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PREFACE

A number of years ago, to meet the demands of our students in actu-
arial and statistical theory, we began offering a semester course in the
essentials of the finite calculus. Within recent years the course has proved
attractive also to our students in electrical engineering and physics. This
“Introduction” presents the content of our course which regularly ap-
pears on our program as an elective for juniors and seniors.

Since no prerequisite other than an elementary course in infinitesimal
calculus is assumed, we make no pretense at imposing undue rigor. The
emphasis is on method, and numerous exercises are provided to fix the
principles.

The real reason for the appearance of the book is simply this: no mod-
ern elementary text is available. Excellent books suitable for the advanced
student are at hand. The books ! by Fort, Milne-Thompson, and Jordan
are too severe in their background requirements for the American student
at the junior level. The books by Milne-Thompson and Jordan are veri-
table encyclopedias but not at all suited to our needs. Of course, Nor-
lund’s work ! is unsurpassed, but it too is a treatise and not suitable as
an introductory text. Further, unfortunately for us in America, it is
written in German and no translation into English has yet appeared.

The subject matter of the finite calculus goes back more than two hun-
dred years to Daniel and Jakob Bernoulli, Leonhard Euler, Jacobo Stir-
ling, and others. The literature concerning it is colossal as can be observed
by looking at the bibliography in Nérlund’s great work. All we have hoped
to do is to make available the minimum essentials for a semester course.
When the reader, in addition to this text, has completed courses in ad-
vanced calculus, differential equations, and complex variable, he can then
hopefully venture into the books we have mentioned.

I owe a debt of gratitude to my former students who have served as
guinea pigs over the years as we have developed this course. They have

1See page 129. .
i



iv PREFACE

been most helpful with their sympathetic criticisms. I am also greatly
indebted to Professor L. L. Garner of the University of North Carolina
and to Doctor Ernest E. Blanche, Lecturer in Mathematics at The Ameri-
can University, Washington, D. C. Both of these gentlemen have used
this book in mimeographed form in their classes for several years. Pro-
fessor Garner has also assisted with the proofreading. They have been
especially helpful in searching out errors. For any errors that remain I
alone am responsible. TFor the notification of such errors, I shall be deeply
appreciative.

C. H. RIiCHARDSON
Bucknell Unaversity,
Lewtsburg, Pa.
December 30, 19583.
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Chapter 1

INTRODUCTION

1. DEFINITIONS AND NOTATION

The calculus of finite differences, in its broad meaning, deals with the
changes that take place in the values of a function, the dependent variable,
due to changes in the independent variable. Thus, if x is increased by an
amount Az, the function z? increases to (z 4+ Az)?, and there is an incre-
ment of (r + Az)? — 2% = 2rAr + Az? in the given function.

Functions of z are usually denoted by f(z), F(x), ¢(z), or by U, V, etc.
In the calculus of finite differences, these modes of representation, in some
measure, seem to be blended in that the dependent function of z is usually
represented by U., the suffix taking the place of the symbol that is usually
enclosed in parentheses. For example, if U, = 2%, then U, 2, = (x + Az)?
and U, a: — U, = 22Az + Az®

The increment

Uz+Aa: - U:

which is the difference in the function U, corresponding to an increment
of Az in z, is called the first difference of U, and is represented by

AU:c = U1+A:r, - Uz
Az

In the finite calculus generally Az is constant. Denoting this constant
by h, we have for the first difference of U,

?Uz = Uz+h - Uz (1)

In our treatment the difference of the independent variable is constant.
Consequently, the calculus of differences is a study of the relations that
exist between the values assumed by the function whenever the independ-
ent variable takes on a series of values in arithmetic progression.

1



2 INTRODUCTION

The result of performing the operation denoted by the operator f is still
a function of = on which the operation may be repeated. We then obtain
the second difference

Q(QUZ) = (Ua:+2h - U:c+h) - (Ux-}-h - Ua:)
Denoting the second difference by A%U,, we have
1
A2U:c = Uggq2n — 2U:c+h + U,
h

Proceeding in this way we can form the third, fourth, - - -, nth differences

AU, AU, ---, A™U,
h h h

by means of the relation

AU, = A(ATIU,)
h h h

Although h may be any constant value, the value usually given to it is
unity. There are two reasons for this.

First, the calculus of finite differences has for an important topic of ap-
plication the summation of series. Explicitly or implicitly, each term of a
series is a function of the integer which fixes its position in the series, and
thus the independent variable assumes only integral values which differ by
unity. For example, the sequence

12: 22: 32} te

has for its general or zth term z®. It is an explicit function of z, but the
values of z are the natural numbers and A = 1.

Second, when the general term of a series is a function of ¢, whose suc-
cessive differences are constant but net equal to unity, we may replace the
independent variable by another, z, whose common difference is unity.
Let U, be the function of ¢ in which At = h; then, assuming the substitu-
tion ¢t = hx, we have

At = A(hz) = h(z + Az) — hx = hAx

Since At = h, we have h = hAz or Az = 1.



DEFINITIONS AND NOTATION 3

Thus, it is sufficient to establish our laws on the assumption that the
interval of differencing in the independent variable is unity. When this
assumption is made, we shall adopt A instead of A as our symbol of opera-

1

tion, and thus our defining equation becomes

AUz = Ux+1 - Ux (2)
To illustrate:

Ar? = (z 4+ 12 —22 =22+ 1

z+1 1
log(z+1) — logx=log( >= log(1+—-)
z z

]

Alogz

I

Asinz = sin (x + 1) — sinz = 2sin 2 cos (z + )
A% = 27l 97 = 97(2 — 1) = 27
By means of (2) it easily follows that

AU, £ V,) = AU, = AV, (3)

Exercises

1. Find the first differences of the following:

£{a) 324 (b) cos x.

(c) tanz. d) a=

(e) z(x — 1)(x — 2)(x — 3). ) (@ + Dz + 2)(= + 3).
(g) sin~!uz. (h) log sin z.

@) = G) =z~

&) IC,=(j):x(’:‘lxx—fl)---(x—r+1)_

r!
2. Show that

(&) A3Uz = U¢+3 - 3Uz+2 -+ 3U,+1 - Ux.
(b) A4Uz = U:+4 - 4Uz+3 + 6Uz+2 - 4Uz+1 + U:-
3. What function of z satisfies the equation AU, = U,?
4. TFind A"U, when U, is
(a) a®. (b) extt=,
6. Find AU, if U, is:
(a) z(z — 1)3=. (b) [z(z + I)(z + 2)] 7%
(e) cot 22 (d) az? + bz + ¢.

(e) ax® 4 bx? + cx + d.
6. Show that Amz™ = nl,
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7. Using the method of trial and error find U, if AU, is:

(a) =, (b) 2% (e) a7, (d) 2%, (€) e**=.
1 0 1 0
8. Show that A 21_1 5; tan 2—z

9. Show that A (2"‘ sin = ]) (2’ sin? —)

10. Show that A (2x =3 08 g I) = — (—— sec —) .
11. Show that A cot 276 = —3[tan 276 + cot 276] = — csc 27 114.

12. Show that A27—2sin

L]

0 - 0 f \?
2 1= 2 s1n—2—z (sm 3e1)

1
13. Show that A arctan r = arctan m
14. Show that A27 cot 27 = —27 tan 276.

. 0 0 0
16. Show that A tan i = tan P r=

sin (x — 1)6 cos* 6

16. Show that A = cos” 0 cos xf.

sin 0
17. Show that A .*‘sln—fq-_——— = cos zf sec* 0.
sin 6 cos* 1 6
A=alc—-1
£ z 2 ’
18. Show that A < Gl =¢ [4z* + Bz + DI when{ B = (a + b)(c — 1)
z rx+ 1) D= —b

19. Show that A [ log (2 sin 2’0)] 7 — log tan 276.

21 -1
0 36
2 Qz— 2:— —1 22—1

21. Prove by induction: (cos z -+ % sin z)" = cos nx + ¢ sin nx [DeMoivre’s The-
orem].

22. Prove: A sinh (a + bz) = 2 sinh

20. Show that A 1 COS —— 6

gcosh (a+g+ bz)-

-Iz+b:c)-

28. Prove: A cosh (a + bz) = 2sinh b sinh (a + 3

2

2. TABLEs OF DIFFERENCES

The successive differences of a tabulated function are easily found from
a table by subtraction, and from such a table, known as a table of differ-
ences, many important relations may be noted. Thus, for the function z3
we have
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TaBLE 1. DIFFERENCES OF z°

z z8 Azx® A% Adg® At
0 0
1
1 1 6
7 6
2 8 12 0
19 6
3 27 18 0
37 6
4 64 24
61 ’
5 125

The values in the columns show the successive differences. The first set
Az? is obtained by subtracting each number of z® from its successor. The
second set A%x3 is obtained by subtracting each value of Az® from its suc-
cessor. It will be noted that the third differences are constant and that
the fourth and higher differences are zero.

More generally, let U, denote a function of £ which has the values
<o U_z, U_g, U_y, Uy, Uy, Uy, Ug - - -
corresponding to equidistant values
< =3,-2,-1,0,1,2,3, ---
of z. Table 2 shows the differences of all orders to and including A®U,.

TABLE 2. D1aGoNAL DIFFERENCE TABLE

z U. AU, AU, AU, AU, AU,
-3 U_s
AU _3
-2 U_; AU _;
AU _, AU _3
-1 U AU _, AU 5
AU, AU _, AU
0 U AU, AU,
AU, AU, AU _,
1 U, AU, AU,
AU, A%,
2 U, A,
AU,
3 Us
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Table 2 is called a diagonal difference table. The majority of difference
tables are of this kind, but for many purposes a more compact table—a
horizontal difference table—shown in Table 3, is preferable.

TasLe 3. HorizonTaL DIFFERENCE TABLE

T U. AU, AU, AU, AU, AU, AU,

-3 U_s AU_; | AUy | AU | A'U3 | AU | AU
-2 U_, AU_, | AU_y | AUy | AU | AU,
-1 U, AU_; AU_y | AU, | AU,

0 Ug AU AU, A3,
1 U, AU, AU,

2 U, AU,

3 Us

The differences in the downward diagonal of Table 2 setting out from a
function and having the same subscript as the function are called the lead-
ing differences of the value of the function. Thus, AUy, A%U,, A*Up, and
so on are called the leading differences of Ul.

In the horizontal difference table the value of a function and its leading
differences are in the same row.

The construction of either the diagonal difference table or the horizontal
difference table requires that we keep in mind, as previously defined, that

AUx = Uz+1 - U:t
AMHU, = AU, — AMU,

Although we have expressed the terms of the difference table by the use
of A symbols, it is quite easy to obtain any difference in terms of the values
of U,. For example,

or, more generally,

AUy = U, — Uy
AU, = U, — Uy
AU, = Uz — U,

AU, = Upyy — U,
A%Up = AU; — AUy = Uy — 2U; + Up
A%Uy = AU, — AU, = Uz — 2U, + Uy
AU, = AUz — AU, = Uy — 2U3 + U,

Similarly,

and so on.
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In like manner, the third differences are
A3U0 = A2U1 - A2U0 = U3 - 3U2 + 3U1 - Uo
A3U1 = A2U2 - A2U1 = U4 - 3U3 + 3U2 - U1

and so on.
These relationships are easily derived by building up a table of differ-
ences. Thus, Table 4 exhibits these relationships in a compact form.

TaBLE 4. DIFFERENCES IN TERMS OF VALUES oF U,

z U, AU, AU, AU,
0 Us U, — U U, — 2U,+ U Uz — 33Uz + 3U; — U,
1 U, U, — U; Us; — 2U, + U, U, —3U; + 3U, — U,
2 U, U — U, Uy —2U; + U, Us — 33Uy + 3Uz; — U,
3 U3 U4— U3 U5—2U4+ U3
4 U4 U5 - U4
5 Us

Exercises

1. By constructing difference tables find:

(a) The sixth term of the sequence 8, 12, 19, 29, 42, - --.

(b) The seventh and eighth terms of the sequence 0, 0, 2, 6, 12, 20, - - -.

(¢) The first term of the sequence whose second and subsequent terms are 8, 3,
0, —-1,0,---.

(d) The tenth term of the sequence 3, 14, 39, 84, 155, 258.

. PI‘OVE th&t U3 = U2 + AU1 + A2U0 + Aan.

. Find Us given Uy = —3, Uy = 6, U, = 8, Uz = 12, the third differences being
constant.

. Find Aab®* and A%abe=.

. Find A*U where U, is (1) az®, (2) a(x — 1)(z — 2) - -+ (x — n + 1).

If U, = e**, show that U, and its leading differences form a geometric pro-

gression.

w N

oo

3. DirrERENCE FORMULAS

In this section we shall develop certain theorems that are useful in the
difference calculus.

Theorem 1. If ¢ is a constant, Ac = 0.

Proof. Ac=c—c=0.
Further, if C; is a periodic function of period unity, that is, if C;4; =
C,, then AC, = 0.
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Theorem 2. If U,, V,, and W are functions of r,

AU, + V, — W,) = A"U, + A"V, — A"W,
Proof.
A(U, + V.- W) = Uz+1 + Vz+l - W:c-]—l U=V + W,
= (Uz+1 - U:c) + (Vz+1 - z) - (W:=+1 - z)
= AU, + AV, — AW,
Repeating this process,
AlA(U, + Vo — W2)] = AUz + AV, — AW]

= AU, + A’V — AW,

That is,
AU, + Ve — W) = A%U, + A%V, — AW,

By induction the theorem follows immediately.
Theorem 3. If c is a constant, and U, a function of z,
AU, = cA™U,
Proof.
AcU, = cUzyy — ¢Uz = ¢(Ugyy — Uy) = cAU,
A%cU, = A(AcU,) = Ale(AU,)] = cA(Al{x) = cA?U,
By induction the theorem follows.
If C; is a periodic function of period unity, AC,U, = C;AU.,.
Theorem 4. A"z” = n! when n is a positive integer.
Proof.
Az" = (z + D" — 2"
= nz"~1 4 terms of lower degree than (n — 1)
Each repetition of the process of differencing reduces the degree by unity

and also adds one factor to the succession n(n — 1)(n — 2) ---. Repeat-
ing the process n times we have
A"z™ = n!
as stated in the theorem.
Corollary 1. A"az™ = a(n!).
Corollary 2. A™*'z™ = 0.
Corollary 8. 1If U, is a polynomial in z of degree n:

U, = A" + Aa" '+ -+ A,
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then
AT, = Ag(n!)

Definition. The continued products
UzUz+1 Uz+2 ttT U:c+n—1
UxUz-—l Ux—2 e Ux—n+l

are called factorial expressions. The subscripts in the progressions may
increase or decrease by a constant quantity.

Applying the operator A to the first of the above expressions and simpli-
fying, we have

AU’zUx-l»l e Ua:-{-n—l = (Uz+n - U:r)(Uz+l Uz+2 et U:t+’n—l)

Our most useful functions in finite differences are those in which (Uzqs
— U,) is constant. Tor example, if U, = a + bz, (Uy4n — U,) = nb.
Two important factorial forms are defined by the equations:

@+ b)) =(@+ba)a+br+1) - (a+ bz +n—1),

(a+b2)'" =1
(a+b)™ =@+ bz)a+br —1) - (@a+bx —n + 1),

(@ + bz)@ = 1

In these equations, (¢ 4 bz) is the base and 7 is the index. The index n
indicates the number of factors in the product.
For the special case a = 0 and b = 1 we have

A =@+ D@42 @n—D
™ =z - D)@z ~2) - & —n+1)
Theorem 5. A(a + br)™ = bn(a + bz) "D,
Proof.
A@+b)™ = @+ bz F e+ ba) - (@a+ bz nF2)
—(a+bx)(@a+br —1)--- (a+bm_+_l)
=@+b)a+bz =1 (@+bz—n+2)
[(@4+bz+1) — (a+ bz —n+ 1)
= bn(a + bx)(n—l)

Corollary 1. Az™ = nz™~D,
Corollary 2. A™x™ = n!.
We shall leave it as an exercise for the student to prove:
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1 _ —bn )
(@ + bx)lnl - (a + bx)ln+ll

1 —-n
Corollary 1. A;m = g’

Theorem 6. A

The reader will note the analogy between Theorems 5 and 6 with their
corollaries and similar theorems in the infinitesimal calculus. Thus

Difference Calculus Infinitesimal Calculus
Ala + b2)™ = bn(a + br)™™V D(a + b2)" = bn(a + bx)" !
Az™ = gD D@") = na"!
Az™ = n! D"(z") = n!
A 1 _ —bn D ( 1 ) _ —bn
(@ + bx)'™  (a + bx)'mH1! (a + br)" (@ + bx)t?

Due to the fact that 2 plays in the calculus of finite differences a role
similar to that played by z™ in the infinitesimal calculus, for many pur-
poses in finite differences it is advisable to express a given polynomial in
a series of factorials. A method of accomplishing this is contained in New-
ton’s Theorem.

Theorem 7. (Newton's Theorem) If U, is a polynomial of the nth degree
in z, it may be written in the form !

e e ™
Uy = Uy + 2VAUy + — AUy + — 23Uy + - -+ —— AU
2! 3! n!
Proof. Assume ?
U, = ap + a2V + apx® 4+ agz® + -+ + a,a™
Differencing U, n times, we have

AU, = a; + 2a:2V + 3032 + -+ - + naa™™

AU, = 2-1-a; +3-2-agz® 4 -+ n(n — Na,z®™?
AU, =3-2-1-a3+---+ nn — 1)(n — aa™™®
AU, = an(n))

Since these differences and U, are identities, they are true for all values of
z, and consequently must hold for z = 0. Setting z = 0 in the given func-
tion and the differences, we have

1 This forpiula is analogous to Maclaurin’s expansion in the infinitesimal calculus.

2 This is certainly a legitimate assumption since the right-hand member is & poly-
nomial of degree n with (n + 1) arbitrary constants.
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ap = Uy, a; = AUy, az =

A%U, A"U,
y “ e an =
21 ’

n!

Substituting these values in the right-hand side of the expression for Uy,,
we have the theorem as stated.
We shall now consider some applications of Theorem 7.

Example 1.

Find the ninth term Usg of the sequence: Uy = 1, U; = 4, U,

=10, U3z = 20, Uy = 35, Us = 506, etc., assuming U, is a polynomial.
To determine the leading differences of U, we shall form a difference

table.
z U. AU, AU, AU, AU,
0 1 3 3 1 0
1 4 6 4 1 0
2 10 10 5 1
3 20 15 6
4 35 21
5 56

From Theorem 7, we have

87 . 876
Ug = Uy + 8AU, + ETA Ug +TA3UO

and from the table

U() = 1, AU() = 3, A2U0 = 3, A3U0 = 1, A4U0 =0
We thus find
Ug=1+4+834+28-3+56-1 =165
Example 2. Find the general term U, for the data of Ex. 1,
o) 2@
Uz = Uo + x(”AUO + —2—'— A2U0 + —3'— A3U0
-1 -1 -2
g TETD Z,(x ),
= gl® + 62° + 11z + 6]
Example 3. Express 22° — 3z + 3z — 10 in a series of factorisls by two

methods.
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To solve this problem by Newton’s Theorem we shall need U, and its
leading differences. Hence we must build up a difference table for the
given function U, = 22% — 32 + 3z — 10. We note that U, and lead-
ing differences are —10, 2, 6, 12. Hence,

6z®  12z®
Uy, = —10+ 22D +

2! 3!
z U. AU, AU, AU,
0 —10 2 6 12
1 -8 8 18
2 0 26
3 26

A second method, based upon the remainder theorem, gives the results
more quickly. To review, the remainder theorem states: If a polynomial
f(z) is divided by (z — a), the remainder is f(a). We shall illustrate its
use in this connection by applying it to the given problem, then we shall
give a general discussion of the method.

Let

Uy =223 —32>2+32x — 10 =Az(x — 1)(x —2) + Bx(x — 1) + Cz + D
If x = 0, D = —10, which, by the remainder theorem, is the value of

the remainder when U, is divided by xz. By synthetic division this ap-
pears as

0|2 -3 +3 —-10
+0  +0 -0
2 -3 43 | -10=D

showing the quotient 222 — 3z + 3 and the remainder —10 = Uy = D.
Our given identity now becomes

2:% — 3224+ 3z — 10 = Ax(x — 1)(z — 2) + Bzx(z — 1) + Cx — 10
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which, upon simplification, reduces to
222 —3r+3=A@ -1z —-2)+B@x—-1)+C
If, now = = 1 in the preceding equation, C = 2, which, by the remainder

theorem, is the value of the remainder when 2z — 3z + 3 is divided by
(x — 1). By synthetic division the work appears as

12 -3 +3

+2 -1

showing the quotient (2z — 1) and the remainder 2 = C.
Our preceding equation now becomes

222 -3z +3=A@x - 1)z —-2)+ Bz —-1)+2

which reduces to
2zt —1=A(x —2) + B

If now in this last equation we let x = 2 we find B = 3 which is the
remainder when (2x — 1) is divided by (x — 2). By synthetic division
the work appears as

22 -1
4
2 3=B

The preceding equation may now be written
2t —1=A(x—2)+3 or 2(x—2)=A(x —2)

from which we obtain A = 2.
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We can arrange the several synthetic divisions in compact form as follows:

1/2 -3 43| -10=D
0 2 -1

212 -1 | +2 =C
0 +4 |
2 | +3 =B
0
2 =4

We thus have
23 — 322 4+ 32 — 10 = 22® 4 32 4 2P — 10

The values 4 = 2 and D = —10 could have been found immediately
by equating coefficients of like powers in our given equation.

Newton’s Theorem shows that it is possible to represent a polynomial of
degree n by a series of factorial expressions. The coefficients, it will be
recalled, are expressed in terms of Uy and ils leading differences and the
determination of these requires a difference table. The synthetic division
process is faster. Let us demonstrate the generality of this method.

Let P,(x) represent a polynomial of degree n:

Pu(z) = boz™ + b1z + bpa" 2 -+ buyz + ba ¢))
By Newton’s Theorem we can represent P,(z) by the expression
P,(x) = Ao + A1z + Agx(zx — 1) + Azz(z — D)(z — 2)
+--F A4z —-1Dx—-2)---—n+1) (2

We want to determine 4;, ¢ = 0, 1,2, -+, n, by a repetitive synthetic
division process.

Divide P,(z) in (2) by . The remainder is 4o = P,(0) = b, and the
quotient is
Pn_y(x) = Ay + Ag(x — 1) + A3 — 1)(z — 2) +

et Ao —DE=2) @t 1)
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Divide P,_1(x) by (x — 1). The remainder is P,_;(1) = A;, and the
quotient is

Po_o(x) = Ay + A3z —2) +---4+ Apz —2)(x —3) -~ (x —n+1)
Continuing this process we obtain finally
Py(x) = Apng + Anx —n + 1)

Dividing P;(z) by (x —n + 1) we obtain the remainder A,_; =
P;(n — 1) and the quotient A4,. This quotient 4, is however by, the co-
efficient of z"” in P,(x). Since the quantities P,(0), Py_1(1), Pr_2(2),
.-+, Py(n — 1) are the remainders obtained when the polynomials Py(x),
i=n,n—1 ---, 1aredivided byr,z — 1,2 —-2, ---, 2 —n -+ 1 re-
spectively, therefore the coefficients Ao, Ay, - -, An—1 may be obtained by
the repetitive synthetic division process. By equating the coefficients of
the terms of highest degree in the two forms of P,(x), A, can be deter-
mined.

Exercises

1. Find a polynomial U, for which Uy = 3, Uy = 14, Uy = 40, Uz = 86, Uy =
157, Us = 258.

2. Find the function U, such that AU, = z* + 32% + 52 + 12.

3. Represent the function U, = 11z* 4 52° + 2+? 4+ = — 15 and its differences in
the factorial notation.

(2)
4. Prove by induction: U,4n = U, + nAU, + "7, A, 4+ -+ AU,

5. Show that A" sin (a + bx) = (2 sin g)n sin [a + bx + ﬁb—éﬂ]

6. Show that A" cos (a + bz) = (2 sin g)n cos [a + ba + nlb ;— T)]‘

7. Show that

(a) Az + 62 + 22 — .+ 7) = 202® + 108z® + 108z + 11.
(b) Azt — T2® + 1422 — 25z + 7) = 8@ + 152® + 14z — 16.

8. Prove: A(U,V,) = U, 1AV, + V. AU..
9. Find AU, if

Z o3 g. N = —‘-l—-
(a) U; = 2%sin T b) U, = tan %

10. Prove: A (%f = MQV%%
z zV z+1

11, Express 528 — 1122 4 102 — 2 in the form A(z — 1) + B(x — 1)2+ C(zx — 1)
+ D by the method of this section.
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(—1)™!
a:l?l-f-ll :

. 13. Prove: A™ (;) = (n f m)’ m < n.

14. Prove: ™ = z™(x — m)*~™) n > m. Discuss when m = 0. What value
should we give to z(®?

12. Show by induction A"i =

4. SymBoLIc OPERATORS
In our defining equation
AU, = Uz+l - U,

we have the fundamental relation connecting the first difference of a func-
tion with two successive values of that function. It is convenient to call
A an operator that denotes the operation of taking the increment of the
function to which it is prefixed; that is, when applied to U, it produces
Uz41 — U, If we write the preceding equation in the form

U::+1 = U:c: + AUx = (1 -+ A)Um

the symbol (1 + A) is an operator which, when attached to a function,
increases the value of the function by its increment.

The history of many of our theorems enlightens us about the progressive
methods employed in their derivations. The theorems are usually ob-
served to be true for particular cases and are then established in general
by the method of mathematical induction. 1t is then frequently observed
that the theorems are consequences of certain formal laws of operation or
the application of symbolic operators.

If then we desire to employ symbolic operators in our work, we must
establish the formal laws of operation which govern their use. Once it is
established that the symbols of operation obey the ordinary algebraical
laws, they may be separated from the functional symbols to which they
are attached and may be treated as symbols of quantity.

For example, by defining (1 + A)"U, by the equation (1 + A)*U, =
(1 + A)[(1 + A)'U,], n an integer, we can establish that

n® n®
(14 A)"U; = U, + naU, + o AU, + ar A3U, +- -+ AU,

n(z)
= (1+nA+’E'—A2+"’+ A" U,

That is, the result is the same as if we found (1 + A)" by the binomial
theorem and then multiplied by U,.
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We have
144U,

(1 + A)zUx = (1 + A)[(l + A)U:t]

U. + AU,

(1 + A)[U; + AU:]

(Uz + AU,) + AUz + AUL)
= U, + 24U, + A%U;

Il

I

Similarly,

1+ APU, = (1 + A1 + 82U = (1 + [V, + 24U, + A°U,)
= (U, + 24U, + A%U,) + AUz + 28U, + 4%U%)

U, + 3AU, + 3A%U, + A3U,

]

By induction, it easily follows that
n®
(1 + A)nU:c = U:c + nAU:c + '_2‘_ A2(]z +-- -+ AnUz

The study of finite differences is greatly facilitated by the introduction
of another symbol E which denotes the operation of increasing the inde-
pendent variable. Thus

€ U, = Uz+h

Inasmuch as we are assuming h = 1, we shall write

EU, = Uzqq
Since
Uppr = Up + AU, = (1 + AU,

it is evident that the operators E and A are connected by the relation ?
E=14+A or A=E-1
By repeating the operation E we have
E?U, = E[EU,] = EU,qq = Uzye

E*U, = E[E*U,] = EUsq2 = Uzqs
and in general

E"U; = Usqn
We thus have the important Theorem 8.
Theorem 8. )
Uppn = E"U. = (1 + A)"U, = f:nf') AU, 0l=n@ =4"=1

=0 ?:

# The sign = should be read “is symbolically equivalent to.”



18 INTRODUCTION

We are acquainted with D as the symbol for the derivative. By means
of Taylor’s Series we can show the relation of the symbols E and D. If
D"U, represents the nth derivative of U,, Taylor’s Series is given by

a® a*
Ua:+a = Uz+aDUx+’2“’D2Uz +"'+'_'DnUz +---
: n:

If a = 1, we have
D2 n
U:+l =EU.T= l]z+DUx+_2"_Uz++—TU:c+
! n!

which, when written symbolically, becomes
D? D
EU, = 1+D+—+"'+—-—+-~'> U,
2! n!

= ¢PU,

We thus have the symbolic equivalence
E =P
It thus appears that £, A, and D are connected by the relation
E=14+A=¢"

From this, we immediately obtain

D=logk =log (1+ A)

A= —1=E -1
Many of the laws governing the use of the symbol A have been proved

in the preceding section. We shall recapitulate them here and derive other
laws not hitherto mentioned.*

AU, +V, —W,) =A"U, + A"V, — A™W,
AU, = cA"U,

AmAnU;,; = Am+"'UI
ErU,+V,—-W,)=EU,+ E"'V, — E"W,
E*cU, = cE"U,

. E"E"U, = E™"*"U,

EU,V, = EU,EV,

&W&=ZK6N&(D=M=1

r=0 \7T

N o 0N

Thus, in many respects the symbols E, A, and D behave like algebraic
symbols of quantity. They can be separated from the symbols represent-

¢ At the present, m and n are tacitly assumed to be positive integers.
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ing the functions to which they belong provided they are ultimately read
in connection with the symbol denoting the function to which they refer
and are interpreted as symbols of operation. This principle is known as
the Law of Separation of Symbols.

1
Defining z U, = E7'U, as that expression which, when operated upon

1
by E, produces U,, we find 7 U, =E""U; = Uz_y.
Examples.
E@? +sinz) = (x + 1)2 + sin (x + 1)
E(a® + logsin ) = a**! + log sin (z + 1)
HEU,=z+sinz, Uy = (x — 1) +sin (x — 1), and if E"U, = F(r),
U, = F&x —n).
Exercises
By separation of symbolsin 1 to 5:
AU, AU,
3 T3 ~
nin — 1)
2!

1. Show that DU, = AU, —

2. Show that A%e* = e*tn — nextn—1 4 et ... (—=1)"e*.

2
3. Show that Usyn = U, + nDU, + % D, +---.

n® n®
4. Show that A"Uz Uz+ﬂ - nUz+n_1 + -2_"‘ U;.:+n—2 - 3!— U:+n—-3 + cet +
(= 1)U,
@)
5. Show that Usyn = U, + nAU, + %T AU, +- - -+ AU,

6. Show that if f(E) is a polynomial in E, f(E)a® = a*f(a).

I



Chapter I1

FINITE INTEGRATION AND APPLICATIONS

1. FINITE INTEGRATION

In finite differences the term integration is used to denote the process
of finding a function V, whose difference is a given function U,. That is,
we wish to determine V, so that

AV, = U,

U, being a given function of z.

The operation is therefore the inverse of that denoted by A and it may
be denoted by A™! or 1/A, just as ordinary integration may be denoted by
D tor1/D.

The quantity V, whose difference is U, may be indicated by the equation

Ve, = AT1U,

and A~'U, may be called the indefinite finite integral of U,.
To illustrate, we have learned that

(3)
AT L@
-3
so inversely we have
z®
Al ® = 2
3

@
x
and we say that e is a finite integral of =2,

We have learned that a constant term or a periodic function of period 1

disappears in differencing. Consequently, in the process of integration, a
20
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quantity C whose difference is 0 is added.! Thus

3)
x
A—lx(z) =

—4+C
3+

for

+®
A [—— + C] =z®
3
Hence, we write
ATV, =V +C
where
AV, +C) =U,
Further, if
ATVU, =V, +C
or
AV, +C) = U,
we have
A[ATIU,) = AV, +C) = U,

That is, the operation A™! upon a function followed by the operation A
leaves the function unchanged. However, the operators A and A™! are
not commutative. Observe that A™'[AU,] may not give U,. Thus

+® e
A! [A—-—] =A@ =—— 4 (C
3 3
whereas
e @ r®
A A“‘——] = A[——+C] =
[ 3 12 3

Inasmuch as our knowledge of the value of A™!U, is almost always ob-
tained from our previous knowledge of the results of the operation 4, it
would be the part of wisdom to tabulate those finite integrals that may be
immediately obtained from well-known differences. We tabulate the dif-
ferences and corresponding finite integrals in Table 5. Obviously a quan-
tity C should be added to each finite integral.

1If the variable z is discontinuous, C is a constant; if continuous, C may be a periodic
function of period 1. '
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10.

11.
12.
13.

14.

15.

16.

. AkU;
. Aa® = (a — 1)a?

TaB

Finite Differences

. A(U:t + Vz - W:)

=AU, + AV, — AW,
kAU

. Az = pg—D

1
pe]

-n
R ERRY

. Ala + bz)™ = bn(a + bx)»—D

_ —bn
- (a+ bx)ln-Hl

1
A (a + bz)l»l

. Asin (a + bx)

. b b
= ZSlnécos(a+§+bx)

. A cos (a + bx)
. b, b
= —ZSlnésm (a + 5 + b.c)
T\ _ z L
2()=G20)
AUV, = UAV, + V. 1AU, -]
Azx! = z(a!) -

A tan (a + bx)
sin b
= cos (a + bx) cos (a + b + br)
A cot (a + br)

_ — sinbd
" sin (@ + bx) sin (@ + b + br)

A sec (a + br)
. b, b
~ 2sm§s1n(a+§+b:c)
" cos (a + bx) cos (a + b + bz)

A csc (a + bzx)
—2@'n9 os(a+§+bx)

~ sin ;¢ 2
" sin(a + bx) sin (a + b + bz)

LE 5

Finite Integrals
A_I(Uz + Vz - Wz)
=AW, + AW, — AW,
AU, = kATIU,

A—laz —_

a_ 1’ a1
gn+1)
n—+1

. 1

T (1 — n)alrY

~ (a + bx)(+D
)y — X '_~7

A-Ya + br) ot D

L/A" 1 1

((l + I)J')[nl = b(] —_ 'n,)(a -|.._ bx)]n~1l

A~1cos (@ + bx)
1
2 sin é

2
A~1gsin (a + bx)

A7lg™ =

1
zlnl

A1 v #E 1

sin (a —g—l— bar)

cos (a — g + bx)

2 smé
-1
A~ (n) (n + 1)
ATNUAV,] = UV, — A7V, 11AU,]
1A z(x!) = !

A~1lsec (a + bx) sec (a + b + bx)
= ¢sc b tan (¢ + bx)

A~lese(a + bx) esc(a + b + bx)
—cse b cot (a + bx)

sin (a+g+ ba:)

cos (@ + bxr) cos (a + b + bx)
sec (a + br)
I ee————

-1

2gin -
cos (a + g + bx)

sin (a + bz) sin (a + b + bx)
_ —csc(a+ bx)

-1

. b
2sm-2-
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Example 1. Find the finite integral: A~13%,

Using formula 3 of the integrals of Table 5 we have

3 37

ATI3 = C=—+¢C
51 2t

Example 2. Find the finite integral: A~ (z® — 222 + 72 — 12).

To solve this problem we first express (x® — 22% + 7r — 12) as a seMes
of factorials; then we apply formulas 1, 2, and 4 of the integrals of Table 3.

111 -2 47 ] -12
0 +1 -1 |
|
211 =1 +6

0 2

1| 41
| —

"

1

22— 22+ 72 —12=2® 4 2P 4 62V — 12
ATN2® — 227 + Tz — 12)= A7 (@® + 2@ + 62D — 12)
=A712® 4+ A712® 4 64712V — 1247 12©@
z® 23

=— 4 —+4+32@ — 122V 4 C
St +

Example 3. Find the finite integral: A™ [z(z + 1)(z + 2)].

Here we note that

’

e+ DE+2)=c+2)®=>0a+b)® fa=2b=1n=23.
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Hence, applying formula 6 of the integrals in Table 5 we have
AT + D + 2] = A7 + )@
_2+9®
4
2 1 -1
AL LA TLIEI

+C

Exercises
Find the following finite integrals:

1. A~ (a® 4 222 — 8z + 9).
2. A~ Yx(x + 2)(z + 3)] by two methods.

Hint: sz +2@+3 = @+1-D+2+3) = (+3)® —
(z + 3)®.
A—1p2,
A~ 1z8,
A-z(z + 2)(x + 4)] by two methods.
A2z + 1)(2z + 3)] by two methods.
1 »

22

N oopw

. AT

1
@+ 22)1
1 .

2?2 —1

8 A

9. A1

1

@r — D2z + 2z + 5)
1
1243+ +z
__&¥8
z(z + D(z + 2)
18. A~!sin (2z 4 3).
14. A Yz(x + a)(z + 2a)].
16. A~z — a)(z — b)).
16. A~ 'sin? (a + bz).
17. A~ cos? (a + bz).
1 0 1 0

-1__ —_— —_—
18. A~} tan o7 = oo ot oy

19. A1 (2* sin? i) = (2=—1 sin 27__1)’.

20. A—l'(% ) (2z-1 2z-1

10. A

11, A—?

12. A-?
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21. Show that A~?

22. A~lcse 279 = — cot 22710,
23. A~12% tan 279 = —27 cot 270.

24. A~12%gin —0—2

26. A—!arctan

2
o ) = 22725in

= arctan z.

2z—1

c[A2> + Bx + D] _ c*ax + b) g A
(@ + 1) - z wa —

26. A! 2lzlog tan 270 = — 271_1 log (2 sin 279).

27. A~ lginh (a + bz) =

28. A~ 1cosh (a + bz) =

)
2s1nh§

.. b
2 smh§

cosh (a - g + bx)

sinh (a — g + bx)

2. SUMMATION OF SERIES

A very important application of the calculus of finite differences is to
the problem of finding a compact formula for the sum of n terms of a given
series. It is easily seen, as we shall presently show, that the summation
problem is in reality the problem of finite integration.

Let V, be a function whose difference is U,. That is

Since the above equation means

we have

AV, =U, or V,

= ATU,

U

Vz-}-l - V:c
Vi—Vo=

Ve =V,

Vs =V,

Va - Va—l

Va+l - Va

Vn—l Vn—-2

Vﬂ - Vn—l
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Adding, we have
n
Uo+ U4+Us+---4+U, = ZU:: = Vn+1 - Vo= V:c{)“rl
o
= A.—ll]zlg-{_l

a—1

U+ Ui+ Us+- 4 Usy = 2 U = Vo= Vo = V,1§
0

and

=471 U.Jo
and more generally

Ua+ Ua+1 ++ Un

Z Ua: = I'7n+1 - Va = Va: Z+1

= AT

It is thus seen that the sum of any number of terms of a series of values
of U, is equal to the difference between two values of another function V,
that is the finite integral of U,. Thus a sufficient condition for finding the

sum Z U, is to find a function V, such that AV, = U,. We call V,
1

(= A7'U,) the indefinite finite integral of U, and when the definite limits
are applied we have the definite finite integral of U,. Thus
ATVU, =V, +C
is an indefinite integral, but
b
2 Us= Vi — Vo= Vi = a0, 151

is a definite integral.
Example 1. Find the sum of the series2 +4 4+ 6 +-- -+ 2n.
Solution: U, = 2z.

2 Us = A7'20H = 2470 i T = 2@+

1

(n+1D® —1® = (n+4+ 1)n — 1.0 = n(n + 1)
Example 2. Find the sum of the series

1.24+234+344---+nn+1)

Solution: U, =2(x+1) = 14+ 2)® = (a + b2)™ when a =1, b =
1,m=2.

Zn: Uz = z": 1+ 2)® =A711 4+ 2)@51! = 1+ xﬁ]”“

1
(n + 2) (3) 2(3)

1
—-——3——————3—=§(n+2)(n+1)n



SUMMATION OF SERIES 27

Example 3. Find the sum of the series
12+22+32+“_+n2
Solution: U, = 2* = z(z — 1) + z = 2@ + 2@,

n x(a) x(2) n+1
; Ux = A 1[:1:(2) + x(l)]'{“ — _3_ + _2_]1
_ m+1)® + (m+ 1)@ _ (n+ Dn(n — 1) + (n+ n
3 2 3 2
_ nin+ 1)2n + 1)
6

Example 4. Find the sum of the first n terms of the series whose zth term
is (23 + Tz).

Solution: We express U, = 23 + Tz as a series of factorials in which form
A7U, can be found. (See below.) We find

Upg =2+ 72 = 2® 4 32 + 8

i Uy = A7 [2® 4 32®@ 4 8 Vpt!
' @
= T + z® + 41_(2)]?4.1
(n+ 1)*
=
Intn + D)% + n + 14)
LI1 40 47 | 40

+ 4+ 1D® +4(n+ 1)@

0 +1 +1

2|1 +1 +8

0 +2
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1

E°

o op ®

Exercises
Sum the following series:

(a,) 1P+ 28484 dnd (b) 420+ 3+l
2 22 12 22 32 12 22 2 e 2
1; + +3+ PO . +:;+ +n?

+1+ et :

1+2"1+2+3 1+2+3+-+n
+244+35+---+nn+2).

2+232-}-342—I- —i—vv(n-f—l)2
+

et o + T T Also ﬁnd"h_x'nw }: U..

4
+ + -+ to n terms.

4+ ... to n terms.

1
nn + DH(n + 3)‘

+46++

x4+ 2 1
=TI T e +

10. 12 + 40 4+ 90 + 168 + 280 4 - - - to n terms.

11.

12.

13.

Hint: Use Newton’s Theorem to find U.,.
6-9 + 12-21 + 20-37 + 30-57 + 42-81 +- - - to n terms.
Hint: Apply Newton’s Theorem twice and show that
U,=(@*+ 3z + 2)(222 + 6z + 1)
=284+ 2@ + 24 2)®@

n—1
Show that Z sin I z = cot I—-

2
Show that E (2z sin? ) 2" sin —0—) — sin24.

14. Show that Z (— sec — ) = csc?f — (l cse __)2.

16

b

n+1
Show that 3 z(z!) = A‘l:c(z!)] (D! -1
1 1

16. Two railway trucks traveled 3 hours at 4 miles per hour; three trucks traveled

4 hours at 5 miles per hour; four trucks traveled 5 hours at 6 miles per hour;
and so on until finally 28 trucks traveled 29 hours at 30 miles an hour. What
was the total mileage covered by all the trucks?

17. Find i csc 279,
1
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n—1
18. Find 3 [sin 3(22~%) sin 22714].
0
n—l1
19. Find > [tan 2219 + cot 2°—14].
0

20. Prove: 3" (2* 4 1)z! = n(n + 1!
1

21. Find the sum: 1 + 3(2!) + 7(3") + 13(4!) + 21(5!) +-- - to n terms.

22. Find the sum:2-2+ 7-4 + 14-8 4+ 2316 + 34-32 +- - - to n terms.

23. I'ind the sum: 4 + 5+ 8 + 15 + 30 4 61 +- - - to n terms.

24. Find the sum: 2 4 5 + 20 4+ 71 + 230 + 713 +- - - to n terms.

26. Differentiate with respect to 8 both sides of the solution of Number 17,

> ese 2% = cot @ — cot 279 and obtain
T

3~ 27 ese 270 cot 270 = csc?f — 27 csc? 274.
1

3. MoRE ADVANCED METHODS OF INTEGRATION
A. INTEGRATION BY PARTS

The method of integration by parts, or partial integration, is very useful
for integrating certain types of functions.> The method is derived from
the well-known formula for the difference of a product

AUV, = U AV, + VoAU,
Transposing and integrating we have the formula for partial integration.
ATNULAV,) = UV, — A7V, 11AU,]

This formula is applicable if we can determine V, from AV, and if we
can find the finite integral A‘I[VHIAUI]. We add the constant of inte-
gration at the completion of the process.

Example 1. Find the finite integral: A™'23".

Solution: Let
Ug=1z, AV,=23"
then

2 Especially valuable for integrating products of two functions, one of which is trans-
cendental.
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Substituting in the formula for the partial integration,

—1, .0 __ . -—1§ T,
A™23" =2 2 A [2-3 1]+C

3
—o =S AT+ C

Exercises
Sum the series:

1, 12.2 4 22.22 4 32.23 4 42.2¢ ... 4 n227,
2. 2246224 12-23 4 20-2* 4+ 30-2% +- - - to n terms.
3. > rsinz.
1
4. If U, is a rational integral function of degree n, show that continued repeti-
tion of the method of partial integration gives
A7 10*U, =

B A T\ (L ' AR iy (A A

a—1 a—1

6. Apply Number 4 above to find >_ 3%z®.
1

6. Apply Number 4 above to find > 2%(x3 — 3z + 2).
1

- 1 1 1
. f 1 i i
7. Use the method of partial integration to sum the series 194 + 235 + 346

+ ... to n terms.
. L 1
8. Find ; Gr =213

. eax+b
9. Find ;—ﬂ-ﬂ'—"

1 .
22 —1

10. Find 3°
2

o 1
11. Find 21: @2n —1@2n + D2n + 5).

12. Find the sum of the infinite series: % + ggg + %;—1 + :1-375 +---
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B. THE METHOD OF UNDETERMINED COEFFICIENTS AND UNDETERMINED
FUNCTIONS

When the quantity V, (= A~1U,) cannot be referred to any of the pre-
ceding forms given in Table 5, it is often possible to conjecture the form
of V, from a general knowledge of the effects of the operator A.

We have noted that the operator A converts polynomials into poly-
nomials, exponential functions into exponential functions, trigonometric
functions into trigonometric functions, and so on.

Due to the fact that the operator A does not alter the functional char-
acteristics, the limits of conjecture are narrowed.

We shall illustrate this method by a few examples.

: ) x2
Example 1. Find the finite integral A™ — ———.
(x+ D+ 2)

Solution: We wish to find V, such that
r2*
AV, =U,=————
¢+ D+ 2)

From our knowledge of differencing we assume

f(x)
z+1

Ve = 2*
where f(r) is an undetermined rational integral function of x.
Since
AV: = V:c+1 - Vx = U:c
we have
fx + D27 f(x)2® 72"
xz+ 2 z+1 (x4 D+ 2)

or

2@+ Df@+1) — (z+ 2)f(x) ==

Now the right-hand side of this equation is linear. It is evident that in
order that the left-hand side be linear, the undetermined function f(z)
should be constant. Call the constant k. We then have

J@ =k
Ja+1) =k

and
2+ Dk —(z+ 2k ==z



32 FINITE INTEGRATION AND APPLICATIONS

from which
kx ==z

k=1=f(z)
At x2° _ 1 -
(+DE+2) @=+1)

Example 2. Find the sum of n terms of the series whose zth term is
z2*

@+ 2!
Solution: We wish to find V, such that
27
T @+ 2!
From our knowledge of differencing we assume
_ @
(x 4+ 1)!

where f(z) is an undetermined rational integral function of z.
Since

2*°+C

AV, = U,

z

AV =V — Vo= U,
we have
fl@+ 1.2 f(2)-2% 2%

@+ 2)! C+ 1! @+ 2!

or

/@ +1) — (z+2)f(x) ==

Since the right-hand side of this equation is of the first degree, it is evi-
dent that the left-hand side will be of the first degree when f(x) is a con-
stant. We then have

f@) =k
f@+1) =k
and, substituting in the preceding equation,
2% — (x+ 2k =2
from which
k= -1

Hence
—1.9%

T @+ D!

z
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and
n n I 237 n+1 __23 n-
XU =% a2 ] - ]
1 1 (il?+2)' x4+ 2)'1 (z 4+ D1y
2n+1
T m+ 2!
: . 2z — 1
Example 3. Find the finite integral A™? =
2¢ — 1
Solution: Let A™? v =V, = J@)
9z —1 2:::—1
Then, since
AV, = U,
fa+ 1)  f@ 2w-1
2% 9r—1 9z—1
or

J@+1) —2f(x) = 4o — 2
Evidently f(x) must be a lincar function o} z. Then if
@) =ar +b

J@e+1) =alz+1)+b=ar+a+b

Substituting, we have
(ax + a4+ b) —2(ax + b)) =4x — 2
Equating coefficients, we obtain
ar — 20z = 4x

a+b—2b= -2

from which
a=—4
= —2
and
flx) = —4x — 2

‘We now obtain

that is,
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Exercises

Sum the following series:

2 11 3\?3 n+8
L% 3( ) 2.3-4 3 4 4) t345 Z) Tt TEr (4)
2. The series whose nth term is n_nl-l;l_2 (é)n
3. The series whose nth term is —n—%lﬁ (5) .
3 5 7 2n + 1
Losstrsn st T
6. Show that in order to sum the series U, where U, = g:{—"lbf -r%, it is neces-
sary thatr =1 —(n — 1) l—’;-
. L z .
6. Fmd ; Uz where Ux = (—x——l-—l)(x—+2_) 2
n—1
7. Find X U, if U, = sin (a + bz).
0
n—1
8. Find X_ U. if U, = cos (a + bx).
1)
ez +d )
9. Develop the formula for A CEI
3r+ 5
—1 A
10. Apply the result of Number 9 to find A T ¥ ooyl
n,o2r —
11, Flnd”]L 3 21: 21 —
12. Find lim 32T |
n— o ] Z‘
13. Find lim 3. 21
n— o o I — 1
14. Find E z(z + 2)(x + 4).
224+ 2x+1
16. Fmd E W
(a + bx)R* kR* b
16. A1 = ) =,
6. Show that Ccta)™ ~ GFdT where & & =1
. _bd(n — 1)
provided R — 1 = e —ad

17.

18.

Find by two methods > U, when U, = r*sin (a + bz).
1

Find by two methods > U, when U, = 7 cos (a + bz).
T
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x2+x—1_
(z +2)!

. 1[0z z!
20. Find A 1 [2 X (Z—x—m]'

n 2
21, Find 3° &+,
0

19. Find 3 U, when U, =
1

3otz
22. Find i sin zf sin (z + 1)6.
23. Find ";-1 sin® (a + ba).
24. Find "Zo—:l cos® (a + bx).
25. Find 720,:12’ tan 279.
26. Show that [i sin (2r — 1)0] =+ [Z:: cos (2r — 1)0] = tan nf.
27. Find i cos? § cos x0.

28. Find > cos 26 sec” 6.
1

29. Show that [f:_‘, sin xf)] = [i cos 10] = tan ﬁj——l ).

n—1 0 0 2
30. Find Y 27 sin % (sm 571) -

- L 1
31. Find Z arc tan TFar e

32. Find Z log tan 2%.

[/} 36
33. Find E sin —— 2:_1 n oy
. n 1
#4. Find ‘?‘ cos 0 + cos (2z + 1B
L in 2x6
36. Find 3 i

T cos (2z — 1)0 cos (2z + 1)6
. n [/} [/}
36. Find ; tan 37 Sec 2 (—2;)
37. Find i sec 20 sec (x + 1)6.
1

4. STIRLING NUMBERS

It has been observed that the finite calculus makes much use of factorial
expressions. The operations of reducing factorials to polynomials and vice
versa are facilitated by Stirling’s Numbers which we now discuss.
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The factorial polynomial of degree n
™ =z -1 —2) - @—n+1) 1)
we have noted, plays a role in the finite calculus similar to that played by
z" in the infinitesimal calculus. Since
™ = 2™ @ —m)®™, m<n
it is convenient, in order that this equation hold for m = 0, to define z®

to be 1. Evidently ™ equals zero forx =0, 1, 2, ---, (n — 1), whereas

if z is an integer greater than (n — 1), we may write
!

™ = __I___

(x — n)!

If the multiplication on the right in (1) is performed a polynomial of
degree n in x will result. Thus, ™ may be written

.’l}(n) — Slnx + S2"x2 + S3nx3 + . + Snnxn = Zsinxi (2)
i=1

The upper index of S;” is the degree of the polynomial under consideration
and the lower index is that of the power of x with which it is associated.
The numbers S;" are called Stirling Numbers of the First Kind.

Thus

n
2 = 3805 @)
1=1
and
n+1
2t — ZSin-f—lxi
7=1
But

2D = g )
and from (2)
(D — x(")(x —n) = Z S,-"xi(x —n)
i=1

Therefore
n+1

3 8ty = isinxi(x —n)
i=1 i=1
By equating coefficients of 2% in the above equation, noting that
(S™i_12" ™t + 872 (z — n)
contains two terms in %, we have the recurrence relation
8t = 8%y — nS" @)
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Also, by equating coefficients in (2) we note Sy” = 0 and S,” = 1. Fur-
ther, 8;" = 0if ¢ > n.
Applying (3) we have, for examples,

Sl2=Sol'—Sll=—1, 822=SII~S21=1—0=1
82 =82 —-28%2=0-2(—1)=2
823 = Slz - 2S22 = -1 — 2(1) = —3

A table of these numbers is easily constructed.

TaBLE 6. TaABLE OF STIRLING NUMBERS: I'IrsT KIND

AN N
\ Slﬂ SQ" Sgﬂ S4n Sbn Sﬁn S7n
LN
1 1
2 -1 1
3 2 -3 1
4 ) 11 —6 1
5 24 -50 35 —10 1
6 —120 274 —225 85 —15 1
7 720 —1764 1624 —735 175 —21 1

Using formula (3) any entry in the table is the number above and to the
left minus the product of the number immediately above and the number n
in that row. Thus

—225 = —50 — 5(35) = —50 — 175
274 = 24 — 5(—50) = 24 + 250
If we put 2 = 1 in (2) we obtain, (n > 1),

81" 4 8"+ 8" -+ 8 =28 =0 (4)
=1

That is, the sum of the numbers in each row of the table to the right of
the double vertical line is equal to zero. This fact can serve as a check in
constructing the table.

With the table at hand we can immediately write down the polynomial
that is equal to any factorial whose form is 2. Thus,

z® = 28 — 1525 4 852* — 2252 + 274x% — 120z

Stirling’s Numbers of the First Kind also afford another method for ex-
pressing polynomials in terms of factorials. Again let us return to the
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problem of expressing
P, =22 — 32243z — 10

in terms of factorials. By continued subtraction of factorial expressions
we finally arrive at a zero remainder. Thus, detaching the coefficients,

P,=2-3+3-10
223 =2 —6+4

Diff. = 3—1—-10

32® =  3-3

Diff. = 2—-10

2V = 2

Diff. = —10
~102© = ~10

Diff. = 0

We thus have
P, — 2@ —32® — 2D £ 102 =0

Py =22® + 32® 4 20 — 10

Exercises

1. Verify the numbers in Table 6 by expanding z®, £®, ..., z®,

2. Find the values of S;%, ¢ = 1, 2,-- -, 8, by expanding Table 6 downward accord-
ing to equation (3). Verify your result by expanding z®.

3. Find the value of 2™ — 4z2® — 5z®,

It is fairly obvious that the expansion of the factorials in terms of the
Stirling Numbers affords a method of differentiating and integrating fac-
torial expressions and binomial coefficients. Thus, since

n
™ =3 8t
i=1
we have

n

Dz™ = Y 48zt
i=1
and

fx(") dz = Y, | S sidx + C

1=1
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Similarly

e =(x> -——ZS ;

n! n! =1

o) -2

1 i .
f (x) dr = — Z:S,-"ar;z dx + C

n nld (3

and hence

By means of the Maclaurin expansion

- [”” J..

7!

if U, = ™, we obtain

n Dz (n)
=0

1=0 'L!

Comparing this expansion with (2) we have

Dix(n)
=0

2!

and thus the Stirling Numbers of the First Kind are expressed in terms of
the derivatives of factorial expressions. Thus

Dz®
Son = 0, lSll = DIL‘] = 1, Sl2 = ]
=0 1! z=0

= -1

D2x(2)
Sy2 = = 1, etc.
2! 0

To derive by this procedure the recurrence relation (3) we shall need to
apply Leibnitz’s Theorem 2 for differentiating a product

ron\ . .
D™uv = Y, < ) D'uD™ "
)

=0

Recalling that
) = (z — n)z™

if, in the Leibnitz Theorem, we put ¥ = z — n and v = 2™, we obtain
Dzt = (z — n)Dir™ 4 D" 1g™
since all derivatives of (x — n) after the first are equal to zero.

3 Wilson, E. B., Advanced Calculus, p. 11. See Appendix I, this text, p. 135.
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Dividing the above equation by ¢! and setting x = 0, we obtain

Di:c(""‘l)] ( )Dix(n)] Di—lx(n)]
—_— =(r—n _
=0 7! =0 (7’ - 1)' =0

which, by the Maclaurin expansion definition, may be written
8t = —nS + 8%

which is our former equation (3).

In expanding factorial expressions into polynomials the coefficients of
the powers of z were called Stirling Numbers of the First Kind. In a
similar manner when we express powers of « in terms of factorials the co-
efficients of the factorial expressions are called Stirling Numbers of the
Second Kind. For example, we may easily verify that

z!

z=2z0 =§2® and §'=1
2?2 = 2W 4+ 2@ = §%®W 4+ 8,%@ and §%2=1 8% =1
2 = oW 4 32 4 z® — g3, | g3, 4 g3,@®
and 83 =1, 83=3, 8*=1
wherein we indicate the Stirling Numbers of the Second Kind by §;".
In a similar manner if
2t = 8,42 8,1 ®@ 4 g.4® 4 g 4@
25 = 8,520 4 8,55® 4 8.55® 4 8,55 4 8,55
we find
St =1, $*=17 8*=6, S$*=1
$;5=1, 85=15 855=25 85=10 s°=1
We adopt the symbol 8;* to represent these numbers. The upper index

is that of the power of x under consideration, and the lower index is that
of the factorial with which it is associated. In general, then, we have

" = slnx(l) + 82":13(2) + 83"3:(3) 4.
+ S",-_lx(i_l) + Sinx(i) + RS o s”nx(n) (5)
or
n
g = 3 s 5)
t=1

From our definition we conclude immediately that §" = 0, 8"pym = 0
if m > 0. Equating coefficients of 2" we obtain 8,* = 1. Further, if in
(5) we put = 1, we obtain §;" = 1.
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If in Newton’s formula,

= z":x(z) Ao = ixu) [ Vs ]
z=0

i—0 1! i—0 1!

we put U, = z" we obtain
2,.n

Az A"
" = x(l)[Axn]x=0 + x(2) [ ] IR x(n) [ ]
2! =0 n' z=0

n Tn
me [Ax ]
=1 z=0

In accordance with our definition we have

or

Aixn
8" = — ] (6)
=0

7!

We shall return to (6) later. Just now we seek a recurrence relation
whereby the Stirling Numbers of any order can be found from those of
lower order. To accomplish this we will need the simple relation

2D i@ = g @ )
By definition

ot = 81"+1I(1) + 82"'“.’1:(2) o I LA M + Sn+1"+]x("+1) (8)

n-+1

= 3 gntp®

i=1
and from (5)
2zt = Slnxx(l) + 32"2733(2) 4.

+ 8%i12zCY 4 8@ o g™ (9)
or

n
2"t = > §mar® 9)

Now the coefficient of ¥ in (8) is 8;"*" and, employing (7), the coef-
ficient of z® in (9) is $";_; + ¢8,™.
Hence, equating these coefficients

8T = 48" + 8"y (10)
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For examples,
835 =383t + 81 =36)+7=25

8% = 48,4 4+ 83 = 4(1) + 6 = 10

In Table 7, any entry by (10) is the number directly above multiplied
by the value of 7 in the column plus the number above and to the left.

TABLE 7. TABLE oF STIRLING NUMBERS OF SECOND KIND: §,”

AN
\ Sln $2ﬂ. 53‘". 84n 857). 86" 8711
LN
1 1
2 1 1
3 1 3 1
4 1 7 6 1
5 1 15 25 10 1
6 1 31 90 65 15 1
7 1 63 301 350 140 21 1
Exercises

Extend Table 7 downward to find 8%, ¢ =1, 2,---, 8.
Find DU, if U, = 2® — 62D + z®,

1
2.

3. Find f U,dzif Up = 2® — 620 + 20,

4. Tn (5) let = = —1 and show that (—1)* = - (= 1)i8GY).
5. Find AU, i = 1,2, 3, if Us = 27 — 728 + S — 1725,

Let us return to a consideration of equation (6)

Aixn
8" = — ]
(A ! =0

118" = Aix"],,:o

which we may write

The expression A'z"),_o is frequently written A0 so that
A" = A",

The quantities A0" are known as “Differences of 0" because the leading
term is always zero. We can form a table of these “Differences of 0” by
multiplying the values of 8, by ¢l



STIRLING NUMBERS 43

TaBLE 8. “DIFFERENCES OF 0,” A" = A%x™,—o

n ™z AO0™ A" A%Q" A" A%Q"
1 0! 1

2 02 1 2

3 03 1 6 6

4 04 1 14 36 24

5 0° 1 30 150 240 120

It is evident that the values in each row of Table 8 are the values of the
function 2", n = 1, 2, 3, 4, 5, and its leading differences when z = 0. That
is, if U, = z", the table gives Uy, AUy, A2U,, ete.

By multiplying equation (10) by ¢! we obtain

18T = (U8 + 21874
or ‘ ‘ '
A"t = ([AT0" + 4107 (11)
since .
8%y = i@ — 118"y = iATI0"
Applying this recurrence relation we have, for example,
A% = 4[24 + 36] = 240

Interpreting the recurrence relation (11), we note that any entry in
Table 8 is the sum of the number directly above and the number directly
above and to the left, this sum multiplied by 7, the index on the 4, above.

Exercises

1. Show that AO™ = 1. (
, 2)
2. ‘Show that A™0" = m™ — m(m — 1)™ + -’f‘zT(m —2)n .
8. Show that A"0"*! = (n 4 1)! g
s 2)
4. Show that A" = n! = n» — n(n — 1)* + "2—|(n — e,

AN AW A%”

) 3 1 +..-=0ifn> 1.

b. Show that AQ™ —




Chapter II1*

BERNOULLI AND EULER POLYNOMIALS

1. BErNouLLl FuNcTIONS

In the study of polynomials we meet the problem: Find the polynomials

of degree n in z, P,(x), such that

APn(x) = (7—_——1—)—'

or
n—1

Puz) = Al —— 4 ¢

(n — 1)!

where we assume P, (z) to be of the form

n xnwi n n—1
P,(x) = A; =Ag—+A4;,— +--
@) §0 R e e T
From (1) we have
n—1
P,(x+1) — P,(x) = ———
@D = Pa@) =
which, upon differentiating with respect to x, becomes
xn—~2
P)/)(z+1) — P,)/(x) = —
@+ D= P =
or
n—2
AP, (z) = —————
(=) (n — 2)!
Since from (1)
n—2
AP, _i(z) = ——
1(z) 21

(1)

1)

° + An—lx + An

2

@

®3)

* This chapter may be omitted without destroying the continuity of the subject.

4



BERNOULLI FUNCTIONS 45

we have
AP,/ (x) = AP, _;(x)
Hence,
Py'(x) — Ppa(2) =k 4)
Since from (2) P,/'(0) = A,_;, and P,_;(0) = A,_;, k = 0, and
P,/ (x) = Pp_1(x) or DP,(x) = Pp_4(z) )]

Equations (1) and (5) thus completely define P,(x), the Bernoulli func-
tions.
From (5)
Py'(x) = Aoz + Ay = Py(z)

and from (1) and (1), respectively,
AP;(x) =1 and Py(x) =2+ C;
so that Ag = 1. Further, using Ao = 1 with (5),

2
T
Py (x) = 21 + Az + A = Py(2)

and from (1)
@ 2

MM@=xamr&@ﬁh§443=i_f

C
5 2+2

so that 4; = —1.
Continuing this scheme we can find 4,, A3, ete., but we will establish a
more general method by deriving a recurrence relation among the A’s.
We have from (2)

A A
LAl 2
n—1)! n — 2)!

4+ 4,947

Az" 2

Ay
AP, (z) = — Az™ +
n!

n—1 A‘_ )
AP, (2)):—0 = [ Az™ _’]
z=0

izo (n —17)!

= [i e x”"’]]ho

i—0 (n —1)!
n—1 .
AP0 = 2

From (1) if n > 1,
AP,(0) =0
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Therefore, for n > 1, we have

WA A A A o
Emn-9 n @-1! (-2 nt e
Ao A1 A 1
=3: D04y, 4= —
" TRIECTIRT 712
Ay Ay Az A3
n=4: ':1—'+§+"2"—+'1—'——0, A3—O
Continuing in this manner we find
Ay = A5=0, Ag= Ar =0, Ag=——
T T T 5T 300400 T 7% 1,200,600
and so on.
We thus find the Bernoulli functions
Py(x) =z — %
Pyz) = 22 oz 1
Ty T 12
322z
Palz) = — — — 4+ =
3(2) 6 1 + 12
2 2 1
Pyz) =———+——-—
24 12 24 720
5 :C4 Za x
Ps(z) = — — — + — — —
O =1 w1
Py@) 8 x° n xt z? + 1
x S e — — —— —— —_—
¢ 720 240 ' 288 1440 = 30,240
and so on.
2. PROPERTIES OF THE PoLYNOMIALS, P,(x)
Since
DPp(z) = Pp_1(x) )
it follows that
b
[ Pa@ s = Pra) = Pra(@, 2> 0 ®)
a

(6)
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In particular, since P,(0) = A,, and

n—1

Pa(1) = 2

o (n—19!

1
[ 2@ 2 = Paia(®) = Pasa®) = Aria = Ara = 0
0

i

+An=A1|

We have seen that A; = —3% but that A3 = 45 = A7 = 0.
We shall now show that As,_; = 0 for k > 1.

By definition,
2k

AP = ———
2k +1(T) @1
or
2k
P g 1) — P ) =
2k+1(x + 1) 2%+ () o
In (10'), replacing z by —=z, we obtain
2k
P 1—2) — P —2) =
2k+1( ) 2k+1( ) 20!
Let
F(x) = —Por41(1 — )
then

—Pgpy1(—2) = —=Pora[l — (x+ 1)] = Flz + 1)

and (11) becomes
22
Flx+ 1) — F(x) = AF(z) =

(2k)!
From (10) and (14) we have
AF(z) = APgj41(x)
and hence
F(x) — Pagyi(x) = C
from which
F'(z) — P'ggqa(x) =0
Using (12), equation (15) becomes
Plor1(l —2) — Plapa(2) =0
Now recalling that

P, (z) = Pp_1(z)
equation (16) becomes

Por(1 — ) = Pa()

9)

(10)

(10

(11)

(12)

(13)

(14)

(15)

(16)

17
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Differentiating (17) we have for k > 1
—P'a(1 — 2) = P'yi(z)
—Por_1(1 — ) = Poy4(x), k>1
Por_1(z) + Pox_1(1 —2) =0
Por_1(0) + Pox_1(1) = 0
Agk—1 + Agk_1 =0
Agr_1 =0 fork>1

Hence

3. Ber~NouLLl PoLyNoMIALS AND NUMBERS

If the Bernoulli functions, P;(z), 7 = 1, 2, - - -, n, are each multiplied by
17! we have the Bernoulli polynomials,! B;(x). That is,

B,(x) = n!P, 18
Thus we have (z) = nlPu(z) (18)

Bo(x) =1
Bl(x) =X —
Byx) =2> —xz+ %

o=

T
By(x) = 2° “%xz‘i‘é
By(z) = z* — 228 + 2% — 5

5

o)
(<
—~

S
~

I

8

SR

— g+ §o0

2
Be(x)=:c6——3x5+%x4—fz—+11§

o)
3
~~

8
N—

I

8

X
e Lt Lok

o
oo
—~

8
N

Il

8

8_4x7+1§4_x6_%x4+ %172 __3L0
9 — 928 4 627 — Zla® 4 223 — S
Bio(x) = 21 — 52° + 8% — 72® + 51t — $2® + &

! Authors are not in agreement in notation with regard to Bernoulli polynomials and
numbers. Our notation is that of Nérlund, Differenzenrechnung, p. 18, and Steffensen,
Interpolation, p. 120. Charles Jordan, Finite Differences, p. 230, calls our P,(z) Ber-
noulli polynomials.

&
©
~

8
N

Il

8
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The values of B,(z) for £ = 0 are called Bernoulli’s numbers and are
denoted by B,. That is, B, = B,(0). Thus we have

B0=1 B3=0 B6=71—1—2_ Bg=0
By = —1 By = —3k B; =0 Bio = %
By=14 Bs=0 Bg=—g  Bu=0

The Bernoulli polynomials, B, (z), enjoy many properties that are analo-
gous to those of the functions, P,(x). To establish these properties gener-
ally all that is necessary is to employ our definition B,(x) = n!P,(z),
with the properties of P,(x). Thus

B, (x) = nB,_1(x), n=1. (19)
b 1
f Bu(x) dz = —— [Buya(b) — Busa(a)] (20)
a n+1
1
f B,(x) dz = 0 20")
0
Since B; = 7!4; we can write
Pa) = Bt B B T L B )
w@ = Bo it Bt S e S o)1 n!

15 (") B (22)
(]

n!izo

which can also be written symbolically
1
P.(z) = - (x + B)" (23)

if B® is replaced by B; after the expansion.

Since
AP,(0) =0, n>1

it follows from (23) that symbolically
14+B"*—-B"=0, n>1 (24)

which reduces to

E (n) Bi=0 (25)

i=0 \1?
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If (24) is expanded and B’ is replaced by B; = 7!4,, the result divided
by n!, the equation becomes

n—l1 A
T

i—o (n = 7)!

which we have previously established.
Employing (24) we have
n = 2: 14+2B,=0, By=—3
n = 3: 14+3B;+3B;=0, By =1%
n=4 1+4B, + 6By + 48B3 =0, Bs =

and so on.

It has doubtless been noted that the absolute values of A; decrease rap-
idly with increasing ¢ whereas the absolute values of B; after Bg increase
rapidly with <.

From )
AP,(z) = ——
(=) (n — 1)!
we get
AnlP,(x) = na™ ™}
or
AB,(z) = nz"™! (26)
We can express (26) in the form
A__l n Bn+l(x)
n—+1

from which we obtain

z—1 z
Z xn — A_l.’l)n] -
=1

Bn-}—l(x) - Bn+1 (D

z=l1 = n+1
Thus if n = 2 and n = 3 we have
z§x2=12+22+...+(x_1)2=w
3
1
=1[x3__§x2+f]=~'0(x—1)(2x—1)
3 2 6
z£x3=13+23+...+(x_1)3=w
! 4

il gl gl -]
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4. OtHER DEVELOPMENTS OF THE BERNoOULLI FUNCTIONS

The Bernoulli functions, polynomials, and numbers may be developed
by other processes. Books on advanced calculus, infinite series, etc., de-
vote considerable emphasis to these developments and their applications.?
For example, the Bernoulli numbers, for z sufficiently small, may be defined
by the expansion
2232 B31’3

B
=B, + B
w1 Dot Bt

+-o (27)

which may be written,

22 22
(1+ +——"')(Bo+le+B2‘2“‘+"')=1

Then the equations for determining B, are

B0=1
1 By 1 By
20T =0

1 By 131 le

- =0
3! 0! 2' 1' 1' 2'
1B, 1 By 1 B 1B g
10! (n—1I1 (n—2)!2! (n—1" (28)
If we multiply the above equation by n! it can be written
n
()B()+<>Bl+<)32+ +< )Bn-—l=0
0 n—1
or symbolically
A+ B™*—-B"=0 (29)
Writing (27) in the form
1 X ngz + ngS + 30
c—1 2 2 3! (30)
we obtain
Loy
-1 2 2!

2 Wilson, E. B., Advanced Calculus, pp. 448-451; Sokolnikoff, I. 8., Advanced Calculus,
p. 286; Knopp, K Theorie und Anwendung der Unendlzchen Rezhen, p. 175.
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The left-hand member is, however,

th ~ 31)
coth %
© 2

which we recognize to be an even function of x, and consequently all the
B’s with odd subscripts, except By, are zero. Incidentally we have shown
that

T x B2x2 B4x4
Zcoth= =1+
2 2 4!
from which we obtain immediately
h + r + 210 + Bon(22)%"
co x = — — — — — . e e —————— — e e .
945 (2n) !z
Replacing in (31) z/2 by z we obtain
e’ + e ?
%7-—1+—@>+—mv (32)
ec —e
If now in (32) we replace z by #t we get
Bt? By 22" B, 12"
teott =1—22— 4+ 28—t — (- )" ———— — -
2! 4! (=1 2n)!

e e O T

Recalling that

2cot 2t = cot{ — tant

or
tant = cott — 2 cot 2¢
we obtain 1 ,
© n—1lo2n n
g = S ST = DB
n=1 (zn)'

L+ 36+ B+ st
With the aid of the identity

1
cotz 4+ tan — = ——
sinz

l\’)&-‘t
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employing the two preceding expansions we obtain

t © _1n—122n_2Bn
- =tcsct=2( )« )Bon 5.
sin ¢ n=0 2n)!
1+— i st P £+
360 15,120
By integrating both members of tan ¢ given above we obtain
t2 t4 t()
logeost = — — — — — — —...
12 45
2n
— (=1)"71(2" — 1)22"B,,
(=0 J2"Bs 2n(2n)!

The Bernoulli polynomials may be defined by the expansion

tz 2 3

1—&m+&w+&mt+&w S @)

te

el
Multiplying both members by ¢ — 1 we obtain

2o B8
t(l+lx+§+"é“!*+"')

2 @ 2
< L+ — +3v+ +- ><Bo($)+31(T)l+82(1’)5“'+"'>

Equating coefficients of ¢ we obtain
By(z) =
Bi(x) =z — %
Bo(z) =2 —z + ¢
Bi(z) = 23 — $a® + 3z

By(x) = a* — 22 + 2% — 5
and so on.
Differentiating (33) with respect to x and dividing by ¢ we obtain the
relation
B, (z) = nBy_y(z) (33"
Of course from (33’)

z 1
meM=;ﬁwmw—&mm
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Equation (33) may be written

tx

o] t‘n
—— = 3 Bu(z) — (33)
e—-1 ,> n!

In this equation replace z by (1 — z). Then

tet(l —z) [ tn
=2 B,(1 —2)— 34)
et — 1 —0 n!
But
tet%. ¢! te~ %" —te hd Gk
el — 1 1—et et—1 ,,Zz%) ()n!
Equating coefficients of " in (34’) and (34) we obtain
B,(1 —x) = (=1)"Byu(z) (35)
If n = 2k, (35) becomes
Bor(1 — x) = Bai(x) (36)
Exercises
Pu(x) + Ppya(x) _ gnl .
1. Show that 3 = P,(z) + 2 =1 Y

z+1 n
2. Show that f P.(2)dx = APp1(2) = =

3. Show that B, i(z) satisfies the difference equation U 41 — U, = (n + 1)z
4. Obtain the developments:

(a) logsinz = ]ng_ﬁ_i_i__%w_
& 6~ 180 2835 2n(2n)! :
. _ 22 ozt x8 Bn(22)2n
(b) logsinhz = log = + 5 = 755+ 5g35 =+ Zuiamyr
6. From the identit; 1 _ 2 __ derive th ions:
+ From the identity ——— — <= = ——— derive the expansions:
1 _1 2 _ 1L 4 @ _ 2n gl
(a) Fri_ 2 By(22 - 1) a1 By2* - 1) ] By,(22 — 1) @l
e 1 T . 28 on z2n—1
(b) — 132 + B2 = g+ Ba@ = ) 5+ B2 1) @t

6. Show that the values of A;, ¢ = 0, 1, 2,-- -, n, can be found from
t &, .
— > At

1 ==0)

(34')
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5. BErNoULLI PoLYNOMIALS OF THE SECOND KIND

We have found that the Bernoulli functions P, (z) are completely de-
fined by the formulas
n—1
(a) AP,(z) = ——— and (b) DP,(x) = P,_1(x)
(n — 1)!

To distinguish these functions, P,(z), and B,(x) which were immedi-
ately derived from them, from new functions we are about to discuss we
call the above functions, polynomials, and numbers the Bernoulli func-
tions, polynomials, and numbers of the first kind.

Let p,(z) denote a polynomial of degree n which has the property

2D z
Dpu(x) = (n — 1)! - (n - 1) 37)

=1

By integration

which shows that p,(z) is not completely defined by (37).
Let p,(z) be written in the factorial form

x(n) x("_l)
Pa(@) =bp—— + b ———— 4+ b1z + ba (38)
n! (n — 1!
From (37) we have
x(n—2)
D n— = AD n = —
Pn—1(2) () —
Hence
ADpn(x) = Dpn—l(x) (39)

Integrating (39) we have
Apa(2) = pa1(2) + C
Let z = 0. Then from (38)
Apa(0) = Pn—_1(0) = bu_y
and hence C = 0. We then have
Apy(x) = pn_1(2) (40)

Thus, equations (37) and (40) completely determine p, (z) which is called,
a Bernoulli polynomial of the second kind.
From (37), Dp;(z) = 1 and hence p;(z) = « + k. Therefore by
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Again from (37)
22 z?®
p2(2) 5 + 5 + 5 +
and from (38)
e))
p2(x) = b0‘2— + b1z + b2

hence b; = 3.

By this same procedure we can find by = —lz, bs = 3'g, and so on. A
better procedure is to find a recurrence relation among the b’s. From (37)
Dp,(0) = 0if n > 1, and from (38)

bo b,
Dpn(@))e—o = — Dz™ |  +———Dz™ V| 4+ bp1D1laco
n! =0 (n— 1! z=0
(41)
But
Dz™],_o =8 and 8" = —(n — DS"! = (=) (n — IS’
Hence, recalling that S;' = 1, we have
—1\n—1
_1. Dx(")] = g_l_).__
n! =0 n
Therefore, substituting in (41) we have
1 b1 bs

" n_2"‘"'+(—1)"_lbn—1=0 (42)
Giving n the values 2, 3, 4, - - - successively we obtain
1, =0 by = 1
l"12'*'1)2=0 by = — 1%
3 2
b e
and so on.
Other values of b; are
275
by = — oy b = 22163
bs = 1bo by = — 33,953
3,628,800

863

6 = M Ao

" 60,480
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Hence we have
@ =z+ %
x(2) 1 1
) = — 4 -1 — —
p2(x) 2 + 2 5
z® 1z® 1 1
A TR I T PR
z@® 1z® 1 2® 1 19
TR TRR TR +‘2‘4”“?2“o
@ z® 4 1z@W 1 2® 1 2@ 19 .t 3
I i e i 2
bs 51 240 123 2421 7200 " 160
and so on.
From (38) we note that
Pn(O) = bn
Pn(l) = bn—l + bn
and thus it follows that
.’c(")
[ 5 e = pasa) = 5as©) = bu o+ bugs = b = by (43)
0 .
Since
™ 1 ' n2 12
Dppia(r) = — = —[Si"x + Sp"e® + -+ -+ 8,"2"] = — Z
n! n! n!;21
1 n xi—H
nt1(T) = — 28" +k
Pr41(T) n!g, 1
But
Pn41(0) = bpyy
Hence k& = b, and
i+1
Pr41(z) = — Z + bnt1 (44)
z—l ) + 1

which expresses the Bernoulli polynomial of the second kind as a power

series.
In (44) let x = 1. We obtain
1

nt1(l) = by +bagpr = — 2 8" ——+b,
Pn41(1) + bnt1 n§ +1+ +1



58 BERNOULLI AND EULER POLYNOMIALS

and
12 1
by =— 28"
* nv‘:‘: i1
Consequently, with the aid of the Stirling Numbers of the First Kind
we can obtain the coefficients b;. Tor example,

) —1[54 LU SR S 1]
RETE ke S R St L

(45)

s T3 T1tsl T

1 [ 6 11 6 l] 19
4! 720

We have observed that the values of A; diminish rapidly in absolute
value with increasing ¢, although we have no technique for finding the
limiting value of A; as ¢ becomes infinite. However, we can establish that

b, approaches zero in absolute value as n becomes infinite.
To establish this we return to (43)

1 x(n)
b, = dx
0 n!

and write

in which the absolute value of each factor is less than 1 for 0 < z < 1.

Hence,
z™

1
<~, and lim|b,| =0
n

n—w

n!

6. EuLER PoLYyNOMIALS

The Euler polynomial of degree n in z, E,(z), is defined by the equation

n

1
—[En(x + 1) + Ep(2)] = — (46)
2 n!
where
xn xn—l
By@) =g~ +ea——+teairte (47)
n! (n — 1!
We have
xn—l xn—2
E._1(z) = e n = 1)!+ e (n = 2)!+'°'+ €n—1
hence

DEn(x) = En—l(x) (48)
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The equations (46) and (48) completely define E,(x).
If in (46) we assign n the value 0 we have

3[Eo(xz + 1) + Eo(@)] = 1

which is satisfied when Ey(x) = 1 and hence from (47) e = 1. We can
arrive at this conclusion in another manner: In (47) find E,(x + 1) and
add to E,(z), then divide their sum by 2 and equate to 2"/n!in accordance
with (46). Equating coefficients of 2"/n! we find ¢ = 1. Since from (47)
Ey(z) = ey, we have Ey(x) = 1.

Again, following the steps outlined in the preceding paragraph we find

E,(x+1) + E’n(x)] 1 [eo e ]
= - + e
2 z=0 2 (n — 1)'
1 n—1
== Z +e=0 (49)
i—o (n — z)'

This conclusion is enhanced by noting that
Hae+ 1D —2lemo =13, 1>0
It may also be noted from (46) that

3E.(1) + E,(0)] =0 (50)
Returning to (49) we can compute the remaining coefficients e;, 7 =
1,2, 3, ---,n. We have, starting with ¢y = 1,
1 L] + 0 which gi 1
n=1: ——+ e = whic ) = —3
311 1 ich gives e, 5
2 ! [ Ly 1] + e =0 which gi 0
n = 2: =4+ = = whic =
ACTRET €o vhich gives e,
171
n = 3: 3 5—{- -I- + e3 = 0 which gives e = 5l

Continuing this procedure we find
en =0, n>0

1 17 31
er = y €g = —
240 40,320 725,760

and so on.
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The Euler polynomials are then immediate:

z
E =1, E@)=z-13 E =——— = —
o(2) 1(@) == 2 2(x) 2 2 o1
PR 1 PR
Ex(z) = — — —+ — =———4 —
3(z) = + E4(x) 21 13 +
5 1?4 x2 1
Ei(z) =—— —+— — —
0 =T " T8 20
From (47) E,(0) = ¢, and from (46) I, (1) + E,(0) = 0. Hence E,(1)
= —e,. This fact may aid in checking any particular E,(z).
If in (46) we let £ = —1 we obtain
(=n"

n!

[En(()) + E.(-1)] =

which simplified leads to
2
En(_l) = (—l)n_ — Cp
n!

(2) %2_";7(7L — )t
From (48) we have

1 1
[ B de = B + 1]
0 0

= En+l(1) - En+1(0)

= —€p41 — 41 T _2cn+l

Also we note that

The Euler polynomials, E;(z), may also be obtained from the expansion

2¢t* o od )
; = Ey(x) + Ei(2)t + Eo(2)t* —- - = > Ey(x)0*
e +1 i=0
by equating coefficients of like powers of ¢{. In the left-hand member e is

the base of our natural system of logarithms.
Also the coefficients, ¢;, may be obtained from the expansion

00
= Z eiti
1=0

et + 1
by equating like powers of ¢.
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The coefficients e¢; are in themselves not so important in mathematical
analysis but certain numbers with which they are associated are encoun-
tered.

Thus, consider the expansion of tan x:

3 2 .5 7
tan z = z 4+ 32® + %52° + 30’ + gdisa +- o

which we write in the form
3 5 7 9

fanz =242 —+ 16 - — 4 272 - — 4+ 7936 -
a‘nx_x_'_ _3_‘+ .g—!_'_ ._7_!+ .&—’_...

The numbers 1, 2, 16, 272, 7936, etc., which are coefficients of z*/7! are
called tangent numbers. They may be rcpresented by

T, =|2"nl,|
Thus
T =| 2.1 (=Y | =1
T, =|2%-210)| =0
Ty = [ 2°-31) | = 2
Ts = |2°-5/(—3}q) | = 16
17
T; = 27-7!< ) =272
40,320
-31
Ty = |2°-9! = 7936
725,760
and so on.

The coefficients, e;, are also used in what are known as the Euler num-
bers, E,, which are defined by the equation

E, = 2"nlE,(3)

That is, in (47) we substitute z = 3 forn =1, 2, 3, - - -, etc., and thus
determine E,(3). The product of these values by 2"-n! gives us E,. The
following table gives in detail the steps in computing the Euler numbers.
It can be shown that E,(3) = 0 when n is odd.
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TaBLE 9. EuLER NUMBERS

n E.3) 27! E, =2"nE,(})
1 0 2 Ei=0
2 -1 8 B = —1
3 0 48 ;=0
4 55z 384 Ei=5
5 0 32(120) Eg=0
—61
6 16,080 64(720) Es = —61

The absolute values of E,, | E, |, are the coefficients of z"/n! in the ex-
pansion of sec x. The expansion is thus
2 4 6 22

14+ 45 61 - = = S (—1)%E
wox =14 G H S GOl Gd = B

The numbers E, also appear as the coefficients of 2”/n! in the expan-
sion of sech z. Thus

2 x4 1_6 © 22

he=1-- D>
sec x—l——+5 Z—G G—'+ (-=1'E (2)'

The Euler polynomials can be expressed in terms of the Bernoulli poly-
nomials and vice versa, but to consider this aspect is beyond the scope of
this Introduction. The student who wishes to pursue this topic more com-
pletely should consult the works by Jordan and Nérlund.



Chapter 1V

INTERPOLATION. APPROXIMATE INTEGRATION

1. INTRODUCTION

Interpolation has been described by the Danish mathematician, T. N.
Thicle, as “the art of reading between the lines of a table.” In elementary
mathematics interpolation denotes the process of computing intermediate
values of a function from a set of given values of the function. When we
atlempt to obtain values outside the given abscissal range, the process is
called extrapolation. If the mathematical law of the function is known,
then, in order to interpolate missing terms we merely substitute in the
mathematical formula. Thus, consider the following series of correspond-
ing values of x and y:

x|0123456

y| 1 4 9 16 25 36 49

It is obvious here that these values obey the law y = (z + 1)2 and any
desired value of y can be found from the formula. Thub, ifz=23y=2
If the mathematical law were not evident we would call upon Newton s

formula for aid
e ™

U;=U0+IAU0+—2—'A2U0+...+ ' AU,
. n:

Differencing the given values of y we find y, and its leading differences
to be: yo = 1, Ayo = 3, A%yo = 2, the higher differences being zero.
(NG -1

1
1+5(3)+—-—2!—(2)

Uy

= 3 _1_9
=l+3—-72=73

Of course, when series of corresponding values of x and y are known,
several methods are available for finding the approximate values of inter-
63



64 INTERPOLATION. APPROXIMATE INTEGRATION

mediate terms. We can plot the points on coordinate paper and draw a
smooth curve through or very near the plotted points, and measure the
ordinate of the curve for any abscissa. Further, we might be able to find
an empirical formula connecting our variables, and then use this formula
to compute intermediate values of the function for values of x that are
within our given abscissal range.

Deriving the empirical formula and making use of it is a respectable
analytical procedure, but, in general, to find such a formula is a laborious
process. Of course, the graphical method is satisfactory if results can be
read from the graph with the accuracy that is demanded.

Let y. be a function that is defined by the given values yo, ¥1, ¥2, -,

Y which it takes for z;,7 = 0,1, ---, n. Let U, denote an arbitrary func-
. o< é!‘r .
tion that has the same values as ¥, for the values xo, 21, 2, -+ -, p. The

function U, is called an interpolaﬁor(:function.
While U, can take a variety of forms, it is usually a polynomial, since
polynomials are our simplest functions. Thus, we assume

U, = ap + a1z + ap2® +- - -+ anz”
is the polynomial that passes through the points (zo, o), (1, Y1), <,
(Tn, Yyn). Since U, = y, for the given values x we have, (U,, = U,t=
1: 2) 3; ) n);
Uy = ao + arzo + aoxo® +- - -+ a2
Uy = ap + a171 + aoz:® +- -+ an2y”
Up =ap+ a1z, = a’2xn2 + o anT,”

a system of (n + 1) equations which determine ao, a1, az, - -+, @n.

2. NEwWTON’s INTERPOLATION FORMULAS

To avoid solving the above equations we employ other but equivalent
modes of procedure. In fact, we write the polynomial in the factorial form

Uy = Ao + A1z + Aoz® +- -+ A2®

and determine the coefficients as we did in Chapter I, and arrive at New-
ton’s formula
@ e
U, = Uo+xAUo+—2rA2Uo+"‘+

AUy (1)

n!
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If some order of differences, say the kth order, is constant and higher
orders vanish, then y, is a polynomial of the kth degree and Newton’s
formula will give exact values of y. But generally the differences do not
vanish, and then Newton’s formula will give approximate values of y. In
this formula y9 = Uy may be selected at any one of the tabulated values.

Example 1. Given the values of sin @ for § = 45°, 50°, 55° 60°, find
sin 52°.

Solution: We avoid decimals in the table by letting U, = 10* sin (45 +
5z). Using the transformation 8 = 5x 4 45°, when 6 = 52°, x = 1.4.

0 x U. AU, AU, AU,
45° 0 7071 589 —57 -7
50° 1 7660 532 —64
55° 2 8192 4068
6C° 3 8660

Assume A3U, constant. This means that our interpolation function is
a polynomial of degree three. Then

1414 —1)
Urs = 7071+ 1.4(589) + ————— (—57)

(1414 - 114 -2)
+ (=7
3!
= 7071 + 824.6 — 15.96 + 0.392
= 7880.032

Therefore, sin 52 = 0.7880 to four places. The correct seven-place value
is 0.7880108.

Example 2. The values of
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are given at intervals of ¢ = 0.5 from ¢ = 0 to ¢ = 3 in Table 10. Find
the value of U; when t = 1.22.

TasLE 10

t z U. AU, AU, AU, AU, ASU,
0.00 | —2 [0.00000[0.19146|--0.04158/—0.01645| 0.02669 —0.01666
0.50 | —1 [0.19146(0.14988|—0.05803; 0.01024| 0.01003 —0.01446
1.00 0 (0.34134(0.09185{—0.04779| 0.02027|—0.00443 _—
1.50 1 10.43319/0.04406|—0.02752| 0.01584 —0.03112 + 2
2.00 2 10.47725/0.01654|—0.01168 = —0.01556
2.50 3 10.49379|0.00486
3.00 4 10.49865

In this problem the interpolated value sought is at ¢ = 1.22 which is
near the center of the table. In order that the values of U, above and
below this value may exert a larger influence, we choose x = 0 at ¢ = 1.
Further, in order to have equidistant ordinates at unit intervals we let
z =2 —2. Whent =122 x = 0.44. Recalling that U, and its leading
differences are found in a horizontal difference table in a horizontal line
leading from z = 0, we have upon substitution in Newton’s formula

(0.44)®
Up.44 = 0.34134 + 0.44(0.09185) + o1 (—0.04779)

(0.44)® 0.44)®

+ T (0.02027) + —4'—— (—0.00443)
(0.44)®
+ ~——5'—“‘ (—0.00156)

= 0.34134 + 0.04041 + 0.00589 + 0.00130
4+ 0.00018 — 0.00045
= 0.38867

The true value is 0.38877, hence the error is 0.0001.

In our application of Newton’s formula (1), hereinafter called Newton’s
Forward Interpolation Formula, our value of z was chosen near the begin-
ning of the tabulated values, or in such a way that the values of U involved
were the given values Uy, Uy, Uz, -+, Un. This is clearly seen by refer-
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ring to Table 4 of Chapter I, where we note that
AUy = Uy — U, A2U0 = U; — 2U; + U,,
A3U0 = U3 - 3U2 + 3U1 - Uo, ete.

Thus, the values of U that are used in (1) are U, and other values of U
forward. Hence, the name Forward Interpolation Formula. We selected
our Up in such a way that our given values of U would be involved in
determining the coefficients of the interpolating polynomial function U,.
In using formula (1), as has been stated previously, the starting point Ug
may be any tabulated value, but then the formula will contain only those
values of U which come after the value sclected as a starting point.

If the value of z for which we wish to determine U, is near the end of
the table we may not have all the required differences. (See Table 2, Chap-
ter I.) To solve the problem proposed here we derive what is known as
Newton’s Backward Interpolation Formula.

.1 1)@ 2)(3)

U, = Uy+ zAU_; + (i_;_')__ AQU_z + g—-%—'—)——A3U_3 4.
r+n—1M

L@k —n®

A"U_, (2)
n!

In this case we select U, at or near the end of the table.

TasLe 11
z U, AU, AU, AU, AU, AU, AU,
—6 U_s
AU_g
-5 U_s AU _g
AU _; AU _¢
—4 U_, AU 5 AU _g
AU _4 AU g AU _¢
-3 U_3 AU _, AU AU _g
AU_3 AU _y ASU
-2 U_, AU _3 AU _y
AU _, AU _3
-1 U_, AU
AU,
0 Uo
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To derive formula (2) we let
Us=Ado+ A1z + A:@ + DP + A3+ 2P +-- -+ Aoz +n — 1™
@)

Differencing U, n times successively, we have
AU, = A1 + 245 + 1) + 343z + 20@ +-- -+ nd,(z + n — 1)V

AU, = 124, + 2343+ 2) 4+ 4+ (n = Dnd, e +n — N2

AU, = Au(n!)

Now in U, let x = 0;in AU, let x = —1; in A%2U, let x = —2; and so
on. We find

AU _, AU _,

AO = UO) AI = Al]—ly A2 = 2' y sy A" =

Substituting these values in (3) we have (2).

A glance at Table 11 reveals that by taking U, at or near the end of
the table, the required differences are those which occur on the line of the
lower side of the triangle or on a line parallel to it.

Example 3. Given the values of sin § for § = 45°, 50°, 55°, 60°, find sin 58°.

Solution: To avoid decimals let U = 10*sin (60 + 5x). Using 6 = 5z
+ 60, when 6 = 58°, x = —0.4. When 8 = 60°, x = 0 so we take U, =
10* sin 60 = 8660. See Iixample 1, Section 1, of this chapter. AU_; =
468, A’U_y = —64, A3U_3 = —7. Hence

(0.6)@ (o1 4 (1.6)®

U_o.4 = 8660 — 0.4(468) + P 30

(=7

= 8660 — 187.2 + 7.68 + 0.448
= 8480.928

Therefore sin 58° = 0.8481 to four places.

3. ForMuLASs OF GAUSsS, STIRLING, AND BESSEL

With the aid of a difference table we can derive other useful interpola-
tion formulas.
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TaBLE 12
z U, AU, AU, AU, AU, ASU, AU,
-3 U_s
AU _3
-2 U_s AU ;3
AU_, AU ;3
-1 U_, AU _, AU 3
AU _, AU ASU _3
0 Uo AU, AU AU _3
AU, ’ AU _; AU _,
1 U, AUy AU,
AU, A3U,
2 U, AU,
AU,
3 U;

From the diagonal difference table, Table 12, we have the following
equalities:

AU, = A’U_; + A3U_,
AU = A3U_; + A*U_y = A3U_; + A*U_p + AU,

and so on.
Substituting these values in Newton’s formula (1) we have
e 4+ 1D® 4+ 1)@
U, = Uy+ zAUy + — AU_y + (————)—— AU_; + E—-———LA"U_g
2! 3! 4!
4+ 2)® x4+ 2)®
+ (_?)__ ASU_o + (__%_'_2__ AU_3 4+ (4)

This formula (4) is due to Gauss. It employs the odd differences just
below the central line from U, and the even differences on the central line.

Another formula due to Gauss may be derived in a similar manner. We
have

AUy = AU_; + AU,

A3U_; = A3U_, + AU _,
ASU_o = ASU_g + AU _3

and so on.
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Substituting in (4) we have

Uy = Up+ zAU_1 + 2

z+2)® ,
e

@+ D@
1

(z+ D@
!

AU_; + AU _o

ASU_g+--- (5)

(x+2)®
U_z + Y

This formula employs the odd differences just above the central line
through U, and the even differences on the central line.
The mean of (4) and (5) gives Stirling’s well-known central difference

formula:

2
U, = Uy + 2aU + %AzU_l +

@+ D®

4 3!
where
AU =
AU =
AU =
and so on.

@+ D? 4

U
3!
2 (5)
U_s + (_x__—_l____)__ AU
5!
z (z + 2)®
e AUt ©)

AU _; + AUy
AU _, + A*U ]
AU _3 + AU ]

Stirling’s central-difference formula employs the mean of the odd differ-
ences above and below the central line and the even differences on the

central line.

Bessel’s interpolation formula may be derived as follows. We have from

the table
AU _,

ASU _,
AU _;

AUy — AU,
A4U__1 - A4U_2
AU _, — AU _5

and so on. Substituting these values in Gauss’ formula (4) we have Bessel’s

formula:
(2)

U, = Uo+xAUo+%'—A2U+

W
+(_x.j—_)__A4U+

4!

12®

3 2!
1@+ DH®
5 4l

1
(x——>A3U_1
2
( 1>A5U +
x—— _ ..o
2 2

(7)
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where

A2U = 3[A?U_; + A2U)
1
2

AU = 1[A'U_, 4+ AU
and so on.

Example 1. Apply Stirling’s central-difference formula to find the value
of U, required in Example 2, Section 1, of this chapter.

AU = 3[AU_; + AU = [0.09185 + 0.14988] = 0.120865

AU = 3[A%U_; + 23U _5] = 3[0.01024 — 0.01645] = —0.003105

(0.44)*
2

Up.44 = 0.34134 4 0.44(0.120865) + (—0.05803)

1.44(0.44)(0.44 — 1)
6

N 0.44(1.44)(0.44)(0.44 — 1)
24

= 0.34134 + 0.05318 — 0.00562 + 0.00018 — 0.00017 = 0.38891

(—0.003105)

(0.02669)

Example 2. Find the value of U, in Example 2, Section 1, of this chapter
when Bessel’s formula is applied.

AU = 3[A%U_; + AUy = 3[—0.05803 — 0.04779] = —0.05291
AU = AU _, + A*U_4] = [0.02669 + 0.01003] = 0.01836

0.44(0.44 — 1)
Uo.ss = 034134 + 0.44(0.09185) + ————— (—0.05291)

0.44(0.44 — 1)
—————— (0.44 — 0.5)(0.01024)

6
N (1.44)(0.44)(0.44 — 1)(0.44 — 2) (0.01836)
24
4 (1.44) (0.44)(0.41420— 1)(0.44 — 2) (0.44 — 0.5)(—0.01666)

= 0.34134 + 0.04041 + 0.00652 4 0.00003 + 0.00042 + 0.000005

= 0.38873
which gives an error of 0.00004.
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Exercises
1. Given
log 3.14 = 0.496929
log 3.15 = 0.498310
log 3.16 = 0.499687
log 3.17 = 0.501059

find log 7 if # = 3.1416.

2. The values of e~* for certain equidistant values of ¢ are given in the following
table. Find the value of e~* when ¢ = 1.7489.

¢ et
1.72 0.179 066 16
1.73 0.177 284 41
1.74 0.175 520 40
1.75 0.173 773 94
1.76 0.172 044 86
1.77 0.170 332 99
1.78 0.168 638 15

8. The amount of 1 in 50 years at compound interest

at 2% per cent = 3.437 1087
at 3 per cent = 4.383 9060
at 3% per cent = 5.584 9269
at 4 per cent = 7.106 6833

Find the amount at 33 per cent.

4. EqQuipisTaNT TERMS wIiTH TERMS MISSING

By the method of operators or the method of induction we can establish

that

n® 3)

n
AU, = UJ:+n - nUz+n—l + ? U:+n—2 -

"3_' z+4+n—3

If we have given several corresponding values of z and U, we can find
the missing terms by using formula (8).

Example 1. Given U, = 148, U, = 192, U, = 241, Uy = 374, to find Us.

Solution: Our four sets of values would determine a polynomial of de-
gree 3. Hence A%U, is assumed to be constant and A*U, = 0. In for-
mula (8) let z = 0, and n = 4. Then

A4Uo= U4—4U3+6U2—'4U1+U0=0
U4+ 6U2 - 4U1 + UO

U
8 4
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_ 374+ 6(241) — 4(192) + 148
4

= 300
Example 2. Given U; = 386, Uz = 530, Us = 810, find U, and Us,.

Solution: The three sets of values determine a quadratic polynomial.
Hence A3U, = 0.
Let

z=1landn = 3: A3U1=U4—3U3+3U2—Lr1=

z=2andn = 3: A3U2 U5—3U4+3U3~LT2=0

]

We thus have two equations in two unknowns, U, and Uy. Substituting
the given values and solving we obtain

Uy = 441, U, = 533

5. LAGRANGE’s INTERPOLATION FORMULA

The interpolation formulas derived and applied in the preceding sections
are based upon the assumption that the values of the independent vari-
able are given at equidistant intervals. We now derive a formula, due to
Lagrange, which may be used when the increments of the independent
variable are equal or unequal.

Assume the following table of values of x and y, where y = U, for the
given (n + 1) values of z and where U,, = U;. As usual U, is the inter-
polating function for y = f(x).

x | xo I X2 X3« Tpi Tn

y=U,| Uy Uy Uy Us---Upny U,
Let
Uz = Aoz — 1)@ — z2) (& —23) -+ (x — 70)
+ Ai(@ — 20)(x — x0)(x —23) - (T — T)

+ Ay — x0)(x —x1)(@ — 23) -+ (T — xp)

.....................

+ Az — 20)(@ — 1) (T —13) -+ (T — Tny) 9)

Clearly each term of (9) is of degree n and hence (9) is a polynomial of
degree n. We determine the (n 4 1) constants Ay, 4, A, -+, A, by
requiring the (n + 1) given sets of values to satisfy (9). Letting (2o, Up)
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satisfy (9) we have
Uo = Ao(xo — 1) (20 — 72) -+ (To — Z4)
Uo

(o — 1) (0 — T2) -+ - (T0 — Tn)

and

A0=

Similarly, by letting (x;, U;), (x2, Us), - - -, (x4, Uy) each satisfy (9) we
obtain

Ux
Al =
("TI - ZO)('TI - Iz)" '(.’1'1 - In)
U
A2 = 2
(x2 — 20)(v2 — 1) (r2 — 73) - - (T2 — Tn)
U,
A, =

(xn — 20)(®n — x1) -+ - (T — Tn_1)

Substituting these values in (9) we obtain Lagrange’s interpolation for-
mula:
U. = (x — 1)(x — x)(x — 73) - - (T — @)

= Uy
(w9 — x1)(r0 — T2) (19 — X3) - (70 — Ty)

(x — 20)(x — x2)(x — a3) -+ - (x — 1)

(r1 — xo)(wy — x9) (11 — a3) -+ (11 — T0)

+ (x — ) (& — a)(x — x9) - (& — Tuy) U, (10)

(xn — 20)(1p — x1)(Xn — T2) - - (Tn — Tn_1)

Example: Given
log 654 = 2.8156 log 659 = 2.8189

log 658 = 2.8182 log 661 = 2.8202

find log 656.
Solution: To save labor let {; = x; — 654.
We then have

xo = 654 o = Uy = 2.8156
z; = 6568 t =4 U, = 2.8182
zy = 659 to =15 U, = 2.8189
x3 = 661 tz = U; = 2.8202

z = 656 t = Us=( )
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In formula (10) replace z by ¢, z; by ¢;, and

_e-ve-5e-7 2-02-52-7
2= 0= p0-n0-n T Toa-na-n *H®
@=0@= D@7 g 59
G-0GBG-49H056-17
@=0C = HC = ;5 gm)

T=07 =497 -5
= 3:(2.8156) + $(2.8182) — 2(2.8189) + Z(2.8202)
= [4(8.4468 + 98.6370 — 78.9292 + 11.2808)
= 4(39.4354) = 2.8168

The true value of log 656 is 2.8169 to four places.
Lagrange’s formula is tedious 1o use and for accurate results the values
of the independent variable should be taken close together.

6. CONCLUDING REMARKS ON INTERPOLATION

The interpolation functions that we have used are polynomials that co-
incide with the given function at the (n + 1) points (o, %0), (x1, ¥1), = -,
(zn, Yn). These (n + 1) points determine a polynomial of degree n. Since
these interpolating functions are polynomials, they may be differentiated
and thus the values of derivatives of the unknown functions may be ap-
proximated for values of z in the given abscissal range.

The investigation of the relative accuracy of interpolation formulas
would require a background that is not assumed in this book. The inter-
ested reader can find considerable help from Professor J. B. Scarborough’s
Numerical Mathematical Analysis, Chapter V. Also the books by Fort,
Milne-Thomson, and Steffensen deal with this problem rather thoroughly.

Exercises
1. Prove by induction:

(2)
A"Uz = Uz+n - nUz+n_] + %'— Uz+n_2 +. . .+ (_1)"Uz

2. Given
log 100 = 2.000 000 00
log 101 = 2.004 321 37
log 103 = 2.012 837 22
log 104 = 2.017 033 34

find log 102.
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3. The values of tan@ for certain values of 6 are given. Find the approximate
values of tan 79° and tan 81°.

0 | 77° 78° 80° 82°

tan0| 43315 4.7046 5.6713 7.1154

Hint: Assume AUy = 0 and A‘U; = 0.

4. If all the terms, except Us, of the sequence Uy, U,, Us, -- -, Uy be given, show
that the value of Uy is

56(Us + Us) — 28(Us + Uy) + 8(Us + Us) — (Ur + Uy)
70

6. Given Uz = 40, Uy = 170, U; = 336, and U, = 200, compute ¢ correct to one
decimal place.

6. Given log 350 = 2.54407, log 351 = 2.54531, log 352 = 2.54654, log 354 =
2.54900, find log 353 by two methods.

7. APPROXIMATE INTEGRATION

The problem of approximate integration is that of finding the approxi-
mate area under a curve. If the curve has an analytic representation
y = f(z), the area bounded by the curve, the z-axis, and ordinates at
z =a and z = b is given by

A =£bf(ar) dx

assuming f(x) is single valued and continuous over the interval. If the
integration cannot be effected an approximate method is indicated.

If we merely know a set of values of f(x) for given values of z, the
problem is solved by representing the integrand by an interpolation for-
mula and then integrating the formula between the desired limits. In this
way we derive what is known as a quadrature formula.

Since we may choose the origin to suit our pleasure, the problem is re-
duced to one of finding the area under the interpolating curve between
(0, Up) and (n, U,). If the increment of the independent variable ¢ is
unity and the abscissas of the (n 4+ 1) points are t =0, 1, 2, 3, ---, n,

then
@ tm

U, = Uo+tAUo+;-A2Uo +"‘+—‘-A"Uo (11)
. n.:

and the area bounded by the curve, the {-axis, and the extreme ordinates

is given by .
A = f U t dt
0
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In general, however, the increment of the independent variable is not
unity. In this case we divide the given interval into n equal parts and
erect the (n + 1) ordinates Uy, U,, Uy, -+, U,. These (n + 1) points
determine a polynomial of degree n which is our interpolating function.

If the given (n + 1) points are (z, Uy), (x¢ + h, Uy), (xo + 2h, Uy),
-+, (xzg + nh, U,), as shown by the following table, we let t = (x — 20)/h
or it = x — x.

B 0 To+h To+2h x9g+3h--- 29+ nh
_ Tr — Xy

t= W 0 1 2 3 n

Uz = Ut Uo Ul U2 Us Un

The area in the (x, U,) coordinates

zo+nh
f U, dzx
o

becomes, since h dt = dz, the area in (¢, U,) coordinates

hf U, dt
0

That is, the area bounded by the curve, the z-axis, and the extreme ordi-

nates is
2o+nh n
A=f Uzdx=hf U.dt
x9 0
n 12
0 .

n? n®  n?\ AU,
=h[nU0+EAU0+ —'———)

3 2/ 2
4 AU,
+(n2‘"3+"2> 3v0+'“] (12)

From this general formula (12) we can obtain several well-known special
formulas.
- (a) The Trapezoidal Rule. In (12) let n = 1. Then we reject all terms
after that containing AU,. That is, we assume the curve between two
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points is a straight line. The area of the first trapezoid is by (12)

2

n h
Ay =h[nU0+—AU0] =—(Up+ Uy)
2 n=1 2
Similarly, the area of the second trapezoid is

n? h
A2=h|:nU1+-2—AU1] =—2-(U1+U2)

=1

and so on. For the nth trapezoid,
n? h
A, =h|nU,_1 +—4aU,_, == (Up—1 + Uy)
2 n=1 2

The approximate area under the curve is given by the sum of the areas
of the n trapezoids

=2 A;= Uo +20; + 2Us +-- -+ U,) (13)

=1

This formula is known as the Trapezoidal Rule. If the interval A is small
and the curve reasonably flat it gives fairly accurate results. Geometri-
cally speaking, in using the rule we replace the graph of the given function
by n segments of straight lines and replace the area under the graph by
that of a polygon.

If the equation of the curve is known, the ordinates Uy, Uy, Uy, - -+, U,
are found by computation; otherwise they must be measured.

Ux
/—
N //
\
UO v \\_// Un
1 U2
0 1 2 3 4 n=1 n x

Example 1. Use the Trapezoidal Rule to find the approximate area under
the curve U, = 22, using unit intervals, between ordinates at z = 0 and
z = 10.
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Solution: Here h = 1. We compute the ordinates as given in the table:

x|012345678910

U] 01 4 9 16 25 36 49 64 81 100

A=23042(1+4+9+ 16+ 25+ 36 + 49 + 64 + 81) + 100]
= 1(670) = 335

10
The true value is f 2? dxr = 3333%.
0

Example 2. A curve is determined by the points

x l 0 05 10 15 20 25 30 35 4

23 19 14 11 125 16 19 20 20

of the table. Calculate the area bounded by the curve, the z-axis, and the
extreme ordinates by the Trapezoidal Rule.

Here we have nine points given which will determine eight trapezoids,
each with an altitude h = 0.5. Hence using (13)

05
A= (2342009 + 14+ 11+ 125+ 16 + 19 + 20) + 20]

= 1(43 4+ 223) = 66.5

(b) Stmpson’s One-Third Rule. This rule is established by assuming that
the interpolating function is of degree 2. That is, through three consecu-
tive points we pass a quadratic parabola U, = ax® + bz + ¢, and thus
neglect all differences beyond the second. In this case the number of strips
must be even since a parabolic strip is substituted for ecach consecutive pair
of trapezoidal strips.

In formula (12) replace n by 2 and the formula for the area bounded by
a parabola through (zo, Uy), (x¢ + h, Uy), (xo + 2h, Us), the x-axis and
the ordinates Uy and Uy is given by

zo-+2k 8 AU,

Recalling that AUO = U] - U(), AzUo = U2 - 2U1 + U(), we find the
area to be

h
4, =§(U0+4U1+ U,)
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If we apply the same formula for the next portion of the curve, that is
for the ordinates Uy, Us, Uy, we find

4z = g (Uz + 4Us + Uy)
Similarly, for the ordinates Uy, Us, Ugs we get
Az = g (Usg 4+ 4Ug + Up)
and so on. Adding all such expressions we obtain where n is cven

A= g[Uo + 44U+ Us+-- -+ Un1)
+2(Us+ Us+--+ Uno) + Ul (14)
This important formula is known as Simpson’s One-Third Rule.
Example 3. Solve Example 2 using the Simpson One-Third Rule.

Solution:

0.5
A= ?[23 + 4(19 + 11 4+ 16 + 20) 4+ 2(14 4 12.5 + 19) + 20]

0.5
= Y [43 4+ 4(66) X 2(45.5)] = 66.3

It may be noted that the Simpson One-Third Rule does not assume that
a smooth curve has been drawn through all the points. The method of
obtaining the formula has been to draw a number of disjointed parabolas.
The curve through the first threc points will not generally pass through any
of the remaining points.

(¢) Simpson’s Three-Eighths Rule. This rule is established by dividing
the given area up into 3, 6, 9, 12, etc., strips and passing polynomials of
the third degree through groups of four consecutive points. The first poly-
nomial will be determined by (xo, Uy), (xo + h, U1), (xo + 2k, Us),
(xo + 3h, Us). In this case we neglect all differences beyond the third.
Recalling that A(]() = Ul - l](), A2(]() = [72 - 2U1 -+ U(), Asljo = U3
— 33U, + 3U; — Uy, the area under the cubic through the first four
points is obtained by setting n = 3 in formula (12):

3h
A = E[UO + 3U; + 3U; + U3l

For the next set of intervals (x¢o + 3h, Us), - -+, (xo + 6k, Us) we obtain
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3h
Ay = ry (Us 4+ 3Us 4 3Us + Usl
Adding all such expressions we obtain

3h
A=Z4;= —8—[Uo +3Uy+ U4+ Us+ Us -4 Un_y)
+ 20Uz + Ug+---+ Uy_3) + Uyl (15)

which is known as Simpson’s Three-Eighths Rule.

(d) Weddle's Rule. 'This rule is established upon the assumption that a
polynomial of degree six is passed through seven points (x5, Uo), (xo + b,
Uy), -+, (xo + 6h, Ug). That is, the area is assumed subdivided into 6
12, 18, etc., divisions. We find the area under the curve for each set, add
the results and thus obtain Weddle’s Rule.

In formula (12) replacing n by 6 and omitting all differences beyond the
sixth we obtain for the first set of six divisions

A, = h[6Uy + 18AU, + 274%U, + 24A°U,
+ 423A%U, + $34%U + T454°%Uo)

Here the coefficient of A®U, differs from % by 11y. If we replace %'y
by 425 we commit an error of T4gA%Uo. If, as is usually the case, A%,
is small, the error committed is small. We therefore change the last term
of Ay to +5A%Uo, and replace all differences by their values in terms of
the U’s. We then obtain A; in the form

A, =%[U0+5U1+ Us + 6Uz + Uy + 5Us + Ul
For the next set of 6 strips we obtain
Ap = %[Ue + 5U7 + Ug + 6Ug + Uso + 5U11 + Usel
Adding all such expressions where n is a multiple of 6 we obtain
A= 2A,~=%[U0+5U1+ Uy + 6Uz + Uy + 5U5 + 2Us

+ 5U; + Usg + 6Ug + Uyo + 85U + 2U2

42U, 6+ 5Un_s5+ Un_s+6Un_3+ Un_s
+ 5Un-—1 + Un (16)
which is known as Weddle’s Rule.
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Remarks. A study of the relative accuracy of the quadrature formulas
would take us too far afield as it would assume upon the reader a back-
ground that this “Introduction” does not presuppose. The interested
reader should consult the following works:

Scarborough: Numerical M athematical Analysis, Chapter VIII.

Whittaker and Robinson: The Calculus of Observations, Chapter VII.

It may be stated however that Weddle’s Rule is generally more accurate
than any of the others. Of the two Simpson Rules, the One-Third Rule is
the better.

Exercises

2 dx . , . . 1
1. Evaluate J; g by Simpson’s One-Third Rule using A = 3.
2
2. Evuluutejl A/1 + 2* dr by Simpson’s One-Third Rule using h = 1.

1 d
3. Evaluatef 1—_{—; by Simpson’s One-Third Rule with & = {5 and thus com-
0
pute the approximate value of m.
1
4. Find the approximate value of f e~** dr using Simpson’s One-Third Rule with
0
h =+

() The Euler-Maclaurin Sum Formula. In our discussion of the Ber-
noulli Numbers we have found that they can be generated by the expansion

r -1 & Bt
ez—1=[1+i+'§!+m] -z
Hence, we have
[1+f+352—+3[’—3+--~]—1=Bo+Blac+Bzw2 Bal .
21 3! 4! 2! 4

where Bo =1, By = —3, By = —4, B3 =0, By = —3', Bs = 0, Bg =
zlg, B7 = 0, Igg = —gli;, 139 = 0, Bl() = g%, 1311 = O, B12 = —gq-‘;aglo‘

We employ the above expansion to assist in the development of the
Euler-Maclaurin Sum Formula which may be used either to find the ap-
proximate value of an integral or to approximate a sum of consecutive
values of a function for equidistant values of . These approximate values,
it will be noted, require the values of certain derivatives of U, for z = 0
and x = n.

In our previous work we have found that

n—l1

S U, =Ug+ Ui+ 4 Upy = A7 = Valb = V. — Vo
0
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Since

v, 1U, = (¢° — 1)"'U,

=A—

DZ D3 -1
=[D+§+§I+~--] U,
=D

. D D? -1
|:1+§‘!+§‘!‘+"‘:| U,

2!+3!

. BoD®  BiD?
=D7'|By+ B,D+ ...]U,

B, By
= BOD_]UI + BU, + ETDUI + ZD3Ux R

by replacing in V, the limits £ = 0 and = n and recalling that DU,

sz’ dx, we have

' B
Ve — Vo=V.]o= Bof U, dr + By(U, — Uy) + 5‘3 U, = Uy

0
B4 " (] e 1}6 l] » l »
-I———!(U - U, )_*_'_!(. —Up”) +---

Consequently, replacing the B’s by their numerical values, we have the
Euler-Maclaurin formula

n 1 1
f Usds = Up+ Uy ++++ Una + 5 (Un = Uo) = — (U = UY)
(1]

1
+ o (U = U0") = = (U = Ug?) +-- (I7)

720 30,240

If the values of U; in the above expression are collected, it will be ob-
served that the above formula expresses the value of the integral given by
the trapezoidal formula with certain other terms that may be looked upon
as correction terms.

Example 4. Solve Example 1 by the Euler-Maclaurin formula.

Solution: U, = 22, U, = 2x.

10
f 22dr =0+ 1+4+9+ 16+ 25+ 36 + 49 + 64 + 81)
0
+ 3(100 — 0) — 1%5(20 — 0)
= 285 + 50 — § = 333%
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In formula (17) we have tacitly assumed that the values of # proceed by
1
unit intervals. If the constant increment of z is h, we use gD 1% the

generating function and arrive at the more general formula

zo+nh 1
f U, dr = h[(Uo+ U ook Unoa) 5 (U = Uo)]

0
3 5

h ’ ’ h e’ rr
= 5 (U = U)o (U = U =

U’ — Up?) +---
720 30,240 ( o) +

(18)

Using the relations
D =log(1+4)=4a—3a243A% — 1A +...
D? = A% — A%+ MIAt — SAS 4
D3= A3 — %A4+%A5—"'

It

the Euler-Maclaurin formulas can be expressed in terms of differences in-

stead of derivatives.
104

Example 6. Use the Euler-Maclaurin formula to find >~
100 T
1 1 6 ,
Solution: Uy = — U' = — —» U = — —- Employing (17)
x

z 22

1057, 1041 17171 1 1 1 1
[re S A
wo T 10z 20105 100 12 1052 100

b |

720 105~ 100*
104 1
In1.05 = Z - 4 —[0.009 5238 — 0.01] — 0.000 0008
100 T

104

0.048 7902 = > - — 0.002 389

100
104 1
0.049 0291 = > -
100
Example 6. Use the Euler-Maclaurin formula to find the value of
1 1

1
2o Taoz T 000
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1
Solution: Uz = —» h =2 n =250,z = 201, 2y + nh = 301.
x

Employing (18) we have

famdx_z[ 1 n 1 P ]
201 132 2012 2032 2992

+[1 1] 1[ 2 N 2]+
3012 2012 6 301° 2013

1]301 2[1_|_1+ + 1]
cloor L2012 ' 2032 2092

+[ 1 1 ]+1[ 1 1 ]+
3012 2012 31201 3018

1[1 1]+1[1 1] 1[1 1]
21201 301 212012 3012 612012 3013
1

+ I
2992

2032
0.000 826 433
0.000 006 858

" Z0.000 000 001

X3

[

0.000 833 290
Example 7. Use the Euler-Maclaurin formula to find the value of

17 4+ 27 + 37 +. ..+ (n — 1)® where p is an integer = 1
Solution: Employing (17) with U, = z?
" 1 By
17 4+2°P 4+ 37+ 40P =f x”dz—}-gn”—f—a—pn”_l +..-
0 !

where the right-hand member is discontinued at the last positive value
of n. Transposing n? to the right-hand member we have

" 1 20+1) <P+1> ]
P — | pptl Bin? BonP™ 1 ...
PR p+1[n +< p )PTEL g )

[(n + B)?*! — BP*!] symbolically.

+1
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Exercises

1. Use the Euler-Maclaurin formula to show
n 2
() 3 25 = ’:—2[27;4 + 613 + 5n2 — 1].
1

n 2
b a7 = 31 [3n8 + 1205 + 14n* — T2 + 2].
1

9
2. Show that Z% = 1.196 532.
1

19
3. Show that Zi = 0.718 7714.
10



Chapter V

BETA AND GAMMA FUNCTIONS

1. INTRODUCTION
The integrals

1
1. B(m, n) =f ™ 1(1 — z)" ldz, and
0

2. T'(n) =f 2" le™% dx
0

were first studied by Leonard Euler (1707-1783). In honor of Euler,
Legendre gave these integrals the name Fulerian Integrals of the first and
second kind. We call the functions Beta functions and Gamma functions.
They are convergent when m and n are positive. Since the Beta function
may be expressed in terms of the Gamma function, we shall first give at-
tention to the second integral, the Gamma function.

2. Tue Gamma Funcrion

The Gamma function is defined here by the integral

T'(n) =jo‘wx"_‘e_’ dx (1)

I'(n) is defined above for any real value of n, except zero and negative
integers. For positive integers we shall show:
I'(n) = (n — 1)!

From the definition we have for n = 1,

) =f e—dr = —e—F =0+ 1=1 @
0
87
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In order to investigate the properties of the Gamma function we shall
first integrate by parts.

t t t
fx”"le“”dx =fudv = wly —fvdu
0 0 0

u=z""1 dv = e % dz

du=(n—1az"2dz v= —e %

Here

Therefore
t t
fx"_le_x dr = —t"le7t + (n — l)f " 2% dx
0 0

Using L’Hospital’s Theorem, ("'¢™*) approaches 0 as ¢ becomes infinite.
Therefore, we have, as t becomes infinite,

I'(n) =fmx"‘1e"" dr = (n — l)fwx(”‘”“le_x dzx 3)
0 0
The second integral we recognize as T'(n — 1) so that we have
I'(n) = (n—1r'n —1) 4
and replacing n by (n + 1) we have
I'(n+ 1) = nT(n)

I'(n+ 1)
o

(5)
T'(n) =
By repeated use of (4)
I'h)=m—-—1DI'n—1) =@®m—1)n—-2)T(n —2)
=mn-1n-2)n—-3)---3-2-1-TA) = (n — 1)!

since from (2), I'(1) = 1. Therefore I'(n) = (n — 1)!if » is a positive in-
teger.

Tables ! are available that give values of I'(n) for 1 < n < 2, and by the
use of these and the formulas (4) and (5) we can compute I'(n) for any
positive value of n.

Example 1. Using (4)
r(3.2) = (2.2)T(2.2) = (2.2)(1.2)T(1.2)
= (2.2)(1.2)(0.9182) = 2.424
1See, for example, Rosenbach, Whitman, and Moskovitz, Mathematical Tables.
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Example 2. Using (5)
r(1.6) 0.8935
r0.6) = —— = —— = 1.489
0.6 0.6

Let us now consider the Function T'(n) for n < 0. When n < 0, the
integral (1) diverges (as will be shown later) and so fails to define a func-
tion. We can, however, extend the definition by means of (5). Let n lie
in the interval —1 < n < 0. Then I'(n — 1) may be defined for these
values of n, if we agree to define I'(n) there by means of (5).

Thus, we can find I'(n) for negative values, except for negative integers,
by this method.

Example 3. Using (5)
r'(0.6) T'(1.6)

r(—04) = = = —3.723
—04 (—0.4)(0.6)

From (1)
I'(0.5) =fwz_0'5e" dz
Let z = 22, dz = 2z dz and ’
r0.5) =2 f we‘” dx (6)
Similarly °
r0.5) = 2 f T dy (7)
From (6) and (7) ’

00

[T(0.5)]2 = 4 f " f e~V dz dy
0 0

which is four times the volume in the first octant bounded by the surface

<



90 BETA AND GAMMA FUNCTIONS

z = ¢~ and the zy-plane. Changing to polar coordinates

2 i g —r?
[T(0.5]° = 4 e "rdrdd ==
0o Yo

Therefore

I0.5) = /=

We have previously stated that for n = 0 and n = negative integers,
I'(n) is undefined. We shall now show that this is true.

00 a 0
f " e dx =f e %" ldr +f ez ldr, where 0 < a < o
0 0 a .

The first integral is perfectly regular, since it represents the area under
the curve y = ¢ %"}, bounded by the lines = 0, r = a, and the z-axis.
The second integral is improper since the upper limit is infinite. But by

definition, this means
b

—z,.n—1

lim e "z dx
b— o dJdg
This can be shown to converge; for, if z is sufficiently large, e~%2z" ™1 <

1 .
—» that is €* > zt1. In detail the argument runs as follows: y = ¢
z

decreases more rapidly than the power function 7% (k > 0). Therefore,
there must exist a point a, such that, for all values of z > a, ™" < z 7k,
Remembering that the definite integral represents an arca under the curve
and y = e~*2" ! is always positive for z > 0,

b b
0 <f ez dx <f 2 a7k dx
a a

If k = n + 1, the second integral becomes

* 1]b 11
fx' dr = ——-| =—-—~
a Tle O b

which has the limit of :_z if b —» . Thus

00 b 1
f e ?2"1dz = lim e %" ldr < -
a

b— o dJg a

and therefore converges.
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Now forn = 0

© 1 [
r(0) =f e “r ldx =f ezl dx -|—f e "rldz
0 0 1

Both of these are improper; the first because, when z = 0, the integrand be-
comes infinite, and the second has an infinite upper limit. The second in-
tegral can easily be shown to converge. Thus,

© ,— h ,—z

[}

a— _1 e . e

e *r T dr = ——dzr = lim —dx
1 1 X h— »dJy x

Now
-
— =< e® forl =z
T
Therefore,
h e~ % h 1
f —dz <f eFdr = —e*t = (—e"" + —)
1 2 1 e
Since
) he== 1
lim —dxr < —
h— «dJj xr e

the second integral converges.
The first integral for T'(0) cannot be negative since the integrand is
always positive for the range 0 < x < 1. Moreover,

T 1

e e
—2=— for0<z =1
z x
Consequently
leg—= 1 plde 1
f —dx>—f — =—(log1 — log a)
a X (4 a x (4
and

Le=%dr le== 1
f = lim —dz > lim —(log1 — loga) = «
0 xr a—0dJ, T a—0¢€

and hence I'(0) = .
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It remains to define T'(n) for negative integral values of n.

r 1
(5) gives us I'(n) = _(_n_-{_—_), and since
n
') =
it follows that
r(0)
T(—1) =——=
-1
r(-1)
r(-2) = =
(-2)=—— ==

and so on for I'(n), n a negative integer.

3. Tae Bera FuncrioN

We now turn to the Beta function which is defined by

1
B(m, n) = f (1 — )" da
0

Equation

®

In the Beta function, m and n are positive, and 8(m, n) is always finite and

determinate.

1
Inf " 11 — 2)"dz, let y = 1 — z; then
0

1 1
f xm—l(l - x)n-—l dz =f yn—l(l — y)m—l dy
0 0

and

© B(m,n) = B(n, m)

9

We shall now develop the relation that connects the Beta and the Gamma

functions.

In (1) let z = 22, dx = 2z dz; then T'(n) = 2f 2271~ dz. That is,
0

I'(m) = 2f e~ Tzt gy
0
® 2

I'(n) = 2f e Vyldy
0

0 0
T'(m)T(n) = f f e~ TV gEm—1y2n=1 gy g
o Yo

(10)

(11)
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Considering (11) as a surface integral in the first quadrant, transform-
ing to polar coordinates we obtain

© 03
I'(m)T'(n) = 4 f f ¢~"'r2m =1 (cos §)2m 121 (sin §)2"~r dr df
o Yo

® 3
=2 f e~ TRmIm 1,9 f (cos ) 1(sin §)2* 1 dp (12)
0 0

Referring to (10) the first integral of (12) is T'(m + n). We shall now
show that 8(m, n), as defined by (8), may be transformed into the second
integral of (12). To accomplish this, in (8) let z = cos®’9, (1 —z) =
sin? @, dr = —2 cosfsin 8 df. Then

0
B(m, n) =f (cos® )™ (sin? )"~ (—2 sin 6 cos 0 df)
2

3
= Zf (cos 6)*™(sin 6)>*~1 db
0

Thus, from (12) we have

I'(m)T(n) = T'(m + n)B(m, n)
or
I'(m)T(n)

B(m, n) = m (13)

4. ILLUsTRATIVE ExaMPLES

There are many integrals which are not in the form of our original equa-
tions that define Gamma and Beta functions, but by simple transforma-
tions they become forms of them.

L3

2
Example 1. Consider f sin™ z dx, where n is greater than (—1).
0

Lety =sinz, dy = coszdr

d
dr = o 1 -y Hdy
cos T

fsm rdzr f y*(1 — y?)Hdy
0

then

[SIL]
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dz
Now let z = 92, dz = 2y dy, dy = .
Yy y ay, ay 2_\/;

1n 1

1 l n_1
f Yy (1 — y?) " Hdy = —f 22 (1 —2)"Hde
0 2Jy
1 51 14
=—fz“ (1 —2)%1dz
2Jy
(n -+ 1> <1>
T T{-
2 2

~1B<n+1 1)_
T2 2 2/ 1 1
or ("

r("5+3)

Therefore,

3
=
VRS

S
+
—

\/_

[ ]

f sin® z dx =f1y"(1 — )Ty = . 2
0 0 2 <n + 2)
T
2
E le.2. Consid f‘ 22" dx
xample 2. Consider | ——-
P 0 '\/1 - x2
Let = sin 6 22" = sin?" 6
dz = cos 6 db 2% = sin? 6

V1—-22=V1—sin?6 = cos b

2" d Var
f z f sin®" 9 df = — Pln+ 2) ik

from Example 1.

3
Example 3. Consider f sin” z cos™ z dz.
0

Lety =sinz dy = cosz dx
dz = (1 — yH)Hdy cosz = (1 —y?)*
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3 1 m_1
f sin™ x cos™ x dx =f (1 —y?)? fdy
0 0
dz
Now let z = 42, dz = 2y dy, dy = 5 \/— The above integral becomes
z

1zl m_l 1 /n+1 m+1
—fz2 (1 —2)® Zdz=—ﬁ< ’-—-—>
2Jy 2 2

)
R
L)

2 n—+m )
Therefore,

! n-l 1 (n+1 m+1
sin® x cos™ x dx —fv"l—- 2y 2 qy =~ ( , )
fo OJ( y9) Yy 26 5 5

D)

2 I‘<m—i—n+l>
2

0
Example 4. Consider f e % dx.
0

]

Let y = ax ng
a
du

dy = adr de = —
a
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-1

1 n
Example 5. Show that I'(n) = f <log —) dy.
0 Yy

1
Letz =log— = — logy dy = —ydr
Y
1
dr = — —dy dy = — e *dzx
Yy

1 1 n—1 0 ©
f (log —) dy =f 2" (—eF) dx =f z" e dx = T'(n)
0 Yy © 0

L dx
Example 6. Consider the integral f —_——
p g | =

Lety =2

dy = na"'dr

do = —— = ——

fl dx B lfl ;—1(1 V-1 gy = 13<1 )
0\/l—x"_n Oy y /y_n n 2 I‘(l
o { =

o0

Example 7. Evaluate f e~ dr.
0

Let 2 gy = 2 dr. dz = —
ety = 22, dy = 2z dz, dx = .
y y o,

© 1 o (1 '\/_
f e~ dx = —f y i leVdy = (z) M
0 2Jy 2 2

Exercises
T(n+1) ,
(n+ D7
Hint: In Example 5 let y = z™+1,
2T(n+})

V'

1
- 1. Prove: f 2™(— log 2)" dx = —1<m—-1<n.
0

.9 Prove:1:3:5- -+ -(2n — 1) =

1
« 3. Compute: J; v/ z(— log z) dx.



ILLUSTRATIVE EXAMPLES

97

4.

b.
o

=~ &

0.

n.

12.
13.
14.

16.
16.

17.

2 .
Prove: f sin® 2z dx =
0

. Prove: 2™ =

Sketch the graph of y = I'(z).
P n—1 n+ 17?
2ot [0
T'(n+1)

r r 1
Prove: fzsin":cdx = fzcos" zdr = éB (n +1 1y,
0 0

2 2
Prove: 2-4-6-8- --- -2n = 2"I'(n + 1).
I +1)
T'z—n+1)

T+ 1)

Prove that the binomial coefficient (z) equals

‘ 'od 128
Show that fo =
Show that

z
(a) Blx 4+ 1,9) = mﬁ(v’v, Y).

(b) Be, v + 1) = 75— B@, ).

+yyﬁ(x, y) = =B,y + 1).
n! ]

yly + Dy +2)---(y +n)

=(=D"8@+ 1, m+1).

Show that A.B(x,y) =

z

Show that B(n + 1, y) =

Prove: A™

1
z+1
T'(m)T'(n)

By repeated integration by parts prove 8(m, n) = NCETO)

w

2 .
Show thatf sin® z cos® z dz = 583"
0

Show that j 2sin8 rdx = 556"
0

Tn+ D@ —n+ 1)



Chapter VI

DIFFERENCE EQUATIONS

1. INTRODUCTION

An equation which expresses a relation between an independent vari-
able x and successive differences or successive values of a dependent vari-
able U, is called a difference equation. Thus,

(a) AU, + AU, — AU, — U, =0
(b) 2U, + 3AU, — AU, =z

are illustrations of difference equations.
By means of the relationships

AU:: = Ux+1 - Ux

AzUx = U:c+2 - 2Uz+1 + U

AsUz = Ux+3 - 3U:c+2 + 3Ux+l - U.z
n®

A"Uy = Ugyn — NUzpn_q + o1 Usgng +-- -+ (=1)"U,

we may express the difference equations in forms involving successive values
of U, instead of successive differences of U,. Thus, the above illustrative
difference equations (a) and (b) may be written

Usys — 2Uz42 =0
Uz+1—‘3Ut=2—t, t=x+2

If the equation is expressed in a form involving successive values of U,,

by means of the relationships
98
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Uepr = Uz 4+ AU,
Usto = Us + 24U, + AU,
Usss = Us + 30U, 4 3020, + AU,

........ e e e v & e e e e o e

(2)
Uz+n = U,-I—nAUI+%—A2Uz++ AU,

we may express the equation in a form involving successive differences of
U,. Of the two forms, for purposes of solution, that involving successive
values is usually preferable.

If, besides U,, the equation involves U,in,, but no U with a greater
index than x 4+ m, the equation is said to be of order m. Thus,

Upsyz —2Uz42 =0
by setting U, 42 = Z,, becomes
Z.t—{—l - 2Zz =0
and is, therefore, of the first order.
Similarly, Upir —3U, = 2 + 3

is of the first order, whereas
- 7 . =
is of ‘order two. Uspz + 85Uy + 40 =z

2. SoLuTiON OF A DIFFERENCE EQUATION

A solution of a difference equation is a relation connecting the independ-
ent and the dependent variables which satisfies the equation. Thus,

U, = C2°
is a solution of the equation
Ux+1 = 2Uz

if C, is an arbitrary constant or an arbitrary periodic function of period 1.
For substituting the given value of U, we have, C, assumed periodic,

Cop 25t = 20,27
Copr 2t — 0,201 = 0
22 H(C,yy — C) =0
0=0

or

and the equation is satisfied.
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Similarly U, = 4,3° + B,4*
is a solution of Uppo — TUppy + 12U, = 0

if A, and B, are arbitrary constants or periodic functions of period 1.
A, and B, assumed periodic, we have

Ux+2 = 91‘1;.,-_*_23z + 163,;_’_24.7‘
—7Uz+1 = ___21Az+13:c - 2881+14I
12U, = 124,3° + 12B4°

Sum = 3%(94,42 — 214,41 + 124,) + 4°(16B,42 — 28B,41 + 12B,)
The coefficient of 3* in the above expression can be written in the form
9(A3:+2 - A:c-}-l) - 12<AI+1 - Az)

which is identically zero.

Similarly, the coefficient of 4% is identically zero. Therefore, the given
equation is satisfied by the given value of U,.

We leave it an exercise for the student to show that the above illustrative
examples are satisfied when C,, A,, and B3, are arbitrary constants C, 4,
and B.

Hereinafter, when we write constants C;, Cy, 4, B, etc., in connection
with our solutions we assume they are expressions whose differences are
Zero.

It is thus seen that a difference equation may have an indefinite number
of solutions. If the solution contains arbitrary constants equal in number
to the order of the equation, it is the general solution or complete primitive.
A solution which is derivable from the general solution by assigning fixed
values to one or more of the arbitrary constants is called a particular solu-
tion. Thus, C;3” and 2(4”) are particular solutions of Uz4o — 7Uzyy +
12U, = 0.

Exercises

1. Show that U, = C; + C2(6%) is a solution of Uz4e — TUz41 + 6U, = 0.
2. Show that U, = Ci(—1)® + C2(—3)* + C3(3)* is a solution of

U:+3 + Uz+2 - 9U.’:+l - 9Us =0

3. Show that Ci(—4 + 24/3)® + Cy(—4 — 24/3)* is a solution of

Uz+2 + 8Uz+1 +4U.=0
2.

4. Show that U, = 2* (01 cos Tx + Cqsin -2—7?:—1—:) is a solution of

Uz+2 + 2U:+1 + 4U:l: =0
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3. DERIVATION OF A DIFFERENCE EQUATION FROM ITS PRIMITIVE

Just as the process of integration is the inverse of that of differentiation,
so the problem of finding the solution of a difference equation is the inverse
of that of finding the difference equation which is satisfied by a relation
among a set of variables. Thus, if y, = 3%, Ay, = 2(8%) = 2y,, and y, =
37 is a solution of the difference equation, Ay, = 2y,. Similarly, if y, =
C13%, Ay, = 2y., and y, = C;3% is the general solution of Ay, = 2y,, since
it satisfies the equation and contains arbitrary constants equal in number
to that of the order of the equation.

As another illustration, consider the expression

Ux = Cla’ + Csz

where C; and C; are arbitrary constants or periodic functions of x. It is
easy to show that the above value of U, satisfies the equation

U:t+2 - (a + b)Uz-l—l + abU: =0

and is, thus, a complete primitive of it. Here the elimination of the two
arbitrary constants leads to an equation of order two.

In general, if we have a relation which involves n arbitrary constants, it
is possible by differencing the function n times to secure in all » 4+ 1 equa-
tions from which to eliminate the n constants. Since the elimination proc-
ess is unique, we see intuitively that a primitive tnvolving n arbitrary con-
stants gives rise to a difference equation of the nth order. The converse is also
true, namely that the solution of an equation of order n generally contains
n arbitrary constants, C1, Ca, - - -, Cp.

Exercises
1. Give the order of the following equations:
(1) Uspo + 5Uspr + 4U, = 23
(2) AU, + 8AU, + 3U, = cosmx
3) AU, —3AU, —2U. =z + 2

2. Find the difference equations for which the following are complete primitives
or general solutions:

(1) U, = 037 + 231

@) U, = C12° 4+ (:3°

(3) Uy = C1+ C23°

4) Uy = (C1 + Cox)3”

(6) Uy =Ci2°+ C3* + 3
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4. SoLuTION OF SiMPLE DIFFERENCE EQUATIONS

The solutions of many difference equations can be obtained by decidedly
elementary processes. A mere change of form or a simple substitution may

reduce the equation to an integrable form.
Example 1. Solve: Uyy; — U, = a%, a = 1.
Solution:
U:c+1 ~U;,=a

AU, = a”
a.'c
+C
1

a —

Uy, =2a7¢*4+C =

If in this example, a = 1, then we have
AU, =1
Ug=2+C
Example 2. Solve A?U, = 27 4 x.

Solution: Integrating we have

2@
AUx=2x+—2—-|—C'1

®
U, =2_x+7+0137+02

Example 3. Solve U,41 — aU, = 0.

Solution: Multiplying the equation through by the factor?! a

obtain
a” MY, —a*U, =0
or
Aa™*U, =0
from which we obtain
a*U,=C or U,=Ca"

.
-

Exercises
Solve the following equations:
1 U, — 2U, = 3z. Jd2. U, — 2U, = 3=

—z—1

we

1 The factor which, when multiplied into f(z), makes the result integrable is called

an integrating factor of f(x). The result is then an ezact difference.
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U = s ™ /4 -1
3. UZ-H Uz = SIn 3 @ 4, AU: (.’C + 1)[31
B. 3Uzp1 — U, = z. 6 Usn— U, =2,Up=1. ~
T. AU, = (z2 + 1z!, Up = 1. 8 AU, = 2z — 1)3%, Up = 0.

5. Linear EQuaTions oF ORDER ONE
A linear equation of order one is an equation in the form
U:c+1 - AxUz: = B:c (1)

where A, and B, are functions of .
We shall first consider the simple case in which B, = 0. We then have
the homogencous linear equation of order one

Upyy — AUz, =0 2
From (2) it follows that

U, = Updo

Uy, = U4 = Updo4,

U; = U0A0A1A2 cer Az

If we assign to Uy the arbitrary value C, the solution to (2) becomes

Up = CAgA1Ag -+ Ay_y = C IIIA,c 3)
More generally, =
U, = CAaAa+1Aa+2 Tt Az—l, C= Ua
It is obvious that (3) may be written

z—1

log U, = logC + > log A,
z=0

Example 1. Solve the equation
Uzp1 =3U, =0
First solution. Here A, = 3, so that
Ag=A;=A3=---=4, 1 =3
Substituting in (3) we have

z—1
U.=CJ[3=cC-3"

=0
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Second solution. Taking the logarithm of the given equation to the
base 3 we have
logz Uz41 = logs 3 + logs U

logs Uzqy1 — loga Uz =1
A log3 Uz =1
10g3U3=A_11+Cl =x+01
U, = 3:::+Cx = (3*
Third solution. Multiplying through by the integrating factor 37~ we
have
37 10,y; — 37U, =0
which is exact. It is
AU, =0
from which, upon integrating, we obtain
37U, =C
U, = C3*
Example 2. Solve the equation
Uz+1 —IU;;:O, x>0

-~ o~

Solution: Here A, = z, a;:i hence
A1=1, A2=2’ A3=3’ see, Az_1=x—1
Therefore by (3)

z—1
Ux=CHx=y C=U1

1

_—Exercises

Solve the equations:
1. U, = 2°U,, (a) by taking logarithms to the base 2, and (b) using (3).

2 Uppn— U, =2% «

8. U.41 = 32U, by two methods. — LU""(’ \k
4 2U,n—(+1D)U.=1. @ -

50 Uz+1 - a:zU; = O.

6. 4+ DUzyy1 — 2U, = 2.

To obtain the solution of (1), we let U, = Z,V,, where Z, and V, are
functions of = to be determined. We shall find that, if Z, is a solution of
(2), V. can be determined and thus a solution of (1) is immediately ef-
fected. We have

Zx+1Vz+1 - AzZsz = Bz
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which, upon substituting,
V:c+1 = Vx + AVJ;
Vz(Z:c-H - AxZ:c) + Z:c+1AV:c = B,

reduces to
If Z, is a particular solution of (2), that is, if
—1
Z:c = H Az
0

Zy41 — A,Z, vanishes identically and we obtain
Zz+1AV: = B,
from which V, can be determined. We find

x

Ve = A"l

7 + C
z+1
and the solution of (1) becomes
Uy =2V, =CZ,+ Z,A™!

x

Zz+l

4)

(%)

(6)

@)

Consequently to solve (1) we first determine Z, such that Z, is a particular
solution of (2). We then determine V, from (6), and finally combine Z,

and V. as in (7) to find U,.
Example 3. Solve the equation
Uppq — 38U, =2°
Solution: Here A, = 3, B, = 2°. Hence

z—1

Z,=]]3=3"
]

S A NG EY:
N g=t1 3 3

Vo= -3 +C
U,=2,V,=0(C3 —2°

Exercises
Solve the equations and verify your solutions.

1. Usyr — 30, = 3,
2. U;.H bl 3U; =Z.
5. Uz+1 —-3U. =1« '-l— 2,
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4 Uyp1—aU, =z 4 2=
& Uppn— (z+ 1)U, =0.
6. Uppr— @+ DU =27z —1). ©
7. AU, +2U, = —z — 1.
8. Ulyy1 — 3U, U +2U2=0 @
9. Usp1 — alU, = 2z + 1a”.
10. AU, — 3AU, — 2U, = —=x.
11. Uy41 — aU; = cosnz. @
8% — S = (1 4+9)%5 sy =1,
13. az75i —az = 1 +9)7" Y a5 = 0.
14. If R dollars are deposited at the end of each year for « years in a savings bank
at interest rate 7, find the total amount in the fund at the end of the period.

Hint: Show that U,41 = (1 + 1)U, + R.

16. There are z points in a plane, no three of which are in the same straight line.
Find the number of straight lines and the number of triangles formed by using
the z points as vertices.

6. LINEAR EQUATIONS

An equation of the form
U1+n + D1 U:t—l—n—l + e + anz =Tz (8)

where p;, 2 = 1, 2, - -+, n, and 7, are functions of z, or constants, is called
a linear difference equation. If the right-hand member, r,, is zero the
equation is called homogencous; otherwise it is called complete.

The homogeneous equation is thus of the form

l]:c—}‘n + p1(]1:+n—1 + ‘ _l" anz =0 (9)

With regard to equation (9), the following theorems are easily estab-
lished:

(a) If U,(x) is a solution of (9) so is C1U;(x).

(b) If U;(x) and Ug(x) are solutions of (9) so is C1U;(zx) + CoUs(x).

(e) If Uy, Uy, Us, --+, U, are n particular functions of x which are
solutions of (9) then

ClUl +C2U2 +'+ CnUn (10)

is also a solution, the n functions being assumed linearly independ-
ent. In this case the n functions are called a fundamental set, and
(10) is a complete solution of (9).

(@) If C,Uy + CoUsz +- - -+ CLU, is a complete solution of (9) and Z,
is a particular solution of (8), then

Uz =CiUy 4 CUp 4+ -+ CUn + Z, (11)

- LIP2NN
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We call (10) the complementary function and Z, the particular integral.
Consequently, the complete solution of (8) is the sum of the complemen-
tary function and the particular integral.

The linear equation with variable coefficients can be solved only under
rather severe restrictions upon the coefficients. Even a general solution of
the linear equation of second order with variable coefficients

Usy2 + P1Uz1 + Uz = 12

has not been found. However, the general linear equation with constant
coefficients is solvable and we now turn to its solution.

7. Lingar EQuaTioNs wWiTH CONSTANT COEFFICIENTS

The type of the equations which we shall consider in this section is of
the form
Upyn +A41Uzqna+---+4,U, =X (12)

when A, As, ---, A, are constants and X is a function of z. It may be
written in the symbolic form

(En+A1En—l+"'+ An)Ux=X (]3)
or, in short,

JB)U, = X (14)
where f(E) is the rational integral function of E,
SB) = B* + B - A,

When the right-hand member of (12) or (13) is zero, the equation is said
to be homogeneous. To find the solution of the homogeneous equation with
constant coefficients,

Ux+n + A]U::+n—1 + ° + AnU:c = 0 ' (15)
or
FEYU, =0
we let
U,=a% a#0

and find the values of a for which (15) is satisfied. Substituting in (15),
we have

a:c+n + Alax+n~l ++ Ana:z =0
or

az(an + Alan—l +---4 A'r) =0
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Therefore, if a® is a solution of (15), it is necessary that

a* + A" 4+ 4, =0 (16)
since a? is not zero for any finite value of z.
Conversely, if a1, ag, - -, a, are n distinct solutions of (16), then a,7,
as®, - - -, a,” are solutions of (15) as can be proved by trial. Further,
U, = C1a/® + Caa2" +- - -+ Cra,® 17

is a solution of (15).

Equation (16) is called the auziliary equation * of (15), and (17) is the
general solution of (15).

Therefore to solve the homogeneous equation with constant coefficients
we solve the auxiliary equation for a. It has n solutions. If they are dis-
tinct, say ai, @z, - -, @, then (17) is the solution of (15).

Example 1. Find the solution of
Upyz — 5Usgs + 6Us = 0

Solution: The auxiliary equation is
from which

and the general solution is
U, = (127 4 (37

The expressions 2%, 3%, C12%, and C23® arc particular solutions of the
given equation.

It may happen that the auxiliary equation (16) may have multiple roots.
In this case (17) is not the general solution, for it will not contain n arbi-
trary constants. If a; = ag, then ;" and za,” are particular solutions of
(15) and (C; + Cax)a;” is the part of the general solution corresponding to
this pair of equal roots. Similarly, it may be shown ?® that if k£ roots are
equal, a; = az = a3 =--- = ax, the general solution of (15) is

U, = (C; + Coz +- -+ Ci* a® + Cr10%41 +- -+ + Cra®
Example 2. Solve the equation
U;+3 - 3Ux+1 - 2Ux = O

2 Called the characteristic equation by some writers.
3 See Sections 10 and 11 of this chapter.
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Solution: The auxiliary equation is

a®—3a—-2=0
or
(@a+1%(a—-2)=0, a=—1,-1,2

and the solution is
U, = (Cy 4 Cox)(—1)" + C327

If the coefficients of the differcnce equation are real, while some or
all of the roots of the auxiliary equation are not, we can, by employing
DeMoivre’s Theorem,* transform our solution to contain only real terms.
Thus, if the auxiliary equation has a root A 4 B, it will also have the
root A — 1B since its coefficients are real. The corresponding two terms
of the solution will be

C1 (A + 213)1 + Cz(A - ’I,B)x

It is customary to convert this expression into functions of a real vari-
able by changing the complex numbers to trigonometric form. Thus

c1(A + 2B)* = c¢;7"(cos 26 + ¢ sin z0)
and

co(A — 1B)* = cor*(cos 28 — 1 sin x6)
Adding

c1(A + iB)* + co @ — iB)® = r*(Cy cos 20 + Cj sin 26)

Y
A+,8
. 8
6 A
o0 X
-8
A-iB

where Cl = C1 + C2, 02 = ’l'(Cl - 62).

B
r=+4 VA%24+ B?> and 0=arctanz

We shall leave it as an exercise for the student to show that, in case a
pair of such roots is repeated, the corresponding part of the solution is

r*[(Cy 4+ Cax) cos 26 4+ (C3 + C4x) sin x8]

4 DeMoivre’s Theorem: (cos 6 + ¢ sin 6)™ = cos né + ¢ sin né.
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ixample 3. Solve Uyys + Uzqy + Uz = 0.

Solution:
a2+a+1=0
-1 V3 -1 V3
a=—+— ——
2 2 2 2
1 V3
A=—- B=—
2 2

2
r=VA24+ B* =1, 0=arctan(—\/§)=—§

2n . 2
U, = Cy cos-g:c+ Cgsmg:c

/,,/""\
Exercises “—"
Solve the equations:
1. (B* + E2 — 9 — 9)U, = 0. % (B2~ 7E + 6)U. = 0. *
8. Urya — 6U 1+ 9U. = 0. 4, Ury2+ 2Uzq1+ 40U = 0,
g./(Ef% +E+12U, =0~ "B, Upyo — 4U, = 0. -
. U:+2 + 8U:+1 + 4Uz = 0. ' 8- Uz+4 + Uz = 0 @

We have thus obtained a solution of the homogeneous linear equation,

Uz+n + AlUx+n—1 + ' + AnU:: =0
or
f(E)Ux =0

We shall now proceed to the more general equation (14)

Uz+n + Ale+n—1 “l“ * + AnUz =X
or
JE)U, =X (14)

For convenience of language, the solution of (14), when the right-hand
member is made zero temporarily, is called the complementary function. If
now a particular integral of (14) can be found (no matter by what means),
then the sum of the complementary function and the particular integral
will constitute the general solution of (14). That is,

General _ Complementary , Particular
Solution ~ Function Integral

The complementary function is an expression that contains arbitrary
constants equal in number to the order of the equation and causes f(E)U,



SOME HELPFUL THEOREMS 111

to vanish. The particular integral is an expression that satisfies (14), and
yet is not contained in the complementary function. Thus the sum of the
C.F. and the P.I. is the general solution of (14).

Our task now is therefore reduced to finding a particular integral of (14).
We shall employ two methods to find particular integrals: (a) the method
of operators, and (b) the method of undetermined coefficients. The
method of operators will require a few theorems that we shall now establish.

8. Some HeLPFUL THEOREMS
Theorem I. If f(E) is a polynomial in E, then
f(B)a® = a"f(a)
Proof. Let f(E) = co + c1E + c2E?* +- - -+ ¢,E". Then
f(E)a® = (co + a1E + 2B +- -+ caB")a”

= ca® + 10" + 0™t 4+ -+ cua® "

= a*(co + c1a + c20® +- - -+ caa™)

= da"f(a)

Theorem II. If f(E) is a polynomial in E, and F(z) is a function of z,
then

Proof.
f(E)a®F(z) = (co + ¢1E + c2E? 4+ - -+ cuE™)a”F (z)
= coa®F(z) + c1a®F(z + 1) +-- -+ caa®"F(x + n)
= a%[coF (z) + c1aF(z + 1) ++ - -+ cna"F(z + n)]
= a®[coF (x) + c1aEF(z) + - - -+ cna"E"F(z)]
= a%[co + ¢1(aE) +- - -+ ca(aE)"]F ()
= a’f(aE)F (z)
Theorem III. As a corollary to Theorem II we have
(E — a)"a®F(z) = a"a™(E — 1)"F(x)
= a%a"A"F (x)
(E — a)"a®F(z) = a*(aE — a)"F(x)
= a*a"(E — 1)"F(z)
= a®a"A"F (z)

J(E)a’F (z) = a”[(aE)F (2)

Proof.

gince F — 1 = A.
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We have written our general linear difference equation with constant co-

efficients in the form (B, =
The particular integral to this equation is
1
U, =——X
J(E)

where we define the right-hand member to be the expression which, when
operated upon by f(E), produces X.

Theorem IV.
1 z(Ma=™™
a® =
(B — a)” n!
Proof. The proof of this theorem is established by induction.

1 @

a® = xaz—l = ____az—l
E—a 1!

since (E — a)za®™ = (z + 1)a” — za® = a". Hence the theorem is true
forn = 1.

We now prove that if the theorem is true for n = £, it is true for n =
k+ 1. We have

1 z®gr*
—a* =
(E — a)* k!
Then
1 . 1 1 . 1 z®qg=k
a 4 . a —3
(E — a)**? (E—a) (E—a) E—a k!
Let
1 z®es
= a*V,
(E—a) k!
Operating on both members by (£ — a)
o)
(E - a)(lIV; = —k—!—a"_"
or k) px—k
¥ a®
ax+l(Vz+l - Vo) = X
z®
AV, = — o~ *HD
k!
(k+1)
V, = — a—*+D
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Hence,
(k+1)
1 Z — T r az—(k+l)

E—o? T

Therefore, if the theorem is true for n = k, it is true for n = k + 1. By
counting, it is true for n = n.

As a consequence of Theorem I we have Theorem V.

Theorem V.

1 1
B e @0

Proof. We let
1

—a
J(E)

x

]

where V is to be determined.
Operating by f(E) we have

f (E) V:c = a®
But by Theorem I

aI
f(E)f(a) =a* fla)#0

Hence,
aa:
E)V, = f(E
f(E) J(E) @
and thus
aI
V, =
f(a)
or
L= 2 j@ o
—a® = ) a
J(E) f(a)

Theorem VI. If F(z) is a polynomial in z

1
—— a*F(x) = @”

J(E) J(aE)

F(z), f(aE) # 0

Proof of this theorem is left as an exercise for the student.

Theorem VII. If f(A) is a polynomial in A, then f(4)a® = a*f(a — 1).
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Proof.
f(A)a® = (co + c1A + coA? +-- -+ c,A")a”
= ¢ga® + c16%(a — 1) + cea®(a — 1)2 4+ -+ c,a%(a — 1)*
=aleo +eila — 1) +eal@a — D+ -+ cala — 1)7]
=da"fla—1)
From Theorem VII we have immediately Theorem VIII.

Theorem VIII.
aI

—_—at = ,
1(8) Jla—=1)

fla—1) =0

where f(4) - —1—~ X = X defines L X.
J(8) J(8)
9. APPLICATIONS OF THEOREMS. ILLUSTRATIVE EXAMPLES
Example 1. Solve the equation
Uzyo — 5Uzq1 + 6U, = 5°
Solution: The auxiliary equation is
a®>—5a+6=0

a=32
The complementary function is

CF = Cl3z + 0221
By the method of operators the particular integral is

1 1 57
PI = 5 = 5 = —
EP—5E+6 5 -55+6 6

The complete solution is
xz

5
Uz = CF. + PI. = C13z + 022"; + E

The P.I. can also be found by undetermined coefficients. Let U, =
a-5*. Then
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a5**t? — 50571 + 6a5® = 5°
5%(25a — 25a + 6a) = 5°
6a =1

a=3%
Therefore the P.I. is 5%/6 as before.

Example 2. Solve (E? — 5E + 6)U, = 3°.
Solution: As in Example I,
C.F. = (3 4 (27
PI = —L— . —1—3Z = ! 3% = 23°7!
E-3 E-2 E -3
applying Theorems V and IV, successively. The complete solution, C.S., is
CS. = U, = 013" + (2% 4 23!
Since 3 is a root of the auxiliary equation
a®>—5a+6=0
to find the P.I. by undetermined coefficients we let U, = ax3®. Then
(E? — 5E + 6)ax3* = 37
alz + 2)3°? — 5a(x 4+ 1)3° 1! + 6ax3® = 3°
9a(z + 2) — 15a(x + 1) + 6ax =1
3a =1

a=}

and P.I. = £3%/3 = 23! as before.
Example 8,/ Solve U,y + Upyy + Uy = 2> + 2+ 1.

Solution: The auxiliary equation is

a?+a+1=0
1 V3 1 V3
a=—-—-+1— 4= —=—9—
2 2 2 2
1 V3 o
A=—-—- B=— r= , 0 = —
2 3 .

2nx . 2wz
C.F. = Cy cos —3— + Cy sin —3—
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In the A form the given equation can be written

B+3A+ AU, =2 +z+1

and the
1
PlL=— (2> 4+2z+1
3_'_3A_*_A2( +z+1)
Writing ————— in a series in ascending powers of A we find
3+ 34 + A?
PIL=41—-A+4+3%A%—--]@*+z+1)
=31 — A4 2A2 — )@@ 422+ 1)
1 1 2 oz 1
=@ 4 2= T
3[.75 +3] 3 3+9

CS8. =CF. +PIL

The P.I. may also be found by undetermined cocfficients. Let U, =
ar? + bx + c. We leave it an excrcise for the student to show that a = 3,
b= —4,c= 3

Example 4., Solve U, 4o — 7Usy1 — 8U: = x @27,
Solution: The auxiliary equation is
a® —7a—8=0
a=—1,8
C.F. = Ci(—1)" 4 C'(8)"
To find the P.I. we let U, = 2°V,. Our equation then reduces to
4V, — 14V, — 8V, = 2@
(4E* — 14E — 8)V, = z®
1

V, = z®
—8 — 14E + 4E?
1 2)
=" 6A+4A2x( since E=1+ A

(__.l_{_.lA__}_A?_...)x(?)
18 54 54
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14 1[32 5r + 2]
= — —[32° — 5z
54

T

54
CS8.=CF.+ Pl

We can also find the P.I. by employing Theorem VI of the preceding
section:

Pl =2°V, = [3822 — 5z + 2]

1
— 0F (@) = 0" —
J(E) J(aE)

We have F(z) = 2®, a = 2, and f(E) = E* — 7E — 8 since U,y43 —
TUps1 — 8U, = (B* — 7B — 8)U,.
1 1

PL=——"——2%®=2° =@
E:—7E —8 —8 — 14E + 47

F(z)

which can be completed as before.
Of course we can employ undetermined coefficients to determine the

P.I. To do this we let U, = (az‘® + bz + ¢)2%.

Example 6. Given the equation f(E)U, = a®F(x) where F(z) is a function
of z. Show that the substitution U, = a®V, leads to the determination of
Vz, namely,

Ve F(x), f(aE) #0

" f(aB)
Proof. Employing the given substitution

f(E)a*V, = a®F(x)
a*f(aE)V, = o®F(x)

1

10. SELIWANOFF's TREATMENT OF THE HOMOGENEOUS LINEAR EQUATION
wITH CONSTANT COEFFICIENTS ®
Consider the homogeneous linear equation
Uppn + A1Uzqny + A2Usyno+- -+ 42U, =0 (18)
Let U, = a*V, (19)

where V is a polynomial of mth degree.
§ Seliwanoff, D., Lehrbuch der Differenzenrechnung, p. 77.
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Replacing U, 4,1 = 1, 2, - - -, n, by the values
Uspr = &®Voyy = o[V, + AVY]
Usrqa = 62 Vays = (Vs + 24V, + AV
Upys = 613V, = a®P3[V, + 34V, + 38V, + A°V,]

..........................

n®
Uz-l—n = ax+n [Vx + nAVz + ;" A2Vx + e + Anvz]

equation (18) becomes
a®la® + A1a" ! + A" P 4+ ALV

+ @ na*t 4+ (n — DAa" 2 + (n — 2)42a" 2 + -+ A, 1]AV:
A%V,
1-2

+ a®Pn(n — 1Da" 2 + (n = D(n — 2)410" 7% +- - -+ 24, ]

A"V,
+ -+ a*tn! =0
n!

or, in brief, equation (18) under the substitution (19) becomes

A%V,
2!

a*f(a) Vs + a* ' (@) AV, + a* 2" (a)

A"V,
n!

+ -+ a® T ™ (a) =0 (20)

where f(a) is the auxiliary function
fl@) =a"+ A1o' -+ A,

If @ = a, is a simple root of f(a) = 0, and V, = 1, then equation (20)
is satisfied and (a,)? is a particular solution of (18). If a1, as, a3, *-+, @
are n simple roots of f(a) = 0, particular solutions of (18) are (a1)%, (a2)®,
-+ -, (a)?%, and the general solution is

U, = Ci(ay)® + Ca(az)® + C3(ag)® 4+ - -+ Calan)”

If a; is a k-fold root? of f(a) =0, ay =az =a3=---=a = q,
f@@) = f'(a) = f"(a) =---=f*V(a) = 0, and equation (20) reduces to

¢ Dickson, L. E., First Course in the Theory of Equations, p. 61.
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AkV Ak+1V
z+ks (k) z z+k+14 (k+1) z
a"f % (a) o +a J (a)(k_H)!
A"V,
+-oo 4 T (a) =0

n!
This equation is satisfied if V is a polynomial of degree (k — 1). Hence
a particular solution of (18) is
Uy = (C1 + Cox + C32® +- - - + CraF)ay®
Assuming all other roots are real and distinct, the general solution of

(18) is
Uz = (C1 + Coz + Csx® +- -+ Cra* Nay® + Cry10%41 + - -+ Cray®

11. MuvrtirLeE RooTs 1IN AuXILIARY EQUATION BY OPERATORS
Consider the question

UI+2 - 4l’]:b+1 +4U, =0 (21)
or
(B —-22U,=0
The auxiliary equation
a? —4a+4=0

has the equal roots a; = ay = 2.
Let
z = 2sz
then (21) becomes

2x:|_2(Vx+2 - 2V:a:-{-l + V:c) =0
or

22 H2A2Y, = 0
from which
A%V, =0
Vz =C 1 + ng
and

U; = (Cl + sz)zx
In a similar manner consider the equation
(B — a)*U, =0 (22)

The auxiliary equation
(@ —a)*=0

has k equal roots a; = a3 = - - = ay.
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Let
U, = &V,
then (22) becomes
akz+kAsz =0
from which
A*V, =0

Vo= Ci+ Cox + Coa® +- -+ Chz*?
and
U, = (C; + Cox ++ - -+ Ciz" Nay?

Finally, if the given equation

JE)U: =0 (23)

has the auxiliary equation
(@ —a)*a—a)’ - (a—a)*=0 (24)
where ay, ag, - - -, a; are distinet, then a; is of multiplicity a; a is of multi-

plicity b, and so on, and a + b +---+ k = n. In this case (23) can be
written symbolically

(B — a)"(E ~ag)® -+ (E — a)*U, = 0 (25)

The order in which the factors in (25) are written is immaterial since f(E)
enjoys the commutative property.
Choosing U, to satisfy

(E - ak)k z = 0
we then have a solution of the given equation (22)
Uy = (C; + Cox ++ - -+ Crr* Day®

Treating each factor of (25) in the same way we arrive at the several
particular solutions of (25). The general solution is their sum

Uz = (A1 + Agz +- -+ Az ar" + (By + Box +- -+ Bir’ )y’
+- 4 (Cr + Cox + -+ -+ Crz*Vay®
Thus, for example, if we have

(E —23E +3)2U, =0
the solution is

Ux = (Al + A2Z‘ + A3x2)2’ + (Bl + Bgl‘)(—3)x
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12. SIMULTANEOUS EQUATIONS

Instead of a single equation involving one function, we may encounter
a system of n equations involving n unknown functions. Of course the
solution is obtained by elimination in such a way as to obtain an equation
involving only one of the functions. Solving it for the unknown, by sub-
stitution or otherwise, we may be able to obtain the other unknown func-
tions. Consider the system

Uz+l - V:c =0
Vx+1 - Uz =0

From the first ¥
U:c+2 - Vz+1 =0

Substituting from the second we obtain
Uzyo — U, =0
U, = Cy + Co(—1)°
Substituting this value in the seccond equation
Vepr = C1 + Co(—1)7
Ve =C1 + Co(=1)*"1 = C; — Ca(—1)*

Exercises

Solve the following equations:

1. Uz+2 - 5U1+1 + 6U, = 4°. -

2. Unsz — 2Usss + Uy = 27 + 2% 0\

3. Upys — TUss1 + 12U, = 2® + 2@4 + 42,

L. (A +4A + 49U, = 25

5. (A2+ AU, = = + sinx.

B. Uzy2+ Uz = cosz.

7. If $1 is deposited in a bank at an interest rate ¢, what is the amount at the
end of x years?

8. A man’s salary begins at $a and increases annually in arithmetical progression

with a common difference of $b. If he saves 1/mth of his income each year
and invests it at rate ¢, what will be his income in the zth year?

9. In problems of reproduction in genetics we encounter the following problem.
If Uy = 1, U; = 2, and each succeeding term is the sum of the two preceding
terms, find U, [The Ftbonaccs Sertes].

10. Solve: Upia — Upy1+ Un = 2
11 If 3U,43 — TUze2+ 8Uz41— U, =0, and Uy =1, Uy = 8, Us = 17, find

(a) U and (b) ZIZIU,.
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12.
13.

14,

16.

16.

17.

18.

19.

21.

The first term of a sequence is 1, and every other term is twice the preceding
term. Find the nth term.
If 2U;41 — U, = (x 4+ 1)a, show that

The first term of a sequence is a, the second term is b, and every other term
is the arithmetic mean of the two preceding terms. Show that

_a+2 a-—b»b 1\*~2
3 3 2

Show that « straight lines, no two of which are parallel and no three of which
meet in a point, divide a plane into

g(x 4+ 1) + 1 parts

There are p points in a plane, no three of which, except g, are in the same straight
line. Find the number of straight lines and the number of triangles which re-
sult from joining them.

In a plane n circles are drawn so that each circle intersects all the others, and
no three meet in a point. Prove that the plane is divided into (n? — n + 2)
parts.

Obtain a particular solution of Uzye — 5Uz41 + 6U,; = 2 + 2 by assuming
U. = az + b and equating coefficients. Then find the general solution of the
equation.

Find the general solution of Uz4s — 85Uz 41 4 6U, = 7°. Assume U, = a-7°
as a trial solution.

A difference equation may be reduced to an integrable form by making a
suitable substitution. As an illustration, consider

U1 —2U0.24+1=0

Let
U;=cos V,
Then
cos Vzp1=2cos? V, — 1 = cos 2V,
Vg1 — 2V, =0
z—1 [
z = CII 2=0-2*
0

Hence,

U, = cos (C-2%)

. Solve the equation U, U, + aU, + b = 0.

Hint: Let U, = 1/V. + m, where m is a root of m? 4+ ma + b = 0. The
reduced equation is (m + @) V1 +mV.+ 1 = 0.

Solve: U, 41Uz + (2 + D Uzpr + 22U+ 22+ 22+ 2 = 0.
Let U, = Vz41/V: — (z + 2) and the reduced equation becomes
Vz+2 - 3Vz+1 + 2Vz =0
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22.

23.

24.
. SO]VC‘: UI+]UT + 5U1+1 + Uz + 9=0.
26.

27.
28.

29.

30.

Show that the general solution of the equation
Uz+le + aUz+1 + bUz +c=0
can be written in the form

AOL”'H + ﬁz+1
Us =Ja v

where A is an arbitrary constant and « and B are roots of the equation

22— (a—bzr+c—ab=0

- a

and
(a + b)? # 4c

Hint: Let U, + a = V,41/V., and thus obtain the equation
Verze+ 0 —a)Veqa+ (c—ab) V=0
Show that in No. 22 above if (@ + b)? = 4c, then

_a-—b _a+b
T 24 + 1) 2

Solve: U,.HU_», + 3UI+1 - 4U; —2=0.

U.

If 2z — U,)U.41 = z(x 4+ 1) and U; = a, show that
Uzzx[2a+x——ax—-]]

a+2x— ar
Hint: Let U, = zV,.

Solve: Uz — V, = 2°
V:+1 - Uz = 0

Solve: Uzy1 — V, = 2z
Vign — Uz = =22

Solve: Usy1+2Veya = Us =0 _ [(E—-DU.+2BV. =0
Vesr —2U, —V,=a® —2U, +((E-DV,=a*

Hint: Multiply the first equation by 2, operate upon the second by (E — 1),
and add the results. )

Show that (x — 2)!is a P.I. of the equation
Uz+2 - 3xU,+1 + 2.’[(1,‘ el l)U,; =0
Employ the substitution U, = (z — 2)!V, and thus solve the given equation.

13. RaTioNaL Fractions. TuE Pst Funcrion?

The reader may have noted that in our discussion of finite integration
and finite summation in Chapter II nothing was said regarding such prob-

7 The psi function is sometimes called the digamma function f(z). They are con-
nected by the relation y(z) = F(z — 1).
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a . .
lems as A™! _(;—b)“ and A™! log z. The use of partial fractions, so power-

ful in the infinitesimal caleculus, has been studiously avoided. If a ques-

. . . =1
tion were raised about finding Y o we should be compelled to state that
1

the summation cannot be effected in terms of the elementary functions.
a

We now turn our attention to finding A™* W .

From the equation
Tx+1) =al(x) (26)

we obtain by logarithmic differentiation

Iir + 1) 1 I'(x)

el = (27)
I'(z+1) z TI(x)
Denoting
I'x) d
= —log I'(x)
I'(x) dx
by ¢(x), equation (27) may be written
1
Y+ 1) = - + ¥(2) (28)
1
AY(z) = -
z
and
1
A7 - = y@)
x
1
We are now able to find D —- Thus,
1 X
n 1 1 n+1
2-= A-l—] =¥+ 1) — ()
1 T x 1
which can be evaluated from tables & of the psi function.
Differentiating equation (28) we have
1
YEe+1) = - = + ¥/'(2) (29)

8 See Pairman, Tables of the Digamma and Trigamma Functions. Cambridge Uni-
versity Press, 1919.
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that is,
1

AY'(z) = — =

N RE

Similarly, by repeated differentiation we obtain

or

_(=1)"m!
Y™ (@) = o™ EprTa (30)
from which it follows that
1 —1 1—m
ATl = (=1 y™ Dz —b) (31)

(x—b™ (m— 1)!

With the aid of this result we are now in a position to sum any rational
function.
From the equation defining ¢(z) we have

Y(z) dr = dlog T'(x)

and thus
+1
Y(x)dr =logT(x + 1) —logI'(z) = logz
Furthermore, it is evident that U, = log I'(z) is a solution of the equa-
tion
Ust1 — Uz = logz

That is,

Alog I'(z) = logz
or

A" llogxz = log I'(z)

n
This property makes possible the solution of the problem ) log z for
1

S logz = A log 2]t = log I'(x)]7 ! = log I'(n + 1)
1

Exercises

1. Find A! by two methods.

1
Ay .

2. Find A o o — (e = 9)

3. Solve: AU, = In [a(x + b)"].

4. Solye: In 3V, 41 — InzU, = 2.

1
z(x + 3)
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14. MISCELLANEOUS EQUATIONS

In our consideration of linear equations we have been able to solve with
completeness the equation of the first order

szx-H + q:c(]z =Tz

We have been able to solve with completeness the linear equation of
order n with constant coefficients. KEquations with functional coefficients
are generally not solvable as closed expressions. Truly, a great deal is
known about the propertics of such equations, but to find their solutions
generally presents an impossible problem. Certain special forms, how-
ever, may be solved by certain artifices.

Consider, for example, the equation

sz:cU:c+l + QzU:c—H +r,U;, =0
when p., ¢, 7, are functions of z. Dividing by U,U,41 we obtain

Tz

Qz
+ =0
Ui "0, T

It is obvious now that if we use the substitution

1

Vo= —
U.

we will obtain a linear equation of the first order
TxV:z+1 + q:cV:c + Pz = 0

which is of course solvable.
The equation

UprUp — Ag(Uaps — U) +1 =10

when placed in the form
U:+1 - U:e

1
1 + U r+41 U:c Az
suggests the substitution U, = tan V, which leads to

tan AV, = 1/4,
or to
AV, = arctan 1/4,
from which
U, = tan [A™ arc tan 1/4, + C]
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An equation homogeneous in U,, the general form of which is

U
) ( =+, x) =0
U.
can be reduced to a linear equation by the substitution U4y = Z;U,.
Thus, consider

U%41 — 5UsaUs + 6U% = 0
Employing the suggested substitution we obtain
Z2—5Z,+6=0
Z,=3,0r2
Upyr1 = 3Uz, Ugqy = 2U;
U,=0C3 or U, =C2"

15. Tue LineEar EqQuaTioN oF OrpER Two

Consider next the general linear difference equation of the second order
Za:+2 + A:cZz+1 + BzZz = Cz (32)

where, as indicated, A, B, and C, are functions of z. No method is yet
known for solving equation (32) in terms of its coefficients. However,
under certain restrictions solutions can be effected. Thus, if we by some
means can find a P.I. of (32) when C; is zero, or, in other words, if we can
find a P.I. of the homogeneous equation obtained from (32) when C, is
replaced by zero, the order of the equation can be depressed by unity.
For example, consider

Zyyo —z(x+1)Z, =0
By trial it is found that (z — 1)!isa P.I. We let
Z,= (z — 1)U,
where U, is to be determined. We find under the given substitution that

(x + 1)![U3+2 —Ul] =0
and hence
U; = C1 + Co(—1)*
and

Zy = [C1 + Co(—1)"1(x — D!
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Let us now return to equation (32) where we apply the substitution
Z, = U,V,. Recalling that

Zey1 = Vop1Usqr = Voru (U + AUY)
Zoyo = VaogoUsys = Vouo(Us + 24U, + A2U,)
equation (32) becomes
Vet2B2U, + (2Vapo + AV 41)AU,
+ (Vegqe + 4.V + B.V,)U, = C, (33)
If V,isa P.I. of (32) when C, = 0, equation (33) becomes
(2Veqe + A2Vey) C,

AU, + AU, = (34
V: +2 Vz +2 )

Now replacing AU, by W, we have

W:::-H + P:W:c = Qz (35)
where
P.=14 AV, 0, = C. (36)
* Va:+2 ’ Vz+2

Since (35) is linear of the first order, which type is always solvable,
equation (32) is solvable if a P.I. can be found for the homogeneous equa-
tion obtained from (32) when C, is replaced by zero.

The value of this method depends upon our ability to discover particular
integrals. The following suggestions may prove helpful:

(a) zisa P.I of A%U, + P,AU, + Q.U, = 0if P, = —z0Q,.

(b) A*isa PI. of Uyye + PUpy1 + Q.U, = 0if A is a root of A2 +
P:A -+ Qx = 0.

(¢) (x —a)!is often a P.I. of Uyyo + P,U,41 + Q.U, = 0 when P,
and Q, are polynomials.

Exercises

1. Show that (Z) isa PL of (z + )Usss— (n — 2)U, = 0. Let Uy = (:) V.

and solve the given equation.
2. Show that = is a P.I. of Uyqe —
zV, and solve the given equation.
8. Show that U, = a*®2ig a P.I. of
Usy2 — a(@®+ DUza + a*HU, = 0

and find the general solution.

2(x+2)U+l+x+2

P . U:=0. Let U, =
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4. In the theory of moments of beams we meet the equation

2
Ua:+2 + 4U1:+l + U.t = - 225‘

where ¢ and [ are constants.
Given Uy = U, = 0 and a; and a3 are roots of a®> + 4a + 1 = 0, show that
the complete solution is

- S0 G- G

6. Show that Z, = zisa P.I. of
@+, — 2+ D) +2Z, 0+ @+ Dx+2)Z, =0
Using the substitution Z, = z2U, followed by AU, = W, show that
@+ DW,pa—aW,=0
6. Show that 2!is a P.I. of
Uspo— @+ DUea+ Uz) =0
7. Show that 3®is a P.I. of
Uiyo —2®PU, 11+ 32® —9U, =0

16. CoNcLUDING REMARKS

As a final word in concluding this Introduction to Finite Differences, we
wish to emphasize the fact that we have attempted to give a mere introduc-
tion into a broad field. There are many topics that we have not touched.
There are many other topics that we have not explored deeply. For the
student who is interested in a further study of this important field, when he
shall have acquired a sufficient background he may venture into the follow-
ing books:

Batchelder, P. M., An Introduction to Linear Difference Equations. Harvard Univ.
Press.

Fort, Tomlinson, Finite Differences. Oxford University Press.

Jordan, Charles, Calculus of Finite Differences. Chelsea Publishing Company.

Markoff, A. A., Differenzenrechnung. B. G. Teubner, Leipzig.

Milne-Thompson, L. M., The Calculus of Finite Differences. Macmillan and Co.,
Limited.

Norlund, N. E., Differenzenrechnung. Julius Springer, Berlin.

Seliwanoff, D., Lehrbuch der Differenzenrechnung. B. G. Teubner, Leipzig.






Appendix 1

MATHEMATICAL INDUCTION

1. Introduction. Mathematical induction is the name applied to a power-
ful method of proving certain types of thecorems and in establishing the
validity of certain formulas in mathematics, , It should be emphasized it
is not @ method of discovery but rather a method of verification of theorems
or formulas that are believed, but not definitely known, to be true. The
method can be used only with theorems or formulas that depend upon a
variable which assumes only positive integral values.

2. Method of Mathematical Induction. In general, a proof by the
method of mathematical induction requires three parts, namely:

Part 1. Verification. This consists in showing that the proposition is
true for some particular cases, usually for the smallest values of n for which
the theorem is true. It is sufficient to verify the theorem for the very first
case, but frequently we establish the validity of the proposition for the
first few cases. It is for this reason that the word #nduction is used in the
method.

Part II. Eaxtension. The second part of the proof consists in proving
the lemma: if the proposition is true for n = k, then it is true for n =
k + 1. This usually constitutes the more difficult part of the proof.

Part I111. Conclusion. This portion of the proof consists in combining
I and II to prove the general theorem. (Of course, it is assumed that by
continually adding 1 we can count to n.)

Example 1. If S, is the sum of the first n terms of a geometrical progres-
sion:

S, =a+4+ar+a?+- -+ a"?
prove by mathematical induction that
a(l — ™)

1—r
131

Sy r#1
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Proof.
Part I. Lettingn = 1, 2, 3 we have
a(l —r
Sl=a=._(—___)
1—7
a(l — %)
Se=a+ar =———
1—7r
a(l — 3
Sg=a+ar+ar2=——(1——L)
-

Clearly the theorem is true for n = 1, 2, and 3.

Part 1I. Suppose for the sake of argument that the theorem is true for
n = k. We show that ¢f the theorem is true for n = k, then it is true for
n =k + 1. That is, if

a(l — r*
Sk=a+ar+ar2—!—~-+ark"1——————*—(1 )
-
we prove
a(l — 1)

Seq1 =a+ar+a? -+ ak =
Proof of Part II. We are given that
a(l — r*

1—7r

Adding the (k¥ + 1)th term of the progression to both members of the
above equation we have

a(l — %)
Sk 1=Sk+ar"=—(————l—ark
+
1—r
a — ar® + ar® — arkt?
1—r
a— attl g(l — )
1—7 1—r

This establishes the lemma: if the theorem is true for n = k, it is true for
n==%k++1.

Part I1I. In I we have observed that the theorem is true for n = 1, 2,
and 3. Employing II it is true for n = 4; again by II it is true for n = 5;
and so on by continuing to employ II it is true for n = n. Therefore,
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_ a(l —r")

Sa
1—r

is true for all positive integral values of n.

Example 2. Prove by mathematical induction that x — y is a factor of
2" — y" for all positive integral values of n.

Proof.
r—1 2% — o 3 — o
Part I. We know that =1, =z+y, = 22 4
z—y z—y z—y
ry + ¥°. Hence, z — y is a factor of " — y" when n = 1, 2, and 3.
Part II. We now prove that if the theorem is true for n = k, then it is
true for n = k + 1. That is, if £ — y is a factor of z¥ — ¢/*, then it is a
factor of 1 — ¢**1. To show this we write

gl — b o gL gk gk ke

=z(@@* — ") + ¥ — y)

Now z — y is clearly a factor of ¥*(zx — y). By hypothesis it is a factor
of z¥ — y*. Hence it is a factor of both terms of the right-hand member.
Therefore, if (z — y) is a factor of % — ¥, it is a factor of zFt1 — yk+1,

Part I1I. By 1, x — y is a factor of 2" — y™ when n = 1, 2, and 3.
Therefore by II it is a factor of z* — y® when n = 4; by 11 again when
n = 5; and so on to any positive integral value n = n.

3. Notation for Sums. For the sake of brevity in writing the sums of
series it is customary to use the Greek letter £ (sigma) to designate ‘“the
sum of such terms as.”” Thus we write

ul+U2+u3+"'+un=Zuz
1

which is read “the sum of the numbers u,, where x assumes all integral
values from 1 to » inclusive.” We call 2 the sign of summation. The
numbers 1 and n are the lower and upper limits of the summation. If no
limits are stated it is assumed they are 1 and n. The following illustra-
tions will clarify the meaning of the symbol:

Zx2=12+22+32+~-'+n2
1

1
2__._—
z(z + 1)

n—1

23 =1+3+3+...43"
0

1 n 1 n 1 o 1
1-2 23 34 n(n + 1)
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Example 3. Prove by mathematical induction that
1 n
= =
zz+1) n+1

Proof. Denoting the sum of the n terms by Sy, we are to prove that

1 n
RS -
nn+1) n+1

q 1+ 1+ L
"r T 1.2 2.3 3.4

Part I. We have

1 1
S =—=—
1.2 141
g = 1 + 1 2 2
M T 12 23 3 241
<. = 1 " 1 n 1 _ 3 3
®712 23 34 4 341
and thus the theorem is true for » = 1, 2, and 3.
k
Part 1I. We now will prove that if S = m then
E+1
Sppp = ————
k+1)+1
1
We accomplish this by adding the (k-+1)th term of the series, —————
(k+1)(k+2)
k
to both members of Sy = —— We have
kE+1
q -84 1 k n 1
T Gk Dk +2) k+1 0 (k4 Dk +2)
kE+1 E+1
T k42 (k+1)+1
. ) k k41
which proves the lemma: if Sy = —— then Sy = ———-
k+1 k+1)+1

n
PartIII. Byl 8, = 1 is true when n = 1, 2, and 3. Hence by 11
n

it is true for n = 4; by II again it is true for n = 5; and so on for any posi-
tive integral value n = n. Therefore,
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Soo »

8. Show that Sz — 1) = n2 4 (n — )(n — 2)(n — 3) --- (n — 100) satisfies
Part I of the proof by induction for n = 1, 2, 3, -, 100, but not Part II.
9. Prove: dr(e*) = a"e%*.
dx™
10. Prove: d” sin ax = a™sin (ax + Ty,
dz™ 2
11. Prove: C—l—('(w = a™ cos (ax + nmy .
dz™ 2
2n o3
12. Prove: d—d%',%ﬁ = (—1)"a®" sin ax.
13. Prove that 5** 4 7 is a multiple of 8.
Hint: 52¢+D 4 7 = 526+  7(25) — 7(25) + 7.
i , — 1)!
14. Prove: d*(n z) _ (=T)n+1. (n = D!
dz™ "
15. Prove: dr(ze) = (x + n)e*.
dx™ .
16. Prove by induction Leibnitz Theorem: D™uv = 3 :) DiyD™—
1=0

. Prove: 22?2 =
. Prove: Zr® = [
. Prove: T —

. Prove: Zn(n + 1) =

1 n

> =
zz+1) n+1

Exercises
n(n 4+ 1)(2n + 1)‘
6

1 n

nn + H(n + 2).
3

. Derive the theorem: 2[U, + V., — W,] = ZU, + ZV, — ZW..
. Derive the theorem: 2¢U, = ¢ZU,, ¢ a constant.

Show that 2(2x — 1) = n? + 1 satisfies Part II of the proof by induection but

not Part 1.
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HYPERBOLIC FUNCTIONS

In the study of the infinitesimal calculus the student has doubtless en-
countered the Euler relations

e’ = cosf + 28In 0
e = cosf — zsin

(where ¢ = 4/ —1), from which we derive the exponential values for sin 6
and cos 6, namely,

610 . e-i9
sin 0 = -
2

6 4 g—if

cosf) = ——
2

The values of csc 6 and sec 6 are defined as the reciprocals of the above
expressions defining sin 6§ and cos §. The formulas for tan # and cot 6 are
defined as follows:

sin 8 1 [e“’ — e—ie]

tan 0 = = - —0—————0
cos 6 t Le” 4+ e
cosf  [e? + e ¥

cot § = - = o —n
sin 6 e’ — e

Somewhat similar functions, called hyperbolic functions, are frequently
met in mathematics. Thus, the hyperbolic sine and the hyperbolic cosine
are abbreviated and defined by the equations

e¥ — e
2

eu + e-—u

sinhu =

cosh w}=

136
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These functions are so named because they have the same relation to the
equilateral hyperbola z? — y? = 1 that the ordinary trigonometric func-
tions, sometimes called circular functions, have to the circle 2?4+ =1

For the circle For the hyperbola
. I
/-) Y P (x,y)
P (x,y)
0 M|A X
0 A M X
u u
— = sector AOP — = sector AOP
2 2
T 1 : T z .
=~y—!—f\/1—xzdm =——y-—f V22 — ldx
2 z 2 1
1[n u 1
=—[——arcsinx] —=-In(@@+ V22 -1)
212 2 2
u 1 ;
—2—=§arccosx e =xz+Va2—-1
W = arc cos e — 2xe* + 22 =22 — 1
eu + e—u
T = cosu x=————é——=coshu

In the circle in expressing z in terms of u we are led to the familiar
z = cosu. In the hyperbola we arrive at x = (¢* + ¢ *)/2. It is nat-
ural, analogously, to call this hyperbolic function the hyperbolic cosine,
cosh u.

When we solve for y in terms of u we have

For the circle For the hyperbola
y=V1-2? y=Vaz?—1
=V1-—cos’u =V3iE+ev?-1

I
=,
=]
I

Il
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The other four hyperbolic functions are defined analogously to the cor-

responding circular functions:

sinh u
tanh 4 = sech u =
cosh u cosh u
cosh u
cothu = — cschu = —
sinh u sinh u
Exercises
1. sinh (—2) = — sinhz. 2. cosh (—x) = cosh z.
3. tanh (—z) = — tanhz. 4. cosh?z — sinh?z = 1.
6. sech?z = 1 — tanh?x. 6. csch’z = coth?z — 1.
7. cosh x + sinhz = ¢*. 8. sin iz = v sinh z.
9. cosix = cosh x. 10. tan ¢z = ¢ tanh z.
11. cosh 2z = cosh?z + sinh?x. 12. sinh 2z = 2 sinh z cosh z.
13. d sinh v = cosh u du. 14. d cosh u = sinh u du.
16. d tanh u = sech® u du. 16. sinhg = \/ 99&11—;—;1-
17. coshE = \'M 18. fsinhudu = cosh u + C.
2 2
1 u
. - _1. U
19. fcosh udu = sinh u + C. 20. fsmh u du n sinh 2u 2 + C.
21. If z = sinh y, show that y = sinh™ 'z = In(z + Vz* 4+ 1).
22. Draw graphs of the hyperbolic functions: y = sinh z, y = cosh 2, y = tanh z.
23. Derive:
(1) sin (z = %y) = sin z cosh y == ¢ cos z sinh y
(2) cos (x & ty) = cos z cosh y F 7 sin 2 sinh y
24. Derive:

(1) sinh (z 4 7y) = sinh x cos y = 7 cosh z sin y
(2) cosh (z = 1y) = cosh z cos y = i sinh z sin y

26. A function f(x) is a periodic function of period k if f(z + k) = f(z).

Establish the periodicity of the following hyperbolic functions. The correspond-
ing relations for the circular functions are included for comparison.

sinh (z + 127) = sinh z sin (x + 27) = sinz
cosh (z + 127) = cosh x cos (x + 2m) = cosz
tanh (z + iw) = tanh z tan (z + 7) = tan z
coth (z + #7) = coth z cot (x + ) = cotz
csch (z + 27) = csch z csc(z + 2r) = cscx

sech (z + 127) = sech z sec (z + 2mr) = secx
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26. Derive:
sinh (z & y) = sinh z cosh y == cosh z sinh
cosh (z & y) = cosh z cosh y & sinh z sinh y

27. Derive:
sinh (z 4 y) + sinh (z — ¥) = 2sinh z cosh y
sinh (z 4 y) — sinh (z+ — y) = 2 cosh z sinh y
cosh (z + y) + cosh (z — y) = 2 cosh z cosh y
cosh (x 4+ y) — cosh (z — y) = 2sinh zsinh y

28. Prove by mathematical induction that
(cosh z + sinh z)* = cosh nz -+ sinh nx
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