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PREFACE

D-c analog computers are relatively simple electronic devices now com-
monly in use to solve a variety of problems in applied mathematics and
engineering design. The application of such computers to the simula-
tion of modern automatic control systems has been particularly success-
ful; but some acquaintance with d-c analog techniques can benefit almost
any engineer or research worker, no matter what his special field may be.
A d-c analog representation of a problem does not merely furnish needed
numerical data. It often serves as a working model which helps to close the
gap between physical intuition and exact analysis.

The continuing remarkable progress in the related fields of electronic
computers, instruments, and controls has led naturally to the preparation
of a new, completely revised edition of Electronic Analog Computers.
The greater part of the book has been entirely rewritten. We have
attempted to carry out our original purposes, namely

1. To acquaint research and development workers with tried methods
for the application of d-¢ analog computers as computing aids and
simulators, and with the possibilitics and limitations, of such
equipment;

2. To present a comprehensive body of up-to-date design information
on computer components and systems.

We believe that such information is of particular interest to scientists and
engineers engaged in the development of instruments and industrial con-
trol devices.

This volume is intended as a textbook with supplementary reference
material and should be useful for self-instruction. An effort has been
made to keep the text technically simple. No mathematics beyond that
taught in an elementary course on differential equations is required.
The large amount of material which had to be covered has made it
impossible to add a chapter on elementary electronics; the reader is,
instead, referred to good texts on this subject. We have attempted to
incorporate sufficient circuit information, including many examples of
actual computer circuits, to enable a reasonably qualified electronic engi-
neer to design d-c analog-computing equipment.

Chapter 1 is an introduction to d-c analog computers. The reader will
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viii PREFACE

find the following technical chapters more useful if he is first given an
opportunity to see the picture as a whole. Accordingly, Chapter 1
briefly treats the applications of computing devices, the mathematical
relations involved, and the techniques used, with the objective of giving
an over-all view of the subject. Both the classical differential-analyzer
technique and direct-analog operational amplifier methods are introduced.

Chapter 2 attempts to teach a simple, standard procedure for setting
up a d-c analog computer to solve a given set of differential equations.
Emphasis is placed on a methodical approach to computer scale factors;
every effort has been made to present this subject in detail. The proce-
dure described has proved useful in several years of practical work. A
section deseribing alternative methods for handling scale factors has been
added, and the material on equation solvers has been transferred to this
chapter.

Chapter 3 presents computer sctups for a number of practical problems
which serve as illustrations of modern industrial d-¢ analog-computer
applications. Revised sections dealing with the simulation of dynamical
systems include much new material on the representation of constraints
and limit stops. The treatment of servo analysis and synthesis has been
broadened to include applications of dircct-analog operational amplifiers,
new diode circuits to simulate nonlinearities, and statistical design
criteria. Entirely new sections describe the application of d-c analog
computers to automobile-suspension systems, to industrial process con-
trol, and to a problem in linear programming. Another new section
discusses the d-c analog-computer solution of partial differential equa-
tions. The preparation of useful records of each computation is par-
ticularly stressed. It is hoped that the samples of problem-preparation
records shown will be useful for reference.

Chapters 4 to 6 discuss the design of d-c analog computing elements
according to the best modern engineering practice. Specifically, Chap-
ter 4 describes the design of the networks and feedback circuits used to
perform the mathematical operations of addition, multiplication by con-
stant coefficients, differentiation, and integration. Two new sections
discuss direct-analog operational amplifiers and the error analysis of
linear differential-equation solvers.

Chapter 5 deals with the design and operation of modern d-c amplifier
circuits for computer applications. A discussion of the stabilization of
high-gain feedback amplificrs is included. Automatic balancing circuits
are described, and the actual circuit diagrams of the latest d-c amplifiers
employed in modern d-c analog computers are presented. Three revised
sections introduce commutator stabilization and photoelectric choppers,
and dwell briefly on transistor d-c amplifiers.

Chapter 6 discusses analog multiplication and function generation and



PREFACE ix

describes the remarkable strides made in this field in recent years.
Included are descriptions of new time-division multipliers, AM-FM
multipliers, amplitude sclection multipliers, thermal-transfer multipliers,
and a changed treatment of potentiometer-loading errors.  Diode func-
tion generators, including “fabricated” diode circuits, are treated in
special detail. A new section deals with the generation of functions of
two or more variables.

Chapter 7 is concerned with the design of the auxiliary components,
such as power supplies and recorders; three complete sections are devoted
to a discussion of improved control circuits for d-c¢ analog computers.
The new material includes a description of modern automatic control
features, such as keyboard-set potentiometers, digital readout, automatic
programming, and automatic problem-check circuits.

Chapter 8 again deals with complete d-¢ analog-computer installations
from a systems point of view and has been brought up to date to review
the design philosophy of typical modern computers. Deseriptions of
several modern d-¢ analog-computer installations are presented in the
light of the design principles introduced in the earlier chapters.

A considerable amount of reference matcrial has been added in the
new edition. Six reference tables present various ‘“trick” computer
setups. Many new illustrations arc arranged in groups which serve as
additional reference tables and permit the reader to compare related
circuits and computer setups. Anenlarged bibliography refers the reader
to over 260 original articles and reports.

The Revised Second Edition of Electronic Analog Computers is based on
a careful survey of both manufacturers and users of clectronic analog
computers for up-to-date design and application data. We are deeply
indebted to our friends in the computer industry for their cooperation.
In a very real sense, this Revised Second Edition is the result of therr
design expericnce and their application know-how. We are particularly
grateful to the following individuals and organizations for contributing
reports, circuits, illustrations, and many valuable suggestions:

Beckman Instruments, Inc.

Berkeley Division Mr. C. D. Finnell
Richmond, Calif. Mr. G. A. Bekey
Helipot Corporation Mr. M. York
South Pasadena, Calif.
Bocing Airplane Company Mr. A. A. Hemenway
Seattle, Wash.
Borg Equipment Division Mr. N. W. Alexander

The George W. Borg Corporation
Janesville, Wisc.
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Chance-Vought Aircraft, Inc.
Dallas, Texas

Donner Scientific Company
Berkeley, Calif.

Electronic Associates, Inc.
Long Branch, N.J.

Goodyear Aircraft Corporation
Akron, Ohio

Heath Company (Subsidiary of Daystrom, Inc.)
Benton Harbor, Mich.

Lockheed Aireraft Corporation
Burbank, Calif.

Massachusetts Institute of Technology
Research Laboratory of Electronics
Cambridge, Mass.

McGraw-IIill Publishing Company,
Electronics Magazine
New York City

George A. Philbrick Researches, Inc.
Boston, Mass.

Radio Corporation of America
RCA Laboratories Division
Princeton, N.J.
RCA Review

Reeves Instrument Corporation
New York City

University of California in Los Angeles
Los Angeles, Calif.

Mr. L. B. Wadel
Dr. V. B. Corey

Mr. C. J. Marsh, Jr.
Mr. J. Kennedy
Mr. S. A. Voelker

Mr. C. A. Menely
Mr. C. D. Morrill

Mr. C. Jones
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CHAPTER 1

INTRODUCTION TO D-C ANALOG COMPUTERS

1.1. INTRODUCTION

An analog compuler represents the variables of a given problem by cor-
responding physical quantities, such as continuously variable voltages or
shaft rotations. These machine variables arc made to obey mathematical
relations analogous to those of the original problem. The desired rela-
tions are established by a set of computing elements capable of enforcing
suitable physical relationships. The conveniently mecasurable machine
variables will, then, vary so that records of their values or behavior con-
stitute solutions of the given problem.

Analog computers may be classified according to the nature of the
physical quantities used to represent mathematical variables and accord-
ing to the computing elements used. Slide rules, network calculators,
and Bush differential analyzers are, respectively, examples of mechanical,
electrical, and electromechanical analog computers.

D-c Analog Computers. In d-c analog computers, the variables are
represented by d-c¢ voltages which may vary with time; time is generally
used as the independent variable in problems involving differential equa-
tions. The principal computing elements are d-¢ amplifiers with resis-
tive and capacitive feedback networks. In multipurpose computers,
such computing elements permit flexible clectrical interconnections by
means of patch cords. Paramecter values and coefficients can usually be
changed conveniently by means of adjustable potentiometers or rheostats.

D-¢ analog computers can solve many complicated problems by means
of essentially simple electrical circuits and require relatively little main-
tenance. The electronic computing clements are usually constructed
from readily available components by ordinary radio assembly tech-
niques. A small d-¢ analog computer can be built with precision resis-
tors and chrome-plated dials to occupy a place of honor in a laboratory
or industrial control center, or it may be wired up from scrap parts on a
breadboard to furnish quick answers with fair accuracy. Larger d-¢ ana-
log computers range from multipurpose electronic differential analyzers
(Figs. 1.1 and 1.2) to specialized calculators and control devices, such as

1
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INTRODUCTION TO D-C ANALOG COMPUTERS 3

Frc. 12a. A complete table-top d-¢ analog computer priced just below $1,000 (see
also See. 8.4). The umit comprises ten operational amplifiers, power supplies, all
necessary  controls, and a removable problem hoard. Multiphers and function
generators are avatlable as accessories (Donner Sceientific Co.)

Fra. 1.2b. This complete 15-amplifier machine is available s a do-1t-yourself kit for
less than $1,000. The amplifier tubes are top-mounted to minimize heating of com-
ponents. The 30 coeflicient-setting potentiometers are set, by comparison with a

bwlt-in precision voltage divider which is also available for gain measurements (Heath
Co.).
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the fire-control computers which defeated the German V-1 missiles over
Antwerp.

Operation of “Slow” D-c Analog Computers. D-c analog computers
are particularly useful as differential-equation solvers in many scientific
and engineering applications requiring slide-rule accuracy. The solution
of a set of differential equations—or the computer representation of a
physical process described in terms of differential equations—proceeds
as follows:

1. With the machine connected up to solve the given problem, the
machine variables (voltages) are set to the correct initial conditions
prescribed by the problem.

2. The computing elements are then made operative and force the
voltages in the machine to vary in a manner prescribed by the
given differential equations. The voltage variations with time are
recorded and constitute solutions of the given problem.

3. The machine is stopped at a time chosen by the operator. The
maximum allowable computing time is usually determined by
limitations of the computing clements. The machine is at once
reset to its initial condition and is ready for the next run with
changed coefficients, initial conditions, ete.

The recorders used for such applications are usually direct-inking
recording milliammeters which afford an instantly available, permanent
record of the computation.

Repetitive Computers. In an interesting alternative scheme, the steps
of the solution outlined above are repeated automatically at a rapid rate
(10 to 60 cps) through the action of an electromechanical or electronic
switching system. During each cycle, each machine variable varies in
the preseribed manner and is then reset to its initial value. The results
can now be presented on an ordinary cathode-ray oscillograph. The
sweep frequency of the oscillograph must be equal to the repetition
rate of the computer.

The rapid operation of such “repetitive’” differential analyzers con-
stitutes a striking advantage in some applications. In particular, one
may observe the results of varying coefficient settings and initial con-
ditions at once without having to wait for the completion of a computer
“run” as in ordinary computers. On the other hand, the necessity for
rapid switching and computation on a fast time scale makes the design
of accurate computing elements quite difficult. Accordingly, repetitive
operation is seldom considered sufficiently reliable for large-scale compu-
tations. This ingenious scheme of operation is most useful for quick
qualitative estimates of solutions and has been employed very success-
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fully for exploratory runs to avoid unnecessary computations on a larger
differential analyzer (see also Sec. 8.5).

An Appraisal of D-c Analog Computers. Unlike digital computers,
analog computers employ distinct computing elements for each mathe-
matical operation required to solve a given problem (parallel operation).!
Parallel operation is an essential reason for the very high computing speeds
possible with d-¢ analog computers: most problems, regardless of com-
plication, are solved within two minutes by ‘“slow” d-c¢ analog com-
puters and within fractions of a second by repetitive machines. On the

RELATIVE
COST

W\, INCREASING SIZE
OF INSTALLATION

2 ) L COMPONENT

10% 1% O 1% 0.01% 0001% ACCURACY
° (% OF FULL SCALE)

Frc. 1.3. Relative cost vs. accuracy of analog and digital computers for different
sizes of installations.

other hand, parallel operation imposes practical limits on the complexity
of problems which can be solved on analog computers.?  Also, the cost of
analog computers with component accuracies better than 0.1 per cent
rises sharply for even small improvements in accuracy. For computa-
tions requiring very high accuracy, the use of digital computers is thus
indicated. Figure 1.3 shows a qualitative comparison of the cost
of analog and digital computers for different accuracies and sizes of
installation.

The relatively low cost of some d-¢ analog computers is of interest in
certain applications. Practical and useful low-cost d-¢ analog differen-

1 Rubinoff, M., Analog vs. Digital Computers—A Comparison, Proc. IRE, 41: 1254,
1953.

2 The definition of this hmit is subject to controversy and depends strongly on the
nature of the problems in question. Many types of d-¢ analog-computer sctups
involving well over a hundred d-c amplifiers work well. The simpler and somewhat
less accurate network-lype analog compulers permit high-speed solutions of special
extremely complicated problems (simulation of elastic structures) with excellent
results (see also Sec. 3.10).
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tial-equation solvers have been constructed and are particularly well
suited for instruction purposes and for industrial organizations wishing
to provide individual engineers with desk-top analog computers (Fig. 1.2).
In the case of larger, more flexible, and more generally applicable d-c
analog-computer installations, the gap between the costs of analog and
digital computing equipment has closed; many research and development
groups own d-c analog-computer installations whose cost easily rivals that
of their large digital computers.

What are the concrete reasons for such investments in comparatively
inaccurate computing equipment? In the writers’ opinion, d-¢ analog
computers should not be regarded as low-cost substitutes for digital com-
puters. Analog computers can only rarely compete with digital machines
in the mass production of numerical data required as end products of sci-
entific or engineering analyses. In such applications, the high comput-
ing speeds of analog equipment arc often outweighed by the more
advanced automatic programming of digital computers, even if only
slide-rule accuracy is required.

The really important contributions of d-¢ analog computers to modern
research and development techniques go beyond mere numerical compu-
tations. In many applications, the analog approach functions as a direct
aid to a research worker’s or engineer’s thinking process: an analog-com-
puter setup serves as a model which helps to bridge the gap between
mathematical symbolism and physical reality. In this sense, analog-
computer representation of a process may be useful to both engineers
and scientists even in cases where analytical methods apply.

Simple patch-cord connections and potentiometer settings on a d-c ana-
log computer enable the systems designer to create a scale model which
permits convenient investigation of the performance and interaction of
components and systems. New ideas can be tested at once: blocks of
computing elements represent system components and are readily
replaced or assembled into different system designs. Design parameters
may be changed instantly by corresponding resistance changes, and high
computing speeds permit optimization of system performance by succes-
sive parameter adjustments.

The time scale of such d-c analog computations may be slowed down
or speeded up within wide limits at the convenience of the experimenter.
In particular, d-¢ analog-computing speeds are sufficiently high to per-
mit representation of most dynamical and clectromechanical processes on
a 1:1 time scale (simulation).

With the computer running on a 1:1 time scale, physical components
of a system under investigation can actually take the place of a corre-
sponding block of computing elements. The operation of these system
components may then be observed in the laboratory (use of simulation
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for partial system testing). Thus a computer can simulate the load of an
automatic-control system under test, or the computer may serve as a
simulated controller operating an actual motor and load. Such applica-
tions often yield very concrete design information: quite frequently, d-c
analog-computer simulation actually replaces cumbersome breadboard
equipment and permits a design to progress directly to the prototype
model stage.

It is only fair to remind the reader that digital computers as well as
analog computers can be set up as mathematical models representing
physical processes. The inherent flexibility of digital-computer program-
ming makes such machines particularly suitable for the representation of
discrete random processes and problems involving logical decisions. The
writers believe that such applications of digital computers will become
even more useful as computing speeds and memory capacities increase.
On the other hand, the reformulation of problems for digital-computer
programming is difficult for many present-day engineers; as a rule, the
services of applied mathematicians are required. A significant reason
for the remarkable successes of d-c analog computers is their ready accept-
ance by engineering personnel.

Experience has shown that personnel with routine training in engineer-
ing or science will learn the effective use of d-¢ analog-computing equip-
ment quite rapidly. As with digital computers, the time required for
problem preparation will depend on the problem and on the programmer’s
experience with similar computer setups.

1.2, HOW AN ELECTRONIC DIFFERENTIAL ANALYZER REPRESENTS
MATHEMATICAL RELATIONS

The problems solved by analog computers usually deal with the behav-
ior of a number of variables x4, 5, . . . , £,. One such problem may be
to find the values of these variables under certain conditions by solving
a set of equations. Another problem may be to determine how these
variables change with time, or with another independent variable ¢, under
given conditions. The particular conditions imposed by each problem
are usually given as a set of mathematical relations or equations.

The variables zi1, #3, . . . , T, are represented in the d-c¢ analog com-
puters by corresponding voltages, or machine variables, X1, Xz, . . . , Xn.
In general, these machine variables are simply proportional to the corre-
sponding original variables on a convenient scale. The given relations
between the original variables are now expressed by an analogous set of
relations between the machine variables. A straightforward, generally
applicable method of obtaining convenient scale factors and the corre-
sponding correct machine equations is discussed in detail in Chap. 2.
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Block Representation. Each problem will, then, require certain rela-
tions between machine variables to be set up in the computer. Consider
first some examples of relations between two machine variables:

Xa = X1 + ]5X§
X, = sin X, } a.n

I

In each case, X, and X are voltages; and the voltage X, is a function of
the voltage X1. If X, changes, X, must also change, in accordance with
the given relation.

Figure 1.4a shows schematically how such relations are represented in
a d-c analog computer. The voltage X, will appear as the input voltage
of a block of computing elements which produces X, as an output voltage.
This output voltage will be the desired function of the input voltage X
if the correct combination of computing elements has been used. Note
that, in general, the relation produced by the block in Fig. 1.4a is “uni-
lateral”’: whereas changes in the input voltage X will produce the cor-
rect changes in the output voltage X,, the converse is not true unless
additional connections and computing elements are used.

Several Variables. More often than not, a voltage X, will appear as a
function of several other machine variables X, X2, X5, . .«

X, = X1+ 19X, + cos X3 (1.2)
X, = X.X2 :

The block of computing clements producing X, as its output voltage will,
then, have more than one input voltage. The effects of the different
input voltages X1, Xs, . . . are “mixed” to produce the correct func-
tional relation (see Fig. 1.4b).

Time Dependence of Variables. In many problems, it is desired to
observe the variations of the machine variables as functions of the time r,
which plays the part of the independent variable in the computer. For

example, the relations
X1=X2 X2=sin1- (1.3)

describe the variations of two machine variables, X; and X,, with the
timer. Physical time 7 here serves as an input to certain computing ele-
ments which produce voltages as functions of time. Examples of such
devices are potentiometers driven by a clock motor or circuits containing
charging and discharging capacitors. The machine variables can thus
be made to yary with time in the prescribed manner and may be recorded
by means of a recording milliammeter or oscillograph.

Calculus. It is easily seen that a majority of problems in applied
mathematics require a description of changes of quantities (variables)
involved in physical processes. The differential calculus is the branch of
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mathematics concerned with the description of such changes. A iime
derivative like dX /dr (derivative of the machine variable X) is a quantita-
tive measure of a change dX : the latter is compared with the correspond-
ing change of a known physical quantity, the ¢ime 7 indicated by a clock.

xl O
¥j Ot —oXg= F(X) X2 o— L0 Xo=F(X;X2,X3)
X3
(a) (b)
- )
Kjo—e{ DIFFEREN Y=Px=3-x, X o—={ INTEGRATOR -—<=x,,=,‘-,x,t=,fY X7 4%(0)
INITIAL VALUE
OF Xo
[(3) (d)

YsPX INTEGRATOR 7 X

INITIAL VALUE
OF X

x:—PYo-4 -1 X PY | INTEGRATOR Av

INITIAL VALUE
(e) OF Y
F1G. 1.4. How an clectronic differential analyzer works (block representation of rela-
tions between machine variables): generation of a function (Fig. 1.4a), a function of
several variables (Fig. 1.4b), differentiation with respect to the time » (Fig. 1.4¢),
integration with respect to the time 7 (Fig. 1.4d), and solution of differential equations
by implicit computation (Fig. 1.4¢). As a rule each block shown will require scveral
actual computing elements (sce also Figs. 1.5 and 2.1). All computing elements are
assumed to act unilaterally; note the feedback connections in Fig. 1.4e.

It is practical to write

d dX _
This notation will be used throughout this book. For example, if
X = cos wr, then

PX = P cos wr = —w 8in wr (1.5)
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Derivatives of machine variables, like PX, are themselves functions
of time and may change with time. It is thus usually possible to
define the derivative of PX. This is called the second derivative of X,
d*X/dr* = P?!X. Higher derivatives are defined accordingly.

A computing element whose output voltage X, is proportional to the
time derivative of its input voltage X is called a differentiator (Fig. 1.4c);
an sntegrator produces an output voltage proportional to its input volt-
age (Fig. 1.4d).

Solution of Ordinary Differential Equations: Classical Differential-
analyzer Technique. Mathematical equations relating measures of
change (derivatives) of this type are called ordinary differential equations.
In many problems a set of such differential equations is given, and it
is desired to find the corresponding time dependence of the variables
involved. The set of differential equations is solved when all the var-
iables are computed as functions of time. Thus the set of differential
cquations

PX =Y PY = —X (1.6)

is satisfied by the functions
X =Csin(r+ ¢) Y =C cos (r + o) 1.7

where C and ¢ are arbitrary constants.

Figure 1.4e shows how relations of this type may be represented on d-c
analog computers. All derivatives of machine variables are represented
by voltages in the machine and are, thus, themselves machine variables.
These voltages, PX = Y and PY = —X, are treated as if they were
known and are fed to integrators which produce the machine variables
X and Y. The resulting feedback scheme forces the machine variables X,
Y, PX, and PY to vary as prescribed by the given mathematical relations.
Records of X and Y will, then, constitute a solution of the set of differen-
tial equations (1.6). Analog computers capable of solving sets of ordi-
nary differential equations arec often referred to as differential analyzers.:
Solutions of differential equations are often needed and may be very
laborious if performed by conventional numerical methods. Differen-
tial-analyzer setups for many practical problems are described in Chaps.
2 and 3. An alternative method of solving differential equations will be
described in Sec. 1.5.

Initial Conditions. In order to obtain definite information from a
mathematical relation specifying changes of variables, it is necessary to
know the values of the variables at the start of the changes. Because of
this simple fact a set of ordinary differential equations cannot be definitely

! Caldwell, 8. H., and V. Bush, A New Type of Differential Analyzer, J. Franklin
Inst., October, 1945, p. 255.
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solved unless the initial conditions of variables and derivatives correspond-
ing to the start of the computer “run’ are known. Specifically, the out-
put voltage of each integrator at the start of the computation must be
specified if a definite solution is to be obtained. In the computer setup
illustrated by Figs. 1.4d and 1.4e, it will be necessary to specify the initial
conditions for X, X, and Y. The output voltages of the corresponding
integrators must be set to the correct voltages. This will determine the
constants € and ¢ left arbitrary in Eq. (1.7), and a definite solution will be
obtained. Every differential analyzer must contain provisions for setting
such initial conditions into the computing elements.

Implicit Computation. The blocks of computing elements shown in
Figs. 1.4a to 1.4d compute X, directly from the given input voltages.
The differential-analyzer setup of Fig. 1.4e is an example of an implicit
computation: the unknown input voltages PX = Y and —PY = X are
treated as if they were known, and the desired differential equations are
enforced by a set of feedback connections. Under certain restrictive con-
ditions, similar techniques are useful for enforcing not only differential
cquations but also relations like

X, = X3 + 2X} — XJ (1.8)

which cannot be solved directly for X,; note that Eq. (1.8) cannot be
represented in the manner of Fig. 1.4a. Implicit computation techniques
permit the representation of constraints on dynamical systems (Sec. 3.3),
the solution of equations (Sec. 2.11), and the computation of inverse
functions (Sec. 6.12).

Computing Elements Needed. It will, in general, be desirable to make
a computing machine easy to construct and suitable for a wide variety of
applications. Accordingly, it is customary to obtain more complicated
mathematical operations on the computer voltages (machine variables)
through combinations of a limited number of simple operations, performed
by basic computing clements. It has been proved explicitly' that a very wide
range of problems can be solved conveniently by the application of only the
following computing elements:

1. Devices which will multiply a machine variable by a (positive or
negative) constant coefficient

2. Devices which will generate the sum of two (or more) machine
variables

3. Devices which will generate the product of two machine variables

4. Devices which will generate functions of machine variables

5. Devices which will generate the time integral of a machine variable

1 Murray, Francis J., The Theory of Mathematical Machines, King’s Crown Press,
New York, 1947; Shannon, C. E., Mathematical Theory of the Differential Analyzer,
J. Math. and Phys., 20: 337, 1941.
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Some of the more commonly used devices capable of performing such
operations with d-c¢ voltages will be discussed, one by one, in the follow-
ing sections; in addition, high-gain amplifiers are often used for implicit
computation (Secs. 2.11, 3.3, and 6.12). The detailed design of comput-
ing elements will be treated in Chaps. 4, 5, and 6.

1.3. BASIC COMPUTING ELEMENTS: ALGEBRAIC OPERATIONS

Compared with other computing devices, d-c analog computers are
often strikingly simple. The reason for this is in the relative ease with
which the fundamental operations of multiplication by constants, addi-
tion, differentiation, and integration can be performed by utilizing simple
basic laws of current flow.

Coefficient-setting Potentiometers. Figure 1.5a shows how a simple
voltage divider or potentiometer is used to multiply a voltage by a con-
stant positive coefficient a(0 < a < 1):

X, = aX, (1.9)

The coefficient setting may be read on the potentiometer dial. The dial
scale will be linear unless the potentiometer is loaded appreciably by
another computing element connected to its output terminals (See. 4.1).
Phase-inverting Amplifiers. D-¢ amplifiers with feedback make it
possible to multiply a d-c voltage by a constant, which may be greater
than 1. In most practical cases, the sign of the output voltage will be
the opposite of that of the input voltage. The feedback amplifier thus
multiplies by a negative constant; it acts as a phase inverter or sign changer.
D-c amplifiers with various feedback networks (operational amplifiers)
are used extensively in d-c¢ analog computers to perform operations on
voltages. The transfer functions of such amplifiers are determined
mainly by the fecedback networks; the amplifier forward gain is usually
made as high as possible in order to make the transfer function stable.
The amplifiers and their associated power supplies are designed for low
drift.! All input and output voltages are measured with respect to a
ground reference. It is clear that the output voltages of operational
amplifiers must not exceed certain maximum absolute values (usually
100 volts) corresponding to the range of linear amplifier operation.
Consider the arrangement of Fig. 1.5b. Let A be the amplifier forward

1 For an elementary discussion of amplifier terminology, the reader is referred to
D. G. Fink, Engineering Electronics, McGraw-Hill, New York, 1938. More advanced
discussions will be found in Vol. 18 of the MIT Radiation Laboratory Series. Proper-
ties desirable in computer amplifiers as well as typical circuits are discussed in Chap. 5
of the present work.
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»
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J X0 : 0Xo
%o “ MULTIPLICATION BY
FSETTING "o B> N CONSTANT COEFFICIENTS
1 1z = D-C AMPLIFIER =
(a) 3 ' (b)
Xp=aX z - ﬁgx.
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- D-C AMPLIFIER =
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X. o———l X| 0——-'
DIFFERENTIATION

D-C AMPLIFIER =
X
0 ° RCP+l
i)

x x- RCPX|
(h) Ree +|} (1-A)

F1a. 1.5. Summary of simple computing networks and operational amplifiers.

gain which will be large (500 to 300 million) over the range of operating

frequencies. The voltage at the amplifier input grid is denoted by E, so
that

X,=AE o E=2X (1.10)
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One might note in passing that in such high-gain amplifiers the input
grid is practically at ground potential while the output voltage has a
finite value. According to Kirchhoff’s first law,! the sum of all currents
flowing to the grid must be zero. If the grid current is neglected for the
present, the ‘‘nodal’’ equation is

X 1 X 1
L0 il Lo = =20
(A XJR/+(A kal

so that
X, = Xr,.MA_a__(l_i_:LAE)I’—‘;ﬁXI (L.11)
(-4 '
. R, R, .
with g8 = j A <1 + 5° (1.12)

In most practical cases, the amplifier gain is so high that |AB| is very
large compared to unity, and Eq. (1.11) reduces to
R,
X, = — 7. X, (1.13)
The significance of the quantity Ag (idealized loop gain) and the validity
of the approximation (1.13) are discussed in detail in Sec. 4.2.

Summing Networks. Summing or averaging networks of the type
shown in Fig. 1.5¢ may be usced to obtain a voltage proportional to the
sum of several input voltages. In Fig. l.4c, the sum of all currents flow-
ing to the output terminal must be zcro, thus

(Xo—Xl)f—;+<X,,—Xz)Riz+

1 1
T X - Xo) g+ X =0 (1.14)
so that
X, = ( +3 +",§) L
EtmT O tTRTE

Such networks may be used for addition, but it is seen from Eq. (1.15)
that the performance changes appreciably with the load resistance R, and
that there is considerable attenuation in this circuit.

Summing Amplifiers. The summing amplifier circuit of Fig. 1.5d
permits the addition of several voltages or machine variables as well as
multiplication by constants and phase inversion. The voltage at the

1 8mythe, W. R., Static and Dynamic Electricity, McGraw-Hill, New York, 1939.
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input grid is, again, equal to X,/A. The nodal equation for this point
becomes

X, 1, (X,
(A —X‘)EJF(A’“ n,+

+(“‘ )R*( )1l=°

s0 that
- 1 o Xo X
X, = — (1 = Aﬂ) R. (——~ + =55 + + I{‘,.) (1.16)
-1
with B = ( + + + -+ -éi") (1.17)

In most applications, the amplifier gain is, again, so high that [A8] is
very large compared to unity, and Eq. (1.16) reduces to

X, = —1ﬁa<‘—\—1+ \f + -+ %,—) (1.18)

The validity of this approximation 1s discussed m See. 4.2.  Equation
(1.18) is particularly useful for establishing relations of the form

X, = —(aXh + a2 X2+« - - +a.Xy) (1.19)
with a = R, a, = R, an = L2
TR, PRy " Ra

A typical summing amplifie: employs the arrangement of Fig. 1.5d with
the resistance values

R, = 1 megohm

R, =Ry = R; = R, = 1 megohm
Ry = Re = 0.25 megohm

R: = 0.1 megohm

so that (1.19) becomes
Xo=—(X14+ X2+ X5+ X4+ 4X5 + 4Xes + 10X;) (1.20)

Seven input terminals corresponding to the coeflicients 1, 1, 1, 1, 4, 4,
and 10 are available. Figure 1.6 shows this arrangement and the com-
monly used block-diagram symbol for such a summing amplifier.

A summing amplifier may be used for multiplying a variable by a con-
stant coefficient in yet another manner. It is possible to connect the
same input voltage to two or more input terminals of the summing ampli-
fier; the variable is thus added to itself (or several products of the variable
by constant coefficients are added). Figure 1.7 illustrates this use of
“parallel inputs’” with a summing amplifier. Summing amplifiers and
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potentiometers can be combined to form more complicated sums and
differences (see also Fig. 2.2).

Multiplication. The design of computing elements whose output volt-
age is the product of two input voltages is somewhat more difficult.
Chapter 6 lists a number of electromechanical and electronic devices
capable of performing this function. It will suffice here to mention the

M
X, O-"—mh—- X o |
A Xp o—— |
X o—Vh—4 X3 o—— |

I X
X4 o——lvw\,—-— Xqo—1 o

025M
Xs » ] Xg o—— 4
Xe °—'_'(obsls‘f"_‘ M Xgo— 4
Xz ‘v""M' MW Xg Xpo—I10
N

7
D-C AMPLIFIER
Xo = =(X; +Xp +X3+Xq +4Xg +4Xg +10X7)
Fra. 1.6. Summing amplifier and block-diagram symbol.

R

Xpo———— 4

X3 © |

10

Xo *=(2X, +4X; +15X3)

Fia. 1.7. Summing amplifier, illustrating use of parallel inputs for multiplication by
constant coefficients.

tmost commonly used of these multipliers. Consider an ordinary linear
potentiometer of the type described above with an input voltage X,. If
the potentiometer setting a is made proportional to a second input volt-
age X,, then the output voltage aX; must be proportional to the product
of X; and X,. A servomechanism consisting of an amplifier or relay and
an electric motor can be made to position the potentiometer shaft in the
desired manner. The voltage X is applied to the input terminal of the
servomechanism, and the servomotor will turn the potentiometer shaft
continuously to the correct setting (Fig. 1.8a).
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This arrangement permits multiplication by positive voltages X, only.
In order to permit X, to assume negative as well as positive values, it is
customary to apply the voltages X; and — X, to two ends of the potenti-
ometer. The output voltage X, is then still ¢X,, and a varies from —1
through 0 to +1 as the potentiometer shaft is turned. It is thus possible
for a to be proportional to negative as well as positive values of X, and
the output voltage will be proportional to the product XX for all com-
binations of signs (Fig. 1.80).

X o

] Xo=0X, *(CONSTANT) X, X,

POTENTIOMETER S t :

3 1

; :

l '

Lo

]

!

Xp 0- Jl I SERVOMECHANISM

Fia. 1.8a. Servomultiplier.

X ©

O
Xg = (CONSTANT)X, X,

-X, o

SERVOMECHANISM

CD-----------

Fia. 1.8b. Servomultiplier.

Function Generation. With properly tapered and tapped potentiom-
eters, the output voltage can be made equal to a nonlinear function of the
shaft setting a and thus of the second input voltage X:

X, = X1a = X,a(X>) (-1 <aX

Such servo-driven function generators permit the multiplication of a volt-
age (constant or variable) by a function of another voltage. For example,
it is possible to divide a voltage X, by another voltage X, by performing a
multiplication by the function 1/X, A number of other circuits for
division are discussed in Sec. 6.12. With all servo-driven devices, the
speed of the computation is limited by the speed with which the motor
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can follow the variations of the voltage X,. A number of all-electronic
function generators are described in Chap. 6.

1.4, ELECTRICAL INTEGRATION AND DIFFERENTIATION

Integrations and differentiations of d-c voltages are usually performed
with respect to the time 7 as the independent variable.

The integrators described in this book permit integration with respect
to the time r. If integration of a machine variable X with respect to
another machine variable, Y, say, is desired, use must be made of the
relation

/XdY - /X%—gd‘r - /XPYdr (1.21)

which can be implemented through the use of an integrator and a

multiplier (Fig. 2.2).
The physical basis of most electrical integrating and differentiating
devices is a simple property of capacitors. The current through such a
capacitor (Fig. 1.9) is always propor-

o T - tional to the derivative of the voltage
" E across the capacitor:
||= ] " i = CPE (1.22)

In the simple iniegrating network
shown in Fig. 1.5e¢, an input voltage
X will start to charge the capacitor C
through the resistor R in a manner amounting approximately to integra-
tion. Unfortunately, the voltage built up on C during this process can
oppose the input voltage and prevent accurate computation. Quanti-
tatively speaking, the sum of all currents flowing to the output terminal
must be zero, so that

F1a. 1.9. Illustrating the basic prop-
erty of capacitors.

(X, — X1) lﬁ — X.CP =0

1
and Xa = W—_T_ 1X1 (1.23)
The transfer function X,/X, of a true integrator would be
X, _ const
X, ~ RCP (1:24)

Figure 1.10 shows the response of an integrating network to an input volt-
age step (a constant-voltage source suddenly turned on). The integrat-
ing network will, in all cases, approximate the performance of a true inte-
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grator reasonably well for a short time after the computation is started.
The transfer function of (1.23) approximates that of a true integrator
more closely if the values of C and R
are increased, but this also increases
the attenuation.

Electronic Integration. The
electronic integrator shown in Fig.
1.5f is more accurate and practical
than the simple integrating net-
work. Good integration is ob- =T
tained with little or no attenuation
and smaller values of resistance
and capacitance. Moreover, the Xo
output can be made to match a
low-impedance load, such as a /%
potentiometer, without impairing e
the quality of the integration. -Eo—_“:’ ===

With high-gain feedback ampli- 1 AN _—
fiers the input grid voltage Xo APPROXIMATES TRUE

E=X,/4 INTEGRATION FOR SMALL %.

. . . Fra. 1.10. Integration of step-function
will be quite small for high values voltage by a simple integrating network.
of the amplifier gain A. Since
now only this small voltage can oppose the input voltage X, the amplifier
will charge the capacitor at a rate quite closely proportional to X;. The
output voltage X, will then be closely proportional to the time integral of
input voltage X;. The transfer function of the electronic integrator is
derived precisely in the same manner as that of other operational ampli-
fiers. The nodal equation for the input grid is

X

e >
o

X, 1 X, _
(Eox)bs@-x)o-o  am
if capacitor leakage can be neglected (see also Sec. 4.5). Thus
X, =~ N X, (1.26)

(1 - ARCP + 1
For large values of A and reasonably short computing times, this is
approximated by
1
X, = — I—BZ‘T’X‘ (1.27)
which corresponds to integration.
Since Eq. (1.27) is only approximately true, there is still a limitation on

the allowable computing time. A comparison of (1.26) and (1.23) shows,



20 ELECTRONIC ANALOG COMPUTERS

however, that a considerable improvement has been effected. Because
of the nature of integration, it is possible for initial errors in integration
to increase with time. The design of accurate integrators is a crucial
part of the entire computer design; detailed design considerations as well
as estimates of maximum allowable computing times are discussed in
Secs. 4.3 and 4.5.

X
A
Rz ,C
X7 o—-'W\NV\———-A/_k —ox,

Vi

Fic. 1.11. Summing integrator.

Figure 1.11 shows an electronic summing integrator. This operational
amplifier is capable of summing as well as integration. The output volt-
age of the summing integrator is, to a similar approximation as (1.27),

1 (X, X, X,
Xo—"’é—,f,(ﬁ—l'i'ﬁ;‘*'""’r‘k;) (1.28)
Electrical Differentiation. Networks and operational amplifiers capa-
ble of approximate differentiation with respect to time may be constructed
by reversing the positions of resistors and capacitors in the corresponding
integrators, as illustrated in Figs. 1.5g and h, which also show the respec-
tive transfer functions. Although differentiators can replace integrators
in some computer setups for the solution of differential equations, the use
of differentiators is avoided whenever possible because their frequency-
response characteristics tend to produce noisy and unstable computer
setups.

1.6. DIRECT-ANALOG REPRESENTATION OF MATHEMATICAL OR PHYSI-
CAL RELATIONS. NETWORKS AND OPERATIONAL AMPLIFIERS

In many important applications of d-c analog computers, two machine
variables X, and X, represent input and output variables of a physical or
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logical system (e.g., stimulus and response, force and displacement, motor
current and torque) and are related by a linear differential equation

(@P™ + arPm1 4+ + + 4 an)X, = (boP™ + 0P™ 14 - - - + bm)Xl]
or X, = GP)X,

(1.29)
The techniques described in Secs. 1.2 to 1.4 permit the representation of
such a relation in terms of simple computing elements, each associated
with an elementary mathematical operation. Thus the computation of the
function X,(r) for arbitrarily given X1(r) by classical differential-analyzer

X o>t G(P) [——0Xg:G(P)X,

(o)

Fra. 1.12a. Block representation (transfer-function representation) of a linear differen-
tial equation relating two machine variables X, and X,.
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Fia. 1.12b, ¢. Two possible computer setups for a relation of the form X, = % (T.P
+ 1)X, with 75 > 0. In Fig. 1.12¢, T, = RR.C/(RL + R), k = RL/(R + RL).

methods requires the synthesis of a ‘““block” of computing elements
(potentiometers, summing amplifiers, integrators, and differentiators)
which establishes the relation (1.29) between its input voltage X, and
its output voltage X,.

An alternative d-¢ analog-computer technique is to find a relatively
simple electrical circuit, such as a network or a feedback amplifier, whose
input and output voltages X, and X, are related by the desired differen-
tial equation (1.29). Such a circuit will constitute a direct analog of the
system under consideration (Fig. 1.12a). Networks and feedback ampli-
fiers can also represent ‘‘blocks” having more than one input variable.
The networks and operational amplifiers shown in Fig. 1.5 may be
regarded as special cases of direct analogs.

The physical analogies inherent in direct-analog representations appeal
to many systems designers. Although direct-analog methods are not as
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systematic nor as generally applicable as the classical differential-ana-
lyzer approach, direct-analog techniques very often result in simpler and
more accurate computer setups, particularly if the problem involves the
interconnection of many ‘‘blocks” of the type described. Both comput-
ing schemes can, and should, be used in combination.

R c
X, —WWhW—j Xo C4rcCP
. (c+C)+(r+R)cCP
lc

C

r+rRCP
R (R+r)+Rr(C+c)P

—AWW—]
rCP

1+(RC+rc+rC)P+rRcCP2

1+(CR+cr)P+rRcCP2
R I+CR+cr+cR)P+rRcCP2

-

IC

Fia. 1.13. Some computing networks and their transfer functions. The transfer
functions of several simpler networks may be obtained from those given if one or
more resistances and /or capacitances are set equal to zero or infinity.

Computing Networks. Figure 1.12b shows a differential-analyzer
representation of the relation

_ k
T TP +1

which is of importance in many problems dealing with damping and decay
phenomena. Figure 1.12¢ shows how a simple network with the transfer
function G(P) = k/(T,P + 1) can save two amplifiers (and thus also
drift, phase shift, and output range limitations). A number of other
computing networks and their transfer functions are shown in Fig. 1.13;
such cireuits are particularly useful.in special-purpose computers.

X = %(T.,P + DX, or X X: (T.>0) (1.30)
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Operational Amplifiers. In spite of the attractive simplicity of passive
computing networks, the use of d-¢ amplifiers with suitable input and
feedback networks (operational amplifiers) is often preferable.! Opera-
tional amplifiers permit a more flexible choice of transfer characteristics;
unlike networks, operational amplifiers can have high input impedance
and low output impedance without attenuation (see also Secs. 1.3 and
1.4). The low output impedance of an operational amplifier operated
within its voltage and current ratings makes its behavior essentially inde-
pendent of the load.

The parallel-feedback phase-inverting amplifiers, integrators, and dif-
ferentiators of Fig. 1.5 are all special cases of the more general opera-
tional amplifier circuits shown in Figs. 1.14a and b. The transfer func-
tion of the circuit of Fig. 1.14a is derived from the nodal equation

1 (X, 1 (X,
ZﬁxX—XO+L@K7_XJ=O (1.31)
which leads to
T, 1 Z,(P)
X, = [1 I_AW,)] 7 X (1.32)
) B Z:(P) (P) ]!
vith ) = s = |V B (-39

If the absolute value? of AB(P) is large compared to unity for the work-
ing frequencies used, the performance equation (1.32) reduces to

Z4(P)

Xo=— 7.7

X, (1.34)

The circuit of Fig. 1.14b is a similar generalization of the summing
amplifiers and summing integrators described in Secs. 1.3 and 1.4. The
nodal equation yields the performance equation

X2 o o
L=‘P ‘wm]wﬂmm+ﬂﬁ+ ](”&
with 8(P) = [1 +7 gg + g gj; ] (1.36)

1 See also J. R. Ragazzini, R. H. Randall, and F. A. Russell, Analysis of Problems in
Dynamics by Electric Circuits, Proc. IRE, 86: 444, May, 1947.

2 For sinusoidal input voltages of circular frequency w, the complex impedances
Zy = Z,(jw), Z) = Z1(jw), Z: = Z2(jw), . . . correspond to the operators Z,(P),
Zy(P), Z:(P), . . . , and the complex function B(jw) corresponds to B(P). See also
Sec. 4.2.
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Fic. 1.14. Block diagrams of parallel-feedback operational amplifiers.

If |AB(jw)| > 1 for the working frequencies in question, Eq. (1.35)
reduces to the simplified form

7 (P X X, P
X, = —ZP) [71-(7‘,—) + 2P + ] (1.37)

Since the amplifier forward gain A is itself a function A = A(jw) of
frequency, the simplified performance equations (1.34) and (1.37) will
apply only for a restricted range of input frequencies. The validity of
the approximations (1.34) and (1.37) is discussed in Sec. 4.2.

The operational amplifier technique can be gencralized still further. In
the operational-amplifier circuits of Figs. 1.14¢ and d, each input and
feedback voltage is applied to the d-c amplifier input terminal through a
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passive linear four-pole transducer. The (complex) short-circuit transfer
impedance of each transducer is defined as the ratio of its input voltage
to its short-circuit output current (Fig. 1.15a); this definition includes
that of an ordinary impedance as a special case. If the loop gain of the
operational amplifier is sufficiently large, the respective performance
equations corresponding to Figs. 1.14c and d are approximately!

Z.(P)
X X,

and X, = —Z,P) [zm tym T ] (1.39)

where Z,, Z), Z,, . . . are the respective transfer impedances of the
transducers transmitting the voltages X,, X1, Xs, . . . . Note that Eqgs.

X, =

E,~-RCPXo ERO
PASSIVE LINEAR R R C

X| 0wt  FOUR-POLE Xy X
TRANSDUCER . °
J- i

I

X N
= Z,2R(2+RG,P), zo=c‘—P
(a) Xo 2o |
X, ©"Z, °~ RCP(Z+RC,P)

(b)

Fia. 1.15. Transfer impedance of a passive linear four-pole transducer (Fig. 1.15a),
and design of an operational amplifier with the aid of Table 3 (Fig. 1.15b). The
performance equation in Fig. 1.15b can also be derived directly from the nodal
equations.

(1.34), (1.37), and (1.38) are special cases of Eq. (1.39). Table 3 lists
the transfer impedances of a number of networks as an aid in the design
of such operational amplifiers (Fig. 1.15b).

The infinite-gain performance equation (1.39) also applies to the more
general operational amplifier circuit of Fig. 1.14e if one defines each
(complex) transfer impedance Z, (or Z,) as the ratio of X, (or X,) to the
corresponding short-circuit ground current into the network terminal
“B” when all other network terminals are grounded. In general it is,
however, easier to derive the performance equation directly from the
nodal equations. Thus, the performance equation of each of the useful
circuits of Table 2 follows at once from the nodal equation for the inte-
grator input terminal, whose voltage must be —RCPX, for infinite ampli-
fier gain.

The circuit of Fig. 1.14f permits the representation of complex transfer
functions having zeros in the positive as well as in the negative half-

1 Bradley, F. R., and R. McCoy, Driftless D-c Amplifier, Electronics, April, 1952,
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plane.! The synthesis of even more general ‘‘electronic operators”
involving two or more parallel-feedback amplifiers has been treated by
Raymond.?

Operational amplifiers of the types shown in Fig. 1.14 have many interest-
ing and important applications. They may save over one-third of the
integrators needed for large differential-analyzer setups (e.g., in the solu-
tion of partial differential equations by difference-equation methods, Sec.
3.10). In the simulation of automatic control systems (Sec. 3.4), opera-
tional amplifiers may serve as direct analogies of control devices or
dynamic systems whose performance is approximated by Eq. (1.38) or
(1.39). A number of particularly useful operational amplifier circuits
are given in Tables 1 and 2; others may be designed with the aid of
Table 3. Each operational-amplifier circuit approximately described by
the transfer-impedance method may be subjected to a more accurate
performance analysis in the manner of Sec. 4.2.

Nonlinear Relations. Direct-analog techniques utilizing operational
amplifiers can be extended to nonlinear problems; servomechanisms or
switching devices may change one or more circuit impedances as a func-
tion of a machine variable (Secs. 3.2 and 6.9, Tables 5 and 6). Addi-
tional uses of high-gain feedback amplifiers are described in Secs. 2.11
and 3.3.

1.6. COMPLETE D-C ANALOG-COMPUTER INSTALLATIONS

By judiciously combining basic computing elements of the types dis-
cussed in the last section, one can design complete d-c analog computers
for a wide range of applications. The technical details associated with
the economical design of such installations will be discussed in Chap. 8.

A complete d-c¢ analog computer will, in general, comprise the follow-
ing components in one form or another (Fig. 1.16):

1. Linear electronic computing elements (operational amplifiers and
associated networks). These will perform the operations of ampli-
fication, phase inversion, differentiation, and integration, as neces-
sary. The cost and complication of these and other computing ele-
ments will depend on the required accuracy (Chaps. 4 and 5).

. Potentiometers or attenuators to set constant coefficients (Sec. 4.1).

. “Nonlinear” electronic or electromechanical compuling elements for
performing operations such as multiplication, division, function gen-

W N

! Unpublished lecture by Mathews and Seifert (Massachusetts Institute of Tech-
nology); see also Beck, lecture presented at Project CYCLONE Symposium I, 1950,
Reeves Instrument Corporation, New York City.

? Raymond, F. H., Le Calcul analogique, booklet published by the Société d’Elec-
tronique et d’Automatisme, Courbevoie, France, 1952.
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eration, and limiting. Such devices are needed if the problems to
be solved call for nonlinear operations (Chap. 6).

4. Permanent wiring or flexible means for interconnecting these com-
puting elements as needed for the problems in question. Patch
cords and jacks used for this purpose are usually plugged into a

CALIBRATION
up

i z i il et

Fis. 1.16. The basic components of the flexible and economical electronic analog
computer shown at left (see also Sce. 8.4) arc high-gain d-c¢ amplifiers (upper
right) and plug-in resistors and capacitors (lower right). Other computing clements
include diode function generators, computer servos, and electronic multipliers (Boeing
Airplane Company).

removable problem board, which in turn is plugged into the machine
proper (Sec. 8.3).

5. Control circuits for starting the computation with the correct ini-
tial-condition settings and for stopping the machine after the com-
putation is completed (Sec. 7.2).

6. Means for recording or measuring the d-c voltages in the machine.
Recording milliammeters or servo plotting boards (Fig. 1.17) are
commonly used to furnish a permanent inked record of voltages
against time (Sec. 7.3).
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7. Regulated power supplies which furnish the voltages needed for the
operation of the electronic components (Sec. 7.4).

In addition to special-purpose computers assembled permanently or
on a breadboard for the solution of single problems, an institutional or
industrial laboratory may utilize flexible electronic differential analyzers
of small to moderate size (10 to 60 operational amplifiers) for the solution

Fic. 1.17. A large servo plotting board (Electronic Associates, Ine.).

of general mathematical problems which present themselves in the course
of research or development work. Such computers can be maintained
and serviced by any alert radio technician without special preparation.
Experience has shown that engineers and scientists with an average
college background in mathematics can learn the use of an electronic
differential analyzer without difficulty and will quickly appreciate the
possibilities afforded by this powerful modern tool.

Many large analog-computer laboratories, staffed by mathematical
experts as well as specialists in the principal fields of application, are
now in existence in the United States and have an enviable record of



INTRODUCTION TO D-C ANALOG COMPUTERS 29

achievement. Such laboratories are capable of rendering invaluable
services to science and industry by performing computations too extensive
in scope or volume to be handled by smaller facilities. The computer
laboratories are usually started by government or industrial grants and
may well be self-supporting.! An installation of this type may comprise
two or more large electronic differential analyzers which can be inter-
connected and operated together for the solution of especially complicated
problems. Test facilities for automatic control machinery to be tested
with analog computers may adjoin the differential analyzers. Most
analog-computer laboratories use electronic digital computers to check
selected analog-computer solutions.

1 Herbert, E., A New Computation Center for Industry, Automatic Conirol, August,
1954.



CHAPTER 2

PRACTICAL SETUP PROCEDURE

2.1. INTRODUCTION

In order to solve a given set of differential equations on a d-c analog
computer it is necessary to make certain voltages in the machine vary
with time in a manner prescribed by the given differential equations.
The computer is “set up” for the given problem if a suitable arrange-
ment of computing elements ensures the existence of the correct mathe-
matical relations between the voltages in the computer.

It is clearly of the greatest importance for the engineers or mathe-
maticians in charge of a computer laboratory to acquire skill and facility
in the technique of setting the machine up for a given problem.

The setup procedure described in the following sections has evolved
during several years of practical work. It seems to be sufficiently simple
and straightforward to enable even inexperienced personnel to obtain
workable setups for a very large number of problems. On the other
hand, there are usually many possible setups for a given problem. It
will always be somewhat of an art to find the setup which will result in
the greatest possible accuracy or in the most economical use of the com-
puting elements. Experience as well as ingenuity will give the operator
a feeling for the new mathematical medium, and one may say that an
elegant setup will be aesthetically satisfying as well as practically useful.

2.2. MACHINE VARIABLES AND SCALE FACTORS

It is very important to remember that the machine will establish
mathematical relations not between the original variables of a problem
but between voltages ‘‘simulating’’ these variables. In order to keep
this distinction clearly in mind it is useful to denote the voltage or
machine variable representing a given mathematical variable in the com-
puter by the corresponding capital letter. Thus an angle 6 would be
represented by a voltage A, a velocity v by a voltage V, a variable z by
X, ete. Since in most d-c analog computers the machine variables can
vary between the limits of plus and minus 100 volts, it has been found

30



PRACTICAL SETUP PROCEDURE 31

convenient to measure the machine variables in units of 100 volts, or
machine units. These conventions will be adhered to in the following
discussions.

The first step in any computer setup must be the establishment of
relations describing the transformations from the given problem variables
to machine variables and vice versa. In all ordinary cases these trans-
formation equations are simply of the form

X =axx A = asgd V = a,, ete. (2.1)

The dimensional coefficients a., as, a,, etc., in Eq. (2.1) are called
scale factors. The scale factor of any variable is numerically equal to
the number of 100-volt machine units corresponding to 1 unit of the
simulated variable. Each voltage is given, numerically and dimension-
ally, by the product of scale factor and variable. Conversely, the cor-
rect value of any variable can be determined from the corresponding volt-
age by dividing the latter by the scale factor.

Ezample. Let & be an aircraft angle of attack. The transformation equation
A = 43 indicates that the voltage A simulates the angle & with a scale factor as = 4
(100 volts /radian), so that an angle of 14 radian or 14.3 deg is represented by 1 machine
unit or 100 volts in the machine.

The choice of scale factors is governed by two conflicting considera-
tions between which some compromise must he made: (1) scale factors
should be as large as possible in order to minimize percentage crrors due
to stray voltages, and (2) the machine variables must not exceed plus or
minus 100 volts (1 machine unit) so that all tubes operate within the
linear portions of their characteristics. Because of these considerations,
it is necessary to possess some information as to the expected ranges of
the variables in order to limit the scale factors accordingly. Estimates
of these ranges may be obtained from a knowledge of the physical back-
ground of the problem, from approximate numerical computations, or
from the results of trial runs. This information need not be accurate,
since it is relatively easy to change the scale factors after one or more
trial runs.

In general, a scale factor a, associated with the variable x will be chosen
according to the following rule:

1 machine units
a: < - S e
maximum expected value of |z| unit

2.2)

This ensures that the largest expected excursion of the machine variable
X will never exceed 1 machine unit. In most cases a convenient round
number, somewhat less than the numerical value given by Eq. (2.2),
may be used for the scale factor. Scale factors smaller than those indi-
cated by the foregoing must be used (1) if it is inevitable that multiples
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of the machine variables in question appear at an amplifier output ter-
minal; (2) if the time scale (see Sec. 2.4) is fixed and the voltages repre-
senting derivatives of machine variables would overload one or more
amplifiers.

Scale factors for different variables will, in general, differ from one
another in magnitude and dimensions. As a rule, there will be cne trans-
formation equation and thus one scale factor associated with each variable
of the problem. Quite frequently, however, a mathematical variable,
z, say, may be represented by two or more different voltages or machine
variables X, X’, etc., in different parts of the computer. In such cases
there may be more than one transformation equation and more than one
scale factor for the variable in question.

Functions of Machine Variables. Functions of machine variables such
as X2, sin Y, €Y, etc., may be considered as new problem variables f,
fa, ete. The absolute values of the corresponding machine variables F;,
F,, ete., should not exceed 1 machine unit.

Examples. If fi = sin Y, the corresponding transformation equation can be simply

Hi=F

If fo = e¥ with —1 < Y < 1, the corresponding transformation may be
fo = eFs

where Fy = %ey

Note that the new function ¥; can be obtained simply by means of a potentiometer
function generator, whereas the original f2 cannot (sec also Sccs. 2.8 and 6.9).

It is not really necessary to write such transformations explicitly in
each case; it will usually suffice to rewrite the machine equation in the
manner shown in the following example.

Ezample. The machine equation

m’=17'("E With 0.1 < X < 1

can be rewritten in the form
1
PX =15 (w—x)
The function in parentheses can be generated by mecans of a function potentiometer.

Recorder Scales. The adjustment and choice of the recorder scales
before computation may be properly considered as part of the computer
operation as such and are described in Sec. 7.3.

2.3. CHOICE OF TIME SCALE

If the transfer functions of all computing elements are given in terms
of real time units, a d-c analog computer may be considered as capable
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of integrating and differentiating the machine variables directly only with
respect to real time (note, however, Fig. 2.2). In other words, rcal time,
henceforth denoted also as machine time r, is the independent machine vari-
able.! The time scale is established by writing a transformation equa-
tion relating the machine time = to the mathematical independent vari-

able, ¢, say,
T= o 2.3)
From (2.3) it follows that

d d
P=g g = al (2.4)

where the operator P = d/dr denotes differentiation with respect to the
real or machine time r. The dimensional coefficient «; is called the
time-scale factor and is often referred to simply as the time scale. The
time-scale factor is numerically equal to the number of seconds repre-
senting the unit of the independent variable under consideration. Again,
the value of the independent variable at any instant of the computation
is obtained by dividing the elapsed computing time by the time-scale
factor.

Erample. Let the time ¢ be the independent variable in a physics problem. Do
not confuse r and t! The transformation equation r = 10¢ indicates that the machine
time “simulates’’ the problem time ¢ with a time-scale factor of 10. Thus a problem
time of 1{¢ sec is represented by a machine time of 1 sec. All rates of change in the
problem have been slowed down in the ratio «;:1 or 10:1.

The nature of a d-c analog computer makes it easy to change the time
scale of a computer run within certain limits. When the time scale is
changed, the voltage changes in the computer remain proportional to
the corresponding changes of the mathematical variables, but the rates
at which these voltage changes take place may be speeded up or slowed
down in order to improve the accuracy or increase the convenience of
the computation (see also Sec. 1.1).

The choice of the time scale is, again, governed by a number of con-
flicting considerations, which may be summarized as follows:

1. Almost all errors associated with d-c¢ integrators tend to increase
with time (see Sec. 4.3) and are thus minimized by short computing
times (small’ ;).

2. Computer servos, on the other hand, may become unreliable at
frequencies higher than 2 cps (see Sec. 6.8). From this point of
view, a slow time scale seems to be more favorable if servos are to
be used.

! While the symbol ¢ for real time might he preferable, its use is not practical because

of the frequent use of ¢ as the independent variable in physics problems. It is impor-

tant to consider the meanings of the two symbols  and ¢ very carefully so that the
two may not be confused.
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3. With a small time-scale factor all rates of changes and therefore the
coefficients in the machine equations are increased. This may make
it necessary to cascade amplifiers to the point of instability and
also to reduce the scale factors of certain variables whose derivatives
would otherwise overload the computer.

Ezample. Consider the differential equation

dy _
a = py = 50

Suppose the scale factor for y has been chosen so that
_ 1 (machine units
~ 200 unit

or y = 200Y

ay

Then for 7 = ¢ (1:1 time scale), the machine equation is

r-4()

For r = 100¢ (“slow”’ time scale = 100:1)

1 1
Y = 5 (00)
But for » = oot (‘“fast’ time scale = 1{gg:1)
1
Y = 5 (26)

and the voltage of —25 machine units nceded to drive the integrator is not available in
the computer. The equation could be solved, however, with a reduced scale factor a,.

On the basis of these conditions a compromise must be made. It is
evident that a choice of the time scale can be made only after a study of
the particular problem in question. Some examples will be presented
in Chap. 3. In general, a total computing time of 1 to 4 min will be
satisfactory for accurate integration. If computer servos are used, they
should not be positioned by voltages changing at frequencies higher than
2 to 10 cps, depending on the machine used. If a d-c analog computer
is to be used in a partial system test (see Sec. 3.7) in connection with other
equipment, it must, of course, be operated on a 1:1 time scale.

In many problems, the independent variable, ¢, say, or some function of
¢, occurs explicitly in the differential equations.

Ezample.

%- —y+t—1t —sin2t

In such cases, ¢ is not represented by the machine time 7 alone. It is
necessary to define an additional voltage or machine variable which will
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represent ¢ in the machine. In accordance with previous practice, this
machine variable will be denoted by T and will be defined by a trans-
formation equation

T =aidt (25)

The scale factor a; must not be confused with the time-scale factor o,
from which it is in general numerically and dimensionally different.! The
machine variable T is necessarily always generated as a function of the
machine time 7, which is the real independent variable in the machine.
It is, therefore, proper to consider T' as a dependent and not as an
independent machine variable.

2.4. MACHINE EQUATIONS AND BLOCK DIAGRAMS

As soon as all scale factors, for the independent variable as well as for
the dependent variables,"have been chosen (subject to later revisions),
the transformation equations (2.1), (2.3), (2.4), and (2.5) should be col-
lected and recorded on a sheet or card clearly labeled with the problem
number or designation. Thus,

X = ax A = asd V = aw T = ai

| =

p (2.6)

T = ot P =

2]

3
These equations are next solved for the original mathematical variables:

s=tx s=2a ,=Ly ... 4 =lp
az as Ay a;

t=L: p=aP @7
ag

(2.7) is recorded on the same sheet or card as (2.6).

The given differential equations are, of course, expressed in terms
of the mathematical variables (x,6,», . . . ,t). It is easy to rewrite
the given differential equations in terms of the machine variables
(X,AV,...,Ts). It is merely necessary to substitute the expres-
sions (2.7) for the original variables in the given differential equations.
The resulting mathematical relations between the machine variables are
called the machine equations; they are the equations actually solved by
the computing machine.

Ezample. Consider a given set of differential equations

pz + 15.9py + 10pz + 731y + 50z = 200}

pYy + 7.34py + 4.9pz + 3.5y + 100z = 0 238)

1 The numerical value of a; is determined by simply applying Eq. (2.2) to the
independent variable.



36 ELECTRONIC ANALOG COMPUTERS

If the scale factors are chosen to be

1 (machine units seconds
a: = Gy = E-O(_Ell—t__) a =10 —-u-at—-) (2.9)
the transformation equations become
z = 100X y = 100Y t = Yor p = 10P (2.10)

These expressions are substituted into the original differential cquations. The
machine equations are

P*X + 1.59PY + PX + 7.31Y + 0.5X = 0.02 } @.11)

P2Y + 0.734PY + 0.49PX + 0.035Y + X =0

The machine equations express mathematical relations between voltages
in a form more or less readily set up on the machine. The arrangements
of computing elements which will establish these relationships between
the voltages in the computer are first drawn up on paper as block diagrams,
one for each equation. Each block diagram will serve as a visual aid for
connecting the computing elements proper and also constitutes an impor-
tant record of the computer setup.

Just as a mathematical equation describes relations between variables and
operators, the block diagram describes relations between voltages (machine
variables) and computing elements (machinc operators). 'The basic comput-
ing elements available for this purpose were discussed in Chap. 1. Some
symbols commonly used in block diagrams are shown in Fig. 2.1, together
with a summary of the operations performed by each of the basic com-
puting elements. On all block diagrams, the machine variables at all
amplifier output terminals should be clearly indicated so that the block
diagram can be easily interpreted.!

The block-diagram symbols presented in Fig. 2.1 are intended as sug-
gestions only and will frequently have to be supplemented by more com-
plete diagrams (partial circuit diagrams). This is especially true for set-
ups on computers which have no fixed computing and feedback networks
built into the machine. Since block diagrams for simple relations are
most easily understood, it usually is best to draw separate block diagrams
for each machine equation or even several block diagrams for the various
relations expressed by one machine equation.

Each block diagram should be drawn so that it can be ‘“read’’ from one
or more input terminals on the left to one or more output terminals on the
right like a sentence or an equation in a book. It is usually not necessary
or desirable to show interconnections between the output and input termi-

1In a number of computer laboratories, it is customary to label voltages in block
diagrams with the products of scale factors and mathematical variables (such as ayy
instead of Y). It is believed that this procedure will permit errors more easily than
that described in the text.
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nals of the block diagrams corresponding to two different machine equa-
tions. Such interconnections are, in any case, clearly seen from the fact
that the respective terminals are labeled with the same symbols.

The computer will be set up by using wires or patch cords to intercon-
nect the physical components of the machine in the manner shown by
the block diagram. The code or serial number of each actual computing ele-
ment must be noted carefully on the block diagram as the interconnections are
made, and an accurate record must be made of any changes in the computer
setup or in the scale factors used.

Several examples of simple block diagrams, together with the corre-
sponding machine equations, are shown in Fig. 2.2 which also illustrates
a number of ways of combining the basic computing elements to perform
various operations.

While the number of possible interconnections in a d-c analog com-
puter is very large, several precautions have to be observed, which will be
brought out more clearly when the design of the individual computing
elements is discussed in Chaps. 4 to 6. A practical limit exists on the
amount of amplification and thus on the magnitude of a coefficient which
can be obtained in most d-c analog computers. Gains higher than plus
or minus 200 obtained by means of cascaded amplifiers usually lead to
instahility.

Again, many amplifiers or integrators should not he loaded by more
than two simple potentiometers without special ‘““booster’ connections
(see Sec. 5.5).

Another point to be remembered is that voltages like 10Y, 4V, etc., and
also derivatives like PY, P?Y (see Fig. 2.4) may overload an amplifier out-
put even if the voltages Y, V, etc., do not. Setups involving such situa-
tions must be avoided unless the respective scale factors are reduced
accordingly.

The simple potentiometers in the computer are usually loaded by ampli-
fier input networks. As a result, the potentiometer dial readings are not
accurately equal to the respective potentiometer transfer functions. The
subject of potentiometer loading is discussed in detail in Sec. 4.1. It
suffices to say here that the loading errors can be corrected accurately by
reference to a comparison potentiometer or to the correction charts given
in Sec. 4.1.  The potentiometer transfer functions indicated in all block dia-
grams should be the actual transfer functions, including the effects of loading;
otherwise, the machine equations could not be easily derived from the
block diagram.

Because of the very great variety of problems which can be solved by
means of d-c analog computers, the technique of setting up a machine is
best taught and learned by working as many examples as possible. The
material in Secs. 2.5, 2.7, and 2.8 as well as Chap. 3 has been prepared with
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thisidea in mind. A number of specific setup techniques will be discussed
in Secs. 2.5, 2.7, and 2.8. Chapter 3 will describe the solution of several
complete problems and will also serve to illustrate a method of keeping
convenient records of the computations.

Setup Sheets. A number of computer laboratories have successfully
used so-called setup sheets as an intermediate step between the preparation
of the block diagram and the actual computer setup. A setup sheet is a

OPERATIONS

COMPUTING
ELEMENTS

BLOCK DIAGRAM
SYMBOLS

MACHINE EQUATIONS

Coefficient -setting
potentiometers with

Combinations of

multiplications by
constant coefficients,
summation,sign change,)
and integration

summing amplifier Xo | Xo =-(0.753 X, +3X;)
(or integrator) Xp0 @ 10,
X 1 0
Use of parallel ! -1
inputs (see r—‘-— | Xo | Xo =7 UIX; +28X;)
also Fig. 1.7) Xz 1 !
|

Summing amplfier
with feedback
connection

Xo = = (X, + 4X+10X3)

Integration with
respect to a

Integrator and
servo-driven

Xo =f Ydx

dependent variable potentiometer H = '_', (YPX)

ox _@ )

Fia. 2.2. Examples of combined operations with basie computing elements.

form listing The following information for each computing element used in the
computer setup tn question:

1. Input machine variables—from which point in the machine
2. Output machine variables—to which point(s) in the machine
3. Mathematical relation enforced

4. Scale factors used

5. Special settings or remarks

Setup sheets may be convenient particularly if the computer setup
proper is to be made by relatively unskilled personnel. Setup sheets may
also be helpful for checking completed computer setups. On the other
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hand, it may be difficult to keep the setup sheets up to date during changes
in the computer setup, and the additional intermediate step may provide
an added opportunity to commit errors.

2.6. D-C ANALOG-COMPUTER SOLUTION OF LINEAR ORDINARY
DIFFERENTIAL EQUATIONS WITH CONSTANT COEFFICIENTS

A very large class of enginecring problems concerned with oscillations
and automatic controls leads to sets of linear ordinary differential equa-
tions. D-c analog computers are especially well adapted to the solution
of such equations. Two typical cases will serve to illustrate the manner
in which such problems are handled.

Suppose that the dependent machine variable Y in a certain problem is
to vary with the machine time 7 as prescribed by the machine equation

@Y 8 Ly 0 o PY4PY+TY =0
dr? dr

0<r<1) (212

Equation (2.12) is first solved for the highest derivative of Y, resulting
in -
PY = — (r’Y 4+ 7) o<Lr<Ll (2.13)

Each of the terms on the left and right of Eq. (2.13) will be a voltage.
The voltage I’2Y must appear as a sum, multiplied by —1, of the voltages
rPY and Y.

One obtains this relationship between voltages by applying the voltages
rPY and Y to the input terminals of a summing amplifier (Fig. 2.3a)
which will perform the required operations of addition and multiplication
by —1.

The voltages rPY and Y, which must appear at the summing-amplifier
input terminals, are not independent of P?Y but must be obtained from
P2Y through successive integrations and multiplications by constants.
The voltage P?Y is treated as if it were already known and is applied to
the input of an ¢ntegrator whose output must then be equal to —PY.
Integration of this voltage in turn yields the voltage Y'; each electronic
integration results in a change of sign (Fig. 2.3b). The voltage —PY is,
finally, multiplied by —r by means of a phase-inverting amplifier and a
simple potentiometer, so that the required voltage rPY is obtained. Fig-
ure 2.3¢ shows the block diagram corresponding to the machine equation
(2.12), except for the initial-condition settings. The latter will be dis-
cussed in Sec. 2.6.

Experience has shown that there is usually more than one correct com-
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puter setup for any given problem. One or more of these may be prefer-
able to others for reasons of economy in the use of computing elements,
because of better accuracy, or because of scale-factor advantages. For
this reason, every block diagram should be inspected with a view to
possible revisions. Unless it is necessary to measure or record the voltage
P?Y itself, the operations of summing and integrating in Fig. 2.3¢ may

rey 2
Y=-(r PY+Y
@ J>+)

2
2 ~PY=-L(PY y=-L(-PY)
®) PeY H> ¥ H> P o

—oPY
PY -
P>
(e Y l/
—oO PY

F1a. 2.3. Solution of the differential equation P2Y 4+ rPY + Y =0 with0 <r < 1.
Initial conditions: ¥y = 1, (PY)o = 0.

both be performed by a summing integrator. This results in the saving
of one amplifier. The revised block diagram is shown in Fig. 2.3d. A
check shows that the revised block diagram corresponds to the relation

PY = — 3 [rPY -2 (—PY)]

which is equivalent to Eq. (2.12). Tt is scen that the machine variable ¥
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will have no choice bul to vary as prescribed by the given machine equation
(2.12).1

As a second example, suppose that two dependent machine variables X
and Y are to vary with the machine time 7 as prescribed by the set of
machine equations derived in the example of Sec. 2.3, viz.,

PX + 1.59PY + PX + 7.31Y + 0.5X = 0.02 (2.14)
P%Y + 0.734PY + 0.49PX 4+ 0.035Y + X =0 )

In such problems, one machine equation is solved for the highest occurring
derivative of cach of the machine variables. This procedure is applicable
even if the highest derivatives of two or more machine variables do not
occur in more than one of the equations. It is always possible to differ-
entiate one of the other equations until the desired derivative is obtained.

In the present case, one of the machine equations (2.14) is solved for
each of the variables P2X and P?Y:

P:X = —(1.59PY + PX 4 7.31Y 4+ 0.5X — 0.02) (2.15)
P?Y = —(0.734PY + 0.49PX 4 0.035Y + X) o

Once the desired relations between the voltages in the machine have been
expressed in the form (2.15), they can be casily established physically.
Each Eq. (2.15) is taken up in turn.

Each of the terms in (2.15) will be a voltage or machine variable.
Starting with the first equation (2.15), the voltage P2X must appear as the
sum, multiplied by —1, of the voltages

1.59P°Y, ’X, 7.31Y, 0.5X, —0.02 machine unit (2.16)
This end is achieved by applying the voltages

L? PY, PX, 7—i3-1 Y, 0.5X, —0.02 machine unit  (2.17)
to the correct input terminals of a summing amplifier (see Fig. 2.4a), which
now performs the required multiplications by —1, —4, and —10 as well as
the addition. The voltages (2.17) are not independent of the voltages
P2X and P?Y but must be obtained from them through successive integra-
tions and multiplications by constants. As before, the voltage P2X is
treated as if it were already known and is applied to the input of an

1 Equation (2.12) is the equation of damped harmonic motion. If Yo = 1, (PY)o =
0, the solution is found to he

T3
Y = Y™ cos wr b=£ w=Vl—r—

This solution is easily rccorded and verified for a number of values of ». For this
reason, this simple problem is often used to check a new computer.
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integraior whose output must then be equal to —PX. In this manner,
successive inlegrations by means of cascaded integrators (Fig. 2.4b) yield
the voltages—PX and X at the output terminals of successive integrators.
Similarly, successive integrations of P?Y yield the voltages —PY and Y.
Each electronic integration results in a change of sign. It should be
noted that an integrator may be used to effect a multiplication by a
constant factor as well as an integration.

22 py
PX |4

E Y :O\ P2X=-(1.59 PY + PX + 7.3 Y+0.5X-0.0%)
|

o253 X |
-0 02 ] (0)

X
(RECORDER)

PX

PY \ .
px o—@D)—]! p2y JD -PY @ oy
(RECORDER)
(c) D oPY
Fia. 2.4. Solution of the set of differential cquations
P:X 4+ 1.59PY + PX + 7.31Y + 0.5X = 0.02
P2Y + 0.734PY + 0.49PX + 0.035Y + X =0

It is interesting to note in the above computer setup how all multiplications by factors
greater than 1 have heen performed at amplifier inputs. The voltages 1.59PY and
731Y do not oceur at amplifier output terminals where they might cause overloading.

It remains to multiply the voltages —PX, X, —PY, and Y by the
proper positive and negative constants by means of phase-inverting ampli-
fiers and potentiometers to obtain the voltages (2.17), which are the terms
to be summed by the first summing amplifier.

This completes the simulation of the first equation (2.15). A block
diagram for the second equation is obtained in essentially the same
manner. The machine variable P?Y appears at the output of a second
summing amplifier which sums and inverts the voltages 0.734PY, 0.49PX,
0.035Y, X (machine units), obtained by successive integrations and
multiplications of P2X and P?Y, as before. A complete, composite block
diagram corresponding to the machine equations (2.15) is shown in Fig.
2.4c.
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The composite block diagram should be reexamined with a view to
possible improvements in the manner discussed further abhove.

Figure 2.4c shows the complete computer setup except for the initial-
condition settings. The latter are discussed in Sec. 2.6, and a composite
block diagram with the initial-condition settings indicated is shown in
Fig. 2.5a. !

Several remarks on such block diagrams in general are in order. It is
seen that a separate block diagram has been drawn for each of the machine
equations. Each machine variable appears at an output terminal on the
right of one of the equation block diagrams and, usually, at one or more of
the input terminals on the left. Several other voltages (auxiliary machine
variables) also appear at the right and left and may or may not be
recorded. The only input terminals will be those connected to a source
of constant voltage or an external function generator ‘“driving”’ the com-
puter. The interconnections between terminals on the right and left or the
interconnections between block diagrams of different equations need not and
should not be drawn. This procedure will result in much greater clarity of
the composite block diagram and will also aid in the handling of the
records. This fact is illustrated by Fig. 2.5b, which shows the block
diagram of Fig. 2.5a¢ with the interconnections drawn in. It is readily
seen that the arrangement in Fig. 2.5a is more easily interpreted and also
permits changes to be made in one equation block diagram without
making it necessary to redraw the entire figure.

W henever a composite block diagram has been established, it should be care-
fully checked against the corresponding equations. An inspection of Fig.
92.5a shows that the machine variables X and Y will have to vary with
time as prescribed by Eqs. (2.15) and thus by Egs. (2.14). Records of
the voltages X and Y will, then, constitute a solution of the problem in
question.

2.6. INITIAL CONDITIONS

Before each computer “run’ is started, it is necessary to establish at
the output of each integrator in the computer a voltage equal to the
given initial value of the machine variable which is to appear at that
point. The machine variables will then be certain to start to vary from
the correct initial values given by the problem.

Naturally, the machine variables could not in general be maintained
constant at their initial values before each run while the computer is set
up to solve a differential equation. Accordingly, the computer is made
inoperative by disconnecting the integrator amplifier grids from the input
networks while the initial conditions are set up. This is called the RESET
condition of the computer. At the beginning of a computer run, a relay
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(RECORDER)

PY

X
Q)

(RECORDER)

Y
O

(RECORDER)

(b)

Fia. 2.5. Solution of the set of differential equations

P:X + 1.59PY + PX + 7.31Y + 0.5X = 0.02

P?Y + 0.734PY + 0.49PX + 0.035Y + X =0
system connects the amplifier grids to the input networks and at the same
time removes the initial-condition voltage sources. All integrating
capacitors are now charged up to the correct voltages, and the machine
variables are free to vary according to the differential equations set up.
The exact circuits for the relay system and the initial-condition voltage
sources are described in Sec. 7.1.

The number of initial conditions will usually equal the number of integra-

tors used for the problem in question, and each integrator output must be set
to the corresponding initial-condition voltage.
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Summing amplifiers and phase inverters need not be made inoperative
in the RESET conditon; their output voltages will, in any case, assume the
correct initial values corresponding to the initial values of the voltages
established at the amplifier input terminals by preceding integrators.

The correct initial values of the machine variables are easily found by
substituting the given initial values of the original problem variables into
the transformation equations. In this manner, initial values for the
machine variables and their derivatives will be found. It happens fre-
quently, however, that an integrator output voltage, which must be set to
the correct initial value, is not simply cqual to a machine variable or its
derivative. The output of a summing integrator may well be a function
of the machine variables and their derivatives. In such cases the correct
initial value of this function must be computed and set into the integrator.

Example. Consider a sumnming integrator performing the operation
— i—l) (—=P3Y + 4PX)

Tts output voltage will be P2Y — 4X. Given the initial conditions (P?Y), = 0.5,
X, = 0.25, the correct initial condition setting is 0.5 — 1 = —0.5.

Figure 2.1 shows the manner in which initial conditions are specified in
block diagrams. Figures 2.3¢ and 2.5 show how initial conditions are
introduced in the examples of Sec. 2.5. Whenever an integrator is shown
without any initial-condition input, the initial value of the integrator out-

put voltage is simply zero.

2.7. D-C ANALOG-COMPUTER SOLUTION OF LINEAR ORDINARY DIFFER-
ENTIAL EQUATIONS WITH VARIABLE COEFFICIENTS

D-c analog-computer setups for the solution of linear differential equa-
tions with variable coefficients and of nonlinear differential equations
will require the use of computing elements capable of multiplying two
machine variables and of generating functions of machine variables (see
Chap. 6). Such computing elements will appear in addition to the
“linear” computing elements used for the solution of linear differential
equations with constant coefficients. No particular difficulties will be
encountered once the limitations on the input and output voltages of the
various devices used for multiplication and function generation are under-
stood. Specifically, since the value of a function of a machine variable
might exceed the dynamic range allowable in the computer even though
the machine variable itself is well within that range, it is often necessary
to rewrite the machine equation in the manner shown in Sec. 2.4 so0 as to
keep the output of a function generator within its working range through-
out a computation.
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Note again that all initial choices of scale factors are preliminary in
nature and that the scale factors, including the time scale, may have to be
readjusted after a few trial runs in order to obtain the greatest possible
accuracy and convenience in each case.

Solution of the Mathieu Equation. Solutions of Mathieu’s differential
equation

Py | -

ar w3(1 4+ € cos wat)y =0 (2.18)
where ¢, wo, and w,, are constant parameters, are of interest in connection
with the study of frequency-modulated oscillations. Inspection of Eq.
(2.18) shows that Mathieu’s equation is essentially the performance equa-
tion of a harmonic oscillator having a ‘“stiffness coefficient’’ containing a
time-variable term.

Assuming that

0<w<50 0<w,<100 0<e<1 (2.19)

in Eq. (2.18) and that solutions will be of interest for 0 < ¢ < 15, the
independent variable may be related to the machine time 7 by the trans-
formation equation

r

t=15 (2.20)
which leads to the relation )
d — D>
7= 10F (2.21)

The dependent variable y may be represented in the computer by a
voltage of ¥ machine units such that

y=7Y (2.22)

The scale factor a, is thus equal to 1, but this figure can be easily raised if
an overload should occur in the computer for large values of the initial
condition settings.

By substituting the transformation equations (2.21) and (2.22) into
Eq. (2.18), one obtains the machine equation

100P?Y = —w} (1 + € cos ‘1"—(")‘1) Y (2.23)

Since, according to (2.19), the value of w} may be as large as 2,500, it is
convenient to rewrite the machine equation (2.23) in the form

L py = _ @b 1+ecos‘ﬁr)y (2.24)
%% 3,500 10 '
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so that a coefficient-setting potentiometer can be used for multiplication
by w2/2,500. The block diagram of Fig. 2.6a shows how a voltage equal
to the expression on the right of Eq. (2.23) is formed by means of a
summing amplifier having the input voltages w?/2,500 and (w3/2,500) €
cos (wn.r/10). A cosine potentiometer capable of continuous 360-deg

2
| _p2 Wo
-z—s-P Ys- 2500“+€ COS T,)Y

WITH W, < 50, Wy, < 100, € <

.Lp2
Yo % @®©—{cos 92T ¥
T
m
FROM TIME —~=—— ~~d55-T

MOTOR
oro GEARS

Fi¢. 2.6a. Block diagram of a computer setup for the solution of Mathieu’s differential
equation (2.18) on a slow time scale. The cosine potentiometer driven by the clock
motor is of a type capable of continuous 360-deg rotation (see Sec. 6.11). The
potentiometer shaft makes a complete revolution cvery 20r/wn, seconds. Poten-
tiometer-loading corrections must be observed.

! .—
zsxm.p Y 2,_,,oo(|+e COS 10 Wm T)Y WITH W, < 50, wn < 100,€ <1

#:COS IOu,,,t
P22 —100 wy? 2 WITH 2(0)=1, PZ] =0

[} 2 1
Y :@J—@— MULTIPLIER oY

8 Qe f
COS 10Wm T,

@Dy '

Fia. 2.6b. Block diagram for the solution of Mathieu’s differential equation (2.18)
on a repetitive computer, such as the MacNee machine described in Sec. 8.5. The
multiplier indicated is a crossed-ficlds electron-beam multiplier (sce Sec. 6.2). Note
how the function Z = cos 10w.r is generated by implicit solution of the differential
equation P2Z = — 100 w3Z. Integrating capacitors of 0.1 uf are used.

rotation (see Secs. 6.9 and 6.11) is driven by a clock motor at a speed
wm/20r rps; this speed is adjusted in accordance with the ‘“modulation

circular frequency’’ w, by means of gears.
The machine variables —14PY and Y are obtained by successive

integrations of the voltage 145P?Y ; the correct initial conditions must be
introduced in each integrator in the manner discussed in Sec. 2.6.
Repetitive-computer Setup for Mathieu’s Equation. As an interesting
alternative, Fig. 2.6b shows the block diagram of a repetitive-computer
setup for the solution of Mathieu’s equation (2.18). Since the repetitive
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display of the solutions requires the use of a fast time scale (see Secs. 1.1
and 8.5), the transformation equation (2.20) is replaced by

t = 10r (2.25)
The machine equation hecomes

1 wd

2 X100 = T g500 (1 Fecos 10wy (226)

The computér setup of Fig. 2.6b is similar in principle to that for the
“slow’” d-c analog computer (Fig. 2.6a), but an electronic multiplier is
used to multiply ¢ by a voltage

Z = cos 10w, (2.27)

This latter voltage is obtained as a function of the machine time r as the
solution of the differential equation

PZ = —100w2 7 where Z(0) = 1 and PZ], =0 (2.28)

This technique of obtaining functions of the machine time 7 through
implicit computation (sce also See. 6.6) is widely usable, and its applica-
tion is by no means restricted to repetitive computers. It will be an
interesting exercise for the reader to modify the setup of Fig. 2.6a so as to
apply this technique. The resulting computer sctup is particularly useful
if function potentiometers are not available.

Solution of Legendre’s Equation. Solutions of Legendre’s differential
equation

2 .,

TV 4 nn+ 1y =0 (2.29)
where n is a real integer, are important for solving problems in potential
theory and antenna theory in terms of spherical coordinates.! The initial
conditions chosen for n between 0 and 6 are given by the following table:

(1—-1

n=20 1 2 3 4 5 6
0) =1 0 0 é 0 —57
dy( ) % 3% 16 (2.30)
2y ] =0 1 0 -3 0 3¢ 0
dt o
This choice of initial conditions will result in!
y(1) =1 (2.31)

It will be convenient to represent the independent variable ¢ in the
computer by both the machine time 7 and a voltage or shaft displacement

1 For a discussion of the solutions of Legendre’s equation in terms of an eigenvalue
- problem, see L. Pauling and K. Wilson, Introduction to Quantum Mechanics, McGraw-
Hill, New York, 1935, or H. Margenau and G. M. Murphy, The Mathematics of
Physics and Chemistry, Van Nostrand, Princeton, N.J., 1946.
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T (see also Sec. 2.3). The dependent variable y will be represented by a
machine variable Y.
Assuming that the solutions are of interest only for

0<t<1 -1<y<1 (2.32)

the problem variables may be related to the corresponding machine
variables by means of the transformation equations

Yy = (-'1- Y t="T

T"’ d (2.33)
t =< — = 5P

5 dt

The scale factor a, of the dependent variable y is left undetermined for the
time being, since estimates for the maximum value of dy/dt may not be
available. The machine equation becomes

1
-1

It is seen that the machine equation (2.34) or, in fact, any machine
equation corresponding to a single linear and homogeneous ordinary differ-
ential equation (with either constant or variable coeflicients) is not affected by
the scale factor of the dependent variable.  The corresponding computer setup
is affected by the choice of this scale faclor only as far as the initial-condition
scitings are concerned. It is, then, particularly convenient to find scale
factors like a, in (2.33) through a trial-and-error process, since the com-
puter setup proper will not be affected by changes in a,. This is not true
in the case of computer setups for nonlinear equations.

The block diagrams of Fig. 2.7 show two alternative d-c analog-
computer sctups for the solution of Legendre’s equation for values of
nup to 7. Ineach case, a voltage proportional to P?Y is obtained as the
sum of two voltages corresponding to the two terms on the right of Eq.
(2.34). The machine variable Y is then obtained by successive integra-
tions. Initial conditions must be introduced in each integrator’ as
described in Sec. 2.6.

The computer setup of Fig. 2.7a is due to Hagelbarger, Howe, and
Howe.! The machine equation (2.34) is established in a particularly
straightforward manner through the use of function generators consisting
of phase-inverting amplifiers whose feedback networks are varied stepwise
in accordance with the desired function of the time r by 40-step tap

25P%Y =

[10TPY — n(n + 1)Y]  where T' = g (2.34)

1 Hagelbarger, D. W., C. E. Howe, and R. M. Howe, Investigation of the Utility of
an Flectronic Analog Computer in Engineering Problems, UM M-28, Engineering
Research Institute, University of Michigan, Ann Arbor, Apr. 1, 1949,
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switches (see Sec. 6.9). The transfer functions of such function gen-
erators are always negative, but the absolute values of the transfer func-
tions are not limited to the value 1 as in the case of simple potentiometer
function generators.

Nevertheless, since the function 1/(1 — T?) increases indefinitely for
values of 1" approaching unity, it is necessary to replace the function by

25P2y = — [I0TPY-n(n+1)Y] WITH T=¥

IT2 5

(OPERATIONAL
AMPLIFIER)

(OPERATIONAL
AMPLIFIER)

MANUAL ' - 25p2y
ISETTING | 30T a’ E’ oY
(OPERATIONAL D
AMPLIFIER) ) spy
e SN

_1
FROM MECHANlCAL OR ELECTROMECHANICAL TIMER
(a)

25P2Y = 7=53 [I0TPY ~n(n+1)Y]

Y nin+l
60/ (POTENTIOMETER)
(POTENTIOMETER) =13 1 oy
- %Y T i 25(|-TE)
[
' T:& iT=
_____ S el %

“FROM TIME MOTOR (b)

Fia. 2.7. Block diagrams of two d-¢ analog-computer setups for the solution of Legen-
dre’s differential cquation (2.29). The function gencrators indicated in the setup
of Fig. 2.7a, due to Hagelbarger, Howe, and Howe (see footnote, page 50), arc opera-
tional amphfiers whose feedback networks are switched by a 40-step tap switch
(see Sec. 6.9) in accordance with the desired functions. Figure 2.7b is an alternative
setup using potentiometer function generators whose transfer functions must be
less than unity.

its value for T = 0.975 for all larger values of 7. This arrangement
limits the absolute value of the transfer function of the function generator
to a safe value.

The errors due to this limitation as well as those due to the stepwise
generation of the functions 27 and 1/4(1 — T?) are quite small, as shown
by the results below.

Figure 2.7b shows a computer setup for the same machine equation
based on the use of tapped potentiometer-type function generators driven
by a clock motor. The tapped potentiometer-type universal function
generators must be set up with the load connected, as described in Sec.
6.10.
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Fic. 2.8. D-c analog-computer solution of Legendre’s differential equation for n = 6,
and comparison with analytical results (from Hagelbarger, Howe, and Howe, op. cit.).

The function 1/(1 — T?) is replaced by its value for T = /1 — L35
for all larger values of the argument T, so that the transfer function of the
function generator will never exceed unity.

The computer setups of Fig. 2.7 are capable of solving Eq. (2.29) for
values of n between 0 and 7. Trial solutions will show that for n = 7,
the maximum value of the derivative dy/dt will be about 15, so that the
scale factor a, cannot be larger than {5 machine unit per unit for the
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computer setup of Fig. 2.7a and 2 machine units per unit for the computer
setup of Fig. 2.7b.

Figure 2.8a shows a sample computer record for n = 6 obtained by
Hagelbarger, Howe, and Howe with the computer setup of Fig. 2.7a, and
Fig. 2.8b shows a comparison between the d-¢ analog-computer solution
for n = 6 and the analytically obtained result

y = Ye(231t% — 315¢* + 10582 — 5) (2.35)

forn = 6.

28. D-C ANALOG-COMPUTER SOLUTION OF NONLINEAR ORDINARY
DIFFERENTIAL EQUATIONS

The Van der Pol Equation. The solution of the Van der Pol equation

2
D ur - D%ty =0 (2.30)
where u is a constant parameter, may be used, for instance, to describe
the build-up of oscillations in certain nonlinear electrical circuits and
furnishes an interesting example of the d-c¢ analog-computer solution of a
nonlinear differential equation. The Van der Pol equation (2.36) is seen
to resemble the performance equation (2.12) of a damped harmonic oscil-
lator but has a nonlinear damping term which will tend to build the
amplitude of the oscillations up for small values of y and to decrease the
amplitude for large values of y. If an oscillator of this type is given a
small initial displacement y, periodic oscillations of constant amplitude
will result after an initial transient.

Suppose that u = 0.1. Trom previous knowledge or through a trial-
and-error process, it may be said that the variable y will not exceed the
value 2 appreciably. It is rcasonable to relate the problem variables y
and ¢ to the corresponding machine variables Y and r through the trans-
formation equations

y = 2.5Y =7 (2.37)
and the resulting machine equation may be written in the form
PY = (0.1 — 0.625Y?)PY — Y (2.38)

The block diagram of Fig. 2.9¢ shows how the machine variable P?Y is
formed through the processes of addition and successive multiplication,
and how —PY and Y are obtained through integration of P?Y.

Only linear servo-driven potentiometers are required for the computer
setup of Fig. 2.9a. A phase-inverting amplifier is used to avoid errors
due to excessive loading of the first servo-driven potentiometer. If a
function potentiometer is available to perform the required multiplication
by Y2, it is possible to save one operational amplifier, as shown in Fig.
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2.9b. Errors due to amplifier drift, distortion, etc., may thus be reduced.
Since Y2 will be less than 1 throughout the computation, it is possible to
use the function potentiometer without any necessity for rewriting the
machine equation (see Sec. 2.2).

P2y = (01-0 625 Y2) PY-Y
Y Ot m——————

0.625Y2PY O

-PY vl I 1Yl }——o0625Y2PY

4
1y 1y
[] ]
vo——%--l--------------‘
(a)
Yo
| oY
o—(@ |
e
-y2 5
— D ®
«PY o Y2 —0-Y2PY

Y

Yo—%--} (b)

Fia. 2.9. Computer setups for the solution of the Van der Pol equation. Mechanical
connections (servo shafts) are indicated as broken lines. In Fig. 2.9a, linear center-
tapped potentiometers are used for multiplication by |Y| (circuit 5.1, Table 5).
Since all servo-driven potentiometers are equally loaded, one may eliminate poten-
tiometer-loading cffects by loading the servo follow-up potentiometer (Sec. 6.9).

Solution of the Rayleigh Equation. If a new dependent variable z is
introduced in Eq. (2.36) through the transformation

dz
di

Y (2.39)
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one obtains the Rayleigh equation

2
%{'; + [31- (%%) ‘fft] +2=0 (2.40)
which was originally used for the description of certain acoustical
phenomena.

The d-¢ analog-computer solution of the Rayleigh equation (2.40) is
of interest not only for its own sake but will, in view of the transformation
(2.39), also furnish the solution of the Van der Pol equation (2.36). This
may be particularly useful in view of the fact that the d-c analog-com-
puter solution of Eq. (2.40) requires only the use of a single function

2
(éa") z=°‘(eoop)z - 0625 (s_oT) PZ) -2

PHOTOFORMER

Fia. 2.10. Block diagram of a repetitive-computer setup for the solution of the Ray-
leigh equation (2.40). The same computer setup may be used for the solution of the
Van der Pol equation (2.36) through the use of the relations (2.45) and (2.46) given
in the text. Integrating capacitors of 0.1 uf may be used.

generator without the neccessity for any multiplications of machine
variables. This fact has been used by MacNee! for solving either Eq.
(2.40) or (2.36) with a comparatively simple setup on his repetitive com-
puter (see Sec. 8.5).

Assume again that g = 0.1. For a repetitive computer solution of
Eq. (2.40), the machine variables Z and r may be introduced through the
transformation equations

z =257 t = 600r (2.41)

The corresponding machine equation becomes

0.625
mP Z = 0.1 <600 PZ) 5 (600 PA) -Z (242

Figure 2.10 shows the block diagram of the simple repetitive-computer
setup for Eq. (2.42); a photoformer (see Sec. 6.6) is used to generate the
function 0.208(§0oPZ)%.

! MacNee, A. B., An Electronic Differential Analyzer, Proc. IRE, 87: 1315, 1949.
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The same computer setup may be used to solve the Van der Pol equa-
tion (2.36) through the use of the transformation equations
y = 2.5Y t = 6007 (2.43)
and the relation
L60oPZ = Y (2.44)
corresponding to the transformation (2.39). From (2.42), (2.43), and
(2.44) it follows that

PZ = 600Y = 240y (2.45)
and
Z=017 =22y _ 1 py
3 600
(2.46)

z=0.1(y—%y3)—%yt
The last two relations will yield the correct initial conditions for Z and
PZ from those given for y and dy/dt.

Remarks on the Intelligent Choice of Machine Variables. The use of
transformations like (2.39) is often very helpful for simplifying the d-c
analog-computer solution of a given problem, especially when only a
limited number or choice of computing elements is available.

Again, an intelligent choice of scale factors including the time-scale
factor will help one to realize the full accuracy capabilities of the d-c
analog computer used. If, for instance, the value of the parameter u in
Eq. (2.36) or (2.40) is increased, the maximum value of the problem
variable z = dy/dt will tend to increase without a proportional increase in
the maximum value of y. In such cases, the use of a slower time scale is
indicated if the accuracy of the computation is to be maintained.

Plots of Solutions in the Phase Plane. The use of servo plotting
boards (see Sec. 7.3) for recording d-c analog-computer solutions permits
one to plot a problem variable, y, say, against its derivative dy/dt.
Studies of such “phase plots’’ are of particular interest in connection
with the theory of nonlinear oscillations.! In the case of repetitive com-
puters, phasc plots may be obtained conveniently by feeding voltages
proportional to ¥ and PY to the horizontal and vertical deflection plates
of a cathode-ray oscillograph.?

2.9. SUMMARY OF SETUP PROCEDURE

The following is a step-by-step review of the setup procedure presented
in this chapter. Further examples of applications, together with sample
records, will be given in the following sections.

1 Minorsky, N., Introduction to Non-Linear Mechanics, Edwards Bros., Inc., Ann
Arbor, Mich., 1947.
2 MacNee, op. cit.
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Step 1. Obtain a complete statement of the problem in question for the
record (see Sec. 3.1). This statement should include, on separate sheets
or cards, a clear indication of the object of the study; mathematical relations
(differential equations, etc.); initial conditions; numerical values of
parameters, given funclions, etc.; parameters to be varied; any available
solutions or checks; estimated ranges of variables (and their derivatives,
if possible).

Step 2. Determine tentative scale factors for each variable and function, and
write the corresponding transformation equations on a sheet or card.

Step 3. Choose the time scale, and write the transformation equation for the
independent variable. Using the transformation equations, write the
machine equations on another sheet or card. Solve one machine equation
for the highest occurring derivative of each machine variable, differentiating
some of the equations if necessary. Do not forget to transform initial
values, limiting levels, efc., to machine variables.

Step 4. Using separate sheets or cards, draw a computer block diagram for
each machine equation. Choose recorder speed and voltage scales.

Step 5. Review the combined equation block diagrams. Revise setup, scale
factors, and circuit values where necessary to avoid excessive amplifier
output currents (Sec. 2.4), to maintain the frequency response of summing
amplifiers (Sec. 4.2) or computer servomechanisms (Sec. 6.8), etc.!
Rewrite equations where necessary.

Step 6. Check whether the relations expressed by the revised block diagram
reduce to the correct differential equations of the problem.

Step 7. Connect the various computing elements by means of the patch cords,
following the revised block diagram, equation by equation. Do this with a
view to short, convenient connections. Carefully note the number of each
actual computing element on the block diagram for reference.

Step 8. Set potentiometers, initial values, limiting levels, and function gen-
erators according lo the block diagram. Correct settings for potentiometer
loading where necessary. Set or check recorder calibration.

Step 9. Check the entire setup. If at all possible, have a second person
check steps 2 to 8 independently. A good check is also to rederive the
machine equations from the computer setup.

Step 10. The machine is now ready for trial runs. Revise sctup and scale
factors where necessary. Keep a careful record of setup and scale-factor
changes. Colored dummy plugs may be used to indicate temporarily
removed patch cords.

It is helpful to avoid, as far as possible, computer setups involving
more integrations than absolutely needed and computer setups in which
more than one amplifier output represents the same variable. In the

1 Consult the manufacturer’s frequency-response curves for various loads and feed-
back circuits.
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latter case, it is advisable to test the sensitivity of the solution to a small
gain change in one of the channels generating the variable. Similar
precautions apply when a coefficient must be set by more than one
coefficient-setting potentiometer or summing resistor.

A number of methods for checking solutions and methods for checking
the operating condition of the machine are discussed in Sec. 7.6.

2.10. OTHER METHODS FOR HANDLING SCALE FACTORS

Introduction. Consider the d-¢ analog-computer solution of the
differential equation

dy _ _

2 — —2
7 Y or py Yy (2.47)

According to the procedure described in the foregoing sections, machine
variables Y and 7 representing the problem variables y and ¢, respectively,
are introduced by the transformation equations

1 1
Yy = E;; Y = &:T (248)
where a preliminary choice of the scale factor a, is made by observing the
inequality
Y = a,y < | machine unit (2.49)
in order to avoid overloading the computing elements. The resulting
machine equation
e
a,o

PY = — Y? (2.50)
can be solved by the computer setup of Fig. 2.11a if the time scale chosen
is sufficiently slow, so that 1/aa, < 1. If a faster time scale (smaller «)
is desired, the coefficient-setting potentiometer shown must be supple-
mented by a pair of amplifiers.

Procedure 1. The following alternative procedure for handling scale
factors is of historical interest! and avoids the introduction of explicit
symbols for the machine variables Y and 7:

1. A preliminary block diagram of a computer setup for the desired
equation is drawn without regard to scale-factor restrictions for the various
computing elements (see Fig. 2.11b). In general, the relations expressed
by this block diagram cannot be enforced by the actual computing ele-
ments, since their dynamic ranges may be too small or too large.

2. A similar block diagram is now drawn (Fig. 2.11¢) for machine

1 Caldwell, S. H., and V. Bush, A New Type of Differential Analyzer, J. Franklin
Inst., October, 1945, p. 255.
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Fia. 2.11. Illustrating different methods of handling scale factors in the d-¢ analog-
computer solution of the differential equation dy/dt = —y2.

variables obtained by introducing (as yet unknown) scale factors for the
voltages appearing at each terminal throughout the block diagram. In
the notation chosen, a,y will be the machine variable representing y,
a,? that representing y?, a,,py that representing py, etc. A coefficient-
setting potentiometer (or one or more amplifiers) is provided in each
feedback loop for adjusting the scale factors.

Y
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3. The scale factors to be chosen must satisfy the inequality (2.49).
An inspection of the block diagram shows, however, that relations between
the scale factors are enforced by the computing elements; thus, in the case
of Fig. 2.11¢, one has

Ay = Z—’: and a,: = (a,)? (2.51)

If the resulting machine equation
—appy = kagy  or  —py = k(a,)? (2.52)
t

is to be equivalent to the given equation (2.47), one must have
1
k= o (2.53)
which corresponds to the potentiometer setting in Fig. 2.11a.

The so-called closing equations' (2.51) and (2.53) together with the
inequality (2.49) determine the potentiometer setting k as well as all the
scale factors in Fig. 2.11¢ once the time scale o; has heen chosen; a; is,
again, assumed to satisfy 1/wa, < 1. The values of the potentiometer
setting and scale factors obtained in this manner arc now entered in the
block diagram (Fig. 2.11¢), which is then used for the computer setup.
It goes without saying that, with this method of scale-factor adjustment
as with any other, the computer setup may require readjustments after
trial runs indicate possible improvements in the choice of scale factors.

Procedure 2. 'The following method of handling scale factors is typical
of several short-cut methods used instead of the procedure described in
Secs. 2.2 to 2.4, to which it is essentially equivalent. The procedure to
be described provides a rather convenient means for dealing with the
troublesome time-scale factor.

1. For each given differential equation like (2.47), one finds a corre-
sponding machine equation by multiplying and dividing each variable
by the corresponding scale factor derived with the aid of Eq. (2.2).
The resulting relation is the machine equation for a one-to-one time scale.
Thus, if each y in Eq. (2.47) is multiplied and divided by the scale factor
a,, one obtains

1 1 1
—pay) = — 5 (@y)?  or  play) = — ~(ay)' (2.54)
Y v y

2. From each such machine equation, one may draw the block diagram
for a one-to-one time scale, as in Fig. 2.11d.

3. Onc may now initroduce a ttme-scale factor o, (time scale a: 1, Sec. 2.3)
stmply by reducing the gain of each integrator in the block diagram in the

1 Caldwell, 8. H., and V. Bush, ¢bid. See also J. B. Resnick, Scale Factors for
Analog Computers, Product Eng., March, 1954,
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ratio 1/a:; this transformation will not affect the scale of any voltage or
shaft rotation in the block diagram. In the case of the given example,
the resulting block diagram is again that of Fig. 2.11a.

The last-described method of introducing changes of time scale is not
as flexible as the basic method described in Secs. 2.3 and 2.4, but it is
very convenient, especially with computers permitting changes of the
integrator time constants B,C, RsC, . . . in Fig. 1.11. If all integrator
time conslants are increased in the ralio a;:1, the ttme scale will also be
increased in the ratio a;: 1.

Equivalence of Scaling Methods. As evidenced by the foregoing
discussion, the above methods for handling scale factors are equivalent.
Specifically, the determination of the potentiometer setting & from the
closing equation (2.52) in the example corresponds to the computation
of the machine equation (2.50).

For this reason, any of the block diagrams presented in Chaps. 2 and 3
are equivalent to those derived by one of the alternative setup methods if
one remembers that the machine variables indicated (such as Y, 6X, PA,
ete.) are equal to products of the corresponding problem variables by the
respective scale factors (such as a,y, 6a.z, (as/a:) pd, ete.).

Although no mathematical reasons exist for preferring any one of the
setup procedures presented, the methodical introduction of explicitly
defined machine variables by a set of transformation equations appears to
have certain striking advantages. The authors’ experience seems to
indicate that this approach makes it easicr to understand the operation
of the machine, which, after all, handles voltages and shaft rotations
rather than multiples of problem variables. The explicitly written trans-
formation equations and machine equations are also particularly helpful
in avoiding errors, especially errors associated with the effects of changing
the time scale.

2.11. D-C ANALOG COMPUTERS AS EQUATION SOLVERS

The solution of a set of machine equations like

X+Y=0

Y Voo (2.55)

for the unknown voltages X and Y by means of an analog computer is a
problem different from that of establishing the machine equation

X+Y=0 (2.56)
simultaneously with a differential equation like
X _y-o (2.57)

dr
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by means of an analog machine (solution of differential equations with
constraints, Sec. 3.3). Since the differential equation (2.57) is essen-
tially a relation involving only changes of the variable x, the machine
equations (2.56) and (2.57) can often be satisfied continuously for any
reasonable set of initial values of z. This is not true for the machine
cquations (2.55). Automatic equation solvers can enforce relations like
(2.55) only after an initial transient. A machine of this type has actually
solved a set of differential equations, viz., the performance equations of
the amplifiers, servomechanisms, and networks used for the computation.
If these are correctly designed for the purpose, the machine variables
X and Y will be made to approach the correct values corresponding to the
solution of the given set of equations in the course of the “solution” of
the performance equations. An aufomatic equation solver may thus be
an analog computer comprising amplifiers and/or servomechanisms set
up so that its performance equations cause the machine variables to
approach the correct unknown values without any tendency toward
instability or uncontrolled oscillations. 7f the machine variables con-
verge to constant values within the dynamic range of the computing
elements, these values will belong to the sct of the correct unknowns.
Generally applicable analytical conditions for the stable performance of
such machines have been formulated for the case of linear equation solv-
ers (p. 66), but more remains to be done in the general case.!

Ordinary equation solvers permit only the computation of real roots;
an equation with complex roots must be transformed into a corresponding
set of cquations which can be solved for real unknowns, such as the
absolute values and arguments of the desired roots.

D-c Analog Computers as Automatic Equation Solvers. Existing d-c
analog computers are usually intended mainly for the solution of sets of
differential equations. In machines specifically designed to solve prob-
lems involving neither differentiations nor integrations, the utilization
of a-¢ amplitudes as machine variables may be preferable to d-c analog
techniques; the use of a-c amplifiers will eliminate drift as an error source.
Multipurpose d-¢ analog computers can, nevertheless, be very useful for
the solution of certain types of equations and sets of equations. If very
accurate results are required, approximate analog-computer solutions
may still be useful for speeding up successive-approximation-type hand
calculations.?

The solution of a single equation like

f@ =0

1 Murray, Francis J., The Theory of Mathematical Machines, King’s Crown Press,
New York, 1947.

2 This applies, in particular, to the Gauss-Seidel method of solving linear simul-
taneous equations. See E. A. Goldberg and G. W. Brown, An Electronic Simul-
taneous Equation Solver, J. Appl. Phys., 19: 339, 1948.
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for a real root x must be translated into the solution of a corresponding
machine equation
FX)=0 or —F(X) =0 (2.58)

for an unknown voltage X within the operating range of the computer.
Automatic equation solvers may be set up with ordinary d-c¢ analog-
computing clements by one of the following methods:

F(X)=0
3X+1=0
=[F(x)-x]=x -(2X+1)=X

N1 N 1,
2% i

(a)
F(X)‘g 3X+1=0
F vy r—14 =
(X)SA(F) X+l A(P)
IM
MW
IM
M
, | "
r—_—!E'g——-‘ VYWW ""‘"‘:f“""“""
1
R M
—0X | o— AW —ox
HIGH-GAIN HIGH-GAIN
D-C AMPLIFIER D-C AMPLIFIER
(b)

Fia. 2.12. D-c¢ analog computers as automatic equation solvers. Stability tests are
necessary in cach case.

1. Solution by implicit computation (sce also Scc. 1.2). The machine
equation (2.58) is replaced by an equivalent equation

FX)+X=X o —[FX)—Xl=X (2.59)

and this relation is set up on the computer in the usual manner. This is
shown in Fig. 2.12a for the general case as well as for a simple linear
equation.

2. Implicit computation by means of a high-gain d-c amplifier. The
computer setups of Fig. 2.12b imply the machine equation

X o
which will tend to approximate the desired relation (2.58) if the amplifier
d-c gain 4 = A(0) is large, and the feedback loop is stable. The com-

puter setups of Fig. 2.12b are essentially equivalent to those of Fig. 2.12a;
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the error involved in the approximation (2.60) is also implicit in the per-
formance equation (1.16) of the summing amplifiers used in Fig. 2.12a.
Suitably connected function-generating servomechanisms may replacc the
d-c¢ amplifiers shown in Fig. 2.12.

3. Use of integrators. If d-c integrators (Sce. 1.4) replace the high-
gain amplifiers in the equation-solver setups of Fig. 2.12b, the machine
equation (2.60) is replaced by

[1 — AP)RCP + 1

which reduces to Eq. (2.60) under d-¢ conditions (/> = 0). If the result-
ing computer setup is stable, X will, then, converge to the desired root
of Eq. (2.58), as in Fig. 2.12b. The solution time (time required for con-
vergence) increases with the integrator time constant RC, but the inher-
ently bad high-frequency response of the integrator may help to prevent
high-frequency instability. As a compromise, one may add small inte-
grating capacitors (10 to 200 uuf) to the high-gain amplifier setups of
Fig. 2.12b (dash lines), so that integration takes place at high frequen-
cies. The use of integration is, however, not a guarantee of high-fre-
quency stability.

Stability of Equation Solvers. If the variable X in any of the com-
puter setups of Fig. 2.12 is to converge to the desired root of Eq. (2.58)
oF
X
all possible values of X. If the function F(X) is nonmonotonic—this is
true, for instance, if Eq. (2.58) has more than one real root—the range of
X can be suitably restricted by means of limiter circuits (Sec. 6.7), or by
restrictions on the range of the function generator used to produce F(X).
The condition just given is not sufficient for stability; the high-frequency
stability of each equation-solver setup requires a separate investigation.

Solution of Sets of Equations: Linear Simultaneous Equations.
Quite similar analog-computer methods apply to the solution of sets of
equations. In particular, the machine equations corresponding to a
given set of n real linear stmullaneous equations will have the form

from any initial value, the d-c¢ loop gain A4 (0) must be negative for

aunXi+apXe+ - tanXat+b1=0
......................... (2.62)
anIXl + an2X2 + R anan -+ bn =0

with |as| < 1, and determinant {a.} # 0. The computer setup shown
in Fig. 2.13a for the case of two unknowns (n = 2) is a generalization of
the equation-solver setups of Fig. 2.12b. If stray coupling between
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amplifiers is neglected, the n relations actually enforced are?
n 41

awp)
=12 ...,n) (2.63)

(aulXI + al2X2 + e + aian + b:) =

so that the desired relations (2.62) will be approximated if the computer
setup is stable.

R
-x, °-X)
Xz a2X2 R \
HIGH-GAIN
-Xp AMPLIFIERS
. /
! aziX, R X2
A(P)
=X X2

Fra. 2.13a. Simultancous-cquation solver using identical push-pull high-gain ampli-
fiers, The resistances of the coeflicient-setting potentiometers are considered as
negligible.

Stability of Linear Simultaneous Equation Solvers.? As a first con-
dition of stability, it will be assumed that all n roots Ay, Ay, . . . , Ay of
the equation

1ifs =k

determinant {a; — Ao} = 0 L & (2.64)

(eigenvalues of the coefficient matrix) have positive real parts. If this
condition is not satisfied by a given system (2.62), one may try to rear-

1 Pugh-pull d-¢ amplifiers are indicated in Fig. 2.13a. The stability analysis is
essentially unchanged if phase inverters are used to obtain negative coefficients a.,
since a phase inverter will begin to have noticeable phase shift at a much higher fre-
quency than a high-gain amplifier or integrator.

2 Korn, G. A., Stabilization of Simultaneous Equation Solvers, Proc. IRE, 87: 1000,
1949. The present treatment corrects some errors in the original paper. The
analysis is here presented for d-¢ analog computers, but it applics also if the quantities
b, and X are represented by amplitudes of sinusoidal voltages of carrier frequency
v (a-c analog computer); see also E. A. Goldberg and G. W. Brown, op. cit., and G. W.
Brown, The Stability of Feedback Solution of Simultaneous Linear Equations, Am.
Math. Soc. Bull., part 1, §3: 61, January, 1947 (abstract).
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range the equations (2.62),! or one solves the equivalent system?

i i 0 aua X + z" a;b, = 0 G=12 ...,n) (2.65)

i=1k=1 1=1

whose eigenvalues are necessarily real and positive.?
The system described by Eq. (2.63) will be stable if and only if all
roots s of its characteristic equation

. n+1 _
determinant {a,k ~AG) 6#,] =0 (2.66)

have negative real parts, i.e., if and only if all roots s of the n equations

l—A(s);L:il=0 G=1,2...,n (2.67)

have negative real parts. According to the Bode-Nyquist criterion,* this
is true if and only if

l A(jw) "5 | 2 1 implics Arg [A(Jw) n_LT] < 2r
(G=1,2...,n)

(2.68)

for all real positive w.

Since |ax| < 1, |\,| cannot exceed the value n < n + 1. If, in addi-
tion, all A, have positive real parts, the computer will be stable if the ampli-
fier phase shift Arg A(jw) does not excced 90 deg for any input frequency
such that |A(jw)| > 1. This condition is independent of the number n
of unknowns; the theorem reduces the design of amplifiers for simultane-
ous equation solvers to the analytical or experimental analysis of a single
amplifier.

Use of Integrators. As in the case of a single unknown, d-c integrators
may be used instead of the high-gain amplifiers indicated in Fig. 2.13q;
negative coefficients a,. can be obtained by means of phase inverters.
Figure 2.13b shows a computer setup for a simple numerical example.

1Berry, C. E., D. E. Wilcox, 8. M. Rock, and H. W, Washburn, A Computer for
Solving Linear Simultaneous Equations, J. Appl. Phys., 17: 262-272, April, 1946.

2 Adcock, W. A., An Automatic Simultaneous Iquation Computer and Its Use in
Solving Secular Equations, Rev. Sci. Instr., 19: 181-187, March, 1948.

3 Refer to W. A. McCool, D-¢ Analog Solution of Simultancous Linear Algebraic
Equations, NRL Rept. 3533, U.S. Naval Research Laboratory, Washington, D.C.,
1949, for an alternative stabilization method.

4Bode, H. W., Network Analysis and Feedback Amplifiers, Van Nostrand, Prince-
ton, N.J., 1945.
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The unknown voltages X, and X satisfying the set of equations

04X; — 01X, — 05 =0 ] (2.69)

0.15X, + 09X, +04 =0

are found as the “equilibrium voltages” approached by the solutions X (r)
and X,(7) of the set of differential equations.

0.15X, + 0.9X; + 0.4 = —PX, )

after the initial transients have damped out. The solutions are stable,
and in the equilibrium condition PX,; = PX, = 0, so that the differential
equations (2.70) reduce to Eqs. (2.69).

0.4X; -0.1X2-0.520

— G .
Ho——09——N . X
X0 @ | i

015X, + 09X +0.4:0
+lo @ !
X,o @ I ©Xa
Xz 09~ |

Fia. 2.13b. Solution of a set of linear simultaneous equations; d-c integrators are used
as high-gain amplifiers.
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Fic. 2.14. Simple adjuster-type equation solver.

Adjuster-type Equation Solvers. The high computing speeds obtain-
able with d-c¢ analog machines make it possible to solve equations with
very simple equipment by a trial-and-error process. Figure 2.14 shows a
computer setup forming a voltage F(X) as a function of a dial rotation X
by means of function potentiometers and summing networks. In order

to solve the equation
FX)=0

for the unknown value or values of X, it is only necessary to adjust the
dial until a meter or null indicator measuring the output voltage F(X)
reads zero. The value of the unknown may then be read on the adjust-
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ment dial. Devices of this type may be quite accurate (0.2 to 0.5 per
cent), since the result is not affected by drift in the source voltage used.

In a more elegant version of the foregoing process, the voltage F(X)
may be computed as a function of an imput voltage or shaft rotation X
which is varied (swept) periodically through its range of variation as a
known periodic function of the time. It is then possible to measure the
time at which the null detector responds by automatic means, and the
relative time at which this occurs during the sweep cycle may be used to
measure each root of the given equation.

The principle of the adjuster-type computer may also be applied to the
solution of sets of equations. Given a set of machine equations

[ilXy, X, 000, X0) =0
f2(X|y X?; e ,Xn) = 0

Fu(X1, Xay . .., X)) =0

2.71)

where the f’s are rcasonable single-valued functions of the X’s, perhaps
the most generally applicable method of solution is to generate a voltage

F(Xy, Xoy .. X)) =f1+ 34+ -+ 12 (2.72)

as a function of the input voltages or shaft rotations X, Xo, . . . , X, by
means of suitable computing elements, and to minimize this quantity by
iterated adjustments of the X’s.!

1 Murray, op. cit.



CHAPTER 3

THE APPLICATION OF D-C ANALOG COMPUTERS TO
REPRESENTATIVE PRACTICAL PROBLEMS

3.1. PROBLEM PREPARATION

Introduction : Performance Studies. D-c analog computers are par-
ticularly well suited for applications involving the solution of sets of
ordinary differential equations, and the majority of the sample problems
presented in this chapter are of this general type. Applications involving
the solution of ordinary algebraic or transcendental equations are discussed
in Sec. 2.11.

Most of the problems discussed in this chapter involve d-c analog-
computer studies of the performance of engineering systems. The
various performance characteristics of dynamical, electrical, or electro-
mechanical systems can usually be inferred from records of the system
coordinates vs. the time. The use of an analog computer permits one to
obtain such records quite rapidly as machine solutions of sets of differ-
ential equations (equations of motion or performance equations) which
specify the design of the system under consideration. Wide ranges of
variations in the design of an engineering system under study can be con-
veniently explored in terms of appropriate corresponding changes in the
computer setup.

Parameter Studies: Design by Trial and Error. Mecthods involving
the systematic substitution of different combinations of unknown design
parameters are frequently used to find those “‘optimal’ combinations of
design parameters which will be the most useful for achieving a desired
result. Trial-and-error methods of this type, made possible through
high-speed computing methods, are frequently preferable to more con-
ventional analytical engincering processes in the design of complex sys-
tems, such as nonlinear automatic control systems.

Parameter Studies: Analyses Based on Insufficient Data. Quite fre-
quently, the values of parameters important for an analysis cannot be
known with precision at the time the analysis is made. In such cases,
bracketing of these parameters will permit the investigator to check the
sensitivity of the results to changes in the parameters in question; such

69 .
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checks will help to evaluate the validity of results based on assumed
approximate values of the parameters. The application of automatic
computing machinery will, in fact, make it possible for the investigator to
evaluate the effects of many combinations of the unknown parameters.

Preparation of Records. From the point of view of convenience in
setting up the computer as well as for reference purposes, it is desirable to
record all the information pertinent to the solution of a given problem as
clearly and unambiguously as possible. For this purpose, it is useful to
prepare two sets of forms, one summarizing the problem specifications and
one constituting a record of the computer solution.

Problem-specifications Forms. The problem-specifications forms' will
contain the following information:

1. Introduction. This paragraph will contain problem designations,
authorization references, etc.

2. Statement of the problem. This paragraph will contain a concise
statement of the computations to be performed and the specific
results desired from the computations. Sketches and diagrams
may be included.

3. Mathematical relations. All mathematical equations and inequali-
ties relevant to the computations must be listed.

4. Glossary of symbols. All symbols used must be defined for rapid
reference.

5. Initial conditions and boundary conditions (in the case of problems
involving differential equations).

6. Numerical values of constants. The values of the constant coeffi-
cients as well as the units used must be specified.

7. Estimated ranges of variables. The information listed in this para-
graph is to aid in an intelligent choice of scale factors (see Chap. 2).

8. Parameters to be varied. The values of the parameters to be
changed or the ranges of parameter changes for use in parameter
studies must be specified. The estimated total number of com-
puter solutions to be thus obtained should also be given.

9. Expected results of parameter variations (estimates based on previous
computations or practical experience). Such data may be helpful
for checking computer solutions.

10. Possible analytical or numerical checks noted by the customer, includ-
ing references to the literature.

11. Use of results. This (optional) paragraph may contain informa-
tion as to the end use of the computations specified in the problem
statement; such information may be useful in deciding on the repre-

1 This procedure was originated in the computer laboratory of the Reeves Instru-
ment Corporation, New York City.
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sentation of the results or in suggesting modifications to the prob-
lem statement.
12. Accuracy requirements.

A number of practical examples of completed problem-specifications
forms will be presented in the remaining sections of this chapter and may
serve as models for other computations.

Records-of-computer-solution Forms. The computer laboratory
should prepare “records of computer solution” forms for each problem as
aids in setting up the computer and as records of the computation for
later reference. These forms will contain the following information:

1. Transformation equations (see Chap. 2). This paragraph amounts
to a record of the scale factors used. The units used for problem
variables and machine variables must be specified. Changes in the
scale factors made in the course of parameter studies must be care-
fully listed.

2. Machine equations (see Chap. 2). This paragraph will contain the
relations actually established by the computing elements.

3. Machine initial conditions (initial conditions in terms of machine
units and dial settings).

4. Block diagrams.

5. Discussion. Any comments regarding the solution of the problem or
the operation of the computer should be recorded. In particular, it
is important for future checks to list any failures of machine com-
ponents during the computation. Any special sctups or new oper-
ating methods should be noted for future reference.

6. Enclosures (computer records, graphs, tables of results, ete.).

A number of completed ““records of the computation’ forms for typical
cofmputations are included in the following sections and may serve as
models for other computations. The reader should remember, in each
case, that the choice of computer setup and scale factors for a given problem
18 by no means necessarily unique.

Evaluation of Machine Solutions. In many cases, the performance of
an engineering system for a given combination of design parameters is
obvious from an inspection of computer records showing the variation
with time of one or several system coordinates. More frequently, no
such direct interpretation of the computer records is possible, and the
latter must be used indirectly to compute figures of merit of the system
performance. Examples of such figures of merit are averages of maxi-
mum and minimum values of variables or their rates of change. In still
other problems, it may also be necessary to analyze the system perform-
ance in terms of cross plots summarizing the results of several machine
solutions (example: frequency-response curves, see Secs. 3.4, 3.7, and 3.8).
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8.2. D-C ANALOG-COMPUTER STUDY OF A VIBRATION ABSORBER AND OF
A SIMPLE AUTOMOBILE SUSPENSION

Performance of a Dynamic Vibration Absorber. As an illustrative
example of a dynamical system, consider the dynamic vibration-absorber
system of Fig. 3.1a. A mass m,, restrained by a spring of stiffness k,
SIS IS SIS IS S .a,nd a:dashdpot wlfc.)-s](; dar.npl}llxg c:);.:fﬁclfant

SPRING *DASH POT is ¢1, is made to oscillate in the y direction
K

: ¢, through the action of a periodic force
MASS* F(1) F({t) = a sin wt 3.1)

0r--

y,{ spnwem' This situation is representative of many

KipS other situations involving the vibrations

Op-- . of machines containing more or less: un-

l’ balanced components rotating at a circu-

Y lar frequency . In order to reduce the

Fic. 3.la. Dynamic vibration- vyibration of the main mass mi, an absor-

absorber system. ber mass m, is coupled to m, through a

spring of stiffness k1. It may be shown! that the parameters ms and k. of

the vibration absorber can be chosen so that the main mass does not vibrate

at all; in this case, the absorber mass m, will oscillate in such a way that

the force it exerts on the main mass m; will just cancel the applied force F.
These statements apply only if the force F is of the form (3.1).

Referring to Fig. 3.1a, let 1 be the displacement in the y direction of the

main mass m; and let y, be the displacement of the absorber mass m..

The equation of motion of the main mass is

2 .

1 %Zlyl = —kuy1 — ¢ déjtl — kiz2(y1 — yo) -I-'a sin wt, .
where ¢ is the time. The expression on the right is the sum of the forces
acting on the main mass m, viz., the restraining force of the main spring,
the viscous damping force due to the dashpot, the force exerted by the
coupling spring, and the driving force.

Similarly, the equation of motion of the absorber mass m. is found to be

a2
m Et%z = ki2(y1 — ¥Y2)

The only force acting on m, is that due to the coupling spring.
A practica] procedure for handling the study of such a dynamic vibra-
tion-absorber system in a d-c analog-computer laboratory is illustrated

1 Den Hartog, J. P., Mechanical Vibrations, 4th ed., McGraw-Hill, New York, 1956.



PRACTICAL APPLICATIONS 73
P2Y, :~05PY, -3, +2Y, +025 SNwL

025 SINwT !

(FROM LOW FREQUE!
OSCILLATOR)

. -PY,
ee—(Qed Y

-3

]

-4y, o

i
%e

avy0 2%

&

p2 Y2 ="4Y2 +4Y|
4Y, o—————ee
-4y, o-

Fia. 3.1b. Block diagram of a d-c analog-computer setup for the study of a dynamic
vibration-absorber system. The coeflicients set up on each potentiometer are indi-
cated; the numerical potentiometer settings refer to the sample problem treated «n
the text.

Fie. 3.1c. Computer record (Hagelbarger, Howe, and Howe, op. cit.), showing the
effect of the dynamic vibration-absorber near resonance (v = 2 radians/sce). After
an initial transient, the amplitude of y, is reduced to less than 34 of the amplitude
which would result without the vibration absorber (indicated in the broken lines).
The motion of m; without the vibration absorber can be studied by setting kiz = 0
in the block diagram of Fig. 3.1b.

below in terms of a sample problem statement and a set of sample computer

setup records.
Study of a Dynamic Vibration Absorber

A. Problem specifications

1. Introduction. This paragraph will contain problem designations,
authorization references, etc.
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2. Statement of the problem. Determine the effect of a dynamic

vibration absorber on the motion of a mass (see Fig. 3.1a) driven
by a force varying as a sinusoidal function of the time. In par-
ticular, show how the oscillation amplitude of the main mass is
affected by changes in the frequency of the driving force.

. Mathematical relations

(a) mq ddt‘/zl + ¢ d(;ltl + ki + kia(yr — y2) = a sin wt
(MoTIoN of m,)
() ms— dtz 24 ka(ys — 1) =0 (MoTioN of my)

. Qlossary of symbols (refer to Fig. 3.1a)

t time

y1 displacement of main mass

72 displacement of absorber mass
m; 1main mass
m. absorber mass

ki stiffness of main spring
k12 stiffness of coupling spring

¢y damping coefficient

a amplitude of driving force

w circular frequency of driving force

. Initial conditions

_ dy, _ dys _
n=v=gp =y =0

. Numerical values of constants

m = 1 slug klz = 2 lb/ft
me = 0.5 slug ¢ = 0.5 Ib-sec/ft
ki = 11b/ft a=21lb
. Estimated ranges of variables
21t <y < 2ft —2ft <y, <2ft 0 <t <200 sec

. Parameters to be varied. Vary w between 0.8 and 4 radians/sec in

10 steps.

. Expected resulls of parameter variations. The amplitude of the

steady-state periodic vibrations of the main mass will have a
minimum for a certain circular frequency w. In this “resonance”
condition, the sinusoidal oscillations of the absorber mass will be
180 deg out of phase with respect to the driving force.
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10. Possible analytical or numerical checks noted by the cusiomer. This
particular problem may be treated analytically.!

11. Use of results. Test problem.

12. Accuracy required. 0.5 to 1.5 per cent.

B. Record of computer solution

1. Transformation equations. (yi, ¥z, and ¢ are mecasured in the
ft/slug/sec system; all machine variables are measured in machine
units. One machine unit equals 50 volts.)

Uy = 8Y1 Y2 = 8Y2 t=r

Norte: The relatively low seale factors for y; and y. may be neces-
sary to keep the absolute values of ’Y; and PY, within the range
of 1 machine unit; this choice of scale factors also makes it possible
to represent voltages like 4Y, and 4Y, in the machine. The
recorder scales are noted on the records. -

2. Machine equations

(a) P2Y, = —0.5PY, — 3Y, + 2Y, + 0.25 sin wr
(b) P?Y, = —4Y, 4 4Y,

3. Machine initial conditions
Y1= Y2=PY1=PY2=O

4. Block diagram. See Fig.3.1b. An electronic low-frequency oscil-
lator or a signal generator of the type shown in Fig. 6.21, or cir-
cuit 4.6 of Table 4 may be used to generate the function sin wr.
Loading corrections for all coefficient setting potentiometers must
be taken into consideration.

5. Discussion (of special problems encountered during the computa-
tion, tentative conclusions from computer results, ete.) ‘‘Reso-
nance’’ takes place near w = 2 radians/sec; this checks the theo-
retically computed value 4/ki3/m, for the resonance circular
frequency.

A sample computer record for w = 2 radians/sec is shown in Fig. 3.1c.

An Automobile-suspension Problem.? Figure 3.2a illustrates a sim-
ple automobile-suspension problem. The automobile shown runs at a
given speed over an obstacle which imparts the respective vertical dis-

1 8ce, for instance, Den Hartog, op. cit.

2 The problem, but not the computer setup shown, is based on GEDA Analysis of
a Standard Automobile Suspension System, Report GER-5262, Goodyecar Aircraft
Corporation, Akron, Ohio, Mar. 12, 1953.
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Fia. 3.2a. A simple automobile-suspension system, showing front and rear springs
and shock absorbers. Small pitch angles ¢ are assumed. The displacements z,,

23, and z are measured vertically from the respective equilibrium positions of the
axles and the center of gravity.
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F1a. 3.2b. Computer record showing the response of the automobile running over a
15-deg incline at 15 mph (from Goodyear Aircraft Corporation Report GER-5262).
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F16. 3.2c. Block diagram of a d-c analog-computer setup representing the automobile-
suspension system of Fig. 3.2a on a 10:1 (slow) time scale. Simple diode function
generators (Sec. 6.7) introduce the nonlinear characteristics of double-acting shock
absorbers (different damping cocfficients in “jounce’” and “rebound”).



78 ELECTRONIC ANALOG COMPUTERS

placements z,(f) and z:(f) to the front and rear axles; each pair of wheels
is to move in unison. Each pair of springs or shock absorbers will then
act in parallel, so that each effective spring stiffness or damping coeffi-
cient is twice that given for a single spring or shock absorber. Wheel
motion as such is not treated in this simple example, but could easily be
accounted for in terms of additional mass-spring-dashpot systems. A
d-c analog-computer study of such an automobile suspension is outlined
below; the glossary of symbols has been presented in the form of a table
indicating the numerical values of constants and the estimated ranges of
variables.

A. Problem specifications

1. Statement of the problem. Given the simple automobile-suspension
system described above, determine the vertical displacement « of
the automobile center of gravity and the pitch angle ¢ as functions
of the time ¢ for an obstacle defined by z:(¢) and z2(f). The dis-
placements x and ¢ arc assumed to be small.

2. Mathematical relations

2 9
(a) %z?{tf = —kwy — kay: — f1 <dJ1> — Ja <%—;Jt“>

(MOTION OF CENTER OF GRAVITY)

o k2 Zt*" = —kidu + kobays — Lfs (d”‘> + bofo (d*”)

(PITCHING MOTION)

N d.h fd.lh <0
© i Jl)
dJl fd./l > 0
3 Wz i d’h <0
fi <d Jz) ddt B
dt Y2 . Jz
12 — a if ==~ i >0
(NONLINEAR DAMPING OF DOUBLE-ACTING SHOCK ABSORBERS)
@ pn=z+le — Ya =2 — lap — x4 (GEOMETRY)
(e) dx‘ = g(?) (—ig—t’ =g (t - i) (AXLE MOTION)

3. GQlossary of symbols, numerical values of constants, and estimated
ranges of variables (see also Fig. 3.2a)

mass of car m = 10 b sec?/in.
radius of gyration (pitch) = 50 in.
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spring stiffness, one front spring k. = 120 Ib/in.
spring stiffness, one rear spring k2 = 100 Ib/in.
moment arm of front spring and shock

absorber about c.g. l, = 50 in.
moment arm of rear spring and shock

absorber about c.g. l; = 60 in.
wheelbase !l =110 in.
forward speed of car v = 15 mph

—100in. < z < 100 in.

de < 200 in./sec

dt

t" l 1' l t f Tegme
vertical displacement of c.g { —200 in./sec < -

—1 radian < ¢ < 1 radiml

—2 radians/sec <

itch 1
pitch angle { = < 2 radians/sec

dt

vertical displacement, —50in. <z < ZO mn.

of front axle —500 in./sec < a < 500 in./sec

— R0 1

vertical displacement 50in. <22 < 32 m.

of rear axle —500 in./sec < dt2 < 500 in./sec

4. Initial conditions

Fort=0,x=¢=y1=ye=:—§-f Zf—o

5. Accuracy required. 1 to 2 per cent.

B. Record of computer solution
1. Transformation equations
xr = 100X @ = [ xry = 1004"1 Xy = ]00X2 Y = ]00Y1
y2 = 100Y;  fi = 10,000F,  f, = 10,000F; ¢ = TT('i =T
p = 10P
2. Machine equations
(a) P2X = —'024Y1 bl 020Y2 - 0.2F1 - 02F2
(b) P*® = —0.48Y, + 0.48Y, — 0.4F, + 0.48F,
0.6PY1if PY; <0 . _ ‘o.amf2 if PY2<0
g ==

() Fr = {0.91?1/1 if PY; >0 1.2PY,if PY3 > 0
@ Y i=X+056—X; Y,=X—06d—X,

1 T 1 T 110
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3. Machine initial conditions
Forr=0,X=0=Y,=Y,=PX=P%=0

4. Block diagram. See Fig. 3.2¢. Simple diode function generators
(Sec. 6.7) are used to represent the nonlinear characteristics of the
double-acting shock absorbers.

Figure 3.2b shows a computer record of the results obtained. The
techniques presented are useful for aircraft landing-gear design as well as
for the analysis of automobile and railroad-car suspensions.

3.3. REPRESENTATION OF DYNAMICAL SYSTEMS IN GENERAL. FORCES,
STOPS, AND CONSTRAINTS

The d-c analog-computer representation of cach of the dynamical sys-
tems discussed in Sec. 3.1 was introduced simply as a problem in the solu-
tion of differential equations. The block diagrams of Figs. 3.1 and 3.2
illustrate the following facts pertinent to practically all d-¢ analog-com-
puter studies of dynamical systems.

1. A specific “block” of computing eclements (see also Sec. 1.1) estab-
lishes a machine equation corresponding to the equation of motion
for each “gencralized coordinate’ of the dynamical system.! The
output voltages obtained from such a block will represent (general-
ized) displacements and/or velocities. As a rule, the initial values
of these quantities are given.

2. The input voltages ‘““driving” each block will represent (gencral-
ized) forces or accelerations. In general, each such voltage is a func-
tion of one or more of the machine variables representing general-
ized displacements and/or velocities.

3. Coupling forces leading to logical interactions between two of the
equations of motion will result in corresponding electrical intercon-
nections between two blocks of computing elements.

4. It is usually possible to vary system parameters within reasonable
limits and to study the resulting changes in system performance
without radical changes in the computer setup.

The analogy existing between components of the actual system under
consideration and “blocks” of computing elements in analog computers
makes them eminently useful for engineering studies of dynamical sys-
tems; this is particularly true in cases involving nonlinear equations of
motion. '

1 The general formulation of such ecquations of motion (Lagrange’s equations) is

discussed, for instance, in R. B. Lindsay and H. Margenau, Foundations of Phys:cs,
Wiley, New York, 1936.
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Representation of Typical Forces. In most practical applications,
each equation of motion has the form

Z;§=%(f1+f2+ ce)

where m is a measure of inertia, and fi, f2, . . . are (generalized) forces
or kinetic reactions given as functions of coordinates, velocities, and the
time. Fach such equation of motion will be represented by a corre-
sponding machine equation

PX=F1+F:+ - - - (3.2)

az Qz
Oz Fo= % ¢ ...
aim h 2T aim F

where Fy =
are voltages generated as functions of the machine variables and/or of
the time. For the sake of simplicity, the following discussion refers spe-
cifically to the linear motion of a particle of fixed mass m, so that the
voltages F'1, Fa, . . . represent ordinary forces in the z direction. Anal-
ogous computer sctups apply if = is one of several coordinates, or if z
and m are respectively replaced by the angular displacement ¢ and the
moment of inertia I of a rigid body rotating about a fixed axis.

Figure 3.3a shows a typical d-c analog-computer sctup for the machine
equation (3.2). One obtains —PX and X by integrating the sum of the
voltages appearing on the right side of Eq. (3.2) (see also Sec. 3.2). The
remainder of this section will indicate suitable methods for generat-
ing functions F(X,PX 7), F2(X,PX,r), . . . to represent typical physical
forces.

Forces appearing as functions of the time were already encountered in
Sec. 3.2. Methods for generating such functions are presented in Secs.
6.6 to 6.10, and in Table 4. Voltages reprcsenting forces can be sud-
denly applied and removed by means of switches (function switches) or
relays (Sec. 6.7), as for tests of step-function response. The multivibra-
tor circuits of Table 6 are useful for repeated switching operations. Ran-
domly varying forces can be represented by voltages suitably derived
from a noise generator (Secs. 3.9 and 6.6).

Figure 3.3b illustrates the generation of a voltage

Fi= —KX=-_F_x

aim

representing a simple elastic force (spring force, see also Sec. 3.2) f1 = —rkz.
The more general block diagram of Fig. 3.3¢ permits the representation
of nonlinear springs, of springs strained beyond thesir elastic limits, of vari-
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ous electrostatic forces dependent on the displacement z, etc. Simple diode
function generators (Sec. 6.7) are particularly useful in such applications;*
thus the circuit of Fig. 3.3d simulates the action of a single-acting spring,
and circuits 6.1a, b, and ¢ of Table 6 represent spring systems having a
dead space or inert zone.

F o——il

Fo | [ X
ADDITIONAL | @ @
TERMS
—-PX
Fia. 3.3a. The machine equation 12X = F; + F; 4+ - - - describes the motion of a

particle under the influence of a sct of forces represented by voltages Fi, Fo, . . . .

e 1I> = @ Fe-KX

Fia. 3.3b. A voltage proportional to the displacement represents an clastic force, such
as that exerted by a double-acting spring. For K > 1, a phase inverter of higher

gain is used.
X
FG —————————————0F(X)
=X

F1c. 3.3¢. A more general type of foree given as a function of position can be repre-
gsented with the aid of a function generator.

X o~ -MWW v‘v‘v‘v‘ F= g 1tx<0
R, Ro -R—:' 1tX>0

F1a. 3.3d. This simple diode limiter (sec also See. 6.7) represents a single-acting spring,

which exerts an eclastic force for positive displacements only. The precision limiter
circuit of Fig. 6.24m may be used for greater accuracy.

-PXo— @ =-CPX

F16. 3.3e. A voltage proportional to the velocity represents a viscous damping force.

Figure 3.3¢ shows the representation of a linear damping force due, for
instance, to viscous friction (sce also Sec. 3.2). Suitable function gen-
erators permit simulation of nonlinear damping forces by voltages of the
form —F(X)PX (Fig. 2.9) or —F(PX) (Fig. 3.2¢c). Figure 3.3f illustrates

1 Morrill, C. D., and R. V. Baum, Diode Limiters Simulate Mechanical Phenomena,
Electronics, 26: 122, November, 1952.
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the representation of dry (coulomb) friction and starting frictron (see also
circuits 6.4 and 6.6 of Tabhle 6).
Representation of Stops. Impact Forces. In Fig. 3.4a, the displace-
ment x of the particle' shown is determined by the equation of motion
d*xc
(_[l;f="%’(fl+f2+ c)
if r < x 3.3)

In addition, the relation (3 3) is enforced by a more or less clastic stop
or barrier. The voltage X corresponding to 2 must, then, be kept from
exceeding a specified value Xy

t+200v

ADJUST FOR SMALL
SYMMETRICAL
DEAD SPACE

-200V

Fic 33/ Representation of statie friction (stietion) and dry (coulomb) friction.
For PX = 0, the dead-space diodes 175 (see also See 6 7) do not conduet, and the
cirewit approximates the action ot statie firetion by a voltage —CPX hmted
absolute value to Fs; if B exceeeds 10 megohms, (" will be greater than 20 Whenever
a toree exceeding that of statie friction produces an appreciable value of |PXI, one
diode of each pair shown will conduct The output voltages of the two shunt luutters
are then subtiacted to ywld F = Fe or F = —F¢, contespondimg to coulomb triction
(Mornll and Baum, op. cit.).

The reader is warned that the stop is not correetly represented by a
shunt limiter cireuit (Fig. 6.23) conneeted so as to limit the output volt-
age X in Fig. 3.3a, since the artificially limited output voltage will not
always equal the time integral of the voltage PX. The correct analog-
compuler representation of a stop or barrier actually introduces the impact force
expericnced by the particle as it penctrates the barrier slightly.

An clastic stop will exert a strong elastic force proportional to the bar-
rier penetration.  Figure 3.4 shows how a feedback-limited high-gain
amplifier (see also See. 6.7) may be used to generate a corresponding

1 The following discussion applies, again, to other types of (generalized) coordinates,
such as rotations ahout a fixed axis,
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I
Fic 3.4a. Linear motion of a particle restrained by a fixed or movable stop.

F Ry Ro Ry Ro
X o—AMW— F X OW—HWF
X
X R, Ry
=X) o—/MW—4 =X jo— M —{
15K
150K
=300V

F1a. 3.4b. Representation of an elastic stop by means of high-gain limiter circuits
(see also Figs. 6.23 and 6.24). In the first circuit, the output voltage F is zero while

thé diode conducts for X < X,;for X > X, the output voltage is — % X = —KsX.
1

In the second circuit, the upper diode is cut off for X < X,; the lower diode prevents
overloads.

-PX1fX <X|

Fy O-
Fao— ) —oX
ADDITIONAL — — — — — ~

. TERMS r.@._
]
]
1
]
]

« Ry Ro ° “‘:5

*Xjo—W\— ’

F1a. 3.4c. Representation of an inelastic stop and of a semiclastic stop (dash lines).

Flo— [T\ -PXifx <x,

Fao— ! AM——y—| ox
M

ADDITIONAL 1 L__<>_
TERMS
< Lt @
__®-——1:I5K

/3
ADYUST x,~ 330K

~200v
Fia. 3.4d. Short-cut representation of an inelastic stop.
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voltage
P 0 if X <X,
T | —Ks(X — X)) itX > X,
which is added to the other force terms F'y, Fy, . . . indicated in the

machine equation of motion (3.2). The value of Kg may exceed several
thousand.

An inelastic stop may be described in terms of a strong viscous force pro-
portional to the rate of penetration. The corresponding voltage would be

0 if X <X,
—CsP(X — X)) if X > X,

Figure 3.4c shows how one can avoid the differentiation by representing
the equation of motion in the form

F:

“PX = = (P +Fat o +F)

The addition of the circuit indicated in dash lines permits the represen-
tation of a semielastic stop which exerts both elastic and dissipative forces.
Figure 3.4d shows a short-cut representation of inelastic stops.
In both Figs 3.4c and d, the output voliage of the first integrator is equal to
—PX only if X < X

If the particle is limited to the interval between two stops (1 > = > z»),
the circuits of Fig. 3.4 may be duplicated (with appropriately reversed
diodes) for the second stop, or one may use one of the dead-space cir-
cuits 6.1a, b, or ¢ of Table 6 (see also Fig. 3.5b). The circuits of Fig. 3.4
permit many other variations and generalizations.! In particular, the
stops themselves may be moving bodies, so that x; becomes a variable.
Since the impact force on the stop will be equal and opposite to the force
represented by F in Fig. 3.4, the computer can easily deal with motions
involving impacts of two or more rigid bodies. In the case of oblique
impacts on smooth barriers, one must consider components of the impact
force in the coordinate directions (seec also Sec. 3.11). It is, for instance,
possible to simulate the rebound of a billiard ball from a barrier.

Example. Backlash in Spring-loaded Couplings (Linkages, Cams) and Gears.
Figure 3.5a illustrates a type of motion which is encountered in many dynamical sys-
tems involving spring-loaded linkages, cams, or gears. It is desired to investigate
the linear motion of two bodies coupled through a pair of clastic stops and a loading
spring intended to modify the backlash. Given the respective masses m and m, of
the two bodies, their equations of motion are

d? 1 d? 1
FeL D TR

m

1 See also Morrill and Baum, op. cit.; and C. A. Meneley and C. D. Morrill, Applica-
tion of Electronic Differential Analyzers to Engineering Problems, Proc. IRE, 41:
1487, 1953.
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(c)
F1a. 3.5. Representation of the coupling force associated with spring-loaded linkages,
cams, gears, ctc., subject to backlash (the special case K = Fr = 0 corresponds to
ordinary backlash, without a loading spring). These computer sctups apply, in
particular, to the representation of backlash in spring-loaded or ordinary gears (see

text).

f1 and g, are external forces in the z direction, and f is the coupling force given by

f=fa+fs+fe

fa = —=fr — k(z — 1) (FORCE DUE TO LOADING SPRING)
_ o ifz—2z 2 0} .
fs = —ks(@ — z) 27— <0 (FORCE DUE TO LEFT STOP) 3.4)
0 lf T — _<_ !

}(FOHCE DUE TO RIGHT STOP)

fe =

—ks(x —x1 — 1) ifz —z1>1

where fr is the take-up force of the loading spring, k is its stiffness, and ks is the stiff-
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ness of the stops. Figure 3.5b shows how the coupling force f varies with the relative
displacement z — ).
Given the transformation equations

X = @z X, = a.z; T =ad 3.5)
let Fi=S5fi  Gi=—g
aym a;my
a. k ks
Fr=-"fr K=- Ks= 5 L=ail
a,m a,m a,m

The machine equations hecome

PX =F +F PiX,=G, —2F (3.6)

my

where the voltage F, which represents the coupling force (3.4) on the mass i, is given
by
F=Fs+Fp+1Fc¢
Fa= —Fy — K(X — X))
fX—-X120

0 \
Fp = { CKs(X —X) X -—X;<0 @7
F_{o fX—-X,<L
€Tl —Ks(X — X, - L) itX —X,>L

Figure 3.5¢ indicates how the three terms Fyu, Ky, and Fe may be gencrated as func-
tions of X and X,. The voltage F 4 represents the clastic force of the loading spring
and is generated as mn Fig. 3.3b. Fgy and Fc represent the forces due to the elastic
stops and arc generated in the manner of Fig. 3.4b. Figure 3.5d shows a simpler but
less accurate circuit for generating the voltage F.

The situation described by Fig. 3.5 reduces to the case of simple backlash (no load-
ing spring) il fr =k =Fpr = K = 0.

The computer sctups of Fig. 3.5 apply, in particular, to the representation of back-

lash in gears with or without spring loading. Let z = d and %x; = ¢, denote the

respective angular displacements of two shafts coupled by gears with or without
spring loading; 1/n is the gear ratio. The equations of motion are

dr _ 1 1d%, _ 1 _
ar " m i t+h nde  m (g1 = nf)

where m and m, are now the respective moments of inertia associated with the first
and second shaft, and f; and g, arc external torques. f is the coupling torque on the
first shaft and is given by Eq. (3.4) if fr is interpreted as the take-up torque, k and kg
as rotational stiffnesses, and 1 as the backlash angle, all referred to the first shaft.
Given the transformation equations (3.5), the machine equations become

PX =F1+F  P!X; = nGy — n? %‘ F 3.8)
where Fy, @4, and F are defined as hefore. The voltage F obtained from the circuits

of Fig. 3.5 now represents the coupling torque (torque transmitted by the gears) on
the first shaft.
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One may represent backlash with inelastic stops or semielastic stops by applying
dead-space voltages (obtained as in Fig. 3.5¢ or d) in the manner of Fig. 3.4c. The
backlash circuit 6.2 of Table 6 is an example of such a computer setup. This circuit
is frequently used to represent the effect of backlash on the displacement z of a load,
and the reaction of the load on the displacement z; of the driving member is neglected.
Such an approximation is justified in the case of a gearcd-down light load not subject
to appreciable disturbing torques, such as a potentiometer (Sec. 3.4). In the general
case, the effect of the coupling force or torque on both driving and driven member
must be represented in the computer setup as specified by the equations of motion
(3.6) or (3.8).

Representation of Constraints: A Simple Example.! The dynamical
system shown in Fig. 3.6a comprises a weight of mass m coupled to a
gear of radius r and moment of inertia / through a toothed rack. The
system is described by the vertical displacement z of the weight and the
angular displacement ¢ of the gear about its fixed axis. If there is no
backlash,  and ¢ are not independent coordinates but must satisfy the
accessory condition or constraint

z+r8=0 3.,

The constraint gives rise to a force f on the weight and to a correspond-
ing torque 7f on the gear, so that the equations of motion are

d? 1 d 1
Gl =10 -0 (3.10)

where ¢ is the acceleration of gravity, and ¢ is an external torque.

The force f must vary precisely so as to enforce the constraint (3.9). In
the simple example shown, it is easy to eliminate f and 9 from Eqgs. (3.9)
and (3.10); the resulting relation

I\dx _ q
(m—!—r—,_,)W — —mg+ 1 3.11)

describes the motion in terms of z alone. The correct constraint force
(force exerted by the gear teeth) is
_ .9l t+rq
f=m mr? + I

The simple differential equation (3.11) is easily solved on a d-c analog

1 To the best of the writers’ knowledge, ID. Greenwood (lectures presented at the
University of Southern California, Los Angeles, 1954) originated the methods described
here by representing (linear) constraints in terms of elastic forces. The writers are
grateful to Dr. Greenwood for introducing them to this interesting subject.
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(a)

O
(d)
Fic. 3.6. Representation of linear constraints in terms of elastic and/or viscous con-
straint forces. (In the example shown, r <1, mr/I < 1) A small integrating
capacitor (10 to 200 puf) connected across the high-gain amplifier may benefit hoth
stability and accuracy. The high-gain amplifier may have to be feedback-limited to
avoid momentary overloads (comparator circuit 6.6 of Table 6).

computer. It is, however, instructive to deal with the equations of
motion (3.10) in their original form, because (1) it is not always possible
to reduce the number of variables explicitly, and (2) it may be useful to
study the effect of a constraint imposed on a system already set up on the
computer. If z, ¥, and ¢ are represented by corresponding machine
variables

X = ax 0 = a9 T = agd
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the machine equations corresponding to Egs. (3.9) and (3.10) become

X+0=0
and PPX =F—G 1’28=Z;—rF—Q
. a; _ Qz

The machine variable ¥ represents the constraint force f and must be
made to vary so that X + r0 = 0; the initial values of X and © must,
of course, satisfy the constraint.

In the computer setup of Fig. 3.6b

F=—L;ﬂ(X+re)

2
so that f = (%1'? F is approximated by an elastic force resisting violations

of the constraint (3.9) with a high stiffness represented by the large
(negative) gain A of a high-gain d-c amplifier. If the resulting feedback
arrangement is stable, the constraint can be enforced within better than
0.2 volt; errors correspond to small elastic deformations of the teeth in
Fig. 3.6a.

In the computer setups indicated by the solid lines of igs. 3.6¢ and d,

F = —|A|P(X + r0)

i.e., f is approximated by a viscous force with a very large damping coeffi-
cient. The dash lines show how the viscous force may be supplemented
by an elastic force. The exact type of constraint force used makes no
difference, as long as the “error” X + 70 is kept small; the use of viscous
forces will tend to produce more stable computer setups.

Representation of Constraints: General Case. In the general case,
the constraints need not be linear. Each constraint

o(xy,Ls, . . . Za) =0 (3.12)

imposed on the generalized coordinates zi, 3, . . . , Za of a dynamical
system gives rise to n generalized forces (constraint force components)

%\ 2 o0
) Fre () 357 » AM(2) oz,

which act on the respective generalized coordinates 2, 3, . . . , a 80 88
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to enforce the constraint.! The constraint force component A(%) gf cor-
k

responding to each constraint must be added to the other force terms
appearing in the equation of motion for z,. For a large class of systems
subject to a constraint (3.12), the resulting equations of motion may be
written in the form

dm _ 1

a¢ . . . — .
E T m [)\(t)a'f'fu + fa + ] k=12 ...,n) (3.13)

where my; is a measure of inertia, and [, fa, . . . are (generalized)
forces or kinetic reactions given as functions of coordinates and velocities.

A 2
®or PO A<Q | MULTIPLIER @ J %9
100K | I 0%
R fae
L-=dp——- %,
10-200puuf e
%2 3%
MULTIPLIER oAy x
2
i
P tee
6x2

Fra. 3.7. Representation of constraints,

If the variables x1, x2, . . . , x. and { are represented by the corre-
sponding machine variables

Xi=a1z, Xs = asxy, . . . , X0 = auTn T = oyl

the machine equations corresponding to Kgs. (3.12) and (3.13) are,
respectively,

X, X, X,
(0(—;‘17 af: LR | a:) —=—¢(X1,X2, . e ,X,.) =0 (3.14)
and
2 gdb
X, = %:—m+ﬁuk+m+ cee (k=1,2,....0) (3.15)

The first term in Eq. (3.15) represents the constraint force component;
A 18 a machine variable which must be made to vary so that the constraint
(3.14) s enforced. Figure 3.7 suggests a computer setup in which A is

11t is assumed that (1,23, . . . ,Zs) i8 continuous and has single-valued, piece-
wise-continuous derivatives for all z,, s, . . . , . satisfying Iiq. (3.12). % equations
of motion and m constraints should just suffice to determine n gencralized coordinates
and m different ‘‘Lagrange multipliers” A(f) as functions of the time ¢. The initial
values of z,, 23, . . . , z, must satisfy all constraints. See also Lindsay and Margenau,
op. cit., for a more general form of Lagrange’s equations (3.13).
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obtained as the output voltage of a high-gain amplifier whose input volt-
age is
P
® = o(Xy,Xy . . . ,Xa) or Py = Z—PXI;
X
k=1

If the resulting feedback arrangement is stable, A approximates the ideal
value al, A(?), and the computer represents the constraint forces either as
t

elastic forces minimizing the ‘““error’” &, or as viscous forces minimizing
the ‘“error rate’”” P®, and thus the power dissipated by the constraint
forces. The analog-computer representation of constraints implies small
violations of the constraints, corresponding to small deformations of con-
straining structures, gears, levers, ropes, etc. In a sense, the analog-
computer representation is, thus, more ‘‘natural” than the analytical
representation.

8.4. D-C ANALOG-COMPUTER STUDIES OF AUTOMATIC CONTROL SYS-
TEMS: SERVOMECHANISMS AND PROCESS CONTROL

Perhaps the most extensive and fruitful applications of d-c analog com-
puters have been in the field of automatic control engineering. D-c ana-
log-computing elements lend themselves naturally to the representation
of feedback loops analogous to those used in control systems, and the
analog nature of the computer input and output data permits one to
introduce components of actual systems into the feedback loops for par-
tial system tests. Investigations of different components and systems can
thus be made under very realistic conditions (see also Sec. 3.8).

The following section is intended as an introduction to the analysis
and synthesis of automatic control systems by means of d-¢ analog com-
puters. For an exhaustive treatment of the mathematical theory of
servomechanisms and other feedback systems, the reader is referred to
the textbooks! on this subject.

Performance Equations of a Simple Servomechanism. TFigure 3.8a
shows a simple servomechanism designed to position a load so as to fol-

t Brown, G. 8., and D. P. Campbell, Principles of Servomechanisms, Wiley, New
York, 1948; Chestnut, H., and R. W. Mayer, Servomechanisms and Regulating System
Design, Vols. I and 1I, Wilcy, New York, 1951 and 1955; Greenwood, 1. A., J. V.
Holdam, and D. MacRae, Eleclronic Instruments, MIT Radiation Laboratory Series,
Vol. 21, McGraw-Hill, New York, 1948; James, H. M., N. B. Nichols, and R. S.
Phillips, Theory of Servomechanisms, MIT Radiation Laboratory Series, Vol. 25,
McGraw-Hill, New York, 1947; Lauer, H., R. Lesnick, and L. E. Matson, Servomechan-
ism Fundamentals, McGraw-Ilill, New York, 1947; Thaler, G. J., and R. G. Brown,
Servomechanism Analysis, McGraw-Hill, New York, 1954; Truxal, J., Automatic
Feedback Control System Synthests, McGraw-Hill, New York, 1955.
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Fi1c. 3.8. A simple scrvomechanism designed to make the angular displacement z, of &
load follow the angular displacement z, of an input dial, and two d-¢ analog-computer

sctups simulating this servomechanism on a 1:1 time scale. Note how easily changes
in the design parameters of amplifier, motor, and load can be introduced into the

computer setup.
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low the motion of a control dial. A potentiometer-type pickoff device

measures the output error
€=1T; — Z, (3.16)

and produces a d-c error voltage
ey = aie = ay(x, — Xo)

which modulates a 60-cps a-c¢ carricr. The modulated a-c is amplified
and controls the torque of a two-phase servomotor so as to reduce the
error (3.16). The amplitude of the motor control-field voltage is

€y = Q201 = Q1026 = A102(T; — Zo)

where a; is the amplifier-modulator gain. The (linearized) equation of
motion of the system consisting of motor, gear train, and load is
2

(I + n2I ) %i? + nr f?d_";q = nazes = na1aq.a3(x, — ) (3.17)
where 77, is the moment of inertia of the load and I is the moment of
inertia of the motor armature including that of the shaft and gear pinion;
the effect of the inertia of the other gears is considered negligible. # is the
gear ratio between motor and load, r is the motor damping coefficient,
and a; is a parameter relating the motor stall torque to the input voltage.
The values of » and a; may be obtained from the manufacturer’s data
on the speed-torque characteristics of the particular motor used.! The
effects of any time delays involved in “building up’’ the servo torque in
the motor mechanism are considered as negligible in this analysis [sce also
Eq. (3.20)].

D-c Analog-computer Setup for the Performance Equation of the
Simple Servomechanism. A d-c analog-computer setup establishing a
machine equation corresponding to the servo performance equation (3.17)
will now be designed for the following combination of parameter values:

I, = 0.05 slug-ft? Iy =2 X 10 slug-fi?
n = 100 a; = 20 volts/radian a; =25
az; = 2 X 10~° ft-Ib/volt

It is desired to study the effect on the servo performance of varying the
motor damping coefficient r between the values

r=0 and r =2 X 10~ ft-1b-sec

Physically, one may change the value of r, for instance, by changing the
resistance of the motor armature winding.

If z,, ., and € are assumed to vary between the limits plus and minus
1 8ce, for instance, Lauer, Lesnick, and Matson, op. cit.
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2 radians, the problem variables x,, #;, and ¢ can be represented by the
corresponding machine variables

Xo=%xo X.=%Z‘ T =1

where the voltages X, and X, are measured in machine units of, say,
100 volts. The scale factors chosen are, of course, subject to later revi-

Frc. 3.9. D-c analog-computer records (Hagelbarger, Howe, and Howe, op. cit.),
showing the response of the servomechanism of Fig. 3.8 to a step-function input dis-
placement for three values of the motor-damping cocflicient 7.

sion. The resulting d-c¢ analog-computer solution will be on a 1:1 time
scale. The machine equation corresponding to Eq. (3.17) becomes
PX, + 4 X 104PX, = 8 2122 (X, — X,) = 4(X: — X.)
1000

Figure 3.8 shows the corresponding block diagram. The computer setup
is essentially the same as that for the damped harmonic oscillator dis-
cussed in Sec. 2.7. Figure 3.8c shows a similar computer setup suitable
for analog computers with plug-in feedback networks. Adjustable resis-
tors are used instead of coefficient-setting potentiometers.

D-c Analog-computer Study of the Simple Servomechanism : Transient
Response. The computer records of Fig. 3.9 show the response of the
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simple servomechanism to a step displacement of the input shaft for three
values of the damping coeflicient . Parameter studies (Sec. 3.1) of this
type can be made to test the transient response of a servomechanism for
any number of combinations of the design parameters; the computer
records may be used to pick a combination of design parameters which
will result in small errors z, — z, without any tendency toward uncon-
trolled oscillations or hunting. A number of quantitative figures of merit
for servomechanism performance will he discussed below.

A Linear Servomechanism with Rate Feedback and Equalizing Net-
work. Figures 3.10a and 3.10b illustrate a somewhat more complex
servomechanism incorporating rate feedback from a d-c¢ tachometer as
well as a special equalization network which produces both derivative
and integral control. The linearized performance equation is

[(Iz + n2Lx)p? + nirplz. = na.as [al %z—::-—_—]l (. — ) — nklpxo]
(3.18)

where k, is the tachometer sensitivity, and a,, @, and 8 are parameters
describing the design of pickoff and equalizing network. The other sym-
bols are the same as those used in Fig. 3.8.

The computer block diagram of Fig. 3.10¢ has been drawn intention-
ally so as to emphasize the analogy between components of the actual
servomechanism and corresponding blocks of computing elements; the
control signal can be traced through the computer sctup just as it can
be traced through the servomechanism itself. Note that the addition of
the equalizing network and the rate feedback to the servomechanism of Fig.
3.8 has been represenied by very simple modifications of the computer setup
of Fig. 3.8¢c. Different combinations of the equalizer parameters a and g
are easily translated into corresponding combinations of capacitances C,
and C.,.

Analysis and Synthesis of Servomechanisms : Evaluation of Computed
Transient Response Records. In parameter studies of automatic control
systems, such as the simple study of optimum damping illustrated by the
computer records of Fig. 3.9, it becomes necessary to formulate quali-
tative criteria or quantitative figures of merit which will permit definite
choices of “optimum’ combinations of the design parameters on the
basis of the corresponding computer records. Most observers will agrce
that the servo output displacement z, in the third computer record of
Fig. 3.9 seems to follow the input displacement z, more faithfully than
that in the second computer record; but a choice between the values of
the damping constant r leading to the first and third computer records of
Fig. 3.9 is more difficult. Since no one number could possibly give a com-
plete description of the system performance, the choice of a quantitative
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Fic. 3.10. Semischematic representation (Fig. 3.10a), functional block diagram (Fig.
3.10b), and analog-computer setup (Fig. 3.10c) for the lincar servomechanism of Fig.
3.8 improved by the addition of an equalizing network and rate fecdback. Note the
analogy between components of the actual servomechanism and “blocks” of com-
puting elements.
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figure of merit will depend on the nature of the particular performance
characteristic most important in each case.

A number of possible figures of merit for judging the transient per-
formance of servomechanisms are listed below. All of them are obtained
more or less directly from d-c analog-computer records of the error (3.16)
for various input signals z,(¢).

1. A somewhat crude figure of merit is the reciprocal of the time taken
by the absolute value of the crror e to “recede’” below a certain
specificd percentage of the input voltage after a step input voltage
has been applied.

Fic. 3.11. Typical error records for a step input signal and for a ramp input signal
(Hagelbarger, Howe, and Howe, op. cit.).

2. The displacement figure of merit Mo is defined as the ratio of the
output displacement , to the error e when all derivatives of the out-
put displacement z, are zero. The value of M, is easily obtained
from a computer record of e(t) for a step input signal z, (see Fig.
3.11a).

3. The rate figure of merit My is defined as the ratio of the output rate
pzx, to the error e when the output acceleration and all higher deriv-
atives of z, are zero. This quantity may be obtained from the
computer records of ¢(t) and pz, for a ramp function input signal

.

z; = (constant) ¢
(see Fig. 3.11b).

4. The acceleration figure of meritt M, is defined as the ratio of the
acceleration p2x, to the error ¢ when pz, equals zero. The value of
M; may be obtained from computer records of ¢(t) and pz, for a
step input signal z..

If the servomechanism under consideration is linear, the displacement
and rate figures of merit are simply related to the first two coefficients in

1Lauer, Lesnick, and Matson, op. cit.
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a power series expansion of the transfer function
€
o) =+

in terms of p.! If the servomechanism is not linear, all figures of merit
may vary appreciably with the magnitude of the input signals.
A very useful measure? of servo performance is the mean square error

13
a=1 / () dt (3.19)
t1 Jo

obtained by integration of €2(f) over a fixed time ¢; corresponding to the
computer run. If this measure is used, the “optimum’’ combination of
design parameters will be the one to minimize the expression (3.19) for
a given input signal, such as a unit step function. In more sophisticated
studies, the measure might be a suitably weighted average of the quan-
tity (3.19) over a set of different typical input signals. The mean-square-
error criterion permits consideration of “random” effects, such as noise,
stray input signals, and disturbing torques represented by appropriate
voltages (Sec. 3.9).

Analysis and Synthesis of Linear Servomechanisms: Transfer Func-
tion or Frequency Analysis Methods. Powerful modern methods of
servomechanism analysis?® and synthesis are based on studies of the per-
formance of servomechanisms components for steady-state sinusoidal
oscillations of their input and output signals. More specifically, the
ratio of the output and input amplitudes as well as the phase difference
between the sinusoidal input and output oscillations are plotted as func-
tions of the circular frequency w of the oscillations, and the properties of
the component or group of components in question are described in terms
of these frequency-response characteristics.

The transient response of a linear servomechanism can be rclated to
its frequency-response characteristics by means of Fourier analysis. It
is true that the transient response of a servomechanism can be obtained
directly by means of a d-¢c analog computer. The frequency-response
method of describing servo performance is, nevertheless, particularly
useful for the synthesis of linear servomechanisms because of the simple
relations existing between the individual frequency-response character-

1 Hagelbarger, D. W., C. E. Howe, and R. M. Howe, Investigation of the Utility of
an Electronic Analog Computer in Iingineering Problems, UM M-28, Engineering
Rescarch Institute, University of Michigan, Ann Arbor, Apr. 1, 1949.

2 James, Nichols, and Phillips, op. cit.

3 Refer to the textbooks quoted on p. 92.
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istics of “transducers,” such as amplifiers, networks, motors, etc., and
the frequency-response characteristics of combinations of such devices
connected in cascade. The amplitude ratio of the combination, for each
value of the circular frequency, will be the product of the individual
amplitude ratios, whereas the phase shifts are simply added. These rela-
tions help the designer to choose, for instance, the type of equalizing net-
works he must insert into a feedback loop in order to obtain a desired fre-
quency response. The frequency characteristics of a servomechanism
frequently not only show up undesirable conditions but also indicate
what to do about them. No similarly simple relationships exist between
the transient responses of individual and cascaded transducers.

D-c analog computers can be at least as useful for computing the fre-
quency-response characteristics of servomechanism components and com-
plete servomechanisms as they are for computing transient responses.
After the performance equations of the devices in question have been set
up in the usual manner, it is only necessary to provide a source of sinusoi-
dal input signals and a means for measuring the relative amplitudes and
phases of the input and output voltages. Although ordinary computer
records of the input and output signals will serve this latter purpose, it is
preferable to use a convenient signal generator capable of generating
sinusoidal voltages of different frequencics and of measuring the ampli-
tude and phase of an output signal by comparison with a reference signal.
A signal source of this type is shown in Fig. 6.21.

An interesting application of such d-¢ analog-computer methods is the
automatic computation of loop transfer functions' for use in phase-decibel
plots and other powerful graphical methods of control-system analysis
and synthesis.

Frequency-analysis methods apply, strictly speaking, only to devices
whose performance equations are lincar; but the frequency-response
characteristics of many nonlincar devices are at least qualitatively inter-
esting. Sometimes a linear or nonlinear transducer whose performance
equation is not known can be represented in the computer by a block of
operational amplifiers or networks having similar frequency-response
characteristics for most input amplitudes.

Representation of Nonlinear Transfer Characteristics. Although
important properties of many control systems can be studied in terms of
linearized relations between system variables, it is frequently absolutely
necessary to explore the effects of nonlinear relationships existing between
the input and output signals of control-system components. The use of
analog computers for such investigations is particularly important because
it is often difficult or impossible to apply analytical methods. Many non-
linear effects (e.g., limit stops, static and coulomb friction) are easily

1 James, Nichols, and Phillips, op. cit.
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represented by simple diode function generators in the manner of Sec.
3.3.

More Elaborate Representation of a Servomechanism.! The com-
puter setup of Fig. 3.12 is a more accurate representation of the servo-
mechanism shown in Fig. 3.10. Several simple ““blocks’’ of computing
elements have been combined to account for complicated nonlinear effects.

The modulated-carrier waveform has been introduced explicitly. The
motor torque t, is related to the instantaneous control-field voltage ve
and the motor speed pz, by the nonlinear differential cquation?

b 1 2
b = bzp—-li-‘i vevr — by [bzp“-ﬁ ”C] pz1 — bwipxs — by(pz1)®  (3.20)

where v is the sinusoidal reference-field voltage; the parameters by, bs, by,
by, and b; must be matched to the voltage-torque-speed characteristics of
the motor used.

Special function generators (see also Sec. 6.7 and Table 6) simulate
potentiometer granularity, amplifier saturation, static and coulomb fric-
tion, and tachometer dead space. The simple representation of gear
backlash used neglects the reaction of the geared-down load on the motor;
a more accurate representation of backlash, gear loading, and gear com-
pliance is described in Sec. 3.3.

Computer setups like that of Fig. 3.12 can yield important design
information, such as the servo frequency responsc for different input
amplitudes and the effects of various manufacturing tolerances on servo
jitter.

Representation of Relays, Clutches, and Other Nonlinear Transducers.
Figures 3.13a to 3.13¢ illustrate the d-c¢ analog-computer representation
of relays and solenoid-actuated clutches.? Computer setups of this type

1 Based on GEDA Simulation of a Carrier-type Instrument Servomechanism,
Report GER-5779, Goodycar Aircraft Corporation, Akron, Ohio, Apr 21, 1954, See
also Meneley and Morrill, op. cit.

2 If, as is frequently the case, one does not wish to introduce the carrier waveform
explicitly, the nonlinear voltage-torque-speed relation may be approximated by

e = —2 e —03[—1“"‘0«]2 xp — capxr — cs(p1)?
MT 10T Olapyie] PoT apn T alpn

where ez is the amplitude of vc, as in Eq. (3.17). The last term is often omitted. Sce
also L. O. Brown, Transfer Function for a Two-phase Induction Motor, 1'rans. AIEE,
preprint T-1-347, 70, 1951; and R. J. W. Koopman, Characteristics of Two-phase
Servomotors, Elec. Eng., 68: 775, 1949.

3The Simulation of a Relay Servomechanism, Report GER-2734, Goodyear Air-
craft Corporation, Akron, Ohio, July 16, 1951.
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have served not only for engineering design studies but also as valuable
aids to the theoretical cxploration of nonlinear control systems.?

Figure 3.13f indicates a possible representation of a solenoid valve
whose displacement y is determined by an input voltage e, and a hydrau-
lic actuator whose piston displacement z, is, in turn, controlled by the
valve displacement. The performance equations of the hydraulic con-
trol mechanism have been approximated in the form?

a az
VCmEnmrFmEn’ Tt G
where a, and a, are gain coeflicients, b is the time delay due to the sole-
noid, and m, r, and k are, respectively, the mass, damping coefficient, and
spring constant associated with the valve. The rate pz, of the output
motion is limited by the flow capacity of the hydraulic system, and the
piston displacement z, is limited by inelastic stops (see also Sec. 3.3).

The backlash circuit 6.2 of Table 6 represents a transducer whose trans-
fer characteristics depend on the ““direction” of the input rate of change.
The addition of appropriate function generators to this circuit permits
simulation of hysteresis loops such as those typical of magnetic circuits.
Similar arrangements make it possible to simulate the performance cycles
of heat engines, pumps, storage batteries, etc.

Applications of D-c Analog Computers to Process Control.? Figures
3.14a and 3.14b (based on EASE Application Bulletin 3, see footnote)
illustrate a typical process-control problem. A temperature-sensitive
transmitter pneumatically positions a valve which controls the heat sup-
ply of a chemical process so as to minimize deviations of the process tem-

1 Rogers, T. A., and W. C. Hurty, Relay Servomechanisms: The Shunt-motor
Servo with Inertia Load, Trans. ASME, Paper 50-S-13, p. 1163, November, 1950;
Walters, L. G., A Study of the Serics-motor Relay Servomechanism, Ph.D. thesis,
University of California, Los Angeles, 1951; GEDA Simulation Study of a Relay
Servomechanism, Report GER-4799, Goodyear Aircraft Corporation, Akron, Ohio,
May 9, 1952.

2 Mc¢Cann, G. D., C. H. Wilts, and B. N. Locanthi, Trans. AIEE, 68, Paper 49-165,
1949. For a more complete discussion of hydraulic servomcchanisms, see M. R.
Hannah, Frequency Response Measurements of a Hydraulic Power Unit, Paper
47-A-70, ASME Annual Meeting, Dec. 1-5, 1947.

3 Philbrick, G. A., Designing Industrial Controllers by Analog, Electronics, June,
1945; Temperature Control a Simple Problem on Computer, EASE Application
Bulletin 3, Berkeley Division, Beckman Instruments, Inc., Richmond, Calif.; Simula-
tion of a Process Controller, Report GER-4689, Goodyear Aircraft Corporation, Akron,
Ohio, Mar. 11, 1952; Hovius, R. L., C. D. Morrill, and N. P. Tomlinson, Industrial
Uses of Analog Computers, Instruments and Automation, 28: 594, April, 1955. See
also P. R. Bell and H. A. Straus, Electronic Pile Simulator, Rev. Sci. Instr., 21: 760,
1950; and Determination of Turbine Speed Controller Settings for Shell Development
Company, Emeryville, California, Application Bulletin 1, Beckman Instruments, Inc.
(now Berkeley Division, Richmond, Calif.).
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perature from a set point. The pneumatic control mechanism records the
difference between set-point temperature and process temperature and
operates on this difference (error) so as to introduce proportional control,
rate control, and reset rate (integral control). The resulting automatic
control system constitutes a feedback loop similar to that of a servomecha-
nism; the dynamic characteristics of the servo load are here replaced by
the physical characteristics of the process to be controlled.

In Fig. 3.14a, the performance of the temperature-detecting element,
of the control valve, and of the process itsclf have been described by
linear diffcrential equations expressed in transfer-function form. It is
desired to determine combinations of proportional control, rate control,
and reset rate which will yield optimum recovery of the process tempera-
ture after a step-function disturbance; optimum recovery may be defined
by inspection or by some error criterion, as for servomechanisms. The
computer setup of Fig. 3.140 represents the process-control system of

oP +1 TIME
Xjo—= P+ 7 DELAY [——o0 Xo
(POINTER CCT 1 8, TABLE | CCT 6 1b,TABLE 6 (F1G. 3-14C) (CONTROL
READING)  ANTICIPATION THRESHOLD REACTION TIME  DISPLACEMENT)
(LEAD) (DEAD SPACE) DELAY AND
NEUROMUSCULAR
LAG

Fia. 3.14d. A possible computer representation of a human operator adjusting a
continuous control so as to reduce an error indicated by a pointer reading (from Good-
vear Aircraft Corporation Report GER-6608).

Fig. 3.14a on a 1:5 (fast) time scale. Direct-analog operational ampli-
fiers (Sec. 1.5) implement the various transfer functions. Nonlinear
transfer characteristics, such as dead space, backlash, or control limits
are easily introduced in the manner of Fig. 3.12 (see also Table 6). The
reader may find it instructive to add various effects of this sort to the
computer setup of Fig. 3.14b.

Representation of Time Delays.! 7T7me delays in control systems are
exemplified by the dead-period lag (transport lag) introduced by a pipe
line between the reaction chamber in Fig. 3.14a and the temperature-
sensitive transmitter. At the time ¢ the latter will, then, sense the tem-
perature z(t — t) if the process temperature is z(¢); ¢z is the time delay
due to the pipe line.

A d-c analog computer can introduce time delays by means of a two-
pen servo recorder (Sec. 7.3) which records a function X (r) with one pen

1 Morrill, C. D., A Sub-audio Time Delay Circuit, Trans. PGEC, IRE, 8: 45, June,
1954; Cunningham, W. J., Time-delay Networks for an Analog Computer, Trans.
PGEC, IRE, 8: 16, December, 1954; Single, C. H., and G. 8. Stubbs, Transport Delay
Simulation Circuits, Report WAPD-T-38 and supplement, Westinghouse Electric
Corporation, Atomic Power Division.
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and uses the second pen carriage to read the recorded curve after a suit-
able time delay r.. Magnetic recording devices can be used in an anal-
Ogous manmer.

More frequently, one represents the time delay in the form of an opera-
tion on X(7):

Xtr—7) =0 —mP+1r2P2 F .. )X(7) = ePX(7)

The time-delay operator e may then be replaced by the somewhat
primitive approximation 1/(1 + 7.0%), or by one of the successively bet-
ter approximations

2a,7.P _
I1 (1 -5 HEP_HWJ’E) m=1,2..) (322
i=1

with suitably chosen coefficients a, and b,. It is often sufficient to use a
single factor (m = 1), with

ai=% b=l (m=1) (3.23)
For m = 2, the cocfficients a1, as, b1, b satisfy the relations

a4+ ax = ]/é aas + by + by = }28 aby + ahy = Vg4
bibs = 11630 (m =2) (3.29)

8o that

_ 1680 — 8407 P + 18077/ — 2073 P% + 4 P4

~ 1680 + 840r.P + 18072 P2 + 2073 + 7414

e“‘fLP

(3.25)

One may estimate the errors involved in such approximations by com-
puting the gain and phase shift for sinusoidal inputs (P = jw).

Operators of the form (3.22) can be implemented, factor by factor,
with direct-analog operational amplifiers (Fig. 3.14c; see also Tables 2
and 3), or the classical differential-analyzer technique may be employed.
In the latter case, cach integrator can be associated with a potentiometer
whose setting is proportional to 1/7;, so that the combined transfer funec-
const
r.P
mit very convenient adjustment of the delay time 7.1

Control Systems Comprising Human Operators. In real-time studies
of control systems comprising human operators, one may introduce actual
human operators in simulated work positions. Such techniques permsit
studies of human-engineering factors, such as the design of displays, con-

tion is — ; the potentiometers may be ganged on one shaft to per-

1 Rudolph, J. A., GEDA Circuits to Obtain a Variable Time Delay, GEDA Applica-
tion Report 2, Goodyear Aircraft Corporation, Akron, Ohio, June 15, 1955.
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trol levers, communication links, and crew task assignments. Sometimes a
human operator can be represented by a block of computing elements
during at least part of a study for the sake of simplicity, or to permit
changes in time scale. Figure 3.14d shows a possible computer represen-
tation of a human operator adjusting a single continuous control so as
to reduce an error indicated by a pointer reading.! No parameter values
arc given, since they will depend radically on the task, on the type of
input signals under consideration, on the design of the operating position,
and on the individual operator. Changes in operator training, fatigue,
etc., can be represented by suitably determined parameter changes.

Use of Integrators as Storage Devices. Sampled-data Control
Systems. A parallel-feedback integrator disconnected from its input
resistor or resistors constitutes an analog storage device which ‘“‘holds” its
last-computed output voltage (HoLp condition, Sec. 7.1). Integrators
placed in the HoLD condition by means of relays or diode switches (Sec.
6.9) can represent information storage devices. An interesting applica-
tion of this technique is the analog-computer representation of sampled-
data control systems.? Ilere, periodically switched storage integrators
are used to “hold’’ values of sampled variables (representing, for instance,
servo output or error) during each sampling period; the stored sample is
then replaced by a new sample value (Fig. 7.30).

D-c Analog Computers as Control-system Components.? D-c ana-
log representation of automatic control systems has proved to be a power-
ful aid in the design of prototype models and pilot plants and in the
determination of starting procedures and of optimum controller settings
after changes in raw materials or other conditions. But the utility of
d-c analog techniques for automatic control applications is not restricted
to computations of this type. Special-purpose d-c analog compulers,
which may often be conveniently assembled from the standard components of
commercially available machines, can themselves serve as control-system ele-
menls in many applications suited to their characteristics. A single com-
mercial multipurpose computer might be adapted to furnish component:.
controlling several phases of an industrial process. The great flexibility
of d-¢c analog-computing elements may permit not only refinements of

1 Mead, R. J., and N. Diamantides, Application of GEDA to ITuman Dynamics
Studies, Report GER-6608, Goodyear Aircraft Corporation, Akron, Ohio, Mar. 4,
1955; see also Final Report, Investigation of Vestibular and Body Reactions to the
Dynamic Response of a Human Operator, Report GER-5452, Goodyear Aircraft Cor-
poration, Akron, Ohio, Nov. 25, 1953.

2 Wadel, L. B., Analysis of Combined Sampled and Continuous-data Systems on
an Electronic Analog Computer, lecture presented at the IRE National Convention,
New York, 1955.

3 Bibbero, R. J., Process Regulation with Analog Control, Automatic Control,
Feb., 1955.
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existing control techniques but also entirely new applications. Thus it
has been suggested that analog computers be used for continuous recom-
putation of optimum set points as functions of the composition or quality
of raw materials entering a process.! It is conceivable that such tech-
niques will permit the use of less pure or cheaper raw materials.

In a closely related application, a centrally located d-c¢ analog com-
puter achieves integrated remote control of an entire power distribution
system. The Goodyear Economic Dispatch Computer? reduces the cost
of power distribution by controlling the throttles of 35 turbogenerator
units in nine widely scattered power plants of the Ohio lidison Company?
in accordance with current data on generator and station availability,
area protection, system load, line losses, varying fuel costs, and other
conditions. The machine is easily modified or expanded to account for
changes in the power-distribution system and will, in fact, serve as a
model for the evaluation of different system layouts and scheduling
methods.

8.6. D-C ANALOG-COMPUTER SETUP FOR A TRAJECTORY COMPUTATION:
THE TRAJECTORY OF A SLOW SPHERICAL PROJECTILE WITH AIR
RESISTANCE

As a simple example of a irajectory computation in two dimensions, con-
sider the computation of the trajectory of an old-fashioned spherical can-
nonball with air resistance. This example will serve as an introduction
to more complex ballistic computations involving more complicated pro-
jectiles, such as rockets.

The cannonball is fired from a cannon with a given muzzle velocity v,
and at a given elevation angle #¢. It is desired to find the trajectory of
the cannonball with respect to a rectangular cartesian coordinate system
whose z and y axes are horizontal and vertical, respectively, and whose
origin is located at the cannon muzzle (trajectory origin).

The only forces acting on the cannonball are the force of gravity and
the aerodynamic drag. The latter force is assumed to be proportional to
the square of the instantaneous velocity of the projectile. Since the
aerodynamic force acting on a body in flight is usually specified in terms
of its components in the dircction of the velocity vector (drag) and at
right angles to this direction (lift and side force), it is often convenient to
write the equations of motion of the projectile with respect to ‘“wind
axes’’ along and perpendicular to the velocity vector. Let & be the angle

1 Ibid.

2 Memorandum by C. D. Morrill and J. A. Blake, A Computer for Economic Schedul-
ing and Control of Power Systems; and Goodyear Economic Dispatch Computer,
Report GER-6969, Goodyear Aircraft Corporation, Akron, Ohio, Aug. 30, 1955.

3 Massillon, Ohio.
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between the horizontal and the positive instantancous velocity direction.
Referring to Fig. 3.15a and to the glossary of symbols (see page 113) the
equation of motion in the positive velocity direction is
dv _ . .
m i my ém 3 —rv
The equation of motion (upward) at right angles to the velocity direc-
tion may be expressed in the form

my @ = —mg cos ¢
dt
Note that the acceleration in the direction perpendicular to the instanta-
neous velocity is equal to v(dd/dt).

These two differential equations permit the computation of the pro-
jectile velocity v and the angle ¢ as functions of the time . The instan-
tancous cartesian coordinates z and y of the cannonball are then obtained
from v and ¢ through the relations

- dy
dt t
A practical procedure for handling this trajectory problem in an analog-

computer laboratory is illustrated below in terms of a sample problem
statement and a set of sample compuler-setup records.

= vsin & (3.26)

Trajectory Computation for a Slow Spherical C'annonball

A. Problem specifications

1. Introduction. This paragraph will contain problem designations,
authorization references, ete.

2. Statement of the problem. It is desired to obtain the parametric
representation

z=2z() y=y@

of the trajectory of a slow spherical cannonball whose equations of
motion are given below.
3. Mathematical relations

(MOTION IN THE DIRECTION OF

THE INSTANTANEOUS VELOCITY)
(MOTION AT RIGHT ANGLES TO THE
INSTANTANEOUS VELOCITY)

(a) m% = —mg sin ¢ — rv?

()] mv-c‘li—l: = —mg cos ¢

dx
(c) g = veos ¢
(TRANSFORMATION TO EARTH AXES)

@ ¥

a v sin ¢
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Fia. 3.15a. Computation of the trajectory of a slow spherical cannonball.
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Fis. 3.15h. Block diagram of a possible computer sctup for the trajectory problem.
Potentiometer-loading corrections (Sec. 6.9) must be used if good accuracy is desired.
Solid lines indicate electrical connections, and broken lines indicate mechanical
connections (servo shafts). The machine equations are

10PV = —0.161 sin (’2r 9) — 0.378V2

SEE D
10P6 = —1.03 (mV cos (5 ©
10PX = 0.238V cos (1; 9)

10PY = 0.834V sin (’—; e)
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. Glossary of symbols

m mass of cannonball
t time
v(t) velocity of cannonball
—rv?  aerodynamic drag
g acceleration of gravity
#(f) angle between velocity vector and horizontal
z(t) rectangular cartesian coordinates of cannonball in the
y(t) horizontal and vertical directions, respectively
vo value of v(¢) fort = 0
&0 value of #(t) fort = 0

. Initial conditions. Fort =0,z =y =0

dr
d—t_:lo = vy cos Py

dy .
Zi_t-]o = po Sin Jq

See below for the values of vy and ¢ to be used.

. Numerical values of constants

g = 32.2 ft/sec?
m = 0.621 slug (20 1b)

r = 4.7 X 107% - sec?

. Estimated ranges of variables

0 <t<25sec

0 <z < 21,000 ft

0 < y < 6,000 ft (negative values of y are not of interest)
100 < v < 1,000 ft/sec

—45° < 9 L 21°

. Parameters to be varied

Take v, = 1,000, 950, and 1,050 ft/sec
Take ¢, = 20°, 19°, and 21°
(Nine solutions required)

Expected results of parameter variations. Increases in the value of

v, are expected to increase the values of z and y for each value of
the time ¢.

Possible analytical or numerical checks noted by the customer. If
there is no air resistance (r = 0), then

z = vt cos do y = vot sin ¥y — Ygt? N
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11. Use of results. To prepare ballistic tables for an eighteenth-
century cannon. In particular, the sensitivity of the trajectory
to small variations in the initial conditions is of interest.

12. Accuracy required. Better than 3 per cent.

B. Record of computer solution

1. Transformation equations. (x, y, v, and ¢ are measured in the
ft/slug/sec system; ¢ is measured in radians; all machine varia-
bles are measured in machine units. One machine unit equals
100 volts, or a servo shaft rotation corresponding to 100 volts
input to the servomechanism.)

z = 21,000  y = 60007

» = 1,000V 0=ge
d
t=}§'r E-t=21)

Nori: The choice of the scale factor for ¢ depends on the types
of function potentiometers used to generate voltages proportional
to sin 9 and cos 8. The choice made here permits the use of com-
mercial sine and cosine potentiometers whose wiper positions cor-
respond tod = =+ x/2 when the input voltage O to the servomech-
anism equals plus or minus 1 machine unit, respectively.

The 2:1 (slow) time scale was chosen tentatively to permit
greater accuracy in the computer servomechanisims.

The recorder scales are noted on the records.

2. Machine equations

(@) 10PV = —0.161 sin (’-Z’ 0) — 0.37817
(b) 10P6 = —0.103 ‘l,cos (’ZE 0)

Introducing 1/V = 10(1/10V)) to permit the use of a function
potentiometer (see See. 2.2), (b) becomes

e — —102(.1 s
(b) 10P6 = HH(IOV) cos (2 0>

(¢) 10PX = 0.2381" cos (’2' e)

(d) 10PY = 0.8341 sin <’§’ e)
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3. Machine initial conditions
Xo=0 Yy=0 Vo = 0.001v, 60 = 0.637%

4. Block diagram (sec Fig. 3.150). Integrators employing 10 uf

integrating capacitors are indicated to facilitate operation on a

reduced time scale. Loading corrections for potentiometers

should be observed.

Discussion (of special problems encountered during the computa-

tion, tentative conclusions from computer results, ete.)

None.

6. Enclosure. Dated and initialed computer records (x vs. (, y vs. {,
and y vs. x).

.Ca'!

More General Trajectory Computations. The foregoing example will
serve to illustrate a method for solving ballistic trajectory problems on d-¢
analog computers. If the simple cannonball is replaced by a rocket or
other self-propelled body, the effects of mass changes and thrust forces
will have to be considered.! In the case of more complicated nonspherical
projectiles, the effeets of the acrodynamic lift as well as of various control
forces must be taken into consideration. In addition, the “moment
equation’ describing the rotation of the projectile about the pitch axis
must be solved, and the interaction between this rotation and the trans-
latory motion must be determined.  An elementary discussion of some of
these questions for a special case is presented in Sec. 3.6. Many three-
dimensional as well as two-dimensional trajectory problems can be solved
successfully by means of d-¢ analog computers subject to the accuracy
limitations of the latter.

3.6. INTRODUCTION TO D-C ANALOG-COMPUTER METHODS FOR SOLV-
ING AIRCRAFT FLIGHT EQUATIONS

Description of the Motion of an Aircraft: Motion in the Pitch Plane.
The motion of an aircraft in the atmosphere, like the motion of the pro-
jectile discussed in Sec. 3.5, may be conveniently specified by reference
to wind axes along and perpendicular to the direction of the instantanc-
ous velocity vector and centered in the center of gravity of the aircraft;
the velocity direction is, of course, opposite to that of the relative wind
in a stationary air mass.

As an important special case, it will be interesting to consider the
motion of an aircraft which is not turning, slipping, or skidding. The
motion will, then, take place in the vertical plane, pictured in Fig. 3.16.

1See J. B. Rosser, R. R. Newton, and G. L. Gross, Mathematical Theory of Rocket
Flight, McGraw-Hill, New York, 1947, for a dctailed discussion of the equations of
motion of rockets.
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The trajectory of the aircraft center of gravity in this ‘“‘pitch plane’” may
be described, in the manner shown in Sec. 3.5, by specifying the magni-
tude »(f) of the instantaneous velocity and the angle #(f) between the
velocity direction and the horizontal as functions of the time . The rec-
tangular cartesian coordinates z(¢) and y(f) of the trajectory are, again,
related to »(¢) and 4(t) by

dzr _ dy
Et—-—vcos:’ ¥

In addition to the motion of the aircraft center of gravity, the pitch-
attitude angle ¢(t), defined as the angle between some preferred longi-
tudinal axis fixed in the aircraft and the horizontal reference, must be
specified as a function of the time ¢.

= p sin ¢ 3.27)

/MOVABLE CONTROL

SURFACE
6

F1a. 3.16. Description of the two-dimensional motion of an aircraft in the pitch plane.
Note that neither the location of the center of pressure nor of the center of gravity is
necessarily fixed with respect to the airframe.

The angle y(f) between the longitudinal axis and the velocity dircc-
tion, or
() = o(t) — 3(%) (3.28)

is known as the pitch angle of attack.

The motion of the aircraft in the pitch plane can be controlled by chang-
ing the deflection angles of control surfaces such as elevators, spoilers,
elevons, or movable wings and by changing the magnitude, direction, or
point of attack of the thrust propelling the aircraft. The various control
parameters will be denoted by 64, s, . . . .

Flight Equations for Motion in the Pitch Plane. The system of forces
acting on the aircraft can usually be reduced to the four forces indicated
in Fig. 3.16. These may be listed as follows:

1. The thrust T due to the power plant or power plants. In most con-
ventional aircraft, the thrust direction and point of attack are not
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used for control purposes. The longitudinal axis may then be
chosen to coincide with the thrust axis. The latter does not neces-
sarily pass through the center of gravity of the aircraft.

2. The weight mg of the aircraft, where m is the aircraft mass and ¢ is
the acceleration of gravity.

3. The drag D is the component of the total aerodynamic force in the
negative velocity direction. For each particular aircraft configura-
tion, the drag will appear as a function

D = D(v,v,p) (3.29)

of the velocity », the angle of attack v, and the air density p, and
possibly also of some of the control parameters 8,, 85, . . . .

4. The Ulift L is the component of the total aerodynamic force at plus
90 deg with respect to the velocity direction. For each particular
aircraft configuration, the lift will appear as a function

L = L<U,‘Y, (—idi:‘; 81,52, « o . ,p) (330)

of the velocity v, the angle of attack v, the pitching rate de/dt, the
control surface deflections 8y, 82, . . . , and the air density p.

In the case of certain jet aircraft, and especially of rockets, the aircraft
cannot be regarded as a rigid body but contains a large amount of moving
fuel and exhaust gases which may subject it to various kinetic reaction
forces in addition to the jet thrust;! these forces are not considered in the
analysis presented below.

The equation of motion of the aircraft in the positive velocity direction
is, by reference to Fig. 3.16,

dv .
m o= T cos y — mg sin 8 — D(v,v,p) (3.31)

The equation of motion at right angles to the instantaneous velocity
direction may be written in the form

dd d
my oy = —mg cos 4+ L (v,'y, -d—‘g, 81,09, . . . ,p) (3.32)

The equation of motion describing the changes of the pitch angle ¢
takes the form

1%e

dt

1 See, for instance, Rosser, Newton, and Gross, op. cit.
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where M is the pitch moment due to the aerodynamic forces and dr is the
distance between the thrust axis and the center of gravity. The moment
M may be computed from known values of the drag D and the lift L if the
location of the point of attack of the total aerodynamic force (center of
pressure, see Fig. 3.16) is known, but it is usually simpler to obtain M as a
function of v, v, do/dt, 81, 82, . . . , and p directly from wind-tunnel data.

The three flight equations (3.31), (3.32), and (3.33), in conjunction with
the definition (3.28) of the angle of attack v, determine the motion of the
aircraft in the pitch plane and permit one to compute »(t), #(£), ¢(f), and
v(t) as functions of the time ¢ if proper initial conditions are given.

D-c Analog-computer Solution of the Flight Equations. The flight
equations are usually suitable for d-c¢ analog-computer solution. The
equations of motion of the projectile discussed in Sec. 3.5 are special cases
of the flight equations (3.31) and (3.32); the d-c¢ analog-computer setup
discussed in Sec. 3.5 is thus an example of the d-¢ analog-computer solu-
tion of a flight problem.

At least for low values of the velocity v, it is often possible to express
the functions D, L, and M to a good approximation in the form

D(v,v,p) = c1pD1(v)Ds(v)
g (””’ %’ Py "’) = ewpla(v) [L2(‘Y) + Ls (%%’)

e+ U oy
M (v,'y, 'dzl%’ 61,62, ... ,p) = Cgle(v) [Z‘lz(‘y) + AI;; <(YI;—:—>

+ M) + - -

where ¢;, ¢s, and c¢3 are constants. The expressions (3.34) involve only
functions of single variables and are particularly easily computed by
means of servo-driven function potentiometers which are capable of
simultaneous multiplication and function generation. Functions of two
or more variables can also be generated directly (Sec. 6.13). D-c¢ ana-
log-computer solutions of the flight equations based on these techniques
can be successfully applied to the computation of aircraft trajectories
even in the case of more or less complicated maneuvers such as stalls,
landings, and rocket-assisted take-offs.

Aircraft Motion in Three Dimensions. If the aircraft motion under
consideration is not confined to the pitch plane, a total of six generalized
coordinates must be specified as functions of the time through a set of six
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flight equations.! The solution of the general problem by means of a d-c
analog computer is not more difficult in principle than the determination
of the motion in the pitch plane, but the number of computing elements
needed in the former case will be materially larger. The transformations
relating the variation of the three-dimensional velocity vector to the
cartesian coordinates of the three-dimensional trajectory will also involve
more complex trigonometric expressions than the corresponding transfor-
mation equations (3.27) for motion in the pitch plane.?

Flight Simulators. An analog computer capable of solving aircraft
flight equations on a 1:1 time scale is frequently referred to as a flight
stmulator. If input voltages corresponding to the control surface deflec-
tions are supplied to the machine either manually or by means of appro-
priate control mechanisms, the machine variables describing the attitude
and trajectory of the aircraft must vary as the corresponding aircraft
coordinates would in actual flight. These voltages may be recorded for
later study of the simulated aircraft performance and may also actuate
real or simulated flight instruments.

The operation of a flight simulator on the ground is vastly cheaper as well
as safer than operation of actual aircraft. For this reason, analog com-
puters are used in increasing numbers as flight simulators for the follow-
ing purposes:

1. Training. Flight simulators are invaluable as safe, rapid, and reli-
able synthetic training devices. The use of flight simulators will, for
instance, permit realistic instruction in instrument flying, aerial gunnery,
and power-plant control for single- and multiengine aircraft. Instruec-
tion can be given under controlled conditions which can be easily evalu-
ated and repeated by the instructor.

Such synthetic training devices are also useful for evaluating flight
procedures, crew cooperation, and job assighments among air crews.

2. Aircraft design and redesign. A flight simulator is a flexible com-
puter which can simulate aircraft parameter changes in hundreds of ‘“‘test
flights’’ under controlled laboratory conditions.

Such flight simulation permits one to test the behavior of new aireraft
configurations in standard maneuvers as well as in potentially dangerous
stalls, spins, ete. If desired, the maneuvers in question can also be per-
formed on a slow time scale.

Again, the cost of testing a modern multiengine aircraft can amount to
thousands of dollars per hour, so that very substantial savings can be

1 See, for instance, R. von Mises, Theory of Flight, McGraw-Hill, New York, 1945.

2 Refer to Application Bulletin 2, Computer Greatly Simplifies Yaw Damper Design,
Berkeley Division, Beckman Instruments, Inc¢., Richmond, Calif., for a simple d-¢
analog-computer study of aircraft roll and yaw,



120 ELECTRONIC ANALOG COMPUTERS

realized by performing as many preliminary tests as possible on a flight
simulator.

3. Partial system testing. The output voltages of a flight simulator
may be used to change the attitude of a servo-driven flight table or to con-
trol the ‘‘altitude’ in a pressure chamber. Flight instruments such as
gyros and altimeters may thus be tested under conditions closely simu-
lating those of actual flight. Flight simulators are particularly useful for
the design of automatic pilots (see Sec. 3.8).

Because of the limitations imposed on the computing time by d-c
analog computing elements (see Chap. 4), the latter may not be so suit-
able for use in flight simulators intended for training purposes as
electro-mechanical analog computers. The relatively high accuracy,
low cost, and flexibility of d-c analog computers make them, however,
eminently useful as flight simulators used for design and partial system
testing,.

3.7. ANALYSIS OF SMALL AIRCRAFT MOTIONS IN THE PITCH PLANE:
D-C ANALOG-COMPUTER SOLUTION OF THE LINEARIZED FLIGHT
EQUATIONS

The solution of the set of flight equations (3.28), (3.31), (3.32), and
(3.33) for aircraft motion in the pitch plane can be simplified very con-
siderably if it is necessary to determine only small changes 3, §, and @ of
the variables », 4, and ¢ from their constant values for some condition of
steady-state or equilibrium flight. Steady-state or equilibrium motion
in the pitch plane corresponds to a condition of steady horizontal flight,
climb, or dive given by a set of values of the three variables v, ¢, and ¢;
it is desired to investigate the results of disturbing aerodynamic forces
and/or control surface deflections.

Linearized Flight Equations for Motion in the Pitch Plane. Steady-
state or equilibrium motion in the pitch plane may be defined by the
relations

T=2=%_9 (3.35)

It will be assumed that the elevator deflection &, is the only control
parameter and that the air density p is constant. Let 3, 3, 3, ¥, and §, be
the variations of v, 9, ¢, v, and 8, from their respective equilibrium values
v1, %1, @1, v1; and §;1, so that

v=0+179 d=0+9 =01+ @

Yy=7m+7 0y = du+ & (3.36)
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Since 7, 9, @, and ¥ are assumed to be small, one may write

sin ¢ = sin 91 + (cos ¢,)9 cos ¢ = cos ¢; — (sin ¢1)3
D@,v,p) = D(v1,v1,0) + Do + Dyy

L ( )7;81’ ?it’ P) = L(vly‘ylyally ,P) + I/.,l) + I/‘Y’Y + L‘xal + L; (337)

’dt

M(vy'Y’Bl) %‘f) P) M(vly71)511’ 7P)+Mvv+M‘1'Y+M51 1+M¢ dt

where the derivatives of D, L, and M with respect to v, v, 8, and de/dt
are all computed for the equilibrium values of v, v, 81, and dp/dt.

By introducing the relations (3.35), (3.36), and (3.37) into the flight
equations (3.28), (3.31), (3.32), and (3.33) it may be shown that the
variations 7, 3, @, ¥, and &, must satisfy the linearized flight equations

dv

(a) me = —D — D,y — (mg cos ¢4)3
(MoTION IN VELOCITY DIRECTION)
b) mo, ‘(lg = L + Ly + Ls,81 + Lw i R (mg sin ¥1)8 (LIFT) (3.38)
(¢ 1 %;%’ = M+ Myy + Myb + M@%‘f
(PITCHING MOTION)
(d) T=9—8 (ANGLE OF ATTACK DEFINITION)

for small motions in the pitch plane. Although the analysis of the linear
equations (3.38) is by far simpler than that of the corresponding general
flight equations, such analysis has been very fruitful, especially in connec-
tion with the following applications:

1. Studies of aircraft stability. The equilibrium motion of an aircraft
is said to be stable if the aircraft tends to return to that equilibrium con-
dition after a small disturbance due to aerodynamic disturbing forces or
control deflections. In the case of stable motion, small changes in speed
and attitude will tend to remain small; such a situation is frequently
desirable.

2. Studies of aircraft response to controls. The linearized flight equa-
tions are frequently used for analyzing the response of different aircraft
configurations to motions of the control surfaces. This may be accom-
plished by studying the transient behavior of the aircraft after a control-
surface deflection. Another particularly useful method for analyzing the
sensitivity of the aircraft attitude to control motions applied at various
rates is based on the study of steady-state sinusoidal variations of the
flight variables. It is possible, for instance, to study the amplitude and
phase response of the attitude-angle changes ¢ and flight-path angle ¢ to
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applied sinusoidal changes in the elevator deflection at different fre-
quencies. The amplitude response will indicate the sensitivity of the
aireraft motion to control motions applied at different rates, whereas the
phase response will show how quickly the aircraft can follow the control
motion. Aerodynamic transfer functions like g/8; or §/5, may be derived
from the linearized flight equations (3.38) in much the same manner as
voltage transfer functions are derived from electrical circuit equations.!

Figures 3.18b and ¢ show typical plots of the computed amplitude and
phase response of the attitude angle ¢ of a B-25J aircraft? to small sinus-
oidal changes in the elevator deflection §;. The results of such compu-
tations can be applied to the study of more realistic maneuvers by means
of Fourier analysis.

Finally, the study of small aircraft motions is important in connection
with the design of automatic pilots (see Sec. 3.8).

D-c Analog-computer Solution of the Linearized Flight Equations.
The solution of aircraft linearized flight equations has been one of the
most fruitful applications of d-c analog computers. This is true not only
because of the savings in time and labor effected but also because of the
ease of eventually introducing the effects of nonlincarities such as stops
limiting the control-surface deflections (see Sec. 3.3) and of performing
partial system tests.

A d-c analog computer set up to solve the linearized flight equations may be
used to study the transient response of the aircraft with respect to small dis-
turbances as well as the amplitude and phase response to sinusoidal duisturb-
ances of different frequencies. The amplitude and phase response may be
measured exactly as shown in Sec. 3.4 for the case of servomechanisms
simulated by the computer. D-c¢ analog computers have become invalu-
able tools for the study of aircraft stability and control in an ever-
increasing number of instances.

A typical d-c¢ analog-computer setup for such purposes is described
below in terms of the problem specifications and computer-solution-record
forms for a typical case.

A. Problem specifications

1. Introduction. This paragraph will contain problem designations,
authorization references, etc.

2. Statement of the problem. Set up a d-c analog computer to solve
the linearized flight equations of an aircraft for small motions in
the pitch plane. It is desired to compute variations in the speed,

1 Seamans, R. C., B. G. Bromberg, and L. E. Payne, Application of the Performance
Operator to Aircraft Automatic Control, MIT DIC Report, 1947 (Instrumentation
Laboratory).

2 Hagelbarger, Howe, and Howe, op. cit.
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pitch-attitude angle, and flight-path angle of the aircraft as func-
tions of the time for given initial conditions if the elevator-deflec-
tion angle is given as a function of the time.

3. Mathematical relations

(a) m%} = —D,5 — D% — (mg cos 4,)3

(MOTION IN VELOCITY DIRECTION)

(b) mv, (f—iig = L + L,¥ + L3, + L, (2—? + (mg sin ¢,)3 (LIFT)

d’g . 5 dg
(c) 1 = Mb 4+ My + Mo+ M, T (PITCHING MOTION)
@d v=p—179 (ANGLE OF ATTACK DEFINITION)

These equations were derived under the following assumptions
which flight tests have shown reasonably valid for aircraft of the
type under consideration: (a) variables deviate from the equi-
librium conditions by small increments only; (b) all coefficients
remain constant throughout the maneuvers considered; (¢) the
coupling between the motion in the pitch plane (longitudinal
motion) and the roll and yaw (lateral motion) is negligible; (d) the
thrust remains constant throughout the maneuver.

4. Glossary of symbols

t time
v aircraft velocity v in equilibrium condition
flight-path angle ¢ in equilibrium condition
pitch-attitude angle ¢ in equilibrium condition
change in velocity
change in flight-path angle
change in pitch-attitude angle
angle-of-attack change
change in elevator deflection (upward)
acceleration of gravity
aircraft mass
pitch moment of inertia
D(v,y) drag

L <v,'y,51, %‘;’) lift

M <v,'y,6,, %) pitch aerodynamic moment

N

Y
Il
«
|
~3q ue W S

The constant coefficients D,, L,, M,, M,;, etc., are the partial
derivatives of D, L, and M, respectively, with respect to the sub-
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script variables; all these derivatives are obtained for the equi-
librium conditions, with

at &t " dt T dat -

5. Inmitial conditions. As specified for each particular problem within
the ranges given below.
6. Numerical values of constants!

D,

= —26.6 ft/sec?

]

Ls,
22 o1
+0.02 ft/sec
é!’.

D, . o o . .
Pl +16.6 ft/sec = +1.68 ft/sec
g = 32.2 ft/sec? A/‘[”’ =0
_ M, .., 1
3 =0 I = 11.9 sec‘2
— Mbl -_— —
v = 270 ft/SeC —T = +10 3-@102
L, _ ‘ M _ _
1—7;—: = 4238 ft/sec?
7. Estimated ranges of variables
0 <t <250 sec —25° < ¥ < 25°
—25° <3 < 25° —25° < §; < 25°
—25° < p < 25° —50 ft/sec < 5 < 50 ft/sec

25° = 0.436 radian

8. Parameters fo be varied. The effects of certain changes in aircraft
configurations may be investigated by changes in the constants
above.

9. Expected results of parameter variations. None noted here.?

10. Possible analytical and numerical checks noted by the customer

a. A constant upward change §, in the elevator displacement
should be followed by an increase  in the attitude angle. The
resulting increase in the angle of attack vy will create additional
lift, which in turn will increase the flight-path angle #.

b. The steady-state response of the aircraft to elevator deflections

varying as sinusoidal functions of the time { may be determined
1 From Operating Manual for the Goodyear Electronic Analog Computer, Goodyear
Aircraft Corporation, Akron, Ohio.
1 See, for instance, Von Mises, op. cit.
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analytically by replacing each operator d/dt in the linearized
equations of motion by jw, where w is the circular frequency of
the sinusoidal oscillations.

11. Use of results

a. To investigate small deviations from equilibrium flight condi-
tions in the pitch plane.

b. To investigate effects of changes in the aircraft configuration
on aircraft stability in the pitch plane (longitudinal stability).

¢c. Use of the flight simulator for testing both simulated and real
automatic pilots (see Sec. 3.8).

12. Accuracy required. 0.5 to 1.5 per cent.

B. Record of computer solution

1. Transformation equations. All problem variables are measured
in the ft/slug/sec system of units; all angles are measured in
radians. All machine variables are measured in machine units.
One machine unit equals 100 volts.

t =7 (1:1 time scale)

§=050 =058 §=05" & =054
5 = 50V

2. Machine cquations

(@) PV = —0.02V — 0.166T"' — 0.3220 (MOTION IN VELOCITY

DIRECTION)
(b) PO = 0.0879V + 0.882T' — 0.09864, + 0.00622P%  (L1FT)
(c) P2® = —11.9T + 10.3A, — 0.679P3 (PITCHING MOTION)
dTIr=%-06 (ANGLE OF ATTACK DEFINITION)

3. Machine initial conditions. As specified for each particular
problem.

4. Block diagram (see Fig. 3.17). The following types of function
generators may be needed for generating — A, (simulated elevator
deflection) as a function of the machine time 7.

a. Potentiometer for manual operation.

b. Step-function generator (voltage source and switch).

c. Sine or cosine generator capable of continuous operation
(Table 4 or Fig. 6.21).

d. Computer setups to generate (constant) - r and (constant) - 7?
(Table 4).

e. Other function generators.

5. Discussion. None.
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(0) PV =-(002V+0.I66T +0.3228)
(MOTION IN VELOCITY DIRECTION)

L002) 002V
v o—(@2)

Fo @ Q.leel o +V

8 Ao 0.3228
6 0——0322)

(b) P &=00879V+ 08821 -009868,+0.00622P§

(LIFT)
£ 0088V
v o—@0ed
F o—(os)—08%2"
'E| . 5099 -0.099A,

1pio @ 0.00622P¢

Fo (I M o ———3f
\J6_/ _I%;,K
-, o— 103N 16 =1 4 4 o -3
_' N -
iré 0679 !

(d) F=(§=5) (ANGLE OF ATTACK DEFINITION)

[]]

o—————\
—0 I

-7 o "

F1e. 3.17. Block diagram of a flight-simulator setup for the study of small aircraft
motions in the pitch plane. Note how each equation of motion is represented by a
block of computing elements. The simulated “aircraft’” may be ‘“steered’ by vary-
ing the input voltage —ZX,, which corresponds to a change in the elevator deflection.

Fic. 3.18a. Flight-simulator record (from Hagelbarger, Howe, and Howe, op. cit.)
of the attitude change of an aircraft in response to an elevator deflection. The
solutions of Fig. 3.18a to ¢ are not for the aircraft configuration discussed in the text.
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(c)

Fia. 3.18b and c¢. Experimental and calculated amplitude and phase response of the
aircraft attitude change & to sinusoidal elevator deflections (from Hagelbarger, Howe,
and Howe, op. cit.). The solutions of Fig. 3.18a to ¢ are not for the aircraft configura-
tion discussed in the text.
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6. Enclosures (see also Fig. 3.18). Dated and initialed computer rec-
ords (8y, 3, ¥, , 3, vs. £); plotted amplitude and phase characteris-
tics of the “transfer function’’ @/$§, for sinusoidal elevator motion.

8.8. APPLICATION OF D-C ANALOG COMPUTERS TO THE DESIGN AND
TESTING OF AUTOMATIC PILOTS

A number of techniques for employing d-c¢ analog computers as flight
simulators for the design of automatic pilots will now be outlined in more
detail. An automatic pilot is a system of servomechanisms designed to
adjust the control-surface deflections and possibly the throttle settings of
an aircraft continuously or intermittently. The automatic pilot will
operate in such a manner that all or some of the coordinates describing
the aircraft attitude and position and/or their derivatives correspond
as closely as possible to certain desired ‘‘reference’” values which may be
fixed or vary as functions of the time. Automatic pilots used for attitude
control will position control surfaces so as to maintain a desired attitude
in roll, pitch, and yaw or so as to produce desired rates of turn or rates
of climb or descent. Automatic pilots may also achieve altitude control
and speed control as well as control of the angle of attack. Automatic
control devices intended primarily for ¢rajectory control are not usually
referred to as automatic pilots, but they may be studied in much the
same manner. Devices in this latter category include equipment used
for blind landings as well as long-range-navigation, homing, and guidance
apparatus. They will usually comprise a computer which translates posi-
tion data from some type of navigational device into orders for an auto-
matic pilot which regulates control-surface deflections and/or throttle
settings.

Automatic-pilot Operation. The nature of automatic-pilot operation
as well as the great importance of analog computers in the development
of automatic pilots can perhaps be understood best after an inspection of
the block-diagram representation of an automatic-pilot system shown in
Fig. 3.19a.

In this block diagram, the aircraft is represented as a ‘‘transducer”’
whose input data are instantaneous values of control-surface deflections
and throttle settings. The output data are the instantaneous values of
the coordinates specifying the aircraft attitude and position. The auto-
matic pilot, in turn, measures the attitude and position ‘‘errors,” or differ-
ences, between the actual and desired values of the attitude and position
coordinates by means of gyros, accelerometers, pressure-sensitive devices,
ete. These data are reduced to input signals for the servomechanisms
which position the control surfaces and throttles. The latter are made to
control the aircraft attitude and position so as to minimize the attitude
and position errors.
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T1a. 3.19a. Block-diagram representation of autopilot operation.
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Position and Attitude

E Variables) Representing
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F1a. 3.19h. General type of d-c analog-computer setup for simulating the operation

of an aircraft-autopilot system.

Voltages (Machine Variables) Repre-
senting Control Surface Deflections

D-c Analog
Computer Set Up to

and Throttle
Settings

Solve Aircraft Flight
Equations on @ One-
to-One Time Scale
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Voltages (Machine Variables) Repre=-
senting Aircraoft Position and
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Controls With
Simulated Loads
And Pickoffs

Flight Table and Pressure
Chambers Convert Volt-
ages into Physical Data
Which Can Be Sensed by
the Autopilot

Output Torques (:\L ——— — —
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Servomechanisms = == === == === = =l

AUTOMATIC PILOT
(Sensing Elements
on Flight Table or
Connected to Pres-
sure Chambers)
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— ™ ™ ™™ Position and

e e o o e e Altitude “Orders”

Fra. 3.19¢. Block diagram showing how a d-c analog computer may be used as a flight
simulator for partial system testing.

In Fig. 3.19a, the automatic pilot, like the aircraft, is represented as a

‘“¢ransducer’’; its

“input signals”’

are the aircraft attitude and position

data as well as the preset orders, and its output data are control-surface

deflections and throttle settings.

matic pilot constitute a feedback loop.
A properly designed automatic pilot for a certain aircraft must control that

aircraft in accordance with its “‘orders’’ to within a specified error range and

without any tendency toward instability or uncontrolled oscillations.

Together the aircraft and the auto-
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Since the automatic pilot comprises a number of servomechanisms, it
will itself contain a number of internal feedback loops used to obtain the
correct control-surface deflections and throttle settings as functions of
the input data. The entire system consisting of the automatic pilot and
the aircraft is, then, a rather complex multiloop feedback system whose
analysis by ordinary means may become quite complicated, especially if
the performance of system components cannot be described in terms of
linear differential equations.

Simulation of the Aircraft-Automatic-pilot System. Figure 3.190b illus-
trates the use of a d-c¢ analog computer as a flight simulator for automatic-
pilot design. The performance of the aircraft is represented by a block
of computing elements set up for solution of the flight equations. This
block of computing elements accepts voltages proportional to the control-
surface deflections and throttle settings; output voltages proportional to
the corresponding attitude and position coordinates of the aircraft are
obtained through continuous integration of the flight equations. The
automatic pilot may, in turn, be represented by a block of computing ele-
ments which accept attitude and position data as input voltages and
continuously compute output voltages proportional to the control-surface
deflections and throttle settings produced by the automatic pilot. The
entire feedback loop of Fig. 3.19a is thus ‘‘simulated’ by the ‘‘analogous’’
computer setup of Fig. 3.19b.

Figure 3.19¢ shows schematically how a partial system test of an auto-
matic pilot may be performed through the use of a d-¢ analog computer
set up as a flight simulator operating on a 1:1 time scale. The output
voltages of the flight simulator are used to position a flight table and, if
desired, to vary the pressures in small pressure chambers in accordance
with the simulated aircraft motion. The sensing clements of an actual
automatic pilot under test are used to detect these changes and will cause
the servomechanisms of the automatic pilot to position control surfaces
and throttles loaded artificially by springs, motors, or solenoids.

Pickoff potentiometers permit one to obtain voltages proportional to
the control-surface deflections and throttle settings; these voltages, in
turn, become the input voltages of the flight simulator, so that the entire
control loop is, again, simulated; a setup of this type permits very realistic
testing of automatic-pilot performance.

A Practical Design Procedure. The design of a projected automatic
pilot for a given aircraft may proceed in a scries of steps constituting
successive approximations to the realistic simulation of actual flight con-
ditions. Such a stepwise procedure will permit the designer to introduce
himself gradually to the difficulties involved in ascertaining the perform-
ance of a complicated automatic control system.

1. The flight equations of the aircraft under consideration are set up on
the d-c analog computer, and the resulting flight-simulator setup is checked.
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2. Frequently the most effective approach to control-system design is
through an initial study of a greatly simplified system. Thus each servo-
mechanism of a projected automatic pilot may be initially represented by
a perfect proportional follow-up device having a certain constant gain.
This amounts to the assumption of a perfect servomechansim which can
translate any order into a corresponding proportional control-surface
deflection or change in throttle setting.

3. As the simulated servomechanism gains in such a computer setup
are raised in order to obtain sufficiently low attitude and position errors
(““tight”’ control), “hunting’’ or instability will usually result. The next
step in the design of each automatic-pilot servomechanism may be to
introduce equalizing networks (rate feedback, integral feedback, or even
nonlinear types of feedback) into the control loop while still assuming
“perfect’’ servomechanisms having unlimited amplitude and frequency
response.

4. After a preliminary choice of the equalization devices has been made
in this manner, it becomes necessary to make a choice of actual error-
sensing devices and servomotors which most closely approach the desired
ideal characteristics within the working frequency range of the automatic
pilot while still satisfying given space, weight, and power requirements.

It will usually be found that especially the high-frequency response of
actual servomotors does not correspond to the idealized conditions con-
sidered in step 3.

The equations of motion of the actual automatic-pilot components are
next included in the d-c¢ analog-computer setup. In other words, each
servomechanism of the automatic pilot is represented by d-c analog com-
puting elements in the manner discussed in Sec. 3.4 in as great detail as is
found necessary. The design parameters of the various servomechanisms
and equalization networks may then be varied until the best possible
response is approximated. The values of the parameters so obtained will
serve as basic design data for the automatic pilot.

5. After a model of the actual automatic pilot has been assembled
according to these considerations, it may be connected together with the
flight simulator for a partial system test during which further adjustments
can be made.

6. The equipment is then packaged for an actual flight test, is given the
usual drop and vibration tests, and is checked out in flight. Although
the flight test must always be the final criterion of the suitability of an
automatic-pilot design, a large amount of actual flight time may be saved
by the procedure outlined above.

The d-c analog-computer setup for the automatic-pilot development
outlined above may be operated on an expanded time scale if this is desir-
able; only the flight simulator used for partial system testing must neces-
sarily be operated on a 1:1 time scale. It may, however, often be useful
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to utilize the same flight simulator for both partial system testing and
simulation of the automatic pilot, since by convenient alternation of the
two methods, it is possible to make rapid checks on proposed changes in
the automatic-pilot design.

It will usually be advantageous to utilize both the frequency-analysis and
transient-analysis methods discussed in Sec. 3.4 throughout the automatic-
pilot development procedure outlined above. The use of the d-c analog com-
puter also makes it possible to introduce nonlinear characteristics of both
aircraft and servomechanisms, such as torque and speed limitations of
motors, stops limiting control-surface deflections, and backlash in gear
trains (Secs. 3.3 and 3.4).

Flight-simulator study of Automatic-pilot Performance for Small
Motions in the Pitch Plane. The use of a d-c analog computer for the
design and testing of a simple automatic pilot intended to control air-
craft motions in the pitch plane (see Sec. 3.7) is an interesting application
of the principles outlined above. The proposed automatic pilot is to
“sense’’ the pitching motion of a certain aircraft by means of free and
rate gyros and to control the elevator deflections so as to keep the pitch-
attitude angle as closely as possible equal to a reference attitude set into
the automatic pilot. If the reference attitude angle is constant, the auto-
matic pilot will attempt to maintain a constant aircraft attitude ¢ equal
to the preset reference attitude. If the reference attitude is ‘‘pro-
grammed’’ as a function of time, the automatic pilot will attempt to
make the aircraft attitude follow the reference.

Block diagrams of d-c analog-computer setups used in connection with
the development of such an automatic pilot are shown in Figs. 3.20a to
3.20e. Since conventional automatic pilots are, in general, not used dur-
ing violent maneuvers, it will be sufficient to study small motions of the
aircraft about an equilibrium condition. For the sake of simplicity, only
motions in the pitch plane are considered, as in Sec. 3.7. The equivalent
three-dimensional problem is, again, no more difficult in principle, but
the resulting computations are more complex.

The design parameters of any automatic pilot must depend strongly on
the design of the aircraft to be controlled, since the response of different
aircraft to similar control-surface deflections may be entirely different.
Assuming that the aircraft under consideration is of a type similar to that
discussed in Sec. 3.7, a flight simulator of the type shown in Fig. 3.20a
may be used to compute the attitude changes of the aircraft in response
to applied changes in the elevator deflection. The machine equations
and the computer setup of the flight simulator shown are those derived
in Sec. 3.7; the effects of reasonable changes in aircraft configuration
(changes in the areas of wing, stabilizer, or elevator surfaces; length of
the fuselage; etc.) or equilibrium speed may be introduced by changing



PRACTICAL APPLICATIONS 133

coefficient settings (Sec. 3.7). The flight simulator will accept an input
voltage proportional to the elevator-deflection changes &, and will con-
tinuously compute output voltages proportional to the pitch attitude-
angle change @ and the pitch rate dg/dt on a 1:1 time scale. A real or
simulated automatic pilot may then be made to ‘“sense’ the simulated
pitching motion and can, in turn, be made to “control”’ the simulated
elevator deflections, so that the performance of the entire control loop
can be studied.

First Approximation to the Performance of an Actual Automatic Pilot.
Figure 3.20b shows a d-c analog-computer setup simulating the perform-
ance of a hypothetical automatic pilot which makes the elevator-surface
deflection &; equal and opposite to the weighted sum

a (kld?f + @ — ¢r) = aif(kip + 1)@ — @]

Such an automatic pilot would have to incorporate a ‘‘perfect’’ servo-
mechanism capable of positioning the control surface instantancously in
accordance with the input signals supplied from the free gyro, which
“senses’’ the attitude error (g, — @), and the rate gyro, which senses the
pitch rate dg/dt. The computer setup of Fig. 3.20b may be said to con-
stitute a first approximation to the performance of an actual automatic
pilot.

Second Approximation to the Performance of an Actual Automatic Pilot.
In an actual automatic pilot, the control-surface deflection cannot follow
the input signals instantaneously, mainly because of the inertia, spring
loads, and friction associated with the mechanical components of the
system. As a second approximation to the performance of an actual
automatic pilot, the transfer function of the automatic-pilot servomecha-
nism may be approximated by the simple expression

constant
o+ 1 (3:39)
so that
S ) S —
o = bp F 1 [kipe + (2 — 2] (3.40)

The somewhat crude approximation (3.39) is frequently useful for inves-
tigating the approximate operation of automatic control mechanisms.
Using the transformation equations

t=7r 2=05% 7 =053 5 =054 (3.41)
corresponding to those used in Sec. 3.7, the machine equation correspond-
ing to (3.40) becomes

bPA;, = —[a:1(® — &) + aik PP + Ay] (3.42)
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The computer setup shown in Fig. 3.20¢ establishes the machine equation
(3.42) for
a =6 k1 = 0.25 sec b = 0.143 sec

Figure 3.21 shows a set of typical computer records for an automatic-

GrVs.t

==(SECONDS)=HS

=[EX JES==FES==FES EES=FE===3

Fia. 3.21. Computer record for a typical ‘“push-over” maneuver controlled by an
automatic pilot (Goodyear Aircraft Corporation, op. cit.) A multichannel recorder
was used to present five variables plotted on the same time scale.

==

pilot-controlled maneuver specified by giving the automatic-pilot refer-
ence setting &, as a function of the time ¢.

Third Approximation to the Performance of an Actual Automatic Pilot.
In the computer setup of Fig. 3.20d, the performance characteristics of an
actual automatic pilot are simulated even more closely by computing ele-
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ments capable of solving the performance equation of the automatic-pilot
servomechanism. A servomechanism comprising special equalizing net-
works, an electric motor, and a spring-inertia load has been simulated in
the manner described in Sec. 3.4. In addition, inelastic stops on the con-
trol surface and the torque limitations of the servomotor are simulated by
suitable diode circuits (see also Secs. 3.3 and 3.4). All important design
parameters of the simulated automatic pilot can be varied by changes in
potentiometer settings or changes in the computer sctup.

TRE TR W WS = = T = =
F16. 3.22a. D-c analog-computer records (Hagelbarger, Howe, and Howe, op. cit.)
showing the transient response of the elevator deflection 3, and of the pitch-attitude
change ¢ of a simulated autopilot-controlled aircraft to a step-function change in the
reference attitude &,.

There is almost no limit on the refinements possible in simulator setups
of this kind. Among other interesting variations one may introduce the
effects of motor-field time delays, dry friction and gear backlash, disturb-
ing torques on the aircraft or the control surfaces, dead spaces in the gyro
response (Sec. 3.4), and errors in the gyro output signals. The simple
electric motor simulated in Fig. 3.20d could also be replaced by computer
setups simulating clutch servos, hydraulic actuators, ete.

The results of parameter studies of automatic-pilot-controlled aircraft can
be evaluated exactly in the manner shown for servomechanisms in Sec. 3.4.
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As a further example, Fig. 3.22 shows the transient response of another
automatic-pilot-controlled aircraft. The effect on the transient response
of changing the value of the automatic-pilot gain is shown. Figure 3.23
shows the amplitude and phase of the transfer function /. for steady-
state sinusoidal oscillations of a simulated automatic-pilot-controlled air-
craft plotted vs. the circular frequency w.

F1a. 3.22h. D-c¢ analog-computer records (Hagelbarger, Howe, and Howe, op. cit.)
showing the effect of increasing the forward gain of the simulated autopilot used to
obtain the computer records of Fig. 3.22a by a factor of 5 and 6, respectively.

Flight-simulator Setup for Partial System Testing of Actual Automatic-
pilot Components. Figure 3.20¢ shows how the flight-simulator setup of
Fig. 3.20a may be used for testing actual automatic-pilot components.
The “‘output voltages’” —® and 14P® of the flight simulator are fed to a
servomechanism which positions a flight table (pitch table). The angle
between the pitch-table surface and the horizontal is thus kept equal to
the pitch attitude angle ¢ = ¢1 + @ of the simulated aircraft as the atti-
tude change @.about the equilibrium attitude y; varies in accordance with
the flight simulator output voltage —®. The free and rate gyros of the
automatic pilot under test are mounted on the pitch table, and their out-
put signals cause the actual automatic-pilot elevator servo to position an
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Fic. 3.23. Amplitude and phase response of an autopilot-controlled aircraft simulated
by d-c analog-computing elements (Hagelbarger, Howe, and Howe, op. cit.).
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actual or simulated elevator surface. The latter is loaded by springs
simulating the aerodynamic forces on the control surface for each aircraft
speed under consideration. A potentiometer-type pickoff on the control-
surface shaft is used to generate a voltage — A, proportional to the control-
surface displacement §, and representing the latter in the flight simulator.

Utilization of Computer Servomechanisms in Flight Simulators.
Flight simulators intended for partial system testing of more complicated

automatic pilots, such as those used for preventing stalls, may require
the use of computer servomechanisms for solving nonlinear flight equa-
tions (see Sec. 3.6). Since a d-c analog computer used as a flight simu-
lator must operate on a 1:1 time scale, it may be necessary to consider
the possible effects of limitations in the high-frequency response of the
computer servomechanisms used. In this connection, it is useful to
remember that the frequency-response limitations of computer servo-
mechanisms apply only to one of the two machine variables to be mul-
tiplied. It is frequently possible to choose a problem variable which
varies slowly to correspond to the machine variable appearing as a servo-
shaft displacement in the computer. Thus, for most flight simulators,
the inertia associated with aircraft attitude and position changes is, as a
rule, by far larger than the inertia associated with the rotations of com-
puter-servomechanism shafts whose displacements arc to simulate the
attitude and position changes of the aircraft. This usually applies even
to the fairly large servomechanisms positioning the flight tables used for
simulating aircraft rotations in the laboratory.

3.9. REPRESENTATION OF RANDOM PROCESSES. USE OF NOISE GEN-
ERATORS!

Problems involving random processes (processes which can be described
in terms of sets of probability distributions)? require the gencration of

1 Bennett, R. R., and A. 8. Fulton, The Generation and Measurement of Low-
frequency Random Noise, J. Appl. Phys., 22: 1187, 1951; Laning, J. H., and R. 1.
Battin, On an Application of the Use of Analog Computers to Mcthods of Statistical
Analysis, Project CYCLONE Symposium II, Reeves Instrument Corporation, New
York City, 1952; Follin, J. W., G. F. Emch, and F. M. Walters, Modifications and
Additions to the REAQC, ibid.; Duncan, D. B., Response of Linear S8ystems to Random
Inputs, J. Appl. Phys., May, 1953; Bennett, R. R., Analog Computing Applicd to
Noise Studies, Proc. IRE, 41: 1509, 1953; Random Noise Generator for Simulation
Studies, Report GER-6434, Goodyear Aircraft Corporation, Akron, Ohio, Dec. 12,
1954; Smith, F. B., Analog Equipment for Processing Randomly Fluctuating Data,
Aeronaut. Eng. Rev., 14: 113, May, 1955; Ascltine, J. A., The Use of Electronic
Analog Computers in the Solution of Certain Radar Noise Problems, lecture pre-
sented at the West Coast Electronics Convention and Show, San Francisco, Calif.,
August, 1955.

2 See, for instance, W. Feller, Probability Theory and Its Applications, Wiley, New
York, 1950; and James, Nichols, and Phillips, op. cit., Chap. 7.
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randomly varying voltages with appropriate statistical properties to rep-
resent randomly varying variables and/or parameters. In addition, one
requires means for measuring or computing statistical properties of out-
put data. One may, thus, mix a suitable noise voltage with the servo input
in Fig. 3.10 and compute the resulting mean square output error for a set of
typical input signals; it s then relatively easy to vary the servo paramelers so
as to minimize the mean square error.! The effects of load disturbances,
e.g., the effects of gusts on autopilot-controlled aircraft, can be similarly
studied. These techniques are by no means restricted to linear systems;
it is, for instance, possible to study the transmission of signals and noise
through complicated modulator-detector systems simulated with the aid
of appropriate diode-rectifier circuits (Sec. 6.7 and Table 6).

A typical noise generator designed for use with d-c analog-computing
equipment employs a noise source, such as a noisy vacuum tube or gas
tube, or a radioactive source monitored by a Geiger-Mueller counter.
The noise voltage is amplified and passes through a set of filters and/or
limiters yielding the desired statistical properties in the frequency and
amplitude domains.

Figure 3.24 shows typical waveforms obtained with the aid of a com-
mercially available noise generator. Substitution of different types of
filters (operational amplifiers) yiclds noise having various power spectra
to represent different types of electrical noise, load disturbances, etc.
The circuit of Fig. 3.24b generates random pulses which can initiate
scquences of events in simulated random processes. This circuit has
been used, for instance, to portray the hreakdown of industrial machinery
in a Monte-Carlo-type computation of down-time vs. failure rate and
repair time.? ‘

Statistical parameters describing the results of suitable? simulated ran-
dom processes can be approximated as time integrals (time averages)
over a sufficiently long time interval. In particular, one may obtain the
power spectrum of a random variable by integrating the squared output
of a narrow-band filter, or by Fourier analysis (Fig. 3.28a) of the auto-
correlation function computed by the scheme of Fig. 3.28b. The ampli-
tude distribution* of a random variable can be obtained through integra-
tion of the output voltage of a suitable comparator circuit (Sec. 6.7).

Other types of random processes require repeated computer runs under

1 James, Nichols, and Phillips, op. cit., Chaps. 7 and 8.

2Two Applications of GEDA Computers to Statistical Problems of Operations
Research, Report GER-6729, Goodyear Aircraft Corporation, Akron, Ohio, June 4,
1955. The second problem referred to in the title deals with a typical waiting-line
process (traffic-light timing).

3 Refer to James, Nichols, and Phillips, op. cit.

4 Ibid.
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randomly varying conditions; the machine can take statistics over a set
of such runs by storing the values of appropriate variables or time aver-
ages on integrators placed in the moLD condition (Secs. 7.1 and 7.7)
between runs.

+200v

FROM
NOISE GENERATOR v it — OUTPUT

-200V
LIMITER ($50V) LOW-PASS FILTER

T1c. 3.24a. Use of a noise generator whose output is a square wave with Poisson-
distributed zero crossings. The circuit approximates white Gaussian noise; for more
accurate results, a low-pass filter having a sharper cutoff may replace the one shown.
Substitution of other linear filters will yicld noise with various types of power spectra
to simulate electrical noise, disturbing torques, ete.

I{H:r_ _YLYL_Y_ WA AL e s
+200V +200V
FROM
NOISE GENERATOR™ ¥
' CIRCUIT 65
TABLE 6 OUTPUT
=200V =200V
OUTPUT-LIMITED FULL-WAVE CLIPPER
DIFFERENTIATOR RECTIFIER

F1a. 3.24b. This circuit yields random pulses which may be used to initiate sequences
of events in simulated random processes. Onc may also count or integrate such
pulses for a predetermined time interval to obtain Poisson-distributed random num-
bers (Goodyear Aircraft Corporation Report GER-6729).

8.10. BOUNDARY-VALUE PROBLEMS, EIGENVALUE PROBLEMS, AND
SOLUTION OF PARTIAL DIFFERENTIAL EQUATIONS

Solution of Boundary and Eigenvalue Problems by Means of D-c
Analog Computers. In certain problems involving the solution of differ-
ential equations, the number of initial conditions (values of variables and
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derivatives for ¢ = 0) given is not sufficient to determine the solution com-
pletely. Instead, the value of dependent variables or derivatives for
some finite value ¢, are given. The solution of such boundary-value prob-
lems on a d-c analog computer proceeds by a trial-and-error process: the
initial-value settings left unspecified by the problem are varied until the

' (b

Fra. 3.25. Three steps of a trial-and-error process for the solution of the boundary-
value problem given by Eq. (3.43). The final solution, shown in (b), is presented
with a faster recorder speed for greater accuracy (Hagelbarger, Howe, and Howe,
op. cil.).

solution satisfies the desired boundary conditions for ¢ = ¢;,. Excellent
examples of d-¢c analog-computer solutions of boundary-value problems
such as the static deflection of elastic beams are available in the litera-
ture.! Figure 3.25, taken from the first reference, shows several steps in
the d-c analog-computer solution of a beam-deflection problem involving

1 Hagelbarger, Howe, and Howe, op. cit.; Corcos, G. M., R. M. Howe, L. L. Rauch,
and J. R. Sellars, Application of the Electronic Differential Analyzer to Eigenvalue
Problems, Project CYCLONE Symposium 11, Reeves Instrument Corporation, New
York City, May, 1952.
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the solution of a differential equation

Py =c with y]o = py]o =0 and y]t_“ = py]t-z. =0
(3.43)

Automatic iteration methods (Sec. 7.7) can be applied to the d-c analog-
computer solution of certain boundary-value problems.!

Many eigenvalue problems, such as those encountered in the study of
elastic vibrations and quantum mechanics, can be solved on d-c analog
computers by trial-and-error procedures analogous to those used for
the solution of ordinary boundary-value problems. The values of the
unknown eigenvalues must be varied until the desired boundary or nor-
malization conditions are satisfied by the solutions of the given differen-
tial equations. It is often useful to obtain approximate solutions of
eigenvalue problems on a d-c analog computer for use in powerful numer-
ical methods involving successive approximations.?

Analog computers of the repetitive type (Sec. 8.5) are particularly
suitable for the rapid solution of boundary-value and eigenvalue problems,
since such machines permit the effects of parameter variations to be
observed directly on a cathode-ray oscillograph.

D-c Analog-computer Solution of Partial Differential Equations.
To solve a given partial differential equation, such as the heat-conduction
equation

du(z,t) _ k 0%ul(x,t)

a  pc  Ox2 (3.44)

with given boundary conditions on a d-c analog computer, one can reduce
the problem to a set of boundary-value problems involving ordinary dif-
ferential equations through separation of variables.® Again, if it is suffi-
cient to determine the values of the unknown function u(z,f) for dis-
crete sets of values 3, 3, . . . ;%1 &2, . . . of the variables z and ¢, the

1 Wadel, L. B., Automatic Iteration on an Electronic Analog Computer, lecture
presented at the Western Electronics Show and Convention, Los Angeles, Calif.,
August, 1954.

2 For a discussion of such problems, see H. Margenau and G. M. Murphy, The
Mathematics of Physics and Chemistry, Van Nostrand, Princeton, N.J., 1946.

3 The method of separation of variables is discussed, for instance, in Margenau and
Murphy, op. cit. The solution of the resulting ordinary differential equations for a
number of special cases is described in Hagelbarger, Howe, and Howe, op. cit.; C. E.
Howe, R. M. Howe, and L. L. Rauch, Application of the Electronic Differential
Analyzer to the Oscillation of Beams, Including Shear and Rotary Inertia, Memo
UMM-67, University of Michigan Enginecring Research Institute, Ann Arbor,
January, 1951; C. E. Howe, R. M. Howe, and L. L. Rauch, Solution of Linear
Differential Equations with Time Varying Coefficients by the Electronic Differential
Analyzer, Project CYCLONE Symposium II, Reeves Instrument Corporation, New
York City, May, 1952; Corcos, Howe, Rauch, and Sellars, op. cit.
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partial differcntial equation may be reduced to a set of simultaneous
equations (difference cquations) relating the function values w(x.tx).
These equations can be solved by means of analog computers,! although
various numerical methods may be preferable.?

A third method replaces the partial differential equation to be solved
by a set of ordinary differential equations (difference-differential equa-
tions). This method, which is relatively well suited to d-¢ analog tech-
niques, is illustrated by the following simple example.

GIVEN BOUNDARY

GIVEN BOUNDARY
TEMPERATURE, uo(t)

TEMPERATURE , ug{t)

r Y AR
b i —dAx 1
1 ] ] | 1 ! | \ X
O0=Xg X; X2 X3 X4 X5 Xe X7

F1a. 3.26a. The heat-conduction problem with cight sample depths.
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Fic. 3.26b. A d-¢ analog-computer sctup cstablishing the machine equations (3.46) for
n =17. n — 1 = 6 integrators are required; the boundary values ¥V, and V7 are given
as functions of the machine time r. The initial-condition circuits are not shown.

A Simple Heat-conduction Problem. Figure 3.26a illustrates the
transient heating of a large uniform wall of thickness a, such as a boiler
wall, by heat conduction. It is desired to determine the temperature
u(z,t) as a function of the time ¢ and the depth 2 when the initial tem-
perature distribution u(z,0) and the boundary temperatures «(0,t) and
u(a,t) are given. For the sake of simplicity, the conductivity k, the den-
sity p, and the heat capacity ¢ of the wall material are assumed to be
constant. Then the temperature distribution in the wall satisfies the
partial differential equation (heat-conduction equation) (3.44). Assume

1Soroka, W. W., Analog Methods in Computation and Simulation, McGraw-Hill,
New York, 1954; see also Sces. 2.11 and 7.7.

2 Hildebrand, F. B., Methods of Applied Mathematics, Prentice-Hall, New York,
1952, Chap. 3.
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that it suffices to determine the temperature values u(z:,f) = u.(f) meas-
ured at n + 1 depths

0=20<21<22< ... <Zpaa<Th =20

separated by equal distances Az = a/n. Then Eq. (3.44) may be
replaced by a set of n — 1 difference-differential equations,

du, k

& pean

with given initial conditions %:(0), 42(0), . . . , un—1(0), and

—mtuy) G=1,2 ...,n—1) (3.45)

uy = 1(0,2) Un = u(a,l)

The corresponding machine equations

PU; }—, (Usps — 2U, + Ur_)

— Pe(Az) ey

¢ k

Uy = a,,u(O, 1) U, = a,m(a, -T—)
oy ol

are readily solved on a d-c¢ analog computer if n is not too large (Fig.
3.26b). The simple computer setup shown is easily generalized to
include complications, such as changes in the conductivity k and vari-
ous types of heat transfer at the boundaries.!

Vibrations of Structures. The procedure just described can be
applied to many other partial differential equations; the difference-dif-
ferential equations in question can often be established by direct-analog
operational amplifiers (Sec. 1.5 and Tables 1 to 3).?

A particularly interesting application is the analog-computer solution
of partial differential equations describing vibrations of beams and struc-
tures.! Both torsional and lateral bending of uniform or nonuniform
beams can be analyzed, and variable forces may be introduced at any
station or stations along the beam. The resulting analog-computer set-
ups yield continuous records of displacements, bending moments and

G=12 ...,n—D\ (3.46)

1 Analysis of Transient Aerodynamic Heating Problems with GEDA Equipment,
Report GER-5435, Goodyear Aircraft Corporation, Akron, Ohio, June 12,1 953; Howe,
R. M., and V. 8. Haneman, Jr., The Solution of Partial Differential Equations by
Difference Methods Using the Electronic Differential Analyzer, Proc. IRE, 41:1497,
1953; see also Memo AIR-1, University of Michigan Engineering Research Institute,
October, 1951.

2 Rogers, T. A., Electronic Analog Computers and Partial Differential Equation
Solutions, Memorandum of the Department of Engineering, University of California,
Los Angeles, Nov. 17, 1952; Howe and Haneman, op. cit.; Soroka, op. cit.

3 Soroka, op. cit., Chap. 8; Howe and Haneman, op. cit.
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shear forces; characteristic-mode frequencies can be determined from the
response of the simulated structure to sinusoidal forcing voltages. These
techniques may be applied to studies of aircraft structural vibrations and
permit, for instance, the real-time simulation of wing flexing and nonlin-
ear flutter and their effects on aircraft control and autopilot performance.

Normal-mode vibrations obtained from experimental d-¢ analog-com-
puter studies of simple structures exhibit good agrecment with theoretical
results, provided that three or more stations or ‘“‘cells’’ per half-wave-
length of the normal mode are used. Since vibrations of elastic struc-
tures often involve weakly damped modes at relatively high frequencies,
caution must be exercised to avoid instability due to bandwidth limita-
tions of operational amplifiers (Sec. 4.7).1 It may be necessary to intro-
duce small artificial damping terms to prevent spurious oscillations.

In the case of large-scale studies of complicated elastic structures, the
use of network-type analog computers? is usually preferable to d-c analog
techniques. In such applications, relatively simple passive networks can
replace large numbers of operational amplifiers, so that errors due to
amplifier drift and bandwidth limitations are eliminated. It should be
remembered, however, that a high-quality operational amplifier costs less
than one-half as much as a single precision inductor-transformer used in
a typical network-type analog computer. There may, thus, be some
incentive for the development of special-purpose operational amplifiers
designed specifically as building blocks for the simulation of elastic
structures.

8.11. D-C ANALOG-COMPUTER SOLUTION OF LINEAR PROGRAMMING
PROBLEMS

So-called lincar programming® problems in operations analysis, game
theory, and economics require the determination of a set of n numbers
Zi, Loy . . . , Tn Which minimizes (or maximizes) a linear expression

v(Z1,T2 - . . ,Tn) = C1T1 + Caa + ¢ * + CaZn (3.47)

18ec also L. G. Walters, Hidden Regencrative Loops in Electronic Analog Com-
puters, T'rans. PGEC, IRE, 2: 1, June, 1953.

? Network-type analog computers utilize passive networks comprising resistors,
capacitors, inductors, and transformers as direct analogs (see also Sec. 1.5) of vibrat-
ing structures and other physical systems. Relatively few electronic computing
elements are required in most applications. Currents as well as voltages serve as
machine variables. The application of such direct-analog techniques to problems
involving elastic structures has been brought to a high state of perfection, notably
by G. D. McCann and his associates at the California Institute of Technology. A
simple account of network-type analog computers as well as a comprehensive bibli-
ography will be found in Soroka, op. cit.

3 Charnes, A., W. W. Cooper, and A. Henderson, An Introduction to Linear Pro-
gramming, Wiley, New York, 1953.
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while satisfying m > n linear inequalities

y.Eaux1+a,2xg+-~~+a¢,.x,.—a,020 =12 ...m
(3.48)

In a typical application, the problem is to buy necessarily positive quan-
tities zx of n types of raw materials (“inputs’) so as to minimize the

P SE—
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Fic. 3.27a. Analog-computer setup for the solution of linear programming problems.
The inverted input voltages — X, —A,, or —1 are used with negative coefficients A.x
or (i Resistances may be in megohms. If, as in many practical problems, an
inequality ¥; > O takes the simple form X, > 0, then thc entire block of computing
clements generating the corresponding voltage A: can be replaced by a simple feed-
back diode (Sec. 6.7) connected across the integrating capacitor to keep the integrator
output positive (sce also Fig. 3.4).

3‘7

i

cost (3.47) while keeping the respective quantities y. of n output prod-
ucts at or above m — n corresponding specified levels a0 (1 =n + 1,
n+2 ...,m.

Machine Relations and Scale Factors. A d-c analog computer repre-
sents the problem variables zi, @2, . . . , Z» and v by corresponding
voltages

X =airy, Xo = a3, . . . , Xn = Q20 V=av (349)
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Fia. 3.27b. Dynamical analogy for a simple linear programming problem. It is
p

10 10
2 X, + 3 X, subject to the conditions

Yi=X,20, Y, =X, 20,
Y: = 10X, +2X, ~1 20, Y, =2X,+5X:—-120

desired to minimize V(X ,,X,) =

which are made to satisfy differential equations such that
V(X],Xz, P ,Xn) = Cle + 02X2 + e + CnX” (350)

converges to a minimum with increasing time 7, while

Y,E-gi = AaX1+ AuXs+ - + AnXa— 120
10
(¢=1,2,...,m) (351)
where
C'k=a,,-cﬁ Atk"—‘a‘k (i=1;2)"'rm;
ay A 0Qk

k=12 ...,n) (3.52)

The scale factors a; and a, are chosen so that the absolute numerical
values of the quantities X4, Y, Ci, and Ay are all less than one.
Analog-computer Setup. Figure 3.27a shows how the computer
establishes the desired relations. Each voltage — Y; appears at the out-
put of a summing amplifier and is fed to an output-limited high-gain
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amplifier whose output voltage A, is zero for ¥, > 0 but becomes large
and negative if ¥, < 0. Each voltage X, appears at the output of a
summing integrator, so that

_‘Zj‘fk =Ci+ Aubi+ Anhz + - - - + Apihn (k=12 ...,n)
(3.53)

Dynamical Analogy. The n equations (3.53) may be said to describe
the motion of a dynamical system with n generalized coordinates Xj,
X,, . . ., Xa, subject to strong viscous damping and having the poten-
tial energy V(X1,Xs, . . . ,X.). As long as all inequalities (3.51) are
satisfied, the only forces acting are the negative gradient components
— gXZk = —(}; these forces tend to decrease V(X;,X,, . .. ,X,.). If
one of the incqualities is violated, say Y, < 0, then a strong correspond-
ing “‘constraint force’” exerts a component —A.A, in the direction of
each coordinate X so as to restore the inequality (see also Sec. 3.3).

In the example of Fig. 3.27b, X, and X, may be regarded as the rec-
tangular cartesian coordinates of a particle moving in a viscous medium.
The constraints are satisfied for all points (X;,X,) above and to the right
of the convex polyhedron of smooth straight-line barriers indicated
in heavy lines. The broken lines are lines of equal potential energy
V(X1,X2). The particle will move in the direciion of the negative gradient
vector —VV as shown until it strikes a barrier, say, by violating the
inequality Y, > 0. The particle then experiences an additional force at
right angles to the barrier. As a result, the particle will move along the
heavy lines to that barrier vertex which corresponds to the lowest poten-
tial energy V(X 1,X;). The problem is degencrate if VV is perpendicular
to a barricr; in this case, the solution may not be unique.

Results and Discussion. The computer setup of Fig. 3.27a solved the
sample problem with better than 0.3 per cent accuracy. The solution
converged within a few seconds; one may further reduce this solution
time by decreasing the integrating capacitors. The analog computer
permits one to read solutions dircctly on a servo or digital voltmeter and
to print or record them as functions of problem parameters. The high
computing speeds available are attractive when one desires to investigate
the effects of many parameter variations.

The values of the ‘‘slack variables” Y; which are often of practical
interest, may also be read directly. The n variables Y; closest to zero
correspond to those of the inequalities (3.51) which actually determine
the solution vertex (Fig. 3.27b). It is then possible to obtain solutions
of essentially unlimited accuracy by solving the corresponding n simul-
taneous equations Y; = 0 by a suitable iteration method, perhaps one
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making use of the analog computer in conjunction with a keyboard
calculator.!

8.12. MISCELLANEOUS PROBLEMS. A LIST OF D-C ANALOG-COMPUTER
APPLICATIONS

Computation and Plotting of Functions. A d-c analog computer and
its associated recording ecquipment may be very useful for computing and
plotting functions of one or several variables. A d-c analog computer
with a servo plotting table makes it easy to prepare reproducible graphs
of functions like 72, sin 7, ¢", and many others. Again, if X(7) is a given
function of the time r obtained from some signal source or generated by
means of a function generator such as an automatic curve follower (Sec.
6.9), a d-c analog computer can compute and plot complicated expres-
sions (transformations) F = F[X(r)]. A particularly interesting appli-
cation of this technique is the conformal mapping? of a contour

X = X(7) Y =Y(@) (3.54)

in the XY plane into a corresponding contour in the UV plane through a
suitable transformation

U=UXY V=VXY)

The functions (3.54) may be generated by means of function generators
(e.g., X = R cos wr, Y = R sin wr for a circle in the XY plane), or the
contour may be followed by an automatic curve follower. Such con-
formal mapping techniques are useful for the solution of certain bound-
ary-value problems (e.g., design of airfoil shapes) and for the solution of
complex algebraic equations by the isograph? method.

Computation of Definite Integrals and Integral Transforms. D-c
analog computers can also serve for the computation of definite inte-
grals, including line integrals.* In particular, the computation of inte-
gral transforms of the form

F(z) = [ * K(z,0)f ({)dt (3.55)

where K and f are given functions of the variables x and ¢, is of the
greatest importance in a large number of problems (examples: expansion

1 Goldberg, E. A., and G. W. Brown, An Electronic Simultaneous Equation Solver,
J. Appl. Phys., 19: 339, 1948.

2 Tomlinson, N. P., M. Horowitz, and C. H. Reynolds, Analog Computer Con-
struction of Conformal Maps in Fluid Dynamics, J. Appl. Phys., 26: 229, 1955.

3 Marsghall, B. O., An Electronic Isograph for Roots of Polynomials, J. Appl.
Phys., 81: 307, 1950.

4 Evaluation of Definite Integrals on Electronic Differential Analyzers, Report
GER-6365, Goodycar Aircraft Corporation, Akron, Ohio, Oct. 10, 1954.
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of functions in series of orthogonal functions, Fourier analysis, convolu-
tion and superposition integrals, solution of integral equations, bound-
ary value problems, computation of autocorrelation functions and cross-
correlation functions; see Fig. 3.28).! Some applications of this type

T=r F(1) )
-1 F(T) —= MULTIPLIER § Ftr) cos wrdr
o
n OR

AUTOMATIC CURVE .
FOLLOWER OR S;F(r) sin wrdr
PHOTOFORMER

CCT4s6,
TABLE 4 cos wr
OR

sSin we
Fia. 3.28a. A circuit used to compute Fourier coefficients

2 [z 2 [
~ / ' F(r) cos wr dr or — / ' F(r) sin wr dr
71 JO 71 JO

2xn . . . , -
for w = —— or to approximate Fourier cosine and sine transforms us limits of
T

2 [r 2
,J; ./; ' F(r) cos wrdr, J; ﬁ:l F(r) sin wr dr

a8 7y increases. Ordinary computer control circuits are used to start and stop the
integration. A repetitive analog computer (Secs. 1.1 and 8.5) can be set up so that w
varies between sweeps; the machine then computes the integral for different values of w
during successive sweeps.  If « is made to vary periodically (as by a rotating poten-
tiometer), the resulting function of w can be displayed on a cathode-ray oscillograph
(MacNee, op. cit.).

n
F (r) 0————————=MULTIPLIER ——IID—O S‘ F(r)G(r-A)dr
0

TIME
Glrle DELAY X

G(r-A)

Fia. 3.28h. This d-c analog-computer setup approximates the cross-correlation function
of two suitable functions F(r) and G(r) [autocorrelation function if F(r) = G(r)] as the
limit of

1 1 '
by /;) F(r)G(r — \) dr

as 7, increases. The time delay X is introduced by one of the methods described on
p. 108; a special-purpose computer may utilize magnetic tape recorders whose writing
and reading heads are separated by a variable distance proportional to A.

are sufficiently important to warrant the design of special-purpose
computers.

A List of D-c Analog-computer Applications. The following partial
list of problem types suitable for d-¢ analog-computer solution may help

1 MacNee, A. B., A High-speed Product Integrator, MIT-RLE Report 136, Aug. 17,
1949; Wallman, H., An Electronic Integral-transform Computer and the Practical
Solution of Integral Equations, J. Franklin Inst., 260: 45, 1950.
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to suggest new or related applications. Some additional references will
be found in the bibliography.

1. Aircraft and missile engineering
Design of aircraft controls and automatic pilots (Secs. 3.6 to 3.8)
Guidance and landing systems!
Turbojet and supercharger controllers?
Helicopter vibrations and control®
Vibrations and nonstationary flutter, gust loads (see also Sec. 3.10)4
Landing shocks (see also Sec. 3.2)
Rocket burning and flight
Trajectory computations (See. 3.5)
Design of wind-tunnel mounting systems
Aerodynamic stability of aerial refucling devices
Supersonic flow problems
Partial system testing, flight simulation (Sccs. 3.6 to 3.8)
2. Mechanical and automotie engineering
Design and partial system testing of automatic control systems (Secs. 3.4 and 3.8)
Ship and submarine control systems
Vibrations of structures (Secs. 3.2 and 3.10)
Spring systems and vibration absorbers (Sec. 3.2)
Torsional vibrations in crankshafts
Dynamics of mechanisms (cams, valves, brakes, linkages, ete., Sec. 3.3)
Hydraulic transmissions
Box-car coupling®
3. Electrical engineering
Analysis of linecar and nonlinear circuits®

! Bretoi, R. N., and D. L. Markusen, The Use of the REAC by Minneapolis-Honeywell
in the Analysis and Synthesis of Automatic Flight Control: Lateral Case, Minneapolis-
Honeywell Regulator Company, Minneapolis, Minn., 1949; Computer Applications
to Pilotless Aircraft Studies, Report GER-2572, Goodyear Aircraft Corporation,
Akron, Ohio, Apr. 10, 1951; Problems Illustrating the Use of the Beckman EASE
Computer, Supplementary data to Bulletin 2, 89, Beckman Instruments, Inc. (now
Berkeley Division, Richmond, Calif.) May, 1952; Monroe, W. R., Application of
Iilectronic Simulation Techniques to the Development of Airplane Flight Control
Systems, Aeronaut. Eng. Rev., 14: 91, 1955.

2 Philbrick, G. A., W. T. Stark, and W. C. Schaffer, Electronic Analog Studies for
Turboprop Control Systems, SAE Quart. Trans., 2 (No. 2), April, 1948; Schaffer,
W. C., Application of Analog Tecchniques to Control Design for Aircraft lingines,
SAE Symposium, January, 1952.

3 Optimizing a Helicopter Autopilot Design, EASE Application Bulletin 5,
Berkeley Division, Beckman Instruments, Inc., Richmond, Calif. (report prepared by
J. B. Rea Company, Los Angeles, Calif.).

4 Yanowitch, M., Solution of a Flutter Problem, Project CYCLONE Special Report,
Reeves Instrument Corp., New York City, June, 1955.

&8 Roedel, J., Application of an Analog Computer to Design Problems for Transporta-
tion Equipment, lecture presented at the International Instrument Conference, Sept.
22, 1954.

8 GEDA Analysis of an Electrical Circuit, Report GER-5455, Goodyear Aircraft
Corporation, Akron, Ohio, Mar. 18, 1953; Han Chang, R. C. Lathrop, and V. C.
Rideout, Study of Oscillator Circuits by Analog Methods, NEC Proc., 8, 1950. Larrowe,
V. L., Direct Simulation Bypasses Mathematics, Control Eng., November, 1954.
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Studies of modulation systems
Studies of the effects of noise in communications and control systems (Sec. 3.9)
Electron optics
Feedback amplifiers
Analysis of rotating machinery?
Design of loudspeaker systems and enclosures
Relay design (Sec. 3.4)
Analysis of transmission lines
Power distribution problems (Sec. 3.4)
4. Chemical and petroleum engineering
Process control in chemical plants (Sec. 3.4)
Chemical reaction rate and diffusion problems
Geophysics
Oilfield recovery problems
Pipe-line flow and vibration problems
5. Others
Operations research (Secs. 3.9 and 3.11)
Economic system studies?
Flood control?
Water-hammer problems in the selection of dam sites!
Ballistics and fire control (Sec. 3.5)
Nuclear physics and nuclear engineering?
Solutions of Schriodinger’s equation®
Heat flow (Sec. 3.10), freezing and thawing of soils
Research in nonlinear mechanics (see also Sees. 2.8 and 3.3)7
Curve plotting and conformal mapping (see also p. 151)
Partial system testing involving human operators (see also Sec. 3.4)
Production testing

! Fuller, J. L., and A. P. DiVincenzo, Analog Computer as a Tool in Motor Applica-
tions, Reliance Flectric and Engineering Company, Cleveland, Ohio, Oct. 28, 1952.

2 8mith, 0. J. M., Economic Analogs, Proc. IRE, 41: 1514, 1953.

3 GEDA Application to Flood-control and Water-distribution Problems, Report
GER-6053, Goodyear Aircraft Corporation, Akron, Ohio, May 4, 1954; Paynter, H.
M., Mcthods and Results from MIT Studies of Unsteady Flow, J. Boston Soc. Civil
Engrs, 39: 224, 1952.

4 Paynter, H. M., Electrical Analogics and Electronic Computers: Surge and Water
Hammer Problems, ASCE Proceedings, Separate 146, 78, August, 1952.

s Bell, P. R., and H. A. Straus, op cit.; Schultz, M. A., Control of Nuclear Reactors
and Power Plants, McGraw-Hill, New York, 1956.

8 Garwin, R. L., A Differential Analyzer for the Schrodinger Equation, Rev. Sci.
Instr., 21: 411, 1950.

7 Markey, H. G, and V. C. Rideout, Analog Computer Solution of a Nonlinear
Differential Equation, T'rans. AIEE, Paper 51-171, April, 1951.



CHAPTER 4

THEORY AND DESIGN OF LINEAR COMPUTING ELEMENTS.
COEFFICIENT-SETTING POTENTIOMETERS AND
OPERATIONAL AMPLIFIERS.

4.1, MULTIPLICATION BY CONSTANT COEFFICIENTS: POTENTIOMETERS

Introduction. Construction of Potentiometers. A potentiometer con-
sists of a resistance having terminals at each end and provided with a
sliding contact or brush arranged so that it can be moved over the resist-
ance. In the most common type of potentiometer, the resistance wind-
ing is arranged in cylindrical form while the brush is mounted on an arm
which revolves on a central shaft! (Figs. 4.1 and 4.2).

SHAFT CONTACT SHAFT CONTACT

CARD ~-CARD

(a) (b)
Fia. 4.1. Rotary potentiometers with w1re-wound resistance element (¢) and with
deposited-film element (b).

In d-c analog computers, potentiometers are most often used to multi-
ply a machine variable by a constant coefficient ¢ (0 < @ < 1) in the
manner described in Sec. 1.3. This subject will be discussed in some-
what more detail here. The use of rotating motor-driven potentiometers
for multiplication and function generation is described in Sec. 1.3 and in
Chap. 6.

A potentiometer must be designed to certain specifications covering its
total resistance and power rating. The resistances of potentiometers used
in d-c analog computers vary between 10,000 and 100,000 ohms. The
lower limit of the potentiometer resistance is determined by the power of

1 Nettleton, L. A., and F. E. Dole, Potentiometers, Rev. Sci. Instr., 17 : 356, 1946,
155
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Fra. 4.2. Single-turn (a) and multiple-turn (b) potentiometers with helieal resistance
elements and precious-metal contacts (HELIPOT® precision potentiometers). The

single-turn potentiometer shown is capable of continuous rotation and has ball bear-
ings for servo applications (Sec. 6.9).

(a) (®)
Fia. 4.3. Typical dials for multiple-turn coefficient-setting potentiometers: Type
RB DUODIAL® turn-counting dial (a) and Borg Model 1301 MICRODIAL® (b).
Note the dial-lock levers.
(Figures 4.1, 4.2, and 4.3a copyright 1954, HELIPOT Corporation—reprinted by per-
mission; Fig. 4.3b courtesy of the George W. Borg Corporation.)
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the amplifier driving the potentiometer and by the required resolution
(see also below). The upper limit is fixed by loading considerations (see
page 158) as well as by the availability of wire-wound resistance elements.
Computing potentiometers should be capable of having a steady voltage
of about 100 volts applied across a resistance of 10,000 ohms without
appreciable heating; 4 watts is a commonly used power rating.

EFFECT OF
END RESISTANCE

100%F==-=-—-=-m - 100%F===========~ 100%F~~~=====—==x
NO-LOAD OUTPUT~, [No-LoaD ouTPuT,” /)
w W, CURVE o W URVE ]
O = ]
2 5l - VA
sIe Sie i SIg g/ |
- ' [ Ve ]
22 2[5 L2 4 s |
5 H f LINEARITY | 5|2 LINEARITY | 5|2 LINEARITY |
S TOLERANCE| TOLERANCE{ © /7 TOLERANcEl

LIMITS | LiMiTs ! yd LIMITS |

7
0% ACTUAL ROTATION 100% 0% ACTUAL ROTATION 100% 0% ACTUAL ROTATION [00%
(TERMINAL LINEARITY)

EFFECT OF OR THEORETICAL ROTATION
END RESISTANCE (ABSOLUTE LINEARITY)
(a) (b) (c)

Fia. 4.4. Specification of potentiometer linearity. (Errors are exaggerated.)

Fiac 4.4a. Independent Linearity of a linear potentiometer is the lcast maximum
deviation of the actual output curve from a straight line.
F16. 4.4b. Zero-based linearity is the least maximum deviation from a straight line
through the origin.
Fic 4.4c. Terminal linearity is the maximum deviation from a straight line through the
origin and a point corresponding to 100 per cent input voltage and the actual poten-
tiometer rotation between end taps. Absolute linearity is the maximum deviation
from a straight line through the origin and a point corresponding to 100 per cent
input voltage and the theoretical rotation (hetween the theoretical end-tap locations).

For accurate computation, the following properties are desirable in

potentiometers used for setting constant coefficients:

1. Mechanical ruggedness, which will permit a potentiometer setting to
be maintained in spite of vibrations, shock, ete.

2. Freedom from microphonism and clectrical noise.

3. Accuracy of calibration. It should be possible to set the transfer
function of the potentiometer to any desired value by means of a
calibrated dial. If the dial scale is linear, the (absolute) linearity of
the potentiometer will be important (Fig. 4.4).

4. Resolution. It should be possible to set the potentiometer to any
desired coefficient. Accordingly, voltage ‘‘steps’’ due to movement
of the sliding contact over the resistance element should be kept
within a specified small value.

5. Stability. The resistance of the potentiometer, and especially the
accuracy of the calibration, should not change appreciably with
temperature and age.



158 ELECTRONIC ANALOG COMPUTERS

The design and construction of potentiometers having such desirable
properties have practically reached a state of perfection and have been
described in great detail by F. Dole! and others (see also Sec. 6.9).

Most of the above requirements will be satisfied only by potentiometers
using wire-wound resistance elements, although some types of resistance
elements consisting of metallized ceramic materials may be satisfactory.

The potentiometers used most frequently for coefficient settings are
the helical-card types, such as Gibbs Micropots and Beckman Helipots
(Fig. 4.2b). The entire scale of such a potentiometer is covered in 5 to
20 turns of the specially constructed dial (Fig. 4.3). The latter can be
read to 1 part in 10,000, which corresponds to the 0.1 per cent linearity
and resolution of many such potentiometers.

Corrections for Potentiometer Loading. Ordinarily, the dial reading a
of a computing potentiometer refers to the fraction ar of the total poten-
tiometer resistance r across which the output voltage X, is measured. If
such a potentiometer is connected to a load of infinite impedance (see
Fig. 4.5a), the potentiometer transfer function will be

Xo ar _
Xl 7 = a (4.1)
which corresponds to the dial reading.

If a load of resistance r; is connected to the potentiometer output
terminals (see Fig. 4.5b), Eq. (4.1) holds no longer. From the nodal
equations for the output terminal,

1 X,
(Xo — Xv) a Zayr + — + Pl (4.2)
it follows that
Xo_ o e —k (4.3)
o 1+ a(l —a) - 1+au—@
L

This is the correct relation between the potentiometer setting a and the
transfer function X,/X;. The quantity

N wa—@ﬁ 2
a— 5 == = —-a(l—-a) f01—<<1 4.4)
! 1+M1—®—

is a measure for the error made by applying the simplified relation (4.1)
instead of the correct relation (4.3).

1 Blackburn, J. F., Components Handbook, MIT Radiation Lahoratory Series,
Vol. 17, McGraw-Hill, New York, 1949, Chap. 8.
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Xi X
(1-a)t % % (1-a)r
r Xo

r Xo

1 ar l ar n

Fia. 4.5a. Cocfficient-setting po- Fra. 4.5b. Coefficient-getting potentiometer with
tentiometer. load.

x2(1-x) vs. x
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Fia. 4.5¢. Potentiometer-loading correction chart based on the relation
Xa

”
— 2%~ g2(] — =
a X, a?(l — a) "

Xa
Multiply the ordinates corresponding to a desired value of z = X by the value of
1

r
*L < 0.3; this quantity must be added to the desired value of the transfer function

X

3{0 to obtain the correct potentiometer setting a. The use of charts of this type is not
1

recommended if sctting accuracies better than 0.1 per cent are desired; in this case

tables based on the exact formula (4.4) should he used.
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Tables or graphs based on the relation (4.3) between a and X,/ X (see
Fig. 4.5¢) make it relatively easy to introduce the proper loading correc-
tions in the potentiometer-dial scttings.

The most common load for a computing potentiometer is an input
resistor R, of a summing amplifier, phase inverter, or parallel-feedback
integrator. Since the grid of a high-gain operational amplifier is prac-
tically at ground potential, one has, in all such cases,

r, = R; (4.5)

Example. It is desired to use a 20,000-ohm potentiometer to multiply an input
voltage by 0.4. The only potentiometer load is the 1-megohm input resistor of an
integrator. Accordingly, r/r = 50; refcrence to Fig. 4.5¢ shows that the correct
dial setting is

a = 0.4 4 0.002 = 0.402

which may be verified by Eq. (4.3). If the loading correction is neglected, an error of
0.5 per cent results.

Errors due to loading may be serious in the case of motor-driven variable
coefficient potentiometers, since it is difficult to apply loading corrections
in such cases. Special circuit arrangements for the reduction of loading
errors are discussed in Sec. 6.9.

External Calibration. The cost of a number of high-precision linear
potentiometers together with their associated dials may account for an
appreciable part of the total computer cost. One can sometimes effect a
considerable saving by using inexpensive, rugged, wire-wound radio
volume controls for coefficient settings. Such potentiometers may be set
accurately to any desired coefficient by comparison of their setting with
that of a precision-calibrated potentiometer. Figure 4.6 shows the
potentiometer to be set connected across the same test-voltage source
(direct current or low-frequency alternating current) as the comparison
potentiometer. The latter is first adjusted to the desired setting. The
low-cost potentiometer is then adjusted until its output voltage equals
that of the comparison potentiometer, as indicated by a null on the
galvanometer, oscilloscope, etc., used as a null detector. Since this setling
procedure may be performed with the potentiometer load (or an equivalent
resistance) connected (see Fig. 4.6), no loading corrections are mecessary.
The comparison circuit, which is, incidentally, capable of performing
many other useful functions (see, for instance, Secs. 6.7 and 6.10), should
be arranged .so that it can be instantly connected in turn to any of the
potentiometers in the computer proper. This may be accomplished con-
veniently by means of jacks or push-button switches associated with each
potentiometer (see also Sec. 7.7).
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Fine Adjustments. If the resolution of a potentiometer (especially one
of low cost) is found to be insufficient, a vernier adjustment can be provided
by means of a second potentiometer or variable resistor of smaller resist-
ance, as shown in Fig. 4.7.

Other Schemes for Multiplying by Constant Coefficients. In some
cases, particularly in low-cost computers, it is desirable to avoid the use
of the power amplifiers necessary to drive low-impedance computing
potentiometers. In these instances, one can perform multiplications by

POTENTIOMETER
TO BE CALIBRATED

NULL INDICATOR
TEST VOLTAGE (GALVANOMETER,
SOURCE - OSCILLOSCOPE

OR PHONES)

,L CALIBRATED
COMPARISON
TO LOAD POTENTIOMETER

Fia. 4.6. Arrangement for sctting or calibrating potentiometers by means of a cali-
brated comparison potentiometer.

VERNIER
ADJUSTMENT

o.lr

VERNIER
ADJUSTMENT

Fia. 4.7. Circuits permitting fine adjustment of potentiometer settings.

constant coefficients by varying impedances (usually resistors) in the
operational amplifiers. Figure 2.2 shows how such multiplications can be
realized through the use of combinations of resistors in a summing ampli-
fier. In some computers (see Sce. 8.3), all summing resistors are remov-
able and may be chosen in accordance with the desired coefficients. Fig-
ure 4.8 shows operational amplifiers permitting continuous adjustment of
coefficients.

Sometimes it is possible to replace potentiometers by special lattice
networks having a high input impedance as well as the same output
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impedance for all coefficient settings.! Because of the difficulty of gang-
ing variable resistors accurately, such arrangements are not too suitable
if continuously variable coefficients are desired.

out

A

IN
*—0 o A o
IN ouT
b-C D-C
AMPLIFIER AMPLIFIER

c»vall- A
out
N

D-C
AMPLIFIER

F1a. 4.8. Circuits permitting the introduction of adjustable constant coefficients with-
out the use of low-impedance potentiometers. No loading difficulties arc experienced
with these circuits, and the use of power amplifiers for driving potentiometers can be
climinated. As a rule, such circuits also have a much lower output impedance
(source impedance) than potentiometers.

4.2. ERROR ANALYSIS FOR A CLASS OF OPERATIONAL AMPLIFIERS

Performance Equation and Stability. The parallel-fecedback opera-
tional amplifier circuit shown in Fig. 4.9a has already been introduced in
Sec. 1.5. This eminently useful feedback scheme encompasses the phase
inverters, summing amplifiers, integrators, and differentiators of Fig. 1.5,
as well as the operational amplifier circuit of Fig. 1.14a as special cases;
the examples of Secs. 3.4, 3.9, and Table 1 indicate a few practical
applications.

The performance cquation was found in Sec. 1.5 to be

I R S X X o
O e Ll P P U I
with B(P) = [1 + R R ] (4.65)

The operator A (P) describes the effective forward gain of the d-c amplifier
with the feedback networks and load connected [see also Eq. (4.10)]; for
small values of w, A(jw) will be real and negative. If the d-c amplifier
is fed from zero-impedance sources, the operator 8(P) may be called the

1 Soroka, W. W., Analog Methods in Computation and Simulation, McGraw-Hill,
New York, 1954, Sec. 2.6.



POTENTIOMETERS AND OPERATIONAL AMPLIFIERS 163

feedback ratio of the operational amplifier, and A (P)B(P) is its loop gain.
The feedback circuit is stable if, and only if, all roots of the characteristic
equation 1 — A(N)B(A) have negative real parts (see also See. 5.4).!
Errors Involved in the Use of the Simplified Performance Equation.
In practically all applications, the performance of the opcrational-ampli-

___ LINEAR
X, 0- 2,p) IMPEI;ANCES
X 50 Z,(P) Z,(P) —oX,

Xo
A »—-—-<>__
ADDITIONAL _ _

INPUTS -

I16. 4.9a. This operational-amplifier circuit encompasses the phase inverters, sum-
ming amplifiers, integrators, and differentiators of Fig. 1.5, as well as the operational
amplifier circuits of Fig. 1.14a and Table 1, as special cases.

x'o—- ZI —

Xoo— Z2 —9

X3 23 Zo —0 Xo

z; | |z,

i
_1_ i— AoE

F1a. 4.9b. Equivalent circuit of the operational-amplifier circuit of Fig. 4.9a connected
to a load.

fier circuit of Fig. 4.9a is described by the convenient approximation

X X,
X, = —ZO(P) [Z—l-(%j + _Z;(Pj + - ] (4.66)

which permits ‘‘calibration’”’ of each operational amplifier in terms of
casily measurable impedance values. To determine the error involved
in the use of the simplified performance equation (4.6¢c), note that the

18ee, for instance, 1. W. Bode, Network Analysis and Feedback Amplifiers, Van
Nostrand, Princeton, N.J., 1945.
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correct output voltage (4.6a) appears as a sum of the expression (4.6¢)
and an error term

- v _gmp __)fl _X2_

) = = appe) " [+ 2 * | en
Equation (4.7) yields the error ¢(r) for any given set of input voltages X,
X, . . . as the solution of a differential equation.

Amplitude and Phase Errors for Steady-state Sinusoidal Voltages.
If X,, Xs, . . ., and X, are all sinusoidal voltages (or Fourier compo-
nents) of circular frequency w, these voltages may be represented by the
corresponding complex voltages!

X1 = X16""', X2 = Xﬂﬁj‘”, Ce ey X,, = X’.,e"‘”

Substitution of these functions for X, Xs, . . . , X, in the performance

equation (4.6a) yiclds

_ 1 . X, X,

DA PR N PRI S S I
I = AGwBGe) | 709 Zya) T 7o) T “8

The term proportional to 1/[1 — A(jw)B(jw)] corresponds to the error

term (4.7). The percentage amplitude error and the phase error involved

in the use of the simplified performance equation (4.6¢) are, respective]y,

. 100 1

o = wGosGe) 4 T A [~ o] @
Although the relations (4.9) apply only to pure sinusoidal voltages, they
help to indicate the range of working frequencics for which the simplified
performance equation is useful. Note that

1 .. 1 . . . .
100 |&] = [AGw)BGw)] > |sin 8. [= 0] if [A(jw)B(jw)| > 1]

In a typical “slow”’ d-c analog computer, the absolute value |4 (jw)|
of the d-c amplifier gain exceeds 50,000 up to 100 cps, so that |&,| will be
less than 0.2 per cent up to 100 cps if |8(jw)| > 0.01. The situation is
much less favorable in the case of the relatively low-gain amplifiers
employed in repetitive computers (Sec. 8.5). The reader may find it
interesting to estimate the quantities (4.9) for some of the operational-
amplifier circuits of Table 1, using d-¢ amplifier gains of 50,000 and 1,500.

Ezample. Calibration Accuracy of a Summing Amplifier. For the summing-

amplifier circuit of Fig. 1.6,
7

. R\ 1
B(jw) =(1+ 2 R—:) =33
fpm
1 The representation of amplitudes and phases of sinusoidal voltages and currents
in terms of complex numbers is described, e.g., in W. R. Smythe, Static and Dynamic
Blectricity, McGraw-Hill, New York, 1939.
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If the relation (1.20) is used to calibratc the summing amplifier, an accuracy of 0.1
per cent requires a d-c amplifier gain A of at least 23,000 throughout the range of work-
ing frequencies.

Effect of the Load. Output and Input Impedances. If a load of
impedance Z;, is connected to the operational amplifier (Fig. 4.9b), the
effective d-¢ amplifier forward gain is

A(jw) = — ,, — 7 (4.10)

ZL

where Ao(jw) and Z; are, respectively, the open-circuit gain and the inter-
nal impedance (output impedance, source impedance) of the d-c amplifier.

According to Thévenin’s theorem,! the operational amplifier looks to
the load like a voltage source in series with an impedance Zg:

Yoo Zalie)

Zs(jo) + Zu(jw)
The source voltage X/ is the operational-amplifier output voltage with-
out load given by Eqs. (4.6a) and (4.10) for Z;, = «, and the internal
impedance (output impedance, source impedance) Zg of the operational
amplifier is
Zs = ZoZr

I = B8Gw)Zr + [1 ZA @) BG) s
if |Ao(jw)B(jw)| > 1] (4.11)

[ t»(]w),«(J w)

In most applications, Z; varies between 1,000 and 50,000 ohms, and
|Ao(jw)B(jw)| is so large that |Zs/Z.|, and thus the effect of the load, is
negligible.

The input impedance seen by the ith input voltage source of the opera-
tional amplifier of Fig. 4.9a is practically equal to the impedance Z, when-
ever the absolute value of the loop gain A(jw)B(jw) is large, since the
feedback will tend to make the summing-point voltage X,/A very small.

Effects of Gain Changes and Distortion. The inverse feedback inher-
ent in the operational-amplifier circuit helps to reduce the effects of gain
changes in the d-c amplifier on the output voltage X,; the range of per-
missible gain changes may be investigated with the aid of Eqs. (4.7)
and (4.9).

For pure sinusoidal voltages, the fractional effect of a steady-state
gain change dA(jw) on the output amplitude is reduced in the ratio
1:]1 — A(jw)B(jw)|. A similar reduction applies to the fractional ampli-
tude of each sinusoidal distortion and intermodulation component orig-

1 Smythe, op. cit.
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inating in the d-c amplifier, but the effect of feedback on the fotal distor-
tion error depends on the vector sum of the distortion components and
is not so easily computed.?

4.8. INTEGRATOR PERFORMANCE

The physical basis of most electrical integrators is the basic property of
capacitors illustrated in Fig. 4.10. Neglecting the effect of capacitor
leakage, the current ¢ through the

~——————VOLTAGE E————>  cgpacitor is always proportional to

the time derivative of the voltage

CURRENT i=CPE .
across the capacitor:

o ic °

- LAY o

¢ 1 = CPKE
Fie. 4.10. Relation between voltage and
current in a capacitive circuit.

In this chapter, the basicintegrating
network of Fig. 1.5¢ will be discussed
in more detail. In addition, other integrating devices, which constitute
attempts to improve on the original circuit, will be presented.

Simple RC Integrating Network. In the simple RC integrating net-
work shown in Fig. 4.11, an input voltage X; will begin to charge the

X, © e VAVAVAVe » .
] A J-c %
R

© Xo

Fia. 4.11. Simple integrating network with load.

capacitor C through the resistor R in a manner approximating true inte-
gration. The output voltage X, built up on C during this process will,
however, tend to oppose the input charging voltage and may thus make
accurate integration impossible. The situation is further complicated
through the existence of the leakage resistance Rz, which is due to capac-
itor leakage in addition to any load which may be connected to the inte-
grator output terminals.

The nodal equation of this network leads to the transfer function Xo/ X1
of the integrating network,

L Ea ! : (4.12)
RCP + 1

X, R+R. R.

R+ R,

1 Department of Electrical Engineering Staff, Massachusetts Institute of Tech-
nology, Applied Electronics, 1st ed., Wiley, New York, 1943, p. 528.
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If the leakage resistance R; is infinitely large, Eq. (4.12) reduces to the
simplified equation (1.23) given in Chap. 1.

General Integrator Performance Analysis: Time Constant and Atten-
uation. It should be mentioned at this point that the performance of most
d-c integrators may be described in terms of transfer functions of the form

X,k
X, P F1

of which Eq. (4.12) is a special case. The coefficient b of P in the denomi-
nator is called the time constant of the integrator and will be seen to con-
stitute a measure of the integrator accuracy. The parameter k/b cor-
responds to the gain (or rate gain) of the integrator. The practical
meaning of integrator time constant and gain will be made clearer by the
following analysis.

Output Error and Rate Error of an Integrator. The output error of an
integrator will be the difference between the integrator output voltage X,
and the output voltage (k/bP)X; of a ‘‘perfect’’ integrator of equal gain.
For an integrator described by the performance cquation (4.13), the out-
put error ¢(r) will be

k ko k
o) = Xo = yp X = [iﬁ) i~ IIP] X‘

k 1
= — lTI)(bT——{jij X]_ = - m’, Xa (4'14)

(4.13)

for any value of the time 7. It must be remembered that the “linear”
output error (4.14) will in general have to be added to other errors due to
calibration changes, distortion, and drift.

It is clear that the derivative of the output voltage of any d-¢ inte-
grator should be as nearly as possible proportional to the input voltage.
In fact, for a perfect integrator one would have

k

PX, = -
b

X, (4.15)
The amount Pe(r) by which the time derivative PX, of the output voltage
X, varies from the value given by Eq. (4.15) shall be called the rate error
of the integrator under consideration and constitutes a useful measure of
the integrator accuracy. As a matter of interest, an integrator whose
rate error is always zero will have only errors which can be compensated
for by simply changing the initial conditions of the problem.

For an integrator having the performance equation (4.13), the deriva-
tive of the output voltage X, will be

kP

PXa = Bi)——_l'_—i X1 (4.16)
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Assuming that the entire error in the derivative PX, is due to the differ-
ence between Eqs. (4.15) and (4.16), the rate error Pe of the integrator is
then

Pe(r) = PX, — Xy = — 1 XK= — 02X, (410)

bbP +1 b

Note again that the effects of drift, distortion, and calibration changes
have not been considered here. It is seen that both e(r) and Pe(r) will
decrease as the integrator time constant b is increased.

Step-function Response of a D-c Integrator : Effect of Computing Time
on Error. If an input voltage step function cu(z)* (e.g., from a constant-
voltage source suddenly switched into the circuit) is applied to an integra-
tor described by a transfer function of the form (4.13), the circuit response
will be

Xu() = ke (1l — ¢ 8 = ¢ [(’—bf) kst )] (>0 (418

This is easily verified by substitution into the differential equation (4.13).
It is seen that the output voltage X, begins to change linearly with time
at a rate equal to (k/b)c. This

X l - would correspond to correct integra-
tion of the input step function.
<=0 T— With increasing computing time 7,

however, the output voltage X, no
longer changes linearly but tends
(W to approach a limiting value! ke

+x, t /%&—_—_'x__ exponentially, as shown by Eq.
ARG TAN XX, ! (4.18) and Fig. 4.12. (As in the
F1a. 4.12. Integration of a step function. ca?e _Of the simple EC integrator,
this is usually due to a “counter-
emf’’ developed as a result of the charge on an integrating capacitor.)
The resulting (linear) output error e (which is in addition to errors due
to distortion, drift, ete., in the amplifiers involved) is given by the second
term on the right of Eq. (4.18). The integration error is seen to increase
with time; if 1 > 7/b > 0, the absolute value of the error ¢ will be less
than, or equal to, the first term of the error series, or

le] < 2b2 (4.19) '

* The definition of the unit step function u(r) is given by
u(r) =0forr <0 u(r) = 1forr 20

1In actual practice, this limiting voltage kc may be higher than the overload or
saturation voltage of the computing elements in question, so that the output voltage
X, cannot reach the limiting value kec.
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For the percentage error ¢, it follows that

e <50~ (4.20)

o

Hence, if the resultant output voltage is to be within e per cent of the true
integral (k/b)cr, the computing time r must be limited so that

T < 526~ (4.21)

(=]

The rate error Pe for step-function input is obtained by substituting
Eq. (4.18) into (4.17):

—Pe(r) = z¢(1 — e_’t’) (4.22)

Sl

It is seen that

T

|Pe(r)| < bﬁ,a (1 >7> 0) (4.23)

If the integrator comprises only lincar networks and amplifiers, the rela-
tions (4.20) and (4.23) are not restricted to step-function input voltages, since
the operation of a linear network on any input voltage may be considered
in terms of a superposition of step-function voltages, with all steps but the
first one being integrated for time shorter than 7.

It should be remembered that the relations (4.19) to (4.23) refer only
to errors due to d-c integrators as such. The effects of such errors on the
over-all accuracy of a differential analyzer must be discussed separately.

Steady-state Sinusoidal Response. It is often important to know the
response of an integrator to steady-state sinusoidal voltages, in particular
since, again, any input voltage may be represented as a superposition of
such voltages. In the steady state, both X; and X, will be sinusoidal
voltages represented by!

X, = Xer X, = X.er (4.24)

where w is the circular frequency. Substitution of (4.24) into the differ-
ential equation (4.13) shows that
X kg kX 1k g (4.25)

where the first term on the right corresponds to true integration and the
second term measures the absolute value and phase of the (complex) inte-

1 See footnote on p. 164,
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gration error ¢, for sinusoidal input voltages of circular frequency w. The
absolute value of the error is

Xk

b2w?

X, k

leal = 7= Vit oo (4.26)

whereas the phase error [the amount by which the angle < (X,,X) differs
from 90 deg] 8, is given by

1
tan §, = e (4.27)

Equations (4.25) to (4.27) further illustrate the importance of the param-
cters b and k, since any input voltage may be thought of as made up of
sinusoidal components. It is seen from Eqs. (4.26) and (4.27) that high-
frequency components of any input voltage will be integrated more accu-
rately than low-frequency components.

Time Constant and Gain of the Simple RC Integrator. According to
(4.12), the time constant b of the simple RC integrating network shown in
Fig. 4.7 is

= R, v
b= RT R RC (4.28)
and the gain k/b is
k 1
b~ RC (4.20)

If the effect of leakage and loading is negligible (B, = «), Eqs. (4.28) and
(4.29) reduce to

b= RC

(4.30)

SN
I

It may be concluded that

1. In the simple RC network, large values of the time constant b desir-
able for good integration can be obtained only at the expense of large
values of R and C and of low gain.

2. The effect of connecting a load to a simple RC integrator is to
decrease the time constant b and thus the accuracy of integration.

The RC network has, on the other hand, the obvious advantages of
being simple, inexpensive, and free of drift, since it requires no vacuum
tubes. RC integrators will often be satisfactory in cases involving rela-
tively short computing times or for input voltages containing only rela-
tively high-frequency components.
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4.4. SOME ELECTRONIC INTEGRATORS

Introduction. The Perfect Integrator. The electronic integrators to
be discussed in this and the following sections constitute attempts to
improve the performance of the basic RC network, essentially by reduc-
ing the effects of the ‘‘counter-emf’’ which tends to oppose the charging
current of an integrating capacitor. Such electronic circuits will, then,
permit higher values of the integrator time constant without affecting
the integrator gain detrimentally. The integrator circuits discussed in
Sec. 4.4 may be of interest for special-purpose computers; the parallel-
feedback integrator described in Sec. 1.4 and in more detail in Sec. 4.5
is almost universally used in genecral-purpose clectronic differential
analyzers.

i=X
o—s] CURRENT -
X, GENERATOR

i——

Fi1a. 4.13. Equivalent circuit of a perfect integrator.

McCool! has pointed out that the problem of integrator design may be
reduced to that of developing a perfect current generator (with zero shunt
admittance) whose current output is accurately proportional to the inte-
grator input voltage X;. The current integrator is then used to charge
an integrating capacitor (Fig. 4.13); according to (4.11), the voltage on the
capacitor will be the time integral of the current and thus of the input
voltage X;. The reader will find it instruetive to interpret the electronic
integrators in this chapter as attempts to realize such an arrangement.

Looking at the question of a ‘“‘perfect’’ integrator® from the most gen-
eral viewpoint possible, it can be said that the physical realization of a
true integrator with a transfer function

X, _k1
X, bP
1 McCool, W. A., An Improved Analog Computing Circuit, NRL Report P-3423
(unclassified), Feb. 23, 1949.
2Tt should be mentioned in passing that, unlike the true integrator, the “perfect”
differentiator is not physically realizable. The ideal differentiator would have a
transfer function

(4.32)

X,

X, = kP (4.31)
This would imply infinite gain at infinite frequency, a condition impossible to attain
in practice. Reasonable approximations to (4.31) may be obtained for limited fre-
quency ranges. Two differentiating circuits are shown in Fig. 1.5.
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is theoretically possible and may be approached in practice by increasing
both b and k in transfer functions such as (4.13). Since the ideal transfer
function (4.32) implies the use of a device having infinite gain at zero fre-
quency, a true integrator must involve an “active’ circuit with critical
regeneration; no passive network can satisfy this requirement. Of the
electronic integrators discussed in this chapter, the bootstrap integrator
(see page 173) and the regenerative feedback integrator (see Sec. 4.7) do
make use of regenerative amplifiers and are theoretically capable of inte-
grating perfectly.

. BUFFER
Xy o= MWW -]_ AMPLIFIER Xo

F1a. 4.14a. Simple integrating network with buffer amplifier.

R
o———AMA~ +—| AMPLIFIER -
X, R | XO

= S
oT 2Ry
“
|
B0 I

Fra. 4.14b. Block diagram of bootstrap integrator.

In general, practical electronic integrating devieces are capable of
approximating the ideal transfer function (4.32), throughout a useful
range of frequencies, with or without the use of regenerative amplifiers.
In each case, a careful accuracy analysis will be necessary to determine the
errors involved in the approximation. Such an accuracy analysis is pre-
sented in Sec. 4.5 for a frequently used type of integrator.

The question of setting up initial conditions in integrators will be taken
up in Seec. 7.1.

RC Integrating Network with Buffer Amplifier. The disadvantages
which result from loading an RC integrating network may be largely
overcome through the use of a buffer amplifier, as indicated in Fig. 4.14a.
The buffer amplifier (which might be a cathode follower or have a cathode-
follower input stage) presents a high impedance to the integrating net-
work and isolates it from the load. The amplifier may also be used to
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increase the integrator gain, but high values of R and C may still be
needed to obtain a satisfactory time constant RC. The use of a buffer
amplifier cannot, of course, overcome the loading effect of the capacitor
leakage resistance. Finally, unless special precautions are taken (see
Chap. 5), the grid current of the buffer amplifier may present a further
problem by acting as a spurious input source which tends to charge the
capacitor and thus to cause drift in the integrator output.

Bootstrap Integrator. Another type of integrator, shown in Fig. 4.14b,
is similar in principle to the bootstrap integrator, originally used as a pulse
integrator to provide linear sweep for fire-control radar. In this integra-
tor, a feedback circuit is used to neutralize the effects of the ‘“‘counter-
emf”” which arises across the capacitor as the input voltage attempts to
charge it through the resistance B. Specifically, this opposing voltage is
amplified by a d-¢ amplifier which must have a positive forward gain A.
The amplifier output voltage is added to the integrator input voltage by
means of the summing network shown. The input voltage can thus be
“boosted’” by an amount sufficient to overcome the opposing ‘‘emf’’ of
the capacitor. If the amplifier gain is correctly chosen, the resulting volt-
age across the eapacitor ¢ and thus also the amplifier output voltage X,
will be proportional to the time integral of the input voltage X,.

It should be noted that this integrator does not ncutralize the voltage
opposing the charging voltage by inverse feedback but rather supplies
just enough extra voltage ‘‘boost’’ to permit the capacitor to charge in
the manner shown in Fig. 4.13.

If the leakage resistance Ry is neglected, the transfer function of the
bootstrap integrator in Fig. 4.14b is found (from the nodal equation) to be

X, A o A4
(2—/1)( RC

2 —
X, RCP+(2-A4) P+1)
When the leakage resistance is taken into consideration, Eq. (4.33) is
replaced by
X, _ A

X (’P+<R+2—A>

(4.33)

A
(II;+2—A> . BC  pi1\ @3
Ft2—A
L
so that b = R——E—q—- §= Rﬁ(j (4.35)
LA
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True integration, or
X, _ 4
X, RCP

will be obtained if the amplifier gain A and the resistances R and r are
adjusted so that

(4.36)

?§+2-—A=0 (4.37)
L

Little is known about practical applications of this type of integrator at
the present time. While the quality of the integration will be sensitive to
the gain and resistance adjustments, the use of high-quality resistors and
of a stable feedback amplifier should result in good integration. Nega-

1
re
<
ﬁ MA(i-Lo) Ry (i-io) § Zs lpt(Uti)Ry
>
Rk Rx
[
a b [

F1a. 4.15. Equivalent circuits illustrating the dynamic plate resistance of a vacuum
tube. Becausc of the current feedback, the circuit tends to oppose changes (¢ — o)
in the plate current.
tive feedback around the amplifier will permit one to obtain a stable,
adjustable gain A and will also reduce the voltage appearing on the input
grid. Integrators of this type can be used to drive reasonable loads
(5,000 to 10,000 ohms) without affecting the quality of the integration.
RC Integrators and Other Operational Amplifiers Using ‘Amplified
Impedance” (Series Feedback). Another class of electronic integrators
attempts to increase the integrating resistance R of an RC network by
replacing the resistor R in Fig. 4.11 with the ‘‘dynamic plate resistance”’
of a vacuum tube. Figure 4.15a shows a vacuum-tube circuit with cur-
rent feedback introduced by means of the cathode resistor Rx. In this
circuit, the tube acts like a voltage source tending to oppose any current
changes A¢ in the cathode resistor, as indicated by the equivalent circuit!
shown in Fig. 4.15b, where u and r, arc the amplification factor and plate
resistance of the tube, respectively. As a result, the tube looks like a
resistance (‘‘dynamic plate resistance’’)

Z =1+ (1+ pEx (4.38)

1 For a discussion of vacuum-tube equivalent circuits, see D. G. Fink, Engineering
Electronics, McGraw-Hill, New York, 1938.
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to any reasonably small voltage change applied at the terminals shown
(Fig. 4.15c), while the steady-state d-c voltage across the tube and its
cathode resistor still has a reasonable value. It may be said that the tube
has “amplified”’ the resistance Rx of the cathode resistor. Such resist-
ance amplification is particularly effective with pentodes because of the
high effective value of u. The application of this principle requires con-
siderable ingenuity, since the tube supply voltages must not be permitted
to interfere with the operation of the integrating circuits. Figure 4.16
shows a number of possible integrating circuits; such circuits are severely
affected by leakage or load resistances across the integrating capacitor
and may require buffer amplifiers.

The principle of impedance amplification has also been applied to the
design of operational amplifiers (Sec. 1.5) other than integrators.! The
circuit of Fig. 4.17 is a generalization of Fig. 4.16a and has the transfer
function?

X, _ _ Z4P)
X:  Zu(P) o«(P)
"'"*[ A(P)J( + ) 7

D)
[~ for Y 1+Z1 r+r,, +Z

Z(@)
where ¢.. and r, are, respectively, the transconductance and plate resist-
ance of the tube used. The relatively high output impedances associated
with series feedback tend to make such circuits less useful for conven-

tional applications than the parallel-feedback-type operational amplifiers
described in Secs. 1.3 to 1.5.

<<1}

4.5. THE PARALLEL-FEEDBACK INTEGRATOR: ERROR ANALYSIS OF A
D-C INTEGRATOR

Introduction. The feedback integrator shown in Fig. 4.18 and briefly
described in Sec. 1.4 is the one most generally used in computer applica-
tions because of its ability to perform accurate integration with little
attenuation and with reasonable values of resistance and capacitance.
Again, the quality of integration is not badly impaired by matching
the output to a potentiometer of reasonably low impedance (5,000 to
100,000 ohms).

The mtegrator shown in Fig. 4.18 consists of an integrating feedback
network comprising the resistance R and the capacitance C' in conjunc-
tion with a d-c amplifier of gain A; since the leakage resistance Ry of the
capacitor constitutes an additional feedback path, this must also be taken

1 Philbrick, Designing Industrial Controllers by Analog, Electronics, June, 1948.
2 McCool, op. cit.
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Fig. 4.16. Elcctronic integrator circuits! based on resistance amplification. Both
tubes of each two-tube circuit are identical, and Z = r, + (1 4 p)R:. If a leakage
or load resistance Ry shunts the integrating capacitance C, the gain k/b of each

circuit is unchanged, but the time constant b is reduced to the value

1+R—LC

1 Circuit (a) seems to have been described first by G. A. Philbrick, Designing Indus-
trial Controllers by Analog, Electronics, June, 1948. Circuit (b) is from MecCool,

op. cit.
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into consideration. An input voltage X; will attempt to charge the
capacitor plates connected to the amplifier grid. The output voltage X,
of the negative-gain d-c amplifier will, however, tend to charge the other
capacitor plates so as to neutralize the charge on the input side. The
net effect is to keep the grid voltage (which would tend to oppose the
input voltage X,) quite small while the output side of the capacitor is
charged to a voltage X, proportional to the negative time integral of the
input voltage X.

¥ O]

F1a. 4.17. Block diagram of an operational amplifier based on series feedback (G. A.
Philbrick, op. cit.).  This circuit has been improved by McCool (op. ¢it.), who replaced
the screen resistor 7 hy the dynamic plate resistance of a sccond pentode (sce Fig.
4.16b).

MW

Ry

[
:
-T
é

D-C
AMPLIFIER

1

Fra. 4.18. Block diagram of a parallel-feedback integrator.

||||—-0

The purpose of the following analysis is to find integrator designs such
that the output voltage X, of the integrator will be as closely as possible
proportional to the time integral X,/P of the input voltage Xi. Because
of the usefulness of the parallel-feedback integrator, the latter has been
chosen here as the subject of a rather detailed error analysis. The
parallel-feedback integrator may be regarded as a special case of the gen-
eral operational-amplifier circuit of Fig. 4.9, with

R,
R.CP +1

1+ R:CP

Z\(P) =R ZyP) = R + R, + RR.CP

B(P) = R
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Substitution of these expressions into the appropriate relations of Sec.
4.2 will yield the integrator output impedance as well as estimates of the
effects of distortion.  On the other hand, the error analysis of Sec. 4.2 does
not permit a simple demonstration of the effect of capacitor leakage on
tntegrator accuracy; for this reason, the time constant b and the rate gain
k/b of the parallel-fecedback integrator will be derived directly from its
performance equation, so that the analysis of Sec. 4.3 applies.

Performance Equation. In Fig. 4.18, the current flowing through R
must be equal to the sum of the currents flowing through R, and C if
grid current is neglected for the time being. If A(jw) = A0) = A
throughout the range of working frequencies, the nodal equation express-
ing Kirchhoff’s first law is, then,

X Nem o LYo (% x )1
<7*“°)<“+Ez)+(zt "‘)R“O

50 that X, = 4 - xl (4.39)
(1 — A)RCP + (1 — A)
X A l
or oo — b (4.40)
Yoo By A ARC
L=+t

The time constant b and the gain k/b are, respectively,

b= -AEC kA . (441)

G-nE, b7 U-DEC
Ry,

which makes it possible to obtain substantially better results than with
a simple RC network. The expressions (4.41) may be substituted into
equations like (4.14), (4.17), (4.20), and (4.23) to give further information
on the integrator performance.

It may be seen that true integration, or

Xo A ~
X = 0 2 RCP <~ R('P for |A] > 1) (4.42)
is approximated most closely for small values of the quantity
R
1-4) o +1

In practice, this can be achieved, for instance, by making the gain A large
(from 102 to 10° at low frequencies) and by using capacitors with as high
a leakage resistance R as possible. Dielectric hysteresis acts somewhat
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like a leakage resistance which is variable with frequency and should also
be kept to a minimum. The actual choice of the type of integrating
capacitor is discussed in Sec. 5.9.
Integrator Calibration. If the integrator transfer function is taken
to be
X, _ A
X, (1 - A)kcP
one may find the value of A/[(1 — A)RC] by actually measuring the
output-to-input voltage ratio by means of a good potentiometer. Kqua-
tion (4.43) is usually replaced by

(4.43)

Xo_ 1.
X, - ROP (4.44)
with a percentage calibration error of magnitude
€ = 139 (4.45)

Careful selection of components makes it possible to determine the desired
value of RC in (4.44) within 0.01 per cent.

Effects of Finite Gain, Leakage, and Distortion. A quantitative
estimate of the accuracy of (4.43) and thus of the quality of integration
is found by substituting the values of b and & from (4.41) into Eq. (4.20).
The percentage error ¢ due to finite gain and leakage is found to satisfy
the relation

507 R .
If finite gain and leakage are the only cause of error, X, must be within e
per cent of the integral form (4.43) if
<L el = DEC

<= (4.47)
50 1 — 4 R’-"- +1
L

which is a special case of (4.21).

As in Sec. 4.3, this important criterion is not restricted to the case of
unit-step-function input voltages, since the networks in question are
linear, and any input voltage X,(r) may be represented as a sum of suit-
able step functions. The condition given by (4.47) constitutes a limitation
on the maximum allowable computing time if the integrator errors are not to
exceed a given percentage, e, of the output voltage.

Changes of the amplifier gain A may affect the error estimates given
by Egs. (4.46) and (4.47). The results of (4.46) and (4.47) may also be
affected by changes in the leakage resistance Ry (due to changes in atmos-
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pheric moisture, etc.). The relations (4.41), (4.46), and (4.47) should,
therefore, always be computed for the most unfavorable values of A and
R.. In any case, errors due to changes in gain and leakage are minimized
by making the amplifier gain A as large as possible.

The Effect of Stray Input Voltages. In d-c analog computers, the out-
put of each amplifier is balanced to zero by some biasing arrangement
before computation, so that, in the ideal case, only the desired signal
voltages can act on the integrator input terminals. Actually, certain
stray voltages, due to noise pickup, d-c leakage, and unbalances in the
d-c¢ amplifier resulting from grid current and drift, do occur. They are
integrated and may lead to errors in the integrator output voltages.

x|
o !

T —

|

X |

| |

I

. |
1
|
|

E+(|-A)%:_|;—<o
R 1! =
E+(I—A)FE-A— o

[

|

I [I+(|—A)-§-;l7'\- >0
|

Frc. 4.19. Integration of a square voltage pulse.

A noise pulse will be integrated in the manner shown in Fig. 4.19. As
long as

[1+(1—A)T{,EJ%SO

high-frequency random noise will tend to cancel vtself during the integration
process.

D-c integrators are fairly susceptible to errors resulting from pickup of
60-cycle a-c hum. Hum voltages should be kept out of the equipment by
reasonable shielding and placement of leads and power supplies which
carry alternating currents.

A steady unbalance voltage E. due to grid current, d-c amplifier drift, etc.,
at the input of an isolated integrator acts like a step-function input and leads
to an absolute output error drift approxzimately equal to

A

T
E, R—a (].——'—1—4.—)— (448)
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In order to minimize this drift, which can lead to serious difficulties, it
may be expedient to balance each amplifier, not simply for zero output
voltage but rather for zero drift. This will help to eliminate the error
given by (4.48). Above all, reduction of integrator drift must be accom-
plished by careful design of amplifiers and power supplies, as discussed in
Chap. 5.

In many computer applications, the d-c integrators are not isolated
but are set up in feedback loops to simulate stable, damped oscillations.
In such circuits, any temporary unbalance will tend to damp out, and any
steady unbalance voltage will only change the zero point or reference level
of the output voltage scale. The amplifiers in such a system need only
be balanced for zero output at zero input voltage.

R
X, e ANMNN—/9
Ro RL
Xp © MWV AN
R3 c
X3 @ AV il ©Xo

AMPLIFIER

Fic. 4.20. Summing integrator.

Summing Integrators. It was shown in Sec. 1.4 that summing and
multiplication by constants may be achieved at the input of an integrator.
Such a summing integrator is shown in Fig. 4.20. The output voltage of
this circuit is given by

n

Xo= ) X A (4.49)

R; n
” — A E: 1
i=1 (1 - A)CP'}'EE"“*' 7‘,
t=1

or approximately by

n

~ N X
RCP

1=

Xo = (450)

Equation (4.50) is commonly used for the caltbration of summing integrators.
Tt may be shown that the error analysis expressed in Egs. (4.41), (4.46),
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and (4.47) will apply to the summing integrator if, in each equation, R 1s

n
—1
replaced by (2 i}—) , which is the equivalent resistance of the summing
-
resistors R, taken in parallel. The equivalent tzme constant for the sum-
ming integrator is thus

p=. A —ACR. (4.51)

1
(1—-4)+ R, 2 i
=1
In particular, Eq. (4.47) for the maximum computing time allowable for a
given percentage error e becomes

1 (1 — A)R.LC
7 S g — ST S 1 (4.52)
1—-A4)+ R, 2 %
1=1

Effect of D-c Amplifier Input Resistance. The effect of the finite input
resistance R, of the integrating amplifier has hitherto been neglected.
This resistance (sec Fig. 4.21) may be considered simply as a grounded

R C
X, o s TAAYAY; 1€ o Xo
NN
A\
N L

Fia. 4.21. Effect of d-¢ amplifier input resistance.

input terminal in a summing integrator. The results of the last para-
graph show that, as far as the quality of integration is concerned, R,
decreases the effective value of R as if it were connected in parallel with E.

High-frequency Performance Requirements. The high-frequency
performance of the parallel-feedback integrator is given by Eq. (4.39).
The following requirements should be met (see also Sec. 4.7):

1. The absolute value of the d-¢ amplifier forward gain A(jw) should
satisfy the condition (4.46) throughout the anticipated range of sig-
nal frequencies for each given permissible value of the percentage
€rTor €.
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2. The integrator must be stable; this will be the case if the roots of the
equation

[1 — AQIRCN + [1 — A 1% +1=0 (4.53)

have only negative real parts.
3. The integrator phase shift should not deviate from 90 deg by more
than 0.1 deg throughout the frequency range used.

As in the case of summing amplifiers, the gains and phase shifts of
several cascaded integrators may add in certain computer setups and
lead to instability.

Conclusions. Most errors in the electronic integrators discussed in
this section are reduced by using a shorter computing time, high gain,
high leakage resistance, and a long integrator time constant.

The errors due to finite gain, gain changes, and distortion can be made
very small by using high values of the d-¢ amplifier gain A and certain
types of feedback amplifiers. The most serious errors, then, arise from
drift due to unbalances in d-¢ amplifiers. These errors must be mini-
mized by carefully balancing the amplifiers, by using well-regulated power
supplies, and by improved amplifier design. Errors may also be reduced
by decreasing r/RC within the limits set by scale-factor considerations.
D-c leakage into amplifier input terminals must be kept as low as possible
(Secs. 5.9 and 8.3).

4.6. REGENERATIVE OPERATIONAL AMPLIFIERS

Reduction of the Effects of Distortion and Instability through the
Use of Feedback. One might think that the application of degenerative
feedback to the d-c amplifier would decrease the effects of distortion and
gain changes and, on the other hand, regeneration could increase the
effective forward gain A of an operational amplifier like that of Fig. 4.9a
and thus make its performance equation correspond more closely to the
desired form

X, , X,
Xo=—(7l+—z—2'+"‘>Za (4.54)

A closer investigation shows that at least the first of these possibilities
has hardly any practical value, as the decrease in loop gain due to degen-
erative feedback would tend to offset the possible advantages of the
degeneration. The same reasoning shows that a certain amount of over-
all regeneration can be used to increase the forward gain of an operational
amplifier without directly increasing the effects of distortion and gain
changes.
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Application of Feedback around Sections of the D-c Amplifier. More
interesting results can be achieved through the use of feedback around
stages or groups of stages of multistage d-c amplifiers.! The amplifier
shown in Fig. 4.22 will serve as an illustrative example. It comprises a
voltage-amplifier section of gain a, with a feedback loop of feedback ratio
B: and a power-amplifier section of gain a, with a feedback loop of feed-
back ratio 8,. The over-all gain A is

_ a2 =
4= (1 — a181)(1 — asB,) (4.55)

This will be the forward gain of an operational amplifier utilizing the d-c
amplifier in question. If e, and e are percentage gain changes in the

woe—H o L @ o

Fia. 4.22. Block diagram of a d-¢ amplifier with feedback around scctions of the
amplifier.

two sections of the d-c amplifier, respectively, before the application of
feedback, the corresponding percentage gain change e4 of the entire d-c
amplifier is

= el €2
‘=1 Cve t 1 us (4.56)
1
so that ‘/—'1’ = g el — @) + (1 — a181)] (4.57)

Since the fractional effects of gain changes on the output voltage of a
feedback amplifier with high loop gain are proportional to es/A rather
than to e (Sec. 4.2), these effects may be reduced to a remarkable extent
through near-critical regeneration (1 — @81 = 0,1 — as8: = 0) in one or
both of the amplifier stages.

Quite similar improvements may be achieved with respect to the effects
of distortion (see also Sec. 4.2).

Qualitatively speaking, the effects of distortion as well as the effects
of gain changes in any amplifier stage can often be reduced through the
application of near-critical regeneration to another stage of the d-c
amplifier.

The results just derived indicate the use of regenerative feedback around
sections of multistage d-c amplifiers as a very useful method for increasing the
loop gain and thus the accuracy of operational amplifiers. Such feedback

1 Korn, G. A., D-c Integrator Design, Electronics, May, 1948.



186 ELECTRONIC ANALOG COMPUTERS

will tend to make the performance equation correspond more closely to
the desired form (4.6¢), will reduce the output impedance of parallel-
feedback operational amplifiers, and will help to minimize the cffects of
distortion and gain changes in the d-¢ amplifier.

Before deciding on the application of regenerative feedback, one must
ascertain (1) whether the circuits will be stable (see Sec. 5.4) and (2) by
how much the “return differences” (1 — ai81), (1 — as8:), etc., can
change from the desired small values as the result of changes in the stage
gains and feedback-network parameters. It is highly desirable to design
the amplifier so that frequent readjustments of stage gains or feedback
ratios are not necessary.

Examples of d-¢ amplifiers incorporating internal regenerative feed-
back are shown in Figs. 5.29, 5.30, and 5.32. Other examples have been
discussed by Valley and Wallman.!

Feedback around one or more stages of the d-c¢ amplifier is also used at
times for purposes of stabilizing the high-frequency response of an opera-
tional amplifier (see Sec. 5.4). An example of such an application is
shown in Fig. 5.39.

Regenerative Integrators. If the absolute value of the negative for-
ward gain A of a parallel-feedback integrator of the type shown in Fig.
4.182 is made very large through regeneration or other means, the trans-
fer function

% = — - —- 4 ) (4.58)
Q@ —-ADRCP 4+ (1 —A4)5+1
Ry
derived in Sec. 4.5 becomes
SO (4.59)

X,  RRCPF1

The ‘“leakage time constant” R;C seems to constitute an upper limit for

the time constant (sce Sec. 4.5) of the parallel-feedback integrator. This

limitation is due to degenerative feedback through the leakage resistance.

An infinitely large integrator time constant or perfect integration could
be realized if it were possible to make the quantity

- A) 1% +1 (4.60)

equal to zero throughout the range of working frequencies of the integra-

1 Valley, G. E., and H. Wallman, Vacuum Tube Amplifiers, MIT Radiation Labora-
tory Series, Vol. 18, McGraw-Hill, New York, 1948.

2 The analysis of this section applies to summing integrators of the type shown in
Fig. 4.20 if the quantity R, in (4.58) and the following equations, is replaced by

1 1 -1
(m+m* )
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tor. It is seen that the expression (4.60) can be equal to zero only for
positive values of the forward gain A.

Unfortunately, this condition for perfect integration cannot be satisfied
by simply using any d-c¢ amplifier whose forward gain A is positive instead
of the usual negative-gain amplifiers. Since the phase shift of the inte-
grator feedback network is practically equal to 90-deg lead at high fre-
quencies, any high-frequency phase lag in an ordinary d-c amplifier of
posttive gain would result in regencration and tend to produce instability at
high frequencies; the resulting circuit would act essentially like a multi-
vibrator! unless special precautions were taken to equalize the high-
frequency response.

It can be shown? that the use of regencration etther around the entire d-c
amplifier or (preferably) around a scction of the d-c amplifier makes it possi-
ble to obtain a positive d-c amplifier gain and thus to make the quantity (4.60)
equal to zero for perfect integration without making the integrator unstable at
high frequencies. The technique just described can be a striking means
for improving the performance of d-c¢ integrators by overcoming the
effects of finite amplifier gain and capacitor lecakage.

The adjustment of a regenerative integrator will be sensitive not only
to changes of the forward gain A of the amplifier but to variations in the
leakage resistance Rp as well. Changes in leakage resistance due to
changes in atmospheric moisture may be hard to avoid if the values of R,
are very large. It is clear that, due to unavoidable changes in gain and
leakage, it will not be possible to achicve perfect integration for an indefi-
nite time. Nevertheless, considerable improvements in integrator per-
formance can be obtained. The error estimates for parallel-feedback
integrators derived in Sec. 4.5 hold for regenerative integrators provided
the quantity (4.60) is less than or equal to zero. In order to obtain
realistic error estimates for regenerative integrators, it is necessary to
know only between what limits the gain A and the leakage resistance R,
may vary during computation. The error estimates derived in Sec. 4.5
can then be applied to the most unfavorable combination of A and R;.

Figure 4.19 shows how a pulse is integrated by a parallel-feedback inte-
grator when the quantity (4.60) is positive, negative, and equal to zero.

It is clear that a perfect d-c integrator can be realized only through the
use of regeneration, since the perfect integrator must necessarily have
infinite gain at zero frequency.

It is possible to apply similar feedback techniques to electronic integra-
tors other than the parallel-feedback integrators discussed here; the boot-
strap integrator described in Sec. 4.4 is an example of such a circuit.

1 Greenwood, Holdam, and MacRae, op. cit.

2 See Bode, op. cit. The method of analysis is essentially similar to that employed
in Sec. 5.4.
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4.7. ERRORS IN THE SOLUTION OF LINEAR HOMOGENEOUS DIFFER-
ENTIAL EQUATIONS WITH CONSTANT COEFFICIENTS!

Effect of Finite Integrator Time Constant. Many problems (see, e.g.,
Secs. 3.2 and 3.4) require differential-analyzer solutions of linear homo-
gencous differential equations corresponding to a machine equation

FP)Y = (a0 + aiP + aP*+ - - - + a,PY)Y =0 (4.61)

where ao, a1, . . . , a, are constant coefficients. A differential analyzer
attempting to establish the relation (4.61) by means of integrators hav-
ing the transfer function k/(bI” + 1) instead of the ideal integrator trans-
fer function k/bP (Sec. 4.3) actually solves the differential equation

r«<P+-16>Y=_[ao+a1(1’+71))+a2<1>+71)) + oo
175

The resulting solution ¥ is related to the correct solution ¥ by
Y = Yer

The error due to the finite integrator time constant is again seen to
increase with the computing time; this effect can, in principle, be com-
pensated for in the recording device, or by regenerative feedback around
an integrator or integrators as in Sec. 4.6, or as in the circuit 4.6 of
Table 4.

Effects of High-frequency Cutoff in Integrators and Summing Ampli-
fiers. MacNee? has similarly derived error estimates for a differential
analyzer whose integrators and summing amplifiers have performance
equations respectively approximated by

1 1 1
S FiTPpFIy L= EF Xt sy

Both the integrator time constant b and the circular frequencies 1/7';
and 1/7'; corresponding to 90-deg phase error must be large compared to
the roots s, of the characteristic equation F(s) = 0 associated with the
given differential equation (4.61). The errors due to high-frequency cut-
off (T1 # 0, T2 # 0) depend on the characteristic roots s; and are most
serious in the case of characteristic roots near the imaginary axis (sinus-

X

1 MacNee, A. B., Some Limitations on the Accuracy of Electronic Differential
Equation Solvers, Proc. IRE, 40: 303, 1950.

2 Jbid.; see also L. G. Walters, Hidden Regenerative Loops in Electronic Analog
Computers, Trans. PGEC, IRE, 2: 1, June, 1953.
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oidal modes). In the case of the computer setup 4.6 of Table 4, which
is frequently used for testing, one obtains

2 1 I T
Y = Aee’ (T * 2) cos wr instead of ¥ = A cos wr  (4.62)

Note that the computer setup becomes unstable for large values of w.

In “slow” d-c analog computers, T'; and T'; are usually so small (less
than 2 X 10~ sec) that the effects of high-frequency cutoff are negligible
in most problems which do not inherently involve undamped high-fre-
quency oscillations. Errors due to high-frequency cutoff are much more
serious in repetitive analog computers (Secs. 1.1 and 8.5), since it is diffi-
cult to design high-gain amplifiers having the required high-frequency
response. One can often improve the high-frequency response of sum-
ming amplifiers and integrators by placing a trimmer capacitor across
each input resistor.! With proper adjustment, the resulting phase lead
may be able to raise the frequency corresponding to 1-deg phase lag by
a factor of 10 or more at the expense of a small resonant peak above this
frequency.

1Bell, H,, Jr., and V. C. Rideout, Precision in High-Speed Electronic Differential

Analyzers, Project CYCLONE Symposium 11, Reeves Instrument Corporation, New
York City.



CHAPTER 5

D-C AMPLIFIERS FOR COMPUTER APPLICATIONS

6.1. PRINCIPLES OF D-C AMPLIFIER OPERATION

Introduction. In direct-coupled or d-¢ amplifiers, finite gain at zero
frequency is obtained through conductive coupling between stages. Such
conductive coupling may involve direct connections or resistive interstage
networks; no coupling transformers or ‘‘blocking’ capacitors are used.!
The output voltage of a d-c amplifier or of any individual stage will, thus,
be sensitive to changes in the input d-c reference level or input voltage

oOuT

Fia. 5.1. D-c¢ amplifier stages cascaded along a common bleeder.

for zero input signal. Connections to the amplifier input and output ter-
minals are usually made also through conductive coupling except in a few
instances, such as in certain differentiating circuits.

Cascading of D-c Amplifier Stages. T'he special nature of d-c amplifiers
gives rise to a number of special design problems. The first among these is
based on the fact that the voltage at the plate of each amplifier tube is
necessarily higher than that at the grid. This makes the cascading of
amplifier stages more difficult than in a-c amplifiers. It is possible to
raise the cathode of the succeeding amplifier stage to a potential suffi-
ciently high to obtain a correct grid bias from the plate voltage of the first
stage. Such a procedure requires high power-supply voltages if several
stages are to be cascaded; Fig. 5.1 shows how the correct supply voltages
for several stages may be obtained from a common bleeder resistor.

1Valley, G. E., and H. Wallman, Vacuum Tube Amplifiers, Chap. 11, Direct-
coupled Amplifiers by J. Gray, MIT Radiation Laboratory Series, Vol. 18, McGraw-
Hill, New York, 1948.
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A number of alternative designs, all essentially based on the circuit
shown in Fig. 5.2, permit operation of several d-c amplifier stages from the
same power-supply terminals. By means of a resistive summing network
comprising the resistances R, and R, (either of which may be replaced
by vacuum or gas tubes in certain designs) a negative bias voltage E. is
added to the voltage appearing at the plate of the amplifier tube. In
this manner any desired d-c reference level may be obtained at the output
of the stage at the price of some signal attenuation due to the summing
network.

+E,
RI
AMAMA————
TO

W R OTHER
2 STAGES

- Eb 3

+E, -E,

F1a. 5 2. Operation of d-¢ amplifier stages from common power supplies.

Balancing of Computer Amplifiers. The output d-c reference level of
practically all d-c amplifiers used in d-¢ analog computing elements must be
equal to the input d-c reference level (usually zero with respect to ground) in
order to make it possible to apply feedback from amplifier output termi-
nals and to interconnect the various computing elements. The desired
output reference level may bhe obtained by means of circuit arrangements
similar to that shown in Fig. 5.2. Accordingly, the d-c amplifiers used in
d-c analog computers will in general require at least two power supplies.
In each case, it will be necessary to adjust one or more of the resistors
determining the voltage levels (see Figs. 5.29 to 5.35) carefully so as to
obtain zero output voltage when the input voltage is zero. This process
is called balancing or zero adjustment.

Drift in D-c Amplifiers. The output voltage of an a-c amplifier is zero
for zero input voltage (except for the effects of various noise sources).
The output level of a d-¢ amplifier, on the other hand, is sensitive to
voltage-level changes throughout the amplifier and tends to change or
drift with time. Drift will result in an unbalance voltage appearing at
the amplifier output terminals in addition to the correct output voltage.
In computer applications, this unbalance leads to errors in the computa-
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tion. Such errors may be especially serious if the unbalance voltage is
integrated by an integrator.

The amount of unbalance due to drift is conveniently measured and
described by the value E of the input d-c¢ voltage needed to cancel the
unbalance or to bring the output voltage back to the desired reference
level. TFigure 5.3 shows a d-¢c amplifier with three stages of gains a,, a,,

<] <
E L — Q, ay a3 -0 )(o
r r ADD
ADD ADD ADD eq
e e
) 2 €3

Fra. 5.3. Effcets of drift in a multistage d-¢ amplifier with feedback.

and a; and a feedback ratio 8. In the presence of an input voltage ¥ and
drift voltages ej, ez, ¢s, €4, the output voltage

01020305 + 1820301 + ax0302 + azes + e4 (5.1)

X, = 1 - (h(lzdaﬁ

will be brought back to zero if
1 1 1
E= - (C[ + a—l €3 + al"az e3 + E{aza; e4> (52)

The value of ¥ is seen to be independent of the feedback networks used.
Equation (5.2) also shows that the effects of drift are most serious in the
earlier stages of a d-c amplifier, since the resulting unbalances will be
amplified by succeeding stages.

The reduction of d-c amplifier drift is one of the most difficult design prob-
lems in the development of d-c analog computers and will be discussed in
detail later in this chapter. The following outline describes the principal
sources of drift together with some possible means of minimizing their
effects. A diagram like Fig. 5.3 is usually helpful for analyzing the rela-
tive effects of various sources of drift in a d-c amplifier.

1. Drift due to changes in plate and bias supply voltages. To reduce drift
due to these causes one employs well-regulated power supplies and,
possibly, some of the compensating circuits described in Sec. 5.3.

2. Drift due to changes in filament voltages. This effect is particularly
serious in the input stage of an amplifier. [One may effectively
say that filament-voltage changes contribute to the value of e; in
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Eq. (5.2)!] For most tubes (diodes, triodes, or pentodes) with
oxide-coated unipotential cathodes,! a 20 per cent change in filament
voltage is equivalent to a grid-voltage change of 0.2 volt. The
effects of filament-voltage changes should be counteracted at least in
the amplifier input stage by means of special compensating circuits
(see Sec. 5.3) as well as through the use of regulated filament
supplies.

3. Drift due to changes in resistance values. This drift can be minimized
by using carbon-film or special wire-wound resistors of known
quality. All critical resistors should be operated well below their
power rating in order to reduce resistance changes due to heating.
For best accuracy, the ambient temperature of the entire computer
may be kept constant by means of a suitable air-conditioning system.

4. Drift due to changes in vacuum-tube characteristics. These changes
are mostly due to variations in the cathode emission. The use of
compensating circuits (Sec. 5.3) as well as aging of the vacuum tubes
to be used will be helpful in this respect.

The magnitudes of the unbalance voltages due to the various drift
sources will depend on the actual circuits in each case. In addition to d-¢
amplifier drift in the strict sense of the word, changes in spurtous d-c input
voltages due to d-¢ leakage (from adjacent high-voltage points) and to d-c
ground currents contribute to the total unbalance voltage.

The Effects of Grid Current in D-c Amplifiers. Grid currents, or cur-
rents flowing from or into the grid, will cause voltage drops across the
input resistors of computing amplifiers and thus lead to errors (distor-
tion) in the machine variables. Even when the input signal is zero, grid
current may cause an unbalance voltage which can often be balanced out
by means of the balancing control. Changes in this zero-signal grid cur-
rent constitute an additional source of drift. Since, for instance, a grid
current of only 0.01 ua flowing in an input resistor of 1 megohm will give
rise to an error voltage of 0.01 volt, it is seen that grid currents may lead to
serious computing errors when their effects are amplified and integrated.

Figure 5.4 shows the variation of grid current ¢, with grid voltage ¢, for
a typical triode operated so that the plate current 7, is constant.?

The current flowing from the cathode to the grid of the vacuum tube
will be negative for sufficiently large negative values of the grid voltage e,
because positive ions of the residual gas in the tube are attracted to the
negative grid. In some tubes, the latter may even emit electrons if some
of the oxide coating from the cathode should be deposited on the grid.
The amount of the negative grid current depends chiefly on the amount

1 Ibid.
2 Ibid.
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of residual gas in the tube and varies from tube to tube. The maximum
allowable negative grid current of one section of a 6SL7 triode is given in
the JAN specifications as 1 ua, but selected tubes may have negative grid
currents as low as 0.02 ua. The JAN specifications for the 6AK5 are
0.1 ua and for the 6SU7, 0.02 pa. It may be helpful to operate the tubes
at low plate, screen, and filament voltages in order to minimize tonization,;
the grid currents of specially evacuated and insulated electrometer tubes
may be kept as low as 10~1° ua throughout their operating range in this
manner.
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F1a. 5.4. Grid current vs. grid voltage for constant plate current in a triode.

As the value of the negative grid voltage is decreased, the grid current
becomes positive owing to electrons flowing to the grid from the cathode.
This positive grid current tends to increase sharply as the grid voltage
approaches zero (see Fig. 5.4) and will be larger for lower plate voltages.
The rise in positive grid current determines the limits of the operating
range with respect to bias and plate voltage or screen voltage in the case
of pentodes.

Practical Balancing Circuits. In order to minimize computing errors
arising from unbalances due to drift, computer amplifiers should be bal-
anced at least every half-hour between computer runs and preferably before
each run.

Figure 5.5 shows a circuit suitable for switching a summing amplifier
into the BALANCE condition which permits convenient balancing without
any necessity for disconnecting the amplifier input and output terminals
from the computer setup. The upper section of the balancing switch or
push button serves to disconnect the amplifier input grid from the com-
puting networks for balancing and to ground this grid through a resist-
ance R, equal to the resistance of the input resistors in parallel. The
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resistance between the input grid and ground is then approximately
the same in the compuTE and BALANCE conditions; for during computa-
tion, either each input terminal is connected to a low-impedance voltage
source (a preceding potentiometer or amplifier) or it is grounded directly
through a closed-circuit jack as shown. Such an arrangement ensures
that the zero-signal grid currents of the input stage are approximately
equal during balancing and computing. The degenerative feedback
through R, also remains operative; while the feedback decreases the

= R,
= Ro
Rs AW —
°‘_.1_—‘WW"—" OUTPUT
T R RESET OR
4 COMPUTE 1
OT’VV\N\«——‘—"O
1 Ry , 0-C =
.__E_WVW_OBALA'NCE AMPLIFIER
] H
| CBALANCING
j_ ! CONTROL
= ! 703
| (K 2
! BALANCING (S
! METER \MA
RESET OR
M GOMPUTE
1
— \
1BALANCE

PN R
Ro= (R *R; "Ry T R,

Fia. 5.5. Switching arrangement for balancing a summing amplifier.

sensitivity of the balance indication, it is necessary to keep high-gain
amplifiers and especially regenerative amplifiers stable during the balanc-
ing procedure.

The lower section of the balancing switch shorts a resistor in series with
a microammeter which can then be used to read the unbalance voltage of
the amplifier output. In the ReEskT and compuTE conditions, the same
meter serves as a voltmeter which permits one to read the amplifier out-
put voltage continuously.

The balancing circuit for a summing integrator shown in Fig. 5.6 is
essentially identical with that for the summing amplifier. During the
balancing procedure, the integrating feedback network comprising the
capacitance C and the resistance R, is operative, and the integrator will
tend to integrate the unbalance voltage. This results in a very sensitive
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balance indication if a sufficient time interval is allowed after each balanc-
ing adjustment. The relay switching the integrator into the compuTE
and reskT conditions is indicated in Fig. 5.6 (no HOLD circuits are shown).
For balancing, the computer is placed in the rReskT condition, and each
amplifier is balanced in turn. The computer is then still in the RESET
condition, ready for computation (see also Sec¢ 7.1).
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Fi16. 5.6. Switching arrangement for balancing a summing integrator.

Many variations of the balancing circuits shown in Figs. 5.5 and 5.6
are possible. The sensitivity of the balancing meter may be adjustable
by means of a range switch. The balancing switches may be replaced
by a relay system which permits one to place all d-c amplifiers in the com-
puter into the BALANCE condition by means of a single switch. It is even
possible to adjust each amplifier balance control by means of a special
servomechanism actuated by the respective unbalance voltage. Gen-
erally speaking, such expensive refinements have been rendered unneces-
sary by the development of the automatic balancing circuits described in
Sec. 5.6.

6.2. D-C AMPLIFIER DESIGN

Design Procedure. Ordinarily, the d-¢c amplifier designer will begin
with a rough idea of the types of circuits and the number of stages needed
to achieve a specific purpose. The actual design of the amplifier then
proceeds stage by stage, usually beginning with the output stage; the
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values of the output voltage and current will, in general, have been pre-
viously specified. After the operating potentials for each tube have been
chosen, the resistive networks needed to obtain the correct operating
potentials from the given voltage sources must be designed. Finally, the
entire design is gone over so as to effect necessary compromises between
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Fra. 5.7. Basic vacuum-tube amplifier (a) and linear equivalent circuit (b).
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F1c. 5.8. Plate-current and plate-voltage characteristics of a triode (a) and of a pentode

).

the characteristics of different stages and also to ensure the high-fre-
quency stability of the amplifier. The amplifier may then be built and
tested.

The operation of a voltage amplifier circuit of the type shown in Fig.
5.7a may be conveniently studied by means of the published plate voltage-
current characteristics of the particular tube used. Figure 5.8 shows sets
of such characteristics for a typical triode and a typical pentode. The
load lines drawn in Fig. 5.8a and b for a particular value of the plate load
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resistor R, serve to show the variation of the plate voltage e, as a result of
the voltage drop 7,R, in the plate load resistor.

From such a set of characteristics, one can read the plate voltage e,
and the plate current ¢, for all values of the grid voltage ¢, for a given tube
and load-resistor combination. The technique of designing amplifiers
from published characteristics is described in detail in the standard text-
books on electronics.!

In the vicinity of any operating point given by the values

Cp = Cpo ip = ipo €g = Cyo

corresponding to zero input signal, the characteristics may be considered
as straight lines, in which case it follows that

bp—=Tpo _ B Om
g — Cgo Tp + R,, !_f_v
T+ Ty (5.3)
€p — €po _ —uR, _ —y Ry
Cy = €y0 rp, + R, "Ry + 1y
where the three derivatives
_ de, _ 9y _de,|
T = a'ip }Ea In = aea:lep k= de, 1p = Tolm (54)

are known as the plate resistance, transconductance, and amplification
factor of the tube, respectively. The linear equivalent circust shown in
Fig. 5.7b is a very convenient aid for deriving approximate linear rela-
tions like (5.3) between voltage and current changes in the corresponding
vacuum-tube circuit of Fig. 5.7a. If the voltage and current changes
take place sufficiently rapidly, the effects of tube and circuit capacitances
must be taken into consideration in the manner shown in Sec. 5.4.

The choice of the operating point cannot be made from a consideration
of the linear equations (5.3) alone, since the values of r,, u, and g, change
with the operating point. Instead, the characteristics shown in Fig. 5.8a
and b must be consulted. The operating point for a voltage amplifier
will be selected so that the gain is as high as possible for the particular
circuit used, while the gain changes due to distortion still remain below a
certain tolerable value, usually about 1 to 2 per cent without feedback.

1 The Radiotron Designer’s Handbook, 4th ed., edited by F. Langford Smith, Radio
Printing Press Pty. Ltd., Sydney, Australia, reproduced and distributed in the
United States by RCA Manufacturing Company, Inc., 1954; Terman, F. E., Radio
Engineers Handbook, McGraw-Hill, New York, 1948; MIT Electrical Engincering
Staff, Applied" Electronics, The Technology Press, 1943; Fink, D. G., Engineering
Electronics, McGraw-Hill, New York, 1938; Valley G. E., and H. Wallman, Vacuum
Tube Amplifiers, MIT Radiation Laboratory Series, Vol. 18, McGraw-Hill, New York,
1948.
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For an output stage, both the voltage and current gain must be suffi-
ciently high, while the distortion is kept within tolerable limits.

Particularly in the case of pentodes, a wide variety of operating condi-
tions is possible, since the various grid voltages can all be varied. The
references given in the footnote on page 198 should be consulted for more
detailed discussions of these questions; an exhaustive treatment of ampli-
fier design is entirely beyond the scope of this book.

The Use of Resistance-coupled-amplifier Tables. In view of the labor
involved in designing d-c amplifiers directly from the tube characteristics,
it may be expedient to adopt vacuum-tube operating conditions similar
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Fia. 5.9. Development of a d-¢ amplifier stage from a resistance-coupled a-c¢ amplifier.
(In the case of triodes, disregard the screcn- and suppressor-grid circuits.)

to those given in standard resistance-coupled-amplificr tables. Such resist-
ance-coupled-amplifier data are given in most tube handbooks and usually
refer to an a-c voltage-amplifier stage of the type shown in Fig. 5.9a,
having a by-passed cathode resistor B.. The tabulated data may be used
to design an ‘‘equivalent” d-c amplifier shown in Fig. 5.9b. This d-c
amplifier will have approximately the same operating point as the original
a-c amplifier if the resistance of the load connected to it is high; this is
usually the case for voltage-amplifier stages. The equivalent amplifier
has fixed bias and, in the case of pentodes, a fixed screen voltage. The
gain will, in general, be slightly higher than that given in the tables, since
the plate load resistance is higher and also because the resistance of the
load connected to the d-c amplifier stage often will be higher than the
resistance R, specified in the tables.

In a-c amplifiers, the value of the plate load resistance R, is often
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limited by the high-frequency response required of the stage. In d-c
amplifiers, it is often permissible to use rather large values of R, and cor-
respondingly small plate currents in order to obtain a large voltage gain.
In the case of pentodes, maximum stage gain can be obtained by using
low screen voltages as well as low plate voltages.! The lowest permissible
values of plate and screen voltages will be determined by the amount of
positive grid current which can be tolerated.

€0-€00

~p(ei-¢ejo)
+pRilip-ipo)

€k-€ko

(@) (®)

Fia. 5.10. Amplifier stage with cathode bias and equivalent circuit.

The Effects of Cathode-bias Resistors and Screen Series Resistors.
If the grid bias for the operation of an amplifier tube is obtained by means
of a cathode resistor in the manner shown in Fig. 5.10a, the net voltage
between grid and cathode becomes

€ = €, — ’ika

The current and voltage changes may again be derived from the equiv-
alent linear circuit as shown in Fig. 5.10b. The grid-to-plate gain of the
stage is
e g ) -
ee—eo  Rp+[r,+ (u+ DR

where e, and e,o are the input and reference input voltages, respectively,
and e, and e, are the output and reference output voltages, respectively.
The grid-to-cathode gain is found to be

(5.5)

ei— e Rp+[r,+ (1+ wRi

1 Gray, op. cit.; Volkers, W. K., Ultra-high Gain Direct-coupled Amplifier Circuits,
lecture presented at the IRE National Convention, New York, 1950; Kaufer, G. E.,
How to Design Starved Amplifiers, T'ele-T'ech and Electronic Industries, January, 1955.

€ — €ko pRy (5 6)
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where e, and e are the cathode voltage and its reference voltage, respec-
tively. All voltages are measured with respect to the point shown
grounded in Fig. 5.10.

The values of 7,, g, and u to be used in Eqs. (5.5) and (5.6) are again
determined by the effective operating point. The latter may be found
from the tube characteristics through successive approximations of the
plate current ¢,.!

+€

F1a. 5.11. A push-pull amplifier circuit.
A comparison of Eqs. (5.3) and (5.6) shows that a tube in the circuit of
Fig. 5.10a acts like a tube of ‘“‘equivalent dynamic plate resistance”

Z=r,+ (1 + pke (5.7)

connected in the simpler circuit of Fig. 5.7a. It is also seen that the
inverse feedback due to the cathode resistor has decreased the gain of
the stage. A similar effect is produced by a screen dropping resistor
used with a pentode; the corresponding analysis is quite complicated.?
Because of the loss in gain, the use of cathode and screen dropping resis-
tors to obtain correct electrode voltaged is often avoided in favor of fixed
voltage sources. On the other hand, the degencrative effect, especially
of the cathode dropping resistor, tends to reduce the effects of amplifier
gain changes and distortion.

It should be noted that in push-pull amplifier circuits like the one
shown in Fig. 5.11, the degenerative effect of the cathode and screen
resistors is canceled or at least reduced because the plate-current changes
in the two tubes oppose each other. 1In such circuits, the full stage gain
given by Eq. (5.3) can be realized in spite of the cathode and screen
dropping resistors.

1 Gray, op. cit.
2 Ibid.
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The Effect of Load Resistance. Each computer amplifier stage will, in
general, be connected to a resistive load of resistance RE., say; the load
may be returned to ground or to some fixed voltage source of voltage E.
with respect to ground as shown in Fig. 5.12.

The effect of the load on the amplifier performance is best analyzed by
drawing a new load line across the characteristics of the amplifier tube.
Such a load line is shown in Fig. 5.12b for a triode amplifier and expresses
the relation between the plate voltage ¢, and the plate current 7, as

Ep

EcRp+EpRL
p+RL
-—»ep(VOLTS)

(@) ®)

>
SRy
[ oeg—eq,

“J-(eq - ego)
(ip=ipo}

(c)
}“am. 5.12. Tllustrating the analysis of a simple amplifier stage with a load of resistance
y

determined by the values of R,, R, Ky, and E,. The value of Ry for
many voltage-amplifier stages is,so large that the effect of the load is
negligible, so that the load lines of Fig. 5.8 can still be used. This is not
usually true in the case of output stages. When the operating point on
some desirable load line has been chosen, it is possible again to use the
linear equivalent circuit for the vacuum tube to derive the voltage and
current changes. Figure 5.12¢ shows the linear equivalent circuit for Fig.
5.12a. The stage gain is now ecasily derived by substituting the total load
resistance

’r _IEpRL
B =Rt R
for the plate load resistance in Eqs. (5.3). Similar equivalent circuits
may be used to derive the gain of other loaded amplifier stages.

(5.8
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Interstage Coupling. The design equations for the coupling resistors
used to establish the correct d-c reference level at the grid of the succeed-
ing stage may be derived directly from the circuit of Fig. 5.13. Suppose
that the positive and negative power-supply voltages E;, and E. as well as
the reference voltage e, at the plate have been chosen and that it is
desired to establish a reference voltage level Fo at the grid of the succeed-

Ep(>0)

Rp

eO - AWV * E °
p

Ec(<o)
Fia. 5.13. Design of interstage networks.

ing tube. Then the required values of the resistors B, and R, making up
the interstage coupling network may be derived from the relations

— K
Ry = - G0 T fioo
TR e R, (5.9)
Rz - hou “ Iae R‘,

Eb — €Cov — Z.,,Rp

The stage gain (e, — €00)/(e. — €.0) may be derived as shown in the
preceding paragraphs. The combined gain of the amplifier stage and
coupling network is

E, — iy __ € — €y R,

6 —co 6= cnltit R (5.10)

It may be seen that the loss of gain due to the interstage resistive network
can be reduced by increasing K. and, therefore, R,.

6.3. SPECIAL D-C AMPLIFIER CIRCUITS

Some Special Applications of Gas-filled and Vacuum Tubes. It is
often desirable in d-c amplifier circuit design to have circuit elements
whose incremental resistance (z.e., the ratio between corresponding volt-
age and current changes) is different from their d-c resistance (correspond-
ing to the ratio of the total voltage and current).
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Figure 5.14 shows the use of a voltage-regulator tube or simply a neon
bulb as a circuit element of low incremental resistance in an interstage net-
work. The gas-discharge tube will tend to maintain a constant voltage
across its electrodes. Accordingly, in the circuit! shown, the gas tube
permits one to bring the voltage at the grid of the second stage to the
desired level without any loss in gain due to the interstage networks.

The gas-discharge tube acts like an infi-

+ nitely small resistance with respect to

voltage changes while still maintaining a
VR 105, 150 OR finite d-¢ voltage across itself. The
NEON BULB,ETC. capacitor shown in Fig. 5.14 serves to by-
pass any noise which might be generated
by the gas-discharge tube.

Some examples of the use of the dy-
namic plate resistance

Z=r,4 (p+ 1R,

Ec of a vacuum tube to obtain a high incre-
Fia. 5.14. Use of a gas-discharge 0,101 pogistance have already been
tube in an interstage coupling . .
network. shown in Sec. 4.4. Figure 5.15 shows
four examples of the use of vacuum
tubes as circuit elements of high incremental resistance in d-c¢ amplifier
circuits. Figures 5.15a and b illustrate the use of a vacuum tube for
simulating a large plate load resistance in an amplifier and a large cathode
resistance in a cathode follower, respectively. In cither case, a large
load resistance is simulated, whereas the d-c operating voltages on the
electrodes of the amplifying tube can still be reasonably high. Arrange-
ments of this type often result in better linearity than is possible with
circuits using resistors. Figure 5.15¢ shows the use of a tube as the
common cathode resistor in a differential amplifier. In this circuit, the
high effective cathode resistance helps to make the output voltages of the
two halves of the amplifier more nearly equal and opposite (see page 210).
Figure 5.15d shows how the dynamic plate resistance of a triode may
be used to decrease the attenuation of an interstage coupling network.
In this circuit the tube acts like a large incremental resistance while still
maintaining the correct operating voltage at the grid of the succeeding
stage.
Compensation for Supply-voltage Changes: Bridge-balanced D-c
Amplifiers. The two vacuum tubes used in the series-compensated
amplifier? shewn in Fig. 5.16a form two arms of a bridge. If the output

Rz

1 Miller, 8. K., Sensitive D-c Amplifier with A-¢c Operation, Electronics, November,

1941.
* Artzt, Maurice, Survey of D-c Amplifiers, Electronics, August, 1945.
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Ec (o) (d) E¢

F1a. 5.15. ixamples of the use of the dynamic plate rosistance of a vacuum ‘tube to
obtain high incremental resistance.

th
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F1c. 5.16. Bridge-balanced (series-compensated) d-c amplifier stages.
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voltage is taken off at the terminals indicated in the diagram, the zero-
signal output voltage can be balanced to zero by adjusting one of the
cathode resistors as shown and will then be, to a first approximation at
least, independent of plate and filament supply voltage variations. If a
load of resistance Ry is connected between the output terminals, the volt-
age gain is given by

e.—eo (w+ DR +r, +2R.+R

€~ oo — kR (5.11)

assuming that two identical tubes of amplification factor u and plate
resistance r, are used.

The compensation for cathode-emission changes in such arrangements
will be best if the two tubes are as closely identical as possible. Two
tubes in one envelope may be used if the cathode-to-filament voltage
rating of the tube is not exceeded. It may still be difficult to match the
operating conditions for the two halves of the tube accurately, since the
two cathode-to-filament voltages cannot be made equal.

The gain given by Eq. (5.11) will assume the value u/2 if By is infinitely
large. The value of u/2 may be as high as 4,000 for pentodes. This high
gain is predicated on the high effective load resistance afforded by the
dynamic plate resistance of the tube V,. Equation (5.11) shows that
the gain will decrease substantially if ¥, must be by-passed by a finite
load resistance R;. In such cases, the gain of the circuit shown in Fig.
5.16b is, if R, = 2Ry,

€ — €90 _l-‘RL ¢

= en  rp+ 2R+ 2R, + R (5.12)
which is somewhat higher than that of the circuit of Fig. 5.16a for the
same circuit constants.

A new type of bridge-balanced d-¢ amplifier circuit,! shown in Fig.
5.17a, has all the advantages of series compensation, and, at the same
time, its output voltage has the same d-c reference level as the input
voltage. In Fig. 5.17a, this has been made possible through the use of a
single floating power supply. This circuit is particularly suitable for
small, portable feedback amplifiers for battery operation, in which case
the floating power supply may not be objectionable. The gain of the
circuit of Fig. 5.17a is the same as that given by Eq. (5.11) for the circuit
of Fig. 5.16a.

If it is desirable to cascade several stages using common power sup-
plies, the circuit of Fig. 5.17b may be used.

1 Korn, G. A., and T. M. Korn, Bridge-balanced D-¢c Amplifier, Radio and Television
News, Engineering Edition, January, 1950.
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Figure 5.18 shows two low-impedance driver circuits (current ampli-
fiers) using series compensation. The gain of each circuit is

ﬂz — €00 — . i/"'_IEE I (5 13)

e—eo T+ @+ DR+ (w+2)BL+ R )
where the positive sign applies to the circuit of Fig. 5.18a and the nega-
tive sign to the circuit of Fig. 5.18b.

+

(@)

(b)
F16. 5.17. A new type of bridge-balanced d-c amplifier circuit.

The output reference level of a series-compensated amplifier stage is
particularly insensitive to changes in the plate-supply voltage. It is
possible to turn the plate supply on and off without changing the output
reference level. As a-matter of fact, in certain applications, bridge-
balanced amplifiers have been operated with alternating current on the
plate without adverse effects.!

1 Artzt, op. cit.
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Special Circuits for the Compensation of Filament-voltage Changes.
It has been mentioned in Sec. 5.1 that the d-c amplifier drift due to fila-
ment-voltage changes is particularly serious, since filament-voltage
changes affect each amplifier stage exactly like input voltage changes.
It is, therefore, customary to use some type of compensating circuit at
least in the input stage of good-quality d-¢ amplifiers. The technique of
" series compensalion has been described above; a number of other com-
pensating circuits will be described in the following paragraphs.

1l
i|i}

(b)

F1a. 5.18. Bridge-balanced low-impedance driver circuits.

Figure 5.19a shows how the effects of filament-voltage variations in an
amplifier tube V; may be at least partially compensated by means of a
diode V5 having the same filament voltage as V. When the filament
voltage changes, the diode plate current flowing through the cathode
resistor R; changes accordingly. The resulting bias change tends to
compensate for the effects of the original filament-voltage variation.
Tubes with diodes using the same cathode as the triode or pentode ampli-
fier tube V', are especially useful in this circuit, since the characteristics
of the cathode circuits of the two tubes are more nearly identical in this
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case.! It is also possible to use the control grid of certain beam tetrodes,
particularly of the type 6V6, instead of the diode plate; in this case, the
screen grid functions as the control grid (see Fig. 5.190). If the circuit
constants are chosen correctly, quite effective compensation may be

4250 VOLTS

330K

5K

-I5 VOLTS
(@) (b)
Fr1a. 5.19. Circuits for the compensation of the effects of filament-voltage changes.
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F1g. 5.20. Differential-amplifier circuits.
obtained, since the cathode of the diode and the cathode of the amplifier
tube are actually identical in this circuit.

Probably the most commonly used circuits for compensation of the
effects of filament-voltage changes and cathode emission are the differ-
ential amplifiers treated below.

The Use of Differential Amplifiers. In the two circuits shown in Figs.
5.20a and b, each of the two tubes acts as a cathode follower driving the

t Gray, op. cit.
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cathode of the other tube. The changes in the output voltages of these
circuits may be obtained as functions of the corresponding changes in
the input voltages through the use of linear equivalent circuits in the
manner outlined in Sec. 5.2. Assuming that the two tubes are identical
types in each case, the analysis shows that for the circuit of Fig. 5.20a,

“ —
@““”“f;whkmﬂ+kn@’em
RO R+ 1)

r+

Tp

N + 1R,
- . - 5.14
1 + ZTP + rﬂ(rli + R ) ((‘l 010) ( )

R,Ri(u + 1)
and for the circuit shown in Fig. 5.20b,

R
(eol - eoo) = #’_ P ]
¢ Ry +1p
By + 1) [z + o #)Rk]
Rn + Tp
[(62 — e30) — (e1 — ew) [1 + o I)Rk]} -
(o2 — €00) = -  —— = wlRy .

Ry+r,
Ry + 75) [2 + u)Rk]

[(01 — e1) — (ea — €20) [

R, + 1 :ll
(Il+ 1)[1)1: ,

In each case, ¢1o and ez are the reference levels of the input voltages
e; and e, respectively. From Egs. (5.14) and (5.15), it may be seen that
the output voltages of these circuits are, for sufficiently high values of u
and Ry, approximately proportional to the differences of the two input
voltage changes. For this reason, such circuits are referred to as differ-
ential amplifiers. The circuit of Fig. 5.20b permits output voltages of
either sign to be taken off. The flexible properties of differential ampli-
fiers of this type make them extremely useful in many circuit applica-
tions. Some of their many interesting properties are listed below:

1. Compensation of the effects of power-supply voltage changes in the input
ctrcutts. Since the output voltages of differential amplifiers are approxi-
mately proportional to the differences between the two input voltages,
changes in the input voltages due to power-supply voltage variations
common to_both input circuits will tend to cancel out. In order to make
the output of a differential amplifier as closely proportional to the differ-
ence between the two input voltages, it is advisable to use tubes having a
high amplification factor u and to use a high value of the cathode resistor
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Ri. The latter is made possible through the use of a large negative volt-
age for the cathode return. Otherwise, the plate currents may become
too small, and the amplification factors of the tubes may decrease; it is
also possible to replace Ry by the dynamic resistance of a tube in the man-
ner shown in Fig. 5.15¢. One might think that pentodes would be par-
ticularly useful as differential-amplifier tubes because of the high value
of u. The value of r, for pentodes is, however, so high that Eqs. (5.14)
and (5.15) show that pentodes are not preferable to high-u triodes in this
~ application. Specially matched double triodes, like the 6SU7 or 5691,
are most suitable and also have a low

negative-grid-current rating. —~Ep

2. Compensation of the effects of
cathode-emission changes. Changes
in the cathode emission due to
filament-voltage changes and other
causes are equivalent to voltage
changes common to both input
circuits of differential amplifiers.
They are, therefore, at least partially
canceled. Figure 5.21 shows a
special circuit for canceling the effects
of filament-voltage changes more
accurately (the so-called Miller Fia. 5.21. Miller compensator.
compensator circuit).! It may bhe
shown that the resistance below the cathode resistor tap in Fig.
5.21 should be equal to r,/u. In order to make the compensation reason-
ably permanent, the tubes should be aged for a while and cycled several
times through the extremes of heater voltage before the adjustment is
made.?

The value of Ry is not critical hut should be between two and eight
times the value of r,/u. The adjustment is best made by observing the
output voltage while changing the heater voltage.

3. Compensation for the effects of changes in plate- and bias-supply volt-
ages. Figure 5.22 shows a differential amplifier arranged for compensa-
tion of the effects of changes in plate and bias voltages. If the same
power supplies are used for all stages of an amplifier, the circuit of Fig.
5.22 may be arranged so as to serve as a compensating circuit for the
entire amplifier. At the same time, the circuit still provides a measure
of compensation for the effects of changes in its own cathode emission.

Generally speaking, the plate and bias supplies in d-c analog computers
are well regulated for reasons other than the prevention of amplifier drift

1 Miller, op. cit.

2 Gray, op. cit.

o OUT
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(see Sec. 7.4). Accordingly, circuits permitting compensation for plate-
voltage variations are not too frequently used in computer amplifiers.

4. Another significant advantage of differential amplifiers is that they
permit the output voltage to be taken off either with or without a sign reversal
referred to the tnput voltage. 'This allows great flexibility in various appli-
cations, particularly in circuits involving feedback around one or more
amplifier stages.

Ec
F1a. 5.22. Compensation for the effects of plate- and bias-supply voltage changes

5. A differential amplifier makes it possible to mix two voltages by taking
their difference. In this manner, one may, for instance, introduce an
adjustable balance voltage for setting the output reference level of a d-¢
amplifier. Again, feedback voltages may be conveniently introduced at
one of the two grids in the sense desired for either degeneration or
regeneration.

6. In differential amplifiers, the plate currents of the two tubes are
approximately equal and opposite, and for this reason, cathode bias can
be used in a differential stage without any corresponding loss in gain through
degeneration.

7. Push-pull computer amplifiers may be arranged by cascading sym-
metrical differential amplifiers. Push-pull amplifiers permit one to obtain
output voltages of either sign; they may thus be used to eliminate phase-
inverting amplifiers in computer setups.

Several examples of d-c amplifier designs utilizing these properties of
differential amplifiers are presented in Sec. 5.5.

Output Circuits. As mentioned in Sec. 5.1, the output reference level
of d-c amplifiers used in computer applications must be the same as the
input reference level, usually zero with respect to ground. Figure 5.23
shows a number of output circuits suitable for computer amplifiers. Fig-
ure 5.23a represents the already familiar arrangement using a bias voltage
E_; to bring the reference voltage of the output terminal to ground level.
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The trouble with this arrangement is that, in an output stage, a reasonable
amount of current may have to flow through the load, so that a consider-
able amount of power might be wasted in the coupling network. In such
cases, the circuit of Fig. 5.23b is preferred. In this frequently used
arrangement, the reference voltage of the output-tube plate itself is
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F1a. 5.23. OQutput circuits with zero d-c reference voltage with respect to ground.

brought to ground level by the hias voltage ... In this circuit, a sepa-
rate bias supply must be provided to supply grid bias for the output tube
unless cathode-resistor bias is used. This, in turn, would result in a
decrease in gain together with an improvement in the linearity of the out-
put stage.

The degeneration due to a cathode resistor may be avoided through the
use of a differential amplifier output stage, as shown in Fig. 5.23c. Cathode-
follower output, as shown in Fig. 5.23d, may be used with good results; such
an output stage will, however, not contribute to the voltage gain of the
amplifier. Finally, series-balanced circuits similar to those in Figs. 5.16,
5.17, and 5.18 are very useful as output stages; their current requirements
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are relatively low and do not vary appreciably over a wide range of output
voltages (Figs. 5.29¢ and 5.41).!

5.4. STABILIZATION OF FEEDBACK AMPLIFIERS

Introduction. The operational amplifiers used in d-c¢ analog computers
are special types of feedback amplifiers. Thus, the parallel-feedback
types of operational amplifiers constitute feedback loops like that shown
in Fig. 5.24.

It is convenient to discuss the response of feedback amplifiers in terms
of the responses to sinusoidal components of
B(P) the applied voltages. It is possible to prove
L — that feedback amplifiers like that shown in Fig.
4 5.24 will break into uncontrolled oscillations if,
for some range of frequencies, the phase shift

A(P) : inherent in the loop transfer function AB deviates
from 180 deg by more than 180 deg while the
D-C AMPLIFIER absolute value of AB is equal to or greater than

Fra. 5.24. Feedback loop
formed by a parallel-feed-
back operational amplifier.

unity.? Intuitively speaking, the feedback
will then be sufficiently regenerative to make
the amplifier unstable. In order to design
amplifier circuits which climinate the possibility of uncontrolled oscilla-
tions, it will be necessary to investigate the frequency-response character-
istics of typical d-¢ amplifiers in detail.

The Effects of Tube and Circuit Capacitances: Computation of Stage
Transfer Functions. With d-c amplifiers, no oscillations due to excessive
phase shifts are experienced at low frequencies, but careful design is nec-
essary in order to prevent regeneration at frequencies higher than the
actual operating frequencies. At such frequencies, the effects of tube and
cireuit capacitances must be taken into consideration.

A typical simple d-c amplifier stage like that shown in solid lires in Fig.
5.25a will be analyzed by reference to its linear equivalent circuit. It will
be possible to analyze the high-frequency behavior of special d-¢c amplifier
circuits such as cathode followers or differential amplifiers in an exactly
analogous manner.

1 Revis, J. T., High Power from Miniature Tubes, Electronic Design, April, 1956.
2 This may be derived from the general necessary and sufficient condition (given in
H. W. Bode, Network Analysis and Feedback Amplifiers, Van Nostrand, Princeton,
N.J., 1945) that, for stability, all roots M of the characteristic equation must have posi-
tive real parts. Assuming that all circuit constants including the load and source
impedances are given, the characteristic equation of the feedback loop shown in Fig.
5.24 is simply
1 —AMNBMN) =0 (5.16)
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The high-frequency equivalent circuit for the amplifier stage of Fig.
5.25a is shown in solid lines in Fig. 5.25b. This circuit is based on the
familiar circuit of Fig. 5.7b with the addition of the capacitances C’ and
C!. () is the output capacitance of the tube V, given in the tube manual
plus an allowance of about 5 to 10 uuf for distributed circuit capacitance.
C: is the input capacitance of the succeeding stage, also plus an allowance

Eo~Eoo

(b)

Fia. 5.25. D-¢ amplifier stage and linear equivalent circuit at high frequencics.
The broken lines show high-frequency stabilization networks.

of 5 to 10 uuf for circuit capacitances. If V,is a triode, a portion of the
input capacitance will be due to the Miller effect.! In this case

C! = grid-cathode capacitance + (1-stage gain) grid-plate capacitance +
circuit capacitance

The effects of capacitances in the cathode and screen circuits have been
considered as negligible.

The circuit of Fig. 5.25b will act somewhat like two cascaded integrat-

1 Miller effect is & common term for the amplification of the grid-plate capacitance

in certain amplifier stages. The effect is analogous to the operation of the parallel-
feedback integrator discussed in Sec. 4.5.
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ing networks (Sec. 4.3); the effect of the tube and circuit capacitances will be
to introduce gain changes and phase shift at the higher frequencies. The
circuit of Fig. 5.25b consists essentially of four admittances!

1 1
Yi=— 0 s Yo=C'P+
! rp+(1+#)[‘)'k 2 0P+Rp (5 17)
_1 — (v 1 ’
Vi=p Vi=CP+ 5

arranged in the general circuit of Fig. 5.26. Since the currents flowing to

€0~ €00
Yy ; Y3

-d(e,—e o) LYZ Ya

L

Fi1a. 5.26. More general equivalent circuit for an amplifier stage having no subsidiary
feedback loop.

Eo~Eoo
—0

any point of the circuit must add up to zero, one obtains the nodal
equations

[(eo — €00) + nle. — :0)]Y1 4 (60 — Co0) Yo + [(€s — €00) — (Fo — Fo)]YV5
=0 (5.18)
[(Eo — Es) — (eo — €)]Y 3+ (Ko — Eo) Yy =0

and hence the transfer function
E, — Ko Y.Y;

;T:‘ €10 - H YiVs+ YVhYa+ YoY3+4 Y, Yy + Y3V,
Computation of the Amplifier Output Voltage and of the Feedback
Transfer Function. In the computation of the amplifier output voltage
and of the feedback transfer function B(P), the effects of tube and circuit
capacitances must also be taken into consideration. Figures 5.27a and b
show linear equivalent feedback circuits for a summing amplifier and a
summing integrator, respectively ; it is seen that, in the computation of the
loop transfer function AB, the output stage and the feedback networks of
a parallel-feedback amplifier may be treated together just like the ampli-
fier stages discussed above.
Properties of the Loop Transfer Function. The loop transfer function
AB will be the product of the transfer functions (5.19) for each stage; the
amplifier output stage and the feedback networks will be considered

(5.19)

1 The admittance Y of any two-terminal circuit is the ratio of corresponding current
changes through the circuit to voltage changes across the circuit. The admittance is
thus the reciprocal of the impedance of the circuit.
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together as one stage. Ag, as a function of P, will be of the general form
f 1(1’)
A - 5.20
where f1(P) and f:(P) are polynomials in P. It is possible to show that!
1. The degree of the polynomial f2(P) is always greater than the degree
of the polynomial fi(P).

Cc
— e e — - — ~
i R -!
+ VW
% AMPLIF ;
RS RS Ry R IFIER |
I o | 1] .
CS-;: = Cb N 3 cai: 1 =:C°
I L% ) —_—]
g = = -

—%--1 ——— e

> S AMPLIFIER "o {
Rg ¢ " "

TCi RgZ | TCi +Co

=
W
20
N
—W
P
w
AL’

(b)

Fia. 5.27. Equivalent circuits for a summing amphher (a) zmd a summing integrator
(b). 7 is the amplifier source impedance, and ¢! and €. are amplifier input and
output shunt capacitances. C., ¢, and C mcludc the effects of cables and patch
bays, which may give rise to shunt capacitances as large as 1,500 upf. Possible
stabilization nectworks analogous to those in Fig. 5.25 are indicated in broken
lines; sometimes (!, is increased artificially to improve stability.

2. If the interstage networks contain only resistances and capacitances,

and if no subsidiary feedback loops are used, then the roots s, of

@) =
as well as the roots sj, of

Jo(P) =
will be real and negative. The s, are the zeros and the s are the
poles of the loop transfer function Ag.

The first theorem simply expresses the fact that the loop gain must
eventually decrease as the frequency of the input voltage is increased.

1 Bode, op. cit.
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Equation (5.20) may be rewritten in the form

—k(P — s)(P — sz_)

P =P =8 - (62
where k is a positive real constant. For steady sinusoidal voltages repre-
sented by

AB =

X = Xeior
the complex loop gain Af is obtained by replacing each P in Eq. (5.21)
by jw:

(Jw — 81)(Jow — s3) -

g = —k(jo — 81)(jw — 32) (5.22)

The absolute value of A8

(@
=k \/( 2 ) (w? F sy - - - (5.23)

is the rms or peak loop gain for sinusoidal voltages of circular frequency
. The phase shift ® corresponding to Eq. (5.22) is

d =7+ [arc tan <_“.’> + arc tan (,—_“’) 4+ - - ]
S 8o
— [arc tan (_ > + arc tan( ff’) + - ] (5.24)
81 A

The equations (5.23) and (5.24) permit one to plot the loop gain and the
corresponding phase shift! against the circular frequency w or against cach
other in order to determine whether the feedback amplifier is stable.
This will be the case if ¢ does not differ from 180 deg by more than 180 deg
while |AB| is greater than unity.

High-frequency Stabilization Networks. Equation (5.24) shows that
the phase shift associated with the loop transfer function (5.21) is inti-
mately associated with the poles s; and zeros s, of that function. Each
pole s; contributes a phase lag ®, of 45 deg at w = —s. As w increases
further, this phase lag ®; increases to 90 deg as given by

w
&) = arc tan <:§L)

Although each of the terms (jw — s) in the denominator of Eq. (5.22) also
acts to decrease the loop gain with increasing frequency, this effect may

1 The loop gain and the phase shift are not independent of each other; the relations
existing between these two quantitics have been made the basis of a very elegant
graphical analysis method. See H. M. James, N. B. Nichols, and R. S. Phillips,
Theory of Servomechanisms, MIT Radiation Laboratory Series, Vol. 25, McGraw-Hill,
New York, 1947,
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not be sufficient to keep the amplifier stable if the d-¢ gain (gain for
w = 0) is high. Each zero s. of the function (5.21), on the other hand,
contributes a negative phase lag which can partially cancel the phase
lag due to the poles s;; each zero s, contributes a (negative) phase lag

$, = — arc tan <_—9’s>

equal to —45 deg for w = —s, and tending to — 90 deg with increasing w.

The values of the zeros s, and the poles s;. are relatively easily computed
from the transfer functions of each stage. An inspection of the expres-
sion (5.19) for a stage transfer function shows that each stage of the type
shown in solid lines in Fig. 5.25a can contribute two poles s;; zeros can be
contributed only by feedback networks such as those of the integrator
shown in Fig. 5.27b.

A practical method for canceling some of the phase lag due to the poles s; of
the loop transfer function is to introduce suitable zeros artificially. The
dotted lines in the d-¢ amplifier circuit of Fig. 5.25a and b show two high-
frequency stabilization networks (lead nctworks) used for this purpose.
The by-pass capacitor C, modifics the admittance Y;in Egs. (5.17), which
becomes

Yi= g +CP (5.25)
1
whereas the network made up of R, and C, changes the original value of
the admittance Y, to
Y, = 1 + C.P + Lb (5.26)
TR, ° RC.P + 1 o
These two networks may also be used separately.

On substituting Eq. (5.25) into Iq. (5.19) it will be seen that C. intro-
duces a zero into the stage transfer function and thus also into the loop
transfer function. The R,(', network will introduce a zero but also a new
pole; in gencral, the latter may, however, be made to correspond to so high
a circular frequency w that it will do no harm.

It will be desirable to modify the circuits so that the values of the zeros
and the first poles of the loop transfer function Ag alternate as shown by
the sequence

81<81<8;<82<S;°

If this is true, and if there are less than three more poles than there are
zeros, the phase shift will differ by less than 180 deg from 180 deg for all
finite values of the circular frequency w, and the amplifier will be stable for
all negative values of the d-c gain. This goal cannot always be achieved
in practice, but stabilization networks may be employed in the majority
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of cases to stabilize d-c amplifiers for all practical values of the d-c gain.
A practical design method will be presented below.

Practical Design Method. The computation of the poles and zeros of
each stage transfer function from the expression (5.19) is straightforward
but somewhat tedious. The following is a simplified method for the
design of high-frequency stabilization networks.

Cc
I AN °
€o=€50 Ri | Eo—Eoo
1

rpt DR
E\/\(/u) ! » - €o~€o0
L2 L .
CeCy' L0 EqE
. ! R e o Eoo
=pu(ei-eo) Co :I: P I Ci+Ce Re
(b)
fot(u+1)Ry €o-oo
R
. R
=pM(ei—€y0) w 1+ CeCi L Rp s Eo~Eoo
COECO+C +c"I R2
°’\
STABILIZATION
(c) NETWORK

Fre. 5.28. Design of high-frequency stabilizing networks.

In single-stage amplifiers, no stabilization will be needed. In d-c
amplifiers having two or more stages, the first step ¢s to eliminate the phase
lag due to the interstage coupling networks (R1, R, and C; in Fig. 5.28a) by
means of a by-pass capacitor C.. The modified interstage coupling net-
work, shown in Fig. 5.28a, has the transfer function

E,— Eo_ R L+ RCP 5.27)
€0 — €90 Rl + R2 R1R2 ) )
1+ R + B, (C:. + CHP
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If the value of C. is chosen so that

a=a% (5.28)

Eq. (5.27) reduces to

E,— En _ R
e — o Ri+ R, (5.29)

The only effect of C. and C; is now to add to the capacitance C, loading
the first tube. The new simplified equivalent circuit for the stage is
shown in Fig. 5.28b. In practice, the value of the capacitance C. should
be chosen slightly in excess of that given by Eq. (5.28), so that all phase
lag due to the interstage network will be eliminated with certainty.

After this simplification it will be much easier to compute each stage
gain. For a two-stage amplifier, no further stabilization will be neces-
sary. For amplifiers having more than two stages, further stabilization
may be needed. Figure 5.28¢ shows the simplified equivalent circuit of
Fig. 5.28b with the addition of a stabilization network comprising the
resistance R, and the capacitance C,. If Eq. (5.28) is assumed to hold,
the stage transfer function is

1
Eo - l’}oo T —K (P + C'aRa)

€ — €o I?%;SIECL’C,) —.{:‘P—(R;(,', + T;,C:,' F T;,C,) Fi (5.30)
where
0 = Ot
o Rfrt (0t WRIB R
? Ry(Ri+ Ro) +[rp+ (1 + p)RI(Ry, + By + Ry)
K = o wnpfRC
(R1+ Ry)[r, + (1 + w)Ry]
This is of the form
Eo— Ew _ _ —k(P —8) . R
e —tw _(Pos)P—zy Vb s=-—pE (63D

It is seen that one zero and two poles will be associated with each stage
incorporating stabilization networks of the type described if (5.28) holds
exactly (in general, there will be two zeros and three poles).

If it is permissible to assume that

R, K1, and C)!KC, (56.32)
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the poles s; and s; are given by

' L , 1
BT TRCOT T TAC
80 PV

With the location of the poles and zeros given by such relatively simple
formulas, it is not too difficult to choose the correct values of the circuit
constants for each stage.

Numerical examples showing the design of high-frequency stabilizing
networks are found in several textbooks on amplifier design.! As an
interesting exercise, the reader might compute the zeros and poles of the
loop transfer function for a summing amplifier using the circuit of
Fig. 5.33.

All stabilization metworks for feedback amplifiers must be designed with
large safety factors (perhaps 10-db amplitude margin) in order to allow for
tolerances in the amplifier components as well as for the usually rather rough
estimates of the distributed capacitances. Each circuit must be tested for
stability; if the initial design was sound, any remaining oscillations can
usually be eliminated experimentally by shunting one or more of the inter-
stage coupling resistors (22; and R, in Fig. 5.25a) with small capacitors.

Whenever stabilizing networks are introduced in operational amplifiers,
care should be taken that they do mot alter the transfer function of the opera-
tional amplifier within the range of expected signal frequencies.

Stability Analysis of More Complicated Circuits. In principle, all
linear feedback circuits may be analyzed by means of equivalent circuits
in the manner outlined above. A number of elegant graphical methods
have been developed to facilitate such analyses; the reader is referred to
the textbooks? on this subject. A detailed discussion, e.g., of the stabil-
ity of regenerative amplifiers, is beyond the scope of this book.? One can
often combat a tendency to high-frequency instability in regencrative d-c
amplifiers by decreasing the amount of regeneration at the higher
frequencies.

Over-all Stability of Computer Setups. The stability of individual
computing clements is no guarantee of the high-frequency stability of
computer setups consisting of cascaded computing elements. Quite fre-
quently, loops of computing elements with loop gains in excess of 20 will
break out into uncontrolled high-frequency oscillations. This is due to
the addition of small phase shifts associated with each computing element
and possibly also to stray coupling between computing elements. These

(5.33)

! Valley and Wallman, op. cit.; Bode, op. cit.

2 Ibid.

3 In amplifiers containing subsidiary feedback loops, the poles and zeros of the loop
transfer function need no longer be real but may occur in complex conjugate pairs.
Each pair can give rise to phase shifts in excess of 90 deg.
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considerations establish limitations of the computer setups possible, espe-
cially when fast time scales are used.

6.6. PRACTICAL EXAMPLES OF COMPUTER-AMPLIFIER DESIGN

The following examples! of practical d-c amplifier eircuits used in com-
puter applications will serve to illustrate the design principles presented
in the preceding sections. Examples of computer amplifiers using auto-
matic balancing are shown in Sec. 5.7. A brief discussion of the physical
construction of computer amplifiers is given in Sec. 5.9.

D-c Amplifiers with a Single Voltage-amplifier Stage. Figure 5.29a
shows a simple pentode amplifier suitable for use in applications which do
not require great accuracy, e.g., in simple repetitive computers. The gain
of this circuit is about 150. No special circuits for drift reduction are
employed.

The regenerative integrator circuit shown in Fig. 5.29b was devcloped at
the Massachusetts Institute of Technology? and is capable of good inte-
gration. The circuit may be quite susceptible to drift and distortion; in
the version shown, moreover, the output voltage reference level is not the
same as the input reference Ievel. But with a suitable clamping device (see
Sec. 8.5), this circuit might make a satisfactory integrator for a low-cost
repetitive computer; in this application, only one power supply is needed.

The principles of Figs. 5.29a and 5.29b are combined in the Donner?
regenerative d-c amplifier shown in Fig. 5.29¢. This simple and useful cir-
cuit is a modified version of a design developed at the U.S. Naval Ord-
nance Test Station, Inyokern,* Calif., and widely used as a low-cost oper-
ational amplifier at the University of California in Los Angeles and in
Beckman computers (see also Sec. 8.4). A new Donner feature is the
series-balanced output cathode follower, which reduces current require-
ments and, to some extent, amplifier drift.

Multistage-amplifier Circuits Requiring Only Two Power Supplies.
The simple two-tube d-c¢ amplifier circuit shown in Fig. 5.30a, developed
at the University of Michigan,® incorporates a differential-amplifier input
stage for drift reduction, a triode voltage-amplifier stage, and a cathode-
follower output stage. Only one tube type is used, and only two power
supplies are needed.

1 All amplifier specifications presented in this chapter arc based on manufacturers’
ratings.

2 Greenwood, Holdam, and MacRae, op. cit.

3 Donner Scientific Company, Berkeley, Calif.

4 U.S. Patent No. 2,581,456, granted January 8, 1952, to I. H. Swift. See also
NOTS Inyokern Tech. Memo 4529-23, dated Nov. 16, 1949.

5 McDonald, D., Analog Computer for Servo Problems, Rev. Sci. Instr., 21: 154,
1950.
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Each of the Philbrick! two-tube amplifiers shown in Figs. 5.30b and
5.30c employs a differential-amplifier input stage and a regenerative out-
put stage. These amplifiers are neatly packaged plug-in units (Fig.
5.31a); Fig. 5.31b shows four such amplifiers plugged into a larger chassis
containing the requisite power supplies, balancing potentiometers, and a

+350V +350V

od

0.56M

ouT
Q.56M

-i90Vv

6ACT
Fr1a. 5.29a. Simple one-tube d-c amplifier.

6SL7

Fia. 5.29b. Simple regenerative integrator with cathode-follower output. (Output
is not at the same reference level as input.)
simple patch bay. The Philbrick plug-in amplifiers are suitable for repet-
itive analog computers (Sec. 8.5) as well as for ‘“‘slow”” d-c analog com-
puters and may serve as subassemblies in various control devices such as
power-supply regulators (Sec. 7.4). ‘
The low-cost analog computer of the Boeing Aircraft Company (Sec.
8.4) uses the d-c amplifier circuit shown in Fig. 5.32. This is a particu-
larly interesting design comprising two differential-amplifier stages which
permit drift reduction, cathode bias without any loss in gain, and regen-
erative feedback around the second stage. Cathode-follower output
employing only one section of the output 6SN7 is used ordinarily; by

1 George A. Philbrick Researches, Inc., Boston, Mass.
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using both sections of the 6SN7 in parallel, it is possible to drive as many
as twelve 50,000-ohm potentiometers through the output-voltage range
of plus or minus 50 volts. The amplifier is said to be capable of driving
a Brush recording oscillograph directly (without a recorder driver) with
fair accuracy. The designers have made provisions for connecting
optional automatic balancing units (see Sec. 5.6) to the amplifier. Espe-
cially with the addition of such a device, this d-¢c amplifier is capable of
excellent performance in computer applications. Note that the inter-

+370v 4520V + 370V

zzoxl 56M
1

INoO-
47K
g
2.5K
COARSE IM
BALANCE \r W\

IM
REGENERATION

250K 560K

FINE
BALANCE

270K

-300v =300V -300v

F1a. 5.29c. This practical circuit combines the features of Figs. 5.29¢ and 5.29h, Gain,
1,000 without regeneration and over 10,000 with regeneration; output range, plus and
minus 100 volts at 5 ma; grid current, less than 1073 ua; one-hour offsct voltage, 4 mv
referred to input (Donner Scientific Company).

stage by-pass capacitors (see Sec. 5.4) are the only stabilization networks
needed in this circuit. The frequency response of this all-triode ampli-
fier is said to make it suitable for use in repetitive computers (at a repeti-
tion rate just sufficient for eye persistence) as well as in ‘“‘slow’’ d-c analog
computers (see also Fig. 1.16).

Examples of High-gain D-c Amplifiers Using Three Power Supplies.
In the amplifier circuit of Fig. 5.33, high voltage gain is achieved without
the use of regeneration through the use of a pentode in the second stage
and a beam-power-tube output stage which also has some voltage gain.
The output-voltage range is plus or minus 100 volts with a load of about
15,000 ohms. A differential-amplifier stage arranged as a Miller com-
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6SL7 6SL7
+250V +250V +250v

ool 50K
N ) ouT
- 5MZ = M3
254 3 100K
1]
-300v -300v -300v -300v

Fra. 5.30a. University of Michigan computer amplifier. Gain, about 700; source
impedance, 700 ohms; output range, plus and minus 40 volts at 1.6 ma; long-term
drift (5 hours), about 1 mv.

12AX7 12AX7
+300V  +300vV +300V +300V
SET OF SPECIAL

BULBS (125V)

4T
68M
- i
t. T.5upnf
! o
15upf
s %zzn
L sopprae =
20 M3 S00upf = S0 Sa JA2M
] L] ]
<300V INPUT BIAS  ~300V -300v -300v
SOURCE, OR

AUTOMATIC
BALANCING
ceT

F1ag. 5.30b. This regencrative computer amplifier is commercially available as a low-
cost miniaturized plug-in unit (sece also Fig. 5.31). D-¢ gain, 15,000; output range,
plus and minus 50 volts at 1 ma; long-term drift (24 hr), 5 mv without auto-
matic balancing. An accessory automatic balancing circuit of the chopper-
stabilization type is available as a similar plug-in package (George A. Philbrick
Resecarches, Inc.).

pensator (see Sec. 5.3) is used as the input stage and serves to minimize
the effects of cathode-emission changes. The plate voltages for the input
stage are kept low in order to minimize grid current.

Three high-voltage power supplies are required for the operation of this
amplifier; the plus 75 volts indicated in the diagram are obtained from
the plus 350-volt supply by means of a voltage divider using a VR75
voltage-regulator tube. This amplifier was designed by the Bell Tele-
phone Laboratories for the M-9 fire-control computer; this design has
served as a model for many other computer-amplifier circuits. The gain
obtainable with such arrangements varies from 10,000 to 75,000 without
the use of regeneration.
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12AX7 6ANS
+300V 4300V +300V 4300V 1300V
SET OF SPECIAL
uLes (190v)

1= —0
ouT
%681( 19ppF jm
005uF b
‘[.[ o iz.zx IN{ 3K
~300V INPUT.BIAS -300V -300v -300V
SOURCE, OR
AUTOMATIC

BALANCING
ceT

T16. 5.30c. A somewhat higher-powered plug-in amplifier cireuit (George A. Philbrick
Researches, Ine.).  D-e¢ gain, 30,000; output range, plus and minus 100 volts at 3 ma;
long-term drift (24 hr), 5 mv without automatic balancing.

(a) Q)
Fic. 5.31. Philbrick plug-in amplifier (a) and operational fourfold (b).

The Goodyear! d-c amplifier circuit of Fig. 5.34 employs a differential-
amplifier input stage with low plate voltages to minimize grid current.
Two triode voltage-amplifier stages and a triode output stage take the
place of the screen-grid-tube circuits used in Fig. 5.33.

A second Goodyear amplifier, shown in Fig. 5.35, is of interest because
of its series-compensated input stage. Two cascaded differential-ampli-
fier stages are used to amplify the difference between the output voltage

1 Goodyear Aircraft Corporation, Akron, Ohio.
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6SL?

6SJ7
+350V +75V

6L6
+350vV

229

+350V +75V

0005 ULF

Y
= -350V =350V =190V

F16. 5.33. Computer amplifier designed by the Bell Telephone Laboratories for the
M-9 fire~-control computer.

65N7 6sL7 6SHT
OR 5692 OR 5691 OR 5692
AUX. BALANCE
226 10K 38K 82K
o 200
215K
(15wW)
out
IN rb
AUTOMATIC A001mF
BALANCING i
en |
686 SI3H 184S oM
S¢ SC -2000 =200V SG -a50v -850V -200¢ G

F1:. 5.34. Goodyear Aircraft Corporation computer amplifier.

of the series-compensated stage and the corresponding reference level.
The output tube is a pentode. The input stage is operated at reduced
filament voltage for improved stability and tube life! without any sacri-
fice in gain. The grid current in the input stage is minimized through
reduced plate voltage and through the use of a medium-u tube; the grid
current in this stage will be less than 5 X 10~ ua. In spite of the fact
that no automatic balancing is used, the average long-time drift of the

1 Maintenance of the Electronic Analog Computer, Report GER-3046, Goodyear
Aircraft Corporation, Akron, Ohio, July 15, 1949.
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amplifier shown in Fig. 5.35, used with the proper power supplies, is said
to be less than 200 pv/hr (referred to the input), while the short-time drift
is of the order of 50 uv in 5 min.

The effect of the high-frequency stabilization networks used in the
amplifier circuits of Figs. 5.34 and 5.35 is essentially like that of the net-
works discussed in Sec. 5.4, although the arrangement is not exactly the
same. The gain A of each Goodyear amplifier drops from its d-c value
to unity at about 100 ke. When such an amplifier is used as a unity-
gain phase inverter (Fig. 1.5b) with B, = R, = 1 megohm, the over-all
phase shift is less than 1 deg at 30 cps. The d-c¢ amplifier circuits of
Figs. 5.34 and 5.42, which are designed for automatic balancing (See. 5.6),
have replaced the circuit of Fig. 5.35 in the Goodyear Electronic Analog
Computer (Secc. 8.4).

6.6. IMPROVED D-C AMPLIFIER DESIGN: AUTOMATIC BALANCING CIR-
CUITS

Introduction. The development of improved d-¢ amplifiers and d-c
analog computers has received a tremendous impetus through the inven-
tion of automatic balancing circuits which make it possible to obtain

1. A reduction of d-c amplifier drift (see Sec. 5.1) by a factor of 3 to 20.

2. An increase of the d-c amplifier gain at low frequencies by a factor
of 1,000 to 5,000, resulting in decreased distortion and improved
accuracy of integration.

3. The elimination of the necessity for frequent manual balancing.
Balancing controls may be eliminated entirely at the price of a very
slight reduction in accuracy.

Such possibilities permit striking improvements in the design of d-c
analog computers. This section will present a discussion of the principles
of automatic balancing circuits as well as a number of practical examples.

Modulated-carrier-type Circuits for D-c Amplification. Amplifier cir-
cuits of the modulated -carrier type are frequently used instead of con-
ventional d-c amplifiers in connection with various instrumentation
applications.

Figure 5.36a shows the block diagram of such a circuit. The d-c input
is used to modulate an a-c ‘“‘carrier’’ voltage, so that the a-c amplitude is
proportional to the d-c input voltage. The modulated carrier is amplified
by means of a conventional a-c amplifier. The amplified alternating
current is then demodulated to yield an amplified d-¢c output voltage
proportional to the original d-c input voltage.

Figure 5.36b illustrates the use of a single synchronous vibrator or
chopper for both modulation and demodulation. The d-¢ input voltage
is interrupted periodically by the chopper relay, so that a modulated a-c
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voltage is obtained at the amplifier input. The amplifier output voltage
is rectified synchronously by the same vibrator; the d-c output voltage is
then smoothed by a smoothing network. It should be noted that such a
modulated-carrier-type amplifier is phase-sensitive, if the sign of the input
d-c voltage is reversed, the phase of the modulated a-c voltage changes by
180 deg, and the sign of the d-c output voltage will also reverse in the cor-
rect manner.

D-C D-C
INPUT ___ OUTPYT
MODULATOR A-C DEMODULATOR
Low AMPLIFIER
PAss L
FILTER
(a)

SYNCHRONOUS
VIBRATOR
a-c
D-CIN c s D-C OUT
F—{amPLiFiEr[THFW—
- SMOOTHING
NETWORK
)

F1a. 5.36. Principle of the modulated-carrier-type d-c amplifier. In the circuit of (b),
a single synchronous vibrator serves as both a phase-sensitive modulator and demodu-
lator.

Modulated-carrier-type amplifiers permit d-c amplification with very
substantial gain, without the use of carefully regulated power supplies.
The use of synchronous vibrators in the manner shown in Fig. 5.36b per-
mits one, moreover, to obtain d-c amplification with very low drift.

A synchronous vibrator is essentially an a-c-driven relay which can per-
form switching operations at carrier frequencies between 0 and 600 cps.
Aside from possible contact and thermoelectric potentials, the main
source of error voltages in synchronous vibrators is stray coupling of the
driving a-c voltage into the signal circuit. This effect must be minimized
by careful shielding and also by appropriate phasing of the driving volt-
age; it can also be reduced by grounding the adjustable center tap of a
potentiometer connected across the relay coil. It may be useful to bring
the coil terminals out through the top of the converter case, well away.
from the signal-carrying leads. Finally, it is possible to make the con-
tact reed of 'a synchronous vibrator vibrate at twice the excitation fre-
quency applied to the relay coil; such an arrangement will further reduce
the effects of a-c pickup at the excitation frequency. It is also helpful to
use an excitation frequency different from the a-c line frequency.
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The value of possible noise and offset-voltage output of a synchronous
vibrator depends on the impedance level at which the device is operated
and may be less than 2 uv for a synchronous vibrator operated into the
low-impedance primary of an input transformer and 2 to 5 uv for a syn-
chronous vibrator operated into a vacuum-tube grid at an impedance
level of the order of 1 megohm. It is possible to replace the synchronous
vibrator by a cam-opcrated or rotating switch actuated periodically
through a high-speed motor. Offset and noise voltages lower than
0.005 wv have been obtained with an input resistance of 5 ohms.1 It
is desirable to obtain vibrator excitation from a low-impedance source
(step-down transformer).

The range of signal frequencies usable with modulated-carrier-type
amplifiers is restricted to frequencies lower than the carrier frequency
by about a factor of 10. If modulated-carrier-type amplifiers are to be
employed in feedback circuits, the high-frequency components must bhe
eliminated through the use of low-pass filters (indicated in Fig. 5.36).
Otherwise, the high-frequency components of the signal and noise would
not modulate the carrier properly but might be amplified in the a-c ampli-
fier and give rise to spurious high-frequency feedback. Sinee synchro-
nous vibrators cannot be operated consistently at carrier frequencies
much higher than 400 cps, it has not been possible to employ modulated-
carrier-type amplifiers using synchronous vibrators directly in high-gain
operational amplifiers for computer applications. Higher carrier fre-
quencies can be utilized by replacing the synchronous vibrators with
diode? or transistor? switching circuits. The offset voltages obtainable
with the best circuits of these types (of the order of 1 mv) are not too
much lower than those of high-quality d-c amplifiers. Again, the design
of stable operational amplifiers would require megacycle-high carrier fre-
quencies with possible phase-shift and shiclding problems. The direct
application of modulated-carrier-type amplifiers in d-c¢ analog computers
is thercfore not practical.

It is conceivably possible to utilize a modulated-carrier-type amplifier
channel employing a synchronous vibrator to amplify the d-c¢ and low-
frequency components of the signal and to amplify the higher-frequency
components in a parallel a-¢c amplifier channel. Such developments have
been rendered obsolete by the invention of the automatic balancing cir-
cuits described below.

1 Liston et al., Rev. Sci. Instr., 1T: 194, 1946.

2 See B. Chance, F. C. Williams, V. Hughes, D. Sayre, and E. F. MacNichol, Wave-
forms, Chap. 12, MIT Radiation Laboratory Series, Vol. 19, McGraw-l1lill, New
York, 1919, for a discussion of switch-type modulators.

3 Bright, R. L., and A. P. Kruper, Transistor Choppers for Stable D-¢ Amplifiers,
Electronics, April, 1955,
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Automatic Balancing Circuits Based on Chopper Stabilization.! Figure
5.37a shows the block diagram of the basic automatic balancing circuit.
A modulated-carrier-type amplifier using a synchronous vibrator is ingen-
iously combined with a conventional d-¢ amplifier in such a manner that
the freedom from drift of the former and the superior high-frequency
response of the latter are both realized. In addition, the circuit has a
vastly increased forward gain at low frequencies; this feature is particu-
larly useful for accurate integration (see Sec. 4.5). Circuits of this type
can be adapted to almost any existing computer d-c amplifier.

The time constant R;Cr of the low-pass filter or integrating network
comprising the resistance Ry and the capacitance Cy in Fig. 5.37a is usu-
ally chosen so that

R:Cr > 15 (5.34)

c

where f; is the carrier frequency to be used in the a-c amplifier (f. will be
between 60 and 500 cps).

The high-frequency components of the error voltage E are not affected
by the automatic balancing circuit but are amplified by the d-c amplifier
as in any operational-amplifier circuit. The high-frequency forward gain
of the operational amplifier shown is thus simply

Apr = A, (5.35)

where A; < 0 is the gain of the d-c amplifier channel.

If the circuit shown in the solid lines in Fig. 5.37a is used, the low-fre-
quency components of the error voltage ¥ are also amplified by the d-c
amplifier. Much more significantly, however, components of the error
voltage I of sufficiently low frequencies to pass easily through the low-
pass filter will be amplified by the modulated-carrier channel and the d-c
amplifier in cascade. The low-frequency forward gain is thus seen to be

ALF = A1 + AlAz < 0 (536)

where —A4,; < 0 is the gain of the modulated-carrier channel.

The modulated-carrier channel precedes the d-c amplifier as far as the
d-¢ and low-frequency components of the signal are concerned. Since
this channel is not affected by voltage changes in the high-voltage and

! Williams, A. J., R. E. Tarpley, and W. R. Clark, Trans. AIEE, 67: 47, 1948;
Goldberg, E. A., Stabilization of D-c Amplifiers, RCA Rev., 11: 296, 1950; McCool,
W. A., Analysis of Zero Stabilization of Wide-Band D-c Amplifiers, Report of NRL
Progress, February, 1951; Bradley, F. R., and R. McCoy, Driftless D-c Amplifier,
Electronics, 26: 122, 1952. To the best of the authors’ knowledge, automatic bal-
ancing circuits were first used in the RCA TYPHOON computer. See also U.S.
Patents No. 2,685,000 (A. W. Vance) and No. 2,684,999 (E. A. Goldberg and J.
Lehmann), both assigned to Radio Corporation of America.
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filament power supplies, it acts essentially as an input stage having a
relatively high gain A, and very low drift. Reference to Eq. (5.2) shows
that such an arrangement reduces the effects of drift in the d-c amplifier
channel effectively by a factor equal to the gain A, of the modulated-carrier
channel. Although it will still pay to keep the drift in the d-¢ amplifier
channel to a minimum by the techniques discussed in the previous section,
the most significant d-c¢ error voltages will now be those acting at the input
to the modulated-carricr amplifier channel due to

1. Noise and drift from the synchronous vibrator, of the order of 2 to
20 pv.

2. Grid current of the input tube of the d-¢ amplifier; e.g., a typical grid
current of 10~* ua through a resistance of 1 megohm will give rise to
an error voltage of 100 uv. A portion of this error voltage will
appear at the input of the modulated-carrier channel and will act
like an input voltage.

3. D-c leakage from adjacent high-voltage points.

4. D-c ground currents.

Integral Control. The action of the automatic balancing circuit may
be described in yet another manner. Any offset voltage due to drift in
the d-¢ amplifiers, say, appearing at the output terminals of the opera-
tional amplifier will be fed back through the feedback networks and will
tend to charge the capacitor Cr of the low-pass filter network at the input
of the modulated-carrier channel. This “low-frequency crror voltage’’
will be amplified by the modulated-carrier channel and fed back in such
a manner as to reduce the effects of the original offset voltage. (One may
say that the low-pass filter comprising the resistor Ry and the capacitor
Cr ‘“‘remembers’’ the cffects of past disturbances for a short time and
seeks to annul their effects. This type of action is referred to as ¢ntegral
control.!

Use of a Grid-blocking Capacitor. It is possible to eliminate the d-c
offset voltage due to the constant component of the grid current in the d-c
amplifier input tube through the use of a grid-blocking capacitor and sepa-
rate grid-return resistor. Such an arrangement is shown in dotted lines in
the block diagram of Fig. 5.37a. With circuits of this type, the d-c com-
ponent of the input signal cannot pass directly through the d-c amplifier
channel but must pass first through the modulated-carrier channel; the
d-c gain will be equal to A14.. Higher frequency components of the
input signal can still pass directly through the d-c amplifier channel by
way of the grid-blocking capacitor.

The grid-blocking capacitor should be a high-quality-type capacitor

1 Refer to James, Nichols, and Phillips, op. cit., for a detailed discussion of integral
control.
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having a minimum of leakage or absorption, such as a polyethylene or
polystyrene capacitor.

Automatic Balancing Circuits Based on Commutator Stabilization.!
The alternative automatic balancing scheme illustrated by Fig. 5.37b uti-
lizes a single stabilizing amplifier and a commutator-type switch to bal-
ance as many as 40 separate d-¢ amplifiers in periodic succession. The
error voltage (summing-point voltage) E of the operational amplifier
shown in Fig. 5.37b is sampled by a commutator about three times per
second. Whenever the error voltage I is different from zero, the com-
mutator will form a pulse which is amplified by the pulse amplifier shown.
Another section of the commutator returns the amplified pulses to a rip-
ple filter whose d-¢ output voltage is applied to the balancing grid of the
d-c amplifier as in Fig. 5.37a. Other pairs of commutator sections serve
other d-c amplifiers, so that the stabilizing pulse amplifier is utilized on
a time-sharing basis. The action of this automatic balancing circuit on
each operational amplifier served is in principle similar to that of indi-
vidual automatic balancing circuits based on chopper stabilization; the
d-¢ gain of the circuit shown in Fig. 5.37b is again given by Eq.
(5.36).

Recovery of Automatic Balancing Circuits after Overloads. Whenever
the absolute value of the output voltage of an operational amplifier
exceeds a certain permissible level, the amplifier will “saturate’’ and can
then no longer function as a linear device. In this condition, the feed-
back cannot act to reduce the ‘‘error voltage’ at the amplifier input
terminals.

With conventional d-¢ amplifier circuits, normal operating conditions
can be reestablished quickly after an overload by simply returning the
computer to the REsET condition (see Sec. 7.1). In amplifiers employing
automatic balancing circuits, however, the filter and grid-blocking capaci-
tors used in these circuits will tend to charge up while the amplifier is
overloaded. When the computer is returned to the REsET condition
following an overload, some time may pass until these capacitors are dis-
charged and permit the amplifier output voltage to return to its normal
operating range. Consequently, provision should be made for discharg-
ing the capacitors in question after an overload.

A device for this purpose might be in the form of a relay which shorts
the guilty capacitors for a short time whenever the computer is placed in
the rEsET condition (see Sec. 7.1).

The recovery time will, in any case, be shorter with automatic balanc-
ing circuits employing a 400-cps carrier than with 60-cps carrier systems,
since the filter and grid-blocking capacitors can have smaller values in

t Ingerson, W. K., Drift Compensation in D-c Amplifiers, IRE National Conven-
tion paper, 1951.
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this case. Commutator-type balancing circuits usually have longer
recovery times than chopper-type circuits.

Error-indicating Lights. Neon bulbs connected across the output
terminals of each operational amplifier have long been found useful for
indicating excessive output voltages and thus for eliminating computer
runs during which one or more operational amplifiers were overloaded
(Sec. 7.2).

In the case of d-¢c amplifiers employing automatic balancing circuits,
it is possible to use neon bulbs for indicating excessive signal voltages in
the output of each automatic balancing channel. Such circuits are indi-
cated in the circuit diagrams of Figs. 5.39 through 5.42. Each circuit is
arranged so that the neon ‘‘error-indicator light”’ will begin to glow when-
ever the absolute value of the voltage across the capacitor Cr exceeds a
specified value of 1 to 5 mv.

Assuming that the automatic balancing channel is working properly, the
error-indicator light will glow whenever the feedback circuit constituting the
operational amplifier vs not acting to reduce the low-frequency error voltage
on the capacitor Cr. The error-indicator light will, thus, not simply indi-
cate excessive output voltages in the operational amplifier in question.
Output voltages substantially in excess of the threshold level of ordinary
overload lights will, for instance, be tolerated if the amplifier is lightly
loaded; this permits greater flexibility in the choice of scale factors and
increased accuracy. Again, the new error-indicating system will indi-
cate improper amplifier operation if an amplifier is loaded by too many
potentiometers even though the output voltage may be relatively small.
Errors hitherto unnoticed can be eliminated in this manner, and more effi-
cient ulilization of the operational amplifiers is made possible.

Finally, the error-indicating lights will tend to glow in certain cases of
tube or component failures in the d-¢c amplifier channel. The new error
indicators are seen to be more useful than ordinary overload lights; it
may even be helpful to use both systems in conjunction so as to identify
error sources more easily.

Comparison of the Two Types of Automatic Balancing Circuits. Initial
costs as well as power and space requirements are appreciably less
for a single 40-channel commutator and pulse amplifier than for 40 sepa-
rate chopper-stabilization circuits. It may, however, be advisable to
provide duplicate commutator-amplifier units. The stabilizer unit in
use can be checked continuously by means of a test voltage applied to an
extra commutator channel.

The best commutator brushes have an estimated life of between 4,000
and 9,000 hr. This is roughly equivalent to the operating life of high-
quality synchronous vibrators. Aside from brush maintenance, which
is no longer a serious problem, most development difficulties associated
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with commutator stabilization have been due to cross talk, hum pickup,
and electrostatic charges (both electret and hysteresis effects) in the
cables connecting the commutator to the individual d-¢ amplifiers.
Cross talk may arise especially from the large pulses derived from over-
loaded d-¢ amplifiers but is minimized by physical separation of the
offending connections. .

The somewhat more expensive chopper-stabilization circuits offer
higher usable gain as well as better frequency response and faster recovery
times in each stabilizing channel. The drift of the best chopper-sta-
bilized d-c amplifiers is thus less than that obtainable with commutator-
stabilized amplifiers, especially since the use of grid-blocking capacitors
does not appear practical with the latter.! The specifications of some
actual circuits are presented in Sec. 5.7. The continuing development
of photoelectric choppers (Sec. 5.8) may well result in the replacement of
both synchronous vibrators and rotating commutators by all-electronic
automatic balancing circuits in many future d-c analog computers.

6.7. EXAMPLES OF COMPUTER AMPLIFIERS EMPLOYING AUTOMATIC
BALANCING CIRCUITS

Figures 5.38 to 5.42 show a number of practical d-¢ amplifier designs
incorporating automatic balancing. The remarkable properties of high-
quality computer amplifiers are expressed by the following representative
specifications:

Gain of the d-c¢ amplifier channel (|4.]), 30,000 to 150,000

Gain of the automatic balancing channel (4,), 2000 to 3000

Total d-¢ gain, 25 X 10° to 300 X 10°

RMS noise, referred to input, 2 to 10 mv

Grid current, less than 10— pa

Average drift over an eight-hour period, referred to input, less than
20 to 200 wv (chopper stabilization); or less than 100 to 500 uv
(commutator stabilization)

Frequency response of phase inverter (Fig. 1.5b) with R, = R, = 1
megohm: flat within 1 db between d-c and 2 to 5 ke, with a resonant
peak of 1 to 4 db beyond that frequency; at 100 cps, the amplitude
error is less than 0.04 to 0.1 per cent, and the phase shift is less than
0.05 to 0.1 deg (all at 1 volt amplitude)

Linear output range, at least plus or minus 100 volts into rated load;
decreases above 100 cps, depending on tube types

Note carefully that the range of output voltages permitting linear operation
decreases with operating frequency because of the decreasing loop gain.

! Note, however, that this difference in drift may well be negligible compared to
the d-c offset voltages due to ground currents in actual computer installations.
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Reputable manufacturers supply curves showing output voltage ranges
above 100 cps, and show amplitude and frequency-response curves for
large as well as small amplitudes.

Offset voltages can be further reduced by careful adjustment of aux-
iliary manual balance controls, through the use of cathode-follower input
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Fie. 5.38. RCA amplifier with 400-cps chopper stabilization. D-¢ channel gain,
about 50,000; stabilizer gain, about 2,000; net d-¢ gain, about 100 X 10%; net gain at
5 cps, about 300,000; grid current, less than 1074 ua; long-term drift, about 50 uv
(RCA Rescarch Laboratories, Princeton, N.J.).

stages (Fig. 5.39) or electrometer-type input tubes in the d-c amplifier
channel, or through the use of a grid-blocking capacitor (Fig. 5.37a).
Chopper-stabilization circuits should comprise some means for protect-
ing the vibrator contacts from excessive currents, particularly when an
automatic balancing channel is overloaded.

The pioneer RCA circuit! of Fig. 5.38 is a laboratory model featuring
400-cps chopper stabilization. Figure 5.39 shows the automatic balanc-
ing and error-indicating circuits used by the RAND Corporation® in con-
nection with a modified Reeves?® d-c amplifier. An earlier version of the

1 Goldberg, op. cit.

2 Gunning, W. F., and A. S. Mengel, Report RM 236, RAND Corporation, Santa
Monica, Calif., with unpublished circuit corrections.

3 See Bradley, op. cut., for the original Reeves circuit.
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F1a. 5.40. A d-c channcl gain in excess of 100,000 and a stabilizer gain of 3,000 combine
to give this precision computer amplifier a net d-c gain greater than 300 X 10% with a
specified 8-hr drift voltage of less than 100 uv. Note the powerful output stage; the
output range is at least plus and minus 100 volts up to 30 ma with booster
resistor (Electronic Associates, Inc.).

RAND automatic balancing circuit included a polystyrene grid-block-
ing capacitor of 1 uf with a grid-leak resistor of 10 megohms. In order
to avoid the necessity of discharging the grid-blocking capacitor after
overloads, it was decided to use the low-plate-voltage cathode-follower
input stage shown in Fig. 5.39; the low grid current (10~® xa) of this cir-
cuit makes the use of a grid-blocking capacitor practically unnecessary.
The vibrator-contact arrangement shown results in a peak-detection
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scheme which is said to reduce the demodulator-ripple filtering problem.
The second stage of the a-¢c amplifier has a purposely low plate voltage,
so that excessive error voltages due to overloads will tend to be limited
and cannot damage the demodulator contacts of the 60-cps vibrator.
The error-indicating light appears at the output of a d-c amplifier stage
following the synchronous rectifier. All error-indicating lights in the
RAND computer are returned to a common bus; a warning buzzer or
relay system can thus be actuated by an error indication in any ampli-
fier. A switch (not shown in Fig. 5.39) is provided to disconnect the
automatic balancing circuit from the d-¢ amplifier after severe overloads.

The circuit of the elaborate and accurate computer amplifier used in
the PACE computer! (Fig. 5.40) is similar to the RCA circuit of Fig.
5.38, with the addition of a powerful cathode-follower output stage.
94-cps chopper excitation is used to minimize the effects of 60-cps hum
pickup in the a-c amplifier. The high-quality multielement vibrator used
is claimed to be capable of long life without special limiting circuits.
(‘oaxial cables and terminals insulate input and output terminals with
metal (Sec. 5.9). The 100-uv drift specified may be further reduced
through the use of an (optional) grid-blocking capacitor in the manner
of Fig. 5.37a.

The REAC? dual d-¢c amplifiers shown in Fig. 5.41 are particularly
instructive examples of precision computer components designed for com-
mercial production. The circuits use relatively few parts. Two chop-
per-stabilized d-c amplifiers are neatly assembled on an ethoxyline
printed-circuit board and share several dual-triode tubes requiring simi-
lar d-c reference voltages for their filament supplies. Diode demodula-
tion in each stabilizer channel permits the use of a single modulating
vibrator; the latter has an excellent service life, since it is protected by
nonlinear resistors and is not subjected to stabilizer output voltages.
Demodulator drift is not serious because of the preceding high-gain a-c
amplifier.

An outstanding feature is the series-balanced (‘‘ cascode’) output stage
(see also Sec. 5.3), which has lower quiescent-current requirements (7 ma)
than conventional output stages of comparable power. Booster resistors
(Sec. 5.9) cannot be used with this output circuit, nor are they usually
required; for special applications provision is made for connecting exter-
nal vacuum tubes in parallel with the output stage.

In the newer REACS, the printed circuits and the associated connec-
tors prevent surface leakage into amplifier input terminals by surround-
ing them with grounded printed-circuit lands (see also Sec. 5.9).

The commutator-stabilized Goodyear Aircraft Corporation amplifier

1 Registered trade mark of Electronic Associates, Inc., Long Branch, N.J.
2 Registered trade mark of Reeves Instrument Corporation, New York City.
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circuit shown in Fig. 5.42 is capable of excellent performance even with-
out its stabilizing circuit. Three cascaded differential-amplifier stages
permit very high gain with low drift; the input stage is operated at low
plate voltage to minimize grid current. The long-term drift is less than
10 mv without automatic balancing.

6.8. AUTOMATIC BALANCING CIRCUITS EMPLOYING PHOTOELECTRIC
CHOPPERS

The maintenance problems often associated with electromechanical
automatic balancing circuits (Sec. 5.6) have stimulated the development
of photoelectric choppers. A photoelectric chopper consists of a photocell
(phototube or photoconductor) whose impedance is periodically reduced
by light pulses from a gas-discharge tube or pulsed incandescent lamp;
the photocell may be connected like an electromechanical chopper to
yield an a-¢c component whose amplitude is proportional to an applied
d-c voltage.!

The development of satisfactory photoelectric choppers is quite diffi-
cult, since ambient-temperature changes, spurious photoelectric effects,
and mechanical vibrations affecting the relative orientation of photocell
and light source all tend to produce offset voltages. The use of photo-
conductor cells with specially prepared contacts appears to be most prom-
ising,? even though the frequency response of such devices is limited
because of hysteresis effects.

Fia. 5.41a. For legend sce opposite page.

1Schwartz, J., and R. Solomonoff, Photoelectric Chopper for Guided Missiles,
Electronics, November, 1954,

2 Sternberg, S., Elcctronic Zero Stabilization of D-¢ Amplifiers, TYPHOON Sym-
postum II1, Oct. 13, 1953.
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F1e. 5.41. Two computer amplifiers constructed on a printed-circuit bhoard share
several tubes and a common synchronous vibrator in the remarkable production
design shown in Fig. 5.41a. D-c channel gain, greater than 60,000; stabilizer gain,
about 1,000; net d-c gain, about 60 X 10¢; grid current, less than 1074 ua; long-term
drift (24 hr), less than 250 uv; output range, plus and minus 100 volts at 20 ma
(400-series REAC dual d-c amplifier, Reeves Instrument Corporation). The similar
200-series REAC amplifier circuit of Fig. 5.41b has about one-half the gain and current
output of the '400-series amplifier; the 200-series circuit is particularly instructive
because of its simplicity.



246 ELECTRONIC ANALOG COMPUTERS

1200V +200V 1200V +200v
120K
L 120K SI75K
S120K b
, | 3 Faow
AUR BALAKGEL [
120K
300K %m
1 65L7
GSNT out
"
e N YY"
1 68K3 3 s
S -200V |3N<' -450vV -200y
- === )oool
750K hJ i
ligﬂﬁbfo " 1 oooiuf
| it —
L 1%zm %xzox 0001F 390;%; ’50"%:150;(
, =
MMIL—jwﬂ 1200V 350 +200V  -450V
T ; LW SHIELDED !
" ong  wes (B R oL ) &
FRON OTHER D-C I 10N 10 OTHER 0-C_ 1f'
i éANPLIFIERS ANPLIFIERS § 4 '[!
i ) T0 OVERLOAD BUS 33 3
D G S S Y S ---‘
(ﬂ e e AT R ST ‘t‘\
m{w +200V +200v t200v
3 120K
itk 3 210K
L
270K
osw7 | /L 65L7
2500
10K 390K i
S 100K
200 g
2104 T
2 ',‘:
N Z00sur  [100unf
HUM 3
mince § T2 Freox 210K
1008 §
63VA-C  t200V +200V
(6SNT FIL) 224
VWA ; ‘v"v‘v ! ! "A'A'
L 2 Iuf 2=
uf & %sson 220 oM
+ - 200V

F1a. 5.42. Commutator-stabilized d-c amplifier used in the Goodyear
ferential Analyzer (GEDA). D-c¢ channel gain, 150,000; stabilizer

Electronic Dif-
gain, 500; net

d-c gain, at least 30 X 10¢; grid current, less than 5 X 10~ ua; long-term offset

voltage, less than 500 uv (includes drift and leakage); output range,

plus and minus

100 volts at 5 ma (15 ma with booster resistor; Goodyear Aircraft Corporation).
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F1a. 5.43. An experimental amplifier circuit employing photoelectric choppers (RCA
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In an experimental high-quality d-c¢ amplifier designed by the RCA
Laboratories Division under a contract with the United States Air Force
(Fig. 5.43), two crystalline-cadmium-sulfide photoconductors are con-
nected essentially like the electromechanical choppers in Fig. 5.37a.
Pulsed light decreases the impedance of each photoconductor periodi-
cally in a ratio exceeding 3 to 1; this finite impedance ratio requires a
slifhtly higher a-c amplifier gain than that used with electromechanical
choppers. The Type 49 flashlight bulbs used have sufficiently low ther-
mal capacity for pulsed operation with 1.5 volt (RMS) half-wave rectified
sinusoidal pulses at repetition rates up to 60 cps. The long-term drift of
the experimental d-c amplifier is less than 1 mv; this figure may be capable
of further improvement, perhaps through the use of temperature com-
pensation and/or bridge-balanced circuits. The life expectancy of the
photoconductors is practically indefinite.

6.9. HINTS FOR THE CONSTRUCTION OF D-C AMPLIFIERS. CHOICE OF
COMPONENTS

In most respects, the physical construction of d-¢ amplifiers is not
essentially different from that of other electronic devices. The construe-
tion of all computer components should emphasize ruggedness; the chassis
wiring can be done either with uninsulated solid wire and/or with insu-
lated stranded wire. All a-c¢ filament leads should be tightly twisted
pairs. It is advisable, although not absolutely neccessary, to keep all
leads short and to shield the amplifier input leads. In order to avoid
microphonism, particularly in the input stages of high-gain amplifiers, it
will be wise to shock-mount the tube assemblies in these stages by means
of small rubber grommets placed in the screw holes. Relays associated
with d-¢ amplifiers for control purposes often tend to shake the entire
chassis and must, therefore, also be shock-mounted.

The vacuum-tube operating voltages in each stage of a d-c amplifier are
affected by resistors in preceding stages as well as in the stage in question.
For this reason, the resistances of all resistors carrying direct current
may have to be specified to within plus or minus 1 per cent.

In order to minimize d-c¢ amplifier drift, all resistors carrying direct
current must be stable: i.e., they must maintain their resistance values
within specified tolerances over reasonable ranges of current, humidity,
and ambient temperature. In order to avoid excessive temperature
changes, all resistors used in computer amplifiers should have about twice
the power rating actually required; resistors which must dissipate more
than 1 or 2 watts may be mounted on top of the amplifier chassis for
better heat dissipation. )

High-quality metalized-type resistors are recommended for low-cost
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computer amplifiers. In high-precision computers, all critical resistors (in
the power-supply regulators and servomechanisms as well as in the d-c ampli-
Jiers) should be special precision types of metalized, carbon-film, or wire-
wound resistors. Wire-wound resistors will not exhibit the required tem-
perature stability unless special alloys are used for the windings.

Generally speaking, it is usually less expensive to use high-quality
resistors in all doubtful positions than to try to compute the drift due to
the resistance variations of cheaper resistors.

Adjustable resistors and balancing potentiometers must also be chosen
with a view to stability and freedom from microphonism.

Ground Connections. In order to minimize d-¢ offset voltages,’ hum
pickup, and feedback due to circulating ground currents, high-quality
computer amplifiers employ separate ground straps for signal ground (in
particular, chopper ground) and power ground; these ground connections
may be returned to the grounded rack assembly at a suitable point.

Integrating Capacitors, Absorption, and Leakage. It has been shown
in Chap. 4 that high leakage resistance is a desirable property in integrat-
ing capacitors. Although the effects of capacitor leakage could be com-
pensated by means of regenerative circuits, the leakage resistance of poor
capacitors tends to change with humidity, so that accurate compensation
may be difficult. The effects of dieleciric hysteresis (soak-in) are some-
what like those of leakage but change with frequency.

Both capacitor leakage and hysteresis are minimized through the use of
the proper types of capacitors. Integrating capacitors in high-accuracy
computers should use either polystyrene or similar plastics as the dielec-
tric and have leakage resistances in excess of 5 X 10° megohms/uf.
Mica or ceramic capacitors may be used as integrating capacitors in low-
cost computers and particularly in repetitive computers; ceramic capaci-
tors are recommended for use in the high-frequency stabilization net-
works of d-c amplifiers.

In all parallel-feedback-type integrators, care should be taken to confine the
leakage path between the plates of each integrating capacitor to the diclectric
proper. Circuit points respectively connected to the d-¢ amplifier input
and output terminals should always be separated by grounded metal
parts. Coaxial input leads and terminals are recommended. Such con-
struction practice will eliminate leakage paths over the surface of insulat-
ing materials. The analysis of Sec. 4.5 shows that lcakage to ground is
essentially harmless; “insulation with metal” is, therefore, the best pos-
sible insulation.

1 Improper ground connections in automatic balancing circuits can cause d-c offset
voltages as high as 1 to 10 mv in large computer installations. In an unpublished
lecture, C. M. Edwards (Bendix-Detroit) has suggested separate grounding of all

coefficieni-setting potentiometers as well as a separate chopper ground bus to reduce such
offset voltages to below 100 uv.
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¢ Insulation with metal”’ will also prevent d-c leakage between d-c amplifier
nput terminals and adjacent high-voltage points (sce also Sec. 8.3).

Amplifier Loading and the Use of Booster Resistors. For a given d-c
amplifier, the range of output voltages not to be exceeded for proper linear
operation will be specified for a given minimum load resistance. If the
use of smaller load resistances is necessary (e.g., if several potentiometers
in parallel are to be connected to an amplifier output), the need for addi-
tional operational amplifiers in parallel with the first can sometimes be
avoided through the use of booster resistors. A booster resistor is simply a
resistor connected in parallel with the output plate-load resistor of the
amplifier output stage in circuits like those shown in Figs. 5.33 to 5.35.
Such a resistor can be introduced into the circuit by means of a simple
switch or plug-in arrangement. A booster resistor will decrease the
amplifier output impedance at a slight expense in terms of amplifier for-
ward gain and d-c¢ power drain.

5.10. TRANSISTOR D-C AMPLIFIERS

The inherent drift characteristics, low output voltage ranges, and low
input impedance of transistor d-c amplifiers do not make such circuits
attractive for use in gencral-purpose analog computers. Transistor d-¢
amplifiers may be useful in special applications, where the advantages of
miniaturization, high reliability, and low power requirements outweigh
those of extreme accuracy. An experimental circuit described by
Ettinger! has a gain of 25,000 with an output range of plus and minus
5 volts at 3 ma; the long-term drift is of the order of 30 mv but may be
reduced by a special temperature-compensation circuit. The only power
supplies required are two 8-volt batteries. The drift could be improved
through bridge-balanced circuits similar to those used with vacuum-tube
d-c amplifiers and through the use of simple temperature-controlled
ovens. The input impedance of transistor amplifiers may be increased
through special feedback circuits.? Finally, a transistor chopper® and
a transistor a-¢ amplifier may be used in the automatic-balancing chan-
nel of Fig. 5.37a; the resulting offset voltage should be of the order of
1 mv.

1 Ettinger, G. M., Transistor Amplifiers for Analog Computers, Electronics, July,
1955.

2 Schenkerman, 8., Feedback Simplifies Transistor Amplifiers, Electronics, Novem-
ber, 1954.

3 Bright, op. ciks



CHAPTER 6

MULTIPLIERS AND FUNCTION GENERATORS

6.1. INTRODUCTION AND SURVEY

The designer of operational amplifiers or computing networks can draw
freely on the well-established theory of linear circuits. Such knowledge
is not sufficient for the design of multipliers or function generators, which
must necessarily involve nonlinear operations. Each multiplier or func-
tion generator may be regarded as a transducer whose gain (transfer
function) is dependent upon one or more of the applied voltages.

The most frequently employed types of multipliers and function gen-
erators for d-c analog computers are the servo-driven potentiometers briefly
introduced in Sec. 1.3. Servo multipliers and function generators are
discussed in more detail in Secs. 6.8 to 6.11. Note that a single computer
servomechanism can multiply each of several machine variables by a
function of the servo input voltage. The design of such devices is highly
developed and permits accuracies better than 0.1 per cent of full output
scale. Nevertheless, the use of electromechanical computing elements
necessarily limits the frequency ranges of some machine variablés to fre-
quencies less than 3 to 40 cps; dynamic errors will depend radically on
the amplitudes of the high-frequency components contained in the sig-
nals in question. Such restrictions impose limitations on the computer
time scale and on the speed of computation.

A number of all-electronic multipliers are discussed in Secs. 6.2 to 6.5.
The electronic multiplying circuits most frequently employed in d-c ana-
log computers are the time-division multipliers (Sec. 6.4) and the quarter-
square diode multipliers (Sec. 6.5). Accuracies better than 0.2 per cent
at frequencies as high as 100 to 1,000 cps are possible with such circuits,
but circuit complexity increases if better accuracy is required.

Electronic function generators are described in Secs. 6.6 and 6.7. The
most frequently used types are diode function generators which per-
mit accuracies between 0.2 and 1 per cent at frequencies up to several
kilocycles.

Sections 6.12 and 6.13 deal, respectively, with division and with the
generation of functions of more than one variable,

251
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6.2. MISCELLANEOUS DEVICES PERMITTING MULTIPLICATION OF TWO
MACHINE VARIABLES

Devices capable of multiplying two machine variables may be repre-
sented by a block diagram like the

X,o- aXz XozaX,Xp One shown in Fig. 6.1. The device
will have two input voltages, X,
Xz°—J and X, corresponding to the two

Fia. 6.1. General block diagram of a machine variables to be multiplied.
L':)‘l’z;'é’;ir for multiplying two d-c  rpp, output voltage X, will be

proportional to the product of
the two input voltages X; and X, so that

X, = G,X1X2 (61)

where a is a positive or negative constant.

Multiplication of Positive and Negative Quantities. The ideal multi-
plier would accept voltages of both signs for either X, or X,, and its ocut-
put voltage X, would have the correct sign associated with the product
X1Xs. Such a multiplier is said to be capable of four-quadrant operation.
Other types are capable of two-quadrant operation: here the input volt-
age X, may be ecither positive or negative, and the output voltage X, will

TWO-
+ o QUADRANT |— X, X,+X,E
Xi+E>0 MULTlPLIERl' 2t%2
TWO- DIFFERENTIAL
X QUADRANT X { | ooxXp
' MULTIPLIER XXz 20— I AMPLIFIER
b oxxetxe TWO-
X2+E>0 e =X +E>00{ QUADRANT H —X, X+ X,E
MULTIPLIER

(a) (b)
F1a. 6.2. Adaptation of two-quadrant multipliers to four-quadrant multiplication.

change sign with the input voltage X,. The input voltage X, however,
can be only either positive or negative throughout the computation.
Such multipliers are called two-quadrant multipliers. A third class of
multipliers is capable of accepting only voltages of one sign for either X,
or X,. Such multipliers might be called one-quadrant multipliers.
Generally speaking, it is usually possible to build four-quadrant multi-
pliers by combining simpler multiplying devices which are not capable of
four-quadrant operation. Figure 6.2a shows how a two-quadrant multi-
plier can be made to serve for four-quadrant multiplication. The multi-
plier is of a type which will accept positive and negative voltages X, but
only values of the second input voltage, V, say, which are positive and
greater than some value Vo. X is to be multiplied by a machine variable
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X, which can assume both positive and negative values. A constant
positive voltage E, sufficiently large to make the sum of X, and E greater
than V, for all values of X, is added to the voltage X,. The voltage

V=X+E (6.2)
is used as an input to the multiplier, which will compute the product
X1V = X1X2 + XlE (63)

Figure 6.2a shows how the product X.F may be subtracted from the
multiplier output voltage in order to obtain the correct product X,X,.
The arrangement of Fig. 6.2b utilizes two two-quadrant multipliers.
This circuit may be more complex than that of Fig. 6.2a, but some errors
may cancel because of the symmetrical
push-pull arrangement. The scheme X O————bl K(Xp) f———pX,
of Fig. 6.2a can be applied to both X,
and X, (Fig. 6.15b), or both schemes of
Fig. 6.2 can be combined to yield four- x, o———m— ()
quadrant operation with one-quadrant

multipliers (see also Sec. 6.3).

Voltage-sensitive Variable-gain De- X, 0——2
vices Used for Multiplication. The j:
majority of devices used for the multi- ==
plication of two variables may be de-
scribed by a block diagram such as the
one shown in Fig. 6.3a. The gain or
transfer function K = X,/X; of the
device in question with respect to an
input voltage X, is variable and will
increase or decrease with the value of a
second input voltage X,. Figures 6.30
and ¢ show two different specific ex-
amples of devices which can be de-
scribed by the block diagram of Fig. BlAs =
6.3a. Figure 6.3b shows the servo- SOURCE te)
positioned potentiometer already dis- Fra. 6.3. Voltage-sensitive variable-
cussed in Sec. 1.3. The potentiometer 82 devices used for multiplication

A N of two d-c voltages.
gain or transfer function X,/ X, depends
on the “gain-determining” voltage X, which controls the position of
the potentiometer wiper. The output voltage X, is, accordingly, a func-
tion of both input voltages X, and X, and may be made equal to the
product X,X, of the two input voltages. Figure 6.3c shows a variable-
gain amplifier consisting of a multigrid vacuum tube with an input voltage
X, applied to one control grid and a second input voltage X applied to
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the second control grid. The output voltage X, may be made roughly
proportional to the product of these two input voltages.

There are several fundamental differences between the circuits shown
in Figs. 6.3b and 6.3¢, although the principle of operation as shown by the
block diagram is the same in either case. The servo-driven potentiom-
eter is an electromechanical device, whereas the variable-gain amplifier is
a purely electronic device. Again, the output voltage of the potentiom-
eter multiplier will be quite accurately proportional to the first input
voltage X; unless there is excessive heating of the potentiometer winding.
In the variable-gain amplifier, the output voltage will depend on a func-
tion of the input voltage X; which is only roughly linear; the output volt-
age is dependent on the tube characteristics.

Another difference between the two multiplying devices is in their
respective abilities to multiply both positive and negative machine vari-
ables. The simple potentiometer of Fig. 6.3b is a two-quadrant multi-
plier. The variable-gain amplifier shown in Fig. 6.3c is a two-quadrant
multiplier, since the input voltage X; may be either positive or negative
if the bias levels are chosen correctly. It is seen, however, that a con-
stant voltage depending on the plate supply voltage is added to the
desired output voltage aXX.. This zero-offset voltage may be sub-
tracted out by one of the methods shown in Fig. 6.2. The variable-gain
amplifier shown will, however, multiply with reasonable accuracy only
for a very small range of operating conditions, and these operating condi-
tions will be difficult to reproduce.

Multiplier Circuits Based on Dual Modulation of an A-c Carrier.!
The d-¢ component derived from a suitably detected and averaged (fil-
tered) sinusoidal or square-wave carrier can be made proportional to the
product of two d-¢ input voltages X, and X,. Such multipliers may be
based on (1) simultaneous amplitude and pulse-width modulation of a
square wave whose (running) average value is then proportional to the
desired product (Sec. 6.4), (2) simultaneous amplitude and phase modula-
tion of a square-wave carrier which is then detected by a phase-sensitive
detector? to yield aX,X,3* (3) simultaneous amplitude and frequency
modulation (AM-FM multipliers, Sec. 6.3). The modulator and demod-
ulator (detector) circuits used in the best multipliers of these types are

1 Detailed discussions of many practical modulator and demodulator circuits are
presented in B. Chance, F. C. Williams, V. Hughes, D. Sayre, and E. F. MacNichol,
Waveforms, Chaps. 11 and 14, MIT Radiation Laboratory Series, Vol. 19, McGraw-
Hill, New York, 1949.

3 Chance, B., et al., op. cit.

3 Craig, L. J., The Magnetic Amplifier as an Analog Computer Component, Proc.
IRE, 41: 1477, 1953.

4 Fuller, H. W., and M. A. Meyer, Two New Analog Multipliers, Rev. Sct. Instr.,
25: 1666, 1954.
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essentially carrier-controlled switches,! which are either on or off. The
output of such multipliers will, therefore, depend less critically on the
characteristics of tubes and rectifiers than, for instance, that of the vari-
able-gain d-c amplifier of Fig. 6.3c.

By contrast, the multiplier circuit of Fig. 6.4 depends on the charac-
teristics of nonlinear circuit elements, such as vacuum tubes or rectifiers,

D-C INPUT[CURVATURE |(CONSTANT) X, X, SIN (. [PEMODULATOR |y
" MODULATOR . ) X XgSINWET ™ ppase  [2-COUTPUT
! SENSITIVE  [(CONSTANT)

DETECTOR) | X,Xp
SWITCH TYPE

MODU-
D-CINPUT [LATOR
[lo Siudbili i

(SWITCH
Xz TYoeH | (CONSTANT)X, SINwx

F1c. 6.4. Block diagram of a multiplier based on amplitude modulation.

to “mix’’ the input d-¢ voltage with an input a-c ‘‘carrier’’ voltage.
Suppose the sum of a d-c voltage

Vi=Xi (6.4)
and an a-¢ voltage

Ve = X, sin wer (6.5)

is applied to a nonlinear device; w. is the carrier circular frequency. For
the sake of simplicity, consider a square-law modulator with the output
voltage

k(Vi+4 Vo)? = k(X} + X3 sin? wr 4+ 2X,X, sin w.r)

=k<x%+1

5 Xg) - gxg cos 2w + 2kX1 X, sin wr  (6.6)

where k is a constant. The last term on the right is seen to be propor-
tional to the product of the two input voltages (6.4) and (6.5) and consti-
tutes the desired modulated a-¢ output voltage. The d-¢ and second-
harmonic¢ terms in Eq. (6.6) can be eliminated from the output voltage by
means of blocking capacitors and push-pull circuits (so-called balanced
modulators). The product is detected by a phase-sensitive demodulator
whose d-c output voltage changes sign whenever the carrier phase is
reversed. Multipliers of this type are frequently used in special-pur-
pose computers requiring only rough accuracy (1 to 7 per cent), such as
correlators (Sec. 3.12). The utilization of saturable transformer modu-
lators (magnetic amplifiers) in the block diagram of Fig. 6.4 might deserve
further investigation.? A possible method for improving the accuracy by
means of feedback is discussed in Sec. 6.3.

t Chance et al., op. cit..
2 See also Craig, op. cit.
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All-electronic modulation-type multipliers are capable of good fre-
quency response if the carrier frequency is chosen sufficiently high to per-
mit filtering without phase shift at signal frequencies (see also Sec. 6.4).

Electromechanical Vibration Multipliers. The output voltage of a
strain-gauge pickup driven at a constant audio frequency by means of a
loudspeaker is proportional to the product of the loudspeaker excitation
voltage and the d-c¢ voltage applied across the strain-gauge bridge.!:?
The device is thus an clectromechanical modulator.? For carrier fre-
quencies in excess of 2 ke, the frequency response of such a multiplier is
satisfactory for most computer applications, and accuracies better than
0.2 per cent of full scale have been obtained. The construction of strain-
gauge multipliers does, however, require considerable precision, so that
such devices may be expensive. In a d-¢ analog computer, it will be nec-
cssary to rectify the a-c¢ output voltage, and some drift may result from
this opcration.

Dynamometer-type Multipliers. An electrodynamometer consists
essentially of a moving coil, somewhat like those used in meter move-
ments, which can rotate in the field of an electromagnet as shown in Fig.
6.5. If the direct current in the coil is 7, and the dircet current in the
electromagnet is 75, the resulting torque on the moving coil will be pro-
portional to the product 7,2 of the two currents 7; and z,.

If two electrodynamometers are arranged with their moving coils
rigidly connected to a common shaft as in Fig. 6.5, the resulting torque
will be zero if and only if

’ilig = —i3i4 (67)

where 3, 72, and 73, 74 are the currents in the first and second electrodyna-
mometers, respectively. This balance condition may be maintained by
using an electromechanical or photoelectric pickoff to convert any angu-
lar displacement of the dynamometer shaft into an error voltage; the
latter is then used to drive a high-gain current amplifier whose output is
equal to 73 (see Fig. 6.5). If the polarity of the error voltage is chosen
correctly, such a feedback arrangement will tend to minimize the shaft
displacement and thus the shaft torque at least for slow variations of the
currents ¢; and ;. As a result, one has very nearly

iy = — 4% (6.8)
24

! Hall, A. C,, A Generalized Analogue Computer for Flight Simulation, Trans.
AIEE, 69: 308, 1950.

2 Soroka, op. cit., p. 70.

3 A similar modulator using a condenser microphone as a vibration pickup was used
by the RCA Rescarch Laboratories, Princeton, N.J., in the feedback-stabilized cir-
cuit of Fig. 6.7a (RCA vibration multiplier, Project TYPHOON).
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for a certain range of working frequencies for ¢; and 7;. The relation
(6.8) can be made the basis of a compact d-¢c voltage multiplier if cur-
rent amplifiers, which produce currents proportional to d-¢ input volt-
ages, are available. If the current 7, is made proportional to a third input
voltage, simultaneous division and multiplication are possible. Accura-
cies better than 2 per cent should be feasible. The frequency response
of the electrodynamometer multiplier is limited to perhaps 100 cps by

SPLIT PHOTOCELL
(PICKOFF FOR DETECTING
SHAFT DISPLACEMENT)

VOLTAGE CURRENT ﬂ‘/
AMPLIFIER O

AN
WW

< 1
OUTPUT ~——3 is i /,63 LIGHT SOURCE
L
MIRROR
hy
MOVING
COILS
i4
ELECTROMAGNETS

i2
Fra. 6.5. Principle of the electrodynamometer multiplier. The cssentially similar
Weston Inductronic Product Resolver uses an inductive error pickup operating at
200 ke instead of the photoclectric pickup shown here.

the effects of the inertia of the moving coils and of coil inductance; a
detailed analysis of these effects must be made in cach case.
- At least two multiplying devices operating on the electrodynamometer
principle have been built for control applications.! The accuracy of an
electrodynamometer multiplier can be better than 0.5 per cent at signal
frequencies up to about 20 cps.

The Crossed-fields Electron-beam Multiplier.?2 The principle of the
crossed-fields electron-beam multiplier is somewhat similar to that of the
electrodynamometer multiplier. Unlike the latter, the new multiplier

1 Automatic Current Balance, Descriptive Sheet S144A, Specialties, Inc., Syos-
set, Long Island, N.Y., December, 1950; Galbert, R. W., The Inductronic Product
Resolver, Report 356, Weston Electrical Instrument Corporation, Sept. 14, 1951; sce
also Greenwood et al., op. cit., p. 57.

2 MacNee, A. B., An Electronic Differential Analyzer, Proc. IRE, 87: 1315, 1949
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does not contain any moving parts, so that its high-frequency response is
excellent.

Figure 6.6 illustrates the principle of the crossed-fields multiplier. An
ordinary cathode-ray tube having electrostatic deflection plates and a
. short-persistence screen is fitted
'2 BARRIER with an axial coil wound around
pHoToceLLs the tube in the vicinity of the

second pair of deflection plates.
g = Let E; and E; be the voltages
(Cb pardiin across the first and second pairs
of deflection plates, respectively,
and let 7; be the current in the
DFFERENTIAL axial coil. The first pair of deflec-
| AMPLIFIER | tion plates shown will impart a
€ vertical velocity proportional to
T K. to the electron beam. As a
= result, the beam experiences a hori-
Fic. 6.6. Principle of the crossed-ficlds 20ntal magnetic deflection force
electron-heam multiplier (A. B. MacNee, proportional to E.i; as the elec-
Proc. IRE, 37: 1315, 1949). trons pass through the coil.

Any actual deflection of the electron beam will be detected by a pickoff
consisting of a pair of high-gain photoclectric cells arranged on either side
of a vertical barricr in front of the cathode-ray tube screen.

The difference between the photocell output voltages is amplified by a
differential amplifier. The amplifier output voltage E; is applied to the
second pair of deflection plates in such a manner as to counteract the
original deflection. The plates will exert a horizontal force proportional
to the voltage F; on the electron beam. If the gain of the feedback loop
consisting of the cathode-ray tube, the photocells, and the amplifier is
large, the horizontal deflection of the electron beam will be kept very
small. The horizontal forces acting on the beam must then balance each
other, so that at least approximately

E; = (constant) Eiz, (6.9)

1]

If E, and 7, are made proportional to two input voltages X; and X, the
output voltage will be proportional to the product X;X,. Equation (6.9)
compares favorably with the experimentally determined performance
equation

E; = (constant) (£7; + 0.009E% + 0.015¢; + 0.0005)  (6.10)

of a typical unit. It is believed that the error terms could be reduced by
a factor of 10 through better magnetic shielding and through careful
positioning of the photocells and the barrier. The use of two units in a
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push-pull circuit and of automatic balancing devices (see Sec. 5.6) might
result in further improvements.

The crossed-fields electron-beam multiplier is a useful and fairly simple
device. Perhaps its greatest advantage is its good high-frequency
response, which makes this multiplier especially useful for repetitive com-
puters. The frequency response is flat (within 1 per cent) and the phase
shift negligible up to at least 20,000 cps for E; and 3,000 cps for 7z; the
latter figure is capable of improvement through suitable equalization of
the current amplifier driving the axial coil.

Finally, if the connections in Fig. 6.6 are changed so that the first pair
of deflection plates receives its deflection voltage E, from the amplifier
whereas an input voltage E; is applied across the second pair, then

By = (constant) 11—'1—" (62 # 0) 6.11)
2

is the output voltage; the crossed-fields electron-beam multiplier may be
used for division in this manner.

6.3. EXAMPLES OF MULTIPLYING DEVICES USING FEEDBACK TO LINEAR-
IZE THE GAIN CHARACTERISTICS

Frequently, the gain K of a voltage-sensitive variable-gain device can
be made accurately proportional to the ratio X,/Y of two voltages
(machine variables) X, and Y through the use of a feedback circuit.
Figure 6.7a shows such an arrangement. The gain K of the variable-
gain device shown in the solid lines must be independent of its input volt-
age (Y in this case). The gain K does vary monotonically but not neces-
sarily linearly with the gain-setting voltage V, obtained at the output of
a high-gain differential amplifier. The latter is seen to amplify the dif-
ference between the input voltage X, and the voltage KY. Since K
varies monotonically with V,, it is possible to write

K = K(V,) = A(X, — KY) (Y =0) (6.12)

where A is a positive quantity proportional to the amplifier gain but in
general depending on the value of V,. It follows that

AX,

K=iTar

(6.13)
If the value of A is made sufficiently large by increasing the amplifier
gain, Eq. (6.13) will reduce to

~ X2

kK~%

(6.14)
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The feedback will thus tend to set the gain K automatically near the value
X,/Y. The accuracy with which Eq. (6.14) approximates the correct
expression (6.13) will depend on the value of the amplifier gain.!

Feedback Multipliers. Assume, now, that it is possible to obtain a sec-
ond variable-gain device whose gain will vary with the voltage V, exactly
like the gain of the first variable-gain device.

-
! GAIN ! X X,

e S —— [ 3 A St Lt
X L K(Vo) r %=

VOLTAGE-SENSITIVE
VARIABLE-GAIN

DEVICES WITH |
IDENTICAL Vo DIFFERENTIAL |[€——————o0 X,
CHARACTERISTICS AMPLIFIER
KY
yw0 GAIN
K(Vo)= A(X2-KY)
(a)
+ GAIN K (Xi+Y)
Xi+Y o K(Vo)
Vo DIFFERENTIAL T ~_X1%g
AMPLIFIER [o °Xe ] oXo™ ==
GAIN KY -KY
Y)O o= K(Vo) |
(b)

Fra. 6.7. Feedback circuits used for setting the gain of a variable-gain device accu-
rately to a value determined by the input voltages X: and Y. Note that Xy, X, ¥,
and X, are measured in machine units.

If, then, the output voltage V, of the differential amplifier shown in
Fig. 6.7a is fed to the second variable-gain device, the latter can be used
to multiply any input voltage X; by K =~ X,/Y. The dotted lines in
Fig. 6.7a indicate how the multiplication

X,

X, =X, v (6.15)

may be performed in this manner. It is seen that simultaneous multi-
plication and division (see Sec. 6.12) is possible by this method. One
may perform several multiplications by X./Y by providing additional
variable-gain devices with identical characteristics and with gains deter-
mined by the voltage V..

1 A uniformly high gain can be obtained only for a limited range of signal frequencies

in each case, and the entire circuit will have to be carefully designed for high-frequency
stability in a manner similar to that indicated in Sec. 5.4.
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The schemes of Fig. 6.2 may be combined with the block diagram of
Fig. 6.7a to yield four-quadrant multiplication even if the variable-gain
devices used permit only positive values of input voltage and/or gain.
Figure 6.7b shows one such modification of the block diagram of Fig.
6.7a (see also Figs. 6.12b and 6.15b).

The reader will find it interesting to make an analysis of the effects of
unbalance voltages due to drift at different points of the circuit in the
manner of Sec. 5.1.

Design Problems. Aside from certain difficulties involved in attaining
stable feedback action throughout the desired range of operating fre-
quencies, the chief problems in designing multipliers based on the block dia-
gram of Fig. 6.7a are tn oblaining

(1) voltage-sensitive variable-gain devices whose gain is independent of the
input voltage (X, or Y in Fig. 6.7a)

(2) two or more voltage-sensitive variable-gain devices whose gain vs. gain-
setting-voltage characteristics are accurately similar

Practically all simple voltage-sensitive circuit elements, such as thyrite
resistors, crystals, or even vacuum tubes, do not satisfy ecither of the
conditions given above; their gain may be dependent on the input voltage,
and their characteristics cannot be reproduced with sufficient accuracy.
One may overcome these deficiencies (1) by using one and the same vari-
able-gain device to attenuate both ¥ and X in Fig. 6.7 on a time-shar-
ing or frequency-sharing basis; (2) by using vacuum tubes only as switches
(on-off devices). The circuit gain will then be independent of the tube
characteristics to a first-order approximation (Sec. 6.4).

Servomultipliers. The operation of the ordinary multiplying servo-
mechanisms (which have been shown only as block-diagram symbols in
the previous sections) depends on the principle of Fig. 6.7. In Fig. 6.8,
the variable-gain devices in this case arc potentiometers positioned by a
servomotor which is actuated by the output voltage V, of a differential
amplifier. The latter may take the form of a servo amplifier or of a sen-
sitive relay. Servo-driven potentiometers satisfy the design require-
ments given above quite well. The use of electromechanical devices
will, however, limit the range of operating frequencies for the variable
X,. The design and performance of computer servomechanisms is dis-
cussed in detail in Secs. 6.8 to 6.11.

Heat-transfer Multipliers.! Remarkably small and simple feedback-
stabilized multipliers are based on transducers of the type shown in Fig.

18avet, P. H., Analog Computing by Heat Transfer, Tele-Tech and Electronic
Industries, February, 1954; Davidson, G. M., Thermal Elements Simphfy Computing
Circuits, Elec. Mfg., 1954; Davidson, G. M., W. Djinis, and P. H. Savet, Submniature
Thermal Control Element, Electronic Equipment, June, 1955. The Arma Corpora-
tion (Brooklyn and Garden City, New York), which developed these circuits, has
also used the heat-transfer lag in similar computing elements to differentiate and
integrate the RMS values of a-c currents.
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Fi1a. 6.8. Servomultipliers connected for two-quadrant operation (a) and four-quadrant
opcration (b).

6.9a. The gain-changing voltage V, is added to the heater voltage E;
the resulting temperature change varies the resistance of the sensing ele-
ment and thus the gain K. Figure 6.9b shows a feedback-stabilized
push-pull multiplier circuit based on this principle; the circuit was orig-
inally used to operate on a-c voltages.

Each of the transducers encircled in broken lines in Fig. 6.9b comprises
a bifilar heating element (No. 40 teflon-insulated nichrome wire) and
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two sensing elements (No. 40 teflon-insulated nickel wire) wound together
on a pyrex rod. Two or more such units may be mounted in a miniature-
tube envelope; no vacuum is required.

Accuracies better than 1 per cent of full scale have been obtained with
carefully matched gain-setting and output-sensing elements. The fre-
quency response is restricted to about 10 cps by the inherent heat-trans-
fer lag, and the output-voltage range may be limited by self-heating of
the sensing elements. Such multipliers are useful mainly in special-pur-
pose computers used as control-system components.
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Fia. 6.9. Principle of the heat-transfer multiplier.

The Step Multiplier. The step multiplier, developed by the RCA
Research Labhoratorics,! is a very accurate computing element usecful for
multiplications by functions of machine variables as well as for multiplica-
tions by machine variables. The step multiplier is not a pure analog-
computing element since it uses a digital counter to regulate the gain of a
variable-gain amplifier.

Figure 6.10 illustrates the principle of the step multiplier.? One may
vary the transfer function of the operational amplifier shown by placing
different combinations of resistors in parallel by means of a set of relays.
If the relays are initially open and are closed successively as time pro-
gresses, the gain K of the operational amplifier will increase progressively
as the input resistance is effectively decreased. If different combinations

1 Princeton, N.J.
2 Goldberg, E. A., Step Multiplier in Guided Missile Computer, Electronics, 24: 120,

1951.
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of relays are closed (or opened) in succession with equal time intervals,
the various resistors can be chosen so as to permit multiplication of the
input voltage by a stepwise-varying monotonic function of the time. A
somewhat similar device, utilizing one large stepping relay instead of a
multiplicity of simple relays, has actually been used to generate functions
of the time.!

c A'A'A'A' AvAvAvA'A' AO
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+— WW—o D-C AMPLIFIER
RELAYZL
+—VWW—s
RELAY 3
AN —0
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TIPLICATIONS BY X2 COUNTER GATE Vo
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Y
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F1a. 6.10. The step multiplier (simplified block diagrams).

If different combinations of the relays are opened or closed in a manner
dependent on the value of a voltage V,, this device becomes a voltage-
sensitive variable-gain amplifier whose gain K varies step by step as the
voltage V, changes. This principle has been made the basis of a feed-
back multiplier of the type illustrated in Fig. 6.7a.

Figure 6.10b shows a simplified block diagram of a step multiplier.
The relays are opened and closed by corresponding stages of a reversible

1 Hagelbarger, D. W., C. E. Howe, and R. M. Howe, Investigation of the Utility
of an Electronic Analog Computer in Engineering Problems, UM M-28, Apr. 1, 1949,
Acronautical Research Center, University of Michigan, Willow Run.
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binary counter.! The reversible counter counts pulses generated by a
pulse generator and is controlled (gated) by the gain-determining output
voltage V, of the differential amplifier shown. If the voltage V, is posi-
tive, the electronic gate applies the pulses to the counter so that it will
count up. Under these conditions, the counter stages will open and close
relays so as to increase the gain K of the two identical variable-gain
devices until it becomes equal to the correct value X,/Y. The gate will
then close. 'Whenever the gain K is less than X,/Y, the output voltage
V, of the differential amplifier will become positive, and the electronic
gate will cause the counter to count up and thus increase the multiplier
gain K. In this manner, the latter can be stabilized at the desired value
X,/Y. The stepwise variation of the multiplier output voltage may be
smoothed by means of a smoothing filter.

The accuracy of the step multiplier can be improved by increasing the
number of relays used. With 14 counter stages, the tubes of the binary
counter could energize the relays in the sequence: (none); (1); (2); (1,2);
3); (1,3); (2,3); (1,2,3); (4); ete.; the 28 possible relay positions permit
214 = 16,384 distinct values of the multiplier gain or a theoretical accu-
racy of better than 0.01 per cent of full scale. The gain can be made to
increase or decrease in equal steps if the resistance values of the resistors
associated with the different relays are chosen judiciously. The actual
accuracy of the step multiplier is limited to about 0.01 per cent by d-c
amplifier drift and by the accuracy of the gain-setting resistors.

The frequency range of the gain-setting variable X; in step multipliers
is severely limited by the frequency response of the relays. Not only
must the relays open or close within the time required for the smallest
gain changes under consideration, but the relays in two or more variable-
gain devices must “track’ in order to yield accurately similar gain-vs.-
voltage characteristics. The maximum counting rate usable with high-
speed relays is of the order of 1,500 counts per second, corresponding to
a maximum voltage rate of change

dX, _ 1,500V pax .
- < g (6.16)

where V... is the voltage range and n is the number of relays used. Cien-
erally speaking, step multipliers can be about as fast as servomechanisms
of equal accuracy. The accuracy can be improved at the expense of fre-
quency response.

The step multiplier may be used as an accurate function generator if
the resistors associated with the various relays are chosen correctly.
Although one counter and gate circuit may, in any case, be used for

1 For a detailed discussion of the circuits used, see Project TYPHOON Progress
Report 2, Contract N6oni196, RCA Laboratories Division, Princeton, N.J.
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several multiplications by the same machine variable or by functions of
this machine variable, the relative complexity of the step-multiplier cir-
cuits (over 50 tubes may be required for a single 14-relay multiplier) will
restrict the usefulness of such devices to applications where high accuracy
is of paramount importance.

Time-sharing Schemes. The very serious difficulty in obtaining two
or more identical attenuator elements for use in feedback multipliers can
sometimes be resolved by using a single attenuator on a time-sharing
basis. As an example, Fig. 6.11 shows a commutated-potentiometer servo
of the type developed at the RCA Research Laboratories.! The circuit
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Fia. 6.11. Commutated-potentiometer servo. The motor-driven switches may be
replaced by vibrating relays. The load resistances in the multiplier and follow-up
branches must be equal for good accuracy.

shown is essentially the same as the servomultiplier of Fig. 6.8b. A
single potentiometer is switched back and forth between the multiplying and
gain-adjusting sections of the circuit. This is accomplished by means of
three commutator-type switches rotated at 3,600 rpm or by means of syn-
chronous vibrators. The potentiometer output voltage for each switch
position is “remembered’’ by an RC smoothing network which filters out
the commutator ripple. The use of a single potentiometer in a computer
servomechanism assures perfect ‘“tracking’’ of the multiplying and fol-
low-up sections of the circuit; no expensive accurately linear wire-wound
potentiometers are required. A fairly low-cost potentiometer having
good resolution, such as a metalized or carbon type, may be used. The
frequency response of the servomechanism is not affected by the new
arrangement and still constitutes a limit to the usefulness of the multiplier.

1 Princeton, N.J. (TYPHOON Project).
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Frequency-sharing Schemes and AM-FM Multipliers. With voltage-
sensitive attenuators whose gain is independent of frequency over a suffi-
ciently wide range, it is again possible to use a single attenuator in a
feedback-multiplier arrangement. Figure 6.12a shows a possible arrange-
ment. The input machine variable X, and the reference voltage 1" are
simply added and applied to the voltage-sensitive attenuator, which may

— LOW-PASS
X (0-C) VARIABLE FILTER ouTPUT
GAIN
o o DEvice | ['0XC LINEAR
¥ (AMPLITUDE FILTER RECTIFIER
OF 10 KG
CARRIER) /
GAIN-ADJUSTING x
VOLTAGE 2

F1a. 6.12a. Frequency-sharing feedback multiplier.

be a simple variable-gain amplifier or a modulator-demodulator arrange-
ment (see Sec. 6.2). The reference voltage Y is the amplitude of an a-c
voltage whose frequency is above the desired range of signal frequencies
to be used with the multiplier. The resulting high-frequency component
of the attenuator output voltage is filtered by a band-pass filter, rectified,
and used for adjusting the attenuator gain. The product output voltage,
on the other hand, is freed of the high-frequency components by means
of a low-pass filter. It is seen that the attenuator transfer function can
be made accurately proportional to X,/Y in this manner; arrangements
of this type have permitted accuracies better than 0.2 per cent of full
scale.!

Figure 6.12b shows the block diagram of an AM-FM multiplier? based
on the feedback scheme of Fig. 6.7b. The output voltage of each FM dis-
criminator (Foster-Seely discriminator) is proportional to the carrier
amplitude (X; + Y or Y) and increases with the carrier frequency; the
latter is determined by the gain-setting voltage V, applied to a frequency
modulator.® The frequency deviation, and thus each discriminator out-
put voltage, changes sign together with V,. The amplitude-modulator
input voltages, which cannot change the sign of the corresponding dis-
criminator output voltages, are always positive (see also Fig. 6.2a).
Note that the amplitude modulation as well as the frequency modula-
tion is linearized by feedback.

1 Chance, Williams, Hughes, Sayre, and MacNichol, op. cit., Sec. 19.5.

2 McCool, W. A., An AM-FM Electronic Analog Multiplier, Proc. IRE, 41: 1470,
1953; see also R. Price, An FM-AM Multiplier of High Accuracy and Wide Range,
RLE Report 213, Oct. 4, 1951, Massachusetts Institute of Technology, Cambridge,

Mass.; Somerville, M. J., An Electronic Multiplier, Elec. Eng., February, 1952.
3 Refer to McCool, op. cit., for the complete circuit.
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FEEDBACK TO LINEARIZE AMPLITUDE MODULATION
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Fia. 6.12b. Block diagram of an AM-FM multiplicr. The two discriminators used
should be adjusted so that their characteristics are as closely identical as possible;
temperature-compensated tuning circuits are recommended. The GAIN, FREQUEN(Y,
and BALANCE controls are adjusted for zero output with X; = 0, X, = 0,and X; = X,
= (), respectively.

AM-FM multipliers using chopper-stabilized d-¢ amplifiers and care-
fully matched discriminators permit accuracies better than 0.3 per cent
of full scale (200 volts); the high carrier frequencies used insure good
high-frequency response (flat within 1 db, less than 15-deg phase shift
up to 1 per cent of the carrier frequency).

6.4. MULTIPLIER CIRCUITS BASED ON SIMULTANEOUS PULSE-AMPLI-
TUDE MODULATION AND PULSE-WIDTH MODULATION

Introduction. The operation of most commercially available elec-
tronic multipliers is based on simultaneous pulse-amplitude modulation
and pulse-width modulation of a square-wave carrier. Such multipliers
are capable of high static accuracy (better than 0.05 per cent of full
scale) and fair frequency response (usable to above 2 ke). Each com-
plete multiplier requires between four and nine tubes in addition to three
or four d-c amplifiers.

The average (smoothed) values of the square-wave pulse trains pic-
tured in Figs. 6.13a and b are respectively given by

T, T — T,

X T1+ T; = XnTl and X -T; :*‘——T_z
where X is the pulse amplitude, 7', is the width of the positive pulse,
and n = 1/(Ty + T,) is the pulse repetition rate. The circuits to be
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Fia. 6.13. The average value (d-c component) of the squarc-wave voltages shown is

- Ty =T, .. .
in Fig. 6.13a and X 7, 4, Fig. 6.13b.
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Fra. 6.14(a), (b). Principle of the pulsed attenuator. The gain K is determined by
the ratio of the pulse width 7' to the repetition period 7'y + 7'; of the periodically
switched waveform. (¢) Two simple pulsed attenuators arranged as a one-quadrant
feedback multiplier.

described utilize these relations to multiply a voltage X; controlling
the pulse amplitude X by a second voltage X which controls either
Tl/(Tl + Tz) or (T1 - Tz)/(Tl + T?)-

Pulsed Attenuators. Figure 6.14a illustrates the principle of a pulsed
attenuator. The switch shown is operated at a repetition rate n large
compared to the highest signal frequency and chops the input signal into
approximately square pulses of amplitude X and width T. The result-
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ing pulse-amplitude-pulse-width modulated square-wave voltage is aver-
aged (smoothed) by a low-pass filter which yields the output voltage

X, = aXnT, = KX (6.17)

If K = anT, is made to depend on a second input voltage by means of
suitable timing circuits, the pulsed attenuator becomes a voltage-sensi-
tive variable-gain device.

Triggered Pulsed-attenuator Multipliers.! The simple pulsed-atten-
uator circuit of Fig. 6.14b incorporates an electronic switch which is
actuated by amplified gate pulses from a phantastron or delay multivi-
brator? triggered at a constant repetition rate n. The latter circuits
make the duration T'; of each negative gate-pulse excursion roughly pro-
portional to a gain-setting voltage, so that the relation (6.17) results in
multiplication with an accuracy of the order of 1 per cent.

More accurate pulse-width modulation, and thus more accurate mul-
tiplication, is made possible by the feedback principle indicated in Fig.
6.7. Figure 6.14c shows two pulsed attenuators arranged as a simple
(one-quadrant) feedback multiplier. The “on’’ period 7', for both atten-
uators is determined by the gain-setting input voltage V, to the phantas-
tron or delay multivibrator. As a result of feedback through a differen-
tial amplifier and one of the pulsed attenuators, the gain K(V,) = anT,
of each attenuator will become practically equal to X,/Y, just as in Fig.
6.7a. Since the switch tubes in Fig. 6.14 require a positive plate voltage
to operate, the basic circuits shown restrict the range of input voltages
and permit only onc-quadrant multiplication. Four-quadrant operation
can be obtained in the manner discussed in Sec. 6.1 (see also Fig. 6.15b).

Operation of a Self-excited Time-division Multiplier3: The Relay
Multiplier. The operation of a self-excited time-division multiplier is
well illustrated by that of the simple four-quadrant relay-multiplier cir-

1 Karly circuits of this type were developed at Cornell University, Ithaca, N.Y.,
under the direction of H. 8. Sack (NDRC Report 14-435 and Cornell thesis of A. C.
Beer and H. W. Bochmer). Sce also I. A. Greenwood, J. V. Holdam, and D. MacRae,
Electronic Instruments, MIT Radiation Laboratory Series, Vol. 21, McGraw-1lill,
New York, 1948; and L. G. Walters, A Study of the Series-motor Relay Servomechan-
ism, Ph.D. thesis, University of California, Los Angcles, 1951.

% In such circuits, each trigger pulse starts a square pulse which is integrated until
the absolute value of the integral equals a predetermined fraction of a d-c input volt-
age. At this point the pulse is terminated by regencrative action. For a detailed
discussion, see Chance et al., op. cit., Chap. 5.

* Goldberg, E. A., A High-accuracy Time-division Multiplier, RCA Rev., 28: 265,
September, 1952; Morrill, C. D., and R. V. Baum, A Stabilized Electronic Multiplier,
Trans. PGEC, IRE, December, 1952; Korn, G. A, and T. M. Korn, Relay Time-
division Multiplier, Rev. Sci. Instr., 26: 977, October, 1954¢. The term time-division
multiplier is often applied to all types of multiplier circuits based on pulse-amplitude-
pulse-width modulation, including those operating at constant repetition rates.
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F1a. 6.15a, b. This simple relay time-division multiplier circuit illustrates how double-
throw switching operations yield four-quadrant multiplication. For faster switching
and extended high-frequency response, the relay is replaced by a pair of double-throw
electronic switches and the associated gate genetator (Fig. 6.15¢ and d). The princi-
ple of operation remains the same.

cuit shown in Fig. 6.15a. The positive voltage Ey = Y + X, charges
the integrating capacitor at the rate (¥ + X,)/RC until the voltage Er
reaches a value Eop sufficient to energize the relay.! The integrating

1 Since a relay operates at a specified value of coil current rather than coil voltage,
the voltages Eop and Eggi depend slightly on the rates at which E; increases or
decreases, and thus on the voltages X, and Y. This effect can be neglected if the
relay operating and release delays and switching times are negligible compared to
Tl a.nd Ta.
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network will then integrate Ey = —Y + X, so that E; decreases at the
rate (Y — X,;)/RC. When Er has decreased to the value Egg. the relay
releases, and the entire process is repeated.

For sufficiently slow repetition rates, the relay operating and release
delays as well as the switching times 7'] and T are negligible, so that the
relay is deenergized and energized for the respective time intervals

_ RC(Eor — ErrL) _ RC(Kor — Erg1)

T, YR T, = Y =X, (6.18)
and the repetition rate is
2 2
1 ! vio X (6.19)

"= T ¥ Ty 2RC(Eop — Erer) Y

If the X, contacts of the relay move in exact synchronism with the ¥
contacts (identical pulsed attenuators), then the output voltage X, of the
ripple filter is proportional to the desired product; specifically

r—1T: _ XJ&

Xe=-ap fr,=%y

(6.20)

where a is the low-frequency transfer function of the ripple filter.

The simple relay multiplier requires no electronics other than an ordi-
nary computer d-¢ amplifier. A laboratory model, limited by the switch-
ing speeds of available relays! to repetition rates below 60 cps, yielded a
static accuracy of better than 2 per cent of full scale (plus and minus
80 volts), with a frequency response comparable to that of a 60-cps com-
puter servomechanism. One might improve this performance consider-
ably by using faster relays and by substituting a comparator or bistable
multivibrator (circuits 6.7 and 6.8 of Table 6) for the simple d-¢ ampli-
fier indicated in Fig. 6.15a. It is also possible to use a polarized DPDT
relay with a neutral center position. Finally, one may obtain triggered
pulsed-attenuator action by introducing a sinusoidal “dither” voltage
into the auxiliary input terminal indicated in Fig. 6.15a; this should
result in faster relay operation as well as in a constant repetition rate.

Electronic Time-division Multipliers. Much faster switching and thus
higher repetition rates and improved multiplier high-frequency response
become possible if the relay in Fig. 6.15a is replaced by a pair of double-
throw electronic switches driven by a common gate generator (Figs.
6.15¢ and 6.15d). The principle of operation remains the same: the
gate-generating bistable multivibrators (Fig. 6.15d) “flip”’ and “flop”’
whenever the voltage Er reaches the limiting values Eop and Eggy, so

1 Siemens & Halske type T rls 66 a T Bv 3602/54, polarized by a 1N34 crystal
diode.
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Fic. 6.16a, b. Block diagram and idealized waveforms for a time-division multiplier
employing single-throw clectronic switches which can operate only for positive values
of both input voltage and gain (Fig. 6.16c). Four-quadrant operation is obtained
through addition of a positive voltage E to both —X; and X, and subtraction of the
unwanted product terms —X,E/Y, —X,E/Y, and E?/Y from the output voltage of
the electronic switch (see also Fig. 6.2a).
that each electronic switch (Fig. 6.15¢) periodically reverses the sign of
its output voltage, just like the relay in Fig. 6.15a.

Figure 6.16 illustrates the operation of an electronic time-division mul-
tiplier utilizing somewhat simpler (single-throw) electronic switches;
four-quadrant operation is obtained in the manner of Fig. 6.2a.
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Precision Switching Circuits. Whereas the electronic switch circuit
of Fig. 6.15¢ permits individual adjustments of the switch-tube resist-
ances, the precision switching schemes shown in Fig. 6.17 minimize the
effects of switch-tube plate resistances by means of inverse feedback.
Both circuits are suitable for operation at repetition rates of at least

INTEGRATING CAPACITOR
100K OR FILTER NETWORK

) ’
xo—m—o” VT X>00 W I -+ our

f 6ALS
4
Loy

GATE PULSES IN |
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I
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F1a. 6.16c. A single-throw electronic-switch circuit based on combined shunt and
series switching. Both the input voltage X and the gain K of the pulsed attenuator
must be positive. Two such switches are needed for the multiplier of Fig. 6.16a
(Donner Scientific Company).

+400V +400v

12AT7

100
{00kkF
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UNLESS SPECIFIED. _ 400y -400V

F1a. 6.16d. This simple gate generator for the electronic switch of Fig. 6.16¢ comprises
a bistable multivibrator and a cathode-follower output stage. The output voltage
‘““flops”’ to its most negative value (and thus opens the switch) when the input voltage
decreascs below the value Eop; the output voltage “flips” back when the input voltage
increases again to the level Egkr (Donner Scientific Company).

20 ke; some matching of tubes for interelectrode capacitances may be
necessary.

All resistors indicated are wire-wound precision units. In the circuit
of Fig. 6.17b, one may eliminate two wire-wound resistors carrying high-
frequency current by grounding the plate of ¥, and using the circuit as a
single-throw switch in the manner of Fig. 6.16. In an earlier version of
the circuit of Fig. 6.17b, the high impedance of a pentode used to drive
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the switches helped to remove the relatively small a-c components appear-
ing on the switch-tube cathodes from the input d-c amplifier and its wire-
wound feedback resistors.! In the case of the triode circuit shown, a

S
zsg‘mr 100K 43K = out
VW A~ —0
out " 270K 2x12a07
5##"—_%: L nnJs
it
X OAANA Xo——'W\r—-——Q , N
-2 L+ \\— 7/ 1n
pprF £
100K 322K
1
25K ¥

F1c. 6.17a. Goodyear’s precision single-throw switch uses shunt feedback to make the
output voltage largely independent of the switch-tube characteristics. A high-gain
commutator-stabilized d-¢c amplifier is used. The gain K is necessarily negative, but
the input voltage X may be positive or negative One may improve the accuracy
further by restricting X to positive values, so that two of the switching triode sections
can be omitted (Goodyear Aircraft Corporation)

INTEGRATING GATE PULSES INTEGRATING
CAPACITOR, IN CAPACITOR,
OR FILTER n OR FILTER
NETWORK 6CG7 NETWORK

SWITCH
TUBES

r:(;—(’ out QOUT

=300V

F1a. 6.17h. This precision double-throw series switch (current switch) uses a chopper-
stabilized high-gain d-c amplificr with current feedback as a current gencrator (high-
impedance source), so that the effect of the switch-tube plate resistances on the output
voltage is very small. The gate voltages vary between —50 volts and —65 volts.
The gain K can take positive or negative values, but the input voltage X must be
positive (RCA Laboratories Division).

similar effect is obtained as an incidental benefit of the dynamic balanc-
ing circuit described below.

The theoretical performance of the feedback schemes indicated in Figs.
6.17a and 6.17b will be slightly impaired by the by-passing action of
stray capacitances at the ripple frequency. Thus, in Fig. 6.17b, the

1t Goldberg, E. A., op. cit.
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capacitance between the switch-tube cathodes and ground shunts the
high impedance of the current generator, so that any difference in the
switch-tube plate resistances will cause a small unbalance of the output
voltage. For switching frequencies below 10 ke, one can reduce the
resulting error below 0.1 per cent by keeping stray capacitances as small
as possible, by matching switch tubes, by adjusting the 100K resistors
shown in Fig. 6.17b, or by adjusting the gate-pulse levels in the manner
of Fig. 6.15b. The latter purpose is accomplished automatically by the
RCA dynamic balancing circuit shown in Fig. 6.17¢c. An a-c amplifier
senses the square-wave unbalance voltage on the switch-tube cathode

GATE PULSES IN

220uuF
SunF 20K T
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kel
6C6G7
1: CURRENT
P out
o
0005 " I—]
“ - INS4A
.. A-C AMPLIFIER A-C AMPLIFIER
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SupF 20K -Lzzopur

GATE PULSES IN

F1a. 6.17¢. The RCA dynamic balancing circuit may he used with the electronic switch
of Fig. 6.17b to reduce any remaining effects of switch-tube unbalance in the ratio of
100 to 1. Only two dual tubes are required (RCA Laboratories Division).

and sets both positive and negative gate-pulse excursions on each switch
tube so as to minimize the unbalance.

The electronic switching circuits shown in Figs. 6.15¢, 6.16¢, and 6.17
may be used in triggered pulsed-attenuator multipliers as well as in self-
excited time-division multipliers.

“Ganging” of Multipliers. Both triggered and self-excited pulsed-
attenuator multipliers are capable of multiplying not just one but several
input voltages, X, X}, X7/, . . . , say, by the voltage X,. It is merely
necessary to provide as many synchronously driven ‘“slave’’ switches
and ripple filters as there are multiplicands X, X}, XY, . . . . If more
than three electronic switches are to be driven by a single gate generator
(more than two multiplications by X,), one may either use a power ampli-
fier to amplify the gate pulses, or each electronic switch may have its
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own gate-generating multivibrator triggered by pulses from the master
gate generator.

Ripple Filtering and Multiplier Frequency Response. If, as is often
the case, the multiplier output voltage is to be integrated, then little or
no filtering of the pulsed-attenuator ripple is required. If, on the other
hand, the multiplier feeds nonlinear devices, and, in particular, other
similar multipliers, then one must reduce the RMS ripple voltage below
about 0.1 per cent of full scale to avoid serious errors due to ripple rec-
tification. The ripple filter may comprise a low-pass resistance-capaci-
tance network (integrating network) followed by a tuned filter (induct-
ance-capacitance filter, parallel-T filter, or an operational amplifier
similar to circuit 2.2, Table 2) tuned to the mean repetition rate. Since
the two pulsed attenuators should be identical, the impedance presented
by the output amplifier and/or ripple filter to the X, switch should be
equal to that of the amplifier, integrating circuit, or ripple filter con-
nected to the Y switch.!

The repetition rate of most self-excited time-division multipliers varies
through a ratio of approximately 2:1; triggered pulsed-attenuator mul-
tipliers have a constant repetition rate and permit slightly better filter-
ing than time-division multipliers.

The frequency response of a pulsed-altenuator multiplier is essentially
determined by that of its ripple filter. For an RMS ripple output of 0.1 per
cent of full scale, the frequency response can be made flat within 0.5 db,
and the phase shift kept below 3 deg, up to a frequency of the order of
1 per cent of the lowest repetition rate.

Other Design Considerations. The accuracy of triggered or self-
excited pulsed-attenuator multipliers depends critically on d-c¢ amplifier
drift and on the stability of the various summing and feedback resist-
ances. The corresponding requirements may be met through the use of
automatic balancing circuits and stable resistors (Chap. 5). A remain-
ing critical factor is the switching time, t.e., the sum of the rise and decay
times of the switching waveforms. During the rise and decay of each
gate pulse, switch-tube characteristics can affect the output voltages, and
thus the matching, of the individual pulsed attenuators operating on Y,
X, X}, etc. The resulting errors decrease with the ratio of switching time
to repetition period.*

It is seen that the multiplier design will involve a compromise between
static accuracy (best for low repetition rates), frequency response (best
for high repetition rates and high ripple voltage), and ripple noise.

1 See also Morrill and Baum, op. cit.
2 See Korn and Korn, op. cil., for a quantitative analysis of this effect in the special
case of a relay time-division multiplier.
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Representative Circuits. Accuracy. The essentially similar Berke-
ley! Model 1056 and Donner? Model 33R electronic multipliers employ
the block diagram of Fig. 6.16a with the electronic switch circuit of Fig.
6.16¢ and unstabilized d-c amplifiers. In this low-cost design, the over-
all accuracy (0.5 per cent of full scale or 200 volts) is determined as much
by d-¢ amplifier drift as by the switching waveforms. The designers
were, therefore, able to utilize a simple gate-generator circuit (Fig. 6.16d)
and high repetition rates (50 to 100 ke¢) to obtain remarkably good high-
frequency response (flat within 0.5 db to 700 cps; less than 2.5-deg phase
shift at 100 cps).

The clectronic switching circuits shown in Figs. 6.15¢ and d are those
used in the Reeves Instrument Corporation EM-101 Model 0 clectronic
multiplier; the precision switching circuits of Figs. 6.17a and b are respec-
tively employed in Goodyear Aircraft Corporation and RCA multipliers.
Sharp gate pulses may be obtained by means of relatively well-known
radar techniques.? The Goodyear time-division multiplier has an espe-
cially elaborate and accurate timing circuit involving the usual bistable
multivibrator (Schmitt trigger circuit), a pulse-differentiating network,
and a blocking oscillator driving individual gate-generating multivibra-
tors and output amplifiers for each clectronic switch. The electronic
multiplier used in the Electronic Associates PACE computer (Sec. 8.4)
is not a self-excited time-division multiplier but uses a phantastron trig-
gered at 10 ke to actuate single-throw versions of the electronic switch
shown in Fig. 6.17b. The Reeves, RCA, Goodyear, and Electronic
Associates multipliers all have automatically balanced d-¢ amplifiers
(Sec. 5.6).

The static accuracy of such high-quality multipliers is better than
0.1 per cent of full scale. The frequency response depends on individ-
ual requirements for ripple filtering; commercially available ripple filters
may be modified to permit the user to exchange ripple filtering for fre-
quency response. A typical combination involves 0.2 volts RMS ripple,
with a response flat within 0.2 per cent and less than 3-deg phase shift up
to 100 cps.

6.5. LOGARITHMIC MULTIPLIERS, QUARTER-SQUARE MULTIPLIERS, AND
RELATED CIRCUITS

Logarithmic Multipliers. The nonlinear devices needed for multipli-
cation may take the form of function generators whose output voltages

1 Berkeley Division, Beckman Instruments, Inc¢., Richmond, Calif.
? Donner Scientific Company, Berkeley, Calif.
3 Chance et al., op. cit.
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are proportional to the square, logarithm, etc., of the respective input
voltages. Thus

X1X, = gl Xrtom X0 = antilog,(log, X1 + logs Xs)  (6.21)

Figure 6.18a shows the block diagram of a multiplier based on this well-
known relation. It is easy to see that circuits based on the properties of
the logarithmic function may be used to obtain division, powers, and

X,

o—— LOG, X%
~ANTILOG g}

Xz

o—— LOG,

F1a. 6.18a. Logarithmic multiplier. Diode function generators (Sec. 6.7) may be
used in this circuit; the antilogarithm (exponential function) may be generated as the
inverse function of the logarithm in the manner of Sec. 6.12,

.Xl

HX+X5)
Z "2 | SQUARER |

ol— 7

_x2

X\ Xa

#X"Xp)
SQUARER

Fia. 6.18h. Quarter-squarc multipliers.

roots as well as multiplication. The direct application of the circuit of
Fig. 6.18a is restricted to positive values of X; and X, (one-quadrant
operation). Accuracies better than 1.5 per cent have been obtained with
diode function generators (Sec. 6.7).

Quarter-square Multipliers. The gquarter-square multiplier shown in
Fig. 6.18b is basced on the relation

X1 X, = Y[(X1 4+ X,)?2 — (X1 — X3)Y (6.22)

The use of cathode-ray function generators (Scc. 6.6)! or diode function
generators? (Sec. 6.7) in the circuit of Fig. 6.18b permits four-quadrant
operation with excellent frequency response (up to more than 100 ke),
so that repetitive operation (Secs. 1.1 and 8.5) is possible. The percent-

! Miller, J. A, A. S. Soltes, and R. E. Scott, Wide-band Analog Function Multi-
plier, Electronics, February, 1955.

2 Giger, S., An All-Electronic High-speed Multiplier, Massachusetts Institute of
Technology Instrumentation Laboratory Report R-67, November, 1953.
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age error of a quarter-square multiplier may be quite large for small values
of the difference (6.22).

The Recves Diode Electronic Multiplier (see also Sec. 8.4)! utilizes the
relation

XX, =& I[Xl + X, Kt XN ]

+ [Xl - X, — (—Xi—-—d—)w] - 2X1l (6.23)

rather than the relation (6.22); the functions U7 + U?/a and U — U?/a
are monotonic for |U| < 1if a > 2, and are thus somewhat easier to set
up on a diode function generator than the function /2. The frequency
response of this multiplier is 3 db down at 1,000 cps, with a phase shift
of 1 deg at 100 cps. When the diode squaring circuits are properly
adjusted, the d-c output error is less than 0.25 volt.

The Philbrick? Amplitude-selection Multiplier. The ingenious ampli-
tude-selection multiplier used in Philbrick analog computers (see also
Scc. 8.5) is based on the circuit shown in Fig. 6.19a. X and Y are
machine variables, and V is a 2-mec triangular-wave voltage (carrier volt-
age) whose half-amplitude V, exceeds the maximum value of |X| + |Y].
V may be geunerated by integration of a square wave (multivibrator out-
put); the sum V + X is obtained from a simple summing network. The
greater of the two voltages V 4+ X and Y, or

U=max(V+X,7) (6.24)

appears as the output voltage of a two-diode selection circuit (Sec. 6.7)
and is integrated to yield the output voltage £. Figure 6.19b shows a
graph of U vs. the time; F is proportional to the area under this curve,
so that

E=aVe+ X — Y)2 4+ bY (6.25)

where a and b are constants determined by the carrier frequency and the
circuit resistances.

The actual multiplier circuit shown in Fig. 6.19¢ generates four volt-
ages of the form (6.25), viz.

E,

.
L3

a(Vo 4 X1 + }L":’.‘)2 — I)X2 _l'}z = a(Vo — Xl —_ Xz)‘z + bX2
a(Vo+ X1 — X»)? 4 bX, sy = a(Vo — X1+ X1)?2 — bX,
(6.26)

I
]

The summing amplifiers shown yield the desired product
Xo = 2]\7(E1 + Ez - Ea - E4) = 16kaX1X2 (627)

1 Reeves Instrument Corporation, New York City.
2 G. A. Philbrick Researches, Inc., Boston, Mass.
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with a claimed accuracy better than 1 per cent of full scale at frequencies
up to 50 ke. This four-quadrant multiplier circuit is, thus, suitable for
repetitive computers.

U

V+X _

U
Y E VotX-Y
360K ]: v{__
-300v
(a) (b)
VX, o—pf—

VX +X

V-X|—X2
-8kx,)(2
V+X|-XZ

V-Xi+ X,

(d)

(c)
Fia. 6.19. Multiplication by amplitude selection. In the simplified circuit of Fig.
6.19d, the amplitude-selection circuits are simple rectifiers; the circuit computes

k(Vb + Xl + Xg)’ + k(Vo - X| —_ Xz)’ — k(Vo — Xl + Xz)e
= k(Vo + X1 — X5)? = 8kX,X:

The Philbrick multiplier circuit shown in Fig. 6.19¢ is designed so that
no operational amplifier has to operate at the carrier frequency. In a
“slow”’ d-c analog computer, the latter requirement could be eliminated
through reduction of the carrier frequency below 1 ke, so that the simpler
circuit of Fig. 6.19d might become practical. This circuit could be set
up on existing d-c analog computers. The use of chopper-stabilized sum-
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ming amplifiers (Sec. 5.6), improved selection circuits (Table 6), and a
precision carrier supply might well make the accuracy of the relatively
simple amplitude-selection multiplier comparable to that, say, of a diode
electronic multiplier.

6.6. FUNCTION GENERATORS

Many relations to be set up on d-c analog computers involve the gen-
eration of a voltage as a function of time or as a function of another volt-
age. In other cases, the multiplication of a voltage by such a function is
required. The computing elements capable of performing these opera-
tions are called function generators.

Like other computing elements, function genecrators are characterized
by their accuracy, flexibility, reliability, frequency response, and cost.
The first class of function generators described in the following (Secs. 6.6
and 6.7) are all-electrical devices. The relatively good high-frequency
response of such electronic function generators makes them suitable for
computer applications requiring fast time scales and, in particular, for
repetitive computers. FElectromechanical function generators involving
relays (Sec. 6.7) or servomechanisms (Secs. 6.8 to 6.11) are capable of
somewhat greater accuracy than electronic function generators. The fre-
quency response of clectromechanical function generators is, of course,
limited by the inertia of mechanical components.

Generation of Functions of the Time. Many functions of the time
can be generated in a d-c analog computer as solutions of simple differen-
tial equations. Table 4 shows a number of computer setups suitable for
generating frequently used functions. Many other functions can be gen-
erated in a similar fashion. One may, furthermore, use the machine vari-
ables T, T log. T, etc., obtained in the manner of Table 4 as input volt-
ages of function generators to produce more complicated functions of the
form F(T), F(T?), F(log. T), etc.

One may also generate functions of the machine time 7 by driving func-
tion potentiometers, switches, and resolvers (Sec. 6.9) with a synchronous
motor connected either to the 60-cps a-c line or to the power output stage
of a special stable timing oscillator of the tuning-fork type. The latter
arrangement is almost mandatory for good accuracy, since the 60-cps line
frequency is capable of instantaneous variations as large as 0.7 per cent.

Use of Nonlinear Circuit Elements. The voltage-current characteris-
tics of certain nonlinear circuit elements such as tubes, rectifiers, and
thyrite resistors can be used in many different circuit arrangements to
establish functional relationships between input and output voltages.

Only a few nonlinear circuit elements have characteristics which can
be reproduced with an accuracy better than 1 per cent. For this reason,
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it is again preferable to use nonlinear elements such as vacuum or crystal
diodes as switching elements rather than as continuously variable nonlin-
car resistance elements. Function generators based on this principle are
discussed in detail in Sec. 6.7.

Cathode-ray Function Generators: Photoformers. Figure 6.20a
shows the block diagram of the basic cathode-ray function generator or
photoformer.t The input voltage X, is applied between the horizontal
deflection plates of a cathode-ray tube through a suitable d-c amplifier.
The voltage X, between the vertical deflection plates is taken to be the
output voltage; this voltage is made to vary as a function

X, = f(Xy)

of the input voltage X, by a feedback arrangement which forces the elec-
tron beam to follow the boundary of an opaque mask placed over the
lower portion of the cathode-ray screen.

i

: SCREEN
ELECTRON (3 _ g = [ —
L7 Ok PHOTOCELL
e w_}
INPUT bC Dl gy

X1 AMPLIFIER . «,‘;ﬁf»

OUTPUT

Xo - D-C -

AMPLIFIER 4—-'
BIAS VOLTAGE

Fra. 6.20a. Block diagram of a photoformer.

The bias voltage indicated in Fig. 6.20a tends to force the electron
beam upward away from the mask. As soon as the spot on the cathode-
ray tube screen emerges from behind the mask, however, a photocell
mounted in front of the screen applies an error voltage across the input
terminals of the vertical deflection d-¢ amplifier. This error voltage is
phased so that the beam is forced downward toward the edge of the mask.
The feedback loop comprising the cathode-ray tube, the photocell, and the
vertical deflection amplifier will, then, tend to keep the spot on the screen
traveling just below the edge of the mask as the input voltage X, (horizontal
deflection voltage) changes.

Since the deflections of the electron beam produced by the deflection
voltages X, and X, are approximately proportional to these respective
voltages, the output voltage X, is forced to vary as a function

X, = f(Xy)

! Mynall, D. J., Electronic Analog Computing, Elec. Eng., August, 1947; Sunstein,
D. E., Photoelectric Waveform Generator, Electronics, 22: 100, 1949.
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of the input voltage X 1; the function f(X,) ts determined by the shape of the
mask boundary. If the equation of the latter in rectangular cartesian
coordinates £ and 5 with origin in the center of the cathode-ray screen is

7 = F(f)
then f(Xl) = kl— F(k;Xl) (628)
n
where k; and k, are the horizontal and vertical deflection sensitivities
- 9% — O
ke = X, ko = X, (6.29)

respectively. It is, then, possible to obtain a mask for the generation of
the function f(X,) by cutting the corre-
sponding curve

n = F() = k. (,c{ s) (6.30)

out of a picce of opaque cardboard or
plastic.

Functions may be generated in this
manner with an accuracy of the order of
1 per cent for input voltages containing
frequency components in excess of
100,000 cps if suitable amplifiers are
used.

Better accuracy might be possible if
Eq. (6.30) is not relied on to yield the
shape of the mask for the desired func-
tion. An adjustable photoformer mask
like that shown in Fig. 6.20b could be
A adjusted until the measured value of the
F‘m.‘(i'.’20b. An adjust,al‘)lc “hote- output voltage X, is equal to t'he correct
former mask consisting of a set of value f(X1) for each value of the input volt-
metal shims clamped in a suitable age X,;. Errors due to changes in the
frame (A. B. MacNee, A High-  gefloction sensitivities k; and k, with the
spced Product Integrator, MIT- .

RLE Report 136, Aug. 17, 1049).  applied voltages as well as errors due to

the finite gain of the feedback loop could
be eliminated in this manner. Accurate masks can also be prepared
through point-by-point photography of the cathode-ray tube screen with
known deflection voltages.

The actual circuit of a photoformer (essentially as developed at the
Massachusetts Institute of Technology?) is shown in Fig. 6.20c. The use

1 Cambridge, Mass.
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of a multiplier photocell in connection with a very simple push-pull deflec-
tion amplifier results in ample feedback gain. The P-11 cathode-ray tube
screen used could be replaced by a P-5 screen for high-frequency applica-
tions. The maximum error (distortion) observed with this circuit was
about 2.5 per cent (with a fixed mask).

FOCUS INTENSITY
2M 1M 13M  OS5M
T ' ~1200V
L %
sthua | - Ak Ka 6.3V
[ 2 (2000V)
+ INSULATION
A!AA +l4°v
250 356K | Ziek
D\ 6Al6Y)

I00K BIAS SET

Sla
8K (I0W) 500K
Xo o~ ISOLATING |-
OUTPUT | PUSH-PULL -275V
“Xg D-CAMPLIFIER |- -275V
{+i1a0v 1t+l4ov
20KS 3 20K
2W3 2X 6AG? 3 2W
X Sla o € Sln +140V
f il gt ‘ %
(INPUTi 100K
20K -
»< 250K
= 4W
POSITION { 276V

=275V
Fi1G. 6.20c. Practical photoformer circuit. Both positive and negative output may be
obtained. (Based on the circuit used in the MIT repetitive computer described in

Sec. 8.5.)

The all-electronic photoformers are, for all practical purposes, free from
frequency-response limitations other than those imposed by associated
computer amplifiers and cathode-ray tube phosphors. Photoformers
are very simple devices, and their reliability and accuracy are being
improved.

Other Cathode-ray Function Generators. The monoformer developed
by the Philco Corporation! operates essentially like the photoformer, but

1 Philadelphia, Pa.
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the external mask and photocell are replaced by a mask controlling the
secondary emission and a collector electrode inside the cathode-ray tube
envelope. Since the monoformer mask is not easily replaceable, a mono-
former is capable of generating a single function only; the accuracy is
comparable to that of a photoformer.

The Raytheon Manufacturing Company has developed another type
of cathode-ray function generator! in which a flat electron beam is nar-
rowed down by a mask in accordance with a given function as the beam
is deflected by an input voltage. The output voltage is obtained as a
function of the beam current. The accuracy is better than 1 per
cent.

Special cathode-ray function generators are useful at frequencies in
excess of 20 ke and may be useful for quarter-square or logarithmic mul-
tipliers (Sec. 6.5),2 as function generators in special-purpose computers,
and as relatively accurate square-law modulators.

Noise Generators (see also Sec. 3.9). Voltages representing noise in
systems simulated by d-c analog computers may be introduced as func-
tions of time by means of function generators set up to simulate typ-
ical noises. Various types of noise may also be introduced by means of
commercially available noisc generators using noisy diodes, photocells,
radioactive sources, or thyratrons in magnetic ficlds, with or without
output filters3; or recorded noise may be used.

Generation of Sinusoidal Test Voltages. The generation of sinusoidal
voltages of the time or of other machine variables is particularly impor-
tant in connection with the solution of problems involving Fourier analy-
sis or synthesis, problems involving frequency-response tests of automatic
control systems, and problems involving coordinate transformations (see
Seec. 6.11).

The possibility of generating sinusoidal functions of the machine time
by implicit computation has been mentioned; the use of special sine and
cosine function potentiometers is discussed in Sec. 6.11.  Sinusoidal fune-
tions of the time may also be generated by means of electronic oscillators
of the phase-shift type,? although the design of oscillators stable with
respect to amplitude and frequency presents somewhat of a problem,

1 Tube type QK 329, Raytheon Manufacturing Co., Waltham, Mass.; see also A. S.
Soltes, A Wide-band Square-law Computing Amplifier, T'rans. PGEC, IRE, June,
1954.

* Miller, J. A, et al., op. cit.

3 Random Noise Generator for Simulation Studies, Report GER-6436, Goodyear
Aircraft Corporation, Akron, Ohio, Dee. 13, 1954; see also GEDA Simulation Study
of a Relay Servomechanism, Report GER-1799, Goodyear Aircraft Corporation,
Akron, Ohio, May 9, 1952.

4 Sce, for instance, F. K. Terman, Radio Engineers' Handbook, McGraw-Hill, New
York, 1943,
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especially if the frequencies required are below 0.5 cps. The correct
phasing of electronic oscillators may raise still another problem.

Rotatable transformers, such as synchros and resolvers, will modulate
an a-c carrier voltage with sinusoidal functions of the shaft displacement.
Together with suitable phase-sensitive demodulators or detectors, such
devices may be used as d-c function generators; they are somewhat less
subject to wear than function potentiometers.

I
FREQUENCY (SPEED) i

ADJUSTMENT D-G OR A-GC :
: TACHOMETER | RATE SERVO

i

|

i

Io-c oRA-6 LI grryo _,@ SERVOMOTOR

T

I DRIVING
|VOLTAGE AMPL. — STEP DOWN
L C=)_GEARS _I
____________ F-EARs
| pySTATOR ) ROTATING
5KC 1 SYNCHRO
OSCILLATORZB
ROTOR PHASE D-¢
SENSITIVEs f————OGUTPUT
DETECTOR Xp
STATIONARY
STATOR SYNCHRO
\
5KG ROTORT
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CARRIER g SENSITIVE
i | DETECTOR D-G
i T | OuTPUT
.~ 1 h 1 X)
i 1 = |
A A
PHASE AMPLITUDE
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F1a. 6.21. Block diagram of a low-frequency oscillator used for testing automatic con-
trol circuits.

The input a-c¢ carrier may be modulated with another d-¢ voltage, so
that multiplication is possible; several applications of this type are dis-
cussed in Sec. 6.11. D-c offset voltages originating in the modulators and
demodulators present a serious difficulty. The d-c frequency response is
limited, as with potentiometers.

Figure 6.21 shows the block diagram of a flexible and convenient low-
frequency oscillator using synchros to generate sinusoidal d-¢ voltages of
the time for testing the frequency response of simulated or actual auto-
matic control mechanisms.! A rate servo with adjustable tachometer

1 Korn, G. A, and T. M. Korn, Modern Servomechanism Testers, Elec. Eng.,
September, 1950.
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feedback is used to rotate a synchro transmitter at any desired rate
between 0.001 and 20 cps. The speed of rotation can be calibrated con-
veniently by stroboscopic reference to the 60-cps line frequency through
the use of a simple neon bulb and a small stroboscopic disk on the high-
speed shaft.

A 5,000-cps carrier voltage is used. The three-phase output of the
synchro transmitter is impressed on the stator winding of a second syn-
chro. The rotor winding of this second synchro is held stationary and
affords a particularly convenient means for adjusting the phase of the d-c
output voltage X, obtained through the use of a phase-sensitive detector
circuit.! A calibrated potentiometer attenuator permits one to adjust
the amplitude of the output voltage X;.

A second sinusoidal d-c¢ output voltage X is obtained by demodulating
the stator voltage of the first synchro directly. This voltage is useful as a
reference voltage.  This voltage may, for instance, be used as an input voltage
for a real or stmulated automatic control system whose oultput phase and
amplitude can be measured by comparison with the calibrated phase and
amplitude, respectively, of the voltage X .

6.7. GENERATION OF FUNCTIONS BY MEANS OF DIODES AND OTHER
SWITCHING DEVICES

Properties of High-vacuum Diode Circuits.? Figure 6.22 illustrates
the essential properties of a high-vacuum diode circuit. An ideal diode
(dolid-line characteristic in Fig. 6.22) may be regarded as a voltage-sensitive
on-off switch. The circuit is closed if the diode plate is positive with respect
to the cathode (K > Ec¢), and the circuit is open if the plate is negative with
respect to the cathode (f/ < E¢). Actual high-vacuum diodes have a finite
incremental resistance (diode plate resistance, 30 to 2,000 ohms) when
they are on, and the thermionic effect generates a small positive plate
current even in the orr condition (broken-line characteristic in Fig. 6.22).
The finite resistance of the bias source indicated in Fig. 6.22 may also
have to be taken into account in the circuit design. Note that the bias
voltage E¢ can be negative as well as positive, so that the breakpoint of
the characteristic may be moved at will.

Diode Function Generators: Basic Limiter Circuits. Diode function
generators utilize the transfer characteristics (output voltage vs. input
voltage) of reststive networks containing biased diode switches. These char-
acteristics will be linear between breakpoints corresponding to input volt-
age levels which cause a diode switch to conduct or to cut off. The

t Refer to Chance et al., op. cit., Chap. 14, for a discussion of phase-sensitive detec-
tors.
2 Chance et al., op. cit.
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slopes of the line segments as well as the breakpoint voltages can be
adjusted by suitable choices of resistances and bias values; such circuits
permit approximation of many functions by polygonal functions.

The widely used basic limiter circuits shown together with their trans-
fer characteristics in Fig. 6.23 involve only one or two breakpoints; at
each breakpoint, the slope (gain) changes from a finite value to zero.
The diode circuits of Fig. 6.24 illustrate various practical methods of pro-
viding bias voltages. Shunt limiters are easily biased (Figs. 6.24c and d),
but the load impedance 7., as well as the limiting resistance R,, must
be large for good limiting action with reasonable attenuation. The

— <¢———————APPLIED VOLTAGE ,E ——— =+

=+BIAS VOLTAGE .E -™=DIODE VOLTAGE Ep>=+—iR—
o i} /l\
|
- Q_U ' '\N&/\r ©

DIODE CURRENT, i
(OR VOLTAGE DROP \R)

IDEAL DIODE
CHARACTERISTIC
—

,/ACTUAL DIODE
/ CHARACTERISTIC
[ —

BREAKPOINT, /7

LD
T APPLIED VOLTAGE ,E
h——— Ec —

F1c. 6.22. Characteristics of a high-vacuum diode circuit operated within its voltage
ratings. Note that Ec¢ can be negative as well as positive.

resulting high impedance level also tends to decrease switching speeds.
Series-diode circuits do not have these disadvantages. Feedback limiters
are particularly useful: they will prevent amplifier overloads, even though
the gain over the sloping portion of the limiter characteristic can be made
very high.

Generation of More General Types of Functions. If a resistance is
placed in parallel with the diode in Figs. 6.23a, b, and ¢, or in series with
the diode in Figs. 6.23d, ¢, and f, the horizontal portions of the corre-
sponding characteristics are replaced by segments of positive slope. The
resulting three-segment polygonal functions serve as useful approxima-
tions for many given functions. The multisegment diode function-gen-
erator circuits shown in Fig. 6.25 are based on a generalization of the
same principle. Note that these circuits can generate only monotonic
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Fia. 6.23a, b, c. Scries-diode circuits. (a) and (b) are series limiters, and (¢) is a
simple dead-space cirewit (sce also Sec. 3.3 and Table 6). ry is frequently an input
resistor of an operational amplifier.

o=min(aX) E¢)
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Fia. 6.23d, ¢, f. Shunt limiters and feedback limiters. The slope of the line segment
is approximately equal to r./(R, + rz) for the shunt limiters, and R,/R; for the feed-
back limiters. rg is frequently an input resistor of an operational amplifier.

Fia. 6.23. Basic diode circuits for generating line-segment functions. Note that Ee,
Ec,, and Ec. can be negative as well as positive, so that the breakpoints can be posi-
tioned at will.
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functions directly; nonmonotonic functions are easily obtained as dif-
ferences of two monotonic functions.

The diode universal function-generator circuits shown in Fig. 6.26 are
designed for use with flexible multipurpose computers and permit a more

$6ALS
o—gﬁ-@?%_ro 10K
: |l~ O O
100V 10K
(a) (b) &4 OR

6ALS

Fra. 6.24a, b. Diode “packages’” such as these can be used in series, shunt, and feed-
back circuits. Small gas-tube-regulated power supplies may replace the batteries

R|=750K Rl
X} O———A\\—g Xo
+200vV
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CHECKPOINT
+100V OR FOR Ec
-100v
(c) (d) -200V

Fic. 6.24c, d. Bias arrangements for shunt limiters. The circuit of Fig. 6.24d uses a
cathode follower as a bias source of low incremental impedance.

-300v
X
£ *o o BALANCE
n Xo
= n
(e) (f) 4300V

F1c. 6.24¢, f. Bias arrangements for scries-diode circuits.

systematic synthesis of the function to be generated. In each case, one
obtains the desired function by summing the output voltages of simple limiter
channels (see, in particular, Fig. 6.26a). One obtains nonmonotonic func-
tions by reversing the signs of suitable terms of the sum with the aid of a
phase inverter inserted either ahead of the corresponding limiter channels
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F1a. 6.24g, h. Bias arrangements for feedback-diode eircuits. The limiting values of
X, in Fig. 6.24¢ are

1 T2
Eci=—E, and E¢ =-5E,
L Ty

assuming infinite amplifier gain and zero diode plate resistance (sce also Fig. 6.23f).
For good limiting, r; and 7, must he small compared to R,. In a typical circuit,
Ey = —E; = 200 volts or 300 volts. The circuit of Fig. 6.24h climinates the imped-
ance of the bias source for one diode.
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+200v t200v

R2
x,o—i X Xo
"
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0 R L
E

-200V L
-200vV ~
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F1a. 6.24/, k. Dual scries limiters.  Tn the “bridge” limiter of Fig. 6.24k, one matches

E; = —E, and R: = Ry; the limiting values + P :’: - E, of the output voltage X,
1

are then easily ndjusted with relatively little effect on the slope of the characteristic
(sce also circuit 6.1¢, Table 6, and R. J. Medkeff and R. J. Parent, A Diode Bridge
Limiter for Use with Electronic Analog Computers, Proc. AIEE, 70: Sec. T1-170,
1951).
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F1a. 6.241, m. In each of these circuits, the high amplifier gain limits the output voltage
sharply once the upper feedback diode begins to cut off. The lower feedback diode
prevents amplifier overloads due to input voltages less than E¢. Note that the
simpler circuit of Fig. 6.24m is preferable, since voltage feedback renders its gain
essentially independent of the diode plate resistance (Morrill and Baum, op. cit.).
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Fia. 6.25. Diode function generators for monotonic functions. Many combinations
of such circuits are possible; nonmonotonic functions may be obtained as differences of
monotonic functions.



296 ELECTRONIC ANALOG COMPUTERS

T ADDITIONAL—>—¢

X, DIODE CHANNELS—e—d

Yo AN Xo
- ADJUST ““: I °
Yio= SIOPE

|
| ADDITIVE
{CONSTANT :
! |
| |
1
|
|
|
|

E>00—e

1
XX 1INPUT TO
ISUMMING

S RETYORK
A :

(ADDITIVE LINEAR

FUNCTION OR CONSTANT)
Fia. 6.26a. Simplified schematic diagram showing a series-limiter channel of the Reeves
diode function generator. Different polarities of diode, input voltage, and bias
voltage (see also Fig. 6.23a, b) are chosen by a four-deck, four-position “quadrant
switch”’ yielding one of the four types of line segments shown at the right. Break-
point and slope are set with a minimum of interaction on 10-turn helical potentiom-
cters. The amplifier adds the output voltages of 8 such channels and an additional
voltage aX; or B. One may combine function generators to obtain more than 9
segments.
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F1a. 6.26b. Each dual series-limiter channel of the Goodyear diode function generator
generates line segments having equal and opposite slopes. The two breakpoints are
staggered so that the channel output voltage will not contribute to the slope of any
subsequent line segment. The additional circuitry facilitates slope adjustments and
minimizes accumulation of diode drifts. The feedback output limiter indicated in
broken lines is of the type shown in Fig. 6.24¢ and prevents calibration overloads.

(Figs. 6.26a and 6.26b), or following the limiter channels in question
(Fig. 6.26¢).

Built-up Diode Circuits.! Many simple function generators based on
various combinations of the limiter circuits of Figs. 6.23 and 6.24 may

1 Morrill, C. D., and R. V. Baum, Diode Limiters Simulate Mechanical Phenomena,
Electronics, 26: 122, November, 1952.
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be built up (“fabricated’’) on most multipurpose d-c analog computers.
Such circuits can simulate the operating characteristics of many nonlin-
ear devices. Diode limiter circuits can also be applied to integrators and
other operational amplifiers (see also Sees. 3.3 and 3.4, and Table 6).
Figure 6.27 shows a number of diode switching circuits useful in special
applications (see also Secs. 3.9 and 7.7).

Adjustment of Diode Function Generators. As a first step in setting
up diode circuits to approximate a given function X, = F(X}), a graph
of the function must be fitted with the desired number of straight-line
segments; this procedure yields the appropriate breakpoints and slopes.
In the casce of the function-generator circuits of Fig. 6.25, the required
resistance values can then be computed from Kirchhoff’s laws on the basis

S00K
M DJUST - X
SLOPES L FROM ADDITIONAL 0
] 500K p DIODE CHANNELS
500K {

S00K 8.7 :b ADDITIVE
ADJUST CONSTANT
BREAKPOINTS
-105V 100K oK 105V

Fia. 6.26¢. The Donner Model 35 diode function generator is an accessory package
comprising 12 pairs of shunt limiters with regulated biag and filnment supplies; two
external d-¢ amplifiers arc used. A similar cireuit s used in the Beckman KASE

computer (Sce. 8.4).

of ideal diode characteristics. Final adjustments should be made empir-
ically, with the function-generator output connected to a servo plotting
board, to a comparison potentiometer, or to a servo or digital voltmeter.
The adjustment of one of the universal function-generator circuits
shown in Fig. 6.26 is especially simple. In such function generators,
each limiter-channel output affects only function values corresponding to
arguments X, beyond its breakpoint. Breakpoint and slope settings can
be made by reference to calibration curves based on actual diode charac-
teristics. One may, instead, set all slopes initially to zero and adjust
breakpoints and slopes empirically for successively higher values of | X -
The entire procedure should be repeated once or twice in order to allow
for possible interference between breakpoint and slope adjustments.
Miscellaneous Design Considerations. The nonideal switching char-
acteristics of physical high-vacuum diodes (broken line in Fig. 6.22) tend
to smooth the “corners’’ of empirically fitted polygonal approximation
functions. Sharp limiting is, nevertheless, usually desirable in order to
minimize the effects of variations in diode characteristics near the break-
point. For good limiting, the rate of change of each diode plate voltage
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with respect to the input voltage X just before conduction should be as
large as practicable. The effects of changes in diode plate resistances on
the slope of the output function are minimized through the use of rela-
tively high circuit impedances in series with each diode.
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Fia. 6.27a. A feedback-limited high-gain amplifier used as a comparator for switching
r T 3
applications and for driving relays. K¢ = ——:E‘, Ecy = ——fE (sce also Sec. 6.6,
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Table 6; Morrill and Baum, op. cit.).
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The physical design of diode circuits should ensure high leakage resist-
ance between diode plates and cathodes. In series-diode and feedback
circuits, leakage to ground is preferable to plate-cathode leakage (see also
Secs. 5.9 and 8.3).

Thermionic diodes used in high-quality d-c analog computers require a
regulated filament supply (usually of the saturable-reactor type) to sta-
bilize the diode characteristics near the breakpoint. If necessary, varia-
tions in cathode emission and contact potential can be partially com-
pensated by means of circuits similar in principle to that in Fig. 5.19a.!

Crystal diodes, which are small in size and require no filament supply.
are often substituted for high-vacuum diodes. Unlike the latter (see Fig.

1 Chance et al., op. cit., Sec. 9.6,
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6.22), crystal diodes tend to pass appreciable reverse currents at the rela-
tively high inverse voltages (up to 200 volts) possible in limiter circuits.!
Again, crystal characteristics tend to vary from unit to unit and as a
function of temperature; the latter effect may be partially overcome
through the use of a simple crystal oven. High-vacuum diodes or high-
quality silicon-junction diodes (such as type 1N218), rather than point-
contact crystal diodes, are usually employed in computer applications
requiring component accuracies better than 1 per cent.

Frequency Response and Accuracy. Many function generators based
on diode switching circuits can be used at signal frequencies in excess of
10 ke and are suitable for repetitive computers. Most frequently used
functions can be generated with an accuracy between 0.1 and 5 per cent
of full scale, depending on the number of segments used as well as on cir-
cuit design. The best diode function generators used in “slow”’ d-c ana-
log computers permit accuracies better than 0.5 per cent of full scale at
frequencies below 500 cps; the use of stable wire-wound resistance ele-
ments tends to limit the useful frequency range.

Computer Relays. High-speed computer relays (operational relays)?
may be substituted for diode switches in many computer applications
where clean switching is required (e.g., in integrator input circuits) and
where relay switching delays (1 to 20 msec) are not objectionable. The
most useful computer relays are of the single- or double-pole double-
throw polarized type, with or without a center-off position. Such relays
may be driven by special differential-cathode-follower circuits similar to
those shown in Figs. 7.16 and 7.17, by operational amplifiers, and, per-
haps preferably, by comparator circuits of the type shown in Fig. 6.270.

Computer setups involving logical decisions frequently employ relays.
Some of the most useful relay applications are related to automatic
programming functions (Sec. 7.7).

Other Switching Circuits. The use of limiter amplifiers has been
generally abandoned in favor of diode limiter circuits. A single neon bulb
(NE 51) can replace a pair of diodes and their associated bias supplies in
certain applications where accuracy and precision of the breakpoint volt-
ages are not important (Table 6).

6.8. COMPUTER SERVOMECHANISMS FOR D-C ANALOG COMPUTERS

Computer servomechanisms used in d-c analog computers are intended
to position potentiometer shafts, resolvers (Sec. 6.11), and/or indicating
dials in accordance with d-c input voltages. Two or more computing

1 Ibid., Sec. 3.15.

? Bennett, R. R., and A. 8. Fulton, High-speed Relays in Electric Analog Com-
puters, Elec. Eng., 70: 1083, December, 1951.



300 ELECTRONIC ANALOG COMPUTERS

potentiometers may be ganged, so that each computer servomechanism
can perform several multiplications by functions of its input voltage.

The feedback principle underlying the operation of computer servo-
mechanisms has been described in Sec. 6.3; the methods used for the
detailed analysis resemble those used to analyze feedback amplifiers in
Sec. 5.4. Generally speaking, the accuracy with which a servomecha-
nism can position its output shaft as a function of the input voltage will
improve with increasing loop gain. Mechanical and clectrical inertia of
the servomechanisin components prevent the servo output from follow-
ing rapidly changing input signals without a phase lag. With high loop
gains such phasc lags may result in uncontrolled oscillations (hunting,
instability). The phase lag may be counteracted to some extent by speed
feedback from an induction generator or tachometer on the output shaft,
or by special “lead networks’ whose operation is similar to that of the
lead networks described in Sec. 5.4 in connection with feedback ampli-
fiers. Other cqualizing networks may be added to provide higher loop
gains at low frequencies. Such “integral’”’ control will decrease the
steady-state errors of the servomechanism. One can sometimes improve
the frequency response of a computer servomechanism by inserting a
suitable operational amplifier ahead of the servo input;' circuit 1.5,
Table 1, may be used as such an “open-cycle controller.”

The detailed theory as well as the design of small servomechanisms
with specified requirements regarding stability, accuracy, and frequency
response has been described very adequately in Vol. 21 of the MIT Radia-
tion Laboratory Series.2 This scction is not intended to duplicate this
material but will merely present a number of practical circuits suitable
for d-¢ analog-computer applications.

Basic Circuit Arrangement. Figurc 6.28 shows the block diagram of a
typical computer servomechanism. The input d-¢ voltage and the sig-
nal feedback from the follow-up potentiometer are mixed to produce an
“error signal” at the output of the mixing networks shown. Some inte-
gral control® can be introduced at this point in order to decrease the
steady-state error of the servomechanism. The d-c¢ error signal so
obtained is used to modulate a 60- or 400-cps a-c voltage by means of a
synchronous vibrator or chopper of the type described in Sec. 5.6.

1 Moore, J. R., lectures given at the University of California in Los Angeles during
the academic year 1952-1953.

2 Greenwood, Holdam, and MacRae, op. cit. A good discussion of the effects of
nonlinearities and noise is given in GIEDA Simulation Study of a Carrier-type Instru-
ment Servomechanism, Report GER-5779, Goodyear Aircraft Corporation, Akron,
Ohio, Apr. 21, 1954. Sec also II. Chestnut and R. W. Mayer, Servomechanisms and
Regulating Systems, Vol. 2, Wiley, New York, 1955.

3 See Greenwood et al., op. cit., for a detailed discussion of integral control and other
equalizing techniques.
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The a-c error signal produced in this manner is mixed with the a-c speed-
feedback signal from an induction generator! at the input of a simple a-c
amplifier. The amplifier power-output stage drives the control field of a
two-phase induction motor.

Many variations of this basic circuit are possible. For example, a d-¢
tachometer, such as a small d-¢ motor with permanent-magnet ficld, can
replace the induction generator, or electrical differentiation of the feed-
back error signal may be used (Figs. 6.30¢ and 6.3:30).

5~ PHASE SHIFTING
NETWORK

ACLINE

—

ACLINE

o]

oc.npuT  [EQUALIZING
VOLTAGE AND AC SERVO PROE
] MixiNe [ AMPLIFIER INDUCTION
| NETWORKS 1~ MOTOR
" AC LINE
U
SYNCHRONOUS l.o_q;suj
VIBRATOR NOUGTION
(CHOPPER) RATE SIGNAL GENERATOR
|
Z | cears
' +100V
] -100V
]
FOLLOW-UP
ourT | POTENTIOMETER
\J
TOLOAD

Fra. 6.28. Computer servomechanism.

Rate Servos. Some computer servomechanisms comprising a d-¢
tachometer can be connected so0 as to use only rate feedback, so that each
servomechanism will integrate? as well as multiply. Such an arrange-
ment permits unlimited continuous rotation of sine-cosine potentiometers
or resolvers (Sec. 6.11) and the generation of other periodic functions,
saves d-c integrators, and reduces the requirements on the servo high-
frequency response. The accuracy of integration will, however, be lower
than that obtainable with d-c integrators.

1 Refer to ibid. An induction generator may bhe considercd as a transformer whose
output voltage is proportional to the product of input voltage and rotor speed.
2 Greenwood, Holdam, and MacRae, op cit.
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GAIN Servo Performance. The manu-
facturer’s published frequency-re-

5t 5V sponse curves for computer servo-
25v W mechanisms usually refer to very

small sinusoidal input voltages and
] measure the capability of the servo-
mechanism to follow small high-
frequency components of a com-
posite signal. It is important to
remember that computer servo-
25y v mechanisms are bhoth velocity-
-s0°} VELOCITY W limited (a typical velocity limit is
ACCLE|IME'$‘E“S°N 600 volts/sec) and acceleration-
limited (a typical acceleration limit

’,’{’,JQEE is 25,000 volts/sec?), so that “‘dyna-
Fia. 6.29a. Frequency response of an mic”’ errors tend to increase with
expcrixgentnl cor:llputl,cr sorvlonl!:mlmi_nis'lzn increased signal amplitude. In
8 asous tmplies,(vlocty It particula, the phase error separa-
volts/scc?; hased on Goodyear Aircraft ting sinusoidal input and output
Corporation data). voltages usually increases with sig-
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Fi6. 6.29b. Maximum position error vs. amplitude and frequency for a commercial
servomultiplier. The effects of potentiometer nonlinearity are not included (Elec-
tronic Associates, Inc.).
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F1a. 6.30a. A single-ended input circuit with integral control. The component values
will depend on the motor and load characteristics in each case.
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Fia. 6.30b. Push-pull input circuit with summing network used by the RAND Corpora-
tion (W. F. Gunning and A. S. Mengel, Internal Report, RAND Corporation, Sunta
Monica, Calif., Sept. 8, 1949). Note that the follow-up potentiometer, if used, is
loaded by a resistance of 1 megohm,
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F1g. 6.30c. A transformer input circuit with error-rate network. No rate feedback is
used; the follow-up potentiometer is not loaded (Jilectronic Associates, Inc.).
nal amplitude. Figure 6.29 illustrates the performance characteristics of
a typical 60-cps computer servomechanism. The frequency response of
the best commercially available high-performance 400-cps servomecha-
nisms (Fig. 6.35) is similar to that shown in Fig. 6.29a, with the frequency
scale contracted in approximately a 4:1 ratio.

Input Circuits. Figure 6.30 shows examples of input circuits which
accomplish the purposes of mixing the input signal with the various feed-
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back voltages, of introducing integral control, and of modulation. Both
single-ended and push-pull circuits are used. The output voltage of an
induction generator may be added to the error signal by either a series or
a parallel arrangement. Many combinations of such circuits are possible.

In the input circuits of Fig. 6.30 feedback from a follow-up potentiom-
eter is indicated ; the feedback loop may, instead, include computing ele-
ments outside the servomechanism proper.

Servo Amplifiers. Practically any type of a-c amplifier having a maxi-
mum gain of about 100 db over the
required frequency range and suffi-

R, cient power output to drive the motor
¢ < in question can be used as a servo

— — amplifier.
1 R, | As a relevant example, most pub-

lic-address amplifiers having a 600-
cs ohm output impedance will serve as
I excellent low-cost servo amplifiers.
Fia. 6.31. Simple ;-mml]cl-’[‘ third-har- It is only neC(.}Ssary th?'t th?y have
monic suppressor.  Useful circuit val-  the power rating required in each
ues for 180-cpsrejectionare By = 0.5/, case and that their frequency re-
Ry = 1M, Cy = 870 puf, Cy = 1750 uuf. . f
By ] = sponse be rcasonably free of phase
The rejection frequency f, is given by .
. . shift over a frequency range of about
fo=p V20 == 50 cycles on either side of the carrier
) * V2010 frequeney chosen (usually cither 60
with 4C1Ry = CoRRo. or 400 cps). Such amplifiers have
the advantage of sclf-contained power supplies.
The following stmple modifications will be found helpful in converting
public-address amplifiers for servo applications:

1. Limiting resistors of 20,000 to 150,000 ohms connected in series with
at least the output-tube grids will help to limit excessively large
error voltages. The same purpose may be accomplished by means
of selenium-diode shunt limiters (Sec. 6.7) in the input stage (sce
also Fig. 6.33b).

2. A simple third-harmonic filter of the parallel-T type inserted between
two voltage-amplifier stages (two are needed for push-pull circuits)
will reduce noise caused by the third harmonic of the carrier. Such
third harmonics are usually gencrated in the induction generator.
Figure 6.31 shows a parallel-T filter for use with a 60-cycle carrier;
the equation for the rejection frequency is also indicated and will be
found useful for the design of similar filters.

Figure 6.32a shows a modified public-address amplifier used as a servo
amplifier with excellent results.
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Fia. 6.32a. This servo amplifier (Curtiss-Wright Corporation, Airplane Division,
Columbus, Ohio) is & modified 45-watt public-address amphfier.  The input networks
and the synchronous vibrator are arranged on a subchassis in the rear of the amplifier.

¥
i
o

Fic. 6.32h. Mcchanical components of the same computer servomechanism (Curtiss-
Wright Corporation, Airplane Division, Columbus, Ohio) asscmbled on a slotted
base plate for relay-rack mounting. Note the gear trains, bearing blocks, and reso-
nating capacitors. A combination motor and induction generator is used.
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Figure 6.33a shows the circuit of a push-pull amplifier specifically
designed for servo application! in the RAND computer laboratory (see
Sec. 8.4). Figure 6.33b shows a single-ended amplifier circuit.

The use of an input transformer ahead of the servo amplifier permits
one to operate the chopper at a lower impedance level; this will tend to
reduce the noise introduced in the input circuit. The benefits to be
gained in this manner may, however, not justify the cost of a well-shiclded
input transformer.

The cost of the servo amplifier can be further reduced by eliminating
the output transformer as well; this is made possible through the use of
modern split-field induction motors whose high-impedance control-ficld
windings can be connected directly into the plate circuits of push-pull
power amplifiers (Fig. 6.33b). 1In such circuits, any d-c¢ unbalance in the
push-pull output stage tends to cause a spurious torque at the carrier
frequency.

Servomotors, Induction Generators, and Gear Trains. An increasing
number of manufacturers produce small induction motors suitable for
computer applications; some of these motors are combined with an induc-
tion generator in an integral assembly. Induction generators or tachom-
eters should always be coupled directly to the driving motor, since the
differentiation tends to increase the effects of gear backlash.

The stalled torque of a servomotor must be greater than the maximum
static friction torque neccessary to start the load through its gear train.
The mazximum (zero-torque) speed for cach power rating must be greater
than the maximum speed required by the computer application. For
each given gear ratio, the high-frequency response of the servomechanism
is improved by increasing the forque-to-inertia ratio of the servomotor;
this is the ratio between the stall torque and the moment of inertia of the
rotor assembly.

The speed-torque characteristics and the power rating of the servomotor
as well as the gear ratio to be used between motor and load will be deter-
mined by the spced-torque requirements of the load in each case. A
motor having as high a torque-to-inertia ratio as possible will then be
chosen. Suitable torque-to-inertia ratios for 60-cycle motors will be
above 20,000 radians/sec?. Although 400-cycle motors may have still
higher torque-to-inertia ratios, their stall torques for a given power rating
may be lower than those of 60-cycle motors.

Very substantial increases in servomotor torque can usually be obtained by
operating the motors at higher than rated power for the short time of each
computer run. A relay actuated by operating the recorder switch or the
“compute’’ switch on the computer control panel (see Sec. 7.2) can be

1 Gunning, W. F., and A. S. Mengel, Report RM 236, RAND Corporation, Santa
Monica, Calif.
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made to increase the reference-field voltage from 150 to 190 per cent of the
rated value for the duration of the computer run only. The power out-
put of the servo amplifier must be similarly increased. At least for com-
puter runs of less than 3-min duration, the motor stall torque may be
increased to between two and four times its rated value without damage
to the motor.

Precision-type gears, if possible in matched sets, should be used in all
computer applications; the gears should be carefully meshed in order to
minimize binding and backlash. Since the inertia of large gears may
impair the servo frequency response, gear trains consisting of more than
two gears should be used for the higher gear ratios.!

Phasing and Equalization. The servomotor control field is usually
resonated at the carrier frequency by means of a capacitor in parallel with
the primary winding of the output transformer to reduce noise. The car-
rier phase in the control field must differ by 90 deg from that in the refer-
ence field. The reference fields of all servomotors in a ¢computer are usu-
ally connected directly to the a-c line. The carrier phase in the control
fields may be adjusted by means of a phase-shifting network, such as
the one shown in Fig. 6.28 in the a-c supply used for the synchronous
vibrators.

The values of the forward gain, rate, and integral feedback of a servo-
mechanism for stable operation with good frequency response are usually
computed roughly; the exact values are then obtained through final
adjustments of the equalizing networks. Note that the same servomech-
anism will require different adjustments in the circuits of Figs. 6.8a and b.
These adjustments may be made with the aid of a servomechanism
tester? by checking the servo response to sinusoidal input voltages. If
such a device is not available, a d-c step-function voltage may be applied
to the servo input; the equalizing networks are then adjusted until the
servo output follows the input voltage as closely as possible without exces-
sive overshoot. Some other methods for testing servomechanisms are
discussed in Vol. 21 of the MIT Radiation Laboratory Series.?

Mechanical Construction. Figure 6.32b shows the electromechanical
components of a laboratory-constructed servomechanism set up on a
slotted base plate which allows for a wide variety of component arrange-
ments. As an alternative, Fig. 6.34 shows a method of attaching servo
components to drilled base plates by means of dogs and screws. The
dogs shown in Fig. 6.34 are easily made by drilling and cutting stock

! James, H. M., N. B. Nichols, and R. 8. Phillips, Theory of Servomechanisms,
MIT Laboratory Series, Vol. 25, McGraw-Hill, New York, 1947, pp. 131-133.

2 Korn, G. A.,, and T. M. Korn, Modern Servomechanism Testers, Elec. Eng.,
September, 1950.

3 Greenwood, Holdam, and MacRae, op. cit.
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pieces of aluminum having the profile required. The holes in the base
plate itself may or may not be tapped, although the former makes
for more convenient assembly. Bases and shafts may be lined up by
means of a simple T square or similar device. Both slotted and drilled
base plates as well as suitable bearing blocks, motor mounts, etc., for
small servomechanisms are available com-
mercially from a number of manufacturers.

Figure 6.35 shows the compact construc-
tion of a commercial computer servo-
mechanism.

Limit Stops and Overload Lights. If
helical-type potentiometers are to be
driven by servomechanisms, special pre-
cautions must be taken to prevent damage
| BEARING to the internal stops in the potentiometers

BLOCK  caused by accidentally driving the wiper
assembly into these stops. The stall torque

i of a servomotor, when applied to the poten-
Fra, '6 32 Menng of at'tz;.('thing tiomet_er through a gear train, can be very
servo components to a drilled 2ppreciable and will almost certainly des-
and tapped base plate. Note troy the potentiometer. Special systems
that the components may be of mechanical stops and/or limit switches
turned in any direction on the . .
basge plate. have been devised for this purpose. Inan
alternative scheme, the follow-up potenti-
ometer winding is extended beyond its end terminals; large error voltages
(plus 300 volts and minus 300 volts) applied to the end resistances will
then ‘““repel” the potentiometer wiper away from the limit stops. Per-
haps the easiest solution is to use single-turn potentiometers. Such
potentiometers may be obtained with accuracies and resolutions better
than 0.1 per cent of full scale for resistance values between 10,000
and 100,000 ohms; they can be fitted with ‘“bridges’” which permit
continuous rotation.

Each computer servomechanism should be provided with an overload
bulb (see also Secs. 5.6 and 7.2) which indicates excessive error voltages
in the servo amplifier (see, for instance, Fig. 6.33b).

Other Types of Servomechanisms. The more powerful types of com-
puter d-¢c amplifiers are capable of driving very small d-¢c servomotors
directly. Such amplifiers are easily fitted with equalization networks
by the usual operational-amplifier techniques (Sec. 1.5) and permit the
design of attractive wide-band servomechanisms, particularly in special-
purpose computers.! Special limiters may be needed to avoid overloads
in the automatic-balancing channels of the d-¢ amplifiers used.

1 Hosemann, J. H., and A. D. Pendleton, Computing Amplifier Subs for Servo
Amplifier, Control Eng., March, 1955.
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Relay servomechanisms using a sensitive polarized relay in a circuit like
that of Fig. 6.36a to control d-c motors may be useful in certain special
applications because of their relative simplicity. The frequency response
of such devices may be made reasonably flat up to 2 or 3 cps. In order
to minimize the effects of static friction in the relay, an a-c voltage (the

B
7N

Fie. 6.35. A high-performance computer servomechanism. A 400-cps servomotor
drives four linear two-tap potentiometers and two nine-tap potentiometers.  The
upper plug-in tap-voltage-setting turret has been removed; two such turrets arc
shown in Fig. 635b. Note the taper-pin connections. Frequency responsc has a
40 per cent amplitude rise at about 40 cps; dynamic errors are less than 0.5 per cent
at 2 cps. Maximum velocity, 1,500 volts/sec; maximum acceleration, 60,000
volts/sec? (Recves Instrument Corporation, New York City; sce also Sec. 8.4).

so-called dither voltage) is introduced into the relay coil so as to vibrate
the relay armature continuously. The dither frequency is made higher
than the highest frequency to which there is appreciable servo response.
If the contacts of the sensitive relay cannot handle the motor current, the
sensitive relay can control a power relay which in turn controls the motor.
Although relay circuits may be less complex than vacuum-tube circuits,

these devices are generally not so reliable as vacuum-tube amplifiers, and
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their sensitivity and frequency response may not be satisfactory except
in special cases.

If an a-c power source is available, a-¢c motors are usually preferred to
d-c motors in order to eliminate the maintenance problems associated

A-C DITHER VOLTAGE
cP
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POLARIZED RELAY
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Fia. 6.36a. Simple relay servomechanism with dither. The optimum dither fre-
quency and amplitude will depend on the relay spacing, sensitivity, and time delay.
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Ot '—i -
0-C ERROR Prfteir
VOLTAGE MOTOR
o]

Fia. 6.36b. Usc of a saturable transformer to control the a-c voltage applied to a motor
ficld in accordance with a d-c input voltage.

with brushes and commutators. The a-c amplifiers used for controlling
two-phase motors require a high-voltage d-c supply which may or may
not be self-contained in each servo amplifier. If servomotors are oper-
ated at high power levels, the d-c supplies needed for amplifiers using
vacuum tubes may become bulky and expensive. 1In such cases, recourse
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may be had to thyratron control of a-¢c motors,! but careful shielding and
isolation of the thyratrons will be necessary in order to prevent their
interaction with other computing elements. The use of saturable reactors
for direct control of the alternating currents in the motor fields may be
preferable. Figure 6.36b shows how the alternating current in a motor
field may be effectively controlled by a d-c¢ input voltage. Although
some internal noise is inherent in saturable-reactor modulators, its results
can be effectively reduced by including a d-c preamplifier in the servo
loop. Ordinary operational amplifiers may conceivably be adapted for this
purpose. The use of saturable reactors will eliminate the need for syn-
chronous vibrators and the attendant maintenance problems as well as
the requirement for high-power d-c supplies. A d-c¢ tachometer or elec-
trical differentiation may be used for speed feedback.

Finally, serious consideration should be given to the use of commutated-
potentiometer servomechanisms of the type described in Sec. 6.3.

6.9. SERVO-DRIVEN POTENTIOMETERS AND RELATED CIRCUITS

The potentiometers used with computer servomechanisms must satisfy
the requirements of mechanical ruggedness, freedom from microphonism,
accuracy, resolution, and stability already discussed in Sec. 4.1 in con-
nection with constant-coefficient-setting potentiometers. In addition,
servo-driven potentiometers must satisfy special requirements directly
related to their utilization in the servomechanism, »ez.:

1. The static and dynamic torques needed to position the potentiometer
wiper must be as low as consistent with reliable operation. A static
torque of 2 oz-in. per potentiometer may be considered as a reason-
able value.

2. The potentiometer windings must sustain the wiper friction for a
reasonable life period without changing their properties. At the
rotational speeds involved in the normal operation of most d-c
analog computers, a useful life of at least 300,000 revolutions may
be expected.

3. A minimum of noise should be generated by the motion of the wiper
over the potentiometer winding.

The construction of potentiometers satisfying these requirements is a
highly developed art described extensively in the literature (see also
Fig. 4.2).2

1 Greenwood, Holdom, and MacRae, o0p. cit., Chap. 12.

2 Blackburn, J. F., Components Handbook, Chap. 8, by F. E. Dole, MIT Radiation
Laboratory Series, Vol. 17, McGraw-Hill, New York, 1949; Duncan, D. C., Charac-
teristics of Precision Servo Computer Potentiometers, Trans. AIEE Conference on
Feedback Systems, Atlantic City, N.J., 1951; Schmidt, H. A., The Precision Potenti-
ometer as a Voltage Divider, Product Engineering—Annual Handbook of Product
Design for 1964.



314

Tapered Function Potentiometers.
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Fia. 6.37. Wire-wound function poten-
tiometers produced by variable wire
spacing (a), a tapered potentiometer
card (b), and changes in wire size and /or
composition (c). Combinations of these
techniques may be used (copyright 1954,
HELIPOT® Corporation—reprinted by
permission).

ELECTRONIC ANALOG COMPUTERS

Potentiometers used to multiply
an input voltage by a function of
the shaft displacement are con-
structed so that the fraction of the
total resistance tapped off by the
wiper is a nonlinear function of the
shaft displacement. Wire-wound
elements for function potentiom-
eters are given the proper “taper”
(or rate of resistance change with
respect to shaft displacement) by
suitable changes in the shape of the
card, the pitch of the winding,
and/or the wire diameter in accord-
ance with the desired function (Fig.
6.37). The construction of tapered
function potentiometersisdiscussed
in detail in Vol. 17 of the MIT
Radiation Laboratory Series;! tap-
ered wire-wound function poten-
tiometers for a number of frequently
used functions are commercially
available.

Simple tapered function poten-
tiometers can generate only func-
tions which vary monotonically be-
tween two values determined by the
voltages at the two input terminals
of the potentiometer winding.
Nonmonotonic functions can, how-
ever, be generated by employing
one or more taps in the potentiom-
eter winding; the output voltage
into a load of infinite impedance
will, then, vary monotonically be-
tween each pair of voltages at the
taps (see, e.g., Fig. 6.51f).

Function Potentiometers Based
on Linear Resistance Elements with
Controlled Wiper Displacement. A
linear potentiometer winding may

1 See footnote on p. 313.
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be used for function generation if the displacement of the potentiometer
wiper is made to vary as the desired function of an input shaft rotation.
A cam or a linkage can be used to transmit the input shaft motion in the
desired manner. A stylus linked to a potentiometer through a linkage,
a rack-and-pinion drive, or a worm-gear arrangement may even be used
for manual following of any reasonable curve plotted on a moving chart.
The potentiometer can then generate a voltage as a function of the chart
displacement. The usefulness of this input table or curve follower is not
restricted to the generation of a single function; it may be regarded as a
type of ‘“universal function generator.”

Servo-driven Automatic Curve Followers. The practical automatic
curve follower shown in Fig. 6.38 utilizes the servo-positioned drum of a
servo recorder (Sec. 7.3). The drum is rotated about its axis by a servo-
mechanism whose input voltage is the argument of the function to be

INPUT ——»0
VOLTAGE
L FIXED LINEAR RESISTANCE ELEMENT

'
ROTATING
CYLINDER

° OUTPUT
VOLTAGE

F1a. 6.38. Reeves-type function generating potentiometer.

generated. A linear resistance element constituting the potentiometer
winding is mounted parallel to the drum axis. A wire is cemented over
a graph of the curve to be tracked, and the graph paper is placed on the
drum with the independent variable axis in the direction of drum rota-
tion. As the drum rotates in correspondence to the independent vari-
able, the linear resistance element is always parallel to the drum axis
directly over the correct value of the dependent variable on the graph
paper.

The wire on the curve then acts as the wiper of a linear potentiometer
tapping off the proper fraction of an input voltage applied across the
linear resistance element as the latter is pressed against the drum and
wire by light spring pressure. As the drum rotates, this wiper moves
across the potentiometer in a manner determined by the given curve.
With a resistance element of 20,000 ohms resistance and linear to within
0.1 per cent, it is possible to multiply a voltage by any reasonable func-
tion of another voltage with an accuracy of about 0.15 per cent of full
scale.!

1 Gunning and Mengel, op. cit. The preparation of the wire for any given function
is simple. A length of 0.015-in.-diameter nichrome wire is first straightened by
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All types of servo recorders (plotting boards, Sec. 7.3) can be converted
into automatic curve followers through the use of simple accessory com-
ponents. The desired curve is drawn with conducting ink; a capacitive,
inductive, or potentiometer-type pickoff replaces the recording pen and
forces the pen servomechanism to follow the dependent variable. The
d-¢ output may be taken from the follow-up potentiometer associated
with the pen servomechanism.! Such utilization of a servo plotting board
is more convenient than the scheme of Fig. 6.38; one may, for instance,
record a function with conducting ink for playback in a later phase of
the computation. On the other hand, the frequency range of the depend-
ent variable is now limited by the response of both pen and carriage or
drum servomechanisms (Sec. 7.3).

Automatic curve followers can generate a wide variety of functions and
are thus particularly useful for flexible multipurpose computers. A typ-
ical application is the Fourier analysis of experimental data (Fig. 3.28a).

Reduction of Errors Due to Potentiometer Loading> and Manufactur-
ing Inaccuracies. The output voltage X, of a potentiometer connected
to a finite load resistance 75 is no longer proportional to the resistance
tapped off between the zero-voltage point on the potentiometer and the
potentiometer wiper. The resulting loading error was derived for a spe-
cial case in Sec. 4.1; Fig. 6.39 specifies the loading errors for the three most
important potentiometer circuits. The circuit of Fig. 6.39¢ is, in general,
preferable to that of Fig. 6.39b.

If the linear follow-up potentiometer of a servomechanism (Fig. 6.8) is
loaded by a finite resistance 71, the fractional servo shaft displacement ©
is no longer accurately proportional to the servo input voltage X,, but

stretching it beyond the yield point. The wire is then fitted to the curve drawn on a
piece of graph paper lying flat on a table. The wire is held to the paper by means of
small split pins and is covered with a layer of cement (one part General Cement No.
30-8 Radio Service Cement to one part No. 31-8 Solvent) which secures it to the paper
even after the pins are removed. When the cement has dried, the top surface of the
wire is laid bare through the use of abrasive cloth. The graph paper is then ready
to be placed on the drum. Curve followers of this type are manufactured by the
Reeves Instrument Corporation, New York City, which has also experimented with
small permanent function potentiometers based on the same principle. See S. A.
Frost, Compact Analog Computer, Electronics, July, 1948.

1 Vance, P. R., and D. L. Haas, An Input-output Unit for Analog Computers, Proc.
IRE, 41: 1483, 1953.

2 Nettleton, L. A., and F. E. Dole, Reducing Potentiometer Loading Error, Rev.
Sci. Instr., 18: 332, 1947; Bradley, F. R., and R. D. McCoy, Computing with Servo-
driven Potentiometers, T'ele-Tech and Electronic Industries, September, 1952; Gilbert,
J., Here’s a Shortcut in Compensating Potentiometer Loading Errors, Control Eng.,
February, 1955; —, Compensating Function Potentiometers for Loading Errors, Con~
trol Eng., March, 1955,
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0 = X_?z [1 + E(©)], where E(O) is given in Fig. 6.39. This effect must

be remembered if the servomechanism in question is to drive indicating
dials or function potentiometers (see also Sec. 6.10). Figure 6.30c shows
a servo input circuit which does not load the follow-up potentiometer.

The loading errors can be neglected in some low-accuracy computa-
tions. In a typical application r = 20K, r, = 1M, so that the loading
errors will be less than 0.6 per cent in Figs. 6.39a and b, and less than
0.3 per cent in Fig. 6.39¢. If such errors are to be tolerated, the accu-
racy (linearity, resolution, etc.) of the potentiometer used usually need
not exceed 0.1 per cent.

Computing errors due to potentiometer loading may be reduced or
made negligible by the following procedures:

1. In servomultipliers employing linear potentiomcters, one may eli-
minate the loading crrors by loading multiplying and follow-up poten-
tiometers with equal resistances. This method does not apply to
servo-driven function potentiometers.

2. The bootstrap circuit of Fig. 6.40 will eliminate loading effects for
linear or nonlinear potentiometers, usually at the cost of one addi-
tional phase-inverting amplifier.

3. Special zsolation amplifiers may be used.!

The following procedures may be used singly or in combination:

4. The use of end resistances (Figs. 6.41a and b) restricts the effective
range of the quantity F in Fig. 6.39 and reduces the fractional errors
due to loading. The resulting unfavorable scale change may
inecrease the effects of other errors.

5. Multiplying or function-generating potentiometers may be given a
taper which corrects the loading errors associated with a fixed load
(preloading).

6. Tapped potentiometers (Sec. 6.10) permit convenient corrections for
loading errors and winding imperfections. Figures 6.41c and d illus-
trate a simple preloading method. In the circuit of Fig. 6.4lc,
R = 0.31r; and F, = 0.74 are useful design values.?

7. The function actually generated by the potentiometer may fit
kF(X,) better than F(X,), where k is a suitable constant. Once k
is chosen for best fit (least maximum error), one obtains

X, = XiF(X) = 3P O0)]

by a simple coefficient change.

! Bradley, F., and R. McCoy, Isolation Circuits for Analog Computers, Electronics,
May, 1952.
2 Gilbert, op. cit.
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Fia. 6.39. Effects of potentiometer loading. For each of the circuits shown, F = F(0)
is a function of the fractional shaft displacement 0; F = © for simple multiphcation
(linear potentiometer). In cach casc
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The approximate expression is useful if r/rz < 0.1.
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F1a. 6.40. This bootstrap circuit supplies all current drawn by the load, and thus
eliminates all loading effects, if

rL
=+ R (bR, — Ry)
Most frequently, the input resistor 2, of the operational amplifier is the only load, so
that 7, = », and R = bR, — R:. The bootstrap principle has many other applica-
tions (Secs. 4.4 and 7.4).

R

X, 0= Xj O—AA— X0
RS
d ! (I-Fo)rj
Xo - Xo For :
" = 1 " CFr
- = 'XIO—’V\N—J = =
(a) (b) (c) (d)

Fia. 6.41. Reduction of potentiometer-loading errors by means of end resistances
(a, b) and by preloading (c, d). The two methods may be combined.
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Y o-
-Y o f(x)
X ¥ [f(x)-»-e(x)]
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: X ™\ CORREGTION FUNGTION
XO-

Fi6. 6.42. Use of a correction function gencrator to improve the accuracy of a servo
multiplier or function generator. The correction function generator may be a tapped
potentiometer (Sec. 6.10), so that the additive correction function can be set empiri-
cally. Note that the effects of small imperfections in the correction function generator
will be very small. Analogous correction methods may apply to electronic function
generators; such devices cannot, of course, correct errors due to drift or parameter
changes (Gunning and Mengel, op. cil.).
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Fi1c. 6.43. Switch-type function generators.

8. Figure 6.42 shows a correction function generator' which will correct
errors due to loading and winding imperfections. Many similar
arrangements are possible.

1 Gunning and Mengel, op. cit.; see also L. Cahn, Automatic Compensation of

Potentiometer Loading Errors, Helinews, Helipot Corporation, South Pasadena, Calif.,
June, 1953.
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CIRGUIT TRANSFER FUNCTION Xp EXAMPLES OF FUNGCTIONS
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X (-Y)R Xo'
bR <Y vy x, &
Xo (btc)(a+l) +(a+1)Y-Y ' s
YR ZCR L
- . e 0‘
X aR cR : (a=b=0)
! (-Y)R
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+2(a-b)Y-Y2
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F1a. 6.41a. Use of lon(lcd lincar function potentiometers for approximating various
nonlinear functions. The potentiometer setting is determined by the machine varia-
ble ¥ (Greenwood, Holdam, and MacRae, op. cit.; see also Table 5).

MAY BE USED FOR
APPROXIMATING tanY
(a=b=c=0;d=0.448)

CIRGUIT TRANSFER FUNCTION Xo  EXAMPLES OF APPLICATION
X
X, A~ —E—oXo . MAY BE USED FOR
l %.1 13 Y APPROXIMATING 1-Y2
R 4ati-Y a
=g (a/LARGE)
X an a-ng
' bR MAY BE USED FOR
X | 4c APPROXIMATING SEC Y
(R P 4lavbrc)+1-Y2 (a=b=0;¢=0.25)
arR
X, Xo
bR MAY BE USED FOR
YR btc+y APPROXIMATING/y
atbtctY 1.79
R (a=0.911; b=0; C=0.067)

Fra. 6.44b. Miscellancous circuit arrangements permitting the use of simple linear
- potentiometers for generating nonlinear functions (Chance et al., op. cit.; Greenwood,
Holdam, and MacRae, op. cit.). The networks are adjusted in each case to match
the desired functions. The potentiometer setting is determined by the machine
variable Y (see also Table 5).

Methods 4, 5, 7, and 8 apply particularly to special-purpose computers.
Methods 6, 7, and 8 serve to reduce the effects of manufacturing inaccuracies
in the potentiometer winding, such as nonlinearity, as well as loading errors.

Rotating-switch Function Generators. If it is sufficient to approxi-
mate a given function by a step function (the step function may, for
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instance, be smoothed out by subsequent integration), a function poten-
tiometer may be replaced by a simple tap switch rotated in accordance
with the argument of the given function (see Fig. 6.43a). The tap volt-
ages are adjusted in accordance with the values of the given function for
the corresponding shaft displacements. For better accuracy, a linear
“interpolating potentiometer”” may be connected between successive taps
by means of two switch arms in the manner shown in Fig. 6.43b. The
interpolating potentiometer is geared up from the switch shaft so that it
makes a complete revolution while each switch&irm moves between suc-
cessive taps.

Use of Servomechanisms to Vary the Transfer Functions of Opera-
tional Amplifiers. Useful and accurate servo multipliers and function
generators can be constructed by using a servo-driven potentiometer or
tap switch to vary the feedback or input resistor of an operational ampli-
fier, usually a simple phase inverter (sec, e.g., Sec. 2.7, Fig. 6.57, and
Table 5). Such multipliers and function generators do not require load-
ing corrections.

Function-generator Circuits Based on Linear Potentiometers.! Figure
6.44 shows how one may generate or approximate a wide variety of func-
tions by loading linear potentiometers, by returning the potentiometer
load to various points in the circuit, and by other special connections.
A number of especially useful circuits, some of which involve operational
amplifiers, are tabulated in Table 5. Such methods of function genera-
tion are particularly applicable to special-purpose computers.

6.10. TAPPED POTENTIOMETERS AS FUNCTION GENERATORS??

A useful and flexible type of function potentiometer is easily con-
structed as follows. A linear potentiometer is tapped 7 to 99 times. A
set of adjustment networks (padding nctworks) permit the voltages at
each tap to be adjusted; the tap voltages are set to approximate values
of a desired function corresponding to the respective angular displace-
ments. The potentiometer will then approximate linear interpolation
between successive tap voltages (Fig. 6.45). Figure 6.46 shows a num-
ber of practical circuits. The adjustment networks contain small vari-

1 Levenstein, H., Generating Non-linear Functions with Linear Potentiometers,
Tele-Tech, October, 1953; Bolie, V. W., Synthesis of Function Generators by Con-
tinued-Fraction Theory, Tele-Tech, March 1956. See also references to Table 5.

2 Korn, G. A., The General Differcnce Analyzer, Curtiss-Wright Report P 537-V-46,
1948.

3 Korn, G. A., Design and Construction of Universal Function Generating Poten-
tiometers, Rev. Sci. Instr., 21: 77-81, 1950. The authors are grateful to P. G. Redge-
mont of the British Admiralty Signal and Radar Establishment for pointing out to
them that tapped function potentiometers were used in England as early as 1933,
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able potentiometers or rheostats, so that the function to be generated
may be changed at will. If no such changes are desired, fixed resistors
may be substituted for the variable ones. In either case, networks cor-
responding to different functions may be mounted on interchangeable
plug-in turrets or panels (Figs. 6.35 and 6.47d). The design of the adjust-
ment networks may be limited by the current rating of the tapped poten-

) output
VOLTAGE, Xo |

DESIRED FUNCTION
~— ———LINEAR INTERPOLATION(NO LOAD)
OUTPUT VOLTAGE WITH LOAD

SHAFT
ROTATION, ®

Eo E Ep Ej3 Eq Es Eg

TAP| TAP2 TAP3 TAP4 TAPS5 TAP6

F1a. 6.45. Approximation of a desired function by means of a tapped potentiometer.
For best results, the tap voltages may have to be set slightly above or below the fune-
tion values corresponding to the tap locations. The effects of loading have been
exaggerated in the diagram to show the method of curve fitting used for best accuracy.
One can obtain even better interpolation by averaging the voltages from two or three
close-spaced potentiometer wipers.
tiometer and/or of the source (operational amplifier) which drives the
potentiometer.

The following advantages of tapped function potentiometers should be

noted:

1. Tapped function potentiometers possess a high degree of flexibility.
Adjustment networks are easily set up for a wide variety of func-
tions (including empirical functions) and may be stored and reused.
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Fic. 6.46. Tapped-potentiometer function generators and adjustment networks.
Typical resistance values for the adjustment potentiometers or rheostats in (a) and
(c) are between 5r and 5007, where 7 is the total resistance of the tapped potentiometer
(10,000 to 100,000 ohms). The voltage rise between adjacent taps must not exceed
the power rating of the potentiometer winding; alternate taps may be protected by
fuses. (d) shows a split tapped potentiometer which permits the generation of func-
tions containing step-function terms.

2. Potentiometers of relatively low cost can be used, since accuracy
does not depend critically on potentiometer linearity or tap locations.

3. Potentiometer loading (Sec. 6.9) will not introduce errors in the tap
voltages, since they are adjusted with the load connected.

The accuracy with which a given function can be approximated by
means of a tapped potentiometer will depend on the slope and curvature
of the function itself as well as on the number of taps and on the poten-
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tiometer load. A wide variety of useful functions can be approximated
to within 0.5 per cent if ten or more taps are available.

Construction of Tapped Potentiometers. Most types of commercial
wire-wound potentiometers can be ordered with taps suitable for function
generation; the tap leads are usually welded to a single turn of the poten-~
tiometer wire. Figure 6.47 indicates several methods for tapping exist-
ing wire-wound potentiometers in the laboratory. Figure 6.47¢ shows an
experimental 40-tap potentiometer constructed in the manner of Fig. 6.47b.
Figures 6.35b and 6.47d illustrate the construction of adjustment networks.

Calibration of Adjustment Networks. To ‘“set up” a given function
on a tapped potentiometer, one begins by plotting the desired graph of
output voltage vs. scrvo input voltage. The input voltages correspond-
ing to the tap locations must be marked on the graph; servo input volt-
ages corresponding to equally spaced taps will not be equally spaced if
the servo follow-up potentiometer is loaded (Sec. 6.9). The desired tap
voltages may then be determined to fit the given function in the manner
of Fig. 6.45.

Since the tap voltages are to be “set’” with the load connected, the
only effect of potentiometer loading will be to reduce the absolute value
of the output voltage between taps below that corresponding to ideal lin-
ear interpolation. In most practical applications this effect is small; the
analysis of page 329 permits one to limit the loading effect by a suitable
choice of resistance values. Figure 6.45 shows how possible errors due
to the ‘“droop’’ of the output function between taps can be minimized by
proper curve fitting.

Once the desired tap voltages are known, suitable resistance values
for the adjustment networks can be computed from Kirchhoff’s laws;
each tap must have the correct voltage with the load connected. Since
the computation tends to become quite cumbersome, it may be preferable
to determine the desired resistance values empirically. The potentiom-
eter output voltage is measured, with the load connected, by means of
a comparison potentiometer (Fig. 4.6), and the padding resistances are
adjusted successively until the correct output function is obtained. In
general, the various adjustments will interact, so that several complete
cycles of adjustment are necessary.

The more elaborate calibration scheme of Fig. 6.48 avoids most of the
interaction between tap adjustments. The adjustment networks (not
shown) associated with the 1st, 2d, . . . tap are adjusted ¢n numerical
order. In the diagram, tap 1 has already been adjusted. Switch sec-
tion 8, permits one to apply equally spaced positioning voltages! to the

LIf the servo follow-up potentiometer is loaded (Sec. 6.9), one may position the

potentiometer wiper exactly on the equally spaced taps by changing the positioning
network or by loading the arm of S, with a suitable resistance.
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SINGLE TURNS BROUGHT
OUT £ SCRAPED

F1a. 6.47a. Exploded view of a wire-wound potentiomgter modified by tapping
Single turns of wirc are isolated by cellophane strips and arc contacted by plated rivets
attached to the potentiometer shell. In another similar arrangement! soft solder
forms a bond between each scraped potentiometer wire and a piece of copper foil
soldered to the connecting lead.
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F16. 6.47b. A method for tapping wire-wound potentiometers with thick plastic shells.
The potentiometer card must be removed before the holes are drilled. The location
of a helical card may be found by placing the potentiometer shell in a lathe and
cutting a light thread of the proper pitch.

! Private communication from R. J. Sullivan, Chicf, Potentiometer Research Unit,
Air Force Cambridge Laboratories, who was kind enough to point this out to the
authors.
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Fia. 6.47¢c. Photograph of an experimental 40-tap helical-typc potentiometer (Boeing
Airplane Company).

Fig. 6.47d. Front and back views of a plug-in panel bearing adjustment poten-
tiometers for a 20-tap function potentiometer. Note the shaft locks (Curtiss-Wright

Corporation).
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servomechanism driving the tapped potentiometer. To adjust tap 2, the
potentiometer wiper is positioned near tap 2 to approximate correct load-
ing. While tap 2 is being adjusted, the d-c amplifiers shown temporarily
approximate the correct voltage at tap 3. The selector switch is next
advanced to adjust taps 3, 4, . . . ; it is seen that each tap is adjusted

COMPUTER SERVO
ASSOCIATED WITH TAPPED
POTENTIOMETER

POSITIONING

NE TWORK TO ADJUSTMENT COMPARISON
+100V g / NETWORKS POTENTIOMETERS
-~ 10K
TAPI ___ﬂ""’ﬂOR-I
BALANCE
INDICATOR N o +1OR
TAP2 sp ” @ Sa f._. ;
! . ! oK

|
] | +10R-1

|
TAP3 § ﬂ @ISs =
| 10K
A e

|
i |
- I |
H 20K,17-TAP i |
i 1 POTENTIOMETER €_ 1 i
>
-100V : < ] ]
1 < ! !
| i
SELECTOR
SWITCH

F1a. 6.48. Calibration of tapped-potentiometer function generators in the PACE com-
puter (Electronic Associates, Inc.). The adjustment networks (not shown) are
similar to those of Fig. 6.46c. The balance meter is protected by limiting rectifiers.
The 4-megohm input impedance of the d-¢ amplfier shown does not load the com-
parison potentiometer appreciably.

with the load connected and with the two adjacent taps near their final cor-
rect voltages. A single set of comparison potentiometers, two amplifiers,
and a balance meter serve all tapped potentiometers of a computer instal-
lation by means of plug-in connections. Individual positioning networks
and selector switches are packaged together with the adjustment net-
works for each tapped potentiometer.

The Effect of a Resistive Load Connected to a Tapped-potentiometer
Function Generator.! The proper design of tapped-potentiometer

1Korn, G. A., Design and Construction of Universal Function Generating Poten-
tiometers, Rev. Sci. Instr., 21: 77, 1950. Equation (6.35) corrects an error in the
reference.
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function generators and their adjustment networks involves the deter-
mination of the minimum load resistance which will still yield tolerably
linear interpolation. For the analysis of this basic design problem, use
is made of the fact that Thévenin’s thcorem! permits the representation
of the tapped potentiometer and its associated networks by the equiva-
lent circuit indicated in Fig. 6.49.

TAPPED POTENTIOMETER

0 ‘ ‘ LOAD

RESISTIVE " Xolo)
NETWORKS s
INPUT FOR

TERMINALS| ApJUSTING Re
TAP |
VOLTAGES

»
Fra. 6.49. A tapped-potentiometer function generator with adjustment networks (a),
and an equivalent circuit (b).

Let X! be the open-circuit voltage measured hetween the potentiometer
output terminal and ground if the load resistance Ry is removed. Accord-
ing to Thévenin’s theorem, the potentiometer circuit is then equivalent to
a voltage source of voltage X, connected in series with the resistance R;
seen by the load if all real voltage sources are replaced by short circuits.

Consider now the variation of the internal resistance R} and the open-
circuit voltage X! as the sliding contact is moved through any one segment
of the tapped winding. Let a denote the fraction of the segment in ques-
tion traversed by the wiper, with @ = 0 at that tap for which the value of

1 Smythe, W. R., Static and Dynamic Electricity, p. 129, McGraw-Hill, New York,
1939.
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R! is lower. It is possible, for each winding segment, to consider E; as
the sum of a fixed term R, and a term r(a) variable with the shaft rota-
tion measured by a. Thus,

R! = R; + r(a) with 7(a) > 0 r(0) =0 0<a<l (6.31)

If the tapped potentiometer is a linear one, it is, morcover, clear that
the open-circuit voltage X, must be a linear function of a:

Xi(a) = (1 — a)X:(0) + aX(1) (6.32)

With reference to Fig. 6.49b, Ohm’s law yields the output voltage X, of
the function potentiometer with the load connected, viz.,

v Br oy Bi
) A PR Ry Py
e R, |,___ r@
= X 5T R, [1 RiF R+ r(a)] (6.33)

Since X! varies linearly with a, it is seen that, for reasonably linear inter-
polation, r will have to be made small compared with R, + R;. This
will now be discussed on a quantitative basis.

Let Xou. be the result of a correct linear interpolation between the two
tap voltages X.(0) and X,(1):

Xoam = (1 — a)X,(0) + aX,(1) (6.34)

The deviation |X, — Xoam| from true linear interpolation between tap
voltages may be estimated by the relation

— p— R_L ! r(l) - _ ’ T(a)
o = Xoawl = 5, 1R, "’X"(” Rt B D YR TR A0
2R.R, 2R,
__avee X! < |22 ’
< ’(RL F R)? Xoona| < R X asx (6.35)

where X', is the larger of the two quantitics |X4(0)| and |X;(1)|, and
where R, is the resistance of a winding segment between taps.

6.11. REPRESENTATION OF VECTORS IN DIFFERENT COORDINATE
SYSTEMS

Many applications require the description of the same vector quanti-
ties in terms of two or more different coordinate systems. Practically
important examples are furnished by descriptions of the forces acting
on an aircraft. These forces (drag, thrust, lift, gravity, etc.) may be
described in terms of coordinate axes fixed with respect to the earth, the
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aircraft, or the relative wind (see also Chap. 3). A study of the trans-
formations of the components of {wo-dimensional vector quantities will
illustrate all the necessary analog-
v computer techniques used for such
transformations.
v Representation of a Vector in
\ Different Coordinate Systems: Ro-
tation of Coordinate Axes. Figure
6.50a shows a vector which may be
described by its components z,y
along the z,y coordinate axes as
well as by the components u,» along
the u,» coordinate axes. Both the
X=UWCOSO +VSING z,y and wu,v reference frames are
Ys- WSINOG+VCOSO . .
Fia. 6.50a. Rotation of rectangular coor- rectangular . cartesian coordl.n ?’te
dinate system. systems having a common origin;
the angle 6 between the z axis and
the u axis is defined as shown. Under these conditions, the vector com-
ponents z,y are related to the components u,y by the iransformation
equations
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z =wucos @+ vsin 0
y= —usind -+ vcosb

(6.36)

If machine variables X, Y, U, V corresponding to the vector com-
ponents z, y, u, v, respectively, are chosen with equal scale factors a so
that

X =azx Y =ay U = au V=av (6.37)
the machine equations corresponding to (6.36) are simply

X =Ucos 8+ Vsin 6

= —=Usin 6+ V cos @ (6.38)

If the angle 6 can be represented by a servo shaft displacement equal
to 0, the relations (6.38) can be established in a d-c analog computer in the
manner shown in Fig. 6.50b. The multiplications by trigonometric func-
tions are performed by means of function potentiometers on the 6 shaft,
and summing amplifiers are used for addition.

The resistance windings, or “cards,” of many commercially available
sine and cosine potentiometers usually cover only 180 deg of shaft rota-
tion. Figures 6.51a and b show how such sine or cosine potentiometers
may be connected up to multiply a voltage by trigonometric functions of
angles in the first and second quadrants (from 0 to 180 deg). By con-
necting such potentiometers into the computer circuit in the manner
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shown in Figs. 6.51¢ and d, input voltages can be multiplied by sine and
cosine functions of angles between minus and plus 90 deg. If. as is fre-
quently the case, the range of the angle 8 exceeds 180 deg, two sine poten-
tiometers in the circuit of Fig. 6.51¢ may be used. Both potentiometer
wipers can rotate continuously. They are electrically connected and
mechanically ganged in such a manner that one of the potentiometers is
used for values of the angle 6 in the fourth and first quadrants and the
other one for values of 0 in the second and third quadrants.

—u x
v 1
o -VSING
o X sINe
T SUMMING
H AMPLIFIERS
-Vcoso
coso
0 Y
+USINO
SIN®

(SHAFT DISPLACEMENT)
F1a. 6.50b. D-c analog-computer setup for Eq. (6.38).

Figure 6.51f illustrates the construction of a commercial sine-cosine
potentiometer designed especially for coordinate transformations. The
potentiometer card shown is wound into cylindrical shape to permit con-
tinuous wiper rotation. Several such cylindrical cards can be mounted
concentrically. The entire potentiometer assembly is immersed in oil to
decrease wear and noise.

The rectangular-card sine-cosine potentiometer! shown schematically
in Fig. 6.51g not only permits continuous rotation but also yields two
output voltages; one output voltage is proportional to the sine and the
other to the cosine of the potentiometer-shaft displacement. The rec-
tangular-card potentiometer consists of a closely wound rectangular
resistance winding or card rotated by the input shaft and four contacts
or wipers attached to the fixed potentiometer case. As the card is

1 The rectangular-card potentiometer was designed at the MIT Radiation Labora-
tory, Cambridge, Mass., and is now commercially available from the Gamewell Com-
pany, Newton Upper Falls, Mass. A detailed description of this device will be found
in Greenwood, Holdam, and MacRae, op. cit., pp. 111-116.
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rotated, each contact effectively travels over the card in a circle about
the axis of rotation.

The voltage at each contact will be proportional to the sum of the volt-
age at the center of the card and a sinusoidal function of the angular dis-
placement of the card. The two voltage differences between the pairs of
diametrically opposite contacts shown in Fig. 6.51¢ will be proportional to

6 =180° -uU 0 =180°
USIN®G T ucose
]
'e
al +U 0=0
(@) ®)
+U 90° + 90°
USING Uucose
lo
-U ©=-90° -90°
© ' @

F16. 6.51a, b, ¢, d. Conncctions of sine and cosine potentiometers for operation between
0 and 180 deg (a, b) and between minus 90 and plus 90 deg (¢, d). Note the two
types of tapered windings.

-y o

—o USIN®
F1a. 6.51e. Potentiometer connections for continuous rotation. Each potentiometer
card is used for alternate 180 deg of angular displacement. Integral multiples of 360
deg may be added to each angular displacement indicated in the diagram.

the sine and cosine of the angle of rotation, since the center voltage will
be canceled out on taking the difference. Each voltage difference may
be conveniently obtained by means of a differential amplifier (see Sec.
5.3). As long as a differential output circuit of this kind is used, the axis
of rotation need not even pass through the exact geometrical center of
the contacts,! since any off-center errors will be canceled out. The use of

1 For a detailed discussion of the problems involved in manufacturing rectangular-

tard potentiometers, see P. Rosenberg, Sinusoidal Potentiometers Types RL10CB
RL10CD, RL10E, RL14, RL Report 423, Aug. 16, 1943.
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differential output circuits of some type! with rectangular-card poten-
tiometers is recommended in all computer applications.

Each rectangular-card potentiometer can replace between two and four
ordinary tapered potentiometers; the functions are generated with an

—5

+EV g

vy ot

0°  90° 4 180° 270° |3600

° -

4
o
)

F1c. 6.51f. Sinc-cosine potentiometer designed for continuous rotation (from W.
Soroka, op. cit.). Commercial potentiometers of this type may be preloaded (Sec. 6.9)
and permit accuracies of 0.15 to 0.3 per cent of full scale.
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Fic. 6.51g. Rectangular card sine-cosine potentiometer. The axis of rotation is per-
pendicular to the plane of the diagram.

accuracy of the order of 0.6 per cent of full scale. Such potentiometers
are, however, not too easy to construct because of the close mechanical
tolerances required, and their construction makes it difficult to gang
several rectangular-card potentiometers on a common shaft.

Another method for obtaining the transformations (6.38) with an ana-
log computer involves the use of a-c computing elements. Two a-c volt-

1 A circuit somewhat different from that of Fig. 6.51g is shown in Greenwood,
Holdam, and MacRae, op. cit.
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ages of equal frequency and phase may be modulated! with d-c voltages
U and V, respectively. If these a-c voltages are impressed on the two
stator windings of a special rotatable transformer called a resolver (see
Fig. 6.52), whose rotor displacement is equal
v to 6, the rotor output a-c voltages will be
modulated by the voltages X and Y given
by the transformation equations (6.38).
D-c voltages proportional to X and Y may
) then be obtained through the use of phase-
| sensitivedemodulators.? Accuracies better
than 0.5 per cent can be obtained with such
v arrangements, but the modulators and de-
I modulators as well as the resolvers have to
= ?9 be designed with great care to obtain such
Fia. 6.52. Use of a resolver to ﬁf:zgarﬁz;:halzf:ail‘::::r :V}:Enbe tesst.suscip b
set up Eqs. (6.38). The values poientiometers,
indicated are amplitudes of a-c but the modulators, demodulators, and re-
voltages. solver driver amplifiers required with com-
puter circuits using resolvers will add to the cost and complexity of the
equipment. Such circuits are, therefore, most useful if one modulator
can be used for several multiplications, or if the a-c output can be used
directly for driving an a-c servomechanism.

If the computer in question works on a time scale so fast that com-
puting servomechanisms cannot be
used, the angle 6 will have to be
represented by a voltage in the ma-
chine, and a more complicated combi-

nation of electronic function genera- yrsime ITTT T T \

tors and multipliers will be required. oy i

The trigonometric functions might v }

also be generated by implicit com- < Osarc Wﬂ%
putation. | -

. Xsr Cose
Transformation from Polar to Rec- Fi16. 6.53. Transformation from polar to

tangular Cartesian Coordinates. If rectangular cartesian coordinates.

the polar coordinates r and 6 of a

two-dimensional vector are given, it is readily seen from Fig. 6.53 that
the transformation equations to rectangular coordinates are

x = rcosé
y = rsin 0 (6.39)

I

1 Chance et al., op. cit., Chaps. 12 and 14.
$ Ibid.
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Assuming that equal scale factors are used to introduce the machine
variables X, ¥, and R corresponding to z, y, and r, respectively, it is
possible to obtain a set of corresponding machine equations

X =Rcost
Y = Rsin 6 (6.40)

If a servo shaft displacement equal to the angle 8 can be made available
in the computer, the multiplications indicated in the transformations

R O——eend
cos p—eeeeeeee) X sRCOS ©
- R Oemmmm——

R
-R SIN ) Y RS IN ©
)
i
|
e
(0)
MODU— \
R O—=>1_aTOR _{oemoouLa- v
TOR o
|
i
: DEMOQU-
: LATOR oX
L
A
o
(b)

F1a. 6.54. Transformation from polar to rectangular coordinates by means of function
potentiometers and resolvers.

(6.40) may be performed by means of function potentiometers as shown
in Fig. 6.54a or by means of a resolver as shown in Fig. 6.54b. In “fast”
computers, electronic multipliers and function generators will again be
required to establish the transformation.

Rectangular-to-polar Transformations. The equations of transforma-
tion from rectangular to polar coordinates are obtained by solving Egs.
(6.39) for r and 0. One finds

VT
9 = Y (6.41)

arc tan =
z
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If equal scale factors are used for r, z, and y, the corresponding machine
equations are

R=+VX"+ 71
6 = arc tan )}—; (6.42)

Whereas these relations could be established dircetly on an analog com-
puter, it may be more convenient to obtain R and 6 by implicit solution of
the equations

—Xsinf@+ Yecos6=0

Xcosf+ Ysingd=R (6.43)

which are equivalent to the transformations (6.42).

The first equation (6.43) does not contain R and may be solved implic-
itly for . Assuming that § may again be represented by a servo shaft
displacement equal to 6, the implicit solution of

—Xsinf@+ Ycosd=0 (6.44)

may be accomplished by the wvector servomechanism or inverse resolver
shown at the top of Fig. 6.55a. Suppose that initially the servo shaft
displacement is not equal to the correct value 6, so that Eq. (6.44) does
not hold but

—Xsinf+ Ycosh =ce

In the circuit of Fig. 6.55a, a voltage equal to the “error’’ e is computed and
used to drive a servomechanism which will position the 6 shaft so as to mini-
mize the error e. The shaft displacement will, thus, be forced to assume
the correct value §. Function potentiometers on the 8 shaft are then
used to compute the voltage R according to the second equation (6.43).
Potentiometers of the rectangular-card type will be found useful in this
circuit.

Figure 6.55b shows a similar arrangement in which the function poten-
tiometers have been replaced by a single resolver driven by an a-c servo.

It may be seen that the loop gain of each vector servo shown in Fig.
6.55 is not constant but depends on the values of X and Y; in fact, the
loop gain is proportional to the value of

R= VX1V

Since only servomechanisms with constant loop gain can be designed for
optimal performance, it is expedient to include automatic-gain-control
(AGC) circuits (shown in broken lines in Fig. 6.55) in the servo loop.
Figure 6.56 shows a practical AGC circuit which may be used to decrease
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the servo loop gain as R increases. Such a device will tend to keep the
loop gain constant over some range of values of R; it is clear that no
vector servo can operate if X = ¥ = R = Q.

The circuit of a vector servo without AG(! is shown in Vol. 21 of the
MIT Radiation Laboratory Series.! The circuit of a vector servo with

X -XSING
s
-x IN
v ¥
- SOR—
cos |.Yc0s®
L ——
! (2]
SERVO i
SERVO i
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] | P d
| 0 'Y
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X 0— ﬂ:
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SERVO 2 o
SERVO | i
NoTOR = s — AGC te=
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¥Fia. 6.55. Block diagrams of vector servomechanisms (inverse resolvers).

single-ended inputs is also shown in that volume.? Accuracies attainable
with vector servos are of the order of }4 to 1 per cent in amplitude of the
radius vector R and 0.5 deg in angle.

The reader is reminded that the innocent-looking coordinate transfor-
mations (6.38) and (6.43) may involve the computation of a small differ-
ence of two large terms. The resulting possibility of large percentage
errors can spell the doom of computations requiring good accuraey, such

1 Greenwood, Holdam, and MacRae, op. cit., p. 479.
* Ibid., p 163.
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as trajectory computations (Sec. 3.5). Computations which must
involve such transformations should be checked with particular care.

+300v

100K
0 047uF TO GRID
FIRST STAGE i OF FOLLOWING

OF SERVO STAGE
AMPLIFIER g

%IOOK é 100K

F1a. 6.56. AGC circuit inserted between two single-cnded servo-amplifier stages. A
(positive) AGC voltage apphed to the screen of the AGC tube will increase its trans-
conductance. The resulting increased degeneration reduces the amplifier gain.  The
circuit is useful for AGC voltages between 1 volt and 100 volts (Flectronie Associates,
Inc.).

6.12. DIVISION AND GENERATION OF INVERSE FUNCTIONS

Division. Computing elements capable of division must accept two
input voltages X, and Y, say, and produce an output voltage

X, = (constant) )T(’l

which will increase in absolute value as the absolute value of the divisor
Y is decreased. Hence, in view of the given limit on the magnitudes of
the computer voltages, no division circuit will be able to compute X1/Y for
absolute values of the divisor Y smaller than some minimum value |Y |nin.
This proposition must hold no matter what type of computing element
is used for division. It is seen that, in general, the quotient X,/Y can-
not be computed correctly while the divisor Y crosses zero or changes
sign during the computation.

Division by Reciprocal Multiplication. The division X,/Y is equiva-
lent to a multiplication X;(1/Y) by the function 1/Y of Y. All types of
multipliers and function generators may be used for division in this man-
ner. The product X,(1/Y) may, in particular, be obtained from a servo-
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driven function potentiometer (Secs. 6.9 and 6.10); the servomechanism
used may perform multiplications by other functions of ¥ at the same
time.

Division by Means of Servomechanisms and Other Feedback Devices.
In principle, all multiplying circuits based on the feedback principle of
Fig. 6.7 can be used for division: their output voltage X, is proportional
to the reciprocal 1/Y of the input voltage Y. In particular, the servo-
multipliers shown in Fig. 6.8 can be used to divide an input voltage X, or
X, by an input voltage Y applied to the follow-up potentiometer.

-X°=X| +Xo Y=Xo

X|+X°Y=°
X0 <
X, b-o-xox—YL
h————-—oxo:-XJ.
< _MULTIPLIER Y
Y>00 Y500
(b)
=Xo=Xj+({Y=1)Xo
r———ox°3‘_Y‘
R) R
X ~2Xo X0 MW\ M —ﬁﬁoxos-&’-)-(-'
A R Y
r Y20 oo oo e
(Y-1)Xo ‘ “"'V)'g’ , o .
| I

= (d)
(c)
F1c. 6.57. Division circuits (sec text).

Division methods of this type are, in gencral, not recommended because
any change in the variable Y in Fig. 6.7 will dircctly affect the loop gain
and thus compromise the stability, accuracy, and frequency response of
the feedback circuit. This may be particularly serious in the case of
computer servomechanisms, whose frequency response is often marginal
even under the best conditions. An automatic-gain-control (AGC) cir-
cuit (Fig. 6.56) inserted into the differential amplifier or servo amplifier
can eliminate such difficulties; if the divisor Y is applied to the AGC
input, the AGC circuit will keep the loop gain reasonably constant over
a range of values of Y.

Division by Implicit Computation. Use of Operational Amplifiers
Figures 6.57a and b illustrate the implicit computation of the quotient
X, = —X1/Y by continuous (approximate) solution of the machine equa-
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tion X; + X,Y = 0. Note that this machine equation must be satisfied
by the nitial values of X, X,, and Y (see also Sec. 2.11). In Fig. 6.57b,
the high-gain amplifier has been replaced by a regenerative loop com-
prising an ordinary summing amplifier and a phase inverter.

The computer setups shown in Figs. 6.57a and b are most frequently
used with servomultipliers. Linear servo-driven potentiometers used in
these circuits will require loading corrections obtained, e.g., by loading
the servo follow-up potentiometer (Sec. 6.9). In the case of the circuit
of Fig. 6.57b, the method of Fig. 6.40 may apply.

Figures 6.57¢ and d show two other computer setups permitting divi-
sion by means of a linear servo-driven potentiometer. The arrangement
of Fig. 6.57¢ is not recommended,
“F(Y) since no simple loading correction is
possible. The operational-amplifier

division circuit of Fig. 6.57d permits
x OY*6(X) gccurate division and requires no
Fra. 6.58. Circuit for generating the }Oadmg COI"I‘e(:tlol), bl.w the input
inverse function ¥ = G(X) of a given impedance is low if Y is small.

function F(Y) by continuous approxi- Generation of Inverse Functions

mate solution of the equation X — F(Y) . . e
= 0. The initial value of Y must (see also Sec. 2.11). The division

equal the correct initial value of G(X). circuits shown in Ifigs. 6.57a and b
A necessary condition for stability is gre special cases of the more general
F < 0. circuit of Fig. 6.58. If a function
o¥ F(Y) of a machine variable Y can be
generated and possesses a suitable inverse function G(X), then one can

obtain G(X) through continuous implicit solution of the equation

FIGX)] — X =0

in the manner of Fig. 6.58 if the correct initial value of G(X) is known.

6.13. GENERATION OF FUNCTIONS OF TWO OR MORE VARIABLES

A voltage F, say, which is equal to a given function of not one but of
several machine variables X, Y, . . . can usually be obtained or at least
approximated by means of judicious combinations of summing and/or
multiplying circuits with devices generating functions of a single vari-
able. Thus one can obtain the function

F=FX)Y)=sin(X+Y7)

by first adding the voltages X and Y and then generating the sine of their
sum. Functions of several variables given by empirical data (tables or
curves) can also frequently be approximated by combinations of sums
and products of functions of a single variable. Numerical interpolation
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methods may be used to approximate a given function by a polynomial.!2
The switching scheme of the step multiplier (See. 6.3) can be generalized
to permit generation of functions of two or more variables. In special-
purpose computers, a three-dimensional cam?® may be used to position a
potentiometer shaft in accordance with two servo input voltages.
Electrical Interpolation Schemes. A function F(X,Y) of two machine
variables X and Y may be generated as a function of the shaft displace-
ment X for several fixed values of ¥ by a number of function potentiom-
eters. A tapped potentiometer whose shaft displacement is proportional

FUNCTION POTENTIOMETERS

Zo— F(X,Y=1)

L

FIX,Y=075) XZFIX,Y)

—F

Iy
i
!

llh

F(X,Y:05)

>
‘---‘-“, TAPPED
o(, POTENTIOMETER

,4 OTHER kg

FUNGCTION -2

POTENTIOMETERS —

F1G. 6.59a. Circuit for multiplying a voltage Z by a function F(X,Y) of two machine
variables.

=

to Y can then be used for interpolating approximate values of F(X,Y) as
shown in Fig. 6.59a. Instead of using scparate function potentiometers
for different values of Y, one can sometimes use a single cylindrical-type
function potentiometer (Fig. 6.38) with separate contact wires corre-
sponding to each function F(X,Y = constant).* The tapped function
potentiometer may also be replaced by one of the commutating-switch
arrangements shown in Fig. 6.43.

In another interpolation scheme, contour lines of the desired function
F(X,Y) are drawn on a sheet of semiconducting paper representing the
XY plane. If the correct function values are established on these equi-
potential lines in the manner of Fig. 6.46, an ordinary servo plotting

1 'Householder, A. S., Principles of Numerical Analysis, McGraw-Hill New York, 1953.

2 Jerrard, R. P., and G. T. Jacobi, Generation of a Function of Two Variables,
ACM Annual Computer Conference, Cambridge, Mass., September, 1953.

3 Meissinger, H. F., Representation of Functions of Several Variables on REAC
Equipment, CYCLONE Symposium No. I, Reeves Instrument Corporation, New
York City, 1951.

4 Gunning and Mengel, op. cit.
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board (Sec. 7.3) can be used to position a probe which will interpolate
function values between the equipotential lines.

The Variable-density-type Cathode-ray Function Generator.! In this
function generator, a translucent mask of variable density is placed
between the screen of a cathode-ray tube and a photocell (Fig. 6.590).
The photocell output voltage will then vary as a function F(X,Y) of the
horizontal and vertical deflection voltages X and Y applied to the cath-
ode-ray tube. The accuracy of such function generators is limited to
between 1 and 10 per cent by the difficulty of positioning the beam accu-
rately. The frequency response is excellent (up to 100 ke¢), and the
device is suitable for use in repetitive computers. In particular, func-
tions like (constant)XY, constant(X?Y), etc., may be generated by a
variable-density-type cathode-ray function generator which can thus

Translucent mask of variable density

Photocell

|———— Output voltage

Cathode-ray Amplifier
oscillograph

Fi1a. 6.59b. A simple variable-density-type cathode-ray function generator. The two
input voltages are the horizontal and vertical deflection voltages of a dircct-coupled
cathode-ray oscillograph.

serve as a simple electronic multiplier. Masks having opacity variations
over a range of 200 to 1 can be produced by photographic means.

A related more sophisticated type of cathode-ray function generator?
employs a dual-beam cathode-ray tube. While the first beam travels
over the function mask, a feedback circuit continuously positions the
second beam on a calibrated comparison mask so that the light outputs
from the two beams match; the deflection voltage of the comparison
beam is the output voltage. A sccond feedback loop regulates the beam
intensities.,

Use of Diode Function Generators. The diode function-generator
circuits described in Sec. 6.7 can be generalized to generate functions of
two or more variables. Thus, if a variable voltage Y replaces the con-
stant reference voltage E in the function-generator circuit of Fig. 6.26a,
the function-generator output voltage X, will be a broken-line function
of X for each value of Y (Fig. 6.60a), ¢.e., X, is a function X, = F(X,Y)
of both X and V.3

1 Wallmann, H., An Electronic Integral-transform Computer and the Practical
Solution of Integral Equations, J. Franklin Inst., 260: 45, 1950.

t “Variable Density Film Yields Three Functions,”” Control Eng., May, 1956.

8 Meissinger, H. F., An Electronic Circuit for the Generation of Functions of Several
Variables, lecture presented at the IRE National Convention, New York, 1955.
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Since the breakpoint voltage of the sth limiter channel will be b;Y,
where b; is a constant, all breakpoints generated by any one limiter chan-
nel must lie on a straight line through the origin. These breakpoint loci
bound segments of equal slope and are indicated in broken lines in
Fig. 6.60a.

One may generalize the above procedure by adding a function of X or
Y to the output voltage X,. One can obtain an even more general class

FiXy)

+300v
¥20-4 X=X O—fe— ¢ SLOPE
v:03 Y-v, o—e— ' CONTROL
¥:0-2 TO SUMMING

Y=01 aF, AMPLIFIER

(@) ®
Fra. 6.60a. A function F(X,Y) of two machine variables X and Y generated by the
diode function generator of Fig. 6.26a if the constant reference voltage E is replaced
by the variable voltage Y.
Frc. 6.60b. Generation of a function F,(X,Y) = max [min(X — X,, Y — 1,),0] by
a double selection circuit. A very general class of functions may be approximated

by sums E aF;.

1

@

F16. 6.60c. Contour lines of a function F,(X,Y) = max [min(X — X,, Y — ¥,),0]
generated by the circuit of Fig. 6.60b.

F1c. 6.60d. Approximation of a function F(X,Y) by a sum of functions F, of the type
shown in Fig. 6.60c. Notc the triangular facets.

of functions F(X,Y) by introducing suitable functions bG(Y) or G.(Y)
of Y as bias voltages in the limiter channels of Fig. 6.26a, so that the
breakpoint loci are no longer straight lines.

To “set up’’ a given function F(X,Y), one first draws a set of para-
metric curves as in Fig. 6.60a. One may locate the breakpoint loci
roughly after joining points of equal slope on the parametric curves;
Meissinger! has also developed a graphical method yielding the desired

1 Ibid.
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breakpoint voltages for special classes of functions F(X,Y). Once the
breakpoints are established, the slopes can be set for a representative
curve of the family. The subsequent fine adjustment of the function
generator may be a somewhat involved procedure.

Function generators of the type shown in Fig. 6.26a attempt to repre-
sent suitable functions F(X,Y) of two machine variables X, Y as sums
of channel output functions max {[X — Gi(Y)], 0}. A somewhat more
generally applicable scheme for generating functions of two variables is
due to Philbrick,! whose elegant circuit also simplifies the setup proce-
dure. Philbrick’s more complicated (and, in general, more numerous)
sclection channels (Fig. 6.60b) produce functions

Fy(X,Y) = max [min (X — X,, Y — V), 0].

F(X,Y) is represented as a sum Zqa,F,(X,Y) of such functions, which may
be regarded as two-dimensional generalizations of the elementary line seg-
ments discussed in Sec. 6.7. The contour lines of Fig. 6.60c illustrate the
nature of a typical channel output F.(X,Y).

To “set up’’ a desired function F(X,Y), one first chooses the break-
points (X,,Y;). One may then simply adjust the slope controls to obtain
the desired function values F(X,,Y,) for successively increasing values of
X; and Y,;. There will be little interaction between the adjustments of
individual channels since each channel output voltage F, is equal to zero
for X < X;, Y < Y, (this is exactly true only for ideal diode characteris-
tics). Figure 6.60d shows a three-dimensional graph of a function F(X,Y)
generated by a Philbrick-type function generator.

The accuracy of the diode function-generator circuits described de-
pends, again, on the nature of the function gencrated. Accuracies
better than 1 per cent at frequencies in excess of 200 cps have been
obtained in representative applications, and these results are capable of
improvement. The basic circuits shown permit a vast number of
variations.

Functions of Three or More Variables. Functions of three or more
variables can be generated as combinations of functions of two variables;
thus F = F(X,X,X;5) may be expressed in the form F = &[X,Y(X,,X3)].
The Philbrick method described above can, in principle, be extended
directly to the case of 3, 4, . . . variables through the use of more com-
plicated selection circuits; the number of diodes required will increase
dramatically? with the number of independent variables.

! Memorandum reports by G. A. Philbrick, G. A. Philbrick Researches, Inc., Bos-
ton, Mass.: Continuous Electronic Representation of Nonlinear Functions of =
Variables, dated Nov. 1, 1951; Analog Component for the Embodiment of Nonlinear
Functions of Two Variables, dated Apr. 10, 1952; Analog Component for Functions

of n Variables, dated Apr. 25, 1952,
2 Philbrick, bid.



CHAPTER 7

AUXILIARY CIRCUITS AND COMPUTER OPERATION

7.1. INTRODUCTION OF INITIAL CONDITIONS. HOLD CONDITION

The necessity of introducing initial conditions of the machine variables
into any differential analyzer was pointed out in Secs. 1.2 and 2.7. Dif-
ferential equations are relations between changes of variables, and the ini-
tial conditions define the initial values from which these changes of vari-
ables must start. The number of initial conditions which must be given
with a system of ordinary differential equations is equal to the order of
the given set of differential equations; each variable contributes the order
of its highest-order derivative.

In computer circuits using capacitors to establish relations between
changes of machine variables, the number of initial conditions to be intro-
duced will, in general, be equal to the number of capacitors used. The
initial conditions for the machine variables will be established if, for
instance, each capacitor is given a correct initial charge (Fig. 7.1). Since
enforcement of the given differential equations by the computing ele-
ments would make it impossible to keep the variables set at their initial
values, it is necessary to make the computer tnoperative in the RESET or
“initial”’ condition.

If, as is most frequently the case, parallel-feedback integrators are used
to relate changes of machine variables, an initial condition corresponding
to each ¢nfegrator must be established. This may be accomplished by
two basic methods:

1. Each integrating capacitor may be kept charged initially, so that
cach integrator output voltage will start to vary from the correct
initial value.

2. All integrating capacitors may be discharged before computation; a
step-function voltage equal in value to the respective desired initial-
condition voltage must then be added to each integrator output volt-
age at the start of the computation (Fig. 7.2).

The second mecthod requires that the output voltages of all the inte-
grators be forced to a reference level, usually zero, before computation,
the initial-condition voltages being supplied as step functions equal in

345
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magnitude to the correct initial output voltages. Although this second
method is somewhat easier to instrument, it can be used only with com-
puters having recorders and computing elements capable of following a
step function with sufficient accuracy. This requirement is satisfied by
repetitive computers which are discussed in Sec. 8.5.

Since ‘““slow’’ d-c analog computers may incorporate servomechanisms
and recorders which cannot follow a step function very accurately, it is

(ISOLATED)
i VOLTAGE SOURCE |
AA A

RESET RELAY
(ENERGIZED IN THE
RESET CONDITION) ____ —_—

Fia. 7.1. A simple method for establishing an initial charge on a capacitor associated
with a computing network or operational amplifier. The voltage source used may be
a battery or a small VR-tube-regulated power supply. Al reset relays are deenergized

at the start of a computer run.
l COMPUTE

™ RELAY OR SWITCH

“?

X(0)

Fia. 7.2. Introduction of an initial-condition voltage into the operational amplifier
following an, integrator.

desirable to set the output voltages of all computing elements to the cor-
rect initial values before computation. The gain controls and reference
levels of the recording devices may then be adjusted using the known
initial-condition voltages to calibrate the recorder scales.

A Practical Circuit for Setting up Initial Conditions. The practical
circuit of Fig. 7.3 forces the output voltage X, of each parallel-feedback
integrator to assume a desired initial value X, by charging the integrat-
ing capacitor from a reference power supply (Sec. 7.4) common to all
integrators.

The relays Kz and K associated with each integrator are energized in
the RESET condition, so that the computer is made inoperative, and the
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initial-condition voltage E, is applied to the integrator (Fig. 7.4a). The
resistor r, decreases the integrator time constant, so that the integrat-
ing capacitor can be charged rapidly. The output voltage X,* of the

REFERENCE
POWER SUPPLY

ti00vV INITIAL-CONDITION

H VOLTAGE,, Eq

d f r o

S j_/‘l —A—
l -

e —

|
RESET RELAY g Kr

c
INPUT H”—_f___“_—_*’“
TERMINALS o—AM~—
|
o—A—rp i oL L—</>—-
1
HOLD RELAY gk

F1c. 7.3. Practical REsET and HoOLD circuits for a parallel-feedback integrator. Both
Kr and K are energized in the RESET condition; K alone is energized in the noLp condi-
tion (sec also Fig.7.4). Typical circuit valuesarer = rp = 0.1M,so that X,o = —E,.

Eoo‘ Eo O—‘VWTW\I—— Eo
r LN

F—¢oXo o—wv it ©0Xo  O—AM— Xo
Oo—AN— o—-wv—_JL
RESET CONDITION COMPUTE CONDITION HOLD CONDITION
KR ENERGIZED Kr DEENERGIZED Kr DEENERGIZED
K ENERGIZED K DEENERGIZED K ENERGIZED

(a) (b) (c)
F1c. 7.4. Configuration of the parallel-feedback integrator of Fig. 7.3 in the RESET
condition (a), in the compuTE condition (b), and in the HoLp condition (c).

resulting circuit (Fig. 7.4b) is given by Eq. (4.40); thus

A 1
X, = S T (7.1)
(1—A)rl+1—(1-—‘4r)1(4——1>+1
foa-as+1

Since E, is a constant voltage, the reasoning of Sec. 4.5 shows that the
integrator output voltage X, will approach the value

* The reader should remember that X, is given by Eq. (7.1) only in the RESET
condition.
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X,,0=E0___§____z—Eo" (IA|>>1,,A£

= >1) (7.2)
(1-4) = +1 " )

the more rapidly the smaller the value of r.C is; X, is the desired initial
value of the integrator output voltage. As a rule, one chooses r = 7y,
so that X0 = —E,. The reversal in sign must be remembered in actual
computer setups. Note also that the setting of the initial-condition-setting
potentiometer in Fig. 7.3 requires a loading correction (Sec. 4.1).

With all initial conditions established in this manner, a computer run
is initiated by means of a ‘‘compute’’ switch which deencrgizes the relays
Kr and K associated with each integrator.! In the compuTE condition,
the initial-condition-setting circuit is effectively removed from the inte-
grator, which is now in its normal operating condition and connected to
the other computing elements (Fig. 7.40). The output voltage X, will
then vary from the preset initial value X, as prescribed by the given
differential equations.

Initial Settings of Computing Elements Other than Integrators. Sum-
ming amplifiers and phase inverters need not be made inoperative in the
RESET condition. Their output voltages will automatically assume cor-
rect initial values determined by the initial values of the integrator out-
put voltages. This is also true for computer servomechanisms whose
shaft positions are determined by the values of their input voltages.

Time shafts, such as those used to drive function potentiometers, are
sometimes driven by clock motors instead of servomechanisms. Such
shafts must be reset to the shaft position corresponding to r = 0 before
cach computer run (see also Sec. 7.2).

HOLD Condition. At the end of each computer run, a differential-equa-
tion solver is returned to the RESET condition. It is, however, sometimes
desirable to stop the computer during the course of a computation insuch
a manner that all the machine variables are held to the values they had
at the instant the computation was stopped. This may be useful for
checking the values of the machine variables; in special cases, also, differ-
ent coefficients, functions, or interconnections may be introduced for sub-
sequent parts of a computer run (Sec. 7.7).

In the HOLD condition, the relay K in Fig. 7.3 is energized while the
relay Kz is deencrgized. The integrating capacitor is then disconnected
from the input resistors (Fig. 7.4¢) and will tend to “hold” its charge.
The junction of the input resistors is grounded? and thus still looks essen-
tially like the grid of a high-gain feedback amplifier to any preceding
computing elements.

1 The relays are decnergized rather than energized in the compuTE condition so as

to minimize noise pickup, particularly if a-c relays are used.
% This ground connection is omitted in some machines.
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More specifically, the integrator time constant in the HoLD condition
is R.C, where Ry, and C are, respectively, the leakage resistance and the
capacitance of the integrating capacitor. The integrating circuit will
thus lose its charge at the initial rate of 100/R.C per cent per second and
will integrate any d-c amplifier offsct voltage E. at the same rate. The
resulting absolute error after 7y seconds is less than (|X,| + |Ee|)ra/RLC.
For high-quality integrating capacitors (R.C > 5 X 10° sec), the error is
less than 0.021 volts per 100 sec even if X, = 100 volts and E, = 2 mv.
It is seen, however, that, unlike mechanical and electromechanical differ-
ential analyzers, a d-c analog computer cannot be kept in the HOLD condition
for an indefinite time.

In low-cost computers without permanently installed hold relays,
selected integrators may still be placed in the HOLD condition by means
of suitably patched computing relays (Sec. 6.7). It is also possible to
use diode switches (Sec. 6.7) for the same purpose (as in the backlash cir-
cuit of Table 6) if the diode back resistances are sufficiently high.

Summing amplifiers and servomechanisms will be kept in the mHoLD
condition by the integrator output voltages, but provisions must be made
to stop all time motors or clock motors associated with the computer.
If such motors have a tendency to coast when stopped, they must be
provided with brakes effective in the HoLD condition.

With the computer in the moLp condition, the interrupted computer
run may be continued on deenergizing the hold relays K; the machine
will then return to the compuTE condition.

7.2. CONTROL CIRCUITS

The purpose of the control circuits is to initiate, stop, and supervise
the computing operation; to indicate certain gross errors; and to protect
the computer from overloads. The design of these circuits is a very
important problem. The control-circuit design may be considered as a
connecting link which ties all the various computing elements and the
associated equipment together into one integrated operating unit, a com-
puting machine. The computer must be easy to use for the operating
personnel. The control operation must be foolproof as well as practical
and convenient from the ““human-engineering’’ viewpoint, for the control
circuits must be used over and over, and often by nontechnical personnel.

Control Functions. The control and indicating devices of a typical d-c
analog differential-equation solver will comprise the following:

1. Power-supply controls (switches and/or push buttons) for turning the
computer power supplies on and off.

2. Operating controls (switches and/or push buttons) which permit the
operator to start and stop the operation of computing elements and
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recording equipment. The most important operating conirols are
those governing the action of the reset and hold relays on the integrators
(Sec. 7.1).

Nortk: The operating controls may be physically separated from the
power-supply controls in order to avoid errors.

3.

4.

7.

8.

Control relays and automatic timers may be used to operate the con-
trols automatically (Sec. 7.7).
Indicator lights for indicating computer “conditions’’ such as

SAFE COMPUTE
STAND-BY HOLD

RESET (READY) MOTOR ON
RECORDER ON BALANCE CHECK

Such indicator lights help to supervise the control operations.
Large bull’s-eye-type indicator lights can be more easily seen from
a remote-control position and are also a joy for visiting firemen.
There is no strict convention governing the colors of the various
indicator lights, but these colors should be chosen so that no pos-
sibility of confusing one light with another exists.

. Overload indicators (lights, buzzers, ete.) warn the operator when an

overload occurs anywhere in the computing circuits.

. Remote-control stations enable the operator to control the computer

from any location in the computing room.

Dials serve to indicate clock-motor or servomechanism shaft dis-
placements corresponding to the values of various machine variables.
Control devices for associated equipment, running-time meters, ete.

A Simple Control System for a D-c Analog Computer. The physical
operation of the controls just outlined can be demonstrated best by
analyzing a basic control system for a simple differential equation solver.
Such a control system is shown in Fig. 7.5. The control sequence for
placing the computer in operation is indicated from left to right, and all
switches and indicator lights are listed on the diagram.

1.

Reading from left to right, 110-volt, 60-cycle line power is applied
through line fuses and the stand-by swiich to the filament trans-
formers and to the control-relay circuits. The computer is now in
the sTAND-BY condition.

The, high-voltage switch energizes the high-voltage power supplies.
The computer is now READY for operation.

Just before a computer run, the operator may or may not start the
recorder paper feed by turning the recorder switch on.
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4. The compute-hold-reset switch controls the reset and hold relays and
thus serves to start and stop each computer run. Note that the
reset and hold relays associated with cach integrator are deener-
gized in the compuTE condition; this helps to reduce noise pickup in
the integrators during the computation proper.

When the computer is to be turned off, the compute-hold-reset switch
is turned to rESET and the recorder, high-voltage, and stand-by switches
are turned off in that order. The computer can also be turned off at once
by means of the stand-by switch, but the other switches should all be
turned off before the computer is again put into operation.

colL CONTACTS

coiL Kai _—
E ——/PF—— NORMALLY CLOSED
K K
A A2
—— ——— NORMALLY OPEN

Fia. 7.6. Relay symbols. Normally open and closed contacts of the relay K4 any-
where in a circuit diagram are labeled K4, K4, cte.

ON

¥ I

o
- o | o~ o o -0
°o o L_‘ '__J
LINE Kal Ka LOAD
IS . o

F1a. 7.7. A simple push-button cireuit.

Relays and Push Buttons. More sophisticated control systems may be
obtained through the use of push buttons and relays. Figure 7.6 shows
the notation adopted for relays in the following diagrams. Figure 7.7
shows a simple push-button system. Each push button is a two-circuit
switch. The load is energized by touching the oN button; this also actu-
ates the relay K4 whose holding contact K 41 holds the circuit closed even
after the oN button is released. The circuit is switched off by touching
the oFF button momentarily.

Note that, with properly designed push-button control systems, the
holding relay is rarely used to initiate the control action proper; the conirol
action is usually initiated by the push button itself.

Push-button Control System. Figure 7.8 shows a modern power-control
system. The stand-by switch is, again, a wall switch and incorporates a
green safety light giving a positive indication that no power is applied to
the computer proper. A time-delay relay Kr prevents the high-voltage
supplies from being energized until the filaments have warmed up; an
amber “ready’’ light indicates when the time-delay relay contact Kr: is
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closed. A push-button system exactly like that of Fig. 7.7 is then used
1o energize the high-voltage supplies.

Figure 7.9 shows a convenient push-button operating-control system.
Either alternating or direct current may be used to actuate the control
relays. In the rEsET condition, both the integrator reset relays and the
hold relays are energized. The normal control sequence may be followed
by reading the diagram from left to right; all switches and indicator lights
are also shown.

1. The recorder paper feed should be started an instant before the
actual computer run. The recorder motor is energized by the
recorder push button, cither directly or through a motor relay if
direct current is used for the control-relay power supply. In order
to avoid wasting recorder paper while the computer is not in the
comruTE condition, the recorder push button has not been provided
with an independent holding relay.

2. The compute push button deenergizes the integrator reset and hold
relays and puts the computer in the comruTe condition. If the
compute button alone is pushed, the computer will revert to the
RESET condition as soon as the button is relcased. This may be use-
ful for short test runs.

3. If the compute push button is operated while the recorder is made to
run by means of the recorder push button, the computer is not only
put in the compuTE condition but is held there by the four contacts
Key, Kes, Kes, and Ky of the compute relay K.

K¢y and K¢, keep the recorder and the compute relay energized
even after the recorder and compute buttons have been released.
K¢s keeps the reset relays decnergized during the computer run, and
K4 permits relay Ky to be energized.

4. The compute relay stays energized in the compuTE and HOLD condi-
tions. At the end of the computer run, it is deenergized by means
of the reset or stop push button.

5. The hold push button is effective only in the compuTE condition. It
serves to energize the hold relays and thus places the computer in
%he HOLD condition. The relay Ky keeps the computer in the noLp
condition after the hold button is released until Ky itself is deener-
gized by means of the compute or reset push buttons. The com-
puter can thus be put in either the coMpPUTE or RESET condition from
the HoLp condition. The recorder is not usually stopped in the
HoLD condition.

Many other control-circuit arrangements are possible. The greatest
advantage of push-button control systems over switching systems is the
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fact that with push buttons it becomes unnecessary to check all switch
positions before starting operations.

An Operating-control System Employing Automatic Timing. An auto-
matic interval timer can be used to start and stop the computer run at
predetermined times and thus to produce computer runs of uniform
length. A much more important application of automatic timing, how-
ever, is in computers employing potentiometers, driven by a synchronous
motor, to generate functions of the machine time 7. In the latter case,
it is necessary to have the time shaft set to the position corresponding to
7 = 0 at the time each computer run is initiated. Again, the computer
run should be terminated when the limit of the potentiometer windings
is reached.

Rather than having the motor start from rest at = 0, it is preferable
to let the motor come up to synchronous speed and to let a cam on the
potentiometer shaft initiate the run by momentarily tripping a micro-
switch u; at the correct instant. A second microswitch us can then be
tripped to stop the run at the desired position of the potentiometer shaft.
Figure 7.10 shows an operating-control system of this type.

The control sequence is as follows (all switches and indicator lights are
shown in Fig. 7.10):

1. The recorder-motor push buiton energizes both the recorder paper
feed and the time motor, either directly or through a relay if direct
current is used for the control-relay power supply. This push but-
ton does not have an independent holding relay, since it is undesira-
ble to have the recorder and time motors run unnecessarily.

2. To start a computer run, the recorder-motor push button and the
compule push button are depressed simultancously until the potenti-
ometer shaft reaches the position corresponding tor = 0. The cam
on this shaft will then trip the microswitch y; momentarily; the lat-
ter will deencrgize all reset and hold relays and will energize the
compute relay K¢, thus placing the machine in the compuTe condi-
tion. The action of the compute relay K¢ in this circuit is essen-
tially the same as in the circuit of Fig. 7.9; the compute relay serves
to keep the computer in the compure condition even after the
recorder-motor and compute push buttons have been released.

3. The hold circuits also operate essentially as shown for the circuit of
Fig. 7.9. In addition to energizing the hold relays, the hold push
button serves also to stop the time motor (but not usually the
recorder) in the HOLD condition. The contact Ky, of the relay Ky
will ‘’keep the time motor stopped even after the hold push button
has been released. Since the heavy time-motor armature has a
tendency to coast, it may be fitted with a brake or mechanically
disconnected by means of a solenoid clutch in the HOLD condition.
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4, The machine may be returned to the compuTE condition from the
HOLD condition by depressing the compute push button. Under
these circumstances, however, the time motor has to start from rest,
and the computation may not be so accurate as is otherwise pos-
sible. It would be preferable to start the computation from the
RESET condition with new initial conditions.

5. The computer run is stopped either at the end of a preset time
interval by the cam-operated microswitch u, or at any earlier time
desired by pushing the reset or stop push button. The computer is
thus returned to the RESET condition.

Remote Control. Many larger d-c analog computers require the opera-
tor to move along the various computer racks in order to make adjust-
ments. In this connection, it is very useful to provide the operator with

—/G ~O

O —0
F1¢. 7.11a. Duplication of switches. Definite switch positions for oN and oFF are lost;
the circuit is closed if and only if both single-pole-double-throw switches contact
the same channel.

I ! QI3
-0 | -—0 | 0—
© o ©o o© I
NORMALLY CLOSED Q

NORMALLY OPEN
Fia. 7.11b6. Duplication of push buttons.

a portable remote-control station. This is simply a small utility box bearing
duplicate operating controls and connected to the computer proper by a
long cable (see Fig. 8.8). The operator can then run the computer while
making adjustments, observing the recorder, etc., from any position in
the computer room. As a rule, only the operating controls will be
brought out to the remote-control station. It is also not necessary to
have duplicate indicator lights and overload lights on the remote-control
station. Figure 7.11a shows how to duplicate switches; it is seen that no
definite switch positions for oN or oFF are possible with such arrange-
ments. Duplicate push buttons as illustrated in Fig. 7.11b are preferable
in remote-control installations.

Overload Indicators. Every computer should be designed so that
overload voltages do not result in any physical damage, but voltages
exceeding the normal operating ranges of the computing elements will
still cause serious errors in the computation.
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In order to warn the operator of overload voltages, the current flowing
in a limiter diode (Sec. 6.7) may be used to trip a relay and actuate a
warning light or buzzer. For overload voltages in excess of 70 volts, a
better method is to connect a neon bulb across the amplifier or servo-
mechanism output terminals as shown in the circuit of Fig. 7.12a. The

D-C AMPLIFIER,
SERVOMECHANISM o OUTPUT TERMINAL
P
ETC. r S NEON
! BULB
OPTIONAL CAPACITOR
ns :j= FOR FLASHING
i
(@)
COMPUTING
ELEMENTS

—o OUTPUT TERMINALS

NEON BULBS

COMMON BUS

Fia. 7.12. Neon-bulb overload indicators.

neon bulb will first flash and then glow as the output voltage reaches an
absolute value predctermined by the resistors 7, and r,.

The neon bulbs may also be made to actuate a relay.! In the circuit
of Fig. 7.12b, the neon bulbs associated with each computing element are
all returned to a common bus. If any of the neon bulbs should fire due
to an overload, the voltage on the common bus is changed and serves to

1 Garwin, Rev. Sci. Instr., June, 1950.
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actuate a relay, usually through an amplifier circuit. This relay can then
energize a buzzer or return the computer into the HoLD or RESET condi-
tion. The computer run in question must then be repeated with a
changed setup or with new scale factors.

The special error-indicating circuits for operational amplifiers employing
automatic balancing circuits (described in Sec. 5.6) are also a species of
overload-indicating devices. The error-indicating neon bulbs may be
returned to a common bus in the manner described for overload lights.

7.8. RECORDING EQUIPMENT

Introduction: Recorder Scales. The recording equipment associated
with d-c analog computers automatically plots graphs of one or more volt-
ages (dependent machine variables) against the time 7 as the independent

X

DRIVER
| AmPLIFIER
AND
RECORDER

DRIVER
~— AMPLIFIER
‘ AND

RECORDER

F1a 7.13. Two methods for adjusting recorder sensitivity.

variable. Some types of recorders also permit the plotting of one volt-
age (dependent variable) against another voltage or dependent machine
variable.

All instruments used to plot d-c¢ analog-computer solutions are, essen-
tially, recording voltmeters whose deflections are proportional to variations
of the machine variables. As a rule, the records are made on coordinate
paper bearing scale divisions to indicate the values of voltage and time
recorded. In some recorders, the number of scale divisions per machine
unit or recorder sensitivity K is fixed for each of several ranges selected by
means of a range switch. Figure 7.13a shows how different values of K
may be obtained by means of a simple attenuator preceding the recording
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device. In other types, the recorder scale factor A. for a problem variable
x, or
recorder scale divisions

4. = unit problem variable
_ recorder scale divisions machine unit (7.3)
- machine unit unit problem variable
= Ka,

[where a. is the scale factor proper (see Sec. 2.2) relating the problem
variable z to the corresponding machine variable X], is continuously
adjustable by varying the recorder sensitivity K. With the latter
arrangement, it is particularly easy to make the recorder scale divisions
correspond to convenient values of the problem variables. The records
will then be more useful and easier to read. Recorders of this type may
have to be calibrated for each new problem, e.g., by means of a potentiom-
eter as shown in Fig. 7.13b. This recorder sensitivity control should be
equipped with a positive shaft lock lest the setting be disturbed acci-
dentally after calibration.

The following is a list of propertics desirable in recording devices used for
computing purposes (see also Sec. 7.7).

1. Accuracy of calibration; frequency response. The recorders should
have an accuracy comparable to that of the computer in question
(0.1 to 3 per cent) and should maintain this accuracy under all
conditions of signal amplitude and frequency occurring during
computation.

2. Direct-recording feature. The recorders should be capable of pro-
ducing a record immediately available without processing, since com-
puter records are frequently needed at once in order to determine
the further course of the computation.

3. Records should be reasonably permanent and capable of being repro-
duced by standard photographic printing processes. Semitranspar-
ent recording paper is useful in this latter respect.

4. Multichannel operation makes it possible to record several machine
variables on the same time scale. Records of this type are often par-
ticularly convenient for purposes of interpretation and comparison.

Survey of Recording Devices. The choice of a recorder for a given
computer application depends chiefly on the accuracy required, on the
frequency response demanded by the problem conditions, and on the
time scale used. In the following paragraphs the most frequently used
types of recording devices are listed together with some of their pertinent
properties. ’



362 ELECTRONIC ANALOG COMPUTERS

Cathode-ray Oscillographs. The frequency response of the familiar
cathode-ray oscillograph exceeds that of all presently used computing
elements.

The accuracy of cathode-ray oscillographs is low (5 to 10 per cent) if
external scales are used for reading the recorded values. The accuracy
may be increased to a remarkable extent (to about 0.5 per cent) by intro-
ducing self-calibrating features, such as maker pips and reference lines,
into the display.

Fig. 7.14. Six-channel, direct-inking magnetic oscillograph and driver amplifiers
mounted in a desk-type console. The entire computer may be controlled from this
console (Goodyear Aircraft Corporation).

Whereas a cathode-ray oscillograph does not permit direct record-
ing, it may be possible to watch the display before or even while it is
being photographed. Cameras with self-contained rapid film-processing
devices (Polaroid Land camera) make it possible to obtain the finished
oscillograph record within 2 min after photographing the oscillograph
screen.

Direct-writing Magnetic Oscillographs. Most of the computer records
shown in this book were obtained on direct-writing magnetic recorders
of the general type shown in Fig. 7.14. Such devices consist of a paper-
feed mechanism and as many pen motors as there are recording channels.
Each pen motor is essentially a d’Arsonval meter movement with a pointer
bearing a lightweight writing device at its end. In the six-channel direct-
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inking recorder shown in Fig. 7.14, the meter pointers are hollow and feed
ink onto the recording paper at the point of contact. In the perhaps
more desirable arrangement shown in Fig. 7.15, the direct-inking pens
are replaced by tiny heated wires which produce black traces on special
heat-sensitive paper. Direct-inking magnetic oscillographs are capable
of fair accuracy (1 to 5 per cent). The frequency response of some types
may be made flat up to 100 cps through partial electrical compensation

Fiq. 7.15. Four-channel magnetic oscillograph for direct recording on heat-sensitive
paper (Sanborn), used with a RIEAC computer (Reeves Instrument Corporation).

of the pen inertia. These devices may be made sufficiently small for con-
venient multichannel operation. To save recorder pens, each channel
should be fitted with a current-limiting device which operates even if the
recorder amplifier and/or one or more of its power supplies fail.
Recorder Driver Amplifiers. Magnetic oscillographs require currents
of the order of 25 ma for full-scale deflection.  Since such currents cannot
be supplied from most computer amplifiers, current amplifiers (low-
impedance drivers) are needed to drive the pen motors. Such driver
amplifiers complete with power supplies may be purchased together with
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the recorders, but the prices of many commercial models are so very high
that it may well pay to construct a set of amplifiers in the laboratory and
to operate them from the main computer power supplies.

The principles of d-¢c amplifier design given in Chap. 5 apply to the
design of recorder drivers, so that it will suffice here to present a number
of typical circuits.

IN °Ep

GAIN
CONTROL

~Ry
EcOR
BALANCE GROUND
Fia. 7.16. Differential eathode follower. The current output may be increased if
larger tubes and lower values of Ry are used. If several tubes are used in parallel,
1,000-ohm resistors should be inserted in series with each grid to prevent parasitic
oscillations.

Typical Design Values
Two 6AS7G (two sections each side), Rx = 1,000 ohms, 50 watts
Four 6SN7 (four sections each side), Rz = 6,000-10,000 ohms, 20 watts

‘The differential cathode-follower circuit shown in Fig. 7.16 has better
lfnearity than a simple cathode follower; besides, the bridge-balanced
arrangement minimizes the unbalancing effects of all supply-voltage var-
jations. The current gain of the circuit is

Load current _ Gm (7.4)

e . )
Input voltage 24 (w4 1) Ry + Ry
Tp Rk

where ¢, and r, refer to one of the two identical tubes. The operating
point must be determined from the tube characteristics (see Sec. 5.2).
The linearity of the circuit may be improved at the expense of the current
gain by introducing a resistance in series with the load. Typical circuit
values are shown in Fig. 7.16.

Figure 7.17 shows a differential amplifier with preamplification. Fur-
ther refinements may include the use of limiters (Sec. 6.7) to prevent over-
loading the pen motor; the latter is endangered particularly if one of the
differential cathode-follower tubes should burn out.

Figure 7.18 shows a more sophisticated low-impedance driver possess-
ing high linearity and constant gain. This is essentially a high-gain d-c
amplifier with cathode-follower output and current feedback; the output
tube itself limits the output current in both directions through cutoff and
grid current, respectively.
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Fia. 7.17. Differential cathode follower with preamplification (G. E. Valley and
H. Wallman, Vacuum Tube Amplifiers, MIT Radiation Laboratory Series, Vol. 18,
McGraw-Hill, New York, 1948).
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F1a. 7.18. A high-quality recorder driver amplifier (G. K. Valley and H. Wallman,
op. cit.).

Figure 7.19 shows a simple equalizing network which may be inserted
ahead of a driver amplifier to compensate in part for the poor high-fre-
quency response of recorder pens. By means of such networks or equiv-
alent feedback arrangements,! it is possible to keep the accuracy of cer-
tain magnetic recorders within 3 per cent at frequencies up to 100 cps.

! Christian, D. R., AIEE Paper 47-226, presented at the AIEE meeting in Dayton,

Ohio, Sept. 23-25, 1947. See also H. B. Shaper, Electrodynamic Direct-inking Pen,
Electronics, March, 1946.
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Other Electromechanical Oscillographs. A number of devices permit
photographic recording by means of a light beam deflected by a mirror
positioned through some current- or voltage-sensitive device (moving coil,
string, crystal, etc., types of galvanometer). Such recorders are widely
used for various commercial purposes. Some of these devices are accu-

rate to better than 2 per cent and may have a

c frequency response flat up to 15,000 cps because
— of the low inertia of their moving parts. The
inconvenience of photographic recording, how-
ever, constitutes a serious obstacle to the use of
such recorders in many computer applications.

Facsimile-type or sweep-balance recorders!
may permit direct recording on various types of
Fia. 7.19. Sim;le equaliz- Paper at frequencies up to 20 cps. Another
ing network inserted ahead interesting class of recorders employs current-
of driver amplifier to im- gensitive paper and between 25 and 300 discrete
prove the high-frequency . eirs
response of a magnetic styli, each actuated within a small range of
recorder. input voltages.? Recorders of this type may

be made self-calibrating.

Servo Tables. Voltage-actuated servomechanisms similar to the ones
used to position computing potentiometers (see Sec. 6.8) may be used as
reliable and accurate means for positioning recorder pens. Accuracies of
0.1 per cent of full-scale deflection are possible. The paper feed may be
accomplished by a clock motor or by a second servomechanism; the lat-
ter arrangement makes it possible to plot one voltage with respect to
another voltage. Periodic timing marks can indicate the time scale. The
most serious limitation of servo recording devices is their poor high-fre-
quency response; few if any are useful at signal frequencies above 5 cps.

In the servo recorder shown in Fig. 7.20a, one servomechanism posi-
tions the pen parallel to the axis of a cylindrical drum carrying the paper.
The paper feed is accomplished by rotating the drum through a second
servomechanism. This device permits a recording accuracy of about
0.2 per cent of full scale at signal frequencies below 2 cps and also serves
as a curve-follower in the arrangement of Fig. 6.38.

In the servo recorder of Fig. 7.20b, pen and carriage servomechanisms
permit the use of a flat paper surface with vacuum hold-down. The
recording accuracy varies between 0.1 per cent and 0.2 per cent as the
plotting speeds are increased to 15 in./sec; phase shift will not exceed
5 deg for 4-in. excursions at 1 cps or for 0.5-in. excursions at 5 cps for the
pen (0.5 in. at 2 cps for the carriage). The acceleration limits of pen and
carriage are approximately 750 in./sec? and 250 in./sec?, respectively.

1 See, for instance, Keinath, Instruments, 17: 200, 1946.

? Radiation, Inc., Melbourne, Fla.
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.

Fra. 7.20a. Servo recorder developed by the Reeves Instrument Corporation, New
York City. This servo-driven drum also serves as a manually driven input table and
as a universal function-generating potentiometer of the type shown schematically in
Fig. 6.38.

F1a. 7.20b. This servo recorder permits the use of a flat recording surface and contains
all necessary amplifiers and power supplies (Illectronic Associates, Inc., Long Branch
N.J.).

An optional capacitive pickup permits the use of the recorder as a curve-
follower (Sec. 6.9). A larger flat-surface servo plotting board is shown in
Fig. 7.21 (sce also Fig. 1.17). Such servo boards may incorporate two
servo-driven pens for simultaneous plotting of two curves.

It is also possible to construct servo tables which make plots in polar
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coordinates instead of rectangular cartesian coordinates. Another inter-
esting recording device is the so-called “crab” consisting of a recording
pen traveling over the recording paper on a threc-wheeled carriage. The
crab is positioned by two servomechanisms. One of the latter deter-
mines the course angle by “steering’’ the carriage wheels, while the other
one determines the distance traveled. Crabs are particularly usecful for
trajectory plotting. They are also convenient to use, since they will
“walk’” on any level plotting table and no special provisions for pen
mounting or paper feed are required.

Fia. 7.21. Large servo plotting board (Reeves Instrument Corporation, New York
City).

Dependence of Recorder Time Scales on Paper Speed. Since synchro-
nous motors are used to drive the paper of most recording oscillographs,
the paper speed will depend on the supply frequency. While the average
frequency of a-c power lines is held constant within very small limits,
instantaneous frequency deviations as large as 0.7 per cent are possible.
Accordingly, one cannot rely on the power-line frequency for the recorder
time scales in high-accuracy computers. This difficulty may be overcome
in the following ways:

1. A record of the power-line frequency may be maintained and used
to correct the recorder time scales.

2. A stable audio-frequency oscillator (tuning-fork oscillator) may be
used to generate timing marks on the recording paper.

3. The output of a tuning-fork osciliator may be amplified and fed to
the synchronous motors used to drive function generators in the
computer (see Sec. 6.6) as well as to the paper-feed motor.
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7.4. COMPUTER POWER SUPPLIES

Every electronic analog computer requires power supplies to supply the
voltages needed for the operation of the computing elements and asso-
ciated components. The power supplies necessary for the operation of
a typical d-¢ analog computer are listed below:

1. Filament power supplies (1 to 24 volts alternating or direct current).

a. Unregulated alternating current is suitable for filament operation
in power-output tubes and in the high-level stages of voltage
amplifiers.

b. Regulated alternating current or preferably regulated direct cur-
rent should be used to supply the filaments of amplifier input
tubes in order to minimize the drift due to cathode-emission
changes (see Sec. 5.1).

2. Regulated high-voltage power supplies.

a. Positive plate supplies.
b. Negative bias supplies.
¢. Positive and negative reference supplies for computing voltages.

3. Power supplies for servomechanisms (sometimes self-contained in each
servo amplifier).

4. Low-voltage d-¢ power supplies for various control relays, solenoids,
clutches, motors, and other associated equipment.

The designer must specify the currents and voltages required from each
of these power supplies as well as the accuracy with which the voltage
must be regulated.

Primary Power Sources. The operating voltages for most d-¢c analog
computers are derived from the 110-volt, 60-cycle a-c line by means of
transformers and/or rectifiers. In very large installations as well as in
certain mobile applications, motor-generator sets are used to supply high-
voltage direct current. Especially in smaller installations, storage and
dry batteries should not be disregarded as sources of computer operating
power; the use of batteries frequently makes electronic regulation
unnecessary.

Filament Power Supplies. Unregulated alternating current (6.3 volts)
is generally used to supply the filaments of high-level stages in the equip-
ment, and this type of filament operation is well known. In order to
avoid hum resulting from filament emission, it is advisable to return the
center tap of the filament transformers to a point which is positive with
respect to the cathodes in question.
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The filaments of low-level stages of d-c amplifiers are frequently sup-
plied with regulated alternating or direct current; the latter is somewhat
preferable because the use of direct current helps to minimize hum pickup.
The regulators used with either a-¢ or d-¢ filament supplies usually
employ saturable reactors which tend to change their impedance as the
result of current changes. Such regulators are generally available in the
form of complete commercial units and are, thus, not usually built in the
laboratory.

High-voltage Power Supplies. High-voltage supplies include positive
plate-voltage supplies, negative bias-voltage supplies, and positive and
negative supplies for computing voltages. Practically identical circuits
are suitable for all these supplics; the output voltage will be positive or

10H 10H
+—TTO T 9+
|
| CHOKE CHOKE 150-600V
66’8}'&% ! UNREGULATED
A-G ::._:: - —L—D-C VOLTAGE
| 10 uF 10 puF 10 uF
|
|
] -
ONE OR MORE ! OlL] FILLED
POWER RECTIFIER
_ TRANSFORMER TUBES ! CAPACITORS

Fra. 7.22. Typical transformer-rectifier unit for a high-voltage power supply. The
use of a capacitor-input filter (dash lines) permits a higher output voltage and better
filtering but increases the internal impedance of the unit. Generally speaking,
vacuum-type rectifier tubes will give less trouble than gas-type rectifiers.

negative with respect to ground, depending on which one of the output
terminals is grounded.

Each high-voltage power supply will, in general, consist of a trans-
former-rectifier unit and a regulator unit. A typical transformer-rectifier
unit is shown in Fig. 7.22. The design of such units for given output
voltages and currents is adequately covered in many textbooks and hand-
boaks on electronics.!

The purpose of the regulator unit associated with practically every com-
puter high-voltage supply is twofold. Specifically,

1. The regulator unit must keep the supply voltage in question con-
stant within specified limits in order to minimize d-c¢ amplifier drift due to
supply-voltage changes.

2. The regulator unit must keep the power-supply-output incremental
impedance (see Sec. 5.3) below a specified minimum value, not only
throughout the range of expected computer signal frequencies, but also

t Reich, H. J., Principles of Electron Tubes, Chap. 11, McGraw-Hill, New York,
1941; Terman, F. E., Radio Engineers’ Handbook, McGraw-Hill, New York, 1943.
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throughout a range of higher frequencies. This is necessary in order to
avoid undesirable coupling between different amplifier stages and com-
puting elements in the machine. Feedback effects due to such coupling
might otherwise lead to errors in the computation and even to uncon-
trolled oscillations.

SERIES REGULATOR TUBE

+ i [ +
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F1a. 7.23. Block diagram and linear cquivalent circuit of a degenerative electronic

A
regulator unit. The grid voltage of the regulator tube is i (Vo — kV¢er) if no com=

. . . . . A
pensation is used. With compensation (dash lines) the grid voltage is N (Vo — kVret)
+ a(Vi — Vio).

The second function of the regulator unit is at least as important as the first
one and is the principal reason for the almost exclusive use of degenerative
electronic requlators in d-c analog computers. The solid lines in Fig. 7.23a
show the block diagram of a degenerative electronic regulator. Such a
unit is essentially a d-¢c power amplifier whose output plate current is
taken as the supply current. Voltage feedback, through the resistors R,
and R,, tends to keep the power-supply output voltage V, equal to a
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constant multiple V. of the voltage V.. where

1 R

k~ Ri+ R
The voltage V./k is continuously compared with the reference voltage
V.i. The regulator amplifier tends to minimize the absolute value of the
difference (V./k) — V.t by changing the effective resistance of the regu-
lator tube, which is in series with the voltage source. The voltage feed-
back, will, moreover, tend to reduce the power-supply-output incremental
impedance.

Analysis of a Degenerative Regulator. The performance of a degen-
erative regulator with respect to voltage changes in the voltage source
and current changes in the load can be analyzed conveniently by means
of a linear equivalent circust of the type discussed in Sec. 5.2. The solid
lines in Fig. 7.23b show such a linear equivalent circuit for d-c conditions.
The unregulated d-c source is indicated at the left; it has a resistive source
impedance R,. The source voltage V, is capable of undesirable voltage
changes (V, — V,) with respect to its reference level V.. As demon-
strated in Sec. 5.2, the regulator tube may be considered to act like a volt-
age source with the voltage (—p times the grid voltage applied to the
vacuum tube) and the internal impedance r,, where p and r, are the
amplification factor and the plate resistance of the regulator tube, respec-
tively. The grid voltage of the regulator tube is (A/k)(Vo — kV.) as
indicated in the block diagram of Fig. 7.23a; here A < 0 is the voltage
gain of the d-c amplifier preceding the regulator tube proper. The load
is characterized by its resistance R, which will be taken to include the
effect of the resistors R, and R,. The effects of current changes in the
load are conveniently described by including in the equivalent circuit for
the load a voltage source of voltage AE]L.

From the nodal equations of the equivalent circuit shown in Fig. 7.23b
one finds, for d-¢ conditions,

(Ve — V)R + AEL(R. + 15) (7.5)

R.,+r.,+R,,< —%#)

The internal impedance Z, of the regulated power supply, with respect to
voltage changes AEy, in the load, is, also for d-c conditions,

Vo— kVit =

_ aAEL _ _ Rs + Tp
Za = 8—(i ____—‘1:0) RL = A# (7.6)
=%

where (¢ — 1,) is the deviation of the load current from its reference value
0. Equations (7.5) and (7.6) show that the greater the value of |uA/k| the
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more the regulator will reduce the effects of source-voltage changes as well as
the internal impedance of the power supply.

Compensation. The performance especially of low-gain regulators
may be improved by adding a voltage proportional to the unregulated
regulator input voltage V, (see Fig. 7.23) to the regulator amplifier sig-
nal. Such a voltage is best introduced in the output stage of the regula-
tor amplifier, as indicated by the dotted lines in Fig. 7.23a. The effec-
tive grid-voltage change of the regulator tube is now

& Vo= bV + (Vi = Vi)

where V,, is the reference level of the regulator input voltage Vi. The
quantity a < 0 is the voltage gain or transfer function of the compensa-
tion cireuit from the regulator input terminals to the grid of the regulator
tube.

Through the use of the linear equivalent circuit, it is possible to
derive expressions for the power-supply output-voltage changes for d-c
conditions

(Ve = Vi) (wa + DRy + Aul(pa + DRyt 73] oy

Va - ernf = A
(wa + DR, + 1, + (1 - i‘-k—> Ry

and for the power-supply output impedance (at direct current)

s, _ _ _OAEL _ Riua+1) + 1,
°= T 3G = 1) R. = ~—-——~1 ~ Ei{~ X (7.8)
k

for a regulator with compensation. It is seen that considerable improve-
ments in regulator performance may be obtained by choosing values of
the compensation gain a such that, approximately,

1

o= -2 7.9
The compensation gain a can be adjusted experimentally by ohserving
the residual ripple on an oscilloscope connected to the regulator output
terminals; the value of a is adjusted so as to minimize the ripple voltage.
All regulators should be adjusted with the average rated load current
flowing, so that all the tubes will have the correct operating voltages.
The adjustment will have to be repeated whenever a tube in the regulator

is replaced.
Practical Regulator Design. The application of these principles to
practical circuits will be shown further below. Much of the information
given in Chap. 5 on the design, construction, and operation of computer d-
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amplifiers will apply to the design, construction, and operation of the d-¢
amplifiers used in electronic regulators. The input stages of high-quality
regulator amplificrs should obtain their filament current from a regulated
supply. The entire regulator constitutes a degenerative feedback loop,
and its stability must be ensured by a judicious application of the prin-
ciples presented in Sec. 5.4. Frequently, the gain of a regulator amplifier
may be increased through the application of regencrative feedback in the
manner discussed in Sec. 4.6. In applications where reduction of the
long-time drift of the power-supply output voltage is of paramount
importance, the use of self-balancing d-c amplifiers (see Sec. 5.6) will
permit outstanding regulator performance. If all computer amplifiers

+REGULATED HV + REGULATED HV -

OUTPUT —~—q

REFEReq_cE = |+
REFERENCE ELEMENT =

ELEMENT a

~REGULATED HV ~REGULATED HV

(a) (b)

F1a. 7.24. Comparison circuits.

are balanced frequently, however, or if self-balancing d-¢ amplifiers are
used as computer amplifiers, long-time stability is not so important in a
computer power supply as low output impedance and freedom from drift
during the relatively short time of each computer run.

Reference Elements and Comparison Circuits. Gas-discharge tubes
such as neon bulbs and voltage-regulator tubes are frequently used as ref-
erence elements, since they tend to maintain a fairly constant voltage
across their terminals. This voltage docs, however, tend to vary slowly
as the tube ages and is also somewhat dependent on the ambient tem-
perature and on the current through the tube. The effects of tempera-
ture changes can be minimized by operating each voltage-regulator tube
at a preferred current (about 12 ma for a VR105").

Batteries operated under conditions of low current drain are preferable
to gas-discharge tubes as accurate reference elements. It is not neces-

1 Greenwood, 1. A., J. V. Holdam, and D. MacRae, Electronic Insirumenis, MIT
Radiation Laboratory Series, Vol. 21, McGraw-Hill, New York, 1948.
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sary or desirable to use standard cells as reference elements for computer
power supplies; small batteries of the type used as B batteries in portable
radios are capable of giving a voltage reference accurate to 0.05 per cent
for a period of several months if the current drain is low (the grid of a
vacuum tube is usually the only load) and the ambicnt temperature is
kept reasonably constant.

Figure 7.24 shows two comparison circuits used in voltage regulators to
obtain an amplified output voltage proportional to the difference between
a fraction V,/k of the regulator output voltage V, and a given reference
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Fia. 7.25. Simple degenerative electronic regulator with compensation (I. A. Green-
wood, J. V. Holdam, and D. MacRae, Electronic Instruments, MIT Radiation Labora-~
tory Series, Vol. 21, McGraw-Hill, New York, 1948).

voltage. In the circuit of Fig. 7.24a, the reference voltage is applied to
the cathode of a vacuum tube, whereas the feedback voltage V,/k is
applied to the control grid. The differential-amplifier circuit shown in
Fig. 7.24b is preferable to the circuit of Fig. 7.24a because of its inherent
compensation for the effects of variations in cathode emission and because
the vacuum-tube plate current does not flow through the reference
element.

Examples of Regulator Design for Computer Applications. Figure 7.25
shows a simple degenerative regulator suitable for use in both the positive
and negative power supplies of a low-cost d-c analog computer. This
regulator was widely used at the MIT Radiation Laboratory! and employs

! Ibid.
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compensation to obtain an output impedance below 30 ohms at all fre-
quencies from 0 to 100,000 cps. The output impedance for direct current
is about 20 ohms with all reasonable transformer-rectifier units, and the
regulation corresponds to a change in output voltage of less than 0.5 per
cent for a 10 per cent change in line voltage.

Figure 7.26 shows a high-quality regulator circuit. The difference
between a fraction (1/k)V, of the output voltage V, and the reference
voltage obtained from a voltage-regulator tube is amplified by two dif-
ferential-amplifier stages; a compensation voltage is added in the second
stage. The resulting regulating voltage drives 12 series-regulator grids
through a cathode follower. The VR-tube reference may be replaced by
an external reference if desired. In order to keep the regulator output
impedance below 0.2 ohms up to 10,000 cps in spite of decreasing regula-
tor loop gain, a 10 uf capacitor is connected across the output terminals.
Circuits of this type can regulate the output voltage within 0.0002 per
cent for line-voltage changes of 10 per cent if the d-c amplifier filaments
are supplied with regulated a-c or d-c;! 0.01 to 0.05 per cent regulation
for a 10 per cent line voltage change and from 50 per cent load to full
load is ample for most computing purposes.

Computer Supplies with Common Reference Voltage. In d-c analog
computers using several (positive and negative) high-voltage power sup-
plies, it is advantageous to use a common reference element for all power
supplies. The effects of changes in the reference voltage will then be at
least partially canceled by the corresponding mutually opposing changes
in the positive and negative supply voltages. Figure 7.27 illustrates a
possible circuit for the use of a common reference element for a positive
and a negative regulated power supply.

The Construction of Electronic Regulators. As mentioned above,
degenerative electronic regulators are essentially d-c amplifiers, and all
the information given in Sec. 5.9 regarding the physical construction of
such units and the choice of components will therefore apply here. Since
regulator amplifiers may have high gains, care should be taken to avoid
microphonics by shock-mounting at least the input tubes. If at all pos-
sible, the regulators should be mounted on a chassis separate from the
transformer-rectifier units in order to minimize the danger of introducing
60-cycle hum into the regulators. Again, hum pickup as well as spurious
feedback will be minimized by shielding the grid leads in the regulator
input stages.

Positive and Negative Power Supplies for Computing Voltages.
Every d-c analog computer must have provisions for supplying the orig-
inal énput voltages used in each computer setup. These voltages include

1 Miller, 8. E., Sensitive D-c Amplifier with A-c Operation, Electronics, November,
1941.
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the input voltages for function generators (some of these functions may be
simply constant terms) and the initial-condition voltages applied to each
integrator. It is customary to provide each d-c¢ analog computer with
terminals carrying voltages of plus and minus 1 machine unit (plus and
minus 40 to 100 volts, as the case may be) for this purpose. These volt-
ages may be obtained from other positive and negative high-voltage sup-
plies having a common reference element only if the correct regulated

+ -0 | +
|
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=1 REGULATOR (REGULATED
UNREGULATED AMPLIFIER ; OUTPUT)
D-C SOURCE | TENDS TO Vor
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=
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laVoi"bVoe! (REGULATED
t OUTPUT)
(a+b) Vo2 [ afVor +1Voz]

—o 1.
F1c. 7.27. Positive and negative computer power supplies regulated by reference to a
singie reference element.

- O

voltages are available. No voltage dividers may be used, since the loads
supplied by the 41 and —1 terminals will be different for each computer
setup. For this reason, most multipurpose computers have special reg-
ulated power supplies or even battery sources for supplying these com-
puting voltages. Ordinary well-regulated high-voltage supplies may be
employed, or one may use the output of a chopper-stabilized d-¢ ampli-
fier (phase inverter) which amplifies the voltage of a battery reference
(standard cell) connected across its input terminals.! The drain on the

1 Electronic Associates, Inc., Long Branch, N.J.
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standard cell is minimized by a feedback circuit of the type shown in
Fig. 6.40.

The output voltage of one such power supply will serve as a reference
voltage for the computer. The value of every variable voltage in the
entire computer will depend on the reference voltage; but the exact value
of the reference voltage will, in general, not be too tmportant,! since the values
of all machine variables can be measured in terms of the value of the reference
voltage. All calibrations of recorder and meter scales as well as limiters
and other function generators will, therefore, always be done in terms of
fractions of the reference voltage.

150 MA
SELENIUM
270 RECTIFIER
AMN—+H—+ 0
110 VOLTS, + 125 VOLTS
1]
60 X\_rgt_s T°°5“‘F _T40-l0°uF 100 MA
y | °
(a)
SELENIUM RECTIFIER
(36 WAC-2A)
28-50VOLTS

I-4 AMPERES

2000pF

I 50 VCLT
(b) =

F1a. 7.28. Power supplics for d-¢ control relays.

1HO VOLTS
60 CYCLE
A-C

24 VOLTS

Power Supplies for Operating Control Relays. Control relays (see Sec.
7.1), as well as solenoids used to brake motors or to operate clutches, are
often operated on 24 to 28 volts direct current. Figure 7.28 shows two
simple power supplies suitable for supplying direct current for control
relays. Figure 7.28a shows a method of obtaining direct current directly
from the 110-volt, 60-cycle a-c line by means of a high-voltage selenium
rectifier. Figure 7.28D shows a transformer power supply with bridge-
connected selenium rectifiers and a ripple filter.

If particularly fast relay operation is desirable, a relay may be fed an
initial voltage surge of 3 to 10 times the rated voltage by means of the
resistor-capacitor circuit shown in Fig. 7.29.

1 This is especially true in machines used only for the solution of sets of linear differ-
ential equations with constant coefficients.
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P SWITCH
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Fia. 7.29. Circuit for fast relay operation.

7.5. SUMMARY OF D-C ANALOG-COMPUTER OPERATING PROCEDURE

The operating procedure for different d-c analog computers will tend
to vary depending on the design and function of the machine and espe-
cially on the design of the control circuits. Thus, in modern high-qual-
ity computers, many necessary control functions may be performed auto-
matically and may not require the operator’s attention at all (see Sec. 7.2).

In this section, a number of essential points common to the operating
procedure of many d-c analog computers are summarized. This material
refers mainly to flexible, multipurpose differential equation solvers of the
“slow” d-c analog-computer type.

Placing a Computer in Operation. Before attempting to connect the
computer to the power line by throwing the main power switch, com-
puters employing simple switch-type control systems (see Sec. 7.2) require
a check of the switch positions in both the power-supply and operating
control systems. The operating manual should contain a check list,
such as

“Before placing the computer in operation . . . check the following
switch positions: Filament Switch orr; High Voltage Switch oFr; Reset-
Compute-Hold Switch on rReseT; Recorder Switch orr . . . .”

In the case of intelligently designed push-button control systems, no
such check will, in general, be necessary.

The computer is connected to the power line by throwing the main

power switch (usually a wall switch) to the oN position. The filament
voltage is then applied directly or by subsequently throwing an additional
filament switch. After a proper time delay (which may or may not be
enforced by a time-delay relay), plate voltage may be applied to the com-
puter. In some installations, the filaments run continuously.
+ Permit the computer to warm up for at least 30 min with filament and plate
voltage oN before beginning computation. This time may be used to set the
computer up for new problems, if desired. In the following, it will be
assumed that all scale factors have been tentatively chosen, that a tenta-
tive computer setup has been made in accordance with a block diagram
as outlined in Chap. 2, and that all potentiometers, initial conditions,
and limiting levels have been set up according to the block diagram.

Preparation for a Computer Run. After the high-voltage power sup-
plies have been turned on, the power-supply voltmeters may be checked
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for correct indications. If the computer has d-¢c amplifiers which require
manual balancing, each d-c amplifier must be balanced in turn by switch-
ing it into the BALANCE condition and by adjusting the balance controls
until zero output voltage is read for zero input voltage. This balancing
process should be repeated every half-hour or, preferably, after every two
or three computer runs. In the case of d-¢c amplifiers employing auto-
matic balancing circuits (see Sec. 5.6), the auxiliary balancing controls
may be touched up once a day or once a week.

After a final check of the connections (see Sec. 2.9), the computer is
ready for the first test run. The computer is placed in the compuTE
condition by operating the compute switch or push button. If the flash-
ing of one or more of the overload or error-indicator lights indicates that
the corresponding amplifiers are overloaded or not operating properly,
changes in the computer setup or scale factors must be made to correct
this situation.

When changing scale faclors, one must be sure to record this fact on the
block diagram. Do not forget to readjust all initial-condition potentiometers
as well as all limiting levels and function-generator settings corresponding to
the new scale factors.

Recorder Adjustment. Depending on the type of recorder used (see
Sec. 7.3), the recorder scale factor may be set initially, or the recorder
may require calibration in the RESET condition. The recorder zero levels
also require checking (see also Sec. 7.7).

Computation. In general, each computer run is started by operating
the compute switch or push button. The computer run may be ter-
minated by placing the control switch in the RESET position or by actu-
ating the reset or stop push button; or, again, the machine may return
to the rRESET condition through the action of an automatic timer. This
procedure is repeated for each run. It may or may not be necessary to
turn the recorders on and off separately for each run (see Sec. 7.2). In
some computer laboratories, each run is duplicated in order to check
precision and as an easy means for obtaining duplicate records.

7.6. CHECKING OF SOLUTIONS

Accuracy checks and estimates of the errors involved in analog-com-
puter solutions are essential if the results obtained by the computing
machine are to be relied on. The accuracy of the computed solution will
depend intimately on the problem in question.!

1 Korn, G. A., The General Difference Analyzer, Mathematical Tables and Other Aids
to Computation, January, 1952; Miller, K. 8., and F. J. Murray, A Mathematical
Basis for an Error Analysis of Differential Analyzers, J. Math. and Physics, 82: 136,
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It is frequently possible to compare a number of special cases of each
set of analog-computer solutions with the corresponding correct solutions
obtained numerically or analytically. Agreement of the analog-com-
puter solutions for the special cases with the correct solutions will gen-
erally indicate a comparable accuracy in the case of the remaining analog-
computer solutions unless the latter should be more sensitive to the effects
of imperfections in the computing elements than the test solutions. This
last question must be considered in the light of the nature of the solutions,
and the special cases must be chosen judiciously.

Assuming, as will be most frequently the case, that the d-c analog com-
puter is intrinsically capable of solving a given problem with the required
accuracy and that the scale factors and the computer setup have been
chosen so as to make the most of the capabilitics of the computer, the
validity of the solutions will depend only on the proper functioning of the
machine. It will then be useful to have methods for checking the com-
puting elements for proper individual and combined operation.

Some Checking Methods (see also Sec. 7.7). Gunning and Mengel!
suggest the following simple checks:

1. A simple minimum check consists in introducing suitable test volt-
ages as initial conditions in all integrators of the completed com-
puter setup and checking the output voltages of all amplifiers and
function generators against computed values, with the machine in
the rRESET condition (static check).

2. It is relatively easy to repeat a number of computer runs using a set
of new machine variables (voltages) equal in value to those used in
the original computation but having opposite signs. A comparison
of the results of such check runs with the original results frequently
tends to expose errors, particularly errors due to drift or saturation
of d-c amplifiers in the computer.

3. Doubling the computing time by doubling the values of all inte-
grating capacitances will tend to show up errors due to bad high-
frequency response of computing elements.

Checking by Resubstitution. Satisfactory results from the aforemen-
tioned simple checks will constitute necessary but not sufficient conditions
for correct solutions. For a rigorous accuracy check, it will be best to
utilize numerical methods which involve a resubstitution of the analog-
computer solutions into the given mathematical relations. Such a
method is particularly useful for checking solutions of sets of linear simul-
taneous equations (see Sec. 2.11).

! Gunning, W. F., and A. S. Mengel, Report RM 236, RAND Corporation, Santa
Monica, Calif.
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In the important case of problems involving the solution of sets of
ordinary differential equations, Gunning and Mengel advise numerical
checks or improvements of the machine solutions based on Picard’s process of
successive approximations whenever this is possible. One reduces the
given differential equations to the form

pri = fi(Z1, %2y . . .« Tnt) ¢t=12...,n (7.10)
Equations (7.10) are used to compute the functions pz: of the independ-
ent variable ¢ from the solutions zy, s, . . . , Z» obtained from the analog

computer. Numerical integration! may then be used to compute each
z, from the corresponding function pz:; the new solutions may be used to
check or improve the machine solutions. This method is useful also for
problems so complicated that only an approximate d-c analog-computer
solution is possible.

7.7. D-C ANALOG COMPUTERS WITH AUTOMATIC PROGRAMMING
FEATURES

Some of the larger d-¢ analog computers incorporate semiautomatic
features which facilitate cocfficient settings and checking of computer
setups; other circuits permit the machine to perform a planned series of
computations with only nominal supervision.

Simplified Methods for Setting Constant Coeficients. One may set
coefficient-setting potentiometers quickly and accurately by applying a
reference voltage and reading the output voltage on a servo or digital
voltmeter. No loading correction (Sec. 4.1) is needed if the load remains
connected between the potentiometer arm and ground, or (if the load is a
summing resistor) between the potentiometer arm and the summing junc-
tion of an operational amplifier. In order to avoid amplifier overloads in
the latter case, one may provide special relays which ground all summing
junctions during coefficient setting (PoT SET condition in Electronic Asso-
ciates computers).

The arm of each coefficient-setting potentiometer can also be positioned
automatically by a servomechanism controlled by a central keyboard or
punch-card reader (see also Fig. 8.5). A single servomechanism can set
as many as 50 potentiometers selected by small remote-controlled mag-
netic clutches.

Automatic Recorder Calibration. Oscillograph-type recording devices
are easily fitted with relay circuits which successively (1) ground the
recorder input terminals to indicate the reference line (which may be dis-
placed as desired), (2) apply a calibrating voltage to each channel, and

1See A. 8. Householder, Principles of Numerical Analysis, McGraw-Hill, New York,
1953, for various practical methods of numerical integration.
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(3) actuate a small printer which prints an identifying number on each
record, before or after each computer run.

Preset Automatic Programming. A series of d-¢ analog-computer
runs involving preset successive changes in cocfficient settings or computer
setup may be performed automatically with the aid of timer-controlled
switches or stepping relays.! Such switching devices can successively ini-
tiate and stop the first computer run (see also Sec. 7.2), actuate relays
which change parameter values or computer setup, start the second com-
puter run, etc. Arrangements of this type are particularly useful for
studies requiring investigation of many parameter values.

Special Applications of the HOLD Condition. An integrator in the
HoLD condition constitutes an analog storage device which “remembers”
its last-computed output voltage. A number of interesting applications
of the HoLD condition are listed below.

1. Digital Readout. The computer may be placed in the moLp condi-
tion periodically or at predetermined time intervals to permit an
analog-to-digital converter? to “read”’ the values of selected machine
variables for checking, printing, card-punching, or data transmission.

2. Scale-factor Changes. Scale-factor changes or other setup changes
may be introduced in the HoLD condition after the computer has
run for a predetermined time interval. Similar action may be ini-
tiated automatically whenever selected machine variables exceed or
fall below predetermined values: comparator circuits (Table 6) can
actuate relays which place the computer in the HoLD condition,
introduce suitable setup changes, and restart the computation.?

Sequential Automatic Programming. Even more sophisticated com-
puting methods, similar to those used with digital computers, become
available if the hold and/or reset relays of individual integrators or groups
of integrators can be controlled separately. This is easily done if the relay
connections are brought out to the computer patch bay. An integrator
can be used to store a given variable even though its derivative does not
appear in the computer setup (Fig. 7.30).*

Selected integrators remaining in the HoLD condition during the RESET
portion of an automatic programming cycle will introduce stored results-

1 Hansen, G. R., The Time-sequence Controller for Automatic Operation of the
Electronic Differential Analyzer, Memo 20-81, Jet Propulsion Laboratory, California
Institute of Technology, Pasadena, Calif., Mar. 2., 1953.

2 Burke, H. E., A Survey of Analog-to-digital Converters, Proc. IRE, 41: 1455, 1953.

3 Automatic Scalechange Attachment for GEDA Computers, GEDA Bulletin 54-3
(GER-5839) of May 13, 1954, Goodyear Aircraft Corporation, Akron, Ohio.

4 Wadel, L. B., An Electronic Diffcrential Analyzer as a Difference Analyzer, J.
Assoc. for Computing Machinery, July, 1954; see also G. A. Korn, op. cit., and Gun-
ning and Mengel, op. cit.
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of the preceding computer run as initial conditions into each new com-

puter run.
position servomechanisms during
the RESET portion of the cycle, so
that computer setup and/or param-
eter values are made dependent
upon past results. Such circuits
permit automatic step-by-step solu-
tion of difference equations?! as well
as the use of automatic <teration
methods for the solution of equations
and of eigenvalue and boundary-
value problems? (see also Sec. 3.10).
Computer setups of this kind will

Such integrators can also be connected to actuate relays or
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F1a. 7.30. Separately controlled “storage
integrators” can be reset (Fig. 7.4a) with
the rest of the computer in the noLp con-
dition and hold (Fig. 7.4¢) their output
voltages in the coMPUTE or RESET condi-
tion. Thus results of earlicr computer

-

runs can be introduced into subsequent

be most useful when many similar |
computations.

problems of a suitable type must be
solved, such as in special-purpose computers. Practical iteration methods
can often be developed from those used in numerical analysis.

Automatic Checking Circuits. The simplest automatic method for
checking the computer setup and operation of computing elements
involves successive digital readout and printing of all potentiometer and
amplifier output voltages in the REsET condition., This method corre-
sponds to the “static check’’ described in Scc. 7.6 and checks potentiom-
eter settings, summing amplifiers, and initial-condition scttings.

Improved static checking systems also permit one to switch each inte-
grator summing junction into a summing-amplifier circuit whose output
is read out to indicate the initial rate of change of the integrated variable.
Furthermore, since ordinary static checks cannot properly check points
whose initial voltage is zero, one may introduce artificial initial conditions
during a preliminary static check followed by the ordinary static check
with the true initial conditions.? Similar tests may also be applied in
mid-problem with the computer in the HoLD condition.

An alternative static-checking scheme (‘‘Static Problem Check” in
Reeves computers) places a feedback resistor across each integrating
capacitor and simultaneously substitutes a test voltage for each integrator
output voltage.*

1 Ibid.

? Wadel, L. B., Automatic Iteration on an Electronic Analog Computer, lecture
presented at the Western Electronics Show and Convention, Los Angeles, Calif., 1954.

3 Problem Checks, Memo dated Apr. 20, 1955, Electronics Associates, Inc., Long
Branch, N.J.

4 McCoy, R. D., and B. D. Loveman, Problem Checker Checks Computer, Too,
Control Eng., July, 1955.



386 ELECTRONIC ANALOG COMPUTERS

Integrator operation, which cannot be checked in the REsET condition,
can be tested by switching circuits which permit each integrator to inte-
grate a known voltage for a known time (‘“dynamic” check). The hold
relays are then actuated, and the integrator output voltages are read out
successively.

Automatic checking systems produce the results of periodic checks on
computer setups and component failures in the form of printed records.
Such methods can be very useful, particularly if the computations in ques-
tion are extensive. One should, however, remember that the checks
described are all essentially static checks; they cannot reveal instability,
phase shift, or large effects of small computing errors during actual com-
pulation. Automatic checking methods are not intended as substitutes
for numerical checks of analog-computer solutions.



CHAPTER 8

THE DESIGN OF COMPLETE D-C
ANALOG-COMPUTER INSTALLATIONS

8.1. COMPLETE D-C ANALOG-COMPUTER INSTALLATIONS: COMPOSITE
DESIGN

Before the design of a computing machine is attempted, it will be nec-
essary to note, preferably in writing, the purposes for which the proposed
computer installation is to be utilized. This will help to determine

1. The time scale or scales to be used

2. The accuracy and dynamic range needed for each mathematical
quantity

3. The type and number of mathematical operations to be performed

4. The types of associated equipment which might be used in connec-
tion with the computer; also special requirements as to power sup-
ply, size, weight, etc.

5. The amount of money, time, and effort which can be spent econom-
ically on the computer installation, considering the type and number
of computations to be performed

These considerations may or may not point to the use of a d-c analog
computer. In the first case, they will form the basis of a rough choice
of the d-c analog-computing elements to be built.

As the design takes shape, various combinations of computing elements
will be considered from the point of view of the stated requirements and
reconsidered with respect to the possible choices of power supplies and
other associated equipment. After a number of such “go-arounds,” the
composite design will have progressed to a stage where the design of indi-
vidual components can be considered in more detail.

The range of working frequencies, as determined by the types of expected
solutions and the time scales used, together with considerations of cost
and accuracy, will determine the choice of multipliers and function gen-
erators to be used.

The design of the operational amplifiers will constitute a significant por-
tion of the over-all computer design. Decisions on the following ques-
tions, among others, will be required:

387
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1. D-c amplifier gain, frequency response, drift, and output requirements.

2. What types of networks are needed? Will they be permanently
installed or will interchangeable plug-in components be used? In
the case of a multipurpose computer, the most desirable combina-
tions of summing and feedback resistors, integrating capacitors, etc.,
must be determined. Coefficient-setting potentiometers are con-
venient but increase the amplifier output requirements.

8. Will precalibrated precision network components be used, or will the
computer incorporate a calibrating device? The latter arrangement
combines flexibility and low cost with a slight reduction in operat-
ing convenience.

4. How will the computing networks be arranged physically with respect
to the d-c amplifiers and the computer front pancl?

Consideration of these questions will usually result in compromises
between cost and accuracy. The designer is now in a position to chose
power supplics (Sec. 7.4), control circuits (Secs. 7.1, 7.2, and 7.7), and
recording equipment (Sec. 7.3). Finally, it will be necessary to specify
the physical construction of the computer (Sec. 8.2) and the front-panel
layout (Sec. 8.3) with a view to convenience of operation and maintenance.

Accuracy Requirements. Solutions of about slide-rule accuracy are
sufficient for many engineering applications. Better accuracy is required
for trajectory computations (Sec. 3.5), especially if coordinate conver-
sions are involved (Sec. 6.11). In other applications, such as in studies
of nonlincar oscillations, small errors may cause radical changes in the
type of solution (mode changes). Although accurate computing elements
are helpful in such situations, computer accuracy is not a substitute for an
tnvestigator’s professional knowledge. Thus it is much better to test the
effects of variations in the critical parameters than to trust blindly in
computer results. The more significant results of analog-computer
studies may be checked by numerical computation.

Since it is not a simple matter to predict errors due to the combined
operation of several computing elements, the accuracy of a proposed or
existing analog computer is usually specified in terms of the component
accuracies of its individual computing elements. Component accuracy is
expressed in volts, machine units, or per cent. Percentage accuracy is
usually referred to the full output range of the computing element in
question.! High-quality d-c analog computers have component accu-
racies between 0.005 and 0.5 per cent of full scale (see also Chaps. 4 to 6).

The accuracy of the final results obtainable with an analog computer
having given component accuracies depends radically on the specific prob-

! “Full scale” equals 200 volts for computing elements having a plus and minus
100-volt operating range.
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lem, on the computer setup, and on the scale factors used. In particular,
solutions of linear differential equations with constant coefficients will be
most accurate if the solutions involve only well-damped modes (Sec. 4.7);
for this reason, d-c¢ analog computers of relatively low cost are suitable
for linear servo analysis.?

Computer precision relates to the repeatability of solutions. Percent-
age differences between repeated solutions indicate the effects of compo-
nent changes, noise, and drift.

Miscellaneous Design Considerations. Component accuracy is only
one of several factors of interest in d-¢ analog-computer design. The
essential purpose of many d-c¢ analog computers is to aid the thinking
processes of fairly high-priced engineering personnel, rather than just to
produce numerical results. Such machines should, therefore, be designed
so that the user can concentrate on his problem rather than on the compuiter.
The computing elements should require as few critical adjustments as pos-
sible, and the machine should give positive indication of overloads or fail-
ures. Modern control circuits (Secs. 7.1, 7.2, and 7.7), convenient patch
bays (Sec. 8.3), and automatic checking features (Sec. 7.7) account for an
appreciable part of the cost of larger d-c¢ analog-computer installations.

A design emphasizing reliability and maintainability will reduce down-
time and maintenance costs. The various compounents of a computing
machine must be carefully chosen and modified so as to work together
as parts of an integrated system. Nevertheless, individual chassis units
should be capable of operating independently of other components as far
as possible. If this rule is observed, it will be easier to test and service
individual subassemblies, to expand the computer installation, and to
make design changes in individual components.

8.2. CONSTRUCTION, WIRING, AND INSTALLATION

The mechanical construction of any computer should emphasize rug-
gedness and accessibility for easy maintenance. D-¢ analog computers
should be constructed, whenever possible, of commercially available com-
ponents. Standard enclosed relay-rack construction is, in general, a good
choice for laboratory-built installations; factory-built computers may use
specially designed cabinets or consoles. Compact arrangements of elec-
tronic components must provide for good ventilation. In larger com-
puters, it is good practice to separate power supplies and a-c motors phys-
ically from the electronic circuits in order to minimize hum pickup.
Lightweight mobile installations may employ aircraft-type racks and
chassis and miniaturized electronic circuitry.

1 McDonald, D., Analog Computers for Servo Problems, Rev. Sci. Instr., 31:
154, 1950. .
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The choice of component parts as well as the construction of specific
subassemblies is treated in the appropriate sections of Chaps. 5 to 7 (see
also Sec. 8.3).! )

Wiring Practice. No specialized wiring techniques are required for the
construction of d-c analog computers. Some emphasis should be placed
on rugged wiring, so that slight shocks and vibrations cannot change
circuit constants. As a matter of course, reasonable safety precautions
should be observed, and all wiring and fusing should be done according to
the Underwriter’s Laboratories’ specifications.

In order to save time and labor, it is well to give some thought to “pro-
duction engineering” techniques when a number of identical amplifiers
or other computing elements are to be wired. Such techniques include
the use of subpanel terminal strips for mounting resistors and of printed-
circuit subassemblies.

Interunit Wiring. All wiring interconnecting the various component
units of a d-c analog computer usually falls into one of the following gen-
eral classifications:

1. Ground straps (Sec. 5.9). It is not good practice to rely on chassis
grounds in d-c analog compulers.

2. Filament and high-voltage power-supply wiring for electronic com-
ponents. High-voltage power-supply wiring in common to more
than one amplifier should preferably have an impedance of less than
1 or 2 ohms in order to minimize coupling between amplifiers.

3. Control wiring for making connections to the reset and hold relays
on integrators and to other relays controlled by a common timer,
etc., as well as wires leading to special overload indicators.

4. Metering system wiring may be necessary in computers possessing a
central system for checking, balancing, and calibration.

5. “Signal” wiring carrying the computer voltages (machine variables)
proper between the computing elements and a central patch bay.
The use of shielded d-c amplifier input leads is recommended (see
also Sec. 8.3).

All connections between the chassis units and interunit wiring should
be made by means of high-quality plug-in connectors which must permit
easy removal of individual chassis as well as positive connections.

Installation. While the spirit of research may be dominant in a com-
puter laboratory, it is sometimes wise to remember that a finished com-
puting device is no longer a breadboard. It is absolutely necessary to
observe all safety regulations specified by the Underwriter’s Laboratories
with respeet to mechanical as well as electrical installation of the com-

1See also J. F. Blackburn, Components Handbook, MIT Radiation Laboratory
Series, Vol. 17, McGraw-Hill, New York, 1949,
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puting equipment. The floor beams of some office buildings may not be
able to support the concentrated weight of relay racks containing heavy
power supplies. In such cases it is best to place the computer cabinets
on a low wooden platform which will distribute their weight. Intercon-
nections between different computer cabinets can be very conveniently
arranged underneath such a platform.

All power connections to the computer except possibly for service out-
lets should be through a main wall switch containing the necessary fuses
and circuit breakers. Instead of relying on the high-voltage indicator
lights for the protection of maintenance personnel, it may be useful to
provide a green safety light which is on only when the main wall switch
is off.

Sufficient space should be allowed in front of the relay-rack units for
unhampered operation and in back of these units for convenient main-
tenance. If at all possible, the room containing the computer should be
devoted to the computer and associated equipment alone, so that the
operating personnel will not be disturbed unnecessarily in their somewhat
complex task. Sound insulation of the ceiling also helps in this respect.
The computing room might also contain a desk, blackbhoard, drawing
board, and a bulletin board. A large table on which to unroll and
examine computer records is helpful. It may be desirable in some instal-
lations to place the recorder on a rubber-tired cart which can be rolled
into position wherever the operator happens to be working.

A large computer installation will generate an appreciable amount of
heat, so that some attention will have to be given to the air conditioning
of the computer room. The accuracy of high-quality installations will
be improved if the ambient temperature is kept reasonably constant
(within about 10°C) by a thermostat controlling the air-conditioning sys-
tem; low humidity is also desirable.

Aside from purely technical considerations, the careful planning of a
pleasing and efficient electronic computer installation will be repaid in
terms of more intangible assets. A computer installation may be made a
show place and, as such, may prove to be of considerable sales value to
the organization operating it.

8.3. FRONT-PANEL LAYOUT AND PATCH-BAY DESIGN

The components on the front panel of a d-c analog computer serve
three functions: computer adjustment, computer setup, and computer
operation. An elegant and well-thought-out front-panel layout permit-
ting the operating personnel to perform these functions easily and con-
veniently is a very important design consideration. It is usually a good
plan to combine all operating controls and indicator lights on a special
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control panel. Overload lights can be mounted on the same panels as
the corresponding d-c amplifiers or servomechanisms. Some designers
prefer to separate power controls and operating controls.

It is very helpful to duplicate the computer start, compute, hold, and
reset controls on a hand-held remote-control box (see also Sec. 7.2 and Fig.
8.3) which enables the operator to start and stop the computer while he is
changing the setup, adjusting parameters, checking the recording equip-
ment, or making calculations on the blackboard. The indicator lights
on the computer front panel should be sufficiently large to be readily seen
from any position in the laboratory, and an audible overload indication
may be provided.

Adjustment controls, such as d-c¢ amplifier balancing controls, servo gain
and damping controls, and power-supply voltage adjustments, should be
equipped with shaft locks or recessed underneath protective covers, so
that they cannot be accidentally disturbed. The same precautions apply
to the adjustment controls of diode function generators or tapped func-
tion potentiometers.

Coeflicient-sctting potentiometers should be arranged within easy reach of
the operator. Potentiometer dials must be easily readable; each dial
must have a clearly visible label associating the potentiometer with its
number in the block diagram.

Patch-bay Design. In small multipurpose d-c analog computers,
patch-cord connections can be made directly to jacks on the front panels
of the various computing clements. Although such a design combines
low cost with freedom from cross talk and leakage between the different
terminals, most modern multipurpose machines employ a central patch
bay, which offers greater operating convenience and permits computing
elements to be serviced or removed without interference with the com-
puter setup.

Most patch bays incorporate removable problem boards (prepatch panels).
Problems are patched on these problem boards rather than on the com-
puter, which is thus freed for other work. The problem boards are
plugged into the computer for computation; the boards can be stored to
preserve computer setups for later reuse. Since much of the total time
spent in using any computer is devoted not to actual computation but to
the evaluation of solutions and to computer setups for new problems,
multiple problem boards can increase the utility of a computer installa-
tion very appreciably.

D-c analog-computer problem boards can accept plug-in network com-
ponents as well as patch cords (Fig. 8.1). The better types of problem
boards do not incorporate actual jacks but merely hold the various plugs
so that their tips protrude through the board. When the problem board
is inserted into the machine, a locking lever raises all plug tips against
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corresponding contact springs with a self-cleaning wiper action (see, for
instance, Fig. 8.1a).

The design of d-c analog-computer patch bays and the associated wiring
must minimize leakage and cross talk. Leakage from any ungrounded
patch-bay terminal into an integrator summing point acts like an addi-
tional input connection, so that leakage resistances must exceed 10° meg-

Fra. 8.1a. This metal prepatch panel grounds the shiclds of the coaxial patch cords
inserted into appropriate holes. The plugs themselves protrude through the panel;
the }&Pge lopking lever raises them against corresponding contact springs with a self-
n’lpm§ action. To protect the problem board against accidental contacts with

hot patch-cord tips, the operator removes all voltages from the patch cords by
depressing the locking bar while changing connections. As an added safety feature,
all potentiometer taps are protected by fuses (Electronic Associates, Inc.).

ohms under all conditions of temperature and humidity. Since reason-
able leakage to ground is not objectionable (see also Secs. 4.5 and 5.9),
leakage effects can be eliminated by metal problem boards, grounded
metal barriers between patch-bay terminals, or grounded printed silver
grids on plastic patch-bay bases and problem boards. Suitable plastic
masks will prevent printed grids from shorting ‘“hot”’ patch-cord tips.
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Computers with metal problem boards or coaxial jacks permit the use of
shielded patch cords to minimize cross talk, but the problem board must
be protected against accidental contacts by ‘“hot” patch-cord tips (sec
also Figs. 8.1a and 8.5b).

In the writers’ opinion, many existing arrangements of patch-bay ter-
minals leave much to be desired. As a rule, the terminals of all ampli-
fiers, all potentiometers, etc., are grouped together so as to conserve panel
space. A survey of actual computer setups (Chaps. 2 and 3) suggests
improved arrangements approximating the sequence of computing ele-
ments in typical computations. Such arrangements could do away with
many long patch-cord connections; succeeding computing elements would
be connected by short patch cords or, preferably, by rigid links (dual

Fia. 8,1b. GIEDA problem board with stacked plug-in network components for opera-
tional amplifiers. Note the plug-in decade resistors (Goodyear Aircraft Corporation),
plugs). Intelligently placed buses (multiples) similar to those used in
the Boeing analog computer (Sec. 8.4) would further reduce the number
of long patch-cord connections. Computer setups of this type would be
far easier to work with than the often bewildering maze of patch cords
typical of existing installations. Since several modern computers permit
patch-bay terminals to be assigned at will, each user might well choose a
terminal arrangement particularly suited to his own requirements. The
writers also suggest the use of special multiple-plug assemblies or ““pre-
prepatch panels” for frequently used circuits, such as special operational
amplifiers, limiters, comparators, etc.

Programming systems controlled by switches and/or by punched cards
have been moderately successful in some d-¢ analog-computer installa-
tions. In particular, keyboard-set potentiometers (Sec. 7.7) or decade
attenuators are easily controlled by card-reading apparatus. Such
equipment can justify its high initial cost in applications requiring many
coefficient values to be stored for frequent reuse. Thus, in large flight
simulators, a single card may insert’an entire set of aircraft characteris-



THE DESIGN OF COMPLETE D-C ANALOG-COMPUTER INSTALLATIONS 395

tics into the computer. The experimental Dynamic Systems Synthesizer
(DSS) developed by the RCA Laboratories Division! for the United
States Air Force permits the programming of entire computer setups by
specially designed card readers, or by card readers used in conjunction
with accessory patch bays.

8.4. EXAMPLES OF COMPLETE D-C ANALOG COMPUTERS

Commercially available multipurpose d-c analog computers built in the
United States? have a number of common features which it is well to sur-
vey in order to avoid unnecessary repetition later on. Most purchasers
of such equipment begin by buying a basic computer unit in the form of
a cabinet or console containing operational amplifiers, coefficient-setting
potentiometers, diodes suitable for use in fabricated diode circuits, power
supplies, control circuits, and the computer paich bay. This basic com-
puter installation can be expanded according to each user’s special require-
ments. Additional equipment is mounted first in the main cabinet and,
eventually, in accessory cabinets connected to the central patch bay (Fig.
1.1).

The d-c amplifiers of American-built machines permit the use of direct-
analog methods (Sec. 1.5) as well as the classical differential-analyzer
technique, although individual manufacturers may emphasize one or the
other approach. Wire-wound computing resistors are used almost exclu-
sively. Resistance changes due to ambient-temperature variations are
minimized through the use of special resistance wire and/or through

! Princeton, N.J.

2 The examples of Sec. 8.4 describe commercially available cquipment, but it is
only fair to point out that much of the development of d-¢ analog computers in this
country can be attributed to projects supported by the United States Government.
Some of the obscure beginnings of d-¢ analog techniques can be traced to wartime
radar and fire-control circuitry developed in the United Kingdom as well as in this
country. Many early computer d-¢ amplificr designs were based on circuits used in
the Bell Telephone Laboratories’ M-9 fire-control computer. The original Goodyear
and Reeves computers were, respectively, developed under contracts with the United
States Air Force and the United States Navy; the Navy’s CYCLONE computer
center, operated by the Reeves Instrument Corporation, has long been a proving
ground for d-¢ analog techniques. The RCA Laboratories’ TYPIHOON flight-
simulator project, developed under a Navy contract, has been a veritable fountain-
head of improved computing elements (Secs. 5.6, 6.2, 6.3, and 6.4), and the same
organization’s Dynamic Systems Synthesizer (DSS), an Air Force project, involves
component developments of similar importance (Secs. 5.8, 6.4, and 8.3). The RAND
Corporation’s imaginative redesign of an early commercial d-¢ analog computer and
the Curtiss-Wright computer components built for the Applied Physics Laboratory,
Johns Hopkins University (Figs. 8.2 and 8.3), were other government-supported
projects which have contributed to the development of computing elements and con-
trol circuits.



396 ELECTRONIC ANALOG COMPUTERS

: Mafn canlm / ane/
. C'a//brafor unit

Function
genemlor

Servo ond - Units

supp/y 5 recorder

cupit - amplifier umit 'Amp(iﬂer‘uﬁl'ff i

Load se/ecfor mfch

Null md/cafmg !
galvanometer

Comparison _—Remote control
potentiometer ./ box and cable.

Fic. 8.3. Curtlss Wright (‘URTIAC calibrator unit and remote-control station.

encapsulation of resistors in plastic; several manufacturers employ
constant-temperature ovens. All machines using plug-in resistors and
capacitors provide an accessory calibration bridge capable of measuring
transfer functions and/or impedances.

With the exception of the smallest table-top units, all American-built
d-c analog computers can be supplied with computer servomechanisms for
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multiplication and function generation by means of ganged potentiom-
eters. All manufacturers provide electronic multipliers (usually based on
time-division circuits, Sec. 6.4), electronic function generators (usually
diode function generators), reference power supplies, and operational relays
as standard or optional accessories. Most commercially available
machines have patch bays with removable problem boards (Sec. 8.3); the
larger and more elaborate d-¢ analog computers can be furnished with
automatic programming features such as keyboard-set potentiometers,
digital readout, and automatic checking circuits (Sec. 7.7) as optional
equipment.

The following descriptions of individual commercially available d-c ana-
log computers will indicate how different designers have dealt with the
design problems previously discussed.

Small Computer Installations. Low-cost d-¢ analog computers may
merely be sets of individual two- or three-tube d-¢ amplifiers operated
from a common power supply and interconnected by patch cords.! A
preferable arrangement employs plug-in amplifiers grouped on a larger
chassis whose front panel serves as a simple patch bay? (see also Fig.
5.31). An excellent report by Hagelbarger, Howe, and Howe? shows
page after page of remarkably accurate results from dozens of elegant
applications of a simple table-top d-c analog computer (see also Chaps. 2
and 3).

The Donner* Model 30 analog computer shown in Fig. 1.2a comprises
10 operational amplifiers (Fig. 5.29¢), all necessary power supplies and
controls, and removable problem boards for either plug-in or solder-in
networks and connections. The small machine has reset and hold cir-
cuits for 5 integrators; two or more computers can be interconnected to
operate together. An accessory cyclic-reset timer permits repetitive
operation. Other optional accessories include coefficient-setting poten-
tiometers, a calibration bridge, a time-division multiplier (Fig. 6.16), a
simple logarithmic multiplier (Sec. 6.5), a diode function generator (Fig.
6.26¢), and a low-frequency sine-wave generator. These accessories are
self-contained and can be used with other analog computers. Specified
component accuracies vary between 0.1 per cent of full scale (£ 100 volts)
for operational amplifiers operated under the most favorable conditions
and about 2 per cent for the logarithmic multiplier.

! Raggazini, J. R., R. H. Randall, and F. A. Russell, Analysis of Problems in
Dynamics by Electric Circuits, Proc. IRE, May, 1947, pp. 444452,

2 MacDonald, D., op. cit.

3 Hagelbarger, D. W., C. E. Howe, and R. M. Howe, Investigation of the Utility
of an Electronic Analog Computer in Engineering, Report UM M-28, Aeronautical
Research Center, University of Michigan, Ann Arbor, Apr. 1, 1949.

¢ Donner Scientific Company, Berkeley, Calif.



398 ELECTRONIC ANALOG COMPUTERS

The substantially more expensive table-fop REAC shown in Fig. 8.4 is
a compact version of the REAC described on p. 406 and uses similar
high-quality d-c amplifiers.

The Heath! table-top analog computer (Fig. 1.2b) is a complete flexible
computer unit distributed as a do-it-yourself kit for less than $700. The
machine employs plug-in feedback networks and features one of the best
patch-bay layouts yet designed for this purpose. Resistors and capaci-
tors can be plugged directly between successive d-c¢ amplifiers, so that
relatively few long patch-cord connections are needed (sce also Sec. 8.3).

%

Fia. 8.4. This compact table-top REAC comprises 12 chopper-stabilized d-¢ amplifiers,
18 coeflicient-setting potentiometers, 8 diodes, power supplies, all control circuits, and
a patch bay with removable problem board.

The basic unit comprises 15 d-¢ amplifiers, a number of diodes and multi-
purpose relays, and 30 coefficient-setting potentiometers. A diode func-
tion generator is available as an accessory kit.

The low-cost potentiometers used in the Heath computer are set, with
the load connected, by the null method of Fig. 4.6 with the aid of a switch-
set comparison voltage divider and a meter. The same null method
permits one to measure the gain of an operational amplifier or to set six
small bias supplies used for initial conditions and diode bias. The meter
is also available for amplifier balancing and output measurements.

The Heath three-tube printed-circuit d-c amplifier adds a voltage-
amplifier stage and a series-balanced output stage to a regenerative stage

1 Heath Company (Division of the Daystrom Corporation), Benton Harbor,
Mich.
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similar to those shown in Figs. 5.29¢, 5.30b, and 5.30¢c. This arrange-
ment provides high gain (over 50,000) and an output voltage range in
excess of plus and minus 100 volts at 10 ma but requires three power sup-
plies and a relatively large number of parts.

The Boeing! Electronic Analog Computer. The design of Boeing’s
basic computer unit strikes a particularly fortunate balance between com-
ponent accuracy, operating convenience, and low cost (the price of a basic
unit is of the order of $5,000). This compromise has been achieved
through the use of an elegant regencrative d-¢ amplifier circuit (Fig.
5.32), through restriction of the operating range to plus and minus
50 volts, and through very simple mechanical construction with a
clever front-panel layout. Multiple installations of Boeing computers,
improved by the addition of precision feedback networks and either
chopper or commutator stabilization, are capable of competing quite
seriously with much more expensive machines.

Fig. 1.16a shows a front-panel view of the Boeing computer. A stand-
ard relay rack has been converted into a “skeleton rack’ hearing the
plus and minus 300-volt regulated power supplies, a central vertical inter-
connecting panel, and a control panel. The computing elements are
mounted on small subpanels to the left and right of the central intercon-
necting panel.

The basic unit includes 20 d-¢ amplifiers, of which 8 can be used only
as summing amplifiers or phase inverters, 20 helical potentiometers
(0.5 per cent), 12 diodes with bias supplies, 5 reference-voltage sources,
and a calibration bridge permitting resistance-ratio settings to within
0.1 per cent. All but 8 amplifiers have reset relays; hold relays are
optional. The machine is capable of repetitive opcration with reduced
accuracy.

Each amplifier panel bears the input jacks of a summing network com-
prising five 1-megohm resistors permanently connected to the amplifier
input terminal. The amplifier input and output terminals are also
brought out to jacks, so that various types of operational amplifiers can
be set up with the aid of stackable plug-in resistors and capacitors (Figs.
1.16b and ¢). Patch cords terminate in ordinary banana plugs.

The central interconnecting panel shown in Fig. 1.16a is not perma-
nently connected to the computing elements but contains a number of
buses running from top to bottom. These buses, rather than long patch
cords, serve to interconnect computing elements located at different
levels on the front panel. The buses of several racks may be inter-
connected. This practical and extraordinarily simple patching system
may be supplemented by an optional desk-type patch bay with remova-
ble problem boards.

1 Boeing Airplane Company, Seattle, Wash.
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Besides the basic computer unit, the company furnishes éelectronic mul-
tipliers, diode function generators,.and computer servomechanisms
employing d-¢ amplifiers and d-c motors. Each servomechanism per-
mits addition of up to 5 input voltages and can be used as an integrator
with d-c tachometer fecedback; chopper stabilization is optional.

Fia. 8.5a. Push-button control panel and patch bay of a Berkeley TASE computer.
The control panel comprises a keyboard for automatic setting of coefficient-setting
potentiometers. Four manually adjusted potentiometers are mounted on a plug-in
panel (just above the removable problem board) which can be stored and reused when
problems are changed (Berkeley Division, Beckman Instruments, Inc.).

The Berkeley! Electronic Analog and Simulation Equipment (EASE).?
The catalog of EASE components is somewhat unique in that it includes
low-cost operational amplifiers and low-cost time-division multipliers as
well as more accurate and expensive computing elements and up-to-date
control circuits. An EASE installation offers, thus, interesting possibili-

1 Berkeley Division, Beckman Instruments, Inc., Richmond, Calif.

? The larger commercially available d-c analog computers are described in alpha-
betical order. In view of the continuing changes in detailed computer specifications,

this material should be regarded as a series of examples illustrating modern design
practice rather than as a comparative survey of existing equipment.
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ties for expansion. EASE components, such as groups of plug-in ampli-
fiers, fit into standard relay-rack cabinets. Plug-in computing resistors
and capacitors are used in the smaller installations.

The simple d-¢ amplifier and multiplier circuits employed in low-cost
EASE installations are very similar to the corresponding circuits shown
in Figs. 5.29¢ and 6.16; the higher-priced components incorporate chopper
stabilization. The circuit of the EASE diode function generator is essen-

Fra. 8.5b. This LAST 1200-series control console provides complete programming and
control facilitics for a large computer installation. The 3600-terminal patch bay
employs metal problem boards (“insulation with metal,” Secs. 5.9 and 8.3) of advanced
design; special nylon inserts permit the use of shielded patch cords and still prevent
accidental grounding of hot patch-cord tips. Note the drawer-mounted recorder.

tially that of Fig. 6.26¢c. Other optional accessories include various pre-
cision servomechanisms, a digital voltmeter with printed readout, and a
computation-timer circuit.

The push-button control panel of the EASE computer is an interest-
ing example of advanced design (Fig. 8.5a). Push buttons permit the
operator to select the RESET, coMPUTE, and HoLD conditions (Sec. 7.2) as
well as repetitive operation at reduced accuracy. Additional push but-
tons set the scale of the built-in voltmeter and select amplifier outputs
for metering or readout. Finally, the panel permits remote control of
selected coefficient-setting potentiometers by means of a keyboard (see
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also Sec. 7.7). Optional additional equipment permits similar remote
settings of the diode function generator.

In larger computer installations, the EASE 1200-series control console
(Fig. 8.5b) is capable of controlling at least 100 operational amplifiers,
16 computer servos, 30 electronic multipliers, and 350 potentiometers set
either manually by means of a keyboard or automatically by a punched-
tape reader. The console houses overload-warning and problem-
checking circuits (Chap. 7), a digital voltmeter, a drawer-mounted
six-channel recorder, and a constant-temperature oven for the computing
networks.

The Electronic Associates! Precision Analog Computing Equipment
(PACE). The elaborate and accurate Electronic Associates computer
incorporates a number of desirably conservative design features. The
careful and definitely not cost-conscious design of PACE components is
exemplified by the d-c amplifier circuit of Fig. 5.40.

The computing resistors and capacitors are trimmed and padded within
0.01 per cent of their nominal values; they are maintained at 100°F (plus
or minus 1 deg) in a simple oven located directly behind the patch bay.

All d-¢ amplifier input connections are fully shielded; the multiple con-
nectors at the rear of each dual amplifier chassis incorporate coaxial ter-
minals for this purpose. The shielded amplifier connections, together
with metal problem boards, shiclded patch cords, and mectal barriers
between patch-bay terminals, minimize cross talk and positively confine
all leakage into integrator terminals to the integrating capacitors (see
also Secs. 5.9 and 8.3, and Fig. 8.1a).

Each d-c amplifier can serve either as a summing amplifier or as a sum-
ming integrator, with inputs corresponding to multiplication by 1, 1, 1,
5, 5, 10, and 10.2 The function of each amplifier is determined by the
position of a four-terminal “bottle plug’” which exposes the letters sum
or INT on the problem board and changes the equalizing networks as well
as the feedback (see also Fig. 5.40). Removal of the bottle plug opens
the feedback connections and exposes the d-¢ amplifier input terminal for
direct-analog applications.

The switch-type control circuits, which might well be replaced by push-
button controls, include a very simple problem-check circuit and a special
POTENTIOMETER SET condition permitting all potentiometers to be set
with their loads connected (Sec. 7.7).

Figure 8.6a shows a basic PACE computer unit. The fully expanded
installation shown in Fig. 1.1 indicates the various accessory units.
Some of the larger PACE installations have dual control panels and

1 Electronic Associates, Inc., Long Branch, N.J.

2 Strong, J. D., A Practical Approach to Analog Computers, Instruments and
Automation, 28: 602, April, 1955.
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patch bays; such a machine can be used either as a single large computer
or as two separate computers (Fig. 8.6b). The company also furnishes
large and small servo plotting boards (Figs. 1.17 and 7.20b) suitable for
use as automatic curve followers.

The Goodyear! Electronic Differential Analyzer (GEDA). A typical
GEDA installation consists of a ncat castered console containing the

F16. 8.6a. Basic PACLE unit (Ilectronic Associates, Inc.).

basic computer unit and a set of accessory racks which hold additional
equipment packaged in modular units. The machine can be controlled
from the main console and from an accessory recorder console (Fig. 7.14).

GEDA problem boards permit stacking of plug-in network components
(Fig. 8.1b). The machine is particularly well suited for applications
involving direct-analog operational amplifiers and built-up diode circuits;
Goodyear engineers have contributed very significantly to the develop-
ment of such techniques (refer to the examples of Chap. 3).

1 Goodyear Aircraft Corporation, Akron, Ohio.
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GEDA d-c amplifiers employ commutator stabilization (Fig. 5.42).
The high-quality time-division multiplier and the diode function genera-
tor used in the GEDA have been discussed in Chap. 6 (Figs. 6.17b and
6.26b). The conventional 60-cps computer servomechanisms incorporate
tapped function potentiometers with plug-in adjustment networks (Sec.
6.10). Resolver servomechanisms, noise generators, recorder amplifiers,
and servo recorder curve-followers are available as optional accessories.

Fia. 8.6h. In this versatile analog-computer installation, problems involving up to 72
operational amplifiers, 72 cocfficient-setting potentiometers, and 20 computer servo-
mechanisms may be set up on two removable prepatch panels. The dual-control
console permits use of the machine either as one large computer or as two complete
separate computers (Itlectronic Associates, Inc.).

Larger GEDA installations are equipped with elaborate dual control
consoles similar to that shown in Fig. 8.6b and comprising advanced scmi-
automatic control and problem-checking circuits (Sec. 7.7). Precision
resistors and capacitors associated with pre-assembled summing ampli-
fiers and integrators are located in constant-temperature ovens; in addi-
tion, individual amplifier racks still permit flexible plug-in connections
of direct-analog-type feed-back networks and built-up diode circuits.

The Mid-Century' Analog Computers. The MC-500 d-c¢ analog com-
puter, as well as its smaller desk-side counterpart, the MC-400, incorpo-
rate conventional chopper-stabilized d-c amplifiers, coefficient-setting
potentiometers, diode circuits, and computer servomechanisms. A six-
channel photoformer unit permits electronic function generation; & spe-

! Mid-Century Instrumatic Corporation, New York City.
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cial camera assembly assists in the preparation of photoformer masks.
The Mid-Century AM-FM electronic multiplier (see also Sec. 6.3) has a
static accuracy of 0.1 per cent of full scale (plus and minus 100 volts) and
a better high-frequency response (flat to 400 cps with less than 1-deg
phase shift at 100 cps) than most time-division multipliers of comparable

accuracy.

(@) ()
¥16. 8.7. The basic GEDA unit () is easily expanded by additional computing equip-
ment housed in matching accessory cabinets (b). Larger GEDA installations
employ a dual control console similar to that shown in Fig. 8.6b (Goodyear Aircraft
Corporation).

The Reeves! Electronic Analog Computer (REAC®). The 400-series
REAC offers a choice of accurate computing elements specifically designed
so that they can be used as building blocks of very large computer instal-
lations (several hundred amplifiers) as well as for compact medium-size
d-c analog computers. Computing elements, power supplies, and acces-
sories are packaged as modular units which fit into an expansion console
made up of cabinets with removable side skins. Figure 8.8 shows how
REAC cabinets of various widths are bolted together to form a continu-
ous console. Interconnecting cables are simply dropped into troughs at

1 Reeves Instrument Corporation, New York City.
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the rear of the cabinets and terminate into solderless taper pins,! so that
it is easy to assemble different combinations of equipment. In particu-
lar, connections to the rear of the REAC patch bay are made by means of

F1a. 8.8. Standard modular units may be combined into a tailor-made REAC com-
puting installation by adding cabinet frames between the removable side skins. The
modular construction is repeated in the interchangeable sections of the prepatch
panel. Note the push-button control panel (Reeves Instrument Corporation).

requirements. Grounded printed silver grids minimize patch-bay leak-
age; similar grids on the plastic problem boards are protected against
short circuits by plastic masks imprinted with the terminal designations
(Sec. 8.3).

REAC design philosophy emphasizes reduction of human errors, par-
ticularly in computer installations requiring frequent problem changes.
Switching operations changing the function of d-c¢ amplifiers, servo-

1 A product of Aircraft-Marine Products, Inc., Harrisburg, Pa.
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multipliers, and resolver servomechanisms are accomplished by patch-
cord connections on the removable problem boards (patch-bay switching),
rather than by manually operated switches associated with the computing
elements themselves. Removal of a problem board opens connections
or deenergizes relays and thus annuls the switching; it is, then, impossible
to forget such switching operations when problems are changed.

The REAC problem~check system (static and *“dynamic’’ problem check)
described in Sec. 7.7 is a further aid to rapid problem preparation and is
particularly useful when frequent problem changes are necessary. This
feature enables operators to ascertain quickly whether the computing
elements are connected correctly and whether they are performing
properly. The problem-check circuits are also available as kits for mod-
ernization of older REACS.

The printed-circuit d-c amplifiers (Fig. 5.41) are ordinarily set up as
phase inverters, summing amplifiers, or summing integrators. Summing-
network inputs correspond to multiplication by 1, 1, 1, 4, 4, 10, and 10,
so that any integral coefficient between 1 and 31 can be obtained directly.
The REAC uses encapsulated 0.01 per cent computing resistors and 0.05
per cent polystyrene capacitors. Patch-bay switching converts any
phase inverter or integrator into a high-gain amplifier.

An cxceptionally wide choice of computer servomechanisms includes
400-cps servomechanisms of remarkably good high-frequency response
(Fig. 5.35), high-speed resolver servos, a 400-cps continuous-rotation
servomechanism with rate feedback useful, e.g., as a resolver servo
(Sec. 6.8), as well as conventional 400-cps and 60-cps computer servo-
mechanisms. All these servomechanisms can drive tapped function
potentiometers.

Electronic multipliers include a diode electronic multiplier based on the
quarter-square principle (Sec. 6.5) and usable at frequencies up t0 0.5 ke,
as well as electronic multipliers of the time-division type described in
Sec. 6.4. The Reeves diode function generator (Fig. 6.26a) is an accurate
and conveniently adjustable series-diode type adaptable to the generation
of certain functions of two variables (Sec. 6.13). Since functions of dif-
ferent complexities are encountered in the solution of problems, the limiter
channels of REAC diode function generators can bhe allocated in different
combinations. A photoformer function generator using a 3-in. cathode-ray
tube is also available and provides an accuracy of about 0.5 volt up to
30 cps.

8.6. REPETITIVE COMPUTERS

The principles of the repetitive analog computer have already been
discussed in Sec. 1.1. Such computers operate on accelerated time scales
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and contain provisions for resetting the machine variables to their given
initial values periodically at repetition rates between 10 and 100 cps.
Solutions of differential equations are thus repeated periodically and can
be displayed on a cathode-ray oscillograph whose linear sweep is syn-
chronized with the initial-condition-setting circuits. One can also dis-
play parametric plots or graphs of one machine variable against another
by connecting the horizontal and vertical input terminals of the oscillo-
graph to the proper points in the computer setup. These display methods
permit instantaneous observation of the effects of changes in parameters
and initial conditions; permanent records can be obtained quickly through
the use of a Polaroid Land camera.

Applications of repetitive analog computers have run the gamut of
analog-computer applications (Seec. 3.12) permitting the use of fast time
scales and relatively low accuracy. The peculiar advantages of repeti-
tive analog computers—very high computing speed and low cost—are
particularly well realized in the following applications:

1. Rapid exploratory studies, to conserve computing time on more
accurate analog or digital computers, or in connection with manual
computations; in particular, rapid approximations of optimum sys-
tem parameters for control systems (see also Secs. 3.1 and 3.4), and
determination of regions of stability

2. Approximate computation and display of integral transforms, such
as Fourier integrals, superposition integrals, and correlation func-
tions (Sec. 3.12)

3. Approximate solution of boundary-value problems and eigenvalue
problems (Sec. 3.10) by visual matching of parameters or initial
conditions to the given boundary conditions

Some “slow’”’ d-c analog computers have provisions for repetitive opera-
tion at reduced accuracy (Sec. 8.4).

Computing Elements for Repetitive Analog Computers. The comput-
ing elements employed in repetitive analog computers are essentially
similar to those used in “slow’’ d-c analog computers, but the working
frequencies required for repetitive operation are higher by a factor of 103
to 10%. The resulting high-frequency response requirements crowd ampli-
fier bandwidths and limit the forward gain permissible for stable feed-
back-amplifier operation, so that operational amplifiers may be subject
to considerable phase distortion (Secs. 4.2 and 4.7). Although this situa-
tion could be somewhat improved through better amplifier design and
special compensating networks (Sec. 4.7), fast repetitive operation also
restricts the choice of nonlinear computing elements. The only applica-
ble types are diode and photoformer function generators, quarter-square,
logarithmic, and amplitude-selection multipliers, and crossed-fields elec-



THE DESIGN OF COMPLETE D-C ANALOG-COMPUTER INSTALLATIONS 409

tron-beam multipliers (Chap. 6). It appears, therefore, unreasonable to
specify component accuracies better than 0.5 per cent of full scale for
multipurpose repetitive analog computers.

Design of Repetitive Analog Computers: The Philbrick! Computer.
Philbrick computing elements are mounted in individual small utility
boxes connected to a ‘“central unit”’ cabinet which contains the power
supplies, the control circuits, and various signal generators.

Philbrick operational amplifiers (Fig. 8.9a) have permanently wired
feedback networks; there are variable-gain amplifiers (coefficient-setting
units), summing amplifiers, integrators, differentiators, and various
direct-analog operational amplifiers. The nonlinear computing elements

+
COMPUTING
NPT IMPEDANGCES
OUTPUT
Z, Z; NEON OVERLOAD —°
LIGHT @ °3
b‘c M\ D-C o
AMPLIFIER AMPLIFIER| | ouTPUT

F1a. 8.9a. This Philbrick operational amplifier incorporates a phase inverter; two
plug-in a-¢c amplifiers of the type shown in Figs. 5.30b and 5.31a arc used. The feed-
back networks are permanently installed but permit adjustment of one coefficient.
The cathode-follower isolation stage tends to reduce accuracy.

include the ingenious amplitude-selection multiplier described in Sec.
6.5, a diode function generator capable of generating functinns of two
variables (Sec. 6.13), and permanently wired special diode function gen-
erators, such as limiters, inert-zone units, and backlash or hysteresis units
(see also Table 6). Every Philbrick computing element incorporates a
phase inverter (Fig. 8.9a), so that both positive and negative output volt-
ages can be obtained. All machine variables vary between minus 50
volts and plus 50 volts; neon overload indicators are provided.

The small plug-in d-¢c amplifiers (Figs. 5.30 and 5.31) used in the Phil-
brick computer can be purchased separately and permit the construction
of special-purpose computing elements.

The Philbrick analog computer can generate solutions periodically at
a normal repetition rate of 20 ¢ps. In many problems involving damped
oscillations, all machine values return to the value zero in the course of

1 George A. Philbrick Researches, Inc., Boston, Mass. The company publishes an
excellent collection of papers (reprints) and lectures dealing mainly with repetitive
analog computers under the title A Palimpsest on the Electronic Analog Art, edited by
H. M. Paynter, 1955.
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the solution, so that all integrating capacitors will be discharged at the
end of a computer “run.”” One can then introduce initial conditions by
simply adding a step-function voltage equal in value to the desired initial
condition to the corresponding machine variable at the beginning .of each
computer run (Fig. 7.2). In the Philbrick analog computer, this is

6AGS " 6J6 6J6 (2 SECTIONS) 6J6
c ! (2 SECTIONS)
+250V +250V +250V +250V
5er<l% 56K 8.2K
003pF 1000
o L - -
= .OZHF X
+225V
1200 {Ir
SOppF
82K
-liov
6ALS 6ALS5
1) C:,_ % S .5IM
p— = -: [ >
15M To ] 1M L a1.25M
iIM YWYV
- L IHF I |'™
"
JuF
SQUARE WAVE INPUT 4t
FOR GATES o1y
AND INITIAL
CONDITIONS ©
] S~INITIAL CONDITION
20K $10K 250, ADJUSTMENT
N |
2K3 i 2K

Fic. 8.9b. Circuit diagram of an integrator from the MIT repetitive computer. The
open-loop gain is 1,600, and the open-loop half-power points are at 0.16 e¢ps and 100 ke.
Output range is plus and minus 20 volts at about 1 ma with less than 3 per cent dis-
tortion. Note the clamping circuits, used to discharge the integrating capacitor, and
the summing circuit, used to add initial-condition voltages to the integrator output
voltage. The initial-condition voltage is not used to charge the integrating capacitor
directly in this arrangement. The same amplifier circuit is also employed in summing
amplifiers with gains up to at least 150.

achieved by means of the ordinary summing amplifiers, the step func-
tions being obtained from a square-wave generator in the central unit.
If, on the other hand, one or more machine variables do not return to
zero at ‘the end of a solution, it is possible to discharge the integrating
capacitors at the end of each computer run through electronic switches
controlled from the central unit.
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The central unit of the Philbrick analog computer contains plus and
minus 300-volt power supplies, a control panel, and various plug-in multi-
vibrators which supply square-wave voltages used to introduce initial
conditions and step functions, to drive sweep circuits, etc. An accessory
television-type raster generator permits simultaneous display of up to
8 variables on a single oscillograph screen calibrated by permanently dis-
played electronic marker lines (‘““electronic graph paper”’).

The specified accuracy of Philbrick operational amplifiers and mul-
tipliers is better than 1 per cent of full scale, presumably at frequencies
near the repetition frequency. The specified accuracy of the various
diode function generators is 2 per cent. Accuracy is somewhat affected
by d-c¢ amplifier drift, even though repetitive solutions need not actually
contain a d-c component. The more recently designed MIT repetitive
differential analyzer represents an interesting improvement in this
respect.

The MIT Repetitive Differential Analyzer. An improved repetitive
analog computer was developed under the direction of Dr. A. B. MacNee!
at the Research Laboratory of Electronics of the Massachusetts Institute
of Technology.? This machine comprises parallel-feedback integrators
and summing amplifiers as well as function generators of the photoformer
type (Sec. 6.6) and the crossed-fields electron-becam multiplier (Sec. 6.2),
newly developed by the same group. Initial conditions are again intro-
duced by resetting all machine variables to zero at the end of each com-
puter run and by adding step-function voltages corresponding to the
initial conditions to each integrator output at the beginning of each com-
puter run. The accuracy of the initial model is comparable to that of
the Philbrick computer.

The significant improvement in the new analyzer is the use of a-¢c ampli-
fiers in all operational-amplifier circuits and other computing elements.
Figure 8.9b shows a simplified diagram of an a-¢ amplifier used in the MIT
computer. At the end of each computer run, all machine variables are
reset to zero and all charges are removed from the coupling capacitors
by means of electronic switches based on the clamping circuits commonly
used in television sets. Positive and negative galing pulses applied at
the appropriate points shown in Fig. 8.9b permit the diodes to conduct
and will reduce the output voltage of each amplifier stage (measured at
the points z) to zero if the relative magnitudes of the positive and nega-
tive gating pulses are adjusted correctly by means of the balancing con-
trols shown.?

1 MacNee, A. B., An Electronic Differential Analyzer, Proc. IRE, 87: 1315, 1949.

* Cambridge, Mass.

3 See also N. T. Van der Walt, An Electronic Servo Simulator, Elec. Eng. (London),
February,1952.
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These clamping circuits assure the return of the machine variables to the
correct initial values for all types of solutions and also tend to simplify the
computer design. Repetitive analyzers, such as the Philbrick computer,
which make use of d-c amplifiers still require regulated power supplies in
order to avoid drift in the reference level of the solutions. In repetitive
analyzers using a-c amplifiers power-supply regulation is not an essen-
tial requirement. Interaction between computing elements through the
power supplies of repetitive computers can be eliminated by the use of
conventional decoupling filters. Furthermore, the a-c amplifiers used in
the MacNee type of repetitive analyzer could be operated with a single
power supply, although this is not the case in the original design. The
component accuracy of the MacNee machine is between 0.5 and 1 per
cent of full scale (plus and minus 25 volts); repeated solutions usually
agree within 0.1 per cent.

Possible Future Developments. Although the accuracy of repetitive
analog computers is not sufficient to produce acceptable final results in
many applications, improved compact machines of this type could be
invaluable for rapid exploratory studies and especially for instruction
purposes.

The design of new repetitive analog computers should pay increased
attention to improved patch bays and flexible control circuits. The high
computing speeds of repetitive analog computers offer fascinating possi-
bilities in connection with simple automatic programming schemes (see
also Sec. 7.7). Suitable feedback circuits could, for instance, permit
automatic adjustments of system parameters so as to optimize some
measure of effectiveness averaged over several computing cycles. Spe-
cial-purpose repetitive analog computers of this type should be uscful as
“super-controllers’’ for continuous optimization of system parameters in
actual automatic control systems (see also Sec. 3.4).
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Table 1: Examples of Parallel-feedback-type Operational Amplifiers for a
s Xo _ _ Z(P)
Number of Transfer Functions X, 7P (Sec. 1.5)

Additional circuits may be designed with the aid of Table 3.

Transfer function Circuit
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Table 2: Additional Operational-amplifier Circuits (Sec. 1.5)

These circuits may simulate components of dynamical or electrical systems (Sec.
3.4) and are useful for the solution of partial differential equations (Sec. 3.10). Each
circuit involves a simple integration and yields — RCPX, as well as X,. The load
resistance rz is usually an input resistor of another operational amplifier. These
circuits are most useful if frequent parameter changes are not required.

Machine equation Circuit
R, R,
R R | R C
21| Xo = — [ T4 Py 1] sk
(FHo+mtm+tm+ ) RRCP+ -
1 -RCPX,
Xu Xa 1 ! o
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Table 8: Transfer Impedances for Operational Amplifiers* (Sec. 1.5)
This table is used to find networks whose transfer impedances Z,(P), Z:1(P), Z:(P),
., match the desired performance equation

X, =

_Z(P)
T Zy(P)

X, or Xo=— Z,,(P)[

X,

Z(P)

X
tamt ]

for an operational amplifier of one of the types shown in Figs. 1.14a, b, ¢, d. See
Fig. 1.15b for an example illustrating the use of the table.
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Table 8: Transfer Impedances for Operational Amplifiers* (Scc. 1.5) (Continued)
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Table 8: Transfer Impedances for Operational Amplifiers* (Sec. 1.5) (Continued)

Transfer-
impedance Network Relations Inverse
function relations
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Table 8: Transfer Impedances for Operational Amplifiers* (Sec. 1.5) (Continued)

Transfer- . Inverse
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Table 8: Transfer Impedances for Operational Amplifiers* (Scc. 1.5) (Continued)

Transfer-

Inverse
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Table 8: Transfer Impedances for Operational Amplifiers* (Sec. 1.5) (Continued)
Transfer-
impedance Network Relations Inverse
function relations
R AT:
- 4 =2R+ 50 Bi=wiv e
A : AT
[(l + PTy)(1 + PTy) T: = RiCy R: = i —m————
(T1+ Ty
T: <TW LT (T1 + Ty — 2T9)
- - RiR: _T(T+ Ty
Th = mm)wﬁcn o - O AT
T = R\C: C: = m:;———%;-—gl—)
AT
A=kt ke Bt
AT,
A[ 1+ PTy "R Ti= R Be=tmr e
tEavs Ty = R:Cy C,:.QLI_TL)
Bek-9)

* Reproduced bB permission of the Mc(:raw-Hxll Publishing Company from F.
-c Amplifier, Electronics, épnl
ity

McCoy, Driftless

Reeves Instrument Corporation, New York

952,

Bradley and R.

This table was developod by 8. Godet of the
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Table 4: Examples of Functions of the Time r Generated as Solutions of
Simple Differential Equations (Sec. 6.6)

Circuit or block

(A>0,a>0)

in Sec. 6.9

No. Machine equation diagram Remarks
“to—(@—1 > x | Ramp function if source is
41 | X =ar +b u switched
®
42 | X = }gar* —br + ¢ iaClba Pt
® O Generation of terms for
. power series
= 73
43 |Y = —72
Z =1
X = deorr xo—() X
4.4 (@b > 0) H»
®
X = Aest7 X0 o b H} oX
4.5 (ab > 0)
®
4.6a
X = A cos wr
——| Y = A sin wr Sine-wave generator; gener-
( b 2 ) rec 2B FY |« atiot} of ‘eirctl)es a(rlld ellipses
w=ab = CvE W > on plotting boar
4.6b*
n X0 oX
a7 X=-parm?* r---tg' I-l:l
= (a + br)™ )
0O <n<10,a >0,b=1) a and br are in megohms;
T = const.r. See also
Table 5
48 | X =1log. (a + br)
(@>20,b=1) @
= —8%.% = Ae—3 X Potentiometer-loading
4.9 X - ﬁrx Ae™3 'J:orf %‘. errors must be corrected as
T 4
sesweed

* Howe and Leite, Low-Frequency Oscillator, Rev. Sci. Instr., 24: 901, 1953.
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SUBJECT INDEX

A

Absolute-value circuit, 54, 142, 424, 427
Absorption, dielcctric, 179, 239, 249
Accuracy, in repetitive computers, 408
409
requirements, 5-6, 388
Adjuster-type equation solvers, 67-68
Adjustments (see Balancing; Calibration)
Aerodynamic loading, 135, 140
AGC (automatic gain control), 336-339
Air conditioning of computer laboratory,
391
Air Force Cambridge Laboratories, 325
Aireraft flight equations, 115-128
linearized (pitch), 122-128
in three dimensions, 118-119
Aircraft-Marine Products, Inc., 406
Algebraic operations, 12-18
Amplified resistance, in d-c amplifier cir-
cuits, 204-206
in integrators, 176-178
Amplitude distribution, 141
Amplitude error (see Errors)
Amplitude selection, 298
function generator, 343
multiplier, 282-284
Analog computer, 1
Angle of attack, 116
Applied Physics Laboratory, Johns Hop-
kins University, 395
Arma Corporation, 261
Automatic balancing, 231-248
Automatic gain control (AGC), 336-339
Automatic pilot, 120, 128-140
Automatic programming, 383-386, 412
Automobile suspension, 75-80

B

Backlash, in computer servomechanisms,
306, 309
representation of, 85-88, 102, 107, 427
Balancing, of d-c amplifiers, 191, 381
automatic, 231-248
of electronic multipliers, 268, 271, 275
of electronic switches, 277-278

Ballistic problems, 110-115, 154, 338, 388
Barriers, representation of, 85, 149-150
(See also Stops)
Bell Telephone Laboratories, 229, 395
Berkeley Division, Beckman Instru-
ments, Inc., 223, 280, 297, 400-402
Block-diagram symbols, 37
Block diagrams, 35-39
Block representation of mathematical
relations, 8-10, 21, 97
Boeing Airplane Company, 27, 224-225,
228, 326, 399-400
Booster resistors, 38, 242--243, 250
Bootstrap circuit, integrator, 172-174
for potentiometer, 317-318
for reference power supply, 378-379
Borg, George W., Corporation, 156
Bottle plug, 402
B9t1n(iary-va1ue problems, 142-143, 385,
408
Box-car coupling, 153
Breakpoint, 290
Bridge-balanced d-c amplifier, 204-208,
225, 230, 243, 245
Bridge limiter, 294, 426
Bridge rectifier, 379
Buffer amplifier, 172, 317

C

Calibrating device, 160-161, 396, 398
Calibration, of computing networks, 157,
160-161, 383
of diode function generator, 297, 343—
344
of integrator, 180
of operational amplifiers, 163
of potentiometer, 157, 160-161, 383
(See also Loading errors)
of recorder, 360-361, 381, 383
of summing amplifier, 164-165
of tapped function potentiometer, 324,
327
California, University of, 270, 300
Cannonball, trajectory of, 110-115
Cathode follower, differential, 299, 364—
365
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Cathode follower, input stage, 241-242
output stage, 213, 224, 226-228
Checking, of computer setup, 57-58
of solutions, 381-383
semiautomatic, 385-386, 402, 404,
407
Chopper (synchronous vibrator), in com-
puter servomechanism, 300-301, 303
in d-c amplifier, 231-245
representation of, 102, 104
Chopper stabilization, 234-239
Clamping circuit, 410-412
Closing equations, 60
Clutch, representation of, 101, 105
Coefficient-setting potentiometer (see
Potentiometer, coefficicnt-setting)
Commutator stabilization, 237-239, 246
Comparator, 298-299, 384, 428
Comparison circuit for power-supply reg-
ulator, 374
Component accuracy, 388
(See also Frrors, and individual com-
puting elements)
Components, choice of, 218-249, 306,
309-310, 390
Computer operation, summary of, 380-
381
Computer servomechanisms, 16 -17, 253
design of, 209-313
division circuits, 338-340
frequency-response limitations, 57, 251,
302
in flight simulators, 140
input circuits, 303
loading errors, 316-319
mechanical construction, 306, 309-310
performance characteristics, 302-303
(See also Potentiometer, servo-driven)
Computing elements, 1, 11
block diagram symbols, 37
requirements for, 11, 26
Computing networks, 21-22
calibration of, 396
plug-in, 27, 388, 394, 396, 403
transfer functions, 22, 166
transfer impedances, 25, 417-422
(See also Integrating network; Sum-
ming network)
Computing time, limitations on, 19-20,
169, 180, 183
Conformal mapping, 151, 154
Console, 2, 362, 395, 401, 403-405
Constraints in dynamical systems, 88-92
Control circuits,.345-360
operating-control systems, simple,
350-352
with automatic timing, 356-358
push-button, 352-358
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Control circuits, operating-control sys-
tems, semiautomatic, 383-386, 412
(See also Initial conditions; HOLD
condition)
power-control systems, 351-353
Control systems, use of d-¢ analog com-
puters in, 1, 109-110, 412
Coordinate transformations, polar-to-
rectangular, 334-335
rectangular-to-polar, 335-338
rotation of coordinates, 330-331
Cornell University, 270
Correction function generator, 319
Correlation functions, 141, 152, 408
Curtiss-Wright Corporation, 305, 326,
395-396
Curve follower, automatic, 151-152, 315
manual, 314-315
(See also Servo table)
Cyeclic reset timer, 397
CYCLONE project (see Reeves Instru-
ment Corporation)

D

Dashpot, 72
D-c analog computer, 1, 4
appraisal of, 5
comparison with digital computer, 5
as control-system component, 1, 109-
110, 412
list of applications, 152—-154
Dead space, representation of, 85-86, 102,
292-293, 426
Dials, 156, 350, 392
Dieleetric hysteresis, 170, 239, 249
Difference methods, 145-147
Differential amplifier, analysis of, 205,
209-214
as input stage, 224, 227-229
with automatic balancing, 235, 240-
247
in multipliers, 260, 262-263, 266
in power-supply regulator, 374, 376
in recorder-driver amplificr, 365
in sine-cosine circuit, 332
Differential analyzer, 1, 7, 10
Differential-analyzer technique, classical,
10, 40
vs. direct-analog techniques, 22
Differential cathode follower, 299, 364—
365
Differential equations, analog-computer
solution of, by direct-analog tech-
niques, 20-26, 147
general method, 4, 9-11
of harmonic oscillations, 9-11, 40-42,
189, 423
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Differential equations, Legendre’s equa-
tion, 49-53
linear, with constant coefficients, 40—
46, 188-189
with variable coefficients, 46-53
Mathieu’s equation, 47—49
nonlinear, 53-56
partial, 144-147
Rayleigh’s and Van der Pol’s equa-
tions, 53-56
(See also Initial conditions)
Differentiation, electrical, 9-10, 13, 20, 171
D.gital computers vs. analog computers, 5
Digital readout, 357, 384
D'gital voltmeter, 150
Diode circuits, amplitude-selection, 282-
284, 298, 343
built-up, 77, 82-86, 292-295, 298, 404,
426-428
characteristics of, 290, 298-299
comparator, 208-299, 384, 428
complete function gencrators, 295-297
for functions of two or more variables,
342-344
(See also Limiter circuits)
Direct-analog computing techniques, 20—
26, 106, 147
(See also Operational amplifier)
Distortion, cffects of, 165-166, 180, 184
Division, electrical, 17, 259--260, 281,
338-340
Donner Scientific Company, 3, 223, 225,
276, 280, 297, 397
Drag, 110, 117
Drift, in d-c amplifiers, 191-196
diode, 296, 298
in integrators, 181-182
DSS (Dynamic Systems Synthesizer), 395
Dummy plug, 57
Dynamic balancing, 278
Dynamic plate resistance, 174-175
(See also Amplified resistance)
Dynamical systems, representation of, 80

E

EASE (see Berkeley Division, Beckman
Instruments, Inc.)
Economic analogs, 154
Economic Dispatch Computer, 110
Eigenvalue problems, 144, 385, 408
Elastic structures, 5, 146-147
Electronic Associates, Inc., 2, 28, 242-
243, 280, 302-303, 327, 338, 367, 376,
378, 385, 393, 402-404
Elrctronic switches, 272-280
dynamic balancing of, 278
(See also Diode circuits; Multivibrator)
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Equalizing networks, for computer servo-
mechanisms, 300, 303
for d-¢ amplifiers, 217-222, 231, 402
for operational amplifiers, 189
for recorders, 366
representation of, 96-97, 102, 106
Equations, analog-computer solution of,
61-68
(See also Differential equations)
Equivalent circuit of vacuum-tube ampli-
fier, 197
Error-indicating lights (see Overload in-
dicators)
Errors, in control system, 94, 98-99
in electronic multipliers, 258, 279, 282
in integrators, 167—170, 180-182
in operational amplifiers, 162-166
in photoformers, 286
due to potentiometer loading, 38, 158-
160, 316-319
in tapped function potentiometers,
327-329
in solution of differential equations,
188-189

F

Fabricated diode circuits (see Diode cir-
cuits, built-up)
Feedback limiter, 82, 84, 292-294
Fire-control computer, 4, 154, 226, 229,
395
Flight equations (see Aircraft flight equa-
tions)
Flight-path angle, 116
Flight simulator, 119-120
computer setup, 126, 134
used to design automatic pilot, 128-
140
used for partial system tests, 129, 134,
140
Flight table, 129-130, 135, 138
Flood control, 154
Flutter, 147, 153
Forces, representation of, 81
(See also Backlash; Constraints; Fric-
tion; Nonlinear mechanics; Stops;
Viscous force)
Fourier analysis, 141, 152, 316
Frequency response, of aircraft, 127, 139
of d-c amplifiers, 239
of servomechanisms in flight simu-
lators, 140
(8See also Stability, and individual com-
puting elements and recording
devices)
Frequency-response analysis of servo-
mechanisms, 99-100
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Friction, dry (coulomb), 83, 100, 102,
427
viscous, 72, 82
Full scale, 388n.
Full-wave rectifier (absolute-value cir-
cuit), 142, 427
Function generators, 17-18, 251, 284
cathode-ray-types, 285-288, 342
functions of two or more variables,
340-344
switch-type, 50-51, 319-321
(See also Diode circuits; Potentiome-
ters, servo-driven)

G

Gain changes, 165-166

Gamewell Corporation, 331

Ganging, of electronic multipliers, 260,
278

of potentiometers, 251, 300

Gate generator, 272-280

Gauss-Sceidel approximation method, 62

Gaussian noise, 142

Gear trains, in computer scrvomechan-
isms, 306, 309

representation of, 94-97, 102
(See also Backlash)

GEDA (see Goodyear Aircraft Corpora-
tion)

Goodyear Aircraft Corporation, 227,
220-231, 243-244, 246, 277, 280, 296,
362, 395, 403-405

Granularity, representation of, 102, 427

Grid current, 193-194

in cathode follower, 240-242

Ground connections, 249, 390

Guidance (aircraft), 153

Gust, simulation of, 141

Gust loads, 153

H

Heat-conduction problems, 144-146

Heath Company, 3, 398-399

Helicopters, 153

Helipot Corporation, 156, 314

High-gain d-c amplifier (see Constraints;
Implicit computation; Inverse
function; Qperational amplificr;
Stops)

HOLD condition, 109, 142, 348, 384-
386

Human operb.tors in control systems, 108—
109

Hysteresis, dielectric, 179, 239, 249

representation of, 103
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I

Implicit computation, 11, 63—-64, 337, 340

Independent linearity, 157

Induction generator, 301, 305

Inequalities, representation of, 8388,
147-151

Inert zone (see Dead space)

Initial conditions, 4, 10, 44-46, 340, 381

circuits for setting, 345-349

(See also Control circuits)

in repetitive computers, 408-411

Input impedance of operational amplificr,
165

Input table, 314-315

‘‘Insulation with metal,” 249-250, 298,
393, 401

Integral transforms, 151-152

Integrals, cvaluation of, 151-152

Integrating network, 13, 18-19, 21-22,
166, 170, 172

Integration with respect to a dependent
variable, 39

Integrator, bootstrap, 172-174

clectronic, 13, 18-20, 170-184

perfect, 171

regenerative, 186-187, 223

summing, 20, 182-283, 186n.

(See also Initial conditions)
Interpolation, electrical, 341-342
Inverse function, 340
Inverse resolver, 335-338
Isograph, 151
Isolation amplifier, 172, 317

J
Jitter in servomechanisms, 101, 300n.
L

Lagrange’s equations, 91
Land camera, 362, 408
Lead networks (see Equalizing networks)
Leakage, in diode circuits, 298
of integrating capacitor, 180-181
in printed circuits, 243
between terminals, 298, 393, 401-407
Lift, 110, 117
Limit stops (see Stops)
Limiter circuits, 292-295, 299
to protect recorder, 364-365
(See also Diode circuits)
Linear programming, 147-151
Linearity, potentiometer, 157
Loading errors, potentiometer, 12, 38,
158-160, 316-319
of tapped function potentiometers,
327-329
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Low-cost computers, 3, 5-6, 389, 397—
400

M

Machine equations, 35-39
Machine time, 8, 32-35
Machine units, 31
Machine variables, 1, 7, 30-32
Magnetic amplifier, in computer servo-
mechanism, 312-313
in modulation-type multiplier, 255
Maintenance, 1, 389
Massachusetts Institute of Technology,
122, 152, 166, 198, 286, 331, 375, 411~
. 412
Mean square error, 99, 141
Michigan, University of, 226, 397
Mid-Century Instrumatic Corporation,
404-405
Miller compensator, 211
Miller effect, 215
Minneapolis-Honeywell, 153
Model, analog computer as, 6
Monoformer, 287-288
Multipliers, amplitude-modulation, 254—
256, 267
amplitude sclection, 282-284
dynamometer-type, 256257
electron-beam, 257-259
feedback, 259-280
FM-AM, 267-268
four-quadrant, 252
heat-transfer, 261, 263
logarithmic, 280-281, 397
pulsed-attenuator, 269-280
quarter-square, 281 -282
relay, 270-274
servo (see Computer servomechanisms)
step, 263-266
time-division, 270-280
two-quadrant, 252
variable-density cathode-ray, 342
vibration, 256
Multivibrator, as gate generator, 273—
276
representation of, 428

N

Navigation, 128
Network-type analog computers, 5, 147
Noise, in computer servomechanisms,
300n., 306

m d-¢ amplifiers, 239

(See also Random processes)
Noise generator, 141-142, 288
Nonlinear mechanies. 53-56. 154
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NOTS Inyokern, 223
Nuclear engineering, 154
Null method (see Calibration)

(o)

Offset voltage (spurious d-¢ input volt-
age), 193, 236, 239
(See also Ground connections; Leakage)
Ohio Edison Company, 110
Operating procedure, summary of, 380-
381
(See also Control circuits; Setup proce-
dure)
Operational amplifier, 12, 13, 23-26
choice of circuit, 387-388
error analysis, 162-166
regenerative, 184-189
for repetitive computer, 408-410
with series feedback, 175, 178
as servo amplifier, 310, 313
tables, 415-422
(See also Calibration; Differentiation;
Integrator; Phase Inverter; Sum-
ming amplifier)
Operations research, 141-142, 147-151
Qutput impedance of operational ampli-
fier, 165
Output stages for computer amplifiers,
212-214
Oven, for computing networks, 396, 402,
404
crystal, 299
Overload, recovery after, 237
Overload indicators, 238, 310, 358-360,
392, 409

P

PACE (see Llectronic Associates, Inc.)
Parameter studies, 6-7, 69-70
Partial differential equations, 144-147
Partial system test, 6, 34, 92
of automatic pilot, 129-130, 135, 138,
140
involving human operators, 108
Patch bay, 2, 3, 27, 391-394, 400-402
Patch-bay switching, 407
Phase errors, 164, 170
Phase inverter, 12-14
Phase plane, plots of solutions in, 56,
408
Phase shift (see Stability)
Philbrick, George A., Researches, Inc.,
224, 226227, 282-284, 409-411
Philco Corporation, 287
PHOSIAC (improved variable-density
cathode-rav function generator). 342
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‘Photoelectric chopper, 239, 244, 247—
248
Photoformer, 285-287
Pitch-attitude angle, 116
Pitch table, 135, 138
Plotting board (see Servo table)
Plug-in network components, 27, 388,
394, 396, 403
Poisson distribution, 142
Polaroid Land camera, 362, 408
Polygonal functions, 291, 295-296
Potentiometer, coefficient-setting, 12-13,
155-161
keyboard-set, 383, 397, 400—-101
loading corrections, 158-160
specifications, 155, 157
(See also Calibration; Dials)
servo-driven, generation of functions
with linear, 320-321, 424-425
loading errors, 316-319
sine-cosine, 330-333
specifications, 155-158, 313-314
(See also Computer servomechan-
isms; Tapped function potenti-
ometer)
Potentiometer granularity, representa-
tion of, 102, 427
Power-distribution problems, 110
Power series, generation of terms for, 423
Power spectrum, 141
Power supplies, construction of, 377-379
filament, 369
placement of, 389
reference, 377-379
regulated high-voltage, 370-378
for relays, 379
Precision, 389
Precision limiter, 84, 295
Preloading, 317
Prepatch panel (see Patch bay)
Printed circuits, 243-244, 390, 398
Problem board (see Patch bay)
Problem check, 385-386, 402, 404, 407
Problem specifications, examples, 73-75,
78-79, 111--114, 122-125
forms, 35, 70-71
Process-control systems, d-c¢ analog com-
puters as components of, 1, 109-110,
412
representation of, 103-110
Proportional control, 106-107
Pulse-amplitude-pulse-width modulation,
268-270
Pulsed attenuator, 269-270
Punched-card programming, 383, 394-
395, 402
Push-button control system, 352-358,
400-401, 406
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R

Radiation, Inc., 366
Radio Corporation of America, 240, 247-
248, 256, 263, 265-266, 277-278,
395
RAND Corporation, 240-243, 303, 307,
395
Random processes, 7, 140-142
(See also Mean square error; Noise)
Random pulses, 142
Rate control, 106-107
Rate error, 167
Rate servomechanism, 289, 301, 407
Raytheon Manufacturing Company, 288
RC network (see Integrating network)
Rea, J. B, Company, 153
REAC (see Reeves Instrument Corpo-
ration)
Recorders, 4, 27-28, 391
calibration of, 32, 360-361, 381, 383
galvanometer-type, 362-366
driver amplifiers for, 363-365
miscellaneous types of, 361
servo tables, 27-28, 366-368
Records of computer solution, 71
examples, 75, 79-80, 114-115, 125-128
Reeves Instrument Corporation, 70, 243—
245, 272-273, 289, 282, 296, 308, 311,
315-316, 363, 367-368, 394-395, 398,
405—-107
Reference clement, 374
Reference power supply, 377-379
Regenerative operational amplifiers, 184-
189, 223, 225-226, 228
Regulator, power supply, 224, 370-378
Relay, mounting of, 248
multiplier, 270, 271, 274
operational, 299
representation of, 101, 104
(See also Control circuits)
Relay servomechanism, 311-312
Remote control of computer, 358, 362,
396
Repetitive analog computer, 4, 407-412
computer setups, 48, 55
RESET condition, 44, 345
(See also Control circuits; Initial con-
ditions; Storage integrator)
Reset rate, 106-107
Resolution, potentiometer, 157, 313
(See also Granularity)
Resolver, 333-335, 337
Ripple filter, 279
Rocket, 115, 117, 153
Rotating machinery, analysis of, 101,
154
Rotation of coordinates, 330-331
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8

Sampled-data systems, 109
Saturable reactor as voltage regulator,
370
(See also Magnetic amplifier)
Saturation of servo amplifier, 102
Scale factors, 30-32
alternative methods for handling, 58—
61
automatic changes of, 384
Schrodinger’s equation, 154
Series compensation (see Bridge-balanced
d-¢ amplifier)
Series limiter, 83, 86, 292-294
Servo amplifier, for computer servomech-
anism, 300-309
representation of, 102
Servo table, 27-28, 366-368
(See also Curve follower)
Servomechanism tester, 100, 288-289
Servomechanisms, figures of merit for,
98-99
representation of, automatic-pilot,
133-138
carrier-type, 92-97, 101-102
clutch, 101, 105
hydraulic, 103, 105
with rate feedback, 97, 102
(See also Computer servomechanisms;
Servo table)
Servomultiplier (see Computer servo-
mechanisms)
Setup procedure, summary and precau-
tions, 56-58
Shell Development Company, 103
Shock ahsorber, 75-80
Short-circuit transfer impedance, 25, 417-
422
Shunt capacitance, effect of, 215-222
Shunt limiter, 83, 292-294
Side force, 110
Simulation, 6
(See also Flight simulator; Partial sys-
tem test)
Sine-wave generator, 9, 40-41, 189, 423
(See also Servomechanism tester; Po-
tentiometer, servo-driven, sine-
cosine)
Slack variables, 150
Solenoid clutch, 101, 105
Southern California, University of, 88
Specialties, Inc., 257
Spring-loading, 85-88
Springs, automobile, 75-80
nonlinear, 81-82
to simulate aerodynamic loading, 135,
140
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Stability, of aircraft, 121
of computer setups, 37, 147, 189, 222
of equation solvers, 62, 64-66
of feedback amplifiers, 214-222
Stabilization networks (see Equalizing
networks)
Stops, in computing potentiometers, 310
representation of, 83-88, 100, 135
Storage integrator, 109, 384-385
Summing amplifier, 13-14, 16, 164-165
Summing integrator, 20, 182-183
Summing network, 13-14
Switch-type function generator, 50-51,
319-321
Symbols, block-diagram, 37
Synchronous vibrator (see Chopper)
System design, use of d-c analog com-
puters for, 6-7, 69-70

T

Tapered function potentiometer (see
Potentiometer, servo-driven)
Tapped function potentiometer, calibra-
tion, 324, 327
construction, 311, 324-326
effect of load, 327-329
Terminal linearity, 157
Theoretical linearity, 157
Thrust, 115-116
Time constant of integrator, 167, 173,
176-177, 179
errors due to finite, 188
Time delay, representation of, 106-109
Time scale, 32-35
Timer, automatic, 356-358, 397
Torque, representation of, 81
Training devices, 119
Trajectory computations, 110-115, 338,
388
Transfer functions, of aircraft, 122, 127,
139
of computing networks, 22, 166
of control-system components, 105-
1086, 108
of d-c amplifier stages, 216, 220-221
of integrators, 18, 167, 171, 173, 175,
179-180
of operational amplifiers, 415
of potentiometers, 158, 318
(See also Frequency-response analysis
of servomechanisms)
Transfer impedances, 25
table of, 417-422
Transformation equations (scaling
equations), 30-32
Transient response, of aircraft, 126, 136-
138
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Transient response, of integrator, 19, 168  Vibrating structures, 5, 146-147
of process-contro] system, 107 Viscous force, 150
of servomechanism, 95-96, 98
Transistor amplifiers, 250-251 w
Transistor choppers, 250-251
Transport lag, 106-108
Turbojet controller, 153
TYPHOON project (see Radio Corpo-

Water-hammer problems, 154
Westinghouse Electric Corporation, 107
Weston Electrical Instrument Corpora-

ration of America) tion. 257
’
. U Wind axes, 110
U.8. Air Force, 395 X
U.S. Naval Research Laboratory, 66
U.8. Navy, 395 Xylene column, 106
\4

Z
Vector servomechanism, 335-338
Vibration absorber, 72-75 Zero-based linecarity, 157
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