Some Pages Are
Text Fly Within The
Book



UNIVERSAL
LIBRARY

OU_154848

AdVddlT
TVSHIAINN






OSMANIA UNIVERSITY LIBRARY

Call No. 537 / PV Q. Accession No. G 1S24
Author ?mv\_o .g;\ , W- W'Y -

Title Ph“’.?mal Ve %M\M‘%&

This book should be returned on or before the date last arked bc ow






CLASSICAL
ELECTRICITY and MAGNETISM



ADDISON-WESLEY SERIES IN ADVANCED PIIYSIC'S

Feenberg and Pake  Quantom Turory or ANcurar Movkntusm
Goldstain - C'rassioan MecHanies

Jaueh and Rohilieh =Tig Turory or Prorons ANp KLECTRONS
Landwu and Lifshit: — Tk Cuassiean Tiueory or Frsuos
Panofshy and Phdlips - Crassican BuseTricrry AND MAaaNETISM
Suchs — NvcLear THEORY



CLASSICAL
ELECTRICITY and MAGNETISM

by
WOLFGANG K. II. PANOFSKY*

Department of Physies
Ntanford Universily

and

MELBAN PHILLIPS

ADDISON WESLEY PUBLISHTIING COMPANY, Inc.

READING, MASSACHUSETTS



© Copyright 1955
ADDISON-WESLEY PUBLISHING COMPANY, Ine.

Printed in the Unaled States of America

AI:L RIGHITS RESERVED. 'THIS BOOK, OR PARTS THERE-
OF, MAY NOT BE REPRODUCED IN ANY FORM WITHOUT
WRITTEN PERMISSION OF THE PUBLISHERS.

Library of Congress Catalog Card No. 55-5029

Second printing—August, 1956



PREFACE

This book is designed to emphasize those aspects of classical eleetricity
and magnetism most useful to the modern student as a hackground both
for experimental physies and for the quantum theory of matter and radia-
tion. We have made no attempts at novelty beyond those inherent in
looking at subject matter that has become a part of the foundations of
physics, and has thus gained in usefulness as it has lost iIn immediacy.
While no rigid adherence to historical developinent is attempted, the em-
phasis is on physical theory as evolved from fundamental empirical laws
rather than on mathematies and strict internal logic. Thus Maxwell’s
equations are derived from the experimental laws of Coulomb, Ampere,
and Faraday, instead of being postulated initially. In the opinion of the
authors the physical concepts emerge more clearly in this way, and the
approach represen’s the manner in which physical theory evolves in prac-
tice. The field tormulation is preferred to the action-at-n-distance view-
point even in clectrostaties, however, since for the conventional treatment
it is more readily extended to the nonstatic case. This despite the fact
that it is possible, both for statiec and for nonstatic phenomena, to formu-
late an entirely consistent eleetromagnetie theory based on the delayed-
action-at-a-distance principle.

The climax of 19th century electrodynamics was the theory of electro-
magnetic waves and its confirmation, and it is inevituble that any treat-
ment of the subject today includes the principles of recent applications
involving metallic boundaries. The introduction of the electrodynamic
potentials and the Hertz solution of the wave equation are treated in the
conventional way, but we have chosen to introduce the special theory of
relativity before undertaking the theory of the electron. Historically the
evidence was building up simultaneously along two separate lines, and
many of the carly difficulties in the derivation of radiation theory as ap-
plied to elementary charges were clarified in a very simple way by rela-
tivistic considerations. This approach has the advantage that the other
problems of classical electron theory, especially those which have taken
on added significance with the advent of quantum theory, can be ex-
hibited more clearly.

Rationalized mks units are used throughout, simply because the ma-
jority of modern reference books and papers are now written in this sys-
tem. Especially in the consideration of the electron, all quantities are so
written that they can be immediately translated into Gaussian units. In
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vi PREFACE

Appendix I will be found a discussion of the units in current use, and
tables contain the fundamental relations of electrodynamics expressed in
various systems as well as numerical conversion factors.

The text is based on graduate course lectures given by one of us (Panof-
sky) at the University of California and Stanford University. Early
mimeographed notes on much of the subjeet matter were prepared with
the aid of Howard Chang, Roger Wallace, Richard Madey, and T.ee
Aamodt, whose help is gratefully acknowledged. The editorial help of
Miss Laurose Becker is also acknowledged with thanks.

The reader is assumed to have had courses in advanced caleulus, differ-
ential equations, veetor analysis, and, at least for the latter portions, is
assumed to be familiar with classical mechanics on the graduate level.
Prior knowledge of tensor analysis would be helpful, but is not necessary.
References to appropriate collateral and background material are included
at the end of each chapter, with some indication of what relevant material
is to be found in each reference, and a full bibliographical list is given at
the end.

The presentation is designed to be somewhat flexible, depending on the
organization of course material. For purely theorctical courses Chapters
4 and 5, together with portions of other chapters dealing with particular
applications of potential theory, cte., may be omitted entirely. Some of
the material in Chapter 11 is often covered in optics courses. And if a
course in relativity theory is given separately Chapters 14--17 may be
omitted, since we have endeavored to make Chapter 18 continuous with
Chapter 13, insofar as the theory of radiation is concerned.

A final word about problems: for the most part they are designed to
supplement the text. It had been our intention to give credit to original
sources for those we did not invent ourselves, but in almost every case
this turns out to be impossible: like discoveries, problems are rarely made
singly, and in a subject as old as this ingenuity mainly recreates old ideas.
And despite our adherence to the exhortation used by Becker, “be ye
doers of the word and not hearers only, deceiving your own selves,” we
have not concentrated primarily on problem solving. The heart of the
matter, we believe, lies in the ideas and their development.

Wovrrcane K. H. PaNorsky
MEeLBA PHiLLips
March, 1955
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CHAPTER |1
THE ELECTROSTATIC FIELD IN VACUUM

The interaction between material bodies can be described either by for-
mulating the action at a distance between he interacting bodies or by
separating the interaction process into the production of a field by ine
system und the action of the field on another system. TChese two alterna-
tive deseriptions ave physically indistinguishable in the static case. If the
bodies are in motion, however, and the velocity of propagation of the
interaction is finite, it is both physically and mathematically advantageous
to aseribe physier! reality to the field itseif, even though it is possible in
the electromagnetic case to replace the field coneept by that of “delayed
direct. interaction.”  Moreover, the concept of field as deseribing the
physical condition of space has played a key role in the historical develop-
ment of electromagnetic theory. We shall therefore formulate even the
clectrostatic interactions as a field theory, which can then be extended to
the consideration of nonstatic cases.

1-1 Vector fields. TFicld theories applicable to various types of interac-
tion difter by the number of parameters necessary to define the fielu and
the symmetry churacter of the field. The electric field is a three-dimen-
sional vector field, i.e., a field definable by the specification of three com-
ponents. The term “vector field” implies that the ficld components trans-
form like coordinate intervals under transformations of the coordinates.
Electric fields are also line:wr fields, which obey the principle of super-
position, ie., two or more fields may be added geometrically to deter-
mine the resultant field. The theory of vector fields was developed in
conneetion with the study of fluid motion, a fact which is betrayed re-
peatedly by the vocabulary of the theory. We shall consider some general
mathematical properties of such ficlds before specifying the physical con-
tent of the vectors

All vector fields are uniquely defined if their eirculation densities and
source densities are given functions of the coordinates at all points in
space, and if the totality of sources, as well as the source density, is zero
at infimty. Let us prove this theorem formally. Consider a three-dimen-
sional veetor field V(x,y,2) such that

V-V=s, a-1)

VXV =c (1-2)
1



2 THE ELECTROSTATIC FIELD IN VACUUM [cHAP. 1

We shall first show that if

V= —-Vo+ VXA, (1-3)
where
s = L [2E_ (1t
Te) = — | — o
A J r(rgre)
and
A(z,) = ‘]_ - (=) v, (1-5)

47 J r(xg ,1_‘5

then V satisfies Eqs. (1-1) and (1-2).

It is necessary to examine the notation of Eqs. (1-1) and (1-5) before
proceeding with the proof. The symbol &, stands for @, y, z at the field
point; the symbol .r, stands for &/, y', 2 at the source point; the function
7(Layrs) is the symmetric function

a—3

Z (Ia - 1':!)2
a=1

T(Tayla) =

representing the positive distance between field and source point. The
reader should note cavefully the functional relationships explicit in Kgs.
(1-4) and (1-5). In integrals of this type these functional dependences
will often not be fully stated; for example, we may write the volume
integrals

1
-, -:-do' (1-4)
1 c
A= |-, (1-5")

as o short notation.
Let us demonstrate that V as expressed by Eq. (1-3) is a solution of
Eqs. (1-1) and (1-2):

V-V=—V%+V- (VXA =—-V%

- tel o)
4r r

The Laplacian operator V2 operates on the ficld coordinates; hence

1 1
V.-V=— —/8V2 (—) dv'. (1-6)
4 T



1-1] VECTOR FIELDS 3
Now we can show that

el 1]

ey = —ix &(r), 1-7

where §(r), the Dirac é-funetion, is defined by the functional properties

8(r) =0, r==0, (1-8)
/6(1') a’ =1, (1-9)

if the point r = 0 is included in the volume of integration, and by
/ J(xa) 8(r) @' = f(rs), (1-10)

for any arbitrary function f so long as the volume of integration includes
the point r = 0. The é-function is not an analytic function but. essentially
a notation for the functional properties of the three defining equations. It
will always be used in terms of these properties.

Since it is evident by dircet differentiation that V3(1/r) = 0 for r £ 0,
we have only to prove that

/Vz(l/r) d' = —4x (1-11)
in order to verify Eq. (1-7). |In Eq. (1-11) the point r = v, that is,

Tq = 5, is included in the volume of integration.] By the application of
Gauss’s divergence theorem, applicable to any vector V,

/V-Vdv=/V-dS,

r T
r-ds’
N —/ T —/dﬂ’

where @ is the solid angle subtended at r, by the surface of integration
S’ over the variables x,. Since 8 includes x4, we have simply f dQ = 4m,
and Kq. (1-11) is verified. Hence from Egs. (1-6) and (1-10),

it is seen that

VoV~ il; /sw (:) i = / s(e) 80) & = s(za),  (1-12)

which was to be proved.
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Similarly,
VXV=-VXVé+VX(VXA =V(V-4) — VA

- e ww(G)w - [or Ga]  am

We shall be able to show that the first integral vanishes if ¢ is bounded in
space. If we anticipate this result, we see immediately, from Eq. (1-7),
that

VXV =/c(.t£.) 8(r) dv' = c(xa), (1-14)

so that Eq. (1-2) is also satisfied.

To prove that the first term of Eq. (1-13) vanishes, let us examine the
coordinate variables involved in the integrand. The upemtor V has the
components 8/dr,. If we introduce the operator Vg = 3/dxs, opora.tmg
on the source coordinates, then for any arbitrary function g[r(ra,. )], we

have
Vg = —Vg. (1-15)

Therefore the first integral of Eq. (1-13) may be written

= / (c-V)V (17) v = / (c- V)V (];) a'.

The differential operators now operate on the variables of integration and
we may integrate by parts. Kach component of I becomes

om0
.—..-/v’. { ara( ) v’ /(V’ c)}E(l) dv'. (1-16)

The second integral vanishes because the divergence of ¢ is zero, since
¢ =V XV. The first term can be transformed to a surface integral by
means of Gauss’s theorem; if ¢ is bounded in space the surface may be
takon sufficiently large so that ¢ is zero over the entire integration. Hence

Lq. (1-16) is zero, and the proof is complete.

We have thus proved that if the source density s and the circulation
density ¢ of a vector field V are given everywhere, then a solution for V
can be derived from a scalar polential ¢ and a wvector potential A. The
potentials ¢ and A are expressed as integrals over the source and circula-
tion densities.

It can be proved that this system of solutions is unique if the sources
are bounded in space, i.e., there arc no sources at infinity, and thus the
fields themselves vanish at sufficiently large distance from the sources.
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Suppose that there are two functions, Vy and Va, which satisfy Eqs. (1-1)
and (1-2). Their difference, the function W = V; — V,, obeys the con-

ditions
V-W=0, (1-17)

VXW=0, (1-18)

at every point in space and is zero at infinity. If we now show that W
vanishes everywhere, we shall have proved that for finite sources there is
only one solution for Egs. (1-1) and (1-2). To prove this we note that if
Eq. (1-18) is satisfied we can always put

- —w (1-19)
and, from Eq. (1-17),
v =0 (1- 20)

everywhere. If we apply Gauss’s divergence theorem to the vector ¥y,
we obtain

f oy a8 = [4vy + w0l (1-21)

The left side vanishes if the boundary is taken at sufliciently large dis-
tance from the sources, since ¢ tends to zero at least as 1/r, and the first

term on the right is identically zero because of Eq. (1-20). Therefore
iq. (1-21) reduces to

/ (V)2 dn = / (W)2dv = 0, (1-22)

and hence W = V; — Vo = 0 everywhere. Thus V as given by Eq. (1-3)
is unique.

We have gone into this formal proof in great detail not only because
the theorems are of fundamental importance but also because the methods
are of general usefulness throughout the studv of clectromagnetic fields.
For convenience, let us summarize the results obtained:

(a) If the source density s and the circulation density ¢ of a vector
field V are given for a finite region of space and there are no sources at
infinity, then V is uniquely defined.

(b) Tf V has sources s but no circulation density ¢, V is derivable from
a scalar potential ¢.

(¢) If V has circulation density ¢ but no sources s, V is derivable from
a vector potential.

(d) V is always derivable from a scalar and a veetor potential.

(e) At points in space where s and ¢ vanish V is derivable from a scalar
potential ¢ for which V?¢ = 0, or from a vector potential A for which
VXV XA =0. Wemay add that at such points the field is said to be
harmonic.



6 THE ELECTROSTATIC FIELD IN VACUUM [caap. 1

(f) If s and c are identically zero everywhere, V vanishes everywhere.

(g) The unique solution for V in terms of s and ¢ is given by means of
the potentials as expressed by the integrals (1-4) and (1-5).

(h) We have established a systematic notation for source and field
coordinates. If we add the convention that the veetor r points from
source (o field point we may extend our list of uscful mathematical re-

lations: Vi(1/r) = —4r 8(r),
Vig()] = —V'g()],
vr=-V'r=r1r/r,

V.r=+3.

These properties of general vector fields will be indispensable in the
physical considerations which follow. We shall have a consistent field
theory representing the empirical laws of electricity and magnetism when
we have written these laws as a set of equations giving the source and
circulation densities, i.e., the divergence and curl, of the field vectors rep-
resenting the electromagnetic fields. This is the fundamental program of
classical electromagnetic theory.

1-2 The electric field. We shall first consider the electrostatic field in
vacuum. The electric field is defined in terms of the force produced on a
test charge ¢ by the equation

. . F
limit — = E, (1-23)

a0 q

where F is the force (newtons) on the test charge q (coulombs). The
definition is entirely independent of the system of units, but in the mks
system* the electric field E defined by this equation is in volts per meter.
The limit ¢ — 0 is introduced in order that the test charge will not influ-
ence the behavior of the sources of the field, which will then be independent.
of the presence of the test body. The requirement that the test charge
be vanishingly small compared with all sources of the field raises a funda-
mental difficulty, since the finite magnitude of the clectronie charge does
not permit the limit ¢ — 0 to he carried out experimentally. This re-
striction therefore limits the practical validity of the definition to cases
where the sources producing the field are equivalent to a large number of
clectronic charges. Definition (1-23) is thus entirely suitable only for
macroscopic phenomena, and we shall have to exercise great care in apply-
ing it to the treatment of the clementary charges of which matter is actually

* See Appendix T for a discussion of units and the relations between units of vari-
ous systems.
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composed. For microscopic processes the field cannot be defined “opera-
tionally” in terms of its effect; it must be deseribed in terms of its sources,
assuming that the macroscopic laws of the field sources are still valid.

1-3 Coulomb’s law. The experimentally established law for the foree
between two point charges in vacuo was originally formulated as an action

at a distance:
(14T NG 1
F, = Der _ 0 v(-—)- (1 214)

dregr? dreq r

Iere Fy is the force on charge ¢ due to the presence of charge ¢q, and r
is the radius vector position of charge g2 measured from an origin located
at charge q1; € is a constant, 107/ lxc* farads/meter in this system of
units; ¢ is the experimental value of the veloeity of propagation of plane
clectromagnetic waves in free space (see Appendix 1), and all distances are
measured in meters. In the mathematieal identity on the right the gra-
dient operator acts on the coordinates of the charge ga. The law applies
equally to positive and negative charges, and indicates that like charges
repel, unlike charges attract. If the test charge in Eq. (1-23) is assumed
positive, comparison with Fq. (1-21) yiclds immediately

1
= *X__ "—-v<—>’ (1-25)

dre " drey r

giving the electric field E at the position r due to a charge g at the origin
of the radius vector. llere g corresponds to g; of E. (1-24).
We can prove Gauss'’s flux theorem

€0

/E-dS=1 (1 26)
S

as a direet consequence of Coulomb’s law: Consider an element of sur-
face dS, expressed as a vector directed along the outward normal of the
element as shown in Fig. 1-1, at a distance r from a charge ¢q at a point

ds

q
Xy
Fig. 1-1 Elements of surface and solid angle contributing to the total electric
flux of Gauss’s theorem.
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z,. By taking the scalar product of both sides of Eq. (1--25) we secure

4. ds = . dQ.

drey 1° Jreg

E-dS =

Since the integral of dQ over a closed surface which includes the point I
is just 4w, Gauss’s theorem follows immediately. The principle of super-
position enables us to sum the separate fields of any number of point
charges, so that ¢ of Eq. (1-26) is the total charge inside the boundary
surface S.

If we apply the divergence theorem to E,

fE-dS=/V'Edv,
s

and make use of the fact that the total volume integral of the charge
density p is simply the total eharge ¢, the application of the flux theorem
enables us to put Eq. (1-25) into the form

v-E="1 (1-27)

Here p is the charge per unit volume at the point where the electrie field
is E. Since the curl of the gradient of a scalar is zero, it further follows
from Eq. (1-25) and the principle of superposition that

VXE=0. (1-28)

The electrostatic field is thus irrotational. That the electrostatic field is
completely defined by a charge distribution then follows from the theorem
that a vector field is uniquely determined by the curl and the divergence

of the field.
It is instructive to note that Fqs. (1-27) and (1-28) follow directly

from Coulomb’s law in the form

1 r
Blea) = [on S (1-29)

1 1
= — / oV (—) dv'. (1-30)
47ren r

1 1 1 «
V-E=—-— [pV? (—) dv’ = ~/p(x.’,) s(rdv = plx )- (1-27")
47 T €

€0 €0

It follows that
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Also

VXE= — —
I

mEQ

1

/ VXV (——) d’ =0 (128"
7.

since the curl of a vector expressible as a gradient vanishes identically.

1-4 The electrostatic potential. Since the static field is irrotational, it
may be expressed as the gradient of a scalar function. We may define an
clectrostatic potential ¢ by the equation

E = —Vs. (1-31)

In Cartesian coordinates the components of the field parallel to the x, axes
respectively are given by
e
E,=——- (1-32)

0Xy

"The application of the general veetor relation known as Stokes’ theorem,

/(V)(E)-ds=9§E-dl (1-33)

where dl is the infinitesimal vector length tangent to a closed path of
integration, leads to

¢ E.dl =0, (1-34)

since the curl of E is everywhere zero. This shows that the clectrostatic
field is a conservative field: no work is done on a test charge if it is moved
around a closed path in the field. Since the work done in moving a test
charge from one point to another is independent of the path, we can
uniquely define the work necessary to carry a unit charge from an infinite
distance to a given point as the potential of that point. If one considers
fields of less than three dimensions, i.e., sources extending to infinity in
one or more directions, this definition will lead to difficulties and a point
other than infinity must be taken as a reference point. So long as only
finite sources are considered, however, this definition of potential is both
adequate and convenient.

The substitution of Xq. (1-31) in Eq. (1-27) leads at once to Poisson’s
equation

V¢ = —p/e, (1-35)
and in a region of zero charge density to Laplace’s equation,
Vi¢ = 0. (1-36)

The fundamental problem of electrostatics is to determine solutions of
Poisson’s equation appropriate to the conditions under particular con-
sideration.
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1-5 The potential in terms of charge distribution. The electrostatic
potential al a given point was defined by Eq. (1-31) in terms of the elec-
tric field at that point. Since the source density of the electrostatic field
is just p/eg, we know from Eq. (1—1) that the potential is

1 ) dv'
¢(xa) = /M

drey ) 1(xa,2%)

in terms of the charge density at all points in space. Field theory, how-
ever, permits us to find a solution even if p(x,) is known only within an
arbitrary surface S; the effect of the other sources is then replaced by the
knowledge of the boundary values of the potentials or their derivatives on
the surface S.

To obtain an explicit expression for ¢(r,) in terms of p within S and ¢
and V¢ on 8, we make usc of Green’s theorem, which states

/ (oY — ¥V2¢) dv = / (¢V¥ — ¥Vo) - dS. (1-37)

Here ¢ and ¢ are scalar functions of position that are continuous with
continuous first and second derivatives in the region of integration and on
its boundary. The integration will be taken over the source coordinates,
., 50 that the ficld point x, is simply a parameter. Let ¢ be the elec-
trostatic potential defined in Eq. (1 31), and let ¢ = 1/r, the point source
solution of Laplace’s equation. Since V(1/r) = —r/r* and we have from
Eq. (1-7) that V3(1/r) = —4x 8(r), substitution of these expressions into
Eq. (1-37) gives

e[ 8] o5 ]

Hence
L DT (L8 P

Note that we have made use of the funetional properties of the é-func-
tion. Clearly, Eq. (1-38) could also have been obtained without the aid
of the é-function by a limiting process. Such a process was actually im-
plicit in the derivation of Kq. (1--7), however, so that it is unnecessary
here.

The first integral of Eq. (1-38) is simply the contribution of the volume
charge distribution within ». Note that the distance r is a function of the
coordinates both of the point of observation, z,, and of the point of inte-
gration, z,.

(Ia) =
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The surface integrals of Eq. (1-38) summarize the effect of any charge
distribution outside the region », and thus not contained in the first term.
We therefore conclude that the potential at any point within & is uniquely
determined by the charge distribution within S and by the values of ¢
and the normal component of V¢ at all points on the surface S. In par-
ticular, the potential within a charge-free volume is uniquely determined
by the potential and its normal derivative over the surface enclosing the
volume. What we have shown here is that knowledge of the potential
and its normal derivative over the surface is sufficient to determine the
potential inside, but we have not shown that both these pieces of infor-
mation are necessary. We shall sce later that it is, in facl, sufficient in a
charge-free region to have cither the potential or its normal derivative
over a surface in order to determine the potential at every point within
the surface exceptl for an arbitrary additive constant. The reason is that
¢ and V¢ may not be independently specified over the surface, since ¢
must be a solution of Laplace’s equation.

If the surface S is extended to include all charges in space, and arbi-
trarily expanded away from such charges, then the second and third terms
of Eq. (1-38) vanish. This is true because the integrands involving ¢ and
V¢ decrease at large distances at least as the inverse third power of r,
while the surface of integration increases only as 72, 1In later sections we
shall be led to a physical interpretation of these surface integrals as equiva-
lent to a charge and dipole distribution on the surface S. We shall there-
fore be able to conclude that the potential can be caleulated by the direct
superposition of the individual potentials of all the volume charge distri-
bution, but that we can, if we wish, replace any part of the distribution
by an equivalent surface charge layer and dipole layer distribution.

The volume term of Eq. (1-38) can be looked on as bheing a particular
integral of Poisson’s equation, while the surface terms are complementary
integrals of the differential equation in the sense that they are general
solutions of the homogeneous equation, i.e., Laplace’s equation.

1-6 Field singularities. We have written the solution of the potential
problem as a sum of boundary contributions und a volume integral extend-
ing over the source charges. These volume integrals will not lead to singu-
lar values of the potentials (or of the ficlds) if the charge density is bounded.
If, on the other hand, the charges are considered to he surface, line, or
point charges, then singularities will result as shown in Table 1-1. Note
that if cither surface or line charges are infinite in spatial extent (i.e., the
fields are considered onc- or two-dimensional) the potential cannot be re-
ferred to infinity. Although these singularities do not actually exist in
nature, the fields that do occur are often indistinguishable, over much of
the region concerned, from those of simple geometrical configurations. The
idealizations of real charges as points, lines, and surfaces not only permit
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TaBLE 1-1

FIELD SINGULARITIES

Type of Behavior of Behavior of
charge potential near field near
distribution distribution distribution
Surface r Constant
Line logr r—!
Point rt r2
Point 2" pole -l r—n—2

great mathematical simplicity, they also give rise to convenient physical
concepts for the desceription and representation of actual fields. Ior these
reasons we shall now discuss in more detail the nature of potentials corre-
sponding to such sources.

1-7 Clusters of point charges. The potential ¢ at the point 7, due to
the charge ¢ located at the point a7, is given by

6= 1 q7_ T q l
dregr  dre NG =P+ G -9+ - 2)°

L4 } (1-39)

"~ treo |[S(ra — 127

It has a first-order singularity at the point r., corresponding to r = 0.
Singularities of higher order can be generated by superposing on this po-
tential a potential corresponding to an equal charge of opposite sign, dis-
placed a distance Ax’ from the original charge. This process is equivalent
to differentiating K. (1-39) with respect to x... We have noted in Fq.
(1-15), however, that differentiation of a function of the relative coordi-
nates only with respect to x, gives the same result as differentiation with
respect to x, except for sign, and at the field point Laplace’s equation
holds. Since the derivative of a solution of Laplace’s equation is also a
solution, the process of differentiation with respeet to the source point
as physically described above will generate new solutions with succes-
sively higher order singularities near r = 0. Such potentials are called
multipole potentials.

For a single differentiation, we obtain
@9, Zi{’_(f___’__)_(q cosb

oz’ Sreqr’ 4reor2

® (1-40)

If we let
gAx = p® (1-41)
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be the dipole moment of the distribution (positive from —¢ to +¢ as
indicated in Fig. 1-2), we can write this potential as

1 1 1 1 1 p®.r
¢® = —p .y (~) = — m .,y (_) = —_— (142
Amey T 1mreg P r drey 1P ( )

(The sign conventions for r and V T
have been discussed in See. 1-1.) /
This solution is the dipole potential. 7 ()

The potential distribution, and o

consequently the ficlds of higher \
moments of the charge, or multi-
poles, ean be generated by the same Za /\y L
method of geometrical construction. —q g
Fm; _ﬁ'amplo., the potential ﬁe]d. of Fia, 1-2 The generation of an elec-
a 2" pole is generated by taking  gic dipole.
the potential of a 2" pole and sub-
tracting from it the potential of another 2" pole that is displaced infini-
tesimally in an arbitrary direction (or by superposing the potential of
the displaced 2" pole with opposite sign).
The general form of the potential corresponding to a 2" pole is thus

N D) o 1 —1)” (n) " 1
o =L () S S (—) (1-43)

Amegn! Oradrg -+ - \r lregn!  Or drg --- \r

in terms of the multipole moment, p™, defined by the recurrence relation
p™ = np®"~Y Ay, where Ar, is the displacement leading to the 2" pole.
The displacemen’;, need not be along coordinate axes, but the derivative
corresponding to an oblique displacement can be written as a sum of de-
rivatives with respeet to x, y, 2, having the direction cosines of the dis-
placement as coefficients. A few examples of simple multipoles are shown
in Fig. 1-3. In the special case where all the displacements are in one
direction the problem has axial symmetry and only one angle is needed
to specify the position of the field point. For a linear 2" pole,

p(n) " (l) p(n) r, (('os 0)
dmwegn! d2'" pr 1

where 2’,(cos 8) is the Legendre polynomial of order n which may be de-
fined by the relation

6@ (ry2) = =P (1-44)
r -.l1l'€()

P,(cos8) (—1)" o" (l>
= -). 1-45
i n!  9r" \r ( )

in which 8 is the angle between r and r.

Equation (1-13) can be recognized as the nth term of a general Taylor
expansion of 1/r in terms of the source coordinates. The coeflicients are
the multipole moments as defined in terms of the specific charge distribu-
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Y
-q
o
At Az
O O o x
+q -9 +q
o) = UBD% (Beos?d ~ 1) _ pD Py(cos)
T Ang s T dmqy 1
p® = 2g(Ar)?
(a)
Y
+qo0 —Qo
0BT 440 AT 4o Az o z
—y +q
+qo ~-qo
gy _ (A0 15c0%0 = Deosh  pDPy(cos 0)
e r dmegr !
¥ = 3ly(Ar)3
()
Ty

P J
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Ta
@:2y) . 3UATAY cos 0 sin 0 S oe2ea(z,)
M T ‘
©

-q
15¢(Ar) (Ay) (Az) cos & ¢os § cos v
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Fia. 1-3 Examples of multipoles: (a) linear quadrupole; (b) linear octupole;
(c) two-dimensional quadrupole; (d) three-dimensional octupole.
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tion referred to above. We shall now show that the potential of an arbi-
{rary charge distribution p(r,) of finite extent can at large distances always
be expressed as the sum of multipole potentials where the coefficients are
certain integrals (moments) of the charge distribution.

To facilitate the proof of this statement, we shall choose the origin of
coordinates in or near the charge distribution. ILet 2 be the distance from
the origin O to the field point, i.c., let the components of R be x,. We
may then cxpand 1/r in powers of x, about O, assuming that a/R <1,
where a is a limiting dimension of the bounded distribution of charge.
By Taylor’s theorem,

1 1+,[a<1)] +|,,[ o (1)
- = - Lo —\— — Jal ey -
r R dre\r/l,_p 2! Aradrg \r/ .

In Eq. (1-46) we are employing the “summation convention” which we
shall continue to use throughout: when indices are repeated in the same
term summation over these indices is implied. Upon substituting Eq.
(1-46) in the general potential, we obtain the “multipole expansion”:

L[
s = [ L a

TE) r

Aafer O] [
=— ) = v Xap dv
4mreg |R P dre \r/ |l k. P

1 e /1 |
R o dy o). 1—4
* ol Q) [t 4] o

The coefficients represent the moments of the charge distribuiion: f pdv
is the total charge g, f.l‘:,p dv' is the a-component, of the dipole moment,
ote. The radial and angular dependence of each term in Kq. (1-47) is
clearly identical with that given by liy. (1-13).

Note that the words “dipole,” “quadrupole,” ete., are being used in
two ways: first to describe a specific charge distribution, and sccondly to
designate moments of an arbitrary charge distribution. Both physical
quantities give rise to the same potential distribution.

The ratio of the magnitudes of successive terms in the multipole expan-
sion, Eq. (1-47), is of order a/R, where a is a parameter characteristic of
the size of the charge distribution. Henece if R>> a the potential of an
arbitrary distribution may be very conveniently replaced by the poten-
tials of the moments of the distribution.

oo (1-46)

1R

)

1-8 Dipole interactions. The encrgy of position of an already created
dipole in an electrostatic field is given by

U= —-p-E (1-48)
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This expression follows directly from the torque relation of a dipole,

in a way indicated in the problems. Here L is the torque excrted in such
a direction as to rotate the positive end of the dipole toward the direction
of the field. The force acting on a dipole in an inhomogeneous clectric
field, when the relative orientation of the dipole and field is not free to
change, is given by *

= -VU=-V(-p-E) = (p-V)E. (1-50)

Note that this force vanishes for uniform fields, as would be expected
from symmetry arguments.

Let us now consider the interaction force and energy between two di-
poles, such as those shown in Fig. 1 4, whose moment veetors are oriented
in space at an arbitrary angle with each other. On combining the force
equation above with the potential equation (1-42) and the ficld equation
(1-31), we have for the force F, on dipole 1 in the field of dipole 2 and,
conversely, for the force Fy on dipole 2 due to dipole 1,

-1 1 1 1
b1 = 'P2'V1<—>; E1=—V1¢|=—V1[P2'VI()J?
41!'6() r 41!'60 r.

Fi = (p1*VIE, = ﬁ; (P1+ V1) {Vl [Pz -V (‘1;)]} ; (1-51)
e o fulpon O] +-n

(due to pg)

P
¢X $2

‘ fia . ] (due to p1)
E; \ ;

/ ’
P2
F1c¢. 1-4 Interaction of two dipoles.

The interaction energy between the two dipoles may be obtained by
inserting the ficld E, above into the expression for the energy U. We

*Since V(p*E) =pX (VX E)+(p-V)E=(p-V)E if VXE =0. If curl
E is not equal to zero, an additional term is obtained.
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find for the energy U,» of dipole 1 in the field of dipole 2, and conversely

fOI‘ U212

(p1- V1) 1

Ui = —p1-E, = — Y [Pz Vi1 (‘)]'
4mreg T
1 [prp: 3
Uip = — |:—-1—3—~ — 5@ -0)(p2- f)] ! (1-52)
4reg 7 T _

Ua1 = Uya.

This is the general expression for the interaction energy of two dipoles.

1-9 Surface singularities. Surface singularities of the second order or
dipole form are of particular interest in both electrostatics and magneto-
statics. Tet us consider a double layer charge arrangement with a dipole
moment per unit area designated by T. The potential arising from such a
distribution is given by

1 TT
¢ = —— 3 dS. (1_53)

Jrep T

This expression reduces, in the case when T is uniform and normal to the
surface over the dipole sheet, to

— Q. (1-54)

Observation
point

Dipole sheet
Fi6. 1-5 Potential due to dipole layer.

Here € is the solid angle subtended by the dipole sheet at the point of
observation, as in Fig. 1-5. The solid angle subtended by a nonclosed
surface jumps discontinuously by 4r as the point of observation crosses
the surface. This means that in the ideal case of an infinitely thin dipole
charge layer the potential function will have a discontinuity of magnitude
7|/ €0, But it will have a continuous derivative at the dipole sheet.
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@ Limits of ¢ o

dipole I
- _,F-’_‘_,_ ipole layer Charge layer

Distance Distance

(ay (b)

Fia. 1-6 Behavior of the potential at a dipole layer, (a), and at a layer of
charge, (b).

On the other hand, a simple surface charge layer will not result in a
discontinuity in potential, but will produce a discontinuity in the normal
derivative of the potential, the magnitude of discontinuity being o/¢,
where ¢ is the surface charge density of the layer. A comparison between
the two cases is shown in Fig. 1-6(a) and (b). Since surface charge layers
and dipole layers enable us to introduce arbitrary discontinuities in the
potential and its derivatives at a particular surface, we can make the
potential vanish outside a given volume by surrounding the volume with
a suitably chosen charge layer and dipole layer. This is a further explana-
tion of the significance of the surface terms in Eq. (1-38), which was de-
rived from Green's theorem. These terms, when ¢ and V¢ are properly
evaluated on the surface in terms of T and g, are preciscly those necessary
t{o cancel the field of those charges inside the surface S in the region outside
of 8. This can be seen by writing Fq. (1-38) as

(/’pdv j’ r-dS
41re0

where 1 = ¢¢ and ¢ is ¢ times the normal derivative of ¢.

As an example of a combined surface charge and dipole layer that will
just cancel the field outside a given surface, yet leave the field inside the
surface unchanged, consider a point charge ¢ located at the point £ = 0,
and the surface B = a surrounding this charge. If we place a surface
charge density ¢ = —gq/4ra® per unit area on the sphere R = a, it will
give rise to a potential:

=), (1-55)

b = — g, for R < a,
4mrega

» for R > a.

h 41I'€oR
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If, in addition, a surface dipole layer of moment T = gR/4xaR per unit
area is placed on the sphere, it will make a contribution

¢r = 1 - R< a,
4mega
¢1 = 0, R > a.

The potential of the original charge q is ¢y = g/4weoR for all R. The total
of all these potentials is

¢=d¢0+ ¢ + ¢, =

» for B < q,
mEQ

¢=0, forR > a.

The electric field produced by a
dipole layer of arca S as shown in
Fig. 1-7 can be derived as follows.
Consider a change in the potential
corresponding to a displacement of
the point of observation x4 by a dis-
tance dx,

dp = —E-dx. (1-56)

The change in solid angle, dQ, sub-
tended by the dipole layer at the
field point is the same whether the
field point moves a distance a’J’:‘or Fie. 1-7 Hlustrating the derivation
the layer moves f-hl‘()ugh —dx. The ,f the clectric field produced by a dipole
latter case is shown in the figure. layer.

Since in this displacement an ele-

ment dl of the boundary sweeps over an arca dx X dl, the total change in

solid angle is
Ix X dl)-r dl¥Xr
dg = (ix——- ) 95( X0k (1-57)

The change in potential corresponding to this change in solid angle is,
from Eq. (1~-51),

dp = — — dq. (1-58)

4dmeg

(The negative sign follows from the fact that the negative side of the
dipole layer is toward the observer at r,.) Equating the two expressions
for d¢, we obtain

—E - dx =

(1-59)

—r¢(dl)(r)-dx
R .

drweg r
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Since dx is an arbitrary displacement and this last expression holds for all
possible dx, it is permissible to write

T dXr T 1
E = ¢ = = ¢(Il XV (~) (1-60)
drey r dmeq T

That the potential due to a dipole layer is double valued at the surface
is strictly true only in the limit in which the dipole layer has zero thick-
ness (see Fig. 1-6); for this reason the discontinuity does not actually have
physical reality. Nevertheless, the method of generating nonconservative
potentials by means of such discontinuities is a useful one, particularly in
the theory of magnetic ficlds due to currents, where the corresponding
potential does have a multivalued hehavior completely analogous to the
properties of the surface dipole moment.

1-10 Volume distributions of dipole moment. The potential due to the
volume distribution of dipole moment is found by considering the dipole
moment in Eq. (1-42) as a volume density and integrating over the vol-
ume. If P is the dipole moment per unit volume,

1 I
¢ = /P -V (—) dv'. (1-61)
dreg T

This can be changed into a form that is physically more revealing by
means of Gauss’s divergence theorem and the relation

v (%) =tvp ey (l) .

r

1 P 1
¢ = v - d' — | -V -Pdv
dmeg L r r
1 P-dS v .P
= —_ dl), . (1—‘63)
dreg L r T

This expression can be interpreted as follows. The first term, a surface
integral, is a potential equivalent to that of a surface charge density, while
the second term is a potential equivalent to that of a volume charge
density. The charge densities which have potentials equivalent to those
produced by the volume polarization of a region of space are

We obtain

op =Py, p,=—V:P. (1-64)*

* Since pp = —V + P is a field equation, the prime on V can be dropped without

ambiguity. The prime on the V is only necessary in integral expressions which
relate a field quantity to an integral over a source quantity.
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The relations between these surface and volume charges and the polar-
ization can be derived from purely geometrical considerations. If, for ex-
ample, we have an inhomogencous dipole moment per unit volume, Pp
will represent the charge density that accumulates from incomplete can-
cellation of the ends of the individual dipoles distributed in the volume.
The quantity op, on the other hand, represents the charge density on the
surface produced by the lack of neighbors for the dipoles which lie with
their ends on the surface. It is evident that oy will vanish in & homo-
gencous medium; in fact, a sufficient condition for its vanishing is that the
dipole moment per unit volume have a zero diversence  In general, how-
cver, the potential due to the two forms of polarization charges is

1 a, dS o, dv'
e
Arey r r

Note that the “equivalence relations” of Kq. (1-64), although derived
+hove by means of the eleetrie field whieh the vespective terms produce, are
actually simple geometrieal quantities.  We can see this formally by con-
sidering the total dipole moment p of a distribution.  According to the
“cquivalence relations,” we should have

p =/P a’ =/§p1, dv'+/§a,, dS = -—/g(V’-P) (iv'—l—/g(P-dS), (1-66)

. ’
where § is the vector whose components are «,. The ath component of p
can be mtegrated by parts from the identity

V. @P) =V P+ P,
Therefore,

p
Pe / Podv = — / LoV P dv’ 4 / V' (xeP) &Y'

= — / VP dy + f reP - dS.

Equation (1-66) is thus proved as a geometrical relationship without ref-
erence to any interaction.
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EXERCISES

1. Show that Green’s theorem, Eq. (1-37), follows from Gauss's divergence
theorem.
2. We shall need the “one-dimensional” §-function defined by

/6(.1‘—a)d1:= 1,

1) 8 = &y dr = i)

when x = a is in the interval of integration, and hoth integrals vanish otherwise.
Show by means of the Fourier integral theorem that

/c cos kr dk = 2w 6(x)

—0

in the sense that both behave the same way as factors in an integrand.

3. Prove by considering the axial point on a disk that the potential undergoes no
sudden change from one side to the other of a charge laver, and that the same
statement holds for the normal derivative of the potential in the case of a dipole
layer.

4. Functions of the type ¢ = z, or indeed ¢ = 22 + 2y% — 32?, satisfy Laplace’s
equation at all points of space. Does this mean that such potentials have no
sources? Discuss in detail the significance of such solutions, and their hearing on
the uniqueness proof for potentials.

5. Tf the electrie field of a point charge o were proportional to gr—2-%, where T
is a radial unit veetor and § << 1, (a) ealculate V+ E and ¥V X E, for r £ 0; (b) and
if two concentric spherical shells of radii @ and b were connected by a wire, with
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¢ on the outer shell, prove that

B = g ){[2blog2a (a + B log (a + ) + (a — b)log (a — ]} + 0"

will reside on the inner shell. (Adapted from Jeans.)
6. Show that the static potential ¢(x,y,2), correct to third order in @, is equal to
the mean of the potentials at the points

r+a,y 2 x,y*az xry zia

7. For a finite spherically symmetric charge distribution the potential as calcu-

1atcdby¢=fE-dris
¢()——/°’l,’,.,/ .

By dividing the distribution into thin shells, cach of which contributes constant
potential at all points inside it, obtain an expression for ¢ that involves only single
integrals. Prove the equality of the two expressions.

8. (a) From the relution between torque and potential energy show that U =
—p-Eif L = p X E for a dipole of moment p.

(b) Consider two coplanar electric dipoles with their centers a fived distance
apart. Show that if the angles the dipoles make with the line joining their centers
arc 6 and @’ respectively, and if 6 is held fixed,

tan@ = —1 tan@’
for equilibrium.
9. The differential equations of the “lines of foree” are

de _dy _de
E, E K,

For a dipole of moment p directed along the r-axis and located at the origin, find
the equation f(x,y) = constant that gives the lines of foree in the plane z = 0.

10. Calculate the quadrupole moment of two concentric ring charges ¢ and —g,
having radii a and b.

11. Two uniform line charges, each of length 2a, cross each other at the origin
in such a way that their ends are at the pomnts (£a,0,0) and (0,2=¢,0). Determine
¢ for points r > a, up to but not including terms in r=!

12. Show that the potential of a svmmetrical 2" pole generated by differentiat-
ing the point potential n times along successive directions making an angle 2r/n
with one another is given by

@(rbp) = —"—+T > Pl(cos 0) cos n(e — ¢o).

13. Show that F; = —F; in Eq. (1-51).



CHAPTER 2

BOUNDARY CONDITIONS AND RELATION OF MICROSCOPIC
TO MACROSCOPIC FIELDS

The dipole moments per unit volume considered in the foregoing chap-
ter are special examples of sources which give rise to electrostatic fields
and can therefore be treated as special types of charge densities in Pois-
son’s equation. Since such volume distributions are produced in mate-
rial media by electric fields, the behavior of a medium in a field can be
described in terms of its polarization, i.e., its dipole moment per unit vol-
ume. It iy customary, in order to clarify the understanding of polariza-
tion, to separate the total charge that produces an electrostatic field into
fwo parts: a true, free, movable, net charge p, and a bound, zero-net,
polarization charge p,. This division is to a certain extent arbitrary, in
the sense that the polarization charge p, simply represents separated
charges which on the scale of observation being considered in a particular
experiment are essentially inaccessible, but which would be treated as free
charges on & smaller seale. If, for example, we place a piece of metal be-
tween the plates of a condenser, we can describe the resultant field be-
tween the plates cither in terms of the true charges produced on the metal
or in terms of an equivalent polarization of the piece of metal, depend-
ing on whether we consider the charges individually measurable. If, in-
stead of the metal, we introduce a picce of dielectric between the con-
denser plates, we are forced to describe the phenomena by a polarization
charge, rather than by a truc charge, since it is assumed in the theory
that observation shall not be made on an atomic scale. An atomie scale
observation would be necessary in order to “resolve” the volume polar-
ization into individual charges.

2-1 The displacement vector. It is scen that the distinetion between
p and p, is an arbitrary one, but this arbitrariness will in no way disturb
the formalism used to describe the fields produced by polarization charges.
Since we have divided the sources of electric fields into these two types,
the Poisson source equation becomes

-1
Vi = ~V-E = —(o+ p). @1)
0

The symbol p now denotes only the true free charge at the point where
the divergence is taken. If p, is expressed in terms of the divergence of
24
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the polarization P, as given by Eq. (1-64), we obtain from Eq. (2-1)

P P
VAIE+—)=~— (2-2)
€ €)
It is thus convenient to define an electric displacement vector D (meas-
ured in coulombs per square meter in the mks system) by

D =¢¢E+ P 2-3)
The source equations then become
v . D =p (2" 4)
and v-E=2, (2-5)
€

with the total charge density p; written for the sum of the true and polar-
ization charge densities. The corresponding integral relations, secured by
means of Gauss's divergence theorem on integration over the volume con-
taining all the charges, are

/ D.dS =g, (2-6)
fE-ds ) (2-7)
€

where g, is the total charge, the sum of q and the integral of —(V - P)
over the volume.

It is clear that D represents a partial field, namely, that clectrie field
whose sources are only the true charges. Note that the relation (2-3)
between D anu E is basically an additive one, the difference between D
and eE heing the polarization P.  Note also that the polarization, although
defined in a purely geometrical fashion as the dipole moment per unit vol-
ume, has the properties of an electric field. The polarization field P is
that fiecld whose flux arises only from the polarization charges p,. The
solution of an actual field problem involving polarized bodies will depend
on the manner in which the polarization depends on the external field.
In most cases the polarization is proportional to the field, and can be ex-
pressed by an equation of the type

P = ¢xE, (2-8)

where x is called the clectric susceptibility. Such a description excludes
the consideration of electrets (materials possessing a permanent dipole
moment), but electrets are not ordinarily of much importance. In case we
do have a simple medium whose polarization depends linearly on the im-
posed electric field as expressed by Fq. (2-8), then all three vectors D,
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E, and P will be related by constants of proportionality:
D = EoE + P = G()(] + x)E (2 9)

We may define the specific inductive capacity (often called the dielectric
constant) by

k=14 x, (2-10)
s0 that D = keE (2-11)
and P = ¢(x — 1)E. (2-12)

As il stands, Eq. (2-8) presupposes that the medium polarizes iso-
tropically, or that the polarization properties of the medium do not. de-
pend on the direction of the polarization. This is not the general ease
and, in fact, the scalar proportionality is valid only for liquids, gases,
amorphous solids, and cubie crystals. In erystals of symmetry lower than
cubie the relation hetween each of the components of the polarization
veetor and of the electric field vector is still linear but. the constants of
proportionality in the various dircetions may be different. This means
that the relation between the components of the polarization vector and
the components of the clectric ficld vector are given by a tensor,

P. = eOXa/SEﬂ, (2—13)

and P is no longer in the same direction as E.  Irom geometrical con-
sideration of the fact that the magnitude of P is proportional to that of
E, while the angle between P and E is constant for a given orientation of
the material in the field, the tensor x.g may be shown to he symmetrical.
(The details of this proof are left as a problem.) Tt is therefore possible
t0 express xag in terms of principal coordinates by a set of only three con-
stants, and there are at least three directions in which P and E are paral-
lel. The symmetry of x.g can also be deduced from encrgy considerations.

The case where E and P are not proportional and there is no linear
relation between them will not be treated here, but the analogous ease
will be discussed in connection with magnetic media where nonlincarity is
of more practical importance. It should be pointed out, however, that
the relation we have here assumed between P and E is only a special sim-
plification, and not a fundamental equation of the theory.

2-2 Boundary conditions. Maxwell’s field equations, to be discussed
later, are a set of equations whose sources are divided into accessible and
inaccessible charges. To obtain a solution of Maxwell’s equations the
inaccessible charges must be related to the accessible charges, or to the
fields produced by the accessible charges, by additional equations. The
relations that evaluate the inaccessible charge sources in terms of the ex-
ternal fields which produce them are called the constitutive equations.
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Equation (2-8) is an example of such an equation. The constitutive
equations must, of course, depend on the properties of the material in
which the inaccessible charges arise. While Eqs. (2-8) to (2- 13) are not
entirely general, they depend only on linearity and do not imply homo-
geneity. The susceptibility and specific inductive capacity may therefore
be arbitrary functions of the coordinates. A case of much interest is one
where the specific induetive capaeity varies discontinuously, as at the
boundary between two dielectries.
To determine the behavior of the
fields at a boundary, let us first im-
agine a small volume, as in Iig.
2--1, whose dimension normal to
the interface, h, is smaller than
its other dimensions by an order of

n 2o
”

/b-_‘
&
s

magnitude, to be placed so that one
of its large surfaces A4 lies in me-
dium 1, the other in medium 2,
and both are parallel to the inter-

Mgmu 1

Fra. 2 1 Volume considered for de-
termining the boundary conditions on
the normal component of D.

face. This small volume can be
used to derive the behavior of the normal components of the ficlds.
Let us take the surface integral of D over this small volume.

,
jD .dS = q. (2-6)

In the limit as the dimension h approaches zero, ¢ approaches eAA, where
¢ is the true surface charge density on the interface. The contribution of
the sides of th volume normal to the surface vanishes, so that Eq. (2 -6)
becomes

n-D; — D) =g, 2-14)
where n = dS/dS is the unit vector normal to A4, the top of the eylinder
hAA. And on the assumption that I4q. (2-11) is valid, we obtain

n- (kEy — nE|) = —»
€
(2-15)
o

€0

n - (kgVée — 1Vey) =

We have assumed that AA is small enough so that the fields are essen-
tially constant.
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The behavior of the tangential
components of the fields as they
cross the interface can be deter-
mined from the consideration of
a small loop, as in Fig. 2-2,
its major extent lying parallel
to the surface, one side in me-
dium 1 and the other in medium
2. From Eq. (1-34), we have for

A Fic. 2-2 Loop considered in deter-
th.e closed line integral of the elec- mining the boundary conditions on the
tric field tangential components of E.

9§E .dl = 0. (1-34)

If we apply this to the path indicated in the figure and let the ends of the
loop shrink to zero, we have

E;:dl — E,-dl =0. (2-16)

In Fig. 2-2, n is again the unit normal to the interface and ny is a unit
vector normal to the loop of integration and lying in the surface. Since
dl/dl = ny X n, and, with this substitution for dl, Eq. (2-16) is a scalar
triple product,

ng-n X (E2 - El) = 0. (2“17)

Now ny may be oriented in any direction relative to E, and Eq. (2-17)
holds for all orientations, so that

n X (E; — E;) =0, (2-18)

and the tangential component of E is the same on both sides of the bound-
ary. In terms of the potential,

n X (V¢ — V¢) = 0. (2-19)

We have assumed that the loop is sufficiently short so that the fields are
essentially constant over its length.

The relation (2-18) follows directly from Eq. (1-34) and an application
of Stokes’ theorem, but condition (1-34) is not necessary for the validity
of Eq. (2-18). We shall see that the tangential component of E is con-
tinuous across a boundary even in the nonstatic case where curl E is not
zero. In general, the boundary conditions on the normal component of D
and the tangential component of E are implieit in the field equations, but
the constitutive equations are nccessary for deriving Eq. (2-15) and the
relation for the tangential component of D. Since the tangential com-
ponent of V¢ is continuous, we may put ¢, = ¢ at the boundary; the
fact that the normal component of xV¢ is continuous in the absence of a
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surface charge singularity completes the set of boundary conditions on the
potentials and the fields on the two sides of an interface between two
media.

2-3 The electric field in a material medium. We first defined the elec-
trostatic field produced by free charges in a vacuum, and then we intro-
duced material media containing charges that are inaccessible to measure-
ment. The behavior of these media has been described in terms of their
dipole moment per unit volume. Certain difficulties arise in the definition
of the electric field within material media if one attempts to maintain
a strictly phenomenological point of view. A definition of the field might
be made by any of the following three methods, which will not necessarily
be in agreement with cach other:

(A) We may define the field on an atomic electron scale, where the
question of the polarizability of material media would presumably not
arise. Then for our macroscopic definition of the field we would take
the space-lime average of these atomic fields. A fast electron would
experience such an average field.

(B) We might consider a hole cut in the dieleetric material and de-
fine the field as that measured in this hole in terms of a unit charge
such as was used in the vacuum definition. This eavity definition of
the field will make the field strength depend on the geometry of the
cavity and on its orientation with respect to the direction of the ficld
in the medium. This will lead to a unique definition only if the shape
and orientation of the cavity are standardized in an arbitrary way. ’

(C) We may define the field as that acting on an individual molecule
of the dielectric.

Let us examine these methods separately.
(A) Space-time average definition.
Consider a function f(r,y,2;0) de-

fined in a certain region of space

during a certain time interval, as

indicated in Fig. 2-3. The space- N L

time average of f(x,y,2;t) over a Origin

time interval 2T and a region of I'G¢. 2-3 Coordinates for averaging
space of radius a is given by atomic fields. £ = (&, n, ).

f(.r,y,z i =

1 T
it /_T // fie+ 9, @+, @+ 8; ¢+ 6]

(&2 n?+1?) <a?
X d§ dn df d.  (2-20)
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Performing this integral is a linear operation and may therefore be com-
muted with linear differential operators, as, for example,
v =V} (2-21)
On an atomic scale an equation corresponding to Eq. (2-5) holds:
P
vV-E=2 (2-22)
€0

where € is the atomic electric field and p, is the charge density in the
atomic distribution. On taking the space-time average of p., we obtain

vie=te B (2-23)
€@ €
and from Egs. (2-21) and (2-5),
V-E=V-E. (2-21)

Hence the macroscopic field E is actually the space-time average of the
atomic field €, even in the presence of dielectrics.

E,

[ - i

,]E = «En E] E. |E,

SN}

A B

F-l

T16. 2-4 Cavities for defining fields in a dielectric: slot A with short dimension
parallel to the field; slot B with long dimension parallel to the field; and sphere C.

(B) Cavity definitions.

Consider the three shapes of cavities shown in Fig. 2-4. There are no
true charges on the boundaries. From the boundary condition of Eq.
(2-15) the field measured in slot 4, whose major extent is oriented normal
to the field, is kE,,, where E,, is the field in the medium. The field in slot
B, whose major extent is oriented parallel to the field, is just Em, by Kq.
(2-18). The field measured in the spherical cavity C can be shown to be

_ 3En P 1
T+l " g+ 1)

by methods to be discussed in Chapter 5 for the solution of boundary
value problems. It is introduced here only to indicate how cavity defini-

(2-25)
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4 St 4 Slot B Sphere C

P‘En;—b——t— —1 ————————————————————————————————————

Ent ooy ™

—
m

et A B c s

Fic. 2-5 Field profile measured by the cavity technique on a horizontal line
passing through the centers of Fig. 2-44, B, and C.

tions depend on the geometry of the cavity. For large values of « Eq.
(2-25) reduces to

E = {E,. (2-26)

The three types of fields existing in these cavities are shown graphically
in Fig. 2-5. Each of the cavity definitions will thus give a definite value
of the field, provided that the geometry is standardized.

(C) Molecular fields.

‘onsider a diclectric placed between the plates of a parallel plate con-
denser, as shown in Fig. 2-6, the dielectric and condenser being suffi-
ciently large in the directions parallel to the plates so that end effects may
be neglected. Consider one of the molecules constituting this dielectric.
Let us draw a sphere of radius a about this particular molecule, intended
to represent, schematically the boundary between the microscopic and the
macroscopic range of phenomena concerning the molecule. The molecyle
is thus influenced by the fields arising from the following charges:

(1) The charges on the surfaces of the condenser plates.

(2) The surface charge on the diclectric facing the condenser plates.

(8) The surface charge on the interior of the spherical boundary of
radius a.

(4) The charges of the individual molecules, other than the molecule
under consideration, contained within the sphere of radius a.

i — Condenser plates \

+H o ™ N Dipole within aas-  $| 1~
+] .. & The molecule % 1
+ . -
+{ " : -
+1[.  Direction of +H1
+]f_ Dpositive fields - + 1
. o +

+ Bt A s s

Fra. 2-6 Indicating the contributions of a dielectric to the field on one of its
molecules.
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The fields due to these sources may be computed scparately:
(1) The charge on the condenser plates produces a field at the molecule
in question equal to

D P
—=E+— (2-27)

€0 €0

(2) The polarization charge on the surface of the dielectric facing the
condenser plates, op = P, produces a field at the molecule given by

- .l: (2-28)

€0

(3) The polarization charge present on the inside of the sphere produces
a field that may be caleulated as follows. The magnitude of the electric
field at the center of the cavity, Ep, due to the polarization on the surface
of the cavity, is given by

1 op cos 8 dS
EP = ’ (2 ‘29)

41!'6() 2

a

where 6 is the angle between P and the radius vector from the molecule to
the surface element dS. The differential element of surface charge between
6 and 6 + db is

o, dS = |P| 2xa® sin 6 cos 6 df. (2-30)
Equation (2-29) thus becomes
P2ra® ™ 9
p =-——7 [ sin6cos”04f, (2-31)
4r €~ Jo

and on integrating, we obtain Ep = I’/3¢,, or

P
Ep = —- (2-32)
360

Note that Ep is not the solution of the boundary value problem of a
spherical cavity within a dielectric, as was the field given by Eq. (2-25),
but is the solution of the problem of a spherical cavity within a dielectric
if the polarization is considered to be unaffected by the presence of the
cavity.

(4) The field due to the individual molecules within the sphere must be
obtained by summing over the fields due to the dipoles within the sphere.
We have the potential of an individual dipole from Chapter 1:

o=—27 (1-42)
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The field at a distance r from a dipole is

E=-V¢ .—.-:]_[P 3(P-r)r].

4mey

3 rd

(2-33)

Summing over all the dipoles within the sphere is equivalent to taking
the spatial average of the z-component of the field:

— -1 e 3(pe2? — — porz
v[p__ (p Py — P )J. (2-31)

E,=-—2
4mreq ™ r°

Since according to our assumption the dielectric is isotropic, the z-, y-,
and z-dircctions are equivalent, and

J— J— pu— -

=P =P =r3 ry=yz=2=0. (2-35)
Hence the ficld due to the dipoles within the sphere vanishes.
On adding the partial fields of expressions (2-27), (2-28), (2-32), and
the zero field of Eq. (2-34), we have for the total field acting on one mole-
cule

P P P P
Eqf=E+———+—=E+ —- (2-36)
€ €0 D€ 360

This expression, derived for isotropic substances, is also valid for a lattice
point within a cubic crystal, but is not valid for crystals of lower sym-
metry. Note that we have considered only dipole-dipole interactions be-
tween neighbors. Clearly, this will be inaccurate for substances having
large oriented n.olecular groups.

The difference between Eq. (2-36) and method (A) is that here we con-
sider what happens to an actual molecule of the medium, rather than take
an average of the ficld at a random point. The physical significance of
the space-time average of all the atomic fields would be the average field
on a fast moving charge traversing the medium.

2-4 Polarizability. The field definition (C) is useful for describing the
large-scale behavior of a dielectric in terms of the constants of its mole-
cules. In order that such a description be made, the specific inductive
capacity must be associated with the polarizability of a single molecule.
This connection may be made by means of Eq. (2-36), which gives the
field and thus the force acting on a single molecule within the body of a
dielectric in terms of the external field. The quantity a, called the polar-
izability, is defined by the equation

= aeE.ff, (2-37)
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where p is the dipole moment induced in a single molccule. If N is the
number of molecules per unit volume, the total polarization is

P = Np = aNe¢Eess
(2-38)

Noga
P = —— ¢Eeit,
M €oLoeff

where ¢ is the density and M the molecular weight of the material, and
No is Avogadro’s number, so that N = Nog/M. Therefore P may be found
if « is given for a particular material. Furthermore, by combining Eq.
(2-38) with Eqs. (2-12) and (2-36),.-we may climinate the fields and ob-
tain the relation sought:

=— =2 (2-39)

This formula, known as the Clausius-Mossotti relation, gives the correct
dependence of the specific inductive capacity on density for a wide class
of solids and liquids. For dilute gases, where « is not very different from
unity, Eq. (2-39) becomes

Noga
k—1=Na = ~——: (2—40)
M

just as would be expected for an approximation corresponding to the neg-
lect of the interaction between each molecule and its neighbors. The
molecular polarizability in general arises from two basic physical causes:
(1) the lengthening of the bonds between atoms, and (2) the preferred
orientation of molecules along the direction of the field as opposed to the
random orientations brought about by thermal motions.

1t is this second effect which is responsible for the temperature depend-
ence of the specific inductive capacity. In statistical mechanics it is
shown that under conditions of thermal equilibrium the probability that
any one molecule has energy U/ is proportional to e~U/¥T where k is Boltz-
mann’s constant and 7' is the absolute temperature. If we have a mole-
cule of intrinsic moment pq in a field E, then according to Section 1-8,

U= —-pE
= —pokF cos ¥,

which depends on the orientation of the molecule with respect to the field.
The contribution of each molecule to the total dipole moment would he
Po cos 8, to be summed over all molecules. If there are N molecules per
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unit volume, the mean effective polarization would be given by

/Npo cos e °* ¢ dQ

/em”dn

where for convenience we have written x = pols/hT. The denominator is
easily integrated, and apart from the constant factor Np, the numerator
is just the partial derivative of the denominator with respect to 2. The
final evaluation gives

P

' (2~41)

1
P = Npo (coth x — —). (2-42)
z
which for small r becomes
r  NpE
P>~Npy—=—- - 24,
Po 3 kT (2-43)

This effect is to be added to the polarizability due to distortion of the
molecules by the field, which we may call ap. FEquation (2-40) thus
becomes

Np;

—1 = Nay + 20, 2 44
3 ¥ g kT (2 4

In the chapters immediately following we shall return to the problem aof
the electrostatic field in vacuum, but we are now able to consider dielec-
trics both as boundaries and as sources.

SUGGESTED REFERENCES

All the references listed at the end of Chapter 1 for the fundamental principles
of vacuum eleetrodynamics contain treatments of diclectrics and boundary condi-
tions. For the derivation of Eq. (2-42), called the Langevin formula, see almost
any texthook on statistical mechanies, for example:

R. H. FowLkr, Statistical Mechanies. Uses the elegant methods involving the

partition function.
J. E. Maver anp M. G. MAYER, Statistical Mechanies. Mathematically simpler
than Fowler, and more than adequate for our purpose.

EXERCISES

1. The fact that the magnitude of P is proportional to that of E, and that the
angle between P and E is constant for a given orientation of a crystal dielectric in
the field, can be expressed by

P =(e-e)E — (e+E)e.
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Find e in terms of P, E, and the angle between P and E, and show that x.g in Eq.
(2-13), Po = enxasEp, is a symmetric tensor.

2. Consider a simple cubic lattice of point dipoles, all of equal moment and like
orientation. Show that the field at the position of one dipole due to all others in
a sphere of arbitrary radius about this point is zero.

3. A long very thin rod of diclectric constant « is oriented parallel to a uniform
external field E. What are E and D within the rod? What are the fields in a very
thin disk of dielectric oriented perpendicular to the field?

4. Show that for an electret (fixed P) the integral [E«D dv over the entire
field volume vanishes.

5. Consider an electron of charge —e moving in a circular orbit of radius ag
about a charge +¢ in a field directed at right angles to the plane of the orbit. Show
that the polarizability « is approximately 4raj.



CHAPTER 3

GENERAL METHODS FOR THE SOLUTION
OF POTENTIAL PROBLEMS

We have seen that, in principle, potential problems are solvable if all
charge distributions are known, and we shall prove the uniqueness of any
solution which reduces to the correct values on the boundary of a region.
Actually only a few of the most idealized problems can be solved with any
degree of simplicity. For practical applications experimental and numerical
methods of mapping fields have been devised, as well as graphical and semi-
graphical procedures involving some calculations. Analytic methods rarely
lead to solutions in closed form, while infinite series must converge fairly
rapidly to be useful. Nevertheless, analytic solutions of geometrical hound-
ary configurations approximating the actual situation furnish a valuable
check even when experimental mapping is finally necessary, and graphical
methods depend on prior knowledge of the general hehavior of the poten-
tial. The solution of problems with relatively simple boundaries and
charge distributions is therefore of value, even for more complicated engi-
necring applications.

Unfortunately, no general methods of solution are available which will
apply to all types of geometrically simple problems, and therefore each in-
dividual case demands, to some extent, special treatment. Certain methods
apply to general classes of problems, however, and can be discussed as in-
dividually characteristic of these classes.

3-1 Uniqueness theorem. This theorem states that if within a given
bhoundary a solution of a potential problem is found which reduces to the
given potential distribution on that boundary, or to the given normal
derivative of the potential on that boundary, then this solution is the
only correet solution of the potential equations within the boundary.
The theorem provides justification for attempting any method of solution so
long as the resulting solution can be shown to obey Laplace’s equation in
a charge-free region.  No matter how the solution is obtained, if it satis-
fies these conditions the problem is considered solved. )

The proof of the theorem is very similar to that indicated (Section 1-1)
for the unique definition of vector fields from their source and circulation
densities, except that here the integration does not extend to infinity. If
we put ¢V¢ into CGiauss’s divergence theorem as the vector field, we obtain

f ¢V - dS = / V- (¢Ve) dv = / [(Vo)® + ¢V3¢] dv. (3-1)
37
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The last term vanishes, from Laplace’s equation, if we choose the surface
of integration in such a way as to exclude all charged regions from the
interior of the region of integration. It may be necessary to employ sur-
faces internal to the outer boundary in order to exclude the charges from v.

Let us suppose that two different potentials, ¢; and 3, are solutions of
a given potential problem. Both ¢; and ¢, are to satisfy the boundary
condition, and hence on the boundary either ¢; = ¢, or (Vé1)n = (Vé2)n.
(The component of V¢ normal to a surface is often called the ‘“normal
derivative’” and may be designated by d¢/dn.) If we substitute the differ-
ence ¢; — ¢» for ¢ in Eq. (3—-1), we have

/ (61 — $2)V(b1 — d3) - dS = f V(1 — sPds.  (3-2)

Either boundary condition (equality of the potentials or their normal
derivatives) assures the vanishing of the left side of Eq. (3-2). Since the
integrand of the right side of Kq. (3-2) is positive definite, it must be zero
in order for the integral to vanish; hence throughout the volume v

Vo1 = Vo2, ¢1 = ¢2 + constant. (3-3)

Thus the two potentials that were assumed to be different yet satisfying
the same boundary condition can differ at most by an additive constant
which makes no contribution to the gradient; thereforc these potentials
will give the same electric field distributions.

If linear dielectrics are involved, Kq. (3- 1) may be replaced by

f 679 dS = [1Wo)" + 6V - (VO] o 317

Laplace’s equation for dielectries is
V. &Ve) =0,

and hence the proof for uniqueness remains valid. If non-linear dielectrics
are involved, the region may be divided into subregions having uniform
polarization densities, and for which the theorem holds separately.

3-2 Green’s reciprocation theorem. A large number of theorems that
are useful for the solution of electrostatic problems serve to transform the
solution of a known, presumably simpler, problem into the solution of
another problem whose solution is desired. Of such theorems one of the
most useful is Green’s reciprocity theorem. Let us consider a set of n
point charges g,, at positions where the potentials due to the other charges
are given by a set of numbers ¢;. The potential at the poini j is related
to the charges at the other points (designated by ¢ for purposes of summa-
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tion) by
1 2, q
¢ = — 2 r.

4ren o1 Ty

3-4)

The prime on the summation sign means that the term ¢ = j is to he
omitted from the summation. If, on the other hand, a different set of
charges q; is placed at the same points, giving rise to the corresponding
potentials ¢",, a similar relation holds:

o = 1 2, ¢
) = =,

3-5

4mey 11 Ty ¢ )
Let us now multiply Eq. (3—t) by ¢, and Eq. (3-5) by g,, then sum each
expression over the index j:

n n n !

9 1
Toh=22 -—
=1 - 1=11=1 Ty 4""‘0

(3-6)

n n

n ’
qq, 1
pITTIED Ip MR
9=1 1=11:1 Ty e
Since ¢ and j are summation indices, we may interchange them in one
product of the ¢'s, and sec that

n n
E &0, = Z ¢;'91; -7
7=1 )=1
which is the desired theorem.

This theorem ~an be generalized from & sel of point charges to a set of
n conductors of potentials ¢, carrying charges g,: the generalization fol-
lows if we combine the points of equal ¢, in Eq. (3-7) into a single term.
Equation (3-7) thus applies directly to such a system of conductors.
If all but two conductors 7 and j are grounded, Eq. (3-7) implies that the
potential to which the uncharged conductor 7 is raised by putting a charge
g on conductor j is equal to the potential of j, when uncharged, produced
by a charge ¢ on 7. An application of Eq. (3-7) to the solution of a poten-
tial problem is indicated at the close of Section 3 3.

3-3 Solution by Green’s function. A great variety of solutions of po-
tential problems can be generated from what is known as a Green’s func-
tion. The Green’s function for a particular geometrical arrangement is
the solution of the potential problem for this given geometrical arrange-
ment of grounded conducting boundaries when the only charge present is
a unit point charge at point x,. It should be noted that the grounded
conducting boundaries may be at infinity and the point charge need not
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be surrounded by a zero potential surface at a finite distance. It may be
shown with the aid of Green's reciprocity theorem that the Green’s fune-
tion for a particular geometry is a symmetrical function of the coordinates
of a unit charge located at the point r., and the coordinates of the point
of observation .

Two general types of problems can be solved by the use of (ireen’s
function. One type is that in which the potential distribution over a cer-
tain conducting boundary is given, and the other is one in which the
charge distribution is given in a region within a conducting boundary.
The derivation of the solution of both these problems can be given to-
gether by means of Green’s theorem,

/ (PV — YY) dv = / (eV¥ — ¥V9) - dS, (3-8)

where ¢ and ¢ arc arbitrary functions of position which are required
to be nonsingular throughout the volume ». Let ¢ be the desired solution
of a particular potential problem and let ¢ = G be the (ireen’s function
for the geometry of the problem, i.e., the solution of the problem of a unit
point charge located at r = 0 with the surface S grounded. Then G will
be of the form

G = _-': + X (3 -9)

where x represents the potential due to the induced charge on S. Here x is
harmonic in », i.c., it is a solution of Laplace's equation. Therefore, (7 has
a singularity only at r = 0, which we may handle by means of the §-func-
tion. On substituting Eq. (3-9) into Green’s theorem, we have

/ (GV%p — ¢V2@) dv = / [(.'V% + @@-] dv

€0
= / (GVy — ¢V@) - dS. (3-10)

Also, by definition, G@ = 0 on S. Hence, on collecting the nonvanishing
terms, we find

¢ = —¢ (/GV% dv +/¢,VG"dS)- 3-11)

Let us now consider the two cases mentioned earlier:

(1) The surface surrounding the point z, is grounded, making ¢, = 0,
and V3¢ = —p/e due to the charge distribution p throughout ». Equa-
tion (3-11) then reduces to

o(xe) = —EofGV2¢ dv =/G'p dv. (3-12)
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This expression is fairly obvious, since it merely represents the principle of
superposition applied to the density of point sources within the volume v,
with each unit source of which the density p consists contributing its share
to the potential ¢(x,) by the superposition indicated by the integral.

(2) Let there be no sources of ¢ throughout the volume v, so that V?¢ =
0, but let us assume that ¢ is a given function ¢, on the surface S. In
this ease, Kq. (3—11) reduces to

o) = —e [ #.VG - dS. (3-13)

Equation (3-13) gives the potential within a given region enclosed by a
conducting boundary where different parts of the boundary are raised to a
given set of potentials. This solution cxpresses the potential within this
boundary in terms of the surface integral of the potential on the boundary
multiplied by the normal derivative of the Green’s function. Physically,
the normal derivative of the Green’s funcetion represents the surface charge
density that is induced on the grounded conducting boundary by a unit
charge at the point x,. Equation (3-13) thus gives the solution of the
potential problem corresponding to a given potential on the bhoundary in
terms of the integral of this potential multiplied by the charge induced on
the grounded boundary by a unit charge placed at the field point. If we
wish to express Eq. (3 13) explicitly in terms of the charge oy, induced
on the grounded boundary we note from Eq. (2-15) that

. .
VG-— =+ -— (3-14)
Thus Eq. (3-13) becomes simply

¢(ra) = — / ¢4015 dS. (3-15)

Theorem (3-15) may also be derived directly by the use of Green's
reciprocation theorem:

(1) Let the surface S be grounded and let a single charge ¢., be located
at the point ro. The charge induced by g¢.., on the jth region of the bound-
ary S will be designated by ¢y,

(2) Let the charge at x,, be removed, but let the surface S be divided
into sections, each at a constant potential, the potential of the jth section
of S being ¢,5. In this case ¢(z,) represents the potential at L.

If we relate these two cases by means of Eq. (3-7), we obtain

=0 (xx) + ,E Q1765 = 0 + 0. (3-16)
-1
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The two zeros on the right arise from the fact that the potential is zero
over the entire boundary in case (1), and that the charge at z, is zero in
case (2). Remembering that ¢, is unity in our consideration, we have

$@a) = — 2 ¢attj. (3-17)

1=1

This expression is identical with Eq. (3-15), but it has been obtained
directly in terms of the induced charge in a way that is more obvious
physically.

In the consideration of more specific problems, we shall derive Green's
functions for various conducting boundarics. The solutions for the prob-
lems, both for grounded conductors enclosing charge distributions and for
charge-free regions surrounded by conductors whose potentials are given,
can then be written down immediately.

3-4 Solution by inversion. There are various kinds of transformations
by which a set of solutions of one potential problem can be transformed
into the solutions of another problem. The process of inversion is a special
case, important because it is valid in three dimensions as well as in two
dimensions. In two dimensions classes of such transformations more gen-
eral than inversion can be found.

One of the simplest and most useful methods by which the solution of
a problem can often be transformed into the solution of a simpler problem
is the inversion in a sphere, as shown in Fig. 3-1. It can be shown by direet
differentiation that if ¢, = ¢(r,0,¢) is a solution of Laplace’s equation,

a f[a . . .
then ¢, = ¢(',0,0) = W ¢ o ,0,¢ ] is also a solution of Laplace’s equation

In relation to a sphere of radius a this transformation of the point » into
the point 7’, by the relation rr' = a2, maps the point p(r,0,¢) into its in-
version point p’(a®/r,8,0), moving the point along the radius vector from

a position inside the sphere to a point outside, or vice versa. Let a charge

F1a. 3-1 Solution by inversion.
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q be placed at distance ! and a charge ¢’ at distance I’ from the center such
that I’ = a®. The relations 7' = a® and U’ = a® imply that r/I’ = I/7,
and therefore the triangles with sides rld and r’l'd’ are similar. Thus we
have r/l!' = l/r' = d/d’. The potential at p before inversion is ¢, =
q/4neyd and the potential at p” after inversion is ¢,» = ¢'/4weyd’, so that

_ge_o:°_9r (3-18)

To formulate a law for the inversion of charges, we make use of the fact
that zero potential surfaces must transform into zero potential surfaces.
We can make the potential of the inversion sphere zero by taking two
charges initially, ¢t = ¢ at [, and g1 = —qa/l at a distance I’ from the
center such that i’ = a®. Now the inversion sphere at zero potential
under the influence of the two charges is to remain so after inversion.
This is assured if the two charges change places thus:

g1 = ¢ at [ becomes ¢y = aq/l at a?/l,
qu = —qa/l at a*/1 becomes qip = —q at L.

In either case the transformed charge is the original charge multiplied by
the inversion radius a over the original distance of the charge from the

center of the sphere,
g a T 4

Tt seems more convenient for a charge to retain its original sign and change
only its magnitude when it is inverted, although this is not necessary if all
charges undergo.ng inversion are treated in the same way. We now se-
cure, by substituting Eq. (3-19) into Eq. (3-18), the rule for the inversion
of potentials,

d’p'/d’p = (1/}" =r/a, (3"20)

. a . . .
in agreement with ¢, = - o(r,0,0). The transformation equations for

such quantities as volume or surface charge densities can be obtained by
multiplying the charge transformation Eq. (3 -19) by the transformation
of the appropriate geometrical quantities.

In an inversion transformation a point charge will often appear at the
center of inversion in the transformed geometry. This point charge arises
from the fact that the net charge in the original geometry had electric
field lines that terminated on equal and opposite charges located at in-
finity and, in the inversion, infinity is brought in to the origin.

The, main utility of the inversion transformation is that it rectities
spherical boundaries if the center of inversion is taken on the sphericul
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boundary. Two freely charged intersecting spheres may be inverted into
two intersecting planes, and the plane boundary problem is usually casily
soluble by the method of images.

3-5 Solution by electrical images. If we have two equal and opposite
point charges, the zero potential surface is the plane of points equally dis-
tant from the two charges. The zero potential plane could be replaced
by a plane grounded conductor, and the potential and ficld on the left in
Fig. 3- 2(a) would remain unchanged. Thus the solution for a point charge
and grounded plane is just that of {wo point charges throughout the region
of space in which the field exists. The fictional charge —q is called the
“image’’ of ¢, by analogy with reflection in a mirror. A case in which two
semi-infinite intersecting plane conductors produce five images is shown in

Fig. 3-2(b).
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Fra. 3-2 Examples of charge “images” in plane grounded conductors.

The method of inversion discussed above justifies the solution of the
problem of a point charge opposite a grounded conducting sphere, as
shown in Fig. 3-3(a), by the method of electrical images. The sum of
the potential from a point charge ¢ located in free space near a grounded
sphere of radius a, and from the charge that is induced on this sphere
by q;, will be a potential distribution in which the sphere is a zero po-
tential surface. This system can be transformed into ¢; and a plane by
inversion in the sphere of radius 2a indicated in the figure. The unique-
ness theorem requires that the potential outside the original spherical
conductor will be identical with that of the reciprocally transformed point
charge and plane, or equivalent point charge and image. But the plane
conductor image transforms into gz, which may be called the image of ¢,
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F1¢. 3-3 Inversion of a point charge and conducting sphere, (2), into a point
~harge and conducting plane, (b).

in the conducting sphere. The potential corresponding to the point charge
and the image it makes in the grounded sphere is therefore the correct
(ireen’s function in the region bounded by the conducting sphere and by
infinity.

By combination of the methods of electrical images and inversion one
an readily write down the solutions to problems of the type in which
various areas of the surface of the conducting sphere are raised to different
arbitrary potentials, since the problems involving a plane of which various
areas are raised to different potentials can be easily solved by using the
potential of the point charge and its image as a Green’s function. Prob-
lems in which there is an arbitrary charge distribution in the region out-
side of a grounded conducting sphere are also immediately transformable
to plane problems and solved by the image method. Similarly correspond-
ing solutions to problems involving the inside of a grounded conducting
sphere are obtained. Even problems involving two or three intersecting
spheres can be transformed to problems of intersecting planes if the center
of inversion is taken at a point of intersection of the spheres.

3-6 Solution of Laplace’s equation by the separation of variables. Ex-
cept within a distribution of charge, the fundamental problem of potential
theory is to find a solution of Laplace’s equation which satisfies certain
conditions on the boundaries of the region under consideration. If these
boundaries correspond to coordinate surfaces in a system of orthogonal
coordinates, the solution by separation of variables is often much more
convenient than the general Green’s function method. For one thing, it
Is very easy to state the boundary conditions in the appropriate system
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of coordinates, whether the condition be continuity of ¢ or its derivative
or the assighment of some definite value of ¢ or d¢/dn, when each state-
ment refers to a constant value of a particular coordinate. This would
be true of any system of coordinates, but in certain systems we can go
further and write the solution as a product of functions of the coordinates
separately, so that the boundary conditions ean be applied to the separate
single-variable factors. Tt may be added that while there is no direet
general method of solving partial differential equations the separation re-
duces Taplace’s equation to a set of ordinary differential equations which
in principle arc always solvable.

The essential features of the method can best be demonstrated by means
of an example. Consider a pair of parallel grounded conducting plates at
y = 0 and y = a, as shown, with a line charge parallel to the z-axis at the

v y
L L “ éni
= od =
b1 b2 d
¢1
L 0 — L 7 —z
() (b)

Fra. 3-4 Showing two ways of dividing the space between condenser plates by
planes containing the line of charge at x = 0, y = d.

point (0,d). We seck a solution valid between the plates, assuming there
are no other charges. The problem is thus a two-dimensional one for
which reetangular coordinates are appropriate. Tet us assume that
o(r,y) = X(&)Y(y), where X is a function of r alone and Y is a function
of y. Except for the point (0,d) the cquation to be satisfied is

v2¢ = VX" + XY" =0, (3-21)

where the double prime denotes the second derivative of the function with
respect to its argument. If we divide Eq. (3-21) by ¢, we obtain

XH YII
T_4ti—=0. (3-22)

Since z and y can vary independently, both terms of Eq. (3-22) must be
independent of either variable, and we can write

X"/X = —Y")Y = C. (3-23)

The constant (! is called the separation parameter. If there are no re-
strictions on (' the product of the general solutions of the ordinary differ-
ential equations is a gencral solution of the two-dimensional Laplace
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equation. The boundary conditions of the physical problem, however, will
limit both the nature of the solutions and the values of the separation
parameter. The solution we seck is a sum (or integral, depending on
whether the allowed values of the parameter are discrete or continuous)
of allowed produet solutions, with coefficients determined so that the
boundary conditions are exactly satisfied. In order to determine these
coefficients we shall make use of a property of the functions known as
orthogonality.

There remains a choice in the sign of the separation constant ¢ and
thus in the nature of the corresponding solutions. Let us first assume
that € of Iq. (3-23) is positive, C = k%, so that the ordinary differential
equations become

Y + kY = 0, 3-24)
—24
X" —kK2X =0, (
having general solutions
Y = Asinky 4+ Bcosky
’ (3-25)

X = (" + De %",

The boundary conditions to he satisfied are that ¢ = 0 at y =0, y = q,
and «r = zwo. The potential may he made to vanish at the plates simply
by setting B = 0 and limiting & to the values nr/a, where n is an integer.
The conditions at plus and minus infinity along r, however, cannot he
simultaneously satisfied by either term of X, so that we must write the
solutions separately for the regions of positive and negative r:

-
o1 = Z (vnemr.t/a sin _’,_'z?l,
— o <r<0 =1 a

v (3-26)

¢2 = 2, A0 gin .
O<r<= n=1 [

At * = 0 ¢ is continuous, so that the coefficients in the {wo series ave
equal term by term, ic., (', = A,. We have yet to determine these coeffi-
cients, however, and we have not taken account of the flux from the line
charge. ‘The physical requirement must exactly eorrespond to the mathe-
matical determination of the .1,'s, since the potential is unique.

Now a line charge could be represented by a two-dimensional é-fune-
tion, but since we are writing the solution separatcly for regions 1 and 2 it
is possible to use our knowledge of the boundary conditions at a surface
charge and employ a one-dimensional function 5(y — d) as a special case
of an arbitrary charge distribution along the surface z = 0. In other
words, on z = 0,

o(y) = qé(y — d), (8-27)
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where ¢ is the charge per unit length perpendicular to the xy-plane and
6(y — d) is defined by the equations

a
fﬁ(y—d)dy=1,
0

(3-28)
[ SNy —d) dy = fh), 0<d<a.
0
The potentials must then satisfy the conditions
! oy — d ¢ O 2n ny
W _ady =D _ [1’1 _ i:] — x4, T ™™ (300)
€ € ar or a a

The Fourier coefficients are determined in the usual way by multiplying
both sides of Eq. (3—29) by sin mwry‘/a and integrating from 0 to a. All
terms of the series on the right will vanish except that for which m = n,
i.e., the sine functions are “orthogonal’” over the interval. Therefore

qg . mad 2mw  a

—sin— = — 4, —
€0 a a 2
or, on writing n for m,
g . nwmd
A, = — sin —- (3-30)
€nm a
The entire solution is then
1 nwd nwy
¢ = — Z—sin — " gin —
©r n a a
3-31)
q 1 nwd nwy
¢y = - - S —sin — " 4in ——,
€§T n a qa

and the problem is solved.

It is instructive to note that the same potential may look quite different,
with the opposite choice of sign for the separation parameter in Eq. (3 23).
If we put ' = —k?, the solution for X(x) is just cos kr, since the poten-
tial is obviously an even function of r, but no limitations are imposed on
k. No single function Y will vanish on the two conducting plates, how-
ever, and we must again divide the region into two parts, this time by the
plane y = d. It can be easily verified that for any & the two solutions
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which vanish at ¥y = 0 and ¥ = @, and are continuous at y = d, are

sinh ky
'™ sinh kd

v 0<y <d,

3-32
_ sinh k(e — y) ¢ )

=— d<y<a.
sinh k(a — d) y=a

T

The potentials are integrals over k, with coecfficients which we may call

Ak):
f " AGk) cos kr S Ky
= 0S
o o OB i kd

(3-33)
/ wA(k) ; sinh k(a — y)
= cos br —— — dk.
o e e sinh A(a — ) l

The charge density on the plane y = d is now a function of ., and the
condition on the potentials is

qo(r) [0¢1 3¢n]
y=d

€ dy 9y

cosh kd  cosh k(a — d)
= /A(k) cos kr [ + — ] kdk
sinh kd ~ sinh k(a — d)

/ A cos kx sinh ka Tk (3-39)
N sinh kd sinh k(a — d) o !

But it follows from a formal application of the Fourier integral theorem,
and has been indicited in a problem at the end of Chapter 1, that

/ cos kr dk = 27 8(x) (3-358)

in the sense that both behave in the same way as factors in an integrand.
Therefore

q sinh kd sinh k(a — d)
AR = — ———— - —— (3-36)
2req k sinh ka

and the potential is given explicitly by

q sinh k(a — d) .
o1 = f - cos kr sinh ky dk,
2meo k sinh ka
(3-37)
q sinh kd .
o cos kz sinh k(a — y) dk.

= 2reo ) ksinh ka
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If ¢ = 1 this solution [Eq. (3-31) or (3-37)] is the Gireen’s function for
the two-dimensional parallel plate geometry, and we shall see that the
method is general for determining the Green’s function for a set of equi-
coordinate planes. But for our immediate purpose the details of this par-
ticular problem are less important than the principles they illustrate.
Usually one choice of parameters and corresponding functions is more
convenient than the other, but a choice must be made.

To achieve separation of variables in three dimensions we follow the
same procedure. In Cartesian coordinates ¢(r,y,2) = X(z) Y()Z(2), and
substitution in Laplace’s equation yields

V2¢ X", Y ZH
- 3 + T + p 0. (3-38)

We may therefore set

X" )'/I ZII

= — =G
N Y 7
(3-39)
XII )'H
L (- — =0,
X Ty 2

There are now two separation parameters; in general, the number of such
parameters corresponding to .V independent variables is N — 1. The
lack of symmetry in the equations for the factor solutions is intrinsic in
Laplace’s equation, and may be said to correspond to the complete sym-
metry in sign of the coordinates themselves in the Laplacian operator.
In three-dimensional rectangular coordinates {wo of the factors may be
cireular funetions, but not all three. It is necessary that the functions be
orthogonal in order to permit the determination of coeflicients at a con-
stant surface of the third variable, but this can be shown to be a general
property of solutions of Laplace’s equation, independent of the coordinate
system for every case in which separation is possible.

The orthogonality of the allowed funetions may be demonstrated by
means of Cireen’s theorem.  Let us apply the proof in the case of spherical
polar coordinates, where the geometry is easily visualized, and then see
that it is applicable to other coordinate systems as well.  Assume that
Laplace’s equation is separable, so that o(r0,0) = R(r)Y(6,0), and that
whatever the nature of the functions or the parameter involved in the
separation, ¢; and ¢y arc two allowed solutions.  If we put these two
potentials into Green’s theorem, we obtain

/ (61V%p2 — $2V7¢1) dv = / [R Y V(R:Y3) — R Y3V(R,Y))] - dS. (3-40)



SUGGESTED REFERENCES 51

The left side vanishes, since ¢, and ¢ are solutions of Laplace’s equation.
If we let S be the surface of a sphere, the component of V parallel to S
does not operate on the function Y, and therefore

(R"‘ Ri)/YYdS‘—O 3-41
R, RJJ VP T (3-41)

But if the two radial functions correspond to different values of the sepa-
ration parameter they have different dependence on 7, and thus their
logarithmic derivatives are unequal.  Equation (3 t1) is thus a statement
that the two functions Y, and Y, are orthogonal to each other when inte-
grated over the surface of a sphere,

If the coordinate surface is not elosed the proof follows in exactly the
same way except that use must be made of the fact that the potentials
are zero at infinity. Ifor sources confined to a finite region the potentials
<0 approach zero sulficiently fast so that the integral over the infinite
surface vanishes. We can therefore conclude that, in general, orthogonal
funetions are generated in the solution of Laplace’s equation, and that if
the equation is separable it is possible in principle to complete the solution.

[t ¢an be shown that the set of allowed functions is complete as well as
orthogonal.  We shall not take up the proof of this statement, but it
should be remurked that completeness is necessary for the existence of
satisfactory potential theory. Without it the representation of arbitrary
potential or charge distributions on surfaces could not be guaranteed.
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EXERCISES
. . , . 1 r oy z\.
1. If ¢(r.y,2) is a solution of Laplace’s equation, show that . [ ('—jv ;/5' ﬁ) is

also a solution.

2. Let ¢(r,2) be the electrostatic potential at a point (r2) in a situation of axial
symmetry, with r the two-dimensional radius such that r* = #2 4 4% lLet a be a
small quantity and let r = na. Show that

#(r2) = {2n[¢(rz + a) + ¢(rz — a)]l + 2n + De(r + a,2)
+ (2n — Dg(r — a,2)}/8n,

at a charge-free point in space, correct to order a®. This is one of the typical
theorems useful i the “net point”’ method of field plotting.

3. Two coaxial pipes of the same diameter with a small gap between them are
maintained at a potential difference 1. Divide the region within the pipe near
the gap into a rectangular net and guess the potentials at each point. Check the
correetness of your guesses with the result from the theoiem of Exercise 2 above,
adjust incorrect values, and repeat until a reasonably correct distribution is ob-
tained. This is called the relaxation method.

4. Find the condition that a set of two-dimensional equipotentials ¢2 = f(z.4)
can generate a set of equipotentials when rotated about the z-axis. Show that if
this is possible the potential is

b=4A / e~ Jreviss gy, L B

. _1 1
where F(¢2) S Cont dy
5. Consider the field due to an electric dipole of moment p.  What charge distribu-
tion would have to be introduced on a sphere with p at its center to produce zero
field outside the sphere?
6. Find a charge distribution that would produce the Yukawa potential

(See Jeans or Smythe.)

q ‘,—rla

7. Two closed equipotentials ¢1, ¢y are such that ¢; contains ¢o; ¢ is the poten-
tial at any point between them. If a charge ¢ is now put at point p and the cqui-
potentials are replaced by grounded condueting surfaces, show that the charges
q1, qo induced on the two conductors satisfy the relation

01/ (b0 — ) = @0/(dp — $1) = ¢/($1 — b0).

8. Show that 1qs. (3-31) and (3-37) converge, and that both correspond to the
physical situation.

9. Determine the potential inside an infinitely long rectangular prism with
grounded conducting walls at £ = 0, a, ¥ = 0, b, due to a line charge of ¢ per umt
length located at the point (¢,d) inside the prism.

10. (a) Find the charge density on a grounded spherical conductor of radius a
in the presence of a point charge ¢ at a distance 7o > a from the center of the sphere.
(b) Find the charge density on an insulated spherical conductor of radius a in a
uniform electric field. (¢) What is the least positive charge that must be given
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to an insulated spherical conductor of radius @ influenced by a point charge g at 7o
in order that the surface charge density he everywhere positive?
11. Obtain the solution of the problem

d'e(x) _ p(x)
=P

(]

0<zr<m,

¢(0) = A, ¢(m) =B,
with p(z), 4, B given arbitrarily, in terms of the Green’s function defined by
2
gia (') = =8 —x), 0<r<mw

G(0,x) = G(w,x) = 0.



CHAPTER 4
TWO-DIMENSIONAL POTENTIAL PROBLEMS

Potential problems involving geometrical arrangements that may be ap-
proximated by a two-dimensional geometry with an infinite uniform ex-
tent in the third direction are frequently casier to solve than three-dimen-
sional problems. Some methods are really only simpler in two dimensions,
and can be gencralized to the study of three-dimensional geometry. On
the other hand, certain mathematical techniques which have no genuine
counterpart for three dimensions may be applied to two-dimensional prob-
lems. The method of complex variable potential deseription combined
with conformal transformation is an especially powerful method of this
second kind.

4-1 Conjugate complex functions. We shall show that in two dimen-
sions any analytic funetion W of a complex variable z; = xy + fy; will
have real and imaginary parts cach of which individually satisfies La-
place’s equation in two dimensions. (That the symbol z is used for the
complex variable should cause no confusion with the third Cartesian
coordinate, sinee all xy-planes are identical in the geometry under con-
sideration.) Thus a suitable funetion " = W (z;) can completely deseribe
the potential surfaces and field lines of a particular problem. If ¢ + & =
W= W) = Wy + 1y1), we may separate real and imaginary parts
and obtain ¢(ry,y1) and ¢(ry,y1). The equations ¢ = constant and ¢ =
constant will represent the equipotential and field line surfaces or vice
versa.  Therefore any transformation from one complex variable z; to
another z, will transform the solution of one potential problem desceribed
by the first variable to the solution of another potential problem deseribed
by the sccond variable. In general, a whole class of two-dimensional po-
tential distribution problems can be solved by the following process:

(1) Obtain a transformation zy = f(z;) that will transform the geo-
metric arrangement, of the z; coordinate system into an arrangement of
the z; coordinate system so as to bring about a simplification in the proh-
lem. This coordinate transformation, z; = f(z;) or z; = g(22), must be so
chosen that it will carry the complex potential geometry W = Wi(z;) of
the original problem into a simpler complex potential geometry W =
Wi(g(22)) = Wy(z2). The new complex potential Wy must be that of a
more euasily soluble problem.

(2) Express the potential solution ¢ in the transformed (i.e., zy) plane
in such a way that ¢ + 1 is an analytic function of a complex variable.

54
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(3) Transform this solution back into the original z; plane.

We shall now discuss the justification for this process. Consider a fune-
tion W = ¢ 4+ @ = f(2) where z = = + 4y. If this functional relationship
is to be analytic, ¢ and ¢ must satisfy the Cauchy-Riemann differential
equations:

Y, LY
) 4D
N I

e 2

By partial differentiation of Eq. (4-1) with respect to z and of Eq. (4-2)
with respeet to ¥ and combination of the two resulting equations,

VA =0 = V. 4-3)

The last equality follows from a repetition of the partial differentiation
with the roles of x and y interchanged. ‘Thi.s both ¢ and ¢ are harmonic
functions.

The functional relationship W = y
W(z) can be demonstrated graphi-
cally (Kig. 4-1) by plotting the
lines ¢ = constant and the lines
¥ = constant in the z =2+ 1y
plane, after the function W has
been separated into its real and

imaginary parts. Note that the z
Cauchy-Riemarun  relations, Egs. Fre. 41 Showing the relation he-

(4 -1) and (4-2), ensure that these  tween flux and stream lmes.
curves are normal to cach other.
The curves of constant ¢ obtained by giving a sueecession of values to W7
may be taken to represent the potential field of a problem, and the corre-
sponding ¢ curves taken to represent the electrie field, although the latter
are usually referred to as the streamlines.

The flux of the electrie field crossing a surface S may be defined by

4>=/E-ds. (+4)

Tet us consider a surface lying along one of the equipotential curves,
¢ = constant, between two stream curves ¥; and ¢y, and of unit height
normal to the ry-plane. For the purposes of this proof let i, j, k represent
unit vectors in the directions of increasing x, y, 2, and let t be the length
along the ¢ curve, as shown in Fig. 4~1. Since the surface is of unit height,
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dt = k X dS. Then Eq. (4-4) becomes

2 2 (0. 9.
&= E-dS=— V¢-dS=—-/ (——i+—1>-dS.
1 1 1 \dr dy

By substitution from Eqs. (4-1) and (4-2), we have

2 8|l/. 6|[/. 2
tI>=/ (---1———])-ds=/ (V¢ X k) - dS
1 \dy ax 1

2
=/ Vy-dt =y — Y1 (4-5)
1 .

Thus the differcnce between two stream functions ¥, and ¥e represents
the clectrie flux passing between the right eylinders of unit height generated
by two neighboring lines ¢; and ¢,. This means that no lines of force
cross the constant ¢ lines. This is the justification for calling ¢ the stream
function, since in two-dimensional hydrodynamic problems the ¢ lines do
trace the streamlines of the fluid. In our case, the streamlines traced by
giving ¢ different constant values will trace the electric field, when ¢ lines
are the equipotentials of the field. If, on the other hand, ¥ had been
assumed to be the potential, then ¢ would have been the stream function.
This possibility of exchanging the meaning of ¢ and ¥ is frequently useful
in the solution of two-dimensional problems.

4-2 Capacity and field strength. The above considerations permit us
to obtain immediately the capacity between any two conductors whose
boundaries coincide with two equipotential lines ¢, and ¢, and extend
between two streamlines ¢; and ¢o. From Eq. (1-26) and the definition
of ®,

<I>=/E-¢IS=q/eo.

The capacity is given by
=—: (4-6)

Since the flux ® is the change in the stream function ¢ between the edges
of the conductor surfaces being considered, Eq. (4-5) becomes
C = e V1 — V2
¢1 — o2
Note that all the charges are assumed to lie on the bounding ¢ surfaces:
in general the stream function will be multiple-valued if charges are pres-
ent in the field.

G
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The absolute magnitude of the ficld strength can also be calculated from
a known function of the form W = W (z) representing a particular geom-
etry as in Fig. 4-1. Consider the modulus of the derivative of W:

W) |k et i
dz ax dz dy dz
dw | *%)
¢ &7 ' ¢ 1
= DPartitdy+ i~dr + —dy|l—|-
dz ox I+16y y+16r x+ayy|dz

With the aid of the Cauchy-Riemann equations, we obtain
dw

o 9 /(a¢ 2 (aqb)_z
a @ _%®_ (2 Z) = |vo| = [El. (49
dz ar z(’)y or + dy Ivel = IE) 9

The real and imaginary parts of dW/dz are thus respectively the a- and
u-components of the gradient of the potential and therefore the modulus
of dW /dz is equal to the magnitude of the electric field strength.

4-3 The potential of a uniform field. before examining some of the
transformations that are useful for simplifying complicated problems, we
shall look at two basic potentials from which many more general cases
may be generated by transformations and superpositions. The simplest

is that of a uniform field E directed along x, for which ¢ = —|E|x. The
complex potential can be seen by inspection to be

W= —|Ez=—|E[x+w) =¢+ @ (£-10)
and the stream function is ¢ = —|E|y. (The potential ¢ has been arbi-

trarily set equal .o zero along the y-axis.)

4-4 The potential of a line charge. The C'oulomb ficld around a line
charge with a linear charge density ¢ is found by means of Gauss’s elec-
tric flux theorem, KEq. (1-26), the surface of integration being that of a
circular cylinder of radius r and unit height coaxial with the line charge.
This field is

qr

E = :
21!'60"2

(4-11)

The corresponding potential may be secured by substituting this field into
Eq. (1-31) and integrating:

o= — 2 (Inr — In ry). (4-12)
TEQ

Again we note that in two-dimensional potential expressions it is not pos-
sible to¢ set the potential at infinity equal to zero, since the two-dimen-
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sional expression really represents the potentials due to charge distribu-
tions of infinite extent perpendicular to the xy-plane. It must be re-
marked that a two-dimensional problem can be, at most, only an approxi-
mation to physical reality, for it implies not only infinite extent but in-
finite charge. A physical problem can be treated by two-dimensional
methods only when it is possible to neglect end effects arising from the
finite linear extent of the physical arrangement. Usually it is convenient
to choose some conductor as the potential base, whether or not any ele-
ment of the system is actually grounded. In Eq. (4-12) the eylinder sur-
rounding the line charge at a distance 7y has been arbitrarily set at zero
potential.

The complex potential function - corresponding to the line charge
potential may be derived by means of the Cauchy-Riemann equations,
but it is easily written down merely by inspection of Eq. (4-12). If we

introduce the complex polar notation z = r¢, we have

(Inz —Inzy) = —12
TEQ TeQ

W=—

(Inrt4 i —Inrg) = ¢ + 7y, (4-13)

where ¢ represents the potential and ¢ represents the stream function.
Note that the stream funetion, as might be expeeted from the axial sym-
metry of the arrangement, is proportional to the argument of 2, i.e., just
the polar angle 6, if 2z, is arbitrarily taken as real. The complex poten-
tial function for any system of line charges can be obtained by superposi-
tion of appropriately displaced expressions like Kq. (4-13), one for each
line charge.

4-6 Complex transformations. We now turn to the analysis of the be-
havior of curves in a small region of the complex potential plane when a
transformation of the plane is made. Consider a transformation from the
21 plane to the z; plane given by the equation z3 = f(2;) and let the trans-
formation function f he analytic except at a finite number of singularities.
At all nonsingular points such a transformation is conformal. This means
that the angle between two intersecting lines in the z; plane, such as 6, in
Fig. 1-2(a), transforms into an equal angle between the transformed lines
in the zy plane, as 6, in Fig. 4-2(b). This can be demonstrated as fol-
lows. Since all derivatives of an analytic function of a complex variable
exist and are continuous, the derivative dzz/dz; will be finite at all points
except for the singularities. Let us consider two line elements intersecting
at point Py, for both of which dz;/dz; = f'(21) evaluated at the point Py.
The argument of a product is equal to the sum of the arguments of the
factors, so that we have for the argument of the differential line element
PyQ;:

arg (dz;) = [arg f'(21)]p, + arg (dz1), (4-14)
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2 z) plane y2 0 2 plane
2 Iy
dn dzl dzj
Ql 02
1 dzf
Py Ry Py
—>7 —Z9
() (b)

F16. 4-2 To show that angles are preserved in a complex transformation.

and for the argument of Pol2y:
arg (dzb) = [arg f'(z1)]p, + arg (dz)). (#-15)

SQubtracting Eq. (4-13) from Eq. (1-14), and noting that the angles 8, and
¢9 are the differences in the arguments of the respective dz’s, we obtain

01 = 02. (4—16)

The modulus of the derivative dzy/dz; = [’(z)) represents the scale fac-
tor by which all spatial intervals in the neighborhood of a point are mul-
tiplied. This follows from the fact that the modulus of a product is equal
to the product of the moduli of the factors. An infinitesimal triangle will
thus transform into a similar infinitesimal triangle in the new system, and

|dzo| = |f'(z0)p)| - ldey]. (+17)

The similarity of this transformed infinitesimal triangle and the original
one provides an alternate way of secing that angles are preserved in com-
plex transformations. This means that the orthogonality between stream
functions and equipotentials is invariant under a complex variable trans-
formation.

4-6 General Schwarz transformation. A transformation that will re-
duce any number of rectilinear boundaries in the 2z; plane to a single
straight line boundary in the z2 plane is due to Schwarz. The Schwarz
transformation will map the inside of a polygon in the z; plane (although
the polygon need not be closed) into the upper half of the z; plane. It is
based on the special transformation, useful in itself, which changes the
size of an angle whose vertex is at the origin in the z; plane, as shown in
Fig. 4-3.

Consider the simple transformation

21 = 25, (4-18)



60 TWO-DIMENSIONAL POTENTIAL PROBLEMS [cHaP. 4

Y2 2z plane

(b)
F1c. 4-3 Schwarz transformation for a single angle.

where 8 is real hut not nccessarily an integral or a rational number. By
this transformation points on the positive real axis are mapped on the
positive real axis, although the scale along the axis is changed by raising
r1 to the 1/8 power, or at least a.branch of the transformation can be
chosen where this is so. On the other hand, for points lying on the nega-
tive real axis in the z» plane (25 = r2¢'™), 21 is complex, since by the trans-
formation z, is equal to r3¢'™. Tlence the negative real axis of the 2o
plane is the mapping of a straight line in the 2; plane, as required by the
conformal properties of the transformation, but this line will make an
angle =8 with the positive z; axis. The transformation of Eq. (4-18) with
8 < 1 therefore maps the arca of the upper half of the z; plane lying be-
tween 8; = 0 and 6, = #B into the entire upper half of the z; plane. Of
course, § may be greater than one, in which case the angle is obtuse.
The transformation has a branch point at 2; = 0, at which angles are ob-
viously not preserved, but it is analytic everywhere else.

In the more general case of Fig. 4—} there are a number of points b, in
the z; plane which are the corners of a polygon whose interior angles are
a,. We wish to map the interior of the polygon into the upper half of the
2, plane. Consider a transformation defined by the differential equation

dzl hid 8
-_— = Cl H (22 - a,) t. (4—19)

22 =1

Y2
S z2 plane
bl+2 /’

““'ﬂa-l-l

4;: O- O

! ai a,7+l T2
(b)

F16. 44 The general Schwarz transformation.
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Here C, is a constant, possibly complex. This transformation is analytic
everywhere except at the points z; = a,, which are real but otherwise as
yet undetermined. Hence by the conformal properties of such a trans-
formation the real z, axis, z; = 75, will consist of mappings of straight
line segments in the z; plane. The angles which each of these straight
line segments make with the real axis will be given by the argument of
dzy/dzg evaluated in the segment in question. We may take the argument
of Eq. (4-19):

dz
arg <§;:) = arg Cy + By arg (22 — ay)
+ Bz arg (22 — ag) +-- -+ B arg (22 — ay). (4-20)

d d. Iy
arg (_2-1) = arg ( o +-L—f£) (4-21)
dzy drg + 7 dy,

and when dz; lics along the real axis in the z; plane dy, = 0. Therefore
Eq. (4-21) becomes, when evaluated in the ith interval,

1z dr d dy
arg (( ]> = arg( 'y lﬂ> = tan™! ( i/—l) = 0;. (4-22)
dzy dry drg dry

Now when z; lics on the real axis between a, and a,44, the argument of
2, minus any point to the left is zero and the argument of 2z, minus any
point Lo the right is just =. Therefore a combination of Egs. (4-20) and
(4-22) leads to

But

0, = arg (1 + 7 (Big1 + Bigz + -+ *Bn). (4-23)

Thus all points of the real axis segment a, 1 — @, are mappings of a line
segment with slope 0, in the z; planc. If we subtract Eq. (4-23) from a
similar expression for 8,5, we obtain

01+1 -6, = _"rﬁH—l- (4—24)

From the geometry of Fig. 4-14(a) we see that this angle difference of
—mB, ;1 at the point b,4; is related to the interior angle a,41 at each
corner by the relation

Q) =T + WB:-} 1. (4_25)

For convenience, we may change the subscript to 7 and solve for g;,

B, = “; -1 (4-26)
Hence Eq. (4-19) becomes
d
T e — a0, (4-27)

dz 22 =1
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where the scale factor C; gives both the relative scale and the relative
angular orientation of the two geometries. This is the required transfor-
mation for a polygon with internal angles ;.

In general, the Schwarz transformation is a useful one provided that
Eq. (4-27) is integrable in terms of elementary functions. This is pos-
sible, with the exception of special cases, only when the angles are multi-
ples of 90° and not more than two corners are involved. One further
difficulty in the practical application of the Schwarz transformation is
that the resultant transformation is given in terms of z; = f(z2) with the
coordinate along the real axis in the 2z, plane as the independent variable,
rather than in terms of the coordinates of the z; plane, or the problem
polygon, as the independent variables. Therefore considerable computa-~
tional labor is often necessary to find out what the coordinates a, in the
2y plane actually are in terms of the geometry of the given problem. Once
the a, are determined, the remainder of the solution of the potential prob-
lem is usually simple. The consideration of some special simple cases will
serve to indicate the power of the method and to illustrate its use.

4-7 Single-angle transformations. A single angle can always be trans-
formed into the origin of the zz plane, so that a, = 0 in each case. For
some special angles Eq. (1-27) is immediately integrable:

(a) @ = m. The integration of Eq. (4-27) gives

2 = (1122 + Cz. (4—28)

This is simply a uniform translation and rotation, and is of no physical
interest.
(b) @ = w/2. The integration of Eq. (4-27) gives

21 = (‘32;2 + Cz. (4"‘29)

If we assume that the constant of translation C, is zero, Eq. (4-29) will
map the first quadrant of the z; plane into the upper half of the z, plane.
I, for example, the complex potential in the 2, planc is given by the com-
plex potential solution corresponding to a uniform field E,

W = —|Elsz = ¢ + %,
¢ = —|Elxz, ¥ = —|Elyg,
then W in the 2; plane, according to Eq. (4-29), is
W = —C4El
= —C4|E|(=} — of + 2izyy1),
¢ = —CE|@ — y)),
¥ = —C4|E[2z1).

(4-10)
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F1a. 4-5 Schwarz transformation for o = 7/2.

This will solve the problem of the charged rectangular boundary (see Fig.
4-5) or, if the interpretations of ¢ and ¢ are interchanged, problems in-
volving charged hyperbolic eylinders.

If the complex potential in the zp plane is taken to he the logarithmic
potential corresponding to a line charge, tiq. (4-12), and if the transforma-
tion of Eq. (4-29) is then applied, we obtain the two-dimensional Green’s
function for an inside rectangular corner, provided that we have trans-
lated the line charge into the upper half of the 2z, plane. This same trans-
formation will give the Green’s function for a problem having hyperbolic
eylindrical boundaries, and thus problems involving such geometries are
amenable to solution.

(¢) @ = 0. In this case, the integration yields

21 = (’3 In 2o = 03 In re + Cg'l:og, (4—30)
if we omit the translation constant. If Cj is real the real part of 2, is
(3 In ry, the positive real ze axis is the mapping of the whole real z; axis,

and the upper half z; plane maps into a strip of width (3, as in Fig. 4-6.
The transformation can be visualized by considering the origin in the z,

n A Plank———\ y2  zplane

ts

IS S P -

F1G. 46 Schwarz transformation for « = 0.
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plane to be pushed to minus infinity, and the negative real axis of the 2,
plane to be revolved clockwise to a position parallel to the positive real
axis but located above it a distance Caw, as seen in Fig. 4-6. This trans-
formation thus results in a periodic configuration in the 2; plane; of this
the strip Car wide is the first repeat. The upper half of the z; plane is
the mapping of the first strip of this configuration in the 2, plane. The
lower half of the 2z, plane is the mapping of the strip lying hetween y;, =
Csr and y; = 2Csr in the z; plane, and so on. This transformation is a
very useful one in the solution of potential problems involving grids, re-
peating condenser plates, and other geometries that repeat in one direction.

4-8 Multiple-angle transformations. A simple cxample is one of the
most uscful. If two vertical lines in the z; plane are rotated into the
positive and negative real axes, respectively, then the upper half of the
25 plane will be the mapping of the vertically oriented, semi-infinite strip
seen in Fig. 4-7(a). The two transformed corners may be taken at 2, =
=+a, and the differential equation becomes

15 Cl Cz
—_— = Cl(zz — a)—%(zz + a,)_/ﬂ = - = -
dz; \/zé — a @ — z::

The relation C; = ¢Cy has been introduced to rotate the figure 90° to the
orientation shown. Integration yields

2, = Cysin™! <£2-) 29 = asin (il—) (4-32)
a C

In practice this transformation is most often used to transform a solution
in the 2, plane into the z; plane. 1f we consider a uniform complex poten-
tial field W in the 2z; plane,

(4-31)

= —|Elz, (4-10)
mapped into the z; plane by Eq. (4-32), we see that we have obtained
the cross scction of the potential around a charged conducting strip of

lane
l1'/1- : Z y2f 2 Pan
H

Fia. 4-7 Two-angle transformation.
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width 2a, or, exchanging potential and stream functions, the potential due
to a slot in a conducting sheet. The major axis of the slot or strip is nor-
mal to the plane of Fig. 4-7. If the real and imaginary parts of the trans-
formed W are given sets of constant values they will characterize the field
of the arrangement. These equations turn out to be the equations of
confocal elliptic and hyperbolic eylinders, as indicated in Fig. 4-7.

Mauny other practical examples of double-angle transformations are
readily integrable, and still others may be most easily found by simple
successive transformations, as indicated in the references listed at the end
of this chapter. Frequently the solution appears in a form that is decep-
tively simple, since, as we have noted earlier, it is sometimes very difficult
to solve for the z; coordinates as a function of z;. Despite these difficul-
ties, the method is obviously a powerful one.

4-9 Direct solution of Laplace’s equation by the method of harmonics.
Many two-dimensicnal problems are at least as conveniently solvable by
methods for which analogs do exist in three dimensions as by complex
potential methods. Two-dimensional mversions and images are useful
special cases of general methods already treated. The solution of the two-
dimensional Laplace equation by separation of variables for plane polar
coordinates is particularly useful, since it has general validity whenever
circular or radial boundaries are encountered. ILet us consider the appli-
cation of this method in some detail.

Laplace’s equation in the plane polar coordinates r and 6 is

d/ 8 9% ’
r -(r —"’> + 22, (4-33)
ar\ or/ = 06

To achieve scparation we let ¢(r,8) = R(r)©(0), substitute in Eq. (4-33)
and divide by ¢. The result is

r6(6R>+162® 0 (434
—_—— r— —_——_— . —_
Ror\ or O 96° )

The two terms must be individually constant, and we may choose the sign
of the separation parameter so as to give circular functions in the angle 6.
Since the maximum range of 8 is 2w, the boundaries of 6 are always “closed,”
50 to speak, and only certain values of the parameter will be allowed, just
as in the first treatment of the example of Section 3-6. In other words,
we may sct the first term of Eq. (4-34) equal to k3, to obtain

0,
"(”7-}' k,,@ = 0,

2/ oR (4-35)
a
r— r—) —KER=0
ar \ oar
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where the separation parameter k2 is in general restricted to discrete values.
For k, # 0 the solutions are

@, = A, cos k.9 + B, sin k0,

R, = Cpr*» + Dr ™,
and if ky, = 0,
@0 = E + Fo,

R0=G'+Hlnr.

The general solution is obtained by a linear superposition of the individual
(“harmonic”) solutions:

¢ = E R0,

n=0

= E (A, cos k.0 + B, sin k,0)(Cpr 4 D,r—"»)

n=1

+ (E+ F6)(G + HlInr). (4-36)

In order to apply Eq. (4-36) to the solution of a practical problem, we
shall first express certain already known potentials in this form, and then
superpose additional potentials, with undetermined coefficients, of the
same general form. The coefficients are determined by the boundary
conditions of the given problem, just as in Section 3—6.

4-10 Illustration: Line charge and dielectric cylinder. To solve the
problem of a line charge located at a distance ry from the axis of a dielec-
tric cylinder of radius @ and specific inductive capacity «, as seen in Fig.
4-9, let us first express the logarithmic potential of the line charge alone
in the same form as Eq. (4-36). This amounts to shifting the origin of
the potential, as indicated in Fig. 4+-8. We may omit the arbitrary poten-
tial base, so that Eq. (4-12) reduces to

=—2 ne (4-37)

2meo

Field point

New origir Original origin
0 To 7 g1n gl

F1c. 4-8 Shifting the origin of coordinates for the potential.
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Since Eq. (4-36) is in general nonsingular except at the origin r = 0, Eq.
(4-37) cannot in general be expressed by a single expansion about the new
origin, but must be written as two different solutions, one valid in the
region where r < ry and one valid where r > ry. These two solutions
must fit together at r = 74 in such a way that the derivative shall be dis-
continuous only at the point where the line charge is located, and con-
tinuous at all other points. The discontinuity is such that the total flux
emerging from that point corresponds to the value of the line charge per
unit length.

The logarithmie potential Eq. (1-37) of a line charge at the origin can
be put into the form of Eq. (4-36) of an isolated line charge located at
6 =0 and r = 7y, as in Fig. 4 8, if we express the radial distance R by
the law of cosines, R = (r? + »} — 2rry cos 0)", and then expand in a
power series in r/ry for use where r < ry, and in a power series in ro/r to
use where r > ry. Both series converge within their respective ranges of
validity. The result gives us the potential due to a line charge only:

= 1/r\"
=1 [ > - (—\ zosnf — In rol ) (4-38)
o<r<ry 2mey I,,=, n \r, J
2 1 /r\"
¢ = . | > —(—0> cos n — In r} . (4-39)
ro<r <o 21reo l n=1MN \r

For the problem of the line charge and dielectric eylinder we shall chgose
the origin of the polar coordinate system at the center of the dielectric
cylinder, with the radius vector corresponding to 6 = 0 passing through
the charge, as shown in Fig. 4-9. This is the same coordinate system as
that in which Eqs. (4-38) and (4-39) are written. To satisfy the bound-
ary condition at the surface of the cylinder r = a we shall superpose on

-~ TS
V4
%,, Field point\
/ o
/ é1 \
! ~—2 1 (effective

1+ & charge for ¢g)

q (: ;’:) (effective charge for ¢;)

F1c. 4-9 Line charge and dielectric cylinder.
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the line charge solution (4-38) a general solution of the type of Eq. (4-36)
with k, = n and with undetermined coefficients A,, B,, E, and F, and
make a separation of the potential into two parts ¢; ana ¢g to be valid
outside and inside the cylinder respectively. The cocflicients are to be
determined so0 as to account for the polarization of the dielectric cylinder,
and the scparation is made to ensure a finite value for the potential at
the origin and convergence of the second series in each expression.

o = 5 (Y omra o ian)

a<r<rp 21!’60 ln=1 n \rg

©

4+ 3 By "cosnd+ F, (4-40)

n=1

{ i l(—r—)"cos né — In ro}

_
g = —
0<r<a 21reo n=1 T \Tg

4+ > A,"cosnd+ E. (4-41)

n=1

Since the effect of the induced polarization charges in the cylinder is non-
singular both at the origin and at infinity, and the solution is obviously
symmetric about the line 6 = 0, it has already been possible to simplify
the expression (4-36) by omitting the logarithm, the angle and its sine,
and by using only positive or negative powers of r as nceessary to assure
convergence.

For any angle 8 the boundary conditions of Section 2-2 for the surface
of the dielectric » = a are just

oy a¢2‘

=¢y, — =K— 4-42
1 d’l: or K or ( )

We can cvaluate the coefficients 4, B,, E, and F by applying these con-
ditions to Eqgs. (4—40) and (4—41) and then equating the coefficients of
cos né, term by term, to zero. This procedure is justified mathematically

by the fact that these Fourier series functions form a complete orthogonal
set. The resultant solution is

PR [CORCIEIE |
= Y —) — ng — 1 v (4-43
a <dr,l<ro 2meg lnz=:1 n L\rg + 14+ «/ \rg/ ™ cos " TOJ ( )

¢ = ——— —{—) cosng — --—Innr,. (1-11)
o<r<a  weg(l + k) nm1 7 \To 2rey

For r greater than ry the solution may be written down immediately,
analogously to Egs. (4-38) and (4-39).
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If we add zero to Eq. (4-43) by adding and subtracting

(1 —x)Inr
(1 + x) 21reo

we see that the potential ¢; outside the cylinder corresponds to an effec-
tive line charge arrangement, with the role of the cylinder taken by two
line charges. This arrangement consists of an effective charge —g(1 — «)/
(1 + «) located al the origin, an effective charge ¢(1 — «)/(1 4 «) located
at the inversion point of the actual external charge, and the actual charge.
The inversion point lies on the vector ry at a distance a®/r from the origin.
This problem could therefore have been solved by the method of images,
a fact which can be verified directly by the use of the logarithmic poten-
tials. On the other hand, the potential ¢ inside the cylinder is seen to
correspond to a single effective charge at the position of the actual charge
but of strength 2q/(1 + «), except for an additive constant. The potential
everywhere, then, is equivalent to some line charge arrangement and the
dielectrie cylinder absent.

4-11 Line charge in an angle between two conductors. As another ex-
ample of the solution of a problem in terms of circular harmonics, let us
consider a wedge-shaped region bounded by grounded conducting surfaces
intersecting at the origin with an interior angle e, as in Fig. 4-10, together
with a line charge of strength ¢ per unit length located at the point rg, 8
within the wedge. The solution of this problem will give the Green’s
function for the region bounded by the intersecting conducting planes. It
is again clear that we cannot hope to express a solution by means of a
single equation valid throughout the region from r = 0 to r = ©. The
solution must be written in two parts, one valid for r < ry and the other
valid for r > rg, joined together at the cylindrical surface r = 79 by the
flux condition corresponding to the charge g.

Since the potential vanishes on the boundaries 6 = 0 and 6 = «, the
angular part of the solution must be of the form sin (nw8/a). Thus, in

Fic. 4-10 Line charge parallel to two intersecting plane conductors.
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Eq. (4-36), k, = nw/a. The potentials are then formally:

© r nr/a n
6 =2, C, <—) sin —‘"-0,
a

r<ro gl To
(4-45)
0 nrla
To . nw
¢ = Z D, (——) sin — 6.
r>ro n=1 r o

The coefficients C, and D, must be equal in order to assure continuity of
the potentials across the cylindrieal surface r = 7y, so that we shall have
solved the problem if we determine the C,.

The line charge is equivalent to a surface charge ¢(6) on the eylinder
r = r9, where o(8) = ¢6(9 — B8). The angular §-function can be defined
by the equations

1'0/ 50 — B) do = 1,
0

(4-46)
/ f(6) 86 — B) d6 = f(B)/r0, 0 <B < e.
0
The flux condition is thus
a 0
q8(0—8) = —60[ fb—?—j—’i] . (4-47)
. ar or dre ny

The determination of the coefficients is almost identical with that of Sec-
tion 3-6, and leads to
8
C, = ——in (”L) (4-48)

The complete solution is therefore

q & I(r)"""‘. nrB . nnb

¢ =--— Z - SN —— s8I ——»

r<ro TEY) n=1 N \Tp a o

(4-49)

1 /ro\"™* nxB . nrd
b2 =—q—z—(o) sin — sin —-

r>ro TEY) n=1 N \T a o

Just as in the case of parallel plates, this solution is the desired Green’s
function when q is set equal to unity. It is thus evident that the method
is a general one for deriving the Green’s function within a set of bound-
aries corresponding to equi-coordinate planes.
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SUGGESTED REFERENCES

W. R. SmyTHE, Static and Dynamic Electricity. Chapter IV is devoted to two-
dimensional potential problems, with many examples.

J. C. MaxwgLL, Electricity and Magnetism, Vol. 1. There have been many
elaborations of potential theory since Maxwell’s time, but this remains one of the
best fundamental texts.

J. 1. Juans, The Mathematical Theory of Electricity and Magnetism. Follows the
general presentation of Maxwell, and gives many examples.

E. WeBER, Electro-Magnetic Fields, Vol. 1. A more modern treatment.

.. A. Pires, Applied Mathematics for Engineers and Physicists. Chapter XX is
a good example of the clear and simple treatment of conjugate functions found in
several books on applied mathematics.

EXERCISES

1. By inversion, find the law of image formation for a line charge parallel to a
conducting circular cylinder. Apply this method to the case of a large cylinder of
radius b containing a smaller cylinder of radius a, the distance hetween their axes
being ¢ < b — a. Find the capacity per unit length, and show that for ¢ = 0 the
result reduces to that for coaxial eylinders.

2. Derive the two-dimensional form of Green’s boundary value theorem: if
¢(r,y) is the two-dimensional potential, show that

,,_I_I/ . _95( c24_:_ a(logr)) }
) = o | [ Qognvgds — (1ogr 2 — s ED ),
where S is the arca bounded by the contour C and r is the distance between the
point ., y and the point &/, y’. = is the outward normal.

3. Find the field surrounding a charged conducting eylinder whose cross section
is an ellipse.

4. Consider two planes intersecting at right angles raised to potentials 7/2 and
—V/2, respectively. Caleulate the electrostatic field.

5. The transformation

(24 2)

2 = =
ax 21

transforms the region outside the eylinder 7y = a, in the 2; plane into the entire
2o plane with a cut along the real axis for —a < r <a. By transforming the
complex potential function corresponding to a conducting eylinder in a uniform
field, find the complex potential function corresponding to a strip of width 2a with
its plane (a) in the direction of an applied field E, and (b) perpendicular to an ap-
plied field E.

6. Consider a parallel plate con-
denser, y = =a, of infinite extent, and
y = 0 semi-infinite, as indicated in Fig. y
4-11. The two outside plates are ut the
same potentinl. Calculate the capac- a
ity per unit length along z contributed =~ ======= wemem—-
by the edge effect, ie., the difference
between the actual capacity per unit
length and that estimated by assuming
zero field for x < 0 and uniform fields Fie. 4-11
for x > 0.
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7. An infinite circular eylindrical sheet of radius a is divided longitudinally into
quarters which are raised to potentials V, 0, —V, 0, respectively. Show that the
potential inside the eylinder is given by

|4 _ 2ay _ 2ax
8 =1 {un () + tan =L
What is the potential outside?

8. Consider the region of space between the eylinder x* + y* = b? and the xz-
plane.  All the curved boundaty and that portion of the plane boundary for which
a < r < b are at zero potential. That portion of the plane boundary for which
—a < r < ais at potential V. Show that the equation of the lines of force in the
region for whicha <r <bis

Zn: Eﬂ_ [;1,  + (52) ] cos nf = constant,
where only odd values of n are taken.

9. Let ¢(x,y) be the potential in a two-dimensional field. Let F(r) = ¢(x,0) and
F. be the nth partial derivative of F with respect to z. Show that, if ¢(z,y) =
¢(I»—y),

o(x,y) = ZAny*"Fon,

where A, = (—=1)*/2n)\.



CHAPTER 5
THREE-DIMENSIONAL POTENTIAL PROBLEMS

Laplace’s equation may readily be written in any orthogonal coordinate
system for which the infinitesimal line elements are known: the operator
v? is just the divergence of the gradient, and the application of the diver-
gence theorem to the gradient over the surface of an infinitesimal volumre
element yields the required expression.* In a number of these systems the
equation is separable, so that the methods of Section 3 G can be applied.
The two coordinate systems treated in this chapter further illustrate the
general method, and correspond to geometrical configurations often en-
countered in practice, namely, spheres and circular eylinders, or parts
thercof. Spherical coordinates also furnish a particularly useful repre-
sentation of the potential due to an arbitiury distribution of charge con-
fined to a region near the origin of coordinates.

6-1 The solution of Laplace’s equation in spherical coordinates. Fx-
pressed in spherical polar coordinates, Laplace’s equation becomes

19 i} 1 9 9 1 82
SO (4 R LN A e

2ar\ ar) ' 2singae 00/ ' r?sin® 0 9
In order to separate the radial and angular parts of this equation, we put
¢ = R(r)Y(6,¢) (5-2)
and proceed in the usual way. The separated equations are
9/, R
5;(r -é;) — n(n+ DR =0, (5-3)
i(sin(ig)+-—l~(—)2—y+n(n+l) sin Y = 0. (5-4)
a0 a0 sin @ 9p?

The form of the separation constant n(n + 1), where n is a real integer, is
dictated by the necessity that there be a regular solution at the singulari-
ties of the equation for Y, which occur at 6 = 0 and § = x. In general,
Y (6,¢) is known as a spherical harmonic. It has already been proved that
the set of functions Y,(6,¢) have orthogonality properties similar to those
of the Fourier functions we have considered in conncction with two-dimen-

* See Appendix II. -
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sional solutions. The general solution of the differential equation for the
radial part of ¢, Eq. (5-3), is simply

R(r) = Aw™ + By™™1, (5-5)

The spherical surface harmonics can be further separated by means of

the substitution
Y(6,0) = 0(0)2(p). (5-6)

If the new separation constant is called m?, then, in terms of the more con-
venient polar angle variable, u = cos 6, the two resulting equations are

2

d[(l 2)d@)]+[( b - — ]0 0 (5-7)
—_— — —_— nin — ) = —
du # du 1— 42 ’

d’e

- + m2<1> =0, (5‘-8)

do

The solutions of these equations are

0= ('YnP:'(I‘) + DnQ:'(I‘)- (5"9)
& = E,, cos mg + F,, sinmp, m # O,} (5-10)
®=Gp+ H, m = 0.

The functions P™(cos 8) and Q™ (cos 8) are the associated Legendre func-
tions of the first and sccond kind, respectively. Their mathematical
properties can be found in numerous references, some of which are listed
at the end of the chapter. We need note here only that Py is the solu-
tion that is finite for u = =1, and thus the only solution allowed when the
space involved in the problem includes the polar axis.

6-2 The potential of a point charge. Ior problems having azimuthal
symmetry, so that the solution does not depend on the value of the co-
ordinate ¢, the separation parameter m is equal to zero. The potential of
a point charge at a distance r, from the origin of coordinates has such sym-
metry if the radius vector of the charge is taken as the polar axis. We
may obtain the potential of a point charge, expressed in terms of a series
expansion in the radial and angular functions obtained in the above
separation of coordinates, by expanding the cosine law expression for 1/R
(see Fig. 5-1) in powers of r/ry and 7o/

1 17/r\? r 1T /ro\? To —
—=——[<—)+1—2—coso] =—-[<—) +1—2—cos0] (5-11)
r r

R rol\rg To r
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becomes, according to the region N /_Souroe point
of convergence, 7 é2

LL$ (Ve or

R To n=0 \o

_ } é (?)"P,.(u). (5-12)

Equation (5-12) is often taken as
the definition of P,(u). It is obvious from carrying out the expansion
that these functions arc polynomials of degrec n in the variable p. By
explicit differentiation of 1/R with respect to p and with respect to the
expansion variable, it can be readily shown that P, (u) satisfies Eq. (5-7)
with m = 0.

For the same reasons as in the harmonic expansions of Chapter 4, we
must use two potentials, one valid where 7 is less than ry and one for r
greater than rp. The two potentials are

Field
point

-
LT WL

q Ta
% = dregld

F1a. 5-1 New polar coordinates for
the potential due to a point charge.

q [ r "
b =3 (5) Pt
dmwegro n—o

r<ro To
(5-13)

P (?)"P,.(m.

r>ro 41!’6()7‘ n—=0

The resulting potential of the point charge is therefore just a Taylor-
Laurent series in 7 whose coefficients are the T.egendre polynomials in cos 6.

6-3 The potential of a dielectric sphere and a point charge. Problems
involving point charges and boundarics which have spherical symmetry
can be solved in terms of the functions of the foregoing section. As an
example, we shall consider the simple problem of a point charge and a
diclectric sphere of radius @, as shown in Fig. 5-2, with r being the dis-
tance from the center of the sphere to the point charge. We shall need

Diclectric 1
sphere \ Ty

F1a. 5-2 Dielectric sphere and point charge.
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three expressions for ¢:

¢1 = 2 Aw"Palw),

0<r<a n=0

—r-) Pa(w) + 22 Bur ™ 'Pu(w),  (5-14)

®
_ 1
¢ = ——
a<r<rg 41!'6()7'0 n=0 \0 n=0

L4 n -]
- X (3) Pu) + 3 Bar 1P ().
ro<r<w= 41!'601' n=0 \T n=0
The fit of ¢; to ¢2 at r = a can be made in the same way as for the two-
dimensional case. The boundary conditions of Kgs. (2-15) and (2-19)
must be satisfied for all values of the angle 6, and the fact that the angular
functions are orthogonal makes it possible to equate the terms of the series
scparately to determine the coefficients A, and B,. The fit of ¢, to ¢z is
inherent from the nature of the solutions in Eq. (5-13). For k = « the
solution reduces to that obtained by the inversion process outlined in
Chapter 3.

b6—4 The potential of a dielectric sphere in a uniform field. As a second
example of a problem with spherical geometry, let us consider a dielectric
sphere of specific inductive capacity « in the presence of a uniform field
whose force lines are parallel to.the r-axis, as shown in Fig. 5-3. The
lines of clectric displacement D are shown.

Since the field at infinity is uniform, the potential is given by

P = —Eo.l’ = —E()T cosf = '—Eorp, = —Eo'l‘Pl(p,). (5“15)

F1e. 5-3 Dielectric sphere in a uniform field.
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By inspection of Egs. (5-5) and (5-9), we may write

¢ = vAn""Pn(ﬂ),
(5-16)

b2 = Z Bnr—n—lpn(l‘) — EorPy(u),

n=0

for the potentials inside and outside the sphere. The boundary condi-
tions, ¢y = @2 and w(d¢;/dr) = (d¢2/0r) at r = a, must hold for all values
of the angle 8. We therefore evaluate the constants A, and B, by equat-
ing the coefficients of 12, (u) for the same n, and find that

Ay =By =0=A4, =B, forngreater than 1,
— 3k, (5-17)
K+ 2

— D Eyd®
B1=(—K— YEo

1 =

The potentials ure therefore

3E()7'
— — cos 0,
2

1= "
) (5-18)
(k — 1) Eoa® cos 0
¢2 =- — e E()r cos 6.

k42 7

Note that the field E inside the sphere is uniform, but is smaller than the
field at infinity by the ratio 3/(k + 2). Tt is also scen that the induced
field of the sphere in the region outside the sphere is that of a dipole whose
moment is

k— 1
pP= -}1!'60(13 (;\’ +—2) E(). (5—-]9)

Let a quantity L be what is known as the depolarization factor for a
diclectric body, defined as

L _ IE()! - 'E"“ﬂ?_l,

(5-20)
eOII,mmdol

It will be remembered that P = ¢(x — 1)E, from Eq. (2-12). Then for
a sphere I. = }, while for a thin rod oricnted parallel to the field L ~ 0,
and for a thin disk oriented normal to the field I, = 1. Thus the electric
field within a diclectric body in a uniform field is always smaller than the
field at o large distance, while the dielectric displacement is always larger.
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6-6 The potential of an arbitrary axially-symmetric spherical potential
distribution, The potential at any point in space corresponding to a given
potential distribution, ¢(a,8), over a sphere of radius a, can also be written
in terms of Legendre polynomials. From Eqgs. (5 5) and (5-9), we shall
have two potentials, one valid inside and one valid outside the surface:

Z Anrnpn(#)y

¢ =
r<a n=0

(5-21)
¢ = 2 BT Py,

r>a n=0

We can determine A4, and B, by taking advantage of the orthogonality of
the functions P, (x) if we know the normalizing fuctor, i.e., the integral of
P2 over the range of its variable. Stated in a general way, so as to include
orthogonality, the integral needed is

+1 2
Pn Pm d = 6)nn, 5"22
/_. (WPae) s = 5 (5-22)

where 8., = 1if m = n, and is zcro otherwise.

Either of Egs. (5-21) may then be equated to ¢(a,0) for r = a, the re-
sulting equation multiplied by P,(u) and integrated from p = —1 to
u = +1; only one term of the series survives, namely, that for which
n = m. As a result of solving for 4,

2n41 1
A= p@p)Pa) du (5-23)
2a -1
and
B, = a*" 4, (5-24)

The potentials therefore become

© 2n+1 +1
¢ =2 ———r"Pale) | ¢(@,8)Pa(s) du,
r<a n=0 2a —1
(5-25)
* 2 1 +1
¢ = % XLt [ otao)Pa) dv.
r>a n=0 —1

6-6 The potential of a charged ring. Let us consider the potential of a
charged ring, of total charge g, located at a distance o from the origin, as
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seen in Fig. 5-4, with 7o making an an-
gle 6y with the axis of symmetry. If the
distance from the origin along the polar
axis is called 2, the potential along the
polar axis, found by expanding 1/R in
the Coulomb potential by Eq. (5 13), is

¢(:,0)i

Field point
¢ (r,0)

[/ © z\"
¢ (20) = ! Z ( ) P, (cos 6y),
r<ro 4megro nmo \o
- T n l'("l)x”o)
¢ (20) = > (—"> P.(cos 8y).
r2ro dmegro n—o \ 2

( 5-26) Ongin

Fia. 5-4  Coordinates for finding

Tt is evident from the series of Kq. the potential due to a charged ring.

(5-12) that P,(1) = L. Therefore the
sotential at a general point, not lying on the polar axis, may be found by
multiplying the nth term in the series by I*,(x) and writing r for z:

¢ () = —- Z ( ) Py(cos o) Pa(cos 6),

r<ro lﬂ’m) 0 n_0

(5-27)

q *n ro n+1
¢ (r0) = > (—) P, (cos 8y) P,(cos 0).

1>10 471'6010 n—0 \T

The uniqueness theorem is essential to justify the argument that led to
the above result.

65-7 Problems not having axial symmetry. If the geometry of a prob-
lem does not have axial symmetry, but does have spherical houndaries,
the potential solutions for the problem may be written down formally just
as in the examples above. The constant m must be allowed to have values
different, from zero in order to represent the asymmetry, the spherical har-
monics Y7 (8,¢) are characterized by two parameters, and the series solu-
tion is a double sum: for each n there is a set of values for m, with the
condition that m < n. The functions @ are simply the Fourier functions,
and the functions © are Pj(u) and Q'(u), the associated Legendre func-
tions. Thus the form of the separated functions is different, but no prin-
ciples are involved which have not heen exemplified in problems for which
& is constant. We shall therefore omit a detailed discussion of such prob-
lems. We shall also omit the consideration of problems with conical
boundaries that exclude the polar axis from the range of potentials, and
which require the use of Q;'(x) in order that the houndary conditions be
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satisfied. Abundant references for the treatment of many such problems
are listed at the end of the chapter.

6-8 The solution of Laplace’s equation in cylindrical coordinates. La-
place’s equation in the cylindrical coordinates r, ¢, z is

140 a¢> 10% 9%
——|r-- - - — = 0. 5-28
rar(r ar +r20¢2+6z2 (5-28)
Separating by means of the product functions,
o(re2) = R(r)d(e)Z(2), (5-29)
we obtain
d( dR . ,
r—\{r— ) + (K¥*r® — n®)R =0, (5-30)
dr \ dr
i S
d—‘;z‘ + nd = 0, (5_3])
d*z
— — k*Z =0, (5-32)
dz"

where k& and n are the separation parameters. Equation (5-30) is known
as Bessel’s equation, and its solutions are called Bessel funetions. The
character of the solution will depend markedly on the sign of the separa-
tion constant, i.c., on whether n and k are real or imaginary. If solutions
are desired which are single valued in the azimuth angle ¢, then the solu-
tions must be periodic in ¢ and n must be a real integer. If k is real, the
solution Z(z) is a real exponential, and the radial solutions are combina-
tions of the Bessel functions designated by J,(kr) and N,(kr). Excellent
treatments of Bessel functions and their properties are listed at the end
of the chapter. We need remark here only that J, and N, are oscillatory
functions of their arguments, and that J, is the solution which is regular
at r = 0, a point for which Eq. (5-30) has a singularity. For real » and
k, then, the integrals are of the form:

R(r) = AuJ,(kr) + B,N,(kr), k =0,

R(r) = Ar" 4+ Br ™, k=0,
®(p) = Cpcosng + D, sinng, n #0,
(5-33)
®(¢) = Co + D, =0,
Z(2) = Eye** + Fre™*?, k=0,

Z() = Ez+ F, = 0.
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If » and k are both zero,
¢=AInr+ B)(Co+ D)(Ez+ F).

We shall illustrate the use of these eylindrical functions by outlining
the solution for a sample problem. Consider a case which has azimuthal
symmetry, so that n = 0. If the solution extends to infinity radially, so
that there are no eylindrical boundaries that might impose restrictions on
the radial function R(r), there are ccrrespondingly no restrietions on & and
the solution involves an integral over all k. The integral will have the form

/ eAE2f (kYo (kr) dk. (5-34)
0

Instead of determining a set of coefficients in o suin, we have now to de-
termine the value of the funetion f(k). The potential of a point charge
may be expressed by an integral of this kind and, in fact, is given in terms
Jf a mathematical identity

1 1 T

- = ___ = et (k) dk 5-35

P Uh j o(k») d (5-35)
where the exponential is positive for z < 0 and negative for 2 > 0. The
Coulomb potential ¢ = q/dmreR is

/ eA¥2 o (kr) dk. (5-36)
0

lﬂéu

The potential of Eq. (5-36) can then be used in combination with the in-
duced potential of the form Eq. (5-34) to write down the solution of a
problem corresponding to plane boundaries normal to the z-axis and under
the influence of a point charge located at the origin.  This layer structure,
shown in Fig. 5-5, composed of several layers of different inductive capaci-

-

= s AV ik
o o b1 jo' n(k)e-hado(kr)dk

N e = [ 10 ddokrydh -+ [ mkye Tk
o %Z o = 1O A=Tokrdh -+ [ m(k)eE=To(kr) dk

- o2 = [~ g(trektothndk + S noetedotn di

-

0 [T " f(kyeks
] 1=yl [ ‘Jo(kvjnik + [ sy (hery e

Fie. 5-5 Parallel layers of dielectric materials under the influence of a point
charge ¢.
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ties, k;, ks, etc., has the potentials shown in the figure. If we apply the
boundary conditions at all of the interfaces and equate the functions
under the integral sign, there will be a sufficient number of equations to
determine the functions of k, and therefore the solution in every layer.

If the cylindrical solution is required to be periodic in the z-direction,
k must be imaginary, and the solutions of the radial equation are Bessel
functions of an imaginary variable which are usually designated by 7,
and K,. Just as in rectangular and spherical coordinates, we note that it
is impossible for all three factors to be oscillatory functions of their respec-
tive variables.

6-9 Application of cylindrical solutions to potential problems. Lists of
the mathematical properties of Besscl functions necessary for the solution
of actual physical problems are found in the references. To solve prob-
lems involving conducting cylindrical boundaries, we must make use of
tables, much as we make use of trigonometric tables for circular functions.
Inside a grounded cylindrical conductor of radius re, for example, each
solution must satisfy the condition J,(kry) = 0, so that k is limited to a
discrete set of values k;, where [ is an index numbering the zeros of J,
from 1 to infinity. The entire solution is, in general, a double sum over n
and !, with coefficients determined so as to satisfy the boundary condi-
tions. The orthogonality of the functions follows from the general proof
of Section 3-6, or it may be shown from the differential equation (5 30)

that / Ju(kir) T p(kyr)rdr = 0 if L %2 I'. The orthogonality of the partial
0

potentials corresponding to different n is obvious from the form of ®.

The method can be adequately illustrated even with loss of complete
generality by the problem of a point charge at the origin of coordinates
within a grounded conducting cylinder about the z-axis. The simplifica-
tion here arises from the azimuthal
symmetry, so that the entire poten-
tial is independent of ¢, and the ra-
dial solutions are confined to J(k:r).
The desired solution has the form

o = Z Ahigo(kyr), forz <0,
l=1

(5-37)

¢2 = 2 A 8] y(kyr), forz >0,

l=1

where k; is such that at the radius Fia. 56 Point charge inside a
of the cylinder r = rg, Jo(kiro) = 0. grounded conducting cylinder.
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The flux condition at the plane z = 0 can be stated by means of a two-
dimensional é-function defined by the relation

%/0Mnnh=l, (5-38)
0
so that
1i0)_ [0t
€ oz az

= 22’61/‘ IJ()(ICII‘). (5—39)

If we multiply both sides of Eq. (5-39) by Jo(k;r)r dr and integrate over
r, we obtain

Jo(0 o
kS 0(2 = ZI\«ZIAV/ [Jo(k[,r)]‘r dr,
2meg 0
ur
Jath
m=ﬂ2f*_ﬁ _ (5—40)

Now the Bessel functions are defined in such a way that J¢(0) = 1, and it
may be shown by multiplying Eq. (5-30) by (d/, /dr)r® dr and integrating
by parts that

/ "otk dr = 'g 1 (ko)
0

if we take accouat of the boundary condition at rq and the mathematical
identity

i —J + J (5-11)
d(k)) —dJnq1 ¢
Thercfore y
l] € ]
A 542
P 2k, 13l 1 (ko) 2 (5~42)
and

q had oz Jo(kir)
$1 =5 5= 2 ¢ ———
21!'7'06() l==1 kl[Jl(I‘IrO)]
(5-13)
1 E . dotkn)

J— ‘_,—- - e
271560 |—1 I\I[Jl(kl’ o)]

¢2 =
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A generalization of this procedure can be used to determine the Green’s
function for the interior of a conducting cylinder if the point charge is
located at an arbitrary position r = a, ¢ = @, 2 = 2p. In that case the
potentials are written separately for 2 < zp, 2 > 2o, and the flux condition
is expressed in terms of the generalized two-dimensional é-function for
which

/B(r —a) b(p — a)rdrde = 1. 5-44)

The resulting Green's function is & double sum over » and I which reduces
to Eq. (5—43) with ¢ = 1 for the unit charge at the origin.

SUGGESTED REFERENCES

Of the references listed in earlier chapters those by Smythe, Jeans, Stratton,
Weber, and Morse and Feshbach will probably be most useful for solving more
elaborate potential problems than we have included. The properties of Legendre
and Bessel functions are developed in an elementary way by Byerly in Fourier's
Series and Spherical Harmonies, and more complete treatments are to be found in:

T. M. MacRoBEgt, Spherical Harmonics.

G. N. WaTtson, Theory of Bessel Funclions.

EXERCISES

1. What is the potential distribution inside a spherical 1egion bounded by two
condueting hemispheres at potentials £17/2, respectively?

2. Find the potential at points outside a sphetical volume distribution of charge
in which the charge density is proportional to the distance [rom a diametral plane.

3. The equation of the surface of a conductor is r = @[l 4 8P4(cox )], where
8 < 1. Show that if the conductor is placed in a uniform ficld E parallel to the polar
axis the surface charge density is given by

¢ =ocotd {23"}1 [0+ DPa (o) + (n — DPas(cosO)] |

where o is the induced charge density for 6 = 0.
1. A uniform field E,, is set up in a medium of specific inductive capacity «
Prove that the ficld inside a spherical eavity in the medium is given by

_ 3KE,,,_
T 2%+ 1

5. A conducting sphere of radius a carrying charge g is placed in a uniform field
of strength E,. Find the potential everywhere. What is the dipole moment of the
induced charge on the sphere?

6. What is the capacity of a thin hemispherical shell? (Iint: Invert a charged
circular disk. The solution of this problem was originally due to Kelvin.)

7. A solid dielectric sphere of radius @ has a sector removed so that it fits the
edge of an infinite conducting wedge of external angle e, its surface meeting the
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wedge faces orthogonally. If the wedge is charged, show that the potentials inside
and outside the sphere are

+ 2% . 7
Tl ooy —
¢in = const. - (1 T )(r sin 0)™/® cos a
—_ ] wla (rfa)+1
out = const. [1"’“ :(_';_ + )_(:_ ) ((—l) ] (sin 8)7'* cos %“f-

(Ihnt Note th.xt the geometry of the problem permits only a single surface har-
monie. Which is it?) (Smythe)
8. Show that the potential due to a disk of radius a carrying a charge ¢ is

sin ka

o(r2) = q / =My (kr) - = —dk

in eylindrical coordinates. Can you suggest other methods for the solution of this
problem?



CHAPTER 6

ENERGY RELATIONS AND FORCES
IN THE ELECTROSTATIC FIELD

Our discussion of the electrostatic field has thus far been based entirely
on a single experimental law, namely Coulomb’s law of Eq. (1-21) for the
action-at-u-distance force hetween two point charges. The electrice field
has been introduced as an intermediate agent whose purpose is to simplify
the deseription of the interaction between charges.  The question of the
reality of the field as an independent physical entity therefore does not
arise in these considerations. Maxwell attempted to ascribe a larger de-
gree of physical reality in a direct mechanical sense to the electrie field
than will be necessary for our purpose, since the fundamental reason for
attributing physical reality to the ficld will not become apparent until
nonstatic effects are discussed. However, if the field is a truly valid rep-
resentation of the 