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PREFACE

The study of continuous groups of transformations inaugurated
by Lie resulted in the development of an extensive theory by him
and under his inspiration by Engel, Killing, Scheffers and Schur.
Cartan in his thesis placed many of these results on a more rigorous
basis. Bianchi and Fubini developed geometrical applications of the
theory. This chapter of the history closed about thirty years ago.
A new chapter began about ten years ago with the extended studies
of tensor analysis, Riemannian geometry and its generalizations, and
the application of the theory of continuous groups to the new phys-
ical theories.

This book sets forth the general theory of Lie and hlg‘ contempo-
raries and the results of recent investigations with thé aid of the
methods of the tensor calculus and concepts of the new differential
geometry. The first three chapters contain in the main the results
of the first period. Chapter Four is devoted to the theory of the
adjoint group and the sequence of theorems basic to the character-
ization of semi-simple groups, as developed by Cartan and recently
by Weyl and Schouten. Although geometrical ideas are used
throughout the book, Chapter Five contains the geometrical
applications of the theory both in the space of the transformations
and in the group-space, and here are to be found particularly the
concepts of the new differential geometry. The theory of contact
transformations with applications to geometry and mechanics
is set forth in the closing chapter.

Of the many exercises in the book some involve merely direct
applications of the formulas of the text, but many of them constitute
extensions of the theory which would properly be included as por-
tions of a more extensive treatise. References to the sources of these
exercises are given for the benefit of the reader. All references are
to the papers listed in the Bibliography.

In the writing of this book I have had invaluable assistance and
criticism by my colleagues Professors Bohnenblust, Knebelman and
Robertson, and by my former student Dr. T. S. Graham particularly
in connection with Chapter Four. The galley proof has been read
by the students in my course this year and revised on the basis of
their suggestions; Mr. F. D. Cubello has aided me considerably while
seeing the book through the press.

LutHER PFAHLER EISENHART.

May, 1933.
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CHAPTER 1

THE FUNDAMENTAL THEOREMS

1. Certain systems of partial differential equations. Mixed
systems. In this section and the next we establish certain theorems
concerning differential equations which are used later.

Consider a system of partial differential equations

6%

(1.1) a. = ‘p“(ol « o ’om;xl' « e ’xn) =

¢°§(0;x)(a=l,-‘-,m;i=1,-~',n),

where the y’s are functions of the 6’s and the z’s; it is understood
that the following treatment applies to a domain in which the ¢’s
are analytic in the 6’s and z’s. These equations are equivalent
to the system of total differential equations

(1.2) do* =Yzt (@a=1,- -+ ,m;i=1,---,n).

In these equations we have made use of the convention, to be used
throughout, that when the same index appears twice in a term this
term stands for the sum of the terms obtained by giving the index
each of its values; thus the right-hand member of (1.2) stands for
the sum of » terms as ¢ takes the values 1 to n.

The conditions of integrability of (1.1) are

3 8¢‘§,_§£’ W5, (w )
a:ci'l"aav"¢ +ao*¢ a,B,'y—l e ,m

(1.3)

we remark that in these equations 8 and y are summed from 1 to
m. If these equations are satisfied identically, the system (1.1)
is said to be completely integrable. In this case the solution is
expressible in the form

(14 6=+ ( ) (@ — 20) + (aitzi)u(x‘ — 1) (2f — 2)
+ o« o ’
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where (?f)o = Y%(c; 7o) and the other coefficients are obtained
x‘

by differentiating (1.1) and evaluating by equating the 2’s to the
zo’s and the 6’s to the ¢’s. Thus for the domain of the 2’s for
which the series (1.4) are convergent we have a solution of (1.1)
determined by m constants. We denote such a solution by

(1.5) 0“ = a(zl’ PR ,xn; Cl, e, cm).

If equations (1.3) are not satisfied identically, we have a set F;
of equations, which establish conditions upon the 6’s as functions
of the z’s. If we differentiate each of these equations with respect

a6®
to the z’s and substitute for " from (1.1), either the resulting
xl

equations are a consequence of the set F, or we get a new set F,.
Proceeding in this way we get a sequence of sets Fy, Fy, . . . , of
equations, which must be compatible, if equations (1.1) are to have
a solution. If one of these sets is not a consequence of the preceding
sets, it introduces at least one additional condition. Consequently,
if the equations (1.1) are to admit a solution, there must be a
positive integer N such that the equations of the (¥ + 1)th set
are satisfied because of the equations of the preceding N sets;
otherwise we should obtain more than m independent equations
which would imply a relation between the z’s. Moreover, from
this argument it follows that N < m.

Conversely, suppose that there is a number N such that the
equations of the sets

(1.6) Fy...,Fy

are compatible and each set introduces one or more conditions
independent of the conditions imposed by the equations of the other
sets, and that all of the equations of the set

(1.7) Fypa

are satisfied identically because of the equations of the sets (1.6).
Assume that there are p(<m) independent conditions imposed by

v

36"
rank p, these equations may be solved for p of the 6’s in terms of the
remaining 6’s and the z’s, and the equations are then of the form
(by suitable numbering)

is of

(1.6), say G,(6, z) = 0. Since the jacobian matrix
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(18) o — ’(0p+1’...’0m,x)=0 (‘7":19'",?)'

From these equations we have by differentiation

L
Replacing e by means of (1.1), we have

. 00", 99"
(1.9) \b' ms ax'. = 0,

which are satisfied because of the sets (1.6) and (1.7), as follows
from the method of obtaining the latter. Accordingly we have by
subtraction

a6° aJ(ao” )
1 — =W - ;— %) =0.
(1.10) ox? ad6” \oz* 4 0

From these equations it follows that, if the functions 6711, . . .,
6™ are chosen to satisfy the equations

i
(1.11) 5; = ¢i(rt, - - -, 0™, 7),

where ¢ is obtained from ¢ on replacing ¢ (¢ =1, * - -, p) by
their expressions (1.8), then equations (1.1) fora =1, - - , p are
satisfied by the values (1.8). Since the equations of the set F,
are satisfied identically because of (1.8), it follows that equations
(1.11) are completely integrable; for, the equations arising from
expressing their conditions of integrability are in the set F; because
of (1.9). Consequently there is a solution in this case and it
involves m — p arbitrary constants.

When p = m, we have in place of (1.8) 6 = ¢%(z) and in place
of (1.10) that the functions 6 satisfy (1.1). In this case there
are no constants of integration. Hence we have:

[1.1] In order that a system of equations (1.1) admit a solution,
it 18 necessary and sufficient that there exist a positive integer N(Sm)
such that the equations of the sets F1, . . . , Fy are compatible for all
values of the z’s in a domain, and that the equations of the set Fyya
are satisfied because of the former sets; if p is the number of independ-
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ent equations in the first N sets, the solution involves m — p arbitrary
constants.*

It is evident from the above considerations that when an integer
N exists such that the conditions of the theorem are satisfied,
they are satisfied also for any integer larger than N. However,
it is understood in the theorem and in the various applications of
it that N is the least integer for which the conditions are satisfied.

The above theorem can be applied also to the case where there
are certain p functional relations between the 6’s and z’s which
must be satisfied in addition to the differential equations (1.1), say

(1.12) J(8;z) =0 (c=1,""+,p).

We say that (1.1) and (1.12) constitute a mized system. In this
case we denote by F, this set of conditions, and include in the set
F, of the theorem also such conditions as arise from F, by differen-
tiation and substitution from (1.1). Then the theorem proceeds
as above with the understanding that the sets Fo, Fy, . . . , Fy
shall be compatible, and that the set Fy,; shall be satisfied because
of the former.

We return to the consideration of the case when (1.1) is com-
pletely integrable. Since the functions ¢ in (1.5) are such that

¢a(z‘1h te )378; ¢ ,em) = ¢
it follows that the jacobian

d¢| _alel, -, o™

(1.13) el ac, - -+, e

is different from zero. Consequently equations (1.5) may be
solved for the ¢’s, which we indicate by

(1.14) f6; 2) = ¢ (@=1,--+,m).

Each of the functions f* is an integral of (1.1) in the sense that, if
® is differentiated with respect to z¢, the result is reducible to zero
by (1.1). In this sense any function of the f’s is an integral.

If in any one of equations (1.14) we replace the 6’s by their
expressions (1.5), we obtain an identity in the z’s and ¢’s. Conse-

*For an historical account of this theorem see 1927, 1, p. 17. References
are to the Bibliography at the end of the book.
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quently each of the f’s is a solution of the system of » differential
equations

of

| O o
ax’ +

(1.15) :97‘;¢5=0 =1, ma=1"""-,m).
Moreover any function of the f’s is a solution of these equations.
Suppose that in addition to the functions f* in (1.14) we have
another solution f»*1 of (1.15), and consider the matrix of m + 1
rows and m + n columns

%)"')%}%)"';% (a=1,--~,m+l).

In consequence of (1.15) any determinant of order m + 1 of this

matrix is zero. Hence f™t! is a function of f%, . . . , f™, which are
independent of one another as previously shown.

Conversely, suppose that f*, . . . , f™ are m independent solutions

of (1.15) and that the above matrix fore =1, - - -+ , m is of rank

fora, 8 =1, - - -, m is different

0,
m. Then the determinant l§
from zero, since in consequence of (1.15) every other determinant

Hence if we con-

a
of order m of this matrix is a multiple of 15—0{2

sider the corresponding system of equations (1.14), where the ¢’s
are constants, they define implicitly the 6’s as functions of the z’s
and the ¢’s. Accordingly we have

A LA 1 mii=l -
b5 Tafop — 0 @A=L mii=1r )

Subtracting these equations from (1.15), we have

af“<éoﬂ )
———-¥)=0,
96°\az*

fi]
which are equivalent to (1.1), since 5§| # 0. If we call (1.15)

the system associated with (1.1), we have:
[1.2] Given a system of equations (1.1) and the associated system
(1.15), if m independent solutions of the latter are equated to arbitrary
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constants they define tmplicitly a solution of (1.1); and a solution of
(1.1) determines m independent solutions of the associated system.
Also it follows from the preceding discussion that:
[1.3] If F(xz; 6) is any solution of (1.15) and the 6’s are replaced
by a solution of (1.1), then F(xz; 6) is a constant and thus is an integral
of equations (1.1).
2. Linear operators. Complete systems of linear partial differ-
ential equations. Each of the r expressions

¥ .
(21) XafEE;(gfiEEGP‘ (a=1,---,r;i=l,--',n),

where the £'s are functions of the z’s, is called a linear operator, here-
d,
after p; will denote 5£ By definition
x‘l
f af ; 9%

X.Xof = & (a—)— z.,—(zb) G =

i) 92
'_f'XaEb + bl —— ,(;f p
X
Consequently
22)  (Xa Xo)f = XuXof — XoXof = (XoB — Xotd)ps.

The quantity (X,, X;)f thus defined is called the Poisson operator;
it is also called the commutator of the operators X,f and X,f. As
an immediate consequence of (2.2) we have

(2~3) (Xa: Xb)f = _(Xb) Xa)f-

Also it can be shown by direct calculation that the following Jacobi
tdentily holds

(24) ((Xay Xo), X)f + (Xo, Xo)y Xa)f + (Xey Xa)y Xo)f =0
(@be=1,---,7),

whatever be the functions &5, £, and & .
If we put

(2.5) Xof = NX.f,

where the N’s are any functions of the z’s, then
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(Xa Xo)f = (\X., NXo)f
(2.6) = M X)X af — MXa\) XS + NNo(X., Xa)f
= NX.(3) — NX.0DIXaf + AN (X, Xa)f-

In order to obtain this last expression we replaced the repeated index
d by c and the repeated index ¢ by d; evidently this is possible since
the letter indicating a repeated index, sometimes called a dummy
index, is of no significance.

Consider now the system of homogeneous linear partial differen-
tial equations

2.7 Xof = tpi=0 (@=1,-+-.ri=1,+++,n),
for which the rank of the matrix
(2.8) M = ||&|

is r, that is, the equations (2.7) are independent. If r = n, the
only solution of (2.7) is evidently f = const. If r < n, there is a
possibility of solutions other than the trivial one f = const. From
(2.2) it is evident that any solution of (2.7) satisfies

(29) (X,,, Xb)f =0 (a) b= l; Tty T)-
If
(2.10) (Xa, Xo)f = 'YfleCf (a,b,¢, =1, -, ),

where the 4’s are functions of the z’s, then the system (2.7) and
(2.9) is in fact equivalent to (2.7). We adjoin to (2.7) all the equa-
tions obtained by equating to zero those commutators which are
not expressible in the form (2.10), and in this way we have s(27)
independent equations. If s > r, we repeat this process and obtain
a system of {(2 s) equations. If ¢ > s, we continue the process and
80 on. Finally we have either n independent equations in which
case the only solution of (2.7) is f = const., or we get a number u
less than n for which a, b, ¢ in (2.10) take the values 1, . . . , u.
In this case we say that the system is complete of order u. Hence
the solution of a system of the form (2.7) is that of the solution of
complete systems in which (2.10) hold.
If (2.7) is a complete system, so also is

(2.11) Xof = MX.of =0,

where the N’s are any functions of the z’s such that the determinant
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l)“{] is not zero. For, from (2.10) it follows that the right-hand
member of (2.6) is linear in X,f, . . . , X,f, and since the latter are
expressible from (2.11) linearly in the X'f’s, we have from (2.6)
expressions of the form (2.10), which proves the statement.

Since the rank of M (2.8) is r, there is no loss in generality in
assuming that |£:|, for a, b=1, - - -, r is different from zero.

Hence we may solve equations (2.7) for py, . . . , p. and write the
result in the form
(2.12) Xof = pa+ Vipe =

(a=1, - ,r;t=r+1, -+ ,n).

Evidently these are of the form (2.11) and hence form a system
equivalent to (2.7); when a complete system 1s expressed in this
form, it is called Jacobian. If we put X. f=¢tr pi, we have that

(2.13) E,: = 50; a= ‘I‘a
(@b=1,+-,mp=r+1,---,n),

where 55, called the Kronecker deltas, are defined by

(2.14) o =1or0, asa =bora = b;

the Kronecker deltas are used frequently throughout this book with

different indices but they always have the values (2.14) for the
indices involved.

Analogously to (2.10) we have
(Xaoy X)f = vaiX.f.
From (2.2) and (2.13) we have

(Xa, Xo)f = (Xots P + (Xutd — XWo)py
(X % Xb#’u)pl
c=1,---,rt=r+1,++,n).
Since pi, . . . , pr do not appear in this last expression, it follows

that v = 0, that is, for a complete system in the Jacobian form
(Xoy X0)f = 0.
Hence
Xops — Xeva = 0, that is,
a‘h) a‘/’b (W/a a¢a a,b=1""",r
+ 'I’a + t ( ’ )’
oz ¥oge po=r+1,---,n
Comparing these equatlons w1th (1.3), we see that the equations
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9’
(2,15) -5-x—°=¢/¢ (a=1,..-,r;p=r+1’...'n)

are completely integrable. Moreover equations (2.12) are the
associated system of (2.15). Hence from the results of §1 we have
that equations (2.12), and consequently (2.7), admit n — r inde-
pendent solutions, and that they do not admit more than n — r
independent solutions. Hence we have:
[2.1] A complete system of r homogeneous linear partial differential
equations of the first order in n(>r) variables admits exactly n — r
independent solutions.

3. Essential parameters in a set of functions. Consider a
set of n functions f* of n variables z!, . . . , 2" and r parameters
al, ...,da,say

@1  fi@, - ,amal @) =fi(20) (E=1, 000 ,m),

which are continuous in the z’s and a’s, as are also their derivatives
with respect to these to as high an order as enters in the subsequent
discussion. This requirement will be understood throughout the
book. The parameters a” are said to be essential unless it is possi-
ble to choose r — 1 functions of them, say 4!, . . . , A"}, such that
we have identically

fi(xl’ e ,a%al, e, ar) = Fz‘(xl, Cen, 2 Al) T, A'_l)'
A
Since the A’s are functions of the a’s, the jacobian matrix —a:’

is at most of rank r — 1, and consequently a set of functions ¢* of
the a’s, not all identically zero, exist which satisfy the equations

A’
da”
Hence the A’s and any function of them satisfy the equation

¢"(a) =0 (@=1,-+-,r5¢e=1,---,r—=1).

(3.2) r@L =0

Consequently the functions F? satisfy (3.2), since the z’s do not
appear in the ¢’s, and hence the functions f* satisfy (3.2). Con-
versely, suppose that the functions f* satisfy an equation of the
form (3.2). Evidently this equation admits r — 1 independent
solutions which are functions of the a’s alone, say 4!, . . . , 4™,
and any solution of (3.2) is a function of these A’s. Consequently
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each of the functions f* is a function of the z’s and the A’s, and there-
fore the a’s are not essential. Hence we have:
[8.1 A necessary and sufficient condition that the r parameters a*
in (3.1) be essential is that the functions f* do not satisfy an equation of
the form (3.2).

By the same reasoning it follows that, if the functions f* satisfy
a complete system of s(<r) equations

a
(33) ‘P:(a)a_:;"_"o (a=l,--~,r;a=1,--°,s),

then f¢ are functions of the z’s and of » — s independent solutions
of this system, which are functions of the a’s, and consequently are
expressible in terms of » — s essential parameters.

It is our purpose now to obtain a criterion for the number of
essential parameters. From the foregoing it is evident that the
parameters are essential, if the rank of the matrix

ot

Mo = da*

is ». Suppose that its rank u, is less than r. Differentiating the
first set of the following equations with respect to the z’s, we have

oft T, i
(3.4) tp“—f— =0 a?h =0 f‘;: = af

da” P e = o
We denote by u; the rank of the matrix

E, af‘) H

M1 = =
da” da

Evidently u; = po. If uy = r, equations (3.4) admit only the
solutions ¢® = 0 and consequently the parameters are essential.
If we put

afs

T 9xh - - - Oxie

f‘)il“‘in

)
we have from (3.4) by repeated differentiation

offy i .
(3.5) ,,,al'_z_h =0,
da
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and we denote by p, the rank of the matrix

oft ofty g Ol
36) aa* oa* ’ da”

We get thus a sequence of ranks
3.7 BoSpSpg - Sy S

If any u is equal to r, the ¢’s are zero and the r parameters are essen-
tial.

Suppose that p,—y < r and that u, = u,_;, then we shall show
that w41 = w.. Since p, = p,,, it follows that

af', ;... offy i i
f;n 1.=E)‘f: i (v<s)

da” da”

the sum on the right involving terms of the matrix M,_;. Differ-

ofy ...
entiating with respect to 2%, we have that the terms Oy in. . ik

are expressible linearly in terms of the members of the matrix
M,_,, which proves the statement. Hence the terms of the sequence
(3.7) continually increase and attain the maximum r, in which
case the r parameters are essential, or they cease increasing after
a certain one u,(<r), in which case they are not essential. We
shall show that in the latter case u, of the parameters are essential.

If u, <r, the equations (3.4) and the sequence up to and
including (3.5) being of rank u,, r — u, of the ¢’s may be chosen
arbitrarily and the others are then determined. Let ¢!, . . . , o™
be these functions and take them as functions of the a’s but not
the 2’s. Then

g _ \O P p=1,"',7‘—p..;
(38) e (TP

where the N’s are at most functions of the a’s and z’s.
If we differentiate with respect to z*, the sequence of equations
(3.4), ..., (3.5), and remark that

¢..3f‘} B ik

=0
da* !

we obtain equations which result from (3.4) and (3.5) when
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a

d
each ¢® is replaced by 51::? and consequently we have

4 (4
3" _ 0¥

dz* “oz*

from which it follows that ¢" ¢ =r — u,+1, - -+, r) do not
involve the z’s, since ¢” for (p =1, - + *+ , r — u,) were chosen as
functions of the a’s alone. There are accordingly r — u, independ-
ent equations (3.2). These may be obtained by taking ¢! = 1,
= =g h=0; =1 pl=¢l=:.. =¢g* =0 and
so on. These independent equations form a complete system.
For, the commutator (§2) of any two equated to zero admits f* as
solutions and hence it must be a linear combination of the given
equations. Hence the functions are expressible in terms of g,
essential parameters, and we have:

[8.2] The number of essential parameters in terms of which the
Sunctions fi(z; a) are expressible s equal to the mazimum number
attained in the sequence (3.7).

Exercises

1. Find the mixed system of equations (1.1) for which u = ax + by,
v = azy, w = bx? + ay? is the general solution, a and b being arbitrary con-
stants, and determine the system F, for this case.

2. When the functions y§ in (1.1) are linear and homogeneous in the 6’s,
the equations of the sets F,, . . . , Fx have this property, and in order that
(1.1) admit a solution it is necessary and sufficient that there exist a positive
integer N(=<m) such that the rank of the matrix of the sets F,, . . . , Fyis
m — q(g S 1) and that this be the rank also of the sets F1, . . . , Fyy1.

3. A complete system admitting p independent functions ¢!, . . . , ¢? as
solutions is obtained by choosing for ¢i fora =1, - - + ,n — pany n — pinde-
pendent solutions of the equations

) (]
E"g:—‘=0 (d=1,---,p);
all complete systems admitting the same solution are in the relation (2.11).
4. Find a complete system admitting the solution

z'z? + 2%, z? + z4

5. Find the most general complete system in 3 variables admitting the solu-
tion (z1)? + (2%)* + (z%)*

6. If for a complete system of r equations in n variables a number s( <n — r)
of independent solutions are known ,say ¢!, . . . , ¢* and the transformation of
coordinates
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28 =gt 2t =gt (a=1 --.,8;i=8+1+.-,n)

is effected, the new system involves only z'*+1, . . . , z’» as independent vari-
ables and 2’1, . . . , z'* as parameters.

7. If the r equations (2.7) form a complete system, the first r — 1 of these
equations admits at most n — r + 1 independent solutions, and there are
n — r independent functions of the latter which are solutions of the rth equation.

8. Show that the following two systems are complete and apply the result of
Ex. 7 to determine the solution of each system:

1) pr=0, zp; =0 (i =12, 3);
of | of of | of

2 ~ 4+y= =0, y—+z— =0.

@ o T Vay o T e

4. Groups and groups of transformations. Any n independent
variables z¢, for7 = 1, + + -, n, may be thought of as the coordinates
of an n-dimensional space V, in the sense that each set of values of
the variables defines a point of V,, that is, an ordered set of numbers
defines a point.

Let fi(zY, . . ., z*;al, . . ., a’) be n independent functions of
the z’s and r essential parameters a!, . . . , a’, where r is finite. A
necessary and sufficient condition that the functions be independent
is that the jacobian of the f’s with respect to the z’s be not identi-
cally zero; the condition that the a’s be essential is given in §3.
The equations

(41) 2 =fi@, -+ ,z%al 0 ,a) =Sfima) G=1,++",n)

for each set of values of the a’s define a transformation of a point
P(z) in V, into a point P'(z’). If the values of the z’s and a’s are
such that the jacobian of the f’s with respect to the 2’s is not zero,
that is,

of

(4.2) 2

# 0,

in accordance with the theory of implicit functions* equations (4.1)
may be solved uniquely for the z’s, at least in the neighborhood of a
point for which (4.2) holds, so that we have

(4.3) z¢ = fi(z'; a) f=1,+--,n).
These equations define the inverse transformation of P’ into P.

* Fine, 1927, 4, p. 253.
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It is understood that the functions f¢ are continuous in the z’s
and in the a’s, and that the same is true of their derivatives of such
orders as arise in the subsequent discussion. From this it follows
that if P’(z’) is the transform of a point P(z) for particular values of
the a’s, then for small changes in the values of the a’s we get points
in the neighborhood of P’. Accordingly we say that the trans-
formations are continuous.

We indicate the transformations (4.1) and (4.3), respectively
for a set of values af of the a’s in the symbolic form

4.4) Tz =2, T,z =z,

that is, T,, is the operation which sends a point P(z) into a point
P’(z’), the latter depending upon P and the values af. If we apply
a transformation 7', and then another 7., we obtain a transforma-
tion which we indicate by T,,T.,, which is called the product of the
two.* It does not follow necessarily that the product of two
transformations is a member of the set (4.1), that is, that there are
values of the a’s, say af, such that T,,T. and T, have the same
effect. From the definition of T, it follows that

(4.5) T, T.x = z, T, T.'z' = a',

that is, either product T, T,, or T, T, leaves each point unaltered,
which transformation is called the identity. However, it does not
follow that there are values of the a’s in (4.1) yielding either the
inverse transformation or the identity.

Before proceeding further with a discussion of the particular
operators 7', defined by equations such as (4.1), we consider a set
of operators T, abstractly. They constitute the elements of a class
of objects. What in the above discussion we called the product of
two operators constitutes an operation between two members of
the class; we indicate the result of the operation on two elements
T, and T in this order by T,T,. Such a class, however its elements
and the operation are defined, are said to form a group with respect
to the operation under the following conditions:

1° If T, and T, are elements of the class, then T,T, is uniquely

defined and is an element of the class;

2° The associative law holds for the operation, thus

* Earlier writers indicated this product by T,,Ta, but many recent writers
use the notation proposed.
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TATwTs) = (T.T»)T,,

that is, the element given by the operation upon the element
T+T, and T. is the same as when the operation is applied to
T.and T.Ts;

3° There is in the class an element I called the identity such
that T, = IT, = T, for every element T,;

4° For each element T, of the class there is an element T,'
such that

T:'T. = T.T.' = I

The question to what extent these conditions are independent has
been investigated by various writers,* and for a discussion of
this question the reader is referred to the articles indicated.

If only the conditions 1° and 2° of the above set are satisfied, the
elements are said to form a semi-group for the operation.

As an example of a group we consider the set of all non-singular
analytic transformations

2= fizl, - - -, 2™,

that is, those for which the jacobian 3

d
—fa—:l is of rank n for the domain

of the z’s considered. Then from the theory of implicit functionst
it follows that the above equations admit an inverse
7t = Ji@@’, - - -, 2.

If Ty and T, are given by 2’ = fi(z), ' = fo(z), then T,T, is given
by 2’ = fa(fi(z)), and thus the conditions 1° is satisfied for the
domain in which the functions so defined are regular; moreover, the
jacobian of this function, being the product of the jacobians of
f1 and fs, is not zero for those values of the z’s for which these two
functions satisfy this condition. Whenever the elements of a class
are defined by equations, as in this case, the condition 2° is satisfied,
because the process of substitution is associative. Since z'¢ = z¢
are equations of the set, all the conditions are satisfied, and thus we
have the group of analytic transformations. Since the functions f*
may be thought of as power series in the z’s (including poly-
nomials), the transformations involve an infinite number of arbitrary
constants and consequently it is an infinite continuous group.

* Cf. Dickson, 1905, 2; Huntington, 1905, 3; Moore, 1905, 4.
t Fine, 1927, 4, p. 2563.
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Equations such as (4.1) involve a finite number of arbitrary
constants, and when they define a group for continuous values of
the a’s, the group is said to be finile and continuous. Before we
proceed to the determination of the conditions which (4.1) must
satisfy in order that they define a group, we wish to point out that,
when these conditions are realized, they may obtain only for a
limited domain about the point to which any transformation of the
group is applied. For such a point the functions f* and their
derivatives of required order must be continuous in the z’s and a’s.
Furthermore, the functions must be such that for a value of the a’s,
say ag, the equations (4.1) are z'* = 2% so that (4.2) must hold for
these values of the a’s, and consequently for values of the a’s
sufficiently near af, since we are dealing with continuous functions.
Accordingly when we speak of a group of transformations in what
follows it is understood that the statements hold for those values
of the z’s and the a’s for which the conditions 1°, 2°, 3° and 4° hold.

We return to the consideration of equations (4.1) and observe
that in order that these equations satisfy the condition 1° of a group
it is necessary that for each set of values af and a$ there exist a set
of values a$, functions of the former, say

4.6) a3 = ¢%(as; a2) (a=1,++-,71),
such that the equations
4.7) Jilf(z; a1); as] = fi(z; as)

are identities in the 2’s, a,’s and a,’s, and thus for arbitrary values
of the a;’s and ay’s we have

(4.8) ToTo, = T,

When these conditions are satisfied, the inverse of any trans-
formation is not necessarily a member of the set, that is, it is not
necessarily true that to each set of values a* there corresponds a
set @¢% such that

(4.9) zt = fiz'; a) = fi(z'; a),
where the functions f¢ are defined by (4.3), or symbolically
(4.10) T;'z = Ts2' = z.

If this condition is satisfied, we have
(4.11) T, T:x' = 2/, T:T.x = =,
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that is, when the inverse of each transformation is a member of the
set, 8o also is the identity. Hence there is a set of values af, such
that

a; = ‘Pa(a'; d))
and
(4.12) fi(zx; ap) = 2.

Since the parameters in (4.1) are essential, there is only one set of
values af yielding the identity. Thus T,, denotes the identity I,
and from (4.11) we have

Tao = TaTE = TETa;
so that in addition to (4.12) we have

(4.13) ai = ¢*(a; @) = ¢"(a; a)
and also
(4.14) a® = ¢%(a; ao) = ¢*(ao; a).

Hence when (4.6) are satisfied and the inverse of each trans-
formation is a member of the set, the transformations form a finite
continuous group G.. If only (4.6) are satisfied, the transformations
form a finite, continuous semi-group.

If T, and T, are two transformations of a semi-group, and
T.! and T are their respective inverses, then T, T T, T, is the
identity. From this result and (4.8) we have that

(4.15) T\ Ta) = Ta),
and consequently

[4.1]1 The inverses of the transformations of a semi-group constitute a
semi-group.
These two semi-groups are the same, when and only when they are
groups.

If we denote by S the transformation defined by

(4.16) Yt = yi(at, - - )x")s

a
for which the jacobian 55‘ is not identically zero, and we denote by

S8-1its inverse, then the transformation

4.17) T, = ST,8-!
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is called the transform of T, by S. It is readily shown that if a set
of transformations satisfy (4.8) then T,,Ts, = Ts,. Hence we have:

[4.2] If a set of transformations form a group, the transforms of these

transformations form a group. (8-G)*
From (4.17) we have
(4.18) T, = S"'T.8

and consequently T, is the transform of T, by S—!.
If the inverse of (4.16) is written

(4.19) =Py, L),
the equations of 7', are
(4.20) ¥ = ¥(f(z; 0) = V(FEQ); @)

If instead of looking upon (4.16) as defining a point trans-
formation in V, we consider it to be a non-singular transformation
of coordinates, then equations (4.20) are the equations of the trans-
formations 7T, in the coordinates y®. Accordingly the foregoing
theorems show that:

[4.3] The group property of a set of transformations is tnvariant
under a change of coordinates. (8-G)

This result is evident from the abstract definition of a group as
given, since it does not depend upon the particular coordinates
used.

6. Fundamental differential equations of a group. In this
section we determine the conditions which the functions f* in (4.1)
must satisfy so that the transformations form a group @,, that is,
80 that there exist functions ¢*(a1; a2) for which

(6.1) Filf(z; a1); aa] = fi(z; o(as; a)).
In the first place we shall show that
9

é)az

de

5.2
(5.2) da,

# 0, # 0.

* In what follows we shall be concerned primarily with groups as distin-
guished from semi-groups, but some of the theorems hold equally well for the
latter more general class; we indicate this by the notation (S-G) at the end of
a theorem.
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From (5.1) we have
fff(z; ar); as] _ 0f'(z; ©)3”

,B=1 - .
343 of oaz @P=D ")
i}
If ﬁ = 0, there exist a set of functions A% of the a,’s and a.’s such
2
that
‘Pp
Aj— = 0.
2602

Then from the preceding set of equations we have, on replacing

Ji(z; a1) by =%,
afi(z’; as)

Aa
: das

=0,
that is, the a’s are not essential parameters in fi(z; a).
If we write (5.1) in the form

(6.3) Ji(@'; as) = fi(x; (as; as)),
we have

ofiox'i _ off ad’

az'i das 9% dal

d
If ﬁ = 0, there exist functions A$ of the a,’s and a,’s, such that
1
d
A‘{i = 0, and consequently
6a1
U 422 o,
ax' aax
Since the jacobian f(az o) ; is not identically zero (§4), we have
af (z; ar)
1 a P - 0’

and consequently the a’s are not essential parameters. This
result follows indirectly from the second of (5.2), when we observe
that the roles of the parameters af and a3 are interchanged in the
set of inverse transformations (cf. 4.15). Consequently (5.2) is
established.
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Because of the second of (5.2) equations (4.6) can be solved for
a3 as functions of af and af. When these expressions are sub-
stituted in (4.7), the latter become identities in the z’s, a,’s and as’s.
Consequently we have from (4.7)

oz'i  daf 3 0a2
Because of (4.2) there exist functions ¢4(z’; as) defined by

'P’:M_al; Ggk=1"-""-,mn),

where &% are Kronecker deltas (2.14), and consequently the above
equations are equivalent to

g W ia 0}
3as daf  dat
8

da ]
The quantities 5;;2; are functions of the a;’s and as’s, but by means
1

of (4.6) are expressible in terms of the a,’s and a,’s. The other
quantities in the right-hand member of each of the above equations
are functions of the z”’s and a,’s. But the left-hand member of
each of these equations does not involve the a.’s and consequently
the combinations on the right are independent of the a.’s. Conse-
quently if (a3), are particular values of the a.’s and we put

: .0
6.9 fe) = - L0 |
a2 ay=(aj)o
b
Aar) = (9‘-’—) ra=1,---,n,
aa/l az=(ay)g
we have
oz't '=l’..-’n;

(5.5) GZ“ f (x')A (a) (:’x, b=1+"--, 7‘)'

Since these equations admit as solutions fi(z; a) whatever be the
z’s, the latter may be looked upon as 7 arbitrary constants, and
consequently the system of equations (5.5) is completely integrable.
This fact, which is of fundamental importance, will enable us in
§6 to find conditions which the ¢s and A’s must satisfy.

*In what follows indices a, b, ¢, . . . take the values 1, . . ., r; and
iJ k ...,thevaluesl, ..,n.
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We observe that the determinant of A%(a) is not identically
zero, that is,

(5.6) |4%] # o.

Otherwise there would exist a set of functions A® of the a’s such that
A®A® = 0, and then from (5.5) we should have

@) _

0
da* !

and the a’s would not be essential (cf. §3).
Because of (5.6) a set of functions Af(a) are defined by the
equations

(5.7 ALAf = 8,
from which follow also the relations
(5.8) APAS = 8%

By means of the quantities Af equations (5.5) may be written

in the form
i) L0z’
(5.9) &) = 48

da* ’

from which it follows that there cannot exist a set of functions of
the a’s, say ¢*(a), such that

(5.10) P@)E(') = 0;

otherwise the parameters a® would not be essential (cf. §3). From
this it follows that we cannot have

(5.11) cE(z) =0,

where the ¢’s are constants. Hence the £’s are linearly independent
(constant coefficients); we use this notation frequently to dis-
tinguish this condition from that which arises when the rank of
the matrix of £ is less than r, in which case there are relations of
the form (5.11) with the ¢’s functions of the 2’s (not all constants).

It should be remarked that all the results of this section apply
equally well to semi-groups.

* The quantities A4 and AJ are essentially different in character as shown
in §7; the reader is advised to bear this in mind constantly.
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6. First fundamental theorem. We have observed that the
equations (5.5) are completely integrable, consequently the condi-
tions of integrability of these equations must be satisfied identically.
The conditions are

,08 04, 9A}
(6.1) (&aa : ) “A,,+z,,( L aaﬂ) = 0.

By means of the functions A5 defined by (5.7) these equations may
be written

.0 i9%a o
6.2) o & f =
where
. wasf04a 0Ap
©3) Cb = A"Ag(aa’ da* )

Since (6.2) are identities in the z'’s and the a’s, and the latter do not
enter in the ¢’s, we have

aca; '
—¢t, = 0.
6(1"‘£E

From (6.3) it follows that the ¢’s do not involve the z"’s. Conse-

ICap
quently we have Py 0; otherwise we have relations of the form

(5.10). Hence we have:
[6.11 The quantities cay 1n equations (6.2) and (6.3) are constants.

They are called the constants of structure of the group; some writers
call them the constants of composition. From (6.2) we observe that

Cap = —Cba,

that is ca is skew-symmetric in the indices a and b.

In consequence of (5.8) the equations (6.3) can be written in
the form
o4 _ o4
a®  aa"

(6.4) = cadidp,

and also in the form, because of (5.7),
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aA‘B 948 .
b a
da

(8.5) A AS.

Equations (6.4) are due to Maurer.*
If we write (4.7) in the form

(6.6) gt = fi(@'; as) = fi(=; aa),

we have analogously to (6.5), according as we use the first or second
expression for z'’%,

axlli

= = ti(z")A%(a),
aag

" .
857 A a).
aaa

If we substitute the second expression for the z'’s in the first set
of these equations and note that the as’s are functions of the a,’s and
a,’s, we have

ax”’ 603

F aa = B4,

From these two sets of equations it follows that

6a3

(6.7) e

= Af(a;)A%(a2),
otherwise we should have relations of the form (5.10).
Suppose conversely that we have a completely integrable set of
equations (5.5) with (5.6) satisfied; then (6.2) and (6.5) hold.
Since the equations (6.5) are of the same form as (6.2), we see
on comparing (6.7) with (5.5) that the former is necessarily com-
pletely integrable, in consequence of (6.5). These equations admit
solutions af such that a8 = of when a§ have the initial values a§, say

d¢
aa, # 0

Suppose then that a set of solutions of (5.5) is fi(z; a) such that (4.2)
is satisfied, and we put

(6.9) 7y = fi(x; ay),

(6.8) af = ¢%(as; az; a0), af = ¢*(a1; ao; @),

* 1888, 2, p. 117.
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where af have the values (6.8). We have accordingly

ory ozs 9df . » ;

prc il i £a(25) A5(as) A8 (as) Au(as) = £3(x3)A2(ay),
in consequence of (5.5), (6.7) and (5.8). Since these equations
are of the form (5.5), they admit solutions f*(%; a,), where the #’s,
being independent of the a.’s, are functions of the z’s, a,’s and a,’s
at most such that

(6.10) fi(z; o(as; as; ao)) = fi(Z; as)

are identities in the z’s, a,’s and a,’s.

Suppose that the solution fi(x; a) is such that for a set of values
of the a’s, say af, we have

fiz; ) = =,

and such that |A%(ac)| = 0, that is, the values af determine the
identity. If we use these values of af in the above determination of
the functions ¢* (6.8), it follows that when in (6.10) we put a5 = af
these identities reduce to fi(z; a;) = 7. When these expressions
for %% are substituted in (6.10), we obtain (5.1). Furthermore, if

a$ are the values of the parameters of a given transformation, the
transformation for the values a3, where the latter are defined by

(6.11) o%(a1; az; ap) = ag,

is the inverse of the given transformation.
The foregoing results may be stated as the following first funda-
mendal theorem (cf. §11) of continuous groups:

[6.2] A necessary condition that a set of n functions fi(z; a) of n
variables z* and r essential parameters a* define a group G, of continu-
ous transformalions is that these functions satisfy a system of differ-
ential equations of the form (5.5), where the determinant of the functions
A%(a) is of rank r and the functions £i are independent (constant
coefficients). (S-G)

Conversely, if fi(x; a) are solutions of a completely integrable
system of equations of the form (5.5), where the A’s and £'s satisfy the
conditions stated above, such that for values a§ of the a’s the determinant
of the A’s 18 not zero and

(6.12) fi(z; a)) = ¢,
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these functions define a continuous group of transformations, that is,
the tnverse of each transformation is a member of the group.*

We shall show that the conditions of the second part of this
theorem can be met when we have a completely integrable system
(5.5). In fact, if f(z; a) are n independent solutions of such a
system, that is, such that (4.2) is satisfied and af are values of the a’s
for which |42(a)| # 0 and we write the equations of the trans-
formation T,, and T, in the forms

273 =fi(x; aﬂ); 33‘ =]i(x0; aO)l
then the equations of a transformation T,T;, are
2"t = fi{f(xo; a0); al.

These expressions evidently are a solution of (5.5) in which z¢ are
replaced by fi(zo; as). Moreover T, T.. = I and consequently
these transformation satisfy the conditions of the second part of
the above theorem; in fact

F1f(@o; a0); ao] = .
Hence we have the theorem:
[6.3] If the functions £, and A% satisfy the conditions (6.2) and (6.4),
equations (5.5) admit one independent set of solutions defining a

group G, of transformations, for which any given values of the a’s
such that |AY = 0 determine the identity transformation.t

7. Conditions upon the constants of structure. Transforma-
tions of coordinates and parameters. The functions ¢, which
enter in equations (5.5) serve to determine r linear operators (§2)

o

(7.1) X.f = Ea(x)axi = L.
From (6.2) it follows that
(7.2) (Xay Xo)f = canXef (@a,b,e=1, - ,7).

Applying the Jacobi identity (2.4) to (7.2), we obtain
(cabCae + CoiCes + Coaca) £y = 0.
* The proof of this theorem is an adaptation of the proof given by Schur,

1891, 1, pp. 264-268.
t Cf. Biancht, 1918, 1, p. 86.
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Since the £’s are linearly independent (constant coefficients), we have:

[7.1] The constants of structure of a group satisfy the conditions
(7.3) Cab = —Cbay

(7.4) carcd + coicel + coach = 0. (8-G)
We call these the Jacob: relations.

If we subject the 2’s to a non-singular transformation, such as
(4.16) and (4.19), it follows from (5.5) that

= 3 @40 = 1) 45@),
where
] ] a :
(7.5) na(y) = fi(x)g§%'
. X

Two sets of quantities E: and 74 related as in (7.5) are said to be the
components in the respective coordinate systems of a contravariant
vector in V,.* Also we have

(7.6) )wsﬂ@%=Xm

that is, X.f is a scalar{ under transformation of the coordinates.
The functions £ and A have been defined by (5.4). Suppose,
however, that we define a new set of functions £; by

(1.7 £1(z) = A8(),

where the c¢’s are constants, such that the determinant |cj| > 0.
Then the £'’s are linearly independent (constant coefficients). A
set of constants zl is uniquely defined by

(7.8) T = 8, e = .

If then we put

(7.9) A'ia) = GAL(a), A'S(a) = cadi(a),
we have that (5.5) may be written

dz's 5 ’
Py £3(z)A'2(a),
* Cf. 1926, 3, p. 4.
t Cf. 1926, 3, p. 6.



§7. CONSTANTS OF STRUCTURE 27

so that we have the generality in the choice of the ¢'s and A's set
forth in (7.7) and (7.9).
If we effect a change in the parameters a® by putting

(7.10) aa —_ a(a’l’ ey, a'l‘)’

where

l # 0, it follows from (5.4) that

é)a2 aa" dasz

Thus a change in the a’s may be said to induce a linear trans-
formation on the functions £i(z'). However, in view of the gener-
ality referred to above we may choose the ¢’s for the parameters a’*
so that for the £’s in the a’’s we take £[f(z; o'(@'), . . . , ¢ (@),
that is, treat them asscalars under change of the parameters. If then
we denote the A’s for the new parameters by A" (a’), it follows from
(5.5) and similar equations in the parameters a’® that

e:;<x'>[A’z<a') = AZ(:»)(%Z] = 0.

" ) ) 2
£y = & (x’)( “’) A% = A% )
ag==(af)o ay=(a :)u

In consequence of the observation (5 10) it follows that

(7.11) @) = L@ (@B b=1--, 0.

da”
Thus the A’s obey the law of transformation of covariant vectors*
in the space S of coordinates a*, the index b indicating the vector
and « the components; they constitute an ennuple of independent
covariant vectors in this space S, which is called the group-space of
G,. From (5.8) it follows that the quantities A; are the components
of the ennuple of contravariant vectors in S, conjugate to the
ennuple A, where the index b indicates the vector and « the
component.

We return to the consideration of (7.7) and put X.f = £ B(x)p.
In place of (7.2) we have

(7.12) (X., X0)f = caX.f,
where
(7.13) cab = ca Cbld,calb.

* Cf. 1926, 3, 7.

t Cf. 1926, 3, p. 15.
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Lie calls X,f fora =1, - - - , r the symbols of the group; we
shall refer to them as the basis of the group; the significance of these
terms appears more clearly in §§10, 11. When the basis is changed
in accordance with (7.7), the new constants of structure are given
by (7.13). Two r-parameter groups whose constants are in the
relation (7.13) are said to have the same structure.

8. Semi-group of inverse transformations. In §4 we saw that
the inverses of the transformations of a semi-group G, form a
semi-group G,, and that if they coincide G, is a group. For the
present we treat the general case.

For the semi-group G, we have analogously to (5.5) the com-
pletely integrable systemn of equations
®1) 2 =B,

a
of which the functions fi(z’; a) indicated in (4.3) are solutions. In
this case the equations analogous to (5.1) are, in consequence of
(4.15),

(8.2) FilF@'; a); a1l = Fi(a’; o(ar; a2)).
Consequently in place of (6.7) we have, since the roles of a, and a,
are interchanged,

aaf . _
(8.3) o5 = A(an)Ab(ay).

aal
For any values a§ for which the determinant lA—f,(ao)l is different
from zero a set of constants ¢y can be found such that

a "b a

A (a0) = Az(ad)
and in consequence of (7.7) and (7.9) we have that the functions
& and A can be chosen so that
(8.4) Ag(a)) = Ag(a0),  Af(a) = A5(ad).

When we express the conditions of consistency of (6.7) and
(8.3), we obtain

8
Ai(az)ﬁi(a1)<aA;$ J A:(as)) = 0.

Since these must hold for all values of the a,’s and a,’s, the quantity
in parenthesis must be zero, so that on changing indices we have

]
Aias) — M“(f )
as
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(8.5) %A" ‘;A,A 0.

In order to consider these equations further, we define functions

gy of the a’s by the equations

8.6) "A” 34 | g

which because of (5.8) are equivalent to

w 2045  04h
(8.7) Ly = _A”Ea? = A¢ v

From (8.7) and (6.5) we have

(8.8) La, — L% = caAgAlAL.
If we put, analogously to (8.6),

045

da”

(8.9) + A8, = 0,

we find from (8.5) and (8.7) that
(8.10) Ly, = L%.

Analogously to (6.5) we have

(8.11) A" — A3 = TapA
aa

and similarly to (8.8)

(8.12) Ly, — L2 = caAga’As.

From (8.10), (8.8) and (8.12) we have, on putting a* = a5 and
making use of (8.4),

(8.13) Cab = —Cap.
Comparing these equations with (7.13), we see that the latter arise
from the former, if we put ¢f = —&5. Consequently the semi-

group of inverse transformations of a semi-group has the same
structure as the latter. In fact, the minus sign is a consequence of
the choice (8.4),
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Since the determinant | Ag]is of rank r (§5), a set of functions p,(a)
are defined by the equations

(8.14) A2 = pl43,

which transform as scalars, when the parameters a® undergo a
general analytic transformation; in particular,

(8.15) pa(@0) = 8,

as follows from (8.4). When the above expressions for A2 are
substituted in (8.9) and L, are replaced by LS5, we obtain, in con-
sequence of (8.6),

dpe _

(8.16) 2 = PeAeALE, — Lp);

these are reducible by (8.8) and (5.8) to

0pq R
(8.17) Pe e losdl.

The conditions of integrability of these equations are reducible
by means of (8.6) and (8.8) to

b b by h d
(crdCee + CazCen + ConCed)padodp = 0,

which are satisfied identically because of the Jacobi relations (7.4).
Hence equations (8.17) are completely integrable, and p% are the
solutions satisfying the initial conditions (8.15). That (8.17) are
completely integrable is seen also from the fact that equations (8.9)
are completely integrable.

Equations (8.14) may be written in the form

(8.18) pa = A3A].
Another set of scalars g2 are defined by
(8.19) pa = A4z,
which are such that

(8.20) Paps = B¢
From (8.20) and (8.17) we have

(8.21) 96 _ cdeal.

aa®
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Moreover, from (8.8), (8.10), (8.12) and (8.13) we have

(8.22) Cay = CIPIBIPG-
9. The parameter-groups of a group G,. In §4 we indicated by
9.1) Ta, = T,,T,,

the first condition that the transformations T, form a group, the
parameters being in the relation

9.2) a3 = ¢"(a1; a2).

We may look upon (9.1) as defining a transformation of the point
of coordinates af in the group-space S into the point of coordinates
a3, the transformation being induced by T.. Then (9.2) are the
equations of this transformation, aj being the parameters. We
shall show that these transformations form a semi-group. In fact,
if we put
Ia ’

as = ¢*(as; az),

we have
Ty = TouTe, = Ta(ToTo) = (TaTo)Ta, = TayTa,,

where the last expression is a consequence of (9.1), and
(9.3) a2 = ¢*(as; az).

Thus we have shown that equations (9.2) in which the a;’s are
parameters define a semi-group of transformations, and furthermore
that the functions ¢® connecting its parameters are the same as
for a semi-group @,. If G, is a group, as distinguished from a semi-
group, a§ being the values of the parameters for the identity, then
for these values of a3 equations (9.2) define the identity of the latter,
as follows from (4.14). Conversely, if equations (9.2) define a
group, then G, is a group. We remark further that equations (6.7)
are the equations for (9.2) analogous to (5.5) for G,.
In similar manner the symbolical equations

T—-l = rlT—l
may be looked upon as defining a transformation of the point of
coordinates a3 into that of coordinates af in the group-space S, the

transformation being induced by T,'; and the equations of the
transformation are (9.2) with a$ as parameters. If now we put

ta ar !
as” = ¢%(a1; as),
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we have
T = T Ta, = (T Ta))Ta, = Ty Ta,,
where , ,
a,® = ¢*(as; a).

Consequently equations (9.2), in which af are the parameters,
define a semi-group or a group, according as G, is a semi-group or
group. In this case equations (8.3) are the equations for this
group (or semi-group) analogous to (8.1) for G,.

When G, is a group, the groups defined by (9.2) as a? and af are
considered as the parameters are called respectively the first and
second parameter-groups of G,. Their respective symbols are

©9.4) Aof = A"—i, A=Ak f

From §8 it follows that these two groups have the same structure as
G, (for a semi-group @, the same structure as G, and its inverse G,
respectively). In consequence of (4.14) and (6.7) we have

05 A(a)) = Af(a o"“’ﬂ("" @),
and from (8.3)
(9.6) Ab(ar) = At (a0 >""°P(“°’“‘)

10. One-parameter groups. Suppose that
(10.1) gi=fi, -, aa) (=1, ,n)
are the equations of a one-parameter group G, and a, is the value of a
for the identity, that is,
(10.2) Sfi(z; ap) = 2.

The functions f* are the solution of a system of ordinary differential
equations (cf. (5.5))

dz'é
da

satisfying the initial conditions (10.2). If we define the parameter
t by

(10.4) t = f ® A(a)da,

(10.3) = £(z")A(a)
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then ¢ = 0 yields the identity, and equations (10.3) become
dz's o,
(10.5) e E(x).

Corresponding to (4.6) and (4.14) we have
(10.6) as = ¢(ay, @2), @ = ¢(ay a) = ¢(a, ),
and likewise
ts = 0(ty, t2), ¢ = 6( 0) = 6(0, t).

The function ¢(a;; a;) must be such—in view of the way in which
(6.7) was obtained—that we have in this case
daz A(az).

(10.7) %, = A(as)

If we write the inverse of (10.4) as
(10.8) a = a(l),
we must 'have from (10.6)
a(0) = e(a(t), a(tz)),

a8 an identity in ¢, and f,. Differentiating with respect to ¢, we
have

da(ts) 30 _ (dp(as, a») da(ts)
dts ot da; Ju=eltd dt,

az=a(ty

a9
In consequence of (10.7) and (10.4) this reduces to Pl 1. Hence
2

because of the initial condition we have
(10.9) ts =t + &,

This result follows also from equations (10.5). In fact, any
solution of (10.5) satisfies the equations

Lk
¢ £

The general solution of these equations is given by n — 1 equations

(10.10) ¢a(x/1’ v )x’") =¢ (@a=1,+--,n—-1),
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where the ¢’s are independent and the ¢’s are constants. Without
loss of generality we may assume them solved for z't, . . . , 2/}
as functions of z'» and the ¢’s. When these are substituted in
& (z') yielding &*(z', ¢!, . . . , ¢* ), and we put

dz'"
i+ = f 23 @ty e, o) = (e, e, 2,
¢" being the value of 3* when the ¢* are replaced by ¢, then in
addition to (10.10) we have

(10.11) e’y - -, 1) =cr L.
Since 2’ = z* for t = 0, we have as another form of (10.1)
(10.12) o'(x') = ¢'(x) + 55.‘ (t=1,---,n),

from which it follows that the law of composition of the parameters
is (10.9).
If we cffect the change of coordinates

(10.13) y'i= oY, - - -2 (@=1,---,n)
equations (10.12) become
(10.14) Y=yt 4 okt G=1,---,n),

which is a translation. Two groups in the same number of variables,
which are transformable into one another by a non-singular trans-
formation of coordinates are said to be equivalent. Hence we have:

[10.1] Any one parameter group of transformations is equivalent to
a one-parameter group of translations.

It is important to remark that this equivalence may obtain only in
a limited domain of . Thus if we consider the group of rotations
in the euclidean plane, for which the operator is (cf. Ex. 4, p. 42)

(10.15) zlp, — 2%p,,

the functions ¢, referred to above, are in this case

P !
o= N@) + @)r=r o= cos™!

Consequently (10.14) in this case refers to a rotation and thus is
closed after ¢t takes values from 0 to 2, whereas a translation is
open in the sense that ¢ may take on values without limit and yield
new points.
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We observe that the functions ¢*(z’) in (10.10) are solutions of
the equations

(10.16) Xf = ¢&pi =0,

and that X¢» = 1. Hence for the transformation (10.13) we have
in consequence of (7.5)

7Y =0, @) =1 (ea=1, .- yn—1),
so that in the y’s equations (10.5) are

dyla dyl,.
a =% g =t
of which the solution is (10.14).

Incidentally we have established the theorem:

(10.2] If &i(z) are the components of a contravariant vector, there
exists a coordinate system in which the components of the vector are 65,

Equations (10.10) define the congruence of integral curves of
equations (10.5), one through each point. Equations (10.12) give
the curve through the point P(z) in terms of the parameter . They
are called the frajectories of the group, each of which is described
by a point as the latter undergoes a continuous transformation of
the group.

We return to the consideration of equations (10.5) and seek
their solution as power series in {&. Evidently we have

65 (x)

(10.17) 2t = ¢ 4 tEi(z) + Ef( )

Making use of the notation in (10. 16) and 1nd1catmg by X™f theresult
of operating with X m times on f, these expressions may be written

) ) R LB i .
(10.18) 2't = z* 4 tXz' 4+ QX%‘ + -+ 7—n—'X"'x' + -
Moreover any function f(z'!, . . ., 2'*) regular in the domain of

z* is expressible in the form

tm
(10.19)  f(@) = J&) +1Xf + = -+ + =X+ oo
For, we have

) = @) + (L) g+ -

and the result follows from (10.5).
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If the series (10.18) are convergent for 0 < ¢ < ¢;, the equations
so defined, say

(10.20) z't = Fi(z; ),

are equivalent to (10.1) for the range of values of a as given by
(10.8) for these values of ¢t. This may mean that only a portion
of the trajectory through P(z), as defined by (10.1), is given by
(10.18). By a transformation of coordinates as (10.13) equations
(10.20) take the form (10.14) for the limited values of . From this
result it is seen that if P(2’) is a point on the segment of the trajec-
tory referred to above, then on applying (10.20) to P’ we get another
segment. Hence by sufficient repetition of (10.20) we obtain the
trajectory through P(z) in so far as it is defined by (10.1).

For the rotation in the plane with the symbol (10.15) we have
that (10.18) become

t2 3
1 — ol 2 ol 2 e e = gl N S
x T x‘t x2!+z3'+ z! cos t — x? sin ¢,
2 3
x’2=x2+x‘t—x2§'—:c’§'+---=x1sint+xzcost.

Consequently (10.18) holds for the whole trajectory in this case.
If in (10.17) we replace ¢ by an infinitesimal 6 and neglect
powers of 8t higher than the first, we obtain

(10.21) 2" = 2t + E(x)ét,

which is called the ¢nfinitesimal transformation of the group Gi.
By the integration of the infinitesimal transformation in the sense
of the preceding paragraph the group @, is obtained. Lie was the
first to undertake a systematic study of the construction of con-
tinuous groups by means of infinitesimal transformations in this
sense.

11. Sub-groups G, of a group G,. If in equations (4.1) of a
group @, the a’s are expressed in terms of a single parameter ¢, say

(11.1) a® = a*(t),
we obtain the equations,
(11.2) 2’ = fi(z; al(®), - - -, @’ (t)) = Fi(z; 1),

of ! transformations. The question arises under what conditions
these transformations form a group G,. For this to be the case
there must be a relation

ts = 0(t1, tz)
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such that from (4.6) we have
a®(ts) = ¢*(a'(ty), - - -, a'(t);a'(te), - - -, 0 (t)) =
¢"(a(tr); a(ta)).
From these equations we have by differentiation with respect to ¢2
da®(t) 88 _ (&p) M,

Aty s \oad/ el dty

which in consequence of (6.7) become
da(ts) 96 da® (tg)

(11.3) 2 8~ astateor o™
where

AaW) = L@©, - - -, ).
If we put
(11.4) #0 = 2022,

equations (11.3) are reducible in consequence of (5.7) and (5.8) to
a0
b(t.) e = b
2 (ts)at2 Yo(ta).

From these equations it follows that

) — )

Y(ts)  yi(ta)
Since these relations must hold for all values of #;, we have that
each term is a constant, and hence we have

ve(t) = exy(),

where the ¢’s are constants, and equations (11.4) become

A

(@b=1,---,71).

= e’y (t).

If we define a new parameter ¥ byt = j; ‘n//(t)dl, where {, is such

that a*(ty) = aj, the latter giving the identity, then the above
equations in terms of the new parameter which we now call ¢ assume
the form

(11.5) 5‘3‘:— = S4%(a).
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From the choice of ¢ it follows that, when ¢ = 0, the transformation
is the identity. Hence the desired functions a*(t) are the solutions
of (11.5) such that a*(0) = a5. By means of (11.5) equations
(11.3) reduce to

a6
11, — =1,
(11.6) dta
From (4.14) it follows that 6(0, £;) = ¢, and 6(t;, 0) = ¢;,. Hence
the solution of (11.6) is

(11.7) ta = tl + lz.

Conversely, if et in (11.5) are any set of constants and the
functions a”(t) are the solutions such that a*(0) = af, then (11.3)
are satisfied, if we make use of (11.7). Consequently

a®(t + ta) — ¢%(a(t); alts))

is at most a function of ¢, But this expression vanishes when
t» = 0, whatever be ¢, and consequently it vanishes identically.
Hence if the functions a®(f) are substituted in (11.2), the resulting
equations define a one-parameter group for each set of values of
the ¢’'s and in each case for ¢t = 0 we have the identity.

Suppose then that we have the solution of (11.5) involving the
¢’s as parameters and ¢, and satisfying the initial condition

a®*(0) = aj.
Then using (5.5) we have
dl’“ .‘,ad_atj_ai/____i/
118 = = HE)AN g = CHE) = £E).

The integrals, as power series in ¢, of these equations such that
z'¢ = 2* when ¢t = 0, are (cf. §10)

(11.9) =2+ tXat - - - +t—X"‘x‘+ cee,
m!

where

(11.10) Xf = E@)p = eta(@)ps.

Because of the second expressions for Xf in (11.10) equations (11.9)
may be written
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(11.11) 2" =z' + tesX,2° + - - -
tm
_’..?71,—'60l « o eu"'Xal « o Xa”‘xl'_'_ L

From the form of these expressions it follows that the a’s as
functions of the ¢’s and ¢, to which we have referred, are in fact
functions of the form

(1112) a® = ¢°‘(u1’ s, uf)’ ut = e%¢;

the expressions for the ¥’s as infinite series are obtained in §12,

The values of ¢ for which the series in (11.11) converge depends
evidently upon the values of the ¢’s and the 2’s. In each case and
for the appropriate domain of ¢ equations (11.11) may be written
in the form

(11.13) 'y = Fi(z; u).

Evidently when the expressions (11.12) are substituted in (11.2),
we get (11.13). Hence for the values of ¢ for which the series in
(11.11) converge, for given values of the ¢’s and z’s, equations
(11.11) define transformations of the given group G;, and these
transformations, in the terminology of Lie, are generated by the
corresponding infinitesimal transformation

(11.14) 2’ = 2 + eoki(z)ot

in the sense of §10.

For given values of the x’s in (11.11) there are values of u® = e,
in general limited, for which the series can be inverted, and we have
u* as functions of z* and 2’*. Consequently for any point P’(z’)
sufficiently near P(x) there exists a transformation which sends
P into P’.

If in the equations z'* = fi(x; a), we give the a’s a set of values
for which these equations have a meaning, we get the point P’'(z’)
into which P(z) is transformed by the corresponding transformation.
If these values of the a’s are such that the «’s are defined by (11.12)
(that is, if it is possible to solve these equations for the »’s as functions
of the a’s with these values), then a sub-group G, is defined and
the trajectory of this group through P(z) passes through P’(z’). In
this case, as seen in §10, P’(z’) can be obtained from P(x) by the
transformations (11.11), for the corresponding values of the €’s or
by a product of such transformations.
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There are cases, however, for which the values of the a’s giving P’
are such that it is not possible to find a group G; whose trajectory
through P passes through P’. The question has been raised in these
cases as to whether the passage from P to P’ can be accomplished
by a set of trajectories, so that P is transformed into a point P; by
means of one set of e’s, P into P, by another set and so on. It has
been shown that, if P(z) and P’(z’) are points of a connected
manifold, then P can be transformed into P’ in this manner, that is,
by the product of transformations of a number of groups of order
one.* It is stated sometimes that a group G, consists of the totality
of transformations of the groups G; generated by the infinitesimal
transformations with the symbols e¢X,f, where the e’s are arbitrary
constants, X,f being called the generators of G.. We have seen
that the above results should be stated as follows:

[11.1] The transformations of a continuous group G., whose symbols
are X, f, consist of the transformations of the groups G, generated by the
infinitestmal transformations with the symbols e3X,f, where the €’s are
arbitrary constants, or of the products of such transformations.

A continuous group satisfying these conditions is called a Lie group.
In view of the preceding discussion we have:

[11.2] A necessary and sufficient condition that the group G generated
by the infinitesimal transformation with the symbol Xf be a sub-group
of a G, with the symbols X.f, . . . , X.f in the same coordinate system

18 that Xf be a linear homogeneous combination (constant coefficients)
of the latter.

And as a corollary of this we have:

[11.3] 4 necessary and suflicient condition that two sets of operalors
X.f and X,.f, expressed in the same coordinate system, be the symbols
of the same group is that

(11.15) Xof = b Xof,
where the ¢'s are constants such that the determinant |cy| is not zero.

If we denote by ¢ the constants for the symbols X.f yielding the
same infinitesimal transformation as e2X,f, then from (11.15) and
(7.8) we have

(11.16) e = iyeb.
* Schreier, 1925, 2, p. 18, 19.
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In terms of the parameters a* appearing in (11.2) an infinitesimal
transformation is defined by

(11.17) 2'% = fi(z; ap + 6ar) = z* + <a—f;) daf =
a—ao

da
=¥ + £u(z)As(o)dal,
in consequence of (5.5). From this result and (11.5) we have:

[11.4] When the finite equations of a group are given, the vectors £ of a
general infinitesimal transformation of the group are oblained from
the equations

zt + Ei6t = fi(z; ap + €'8t, - - -, ab + edt),
where the €’'s are constants, on neglecting second and higher powers

of é&t.

Consider now the transformation determined by the values
a” + éa%, when (11.2) gives the transformation for a*; the equations
are

2" = fi(z; a + da) = 2’ + Ei(x’)AZ(a)Ba‘!.

Comparing this result with (11.17), we see that if we determine
quantities 8,a7 by the equations

A% (a)8105 = Ag(a)sd,
the above equations become
g’ = 2/ + £(2') As(ao) 8105,
and consequently
(11.18) Tarse = TawtnaTa
We obtain the same result from (4.6), (4.14) and (9.5); thus

d¢™(a; ap
a® + 8a® = ¢%(a; a0 + 81a0) = ¢"(a; a0) + L«%&"_)a‘a%
0
= a® + A%(a)Aj(a0)8:a8.
In similar manner we have from (9.6)

d¢”(a0; a) 8

a® + 8a” = ¢"(ao + d:a0;a) = ¢*(ao;a) + od d200
0

a® + A%(a)Aj(ac)s:a8.
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Consequently for 8;a7 defined by these equations we have
(11.19) TG+M = TaTaﬁ-&,ao-

Since T.4s is a transformation in the neighborhood of 7., we
have:

[11.5] A transformation in the neighborhood of T, of a group G, may
be obtained by multiplying T., either on the left or on the right by a
suttable infinitesimal transformation of G,.

Exercises

1. The symbol of the G, of dilatations, or homothetic transformations, whose
equations are z'* = az'is

Xf = z'p:.

2. Show that each of the following sets of equations defines a one-parameter
group, and find the symbol and the trajectories in each case:

1
) z' = az, Y =-y;
a
(ii) z' = amz, Yy =ay (m, n integers);
z y
11t z = L .
(i) 1 - az' ¥ 1 —ay

3. Find the finite equations of the one parameter groups whose symbols
are the following:

(l) z’p + zyq (p = g‘gy qQ = g'—;);
(ii) (z —yp + @ +y9;
of o o

(1) ::5;/ - ya‘ + maz

4. For the group G, of motions in the plane defined by the equations

z'' = a! + 2! cos a® — z?sin ad,
z'? = @? 4 z!sin a® + z? cos a?,

the equations (5.5) are satisfied by the functions

aaal_|1o z”l,
gaal o1 -2
A} A% A} 1 0 0
AlAlall=]o 1 o
A} A% A} a? —a' -1

The corresponding symbols of the group are
Xy = po Xof = py, Xof = z'p1 — 2'ps,
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and the constants of structure are
1 2 __ 3 . 1 _ s __ 2 __ .
3 =C3=¢3=0; ¢3=¢3=0, c¢3=-1; ci=1 ¢f= 3 = 0.

5. In terms of the angles of Euler the equations of the @, of rotations in
euclidean 3-space are

z'l = (cos a!sin a?sin a® + cos a?cos a?)z!
+ (cos a' cos a?sin a® — sin a2 cos a?)z? + sin a! sin a®z?,

z'? = (cos a'sin a?cos a® — cos a?sin a?)z!
-+ (cos a' cos a?cos a? + sin a? sin a®)z? + sin a! cos a®z?,
z'? = — gin a! sin a%! — sin a! cos a?z? + cos a'z3.

The equations (5.5) for the G; are satisfied by

g8 0 z'% —z"

& & z:’ =|-z'* 0 a,

& & & z'? —z't 0
A} A AR cos a? — gin @3 0
A} A} AY|| = || — sin a! sin a? — 8in a! cos a? — cos a!||.
A} A7 A? 0 0 1

The corresponding symbols of the group are
X\f = 2%ps — x?p,, Xof = zlps — x3py, Xaf = 2%p1 — z'p,,
and the constants of structure are
el =65 =6l =1, €32 = —¢3=0 (a b =12, 3;anot summed).

6. Find the symbols of the group G; of rotations of Ex. § in terms of polar
coordinates.
7. The vectors &£ of the general infinitesimal transformation of the linear,
or affine, group
z'i = alzi + @
are (cf. theorem [11.4])
E = o + aid,
where the a's are arbitrary constants; also find the constants of structure.
8. Derive the ¢'s for the group of motions of euclidean 3-space as a special
case of Ex. 7.
9. The vectors & of the general infinitesimal transformation of the group
@ of projective transformations of the plane
. aizi +af
f s ——
bizi + 1
are
¢ =a + afzi + ajzizs,
where the a’s are arbitrary constants; also find the constants of structure.
10. Show that the equations of the infinitesimal transformations Tao4saT3"
and T';'Tq.s. are respectively
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§ (af W a))
z
y=1{z; o)

' =g — (3] (ya a))ﬁa"
da*

y=/(z;a)
Bianchi, 1918, 1, pp. 71, 72.
11. Show that the symbol of the transform ( §4) of the infinitesimal trans-
formation with the symbol Xf by the infinitesimal transformation with the
symbol Y is

Xf +a(X, Y)f.

12. Canonical parameters. If we apply to equations (6.7)
considerations similar to those which led from (5.5) to (11.8) with
the aid of (11.5), we see that in fact equations (11.5) are the differ-
ential equations whose integral curves are the trajectories in the
group-space S of the first parameter group. We can therefore
write down the integrals of (11.5) in a form analogous to (11.11),
namely

(12.1) a'* = a® + tecda® + - - -

tm
_I,____ea. . 'ea"'Aa, « . Aa,,.aa"l' ce,
m!
where we have put
9
Au@) = A5@) 2

In particular, the solution of (11.5) such that ¢* = aj when ¢ = 0,
which was used in §11, is given by

(12.2) a* =af§ + terdsas + - -
+£'_n_ea, . e e“’”Aa, [P Aa..ag"" « o »
m!

We shall write the latter in another form by making use of the
functions I'g, defined by

(12.3) Ig, = (LZ, + L),

the functions Lg, being defined by (8.7); thus I'g, is the symmetric
part of Lg,. In fact, if equations (11.5) are differentiated with
respect to ¢, the resulting equations are reducible by (11.5) and

(8.6) to
(12.4) d”a" da’ da”

e T g =0
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Thus the trajectories of the first parameter group are paths of S
determined by the linear connection I'g,.*

Differentiating (12.4) and making use of these equations in the
reduction, we obtain

— + T p-,a =0,

where

3 \ 9a’

where P indicates the sum of terms obtained by permuting the
subscripts cyclically. Continuing this process, we have

1_(aTg
Iy = 3P ( o — T%T — FE,F%):

dma” dd® da®"
— Ty . g — =0,
g Ty dt
where
1 [org
T, ... Bm = ;P[ ﬂaa - - Ee Fﬂl c e BeotyBesy + v ﬂm_lrgtﬂm].

Because of these results and (11.5) the expansions

da 1/ d*a”
3 . t? « o o
o a°+(dt>t+2(dt2)o +

may be written in the form

1
(12.5) a* = a5 + wedi(a) — §(P§,A5Al)ou“u" -

__.:7!(11;.”5"145‘: e Af:)gu“‘ R Vi ST ,
where
(12.6) ue = e°t.
If we put
(12.7) y* = wdi(a), u =y Ay (a),

in consequence of (12.6) and (11.5) we have

(d%’)o = e*A%(a0) = (%ltf>o’

*1027, 1, p. 14.
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and hence

da”)
12.8 = — )L
(12.8) y ( <),

Moreover, the expressions (12.5) become
1
(129) @ =a§ +¢* — S(TE)o’y" — -

1
Tt

If in place of the a’s we had started with another set of coordinates
a’®, corresponding to (12.8) we should have

o da'® E} a/a)
= t = —_— .
y ( dt )0 (aa" oyB
Because of this result and (7.11) we have
Y " A5 (ag) = y"45(a),

and consequently, as follows from (12.7), the quantities u® are
unchanged when the coordinates a® undergo a general analytic
transformation.

If we take linear combinations with constant coefficients of the
vectors A, and of A3 as in (7.9), it follows from (8.7) that the
coefficients Lg, are not changed. Accordingly the coordinates y*,
defined by (12.9), are not affected by such changes of the vectors
A:, but the quantities u® are changed. In fact, from (7.9) and
(12.7) we have, on denoting the new coordinates by ',

(12.10) we = g,

We call the u® canonical parameters. Equations (12.10) are in
agreement with (11.16).

If we denote by U, the components in the u’s of the vector of
components A2 in the a’s, we have

B8
.00

12.11 U, = Ag—:
( ) a ﬂaua

Then from (12.5), on observing that 4* = 0 when a¢* = af, we have

(12.12) Ua(0) = &, Us(0) = éq.



§12. CANONICAL PARAMETERS 47

Analogously to the equations (11.5) we have

du® a
—dt— = esUS (u) .

From these equations and (12.6) it follows that
¢ = e'Us,

and consequently we have

(12.13) wlUs = u°, wUs = ue.

We observe that, if af are the coordinates of any point in the
group-space S, then in terms of the coordinates y* defined by (12.9)
the equations of the paths through the point are given by (12.8).
Evidently the coordinates y* are determined for the domain about
the point for which (12.9) are convergent and such that no two
paths through the point meet again in the domain. They are in
fact the normal coordinates with this point as origin of the space
with the linear connection determined by the quantities I'g,.*

Although the results of the preceding development are of use
in the theory of continuous groups, the ideas of the latter have not
been used in their development and on reviewing these results
we have:

[12.1] Given an ennuple of vectors A3(a) in a space of coordinates a®
and define as 1n (8.7) a linear connection; any point for which the
determinant |Af,| 18 not zero may be taken as the origin of a set of
canonical parameters u®, defined by (12.5), where Ty, are the symmetric
parts of the coefficients of the linear connection; in this system of
coordinates the components Ug of the vectors satisfy the equations
(12.13); the coordinates u® are unchanged by a general analytic trans-
Sformation of the a’s, but undergo a linear homogeneous transformation
with constant coefficients, when the vectors are subjected to such a
transformation.

These coordinates u* have been used in other theories recently.t
For the values of ¢ for which the right-hand members of (12.5)
converge these equations may be written in the form (11.12), and

*1927, 1, p. 59.
t Cf. Thomas, 1930, 4; Michal, 1929, 3.
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these in turn lead to (11.13). If equations (11.11), written in the
form

(12.14) 28 =2' + us X2t + -+ - -

+—!-u"‘ e wm X, o Xath
m!

converge for these values of ¢, then (11.13) are equivalent to (11.11).

13. Abelian groups. If all the constants of composition of a
group are zero for a given basis of the group, the same is true for
every basis, as follows from (7.13). In this case we have from
(7.2) that (X,, Xs)f = 0. In §29 it is shown that, when and only
when this condition is satisfied, any two transformations, T, and T},
are commutative, that is, that 7,7, = T,T,. If all the trans-
formations of a group possess this property, the group is said to
be Abelian. Before proceeding to the discussion of certain canonical
forms for non-Abelian groups, we shall develop canonical expressions
for the equations of Abelian groups.

For an Abelian group equations (6.4) become

04, 94p
8 a 0’
aa ada
8o that there exist functions A%(a!, . . . , a") such that
(13.1) A, = é)Aa
aa

A
and the jacobian I?d' # 0.
If we introduce a new set of parameters u* defined by
(13.2) * = A%Ga!l, - - -, a),

and denote by Ug(u) and Uj(u) the funections of the components
in the u’s of the vectors of components A, and A7 in the a’s, we
have in consequence of (13.1) and (7.11)

(13.3) Us(w) = 8,  Ui(w) = &.

We observe that these results are in keeping with (12.13), but this
is the only case in which the U’s have the particular values (13.3), as
follows from the equations in the w’s analogous to (6.4). The
fundamental equations (5.5) are in this case
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az's

(13.4) o

= £(2").

The corresponding equations (6.2) are in this case, on dropping
primes for the present,
5 _ 0%
13.5 — — &— = 0.
(13.5) £ e & py"
We choose the coordinate system in accordance with theorem [10.2]
so as to have for the vector £ of an Abelian group

(13.6) £ = a8l

If in (13.5) we put a = 1 and b = 2, . . . , r, it follows that the
vectors & are independent of . The rank q of the matrix

(13.7) M=”£"‘” @=1- - -,na=1+--,71)

for general values of the coordinates z* is called its generic rank;
evidently ¢ < » and also ¢ < n. We consider first the case
when ¢ =r. If & £ 0, the equation £&p; = 0 admits n — 1
independent solutions

¢1 = gl + ¢1(x2’ <., xn), ‘p"(x2’ “ e ’xn)
(=3, - ’n);

if £ =0, we may take y! = 0. Denote by ¢*2?% ..., z") a
solution of &p; = 1. Then the equations z'¢ = ¢* define a non-
singular transformation of coordinates. In this coordinate system,
which we now call 2%, we have from (7.5) that (13.6) hold and
5 = 85, and then from (13.5) that the other #s are independent
of 21 and z2. Then we take the equation £p; = 0 and get solutions

‘pl o 391 + ‘bl(xS’ e e ’xn), “02 — 32 _.l_ (02(2:3, S ’xn)’
go’(xa,--’,:z;") (0'=4’ tet rn)

and %23, . . ., z") a solution of £ip; = 1, and effect the trans-

formation of coordinates 2'* = ¢’. Continuing this process, we

have ultimately a coordinate system for which the components of
the ¢’s are

(13.8) =08 (@=1+--,ri=1,--+,n;r< n).
From (13.4) we have as the finite equations of the group
(13.9) ' = 2* 4 u°, 2’ =2

(@=1,--+,r0e=r+1,--°,n;r < n).
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If the generic rank g of (13.7) is less than r, by renumbering the
subscripts of the £’s, we have that the matrix ||&i|| forh = 1, - - - , ¢
is of rank ¢. Then we have in any coordinate system

(13.10) b=ep@b (=1 ,p=qg+1 - - ,7).

Proceeding with this case in a manner similar to the preceding, we
have in consequence (13.10)

(13.11) H=& H=ve*, ), £=0
(i=19"')n;h=1r"'9Q; )
p=q+1,: " ,r58=q+1,---,n/

In this case equations (13.4) are

oz’ » ' b oz’
= = ’ ) -
= Y, (z'e+1, , '), =0

wu I due
(h,a=l,---,q;a=1,'--,r; ).
s=q+1, - ,ne=q+1, - ,r

The integral of these equations is

(13.12) 2™ = 25 + wb + wYhaet, - - -2, 2 =g
h_—:l,...’q;o-:q_*_l,-..’r;.
8=q+1,...’n

In consequence of (13.3) the equations (6.7) in terms of the
parameters u” are
ous .
auf = %
and consequently the analogue of (6.8) is
us = ui + w3

This result is in agreement with (13.9) and (13.12).

1t should be remarked that the preceding results must be thought
of as conditioned by the extent of the domain to which they apply.
Thus in specifying the existence of integrals by the aid of which
these forms were obtained, we have not gone into the nature of
these integrals, which question clearly bears directly on the above
remark.
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14. The vectors Us. Making use of equations (6.4) in canonical
parameters, namely

oU(w) 9USw)
i~ e = 0ilawUsw),

we have in consequence of (12.6) and (12.13)

dUq(et)  aUa(w) 5 173Us(M) 4 | 40
a el _t[ o ¥ T ol

(14.1)

(w) Ug(u)u® ]
= 26— US(e) + a3

If then we put

(14.2) 6a(est) = tUg(et),
the preceding equations become

do;
(14.3) —5 = 0+ oitae’,

and in consequence of equations (14.1) we have

26° 965
(14.4) a—ea - a—eé = deezog.

The solutions of (14.3) for which (63):.o = 0 are of the form
1 1
(14'5) 0: = t[5: + Ecagl X + gicaz:c‘h;!emea,tz + tt e
1 ] a 1 r iy
+mcdz:c‘vlg2 . e e c‘y'—lﬁ' PP eat + . . .]’
and consequently

(14.6) U(w) = & + %c S

+

1 °
8 B
(7‘ -+ l)lcaﬂyf"nz: st c7'-lﬁrul RIS VA L

Because of (7.3) these expressions agree with (12.13).
If |c3| < c for all values of @, 8, vy from 1, . . . ,r, and we put
u= Elu“ , we have that the series on the right in (14.6) is less than

the series
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1 +-;cu+§1—!rczu2+ R ™Y ew) 4 - - -,

1
(n 4+ 1!

1
whose sum is (e* — 1)/cur? + 1 — ;*, and consequently the

series (14.6) are convergent.

If G, is a group for which the identity is determined by a§ and
the vectors AZ are chosen so that (8.4) are satisfied, it follows from
(12.5) that the canonical parameters with respect to the ennuple
A% are the same as with respect to the ennuple A5, This is a conse-
quence also of the fact that the symmetric part of the coefficients

§, is the same as of L§, in consequence of (8.10). Accordingly, if
U3 and U2 are the components in the u’s of the respective vectors
A2 and A2, we have
(14.7) w U2 = ue, wlUs = u°, Us(0) = &2, TU2(0) = &.
Since the functions Ug(u) are defined by (14.6) with the ¢’s replaced
by the ¢’s, in consequence of (8.13) we have

(14.8) Ua(u) = Us(—w),

and because of (5.7)

(14.9) Usi(u) = Us(—u).
If analogously to (8.14) we put

(14.10) Us(u) = osUs(u),

then the ¢’s are equal to the p’s in (8.14) under the transformation
of the a’s into the u’s. In place of (8.17) we have

(14.11) doa _ CaoiU’
. auﬂ = Cef0aU oy

and in consequence of (12.13)

do? b

—_— e,/
(14.12) i Ces0a€’.

From (12.12) and (14.7) we have 63(0) = 85. The solutions of
(14.12) satisfying this condition are of the form

* Schur, 1891, 1, p. 270.
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1
(14.13) op = 80 + caou’ + éc,‘,"lca};u’ iy

L
+ ﬁcdlhcﬂ;z‘cﬂ;zuﬂuﬂuﬂ + -

From (14.10) and (14.9) we have

(14.14) Us(~u)Uq(u) = aa(u)*,
and also
(14.15) Ul(u) = oa(u)U(—u).
When canonical parameters are used, we indicate by
(14.16) uz = ¢ (u1; u)

the equations analogous to (4.6), and we have that the y’s are such
that (cf. (4.14))

(14.17) ui = ¢*(uy; 0), uz = ¢*(0; us).
From the equations (cf. (6.7) and (8.3))
ou3 ous

(14.18) o i U3 (us) Up(us). o Ua(us)Up(uy)

and (14.17) we have
(14.19) US(uy) = (‘W_a(’“’_“i)) ) Te(w) = (3\1/“(141; uz)) N
ug =0 ulm

dus duy
which are the analogues of (9.5) and (9.6).

16. The second and third fundamental theorems. Suppose
that in a V, of coordinates z* we have r sets of contravariant
vectors £ linearly independent (constant coefficients) such that the
equations (6.2) are satisfied, where the ¢’s are constants; as previ-
ously shown these constants must be such that (7.3) and (7.4) hold.
We shall show that there exist functions A4, of parameters
al, . . ., a" such that the corresponding set of equations (5.5) are
completely integrable, and consequently their solutions define a group.

To this end we consider the differential equations (14.3), that is,

de;

(151) . W = 5: + 6‘4;0:8/,

* Cf. Schur, 1891, 1, p. 275.



54 I. THE FUNDAMENTAL THEOREMS

where the ¢’s are a set of r parameters. The solutions of these
equations which vanish when ¢ = 0 are given as power series by
(14.5), from which it is seen that these solutions are of the form

0 = tfa(ett, - - -, et).
We have from (15.1)

d o6 o602

2(%\ _  a a,r0%

dt(ae”) il + caje’
d a
a(cb‘éﬂioz) = c.,ﬁo}‘,' + cb,';a.'i + 0?.0‘;6’ (corens + crlicns)

) bod s h
= c.305 + copbs + 0265¢ corcht,

the latter being a consequence of (7.3) and (7.4). Hence we have

d /o0’ et a6 o0
a;(é-‘e—a‘ — .—9;5 - 1,40" > = c;.,e (@j - Fe cbdebeﬁ)

a

a6,
From (14.5) we have that 6, and ﬁ vanish when{ = 0. Conse-

quently when ¢ = 0, the right-hand members of these equations are
zero, and from the theory of differential equations it follows that
for all values of ¢t we have

%’; 963
e  9e*
If we put 6; = tU,(u), where u* = €%, we obtain equations (14.1),
and U, (u) are given by (14.6), which series have been shown to be

convergent.* Since U%(0) = 52, the determinant |UZ| is of rank r.
Hence we have the following second fundamental theorem of Lie:

[15.1] If r sets of functions £i(x) satisfy the conditions (6.2) and
they are linearly independent (constant coefficients), there exist functions
Uq(u), whose determinant is of rank r, such that the equations

oz’

= BV

= cb‘.}():og.

are completely integrable; the solutions fi(x; u) of these equations such
that fi(z; 0) = z't define a group G, of transformations consisting of

* Cf. also Engel, 1891, 2, pp. 308-311.
t That such solutions exist has been shown in §6.
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the transformations of the groups G, generated by the ! infinitesimal
transformations e*X,f or of products of such transformations.

In the foregoing proof no use has been made of the functions
£ except as giving the constants ¢,y and thence the conditions (7.3)
and (7.4). What has been shown in fact is that, if a set of constants
satisfy these conditions, the functions U, defined by (14.6) satisfy
equations (14.1), that

wlUq =u,  Ua0) = &
and consequently the determinant |Ug(u)| is of rank r. Further-
more the functions Uj(u), satisfy the equations
U} U’
Us— — Us—= = c3U-.
u ou®
Consequently the equations
6yla
ou®

= Us(y')Us(u)

are completely integrable, and the solutions
Y =fy;

such that y'* = y* when v = 0, define a group G, of transformations.
This is the same as the first parameter group when the ¢’s arise
from a given group G,. Hence we have the following third funda-
mental theorem of Lie:

[15.2] Any set of constants cu5, which satisfy the conditions (7.3)
and (7.4) are the constants of structure of a group.
It should be remarked that the preceding argument applies only to

the domain about the origin for which the determinant of Uy is
not zero *

Exercises

1. Show that the inverse of Tayis0, 18 Tao—ss0 Where @y determine the
identity and that the inverses of TsysaT" and T,'Taysa are TasaT,' and
T T 4—sa respectively.

2. Show that

TasrsasTar48a1 = TayTay

* Cf. Cartan, 1930, 1, p. 17.
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if 8a¥ and sa3 are chosen so that

3¢ (a1; as) sa% + 3P (atj a,) 30 =

da? daj

0,

and that in this case 77,,Ts,15, and T¢.+3¢,T:: are inverses of one another,
and consequently (Ex. 1)
T.,,”.,,T:: = T::Tag—anr
3. Given two sets of transformations
z's =f§(:c', e ,x";a{, c ., a), z's ___.f;'(zl, e 'xn;(l;, < e e, ap),
in which the a’s are essential, and denote by T, and T, transformations of the
two sets; in order that T.,7., be of the form
" =f;‘(;,;1, eo v, zmal, -, ad),
where the a;’s are essential, in which case
al: = 'l'a(al; as),
it is necessary that the functions f} satisfy a set of equations of the form
’
Ba_‘; = £(z)As(a).

Then show that a necessary and sufficient condition that the above conditions
be met is that

Ty, = SbnT(nn)o1 T, = T(ﬂz)oS’m

where S,, and S,, are transformations of a group Gy, and Ty, and Ty, are
particular transformations of the two sets.
Bianchi, 1918, 1, p. 118,
4. If the r parameters in the equations y° = fi(z;al, + + + , a’) are essential,
the maximum number in the sequence (3.7), say u,, is equal to r and consequently
the s + 1 system of equations

v =1 Yi =f‘y 1" * y‘)ll---h =f‘)l|.'~-il

can be solved for the a’s; when the a’s are eliminated from these equations, ¢
equations

(1) Falty ¥y ¥ 1y * * >y ¥ fev i) =0 (a=1,---,09
result, where ¢ = e + &1 + * * + + & — r, & being the number of equations

involving the ¢ th derivatives and ¢ = n. Then y', ;... ,,, are expressible in
the form

(2) y"h oo fagy = 4’}, codend@ U Wty Y hee g

Thus (1) and (2) constitute the differential equations arising from y* = fi(z; a)
by the elimination of the a’s, and the latter is the general integral of the
system (1).

6. If the equations y* = fi(z; a) in Ex. 4 define a group, and if ¢*(z) and
¥*(z) are solutions of the system (1), 8o also are y*(¢(z)) solutions. The system
(1) is called the differential equations of definition of the group.
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6. For the general affine group z"* = alz? + o' the equations of definition
(Ex. 5) are

2gs
oziozk

=0 @y k=1---,n)

7. A particular case of Ex. 4 is afforded by the set of equations
=gy
where ¢! are the vectors of a group G,. In this case equations (1) are linear
and homogeneous in £ and their derivatives of order 1 to s, the coefficients

being functions of the z’s. These equations admit as solutions each set £ and

F] 1
also Ea E - £,, E . The corresponding equations (1) are called the equations

of defi mtzon of the infinttesimal transformations of the group.
Lie-Engel, 1888, 1, vol. 1, p. 185.
8. Show that if a system of differential equations linear and homogeneous
in ¢ and its derivatives to a finite order possesses the property that when £ and

Ea I3

£ are any two sets of solutions so also is E‘ e, Y and the general solution

Jof .
&' involves a finite number, r, of arbitrary constants, then E'Bi, is the general
z‘

symbol of a group G,.
Lie-Engel, 1888, 1, vol. 1, p. 188.
9. The equations of definition of the infinitesimal transformation of a
group follow from the equations of definition (Ex. 4 (1)) of the group, if y*
are replaced by z¢ + £'8¢ and the coefficient of 8t is equated to zero.
Bianchi, 1918, 1, p. 128.
10. Find the equations of definition of the infinitesimal transformation of
the affine group (Ex. 6) and show that

Ei=e‘+6§xi (i1j=1)"°1")’

where the e’s are constants.

11. The group of motions in euclidean n-space in cartesian coordinates is
defined by

7" = a' + alz,
where the a’s are constants subject to the conditions
alal = 8.

Show that the equations of definition (Ex. 4) are
ax's oz’
ozi ozt

12. For the group of motions in euclidean n-space (Ex. 11) the equations
of definition of the infinitesimal transformations are
1 ¢!

5;‘,"*'5"_0 (i’j'_‘lv""”)v

= 8jk
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of which the integrals are °
£ =b 4+ blzi, b} = —bi
Consequently the symbols are
P,  &p; — ipi GBi=1--+,n)

13. When a group of transformations is defined not by a single set of equa-
tions as (4.1), but by m(>1) sets of equations, say

z' =f(:.)(x; a) =13 :-:,m),

in each of which there enter r essential parameters a, the equations are said to
define a mized group. Show that in this case each set of functions f}, satisfy
a set of equations

Yo
day

= E:(f(.))A(:)a(ar)y

where the £ are the same functions for each value of s, but not the 4,,,’s.
Lie-Engel, 1888, 1, vol. 1, p. 314,
14. If the functions ¢,(z) in Ex. 13 are such that X.f = £ p; are the symbols
of a group by theorem [6.3], and if a,5 are values for which the determinant
|4 1y2(as,)| is not zero, then T(,),,T,,, are transformations of the mixed group.

Since the identity is in one set say T (1)q, this set is the group of symbols X, f, and
Twa = Twaol (1)a-
15. Show that

z' =zcosa — ysina, y' =z sin a + y cos a,

z' =z cosa + ysin a, Yy =zsina —ycosa
define a mixed group; that the symbol is 1% - zz—f: and that if T’y denotes the
second transformation when a = 0, then !

T!a = T!OTlu-

16. In order that m sets of equations define a mixed group it is necessary
that the same number of essential parameters enter into each set of equations.
Lie-Engel, 1888, 1, vol. 1, p. 319.
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16. Sub-groups of a G,. We have seen that for each set of
values of the constants e in e2X,f, the latter is the symbol of a
sub-group G, of the given G,. The question arises whether m(<r)
sets of independent constants ¢; fora =1, -+, randt =1, - -,
m(<r) can be found so that

(16.1) Yif = e Xaf

are the symbols of group of order m, and thus a sub-group of G,.
Since the constants ¢; are independent, their matrix “e’,’“ must be
of rank m. Also we must have

(162) (Yt, Yu)f = ‘Y¢zva (t; u, v = 1; te )m)r

where the v’s are constants. Because of (16.1), (16.2) and (7.2)
we have

(16.3) € = €16uCas

The problem reduces accordingly to the consistency of these
equations and is an algebraic one. For each set of values of ¢
and u, these equations must admit a solution. Since the matrix
He?” is by hypothesis of rank m, it means that the augmented
matrix, for given values of ¢ and «, namely

ab ¢

|les, erencat

e=1"-",r;v=1"-"-+-,m)

must be of rank m. Thus all these matrices for values of ¢ and
u from 1 to m must be of rank m; that is, the equations obtained
by equating to zero all the determinants of order m + 1 of these
14m(m — 1) augmented matrices must be consistent in the ¢’s, the
latter being subject to the condition that the matrix ||¢f|| be of
rank m,

If these conditions are satisfied and the basis X, f is chosen so
that X.f, . . . , Xwf are symbols of the sub-group, then

(16.4) (X Xu)f = Cou of tHuv,=1"-"",m).
- 69



60 II. PROPERTIES OF GROUPS. DIFFERENTIAL EQUATIONS

Consequently we have

) s _ Lbu=1---,m;
(16.5) cw =0 <z=m+1,"',7"

As an example of sub-groups we have that for the group of
motions in euclidean 3-space, the translations form an Abelian
sub-group @, and the rotations about a point form a sub-group Gs.

We shall establish the theorem:

[16.1] The basis of a group Gs, or of a sub-group G, can be chosen
so that

(16.6) (X1, Xo)f = Xaf or (X3, Xo)f = 0.
For a given basis we have
(Xl, Xz)f = aX;f + ngf.

If a0, b =0, we replace X,f by —aX,f and X,f by X.f;
if a = 0,b 5 0 we replace X,f by bX,f;if a # 0, b > 0, we replace

le by bX]f and ng by %Xaf - ale.

Let ueX,f be the symbol of a G, of a G,, and find under what
conditions v*X,f is the symbol of a G, so that the two form a sub-
group G of G,. For this to be the case it is necessary and sufficient
that

(16.7) (X o, X0)f = ousXof + pt*Xuf.

In consequence of (7.2) we have

(16.8) np(u)v® — ou® — pve = 0,
where
(16.9) m(u) = capus.

Since 73(w)u® = 0 in consequence of (7.3), we have that the rank
of the matrix ||n|| is less than ». Hence in order that (16.7) with
o = p = 0 be satisfied by v* different from u?°, it is necessary that
the rank of this matrix be less than » — 1, and we have:

[16.2] A necessary and sufficient condition that u*X.f be the symbol
of a Gy contained in an Abelian sub-group G: of a G, is that the rank
of the matriz of ciyuc be less than r — 1.
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In order that p = 0, ¢ # 0 in (16.7), in which case we may take
o = 1, as in theorem [16.1], it follows from (16.8) that the aug-
mented matrix ||, u¢|| must be of the same rank as the matrix
|Inéll, and that if the rank is 7 — p, then certain p of the v’s may be
.chosen arbitrarily and the others are determined.

In order that p > 0 in (16.7), we may take ¢ = 0 as in the case
of theorem [16.1] and equations (16.8) become

(16.10) (b — pSi)v* =

From theorem [16.2] it follows that, if zero is a multiple root of
the determinant equation

(16.11) |25 — &%p = 0,

there are values of v® other than e satisfying (16.10) and these
lead to Abelian sub-groups G,. If p is & non-zero root of (16.11),
v® determined by (16.10) are different from u%, and we have a G,
such that

(usX,, ¥ Xo)f = pv°X.f.
As a result of the preceding investigation we have:

[16.3] Any sub-group G: of a G, is contained in at least one sub-
group G of G..

17. Absolute and relative invariants of a group. A function
F(x) which is unaltered by all the transformations of a group @G,,
that is, such that F(2') = F(z) is called an absolute invariant of the
group. For a sub-group G, of transformations the trajectories are
given by (11.8), that is,

dz’s :

_d—t— = e“fﬂ(x'),
where the e’s are definite constants. A necessary and sufficient
condition that F be an absolute invariant of this G, is that

F(z') = F(z)
be an identity when the z’’s are replaced by the solutions of the
above equations determined by the z’s as the values when ¢ = 0.
Hence we must have
dF(a:')
Tdt

oF (z' )

RS
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If F is to be an absolute invariant for G,, this condition must hold
for all values of the ¢’s and we have:

[17.1] A necessary and sufficient condition that a function

F(zY, . . ., z") be an absolute invariant of a G, is that

(17.1) XF =0 (a=1,---,1.
If the rank of the matrix

(17.2) M =gl

is ¢, then ¢ of the equations (17.1) are independent, say

(17.3) Xf=0 e=1,---,9.

In consequence of (7.2) and the fact that the other symbols are
expressible in terms of those in (17.3) the system (17.1) is complete.
Hence if ¢ < n, there are n — ¢ independent absolute invariants,
and none when ¢ = n.

Suppose that a function F(z) is not an invariant of the group
with symbols X,f, but that it is invariant for the transformations
with the p linearly independent (constant coefficients) symbols

Ylf = x;Xaf (l =1, -, p)l

where the N's are constants, and only for these symbols. If we
take as basis these p symbols and » — p of the X,fso that the whole
set be linearly independent (constant coefficients), we have

— ~k ¢ k7l)m=l,""p;.
Yy, Yo)f = yimYif + vimXof <t —pH1, e,y )
When f = F, we obtain from these identities the equations

7l;leF = 0)

from which it follows that v,5 = 0, otherwise we should have
further symbols for which F is an invariant. Hence we have:

(Y, Yolf = vimYif,

and consequently by the second fundamental theorem the trans-
formations with the symbols Y,f form a group, which is a sub-group
of G,. This result may be obtained also by observing that the
product of any two transformations applied to F(z) leaves it invar-
iant and consequently is a member of the same set. We call
this sub-group the sub-group of the function F(z). From the results
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at the beginning of this section it follows that the number of inde-
pendent functions invariant for a sub-group is equal to » minus
the rank of the matrix of the symbols of the sub-group.

Suppose that we have p independent functions Fy, . . ., Fp
such that
— a=1,+"",r;
(17.4) XF,=0 (a=1,---, )

not identically, but for the values of the z’s for which
(17.5) F, =0,

If we change the coordinates so that equations (17.5) are in the new
coordinate system

(17.6) z=0 (¢=1,---,p),

then from (17.4) we have £ equal to zero when z!, . . . , z? are
zero; we indicate this by )

17.79 (&)o = 0.
If now we take the sub-set

% = e*£5(x)
of equations (11.8) and treat the quantities z**!, . . . , z" entering
therein as parameters, we have that the solutions of these equations
which have the initial values (17.6) are in fact (17.6), in consequence
of (17.7) and the theory of systems of ordinary differential equations.
Hence we have:

[17.2] If X.f are the symbols of a G, and there exist a set of inde-
pendent functions F1, . . . , Fp such that X, F, = 0 for points of the
variety defined by F1 = - + + = F, = 0, this variety is transformed
into itself by each transformation of G.,.

In this case the functions F, are said to define a relative invariant
of the group.

Theorems [17.1] and [17.2] are established immediately, if we
consider only infinitesimal transformations of the group, so that
we have proved that invariance under the infinitesimal transforma-
tions of a group implies invariance under the finite transformations
generated by them. We show in §51 that the same principle holds
in the case of another type of invariant.
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18. Ordinary and singular points. Order of a transformation
at a point. Consider the matrix

(18.1) M = |l

of the components of the vectors of a group G,. Let ¢ be the rank
of M for general values of the 2’s, that is, ¢ is the generic rank (§13).
A point for whose coordinates the rank is ¢ we call an ordinary
point of the transformation, and a point for which the rank is less
than ¢ a singular point.

In order to distinguish between types of singular points, we pro-
ceed as follows. If the equations obtained by equating to zero all
the elements of (18.1) are consistent, we denote by L, the locus of
points whose coordinates satisfy these equations and say that these
points are singular of order zero.

If there is such a locus it consists of the points satisfying a set
of independent and consistent equations, say

Fi=0---,F, =0.

If s = n, Ly consists of one or more isolated points. If s < n,
then L, is a sub-variety of n — s dimensions. For example, in the
case of the group of rotations in euclidean 3-space (Ex. 5, p. 43)
the origin is the locus L.

If the equations obtained by equating to zero all the minors of
order two of M are consistent, we denote by L, the locus of points,
whose coordinates satisfy these equations and do not belong to
Ly, if any, and call these points of order one. Proceeding in this
manner we have the possible loci Ly, . . . , L1 of singular points.
The above remarks concerning the nature of Ly apply to each of the
loci Ly, ..., Ley. Thus for any point in L, the rank of the
matrix is p. In this sense the locus of the ordinary points is denoted
by L,. Thus L, consists of all the points of V, other than those in
Lo, . . ., Lgy, if any.

If the components ¢ of a transformation are regular in the
neighborhood of a point P, of coordinates z}, and they are expressed
in the form

182t =t +(E) @+

0

we say that the transformation is of order zero at P, when not all
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of the #(x,) are zero; that it is of order one when all of the &(xo)
are zero but not all of the (g—i;)o, and so on.

If the rank of M at P, is ¢, then in the equations
(18.3) bega(z0) = 0,

qo of the b’s are expressible linearly and homogeneously in terms of
the remaining » — qo. Hence there are r — ¢, linearly independent
transformations

(18.4) beX.f

of order greater than zero at Py and ¢ of order zero.

Each of the infinitesimal transformations of order greater than
zero leaves the point P, invariant, as follows from (10.21). If
two such transformations are applied successively, the point P, is
unaltered and consequently the *- .. " i transformation is of the
same kind. Consequently all the infinitesimal transformations
of order greater than zero generate a group of order r — gy, which
is a subgroup of G,; it is called the sub-group of stability of P,.

In order to find expressions for the generators of this sub-group,
we assume that the indices in (18.1) have been arranged so that the

matrix ||$:.(xo)|| for p =1, - - -, qo is of rank ¢o. Then we have
$o N _ g p=1""",0q;

(18.5) &(20) = agkp(x0) (S =q+1, ", 1‘),

where the a’s are constants. Hence the symbols

(18.6) X.f — adX,f,

being linearly independent and of order greater than zero at P,
generate the sub-group of stability of P, of order r — go.

From the foregoing considerations it follows that, when the rank
of M is r, an ordinary point does not admit a subgroup of stability
other than the identity. If the rank q of M is less than r, then there
is a sub-group of stability for each point; it is of order » — ¢ for an
ordinary point and » — p for a singular point of order p.

Exercises
1. The symbols of the general projective group Gs in = and y, if we put

_o o
p = azy q = ayv are (cf. Ex. 9, p. 43)

N - yp, zq, yq, 2*p t+zyg, zyp +Y'q;
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show that the following are the symbols of sub-groups:

@ » e 2 yp, 20 yg;
@) zp, yp, 2g ye 2P taYe,  TYP + ¥
@) p, ¢ 2o zP—-ys YD;
Gv) =9y zp—yq yp, 2ptzyg TYp +¥'q;
v p ¢ 2z, =z, Y
Lie-Scheffers, 1893, 1, p. 272.
2. Show that the general projective group in the plane does not have a
sub-group of order 7.
Lie-Scheffers, 1893, 1, p. 267,
3. The G; with the symbols

p+zq,  zp + 2yq, (@ — ¥)p + 2yq

leaves the parabola 22 — 2y = 0 invariant.

4. Show that p, g, ygq, zp are the symbols of a G, that p + yq, gand p + ygq,
yq are the symbols of sub-groups G,, and these are the only sub-groups G; of
which p + yq is one of the symbols.

Lie-Scheffers, 1893, 1, p. 564.

5. If the ranks of M (18.1) and

M=l 28 _ .. 08, 8%
L= G L e
for an ordinary point P(z.) are ¢, ¢o + ¢1, ¢ + q1 + qa, - - -, there are go

independent transformations of order zero at P, ¢, of order one, g; of order two
and so on. There is an M, such that

()] o+a+ - Fq =1

6. If X.f and X,f are of orders h; and h; at P(zo), (X1, X3)f is of order
hy + hs — 1.

7. For a @G, in one variable the sequence (i) of Ex. §i8 0,1, - - + ,r — 1,
from which and Ex. 6 it follows that r is at most equal to three.

8. If X:f, X.f, Xaf are symbols of transformations of a G; on one variable
of order zero, one and two at an ordinary point, by a suitable change of base
one has

@ Xy Xof = Xof, (X4 Xolf =2Xof, (X Xo)f = Xof.
If the coordinate z is chosen so that X,f = p, the symbols of G, are

@) p  zp, TP
and the finite equation of the group is
z = —-'-—lzv
cx +d

- that is, the projective group on the line; show also that the first two symbols
of (ii) define the subgroup of affine transformations on the line.
Bianchi, 1918, 1, p. 374.
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9. Find the varieties Ly, Ly, . . . , (§18) for the group in z, y, z whose
matrix is
y —z 0
T Yy =z
? wy =zz
Ty Y oyz
rz yz 2

and interpret the result geometrically.
10. For the group with the symbols

X\f = p1 + 2z'ps + 325, Xof = z'p1 + 22%ps + 32%ps, Xof = p2 + 3z'ps

the function 3z'z? — z® — 2(z')?is a relative invariant, and an absolute invari-
ant of the sub-group with the symbols X,f and X,f.

19. Invariant varieties. Two points are said to be equivalent
under a given group, if they are transformable into one another
by one or more transformations of the group. A sub-space V.
of V, is called an invariant variety for the group, if all the points
equivalent to each point of V,, lie in V,. Thus if equations
(17.1) admit s independent solutions, say Fi, . . . , F,, then the
equations

Fi,=a, t=1,---,9),
where the a’s are constants, define an invariant V,, where
m=mn—s,

and any one of these equations defines an invariant variety of
order n — 1.

Consider a group G, (r > 1) and let the rank of the matrix
M (18.1) at a given point Po(z) be ¢o < n. Let the indices of the
symbols of @, be so arranged that the rank of the matrix of the
symbols X.f(e = 1, - *+ « , qo) is goat Po. Thenthe transformations
with the symbols a*X.f, where the a’s are arbitrary constants, are
of order zero at P,. The points equivalent to P, under G, lie on the
trajectories through P, of the Gy’s determined by these symbols.
The locus of the points is a variety of dimension ¢, and is the variety
of least dimension containing points equivalent to Py under the
group; it is called the minimum invariant variety for Pq.

Making use of the fact that the sub-group of stability of Py
is of order r — qo (§18), we shall show that the rank of the matrix M
at each point equivalent to Pyis go. For let P be such a point and T
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the transformation which sends P, into P, 7! its inverse and T
any transformation of stability of P,; then
TTT-\(P) = P.

Since each T determines in this manner a transformation leaving P
fixed, the sub-group of stability of P is at least of the same order
as for P, and on reversing the process we have that it is of the same
order. From this result it follows that, if P, is an ordinary point
(§18), the points equivalent to it are ordinary points, and if P,
is a singular point its equivalents are singular points of the same
order.

If P, is an ordinary point (g0 = ¢ < n), there are n — ¢ absolute
invariants F, and the minimum invariant variety for P, is given
by the equations

(19.1) F(z) =F,(z0) (¢0=1,"-"",n—9),

and these varieties constitute L, as defined in §18. Furthermore,
from the above results it follows that this is the minimum invariant
variety for each of its points. Although equations (19.1) define
an invariant variety for each P,, it is the minimum variety for P,
only in case P, is an ordinary point.

Consider, for example, the group of rotations in euclidean 3-space
(Ex. 5, p. 43). The origin is the only singular point and is of order
zero. The generic rank of the matrix is two and the function
z? + y? 4 2? is the only absolute invariant of the group, so that
the minimum invariant variety for each ordinary point is a sphere.

If P, is a singular point, that is, g < g, the coordinates of any
point equivalent to P, satisfy the equations obtained by equating
to zero all the determinants of M of order ¢o + 1. The variety
defined by these equations is an invariant variety of G,. If we
exclude from this variety all points, if any, for which the rank of M
is less than g, and thus obtain the locus L,, of §18, the points
of the minimum invariant variety of each point of L,, lie in L,,.
However, the variety for a given point does not necessarily coincide
with L.

The coordinates z* of the points equivalent to P, are given by

(19.2) z¥ = fi(zo; a),

when the a’s take all possible values. In consequence of (5.5)
the matrix
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f (xo; @)

19.
(19.3) da

is the product of the matrix ||£i(z)|| and the non-singular matrix
||4%], and therefore is of the same rank as M at the point of coordi-
nates z8.* Equations (19.2) define the minimum invariant variety
of the point P, and the order of this variety is equal to the rank
of the matrix (19.3). If g is the rank of this matrix, then ¢ of
the equations (19.2) can be solved for ¢, of the a’s, and when these
are substituted in the remaining equations and the other r — ¢ a’s
are given a set of possible values, we obtain the equations

(19.4) '/’p(z; x) =0 (o = L, - ,n— qﬂ))

defining the minimum invariant variety of Ps. If g0 = ¢, equations
(19.4) are necessarily equivalent to (19.1).

We have just seen that the equations of invariant varieties
may be obtained in several ways. Let us assume that the inde-
pendent equations

(19.5) Fi=-++ =F,=0

define an invariant variety. By definition the trajectories through
each point in the variety lie in it. Then from (10.19) it follows
that it is necessary that the equations
a=1 ++-,r;

(19.6) XoFy =0 (a 1, -, p)
be satisfied by the coordinates of each point in the variety. If
these equations are satisfied identically, the functions F, are
absolute invariants, and we have the case discussed in connection
with equations (19.1). If (19.6) are satisfied because of (19.5),
the functions F, are relative invariants as shown in §17, and these
are the only conditions to be satisfied to insure that equations
(19.5) define an invariant variety. Evidently the second case
arises only when all the points of this variety are singular. Recapit-
ulating these results we have:

[19.1] Let q be the rank of the matriz M (18.1) for a G,. If the
minors of M of order p(<q) when equated to zero are consistent,
the resulting equations define an invariant variety of G, which includes
the minimum invariant variety for any point of it; whether ¢ = n or

]

* Cf, Bécher, 1907, 1, p. 79,
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g < n, the points of these tnvartant manifolds, if they exist, are stngular
points. If ¢ < n, there are minimum invariant varieties of ordinary
points and these are defined by (19.1).

20. The group induced in an invariant variety. Let V., be an
invariant variety, whose equations are given in the parametric form

(20.1) =iyl o, ™).

Since each of the vectors ¢i at any point of V,, is tangential to
Vm, they are expressible in the form

. dzt
(20.2) g =i @=1,---,m),
9y
where the 7’s are functions of the y’s.* From (20.2) we have
;0 L9
(20.3) X.f = f,,g—f—‘, = n,,-—'é = Y.f.
z Y

It may be that at all points of V,, one or more equations of the
form

(20.4) ot =0,

where the ¢’s are constants, are satisfied. In this case the G; with
the symbol ¢*X,f leaves V,, point-wise invariant. If there are p
such independent relations (20.4), there is a sub-group @, of G,
which leaves V, point-wise invariant. Since the jacobian matrix

oz
dy
(20.5) ol = 0.

Hence the symbols Y, f are not independent (constant coefficients),
and in fact there are only » — p of them thus independent. These
define a group TI',_, which is said to be induced in V, by G,.

Conversely, if p relations (20.5) hold, then (20.4) follow from
(20.2) and there is a sub-group G, of @, which leaves V,, point-wise
invariant. Hence we have:

is of rank m, from (20.4) and (20.2) we have

[20.1] If V.. 18 an invariant variety for a G, and there is a sub-group
G, which leaves V., point-wise invariant, the group induced in V,
1s a I',_p,; and conversely.

* Cf. 1926, 3, p. 46.



§21. TRANSITIVE AND INTRANSITIVE GROUPS 71

Y, fforp=1,-+,r— p,are independent (constant coeffi-
cients) and we have

—_ p=1 -+ ,r—p;
(20.6) Y.f=adY,f (T e T r)’
then from (7.2) and (20.3) we have

(20.7) (Y,, Y, )f = (¢t + €000 Y,  (0yy P03 =1, -+ * ;71— p)

as the equations of composition of the induced group.

If V., is the minimum invariant variety for each of its points,
then the sub-group of stability of each point is of order r — m,
but only in case there is a sub-group of stability which holds for
every point is the induced group of order less than r. Consider,
for example, the group of rotations in 3-space about the origin.
The spheres with centers at the origin are the minimum invariant
varieties, but there is no sub-group of stability holding for all the
points of any one of these spheres.

When in particular the equations (20.1) are taken in the form

(20.8) 2=y @, -,z r=m+1, - ,n),
we have from (20.2)

Hence we have:

[20.2] When the equations of an invariant variety V. are given
in the form (20.8), the symbols Y.f of the induced group are of the
Jorm

f

(09)  Vof = £, - - amymH, oLyl
xr

(a= 1, - - ’r;)*
c=1---,m
21. Transitive and intransitive groups. A group is said to be
transitive when every two ordinary points of the space are equiva-
lent under the group (§19); otherwise the group is intransitive.
For example, the group of translations in euclidean 3-space is

transitive and the group of rotations is intransitive. From the
consideration of the finite equations of a group @, it is seen that

* Cf. Bianchi, 1918, 1, pp. 164, 165.
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for a group to be transitive we must have r 2 n and the rank of the
matrix (19.3) must be n; when r = n, the group is called simply
transitive, otherwise multiply transitive.*

For an intransitive group there are invariant varieties of order
less than n, otherwise by a combination of transformations any
ordinary point could be transformed into any other ordinary point.
If ¢ is the generic rank of the matrix M (18.1) and ¢ = n, there
are no absolute invariants of the group (§17) and consequently
the invariant variety of an ordinary point is the space itself, so
that the group is transitive. But if ¢ < n there are absolute
invariants of the group, and the group is intransitive, since there
are invariant varieties for ordinary points. Hence we have:

[21.1] A necessary and sufficicnt condition that a group G, be transitive
18 that r 2 n and that the generic rank of the matriz M be n.

For example, the first and second parameter groups of a G,
are simply transitive on r variables (the a’s) (cf. §9). Also from
§19 it follows that the group induced on an invariant variety
is transitive, when it is the minimum invariant variety for its
points, but otherwise it is intransitive.

A transitive group may have invariant varieties, the points
of which necessarily are singular. For example, the group G,
of Ex. 10, p. 67 is transitive and the equation

32iz? — 2 — 2(2x))¥ =0

defines an invariant variety.

We shall develop in the remainder of this section certain equa-
tions which will be used in the subsequent development. We recall
from §6 the fundamental equations

6 = o« o .
(21_1) fga_el — Ega_{g _ ca:EE <a’ bg c = 1, , 1',).

0z* ox af=1"-"",n

If the generic rank ¢ of the matrix M (18.1) is less than r, we assign

the subscripts of £ so that the matrix ||&]| for A =1, - - -, ¢ is
of rank ¢ and put
(21.2) G=eti =1 -, Gp=q+1--,n),

*Some writers use the term multiply transitive in the sense in which we
use the term k-fold transitive in Ex. 14, p. 108.
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where the ¢’s are functions of the z’s, Then equations (21.1)
may be written

a8 ath
(21.3) 02— 0% = (o o+ edeDd

z dx
If we take b = p in (21.3) and replace £ by its expression (21.2),
the result is equivalent, in consequence of equations of the form
(21.3) when b is replaced by A, to

(21.4) Xapp = up
where
(21.5) Dy = Cap + Cappr — P5(Cap + Cappr)

a=1 - ,r

hhg=1"--",q |

ps=qg+1, -7
When a in (21.4) takes the values 1, . . . , ¢, we have

h_ 5 h h:k—__ly"':Q;.
(21.6) Xipp = Pip (P =q+1, - -,
In consequence of (21.2) and (21.6) when @ in (21.4) takes the
values ¢ + 1, - - -, r, the latter are reducible to
kx bz h h,k=l;"'yq;

(217) ‘Poq)kp_(bsp (p,8=q+1, SRR ¢

which are fundamental identities connecting the @®’s. Hence
equations (21.4) are equivalent to (21.6) and (21.7).

When ¢ < n, that is, when @, is intransitive, the equations
X.f = 0 form a complete system of ¢ independent equations, and
consequently admit n — ¢ independent solutions, say y°. Without

loss of generality we may assume that the determinant

a¢l
—|#0
o™ *
fort,u =q+1, - - ,n If we effect the transformation
x')‘=x)" 7 =y N=1,-+,¢go=q+1 " ,n)
and note that the £’s transform as contravariant vectors, that is,

axla

¢ = 535;5’
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then in the new coordinate system, which we call z* (dropping
primes), we have

(21.8) £=0 (@=1,---,r5e=q+1, --,n).
In this coordinate system the equations
2atl = a‘”’l, . e e ,Z" = q*

for particular values of the constants a* define an invariant variety
V. Corresponding to equations (20.1) we have in this case

x)‘=93k, 2’ =a’ ()‘=11'°'1(I;‘7=Q+1"..)n)’

and from (20.2) it follows that n} = £. Hence when in £ we put
2" =a" for e =q+ 1, -+, n, we obtain the vectors of the
induced group in the invariant variety. This is in accordance
with (20.9).

The matrix ||&]|, for A = , ¢, being assumed to be of
rank ¢, since (21.8) holds, we have that a set of functions £ for
u =1, - -, qare uniquely defined by
(21.9) G =08, H8=8 (Nwhl=1 -, q.*
In consequence of (21.8) equations (21.3) are equivalent to

X/ & m ™
(21.10) s;. E' E?a% = (cat + caiep) Em

(x)#7h’l’m= 1’ et ’q;>
p=q+1, -,
and (21.6), which because of (21.9) may be written
a‘Pp_ x;h,l=1)"':Q;,
(21.11) Yo Bpty (p =q+1, - ,r
When ¢ = n, that is, when the group is transitive, the results

of the preceding paragraph hold on replacing g by n.
We define functions Ag, by

20 3
u 5" fﬂ = —5232 B =0

Nph=1,-:",q
B=1,-",n; .
o=q+1, - ,n

* Note in this connection the foot-note bearing on equations (5.8).

(21.12) AL, =
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From (21.12) and (21.9) we have

O | unn
(21.13) b T BA =0
and
It
(21.14) 5;; — 24 = 0.
From (21.12) and (21.10) we obtain
(21.15) A, — A, = (al + el BE0E)

(>‘7 By v, hye,j=1,--- 99;).
p=q+1, - ,r

Since the determinant |¢| is different from zero, the conditions
of integrability of (21.13) are

dA),  9A},

az® 9z

(21.16) + AT A, — ASAN, =0
pttp Bu

(a,6=1, Ce,n )
x)“"’1r=17 A ’q

These are necessarily identitics as may be verified by substitution
from (21.12). If we replace 8 in (21.16) by v for v =1, - - + , ¢

and subtract from these equations the corresponding ones obtained
by interchanging u and v, we obtain

aAz aAZ\“’ 9 A 2N A x x * AN T AN
Ox"” - 3;;- = 5—‘;&(1\#}& - Apr) + Aar(Avu - Apv) - AapAvr + AavAmr-
If we put

. IA;, OAL . .
(21.17) o gx—," + A2 A% — AJsAS,

(a,ﬁ,‘)’,5,6=1, e 'n);

the preceding equations may be written, in consequence of the
second set of (21.12) if ¢ < m,

a ~ “ ~
A, = ———axa(Aﬁ, — A + AL(AL, — A3 + AL(AY, — AL
+ A:‘l(A:f - A:v)'
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In consequence of (21.13), (21.14) and (21.15) these equations are
reducible to

a¢i . a=1 - ,np=qg+1 -+, r;
21.18) A}, = ci—geis) ’ ' ! ' ’)-
( ) * * 63:“5»5“2, Ny ht,j=1,-++,q
When ¢ = r, there are no functions ¢/ and consequently
- 1 « .. n:
21.19 AN, =0 ("‘ ’ ™ )
( ) “ Nurv=1"",rr=9¢

22. Equivalent groups. Two groups G, and H,, whose finite
equations are

(221) =S, - - ,2%a, -0, 0),
:t/“ —_ h"(zll’ R ,$,”; a’l’ N ’a'r) (a = 1, . e ’n),

are said to be equivalent when there exists a set of r independent
functions ¢*(a) such that when we put in the above equations
a* = ¢%*(a) for « =1, - + -, r, there exists a non-singular trans-
formation of coordinates which transforms either set of equations
(22.1) into the other; some writers call two such groups similar.
From the results of §7 we have that by a suitable choice of bases
of the two groups the constants of structure are the same, that is,
the two groups have the same structure. Hence we have:

[22.1] A necessary condition that two r-parameter groups in the
same number of variables be equivalent is that they have the same
structure.

Suppose that £(z) and £(z’) are the vectors of the bases of
two groups G, and H, respectively, such that the constants of
structure are the same. In order that the two groups be equiva-
lent it is necessary and sufficient that there exist a non-singular
transformation

(22.2) ' = (),
such that

o _ 897"
(22.3) = gea = |

A necessary condition is that the two matrices ||| and ||¢/|| be
of the same rank.



§22. EQUIVALENT GROUPS 77

We consider first the case where the generic rank ¢ of the matrix
|l is equal to ». If r < n, the coordinates z* and z'* can be
chosen (cf. §21) so that

(22.4) £=t"=0 (@=1,---,r0=q+1,+--,n).
From (22.3) fora =r + 1, - - -, n it follows that

axla
(22.5) ax,,=0 (e=q+1, - ,nh=1--+,9.

Hence 27 are functions ¢”(zr+%, . . . , z"). Since these are inde-
pendent, we may take them as new coordinates, zrt!, . .., z"
without affecting (22.4). Consequently in all generality we have

(22.6) =1 ec=q+1, --,n).

When o in (22.3) takes the values 1 to ¢(=r), these equations may
be written

dz"™ ,

(22.7) oz = Eax(z,)EZ(x) Nwa=1,---,r),
where

(22.8) gEa =10, B&=2.

If in the functions £(z') in equations (22.7) we replace =" for
o=q+1, -+, n by 2° in accordance with (22.6), we have a
system of differential equations in the independent variables
zY, . .., x? with z¢*1, . . ., z* as parameters. With the aid of

(21.13) and (21.14) and similar equations in the ¢”’s we obtain from
(22.7)
2z

22,
(22.9) dz"dx”

= —ANETENETE + e,

(7\’.“;”97:":1’ Ty Q;).
h = 1) g

Since ¢ = r, equations (21.15) are in this case
A} — AL, = olblELE) (hyd,j =1, -,

Because of these relations it follows from (22.9) that the conditions
of integrability of (22.7) are satisfied identically. Hence a solution
is determined by taking for initial values of z'Y, . . . , z'* arbitrary
functions of '+, . . . ,z" If these are chosen so that the jacobian
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of the solution with respect to z!, . . . , z" is different from zero,
these functions and (22.6) define a non-singular transformation of
G, into H,. Hence we have:

[22.2] Two tntransitive groups G, and H, in the same number of
variables, with the same constants of structure and whose matrices M
are of rank r, are equivalent; the equations of transformation tnvolve
r arbitrary functions.

If r = n, that is, if the group is simply transitive, we have in place
of (22.4), (22.6) and (22.7) only equation (22.7) in which \, u, a =
1, ..., n As before these equations are completely integrable,
and their solution involves n arbitrary constants, the initial values
of the z”’s. Hence we have:

[22.3] Two simply transitive groups in the same number of variables
and with the same constants of structure are equivalent, and the equations
of transformation of one into the other involve n arbitrary constants.

We consider next the case when q < r. For the group G, we

choose the £'s so that ||£,.H forh =1, , ¢ is of rank g, then the
matrix ||| for b = 1, *, g must be of rank ¢, and analogously
to (21.2) we put
(22.10) Er=ohte (p=q+1, -0,
From these equations and (22.3) we have

the i _ h h=1,--+,q; .
(22.11) ¢'5(z") = ¢p(z) (p —g+1, r)

There are ¢(r — ¢) of these equations. Evidently in order that the
two groups be equivalent, it is necessary that these equations be
consistent, and that it be impossible to eliminate the z'’s and get a
relation between the z’s, and vice-versa. We shall show that this
condition is also sufficient.

If ¢ < n, we assume that the coordinates z’ and z are chosen
so that (22.4) and (22.6) hold. As in the case when ¢ = r, we get
the system of equations (22.7) in whichnow \, gy, a =1, - - -, q.
When in the ¢’s in these equations and in (22.11) we replace z' for
c=¢g+1, -+ ,nby 2’ we have a mixed system (§1) of differ-
ential equations in z'Y, . . ., z'¢ in the independent variables
z', . . ., z? which system involves z¢t1, . . . , z* as parameters.
As in the preceding case we have (22.9), and in consequence of
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(21.15) the conditions of integrability of (22.7) are satisfied because
of (22.11).
From (21.11) we have

a¢h a‘pl’l
h ol hooyl
(22.12) Bx_: = ¥k, ——ax,i’ = &8\

If equations (22.11) are differentiated with respect to z* for
u=1, -+, q,theresulting equations are reducible in consequence
of (22.6), (22.7) and (22.12) to

@ — 3b)El =0,

which are satisfied because of (22.11), as is evident from (21.5).
Thus in applying the general theory of mixed systems (§1) to
the present case, we see that equations (22.11) are the system F,,
but all the systems F,, . . . , are consequences of F,. Hence there
exists a solution, if equations (22.11) are consistent, and do not
lead to relations between the 2’s alone or the z”s alone. If they
are consistent, a number s of the functions ¢’ are independent,
say ¢'Y, . . ., ¢% and s must be equal to or less than ¢, because
(22.6) also must hold. Consequently the jacobian of these ¢"s
and z'° must be of rank n — ¢ + s, and therefore the rank of

a¢la .
=l for a=1,---,sand X=1,---, qis s. Hence the

oz

equations ¢'* = ¢* can be solved for s of 2!, . . . , z'¢ as functions

of /et | . ., 2/ 2!, ..., z"; there is no loss in generality in

assuming that these are 2!, . . . , z’*. When in these we replace

z”fore =¢g+ 1, - -+, n by 2°, we have

(22_13) x’a i ¢“(m’a+l’ ey, x’q; xl’ PN ’xn)

(@=1,--",8).

These are the analogue of (1.8) in which z¢t!, . . ., z" enter as
parameters. Then we have to solve the complete system (analogue

of (1.11))
azx'®
@214) IS = RE e )

<p=s+1,'°',q;>,
A 1’...’q
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obtained from (22.7) on replacing z'!, . . . , z’* by the expressions
from (22.13) and ' by z° fore = ¢+ 1, - - - , n. The solution
of (22.14) involves ¢ — s arbitrary functions of the parameters
ALY, A

If ¢ = n, we do not have (22.4) and (22.6), and hence (22.7) and
(22.11) involve all the z’s as independent variables, but the above
process applies just the same.

Hence we have the following theorem established by Lie in a
different manner:*

[22.4] Two r-parameter groups in the same number of variables,
with the same constants of structure and for which the generic ranks
of the matrices ||t|| and ||¢'|| are less than r, are equivalent, when
and only when these respective ranks are equal (say q), each pair of
corresponding minors of order q have the same rank, and the corre-
sponding set of equations (22.11) are consistent and do not lead to a
relation between the variables of either set.

23. Imprimitive and primitive groups. In §19 it was seen
that each ordinary point of an intransitive group lies in an invariant
variety which is transformed into itself by all transformations
of the group, and that there is a set of such invariant varieties, one
through each ordinary point [ef. (19.1)]. Although there is no
such state of affairs for transitive groups, there are transitive groups
for which there exist a set of varieties, one through each ordinary
point, such that if a point of one variety is transformed into a point
of another, each point of the former goes into a point of the latter.
A simple example of this is afforded by any family of parallel planes
in case of the group of translations of euclidean 3-space; the same
is true of a congruence of parallel lines under these transformations,
and thus we see that for a given group there may be more than one
set of varieties possessing this property. Lief called a group
possessing this property tmprimitive, and the corresponding varieties
a system of imiprimitivily; a group not possessing the property he
called primitive. For example, the group of motions in the euclidean
plane is primitive, because any point and direction at it is trans-
formable into any point and any direction at it, and if there were a
system of imprimitivity each member through a point would have
a given direction.

* Lie-Engel, 1888, 1, p. 354; Eisenhart, 1932, 4.
t 1888, 1, vol. 1, p. 220.
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A system of imprimitivity of varieties of dimension p, if it
exists, is defined by a set of equations

(23.1) F,=c¢, w=1---,n-1p),

where the F’s are independent and the ¢’s are arbitrary constants,
such that

(23.2) F.(f(z; a)) = ®,(Fs(z), * - + , Faep(2); 0),

where the ®’s are such functions that these equations are identities
in the 2’s and a’s. A natural way to handle this problem is to
consider the complete system of partial differential equations
satisfied by the functions F,. Since the F’s are independent by
hypothesis, the equations

‘aF .
Bor=0 (=1, ,m=pii=1-"",n)

in the b’s admit p independent sets of solutions, b.. Consequently
the equations

(23.3) B,f =bypi =0 (@=1,---,p)

form a complete system, whose solutions are F,, . . . , Fn—p and
any function of the latter. Consequently the functions F,(f(z; a))
must be solutions of (23.3) for all values of the a’s. Hence we have:

[23.1] A mnecessary and sufficient condition that a group admit a
system of imprimitivity of varieties of dimension p s that there exist
a complete system (23.3) such that if F ,(z) forp =1, + - ,n — pis
a set of independent solutions, then F ,(f(z; a)) also are solutions.

If the group is intransitive, the equations
E&pi=0

form a complete system, and any system of imprimitivity is obtained
from the system of invariant varieties (§19).
Suppose that the equations of the group are taken in the form

. R £ .
x"=x‘+tX:c'+§X’x'+ cee,

where
Xf = e X.f,
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then as seen in §10

2
(23'4) F“(Z') = Fu(x) + tXFu + %XZF“ + -

Since these expressions must satisfy (23.3) when F,(z) do for all
values of ¢ and all values of es, it follows that it is necessary that
X.F, be solutions of (23.3), that is,

(23.5) X, = ®u,(F1, - -+, Fuy).

When these conditions are satisfied, we have

3%,
oF,
Consequently X?F,, ..., X™F, are solutions of (23.3), and

therefore conditions (23.5) are necessary and sufficient that the
expression (23.4) satisfy equations (23.3). Hence we have:

XoXF, = =X, = ®uu(F1, * 5 Fasyp).

[23.2] A necessary and sufficient condition that a system of equations
(23.1) defines a system of imprimitivity of a group G, with the symbols
Xoffora =1, - - -+, rsthat X,F, be functions of the F’s.

If the functions F, are solutions of a complete system (23.3), in
consequence of (23.5) we have

(Xay BJ)F, = Xo(B.F,) — B(X.F,) = 0,

and consequently the F’s are solutions of the equations (X,, B,)f = 0.
Hence we have:*

[23.3] A necessary and sufficient condition that a group G, with

symbols X.f, . . . , X,f admit a system of tmprimitivity of varieties
of dimension p is that there exist a complete system (23.3) such that
(23.6) (Xao B)f =N&(@)Bsf, (a=1,- - ,r50,8=1,""",p),

where the N's are at most functions of the z’s.

When these conditions are satisfied we say that the complete system
admits the group.

In order to express these conditions in another form, we assume
that we effect a transformation of coordinates so that in the new
coordinate system the equations of the system of imprimitivity are

* Cf. Bianchi, 1918, 1, p. 184.
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z* = const. (u=p+ 1, - - -, n) then b5 = 0, and the complete
system (23.3) becomes bp; = 0 (o, 8 =1, - - -, p). Since the
rank of ||b8]| is p, there is no loss in generality in taking the system
(23.3) in the form

Pe=0 (@a=1,---,p)

that is, b%, = 8.. Then from equations (23.6) we have

ats « 0ts a,B=1,+"",p;
P ] —==0 .
or or p=p+1 - ,n

Hence the functions £ must be independent of =%, . . . , z». This
follows also from (23.5). Consequently we have:

[23.4] A necessary and suflicient condition that a group G, have
a system of imprimitivity of varieties of dimension p s that the func-
tions £i(z) be such that there exist a system of coordinates x'% for which
the expressions

az'™
dzt

Efz (M=P+1;“',n)

are independent of z'Y, . . . , z'?.

For the group G; of translations of a euclidean 3-space the conditions
of this theorem are satisfied, the cartesian coordinates being the
system z'*. In this case each of the equations

z* = const. z=1,2,3)

is a system of imprimitivity, and any two define such a system.
Moreover, if the b’s in (23.3) are constants, we have

(B;n Xa)f = 0;

and (23.3) gives a system of parallel planes, if p = 1, 2, and a con-
gruence of parallel lines, if p = 1.

24, Systatic and asystatic groups. When the generic rank
g of M (18.1) is less than r, we have equations (21.2). If Py(z)
is an ordinary point, the generators of the sub-group of stability are

241) Xof — @) Xnf (h=1, -+, gp=q+1, 7).
If n — p of the functions ¢p are independent, the equations
(24.2) e5(2) = ¢5(@0),
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define a variety V, for all of whose points the sub-group of stability
is the same as for P,. Conversely if P;(z;) has the same sub-group
of stability as Py, then as follows from (24.1)

[eh(21) — ep(za)lXaf = 0,

and consequently P, is in V, defined by (24.2).

Following Lie* we say that a group is systatic, when the sub-
group of stability of an ordinary point P is also the sub-group of
stability of every point in a continuous variety containing P, called
the systatic variety for P. When a group does not possess this
property, it is asystatic. When g = r, the sub-group of stability
of an ordinary point is the identity (§18); consequently the group
is systatic and V, is the systatic variety. When ¢ < r, the asystatic
groups are those for which n of the functions ¢} are independent.
When n — p of the functions ¢, are independent, the group is
systatic, and equations (24.2) define the systatic variety for an
ordinary point; evidently there are « "~ such systatic varieties.

Suppose that T is any transformation of stability of P, and
S a transformation of G, not in the sub-group, so that S(P;) = Py,
where P, is a point not in V, defined by (24.2). Then STS!
is a transformation of stability of P), and of all the points S(P),
where P is any point in V,, that is, of all points in the variety V,
into which V, is transformed by S. Conversely if 7" is a trans-
formation of stability of the points in V,,' then S—17"8 is a trans-
formation of stability of the points in V,. Thus V,f is a systatic
variety for G,. Hence we have:

[24.1] When a group G, is systatic and the generic rank of the matriz
”E“ 18 less than r, the systatic varieties form a system of tmprimitivity.

Exercises

1. Show that z? + y? = c¢%2, where c is an arbitrary constant, are invariant
varieties for the G5 of Ex. 9, p. 67 and find the induced group on each by
putting

T = CU COB v, y = cu sin v, z = Cu.

2. If X.f and Y.f are the symbols of two simply transitive groups in n
variables z¢ and ¢ respectively and they have the same constants of structure,
the equations X.f + Yof = 0 form a complete system in the z’s and y’s, and
admit n independent solutions fi(z, y). The equations f;(z, y) = c;, where the

* 1888, 1, vol. 1, p. 501.
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¢’s are arbitrary constants, define the most general transformation of X.f into

Y.f, and vice-versa.
Bianchi, 1918, 1, p. 261.

3. Find the functions AJg for the group G of rotations in euclidean 3-space
with the symbols zp; — zipi. (1,5 =1, 2, 3).

4. Show that there are no multiply-transitive Abelian groups.

5. Find the group induced by the group of Ex. 10, p. 67 on the invariant
variety (the ruled surface of Cayley)

z! = u, 3 =y, z3 = Juv — 2u?d,

and the system of imprimitivity of the induced group.

6. Show that the group of rotations in euclidean 3-space is systatic and that
the straight lines through the origin are the systatic varieties, and systems of
imprimitivity.

7. Show that the concentric spheres with the origin for center are systems
of imprimitivity of the G

z'p; — ipy,  Tps (6j=123)
8. Show that the groups

ONFSE E
(i) g xg, yg
are asystatic.

25. Differential equations admitting linear operators. In
deriving theorem [23.3] no use has been made of the fact that the
operators X,f are the symbols of a group G,, so that we have the
theorem:

25.1] If X.f, ..., X.f are linear operators, a mecessary and
sufficient condition that X .0 be solutions of a complete system

(25.1) Auf = a:;pi =0 (@=1,"--,p),

when 0 18 a solution of this system other than a constant, is that

_ 8 a = 1’ ey, r;
(252) (Xa, Aa)f = )‘aaAﬂf (a’ B = 1’ e, p)'

where the N's are at most functions of the z’s.

When these conditions are satisfied, we say that the complete
system admits the set of operators, or that it admits the one-
parameler groups of continuous transformations generated by these
operators in the sense of §10.
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From the Jacobi identity (2.4) applied to the operators X,f, X, f
and A,f, we obtain in consequence of (25.2)

(25.3) ((Xay Xb), AJf = (XM — Xodal + NINGS — NINS) 441
Since this is of the form (25.2) we have:

[25.2] If a complete system of linear homogeneous partial differential
equations admits the operators X, f and X, f, 1t admits also the commuta-
tor (Xa) Xb)f

If the operators X,f are the symbols of a group G,, no new operators
are obtained as a result of this theorem. We shall consider the
more general case of theorem [25.1].

Since the system (25.1) is complete by hypothesis, we have

(25.4) (Ae 45) = 034, f.
If we put

(25.5) Xf = pXof + v"A.f,
then

25.60) (X, Apf = (u\j + %0, — AgMA,f — AguoX.].
As a first consequence of these equations we have:

[25.3] If the complete system (25.1) admats the operators X.f, it
admits also u*X.f + v*A.f, where the v's are any functions of the
z’s and the u’s are any constants or solutions of (25.1).

Suppose that we have a set of r operators admitted by the
complete system (25.1); that r + p < n and that the matrix

(25.7) lai, . . . ,ah &, ..., &

is of rank r + p; then we say that the operators are independent.
If we have another operator (25.5) admitted by the complete sys-
tem, the right-hand member of (25.6) must be a linear combination
of the Af’s. But since the matrix (25.7) is of rank r + p, it follows
that the p’s are solutions of the complete system or constants.
Hence we have:

[25.4] If the complete system (25.1) admits r independent operators
X.f in the sense that the matriz (25.7) is of rank r + p, a necessary
and sufficient condition that the complete system admit an operator
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weXof + v*A.f s that the u’s be solutions of the complete system, or
constants.

If we have r independent operators, and we apply the com-
mutator to each pair, we obtain new operators in accordance with
theorem [25.2], which are either independent of the given operators
or are expressible in the form (25.5). If we obtain independent
ones, we add them to the set and continue with the commutator, as
in §2, until we have finally ¢q(=r) independent operators in the
above sense, and ¢ + p < n. Then for any two of this set we have

(25.8) (Xo) Xo)f = pasXef + vatdof (a,0=1, -+ ,7r)

and in consequence of theorem (25.4] each p which is not a constant
is a non-trivial solution of the system (25.1). Thus in cases when
the X,f are not the symbols of a group G,, we may obtain one or
more non-trivial solutions, and by theorem [25.1], if 8 is a solution
so also are X,0, and if the latter are not functions of 6, we operate
again with X, obtaining new solutions and so on.

As a special case of theorem [25.1] we have:

[25.5] A necessary and sufficient condition that an equation

(25.9) Af = aips =0
admit a set of operators X.f, . . . , X,f is that
(25.10) (Xay A)f = NAS (@=1,-+,1);

then if 0 is a solution of (25.9), so also are X.6.

When this condition is satisfied, we proceed in accordance with a
theorem analogous to theorem [25.2] to obtain additional operators,
if possible, until we have the maximum independent set, in the sense
that the matrix

llat, &, . . ., &l
is of rank r + 1. Then in place of (25.8) we have
(25.11) (Xoy Xo)f = pasXef + vadf,

and the u’s are constants or solutions of (25.9).

Thus when r independent operators are known, there is the
possibility of obtaining solutions by the direct processes giving
(25.11). Furthermore, if » + 1 is less than n, equation (25.9) and
the equations X.f = 0 form a complete system, in consequence of
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(25.10) and (25.11), and there are n — (r + 1) independent solu-
tions of the system and consequently of (25.9), which are found by
integrating a system of the form (1.1).

If p independent solutions of (25.9) are known, say 8, . . . , 67,
we may designate the z2's so that the jacobian 5;; for
a,f =1 - ,pisnot zero. Hence if we effect the transformation
of coordinates

z'* = 6% =2 (a=1 - ,pjo=p+1 - ,n)

in the new coordinate system we have a’* = 0, and consequently
equation (25.9) becomes

0,
e
oz
an equation in n — p variables, but with z’'t, . . . , 2'? possibly

entering as parameters.

In the extreme case whenn — 1independent solutions are known,
the equation is reducible to p; = 0. Evidently this equation admits
the n — 1 independent operators p, for @ = 2, - - - , n, and these
form an Abelian group. Hence we have:

[25.6]) A linear homogeneous partial equation of the first order in n
variables admits an Abelian group of order n — 1.

In accordance with theorem [25.3] for the equation (25.9) a
set of independent operators is given by

(25.12) Xof = Xof + va4f,

where the v’s are any functions of the z’s. In consequence of
(25.10) and (25.11) we have

9 {9 3 =
Ea—'g_b - Eb E = gk + V@',

l

where
Vab = Xav — Xova + vadvs — vsdAve + veha — vado — Vepdap.

If a* is one of the a’s which is not zero, and we choose the quantities
v 80 that £ + v,a* = 0, then = 0 in each operator X,f. Hence
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if in the above equations we put j = h, we find that v,, = 0, and
consequently

(25.13) (Xo) Xo)f = vasXef.

If the u’s are constants, X,f are the symbols of a group G, in whose
equations z* enters as a parameter. Accordingly we have:

[25.7] If an equation Af = 0 admits r independent operators X,f,
either it admits a group G, of infinitesimal transformations, or solu-
tions of the equation are obtained by direct processes.

Consider the case when n = 2 and there is one operator XJf.
If we eliminate N from the two equations

(25.14) gL a‘é . G=1,2),

which are the equations (25.10) in this case, we obtain

1 1 2 2
T CootuptLoy Y (F. L.y Y

G_x_ ox’ axt ozt

This may be written in the form

a a
(25.16) a—xl(alM) + -8—x2(a“’M) = 0,
where
1
(25.17)

= Ela2 _— EZal.
Consequently M is an integrating factor of the equation
(25.18) a%dz! — aldze? = 0,

and a solution of it and consequently of (25.9) is given by a
quadrature. )

Conversely, if an integrating factor M of (25.18) is known and
any functions ¢! and £2 are chosen to satisfy (25.17), equation (25.16)
becomes (25.15), and from the latter (25.14) follows. Evidently
if £ and £? are functions satisfying (25.17), so also are £! + pat
and £ + ¢a?, where ¢ is an arbitrary function of z! and z2. Hence
we have:
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[25.8] If an equation
(25.19) a'py + a¥pe =0

admits an operator, its solution is given by a quadrature; if an integrat-
ing factor of the corresponding equation (25.18) is known, an infinity
of operators can be found directly each of which ts admitted by (25.19).

If M, is a second integrating factor of (25.18), and we denote
by & and £ two functions satisfying the corresponding equation
(25.17), then, since we have necessarily ¢ = p&i + oa’, it follows
that p = M/M,, and from theorem [25.4] that p is a solution of
(25.19).

We apply theorems [16.1] and [25.8] to the determination of
canonical forms for the symbols of a two-parameter group in two
variables. We denote by s the rank of the matrix of the two sym-
bols. There are four cases to be considered.
1° (X,Xo)f = X1f, s=2. Since X,f =0 admits X.f, a
solution of the former can be found by a quadrature, and then a
solution of X,f = 1 by a quadrature (cf. §10). Taking these as
new coordinates r and y, we have X,f = ¢ and the above relation

652 (9172

becomes —p + —q = ¢q. Consequently
dy dy
£ = ¢1(2), n2 = ¢2(2) + ¥,

where ¢, # 0 since s = 2. If we put

dz

2 = yY(x) =el Yy =y-— ‘[«fﬂdx,
e

in the new variables we have
(25.20) Xif=¢q, Xof=2ap+yg (Xy, Xo)f =X.f

2° (X,Xo)f = Xuf, s=1. Since X,f = pX.f, we have
X1p = 1. Hence if a solution of n:dz — &dy = 0 is found, coordi-
nates can be obtained without quadrature in terms of which X;f = ¢.
Now X.f = pg and from the above relation it follows that

p = p(z) +y.
In the variables 2’ = z, ¥y’ = y + ¢(z) the symbols have the form
(2521) le = q, Xzf = Yq, (Xl, Xz)f = X1f
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3° (X, X2)f =0, s =2. In consequence of theorem [25.8], as
in case 1°, coordinates can be found by quadratures so that X,f = q.
Then we have X,f = ¢1(z)p + ¢2(x)q, where ¢, # 0 since s = 2.

If we put
2 = y(x) = f@: y =y - f@dx,
$1 b1

in the new variables we have
(25.22) Xif=q¢ Xof=p, (X,X2)f =0

4° (X, Xo)f =0, s =1. Since Xof = pX:1f, p is a solution of
X:f = 0,and, as in case 1°, coordinates can be found by a quadrature
in terms of which X1 f = ¢. Since s = 1, we have then X,f = ¢a(z)q.
If we put ' = ¢2(z), ¥y’ = ¥, in the new variables we have

(2523) le = q, X2f = xq, (le X2)f = 0.
Hence we have:

[25.9] The basis of a Gy and the coordinates can be chosen so that
the symbols assume one of the canonical forms (25.20), (25.21),
(25.22), (25.23); the determination of the coordinates for (25.21)
requires the solution of an ordinary differential equation of the trajec-
tories and the others require quadratures only.*

We have just seen that the cases when the solution of an ordinary
equation (25.18) reduces to a quadrature are those for which the
corresponding equation (25.19) admits an operator and conversely.
This is the simplest general example of the relation which exists
between the solution of ordinary differential equations and the
theory of continuous groups, the problem which was studied exten-
sively by Lie. He pointed out the fact that most of the ordinary
differential equations which can be integrated by known methods
admit certain continuous groups of transformations, and that the
knowledge of the latter aided in their integration. Many of these
methods are special but the theory of Lie gives a unifying principle.
In the next sections we shall develop this theory further. However,
it is not our intention to give an extensive treatment of this sub-
ject, and for such treatment refer the reader to other treatises.t

* Lie-Scheffers, 1891, 3, p. 425; Dickson, 1924, 1, p. 363; Franklin, 1928, 1,
p. 119,
t Cf. Lre, 1891, 3; Cohen, 1911, 1; Dickson, 1924, 1; Engel and Faber, 1932, 1.
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26. Extended groups. Ordinary differential equations of the
first order. If for the sake of brevity we denote by z; the differen-
tial dz’, it follows from the finite equations of a group G,, namely

(26.1) 2'i = fi(z; a),
that

. oft .
(26.2) o = 3:%.:6{.

Equations (26.1) and (26.2) define a transformation in the 2n
variables z¢ and z} involving r parameters; the values a§ for which
(26.1) becomes the identity yield the identity in (26.2) also. It is
readily shown that equations (26.1) and (26.2) define a group G,
in these 2n variables which is called the extended group of G,. In
fact, from the equations (4.7), namely

(26.3) Fi(f(x; a1); az) = fi(zx; as),
it follows that

3fi(z'; as) 02’1 _ Of'a'; ar) 3f(x; @) _ Of(x; as)
az'i 9zt ax'i ok dxk

Consequently we have

2 = ofi(z’; as) ,; _ Ofi(z; aa)x{,

1 )
ox'i dxi

which establishes the group property.
From (26.2) and (5.5) we have

az} 3% EYACH) az™ ag,,(x')

— = .Li = 7 — IkAa

30" 0zida*t T " oz* oz zida(@) «(@).
Hence if we put

at,
(26.4) iz 71) = E(x) ok,
we have
62:’1‘ i ’ ’ a

(26.5) = §15(2'; 11) Ag(a).

da”*

For the extended group equations (5.5) and (26.5) together in 2n
variables play the role of (5.5) for the given group. Since the
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vectors A;(a) are the same for the extended group, we have from
6.3):

[26.1] The constants of structure of the extended group are the same
as for the given group.

Since the parameter groups are determined by the vectors A, we
have also:

[26.2]) The first and second parameter groups of the extended group
are the same as for the given group.

Analogously to (6.2) we have (6.2) and

I ;ﬂEw kafm

o) _ 00 00 0 g

(26.6) £i(2)

The symbols of the extended group are

d a
(26.7) X(l)af n_f_ + Elaéi'
)

In consequence of (6.2) and (26.6) we have

(26.8) (Xwaey X)f = casXwef,

which result follows also from theorem [{26.1].
In accordance with the theory of §17 any function of the z’s
and z:’s which satisfies the equations

(26.9) Xwaf =0

is called an absolute invariant of the extended group. Furthermore,
if a set of p independent functions Fy, . . . , F;, of the z’s and z,'s
are such that

XwoFy =0 (a=1,-++,p)

not identically but for valuesof the z’sand z,’s for which F(z;z,) = 0,
we say that these functions define a relative invariant of the
extended group.

Consider, for example, the p independent Pfaffian equations

(26.10) MNzi=0 (a=1,:--,p;i=1-"-,m),
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where the N's are functions of the z’s. From (26.7) and (26.4)
we have

; ONT | OE N
X(l)ax?xl = ( 15;; + 5‘5})\7)3)1.

Singe the right-hand member is linear in the z,'s, in order that
\¢z1 be a relative invariant, it is necessary and sufficient that
ONT | 9E

= ¢ = 8
(26.11) Eaax' axix’ o'aﬂ)\i,

where the ¢’s are functions of the z’s.

In order that a Pfaffian form Aezi be an absolute invariant, the
o’s in (26.11) must be zero. We consider this case. Suppose that
the generic rank ¢ of the matrix ||£]| is 7(<n). Using the results
of §21 we replace equations (26.11) for o, = 0 by

n .o f=1 )
26.12 — — NoA = ’ y 1ty .
(26.12) = — Mndli = 0 (l,m=1,---,q

Expressing the condition of integrability of these equations, we
obtain

ah — hyl;m=lr"'yq;
(26.13) M =0 (z-= 1o n )

where A%, is defined by (21.17). Moreover, A, are zero, when
the rank of ||£|] is 7 (cf. (21.19)). Hence equations (26.12) are
completely integrable. If r < 7, each set of solutions is determined
by n arbitrary functions of z™*!, . . ., z", taken as initial values;
if r = n, each set of solutions is determined by n arbitrary constants
taken as initial values. Hence we have:

[26.3] If the generic rank of the matriz ||£|| of a group G, is r(<n),
there exist Pfaffian forms \zxi which are absolute invariants of the
extended group; the N's involve n arbitrary functions whenr < n,and n
arbitrary constants when r = n.

We consider next the case where the generic rank ¢ of the matrix
||&]| is less than 7, and assume that the coordinates are chosen
and the £'s are designated so that the results of §21 obtain. From
(26.11) fora =1, - - - , ¢ we have a set of equations of the form
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(26.12). When a in (26.11) takes the values ¢ + 1, - - -, 7, the
resulting equations are reducible by means of (21.2) and (26.12) to
(26.14) z‘a“’” =

When these equations are satisfied, the conditions (26.13) are
satisfied in consequence of (21.18). Hence the problem of deter-
mining Pfaffian forms when ¢ < r, reduces to the solution of (26.12)
with the finite conditions (26.14); that is, these are the equations
F, of §1. Moreover, the set F; are those arising from (26.14) by
differentiation and reduction by means of (26.12) and (21.13). By
the processes of §1 we determine in any case the generality of such
absolute invariants of the extended group.

We return to the consideration of equations (26.11) for the case
of the single equation (25.18) and one operator Xf. Then we have
E—‘ g'g“)\ p)q, A= (12, A = —al.
Fliminating p from these two equations, we obtain equation (25.15).
In consequence of the preceding results concerning this equation,

we have:

[26.4] If a Pfaffian form Nz is a relative invariant of the extended
group of a Gy in two variables x! and z2, the equation Ny = 0 can be
integrated by a quadrature.

Hence we say that the equation (25.18) admits the group Gy, if
the left-hand member of the former is a relative invariant of the
extended group of @,.

In like manner we say that any differential equation

F(x) Y, Ty, 1) = 0,

homogeneous in z; and y; admits the group @,, if F is an invariant,
absolute or relative, of the extended group. In order to give this
problem another form we write the equation thus

' , _ @
(26.15) f@,9,y) =0 ¢ = d_?! =
X 31
Since
o 9y a y' a 19
roir e R —_— = — —
dzy  or1dy’ z, 9y’ dyr z. 9y
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we have from (26.7) and (26.4) in the case of two variables z and y

= g if f’ﬂ ‘_32 — .‘2§ ’ ’ 29_5_ _‘?i

@0.16) Xaf = ¢ + 12+ [ 24 (3 - By - 5E) 2
If the group is a G,, we have r symbols X (1).f of the form (26.16), for
a=1+--,r. When the finite equations of G, are written in
the form
(26-17) z= f(x) Y, a)) g = ‘P(x) Y; a))
we have

a (i)

£ + a—:y'
(26.18) ¥ =7 =¥y y;a.

o o,

ox 6yy

These are the equations in finite form of the extended group in the
three variables z, y, ¥’. Under G, a curve of the plane goes into a
curve and the extended group gives also the relation between the
glopes of the tangent at corresponding points. If a differential
equation (26.15) admits the G,, under a transformation of the
group an integral curve is transformed into another integral curve.

If f(z, y, ¥') is an absolute invariant of the extended group of a
@G,, that is, if it is a solution of X(;)f = 0 in which z, y and 3’ are
treated as independent variables, we say that it is a differential
tnvartant of the first order of the group Gi. For a given G, that is,
for £ and » given, the problem of finding its differential invariants
reduces to the integration of

v _dy _ dy’ :
£ om 9 (9 0k\, 0k
or + (6y ax)y @) 9y

Let u(z, y) = ¢ be a solution of ndx — £dy = 0, or in other form
y = o(z, ¢). Substituting this value of y in the equation

dy' _ 1 22 _a_ﬂ. - _a_§ . ’ 2_(_9__E
dr E[az + (ay 6x)y @) 6y]’

we have a Riccati equation for the determination of 3’ as a function
of z and ¢. Itisreadily shown thaty’ = n/¢is a particular solution
of this equation, and in consequence of the known theory of Riccati
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equations we have that the complete solution of this equation
reduces to quadratures. If we denote this solution by

w(z, y’r c) = d,

where d is an arbitrary constant, then v(z, y, ¥') = w(z, ', u) is a
solution of X(;)f = 0 and the most general solution is any function of
u(z, y) and v(x, y, ¥'). The function u(x, y) is an absolute invariant
of G4, that is, the curves u = const are the trajectories of the group.
Hence we have:

[26.5] If the trajectories of a group G: in two variables are known,
the differential invariants of the first order of G1 can be found by
quadratures.

If the finite equations of G, are known, then the extended group
is found by differentiation, and in accordance with §19 the deter-
mination of the differential invariants of the first order results from
the elimination of the parameter a from the equations of the
extended group.

27. Extensions of the second and higher orders. Ordinary
differential equations of the second order. If we consider the
extended group, which we now call the first extension of the given
G,, as a group in 2n variables and form its extended group, which
we call the second extension of G,, we obtain a group in z*, z} and
the second differentials of the z’'s which we denote by z;. Con-
tinuing this process we get extensions of all orders. Thus the p-th
extension involves (p + 1)n variables %, zi, . . . , zb.

From the manner in which (26.7) were obtained it follows that
the symbols of the second extension are

; 0 ;0
(27.1) X(2)af f + Ela f + £2u f
where in consequence of (26. 4)
9%, 9t
(27.2) fao = dbia = E,a(xzd &+ 2 (x),,"

Generalizing this result, we have that the symbols of the p-th exten-
sion may be written in the form

of
‘t' (a=0,1;"',17)»

a

with the understanding that d°¢ = ¢ and 2o = z.

(27.3) Xpaf = d*6a
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As in the case of the first extension we have:

[27.1] The constants of structure and the first and second parameter
groups of the p-th extension of a G, are the same as for G..

From the foregoing discussion it follows that the matrix of the
first extension is obtained from [|£i]|, the index 7 indicating the row
and a the column, by augmenting the former by n rows containing
the differentials of the £’s. And in general the matrix of the p-th
extension is that of the (p — 1)-th extension augmented by =
rows, the elements being the differentials of the preceding n rows.
Since the p-th extension involves (p + 1)n variables, if (p + 1)n > r
this extension is intransitive, and consequently there are absolute
invariants of the p-th extension.

Consider for example the second extension of the group G; of
motions of euclidean 2-space. Its matrix is

1 0 y
0 1 —z
0 0 Y .
0 0 — T
0 0 y.
0 0 — Xy
Its absolute invariants are solutions of
of af of f of af
274) — =0 = =90 — — = 0.
@14) 52=0 5,70 vg gy e

From the first two of these equations it follows that these invariants
are independent of z and y. By inspection we see that three
independent solutions of the third equation are
(27.5) () 273 + yf; (i) zw2 — zay1; (iil) z1z2 + Yo
In accordance with the general theory of complete systems any
absolute invariant of the second extension is a function of these
three. The first and third of these are respectively the square
of the linear element and one half of its differential.

For a curve y = f(z), we have y; = ¢'z1, ¥z = ¥’z + /s,

consequently

T1Y2 — T2y y"
27.6 = ;
(27.6) @+ % T A+ %

which is the curvature of the curve.
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We consider now the general case in two variables, x and .
We write (26.16) in the form

of  of of
27. = A .
(27.71) Xuf f&"f‘flay-l—may,
where

_dy ,dE
(27.8) mn = dz ) d_x’

d
where d—n— is the total derivative, that is,
z

dn _dn  9m ,
dr 9z 6yy'

Looking upon (27.7) as the symbol in three independent variables
z, ¥ and y’, we have

(27.9) Sz = £8t, Sy = qdt, 8y = mot,
and (27.8) follows from

é(dy — y'dr) =0,
on interchanging the operators 6 and d. In fact, this equation is
in consequence of (27.9)

(dn — mdx — y'd§)ét = 0.
In like manner if we consider the second extension but use 3"

rather than z, and y. and put 8y”’ = 7.5, then from

ody' — y''dz) =0
we have

— dm l/fd__f_
(27.10) e = e y T

d .
where % denotes the total derivative with respect to z, that is,
T
dgy _9m  Om, M,
dr oz h ay"1 t+ ay"" )

And in general we have

(27.11) p = —2t — Yy,
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and the operator in z, y, %', . . . , y® is

_ o o of of
@712) Xof= b tm trgit o tmo o

A solution of the equation X(»f = 0 is an absolute invariant
of the pth extension of @, with the symbol Xf, and is called a
differential invariant of the pth order of Gy. Similar results hold
for a G, when we have a solution of the complete system

Xpaf =0 @=1,+--,7.

If the finite equations of G, are given by (26.17), the finite
equations of the second extension in z, y, ¥’ and y”’ are given by
(26.17), (26.18) and

0 i} ]

L, o,

(27.13) §' = @ _ dr  dy Yy .
| & o,
ox ayy

From the general theory it follows that:

[27.2] A necessary and ~uficicul condition that a differential equation
F(z, v, ', ¥'') = 0 admit the G with the symbol Xf is that F be a
relative invariant of the secand extension of Gy, that is, that X »F = 0
when F = 0.

If, however, F = 0 is given in the form y'' = w(z, ¥, y'), then the
condition that this equation admit the G, is that « satisfy the
equation
dw dw dw

27.14 —ft— —g— —m— =0
( ) = Ty Moy =¥
it being understood that 3’ in », is replaced by w.

We denote by u(z, y) a solution of

(27.15) Xf=¢p+yqg=0.

From §10 it follows that, when u(z, y) is known, a function v(z, y)
can be formed by quadratures such that

1) i1
fa—;: + na =1
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If we put
z = o(z, y), 7 = u(z, v),

then in the coordinates Z and §
Xf=p
and the finite equations of the group are

F=z+t § =4

_ dj e . Ly .
Consequently 7, ==, . .., =—, . . . are differential invariants.
di dz®
The symbol of the pth extension in these coordinates is
Xwf=p.

Hence any differential invariant is a function of

- - -
iy, .., 9? ..

Consequently we have:

[27.3] The determination of the differential invariants of a G, with
the symbol Xf reduces to the determination of a solution of (27.15), a
quadrature and differentiation.

Since the property of invariance is independent of the coordi-
nate system, it follows that the differential invariants of the pth
order of Xf are of the form F<u, d_1_z, ) druy

dy dv?
differential equations of order p which admit the G; with the sym-
bol Xf are obtained by equating such functions to zero. However,
there are exceptional cases. For example, if in the coordinate
system of (27.15) the coeflicient of 9f/dy‘® in X, f involves y» as a
factor, then y® = 0 isinvariant under (27.15) for this value of y®,

28. Differential invariants. In §§ 26, 27 we have considered
in particular the case where there are two variables and the effect
of the transformations of a G, on a curve y = f(z) and the deriva-
tivesy’, . . ., ¥?®, . ... Thisis a particular case of the general
problem in a V, for a sub-space V,, of m dimensions defined by

(28.1) =Pz, - ,2™) (p=m+1, - ,n).

In general the
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If these values are substituted in the finite equations of the group
(28.2) gt = fi(z; a),

we obtain for each set of values of the a’s a V7, into which V,, is
transformed. In order that the equations of V;, may be expressed
in the form

(28.3) 7 =7 - -, ame) p=m+ 1,000, 0,

it is necessary and sufficient that the first m of equations (28.2)
after the substitution from (28.1) be solvable for z!, . . . , 2™ and
the resulting expressions substituted in the last n — m of (28.2).

Hence the matrix
a,b=1 -+ ,m;
p=m+1,---,n)

must be of rank m. When the determinant of this matrix is
a P
developed in powers of a—:;r it is seen that the coeflicients

o, oo

28.4
( ) ox® dx? dxb

are minors of order m of the matrix s

yfora=1,--+, m;

i=1 -+, n, and every such minor is a coefficient. Since all
of these minors cannot be zero in accordance with the requirement
(4.2), it follows that the rank of (28.4) is m for general ¢’s. Accord-
ingly on the assumption that the ¢’s are such that the rank of (28.4)
is m, we have that each V,, is transformed into a V.. defined by
(28.3), in which the a’s have particular values for each trans-
formation of G,.
From (28.1) and (28.3) we have

dp? dp'?

(28.5) do? — dae = 0, da'? — Fdz's =0
dx° dz'e

(@=1,---,m).
From the first of these sets and (28.2) we have
) aft aft 6<p1’>

: da't = (—— dze
(28.6) 7= oo T o0 000 )

(i=1,---,n;a=l,-°-,m;)
,
p=m+1,---,n
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by means of which the second set of (28.5) are expressible in the

form
afr afr 3t 3x'?f 9 af® ¢
[_f_ +_L_¢_ - _7<£ ..f_b.i)]dxa =0
dz® 9z dz*  9z'*\dr* = 9dx?dx°
(a,b=1, cee,m; )
peg=m+1,---,n
Since the differentials dz!, . . . , dz™ are arbitrary, the expressions
in parenthesis are zero. The resulting equations can be solved

z'? . dx?
for Pyl functions of the z’s, Fy and the a’s, because the rank of
xﬂ

(28.4) ism. If we denote these partial derivatives by 2’} and z3, the
solution may be written as

(28.7) 2'% = fi(z; z2; a).

In order to find the second derivatives of x’» with respect to
z'Y, ..., 2'™ we make use of

92%x'?
1P __ !
da'y = ———-dz'.
az'®ox

By means of (28.7) and (28.5) the left-hand member is reducible
to a linear function of dz!, . . . , dz™, the coefficients being func-
tions of the z’s, the first and second derivatives of z™+1, . . ., z»
with respect to z!, . . . , z™ and the a’s. By means of (28.6) the
right hand member is

9%'v (0f° Lo W)d (a, be=1,- - ,m;)
- - —— )dzx° .
az/baxla dxe 929 Ox° p,q=m + 1, cee,n

Equating coefficients of each of the differentials dz° on both sides

of the equation, we obtain m equations with p and b fixed, which can
3%'»
be solved for ?"’%&’—“, because the rank of the matrix (28.4) is m.

If we use the notation

o 94z'?
xal...dn = ax,lal « e e ax[ma.

A=ar+" "+ am),
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and similarly for z?, these may be written in the form

(28.8) Ty e, =Ja. a7 s Q)
p)q=m+11 t o, N
ar+ - tan=4; )
Bi+ - +BaS 4

for A = 2; thus we have each second derivative of any z'? equal to
a function of the z’s, first and second derivatives of z=+!, . . . , 2"
with respect to x, . . . , 2™ and the a’s.

If we apply to (28.8) for A = 2 the process which was applied
to (28.7), we obtain a set of equations (28.8) for A = 3. Con-
tinuing this process step by step, we obtain equations of this sort
for any integer N.

Consider now the set of equations (28.2) and (28.8) as A takes
the values 1, . . . , N, where N is some positive integer. These
equations define a group in the z’s and the derivatives of z»*1, . . .,
z" with respect to zt, . . . , z™ of the first, second, . . . , Nth order.
For, if we give the a’s in these equations the values af, and apply
the above processes to

(28.9) g’ = fi(2'; a),
we get in place of (28.8)

(28.10) 22f e, = Sa a2 X, @)

Eliminating the z’s from (28.7) and (28.9), we have (cf. §4)
2" = fiz;as)  af = ¢%(a1; a2).

Applying to these equations the processes by which (28.8) were
obtained from (28.2), we get

2ol o, = Ja ... a6, ... p,; Q).
Any such function on the right must result from the corresponding
function in (28.10), when the z”s and z!..., are replaced by

their expressions from (28.2) and (28.8), otherwise we should have
equations between the derivatives of z»+!, . . . , z" and a$, a5 and
a3, which could not hold for general functions ¢ (28.1). Hence
(28.2) and (28.8) is the expression of the Nth extension of the given
group in another form. From the above discussion it follows that:
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[28.1] Any extension of a group has the same structure and the same
first and second parameter groups as the given group.

Any function of the z’s and derivatives of zmtY, . . . , z* with
respect to z', . . . , z™ up to order N which is equal to the same
function of the z'’s and the same derivatives of z'»+!, . . ., z/*
with respect to z’t, . . ., z’™ for all the transformations of the
Nth extension is called a differential tnvariant of order N of the given
group G,. From the results of §19 it follows that when the finite
equations of a group @, are known, the determination of the differ-
ential invariants of any order N involves differentiation in order to
obtain the Nth extension and then the elimination of the parameters
a® from its equations. When the symbols of the group are given
the problem of finding the differential invariants is that of finding
solutions of the complete system obtained by equating to zero the
symbols of the extension of given order. We proceed to the
determination of these symbols.

We have seen in §10 that 6z = £%6¢ and accordingly we put

0%, .. a, = Ea,. .. a0k
We must have (cf. §27)

1.-'m
p p —
6(dxal e ay, - 2 xa‘ N a,_la,,'f‘la,“ “ee amdxa> - 0'
a

Interchanging the operations é and d, we have

1eeom

(28'11) dszl ceea T 2 zl cecag o tlag, @ de

m
a

1.-m
? -
- 2 x"l e "a-\"o+l"a+l ct audsa - 0'
a

Since £ ..., involves the z’s and derivatives of 2™+, . . ., 2" to
order N(= a1+ * + + + am), we have
afz...a aE:... q afz...a aqu...ﬂ
A, .y = |ty o e 08 SO e T B,
! " oz dz? 9z° Ozg ...p, 02°

where Z indicates the sum of all the terms when

Br+ - +BmLN.
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P

If we denote the expression in the parenthesis by —:EG—& and put
dg? 9tr 9EP dae
_——= ——
dx®  9z*  9x9 0z°
on equating to zero the coefficients of each of dz', . . ., dz™ in
(28.11), we have
ath, .. .«
(28.12) £5 .. .4 aitlan, e, =
1 a-1%a a+1 m dxa
1--m ) df”
- 2 xal ooy yaptlay,y oo am@'
b

By means of this formula we obtain the ¢’s for any extension from
those of the preceding one. Equation (27.11) is a particular case
of (28.12).

If we denote the symbol of the Nth extension by X« f, we have

af of
28.13 = P ——
( ) XS Eax‘. + Ef"""“maxg,_,%’
where Z indicates the sum of terms when a; + * + * + an, takes

the values 1 to N. If we have a group @G,, for each symbol X,f
we form a symbol X (y).f by the above process and thus obtain the
r symbols of the Nth extension.

Exercises

1. If an equation Af = 0 admits two operators X,f and X.f, such that
Xof = ¢X1f, then Ap = 0.
2. Show that the equation

Af = z'(2* — 29p1 + 22 — 2')p2 + 2@ — 2)ps = 0
admits the operators
. 1
Xof =2,  Xof = ——=X\J,
iz

and thus ¢ = z'z%z3is a solution of the equation. Show that z! + 2? + z%is a
second solution.
Lie-Scheffers, 1891, 3, p. 451.
3. Show that the equation

Af = (¢ + 2)p1 — 2¢p2 + ¢ps = 0, ¢ =z' — 1! — z?
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admits the two operators

X\ f = pu+ ps, Xof = (22 + 22 + 1)(p1 + 2ps — pa)
and that

2
(X1, Xo)f = mxzf,
and consequently x? + 2z3 is a solution of Af = 0.
Lie-Scheffers, 1891, 3, p. 447.
4. If an equation Af = a’p; =0 (i =1, 2, 3) admits two operators X fand
X.,f, and the rank of the matrix ||a‘, £, £j|| is three, the integration of Af = 0
reduces to at most two quadratures.
Lie-Scheffers, 1891, 3, p. 444.

. . . oF .. .
5. If F(z) is an absolute invariant of a group G, Tz; is an absolute invar-
xl

iant of the extended group.
6. If Fi(z) = - - - = Fy(z) = 0 define a relative invariant of a group G,,

oFq .
these equations and Ex—:_':c; =0 (a=1,-..,p) define a relative invariant of

the first extended group.
7. Show that y”’ = w(z, y, ¥’) is invariant under a G,, if and only if the

equation
of

!
aa:+y

of of
Yy to ay’ =0
admits the first extension of the symbol Xf of G..
Lie-Scheffers, 1891, 3, p. 364.
8. Show that the following differential equations are invariant under the
accompanying operator:

(1) y" = F(ax + by, y'), bp — ag;
@y = x""F(l Y ), zp + nyq;

xn’ !

@)y 202 4+ (1 — n)zrtly = F(I_y,.’ :cy’—ny), z*(zp + npq).

9. If u(z, y) is an absolute invariant of a G, and v(z, y, ¥’) is a differential
dv . - .
invariant of the first order, then 7 is a differential invariant of the second order.

Lie-Scheffers, 1891, 3, p. 377.
10. If u(z, y) and v(z, y, y’) are invariants of a G4, the most general differen-
tial equation invariant under G, is given by

dv

'd—‘l.l = 4P(uy U),

where ¢ is an arbitrary function of u and v.
Lte-Scheffers, 1891, 3, p. 377.
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11. Show that because of Ex. 10 the solution of a differential equation of the
second order admitting an operator requires at most the solution of two differ-
ential equations of the first order and quadratures.

Lie-Scheffers, 1891, 3, p. 378.

12. An ordinary differential equation of the second order in z and y is
invariant under at most eight linearly independent (constant coefficients)
operators.

Lie-Scheffers, 1891, 3, p. 405.

13. A differential equation of the second order which admits two operators
can be integrated by quadratures.

Lie-Scheffers, 1891, 3, pp. 457-464.

14. When a group G, has the equations (4.1), the equations

. : . . 1 =1,
(i) x’a =f'(x¢:1 <, Zg5al - - a') (a = l k
define a group G, in the nk variables z3. If this group is transitive, any k ordi-
nary points in V, can be transformed into k other arbitrary ordinary points, and

the given G, is said to be k-fold transitive, when k is the maximum number for
which this is true. The symbols of the group (i) are

Xaf + ¢+ + Xiaf,

where
i 1 Of =1, - k
X, = £ (20)— a ’ y Ky ),
aa E(d)aza‘ (G,:l,"',r
15. For k arbitrary points of coordinates z} for « = 1, - - - , k, the ranks
of the matrices
My=llg@ll,  Ma = lEe); €@l - -, Me = [lE@); - - E ]
form an increasing series of integers »i, vz, 3, . . . of which the maximum is r.

If w < r, there exists a sub-group G,_,, which leaves the r points invariant. If k

is the largest integer for which v 2 nk, the given G, is k-fold transitive.
16. If »in Ex. 15 is less than nk, the equations
Xif + - +Xiaf =0
admit nk — » independent solutions, called the invariants of the k points xg.
If k is such that » = r for a G,, the system of k + 2 points, or of a larger
number, does not have any invariants which are not invariants of a lesser
number of points.
Bianchi, 1918, 1, p. 336.

17. The projective group G in one variable with the symbols p, zp, z?p is
3-fold transitive. The invariant of four points is their cross-ratio

Ty — Xy Tz — T4
Ty — Ty X3 — 23
and is the solution of
of af of

— — = ,— = = o« o .
2 e 0, z“az, 0, z,ax‘ 0 (a=1, y 4).



CHAPTER III
INVARIANT SUB-GROUPS

29. Groups invariant under transformations. Consider a group
@G, with symbols X,f and also a transformation S, namely
(29.1) T = oi(x).
In order that the symbols

29.2) X.f=d@

generate in the #’s the same group as the given group, it is necessary
and sufficient that each of the operators (29.2) be a linear combina-
tion with constant coefficients (§11) of the symbols arising from
X.f by the transformation (29.1), that is,

. 5.1, \OF
(29.3) @) = c,,eb(x)ﬁ,.

must be satisfied identically in consequence of (29.1). From
(29.3) we have
X.f = coXof, @ = f(2).

If u° are canonical parameters for G, and we put

(29.4) = Gu,  ub = cut

where the constants ¢; and é. are in the relations (cf. §7)
(29.5) ¢y = &,

then we have

(29.6) wXaf = wXsf,

and consequently equations (11.11) are transformed into the same
form in the #’s by means of (29.1). Thus we have schematically

(29.7) ST,S™' = Ty,
or
(29.8) ST, = T3S.

ina
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When the above conditions are satisfied, we say that the group
G, admits the transformation S, or is tnvariant under it.
When and only when we have ¢y = 83, equations (29.3) become

i i 0T
(29.9) £@ = e
z
in which case (29.8) is
(29.10) ST, = T.S,

that is, S is commutative with each transformation of the group.

Consider next the case when the transformation (29.1) is replaced
by a one-parameter group I'; with the symbol Xf = £p;. In this
case the ¢’s in (29.3) are functions of the parameter r of the group
such that, if r = 0 defines the identity, we have (c)),m0 = 6. In
order that (29.3) hold for the infinitesimal transformation

(29.11) & = 2' 4 &or,
we find on substitution that it is necessary that
Ay OF ;

29.12 i— — E— sEa = 0,
( ) Eax" Ebax" + gué 0
where g3 are the constants defined by

N dcy (dc"i)
29.1 =-(=2) =(3) .
( 0 3) g (dr T dr /o0
From (29.12) we have that
(29.14) (X, Xo)f + ¢5Xaf =0

is a necessary condition that the group admits the infinitesimal
transformation.

If the coordinates are chosen in accordance with theorem
[10.2] so that

(29‘15) E‘ = 5:"
equations (29.12) become

s
az"

(29.16) + gota = 0.

In this coordinate system the finite equations of I'; are
(29.17) = 2t + dur.
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If in (29.6) we put f = Z%, then in consequence of (29.17) we
have

(29.18) wha(E) = uki(2).
Differentiating with respect to 7, we have
(20.19) e + w5 2 g

Since equations (29.16) are identities in the z2’s and consequently
hold in the 7’s, the above equations are reducible to

(‘?" _ ubg';)s:;(z) ~ 0,
T

from which it follows that % are the solutions of the equations

(29.20) — = g}
dr
which reduce to u® when r = 0.

Conversely, if equations (29.14) are satisfied, the coordinate
system being any whatever, then in the particular coordinate system
for which (29.17) are the finite equations of the group I'; we have
equations (29.15). If %, is any set of solutions of (29.20), then
wet,(%) is independent of r as is shown by differentiation with
respect to 7, and we have (29.18) where u® = (@),~o, from which
follow (29.6) in consequence of (29.17). We have thus established
that equations (29.14) constitute a necessary and sufficient condi-
tion. Hence we have:

[29.1] A necessary and sufficient condition that a group G, generated
by the infinitesimal transformations with the symbols X.f admat
the transformations of a group T'y with the symbol Xf is that equations
(29.14) be satisfied, where the g’s are constants.

In order to obtain equations (29.3), we have made use of the
fact that the transformations with the symbols X,f form a group.
We shall show that the preceding theorem holds, even if the trans-
formations u*X,f, where the u’s are arbitrary parameters, do not
form a group. In fact, if equations (29.6) are satisfied with the
understanding that (@°)7-0 = 4% we have equations (29.18) for the
special coordinate system in which the equations of the group T'; are
given by (29.17). If in (29.19) we put » = 0, we get
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(d“)sa()+ "f"(’”) 0.

Since these equations must hold for arbitrary values of the u’s, if
we take r different sets of u® such that all but one is zero in a set
and the other is unity, we obtain equations of the form (29.16) in
which the g¢’s are constants. Then the discussion proceeds as
before. Hence we have:

[29.2] If X.f are the symbols of r infinitesimal transformations,
in order that the transformations of symbols u*X.f, where the u’s are
arbitrary parameters, admit the group T: of transformations with
the symbol Xf, it is necessary and suflicient that (29.14) be satisfied,
the g’s being constants. Then a given G, defined by w*X.f is trans-
Jormed by all the transformations of T into the group G, defined by
uX,f, where the @'s are the solutions of (29.20) such that u* = u°
when T = 0.*

As a corollary to this theorem and because of the second funda-
mental theorem we have:
[29.3] If X.f are the symbols of r transformations and all of them are

invariant under each of them, the given transformations form a group
of order r; and G, is invariant under any sub-group G,.

From considerations analogous to those applied to the trans-
formations (29.1) leading to (29.9), we have that, when and only
when %° = u%, each transformation of @, is commutative with
each transformation in T;. Then from (29.20) we have g3 = 0.
Hence we have:

[29.4] A necessary and s~uffiricnt condition that each transformation
of the group with the symbol Xf be commutative with each transforma-
tion of the group G, with the symbols X,f ¢s that

(X,Xu)f=0 (a=1:"'17')'
As a corollary we have:

[29.5] A necessary and sufficient condition that every two transforma-
tions of a group G, with the symbols X,.f be commutative is that

(Xa’ Xb)f = 0)

that 18, the constants of composition are zero.

*Cf. Bianchi, 1918, 1, p. 198.
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A group satisfying this condition is called Abelian (cf. §13).

When a sub-group G; of a group G, is commutative with all
the transformations of G,, the G, is called exceptional. If its symbol
is eeX,f, then we must have (e2X,, X;)f = 0 and consequently

(29.21) et = 0.

These r? equations, as b and d take the values 1 to r, must be con-
sistent. Hence the rank of the matrix

(29.22) [lcasl|

where a(= 1, - - -, r) denotes the columns, and b and d the rows
must be less than r. If the rank is s, there are r — s independent
sets of solutions of equations (29.21). If we putr — s = m, we may
change the symbols of the given group @, so that X,f, . . . , Xnf
are the symbols of exceptional groups G;. Hence we have that the
corresponding constants of composition satisfy the conditions

(29.23) ce=0 (a,b=1,---,r;t=1-"-,m),
Since

(X!;Xu)f=0 (t’u=1;"';m)y
it follows that:

[29.68] The exceptional groups G of a group G., if any, form an
Abelian sub-group.

30. Commutative groups. Reciprocal simply transitive groups.
.0,
If X,f are the symbols of a group G, and Zf = r'a—i. is the symbol of

a group @, then, as follows from theorem [29.4], a necessary and
sufficient condition that each transformation of G, be commutative
with each transformation of G, is that

At QEl
(30.1) E«:"i‘ - r*i

We consider first the case when the group is simply transitive,
that is, » = n and the generic rank of the matrix ||£]| is n. By

means of (21.13), where in this case \, u, 8, h =1, - - - , n, equa-
tions (30.1) are equivalent to
gl ond
. . A s = 0.
(30.2) pyr + *Ai

Expressing the conditions of integrability of these equations, we
find that they are satisfied identically because of (21.19). Hence



114 III. INVARIANT SUB-GROUPS

equations (30.2) admit n sets of solutions ¢}, forb =1, - - - , n,
such that the generic rank of the {’s is n. Moreover, any solution
of (30.2) is a linear combination (constant coefficients) of these n
sets of solutions.

If we put Z.f = {ip;, since

(Za, X)f =0, (Zo, X)f =0 (a,b,c=1, -+ ,n),
it follows from the Jacobi identity (2.4) that
((Za) Zb), X)f = 0.
s §'b 08

Py is a solution of (30.2) and in consequence

of the a.bove observation we have

(303) g-ua—g-b - .(ba—g:“l = Cabg-u
azt

where the ¢’s are constants. Consequently Z,f are the symbols of a
continuous group G,. Clearly the relation between the groups G,
and G, is reciprocal; they are said to be reciprocal groups. From
(8.5) and (30.1) it is seen that the first and second parameter groups
of any group G, are reciprocal groups.

From the results of §29 it follows that if z'* = ¢i(x) is any
transformation of the group G, then

E() = W

that is, each transformation of G, transforms the group @, of symbols

o

/

£,,(a:)—'f into the group G, of the symbols Ea(x Consequently

G, and G, are equivalent groups, and from theorem [22.3] it follows
that the equations of transformation, which are in fact the equations
of the group @,, involve n parameters. From (22.7) it follows that
they are the integrals of the completely integrable system of
equations

(30.4) 2 - @@ @ii=1 .

Thus we have:

[30.1] If £i(z) are the vectors of a simply transitive group, the equa-
tions (30.4) are completely integrable, and their solutions, involving n
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arbitrary constants, are the transformations of another simply transi-
tive group, the reciprocal of the given group.

Returning to the consideration of the solutions of equations
(30.2), we may write

(30.5) ta = Yok,
Substititing in (30.2) and making use of (21.13), we have

EA ) .

‘i..fi + Vit (Al — AR) = 0.

ox
For the present case equations (21.15) are
(30.6) A — A = argigt, (i, j, kLm=1,-"- n).
From these two sets of equations it follows that

Ve

(30.7) Le + et = 0.

oz
If we substitute for the derivatives of the {’s in (30.3) their
expressions from (30.2), we obtain
k(A — AL) = el

From these equations, (30.5) and (30.6) we get, since the deter-
minant of the £’s is not zero,

¥ = —oaT¥ads.
From (30.7) it follows that the y’'s are not constants, and they are
not all zero when the z’s are zero, otherwise they would be zero
identically, as follows from the theory of differential equations of
the form (30.7). Since the above equations must hold identically,
we have when the z’s are zero

Tl = —aicics,
where the ¢’s are constants. Hence the groups G, and G, have the
same structure and consequently we have (§22):
[80.2] Two reciprocal simply transitive groups are equivalent.

If r < n and the generic rank g of the matrix ||£|| is equal to r,
we choose a coordinate system such that (21.8) is satisfied, and
proceed as in the case of simply transitive groups. Then equations
(30.2) hold with ¢, j, k=1, -+ -, r, and in addition we have
from (30.1)
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(30.8) %o <7 Zrhb o n)

ot t = y T

The system of equations (30.2) is completely integrable because of
(21.19), and consequently a solution is determined by taking for
initial values arbitrary functions of 2+, ..., z*. Thus each
solution of (30.2) and (30.8) involves n arbitrary functions of these
coordinates. For any two of these solutions we have equations
of the form (30.3), where now the ’s are in general functions of the
coordinates =7+, . . ., z*. Hence although each solution yields
a symbol Zf which generates a group G, each of whose transforma-
tions is commutative with every transformation of G,, these G.’s
are not sub-groups of a group of higher order.

However, if it is possible to choose the coordinates so that
(21.8) hold and the other &’s are independent of z**!, . . . , z", then
solutions of (30.2) can be found not involving these variables, and
the r operators Z,f are the symbols of a group G, reciprocal to G..
In this case we have in fact two simply transitive groups in r
variables and the above result is in keeping with theorem [30.1].
Hence we have:

[30.3) If the rank of the matriz ||£|| of an intransitive group G, is r,
there exist groups G1, whose vectors involve arbitrary functions, such
that each transformation of the latter is commutative with each trans-
formation of G,, but in general these G,’s are not sub-groups of a group
of higher order.

If the group @, is transitive but not simply transitive, we may
in all generality assume that the matrix ||| fora =1, -+, 2
is of rank n, and that for p =n <4+ 1, - - -, r we have (21.2).
When a takes the values 1 to n in (30.1), we have the equivalent
system (30.2) and fora =n + 1, - - -, r equations (30.1) reduce
by means of (30.1) fora =1, - - -, nto

(30.9) ridl,E = 0,

in consequence of (21.11). Hence the problem reduces to the solu-
tion of the mixed system (30.2) and (30.9). The conditions of
integrability of (30.2) assume the form (cf. (21.17))

(30.10) teAdy = 0.

From (21.18) it follows that in this case equations (30.10) are not
satisfied identically.
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Equations (30.9) are in this case the set F; referred to in §1.
Equations (30.10) and those resulting from (30.9) by differentiation
and substitution from (30.2) are the system F;. We observe that
F, is linear and homogeneous in the {’s and the same is true of the
succeeding systems Fa, . . . . The number of independent equa-
tions, say s, in this set is at most n — 1. From algebraic consider-
ations it follows, in accordance with theorem [1.1], that the
conditions of the problem are that there exist a positive integer N
such that the rank of the matrix of the sets Fo, F1, . . . , Fy is
n — s (s 2 1) and that this is also the rank of the matrix of Fy, . . .,
Fuy1. If these conditions are satisfied, the solution of the problem
reduces to the integration of a completely integrable set of equations
of the form (1.11) in n — s functions 6" and the ¥’s are linear and
homogeneous in these functions. Consequently any solution is
expressible as a linear function with constant coefficients of n — s
particular solutions, and such an expression is a solution. If then
there are n — s(>1) solutions, we have (30.3) holding for any two
of them, where the ¢’s are constants. Hence we have:

[30.4] If a group G. is multiply transitive, there is not in general
one, or more groups, G1 each of whose transformations is commutative
with every transformation of G.; if there are s(>1) of such groups
G, they are sub-groups of a group G..

If G, is intransitive and the generic rank ¢ of the matrix ||£]|
is less than r, we choose the coordinates so that (21.8) hold. We

make use of (21.13) to obtain (30.2) for ¢, j, k=1, - - -, q. In
this case we have (30.8) for¢ =1, - - - ,gqande =¢+ 1, - - -, n,
and also (30.9) and (30.10) for A, 7, j, k, I =1, - - -, ¢ and
p=gq-+1, - - -,r. The analytical processes are the same as in

the case of multiply transitive groups, except that in the equations
corresponding to (1.11) the independent variables are z!, . . ., z9,
and the variables ze*!, . . ., z" appear as parameters. Hence
arbitrary functions of the latter enter in the solutions, and ¢’ for
eg=¢q+ 1, + -, n are arbitrary functions of these parameters.
Consequently we have a theorem similar to theorem [30.4], but in
general the groups G, are not sub-groups of a group of higher order.

In consequence of the preceding results we are enabled to estab-
lish the theorem:

[30.5] A simply transitive group is imprimitive, the systems of
imprimitivity being the invariant varielies of the subgroups of the
reciprocal group.
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If G for m > 1 is a sub-group of the reciprocal group G.
of a simply transitive group G. and its symbols are Z,f for
p=1, -, m, then evidently Z,f = 0 is a complete system and
since (X,, Z,)f = 0,fora =1, - - - , n we have that the invariant
varieties of @., form a system of imprimitivity of G..

In order to show that all the systems of imprimitivity are of this
kind, we remark that since the matrix of the reciprocal group is of
rank n, the vectors b, of equations (23.3) are expressible linearly
in terms of the {’s. Since the former may be replaced by any linear
combination of these, we may in all generality put

B.f=2.f+uZsf (@a=1,--:,pjo=p+1, - - n).
Then equations (23.6) become in consequence of (30.1)
Xaﬂ; af = )‘ag(zﬂf + I‘leaf)

Since the operators Zf are independent, we have \.5 = 0 and
X.u% = 0 from which it follows that the u’s are constants, and from
the requirement that the equations B,f = 0 form a complete system,
it follows that B,f are the symbols of a sub-group of G.,.

31. Invariant sub-groups. If X,f, - - -, X,.f for m < r are
the symbols of a sub-group G, of a group G, then (§16)
(31.1) (le Xu)f = ct: vf (t; U, v = 1) Ty m)'

A necessary and sufficient condition (cf. (29.14)) that every trans-
formation of G, transforms a member of the sub-group G into a
member of the latter is that

(31.2) (X0, X)f = cat Xuf (“ =L )

tbu=1---,m
that is,

a=1---,r
(31.3) cak =0 t=1, - ,m; .
p=m-+1 -,

When these conditions are satisfied, the G is called an invariant
sub-group, or a self-conjugate sub-group. The group itself and the
identity are trivial examples of such sub-groups possessed by any
G,. When a group G, does not have any invariant sub-groups
other than the group itself and the identity, the group is said to be
simple.

From §29 it follows that, if a group G, admits a sub-group G,
(m21) of exceptional G,’s, then G,, is an invariant sub-group of G,.
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Consequently, if the matrix ||c.5|| in which a indicates the columns
and b and e the rows is of rank less than r, the group is not
simple (cf. §35).

Let V, be an invariant variety for an invariant sub-group
Gn of a G, and S any transformation of G,, and denote by V.
the transform of V, by a transformation 7' of @, which is not of
G, then , ,

TST-\V, = V,.

But by (29.7) TST ! is a transformatlon of G, since the latter
is an invariant sub-group of G,. Hence V, is an invariant variety
of Gn. If a sub-group of G, leaves V, point-wise 1nvar1ant the
transform by T of the members of this sub-group leaves V, pomt-
wise invariant. Hence the groups induced by Gn in V, and V,
are of the same order. If T is infinitesimal, V, is infinitely near Vo,
unless it coincides with it. The latter case arises, if V, is zsolated
in the sense that it is not one of a continuous array of invariant
varieties in which the induced group is of the same order for all
of these varieties. Hence we have:

[31.1] If V, i3 an invariant variety for an invariant sub-group
of a G,, the transform of V, by any transformation of G,, not of the
sub-group, ts an invariant variety of the sub-group and the group
induced by the sub-group in the two varielies ts of the same order;
if V, is isolated, the transform cotncides with V,.*

If there are two invariant sub-groups @, and G, of a G, and
there are p independent transformations common to the two sub-
groups, these form an invariant sub-group of G,. For, the transform
of any of the latter is contained in G and G.», and consequently
is common to the two.

Suppose that two invariant sub-groups G, and G, of a given
G, do not have a common sub-group, and we take as their symbols
XJ,...,Xnfond Xnpf, . . ., Xmymf. Then
(31.4) (X5 Xu)f = C,thf Cngaf

(p,q—l,"-,m; )
tu=m+1, - ,m+m)

Since the operators of the two sub-groups are independent, we
must have in this case

* Lie-Scheffers, 1893, 1, pp. 529, 531.



120 I11. INVARIANT SUB-GROUPS

t,u=m+1,'*-,m+m’)’

and consequently the transformations of the two sub-groups are
commutative. It is evident that the symbols of the two groups
generate a group G'mym, which is G, itself when m + m’ = r, and
which is an invariant sub-group of G, when m + m’ < r. In the
latter case because of (31.5) the sub-groups G., and G, are invari-
ant sub-groups of Gmim. We say that G n is the direct product
of G, and G,». Hence we have:

(31.5) Cp:‘ =cmq‘ =0 (p;q = 1, e, my

[31.2] If a group G, has two invariant sub-groups not conlaining a
common sub-group, the transformations of the two sub-groups are
commutative, and the direct product of the two sub-groups ts either G,
itself, or an invariant sub-group of G, of which G. and G . are inva-
riant sub-groups.

Suppose that G and G, are two invariant sub-groups of a G,
and they have a sub-group @, in common. In this case it follows
that the second and third terms in (31.4) being respectively symbols
of G and G, must be a symbol of G,. Consequently if the symbols
are chosen, so that the symbols of G and G, are

(31.6) Gu: Xuf, ..., Xof, Xptrif, . . ., Xuf;
Gmw: lea L ;pr’ X'n+lf’ LB ;XM+m’—pf,
then
(31.7) (Xi, X)f = cuXnf
(k=1,-'-,m;h=1,'--,p; )
u=1"‘-,pm+1, - , m+m —p

From this result and the fact that G,» and G, are sub-groups it
follows that the m + m’ — p independent symbols in (31.6) gener-
ate a group Gpnym—p which is called the product of G, and G.v; we
use the term product in this case as distinguished from direct prod-
uct when there is no common sub-group. In consequence of (31.7)
Gn and G, are invariant sub-groups of Gpmym—p and G, is an invari-
ant sub-group of Gm, G, Gmym—pandG,. Clearlym +m' — p < r;
if it is less than r, Gmim—p i8 an invariant sub-group of G,. Hence
we have:

[31.3] If two invariant sub-groups of G, namely Gm and G, have a
sub-group G, in common, their product Gmim—p 18 either G, or an
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tnvariant sub-group of it; in the latter case Gm, G and G, are invariant
sub-groups of Gmim—p and of G,.

Suppose that we have two groups G,, and @, such that all the
transformations of each group are invariant under all the trans-
formations of the other but not commutative. Then we have
equations of the form (31.4) in which the ¢’s are constants (§29),
from which it follows that there are certain independent groups G,
common to the two, say p. Combining the two sets of symbols we
have m + m’ — p linearly independent ones (constant coefficients).
Because of (31.4) and similar equations for each of the given groups
it follows from the second fundamental theorem that these symbols
generate a group Gmim—p, and from these equations it follows that
Gn and G, are invariant sub-groups of the enlarged group, as is
also the sub-group of order p common to G.. and G

Let T, Ty and T, T, be any two transformations each of G, and
Gw respectively; it follows that T'T is a transformation of the
group Gmym—p. We have also that T.7" = T:T, where T, is
another transformation of G.; this is due to the hypothesis that
the transformations of G, are invariant under those of G,.. Con-
sequently we have

TiTlT'T = T;T;TlT = T;:Tz,

and thus the products 7'T form a group I'. As we take 7" or T
equal to the identity, these transformations are those of Gy or G,
and therefore T' is not a sub-group of Gmim—p, but is in fact this
group, which we call the product of the two given groups. Hence
we have:

[31.4] If two groups G, and G, are invariant with respect to each
other and are not commutative, they possess a common sub-group Go;
the two groups and also G, are invariant sub-groups of the group
Gmym—p generated by the independent (constant coefficients) symbols
of the two groups; and each transformation of the enlarged group consists
of the product of a transformation of G and one of Gm.*

By similar reasoning we have:

[81.5] If two groups Gm and G.. are commutative, their symbols
generate a group of order m + m/', the direct product of the two, of
which each is an invariant sub-group.

* Bianchi, 1918, 1, p. 204.
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An invariant sub-group is said to be a maximum one, if it is
not a sub-group of an invariant sub-group of higher order. We
shall prove the theorem:

[81.6] If G. and G, are marimum invariant sub-groups of a G,
and they have a sub-group G, of all common transformations, their
product 18 Gy, that 18, r1 + p1 — p = r, and G, is @ maximum invariant
sub-group of G, and G, .*

The first part of this theorem follows from theorem [31.3]. For,
if 71 + p» — p < r, the product of G, and G, is an invariant sub-
group of G, containing G, and G, , contrary to hypothesis. If G, is
not a maximum invariant sub-group of @,, there is an invariant
sub-group G, of it containing ,. Consider the product of Gpix
and G,. In consequence of (31.7) the commutator of any symbol
of this product and a symbol of G, is a symbol of G,.x. The com-
mutator of a symbol of this product and one of G, is a combination
of symbols of G, and @,, that is, of G, itself. Hence the product is
an invariant sub-group of G, and it contains (,, contrary to the
hypothesis that the latter is a maximum. Consequently @, is a
maximum invariant sub-group of G,, and similarly of G, .

If Gy, and G, are maximum invariant sub-groups of G, and they
have no sub-group in common, by the above reasoning it follows
that r; + p1 = r. Moreover, by theorem [31.2] it follows that the
transformations of the two groups are commutative. Furthermore,
each of these sub-groups is simple. For, if G,, contained an invari-
ant sub-group G4, then by reasoning similar to the above the symbols
of Gi and G, generate an invariant sub-group of G, which contains

G,, contrary to hypothesis. Hence we have:

[81.7) If G, and G, are mazimum invariant sub-groups of a G, and

they do not contain a common sub-group, then ry + py = r and G,
and G, are simple groups commutative with one another; consequently

G, is the direct product of these sub-groups.

Exercises

1. If a series of infinitesimal transformations u*X,.f admit separately two
G/'s of symbols Y,f and Y,f, they admit the group G, of symbol aY,f + bYf,

* Lie-Engel, 1893, 2, p. 706.
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where a and b are any constants; also they admit the G) whose symbol is
Yy, Yo)f.
Bianchi, 1918, 1, p. 197,
2. If a set of transformations z’* = f¥(z; a) involving r essential parameters
is such that a combination of any two, that is, 7,T,, involves only r essential
parameters, then T4 = ST, where S; are the transformations of a group G,
and T, is a transformation of the set; moreover, G, is invariant under Tq,.
Bianchi, 1918, 1, p. 118.
3. Show that, in consequence of theorems [24.1] and [30.5], a systatic
group is imprimitive, and a primitive group is asystatic.
Bianchi, 1918, 1, p. 190.
4. A G; with the structure

Xy, Xo)f = Xof, (Xy, Xo)f =2Xof, (Xy Xo)f = Xof
is simple (cf. §35); show also that the basis can be chosen so that

(X1, Xo)f = Xaof, (Xo Xa)f = Xuf, (X X0)f = Xof.
5. If a G, admits a non-invariant sub-group G,_;, the basis can be chosen
so that X,f, . . ., X,_if are the symbols of G,—, and

(Xoy X = 2%, Koot X =erdXof + X5 (3200 12 0)
’ ’

Then show by means of the Jacobi identity (2.4) that X.f, . . . , X,sf are the
symbols of a G,_s, which is an invariant sub-group of G,_;.
Lie-Scheffers, 1893, 1, p. 544.

6. If a G, contains a simple G,_;, the latter is an invariant sub-group of
G, (cf. Ex. 5).

/]

Lie-Scheffers, 1893, 1, p. §72.
7. If a G, has an invariant sub-group G, with the structure

Xy Xo)f = Xof,  (Xy, Xo)f =2Xof, (X5 Xa)f = X4,

then (Xi, X)f = aiX;f (1,7 = 1, 2, 3). Because of the Jacobi identity the a’s
satisfy the conditions

2} =a}, a}=—a}, al=2i a=a =0 =0
If X.f is replaced by Xf — alX.f + alX.f + alX4f, it follows that
(Xo, X0f =0 (G =123).

8. Establish theorem [29.6] by means of the Jacobi identity.
9. Show that the projective group Gs with the symbols

Xif=p+yr, Xof =ap+or (,J_f)
Xsf = z(xp + yq + zr) — zq, Xf=q+2r dz
Xof =yqg+a2r, Xof =ylep+uyq+er)—2p
leaves invariant the quadric z — zy = 0, and that the induced group I's on the
quadric has the symbols
» =3, 2D, @ Y, VA
Lie-Engel, 1893, 2, p. 199,
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10. Show for the induced group T's in Ex. 9 the two sub-groups with the
symbols p, zp, 22p and ¢, ygq, y2q are invariant sub-groups of I's; derive therefrom
the two invariant sub-groups of Ge.

32. Isomorphisms of groups. Let G, and H, be two continuous
groups whose finite equations are

. . ) . t=1 - ,n;
(32.1) =i, v=nn (SI70000)
If p=rand ¢*(a!, - - - ,a’) fora =1, - - -, r are r functionally
independent functions, the equations
(32.2) b = ¢%(a)

establish a one-to-one correspondence between the transformations
of the two groups. The correspondence is said to be isomorphic,
and the two groups are said to be isomorphic, if 7,,, Ss, and T',, Ss,
being any two pairs of corresponding transformations, the trans-
formations T,,T. and 8S,Ss correspond. Later we shall have
occasion to consider the case when p < r in which case the corre-
spondence is said to be multiply isomorphic, and when p = r simply
isomorphic.

When the isomorphism is simple, if T, is the identity, then T,
corresponds to S, and also to 8,8, and consequently Ss, is the
identity, since the correspondence is one-to-one. Hence if T, and
Sy, correspond so also do T, and S5

If the quantities b in (32.1) are replaced by their expressions
(32.2), we obtain a new set of equations for H, in terms of the a’s, say

(32.3) y'i = k(y; a),

and then corresponding transformations have the same values of
the a’s. If the correspondence is to be isomorphic, equations
(4.6), namely a3 = ¢%(a:1; a2), must apply to both groups and
conversely. Consequently the two groups must have the same
first and second parameter-groups. Since this condition is evi-
dently sufficient, we have:

[32.1] A necessary and sufficient condition that two groups be simply
1somorphic 18 that they have the same parameter-groups.

If this condition is satisfied it follows from (14.19) that the
vectors Ug(u) are the same for the two groups, and then from the
corresponding equations (6.3) that the constants of structure of
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the two groups are the same. Conversely, when the latter condition
is satisfied, it follows from (14.6) and (14.8) that the two groups
have the same vectors Ugs(u) and Ugi(u), and from (14.18) and
(14.17) that equations (14.16) are the same for both groups. Hence
we have:

[32.2] A necessary and sufficient condition that two groups be simply
isomorphic is that their bases can be chosen so that the constants of
structure of the two groups are the same for both.

Thus from the results of §9 it follows that the parameter-groups
of any group are simply isomorphic with it. Also from §§26, 27 it
follows that any extension of a group is isomorphic with it.

We consider next the case of multiple isomorphism, that is, when
p < r, and we understand that in (32.2) where nowa =1, + - -,

-

the jacobian matrix 2l is of rank p; in accordance with the theory
a

of implicit functions this insures that there are values of the a’s in
(32.2) for any values of the b’s. Then there are co*? transfor-
mations T of G, corresponding to a transformation S of H,. In
particular, to the identity of H, corresponds a sub-group G, of G,.
Since to any T there corresponds only one S, it follows by the argu-
ment applied to the case p = r that the identity of G, is a member of
this sub-group, and that if 7., corresponds to S, then T corre-
sponds to S;'. Since then T,7T. T, corresponds to 85,85,85,, if
Sy, is the identity, then 7T.,T.Ta, corresponds to the identity
whatever be T,, Since this is true for every T, corresponding to
the identity, we have:

[32.3] If G, and H,(p < r) are two groups multiply isomorphic, the
transformations of G, corresponding to the identity in H, form an
invariant sub-group of G, of order r — p.

If we substitute from (32.2) in the second of (32.1) and obtain
(32.3), these are finite equations of H, but all the parameters are
not essential. If we take two transformations S, and S, and a
pair T,, and T, corresponding to them and apply (4.6) to get
T.,T., then when (4.6) is applied to the transformations S in the
form (32.3), we get the transformation S;,S,,. In this sense the
two groups have the same constants of structure, for suitable
choice of the bases, following the procedure in the case of simple
isomorphism. This means that, if we consider the infinitesimal
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generators of the two groups and denote their respective bases by
Xof, ..., Xifand Yof, . . ., ,,f, we can put

(32.4) Yof = a2Y.f <Z: }: ,,r;),
where the a’s are constants so chosen that

(32.5) (Yo, O)f = casYof (a,b,e=1,--- 1),
the constants c,; being given by

(32.6) (Xa, Xo)f = catX.f.

If now we put

(32.7) (Yo Yo)f = cp¥yf (a,B,v=1,-"+,p),
it follows from (32.4) and (32.5) that

(32.8) alalely = cayal (Z, Z’ = 11,’ - ,,r;>.

Conversely, if c.; and c.} are the constants of structure of two groups
G. and H, respectively, and equations (32.8) are consistent, then
from (32.4) we have (32.5). If we change the basis of G, and put
as in §7

Cap = Cayp'Ca'Cr'ce,
then (32.8) becomes

7 abe! "
a‘;labl af = Calb a¢|7

where a3, = ajc;,, Hence we have:

[(32.4] If G, and H, are two groups with the respective constants of
composition ¢, and c.}, a necessary and sufficient condition that
they admit multiple isomorphism is that equations (32.8) be compatible.

Thus the problem of determining whether two groups are isomorphic
is an algebraic one.
Suppose that the bases for H, and G, are chosen so that

Yoy .o, Yol
in (32.5) are independent, and that
(32.9) Yof = 0¥ (;":ff TR "),

where the b’s are constants. Then to each of the r — p independent
infinitesimal transformations
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(32.10) X.f—b.Xf

of G, corresponds the identity in H,. Evidently these transforma-
tions determine a sub-group G.—, of G,.. Conversely, if \* are con-
stants such that

Yf=MY.f =0,

then N + A%} = 0, and Xf = MX.f = \*(X, — b'.X,)f is the sym-
bol of a G of transformations of G,_p.
Since (Y, (Y, — b.Y))f = 0, we have

i=1, -,
cl't: cl.t+ (cca clt)bﬂ = 0 S,t = 1’ ctt yp; ]
a,f=p+1, y T

by means of which it can be shown that G,_, is an invariant sub-
group, as previously established from the finite equations of the
group. This result is a special case of the theorem:

(32.5] IfG.and H, (p < r) are isomorphic, to a sub-group of order
m of G, corresponds a sub-group of order k(<m) of H,; to a sub-group
of order m of H, corresponds a sub-group of order m + r — p of G,;
if etther sub-group s invartant, so ts the other.

This theorem follows immediately from the definition of isomorphic
correspondence at the beginning of this section. Also if infinitesimal
transformations are used, we have at once that, if \JXf fore = 1,
- -, m define a sub-group of G,, then \.Y.f generate a sub-group
of H, of order m — s, where 8 is the number of linearly independent
(constant coefficients) generators of this set yielding the identity.
Conversely if \.Y;f generate a sub-group of order m of H,, then
MX,f and (32.10) are the bases of a sub-group of G, of order
m—+r — p.
33. Series of composition of a group. Theorem of Lie-Jordan.
If a group G, admits a maximum invariant sub-group G,,, and the
latter in turn a maximum sub-group G,, and so on, the series

(33.1) GGy oo Gyl

(where necessarily G, is a simple group) is called a series of com-
position of the group, and the differences

(33.2) P =Tttt Teel — Tg Ty
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are called the indices of composition of the group; by some writers
(33.1) is called a normal series. It may be that a group G, admits
more than one series of composition. For example, if a group
admits two maximum invariant sub-groups G,, G, which do not

contain a common sub-group, then as shown in §31 these sub-groups
are simple, and we have the two series of composition
G, G, 1; G, Gy, 1.

Moreover, since r; + p1 = r (§31), we have that the respective
indices of composition are equal to
Py, T, T1 P1.
We shall establish the following theorem due to Lie and Jordan:
[33.1] If a group G, admits two series of composition, (33.1) and
(33.3) Gy Gy oo o, G,y 1,

the tndices of composition of the two series are the same set of integers,
but not necessarily in the same order; consequently the number of
indices 13 the same.

We have just seen that this theorem holds when the group admits
two maximum invariant sub-groups which do not have a sub-group
in common. If r = 2, this is the only case which can arise, and
the theorem holds for r = 2. We shall establish the theorem by
induction for the case when G,, and G, have a common sub-group

T, which by theorem [31.6] is a maximum invariant sub-group of
both G, and G,. We take a series of composition for T',, say

'y Ty Tpy . . ., Ty, 1, and consider the series (33.1) and

(33.4) Gry Gry Tpy Tpyy o o o, Ty, L.

In §31 it was seen that r = r; + p1 — p. Assuming the theorem

to hold for the two series for G,,, we have that (33.2) and
r—7Ty,T—D,P — Py * ° "y Pa—1 = Psy Ds

are the same numbers, possibly in different orders. Similarly the

indices of (33.3) are the same numbers as

=P,y P 1= D0 — Py " " 5 Pi—1— Ps Pa
But

r—rn=pr—pnp r—ppr=ry1—p

and consequently the theorem is proved for G,.
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34. Factor groups. Suppose that a group G, admits an invariant
sub-group G'» and that the basis of G, is chosen so that X,f for

t =1, -+ -, mis the basis of the sub-group; then we have
(34.1) ch =0
(@a=1,---,rmt=1,-- ,mp=m+1,---,r).
Consider the Jacobi relations
CpaCia + CatCip + Cupiy = 0 (f’:_q’l,s’.t.:. r,nr+ b r;)'
In consequence of the preceding equations these relations become
(34.2) CoqCus + CasCup + CopCug = 0
@, 8 tbu=m+1,--,7r).

By the third fundamental theorem there exists a group G,_.» whose
constants of composition are c,;. All such groups being simply
isomorphie, we call any one of them the factor group of G, determined
by the invariant sub-group G'», and write symbolically

_G
r—m — Gm
If we denote its basis by Y,f for p =m + 1, - - -, r and adjoin
the operators Yof = Ofora = 1, - - -, m (cf. §32), we have that G,

and G,_. are multiply isomorphic, and G, corresponds to the
identity in G,_,.. Hence we have:

G

[34.11 If a group G, admits an invariant sub-group G, there exists
a group G,_m multiply isomorphic to G,, and G corresponds to the
identity in Go—m.

Conversely, if a group G,_» is multiply isomorphic to a group
G,, the former is the factor group of G, determined by the invariant
sub-group of G, corresponding to the identity in Gr—m.

If G, is a maximum invariant sub-group of G,_m, then the
corresponding invariant sub-group G,ym of G, is maximum, and
conversely. Consequently if G,_. is simple, then G, which deter-
mines it as a factor group of G, is a maximum invariant sub-group,
and conversely. Hence we have:

G
[34.2] A necessary and sufficient condition that a factor group é—'-
m

be simple s that Gm be a mazimum invariant sub-group of G,.
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If G.—n is not simple, it admits a series of composition (§33), say
éf—m, Gr—m“ o v ey ér._m', 1,

each of the sub-groups being a maximum invariant sub-group of
its predecessor; then the corresponding sub-groups of G,, namely

Gf—ﬂn+m L Gr—mq+m Gm 1’
form a series of composition. As a consequence we have:

[34.3] Any invariant sub-group G of a G, ts a member of a series
of composition of G,.

Suppose that G, admits a series of composition
(34.3) G,G, ...,G,1

From theorem [34.2] it follows that each of the factor groups
such as
- Q..

G'ﬂ""ﬂﬂ = Grau

is simple. In this way we obtain a series of simple factor groups

(34'4) Gyr-r., 6r1—r,; LR | Gr,_l—r,, Grp-
Suppose now that G, admits a second series of composition
(34.5) G, G,y ... ,G 1

as shown in §33 this must have the same number of elements as
(34.3). Let I',, (which may be the identity) be the sub-group
common to G, and G, ; we recall that it is a maximum invariant
sub-group of G, and of G, and that r = r, + p1 — m. We choose
the basis of G, so that X.f fora =1, - - - , m is the basis of T'n;
X.f and X,f for h=m + 1, - -+ -, r; the basis for G,,; and X,f
and X,f for I =7, + 1, -+, r the basis for G,. Then X.f,
Xif and X,f is the basis for G,. From the considerations at the
beginning of this section and in particular equations (34.2), it

follows that the factor groups G and %_I have the constants of

structure of G, for which the indices take the respective values
n+1l,:+-,randm+1, -, r, and that the factor groups
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G,
F—p' and R have these respective constants of structure. Hence
m I

we have the theorem:

[34.4] If G,, and G, are maximum invariant sub-groups of G, with a
G G,
common sub-group T'wm, the factor groups o and P—p are stmply isomor-
G 1

Gf r
hic, as are also — and —-
phic, re als e, T,

G,
In particular, if T, is the identity, G, is the factor group o

so that the factor groups of the series G, G,,, 1 are G, and G,,; in
like manner the factor groups of the series G,, G,, 1 are G, and G,

We are now in position to establish the following theorem of
Hélder-Engel :*

(34.5] If a group G, admits two series of composition, the simple factor
groups of the two series, to within their ordering, are simply isomorphic.

We assume that this holds for order less than r and show that it
holds for r. If I',, admits the series I'm, T'm, . . . , 1, then the
theorem holds for the series (34.3) and

(34.6) Gy, Gry Ty Ty « - 5 1

since by hypothesis it holds for G,. Similarly the theorem holds
for (34.5) and

(34.7) G., G,y Tmy Ty + - ., L.

Then it holds for (34.3) and (34.5), because it holds for (34.6) and
(34.7) in consequence of the above discussion. When r = 2, we
have the particular case discussed above, and hence the theorem is
proved by induction.

36. Derived groups. Consider the symbols X.f defined by

(35.1) Xaf = (Xay Xo)f = caX.f.
Each of them determines a sub-group G, of G,.. Moreover, since

(Xaty Xea)f = (CaXey CaX0)f = CasCosXenf,

* Lie-Engel, 1893, 2, p. 765.
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we have that these symbols determine a group, which is either G,
itself, or a sub-group of G,. Since also

(Xd) Xﬂb)f = ca;(Xd, Xe)f = cu;Xdef,

we have that, if this group is a sub-group, it is an invariant sub-
group. It is called the derived group of G,.
Consider the matrix

(35.2) C = |leas]l,

where e indicates the columns, and a and b the rows. If the rank
of the matrix is p, then any one of the symbols X,.f is expressible
linearly (constant coefficients) in terms of p of them and the derived
group is of order p. If the rank is zero, that is, if the group is
Abelian, the derived group consists of the identity. If the rankisr,
the derived group coincides with the given group. As a corollary
we have:

[35.1] If G, is a simple group, the rank of C is r; if the rank is less
than r, G, is not simple.

Suppose that Ithe rank of C is r; <r, then as seen above the
derived group @,, is an invariant sub-group. If we denote by
Xf, . . ., X, f the symbols of this group, these and r — r; others

Xenrfy o oy ,X,f may be taken as the symbols of G,. From the

definition of @,, it follows that

(35.3) (Xay Xo)f = c2Xf (a, b=1,---, r;)_
p= 1’ R A |

If in these equations we let a and b take the values 1, . . . , 7y,

mn+1, -, r+h (h<r-—ry), we see that the symbols with
these indices form a sub-group G,,s, and then from (35.3), when a
takes the values 1, . . . , r and b from 1 to r, + A, it follows that
G,.+x is an invariant sub-group of G,. Moreover, if a takes the
values 1 to r; + kh and b the values 1 to r; + A — 1, we have from
(35.3) that G,4s—1 is an invariant sub-group of G,4s. Hence as
h takes the valuesr —r, — 1, r —r;, — 2, - - -, 2, 1, we have a
set of invariant sub-groups of G,

(35.4) Gry Grsy . ., Grgry Gy

each of which is an invariant sub-group of those of higher order.
Hence if G;, is a simple group, then G, and the set (35.4) form a
geries of composition of indices 1, . . . , 1, r1.
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As defined G,_, has the symbols X,f, . . . , X,f, but if any
of the symbols X, 1f, . . . , X,f other than X,f had been omitted,
we should have obtained another invariant sub-group of order
r — 1. Hence there are r — r; such sub-groups. Each of these
in turn admits r — 7, — 1 invariant sub-groups of order r — 2,
and so on. Hence we have:

[35.2] If the derived group of a G. is of order ry < r, then G, admits
r — ryinvariant sub-groups of order r — 1, each of the latterr — ry — 1
tnvariant sub-groups of order r — 2, and so on; and al} these sub-
groups contain the derived group.

Conversely, we have:*

[35.3] If a group G, admits an invariant sub-group of order r — 1,
the derived group of G, is this sub-group or is a sub-group of it; and
consequently its order is less than r.

For, if X+f, . . . , X,_.f are the symbols of the sub-group G,_;, then

ok a=1°*-,r;
(Xay Xi)f = canXuf (h,k= 1, -+ ,r— 1)

and consequently the derived group either coincides with G,_, or is
contained in it.

From theorem [35.3] it follows that, if the rank of the matrix C
(85.2) is r, the group does not admit an invariant sub-group of order
r — 1. In particular, if » = 3 and the rank of C is 3, the group is
simple. For, if it had an invariant sub-group, it would be of order
one; assume X,f to be its symbol, then ¢, = 0fora = 1, 2,3 and
a = 2, 3, but in this case the rank of C is less than 3.

From the definition of a derived group it is evident that:

[85.4] The derived group of a sub-group G. of a G, is contained in the
derived group of G,.
If G is an invariant sub-group of G, and the basis of the latter

is chosen so that X,f for « = 1, + -+ + , m is the basis of the sub-
group, in the identities

((Xa, Xﬁ); X.) + ((Xﬁ; X.), Xa) + ((Xq X.), Xﬂ) =0
a,f=1 " :m;)

a=1+--,r

_* Bianchi, 1918, 1, p. 212.
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the second and third terms are symbols of transformations of the
derived group of G'», and consequently it follows from these identities
that the derived group of G, is an invariant sub-group of G,. The
same reasoning may be applied to this derived group and we have:

[35.5] The derived groups of an invariant sub-group of a group are
tnvariant sub-groups of the group.

If G;, in (35.4) is not a simple group, its derived group, called the
second derived group of G,, may be of order less than r;, say r,.
T'}'xen as above we show the existence of sub-groups G, . . .,
G, such that each of them is an invariant sub-group of the one
of one higher order, and all of them are invariant sub-groups of G;..
This process may be continued as long as each derived group is
of lower order than the one preceding it. Consequently we get
a sequence such as

(35.5) G, Grry . ., Gy 1
or
(35.6) G, Gy . . ., Gy 1,

the latter case arising when the (s + 1)th derived group is the same
as the sth derived group. In either case each group G of the
sequence for h = 1, - - -, r — 1 is an invariant sub-group of the
group Ghy1.

36. Integrable groups. A group is said to be integrable when
there exists an array of sub-groups as (35.5) such that each sub-
group G, for h = 1, - - - , r — 1 is an invariant sub-group of the
group Giy; the significance of the term integrable will appear
later. If we denote by X,f the generator of @i, by X:f and X,f
the generators of G; and so on, we have

(X29 Xl)f = 621X1f,

(X3, X0)f = canXuf + 51 Xaf, (X3, Xo)f = caaXof + csiXef,
and in general
(36.1) (Xnsny X0)f = CrpinXof
h=1,---,r—1;k=1,---,r—h;),
l=l,-'-,h+k—1

Hence each c,; for which ] is equal to or greater than the larger of
a and b is equal to zero.



§36. INTEGRABLE GROUPS 135

From the method of §35 yielding (35.5) it follows that, if one of
the successive derived groups is the identity, then the given G, is
integrable. In particular, the first derived group of an Abelian
group is the identity. Hence we have:

[36.1] An Abelian group is integrable.
Also from theorem [16.1] we have:
[36.2] Any G; is integrable.

Conversely, if a group G, is integrable, its first derived group is
contained in G,_; of a sequence (35.5) by theorem [35.3]. And by
theorem [35.4] the second derived group is contained in the derived
group of G,_,, and consequently is contained in G,—,. Similarly the
third derived group is in G,_;, and so on. Consequently we have:

[36.3] A necessary and sufficient condition that a G, be integrable s
that there be an integer p (< r) such that the pth derived group be the
identity.

If G, is integrable and G, is a sub-group of G,, then the first
derived group of @, is contained in the first derived group of G, by
theorem [35.4]. If these two derived groups are equivalent, then
G, is integrable; if not, then by the same theorem the second
derived group of G, is contained in the second of G,, and so on,
Hence in consequence of the preceding theorem we have:

[36.4] Any sub-group of an integrable group is integrable.

The significance of the designation ¢nfegrable as applied to a
group is set forth in the theorem:

[36.5] If a linear homogeneous partial differential equation of the
first order in n variables Af = 0 admits an tniegrable group Gn—, for
which the symbols and Af are independent, the integration of the
equation reduces to quadratures.

Let X.f, Xaf, . . . , Xa-yf be the symbols of the group, so chosen
that the first b symbols for any b from 1 to n — 2 generate a sub-
group which is invariant under the sub-group of the first b 4 1
symbols. If Af = 0 is the equation, then

(36.2) Af =0, Xif=0,-,Xeaf =0
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form a complete system, and in consequence of the above statement
this system admits the operator X,._,f. Accordingly, if » is a
solution of (36.2) other than a constant, so also is X,_,u a solu-
tion by theorem [25.1]. If X,_,u were zero, the system of equa-
tions (36.2) and X,.,f = 0 would not be independent. Hence
Xa_1u = ¢(u), since any two solutions of (36.2) are functions of

du
one another. If we put u, =f_(u—)’ we have that u, is a solution
v

of (36.2) and that X,_,u; = 1. This equation and (36.2) in which f
is replaced by u: can be solved for its derivatives, say

du,
EI; = Uii.
Since X.f, . . . , X._of are the symbols of an invariant sub-group
G,—2, and Af admits the group, we have
(Xay Xo)ur = 0, X, AD)uy =0 (a,b=1,--+,n—1),

and consequently u;;dx* is an exact differential and therefore u, is
obtained by a quadrature.

If we change the coordinates putting z'! = u;, 2’2 = 22, - - -,
z’* = z*, then in the new coordinate system the equations (dropping
primes)

(36.3) Af =0, Xif=0,---,Xu3f=0

do not involve derivatives with respect to z!. Hence we may
treat these equations as a set in » — 1 variables, with z! entering
possibly as a parameter. Since X,f, . . . , X,—3f are the symbols
of an invariant sub-group of G,—., defined above, we may apply the
same process, and find by a quadrature an integral u., which is
independent of u;, previously found, since it involves variables
other than z', which is u, in the present coordinate system. By
repeating the process we obtain by n — 1 quadratures n — 1 inde-
pendent solutions of Af = 0, that is, the complete solution. The
transformations of coordinates leading to the equations in the

forms stated above involve quadratures, differentiation and direct
processes.

Exercises
1. Show that the G4 with the symbols
D, zp, z’p, q
and the sub-group with the first three symbols are multiply isomorphic.
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2. The transformations of a transitive imprimitive group which leave
invariant a variety of imprimitivity form are invariant sub-group.
Lie-Engel, 1888, 1, vol. 1, p. 307.
3. If uk(zt, - -+ ,2") =cfforp=1, .-, n — qare the equations of
the systems of imprimitivity of a transitive imprimitive group G,, then

Xa(u¥) = out, « - -, ur9)

0,
(cf. §23), and U.f = qo“,‘(;u—f; are the symbols of the group induced in each

variety V, of imprimitivity. Show also that the induced group is isomorphic
with the given group.
Bianchi, 1918, 1, pp. 294, 295.
4. A necessary and sufficient condition that the factor group of an invariant
sub-group Gm of a G, be Abelian is that the first derived group of G, be con-
tained in Gp.
Bianchi, 1918, 1, p. 289.
5. The first derived group is the invariant sub-group of lowest order deter-
mining an Abelian factor group.
Bianchi, 1918, 1, p. 289.
6. Show that the G4 with the symbols

G:p q 1 Y4
is integrable and that the sub-groups

Gy:q, zq, ap +ba’q; Gaiq, zg; Gug

are invariant sub-groups of G4 and each one is an invariant sub-group of every
one of higher order.
Lie-Scheffers, 1893, 1, p. 538.

7. If p is a non-zero root of the determinant equation [c,ju® — p&| = 0,
the quantities v* defined by (cfu® — p8)v* = 0 are such that usX,f and v X,f
determine a sub-group G; of Gy, and *X,f is the symbol of the derived group
of Gs (cf. §16).

8. If usX,.f and v2 X ,f determine a sub-group G; of a G,, its derived group has
the symbol ueXaf if c,ust® = us, and this is possible only if the matrix || gus||
and the augumented matrix ||c,,;u", u'“ are of the same rank (cf. §16).

9. The basis of a Gy can be chosen so as to have one of the following
structures:

(1) (X, Xo)f = Xof, (X, Xo)f = 2Xf, (X3 Xa)f = Xof;

(2) (X1, Xo)f =0, (X1, Xo)f = X1, (X3, X3)f = cXof (¢ # 0, 1);
3) (X1, Xa)f =0, (X, Xs)f = Xof, (X3, Xo)f = Xof;

@) (X, Xo)f =0, (X1, Xa)f = Xof, (X, Xo)f = Xof + Xof;

(6) (X, Xa)f =0, (X1, Xo)f = Xif, (X2 Xo)f =05
(6) (X1, Xa)f =0, (X1, Xa)f =0, (Xsy Xo)f = Xuf;
(M) (X1, Xo)f =0, (X1, X9)f =0, (X3, X)f = 0.

All of these groups are integrable except the first.
Lie-Scheffers, 1893, 1, p. 571.



138 II1. INVARIANT SUB-GROUPS

10. The basis of any non-integrable G's can be chosen so as to have the struc-
ture (1) of Ex. 9; show that this G; is isomorphic to the projective group on the
line (Ex. 8, p. 66).

11. In 4-space of coordinates z* the linear homogeneous transformations

. . . 1 . .
z'% = @iz leave invariant the hypersurface Zz*? = % where K is a constant, if
aaj = 8;x and thus form a Gs. There are two sub-groups, each of the third
order of this group for which z'iz¥ = ;—;,: where « is a constant. The values for

the a’s in these cases are

(i) a} = a (inot summed), @ = —al (,j=1,--.,4)
and either

(ii) al = aj = 6, a} =a} =17, a} =af =3,

or

(iii) o =al=8, al=a=v a=a =3

where in each case

(iv) a? + 82+ + 62 =1

Bianchi, 1902, 1, p. 445.
12. Show that each of the two sub-groups of G of Ex. 11 are invariant sub-
groups of G¢, and the only ones.
13. If the symbols of the G4 in Ex. 11 are denoted by (cf. Ex. 12, p. 57)

Xof = 2'pi — 2ip,,
the symbols of the two invariant sub-groups of G are
(Xll i XBI)fy (Xll i Xﬂl)fl (XZS i Xl()f'

14. If we put
K

1 — —r?
a y® 1 4
z = ) = r? = yaya (¢ =1,2,3),
l+i—(r’ \/Rl-i--;lgr’

. . 1
these equations define the hypersurface Zzi? = e The symbols of the
induced group I's on this hypersurface (cf. §20) of Gs of Ex. 11 are given by

x.g=m=y«a—a§,,— % Xuf = Yol (a,b=1,23),

were t he vectors n§ of Yaf are given by

1 K K
X = —— | §* —_— ] —0 .
Na K[c(l 4’)+2yy]

Robertson, 1932, 3, p. 512.
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15. Show that the vectors of the invariant sub-groups of I's, which are
induced by the sub-groups of Ex. 13, can be written in the form

2 = V/EKleaopt? +12), 2 = v/Elewsst? —12) (a,0,8 =1,2,3),

where esag i8 + or —1 as aap is an even or odd permutation of 1, 2, 3, and
zero otherwise; show also that

Tyeh = 2EgEh = 5'15(1 +TI§")’.

Robertson, 1932, 3, p. 512.



CHAPTER 1V
THE ADJOINT GROUP

37. Linear homogeneous groups and vector-spaces. Consider
the group G, for which the functions £ in a particular coordinate
system are

(37.1) g = al,

where the a’s are constants. If we interpret the z’s as cartesian
coordinates of a euclidean space, the condition that a point P(z)
be transformed into a point collinear with P and the origin is that

(37.2) Xz = ald’ = pai.

Thus the vector OP of components z* is transformed into the vector
with the same direction. Consequently each solution of the
equations

(37.3) (ai — pd)ai = 0

determines an invariant direction through the origin. Accordingly
the problem of finding invariant directions reduces to the determina-
tion of the roots of the determinant equation

(37.4) A = |aj — 8| = 0,

where the superscript indicates the row and the subscript the
column. Since the solutions of (37.3) are determined only to
within a multiplier, we see that any vector in an invariant direction
is transformed into a vector in that direction. Equation (37.4) is
called the characteristic equation of the matrix ||aj]|.

In the foregoing we have considered all the vectors through the
origin as constituting the space, which we call a vector-space
E,, and we have called z¢, for particular values of these quanti-
ties, the components of a vector. In particular, the n vectors of
components

(37.5) =2 (@=1,--,n)

are the unit vectors in the direction of the coordinate axes. Any
14N
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linear combination of the base vectors is a vector of the space, so that
(37.6) I = 2%,

is a vector when the base e, is general. The quantities % are
called the absolute components and z® the components relative to
the base e, When the base is chosen as in (37.5), then Z¥ = z'.
Hence, when the base is taken as the axes of a coordinate system,
the absolute components are equal to the relative, or coordinate,
components in this coordinate system.

If we change the base in accordance with the equations

(37.7) ¢'s = esc,
where the ¢’s are any constants such that the determinant |c;| is

different from zero, then, since &' are to be absolute in (37.6),
for any vector we have

(37.8) 28 = cya'?, a = &as,
where
(37.9) iy = b,

Thus to a change in base (37.7) there corresponds a change in
coordinates (37.8), that is, a change in relative components.

If we have n independent vectors with respect to a base e,
their components z; must be such that the determinant |z3| is not
zero. If then we assign arbitrarily values 2’y such that their
determinant is not zero, the equations

b a b
Calh = T'p
can be solved for the ¢’s and we have:

[37.1] The base of a vector-space can be chosen so that the components
of n independent vectors take arbitrary values, subject to the condition
that their determinant s different from zero.

For the change of coordinates (37.8) we have

Oz'* i ok 1k
gk = E‘—é;‘— = a;zi¢, = a'1z",
where

(37.10) o = éhalcl,



142 IV. THE ADJOINT GROUP

and consequently
k Y : -k
a1zt = é;ajxi = px'é; = px'*.
Hence we have:

[37.2] The roots of the characteristic equation are invariant under
change of base.

If z denotes the matrix of one column whose elements are z*
and C denotes the matrix |ca]|, then in accordance with the law of
multiplication of matrices, the first of (37.8) may be written

(37.11) z = Cx'.

Similarly, if A denotes the matrix ||aj|| and C-! the inverse of C,
we have from (37.10)

(37.12) A’ = C'AC,
and consequently
(37.13) (A" = Ip) = C~Y(A — Ip)C,

where I denotes the unit matrix ||6}|.

We return to the consideration of equations (37.3) and denote by
p1 one of the roots of (37.4). We have observed that there is at
least one invariant direction for p,, that is, a vector-space E;, and in
accordance with theorem [37.1] the base may be chosen so that the

components of a vector z, satisfying (37.3) are (1, 0,..., 0).
Then from the equations (37.3) for this base we have
(3714) a} = Py ail =0 (711 =2, n).

If we adjoin to E, any other vector z* of E, not in E,, the com-
ponents of any vector in the pencil of the two are of the form
N+ uxl, ux?, -+ -, uz". When the vectors of this pencil are sub-
jected to a transformation of G, ordinarily they go into vectors of
another pencil through E,. However, if 22, . . . , 2" are chosen
so that

(37.15) (@i — i)z =0 (ndi=2 - ,n),

the E, determined by E,; and the vector, say x., of these components
and z; arbitrary is invariant under G, although an individual
direction in E, may not be invariant. We remark that because of
(37.14) the quantity p in (37.15) is a root of the characteristic
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equation (37.4). If we choose the basis so that the vectors z; and
z2 have the respective components (1, 0, . . ., 0) and (0, 1, O,
. . ., 0), then it follows from the corresponding equations (37.15)
that

(37.16) a} =0 (i2=3, - ,n)

and (37.14) obtain.
In like manner if we take E; and a vector z3 not in E,, such that
z3, . . ., z} satisfy the equations

(37.17) (6} — 03Pz =0  (in,j2 =3, - - ,n),

where now as before p is necessarily a root of (37.4), then the Ej
determined by E, and zs, whatever be z3 and z3, is invariant under
transformations of @;. Furthermore, by a suitable choice of basis
we have

(37.18) a’ = (Bs=4,--+,n)

as well as (37.14) and (37.16). Evidently this process may be con-
tinued, using the roots of (37.4), and we have:

[37.3] The transformations of a linear homogeneous group G, leave
invariant at least one sequence of vector-spaces Ey, Ey, . . . , Euy in
E. such that any E} is contained in Ejy1.

Also we have shown that:

[37.4] A coordinate system can be chosen so that for the matriz of a
linear homogeneous group we have

(37.19) aj=0 (G=1,---,n—=1;t=5+1,---,n).

We have seen that a solution of (37.15) determines with E,
an E,; such that any vector in E, is transformed into a vector in
E,. 1If 2, is such a vector, we say that it is invariant modulus z,,
or in matrix form

Azy = prz (mod z,).

In like manner we say that E; and a solution of (37.17) determine
an E;, and for a vector z5 in E; we have

Azs = pxs (mod z, ),

where p in both of these equations indicates a root of (37.4).
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If the root p, is a multiple root of order v; and it is used for the
determination of the vectors z;, . . ., z,, then the above results

may be written in the form

(37.20) (A — Ip)z1 =0, (4 — IP1)2$2 =0, ",
(4 = Ip)", = 0.

We observe that in (37.15) the principal minor aj! of the matrix
A operates only on the coordinates z?, . . . , z", say on E,,
which in the terminology of Weyl is the projection of E,, with respect
to E,, and p is a root of (37.4). Similarly in (37.17) the principal
minor @} operates on z?, . . . , z*, which are the components of a
vector in E,_,, the projection of E, with respect to E;. Thus in
obtaining a vector-space E,.; in the above theorem, we operate
with the minor aj’ (¢,5, = p + 1,  + -, n) on the projection of £,
with respect to E,.

Suppose that G, is an integrable group of linear homogeneous
transformations; then we have a sequence

Gr, Gf_], e ey G], 1

such that for any k < r the sub-group Gy is an invariant sub-
group of Gx1.  We choose the basis of G, so that X,f is the generator
of Gy; X,f and X,f of (3, and s0 on as in §36. We denote by A; the
matrix of X;f. For each root of the characteristic equation of 4,,
we have one or more invariant directions given by

(37.21) Az = pz.

If there are p of these invariant directions for a given root, any
linear combination of vectors in these directions is a solution of
(37.21). Hence if we denote by p;, . . . , p, the different roots of
the characteristic equation of 4,, we have vector-spaces E,,, . . . ,
E,,, of dimensions py, . . . , p, respectively. Moreover, each direc-
tion in any of these vector-spaces is invariant under G,. Further-
more, no two of these vector-spaces have a vector in common,
since (37.21) and A,z = p'z (o’ # p) are incompatible; and conse-
quently these vector-spaces are discrete.

Since @, is an invariant sub-group of G, and if T’ is any trans-
formation of G, and T, a transformation of G, but not of @,, then

T.T\T, ! = Tll,
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where 7'/ is a transformation of @, or 73Ty = Ty'T:. Hence if E
is any one of the invariant spaces referred to above, and we put
T.E = E’, we have from T,T,\E = T/T:E that E' = Ty E', and
consequently £’ is an invariant space of @;. But since the invariant
vector-spaces are discrete and we are dealing with continuous
groups, it follows that E’ is £. Hence each of the vector-spaces is
invariant under @, but each direction in such a space is not neces-
sarily invariant. If then we apply to any one of these vector-
spaces the group generated by X,f, that is, the matrix A,, there is in
it at least one invariant direction, and there may be sub-sets of
invariant directions as in the case of A4, all of which being invariant
for G, also are therefore invariant for G5. Hence there exist for G,
an array of discrete vector-spaces, each vector of which is invariant
for G;. We may then proceed in like manner with G5, and so on
and have that there is at least one invariant direction for G,, say
E,. Then we project E, with respect to E, and obtain an E,_;.
We can then carry on the same process for E,_, as was done for E,
and obtain in it a direction invariant for G,. Hence the E; in E,
represented by this direction is invariant with respect to G,. Then
project E, with respect to E, and apply the process to the resulting
E._s, and so on. Accordingly we have the theorem of Lie:*

[37.5] If a group G. of linear homogenmeous transformations s
integrable, there is at least one sequence of tnvariant vector-spaces
E.\, . .., Ea._i such that any E, 18 contained in Ex,,.

By choosing the coordinates as was done in the case of a one-
parameter group, we have:

[37.6] When a linear homogeneous group ts inlegrable, the basis
can be chosen so that

(37.22)  @aj =0 (a=1, IS )
j=1’°")n"1;t=j+ly"':n

38. Canonical form of linear homogeneous transformations.
Fundamental vectors. The reduction by means of homogeneous
linear transformations of the transformation (37.1) to the form for
which (37.19) obtain is only a partial step in the reduction which
can be made. Equation (37.12) sets forth the transformation of

*1893, 1 p., 533.
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the matrix A under a linear homogeneous transformation. Hence
we may take over the known results of the reduction of such forms.
The reduction to normal form of a matrix A is based upon the
elementary divisors of the matrix A (37.4), which are defined
as follows: Let F; be the highest common factor of the i-rowed
minors of A and I; the highest power of p — p; in F,, where p; is a
root of (37.4). As ¢ takes the values 1, . . . , n, we get numbers
vi = l; — l;_, which are equal to or greater than zero; then for such
values of v; which are not equal to zero the expressions (p — p1)"
are the elementary divisors of A for the root p;. The fundamental
theorem is as follows:
If the elementary divisors of A are

(381) (P - Pl)'ly (P - PZ)”) Tty (p - Pk)vhr
(m+ -+ w=mn),

(the p,’s in these factors are not necessarily different, nor are the »’s),
there exists a real homogeneous transformation of the variables
such that A assumes the form

M, 0

M,
(38.2) A= - ’

0 ‘M;‘

where M, represents the matrix of order »;

pi—p 1 0 0
0 pi—p 1 0-0
I
0 ..... 0 p‘._pl
0 ........ Op‘._p

and all the terms of A not in any M, are zero.*

We have remarked that several of the p,’s in (38.1) may be the
same. If we gather into one principal minor all terms involving
the same p, and denote by », the order of the root p., we see that the
minor corresponding to the root p, is of the form

* Bocher, 1907, 1, pp. 270, 271, 288, 289.
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Pa—p € O .- 0
0 Pa — P €a2 0 0
83)  M.= | ... )
(| B 0 Pa— P eﬂ[y.—l]
(| B 0 Pa — P

where any e is one or zero, as the case may be, and that all the other
terms in ||aj]| in the same rows or columns as terms of M, are zero.
We denote by z, a vector for the root p, satisfying (37.3), that is,

(38.4) Azy = pix1.

For the above normal form of A it follows that in this coordinate
system one solution is

(38.5) zi = 8,
and also that

b 1] b
ab: = p1, ab:+1 = €, a'=0

by =1, -, mye# b (b +1)).
Hence each of the vectors
(38.6) zi = 83
satisfies the corresponding equation
(38.7) Azy, = p1xs, + €1pp,—1)Tb,—1.
In particular, we have

(a} — dlpy)zi = enxt,
and consequently
(a'.'Z — 6’,°p1)(a;: — dlpai = en(di — dipi)zy = 0,
or, in matrix notation
(A — Ipy)’zs = 0.

And in general we have
(38.8) (A —=Ip)z, =0  (br=1,""",w).

We say that the vectors (38.6) determine a vector-space E,
of dimension »; associated with the root p;, called the root-space
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for the root p;. Any vector of this space being a linear combination
(constant coefficients) of the vectors (38.6), it follows that any
vector of the space E,, say Z,, satisfies the condition

(A — Ip)z, =0,

where b depends on Z; and is < »,. We shall refer to the vectors
(38.6) as the fundamental vectors of E, corresponding to the

first, . . . , vith rows of the matrix M, and any two in the set for
consecutive values of b; we call consecutive.
In like manner the vectors

(38.9) T =0y (e=wi+1, -, v+ )
determine a space E, corresponding to the root p,. We have

(38.10) Al‘b, = pals, + €2[c,—1)Tby—1, 4 - IPz)c’Ib, =0

(c2 = bz — w1),
(A - Ipz)c.iz =0 (C < Vz).
In this way we proceed with the other roots p;, . . . , and we have:

[38.1] If z, is any vector of the root-space for p,, then
(38.11) (A = Ipy)z, =0 (c € vy).
If we write equation (37.4) in the form
ep) =(p—p)" -+ - (p —pp)” =0,
there exist functions y4(p) such that

1 ")
#(p) = (p — pa)

from which we obtain
=3 f.0o),

where
fn(P) = 'l’a(P)nbﬂa(P - )" (a; b= 1, - ,P).

Hence we have the matrix equation

(38.12) I = gf..m), fa(4) = Va(A)La(4 — pI)™.
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If z is a vector of the space, we have
(38.13) =214+ 2p

where z, is a certain vector of the root-space for p,. In consequence
of the above theorem and the definition of f,(4) we have

fa(A)zs = 0 (b # a),
and then from the first of (38.12)
(3814) Iy = I:l)b = fb(A)xb.

Hence we have
Ja(A)z = fu(A)z0 = 7.
Now if (A — piI)*z = 0 for h < »y, then
(A — p)z = 0.

Hence if we write z in the form (38.13), we have for a = 1

fs(A)z = 0.
As a takes the values 2, . . ., p, it follows from (38.14) that
Z3= -+ =1, = 0. Consequently we have:

[38.2] If x is any non-zero vector such that
(A —=Ip)2z=0 (c € va),
then x is a vector of the root-space of pa.
Suppose now that ¢ is not a root and that
(A = Io)’z = 0.

Since ¢ is not a root, there exist polynomials M (p) and N(p) such
that
M(@p)(p — 0)° + N(p)e(p) = 1.

Since this is an integral identity in one variable and is a direct
consequence of the rules of addition and multiplication, it will
hold when a matrix is substituted for p, so that we have

M(A)(A — Io)* + N(A)e(4) = I.
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Since o(4) = (A — Ip))" - - - (A — Ip,)™, we have ¢(4)z = 0.
Hence we have

M(A)A — Io)'z = Iz = 2.

But by hypothesis the left-hand member is zero and hence z = 0.
Accordingly we have:
[38.3] If

A -1I)r=0

either o is mot a root and x s a zero vector, or ¢ is a root and x is a
vector of its root-space.

39. Adjoint group of a given group. From equations (29.14)
we have that a group G, is invariant under transformations of any G,
of the group. If we denote by A X,f, where the N’s are constants,
the symbol of a particular @;, and put

(39.1) v® = Nor,

then the v’s are canonical paramecters of this G;. If u¢ are canoni-
cal parameters of a given G, and #° those for the G, into which it is
transformed by the above Gy, it follows from (29.4) that

(39.2) i = op(v)ud,

where the ¢’s are functions of the v’s, such that (63),—0 = 8. These
are equations of the transformations of the ’s into the @’s, involving
r parameters »°. We shall show that they form a group. In fact,
the equations :in.:lunis to (29.7) are

(39.3) T,T.T,' = Ts.

If we put similarly
T, T:T5, = Ta,

then

Tz, = To ToTuT5' T3 = Ty TuT5),
where
(39.4) ve = yo(v; vy),

these being the equations in canonical parameters analogous to
(4.6) in general parameters. Hence we have:
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[39.1] Equations (39.2) define a group and the equations connecling
the parameters are the same as for the given group G,.

This group T is called the adjoint of the given group. It is not
necessarily of order r, as will be shown later; that is, all of the
parameters v* are not necessarily essential.

From the equations

T.T.7T," = T;, T,T.T,' = T,
we have
T Tz, = TTuT T, T Ty = T Tu T Ty

Hence each transformation of the adjoint group establishes an
automorphism of the given group, that is, an isomorphism of the
group to itself in the sense of §32, and consequently we have:

[39.2] The constants of structure of a group are invariant, when
the canonical parameters undergo a transformation of the adjoint
group.

If in (29.14) we replace the symbol Xf by AX,.f, we have in
consequence of (7.2) that gy = N’cy., and consequently in place of
equations (29.20), we have

due

(395) dr = ’db)\’Cb:.
When the expressions (39.2) are substituted in (39.5), we obtain
d a
(39.6) os®) _ iy
dr

Comparing this result with (14.12), we see that the functions
oy are those given by (14.13). Furthermore, these functions o are
invariants expressed in terms of canonical parameters, and are equal
to-the functions p3(a) in general parameters as defined by (8.14).
Thus the equations of the adjoint group may be written

(39.7) e = pya)ud.

From this point of view the transformations of the adjoint group
are isomorphic to the transformations connecting each set of the
vectors A3 and A7 in the group-space.
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If we put

a
(39.8) na(u) = craud, E.po = n:—f;r
u

equations (39.5) become

d =
(39.9) T = aeni(a),

dr
from which it follows that E,¢ are the symbols of the adjoint group
(cf. (11.8)).

From (39.8) it follows that, in consequence of (7.4),

c c a c a e
(39.10) (B, B = (chesi + et = edeur?: = eiBup.

Consequently we have:

[39.3] The symbols E.f have the same constants of structure as the
group G,.

In order that the adjoint group be of order r, it is necessary
and sufficient that there do not exist any relations of the form

(39.11) g°cta = 0,

where the g’s are constants, as follows from (39.8). If we denote
by C the matrix of r columns and r? rows

(39.12) C = ||esl,

the indices b and « indicating rows and a the columns, we have
that if the matrix C is of rank s(<r), equations (39.11) admit r — s
independent sets of solutions, and the order of the adjoint group is
s. In this case there are r — s linearly independent (constant
coefficients) exceptional sub-groups G, (§29).

From (39.8) and (7.3) it follows that u%ni = 0, and consequently
the generic rank of the matrix l|n.;"” is less than . Hence we have:

[39.4] The adjoint group is always intransitive.

In §16 it was seen that if X,f, . . . , Xf generate a sub-group
Gn of Gy, thency =0fort,u =1, ,mz=m+1, -, r
Then from (39.10) we have:
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(39.5). If Xuf, ..., Xmf generate a sub-group Gm of G, then
E\f, . . ., Enf generate a sub-group of the adjoint group, and
conversely.

Furthermore, if this G, is an invariant sub-group of G,, then ¢t = 0
fora=1,-+-,rt=1-+--,myz=m+1,---,r and we
have:

[39.6] If X.f, ..., Xnf generate an invariant sub-group of G,
then E.f, . . . , Enf generate an invariant sub-group of the adjoint

group, and conversely.

Herein lies the significance and importance of the adjoint
group, in that the determination of sub-groups and invariant sub-
groups of a given group reduces to such determinations for the
adjoint group, which is linear homogeneous in the canonical
parameters.

To a sub-group G, of G, with the generator v*X,f corresponds the
sub-group ¥, of the adjoint group with the generator »*E,f. Asin
§37 the quantities v* are the components of a vector in a vector-
space E,,* such that each sub-space E represents a G, of G, and also
a Y, of the adjoint group, and each transformation in Gy and Y,
is represented by a vector in E;. To each sub-group Gm of G, there
corresponds a sub-group of the adjoint group represented by the
vectors of a sub-space E,.. When the vectors of this E,, are sub-
jected to any transformation of the adjoint group, the K. goes into
a new E., unless the transformation is represented by a vector of
E ., as follows from the first of the above theorems, or unless the
sub-group G is invariant under G,. Hence we have:

[39.7] A necessary and sufficient condition that a sub-space Em of
E, represent a sub-group Gm of G, is that it be an invariant variety of
all the transformations of the adjoint group represented by vectors
of Em. A necessary and sufficient condition that Gm be an tnvariant
sub-group is that E, be an invariant variety of the adjoint group.

If u; and u, are any two vectors of E,, then
(X, ngb)f = unX.f (a,b,e=1,"-",71),

where
e '] b
Ula = CapUiUa.

* E,, E,and En are not to be confused with the symbols E,f of the adjoint
group.
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Hence u,s, denoted by (u1, us), is a vector of the derived group of
G,. Also if u; and u, are vectors of a sub-group of G, then u, is
a vector of this sub-group. Furthermore, if u, is any vector of an
invariant sub-group of @, and u, is any vector of G,, then u;; is a
vector of the sub-group.

In consequence of the Jacobi relations (7.4) for any three
vectors u;, us, us We have

((ul} uz), u3) + ((u2) U3), u’l) + ((u3: ul); u2) = 0-

As an application of this identity we consider the case when u;
and u, are vectors of an invariant sub-group G, and u; is any
vector of G,. Since the sub-group is invariant (u., us) and (us, u,)
are vectors of G, and consequently the second and third terms of
the above identity are vectors of the derived group of G, and hence
their sum is a vector of the derived group. Consequently the first
term, which is the transform of a vector in the derived group of
Gn by a general transformation of G,, is a vector of the derived group,
and consequently the latter is an invariant sub-group of G,. Since
the second derived group of G.. bears to its first derived sub-group,
if it is not equal to it, the same relation that the latter bears to
Gn, it is an invariant sub-group of G,, and so on. Hence we have:

[39.8] All of the derived groups of an invariant sub-group of a G,
are invariant sub-groups of G..*

In particular we have:

[39.9] All of the derived groups of a G, are invariant sub-groups of
Gr.

Exercises
1. If in the general linear homogeneous operator a;'zip.- non-homogeneous
coordinates y* = z;(a =1, + ++, n — 1) are introduced, it becomes
of
(a + afyP — ajy= — aﬁyﬂy“)@; (,8=1---,n-1)

2. Show that theorem ([39.2] follows from (8.22) and (39.7).
3. The adjoint group of the simple group G; with basis such that

(X, Xa)f = Xof, (X4, X3)f = 2Xof, (X2 Xa)f = Xof

* Lie-Engel, 1893, 2, p. 679.
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has the symbols

E\f = —2'p1 — 28°py,  Eof = a'p1 — a’ps,  Eof = 22'pa + 27ps,
and this group leaves invariant the conic 4z'z3 — (22?)? = 0.

4. The adjoint group of an Abelian group is the identity.

5. Find the adjoint groups of the various types of G; of Ex. 9, p. 137.

6. A sub-group G; of a G, belongs to at least one sub-group G; of G,.

Lie-Scheffers, 1893, 1, p. 564.

7. If u!, . . ., ur are considered to be the homogeneous coordinates of a
point in a flat space R,_i, each infinitesimal transformation is represented by
a point in R,_;, and the operator (usX,, »»X,;)f is represented by the point
cusvt, What does theorem [39.7] become under this interpretation?

8. Show with the aid of Ex. 11, p. 44 that, if the G, with the symbol
usX.,f is transformed by the transformations of the G, with the symbol #X,f,
the point of coordinates u® in R,_, describes a curve whose tangent at the point
u® is the line joining the latter to the point ¢ just?.

Lie-Scheffers, 1893, 1, p. 471.

9. For the group G, of Ex. 7, p. 123 the invariant sub-group is represented
in R; by the plane u* = 0, and the adjoint group of G4 leaves a conic invariant
by Ex. 3 and theorem [31.1]. Show that X.f can be chosen so that E,f leaves
the plane u* = 0 point-wise invariant and deduce therefrom the result of Ex.
7, p. 123.

Lie-Scheffers, 1893, 1, p. §73,
10. In the R, of a G; the equations w* = ¢, fu®v® define a correlation between
the point w® and the line joining u® and v°, whose Pliicker coordinates are
p® = us® — wubys, This correlation is singular unless G; is simple.
11. If a sub-group G, of a G, is not invariant, its representative plane R,
is transformed by the adjoint group of G4 into «! planes, which envelope a
cone, a general developable surface or all pass through a line. In each case
there is an invariant configuration and consequently there is no simple Gq.
Lie-Scheffers, 1893, 1, p. 576.

40. The characteristic equation of a group. The rank of a
group. The equation

(40.1) Ay, p) = |n5(u) — pd§| = 0,

where 73 is defined by (39.8), is called the characteristic equation

of the group, and A(u, p) the characteristic matriz. From §38 it

follows that the latter is unaltered when the u’s undergo a homo-

geneous linear transformation. The classification of groups is

based upon the properties of the characteristic matrix (cf. §46).
Since the rank of ||ns|| is less than r (§39), we have

(40.2) (—=1)rA(u, p) = p" — ¥1(w)p™! + Y2(u)p™? — Ys(u)p™® +
o (=D W (w)e.

To within sign at most y,(u) is the sum of the principal minors of
||ns|| of order g¢. Hence if the rank of the matrix is ¢, the functions
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¥, for 8 > ¢ are zero and the equation (40.1) admits zero as a root
of order r — ¢ at least.
From (40.2) we have
Y = 77:1 » b
Y2 = $(nams — nams),

1
a b b ad b
Vs = maneng = -3—,(17317»172 + mnena + menans)

1 N »
- :;)—,(nZn'ZnZ + nengne + nanens)
and so on. If we put
b
(40.3) oL =T @2 = nams, @3 = NalbTes

and so on, we have

2 3
V1= ¢y, Y2 = (o1 — @2), Vs = §o1 — 30102 + o3,

and consequently

(404) ¢1=V,, @2=yi— 2 1=y — 32 + 3¢s

Hence ¢; is the sum of the roots, ¢, the sum of their squares and

@3 the sum of their cubes. The sum of the terms of the principal

diagonal of a matrix, in this case ¢,, is called the trace of the matrix.
From the definition of ¢, it follows that

(40.5) P2 = guind, gii = c.ﬂc,ﬂ.

Each set of values of u® determines a @; of a given G,. We call
u® the components of the vector u for G, in the general vector-field
E, of all the vectors of the group. The roots of the characteristic
equation (40.2) are evidently functions of the u’s. For a general
set of values of the u’s equation (40.2) may be written

(=1)A(u, p) = p"(p — p)™ * * * (p — pp)™,
votwm+ s F=mr,

in which case we say that the p,’s are the generic roots of the equation.
There may be particular vectors u for which two or more of these
roots are equal. In order to determine these we observe that, if

a
the highest common factor of A and 5—A~ is denoted by D, in the
p

general case the equation A/D = 0 has 0, py, - + - , p, for simple
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roots. Accordingly if a vector u is such that the discriminant of
A/D vanishes, two or more of the roots are equal. We call such a
vector spectal, and the others regular.

Suppose we have two vectors u® and »%, then

(40.6) (usX,, 0 X)f = whX,f,

where

(40.7) wh = caPun®.

Now

(40.8) n,'-'(w) = c;,fw" = c;.;:ca'iu"v" = (cb'}ca;f — c..';cuf)u"v"

= m(W)n5(v) — m@mi(w).
From this it follows that the trace of the matrix 5(w), that is,
ni(w), is equal to zero.

If 2 is a vector, so also is n3(u)t® a vector, which we may call the
transform of ¢* by the matrix n(u). Suppose that we have a
sub-space E., of E, such that the transform of any vector in E,, is
a vector in E,, then we say that E,, is invariant under n(u). If the
canonical parameters are chosen so that the m vectors determining
E., have the components 83 for p = 1, - -+ -, m, then

U)oy = \oy (P, g=1,--+,m),

where the \'s are constants. Consequently n,(u) = 0 for a > m.
If the vector-space E,, is invariant also for n(v), then it is invariant
for n(w), as follows from (40.8). Then from (40.8) and

1p(u) = n3(v) =0
for a > m we have
n:(w) = ’72(“)77:(7)) - ’72(0)7’:(“) =0 (P;q =1, -- )m)-

But n5(w) is the trace of the minor of the matrix »(w) operating
on the sub-space E,. Since the trace is independent of the choice
of canonical parameters, we have:

[40.1] If 9(u) and n(v) leave a sub-space invariant, the trace of the
minor of the mairiz n(w), where w* = c,pu®®, operating on the sub-
space 18 zero.

If a G, admits a sub-group Gm, and u°X,f is a generator of a G, of
G, then us is called a vector of G,,. If the basis of G, is chosen so
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that X.f, . . . , Xaf is the basis of G, then for any vector of G,, we
have w* =0(z=m + 1, - - - , 7). From this result and (16.5) it
follows that n;(u) = 0 for t = 1, - - - , m, and the characteristic
matrix A for ue is of the form

nt — pot 0t
v v z (t,1)=1,"',m; )
0 = plh| \WE=mAL

Since 74(u) = c,su®, where ¢, v, s =1, - - -, m, it follows that
|Iné(w)|| is the matrix of the sub-group with respect to the vector u.
Hence we have

A=An |"I\‘v - plS:;',

where A, is the characteristic matrix of the sub-group Ga.. We
may write

(=DmAm = p™ — Ymaw)p™ ' + + + + + (=" Wamma(u)p.

If G, is an invariant sub-group, then as follows from (31.3)
n.(u) = 0, and we have

A = (_ l)f—mpr——mAm.

In this case Yma = ¥a, and zero is a root of the characteristic equa-
tion of order r — m + 1 at least. Hence we have:

[40.2] If a G, admits an tnvariant sub-group of order m, the character-
istic equation of G, for a vector of the sub-group has a zero root of order
r —m + 1 at least.

Since in particular ¢, and ¢, for A and A,, are equal in this case,
we have:

[40.3] If Gw is an invariant sub-group of a G-, the sum of the roots
and the sum of the squares of the roots of the characteristic equation of
Gm with respect to a vector of Gn are equal to the same gquantities for
the characteristic equation of G, with respect to this vector.

We shall prove the following theorem of Killing:*

* 1888, 3, p. 260.
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[40.4] The coefficients ,(u) in the characteristic equalion of a group
are invariants of the adjoint group, that is, they satisfy the system of
equations

(40.9) E.f=0 (@=1,---,n.
If we put
Y5 = m — pds,
then
oA A dm

E.A(u = 75 =
(u, p) Crw il rwirm

. o0A
x nacxba—"y—%

dA
Ulcasei—; = ud(CagCax + Cealad)—;
v dvs

]

e e x aA

= (Cal’;"lx + Cxa’]b)’_—,
s

. e o OA

= (Ca:‘)‘x + cxu'yb)__g'
s

Since

b A
= §,4, Y

T A
%3y ’

Yons
the last member of the above equation is zero. Hence E,A(u,p) = 0
whatever be p and consequently the theorem is proved.

We have seen that the functions ¢, . . . , ¢,_; are homogeneous
functions in the u’s of orders 1, - -+ - , r — 1 respectively. Among
them there may be relations so that only p of them are functionally
independent; p is called the rank of the group. If the rank of
3| is g, the equations (40.9) admit at most r — ¢ independent
solutions; consequently

(40.10) p<r—gq

But, as we have remarked, if the rank of ”77:“ is g, the equation
A(u, p) = 0 has a zero root of order r — ¢ at least. Hence as a
corollary to (40.10) we have:

[40.5] The rank of a group s equal to, or less than, the order of the
zero root of the characteristic equation.

In particular, when all the y’s vanish and consequently zero is a
root of order r, the rank of the group is zero.
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Since the roots are functions of the y’s, we have:

[40.6] The non-zero generic roots of the characteristic equation as
functions of the u's are invariants of the adjoint group.

Since the y’s are functions of the roots, the number of independent
¥'s is equal to the number of independent non-zero generic roots.
Hence we have:

[40.71 The rank of a group 1s equal to the number of functionally
independent non-zero generic roots.

If usX,.f and v*X,f are the generators of a sub-group G; of a
given Gy, then from (40.6) and (40.7) we have

A
Capu®® = ogut + o0k,

v
If o; # 0, we may take 7* = v* + ;fu“ as the vector of the second
generator, in which case the above equation becomes

(Capus — 8o )P = 0,

that is, o, is a non-zero root of the characteristic equation for n5(u)
and ¥ is an invariant vector for the matrix llnﬁ(u)ll. Similarly if
g # 0, it is a non-zero root of the characteristic equation for 73(v).
As a consequence of this result we have:

[40.8] When the rank of the group is zero, every sub-group G is
Abelian.

41. Determination of invariant sub-groups. That the coeffi-
cients ¥, in the characteristic equation are invariants for the
adjoint group may be established by another method, which has
important consequences.

When the canonical parameters undergo any linear homogeneous
transformation (12.10), the constants c;; are components of a tensor
of the third order, as follows from (7.13). Consequently such
quantities as c.-;:u" and g;;u*uf are scalars under such transformations.
However, when the linear homogeneous transformation is a member
of the adjoint group, the ¢’s are the same in the two sets of param-
eters u°® and 4° by theorem [39.2]. Consequently we have

et = cut, giate = giuiui,
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Since any one of the functions ¥, in (40.2) is a homogeneous func-
tion of the u’s and the coefficients are functions of the c's such that
V. is a scalar, it follows that all of these functions are invariant under
the adjoint group.

When a combination of the quantities ¢.% is made by addition,
subtraction, multiplication and contraction, the resulting quantity
is called a comitant of the adjoint group. For example, the coeffi-
cients of the u’s in any of the quantities y.(u) of the characteristic
equation of a group are comitants. From theorem [39.2] it follows
that:

[41.1] A comitant is invariant under any transformation of the
adjoint group.

Suppose that a sct of equations
(41.1) Ch:ikui =0,

where the C’s are comitants, are consistent. If »* is any vector of
the group and we put

(41.2) it = civiu’,

then u' 4 %6t is the transform of ' by the infinitesimal trans-
formation of the adjoint group determined by ». In view of the
preceding theorem the equation obtained on replacing u' by
u' + '8t holds and consequently

(41.3) Chilikd = 0.

From (40.7) it follows that #‘ arises from the commutator of
u*X,f and v*X,f. Hence if equation (41.1) admits exactly (m — 1)
solutions other than uf, and v is any vector of E,, then since @*
satisfies (41.3), it follows that the m sets of solutions of (41.1)
determine an invariant sub-group G,. Hence we have:

[41.2] If equations of the form (41.1) admit m independent sets of
solutions, they determine an invariant sub-group Gm.

Consider the equations
(41.4) cout =0

which admit solutions, if the rank of the matrix ||c.f]|, where ¢
indicates the column and j and k the row is of rank less than r.
If this rank is » — m, then the group G, admits m exceptional sub-
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groups G, (§29), and these determine an invariant sub-group Gm.
Moreover, G is Abelian and consequently integrable.
Again if ¢;} > 0, the equation

(41.5) cilut =
admits r — 1 sets of independent solutions. Hence we have:

[41.3] If ¢l % 0, the group G, admits an invariant sub-group of
order r — 1.

As a corollary we have:
[41.4] For a simple group c;} = 0.

Another important invariant sub-group is defined by
(41.6) g U = cachiui = 0.

Evidently it admits as a sub-group the sub-group of G, defined
by (41.4), if the latter exists. Since the latter is an invariant sub-
group of G, it is an invariant sub-group of the sub-group defined

by (41.6).

An invariant sub-group is defined also by
(41.7) =0,
where
(41.8) Cijk = Cg‘,;ghk = C.’;C}:';Ckin-

From the definition it follows that cijx is skew-symmetric in ¢
and j. That it is skew-symmetric in j and & follows from the
following expression which is equivalent to the right-hand member
of (41.8) in consequence of the Jacobi relations (7.4):

Ckn{(cz’:ci;." + c,-';'ca':' ) = cl?(cﬂ’:‘ ckni — Can Cinf).
Consequently c;x is skew-symmetric in all its indices.

42. Integrable groups. If a @, is integrable and the adjoint
group is of order r, the adjoint group is integrable, since we have
equations of the form (36.1) in the generators E,f. If the order
of the adjoint group is s(<r), that is, if G, admits »r — sindependent
exceptional sub-groups (cf. §29), we choose as the generators of
the adjoint group the first s of the E,f which are independent (con-
stant coefficients), and we denote them by E.f. If we take any
two of this limited set, say E; and E, (u > t),then (E,, E.)f = cuE.f,
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where in consequence of (36.1) ! < w. If I is a value not taken on
by ¢, then E.f = alE,f, where the a’s are constants and v takes
on the values of the set taken on by ¢ which are less than I. Hence
we have

(Ey, EJ)f = duE.f,

where v >t, v < u and the d’s are at most linear combinations
(constant coefficients) of ¢, where b < ». Consequently conditions
analogous to (36.1) are satisfied, and we have:

[42.1] The adjoint group of an integrable group is integrable.*

Since the adjoint group is linear homogeneous, we have in
consequence of theorem (37.5] the following theorem of Lie:}

[42.2] If a group Q. is integrable, in the representalive vector-space
of the adjoint group there is at least one sequence of invariant sub-
spaces K., . . ., E,_; such that any E, is contained in E...

Consider any one of these invariant sub-spaces, say E,. To
the vectors of E; and Ey, forxk = 1, - - - , r — h there correspond
sub-groups G, and G4, of G, and since Ey, contains Ej, G, is a
sub-group of G, Moreover, by theorem [39.7], since E\ is
invariant under all the transformations of the adjoint group,
@) is an invariant sub-group of G, and consequently of Gy+.. Hence
we have the theorem of Lie:]

[42.3] If a group G, is integrable, it admits a sequence of sub-groups
Gy, Goy . . ., Gy such that Gy for any h i3 an invariant sub-group
of Gup Jork =1, -+« ,r —h,

Hence the generators of an integrable group can be chosen so that

(42.1) (Xn, Xnw)f = eanpXaf
h=1,---,r——1;l=1,---,h;)’
k=1, ,r—h

from which it follows that
(42.2) b = 0fors>aorb.
* Lie-Scheffers, 1893, 1, p. 636.

1893, 1, p. 536.
$1893, 1, p. 537.
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When these conditions are satisfied, we have
ni(u) = ciut = 0for k > j.

Hence the terms of the matrix ||n}|| below the main diagonal are
zero, and accordingly the roots of the characteristic equation are
u'cst, . . ., ucy. Since these roots are invariant under the
adjoint group, we have

) )
Ci?u'a_*,,(cx:u") = ¢,juicss = 0 (e not summed).
u

Consequently

cijuivicss = 0 (e not summed),

and since c;ju’ is a vector of the derived group, and any vector of
the derived group is a linear expression of such vectors, we have:

[42.4] For an integrable group the roots of the characteristic equation
with respect to any vector of the derived group are all zero.

Since g;;u‘ui is equal to the sum of the squares of the roots of the
characteristic equation of (), we have the necessity of the follow-
ing theorem of Cartan:*

[42.5] A mecessary and %'t condition that a group be integrable
18 that g;juw’ be zero for each vector of its derived group.

That this condition is sufficient will be shown in §44.
We shall prove by induction the following theorem of Engel:}

[42.6] If all the roots of the characteristic equation for an arbitrary
vector of a group are zero, the group is integrable.

We assume that the given group admits an integrable sub-group
G, and choose the generators of G, so that X, f, Xof, . . . , Xnfare
the generators of G,.. We denote by E,, the vector-space of G, and
denote by E,_. the projection of E, with respect to E,. Since
G is integrable, the transformations of the adjoint group for vectors
of En leave E,, invariant and at least one direction of E,_. by the
results of §37. If we adjoin this direction to E. and denote by
E .1 the resulting sub-space, we have that Eny, is invariant for the

* 1894, 1, p. 47.
t Lie-Engel, 2, p. 774; cf. Killing, 1888, 3, p. 289.
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transformations of the adjoint group for vectors of E .1, and conse-
quently these vectors represent a sub-group G4 of G.. In aecord-
ance with the results of §37, when a particular vector u of E,, is
used and v is a vector in E,,.; but not in E,, we have

c'.l;.uivi = p(u)vk (mOd Em),

where p(u) is a root of the characteristic equation for @, with respect
to u, and by hypothesis is zero. Hence for all the vectors u of
E. we have

c;’}u"v’ =0 (mod E,)

and consequently G, is an invariant sub-group of Ga..:. Since
any G, is integrable, we can by the repeated application of the above
result establish the existence of a sequence of sub-groups as in
(35.5), each invariant with respect to the sub-group of one higher
order, and hence the theorem is proved.

43. The root-spaces of the matrix n(u,)for a regular vector u,.
The classification of continuous groups is based upon the canonical
form to which the constants of structure of the group are reduci-
ble by a suitable choice of the basis. This is accomplished by a
study of the matrix ||ns (uo)|| = ||leitw||, where u is a regular vector of
the group, that is, one for which the generic roots 0, p1, . . . , pp of
(40.1) are different. From §38 it follows that the parameters u®
may be subjected to a linear homogeneous transformation such that
in the new coordinate system the matrix ||y}(uo)|| assumes the form
(here the superseript indicates the row and the subscript the
column):

MO P €Eal 0 PO 0
0 pa€az 0. . .0
M, 0 Pa €2
00 py€asi0. .0
(43.1) M, M, = ,
o .
L] Opa Ealva—U’
M, T |

where po = 0, and the ¢’s are one or zero, as the case may be. To
each root there corresponds a vector sub-space of E, of the same
order as the root which we call the root-space for this root. If in
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any system of parameters we denote by ei, . . ., e, the funda-
mental vectors of Eq of the root zero and by e,.1, . . ., €4,
those of E; for the root p;, and so on, then in the particular system
of parameters for which (43.1) holds these vectors have the compo-
nents 4,, where a takes the values for the given minors. From this
we have that, if e, and e,y are consecutive fundamental vectors of

the root-space of the root p,, where a takes the range of values for
the matrix M,, then (§38)

N(U0)€at1 = Palat1 + €ap€a,

where ¢,z is the ¢ for the row of the vector e,. This vector equation
holds in any parameter system. Since nj(uo)us = 0, it follows that
uo may be taken as the first fundamental vector of the root-space
E..

Suppose that e; and e; are fundamental vectors of the root-spaces
E, and E; respectively, which may be the same or different root-
spaces; this means that a and b take values appropriate to these
respective root-spaces. Then e;X.f and esX.f are the generators
of two sub-groups G; of G;. Now we have

. . .
(eaXi, 6 X)) = UabXif,
where
k k {7
Uad = ctlel:ei)
and consequently are the components of a vector of E,, unless they
are all zero. We seek the sub-space of this vector. We have
1 Uh eii 1 NN,
N(Uo)Udp = CaxtoCri€alh = (CihCxi + Ch'Cys)U0€a€h
R 1
= nj(uo)ebciea + ni(uo)eacuies
Ny -
(ppeg + éﬂceg—l)cl’xe; + (pata + fade:—l)cxjeg
1 l l
= (Pa + Pﬂ)uub + €gcUab—1 + €adUa—1b.

If ¢, is the first vector of E,, then e.a = 0 and may be zero other-
wise; if e, is not the first vector of E,, then u,_y; is a vector of the
same sort as up. Hence if we write the above equation in the form

13 1 1
[mi(o) — (b + pg)deluls = €gctlab—1 + €adlha—1s,
we have

1 1,2 1
["lx(“o) - (pa + Pﬂ) 8:(] Ugp = €gc€gc, Uab—2 +
1 !
(Epcfad, + Eﬁcgfad)ua—lb—l + €ad€ad,Ua—2b.
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Consequently we have

[ne(ue) — (pa + pg)oLPuls = 0,

where p < v, + v, since the ultimate effect of repeating the
operation is to operate on the first vectors of the root-space and
get ¢’s which are zero. A similar result will follow, if in place of
fundamental vectors e, and e, we take any vectors of E, and Ej
respectively, since any such vector is a linear combination (constant
coefficients) of the fundamental vectors of the root-space. From
this result and theorems [38.2] and [38.3] we have:*

[43.1] If u, and ug are vectors of the root-spaces E, and Eg respec-
tively, which may be different root-spaces or the same one, the quantities

. e i
(43.2) Ugg = CojUnlp, Ueg = (Uay Up)

are zero, if p, + pg s not a root, and, if they are not zero, then p, + pg
is a root and they are the components of a vector of the root-space of
this root; moreover, if p, + pg 1s a root, this vector, which may be a
zero vector, is a vector of the root-space of this root.

Another way of stating this result is as follows:

[43.2] If the matrix n(u,) for a vector u, of the root-space E, operates
on a vector of Ejg, the resulting vector, if it is not zero, s a vector of the
root-space for p, + ps.

When in particular u, and ug are vectors of Eq, so also is (ug, ug).
Hence we have:

[43.3] The generators of G, for the vectors of the root-space Ey for the
matriz n(uo) generate a sub-group of G,.

We call this the sub-group U.

Again if u is a vector of E; and u, of any other root-space E,,
then (u, u,) is a vector of E,, that is, the root-spaces for n(u) are
the same as for n(uo); consequently n(u) operating on a vector of
E, yields a vector of this root-space. In the special parameter
system yielding (43.1) the fundamental vectors of E, have the
components 3;, where a takes the values appropriate to E,. Then
n;(u)di = Aed3, where the N's are constants and b takes the values
for E,. From these equations it follows that ni(u) = N\ed; and

* Cartan, 1894, 1, p. 41; Weyl, 1926, 2, p. 357.
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consequently 74(u) = 0, unless ¢ takes the values on the same range
as a. Hence the matrix n(u) consists only of principal minors, and
each minor is of the same order as for 7(u), but none of the terms
of one of these minors is necessarily zero. Thus the matrix n(u)
is of the form (43.1), where now

+1 a1 +1
"1:+17I:+2 .« .. ?7:+va

(433) M,,= ........... (a=Vo+V1+ cot
........... + Va_l).
il Natra

Accordingly the characteristic determinant of n(u) is equal to the
product of the characteristic determinants of these principal minors,
and the order of any determinant is equal to the order of the corre-
sponding root-space. Hence the roots of the equation obtained by
equating to zero the characteristic determinant of the matrix M,
are generic roots of the equation (40.2), and in fact all the roots are
equal. For suppose that two of them were different so that the
equation were of the form (p — po(u))*(p — p.(u))’. But when u
is replaced by u, the determinant is (p — p.(u0))"®, and conse-
quently p,(uo) = p.(uo), which is contrary to the hypothesis that
up is a regular vector. Hence for any vector u of the sub-group U,
the characteristic determinants of the respective minors of the
matrix n(u) are

(43.4) p" (o — pr(W)™ - - -y (p — pp(w)).

It should be remarked that if u is a special vector two or more of the
roots are equal. However, the vectors corresponding to each minor
are the same in all cases. But only when u is regular will we speak
of them as the root-spaces of n(u). Accordingly we have:

[43.4] The root-spaces for the matrix n(u), where u is a regular
vector of the sub-group U, are the same as for the matriz n(uo).

Since the trace of the matrix M, is equal to v,p,, we have
(43.5) VaPa(t) = na(u) = cpqub (a not summed),

where a takes the values appropriate to the root-space E,, and b
takes the values 1, . . . , », since the vector u is a linear combina-~
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tion of the vectors of components & for b =1, - -+ - , ». Hence
we have:

[43.5] Each non-zero root of the characteristic equation for n(u) is
a linear homogeneous function of the components of u.*

Incidentally we have that if (u, u.) is zero, where u, is a vector
of the root-space E, and u is a vector of the sub-group U, then u
is not a regular vector. For, if © were a regular vector, then wu, is
a vector of its zero root-space and the latter would be of order greater
than ». Hence we have:

[43.6] If n(u), where u is a regular vector of the sub-group U, operates
on a vector of any root-space, the resulting vector is in this root-space.

Hence theorem [43.1] holds for the matrix n(u), where u is any
regular vector of the sub-group U.

Since the roots of the characteristic equation for the matrix M,
are zero, we have in consequence of theorem [42.6]:

[43.7] The sub-group U as determined by any regular vector of a
group G, 1s integrable.

Since U is integrable, its derived group is either the identity, or
an invariant -ub-group of U. The vectors of this sub-group, if it
exists, are linear combinations of vectors of the form @ = (u, '),
where u and u’ are vectors of E,. Since each root-space is invariant
under n(«) and n(u'), the trace of the minor of 5(%) for the root-space
of any root is zero by theorem [40.1], that is, v,p,.(7) = 0 (« not
summed), and consequently all the roots are zero. Hence we have:

[43.8] The characteristic equation of a group with respect to a vector
of the derived group of U is p = 0.1

44. Canonical form of the matrix n(u). Cartan’s criterion for
integrable groups. Since the sub-group U is integrable, the corre-
sponding sub-group of the adjoint group is integrable, and in
consequence of theorem [37.5] when this sub-group is applied to
any one of the root-spaces, say the one of root p,, there isaninvariant

* Cartan, 1894, 1, p. 38; Weyl, 1926, 2, p. 358.
t Cartan, 1894, 1, p. 42.
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direction, E,, an invariant E, through it and so on. If we take the
first of these as the first fundamental direction of the root-space, a
vector determining with the latter the invariant E, as the second
fundamental vector, and so on, then the principal minor of the
matrix n(u) for the root-space E, is of the form (cf. §37)

(44.1) )

where the terms above the main diagonal do not enter into the
discussion.

Since the vector-spaces E,, E,, . . . in E,, which led to the
above result are invariant for the sub-group of the adjoint group
corresponding to the sub-group U, they are invariant for every one-
parameter group of this sub-group of the adjoint group, whether
the vector of this one-parameter group be regular or special. We
have seen (§43) that if u, is any vector of the root-space E, and
(1, u,) = 0, then 4 is a special vector of the sub-group U. Suppose
this condition holds for all vectors u, of this root-space. Then in
particular it holds for the first fundamental vector e,. But for a
regular vector u of U, we have

(u, €:) = pa(u)e,.

Since by hypothesis (%, ¢;) = 0 and the vector ¢, is independent of
u, it follows that p,(@) = 0. Hence we have:

(44.1] If @ ds a vector of the sub-group U such that (i, u,) = 0 for
all the vectors u, of the root-space E,, then p,(1) = 0, that is, % is a
special vector of U.

If ¢, ¢, ..., e" are the fundamental vectors of the root-
space of the root p,, we have (cf. §37)

((u) = Ipa)e’ =0,  (n(u) — Ip)%" =0, - - -,
() — Ipy) "= = 0.

These equations are equivalent to
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= n(u)pg ¢,
e’ = n(wpa'(2pe — n(u))e’ = n(w)ul,
" = n(u)pa"(Bps — 3pan(u) + n*(w))e’”’ = n(u)ul’,

where u,, u,’, . . . are vectors of the root-space E,. Hence if

we take any vector of the root-space, that is, a linear combination
(constant coefficients) of ¢/, . . . , e« we find from the right-hand
members of the above equations the vector of the root-space upon
which n(u) operates to yield the given vector. Hence we have

the following converse of theorem [43.6]:

(44.2] If u, is a vector of the root-space E,, there is a unique vector
@, of this root-space such that u, = n(u)i,, where u is any regular
vector of the sub-group U.

The vectors defined by (43.2) are evidently vectors of the derived
group of G,. From theorem [43.2] we have that, if such a vector
belongs to the root-space E,, it arises either from two vectors of E,,
or from the vectors of two root-spaces whose roots differ only in sign.
Suppose we denote two such roots by p.(u) and p.(u), and vectors
of these spaces by u, and u,, respectively, then 4 = (u,, Uu)
is a vector of Ey. The characteristic equation for (&) has the same
root-spaces as for n(u), and the roots for the spaces of u, and u,
will differ in sign, since they are p, (%) and p,(it), respectively.

If pg(u) is any root of the characteristic equation of n(u) other
than p, or p., and we operate with n(u,) on any vector uz of the
root-space Eg of root pg, we have that the resulting vector is zero,
or that it is a vector of the p, + pg root-space and that p, + ps is a
root in accordance with theorem [43.1]. Similarly, if we operate
with n(u,), we obtain a zero vector, or ps — p, is a root. Since

77(12) = n(ua)n(ua') - "(ua')"(ua))

it follows from the above observations that if neither ps 4 p, nor
P8 — Pe is a root of the characteristic equation of n(u), then n(i)
operating on every vector of the root-space Ej is zero. Hence by
theorem [44.1] pg(%) = 0, and 4 is a special vector of the sub-group
U.

Suppose then we consider the possible sequence of roots
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(44.2) pg = MPay* * * 3 P8 = 2Pay P8 — Pay P8y PB T Py
Pﬁ+2pa; c )Pﬁ+)‘Pa;

it being understood that ps + (N + 1)p, and pg — (u + 1)p,
are not roots, and denote by Ej, the totality of the root-spaces of
these roots. Then Ej is invariant under 7(u,) and 7(u,). Hence
by theorem [40.1], the trace of the matrix 5(%) in Eg is zero. For the
root-space of each root the trace is equal to the product of the
root by the order of the root. Hence the trace is of the form
apg() + bpo(@), where a and b are integers. Consequently we
have:

[44.3] If u, and u, are vectors of two root-spaces whose roots p,
and py differ only in sign, and @ = (U, Uy) 18 @ general vector of
U, then pg(u) is a rational multiple of p.(%).

We are now in position to establish the sufficiency of Cartan’s
criterion for an integrable group (theorem [42.5]). We have
observed that if a vector @ of the derived group G;, of G, is in E,,

it is a linear combination of vectors (u, u’), where u and «’ are in E,,
and of vectors (u,, u,), where u, and u, are vectors of root-spaces
whose roots differ only in sign. The characteristic equation with
reference to a vector of the first kind has only zero roots by theorem
[43.8]. The non-zero roots of the characteristic equation with
respect to one of the vectors of the second type are all rational
multiples of one of them. Hence if g;;uw’, that is, the sum of the
squares of the roots, is zero for a vector of the second kind, all
of the roots are zero. From (43.5) it follows that any non-zero
root for a vector u which is a linear combination of vectors of E, is
the sum of the roots of the same root-space for the different vectors
of the combination. Hence if g;;u‘ui is zero for all vectors of the
derived group which are in E,, it follows that all the roots of the
characteristic equation for any such vector are zero.

Since G, is integrable when all the roots of its characteristic
equation are zero by theorem [42.6], we have only to consider
the case when some of the roots are not zero in which case we have
a set of root-spaces for a general vector u,. If the first derived
group G, coincides with G,, then each vector in E, is a vector of
the derived group and if g;ju*u/ vanishes for each of these vectors,
then by the preceding paragraph all the roots are zero for the
corresponding characteristic equation, and thus in particular for
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the vector uo, which is contrary to the hypothesis that not all the
roots are zero. Hence Gy is a proper sub-group of Gy, and is an
invariant sub-group.

Since G;, is an invariant sub-group of G, if the generators of
this sub-group are chosen as in §40, it follows that the sum of the
squares of the roots of the characteristic equation of Gy, is equal
to the sum of the squares of the roots of the characteristic equation
of G, for a gencral vector of G;. Hence we may apply to G;, and
the second derived group Gy, the same consideration which showed
that G was a proper sub-group of G,. Accordingly by continuing
the process we get a sequence of derived groups ending in the
identity, and consequently G, is integrable.

The results of the preceding paragraph were due to the fact
that G7, is a proper invariant sub-group of G, and did not involve
the fact that it is the derived group of G,. Consequently we have
as a corollary the criterion of Cartan:*

[44.4] A necessary and sufficient condition that an invariant sub-group
Gn of a G, be integrable is that gijutu! vanish for all the vectors of the
derwed group of Gum.

As an immediate consequence of this theorem we have that
the invariant sub-groups defined by (41.4) and (41.6), if they exist,
are integrable. For, in either case g;;u'uw’ is zero for all vectors
of the sub-group, and consequently for its derived group. Consider
now the invariant sub-group defined by (41.7), that is,

(44.3) ciput = 0, Cijk = Ca}gm-
If w; and u, are two vectors of this sub-group, we have
g.A;.c,-Zu{'u’Z = gyt = 0.

Since 7 is a vector of the derived group of the sub-group, the latter
is integrable by the above theorem. Incidentally we have that
either the sub-group (44.3) is Abelian, or its derived group is the
sub-group (41.6).

45. Semi-simple groups. By definition a semi-simple group is
one which does not contain an integrable invariant sub-group other
than the identity. Since a simple group (§31) is one which has no

* 1894, 1, p. 47.
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invariant sub-groups, other than itself and the identity, it follows
that a simple group of order greater than one is semi-simple, so
that theorems applying to the latter apply also to simple groups.
Since the sub-group (41.4), if it exists, is invariant and integrable,
we have that a semi-simple group does not admit any exceptional
sub-groups G;. Since the sub-group (41.6), if it exists, is invariant
and integrable (§44), the rank of the matrix ||g;|| is » for a semi-
simple group. Cartan has shown that this condition is also suffi-
cient. In fact, if a G, admits an integrable invariant sub-group
G, either the latter is Abelian or one of its derived groups is
Abelian. Since all of the derived groups of G, are invariant sub-
groups of @, by theorem [35.5], in either case there is an invariant
sub-group of G, which is Abelian. Suppose its generators are

X,f (p=1,+--,t). Then, since c;m =0 fora=1,---,r
and h > ¢t by (31.3), we have
Y Sy Y DAY BN Y 7:=1,"',T; .
Jip CukCpl CiqoCpl CigCps (Z), es=1+--, t)

But ¢, = 0, since the sub-group is Abelian, and consequently
the rank of the matrix ||g;;|| is less than ». Hence we have the
theorem of Cartan:*

[45.1] A necessary and sufficient condition that a group be semi-
simple is that the rank of the matriz ||g.,| be r.

When the rank of the matrix [jg;;| is r, the quantities g;, may be
used to endow the vector space E, with a metric, so that we may
speak of lengths of vectors and angles between them. Thus if
two vectors u and v are such that g;;u%»’ = 0, we say that they are
orthogonal. Also if g;ju'ui = 0, we say that u is a null vector; a
null vector is self-orthogonal (cf. §47).

As a consequence of the preceding we prove that:

[45.2] A semi-simple group is the direct product of a set of stmple
groups, the representations of which in E, are mutually orthogonal.

The theorem is trivial when the group is simple, there being only
one group in the set, namely the group itself. If the group is semi-
simple, by definition it admits at least one invariant non-integrable
sub-group. If it admits more than one, there is at least one G,

* 1894, 1, p. 52.
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for p < r which is not contained in an invariant sub-group other
than G.; also p > 1, otherwise the G, being integrable, the group
7r would not be semi-simple. Let w, for a =1, -, p be p
independent vectors representing G,, and denote by E, its repre-
sentative vector-space. The equations

g.-juf,vf =0

define r — p independent vectors orthogonal to E, which determine
an E,_, orthogonal to E,. Since g;; is invariant under the adjoint
group and F, is invariant, it follows that E,_, is invariant, and
consequently represents an invariant sub-group G,—,. E, and E,_,
have one, or more vectors, » in common only in case g;;u*u’ = 0.
In this case G, and G,_, would have in common an invariant sub-
group of G, by theorem [31.3] and it would be integrable in conse-
quence of theorem [44.4] which is contrary to the hypothesis
that @, is semi-simple. Hence @, is the direct product of G,
and G,_,. Moreover, G,_, is simple; otherwise it would contain
an invariant sub-group. The product of the latter and G, would
give an invariant sub-group of G, containing G, contrary to
hypothesis.

Since G, and G,_, are invariant sub-groups of @, and do not have
a sub-group in common other than the identity, and if X,f for

h=1, -, pisthe basis of G, and X,ffors=p+ 1, - - - ,r
the basis of G,—,, then we have (§31)
CM‘; = 0, C,:‘=0, Ch‘: =0
(a=1,- = ,r;h,k=1,---,p;),
s,t=p+1 - ,r

and consequently
b b h 1 h
Jkse = ckacag = CrrCob = CenCet = 0,
:
ghe = c’:'l‘ckm (h) k’ l: m=1-"-, P)

From the first of these equations it follows that the determinant
ga| for @, b =1, - - -, r is equal to the product of the determi-
nants |gsx] and |g., and consequently both of these determinants
are different from zero. From this result and the second equation
it follows that G, is semi-simple. If it is simple, the theorem is
proved; if not, we proceed with G, as with G, and ultimately establish
the theorem.
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Consider any vector u of the sub-group U and a vector u, of the
root-space E,. By theorem [44.2] it follows that there is a vector
1, of this root-space such that n(u)d, = u,. Hence we have

i i dopal g
giutul = g, wequtd, = cnuuti, = 0,

since cu; is skew-symmetric in all of its indices. Accordingly we
have:

[45.3] For a semi-simple group the vectors of any root-space E,, are
orthogonal to all the vectors of E,.

If ug is & vector of a root-space other than E,, we have

X - .
g.-,-u,',u; = g;ic,}u‘aaué = CaUWlaup
(45.1) = ¢ julisug = gaulcqisus = gaut(d,, ug)'.

If p. + ps is not a root, then (4,, us) = 0 (§43) and u, and ug are
orthogonal. If it is a root say p, # 0, then the last term is g.u'u),
which is zero by theorem [45.3]. Consider finally the case when
Ps = —pa in which case we call it po, 88 formerly If this case did
not arise, or if it does arise and g;ju,uy = 0 for every vector of
E., we should have g;;u;t’ = 0, where v is any vector of E., since
in the above discussion u, and uz may be vectors of the same root-
space. Hence we should have g;;ul = 0, which is impossible since
the rank of g;; is . Consequently we have:

[45.4] For a semi-simple group if p, 18 a root, so also 1s — p,(=pa),
and for any u, of the root-space E, there is a u, of the root-space E
such that g;uiul, # 0; the vectors of any two root-spaces are orthog-
onal, except when their roots differ only in sign.

Since the fundamental vectors of each of the non-zero root-
spaces are orthogonal to all of the fundamental vectors of E,, if
we put

(45.2) fii = gacie,
we have
(45.3) gap=0 (a=1,"" " ,vp=w+1 -,

If we define quantities §¥ by
(45.4) GG = O,
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we have also

(45.5) g*r = 0.
Referring to (43.5), we see that if we put
¢ b
(45.6) Vaw = -2 Vap = 0
Va

(@a=1,---,v;p=v+1,+-+,1),

then, since p,(u) is a scalar under change of basis and u is a contra-
variant vector, v.; is a covariant vector. If we put

(45.7) Vo = §iivaj,

then v} are the contravariant components of this vector. Since
in consequence of (45.5),

(45.8) Ve = §PWai = §?aa = 0,

we see that v, is a vector of E,, which we call the root-vector for the
root p,. Then (43.5) assumes the form

(45.9) pa(U) = Vyqu® = gabu“v,’j.

In the special coordinate system of §43 Gu» = gas, S0 that the sum
of the squares of the roots of the characteristic equation for a vector
u of the sub-group U is gau®ul. Also from (45.9) we have that the

1,

sum of the squares of therootsis E Voladl®ub.  Since these two

expressions must be equal for all vectors u of U, we have
-g_ab = zvavaavab-

The rank of the matrix |[ga|| is »o and this is at most equal to the
rank of ||v,,b|| that is, the number of independent root-vectors, say
l.* However, since these root-vectors are in E,, [ cannot be greater
than »o. Hence we have:

[45.5] The number of linearly independent root-vectors is equal to
the order of the sub-space E, that is, the number of zero roots of the
characteristic equation for a regular vector.

* Cf, Bocher, 1907, 1, p. 79.
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From (45.9) it follows that a necessary and sufficient condition
that there be a vector u of E, such that all the roots p,(u) are zero
is that v,,u® = 0 for every a. This is impossible since the rank of
||baa|| is »o. Since all the roots of the characteristic equation for a
vector of the derived group of U are zero by theorem [43.8] unless
it is the identity, we have:

[45.6] The sub-group U is Abelian.

We have seen that if p, is a root, so also is —p,(=p.). Con-
sequently there are in E, vectors @ = (u,, uy). None of these are
null vectors. For, if one were, the sum of the squares of the roots
of its characteristic equation would be zero by (40.5) and hence
each root would be zero. Then % would be orthogonal to all the
root-vectors by (45.9), which has just been seen to be impossible.

Let e, be the first fundamental vector of the root-space E,, in
which case we have

(45.10) i(w)es = pa(w)es.

We know that there is at least one fundamental vector of the root-
space E, not orthogonal to e, say ey. If we multiply the above
equation by g.e and sum for x, we have

i 1 1
Chitle,8y = pofci€urfs = poo. (o not summed),

where ¢, is a non-zero scalar. When this is written
gt = py(u)a,, (o not summed),

where @ = (e,, ey), we see that 4 is not a zero vector. Comparing
this equation with (45.9) and observing that for the basis of §43
Gne = gnr, We see that

(45.11) T = (€4 €y) = Ol (« not summed),

that is, 7 and v, have the same direction. Furthermore, as shown
in the preceding paragraph g;ji*w’ # 0. In consequence of (45.11)
and (45.9) for the vector % we have

Oapa() = Gaput® (a not summed)
and hence, since % is not a null vector,
pa(@) # 0.

We are now in position to prove the following important theorem:



§45. SEMI-SIMPLE GROUPS 179

[45.7) The non-zero roots of the characteristic equation of a semi-
simple group are stmple, and if p, s a root, mp,, where m is an integer,
18 not a root unless m = —1.*

For suppose that p,, 2p4, * * * , 8p, and (s + £)pa, (s + ¢ + 1)p,,
««+, (s + w)p, are roots, but not (s + 1)p,, - -+, (s + ¢ — 1)p,
and (s + w + 1)p,, and that the respective multiplicities of these
roots are ki, Ke, . . . , Key Ketty . - + , Keyw. We consider now the
sum of the Jacobi relations

i.p i.p i, p
Caa'Cip + Ca'pCia + CpaCiar = 0,

where a and a' are the indices of the fundamental vectors e, and
e, referred to above in the set of fundamental vectors of E,, and p
takes on the values of this set for the root-spaces of the above roots.
Since @ defined by (45.11) is in E,, we have c,& = 0 for ¢ > v,.
Similarly, if u, is a vector of the root-space of a root mp, then (e, u;)
is a vector in the root-space of (m — 1)p,, if this is a root, and (e, %,)
is a vector of the root-space (m -+ 1) p,, if thisis a root. Accord-
ingly the above equation reduces to

b »p u_ v u v
Caa’Chp + CawCua + Cvia Cwar = 0 (b = l, Tty VO);

where u, v, v/, v' run through the indices belonging to the root-
spaces of the following roots;

u:0, po, © -, (S — 1pa; (s + t)pay Tty (3 +w — I)Pa;
Vipay * * " SPa ) (8+t+ pgy =, (s + Wpas
ui2pg * vt y SPa 3 +t+Dpay ==+, (s + W)Pas
Vipay (8= Dpa 3 8+ 8pay -+, (8+w— 1)p,.

In consequence of these ranges and the skew-symmetry of the c’s
the above equation reduces to

CarCbp = CayCary b=1"-"",w).
Since e} = 8., it follows from (45.10) that c.s = 0 unless k = a, and
consequently the above equation reduces to
(45.12) ca:’cb: = c»anﬁl (b=1,""",w).
The vector % defined by (45.11) is equal to c.. Consequently the
left-hand member of (45.12) is the trace of the matrix of n(u) in the
root-spaces of the given set of roots, which by (43.5) is equal
to [ka + 2ke + -+ + sk, + (8 + Okepe + + + + + (8 + W)Kstwlpa(t).

* Cartan, 1894, 1, p. 55; Weyl 1926, 2, p. 364.
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From (45.10) for u replaced by @ we have that the right-hand
member of (45.12) is p.(%). Equating these two expressions, we
have that «; = 1 and that the other «’s are zero. If there had
been more than two groups of roots, the result would not have
been altered and hence the theorem is proved.

46. Classification of the structure of simple and of semi-simple
groups. Many of the results which have been presented in this
chapter were derived in the process of the classification of semi-
simple groups and in the determination of the normal forms of the
members of the various classes. In 1885-1889 Lie* showed that
there were four large classes of simple groups, those with the same
structure as the general projective group in n variables; as the
projective group of a linear complex in 2n — 1 variables; and as the
projective group of a hypersurface of the second degree in 2n and
2n — 1 variables (cf. Exs. 14, 15, 16, p. 184). In 1889 Killing,{ by
making use of the characteristic equation of a group (§40), showed
that in addition to these four classes of simple groups, there are
only five other possible structures of simple groups, their orders
being 14, 52, 78, 133 and 248. Cartan,] after deriving many of the
results referred to in the preceding sections, established the
existence of these five special types and showed that they are
distinct. Weyl§ studied the same problem and gave a more
geometrical setting to the problem. We shall give an outline of
certain consequences of the results of the preceding sections which
serve as a geometrical basis for classification.

We denote by ei(= 8i) fora = 1, - - - , (= »o) the independent
vectors which determine the root-space E, of the zero root of the
characteristic equation for a general vector. By theorem [45.7]
the root-space of a non-zero root is one-dimensional, and if p,
is a root, so also is —p,(= p,/), that is, the roots go in pairs. We
indicate by e: = 8} and €% (= 8%) vectors of these root-spaces and
understand that the indices a and o’ for the various roots are chosen,
so that a, - - - , take the values I 4+ 1 to ». If we put (cf. §45)

(46.1) Ug = (€a) €a), giie:.xecl;’ = Oay

* 1885, 1, p. 130; 1886, 1, p. 413; 1889, 3, p. 325.
11889, 1, 48.

11894, 1, pp. 68-95.

§ 1925, 4; 1926, 2.
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‘then by (45.11)
(46.2) Uy = Ooly (a not summed),

where the vector v, defined by (45.6) and (45.7) with », = 1 lies
in E, and is the root-vector for the pairs of roots p, and —p,. By
a suitable choice of bases we make ¢, = —1. From the results
preceding theorem [45.5], from equations (46.1) and from theorem
[45.4] we have

(463) Jab = Evaavab, Joa = 0, Jaa! = —1) Jap =

a =1, ) l;

a,ﬁ=l—|—1, e ,T;ﬂ;éa' ’
from which we get
(46.4) g® = za:vf,v:, = guiuz, = 0,0% =08 % o), g™ = —1.

Since the sub-group U is Abelian by theorem [45.6], we have c.5 = 0

for a, b, e =1, - - -, I, and by (41.8) and (46.3) cse = 0. From
(46.1) and (46.2) we have

(46.5) Uy = Co = =03 Car=0 (B=1+4+1--",7).
Hence we have

(46.6) Caa'sa = Uaa = —Vaay

and in consequence of (46.4)
(46.7) Cox = Vag = —Uaa (o not summed).

By theorem [43.1] ¢} = O unless p, + ps = p,. From this
result and (46.4) we have c,5, = 0 unless p, + pg + p, = 0. It
remains to be shown that these quantities are not zero under these
conditions. In fact, Weyl,* by making use of a sequence of roots
(44.2) has shown that

caﬂ‘yca'ﬂ"y' = _%)‘(”' + l)pa(ua)'

Furthermore, Weylt showed that by a suitable choice of basis we
have c, g, = Cagy, and consequently

(46°8) (caﬂ1)2 = _%X([l + l)pa(u’a)'

* 1926, 2, p. 372.
t 1926, 2, p. 374.
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It can be established that p,(u,) is negative, so that c,g, is real, and
Weyl* has shown that all the root-vectors are linear combinations
with rational coefficients of any ! independent ones. When the
basis is chosen so that these are real, all of the coefficients c.% are
real, and gausu® is positive definite.

Referring again to a sequence (44.2) and remarking that each
of these roots is simple, we have from the argument following (44.2)
that

O\ + & + Dpp(n) + (x(x; D _ el ; 1))p.,(ua) =0,
and consequently
(46.9) o) = =2 Lp, ().
From (45.9) and (46.2) for o, = —1 we get
(46.10) p(t) = =gty paltle) = —Vaatl

By a combination of these equations and (46.9) Schouten} was
enabled to find the possible angles between root-vectors and their
lengths. If the configuration of root-vectors of a group is called its
root-figure, the problem of classification of the structures of semi-
simple groups reduces to that of finding all possible and distinct
root-figures. By theorem [45.2] a semi-simple group is the direct
product of simple groups, the representations of which in E, are
mutually orthogonal. Hence the set of vector-spaces of these
component simple groups are orthogonal, and consequently their
root-figures. Therefore when root-figures are found which cannot
be decomposed into mutually orthogonal figures, they are the
root-figures of simple groups.

The problem of finding simple groups by the determination of
all possible root-figures on the basis of Schouten’s results was carried
out by Graham,} who obtained from this point of view the results
which Cartan had established by algebraic processes. In this
investigation use was made of the fact that the reflection of a root-
vector with respect to any other root-vector is also in the root-
figure. These reflections for the root-figure of any group generate

* 1926, 2, p. 368.
t Unpublished lectures delivered at the University of Leyden.
1 Not yet published.
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a discrete group, which is a sub-group of the linear transformations
leaving the root-figure invariant. This sub-group is the discrete
group S of Weyl.*

In his study of semi-simple groups Weyl made use of the theory
of representation of continuous groups. This theory for finite groups
is due to Frobeniust and Burnsideft and was extended to con-
tinuous groups by Schur} and developed further by Weyl.i}
It consists in an association of a non-singular homogeneous trans-
formation, say A(a), with each set of values of the parameters a*
of a Gy, indicated by ¥y’ = A(a)y, which satisfies the law of com-
position (4.6) of G,, denoted in this case by

A (az)A (al) = A (azﬁh) .

For example, the adjoint group is a representation of a @,, when
the parameters of the latter are canonical. When the representation
is transitive, it is said to be srreducible, in the sense that there is
no sub-space invariant under all the transformations of the repre-
sentation. In certain cases a reducible representation may be
considered as the sum of two or more irreducible representations.
In such cases one of the principal problems concerns itself with the
establishment of a complete set of irreducible representations of
G, such that any representation of G, may be considered as the sum
of certain members of the complete set. For a full treatment of
this subject the reader is referred to the authors indicated. Also
it should be remarked that recently the theory has been fruitful
in the study of physical and chemical problems.§

Exercises

1. If a sub-group G' of a G, is integrable, it is contained in at least one sub-
group of order m + 1 of G.

Lie-Scheffers, 1893, 1, p. 564.

2. If a G, has an Abelian sub-group G,_, it contains an invariant Abelian
sub-group G,.i, and hence is integrable.

Lie-Scheffers, 1893, 1, p. 584.

3. If a G, is of rank zero, it contains at least one exceptional sub-group G,.

Killing, 1883, 3, p. 288; Umlauf, 1891, 4, p. 40.

* 1926, 2, p. 367.

. 11897, 2 and 1899, 1; 111911, 2, pp. 231-242, 269-279.
11905, 5. 111925, 4 and 1926, 2.
§ Cf. Weyl, 1931, 1; also Wigner, 1931, 2.
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4. If a G, is of rank zero, its first derived group is at most of order r — 2.
Killing, 1888, 3, p. 288, Umlauf, 1891, 4, p. 40.
5. If a G, is of rank zero, every sub-group G3 is Abelian.
Umlauf, 1891, 4, p. 35.
6. A G, contains at least ¢ Abelian sub-groups G4.
Lie-Engel, 1893, 2, p. 756.
7. In consequence of Ex. 11, p. 155, Ex. 6, p. 137 and the definition of an
integrable group it follows that a G4 which does not contain a simple sub-group
@, is integrable.
Lie-Scheffers, 1893, 1, p. 574.
8. A group G, is integrable, if and only if it does not contain a simple sub-
group Gs.
Lie-Engel, 1893, 2, p. 757.
9. The direct product of two semi-simple groups is semi-simple.
10. If a group of order r — m is isomorphic with a group G, of rank zero, the
former is of rank zero.
Umlauf, 1891, 4, p. 35.
11. A necessary and sufficient condition that a G, be integrable is that

N _ A v .. .
c\KGJ:;»ckv = cs‘llcj‘xtck)\ (2» Ty kr Ny v = ll Uty T),

Cartan, 1894, 1, p. 48.
12. The general linear group has the symbols p; and zfp;, and has three
invariant sub-groups with the symbols

Pi; Py Tpi; Py 2'ps py — aip; (1, j not summed; ¢ < j).
Lie-Engel, 1888, 1, vol. 1, p. 662.
13. The general linear homogeneous group in n variables has the symbols

z'p;, and has as invariant sub-groups the G, with the symbol z*p, and the group
with the symbols

z'pj, z'ps — &'p, (v # j; 1, j not summed).

The latter group is simple,
Lie-Engel, 1888, 1, vol. 1, pp. §60-1.
14. The general projective group in n variables has the symbols (cf. Ex. 9,
p. 43).

Py TPk, 22ip;

is of order n(n + 2), and is simple.
Lie-Engel, 1888, 1, vol. 1, p. 560.
15. The group of order n(n + 1)/2 with the symbols

pi — a'zfp;,  a'py — 2y GJi=1--+,n
leaves invariant the hyperquadric Z(z%)? = 1 and is simple except when n = 3
(cf. Ex. 10, p. 124).
Lie-Engel, 1893, 2, p. 354, 357.
16. The projective group of order (n + 1)(2n + 3) in the 2n + 1 variables
2, 2% (1 =1, - - -, n) with the symbols
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of 9,
i — yY'r, ¢ + z'r, L) A+oar (qt' = 'a;}; r= .8{),

a'qs + afq,  @'ps — yig, ¥ +yip (¢ #J),
2ps — Y4, 2q; + z*A, z4,
where A = 2p; + y'q:s + 2r, is simple and leaves invariant the linear complex

defined by dz + z'dy’ — y'dat = 0.
Lie-Engel, 1888, 1, vol. 2, p. §22.



CHAPTER V
GEOMETRICAL PROPERTIES

47. Riemannian spaces. In the preceding chapters we have
considered each set of values of the variables z* as the coordinates
of a point in an n-dimensional manifold V,, and the transformations
of a group @G, as transforming continuously a given point into other
points of V,. This geometry is a geometry of position and thus
far, except in the case of semi-simple groups, there has been no
basis for the determination of magnitude nor for a comparison of
directions at two different points. In this section we define mag-
nitude and parallelism, and in subsequent sections make use of
these definitions in their relation to the theory of continuous groups.

Riemann* generalized the idea of element of length of euclidean
3-space, defining the element of length of a V, by means of a
quadratic differential form, thus ds? = g;;dzr‘dz?, where in general
the ¢’s are functions of the z’s, and the form is positive definite.
Because the general theory of relativity and other physical theories
make use of a quadratic differential form which is not positive
definite, we take as the basis of the metric of V, a real fundamental
quadratic form

47.1) ¢ = gijdxidxi,

where the g’s are functions of the z’s such that g;; = g;; and are
subject only to the restriction that the determinant of the g’s
is not zero, that is,

(47.2) g = lgii| # 0.

For a given set of differentials dz® the element of length ds is defined
by

(47.3) ds? = eg;dridad,

where e is plus or minus one so that the right-hand member of
(47.3) is positive. The letter e will be used in this sense hereafter;

* 1864, 1.
186
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it is not to be confused with the e’s as used in the equations of a
group (§11). If # are the components of a contravariant vector,
its magnitude £ is defined by

(47.4) £ = egit¥.
When §2 = 1, the given vector is said to be a unit vector; when
& = 0 a nubl vector, except where all the components are zero
in which case it is called a zero vector. The metric defined by (47.3)
and (47.4) is called Riemannian, and a space with such a metric
is called a Riemannian space.

If the coordinates are subjected to a non-singular transformation
dp

0
ax?é’

(47.5) ' = ¢i(z),

and in these coordinates (47.1) is denoted by gidx''dz'/, then
since

. 9x’t
(47.6) dz'i = i,
ox’
we have that
axt oz™

47.7) gii=9

max'i 9z’

If T} ::: & are a set of functions of the z’s and 7'} ... 7% of
the z'’s such that under a non-singular transformation (47.5) the
relations

P o axi, . . axix axi-
478) Th....: L ~—
(47.8) z az'" az'"

hold, these functions are said to be the components in the respective
coordinate systems of a tensor, contravariant of order r and covar-
iant of order s. Thus from (47.7) we see that g and gi; are the
components in the respective coordinate systems of a tensor covar-
iant of order two, called the fundamental tensor of the space.*

If equations (47.7) are differentiated with respect to z'%, the
resulting equations can be solved for the second derivatives of the
2’8 with respect to the 2”’s with the result

* For a full discussion of tensors, see 1926, 3, pp. 1-16,
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%k v, 0% 9z™ 0T
(47.9) awiowi T Undag o = Ll g
where, on defining quantities g% by
(4710) gifgjk = 6,:’
1/0g , dgmn  OGim
k
47.11) (i} = ¢"lm, h],  [im, k] = 5(55;; t g E)

and {'.9,-}' are similarly defined in terms of g/;,* A quantity g%
as defined by (47.10) is the cofactor of g;; in the determinant
|g.~,~| divided by the determinant. When we express the condition
of integrability of equations (47.9), we obtain the set of equations

(47.12) Biwsa aon age = Ko
where
aft ot
@y my =2t ol e ey

and R.. is of the same form in the ¢”s.t From (47.12) it is
seen that RY: are the components of a tensor covariant of the
third order and contravariant of the first order. It is called the
Riemannian curvature tensor.t

When all of the g’s are constants, it follows from (47.13) that
R} = 0 and then from (47.12) it follows that the components of
this tensor are zero in every coordinate system. It can be shown,
conversely, that when all the components of this tensor are zero,
there are coordinate systems for which all the g’s are constants.
This is clearly a generalization of the case of euclidean 3-space,
referred to cartesian coordinates; we say that the space is euclidean
or flat, when the curvature tensor is zero, and that the special
coordinate systems just referred to are cartesian.

If equations (47.8) are differentiated with respect to z'™, it is
seen that the first derivatives of the T”’s and T’s do not satisfy
equations of the form (47.8) and consequently are not components
of a tensor. However, if use is made of equations (47.9), it can be
shown that the quantities

* Cf. 1926, 3, pp. 17-19.
t Cf. 1926, 3, p. 19.
1 For a geometrical interpretation of this tensor see 1926, 3, p. 81.
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(47‘14) T;:;:,k_aT;'. .+1“2 T;: u. I'th+l~..ir{‘;,hc}
62:’“ h
1, ...,

1 l
- 2 T :luu i.{iuk}

h

and similar expressions in the 7"’s are the components of a tensor
contravariant of order r and covariant of order s + 1.* The
tensor thus derived is said to be obtained from the given one by
covariant differentiation with respect to g;;, In consequence of
(47.11) it follows that

(47.15) giie = 0, g, =0,

that is, g;; and g% behave like constants under covariant differentia-
tion.

If covariant differentiation is applied to T ' %,:, we obtain
the second covariant derivative of components T,‘, < Y. These
quantities are not symmetric in the indices ¥ and ! as in the case
of ordinary second derivatives. But on eliminating the second
derivatives from the two expressions, the resulting equations may
be put in the form

la_™lay,

(47.16) T3, i — Toion = ET}::::'-' i, - O™ ke
a
= e R
B

These are known as the identities of Ricct and, when covariant
differentiation is used, these identities must be used in place of the
usual condition of integrability for ordinary differentiation.t

In euclidean 3-space referred to cartesian coordinates the
vectors of a vector-field of components ¢* are parallel, if the &'s
be constants, in which case their first covariant derivatives are
zero, and consequently they are zero in every coordinate system,
that is,

¢ _ 9%

!l""‘a’

(47.17) + &3} =

* 1926, 3, p. 28.
11926, 3, p. 30.
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We consider these equations in a general V,. When we express the
condition of integrability of these equations, we obtain

(47.18) PRy = 0.

Consequently the system (47.17) is completely integrable for a
euclidean V, and accordingly there exists a field of vectors parallel
to any given vector; its components are the solutions of (47.17)
determined by the components of the given vector as initial values
for the values of the z’s of the point where the given vector is. If
V. is not euclidean, equations (47.18) are not satisfied identically,
and consequently parallelism as understood in euclidean space
does not hold in a general V,. However, if we consider any curve
C in a given V, defined by equations

Tt = ¢'(t),
where ¢ is a parameter, the equations
do _ dE TRV
(47.19) i =+ el =0

admit a solution determined by values of the #’s for { = 0. When
such a solution is known, we have a set of vectors of components
£ at each point of the curve. Following Levi-Civita* we say that
these vectors are parallel with respect to the curve C. In this sense
parallelism is relative, whereas in euclidean space it is absolute.

From (47.15) it follows that for a solution of (47.19) g;;£'¢ is a
constant, and consequently the ¢’s differ by a constant factor at
most from those of a unit vector, if the initial values are chosen so
that it is not a null vector. Two vectors at a point are said to
have the same direction, if corresponding components are propor-
tional. Accordingly, if a set of functions §* satisfy (47.19), the
vectors of components

= Et‘P(t))

where y is any function of ¢, should be interpreted as parallel with
respect to C. From (47.19) we have

aF &
X p)e -t

* 1917, 1; another geometrical interpretation of parallelism as thus defined
is given by Levi-Civita; cf. also, 1926, 3, pp. 62-65, 74.
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.. .. dlo
Eliminating df 4 from these equations, we have as the general

equations of vectors parallel with respect to a curve (dropping the
bars)

(47.20) E’( & + E"{hk} >— E( e + E”(hk}‘f;k) 0.

. dx?
Since 7l are the components of the tangent to the curve C, a

necessary and sufficient condition that the tangents be parallel
with respect to C is that C be a curve satisfying the equations

dx’(d"z‘ dx* dx") dxi<d2xi . dxh dx")
47.21) — — ==+ A== ) =
@720\ + i }dt dt dt\ dt + L) dt dt

d i
If s is the arc of C, then i—i— is a unit vector and from (47.19) the

equations which C must satisfy are

dx’ . dxi dz®
47. - L pnd i
(47.22) T T {,k}ds - =0

These curves, called the geodesics of the space, may be said to be
the straightest curves in V, and are the generalization of straight

lines in euclidean space. In fact, if the coordinates in the latter
27t

d%
are cartesian, equations (47.22) become Fr e 0, which are the equa-
s

tions of the straight lines. From the form of (47.22) it follows that
an integral curve of (47.22) passes through each point in V, in an
arbitrary direction. They can be shown to be characterized by
the property that for two points sufficiently near one another there
is only one curve of the congruence through these points and the
first variation of the arc between the points is zero.* When
the fundamental form (47.1) is positive definite, this is the shortest
distance between the points; when the form is indefinite, it may be
the shortest or the greatest distance according to further distinguish-
ing properties of the form.

* 1926, 3, pp. 48-50, 53.
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48. Linearly connected manifolds. Linear connection deter-
mined by a simply transitive group. Let £ be the components of
the n vectors of a simply transitive group G, in a V,. Then func-
tions ¢} are defined uniquely by (21.9) for ¢ = n, and as in (21.12)
we have the functions

32" 6&

ax’ (@45,k=1,""-" rn)'

(48.1) Aj = o
If the z’s undergo a non-singular transformation into coordinates
z'¢ and ¢'; are the components of the vectors in the z'’s, we have

ax'

(48.2) b= i

If we denote by A’} the functions in the £”’s analogous to (48.1), we
find that
9%t . ozt gx™ ozt
: o Afp = AR
(48.3) dariag T Ay oo * o'
We remark that these equations are similar to (47.9). From
(21.15) we have

(484) A;:k - Al‘;i = CH;E;&E: (a; b, e, 1, J, k= L., n))

and consequently A} are not symmetric in the indices j and k,
unless the group is Abelian (§13), whereas {/k,,,} are symmetric in
} and m as follows from (47.11).

Although (48.3) have been obtained from (48.1), we consider
the general case when A}, and A’,'-'k are two sets of functions in the
relations (48.3) in their respective coordinate systems. We say
that each set of these functions defines the same lnear connection;
they are called the coefficients of the connection. Comparing
(47.13) and (21.17) we see that they are similar in form, so that the
tensor of components A% is called the curvature tensor for the given
linear connection. Analogous to (47.20) are the equations

y & dz d¢ dz"\
(48.5) E( + EhAhkdt> E(dt + PAL— dt) = 0.

A set of functions £ which satisfy these equations for a curve C,
defined by expressing the z’s as functions of a parameter ¢, are said
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to be the components of vectors at points of C parallel with respect
to C. And the curves defined by

dx"(dzx‘ ; dz* d:c‘) dx‘(d’x" . dr* dx’)
186) (I AT T ' =
486 w\ae "M @) " a

kl

e dt dt

are called the paths of the manifold; they are a generalization of
geodesics of a Riemannian space in that they are the straightest
lines.* Thus by means of a linear connection we are enabled to
compare directions at different points, but are in no position to
handle metric properties.

From (21.19) it follows that for the linear connection defined
by (48.1) in terms of a simply transitive group we have

(48.7) Aty =0,

that is, the curvature tensor is zero. When any linear connection
satisfies this condition, we say that the space is flat or that the
connection is of zero curvature.

In consequence of (48.7) the equations (cf. equations (21.13))

act

5;,.'1-{"1\:5 =0

(48.8)
are completely integrable, and consequently a solution is determined
by arbitrary initial values of the {’s. From (48.5) it follows that
any two vectors of such a vector-field are parallel with respect to
every curve joining their points of application and consequently
we say that they are absolutely parallel. As in the case of euclidean
space, there are n such independent vector fields, say ¢., and from
§30 it follows that they are the vectors of the group reciprocal to the
given group.
If we define quantities A} by the equations

(48.9) K:k = A]‘;,‘,
it follows from (48.3) that A are the coefficients of a second linear
connection. In consequence of (48.1) and (48.9) we have

Oka | iws
(48.10) 53% + £Rh = 0.

* Cf. 1927, 1, pp. 4, 5, 13, 14.
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These equations are necessarily completely integrable and conse-
quently the curvature tensor of components A%, defined by express-
ions analogous to (21.17) is a zero tensor. Comparing (48.10)
with (48.8), we see that the vectors £ are parallel absolutely with
respect to the connection A}. Hence we have:

[48.1] For the two linear connections determined by a simply transitive
group the parallelism is absolute.*

From (48.8) and (48.9) it follows that

v oag‘; _ ,6{:
(48.11) Ajp = —Ika—x—i = g'aa—xj,

where {5 are defined by equations of the form (21.9), that is,
(48.12) i =0, o=

Thus Al bear to the reciprocal group a relation analogous to that
of Ajx to the given group. ‘
If we denote by I'j; the symmetric part of the Aj, that is,

(48.13) Tj = (A% + ALy),

it follows from (48.3) that the I's satisfy equations of the form
(48.3) and thus are the coefficients of a third linear connection.
Since the I's are symmetric in the indices j and k, they are the
coefficients of a symmetric linear connection.tf In consequence of
(48.9) T'jx is the symmetric part of A} also.

We define quantities g% and g;; by

(48.14) g = gagl, gii = §i6i
From these equations and (48.12) we have
(48.15) giigu = o,

and

(48.16) ghiss = th,  gute = &5

From the second set of these equations and (48.14) it follows that
giitath = dab.
Consequently if g;; are taken as the components of the fundamental

* Cf. 1925, 1; also Mattioli, 1930, 2.
11927, 1, p. 55.
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tensor of V, the vectors {; are unit-vectors and any two are orthog-
onal to one another.*

From (48.14) and (48.8) we have

gt
(48.17) ai" + g* A + g*Ak = 0,

in consequence of which and (48.15) we have

6g.-~
% — ghibs — gadl = 0.

48.18
(48.18) Py

Hence if we define covariant differentiation with respect to the
linear connection by equations obtained from (47.14) on replacing
{’+} by Ay and the comma with a solidus, we have

(4819) g"]k = 0, Jije = 0.
From (48.1), (48.18) and (21.9) we have

agsi ot ats
ggi O%a

48.20 — F—— =0
( ) Py + ghiz + gz )

the significance of which will be seen in §51.

49. Simply transitive groups determined by linear connections
of zero curvature. We have seen that when the curvature of a
linear connection is zero, there exists an ennuple of independent
absolutely parallel vector-fields. We seek the conditions that these
are the vectors of a simply transitive group.

We denote by Qj the skew symmetric part of the coefficients
Al of the linear connection, that is,

(49.1) Q% = 3(Aj — AL).
From these equations‘and (48.13) we have
(49.2) Al = T + Q5.
From these expressions and (21.17) we have

(49.3) Al = Bl + @i,

* 1926, 3, p. 38.
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where

arh,  ary
(49.4) Bl = E’k - 52';—,: + T&Tl; — TuTh
and

(49.5) @y = Q’:k[i - Q’.-'nk — Qu — L0k — 204L0%;

as defined in §48, a solidus followed by an index indicates covariant
differentiation with respect to the A’s. Bl as defined by (49.4)
are the components of the curvature tensor of the symmetric con-
nection of coefficients I'};; they satisfy the identities*

(49.6) Bl + Bi; = 0,
B’:;k + Bl + Bii; = 0.

When A% = 0, we have from (49.3), (49.5) and (49.6)
(49.7) Qi + Qs + Gy + 2(245% + 0 + %) = 0.t

If we denote by £ the components of the n fields of absolutely
parallel vectors and define & by (21.9), and put

(49.8) O = Yestibie:,
the quantities ¢, are scalars and

(49.9) cab + cva = 0.
From (49.8) it follows that

(49.10) Qi = 0,

when and only when the ¢’s are constants. When (49.10) is
satisfied, it follows from (49.7) that

(49.11) % + Gl + Gy = 0,

from which and (49.8) we have the Jacobi relations (7.4). Further-
more, from (49.1), (48.1) and (49.8) we have

O 08,
Eaax'- Ebaz‘ = cabEc.

* 1927, 1, p. 66.
t Cf. Einstein, 1929, 2, p. 5.
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In consequence of the second fundamental theorem we have that &
are the vectors of a simply transitive group. Hence we have:

[49.1] A necessary and sufficient condition that a linear connection of
zero curvature determine a stmply transitive group is that (49.10) be
satisfied.

We have seen in §48 that the coefficients A% and A% of the linear
connections determined by a simply transitive group and its
reciprocal are in the relation Ay = A};. From this and (49.2) it
follows that . ] .

Aix = Ti — Q.
If, conversely, the coefficients of two linear connections of zero curva-
ture are in this relation, we have equations (49.7) and the equations
obtained from the latter on replacing each Qi by its negative.
Consequently we have (49.11) and

(49.12) Qi + D + Dy = 0.
Since 1_3_?,* are the same for the two connections, we have D = i,
where @} is obtained from @}, on replacing each Qj; by its negative,
from which, in consequence of (49.5), we have

9’:;|k - Q’:m = 0.

IF'rom these equations and (49.12) we obtain (49.10) and conse-
quently we have:

[49.2] A necessary and sufficient condition that an asymmetric linear
connection of zero curvature determine a simply transitive group s that
the connection of coefficients A% = Ai; be of zero curvature; in this case
the second connection determines the simply transitive group reciprocal
to the given one.

When A% = 0 and (49.10) hold, it follows from (49.3), (49.5)
and (49.11) that

(49.13) B,:;‘k = 9,’1;9?1-
Conversely, if this condition is satisfied, we have (49.11) satisfied

in consequence of (49.6). Hence if (49.10) is satisfied, it follows
from (49.5) and (49.3) that A%z = 0. Accordingly we have:

[49.3] A necessary and sufficient condition that an asymmetric linear
connection determine a simply transitive group s that (49.10) and
(49.13) be satusfied.
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If we indicate by a semi-colon covariant differentiation with
respect to the I's, that is, if we replace {jx} by I';x and the comma
by a semi-colon in (47.14), we have

a0
(49.14) Qe = w

= O + (249 + Lok + okab).

+ Q,Th — QhTh — 2l

Consequently for a simply transitive group we have
(49.15) Qi = 0.

Conversely, if this condition and (49.13) are satisfied, we obtain
(49.10) from (49.14) and (49.11). In consequence of (49.15) we
have from (49.13)

(49.16) Bl =0.

60. Geometry of the group-space. Since the parameter groups
of a group are simply transitive and reciprocal (§30), the results
of the preceding sections may be applied to define two asymmetric
linear connections and a symmetric one for the group-space. In
fact, we have made use of the coefficients of the first two connections
in §8, defining them by

. dAL AAY

L, = —A}';{-)a7 =4 aa”

(50.1) EY Ty dAS
Ta __ Tb b Ta 8,

b = A T A

As thus defined, the vectors A§ are absolutely parallel with respect
to the first connection and A5 with respect to the second. Moreover
the respective curvature tensors of components Lg,; and Lg,,,
defined in the L’s and L’s by (21.17), are zero tensors, that is,

(50.2) L3;=0, L5;=0.

From the results of §48 it follows that L§, = L3, Hence the
paths for the two connections, as defined by (48.6), are the same
for both and are the integral curves of the equations

da®(d%a” . da” da da®(d%® s da’ da
03 GG+ i) ~ala v T) o
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where
(50.4) Tgy = 3(Lg, + L3)

are the coefficients of the symmetric connection determined by the
parameter groups. For each path we have
d*a” . da” da

T “’()_—’

where ¢ is a determinate function of ¢. If we define a parameter s by

_df — ef«pdz

dt
the preceding equations become
d%* __ da"da’
I‘,ys'—‘ h—
ds? ds ds

Thus along each path a parameter s, called the affine parameter,
can be chosen so that the equations of the paths are (50.5). Com-
paring these equations with (47.22), we note that s is the analogue
of the arc in a Riemannian space.

In this section we consider the geometrical properties of the
group-space S determined by the linear connections thus defined.
Many of the results are due to Cartan and Schouten,* who devel-
oped this theory following the announcement by the authort of
the results of §48. They introduced the terms (+)-parallelism,
(—)-parallelism and (0)-parallelism for the connections with the
coefficients Lg,, Lg, and I', respectively; we use this terminology.
We recall that the first two of these parallelisms are absolute, but
not the third. We refer to these connections as respectively the
(4 )-connection, the (— )-connection and the (0)-connection.

Because of the conditions (8.4) we have that at the point of
coordinatés af of S, representing the identity in G, the vectors
AZ and AZ coincide. Consequently the vector fields A5 and A%
throughout 8 may be thought of as obtained from the r vectors
A%(a¢)(= A%(ao)) by (+)-parallel and (—)-parallel displacement
respectively. We have related the vectors at a general point by
the equation (8.14). Comparing these equations and (39.2) we
see that the vectors of the first set at a point are transformed into
those of the second set by the adjoint group.

* Cf. 1926, 1; Cartan, 1927, 2; Schouten, 1929, 1.
t 1925, 1.

(50.5)
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If a point of coordinates a® is transformed into a point of coor-
dinates a’* by a transformation of the second parameter group, it
follows from (6.7) and (9.2) that

da’” ar )
(50.6) =7 = A )Aju(a).

The transform of the vector A2 by a transformation of the second

aala
parameter group is Afaa"

AZ(a’); that is, the vectors of each vector-field A are transformed
into one another by the second parameter group. Similarly those
of the second set are transformed into one another by the first
parameter group. Hence we have:

which reduces by means of (50.6) to

[50.11 The vector-fields AS and AZ are transformed into them-
selves by the transformations of the second and first parameter groups
respectively.

In §12 it was shown that the trajectories of the first parameter
group are integral curves of equations (50.5), and that the equations
of the path through the point of coordinates a® are (12.1). Since
the paths for the two connections are the same, it follows that the
equations of the above path as a trajectory of the second parameter
group are expressible in the form

(50.7) a* =a* + teeda*+ - - -,

where necessarily
#A3(a) = e A2(a), A.f = iy
da”
The paths which are (+)-parallel to the given one form a congruence
which ordinarily is not the same as the congruence of paths which
are (—)-parallel to the given one. From theorem [50.1] it follows
that the curves of the first congruence are transforms of one another
by the second parameter group and of the second congruence by the
first parameter group.
A one-parameter group of G, is defined, as we have seen in §11,
by taking for the a’s the values given by (12.2) for assigned values
of the ¢’s; these are the equations of a path through the origin,
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the point aj which defines the identity in G,. If bt is any point of
S not on this path, the equation

(50.8) Ty = T.Tb

defines a trajectory of the first parameter group through b. It is
an integral curve of

= A(b")As(a)e’Ab(a) = ALD).
Since similar results hold for the second parameter group we have:

[50.2] The trajectories of a one-parameter sub-group of the first
(second) parameter group are (+ )-parallel ((—)-parallel) to the trajec-
tory through the origin (ay) which determines the sub-group.

Consider two ordered point-pairs af, b* and a’é, b’¢ of the group-
space S such that the transformations of the group satisfy the
condition

(50.9) T,T,' = ToTa

When af is the origin af, it follows from (50.9) that Ty = TyTa,
from which and (50.8) we have that the point ’® is the transform
of the point a’* by a transformation of the first parameter group.
If the point b* describes a trajectory of the first parameter group,
in which case we have a one-parameter sub-group of this group, the
point b’* describes a trajectory of this group, and the two trajectories
are (+)-parallel, as follows from theorem [50.2]. The same result
holds for every point-pair a’, b’ in the relation (50.9) to ao, b, and
any two, such point-pairs are in the relation (50.9). Since the

paths are the generalization of straight lines in euclidean space, we
— —_—
may speak of the segments ab and a’b’ of the paths as vectors. In

the terminology of Cartan* two vectors in the relation (50.9) are
equipollent of the first kind.
When the two ordered point-pairs @, b and a’?, b’? are such that

(50.10) T'Ty = T7' Ty,

* 1927, 2; the reader is referred to this paper for a cofnplet.e treatment of
the subject.



202 V. GEOMETRICAL PROPERTIES

it follows by reasoning similar to the above, that ab and a'd’ are

segments of paths of the second parameter group. In this case the
— B

vectors ab and a'd’ are said to be equipollent of the second kind. If
each term of equation (50.9) is multiplied on the left by 75 and
on the right by 7. we obtain T, 'T, = T;'Ts». Consequently we
have:*

— —_ —_ —>
[560.3] If ab and a’b’ are equipollent of the first kind, aa’ and bb’ are
equipollent of the second kind, and vice-versa.

As a consequence of theorem [50.2] we have:

[60.4] If two vectors are equipollent of the first or second kind, they
are segments of (+)-parallel or (—)-parallel paths.

Suppose that G, is a sub-group of G, and that any one parameter
sub-group of the formeris a linear combination (constant coefficients)
of the symbols ¢;X,f for s =1, - -+ -, p. In terms of general
parameters a* a given path of the first parameter group for G,
through a point a* is defined by equations (12.1) when the ¢’s
are replaced by a suitable combination of ¢;. The locus of all these
paths through the point a® is a sub-space of p dimensions, say S,.
In terms of canonical parameters the equations of the S, through
the origin, say So,, are (cf. (12.6))

(50.11) u® = clegt,
where the ¢’s are arbitrary parameters. A point in Sy, other than
the origin has coordinates é%eif, where the é’s and { have definite

values. From (12.6) it follows that the paths of the first parameter
sub-group through this point have the equations

u'™ = @t + c'et.
Let A be a point on this path corresponding to the values ¢} and ¢,.
If we take for ¢’* and ¢’ values satisfying the equations

ct = &t + city,

the path through the origin with the equations u'* = c’%¢t’ passes
through A. Consequently for points sufficiently near the origin
all the paths of the sub-group of the first parameter group lie in

* Cartan, 1927, 2, p. 5.
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Sop. Thus Sy, is a generalization of a plane in euclidean 3-space
in the sense that all the paths through a point in directions of the
sub-space lie entirely in the sub-space; accordingly we say that
Sop is flat. In consequence of theorem [50.1] the S, through any
point P is obtained by the transformation of the second parameter
group which sends the origin into P. Since each path in S, is
transformed into a path (4)-parallel to the given one, the S,
through P is flat, and it is parallel to S,,, that is, the paths of S
through any point of S, which are parallel to a path of S, lie
in S,. These flat sub-spaces are a generalization also of totally
geodesic sub-spaces of a Riemannian space.*

The preceding results may be seen in another way. If T, is the
general transformation of the sub-group G,, then T,T, defines the
S, through the point a. For two particular values of u, say u,
and u,, we have

To, = Tu,T,, Tay = Tu,T.

Let b be a point not in S,, and in the S, through b we have the
point pair b;, b; defined by

Tb, = TulTb, Tb, = TugTb.
From these we have

TaTs! = TuToTo' Tl = Tu,Tu! = T0,Th,.
—_ —_—

Consequently a,a; and b1b, are equipollent of the first kind and are
segments of (+)-parallel paths.

In a similar manner we get a set of flat S,’s (—)-parallel to So,.
In general these two sets are different. If they are to be the
same, we must have for every a and every u relations of the form
T.Ts = T.T., that is, G, is an invariant sub-group. Hence we
have:t

[560.5] If G, admits a sub-group G,, there are in S two sets of flat
varielies of the pth order, those of the first set being (+)-parallel to
one another and of the second set (—)-parallel; the varieties of the two
systems are the same, when and only when G, ts an invariant sub-group.

* 1926, 3, pp. 183-186.
t Cartan and Schouten, 1926, 1, p. 813.
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For the connection of coefficients I's, we have a set of equations
analogous to (48.5), namely

& a” de? s d
E”( +z.s,dt) s( +s“1§,;) 0,

a solution of which £, when we put
(50.12) a® = o*(t),

gives at each point of the curve C defined by (50.12) a vector, and
all of these vectors are (0)-parallel with respect to C. If we have
such a solution and we replace £ by £%(t), where ¥(f) is suitably
chosen, we have that the new functions £* satisfy the equations

(50.13) dE + gﬂrﬁydi = 0.

We say that a solution £* of these equations determined by initial
values £7 defines at each point of C the vector obtained from £§ by
(0)-parallel displacement of £5.

If S, is a sub-space of p dimensions, the coordinates a* can be
chosen so that S, is defined by

(50.14) @ =0 @=p+1, - ,0.

If this is to be a flat sub-space, equations (50.5) must admit solutions
which satisfy (50.14), and consequently we must have

v 7 Nu=1,-- -, p; .
(50.15) W =0 fora” =0 <a=p+1,---,r
For a vector tangential to S, we must have £ = 0. It follows from
(50.15) that, if the initial values of a solution of (50.13) satisfy these
conditions, they are satisfied by the solution and we have:*

[50.6] If a vector tangential to a flat sub-space is transported by
(0)-parallelism along any curve of the sub-space, it remains tangential
to the latter.

In the 8o, of a sub-group, as defined, a vector at any point P of
So, (4)-parallel to a vector tangential at any other point Q is

* Cf. Cartan, 1925, 3, p. 40.
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tangential to So, at P. Conversely, suppose that there is a flat-
space So, through the origin possessing this property; then for
determinate values of the ¢’s the parallel vector-fields e;AJ at points
of S, are tangential to it. In accordance with theorem [50.6] a
vector (0)-parallel to any of these vectors is iangential to Sgp; that
is, e‘,'Ai(ef’Af);,, is a vector of the field and so also is

3 b
esA%(bAR);, — £A%(2AD);,.
Hence we must have

9

a a 6 a a U a
eaAa a(el;Ag) - 8':Ab (e,Af) = ‘YateuAg)
aa a

aa
from which it follows that e;4,f are the generators of a sub-group
of the first parameter group, and consequently ¢;X,f of a sub-group
of G;. Since similar results follow for (—)-parallelism, we have:*

[60.7] A necessary and sufficient condition that the manifold of the
paths through the origin in a bundle of directions of order p represent
a sub-group of order p isthat the manifold be flat, and that the directions
at any point (+)-parallel or (—)-parallel to tangential directions at
any other point be tangential.

The results of §§48, 49 can be applied immediately to the group-
space S. If we denote by Qg, the skew-symmetric part of Lg,,
we have from (8.8)

(50.16) Q5 = deadsASAL
From equations analogous to (49.13) we have
By = Bjya = Q050
from which and from (50.16), (5.7) and (40.5) we have
(50.17) Bs, = 1gad3A; = 105y

where g, is thus defined.

If the group G, is semi-simple, the determinant Ig.,bl is of rank r by
Cartan’s criterion, (§44) and likewise the rank of |ga,|. Conse-
quently g, serves as the fundamental tensor of a Riemannian

* Cf. Cartan and Schouten, 1926, 1, p. 813; Schouten, 1929, 1, p. 266; Cartan,
1927, 2, p. 18.
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metric for the group space. From (49.16) and (50.17) it follows that
gagse = 0, in which case it can be shown that the coefficients I'g,
are the Christoffel symbols as defined by (47.11), and consequently
the curvature tensor is the Riemannian curvature tensor. Further-
more Bg, is the Ricci tensor g, and in this case equations (50.17)
are Rg, = Y4gp, so that the space is an Einstein space.* Hence
we have the theorem of Cartan and Schouten:}

[60.8] For a semi-simple group the (0)-connection of the group-space
18 Riemannian, the fundamental tensor being

(50.18) Jup = JaASAL;
and it is an Einstein space.
If we put A, = gasd’, we have
A“lﬂ;v = gaﬁA:n = gaﬁ(_A‘ngv + Agh{?v}) = gaﬂAgﬂ‘;ﬁ
= g ALAGALTALALAR = grcadRA,
= CeacApA’,

where c... is defined by (41.8). Since these constants are skew-
symmetric in all the indices, we have

(50.19) Aalﬂn + A“Iv;ﬁ =0,
and from (50.18)
(50.20) JapAZAL = goa

These results are interpreted by theorem [52.6].

For any group equations (50.18), in which g, are any constants
such that the determinant |g.s| is not zero, may be used to assign a
Riemannian metric to the group-space. If we calculate the
Christoffel symbols for g,5, we obtain

{gv} = Pg'v + gas(gﬂeﬂg'v + qu;ﬁ)-

From the above results it follows that for a semi-simple group the
I’s are equal to the Christoffel symbols, and consequently the
Riemannian geodesics coincide with the paths. Furthermore, we
have

gﬂeﬂz'y + g'ye ;ﬂ = 0‘

* 1926, 3, pp. 113-114.
11926, 1, p. 810; cf. also, Schouten, 1929, 1, p. 271.
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If we multiply these equations by g®® and sum for 8 and & we obtain
2, =0,

and from (50.16) it follows that c;; = 0. In order that the Rie-
mannian geodesics for any group coincide with the paths the same
results must hold.*

Exercises

1. Show that the components of the curvature tensor satisfy the identities
Rf,k = _R?k,'; R?m + R?ki + R:;;’ =0.

1026, 3, p. 21.
2. Show that R}, = 0 and that R,, = R}, is a symmetric tensor of the

second order; it is called the Ricei tensor.
1926, 3, p. 21.

3. If we put Ru,x = guRi,, then

Rujx = —Ririk = —Rmri = Rjkni,
and
gRuix = R}y, 9" Ruiix = Rk, g Rk = Ry,

1926, 3, p. 21.
4. When R,k = p(gngs;i — gnigsr), p must be a constant, and V, is called a
space of constant curvature.
1926, 3, pp. 25, 83.
5. When the fundamental quadratic form of a Riemannian space is positive
definite, none of the principal minors of any order of the matrices ||g.-,~|| and
|lg¥i|| are zero.
1932, 2, p. 202.
6. Equipollence of the first or second kind (§50) possesses the following
properties:
1° A vector equipollent to a zero vector, that is, one whose extremity coin-
cides with its origin, is a zero vector;
2° Any vector is equipollent to itself;
3° If a vector is equipollent to a second vector, the latter is equipollent to
the first;
4° If two vectors are equipollent, so also are their opposites;
5° Every point in space is the origin of one, and only one vector, equipollent
to a given vector;
6° Two vectors equipollent to a third are equipollent to one another;
- — - — —
7° If ab is equipollent to a’b’ and be to b'c’, the vector ac is equipollent to
.——_)

a'c’.

Cartan, 1927, 2, p. 4.

* Cartan and Schouten, 1926, 1.
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7. If in a space S there is defined an equipollence of vectors possessing the
seven properties of Ex. 6, then S may be regarded as the group-space of a group
for which the equipollence is of the first kind for the group.

Cartan, 1927, 2, p. 7.

8. A necessary and sufficient condition that two groups of the same order
be isomorphic is that a point correspondence can be established between the
group-spaces of the two groups transforming an equipollence of either kind of
one space into an equipollence of either kind of the second space.

Cartan, 1927, 2, p. 11.

b1. Groups of motions. Equations of Killing. Each trans-
formation of the group of motions in euclidean 3-space preserves
lengths and angles, and thus leaves invariant the metric properties
of the space. We generalize this conception and say that a Rie-
mannian space admits a group of motions into itself, when each
transformation leaves invariant the metric properties of the space.
In order to obtain the conditions for a group of motions, we consider
infinitesimal transformations.

If a V, with the fundamental form

(511) ¢ = g‘-,-dxidxf
is subjected to an infinitesimal transformation
(51.2) 't = 2% + £,
we have
i = L _ 99,
(561.3) ddx? = dozt = axid:w&t, 8gi; = ax"s ot.

Consequently in order that 8o = 0, it is necessary and sufficient
that

9g.; 9k ALk
51.4 WO o 08 OF
(51.4) Foge T 0050 T Oy

=0,
which in consequence of (47.15) may be written
(51~5) it £ =0, where &= gakgk-

These equations of condition were first obtained by Killing* and
are known as the equations of Killing.

* 1892, 1, p. 167.
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The angle between two directions defined by diz® and djz’ is
given by*

g;,-d;x '.dzx’.
V(erg:id12'd1a?) (eagridsz*daz?’)

COS a =

In consequence of (51.3) we have

L 9g:; Atk g .
8(gs,dixidaa?) = (Ekg:;;l + G + giky dxdex’8t,
and hence § cos @ = 0 when (51.4) hold. Accordingly we have that
equations (51.4) are necessary and sufficient conditions that (51.2)
define an infinitesimal motion.
If (51.4) are satisfied and the coordinate system is chosen so that

(51.6) g =8,
then equations (51.4) reduce to

9gi;
51.7 — =0
(51.7) Py

Hence the ¢’s are independent of z! and consequently the funda-
mental form (51.1) is unaltered by the finite equations

(51.8) xll = xl + t’ x'i = xi (j — 2’ « o e , n)
of the @, generated by (51.2). Hence we have:

[61.1] When a space admits an infinitestmal motion, it admits the
group G of motions generated by the infinitesimal motion.

Conversely when (51.7) are satisfied, equations (51.4) are satisfied
by the quantities (51.6), and we have:

[61.2] A necessary and -7 " +! condition that a V, admit a group
G, of motions s that there exists a coordinate system for which all of
the coefficients g;; do not involve one coordinate, say x'; then the curves
of parameter x* are the trajectories of the motion.

From the definition of a motion and the property of geodesics
stated at the close of §47 it follows that:

* 1926, 3, p. 38.
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[61.3] In a motion of a space into itself geodesics go into geodesics.

A necessary and sufficient condition that the trajectories of two
motions be the same is that (51.5) be satisfied by ' and ¢, where

dp dp

L L e 20,
ax‘g' + ax"E
Replacing j by & and eliminating £; from these two equations. we

obtain
(51.9) —a—e.(éﬂé- - 2’—).&) =

From these two sets of equations it follows that p is a constant and
we have:

¥ = pti. For this to be true we must have

[61.4] Two groups G:1 of motions of a V, cannot have the same
trajectories.

It follows from (51.4) that:

[561.5]) If & fora=1, - - * , v are the components of infinitesimal
motions of a V,, so also is c*t, where the ¢’s are arbitrary constants.

As a consequence we have:

[61.6] If each of the r generators of a group G, generate a G, of motions,
every transformation of G, is a motion.

If geodesics are drawn normal to a hypersurface V,_,in a V,
and equal lengths are laid off on these geodesics from V,_,, the locus
of the end points is a hypersurface normal to the geodesics. In this
way we obtain a family of hypersurfaces which are said to be
geodesically parallel.* If the coordinates are chosen so that this
family of hypersurfaces are the spaces 2! = const. and we choose
for the coordinate z! the distance measured from the given V,_;
along the normal geodesics, we have

(51.10) ‘ gu = € g1, =0 G=2---,n).
We are in position to prove the theorem:

[61.7] If a space V, admits an intransitive group G, of motions and a
hypersurface V,_, is an invariant variety, the hypersurfaces geodesi-
cally parallel to Va1 are invariant varieties.

* Cf. 1926, 3, p. 57.
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For, if V, is referred to the coordinate system just referred to, then

z! = 0 is an invariant variety and from (19.6) it follows that

¢s = 0fora =1, - ,r,whenz! = 0. From (51.4)fori =j =1
1

and (51.10) we have gﬁ% = 0 and consequently £ = 0 for all values

of z!, and the theorem is proved.

If the rank of the matrix ||£.|| of a group @, of motions is n — 1,
the minimum invariant varieties for ordinary points are hypersur-
faces, that is, varieties of order n — 1. If we choose the coordinate
system so that these hypersurfaces are the coordinate spaces
z! = const., and the other coordinate spaces are orthogonal to
them, then g;; 0 and g;;, =0 forj =2, - - - , n. In this case

d
1 reduce to Eﬁﬂ = 0 for
ok

¢+ = 0 and equations (51.4) for ¢ = j

k=2, ---,n Since the rank of the matrix ||&|| is n — 1, we
have that g, is a function of 2! alone. By choosing z! suitably we
have (51.10) holding and consequently we have:

[61.8] When the minimum invariant varieties of a group G, of motions
are hypersurfaces, they are geodesically parallel.

62. Translations. A particular sub-class of motions are those
for which the trajectory of each point is a geodesic. They are
called translations and are an evident generalization of translations
in euclidean space.

If the coordinates are chosen so that the components of the
translation have the values (51.6), then the trajectories (51.8)
are to be geodesics. In this case we have from equations (47.21)
and (47.11) that

. . agu, 1 agu ] = 2, RN (2
EER Y g 'L it A2 0 W .
(52.1) {Lh} =g (6:1:1 2 ax") 0 (k 1, . n

In consequence of (51.7) this condition reduces to

ika_gl_!

(52.2) Fore

=0 (j;k=2""!n)°
From (47.10) it follows that the determinant of these equations is
equal to g11/g, where g is the determinant |g.-,-|. Hence from (52.2)
and (51.7) it follows that g1, is a constant, different from or equal to
zero. Conversely, if g1 is a constant and (51.7) holds, we have
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that {i;} = 0 and consequently the trajectories (51.8) are geo-
desics. Since g;;£'t7 is an invariant, we have that it is a constant
in any coordinate system. From (51.2) it follows that the square
of the displacement in any motion is eg;;£'£7(6t)2. Hence we have:

[62.1] A mecessary and sufficient condition that a motion be a trans-
lation is that

gi;£'¢7 = const.,
in which case every point is moved the same distance.

This property is an evident generalization of a characteristic prop-
erty of translations in euclidean space. Since aff, where a is
any constant not zero, are vectors of the same G, as £, we have:

[62.2] A necessary and sufficient condition that the vector £ of a
G of motions to within a constant multiplier be a unit or a null vector
1s that the motions be translations.

A characteristic property of translations is given by the theorem:

[62.3] A necessary and sufficient condition that a field of unit or null
vectors determine a translation is that the vectors along any geodesic
make a constant angle with the geodesic.

In order to prove the theorem we take the arc s for the parameter
along a geodesic C, so that the geodesic satisfies equations (47.22).

. dz? *
The cosine of the angle between the vector ¢ and C isequal to ¢ ,-d£--
s

For this to be a constant we must have
A doN\ _okdetdet | di
ds\*'ds ) oz* ds ds T ds?

Since this condition must be satisfied for every geodesic, we must
have (51.5) and, since £ is a unit or null vector, the motion is a trans-
lation. As a consequence of theorems [52.2] and [52.3] we have:

(52.4] The trajectories of two Gy’s of translations meet under constant
angle.t

*In the case of a null vector this is taken as the definition of the cosine
of the angle. Cf. 1926, 3, p. 38.
t Bianchi, 1918, 1, p. 501.
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From theorems [51.5], [62.1] and [52.4] we obtain:

[62.5) If g fora =1, -+ -, p are the vectors of translations, so
also s c*£,, where the ¢’s are arbitrary constants.

From (50.19) and (50.20) it follows that the infinitesimal
transformations of the first parameter group in the group-space S
of a semi-simple group are translations. Since similar results hold
for the second parameter group, we have the theorem of Cartan
and Schouten:*

[62.6] The infinitesimal transformations of the first and second
parameter groups of a semi-simple group are translations of the
group-space.

63. The determination of groups of motions. Theorem [51.2]
supplies a criterion for determining whether or not a given Rie-
mannian space admits a one-parameter group of motions. Instead
of proceeding in this manner, we consider under what conditions
equations (51.4), or their equivalent (51.5), admit one or more
solutions.

Differentiating equation (51.5) covariantly, we obtain

(63.1) Eyik + Eiiv = 0.
If these equations are satisfied, so also are
Eiie + Enae + Eupi + i — (Eiks + Eryis) = 0.
From (47.16) it follows that
(53.2) Eoit — Eoei = R,
so that the preceding equations are equivalent to
2¢, + (R + Ria + Riiy) = 0.

In consequence of the identities of Ex. 1, p. 207 these equations
reduce to

(53.3) o = — EaRhisy

and when these equations are satisfied, so also are (53.1) and (53.2).

* 1926, 1, p. 811.
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The conditions of integrability of these equations obtained from the
Ricci identities (cf. (47.16))

h b
Eyit — Enie = EnyiRi + EnRin
are

(53.4)  &(Rhiii — Rhi) + &, iREi; — EakRb; + &, iR
+ £ipRi = 0.
If we write (53.3) in the form
agisi

(53.5) e Eyili) + Eipln) — &Rk,

and observe that by definition

(53.6) gf; = Eh{:l]} + El;i,
we see that the solution of (53.3) reduces to the solution of the
system of equations (53.5), (53.6) in the n(n 4+ 1) quantities
¢; and £;,;, the latter being subject to the conditions (51.5); con-
sequently the system is mixed, equations (51.5) being the set F, in
the terminology of §1, and (53.4) are the set F,. If (53.4) are a con-
sequence of (51.5), then since there are n(n + 1)/2 of the latter, the
general solution of the above system involves n(n + 1)/2 parame-
ters. If (53.4) is not a consequence of (51.5), we differentiate (53.4)
and proceed as in §1. The question of whether there is any solution,
and if so how many parameters are involved reduces to the question
of the consistency of a sequence of equations as in §1 (cf. Ex. 2,
p. 12). Moreover, if there are p independent solutions, any solu-
tion is a linear combination (constant coefficients) of these.

We consider further the case where (53.4) is a consequence of
(51.5). As a first consequence we have

(53.7) Riijyi — Riij = 0,
and from the other terms of (53.4) we have
&np(8 Rhij — OFR1:; 4 8]Riu — 8IRju) = 0,
from which because of (51.5) it follows that
(53.8) FRii; — 8'RL; — 8IRL; + 8iR%; + 87Rhki — 8:R%:
— "R + 8'R%: = 0.
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Contracting for ! and p, we have in consequence of Exs. 1, 2, p. 207

1

(63.9) Riij = m(s';’Rik — &R ).

Multiplying by ga: and summing for i, we have (cf. Ex. 3, p. 207)
1

(53.10) Ruii = ;_—l(gjsz — gul ).

Multiply (53.10) by g** and sum for k¥ and <; the result reduces to

nRj = Rgj,

8o that from (53.10) we have
R

(53.11) Rui; = m(gﬂgik — gag k),

where R = ¢gR;;. Hence V, is a space of constant curvature
(cf. Ex. 4, p. 207). From (53.9) we have

R
)(5?90: — 8tg.),

Rpii = ————
ki n(n — 1

which values satisfy (53.8) identically, and also (53.7) in conse-
quence of (47.15). Hence we have:

[63.1] When and only when V, is a space of constant curvature, the
equations of Killing admit solutions involving n(n + 1)/2 parameters;
in all other cases there are fewer parameters.

We shall show that, if X,f and X, f are the symbols of two one-
parameter groups of motions, so also is (X, X,:)f. If we denote by
¢ the vector of the latter, we have

L _ pd8 08 ; ;
(53.12) &= éjié—x—: - 49—2;;1 = Bt — Bl
If we put £ = g;;#, we obtain in consequence of (51.5)

£ = — Bty + Bk

By means of (53.3) and the properties of Ruj (Ex. 3, p. 207) we
have
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Eii = BB (Rujn — Ruipp) — Enyibangs + Goifrini

from which follows (51.5). Hence we have:

[63.2] If X.f fora =1, - - -, p are generators of p one-parameler
groups of motions, so also are each of the commutators (X,,Xs)f, for

ab=1"--,p

From this result and the remarks following equations (53.5) and
(53.6) we have:

[63.3] If X.f fora =1, - - -, p are generators of the complete set
of one-parameter groups of motions, they are the generators of a group
G, of motions.

Combining this result with theorem [51.1], we have:

[63.4] A space of constant curvature V., admits a group of motions
involving n(n + 1)/2 parameters, and only in this case does the group
of motions of a space admit as large a number of parameters.

Exercises

1. Prove analytically that geodesics go into geodesics when a V, undergoes
a motion into itself.

2. Show that, if (47.5) are the equations of a motion of V,, the functions
g'ijin (47.7) are the same functions of the z’s as g,; are of the z’s, and conversely
that, if these equations are satisfied by an infinitesimal transformation, the equa-
tions of Killing are satisfied.

3. Show that equations (53.3) may be written in the form

£ix = PR
4. The transformations of a group of motions are of order zero or one at

any point.
5. A V; with the fundamental form

e = ei(dz')? + Xlea(dz?)? + ea(dz?)?,

where the e’s are plus or minus one and X, is a function of z! alone, admits the
intransitive group G; of motions whose generators are

Pi, eixip; — ex’p; (1 =2, 3;1 # j; 1, j not summed).
Bianchz, 1918, 1, p. 54b.

6. A V¢ with the fundamental form
e = er(dz?)? + Xlea(dz?)? + es(dz?)? + ed(dz)?,
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where the ¢’s are plus or minus one and X is a function of z! alone, admits the
intransitive group G of motions whose generators are

Di, ejxip; — esx'p; (1,5 = 2, 3, 4; 1 # J; ¢, j not summed).
Fubini, 1904, 2, p. 64.
7. A V with the fundamental form

¢ = (dz1)? + X1{(dz?)? + e*’[(dz?)? + (dz*)?]},

where X is a function of z! alone, admits the intransitive group G's of motions
whose generators are

pi,  @pi — @pi,  —p2+2'pa + 2'py
—2'ps + }(z9)? — (z0)? — e7**|p; + 2izip;
(3, J = 3, 4; 1 5 j; ¢, j not summed).
Fubini, 1904, 2, p. 64.

8. A V, admits a translation, when and only when its curvature is zero.
9. If a space admits a field of absolutely parallel vectors, they are the
vectors of a translation.

1926, 3, p. 239.
10. The vectors of a G; of motions make constant angle with any non-
minimal geodesic.

64. Equations of Killing in another form. By means of the
formulas of §21 we give the equations of Killing a form which is
adapted to the solution of certain problems.

If the generic rank ¢ of the matrix

(54.1) M =&

is less than r, we arrange the £’s so that the matrix (54.1) fora =
1, -+ - ,qgisof rank ¢. When ¢ < n we use the special coordinate
system for which (21.8) hold, and the equations (51.4) for a =
1, -+ -+, q become

99 ?_E_'l' aE}'._ h)l=1""1q;
(54.2) EJI»E + g.-zax,. + {Jué;‘.. =0 ( .

Lj=1-"",n

If these equations are multiplied by &5, defined by (21.9), and & is
summed, we have in consequence of (21.9) and (21.12)

¢ l ! Lbm=1,---,¢q
43 — = .'A',,, 'Aim ,’ . ’ R D
(5 ) dz™ gk + gij (’I., J 1, SRR

If ¢ = n, we have equations (54.2) for h, l, m =1, - -+ - , m.
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When ¢ = r, equations (54.2) or their equivalent (54.3) are
the only conditions. However, when ¢ < r, we have in addition
to (54.2) the equations (51.4) where a takes the valuesg 4+ 1, - - -, .
When in these equations we substitute from (21.2) and (21.8), we
obtain with the aid of (54.3) the following equivalent system:

Lh=1 +--- .
a:l af ) ) » 45
(54.4) E;f(g.z ¢.+gl: ‘P.) =0 <8=Q+1; v ,7‘;)'
oz’ ar! ..
L,Jj=1---,n

When ¢ < r, equations (54.3) and (54.4) are the conditions of the
problem.
The conditions of integrability of equations (54.3) are

(54.5) Gitksmp + GiiAbmy = O (l_» mp=1-"" ,q;>,

L,j=1--",n
where Alm, are defined by (21.17). When ¢ = r and r < n, we
have from (21.19) that (54.5) are satisfied identically, and conse-
quently (54.3), which are the only conditions in this case, are com-
pletely integrable. Hence a solution is determined by arbitrary
initial values of the g’s, which when n > r may be arbitrary func-
tions of the variables z7+!, . . . , 2", and we have:*

[64.1] Any r-parameter continuous group in n variables such that
the generic rank of the matriz ||£)| is r(< n) is the group of motions of
a Riemannian space whose fundamental tensor g;; involves n(n + 1)/2
arbitrary functions.

When n = r, that is, when the group is simply transitive, the solution
involves n(n + 1)/2 arbitrary constants, as was shown by Bianchi.}
In particular, if the group is simply transitive and Abelian, the
coordinates may be chosen so that £ = &, (§13), and then from
(51.4) we have that the g’s are constants and therefore V, is
euclidean.i

We met with the above result in another form in §48; in fact
(48.20) are the equations of Killing, the ¢g’s being defined by (48.14)
in terms of the vectors of the reciprocal group. The determination

* Cf. Fubini, 1903, 1, p. 54.
t 1897, 1, p. 291.
1 Cf. Bianchi, 1918, 1, p. 521.
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of the latter involve n? arbitrary constants, but from the definition
of the g’s it follows that the latter involve only n(n + 1)/2 arbitrary
constants.

Before proceeding with the general case when q < r, we consider
intransitive Abelian groups. As shown in §13 the coordinates can
be chosen so that

. hili=1,---,q
(54.6) b=b, H=0 <s’=q+1, . "'q, n)’

g being the generic rank of the matrix (54.1). From (21.5)
we have that the functions ®,. are zero, so that from (21.11) it
follows that the functions ¢: do not involve !, . . . , z¢. In this
case as follows from (54.4) each set of ¢’s, that is, ¢, for s fixed and
h=1, - - -, q, satisfies the equations

L Aot _
(54.7) g’"axi + g’”ax" =0

When ¢ and j take the values 1, . . . , ¢, these equations are satis-
fied in view of the above results. When 7 takes the values 1 to ¢
and j from ¢ + 1, - - -, n, we get the first set of the following
equations, and when ¢t =j=q¢+ 1, - - -, n, we get the second
set in which ¢ is not summed:

I ot (h’l':l"' 'Y >
(54.8) gmaxt = 0, gh[(’)x‘ = t=q+1,-+-,n
From the first set it follows that the determinant |gu| is zero,
otherwise the ¢’s are constants which is contrary to hypothesis.
In order that the second set also may hold, we must have relations
of the form

ghi:ghlAi (Ryl=1,:--,qe=1,+ - ,n).
From these equations we have
lowe] = lgnil - |4,

when s takes any ¢ values of theset 1, . . . , n. Hence the matrix
|lgndl| is of rank r — 1 at most and consequently |gi;| = 0 for
i,j =1, - - -, n, contrary to hypothesis. Accordingly ¢ = r and
we have with the aid of theorem [54.1]:
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[54.2] When and only when the rank of the matriz ||&|| of an
intransitive Abelian group G, is r, it is a group of motions, and every
Abelian group satisfying this condition is a group of motions.*

We consider now the case of non-Abelian groups for which ¢ < r,
and observe that we have the mixed system consisting of equations
(54.3) and the set (54.4), the latter being the set F, in the sense of
§1. In these equations the independent variables are zt, . . . , 2¢
and =ze¢*!, ., .., z" enter as parameters when the group is
intransitive.

From (21.18) it follows that (54.5) are satisfied in consequence
of (54.4). We introduce the notation

dg, 3¢
An) = Eh(,‘]tl . + gt A
axt

Because of (54.3), (21.13) and (21.15) we have

a3
ﬁ(fﬁgu) = bLEa(ah + aieDga + Egndh,

forh,l,ll,m,p=1,--‘,q;t=q+1,~~',r;'i=l,~~',n.
Also from (21.11), (21.5) and (21.14) we have
9?2 :‘ 0@,
Ll = ir‘l[ (Cl,. Clm‘Pf) (clm + Clm‘h) e ] + ElpAfm‘I’ll.
dz'dx™

Making use of thege results we have

aA.;,'

preae AnApi + AfnA i + Efy'.(cz,: - Ct.;d)Aui-

From the form of these equations it follows that, when G, is intransi-
tive, if for particular values of z!, . . . , z", say s, the equations
(54.4) are consistent and we take a set of values of g;; for
t=1, ,ml=1, , ¢ from these equations as the initial
values of gil such that ||g.z|| is of rank ¢ and any arbitrary initial
values for g, where a,b = ¢ + 1, +, m, such |g;| > 0, then the
solutions g;; of (54.3) so determined will satisfy (54.4) for the values
of the variables in the domain about the initial values for which
these functions are defined. Hence we have the following theorem:

* Cf. Bianchi, 1918, 1, p. 521.
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[54.3] When for an intransitive group G, the generic rank q of the
matriz ||&|| is less than r, if in the coordinate system for which
£2=00t=q+1, - -, n) the equations (54.4) are consistent in the
g’s when the coordinates are given particular values, such that the
matriz ||ga|| is of rank g, there exist Riemannian spaces for which
G. is a group of motions and the components of the tensor g;; involve
(n — q)(n — g + 1)/2 arbitrary constants at least.

When the group is multiply transitive ¢ = n < r,in theequations
(54.4) I takes the values 1, . . . , n, and all of the initial values
must satisfy these equations. In this case we have:

[64.4] When for a multiply transitive group there are particular
values of the z’s for which equations (54.4) are consistent and admsit
solutions g;; such that the determinant Ig.-,-l is mot zero, each such
solution determines a Riemannian space for which the given group is a
group of motions.

65. Intransitive groups of motions. The problem of intransitive
groups of motions is reduced to that of transitive groups by means
of the following theorem due to Fubini:*

[65.1] If a space V, admits an intransitive group of motions G,
the group induced on a mintmum invariant variety V, where q ts
the generic rank of the matriz ||£f,”, has r parameters, and the finite
equations of G, are reductble by a suitable choice of coordinates to
those of a transitive group on g variables. :

In proving the first part of this theorem we recall from §20 that
each ordinary point of V, is in a minimum invariant variety V,
and that if the induced group on any V, is not of order r, there is a
sub-group @, of G, leaving this V, point-wise invariant. Assume
that there is an invariant variety V§ which is left point-wise invari-
ant by a sub-group @, of @, and let P be an ordinary point not in V7.
Consider now the V,., consisting of infinity of V.’s including V7§
and the V, through P; this evidently is an invariant variety of G,
and in particular of the subgroup G, leaving V point-wise invariant.
Any motion in G, induces a motion in V., which sends geodesics
into geodesics and preserves angles and distances (§51). The

* 1903, 1, p. 40; the proof of the second part of the theorem as here given is
due to the author, cf. 1932, 2, pp. 199-201.



222 V. GEOMETRICAL PROPERTIES

point P is on a geodesic in V4 normal to V. This geodesic
remains fixed under the group induced in V.., by G,, because
angles are preserved and geodesics go into geodesics. Hence P
remains fixed, because distances are preserved. Since P is any
point, G, must be the identity and the first part of the theorem is
proved.

In order to prove the second part of the theorem we make use of
the results of §54 and the formulas of §21, noting in particular that
the coordinates x* are those for which (21.8) hold. We seek a non-
singular transformation of coordinates

(551) z! = ‘Pl(x,l) ) x’n), zt =g’
(l =1, --",q )
S = q + 1’ o e e , n
such that the components ¢4 forl,h = 1, - - - , g are independent of
z'ert ., z'». We indicate by
(55.2) x,l = ‘p”(xl, EEEEE xn)’ xl, = z°

the inverse of (55.1). From the equations (48.2) and (21.8) we
have ¢4 = 0, and

07! ax'™ *
(65.3) £ _fﬁa v = ia,'

Assuming that the new coordinate system has the desired property
and differentiating the first set of (55.3) with respect to z'°, on
making use of (21.13), the second set of (55.3) and the fact that the
determinant |&| is not zero, we obtain
o 9%! , ozt
55.4 — =+ Ain— = 0.
(55.4) dz™ dz' oz’ + ar'’° 0

For the transformation (55.1) we have

é.g_;_,_)‘ oz™ — 5’\
dz™ oz’ u

Consequently if we multiply (55.4) by and sum for m we obtain

* In these and subsequent equations &, I, m, p, \, u take the values 1 to g¢;
or=q+1, -, mt,a=1 --.,n
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a2t . ozt 9zr™
aoige T Aim o o
dxr'tox [ A )

(55.5)

When we differentiate this equation with respect to z’*, reduce
the resulting equation by means of (55.5) and subtract from the
result the equation obtained from it on interchanging X\ and u, we
get

azrt dx™ 9a?
(55.6) Atmp

az'”’ oz'* oz’ '

where A.,, is defined by (21.17). When we differentiate equation
(55.5) with respect to z'" forr = ¢ + 1, - - - , n,reduce the resulting
equation by means of (55.5) and subtract from the result the equa-
tion obtained from it on interchanging o and , we obtain an equa-
tion which vanishes identically because of (21.16). Hence (55.6)
are the only conditions of integrability of the system (55.5). We
replace (55.5) by the system

axt
ar's T
(55.7) sub agt
‘l/u__a‘kr___Al pm__Al m
axm - ax/“ - pm a‘l’p cm\bpv

of which the conditions of integrability are
(55.8) (Ahmp¥l 4 AbwpWo¥E = 0.

These equations are of the kind discussed in §1 and (55.8) is the
set F; in the terminology of §1.

When ¢ = r, equations (55.8) are satisfied identically because
of (21.19), and consequently the system (55.7) is completely
integrable. Since the system does not contain derivatives of ¥}
with respect to z1, . . . , z¢9, these and higher derivatives may be
chosen arbitrarily. In choosing the initial values of the y’s, we
must insure the requirement that the transformation be non-
singular. Hence we have the theorem:

[65.2] When the rank of the matrix “5;“ of an intransitive group
G, 18 r, there exist coordinate systems for V, in each of which the
&s are functions of z', . . ., z* al most, the minimum invariant
varieties being defined by x7+! = const., + - - , z" = const.
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When ¢ < r, we have equations (54.4) to be taken into account.
If we multiply these by g* fort = ¢+ 1, - - - , n and sum for ¢,

we obtain, because & = 0,
h

0 00,
Ei’ng“gu&j =0

If we multiply this equation by g™, sum for j and note that the

determinant |£| is not zero, we find that the ¢(r — ¢) functions

o» are solutions of the n — ¢ equations

L 9 i=1 - ,n
55.9 it =0 ) y 1 .
(55.9) gax‘ (t=q+1,'--,n)
Consequently at most ¢ of the ¢’s are independent.
Suppose that g of the ¢’s are independent and denote them by

h

oYy - -+, ¢?% then the matrix ||—|| for A =1, -+ , g¢;
. . ; . |oet
t=1 -+, nis of rank q. Assume that the jacobian P for
l=1,---,qis zero. If so, there exist functions Ax such that

P:] h
(55.10) 42 =0

az!
Then from (55.9) we have

It

(5511) g“‘AhEC: =0 (t, u=¢q+1, -, n).

F:] h
Hence if the determinant |g**| is not zero, we have 4, Eg = 0 and
xu

the ¢’'s are not independent. By Ex. 5 p. 207 this determinant
cannot be zero, if the fundamental form is positive definite. Conse-
h

. . |9t . . . .
quently the jacobian ’é is not zero in this case, and accordingly

a non-singular transformation is defined by
xll=¢l’ z/c=xa (l:l’...’q;s=q+l’--.,n).

In this new coordinate system (dropping primes) we have from the
equations (21.11) for ¢* equations of the form

her = o,

where &), are certain of the functions ®},, which being functions of
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¢' are independent of zetl, . . ., z*. From these equations and
(21.9) it follows that

(55.12) & = @,

from which and (21.2) we have that all of the £’s are functions of
z', . . ., z¢at most. This result holds accordingly when ¢ of the

functions ¢, are independent and the fundamental form is positive
A

definite; if the form is indefinite, it holds when the jacobian

axt

is not zero.
We consider next the case when p(<gq) of the functions o}
are independent, and denote them by ¢!, . . . , ¢?. If the jacobian
matrix of these functions with respect to z!, . . . , z? is of rank

less than p, we have equations of the form (55.10) and (55.11) in

which & takes the values 1 to p. Hence unless the determinant
h

Tt

|g*#| is zero, we have that the rank of the matrix

l is less than p,

contrary to hypothesis. If the fundamental form is definite,
in which case |g**| % 0, there is no loss in generality in assuming

for h,1 =1, - - -, pis of rank p. When

. o
that the jacobian e
dxt

we effect the transformation

l,=1, - - - .
o b e __ Ll et 1_ ' ,.p’. .
" = ¢, " =z 2 == L=p+1, - H D

t=g+1,-,n

in the new coordinate system (dropping primes) all the functions
o are functions of z!, . . . , z?. Proceeding as above, we have in
place of (55.12) &' = @k, where the ®’s are functions of xt, - .. P,
We apply a new transformation

] l ! l
= g™ =@y -, ), 2’ =2",

which is a particular case of (65.1). In place of (55.5) we have

a2zh azx’ oz™
55.13 —_— Al =
( ) FYodal: Vi + "9z'" dz'*

In this case we have a system of equations (55.7) where ! takes
the values p + 1, - -+ -, ¢, and the equations corresponding to
(55.8) are

(A ama¥2 + Alup)¥id} = 0,
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where Iy, ms = p + 1, - - -, q. Since all the quantities ¢; are
functions of z!, . . ., z?, it follows from (21.18) that the above
equations are satisfied identically, and consequently equations
(55.13) are completely integrable. Accordingly there exists a
set of coordinates, such that £ are functions of z!, . . . , z? at
most and then from (21.2) it follows that all of the vectors & are
functions of these coordinates at most. Gathering together the
preceding results we have the theorems:

[65.3] When a space V, with positive definite fundamental quadratic
form admits an intransitive group of motions G, and the generic rank
of the matriz ||£|| is q less than r, there exist coordinate systems in
each of which the £'s are functions of z*, . . . , x% at most.

[65.4] When a space V. with an indefinite fundamental quadratic
form admits an intransitive group of motions G, and the generic rank
of the matriz HELH is ¢ less than r, p(<q) of the functions ¢, are
independent; if in a coordinate system for which &, = 0 fort = ¢ + 1,

. , n, the jacobian matriz of the ¢’s with respect to x%, . . . , z91s
of rank p, there exist coordinate systems tn each of which the components
£, are functions of 1, . . . , x2 at most.

66. Spaces V, which admit a group of motions. We consider
first the case of a group of motions @, of a V,, take the components
in the form (51.6) and choose the curves of parameter z? orthogonal
to the paths. Then g, = 0, and from (51.4) we find that ¢,
and g,, are independent of z!, so that by a suitable choice of z2,
we have

(56.1) ¢ = gu(dz")? + ex(dz?)?,

that is, V; is applicable to a surface of revolution, if ¢ is definite.

In order to determine whether a V; can admit more than one
motion, we consider the equations of Killing for the form (56.1).
They reduce to

dg11 af! af! a¢ 9§
Fogr T 20055 =0 I -

From the third of these equations, we have {2 = X,, where X,
is a function of z! alone. Indicating by primes derivatives with
respect to the argument, from the first two we have

gt d log Vi a¢! € 51

= —Xl = ——X),

(56.2) az! dz? dz? gu
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of which the condition of consistency is

92 lOg Viu Xlll

56.3 ——— =€y = ¢
(56.3) S —— ey =6

where c is a constant, since the first and second terms of this equa-
tion are independent of z! and z2 respectively. Equating to zero
the derivatives of the first term with respect to z?, we find from the

. 1 3Vgu
resulting equation that —— >
g €q /—-gll 922

Then from (Ex. 3, p. 207) and (47.13) we have Rz112 = gu:k, that is,
V4 is of constant curvature. For a given V; the constant ¢ in (56.3)
is determined, and the general solution of Xy = ce, X involves two
arbitrary constants. Another is introduced in the determination
of £ from (56.2). Hence the general group is a G3, and since the
rank of |£]| is two, the group is transitive. Thus we have the
theorem, well-known for the case when ¢ is definite:*

= k, where k is a constant.

[66.1] The fundamental form of any surface admitting a continuous
deformation is reducible to (56.1) where g1 s independent of z!,
and the group involves one parameler, unless the surface is of constant
curvature; in the latter case the complete group is a Gs.

We inquire whether a V, admits a sub-group G. of motions.
In §54 it is shown that when and only when V. is euclidean, it
admits an Abelian ;. Its generators are

(56.4) X]f = D1, Xzf = Pa.

From theorem [16.1] it follows that in the non-Abelian case the
basis can be chosen so that

(56.5) (Xy, X2)f = Xof.

Because of theorem [51.4] we may choose the paths of X,f and
X.f as coordinate lines, and as a result £ = £ = 0. Then from
(56.5) we have

df: o 9log 3

___2
art wr

Hence the coordinates can be chosen so that £ =1, £ = e=".
From (51.4) we have

* 1909, 1, pp. 323, 326.
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9
dz!

3 _
ox!

=g,

9 _ o  Ou
dz? ! dx!
and consequently
(56.6) gu = a, g1z = ax! + b, ga2 = a(zV)? 4+ 2bz' + ¢,
where a, b and ¢ are constants. The generators are
(56.7) Xif = e*'py, Xof = pa.*

In this case the curvature of V; is a/(b? — ac)t.

67. Spaces V; admitting a G, of motions. A group G of a V;is

intransitive and from theorem [51.4] it follows that the minimum
invariant varieties are Vy’s. From §55 we have that the induced
group on each of these varieties is a G, and from §56 that their
curvature is constant. From theorem [51.8] it follows that they are
geodesically parallel, and that if they are taken for the surfaces
z3 = const., then & = 0 fore = 1, 2 and £ for 7 = 1, 2 are inde-
pendent of 2z by theorem [55.2]. We may write the fundamental
form as follows (cf. §51):
(57.1) o= gs;dzridr’ + es(dx’)? (Z,j=1,2).
For a particular surface z® = const. the infinitesimal transforma-
tions are given by (56.4) or (56.7), and from the preceding observa-
tions these are the symbols of a G in V.

In order that equations (51.4) be satisfied by the transforma-
tions (56.4) it is necessary and sufficient that g:; be functions of
z* alone, subject only to the condition g1z — gi2 # 0. In order
that equations (51.4) be satisfied by the transformations (56.7),
it is necessary and sufficient that

(67.2) gu = q, g1z = ax! + B, ga2 = a(x!)? + 28z + v,

where «, 8, v are arbitrary functions of z? such that ay — 8% = 0.
In the former case the curvature of the surfaces * = const. is zero,
and in the latter /(82 — ay) (cf. §56).1

By means of these results we shall show that a V; cannot admit
a complete group G of motions. The group cannot be intransitive,
otherwise a family of surfaces (the minimum varieties) would admit
a @5, which is impossible since 5 > 2-3/2 (§53). Hence the group
must be transitive, and the sub-group of stability (§§18, 20) of any

* Cf. Biancht, 1918, 1, p. 510.

t Cf. 1909, 1, p. 156.
t Cf. Bianchs, 1918, 1, p. 542,

= O; 29121
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point Py is of order 5 — 3 = 2. If there were such a G, the points
at a constant geodesic distance from P, would constitute a minimum
invariant variety, and thus we should have a family of geodesically
parallel invariant varieties. This is the case just considered, and
from the form of the transformations (56.4) and (56.7) it follows
that all the transformations of such a G are of order zero (§18), and
consequently there cannot be an invariant point.*

We are now in position to prove the following theorem due to
Fubini.{

[57.1] A V, for n > 2 cannot admit a complete group of motions
of order Ygn(n + 1) — 1.

We prove this theorem by induction, assuming it to hold for a
Vio1. If a V, admits a G, with »r = Yn(n + 1) — 1, it must be
transitive; otherwise by theorem [55.1] a variety of order n — 1,
or less, would admit a group of this order, which is impossible since
a V,_1 can admit at most a group of order n(n — 1)/2. If G, is
transitive, there is a sub-group of order

mn=r—n=5Y%nn-1) -1

leaving a point P, fixed, which is a group of motions of ! V,_’s,
the loci of points at constant geodesic distance from Py. But this
is contrary to the assumption that the theorem holds for a V,_;.
Since we have shown that the theorem holds for a V3, the proof is
complete.

68. Motions in a linearly connected manifold. We have
remarked in §50 that, if a point of coordinates a® in the group-
space S of a group G, is transformed into a point of coordinates
a’® by a transformation of the second parameter group of @,, we
have equations (50.6), that is,
da’”
da®
Differentiating these equations with respect to a”, we can reduce
the resulting equations by means of (50.1) and (58.1) to

9%a'™ da’’ da’*

, aala
G82) e T I e = L@

(58.1) = Af(a’)Ax(a).

* Cf. Bianchi, 1918, 1, p. 540,
11903, 1, p. 54.
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These equations are similar to (48.3) but in this case
(58.3) "%(@) = Li(a),

that is, the L"’s are the same functions of the a”’s as the L’s are of
the a’s. Consequently the geometry of S in the neighborhood of
each of the two points as determined by the (+)-connection is
the same. Accordingly we say that each transformation of the
second parameter group determines an automorphism of the space S.

If the coefficients Al of any linear connection are such that there
exists a solution of equations

o't ax't gz’ ™ azx's
Ja k + Alm( ,)a i axk = ]k(x)

(58.4)

we say that the solution determines an automorphism in V,.
A solution of these equations transforms paths into paths as
follows from (48.6). When such a solution involves one or more
arbitrary continuous parameters, we say that the space admits
a motion in the sense that paths are carried continuously
into paths as in the case of a motion in a Riemannian space (cf.
[61.3]). Thus the group-space S admits the second parameter
group as a group of motions. Furthermore the trajectories of this
group are the paths of S, and thus the motions are a generalization
of translations in a Riemannian space (cf. §52). In particular,
when G, is simple or semi-simple, by theorem [52.6] we have that
these motions are translations in the Riemannian sense.

In like manner it can be shown that the first parameter group
establishes an automorphism of S for the (—)-connection, whose
coefficients are L, = L3; (cf. §§48, 50). Hence we have:

[68.1] The first and second parameter groups of a G, are groups
of translations of the group-space S in the sense that they determine
automorphisms of the geometry of S as defined by the (—)-connection
and (+)-connection respectively of S.

We remark that in accordance with Ex. 2, p. 216 a group of motions

in a Riemannian space is a group of automorphisms of the space.
From (50.4) and (50.16) we have

(58.5) Lg, = T§, + deadpAs AL,

When these expressions are substituted in (58.2), the resulting
equations are reducible in consequence of (58.1) to
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la

3%a'® da’® da’* da
=1 —_—
ﬁ‘l(a) aa5

58.6 — 4+ I't(a)—5 —
(58.6) 3aPda” + Tila )c'mﬂ da”
If we proceed in like manner with the equations for (—)-connection
analogous to (58.2), we obtain (58.6). Hence we have:

[568.2] The first and second parameter groups of a G, are groups of
automorphisms of the geometry of the (0)-connection of the group-space
and they are groups of translations of the space.

We turn to the general case of motions, that is, equations (58.4).
Denoting by I'x and j the symmetric and skew-symmetric parts
of Ajx, we may replace (58.4) by

' ; dz't 9x'™ ., 0z’

58.7 - Tz )— =T
(58.7) ariozr T T o o = Tr@ 5
and

; 9zt dz'™ L, 9z

() ’ — .
(58.8) Qm(z )a—x’- o () ot
In order that the infinitesimal transformation
(58.9) 't =zt 4 Eot

be a motion, we have on substituting in (58.7) and (58.8) and
neglecting terms in the second and higher powers of ¢

281 4 i l - i
(58.10) 535;,‘ + ZI;’I"g' + r:k(% + r;,% - rf,%% =0
and '
i 1 Y i
Ga1) Do ellt g alh gllt o,
If the coordinate system is chosen so that & = 8}, we have that
doz! i

When these conditions are satisfied, equations (58.4) are satisfied
by the finite equations (51.8) of the group G: generated by the
infinitesimal transformation (58.9). Hence we have:

[68.3] When a space with a linear connection admits an infinttesimal
motion, 1t admits as a group G, of motions the group generated by the
infinitesimal one;

and
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[68.4] A necessary and sufficient condition that a space with a linear
connection admit a group G, of motions is that there exist a coordinate
system in which A3 are independent of one of the coordinates, say z';
then the curves of parameter z' are the trajectories of the motion.

Indicating by a semi-colon covariant differentiation with respect
to the Is, equations (58.10) may be written in the form

(58.12) £ = B,
where Biy; are defined by (49.4); these equations are a generalization

of (53.3) (cf. Ex. 3, p. 216). Because of (49.6) the Ricci identities
(cf. (47.16))

B — Ew = —EBiyx
are satisfied identically. Differentiating (58.12) covariantly with
respect to x' and substituting in the Ricci identity

ff:kl - E:ljllc = thB?u - E?,-Bf.u,
we obtain
(68.13)  &Biup — EnBju + EiBin + ExBin + £ = 0,
in consequence of (49.6) and of the generalized identities of Bianchi

(58.14) Bjkz,h + leh;k + B’;hk;z = 0.*
Equations (58.11) may be written in the form
(58.15) Qipth + Ukl + Qs — Dok = 0.

The problem of finding one-parameter groups of motions reduces
accordingly to the solution of the system of equations

aEi T R
on = &i — &Th,
(58.16) X
af;i N h i i b
3:1:_"‘ - E B)kh - E;jr‘hlc + S_hPJk,

in the n(n + 1) quantities ¢ and £, subject to the conditions
(58.15), which is the set Fy of the mixed system consisting of the
latter and (58.16).

Let £ and £; be two solutions of these equations, then
a9k L0k i i
(58.17) & = €’{3;: - Eg&‘c‘; = f’ifz;h - E";Ex;h
are the components of the vector of the commutator (X 1, Xo)f.
* Cf. 1927 1, p. 56.




§68. MOTIONS IN A LINEARLY CONNECTED MANIFOLD 233

We shall show that this also is a solution. From (58.17) and
(58.12) we have, in consequence of (49.6),

(58.18) g5 = Elitip — Ekin + HEB.
Differentiating these equations covariantly with respect to z*
and in the reduction making use of (58.13) and (58.14), we find
that (58.12) is satisfied. From (58.15) we have by covariant
differentiation and reduction by means of (58.12)
Q:'k;hlf}i + Q‘;‘k;hs’;;l + Q}lk,lf’;,; + Qj’h;l 1.k — Q’;k;lg‘l;h )
+ £ (Q%Bim + UpBiim — DiBiim) = 0.
If we multiply by £ and sum for I, then subtract the equation
obtained by interchanging the sub-scripts 1 and 2, and in the
result make use of the Ricei identity
ij;hl - ng;lh = QinkB;';Al + Qi.Biy — UiBi,

the resulting equations are equivalent to the conditions that &
and £; given by (58.17) and (58.18) satisfy (58.15). Accordingly
we have for motions in a space with a linear connection theorems
[63.2] and [53.3].

If we substitute the expressions (58.9) in (58.4), we obtain the
equations resulting from (58.10), when the I'’s are replaced by the

A’s. In consequence of (49.1) the resulting equations may be
written in the form

(58.19) (i + 2908 — £45m = 0,
where, as in §49, a solidus followed by a subscript indicates covariant

differentiation with respect to the A’s. Equations (58.11) may
be written

(58.20) £ Qup + 2(QeOh 4 Ul + %00 + ks
+ Ot — Uikip = 0.
In order that the mixed system (58.15) and (58.16) in the

n(n + 1) quantities £ and E’;i admit a solution involving n(n + 1)
parameters, it is necessary that

Qi =0, Bju=0,

that is, the connection is symmetric and of zero curvature. In
this case there exists a coordinate system for which TI'; = 0,*

*1927, 1, p. 81.
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and consequently in this coordinate system equations (58.12)
2&4

£
reduce to pwerari 0, so that

Ei = qf + aixf’
and the group G,(»41) of motions is the general linear group. Hence
we have:

[58.5] A mecessary and sufficient condition that a linearly connected
manifold admit a group of motions of mazimum order is that the
connection be symmetric and of zero curvature; the group is the general
linear group.

If the linear connection is asymmetric and of zero curvature,
there is an ennuple of absolutely parallel vector-fields {; in terms
of which and ¢4, defined by (48.12), we have

s 9%a
Ai = $aoe = ~Hin
By means of these expressions equations (58.4) may be put in the

form
4 {9z ; arnY
ax"(axf fi(e)ita )> =0

from which we have
dx's
7
dx!
where the a’s are constants. These equations may be taken in
place of (58.4) as the equations defining a motion for a linearly
connected space of zero curvature.* In this case equations (58.19)
are equivalent to
(58.22) Ei + 2008 = aalith,
where the o’s are constants. If we substitute the expressions
(58.9) in (58.21) and put
(58.23) as = 8% — amdt,
we obtain (58.22).
If equations (58.22) admit a solution when a, = 0, for these
values of the £’s equations (58.20) reduce to
(58.24) Qpg® = 0.
* Cf. Robertson, 1932, 3, p. 501.

(58.21) ta(@') = acti(2)
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Since the curvature is zero, we have*
; ) )
fie — Ei = 2f|;.9ti-

From (58.22) for the o’s zero these equations reduce to (58.24)
in consequence of (49.7). Since the trajectories of a G, are the
integral curves of

dt - Er
it follows from (58.22) for the o’s zero that the trajectories are
paths and consequently the motions are translations.

If X,f and X,f are symbols of one-parameter groups of transla-
tions, we find from (58.17) that (X, X,)f is the symbol of such a
group. Consequently all the translations, if any, form a group,
which is either the complete group of motions or a subgroup of
it. Since any motion carries paths into paths (cf. Ex. 9, p. 236),
we have:

[568.6] The group of translations of a linearly connected space of
zero curvature, if any, is an invariant subgroup of the complete group
of motions of the space, or it is the complete group.

The group of translations is at most of order n. In this case
the linear connection is determined by this simply transitive group
in the sense of §48 and the ennuple of absolutely parallel vector-
fields defines the reciprocal group.

Exercises

1. If a Riemannian space admits a G, of translations, a surface formed by
an infinity of the trajectories is of zero curvature.

Bianchi, 1918, 1, p. 501.

2. When a Riemannian space admits a system of coordinates for which
g« = const. fors =1, - - ., rand the other g’s are independent of z*, - + - , 27,
the space admits a group G, of translations, the curves of parameter z* being the
trajectories.

3. When a Riemannian space admits an intransitive group G, of motions,
where r = n(n — 1)/2, the minimum invariant varieties are geodesically parallel
hypersurfaces of constant curvature.

Biancht, 1918, 1, p. 544.

4. A necessary and sufficient condition that an infinitesimal transformation
carry geodesics into geodesics is that

* Cf. 1927, 1, p. 7.
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4

oz’

a
Eiyge = BRim + Girg s + g

where y is a function of the z’s.
1926, 3, p. 229.
5. A necessary and sufficient condition that a Riemannian space V, admit
the group @G; of rotations (Ex. 5, p. 43) is that the fundamental form be reduci-
ble to
Aqdt? — A.dr? — r24,(d6% + sin?8de?),

where the A’s are at most functions of ¢ and r.
Eiesland, 1925, 5, p. 222.
6. Any Riemannian space in geodesic correspondence with one which
admits a G, of motions also admits a G, of motions; the vectors &, of the latter
are linear combinations (constant coefficients) of the vectors of the given group
multiplied by a scalar.
Knebelman, 1930, 3, p. 281.
7. If a Riemannian space V, admits an intransitive group of motions G,
there exist n — r functionally independent spaces conformal to V, admitting
the same group of motions.
Knebelman, 1930, 3, p. 282.
8. A necessary and sufficient condition that a space with a symmetric
connection be the space of a group is that its group of automorphisms admit a
simply transitive sub-group of translations,
Cartan, 1927, 2, p. 95.
9. Show that, if £ is a sct of solutions of (58.12), the transformations of
the group G, with the symbol £'p; carry paths into paths.
Eisenhart and Knebelman, 1927, 3, p. 42.
10. The fundamental form whose coefficients are defined by (48.14) is
positive definite. If we put

g = Doty 0¥ = Deatit,
a a

where each e, has an assigned value which is plus or minus one, the funda-
mental form may be made indefinite. The above expressions satisfy (47.10)
and from them follow

ﬂ-',&'f, = eﬂr;r g‘i{? = eﬂg':y g"l{:rg = €adup (a not summed),

and consequently the vectors ¢ form an orthogonal ennuple (cf. 1926, 3, p. 40).
11. The Christoffel symbols of the second kind formed with respect to
gs; of Ex. 10 are of the form

ik} = I‘:‘k + 0“(0119;.1‘ + yklﬂllu)-

12. In order that equations (68.21) define a motion in the space with the
metric of Ex. 10 (cf. Ex. 2, p. 216), it is necessary and sufficient that the a’s
satisfy the conditions

ze,a';a: = epdde (b not summed),
a
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and for an infinitesimal motion satisfying (58.22) the condition is
(i) €cape + epory = 0.

When these conditions are satisfied, on the elimination of the o's from (58.22)
the equations of Killing (51.4) are obtained with the aid of (48.18).

Robertson, 1932, 3, p. 503.
13. From (58.20) and (58.22) we have

Ehﬂjlclh + aa( Q8500 + s — Q’;‘J:ﬁ;) =0.

Hence for the group of maximum order, it is necessary that Qs = 0, and
from the results of §49

. b
@y = 2eal3se

where the ¢'s are constants satisfying (7.3) and (7.4). The further conditions
are reducible by means of Ex. 10 to

@) D el (27 + AP — Pitigill = 0.
ab

14. Show that the maximum order of a group of motions in the space with
the metric of Ex. 10 is n(n + 1)/2 in consequence of Ex. 12; also that in conse-
quence of Ex. 13 in this case

eCsr + (n — 2)eacys = e,,cdzé,,, (a, ¢ not summed),

from which it follows that, unless » = 1 or 3, the group is the group of motions
of a euclidean space.
Robertson, 1932, 3, p. 511.
15. Show for the hypersurface of Ex. 14, p. 138 ds? = A?Z(dy*)?, where
A =1/(1 4 r%/4): and that for the vectors ¢S and {5 of Ex. 15, p. 139

g-gt = f‘:Az, E‘?x = ?:A-zv

where (3% = 738 = 8. Show also that

Atx g_aa-(: kA 6a 7+6a1ﬂ 5 1a+ 2
= — = e—— — —€q,
By ﬁayy 2 8Y VY 8vY vk By
and
. za0%a
Afy = i Ads.

Consequently for the connections of coefficients A§, and Ag, the respective sets
of vectors {% and {% determine translations; the parallelisms determined by the
two sets of coefficients are the parallelisms of Clifford.

Cartan, 1924, 2, pp. 307-308; Bortolotts, 1925, 7, pp. 828-831.



CHAPTER VI

CONTACT TRANSFORMATIONS
59. Definition of homogeneous contact transformations. The
set of equations

(59.1) = gial, - - -, "),

a
for which the rank of the jacobian a‘p is » may be looked upon
x

either as a transformation of coordinates or as a transformation of
the points of the ¥V, of coordinates z* among themselves. The same
applies to the inverse of (59.1) which we denote by

(59.2) =g, - - -, i),

Let p;, functions of the z’s, denote the components of a covariant
vector-field so that the components of the same field in & are given

by

oz’ 9zt *
59. Dy = — = P>
(59.3) Pi =P Py = P
From these follow the equation
(59.4) PdE = p,dxi.

By means of (59.1) and (59.2) equations (59.3) may be written

pi = ¢’l(x‘y T, TN P p");
59.5 = L i
( ) P = ‘pl(xli L, TN Dy, pn)-
At a point P the equation
(59.6) pdzt =

defines » — 1 directions, and so we may say that p; define an ele-
mental V,_;, or hyperplane, at P. Accordingly we may think

* The quantities p; used extensively in this chapter must not be confused
. . 9, . . .
with the notation for a—;—; used in the preceding chapters; when the latter is used,

it will be so stated.
238
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of (59.1) and (59.5) as defining a transformation of points and

elements at them into points and elements. When, in particular,
a

Di = a—'f'; the hypersurfaces f(z) = const. and their tangential

hyperplanes are transformed into the hypersurfaces f() = const.

and their tangentiallhyperplanes, where

(59.7) @ =5@), f) = f@).

In this case p; may be called the components of the covariant
normal to these hypersurfaces. It is evident that, if any two
hypersurfaces are tangent at a point P, their transforms are tangent
at P, the transform of P.

We consider a generalization of the transformations (59.1) and
(59.5) of the form

jz = (Pi(xl CEEY xﬂ- pl « e pﬂ)
59.8 _ ) ) ) H ) )
(59.8) D= i@, - 0,2 Pyt , Pa)
in the 2n variables z* and p,, such that equations (59.4) hold, that is

aw
(59.9) ¥, zt 4 Hdp = prdaF,
ox ‘ s

for arbitrary values of the differentials dz* and dp;. A transforma-
tion (59.8) satisfying this condition is called a homogeneous contact
transformation; the significance of this term will appear later.*
From (59.9) it follows that a necessary and sufficient condition for
such a transformation is that ¢* and y; satisfy the equations

i

do
(59.10) ‘/’z il 1 ""a
Ds

From the second set of these equations it follows that the rank of the

must be less than n. If the rank is zero, we have the

Di
case (59.1) and (59.5). If the rank is » — r, on the elimination
of the p’s from the first set of equations (59.8) we obtain r inde-
pendent equations

(59.11) Fo@Yy - -+ ,2%z, - --,2") =0 (a=1,---,71).

N ‘aw‘
jacobian o

* The following presentation of this subject is substantially the same as
made by the author several years ago, 1929, 4.
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From (59.11) it follows that the differentials at a transformed
point corresponding to differentials at a point P(z*) are related by the
system of equations

oF,
aF_"f’di" + —2dzi = 0.
az ax?

(59.12)

Since the conditions (59.4) must be satisfied as a consequence of
(59.12), we must have
oF,

oF
59.13 pi = p"—, i= ="
( ) Pi=ppm P L

where the p’s are parameters such that, when these expressions for
p; are substituted in the first set of equations (59.8), the latter are
satisfied identically because of (59.11). From the second set of
equations (59.13) it follows that the rank of the jacobian matrix
aF,
axt
for the p’s, which as thus obtained are linear functions of r of the
p’s, and when these are substituted in the remaining n — r equa-
tions, we obtain n — r equations involving z¢, * and p,, the latter
entering linearly and homogeneously. Since on solving these new
equations and (59.11) for the i#’s, we obtain the first set of (59.8),
it follows that ¢' are homogeneous of degree zero in the p’s, and
consequently

must be r. Consequently r of these equations can be solved

dp?
‘617;

(59.14) p 0.

Also from the first set of equations (59.13) we have that the func-
tions ¢;(= ;) are homogeneous of degree one in the p’s.

In order that the first set of equations (59.10) admit a unique
solution in the y’s, it is necessary and sufficient that the jacobian
of the ¢’s with respect to the z’s be of rank n, that is,

9!

9.15
® ) oxt

#0

When this condition is satisfied and the solutions y; of these equa-
tions are substituted in the second set, we have the n equations of
condition
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dp?! dp"

ap.- 6p.—

dp?! dp" »

L

oz -0 w=1,---,n).
de' | Oe"

oz 9z P

(59.16) —— = N\ii— Nip; = 0,

where the N’s are so defined. From the first of these sets of equa-
tions we have

9%¢* (a}\ii u@i’)?ﬁk ii\hl %"

={— 4+ - X — -
OProD; opa + 9zt /) ax + oridxt
Hence because of (59.15) the conditions of integrability of the first
set of equations (59.16) are
a_)‘ff _ ONM )\uﬁ}j — )\Ma)\ii = 0.
aph ap; oxt ax!

Multiplying by p;, summing for j and noting that from the second
set of (59.16) we have
N N )
P =0 apn P b At =0,
we find that M\* = N, that is, N/ is symmetric in the indices. From
(59.16) we have

06030 _ 0636
op; 9z’ " o o
Since N\ is symmetric in ¢ and j, we have the identities
k
59.17 o) =———— ———= =0
(59.17) (¢4 ¢ op: ozt a7 ops

Conversely, if ¢* are any functions of 2* and p; satisfying (59.14),
(59.15) and (59.17) and y; are functions defined by the first set of
(59.10), then these functions are such that
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a¢i a¢k a‘pi 3‘Pk a‘pk
—— =¥ — =p;— = 0.
dp; 0x* 9zt ap; s
Because of (59.15) it follows that these functions y; satisfy the
second set of (59.10). Hence we have:

[569.1] A necessary and sufficient condition that a set of functions o
determine a homogeneous contact transformation (59.8) for which the
¥'s are uniquely determined is that the functions o' be homogeneous of
degree zero in the p’s, that the jacobian of the ¢’'s with respect to the
2’8 be of rank n and that (59.17) be satisfied.*

60. Geometrical properties of homogeneous contact trans-
formations. We consider now the geometrical significance of
equations (59.11) and begin with the case when there is a single
equation

(60.1) F@, - ---,iz, - ,2") =0

arising from the elimination of the p’s from the first set of equations
(59.8). In this case a point P(z*) is transformed into the points of
the hypersurface £, whose equation is given by (60.1) when the
z’s are given the values at P. Now equations (59.13) become

(60.2) ﬁi = p——» P = —p—-

Each choice of p; in (59.8) determines an elemental V,_; at P, and
for this choice there is a determined point P on the hypersurface =.
Moreover, from the first of (60.2) it is seen that the transform of
the vector p; is the covariant normal to the hypersurface Z at P.
Also if the #’s in (60.1) are given the values at P, this equation in the
2's defines a hypersurface Z, all of whose points transform into P.
In particular, it follows from the second of (60.2) that the vector p;
chosen at P is the covariant normal to Z at P.
Consider a hypersurface S, whose equation is

(60.3) flxy, - -+, 27) =0,

To each of its points there corresponds a hypersurface Z by means
g

of (60.1). When, in particular, we put p; = -;I-‘ in the first of (59.8)

these equations define a hypersurface S, the i’s being defined in

* This theorem was established in a different manner by Lie-Engel, 1888,
1, vol. 2, p. 137.
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terms of the 2’s as parameters, which are subject to the condition
(60.3)._ Thus each point P(z%) of § is transformed into a definite
point P(Z) of 8. A displacement on S is given by

[ 3¢ 0 .
= (2= 4 2= 2P gy
dx’  dpx 97

0, )
for each variation of the z’s subject to the condition 5—£‘,dx' = 0.

Because of this consideration and (59.10) it follows that p; given by
(59.8) for this case satisfy the condition p.di* = 0. Hence if

f@, - - -, 2" = 0is the equation of S, resulting from the elimina-
tion of the z’s from the first of (59.8) <in which p; = g) and (60.3),
xl

a —
it follows that p; = )\6_;]?;:‘. If we take the hypersurface Z correspond-

9
ing to the point P(z%), the point on it determined by p; = a—:‘i is the

point P referred to above and 7, given by (59.8) for these p’s are
the components of the covariant normal to £. Hence £ and S are
tangent at P.

We consider now the general case when r > 1in (59.11). From
(59.13) it follows that the jacobian matrix of the F’s with respect
to the z’s is necessarily of rank r, and likewise the matrix of the F’s
with respect to the #’s. Geometrically this means that a point P (z*)
is transformed into the points of a space of » — r dimensions, say
Z._r, and that a point P(z) is the transform of the points of a space
of n — r dimensions, say Z._,.* Each choice of p; at a point P
determines an elemental V,_, at P, and for this choice there is a
unique point P of Z,_, defined by the first set of equations (59.8).

_ _ oF, . .
Any displacement in Z,_, at P satisfies the conditions a—a_;di‘ =0

and consequently $.di* = 0, as follows from (59.13). Hence p;
are the components of a covariant normal to Z,_,, in the sense that
a covariant vector \; in a V, which satisfies the condition M\dz* = 0
for all displacements at a point in a sub-space of V, is called a

* These observations are consequences of the fundamental theorem on the
existence of solutions of a set of equations involving implicit functions, cf.
Fine, 1927, 4, p. 253.
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covariant normal to the sub-space at the point. When p; are
chosen, £ are determined as we have seen and then the correspond-
ing =,_,, and from the second set of (59.13) it is seen that p; are
the components of a covariant normal to this =,_, at P.

As in the case when r = 1, each point of a hypersurface (60.3) is
transformed into a T,_, and each of these varieties is tangent to the
hypersurface whose equation is obtained, when we replace p; by

:7{. in the first of (59.8) and eliminate the z’s from these equations
and (60.3).

We call the space Z,_, defined by (59.11) for a point the funda-
mental variety of the transformation for the point. Also we say
that two sub-spaces of orders p and ¢ respectively (p = q) of a
space V, are tangent at a point P, if every covariant normal to the
former at P is a covariant normal to the latter at P. Accordingly
we have:

[60.1] When the points of a hypersurface and all the elements at these
points undergo a homogeneous contact transformation, the fundamental
varieties of the transformation for the points are tangent to the hyper-
surface which is the transform of the points for elements tangential
to the given hypersurface; and the transformed elements are tangential
to the hypersurface.

As a corollary of this theorem we have that, if two hypersurfaces
are tangent at a point, that is, have the same covariant normal at the
point, the envelopes of the two sets of varieties Z,_, for the points
of the two given hypersurfaces will be tangent at the point which is
the transform of the given point. The foregoing results justify
the term contact transformations.

Consider a sub-space S._, of n — p dimensions, defined by the
equations

(60.4) @y - y2) =0 (@e=1,--,p)

With each point P(zf) of S,_, there is an associated Z,—,. If in
the first set of equations (59.8) we put

o
60. =y’ —
(60.5) P =uwo Y
where the u’s are parameters, we obtain the coordinates of a point
P(z%) of ... Since the functions ¢* are homogeneous of degree
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zero in the p’s, when we eliminate the z’s and u’s from (59.8),
(60.4) and (60.5), we get a single equation in the #’s, that is, the
locus of the points is a hypersurface S. Its equations in para-
metric form are

i 2O Lof°
(606) It = <pl<.’l)l, PRI ,III"; ué_‘;’ LR 7} a;_;),

the parameters being the z’s, subject to the conditions (60.4), and
the ratio of the u’s. Any displacement on S at P is given by

L, 8 of,
60.7 dit = —da’ + — 7|
( ) v axidx + apkd<u 8x’°>

for any variations of the u’s and for variations of the z’s subject

indicates the

. i, , . . . 9
to the conditions —Ldz* = 0; in these equations L4
art opx

9 i
expression which results when p; in é-‘p- are replaced by the expres-
Pk

sions (60.5). Since (59.10) hold whatever be p;, we have
9
PidE = pdai = u"—‘&.dx" = 0.
ar’

Since this equation holds for all displacements in S, it follows that
p; are the components of the covariant normal to S. When the
coordinates of a point P(zf) of S.—, are substituted in the right-
hand member of (60.5), the p’s so defined for all values of the u’s
are the covariant normals to S,—, at P. Hence we have:

[60.2] When the points of a sub-space of dimensions n — p and all the
elements at these points undergo a homogeneous contact transformation,
the fundamental varieties of the transformation for the poinis are
tangent to the hypersurface which is the transform of the points and
the vectors which are the covariant normals to the sub-space; and the
transformed elements are tangent to the hypersurface.

61. Definition of homogeneous contact transformations by
means of fundamental varieties. Suppose that in a V. of coor-
dinates z¢ we have r equations of the form

(61~1) Fo (&'« - -, a2 - y2a) =0 (a=1,--"- y 7))

where the i’s are parameters. If and only if the jacobian matrix
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is of rank r because of the equations (61.1), then for each set of

dz*
values of the #’s equations (61.1) define a variety of n — r dimen-
sions, say Z._,. Any covariant normal to Z,_, has components
of the form

oF
(61.2) i = U —2
axt

for suitable values of the parameters u*; and any choice of the u's
determines a covariant normal. A necessary and sufficient condi-
tion that the n + r equations (61.1), (61.2) can be solved for the
Z’s and u’s uniquely is that the jacobian of these equations with
respect to these quantities does not vanish because of (61.1) and
(61.2); this follows from the general theorem concerning implicit
functions.* This jacobian is

oF oF
____l R ___‘ 0 --- 0
ozt azr”
oF, oF,
(61.3) oz! oz" .
u"azF“ ...uaazF" aF,‘“aF,
dzxtaz! artoz® Jxt dx!
" *F, o OF, OF, oF,
dz"oxt dz"di* dx dz™

Since this determinant does not involve the p’s, it must not vanish
because of (61.1) alone. Since the latter do not involve the u’s, it
must not vanish for arbitrary values of the u’s and as a result of
(61.1). If we apply the rule of Laplace to this determinant, we

see that the rank of the matrix

al
i

I must be r.

Since we are concerned only with the determination of the &’s, we
may arrive at our result by solving (61.1) and the equationsresulting
from (61.2) on the elimination of the u’s. By a suitable numbering

* It is assumed that the functions F, and their first and second derivatives
are continuous for the domain under consideration. Cf. Fine, 1927, 4, p. 253.
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F,
of the 2’s, we have that the determmant 2 glfora, g =1,---,r

is of rank r, in consequence of the assumptlon concerning the matrix
|loF,

Then by the elimination of the u’s from (61.2) we have

azt ||
n — r independent equations
OFy  oFy oF,
! dxr 0z’
(61.4) .........:0 (a’:r+1’-~-,n).
oF, 9 O,
dz! dzr 9z’
Pr - Pr Ps

In order that these equations and (61.1) be solvable for the #’s,

oF,,
it is seen that the matrix Py
12

l must be of rank r for the equations

(61.1), as previously seen from the considerations concerning the
determinant (61.3). It is evident from (61.4) that these solutions,
say

(61.5) it = ¢'(z; p),

are such that the ¢’s are homogeneous of degree zero in the p’s.
When these expressions are substituted in (61.1), we have identities
in the 2’s and p’s. Differentiating these identities, we have

oF, oF, gg‘ _ @
(61.6) o T (85:")3:0‘ =0 <6x'>3p. O

oF,
where <a ) indicates the result of replacing the #’s by the ¢’s in
&
oF,
k7

If we denote by @* the functions obtained by solving (61.2)

for the u's after the #’s have been replaced by the ¢’s, and put
oF,
(61.7) Vi = —4u (ax7>

then from (61.2) and (61.6) it follows that . satisfy the conditions
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(59.10), and consequently the functions ¢ and ¥; define a contact
transformation. Hence we have:

[61.1] If F, are r functions of 2n variables, &* and x*, such that the
determinant (61.3) is of rank n + r for the equations F, = 0 for all
values of the parameters u®, equations (61.5) and (61.7) define a homo-
geneous contact transformation.*

We consider a hypersurface S defined by (60.3), and in place
of (61.2) take

o, P

- - = 0.
ax? axt

(61.8)
When equations (61.1) and the equations resulting from (61.8)
on the elimination of the N’s are solved for the Z’s, we get the
equations in parametric form of the hypersurface S defined in §60,
the 2’s being the parameters subject to the condition (60.3).
Eliminating the z’s from these equations, we get the equation
f@&, - - -, &) =0 of §, which would likewise be obtained by
eliminating directly the z’s and N’s from (61.1), (61.8) and (60.3),
in accordance with the usual theory of envelopes.

When we have a contact transformation defined by (59.8) and
obtain the corresponding set of equations (59.11), the above men-
tioned conditions upon the corresponding determinant (61.3) are
necessarily satisfied. We observe, furthermore, that in the form of
(61.3) the variables z* and i enter symmetrically. Consequently,
if we interchange the roles of the z’s and #’s in the above process,
we obtain a unique contact transformation

(61.9) =3 p), P = ¥i(E; D).
This transformation is the inverse of the former. For, if we take
any point P(z*) and a point P(&*), such that (61.1) are satisfied, and

in (61.5) replace p; by the quantities (61.2), the resulting equations
are satisfied identically for all values of 4% and p; are given by

_ «9Fa
(61.10) pi= —u

as follows from (59.13). A similar result is true, if we proceed with
(61.9) by means of (61.10). Hence we have:

* Cf. Lie-Engel, 1888, 1, vol. 2, p. 150.



§61. DEFINITION BY FUNDAMENTAL VARIETIES 249

[61.2] Every homogeneous contact transformation admits a unique
inverse contact transformation.

If we have two contact transformations, namely (59.8) and
7= F@E P,  pu= V5D,
we have
‘T/id‘;i = {),d:i;‘, Vide' = p.dai.

Replacing p, and %, in the first by ¢; and ¢, we have ¥,dg* = pdri.
Consequently we have the theorem of Lie:*

[61.3] The totality of homogeneous contact transformations in 2n
quantities z* and p; form an infinite group.

For the inverse of the transformation (59.8) we have analogously
to (59.10)

ax* dr*

= i) Pr— = 0.

pké‘;_;. iy aﬁj

Differentiating the first with respect to Z7, we have from the result-
ing expression that

k k
{j"j’} E%E_%@_ —

Differentiating the second with respect to p:, we have

{ijh ﬁl} = 0.

If we differentiate the first with respect to p; and the second with
respect to Z' and subtract the resulting equations, we have

{I-’J’) ji} = 8;:,
where
(61.11) d=1oro0, as1 =jori #j.
Consider 2n independent functions u*, for a = 1, + - -, 2n, of

z' and p;. Since

9z ou” , ap; du” i ozt ou®  ap, du”
u* da P eurap; 7 outdp;  Outdxt !

* Lie-Engel, 1888, 1, vol. 2, p. 139.
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we have
1,--+ 2n
S W) {u, ur) = o,

where (u?, u°) is defined by (59.17). Applying this identity to the
above case we have

(i" 1-2‘) = 0) (i’i: j') = 6;) (ﬁ‘l 17:) = 0.
Hence we have the theorem:*

[61.4] For a homogeneous contact transformation the functions
o' and ¥, satisfy the identities

(6112) {‘P‘) ‘Pi} = {‘pi’) \bl} = 07 {'I’i’ ‘P‘} = 6;:’
and
(61.13) (0 e) = Wu¥) =0, (¥ ¢) = 3.
If u and v are functions of z* and p;, the symbol (u, v) defined by
du 9
(61.14) (u,v) = Judy  Jud

B op; dx* 9z Ip;
is called the parenthesis of Potsson. For any three functions u, v, w

we have by direct calculation that the following equation is an
identity

(61'15) ((u, U), w) + ((v: ’lD), u) + ((w) u); v) = 0.

It is called the Jacobs identity.

If we subject the z’s and p’s to a homogeneous contact trans-
formation and denote by % and # the transforms of « and v, that is,
i, ¥) = u(z, p), we have in consequence of (61.13)

Hence we have:
[61.5] The parenthesis of Poisson of any two functions is an tnvariant
under a homogeneous contact transformation.

When two functions u and v are such that (u, ) is identically
zero, the two functions are said to be in involution. From (61.13)
we have:

* Lie-Engel, 1888, 1, vol. 2, p. 137; also, Whittaker, 1927, 5, p. 300.
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[61.6] Thefunctions ¢* of a homogeneous contact transformation are in
tnvolution and likewise the functions ;.

62. Infinitesimal homogeneous contact transformations. As we
wish to consider continuous groups of homogeneous contact trans-
formations, we begin with a study of infinitesimal homogeneous
contact transformations. Such a transformation is defined by equa-
tions of the form

(62.1) o= a4 Eot, P, = pi + nidl,

where the £'s and »’s are functions of the z’s and p’s such that these
equations must satisfy the conditions (59.10). This gives the
conditions

1 9§
(62.2) 7+ Pon = 0, Pigm = 0
If we put
(62.3) C = p¥,
we have by differentiation and as a consequence of (62.2)
aC a¢ BC ot .

62.4 - —n; i
( ) oz p’ax' Miy ap, = £+ p’ap. §
From the second set of these equations and (62.3) we have

aC
(62.5) C = p—>

Ip;

that is, C is homogeneous of first degree in the p’s; this follows at
once from (62.3), since (62.1) defines a homogeneous contact trans-
formation. Differentiating (62.5) with respect to z¢ and p;, we
obtain respectively

ac a*C a*C

oz - P> =0, Pig——

62.
(62.6) PP

dp;ozt ’
which are equivalent to (62.2) because of (62.4).

Conversely, if C is any function of the 2’s and p’s homogeneous of
first degree in the p’s, and we take ¢ and »; as defined by (62.4), the
conditions (62.2) are satisfied, because (62.6) are a consequence of
(62.5). Accordingly we have:*

* Lie-Engel, 1888, 1, vol. 2, p. 263.



252 VI. CONTACT TRANSFORMATIONS

[62.1]1 Every infinitessmal homogeneous contact transformation is
defined by equations of the form

. . oC - aC
(62.7) =22+ 5;‘.&, Pi =Py — a—x—‘ﬁt,
where C is homogeneous of first degree in the p’s; moreover, any such
Sfunction C determines an infinitesimal homogeneous contact trans-
Jormation.

The function C is called the characteristic function of the transforma-
tion.
If we form the differentials of (62.7), we obtain

62 2
dit = dr* + ( ¢ dai + 9%C dp;,)&t,

ap*ox’ 9p.dp
(62.8) jovs mck
Ds = APi — dx! ——dpy, )ot.
dp: = dp (ax‘ax' v 0z 0px p;.)

Equations (62.7) and (62.8) define the extended infinitesimal trans-
formation of the elements z*, p;, dz* and dp;. For this extended
transformation p.dzf is invariant in consequence of (62.6). Hence
in accordance with the general theory of continuous groups the
quantity p.dz’ is invariant under the finite group @, generated by
the extended infinitesimal transformation, and the finite equations*
of G, are given by the integrals of the equations

dzt  aC dp; aC

62.9 — = = - —
(62.9) at  opi  dt oz
say

(62.10) = ¢z pit), B = lz;p;t),

and their differentials. Consequently (62.10) define a one-param-
eter group of contact transformations.
From the foregoing considerations we have:

[62.2] The most general one-parameter group of homogeneous contact
transformations is given by the solution of equations (62.9) tn which C is
an arbitrary analytic function of the x’s and p’s which is homogeneous of
degree one in the latter.

* Cf. Lie-Engel, 1888, 1, vol. 2, p. 212,
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Any integral of (62.9) satisfies the condition C = const. This
means that in the 2n-dimensional space of coordinates z* and p:
each integral curve, or trajectory, lies in one of the hypersurfaces
C = h. When in the right-hand members of (62.10), the quantities
2¢ and p; are given particular values, these equations define such an
integral curve, and the hypersurface is determined by the value of C
for the particular point. Since C is homogeneous of degree one in
the p’s, ¢' are of degree zero and y; of degree one. Hence if we
replace p; by pi/h, we get a curve for which &' are unaltered and
Ps = ¢y/h, and these satisfy the condition

(62.11) ¢ =1

From the standpoint of contact transformations this change is of no
significance, so that except for the case C = 0 we may in all gener-
ality take (62.11) as holding.

When real initial values of the p’s can be chosen so that C = 0,
this equation holds along the trajectory; such a trajectory we call
stngular. In this case, as follows from (62.2) and p;&# = 0, the &'s
are determined only to within a factor. Consequently, if C is of

aC aC
such a form that o and pye involve a factor which makes them
xi

Pi
vanish or become infinite when C = 0, we remove this factor. Con-
sider, for example, the case when C is the square-root of a homogene-
ous quadratic form in the p’s, say

(62.12) C = \Vgppi,

in which the g’s are functions of the z’s. For the non-singular
trajectories we choose the p’s so that C = 1, in which case equations
(62.9) become
i ’ 1 agi*

(62.13) % = g'ip;, %?;‘ = - "2‘73%1’:7%
From (62.9) and (62.3) we have that, when C = 0, p.dz* = 0. This
condition is satisfied by the first set of (62.13) and accordingly we
take (62.13) as the equations for the singular trajectories also, when
there are such trajectories. We observe also that gp:p; = const. is
a first integral of these equations.

If we transform equations (62.9) by means of a general homo-
geneous contact transformation (59.8), written 2% = ¢, pi = ¥;
we have
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dz" _ 80' 3C 3¢ o dpi _ 89 9C _ 8y 3C

dt 9z dp;  Ip; oat’ dt oz dp; Op; ox
If C’ is the transform of C, we have
9 00 _ 06 3C _ (35 35 _ 3t 96\ OC"
oz’ dp, Ap; O dzi dp;  Op; dx’) dx’*
(2 0 _ og' u oC”
dz' dp, 9dp; dx'/ opy

a ’
In consequence of (61.13) this reduces to —;

i

In like manner the

’

right-hand member of the second set of equations is equal to o

Hence we have:
[62.3] A group G. of homogeneous contact transformations is trans-
Jormed info another group G, by any homogeneous contact transforma-
tion and the equations of the new group are integrals of the equations
de" _oC’  dpi _oC
a  apl At ez

where C' is the transform of the characteristic function of the given group.

From (62.1) and (62.4) it follows that the symbol Af of an
infinitesimal homogeneous contact transformation expressed in
terms of the characteristic function C is given by

(62.14) Af = s*é%. + 7 af = (C, ).
Exercises

1. The homogeneous contact transformation determined (§61) by the
equation 2’2 4+ 1 = 0 has the equations

2 = —zﬁ;» i).‘ = x‘p,-zf.

2. If F(z; p) and G(z; p) are transformed by a holnogeneous contact trans-
. - - oF oF - =
formation into F(2; p) and G/(%; p), then p.—t—a;- = 5.'5-;7 and (F, G) = (F, Q).
i i

3. If u is a solution of the equation (F, f) = 0 and v is any function such
that (F, v) is a function of F, then (u, v) is a solution.
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4. A necessary and sufficient condition that the two one-parameter groups
of homogeneous contact transformations determined by functions C: and C:
be commutative is that (Ci, C2) =

5. If r(<n) independent (constant coefficients) infinitesimal homogeneous
contact transformations with the symbols (Cs, f) fora =1, « - -, r are such
that (Ca, Cs) = 0, there exists a homogeneous contact transformation in vari-
ables Z° and p° in terms of which the symbols are €y N = :;

Lie-Engel, 1888, 1, vol. 2, p. 267.

6. A necessary and sufficient condition that r independent (constant coeffi-
cients) characteristic functions Ci, . . . , C, determine a group G, of homo-
geneous contact transformations is that

(Ca; Cb) = calf Ce;

where the ¢’s are constants satisfying (7.3) and (7.4).
Lie-Engel, 1888, vol. 2, p. 300.
7. Show that the functions
Ci =p1 + p;, C2 = 2'p1 + 222, Cs = (21)?p1 + (z2)%ps
determine a G of homogeneous contact transformations.
8. Show that the functions
Ci = pi, Cy = z'py + Y22psy Ca = (2))?p1 + 2'2%P2

determine a G; of homogeneous contact transformation with the same constants
of structure as the G; of Ex. 7, and that it is transformed into the latter by the
transformation

2V + 12V ps Pi=pi4p
’ 1 = D1 2y
\/171+z\/pa.

Vo + i e fzp\/pp = 2iv/7t — 2t Vpip: (V1 + iV p2).
1 2

Bl= ——0

Lie-Engel, 1888, 1, vol. 2, p. 312.

63. Non-homogeneous contact transformations. Inhisdevelop-
ment of the theory of contact transformations Lie considers first
transformations of the form

(631) Z = ‘P(z; xl’ C o, Py ot )pn)9
X = ¢z, z;p),  Pi = (2, z; D),

such that the equation
(63.2) dZ — PdXi =0
is satisfied whenever

(63.3) dz — pdzi =0
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Consequently the analytical problem reduces to the determination
of functions ¢, ¢*, ¥; and also a function p of 2, the 2’s and the p’s,
such that

(63.4) dZ — PdX' = p(dz — pidz?)

for independent values of the differentials dz, d=* and dp;. When, in
i)

particular, we take p, = Ei—"’ where f is a function of the z’s, the

differentials in (63.3) correspond to displacements in the hyper-
surface z = f(z!, - - - , z") and the elements are tangential to it.
When these values are substituted in the first n 4 1 of equations
(63.1), we have on the elimination of the «’s, Z = F(X!, - - - , X")
and the P; determine tangential elements at each point of this hyper-
surface in consequence of (63.2). We call a transformation (63.1)
non-homogeneous as distinguished from the homogeneous trans-
formations discussed in §§59-62.

For an n dimensional space of coordinates z%, if we let «! play the
exceptional role of z in the above equations, the analytical problem
consists in determining transformations

=gzl -0, TPy, ;pn);
(63~5) Di = 1//.'(1‘1, T, X Py )pﬂ)7

where the ¢’s and y’s are such that the relation

(63.6) PdT = —dz' + pdz* (a=2,-"-,n)
holds for independent values of the differentials dz’ and dp,. The
resulting conditions are

i
Yoo =

az*

¢

d¢ a
(63.7) 'I‘Ja“l = -1, Pay 'l‘lap =0 (@a=2+""',n).

a

Comparing these equations with (59.10), we see that if we take any
homogeneous transformation and in its equations put p, = —1, we
obtain a non-homogeneous transformation.

Suppose conversely that we have a set of functions satisfying
(63.7), and in the ¢’s we put

(63.8) p. = P2
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and denote the resulting functions by ¢’'. Since

COR AN S S T A
opr  9p. pi 9pa P1 0P, 9pa P1
(@=2,--",n),
where « is summed in the first set of equations, we have from (63.7),
(63.8) and (63.9)

Ia‘p,i 2 ,6<p'f
] = Di i = 0
¥ Fy 4 Vi ap. ’
where
4 '
P n
(63.10) ¢; = _pll‘/’f(xl’ T, — —f) Ty T 27)
14! P1

Consequently the functions ¢ and ¢, define a homogeneous contact
transformation. In particular, we observe that, if the non-homo-
geneous transformation is derived from a homogeneous one as
indicated in the preceding paragraph, the homogeneous trans-
formation arising from the above process is the given one. It
should be observed that a homogeneous transformation obtained
in this manner does not apply to elements for which p; = 0, unless
the y’s are homogeneous of degree one in the p’s. From the fore-
going considerations it follows that the results of §60 apply to non-
homogeneous transformations.

When we substitute the expressions (63.9) in equations of the
form (59.17), we obtain

k ! k
(63.11) [¢*, ¢] = 9—‘e~<-a—‘p—l +p i’f}> ?ﬁ(a_‘ﬁ_k +p ai) =0

ap\oz® | Taxt)  aplaz® | oz
Conversely, suppose we have a set of functions ¢ of 2%, . . . , z";
D2 . . . , Dn satisfying these equations and such that the jacobian

of the ¢’s with respect to the z’s is of rank n. The set of functions
¥: uniquely determined by the first n of equations (63.7) satisfy
the other equations (63.7). In fact, if equations (63.11) be multi-
plied by yx and k& be summed, we obtain

Ak (0! aet
63.12 —( — — ) =
(63.12) 'p"ap,,<ax“ t “axl> 0
These equations hold forl = 1, - - - , n, since (63.11) are identically

satisfied when £ = [. Solving the first n of equations (63.7) for
Vs, we have
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| %t odTad e

dx! dx! Ozt dx!

p a¢l 610"

. T

9¢* dx? dz?
= . = (—1)*
o = (D

% 9¢"

P ax™ axn

The determinant on the right is equal to the determinant of the

e It

quantities —‘%—}-pa—"’ fora=2,---,n;l=1, -+ ,k—1,
or dr!

k+1,---,n* Since one at least of the y’s is not zero, one of

these determinants is not zero and consequently it follows from

i)
(63.12) that y, Ef— = 0. Hence we have:
[63.1] A mnecessary and sufficient condition that a set of functions
¢ of T, ..., 2% Ps ..., p. delermine a non-homogeneous

contact transformation, in which x* plays the exceptional role, is that
the jacobian of the ¢’'s with respect to the x’s be of rank n and that
[¢*, ¢'] = 0; then the functions y; of the transformation are uniquely
determined.t

From (63.10) and (63.8) we have

Y i i Wi MW
D= it D= g T, =
az? oxt P 0P, 0D, 0D,

Hence from (61.13) in the ¢”’s and ¢'’s we have in the notation
(63.11)

i Y . ; 7
(63.13)  [¥;, ¥u] = ‘ha—:c‘ - l//ka—x—'l’ [¥w, ¢ = & + ‘//k‘—ax1°
Equations (63.11) and (63.13) follow directly also, if we solve the
. Y; d¢' 7]
tions (59.14 ! =y, for — and 2 =—1
equations ( ) and pap‘ ¥; for am and o and put p; ,

giving

* Fine, 1905, 1, p. 505.
t Lie-Engel, 1888, 1, vol. 2, p. 124,
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P “Pa) ot  OD1 e )it

and substitute in (61.13).
These results apply to the transformation in the form (63.5).
In order to obtain them for (63.1) and (63.4), we let ¢ in (63.5)

take the values 0, 1, . . . , n, and put ¢* = Z, 2" =2, p, = —1,
p= —1/Yo and P, = —y,/¥o for a =1, - - - ;n. In equations
(63.11) and (63.13) now k and ! take the values 0, 1, . . . , n.

Making use of these equations, we obtain from (61.13) for a contact
transformation (63.1) the following:

[Z; Xa] = [Xay Xﬂ] = [Pm Pﬁ] =0, [Pcn Xﬁ] =0 (a # /9))
(63.14) Py X°)=p, [PyZ]=pP, (@=1,+" "+ ,h n).
In these equations the parentheses are defined by (63.11) with «
taking the values 1, . . . , n.*

Ly

If the rank of the jacobian matrix for equations (63.5) is

n — r, on the elimination of the p’s from the first n of these equations
we obtain equations

F,(:Z“,"',:E";:c‘,"',:c")=0 (0'=1,"',7').
Making use of (63.6), we have analogously to (59.13)

) A

Pi=Wog T Vo PaT T

Conversely, if we have a set of equations F, = 0, it can be shown,
as in §61, that these determine a non-homogeneous contact trans-
formation, provided the determinant (61.3) is of rank n + r for
arbitrary values of the parameters ’. Then the further deter-
mination of the functions ¢ of the transformation requires the
solution for the #'s of the equations F, = 0 and (61.4) in which
p1 = —1. Inso doing it is understood that the variables are num-

4
T

5}
bered in such a way that the determinant 3

fore,r =1, - - - ,r

is of rank r.{

* Lie-Engel, 1888, 1, vol. 2, p. 122,
t Cf. Lie-Engel, 1888, 1, vol. 2, p. 155.
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For an infinitesimal transformation (62.1) in which p, = —1,
the equations (63.7) become
9t ot 98! at°
.15 P — o = 0 — = Dp— =
(63.15) " art TP dxt ’ 0P, p“’ap,, 0
(,8=2, -+ ,m).
If we put
W = pasa - Eli
these equations reduce to
oW 4 oW
P — ) = — 1 — p— .
7 e & o £ Py w
Conversely, if W is any function of 2!, . . . ,z"and ps, . . . , pn,

these expressions satisfy (63.15). Hence we have:

[63.2] The most general infinitestmal mnon-homogeneous contact
transformation s defined by equations of the form

oW ow )54
1 ozl = . — W )ét, oz = —dt op; = ———34

where W is an arbitrary function of ', . . . , 2", P2y . . . , Pn.*

64. Restricted non-homogeneous contact transformations. We
consider now the particular case when the function ¢!in equations

(63.5) is of the form z' + o' (x2%, « - -, 2"; p2, * + + , Pn) and the
functions ¢* fora = 2, - - - , ndo not involve z'. Then equations
(63.7) reduce to
a‘pﬂ dp! a‘pﬂ dp!
.l = '—1, T = Pa —_ —_— = ——
(64 ) ‘/’l '//ﬂaxa p + axa ‘Pﬁapa apa

Consequently the functions ¢, do not involve z!. Moreover
equations (63.11) reduce in this case to

o ony = 20007 90 00T

(64.2) (" ") = 0P 92°  32% Op,
and
1 P a“’ﬁ
(64.3) ((’"P):paé'; (@, B,v=2,+:"+,m).

* Cf. Ex. 3, p. 281.
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In consequence of theorem [63.1] we have:

(64.1] If ¢* are m — 1 independent functions of z%, ..., z*;
D2y - « . , DnSalisfying (64.2) and ¢! is any function of these quantities
satisfying (64.3), the equations

(644) F=a'to, I"=¢" Pa=V. (a= 2, - }n)l

where the Y's are uniquely determined by (64.1), define a contact
transformation for which

(64.5) di! — pdi* = dx! — p.dz”,
and consequently
(64.6) PAT* = pdz® + de'.*

We call such transformations restricted non-homogeneous contact
transformations

If the functions ¢® are homogeneous of degree zero in the p’s,
equations (64.3) reduce to (¢!, ¢*) = 0. Looked upon as linear
partial differential equations in ¢!, these equations form a complete
system, as can be shown with the aid of the identity of Jacobi,
namely (61.15). Consequently these equations admit n — 1
independent integrals. But ¢” are independent integrals in con-
sequence of (64.2). Hence ¢! is an arbitrary function of the ¢°,
say F(e? ..., ¢*). In this case we have from (64.1)

AF\og® AF \ao?
—_—_— - = _— )= =90
(\Pa 6«:’3) or® Pas <\l‘ﬁ a‘Pﬁ) apa ’
so that the transformation is essentially of the homogeneous type.
We remark also that for the restricted case equations (63.13)

become
6 a o 3

(64.7) (Yo @) = V¥u — Pa(‘.’ﬁ' (¥s) ¢%) = 35, (Ve ¥8) = 0.
Ps

From these equations it follows that theorem [61.5] holds for a
restricted contact transformation.

The jacobian of ¢* with respect to the p’s is of rank n — 1 — 7,
where r > 0. When the p’s are eliminated from the first n of
equations (64.4) we get

* Cf. Lie-Engel, 1888, 1, vol. 2, p. 129.
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(64.8) gl — gl = F(jz, P ,(E"; x2’ . v ,27")

and r equations

(64‘9) Fw(fz, o .. ,i”; zz, PR ,x") = 0 (a- = 1’ “ e ,r).
In this case these two sets of equations take the place of equations
(69.11) for the homogeneous case, and in place of (59.13) we have,
on making use of (64.5),

oF dF, oF oF,
(6410) ﬁa = T + P”"__’ Pa = —T—7 — P -

9z” az”
Conversely, if a set of equations (64.9) and the second set of (64.10)
can be solved for 2, . . . , &*;p!, . . ., p" in terms of the z’s and
p’s, when these are substituted in (64.8) and the first set of (64.10),
the resulting equations define a restricted non-homogeneous trans-
formation. The conditions to be satisfied by F, Fy, . . . , F, can
be determined in a manner similar to that followed in §61.*
For an infinitesimal transformation of the restricted type the
function W does not involve z!, and consequently we have:

[64.2] The most general infinitesimal restricted non-homogeneous
transformation is defined by equations of the form

)4 oW
64.11) dr' =(p,— — W )&, 6z* = —4ét, o&p, = ——6t
(G4.11) bz (papa )’ ap," P 9=
where the characteristic function W s an arbitrary function of
Z4 ..., X Py e e oy Do

In this case we have in place of (64.6)

. o W
PadE® = podz® + d(p"apa W)Bt,

to within terms of higher order in é¢. Hence when W is homo-
geneous of degree one in the p’s, the transformation is homogeneous
(cf. §62).

From the results of §62 it follows that each infinitesimal trans-
formation of this type generates a continuous group G, of restricted
transformations, whose finite equations are the integrals of

* Lie-Engel, 1888, 1, vol. 2, p. 166.
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dz! ow dz* oW dpe ow
©412) o =P =W Tl az°
From (64.6) it follows that the product of two restricted trans-
formations is one of the same kind. Consequently the product of a
restricted transformation and the transformations of a group G,
of restricted transformations yields a new @, of restricted trans-
formations, whose equations therefore are of the form
dgt oW dz* oW dpa W
at ~ Pap, T Tt Tap,  dt e

Because of (64.2), (64.3) and (64.7) we have W = W, that is, W is
the transform of W by means of the given restricted transformation.

Equations (64.12) with the exception of the first are the general
form of the Hamiltonian equations for a conservative holonomic
dynamical system for which the Hamiltonian function does not
involve the time ¢. Consequently, if we apply to these equations
any transformation of the form (64.4) where the ¢’s satisfy (64.2)
and ¢! equations (64.3), we have a new Hamiltonian system* and
the Hamiltonian function is the transform of the original Hamilton-
ian function.

If we adjoin the first equation (64.12) to the Hamiltonian
equations of a conservative holonomic system for which W does not
involve the time, we obtain

dx! dx®
2 Py T w,
the right-hand member of which is the Lagrangian function of the
dynamical system.
66. Homogeneous contact transformations of maximum rank.

From the second set of equations (62.6) it follows that the rank of
2

aC
the hessian of C' (0 ) with respect to p’s, that is, p :

DiOP;

yisn — 1

at most. If we put
1

-2
(65.1) H = C"

we have

* Cf. Jacobi, 1837, 1, p. 67.
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oH aC *H aC aC aC
65.2) — =(C=, =C ==
ap; ap; 9p.dp; dpdp;  9p:dp;

From the second set of these equations it follows that the hessian
of H with respect to the p’s is equal to*

aC aC
¢c -Z -
6p, ap,.
oc  oC 9C
(65.3) i I Op19p
ac  aC a°C
Opn  0P19Pa P

If we multiply the last n rows of this determinant by py, . . . , Ps
respectively and add the resulting terms of all but the last row to the
corresponding terms of the last row, the terms of the latter become
C,0,...,0in consequence of (62.5) and (62.6). Consequently
a necessary condition that the hessian of H with respect to the p’s
be of rank 7 is that the determinant formed from (65.3) by omitting
the first column and last row be of rank n. If the columns of this
determinant be multiplied by pi, . . . , p. respectively and the
terms of the first  — 1 columns be added to the last, the terms of

the latter become C, 0, . . ., 0. Hence if this determinant is
2

to be of rank n it is necessary that the determinant for

PadPp
a,B=1-+-,n—1beof rank n — 1.

If we apply the above process to (65.3) using any one of the
last n rows as we used the last, we find that it is necessary that
every minor of order n — 1 of the hessian of C' with respect to the
p’s be of rank n — 1. But this is a consequence of one minor being

a2
of rank n — 1. For, if P an fora,B =1, - - - ,n — lisof rank
a B
n — 1, it follows from the equations
a2C )
p‘ap-ap =0 @G=1, - " ,mya=1 -+, ,n—-1)

* Cf. Fine, 1905, 1, p. 505.
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2

that each of the determinants of order n — 1 of the matrix

DD,
is of rank n — 1. When then we apply the same reasoning to the
¢
equations p.ap a = 0 for ¢ equal to » and any n — 2 of the num-
bers 1, - - - ,n — 1, we are led to the conclusion that, if the hessian

of C with respect to the p’s is of rank n — 1, every minor of order
n — 1is of rank n — 1. Accordingly we have:

[65.1] When and only when the rank of the hesstan of C with respect
to the p’s is n — 1, the rank of the hesstan of H with respect to the
p’s is n.

Without loss of generality we take (§62)
(65.4) C =1

Then equations (62.9) may be written because of (65.1) in the
form

dzt OH dp; oH
65. = =, - 21
(65.5) dt ~ ap. dt oz

If we assume that C satisfies the condition of the preceding theorem,
the hessian of H with respect to the p’s is of rank n and consequently
the first set of equations (65.5) can be solved for the p’s as functions

. dx? .
of the z’s and #’s, where i¢ = TN Since H is homogeneous of

degree two in the p’s, it follows that the solutions p; are homogeneous
of first degree in the #’s. When these expressions for the p’s are
substituted in H, we get a function 3C of the z’s and #’s, which is
homogeneous of degree two in the #’s. Thus we have

(65.6) 3 (x; ) = H(z; p).

Differentiating 3¢ with respect to Z{ we have in consequence
of (65.5)

(65.7) b R Y3t
Hence by Euler’s theorem

.,03C . ..0D; ..
(65.8) 23 = x'-(,g,‘. = x’x‘%—‘. = g&ip;.

From this equation and (65.7) we have
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e 1 . ap,-) 1 193¢
— = N 1 = -7 —_——
a5 2<’°’ taos) TP a0
and consequently
a3c
(65.9) P = FyT

From (65.6), (65.5) and (65.8) we have

93¢ oH éli(_?_p_,-_aH 'ié?.i_a_f_{_*_z

H . 95
dr* dz*  Ip;oxt  Irt izt 9zt az?
Consequently
(65.10) —+—==0
If we denote by @ the function of the z’s and 2’s when the expressions

for p, from the solution of (65.5), that is, (65.9), are substitutedin C,
we have

(65.11) ¥ = lse2 e=1,
the latter being a consequence of (65.4). From (65.9) we have

ae
and from (65.10)
ac aC
(65.13) pyrie sl

When now the expressions (65.12) are substituted in the second set
of equations (62.9), we have in consequence of (65.13)

dfoe) e
14 —=)-—==o
(65.14) dt(afw) oz~ °

Thus in the quantities 2* and #* equations (65.12) and (65.14)
replace (62.9).

Conversely, if we have any function € of the z’s and #’s, homo-
geneous of degree one in the #’s, such that

(65.15) Clz; 2) =1,

and the rank of the hessian of € with respect to the #’s is n — 1,
equations (65.9) can be solved for the #’s as homogeneous functions
of degree one in the p’s, and by repeating the above processes we
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obtain the first set of equations (62.9), and the second set follow
from (65.12) and (65.14).

If we take a particular point P(z?) of our space, the first set of
equations (62.7) defines a near-by point, which varies for each
choice of the p’s subject to the condition (65.4). The equation of
the locus of this point is obtained on the elimination of the p’s
from the first set of (62.7) and (65.4). If the hessian of C' with
respect to the p’s is of rank n — 1, this elimination can be accom-
plished by the process which led to (65.11). Consequently, if y*
are coordinates with P as origin so that y* = ¢ — z%, we have from
(62.7) and (62.9) y* = £t and hence the equation of the locus is

(65.16) Clx; y) = o,

since @ is homogeneous of the first degree in the &’s. Also from this
property of € and from (65.12) it follows that

_9¢e(z; 9),

1 ; :
(65.17) p o

Consequently p; are the components of the covariant normal to the
hypersurface (65.16), which we call the elementary hypersurface of
the transformation for the point P.

If X¢ are current coordinates, the tangential hyperplane at a
point is defined by

pi(X* — y') =0,

or
(65.18) p,-X‘ = w,

where in consequence of (62.7) and (62.5)
acC

(65.19) w = p—>t = Cét.
ap;

Consequently (65.18) with w given by (65.19) is the tangential
equation of the elementary hypersurface.*

66. Geometrical properties of continuous groups of maximum
rank. Waves. Consider the finite equations

(66.1) = o'(x;p;t), B =x;p;t)

* Cf. Vessiot, 1906, 1, p. 262; also, Levi-Civita and Amaldi, 1927, 6, pp.
452, 462.
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of a group G; of homogeneous contact transformations for which
the hessian of the characteristic function C with respect to the p's is
of rank n — 1. When the functions ¢* are written as power series
in ¢, as solutions of (62.9), it is seen that the rank of the jacobian
of the ¢’s with respect to the p’sisn — 1. Consequently when the
p’s are eliminated from the first set of equations (66.1), we get an
equation

(66.2) F(z;x;t) = 0.

This equation for given values of the z’s defines the hypersurface
whose points are the transforms of the point P(z) for the given value
of ¢; when ¢ = 0, the hypersurface reduces to the point P, as follows
from ¢* expressed as power seriesinf. For other values of ¢ equation
(66.2) defines a family of hypersurfaces which may be interpreted
as waves emanating from P, ¢ being the time which has elapsed
since the emanation.

When in the first set of equations (66.1) we give the z’s and p’s
fixed values, these equations define a curve, the locus of corre-
sponding points on the waves, and the second set of equations (66.1)
defines the covariant normal to the waves at these points. We call
these curves the trajectories of the wave-motion. When the initial
values satisfy C = 0, we call the trajectory singular. The non-
singular trajectories are integrals of equations (65.14). Along a
singular trajectory we have p.dt* = 0 (§62). Consequently such a
trajectory is tangential to a hypersurface (66.2) at its point of
meeting with it. Substituting in (66.2) for the &’s such a solution,
we have on differentiating the resulting identity with respect to ¢

oF dzt  oF

Hence the singular trajectories meet (66.2) in points of the hyper-
surfaces

that is, in the points of tangency of (66.2) with its envelope con-
sidering ¢ as a parameter.

Excluding the points on the envelope of the hypersurfaces (66.2),
we can solve this equation for ¢, thus

(66.3) f&;z) — t = 0;
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then f(z; ) = 0. Since the transformations form a group, f must
be of such a form that

f(x+ Cat :c)—- t+ ) =0,

from which it follows that

af aC
66. = =1,
( 6 4) 0Z* 3P
where
a
(66.5) Di = Pa—é‘
xr

Since C is homogeneous of degree one in the p’s and C = 1, we have
p = 1 and consequently f is a solution of the equation

(66.6) C( %) 1.

Moreover, it is a complete integral, since it involves n parameters z*
subject to the condition f(z; z) = 0.

We proceed to the converse problem of deriving the trajectories
from a complete integral of equation (66.6), say ¢(Z;a%, . . . ,a*),
where none of the a’s is additive. Because of this requirement the

. . . 4
jacobian of the functions ¢ and a—;i: where ¢ =1, -+ -, n —1,

with respect to the #’s is not zero. Hence the equations

(66.7) ¢(Ea) +a*—t =0,
(66.8) de 4.,
aa

where a" and the b’s are arbitrary constants, admit a solution
(66.9) T = ‘P:(alp s, @by bay B).

We denote by y; the functions of the a’s, b’s, ¢ and » which are
obtained by the substitution of ¢* for & in the right-hand members
of the equations

(66.10) h(ﬁ;
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where h is an arbitrary constant. We shall show that the ¢.’s
and y's constitute a solution of equations (62.9). In fact, if we
substitute (66.9) in (66.7) and (66.8) and differentiate the resulting
identities with respect to ¢, we obtain

dp di' 3 dit

oz dt ' da%% dt
Also if we substitute the function ¢ in (66.6) and differentiate the
resulting identity with respect to the a’s and &’s, we get in conse-

quence of (66.10)
ﬂ % aC hBC 9%

3p: 0%°0a® ' ox* | 0p; 9% 9%
From the first set of these equations, (66.11) and (66.4) we obtain

do [dF} _(?_g _ 0 % @ _ 6_0 -0
ox*\dt op;) = o&da*\dt op !
which are equivalent to the first set of equations (62.9), since the

determinant of these equations is a non-vanishing jacobian. From
this result, (66.10) and the second set of equations (66.12) we have

dp, _, ¥ d¥ _, 8% o€ _ _ oC

(66.11)

(66.12)

dt  oziox dt  0z9% ap;  OF

)

a8 was to be proved.
If we denote by z* and p, the values of #* and p; when { = 0, we
have from (66.7) and (66.8)

a
(66-13) Q" = “‘P(x;a')) by = E&E‘P(x;aly tt Jaﬂ_l))

and from (66.10)
. p'ax"w T; a p’ax’m z;a)= 0.

There are n — 1 independent equations (66.14); they define the
n — 1 a’s as functions of the z’s and p’s, homogeneous of degree zero
in the p’s. Then a" and the b’s are given by (66.13) as functions of
these quantities and from (66.9) we have the first set of (66.1).
For t = 0 we have from (66.6) and (66.10)

e\ _ 1oy
C(z,ax)—hC(x,p)—l.
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Consequently the second set of (66.1) is given by substituting the
expressions for the #’s, a’s and b’s in terms of the z’s and p’s in

, Oz ) 22,
(66.10") pi = Clz; p) o

which is homogeneous of degree one in the p’s.
From (66.7) and (66.13) we have

(66.15) o(Z; a) — o(z;a) —t = 0.

For given values of the p’s, the #’s given by (66.10") are the com-
ponents of the covariant normal to the hypersurface (66.15) for a
given value of {. From (66.5) these are the components of the
covariant normal to the hypersurface (66.3). Hence the latter is
the envelope of the hypersurfaces (66.15) for the same value of ¢,
on treating the p’s as parameters. Since the a’s are independent
functions of the ratios p,/pa, the envelope of the hypersurfaces con-
sidering these ratios as parameters is the same as the envelope con-
sidering the a’s as parameters. If then we eliminate the a’s from
(66.15) and

do(Z;a) Ode(z;a)
da” da”

0,
we obtain the equation (66.3).

Consider any hypersurface
(66.16) F(z!, - --,2z") =0,

F being irreducible. From the results of §§60, 61 it follows that the
envelope of the waves emanating from each point of the hyper-
surface after a time ¢ is defined by

(66.17 i (z; L ¢
. v=plz;—5t),
) T (4 .
in which the z’s are in the relation (66.16), and that
(66.18) Y ey
. Di = yo| T, 32?,
are the components of the covariant normal at each point. As ¢

varies the envelopes constitute a series of wave-fronts whose
character is determined by the hypersurface of origin (66.16).
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Eliminating the z’s from (66.16) and (66.17), we get as the equation
of the wave-fronts

(66.19) ®@F, - -+ ,3%8) = 0.

Excluding the points on the envelope of these hypersurfaces as in the
case of (66.2), we may replace (66.19) by

(66.20) Y@z, - ,8) —t=0.

It follows from the considerations applied to (66.3) that ¢ is a solu-
tion of equation (66.6). It is the general integral determined by the
relation (66.16) between the parameters z* in the complete integral
f(%; x), since (66.20) is the envelope of the hypersurfaces (66.3) for
the relation (66.16). Thus the waves (66.3) and the wave-fronts
(66.20) are related in accordance with Huygen’s principle.

When the coirdinates z* of a point P on the hypersurface (66.16)
are substituted in (66.17), the resulting equations define a curve, the
locus of the points of contact with the wave-fronts of the waves
emanating from P as ¢ varies. The congruence of curves so defined
are the trajectories of motion of the wave-fronts; evidently they are
integral curves of equations (65.14).

The hypersurface (66.20) for a particular value of ¢ is the
envelope of the hypersurfaces (66.7) in which the a’s are functions of
the z’s determined by the n — 1 equations
(66.21) OF dp(z;a) OF dezia) _ o

the 2’s being subject to the relation F = 0. If the z’s are eliminated
from (66.21), the first of (66.13) and F = 0, we get a relation

.¢(al’ o o e ,an—l) = qn.

Consequently (66.20) is the envelope of (66.7) for the a’s in this
relation. Conversely, if we have any such relation, the envelope of

p(z; a) + ¢(a) = 0
is the hypersurface of origin (66.16) of the waves (66.15).
In order to make a similar discussion of the singular trajectories

of the group @,, defined by a characteristic function C, we consider
the differential equation

(66.22) c(z; ‘%) - o.

Suppose we have an integral ¢ of this equation involving n — 2
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arbitrary constants a!, . . . , a2, none of which is additive, and
consider the n — 1 equations

dp(Z;
(66.23) o(#; a) = b, —‘%792:1;, @=1,+, n—2),

where the b’s are arbitrary constants. For each set of values of the
a’sand b’s these equations define a curve along which the differentials
satisfy the conditions

gjfi dzi = 0, aZ::z*dii = 0.

If we define functions #; by (66.10), it follows from (66.22) that
) (E _ % (ﬁ
d% dp; ’ 3a° 3% dp;

is of rank n — 1, we have from

a 0?2
Since the matrix of _‘_f’_. and <P_.
9%t da’ 9%t

the above sets of equations

gt _d&
aC aC b
613,- 61),.

where p is the factor of proportionality. From (66.10) and the sec-
ond set of (66.12) we have

) aC

T = — —_—
9Tio% :d P oz
Consequently the curves (66.23) are integrals of (62.9).

In order to obtain the curves through a point P(z), we replace

(66.23) by

dp.—h

d¢(Z; @)  dp(z; a)
da’ aa’
Since the p’s in this case must satisfy the condition C(z; p) = 0,
there are n — 2 of equations (66.14) for the determination of the a’s
as functions of the 2’s and ratios of the p’s. When these are sub-
stituted in (66.24), we have the equations of the singular trajectories,

and the p’s are given by (66.10) in which A is given by

(66.24)  o(&; a) — p(z; a) = 0, = 0.

h?—‘e
P = ox*
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67. Application to geodesics of a Riemannian space. Consider
a Riemannian space whose metric is defined by
(67.1) ds? = gydzida’.

In consequence of (47.10) and (47.11) the equations (47.22) of the
non-minimal geodesics of the space are expressible in the form

d2x? da’ dz*
92 — i, o 2
(67.2) Gz + ik 152 == = 0

Consider now the group G, of contact transformations for which
the characteristic function is

(67.3) C = \Vgipp;.

In this case we have equations (62.13). When the trajectories are
non-singular, it follows from (62.13) and (67.1) that £ = s. Hence
we have

dr? ) dpi 1 ag**
67.4 et _ o L%
(67.4) ds 9P ds 2 oz PPk

In consequence of (47.10) and the first set of (67.4) we have

7
(67.5) pi = g"(fzi'
]
Substituting this expression in the second set of (67.4), we obtain
equations (67.2).
If the form (67.1) is not definite, there are real values of the p’s
such that
(67.6) gipp; = 0.

As in the preceding case we obtain from (62.13) equations (67.2)

with s replaced by ¢, and from the first set of (62.13) and (67.6) it
i d J

follows that g.-,-‘% d_a: = 0, that is, the curves are minimal

geodesics. Hence we have:

[67.1] For the group G1 with the characteristic function (67.3) the non-
singular trajectories are the non-minimal geodesics of the Riemannian
space with the fundamental form (67.1) and t = s; and the singular
trajectories are the minimal geodesics of the space.
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For the case of non-minimal geodesics equation (66.6) is

. 0p 0o
67.7 i—— =1
( ) dzdx’
From the results of §66 it follows that, if ¢(z;a!, . . . , a* ) isa

complete integral of (67.7), the corresponding equations (66.8)
define n — 1 hypersurfaces which intersect in the non-minimal
geodesics. Moreover, from (66.11) and (67.4) it follows that for
particular values of the a’s these geodesics are the orthogonal
trajectories of the hypersurfaces ¢ = const.* Also if (67.1) is
not definite and ¢(z; a', . . . , a®?) is an integral of

909¢

orior
the second set of equations (66.23) define the minimal geodesics.

When ¢(Z; a!, . . ., a*!) is an integral of (67.7) and the a’s

are eliminated from the equations

do@;a) _de(w;a) _
da” da”
(a=1,-+-,n—1),

(67.8) o(Z;a) — o(z;a) — s =0, 0

in which the z’s have particular values, the resulting equation
(67.9) f@x) —s=0

defines the hypersurfaces orthogonal to the geodesics through the
point P(x). Each of these hypersurfaces is the locus of points at
the same distance s from P, measured along the geodesics. Conse-
quently we call them geodesic hyperspheres for the space. The
function f is a solution of (67.7) and the geodesics are the integrals
of the equations :

gt dz

of T of
1y Ny
F> e

If the integrals of these equations are

v (&; z) = b°, ("‘:1:"'7”—'1):
and we put
v =y oy =& ),

*1926, 3, p. 58.
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and denote by a,;dyidy? the transform of (67.1), we have

A of 9
a“" — gn .yf_-“,jt - 0’ ant o= gu _(‘/i ._(f_ = ]

ax on 9T OF
Consequently the form (67.1) becomes
ds® = [(dy™? + agudydy’,

the hypersurfaces y* = const. being the geodesic hyperspheres with
P(r) as center.

Suppose that the 2's and p’s, as defined by (67.5), are subjected
to any homogeneous contact transformation (59.8) of maximum
rank and that ' is the transform of €. Then € is homogeneous of
degree one in the p's. From the results of §62 it follows that equa-
tions (67.1) arc transformed into
(67.10) det _oC - dp - aC

ds I Py ds AT

If we define functions ¢ by
/AN

1o
(67.11) go =20,

29p,ap,
then g is homogenecous of degree zero in the s and it follows from
the second set of equations (62.6) that
(67.12) Jipp; = C2
When the j'saresuch that € # 0 thenC = 1 and the above equations
may be written

di dp, Log*

(67.13) I A N o 8

since we have in congequence of (67.11) that

agr 1 9cr 0

e N ’)y = . T —————— Y . T—= .

. P 29D, 0P, I Pipe

The first of (67.10) become in consequence of (65.1)

de oIt

= = e
ds 9P,

As in §65 these equations can be solved for p, as functions of the
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#’s and I’s, linear homogeneous in the latter; we denote by 3 and €
the functions resulting from the substitution in H and C of these
expressions for 7, Since €2 is homogeneous of second degree in
the #’s, we have from (65.9) and Kuler’s theorem

ac 1er 1 9%

67.14 Dy = —— = — —/ = — _'1
(67.14) P= 35 T 2o T 2apap” - 0T

where g, are defined by

_ _19%
$i=3050p

The §.,, as thus defined are functions of #* and #', homogeneous
of degree zcro in the latter. From (67.13) and (67.14) it follows
that §7gx = 8. Irom this result, (67.13) and (67.12) we have
@* = g,i'%. In consequence of (65.13) the second set of (67.10)
become

_dxe dp dz*
G 3 + [k, 1ld T = 0,

where [jk, i] are defined by (47.11) in terms of g,,, since

f’“{'.’fr = 6quJ = Q.

axk v
Thus the trajectories defined by (67.10) are the geodesies of the
space with the generalized Ricmannian metric ds* = §,,d#'d# into
which the given Riemannian space has been transformed.*

68. Application to dynamics. Consider a conservative dynami-
cal system for which neither the constraints nor the potential
energy V involve the time ¢&. Suppose that there are n independent
variables x*; then the kinetic energy is given by

| S
T = égul"x';

where the g’s are functions of the x’s, and involve the masses of the
system, and the Lagrangian function is

* Spaces with a generalized Riemannian metric have been studied by Finsler,
1918, 2, and by Berwald, 1925, 6, vol. 34, p. 213.
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L = .1_ e — V.
- 29,,27 .
Substituting in the equations of Lagrange
agLy L
di\ozi) ozt

we find that the resulting equations may be written

(68.1) g:id? + [ gk, JJeiit + —g. =0,
in consequence of (47.11). These equations admit the first integral
(68.2) %g.-,'ab‘:i:" +V =E,
where E is the energy constant.
If we put
(68.3) pi = gi,®, &' = giip;,

we have from equation (68.2)
g‘pip; = 2(E — V).

Hence if we take for the characteristic function of a group G, of
homogeneous transformations the quantity*

1
. = —_—fi P = 1’

the equations of the transformation are

dzt 1 g dp; 1 6( 1 )
—_—_ = —— %y, —_— = e——— k .
085) & =2@ -y P" & = “tang — v JPiPe

where the parameter s is given by (cf. §67)
(68.6) ds? = 2(E — V)gidzidz.

The Hamiltonian function of the dynamical system is given by

* This problem for the motion of a particle was discussed by Lie, 1889, 2,
pp. 145-156; and the more general problem by Vessiot, 1908, 1, pp. 266-268.
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) 1.
H=pi - L= 39" PP + v,

and consequently the Hamiltonian equations are

dz’ g dp; <1 dgi* aV)
_— = L _ = — - —— — ]
a PP Ty 2 0zt Pt o
These equations are equivalent to (68.5) with the relation

d
(68.7) 2~ 9E-V)

dt
holding along any trajectory. Thus we have the known result that
the trajectories of energy E of the given system are in one-to-one
correspondence with the geodesics of the space with the fundamental
form (68.6).

From the results of §67 it follows that, if ¢ is any solution of the

equation

de do

8 i
(68.8) g ozt dx?

the orthogonal trajectories of the hypersurfaces ¢ = const. are
geodesics. If o(z, a!, . .., a* 1) is a complete integral of this
equation, on eliminating the a’s from the corresponding equations
(67.8), the resulting equation (67.9) defines geodesic hyperspheres
with P(z) as center.

Consider the case of a single particle of mass m and write
(68.2) in the form

dSo 2
(68.9) m(7d7> =2 - V),

where ds, is the element of length of the space of the particle. Then
from (68.6) we have

(68.10) dst = 2m(E — V)dsi,
and consequently
s = [/2m(B — V)dso = [mudso.

Hence s is the action and the dynamical trajectories are the extrem-
als of the integral of action.
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From the view-point of optics in accordance with Fermat’s
principle the trajectories are the same as the paths of light through
an isotropic non-homogeneous medium of refractive index equal
to v/2m(E — V). In accordance with this principle s = «r, where
7 is the time and « a factor of proportionality. Then the velocity
of light is

N
dr ~ V2m(E = V)
Comparing this with (68.9) we have

(68.11) u =

(68.12) u = -~

From (68.10) it follows that the spaces with metric (68.6) and ds,
are conformal. Consequently in the latter metric the trajectories
through a point P(z) are orthogonal to the hypersurfaces (67.9).
If we take x = E, the equation of these hypersurfaces is

(68.13) f@;z) — Er = 0.

From (68.7) it follows that along any trajectory the relation
between the time ¢ of the particle and 7 of the light are given by

dr _2E - )

(68.14) at 7

which is in conformity with (68.12).

Exercises
1. Show that
a a
E=r - —0— 17=y+———p—_-’ pP=0p
V1t V1 +p?
define a G, of restricted contact transformations, each of which sends a point
into a circle, and that the characteristic function is \/ 1+ p2
2. Find the contact transformation in 3-space determined by
242422 +yj=0,

and show that it transforms a point into its polar plane with respect to the
paraboloid z? 4 y? + 22 = 0.
3. If equation (59.4) with p, = —1 is written in the form

dft — Pad2* = p(dz! — padz®) (@ =2, - - - ,n),
equations (63.16) are in this case




§69. FUNCTION GROUPS 281

ow oW _ MR T oW
Szt = <pa51—)— - W)&t, Sza = 5;;8!, Pa = a:c“ + pa <)ot

«

and the symbol of the Gi generated by this infinitesimal transformation is
af
w11 -

Lie-Engel, 1888, 1, vol. 2, p. 255.
4. If an infinitesimal non-homogeneous contact transformation with the
characteristic function W undergoes a general contact transformation (63.1),
the characteristic function of the resulting transformation is equal to pW.
Lie-Engel, 1888, 1, vol. 2, p. 277.
5. If A,fand A.f are the symbols of infinitesimal non-homogeneous contact
transformations with the characteristic functions W, and W,, then (4., 4.)f
is the symbol of the transformation with the characteristic function [W,, Wa).
6. The symbol of the G, of restricted non-homogeneous contact transforma-
tions with the characteristic function W(z; p) is

W, )+ (pﬂ’ - W) g,

Oz‘

7. If A,f and A,f are the symbols of restricted contact transformations
with the characteristic functions W, and W, then (4,, 4:)f is the symbol of the
restricted transformation with the characteristic function (W, W,).

8. A necessary and sufficient condition that a non-homogeneous contact
transformation leave dx! — pode®(a = 2, - - + , n) invariant i8 that it be a
restricted transformation.

9. If n — 1 independent functions % of 22, . .., 2" D2, . . ., Da
satisfy (o2, ¢f) = 0, a solution ¢, of the system (64.3) is given by a quadrature.

Lie-Engel, 1888, vol. 2, pp. 127, 128.

10. Show that (61.12) in which 4,5 = 2, + - « , n hold for a restricted trans-
formation (64.4); and that the former are equivalent to the requirement that
dpadz® — dpodze be invariant under such a transformation, where dpa, dze
and 8pq, Sz« are arbitrary.

11. Show that the numerical value of the jacobian of a restricted trans-
formation is one, and consequently the volume of a region in space of coor-
dinates 2!, . . . , 2" P1, . . . , Pais invariant under such a transformation.

12. Show that the integral

= [dpodz® (@=2+-+,n)

over any 2-dimensional region of the space of coordinates z* and py, called the
z,p space, is an invariant under a restricted transformation.
Born, 1925, 8, p. 40.

69. Function groups. We have obtained in §64 the conditions
which the functions ¢* and ¥* must satisfy in the case of a restricted
non-homogeneous contact transformation. The inverse problem
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of finding sets of functions satisfying these conditions raises ques-
tions concerning sets of functions in the 2n quantities 2 and p;.*

Suppose that we have s such independent functionssay Fy, . . . ,
F,, and we form the parentheses (F,, Fg). If any of the resulting
functions is not a function of the given ones, we adjoin it to the
original set and thus get a set of s, independent functions. We
proceed in this manner with the new set and get one with s, inde-
pendent functions and so on. Since there are at most 2z inde-
pendent functions of z* and p., we obtain finally 7( £2n) independent
functions of which all the others are functions, where

sLs Ly rL2n.

If ®;, and ®, are any two functions of these r functions, it follows
from the identity

ad, 9P
(69.1) (@1, Bs) = '37: a—Fi(Fa, Fy)
that (&, ;) is a function of the set. Hence starting with a set of
functions, we get by the above process a set each of which is a
function of r independent ones and such that (¥,, Fg) for any two
functions of the set is a function of these r independent ones. In
consequence of (69.1) any function of functions of the set may be
added to it and it will continue to possess the above property.
Such a set of functions is said to constitute a function group of
rank r, r being the rank of the jacobian of the functions of the group,
and the r independent functions are a basis of the group. In conse-
quence of (69.1) we have that any r independent functions of the
group are a basis, and as we change these functions we change the
basis but not the group.

If a sub-set of functions of a function group form a function
group, we say that the latter is a sub-group of the given group.
Suppose that two groups of ranks r and s have p functions in com-
mon; in this case it must be possible to choose the bases F, and G,

sothat F, = G,(c =1, - - -, p). Then we must have

(F,,G,) = @gp(Fy, = - - yFr) =¥, Gy * - - yGo) (o, = 1, - 9p)
But ¢,, and ¥,, must be the same functions of F,, . . . , Fp, other-
wise there would be relations between F,,;, ..., F, and
Gy41y . . . , Gi. Hence we have:

* Cf. Lie-Engel, 1888, 1, vol. 2, pp. 178-210. Also Vivanti, 1904, 1, pp.
255-264.
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(69.1] If two function groups have functions in common, the latter
form a sub-group of each group.

Consider the system of differential equations
(692) Far f) = 0,

where the F’s determine a basis of a function group. From the
Jacobi identity (61.15), we have

(69.3) Fay (Fp, f)) — (Fg(Fay f)) = ((Fa, Fp), J).

Since (F,, Fy) is a function of the F’s, it follows from (69.1) that the
right-hand member of (69.3) vanishes because of (69.2) and conse-
quently equations (69.2) form a complete system. Hence they
admit 2n — r independent solutions, f,(c =1, - - -, 2n —r).
From the Jacobi identity for F,, f, and f,, it follows that (f,, f.) is a
solution of (69.2) and consequently (f,, f.) is a function of the
f’s.  Accordingly the f’s are the basis of a function group of rank
2n — r. Each f, is in involution (§61), or commutative, with all
the F’s. Hence we have:

[69.2] A function group of rank r determines another function group,
which s of rank 2n — r; its functions are in involution with those of
the given group.

Two such groups are said to be reciprocal.

If any function of a group is in involution with all the members
of the group it is said to be singular. From the definition of sub-
group it follows that the independent singular functions of a group
are the basis of a sub-group of the given group. Since a singular
function is a member of the reciprocal group, we have in conse-
quence of theorem [69.1]:

[69.3] If a function group has a sub-group of singular functions,
1t is a sub-group of the reciprocal group also.

If all of the functions of a group are singular, the group is said to be
commutative. In consequence of theorems [69.2] and [69.3] we have
that in this case r £ n.

In order to determine the number of independent singular func-
tions of a group, we remark that for a function & of the basis
functions Fy, . . . , F, we have

F, 3® F, 0% oF
(69.4) (F,, &) = 9_._‘_'2_.9& — OF, 9% 9Fy = (F,, Fp)

adb
—)
dp; OF 4 9z} dzt 0F dp;

oF,
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and consequently, if & is to be a singular function, it must be a
solution of the system of r equations

P
69.5 = Qe =
( ) ‘Paq) Paf F) Fﬂ 0)

where ¢,5 are functions of the F’s defined by
(69'6) Pap = (Fa) Fﬁ)'

The commutator of the system (69.5) is equal, in consequence of
(69.4), to

(Foy (Fgy ®)) — (F, (Foy ®)) = ((Fo, Fp), ®)

0P 0P 00a8 O
— = ——(F,, F — =
oF, aF.,( Y

= (‘Paﬁ; F'y) y s —5}5 = an osP.

Hence equations (69.5) form a complete system and we have:

[69.4] If the rank of the matriz ||(F,,, Fy)| is r — m, there are m inde-
pendent singular functions in the group, and they determine a sub-
group of rank m.

Since ||(F,, Fs)| is skew-symmetric, its rank is less than r when r is
odd, and consequently a function group of odd rank has at least
one singular function.

In §64 it was remarked that the parenthesis (F,, F;) is unaltered
by a restricted contact transformation, and consequently the rank
and number of independent singular functions are invariant under
a restricted non-homogeneous transformation.

We shall show that a basis of a non-commutative function
group can be chosen so that (F,, F) have the values 1 or 0. Since
the group is not commutative, there is one function which is not
singular, say F,. If &@F,, . . ., F,) is a solution of

fi L
Pla,n = _1)

JF,
where ¢,, are defined by (69.6) and are not all zero since F; is not
singular, it is not a function of F, alone since ¢;; = 0. Denoting
the independent functions ¥, and & by ¢! and ¥, respectively, we
have (¥1, ¢!) = 1. We take ¢!, ¥, and r — 2 other independent
functions as the basis of the group and consider the two equations
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ad ad
(¢!, ®) = Y + (¢}, F’)a_f = 0,
(69.7) aq: aq:
(%bq)):_é;'*'(\blypc)gi:o (a=3,°",1‘).

These equations are obviously independent, and since
(‘PI; (‘Pl; @) — (¢ly (¢l’ ‘I))) = ((¢', ¥1), ®) = (1, %) =0,

they form a complete system. We denote by Fs, . . ., F, any
r — 2 independent solutions, functions of ¢!, ¥y, Fs, . . ., F,.
From the Jacobi identity it follows that (F,, F,) is a solution of
(69.7), and consequently F, fore = 3, - - - , ris a sub-group of the
given group. If it is commutative, we have

(l//], ‘pl) = 1! (¢19 Fa) = ('//1) Fa) = (FG)FT) = 0
()7 =3, - 17)‘

If the sub-group is not commutative, we proceed in the same way
with the sub-group as above, and continue the process until we use
up all the functions or arrive at a commutative sub-group. Hence
we have:* ‘

[69.5] For a non-commutative function group of rank r a basts exists,

say @' . . ., @™ Yy, - -, ¥m(@m 4+ g =7, ¢ < 1) such that

(698) (‘p)‘; ¢“) = 0) (‘l’a, ‘/’B) = 01 (\l’ai ‘P)\) = 62
)\,y=l,---,m+q;‘
af=1----,m

If the group is commutative, we have only the functions ¢* for
A =1, - - -, rand these are the original functions F*. When the
basis is chosen so that equations (69.8) are satisfied, the function
group is said to be in canonical form.

When the basis of a non-commutative function group is such that
(69.8) holds with ¢ > 0, the functions o™+, . . . , p™+?are functions
of the reciprocal group. Furthermore, if any one of these functions,
say ¢™l is omitted from the functions of the given group, the
remaining ones determine a sub-group of the latter. Then p™*lisa
function of the reciprocal group of this sub-group and this reciprocal
group must contain a function @ such that (¢™t!, @) # 0; otherwise

* Lie-Engel, 1888, 1, vol. 2, pp. 199, 200.
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the reciprocal group of the sub-group would be the reciprocal group
of the given group. Hence the basis of the reciprocal group of the
sub-group can be chosen so that there is a function ¥m11 such that
(¥m+1, ™) = 1 and Ym41 is independent of the functions of the
original group. If we adjoin ¥,.1 to the functions of the given
group, we have a group of rank » + 1 for which (69.8) hold when
a and B take the values 1, - + - , m + 1, and the given group is a
sub-group of it. Continuing this process ¢ times we get a group
of order r + ¢(=2(r — m)) of which the original group is a sub-
group and for which (69.8) holds when \, y, «, 8 take the values
1, - -+, r — m. Because of the last set of equations (69.8) in
this case it follows that this group has no singular functions. Its
reciprocal group is of the same kind and its basis may be chosen so
that for it we have equations (69.8) holding when \, u, «, 8 take the
valuesr — m 4+ 1, - -+ -, n. The functions of these two reciprocal
groups satisfy the conditions

(699) (‘P" (0') =0, (% '/’1) =0, (‘pi’ ‘pi) = 6;1

(i)j=1’ e )n)
and are the functions of a group of rank 2n of which the original
group is a sub-group. If ¢ = 0 in (69.8), we adjoin the reciprocal
group and get (69.9). Hence we have:

[69.6] A non-commutative function group of rank r is a sub-group
of a group of rank 2n whose basis can be chosen so that the functions
of the basis satisfy (69.9) tdentically.

In consequence of theorem [64.1] and equations (64.7) we have that
these functions determine a restricted non-homogeneous contact
transformation.

Suppose that we have two function groups of the same rank and
with the same number of singular functions, and denote their
respective bases by F,(z, p) and F,(2/, p’). Because of theorem
[69.6] we have that for the former a basis can be chosen so that we
have a group of rank 2n for which the functions of the basis satisfy
the equations (69.9) identically. In like manner we obtain a
similar group of rank 2n, whose basis functions ¢’i(z’, p'), ¥;(z/, p’)
satisfy these conditions. In accordance with the results of §64
functions ¢°(z, p) and ¢'°(2’, p’) can be chosen so that the equations

' = 20 + %z, p), T = ‘Pi<x) p), pi = ¥ilz, p);
0 = g0 + ‘Plo(x,’ pl)) Fi= ‘P"(x’) P'); i),. = ‘l’:'(z'r pl)
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define two restricted non-homogeneous contact transformations.
Then the equations

g0+ =2+  Pi=4f, Y=

define a contact transformation which transforms the one group
into the other. Hence because of the remarks in the paragraph
following theorem [69.4] we have:*

[69.7] A necessary and sufficient condition that two funclion groups
be equivalent under a restricted mon-homogeneous contact transfor-
mation is that they have the same rank and the same number of inde-
pendent singular functions.

70. Homogeneous function groups. Let H;, . . . , H, be the
basis of a function group of rank r and assume that H, is homogene-
ous of degree m, in the p’s for « = 1, + - -, r; in this case the
group is said to be homogeneous. If F is any function of the H’s,
it follows from Euler’s theorem that

oF oF 9H, oF
JERNE . [1 -
Pian. = P'oH, ap. Em" a1,

Since the right-hand member is a function of the H’s, the quantity

oF

e is a function of the group, or zero. We shall show conversely
P

that, if this condition is satisfied by every F, all the functions of

the group are homogeneous. By hypothesis

(70.1) paé{;— = Q. (H,, - JHY) (=1, 7).
If @, = 0 for every «, then it follows that all the functions of the
group are homogeneous of degree zero. Since then (H,, Hg) is of
degree —1, it cannot be a function of the H’s and consequently the
group is commutative in this case.

If all of the ©@’s are not zero, it follows from the identity

OF _  oF 9H, oF
= Q-
ap:  PoH, ap: oH .,

P

* Lie-Engel, 1888, 1, vol. 2, p. 204,
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oF
that,if #,, . . . , H,_;,are r — 1 independent solutions of 2,— = 0,

oH
they are homogeneous of degree zero. If we denote by H, a solution
oF
of Q"a_H_ = F, it belongs to the group and is homogeneous of degree
one. Consequently we have:*

[70.1] A necessary and sufficient condition that a function group be
homogeneous ts that for every function F of the group the quantity

oF
p,-a—p— 18 a function of the group, or zero;

and also:

[70.2] For a homogeneous function group there exists a basis all of
whose functions but one are of degree zero in the p’s and the remaining
one 1s of first degree, or all are of degree zero; in the latter case the group
18 commulative.

We shall prove the theorem:}

[70.3] The reciprocal group of a homogeneous function group is
homogeneous.

For, if F is a function of the reciprocal group we have

0H,OF  9H, oF
70.2 — T = =1 - - .
(70.2) ap: 9z' 9z aps 0 (=1, 1)

i)
Operating on these equations with p,a— and making use of (70.2)
Di

and the identity
oH

a—— Lol )
6p.~

*H
Pi ) = (ma - 1)

dp,dp

oF
we find that p ,5; is a solution of (70.2) and consequently a function
i

of the reciprocal group. Since this holds for every F, we have, as
shown above, that the reciprocal group is homogeneous.

Theorem [69.5] evidently applies to non-commutative homo-
geneous groups but the functions ¢* and ¢, can be given more

* Lie-Engel, 1888, 1, vol. 2, p. 215.
t Lie-Engel, 1888, 1, vol. 2, p. 217.
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specialized form. If in accordance with theorem [70.2] we take as
basis Ny, . . . , N,_1, H, such that H is of degree one and the N’s
of degree zero, one of the latter, say N, is not singular; otherwise
the group would be commutative. We have

(H’Na) = 0a(N), H(NmNﬁ) = oaﬁ(N) (a;ﬁ= 1} Tt T — 1))

since each member of these equations is homogeneous of degree
zero. The function y = HQ(N) satisfies the condition (¢, N1) = 1,
if Q is a solution of the equation

AQN)

Ho ,———= 0:Q(N) = 1.

TN, + 6,:2(N)
Since all of the functions 8,, 6, are not zero, because N, is not
singular, there exists such a function y;, which is of degree one,
non-singular and may be used to replace H in the basis. The func-
tion ¢'(N) satisfies the condition (Y1, ¢!) = 1, if ¢! is a solution of

L _
(70.3) oy W Na) = 1

Since not every (y1, N,) is zero, there exists such a function. Then
as in §69 we may take as basis ¢!, ¥y, Hs, . . . , H, such that
(o', H) = (Y1, H,) = 0forv = 3, - - -, rand H, is the basis of a
sub-group. The basis of the latter may be chosen in accordance
with theorem [70.2]. If this sub-group is not commutative, we
may proceed as above and continue until we arrive at a commutative
sub-group. Thus we arrive at the basis

Vi, * y¥m @, o™ Hy co-  H,y (2m+q=r),

in which the ¢’s are of degree one, the ¢’s of degree zero, and the H’s
are the basis of a commutative sub-group of the given group chosen
in accordance with theorem [70.2]. If they are of degree zero,

we denote them by o™t1, . . ., ¢mte. If H, is of degree one and
the others of degree zero, we take as basis H,, H\H,, . . . , H\H,
and denote them by ¥my1, . . . , ¥m+q all of degree one. Hence
we have:

[70.4] For a non-commutative homogeneous group the basis functions
can be chosen so that they satisfy the conditions

(704) (‘P)‘) ‘P“) = (¢m 'pﬂ) = 0’ ('pa’ ‘P)‘) = 8:’
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where\,u =1, ,m+qg,a,=1,--+-,mor\u=1,--,m;
a, =1, -, m+ q, where 2m + g = r, the ¢’s being of degree
zero and the Y’s of degree one.

If the group is commutative and all the functions are of degree
zero, we have (¢% ¢°) =0, (@, 8 =1, - - -, r); if all are not of
degree zero, they can be chosen to be of degree one and we have
($ay ¥5) = 0. Theorem [70.4] defines the canonical form of the
basis.

We return to the case of the non-commutative group whose
basis ¥1, . . . , ¥m @Y . . ., o™t satisfies (70.4). If we take the
sub-group obtained by omitting ¢™t!, as in §69, and consider the
reciprocal group of this sub-group, ¢™*! is a non-gingular function
of it and a function y¥my1 of this reciprocal group exists which is of
the first degree and such that (Ym.1, ™) = 1; it is determined as
¥1 was with the aid of (70.3). Moreover Y41 is not a function of
the original group, and if it is added to the basis of this group, we
obtain a group of rank r + 1 satisfying (70.4) for

a,f=1--,m+1

and having the given group as a sub-group. Continuing this process
g times we obtain a group of rank 2(m + ¢), whose basis satisfies
(70.4) for \, u, @, 8 =1, - - -, m + g, containing the given group
as a <ub-group and having no singular functions. If we add to
this group its reciprocal group with basis in canonical form we have
a group of rank 2n, whose basis satisfies the identities

(70.5) (¢4 ¢) = Wiy ¥) =0, (i) =8 (Gj=1,---,n).

If we proceed with a group having the basis (70.4) with
Ne=1,+ m;a =1 -+ ,m-+ q we arrive at the same
result. Hence we have:*

[70.5] A non-commutative homogeneous function group of rank r is
a sub-group of a homogeneous group of rank 2n, whose basis can be
chosen so that equations (70.5) are satisfied identically, the ¢’s being
of degree zero and the {’'s of degree one.

If a homogeneous group of rank r is subjected to a homo-
geneous contact transformation, the rank is unchanged and so also
is the number of independent singular functions and of independent

* Lie-Engel, 1888, 1, vol. 2, p. 225.
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singular functions of degree zero as follows from theorem [61.5].
Suppose we have two homogeneous groups of the same rank and with
the same number of independent singular functions and the same
number of independent singular functions of degree zero, and that
the bases of corresponding groups of rank 2n are taken in the form
(70.5) and similar equations in ¢’’(z/, p’) and ¥i(z/, p’). The
equations ¢'* = ¢ and ¥, = ¥, determine a homogeneous contact
transformation transforming either group into the other. Hence
we have:*

[70.6] A necessary and sufficient condition that two homogeneous
function groups be equivalent under a homogeneous contact trans-
formation is that they have the same rank, the same number of singular
Sfunctions and the same number of singular functions of zero degree.

Exercises

1. Show that, if £ are the vectors of a group G, of point transformations,
the functions .p, constitute a homogeneous function group; determine the
number of independent singular functions in the group.

2. A necessary and sufficient condition that a function group have m
independent singular functions is that there be m independent functional
relations between the functions of the group and of its reciprocal group.

3. If F,(z; p) and F,(z; D) are the bases of two function groups, there
exists a restricted non-homogeneous transformation which sends ¥y, . . . , F,
into F1, . . ., F,respectively, when and only when (F,, Fg) is the same function
of the F’s as (F,, Fg) is of the F's.

Lie-Engel, 1888, 1, vol. 2, p. 209.

4. Show that the constants s, s1, . . . for a set of functions (cf. §69) are
invariant under a restricted non-homogeneous contact transformation; these
and the number of independent singular functions of the set are called its
numerical invariants.

5. A necessary and sufficient condition that functions Fi(z; p), . . . ,
F.(z; p) be equivalent respectively to F1(Z; D), . . . , F+(Z; P) under a restricted
non-homogeneous contact transformation is that corresponding numerical
invariants (Ex. 4) be equal, and that all dependent functions and parentheses
of Poisson of the second set be expressible in terms of members of the set
in the same form as for the respective functions of the first set.

6. If F,(x; p) constitute the basis of a function group of rank r, the
functions gqg defined by (69.6) satisfy identically the equations

¢af + ¢a =0
s dpsp 3¢y
'PaﬁéF—:"'?a‘vg:'l'ﬂ’aé’gi::O (,8,7,86=1, -+ » )

the second set being a consequence of (61.15).

* Lie-Engel, 1888, 1, vol. 2, p. 226.
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7. If ¢ap are given functions of r quantities F, such that the equations of
Ex. 6 are satisfied, there exists a number n such that the functions F, are
expressible in 2n variablesz!, . . . , 2% D1, . . . , P, they constitute a function
group and satisfy (69.6); their determination requires the solution of a system
of linear partial differential equations of the first order.

Lie-Engel, 1888, 1, vol. 2, pp. 235-242.

8. Show that the functions ¢as = c,'F,, where the ¢’s are constants
satisfying (7.3) and (7.4), meet the conditions of Exs. 6, 7 and thus define a
function group.

9. Show by means of the results of §§29, 39, that, if Cy, . . . , C, are the
characteristic functions of a G, of homogeneous contact transformations and

z =o'z p;a), B = ¥ilz; P @)
are the finite equations of the group, then
Ca(z; §) = wh(a)Ch(z; p) (@b=1,.--,n);

show also that these equations determine a linear homogeneous group I,

with the C’s as variables and the a’s as parameters, and that the symbols of

e af

the group are cMC’.a Ch

Lie-Engel, 1888, 1, vol. 2, p. 333.

10. The number of singular functions of a homogeneous function group is

determined by the rank of the matrix ||[(H?, H#)||; the singular functions of
degree zero must satisfy

o _
9HB

0, Hﬂa—f‘, =0.

a KB
(H?, HP) ol



1837.

1854.

1885.

1886.

1888.

1889.

1891.

1892.

1893.

1894.

1897.

BIBLIOGRAPHY

. Jacobi, C. G. J.: Note sur l'intégration des equations différentielles

de la dynamique. Comptes Rendus, vol. 5, pp. 61-67.

. Riemann, B.: Ueber die Hypothesen, welche der Geometrie zu Grunde

liegen. Gesammelte Werke, 1876, pp. 254-269. Also an edition
edited by H. Weyl, Springer, Berlin, 1919.

. Lie, 8.: Allgemeine Untersuchungen iiber Differentialgleichungen,

die eine continuirliche, endliche Gruppe gestatten. Math. Annalen,
vol. 25, pp. 71-151.

. Lie, S.: Untersuchungen iiber Transformationsgruppen. Archiv fér

Math. og Naturv., vol. 10, pp. 74-128, 353-413.

. Lie, S. and Engel, F.: Theorie der Transformationsgruppen, vols. 1

and 2. Teubner, Leipzig. Reprinted in 1930.

. Maurer, L.: Ueber allgemeinere Invariantensysteme. Bayer. Akad.

d. Wiss., Ber., vol. 18, pp. 103-150.

. Killing, W.: Die Zusammensetzung der stetigen endlichen Trans-

formationsgruppen. Math. Annalen, vol. 31, pp. 252-290.

. Kulling, W.: Die Zusammensetzung der stetigen endlichen Trans-

formationsgruppen, II. Math. Annalen, vol. 33, pp. 1-48.

. Lie, S.: Die infinitesimalen Beriihrungstransformationen der Mecha-

nik. Siichs. Akad. d. Wiss., Ber., vol. 41, pp. 145-156.

. Lie, S.: Ueber irreducible Berithrungstransformationsgruppen.

Sichs. Akad. d. Wiss., Ber., vol. 41, pp. 320-327.

. Schur, F.: Zur Theorie der endlichen Transformationsgruppen.

Math. Annalen, vol. 38, pp. 263-286.

. Engel, F.: Dic kanonische Form der Parametergruppen. Sichs.

Akad. d. Wiss., Ber., vol. 43, pp. 308-315.

. Lie, S. and Scheffers, G.: Vorlesungen iiber Differentialgleichungen

mit bekannten infinitesimalen Transformationen. Teubner, Leipzig.

. Umlauf, K. A.: Ueber die Zusammensetzung der endlichen continuier-

lichen Transformationsgruppen, insbesondre der Gruppen vom
Range Null. Inaug. Diss., Leipzig.

. Killing, W,: Ueber die Grundlagen der Geometrie. Journal fiir

die reine und angew. Math. (Crelle), vol. 109, pp. 121-186.

. Lie, S. and Scheffers, G.: Vorlesungen iiber continuierliche Gruppen

mit geometrischen und anderen Anwendungen. Teubner, Leipzig.
Lie, S. and Engel, F.: Theorie der Transformationsgruppen, vol. 3.
Teubner, Leipzig. Reprinted in 1930.

. Cartan, E.: Sur la structure des groupes de transformations finis et

continus. Thése, Nony, Paris.

. Bianchi, L.: Sugli spazii a tre dimensioni che ammettono un gruppo

continuo di movimenti. Soc. Italiana delle Scienze, Mem. di mat.,
ser. 3, vol. 11, pp. 267-352.
203



LI9%

1899.

1902.

1903.

1904.

1905.

1906.

1907.
1909.

1911.

1917,

1918.

1924.

1926.

BIBLIOGRAPHY

. Frobenius, G.: Uber die Darstellung der endlichen Gruppen durch

lineare substitutionen, I. Preus. Akad., Sitz. ber., pp. 994-1015.

. Frobenius, G.: Uber die Darstellung der endlichen Gruppen durch

lineare Substitutionen, II. Preus. Akad., Sitz. ber., pp. 482-500.

. Bianchi, L.: Lezioni di geometria differenziale. Second edition, vol.

1. Spoerri, Pisa.

. Fubini, G.: Sugli spazii che ammettono un gruppo continuo di movi-

menti. Annali di Mat., ser. 3, vol. 8, pp. 39-81.

. Vivanti, G.: Legons élémentaires sur la théorie des groupes de trans-

formations. Gauthier-Villars, Paris.

. Fubini, G.: Sugli spazii a quattro dimensioni che ammettono un

gruppo continuo di movimenti. Annali di Mat., ser. 3, vol. 9, pp.
33-90.

. Fine, H. B.: A college algebra. Ginn and Company, Boston.
. Dickson, L. E.: Definitions of a group and a field of independent

postulates. Amer. Math. Soc., Trans., vol. 6, pp. 198-204.

. Huntington, E. V.: Note on the definitions of abstract groups and of

fields by sets of independent postulates. Amer. Math. Soc., Trans.,
vol. 6, pp. 181-197.

. Moore, E. H.: On a definition of abstract groups. Amer. Math. Soc.,

Trans., vol. 6, pp. 179-180.

. Schur, I.: Neue Begriindung der Theorie der Gruppencharactere.

Preus. Akad., Sitz. ber., pp. 406-432.

. Vessiot, E.: Sur linterprétation mécanique des transformations de

contact infinitésimals. Soc. Math. de France, Bull.,, vol. 34, pp.
230-269.

. Bécher, M.: Introduction to higher algebra. Macmillan, New York.
. Eigenhart, L. P.: A treatise on the differential geometry of curves and

surfaces. Ginn, Boston.

. Cohen, A.: An introduction to the Lie theory of one-parameter groups.

Heath, New York.

. Burnside, W.: The theory of groups. 2nd edition. Cambridge Uni-

versity Press.

. Lem-Civita, T.: Nozione di parallelismo in una varietd qualunque e

consequente specificazione geometrica della curvatura Riemanniana.
Circ. mat. di Palermo, Rendic., vol. 42, pp. 173-205.

. Bianchi, L.: Lezioni sulla teoria dei gruppi continui finiti di tras-

formazioni. Spoerri, Pisa.

. Finsler, P.: Ueber Kurven und Flichen in allgemeinen Raiimen.

Inaug. Diss., Géttingen.

. Dickson, L. E.: Differential equations from the group standpoint,

Annals of Math., ser. 2, vol. 25, pp. 287-378.

. Cartan, E.: Les récentes généralizations de la notion d’espace. Bull.

des Sci. Math., vol. 48, pp. 294-320.

. Eisenhart, L. P.: Linear connections of a space which are determined

by simply transitive groups. Nat. Acad. Sci., Proc., vol. 11, pp.
246-250.

Schreier, O.: Abstrakte kontinuierliche Gruppen. Abhandlungen aus
dem Math. Seminar der Hamburgischen Universitit, vol. 4, pp. 15-32.



1926.

1927.

1928.

1929.

1930.

S O

1.

BIBLIOGRAPHY 295

. Cartan, E.: La géométrie des espaces de Riemann. Mémorial de

Sciences Mathématiques, fasc. 9. Gauthier-Villars, Paris.

. Weyl, H.: Theorie der Darstellung kontinuierlichen halbeinfacher

Gruppen durch lineare Transformationen, I. Math. Zeits., vol. 23,
pp. 271-309.

. Eiesland, J.: The group of motions of an Einstein space. Amer.

Math. Soc., Trans., vol. 27, pp. 213-245.

. Berwald, L.: Uber Paralleliibertragung in Raiimen mit allgemeiner

Massbestimmung. Deut. Math. Verein., Jahresber., vol. 34, pp.
213-220.

. Bortolotti, E.: Parallelismo assoluto e vincolato negli S; a curvatura

costante. R. Ist. Veneto di sci., Atti, vol. 84, pp. 821-858.

. Born, M.: Vorlesungen iiber Atommechanik, vol. 1. Springer,

Berlin.

. Cartan, E. and Schouten, J. A.: On the geometry of the group-mani-

fold of simple and semi-simple groups. Akad. van Wetens., Amster-
dam, Proc., vol. 29, pp. 803-815.

. Weyl, H.: Theorie der Darstellung kontinuierlichen halbeinfacher

Gruppen durch lineare Transformationen, II. Math. Zeits., vol. 24,
pp. 328-395.

. Eisenhart, L. P.: Riemannian geometry. Princeton University Press.
. Eisenhart, L. P.: Non-Riemannian geometry. Colloquium Publica-

tions of the Amer. Math. Soc., vol. 8, New York.

. Cartan, E.: La géométrie des groupes de transformations, Journal de

Mathématiques, ser. 9, vol. 6, pp. 1-119.

. Eisenhart, L. P. and Knebelman, M. S.: Displacements in a geometry

of paths which carry paths into paths. Nat. Acad. Sci., Proc., vol.
13, pp. 38-42.

. Fine, H. B.: The calculus, Macmillan, New York.
. Whittaker, E. T.: Analytical dynamics. Cambridge University Press.
. Levi-Civita, T. and Amaldi, U.: Lezioni di meccanica razionale, vol. 2,

part 2, pp. 4562-469. Zanichelli, Bologna.
Franklin, P.: The canonical form of a one parameter group. Annals
of Math., ser. 2, vol. 29, pp. 113-122.

. Schouten, J. A.: Zur Geometrie der kontinuierlichen Transformations-

gruppen, Math. Annalen, vol. 102, pp. 244-272,

. Einstein, A.: Zur einheitlichen Feldtheoric. Preus. Akad., Sitz. ber.,

pp. 2-8.

. Michal, A.: Scalar extensions of an orthogonal ennuple of vectors.

Amer. Math. Monthly, vol. 37, pp. 529-533.

. Eisenhart, L. P.: Contact transformations. Annals of Math., ser. 2,

vol. 30, pp. 211-249.

. Cartan, E.: La théorie des groupes finis et continus et I'analysis

situs. Mémorial des Sciences Mathématiques, fasc. 42. Gauthier-
Villars, Paris.

. Mattioli, G. D.: Sulla determinazione delle varietd riemanniane che

ammettono gruppi semplicemente transitivi di movimenti. Accad.
naz. dei lincei, Rendic., ser. 6, vol. 11, pp. 369-371.



296

1931.

1932.

BIBLIOGRAPHY

. Knebelman, M. S.: On groups of motions in related spaces. Amer.

Jour. of Math., vol. 52, pp. 280-282.

. Thomas, T. Y.: On the unified field theory, I. Nat. Acad. Sci.,

Proc., vol. 16, pp. 761-776.

. Weyl, H.: The theory of groups and quantum mechanics. Trans-

lated by H. P, Robertson. Methuen and Co., London.

. Wigner, E.: Gruppentheorie und ihre Anwendungen auf die Quanten-

mechanik der Atomspektren. Vieweg, Braunschweig.

. Engel, F. and Faber, K.: Die Liesche Theorie der partiellen Differ-

entialgleichungen erster Ordnung. Teubner, Leipzig.

. Eisenhart, L. P.: Intransitive groups of motions. Nat. Acad. Sci.,

Proc., vol. 18, pp. 193-202.

. Robertson, H. P.: Groups of motions in spaces admitting absolute

parallelism. Annals of Math., ser. 2, vol. 33, pp. 496-521.

. Eisenhart, L. P.: Equivalent continuous groups. Annals of Math.,

ser. 2, vol. 33, pp. 665-670.



INDEX

Ag, Aa, AL A%, 20-23, 27-30, 32,
151, 198-201, 205, 206, 229.
Abelian group, 48-50, 85, 88, 113,
136, 137, 155, 160, 162, 18§, 184,

192, 218-220, 227.

Absolute, invariant of a group, 61, 62,
67, 68, 93, 95, 96, 107; see
also Parallelism.

Adjoint grogp, 151-155, 160-163, 170,

19

Affine g’roup; 43, 57, 66; parameter,
199,

Amaldi, 267, 295.
Are, 199, 212.
Asyrgg;etric connection, 197, 198, 230,

Asystatic group, 84, 85, 123.
Automorphism, of a group, 151; of a
space, 230, 231, 236.

B!, 196-198, 232, 233,

Bg., 205.

Base, vector, 141; change of, 141, 142,

Basis, of a group, 28; change of, 28;
of a function group, 282, 285, 288.

Berwald, 277, 295.

Bianchi, 25, 44, 56, 66, 71, 82, 85, 108,
112,121, 123, 133, 137, 138, 212,
gil)g’ 218, 220, 228, 229, 235, 293,

Bianchi, identity of, 232.

Bécher, 69, 146, 177, 294.

Born, 280, 295.

Bortolotti, 237, 295.

Burnside, 183, 294.

cah 22, 26, 27,

Cabe, 162, 206.

Canonical, form of transformation,
145-160; form of a function-
group, 285, 290; parameter, 46,
47, b2, 150, 151, 160.

Cartan, 65,167,169, 173,174, 179, 180,
182, 184, 199, 201-208, 213, 236,
237, 293-205.

Cartesian coordinates, 188.

Characteristic, equation, 140-142,
1556-160, 164, 169, 172, 177-179;
function, 252, 260, 262, 274, 278,
280, 292; matrix, 155.

Christoffel symbol, 188, 236.
Classification of groups, 165, 180-182.
Clifford, parallelism of, 237.
Coefﬁcizent of linear connection, 47,

192.

Cohen, 91, 294.

Comitant, 161.

Commutative, functions, 283; func-
tion-groups, 283, 287, 288, 290;
groups, 112, 114-117, 121, 122,
??g, transformations, 110, 112,

Commutator, 6. .

Complete system of differential equa-
tions, 7, 8, 12, 86.

Completely integrable
equations, 1, 4.

Complex, linear, 185. )

Composition, constants of, 22; indices
of, 128; series of, 127-134.

Conformal spaces, 236.

Connection, asymmetric, 197, 198,
230, 234; coefficients of, 47, 192;
linear, 45, 47, 192; symmetric,
194, 198, 233, 234, 236; (0)—,
199, 206, 231; (+)—, 199, 230;
(—)—, 199, 230.

Constant, of composition, 22; of
structure, 22, 26, 28, 43, 48, 65,
112, 125, 151.

Contact transformation, geometrical
properties, 242-245, 257, 267-
277; homogeneous, 239-255, 263-
278, 291, 292; infinitesimal, 251—
265, 260, 262, 281, 292; non-
homogeneous, 255-263, 281; of
maximum rank, 263-273, 276;
restricted non-homogeneous, 260-
263, 280, 281, 286, 287, 291.

Continuous group, finite, 16, 17;
infinite, 15; mixed, 58.

Contravariant, tensor, 187; vector,
26, 35, 187.

Cosine of angle, 209, 212,

Covariant, derivative, 189; differ-
entiation, 189, 195, 108, 232, 233;
normal, 239, 242-244, 246; tensor,
187; vector, 27.

Curvature, of a curve, 98; tensor, 188,
192, 195-198, 206, 207; see also
Space.

differential
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5, 8.

Derivative, covariant, 189.

Derived group, 132-135, 154, 164,
169, 173, 184.

Dickson, 15, 91, 294.

Differential equations, admitting a
group, 82, 86, 88, 89, 95, 96, 100,
101, 107, 135; admitting linear
operators, 85-91, 106-108; linear
partial, 7, 12, 63, 82, 85-88;
ordinary of first order, 89, 95-97;
of second order, 100, 107, 108;
Pfaflian, 93-95; total, 1.

Differential equations, system of, 1, 7;
associated, 5, 9; complete, 7, 8,
12, 86; completely integrable, 1,
4; mixed, 4.

Differential equations of a group, 20;
of definition of a group, 56, 57.

Differential invariant, 96-98, 100-107.

Differentiation, covariant, 189, 195,
198, 232, 233.

Dilatation, 42.

Direct product of groups, 120-122,
174, 184.

Displacement, parallel, 199.

Distance, 191.

Dummy index, 7.

Dynamics, 277-280.

e, 186.

2*(w), 60, 152.

Biesland, 236, 295.

Einstein, 196, 295.

Einstein space, 206.

Eisenhart, 80, 199, 236, 239, 294-296.

Elementary, divisor, 146; hyperplane,
238; hypersurface, 267.

Engel, 54, 91, 164, 293, 296.

Envelope, 244, 245, 268, 271, 272.

Equations, of a group, 13, 16, 20, 56,
57; of a motion, 209.

Equiggglent vectors, 201-203, 207,

Equivalent groups, 34, 76-80, 84, 115;
gl;nctlon-groups, 287, 291; points,

Essential parameters, 9-12, 56.

Euclidean space, 186, 188, 190, 191,
193, 208, 212, 218.

Exceptional G, of a G,, 113, 118, 152,
161, 162, 183.

Extended group, 92-97, 107, 252.

Exteil2si50n of a group, 97-101, 105,

Factor group, 129-131, 137.
Fermat’s principle, 280.
Fine,2 ég, 15, 243, 246, 258, 264, 294,

INDEX

Finsler, 277, 294.

Flat space, 188, 193, 203-205.

Franklin, 91, 295.

Frobenius, 183, 294.

Fubini, 217, 218, 221, 229, 294.

Function group, basis of, 282, 285-
291; commutative, 283, 287, 288,
290; equivalent, 287, 291; homo-
geneous, 287-292; non-homogene-
ous, 281-287, 291, 292; reciprocal,
283, 285, 288, 290, 291; sub-
group of, 282-286, 290.

Functions, commutative, 283; in
involution, 250, 283; singular,
283, 284, 287, 291, 292,

F undamentai, quadratic form, 186,
207, 208, 226, 236; tensor, 187,
195; variety, 244; vector, 148,
166, 170.

Fundamental theorem, first, 24; sec-
ond, 54; third, 55.

Ty, 44, 194, 199, 206, 231-233.
17,

G, 60, 61, 90, 91, 135, 137, 155, 184,
227, 228.

Gs, 66, 67, 123, 133, 137, 138, 154,
155, 184, 227, 236, 255.

G., 66, 123, 136, 137, 155, 184.

g, 156, 174, 186-189, 194, 195, 205,
206, 216, 277.

g%, 188,189, 194, 195.

Generic, rank, 49, 64; root, 156, 160.

Geodesic, 191, 193, 206, 207, 209212,
216, 217, 235, 274-277, 279;
correspondence, 236; hyper-
sphere, 275, 279; sub-space, 203.

Geodesically parallel hypersurfaces,
210, 211, 235.

Graham, 182.

Group, 14; admits a transformation,
110, 112, 121; basis of, 28; finite
continuous, 16, 17; generator of
40; infinite, 15, 249; infinitesimal
transformation of a, 36, 40, 41;
invariant under a transformation,
110-112, 121; mixed, 58; one-
parameter, 32-36; rank of a, 1569,
160; semi-, 15, 17, 18, 21, 28, 29,
31; structure of a, 28; symbols
of a, 28; trajectories of a, 35, 40,
44, 45, 253, 274; see also Adjoint,
affine, asystatic, derived, ex-
tended, extension, factor, im-

rimitive, induced, integrable,
mtransitive, linear, motion, prim-
itive, projective, semi-simple,
simple, systatic, transitive.

Group-space, 27, 31, 44-47, 198-206,
208, 213, 229-231, 236.
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Groups, classification of, 165, 180-
183; product of, 120-122, 174,
184; similar, 76; with the same
structure, 28, 29, 32, 76, 78, 80,
93, 98, 125; See also Commuta-

tive, equivalent, isomorphism,
reciprocal.
Hamiltonian equations, 263, 279;

function, 263, 279.

Holonomic system, 263, 277.

Homothetic transformation, 42.

Huntington, 15, 294,

Huygen’s principle, 272.

Hyperplane, 238; tangential, 239, 267.

Hypersphere, 275, 279.

Hypersurface, 210, 237; elementary,
267; geodesically parallel, 210,
211, 235; of origin, 271, 272; see
also Tangent.

Identity, 15; transformation, 14;
of Jacobi, 6, 250; of Bianchi, 232;
of Ricei, 189, 232,

Imprlig]’litive group, 80-83, 117, 123,

Imprimitivity, system of, 80-85, 117,
118, 137.

Independent (constant -coefficients),
2

Indices of composition, 128.

Induced group, 70-72, 84, 85, 119,
123, 124, 137-139.

Infinitesimal, motion, 208, 209, 231;
transformations of a group, 36,
40, 41.

Integrable group, 134-137, 144, 145,
162-165, 172, 173, 183, 184,
Intransitive group, 71-73, 78-80, 98,
116, 210, 216-226, 235, 236.
Invariant, absolute, of a group, 61,
62, 67-69, 93, 95, 96, 98, 107,
159, 161; differential, 96-98,
100-107; direction, 140, 142, 144;
numerical 291; of points, 108;
relative, of a group, 63, 66, 67,

69, 93, 95, 107.

Invariant sub-group, 118-124, 129-
134, 137-139, 144, 153, 154, 158,
161-163, 173, 174, 183, 184, 203,
235; maximum 122, 127- 131.

Invariant variety, 67-72, 80, 81, 85,
119, 123, 138, 153, 210, 211,
isolated, 119; minimum, 67-71
211, 221, 235; see also Induce
group.

Invariant vector-spaces, 142-145, 163.

Inverse transformation, 13, 249; of a
semi-group, 17.

Involution, functions in, 250, 283.

299

Isolated variety, 119.

Isomorphism of groups, simple, 124-
127, 131, 137, 151, 208; multiple,
124-127, 129, 136, 151, 184.

Jacobi, 263, 293.
Jacobi, identity, 6, 250; form of a
complete system, 8; relations, 26.

Killiggé 158, 164, 180, 183, 184, 208,

Killing, equations of, 208, 215-221, 237.
Knebelman, 236, 295, 296.
Kronecker delta, 8.

L§, 29, 198, 199, 229.

L§ys 198.

Agy, 74, 192-197, 217, 218, 230.

Ag,s 75, 193, 195.

Lagrangian function, 263, 278.

Length, element of, 186.

Levi-Civita, 190, 267, 294, 295.

Lie, 36, 39, 54, 55-58, 66, 80, 84, 91,
106-108, 119, 122, 123, 131, 137,
145, 154, 155, 163, 164, 180, 183~
185, 242, 248-252, 255, 258-261,
278, 281, 282, 285, 287-292, 293.

Lie group, 40.

Linear, complex, 185; group, 43, 138,
143-150, 153, 163, 184, 234, 292;
see also Connection.

Matrix, equation, 142-144, 148-150;
characteristic, 155; trace of a,
156, 157.

Mattolz, 194, 295.

Maurer, 23, 293.

Maximum invariant sub-group, 122,
127-131.

Metric, Riemannian, 187, 206; gener-
alized, 277.

Michal, 43, 295.

Minimum invariant variety, 67-71,
211, 221, 223, 235.

Mixed, group, 58; system of differ-
ential equations, 4.

Moore, 15, 294.

Motion, in 2-space, 42, 80, 98, 226-
228; in 3-space, 43, 80, 228;
infinitesimal, 209.

Motions, group of, 57, 208-221, 230-
237; in a linearly connected
manifold, 229235, 237; intransi-
tive, 210, 216-226, 235, 236;
multiply transitive, 221; of maxi-
mum order, 215, 224, 236;
simply transitive, 218, 235, 236.

Multiply isomorphic groups, see Iso-
morphism.
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Normal, covariant, 239, 242, 243.
Null vector, 174, 187, 212.
9;',,, 195-198, 205-207, 231-235, 237.

Operator, linear, 6; Poisson, 6.
Order of a transformation, 64, 66, 216.
Orthg 8nal vectors, 174, 195; ennuple,

D, 42.

Pi, 6, 238, 239.

Parallelism, absolute, 190, 193, 194,
199, 217, 234, 235; relative, 190,
191, 193, 199; (+)—, 199-205;
5—5) —, 199-205; (0) —, 199, 204,

0

Parameter, affine, 199, canonical, 46;
essential, 9-12, 56.

Parameter-group, 31, 32, 44, 55, 72,
93, 98, 114, 124, 125, 198-203,
213, 229-231.

Parenthesis of Poisson, 250, 254, 261,
281-286, 289-292,

Partial differential equations, see
Differential equations.

Paths, of the group-space, 45, 47,
198-203, 206, 207; of linearly
connected manifold, 193, 230,
236; parallel, 202, 203.

Pfaffian equations, 93-95.

Point, ordinary, 64; singular, 64.

Poin%,sequivalent, 67; invariant of,

Poisson, operator, 6; parenthesis of,
250, 254, 261, 282-286, 289-292.
Primitive group, 80, 123.
Product, of two groups, 120-122,
%76%, 184; of transformations, 14,
Proj(i?ion of vector-spaces, 144, 145,

Projective group, general, 184; in
3-space, 123; on the line, 66, 138;
of the plane, 43, 65, 66.

q, 42.
Qua%x;é;ic form, 186, 207, 208, 226,

R, 215.

R}, 188, 207, 215.

Ryijr, 207, 215.

s jy 206» 9 o

Rank, of a group, 159, 160, 183, 184;
of a function group, 282.

Reciprocal groups, 114-117, 193, 194,
197, 218, 235; see also Function

group.
Relative invariant of a group, 63, 66,
67, 69, 93, 95, 107.

INDEX

Representation of a group, 183.

Ricei, identity, 189, 232; tensor, 206,
207, 215.

Riemann, 186, 293.

Riemannian metric, 187, 206; space,
187-191, 206, 218, 221, 250, 235,
236; tensor, 188, 206, 207.

Robertson, 138, 139, 234, 237, 296.

Root-figure, 182,

Root-space, 147-150, 166172, 179.

Root-vector, 177

Rotation, in 2-space, 34, 36; in
3-space, 43, 85.

Scalar, 26, 30.
Scho%eg, 182, 199, 203, 205-207, 213,

Schreier, 40, 294,

Schur, 25, 52, 53, 183, 293, 204.

Semi-group, 15, 17, 18, 21, 28, 29, 31.

Semi-simple group, 173-184, 205, 206,

3, 230.

Series of composition, 127-134; nor-
mal, 128,

Similar groups, 76.

Simple group, 118, 119, 122, 123, 132,
154, 162, 173, 174, 180-182, 184,
185, 230.

Simply isomorphic groups, see Iso-
morphism.

Simply transitive group, 72, 78, 113-
115, 117, 118, 192-197, 218, 235.

Singular, functions, 283, 284, 286,
287, 291, 292; trajectories, 253,
268, 272-274.

Skew-symmetric indices, 32.

Space, flat, 188, 193, 203-205; of
constant curvature, 207, 215, 216,
227, 228, 237; see also Euclidean,
group-space.

Structure of a group, 28; see also
Constant.

Sub-group, 59-61, 163, 155, 158, 160;
exceptional, 113, 118, 152, 161,
162, 183; invariant, 118-124,
129-134, 137-139, 144, 153, 154,
158, 161-163, 173, 174, 183, 184,
203; maximum invarant, 122/
127-131; of a function, 62; of a
function group, 282-286, 290; of
stability, 65, 83; self-conjugate,
118; U, 167-172, 176-178.

Surface of constant curvature, 227,
228, 235.

Symbols of a group, 28.

Symmetric linear connection,
198, 233, 234, 236.

Systatic group, 84, 123.

Systatic variety, 84, 85.

194,
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System, holonomic, 263, 277; of
1%1%)r1m1t1v1ty, 80-85, 117, 118
1

T, 14.

Tangent hypersurfaces, 239, 243, 244;
varieties, 244.

Tangential hyperplane, 239, 267.

Tensor, 187, 189; contravariant, 187;
covariant, 187, curvature, 188,
192; fundamental, 187; Ricci,
206, 207, 215; Riemannian, 188,
206, 207.

Thomas, 47, 296.

Total differential equations, 1.

Trace of a matrix, 156, 157.

Trajectories, of a group, 35, 40, 44,
45, 253, 274; of a motion, 209,
210, 212, 235; dynamical, 279;
of wave motion, 268, 272; singu-
lar, 253, 268, 272-274.

Transform of a transformation, 18,
109-113, 150, 155.

Transformation, admits a transforma-
tion, 110-113, 122; continuous,
14; infinitesimal, 36; invariant
under a transformation, 110, 112;
non-singular, 15; of coordinates
and parameters, 26-27, 34, 35;
of a vector, 140.

Transformations, commutative, 110,
112, 113; product of, 14.

301

Transitive %roup, 7 1 multiply, 72,
117, 221; simply, 2 78, 113-115,
117, 118 192—197 218, 235, 236;
k-fold, 108.

Translation, 34, 80, 83, 211-213, 217,
230, 231, 235-237.

vUs, U%, Us, U2, 51-55.
Umlauf, 183, 184, 293.

Va 13.

Variety, fundamental, 244; tangent,
244; see also Invarmnt systatic.

Vector, base, 141; contravanant 25,
26 covarmnt 27; null, 174
187 212; regular 157 special,
157 transformation of 140;
umt 140, 187, 195, 212 zero,
150, 187.

Vectors, equipollent, 201-203, 207,
208; orthogonal, 174, 195; see
also Parallelism.

Vector-space, 140-145, 147, 153, 163,
164, 170.

Vessiot, 267, 278, 294.

Vivanti, 282, 294.

Wave, 268, 271; -front, 271, 272.
Weyl, 167, 169 179—-183 295 296.
Wh'l.ttalcer, 250 295.

Wigner, 183, 296

Zero, connection, 199, 206; curvature,
195-198, 217, 233-235; displace-
ment, 204; parallelism, 199; ten-
sor, 194; vector, 150, 187.
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