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PREFACE

Last year I gave a series of Extension Lec-
tures on non-linear partial differential equations
at the Lucknow University. These have now
been written down in the form of a monograph
to be published by the University. This small
volume aims at giving a preliminary account of
the methods employed and the results achieved
for non-linear equations of the standard types.
The first two chapters contain generalisations
of my previous results, and are being published
now for the first time. These lectures were
originally advertised under the heading ‘“The
Theory of Non-Linear partial Differential Equa-
tions” but the present title has been considered
more appropriate for the monograph.

I take this opportunity of offering my grateful
thanks to Professor Birbal Sahni, F.R.S., for
kindly arranging for the lectures in Lucknow,
and to Dr. A. N. Singh, D.Sc., for his kind help
during the printing of the book.

June 21, 1939 RazruppiNn Sipp1Qr
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INTRODUCTION

The theoty of the boundaty value problems
in linear partial differential equations has been
extensively studied, and the results incorporated
in a large number of memoirs and treatises which
have been reported in the Enzyklopidie articles*
by Sommerfeld and Lichtenstein.

The non-linear partial differential equations
were, however, neglected for a long time, owing
probably to the fact that not many physical pheno-
mena were known which gave rise to boundary
problems in such equations. But the situation
is changing rapidly, and modern explanations of
various physical phenomena are yielding more
and more non-linear equations. This fact has
induced several investigators to take up the subject

* A. Sommerfeld: “Randwertaufgaben in der Theorie
der partiellen Differentialgleichungem”: Enzykl. d. Math.
Wiss. II A. 7¢, pp. 504-570.

L. Lichtenstein: ¢ Neuere Entwicklung der Theorie
partieller Differentialgleichungen zweiter Ordnung vom
elliptischen Typus”: Enzykl. d. Math. Wiss. II c. 12

pp. 1277-1334.
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systematically, and thus two different methods
of attack have been evolved.

The first method is that of Green’s function
well known in the potential theory. This method
was developed by M. Emile Picard in 1890, and
applied by him to linear as well as non-linear
elliptic and hyperbolic equations.

In 1907 Holmgren and Levi simultaneously
developed a similar method for the linear parabolic
equations, employing, of course, the newly dis-
covered theory of integral equations. Inspired
by the works of Picard and Levi, M. Maurice
Gevrey made a fairly complete investigation of
the parabolic equations in 1913-1914.

The method of Green’s function has been
well developed and applied to non-linear equations
in a large number of memoirs and treatises, a
selection of which is given in the bibliography.

Now in physical theorics as well as in mathe-
matical analysis, the solution of a boundary value
problem in the form of a Fourier series or of a
series of eigenfunctions is of a special value. In
fact, since the classical work of Fourier himself
the linear problems have been often solved in
this way. Lichtenstein was probably the first
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writer to give the solution of the non-linear hyper-
bolic equation
0%y 0%y

2
ox2 o ¥

in the form of a fourier series*

u(x, t) = 2, (¢) sin nx.

At his suggestion the present writer under-
took a detailed study of the non-linear parabolic
and hyperbolic equations from this point of view.
A few results have been published in papers
mentioned in the Bibliography.

A fairly generalised theory is being presented
in these lectures. The first chapter gives the so
called “Fourier Method” for the non-linear para-
bolic equation :

;X{p(x) 21} == P(x, t, u, gz) .
The solution of the first boundary problem is given
in the form of a series of Sturm-Liouville eigen-
functions, whose asymptotic expansion plays a
fundamental part in the treatment. The Fourier
coeflicients are determined with the help of an

* Unless otherwise stated, the summation is always to
be taken from 1 to « throughout this book.
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infinite system of non-linear integral equations
which is solved by the method of successive
approximations.

The method is then shown to hold for equations
of higher order and for elliptic-parabolic equations.
It is further shown that the problems for non-
rectangular domains and for mixed boundary values
can be solved by reducing them to the above
problem with the help of suitable transformations
of variables. Systems of diffcrential equations can
also be treated in this way. [Cf. Siddiqi, (7)]-

The second chapter gives the Fourier method
for non-linear hypetbolic equations. The method
is similar to that for the patabolic equations, but
there is a fundamental difference. The parabolic
equations have a unique solution in Fourier serics
for any domain arbitrarily large, whereas the
hyperbolic equations have a solution for a sufficiently
small domain. This is compensated by the fact
that the boundary values for parabolic equations
are more restricted than those for the hyperbolic
equations. The generalisation for non-vanishing
boundary values is given in the last section, though
other generalisations for non-rectangular domains,
for mixed boundary problems, for equations of
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higher order etc., have been left out, their treatment
being completely analogous to that for the para-
bolic equations.

Many problems have still to be considered
both for the parabolic and hyperbolic equations.*
For instance, if the right hand member of the
given differential equation contains the derivative

u . . .

o7° then the system of integral equations which
determines the Fourier coefficients is replaced by
a system of integro-differential equations, for which
a method of solution has yet to be devcloped.

Similarly, the second boundary problem in which

. ... On .
the derivative o vanishes both at x = o and at

x = n still remains to be considered.

The account for non-lincar elliptic equations
in Chapter III is taken from the classical memoir
of M. Picard published in the Journal de Mathe-
matique in 1890. Similarly the account for non-
linear parabolic equations in Chapter IV is taken
from M. Gevrey’s paper published in the same

*During the time the book was in the press, these

problems have been dealt with by S. M. Sundaram, [1], [2],
[3], working at Madras and Hyderabad. [See Chap. V].
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Journal in 1913. It will be seen from these
Chapters that the method of Green’s function
establishes the existence of the solution for sufhi-
ciently small domains.

A resumé of the results for linear elliptic
and parabolic equations is given in the opening
sections of the respective chapters. Goursat’s
“Cours d’ Anlyse Mathématique™ vol. 3, or Frank-
von Mises’ “Differential-und-Integral gleichungen
der Mathematischen Physik® vol. 1 can be consulted
for proofs and other details of these results.

No account is given of the method of Green’s
function for the hyperbolic equations because it
is almost similar to the method for elliptic and
parabolic equations. Besides, an almost exhaustive
account of hyperbolic equations is given in Courant
and Hilhert’s admirable book <“Methoden der
mathematischen Physik” vol. 2, recently published.



CHAPTER I
NON-LINEAR PARABOLIC EQUATIONS
1'1. Convergence of an Infinite Series
Let p(x) be a function > 1 in the interval
o< x< = and let p(x) and (;,]; be continuous and
uniformly bounded in this interval :
el <t )<
, d>
M being an absolute Constant.
Let the Sturm—Liouville equation

d d
ggx‘{])(x) df} + A =0, e, (2)
for the boundary conditions
$(0) =0, ¢(M) =0 .icierininen (3)

have the eigenvalues A, and the eigenfunctions
$,(x), where » =1, 2, ... c0. We assume that the
set of functions ¢ (x) is orthonormal. The asymp-
totic expansions of 1, and 4,(x) are known* to be

*Curant—Helbert: ‘Methoden der Mathematischen
Physik”, Vol. I, Chap. 3, § 11, p. 291.
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— I )
A —n2 +O(1) a= S V;ﬁdx’
sin g

‘f’n(x):‘n“];n/T‘ ( ) g(x)=— j_\/[)(;)’ r(4)

d$,  mmcos ng sin®xg
e Cnyg s +0 () s \/p(x)d

n

vadently does not approach zero whatever

n may be, so that [- is different from zero, and there-

fote ¢, bounded for all n. Consequently, ¢,(x)
1d¢,

and — -

" are also uniformly bounded.
n dx

Hence we can write forall x ino < x < =«

s < b | Z Ml (5)

n dx

n=1,2,..)

where 4 is an absolute constant.

Finally, let the function p, (x,#) be defined
in the domain o< x <, o< #< o0 for any

02
r,s > 1, and suppose that p,_(x, #), P e, 6‘1’; are

uniformly bounded in the whole domain for all
rsS=1:
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Opr.a
pr.a(x’ t) < N’ _0;.—

sz". ]
02

<N,

<N, (6)

N being also an absolute constant.

Consider the function

0= Dra(0) 8 () (W, ()-8 (0806, ()

wheten, &, ..., %, /;, ..., [, r, s can take all positive
integral values from 1 to oo, and where dashes are
used to denote differentiation w. r. to x.

We shall establish the following result :
For all £, ..., £, 4, ..., /, > 1 we have

S Gy, Xjaia’f] M) S ot qi(r) () (8)

where ¢ is an absolute constant independent of
r, s, and ¢,(r), ¢,(s) are polynomials in r and s
respectively.

To prove this, we integrate (7) by parts, and

- , , d ’
a4y = — ; S pr.l<x’i) ¢"1"' ¢"1 9”11-"951, Zix (p¢n)dx’

n

I

—‘Ho ”dx{P o Pra b, By "’S;-)}d"
T e, (9)
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But we have

? ;,d;(p,.. Bay e b, by ee B1,)

=pp,..£(¢,q o $1, )P e B,
+pp,..¢k1...¢k,gé(¢:l-.- $:.)

DB by e b, B B,

= Pratiy e 41, 2, {95,.1 b, (290)b4,,, oo }
by by B B 81 (07)80 41
DD bay e Ba Bry e Bl e (10)

We must now differentiate these expressions. Thus
d , ;& ,

Z;[_pr.a 4’11 e 'ﬁl‘ j2=’1 {‘!’Iq ¢kj—1(p¢kj)¢",'+1 ¢kr}]
= Bty ¥ 5 (B b (P9 ) )
20nE (b b (D)o B

bb ¢:,}
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B by 81,2 {1 2 (082, 4}
Pttt 08,3 (b by )}
= Pl by 8, 2 by b (D8 by o )

—p"' Zr' {¢k1.--¢h1,_1¢;,j ¢k)-4—1'“¢"ri2' [qs:l"'(ﬁ:i—l

s
\ .l
J=1 =1

(M, b, 2" 47)% 61,00 ¢;.]}
— Prubuy o be iy b (b gy o )
S P T A S C AT

$i B Pjpr o ‘l’kr)’ ......... (11)

where »’ mecans that the term 7/ =7 is omitted.
We see that the number of terms on the right

of (11) is

=rtors+r4+rir—1)=r@r+ 254+ 1). (12)
We differentiate now the second line on

the right of (10). On account of the relation

P, = — (h;+ p’ 41, this term is



6 PARABOLIC EQUATIONS I

= Do by, E(M, 81y bl By bl 8

- IP,pr.a ¢k] oo ¢k,. ¢;1 ves 95;‘. ...... (13)
On differentiating the first line in (13) we get

Tl P bt 3 (o, 1yl 1,80
= — P bugo b, 2 (b By e By By Hpy e 8
= Pon B b bl 8 b e 8,5 (B
Bs Bt -+ 1) |
— Dra biy e bu b1y e b0, (Mo 2y)
= Drs b b, 20,0, TS B

B - ¢:,)} ...... (14)

The last term on the right of (14) is equal to

%’._34,,1_.. b B {0, 8, 28 8 (bt 28
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The numper of terms on the right of (14) is
therefore

=st+sr+ 256 — 1)+ s=s5@+ 25). (16)

We differentiate now the second line in (13),
and get

d , ) )
Z_);‘(— Jp Pr.. ¢k1 oo ¢"r ¢l150. (ﬁls)

= - JP,’Pr.l ¢k1"‘ ¢"r ¢:1"' ¢:s_ ‘rp’p;,a stl---
Bi, bry e B,

A T CRNE R R )
S N R
¢>;J+1 ¢>;’) ...... (17)

The last term on the right of (17) is equal to

,Rir-,e B -+ "‘kr,él{ $7, - ¢;j_1(x,1 $,,+ P ¢;J_)

b, 4‘1.} ...... (18)

Thus the number of terms on the right of (17) is
=524+ r+ 28, crerrennns (19)
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Finally we differentiate the last line on the right of
(10), and get

d , , ,
-H—};-(.ppr,l ¢k1 e ¢It:,. ¢ll oo ¢l.)
= P Prabiy e bi By e bl BT Biy e br By e B

BBty 81, 2 (B ey Fh by e )

+ BB bay ¢>er§1 (45;1 ¢:,-_1 ¥, (MM ¢f‘).(zo)
The last term on the right of (20) is equal to

— Prs ¢k1 ¢kr ]2;:1 {951’1 ‘»{’;j_l()‘zj ‘f’zj +P’¢;J)

b, 9"?.,}' ......... (21)
Thus the number of terms on the right of (20) is
=247+ 25 . (22)

Therefore the integrand in (9) has altogether
» terms where on account of (12), (16), (19) and
(22) we find

m=r(r+ 25+ 1) + s(r + 25) + s(2 + r + 25)
+Q@+r+29)=(@+2s+124+1 ... (23)

Moreover, each term in the integrand contains
(ﬂ) either Pr.n (X, t) orp:,, (X, t) orp:".a(x’ t) ’
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(b) either p(x) or p’(x) or]; 1;;2 ori;

(¢) either hOr1(j=1,2,...7);

(d) either hor1(j=1,2,..5;

(¢) either ¢, (x) or $e, (%) (J=1,2,...7);

(f) either ¢, (x)or 47 (x) (j = 1,2, ... 8

(8) ¢, ().

To make the result independent of £, ..., &,
we must divide the expression by A, ...4,. But
one and the same term may contain A, and ¢, to-

gether, therefore it is not sufficient to divide by
A, only, but by 4}2. Thus the whole expression
must be divided by (4, ... %, )¥% Then each term
in the integrand will be uniformly bounded for all
R R SR A A ¢

We shall denote the # integrals thus arising by

ab, a?, ... ,adm. (24)
From (9) we obtain then
VA, |a [
" < z adl. s 2
(Akl )‘ )(;“ll * l )3/2 \/)" I l ( 5)

From Parseval’s theorem for the Sturm-
Liouville eigenfunctions we know that the series
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= (@¥)? is convergent for all i =1,2,...,m, so
n

that
3 (@) < nN® Me proeo, L. (26)
From (25) we obtain on summing over » and
applying Schwarz’s inequality as well as the inequa-
lity 2ab < a® + 5%
B \/A’ Ianl }2 I |\ ) 2
{% (l"l M Yy - A, )3/2 < Zn o %{3-'1 [} [} .

n

<23 Q{z(w) }

=1{n
<z2. 6 N2 MR+ gy L (27)

where we have used the result that
1 I w2
. DS
>; A, < P
Writing
3
2 = "; N2MY, L (28)

and g (r)=r+1, }
7o () = 25 + 1.,

the truth of (8) becomes obvious.

1'2. An Infinite System of Non-linear
Integral Equations.

Let the numbers #, &, ..., &, /..., /

8

r, S
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take as before all positive integral values from 1

to oo, and let f.(x), 2.0 9), 5.(9s Rps ooes B 4y
.7, 5) be sequences of functions, denoted

SImply by f,, &, b,, defined for all values of x;, y :

o< x<w; 0<y<x <0, ... (1)

and satisfying the relations
I <cforall xin (1);  ...... (2)
U:gn(x,y)d} < Bforallxin(1)andallz > 1; (3)
S|h,| < Ab+2q(r) g(s) for all y in (1) and
all 1’.’7; and /s > 1. | (4)

A, B, b, ¢ are absolute constants, and ¢,(r),
go(s) denote polynomials in 7 and s respectively.

We consider the infinite system of non-linear
integral equations :

1,O) -1y oo, () By e s)
(n=1,2,...0)
We shall prove that one and only solution of

the system (5) exists for all values of x, provided
only that ¢ is less than a certain constant.
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We shall solve the system (5) by the method
of successive approximations, and write for this
purpose

O (%) = fulo)y e 6)
and forall # > 1
GO R RICE P A OF
A
w0 O) e V(O D e ™

We must prove that these approximations are

convergent, i.e., that lim u™ (x) exists for all

m —> o0 ‘n

n>1. 'This will be the case if the doubly infinite
seties > ¥ [ 2D (2¢) — 4™ (x) | is uniformly con-
vc:rge;lnt= of:;r all x.
We begin by proving that the series
z; [#m() ] e (8)

is uniformly convergent for all x and all .

Summing (7) formally over #, and taking ac-
count of (2), (3) and (4), we obtain for all x

2 [#m (x) |<c+a 2, (N {6 Max 2 | uim=D(x)] X
2‘: 7:(5) {& Max % [ =1 () |}', ...... (9)

where we have written « = 4B.
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Since ¢,(r) ana g,(s) are polynomials, two constants
d and ¢* can be found such that

() < drforallr > 1,4,(5) < eforalls > 1 (10)
From (6) we get for all x > o

2[a2C) [ = 2| L)) < e (10)

Substituting (10) and (11) in (9) for 7 = 1, we get

3 W) < ¢+ a {z (bedy . z(b:e)-}.

Let ¢<Min(,,, ), then

bed bee
5] (1) _ . . A
Z,, @l < r—bed 1= boe”
If ¢ is taken to be less than

bed bee
1 bod ¥ = bee <©

2
ab®d ¢ + bd + be’
and we obtain
Sla(x) | <e+e=120 . (12)

then «

Weriting 7 = 2 in (9), and substituting (12), we get
> #0(x) < ¢4 a { > (zl;:d)'z(zbce)'}.

*¢ must not be confused with the base of the exponential
functions.
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Assuming that ¢ < Min(;;;], z}b—e) , we find

2bcd 2bce

1 — 2bcd 1 — 2bce’

zaP(x) <c+a
Supposing that

1
Y- iy pruy VAR S (13)
. 2bed 2bce .
which makes # L abed T abe < ¢, we obtain

S|aP) [ < e+ ¢ = 2.

Thus we find generally for all 7 > 1 and all x > o
|am(x) | <26, el (14)

establishing the uniform convergence of the series
8).
%V)e shall prove now that the double series
S S ) — A e, (15)
is uniforr;xnlzyo nconvergent for all x > o.
In fact we have from (7)
wr()— () = | o NEE by

r8 kl'"" k,r.
1r oo lg

X4 (9) w4 () — M O™ ()
T O}
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=[xz
0 T

b,.{u‘;:’u) e ™ ()

(4™ ) — #2=" ()
+ 4™ () # (9)--- 7, () (A D~ ()

4D ) w0 ) w? () - ™ () (#, (O)

lg—2

— w0 ()

+ 4 () 4 () w7 O ()
— 4 ()}

The uniform convergence of X | #{*t1 (x) — #{™ (x) |
is seen therefore to depend on that of X [#{™(x)
L

— 4™ (x)|, so that on account of (14) we obtain
for all x

3 (4 (x) — 4 ()] <a 3 (r -+ 5) bree (2e)red
T ) 39 X Max B |4 (x) — e () |
<ax(r 1) b ey ) X 3 (s + 1) b
(20 g2(6) X Max 3 [ () = sl ()|

............... (16)
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!
But we can find two numbers 4, and ¢; such that

(r+ 1)41(’)<d{forallr>o} -
s+ 1)) <esforall s >0) 77 7

The relation (16) then becomes
= | #mt () — 4l (x) | < ab > (2bed)). T (2bce,)*
n = 8
X Max T | #{™ (x) — #m= V(%) | .. (18)
.1 1
If we assume that ¢ < Mm(;_-b—aT1 » 2he, ), we get

I 2bce,

(m+1) . (m) R S
E’ a2 () — o () | <ab (1 — 2bed) (1 — 2bcey)
X Max 2 [ (3) = w770 (%) | eeeee. (19)

Finally we assume that

S
A < _biéb?l + dl + e]) y  eessss (20)
which gives

2ab? ce, (21)

Y= S ahed)( — abe) S
Repeating the reduction formula (19) # times,
we obtain

S [tV () — wm (%) |
»

<y"Max 3 |40 () — 49 () [ .. (22)
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Summing over » from o to oo, we get for all x > o
-]
2 Z |4t () — (%) |
m=) n

S Ty Max 3 |40 (%) — 40 (x) [ e (23)

o0
Since y < 1, £ y™ is convergent. Moreover, since
m==0

T[4 (x) | < ¢ on account of (11), we find for

all x> o
=49 () — 40 (%) | < a3 (bed) = (bee)*
bed bee
<a T;W L 17_;3 P (24)

since both bed < 1 and bre < 1.

From (23) we deduce therefore that the doubly
infinite series (15) is uniformly convergent for all
X = 0.

From this we conclude that all the limit func-
tions

u (x)=lim #™ (%), (1=1,2,3,...),  ceeeer (2%)
m —>» o0
exist and are continuous functions of x.

Moreover for all x we obtain

S, @) | =2 lim |4 (x)| <2 .. (26)
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From (7) we get, on passing to the limit # oo,

ACRFAORINNCOPE I

X thy () v 4, 9) 0, () o 0, D) D eoenes (27)
showing that the function #,(x) obtained from
(25) is a solution of the integral equation ().

We have to show now the uniqueness of the
solution, under the condition that X |4, (x) |
n

should be uniformly convergent.

If possible suppose that the system (5) has
another solution v, (x), (# = 1, 2, ...) such that

%‘ [v, () [ < 2. .l (28)
Then
0, () =fu () 4 | 2. (60) 2 zl~ A
X 1 ) ety D)y O) e 5, OV B e (29)

Then we get from (7) and (29)
V”(x)*'—ﬂ,fl'") (X)_ J & (X ])ZZ bn

7,8 kyo s k
e

{7y O) oo 2, O) = #I70 O) o 7V O D
j gn (X,}l) 2’ 2‘ b‘n

.8 ki k
Lo - l:



SYSTEM OF INTEGRAL EQUATIONS 19
]

X Avy () oo v, [, (9) — 47 ()]
+ ”(m D, (9’) ------ O ) [Vz,_, ) — ”z(.":l) ]
e e eee e e e e et a e a e aaan
+ a0 () () e ™ ()
e, O) — #m VO By - (30)

On account of (14) and (28) we obtain therefore
2 2, ) = ) [ <aZ (k)i g () g(9)
(25)’“‘ X Max > |1/ (x) — #m= (x) |
2ab? [6’1
(1 — 2bed))(x — 2bee;)

as found in (19). Repeating this inequality » times,
we obtain for all x > o

2o, () — () [ <y

" X Maxy [v, (x) —# (x)[. ... (31)

where y is defined in (21) But
z)n (‘\‘> - ”fl(‘) (‘\:) j En (\:‘ y) zX bn

1,8 Ky sees lop
U veer g

> o ( §) Yy, () v, . () eeeenn v, () gy,
so that we get on account of (28) for all x > o
2|, () = w? () [ <@ b gy (r) gy (5)(2e)+

» gbcd 2bce
1 — 2bed 1 — 2bce’

Max > |2, (5) — #{" ()],

<a
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since ¢, (r) < d7and ¢, (5) < ¢°

Therefore, since vy < 1, we get from (31)

lim 2 v, (x)— #™(x)]|=0. ... (33)

Consequently, for all x > o

v, (x) = lmz ™ () =4 (x), s (34)
(n—x,z,3,. ... 00),

showing that the two solutions are identical.
1.3. Solution of the first boundary problem.

Let p(x) be a function > 1 in the interval
o< x <« and let p(x) and dp/dx be continuous
and uniformly bounded in the whole interval.

We consider the non-linear differential equation

{P() }“ =P (xt ”’6 ) ...... (1)

in the domain
0L XN, O IO veeennnns (2)
We shall prove that there is one and only one
regular solution of (1) which satisfies the conditions
#(0,2) =u(xn, t) = o forall £in (2), .eeeeneen (3)
and

#(x,0) = f(x) forall xin (2).  ..eeenees (4)
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We assume that the given boundary function
f(x) can be expanded in a series of sturm-Liouville
eigenfunctions, i.e., the eigenfunctions @,(x) of the
equation

d de )
dx‘{P(") Zx} Th=o L (5)
¢(o) = @(x) = o. )I
Thus
fl) = zn, G @(%), 6)

where the coefficients ¢, are such that the series
= 1,32 ¢, is absolutely convergent, A, being the
n

eigenvalue of (5) corresponding to @¢,. Hence
TR =6 ()

113

where ¢ is an absolute constant.

The question of the expansion of a function in
a series of the eigenfunctions @ (x) has been
considered by Lichtenstein.*

. o\ .
The function P(x, 14, bv) is supposed to be

. . )7 .

analytic in the variables #, ox? 5O that it can be

* L. Lichtenstein:  “ Zur Analysis der unendich vielen
Vatiabeln.  Palermo Rendiconti 38 (1914), 113-166.
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expanded in a power series
(i} . On
P (x, Pity o :7»,\‘1])"’ (x, 2) ”r(bi) e (8)

The coeflicients p__ (x, #) and their first two
2
pr:a and d p

7 are continuous and uni-
ox

N
formly bounded in the domain (2). For wvalues
|0n '
iox
absolutely and uniformly in the whole domain (2).

.. 0
derivatives -

of |#|< 1, < 1, the series (8) will then converge

The solution of the differential equation (1)
will be determined as a series of the cigenfunctions
@,(x)

e, ) =21, ()P (%) errnrnnn (9)

The conditions (4) and (6) require that the
coefficient », (#) should have the initial value ¢, :

......... (10)

Now since @ (x) is a complete set of ortho-
normal functions, we have

6 8
sl D () = 22 53D @), (1)
whete
53 )=2  a,(Lky, ., Ryl l,r,5)

Ko vens Ky
1w lg

N (5 IOV N ) R () BT 4 () R (12)

v,(0) = ¢, (n =1, 2,...)

.
’
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and a,=a,(t, Ry .y By liy oo by 75 8)
= | D5 D9, (9.9, (99,09 F, (I, 00) i,
......... (13)

dashes denoting derivatives with respect to x.

Assuming for the present, what will be proved
in the sequal, that the two series

S A0 00, and X Y et (14)
are absolutely and uniformly convergent in the
domain (2), we get on substituting (9) and (11) in
(1):

— 202,19, (%) — dr Pu() 7= 2 22,7, 5 )@, (x)-

n nr.,s

...... (15)
For each #» > 1 we get therefore
av, L - )
e, v,(H) = — 2.0 55 8), e (16)

r, 8

of which the solution satisfying the initial condition
(10), viz. v, (0) = ¢,, 15

t
V(1) == ™0t — S e 255 ) D
0 7.8

t
=z, e—)\”tj e~ Malt—1) D> a vk (])
0 708 Iqyeees e
ll. s lq

v, O, O) o (Nd, . o (17)
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This is an infinite system of non-linear integral
equations for the determination of the coefficients
v,(#) in the solution (9).

We write for all » > 1 and all # > o

u, (1) =2%,(H), ... (18)

FO = W oermty o (t9)
gn(t’ .)/) = ). e~ L“_”), ......... (ZO)

b"Ebn()’, ’él’ ceey ,ér, l.l ceny ls, 7, ;)
= . Vheoo (21)

(."1,-,l )»kr }.l( )\18)3/2

Then multiplying the cquation (17) by %%, w
obtain :

t
w0 = SO+ | Bl DT by O) -
1
l] l\]
1, (9) #,(9) - 1 ( ]) dy, e (22)
(n=1,2,... 00).
This is the same system of integral equations

as considered in § 1°2, except that we have now
written # for x.

In otrder to be able to use the results of that
section, we must prove that the functions f,, g,, 4,
as defined in (19), (20) and (21) satisfy the relations
(2), (3) and (4) of § 1°2.
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Now, for all # = o we have, on account of (7):
O =Z N < 2N [<e (23)

Further
t t t
2t dy = =) Pnndy = — i e Dy
0 0 Jo

At Apt
= — A e——)\nl ‘Z._;___‘,__._l —_ 51 ,-~_.1

P

n

so that for all # > 1 and all # > o, we have
t
AT Na— (24)

Also the function 4, satisfies the relation (4)
§1.2, as shown in §r1-1.

Therefore, as proved in § 12, the sytem of
non-linear integral equations (22) has one and
only one solution #, (#), given for all # by
u, (1) = lim #™ (1), (n == 1, 2, ... ), e (25)

whete #{™ (¢) is the m* successive approximation
defined by

42 () = fa (D),
and for » > 1

a0 O =fO+ | aeNzE b

[ K
Ue ones l:

4D (9) o 8 () 4 () o #m(5)dy.  (26)
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It was further proved that [z;n () | is uni-
formly convergent for all # > o. i

If we now take the coefficients », (¥) given by

T
v, (1) = 2 P @), (n=1,2,...00), ... (27)

then », (#) satisfies the integral equation (17) and
consequently the differential cquation (16). Further,
on substituting the value of v, (¢) given by (27) in
23[R, (r 55 2) |, this series is casily verified

n rs

to be uniformly convergent for all /4 on account
of the fact that 3 |#, (¥) | = 2 2/*|»,(¢) | has the

same property. Also, since the functions @, (x)
are uniformly bounded for all » in (2) and for all
n>1, the series = 4,2, ()@, (x¥) and 2 X

no s,

Zn (75 55 1) @, (x), and consequently > [z)t" P, (x)

are absolutely and uniformly convergent in the
domain (2).
Thus
U, ) =20, ()9, (x) .. (28)

is the one and only solution of the differential
equation (1) satisfying the boundary conditions (3)

and (4).
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1.4. An Equation of the higher Order.

In §1.3 we considered an equation of the
second order. In this section we shall extend the
proof to an equation of 4th, 6th, or any higher
even order.

For convenience, we take the case when p(x)
=1, so that the sturm-Liouville eigenfunctions
9,(x) degenerate into the sinc functions sin #x.

Let 7 be any positive integer > 2, and let the
equation

g;l:l L (— I)ma f»'-P (:\ Ly, 21) ...... (I)
be considered in the domain o < x <, 0 < # < ©
and let it be required to determine a regular solu-
tion, satisfying the boundary conditions :
#(o, 1) == (m, /) = o forall #; ...... (2)
#(x,0) - f(x)forallxino< x <. (3)

The function f(x) can be expanded in a series

f(x) = 2 ¢, sin nx,
such that = 72" (¢, | is convcrgent* veenee (4)
n
* For this it is sufficient that e Zf exists, and can be re-

presented as an indefinite integral, cf. E. W. Hobson:
Theory of function of a real variable, vol. 2, p. 516.
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=amle|l=¢c (5)

The function P satisfies the same conditions
as in §r.3.

Thus P (x,7;4, g%) =32 b, ,(x O (g%)’ (6)

The solution of the equation (1) is then deter-
mined as

(e, ) =20, () sinnx, ... @)

so that on account of (3) and (4) we get
r,(0)=r¢, (n=1,2,...). ... (8)
Then
Do o (36 D (21)8 =Xz (r,5; 8)sinmx, (9)
where
s $30) =3 “n”lq(f) 7’k,(f) ”z,(f) L’,s(f),

kyy eens kpe
Uiy wes g
a,=a,(t, Ry ey Ry by s Ly 1, 5,)
T
= jopn , (>, £) sin &px ... sin &.x cos /px ...
cos /Jx sin nx dx. w. (11)

Substituting (6), (7) and (9) in (1), we obtain
(— DS o (@) sinme 4 (— 12 Prsin

=3 g, 53 8) sinnx, ... (12)

nrs8
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where all the series in (12) have been assumed
to be absolutely and uniformly convergent. This
will be proved later.

From (12) we get for each n > 1

%’WL o) =(— )" 22, (558, .. (13)

of which the solution satisfying (8) is

0t = ey e (1 [ 0 2 20, 53 9)

:fné”"zm‘—f*(m I)mj M- Y Y a

n
78 kv key
e wen lg

X 0(3) - 1, (D) 0, (D) - 2, () dy- (14)
We set for all # > o and all # > 1:

#, (1) =-n*mn, (/) ...... (15)

fa@) ety (16)

o (1) == (= 1)mpm g = o (17)
ho=h,(y; Ry ooy By byy ooy by 575 5)
dn e e o e

Sk R TER (18)

From (14) we obtain, on multiplying both sides by
n2m’
t
O =L+ [ aENZE b,
° it
%y ) et (D), ) - 1, (@)X s (19)
(n=1,2,..0).
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It can be proved as before that f,, g,, 5, satisfy
inequalities (2) (3) and (4) of §1.2. Hence the
infinite system of non-linear integral equations can
be solved uniquely by the method of successive
approximations. From #, (#) we can then deter-
mine », (#) according to the relations

v, ) =nw*u, ()(H=1,2,..) .. (20)
Since = | #, (#)| is uniformly convergent for all

#, it can be easily verified that all the series in (12)
are absolutely and uniformly convergent.

Hence
u(xe, t) == 2 v, (#) sin nx

is the required solution of (1) satisfying the boun-
dary conditions (2) and (3), and this solution is
unique.

1.5. An Elliptic-Parabolic Equation.

We consider the differential equation
0%y 0% Oy
A AN
ot l—ajz op M e (1)
and determine a solution #(x, y ; ) which is regular
in the domain R defined by

o< x<w, o< Y< A, 0<K<t< 00, ... (2)
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and which sausfies the boundary conditions :
#(o, y; ) =u(n, y;¢) =oforall yand ¢in R;}( )
#(x, 03 7) = #(x, n; /) = ofor all xand #in R ;

and
#(x,y;0) = f(>, y) forall v and yin R. ...... (4)

We assume that f(, y) can be expanded in the
double Fouricr series
fx9) == X e, sinmxsinng, ... (5)

and that the series X (w2 - #2) | ¢,,.,, | is convergent.

n,n
For the solution of (1) we write
(N, Y3 8) == X v, () sinmxsinny, ... ©)

mn

and get

W, y3 1) = X K () sinmxsinm, e (7)

m,n

where
fzm.n (/) - \‘\~ fm (%3 l) fn(p" V) Z)A.u ([) VX.V (t)’ (8)
AN
with

2,7 . . .
Fon (6 ¥) <= T} sinowav sin A sin e dx, 1
Too

) )
fo (i, v) - - s sin u y sin v y sin ny dy. [
' T Jo J

From (1), (6) and (7) we get then

— > (m2 4 1), () sin mx sin ny
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d . .
— 3 _v{},;‘,, sin 2 sin ny

=3 RXma (B sinmxsinny; ... (10)

therefore for all m,n > 1
P .
_vdznzﬂ+ (,”2 + ”2) vm.n (t) = zm.‘n (f)' """ (I I)

We have assumed that all the series in (10)
are absolutely and uniformly convergent in the
domain R. As usual, this can be proved later.

From (4) and (5) we see that the solution (6)
would have to satisfy the initial condition

Vpn(©) =6, (myn=1,2,...). ... (12)

The solution of (11) which satisfies (12) is
given by :

(m24n2)¢ m2in2) (e
U () == o=t | Bt () ds
t
2,.2 2 .
= fm.n e-—‘m +né)t __ } 6,«—(m +n2)(f—u) ‘\_' fm (x’ )‘)

0 A\ Wy

Folis W) 0y (10, (s e (13)
We write for all m, n > 1:
W (1) = (024 12) 0, (8), o = (% 4= H2) Cpp s

...... (14)
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and get from (13)

wm n (t) = 5‘:" nl (m24a2)e __ (mz + nZ)‘r e“‘"‘2+"2’“—0)

xx Lyl b Om, O ()

This is a doubly infinite system of non-linear
integral equations for the determination of the
functions »,, ,, (#) which in their turn determine the
Fourier coefficients »,,, (#). We shall solve this
system by the method of successive approximations,
and for this purpose we set

W (2) = G e (16)
and for all » > 1

(t
wipn (t) — ;:M o—tm2nde __ (,,,2 + ,,2) Jo o~ (m2+n2)(t—0)

\ fm (K )‘)fn (P" V) (r—1) (r-1)
XA)\:V (Kz J “‘2>(12 JF vz) wx# (J') w)\.v (I) d.f. (17)
We have to prove the convergence of this
approximation. We shall first show that the
doubly infinite series

| fon (s ) fu (1, V) |
"?.," Y S (18)

is uniformly convergent for all xAuv.
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02 62
From (9) we have, on writing /\ ==  ond +5 oy

(T

Son 6 1) fu (s v) = ~ it 4’12) ng\r 5 (sin wx

0
sin p y sin Ax sin v y) X A (sin zx sin ny) dx dy

,,,,, s \" (sin mx sin ny)
o

T (m + n2)a?
X A (sin ®xx sin p_y sin Ax sin v y) dxdy

4 LA .
e - j } sin 77X sin 1y
0 -0

(”]2 »I‘_ ”2>n2
{— (%% 4 A%) sin xae sinp y X sinAxsin vy
~+ 2%) cos xx cos Ay sinp y sinvy — (u? | v?) sin
%X Sin p y sin Ax sin vy - 2pv sin xx sin Ax cos p y
cos v y}dx dy.
Therefore
AR AT
G+ W)+ V)
+ a0t 1) fulls V) + | fults D& M1} (19)

where

AP (VAR AT

(m°

Zm(®y X)) = ; .V COS #x €OS Ax sin mx dx, ]I
. J> (20)

20" .
s v) = —ES COS px COS vx sin #x dx.
0
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From Parseval's theorem we know that for all

%Ay v
i h) <2, Zfin,v)< 2
245060 <2 Zgwv)<2
Therefore
2 a0 0 i v) < 4, 2ZgH M) i v) < 4
2 fal#s M) giw, v) < 4

We get from (19) on summing, squaring and
using Schwaz’s inequality as well as the inequality

2ab < a? 4 b2

{26508 A) <1z o)

3 o ) £l D) |+ (8002 £ )|
+ [fulm D [}

<3 e 2 [ fi6e D) fitw
200 1) 2 )+ F2006 ) 80 v>}
L 16 X 3 X 12
< 2’ (7722 + ﬂ2)2

But the doubly infinite series 2 o + Y is -
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convergent, so that

(5 R

G-+ R -+ )
and with it the series (18) is uniformly convergent
for all %, A, p, v

Ifm(% A) fls V) l
mzn e+ e 4 ) (21)

whete 4 is an absolute constant.

We write, since = (#2+ #%) ¢, , is assumed
convergent, "
Z (Cnnl =2 (WP + 1) |t ] =c. (22)

We have also for all # > o0 and all m, #» > 1:

t
j = mPen®—a) Jo| —

e- (m2+ 0Pt j

glm 24 nl)s d_’-!
0

1 elm’+n2)t —_1
etm?+nde (,,,2 + ”2‘)‘

1
<WEFH (23)

Thus from (21) and (23) we get for all #> o
and all %, A, p,v>1:

’ — (m2+n2) (t—s m( A n ’V)
E» (m®+ nz)_‘oe (m*+m) (=) g, ([d; _}% uz))j(;gl* vzl)
<3 (w4 ). C I [ S0 1) fulits v) |
m,n m2

N GE IR
<a. e (24)
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‘Then we can show as in § 1. 2, that the approxi-
mations (17) are convergent, and that the system of
non-linear integral equations (13) has one and only
one solution. The only alteration in the proce-
dure would be to change the simple summation
over 7 to a double summation over 7 and n. Thus
it is seen that the non-linear -elliptic-parabolic
equation (1) has a unique solution satisfying the
boundary conditions (3) and (4).

1.6. The mixed boundary problem.

In the previous sections we considered only
the first boundary problem in whch # had given
values at both extremes of the x-interval. The
method is, however, capable of dealing with other
kinds of boundary problems. We shall consider
hete the third boundary problem, the so called
mixed problem, in which the value of # is given

. onw. .
at one end of the x-interval, and that of 3 18 given
at the other end.

Thus we try to determine a solution #(x, #) of

02y Oy -
_5;(2_6—1‘ ::Z,.'Pr(x’ t)”r’ """ (I)

in the domain
o< xR, 0<K<I< O,  .uuee (2)
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such that #(x, #) satisfies the mixed conditions

Mo, ) =0, (w7 =oforall 1 >0, ... )
and
#(x,0)=f(x)forall xino< x < m. ... (4)

This problem can be brought to depend upon
the boundary problem we have hitherto considered
by continuing the functions #(x, #), p, (x, #) and f(x)
in the interval = < x < 2n according to the method
of images. Thus we take forall 7 > o:

#(2n — x, 1) = #n(x, 1),
b —x,8)=p0,(x8),F ... (s)
fam — x) = f(),

whete x varies in the interval o < x < «.

Now we define functions #, (x, #), py(x,?)
and f] (x) in the interval o < x < 2x, forall # > o
as follows :

#(x, ) =un(x,)ino< x< 7, )
:t;(zn—-x,t)inn<x<m;} ...... (6)
P;(x, t):pr(x, f) mo< x<m,
=pam — x, H)ina< x < 2n;} """ )

fi@)=f(x)ino < x < =, } ...... ®

=flzn— x)inn < x < 2m.
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Then we see'that #, (x, #) is a regular solution of

0% Ou )

R Ay L. .
in the domain

osXxs 2w, oS /< o, veeees (10)

which satisfies the boundary conditions :
#, (0, 2) =4 (o, ) = o,
uy(2m, 1) = u(2n — 2x, £) = u(o, 1) = o,}
and
#(x, 0) = #(x,0) = f(x)ino < x < =,
#y(x, 0) = #(2n — x, 0) = f(2n — x) in a<x < 2w,
so that
#(x,0) =fi(x)in o< x<L2m. ... (12)
But the method of § 1.3 is applicable to an
interval of any length, and therefore the solution
#(x, #) of the equation (9) is unique.
We define another function m(x,#) in the
domain (10) by the relation

Hy(oey 1) = ty(zm — x, ). (13)

_ Oy (2m — x, 8)
0f
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= I pan — x, Dui(an — x, £)
-

— 3 P D By e (14)
showing that #,(x, #) satisfies the differential equa-
tion (9). Further
45(0, 1) = #y(2m, ) = 0)
{0, 1) (2, 7) Lo e (15)
ty(2m, ) = #y(0, £) = 03
and forall xino< x<2=x
(%, 0) = #(am — x, 0) = fy(zm — x) = f(9).
...... (16)
Equations (15) and (16) signify that #,(x, #)
satisfies the same boundary conditions as #(x, #).
It must therefore be identical with #,(x, #) :

ty¢, £) == wy(x, £),
i.e., on account of (13),

(zm — 2, )=wu(x,2). e (17)

Hence

Thus, in the domain (2) the function #(x, #)
satisfies the differential equation (1) and the boun-
dary conditions (3) and (4). It is therefore the
requited solution.
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1.7. Non-rectangular Domain.

So far we have considered only rectangular
domains

o<x<x, o<t<T, (T»0). .... (1)

Now we take a general domain D bounded by
the x-axis between the points o and =, and the
two curves C; and C, with the equations

(Q)x=hb (), (C)x=hy(t), ... (2)
where

by (0) =0, hy(0)=m, hy(t)>h (#)forallz. (3)

The problem is to determine the solution
#(x, #) of the differential equation

0%  Ou

ST 5 z:,p, (o B)w, (@)
which is regular in D, and which satisfies the
boundary conditions :

# = oon C;and on C,, } Gs)
# = f(x)for t = o. '

We shall prove that on transforming to new
variables, the problem can be reduced to the
determination of the solution of

0% Oy .
T 5= 2: q, (D) H e ©)
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in a rectangular domain of the type? (1), and for
analogous boundary conditions. Our integration
method as developed in the previous sections
would then be applicable to it.

For this purpose we first make the transforma-
tion
x=b@)+x"g@)n,t=1¢ ... )
where

2B =hy(t)—h (). ... (8)

To the domain D of the (x;, #) plane would then
correspond the rectangular domain

o< x'<mn, o<t ... (9)

of the (x/, #) plane. The differential equation (4) is
then transformed to the equation

1 0y 1
o T x2 g4(1) Y n2g2(t) %Pr(x’ Hw ... (10)

If we transform further

tdr
L2 (11)

Y = n?

and write

W, 1) = 0 D, =80, (12)
DU ) = p i, D), f1(X) = (), )
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then we see that #- satisfies the differential equation
o =Lz zpen )
and the boundary conditions become :
#(, ¥)=u'(n,t)=oforall ¥ =20, )
#(x’,0) = f'(>x")forall x’ino < x’ < = J> (14)
If we write

20 =Rl B n o ay)

and drop suffixes throughout, the equation (13) is
seen to be the same as (6). Further, it is obvious
from (11) that #/ - oo with 2

The proposed reduction has thus been obtained.



CHAPTER II
NON-LINEAR HYPERBOLIC EQUATIONS

2'1. Solution of a system of non-linear
integral equations in the restricted domain.

We consider now an infinite system of non-
linear integral equations
5. () =fa )+ | L wNE A,
()} Ky, kg v, Koy

W (9) Wy, ) - Wy, D e (1)

(n=1,2,...0), where f, (x), g, (x,9) and 4, (1,
Ry, ..., k,,7) are sequences defined for the values

of x, y in the domain

o<x<T, o<y<x<T, ... (2)
and satisfying the relations
S|faC)|<eforallxin(z); ... (3)
i g, (>,0) | < B, for all x, yin(2)
andall z>1; ... @)

b, | < Ab p(r), for all yin (1)
" andall &, ..., &, > 1. ...... (5)
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A, B, by ¢ are again absolute constants, and
p(r) denotes a polynomial in r. It will be seen
that the functions f, and 4, satisfy inequalities
similar to those in §1-2, while g, (>, ) itself is
uniformly bounded now, whereas its integral was
assumed to be uniformly bounded in § 1-2. This
fact brings about the fundamental difference that
whereas the solution of the system (5) § 1-2 existed
for all values of x however large, the solution of the
system (1) will exist only for a restricted domain x.

We transform the equation (1) by writing

U, () =w, () — [ (%), (n=1,2,..) «eeree (6)

so that (1) becomes
0= [ 8 GNE Iy O) 4y O)) o
(S D +2,OND, e ©)

(n=1,2,..0)

We use again the method of successive ap-
proximations to solve the system (7), and write

#9 (x) =o,and forall » > 1:

W= 8N Ay O)+ 0D
F )+ 40N & e (8)
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We have to show now that these approxima-
tions are convergent. For this purpose we prove
first that the series = [#{™ (x) | is uniformly con-

vergent for all x in a certain interval, and for all
m> 1.

Let
V= Max T [4™ (x)] for all xin (2) ...... (9)

(m =o0,1,2,...00).

Then from (8) we find on account of (3), (4)
and (5):

U < ABT 07 p(r) (¢ + 0pq)’e wenenn (10)

We define another sequence {R,,} as follows :
Ry =o,

R, =2=YaTb p(r)(c"+ Ri_), -ene. (11)

(m=1,2,...0),

where we have written AB = 4. Now if a and
B are any positive real numbers, and if r is any
integer, we have the incquality (a - B)r < 271
(v 4+ Br). Thus from (10) and (11) we see that

for all » > o:

va<R,, (12)

so that the sequence v,, is certainly bounded if the
sequence R, is bounded.



SYSTEM OF INTEGRAL EQUATIONS 47

Let ¢ be some fixed positive integer, and let
for all » < ¢
R,<rn. .. (13)
Then from (1) it follows that for » < ¢,
Rpu— R,,=2-1a Tt p(r) (R;, — Rr,_)
=/ TR+ Ri2R, _;+ R R+ ...

m—1
+ R=)(R,, — R,..1)s e (14)
where we have written
Lo=2"Yalb p(r). ... (15)

From (14) we get for » < ¢:

[Rm+l—Rm] <rlr’lw[R‘m“_'Rm—l [ e (16)
But since

Res1 =Ry + (R; — Ry + Ry — Ry) + ...

_}" Rq+ - Rq >
we have from (16): (e :
| Ry | < 4, T {x + (71, T) + (1, T + ... (7, T}

. Ter
< IV—; 7‘/, T e (17)

provided 7/, T < 1.

Now if we select T so that

T < Min{zil , L } .. (18)

2l e
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Then
Rn<2,Tr<1 ... (19)

We find therefore that if R, < 1 then R ,; < 1.
Since R, = /, T¢" < 1, it follows by induction that

R,.<1, (m=0,1,2,...00). ... (20)
From (9) and (11) we conclude that
Slam )| <1, . (21)

for all # > 1, and all x which lie in the restricted
domain given by (18).
We go on to prove now that the double series
S 3[4 () — () | e (22)
m=) n
is also uniformly convergent forall xino < x < T.

From (8) we have
#mHD (x) — #m ()

=J 8o E B AU A o+ 47
0 wr Ky
= (fu+ )iy + H
:j:gﬂ (xa_)’)kz ,kb”[{ J_E___lfklfkg"‘fkj—lfkj+1 see
o fo () — ™)
+ Zf"l fk,.- ”(m) u(m) u’(‘:n:ll) ”li:n—l)}
®

+ szl fkr 3 ”kr—z u(‘m) ”’(‘:n) —_— u,(‘:n—l) u(m—l) ”(m—l)}

@ i
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e T OL
+ 2 f ”(m) 1‘("1) . ul(‘:”) —_ ul(c’;-l) ”I(‘;l-l) vee u,(‘:t"l)}
r—l
+ A{u w o w — A g L amY) 4y
...... (23)
Using the inequalities that = | f, (x) | < ¢ and

<
= [# (x) | < 1 for and all x in'(2) all # > 1, we
get from (23):
= [ #mtD (x) — 4 (x) | < BAb p(r)T {(;) et
+2()) e+ 3(G) e+ o+ =0 (L)

+ r} Max 3 | #{™ (x) — #0 (x) |,

<o, TMaxZ |4 () — 42 ()], (24)
where "

o, = ab'_p(r){ (;)c'-l + 2(2) 24t }(25)

We see therefore that the series = [#{™t? (x)

— #{™ (x) | is uniformly convergent 15 the series

= |#m (%) — 4" P(x)| has the same property.

Izepeating the inequality (25) = times we obtain

2| urti(x) — wM(x) | < (o, TI™ Max. = | #0(x)

i — 40 [ <(a,, TY™  vrere (26)
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We take the domain T so small that

Y
Tg;, ...... (27)

where y is any number < 1. Then we get from
(26) :
o0 o0
2 2 [ M) — M) [< 2 vm< e (28)
m=0 n m=0 I—Y
showing that the double series (22) is uniformly
convergent, as required.

It follows that all the limit-functions

#(x) = lim,, , L #™(x), (n=1,z2,...) (29)

exist and are continuous. Further, we get on
account of (21) and (29):

2’,: l#,0) | <. . (30)
from (8) we get, on passing to the limit » — oo,
ne) = 8o DT B(JO)+8,0))

(feO) +#,()) Do e (31)
(n=1,2,...00).

Thus #,(x), as found from (29), satisfies the
integral equation (7), therefore w,(5x) = #,(x) + f(x)
will satisfy the equation (1).
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Thus the existence of a solution #,(x) of (1)
is established for sufficiently small T. We shall
now prove that this is the only solution such that
= |w,(x)| is uniformly convergent. Obviously,

it is sufficient for this purpose to show that the
system (7) has no other solution #,(x) (n = 1, 2, ...),
different from #,(x) as found in (29), which is such
that 3 [ #,(x) | converges uniformly.

If possible, let #,(x) be another solution of
(7), so that

o) = [ 4o NE B ful) + ()

(fuD) + 0,(D) Do v (32)
Also let Sla()<e, (33)

for all x in o << x < T, ¢ being a constant.
Then from (32) and (8) we find
-~ I . -
i) =)= | 260 DT f (fat )
( Jo T "kz)"'(fkr + Bkr)—(fhn + ”l(cl"—n)

(ot ) fun ) [ B 4)
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From (34) we find as before, forall x ino < x < T,
2| #,(x) — #™M(x) | < B (75 6, 0)T. Max X | #,(x)
el € 1 (35)
where
Br2) = abp){ () e+ () o2 G+ 1)
+ (;)c"—s(b—2 ded 1) ot (3_’_1) f(@r-1
NI ST N NI S IS SIS 1)}
...... (36)

Repeating the inequality (35) » times, we obtain
2 | #,(x) — () | < {B(r, 6, )T X
Max 2 [#,(x) — #(x)| < ¢ {Br, 6, )T}™ (37)

We assume T to be so small that

’

y
< B
T< B0 38
where ¥’ is any number < 1. Then

lm 3 [#(x) — a() [ < ¢ lim y™
m—> o0

m-—>o0 n

=0 . (39)
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(7 =1, 2, ... %), provided only that T satisfies the
inequalities (18), (27) and (38). For this restricted
domain the solution of (1) is thetefore unique.

2°2. Solution of the non-linear hyperbolic
equation.

In this section we consider the non-lineat
hyperbolic equation

oxn
o P — o=l N @)
in the domain
o< x<n, oLt T, ... (2)

p(x) is > 1, and p(x) and dp/dx are continuous and
uniformly bounded in the whole interval r is any
given positive integer, while p(x, #), P 0P,
’ ax ox3
are continuous and uniformly bounded in the
domain (2).
We wish to determine a solution of (1) which
is regular in the domain (2), and which satisfies the
boundary conditions :

#(0, ) = #(w, ) = oforall 2in (2) ;  ...... (3)
4, 0) = fie)s o (3, 0) = fx) for all xc in (2). (4)
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The functions f,(x), fo(x) can be’ expanded in
a series of Sturm-Liouville eigenfunctions @,(x) :

A6 = 2, fi) = 242,00, e ()
where we assume that the series
XA |e,] and 2 VA, |4,] .. (6)

are convergent.
For the solution of (1) we write as usual.

u(x, t) = 2: w (1) 9,(x). ... ¢))

The conditions (4) will be satisfied if the coefficients
w, (7) satisfy the relations

Further we have

P W =22, () @ (), e )

where
mmxgmmomemmw
= 2, a, (f Ky oee s R) Wy (D) (£) ooy, ),

kp
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with
Gy (ty By oy ) = j: 2,06, ) @, () ...
?, (%) @, (x)dx. ... (11)

We assume, what we shall prove later, that the
series

d%w,
k2, ()9, (¥)and 3 2 On () ve (12)

arc absolutely and uniformly convergent in the
domain (2). Then substituting (7) and (9) in (1)
we obtain

_%xw(t)(p(\) dz"q)(
= : e () @, (%), eenns (13)
so that for all # > 1 we have
d‘)
d[2n + )"n v, (t) =30 (t) """ (14)

The solution of this equation which satisfies
the initial conditions (8) is given by

w, (t)——c cos \/ A, t+71 sin \/A, #

— \"/Ix,, fo sin Vi, (¢ =) &
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d, .
—"-sin\/ A, ?
v,V

1 (t .
- Va, L sin V', (£ —J)
X % a Ty D) oo W, D) By e (15)
' (”—:‘19 2,--.(13).

=¢,c0s \/ A, 2+

This is an infinite system of non-linear integral
equations for determining the coefficients », (#).
We transform the system by writing

d _
w, () =c¢,cos VA, ¢+ \/7;»,, sin VA, 2+ 11,1 #, (1),
...... (16)
fa@®) =Me,cos VA, 24 VA, d,sin Vi, & (17)
Then we get

u,() =— V1, sl sin Vo, (F—0) = O

0 kyo wr oy lkl LER Ak'

{flq )+ ey @)1 {fk, )+ %, N}y, ... (18)

(n =1, 2, ... 0).
We write for all n > 1:
LB =—sin Vi, (t—J), ... (19)

V. a, (ks k)
b (2 Ry ooy B) = —— B2 01D
& ) Mg Ay o o,
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Then () becomes
= [ 8GN A O+, O)
AL, Q)+, O}, e (21)

(n=1,2,...00).
From (6) and (17) we get for all # in (2),
> f. ()] < ¢; (cabsolute constant). ...... (22)

Also for all # > 1 and all #in (2) we have

|8 (B 0) | =[—sind, ¢ =) [ < 1. e (23)
Furthe\r, from (8) § 1.1 we obtain (since s =o0):
S| b, | < Abp(r), forall tin (2), ... (24)

and all &, ..., 4, > 1.

From § 2.1 we see therefore that one and only
one solution of the system (21) exists for a restricted
interval of #, and also that X [ #, (#) | is uniformly

n
convergent in this interval.

Having found #,(#), we get the coefficients
w,(#) from the relation (16). When these values
of w,(¢) are substituted in g,(¥) as given by (1o0),
we find that the series 3|g,(#) | is uniformly

convergent for tino<#< T. Further, we
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find from (16), on account of (17) and (22), th-
2 A, |#,(#) | is also uniformly convergent.

functions @,(x) are uniformly bounded for a.
xin o< x<n and for all #»> 1. Therefore
Sh,w,(2) 9,(x) and Xz, 9,(x) are absolutely

and uniformly convergent in the domain (2);
2

consequently from (13) we see that 3 a d;”- P,(x) is

also absolutely and uniformly convergent in (2).

Thus
u(x, ) = 2; w (1) 9(x) ...l (25)

is the unique solution of (1) which satisfies the
boundary conditions (3) and (4).

Obviously there i1s no difficulty in extending
the result to the equation
0%y

0 0 J
so P g} — s = Spls s (6)

where ; is any finite integer.

2'3. Non-vanishing boundary values.

In the theory developed so far we have as-
sumed the boundary values to be zero. This was
not done from any necessity, but only with a view
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implicity® We shall prove now that non-
shing boundary values are also amenable to
treatment.

Let it be required to determine the regular
solution of

0 oy
5}{10(3‘) bx} 612 =p(x, ) 0y el (1)
in the domain
o<x<n o<srgT, ... (2)

satisfying the boundary conditions
#(0, 1) = ,(2), #(=x, t) = P(¢) for all #in (2), (3)
and the initial conditions
#(>x, 0) = fi(w), 0u(x, 0)[02 = fy(x)forall xin(2). (4)
Let fi(x) and f,(x) be capable of expansion
in Fourier scties
FE) = S0, ) =240, ()
such that the series
YA, |, ] and 3 \/A [ e |
ate convergennt. ...... ©)

In order that the conditions (3) and (4) are
compatible, we must have

(=N )
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dy(0) __ d* ‘pz(o)
‘pz(o) d; - dt2
Let g(x) be any function defined in o < x <

3
2 3 4
such that g, Z,%_ , Z,fz , Zﬁ , j, )f% are continuous,

and

g(o) dx(o) dxz( )'—dAQ. )_~ g’<0):0

g(?) ’dx ) dx.( )= t(®)
dx4( )~O

Then we define a function F(x, #) as follows :
a2y (¢ a2
Fios )= () + 75 { o (S
b
forog<x< 7,

42 d
Foo e | ROITHOY )
x, F)=
1 for 2" <x <~

Fy(o, D)+ {Fyfe, £)—Fy(x, O} g (x— ’;)
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2
Then we see that F, oF , oF and their first fout
07> 072
derivatives w. r. to x are continuous. Also
F(o, ) = ,(#), F(m, ) = ¥,(#).  .evees (10)

The functions F(x, o) and ZI; (x, o) can be expanded

in Fourier series
’ aF /7,
F(x’ O) =2 bn an(X)’ 76;‘ (x’ O) =2 bnq’n(x)’ (I I)

with
Sh, (2, | and 2 VA, | V)| convergent.  (12)

We define another function H(x, £) by

1] F 02F
He, ) = — 5o 260 3} + G 205 D P @3)

2
Then H, aﬁ and 0 H are continuous in the
ox a2
domain (2). It can also be verified that
H(o, t) = H(w, #) = 0o. ... (14)

Hence H(x, #) can be expanded in a series
H(x, ©) = 2 b,(#) 9,(%¢),  «eenns (15)

where
= VA, | 4,(#) | is uniformly convergent.  (16)
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Now we consider the function
w(x, £) = #u(x, 1) — F(x, £). ... (17)
It satisfies the differential equation

0 ow) O0%w 0o on 0%y
L2~ o = 2 o) ~ o

0 or o2F
~ [ 29 5f = ]
— (5 8) (e, ) — Fre, ) + Hix, 1) (18)
We substitute for #(x, #) in the right hand side
of (18) by writing # = » -+ I', and get
o o) 0%
P on)~ am
= H(x,2) + q¥ (e, ) w -+ g2 (, £) w2 -} ...
+ g (v, 1) wr
= H (x, £) -+ >9 g (¢, H) wh (5, 1)y eeneen (19)
k=1
where the functions g/® (x, #) can be easily calculated

in terms of 7, p, (x, #) and the powers of I (x, #).
For example

49 (5, ) = 7, (%, 1) =1 (x, 1),
O o ) ="C"0 p (e, ) 2 (3,9, o (20)

etc.
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The function » (x,#) satisfies the boundary
conditions
w(o, ) =#(0,¢) — F (o, #) )
=% () —w () =o,
w(n, t)=u(n,t)— F(n,?)
=, () — v, () =o0; |

N\

- (21)

w (x,0) = #(x,0) — F (x, 0)
=f1 () = F (%, 0) = by () (say),

ow on dF »
57 (>¢,0) = o (5, 0) — 57 (2, 0) (22)

= £,69 =5 (v, 0) = b, () say).

We see from (5) and (11) that the boundary
functions A4, (x) and 4, (x) can be expanded in series

W)= S, 0, (0 b, () =2 K @), oo (23)

and that on account of (6) and (12) the series
34, ] 4 | and X VA, | 4 are convergent. ... (24)

As shown in (26) § 2.2, the equation (19) for
#(x, t) can be solved for the boundary values (21)
and (22), and then the solution # (x, #) of the equa-
tion (1), satisfying the boundary conditions (3)
and (4) can be obtained by taking

we, ) =w (%, 8) -+ F (e, ). ... (23)



CHAPTER III
NON-LINEAR ELLIPTIC EQUATIONS

3'1. Resumé of the results for linear
elliptic equations

3'1 (1). The boundary problem for \/2u = o.

Let D be a region bounded by a simple closed
contour C, and consider the equation

0% 0%y
vzuE 5.;(2 + 6‘}12 == 0. eesees (I)

It is proved in the potential theory that we
can find a solution #(x, y) of (1) which is regular
in D and continuous on C, and which is such
that the expression

)
ow+/35;: ...... (2)

takes given values on C. The curve C, the func-
tion a, B and the boundary values can have a
fairly general character.*

* ¢, f. The atticles on potcntial theotry by Lichtenstein
in the Enzyklopaedie der Mathematirchen Wissenscheften
Bd. II (Analysis) C.
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3'1 (2). The Green’s function.

The Green’s function for C is defined as a
harmonic function (solution of T/2# = o) of &, ¢
which vanishes on C, and which is continuous
in D except at the point (x, y) where it becomes
infinite as — } log {(§ — x)2 4+ (n — »)?}.

Let g(x,y) be the harmonic function regular
in D, continuous on C, and taking on C the same
values as } log {(8 — x)2 4+ (n —)?}. From the
previous paragraph we know that such a function
exists. The Green’s function is therefore

G, m ;3 x,0) = g(x, ) — & log{(E — x)?

F =P e )

The function g(x, y) has derivatives 2‘5 and %f
petfectly determined in D, and 2? , g}g are also
determined in D except at the point § = x, n =y
where they become infinite as E= x)Ez__*__ D(Cn —5%
and & _—xg; :_-y(n S respectively.

Let
Alx, ) = ;ﬁHDG(E,T\;X,]) dtdn. ... (2)
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Then A(x, y) is shown to have 2 maximum M
when (x, y) moves in D, and that

M- owhenD -o. ... (3)

Similarly let
Bes ) = L[] 3= dsan, |

e (4)
o) =5 [ 32 dzan |

Then it is proved that B(x, y) and C(x, y)
have maxima such that

[ B, )< N, [Clx, DISN, . (5)
and also that
N ->owhenD »o. ... ©)

Thus we see that M and N depend only on the
curve C, varying continuously with C and tending
to zero with C.

3'1 (3). The boundary problem for A%u
= f(x, y).
Consider the equation
A= f(x, 9, e (1)
and suppose that we wish to determine a solution
which is continuous in D and which vanishes on
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C. It is easily seen that the solution is given by
the integral

wo )=— | J& W GEmsx ) dtdn @

Suppose F is the maximum of f(x, y) in D
and on C. Then we get forall x, yin D and on C:

[#(x, ) | < FM. ... (3)
Further we have
on 1 )
o= /& n>a~ |
on I(( |
e R »° > C it dn, J

Then from (5) § 3 1 (2) we obtain for all x, y in
Dand on C

on on

ol < FN[6]<FN ...... G5)

. oy .
The derivatives ox and aj; Y of (2) exist provided

f(x, y) is continuous. But the continuity of f(x, ¥)
is not sufficient for the establishment of the existence

6):2 , and of the

relation A% = f. 'This will be the case if f satisfies
the relation

| fCxp n) — [l Do) | < K, e (6)

02y
of the second derivatives o2 and
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whete (3, ¥,) and (x,, J,) are any two points in D,
r the distance between them, and K and p two
constants.

.- 0 0 . .
However, if o and o are continuous in D,
ox 0y

then #(x, y) has second derivatives which are them-
selves continuous in D, and which remain continu-
ous if the point (x, y) approaches indefinitely near
to the contour C. Further, if

Max | f] < F,, Max | f[ e (D)
then it is found that
02y ., 62y
Max (6,(2‘ <AF + MF), Max | 6},21<}‘P+ MF,,
...... (8)

where A and M, are two positive quantities indepen-
dent of f(x, ), and where

M, > o when D -0o. ... (9)

3'2. The non-linear equation A%u
du Ou
=P(x,y,u, ox’ 6y)
In this section we wish to determine a solution
#(x, y) of the equation
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02
A= oot + =P(x¢, 3,4, 0, 4)  -eneen (1)

[P Zl;.’ q= J] which is regular in the domain D

and takes given values on the curve C. Sup-
pose that the function P remains finite and well
determined when

l#]. 1p]s [l <L e (2)

for all x, y in D, L being a positive constant. ‘Then
we sec that P will have a certain maximum p.

We now take the following successive approxi-
mations in order to solve the problem.

Take any function #(x, y) such that

[, |21 | ,lqll<L, ...... (3)
bPa= gf:’ g = ay (n=1,z2,3,..),
and write
DNy = P(x, 3,8y, p1, 41) e (4)
Ay = P(x, y, thy, Po, §s)  weeenn (s5)
AU, = P(x, §, thyy Pu—1> Gn1) oeeee (6)

Since we know the function #(x, y), the right
hand member of (4) is a known function of x, y,
say f(x,). Thus (4) is of the form /2 #, = f(x, )
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which has been considered in §3°%3). We can
therefore find a solution #,(x, y) which is regular
in D and takes given values on C. Then we can
determine #, (x, y) from the equation (5), and in
general we can find #n (x, y) satistying the equation
(6) and taking given values on C.

To establish the convergence of these ap-
proximations we proceed as follows.

Taking M and N to be the quantities defined
in § 3°1(2), we know that M and N tend to zero
continuously with D. We choose D sufficiently
small so that

pM<LpuN<L. ... 7

Now P(x, y, #, py, ¢,) has the maximum p, so

that on account of (5) and (3) § 3-1(3) we get

|| <uM <L, [pp [ <N <L, [ g, | <uN<L.
But from (2) we know that as soon as #,, p,
and ¢, lie between — L and + I., the function
P(x, 3, #y, po, ¢5) wWill have the maximum u. Then

from the equation (5) we conclude that
[# )] <uM <L, |ps| < uN<L,|gs] <ulN<L.
Repeating this argument we see that in general

|#, [ <M <L, [p,| <uN <L,

lg. | < N<L, ... (8)
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(n=1,2,3,.0).
We write

Vp=t,— t, 1 (N =13,4;...)y  ceure. (9)
and get from (6) and (9)

\Vk Vg = P(X,], Hy, D2s 9.2)

— PO, y, 8, P1s 41)s e (10)
v2 vn = P(X,_)/, ”n—l’ pn-l’ %—1)
- P(X’}" Up—95 Pu-2 qn—2)° """ (I I)

From (9) we see that all »,, (x, y) vanish on C.

We assume that the function P(x,3y, #, p, q)
satisfies Lipschitz Condition in #, p, ¢, so that

[ P(X,}’, Hys pz’ ql) - P(X’]’ #y, Pl’ ql) l
<Alty—u |+ Bpo—p+Clga—aq|, (12)
where A, B, C are positive constants.

Thus, for all #» we obtain from (11)
lvzyn‘ <A Iyn—ll

0v, 1, | 0y, _
+ B (Téxll + C| % L (13)
(n=4,5,...)

On account of (8) and (12) we see that the right
hand member of (10) has a maximum F such that

F<:L(A+B+C). .. (14)
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Hence from (5) and (3) § 31 (3) wesobtain

|| < MF, |6”3| < NF, [—‘~I<NF
Consequently
0
A[v3|+B[6”3|+C| ”3|<(AM+BN+ CN)F
< RF,
where
R =AM+ BN + CN. ...... (15)

From this we get
|9 [ < MRF, | 3| <N.RF, |°”*| < N.RF,
and therefore

Alo |+ B8+ Cly

oy | < R-REF = R2F.

Thus in general we find for all » > 4:

[0, | < M.Rm-3F, | /"] < N. R*-3F,

o ox
n| < N.R"3F. ... (16)

oy, Ov
, Un , <" will tend
™ 0x ’ Oy

to zero, and consequently #, will tend to a limit if
R=AM+ BN+ CN<1. .uee (7)

b

From (16) we conclude that»
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Now M and N tend to zero with D, so that
the Condition (17) will be certainly satisfied if D
is taken sufficiently small. In this case the limit
function #(x, y) is represented by the infinite series

4=ty +v3+v,+ ...+ v+ . el (18)

This will be a continuous function of x, ,
which has the first derivatives given by the series

ou  Ou, 61)3 Vn )

ox ~ dx b gt t} i)
9

on 6112 61/3 Ovn

T + 55 4. + . J

The function u(x, ) will take on C the same
values as #,, and therefore the given values.

Further, since
I 0
”n(xa.)}) - ZJT-SSDP(E’ N #p-1s ”n 1 5 )
' G, 5% ) dE dn,

where G(E, n; x, ») is the Green’s function for C,
we get on passing to the limit » > 00 :

I

' oy
z?tHD P&, n, # 5 » an )
GE,n;x y)dEdy. ... (20)

Mo, 5) =
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We have seen that #(x, y) has ficst derivatives
0n Oy
o 3y
derivatives also exist, and satisfy the differential
equation (1).

We must prove now that the second

We assume that P(x, y, #, p, g) has first deriva-
tives with respect to all its five variables. 1f the
initial function #;(x, y) is chosen such that it has

continuous second derivatives, then we see that

0y, Ou .
6;\? * 4y 1) will
have first derivatives continuous in D and on C,
and therefore #,(x, y) will have second derivatives
continuous in D, so that P(x;, y, #,, p,, 45) Will have

first derivatives continuous in D.

the function f(x, y) = P(x, y, #, (

We then calculate »; from the equation

APy = P(x,, thy, Py, 45) — P(, 3, #y, Py, 41)- (21)
We have just proved that the right hand
member of (21) has first derivatives continuous in
D. On account of §3-1(3) this is sufficient in
order that v, (x, ) may have second derivatives.

Suppose F is the maximum modulus of the
right hand member of (21), and F, that of its first
derivative, then from (3), (5) and (8) §3-1(3) we
obtain
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(7 | < MF, |a”3| NF, [d”3[<1F+MF
...... (22)

We go over to », which satisfies the equation

vzv4 = P(x’)” Hs D3 q3) — P(x,, Uy, Dos QZ)’ (23)
where we know from (13) and (15) that the right
hand member has the maximum modulus RF.

Let
op , o°rP, _, dP
A’ = Max | o |, B” = Max | 5 J, ¢’ = Max o
...... (24)
Then
0
I Oxc {P(x’.)l’ g, ps, 43) - P('\"J’ s Das q2)} I
a. 02y 0%,
(A 2B R+ C Gxoj;)
6//, ,O ”z , 0%,
(A B e T Uy
, 61 0% ,. 0%
<] *H—B'la\wclamy
< A’NF + B'(\F - M,FF)) + C’'(\F + M,F)
<(MA”+ NA)F + MA"F, ... (25)

where
A”=PB-+F+-C’". ... (26)
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Thus from (23) we obtain ¢
%] < MRE, | 34| < NRF, | | <1RF
- M, (aF + bFy,

where

a=»AA"+ NA,b=MA". ... (27)
Proceeding thus step by step, we see that the

0 02y
Vn ’» will be obtained

maximum moduli of z,, o oS

61/3

0%y,
from those of v,, ox? Bxd 3 successively by the linear

substitution of
RFfot ¥, aF + bF forF,. ... (28)

We must make the substitution # times if we
wish to obtain the maximum moduli of 7,4 (x, ),

dv o .
—n+3 2 In*3  Thus the maximum modulus of
0x > 0x2

a2 Uty
s will be

AR F + M;{a(R* 4 R"-1} 4 Rn-2}?
+ .+ F+ 01 F.oo. (29)
Now R and 4 contain M, N ot M, as factors, and
each of these tends to zero with D. Thus taking

D sufficiently small we can make both R and &
less than unity, so that we find
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0%

5;; —>o when # > 00.  .eeus (30)

This shows that 0% o exists and is continuous in
02y
D. Similar results hold for -
6}12
We conclude therefore that the function #(x, )
given by (20) satisfies the given differential equation
(1), and since it has been shown to satisfy the
boundary conditions also, it is the required solu-
tion of our problem, provided that the domain D
is sufficiently small.

3.3. Uniqueness of the solution.

Suppose #,(x, y) and #,(x, y) are two solutions
of the differential equation

Vi =Plx, y,4,0,9),  ceeuen (1)

which are regular in D and take the same boundary
values on C. Let

v(x, ¥) = #(x, ¥) — #(x, ). eeennn (2)
Then v(x, ») satisfies the differential equation

Vi == P(X, Js %35 Do 72) P(X Js %y Pl: ql)
oP
= 611 (4 — %) + (P ) + ( — 90

oP oy 6P oy
v+ op 6x+6q TR (3)
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where # lies between #,(x, y) and #,0x, ).

We see also that » is regular in D and vanishes
identically on C.

We shall prove now that » will vanish identi-
cally in D provided D is sufficiently small, and that
this zero solution is the only solution of the equa-
tion (3) taking zero values on C.

We assume that the function P and all its
derivatives occurring below are continuous. We
define threc functions 4, ¢ f by

6 oP
A:0)= = % 40 €% )= f(\‘ N== 0,
...... (4)
The equation (3) then becomes
oy
6x2 + 2+ d 1- 2¢ oy + fr=o0. ... (s)
If »(x, ») is a solution of (5) in D, then evidently
02 02 oy
H {a”ﬁa’g 2dy) 6;—{—fv}dxdy-:-o
...... 6)

Integrating (6) by parts and remembering that
v =o on C, we get

0

LA+ () o 2 )Yy =o.

...... @)
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Let
0(x, y) = dx+
0P 2P a%P g
hﬁd_gaxb}—gaj@' ------ ()

If 6(x, ) is positive in D, i.e., if
oP 02p 02pP

au _éBXGPV$(?}’6q>O ...... (9)

n D, then from (7) we deduce that for all x, y in D
dy oy

¥=0, .0 oy = 0. e (10)

This means that »(x, y) vanishes identically in D,
so that #, (x,))==#, (x,y) in D. The uniqueness
of the solution is therefore established for any
arbitrary D.

In the general case when the inequality (9) is
not satisfied, we employ the following procedure
to establish the uniqueness for sufficiently small D.

Let @(x, 3) and y(x, y) be two arbitrary real
functions which are continuous in D and on C.

Then since v = o on C, we have

HD{(% (p 2?) + ;j(\p 2!2)}(1)6 dy=o0. ... (11)
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Adding (7) and (11) we obtain
H{ )+ (5 )+chv Lwy

(22 - -—f)wxdy_o (12)

61} oy

The integrand is a quadratic form in », - 5% 3y

and will be definite if
op Oy
q)2+w2<6x+6’.x‘+ 6. ...... (’[3)

We shall prove that if 0(x, ) is continuous,
we can determine two functions @(x, y) and Y(x, )
such that in the neighbourhood of an arbitrary
point O, the relation

\q’ 3
P — < C ot O;" ...... (14)

is satisfied.

To prove this suppose that 7?2 is the maximum
modulus of — 0. We wish to determine two
functions @ and ¢ which satisfy

0 0
¢2+w2+m2<az+-w-. ...... (15)

The inequality (15) implies necessarily the in-
equality (14). We can easily find one pair @, ¢
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which satisfiess(15). Thus put y = o, and take @
a function of x only, satisfying the equation

where 72 > m® The solution of (16) is

@ = mytan (myx + @), ... (17)
where a is a constant.

Thus we can certainly determine @ in an
interval between two parallels to the y-axis whose

. . T . .
mutual distance is less than;, and this ¢ will
1

satisfy the required relation. For this pair @, ¢ the
inequality (15) and consequently the inequality
(13) will be satisfied.

Hence, in a region of the plane round the point
0, for which we can determine the continuous
functions @, ¥ satisfying the inequality (13), we see
that the equation (12) will be possible if and only if

oy oy
v=o0, zezo,»a—j:o. ...... (18)

This shows that provided D is sufficiently
small, the differential equation (3) can have no
solution, other than zero, which is regular in D
and wghich vanishes on C.
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Consequently, there is one 2nd only. one
solution of (1) which is regular in D and which
takes given boundary values on C, provided D is
sufficiently small.

The restriction that D should be small, can
be removed if, instead of the general equation
(1), we consider the particular non-linear equation

V2u = P(x, 3, %),  ceuee (19)

opP

> o.
6;(/0

‘It can be shown* that for any arbitrarily
latge domain D, the equation (19) has one and only
one solution which is regular in D, and which
takes given values on C.

*P. Frank u. R. von Mises: Die Differential-und Integral
gbichungen der Mechanik und Physik. vol. I, Chapter 18,
§ 2and § 3. Also E. Picard: Journal de Math. (4 series)
Vol. 6 (1890), Chap. III, p. 173.



CHAPTER IV
NON-LINEAR PARABOLIC EQUATIONS II

4'1. Resumé of the results for linear
parabolic equations.

4°1 (1). Fundamental solution.
Consider the equation
= 2;2———2«21-:0 N ¢))
in the domain D bounded by a portion A, A, of
the x-axis and the two curves C; and C, given by
the equations
Cy: x=05h#), Co: x=>5b(#), ... (2)
and bounded above by any parallel B; B, to the
x-axis. Without restricting the generality, we can
assume that the time A4, A, is given by # = o.

The equation which is adjoint to (1) is given by

0%  dy
o2 T ap=0 e (3)

Let P and Q be any two points in D whose
7

S v=
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coordinates are (x, #) and (E, n) respgctively ; then
the fundamental solution is

_ (x—§)2

UE, n; x, 1) = Vf—“‘r} e em . L (4)

It can be easily verified that U(E, n; x, #) isa
solution of 3% = o considered as a function of x, #,
and of §,# = o considered as a function of E, ».

Let x; and x, be the abscissae of A4, and A,
respectively, and consider the integral
(x—£)2

Keon=[", ¢ « w9t . )
where y(x) is a function continuous in (xy, Xx,).

This integral is called ‘Poisson’s formula,’
and it represents a solution of the equation 3# = o,
which is regular in D except on the characteristic
A, A,. Tt vanishes at all points below this charac-
teristic, and also at all points of this characteristic
outside the segment 4; A,. In the portion of the
plane situated above .4, A, it is a holomorphic
function of x, 7.

We have further

lim  K(x,#) = 2/ 7 Y(x), if xg is in (g, xp) )

(%> #) > (% ©) ’
= o, if xq is outside (xy, Xy).
6

...... 6)
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41 (2). Boundary problem for ju =o.

With the help of a system of two linear integral
zquations it can be shown that one and only one
solution of 3# = o exists which vanishes on A4; A,,
and satisfies on C), C, relations of the form

W) o b (=, (0, (=1, 2). o (1)

It is necessary for the truth of this existence
theorem that the curves C; and C, arc rectifiable,
and that their equations satisfy the inequalities

B~ b <Lif—n|7, o<a<)(2)
where L. and a are two constants, and 7 = 1, 2.

The following two properties of this solution
of % = o are analogous to those for the potential
functions.

1. If a solution is regular in D and continuous
on (C), it cannot surpass its extreme values which
it attains on (C).

2. If a sequence of solutions converges uni-
formly on (C), it will converge uniformly in D
and will represent a solution.

4'1 (3). Green’s function.
Through the point P with coordinates (x;, #)
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draw a line paralle]l to the x-axis cuttfag the curves
C, and Cy at M; and M, respectively. Let the
domain bounded by M, 4, A, M, M, be called D,.

Suppose H(E, n; x,7) is a solution of the

equation
02H oH
o H= oE: + oq =0 e (r)
which is regular in D,, vanishes at each point of the
segment M; M, and takes the same values as the

. 1 _(x=D2
functio Vi n® 1¢-n) on the curves M; A4, and
M,A,.
Then

G(E 32, )=UE, n;x, %) — HEn; x4 (2)
- is called the “Green’s function” of $# == o for (C).
It is the solution of 8% = o in x, 4, and of §, 7 = o
in E,n. It vanishes when the point (g, ) [or the
point (x, )] is on C; or C,, and behaves in the neigh-
bourhood of the point (x, #) [or of (§, n)] as the
fundamental solution U. It is always positive in D.
It is easily seen that the Green’s function is
symmetrical in (x, #) and (&, n):
Gl 138 m)=GE, m;x,8). e (3)
Further it can be shown that
G=gUE,n;x%, (0<g<T1) ne. (4)
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where g is a bounded function lying between zero
and 1.

Again
oG U aH (5)
o ow o e 5

from which we sce that gg = o when (E, 3) is on
C,or Cyand (x, #)isin D. Similatly all derivatives
of G with respect to x and # vanish when (g, ) is
on Cyor C, and (v, ¢) is in D. Conversely, all
derivatives of G with respect to & and n vanish
when (x, #) is on C] or C, and (g, ) is in D.

4’1 (4). The fundamental formula.

Let @(xv, #) and Y(x, 7) be two functions having
second derivatives. Then we have
02 o xp
PSP — @5 w(o\ ~A6,) 6\,2%(”)

o Wy d
( v, re ™ Pon) o (@9

Hence from Gauss’ theorem we get

Hv(ww — @3,V dxdt = j QY dx -+ (w g-z

()

Y — (1)
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This is called the extended Greeg’s formula, or
Riemann’s formula.

From (1) we get, if #(x, #) is a solution of the
equation 3% = f(x, #),

(@) z\/iﬁ u(x, 7) 1; 1 -
®) Vauxh) = M AMAN\/F  q e 7
€9) o )' )
yu(E, ) dt
3 .
+ ((.’g—-u(?;, ) ng ?'])) dn}
1 (r=8)2
oy A D s @)

This is the “fundamental formula™ in which (@)
holds when (x, /) is inside D, () holds when (x, #)
is on (C), and () holds when (x, 7) is outside D*,

4'1 (5). The first boundary problem for
du = o.

We wish to determine a solution of 3# =o
which is regulat in D, and which takes the following
boundary values on (C):

=@, (#)on C,;, #=@yt) on C,, (1)

* For details see Goursat, Course d’Analyse, Vol. 3.
§ 544 pp. 308 e seq.
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and .

#=Q(x)on 4,4, ... (2)

Let

u(x, 1) =

1 S 1 (b2

2valavst RS B)

where 4, and 4, are two numbers such that ¢; < x
< Ny < @y, and where () is a function continuous
in (a;, @) coinciding with @(x) in (x, x,). From
§ 471 (1) we see that 3% = o in D, and that # = @(x)
on A,A,.

Suppose #(x, £) is a solution of the problem
(1), (2), and write
u(oe, 1) = u(x, 1) - wy(>, £). e (4)
Then #, (, #) satisfies the equation

¥y =0, e (s)
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and the boundary conditions
=9, (HonC,, #=9,(f)onCy; ...... 6)
#=oonA A, ... 7
provided of course that ¢, (o) = @, (o) = o.

To find # we have from the fundamental
formula (2a) § 4°1 (4), on writing f = o,

-t Lt
# (1) = 2vn j(1141;11+/121t42) Vi — ’
oy —
{1/1 dE + (631 (\f_i)>}dn. ...... (8)

Similarly, if in (1) § 4°1 (4) we substitute

# (8, m) for @ and H (E, n; x, ¢) for ¥, and remark
that #, = o on A; A, and H==o0 on M, M,, we get
1

2w j (My A +AyMy)

+(Hg;

# H dg

0z

—#; (B, m) ?)I;)dn. ...... (9)

Subtracting (9) from (8), and remembering
that H has the same values as Uon C, and G, we get
”1 (x f) e

# (8,
1
ZV“-‘(MIAﬁAzMz) U

O0GE nizt)
oF an, .. (10)

I
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The valugs of # are given on the curves
C,, G, so that the integral (10) gives us #, (x, #) in
D. Hence on account of (4) the required solution
4 (x, #) is obtained.

Any function f(x) is said to admit an incre-
ment of order y (non-zero) if for any two values
x; and »x, (> x;) of x, we have

|f () —fC) [ <L

where L and vy are constants, and v is positive.

Xy — Xy [T eeennn (11)

f (x) is called by some writers to be continuous (L).

Thus if @i(), @), ¥'(x), @“(x), h(), b

exist and admit increments of order non-zero at
o

. . on 0%y Oy
all points of D and (C), then on? G2 and ; exist,

and we can determine a number y < 1 such that
for a given increment A ¢ of # we obtain

| A#u|<LIAZ] IA |<L1Afl”",

Oll

6t|<L]At|" ...... (12)
where L is a constant, and where B is the smaller
of the two numbers § and 1 — ¥v.

2

All the results of this section hold also for the
equation §# = f(x)
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4.1 (6). The equation 3u = f(x, t).
We consider now the equation

0%  On
M= g5-5— 4, = f(5, 1)y eeenn (1)
and determine the solution #(x, /) which is regular
in D, and takes the same boundary values as (1)
(2) of § 4.1 (5). Then by a method similar to that

employed in the previous section we get for the
solution of this boundary problem:

(& ms 2 t)
#oe, £) = — ——| e e dn

2\ qd (aay i Ayt

v/ G 05 3 1 (8, 0) d

o -?.’\I/n.\..\‘n,(’@) %, 7) (8, m)dE dn. (2)

If the function f(x, #) has the maximum modu-
lus F in D, and if ¢(x), ¢’(~) have maximum moduli
M, M’ respectively in (x, &,), then we find in D

al <M Fali<mr 4 Vi 6)

But if |f| < F #7, (I’ constant) then we obtain
| o "l<m gL

(o <B<KI), e )

lu| < M+Fy+1
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where L’ is a aumber depending on the increments
of ¢, (), ¢’ (x) and 4, (¢), and B is smaller of the
two numbers 4 and 1 — 7.

Now suppose that #,(x, #) is a solution of

d # = f vanishing on (C), so that on account of
(2) we have

i (6 1) ==, |, G ns 2 1) f(5, it dn,

...... (5)
Then it is found that if |f| < F#” in D.
v+l oy
‘”Ol <F"\;—*E-WI, l 0‘<L[B(2, ‘Y—{—I)f“‘l/z
...... 6)

where B denotes the Beta function.

If (f(x,?) satisfies the condition
NS UG b4 A D) — fle, B <K(A A
f(x,0) =0, ...... @)

K being a constant, then we obtain

| Ay < LKA Ag”?; < LK(A 81+,

SES———Y

a”“} <LK (A 87,5 (8)

77 o OH,
|#o! <LK 2741, 1(1\? [ LK #7+12 | Q; . <LK?, j

whete L is a constant.
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4'2. The non-linear equation 3u=P(x,t,u, p)
42 (1). Existence theorem,
Consider the equation

0%y Oxy 0u
=5 a5, = Pl 14, p), [PE 6»?] @

where the function P remains finite and well deter-
mined when |#| <N and |p| < N, provided
(>, #) remains in the domain D. P is a continuous
function of x, #, satisfying the conditions

| P&, m) — P(E, D] < K| £—n|"))

<
IP(§’1])—P(J\,T])‘<K|;\_E\’Y’j(o<Y I)(Z)

P satisfies also the Lipschitz condition in #, p,
ie.,
| P, 2, #y, po) — P(x, 413, 1)
< Alty—m|-+Clpo—p| (3)
We wish to dctermine a solution # (x, #) of

(1) which is regular in D and which satisfies the
following boundary conditions:

#=¢ (H)on C; and # = @, (¥) on C,, (4)
and
#(x,0) =@ (x), i.e., =@ (x)on A; Ap. (5)
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The curves C, and G, are such that their equa-
tions satisfy the inequalities (2) § 471 (2). 9'(x)
exists and admits of an increment of order non-zero;
¢, (¢) and @, (#) admit of increments of order > 3.

Let #,(x, #) be any arbitrary function such
that |#, | < N and | p, | < N, where we write:
Oy

P == a; (#=o0, 1, 2, 3, ....). Then determine
successively the solution of the following equations:
dy = P (x, 1, thy, o) eenenn 6)
dy == P(x, 1, 4y, 1)y e 7
My, = P(x, 1y thy gy Pue1)s  eeeees (8)
Uy, Hyy oony Uy, .. taking the given values (4), (5) on

().

Since we know #, (x, #), the right hand member
of (6) is a known function of (x, 7). From 4°1(6)
we can therefore find a solution of (6) satisfying
the boundary conditions. Moreover, since |#,],
| po | < N, the function P(x, #, #,, p,) has a maxi-
mum modulus . On account of (3) and (4)
§ 4°1 (6) we get therefore

|y | <MA4-F¢t, |p <ML, ... (9)
M, M’, L’ B having the same significance as in

§ 41 (6).
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Now, #, and p;, must not lie outside the interval
(— N, N), so that we must have

M+ Ft<N, M4+ L'##<N
N—M , (N-— M’)B L (10)

or IR B

t must be therefore less than the smaller of thesec
two numbers if | #; | is to be less than N. for this
sufficiently small domain we then solve the equation
(7) and get the same inequalitics (9) for #, p,, which
on account of (10) gives us again |#, | < N, | p, |
< N. Similarly for #,, pand other approximations.
Thus we are assured that for the sufficiently small
domain (10) #,, p, remain inside the interval
(— N, N).

Now we write

v, (>, 8) = 2,1 (>, 1) — 1, (3, 1), (n = 1, 2,3, ...),

...... (11)

and get from (8) and (11):
= P(x, t, tty, p)) — P(x, 1, #y, Pg)  +eeee (12)
6222 = P(x, 4, ty, pg) — P(x, 4, ul’Pl) """ (13)

...........................

---------------------------

Evidently all #, (x, #) vanish on C.
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Since P sptisfies the Lipschitz condition (3),
we get

ooy | < Aluy—ay |+ Clpy—pols woeeee (15)
0,

130, < Alp |- C|- ”11 ...... (16)

o, | < Alv, |+ C| Gnvll' ...... (17)

Since |#y|, [plo 1# )}, 1211 <N, we find
from (15) that the rgght hand member of (12) has
the maximum modulus Af;, such that

My<2N(AHC). ... (18)

Then we get from (6) § 4'1 (6) on writing Yy == 0

and F = Mj:

61/1 |

|21, < L M, B(i, 1) A%

< 2N E (1 1*((; VM, (sag) e (19)

From (16) we see that the right hand member

of (13) has a maximum modulus M, (A + C),
and therefore for the solution v, we find:

| 7, !af’zl <L. M, (A4 C). B@, 1+ §) A2

LA+ C)V mi}?

< 2N. i I(2) e (20)
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Proceeding thus step by step, we get in general

2N
b lpml < =20 (LA O Vit )
(
We assume the domain to be so small that
LA+O Var<,ie t< Lg(A;;*C—-)"é, (22)

oy, . .
Then v, o will tend uniformly to zero, and

consequently #, will converge uniformly to a limit
# (x, ) represented by the infinite series:
w(e,t)y=ua,+v,+vytovg-t- .. +v,+ ... (23)

This function # (x, #) is then the required solu-
tion of our problem.

4'2 (2) Uniqueness of the solution.
Suppose the equation
=P, u,p) (1)
has two solutions #, (x, #) and #, (x, #) which are
regular in D and take the same boundary values
(4), (5) of § 4.2(1) on (C). We write
v ) =060 — w4 (6 0. (2)

and see that » is regular in D, vanishes identically
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on (C), and satisfies the differential equation
3 = P( x, #, #y, pa) — P(x, 2, #3, p)
=g(x, ), (say). (3)
Let M be the maximum modulus of g (x;?)
in D, then we get from (6) § 4.1(6):

v ]and] ) | < LMB(@, 1) A2 ... @

But since P is Lipschitzian, we get

!au

]g(x,t)l<A}v]~{-Clax] ...... (5)
< (A4 C). L MB(4, 1) £172
= M, (say). ... )

Since the right hand member of (3) has now
the maximum modulus M,, we get

0
191 | gl < LM, B(s, 1+ 1) 22

M 2
<4101 {L (A+C)V uf} = My (say) (7)

Proceeding thus step by step, we get in general

oy M
|#] and | ] < o P
x (A+OT (1 + ;)
{L(A+ C) Vars. ... (8)



100 PARABOLIC EQUATIONS II

But L (A+ C) Var <1 on account of (22)
§ 4.2 (1). Therefore we see that for all x, # in D
the function » is identically zero, and consequently
_the two solutions #, and #, are identical.

4'3. The non-linear equation ju = P(x, t,
u, p, q).

We consider the equation

=P (x, 1 4, p,q), [p =
for the boundary wvalues

=@ (HonC,u:=9,(H)onCy ...... (2)

oy oy
Mo

and
#(x,0) =@ (x)forxin A A, ...... (3)

We assume that the function P (x, £, 4, p, q) is
continuous for x, # in D and when |#|,|p],|q]|
< N. Under these conditions the four derivatives
0P oP oP oP
0r° 0u’ 0p > Og
these four derivatives satisfy the Lipschitz condi-

exist. We assume further that

oP . . .
P is essentially positive and bound-

tion, and that
og

ed, so that

opP
aq < ]WO ...... (4)
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The curves C; and C, ate such that 4] (¥) and
by (#) exist and admit increments of order non-zero.

Similarly, @] (#), @; (£), " (x), " (x) exist and
admit increments of order non-zero. Moreover,
[#() 1 @) ], |9 )1, [ ()] are always less
than N. At the points A; (x, 0) and A, (x,, 0),

we must have

9" (x1) — ¥ (0) — " (xy) 4 (0)
= P {XD o, ? (xl)’ CP’ (”\'1)) q); (O) - q,' (xl) b; (O))’

@ () — ¥, (0) — ¥ () 4. (0)
= P {x5, 0, @ (xp), ¥ (3p), ¥ (0) — ¥’ (xp) 4} (0)} .
...... (5)

Finally, the equation

@’ (x) — 0 = P {x,0, 9 (x), 9’ (x), 0} 6)

should define a function 0 (x) lying between — N
and + N, and admitting an increment of order
non-zero.

We solve the equation (1) again by the method
of successive approximations, and start with a
function #, (x, #) satisfying the equation

o, = P {x,0, 9 (x), 9" (x), 0 (%)}, ...... 7
and taking the boundary values (2), (3), on (C).
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For further approximations we setn if
0x, _ Ou,
Po=55 9 550
oy = p (X, Z ”Dpl’ ql) — P (X, Z, 0, Q)', 0)’
#y = thy + ¥y, ®)
8V2 = P (.X', t, ”2’P2’ 92) - P (X’ IL’ ”I’Pl’ ql)a
Uy = Hy + Vy, 9)
P(’X > n’f)m 77-) P(X, > n 1
Pn—l’ %—1), unw‘—l = un + ”n’ (IO)
all the », vanishing identically on (C).
We form the function
o=t -+ V34 v oot Vg (1)
and see that #, will be the solution of (1) taking the

given values on (C).

Now from (10) we obtain

o0, = P (%, 4, #y_y + V1, Pa- H —1’*‘ 6; )

5 - P(x’ Zy U1 P qn—l)’ (Iz)

so that "%}—1 enters on the right side. We must
oy

therefore establish the conveigencc of = —6—; ,
n
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for which we, must find the maximum modulus
oy . e s .

of or" We can do this by utilising the increment

of the right hand member of (12) For this it is

necessary to find the increment of '6}“ itself.

We write for brevity
oy, oy,
v, ==, le =W 3/ ! = In-1 (15)

We shall calculate the increment of ¥, when
# undergoes an increment A #4 and consequently
when #,_,, v, ;, ... undergo the corresponding
increments A #,_4, /A, ... We shall have
therefore to apply the formula for finite differences
of a function ¢, of scven wvariables 7 4, p, q, v,
», y, where we have suppresscd the index (» — 1).
We denote by #, #, p', ¢’, v/, »’, )’ quantities
which are contamcd between the extreme values
of £, 4, p,q,v,w,y, and write

POV =P (x, 4,0, q"),
per. ¥ (X, t” ' _+" Z),, P’ "i" W,’ q, +.)")
We shall have then

p(z) apw op@ pm
AV=0( o, — 50 JH O8G0 — 57)



104 PARABOLIC EQUATIONS II

(P® 3P apm apu)
+ A p{ o T oy )T A Ngby , — )
dp@ 3P op@

TRYNTR- Su iy ey é}— (1)

We assume that the arguments of the function
¥ always remain in the field of variation which we

.. 0P
have defined, so that under these conditions oq has
. 0 0

the maximum modulus M,, and gf, 6;) have the
. . . 0 o 0 4]
maximum moduli M;. Since P , oP , P, op

01> b’ 3p> dgq
are assumed to be Lipschitzian in #, p, g, therefore
for an increment A'#, A'p, A'q of #, p, g, the
increments of the four derivatives of P are given by

opP
PR-ARVNARVN NP
<M2(|Aul+-iA1>I+lAq|)- e (15)

Let [¢], [#], [y] denote the maximum moduli
of v, w, y in the interval A ¢ then from (14) we get,
on reintroducing the index 7 — 1,
1Awn I < Ml(l Avn—l ' _+' | Awn—l I "'}" I A.yr.—l D

+ AJZ{[I)H—I] '+_ [wn—]] + [.yn—l]} {‘ At,
+'Aun"1|+‘Apn—1l+IAqn"l[}’ °e (16)
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We study now the behaviour of the succes-
sive approxirr;ations, and start with the function
#, (x, #) given by the equation (7), which is of the
form $# = f(x). Thus from (12) § 4.1 (5) we get
for A2>o0:

[AmI<LALIAZE < LA,

A,

|A‘6t|<L(Az‘)“’. ...... (17)

Suppose the domain D is sufficiently small
given by the values of 7 in o < # </, then from

. i}
(17) we get, since ar ™ (x, 0) = 0(x),

# — @(x) | < L4 | py — @'(x) | < LI7+8,
lgy—0() <L .l (18)
Now we take the equation (8), viz. 87, = ¥,

and apply the formula (16) for #» = 1. We also
write

#y = (), po = ¥’ (x), go = 0 (x),
Vo == #y — Mo, Wy = P1 — Pos Yo = 91— Yo
so that
Ny=Ath, Ay = AP, Ao = A 41, (19)
since #y, po, 4o are independent of £ From (16)
for » = 1 and from (17) and (19) we get thetrefore

AW <K (AD. . (20)
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Consequently from (7) and (8) § 4.1(6) we obtain
¢

A7 <K ALIAw | <K (A )8 )

ARl <eK (DA |

[og | <w K v+ |y | < p Ky Jrele, [

|

Inl<wk s, |

(21)

where u depends on the given values and the Con-
tour. We can always choose y so that it is the same
in the formulae (17) and (21).

Suppose that in general ¢,_, is zero on 1, A,
and that we have

AV | <Ky (ADS s (22)
and that analogous to (13) we have
A2 | <Ky AL LA | <uK,
X (A DA Jucy | <u Kooy (A 27, |
|9, | <K,y 74 |w, | <K /m/,, E(zs)
| Jua | < K,/
We can then write
oy =8 + V) + Vp+ ... 4 v,y
Spa =K 4+ K+ ... -} K, (24)
so that from (23) we get

gy — | < p S Y P — D11 <
"sn- 17+1/~’]qn—1“q1 l <M5n—2 . (z,)
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From (17) and (25) we find then

I A Hu1 | < (L + “'Sn—2) JANRA
FA Puma | < (L A4 5,0) (A )75,
LA ua | <L+ 0800) (A ) e (26)
Consequently on account of (16) A ¢, will
be of the order y, and we can write

AV <K (A9, e (27)
where K is obtained by the relation

KK‘"’ =20 My (AP + Moy 4w My 12

n—1

X+ VI DA+ (L4 nS,9) AP + 1)}
...... (28)

Thus the inequalities (21) would hold for the
index » with the same y, and if the expression (28)
is less than 1, the series ¥ K, will be convergent,

n
and consequently the series X v, X w,, = y, will
n n n
also be convergent.

Hence it is necessary that we should be able
to determine an upper limit to the expression (28)
which may be equal to ¢ < 1.

In this case
Saa <K(t+ o+ o+ ... +0v9
K,

1I— ¢
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so that on account of (18), (24), (z)) we get
¥ —@ @) |<|H—@E) |+ |y +v3+ ... |

<Li4 2 kK et A TS (30)

and similarly
|p— @ (x)| < LI+ + iﬁiSL JY+172,

P-Kl

|q——0(x)]<Ll"+ 1" ...... (31)

Substituting (29) in (28) and remarking that

A</, we shall get an upper limit for Klgrg,,, and our
n—1

object would be realised if this limit is equal to g,

for then we shall get successively If " < pforall s

We obtain thus a relation of the form

Q_A/ +B/p +_C/“/ Q<I)’ ...... (32)

where A, B and C are polynomials in /.

Now (32) is an equation of the second degree,
which gives us two roots between o and 1 if
B/® + Cl" < 1,and (B + CIv — 1)?
— 4AM 0. (33)
This gives us 2 maximum value /; of /
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We must now write the condition that the
values of #,, p,, 4,, shall lie between — N and + N.
Let
M = Max | @ (x) |, M’ = Max | ¢’ () |,
M” =Max 0(x), ... (34)
so that M, M’ and M” < N. Then from (30) we
have

!-‘;_—Ii]é/w /2 o N, (35)

nk,

M LI 4

M L7+

/"< N.
0

We must therefore take a value of o such that
it satisfies the equation (32) and the inequalities
(35). Now these inequalities are satisfied by /= o,
and ¢ = o, so that we shall certainly get in this
way another upper limit 4,

For the height / of our domain we then take
the smaller of /; and /,. Then the solution would
be determined in a sufficiently small domain of
height /, because the series

1(1 + zvn’Pl + zwn’ ql + Z.yn



110 PARABOLIC EQUATIONS II

will be absolutely and uniformly convergent only
when # < /. The terms of the series are conti-
nuous functions and therefore the sums will also
be continuous.

The solution of the problem is then given by

#(x,t) =limau,(x20, ... (36)
where #, (x, #) is given by the relation (x1).

The uniqueness of the solution can also be
established as before for a sufficiently small domain.



CHAPTER V

FURTHER RESULTS FOR HYPERBOLIC
EQUATIONS

5'1. An infinite system of non-linear In-
tegro-differential Equations.

Consider the system
1 () =] 80 (5 N EL (30 (D £ ON (@)

(n=1,2,...00), wherc # ( ) denotes the derivative
du .

& . and #, (), #. () tepresent the totality of the
infinite sequences. We stipulate that the solutions
4, (x) as well as their derivatives 4, (x) should
belong to Hilbert space, i.e., that

= 2 (%) and = #* ()
should be convergent for all values of x in any
finite interval.

The functions g, (5, y) and their derivatives

Lz

2, are continuous forall xand yino << y << x < 00
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and for all values of x > o and all, real values of
a,, b, belonging to Hilbert space, the functions

» “r
F, (9; 4, b,) are uniformly continuous and satisfy

Lipschitz condition:
W, (5 a, b)) — Fo(y; 6, 4}
<ot (@@t FAEG A (2)
where a, and B, are positive constants.

Differentiating both sides of (1) ».r. to x,
we have

W (%) = &, (3, ) By {05 1, ()5 47 (%)}

z0 , ,
+ [PEENE, OOl 6)

Two cases now arise accordingly as g, (x, x)
does or does not vanish identically for every 7.

5-2. The case when g, (x, X) =o.

Writing o, (x) == #, (x), (n = 1, 2, ... ®©), we
get from (1) and (3) § 5.1 the doubly infinite
system of integral equations

@)= 8o D Fy (1,0 OB (1)

1) = | 38 s ) Fy (050 000, O, (@)

(n=1,2, .. 00).
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We solve this doubly infinite system by the
usual method of successive approximations, and
write for this purpose

#9(x) = o, ]

(s (" . gfm—1) . pim—=1) . >(3)
M= 20 (e ) Fu s 00 om0 )} s |
and
7/;0)(‘)() -0 1

|
)= | B ) P s 2O 0 )y | @

We shall prove that these approximations are
uniformly convergent for all x, so that

lim 2™ (x) = &, (x); lim (™ (x) == v, (%), ... (5)

n-> 0

and that
a2 (W)and 2% (x) ...l 6)

are convergent; further

lim 2 {#{™ (x) — #, (x)}>

m->00 N

=lim X {pm (x) — 2, ()} 2 =0, ... (7)

Mm->ow N

uniformly ». 7. to x.

To cstablish thesc results it is necessary to
impose more stringent restrictions on the given
functions than in Chapter II.  Thus we assume that
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constants @, b, w and v exist (¢, & > 0; p,v=>=o0,)
such that

I ERCOPNCTLY I
f<axk;  (8)
zn{j " (%) Fo (50 0)@’} J

and
i),

z{«
),

2 ([ ()]
E{B"’j (a 2 (2 9)) f!y}

Then from (3) we have
M () — i () = | g, (0) [F L3 7 (s
0

v (N} — F {5 ™2 (9); vV ()} dy,
so that
{a{m D (x) — afm (x)} 2

<[ gt d .| 62 am () — w0 ()2
+ ﬁf.Zk W) — vV ()} B Ay e (10)

xy)dy}

c

x

s M

g2 (x, y)dy}
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11§

Summing overgzand taking account of (9) we obtain:

= {0 () — ) ()} 2

n

<t [ () — s ()
0n

+ PO =P ON D e
Similarly from (4) we get

= {vimt (x) — v ()} 2
< b [T [ () — w0 ()}
0n
+ {v;m) (J’) — v;m-l) (),)} 2] (1), ......
We write

Worp (%) = 2 {almt (x) — alm (x)} 2
n

+ 2 {plmtV () — iYL
n

and obtain from (11) and (12)

Wy () < 2 bx” 5; W () dy.  aeenns

Hence
wy (%) = 2 D ()2 + 2 {2 ()} 2
< 2ax%, by (8).
Therefore from (14) we get

wy (x) < 2bx” S: 2ay* dy ==,
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Similarly
o (* _4ab +rl
wy(x) < 2bx so p . YRt gy
8ab2 sutert2 2a. (2b)2 . X2t +u
< . = — .
p+1 ptvt2 (@FDE+i+v4a)

In general, we get by induction for all # > 1;

w,,,(x)
2a . (2b)m-1 xm- 1)(v+1)+,.
(u+ D+ 1+ vE 1) {pt 1 (m—2)(v+ 1)}

2a x* . (2 xv+1ym-1

< m— 1)1 > eeeees (15)
since p+1+4+m—2)(v+1)=1+m— 2

But from (10) and (13) we obtain
| 4l () — 4™ () | <{ bx” J Wy () dy}m
0

m [m ~.vm)1/2
<{ax"z bm x } . (16)

m!

The series 3 (#m+? (x) — #{™ (x)) and similarly
m=0
the series 3 (@it () — 2i™ (x)) are therefore
m=0

absolutely and uniformly convergent in any finite
interval of x. Hence

lim #™ (x) =4, (x) hm vl (x) = v, (x),

m=>
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uniformly ». 7. to x. Thus (5) is established.
[ 3
To prove (6) we write
R (%) = Z A7) (x) — w™ ()} 2
+ 2 ot () — o (% (17)
Then we have from (13);
oRo (%) < 22 [(1 (¥))* + (@0 (%))7]
2.3 [ () — 2 )+ O () — 20 ()T
<aw () +abar | Ry dy
0 p—1

< qaxt 4 4b \”j: _11{0()1) dy. (18)

Repeating the inequality (18), we can show by
induction that

W 4ot (b
(Y)<4ﬂx{ 1 w1 (w1t 1 v+1)
(4[; \AV+1)1? 1 }
(P- Fo) (b v ). ut1--(p—2) (v-F1)]

- oAbt (4h x “)"i}}
<4ax“{1 L Foooo+ (p—=1)1
< gaxw ML (19)

(6) is now obvious, because the right side of
(19) is uniformly bounded in any finite interval
of x, and is independent of p.
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To prove (7), we must show that for all p

lim R, (¥) =0 ... (20)

m-—> oo

uniformly ». . to x.

Now from (17) we obtain

R, (%) < 2b % j:,,Rm_, Ndy ... (21)

But from (19) we have
oRo (%) < 4a x» ¢to="+1,
so that
Ry (%) < 26 7 j’ 4a y* v+ gy

< 4a.2b.xv e +1j) dy

4a . 2h . xr+v 1 84’”‘”1
< T :

Thus, in general for all # > 1 we get

»Rm (%)

4a . (2b v +Tym e4bz”+1
(u+ D+ 1+v+1).. 1+ @E—1+1)
4a (zb w+1)m Avzr +1

< P e (22)

This proves (20) and consequently (7).

Proceeding to the limit 7 - o0 in (3) and (4),
we obtain #, (x),v, (x), (# = 1, 2, ..., ), which
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ate solutions of (1) and (2), and consequently #, (x)
is the solution of (1) §5.1.

We shall now prove that #, (x) is the only
solution of its kind. If p0551b1c suppose that

4, (x) [ withz, (x) = V] is another solution of the
equation (1) § 5.1., such that
2 {#, (x)}? and = {v, (x)}*

are uniformly convergent.

Let for all m > 1:

Ap =2 {7 (5) = 1, ()
T () — 1, ()2 }
CX A () i (V) [

TN () - ()

S

)

Then we tind
X {n, (V) =, (O 2 {e, (%) — 7, ()} 2
' <2 (A,: 4+ B,) e (24)
It is not ditficult to show on the same lines as

in (22) that
lim B, = o.

m-—> o
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From (7) we know further that lim A, = o.

m —» o

Consequently, we conclude from (24) that
Z {#, () — 4, ()}2=0,Z {z, (x) — 1, (W)}*=o0.
i L (26)

This shows that #, (x)=u#,(x) and 7, (x)
=uv, (x) for every », so that the solution #, (x)
of (1) § 5.1 is unique.

5'3. The case when g, (%, X) %= o.

In this case the doubly infinite system of non-
linear integral equation (1) and (3)§ 5.1 can be
written, when 2, (x) is put for #, (),

1,6 = [ & o) Ful3s .0, |

00 () = g, (x, %) F, {oc;5 1, (x); 7, () (x)

% 0
+§05~;cgn(x, SIATTROTAO I

In addition to the hypothesis (2) § 5.1 and
(8), (9) § 5.2, we must now assume that absolute
constants ¢,d > o and ¥, > o exist such that

g, (o x) F (x00)2<ex”; ., (2)
Z {an g (% )} )

% (82 22 (x, %)} J} <d<®., . (3)

—— —
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We take again the successive approximations
4 (%) = 0, 0P (x) = o, ‘
4 (3) = | a6 ) Fu 33 4 (O o6 ()} o,
v (%) = &, (%, x) F, {oc; im0 (); 0fm=2 (x)}
+ [ o5 o) Fu s )i o))
...... (4)

We can show that if x lies in a restricted interval
then for all » > 1:

lim #{™ (x) = n(x) hm i (x) = v, (x). (5)

m —> o0

uniformly w. 7. to x, and that
lim > {u(M) (x) —u, ()2 = hm 2 {1)("‘) (.X’)
— 7, (¥)}2=0 ... (6)

uniformly ». 7. to x. The relation (6) implies that
#4, (x) and v, (%) belong to Hilbert space.

We shall give only a brief outline of the proof:
the details are as in § 5.2.

Let
R (%) = Zl{ﬂ‘"‘*”’ () — w ()} 2

+ {vf.'"“” CORSEARNC)) L NS )
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Then from (4) we obtain

R () < 02 [ Ry ) dy -+ 2050 Ry ()
+ 2bx” j: pRm—l (J) 4)’

< 2 Ry ()4 36 | Ry O)
< (2dx% + 3bx* 1) Rpmq (5), oo, (8)
where I stands for the integral operator j: dy. Thus
R () < (2dx% —+ 30x* ™ Ry (%) oonees 9)
Now we find analogous to (19) that

oo (%) < 6 () + (3 £ 5bx” 1), Ry, oo (10)

ST (5 4 5 P )+ (33 51 TP Ry (),

whetre ¢ (x) = 8ax# 4 Gex¥. ... (11)
Similarly
Ro (%) < 2ex” + 3axt. ... (12)

We assume X to be so small that
1/5

X <(;d) L e (13)

It can be shown that on account of (12), the
last term on the right of (10) tends to zero as p - o,
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uniformly w, r. to x provided x satisfies (13),
and that the sum 202_,‘-1(5a’x5 + 5bx” I)* ¢ (x) remains
k=0

bounded. Hence R () is uniformly bounded for
all p. Therefore from (8) we get

lim,R, =0 ... (14)

for all p.

This shows that for the restricted interval
(13) the limits

lim #™ (x) == u, (x), lim 2™ (x) == v, (x) (15)

m~> m —>»
exist for every #. We see also that ¥ {#, (x)}?
n

and ¥ {z, (x)}? arc convergent.
n

Thesc #, (x) and », (~) arc solutions of the
doubly infinite system (1), (2); and it can be proved
as in § 5.2 that the soluftions are unique.

The system of integral cquations

ty () = ]0 a5 D Eu Ay, Ny o (16)

is evidently much easier to deal with than the
system of integro-differential equations above. It
can readily be seen that the system (16) has unique
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solutions belonging to Hilbert spacel.

5'4. Non-linear hyperbolic equation.

In Chapter II we considered the equation

{e() } = P (x, 1, #),

where P(x, ¢, #) was supposed to be an analytic
function which could be represented in a series

3 p,(x, ). The mecthod was evidently not
=2

applicable if P contained gi—i and %i; also. But the
system of integro-differential equations studied
in § 5.3 makes it possible to prove the existence and
uniqueness of the solution of the equation

{o() } Pt p g e (1)

[p:: g

for the boundary conditions
u(,t)=u(n,t)=oforalltino<r< T, (2)

Wor details of § 5.1—s5.3, cf. S. M. Sundaram: “On an
infinite system of non-linear integro-differential equations.”
Proc. Ind. Acad. Sc. 9°(1939) p. 410—418 “On an infinite
system of non-linear integral cquations.” 1Ibid, & (1938)

p. 238—242.
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and

#(%, 0) = f (%), b,(x o) =fa(x)ino<x<w (3)

The function ¢ (x) is essentially positive,
continuous and bounded together with its first and
second derivatives ino < x < n:

o< m<O(x)< M, } @

[ ()] <M [e” ()| <M 4

P (x, ¢t u p,q) is continuous w. r. to all the
variables and

P(o, 4 0,a,0) = P(x, #0,a,0)=o0, (5)

for all real a and all #> o, so that P can be
expanded in a series of Sturm-Liouville eigen-
functions ¢, (x), [with », (#) as in (11) below] :

P(x,t, 0, p,q) -= E, E, {#; w, (2); w, (1)} ¢, (),

]
F {t;w, (8); #, (1)} = j P(r, 2,4, 5, 9) $, () dx. ?

(©)

We assume further that P is Lipschitzian w. 7.
to #, p, q so that

{P (% t,8,0,9) — P (x5 p,9)}2
Ry{w =+ (p =P+ @— 9% ()
where K, is an absolute constant > o.

The given functions f; (x) and f, (x) are also
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taken to be capable of being expanded in a series
of @, (x);

fl(x):z[n 95"(.?6‘), \. )
i )
fo(x) =2 d, ¢, (%), j

We assume further that f](x) and f, (x) are
integrable L2, and write

and
3 F2 (¢ 0;0) = YPZ (¥, 2,0,0,0)dx < K; (10)
‘'m 0

where K, and K; are absolute constants.

For the solution of the equation (1), we write

u(x, 1) = % w, (£) ¢, (x), wo (11)

so that the conditions (3) and (8) will be satisfied
if for all #» > 1 we have
w, (0) = ¢, w, (0) =d,. (12)
Now, if # (x, #) is another function of the form
(11), we get
Z[F, #0090} — F, {0, (D0 (0)}]
= j: {P(x, 2,4, p0,q9) — P(x, t, 4, p,q)} 2 dx

< Ky || —spdet [ (p-pyaset || (g0}
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K l)zx (= ) + Ky 2], — )

< K4 {2;- My (0 — w,)2 + 2 (@), — #)%) (13)

N

where K, = qu(Kl, K, + 5 )

Substituting (6), (11) in (1), and equating the
Fourier Coefficients on both sides, we obtain for
all > 1:

e aty = — F, {50,050 (14)

The solution of (14) satisfying the initial con-
ditions (12) is given by

- d -
w,(¢) ==¢, cos \/ln - \/;» sin \/An t

—i j;sin V(=) X F {53 w, () 90D} s (15)
(n =1, 2, .... 0).

Differentiating (15) ». 7. to ¢ we obtain

W, (#) = — Ve sin VA, £+ d, cos Vi, ¢
— [ cos Vi, (=X Pl 35 w05 9, O} s 36)

(7 =1, 2, ..., O).
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We set

4, ()= Vhw, @), 0. () =2, (), ereee (17)
and get from (15)and (16) the doubly infinite system
of non-linear integral equations

#, (1) = VA, ¢, cos VA ¢+ d sin /A, ¢

— [ sin VA= x s s Ol

v, (f) = — VA, ¢, sin /A, £+ d, cos VA, ¢

’ _ #,(J).
— .ocos VAE—) X F{p T VA, 32,

+ (18)

(n=1,2, ..., 0).

From § 5.3 we sec then that onc and only one
solution of the doubly infinite system (18) exists
for a finite interval of #, such that 242 (/) = 2 A,

w2 (¢) and 2 % (¢) = {w (z‘)} are uniformly con-

vergent, and consequently 6>} (x, t) and gj (x,%)are
integrable L2 uniformly in £.
Thus #(x, ) = 2w, (¢) ¢, (x) is the required

. solution of (1) satisfying the boundary conditions
(2) and (3).
If P(x,?4p,9) is defined in the bounded
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five-dimensional domain
L ]

o<x<mo<t<T;|ul(pllgl <N, .. (19)

and if P, P,, P,, P, exist and are bounded, and if
1 (x) and f;’ (x) exist and are integrable L2 so that
A2 and 3 A, 4% ate convergent, then the equa-

tion (1) can be solved uniquely in the form (11)
so that for sufficiently small values of #, the series
=AM p2 () and = {») (#)}? are uniformly conver-

gent.

It is not difficult to sec that the method can be
readily extended to the following cases:—

(@) Instcad of the boundary condition (2),
we can have one of the following boundary con-
ditions;

0y (7
@ D=5 (1) =o,
o
w0, = w1 =0,
” 3 e (20)
#(o,t) =u(n,2); h(0) 5% (o, 2)

= h() 5 (=)

(b) Instead of the differential equation (1), we
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can have a finite system of equations
3 o (x)2%) _ 0% %
ox {Q"‘ (x)ax} P
= P (X, 2, #yy eons Uy Py oo Pons G1> =+ Gom)
G=1,2,..,m). L. (21)
(¢) Instead of two independent wvariables

x, ¢, we can have more independent variables x,,
Xgy «oey Xms ¢ 50 that equation (1) becomes

m 9 on 0%u
3—_-:1 6;(,{9 (Xl, .X'm> ax‘}——- at,z__
= P(Xy ceis Xy 55 8y Py ooy P §) wenen (22)
on
here ==

It is obvious that in the extensions (b) and (¢)
the boundary values would have to be generalised
in a corresponding manner.
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