0o (becausc a linear transforma-
tion would remedy the situation if it existed), we conclude that the
function

F@Q+ 2t
1

is analytic in the neighborhood of all vertices. It is clearly analytic in
the upper half-plane of {, and on the real axis. If defined by a reflection
at points of the lower half-plane, it is analytic in the whole plane when
properly defined at the removable singularities o;. If we examine its
character at o¢© by the substitution w = -;-, we find

d%z

n il n
Y . dw? Y .
FO+ ) ol == 2wt Y 0
1 To 1
For w near 0, z = f(;) maps a portion of the lower half-plane near

w = 0 on a portion of T near an interior point of the side (a,, 4,), and
so, by a now familiar argument, is analytic in a neighborhood of that
point, with a non-vanishing derivative. Thus the above expression is
analytic in the whole plane, including the point 0o, and so (Exercise 5,
page 359) is constant. As it vanishes at 0o, (w = 0), it is identically 0.
We remark that since the first term on the right is w? times an analytic
function, the sum of the remaining two terms contains the factor w2,
so that we must have 3y, = 2. That this is true is geometrically evi-
dent.

We have then in
a2z

dge M
Gt 2 =0
3
a differential equation for the mapping function. It is readily integrated,
and yields the result

4
A at

where 4 and B are constants depending on the position and size of the
domain T, the branches of the many-valued functions in the integrand,
and the choice of the lower limit of integration, which may be any
point in the upper half-plane of {. The symbol II means the product
of the » factors of which a typical one follows.
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The problem is not completely solved until not only these constants
A and B have been appropriately determined, but also the real con-
stants a;. We know, however, that the mapping function exists?, and
that it must have the given form. We leave the determination of the
constants as a problem to be solved in particular cases.

As an illustration, let us suppose that T is a rectangle. Then u; =
= ug = p, = . Because of the symmetry of T, it is reasonable to
suppose that the four points oy, oy, a3, oy can be taken symmetric with

respect to 0. We take them as 4- 1, 4 ;- (0 <k <1). We have, then
as a tentative mapping function,

(19) = f
(l - C’) (1 ) C”)

that is, an elliptic integral of the first kind.

Exercise,

1. Venfy, on the understanding that by the radical is meant that branch of
the square root which reduces to + 1 for { = 0, that this function maps the upper
half-plane of { on the interior of the rectangle of the z-plane whose vertices are
+ K and -+ K + {K’, where

1
1

. dt dt
K=|-—_ ——, K =
Ya— 81— ma fw’—l)(l—km)
0

The function { = @ (2), inverse to the function (19), maps the
rectangle on the upper half of the {-plane. It is so far defined only in
the rectangle. But it is real when z is real and between the vertices
—Fk and k. It can therefore be continued analytically across the axis of
reals into the rectangle symmetric to T by a reflection. By similar re-
flections, @ (z) can be continued across the other sides of 7', and then
across the sides of the new rectangles, until it is defined in the whole
plane of z. However, the original rectangle T, together with an ad-

1 When the formula for z = f ({) was first derived, the theorem of Ricmann
could not be regarded as rigorously established, and the endeavor was made to
establish 1t for polygonal regions, by showing that the constants could be deter-
mined so that the given region would be the map of the upper half-plane. The
method used was called the method of continuity, and has not only historical
interest, but value in allied problems in which an existence theorem would other-
wise be lacking. For further information on the method, the reader may consult
E. Stupy, Vorlesungen tiber ausgewdhite Gegenstdnde dev Geometrie, Heft 2, heraus-
gegeben unter Mitwirkung von W. BLASCHKE, Konforme Abbildung einfach-zu-
sammenhdngender Beveiche, Leipzig, 1913. An elementary proof by means of the
method of continuity is given by A. WEINSTEIN, Der Kontinuitdtsbeweis des
Abbildungssatzes fur Polygone, Mathematische Zeitschrift, Vol. XXI (1924),
pPp- 72—84.
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jacent one, suitable portions of the boundary being included, con-
stitutes the map of the whole {-plane, and this is therefore a fundamen-
tal region for the function. It is an elliptic function. Its inverse is many-
valued, corresponding to paths of integration no longer confined to the
upper half-plane of {.

Exercises.

2. Show that ¢ (2) 1s doubly periodic, with the periods 4 K and 2 K’7.

3. Show that as % approaches 0, the rectangle T becomes infinitely high, while
retaining a bounded breadth, and that as %2 approaches 1, the rectangle becomes
infinitely broad, while keeping a bounded height. Show thus that a rectangle of
any shape can be mapped on the upper half-plane by mcans of the function (19).

4. Study the mapping on the upper half-plane of the interior of a triangle.
Show that if the function { = @ (2), with its definition extended by reflections,
is to be single valued, the interior angles of the triangle must be each the quotient
of # by an integer, and that there arc but a finite number of such triangles (as far
as shape is concerned). Determine for one such case a fundamental region, the
periods of the function ¢ (z), and a period parallelogram, that is, a partly closed
region S, such that the value of & for any point in the plane differs, by a homo-
geneous linear combination of the periods with integral cocfficients, from the value
of z for one and only onc pomnt in S. Determine the number of times ¢ (2) be-
comes infinite in the period parallelogram, and show that it assumes in this region
any other given value the same number of times.

5. Show by means of a linear transformation that if in the mapping of a poly-
gonal domain T on the upper half-plane, one of the vertices of T corresponds to
the point 00, the formula (18) accomplishes the mapping when modified by the
suppression of the factor in the denominator which corresponds to this vertex.

6. Show that the function mapping the interior of the unit circle on the poly-
gon T is also given by the formula (18), if the points «, arc on the circumference of
the circle.

7. Find the function mapping the square whose vertices are 4- 1, -|- 2 on the
unit circle in such a way that the vertices and center keep their positions.

Infinite Regions Bounded by Closed Polygons. For certain physical
applications, the case is important in which T is the region outside a
a closed polygon. In this case, just as before,

F@) + 2t
1 !

is analytic on the axis of real {, and also in the upper half-plane, except
at one point. For since z = f({) must become infinite at the point
of the [-plane corresponding to the infinitely distant point in T, it
is not analytic at this point. But this is the only exception. When de-
fined by a reflection in the axis of reals, the above function also be-

comes infinite at the point B conjugate to 8, and one finds that

F W 2 2_
(C)+$C‘a‘+c—-ﬂ+c._ﬁ
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is everywhere analytic. The necessary condition on the angles turns
out to be 2'u; = — 2, and this checks with the geometry of the situation,
since the polygon must be described in the counter-clockwise sense if
T is to be to the left. The mapping function is given by

4
- ag I
(20) "‘AJ(C—ﬂ)*(t—-p)*ﬂ(t—a.)s«JrB
Exercises.
8. Derive from this result the formula
. C 4L
CEIT(E —~ yo)

©

for the function mapping the interior of the unit circle on the infinite domain T
bounded by a closed polygon, the points y, being on the circumference of the
circle. Show that the same formula gives a function mapping the infinite domain
outside the umt circle on the infinite domain 7', and that 1n this case the condi-

tions

‘:/‘:—‘_2’ 27'(/"::0
must be fulfilled 1n order that the mapping be conformal at oo The points p, will
usually be different in the two cases.

9 Determine a) a function mapping the upper half-plane of { on the infinite
domain T of the planc of z, boundcd by the straight line segment from — 1 to + 1
so that { = corresponds to the infinite point of the z-plane, b) a function
mapping the {-plane outside the umit circle on the same domain of the z-plane
so that the infinite points correspond. Answers, if a; = — 1, o == 1,

__2¢ 1 1
I S LN (R
By means of this last exercise, we can find the distribution of a
static charge of electricity on an infinite conducting strip. The poten-
tial U of such a distribution must be constant on the strip, and at a
great distance 7 from the origin of the z-plane, must become negatively

infinite like e log , , where ¢ is the charge on a piece of the strip two

units long. On the strip in the second part of the exercise, |{| =1,
while at great distances | {| becomes infinite like 2 | z|, that is, like
2 7. Hence the function

el

2 ’

which is harmonic in x and y, since it is the real part of an analytic
function, satisfies the requirements on the potential.

To find the density of electrification, we first find

U= —clog

d ) d ¢
E(U+zV)=~E(elog~2—)=—
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The magnitude of this derivative is the magnitude of the gradient
of U, and this is the magnitude of the normal derivative of U at points
of the strip, since here the tangential derivative is 0. Hence

1 /10U U e 2
o=~z ( )

T an\on,  on_
Corresponding to points of the strip, { = ¢*?, so that z =% =cos ¥,

and
2 e

TEZaisnd| gnyl—

[

Euxercises.

10. Show, 1n the notation of Exercise 8, that the density of a static charge on
the surface of an infinite conducting prism, whose cross-section is the polygon
bounding T, 1s

e
= — I —p)m].
o dnA | ( V4)

Since u, 1s negative at any outward projecting edge of the prism, and positive at
any inward projecting edge, we sec that the density becomes infinite at the former
and 0 at the latter.

11. Determine the density of electrification on a prism whose right section is a

. . n 3n b= Tn
square, 1nscribed in the unit circle, with vertices at & =- et and T

Answer,
; 1
[sec28, where ¢=¢", A= T —.

2 [Ycos2dad
0

e

T 8ada

12. Study the mapping of domains bounded by open polygons, that is, of infi-
nite domains whose polygonal boundaries pass through the point 00.

For further information concerning the relation between the loga-
rithmic potential and the theory of functions of a complex variable, the
reader is referred to Oscoov’s Funktionentheorie, particularly the
chapters from XIII on. An excellent idea of the scope of the geometric
theory of functions may be had from the third part of the HurRwITZ-
CoUraNT Vorlesungen iiber allgemeine Funktionentheorie, Berlin, 1925.
Two small volumes which may be recommended arc CURTISS, Analytic
Functions of a Complex Variable, Chicago, 1926, an introduction to the
general theory, and BIEBERBACH, Einfiihrung in die konforme Abbildung,
Berlin, 1927, on conformal mapping. For physical applications, see
RIEMANN-WEBER, Die Differential- und Integralgleichungen der Mecha-
nik und Physik, Braunschweig, 1925.
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i a domain, 341
Analytic domains, 319
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power series for, 349
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Arc, regular, 97, seat of removable
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Anthmetico-geometric mean, 61
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Ascoli, theorem of, 265
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unit, 3
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Cauchy’s integral theorem, 344
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Cauchy-Kowalewski existence theorem
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Cauchy-Riemann differential equations
341
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of the kernel of potential theory, 30¢
Charge, 10, 81, 175. See also induced
charge
CHRISTOFFEL, 370
Circulation, 70
CLARKE, 378
CrLEBsCcH, 378
Closed curve, 100
region, 93
regular surface, 112
sets of points, 93
Conductivity, electric, 78
surface, 214
thermal, 77
Conductor, 176
potential, 330. See also electrostatic
problem
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370
Conjugate, 345
Conservative field, 49
Continuation, of analytic functions, 351
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Continuity, equation of, 45
Continuous, 97, 100, 113
Continuously differentiable, 97, 100, 113
Convergence, 1n the mean, 267
of Fourier series, 355
of improper integrals, 17, 21, 119, 146,
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zonal harmonics, 133, 134, 254
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Coordinates, cylindrical, 184
ellipsoidal, 184
elliptic, 188, 362
general, 178
spherical, 39, 183
ring, 184
CouLowms, 65, 176
Coulomb’s law, 10, 175
Couple, 23
CouraNT, 35, 86, 94, 206, 285, 359, 376,
377
Curriss, 376
Curl, 71, 123, 181
Current flow, 78
Curve, continuous, 98
closed, 100
material, 8
open, 100
regular, 99
simple, 100
Cyclic fields, 75

Density, linear, 4, 8
of magnetization, 67
source, 46
surface, 6, 10
volume, 7, 15
Dependent, linearly, 292
Derivative, directional, 50
of a complex function, 340, 343, 349
»f a harmonic function, 212, 213, 227,
244, 249
of a potential, 51, 121, 150, 152, 160,
162, 164, 168, 172
of a set of points, 92
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Developments, in Legendre polyno-
mials, or zonal harmonics, 133,
134, 254 ’
in Fourier series, 3565
in spherical harmonics, 141, 251, 256
valid at great distances, 143
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Dielectric, 175, 206
constant, 208
DiricurET, 278, 284, 377
Dirichlet integral, 279, 310, 311, 363
principle, 236, 279
problem, 236, 277, 279, 286, 311, 314,
326, 329, 336, 367, 369
problem, sequence defining the solu-
tion, 322, 325, 328
problem, for the sphere, 242
Directional derivative, 50
Distribution, continuous, 3
double, 66, 166, 281, 286, 311, 314
of sinks or sources, 45, 46, 314
surface, 10, 12, 160, 287, 311
volume, 15, 17, 150, 219, 316
Divergence, 34, 36, 123, 181
theorem, 37, 64, 84, 85, 88, 344
for regular regions, 113
Domain, 93
Double distribution, see distribution.
Doublet, 66
logarithmic, 66
Doubly connected, 76

Earnsuaw, 83

EppingTON, 81

Edge, 112, 115

Electric image, 228

Electrostatic problem, 176, 188, 312,

313, 375

Electrostatics, 176
non-homogeneous media, 206

Elementary functions, 346, 347

Ellipsoid, potential, 188, 192

Ellipsoidal conductor, 188
homoeoid, 22, 193

Empty set of points, 92

Energy, 48, 56, 79, 278
radiated by sun, 81

Eotvos gravity variometer, 20

Equicontinuous, or equally continuous,

264

Equipotential lines, 364
surfaces, 54, 273

Equivalent, linearly, 292

Equivalents, between units, 3
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Evans, 244, 271, 338, 354, 377
Exceptional boundary point, 328, 330,
334, 336
Existence theorem, 215, 244, 277
Cauchy-Kowalewski, 245
first fundamental, 245
second fundamental, 245
Expansion, or divergence, 34
Expansions, see developments.
Extension principle, first, 88, 120
second, 113, 217
Exterior point of a set, 92

Face of a regular surface, 112, 115
Family of surfaces, condition that they
be equipotentials, 195
quadric, 184
FARADAY, 29
FEeJkRr, 357, 359
Field, axial, 37
central, 37
stationary, 33
Field lines, 29
tube, 36
Fing, 18
Finite scts of pomnts, 91
FISCHER, 268
FLamanT, 378
Flow, lines of, 29, 33
Flux of force, 40
ForprL, 378
Force, at points of attracting body, 17
due to a magnet, 65
due to special bodies, 4
{ields of, 28
function, 51
flux of, 40
lines of, 28, 41, 210
of gravity, 1
resultant, 23
specific, 20
See also attraction.
FOURIER, 378
Fourier series, 199, 353, 355
integral, 200
FRrANK, 377
FrECHET, 337
FrepHOLM, 285, 287, 290, 337
Free charge, 209
space, points of, 121
FreeEMAN, 378
Frontier of a set of points, 92
Fundamental region, 362
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¥, the constant of gravitation, 2, 3
Gauss, 38, 52, 58, 83, 134, 277
Gauss’ integral, or Gauss’ theorem,
38, 42, 43, 63
thecorem of the arithmetic mean,
83, 223
converse of, 224
Giess, 123
GoURsaAT, 245, 377
Gradient, 52, 53, 54, 77, 123, 181, 273,
276, 365, 376
Gravity, 1, 3, 20, 21 See also attrac-
tion and force.
GREEN, 38, 52, 212, 238, 240, 277, 377
Green’s first 1dentity, 212
function, 236, 363, 365
of the second kind, 246, 247
symmetry, 238
second identity, 215
theorems, 38, 212, sce also divergence
theorem
third 1dentity, 219, 223
Grounded conductor, 229, 313
GRUBE, 278, 377

Hapamarp, 291
Hadamard’s determinant theorem, 291
HawmirToN, 123
Harmonic, at a point, 211
functions, 140, 211, 218
derivatives of, 213, 227, 249
in a closed region, 211
in a domain, 211
See also potential
HARNACK, 248, 262, 323, 377
Harnack’s first theorem on convergence,
248
incqualily, 262

second theorem on convergence,
262

Heat, conduction, differential equation,
78

flow of, 76, 214, 314
1n a circular cylinder, 201
in an infinite strip, 198
Hebrick, 245
HeiNg, 95, 125, 134, 377
Heine-Borel theorem, 95
HeLMmEeRrT, 20, 378
HeimuorTz, 378
HEevL, 2
Hevwoobp, 337
Hirs, 206
HiLBerT, 206, 280, 284, 285, 287, 377
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HOLDER, 152

Holder condition, 152, 159, 161, 165, 300
Homoeoid, ellipsoidal, 22, 193
Hurwirz, 359, 376, 377

Incompressible, 36, 45, 48
Independent, linearly, 292
Induced charge, 176, 229, 231, 234
Inductive capacity, 208
Infinite region, 216

series of images, 230

set of pomnts, 91
Interior point of a set, 92
Integral equation, 286, 287

homogencous, 294

with discontinuous kecrnel, 307
Integrals, improper, 17, 55, 119, 146,

300, 304

evaluation of definite, 347
Integrability, 76
Intensity of a field, 31, 41, 55
Inverse points, 231
Inversion, 231, 248, 326, 344, 360
Irrotational flow, 69, 70
Isolated singularities, see singularities.
Isothermal surface, 77
Isotropic, 77
Iterated kernel, 288, 301

Jeans, 211, 378
Jordan theorem, 110, 365

Kerroce, 276, 323, 337, 338
KEeLvIN, Lord, see THOMSON.
Kelvin transformation, 231, 232, 326
KEPLER, 2
Kernel, discontinuous, 307

of potential theory, 299

of an integral equation, 287
Kinetic encrgy, 49
KIRCHHOFF, 378
KNESER, 337
Knorp, 135
KokBE, 226, 227, 228
Korn, 377
KowALEWSKI, 337

Lavresco, 337

Lawms, 378

lramellar field, 49

Lamina, 10, 12

Lamé functions, 205
LAPLACE, 123

Laplacian, 181, 188, 220, 323
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Laplace’s differential equation, 1, 123,
124, 175, 198, 211, 220
integral formula, 133
LAGRANGE, 38, 52, 123
Laurent series, 359
Least upper bound, 93
LEBESGUE, 238, 285, 319, 325, 326, 327,
330, 334, 359
Lebesgue’s theorem on extension of
continuous functions, 319
LEGENDRE, 125
Legendre polynomuals, 125, 252
developments 1, 133, 134, 254, 259
differential equation, 127, 141
LiArouNoOFF, 238
LicuTteENnsTEIN, 197, 220, 337, 342, 378
Limit point of a set, 91
Linearly dependent, equivalent, indes
pendent, 292
functions, 360
scts of points, 91
Lines of force, 28, 41, 210
Livens, 378
Togarithm, 346
Logarnithmic distributions, 63, 173, 175
doublet, 66
particle, 63
potential, 62, see also potential
Love, 378

Magnetic particle, 65
shell, 66, see also distribution,
double
Magnet, 65
Magnitude, 339
Many-valued functions, 75, 197, 214,
250, 260, 352
Map, mapping, sec conformal.
Mass of earth and sun, 3
MASER, 377
Marthieu, 377
MaxweLrr, 55, 211, 276, 378
Mcthod of the arithmetic mcan, 281
Méthode de balayage, or method of
sweeping out, 283, 318, 322
MEVYER, 241, 377, 378
MiLEs, 338
Mises, 377
Mobius strip, 67
Modulus, 75
Moment of a double distribution, 67
of a magnetic particle, 66
of the attraction of a body, 23
Morera’s theorem, 350
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Multiply connected region, 74
Mutual potential, 81

Nrumany, C., 246, 247, 281, 290

NEUMANN, ¥, 377

Neumann problem, 246, 286, 311, 314
for the sphere, 247

NewToON, 1, 22

Newton’s law, 1, 3, 25, 27

Neighborhood, 93

Nested domains, regions, 317

Normal region, 85

Normalized function, 292

OrrrLING, 20
Open continuum, 93
regular curve, 100
surface, 112
sct of points, 93
Order of integration in discontinuous
kernels, 304
Orthogonal sets of functions, 129, 130,
252, 292
ccordinate systems, 180
Oscoob, 18, 35, 86, 90, 92, 94, 99, 110,
111, 165, 182, 196, 249, 276, 339,
342, 352, 376, 377

Particle, 3, 23, 25, 26
differentiation, 46
equivalent, 5, 17
logarithmic, 63
magnetic, 65

Path of a particle, 33

Prirce, 63, 196, 377

PERKINS, 244 °

Prrron, 338

Picarp, 281, 377

Piecewise continuous, 97, 101, 113
differentiable, 97, 101, 113

Plane sct of points, 91

PoiNcarE, 175, 283, 284, 326, 329, 377,

378

Point of infinity, 232, 344

Points, sets of, 91

Poisson, 156

Poisson’s equation, 58, 156, 174, 208
integral, 240, 251, 355

Potential, 48, 52, 53
at points of masses, 146
derivatives of, 52, 121, 152, 160,

162, 168

energy, 49
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Potential, logarithmic, 63, 145, 172,
248, 276, 338
of a homogeneous circumference, 58
of special distributions, 55
velocity, 70
Power series, 137, 349

Quoticnt form for resolvent, 290, 308

Rap6, 338
Reciprocity, 82
Reentrant vertex, 101
Region, 93
regular, 100, 113
Regular at infinity, 217, 248
boundary point, 328
See also arc, curve, surface, sur-
face clement,
REMAK, 338
Removable singulanty, see singularity,
Resolvent, 289
RIEMANN, 1, 340
RieMANN-WEBER, 134, 200, 203, 206,
211, 290, 376, 377
Rigsz, 338
RopriGuEs, 131
RYBAR, 20

St1. VENaNT, 378
Scalar product, 50, 123, 212
Scumipr, 1756
Scuwarz, 107, 270, 281, 323
Schwarz’ inequality, 107
Self-potential, 80
Sequence method for Dirichlet problem,
322
Sequences of harmonic functions, 248
Series, see developments, and power
series,
Scts of points, 91
Shell, magnetic, 66
Simple curve, 100
Simply connccted, 49, 74
Singularities of harmonic functions, 268
at points, 270
general removable, 335
on curves, 271
Sink, 44
Solenoidal field, 40
Sohd angle, 12, 68
Source, 44
Source density, 45
Specific heat, 77
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Spherical conductor, 176
coordinates, 183
harmonics, 139, 204, 256
Spread, surface, 10
Standard representation, 98, 105, 108,
157
STERNBERG, 377
STOKES, 73
Stokes’ theorem, 72, 89, 121
STONE, 129
Strength of a magnetic pole, 65
of a source, or sink, 44
Stupy, 373
Subharmonic function, 315
Sum of regular regions, 100, 113
Superharmonic boundary value exten-
sion, 324
function, 315
Surface distribution, 10, 12, 160, 311
element, regular, 105
normal, 90
material, 10
regular, 112
Surfaces, lemmas on, 157
Sweeping out, see méthode de balayage.
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Tart, 26, 81, 377
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Tesseral harmonics, 205

Taomson, 26, 81, 232, 278, 284, 377

Transformations, 235, see also con-
formal
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Tube of force, 36

Uniformity, uniformly, 94

Uniform continuity, 96
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of mapping function, 369
theorems, 211, 215, 336, 337
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Vector field, 28
product, 123
Velocity field, 31
potential, 70
Vertex of a regular surface, 112
Volume distribution, 15, 17, 150, 219,
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