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PREFACE

MICROWAVE spectroscopy began vigorous life in the post-1945
years, as a result of war-time technical advances. It rapidly
proved to be a powerful instrument for both physical and
chemical research. Experimental advances have caused the
portion of the electro-magnetic spectrum cmbraced by the
term microwave now to be generally considercd that radiation
having a wavelength from a few millimetres to a few tens of
centimetres. The relevant detailed theory necessary to discuss
microwave absorption phenomena had been established
previous to the development of the experimental apparatus.
Further necessary advances in the form of detailed application
of quantum theory have bcen made, e.g., in the field of
nuclear quadrupole cffccts and the Zeeman effect, so that
microwave spectroscopy to-day is firmly cstablished in both
experimental and theoretical techniques.

The following discussion was undertaken by the author to
make conveniently available the relevant information used to
obtain and interpret microwave spectroscopic data. The
emphasis has been on presenting a compact, unified treatment
of the field. The treatment presupposes some familiarity with
modern quantum mechanics and matrix methods. This back-
ground is readily accessible in the texts discussed in the
bibliography.

The process of becoming acquainted with the material in
this book may be considered several ways. It will put within
the grasp of someone interested in working in the field the
necessary fundamental tools. These tools are then conveniently
extended either through investigation of specialized original
sources or through a course of supplementary lectures.
Alternatively, the material may be considered a second course
in quantum theory whose framework consists of the many
problems which may be preciscly illustrated experimentally
by microwave spectroscopic methods.
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vi PREFACE

The text begins with a calculation of the quantum energy
levels of a rotating molecule, and considers the various
perturbations which may or must be recognized to interpret
precise experimental data. The final sections deal with the
instrumentation necessary to measure the frequencies in the
microwave region which are characteristic of differences
between these encrgy levels. With the resolution that micro-
wave spectroscopy affords these frequencies are unique with
each molecule. Furthermore by inverting the process, the
molecular parameters which are used in the theory may be
derived from a suflicient number of energy level differences or
absorption frequencies. The study of these rotational levels
and their measurement includes the bulk of the microwave
spectroscopic material and hence they are treated to the
cxclusion of the also interesting electronic hyperfine structure
which may come within the scope of microwave experimenta-
tion. Although microwave studies of paramagnetic materials
are also justifiably termcd microwave spectroscopy, they too
have been omitted.

[n short the material presented here, which should cover the
bulk of present-day interest in microwave spectroscopy,
should be qualified by the phrase “of rotating molecules.”
The whole field of microwave physics should be treated elsc-
where in a text which even as of now would be scveral times
the size of the present one.
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CHAPTER 1
BACKGROUND MATERIAL
A. The General Hamiltonian

THE basic problem of determining quantum mechanically the
characteristic energies of a rotating molecule is one of expres-
sing the Hamiltonian in terms of relevant co-ordinates and
their conjugate momenta. The classical Hamiltonian for a
general polyatomic molecule may be written formally as a
sum of terms:

H—-H, +H, i-H, H; | H,+H, | H,+H,
-+ H,, - Hy; -+ H,; + H -+ Hgtark + Hmag (1.1)

Such a description of the Hamiltonian in terms of scparate
nuclear, electronic, vibrational, inversion, rotational, and
translational energy and their mutual interaction contributions
may secm inappropriate at first sight. Howcver, the descrip-
tion, bascd on thc Born-Oppenheimer approximation, is
adequate when the symbols arc properly interpreted. We
consider the construction of a molecule. The act of assembling
individual nucleons into a nucleus has associated with it an
cnergy H,. The addition of electrons to create a molecule adds
a term H.. The nuclei may vibrate in this molecule giving
rise to a term H,; the inversion energy, if such a possibility
exists, is described by H,. The molecule, as a whole, is allowed
to rotate, and the pure rotational Hamiltonian H, is added.
Finally, the existence of translational encrgy is accounted for
by H,. New correction terms must be added to account for
the difference between the nuclear, electronic, vibrational, and
inversion energies as described by H,,, H,, H,, H;, and H, and
the actual energy in the presence of rotation. Terms expressing
the modification of H,, duc to H, and so forth, which will not

1



2 MICROWAVE SPECTROSCOPY

concern us since they are constant and small perturbations,
we lump in H'. Finally, the possiblc presence of electric and
magnetic fields, applied at will in the laboratory, is accounted
for by Hstark and Hmag which describe the interaction energy
of such fields with the molccular charges and currents.

The main objective of this monograph is to study concisely
the allowed quantum mechanical states, or energies, that arise
from the rotational term H,. Successively, the modifications
necessary to accommodatc the interaction terms will be
considered. The specific forms of these terms will be con-
sidered when they are studied later in detail. We consider
that the ground states of the terms H,, H,, H,, and H; have
been successively determined and proceed to the free rotation
problem.

B. Properties of Momentum

We may express H, in the usual way in terms of the com-
ponents of the momentum on the principal inertial axes of
the molecule.

H, = X,P*[2l,; ¢ = x, v, z (principal axcs) . (I.2)

The stationary cnergy states of a free molecule are thus
determined by the quantum mecchanical properties of the
components of the angular momentum.

The algebra of non-commuting vectors is well known, so
we review only briefly these propertics. The commutation
relations for the matrices of the components of the total
angular momentum of a system resolved along molecule-fixed
axes arc written as:

P,P, — P,P, — -- ikP,
P,P. — PP, —~ — iliP,
PP, -P,P. - ilP, (1.3)

Identical commutation rclations with the sign of i changed
apply for the components of the angular momentum along
spaced-fixed axes (X, Y, Z -— F). In a representation in which
P2 == P.r2 i P.yz 'i‘ Pz2 == sz + PY2 + Pz"! == J(J + l) ﬁ2
and P, and P, are simultaneously diagonal (i.c. equal to
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hK and AM respectively), the solution to thesc matrix equa-
tions may be shown to be:

J, K, M|P|J, K |- 1, M) - - i(J, K, M|P,[J, K- I, M)
-t’:[J(J 1) KK | D

J, K, M|P.|J, K, M) - /K
J, K, M|Py LK, M 1 D) i, K MIPJ, KoM 1)

]
-—5"[1(1-! ) -MM | 1)

J, K, M|P,|J, K, M) — M . : . . (1.4)

The matrices are hermitian (i.e., (/|P,|m) - (m|P,|D)*,
where the asterisk signifies complex conjugate). Hence, for
example,

J, K, M|P,

h
LK LM iz [0 KK -

Further, the space-fixed and molecule-fixed components of
the angular momentum are related by a transformation matrix
given by the direction cosincs relating any two axes. Thus:

Pp = Xy Pp,P,, P, 2Py, Py (1.5a)

where @, is the direction cosine transformation coefficient
relating the F and g axis components of a vector. The quan-
tum mechanical matrix elements of thesc dircction cosines
may be determined by algebraically solving the set of matrix
equations given by the commutation and normalization

relationships:
(DFII(DF’:/' ) (DP"z/’(Dl"y == 0
P !I(D Fy ) Fa P.q =0
POy, - Py P —0
POy, — G, P = — ihD., etc.
p X(D Yo (I)Y.'/PX == h(wa ctc.
2pDyt == 2,0y, = 1 . (1.5b)
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The results may be factored into J, K, and M dcpendent
terms in this fashion:
J, K, MI(DF_,,IJ’, K’, M)
- (Jl(l),;ylj’).(J, KI(I)F,,I.I’, K’ .d, MI(I)F,,IJ’, M) (1.6)

Thus the direction cosine matrix elements may be displayed in
the form given in Table 1.

TaBLE 1. Direction cosinc matrix elements

Matrix Element Factor J -1 Value of j' J—1
J|Dp, 11 (40 + DIQT F 1 | [4J0 + DI | [4J@s® — DY
QJ + M |
J, K|®p, 1V, K) 20 D2 - K (2K 202 K3!
J, K@y, ), K LD FIMLKED THT+D EATK
- 0K O VK A+ D UK+ —KEK+DIED 01K -1
d, M|y, 13, M) 200 1 - MaE 2m 20 — My}
! !
U, M[®y, [V, ML D FILMA D UJ 4D LI F M)
= iU, M|Ox, I Mt D dg+M+2 | —MM+DB| g¥rm i

These expressions for the components of momentum and
their transformation properties form the foundation upon
which the following discussions will depend. They are hastily
sketched, since their application rather than their derivation
is the object of this book. They should be well understood,
however, so that the succeeding work will be intelligible.



CHAPTER II
CHARACTERISTIC ENERGIES OF FREE ROTATION

SINCE the free rotational energy, given in Chapter I, equation
(1.2), depends only upon P2 the squares of the matrices for
P,, P,, and P, must be formed. If n and m signify the totality

of quantum or state numbers we have by matrix multiplication:
(n|P2|m) —= 2y (| P,|)U|P,|m)

Since only (J, K, M|J, K, M) or (J, K, M|J, K | I, M)
elements exist for P, then P,2 can have only (J, K, M|J, K, M)
elements (when n — /-~ m) and (J, K, M|J, K | 2, M)
elements (when /- J, K | I, Mand m--J, K {2, M),
The non-vanishing matrix clements of P,* are thus found to be:

J, K, M|P2J,K L2, M)~ --(J,K, M|P2J, K | 2, M)

IR
; [(J0 + 1) KKt D}

QU1 — (K IXK ;278
J, K, M|P,2|J, K, M) - (J, K, M|P,2|J, K, M)

h? .
—-——2—[J(J - 1) — K¥]

J, K, M|P2|J, K, M) — A*K? . . . . (IL1)

The characteristic energy matrix, W,, may then be obtained
by writing equation (1.2), in Chapter I, page 2, in terms of
these angular momentum matrices. The energy is diagonal
in J and M, so for a given value of J and M, the rotational

energy matrix elements may be written:

B2f2 1 1., A (1 1
_ o e —  — « 0 — L — ]
J, KIW,,IJ, K) 4 {lz I IJ.}K T (l,, i—'f) JJ ' 1)

5




6 MICROWAVE SPECTROSCOPY

j)2
O KWL K £2) U0 D) KK ]

0O K K2 (f —%)
Y £
For reasons either immediately obvious, or soon to become
apparent, it is convenient to introduce at this point a series of
changes in variables. To apply the forcgoing results to any
particular molecule the gyrating z-axis, along which we have
chosen to represent the K momentum, may be associated with
any of the three principal axes of inertia of the molecule. If
the principal axes are labelled @, b, and ¢ such that1, < I, < I,
then three right-handed associations of axes may be made:
(1) with K along the axis of least inertia, so that z-» q,
x->b, y »c¢; (2) with K along the axis of intermediate
moment of inertia, so the z -> b, x> ¢, y > a; or (3) with
K along the axis of greatest moment of inertia so that z-> ¢,
x—->a, y->b. Itis evident that for the present all of these
representations arc cqually uscful, though later discussions
will indicate the factors which, for reasons of simplicity,
indicate the particular rcpresentation to be used in the
solution of a given problem.
Now define reciprocal moments of inertia such that

h

N 2
871,

Further define an asymmetry factor « such that

a- c.p.s., etc.

2b —-a—c¢
K — .
a -c

In terms of these definitions the rotational energy matrix
elements for the three equivalent right-handed representations
become:

(l) (J, KlwllJa K) = ate

5 -JJ -+ Dh

+ 47 M- DBO + D - K3 K3
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G KWL K L2 = % S 1 DIBY -+ 1)

KK - DIIJ 1) - (K E K L2

TR R :-f',d@h

(I J, K|w,|J, K) = ¢ )

cl

4
KK £ DIBJ 1) — (K 1 IXK L 2]

G KWL K +2) - g

(a1 J, K|W,[3, K) - © i SJU Dk
I 2 {_'{%(K DA - 1) K* - K3

GLKWLK P2 = S DIpg 1

8
KK L DIDAJ 1 1) (K L K L 214 (11.2)

These three forms of the characteristic rotational cnergy
may be further factored to good purposc into the form:

a—+

W=

34 oS CEer L aL3)
where, in general, the matrix elements of the reduced cnergy,
E(x), arc given as:

(, K[Fw)|J, Ky  FJ 1 K ! GK?

H
(J, K|E®x)|J, K -t 2) 3 Ja o)

a—~

— KK - DI+ 1) — (K £ DK £ 2] (114)
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The values of the new coefficients F, G, and H are given in
terms of « and the type of axis identification by Tablc 2.

TAsLE 2. Reduced cnergy factors

I IT Il

F . Jxk—1) 0 G
1 K —1

— 3+ 1) 1 Wk—1)

The E(x) matrix is infinite in extent because of the possible
infinite number of values of J. Howecver, since it is diagonal
in J, it is immediately factored into separate J blocks, each of
a given value of J. The genceral form of one such factored
component would be given as:

" Ej; 0 Ej 5 O

0 Ejq,u00 0 Ejy yy
Ej 2,50 Ejys ;5 0

0
Ed(k) = .
CEegins20 By

OE 5,y —5110

OFE ; 52 OE;

(I1.5)
Where Ei¢ 7 — (J, K|E(x)|J, K).

The characteristic values of E’(k) are given as usual by the
roots of the secular determinant formed from the EJ(k)
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matrix, i.e., |E¥(x) - Ogg’A| —0, where dgygs = | when
K — K’ and dggr — 0 when K 4 K’. Since the EJ(k)
matrix (and hence the secular determinant) is of order
2J 1 1, there will be 2J -|- 1 roots or characteristic values. Asa
book-keeping procedure we shall label each root by a number
7 such that J > 7 > — J and such that the magnitude of =
decreases with decreasing characteristic value. In short any
gencral characteristic value of the reduced energy matrix will
be given as E_(«). Since the only off diagonal matrix elements
are off the diagonal by an even number ( |- 2), the E(x) matrix
may be factored further into four submatrices by thc Wang
symmetrizing transformation X,

(11.6)

— —

when use is made of the relationships:

Ex x —E_k, -k
Ex xis = Exee,x — E—x, —r—2
= E_ g s

The transformation X~'EX essentially switches from an
expansion in terms of function vectors |J, K, M) to an expan-
sion in terms of vectors |J, O, M) and 2-[|J, K|, M)
+- |3, — |K|, M)], thus, with evident notation, these four sub-
matrices may be written compactly as follows.



10

Ejgy ()

Ey () —

Iy i-J(K) -7

E, (k) =

MICROWAVE SPECTROSCOPY

Fog V2Egp O

/e -
V2Ep Esw FEy 0
0 Esy E/n .
Fou Esq O
E,, En Ey 0
0 Eis E¢  Ecs
L’11 - L 11 E13 0
F'13 I 33 I 35
0 Es; Ess E;;
l“ll - h"]l E13 0 .
Eys Ej; E35
0 =35 E55

. ALT)
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Each of these sub-matrices Ei;, 1, E Y, Ey.J, and E, ¥ is
roughly the order of J[2, so that the solution of the sccular
determinant is considerably less oncrous than might appear
at first thought. For all the values of J less than or equal to
three and for some states with J values of four or five the
secular equation is quadratic, and hence the roots may be
cxplicitly determined. For higher J values the continued
fraction expansion of the roots may be fruitfully applied.
Transform first to the unsymmetrical matrix

— 1

hy D/ 0
bt kbt
0 h' o k. . :
D L'E'L L I
"k, | 0 B
b, ky l
0 by k. l
D —
1 0 -
0 bt 0
where L -- [/;]
0 btht 0
L 0 b, by é-

(11.8)
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Suppose the root A, is desired. This is the value of k,
modified by thc off diagonal forms. We desire 4, such that:

’ )"m

Ko

b,

1
kl -

(/\'0 - 2'm)(kn — )"m)

A I

b,

B b
I‘l T )'m. el
kO - /HL
bm km - )'m

bn—l kn—l - /'m -

ky

1
by

_on
- }'m

(11.9)

—

. (IL.10)
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Divide the last row by &, -~ 4,, and subtract from the next
to the last row. This leaves the last column all zeros except
for the term k, -- 4, which is non-zero and immediately
factorable. Multiply the first row by b,/(k, -- 4,,) and sub-
tract from the second row. This leaves the first column all
zeros except for the term k, — 4,,, which is non-zero and
immediately factorable. This determinant is given by (11.10).

The root is then cvidently

h
b A "m
/'m /‘ m l)
. - m 1
l‘ m 1 /"m /\ }
m -2 “ni
by [ . (IL11)
L) ) ]
. m:2
/‘ mi ] /'m /\ )
ntt2 “in

This expression is rapidly convergent, so that even &, itself
may be taken as a first guess to the root 4,,, to gencrate an
improved value of the true root.

It may be noted that onc root in a submatrix may be calcu-
lated by using the gencral property of invariance of the
diagonal sum of a determinant under unitary transformation,
Le.,

2k, = 2,4, : . (I1L12)

The transformation which diagonalizes the submatrix D,
.., solves the sccular determinant, may be readily determined
from the eigen-values so determined. The state represented
by the root A, may be determined by inspection from cquation
(11.9). The secular determinant may be written in terms of the
amplitudes of states relative to the state with subscript 0, as:

(ko }"7)1 '{' al.r 0
g a; =0
........... ~0 . . (I1.13)

The relative amplitude of state 1 is thus — (k, — 4,), while
that of state 2 is given by the second line of equation (11.13) as



14 MICROWAVE SPECTROSCOPY

(ky Ak, -7,) by The general relative amplitudes are
then simply givcn as:

dg, -1
u, (kﬂ /'1)
Ay, (ky - A)a,, - b,

)
DT i ) (A'I)'l -/ )(l,, 1.+ I)I’-l(ll) 207 . (II.I4)

The matrix D(k) is then diagonalized by the transformation
A which is formed from these relative umplitudcq as:

ay, Uy, Uy~

ay,  dyr dy”

(11.15)

S —

Since A 'DA A\, where .\ is a diagonal matrix formed
by the roots

(11.16)

then by equation (11.8),
A L ELA - A ) . (11.17)
The transformation LA is not normalized as it must be to

give a total state amplitude of 1. This is readily accomplished
by the normalizing matrix N:
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n

T
a4
”i‘ T

N ”TIITI/

(11.18)

where n,. - [¥(/,,a,,)%] 7L
Thus if T is the orthogonal, normalized transformation
which diagonalizes E, the reduced energy matrix, then:

T-'ET-- A - N-'A '1.'"ELAN
and T - LAN . . . . . (11.19)

Tables of E (k) fork - -- 1(0-1)0,J 012, are available
from the very excellent paper of KING, HAINER, and CRross, and
are reprinted in Appendix 1. In this conncction it is to be
noted that only values of E (k) between 1+ « - 0 nced
be computed since, due to the choice of « as a variable, the
reduced encrgy matrix has a form such that

Iy B k) . (11.20)
To demonstrate this fact, we note that in the (11) representation

E',(K)K, K KK2

Elk)g, k2 — 2fU0, K1)

also - EJ( - K)K. K~ KK2
— EN(—= g, k2 = 2fU, K= D

Since, however, the sign of the off-diagonal elements is
irrclevant for it appears as a squared factor in the matrix D,
we have

D)) - [DTC - k)]

Thus the most positive root of D'(k), i.c., E, y/(k), is the most
negative root of D'(— k), i.e., E_y/( -x). Hence, we are
led to equation (11.20) above.

The values of the roots for the reduced encrgy E%(k) as a
function of x may be displayed in the familiar form shown
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in Fig. 1. The symmetry about the dotted diagonal results,
of course, from the relationship expressed in equation (11.20).

RELATED ASYMMETRY PARAMETERS

0 § — 05 10
10 05 - € 0
10 T T T T T T Y T T
,Mz
08 44,0 /

7

OBLATE SYMVETRIC
\

REDJCED ENERGY RATIO

-10 1 L 1 | | | It ! {

10 -C8 -06 -04 -02 O 02 04 06 08 10
ASYMMETRY PARAMETER «

Fig. 1. Reduced encrgy variation with « . .

We note also that the total rotational energy for a given
level J, 7 is

a

a
Joo T
W_r :

30 Dk CE S on

¢
2
b) 2
-ﬂ , RIN 5) , . 9 "7T _— LAY
. h,.l‘ [a‘\Pll-/' - b \Pb-,"' i ('\P(‘u/"] o —i[~ L,,g \p!ll/> ([I'Zl)

where (P,*> -~ (J, 7, M{P,%J, 7, M) i the value of the diagonal
matrix clement of the projection of P* on the ¢ axis. Hence
to a first order
W J Yt
‘_ —T~ - \P D -

A

. (1122

&Y
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Explicitly

N & . o .
{l’,,“} —2- [ i+ 1n - l“.r"(lf) (1 ) P h “]
Ty,
ph‘.‘ oo h= d_!‘!_“‘)_
’ dk
‘P(.2>" a 1)h* 'l),,"!,i \P,,zl\-] . . (11.23)

Finally, the expression for the reduced energy may be simpli-
fied in the symmetric top limits. For a prolate top (like a
penci) b - a and « - - -~ 1. The rotational energy is most
conveniently determined in the (I) representation for then
H -0 and E'(«) is immediately diagonal. This leads to the
characteristic energy levels:

Wl = bI0 " Dh L (b oK% . L (11.24)

Fach value of |K]| > 0 leads to a doubly degenerate energy
since By, and Ey J are identical, and K7 and i J are
identical except for the single K - - 0 root.

Similarly for an oblatc symmetric top (like a penny) b - ¢
andx - -1 1. The (Il1) representation yiclds a diagonal form
for the reduced energy matrix. Thus the characteristic energy
levels are given as:

Wi kb0 L Db - @K% L (11.25)

Since the rotational energy decreascs with increasing K we
have used for 7 the value of J — |K|. As in the casc of the
prolate top each level for |K| > 0 is doubly degenerate.
Note, in general, that for a type (I) representation the highest
value of |K| corresponds to the highest energy state, and
hence, to the highest 7. Converscly, for the type (III) repre-
sentation, the lowest value of |K| corresponds to the highest
value of 7. Hence, if }KI in the (I) representation is labelled
K(-—1) (i.e., the K value of the symmetric top state with
k -~ — 1), and |K| in the (III) representation is labelled as
K(: 1) (i.e., the K value of the symmetric top statc with

K= ~- l) lhe hlghest state iS EJK(__I)_.“J’ K(+1) —-U(K) - h;! J(K).



18 MICROWAVE SPECTROSCOPY

Since the K(-| ) -= 0 is a singlet state and the K(- 1) 40
is a doublet state, the next highest reduced energy, will be

J ‘ s
Ex( 1 5,%xcrn=1(0) = Er_y_ ()
In general an E” level may be labelled as E']'\-( 1), K(4-1) Where

K(—=1) = K(I- 1) ==
KC--D+KCED =111 . L (11L26)

J 0
Hence, K ;q-— ",‘T-{—{l}—-o, L2, ..

9

7= T [J — 2K+ {?}] . . (11.27)

This type of labelling is illustrated in Fig. 1, where the
reduced energy has values of Lj o) - El_ (k) down to
Ej 4(0) — EL (k).

The linear rotor is the limiting form of the prolate symmetric
top since ¢-> 0. Sincc angular momentum may exist along
the ¢ axis due to degenerate vibrational states, we shall call
this angular momentum not K but /. Hence for a linear rotor

WJI b0 ) P )=o) L (11.28)
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VIBRATION-ROTATION INTERACTION;
CENTRIFUGAL DISTORTION

WHEN the fact that the vibrational energy of a molecule may
be disturbed by the presence of rotational energy is taken
into account, and, rcciprocally, that the vibrational energy
may affect the rotational encrgy, additional correction terms
must be included in the Hamiltonian. The correction terms
arise from two causes. First, instantaneous angular momen-
tum may be associated with vibrational states of the molecule.
Hence, the angular momentum components measured along
the gyrating molecule-fixed axes will instantaneously be the
sum of the nuclear rotational angular momentum N,, and the
vibrational angular momentum p,. Thus

Py=N,+p,ort N, =P, p,

Second, this nuclear rotational angular momentum is to
be associated with a moment of inertia which is now dependent
upon the vibrational state, since the vibrational state deter-
mines the actual nuclear co-ordinates in terms of displace-
ments from the nuclear co-ordinates in the absence of
vibrational energy.

From these considcrations then one would expect to write
N, to include these corrections as:

Ny T Py = Pg ]zmwa | lsm’(')y’ 1 lya” Dy (1IL.1)

The terms involving the products of inertia I, ¢ # ¢’
arise from the fact that the nuclear vibrations do not preserve
the principal axes determined with the nuclei at rest. In
short, the inertial constants will be given by their equilibrium
values plus a correction depending upon the possible 3n
cartesian displacements. These are most conveniently written
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in terms of the 3n — 6 (or 3n — 5 for linear molecules) normal
vibration displacements Q and the masses of the nucleu
If the g axis displacement of the ith nucleus of mass M,
written as:

dg; — M, X/, 1Q
where twice the vibrational kinctic encrgy is ¥.Q.2 Then

Ly = Ly 1 2a7Qy
- }-:s—:s"[Ass”(W) Es"ésx’w)gs”s’(q)]()xQ.s”

Iw, ce- ‘\,_“Sax(yy’)Q
T\ o’ Y o)y g’
\ .5}J\S”[A ”(l’, ) '/é.\'.‘s’,( l)é.\”.\',(-l )]Q.\'QS”
where as Niclsen has shown:

3 , ’ ” 4
a,“"”’ = 2\ 2(5 0¢ [u{,o 0/ /; ‘q )

! . \ . / ’ o
a"'(JU b= - —‘/Mzé(é'm i.s'dg()i /is()
As.s'”('m) o "\-:z([[sq,[is”q/ ! //s”” 1\‘”'1”)

Asx”w”/) T ‘\-“1[1'3’,[1'.#”’,,

C-“'-"'(y) - Et([isqlli.s"!]” - Ii.w’”,lisg”)

The existence of products of inertia means that angular
frequencies must be given by inverting equation (I111.1) as:

W, — 2Py p) : . (1IL2)
ot
where gy’ = 471 bkl
o,/

jt = determinant of I, the moment of inertia tensor.

The rotational energy in Hamiltonian form may then be
written as:

H,/ — Y%, 2 1,,Py — p )P,y —p,) . (1IL3)

The p,, are now expanded in terms of the I,,* and the
normal co-ordinate correction terms. The P,-dependent terms
are given as:
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(P,, T —-P,,)

(,,_,,/)
I }Q

NIV W
- -lds{ “~y 124y Py

PP,
AN NNV ’ q q
o ili""sz‘.s'Qst’ {-‘:ILJ'st 1 o1,
l,,,, Il/’J’
. (LIL4)
where

/ ’ “ , . a, (91" g UI”J’)
G, M = ASS,(W ) )"S”Css”w)gsl. 97 }_‘4/,, o

]J”J”

The last three terms in cquation (111.4) form the correction
terms to the rotational energy which arise from the interaction
of rotational and vibrational energy-states. The first term on
the right side of equation (I11.4) forms the normal rotational
energy which we have considered in the preceding chapter.

We now expand equation (IIL.4) in terms of familiar
matrix elements. The P,’s may be written in the representation
of Chapter I. The p,’s and Q’s may be expressed in terms of
the matrix elements for the onc-dimensional oscillator. The
vibrational angular momentum p, is rclated to the linear
momentum of the harmonic modes as:

i ¢
Pe xixszs'lz‘sg,lt’s’q” I:(lll) qsPs ~ (%) qS'l)S] . (IIL5)

h?
where now Q, — (7) qs
A, - Qme@,)*

From the commutation relations for the one dimensional
oscillator, p.q, - q.ps — — i, we know that the matrix
elements of p, and ¢, in terms of the vibrational quantum
number v, are as given on p. 22.
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(0y]q,vy + 1) = 320, 4 1§ 17

.i'
il plec i ) ,izf Re, 1111 . (1L6)

when the harmonic terms of the vibrational Hamiltonian,
~ B N 9 ’1’ Y, 97 9 o . .
IN(AQs1 Q3 — 5 Sdplhi 2 g HA2, are diagonal in v,

In case a degeneracy of normal modes exists due to geo-
metrical symmetry of the molecule these matrix elements
must be modified. For cxample, the linear molecule may have
a two-fold degencracy of modes oscillating perpendicular to
the symmetry axis of the moleculc. Thesc modcs are properly
combined to have the matrix elements of the two-dimensional
isotropic oscillator. Since the cnergics of the two degenerate
modes are equal, one of the quantum numbers v, becomes
redundant and is replaced by a quantum number /| = v,
v, —2,...1,or0, which measures the angular momentum
along the symmetry axis created by the degeneracy. The
actual matrix clements necd not concern us directly except to
note that if z is the figurc axis p,* has diagonal elements equal
to A%2 Thus since P2-|- P2= h%JJ 4 1) — P2 then
P, -I- P2 = B*[J{J - 1) —— 7], yielding the form of equation
(11.28), Chapter II.

The vibrational energy terms in the Hamiltonian are the
harmonic kinetic and potential energy terms plus the anhar-
monic terms of higher order in the normal co-ordinate as:

2SE.‘i,‘-“s”KSS,S”QSQS’Qs” ~i- ZSS’S”S,” e o R (111.7)

The matrix clements of the harmonic vibrational energy
are diagonal in the vibrational quantum numbers and, of
course, in the rotational quantum numbers, upon which they
do not depend. They are just Al }(v, + 1).

The matrix elements of the normal rotational energy

. P2 : : o
12, % are diagonal in the vibrational quantum numbers,
g9

and in J and M with the usual (K|K) diagonal elements and
(K|K + 2) off diagonal elements.
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The anharmonic vibrational term in equation (111.7) will
have elements diagonal in the rotational quantum numbers
and off diagonal elements in the vibrational quantum
numbers.

Finally, the correction terms in equation (II[.4) will have

Vs VSI Vsu
J K
vg J,K tr::::__;: o " : i
UK T
e TJK o
-] - K
O R

Fig. 2. Vibration-rotation energy matrix

elements non-diagonal in both vibrational and rotational
quantum numbers.

Thus, if we construct the total cnergy matrix by forming
rotational energy blocks for each vibrational state, it will
have the appearance of Fig. 2.

There will be matrix elements connecting the rotational
blocks of different vibrational states due to the correction
terms in equations (I11.4) and (TIL.7). The existence of these
elements is indicated by the shading in Fig. 2.

The method of adding rows and columns used in Chapter I
to reduce these off-diagonal terms to zero in the secular
determinant formed from this matrix for a given rotational
and vibrational state of energy W(v,, J, K), will result in the
appearance in their place of terms in the correction Hamil-

tonian H’ of the form

(v, 3, KH o, KO0 L KH S 3 KD -y )
v/, J, K'|H|v/, J, K') — W, J, K) T
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These are certainly negligibly small, since the vibrational
encrgy differences are so great. There is the possibility that
the vibrational states may be accidently dcgencrate. This
casc has been investigated but does not change our following
discussion.

The reduction of the terms off-diagonal in the vibrational
quantum numbers leads to the addition of a term within a
given rotational block v,, J, K of the form,

(0., J, K|H [/, J, K'Y/, J, K'[H'[o,, J, K")

(/,J, K’IH—'vs’, J, K) — W, J, K)

. (I11.9)

Now the contribution of the rotational energy to the denomi-
nators of relation (111.9) is certainly ncgligible in the absence
of vibrational degeneracy. Hence, the dependence of the
denominators on the rotational state may be suppressed and
thc denominators may be written as:

(v, J, K[H[p/, J, K') — W, J, Ky~ W@, W@,
. (I1L.10)

The vibrational energy is only slightly perturbed from its
harmonic value hence we may write W(v,) >~ h2X A}, + 1).
Thus within a given rotational block the rotational matrix
elements may be written to first order in terms of the unper-

. . P( 2 . .
turbed Hamiltonian H, = 12 —I—’— and the perturbing Hamil-
g9
tonian H” which comprises the correction terms of equations

(I11.4) and (I11.7) as
(v, J, K|H,|v,, J, K') = (J, K|H,|J, K)
+ X, (v, J, K|H|v,, J, K)
vy, @ L K[H oy, 3, K00y, J, K H |, J, K)

~vgr, K" W(v,) — W(vy)
. (IIL.11)

The part of the matrix element of H” which depends upon
the rotational quantum numbers is due to the P, terms only.
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Hence, the equation (1I1.11) may be simplified in notation by
writing it in the form:

H/(v) - H, I ?lz‘zy, ’Tgy’ (V)P Py
- -&Ey, yl’ g, ylllq'g’ o, 9", g”’(vs)Png’Py”Pg”’ ([l I.1 2)

where o(v,) and 7(v,) are constants for the molecule in vibra-
tional state ;. The form of equation (II1.12) is achieved by
realizing that the non-vanishing terms cubic in P,, such as
P,2P,, — P,/P,2 may be written in terms of quadratic factors
by means of the commutation relations. Thus:

PP, — P,P2— ik(P,P,» | PP, . (111.13)

Equation (111.12) is still too general for practical use. Con-
sider the terms in ,,.. If ¢ # g’ then these terms will have
non-zero elements only of the type (K|K + 1) since o,
— 0,4 If the symmetrizing transformation X is applied to
H,’, then H, is factored into blocks of odd and even K.
Hence, the (K|K - 1) elements connect these blocks and can
contribute only in second order. For similar reasons the
7-dependent terms contribute in ﬁrst order only if 8§
and ¢" -g”, org =g” and g —g", or g — ¢, ¢ o
So to first order we rewrltc equauon (I11.12) as:

/II

/ 9 \l
H,/(v) - H, + X,0',,P} | 1’}"1 T you’o'Py° P2 (11L120a)

when use is made of the commutation relations and the fact
that 7y,070" = To'y'yes Ta’as’ = Taa’s’s = Tu’9ag’ = Ty’g’y 1O TE-
duce term involving P,P,?P, and (P,P,)%. This involves
redefining in a straightforward fashion the o’s and 7’s of
equation (I11.12), a fact which is indicated by the primes in
equation (I11.12a).

Equation (I11.12a) is readily interpreted for we may achieve
it by saying the vibrational average of the reciprocal moment
of incrtia is given as:

(L, Yy = (L)L 07y (0g) | Xyt 1y, 0IP,A L (11L14)
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The reciprocal moment then varies with vibrational state as a
power series in (v, -|- %) from the 0,/, and with vibrational and
rotational state through the tensor relation with the squares
of the angular momentum components expressed with the
T coefficients. The reciprocal moment factors, a, b, and ¢ == ¢
of Chapter II will thus be considered to have a vibrational
dependence of the form:
g=89 | Xa v, -4 Ag . (H11.15)

where ¢ is an equilibrium value of the reciprocal moment
of inertia and Ag is a small correction term the order of a
centrifugal distortion coefficient.

The T dependent corrections may be handled as a pertur-
bation of the rotational energy cxpressed in terms of these
vibrational dependent reciprocal moment factors. Thus

’r WV p 2
H,” = H,(v) ‘| :13‘-‘!/,U’T!/!/.'/’U'Pyzpy'

ar

P
H)—=7YgPr . . . (L

The rotational eigen values including vibration rotation are
found by diagonalizing H,”. The symmetrizing transforma-
tion X is first applied to factor the matrix into four sub-
matrices which now, due to the 7 terms, have (K|K + 4)
elements. The reduced energy matrices thus have the form

—

Eoo V2E,  V2E,0

V2, 2522 LEy» Ey Eyx O
Epil(k) = V2Ey, Eqq Ey Eg Egg O

0 Faq Eiw Ece Fes Fo 10 -
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EywLE, Egd E 3E; O
E13 —L El, -3 E33 E35 E3"‘

E, L-J(K) =

. (11L.17)
The continued fraction expansion is no longer as convenient
to usc because of the sccond off-diagonal elements in the
factored forms, however, other methods are available to
evaluate the distortion correction.

Since the correction term is small we are really only
interestcd in the diagonal values of T-!X~'P,*P,2XT, where
T is the diagonalizing transformation of H,(v). The trans-
formation T is readily evaluated by the usual methods. It is
usually easicr, however, to develop expressions for the fourth
power of the angular momentum components in a form
analogous to thosc obtained for the squares of the components
in terms of the derivatives of the reduced energy with respect
to «.

Since under any transformation

P2 P2 |- P2-+P2—RJ4 1) . (ILI8)

then when H,(v) is diagonal with eigen values W we have:

27 ..
_\ pq..

@) =W -
H,(v), 5

2 - -/ 2 -" -7 9 | = N
— —}; [(A’ —g )Py“ -1 g & )P””- g J(J - ])h.]
. (111.19)

and W2 - (2;? &, PR . . (l11.20)
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Since W? is diagonal, in terms of the diagonal values of the
momentum operators we have:

OW? (277)~ (2m)*
{Tq 2 ,I,& W\ PJ /) — /LT [2(&’ - ) P
1 (g" =gV PEPA | PP, FIJ 4 DERPE

. (IL21)

Equation (111.21) thus relates the diagonal values of the
cross products of the squares of the angular momentum
components in a representation in which H,(v) is diagonal,
to the diagonal values of the second and fourth powers of the
momentum components and the diagonal values of the
H,(v). A further expression relating the cross-products of
the squares of the components with the second and fourth
powers of these components is formed by symmetrically
multiplying equation (1II.18) by P,? and then taking diagonal
values.

{Pj2P?-|- P2P,%) — 2R2J(J -| 1){P,*) — 2{P,},

'+ C(P2Py2 |- PP 1 (PP - PP
. (I11.22)

Using equations (ITL.18), (IT1.21), and (111.22), the diagonal

values of H,  in a representatxon in which H,(v) is diagonal,

i.e., the eigen-values of H,” correct to first order in centrifugal
dlstortlon may be writtcn as:

(H/» =W | DyW2+ D,WIJ 1) + DJ2J |- 1)2
|- DJ + DXP2 |- DKP,Y + DgWCP,2>

. (I11.23)
Since the value of (P,*) is given simply as
2m W
2y 27
P 3 . (111.24)

we are left only with the problem of evaluating (P,*> which,
in general, is not equal to ((P,2))%
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Take ¢ — z since P,* is a diagonal matrix in the original
representation having elements equal to /i*K®. Applying
the transformation X leaves P,* unchanged and applying T
yiclds the diagonal elements of P2 in a representation in
which H,(v) is diagonal.

(PR - BN KEJ, K, M|TTIL K, M), K, MT|), K, M)
. (I11.25)
Equation (I11.25) may also be shown to be equivalent to
the expression:
(PR (P2, R, IR, 4 Ry o L0)]

+ Rm..Lll[l - Rm——‘z(l 1 )] i Rm H.’.,(' . )}
\“: {l ’*‘ R‘Nl‘"l[l "‘ R,n__-.)‘(l ! P .)]
PRy T F Ry, (UL Y . (11L25q)
where in the notation of Chapter 11
R, — bn. HI[kn T }'r ’ bn/(kn~l - )"1' T )]2

- b"l[kn o }'T ) bn IAII(kn'rl - }'r .. )]3
(]):21)"' dn = YK 4 2n)

In many cascs (P.*, calculated from equation (I11.25) will not
differ appreciably from ((P,*))% i.e., where T-'P_*T ~ h*K2,

In the case of symmetric tops equation (LI1.23) reduces to
the simplc form

(HY =W — DI(J -+ 1)2 — Dy 4 K2 — DK*
. (111.26)

This cquation is made relevant for linear rotors by setting
K — 0.

This completes the analysis of centrifugal distortion. The
observed spectrum of a molecule in a given vibrational state
would be fitted by equation (I11.23) by adjusting the three
reciprocal moments and the six distortion coefﬁcients, D.
Conversely the D’s could be calculated from the 7,,,7,/’s and
the equilibrium reciprocal moments of inertia, the = in turn
being calculated from equilibrium structure and the vibra-
tional force constants, if they are known.



CHAPTER 1V
NUCLEAR QUADRUPOLE ENERGY

THE contribution to the potential energy of a molecule from a
nucleus having an internal charge distribution p (X, Y, Z) in
the presence of an extra-nuclear charge distribution
pAX’, Y, Z') consisting of electrons and other nuclei in a
molecule is given as:

( p VAV . . . (VD)

e

P i
l.l ) V e ek
€re J; (/ v

O v T
R— Vr24-r2- 2rr,.cosm

The terms r; and r, are the radii from the origin of co-
ordinates at the centre of the nuclear mass to a point X, Y, Z,
within the nucleus, and to a point X', Y, Z' within the
extranuclear charge respectively. The angle w is the angle
included by r; and r,. Since we will consider only electronic
charges exterior to the nucleus r, > r;, the term R~! may be
expanded in a converging infinite series in r;fr, by thc binomial
theorem. The potential V may then be written as

1 r2 (3 1
Vv —~J;p,- [;; ! Py Cos W -+ 8 (—2 Cos” 2) + .. ] dv
. (IV.2)

The first term in expression (1V.2) is evidently the electro-
static potential at X', Y’, Z' due to a point nuclear charge
fpidv at the origin. Such a term will have been taken into
account in expressing the Hamiltonian for the sake of
determining the molecular electronic states. We therefore

30
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disregard this term here, since we arc intercsted in the
perturbation generated by the higher order terms in the ex-
pansion of V which rccognize the finite distribution of nuclear
charges.

The second term in cxpression (I1V.2) is the potential due to
the nuclear clectric dipole moment, since

—>

f o, le’:i'_’dv ;I’ ( prao .. (IV.3)
i e i

¢ vl

and fpr.dv is the nuclear electric dipole moment. Structure
of energy levels due to such a term has not been observed, and
so we ignore it. Indeed the vanishing of such a term is
necessary for a simple picture of a positive nuclear charge,
and widely separated nuclear energy levels.

The third term in expression (1V.2) then is of interest since
it is the dominant correction term. This term is the expression
for the potential due to the electric quadrupole tensor of the
nucleus. To observe that this is so, a more convenient form
for this may be developed by writing in vector notation and
expanding in terms of the components of r; and r,, as:

Wy r2r2 o 3FF/FE/ - (FF)
Y| “H 4‘1 - - Vo
2r,® = 2r,> (V-4
Here F; = X, Y, Z component of r;

F.:= X, Y, Z component of r,

This expression, it may be verified, is equivalent to:

1 o« . . . , )
615 2p2p(BFF/ — Opprr HQFF,” = Opprr,®) . (IV.5)
-0,F / F

where O’
" - 1I,F=F

The contribution to the energy due to this term may be
written as _
HQ = &LB“\"I“’VFI",QFF’ . . (lV.6a)
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when one defines the tensors

d / D]
(3F,F, — 0yr )
Vi = | po it OFIED gy
Je Fe
P
val‘\/ = pl(3FiFl/ - (’F‘B",‘ll‘g)(]") - . (lV.?)
Ji ’

The elements of the tensor V are simply the valucs at the
nuclcus of the derivatives of the potential due to the extra-
nuclear charges, since

o2 2V
VI« N fp(‘ ‘\F aF ( )d’l i (DFEF;)r;O . (IV'S)

We may thus writc the classical Hamiltonian for the
quadrupole energy in either tensor or dyadic notation as:

H, = "‘]H"F’QI'[«’Vl*l*
-] J:VE . . . (LV.6b)

The tensor Q is the charge weighted quadrupole moment
for the nucleus in question.

In order to proceed, it is convenicnt to simplify further the
expressions for V and Q. It is to be noted that both form
tensors with a zcro diagonal sum, i.e.,

XFQFF — O, EFVFF -— O . . (IV.9)

This property is, of course, invariant under any unitary
transformation. Further the tensors are symmetric, i.e.,
Virr = Vi, Qppr = Q7. Hence, only five terms are
needed to determine completely each tensor. For this reason,
as may be verified by dircct calculation, we may rewrite
equation (IV.6)) as:

v
-

—_-—

Hg - l

m

I t\/‘

V'“Q“"" . . . . (IV.10)
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f‘
1
where v\ p,- . Py
Pe 51
e r("
r‘

Qm — Pil)im(h'

Ji

P23 (X L iY)
2
P+ --3Z(X +iY)
PO _- };_6(322 — 1)

P.™ is in electronic charge co-ordinates
P /™ is in nuclear charge co-ordinates

The reader familiar with the spherical harmonic addition
theorem will recognize that we have, in this backward fashion,
derived in fact a particular case for this theorem.

The quadrupole interaction energy in the form given by
cquation (IV.10) allows a simple translation into quantum
mechanical language. In the abscence of the clectric quadrupole
intcraction between a nucleus and its surrounding molecule,
the nuclear and molecular states, being defincd by separatc
co-ordinates, are separatcly definable. Hence, molecule and
nucleus separately obey the angular momentum commutation
relations in equation (I.3), Chapter I, with a plus i. In a
representation in which the square of the molecular rotational
angular momentum is diagonal and equal to J(J 4 1)4* and
its component on a space fixed Z axis is M, the angular
momentum matrices arc given by equation (1.4), Chapter I.
Of similar form are the nuclear angular momentum matrices
in a representation in which the square of the nuclear angular
momentum is diagonal and equal to I(I -!' 1)A* and its Z axis
component is M.

Since r; and r, are particle co-ordinate vectors they satisfy
the usual commutation relations with the associated angular
momentum P. For example see p. 34.
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X,Y; -Y;X;—0,etc.
Py X, — X,Px, -- 0, ctc.
Px;Y; —Y,Px; = I.IEIZ,-, etc.
Px,Z; - Z,Px; : -—-ihY, etc.

Similar rclations hold for the rotational angular momentum
P’ and the electronic co-ordinates X', Y’, Z’. The M depen-
dence of the solution to these equations is the same as for the
®,,,, Table 1. Thus, the total matrix elements may be written
as the product of an M independent term and an M dependent
term.

L,MFI)
—~-(L|r|L)\ (L . M)L | M-1)
(L, M|X £iY|L- I,M - 1)
= (L|FL- DV(LEMYLEM —1)
(L, M|Z|L, M) — (L|r|L)M
(L, M|Z|L — 1, M) = (L|r]L - DVLE—MZ . (IV.1])
where (L|r|L") - (L, 7|r|L, ")

Here L stands for either 1 or J, M for eithcr M; or My,

7 for any other internal quantum numbers, and X, Y, Z for
either X, Y, Z or X/, Y Z'

- >

Using the fact that 7 = 7 — 0 the dependence of the matrix
elements of P™ may thus be written as:

(L, M|P+3|L, M - 2)

= (L|PJL)V(LF M)L +M — I)L+=M+ )Lt M--2)
(L, M|PLIL, M 4 1)

— (LIPILY2M - DV(L T MXL LM | 1)
(L, M|P|L, M)

= (L|P|L) VE[3M2 — L(L -I- 1)]
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(L, M|PL2L — 1, M | 2)

— | (L|P|[L—1)

VL+M)L+M -1)(LFM=2)L ] M- 1)
(L, M|P L — I, M 4 1)

—(L[PIL - 1)L-L2M - V(L { ML | M--1)
(L, M|P|L — 1, M)

—(L|P|L - )V6MVL: - M?

(L, M|PL2|L —2, M4 2)

= (LIP|L=2)V(L I M)L | M 1)L : M=2)XL | M 3)
(L, M|PFIL -2, M+ 1)

— [ (L|PJL - 22V(L* ML | M—I)L M -2
(L, M|P'|L — 2, M)

= (LIP|L —2)V6V(L* — MH)((L - 1) — M?)
where (L|P[L) - - (L, 7|P|L, )

The matrix elements of V* and Q™ arc thus known to
within a scale factor which depends only upon the molecular
or nuclear geometry, and the total momentum, as signified by
the cocfficient (L|P|L — n), but not upon the M valuc. We
may determine this constant for a specific value of M, most
conveniently the value M — L and for a particular component
of V" and Q™, most conveniently from V® and Q°. For

example, we may write, with 7 as any other internal quantum
number, the (J|J) elements as:

J, 7, My = J|VO|J, 7, My — 1))
=(J, TIC(,IJ, 7)[3J% - JJ + 1)]
(I, My = 1]QV|1, M; = 1) -= (I|C,|D[3I2 — (I + 1)]
. (IV.12)
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Hence the J and | dependent constants are determined to be:
J, TlC('“: 7)
...—--——-—-1 ’ 3Z° - 2,
S J@RI - \[(J’T’ M; ST My D)= 5 dv
. (IV.13a)

This J dependent constant may bc written in the form
suggested in equation (1V.7) as:

. , J, 7, M, —-J|V7Z J,T’,M,~—-J)

: == ’ ' . A3

(J97(4“37) J(ZJ 1) (IVI b)
Also:
|

HC.A) — — —— - 2 2y Dy

( I(,Il) @ -1 ‘['(l, M, l]p,ll, M, --I)3Z r=)dv
. (I1V.14a)

Similarly the 1 dependent term may be defined as:

e(l, M~ 1|Qpp|1, My - D
2l 1) . (IV.14h)

so that Qzz has the dimensions of length squared.

The general form for V and Q will in this way be found to
be given by the product of a J, or [ dependent term and an M5
or M; dependent term as:

(J, T, MJIVMIJI, 'T,, MJI)
_ 7 My =J[Vg V', 7', My =)

- A(J) (Js MJIP

(IIC,II);

J, My)

(I, M, |Q™|I", M{)
e, My = 1]Qqz|l', M — 1)

A(l) (1, My|P"|T", M{))

. (IV.15)
where  A(L)—LQL—1), L' —L
=3LV2L+ I,L" =L+ I

=6VQ@L+ 1)L+ 1), L' =L +2
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This formal development of the quantum mechanical quad-
rupole Hamiltonian is rather useless as it stands, for the energy
matrix now involves elements which are ofl’ diagonal in M
and M. This is a consequence of the fact that when the
nuclear spin angular momentum and the molccular rotational
angular momentum arc coupled together only the total angular
momentum identificd by the quantum number F -1 J,
[+J—1...|l--J|, is a constant of the motion. The
mutual precessmn of P and P’ precludes M| and M from
being constants of the motion. Thus, we are really intcrested
in transforming from the system J, M) to the system
of the same degree of frecdom |F I, J, My). Clearly,
M; i M; -M,. For the state F —1-]-J, and M, - F
we must have M| — land M -~ Jor |[F  1--J,1,J, M)

-|LM = LI, My =)

For F—=1+F+J -1, Mp—=F we may have M, - 1,
Mj—J-—1,or M{—=1—1,M;—1J. Hence |[F - 1-J
— 1, 1, J, My — F) — 4], M[ LJ, My —J—1) -],
M[:[—I,J,MJ' J)

The general form of this transformation may be written:

|F, 1, J, M)

— X, ,(Mp, My|F, M)[I, M, J, M))oM | M, M)
. (IV.16)

where (M;, M;|F, M) are the transformation cocfficients, and
the 0 assures that only combinations with M - M; - M
are used. The gencral form of the coefficients may be deduced
algebraically, though we quote only the result of Wigner and

Racah:
My, MJIF M)
(F}I J)'(F IfrJ)'(l 1 J— l-)'(F %M)'(F M)'(2!~
(F—i—l-’r.'-t l)'([*‘ [)'(l - r)'(J" 1)'(-’ |- J)'
5 (— DHIHMyF | )+ MI—I)'(I -+ I)!
CENF—1 I —DF M- 1)'1'(IH- J——M)'
. (IV.17)
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The index / is summcd over all integral values yielding non-
negative factorials.

In principle these V" and Q™ may be written in an
|F, I, J, M) representation using the Wigner coefficients and
the |1, My, J, M) matrix elements. Far more practical,
howevcr, is it to use the method of Racah to develop directly
the matrix clements of H, in the |F, I, J, M) scheme from the
matrix clements in the |1, My, J, M) scheme. We quote here
only the results of these calculations for the clements diagonal
in I, since the (1|1 4- ») clements can have practically no effect
due to their extremc energy scparation:

(F, J, 7, M[H|F, J, 7', M)
_ eQzz(, 7, M = IVzzd, 7, My - D)
8121 1JIQI — 1)
X [3CC + 1) — 410 4- DIJ - D] . (V.19q)
(F,J, 7, M[Hy|E, J | 1,7, M)
CeQzzU, T, My — 3|V ) 1 1,7 My — )
O BIRI DIV
NF(F D) =104 1) —=JJ | 2)]
I I F+H2)A =T -H)UJ T -FA1)
wA+T-F D} . . . . (IV.19h)
(F,J, 7, M|Hy|F,J 12,7, M)
_eQuz(J, 7 My — J[Vyg|J 42,7, My = ))
T 16IQRI-- D))+ hd - D
KA1 IJ+F+2A+J FF+3)1~J |-F—1)
x(A--J+F{ -—-I+F+DJ—1|F12)
X(A+J--F-4-DU--J=F+ 2 . . (IV.19¢)
where C=FF4+D—-101+1)—-JJ I-1)

The diagonal elements may also be developed readily by
noting that the matrix elements of the components of r




NUCLEAR QUADRUPOLE ENERGY 39

diagonal in L(J or I), arc the same, except for a scale factor, as
those for the components of nuclear or molecular angular
momentum, Py, and Py’. Thus equation (IV.7) may be
written as

'od ‘. / 7/ 4 14 \ ‘
Vi = C S(PE Py’ | PPy - Opp(P)?
Fr/ —~ Ce| Pe™ " 5 dv

Je F
r

Ql“l"’ -— (_‘1 Pc[fj(l)l*‘PF' l PF,P[“) i ()],‘F'Pz] (IU . (IV.20)
a l:

The symmetrical form is used since thc components of P
and of P’, the nuclear and molecular angular momentum, do
not commute. The constant is cvaluated as for equation
(IV.4) and the multiplication is carried out to yicld

(’Q//(J T, M]' ) JIV77|J 7' Ml J)
2121 - 1)J(2J - l)h4

[32P.P)Q2P. P - h%) — PA(P')*] . (IV.21)

HQ o

Since 2P . P’ == Plota1 — P2 — (P’)® then in the |F, I, J, M)
scheme this is diagonal and cqual to [F(F |- 1) - J{J 1
- I(I -} 1)]7%, we have the result given in equation (IV.19a).

The final problem then is that of evaluating the J dependence
of Vzz. By means of the direction cosine matrix elements,
this factor may be written in terms of the derivatives of the
potential taken along molecule fixed co-ordinates, which, for
a given vibrational and clectronic statc, will be constants of
the molecule. By definition Vy; involves the direction
cosines as:

Viz = 2,25,0,,D, V. . (IV.22)
2V
where V,,/ ==
T
[§ [q

In a representation in which the unperturbed rotational
energy is diagonal we have:

VZZ == 1,,):0,,'T-1X 1([)7(](1),” XTV,/J’ . (lV.23)
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The diagonal elements are readily evaluated since all products
of direction cosines with ¢ # ¢’ have no diagonal clements in
eithcr form given above.

Thus

(0,7, My = 3|V ld, 7, My - )
=, MJ —J E,,T‘lx_](l)z,,2XT’J, T, MJ o= J)Vw
. (1V.24)

Further it may be rcadily seen from the known matrix clements
of the dircction cosines (Table 1, Chapter I) that

J, K, My - J|d,200, K, M, — )

1 ORE gy s

.= (J, KIP,,"“, K )(J | [)(2] -}- 3)7?2 (2) | 3)

If Hr is made diagonal with the transformation XT
(J, 7, MJ --- JIT”'1X”1(D|,~!,2XTlJ, T, MJ T J)

-, 7|P2J, 7) ( . (1V.26)

LRI 3k 3)
We have shown in Chapter II that the diagonal elements of
P,2 may be written in terms of E.’(«) and its derivative with
respect to «. Thus, we have for the diagonal elements of V,
the relation

(Js T, MJ = JIVZZ J, T, MJ = J)
2 . dE (k)
= 1 ! N | : e AR
(J i D@2 ;»3){“\/‘“’ [J” FD B e D)= J
J
| vbb (I'[?T (K} 8 g’.v('(' I'J(J +1 - Eq"l(K)
dk .
o
Pk - l)dlr(jf):l} . . . . (IV.27)
dic

In deriving the form of equation (1V.27), use has been
made of the fact that 2,V,, = 0, since at the origin where the
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electronic charge is zero the potential due to the extranuclear
charges satisfies Laplace’s equation. Actually this is an
approximation. Electrons with spherically symmetric angular
distribution may have a finite expectation value at r - 0.
However, thesc clectrons cannot contribute to V,, by virtue
of their symmetry and hence p, may be set equal to zero within
the nucleus with no loss in rigour.

Alternatively, we may proceed to calculate the diagonal
elements of V,, by evaluating the diagonal clements of the
squares of the direction cosines. A convenient quantity,
tabulated in Appendix I1 is the line strength which is defined as:

J, 7|4,|d', 7)== 3Ep|U, 7, M|TIX 1D, XT|J', 7, M)|?
. (IV.28)
But the right-hand side is certainly just

3\"_:1“(.], 7, MIT '1X"I(DZ”
(', 7', M|T X D, XT|J, 7, M)

Since XT is diagonal in M the summation over M may be
undone and we have:

J, 7, M — J|T-1X 1, XT|Y, #, M -~ J)
J, 7, M-=J| T XD, XT|J, 7, M= J) — (I, 7|4,|J", 7)S

. (1V.29)
 _ J ,
where S - U - @21 1y = |
J
- O B
J - 1) - 3) J
=0, V—J—1

The K-dependent term of ¥z,> may be summed readily as

1
EJ |, K[Dy, |V, K2 =40 + 1)2 . (IV.30)
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Since XT is unitary and diagonal in J, this sum is unchanged
by the transformation XT. Thus

X4, 7| TIX D,
-4 - 1) - X

(J, 7|T-'X ', XT|J, 7)* . (1V.31)
Including the J and M dependence of @, we have:
}.:T/I(J, M — JlT"'X“‘](]);,‘!,XTiJ LT, M- J)|2

|
T4 - A2 G 3)

[40 -+ 12 X|J,7|T'X b, XTI, 7))

[ - H,,/|(J, M = J|T XD, XT[J, 7, M - D)J?
. (1V.32)

The diagonal elements of equation (1V.23) are thus written
- J)

. 2
QI+ D)@Y 3)

g0 - (IV.33)

._J”‘..JT’ N

The general asymmetric rotor energy in the presence of a
nuclear quadrupole moment may thus be writtcn as a large
diagonal contribution evaluated from equations (IV.33) or
(IV.27) and equation (IV.19a). The off-diagonal elements
given by (IV.196) and (1V.19¢) have to be determined knowing
the transformation XT and using equation (IV.23). The
contribution of these terms, when they are reduced to the
diagonal will be seen to be of the form

’T)|

AWqd, 1) = ’W(FJT) W(FJ )

. (IV.34)

For rotational states with J —= 0, the cnergy diagonal in J
is identically zero, as it is for nuclear states for I =0, }



NUCLEAR QUADRUPOLE ENERGY 43

Since these are symmetric states both V,, and Q,, must be
respectively zero.

The symmetric rotor, having the nuclear quadrupole on the
symmetry axis may be handled explicitly as a specialization of
the above trcatment. From symmetry V,, — 0 if g 4 ¢/,
further V,,, =V,,— 1V._..

The symmetric rotor formulas then, which may be speci-
alized to linear rotors in ground states of degenerate vibrations
by sctting K — 0, may be written as (again only clements
diagonal in I are needed):

3K2—-JJ - 1)
J DRI -3
3K[U i 17 - K
[0 DU 4 2)Q23 | 3t

(F, J, K|Vz,|F, J, K) -

(F, J, K|V,

F,J+4 1, K)—

(F, J, K|V,,|F, J - 2, K)

D KA - 2 - KA
QO DRI S

In general, then, a rotational statc J > 1 will be split by
the nuclear quadrupole cnergy into a number of states corre-
sponding to different valucs of total angular momentum
F—1-4J,14+J—1,... |l—1J|. The totalintensity of this
fine structure is the same as in the absence of the quadrupole
energy. Only the relative intensities, then, need to be calcu-
lated. These calculations are carricd out in several places.
Though highly impractical, the direction cosine matrix
elements could be transformed by thc Wigner coefficients to
the |F, I, J, M) representation. We quote herc only the
results. The selection rule on Fis AF == 0, &+ 1.

For AJ -= 0 we have the relative intensitics as:

. P(F -- DQ(F)
(F, J|A|F 4- 1, J) := 2F+ 1)

(2F + DR(F)
2F(F + 1)

V.. . (IV.35)

(F, J|2

F,J) =
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P(F)Q(F - 1)

(I, J AIF —~1,)) - o
AJ -
(FLJAF-- 1,34 1) - VP(E + 2)P(F 1)
’ - ’ i : 4(F —!N l)
: VP(F | DQF- 1)
AR T4 1) — CF |
(F,JJAF, T4 1)— QF 1 1) o
- ~ _ \'/Q(F —])Q(F -2)
where (F, J|[F', ') = (F', J|2|F, )

P(F) —(F--T4-J(F | T4 J-1)
QF) =T 1-J- FXF -1 -J--1)
R(F)-=KF--1)-UT +-1)=JJ +1)

Tables of these relative multiplet intensities are available in
the literature.



CHAPTER V
STARK EFFECT

THE presence of a uniform static clectric ficld ¢ increases the
potential cnergy of a molecule with a permanent clectric
dipole moment by - . e This term, when added to the
total Hamiltonian, may be considercd by transforming the
components of the clectric dipole moment from molecule
fixed axes to the space fixed axis parallel to £ by means of the
dircction cosine transformations (cquation (I.5a), Chapter ).
With no loss in generality we may take & along the Z axis and
hence the perturbation energy has the form

H, - — FZEUJH!I(I)Z!I . . . (V.D)

S

Since the matrix clements of the dircction cosines are known
(Table 1) the perturbation matrix which must be added to the
rotational energy matrix is immediatcly determined.

It will be noted that since the direction cosincs have matrix
elements off diagonal in J (i.c, (J|J+ 1)) and K (e,
(K|K 4 1)) the rotational energy plus Stark energy matrix
may no longer be factored and hence, it must be diagonalized
by approximate methods.

The transformation which diagonalizes the factored, re-
duced encrgy matrix in the absence of the static electric field
is known from equation (II.19), Chapter II, page 15. The
rotational cnergy plus Stark cnergy matrix may be made
nearly diagonal by applying this same transformation.

T-X-YH, 4 H)XT — W, — &,2,u, T X0, XT
(V.2)
Both X and T are matrices diagonal in J, while ®,, has

clements both diagonal in J and off-diagonal in J by + 1.
It is readily shown that the application of the symmetrizing

45
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transformation leaves X', X with no elements diagonal
in both J and K since the matrix elements of ®,, diagonal in
J and K have odd symmetry in K. The only other matrix
clements of ®,, diagonal in J are (K|K | 1). For thesc

A Y
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Fig. 3. Stark-rotation enecrgy matrix

reasons X1, X will have no matrix elements within any
one reduced energy factor, Eg’(x) or EyJ(x), since they are
composed totally of cither even or odd K numbers. The
perturbation matrix X~®,,X will only have matrix elements
between the factored sub-matrices Ey .7 (), Ey..7 (k) with
J' =1, J 4+ 1. The matrix expressed in equation (V.2) will
have the form shown in Fig. 3, the perturbation matrix
2,1, €2TX-1D, XT occupying the shaded region.

This matrix is now diagonalized by the continued
fraction method of Chapter II, by assuming a solution
W, = W, + AW,. All terms such as
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|(J, T"” M I/l,,([)z,,f‘z J’ T”, M)
WTr// \"Y

o
™

T

and AW, arc ignored with regard to terms having W,» W,
in the denominators (i.e., the electric field perturbation energy
is assumed small with respect to the interval between rotational
cnergy states). The usual second order perturbation energy
formula then results to give the perturbed energy as:

: (J, 7, M|T-1X 1D, XTIV, 7, M)|2u, 2,2
Aw == - ‘\_‘ _ ° YA/ | ’ ’ /] 7
T T WT/ W‘r —

\Y
A—J,/
, -

(V.3)

Consider now the effect of degeneracics or near degeneracies.
Suppose that in one of the denominators of cquation (V.3),
W,» >~ W_, so the AW, may not be ignored with respect to
their difference, although other terms in the denominator,
such as

|d, 7", M|T X~'®, XT|J, 7", M)|2u,2e,>
WT/// a— W’r,

may be ignored with respect to AW,. Equation (V.3) is best
rewritten in the form:

e T, MIT XD, XTI, 77, M)|?

AWq- — WT” - WT - AWT
'y, ,, Sel@er MITEXED, XTI, 77, M) ey
H:::,_L:// W'r’ - WT
(V.4)
Solving for AW, we have
n — W
AW, W, ; .
iy, Sl 7 MIT XD, XTI, 7/, M)y
LA W — W,
LW W, 1 S (R
L

— 1,2 2|, 7, MITIX1OXT(I, 7", M)|2}HE . (V.5)
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The plus sign is taken when W » << W_and the minus sign
is taken when W_» > W_.

The symmetric rotor, for cxample, has doubly degeneratc
K levels. In this case W.~» - W,. Following equation (I1.27),
Chapter 11, if = is given as 1: (J — 2K), 7" would then be
given as -+ (J -~ 2K + 1), with K the value of the K assigned
to the degenerate levels. The perturbation due to the electric
field may now be simplified to the form

AWK - ?—{: ."’I‘CZ(J’ K’ MI(I)ZqIJw K9 M)

W 20 &
N L ¢.2J, K, M|D,,
H .- » - - =
0 K+ K W]{’ - W]{

VK, M)

(V.6)
Use has been made of the fact that (1) T is a diagonal
matrix, and (2) cach value of 77 - | (J - 2K -} {?}) for a

given value of K ¥ 0 yields an identical term in the sum
(hence the sum may be made over K and the result multiplied
by 2). Further if 7’ corresponds to a statc having K — 0 then
7 must correspond to a statc for K # 0 and summation over
K still requires multiplication by 2, since

(JI, TI, M,X~1(I)Z!,X1J, T, M) = \/,,2(.'/, O, Ml(l)z,,lJ, K, M)

The + sign in equation (V.6) accounts for the two levels
which result when the electric field removes the “K™
degeneracy.

The values of Wy are given in equations (I1.24) and (I1.25)
of Chapter II, page 17: the values of ®,, in Table 1, page 4.
By symmetry, a symmetric top moleculc may have an electric
moment only along the symmetry or z axis. Equation (V.6)
may be written explicitly as:

MK Fo2e,2 (02 KBHUIE -M9)
AWr k= 5z~ g {(13(21 SNV
@ HDP KA 1D M
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For a lincar rotor cquation (V.7) simplifies (K - 0) to the
cxpression
[12e )2 JJ - --3m?
AW, = - 1207 : -
! A2 \JJ DI - DERIA-3)
The possibility does exist that a degencracy or near degener-
acy occurs for levels between which there is no Stark coupling
clecment. In this casc a term such as
|(J, ", MlT’_'])_( b, XTI, 77, M)]%
W.»  W_— AW,

T

} . (V.8)

must be considered in the denominator of one term of the
summation in equation (V.6). Equation (V.3) is rewritten as

AW . N 20,262 (3,7, MITIX 1D, XTI, 7/, M)J?
' i W, — W,
J,7, M|T-IX"'D, XT[)", 7", M)
W -W. AW,
13", 7", M|T XD, XT|J", 7", M)
W7 - W, — AW,

2 9 9
g~y

2, 2, 2
1”(/"7.

(V.9)

This is a cubic cquation for AW_and may be solved in any
specific case. For example, if

(WT/” .- Wr _— AWT)(WT/// — W'r)

(", 7", M|TAX'D,, XTI, 77, M), e* . (V.10)
then
1
AW, —
[--p
N E,,{I_l,,%‘f|(.l'£', MIT"‘X"(I.)Z?)‘(TIJ,T, M)|?
A—l:/ __//I :// WT, -— WT
L p(W ~W,)] . . . (V.11)
|(J”,’T”, MlT 'IX"‘(I)Z,,XTU,T, M)|‘~’
where :

P I(Jﬂ, T”, M'T—lX'l(pZ!/XTIJ”’, 7’”’ M)|J
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In practice the incquality in equation (V.10) would be
reversed in which case the usual expression for the perturba-
tion energy in the absence of degeneracy, equation (V.3),
would hold. More remote degeneracies than those discussed
above are indeed negligible. In fact, Stark perturbation
energies are seldom complicated by degencracies; the few
examples listed in the bibliography are rather exceptional cases.

The evaluation of the theoretical Stark perturbation for
asymmetric top moleculcs is arduous in that the diagonalizing
transformation T must be calculated to evaluate the appro-
priate dircction cosine matrix elements of cquation (V.3).
This calculation is greatly simplified by observing that the
quantity, the line strength, is defined as

J, 7|4\, 7 XD, XT|V, 7', M)|?
. (V.12)
The line strength has been used in Chapter IV and valucs
for J <C 12 are tabulated in Appendix II.
The summation over M may be undone by observing that
X and T are diagonal in J and M and hence the M and J

dependence of T-'X-'d, XT is identical to that of @,
Equation (V.12) may be written

,,|J’)|2|(J 7| T-'X 10, XT|J, )2
M|D,, |V, M)|2 . : . (V.13)
From Table 1, page 4, it is scen that:
J =1, |(J, M| Dy, |J, M)|? == 4M?
J =T+ 1, |(J, M[®,, |, M)|2=4[J - 1) - M7
V= J -1, ]|J, M|Dy |V, M)]? = 4[J* — M¥ . (V.14)
Noting that

a

J
XM= LI(J 4 1))+ 1) . . (V.15)
—J

equation (V.13) may be rewritten
|J, 7, M|T-IX1D, XT|J', 7, M)|? == (J, 7|4,|¥, 7',)R
. (V.16)
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Values of (J, 7| 4,|J’, 7") may be determined by interpolation
in the tables of Appendix Il for any value of k, and W,» — W_
is calculated from the rigid rotor term values or determincd
directly from experimental data. It is the usual case that the
most important term in the summation of equation (V.3) is
that arising from the smallest energy denominator and that
this energy difference corresponds to the observed transition
frequency in the microwave region. The other cnergy differ-
ences would correspond to much larger, and possibly unob-
servable, frequency differences and hence need to be less
exactly known. A crude model of the molecule will suffice
for their calculation. Stated another way, the important
term in the Stark perturbation sum will be that one with a
small energy denominator, and hence will correspond to an
accurately determined microwave absorption frequency,
usually that one for which the Stark effect is being observed.
The other terms are small correction terms and need be only
crudely known.

A final observation on the use of the Stark effect for
identification of transitions may be made. As has becn shown
above the transformation XT is diagonal in J and M. Hence
the M dependence of the direction cosine matrix elements and
J, 7|4,|]¥’, 7) is independent of these transformations. The

(J, M|J, M)|? elements have a pure M? dependence, while the
(J', M|J, M)|? elements have a dependence of the form
(J*2 — M?), where J* is taken as the larger of J or J'. The Stark
perturbation then will have the form [A(J, 7) + B(J, T)M?] &
For AM == 0, m-type transitions, that is for transitions
induced by an electromagnetic field parallel to the static
clectric field J* -|- 1 components will be observed, where J*




CHAPTER VI
ZEEMAN EFFECT

WHEN a static magnetic field B is imposed on a rotating
molecule the Hamiltonian must be corrected to include a
term indicating the interaction of the molecule with this field.
This term may be symbolized by:

H,=—p.B . . . (VLD

Here u is the net, effective magnetic moment of the molecule
including the contributions from electronic spin and orbital
(rotational) angular momentum and the nuclear spin and
orbital (rotational) angular momentum. Since so few mole-
cules have other than 1% ground states (electronic spin angular
momentum other than zero), we consider here only X
molecules. Examples of molecules not having 1% ground states
would be O,, NO.

We may start from the defining equation for a magnetic
moment of charges in motion, to account for orbital contri-
butions of the charges to the effective magnetic moment of a
molecule. This relation is:

n = "2‘!221("(",; X 'U,') . . . (VI.2)

where e; is the charge on the ith particle, r; is the position
vector of the ith particle from an arbitrary origin, v; is the
velocity vector of the ith particle and the sum is taken over
all particles.

With no loss in generality B may be taken along the space
fixed Z axis. It is convenient to express u in terms of the
molecule fixed axes, so the dot product of equation (VI.1)
may be represented in terms of the direction cosines as:

H,=—2,u,0,B,. . .(VL3)
54
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The problem then resolves into one of expressing u in terms
of the rotational and geometric parameters related to the
molecule fixed axes.

The nuclei may be taken to form a rigid framework, as is
conventional for these problems. This introduces a tremen-
dous simplification in the analytic problem and in most cases
the error incurred will be well beyond experimental detection.
We will return later to a discussion of the effect of a non-rigid
framework where vibrational and centrifugal distortion may
modify our results.

Equation (VL.2) is then expanded and all quantities arc
referred to the principal axes of inertia. A typical component
of the nuclear rotational magnetic moment has the form:

l / n ’ n
1y" = e Ek"k[((%’k 2 + Lk D, — Gklr Wy — xSh Wy”]
. (VI.4)

where e, is the charge of the kth nucleus, g, ¢’, and ¢” are the
co-ordinates of the kth particle referred to the principal
inertial axes and w,, w,/, and w,~ are the angular velocitics
resolved along the inertial axes. But

P
W, = = . . . . (VL.5)
l.’l
and so " = 2,Ggy"Pyr . : . (VL.6)
1 . .
where G, = - Zei(gi® 1 g™

2cl,
is a typical diagonal element of the G,/ tensor and

l

G, = — —— 2Cufr L%
ag 2(‘[_,,' kCkS kK

is a typical off-diagonal element.

1t should be noted that P,» does not commute with @, if
g # £, and so in introducing equation (VL.6) into equation
(VL.3) a symmetrized form must be used. The contribution
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to the cnergy due to the nuclear orbital (rotational) angular
momentum is thus written as:

H," = — %Bzgxy'(}yg’"(P!l'(l)Zy + (DZyPy') . (VL.7)

The electronic cloud of the molecule will have a certain
amount of orbital angular momentum (L) since it will follow
more or less the rotation of the nuclear axis. Since all electrons
have the same e/m value equation (V1.2) may be written in the
particularly simple form:

e
e - ___ ___
fta 2me !
where L, = Xmr; X v), . . . (VL8)

Combining equations (VI.3) and (VL.8), the contribution
to the energy due to the electronic orbital (rotational) angular
momentum is written as:

e “
H,=-—B,~2L0.
m 2me Z=gg Y Za

In Chapter 1I, we essentially lumped the electrons with
their atomic nuclei and considered a rigid rotating molecule.
The errors incurred by this treatment are minor as we shall
show later. A more precise formulation would have been to
write the rotational energy including explicitly the electronic
potential and kinetic energy. In this case we have

N

2 1 \ 4 14
H=1%, 1” + o 2,2:p) + Vg, g, ") . (VL9)
g m

where N, is a component of the nuclear angular momentum
N resolved along the molecule fixed axis g; 1, is the principal
moment of inertia on the g axis, (p,); is a component of the
linear momentum of the jth electron resolved along the
molecule fixed axis g; V(g, g’, g") is the potential for the
electronic motion and involves only relative co-ordinates of
the particles. The total angular momentum, P, of such a
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system of particles is a constant of the motion. Then instan-

taneously
P=N+L . : . (VL.10)

The Hamiltonian of equation (VI.8), including the electronic
magnetic energy (since it also depends upon L,) may now be
rewritten, using equation VI1.9), in the form:

H=H,+H,+H4H,. . .(VLII
. P2
where H,=1%, 7
. . ¥
l Al 4 ”
H(z = 2;71 Zgz‘j(Py)Jz i— V(g’g ’g )
H — — }Jg .I::"P-".

ly

Terms in L 21, have been neglected in comparison to H’,
since they are in first order independent of the rotational
state of the molecule.

H, corresponds to the usual pure rotation Hamiltonian
and so in the usual representation in which P2 = J(J |- 1)A?,
P, = K&, and P, = M#A, the matrix element for H, and
®,, are known. H, corresponds to the Hamiltonian for the
usual problem of the electronic structure of a molecule at
rest in a co-ordinate system g, ¢’, ¢”. We will here assume
that the problem of finding a representation in which H, is
diagonal with respect to a lumped electronic quantum
number n has been solved. H’ connects these two problems,
since, though L, has no elements diagonal in n in the ground
electronic state (we assume a !X electronic ground state),
L, does have matrix elements off-diagonal in n, and P, and
®,, have matrix elements in the rotational quantum numbers.
The matrix of H has then the form shown in Fig. 4.

The diagonal values of H, are taken as W,°. Since
|W,e — Wo?| > |3, K|H,|J, K) — J", K"|H,|J", K")|, e,
the electronic levels are of much greater spacing than the
rotational levels, the matrix elements of H" and H,,* may be

5



58 MICROWAVE SPECTROSCOPY

diagonalized with respect to » in the usual approximate con-
tinued fraction form. For the ground electronic state (n = 0),
the corrected matrix elements are of the form:

J, K, O|H’ + H,,|¥, K, 0)»)
(K, 0[H/+H,, )", K, n)(J” K’,nH'-+H,¢|V,K,0)

=2,

n, K W Wn"
. (VL.12)
n=0 n=n' n=n"
oK B )
N=0  J,K|HHHIWE == e e
KT H *H _ff:—_"—
n=n' —— 4 H,+H,';,+w,?-____ et
PR T o
i : H—;;'m—' __'_:\ _._:'J,Ki_...___._:i“:
n=n" KR

Fig. 4. Electronic-rotation energy matrix

In the original representation L, depends only upon elec-
tronic quantum numbers n, and P, depends only upon rota-
tional quantum numbers, so the H matrix elements are
simply

J, K, O|H'|J, K’, n) - 2,(0|L,|m)J, K|P,|J’, K)/1,
. (VL.13)
and the H,,* matrix elements are simply

B2 % O[L,|m, K|hy,|T', K)

J, K, 0|H,,L"|.l’, K',n - -
2mce
. (V1.14)
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Using the notation

Ay =X
gy’ T “n£Q

(O|Ly[n)(n|L,[0)
wne - W ¢

equation (V1.12) may be expanded and the first order contri-
butions of H” and H,,* written scparately as:

ASIRN A«m P, P(/

ok
- Ay’u

W xS . (VLI5)
Hm(’(l) — Ze,'ilf th“J J’I,P ,q)/’l ll A'I 'I(I)7'I ‘I (V[- ]6)
!I

We will return to the results expressed in equation (VI.I5)
in a later chapter. To consider the total magnetic perturba-
tion, equation (VI.16) is added to equation (VL.7) which ex-
presses the energy of interaction of the nuclear rotational
magnetic moment with the static field B.

Hm B %Bzz‘y}"y’[Gyg'Py’q)Zﬂ | Gyg’*q)z.qpy'] - BZ:“Z
. (VL.17)
Where Ggg’ - GJJ/n >i G‘I!I,“
e A,
and Gl ( C __~L
99" = e 1,/

The form of equation (VI.17) is so chosen since the G, /'s
represent a rotational magnctic moment g-factor tensor
relating the rotational magnetic moment of the molecule to
the components of angular momentum in the molecule fixed
axes.

Using the known direction cosine and angular momentum
matrix elements (Table 1, equation (L.4), Chapter 1) the
magnetic moment, uz, expressed in equation (V1.17) may be
expanded. These results are presented in Appendix I11.

In general then for any molecule in which the rotational
Hamiltonian is not diagonal for the representation used to
evaluate the magnetic energy matrix in Appendix 111, a certain
transformation XT must be applied to make it diagonal. We
have seen in Chapter II how this transformation is determined.
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This same transformation must be applied to H,, to evaluate
the magnetic energy. H,, will still have off-diagonal elements
even under the transformation XT and, precisely, these would
have to be reduced to the diagonal to arrive at a completely
accurate value for the change in the rotational energy due to
the presence of the static magnetic field.

Some very adequate approximations to this whole process
present themselves.

We are interested in the diagonal elements of T'X~'H,, XT.
From the matrix of H,, it is evident that the off-diagonal
clements of the G tensor contribute in second order. The
J, K|H,,|J, K) elements involving G,,, g £ g, are propor-
tional to K and hence are removed from the diagonal by the
symmetrizing transformation X and contribute in second and
higher order only. The transformation T has only real
elements of the form (J, K|J, K 4- 2n) and hence the
(J, K|J, K £ 1) and the imaginary (J, K|J, K + 2) elements
of H,, which depend only upon the non-diagonal G elements
yield no diagonal contribution to the transformed energy.
Thus to first order we may simplify H,, to

H," = —B,%,G,,P,®;, . . (VLIS

Further, since T is diagonal in J, the elements of ®,, off-
diagonal in J will yield no first order energy contribution. But
the elements of ®, diagonal in J are simply related to P, as

MP,

(I)Zg == m . . (VI[9)
Hence we may write
H, " —= ——B—’-M——LG P2 (V1.20)
m - —“J(J -+ l)k g>~a9t g . :

In a representation in which H, is diagonal with values W
we have the diagonal elements of the magnetic energy as:
B;M

-1w-11 (1) oz 2
(TIXMH,OXT) = = 357 l)thGg,,<Py> . (VL.21)
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where, as has been shown in Chapter 1I,

oW 2=
C e = 2
For symmetric top molecules with z as the symmetry axis,
Gyy = Gy
and
K2
Hm(l) = BZMh {wa | (Gz: - G.ra') Jm} . (VI.ZZ)

This equation is valid for linear molecules in the ground
bending vibrational state if K is set equal to zero.

It is evident from equation (VI.21) that the application of a
magnetic field B lifts the spatial M-degeneracy of the rotational
levels. However, the absorption frequency for = or AM = 0
transitions (B, along the radiation electric field vector) will
be changed by an amount measured by the difference in the
coefficients of MB,, for the two states involved. For o, or
AM := + | transitions (B perpendicular to the radiation
electric field) the shift of the 7r lines will split by an amount
measured by the magnitude of the B,;M coefficient of the
upper level.



CHAPTER Vil

INTERACTION OF ROTATIONAL AND
ELECTRONIC STATES

IN Chapter VI, equation (VI.15), we have developed an
expression for the contribution to the rotational energy by the
molecular electrons. In effect this contribution may be taken
as a correction to the molecular reciprocal moments of inertia
due to the presence of electrons. Naively, the reciprocal
moments of inertia for a molecule would be calculated using
atomic rather than nuclear masses to include the effect of
the electrons. That this is only a zero order correction
may be seen by realizing that the electrons are neither con-
centrated at their corresponding nuclei, nor are they free to
precess unhindered about their nuclear centres, and hence
their spatial distribution and motion must be taken into
account.

The correction to the molecular rotational energy, calcu-
lated with nuclear masses then is, from equation (VI.15),
Chapter VI,

Agg’Png’

= %, ter
g9

. (VIL1)

If H, is diagonalized by the transformation XT we are
interested in the diagonal value of T-'X-'H'XT. Using
arguments similar to those used in Chapter VI to establish
equation (VI.18), we may show that the diagonal terms of
equation (VIIL.1) are given by:

(T-IX-THXT) = - Lgl y (P2

e
ey, S’ pry | (VIL2)
e I,,

62



INTERACTION OF ROTATIONAL AND ELECTRONIC STATES 63

Since the diagonalized values of H, in the absence of H’
2m
h
of the electrons is to add to the nuclear reciprocal moment a
term such as to give an effective reciprocal moment

are Wy, — — 2, (P>, equation (VII.2) states that the effect

Zor =g + P . (VIL3)
gg =~
By definition
meG,, b meG," "
o — - e— 2 1 . .
v Fet ™6 e 1, 2m e 1,, 27 (VIL4)
2mc - " 2 o
But (;——],,Gy,," — 2 Zml(g 2+ ("3 . (VILS)

with Z, the atomic number of the kth nucleus and (g); the
co-ordinates of the kth nucleus.

This is just the moment of inertia of the clectrons con-
sidered concentrated at their respective nuclear centres. The
moment of inertia calculated with atomic rather than nuclear

masses is:
lggatom — ]gynuc | [ggclec . . (VI.6)

This allows equation (VI1.4) to be reduced to the form

- _ mcG,, h
Zeft = Zatom |- o 'i"g!:" 2 . . (VILY)

The correction to thc reciprocal moment of inertia of a
molecule calculated in terms of atomic masses will thus be
given by the diagonal elements of the total rotational magnetic
moment tensor, G, as shown in equation (VIL.7), to yicld the
effective, or observed, reciprocal moment of inertia geqr.



CHAPTER VIII
LINE SHAPES AND INTENSITIES

A MOLECULE with an electric or magnetic moment g in the
presence of, respectively, an electric or magnetic field, F, has
a term added to its energy of the form:

He=— —u.F .. (VILI)

When the field vector F is time dependent such an inter-
action of a molecule with a field can give rise to changes in
the rotational state of the molecule. We will thus consider
equation (VIIL.1) to determine the frequency dependence
and intensity of this interaction of a molecule with a time
varying field.

To obtain the simplicity of the specific we will consider an
alternating electric field &,(r) along the space fixed axis Z,
interacting with the electric dipole moment of a molecule.
The consideration of the general field and orientations, how-
ever, would follow our analysis with no purely logical difficulty.

The most direct method of achieving the desired result is
through the use of the quantum mechanical density matrix
Pnm - (1). We will need to use some important properties
of the density matrix.

(1) The contracted matrix notation will be used in this chapter, i.c.,

pnm = (n|p|m), where n and m signify the totality of relevant quantum
numbers.

Like its classical analogue, p,, is the probability that a
system chosen at random from an ensemble will be found in

state n. Hence
E(Pn =1 . . . (V"l.2)

The mean value of an observable is the diagonal sum of the
matrix product of the observable with p.

6 = 2"‘lbll = melomlplm . . (VIL3)
64
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Classically this summation is replaced by an integration, it
will be remembered.
The density matrix obeys the usual equation of motion.

. I
Pmn = — '7'1-’ 2‘l.(HmlPln - PmlHln) . (VI1L4)

A system of molecules, in thermal equilibrium, with a time-
dependent Hamiltonian evidently has a density matrix given

by

_H®
[e kT ]nm
[Po(t)]’nm =TT __ 1}[(},‘)_ . . (VILL5S)
2 [e KT ]u

If H is time-independent, and in a diagonal representation,
the density matrix in thermal equilibrium is given by the usual
Boltzmann form:

W,
e T
[PO]n'm = "'—'—E 6'nm . . (V"I.6)
Se T
where O =0 m#n
=1 m=n

The mean value of the molecular electric dipole moment is
written by equation (VIIL3) as:

ﬁZ(t ) = Emzl(/"z)mlplm(’ ) . . (VIILT)
[n the presence of an electric field
&4() = & cos wt = Re[eze=™'] . (VIILY)

with Re meaning “real part of,” we have by definition of the
molecular susceptibility:

fiz() = Re[yeze~ i — Lyeze~™t + y*eze'] . (VIILY)

where x* is the complex conjugate of .



CHAPTER VIII
LINE SHAPES AND INTENSITIES

A MOLECULE with an electric or magnetic moment y in the
presence of, respectively, an electric or magnetic field, F, has
a term added to its energy of the form:

Hy— -u.F .. (VIILY)

When the field vector F is time dependent such an inter-
action of a molecule with a field can give rise to changes in
the rotational state of the molecule. We will thus consider
equation (VIII.1) to determine the frequency dependence
and intensity of this interaction of a molecule with a time
varying field.

To obtain the simplicity of the specific we will consider an
alternating elcctric field ¢,(r) along the space fixed axis Z,
interacting with the electric dipole moment of a molecule.
The consideration of the general ficld and orientations, how-
ever, would follow our analysis with no purely logical difficulty.

The most direct method of achicving the desired result is
through the use of the quantum mechanical density matrix
Pum - (1). We will need to use some important properties
of the density matrix.

(1) The contracted matrix notation will be used in this chapter, i.e.,

pum = (n|p|m), where n and m signify the totality of relevant quantum
numbers.

Like its classical analogue, p,, is the probability that a
system chosen at random from an ensemble will be found in

state n. Hence
21[)" | . . . (VIII.Z)

The mean value of an observable is the diagonal sum of the
matrix product of the observable with p.

0— El()lt = metomlptm . . (Vl”3)
64
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Classically this summation is replaced by an 'intcgration, it
will be remembered.
The density matrix obeys the usual equation of motion.

. I\
Pmn = — % z‘l(Hml,Pln - PmlHln) . (VIIL4)

A system of molecules, in thermal equilibrium, with a time-
dependent Hamiltonian evidently has a density matrix given

by

H(t)
[~ #],, |
oo = "t gy - - (VIILS)
2 [e kT]u

If H is time-independent, and in a diagonal representation,
the density matrix in thermal equilibrium is given by the usual
Boltzmann form:

W,
e KT
[PO]nm - W, 67""' ’ - (VIL6)
E 1€ kT
=0 m+#n
where 6mn =1 m=n

The mean value of the molecular electric dipole moment is
written by equation (VIIL.3) as:

ﬁZ(t) = 21n2l(!l’Z)1rilpl'rrc(’) . . (V"[?)
[n the presence of an electric field
e4(t) = €5 cos wt = Rel[eze™™] . (VIILY)

with Re meaning “‘real part of,” we have by definition of the
molecular susceptibility:

fiz(1) = Re[yeze~™1 = [yeze~" 4 y*eze™] (VIIL9)

where x* is the complex conjugate of y.
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It will be remembered that the power attenuation of a plane
clectromagnetic wave propagating in the X direction through
gas of N molecules per cubic centimetre, is given as

PX) = Poe 7% ... (VIILIO)
where y = 47"5,’_1}[_ Im(z)

The following calculations will then lead to an expression
for 7y, the absorption coefficient, which will display the
magnitude and frequency dependence of the absorption of an
electromagnetic wave by a gas.

Hard collisions will be used as a mechanism to restore
thermal equilibrium. This mcans that with a collision occur-
ring previously at a time 7y = ¢ - - 0, p will start with an initial
condition of

1(t)
[C’ wr ]'nm.

[polto)] i = Thr -+ (VIIL1D
Ay [c’* e ]
l

and will develop with time as a function p(z, #,). Thc Hamil-
tonian will be simply

H(t) = Hy — p4 €z cos wt — Hyg4 V coswr . (VIILI2)

since the collision is assumed to be hard, or the interaction
between molecules is zero for infinitisimal separations. The
consideration of the actual form of the intermolecular poten-
tial may be carried out, but this results in no essential modifi-
cation of our results. The specific changes are minor and are of
so little general application that it is wcll to dispense with the
additional complication.

The density matrix will thus be a function of the initial
time 1, = ¢ — 0, and 1 as p(t, t,) and thus to determinc p(¢) for
equation (VIIL7), p(t, #,) must be integrated over all initial

conditions. The probability that a collision occurred during a
0

previous time interval ¢ -- (), t — 0 — d0 is ~'e 7 d0, since
random collisions having a mean time interval T are assumed.
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O

p(t) ——f plt, t —Oyr e 7d . (VILI3)
0

Differentiating partially with respect to time gives

a (® 0 a - ] f_l (
atp(t) - —a}p(f, ty) o T dl

Ji)
* w ») 7]

. -a(—op(t, t—-O0yrle 7d) . (VII14)

Y

The second term on the right in equation (VIII.14) ariscs
since t, is a function of ¢ through (). The density matrix
develops with time from a given initial time #, as given
by equation (VILL4). Since H(#) is independent of (), by
using equation (VIII.13) the first term on the right-hand
side of equation (VIII1.14) may be reduced to:

7; [H(1)p(1) -- p(1)H ()]

The second term on the right of equation (VII1I.14) is integrated
by parts to yield

— 77 p(1) — po(1)]
where po(t) == p(t, ty=1)

The equation of motion for p(s, 1,) averaged over f, may
be written in terms of a parameter measuring the instantaneous
deviation of this average from thermal equilibrium as

D(1) == p(1) -~ pol1)
D) _ pl1) _ apylt)

o ot ot
_HE)
The quantity p(f) is of the form ¢ #T, since in equation
(VIIL.20) the denominator is shown to be a constant. Then
H(#)po(1) — po(HH(?) = 0. This follows from expanding the
exponential into an absolutely converging power series in
H(#). Since H(#) must commute with itself and with powers
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of itself, H(r) must commute with each term of the series, i.e.,
H(r) must commute with py(r). The differential equation
satisfied by D(¢) is given as:

J i
5; P() = — 7 [HOD() — D(H(1)]

— 771D(1) ~l-—%po(f) : . (VIIL.15)

In a representation in which Hy is diagonal with charac-
teristic values W equation (VIIL.15) may be written as:

3 L 9
Ot iy, |- T D) = - ¢ 20

;& NIV,.D;(f) — D,,(1)V,,] cos wt (VIIL16)

where hw-mn -~ W, -W,
Consider now the form of [py(1)],n.
_HO)
[e wL ]nm
[pO(t)]mn R '—."u({) . . (VIII.17)
2 [e T ] 1

Since, for practical reasons, V must be small with respect to
kT, the numerator may be expanded as:

L
e kl mn == e kl mn
Hy cos wt

H, B
o 21‘l {[e kT]mlvlm +- V'ml [(’ kl]ln} ‘ ZE:[:—

. (VIIL.18)
H,

The matrix elements of ¢ T are evaluated by expanding
H,
e *T in an absolutely converging power series in HoyfkT.
If H, is diagonal with values W then all powers of H, are
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diagonal and equal to W to the same power. The relation

Ha W
[e “‘] wn =€ 10, follows immediately.
The symmetrized form is used in the usual fashion to insure

H,
that py(t) is hermitian, for V will not commute with [e “'].
Since H,, is diagonal equation (VIIL.18) rcduces to:

H(t) W W, W, .
[C’“ I"T] e KT - [em KT e A-’l‘] Vi €OS f
mn MmN . 2kT

(VIIL.19)

In a similar fashion the denominator of cquation (VIII.17)
may bc cxpanded as:
W W W,
Y Ko Me KMV, cosor--2e KT (VIL20)

The equality results from the fact that V,; - (1), - 0,
since as argued in Chapter V in a representation in which H,
is diagonal, the symmetrized form of i, i.e., X~', X, has
no diagonal matrix elements.

These results may be written as

MmN

\ \'
[po(t)]mn - p()m()mn ’ (pOm +- p()ll) 2T cos mr . (VIHZI)

W,

¢ KT
where Pom =™ T w,
Vo, kT

~C

If only a weak radiation ficld is considered then D will
differ little from zero and so the terms such as V,,;D;, may
be ignored. The effect of these terms will be considered later.

In this case the equation of motion for D(r) becomes

d Q) .
[i b iy, -1 T—I:I D'mn(t) o 2kv1: (pOm L POn)vmn sin wt

ot
. (VIIL.22)
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The stcady state solution to this equation is:

w

. A e iml
W~ W, 1 IT

-1

nm(t ) — 4;(73-; (POHL - POn) (

)

: | l(""'”) . (VIIL23)
o |-m,, T
Since pmn(t ) o [Po(t )]'mn * D'mn(’ )

equation (VIIL.7) may be written as:

P(),,, __1 POu
4kT

\: 1 . (O ) (, i(l)lr
B M - Wy + ir!

- @ ) e*'w'] . (VIIL.24)
i1

o | W

" Z(’) - }-‘m‘-‘n(/l /)m n(/l 2)um€

Since p; must be hermitian, (yiy),., = (12)pn™ SO
@D mnl 82 mm = |(1t2)mn|® The molecular susceptibility as
defined by equation (VIL1.9) is thus identified as:

SN ,(/“/)mwl _ W )
e 2kT ( Pom T p0n) 1 (U My | i1

. (VIIL25)

v

The two bracketed factors in equation (VI11.24) are obviously
not complex conjugates, but the form y - x* is achieved by
pairing /n and nm terms in summation.

The final evaluation of the absorption coefficient yields:

27rw N 71

Y= kT z‘fm‘--‘n ' ( ( ) 0).,,;,,52_ _'I 72 (pOm 1 POn)

. (VIIL26)

The form of equation (VII1.26) may be changed to make it
more manageable. The equation may be made symmetric
in mand n by grouping terms in /mnand nm since Wy, = — W -
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Only a single index need be summed by called ,,, - - - ®,,,

= w; > 0. The energy W,, which has a rotational quantum
numbcr J willbe (2J | 1)—degcnerate since W, is mdcpcndent
of M, the projection of J on the space fixed Z axis. If there
exist nuclei off a symmetry axis in the molecule the cffective
degeneracy of the ith transition will be incrcased by the
nuclear spin statistical factor g, With |m,| taken to include
all the degenerate values of «; the summations in equation
(Vlll 27) may be replaced by one over the M-degeneracy for
uz* and one over i, to account for the contributions from
energetically distinct states.

yo X 2m*Ng ; 7! I 7!
doed ;T T - . .
kT (W -0+ 7% (0 )2 7!

W, ho,
¢ “‘(l e "'T) X
o - m'""\"‘l" N ["‘l\l
N2 | Dge 4

(1)), . (VIIL27)

In microwave spectroscopy the non-degenerate absorption
frequencics, ®,, will differ greatly compared to 7!, hence y
nced only be taken as being duc to the transition nearest
resonance.  Further, microwave absorptions will have
hew <7 kT and so y may be finally simplified to

'V ~s A) - 4719_):‘_N 'T'—l ]
- kT (o w)* | 772
W,
g"l(' | _I‘Ji; \Y D)
- \\',[‘Jl\ll(/’z)3||“]; . (VIIL.28)
20+ Dge *T
where W, - HWiitia } Wiinall

Most of the terms in equation (V1I1.29) are self explanatory.
The mean free time, 7, should be determinable from viscosity
data, though actual measurements of rotational spectra at
room temperaturc show this spectroscopic value to be smaller
by as much as a factor of 15. The difference between 7obs and
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Teale May be accounted for by considering the actual form of
the energy of interaction between colliding molecules, instead
of assuming hard collisions as was done above. W, is the

average of the initial and final statc energies in an absorptlon
W,

transition and X,(2J + 1)g,e 1 is the familiar partition sum.
We must consider further the form of the dipole moment
term.

The dipole moment factor may be written in terms of the
components of the molecular dipole moment along the
gyrating molecule-fixed axes (¢ — x, y, z) and the direction
cosines. In a representation in which P,P_,and P, arediagonal
the direction cosine matrix clements are given in Table 1.
In a representation in which H, is diagonal they are given as
T-1X-'®,,XT, where XT is the diagonalizing transformation
ot Chapter II.

fy = 200, TIX1D L, XT . (VIIL.29)

and from the properties of X~'d,, X it is readily shown that
|pegl? = mppee® = Zyp 2 TIX D, XT|2 . (VIL30)

As it may be scen from the degeneracy of the space fixed
axes, or from direct calculation, the summation over F is
accomplished by multiplying the total contribution of any
F by 3.

XX wlpe]? = 380 A TIX 1D, XT)? . (VIIL3Y)

The summation over M may be performed at any time since
XT is diagonal in M. The work implied by equation (VIII.31)
is, of course, great in any gencral asymmetric top. However,
as we have scen tables are available which give the total

linc strength,
[Ay],' — [BZI\IIT-—IX—I(I)Z{}XTP]I' . (Vlll.32)

Interpolation in thesc tables will give 4, for any desired «
to the practical accuracy necessary. Thus we may use
tabulated values for

“\ll(”/)‘\ll o .s-\-' M \l"-‘lcl(”l«)ml ! suq" ZA,00)];
(VIIL.33)
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In establishing equation (VIII.22), the radiation field was
assumed weak so that terms such as V,,,D,,, could be ignored.
If these terms are considered to a magnitude so that V is
small compared with internal molecular potentials then a
solution to the equation of motion for D,,,(r) takes the form
of R,y + Py, e ™t + P, ™! je., no induced dipole
moment varying as ¢ 2! exists. The resulting equations for
R, and P‘+) may be solved readily in the neighbourhood of a
particular resonance ; = ®,,, > 0 since the matrix clements
R,ums Ry and P, 01 need be considered. The final result is
to modify equation (VIIL.28) by setting

-1V ) )
T ],_il\l[l(/ll}_l\llzl, - E\I - T' ll(‘“"l,)ml)

W - m;) 4 72 \ | (e 2
( ) (w —m,)>*+ 72+ I ! ﬂ;;l 7

(VII1.34)

Thus as [(t7)y] ¢2/h becomes comparable with 7! the line
begins to broaden and the absorption coeflicient decrcases.
This saturation is M-dependent in the sense that those transi-
tions between M states having the largest value of i) will
saturate first. The saturation ariscs in fact from the presence
of the time independent terms R,,,, and R,,,, in the expression
for D,,,(f) which signify a permanent deviation from thermal
equilibrium, i.c., the radiation field tends to equate the
population density of states m and » and hence to decrease the
difference between absorption transitions (m,,, > 0) and
emission transitions (m,,,).

Inspection of the properties of the direction cosine matrix
elements allows some general statcments to be made.

First, electric dipole transitions have finitc intensities only
for changes in the total angular momentum J of 4: I or 0,
since the direction cosines have only this type element. A
molecule with a dipole moment along the a axis (axis of least
inertia) would have a z axis dipole moment in a (I) representa-
tion (which leads in the limit to prolate symmetric rotors).
Since @, has only (K|K) elements and the diagonalizing
transformation XT leaves it with no elements diagonal in 7

6



74 MICROWAVE SPECTROSCOPY

and with only all even or all odd K matrix clements, the
oddness or evenness of the prolate top K(K.;) must remain
unchanged and that of K, ; must change for a finite transition
probability.
Similarly, for a dipole moment on the ¢ axis (the z axis in
a (IIT) representation) K, must not change evenness or odd-
ness, but K_; must do so. And finally for a dipole moment
on the b axis (the z axis in a (II) representation) both K,
and K_; must change evenness or oddness. Since a symmetric
top, by symmetry, may have a dipole moment only along the
z, or symmetry axis, the familiar selection rule AK —= 0 is
required. Note, however, that our above arguments allow
transitions between the degenerate K levels, ic., w; = 0.
This fact allows symmetric tops to have a non-resonant
absorption which results when @, = 0 is inserted in cquation
(VIIL27). The non-resonant absorption may be reduced
rcadily to the simple form:
dre®Np? 7!

) -
non-res "nnt - 9 .
/ e 3ckT * -7 2

(VIIL.35)

The resonant absorptions in linear molecules will have the
selection rule AJ — | 1. In this case, equation (VIII.29)
reduces to

‘ _ IATCER
27 Nhw? -1 RIZICHRY

Vi 3ck®T2 (&) (1),)2 -7 2 ¢ i . (VIIL36)

It should be observed that equations (V1I1.27) and (VIII.36)
give the total intensity of a transition in the absence of fine
structure splitting due to nuclear quadrupole effect, Stark
effect, and Zeeman effect. The relative intensity for the com-
ponents for the quadrupole effect have been given in Chapter
[V, while the relative intensities of the Stark and Zeeman
components are given by the squarcs of the M-dependent
factors of the appropriate direction cosine matrix elements.




CHAPTER IX

UNIQUE MICROWAVLE TRANSITIONS
A, Oxygen (0,)

MoOLECULAR oxygen is diatomic, and in a 3X electronic
ground state, having 14 of uncompensated spin angular
momentum and zcro electronic orbital angular momentum.
The magnetic moment of two Bohr magnetons associated with
this spin angular moment gives the molecule a permanent
magnetic moment. The oxygen molecule for this reason
exhibits its well-known paramagnetism, and is capable of
interacting with an electromagnetic radiation ficld. The
addition of the spin angular momentum Py - A to the nuclear
rotational angular momentum, yiclds a resultant angular
momentum P of

[P] = [Px| 1 [Py, [Py

This gives rise to a spin-triplet structure for the spin-rotational
energy levels, which is of microwave interest.

The part of the Hamiltonian of interest for the microwave
region will consist of three contributions, the nuclear rota-
tional energy, the magnetic energy, resulting from the inter-
action of the two uncompensated spins, and the magnetic
encrgy resulting from the interaction of thc spin magnetic
moment and rotational induced molecular magnetic moment.
Explicitly these terms are written classically as:

2 5 ) ) )
H Py® @ =3Py )Py rip) - Py Paglr 2
TR Cs
2 3 173

P ¢
Ylexv). Py o -NB P, L (IX)

2 nc

C 2mie
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A r'\f
where £, N, b "~3
|"M|

B, - — X Fore X Ui
c|ril?
and Py; is the spin angular momentum of the ith electron.
The third term in equation (IX.1) describes the Thomas
form for the interaction of an electron spin magnetic moment
with the magnetic field of its own rotation induced angular
momentum, while the fourth term includes the interaction of
the spin magnetic moment with the magnetic fields resulting
from the angular momentum of the positively charged nuclei
and the rotation induced angular momentum of the other
electrons. Since the rotation induced electronic angular
momentum is, from Chapter VI, proportional to Py, these
two terms may be shown to be equivalent to

2muPy - Py

5 . (IX.2)

The second term in expression (IX.1) may be expanded in
terms of the components of the vectors on the molecule fixed
g-axes. Cross product terms such as (r;),(r;),» have no
matrix elements diagonal in the clectronic angular momentum
quantum numbers from symmetry of the oxygen molecule.
We are only concerned with the terms:

e‘) A\ (PS_)_(({( Ps)kg_[_ j 2(&’11.) l (‘(;711‘ )“ + (5’¢lc”)2]

H%‘—mgcg,uz k,9 - |r1kl

LAY

. (I1X.3)

From symmetry also x;2 = y;2 if z; is the component of r,
on the internuclear axis. This simplifies equation (IX.3) to:

(zu* — Xiy?)
lr i

[(PS)ix(PS)ch + (PS)iU(PS)I.‘!/ o Z(PS)iJ(PS)k:] . (IX4)

Hq. - 2‘.
88 =
1;22('2 ¢k
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Oxygen has only two unbalanced electrons, so i, k — 1, 2.
The components of the total spin Pyare (Py), = (Pg)y. |- (Py)y..
Equation (1X.4) may then be simplified by writing it as:

_ ¢ X
Hys = m2c‘2< |r1e? >
{P32 - 3Ps:2 - Zz -1,2[(Ps)i2 i 3(Ps)z;2]} . (IX'S)

The squares of the individual spin opcrators and the total spin
angular momentum arc constants for the ground electronic
state, so only the dependence of Hgy on Pg,? is of interest.
For notational simplicity, we may write

HSS = 47TAPS32/}I/ . . (IX.6)

The quantum representation of the Hamiltonian of cquation
(IX.1) may conveniently be given in a representation known as
Hund’s type ““a”. This is a representation in which the square
of the total spin angular momentum Py is diagonal and equal
to S(S -+ 1)A? and its z axis projection is diagonal and equal
to 2. The square of the total angular momentum, P, may
also be taken as diagonal and equal to F(F 4 1)%2, its z axis
projection being also 2/ (since Py has no z axis component)
and its Z axis component MA. In this representation the
terms Py . Py of equation (IX.2) and Py? of equation (IX.1)
are given as:

Py.Py=P.Py — P

PN’2:—:P2"I“P52""2P.PS . .(IX.7)

With the aid of equations (1X.2), (IX.6), and (IX.7),
equation (IX.1) may be given as:

H = 27bPh + 2m( — 2b)P . Pyfh | 4wAPg2lh . (1X.8)

Terms in P42 have been suppressed, since they are constant
for the ground electronic state. The matrix elements of
P. Py must now be considered. This term is just P,Pg,
+ P,Pg, -I- P,Pg,, the last term being diagonal and equal to
22h* from our choice of representation. The commutation
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relations for P may be solved to yield the matrix elements of
Py, and Pg, in the ground electronic state. Thesc relations are:

Psgpsg’ —- PS!I,PS'I -- l-"‘PS”” . . (|X.9)

The sign of i is plus since the components are measured with
respect to the assumed fixed molecular co-ordinates. The
solution to equation (I1X.9) with the constraint that
Py®:- S(S {- 1)A? is identical in form to that for Py and Py

(S, X[Py,[S, X+ 1) - 1 i(S, B[P,|S, X 4 1)

22»3654) Y41 . (1X.10)

From the known matrix elements of P, and P, we have,
(F,F, - ._J,M S,S. — X|P,Py, -| PPy,
F,F.—-X | ILMS,S. - X+ 1)

h2

'“*WHFIUmAVJMB@ID~V‘iU]

. (IX.11)

The matrix element notation of cquation (IX. ll) may be
simplified by noting that F, — S_, hence only one X need be

used to designate the matrix elements of the Hamiltonian.
Equation (I1X.8) is now written as:

(F, M, S, S[H[F, M, S, )
=bF(F |- )h — (2b - pu —24)2%h

(F, M, S, X

HF, M, S, X4 1) - - ——(2b—/1)
VIEEF |- 1) - X4 DISES - 1) — XX 4 ]
. (IX.12)

For the ground state of oxygen S == 1, X = 0, + 1, so the
matrix of the Hamiltonian of a given F state is
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DI ¥ o0 N
X A[BIFF D 21 leh . 0 N
24 0 V2E(E 1)
X0 32b ) . bE(F V1) Y}2h ) . l
, 1
V2F(E |- 1) . V2F(F i D
Yo 0 Y2bh - ) . BIF(F § 1) -2]
B V2E(F 1) 20
. (IX.13)

The symmctrizing transformation X factors cach F factor
of H into the form

CO[F(F- 1) 2]

-1 2}.' “i- ‘“ - (2[) ‘ll) .
(F[H|F) hF(F + 1) V'F(F - 1)
—=h
(26 ) . bIF(F-1)- 2]
_ VEETD 1200
. (IX.14)

The most abundant isotopic form of the oxygen molecule
is the homonuclear molecule with O'® nuclei which have zero
spin. The Pauli exclusion principle thus requires that when F
is odd then only the antisymmetric combination of X states
be used, i.e., the first row and column of equation (IX.14).

Foaqa : Wy == h{b[F(F | 1) —2] |24 -} . (IX.15)

When F is even the symmetric X - 0 state and the symmetric
combination of % =: 4- 1 states is allowed. This includes just
the last two rows and columns of equation (IX.14), so the
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energy given by the solution of the quadratic secular deter-
minant is:

Fevcn . WF - h{bF(F '{" l) T b ! l ‘*‘ /t/Z
+ VA2 - A2b — 1) - (b — uf232F + 1)*} . (IX.16)

The evolution of the spin-rotation triplet depicted by
equations (I1X.15) and (IX.16) may be shown as in Fig. 5.

F+l (

Ho O

F-2 - - Sei-
=

Fig. 5. Oxygen spin triplet

The selection rule on Fis AF = + 1, 0 and so the transition
frequencies may be indicated, with b - 12 = by, as:
Vo — — QF +3)by | A — p(F |- 1)
+ V2F + 3¢ |- 22 — 22,
Vp_1—p = — QF - )by -|- A + puF
— VQF - 1)%2 -1 A2 —24by . (IX.17)

These frequencies are approximately 60,000 Mc/s, the
approximate empirical values for the parameters being,
by — 43,101 Mc/s, A == 59,475 Mc/s, and pt = — 255 Mcfs.

B. Ammonia (NHy)

In the ammonia molecule the nitrogen nucleus sits at the
apex of a pyramid over the plane of the three hydrogen
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nuclei. The potential holding the nitrogen nucleus out of the
plane of the hydrogen nuclei is large but finite. For this
reason, any vibrational state of thc ammonia molecule in-
volving a motion of the nitrogen nucleus perpendicular to the
plane of the hydrogens will have a potential curve in terms of
the normal co-ordinate ¢ as shown in Fig. 6 (b). Fig. 6 (a)

3 \ RN N B S

T N ]

Vol

”\\/\v} VAR \\ /
VoW

Fig. 6. Vibration potential encrgy forms

illustrates the usual simple potential that would exist if the
nitrogen were repelled from the hydrogen plane by an infinite
potential; the possibility of the nitrogen being on cither side
of the planc being recognized. Fig. 6 (¢) indicates the potential
for the case of no barrier at the plane of the hydrogen nuclei,
i.e., for the case of the cquivalent planar molecule.

The characteristic energy levels for cases (a) and (c), when
the two halves of (¢) do not interact are W, — hv (v + 1) and
roughly W, - 2hv,(v -| §). The levels for W, are doubly
degenerate since two potentials are involved. The levels for
the hindering potential case (b), are qualitatively determined
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by noting that for low vibrational energy case (b) is approxi-
mated by case (a), while for high vibrational cnergies the
hindering potential is of little relative importance and casc (h)
is approximated by case (c). Intermediate levels arc inter-
polated as in Fig. 6.

Most molecules having an inversion are of the form of case
(a). The possibility of inversion brings about a doubling of
vibrational states, while thc improbability of the inversion
makes them degenerate. Proper state functions for thesc
degencrate levels are, as usual, the symmetric and anti-
symmetric combinations of the individual degenerate states
of oscillation on cither side of the infinite barrier potential.
The symmetry symbol (+) used for cases (a) and (h) give, in
fact, the oddness or evenness of the cquivalent vibrational
state quantum number in case (¢).

Ammonia is then truly a perturbed form of case (a) though
for the sake of quantitative simplicity it will be considercd as
a perturbation of case (¢). In a representation in which the
harmonic terms of case (c) arc diagonal the matrix elements
of the normalized co-ordinate and momentum are:

w411 1)z
(v]glv + 1) = ( 5 )

BENNY
W|ple 11— +ih (2” ) - l)

W, —=hr(v -1

The hindering potential may be taken to be of the form:

,IZ

2
Hj, = Vye ¢

The exponential may be expanded in an absolutely con-
verging scries in ¢*", and so the matrix elements of H, are
immediately determined in terms of the matrix elements of the
even powers of g. The matrix elements of ¢* are of the type
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(v|v) and (v[v I- 2) and so the matrix elements of H,, are of the
form (v|v | 2n), where n is a positive integer and v -- 2n > 0.

5 vlg®tv |- 2n
(v[Hy|v + 2n) — Vo2i(— 1)} ¢ lq‘(li'!dzl "

The prob]em is now formally (if not practically) solved.
The matrix elements of the vibrational plus barrier Hamil-
tonian are known. The new, perturbed, energy levels W,; are
determined by forming the infinite secular determinant from
this matrix, and setting it equal to zero.

|@|H, -+ Hy|v") -0,,W,| -0

This is a tedious procedure to carry out exactly, but some
insight of the problem is gained by considering approxima-
tions. This sum may be put into closcd form as, for example:

(0| H,|0) == Vd[(1 + d¥'
(1[Hy|1) = Vo®[(1 -1 d?)
(2[H,|2) = [Vod[2(1 + a1 + 2d7]

Two simplifications of the problem are now evident. First,
the barrier perturbation, being an cven function of ¢, has
matrix elements only between even values of v or only between
odd values of v. Since the harmonic energy is already diagonal,
the matrix formed by the addition of the barrier potential is
immcdiately factorable into two sub-matrices of even and
odd v. Second, thc general form of the matrix elements of
H;,, for even v have a leading term in Vd, while those for odd v
have a leading term in Vyd*. Since d < I, i.c., the barrier
width is less than the characteristic ground state normal
co-ordinate ¢, the perturbation of the odd v states may be
ignored for a first approximation.

Many of the matrix clements of H, may be determined most
easily by recursion relations derived by demanding that the
Hamiltonian commute with powers of g. For example,
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consideration of the (v + 1|v) term of the general relation
gH, — H,q - 0 leads to the equation:

Vo + 1{o|Hylv) — @ |- 1|H,lv + 1)]
= Vo —1[Hjo+1) - Vv | 2w | 2|H,|v)
and with v — 0 and 1 the following relations are obtained:
O[H,|0) - (1|H,|1) = — V2(2|H,|0)
\/2[(1|Hh| 1) — (ZIHILIZ)] — (OIthz) - \’/2(3|ch| 1)
If terms in o are to be neglected these equations quickly
yicld the approximate matrix elements for even v by setting the

odd » matrix clements equal to zero. A few more cxamples
will be given. Since

(0l¢°H, — Hyg?|v) — 0
then:

V2Q2[H,|») = V(© + 2)(v + DO|H,[v | 2)

+ Vo - 1)O0[H,|v — 2) -+ 200]H, )
Since
O|gH;, —Hyglv+ 1) =0
then:

(1[H,|v + 1) = Vv + 1O[H,|v) | V| 20[H,lv + 2)
When v is even then
0= Vv | 1(0|H,[v) -I- Vv + 200[H,jv +2)

For the case of ammonia only the symmetrical stretching
vibrational state is appreciably perturbed by the inversion
barrier. If the states of odd v for this vibrational state are
considered unperturbed, then only the v = 0, 2, and 4 states
are appreciably perturbed from their simple harrhonic energies.
The experimentally observed energy shifts are:

A —= 0) =~ hy,
A = 2) =~ 095hv,
A@w = 4) ~ 0-35hv,
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If the approximate secular determinant involving only
v — 0, 2, 4, 6 is diagonalized by continued fraction form the
slow convergence of harmonic oscillator perturbation calcu-
lations is evident. Some simplification results by assuming
trial solutions of the form W,, — hv(v + }) 4- A(v) with the
observed value of A(v) being used. This procedure should
generate A(v) for an appropriate value of Vyd. A rough
calculation of this type indicates Vd ~: 2hv, and since V,
must be of the order of 4Av, (since its affect ncarly vanishes
for vibrational states of energy higher than this) then d must
be of the order of ). Certainly in this event a more carcful
calculation must be made. This problem is not of sufficient
general interest however to justify further discussion.

Suffice it to say that the ground state splitting (0 +4- — 0 --)
is characteristic of a microwave frequency. Actually not a
singlc absorption occurs, for vibration-rotation interaction
makes the transition frequency dependent upon the rotational
statc quantum numbers J and K. An experimentally derived
expression for this inversion transition frequency is given by

p = 23,785-8 — 151-450J(J + 1) -}- 211-342K?
-+ 0-503027(J + 1)2 — 1-38538J(J -i- 1)K2 + 0-040155K*
-- 0-001259997J3(J - 1)* 4 0-005182367J%J +- 1)°K*
— 0-007088534J(J -I- HK* |- 0-00321043718 Mc/s
K # 3 (Inexact), K # 0 (Unallowed)

These absorption frequencies are accurately known and
since the absorption is relatively intense, they provide fre-
quency standards for a portion of the microwave region.

It is well to make one final point regarding transition
probabilities. The dipole moment components j¢,, referred to
in Chapter VIII, are the average dipole moment components
for a given electronic and vibrational state. Ammonia, for
example, has its charge co-ordinates directly proportional to
the inversion normal co-ordinate gq. The vibration-inversion
matrix elements of the dipole moment are then proportional
to the matrix elements of g. The dipole moment thus has
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matrix elements different from zero only when an inversion
transition is involved. This is physically rcasonable, for the
mean value of a dipole moment of an inverting molecule must
certainly be zero. In short, not only must a rotational transi-
tion be made to have a finite absorption intensity, but also an
inversion transition must be simultancously induced. For
most molecules having an inversion state, other than ammonia,
the inversion rotation transition is betwecn degenerate inver-
sion levels and the inversion in no way affects the rotational
spectrum. Ammonia, however, has a microwave vibration-
rotation spectrum in which the rotational transitions are
between degeneratc K rotational states and non-degenerate
inversion states. The dipole moment component ¢, will not
be its value diagonal in electronic and vibrational quantum
numbers, but its value diagonal in electronic quantum num-
bers and off-diagonal in the inversion quantum number, or
rather the inversion index (4-), i.c., 1, == (+ |1ty —).



CHAPTER X
EXPERIMENTAL CONSIDERATIONS

THE understanding of the apparatus for microwave spectros-
copy demands much practical and theoretical knowledge of
clectric circuits, both lumped and distributed. This section
will assume a fair amount of familiarity with these things and
will attempt to justify only the special considerations which
must be observed. There are so many good reference texts
on the behaviour of microwave and lumped constant circuits
that omission of general material will be of little inconvenience
to those whose interests or adaptabilities have attracted them
to this field in the first place.

In the section that follows brief consideration will be given
to cssentially a single type of microwave spectroscope.
Though the view may scem limited, the waveguide-Stark
modulated type to be considered is certainly the workhorse of
the field and special types of systems are very readily studied
by comparison with a single, well-understood apparatus.

It must be borne in mind that even a single general apparatus
is susceptible to many modifications of detail. The actual form
of the details will be dictated little by the general problem but
mainly by the background and inclinations of the designer and
by the need to obtain facility and efficiency of the apparatus
in such a fashion as to utilize available components. It is
therefore of little meaning to consider details in general and for
that reason particular details in the following should be con-
sidered only as a locally accepted enginecring approximation
to the desired end.

The spectroscope which will be used to study the rotational
energy levels of a molecule may be conveniently idealized as
a three component system. Monochromatic radiation from a
suitable source is caused to traverse a cell containing the gas
to be studied and then is absorbed by a detector.

87
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With a given power P; incident on the cell we calculate the
signal power induced by switching from a condition of
absorption in the cell to no absorption in the cell. This
switching may be accomplished (1) by changing the frequency
of the radiation from the resonant frequency to a frequency
far from resonance, (2) by pumping the gas from the cell, or
(3) by shifting the resonant frequency by an applied elcctric or
magnetic field. In principle all absorption detection schemes
may be thought of in terms of this switching model.

Incident power on the detector is given as:

P,—~Pe Ot (X.)

where . — cell absorption coefficient,
1 —= gas absorption coefficient,

[ — equivalent frec space length of cell.

Since y may be thought of as time dependent with a funda-
mental frequency f, the radiation is considered amplitude

- 2 k]
since limiting values of /[ are very much less than 1. If y is
square wave modulated the amplitude of the fundamental

g : );[ with respect to the carrier and hence the

relative voltage amplitude of each fundamental side band is

modulated with a voltage modulation index 1 - ¢

component is

-27—17. The total mean signal side band power is thus:

47

§ = P,e (X.Z)

The noise in competition with this signal arises from the
radiation source, the detector and the first stages of the
amplifier. The noise power contribution of these sources per
cycle per second may be written in terms of a coefficient and
the available thermal noise power/c/s, kT.
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The signal to noise power ratio in the amplifier is thus
given as:
Gre . i
GP, ! 47>
P, (Gs+dta -1)kTB
where G — detector conversion loss factor,
s == source noise proportionality factor,
d = detector noise proportionality factor,
a — amplifier noise proportionality factor,

B — amplifier bandwidth.

(X.3)

Optimum system design then is a matter of selecting com-
ponents to maximize this signal to noise ratio.

Unfortunately little is known about the factor s. As sources
of radiation one has klystrons or magnetrons from which to
choose. For ease of operation klystrons are generally chosen
as a source. The value of s for klystrons or magnetrons is in
doubt and difficult to measure. In any case engineering
experience shows that it is indeed difficult to make oscillators
with a noise power/c/s much less than 10~'* of the carrier
level. That magnetrons can be made consistently as good
as this is doubtful. Klystrons may possibly be as good as
this at frequencies near the carrier. Published mcasurements
with klystrons indicate that the noise power/c/s at 10 Mc/s
and 30 Mc/s away from the carrier is about 1076 below the
carrier. This noise may be thought to be due to the simple
diode noise output of the klystron having a beam current 1
and an effective cavity shunt resistance of Rgy. This noise
power/c/s is then just 2¢eIRy and will vary only slowly with
frequency deviation from the carrier since Ry is a slowly
varying function. Thus the klystron noise power/c/s measured
several megacycles per second from the carrier should be with-
in an order of magnitude of the noise power/c/s, within a
few hundred cycles per second from the carrier. This has
been verified in the writer’s laboratory using a barretter detec-
tor at 600 c/s. One is tempted then, to write the factor s,

7
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which should be not too pessimistic for any good source of

radiation, as:
s — P 10T | ) . (X.4)

The available detectors are either the germanium or silicon
crystal diodes or thermal detectors. Crystal diodes have a
randomly variable component of resistance which depends on
the frequency as 1/f. For this reason the factor d depends
upon the incident power and monitoring frequency f as:

d-rPC ——,1. L (X.5)

f
R is a constant of a particular crystal and microwave region.
Thermal detectors appear essentially as a pure resistance with
d probably no greater than 2. Howecver, the conversion loss
G for these two detcctors is greatly different in magnitude,
though for both both conversion gain is proportional to the
the incident power and may be given as:

G- SP,e . . . (X.6)

where S is also a constant of the individual detector.

Present crystal detectors have an S which is roughly 10°
times that of available barretters or thermal detectors, e.g.,
for a IN26 crystal at low levels (below 10~ W) S is about
10* W-1, while for a barretter with a typical scnsitivity of
40 V/W at a 200 ohm level S is given as 40%/200 — 8 W1,

The amplifier noise factor will depend on the monitoring
frequency f, but for less than 10°c/s it should be about I,
since at these frequencies transit time places negligible restric-
tion on achievable amplificr noise figure. With reasonable
design care it will certainly be no worse than 2.

The criterion for detection of the effect of an absorption
may be taken as being a signal to noise ratio of 1. Witha — 2,
equation (X.3) may then be solved for y as:

For crystal dctector:

2 10-16 R \
Ymin [/A'TB( kT | S} P2S lP 22 ) . (X.6q)
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For thermal detector:

—16
Ymin - 27JkTB (*IO ~ 1 38§-1p,2esie ) . . (X.6h)

It may be seen from cquation (X.6a) that the optimum length
of cell for a crystal detector is that which reduces the generator
power at the detector so that the additional noise power due
to the source and detector cquals the amplificr input noisc.
For typical values R - 10'W=3ec !, S--10*W-, f
— 6 ~ lO’c/s P, - 1073 W, /. is about 6[y,.. Though thls
length varies logarlthmlcally with incident power P,, a rough
value for the minimum detectable signal may be given as:

7 o (&4 107
Ymin = 3A/]\TB (Sf kT

9. lO““y,.A/(R__} ‘0"16) B . (X7
sr! kT

For a thermal detector, cquation (X.6b) shows that the
optimum length is one which reduces the source noisc power
to a level comparable with the amplifier input noise. Again
roughly, ./ must be about I so that the minimum dctectable
absorption coeflicient is

Ymin = 277'}’( \/2 10-'%B . . (X.8)

The form for equation (X.8) is so chosen to indicate that
the limiting sensitivity of a thermal detector system depends
upon the noise contribution of the generator, typified by the
10~18/c/s factor which we have assumed. Inany case equations
(X.7) and (X.8) are roughly equivalent. These equations also
show the well-known fact that any sensitivity is available as
long as one is willing to restrict B to a small enough value.
This means that the response time of the system must become
very long and the data-taking time accordingly lengthened.
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B may be taken reasonably as small as 102 ¢/s in which case
a typical limiting value for y isabout 108y, or about 10! cm=!
for a waveguide cell for 1-cm wavelength radiation, and at
least 60 m long! A realistic cell length would be less than
optimum and the y,,;n would be somewhat larger.



CHAPTER XI
SOURCES OF RADIATION

As we have remarked previously, klystrons of the reflex type
are generally used as sources for microwave radiation. The
source noise is apparently tolerable and this type of tube is
readily tuned in frequency by variation of the reflector anode
potential as a fine tuning control and by mechanical deforma-
tion of the resonant cavity as a coarse tuning control. Tubes
are available to cover most of the microwave region. They
have reasonable input power requirement, the d.c. voltages
running from 300V to 3000 V with d.c. current drain the
order of 10 to 50 mA. Powcer output is a convenient amount,
ranging from a few to hundreds of milliwatts.

In regions where fundamental oscillators are not available,
frequency multiplication by non-linear clements such as silicon
crystals has been used. Such a procedure lowers the available
power and undoubtedly increases the effective source noise
power. This condition is tolerated since the associated detec-
tors are poor and much less than optimum operating sensitivity
is needed to do effective work. Tt will be noted that the system
parameters appear under a square root radical so their varia-
tion has a much less drastic effect on the minimum detectable
absorption than might be supposed. Furthermore, these
frequency multiplying techniques need only be resorted to at
frequencies in excess of 35,000 Mc/s and here the frequency
dependence of the absorption coefficient allows larger values
of y to be expected for equivalent interaction of a molecule
with the radiation field.

The use of microwave frequency multiplication techniques
is not to be advised for general use for it requires the develop-
ment of microwave R.F. circuits to accomplish the multiplica-
tion. These are not generally available commercially.

The klystrons themselves should be operated from very
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good power supplies, to obtain as clean and stable a c.w.
carrier as possible. The frequency may then be swept in a
controlled fashion by applying a low rcpetition frequency
saw-tooth potential to the reflector anode or the course tuning
adjustment may be driven from a gear train and motor.

THERMA 900 Mc /sec, MULTIPLE OF
(;ER|D - 50kc/sec CRYSTAL OSC
¢ AND/OR
REPELLER
CRYSTAL -
KLYSTRON Ca MULT,pUER‘é CRYSTAL DETEGTOR
— TUNABLE F-M
Y REGEIVER [~
MAGIC <~
TEE )|(ATTEN
R4 lMEéﬁZ\NiE:AT
)|(ATTEN TUNER
v
TO GAS
CELL

Fig. 7. Frequency stabilizer block diagram

Alternatively, and more clegantly, the klystron may be locked
with a variable difference frequency from a frequency stable
oscillator, and the difference frequency varied slowly with
time. If a frequency standard is available harmonics of it may
be used to improve the klystron stability in this way. Fig. 7
shows a block diagram of such an arrangement. Alternatively,
the stable frequency may be derived from a second fixed-
frequency, cavity-stabilized, klystron.



CHAPTER XII
SAMPLE CELL

A DpiscussioN of sample cells must be prefaced by a few
remarks on resolution. In spectroscopic measurements high
accuracy is dependent upon the minimum line breadth that
may be obtained compatibly with signal strength. We have
seen that the line broadening due to pressure may be reduced
with no loss in intensity, as long as the mean free path is
proportional to pressure. Certainly this will not be the case
when the smallest cell dimension becomes comparable with the
mean free path. Lowering the pressure further in an attempt
to lengthen the mean free path will thus be of no avail and the
line will remain nearly constant in shape and diminish in
intensity. If the ccll dimensions arc further increased to
accommodate longer mcan free paths, other causes of line
broadening may become of importance and limit further
attempts to reduce line breadth by lowering the vapour
pressure. Doppler broadening, caused by the motion of the
molecules relative to the electromagnctic ficld equi-phase
surfaces, will also set a lower limit on the reduction of linc
breadth. Natural linc breadth in the microwave region is
usually negligible.

These various sources of line broadening may be listed in
engincering formulae for quick calculation as:

P D
Ay o lO‘u.A/—A— Mc/s due to radiation field
T )%
E1) ~ 7 » "6
Aryy ~ 6 (300M 10-6Mc/s  due to Doppler

i

I (TY
Ay~ 854 (M) Mc/s ~ due to walls of cell
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where u is dipole moment in debye (1018 esu-cm), P is radia-
tion power in watts, A is guide cross-section in square centi-
metres, » is absorption frequency in megacycles per second,
M is molecular weight, a is smallest guide dimension in
centimetres.

In short, a cell should be chosen so that these limiting line
breadths are the same order of magnitude. This means that a
wave guide cell of gencrous dimensions and cross-sectional
area should be used.

In order to differentiate between variation of power with
frequency due to electrical properties of source, cell or detector
a method of modulating the absorption must be used. Since
nearly all molecules of interest have electric dipole moments
the Stark modulation scheme is generally used. This requires
an electrode within the cell, preferably of a configuration such
as to produce a nearly uniform electric field so that a unique
value may be assigned to the field strength. This Stark elec-
trode is most suitably placed symmetrically within a rectangular
guide so as to interfere as little as possible with the radiation
field, as in Fig. 8. This arrangement yiclds a high static ficld
uniformity in the central portion of the guide where the radia-
tion electric ficld is the greatest, i.e., where the majority of the
actual transitions occur. The electrostatic stresses on the
guide are also symmetrical so that as the static electric field is
varied in amplitude a minimum amount of energy is coupled
into the mechanical vibrational modes of the cell. This is a
very important consideration, for such mechanical modulation
may also modulate the transmitted power in a fashion
indistinguishable from the modulation due to an absorbing
molecule. This mechanical modulation gives rise, in the
detector, to what is known as guide noise, i.e., any signal
independent of the gas in the cell, which is coherent with the
Stark modulation potential. Even the symmetrical electrode
may cause guide noisc, for the electrostatic stresses will tend
to set vibrations as shown in cross section in Fig. 9. The
division of power betwecn the top and bottom sections of the
guide is in this way time dependent. The recombination of
these two fields on the far end of the cell will occur unperturbed
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only if the septum deflection differs in phase from the deflec-
tion of the input end of the septum by an amount, 27/yfv,
radians, where v, is the velocity of propagation, to account for
the finite propagation time of the radiation down the cell of
length /. Any other phase will give rise to a time dependent
mismatch which will modulate the transmitted radiation.
There is apparently no rational solution to this problem.
Fortunately, good cells can be made by maintaining a very
tight fit of dielectric, waveguide, and septum. The cell must
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Fig. 9. Stark Cell vibration

be kept clean of small particles of metal and dust. Tapering
the transition into the septum at the end of the septum, the
taper being at least one acoustic wavelength of the septum
vibration, has yielded suppression of the noise. This effect
also becomes less important with increasing Stark modulation
frequency. It seems certain that one generalization is true;
that if any less symmetric placcment of the septum is made,
e.g., securing it to an insulating film placed on one broad wall
of the guide, a large increase in guide noisc is to be expected.
The problem is aggravated by an increase in Stark potential.
For whatever comfort it may be, it may be said that relatively
noiseless cells have been made in the past by trial and error,
or by luck and they presumably will be made again in the
future.

There is no need to worry about electrical breakdown for
with the gas mean free path the order of the minimum guide
dimensions the field required for breakdown will be far above
that which will ever need to be used. To obtain the required






Fig. 10. Mica-lead vacuum seal
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field strength with a reasonable potential the cell dimensions
should not be chosen any more generously than is required
for resolution purposes.

Finally, a large cross-section cell will have a small intrinsic
attenuation due to wall losses. In short, if a cell is fashioned
to operate at the lowest frequency contemplated, then it will
have the properties desired at any higher frequency. The
optimum length will be very long and decrease with increasing
frequency (since 7, increases with frequency). However a
convenient length, several metres, is a practical length since
beyond this length, increase in signal strength is paid for
dearly. The cell should be straight to have smooth trans-
mission at frequencies where more than one transmission mode
is possible. Tapers must be used to make a transition from the
usual TEy; mode in the waveguide characteristic of the source
and detector for a particular frequency interval, to the same
mode in the oversized sample cell. The taper angle should be
small, e.g., 01 radians, so that higher modes excited at the
junction of the taper and the cell are of negligible amplitude.
Unless this is so the transfer characteristics of the cell will
fluctuate rapidly with frequency as the higher modes come into
resonance with the cell length.

The cell may be vacuum sealed with a thin mica sheet sealed
to the guide end flanges with wax. A seal capable of low
temperature cycling may be made by sealing the mica with
lead clamped in grooved flanges as shown in Fig. 10.

A 3-m length of $in. x lin. rectangular brass tubing
with a 0-020 in. thick brass septum and 0-060 in. polystyrene
insulating supports is suggested as a reasonable cell. The
evacuation port could be made with several  in. holes drilled
in a broad wall of the guide, feeding a smgle § in, brass tube,
which eventually connects to the vacuum system. The Stark
potential is brought in through a narrow wall of the guide
through a bead seal and then connected to one end of the
septum which is accessible before the mica windows are
installed.



CHAPTER Xl
DETECTORS

BotH crystal diodes and barretters (or bolometers) which are
commercially available have been suggested as detectors.
From the point of view of sensitivity there is little to choose
between them. Crystals, because their noise spectrum follows

a L law are capable of use only with higher frequency absorp-

tion modulation, while barretters must be used with Stark
modulation frequencies below about 1 kc/s, because of their
thermal inertia. If a general statement governing the decision
for the use of either had to be made it could be that for
signal modulation frequencies below 1 kc/s a barretter should
be used while for modulation above 1 kc/s a crystal should be
used. A barretter is possibly to be preferred since its minimum
y is smaller than that for a crystal, and the optlmum cell
length is considerably shorter.

Crystals are slightly more durable than sensitive bolometers
which are permanently damaged by power the order of 5 to
30 mW. Crystals, however, are certainly more varied in their
properties than bolometers, so some effort must be made in
selecting ““good” crystals on the basis of actual signal to noise
observations.

The actual type of crystal or barretter, and mount is
determined by the frequency region. Commercially available
mounts consist essentially of a holder of the sensitive element
and means for making d.c. connection to it, and means for
matching the R.F. power into the detector. Match is generally
achieved by a movable waveguide short circuit beyond the
detector, variable in position to provide reactive matching,
A screw variable in position along the guide and in depth of
penetration into the radiation field is placed ahead of the
detector to provide resistive matching. Such a mount can be
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CHAPTER XIV
ELECTRONIC APPARATUS

Tais chapter will concern itself with the assocnated equipments
such as amplifiers, presentation, Stark modulator, and power
supplies, that place little or no theoretical limitation on the
spectroscope but which involve nearly all the practical details
of building a reliable piece of equipment. The initial cost of
these units is not great compared with the continuing cost for
radiation sources and so great consideration should be given
to their overdesign to assure long, carefree service and easy
maintenance.

A. Stark Modulator. It has been indicated before that
modulation of the absorption frequency by means of the Stark
effect provides a convenient means of identifying the absorp-
tion in the presence of interfering signals. By “interfering
signals™ is meant the variation in detector output not due to
resonant gas absorption. Thus the source output may be
expected to vary slowly in a random fashion with time due to
small changes in the source input power, or room temperature
or pressure, etc. The detector output will also vary with time
if the source frequency is varied due to the variation of output
power with frequency, and due to the frequency dependent
transmission of the cell, and finally due to the frequency
sensitivity of the match into the detector. These variations
will all have frequency components related simply to the rate
at which the source is changed in frequency, as would the
absorption signal if it were not coded by the Stark effect.
The Stark modulation thus allows the absorption signal alone
to be converted to a higher frequency signal, preferably of
high enough frequency so that at conceivable frequency
variation rates the extraneous detector output will be negligible
compared to the true noise level. To avoid pickup from the
power lines the frequency should be less than the mains
frequency or at least ten times greater.
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An upper limit to a convenient Stark frequency is set by
two considerations. First, a modulation of the absorption
frequency has the effect of adding side frequencies or side
bands to an absorption line, separated from it by harmonics
of the modulating frequency. When the modulation frequency
is less than a frequency equal to the line breadth parameter
Av = (2n7)7L, the side bands are small in number and low in
amplitude so the net effect is to increase the line breadth by:

Aveg=Av |14 (L)z ] (XIV.1)
‘efi":. i\Ay) - . .
when f/Av < 1. This consideration means that the modula-
tion fundamental should be at least less than one-fourth the
expected line breadth. Since a line breadth parameter Av of
60 kc/s is achieved by a 1 in. X % in. Stark cell, a Stark modula-
tion frequency of 15 kc/s or less should be considered. The
crystal diode would have to be used for a modulation fre-
quency as great as this, and it would be slightly better to use
it at a higher modulation frequency to achieve a better value
for the detector noise figure. The actual improvement is
small however and the large gain in resolution should
more than compensate for this loss. Note, too, that if a
Stark switching frequency of less than 1 kc/s is used with a
thermal detector no unnecessary loss in sensitivity need be
suffered. . - T e e

Since the field must be either “on” or “off” in a square
wave fashion to allow perturbed lines to be established by a
unique field strength, the field should be established in a time
measured by about 1 per cent of the full on and off time. The
establishment of the field is represented electrically by the
charging of a capacitor, C, to a potential V. The charging can-
not be resonant, i.e., sinusoidal, and hence it represents a
total loss of electrical energy per charge and discharge cycle
of CV2, The power required is thus CV?f, increasing propor-
tional to the charging frequency. The modulator must be
bulkier for higher switching frequencies. First, because it
must be able to charge the cell in a time of about 1/200f
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which signifies a peak current handling capacity of at least
200fCV. Second, it must supply energy at a rate of CVZf.

The actual design parameters might be taken as follows.
For the switch frequency, either 10 kc/s or 700 ¢/s could be
used for a crystal or barretter detector system, respectively.
The capacity of a 1 in. X § in. cell is about 200 uuf per meter.
A voltage which may be readily and reasonably used is about
2500 V.

Fortunately, hydrogen thyratrons are available for use as
triggered switch tubes for switching frequencies less than
15 ke/s. These tubes allow a considerable gain in cfficiency
and simplicity over hard tubes.

A typical design would thus consist of a multivibrator
whose two anode signals are separately differentiated to yield
two separate sources of positive pulses which are spaced 180°
apart. These pulses are used to trigger two normally quiescent
blocking oscillators to generate large pulses at a low impedance
level. When these pulses are stretched to a few microseconds
length, they may be used as triggers for thyratron switch
tubes. A particular circuit is shown in Fig. 11. At switch
frequencies above 15 kc/s, the thyratrons must be replaced by
hard tubes, since the long hydrogen de-ionization time does
not allow potentials to be applicd to the thyratron sooner
than about 20 usec after it has conducted its switching current.
The circuit is readily adapted at higher frequencies through the
use of hard tubes as switching elements. The necessary larger
pulse grid drive voltages for hard tubes arc much less con-
venient than the simple triggering pulses for thyratrons.

B. Amplifier. The signal amplifier may be considered as
composed of two elements. The first is the input network, and
the second is the interstage coupling filters. The input nctwork
must be designed to transform the detector impedance into an
impedance at the input grid of the first amplificr tube such that
the minimum additional shot noise is introduced by the first
stage of the amplifier. For amplifiers of less than 1 Mc/s this
is accomplished simply by transforming the detector impedance
to as high a value as possible at the input grid. More precisely,
for an input to a triode with a transconductance of g,, the
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detector impedance should be large compared to 3[g,, ohms,
the equivalent shot noise resistance of a triode.

With a barretter having the usual 200-ohm resistance the
input circuit is most suitably a high step-up audio transformer.
Excellent audio transformers with approximately 200-ohm
primaries and several tens or hundreds of kilohm secondaries
are available. The transformer should be well shielded to
prevent magnetic pickup of extraneous signals.

For crystals a simple transformer is not suitable since
the source impedance varies violently with operating level.
With a few microwatts incident on the crystal the source
impedance will be about 10,000 ohm, while with a milliwatt
incident on the detector the impedance will be around
300 ohm. As a simple solution the crystal may be worked
directly into the grid of a triode with reasonably high g,,. At
microwatt levels the crystal impedance is so large that a
suitable triode will introduce no appreciable noise. At milli-
watt levels the crystal impedance is so low that the first
amplifier stage would introduce considerable additional noise
compared to a noiseless crystal. However, since the crystal
noise level is anomalously high at milliwatt levels, the first
stage shot noise will not be noticed. More elegantly, a series
resonant LC circuit may be used to step up the variable
crystal impedance to a consistently high level. The crystal and
grid terminal must be by-passed to ground for d.c. currents.
This is best accomplished by using a toroidal inductance of an
impedance in excess of 10,000 ohm at the signal frequency
with a d.c. resistance less than 100 chm.

The amplifier interstage filter network is most conveniently
made using a twin-T feedback circuit. This arrangement is
free from pickup difiiculties and is simply made. Simple
twin-T’s have a ratio of centre frequency to band pass width
of about 10. Thus a barretter amplifier at 600 c/s is con-
veniently made 60 c/s wide, while a crystal amplifier at
6000 c/s is about 600 c/s wide. We shall see later that these
widths are sufficient to allow an absorption to be swept
through at a rate of several times a second with no appreci-
able distortion. Such a width is convenient for absorption
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cocfficients the order of 10-®cm=' and larger, yet they are
quite broad enough to allow a considerable drift of the signal
modulation frequency with no significant loss in signal out-
put. A typical amplifier design is shown in Fig. 12.

To observe smaller absorption coefficients the amplifier
bandwidth must be furthcr narrowed. Narrowing the primary
amplifier would require critical circuitry and rigorous control
of the Stark modulation frequency. Hence further narrowing
is best accomplished by transforming the signal to zero fre-
quency with a linear homodyne detector which uses a sample
of the Stark modulation potential as a beat signal. This type
of detector is variously described as a phase detector, zero beat
detector, lincar demodulator, or synchronous detector. The
signal may now be narrowed in a stable fashion using an RC
filter. The capacitor only need be changed to vary the effective
bandwidth of the unit.

Some carc must be taken to make a stable, linear homodyne
detector. For a large bandwidth reduction the resulting
filtercd signal near D.C. will be small. This follows since the
detector cannot be operated lincarly with r.m.s. voltages
above about 1 V. Thus with a bandwidth reduction of 1000,
e.g., from 600 c/s wide to 0-6 c/s wide, the filtered noise signal
will be less than (1000) of the input when allowance is made
for detector loss. This is less than 30 mV of nearly d.c.
signal, hence a detector stability of better than 0-1 mV is a
necessity.

After filtering, the signal and noise arc best amplified by «
chopper amplifier since it is stable and the signal after ampli-
fication is convenicntly applicd to an oscilloscope, using a.c.
coupling. The signal modulated chopper carrier has the
further advantage of instantaneously defining the oscilloscope
zero base line about which it is symmetrical. Following this
amplification the signal may be synchronously detected again
in the chopper and the resulting D.C. uscd to drive a recording
milliammeter. A typical circuit for this de-re-dc-modulation
unit is shown in Fig. 13. In this unit the gain is switched with
the bandwidth determining capacitor so that the r.m.s. noisc
voltage output is a constant.
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110 MICROWAVE SPECTROSCOPY

C. Power Supplies. Electronically regulated power supplies
for klystrons, amplifiers, and demodulation units will not be
described. Their design is standard but it cannot be over
cmphasized that every care should be taken to make them
hum-free to within a millivolt, and free from corona. Over
design for carefree operation is certainly a wise investment.

D. Frequency Measurement. The apparatus for frequency
determination will not be discussed. The methods and

-0 +300V

Fig. 14. Sweep generator drawing

suitability are much too varied to allow a cursory discussion.
The instruments vary from the simplest resonant cavity to the
most complicated quartz crystal oscillator secondary fre-
quency standards. The problem in design here is not of a
technical nature but purely one of maximizing precision and
facility with the available funds.

E. Sweep Generators. Saw-tooth potentials to sweep
electronically the source klystron in frequency may be
generated with a blocking oscillator circuit as shown in Fig. 14.
This circuit yields a very linear sweep at low repetition rates
with reasonable resistors and capacitors.

It is well to indicate how the sweep rates are determined by
the signal bandwidth. The signal bandwidth B is determined
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112 MICROWAVE SPECTROSCOPY

by the R-C filter as B = «f/RC. Taking RC = 7, with an
input of v,(t), the output across C is:

[t
vo(t) - ;_c T‘ er v ()l . . (XIV.2)

In sweeping through a resonant absorption linearly with
time the input voltage is written:

(1) —.V/ll s (’At—"’)] .. (XIV.3)

where 1, is the time of passing through the peak, V, At is the
half width of the line in time. The solution of (XIV.2) and
(XIV.3) may be carricd out numerically and is shown in Fig,
15. For At > 7 the time shift of the line peak is RC. The
frequency shift is thus:
pe -7 W
ST T
dv
dt
Since v,(t) must have a maximum where it crosses v,(1) this
time shift causes a loss in amplitude which is second order in
RC. Finally, since the integrated filtered signal is independent
of RC, this loss in amplitude causes an apparent linc
broadening.
A rule of thumb for negligiblc distortion is to sweep
through an absorption line in about 20 to 50 filter time
constants.

where — is the sweep constant.
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APPENDIX 1
TABLE OF REDUCED ENERGY

(Reprinted by permission of G. W. King, R. M. Hainer
and P. C. Cross, and the American Institute of Physics,
from “The Journal of Chemical Physics,” 11, 27 (1943),
17, 826 (1949))
THE asymmetry parameter k = (2b — a — ¢)[(a - ¢), where
a, b, c equal hf8x1,, h[8w"L,, h[8=°I,,and a =- b - c.
Reduced energies for 0 << « = 1 may be obtained from the

table by use of the relation E T(k) — -- E_(~- k).
Rotational energy levels are given by

W.(a, b, ¢) = [(@ — )[213Q =- 1)h — [(a — )[2]E 2 (rc)h
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APPENDIX Il
LINE STRENGTHS

(Reprinted with permission of P. C. Cross, R. M. Hainer
and G. W. King, and the American Institute of Physics,
from*“The Journal of Chemical Physics, 12,222-235 (1944))

LINE strengths times 10%. First two columns on the left use
top sign for «; last two columns on the right use bottom sign.
J, 7|4,|¥’, 7) is given by entries with P, Q,R for J = J — 1,
J, J -+ 1 respectively:

(3, 7|2V, ') = (¥, 7| A,|J, 7)
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APPENDIX 1l

\. a and ¢ prolate-and-oblate sub-branches,

123

Sub branch « Sub-branch
Q10 £907.0 F1 F0.5 0 +0.5 *1 a.¢Qo,1 20,1
o1t e 15000 15000 15000 15000 15000 1 on lesn
D a0t 25000 28223 31100 32845 33333 20 2
oy 35 35000 45104 50431 52155 52500 350, 35t
I 0ol 45000 64494 70244 71708 72000 o ol
Soe s 516 e 55000 84696 90073 91399 91667 Ssioe 5t
60.0:—6 6],6, a 65«)0 104928 109923 ll|l74 11!420 66.0;6 66.‘,5
Tog -1 7 75000 125065 129799 131004 131250 Tron e
A A 85000 145135 149698 150871 151111 8a.0s 8017
oo o 90 s 95000 165170 169614 170764 171000 9.0 %1's
10 v o 10 10} oo 105000 185187 189544 190677 190909  10ya010 105010
Tht T 115000 205194 200484 210603 210834 Lt ot Thre
20 i 125000 225195 229434 230542 230769 12012 I
' 2, 8333 8333 8333 8333 8313 210 250
Vay 22 14583 16278 18811 21875 23333 Fih o
32 3 20250 26168 34242 39363 40500 1312 3o
Sy Sre Ly 25667 39338 52040 57742 58667 S S
e 253 30952 56179 72319 76548 77381 o P
Tye s Tys 4 36161 75597 91744 95646 96429 A T
e 7 s 41319 95950 111231 114943 115694 e 8
A AN 16444 116333 130792 134381 135111 91 9y
10,98 1079 7 51545 136551 150418 153921 154636  10gy's 10637
Tt ) o s 56629 156642 170100 173540 174282  1l,o1e T
2]_”; 10 122.“;_9 6’699 176660 189825 193210 193‘"0 lz"J'", le.QQ
o, 35,0, 8150 7403 6406  S944 5833 321 a2
07 o 15750 13221 13196 15598 18000 420 P
L S35 22000 19105 23397 30662 33000 Syo v
vl A 27857 26374 38620 47709 19524 6122 e
s Tys 2 33482 36237 57062 65399 66964 T2 T30
816 1 263 38958 49682 76155 83565 85000 Se0t 8y
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5.0 . 833 965 1174 1186 S0.5:-5 63.4;-1
beiie Tevs 2143 261 2707 1158 615 s Tevo
T2 By's 1 3750 4220 3560 488 Ty's -3 85's 1
9g'siy 1047 _3 7500 7603 1831 125 95y 1073
10550 leg 4 9545 8531 1026 9 105510 lges
Thpit 1249 -3 11667 8452 644 73 Hg'sy 12'¢'s
66.0: 7 M4 829 1039 132 60.6;-6 Ty.5:-2
Tots B e 1875 2160 2640 1942 1o s A
8624 95 si0 3333 3830 4213 1086 8,64 95’1
933 T 5000 5676 4833 447 93 s 10651
106 4:2 157: 2 6818 7575 3937 234 1046: -2 1177502
g sy 2553 8750 9349 2441 161 gy 1255,y
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Sub branch A Sub branch

R copy F1 w05 0 05 “aRyi Py,
oy, 8 5.3 625 546 462 3 Ty9:m By 6
81 9ean 1667 1465 1251 793 8y e g
93 10,5 3000 2056 2267 1069 9514 105'q 1
10743 oo 4545 4062 4368 1110 10072 T
”7_5.1 lzb.’.-l 6250 5()46 4336 1050 115.7._1 127.0'1

8 9 34 556 485 411 317 By g 957
Yy 10734 1500 136 1126 808 9 et 10,7 -3
10435 1's2 221 2407 208 1216 1055 _s g7 2
”s".‘ |27'o_| 4167 370"‘ 3209 l361 114.8.’4 ’26.7,-’
9 10g s, 500 436 369 290 9y x 10, -
lu:j}f ns...f o4 1195 1021 786 IO:.:' -1 nf',; ,f
Iy'y's 1245y 2500 2201 1904 129 s 6 1255 .3
“) Q l|9,5,6 455 “()7 335 265 101‘ 0. -4 llJ.'),-
Hioae 125 1250 1094 931 7l 1y 0y 1295 s
““'l"o 12'0.3‘1 417 363 307 243 “l'“'_w 123'10;_7

C. b prolate-and-oblate sub-branches

begT1 Q1) F1 405 0 205 -+ beQL.i beQia
| logimt 15000 15000 15000 15000 15000 log:- 1,
2 22 25000 21289 16667 12044  BA3  2rrg 202
32 303 3 35000 23196 14583 10583 8750 3 3503
4y Aoy 4 45000 22157 13527 10617 9000 43 440
Sie 3 Sos. s 55000 20634 13413 10753 9167 Sers Ssos

s e 60.6:- o 65000 19779 1348% 10801 9286 051"y 0600
e s To,-1 75000 19511 13559 10943 9375 Tor's Tyon
8172 A 85000 19487 13620 11008 9444 8% 85.0's
95 1 9.9, 95000 19524 13669 11060 9500 9,7 %909
10,9’ g 100 16, 10 105000 19565 13710 11103 9545 104 101,010
1211 _10 1202 12 125000 19633 13774 11170 9615 12,1 4p 1247017
2 2 8333 12044 16667 21289 25000 20— 2

3 i 14583 2447 28812 2MIT  MS83 3y 3
220 hy 2 20250 36119 31154 20622 15750 470 e
Sas -1 Sie s 25667 43650 28164 20038 16500 Siat Se1s
63 2 e 30052 45529 26402 20356 17024 6022 0514
Trs s Tie s 36161 43602 26163 20670 17411 T$ 1s Te s
820 4 8,7 s 41319 41002 26300 20926 17708 So2s 87
9,7 s 9 e 7 46144 39408 26465 21134 17944 925 9%
1075 10,03 Sis45 38815 26611 21307 18136 105 109y s
1,9 7 Tt 56620 38701 26737 21452 18295 1197 T
1210 -8 120 0 61699 38736 26846 21576 18429 12,54 1241 110
3 B 8150 10583 14583 23196 35000 30.3.-1 312:1

o 12200 15750 20622 315t 36119 20250 4y, 4120
Sy S5t 2000 32340 44017 32340 22000 5231 532
6330 614 -2 27857 45086 45920 20422 23214 6330 6422
Tye ot Ty's - 33480 8783 41862 29481 24107 Tosn 7523
83'5; -2 82.6; -4 38958 66715 39333 29932 24792 85_3,2 80.2 “
A 9,7 _s 44333 68174 38859 30348 25333 9533 9775
10374 1075 g 49636 65282 38980 30705 25773 1073 10575
Uy s 139 7 54886 61636 30182 31001 26136  1lyys 1927
123 ¢ 1271058 60096 59285 39377 31215 26442 1257 12050
' 4 9000 10617 13527 22157 45000 So4i-4 432
s Syar 16500 20038 28164 43650 25667 5,43 S
622 6330 23214 29422 45920 45086 27857 6242 633
Tos Tye 20464 30987 50402 39987 20464 Tya 1 Tosn
Be'so 85's -2 35417 52950 60829 38601 30694 840 8532
9 e, 963 41167 67954 55712 38960 31667 93y 933
1005 ) 1057 -4 46773 81732 52308 30466 32455 10y 107314
N7 -3 13 _s 52273 89952 51626 39938 33106 ;43 Hgy's
ll..s' -4 '23'9; _6 57692 9096' 51613 40360 33654 ]28'4 " 129.3.6
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Sub branch 3 Sub-branch

bQ1 be01,1 F1 F0.5 0 +0.5 *1 be01.1 b4Q1.1
Ssos Sants o167 10753 13413 20634 55000  Sos _s .
6514 6022 17024 20356 26102 45529 30952 615 s 614 2
7523 Tasn 24107 29481 41862 S8783 33482 Ty s Tye 1
8532 8t 30694 38601 60820 52950 35417 R 80t
9t 9451 36044  4R332 74882 48332 36944 9, 1 954"
1055's 10ys 42055 SOTA5 75820 47998 38182 10ve, 105 4.2
Hye, ey 48788 73900 69690 48463 39205 Hlge e
124903 e SM487 90148 65508  489R0 40064 1234 12,44
66.0.6 65.1.4 9286 10861 13484 19779 65000 6pe _¢ b5, -4
150 153 17411 20610 26163 43602 36161 Tie s 183
Se2e 8e3r 24792 20032 30333 66715 38958 Bye s I
9ot 95e 31667 3890  SST12 6795 41167 93er_y ore !
1054 105 38182 47998  75R29  SOMS 42955 1044 10540
T e M4 STH 00410 STM43  4M32  Ilge ) Hors
128 1259 2 50481 67590 00893 57486 45673 1244 o 12553
Tro. To.s 0375 10943 13559 19511 75000 Tos. 1 Tre. s
810 8ea's 17708 20926 26300 41002 41319 8,1 e 8o .o
97.1.5 96,3,1 25333 30348 38859 68]74 44333 91,7, -5 93‘(,' -3
1073s 1004 3455 30466 52308 81732 46173 100, 10ye s
TH TH 39205 4863 69690 73000 48788 113y s Hee _}
174 12ees 45673 57486 90893 67590  S0481 124, 12y
Ba.08 8110 0444 11008 13620 19487 85000  Bos 817 -4
% 97 7's 17944 20134 26465 39408 46443 Oy s 97 s
10520 10,4 25773 30705 38980 65282 49636  103a ¢ 1057, 24
T TH 33106 39938  S1626 89952 52213 MMia. s T
12y 128 10064 48989 65508 00148  SA48T  12gy . 1257 22
9.0 9.1:7 0500 11060 13669 19524 95000 99 o 951
1091's 108 2.6 18136 21307 26611 38815  S1S45 10y s 10386
1927 1y 26136 31011 39182 61636 54886 1yl s TH
1205 12504 33654 40360 51673 90961 57692 1235 ., 12084
10300, 100, 9545 11103 13710 19565 105000 100 10 10,5 s
T 1oy 18295 21452 26737 38101 56629 11,10 o ye o
1210208 1293 26442 31275 39377 59285 6009 12310 s 1259
Hypom T 0563 11139 13744 19604 115000 1o, _y, Hy 10,0
1241110 12028 18429 21576 26846 38136 61699 12,1,y 1210 s
124,002 12411110 9615 11170 13774 19633 125000 1245y 12441210
boQl1 bogr 1 F1 705 0 205 & boQi 1 beQT1
Zian 2171 8333 8333 8333 8333 8333 ini 2ian
377 n 14583 13160 11667 10173 8750 3370 351
st PH 20050 16126 12886 10584 9000  d3a 4
Sra 3 S8 s 25667 17823 13300 10751 9167 Sera Ssiiie
6rs s 616 s 30052 18716 13464 10860 9286 64 651's
Tre -4 T 36161 19158 13555 10943 9375 o e
e s 85 1 41319 19374 13619 11008 9444  Brp's 8510
I 9o s 46144 10487 13669 11060 9500 9y %rtie
1039:-7 10y 1o oo 51545 19553 13710 11103 9545  10g49 107019
T 1110 56629 19598 13744 11139 9583 1lpis 11160
12510 o 12y 12 1 61699 19632 13774 11170 9615 12yy7% 124311
35 3 8750 10173 11667 13160 14583 3,4, 322
s 42y IS750 18280 19208 18280 1S7S0  Ayyo: i
See Spe 2 2000 24936 23333 19781 16500 Sey Sena
Ooa 62’5 _3 21857 30089 25173 20331 17024 6431 657
e P 33482 33722 25014 20668 17411 To s Tore
Bye s 820 s 38958 36030 26251 20926 17108 8433 877e
939 ons 44333 37360 26455 21134 17044 9 3e %0 ss
103g s 10500, -2 49636 38072 26609 21307 18136 1057y’ 109 3 5
THo THP 54886 18443 26737 21452 18295  llgye T

210, 1 1241 -9 60096 38646 26816 21576 18429 12,037 1241 20
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Sub-branch X

LN bo0 1 £1 F05 0 05
41 4524 9000 10584 12886 16126
54,2,2 Si30 16500 19781 23333 24936
64‘“ 034 -1 2214 28237 30010 28237
7""0 7 3.5, -2 29464 35974 35396 20347
By o1 856 -3 41T 1T 31850 29017

4.6, -2 93.7,-4 41167 48149 38467 30347
104'7'_3 lo;_s'_s 46713 52121 38896 J0705
ll”;;_‘ 39, -6 52273 54738 39163 31011
129,-5 12510, -1 57692 56299 393713 31275
S50 S42.2 9167 10751 13300 17823
6523 31 17024 20331 25173 30089
To32 Teco 24107 29347 35306 35074
85.4.1 8 5,1 30694 38050  4306% 38050
95_5'0 9‘.0; -2 Jo944 46432 47757 38893
105 6. -3 10,.7; -3 42985 54266 50083 39458
115'7'_1 ”4.8.—4 48788 61181 51087 39937
1255 3 1249 _s S4487 66823 51551 40360
66.1,5 65.2.3 9286 10860 13464 18716
T624 7532 17411 20668 25914 33722
86,3 3 Byt 24702 29917 37850 42117
96.4.2 9550 31667 38893 47157 40432
1045 1 1055 - 8182 47745 53515 47745
1 16.6,0 1 15.7’ -2 44432 56495 60341 48430
1247 -1 124y 3 S0481 65013 62764 48985
77.I.6 76.2.4 9375 10943 13555 19158
872’ 86,33 17708 20926 26251 36030
9234 95.4.2 25333 30347 38467 48149
IOMJ 106.5.1 32455 39458 50083 54266
117.5'2 “0.6.0 39205 48430 60341 56495
12761 1267~y 45673 57370 68182  S7370
8“'7 87.2.5 9444 11008 13619 19374
952’6 954 17944 21134 26455 37360
10g.3,5 107 43 25773 30705 38806  S212
Hg e 11y S:Z 33106 39937  S1087 61181
12453 12; 67 40064 48985 62764 65013
9“ 8 08.2,6 9500 11060 13669 10487
109'2'7 103_3,9 18136 21307 26609 38072
Hg'y's Tho 26136 31011 39163 54738
129"'5 1235'; 33654 40360  S1551 60823
10,0.1.9 109_2'1 9545 11103 13710 19583
“10.2:8 119'3:6 18295 21452 20737 18444
1210.3'1 29_‘_5 26442 31275 39313 56299
“ll.l;lo “10.2,5 9583 11139 13744 10508
12,2 1031 18429 1576 20846 38646
1242111 12412 9615 11170 13774 19632
beR11e bePil ¥l F05 0 4035
09.0.0 Lo 10000 10000 10000 10000
1101 22.1'1 15000 15000 15000 15000
22'0;2 33.’ '2 25000 24086 22847 21;8*
33.0.3 4.1 3 35000 34083 32533 29584
4“).‘ 55'1'4 45000 44117 42585 3100
55.0'5 06,15 55000 54140 52653 49126
65.0:6 7“:6 65000  6H1SS 62702 59250
77.0.1 83.,'7 75000 74165 72737 69364
83.0;3 99'|'5 85000 84173 82763 79453
99.0,9 104019 95000 94179 02782 89522
10‘0.0'10 ”“.l,lo 105000 104184 102798 99576

o Zzvn 115000 114188 112810 10920

Sub-branch

+1 n.oolj b"QI.l
20250 44,1 43—
22000 242 5330 ‘
2214 34 -1 6434
2107 40 1532
24792 85.0.' 80.3;3
25333 94.2 7.3:4
25113 10743 10835
26136 Haa 36
26442 12945 121037
25667 Sy5:-4 S14;-2
27857 6,5 -3 034,-1
20464 T35.-2 1440
30694 Bs. _1 85.4.1
31667 9.0 9.4,
32455 1065y 107,43
33106 1752 5,44
33654 12453 12,45
30052 6y 6: -5 by5, -
33482 T)0,-4 5512
35417 83.6.—‘ 84.5:-1
36944 94.6: -2 95,50
38182 1056 -1 106,54
39205 60 352
40064 12761 12453
36161 T1.1,-6 71.6,-4
38958 8)1,-5 3,6;~3
41167 937 -4 9%.6,-2
42955 1047, -3 1056, 1
44432 g -2 He60
45673 1247 -1 127,61
41319 8).8.-7 82.7,~5
31 928,-6 93,7, -4
46713 1035 - 1047,-3
48788 s -4 Uy -2
50481 1258, -3 126,7,-1
46444 99 -x 98,~0
49636 1030 9 1058,-5
S1213 3o 6 Hygi-a
54487 12,05 1258, -3
51545 104 10, -0 10, 9,27
54886 N210, -8 13.9:-6
57692 310, -1 1240,-5
56629 Hy 41, =10 115.10,-8
0600% 2,11, -9 12.!.10.-7
61699 12442, -11 12211,-9

+1 5-*R|.| “'P;T
10000 0g.0,0 liso
15000 1o.1,-1 21,1
20000 2022 3y.3:-2
25000 303 -3 414,-3
30000 404 -4 51,854
35000 50.5:-5 61.6,-5
40000 %.0: -6 T1.7:-6
45000 70,7, -7 818,17
50000 8).8:8 9y.9;-8
55000 9.9; -9 10y 10, -9
60000 10g,10; -10 Hy gy, -10
65000 Ho gy, 11 112:-11
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Sub branch
beRya

o4, -1
1.1,0

Fl

95455
105416

20000
18750
28000
37500
47143
56875
66667
76500
86364
96250

25000
21000
30000
39286
48750
58333
68000
77121
87500

30000
23333
32143
41250
50550
60000
69546
79167

35000
25714
34375
43333
52500
61818
71250

40000
28125
36667
45500
54546
63750

45000
30556
39000
47721
50667

50000
33000
41364
50000

FO0.5

102958

21383
19563
23609
32338
42259
52226
62172
72110
82050
91993

20584
23919
24633
31500
41277
51336
61325
12mn
81200

39100
Jo161
27060
31018
40057
50269
60393
70407

49126
38383
31293
31553
38709
48913
59273

59250
48001
37664
33704
37729
47228

69364
58192
46127
37919
37878

794538
68479
56030
44472

15000

[}
0

105

16667
21079
28748
38409
48508
58609
68678
78720
88749
98767

22847
21079
22028
26305
31093
43935
54199
64411
74550
84638

32533
28748
26305
26801
31054
39046
49147
59638
70013

42585
38409
34093
31054
31211
35484
43709
54102

52653
48508
43935
39046
35484
35365
39679

62702
58609
54199
49147
43709
39679

2131
68678
64411
59638
54102

82703
78720
74550
70013

15000
16667
19503
23919
Jotol
38383
48001
58192
68479
78723
88911

24086
23549
23609
24633
27060
31293
37664
46127
56030
66512

34083
33165
32338
31500
31018
31853
33704
37919
44472

44117
43122
42259
21
40057
38709
37729
37878

54140
53091
52226
51336
50269
48913
47228

64155
63059
62172
61325
60393
59213

74165
73030
2110
11271
70407

84173
83002
82050
81200

+1

15000
16667
18750
21000
23333
25714
28125
30356
33000
35454
3T

25000
26250
28000
30000
32143
34375
36667
39000
41364
43750

35000
36000
37500
39286
41250
43333

Sub branch

bRy bopy i
Los 200
2100 3220
32,1 423,-1
43,2 S24,-2
514,13 6,.5,-3
Oy5, -4 2.6.-4
;l,h,—S 32.7.—5
1.7, -6 2.8,-6
N w1 10y9,-7
10y 9,8 o100, -8
11.10,-9 2.11;-9
2,0, 33152
3raa 4321
4220 53.3:0
53,1 63.4:-1
624,-2 73.5,-2
gzj.—s g9m.-3
2.6, 4 37,4
92.1,-5 1058, 5
1038, -0 34, -6
M39,-7 123 40,7
33.0.3 4443
4312 5422
S3,2,1 0431
6330 Tea0
;JA;—! 345.-1
3.5,-2 4,6,-2
93.6:-3 1047, 3
1059, 4 gy 4
lls.s. [3 12‘.9.-5
4404 Ss.1:4
Se.1,3 65.2,3
6422 Ts.3:2
;‘3.1 gSJ,l
4, $.5,0
9:;.24 g6, -1
1040,-2 7,2
Tya,-3 1258,—3
55.0.8 66.1,5
65.1:4 To,0:4
gs.z.s go.szs
$.3.2 6.4,2
135.4.! “l’o.s:l
520 6.6,0
Ns6,-1 1247,
66.0.6 T1.10
,7;“"“" gm.s
6.2,4 7,34
96.3,3 107 4:3
10642 Hys2
1,5, 12764
g1.o.1 ga 1
2.1, 8.2,6
"7.;.: 104 5,5
10734 Hyaa
3.4 12853
ga.o.a 3o,|.a
8.1,7 9.2,7
108,2,6 g3
Hgas 129 4.5
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Sub branch

SRy YoPI Fi
%4 -9 1040 -2 55000
10,9 _g ll; }2_, 35454
9 -5 12510 -1 43750
109 49, - 0 Hy g, - 60000
Iy 10, -9 120 2o 37917
o1, -11 12y 12,411 65000
beRTA bepr 1 F1
lite 292,-2 5000
2421 30.3:-3 10000
d1a:-2 40J.—d 15000
dy4,-3 50.5:—5 20000
31,5, -4 b0,6:-6 25000

1,6,~5 T0.7,-1 30000

1.7,-6 80.8.-8 35000
31.3,—7 99.9,-0 40000
91.9.-8 109,10; - 10 45000
104 10,-9 g 1y, -11 50000
y 1y:-10 129,42, 12 55000

21,1 312,- 1667
320 4:,;,..; 3750
423,41 51.4,-3 6000
S2.4:-2 6y 5:-4 8333
6,5,-3 1.6, -5 10714
72.6;-4 87 -6 13125
8,1;-5 981 15556
92.8,-6 10, g 18000
10597 1y 10;-9 20458
Hy40;-8 12y 11, -10 22917
‘3JJ:2 4120 1250
ey St 0
93,30 2.4;-2

63.4;-1 7)5:-3 7143
13,52 826 -4 9375
83.6:-3 2.,-8 11667
93,7;~4 10,5, —¢ 14000
1034, 5 a9 9 16364
H39;-0 122,10;-8 18750
4413 S3.2.1 1000
542, 6330 2500
04,31 T34,-1 4286
1440 83,5, -2 6250
8y.5,-1 936:-3 8333
946, -2 10374 10500
1042; - H3s s 12727
s, -4 1255 .4 15000
S5 6422 833
b52:3 43,1 2143
75.3.2 8440 3750
8541 945:-1 5556
95.5:0 104.6: -2 7500
105.6; -1 73 9545
Nga,-2 1248,-4 11667
b6.1,5 5.9 14
T6.0.4 8s'3 1875
86.3.0 5,4,1 3333
9%.4;2 10550 5000
104,31 g6 -1 6818
g0 12¢,7,-2 8750

F05

89522

18723
66512

99576
88911

109620

FO05
1226
16667
27406
38266
48829
59146
69327
79440
89517
99574
109619

2792

7602
14796
24389
35443
46736
57689
68283
18048
88882

1537
4022
7698
13138
20912
31041
42620
54434
65840

1162
2920
5148
8062
12161
18094
20418
37104

966
2475
4309
6389
8819

11954
16365

829
2170
3839
ST
1736
9912

[ Sub-branch

0 205 & beRIY bepLy
92782 94179 95000 %.0.9 104010
88740 02979 95455  10gy 4 1028
84638 91093 96250 1955 124037
102798 104184 105000 10 1
98767 102958 105416  1l,qy 1217
112810 114188 115000 11y gy, 2211
0 +0S$ +1 bRy i bePT
10000 12774 15000 1o 2102
21498 23874 25000 2,0 35003
32266 34065 35000 3142 4on
42535 44115 45000 1 S50
52643 54140 55000 S5t 60,06
62700 64155 65000 ou1is 701
72136 74165 75000 i 8508
82162  B4173 85000 8517 9900
92782 94179 95000 998 1010.0.10
102798 104184 105000 10y} 0 I11011
112810 114188 115000 11,1’y 2202
5168 10000 16667 2,5 -1 30
15000 22398 26250 3230 151
26797 33039 36000 132 Se1s
37916 43100 45833 Se22 05114
48405 5300 55714 0521 Tot's
S8S87 63050 65625 Tons 871
68672 73029 75556 872 917
78719 83002 85500 98.2.6 10518
BRT4 92079 95455 104 1010
08767 102958 105416 928 1231140
292 6941 18750 33— 4
8877 19900 28000 dyy_ i
10335 31792 37500 5330 64212
31685 42193 47143 0431 Tspy
43306 52219 56875 T532 8524
54046 62172 66667 B6.3.3 9721
64375 72111 76500 9,34 1052
74542 82050 86364 104y Iy 7
84638 91993 96250  llgyg 121024
1666 4522 21000 T 28-1
5238 16127 30000 Saai—2 130
12183 29700 39286 6341 e
23299 41022 48750 Teso 532
6249 51302 58313 85's1 96.3:3
48371 61321 68000 a2 10,34
50438 TI2IL T 10745 1g'ys
69962 81200 87500 1lggy 12556
1253 298 23333 Sy 8:m4 62.4;-2
350 11918 32143 61’5 -3 Tyg—1
7685 26263 41250 Ty's 2 B4 40
15266 39231 50556 8es 1 95’4t
27015 50150 60000 95's0 10542
40562 60377 69546 1045y 7'es
53190 70405 79167 1135, 124'¢4
1052 2102 25714 . To.5:-
2825 8386 MIS  Tye s 8 s
5485 21522 43333 8363 9481
10057 36378 52500 9462 105's:0
18108 48537 61818 105 g5y
30549 S9217 71250 Hlgeo 2’52
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Sub-branch « Sub branch
coRT.2 <Py 3 F1OF05S 0 05 41 seR wepyy
T1.00 8624 625 546 463 411 Togi1 826:-4
811s 9633 1667 1365 1267 1486 A 956 -3
9725 10542 3000 2656 2402 2962 9,7 s 1046 2
T g5t 4545 4065 4106 2604 10374 156y
THAN 12450 6250 5059 6816 1772 1473 12660
8y, - 556 485 411 341 8., - 975
%1 10,4 1500 1316 1129 1154 e s 105973
1052’6 Hygs 2721 2407 2110 2789 1075 1473
1g3's 12,55 4167 3705 3308 3519 s s 126723
9 0.0 1052, 00 436 369 298 99.0:-9 10,5,
105178 lgy's 1364 1195 1021 932 10108 Hyg s
1927 1254 250 2200 1910 2276 Th- 124s 4
10,00, tg.2.7 455 391 335 268 100,10, 10 1) 0-1
Mo 12,73 1250 1004 933 797 iy 2592
W01 120,28 47 363 307 24 Hoap;-n 123,10;-8
“+Rl.2 <oP12 F1 F05 0 £05 &1 eeRal Y
214 3,32 1667 956 423 103 2, 54 331
2,2:0 1.4;~3 3750 1742 609 118 32,20 413
2,3;-1 1S4 6000 2228 057 116 43,21 3,134
Sp6i-2 Lois 8333 2480 661 114 Se22 o1
6r's 3 e 10714 2590 655 112 6523 171
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Sub branch

beRT bopy 3
1101 18" 33
8116 9.4,2
9.5 104,5,1
10754 He.6.0
Hy43 1247,-1
8308 9934
%.1.7 107,43
1052, ITXY!
g 35 12764
99.0.0 1044,
109 5 g4
Ho a2 254
100.0,10 Hy 56
Mg 129,45
Hyon 124037

F1

625
1667
3000
4545
6250

556
1500
2121
4167

500
1364
2500

455
1250

417

F0.5
120
1932
3166

5221
7114

645
174
3158
4807

581
1583
2898

S8
1452

484

[$ Sub-branch
0 +0.5 1 heR3T bop3
916 1313 To.7~1 83.6:-3
426 2561 8).7,-6 94.6;-2
42]4 2032 02.1|_.5 105.6;—‘
5738 017 037 -4 U0
6113 21 1} PP 12761
816 1238 80.5.-8 93.7:~4
208 2870 9y ;-7 1045 -3
meT 3126 10,5 g gy,
5836 1752 M3g -5 127,04
7 143 9.9, -9 1044, -5
2008 2924 10y 9, g lys,-4
3676 4014 0.7 12g8,—3
667 1049 109,10, 10 30,6
1841 2831 1} 10,9 1250;_s
ol 964 Ho11;-11 123,40, -7




APPENDIX III

ROTATIONAL MAGNETIC MOMENT
MATRIX ELEMENTS

ROTATIONAL magnetic moment matrix elements on the space-
fixed Z(M) axis.
1. General Molecule

(J, K, M|pz|J, K, M)

- /”OM {g{*" —_]l 8wy }- K* [ F é’w + m/]

2 JJ+1) 2
b K [é’-{fs": Ew’ _ &y "«‘f{v*]}
JUJ+ 1) 2 2

oM PUED — KK 4 D
(J, K, MI/LZIJ, K ‘i’ ], M) - /IOM 4J(J + ])

X {ilK(gor - gu2*) - (K + 1)(grz + £20™)]
+ K(gzy + &ve®) -+ (K4 D(gy: + g2,
J, K, M|uz|J, K + 2, M)
A1) — KK + DITJ 4 1) — (K 4+ 1)K -+ 21
= HM T g+
X A{2(gyy —&er) 1 ilgay -V g Lo + &u T}
J, K, M|uz|d + 1, K, M)
10+ 12— KA[0 4 12— M‘%]_’*
20 + 1) 2+ DRI+ 3)
X AKQ2g,; — Faz — &u)
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(J, K, M|u,|J - 1, K £ 1), M)
L {U TRDUEK 04 - M)
2 - 1) )+ 123+ 3)
X {— K(ige, £ gy2) — (K L D@ge* ££,.%)
1K) gy g2 + 0K+ D(gs* 1 g}

oo 1
1o 1.2 e
Ko Mg J 1L K L2, M) RIS
{(J LK LK DU LKA 20 LKA ) A D* - M2
(2) -+ DI + 3)

L - ]
< {k (gu‘ =) 2H(& ey "l'é’ecy* Gy T <§’yw*)f

!

2. Special Cases

A. Linear Rotor (ground bending vibrational state): z refers
to nuclear axis, thus g,, = gy, ¢., = 0,

J, M|uz|J, M) = puyMg,.,
B. Symmetric Rotor: z refers to symmetry axis, thus
O S oYY
(, K, Mpg|J, K, M) = pigM{g., + (822 — 8.0K3IJ 1 D}
J, K, M|u,|J + 1, K, M)
e~ ) [0+ 1P KA - D M)
J+1 (2J - 1)(23 1 3)

Note: the total matrix may be constructed from its hermi-
tian property. The g,,'s are dimensionless and defined by

§ug’ T /’ny'//uo
where y, is the nuclear magnetron, y, = ehf2M,c.
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ABSORPTION cell length, 91
Absorption coeflicient
General, 71
Linear rotor, 74
Non-resonant, 74
Angular momentum
Electronic, 57
General, 2
Spin, 37, 75
Vibrational, 19, 21

CENTRIFUGAL distortion
General, 28
Linear rotor, 29
Symmetric top, 29

Commutation relations
Angular momentum, 2
Coordinate, 34
Direction cosine, 3
Harmonic oscillator, 21
Spin, 33, 78

Continued fraction expansion, 12,

13, 23, 46, 58, 85
Conversion gain, 90

DENSITY matrix, 64
Diagonalizing transformation, 13-
15

ELECTRICAL breakdown, 98
Elcctric dipole moment

Gencral, 45, 64

Nuclear, 31

Symmetric top, 48
Energy

General, 1

Quadrupole, 32

Reduced, 7, 116

' Energy (contd.)—
Rotational, 2,17

and electronic, 57, 59, 62

and spin, 76

and vibrational, 21
Spin-spin, 76-77
Vibrational, 20, 22, 82

. FREQUENCY stabilizer, 94
| «, asymmetry factor, 6

| LINE breadth, 71, 73, 95, 103
Line strength, 41, 50, 72, 122

! MA'1RIX clements
Angular momentum, 3, 5, 16, 17
Coordinate, 34
Dircction cosines, 4
Harmonic oscillator, 22, 82
Hindering potential, 82-84
Reduced eacrgy, 7, 10, 15
Rotational enecrgy, 5-7
Spin, 78
Symmetrizing transformation, 9
Molecular susceptibility, 65

Noist
Amplifier, 90, 104
Detector, 90
Guide, 96
Oscillator, 89

REciPROCAL moment of inertia,
6, 26, 27, 63
Rclative intensities, components
Quadrupole, 43
Stark, 74
Zeeman, 74
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SATURATION of absorption, 73 Stark effect (contd.)—

Secular determinant. 9, 79, 80, 83 Linear rotor, 49

Selection rules, 43, 51, 52, 61, 73, Symmetric top, 48
74, 80, 85, 86 Sweep rate, 111, 112

Stark effect
Degeneracies, 47, 48

General, 47
Higher order terms, 53 WIGNER cocfficients, 37

7, rotational state index, 17, 18
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