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Editor’s Introduction

Tt seems appropriate to say a few words concerning the genesis of
this volume. Several years ago I asked Dr. Goodenough to write
an account for “Progress in Inorganic Chemistry” of the current
position of research into the magnetic interactions of transition metal
ions in their solid compounds, most especially their oxides and mixed
oxides. These compounds have been intensively studied in recent
years in order to clucidate the relationship between structure, bond-
ing and magnetic properties both because of the intrinsie interest of
the subject and because of the extraordinary technological potentiali-
ties of such materials. In this work Dr. Goodenough has played a
prominent role, and he acceded to my request.

To the surprise of both of us, the “article’” had grown to the length
of a book when appropriate theoretical preliminaries and a compre-
hensive coverage of the subject matter per se were completed.  Under
the circumstances, it seemed only logical to issue it as a separate
volume.

Morecover, since there exists the distinet possibility that a similar
situation may arise in the future, the editor and the publishers have
decided formally to initiate, with this volume, a series of monographs
on Inorganic Chemistry. This Inorganic Chemistry Section of the
Interscience Monographs on Chemistry will be available to all future
authors whose ‘“‘articles” grow, in the course of writing, into books.

I'. A. Cotton






Preface

This book was originally intended as a review chapter, and this
fact has strongly influenced the organization of the material. TFor
example, there is no formal development of the various physical con-
cepts that are introduced. Rather, emphasis is placed on a physical
description of these concepts, and the analytic formalism is only
summarized or referenced. Since the number of concepts that must
be introduced is quite large, even for the treatment of so limited a
topic, it is feared that some of them have been introduced too ab-
ruptly, as though arbitrarily invoked to explain some isolated phe-
nomenon. This failing is more apparent than real. The fact is that
the existence of several competitive factors gives rise to a rich variety
of physical manifestations, and emphasis has been placed on the
interpretation of this richness in terms of defined factors that appear
to operate in a similar manner over the whole range of crystalline
materials, from ionic insulators to metals. The hope is that these
interpretations not only support some of the extrapolations that are
asserted, but also will provide the chemist with a physical intuition
that can be fruitful for the design of materials with specified char-
acteristics.

It is a great pleasure to acknowledge that happy association with
the colleagues of my group that is the intangible background from
which this book has emerged. I am particularly indebted to my
associations with RR. J. Arnott, K. Dwight, T. A. Kaplan, N. Menyuk,
D. G. Wickham, and A. Wold. Special thanks are also due Mrs.
Jean Craig who has patiently typed the various drafts and corrections.

JOHN B. GOODENOUGH
Lincoln Laboratory*
Massachusetts Institute of Technology
Cambridge, Mass.

* Lincoln Laboratory, Massachusetts Institute of Technology, is operated with
support from the U.S. Army, Navy, and Air Force.






Contents

Introduction vii

Chapter 1. Descriptions of Outer Electrons : 5

I. Description of the Free Atom 5
A. The Hydrogen Atom 5
B. Extrapolation to the Many-Body Problem 6
C. Electron Spin and the Pauli Exclusion Principle 7
D. Russell-Saunders Coupling, Spectroscopic Notation,
and Multiplicity 11
E. TFactors Determining the Groud State 11
. The Magnetic Susceptibility of Free Atoms 13

I1. Molecules and Solids 17

A. Localized versus Collective Electrons 17
1. The Hydrogen Molecule 18
2. Problem of Toni¢c Terms 21
3. Solids 22
4. Conclusions 26
B. Band Model for Collective Electrons 28
1. Major Assumptions 28
2. Consequences of Lattice Periodicity 29
3. The Fermi Surface 36
C. Magpnetic Properties of Collective Electrons 37
1. Molecules 39
2. Solids 40
3. Localized Electrons Simultaneously Present 43
D. Ilectron Correlation Considerations 43
. Localized Electrons in a Crystalline Field 48
1. The Hamiltonian 48
2. Symmetry of the Zero-Order Functions 51
3. Ligand-Field Splittings 52
4. Spin-Orbit Splittings 62



xii CONTENTS

5. The Jahn-Teller Effect 64
6. Spin Quenching by Large Ligand I'ields 67
7. The g Factor 68

I1I. Magnetism and the Chemical Bond 70

Chapter II. Types of Magnetic Order

I. Ferromagnetism 75

A. Weiss Molecular Iield and Heisenberg Exchange
Hamiltonian 75

B. Temperature Dependence of the Magnetization
and the Susceptibility 81

C. Comments on the Weiss Iield Theory 84

11. Antiferromagnetism, Ferrimagnetism, and Parasitic
Ferromagnetismm 86
A. Two-Sublattice, Collincar Model 86
1. Paramagnetism above the Curie Point 87
2. Néel and Curie Temperatures 90
3. Susceptibility of an Antiferromagnet below Ty
4. Temperature Dependence of the Magnetization
in Ferrimagnets 112
5. Interaction Parameters and lixchange Integrals
6. Effective ¢ I'actors 118
B. Lxperimental Kxamples 119
III. Noncollinear Configurations 131
A. Generalized Luttinger-Tisza Method 131
B. The Bravais Lattice 134
C. The Spinel Lattice 137
1. Cubic Spinels 137
2. Tetragonal Spinels 143
D. Parasitic Ferromagnetism 154
1V. Neutron Diffraction Data 155

Chapter I1I. Atomic Moments and Their Interactions

I. Insulators and Semiconductors 157
A. Description of Outer Electrons 157
1. Evidence from Electrical Properties 160
2, Lividence from Magnetic Properties 162

75

109

118

157



B.

D.

I

I

G.
.

CONTENTS xiii
3. Site-Preference Energies 163
Theory of Magnetic Coupling 165
Cation- -Cation Interactions 165
180° Cation-Anion-Cation Interactions 168
90° Cation-Anion-Cation Interactions 180
Intermediate-Angle Cation-Anion-Cation
Interactions 183
5. Cation-Anion-Anion-Cation Interactions 184
6. Anisotropic Superexchange 184
Crystallographic Considerations 185
1. Ordering of Two Valence States Among Ions of the
Same Atom on the Same Sublattice 185

2. Cooperative Jahn-Teller Ordering 186
3. Spin-Orbit Coupling 186
4. Cation- -Cation Homopolar Bonding 187
5. Bonding-Band IFormation 187
6. Covalent-Bond Ordering 187
7. Three-Membered-Ring IFormation 188
8. Small Cation in a Large Interstice 188
9. Low-Spin-State = High-Spin-State Transitions 189
Rock Salt Structures 190
1. Magnetic Properties 190
2. Crystallographic Properties 192
Spinel Structures 193
Magnetic Coupling 198

B-Site Jahn-Teller Kffects 202
The System Co;_.Mn,0, 211
A-Site Jahn-Teller Iffects versus Spin-Orbit
Coupling 213
5. The Systems NiCr,Fe._,Q4 and Fe; .Cr,0, 215
Perovsklte (ABX;) Structures 221

Jahn-Teller Effects: Static and Quasistatic 222

2. Ilustrative Examples 228
Ordered Rock Salt Structures 238
Rutile Structures 240
1. Normal Compounds 240
2. Electron-Ordering Effects 241
Some Hexagonal Structures 243
1. Corundum 243

Ll e

r“.w.‘\"':"



xiv CONTENTS

2. Ilmenite 245
3. Halogen Compounds 246

J. Interactions Between Cations in Tetrahedral
Sites 247

II. Tonic Compounds with Metallic Conductivity 249

A. Description of the Outer Electrons 249
1. Criteria for Metallic Conduction in Ionic
Compounds 249
2. Electron-Ordering Transformations 251
3. Electrical Conductivity 252
4. Magnetic Susceptibility 253
B. Illustrative Examples 255
1. Compounds with Corundum Structure 256
2. Compounds with Rock Salt Structure 266
3. Compounds with Rutile Structure 270
4. The Compound TiCl; 275
5. Compounds with Cu,Al Structure 275
C. Compounds with the NiAs Structure 276
1. General Considerations 276
2. Electrical Properties 277
3. Magnetic Interactions 278
4. The System [J;I'e;_,S 282
5. Cation-Excess Nickel-Arsenides 288
D. Compounds with the CusSb Structure 290
1. General Considerations 290
2. Mn,;Sb 291
3. Antiferromagnetic = Ferrimagnetic Transition 293
4. MnyAs, CryAs, and CusSb 295

II1. Metals and Alloys 295

A. Description of the Outer Electrons 295
1. Body-Centered-Cubic Structures 297
2. Face-Centered-Cubic Structures 306
B. Comparison with Experiment 311
1. Crystal Structures 312
2. Magnetic Properties of b.c.c. Metals 314
3. Magnetic Properties of b.c.c. Alloys 315
4. Magnetic Properties of Close-Packed Metals 319
5. Magnetic Properties of Close-Packed Alloys 322

b



CONTENTS XV
6. Magnetic Properties of Some Special Ordered

Alloys 332
IV. Concluding Remarks 350
REFERENCES 355
CHEMICAL FORMULA INDEX - 379

SUBJECT INDEX 385






Introduction

During the last fifteen years, there have been an increasing number
of studies concerned with the origins of atomic moments and of
magnetic order in solids. An understanding of these two things
should provide important foundation stones on which a theoretical
superstructure for inorganic chemistry ecan be built, because such an
understanding requires an adequate deseription of the atomic outer
electrons after the atoms have been brought together to form a solid.
The following pages arc intended to provide an extensive, though
not exhaustive, review for chemists of our knowledge as of 1961 in
this rapidly developing field. Although the lack of an established
and developed theoretical framework would appear to doom such an
undertaking to a catalogue of isolated facts, it is shown that a rela-
tively simple set of physical ideas do emerge from present theory to
unify a great diversity of experimental findings into a coherent unit.

Heisenberg’s 1928 formulation of a many-body exchange Hamil-
tonian for the coupling energy of a system of atomic spins has served
as a great divide for theoretical studiecs. On the one hand the ex-
pression has been aceepted and effectively used to interpret the
varietics of magnetic order that have been encountered cxperi-
mentally; on the other it has inspired many attempts at justification
from the first principles of quantum mechanies. Immediate contact
was made between the Heisenberg expression and the classical,
molecular-field formalism for ferromagnetism introduced by Weiss in
1907, a formalism that was generalized in 1948 by Néel to two-sub-
lattice structures to provide an interpretation of antiferromagnetism
and ferrimagnetism. Further generalization to six independent sub-
lattices was made in 1952 by Yafet and Kittel, who first introduced
the possibility of noncollinear spin configurations. However, it was
not until 1960 that Lyons and Kaplan showed how the many-body
problem can, in many instances, be rigorously treated to give the
true ground state of a system of 102 spins. It is now possible to
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formulate a connection between the exchange Hamiltonian, especially
if generalized to include exchange and crystalline anisotropies, and
the variety of magnetic orderings that have been observed with
neutron diffraction. Besides collinear ferromagnetism, antiferromag-
netism, and ferrimagnetism, these include antiferromagnetic, ferri-
magnetic, and ferromagnetic spirals, canted spins that give rise to
parasitic ferromagnetism in antiferromagnets, partial magnetic order-
ing that results in a sinusoidal variation of the z-component of
magnetization but no order in the basal plane, and various triangular-
spin configurations. The basic theory of spin configurations that
has been derived from the Heisenberg exchange Hamiltonian is out-
lined in Chapter II, and reference to the literature is given for those
cases where extension of the Hamiltonian to include exchange and
crystalline anisotropies is necessary. Application of the theory to
paramagnetism and the relationship of experimental parameters to
the strength of the coupling between near neighbors is also given in
this section. Because the strength of this exchange coupling drops
off rapidly with interatomic separation, it is only necessary to con-
sider near-neighbor, next-near-neighbor, and next-next-near-neighbor
interactions. Thus experimental contact with the fundamental phe-
nomenological parameters of the exchange-Hamiltonian formalism is
possible, so that the stage is set for experimental verification or
rejection of the theoretical attempts to justify these paramecters from
first principles.

A theoretical justification from first principles of these coupling
parameters and of the magnitudes of the individual atomic moments
requires a profound understanding of the nature of the chemical bond
in inorganic solids. This problem is therefore of paramount interest
for the chemist. In Chapter I are introduced the basic theoretical
concepts on which our formal descriptions of the outer electrons are
built. First, there is the description of the free atom. With no
coupling between atoms, this gives the magnitude of the atomie
moment and connection with paramagnetic susceptibilities, which
permit measurement of these moments. Then there is the descrip-
tion of the electrons after the atoms have been brought together to
form a crystallographic array. Traditionally, such descriptions have
proven successful for two limiting cases: R &= Ry and R > R,, where
R is the interatomic separation and R, is the optimum-bonding
separation for the outer electrons in question. Ifor R & Ry, the
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outer electrons are collective, belonging to the lattice as a whole.
The symmetry of the lattice is introduced through the Bragg scat-
tering conditions for the running electron waves. The principal
results of band theory that these conditions provide are summarized.
Unfortunately, a rigorous solution of the many-body problem has not
been achieved, so that drastic simplifications are introduced into any
formalism that would start from first principles. The principal
assumptions that become more serious with increasing atomic sep-
aration are pointed out. For R >> R,, the outer electrons are local-
ized. The symmetry of the lattice is introduced in this case through
the crystalline electric fields that perturb the atomic states. A
summary of the assumptions and results of crystal-field theory for
one and two outer 3d electrons is also given in Chapter I. Finally,
there is an estimate of the intcratomic separation E. at which a
collective-electron description of the 3d clectrons must change to a
localized-electron description. It is shown that for transition-metal
compounds the interatomic spacing is frequently great enough for a
localized description to suffice, but that in many cases (especially in
metals and alloys) a collective-clectron description that avoids the
drastic simplifications of conventional band theory is required. It is
also pointed out that the anisotropy of the 3d wave functions may
permit the simultaneous existence of localized and collective 3d
states.

IFor transition-metal atoms, the coupling between atomic moments
is due to the interactions of the outer d electrons on neighboring
atoms. This is in contrast to the couplings of the 4f-electron
atomic moments of the rare-earth atoms, which interact primarily
through intermediary clectrons either of a conduction band or of an
intermediate anion. The problem of 4f-electron coupling is of lesser
significance for chemical bonding, and it is omitted from the present
discussion. Discussions of magnetostriction and crystalline aniso-
tropy, though relevant, are also considered of secondary importance
for the chemical bond and are omitted.

In Chapter III the basic physical ideas inherent in these theories
are applied to the transition metals and their compounds and alloys.
These applications are separated into three main categories: materials
with R > R,, those with R & R,, and those with R < R,. Materials
of the first category have atomic moments that follow from crystal-
field theory and magnetic couplings that can be described by the
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sum of various superexchange contributions. The physical bascs for
the superexchange mechanisms are discussed, and the results of the
formalism are presented without derivation. This leads to the tab-
ulation of a few coupling rules that are immediately applicable to the
experimental findings. The existence of electron-ordering trans-
formations below the melting point permit some dramatic correla-
tions of crystallographic structure with magnetic order. For R ~ R.,
the crystal-field splittings are large compared to the band-width of
the collective-clectron states, which is sufficiently narrow that for
high T the atomic moments approach a localized-electron value.
At lower temperatures crystallographic transformations that make
R < R. are common. Spin-pairing in homopolar, R < R, bonds
tends to quench any contribution to the atomic moments from these
collective clectrons. Interpretation of the atomic moments and the
magnetic couplings between them is found possible for the case of
R < R, near-neighbor-directed 3d clectrons provided the superex-
change rules for B > R, electrons are extrapolated to apply to the
clectron-spin correlations within the collective-clectron states. In-
ability to introduce these correlations into the theoretical formalism
plagues a rigorous description of the collective electrons, but investi-
gation of magnetic order and atomic moments now appears to provide
a direct indication of the nature of the spin correlations that stabilize
the chemical bond. Thus the physical mechanisms responsible for
stabilizing the spins of localized electrons into an ordered array
appear to be identical to those responsible for electron-correlation
stabilizations of narrow-band collective electrons. This fact at once
provides both a fact that must be included in any rigorous formalism
and a common theme for the interpretation of the atomic moments
and magnetic order found in transition metals and their compounds
and alloys. Tt is for this reason that considerable space is given to a
variety of specific compounds that illustrate the application of these
concepts to complex as well as to simple situations.



CHAPTER I

Descriptions of Outer Electrons: General

Of the many aspects of magnetism that are encountered in inor-
ganic solids, this volume is concerned only with the magnitudes of
the individual atomic, or ionic, moments and the cooperative cou-
plings betwecen them. After a brief review of the origins of the
atomic moments of the free atoms, consideration is given to the in-
fluence of chemical bonding on the magnitude of these moments and
on the strength and character of their interactions. This requires a
description of the electrons that are outside of closed shells, and
measurements of atomic moments and their ordering provide an
important check for these deseriptions.

I. Description of the Free Atom
A. THE HYDROGEN ATOM

Any deseription of the free atom begins with the Schroedinger wave
equation for a single clectron in the field of a positive point charge
+Ze:

v+ (5 + 25w =0 ()

ur = mM /(m 4+ M) is the reduced mass of the electron and nucleus,
—e is the charge on an electron, and A = 27h is Planck’s constant.
For bound states, i.e. £ < 0, this equation has the well-known solu-
tion (194)

Vutm, = f(p) PI""(cos 8) exp [imig] (2)
where the radial part of the wave funetion contains the Laguerre
polynomials

n \au

S6) = Cer @) 2 2p) o =2 (L)

and the integers n, I, m; are known as the principal, angular-
5
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momentum, and magnetic quantum numbers, respectively. The in-
teger m; has 21 4 1 possible values (from —I to +) and the integer [
is confined to the interval 0 <1< n — 1. Related to the Uncer-
tainty Principle is the Bohr expression for the product of the momen-
tum and radius of a classically orbiting electron:

pr = nh 4 ®3)
For an equilibrium classical orbit, the attractive electrostatic force
must equal the centrifugal force, or
2 2
Fd @
Combination of equations 3 and 4 gives the classical Bohr orbits
ra(Bohr) = n*(an/Z)  ay = h*/me* = 0.53 A %)

The reciprocal of the Bohr radius is just the quantum-mechanical
mean reciprocal radius of an electron with quantum number »:

(") = [ ri'wle dr = [r.(Bohr)} (5"
The mean radius of the electron is
(r)) = / ralgl? dr = ro(Bohr)[(3n — D(Bn — I + 1)/4n2]  (5")

Comparison of the eigenvalues of equation 1 with the energies of the
Bohr theory reveals that the n of equation 2 is the same as that of
equation 3 and gives

o2t (2N _ o (M, (7Y
I <n) _R”(m+M)hc(n> ©)

where R, = 27%met/ch? = 109737.303 em™! is the Rydberg constant
for infinite mass. The radial dependencies of the wave functions are
plotted in Figure I, and the angular dependencies are indicated in
Figure 2. In equation 1 both the electron spin and the relativistic
corrections are neglected, and the cnergies of the stable states are
independent of I. Spin-orbit interactions must be introduced as a
perturbation in any consideration of multiplet structure.

B. EXTRAPOLATION TO THE MANY-BODY PROBLEM

The mathematical difficulties associated with the many-body prob-
lem are so great that any conclusions about multiclectron atoms are
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cxtrapolations from the single-electron problem. In the case of alkali
metals, there is a single elcctron outside of a closed shell. The
closed-shell electrons have a spherically symmetric distribution, and
equation 1 is appropriate provided the integer Z is replaced by a
nonintegral number Z. = (Z — o) in order to reflect screening of
the nuclear charge by the closed-shell electrons. The screening
parameter ¢ is greater the smaller the penctration of the electrons
into the closed-shell electron core.  From Figure 1 it is secen that Ze
must decrease with increasing angular momentum [ of the outer
clectron. Henee the energy of the stationary states of the outer
clectron E,,; depends now on both n and [, states with smaller [ being
more stable than states with higher [ and the same n. If there is
more than one electron outside a closed shell, it is customary to con-
sider only a single electron moving in the average potential created
by all of the other electrons (spherical approximation), and E,; de-
pends upon I through Ze in the same way as for the alkali metals.
However, clectron correlations that minimize the clectrostatic inter-
actions between outer clectrons must then be considered as a per-
turbation.

C. FLECTRON SPIN AND THIE PAULI EXCLUSION PRINCIPLE

Electron corrclations are intimately associated with two assump-
tions: () a fourth quantum number, the electron-spin quantum
number s, and (2) the Pauli exclusion principle. In order to account
for spectral data, it is necessary to postulate that electrons spin about
their own axis to create a magnetic moment (625). Whereas the
magnetic moment associated with the angular momentum may have
(21 + 1) components m, in the direction of an external magnetic field
H, the spin moment may have only two components corresponding to
§ = m, = £1/2. Classically the magnitude of thec moment p, as-
sociated with an angular momentum p, is

[
MRa = "‘zmc Pa = _l‘lipa/h (7)

where up = eh/2mec = 9.27 X 10~ crg/oe is called the Bohr mag-
net_on.
[An elliptic circuit of area A = (1/2) /(; 1 da carrying a current ¢

has a magnetic moment u = 74. An clectron moving in a planar
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10 MAGNETISM AND THE CHEMICAL BOND

orbit of area A is equivalent to a current ¢ = —e/cT, where —e/c
is the charge of the electron in emu and T is the period. The angular
momentum of the electron of mass m is p, = mr?a, so that

r

l l{al v /¢
A= 5 A (pa/m) dT = pa1 /Zm.:l

Whereas solution of the angular part of equation 1 gives p; =
R+ 1)1, it is necessary to assume that p, = 2h[s(s 4 1)]"/%.

<00

s p, (or py' orp, ) ONE OF FOUR 3
TeTRAHEDRAL (sp3)

X,y X %*%
A B C,D,E

Fig. 2. Angular dependence of hydrogen cigenfunctions for sl =0),p(l =1)
and d(l = 2). The functions A, B, C, D, E are defined by Equation 63, and v;
contains C, D, L.

HYBRIDIZED y5 (ort, )

[This assumption comes out of the Dirac relativistic wave equation
for the electron. In this theory both positive and negative encergy
states are allowed, so that the energy difference between the two spin
states of an electron of mass m moving with velocity ¢ is assumed
to be AL = 2mc* = hw. 1If the electron has no orbital angular mo-
mentum, wsh = me? where sh is the spin angular momentum. There-
fore s = 1/2 rather than an integer, so that p, = 2h[s(s + 1)]V2]

In order to understand the building up of the periodic system, it is
necessary to introduce an additional assumption, the Pauli exclusion
principle (503), which states: In one and the same atom, no two electrons
can have the same sct of values for the four quantum numbers n, l, m;, m,
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(orn, 1,7, m;). [The quantum number j is the total quantum number
and is given by the veetor sum of the orbital and angular momenta,
and m; is the component of j along a prescribed direction.] The
quantum mechanical formulation of this principle is: The total eigen-
Sunction of an atom with several electrons must be antisymmetric in all
its electrons.

D. RUSSELL-SAUNDERS COUPLING, SPECTROSCOPIC
NOTATION, AND MULTIPLICITY

In this volume, principal consideration is given to the lighter ele-
ments, so that the Russell-Saunders (549) vector model of the atom
is used. In this model a multiclectron atom is assumed to have the
quantum numbersn, L = Y l;, M, S = 3 ;s;, (orn, L, J = |L + S|,
M ;). This implies stronger ;-I; and s;-s; coupling than [;-s; coupling.
It follows from Pauli’s principle that for a closed shell ¥;[; =
> i8; = 0, and the quantum numbers for the atom are determined
by the electrons outside of closed shells. The indicated additions
are always vector additions such that different possible values of
their vector sum have integral differences. It follows that the total
angular momentum J has the possible values (I, + 8), (L + 8 — 1),
(L+8S—2),...,|L—8| so that the multiplicity of terms cor-
responding to a given J is either (28 4 1) or (2L + 1), whichever is
smaller. The degeneracy of these multiplets is removed by the inter-
action of the magnetic moment associated with the angular momen-
tum with that associated with the spin.  These spin-orbit interactions
are rclatively weak and therefore enter the theory as perturbation
terms. This means that the energy differcnces between multiplet
levels (different J, same L and S) are small compared to those between
levels having different L and/or S values. Information about the
state of the atom is summarized by the notation 2$t'L;, where
L=0,1,23,...isgiven by the spectral notation S, I, D, F, . . ..
Information about the individual clectrons is given by the notation
nl? so that the ground state, or decepest term, of Na, for example,
may be indicated as 1s22s?2p®3s' 2S5, or in abbreviated form as
3st 28,5, electrons in closed shells being omitted.

E. FACTORS DETERMINING THE GROUND STATE

In order to interpret magnetic susceptibility data, it is necessary
to know the ground state of an atom with more than one electron
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outside of a closed shell. If there were no electron correlations and
no spin-orbit interactions, all terms for equivalent electrons (those
having the same =, I) would have the same energy. Ilowever, the
electron correlations and spin-orbit interactions are important. Elec-
tron correlations determine the magnitude of the quantum number .J,
and spin-orbit coupling gives rise to multiplets associated with a
given J. There are two rules that operate. The first, Hund’s (289)
rule, states: Of the terms given by equivalent electrons, those with greatest
(2S + 1) le deepest, and of those the lowest is that with greatest L.
The second rule (123) states: Multiplets formed from equivalent elec-
trons are regular when less than half the shell is occupied, but inverted
when more than half the shell is occupied. If the components in a
multiplet term lie energetically in the same order as their J values
(smallest J value lowest) the term is called regular and, in the con-
verse case, tnverted. There is no ambiguity to the rule since the
ground state of a half filled shell (L = 0) is a singlet.

Hund’s rule is a consequence of the Pauli principle plus electro-
static interactions between the electrons. Since any dual occupation
of a spatial orbital must involve large electrostatic clectron-clectron
repulsions, the energy of the multiclectron state is lowered if such
dual occupations can be minimized. From Pauli’s principle, this
dual occupation is minimized if equivalent electrons have as many
like spins as possible.  Given several possible terms with the same
(28 4 1), electrons that orbit in the same sense (I; have the same
sign) collide less frequently than electrons orbiting oppositely.
Therecfore of the terms with maximum (28 4+ 1), minimum electro-
static electron-clectron repulsion is achieved in the term with great-
est L.

The multiplet formation is due to spin-orbit interactions of the
form (628)

Ws=AL-S=WJ +1)—LIL+1) —-8SS+1)] @

where the multiplet is regular or inverted according as X > 0 or
A < 0. . [This interaction follows from the theory of relativity, which
states that in a coordinate system moving with a velocity v relative to
another system, there is an extra magnetic-field strength equal to

= —(v X E) if Eis the clectronic-ficld strength in the other system
(multiplication constants for proper units neglected). The spin of
the moving electron is subject to this field so that the energy is
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W=—-unH~p-(v XE)=p-(p Xr)E/merfor a spherically sym-
metric field E = Er/r. Since L = —(p X r) and pg = —Sus, equa-
tion 8 follows immediately.] For the transition metals of the iron
group, the spin-orbit parameter \ is of the order of 100 to 1000 cm™".
Goudsmit (231) has shown that N reverses sign on going from a less
than half to a more than half filled shell. The physical origin of this
sign reversal lies in the fact that an electron spin interacts more
strongly with its own orbital momentum. From Hund’s rule it
follows that if a shell is less than half filled, the individual electrons
have their spins parallel to the net spin; if the shell is more than half
filled, the individual electrons responsible for a multiplet have their
spins antiparallel to the net spin.

F. THE MAGNETIC SUSCEPTIBILITY OF FREE ATOMS
The magnetic susceptibility is
Xm = N<“|l>/111 (9)

where (u,) is the average atomic-moment component parallel to an
applied ficld H for a unit volume containing N atoms. In general
there are two contributions to (u,), one arising from the existence of
a permanent atomic moment that is aligned in the direction of H and
one from an atomie moment that is induced by H, but by Lenz’s law
is directed opposite to H.  [In the case of molecules and solids, field-
induced contributions to the susceptibility that are directed parallel
to H also exist (sce eqs. 55, H5', and 58).] The former is the para-
magnelic contribution, and the latter the diamagnetic contribution.

The diamagnetic contribution follows from Larmor’s theorem (389)
which states: (For a proof of this theorem, sce reference (628), p. 22.)
For an atom in a magnetic field, the motion of the electrons s, to a first
approximation in H, the same as a moltion in the absence of H except
for the superposition of a common precession of angular frequency
w, = eH/¢mc = Hup/h. The angular momentum of an atom is,
from equation 7:

, 2me
Pa = 2impi; = —, M (10)

where p;, 2;, ¢ are cylindrical coordinates with the z axis parallel
to H. If the field is applied slowly, the motion in the rotating
reference system is the same as the original motion in the rest system
before application of the field, and from Larmor’s thcorem é; =
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@7 (t) + He/2mc is the angular frequency parallel to H. If there is
no permanent magnetic moment, Y_; mpid¢(f) = 0, and equation 10
gives for the diamagnetic moment induced by the field H:

Ao = — A () (1)

un)a = " amet
since pf = 27 4+ yfand v} = 27 + 7 + 27. If the atoms are all alike
in size, there is no difference between the statistical mean (3_;r7)
over a large number of atoms and the time average 3_; 77 for a single
molecule, and the diamagnetic contribution to equation 9 is

N o

where r; ~ 1 A is the distance of a classical electron from the nucleus.

Given a permanent atomic moment, derivation of the paramag-
netic contribution assumes that the energy of separation of the lowest
from the first excited electronic levels in the atom or ion are either
small or large compared to kT. Van Vleck (628) has shown that the
matrix elements between levels of large (3>kT') separation, the high-
frequency elements, contribute a temperature-independent term that
is to be added to equation 12, and that the low-frequency elements
are responsible for a temperature-dependent term that corresponds to
the classical Langevin (388)-Debye (145) expression for paramag-
netism. Both the angular momentum and the spin contribute to the
permanent magnetic moment. When the separation of the multiplet
components is large compared to k7', L and S precess rapidly about
J, and the low-frequency part of the permanent moment is only us
of Figure 3. By geometry (Fig. 3),

ps = prcos (L,J) + us cos (S,J)
and from equation 7 u;, = —up[L(L + 1)]"2, us = —2us[S(S + 1)]'72,
It follows from the law of cosines that
ui=J + Dgtd
_ JJ+DHF+FSS+ D —-LWLA+1)
=1+ 20 +1) (13)

The spectroscopic splitting factor g, also referred to as the Landé
(£86) g factor, falls within the limits of 1 < g < 2, where g =1
corresponds to S = 0, and g = 2 to a spin-only (L = 0) magnetic
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moment. Now what is needed for equation 9 is the component of u;
in the direction of H, usy = pscos (H,J) = Myu;/[J(J + 1)]2,
averaged over the (2J + 1) degenerate M, levels associated with a
given J. That is, each of the possible A, levels corresponding to

Fig. 3. Addition of magnetic moments in an atom with large L-S coupling.
Vector magnitudes:

L=HhLL+ DM  and
S =#h[SES + 12 and  ps
J=AJW + DM and s

~walL(L + 1)}
= 2us[S(S + ]2
~gualJ(J + D]

a given J must be properly weighted by the Boltzmann factor. For
the state M, the energy due to the magnetic field is, from equa-
tion 13,

1’],,, = —‘p,,]”’I = ""}‘[,[g}l])l[
and

_ 2wy exp (= En/kT) _ 4 Y
(“J“) - 21”1 cxp (—l’}m//\?T‘) = JuBT dx (hl Zﬂfi T J)

where x = exp (gupll/kT). It can be verified that algebraic manipu-
lation gives

() = JgunBs(Tgusll /KT) (14)
where the Brillouin function By(y) is defined as

< t) -
Bi(y) = J +J(l/2) coth (J +J(] /2) y) - %]- coth (2% y) (15)
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Fxpansion of equation 15 for the case y < 1 gives
Bs(y) = JW + VD)y/3)2 y<K1
or on substitution into equation 9
M A~y Ng*uhl ( + 1 = N_“j (16)
" 3kT 3kT
which is the classical Langevin-Debye result. There is also a sceond-
order contribution to the paramagnetic susceptibility that is inde-

pendent of temperature. It is due to the component b-¢ in Figure 3
and has the form (628)

o _ _ Nud 4+ F) }
Xme =52 + 1) \Erp — K~ Ey — B

(17)

where
FJ) =J7'[(S+ L+ 1) = J*][J* — (S — L)!]

Usually the ground state is & minimum or a maximum of .JJ, depend-
ing on whether the multiplet is regular or inverted, and the second
or first term, respectively, of equation 17 vanishes.

In summary, the magnetic susceptibility for an atom with multiplet
separation A >> kT > F,, is

2
Xm(ammic) = Xr(nll)) + Xr(nz))J + Xmd X N (‘{Z‘IT + a) A>D> kT (18)

where a = a, — ay follows from equations 17 and 12, respectively.
If a permanent atomic moment exists, the diamagnetic term is rela-
tively small and only enters as a correction term.

In the cases where the multiplet separation is A < k7, L and S
precess slowly about J, so that u;, and ug precess about H, and there
is no distinction between p; and the complete moment vector
—pp(L 4 2S). This means

(ul) = (487 + L2 4+ 4L -S))uk

where S? and L? correspond to S(S + 1) and L(L + 1). With mul-
tiplet separation «k7T, the temperature factor may be disregarded
in the statistical averages, and it can be shown (628) that in both
strong and weak fields (I.-S) = 0 and the form of the paramagnetic
contribution is simply the classical Langevin-Debye result. There-
fore equation 9 reduces to
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xm(atomic) = N (3';0%,1, 4SS+ 1) + L(L + 1)] - ad)

ALET (18"

The intermediate case with multiplet scparation ~kT applies to
Eu and Sm, but is generally a special case. This case violates the
Curie law

xm = C/T (19)

where C is a constant. However, most atoms obey the Curie law
(ap is usually small also), so that measurements of x. vs. T-! give
straight lines with slope C' from which information about the perma-
nent atomic moment can be obtained. In fact, the effective atomic
moment as given by the Curie law is

g[J (T + 1)]V2up for A> kT
Bt =AM48(S + 1) + LIL 4+ )]s forAKL Ic’l‘}
3k
= []_V— (/] = [SCII:ol]llzﬂ'B (20)

where C, 4 is obtained from a plot of molar susceptibility vs. tem-
perature. In the special case that . = 0, equations 18 and 18’ are
cquivalent and

Meff = 2[S(S + 1)]”2}"3 = [SCn:o]]lﬂ#B (20’)

I1I. Molecules and Solids

A. LOCALIZED VERSUS COLLECTIVE ELECTRONS

If atoms are condensed into a molecule or a crystalline array, the
outer electrons in partially filled shells are strongly perturbed by the
neighboring atoms. In fact, these electrons determine the strength
and direction of the binding forces between the atoms of a crystal-
line array, and the character of a bonding electron may be quite
different in a crystal from what it is in the free atom. At the heart
of any understanding of the magnetic properties of matter is an
adequate description of the bonding and nonbonding electrons outside
of atomic closed shells. Although quantum mechanics provides the
necessary physical concepts for such a description, the mathematical
difficulties associated with the many-body problem have forced the
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introduction of serious simplifications into the theory. Thercfore
studies of the magnetic properties of matter should provide important
clues to and checks for our descriptions of the chemical bond. It is
this aspect of magnetism that is probably of greatest interest to the
chemist, and it is from this perspective that magnetism in solids will
be discussed.

The chemist is accustomed to think of the chemical bond from the
valence-bond approach of Pauling (505), for this approach enables
construction of simple models with which to develop a “chemical
intuition” for a variety of complex materials. However, this ap-
proach is necessarily qualitative in character so that at best it can
serve only as a useful device for the correlation and classification of
materials. Therefore the theoretical context for the present discus-
sion is the Hund (290)-Mulliken (457) molecular-orbital approach.
Nevertheless an important restriction to the application of this
approach must be emphasized at the start; viz. an apparently sharp
breakdown of the collective-electron assumption for interatomie
separations greater than some critical distance, R.. In order to
illustrate the theoretical basis for this breakdown, several calculations
will be considered, the first being those for the hydrogen molecule.

1. The Hydrogen Molecule

The Schroedinger equation for the hydrogen molecule that cor-
rcsppnds to equation 1 for the atom is

(Il + H)¥ = E¥ 1)
4 SN 1”_2_ 2 2\ __ "_2 _ ‘_’f
110 - Zm(vl + VZ) Ty Ty

2 2 2 2
o2, 2_¢_¢&

R + T12 B T24

where R is the intermolecular distance between atoms A and B, which
is assumed fixed relative to the electronic motions (84), and 7y, is the
interelectronic distance. In this nonrelativistic approximation, the
electrical interactions between particles do not depend upon their
spins, so that the solution to equation 21 may be written in the form
of a product

¥ = Y(ry,rs)x(01,02)

where ¢ is a'function of the coordinates only and x of the spins only.
Despite the fact that the electrical interaction of the particles is
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independent of their spin, the energy of the system depends upon its
total spin. This arises from the principle of indistinguishability of
similar particles, which forces the wave function to be symmetrical
or antisymmetrical. (If there is no overlap of the wave functions
of two particles, they can be distinguished.) Therefore solution of
Schroedinger’s equation gives two cnergy levels, corresponding to a
symmetrical and an antisymmetrical wave function ¢(r,ry). The
total wave function for a system of clectrons, particles with half-
integral spin, must be antisymmetric (Pauli principle). Therefore
if the space part of the function is symmetrie, the spin part must be
antisymmetric, i.e. the spins of the two electrons are antiparallel.
Conversely, if the space part is antisymmetric, the spin part must be
symmetric, i.e. the spins of the two electrons are parallel. Therefore
the possible energy value for the system depends upon its total spin.
The peculiar, purely quantum mechanical interaction that gives risc
to this dependence is called exchange interaction.

A general formulation for the symmetric and antisymmetric co-
ordinate wave function is

Y (ryre) = [w(Dua(2) £ us(l)u(2)] (22)
U = Cua + Cr120p Uy = Cadu + Cootbs

where ¢, and ¢, arc hydrogen wave furctions for nucleus ¢ and b,
respectively. In the molecular-orbital (MO) approach, each of the
two electrons of the hydrogen molecule is assumed to belong equally
to the two hydrogen nuclei. In this approach the ground state has
¢ = €y = €z = €2 and the plus sign in equation 22. At large
nuclear separations, this assumption is obviously poor: it is more
accurate to describe the system as two separate hydrogen atoms, but
with some stabilization as a molecule as a result of a finite probability
of exhanging the electrons on the two atoms (i.e. electrons are con-
sidered indistinguishable). In this latter description, called the
Heitler-London (266) approach (HL), ci2 = ¢z and ¢y = cee. (The
simple HL: formulation neglects polar terms, i.e. terms in ¢4(1)¢a(2)
and ¢5(1)#s(2), so that ¢z = ¢y = 0. If orthogonalized HL wave
functions are the basis set, 1o = ¢ # 0 and stabilization of the mol-
ccule can only be achieved by further addition of polar terms.) In
general, the ¢,; are subject to the normalization conditions

C%l + sz + 2a’enci: = 1

(23)
1+ B2 + 2d/caucn = 1

I
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where o’ = [ ¢.¢s dr is the overlap integral. [[dr is an integral
over coordinate space.] If the two possible spin states for an elec-
tron are designated « and 8, the ground-state, two-electron wave
function for the molecule is

¥ = [ur(Dus2) + u()u(2))[«(1)8(2) — a2)8(1)]/v2 (24)

where the symiretric space part allows for an accumulation of elec-
tronic charge Letween the positive nuclei to bind them together.
Pratt (529) set himself the problem of determining, for a given inter-
atomic separation R, the values of the c;; that minimize the energy
of the molecule. These ¢;; then give the best description of the elec-
trons., With the use of a variational procedure subject to the nor-
malization conditions of equation 23, he obtained six possible solutions
for the ¢;; as a function of R, two of which are shown in Figure 4.
The striking feature of these curves is the rapid breakdown of the
MO description for B > 1.6R,, where R, is the equilibrium separation.
Similarly, detailed calculations for the N, molecule by Nesbet (479)
indicate a breakdown of the MO description for interatomic separa-
tions greater than ~2R,.

Mattheiss (415) and Slater (385) have carricd out a complete cal-
culation, given fixed nuclear positions, for a six-membered ring of
hydrogen atoms. . They find that the transition from MO electrons
to HL electrons is not as sharp as is suggested from calculations for
the H, molecule. However, these calculations indicate that a simple
MO deseription is adequate only to ~0.75R,, that with sccond-order
perturbation theory (configuration interactions neglected) it is pos-
sible to modify a simple MO theory for B = Ry, but that for B > 2R,
it is necessary to use a HL description for the electrons. [The ortho-
gonal HL description used by Mattheiss consists of a calculation,
which incorporates polar terms via a second-order perturbation
method proposed by Kramers (373), of the “effective” Heisenberg
exchange integral appropriate at large internuclear separations. (The
Heisenberg exchange integral is discussed in Chapter I1.)]. Therefore
although these calculations do not support the concept of a critical

- R, at which there is a sudden transition from MO to HL bonding
electrons, they demonstrate a transition from one description to the
other within the interval By < B < 2R,. Although a HL description
for the electrons does not require localized electrons, the breakdown
of a MO description will be assumed to permit this, especially in
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Fig. 4. Calculated binding energics for H; molecule (after Pratt (529)) as a
function of interatomic distance R for two different relationships of the coeffi-
cients c¢;; defined by Equatien 22. (1 Rydberg = 13.6 eV.)

crystals where other mechanisms such as lattice polarization may be
simultaneously present to stabilize clectron localization.

Although Herring (271a) has raised a fundamental theoretical
difficulty by showing that the HI. description is incorrect at very
large distances (> 50 atomic spacings), the HL approach is here
assumed valid for the values of B > R. of physical interest.

2. Problem of Ionic Terms

Another criticism of the usual MO wave functions is that even at
R, they overemphasize ionic terms since electron-electron interactions
(electron “correlations”) are not adequately introduced. According
to the simple MO theory, the chance of a given electron being on a
given atom is independent of whether another electron of opposite
spin is already there. This cannot be true, and the problem of intro-
ducing into the formalism adequate electron correlations to account
for this fact has proven a formidable obstacle for the theory of mole-
cules and solids (400). If N = cis/cu = ca/css, the space part of
equation 24, with normalization factor neglected, can be written in
the form

Vo= {6()85(2) + ¢6(1)8u(2)} + {8a(1)$4(2) + ds(1)6(2)} (25)
=221+ €N

I
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The expressions in the brackets are the HIL covalent wave functions
and the pure ionic wave funetions, and g shows the degree of mixing
between them. In the MO theory A = p = 1. In the simple HL
theory, A = u = 0. The ¢’ of equation 25 are sometimes referred to
as semilocalized orbitals (456). Values of u which minimize the energy
for the wave function of cquation 25 have been calculated as a
function of R by Coulson and Fischer (134) and are plotted in Figure
5(@). It is to be noted that the ionic contribution (“polar states’)
to the ionic-covalent hybrid decreases with incereasing R. It is also
to be noted how great an overemphasis there is on the ionic terms
in the simple MO theory (i.c. at all distances u < 1).  Therefore it is
apparent that neglect of electron correlations cannot be considered
insignificant, and any insights that empirical observations can give
to this problem arc important. (This is especially true for d clectrons
in solids where the interatomie separation is greater than the equilib-
rium separation for d-cleetron bonding.)

(’ohata (494) has recently used semilocalized orbitals to caleulate
the bonding energy of the C—C bond in the diamond erystals. The
total electronic wave function ¥ for the crystal is expressed as an
assembly of pairs of orbitals. These pairs include not only valence-
orbital (hybrid s—p) pairs, but also core-electron pairs. The calcu-
lated binding energy of a C—C bond is plotted in Figure 5(b) as a
function of X\. It is to be noted that the optimum value for X is
M = 0.16. According to this calculation, the overemphasis of the
polar terms in the MO approach fails to consider correlation cffects
that are responsible for binding energies of 0.4 eV per bond. For
various diatomic molecules, the difference between the exact and the
Hartree-Fock (parallel-spin correlations only are included) ground-
state energies are 1 — 2 ¢V. Since 1 ¢V = 23.07 kecal/mole, these
errors are significant.

3. Solids

In the case of solids, Mott (454) has argued for a sharp breakdown
of the MO approach at some critical separation R.. Consider an
array of noncovalent (alkali) atoms with interatomic separation R.
If R is large, so that the overlap of the atomic wave functions on
neighboring atoms is small, the HL approach should be used. Then
each electron is described by an atomic wave function

¥(r) = ¢(r — Rn)
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Fig. 5. Contribution of ionic terms to the binding energy as a function of
internuclear distance. (a) Contribution u of ionic terms for Hs molecule (see
equation 25) calculated with best screening constant of a Heitler-London wave
function (after Coulson and Fischer (134)). (b) Variation of the binding energy
of diamond per C—C bond with N = ¢p/en = cu/cz (after O'ohata (494)).
The effect of nonorthogonality between a valence orbital of one atom and a core
orbital of another reduces the calculated binding energy by 0.28 eV per bond, so
that the complete theoretical binding energy is 3.64 eV per bond.
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where R, is the coordinate of the nth atom. The antisymmetrized
wave function corresponding to these atomic wave functions is
designated

‘I’nc(ql, Q. . )

where ¢, are the electronic coordinates including spin and the sub-
script nc stands for nonconducting. That such a state is nonconduct-
ing is obvious since there are no “polar states.” Although electrons
can change places (electron exchange), there is always one electron
per atom, so that no net current can occur so long as the number of
electrons per atom is unity (or an integer if the ground state has orbital
degeneracy: ! 0). [If an clectron is removed, the “hole” left
behind can move about and carry a current so long as electron-lattice
interactions are small. Similarly an extra clectron can move from
atom to atom.]

At small R on the other hand, the antisymmetrized, many-electron
wave function

\I’c(qu Q. . )

is composed of one-electron wave functions Y. characteristic of run-
ning waves (MO electrons) in a periodic potential (see eq. 30). Such
wave functions do not prevent two electrons from being located
simultaneously at the same atom (although introduction of a “cor-
relation hole’”’ associated with each electron inhibits it), so that “polar
states” and conductivity are possible. From the theory of the
hydrogen molecule, such polar terms play an increasing role as the
atoms are brought together (sce Fig. 5). The same must be true for
a crystalline array. However, there is an additional feature in the
theory of the infinite lattice: It ¢s necessary to distinguish between free
charge carriers and posttive and negative carriers bound together as they
are in an exciton. This distinction does not oceur for the molecule.
Mott (453,454) has argued that a pair of carriers attract each other
with a Coulomb force derived from the potential —e?/kr, where « is
the dielectric constant of the solid. They can therefore combine
together to form a bound state at T = 0°K similar to an exciton.
For the example of a monovalent metal, the bound state would con-
sist of an “extra’ electron confined to move within the field of the
‘“hole” from which it was excited. Such a bound pair is neutral and
therefore cannot carry a current. The significance of this argument
is simply that even at interatomic distances for which polar states
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exist (u > 0), the best wave function may be ¥,. rather than ¥,.
However, if the number N, of polar states is large, i.e. of the order of
0.1 to 1 state per atom, the attractive potential between two charge
carriers is sereened, or V(r) = (—e?/xr) exp [—or], where the screen-
ing parameter o increases with N,. At some critical number N, the
potential becomes too small to allow a bound state to form, and the
carriers do not combine. Since N, increases with decreasing R (see
Fig. 5), it follows that there should be a critical distance R, such that
for B < R. the outer electrons are best described by running waves
and ¥,, but for B > R, by atomic wave functions and ¥,.. Mott
makes a rough estimate for a hydrogen array of R, ~ 2.1R,, which is
comparable to the R, determined for the hydrogen molecule.

The Mott argument is for the case where there are an integral
number of outer clectrons per interacting atom with a given pair of
quantum numbers n, I. If there are overlapping d and s bands in a
transition metal, such as nickel, there will be a fractional number of
d and s electrons per atom so that the screening parameter ¢ is large,
and from the Mott argument, collective-clectron behavior is antici-
pated. However, even if there are nonintegral numbers of electrons
per interacting atom as, for example, in the system Li;Ni;—;O, the
clectrical conductivity is not metallic (increasing resistivity with T')
if the separation between transition-element atoms is R;; > R., but
has the characteristics of a semiconductor [p = pyexp (¥,/k7T) or
p = Tpocxp (K./kT)]. Therefore although the resistivity may be
low (~1 ohm-cm), the conduction process cannot be described by the
simple motion of a ‘“bare” electron that is scattered by phonons,
the quantized vibrational motions of the nuclei. If electron-phonon
interactions are large, there are three possible assumptions:

(a) The energy gained by lattice polarizations about neighboring
atoms of differing localized-clectron occupations is greater than the
energy gained from band formation, and conduction is due to a hop-
ping of localized electrons over a potential barrier from a center of
low valence to a center of higher valence. Such conductivity can be
described by diffusion theory, and experimental support for this
description for compounds with R; > R. is cited in Chapter III,
Section I-A. This type of charge carrier has low mobility (~0.1 to
1 em?/V-see, or ~10~3 to 10~% cm?/V-sec if carrier hop is indirect).

(b) If electron motion is too fast for electron trapping by nearest-
neighbor sites, strong electron-phonon interactions could neverthe-
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less be reflected in a lattice distortion and polarization that moves
with the travelling electron. Such collective, electron-lattice entities
are called polarons. Polaron states lic in a narrow temperature-
dependent range of energies, which means that polarons have a large,
temperature-dependent effective mass (196,197,246,279,558,702).

(c) Localized electrons, which are trapped by lattice polarization
and local distortion, can escape as a result of thermal activation (or
phonon interaction). Such an electron travels many lattice spacings
as a ‘“bare,” collective electron before it becomes trapped again.
This mechanism implies a filled band or a set of traps (homopolar
bonds, for example) that lie energetically ~k7T below a conduction
band. The mobility would depend upon the mean free path between
hole-electron (or electron-clectron) collisions.

4. Conclusions

Whether the number of clectrons per atom is integral or nonin-
tegral, the concept of a critical interatomic separation for collective-
electron versus localized-electron theories seems to have physical
significance. Further, two tentative conclusions are suggested:

(a) For outer electrons characterized by the quantum numbers n and [,
there is a critical internuclear separation R.(n,l), such that these electrons
are best described as high-mobility collective (MO) electrons if the inter-
atomic separation is R < R.(nl); as low-mobility, localized (HL)
electrons if B > R.(n,l). (If R~ Ry, where K¢ is the equilibrium
atomic separation for bonding via n, [ clectrons, the electron mobility
is u~102 — 103 em?/V-sec. If R~ R, u~1— 10 cm?/V-sec. If
R > R, and electrons hop through an intermediary anion, u ~
1073 = 1075 cm2/V-sec.)

(b) For bonding outer s and p electrons there is always (the case of
impurity doping in semiconductors that is discussed by Mott is an
obvious exception and special case) the relation B < R.(n,l) =~ 2R¥,
but for outer d and f electrons the relation may be reversed since the
interatomic distance R is determined by bonding s and p electrons of
higher principal quantum number n, i.e. of larger mean radial ex-
lenston (see eq. 5).

To pursue this second conclusion, it follows from equations 5" and 6
that the interatomic spacing, which is determined by outer s and p
electrons of principal quantum number »’, is
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Dl Z_&'g) n'(3n’ + 1)
k~ R ( m0) 3n — DBn — L+ 1)

eff
e >‘/2 (& > 3In'(3n” + 1)
= R (Eo W) Gn=0@n—1+1 @0

where R}’ is the equilibrium separation for bonding via electrons
with quantum numbers n, [ = 2 or 3 and it is assumed that R/R}
is in the ratio of the mean radii of the electrons. Although the
assumption is arbitrary, it should be reasonable for qualitative argu-
ments. Since partially filled d or f shells only occur where E.a =~
E(ni1ys or Enp & E(nyay, it follows that (En/Eno)2 & 1. (It is only
if the outer d or f shells are filled that (Za%/Z%f) > 1.) This gives

R~ R¥(n/n)3n'Gn' + 1)/[(3n — DBn — 1+ 1)]  (26')
In the case of the rare earth metals, it is observed that the 4f electrons are
always best described as localized, HL electrons, which means that
the near-neighbor separation R,, = 2.53R§’ > R.(4f). On the other
hand, there are no localized electrons in face-centered cubic palladium
(although introduction of iron atoms into the structure induces

localized moments on the neighboring palladium atoms), which
means that Ru., = 247R4* < R.(4d). Thisimplies that

R(nl) ~ 2.5R% 27)

which is reasonably consistent with the various estimates of R. dis-
cussed in the preceding paragraphs.
In the case of 3d electrons, equations 26’ and 27 give

Run ~ 2.09R¥ < R.(3d)

so that the near-neighbor-directed 3d electrons in transition metals
are collective, MO clectrons. In the body-centered-cubic structure,
Runn = 2Run/v/3 = 2.41R3* < R.(3d), and all the 3d electrons are
collective. However, for a face-centered-cubic structure, Ruu.. =
V2R, = 2.96R* > R.(3d), so that the next-near-neighbor-directed
3d electrons may be localized, HL electrons. The possibility that
colleetive and localized 3d electrons may be simultaneously present
at a given atom resides in the highly anisotropic character of the
d orbitals (sce Fig. 2). Further, in ionic compounds containing
transition element cations it is anticipated that the intercation dis-
tance is R;; > R.if the anions are significantly larger than a transition
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In metals of the second and third long periods, the significant
interatomic distances for the face-centered-cubic structure are
Runn = 2.47R$* < Re(4d) and R,.. = 2.22R}* < R.(5d), since equa-
tion 27 was chosen to be compatible with collective states for all
outer 4d, and therefore also all outer 5d, electrons. This choice was
made because of the contrast in magnetic properties that are observed
for close-packed elements of the first versus the second and third long
periods, and it was found to be compatible with semiquantitative
estimates of R, ~ 2R, for outer s clectrons. With this reasoning, it
is to be anticipated that in ionic compounds containing 4d and 5d
cations, an intercation separation R, < R. would be encountered
more frequently than in those containing 3d cations. Indeed in
primarily ionic rare earth or actinide compounds collective 5d- or
6d-electron levels may even form bands of sufficient breadth to over-
lap the localized f levels and introduce metallic propertics. This
appears to be illustrated by Ce.,sS; (22,218,379), which is a material
- of interest for thermoelectric devices.
~ Since the magnitude of the atomic moment will be shown to depend
sharply upon the collective versus localized character of the clectrons,
magnetic as well as electric data will be found (see Chapter III) to
support these tentative conclusions. Therefore, a brief summary is
given of the formal results and of the assumptions made for the
collective (MO) versus localized (HIL) descriptions of electrons in
crystals.

B. BAND MODEL FOR COLLECTIVE ELECTRONS

1. Major Assumptions

The band model results from application of the MO approach to
the giant molecule of the crystal. Just as in the case of atoms, the
many-electron problem for the solid is treated as a single electron
moving in a screened potential arising from the averaged behavior of
the nuclei and all the other electrons. This potential is derived by
the self-consistent techniques originally developed by Hartree (254)
for the atom. Further, the atomic cores, nuclei plus closed-shell
electrons, are assumed fixed so as to give rise to a potential that has
the periodicity of the crystalline lattice. Therefore this one-electron
treatment contains three major assumptions:

(a) A description of the outer (outside of closed shells) electrons may
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be built up from solutions of a single electron moving in a periodic
potential.
() There is a disregard of any multiplet structure on individual
atoms. The electron is treated as a single electron outside closed shells.
(¢) Electron-lattice interactions due to thermal vibrations of the atomic
cores or to lattice defects are treated as a small perturbation.

2. Consequences of Lattice Periodicity

As in the case of atoms, the starting point is the Schroedinger wave
equation corresponding to equation 1:

Vi + 2 (B + U = 0 (28)

where the periodic-potential function is
U(l‘) = U(l‘ + R) R = may + Ny + nzag (29)

and the a; are primitive translation vectors of the crystal lattice.
The most important qualitative properties of the eigenfunctions and
energy spectrum follow simply from the periodicity of U(r). They
are independent of how tightly bound the electrons are to the nuclei,
i.e. to the degree of overlap of the atomic wave functions (provided
Ry < R.). It is thesc features that are of principal interest.

(a) To obtain the “bulk’ properties of the crystal, the crystal is
assumed infinite and the boundary condition for y is periodicity within
one arbitrary domain containing a large number of unit cells. This
boundary condition gives rise to solutions (79) that are running waves
modulated by a function wuk.(r) that has the periodicity of U(r),

Yim = exp [tk rlugn(r) (30)
where the quantum number m indicates that for each value of the
wave vector k, there is a series of different solutions for u, each cor-
responding to a different energy.

(b) Substitution of equation 30 into equation 28 gives

[V + 20k V]u(r) + 2o I:(Fk - %‘f) + eU(r)] w() =0 (31)

The term 27k-V is often treated as a perturbation, and then to
second order in k

h?k?
Ex — o = E, + kQ
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where the quantity @ is independent of k, so that
h*k?

2m*

has the form of a free electron with momentum 7%k and an effec-
tive mass m*. Thus k attains the meaning of a wave number
(k| = 2x/\). For an anisotropic energy surface, the effective mass
is a tensor with components

m _m A2l .
(m*>ﬁ 12 dk; dk; (33)

which is immediately seen to be consistent with equation 32. The
significance of the effective-mass concept lies in the fact that, if cor-
relation and exchange effects are included in the theory, the basic for-
malism 1s not altered since, as was pointed out by Kohn (356), thesc
effects are confined to such phenomenological, measurable parameters
as m* and the dielectric constant «.

(¢) From equation 30 it follows that

Iy = Ity + (32)

\hun(r + R) = €xXp [sz:w’km(r) (34)
If a set of vectors K is so defined that
exp [K-R] =1 (35)

then it may be immediately verified that
K= 2‘n’(h1bl + hgbz + h’;bg) a;-b,- = 5,,‘ (36)

where hy, he, h; are integers. The totality of points defined by all the
vectors K drawn from a common origin constitutes a lattice. This
lattice is the reciprocal lattice, and the vectors K are called reciprocal-
lattice vectors. If the real-lattice vectors are chosen so as to generate
a Bravais lattice, the reciprocal lattice is unique. If k/ = k + K
then it follows from equations 34 and 35 that the wave functions
corresponding to k and k’ have indistinguishable translational sym-
metry and

Yiem(r) = Yum(r) E,. (k') = En(k) (37)

Therefore k is generally restricted (hence referred to as the reduced
wave vector) to a region of k space such that no two points in this
region are separated by any vector K. This is a unit cell in reciprocal
space, and is referred to as the first Brillouin zone.



OUTER ELECTRONS: GENERAL 31

The boundaries of the Brillouin zone can be constructed with the
aid of the Bragg reflection conditions

k + K)? = k]2 (38)
or
2k-K + [K2 = 0

Zones bounded by planes defined by equation 38 are consistent with
the reduced-vector zones. These reciprocal-lattice planes are simply
the planes bisecting the vectors K and normal to them. It is note-
worthy that lattices with the same type of translational symmetry
have equivalent zonc patterns since zone structure is determined by
the K vectors, and these are determined by the primitive translation
vectors.

(d) Bragg reflection is characteristic of wave propagation in pe-
riodic structures, and therefore it must be a feature of electron waves
in crystals. The most important consequence of this Bragg reflection
is that it leads to gaps in the distribution of energy states. If the
Bragg condition is satisfied, the solution is a standing wave, rather
than a travelling wave, since the waves are Bragg reflected equally in
opposite senses. There are two independent standing-wave solu-
tions: onc concentrates electronic charge at the region of large
potential, the other in the region of small potential, depending upon
whether there is a node or antinode at the reflecting plane. The
former solution is more stable, the latter less stable than a free-
electron solution, which distributes electron charge uniformly. With
equation 32 and its modification by these concepts, the Ey vs. k plot
of Figure 6 is drawn. Thus the energy scale is broken up into a
number of allowed bands, which are separated by forbidden bands.
Within a Brillouin zone the energy is quasi-continuous, not continu-
ous, because of the imposition of boundary conditions. Across a zone
boundary the energy may be discontinuous. Two problems of im-
portance are: the magnitude of the energy gaps and the number of
electronic states in a Brillouin zone.

1. The magnitude of the energy gap depends upon the periodic
potential. The potential at any point r in the space lattice may be
expanded as a Fourier series

UG) = % Uxoxp [iK-r] (39)

I'or the case of weak binding, i.e. periodic potential small relative to
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Fig. 6. Energy of an electron in a crystal plotted against wave number k&, for
a simple-cubic lattice with Brillouin-zone boundaries at k, = 4 (x/a), £(2x/a).
Solid line is for reduced wave number — (r/a) < k, < (r/a). Heavy dashed line
is for k, defined in range —» < k, < «. Light dashed line is solution for a
constant potential. Quantum number m defines the band. Effective mass of
interest is
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the mean energy (Fy), Brillouin (103) has used a degenerate-perturba-
tion calculation to show that the energy gap is

E, = —2Ux (40)

Therefore if Uk = 0 at a zone boundary, there can be no energy
discontinuity across this boundary. For a structure with s atoms
per unit cell, the Fourier coefficients of the potential may be written

Uk = z-ix Ax exp [iK n,] 1)
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where n; gives the positions in real space of the atoms of the unit cell.
If all the atoms in the unit cell are identical, then all Ak, with the
same value of K are equal so that

Uk = AxSk Sk = zl exp [iK-n,] (42)
t=

Sk is simply the structure factor that enters determinations of x-ray
intensitics for scattering from crystal planes with Miller indices
(h1,ha,hs).  Therefore, if the structure factor vanishes, there is no
energy discontinuity across the corresponding plane in k space.
However, it should be noted that an energy E, which is forbidden for
a particular direction of propagation k, may be allowed for another
direction of propagation k’. Thercfore the experimental energy gap
E;", which measures the overlap of forbidden energy for all directions
of propagation, is considerably reduced from equation 40 and may
even disappear. In this latter case the bands are said to overlap.
Another type of band overlap may occur if the atomic encrgy levels
are so broadened into bands of allowed energy states that the breadth
of the allowed bands is greater than the energy separation of the
atomic levels, as shown in Figure 7, which shows calculations for
copper by Krutter (375).
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Fig. 7. Energy bands in copper as a function of internuclear separation (after
Krutter (375)).
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Greater binding of the electrons to the atomic cores means larger
Ag and therefore larger energy gaps, narrower bands of allowed
energy. Electrons for which R > R, occupy atomic levels, but
those for which R < R, occupy bands whose width is proportional
to v = [ ¢*(r — p)[U(r) — Zege/r]¢(r) dr, where ¢(r) is the free-
atom wave function, p is a vector joining near neighbors, and the
deviation of U(r) from a periodic array of free-atom potentials is
treated as a small perturbation (79). Therefore the width of a band
increases as p decreases due to increased overlap of the wave functions
on neighboring atoms. For transition metals, the overlap of the
outer s and p electrons is significantly greater than that of the d
electrons, and the d bands are correspondingly narrower (see Fig. 7).

From the definition in equation 33 of the cffective mass as the
curvature of the Ex vs. k curve, it is apparent that near the top of
the band m* < 0. Therefore equation 32 may be written
h?k?
2{m*|
where the positive sign is used ncar the bottom of a band, the negative
sign near the top of a band. 1In the case of overlapping bands, there
are strong interactions between states of comparable symmetry and
energy so that the simple assumption m* = constant in equation 43
holds only near the top and bottom of the band and then only in the
energy regions removed from those where overlap occurs. Neverthe-
less it will be used in Chapter III to give a semiempirical cstimate of
the various d subbands.

2. To obtain the number of clectronic states in a Brillouin zone,
it is noted that the Heisenberg uncertainty principle prohibits resolu-
tion of a state to

dx dy dz dp, dp, dp, = W (44)

Since dp., dp,, dp, may be taken as quantum numbers, the Pauli
exclusion principle prohibits more than two electrons, one of cach
spin, from occupying the same volume h® of phase space. Since
p = hk, it follows that the density of states in k space is

e = 2V/(2x) (45)

where V is the volume of the erystal. The volume of the first
Brillouin zone is (2)*/Q, where Q is the volume of the primitive cell
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of the erystal lattice. This means that with one atom per unit cell of
the Bravais lattice, a Brillouin zone contains 2N states, where N is
the number of atoms in a crystal.  Since the volume of the first zone
depends upon , with » atoms per unit cell the number of states it
contains is 2N /v.  1f the atomic states contain an orbital degeneracy
(2L 4 1) that is preserved by the crystal symmetry, this degeneracy
is reflected in the quantum numbers dp, dp, dp,. Therefore the num-
ber of states in the first Brillouin zone is

n(BZ) = 22l + )N /» (46)

(e) Thus far the discussion has been concerned with a single elec-
tron moving in the average potential of all the other electrons.
Flectrons corresponding to the same atomic states all move in the
same average potential: therefore the occupation at 7' = 0°K of the
one-eleetron states of a band is simply determined by putting in one
clectron per state in accordance with the Pauli principle. Thus for
metallic sodium, with one outer s electron (I = 0) per atom and one
atom per primitive unit cell (v = 1), the Brillouin zone is half filled.

Wilson (685) has pointed out that if a Brillouin zone is full, the
electrons occupying the states of this zone can make no contribution
to the electric current. This fact follows from the definition of the zone
as a region enclosing all reduced wave vectors. Imagine all electrons
of Figure 6 shifted Ak, by an external field. The clectrons in states
within Ak, of the zone boundary are reflected to the opposite zone
boundary, so that the zone remains filled and there is no transfer of
charge. This observation permits a sharp distinction between me-
tallic conductors, semiconductors, and insulators. Because of the
high density of states in a band, a crystal with partially filled bands
is a metallic conductor. If all occupied zones (or bands) are filled,
the crystal is a semiconductor if E" ~ kT, is an insulator if ES >> kT.
Although this distinction appears to explain the conductivities of
most materials, the fact that ionic compounds containing transition
clements are generally insulators or semiconductors, even though
treatment of the d electrons by the band approach would call for
partially filled d bands, supports the assertion that there is an R, such
that if R > R,, the band approach is not applicable.

(f) A quantity that is important because it is related to m* is the
density of electron states N(E), which is defined as
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N(E)dE

_ Number of electronic states with energy between ¥ and £ + dI
B Volume of the crystal

(47)
It follows from equations 44 and 32 that

, 2m* 3/2 e E’ 4
N(E)dE—ﬁA]nrpdp —kdlc—z; ) E"dE (48)

where £ = Ex — E,. Precisely the same cxpression holds for the

top of the band provided £ = Ei, — Ex. For asymmetric bands
defined by

= o (a;kz + a2k2 + aak,) (49)

instead of by equation 32, the density of states is given by
1 2m KE'?dE
47!’2 h2 (a1a2a3)‘/2

For a general Ey vs. k relation, equation 48 may be written

NE) = g // A

To obtain the variation of N(E = Er(0)) with the number of elec-
trons Nz., where 2, is the number of electrons per atom in the band,
use is made of the relation (for T = 0°K)
Ne=2 [ N@yaw =5 (2 mopr (o
—_ N g’ = -5 e

w2 | V@ = 55 () wmor 60
where the factor 2 enters because of the spin degeneracy and the
Fermi energy Er(0) is the maximum energy of the occupied states at
T = 0°K. Therefore

. _ m* (3Nz,\'®* _ 3Nz .
N(E©) = 21rh2( = > = 15,(0) (51)

provided equation 32 or 43 gives a reasonable description of E(k).

N(E) dE = (48")

3. The Fermi Surface

From the above discussion of the simple band model (no electron
interactions are included), it follows that there is a surface in phase
space at T = 0°K across which there is a discontinuity in the occupa-
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tion of electronic states, all states of lower energy having a unit
probability of being occupied and all those of higher energy having
a zero probability. This surface is called the Fermi surface. If
electron interactions are introduced, it is apparent that no electron
can continue permanently in a state of a particular momentum. The
electrons must suffer accelerations, some of which put the electrons
in states of higher energy than the Fermi surface £r. Therefore the
occupation probability is no longer one below Er or zero above Epr.
Nevertheless recent many-body theories (200) indicate that even if
electron interactions are included, there exists a surface in momentum
or k space for the electrons across which the occupation probabilities
of the possible one-electron states are discontinuous and in the
neighborhood of which there can exist quasi particles capable of
carrying a current, contributing to the eclectronic specific heat, Hall
coefficient, diamagnetic susceptibility, ete. Further, Luttinger (406)
has shown that as for the simple band model, so for any model of
interacting electrons for which perturbation series converge, the vol-
ume of k space enclosed by the Fermi surface is exactly proportional
to the number of electrons per unit volume. Therefore the Fermi
surface is believed to have physical significance for the case of collective
electrons in partially filled bands. There is no Fermi surface for
localized electrons. For filled bands of collective electrons, the Fermi
energy is in the gap of forbidden electron energies, and physical phe-
nomena characteristic of a high density of states at the Fermi surface
do not occur. Experimental evidence for the physical reality of a
Fermi surface has been obtained in several types of experiments that
employ high magnetic fields at low temperatures: cyclotron resonance
(721), anomalous skin effect (525), Hall effect (85,607), magneto-
resistance (85), magnetic susceptibility (422). This type of experi-
ment promises to provide important information in the next few
years.

In conclusion, the principal features of collective electrons that
appear to have physical significance are the Brillouin zone and band-
structure concepts that follow from the lattice periodicity and the
concept of a Fermi surface.

C. MAGNETIC PROPERTIES OF COLLECTIVE ELECTRONS

According to the collective-electron model developed in the last
paragraph, each state is filled with two electrons, one of each spin,
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up to the Fermi surface. This means that in the absence of a mag-
netic field, an atom carries no net spin, and therefore no atomic
moment. It follows that any atomic moments duc to collective
electrons are induced either by internally or externally generated
magnetic fields. Whereas field-induced moments might be expected
to contribute only negative tecrms to the magnetic susceptibility in
accordance with Lenz’s law, it is found that collective eleetrons also
contribute a positive term arising from alterations by H of the spin

ENERGY

2

Fig. 8. Induced, spin-originated atomic moment in the presence of a magnetic
field /I at T = 0°K. At higher temperatures electrons near Fermi level spread
out. Internal magnetic fields induce spontaneous magnetization. Iixternal fields
induce weak (Pauli) paramagnetism. If Ex(0) < Eq + usll or Er(0) > E: —
uaH, atomic moments are saturated.

populations of clectron states. (The negative term is due to altera-
tions in the spatial orbits of the electrons.) In order that the col-
lective electrons be magnetized to saturation, it is necessary for thesc
fields to split the spin degeneracy of each state by an energy that is
greater than the width of the occupied (or unoccupied) portion of the
band, as is illustrated in Figure 8. From this it follows that for a
given splitting of the levels, the induced spin-originated moment is
larger the greater N(£y), and saturation requires a relatively narrow
band.

In the case of free atoms, it was shown possible to understand
intuitively how the exchange correlations give rise to internal mag-
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netic fields responsible for Hund’s maximum-(28S + 1) rule. In the
case of collective electrons, in the absence of any simultaneously
present, localized (R > R.) electrons outside of closed shells (i.e.
contributing a net atomic spin), there is no comparable mechanism
for generating large, internal magnetic fields at the atoms. In fact
the electron—atomic core electrostatic interactions may induce anti-
parallel-spin correlations that are stronger than the parallel-spin cor-
relations due to electron-clectron interactions. The homopolar bond
of the hydrogen molecule, which forms the basis of covalent-bond
concepts, illustrates forcefully how much stronger the antiparallel-
spin corrclations may be in the case of molecules and solids. (For
further discussion of electron coirelations, see Section II-D). It is
assumed, therefore, that in a solid, if all electrons outside of closed
shells are collective (R < R.) electrons, as is the more general situation,
any magnetic moment s induced by external fields. (Intersublattice
exchange may induce localization of R & R.intrasublattice electrons,
which in turn provides strong internal magnetic fields, as is pointed
out in Chapter III in the discussion of b.c.c. transition metals.)

1. Molecules

If the collective clectrons of a molecular system have no mag-
netic moment in the ground state s, then the expectation value
(i) = Owyl0) = [ buyvo dr d¢ of the magnetic moment operator
py is zero. However, the presence of an external field may induce
an electron to change its spin, thus raising the system into an excited
state Y. of energy A = I, — FE, above the ground state. If this is
possible, it follows from standard perturbation methods that the
ground and excited states are altered by the presence of even a small
field (H| « A) to become

v = o MO0y oy, HOm) )
where the matrix element (n|;|0) = (0|u,|n) = 0, so that the new
ground and excited states have induced moments

(O'liy|0") = 2H|(n|uy|0)*/A = 2H|(n|n|0)[/3A4 = — (n/[uy|n")  (53)
Boltzmann statistics for the population of the two states gives

2H|(n|ul0)2 e* — e
o) = l(:sk‘ A et e

x = AJ2kT (54)



40 MAGNETISM AND THE CHEMICAL BOND

Substitution into equation 9 and summation over all cxcited states
and over N molecules gives

2
Xinp (Soleouiue) = Al 2”3%’;["‘0)' (K1) (55)

xpesty = 2y g, CEOE oy e
The diamagnetic term for molecules is given by equation 12, just
as in the case of atoms, except that the r; for the electrons may be
considerably greater in molecules than in atoms. Van Vleck (628)
has emphasized that temperaturc-independent susceptibilities cannot
be accounted for by equation 12 alone since contributions of the type
expressed by equation 55’ are always present and may even be of
sufficient magnitude to give a net positive, temperature-independent
susceptibility from field-induced atomic moments.
In a series of comprehensive magnetochemical investigations,
Pascal (501,602) found that the molecular susceptibility of diamag-
netic, organic compounds can be closely represented by

Xm/N = 2 naxa +1n

where n,4 is the number of atoms of susceptibility x4 in the molecule
and # is a corrective constant that depends on the nature of the
linkages between the atoms. In this expression, x4 is not the free-
atom (or ion) value, but that characteristic of the atom in single-bond
(n = 0) coordination. The presence of double or triple bonds con-
centrates electronic charge in the bond and decreases the magnitude
of the diamagnetic contribution. This decrease is accounted for in
the corrective constant n. As would be expected from this relation,
the susceptibilities of organic isomers are approximately the same.
Nevertheless definite, though usually small, differences do exist (68).

2. Solids

In the case of solids, it is necessary to use Fermi-Dirac statistics
rather than Boltzmann statistics. For a finite temperature T, these
statistics give, for the number of occupied states of a given spin, not
equation 50 but

N, = 5Nz, = ﬁ " NE)(E) dE
f(E) = 1/{exp [(E — Er)/kT] + 1}

(56)
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From Figurc 8, the net magnetization is
M = [N(T) = N(|)lne

= un [," INE + paH) — N(E — psH)1f(E) dE

which for small H and series expansion of N(¢) ~ €2 (equation 48
which is based on 32), is

M~23HI = L d—]g—ﬁ—fl f(E) dE 7)

The integral I is a standard integral of the Fermi-Dirac statistics
with the solution (419):

I = N(E) + 5 Gy 42_2%(2@,}? +...

At low temperatures the higher terms are negligible, and equation 57
reduces, with the aid of Equation 51 and

(KT \?
Er = BO - % (E(o_)) +..,
to
X = 2UBN (Er) &~ 203N (Er(0)) = 3Nzad/2Er(0)  (58)

This weak paramagnetism is known as Pauli paramagnetism (504).
In the case of broad bands, the approximation kT < Er(0) is good
even above room temperature. In the case of narrow bands and high
temperatures, it may be necessary to include temperature-dependent
terms.

Although classical mechanies does not provide a diamagnetic con-
tribution to the susceptibility from collective electrons (induced in-
ternal currents and surface currents cancel one another out), Landau
(383) discovered that the running waves of quantum mechanics are
modified by H to give a diamagnetic susceptibility —1/3 that of the
paramagnetic susceptibility. Thus

xm (collective, solids) = Nzuk/Er(0) . (59)

provided equation 32 is a reasonable approximation for the Ej ve. k
curve. (An expression for the diamagnetic term given a general
Ey vs. k curve has been worked out recently by Hebborn and Sond-
heimer (261).) A diamagnetic correction for the positive atomic
cores (eq. 12) must also be added. The various susceptibility pos-
sibilities are summarized in Table I.
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3. Localized Ilectrons Simullancously PPresent

Localized clectrons in a partially filled shell carry a net spin (pro-
vided Hund’s rule is obeyed), and interactions between these localized
electrons and the collective clectrons gives rise to a large effective
field Hex acting on the collective electrons. Since the intraatomic
exchange correlations minimize the electrostatic interactions between
clectrons of parallel spin, He is directed parallel to the atomic moment
due to localized electrons. Below a magnetic-ordering temperature,
this internal field induces a contribution to the atomic moment from
the collective electrons whether the localized electrons are ordered
parallel or antiparallel. From equation 38, this contribution is

Be = D ZiJikn qi = 3usH/2[Er(0)]; < 1 (60)

where z; is the number of clectrons per atom in the 7th band if it is less
than half filled, and [Er(0)]; is the Fermi surface relative to the bot-
tom of this band; but z; is the number of holes per atom in the ith
band if it is more than half filled, and [Kr(0)]; is the Fermi surface
relative to the top of this band. For a broad s band, this contribution
may be (527) 0.1 to 0.2z;up and for a narrow d band it may therefore
be as high as 0.5 to 0.7z,up. In the case of ferromagnetic order, this
contribution may attain its maximum value of z;up (see Section I1I-D
and Chapter III, Section III).

D. ELECTRON CORRELATION CONSIDERATIONS

There are two points to be emphasized:

1. It is observed empirically that atoms with two or more p elec-
trons (four or more s—p electrons) in outer, unfilled shells tend to form
homopolar bonds with one another, thus giving the (8 — N) rule,
and to form covalent or ionic bonds with other atoms, the degree of
covalence depending upon the electronegativity difference.

2. In the MO approach appropriate to outer s and p electrons, the
simple formalism does not distinguish between a covalent-ionic band
and a metallic band. The usc of determinantal (antisymmetrized)
wave functions automatically introduces correlations between elec-
trons of parallel spin. Traditionally the many-electron wave func-
tion has, at best, been represented by a single Slater determinant of
one-electron wave functions (Hartree-Fock approximation), whereas
the true wave function would be given by a series of such determi-
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possible to avoid electron exclusions in all near-neighbor bonds
simultaneously, and parallel-spin correlations become important.
Therefore three types of collective-electron bands can be distinguished
(217): bonding, antibonding, and metallic.

Bonding and antibonding bands are associated with two-sublattice
structures, metallic bands with other structures. Given a two-
sublattice structure with near-neighbor-overlapping atomic orbitals
half or less filled, the band of allowed energy states separates into a
bonding portion (no electron exclusion from region of overlap of
near-neighbor atomic functions) and a portion containing less stable,
antibonding states (electrons in these states are forced to exclude
electrons from the region of overlap of near-neighbor atomic orbitals).
If the atoms of the two sublattices differ in kind (as in NaCl) or in
the orientation of their near-neighbor configurations (as in Ge), the
bonding and antibonding portions of the band may be split by a
discrete energy gap since there are two atoms per unit cell.¥ The
lower band is called a bonding band, the upper an antibonding band.
If the orbitals are half filled, the bonding band is full, the antibonding
band empty; and the material may be a semiconductor or an in-
sulator, depending upon the size of E" between the two subbands.
If there is a large electronegativity difference and a large anion/cation
size ratio between the two sublattices, the bonding electrons belong
to the electronegative sublattice, and the antibonding states are
associated with the electropositive sublattice. The larger the elec-
tronegativity difference and/or anion/cation size ratio the larger the
potential difference at the two sublattices and therefore the greater
Ef". Thus ionic materials tend to be insulators, covalent crystals
to be semiconductors. However, it must be borne in mind that if
the electropositive sublattice contains transition element cations with
partially filled d shells, then metallic conductivity can occur on the
transition element sublattice should the transition element separation
be R, < R.(nd), where n is the principal quantum number of the
outer d electrons. The importance of this fact is discussed in Chap-
ter 111, Section II.

Given a two-sublattice structure with near-neighbor-overlapping
atomic orbitals that are more than half filled, it is no longer possible

* The b.c.c. metals do not have two atoms per unit cell (unless antiferromag-

netic and below the spin-ordering temperature), so that there is no splitting of
the bonding and antibonding portions of the band.
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to avoid exclusion of electronic charge from the region of strong
atomic-orbital overlap. The situation is analogous to the three-
electron bond of H; which is stabilized by a sharing of the antiparallel
electron between two hydrogen atoms whose electron spins are
parallel. Such a bond is about half as strong as the electron-pair
bond of H, (see Pauling (505)). Intuitively it follows that in a solid
the collective electrons may give rise to a net moment equivalent to a
magnetization of the electrons in cxcess of half filled, overlapping
atomic orbitals, the maximum moment occurring with atomic orbitals
3/4 filled. Conceptually this is equivalent to a spin-paired bonding
band and a magnetized antibonding band. Illustration of these con-
cepts comes from the magnetic susceptibilities of Ny, NO, and Q..
In these diatomic molecules the ¢ bond is split into stable, occupied
bonding states and unstable, empty antibonding states. In N, the
7 bonds are similarly split, so that N, is exceptionally stable (bonding
energy = 225.2 Kecal/mole), whereas NO and O, have one and two
extra w clectrons, respectively. Thus the x orbitals of O, are 3/4
filled, and the binding energy of 0,is 117.3 Kcal/mole. Significantly,
N, is diamagnetic and has a singlet ground state whereas paramag-
netic NO and O, have doublet and triplet ground states, respectively.

If the two-sublattice condition does not exist, there can be no
electron correlations that avoid exclusion of electron charge from the
region between positive atomic cores. Therefore the bottom of the
valence-electron band should be less stable than that of a correspond-
ing bonding band, the top more stable than that of a corresponding
antibonding band. Such a band is called metallic as it is charac-
teristic of the close-packed metals.

It should be noted that the greater stability of a bonding vs. a
metallic band favors a two-sublattice structure that permits a filled
bonding band, an empty antibonding band. Although the core-core
repulsive forces favor close-packed structures, this effect is rarely
decisive if there are several electrons outside of closed shells. Thus if
the collective electrons are all outer s and p electrons, bonding-band
formation gives rise to the electron ordering responsible for the
(8 — N) rule. In the case of d electrons, similar electron ordering
may occur below the melting point (entropy favors disorder and
crystallization is due largely to outer s and p electrons). Such order-
ing gives rise to a martensitic phase change, the low-temperature
phase being a two-sublattice structure.
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possible to avoid electron exclusions in all near-neighbor bonds
simultaneously, and parallel-spin corrclations become important.
Therefore three types of collective-clectron bands can be distinguished
(217): bonding, antibonding, and metallic.

Bonding and antibonding bands are associated with two-sublattice
structures, metallic bands with other structures. Given a two-
sublattice structure with near-neighbor-overlapping atomic orbitals
half or less filled, the band of allowed energy states separates into a
bonding portion (no electron exclusion from region of overlap of
near-neighbor atomic functions) and a portion containing less stable,
antibonding states (electrons in these states are forced to exclude
clectrons from the region of overlap of near-neighbor atomic orbitals).
If the atoms of the two sublattices differ in kind (as in NaCl) or in
the orientation of their near-neighbor configurations (as in Ge), the
bonding and antibonding portions of the band may be split by a
discrete energy gap since there are two atoms per unit cell.* The
lower band is called a bonding band, the upper an antibonding band.
If the orbitals are half filled, the bonding band is full, the antibonding
band empty; and the material may be a semiconductor or an in-
sulator, depending upon the size of K" between the two subbands.
If there is a large electronegativity difference and a large anion/cation
size ratio between the two sublattices, the bonding electrons belong
to the electronegative sublattice, and the antibonding states are
associated with the electropositive sublattice. The larger the elec-
tronegativity difference and/or anion/cation size ratio the larger the
potential difference at the two sublattices and therefore the greater
E;". Thus ionic materials tend to be insulators, covalent crystals
to be semiconductors. However, it must be borne in mind that if
the electropositive sublattice contains transition element cations with
partially filled d shells, then metallic conductivity ecan occur on the
transition element sublattice should the transition element separation
be R, < R.(nd), where n is the principal quantum number of the
outer d electrons. The importance of this fact is discussed in Chap-
ter III, Section II.

Given a two-sublattice structure with near-neighbor-overlapping
atomic orbitals that are more than half filled, it is no longer possible

* The b.c.c. metals do not have two atoms per unit cell (unless antiferromag-

netic and below the spin-ordering temperature), so that there is no splitting of
the bonding and antibonding portions of the band.
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to avoid exclusion of electronic charge from the region of strong
atomic-orbital overlap. The situation is analogous to the three-
electron bond of H; which is stabilized by a sharing of the antiparallel
electron between two hydrogen atoms whose electron spins are
parallel. Such a bond is about half as strong as the electron-pair
bond of H; (see Pauling (505)). Intuitively it follows that in a solid
the collective electrons may give rise to a net moment equivalent to a
magnetization of the electrons in excess of half filled, overlapping
atomic orbitals, the maximum moment occurring with atomic orbitals
3/4 filled. Conceptually this is equivalent to a spin-paired bonding
band and a magnetized antibonding band. Illustration of these con-
cepts comes from the magnetic susceptibilities of N;, NO, and O,.
In these diatomic molecules the ¢ bond is split into stable, occupied
bonding states and unstable, empty antibonding states. In N, the
w bonds are similarly split, so that N, is exceptionally stable (bonding
cnergy = 225.2 Kcal/mole), whereas NO and O, have one and two
extra = clectrons, respectively. Thus the = orbitals of O, are 3/4
filled, and the binding energy of O.is 117.3 Kcal/mole. Significantly,
N is diamagnetic and has a singlet ground state whereas paramag-
netic NO and O, have doublet and triplet ground states, respectively.

If the two-sublattice condition does not exist, there can be no
electron correlations that avoid exclusion of electron charge from the
region between positive atomic cores. Therefore the bottom of the
valence-electron band should be less stable than that of a correspond-
ing bonding band, the top more stable than that of a corresponding
antibonding band. Such a band is called motallic as it is charac-
teristic of the close-packed metals.

It should be noted that the greater stability of a bonding vs. a
metallic band favors a two-sublattice structure that permits a filled
bonding band, an empty antibonding band. Although the core-core
repulsive forces favor close-packed structures, this effect is rarely
decisive if there are several electrons outside of closed shells. Thus if
the collective electrons are all outer s and p electrons, bonding-band
formation gives risc to the electron ordering responsible for the
(8 — N) rule. In the case of d electrons, similar electron ordering
may occur below the melting point (entropy favors disorder and
crystallization is due largely to outer s and p electrons). Such order-
ing gives rise to a martensitic phase change, the low-temperature
phase being a two-sublattice structure.
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Further, it is observed experimentally that electron-pair bonds are
frequently associated with anisotropic, i.e. directed, atomic orbitals.
This gives rise to ‘“open’” structurcs. However, the electrostatic
(Madelung) energy associated with ionic crystals favors close pack-
ing: Therefore largely ionic crystals favor more closc-packed, two-
sublattice structures such as rock salt versus zinc blende. In the
case of two-sublattice structures induced by d electrons, electron-pair
bonds are generally prohibited by the metallic or ionic outer s and p
clectrons that favor close packing. Nevertheless, it will be found in
Chapter III, Section II that, if transition element cations are small
relative to the anion interstice and simultaneously have R, ~ R.,
clectron-pair bonds may be formed below a critical temperature.

The significance of these considerations for magnetism lies in the
fact that the predominant coupling between atomic moments due to
localized electrons vs usually indirect, the collective electrons playing the
role of intermediary. Conversely, a knowledge of the type of magnetic
coupling provides information about the correlations among the collective
clectrons.

E. LOCALIZED ELECTRONS IN A CRYSTALLINE FIELD

Localized electrons are atomic-like, so that the considerations for
the free atom are pertinent provided three additional effects are taken
into account: the strong crystalline (ligand) fields, which reflect the
symmetry of the lattice, and the elastic and magnetic coupling be-
tween neighboring atoms. In this section the results of ligand-field
theory are briefly reviewed. (An excellent presentation of the sub-
jeet is given in reference 233a.) In a crystal, only d and f outer
electrons can be localized (R > R.). (Localized s—p electrons at an
impurity center in a semiconductor represent a speecial case that is
not pertinent to the present discussion.)

1. The Hamiltonian
In a solid, if the electrons outside of closed shells are not s electrons,
the Hamiltonian for localized outer electrons with the same quantum
numbers n, [ is
2 2
11=}:,,(&—-Z—““—“—)+ T <

2m Tk i<k Tik

+ Vis+ Vo + Vo + X4 JiS:-S;  (61)
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where the interaction between the magnetic moment of the nucleus
and the magnetic field set up by the orbital and spin moments of the
electrons (energy ~10—2 em™') (175) is omitted, V., represents the
ligand-field potential, Vs represents the magnetic interactions be-
tween the electron spins and the orbits, and the subscripts j, k refer
to the outer electrons. For Russell-Saunders coupling, that is if the
states have definite L and S, the spin-orbit interaction is given by
equation 8. These first four terms describe the free-ion problem,
and the last two terms introduce coupling between the ions, V) giving
any elastic coupling due to distortions of the cation interstices and
the last term the magunetic-exchange coupling.

Solution of the Schroedinger equation, HY = Ey, appropriate to
this problem has only been accomplished by means of successive per-
turbation calculations. The zero-order approximation is a ‘‘spheri-
cal” approximation in which a given outer electron is assumed to
move in the average potential of the other outer electrons as well as
of the core electrons. Then the free-ion Hamiltonian becomes

2 ’
H=7%, (éﬂ - M) + Va+ Vs + Ve (61')
m Tk

where V. is the correction to the spherical approximation for the true
electrostatic interaction between outer clectrons. The portion of the
Hamiltonian that is in parentheses has the form of equation 1, so
that the angular dependence of the wave equation in zero-order
approximation is immediately known from equation 2. This starting
point contains the assumption that the term splittings are much
greater than any splittings due to Ve, Vi, or V.

From symmetry considerations alone, it is possible to determine
qualitatively how the term degeneracices of the zero-order problem are
split by the perturbations. Since several complicated effects con-
tribute simultaneously to the strength of the ligand fields (see foot-
note, page 52), the magnitude of the potential V., cannot, at present,
be calculated from first principles, and it is best to obtain the mag-
nitude of the splittings it induces from the experimental Stark
splittings observed in the optical spectra of these crystals.

Investigation of the experimental data indicates that the strengths
of the ligand fields fall into three groups:

1. Strong fields with Ars < Aet S Ay, where the electrostatic split-
ting is Aer ~ 10* cm™': This situation occurs only with d electrons,
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and then only if there is considerable covalent bonding between the
paramagnetic ion and the ligands. This oceurs principally in the 4d
and 5d series, but it is also found in the 3d serics, especially if the

- cation is in an abnormally high valence state, i.e. Fett, Ni3t, Co’+.
Strong fields may be manifest by a breakdown of Hund’s rule: the
cations are then said to be in a low-spin state.

2. Medium fields with Ars < A; < Aer: It is the relative energies
that are important; the multiplet splitting may vary from 10! to
10* em™! (see Sommerfeld’s (594) fine structure formula). In this
case V. is the first perturbation effect, and the cubic part of V. is
treated as a perturbation before spin-orbit effects are calculated.
For distortions from cubic symmetry, it is necessary to consider care-
fully the relative magnitudes of V, (that part of V; due to departures
from cubic symmetry) and V.

3. Weak fields with A; << As: In this case the ligand fields merely
perturb the multiplet structure of the free atom.

In the 3d iron transition group, the ligand fields are usually of
moderate strength whereas in the 4d and 5d palladium and platinum
groups the ligand ficlds are strong. In the 4f and 5f rare earth and
actinide groups, the ligand ficlds acting on the f electrons are con-
siderably weaker than the spin-orbit coupling. Materials of prin-
cipal interest in magnetism are those containing iron group atoms or
ions, and in this brief review attention is almost entirely confined to
the iron group elements, compounds, and alloys, which usually repre-
sent the medium field case.

The standard perturbation procedure is to consider only those
matrix elements that conneet the various 3d orbitals. With A1 > Ay,
free-atom considerations provide the number of possible terms result-
ing from V.;, and Hund’s rule gives their order. The lowest term
may be n-fold degenerate. Then matrix elements with the cubic-
field potential between these n-fold degenerate states give the split-
tings and ordering of the terms resulting from the cubic part of the
ligand fields. The various terms can be obtained from relatively
simple group-theoretical arguments, but the magnitude of the split-
tings and their order can only be obtained by actual calculations of
the matrix elements. The eigenfunctions are, as usual, obtained by
finding that linear combination of the degenerate orbitals that di-
agonalizes the various »; X v; submatrices, where Y ;»; = n and ¢
designates the various terms due to ligand-field splitting. If the
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orbital angular momentum is quenched by the cubic ligand fields,
then Ars is very small. In this case splittings due to distortions
from cubic symmetry A, are A, > A.g, so that if noncubic fields are
present or if the ground state is still degenerate, matrix elements with
V. are considered next for the small »; X v; submatrices. Again
simple group-theoretical arguments give the number of terms into
which the degenerate states are split, but an actual calculation of the
eigenfunctions and matrix elements is required for a proper ordering
of the terms and for the magnitude of the splittings. If the orbital
angular momentum is not quenched, then A;s may be larger than
any A, that might be spontaneously generated to remove a ground
state degeneracy (see discussion of Jahn-Teller effect). In all of the
above cases, it is possible to ignore the spin part of the wave functions.
For the spin-orbit perturbations V.g, however, the complete wave
function must be considered, and the complete degencracies, including
spin, arc important for possible term splittings. Again group-
theoretical arguments provide the various possible terms into which
the degencrate levels may be split, but actual calculation of the matrix
elements is required in this case to determine whether all of the pos-
sible splittings occur. Only the original degenerate submatrix is
diagonalized in the determination of the eigenfunctions: the intro-
duction of off-diagonal matrix elements outside of this submatrix
introduces only higher order effects.

2. Symmetry of the Zero-Order Functions

From equation 2, the angular dependencies for the zero-order d
wave functions are:

Va2 ~ sin? @ exp (£12¢)
Y+1 ~ sin 0 cos 9 exp (i) (62)
Yo~ (3cos?d — 1)
where the subscripts refer to the magnetic quantum number m;. In

order to obtain the real functions that are plotted in Figure 2, the
following linear combinations of degenerate wave functions are used:

A=y~ [28 — 22 — y2]/rt = [(&2 — 2?) + (22 — y?)]/r*
"B =[p + ¥/ V2 ~ [2t — y?]/r
C =Y — ¥u]/V2~ay/r (63)
D =1+ ¥1]/V2~zx/r?
E = —yal/v2~yz/r
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3. Ligand-Field Splittings

To find the splittings that are caused by the ligand fields, it is
assumed that V., = V{4 V, consists of a large term V! of cubic
symmetry with a smaller term V, to describe departures from cubic
symmetry. (Consideration of hexagonal symmetry is omitted from
the present discussion.) Therefore the first task is to determine the
cubic-field splittings of the localized-3d-electron levels; the relative
magnitudes of V,;and Vs must be considered subsequently. Various
authors (1,46,66) have treated this problem with the aid of group
theory. The mathematical problem requires a representation of the
ligand-field potential and calculation of the matrix elements between
the fivefold degenerate orbital states. The surrounding ligands are
regarded as point charges that do not overlap the paramagnetic ion,*

* Although this assumption provides an acceptable formalism for the theory,
there is as yet no conclusive theory of the origins of the ligand fields, so that the
magnitudes of the splittings are best obtained experimentally. The point-charge
model neglects the overlap of the electron clouds of neighboring atoms, and these
overlap effects have several important consequences. In the first place, the
potential satisfies Poisson’s, not Laplace’s equation; and attempts (351,452) to
calculate this ‘“classical’”’ effect of the overlap show that in the case of cubic
symmetry, it reduces, or even reverses (contrary to experiment), the level split-
tings obtained from the point-charge model. Tanabe and Sugano (611) have
pointed out that the nonorthogonality of the overlapping orbitals corrects for the
“classical” effect. Cation electrons are excluded from the overlapping, non-
orthogonal orbitals because the anion orbitals are full. Another mechanism that
will cause splittiffg of the orbital levels is possible coordinate covalence between
an anion and an empty overlapped, nonorthogonal cation orbital. Owen (498)
has pointed out how this effect can explain the discrepancy between optical and
magnetic determinations of level splittings of some hydrated salts. Related to
this is the partial covalency of the superexchange mechanism responsible for
indirect coupling of the atomic moments. Since coordinate-covalent stabilization
is greatest if the anion orbitals overlap empty cation orbitals and is greater if the
cation orbitals are half filled (corresponding to three-electron bond) than if full,
this effect also acts as a repulsive potential for the cation electrons. Kanamori
(318) has shown that for FeO and CoO this effect amounts to an energy of several
thousand inverse centimeters. Thus the magnitude of the splittings must be
considered the combined result of these various complicated effects. Phillips
(514) has recently presented a method for calculating erystal-field splittings that
also provides a qualitative justification for the empirical success of the Van Vleck
point-ion approximation in deriving the ligand-field potential. However, there
is considerable experimental evidence that covalent bonding effects play an ap-
preciable role, and that the surrounding ions cannot be treated as simple point
charges. Therefore the point-charge model is not a fundamental theory even
though it has provided a semi-empirical basis for the interpretation of a wide
range of phenomena.
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so that the electrostatic potential is assumed to obey Laplace’s equa-
tion V2V¢ = 0. Since the solutions of this equation are Legendre
polynomials, the potential is expanded in terms of spherical har-
monics. The first term in the expansion is a constant and V; =
Vo + V.. The constant term V, shifts all of the levels of a given
configuration by the same amount. Therefore it has no significance
for the magnetic symmetry and optical propertics of ¢rystals con-
taining transition clements. However, it strongly influences the
lattice energy and the heat of solution of the paramagneticion. Sym-
metry considerations are used to drastically reduce the number of
terms in the expansion of V..

In order to determine into how many Stark terms a given energy
level splits when put into a ligand field without making a detailed
calculation of the values, the group-theoretical methods of Bethe
(66) are convenicnt. In this method it is noted that the spherical
harmonics Y7"(6,4) transform according to the Ith irreducible repre-
sentation of the continuous rotation group. (The ligand fields per-
turb the spatial part of the clectron orbitals directly; they may
influence the spin only indircetly via the spatial part of the orbitals
and the Pauli exclusion principle.) That is, for a given angular
momentum [/, the spherical harmonics give the basis of a (21 + 1)-
dimensional representation D' of the continuous rotation group. The
character of these representations for the class of rotations through
an angle y is given by

x!(0) = sin (I + 3)¢/sin Ly (64)

The symmetry group of the electron of a free ion is the full rotation
group since the electron wave functions are invariant under rota-
tion about, and inversion in, the origin of the central force field, the
nucleus. It is for this reason that each level ! for the free atom
belongs to the ! representation group D! All the ligand-field groups
are subgroups of the continuous rotation group and possess lower
symmetry. Because of this lower symmetry, the originally irreduc-
ible representations for the free ion will, in general, become reducible
if the ion is placed in a crystal. Now a theorem of group theory
states: The character of a reducible representation can be expressed as
a linear combination of the characters of the irreducible representations
contained within it. Therefore to find the Stark splitting caused by a
ligand field of a given symmetry, it is only necessary to find the
number of times each irreducible representation of the crystal point
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group is contained in the 7 representation.  This is done by means
of the group-theoretical relation

2 9®)x*(W)x (k) = haa (65)
where g(x) is the number of elements in the class «, A is the number
of elements in the group, a, is the number of times the « irreducible
representation with character x> is repeated in the reducible repre-
sentation with character x. The character table for the irreducible
representations of the cubic group is given in Table II. Decom-

TABLE II
Character Table for the Cubic Group with Its Five Classes

[x1 contains the identity operation; x; contains three 180° rotations about
2, y, 2 axes, respectively; x; contains six 90° rotations (4 and —) about the x, y, 2
axes; k4 contains six 180° rotations about the six (110) axes; x; contains eight 120°
rotations (4 and —) about the four (111) axes. The d wave functions are even
and therefore operations involving inversion provide a redundant set. The
degeneracy within a representation is given by x;. The Bethe (66) and Mulliken
(457a) notations are compared.]

Representation
e e an=E =0 xu=C u=0C «x=C

Bethe  Mulliken (1el) 3 el) (6 el.) 6 el.) 8 el.)

I Ay 1 1 1 1
| A Agy 1 1 -1 -1

I E, 2 2 0 -1
Iy T 3 -1 1 -1 0
I's Ty, 3 -1 -1 1 0

position of the (21 + 1)-fold degenerate levels by cubic-field sym-
metry is given in Table III for various values of I. Distortions from
cubic to a lower symmetry may further remove the degeneracies.
Similar considerations for tetragonal and trigonal symmetry give the
decompositions of the cubic-field representations shown in Table IV.
These latter splittings are small compared to the cubic-field splittings
since V, LK V..

A number of interesting facts emerge from this treatment. It is
scen that P states remain threefold degenerate in cubic fields, but
are split by a tetragonal distortion into a twofold and singlefold
degenerate state. For a D state, or one d electron outside of closed
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TABLE III

Character of Classes of Cubic Symmetry in the (2L 4 1)-Dimensional Repre-
sentation DL of the Continuous Rotation Group and Their Resolution into
Irreducible Representations of Cubic Symmetry

Character table Decomposition,
or a. )

E C, C, Cy Cs —— No. of

L v=0 ¢y=7 ¢y = 1I‘/2 y=7r ¢= 21?/3 | I VI I M WY terms
S0 1 1 1 1 1 10000 1
P 1 3 —1 1 -1 0 00010 1
D 2 5 1 -1 1 -1 00101 2
F 3 7 -1 -1 -1 1 01 011 3
G 4 9 1 1 1 01 11 4
5 11 -1 1 -1 -1 00 1 21 4
I 6 1 1 1 1 2 6

1: 1 -1 1

shells, the fivefold-degenerate state of the free ion splits into a three-
fold and a twofold degenerate level. (The twofold spin degeneracies
associated with cach orbital are to be considered separately. For a
single outer electron V. = 0.) The reason for this splitting is in-
tuitively obvious from a consideration of the symmetry of the d wave
functions of cquation 63 shown in Figure 2 and the four-, six-, eight-,
and twelve-coordinated cubic interstices shown in Figure 9. In the
six-coordinated structure (octahedral interstice), the two functions
A, B arc directed towards the ligands whereas C, D, E are dirceted
away from them. The equivalence of the functions C, D, E is

TABLE 1V

Relationship of Irreducible Representations
for Tetragonal and Trigonal Symmetry
to Those for Cubic Symmetry

Cubic  Tetragonal Cubie Trigonal

I - Ta n —» I'm
'n — TIa I's — Tre
'n — Ta+Tae s — Tr3
NN = TI'ag+4+T1s 'y — TIrz+4Tr3
I's = Tu+Ts I's - TI'm+T7r
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© PARAMAGNETIC ATOM OR ION O LIGAND

Fig. 9. Symmetries of four-, six-, eight-, and twelve-coordinated ligands
relative to Cartesian reference frame for d wave functions of Figure 2.

immediately obvious. The electrons of the corresponding threefold
degenerate state I's are designated v; or d. (Bethe) or ¢, (Mulliken).
The equivalence of A, B can be seen from equation 63 where A is
written as a linear combination of functions similar to B. The elec-
trons of the corresponding twofold degenerate state I'; are designated
vs or d, (Bethe) or ¢, (Mulliken). Further, the six-coordinated struc-
ture generally occurs in ionic compounds in which the ligands are
anions, the paramagnetic ion is a cation. In this case the v; (d, or ¢;)
electrons in the I';y orbitals suffer a greater electrostatic repulsion
from the negatively charged anion than do the vs (d. or fz,) electrons,
so that the TI'; level is at a higher energy than the T level. This
splitting is generally designated in the literature as A = 10Dgq, where
Dgq is defined by

—4Dg = (C|V.IC) (66)
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Fig. 10. One-electron ligand-field splittings. Trigonal-field and tetragonal-
field splittings of vs(e;) and vs(t2g) levels are each inverted for distortions of
opposite sign. Letters refer to wave functions of equations 63 and 68. For cases
d* and d%, assume moderate field splitting with Hund’s rule satisfied. (a) Six-
coordinated cation with outer-electron configuration d! 2D or d®°D and four-,
eight-, or twelve-coordinated d* ®D or d° 2D cations. (b) Four-, eight-, or twelve-
coordinated d! 2D or d® °D cation and six-coordinated d* °D or d® 2D cation.

Since perturbation theory requires conservation of energy relative to
the degenerate level, the T'; level is raised 6Dg and the T level is
lowered 4 Dq relative to the fivefold degenerate D level, as is indicated
in Figure 10(a).* In the four-, eight-, and twelve-coordinated struc-
tures, on the other hand, the I'; orbitals are directed toward the

* It should be appreciated that this statement is only correct for a point-
charge model. Actually coordinate covalence between cation and anion, which
is responsible for anion polarization, introduces mixing of s and p states into the
d-state manifold, and this mixing destroys the conservation of energy of the
original degenerate level. This fact is of major importance in any quantitative
estimate of site-preference energies. Unfortunately quantitative estimates of the
ligand-field contribution to site-preference energies (156,431) have not taken
this fact into account. Since the point-charge model is known to be inaccurate
(polarization energies are usually a large fraction of the energy of ionization),
these estimates of site-preference energy cannot be taken quantitatively.
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anions and are the more strongly perturbed. Therefore if the ligands
are anions, the cubic-field splitting is inverted as shown in Figure
10(b). If the D level corresponds to nine outer d electrons, i.e. to
one d hole in the fivefold degenerate level, it is the hole which must
be considered so that the conclusions for the electron are just inverted.
Further, so long as Hund’s rule is valid, the two half shells may be
considered separately and four outer d electrons correspond to one
d hole, six outer d electrons to one d electron.

For an F state, or for a single f electron outside of closed shells, the
levels split into a singlefold and two threefold degenerate levels. For
two outer d electrons, the maximum L is L = 4, so that there arc
S, P, D, F, and G states. By the first half of Hund’s rule, the triplet
(28 + 1 = 3) states 3P and *F are more stable than the singlet states
18, 1D, 'G for the free ion. Of these, the 3F state possesses the greater
angular momentum, so that by the second half of Hund’s rule the
3F state is the ground state. Therefore the perturbation V., splits the
twenty-fivefold degenerate (orbital part only) state into the five terms
shown in Figure 11. If V> V,, it follows from Table ITI that the
free-atom terms are split by V, into the various levels indicated in
Figure 11. (It is to be noted that if V. > Vs, J is no longer a good
quantum number and the irreducible representations I', are used as
quantum numbers.) To obtain the order of the splittings and their
separations, it is necessary to solve the matrices and to find the eigen-
functions and eigenvalues for a given symmetry. For calculation of
the matrix elements, reference is made to the operator equivalent

TABLE V
Eigenfunctions (Not Normalized) for Two d Electrons outside of Closed Shells
in 3F Ground State
Representation Eigenfunction One-electron notation
I (B(DA@)]- e
ri ((B(1) + A(1))D(2) + 8C(1)E(2)]~
ri [(B(1) = A(1))EQ) +8D(1)C@)]" ¢ (Bo)is + (estar)s 8K 1
ri (2C(1)B(@2) + 8E(1)D(2)]~
T} (BB(1) — A(1))D(2)]-
ri [(BB(1) + A1)E@2)]~ €lag
r3 [CA@R)T
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Fig. 11. Ligand-field splittings for a d?3F cation. Trigonal- and tetragonal-

field splittings of 3I'4(F) level are inverted for distortions of opposite sign.

How-

ever, it should be noted that sign of distortion is related to relative magnitudes
of A;, Ae1 and A,, Ay or Ar, Ar. where A refers to splittings of A and B levels to

one-electron problem, A" to C,

lowest for ¢/a < 1 if Aq1 > A and A; > 6A,-.

, D, E, levels.

Thus for example, *I'; (F) may be
Numbers in parentheses refer to

orbital degeneracy. The splitting Aox indicates the stabilization of the high-

spin state.
cight-, or twelve-coordinated

(a) Cation in a six-coordinated interstice.

anion interstice.

(b) Cation in a four-,
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method developed by Stevens, Elliott, and Judd (167,313,314,600) for
calculations of the splittings for the rare earth ions. Tabulated sum-
maries are given by Low (404). The eigenfunctions are given in
Table V, where the notation I'y means the sth row of the nth represen-
tation and [B(1)A(2)]~ = [B(1)A(2) — B(2)A(1)] corresponding to
a triplet state. That these are eigenfunctions tan be seen in the fact
that the seven functions correspond either to different representations
or to different rows of the same representation since an important
theorem of group theory states: There can be no matriz elements con-
necting functions unless they arise from the same row of the same
irreducible representation. All the functions corresponding to the
same representation are degenerate. With Table V and Figure 10,
it is easy to deduce the order of the levels. The *T',(F) level contains
only the AB product and therefore corresponds to v3 (or €2). The
T level contains only vsys (or ey ls;) products, and the *I4(F) level
contains predominantly 4% (or #3,) with a small portion of vyyys (or
e,t2;). Thus for a paramagnetic cation in an octahedral interstice,
the order of the levels is that given in Figure 11(a). For a tetrahedral
interstice, or for two d holes, the order of the 3F splittings is reversed,
as shown in Figure 11(b). The reader may wonder why the ground
state for an octahedral ficld is not simply v as would be expected
were V.> V.. The answer lies in the fact that the yyy; states as
well as the v} states for V,>> V.1 contain 3T, states, and that for
Ve > V3P and 3F both contain *T'y states. The orthogonality theo-
rem quoted above does not rule out matrix elements between the two
T, levels. Since the operators V, and L? do not commute, the levels
perturb one another. The amount of admixing of yyys into 42 in
314(F) depends upon the ratio V./V.. Kanamori (318) has shown
that the true energy separation between the Ty and T levels is, in
first approximation, given by

AE = (1 + B)A. (67)
where
B = A./(4Aa + 3A.)

and A, is the separation between the Ty and I's levels on the basis of
no mixing of v;ys with 4%, and A, is the splitting by Ve between the
F and P terms. For Co?*, with two clectrons outside of a closed
half-shell in CoO, the splitting between ‘P and *F is about 14,800
cm™!, according to spectroscopic data (31), and Kanamori was able
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to estimate from available paramagnetic data a 8 = 0.185. Typi-
cally 8 is small for the moderate field casc (3d clements) but is
particularly important for the strong ficld case (4d and 5d elements).
In Table VI are listed the states and energies for various d-shell
configurations for the modecrate field case, i.c. 8 small and Hund’s rule
fulfilled.

Splittings due to deviations from cubic symmetry, i.e. to V,, are
generally small compared to those due to V.. The procedure for
calculating these splittings is completely analogous to the cubic-field
case, and the results are shown in Figures 10, 11. For the one-
electron case (Fig. 10), the eigenfunctions of the singlefold I'r; and
twofold T'r; levels into which the threefold T level is split by the
trigonal field are given by

T = o~ (22" — 2" — y'?)/r?
Tis = V/(2/3W"2 + v/ (1/3)1
I = V(2/3)5 — v/ (1/3)"-1

where the prime indicates that the trigonal axis has been taken as the
z axis.

(68)

4. Spin-Orbit Splittings

For the 3d elements, the cubic ligand-field splittings are generally
greater than the spin-orbit splittings, so that J is no longer a good
quantum number. Therefore to calculate the effects of spin-orbit
interactions in solids, the procedure is to first find the number of
levels into which L is split by V. and then to find the additional
splittings through the action of the spin-orbit coupling. Frequently
it is necessary to consider whether A.g > A,, where A, is a splitting
due to distortions from cubic symmetry. For this purpose it is
necessary to have an estimate of the degrce of ‘‘quenching” of the
orbital momentum as a result of the cubic ligand fields V.. This
estimate comes from a consideration of equations 62 and 63. Cubic-
field splitting defines two real functions B and C in place of two
complex functions B & iC. Since the L operator is imaginary, the
angular momentum of B and C is no longer observable. Therefore
in a cubic field, the magnetic quantum numbers associated with the
wave functions of equation 63 are m; = 0, for 4, B, C; m; = =1 for
D, E. This means that the angular momentum is small for octa-
hedral-site, high-spin-state (Hund’s rule valid) cations with outer-
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electron configuration d®, d*, d%, 8, d°; and for tetrahedral-site cations
with outer-electron configuration d!, a2, d*, d% d’. For these ions it is
reasonable to assume V,> V.s so that any splittings A, due to
distortions from cubic symmetry must be considered before V_.s.
However, for octahedral-site, high-spin-state d!, d?, d® d’ cations or
tetrahedral-site d?, d*, d&, d® cations, the relationship V. s > V., may
occur.

Since Vs has the form of equation 8, it is necessary to consider
the spin as well as the orbital part of the wave function. For the
free atom, the spin is represented by the continuous rotation group
DS appropriate to a given spin angular momentum S. In a crystal
this is reduced to the irreducible representation appropriate for the

Ve!. Vc VLS ve,t Ve VLS

Ts

3x1 3x1

(b) (d)

Fig. 12. TFirst-order splittings for Vo1 > V. > Vis. The spin-orbit splittings
are drawn to an arbitrary scale. The numbers indicate the total degeneracy.
(a) d? in octahedral interstice. (b) d® in octahedral interstice. (c) d® in tetra~
hedral interstice. (d) d? in tetrahedral interstice
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cation symmetry. Thus for two outer electrons with S = 1, the
irreducible representation is I'y corresponding to L = 1. With spin
included, the 3T4(F) ground state for two outer electrons is no longer
threefold degenerate, but ninefold degenerate corresponding to
TW(L = 3) X T'4«(S = 1). Multiplication of corresponding clements
of the character tables and reduction to irreducible representations
by equation 65 gives

Fq(L = 3) X P4(S = 1) i d P1 + Pa + Pq + P5 (69)

To obtain the order and magnitude of the possible splittings, it is
necessary to find the eigenfunctions of the 9 X 9 matrix and to
evaluate the matrix elements

(Ty(L) X T4(8)|L-S[Ts(L) X Tu(S)) '
= ].Ey . (Tu(L)|L;{To(L)) (Ta(S)1S5]T4(S))  (70)

The qualitative results of these calculations are summarized in Fig-
ure 12,

In the case of one outer electron, S = 1/2 is nonintegral, and the
spin part requires the twofold degenerate double group Ts. The
relevant spin-orbit splittings for one d electron, or one d hole, are
summarized in Figure 13(a), (b). Whereas the ligand-field splittings
for d' and d® or for d? and d7, are similar, this is not at all the case for
spin-orbit splittings because of the different multiplicities (28 + 1).
This is demonstrated by a comparison of Figures 13(c), (d), which
show the spin-orbit splittings for d® and d7 in octahedral interstices,
with Figures 12(a) and 13(a).

5. The Jahn-Teller Effect

From Figures 10 and 11, it is apparent that in cubic ligand fields
(V.s neglected) the cation ground state may be degenerate. Jahn
and Teller (301,302) have pointed out that: A cation with a ground
state that is degenerate, but not a Kramers’ doublet, may be stabilized by
a distortion of the interstice to some lower symmetry that removes the
ground-state degeneracy. The physical reason for this is that in first-
order perturbation theory, the center of gravity of the levels remains
the same after a perturbation that splits the levels, so that removal
of the degeneracy, or splitting of the levels, results in a ground state
that decreases linearly with the distortion. Since the elastic ener-
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gies vary quadratically, a minimal total energy can be achieved by a
finite distortion. This is illustrated in Figures 10 and 11. [That
there is no Jahn-Teller distortion if the ground state is a Kramers’
doublet follows from the fact that in any external electric field (there
being no magnetic field) there is a symmetry with respect to a change
in the sign of the time. Kramers (372) has shown that an electric

Ve Vs Ve Vis
I3 4 Ts
2x2
2p
2x5 r 2. r 7

2x3 4 T

(a)

(c) (d)

Fig. 13. Splittings for V. > Vis. The spin-orbit splittings are drawn to an
arbitrary scale and represent first-order theory only. The numbers indicate
total degeneracy. (a) d! in an octahedral interstice. (b) d° in a tetrahedral
interstice. (c) d® in an octahedral interstice. (d) d” in an octahedral interstice.
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field can completely remove the degeneracy only for a system with an
integral value of the sum of the spins of the particles. For a system
with half-integral value of this sum, in an arbitrary electric field, all
the levels must be doubly degencrate.]

There are five points that should be made in connection with this
theorem:

(?) If ALs > A, the spin-orbit cffects will quench out the Jahn-
Teller mechanism. Therefore a Jahn-Teller distortion is to be un-
ambiguously anticipated only if the orbital angular momentum is
quenched by the ligand fields, i.e., for d* and d® cations in octahedral
interstices, d' and d® cations in tetrahedral interstices.

(%) If the spins are ordered collinearly below a spin-ordering tem-
perature, spin-orbit interactions will also cause a cooperative crystal
distortion from cubic to lower symmetry, but the sign of this distor-
tion is opposite to that predicted for the Jahn-Teller mechanism since
here the ground state must be degenerate lest L be quenched. Such
distortions should be distinguished from cooperative Jahn-Teller dis-
tortions.

(%7) A d* or d° cation in an octahedral interstice, or a d! or d® cation
in a tetrahedral interstice, may obtain equal stabilization by a dis-
tortion to tetragonal symmetry with ¢/a > 1 as with ¢/a < 1. This
follows from the fact that the I'; level is only twofold degenerate and
the center of gravity of the level is preserved by the distortion. In
such a case, the system may resonate between the two stable con-
figurations unless some other effect that favors one is simultancously
present. Therefore in a crystal the composite clectronic and vibra-
tional problems must be considered, and the presence of Jahn-Teller
cations may not lead to configurations of lower symmetry, but rather
to a special coupling between vibrational modes and low-frequency
electronic motion. This is known as the dynamic Jahn-Teller effect.
This is particularly true for higher temperatures, where entropy
favors resonance between several unique axes, or for relatively
dilute concentrations of Jahn-Teller ions. Moffitt et al. (395,444,445)
find that if the forces tending to remove the degeneracies are not
strong, the degenerate vibrational levels may be split without removal
of the electronic degeneracy.

(%) Since distortions to lower crystalline symmetry require coop-
erative distortions (via V) of equation 61) about the Jahn-Teller ions,
spontaneous electron ordering to render a low-temperature structure
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of lower symmetry can only occur if the concentration of Jahn-Teller
cations is greater than some critical fraction. Such electron-ordering
transformations are martensitic. Since they are cooperative phe-
nomens, they may exhibit thermal hysteresis.

(v) Since the Jahn-Teller effect is due only to lattice-orbital inter-
actions, it is independent of spin and therefore of spin ordering at a
Curie or Néel temperature. This also can provide an experimental
distinction between the cooperative Jahn-Teller distortions and the
cooperative spin-orbit distortions that occur at a temperature below
which the spins are ordered collinearly.

6. Spin Quenching by Large Ligand Fields

In strong ligand fields with A, > A.x ~ Aq, where Aex is the splitting
of the free-atom ground state and a state of lower (2S + 1), the spin
angular momentum may be partially, or completely, quenched. This
is manifest by a breakdown of Hund’s highest (28 + 1) rule, and
the cations are said to be in a low-spin state. In the strong-field case,
it is possible to use the one-electron model of Figure 10. From this
model follow the electron configurations and net atomic spins for
cations in large cubic and tetragonal fields that are summarized in
Table VII.

TABLE VII

Electron Configurations and Net Spins for Transition Element Cations
in Strong Cubic and Tetragonal Octahedral Fields

(Comparison of net spins of cations in strong ligand fields with those for the free
cation illustrates spin quenching.)

Free cation Cubic field Tet. (¢/a > 1) field Tet. (¢c/a < 1) field

Config. Spin Config. Spin Config.  Spin Config.  Spin

dt 172 t3 1/2 (D,E) 1/2 ol 1/2
& 1 13 1 (D,E) 1 o 0
s 3/2 i 3/2 (D,E) 1/2 CYD,E 1/2
s 2 t3 1 (D,E)* 0 CxD,E} 1
@ 5/2 3 1/2 (D,EyCt 1/2 CxD,Ep 1/2
@ 2 3 0 13 0 3 0
a7 3/2 zg,,e; 1/2 t$,A1 1/2 18,81 1/2
dé 1 tgyeg 1 tggAz 0 tgng 0

& 1/2 tSe5 172 $,4:B1  1/2 13,8241 1/2
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7. The g Factor

From Figure 3 it was shown that if a free ion with a resultant
angular momentum J (large L-S coupling) is placed in a magnetic
field H, the degencrate energy level is split and the magnitude of the
splittings relative to the field-free level are given by

AH = g;l.BHMJ (71)

where g is given by equation 13. To obtain an cxperimental value
for g, paramagnetic-resonance techniques are frequently employed.
In this method, a paramagnetic material is placed in a large d.c. field
H, and a small a.c. field is applicd at right angles. The a.c. field
induces magnetic-dipole transitions according to the selection rule
AMj; = +1. Therefore a resonance absorption of energy is observed
if the a.c. frequency » corresponds to

hy = ngH
and
g = 21.4178/\H (72)

where H is measured in kilogauss and X\ = ¢/» is measured in centi-
meters.

If a cation is placed in a ligand field, J is generally no longer a good
quantum number, and the experimental ¢ factor is no longer a meas-
ure of the Landé g factor of equation 13. Rather it is a measure
of the complicated term splittings that result not from interactions
of J with H, but of I';’s with H. It depends upon the orientation
of H with respect to the symmetry axis of the ligand field. Therefore
the experimental ¢ factor is a tensor and reflects the anisotropy of the
ligand ficlds. This experimental g is called the spectroscopic splitting
factor.

From equations 10 and 13, it follows that for a frce ion

.M,; =] vy = ge/2mc (73)

Since the classical equation of motion equates the rate of change of
angular momentum J to the applied torque M; X H, the equation
of motion for the magnctization of a solid is (damping terms neg-
lected)

M, = yM; X H (74)

where g is no longer equal to equation 13, but reflects the ligand-field
splittings. Ferromagnetic-resonance experiments similar to the para-
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magnetic experiments provide a measure of v, and therefore of g.
The exact relationship between the a.c. frequency and y depends, for
ferromagnetic resonance, upon the geometry and magnetization of
the sample (346).

The spectroscopic splitting factor g that is determined from reso-
nance experiments must be distinguished from the g factor determined
by gyromagnetic experiments (347,526,632). In a gyromagnetic ex-
periment (Einstein-DeHaas (164) or Barnett (40) methods), what is
measured is the magnetomechanical ratio (see eq. 73)

_ﬂ - AMobs _ A(MS + ML + Mlattice! _ Ang + ML} (75)

2me ~ AJops — AJ 1attice AWJs + J1L)

where the lattice contribution to the magnetic moment M,gice is
negligible and — AdJattice = A(Js + J 1) follows from the conservation
of the total angular momentum, A(Jiattice + Js + J) = 0. From
equation 7, the spin-only ratio Ms/Js = e¢/mec. If the ratio of orbital
to spin angular momentum is

Ji/Js = 2e (76)
then
ML/]”s = €
s0 that for e < 1,
g ~2(1 —¢ 77

If the orbital angular momentum is quenched by the crystalline fields,
so that e is small, then it is possible to show (347) that for a resonance
experiment the spectroscopie splitting factor g is given by

g 2(1 + ¢ (78)
where the definition of e corresponding to equation 76 is
2e = WL/ WISW) ¥ =vo—iNr/20 — ... (79)

and A, is the splitting between the states ¥, and ¢, \; is the spin-orbit
coupling parameter defined by equation 8. This gives the following
theoretical relationship between the two experimentally determined
¢ factors:

g—2~2—4 (80)
In practice it is found that the values of € determined from resonance
experiments are appreciably (~ factor of two) higher than those
found from gyromagnctic measurements, and this discrepancy is
attributed by Kittel and Mitchell (350) to an apparent tendency of
the g values to decrease as the resonant frequency is increased.
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Smit and Wijn (590) have pointed out that if the atomic moments
are oriented purely parallel or antiparallel to the magnetic field,
i.e., the orbital angular momentum is quenched, in first approxima-
tion, by the crystalline fields (¢ < 1), then

_AMs+AML _ Ang'l"ML)
v = and g=2 AM (81)

whereas from equation 75

1 — 9 AMs + M) (82)
T TAMs + 2My)

From equations 81 and 82 there follows the relation
1,1
=+5=1 83
P (83)

which is only cquivalent to cquation 80 if M, <K Mg, ie. if
(g — 2) < 1. This distinction between equations 80 and 83 is im-
portant for the case of compensated ferrimagnetics (ferrimagnetism
is defined in Chapter I1) in which M s may be extremely small.

In the case of the transition element atoms or ions, the orbital
angular momentum is usually quenched, and it has become customary
to define the spectroscopic splitting factor g by equation 81 rather
than by equation 13. Then equation 20 becomes

pets = g[S(S + 1)]12up = [(Bk/N)C]2 = [8Cma]?us  (84)
and the spontaneous magnetization at T = 0°K is
M, = —NgSus (85)

III. Magnetism and the Chemical Bond

To this point there has been a review of the description of the
electrons on free atoms and their interaction with an external mag-
netic field. There has also been a discussion of the two principal
approaches to a quantitative description of the outer electrons of
atoms that have condensed into molecules or solids: the MO or
collective-electron approach and the HL localized-clectron approach.
It was pointed out that there probably is a critical distance R,(n,])
such that for interatomic distances & < KE.(n,l), outer electrons with
quantum numbers n, ! are best described by the MO approach,
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whereas if R > R.(n,l), these electrons are best described by a HL
approach. The localized orbitals to be used in the HL description
are atomic orbitals that have been perturbed by the crystalline
(or ligand) fields. The simple HL theory (or valence-bond ap-
proach of Pauling) uses nonorthogonal orbitals and therefore is
applicable quantitatively only to diatomic molecules. If orthogo-
.nalized atomic orbitals are used as the initial HL wave functions,
then binding can only be obtained if polar terms are included; and
failure to include polar terms leads to serious errors. This is es-
pecially true if a HL approach is used for collective electrons, in
which case the polar terms must include more than just the nearest
neighbors. The calculational difficulties associated with the inclu-
sion of polar terms for more than nearest neighbors makes the HL
approach practicable only for the case of localized (R > R.) electrons.
The essential features of the MO, collective-electron theory follow
from the crystal structure and the Pauli exclusion principle (Fermi-
Dirac statistics). The principal assumptions of the MO approach
were emphasized. Its weaknesses are an overemphasis of polar
states because of inadequate treatment of electron correlations and
treatment of electron-phonon interactions as small perturbations
even for relatively large interatomic separations. Qualitative argu-
ments have been proposed for the principal correlations to be antici-
pated among the collective electrons. The valence-bond approach
of Pauling was seen to provide an important intuition for the electron
correlations that is suggestive for improvements to the MO approach.
In the case of localized HL electrons, a multi-electron problem is
solved for the outer atomic orbitals, so that crystal structure and the
Pauli exclusion principle determine not only the interatomic electron
correlations via couplings between neighboring atomic moments
(these couplings are discussed in Chapters II and III), but also the
intra-atomic exchange correlations and multiplet structure. The
weakness of the present ligand-field theory is the assumption of
point charges for the construction of the ligand-field potential.
Spontaneous atomic moments were claimed to occur only if local-
ized electrons are present, and expressions were developed for the
magnitudes of spontaneous atomie moments, including contribu-
tions from the collective electrons as a result of internal exchange

fields. Various contributions to the magnetic susceptibility were
also examined.
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Thus far there has been no discussion of the mechanisms of coupling
between neighboring atomic moments. For the most part these
mechanisms are indirect, the localized electrons coupling to the col-
lective electrons, the role of the collective-electron intermediaries
being determined in metals by the collective-electron correlations and
in ionic compounds by covalent terms induced by the interactions
of those overlapping orbitals from neighboring atoms that are ulti-
mately responsible for the magnitude and sign of the ligand fields.
It is just for this reason that magnetic studies can provide dircct
information about the electron correlations or about the origins of
the ligand-field potentials. Therefore magnetic studies have more
profound implications than just an adequate description of the mag-
netic properties of matter.

In Chapter II those magnetic propertics of solids that are due to
the presence of localized electrons are developed in a purely phe-
nomenological manner. The approach is that of the Weiss molecular
ficld in which the magnitude of the atomic moments and the sign of
the couplings between them are assumed given. From this starting
place, it is possible to obtain the temperature dependence of the
magnetic susceptibility and of the magnetization. It is also possible
to obtain the type of magnetic order. Since neutron diffraction
provides an experimental technique whereby the magnitude of the
atomic moments and the magnetic order can be directly determined,
it is possible to work backwards from this information, together with
temperature-dependent measurements of suseeptibility and magneti-
zation, to obtain a measure of the magnitude of the individual atomic
moments and of the sign and strength of the couplings (called ex-
change integrals) between them. The first piece of information
provides a direct check of the theory for localized, HL electrons as
well as an empirical estimate of R, for the 3d clectrons, and the second
permits the observation of certain regularities for the sign of the
exchange integrals that give rise to the formulation of empirical rules.
These empirical rules can be rationalized by qualitative physical
arguments that provide a basis for understanding the origins of the
molecular ficlds, or exchange integrals, and their relation to bond
stabilization. Some of these rules have been relatively firmly estab-
lished by more quantitative calculations, while others will be seen
to be still speculative and the subject of considerable controversy in
the literature. In Chapter III, atomic moments and their coopera-
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tive interactions for three different classes of materials are considered:
insulators and semiconductors, metals and alloys, and ionic com-
pounds with metallic-type conductivity. After a brief description of
the outer electrons, qualitative arguments are used to develop a set
of rules for the sign and relative magnitudes of the couplings between
atomic moments. This theoretical model is used to interpret mag-
netic, crystallographic, and electrical data for all typical compounds
of each class.

It should be noted that two phenomena that are important for the
theory of magnetism and that are relevant to the present discussions
are not treated at all. -These phenomena are magnetic anisotropy
and magnetostriction. Also there is no discussion of the rare earth
and actinide metals or compounds, for which much of the present
discussion serves as a necessary introduction.






CHAPTER 11

Types of Magnetic Order

I. Ferromagnetism

A. WEISS MOLECULAR FIELD AND HEISENBERG
EXCHANGE HAMILTONIAN

Introduction of interatomic coupling permits the possibility of a
spontaneous ordering of the atomic moments below some critical
temperature. A substance is generally called ferromagnetic if it
possesses a spontaneous magnetic moment at low temperatures.*
The saturation magnetization M, is defined as the spontaneous mag-
netic moment per unit volume (in technical literature the saturation
flux density B, = H + 47M,, where H << 47M, is the external mag-
netic field used to align the moments of the various domains, is
often used), and the critical temperature below which the spontaneous
long-range ordering occurs is called the Curie temperature T.. How-
ever, it should be noted that weak ferromagnetism may occur in
substances where the magnetic ordering is antiferromagnetic and
that moderate ferromagnetism may occur in chemically ordered
substances with predominantly antiferromagnetic (antiparallel mo-
ments) interactions. These latter situations are distinguished from
substances with ferromagnetic (parallel moments) coupling by the
designations parasitic ferromagnetism and ferrimagnetism, respectively.

For the case of ferromagnetism, i.e. all interactions favoring a
parallel alignment of the atomic moments, introduction of a simple
phenomenological coupling term has proven extremely successful for
describing several important attributes. This term is called the
Weiss molecular field H,, after its inventor Pierre Weiss (655). It
is assumed that the interatomic coupling can be represented by an

* Because of domain formation, which permits minimization of internal de-
magnetizing fields at the expense of a fraction of the coupling energy, it is usually
necessary to align the moments of the various domains by an external field in
order to determine the magnitude of the spontaneous moment.

75
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effective magnetic field that acts on each atomic moment and is
proportional to the magnetization M:

H, = WM (86)

where the proportionality constant W is called the Weiss field con-
stant or the molecular field constant.

This is the form of the Lorentz correction for magnetic coupling
of a paramagnctic solid. Consider a small sphere of radius R cut
out of the paramagnetic medium. This induces a magnetic pole
density at the surface of the sphere of w* = M-n, where n is the unit
veetor normal to the surface. These poles, after integration over the
entire surface, produce a field at the center of the sphere H' that, by
spherical symmetry, has only a component along the direction of M
of magnitude

o = L ("‘1’;0) ©*2xR sin 0-R df

1
= 21rM[ 1coszad(coso) = %EM

However, if W = 4x/3, ferromagnetism would occur only below 1°K.

To obtain an estimate of the magnitude of H,, it is noted that the
orienting effeet of the interatomic coupling is opposed by the thermal
energy associated with random motions of the moments. At the
Curie point, the ordering and disordering energy must be equal, so
that for a single atomic moment u,

For iron, T. = 1000°K and p = 2up so that H, =~ 5 X 10* oe. This
field is much stronger than that produced by the magnetic moments
of all the other ions (the dipole-dipole interactions), which are only
~ (4r/3)M ~ 10° oc. Internal fields due to crystalline anisotropy
are generally several orders of magnitude smaller than H, also, so
that anisotropy effects, which are neglected in this book, may be
treated as a perturbation.

Heisenberg (265) showed that the physical origin of the Weiss field
is in the quantum mechanical exchange integral. The form of the
“exchange Hamiltonian” that is generally used in the literature was
derived by Heisenberg from a Heitler-London description of the
outer electrons. Slater (584) has strongly criticized calculations that
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are based on the Heisenberg exchange Hamiltonian because the non-
orthogonality of the atomic wave functions used in the Heitler-
London approximation vitiates their use in a many-electron problem.
Van Vleck (631) was able to justify use of this expression given certain
limiting conditions, and more recently Nesbet (477) and Slater (585)
have argued that the form of the expression, which is given in equa-
tion 90, is more generally valid. It is the starting point of the
present discussion. However, the magnetic interaction is not exactly
described by equation 90, and for certain problems it may prove
necessary to use a more fundamental approach (415).

In the discussion of the hydrogen molecule, it was pointed out that
there are two energy levels, E; corresponding to a symmetrical co-
ordinate wave function (singlet spin function) and Ei; corresponding
to an antisymmetrical coordinate wave function (triplet spin func-
tions). If the part of the Hamiltonian labeled H' in equation 21 is
treated as a perturbation, the energies of the singlet and triplet states

are
Eyu=2E+ 1% a’?)—l(Jc +J.) (88)

where the plus sign is associated with the singlet state K; and the
minus sign with the triplet state £y (266). IF, is the energy of an
unperturbed, free atom, o’ is the overlap integral of equation 23,

J. = [ (1) I [ua(2) 2 diry e
is the Coulomb energy, and
J. = [ Wt (D)ud(2)H (1) (2) dry drs

is the exchange integral. It follows that the effective spin coupling
between orbits ¢, and ¢, with spin angular momenta S, and S, is
cquivalent to a potential energy of the form

Vub = —2'Iabsa'sb (89)
where
Ju = 3(Er — Eu) = (J. — a'%Jo)/(1 — %)

Thus the stability of the singlet versus the triplet state depends upon
the sign of J.. If Jus > 0, then the triplet state is more stable, so
that a positive exchange integral is associated with ferromagnetic
coupling. Similarly a negative exchange integral is associated with
antiferromagnetic coupling since the singlet state is stabilized by
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Jas < 0. In Chapter II the exchange integrals are treated as phe-
nomenological constants. In Chapter III the sign of the exchange
integrals is argued for several bonding situations and classes of
materials: The rules thus developed are compared with experiment.
However, some comment on the historical speculations about the sign
of Ja4» should be made at this point.

Early workers assumed J., = J., neglecting terms to order o? and
higher. Heisenberg suggested that although J, < 0 in the hydrogen
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Fig. 14. Bethe’s (595) curve relating the exchange energy of magnetization
to the distance B between atomic centers having a fixed diameter Dge of active
shell. This curve is now considered incorrect.

molecule, beyond some critical ratio of internuclear distance to mean
radial extension of atomic orbitals the exchange integral must change
sign. This ratio was chosen empirically so as to account for the
ferromagnetism of Fe, Co, Ni. That this possibility exists is imme-
diately seen from the expression for H’ in equation 21: the first two
terms are positive, the last two are negative, and all four are of the
same order of magnitude. It was Bethe (595) who provided plausible
arguments why ./, might be positive in the ferromagnetic elements.
He pointed out that for a simple HL model (u; = ¢ and uz = ¢5)
the term €*/r; would dominate the others if all the overlap between
¢. and ¢, were concentrated in a small region away from the nueclei.
He suggested that this would be the case if ¢, and ¢, had (1) small
amplitude at their parent nuclei, (2) angular lobes pointing towards
and overlapping one another, and (3) small radial extent compared
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to the internuclear spacing R.  All three of these conditions are satis-
fied by the 3d clectrons of the ferromagnetic metals. From general
arguments Bethe (595) suggested that J, varied as shown in Figure
14, the negative value at small R resulting because condition (3) is
not satisfied. Subsequently the validity of Bethe’s argument was
severely questioned, and it has been suggested by Van Vleck (634),
Slater (580,584), and Zener (716) that J, could never be positive, but
simply varied monotonically from a large negative value at small B
to an exponentially small negative value at large R. Four explicit
calculations of J., have been attempted: The first, by Wohlfarth
(687), replaced the 3d wave functions by spherically averaged func-
tions, violating condition (2), and indicated that J, is always negative.
Kaplan (324) took proper account of the angular variation of the
wave functions, but made only one accurate estimate of J,, which
turned out to be positive for a small internuclear separation. Both
Wohlfarth and Kaplan took &’ = 0. Subsequently Stuart and Mar-
shall (605) evaluated J.; and found it to be positive for all internuclear
separations, but of the order 70 times too small to account for the
cxperimentally determined exchange constants in iron, cobalt, and
nickel. Freeman and Watson (193) showed that the Stuart-Marshall
calculation, which assumed hydrogenic orbitals or a point-charge
model with Z = 1 in equation 1, is not applicable for atoms like iron,
cobalt, and nickel. If realistic effective Z4 and Zp are taken, then
it is necessary to add to the numerator of J,5 the term

J = a’{f dsHopdpe dr + / daH oy dr
— [ 6Huss dr — [ 6tHuge dr)

Calculations of J4 for ¢, 7, and & bonding orbitals (one electron per
orbital) for a fictitious Co; molecule were made for the unrealistic,
but previously assumed, case J' =0 (or.Z = 1) and for the case
J’ # 0. For the first case it was found that J,, is everywhere posi-
tive, but too small to account for ferromagnetism, and that J,, and
Js; were even smaller and negative at the appropriate internuclear
distance. These results do not support either of the earlier specula-
tions about the behavior of J,, as a function of internuclear separa-
tion R. 1In the second case (J’ # 0) the various exchange integrals
were found to be large and negative. Although Freeman and Watson
were disturbed by this result because it did not predict ferromag-
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netism (i.e. J,» was not positive), it is to be noted that they chose
the optimum case for bonding, that is one electron per atom in the
overlapping orbitals. The qualitative arguments of Chapter III for
the sign of J, anticipate a large, negative J,p for this case. It is
argued in Chapter III that a positive J,; should be found if there is
more than one electron per atom in the overlapping orbitals.

Nesbet (480) has pointed out that a Hamiltonian of the form of
equation 90 is the simplest scalar quantity that can be constructed
to describe two interacting spins of fixed magnitude. A satisfactory
theory for this phenomenological equation must account for the fol-
lowing propertics of the Heisenberg interaction: (1) linearity in S, S,,
(2) additivity (the coupling between atoms A and B must not inter-
fere with that between A and C), (3) dependence on total atomic
spin, not the o, o; for the individual electrons, (4) distinction between
spin coupling and covalent bonding, (5) sign and magnitude of J 4,
and (6) some indications of the limits of applicability of equation 90.
The only theoretical derivation of even equation 89 that is intended
to satisfy these criteria has been developed by Nesbet (477,479) and
his conclusions are compatible with the semiempirical postulates
(214,216,217) that are presented in Chapter IT1.

Generalization of equation 89 to the many-electron system of a
crystal is given by the Heisenberg exchange Hamiltonian

Iy = =24 JiS:S; . (90)

where J;; is the cffective exchange integral between atoms 7 and j
having total spins S; and S; and the factor 2 is omitted because the
summation includes each pair twice. Since the exchange integral is
sensitive to orbital overlap, interactions on the same atom (intra-
atomic) or between neighboring atoms (interatomic) alone are im-
portant, except for the special case of indircet coupling via metallic
s—p electrons, which is apparently encountered in rare earth metals
and dilute transition metal alloys. 'This case is outside the scope of
this summary. Within an atom the orbitals are orthogonal, and for
orthogonal orbitals (o' = 0), Jap = J. > 0.* (In an atom the only
term in J, comes from the positive term e?/r;; of ¢. 21.) Therefore

*J, = f pex(r)¢(r) dr, where ¢(r) = J‘p.,,‘(r’)[r — |7V dr, pex(r) = eu*(r)ua(r),
and V2(r) = [ pex()VPr — 1’| dr' = —4wpex(r). Now V-¢Vg = [Vei2 +
#V%¢, so that 4nJ, = —[ ¢Vl dr = {[|Ve[2 dr — [usc $V¢-dS} > 0 since the
surface integral vanishes for large r.
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intraatomic exchange interactions favor a maximum (28 + 1), which
is the physical origin of Hund’s rule.

B. TEMPERATURE DEPENDENCE OF THE MAGNETIZATION
AND THE SUSCEPTIBILITY

To introduce the effect of interatomic coupling, it is only neces-
sary to replace H in equation 14 by the effective internal field
H; = H+ H,. This gives

M(H) = Nu = NJgusB;[Jgup(H + WM)/kT)] 91)
Since B;(T' = 0) and B;y(=) = 1, equation 91 is written in the follow-
ing parametric form and solved graphically:

M/M, = B;(y) (92)
,_ MH (WM?, M
Y= Nt T \NkT ) M,

where
My= M(T = 0°K) = NJgus

Comparison with equation 85 shows that J of this expression is
generally replaced by S because of the quenching of the orbital an-
gular momentum. This involves ¢ as defined by equation 81.

The graphical solutions (with H = 0 and therefore M = M,) are
the intersections of the two curves shown in Figure 15. From equa-
tion 15 it was shown that

Bs)y—o = (J + 1)y'/3J

Therefore the decrease in M,/M, follows a continuous curve until it
vanishes at that value of temperature 7. for which the straight line
becomes tangent to Bs(y’)|,—o, so that the Curie point is given by:

(/ +1) _ NkT.
3/~ WM3
Te = WousMo(J + 1)/3k = NWgtudJ (J + 1)/3k (93)

For iron, My~ 10* emu and 10¥K =~ T.= 0.05W°K, so that
W = 2000, in agreement with the estimate from equation 87. Fur-
ther, from Figure 15 it is seen that the curve for J = 1/2 gives the
best fit with experimental data. This is compatible with quenching
of the orbital angular momentum, and therefore with the replacement
of J by S (subject to the proper definition of g). In the case of iron,
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Fig. 15. Spontaneous magnetization vs. temperature, according to Weiss
(655) theory. (a) Graphical solution. The value of M./M, is given by the
intersection of the two curves. (b; see facing page) Reduced-scale plot. The
solid lines represent the Weiss field theory for J = 1/2, 1. The experimental
(dashed) curves for iron and nickel fit more closely the theoretical curve for
J = 1/2. (After Bozorth (92)).

there is a fairly marked departure from the shape of the Brillouin.
curve. This suggests that either the atomic moment or the Weiss-
field constant is not temperature-independent, as assumed by equa-
tion 91. A small increase with temperature in the atomic moment,
i.e. in the product gJ, would account for the discrepancy. Compari-
son of peg and up for a-iron suggests such an increase.

From the Weiss field model, the relation between Jex, the effcctive
exchange integral of equation 90, and T, for the case L = 0 can be
derived from the fact that the energy of interaction with the Weiss
field, —u-H, = —gSupH.,, is equal to the exchange energy,
—Jec 2245 Si°S; = —22JxS?, where z is the number of nearest ncigh-
bors. This, together with equation 93, gives

H, = WMy = 228/ x/gup = 3kT./gus(S + 1)
Jex/kTe = 3/[225(S + 1)] (94)
It should be realized, however, that the Weiss field model first con-
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Fig. 15 (continued)

siders the effect on a given spin of the average spin of the neighboring
atoms and then averages, whereas in the Heisenberg formulation
(S;*S;) must be considered. Therefore any relationships between
Jex and W can only be valid at 7 = 0°K. In addition, the effects
of short-range order just above T'. are neglected. More exact quan-
tum statisties (107,496,658,715), which include short-range order
above T., give results for Je/k7'. that are about a factor 3/2 larger.

Above the Curie temperature, the magnetic field entering the Curie
law of equation 19 is H;, not H, so that to account for interatomic
coupling this law must be rewritten as

M/H+ WM) =C/T (95)
Since the measured susceptibility is x» = M /H, it follows that
xm=M/H=C/T—-206,) 