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FOREWORD

If there be any lingering doubts as to the wisdom of doing deeply funda-
mental research in an industrial laboratory, this book should dissipate
them. Dr. Shockley's purpose has been to set down an account of the
current understanding of semiconductors, an understanding which inci-
dentally is comprised in no mean degree of his own personal contributions.
But he has done more than this. He has furnished us with a documented
object lesson.  For in its scope and detail this work is obviously a product
of the power and resourcefulness of the collaborative industrial group of
talented physicists, chemists, metalurgists and engineers with whom he is
associated. And it is an almost trite example of how research directed at
basic understanding of materials and their behavior, "pure" research if
you will, sooner or later brings to the view of inventive minds engaged
therein opportunities for producing valuable practical devices.

The program of work which Dr. Shockley leads was aimed at under-
standing a kind of materials, the semiconductors, which had already
received considerable application in the communications busness in the
form of rectifiers, regulators and modulators. Not only were improvements
in such devices hoped for but the possibility of creating an amplifier was
envisioned. In the course of three years of intensive effort the amplifier
has been realized by the invention of the device named the transistor.

It would be unfair to imply that any and every fundamental research
program may be expected to yield commercially valuable resultsin so short
a time as has this work in the telephone laboratories. To achieve such
results, careful choice of a ripe and promising field is prudent and a clear
recognition of objectives certainly helps, but there should be no illusions
about the necessity of a large measure of good luck.

Solid state electronics, or transistor electronics as Dr. Shockley now calls
it, preceded and in one respect has always excelled vacuum electronics.
Thisis true in communications engineering at least, for the crystal wireess
detector preceded the audion and it is still the best detector when the going
gets tough, as in microwaves. Nevertheless in the past forty years the
vacuum tube is the tool which has shaped the whole electrical intelligence
transmission art. It is an art traditionally based upon highly stable
amplifiersin which distortion isrigorously suppressed and upon modulators
in which distortion is precisely tailored to a useful purpose. Evidence is
already strong that transistor devices will be developed having character-

istics suitable for such exacting uses.
vii



viii FOREWORD

The newer methods of transmission by quantizing and time splitting,
together with related fields such as electric computing, require large
numbers of low power amplifiers and gating and flip-flop circuits to handle
pulses and stepwise current changes. Transistor devices are being found
to have unique advantagesin thistypeof circuitry. They aretiny, fast and
efficient. Here the science of transistor electronics which Dr. Shockley
and his colleagues have so effectively launched promises to lead into a new
era of technology.

R. BowN, Director of Research
Bell Telephone Laboratories



PREFACE

The hole, or deficit produced by removing an electron from the valence-
bond structure of a crystal, is the chief reason for existence of this book.
Although the hole and its negative counterpart, the excess electron, have
been prominent in the theory of solids since the work of A. H. Wilson in
1931, the announcement of the transistor in 1948 has given holes and
electrons new technological significance. From the theoretical viewpoint,
the hole is an abstraction from a much more complex situation and the
achieving of this abstraction in alogical way appears inevitably to involve
rather detailed quantum-mechanical considerations. From the experi-
mental viewpoint, in contrast, the existence of holes and electrons as
positive and negative carriers of current can be inferred directly by the
experimental techniques of transistor electronics so that holes and electrons
have acquired an operational reality in Bridgman's sense of the word.
Furthermore, the new experiments have established the quantitative
aspects of the behaviors of holes and electrons with sufficient accuracy
for many of the purposes of transistor electronics. Thus, in the level of
abstraction, there is a great difference between theory and experiment;
this difference is reflected in the organization of the book.

In Part |, only the simplest theoretical concepts are introduced and the
main emphasis is laid upon interpretation in terms of experimental results.
This material is intended to be accessible to electrical engineers or under-
graduate physicists with no knowledge of quantum theory or wave me-
chanics. It should serve as a basis for understanding the operation of
transistor devices and for elementary design considerations.

Part | | | , at the other extreme, is intended to show how fundamental
quantum theory leads to the abstractions of holes and electrons. In order
to make the spirit, if not the details, of these mathematical investigations
accessible to readers without extensive training in theoretical physics, an
introductory discussion has been prepared. This material, presented in
Chapters 13 and 14, is intended to answer questions that frequently arise
about wave functions and their interpretation. Chapter 14 makes con-
siderable use of electrical engineering analogues and covers most of the
basic quantum-mechanical principles needed for the subsequent treatment
of holes and electrons. Part | | | aso contains an introduction to statistical
mechanics and other topics applicable to the theory of electronic conduction

in crystals.
[



X PREFACE

Part Il attemptsto bridgethegap between Parts| and | | | by presenting
the reasoning and results of Part | | | in pictorial and descriptive terms.
The closing chapter of Part |l reexpresses some of the theory in analytic
form useful for quantitative studies of transistor phenomena. This
chapter has also been used as a repository for some late developments in
transistor electronics.

Problems follow many of the chapters. Some of these are simply
numerical examples intended to give the reader a feeling for the orders of
magnitude involved, others are intended to supplement or extend the
mathematics in the text, and still others contain results which might well
be discussed at length in the text but which have been seated as problems
in the interests of brevity.

The endeavor to probe deeply into the logical consequences of the funda-
mental theory, to reduce these consequences to pictorial terms and to find
experimental counterparts to the theoretical concepts is in keeping with
the philosophy of research at Bell Telephone Laboratories. Theinvention
of the transistor occurred in connection with a research program based on
this philosophy and the development and content of this book reflect the
same philosophy. The modus operandi of research programs like that
associated with the invention of the transistor is to seek primarily for a
fundamental understanding of the phenomena being investigated while at
the same time remaining alert for possble applications.

| have frequently found it helpful in my own thinking to consider that
fundamental understanding for many solid state problems is achieved
when four questions can be answered:

(1) What are the atomsinvolved and how are they arranged?

(2) How did this arrangement come into being?

(3) How does this arrangement lead to certain mechanisms of electronic
and atomic motion ?

(4) How do these mechanisms give rise to the observed properties?

In terms of these questions, the phenomena of conduction are understood
and so is carrier injection by p-njunctions. Many other phenomena dis-
cussed in this book are understood in so far as question (4) and part of
question (3) are concerned; a completion of the understanding of some of
these phenomena is currently a major research aim.

This book had its origin in a series of lectures given at Bell Telephone
Laboratoriesin connection with the growth of the transistor program. It
thus owes its existence basically to the invention of the transistor by
J. Bardeen and W. H. Brattain. Its content and organization have been
influenced by expositional needs discovered during the lectures. The
emphasis is accordingly on those materials and phenomena that are most



PREFACE XI

prominent in transistor electronics and numerous other semiconductors
and effects are omitted entirely.

The preparation of this book has required support in a variety of ways.
The encouragement and constructive criticism of R. Bown, J. A. Morton,
R.M.Ryder, W. G. Pfann, L. A. Meacham and J. J. Markham have been
of great value and haveresulted in particular in the arrangement of Part I,
the existence of Chapter 14 and various improvementsin Chapters 15 and
17. For other assistance, | am indebted in particular to R. D. Heidenreich
and also to J. Bardeen, G. C. Danielson, W. G. Dow, J. B. Johnson, C.
Kittel, K. G. McKay, P. H. Miller, Miss D. J. Oxman, F. Seitz, Mrs. G. V.
Smith, L. Tisza and many others. W. van Roosbroeck has commented
on nearly the entire manuscript, has carried out the calculations for many
of thefiguresin addition to undertaking responsibility for theindex. The
figures themselves have benefited greatly from the efforts of Sidney Lund
and the late B. A. Clarke. The very tedious and difficult task of typing
the several drafts has been admirably handled by our transcription depart-
ment. The problem of organizing the work and keeping track of the
many details has been solved for meby Mrs. E. M. Sparks. Theencourage-
ment and cooperation of Jean B. Shockley have been essential to the work.

October 21, 1950 WILLIAM SHOCKLEY
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LIST OF SYMBOLS

Most of the symbols used fall into four broad classes distinguished by
different type faces:

Lightfaced Italicc.  Ordinary magnitudes, components of vectors, con-
stants of various sorts: a, B, x, E. P_ p, r, U,

Boldfaced Italic. Vectors:  E,H,R,P,p.

Boldfaced Roman. Quantities whose functional dependence on other
quantities is to be emphasized such as wave functions y, A, a, p and the
Fermi-Dirac function f.

Script.  Quantities and operators on an electronic scale such as H the
Hamiltonian operator, & for energy, R and S for operators. Also the
thermodynamic functions F for free energy and § for entropy.

SUBSCRIPTS

The following subscripts occur frequently and are not repeated in all
cases in the main list:

a, c,d, v, G, F: acceptor, conduction band, donor, valence-bond band,
energy gap, Fermi level.

b, ¢, e, J: base, collector, emitter, and junction point of Figure 4.1.

n,p: apply to electrons (negative) and holes (positive) also to n-region
and p-region.

i: intrinsic, especially in Section 12.4.

s: a particular quantum state.

P: Crystal Momentum.

L, M: practical and M.K.S. units, Section 8.8.

i,.j, k, a, B, y, a, b, c: sometimes stand for integers distinguishing
individual members of sets of similar quantities.



XX LIST OF SYMBOLS

MAIN LIST

In the following list chapter numbers are integers, i.e. 5, section numbers
are decimals, i.e. 15.3, and equation numbers are in parentheses followed
by the section numbers in which they are found, i.e. (3) 14.8. Where
references are given they refer to definitions or important applications of
the symbols concerned.

a, a,, a, a, lattice constant, unit vectors, or periods of other periodic
structures; 5,3, (3) 14.8, 15.3.

a: a decay constant; 12.6.

A, A, A, A, A, etc: extent of a periodic structure; 5.4, 5.5, 14.8.

. antisymmetric wave function; (6)15.7.

: vector potential; 15.6.

: symbol for base of transistor; 2.2.

: ratio of electron mobility to hole mobility; (4) 3.1, 12.9.

: separation constant in filament; (9) 12.6.

., BM, B: magnetic flux density.

B = P/h: (11) 14.8.

B: halfwidth of filament; 12.6b.

¢: generally speed of light.

c: speed of sound; 11.3 and 17.

c: separation constant in filament; (9) 12.6.

cij: elastic constants; 17.6.

Cii: average longitudinal elastic constant; 17.6b.

C: capacitance; 14.2, 15.3.

C: halfwidth filament; 12.6b.

D, D, D, diffusion constants; 12.3.

e: absolute value of the electronic charge; (e = ¢ in 12.)

e: base of Naperian logarithms.

exp (x) = €.

E, E: electric field.

&, &(P), &, etc.: energies of quantum states, energy differences; 5, 9.

S S S A

Thermodynamic energy of system; 16.
f:  frequency.
f, f: Fermi-Dirac distribution functions for electrons and holes; 10.1,16.1.
F: force.
3" free energy; (44)16.1.
g: hole-electron pairs generated per unit volume per unit time; 12.2.
g, G: reciprocal vectors; 14.9.
g(x): even function; (3a) 14.8.
G,,: unitvector; (5) 17.3.
h: Planck's constant.
h = h/2x: Dirac's h.
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JET, Hy, H: magnetic fidd.

DC: Hamiltonian operator or function; 6.4, (26) 14.3.

1= -

ip, ic, €tc.: ac components of current; 2.2c.

iy, 1y, iz unit vectors.

I, 1o, 1p, 1 p: current densties and components, d-c total currents.

k: Boltzmann's constant; 10.1.

k = P/h: wave vector; (7) 17.3.

K, K': congtantsin (1) (7) 7.5.

K.E.: Kinetic energy either classical or quantum; (23) 14.3.

I, In: mean free path; 8.8, (29) 11.3, 11, 17.

In: logarithm to the bass e.

log: logarithm to the base 10.

L: length. Inductancein 14.2.

£: linear operator; 17.4.

m: mass of electron (except in 17).

me: e 17.1.

myy my: effective masses, (5) 7.5, (4) 7.6. (Also 12.)

n: density of electrons in conduction band; (1) 1.3, 10, 12.

N: a number of countable entities or a density of them.

N@&): (1)9.1.

Nc, N,: effective densities of states in bands; (12)(14) 10.3, 16.2.

Na, Ng, N;: densities of acceptors and donors; 9.2. lons; (32)11.4.

Ng: number of atomsin crystal; 5.5, 17.3.

Nx, Ny, Nz Nj N, N3z number of unit cels along edge of periodic struc-
ture; (6) 14.8.

p: density of holes in valence-bond band; (1) 1.3, 10, 12.

P, p: momentum of electron, quantum and classical; 6.4, (18) 14.3.

pa: (5) 15.6.

P, P, P, Py crystal momentum; 5.5, 7.5, 14.8.

g: absolute value of electronic charge in 12.

q,qi: coordinate; 6.4, 17.3.

g: position plus spin of electron; 15.7.

Q: number of systems; 16.1.

2: Permutation operator; 15.7.

r: resstance for small ac signals; 2.2.

r: hole-electron pairsrecombining per unit volume per unit time; 12.2.

r, r: position vector and radius.

R: resistance.

RH, R, Ry : Hall constant; 8.8.

Rg OR, Rt : vectors describing nuclear positions, points in a crystal etc.;
14.8, 17.

s. surface recombination velocity; (4) 3.2, 12.6.
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s spin quantum number; (1) 15.7.

s, S number of quantum states; 11, 17.

S: entropy; 16.

t: time.

T: absolute temperature.

u(x): odd function; (3b) 14.6.

Up(r): periodic factor of Bloch function; (5) 5.5, 14.7, 14.8.

u(r): Potential energy of electron; (6)5.2.

v, v: velocity; 6.

Vg, Vo group and phase velocity; 6, 15.1, 15.2.

VbVcv: ac voltages, 2.2.

Vb, V¢, Ve d-c voltages;, 2.2, 12.5.

V: volume of crystal; 6.

dV: with various subscripts for elements of volume in various spaces.

Vp: volumein Brillouin zone.

V: potential energy of nuclei; 11.3.

w: wave packets in 15.

W: number of ways of achieving a distribution; 16.1.

Wiy Wij: transition probabilities; 11.2, 17.2.

T9: see Figures 14.3 and 14.5.

Xy X, v, Y, z, Z: position coordinates.

Z: nuclear charge; 9.2. Partition function; problems 16.

a: "alpha" for current multiplication in transistor; (3) 2.2.

2, &" equivalent circuit alpha; Figure 2.7, (10) 4.1. Intrinsic alpha;
3.1c, 4.5.

a: spin wave function; 15.7.

f3: fraction of injected current reaching collector; 4.1, 4.4.

3: spin wave function; 15.7.

7: fraction of emitter current carried by injected carriers; (3) 3.1.

ot. Kronecker delta function, =1 forr = sand = Ofor r 5" s.

. dilatation; (17) 17.6.

V: the vector operator, subscripts indicate coordinates involved.

c: symbol for emitter.

g,: M.K.S. permittivity.

€(2): sign of permutation; (6) 15.7.

c: (13) 12.6.

n: (13) 12.6; 15.6.

0, 0,: Hall angles; (2) 8.6, (16) 11.4.

K = K dielectric constant.

X: wave length.

p: M.K.S. permittivity of free space.

M, M, B, mobility, drift mobility, Hall mobility; 1, 3.1, (8) (9) 8.7.

v: frequency.
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v: decay constant; (5) 12.6.

p: resistivity.

p: charge density; (12) 12.4.

Pi: density of quantum states; (6)11.2.

a: conductivity; (1) 1.3.

T, T, r; lifetimes of holes and ofelectrons and transit time; 4.1, (14) 12.2.

T, T(V), T.: mean free time, 8; relaxation time, 11; mean free time be-
tween collision, (12) 11.2.

T,, T,: Hall mean free time; mean free time for mobility; (1) (2) (3) 5.9,
(16b) (23) 11.4.

@, on, pp: Fermi and quasi-Fermi levels; 12.3.

@: scalar potential; 15.6.

®: angle in cylindrical and spherical coordinates.

O, ®i, D, (n's): wave functions; 17.1.

®: wave function of crystal and one excess electron; 17.1.

x: wave function; (1) 15.7, 12.1.

: electrostatic potential; 12.3.

p: Bloch function; (5) 5.4, (1) 14.8.

w = 2uv = 2uf: circular frequency.

12: energy surface; (5) 11.2.

() : (x) means average value of x.
 E = dE/ar

*u,* = complex conjugate of u,.
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3. Quantitative Studies of Injection of Holes and Electrons
4. On the Physical Theory of Transistors
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Selected Articles Closdy Related to Transistor Work
(Most of the references quoted extensively in the text are omitted from this list.)
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CHAPTER 1

THE BULK PROPERTIES OF SEMICONDUCTORS

Between 1940 and 1950, the understanding of semiconductors was very
greatly increased. During that decade a substantially complete picture
was developed of the energy level schemes and motions of electrons
in silicon and germanium. This understanding is an outgrowth of the
research and development program on crystal rectifiers undertaken in con-
nection with the radar program during the war and continued in several
laboratories thereafter. Some of the wartime work was carried out in the
Radiation Laboratory of M.1.T., which operated under the supervision of
the National Defense Research Committee. The Radiation Laboratories
Series volume Crystal Rectifiers' by H. C. Torrey and C. A. Whitmer reports
this program and mentions in particular as chief contributors to crystal
research and development in England: the General Electric Company,
British Thompson-Houston L td., Telecommunications Research Establish-
ment and Oxford University; andin the United States: the Bell Telephone
Laboratories, Westinghouse Research Laboratory, General Electric Com-
pany, Sylvania Electric Products, Inc., and the E. |. du Pont de Nemours
and Company. It is aso pointed out that the crystal groups at the
University of Pennsylvania and Purdue University, who operated under
N.D.R.C. contracts, were responsible for much fundamental work.

With the advent of the transistor, the role of semiconductors in elec-
tronic technology has assumed much greater prominence. In addition,
techniques developed in connection with the transistor program have led
to new experimental information concerning the basic processes of elec-
tronic conduction in semiconductors. Occupying a central position in
these researches are germanium filaments and micromanipulators, like
those shown in the frontispiece. These filaments play the same role as do
the tubes in vacuum and gas discharge electronics. In fact a close analogy
can be drawn between the science and application of conventional elec-
tronics and those of the new electronics of transistors. We shall accord-
ingly use the phrase transistor electronics to designate the field in semi-
conductor physics that covers fundamental processes, the analysis and
design of devices and the theory of their circuit applications. All of these
subjects are treated to some degree in the following chapters.

The semiconductors of interest in transistor electronics are electronic

! McGraw-Hill Book Company, 1948,
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rather than ionic conductors. In ionic conductors a substantial fraction
of the current is transported with an accompanying motion of the ions.
Since the positions of the ions and atoms determine the physical structure
of the material and its chemical composition, ionic conduction produces
radical changes in the sample. In electronic conductors, however, the
atoms stay in the same positions. They may lose or gain electrons during
the conduction process, but the structure and chemical composition are
unaffected.

11 EXCESS ELECTRONS AND HOLES AS CURRENT
CARRIERS

Basic to the theory of semiconductors is the idea that electrons can
carry current in two distinguishable and distinctly different ways: one
being called by "excess conduction”, "conduction by excess electrons", or
simply "conduction by electrons” and the other being called "defect con-
duction" or "conduction by holes". The possibility that these two proc-
may be simultaneously and separably active in a semiconductor
affords a basis for explaining transistor action.

The quantum mechanical explanation of these processes in terms of
"energy bands" and "Brillouin zones" is well developed and is one of the
chief topics dealt with in the following chapters. In this introductory
chapter, an elementary survey of the behavior of electrons in silicon and
germanium will be presented. The general features discussed here are
then explained on a more advanced level by the theory in the later
chapters.

* Silicon and germanium form what are called "covalent crystals", the
atoms being held together by "electron-pair bonds" formed by the valence
electrons. Preparatory to considering the electronic structure of the
crystals, we shall first describe the covalent bond in the hydrogen molecule,
which has the simplest electron pair bond. Figure 1.1 represents two
hydrogen atoms and a hydrogen molecule. Each atom consists of a
proton and one electron. The proton weighs approximately 2000 times
as much as the electron and is a relatively immobile particle about which
the electron moves in its orbit or quantum mechanical wave function.
(We shall discuss the interpretation of wave functions further in Chapters
5 and 14.) In an isolated atom, this wave function has spherical sym-
metry, and the electronic charge is distributed on the average as a dif-
fuse sphere centered about the proton. When the two atoms are brought
close together, interaction between the wave functions of the two electrons
takes place, and the electronic clouds become modified as suggested in the
bottom part of Figure 1.1. Theresult is to produce an extra accumulation
of charge between the two protons which acts to bind them together.
According to quantum mechanical laws associated with the "Pauli exclusion
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principle", the bond is especially stable when it contains precisely two
electrons. It is weakened considerably by removal of one electron and is
not greatly strengthened by the addition of a third electron. This special
stability of the electron-pair bond or covalent bond is a fundamental fact
of chemistry which is now quite well understood on the bads of wave
mechanics.
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FI1G. 1-1—Electron-Pair Bond in the Hydrogen Molecule.

In the periodic table of the elements, as shown in an appendix, covalent
bondingisespecially important in theelementsof Class| | | which, according
to Hume-Rothery's classification, form valence crystals}* The elements
carbon, silicon and germanium which come in group 1V of the table have
atomic numbers, usually denoted as Z, of 6, 14 and 32. These numbers
are equal to the charge on the atomic nucleus measured in units of the
electronic charge. A neutral atom thus has a nuclear charge of +Ze
surrounded by Z electrons each of charge —e.

The dements carbon, silicon, and germanium have the common feature

1se L. Pauling, The Nature of the Chemical Bond, Cornell University Press, 1939.
1a\W. Hume-Rothery, " The Structure of Metals and Alloy," Institute of Metals, Lon-
don (1936) revised 1950.
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F1 G. 1-2—TheElectronic Structures of Car bon, Silicon, and Ger manium Atoms.
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F1G. 1-3—The Diamond Structure, Showing How Each Atom Forms Four Bonds
with Its Nearest Neighbors.

(The lattice congtant, denoted by a, is the cube edge in this figure  For diamond,
dlicon, germanium, and gray tin, itsvalue is respectively 3.56, 5.42,5.62, and 6.46A
where 1A = 1 angsrom = 10-° cm. The distance betwean nearest neighbors is

3/16 a. Thefigure shows 18 atoms, but only 8 really belong to the volume *&;
sncethe8 corner atomsareeach shared by 8 cubes they contribute only 1; the 6 face
atoms are each shared by 2 cubes and contribute 3; and there are 4 atoms wholly
insde the cube  The number of atoms per cm? is thus 8/a° = 17.7, 5.00, 452 and

282 X 107 respectively.)
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indicated in Figure 12 of being tetravalent. Although they poses re-
spectively 6,14, and 32 electrons all together, in each case only four of these
are able to enter into chemical reactions. The remaining electrons are
closdly bound to the nucleus producing a stable "ionic core’ having a net
charge of +4 units. This core can be regarded as completely inactive so
far as electronic processss in chemical reactions and in semiconductors are
concer ned.

Each of these atoms tends to form covalent or electron pair bonds with
four other atoms. This tendency is completely satisfied in the diamond
structure which.is the crystalline form of all three elements. This struc-
ture, shown in Figure 1.3, is a cubic arrangement and may be regarded as
made up of eight interpenetrating, simple cubic lattices like the one for med
by the atoms on the eight corners of the large cube shown. Although in-
teresting features in the theory of conduction in the diamond lattice arise
from the detailed nature of its crystal structure, from the point of view of
this chapter we are interested only in the feature represented in the upper
left-hand corner of Figure 1.3. This part of the figure shows that each
typical atom is surrounded by four neighbors regularly placed about it,
with which it forms four covalent bonds. These neighbors are arranged
on the corners of a regular tetrahedron in conformity with the known
chemical behavior of the tetrahedral carbon atom.? For purposes of dis-
cusson of the conductivity in these crystals, we shall represent the three-
dimensional array in two dimensions as is shown in Figure 1.4, indicating
that each carbon atom forms an electron-pair bond with four neighbors.
The crystal is, of course, electrically neutral as may be seen by considering
one ionic core and its share of the charge in the four electron-pair bonds
which surround it. Each such unit is electrically neutral as shown in (b).
When impurity atoms are present, as we shall discuss later, units like (b)
are not always electrically neutral.

On the bads of this valence-bond structure we can intuitively see why
diamond should be an insulator. Although it contains a large number of
electrons, as does a metal, the covalent bond is an entirely different struc-
ture from the metallic bond. The metallic bond is frequently described
by saying that the electrons behave substantially like a gas of free electrons
producing a uniform cloud of negative charge in which the positive ions of
the metal float. In the case of diamond, however, the electrons do not
behave like a gas permeating the crystal but instead more closely resemble
structural elements which hold the crystal together. In an ideally perfect
crystal, each valence bond would contain its two electrons; therefore,

2 Long before the arrangement of atoms in the diamond crystal was established by X rays,
the organic chemigs had concluded that carbon formed four bonds at the tetrahedral angles—
atruly remarkable inference from observations of the optical properties of solutions of organic
compounds
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every electron would be tightly bound and thus unable to enter into the
conduction process. The situation may be crudely represented by the
analog of an automobile storage garage in which one floor is completely
filled with automobiles. In this case, no flow of traffic would be possible.3

Conductivity can be produced in diamond, however, in a number of
ways, all of which involve destroying the perfection of the valence bond
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LATTICE WITH BONDS REPRESENTED
BY LINES

FIG. 1-4—Electrons in the Diamond Structure.

structure. Thus if high-energy particles or quanta of radiation fall upon
the crystal, they can break the bonds. Conductivity in diamond induced
by bombardment in this way has recently received considerable prominence
in connection with "crystal counters' which have been used to detect
nuclear particles and in experiments on electron-bombardment induced

2 The theory of energy bands, discussed in Chapter 5, espedially Section 5.6, shows how
theremay be a continuous transition from valence-bond structures to metallic structures. On
this bass the metallic properties of tin and lead do not contradict the theory presented here.
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conductivity.* In Figure 1.5(a) we represent a photon delivering its
energy to an electron which is gjected from one of the bonds® This ejected
electron constitutes a localized negative charge in the crystal as shown in
(c), since beforeit arrived in that part of the crystal the electron-pair bond
structure was electrically neutral. Such an electron, which represents an
excess over and above that required to complete the bond structure in its
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1CY RANDOM MOTION DF AN {d) RANDOM MOTION
EXCESS ELECTRON OF & HOLE

FI G. 1:5—ExceessElectronsand Holesin a Diamond Crystal,

neighborhood, is called an "excess electron”. Since it cannot enter any of
the completed bonds in (c), it migrates about in a random manner in the
crystal under the influence of thermal agitation. If an éectric field is
applied, it tends to drift in the direction of the applied force and to carry a
current. Its behavior is represented by the vehicle on the second floor

*D. E. Wooldridge, A. J. Ahearn and J. A. Burton, Phys. Rev. 71,913 (1947). P. J. Van
Hcerden, Thess (Utrecht, 1945). K. G. McKay, Phys. Rev. 77, 816-825 (1950), references

®F. S. Goucher, Bulletin of the 298th Meeting of the American Physical Society, hasreported
evidence that every photon in the wave-length range of 1.0 to 1.8u absorbed in germanium
produces a hole-dectron pair.
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of (b), which is now free to move. Like the vehicle, the electron also has
been lifted to a state of higher energy by being removed from the bond.
As mentioned earlier, this process of conduction by excess electrons is re-
ferred to simply as conduction by "electrons'. This procedure serves to
distinguish it from the other process whereby eectrons also conduct, called
conduction by "holes', discussed below.

The vacant space in (b) now permits traffic to flow on thefirst floor, in
the analogy. A similar process takes place in the crystal through the
motion of the hole left in the bond when the gected electron moved away.
As is shown in (d), this hole constitutes a net, localized, positive charge in
the crystal, since before it was introduced that part of the crystal was eec-
trically neutral. Its motion takes place, as shown in (d), by a reciprocal
motion of electrons in the valence bonds (just as the vacant parking place
in (b) can move owing to the successve motions of vehicles into it).
Under the influence of an electric field, the random motion of the hole
acquires a systematic drift, and it can also contribute to the current.®

Current flow in an illuminated diamond crystal is represented in Figure
16. The éectrons and holes, produced in pairs by the photons, drift in
opposite directions in the field; the electron, being negative, drifts in the
opposite direction from the applied field, but the electric current it produces
is, of course, in the direction of the field. In the case of the hole, the re-
ciprocal electron motions are also opposite to the direction of the field
(on the average). As a consequence, the net result is that the hole drifts
to the right, and since its charge is positive it produces a current to the
right. (The result obtained could be represented by raising the right
side of the garage of Figure 15(b). The vehicle on the top floor would run
to the left and the vacant place on thefirst floor would shift to the right.)
If the source of illumination is removed, the photoconductivity dies away
and the crystal then returns to its normal state. This can occur by the
recombination of holes and electrons as shown in Figure 1.6(b). If the
electron drops into the hole, both the hole and electron disappear and the
bond structure becomes complete, the excess energy being given up to
the atoms in the form of thermal vibrations as suggested in Figure 1.6(b).”

On the bass of quantum-mechanical theory, as discussed in Chapter 7,

® In this chapter we present an oversimplified picture of the conduction process Neither
the eectron nor hole may be consdered o localized as shown in Figure 15; they are even
lesslocalized than in Figure 1.14.  Thereplacement proocess for the holeis not so Smpleeither.
Sofar astheidea of two kinds of conduction is concerned, the pictur e presented hereiscorrect.
Chapters5 to 8 arerequired to give thesamepicturein morepreciseterms. Thebadc theory
of semiconductors, which gives analytic form to the ideas discussed here, is due to A. H.
Wilson, Proc. Roy. Soc. 133A, 458 (1931).

" The process of recombination may actually be much more complicated and may involve
intermediate stages in which the hole or the electron is trapped. For further discusson sse
K.G.McKay, Phys. Rev. 74, 1606-1621 (1948); and Section 3.1d and Chapter 12.
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it is found that a very high degree of symmetry exists between the behavior
of electrons and the behavior of holes. This symmetry is not suggested
by the analog of the parking garage. In a garage, it would obvioudy be
very much easer to move the vehicle on the second floor than to move the
hole on the first floor. According to the quantum mechanics of eectrons
in crystals, there is only a very dlight difference in these two processss, and
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FIG. 1-6—Photo-conductivity in Diamond.

one may think of the hole as moving through the crystal as a positively
charged particle with much the same attributes as a free electron except
for the sgn of its charge.

It is evident that an important distinction exists between behavior of
electrons which have been excited out of the valence bond structure and
those which remain in it. The concepts and terminology of the theory of
Brillouin zones and energy bands have been developed to describe these
distinctions. According to this theory, which is discussed in Chapters 5
to 7, eectrons in the valence bonds occupy a set of energy levels covering a
certain band of allowed energies. All of these energy levels are occupied
in theideal crystal, and the band of energy levelsis referred to as the filled
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bandy valence-bond bandy or simply valence band. It corresponds to the
first floor of the garage. It is impossible for an electron to have a higher
energy than the highest state in the filled band unless it is given a suffi-
ciently large increment of energy so that it may become a free or exces
electron of the sort discussed previously. Theéectronsin these free states
may also have various energies of motion and thus give rise to the energy
level scheme of the empty band or conduction band (the second floor). The
filled band is also a band which permits conduction but is not referred to as
a "conduction band". The filled and empty bands are separated by a
region of forbidden energies for which there are no energy levels for the
éectrons in the crystal. In this introduction the results of the energy
band theory will be used without reference to their theoretical bass.

If the temperature is sufficiently elevated, spontaneous breaking of the
covalent bonds by thermal agitation will occur, producing electrons and
holes in equal numbers. This effect would occur at such high temperatures
in diamond that it has not been observed. However, it plays a major
role in silicon and germanium at temperatures well within the range of
investigation in the laboratory.

12 IMPURITY SEMICONDUCTORS; DONORS AND
ACCEPTORS

If the only cases of conductivity open to investigation were like those
already discussed, for which electrons and holes are present in equal num-
bers, the problem of interpreting the data would be very difficult. For-
tunately, in the semiconductors silicon and germanium, there are casss in
which conductivity is due to excess electrons only or to holes only. We
shall discuss some specific examples for silicon® and indicate later how these
are related to germanium.

If the conductivity of the sample is due to excess electrons it is called
n-type, sincethe current carriersact like negative charges; if dueto holes, it
iscalled p-type, sincethecarriers act like positive charges. Figure 1.7 shows
an example of w-type silicon. The conductivity arises from the presence
of arsenic atoms which are termed "impurities', even though added de-
liberately in the otherwise pure silicon. The arsenic atom, as indicated,
has five valence electrons surrounding a core having a charge of +5 units.
On the bass of evidence which we shall discuss, it is believed that each
arsenic atom displaces one of the silicon atoms from its regular site and
forms four covalent bonds with the neighboring silicon atoms as shown in
Figure 1.7, thus using four of its five valence electrons. The extra electron

A systematic analysis of the behavior of sllicon with impurities of the sorts discussed here
wasfirst carried out by J. H. Scaff, H. C. Theuerer, and E. E. Schumacher, J. of Metals 185,
383-388 (1949). Their work was stimulated by the development of slicon detectors for
microwave ue by R. S. Ohl, aso of Bell Telephone Laboratories, in the pre-war years.
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cannot fit into these four bonds and is free to move about the crystal. As
discussed previously, this excess electron constitutes a mobile, localized
negative charge. The arsenic atom, on the other hand, is an immobile,
localized positive charge, since its core, with a charge of +5 units, is not
neutralized by its share (-4) of the charge in the valence bonds. Its net
charge, therefore, just balances that of the excess electron it contributes
to the crystal. Thus arsenic impurity atoms add excess electrons but do
not disturb the over-all electrical neutrality of the crystal. The negative
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FI1G. 1-7—Excess or Electron Conduction in Slicon Containing Arsenic.

electrons are attracted to the positive arsenic atoms and at low tempera-
tures become bound to them. However, at room temperature, thermal
agitation shakes them off and the electrons are free as shown in Figure 1.7.
(Measurements of conductivity over wide temperature ranges yield valu-
able information, as we shall discuss later.)

A P,-typesemiconductor is shown in Figure 1.8. In this case the added
impurity, boron, has a valence of three and therefore cannot complete the
valence bond structuresurroundingit. Theholein one of the bondsto the
boron atom can be filled by an electron from an adjacent bond, and the
hole can thus migrate away, as described in Figure 1.5(d). The boron
thus becomes an immobile, localized negative charge. Because of the
symmetry between the behavior of holes and electrons, we can describe
the situation shown in Figure 1.8 by saying that the negative boron atom
attracts the positively charged hole but that thermal agitation shakes the
latter off at room temperature so that it is free to wander about and con-
tributeto the conductivity.
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Impurities with a valence of five are called " donor impurities' because
they donate an excess electron to the crystal; those with a valence of three
are called "acceptor impurities", since they accept an electron from some-
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FIG. 1-8—Defect or Hole Conduction in Silicon Containing Boron.

where else in the crystal to complete the structure of the valence bonds
with their neighbors, thus leaving a hole to conduct. These terms, to-
gether with the other features already discussed, are summarized in Table
1.1

TABLE 11 SUMMARY OF FEATURES OF IMPURITY CONDUCTION IN
SIUCOV AND GERMANIUM
Conductivity Type n-Typeor Excess p-Type or Defect
Conduction by (excess) electrons holes
Energy band in which carrier empty or conduction full or valence-bond
moves or valence
Sign of carrier negative positive
Valence of impurity atom 5 3
Name for impurity atom donor acceptor
Elements of Group 1V Elementsof Group | | | :
) ) . Phosphorus, P Boron, B
Typical impurities Arsenic, As Aluminum, Al
Antimony, Sb Gallium, Ga
Indium, In
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In Figure 19 we illustrate how the number of carriers depends on tern-
perature for a sample of silicon with five donors and two acceptors. At
absolute zero, the three extra electrons furnished by these seven atoms
are all bound to the donors. As the temperature is raised to -125°C, or
148°K (or absolute temperature on the Kelvin scale), thermal agitation is
sufficient to shake off the electrons. However, they recombine so rapidly
that on the average only one electron out of three is free to conduct. At
room temperature, two out of three can conduct; however, thermal agita-
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FI G. 1-9—Dependence upon Temperature of Hole and Electron Densties
in n-Type Silicon.

tion is insufficient to break the valence bonds, and the number of holes is
about 10-'? times the number of electrons? (The situation at room
temperaturein germanium isquitedifferent, and the hole concentration may
be about 1 percent of theelectron concentration in high resistivity samples.®)
At higher temperatures an appreciable fraction of the valence bonds is
broken thermally, and holes and electrons are created in pairs. In Figure
19 at 630°C, the number of carriers produced thermally outweighs those
due to impurities by 6 to 1, and the conductivity is essentially the same as
if there were no impurities present at all. Under these conditions the
sample is said to be in the intrinsic range, since the conductivity exhibited
is an intrinsic property of slicon itself and independent of the impurity
content.

The data shown in Figure 1.9 have been chosen to fit, approximately, an
actual slicon sample (see Figure 1.12) studied by Pearson and Bardeen.

2 Thisvalueisestimated by extrapolating Figure 1.12 discussed later with the aid of Figure
16.9in Chapter 16.

3 The situation for germanium at room temperature is discussed in Section 10.4 and shown
in Figure 10.7.
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1.3 INTERPRETATION OF DATA ON CONDUCTIVITY
AND HALL EFFECT

Pearson and Bardeen® have investigated a number of silicon samples
prepared by J. H. Scaff and his colleagues containing varying amounts of
added phosphorus and boron. We shall quote a number of results from
their paper, to which the reader is referred for additional technical details.
Before discussing the nature of these results, however, we should indicate
the general outlines of the experimental procedure used for obtaining the
basic date on the numbers and behaviors of the electrons and holes.

The conductivity of a semiconductor containing holes and electrons
depends upon the number present and the ease with which they are moved
by an applied electric field. (These subjects are discussed at length in
Chapters 8, 10, and 11.) Thislatter property is called the "mobility" and
is expressed as the drift velocity of the particle in centimeters per second in
an electricfield of one volt per centimeter. It has, therefore, the dimensions
of cm?/voltsec. Theconductivity (inohm™ cm™) due to excess electrons
is equal to the total charge per unit volume (in coulombs/cm®) of the
electrons which are free to move times the mobility. The total charge
is, of course, equal to the density of electrons (in cm3) times e the electronic
charge (1.60 X 10-'° coulombs). Combining this with the conductivity
due to holes leads to the equation for conductivity

as= &Ny + PHp) 1

where n and p (for negative carriers and positive carriers) are the densities
of holes and electrons, respectively, and:p,and pp their respective mobili-
ties. (This formulais derived in connection with Figure 8.6.)

A measurement of conductivity alone, therefore, gives only one item
of information about the four unknown quantities occurring in this
equation. Fortunately, another relationship between these same four
guantities can be obtained by measuring the Hall effect.

The Hall effect, described in Chapter 8 in more detail, occurs when a
magnetic field is applied at right angles to the direction of current flow in
the specimen. It is found that this produces a transverse voltage, which
can be measured. When the Hall effect has been measured, it gives
another equation relating the four unknown quantities. However, if
an n-type sample is dealt with in the impurity conduction temperature
range, p may be taken as equal to zero. Under these conditions measure-
ments of conductivity and Hall effect permit a separate determination of
nand p, Similarly,pand p, can be determined inp-typesamples. Thus,
by combining information on various samples it is possible to find the

1G. L. Pearson and J. Bardeen, Phys. Rev. 75, 865-833 (1949).
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behavior of p, and p, as a function of temperature. With p, and p,
regarded as known, it is then possible to obtain the values of n and p even
in the case where both holes and electrons are simultaneously present.
The mobilities for several cases of interest are quoted in Table 1.2. The
method of measurement is discussed in Section 3.1 and Chapters 8, 11,

and 12.
TABLE 12 MOBILITIES IN CM/SEC PER VOLT/CM

Electronsp, Holes pp
Carbon (diamond). . . . . . . . . . >400% >200%
9o0®
156°
Slicon. . . ... ... ... ...... 300 100
Germanium
(Hall mobility). . . . ... 26008 1700°
(Drift mobility). . .. ................. 3600 1700

#K.G. McKay, Phys. Rev. 77, 816-825 (1950).

P C.C.Klick and R.J. Maurcr, Phys. Rev. 76, 179 (1949).

°F. Scitz, Phys. Rev. 73, 549-564 (1948).

9G. L. Pearson and J. Bardeen, Phys. Rev. 75, 865-883 (1949).

°G. L. Pearson, Phys. Rev. 76, 179 (1949).

fJ. R. Haynes, unpublished results presented to the American Physical Society at Chicago
November 26, 1949. (See Section 3.1 and Chapter 12 for further details.)

We shall next consder the data analyzed by Pearson and Bardeen for
a series of samples containing various amounts of added phosphorus.
Phosphorus, like ar senic, has a valence of five and produces n-type material
(it was not used in the example of Figure 1.7 in order to reduce the con-
fusion between the symbol P for phosphorus and /,-type, which is not
produced by phosphorus). Figure 1.10 shows the resistivities for four
samples with varying phosphor ous content plotted as a function of temper -
ature.?

Data from the Hall effect are plotted in Figure 1.11. The results have
been expressed in terms of the density of excess electrons per cubic centi-
meter. Since the density of silicon atoms is 5.00 X 10%? per cubic centi-
meter, it is seen that sample D corresponds to one electron per 250 atoms
in the crystal. For sample A at room temperature, on the other hand,
there is only one conduction electron for approximately 500,000 atoms in

2 The phosphorous content on the curves refers to that added to the molten sllicon.  Some
of this phosphorus probably evaporates before being incorporated in the solidified silicon;
furthermore, the phogphorus tends to remain in the molten slicon and be segregated in the
last portions to solidify. The net result is to reduce the phosphorous content in the samples
measured for Hall effect bdow the proportion added to the melt. Experimental evidence
that one excess eectron is contributed by each donor in the solid is furnished by data obtained
with radioactive antimony in germanium discussed at the end of this chapter.
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the lattice. Figure 112 shows a more detailed analysis of sample A.
This diagram shows both experimental points (the circles and dots) and
theoretical curves (the solid lines) obtained on the basis of considerations
of the energy level diagram for the semiconductor and the Fermi-Dirac
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FIG. 1-12—Comparison between Predicted and Observed Electron and Hole Densities
Versus Temperature.

statistics, subjects discussed in later chapters. It it seen that the theo-
retical interpretation of the data leaves little to be desired. The physical
picture behind the theory is the one already described in connection with
Figure 1.9. The concentrations of acceptors and donors and for sample
A were 15 X 10" and 12 X 10 cm"?® (aratio of 1 to 8 whereas in Figure
19 we have shown aratio of 2 to 5).

The mobility of the electrons in the various samples is shown in Figure
113. It is to be noted that at high temperatures there is an "intrinsic
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mobility", at least for samples A and B (C and D we will discuss later),
which arises from the interference to the electrons' motion due to thermal
vibrations of the atoms of the crystal. For small impurity concentrations
this term is independent of the impurities. For lower temperatures, the
mobility is reduced by the impurities; in this case the process which limits
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the speed of drift in an applied electric field is the deflection of the drifting
electrons by the electrostatic field of the charged impurity atoms. These
subjects are discussed in Chapter 11.

The reader experienced with plots like Figures 111 and 1.12 will be
aware that from them activation energies can be obtained; just as they
can be obtained from the Richardson plot for thermionic emission or the
plot of the temperature dependence of a chemical reaction constant. In
all of these cases one encounters terms of the form

-SKT

y=¢ @
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where y is the quantity studied, 8 is the "activation energy" involved, and
kTis thermal energy. Iflny is plotted against 1/T, a straight line

In y- -(e/k)X(1/D A3)
is obtained whose slope is (¢/k) from which 8 can be found since k& (Boltz-
mann's constant) is known.

There are three energies of particular importance that can be obtained
from studies of the slopes of the In » and In p versus 1/T plots. (However,
the analysis involves much more than simply finding the slope of the plots.)
These energies are (1) the energy required to break a valence bond and
create a hole and electron pair and (2) the energy required to remove an
electron from a donor or (3) a hole from an acceptor. The energy required
to break a bond can be obtained almost at once from the slope of the line
of Figure 1.12 in the intrinsic range. Theory shows that this slope should
give €,/2k where ¢, is the energy required to break the bond. The
analysis for £, in n-type samples or 83 in p-type samples is much more
involved. At very low temperatures the slopes are expected to be &,/k
and not ¢€,/2k (see Chapter 16, Figures 16.7 and 16.8 for details). How-
ever, values for these energies may be obtained by making a proper analysis
of the data. The values obtained by Pearson and Bardeen for silicon are:

Energy to break bond 1.11 electron volts
Energy to remove electron from donor 0.054 electron volt
Energy to remove hole from acceptor 0.08 electron volt

(An equally thorough analysis for germanium has not been published; we
have chosen representative values of 0.72, 0.04, and 0.04 for purposes of
illustration. For diamond, the value to break the bond is 6 or 7 electron
volts from ultraviolet absorption data; the energies estimated as described
below to separate electrons from donors or holes from acceptors are prob-
ably about 0.35 electron volt.")

The small energies of binding of electrons to the donors and of holes to
the acceptors can be explained on the basis of a model proposed by H. A.
Bethe. The electron is supposed to move in the field of the donor in
much the same way as an electron moves about the proton in a hydrogen
atom.’ There is one important difference: Because the net positive
charge of the phosphorous ion is embedded in a dielectric medium, the
force of attraction is reduced by the dielectric constant—about 13 for
silicon. As a result of this the electron in the bound state about the

* Ultraviolet data from A. J. Ahearn, Phys. Rev. 73, 1113 (1948). Ahcarn also finds that
10 ev of a-particle energy are required for each bombardment-produced electron, and K. G.
McKay, Phys. Rev. 77, 816-825 (1950), finds 10 ev for 14-kv electrons. The dielectric con.
stant of diamond is estimated as about 6.2 from its index of refraction. McKay finds trap
energies of about 0.3 electron volt for electrons.

*This type of approximation was first published by G. Wannier, Phys. Rev. 52, 191-197
(1937).
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phosphorous atom moves in a very large orbit whose radius is 13 times
that of an electron in a hydrogen atom, giving a binding energy of about
0.08 election volt (discussed in Chapter 9). The wave function overlaps
a large number of silicon atoms as is indicated in Figure 1.14 which is

PHOSPHORRUE ATOM EXCESS ELECTRON
HAS EXCESS + CNARGE-\ ’,FROM PHOSPHORUS ATOM
1Y ¢

]
APPROXIMATE SCALE OF WAVE FUNCTION
INDICATED BY DOTS

FIG. 1-14—Wave Function of Electron Bound to Phosphorous Atomin Silicon.

approximately to scale. The fact that the wave function extends over so
many atoms suggests that its detailed behavior around the impurity
atom itself is unimportant and that the binding energy produced by the
impurity is due almost entirely to its charge. This explains the observed
fact that all donor and acceptor impurities produce about the same binding
energy for electrons and holes. The difference in binding energy between
electrons and holes is explained by Pearson and Bardecn on the basis of a
difference in effective mass, a concept discussed in Chapter 7. Further-
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more, they find the activation energies quoted above only for their
purest specimens; for others, the activation energy is less, a trend which
they explain by considering the effects of other impurity atoms on an
electron trying to escape from one impurity atom.

When relatively large concentrations of impurities are present, new
effects occur; these are illustrated in Figure 1.11 by samples C and D in
which the number of electrons is substantially independent of temperature.
The explanation of this behavior is that the impurities have moved so
close together that appreciable overlapping of the impurity wave functions,
such as those shown in Figure 1.14, occurs. Under these conditions the
extra electrons and the impurity atoms play much the same role as the
electrons and ions in a metal, and the excess electrons form a degenerate
electron gas which moves through the irregularly distributed array of
positive ions. The theory of electrical conductivity for these semi-
conductors is very similar to that of metallic alloys, as is discussed in some
detail in Chapter 11. The conductivity of the semiconductors is much
smaller than that of the metallic alloys, however, because the density of
carriers is much smaller; aside from this difference, the behavior of C
and D are substantially like metallic alloys for low temperatures. As
the intrinsic range is approached, however, the number of carriers and
the conductivity increase rapidly with increasing temperature.

The results described for silicon for the case of electrons in connection
with Figures 1.9 to 1.14 are obtained in substantially the same form for
holes in silicon’ and for electrons and holes in germanium. An important
and characteristic feature of germanium is that the energies required to
remove holes from acceptors and electrons from donors are so small that
a negligible fraction of the excess electrons or holes are bound to the impurities
at room temperature. In other words, the donors and acceptors are effec-
tively fully ionized. This fact simplifies considerably the theory of trans-
istor electronics for germanium.

Germanium samples show the interesting property that heat treatment
at temperatures above 500°C appears to produce p-type impurities.
Prolonged heat treatment at lower temperatures causes these impurities
to disappear. One theory is that these effects are not due to chemical
impurities at all but instead to disorder in the germanium lattice. The
total number of disordered atoms predicted from theory is in approximate
agreement with the concentrations observed.’

*G. L. Pearson and J. Bardeen, Phys. Rev. 75, 865 (1949).

¢ The fraction of atoms disordered at temperature Tshould be approximately exp (-¢/kT)
where 8 is the energy required to disorder an atom. From data on self-diffusion in metals
J. Steigman, W. Shockley, and F. C. Nix, Phys. Rev. 56,13-21 (1939)], we may estimate that
8 is between :10kT, and 20kT, where T, is the melting point. This leads to values of
10-" to 10-" for the exponential. The observed values correspond to about 10" acceptor
centers or a fraction of about 10-° of the atoms.
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Evidence that disorder in the lattice produces p-type conductivity in
germanium has been obtained by K. Lark-Horovitz and his colleagues.’
When high resistivity n-type germanium is bombarded with alpha particles
or deuterons, it is converted to p-type, whose conductivity increases with
increasing exposure to bombardment. It has been established that this
effect is not due to transmutation of the germanium to another element
but instead to the creation of disorder in the crystal, that is, germanium
atoms knocked into interstitial positions leaving vacant lattice points
behind. These "lattice defects" act as acceptors. There appears to be
no reason why the wave functions around these defects should be like
those shown in Figure 114, and, consequently, one might expect such
samples to show different activation energies at low temperatures. The
data on this subject are reviewed in Chapter 9.

Before closing thisintroduction, some additional experimental evidence,
which supports the general picture that conductivity is produced by sub-
stitutional impurities of the sort described, should be presented. There
are three types of evidence which indicate that the impurity atoms enter
the lattice substitutionally in lattice sites normally occupied by atoms of
the pure element rather than interstitially by sgueezing into vacant spaces
in the lattice:

I. The conductivity produced by the impuritiesis of just the sort which
would be expected on the basis of their ability to complete or not to com-
plete the valence bond structure which would surround them if they
occupied normal sites. (See Table 1.1) On the other hand, if they were
to enter the lattice interstitially, they would not fit into the valence-bond
scheme at all, and there would be no reason for supposing that consistent
p- and n-type behavior would occur for elements with valences of three
and five.

I'I.The activation energies required to remove electrons from the
impurities, as quoted from the work of Pearson and Bardeen, show good
agreement with the value to be expected theoretically on the basis of the
wave functions of Figure 1.14.

I'I'l. Thereis evidence obtained by X-ray studies of the lattice constant
for the more concentrated alloys of silicon with phosphorus and boron.
The lattice constant of these alloys has been studied as a function of
concentration and is found to decrease in essentially the way that would
be expected if the phosphorus and boron atoms entered the lattice sub-
stitutionally, these atoms being in both cases smaller than the silicon
atom. However, if they were to enter the lattice interstitially, it
would be expected that they would tend to expand the lattice and pro-

"K. Lark-Horovitz, E. Blculer, R. Davis, and D. Tendam, Phys. Rev. 73, 1256A (1948).

R. E. Davis, V. A. Johnson, K. Lark-Horovitz, and S. Segd, Phys. Rev. 74, 1255A (1948).
V. A. Johnson and K. Lark-Horovitz, Phys. Rev. 76, 442-443 (1949).
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duce an increase in lattice constant in contradiction with the experi-
mental facts.

In the case of germanium it has been verified that even in some relatively
pure samples, in which the impurity content is much too small to determine
by conventional chemical analysis, the conductivity may be controlled by
minute amounts of added impurities. This investigation has been carried
out with the aid of radioactive antimony which has been added to melts
of germanium. It has proved possble to measure the antimony content
by radioactive means and to establish that there was good agreement
between the antimony content and the number of electrons produced.®

PROBLEMS

1. An ingot of germanium is formed by melting together 100 gm of
germanium and 3.22 X 10-° gm of antimony. Assuming that the
antimony is uniformly distributed, show that the density of antimony
atoms is 8.70 X 10 cm™®. [The density of germanium is 5.46 gm/cm?®
and its atomic weight is 72.60; the atomic weight of antimony is 121.76.
One gm atom, that is 72.6 gm of germanium, contains Avogadro's number
(= 6.02 X 10%) atoms. There is a slight discrepancy between the density
of germanium atoms deduced from X-ray measurements, Figure 1.1, and
from density and atomic weight.]

2. Assuming that the excess electrons due to the antimony atoms of
problem 1 are fully excited at room temperature and that their mobility is
3600 cm?/volt sc, show that the conductivity of the ingot of problem 1 is
0.50 ohm-* cm™* or 50 ohm-* meter-! in M .K.S. units. Hence show that
aspecimen 1 mm squarein cross-section and 2 cm long would have aresist-
ance of 400 ohms.

3. Assume that the ingot contains 0.78 X 10-® gm of gallium, atomic
weight 69.72, in place of antimony. Show that the density of gallium
atomswill be3.68 X 10-'* cm-3. Taking y, as 1700 cm?/volt sc show that
the conductivity will be 0.10 ohm™* c¢cm-*.

4. Assume that both the gallium and antimony discussed above are added
to the same 100 gm ingot. W hy will the conductivity be 0.29 ohm""* om""*
and not 0.6 ohm-*cm-*? Will the material be n-type or p-type?

5. Assume that a flash of light falls uniformly on the specimen of problem
2 and that a total number, 1.74 X 10, of photons are absorbed and that
each produces one hole-electron pair. Show that the resisance will drop
to 162 chms.

6. Show that if 10 volts are applied from end to end of the specimen of
problem 2, an electron drifts with a speed of 18,000 cm/sec and requires
111 X 10-* = to traverse the length of the specimen.

(- G.)L. Pearson, J. D. Struthars and H. C. Theuerer, Phys. Reo. 75,344 (1949), 77,809-813
1950).



CHAPTER 2
THE TRANSISTOR AS A CIRCUIT ELEMENT

2.1 |IDEAS ABOUT AMPLIFICATION PRIOR TO THE
TRANSISTOR

2.1a. Introduction. In Chapter 1, we have presented a description of
the behavior of holes and electrons appropriate to circumstances in which
their distributions in space and time are substantially uniform. In order
to deal with transistor action, however, and with related phenomena in
semiconductors, we must describe what happens when the concentrations
of both holes and electrons vary with position and time. Studies of such
phenomena have been greatly facilitated from the experimental point of
view by a series of new techniques and experimental procedures developed
in connection with transistor research. The experiments permit the
isolation and individual analysis of a number of the separate processes
which go onin connection with transistor action. For this reason we shall
discuss them in Chapter 3 before presenting in Chapter 4 the theory for the
conventional or type-A transistor' invented by J. Bardeen and W. H.
Brattain.

In this chapter we shall review briefly the history of semiconductor
development and research, especialy in connection with amplifying
devices, and show how this was culminated by the invention of the trans-
istor. We shall then give a description of the transistor itself from a
phenomenological point of view and describe its equivalent circuit. The
exposition in later sections is directed in considerable measure towards
giving a physical meaning to the purely formal equivalent circuit.

The general level of presentation aimed at in Part | is qualitative so
far as the theory of holes and electrons is concerned, and an attempt has
been made to present the necessary semiconductor theory in descriptive
terms covering the thermal generation of holes and electrons, their recom-

pile first authoritative treatment of the type-A trandgtor is that of J. Bardeen and
W. H. Brattain, "Physical Principles Involved in Transistor Action, Phys. Rev. 75,
1208-1225 (1949). Other publications are as follows J. Bardeen and W. H. Brattain, " The
Transistor: A Semi-Conductor Triode", " Nature of the Forward Current in Germanium
Point-Contact Rectifiers', Phys. Rev. 74, 230, 231 (1948); R. M. Ryder, "The Type-A
Transistor”, Bell Laboratories Record 27, 89-93 (March, 1949); J. N. Shive, " The Double
Surface Transstor”, Phys. Rev. 75, 689-690 (1949); J. A. Becker and J. N. Shive, "The
Transistor; A New Semi-Conductor Amplifier”, and R. L. Wallace and W. E. Kock, " The
Coaxial Transistor”, both in Electrical Engineering 68, 222-223 (1949); R. M. Ryder and
R.J.Kircher," Some Circuit Aspectsof the Transistor”, Bell Syst. Tech. J. 28,367-400 (1949).
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bination, and their motions in electric and magnetic fields. The energy
band theory described in Parts Il and HI has been developed especially
for such situations; however, it is not necessary to invoke the general
theory in order to get a good mental picture of the important processes
in transistor action. In some cases we have given quantitative results
and formulae; however, in order to make this material available at an
early date in the transistor art, it has not been feasible to prepare a general
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exposition of the quantitative theory of transistor action to the extent that
has been attempted for the underlying theory of holes and electrons.

The badsc idea that semiconductors may be made to amplify electrical
signals is relatively old and, as we shall discuss in the next paragraph,
amplification by negative resistance ther mistors had actually been achieved
prior to the invention of the transistor. The similarity of the current-
voltage curves for vacuum-tube diodes and for crystal rectifiers, Figure 2.1,
suggested to many people that it might be possble to make an amplifier
from a crystal diode by somehow adding a grid. The desired aim has now
been accomplished by the transistor, but, as we shall discuss, the amplifying
action does not employ a grid. Another striking difference is that, in a
vacuum-tube diode, it is the forward current that is controlled by the
Insertion of thegrid. In thetransistor, on thecontrary, the output contact
is biased in the low-current, high-resistance direction, and the current is
enhanced and controlled by the input contact.
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Amplifying action by use of the negative-resistance characteristics of
thermistors had been achieved and analyzed relatively early in the
thermistor development work. The negative resistance of a thermistor is
made possible by the negative temperature coefficient of resistance of semi-
conductors such as, for example, that shown for the intrinsic range in
Figure 1.10. As the current through a thermistor is increased, the voltage
at first rises in accordance with Ohm's law. For large currents, however,
appreciable heating of the thermistor results, thereby causing a decrease
in resistance, and the current-volt age characteristic becomes nonlinear.
A sufficiently high current increases the temperature so much that the
resulting drop in resistance may actually produce a voltage decrease and,
consequently, a negative differential resistance occurs. This negative-
resistance characteristic can be used to make oscillators or networks with
gain rather than attenuation, provided the frequencies are low enough
so that the temperature of the thermistor can follow the variations of
current. This requirement sets an upper frequency limit which depends
on the thermal time constants under the operating conditions. By making
the physical dimensions small and the thermal conductivities high, stable
oscillations have been produced at frequencies as high as 100,000 cycles
per second.? However, there is an additional mechanism involved which
will limit the frequency no matter how small the structure is made: Time
is required for the numbers of electrons and holes to come to equilibrium
after the temperature is changed. Not much is known about this time
for most semiconductors. We shall discuss later in Section 3.1d some
data bearing on this time for germanium at room temperature.

2.1b. Modulation of Conductivity by Surface Charges. In the Solid
State Research Group at Bell Telephone Laboratories, the hope of dis-
covery of a purely electronic, rather than thermal, semiconductor amplifier
was bolstered by the discovery of what might be called an existence theorem,
to use a mathematical term, that such an amplifier was possible, or at least
not contradictory to the theories of semiconductors and statistical me-
chanics. The particular device envisaged is shown in Figure 2.2. It
consists of a very thin layer of semiconductor placed on an insulating
support. This layer of semiconductor constitutes one plate of a parallel-
plate capacitor, the other being a metal plate in close proximity toit. |If
this capacitor is charged, as shown in part (c), with the metal plate
positive, then the additional charge on the semiconductor will be repre-
sented by an increased number of electrons. At room temperature, in
germanium, a negligible number of these electrons will be bound to the
donors (see Section 10.4 for details). Consequently, the added electrons
should be free to move and should contribute to the conductivity of the
semiconductor. In this way, the conductivity in the semiconductor can

2 personal communication from J. A. Becker.
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be modulated, electronically, by a voltage put on the capacitor plate.
Since this input signal requires no power if the dielectric is perfect, power
gain will result.

The effects to be expected from such an arrangement are very appreciable,
a conclusion which we shall illustrate for its own sake, and also for the
purpose of showing how concentrations of electrons and holes may be

INSULATING SEMICONDUCTOR
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SUPPORT conpENsER | EXCEss
LOAD v PLATE =

{b) UNCHARGED CONDENSER

THIN LAYER OF

SEMICONDUCTOR
{a) PHYSICAL SCHEME

{t} CHARGED CONDENSER
FIG. 2-2—Modulation of Conductance by Surface Charges.
(The extra eectrons induced on the surface in (c) carry an added current.)

used in calculations. Suppose the layer consists of w-type germanium
with a resistivity of 24 ohm cm.® The concentration of electrons is
obtained from the formula for conductivity in ohm™?* cm"* (or coulombs/
volt sc cm)

X 10-'° coulombs X 2600 cm?/volt sec

o=, = neu 6 X
0-"" coulombs/volt sec cm (1)

n
nX 42

®In M.K.S. units, this is a layer 10" m = T thick with conductivity o = 10%2.4 =
42 ohm-* m-* with dectrons having mohility of 026 m%Volt sec. The number of dectrons
per unit volumeis given by 0 = net so that n - 42/0.26 X 16 X 10-*° m- giving 10X 10*
per souare meter of surface. A field of 30,000 volts'em or 3 X 10° volts/m produces a surface
charge for a medium of dilectric congtant 2 of 2 X Co X 3 X 10° = 53 X 110-> coulombs
m-2or 33X 10™ dectronsm-2.
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giving

n = 124 X 42 X 10-'® - 10 X 10'® electrons per cm®. (2)
Inalayer T = 1000A = 10-® cm thick there will thus benT = 10 X 10%
electrons per cm?. We shall next calculate how many electrons will be
induced by a field in the dielectric of 30,000 volts/cm or 100 electrostatic
voltsiecm.  This field will produce a displacement of KE/4u electrostatic
coulombs. Taking K = 2, for a typical dielectric between the capacitor
plates, we calculate a charge of 2 X 100/4p =16 stat. coulombs per cm?,
corresponding to 16/4.8 X 10-'° = 33 X 10 electrons per cm? or
three times the number normally present. Such a field should thus
quadruple the conductivity of the germanium layer.

Experiments have been carried out with layers of various semiconduc-
tors, and effects of the sort discussed have been observed. However, the
degree of modulation has been somewhat less than that calculated above.
For layers of germanium about 5000A thick, in which the mobility was
only about 40 cm?/volt sec, it was apparent upon analysis of the data that
only about 10 per cent of the induced charges (holes in this instance since
the evaporated germanium was p-type) were effective in changing the
conductance.* This reduced effectiveness can be accounted for on the
basis of a theory dealing with the behavior of the current carriers at a semi-
conductor surface.

2.1c. Bardeen's Theory of Surface States. J. Bardeen has proposed
that the ineffective portion of theinduced chargeislodged in states |ocalized
at the surface, employing for this purpose his theory of surface states, which
he has so fruitfully applied to the explanation of a number of otherwise dis-
connected facts about semiconductor surfaces. A thorough discussion of
his surface state theory would require the mathematics of energy bands and
Fermi-Dirac statistics to an extent not in keeping with the level of exposi-
tion of Part I. We shall effect a compromise by quoting conclusions based
on his theory as it applies to the modulation of conductivity by surface
charges without elaborating upon the underlying reasoning. We shall
adopt the same procedure later in discussing the nature of transistor action
with metal point contacts.

The conclusion reached by Bardeen is that electrons which move in the
body of the semiconductor can become tightly bound in surface states on
the surface of the semiconductor and thus become immobilized. The
Surface States Diagram, Figure 2.3, represents the free surface of an »-type
semiconductor and shows, in part (a), eight electrons trapped in the sur-
face states. These electrons repel other electrons in the conduction band
and thus produce a layer of depleted conductivity below the surface. In
this layer there are eight unneutralized donors, so that the semiconductor

4W. Shockley and G. L. Pearson, Phys. Rev. 74, 232-233 (1948).
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surface as awholeisneutral. (Inthediagram thedonor ionsare arranged
in a regular scheme so as to facilitate counting them; in a sample of ger-
manium, such as we havejust discussed, the donorswill be distributed at
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Fl G.2-3—Surface Sates Diagram, Showing Bardeen's Theory of the Role of Surface
Satesin Immobilizing Induced Charge.

random and will be on the average about 500 times as far apart as normal
atoms in the lattice.) In part (b) the net charge density is plotted as a
function of distance below the surface. This charge density gives a
variation of electrostatic potential from point to point in accordance with
the energy curve for an electron shown at (c). The effect of the repulsion
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of theelectronsin the surface states and the attraction of the unneutralized
donors are represented by the approximately parabolic curve of energy
versus distance. The surface states bind the eectrons tightly in energies
even lower than they would have in the conduction band, deep inside the
crystal. Semiconductors, like metals, have work functions; the energy
required to remove an electron from inside the semiconductor to a point in
free space in front of it is represented by the height of the energy curve
above zero on the left edge of part (c).

It may be helpful at this point to make a few remarkson the relationship
between energy of an eectron shown in Figure 2.3 and the electrostatic
potential. One obvious difference is that, because of the negative charge of
the electron, the energy diagram and the electrostatic potential diagrams
are inverted in respect to each other and electrons tend to fall uphill in
an electrostatic potential diagram. A moreimportant difference, especially
when an electron moves near a polarizable surface such as that of a metal,
is that the electron induces charges by its presence and thus changes the
electrostatic potential.®> The energy diagram includes these interactions
so that the energies shown represent the way in which the energy of the
entire system depends on the position of the electron. Not all of the energy
difference between states arise from differences in electrostatic interactions,
however. The change in energy between an electron in the conduction
band and one in a deep lying surface state is in part electrostatic and in
part kinetic. In the hydrogen atom of Figure 1.1, for example, the electron
has a negative potential energy which has twice the magnitude of the
kinetic energy. In general, differences in energy between different eec-
tronic states involve mixtures of kinetic and potential energies and it is
usually not practical or useful to try to sort them out.

When the metal capacitor plate is charged positively, a compensating
negative charge flows through the charging circuit and appears as sx extra
electrons on the surface of the semiconductor, in the Surface States Dia-
gram, at (d). Four of these electrons go into the surface states, and two
remain as excess eectrons in the conduction band. The resulting modifi-
cations of the space charge distribution (e) and energy for an electron (f)
follow directly from part (d). The €eectric field between the capacitor
plates is represented in (f) by the dope of the energy curve outside the
semiconductor. The example shown in the Surface States Diagram is, of
course, qualitative, and it is reasonable to suppose that 90 per cent of the
charge goes into the surface states in accordance with the results measured
by Pearson.®

® e, for example, W. G. Dow, Fundamentals of Electronic Engineering, John Wiley &

Sons, New York, 1937, Section 94.
® W. Shockley and G. L. Pearson, Phys. Rev, 74, 232-233 (1948).
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A number of experiments have been performed which give information
on various features of the surface state theory just presented.’

22 THE TYPE-A TRANSISTOR

2.2a. Its Discovery and External Aspect. Experimental and theoretical
work on the properties of surface states was given emphasis in the research

;

T T I N T T ST Ty

R R

FIG.2-4—Cut-away View of theType-A Transistor.

Two phosphor bronze wires .5 mils in diameter are pointed, bent and welded to the
nickel mounting wires. The latter are previously molded into a plastic plug, which
makes a light pressfit in the mounting cylinder. The germanium wafer 20 mils thick
and 50 mils square is soldered into a brass mounting plug which is also pressed into
the cylinder. After an electrical forming treatment the unit is vacuum impregnated
with wax through the hole in thecylinder. (See Section 4-5 for some information
on forming.)

program at Bell Telephone Laboratories. Stimulated by Bardeen's theory,
the group undertook a number of experiments to measure characteristics
of the surface states. In many instances the effects sought were below the
threshold of sensitivity of the methods employed. While exploring certain
aspects of this problem, John Bardeen and Walter Brattain encountered

" For a summary of several experiments, s the original paper by J. Bardeen, Phys. Rev,
71,717-727 (1947). For information on contact potential ss2e W. H. Brattain and W. Shock-

ley, Phys. Rev. 72, 345 (1947). For photodectric emisson se L. Apker, E. Taft, and
J. Dickey, Phys. Rev. 74, 1462-1474 (1948), which contains many references
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some new effects, and, branching off into a new area of theory and experi-
ment, they invented the transistor.*

We shall next discuss the transistor from a phenomenological viewpoint
and will present, thereafter, the theory of its operation.

Figure 2.4 shows a cut-away view of a transistor. The schematic
diagram of Figure 2.5 shows the bias battery supplies which activate the
transistor so that it can amplify an input signal. The two point contacts of

g ouTPLT
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=

AREA OF BASE, b
INTERACTION

H —+—HII|

@ TYPE-A TRANSISTOR

L C £ =4
() SYMBOL FOR n-TYPE (c) SYMBOL FOR p- TYPE
FIG. 2-5—Schematic Diagram of Transistor.

The areaof interaction which surrounds the emitter point, the conventional symbols
and the sign conventions for current flow and voltage are shown. (Typical vaues
for a type-A transistor are I = 0.6 ma, Ve = 0.7 volt, I, = —20 ma, Ve, = —40
volts.)

the transistor are, individually, rectifying points of the general type dis-
cussed with Figure 2.1. Under operating conditions, the input or emitter
point is operated in the plus (forward or low-resistance) direction and the
output or collector is operated in the minus (reverse or high-resistance)
direction. An important discovery of Bardeen and Brattain was that,
when the input point is biased for forward current flow, it becomes sur-
rounded by an area of interaction; if the output point is placed within this
area, theinput current controls the output current in such away that power
gain results. Theregion of interaction is not sharply defined, and the power

! For additional details of this history together with a discussion of many theoretica and

experimental agpects of trandstors, s J. Bardeen and W. H. Brattain, "Physical Principles
Involvedin Transistor Action,” Phys. Rev. 75, 1208-1225 (1949).
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gain in one conventional circuit arrangement varies from about 100-fold
(or 20 db) at 0.005-cm spacing to unity or (0 db or unit power transmission)
at about 0.025 cm.

The theory of transistor action, which follows later in this chapter, is
that the emitter point emits holes- into the n-type material, which other-
wise would contain only electrons. (A few holes are normally present, see
Chapter 10, but they make a negligible contribution to the conductivity.)
These holes are drawn to the negative collector point and add to its current.
In Section 3.1 we shall describe experiments which are consistent with this
picture and give detailed information about the numbers and behaviors of
the holes. In this section we shall describe the transistor characteristics
and show how they lead to power gain, postponing a further description of
the physical theory of the type-A transistor itself until the simpler cases
have been studied.

2.2b. The Static Characteristics. The transistor, being a three-terminal
device, requires the specification of two voltages and two currents to
describe its operating condition. The conventions selected for this purpose
are those standard for three-terminal networks. As shown in Figure 2.5,
the voltages are considered as positive when positive in respect to the base,
and the currents are considered as positive when they flow from metal
point to semiconductor (that is, when electrons flow from semiconductor
to metal). This situation is more complicated than for a conventional
vacuum-tube triode because for the latter the grid current is usually taken
as zero so that it suffices for its static characteristics to specify the plate
current as a function of plate and grid voltages. In the transistor, values
for both voltages and both currents are significant. There is another
important difference: For agiven set of voltages, there may be two or three
possible sets of currents in the transistor. That is, the currents are multi-
valued functions of the voltages. (The reverse is true in a vacuum tube
suffering from grid emission, and there may be two grid voltages for agiven
grid current.) However, for the transistor, there is only one set of voltages
for a given pair of currents in the normal operating range. It is thus
appropriate in the case of the transistor to express the voltages as functions
of the currents.

The symbols chosen for emitter, base and collector are €, band c. The
choice of € rather than e reduces the likelihood of confusion with ¢ when
subscripts are used, as the reader may verify by considering V;, Ve and V..

Figure 2.6 shows a plot for atypical transistor, for d-c conditions. The
two upper plots show V. as a function of the currents, two conventions of
presentation being employed, and the lower plots similarly show V..
These particular plots have been chosen for exhibiting transistor char-
acteristics because of the convenient relationship of their slopes to param-
eters in the small signal theory of transistor operation.
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One extra line is shown in the upper left plot, which corresponds to a
fixed collector voltage of —40 volts. This line has been extended beyond
the range of the operating characteristics. It shows that, at fixed collector
bias, the emitter voltage first increases with emitter current and then,
somewhat beyond the operating range, it decreases. In other words, there
are two sets of values of emitter current and collector current which cor-
respond to V., = —40 voltsand V. = —0.1 volt. In apresentation of the
data in the form of currents as functions of the voltages, this multivalued
feature would cause considerable inconvenience; so far as the operation of
the transistor is concerned, however, the situation is even more serious. If
the transistor were operated at these two voltages, that is, from low-
impedance external sources, it would be conditionally stable at the first
point and unstable at the second. If a transient impulse should happen to
take it out of the stable range, it would tend to run away to currents still
higher than the, upper point and a burned-out unit would result. To avoid
such damage, transistor circuits are designed so as to eliminate the insta-
bility in amplifiers and limit the currents in flip-flop circuits and thus to
overcome or to control theinstability. In Section 4.1 (b) weshall show that
the negative resistance in the input point is associated with a current
amplification between input and output circuits and that the multivalued
aspect of the plotsis related to the decrease in the resistance of the rectifiy-
ing emitter contacts as the emitter current increases.

The static characteristic lines are of importance in determining the non-
linear behavior of transistors and in designing switching and counting
circuits using them. Some problems illustrating the principles involved
are given at the end of this chapter.

2.2c. The Equivalent Circuit.> |f we write the functional relationship of

Figure 2.6 in the form .
Vefi(ielo 1
Ve=fa(le,/c.), (1b)

then the small ac voltages v; and v, produced by small ac currents iy and
H 3
ie are

. | 0fr. \ .

7, = &j:: ict+ 5‘2 ic = ryi, + naf. (2a)
ofa . &fy . . .

p, = a';": i+ a—';: ic = royie + rasis (2b)

2General reviews of the theory of networks will be found for pasive circuits in E. A.
Guillemin, Communication Networks: Val. I, John Wiley & Sons New Y ork, 1935 and for
activecircuitsin L. C. Peterson, Bell Syst. Tech. J. 27, 593-622 (1948).

8 In this section we shall asume that the frequency is so low that all circuit parameters are
ressive.
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where the r's, which are abbreviations for the partial derivatives, are
simply the slopes of the curves of Figure 2.6. A system described by the
equations just given can be represented as a passive network of resistances
if iz = ro1 and 711 > r12 < rze; otherwise negative resistances or voltage

e fc “ el
SIS
]
r
l"h e
b,Base
{a) (b) (c)
= My~ Fy = Fo ¥ 1 a = tn/Tn
fh * fiz iz = 0 e = m/Tc
I
fe ® Tfoa—TFyp fn = fm+ Ty Qe =a+|(a-1) Te
fm= Ty=1TIyp faa = l"b+fc

FIG. 2-7—Equivalent Circuits for the Transistor and Relationships
Among the Parameters.

(Generators inside dashed rectangles are equivalent if fm = @)

or current generators must be introduced. Figure 2.7 shows three equiva-
lent circuits together with the relationships between the various parameters
involved.

The quantity «

al, e] n
= —_-1— _= — 3
“ [3! td Ve meonet ra ( )

is a measure of the effect which the hole current from the emitter has upon
the collector. We shall discussits physical meaning in later sections. The
quantity ri,, which represents a reaction at the emitter produced by the
collector, is called the base resistance; it represents a positive feedback in
the grounded base amplifier circuit and, as such, it increases the gain and
decreases the stability of the circuit.

In Figure 2.7(b), the resistance #y in the voltage generator Pms. is the
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active mutual resistance. As we shall s at the end of this section, the
power gain is approximately proportional tor 2.

From the static characteristics shown in Figure 2.6, values of the quanti-
tiesrn, etc., can be obtained for any operating point. The following table
gives typical values together with other information on operating con-
ditions.

TABLE 21. PRELIMINARY DATA FOR TYPE-A TRANSISTOR

Average Equivalent Circuit

Typical Operating Conditions Parameters (chms)

Emitter Current.... 0.6 ma ri = 530 | Emitter Resistance r. = 240
Emitter Voltage 0.7 volt ry = 290 | Base Resistance  r, = 290
Collector Current... —2 ma r, = 34,000 | Collector Resistance r, = 19,000
Collector Voltage .—40 volts | rp, = 19,000 | Mutual Resistance r, = 34,000

8 = a = rylryp =1.8

Maximum Ratings: Not to be exoeaded in continuous operation. Voltages relation
to base

Collector Voltage.. .. . — 70 vdlts
Collector Disgpation. . . . . . . . ... ... ... 0.2 watt
Grounded Base Operation: ClassA, working from a 500-ohm generator into a 20,000-

ohm load.

Operating Power Gain. . .. .. . .. ... ~17db
Poveg Qutput. . . . . . . . . ... ... ... ~5bmw

From this data it is evident that the input impedance is of the order of
hundreds of ohms. From the values of a it is seen that the output current,
in equivalent circuit (c) for example, is even larger than the input current
and is available from an impedance of the order of 20,000 ohms. From this
it is at once evident that there is the possibility of power gain.

The source of the power gain resides in the current or voltage generators
of the equivalent circuits of parts (b) and (c) of Figure 2.7. (Power gain
may occur even if a is less than unity.) In later sections we shall discuss
the internal mechanism of the transistor and relate the physical picture to
the equivalent circuit so that the mechanism of power gain will be given a
physical interpretation. In this section, however, we shall deal with the
equivalent circuit per se making no use of the underlying physics peculiar
to transistors. The treatment given, however, will reflect an interest in
the later interpretation, and partly for this reason no use will be made of
the specialized techniques of circuit theory. Although much of the discus-
sion of this section can be compactly expressed in terms of results of the
theory of feedback amplifiers, little use of these ideas and terminology is
introduced. On the one hand, the reader familiar with these ideas will
have little difficulty in recasting the discusson in terms of general circuit
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theory and, on the other hand, it would be inappropriate to incorporate a
sufficient discussion of circuit theory to make it of benefit to the reader
primarily concerned with the fundamental mechanisms of semiconductors.
To the latter the circuit characteristics of the transistor are of interest
chiefly as manifestations of more basic processss.

As an example of the use of the equivalent circuit and as a further
exhibition of the behavior of the type-A transistor, we shall carry out
calculations for the transistor as a grounded base amplifier. This is, of
course, only one of a number of the possible circuits in which the transistor
may be used. The grounded base amplifier is shown in Figure 2.8. The

(a) (b}
F1G.2-8—TheTransgor asa Grounded Base Amplifier.

(@) Working from a sgnal generator, v, rqintoaload ry.
(b) Equivalent output circuit.

emitter is connected to an input generator vy, ry represented by a voltage
generator vy in series with a resistance ry. The output load resistance
is r_.. The bias power supplies are not shown. The generator has a
certain power capacity which is defined as its available power. This power
is defined as the maximum power which the generator can deliver and, as
is well known from circuit theory, this power is a maximum when the
generator looks into a matched load. For this case it has the value

v92/4rg = available power from input generator. (4)

All power gains which we shall discuss will be defined in terms of the ratio
of the output power to the power available from the input generator.

The power gain in the grounded base circuit is obtained by a straight-
forward analysis of the circuit of Figure 2.8. In order to describe the
output from the transistor in terms of an equivalent generator vg', ry as
shown in part (b), we shall carry out the analysis by writing down expres-
sions for the voltages at terminalsc and crather than by applying Kirchhoff's
law to the loops. We thus aobtain for terminal e

Ve = Vg - [ge (from generator) (5a)
Ve = Fpie + Fpoic (from transistor). (5b)
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Similarly we obtain for terminal c:
Ve = —Tc (from load) (6a)
Ve = ol + Iooic (from transistor). (6b)

We shall next solve the last equation by expressing ie in terms of v
Having done this, we shall find that the equation for v, becomes very similar
to the eguation for the generator working into € so that we can interpret
the transistor as converting the generator vy ry into a new generator vy,
re.  Solving the v, equations for ie gives

ie = (Vg - rlzic)/(ru + I’g). (7)

Inserting this in the last equation gives

el . Fa21
e=\rp—~———]ic+ ———n
riu + 7, ratr

= ﬂg’ + ?’,’fg,
the latter form corresponding to replacing the transistor by vg', rg, the
change in sgn in thergi. term as compared to ryie in equation (5a) being
due to the current convention (ie is current out of vy rq and ic is current
intorg ',ic'). Hence we conclude that the equations

Vg = ravgl(ru +rg) (9a)
fg = T2 - rizrzi/(rll + rg) (gb)

describe the transistor as viewed from the load.
The power delivered by the generator into the load is the output current
ic = vg(ry + VL) operating into V.:

i = rfvgl(rgy + )] (10)

Theratio of this power to the available power of vy rgis the operating gain:
rivg 4ry
(ro’ + ri)® o

_ drury rm P [s_'ﬂ:r
T +ru)? [ru + r,:| =t (1)

A= (ru+r){raa+ ri) ~ nrm (12)

Operating gain = G{rp, r1) =

where

is the circuit determinant. ~ As the notation G(rg, r.) implies, the operating
gain depends on the external input and output circuits as well as on the
constants of the transistor. The problem of maximizing G(rgr.) by
proper choices of ry and r. will be discussed below. The circuit determi-
nant is an index of the stability of the circuit. If A <0, the circuit will
spontaneously build up an oscillation even though vy = 0. If A > 0, the
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circuit may be stable; however, the value of A given in (12) is the low-
frequency circuit determinant, and its behavior at high frequency is
involved in determining the stability of the circuit; we shall return to this
point briefly below.
L et us next consder the constant of the output generator in terms of the
values of Table 2.1 Theratio of the voltage generatorsis, approximately,
ﬂ" rz1 34,0(])

v_, - ry+r = 330 + 7, = 30, (13)

the approximation corresponding to rq = 500 ohms, a represent a tive value
for many applications. The ratio vgf/vg would be the voltage gain into
an infiniteimpedance load and would be analogous to the i of a tube. The
value of rq' is influenced by the feedback due to rq, and is

vl = [1_ txrm]:r ]:1_1.8)(290]
¢ rt7g 2 530 + #,
= ry,[l - 0.45] = 10,500 ohms, (14)

the last two terms corresponding to ry = 500 ohms. It is evident that
the effect of positive feedback through the term involving ary, acts to
reduce the output generator impedance and thus to increase the power
available from the generator vq', rg'. In principle the generator impedance
ry can be reduced to zero or made negative by adding an external feed-
back resistance to the base. This reduction is equivalent to increasing
all of the r's in the equivalent circuit by the added resistance, the con-
tributions being important chiefly for ry; and riy,. As soon as ry passes
through zero and becomes negative, the impedance between terminals ¢
and b, being rqr I (rg + ry), will also become negative, and oscillations
associated with stray capacitances and inductances may occur. This
is an example of instability arising before the low-frequency A vanishes;
A doesnot vanish until rg + VL = 0. Theproblem of findingthe optimum
value of the feedback resistance is similar to other problems of feedback
amplifier design.*

Using the value 10,500 for rg found in (14) and the circuit constants for
Grounded Base Operation of Table 2.1 we find from (11) that

Operating gain = 47 or 16.7 db. (14a)

Two other definitions of gain which are frequently referred to are the
available gain and the maximum available gain. The available gain is
found by adjusting rL SO as to maximize G(rq rl,); this adjustment ob-

*H. W. Bode, Network Analysis and Feedback Amplifier Design, D. Van Nostrand Co.,
Inc., New York, 1945.
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viously corresponds to setting rl, = ry'and gives

2
Glrpry) = ?‘L}. [rur:l_ o :I = available gain. (15)
[

For the values of circuit parameters previously used, its value is
500 [34,0(3!0]2
10,500 1030

For the 20,000-ohm load resistor of the Table (which gives greater stability
than the value 10,500 which maximizes the operating gain) the value of the

operating gain is less by a factor equal to (11)  (16):
drir  4X 20,000 X 10,500
(ry +r)? (30,500)° -

aloss of only 0.5 db.

The available gain is still a function of the external circuit through ry.
The maximum available gain is obtained by maximizing this available gain.

When this is done, it is found that ry as well asrL, is matched to the
transistor, and rg and rL have values

re = [(rures — rigrar)rin/ranl’ (18a)

ri = [(ruree — rigrar)raa/ruals. (18b)

= 52 0r 172 db. (16)

09 7

If the positive feedback is too great, the foregoing expressons become imag-
inary. Thecritical condition is

r11¥az — r1a¥a = raalryy — argz) = 0. (19)

In terms of the matched generator and load the maximum available gain is
given in terms of rg and rL of (18a) and (18b) as follows:

ra” .
(ru + 7o) (raz + 7e)
Inserting the values from Table 1.3, we obtain
rg = 76 ohms, r. = 2750 ochms (21)

and a maximum available gain of 88 or 19 db. Theextra 2 db of gain as
compared to the situation of rg = 500 ohms, rz, = 20,000 has been obtained
by reducing the external resstances to such low values that the margin
of stability has been reduced to a dangerous level. It is better, therefore,
to sacrifice some gain for greater stability.

For purposes of discussion in later sections we shall consider the maxi-
mum gain neglecting the feedback term r,. Under these conditions, the
values for rg and rL for the maximum available gain reduce to ry; and ry,

maximum available gain = (20)
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respectively, and the formula for maximum available gain becomes

2

) . , ray a’rag
maximum available gain = ———— = —= 22
g drirss 4 (22)

since r,; = arp;. This formulaindicates that large current amplification,
represented by large a, and a large ratio of collector to emitter impedance
both favor gain.

It should be pointed out in closing these remarks on the equivalent circuit
that we have discussed only the "grounded base" application of the trans-
istor. This mode of operation isin ageneral way analogous to the grounded
grid operation of a vacuum tube; in fact for a = 1, the circuit theories
become very similar, at least at low frequencies. Two other arrangements
are the grounded emitter, corresponding to grounded cathode, and the
grounded collector, corresponding to the grounded plate or cathode-fol-
lower circuit. The equivalent circuit of the transistor is, of course, equally
applicable to all of these cases. For further circuit details the reader is
referred to the literature.®

2.2d. Noise. The type-A transistor exhibits noise having the frequency
spectrum associated with contact or current noise. The noise power per
cycle varies inversely with frequency so that the noise per octave is the
same for all octaves, at least over the frequency range for which the equiv-
alent circuit parameters are independent of frequency.

A detailed discussion of noise theory is beyond the scope of the present
treatment.® We shall, however, discuss how the equivalent circuit may be
modified to include the effect of noise. This can be done by adding two
noise voltage generators of voltage v, and v, into the emitter and collector
branches of the equivalent circuit as shown in Figure 2.9(a).” Typical
values for the noise generators are as follows: the root mean square noise
voltages in a 1 cycle per second band at 1000 cycles per second are

Vie = 1 microvolt (233)
Vhe = 100 microvolts. (23b)

Since the noise power varies as 1/f, the values of v, and v, at another
frequency,/, are (1000/f)% times their values at 1000 cycles.

In the grounded base amplifier circuit of Figure 2.8, the effect of e will
be the same as vi: and vi,c will simply combine additively with vg'. Hence
the equivalent circuit looking into the transistor from the load will be as

5R. M. Ryder and R. J. Kircher, Bell Syst. Tech. J. 28, 367-400 (1949).

® For a dissusion of the theory of noise in crystal rectifiers, sse H. C. Torrey and C. A.
Whitmer, Crystal Rectifiers, M cGraw-Hill Book Co., New Y ork, 1948, Chapter 6.

L. C. Peterson, " Space-Charge and Transit-Time Effects on Signal and Noise in Micro-
wave Tetrodes', Proc. |RE, November 1947, 1264-1274.
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shown in Figure 2.9(b) with v,4 given by the equation
7210n¢

m+r

330ps + Une

where we have used the values in Table 2.1 for the circuit constants and
500 ohms for ry. There is evidence that the noise generators vye and Vi
are "correlated" to a certain degree, indicating that for both of them the
noise arises in part from a common source. For our example the contri-
butions of v,c and v, to vhg are respectively 100 and 33 microvolts.  If

Ung = ne

(V) = (V) = {v) —
—) @
iy fez
(@91 1
bom M W ob
fa)

FIG. 2-9—Noise in Transistors.

(a) Noise generators in the equivalent circuit.

(b) Equivalent output circuit.
they were perfectly correlated constructively, the contribution would be
133 as compared to 67 for perfect negative correlation, a difference of 6 db
in Vng. The correlation coefficient C of two sources is defined for our
example by the equation

Ungz = (33)29.“2 + D,“;s "I" 2 x 33C W Dne Png » (25)
Correlation coefficients ranging from —0.8 to +0.4 have been observed
for type-A transistors.

If correlation effects are neglected, the mean square noise voltage in
frequency range from fi te fa will be®

"’ws(fls J2)={1 10024 2 + 04.%)1000 In, fa/f1. (26)
Over the range of 1000 to 10,000 cycles this formula gives
Pngt(10) = (0.25 + 2.3) X 107% volts® = 2.5 X 10~® volts®*  (27)

8The contribution of vyr to Vo2 can be obtained by summing the contributions from each
frequency band df, thus obtaining

Sy
j; s (1000//)dS = 31000 n, (i f1).
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corresponding to an r.m.s. value of 5 millivolts. The quantity (10) in
u.,’(lO) indicates that a frequency band one decade wide is involved. It
is a characteristic of the 1/fpower spectrum that the noise power depends
only on the ratio fy/f; and not on the location of either frequency alone.

It isinstructive to compare thiswith the value of #," when the maximum
of 5 mw of undistorted power is being delivered to therL of 20,000 ohms.
This comparison leads to a determination of z;* as follows:

_ 09'2"1‘ _ 0,’2m,‘m
SX0 = T T (30,5000

giving

2,2 = 230 volts? (28)
corresponding to an r.m.s. voltage of 15 volts or about %5 the bias voltage on
the collector. The ratio of this (voltage)® to the (noise voltage)® is
9.2 X 10% or 70 db. This figure is the most significant figure of merit for
repeater applications, and we shall refer to it as the gain range decade
figure. It may also be defined as the "signal to noise ratio at maximum
output for a frequency band one decade wide". For our example, output
signals greater than 15 r.m.s. volts will produce distortion, and output
signals less than 5 r.m.s. millivolts will be no larger than noise. Usable
output signals will, therefore, lie in a range about 70 db wide, the exact
value being set by the tolerance limits on signal-to-noise ratio and dis-
tortion.

The value of 70 db corresponds to a band one decade wide. For a wider
band, there will be more noise power, and the gain range figure for the
wider band will be smaller. For example, the band from 100 to 10,000
cycles per second is two decades wide and has 3 db more noise so that the
gain range figure is 67 db. The gain range figure for any band may be
obtained by computing 10 times the logarithm to the base 10 of the number
of decades in the band and subtracting this from the gain range decade
figure. As another example consder the band from 5 to 6 mc. This
contains log®s = log 1.2 = 0.080 decades. The gain range for this band
would thus be 70 - 10 log 0.080 = 70 - 10(-1.1) = 81 db.

The gain range figure is obviously closdly related to the permissible
attenuation between repeaters. If the attenuation exceeds the gain range
figure, then either the output of one repeater is overloaded or the first sage
of the next repeater will have a signal output smaller than noise, it being
assumed that the problems of impedance matching have been solved. In
an actual design problem the considerations would include impedance
matching, tolerances for distortion and signal-to-noise ratio, and the total
number of repeaters in tandem.

Another quantity frequently used to describe noise is the noise figure.
Thisisdefined in terms of an amplifying circuit, like that of Figure 2.8, for
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example, as follows: If the only source of noise were the thermal or Johnson
noise in the external generator resistance, which we represent by r,, o
(T for thermal), then a certain apparent noise generator #,o" would appear
in the output. The ratio of {peg)? actually observed in the output to
(2ar’)? is the noise figure. The value of the noise figure depends on the
particular circuit constants used in the generator and has a minimum value
for a certain choicee. We shall not give the theory of making this choice
but will consider the general expression for the noise figure and then com-
pute it for the previously discussed case in which rg = 500 ohms. The
formula for the thermal noise voltage at room temperature (kT/e = 0.025
volt) is as follows:

ta1® = 4 ATAf = ry(4kT/e) (eAf)
= rp(0.1 volt)(1.6 X 107*°5f amp)
= 1.6 X 107%%, (chms) Af (sec™) volts?, (29)

Combining this with the expression for voltage gain and with the formula
for the output generator due to v, and v, leads to the expresson for the
total output noise generator:

2
it ) = [ 2= [ ket - )

1+

+ [[ﬁ;}:r tni’ @ ""2:[ 1000 In, (f2//1)  (30)

and to a noise figure

F=1+ L +”]2

e ekl s

where the @ s€ign indicates that correlation is to be taken into account in
combining the terms. Rather than substituting directly in the formula,
we shall deal with the case of f; = 1000 and/2 = 10,000 cycles/sec dis-
cussed earlier using ry = 500 ohms.  For this band, #.r?® is 16 X 10-*° X
500 X 9,000 volts’ and contributes 33° times this amount to Vng> or
8 X 10- volts>. The value 25 X 10-° volts® due to the transistor is
larger than this by a factor of 3 X 10° or 55 db and (because of the large
ratio) thisis also the noise figure.

A noise figure of 55 db for the 1000 to 10,000 cycle band is much worse
than that of a good electron tube, which can come dose to 0 db. In view
of the frequency dependence which brings the transistor noise figure down
to 30 db at a megacycle, the comparison at video frequencies is less un-
favorable, particularly if some developmental improvement can be made.

The noise figure depends upon the circuit used as well ason all the circuit

u,.,,?] 1000 In, (fo/fi).  (31)
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parameters. For further information, the reader is referred to the liter-
ature.®

The noise figure is evidently an index of the amount by which the
transistor falls short of being a noiseless amplifier. It is evident that no
appreciable advantage will be achieved by lowering the noise added by
the transistor lower than say 3 db below that contributed by the generator.
Since the noise generator in the equivalent circuit is much larger than
thermal noise in the corresponding resistive components of the equivalent
circuit (and also much larger than shot noise), there appears to be no basic
physical principle which will prevent lowering the noise in transistors
greatly.

PROBLEMS

1. Consider the circuit in which the emitter of the transistor is grounded
and the input signal is applied to the base from an input generator rq v
and the output is delivered to aload rL. Show that the characteristics of
this amplifier are as follows:

Circuit determinant:
A=(ry+rn+ raor+retre— rm) +rdre — re)
> 0 for stability

_ Te(tm — 14)

I t ed = =rnTr

nput impedance = rin = #3 + ‘+r;,+r.+rc—-rm
relrm — 7o)

Output impedance = fout = e+ re ~— 1
P P ut e m+r,+n,+r.

Operating gain = Gp = 4rgrg|(rm — ro/AlR
Backward operating gain = Gg = 4rgrp(r/A)

Show that for the transistor of Table 2.1, rqy = 500 ohms and VL = 20,000
ohms that r;j, = 2100 ohms, royt = - 6900 ohms, G = 24 db, Gg = -19db.

2. Consider the grounded collector amplifier as for problem 1 and show
that the equations determining its behavior are as follows:

Circuit determinant:
A=(rgtrntr)ortretr—rm)+rlrm—r:)
>0 for stability

. re(tm — 1)
Inpat impedance = ry, = #5 + 1. + M W
relrm — 1o}

Output impedance = roy = e+ 7. = rm + o+ 1y + o

Operating gain (forward) = Gp = 4rrp(r,/A)*
Backward operating gain = Gg = #rril{rm — ro}/A% = (1 — a)'Gy

°Se R. M. Ryder and R. J. Kircher, Bell Syst. Tech. J. 28, 367-400 (1949). Formulae
for saveral casssarequoted.
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Show that for the transistor of Table 2.1, rqy = 20,000 ohms, and r,_ =
10,000 ohms that r;, = -41,000 ohms, royt = -7500 ohms, Gy = 15 db,
Gr = 13 db.

Remark: The following problems are intended to give the reader some
familiarity with the magnitudes of voltages and currents and with the non-
linear behavior of the transistor of Figure 2.6.

3. Construct a plot of emitter voltage versus emitter current for V, =
— 10, —20 and —30 volts with the base grounded. (Hint: For fixed
values of V. read pairs of values of 1; and I, from Figure 2.6 and plot in
the ry; subplot.) Verify that near Iy = +1.0 ma the input resistance is
about 80 ohms.

4. Construct a plot, similar to problem 3, of V. versus |, but assuming
that V. is biased from a —60 volt battery through 20,000 ohms. (Hint:
Draw aload line on the r,, subplot and proceed as for problem 3.) Verify
that for l. in the range 0.5 to 15 ma the input impedance is about 300
ohms. (This problem shows that adding resistance in the collector cir-
cuit increases the input impedance of the emitter.)

5. This problem is intended to show how adding resistance between
base and ground can lead to a reduction in input impedance from positive
to negative values. For this purpose consider the V., — —20 volt curve
of problem 3. Verify that as I, increases from 0.5 to 1.0 ma, I, changes
from —18 to —2.7 ma so that I, = — (Ib + ;) changes from +1.3 to
+17 ma. Next suppose that a resistance is inserted between the base
and ground and let V, equal the voltage between base and ground and
Vi = Vi+V and V! = V. + Vb be corresponding emitter and col-
lector voltages above ground. Conclude that if the inserted resistance is
500 ohms, the increase of 1 from 0.5 to 10 ma will produce a negative
change in V4, given by 500 X (1.7 - 1.3) X 10~® = 0.2 volts and hence
that Vo, will decrease so that the input impedance is negative and equal
to about —300 ohms.  (The small correction due to the effect of Vb on V;
is negligible in this example.)

6. Consider the Ve versus /« plot for a circuit in which the collector is
biased at —40 volts and the base is connected to ground through 10,000
ohms. For |, = 0, show that I; = —1.0 ma and Vb = —10 volts and
Voo = Vb + V= -10+ (-0.3) = -10.3 volts. For negative emitter
currents, large negative emitter voltages will result. The other operating
points are found by the following graphical construction on ther,i plot:
For each value of /, the equation

-40 volts - 10,000(/¢ + I + V(3

must hold; this equation states that the battery voltage must equal the
sum of the drop across the resistance plus the drop between base and
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collector. The equation may be rewritten as
Ve (I1:) = [—40 volts — 10,0001,] — 10,000/,.

For afixed value of | theleft side is simply one of the parametric curves
of thery; plot.  For the same value of I, the right sideis simply a straight
line of slope —10,000 chms on the ry; plot. Thus for each value of I¢,
the solution is given by the point of intersection of the straight line with
the parametric curve. Verify that the following points will be obtained.

le /e ° Ve V' V:

-1 0 1 ma -30 -10 -10.3 volts
-2 0.5 15 ma -25 -15 -14.9 volts
-3 +1.2 18 ma -22 -18 -17.8 volts

The small difference between #3" and #,” is due to V., Estimate that the
negative resistance of ¥,” versus |, will continue with a slope of about
— 6000 ohms ur#}’ approaches —35 volts, corresponding to the bunched
curves near the top of the r,i plot extrapolated to about f, = 35 ma and
7c = —7 ma. For higher values of [, Z. will increase only slowly, ¥, will
change little and a positive resistance will be produced at the input.
This shows that the #7’, I, plot is an AT-shaped curve so that for a range of
fixed emitter biases there will be two stable solutions and one unstable
solution. This feature can be used to make flip flop circuits by biasing the
emitter to a negative voltage through a suitable resistor. (This treatment
is due to B. G. Farley.)

7. (a) A grounded base transistor amplifier is coupled through a trans-
former to a generator vy of internal resistance ry, Show that if emitter
noise is neglected, the greatest signal to noise ratio in the load is obtained
when the transformer impedance ratioisrg : rn.

(b) Suppose that the generator is a typical moving coil microphone for
which rg = 22 ohms and that when the microphone is picking up speech
from a distance of 3 feet, v= 5 X 10~° volt. Show that when proper
matching is used the signal to noise ratio in the load is approximately
0.6 db. Assume a band extending from 50 to 10,000 cps.

(c) Show by a qualitative argument that the final signal to noise ratio
is not much different when the amplifier contains several stages provided
the gain per stage is of the order of 20 db.

8. In view of the results of problem 7, how much gain can be built into
a transistor amplifier designed for the frequency range 50-10,000 cps if it is
required that the noise at the output must be 40 db below the maximum
signal output? Assume that max. signal output is 10 milliwatts.

Am. Approximately 46 db.

9. Consider a transistor operated as a grounded base amplifier with a
load of 10,000 ohms in series with a 40 volt battery.
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(a) Using the curves of Figure 2.6, find the maximum peak-to-peak
output current which is comparatively free from distortion.

(b) Assuming that the input (emitter) current is sinusoidal, what is the
d.c. emitter bias?

(c) If the ac. component of the input is removed, what is the power
dissipation in the collector ? What is the power drawn from the battery ?

(d) Let the ac. component of the input be restored but in such a way
that, unlike (b), the output current is sinusoidalwith the maximum peak to
peak amplitude. What is the a.c. power delivered to the load ?

(e) Under the conditions in (d), what are the collector dissipation and
the power drawn from the battery ?

Ans. (a), 2.2 ma.; (b), .75 ma.; (c), 39.6 mw.; 88 mw.; (d), 6.1 mw.;
(e), 33.9 mw., 80 mw.

10. Show by procedures similar to those of problem 7 that the signal
to noise ratio for optimum matching is not affected by connecting several
similar transistors in parallel; in other words, the noise figure of a matched
transistor amplifier is unchanged by paralleling similar transistors.



CHAPTER 3

QUANTITATIVE STUDIES OF INJECTION
OF HOLES AND ELECTRONS

31 CARRIER INJECTION IN GERMANIUM*

3.1a. Introduction. The invention of the transistor’?® has given great
stimulus to research on the interaction of holes and electrons in semicon-
ductors. The techniques discussed in this section for investigating the
behavior of holes in »-type germanium were devised in part to aid in
analyzing the emitter current in transistors. The early experiments of
Bardeen and Brattain suggested that the hole flow from the emitter to the
collector took place in a surface layer.®? The possibility that transistors
could also be produced by hole flow directly through w-type material was
proposed in connection with the p-n-p transistor. Quite independently,
J. N. Shive® obtained evidence for hole flow through the body of n-type
germanium by making a transistor with points on opposite sides of a thin
germanium specimen. Such hole flow is aso involved in the coaxial trans-
istor of W. E. Kock and R. L. Wallace.® Further evidence for hole injec-
tion into the body of n-type germanium under conditions of highfieldswas
obtained by E. J. Ryder.”

In keeping with these facts it is concluded® that with two points close
together on a plane surface, as in the type-A transistor,® holes may flow
either in a surface layer or through the body of the germanium. For sur-
face flow to be large, special surface treatments appear to be necessary;
such treatments were not employed in the experiments described in this
section and the results are consistent with the interpretation that the hole
current from the emitter point flowsin the interior.

*This section appeared in slightly modified form as a part of a paper by W. Shockley,
G. L. Pearson, and J. R. Haynes in the Bell Syst. Tech. J., 28, 344-365 (1949).

1J. Bardeen and W. H. Brattain, Phys. Rev. 74, 230-231 (1948).

2W. H. Brattain and J. Bardeen, Phys. Rev. 74, 231-232 (1948).

3 J. Bardeen and W. H. Brattain, Phys. Rev. 75, 1208-1225 (1949).

4W. Shockley, Bell Syst. Tech. J., 28, 453-489 (1949).

®J. N. Shive, Phys. Rev. 75, 689-690 (1949).

®W. E. Kock and R. L. Wallace, Electrical Engineering, 68, 222-223 (1949).

" E. J. Ryder and W. Shockley, Phys. Rev. 75, 310 (1949).

8 For reviews of the type-A transistor see Bardeen and Brattain, Phys. Rev. 75, 1208-1225
(1949); R. M. Ryder, Bell Laboratories Record, 27, 89-93 (March, 1949); J. A. Becker and
J. N. Shive, Electrical Engineering, 68, 215-221 (1949); and R. M. Ryder, Bell Syst. Tech. J.,
28, 367-400 (1949).

4
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The experiments described in this section, in addition to any practical
implications, serve to put the action of emitter points on a quantitative
basis and to open up a new area of research on conduction processes in
semiconductors. It is worth while at the outset to contrast some of the
new aspects of these experiments with the earlier experimental status of the
bulk properties of semiconductors.  Prior to the invention of the transistor,
inferences about the behaviors of holes and electrons were made from
measurements of conductivity and Hall effect. For both of these effects,
under essentially steady state conditions, measurements were made of such
quantities as lengths, currents, voltages, and magnetic fields. The meas
urement of timewas not involved, except indirectly in the calibration of the
instruments. Nevertheless, on the basis of these data, definite mental
pictures were formed of the motions of holes and electrons describing in
particular their drift velocity in electric fields and the transverse thrust
exerted upon them by magnetic fields.” The new experiments show that
something actually does drift in the semiconductor with the predicted drift
velocity and does behave as though it had a plus or minus charge, just as
expected for holes and electrons. In addition, experiments described in
Section 3.2 show that the effect of sidewise thrust by a magnetic field ac-
tually is observed in terms of the concentration of holes and electrons near
one side of a filament of germanium.

We shall discuss here evidence that holes are actually introduced into
n-type germanium by the forward current of an emitter point and show how
the numbers and lifetimes of the holes can be inferred from the data. We
shall refer to this important process as hole injection. Discussions of
the reasons why an emitter should inject holes have been given for metal-
semiconductor point contacts by Bardeen and Brattain and for p-n junc-
tions by Shockley. These theories are discussed in subseguent sections.
There are other possible ways in which semiconductor amplifiers can be
made without the use of hole injection into n-type material or electron
injection into p,-type material.’® In this chapter, however, our remarks
will be restricted to semiconductors which have only one type of carrier
present in appreciable proportions under conditions of thermal equilibrium;
for such cases the theoretical considerations are simplified and are appar-
ently in good agreement with the experiments.

3.1b. Measurement of Density and Current of Injected Carriers. The
experiment in its semiquantitative form is relatively simple and is shown

° In die sn=e of Chapter 14, these pictures amount to additional physical concepts which
enter the theory but drop out again before Hall effect and conductivity predictions are made.
The new experiments bear on other aspects of the physical concepts and give an operational
reality to the pictures assodiated with drift velocity and Hall effect.

Y For example se J. Bardeen and W. H. Brattain, Phys. Rev. 74, 230-231 (1948), and
W. Shockley and G. L. Pearson, Phys. Rev. 74, 232-233 (1948).
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in Figure3.1." A rod of n-type germanium is subjected to a longitudinal
electric field E applied by a battery B:. Collector and emitter point
contacts are made to the germanium with the aid of a micromanipulator.
The collector point is biased like a collector in a type-A transistor by the
battery 2?,, and the signal obtained across the load resistor R is applied to
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F1G. 3-1—Experiment to Investigate the Behavior of Holes
Injected into n-Type Germanium.

(a) Experimental arrangement.
(b) Signal on ogdllosoope showing delay in hole arrival at tyin respect to dosng S
at t and ddlay in hole departure at t, in respect to opening S at ts.

the input of an oscilloscope. At timet the switch in the emitter circuit is
closed so that a forward current, produced by the battery Bs, flows through
the emitter point. At t, the switch is opened. The voltage wave at the
collector, as observed on the oscilloscope, has the wave form shown in
part (b) of the figure.

These data are interpreted as follows: When the emitter circuit is closed,
the eectrons in the emitter wire start to flow away from the germanium
(that is, positive current flows into the germanium). These eectrons are
furnished by an electron flow in the germanium towards the point of con-

I Experiments of this sort were first reported by J. R. Haynes and W. Shockley, Phys.
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tact. The flow in the germanium may be either by the excess electron
process or by the hole process. In Figure 3.2 weillustrate these two possi-
bilities. At first glance it might appear that the difference between these
two processes isunimportant since the net result in both casesis a transfer
of electrons from the germanium to the emitter point. There is, however,
an important difference, one which makes several forms of transistor action
possible. In the case of the hole process an electron is transferred from the

METAL SEMICONDUCTOR
ELECTRON METAL ———
GAS i(?'his MO‘!’IION GF EXCESS ELECTRON

]
A,
LY

MOTION OF HOLE
—

FI1 G. 3-2—Comparison between Electron Flow to and Hole Flow from aPoint Contact.

valence band structure to the metal.  After this the hole moves deeper into
the germanium. As a result the electronic structure of the germanium is
modified in the neighborhood of the emitter point by the presence of the
injected holes.

Under the influence of the electric field E, the injected holes drift toward
the collector point with velocity s, &, where g, is the mobility of ahole, and
thus traverse the distance L to the collector point in a time L/g,E. When
they arrive at the collector point, they increase its reverse current and pro-
duce the signal shown at .-

There are two important differences between the signal produced at t,
and that produced at 4. The signal at #,which isin a sense a pickup sig-
nal, would be produced even if no hole injection occurred. We shall
illustrate this by considering the case of a piece of ohmic material sub-
stituted for the germanium. Conventional circuit theory applies to such a
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case; however, in order to contrast this purely ohmic case with that of hole
injection, we 6hall also give a description of the conventional theory of
signal transmission in terms of the motion of the carriers. According to
conventional circuit theory, the addition of the current I would simply
produce an added IR drop due to current flow in the segment of the speci-
men to theright of the collector. This voltage drop is denoted as IRy in
part (b), Rd representing the proper combination of resstances to takeinto
account the way in which I divides in the two branches. This signal will
be transmitted from the emitter to the collector with practically the speed
of light—the ordinary theory of signal transmission along a conductor
being applicable to it. This high speed of transmission does not, of course,
imply a correspondingly high velocity of motion of the current carriers. In
fact, the rapidity of signal transmission has nothing to do with the speed of
the carriers and comes about as follows: [|f the ohmic material is an eec-
tronic conductor, then the withdrawal of a few electrons by the emitter
current produces a local positive charge. This positive charge produces
an electric field which progresses with the speed of light and exerts a force
on adjacent electrons so that they move in to neutralize the space charge.
The net result is that electrons in all parts of the specimen start to drift
practically instantaneously. They flow into the specimen from the end
terminals to replace the eectrons flowing out at the emitter point and no
appreciable change in density of electrons occurs anywhere within the
specimen.’?

The distinction between the process just described and that occurring
when holes are injected into germanium is of great importance in under-
standing many effects connected with transistor action. One way of sum-
marizing the situation is as follows: In a sample having carriers of one type
only, electrons for example, it is impossible to alter the density of carriers
by trying to inject or extract carriers of the same type. The reason is, as
described above (or proved in the footnote), that such changes would be
accompanied by an unbalanced space charge in the sample and such an
unbalance is self-annihilating and does not occur.*®

When holes are injected into w-type germanium, they also tend to set
up aspace charge. Once more this spacechargeis quickly neutralized by an
electron flow. In this case, however, the neutralized stateis not the normal
thermal equilibrium state. Instead the number of current carriers present

2 Thisis adescription in words of the result ordinarily expressed in terms of the dielectric
relaxation time obtained asfollows. V-5 = —j, J = ¢E = —aV¥, Vi = —drp/x =
b/e 3o thet p = pg exp [— (dxg/x)], where | = current density, p = charge density, 0 =
conductivity, E = electric field, ¥ = electrostatic potential, k = dielectric constant. The
quantity x/4re isthedielectric relaxation time.

2 In the case of modulation of conductivity by surface charges discussed in Section 2.1,
a net charge is produced by the field from the capacitor plate. The changed charge density
extends slightly into the specimen but should not be confused with the true volume effect of
hole injection. Such space charge layers are discussed briefly in Section 4.3.
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has been increased by the injected holes and by an equal number of electrons
drawn in to neutralize the holes. The total number of electrons in the
specimen will thus be increased, the extra electrons coming in from the
metal terminals which complete the circuit with the emitter point. The
presence of the holes and the neutralizing electrons near the emitter point
modify the conductivity. As we shall show below, this modification of
conductivity may be so great that it can be used to measure hole densities
and also to give power gain in modified forms of the transistor. We shall
summarize this situation as follows: In a semiconductor containing sub-
stantially only onetype of current carrier, itisimpossible to increase thetotal
carrier concentration by injecting carriers of the same type; however, such
increasescan be produced by injecting the oppositetypesincethespacecharge
of thelatter can be neutralized by an increased concentration of thetypenormally
present.

Thusweconcludethat the existence of two processesof electronic conduction
in semiconductors, corresponding respectively to positive and negative mobile
charges, is a major feature in several forms of transistor action.

In a vacuum-tube triode there are also two ways in which electrons
carry current: (1) ordinary metallic conduction in the leads and (2) space
flow produced by thermionic emission. In Section 4.2 we shall show, by
comparing a p-n-p transistor with a vacuum-tube triode, that there is a
close analogy in the two casss between the ways in which the interaction
of one form of current flow with the other produces amplification.

In terms of the description given, the experiment of Figure 3.1 is readily
interpreted. The instantaneous rise at t* is simply the ohmic contribution
due to the changing total currents in the right branch when the emitter
current startsto flow. After this, thereisatimelaguntil the holesinjected
into the germanium drift down the specimen and arrive at the collector.
When the current is turned off at h, a similar sequence of events occurs.

The measured values of the time lag of t; — t,, thefield E, and the dis-
tance L can be used to determine the mobility of the holes. The fact that
holes, rather than electrons, areinvolved is at once evident from the polarity
of the effect; the disturbance produced by the emitter point flows in the
direction of E, as if it were due to positive charges; if theelectric field isre-
versed, the signal produced at t; is entirely lacking. The values obtained
by this means are found to be in good agreement with those predicted from
the Hall effect and conductivity data. The Hall mobility values obtained
on single crystal filaments of n- and p-type germanium® are

Mp — 1700 cm/sec per volt/cm (1)
Mn = 2600 cm/sec per volt/cm. (2)

The agreement between Hall effect mobility and drift mobility, as was
pointed out at the beginning of this section, is a very gratifying confirmation
¥ G. L. Pearson, Phys. Rev, 76, 179 (1949).
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of the general theoretical picture of holes drifting in the direction of the
electric field.”

We shall next consider a more quantitative embodiment of the experi-
ment just considered. In Figure 3.3, we show the experimental arrange-
ment. In this case it is essential in order to obtain large effects that the
cross section of the germanium filament be small. A thin piece of germa-
nium is cemented to a glass backing plate and is then ground to the desired
thickness. After this the undesired portions are removed by sandblasting
while the desired portions are protected by suitable jigs consisting of wires,
Scotch tape, metal plates, etc. After the sandblasting, the surface of the
germanium is etched. In this way specimens smaller thanD.01 X 0.01 cm
in cross section have been produced. The ends of the filament are usually
made very wide so as to simplify the problem of making contacts.

Under experimental conditions, a battery like B; of Figure 3.1, applies a
"sweeping" field in the filament so that any holes injected by the emitter
current are swept along the filament from left to right. In the small fila-
ments used for these experiments, the resulting concentration of holes is so
high that large changes in conductivity are produced to the right of the
emitter point and, as we shall describe below, these changes can be measured
and the results used to determine the hole current at the emitter point. In
order to treat this situation quantitatively, we introduce a quantity y de-
fined as follows:

y = the fraction of the emitter current carried by holes. (©)]

Accordingly, a current yle of holes flows to the right from ¢ and produces a
hole density, denoted by p, which is neutralized by an equal added electron
density. A fraction (1 — y)l. of electronsflowsto theleft; these electrons
do not, however, produce any increased electron density to the left of the
emitter since they are of the sign normally present in the n-type material.
The presence of the holes to the right in the filament increases the con-
ductivity o[as shown in Figure 3.3(c)] both because of their own presence and
the presence of the added electrons drawn in to neutralize the space charge
of the holes. The mobility of electronsis greater than the mobility of holes,
the ratio being'®

b = pn/pp, = 15 for germanium (4
and the electrons are always more numerous than the holes'’
n = ngtp, (5)*®

6 S Chapter 12 for a review of the mogt recent data.

% G. L. Pearson, Phys. Rev. 76, 179 (1949). See Chapter 12 for the mogt recent data.

¥ The notation used in the eguations is as follows n, p, Ny = respectively density of
dectrons, of holes, of dectrons when no hdes areinjected. Nd and N, are the densties of
donors and acceptors, assumed ionized so that no = Ng— Na e |y, | are as shown on
Figure 3.3. (I, usad for the probe collector in Figures 3.1 and 3.9 does not enter the
equations)

8 S Problems at the end of this chapter.
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FIG. 3-3—Method of Measuring Hole Densities and Hole Currents.

(a) Distribution of holes, electrons, and donors. Acceptors, which may bepresent,
are omitted for simplicity, the excess of donor density Ny over acceptor density N,
being no.

(b) To the right of the emitter the added hole density p is compensated by an
equal increase in electron density.

(c) The conductivity is the sum of hole and electron conductivities.

(d) The total current I, + I, to the right of the emitter is carried by I, and I,
in theratio of the hole to the electron conductivity.



62 QUANTITATIVE STUDIES OF CARRIER INJECTION B

where no is the concentration of electrons which would be present to neu-
tralize the donors if p were equal to zero; consequently, the current carried
by electronsis greater than the current carried by holes.  The concentration
of holes diminishes to the right due to the fact that holes may recombine
with electrons as they flow along the filament.

From this experiment the value of 7 and the lifetime of a hole in the
filament can be determined. The measurements are made with the aid of
the two probe points P, and P, which draw no current and serve simply to
measure the potential*° on the two equi-potential surfaces V; and V,. The
conductance of the segment of filament between these equi-potentials is
obtained by measuring the voltage difference and dividing it into the
current Jy + I.. The conductance of the filament between these points
is obtained by measuring the voltage difference AV and dividing it into the
current Iy + J,. The necessary formulae for calculating hole density and
hole current, shown on the figure, are derived as follows:

Normal conductivity org= €LLnNo, (6)
conductivity with holes present a = eun# + eupp
= epalio + P) + eupp = ool + (1 + ") (2/m0)} (7

This relationship is plotted in part (a) of Figure 3.4 as a function of p/n$.
The conductance,

G = (I .+ h)/AV, (8)
between Pi and P2 is proportional to the local conductivity, and hence to
14+ (14 5 (p/n0), (9)

so that a measurement of the conductance gives a measurement of p/ng.
Letting G and Go be the conductances between the points with and without
hole injection, we have

G o

Go " v 14 (14 51 (p/n0) (10)
or

P v — o (G/Go) = 1

g ol 1140

The ratio of the hole current to the total current is, of course, simply the
ratio of the hole conductanceto total conductance. Thisratio, fp/{fn+ 1),

(11)

' When the hole and dectron densities in a semiconductor do not have their equilibrium
values, the potential measured by a point contact will depend on the nature of the contact,
the stuation being remotely analogous to that corresponding to thermoeectric potentials.
These internal contact potential differences are usually so small that they can be neglected for
experiments of the sort described here. For a further discusson of the theory sse W. Shockley,
Bell Syst. Tech. J. 28, 435-489 (1949).
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is plotted in part (b) of Figure 3.4. The value of |, may then be deter-
mined graphically as follows: From a measurement of G/Go, p/ng is de-
termined from part (a); from p/ny the ratio Ip/(fa 4 I} is then found
from (b). Since fu + I is known, this determines 1,. The algebraic
relationship corresponding to the procedure just outlined is as follows:

Ip - eppp _ t
Totd, epn 4 eugp g+ (14 8)p

= 2/ng — I — (GO/G), 12)
sl + (1 + 671)(p/m)] 144
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F1G. 3-4—Dependence of Conductivity and Fraction of Current Carried by Holes
Upon Hole Concentration. (Drawn for b = 15))

Hence from the measured values of G, it is possible to obtain the fraction
of the current carried by holes. The hole current flowing past the probe
points can be obtained by multiplying this expression by I, + Iy = I, +
Ip; this leads to the formula

_ U+ Il — (Go/G)] 1.+ Iy — GodAV
1+ 1+ 5

I, (13)

where A¥ isgiven by (8). This last expression can be given the following
simpleinterpretation. GeA# is the current carried by the normal electron
density n.. The numerator of (13) is thus the extra current carried by
injected holes and added electrons, and of this extra current a fraction
1/(1 + b) is carried by holes so that the hole current is given by (13).2°

If there were no decay, the current past the probe points would be yl
and, since I; is known, y could be easily determined. Actually, however,

2 |n thee calculations the formula n = p + ny, corresponding to completely ionized
donors and acceptors, has been used. In germanium this is a good approximation. For
silicon, however, modifications will be necessary.
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there may be quite an appreciable decay. However, if the current I, is
increased, the holes will be swept more rapidly from the emitter to the
probes and less decay will result. Thus by increasing /,, the effect of

-4
Igm

B  0.03Ms

a4 o

o 1.0

a—TpELO

] ——N-——7n=0.8

G.8

.5 \ g

0.4 \

0.3

0.2 o\ \{\
\b a .le/ 1, FOR n-TYPE

o
s

Ip/ Ig AND In/I¢

e o
-
-
F.

"

0.06
\ 4

0.0%

0.04
“In/I‘, FOR p-TYPE

0.03

Tyx=04 U5
Tpa 0945

o.02

Q.Q}

o 02 04 0B 08 1.0 L2 14 1B 1B 20 2.2 24 208 2.8 30
TRANSIT TIME, Ty, IN MICAOSECONDS

F1G. 3-5—Extrapolation of Measured Hole and Electron Currents to Zero Transit
Timein Order to Determiney.

recombination can be minimized and the value of hole current can be
extrapolated to the value it would have in the absence of decay. This
value is, of coursg, Yl

In Figure 3.5 we show some plots of this sort. The ordinate is |,/
which should approach y as the value of /, becomes larger. The theory
indicates that a logarithmic plot should be used and that the abstissa
should be made proportional to transit time so that the case of no decay
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or zero transit time comes at the left edge®  The conclusion reached from
this plot is that, for the case of the n-type sample, the value of y is sub-
stantially unity, all the emitter current is holes. For the opposite cae in
which electrons are injected intop-type material,* the corresponding value
of I./1, extrapolates to 0.6 indicating that for this case 60 per cent of the
current is carried by electrons and 40 per cent by holes. For these partic-
ular specimens the lifetimes are found to be 0.9 and 0.41 microsecond
respectively. Thereis a body of evidence, some of which we discuss below,
that holes combine with electrons chiefly on the surface of the filament.
3.1c. Influence of Hole Density on Point Contacts. The presence of
holes near a collector point causes an increase in its reverse current; in
fact the amplification in a type-A transistor is due to the modulation of the
collector current by the holes in the emitter current. The influence of
hole density upon collector current has been studied in connection with
experiments similar to those of Figure 3.3. After the hole current and the
hole density are measured, a reverse bias of 20 to 40 volts is applied. The
reverse current is found to be a linear function of the hole density. Figure
3.6 shows typical plots of such data. Different collector points, as shown,
have quite different resistances. However, once data like that of Figure
3.6 have been obtained for a given point, the currents can then be used as a
measure of hole density.  This experimental procedure for determining hole
density is simpler than that involved in using the two points and much
better adapted to studies of transient phenomena. It is necessary in em-
ploying this technique to keep the current drawn by the collector point
somewhat smaller than fp + f.; otherwise the disturbance in the current

flow due to the collector current is too great and the sample of the hole
current is not representative.  Experiments have shown, however, that this
condition is readily achieved and that the collector current may be satis-
factorily used as a measure of hole density.

The hole density also affects the resistance of a point at low voltage.
Studies of this effect have also been made in connection with the experi-
ment of Figure 3.3. After the hole density has been determined from
measurements of A¥ and /, + |, asmall additional voltage (0.015 volts)
was applied between Pi and P2 and the current flowing externally between
Pi and P2 was measured. From these data a differential conductance, for
small currents, is obtained for the two points P; and P, in series. As is

2 |f the lifetime of a hde is r, then the hole current at the points is 1, = yle exp (—Ur)
where / is the transit time to a point midway between the points, say a digance L from
the emitter. If the dectric field is E = AF/AL, then the transit timet = LAL/uA¥.
Henceif In | p asdetermined from theratio of conductivities, isplotted againg t =  LAL/upA¥
a straight line with intercept In y/e and dope — 1/r should be obtained. See Chapter 12.

2 Transistors using p-type germanium have been described by W. G. Pfann and J. H. Scaff,
Phys. Rev. 76,459 (1949). Electron injection in p-type germanium has also been observed by
R. Bray, Phys. Rev. 76, 152, 458 (1949).
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shown in Figure 3.7, this conductance is seen to be a linear function of the
hole concentration.  The conductance of a point contact arisesin part from
electron flow and in part from hole flow. From experiments using mag-
netic fields,® it has been estimated that under equilibrium conditions the
two contributions to the conductance may be comparable. In connection
with Figure 3.7 it should be noted that the hole concentration on the
abscissa is the average hole concentration throughout the entire cross
section; the hole concentration may be much less near the surface due to
recombination on the surface.
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Collector Point. Collector Biased 20 Volts Reverse.

Techniques of the sort described previously can be used to measure the
properties of collector points. If a collector point is placed between the
emitter and P; in Figure 3.3, then the hole current extracted by the
collector can be determined in terms of the hole current past P; and P,.
By these means an "intrinsic a" for the collector point can be determined.
Theintrinsic ais defined as follows:

ai = intrinsic a = the ratio of change in collector current per
unit change in hole current actually arriving at the collector.

3.1d. Studies of Transient Phenomena. The technique of using a
collector point to measure hole concentrations has been employed in a

2 H_ suhl and W. Shocklcy, Phys. Rev. 75, 1617 (1949); 76, 180 (1949).
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number of experiments similar to those described in connection with Figure
3.1. These experiments give information concerning hole lifetimes, hole
mobilities, diffusion and conductivity modulation.

One of the methods employed to measure hole lifetime involves the meas-
urement of the increase in collector current, produced by the arrival of the
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Showing that Conductance Depends on Hole Concentration but Not on Currents in

Filament. For Each Value of |, the Hole Density Was Varied by Varying Iy + I,
from .038 to 0.78 ma.

leading edge of the hole pulse, as a function of the transit time of the holes
from emitter to collector. This time is varied by varying the distance be-
tween the emitter and the collector points.

In Figure 3.8 we show a plot, obtained in this way, from a sample of
germanium having dimensions 1.0 X .05 X .08 cm. It is seen that the
increase in collector current due to hole arrival decays exponentially with a
time constant of 18 microseconds. This time constant increases as the
dimensions of the germanium sample are increased so that a time constant
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of 140 microseconds was measured, using a sample having dimensions
2.5 X .35 X .30 cm. Since the holes injected into the interior of this
sample can diffuse to the surface and recombine in about 100 microseconds,
the process may still be largely one of surface recombination. In any
event, it may be concluded that thelifetimein the bulk material used must
be at least 140 microseconds. Making use of the electron density deter-
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mined from other measurements, we conclude that the recombination cross
section must be less than 10-® cm?.  This cross section, which is less than
1/400 the area of a germanium atom, may be so small because a hole-elec-
tron pair has difficulty in satisfying in the crystal the conditions somewhat
analogous to conservation of energy and momentum which hinder recom-
bination of electrons and positive ionsin a gas discharge. Thus it has been
pointed out that a hole-electron pair will have a lowest energy state in
which the two current carriers behave something like the proton and elec-
tron of a hydrogen atom.*® Such a bound pair are called an exciton and
the energy given up by their recombination is the " exciton energy.” In
order to recombine they must radiate this energy in the form of a light

2G. H. Wannier, Phys. Rev. 52, 191-197 (1937).
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guanta (photon) or a quantum of thermal vibration of the crystal lattice
(phonon). The recombination time for the photon recombination process
can be estimated from the optical constants for germanium and the theory
of radiation density using the principle of detailed balancing, which states
that under equilibrium conditions the production of hole-electron pairs b

photon absorption equals the rate of recombination with photon emission;
the lifetime obtained in this way is about 1 second at room temperature
indicating that the photon process is unimportant.”® As has been pointed
out by A. W. Lawson,?® the highest energy phonon will have insufficient
energy to carry away the "exciton energy" of a hole-electron pair and,
therefore, the reease of energy will require the cooperation of several
phonons with a correspondingly small transition probability.

When a square pulse of holes is injected in an experiment like that of
Figure 3.1, the leading and trailing edges of the current at the collector
point are deformed for several reasons. Owing to the high local fields at
the emitter point, some of the holes actually start their paths in the wrong
direction—i.e. away from the collector; these lines of flow later bend for-
ward so that those holes also pass by the collector point but with a longer
transit time than holes which initially started towards the collector. A
spread in transit times of this sort is probably largely responsble for the
loss of gain at high frequencies in transistors. For the experiments de-
scribed below, however, this effect is negligible compared to two others
which we shall now describe.

On top of the systematic drift of holes in the electric field, there is super-
imposed a random spreading as a result of their thermal motion. This
would cause a sharp pulse of holes to become spread so that after drifting for
a time t4 the hole concentration would extend over a distance proportional
to Dty whereD = thediffuson constant for holes = kTpy/e = 45 cm?/sec.
As a result of this effect, the leading and trailing edges of the square wave
of emisson current become spread out when they arrive at the collector.
Thisis shown in Figure 3.9, curve A for the leading edge and B for the trail-
ing edge. The points are 10 microsecond marker intervals traced from an
oscilloscope, the time being measured from the instant at which the emitter
current starts. For A and B the emitter current was so small compared to
the current |, that the holes produced a negligible modulation of conductiv-
ity and each hole moved in essentially the same electric field. It is to be
observed that the wave shapes are nearly symmetrical in time about the
half rise point and that the A and B waves are identical except for sign.

% Optical constants for germanium have been published by W. H. Brattain and H. B.
Briggs, Phys. Rev. 75, 1705-1710 (1940) and H. B. Briggs, Phys. Rev. 77, 287 (1950). The
integration over the radiation distribution was carried out by W. van Roosbroeck.

% personal communication; a somewhat similar case is treated by B. Goodman, A. W.
Lawson, and L. | . Schiff, Phys. Rev. 71,191-194 (1947).
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Thisisjust theresult to be expected from diffusion. Furthermore) analysis
showsthat thespread in arrival timeisin good quantitative agreement with
the theoretical wave shape using the diffuson constant appropriate for
holes. For this case the mid-point of the rise, corresponding to the crossing
point of the curves, gives the average arrival time and has been used to
obtain an accurate measure of the mobility.

Curves C and D correspond to conditions in which the emitter current
was relatively large—two thirds of the base current. High impedance
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sources are used so that |y, is constant and |, is a good flat topped wave.
For the currents used in this experiment, the conductivity is appreciably
modulated by the presence of holes. This accounts for the shape of curve
C, corresponding to the arrival of holes at the collector. It is seen that this
curve is not symmetrical but is much more gradual towards later times.
The reason for this is that the first holes to arrive are those which have
diffused somewhat ahead of the rest and move in material of low conduc-
tivity. The later holes travel in an environment of relatively high con-
ductivity and, consequently, in a lower electric field. (Since the current
is the same at all points between emitter and collector, the field is inversely
proportional to the conductivity.) The transit time for the later hdles is,
therefore, longer and the hole density builds up more slowly for the latter
part of the incoming pulse of holes. The wave form obtained from the
trailing edge of the emitter pulse, curve D, isin striking contrast with the
leadingedge. Thefirst gradual decay, up to point X, is due to recombina-
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tion of holes and €electrons; at t; the emitter current becomes zero; con-
sequently, the electric field is reduced and the holes arriving at X have
taken alonger transit time than the holes arriving at h and alarger fraction
of them have recombined with electrons. The true trailing edge, running
from X to Y, is appreciably sharper than the leading edge. The reason for
this is that holes lagging behind the main body of holes are in a region of
relatively low conductivity and high electric field and tend to catch up with
the main body. Thus the same effect which lengthens wave C acts to
shorten wave D.

C. Herring has been able to obtain mathematical solutions for the appro-
priate equations bearing on the matters just discussed.”

The delay feature discussed in connection with Figures 3.1 and 3.9
indicates interesting possibilities of using germanium filaments as delay or
storage elements.

32 MAGNETIC CONCENTRATION OF HOLES AND
ELECTRONS, THE SUHL EFFECT

Because of its great importance in affording a means of investigating hole
lifetimes and related matters, we shall discuss the magnetic concentration
effect observed by Suhl and Shockley.! This experiment represents an
extension of the Hall effect beyond its usual range of application and gives
direct experimental evidence that holes and electrons moving in magnetic
fields are subjected to a sidewise thrust.

The experimental arrangement may consist of an »-type germanium
filament which is placed in a transverse magnetic field, Figure 3.10(a). If
an electric field E, causes an electron flow parallel to the filament, then
a Hall voltage will appear across the specimen and, for the polarities shown,
the top surface will be charged negatively.? The effect is produced,
according to theory, by transverse force tending to thrust electrons to one
side as they drift down the filament. For the case shown, the top surface
of the filament will become negatively charged, and the total electric field,
having components E, and E,, will form angle o, with the lines of current
flow. If a few holes are injected into thisfield by the current | ¢, they will
be deflected by the magnetic field towards the same side as the electrons.
(As discussed in Section 8.7, the sidewise thrust is p'oportional both to
velocity and to charge of the particle, each of which is reversed for a hole
compared to an electron so that the magnetic thrust is in the same direc-
tion.) In addition, the transverse component, E,, of electric field which

27C. Herring, Bell Syst. Tech. J. 28, 401-427 (1949); s also Chapter 12.

LH . suhl and W. Shockley, Phys. Rev. 75, 1617-1618 (1949).

2 An elementary description of the Hall effect is given in Sections 86 to 88. Figures 87
and 89 show important features.
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holds electrons away from the top surface, tends to concentrate holes
there. Thenet result isthat holes are drawn towards the top surface.
Experimental evidencefor thispredicted behavior of the holesis obtained
with the aid of the probe points. As Figure 3.7 shows, the conductance of
a probe point is a linear function of hole density. Consequently, the
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(d) CONCENTRATION OF INJECTED HOLES

FI1G. 3-10—Magnetic Concentration of Holes and Electrons.

conductance of the points can be used as a measure of hole density. The
observed result can be visualized with the aid of Figure 3.11, which shows
schematically the sort of effects expected. For no magnetic field, the hole
current spreads out across the specimen by diffusion; anticipating the
result to be established |later, we have indicated that some of the lines of
flow terminate on the surface where a major portion of the recombination
of holes and eectrons occurs. For a magnetic field H; the holes are
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strongly deflected towards the top side of the filament. For H, > H,
the effect is still more pronounced and a second effect is indicated: the hole
current dies away more rapidly to the right. The reason for this is that
the holes combine with electrons on the surface of the filament and the
increased concentration near the surface for H, compared to H, means an
increased opportunity for recombination and a decreased lifetime.

e
,_ ,.;:.,%%Qb

FIG. 3-11—Paths of Holes Injected into n-Type Filament Showing Concentration
by Magnetic Field.

For a suitably designed experiment the effects may be quite large. The
angles ©, and ©, between currents and electric field have values, as given
in Chapter 8, of

8, = 107 %, H = 1078 %¢ 2600 X 10 = 0.26
= 15° for 10,000 gauss (1)
@,= 10-* X 1700 X 10* = 10° for 10,000 gauss. 2)

For a longitudinal electric field £, of 20 volts cm, the total thrust trans-
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verse to the filament is approximately equivalent to a field of
E, tan {85 4+=Bx) 85 volts/cm, (3)

giving an effective voltage difference of 0.025 X 85 = 0.21 volt across a
filament 0.025 c¢cm in width. This is about 8.5kT, so that pronounced
concentration will result. The total distance a hole must travel from one
side of the filament to the other is 0.025/sin 25° = 0.06 cm. Since the drift
velocity is about 1700 X 20 = 34 X 10* cm/sec, the transit time will be
less than 2 X 10-° sec.  This time is probably at least one order of mag-

:1 :

g

CONDUCTANCE 1N MICROMHDS
*~
?—|—§

~|o§l:zo —m's -4|o —; [ ; 1Io 113 20x0?
FIELD STRENGTH,.H,IN OERSTEDS
FIG. 3-12—Dependence of Conductance of Probe Point Upon Magnetic Field.

nitude less than the time for recombination in the interior of a good ger-
manium specimen so that the concentration should be accomplished well
before holes can get into equilibrium in the interior.

A typical set of experimental data is shown in Figure 3.12. The con-
ductance of a point, such as Pi, is shown as a function of//. Positive H
deflects holes towards Pi, and negative H away from it. With the first
increase of H above zero, the conductance rises, indicating a higher hole
concentration produced in the neighborhood of the probe point. Still
further increase of //produces a higher degree of concentration of the holes,
as shown in Figure 3.11; however, at the same time, the holes decay more
rapidly so that the signal at a point like P2 is decreased. As a result of
these opposing tendencies, the curve rises to a maximum and then decreases.
For negative values of //, the holes are deflected away from the point, the
lifetime is decreased as for positive //, and a monotonic decrease of the
response results.

The curve shown in Figure 3.12 is theoretical and has been fitted to the
data by using as the law of recombination:

(Rate of recombination of holes per unit area of surface)
= (aconstant s) X (hole density just next to the surface). 4
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The value of s, which has the dimensions of velocity, chosen to fit the data
is 1500 cm/sec. Other methods of analysis have given comparable values
for similar specimens.

The failure of the theory to fit the points for large negative values of His
significant. Practically the same points are obtained if no hole injection
is used at all. The interpretation is that this part of the curve arises from
holes being spontanecously generated on the surfaces. These holes are
swept away from the point for negative H; however, some holes still reach
the point and affect its conductance. For large negative H, the limiting
value of 20 micromhos is thought to be that corresponding to a nearly
complete absence of holes.

By a suitable proportioning of the specimen and the fields, it is possi-
ble to separate the effects of surface generation and volume generation.
The mathematical details are not appropriate to Part I, however, and are
postponed to Chapter 12. The practical use of the concentration of
injected holes by magnetic fields has also been considered, particularly
by R. L. Wallace.

The purpose of this section on magnetic concentration of holes and
electrons has been, on the one hand, to show one more item of experimental
evidence that holes and electrons really behave as the theory of the later
chapters predicts and, on the other, to introduce the reader to a new and
powerful experimental technique which the author predicts will play a
major role in the analysis of transistor materials.

PROBLEMS

(Remark: Most of the problems bearing on the material of this chapter
involve solving the continuity equation. A number of such problems are
given at the end of Chapter 12.)

1. This problem is intended to show why deviations from

n=n,+P

given in equation (5) of Section 3.1 do not ordinarily occur. Suppose that
in the interior of a large block of n-type germanium with a dielectric con-
stant of K, = 16 and conductivity 6 = 0.4 ohm™' cm-' the value of n — p
differs by 1% of n, throughout a sphere 10~’ cm in radius. Calculate the
voltage and field at the surface of the sphere.
Ans.  0.36 volt, 36 volts/cm.

2. Assume that Figure 3.3 applies to the specimen of problem 2 of
Chapter 1. Suppose that the current I, is 2.9 ma and /, is 18 ma and
y = 0.5 and that recombination is negligible. Using p, = 1700 and
p, = 3600 cm’/volt sec and b = 2.1 (these values are in agreement with
the problems of Chapter 1), show that the conductivity is increased from
0.50hm-'cm-'to 123 ohm ' ¢cm""'. Show that the electric field is reduced



76 QUANTITATIVE STUDIES OF CARRIER INJECTION [Chap. 3

from the value 0.94 volts/cm it would have ify = 0 to 0.38 volts/cm due
to the presence of injected holes and that the resistance is reduced from
400 ohms to 162 ohms. Show that the electron concentration is increased
from 8.70 X 10" cm™ to 17.4 X 10" c¢m™. (Compare these results
with problem 5 of Chapter 1.) .

3. Consider an n-type germanium filament of length L, cross-sectional
area 4 and conductivity o, = enu,. Suppose that an added density of
holes p(x) is present so that there are p(x)Adx holes in element of length dx.
Show that if p(x) is much smaller than n, the increase in conductance of
the filament is

L
elun + w)L72 | Ap()dx = (un + 1)L pron.

where P .. is the total number of added holes. (This result may be ob-
tained by writing the resistance of the filament in the form

L
R =‘£ drf Ae lun[ng + p(x)] + 2p(x)}

and expanding the fraction in powers of p(x)/no, which is assumed to be a
small quantity.) This problem proves that for a uniform filament and for
small hole densities, the change in conductance depends only on the total
number of added holes present and not on their distribution.



CHAPTER 4
ON THE PHYSICAL THEORY OF TRANSISTORS

In this chapter, the theories of hole and electron injection discussed in
previous chapters are used to explain the internal workings of transistors.
The discussion starts with the filamentary transistor. Thisis the simplest
type from the point of view of exposition, since its ability to amplify de-
pends chiefly on the conductivity modulation discussed in Section 3.1.
The discussion then proceeds to other types of transistors which employ
rectifyingjunctions in their output circuits. In Section 4.2 the discussion
of rectifying junctions is begun with a treatment of one of the simplest
types, the p-n junction. It is then shown how a transistor may be made
by combining suchjunctions. In Section 4.3, metal point-contact rectifiers
are described and compared with p-n junctions, and in Section 4.4 the
theory of these rectifyingjunctions is applied to relate the physical picture
to the equivalent circuit for the type-A transistor. In Section 45 a
description of the electrical forming of the contacts in a transistor is pre-
sented together with a discussion of structures leading to high values for a.
Section 4.6 discusses briefly phototransistors and counters.

41 THE THEORY OF FILAMENTARY TRANSISTORS

4.1a. The Equivalent Circuit. In Figure 4.1 we show atransistor with a
filamentary structure.® Modulation is achieved in this case by injecting
holes at the emitter point which flow to the right and modulate the resist-
ance in the output branch between emitter and collector. Structures of
this sort can be produced by the sand-blasting technique discussed in
Section 3.1. The enlarged ends, which give the unit a dumbbell appear-
ance, decrease the problem of making contact to the unit. The large area
at the left side serves the additional purpose of reducing unwanted hole
emission from the metal electrode and affords an opportunity for any
emitted holes to recombine before they enter the narrow part of the unit.

The theory of this transistor is relatively simple and most of the features
we shall discuss in connection with it have counterparts in the theory of the
type-A transistor. We shall discuss the case for which the injected current
is a small fraction of the total current in the filament. Under these con-

! Transistors of this type, employing p-n junctions as well as point contacts as emitters,
have been discussed by W. Shockley, G. L. Pearson, M. Sparks, and W. H. Brattain, Phys.
Rev. 76, 459 (1949). This section follows W. Shockley, G. L. Pearson, and J. R. Haynes,
Bell Syst. Tech, J. 28, 344-366 (1949).

77



78 ON THE PHYSICAL THEORY OF TRANSISTORS [41a

ditions we can use a simple linear theory. We shall show that the behavior
of the transistor can be given for small a-c signals by the equivalent circuit
in Figure 4.1, which shows the current and voltage relationships in a form
equivalent to those used in connection with the type-A transistor. We
shall carry out the analysis assuming that V:, = 0, the grounded base condi-
tion. Thisproceduresimplifies the algebrainvolved in deriving the equiva-
lent circuit by eliminating one variable; the equivalent circuit itself is, of
course, applicable to cases in which the base is not grounded.
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(b) EQUIVALENT CIRCUIT
F1 G. 4-1—Filamentary Transstor and Equivalent Cir cuit.

The point J in Figure 4.1 represents a point in the filament near the
emitter point. The current from the emitter point will be determined by
the difference between its voltage V. and that of the surrounding semi-
conductor, namely the voltage at J. Thus we can write

I: =f¢(Vl e y.f)- (1)
For small ac variations, ig Ve and v, this equation leads to the rela-
tionship

fe= (o, ~ 0s)f/, 2

wheref, isthe derivative of foin respect toits argument. Letting £,/ =1/r,,
we may rewrite this equation as

0 — 7y = rde )
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Thisrelationship is correctly represented by the r. branch of the equivalent
circuit. Thevoltage at J, under the assumed operating conditions with |
positive and much less that I will be —Jgrp Where ry is the resstance
from the base to an imaginary equipotential surface passing through j.
Since Vb = 0, corresponding to grounded base operation, this leads to

vy = —=ndy = +rd, + nde, 4

snce fy + é,+ & = 0. This relationship is obviously satisfied by ther&
branch of the equivalent circuit.

We now come to the collector branch which we have represented as a
resistance r. and a parallel current generator2 a.f.; the valueof r. corre-
sponds to the case of no hole injection. (This circuit is equivalent to
another in which the parallel current generator is replaced by a series
voltage generator asfef..) We must show that this part of the equivalent
circuit represents correctly the effect of injecting holes into the right arm
of the filament. We shall suppose that there is negligible recombination so
that the hole current injected at the emitter point flows through the
entire filament. (We consder recombination in the next section.) The
current | in the collector branch thus contains a component —vfe = I,
of hole current [minus because of the algebraic convention that positive
I (= —5 — 1,) flowstotheleft]. Theadded hole and €electron con-
centrations lower the resistance and r. changes to r; 4 &, where 3r, is
negative. The current voltage relationship for this branch of the filament
then becomes

Ve —=Vy = (re + r)l. (5)

Our problem is to reexpress this relationship in terms of the small a-c com-
ponents and show that it reduces to the relationship

9o— 0 = fc(fe + ae"l) (6)

corresponding to the equivalent circuit. For small emitter current the
analysis is carried out conveniently as follows:. The ratio of hole current to
the total current is The ratio {(rc -+ 8r.)/rs corresponds to
Gy/G discussed in connection with Figure 3.3.  The ratio of hole current to
total current is given in (12) of Section 3.1 in terms of Gy/G and may be
rewritten as

vIe 11— (Gp/G) —dr.
LT T 1+s A+ 0
giving
3o = v (1 b Byl /1. 8

2The subscript e in a, implies equivalent circuit. a, differsfrom a = —~(8Zo/8J)sa by the
relationship a, * a 4 {& — 1){ra/*), equivalent to equation (24).
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(Since I is negative and I, is positive this equation shows that hr; is nega-
tive, that is, the conductivity has been increased by the- hole current.)
Putting this value of #, 4 8#; into the equation for ¥, — ¥r gives

Ve—Vy=(r, +8r,)1,
=rli. + (1 4 &1 ). 9

If we consider small ac variations in the currents and voltages, this reduces
to the equation given by the equivalent circuit with

o = (1 + &)v. (10)

The data® of Section 3.1 indicate that for holes injected into »-type ger-
manium 7 = 1, and for b — 15 we obtain ot. = 2.5.

Using vy = rs{f. + i) we eliminate vj from (3) obtaining an equation
between v; and the currents. Similarly the small signal form of (9) gives
an equation for v

te = (re+ rp)ic + rofs (Ha)
b = (rb + acrc)it + (rc + rb)ic- (I | b)

These equations are formally identical with those for the equivalent circuits
of the type-A transistor and, therefore, lead to the equivalent circuit of
Figure 4.1, which isidentical with that of Figure 2.7.

It should be emphasized that although hole injection into n-type germa-
nium plays arole in both the type-A and the particular form of filamentary
transistor shown in Figure 4.1, there are differences in the principles of
operation. One important feature of the type-A is the high impedance of
the rectifying collector contact which, however, does not impede hole flow
and another important feature is the current amplification occurring at the
collector contact. Neither of these features is present in the filamentary
type shown. Instead, the high impedance at the collector terminal arises
from the small cross-section of the filament. The modulation of the output
current takes place through the change in body conductivity due to the
presence of the added holes, a change which appears to be unimportant in
the type-A transistor. In the filamentary type, current amplification is
produced by the extra electrons whose presence is required to neutralize
the space charge of the holes. Current amplification in the type-A trans-
istor is, probably, also produced by the space charge of the holes* but the
details of the mechanism are not as easily understood. We shall discuss
theories of forming and of high as in Section 4.5.

4.1b. The Origin of the Positive Feedback and Instability. The fila-
mentary transistor exhibits the same positive feedback as the Type-A and

% S Chapter 12 for the best estimates.
4J. Bardeen and W. H. Brattain, Phys. Rev. 75, 1208-1225 (1949).
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for much the same reason. Because of its simple structure, however, the
description is somewhat more straightforward for the filamentary type.

We shall describe in words some of the phenomena associated with the
positive feedback, next attempt a physical description of the processes
involved, and finally derive the results in terms of the equations.

Suppose the collector is maintained at a fixed d-c bias V., say —20 volts.
Next suppose that the emitter current is gradually increased from zero to
a larger value. It is found, as discussed in connection with the static
characteristics of Figure 2.6, that the emitter voltage rises to a maximum
and then falls. In other words, the emitter connection exhibits a nonlinear
response and a negative resistance; although the emitter voltage is uniquely
determined by the emitter current, the reverse is not true and, for a given
value of emitter voltage, there is more than one possible value for the
emitter current. This gives rise to possible instability if the transistor
input is operated from a low-impedance voltage source, and a transient
may cause a transition from a low-current condition to a high-current
condition. With external circuit parameters properly chosen to limit the
currents, both the high- and low-current conditions may be within the
allowable dissipations. Such circuit arrangements may be employed in
"flip-flop" and counting circuits. However, if the external resistors were
chosen as discussed in Section 2.2 so as to give maximum available gain,
then, although the circuit might be stable at the operating point, this
stability might be conditional and alarge transient could cause a transition
to the high-current condition with possible destruction of the unit.

In order to explain the particular behavior of V; as a function of 7.
shown in the static characteristics of Figure 2.6, we must show why the
characteristic is nonlinear with a resistance which drops from positive to
negative values. The explanation thus involves two parts, one having to
do with the negative resistance and one with the nonlinearity. The
negative resistance arises from the presence of positive feedback in the
equivalent circuit coupled with values of a. greater than unity, and the
nonlinearity arises chiefly from the varying resistance of the rectifying
emitter contact. We shall discuss the negative resistance first, basing the
description on the physical picture of current flow previously described.

The negative resistance feature may be understood by considering the
value of Vj as I, is increased. (For purposes of this exposition, which
is intended to give the physical picture involved without the burden of
mathematical refinements, we shall assume that y = 1 so that the hole
current is I, and shall neglect recombination so that a. equals b + 1 and
is independent of the currents.) If V. remained constant so that the
current through r. in the equivalent circuit of Figure 4.1 aso remained
constant, then the effect of I¢ would be to increase I, by —ads. Thus,
in addition to the injected hole current /«, which flowsin the right branch
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inpart (a) of Figure4.1, therewill be an added electron current (a — 1)1
due to eectrons moving to the left. These added electrons must flow out
through rb increasing the current from its initial value with Ig = 0 by
an amount {ae, — 1)f.. This requires an added voltage across rb, of
ry{a, = 1)1, the sign being such as to make Vj change in the negative
direction. Thus the injection of a positive current into the germanium at
€ makes the adjacent point go not more positive, as it would for the case
of a positive resistance, but negative instead. If the drop across re were
negligible, this would mean that e would exhibit a negative resistance.

However, r, isthe differential resistance, d{¥, — ¥ ;)/dI, of arectifying
point operated in the forward direction. Thus it initially exhibits alarge
positive resistance, which decreases as |¢ is increased. For small 7¢, the
positive resistance r. is much larger than the negative resistance (a. — I)rb;
however, for large values of I, r. may be less than (a. — I)r6, and the
input resistance at e will shift from positive to negative, leading to the
multivalued behavior discussed previously. In this treatment, the effect
of changing Vj upon the current through r. was neglected. If ry %<,
this, in effect, introduces an unimportant correction as we shall next show
by dealing algebraically with the equations of the equivalent circuit.

We shall now assume that all the parameters in the equivalent circuit are
constant except r, and shall calculate the differential resistance #./#, when
V. is maintained at constant bias. The constancy of V. requires that
Ve = 0 and hence that

ve = (s + adic + (e + n)ie = 0 (12)
and, hence, that
[ g + Ty .
Tt 1

Using this value of i, in equation (11a) for v, gives

, +n,
2¢ = (re + r)ic + 75 (— ﬁ s.)- (14)
This leads to the differential resistance
ve agre + rid 1
—— — ——— — — 1 —
i re+ry e+ e (s i) 1+ ro/re (15)

This equation shows that the input resistance vji* can be negative. If
ry <& 1y, then the input resistance is negative when #, < {ae = 1)7y, the
condition previously discussed.®

®J. Bardoen and W. H. Brattain have previoudy derived esentially the same equation.
Their expresson is written as where f*=1/ry1 0 that this is equivalent to ars/m=1.
From the definition of a and the formula for a* given in Figure 2.7, it can be shown that the
two conditions are equivalent. | am informed by R. M. Ryder that from the circuit point of
view, all of these conditions are equivalent ton0 » 1 in fesdbadk terminology.
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4.1c. Effects Associated with Transit Time. Two important effects
arise from the fact that a finite transit time is required for holes to traverse
the r. side of the filament: during this time the holes recombine with elec-
trons and the modulation effect is attenuated for this reason; aso the
modulation of the conductivity of the filament at any instant is the result
of the emitter current over a previous interval and for this reason there
will be a loss of modulation when the period of the ac signal is comparable
with the transit time or less. In accordance with the results given in the
problems of Chapter 3, for small injected hole densities the change in
conductance of the active branch L. of the filamentary transistor of
Figure 4.1 is dependent on the total number of added holes and not on
their distribution along the filament.

In the problem at the end of this chapter, a treatment based on the total
number of holes present is given. In this section, the result is obtained by
reasoning by analogy using the results of Section 4.1a

For the small signal theory, the effect of transit time is readily worked out
in analytic terms. We shall give a derivation based on the assumption that
the lifetime of a hole before it combines with an electron is Tp. According
to this assumption, the fraction of the holes injected at instant t which are
still uncombined at time 12 is exp[—{f2 — #1)/mp]. This means that the
effect in the filament at any instant h is the average, weighted by this
factor, of all the contributions prior to 12 back to time fa — r, where r; is
the transit time; holes injected prior to /2 — Tt have passed out of the
filament by time /- If the emitter current is represented by f.p¢™!, the
effective average emitter current is

fout (0) = i [ explion — (= t)/rddn/re (16)

The term dt T, is chosen so that a true average is obtained since the sum
of all the dt intervals add up tor.. The integral is readily evaluated and
gives

1 — exp[—iur, — (/7). an

. R
iearr (12} = i@ fury 4 (v¢/7p)

The result so far as the equivalent circuit is concerned is that obtained by
taking a. as°

o = y(l + 8)B, (18)

®The derivation of Equations (Ha) and (1b), describing the equivalent circuit, shows
that hole injection enters only through the term 6rclc in (9). This term leads only to afefe =
(1+Db)yrsg in (lib) and should be replaced  (§ + Eyvrcfaatr = (1 + E)viirefe N g
to (18).
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where
_ 1 —expl~ivr = (r/7p)]
fwry + (re/7p) 49

8 represents the effect of recombination and transit angle, wr/, in reducing
the gain.

We shall consider two limiting cases of this expression. First if wrtis
very small, the new factor becomes

B = (ra/7)(1 — €7™) (20)
If ry is much larger than Tp, SO that the holes recombine before traversing

the filament, then the exponential is negligible and  becomes simply =p/7:.
This means that the effectiveness of the holes is reduced by the ratio of their
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effective distance of travel to the entire length of the filament, that is,
rp/7e is the ratio of distance traveled in one lifetime to the entire length of
the filament. Essentially the holes modulate only the fraction of the
filament which they penetrate. The transit time depends on the field in
the filament which iS]Vc — ¥ |/ L., the absolute value being used since V.,
is negative. The transit time is thus

10 = Le/lup Ve — Val/Ld = L3/ up| Ve = ¥4]. (21)
For very small emitter currents ¥, — ¥ 5 = r.¥,./{r. + #y) so that
Tt = Lv:z(rc + rb)/ﬂyrclycl (22)

and T, isinversely proportional to V.. For large values of V. r; approaches
zero and £ approaches unity.  The dependence of 0 upon V, has been inves-
tigated by measuring a and plotting it as a function of |I/V.,| as shown in
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Figure 4.2. The value of
a = —{al./al )y, = ~{i/i)v. (23)
is readily found from the equivalent circuit, using equation (Ib), to be

s T,
rotre ntre

(24)

For one particular structure investigated, the values of rb and r., obtained
atly = 0, were in theratio 1:4. The value of a obtained by extrapolating
the data to |Vr| = °0 is 2.2; the value given by the formula for this case
with 8 = 1 andb = 15 is

a=02+08X25X7, (25)

from which we findy = 1.0, in agreement with the result of Figure 3.5 of
Section 3.1 that substantially all of the emitter current is carried by holes.”
The theoretical curve shown on the figure is

<t = 02+0.8X2.5X |*yi0|(1 — &%, (26)
This corresponds to
e 10 LP(re + )

el 172 s 7 @n

from which it was concluded that for the particular bridge studied Tp was
0.2 microsecond.

If ry is much shorter than Tp, then the holes penetrate the whole filament
and 0 becomes

_ 1 —exp (—dwrs) _ exp {(—fwry/2) sin {wre/2) )
a fur, - (wr/2)

For small values of wrt, /3 approaches unity since (sin x)/x approaches unity
as X approaches zero. For wr/2 = =, the response is zero. This is the
condition that =, = 2x/w = 1/f. For this case the filament isjust so long
that the modulation is averaged over the time of one cycle of the input
signal and since this average includes all phases, the modulation vanishes.

Preliminary experiments with filamentary transistors, made in accord-
ance with the principles discussed above, appear to confirm the general
aspects of the theory.® Power gains of 15 db have been obtained and fre-
quency responses showing a drop of 3 db in a at 10° cycles/'sec have been
observed. Noise measurements indicate an improvement of 10 to 15, db
over the average type-A transistor for comparable conditions of preparation.

" This depends on the value of 15 for b which is based on the "Hall mobility." See
Section 12.9.
8 W. Shockley, G. L. Pearson, J. R. Haynes, Bell Syst. Tech. /., 28, 344-366 (1949).

B (28)
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42 pn JUNCTIONS AND p-n JUNCTION TRANSISTORS

4.2a. The Nature of the Current inp-n Junctions.!  The physical theory
of rectifying junctions in transistors may be more simply described for
p-njunctions than for metal point contacts, and a discussion of the latter is,
therefore, postponed until Section 4.3. Both collectors and emitters may
be made from p-njunctions and it is possible to show how emitter junctions
may be designed to have high efficiency for injecting carriers of the sign
pot normally present in appreciable numbers.

The p-w junctions which we shall discuss occur when a piece of germanium
or silicon has a variable concentration of donor and acceptor centers so that
a transition from p-type to w-type occurs in a continuous solid specimen.
If two separate pieces of germanium of opposite conductivity types are
simply placed in contact, however, layers of oxide or other material on the
surface, surface states, roughness, etc., in general prevent a true p-n junc-
tion from being formed.?

Good p-njunctions may be formed in many ways. They occur naturally
in melts of relatively pure silicon because of segregation of the impurities
upon solidification.®> They have been produced in germanium by convert-
ing one part of a piece of w-type material to/,-type either by nuclear bom-
bardment or by heating.*

In Figure 4.3 we show an idealized p-n junction. Part (a) shows
pictorially the distribution of donors, acceptors, holes, and electrons;
(b) shows the densities of donors and acceptors; and (c) shows the densities
of holes and electrons. These densities adjust themselves under the
thermal equilibrium situation represented so that there is no current either
of holes or electrons and so that the recombination of holes and electrons
in any small element of volumejust balances the thermal rate of production
of holes and electrons. Since the holes are more concentrated in the/,-type

! P-n junctions were investigated before the war at Bell Telephone Laboratories by R. S.
Ohl.  Work on p-n junctions in germanium has been published by the group at Purdue
directed by K. Lark-Horovitz: S. Benzer, Phys. Rev. 72, 1267 (1947); M. Becker and H. Y.
Fan, Phys. Rev. 75, 1631 (1949); and H. Y. Fan, Phys. Rev. 75, 1631 (1949). Similar junc-
tions occur in lead sulfide according to L. Sosnowski, J. Starkiewicz, and O. Simpson, Nature
159, 818 (1947); L. Sosnowski, Phys. Rev. 72, 641 (1947); and L. Sosnowski, B. W. Soole,
and J. Starkiewicz, Nature 160, 471 (1947). The theory described here has been discussed in
connection with photoelectric effects in p-n junctions by F. S. Goucher, Meeting of the
American Physical Society, Cleveland, March 10-12,1949 and by W. Shockley, G. L. Pearson,
and M. Sparks, Phys. Rev. 76, 180 (1949). For a genera review of conductivity in p- and
w-type silicon s G. L. Pearson and J. Bardeen, Phys. Rev. 75, 865 (1949); J. H. Sceff, H. C.
Theuerer, and E. E. Schumacher, J. of Metals 135, 383 (1949); and W. G. Pfann and J. H.
Scaff, J. of Metals 185, 389 (1949). The latter two papers aso discuss photovoltaic barriers.

2 For a review of these matters see J. Bardeen, Phys. Rev. 71, 717-7+7 (1949).

%S J. H. Scaff, H. C. Theuerer, and E. E. Schumacher, J. of Metals 135,383-388 (1949)
and W. G. Pfann and J. H. Sceff, /. of Metals 185, 389-392 (1949).

4 M. Becker and H. Y. Fan, Phys. Rev. 75, 1631 (1949); W. Shockley, G. L. Pearson, and
M. Sparks, Phys. Rev. 76, 180 (1949).
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material, they tend to diffuse to the n-region. This tendency is prevented
by an electrostatic field shown in (e). This field makes the electrostatic
potential more positive in the w-type material so that the w-region is thus
able to keep holes out and to hold electrons in. A similar situation holds
true for electrons. In part (d) the net charge density is shown (neglecting
any electronstrapped on donorsor holeson acceptors, alegitimate assump-
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tion for germanium, se Chapter 10). This charge density produces a
dipoie layer which in turn produces the potential difference shown in (e).
The determination of the potential distribution under equilibrium condi-
tions is, in principle, a straightforward application of the equilibrium
theory discussed in Chapters 10 and 12.° (The potential rise is then found
to be an inevitable consequence of the requirement that the Fermi level be
constant throughout the specimen; when the appropriate analysis is
carried out, the situation illustrated in Figure 4.3 is deduced.)

We shall next consider the nature of current flow across the junction
when voltages are applied. The situations of interest are shown in the
first two rows of Figure 4.4; the bottom row will be discussed later.  Under

® S W. Shockley, Bell Syst. Tech. /. 28,435-489 (1949) for mathematical details covering
the same ground as this section.
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equilibrium conditions some of the holes shown in (d) will acquire enough
energy by thermal agitation to climb the potential rise and diffuse into the
»region. Once in this region they will combine with electrons. This
current is exactly balanced (according to the principle of detailed balancing,
se Chapter 11) by holes thermally generated in the w-region, asmembers
of hole electron pairs, which diffuse to the transition region and dide down
the potential hill intothep-region. In asimilar way electron currents flow
and also exactly balance each other.

Under conditions of reverse bias, a negative potential is applied to the
p-region so that the height of the potential hill isincreased, part (f). For
biases of few tenths of a volt or more, the hill is so high that a negligible
number of holes acquire sufficient thermal energy to climb it, and the hole
current into the H-region substantially vanishes. The hole current from the
n-reffion, however, is practically the sasme as for (d);in Part (O the origin
of this current is represented as the thermal generation of a hole electron
pair followed by the diffusion of the hole to the transition region and its
subsequent transit to the p-region. This hole current, as remarked pre-
viously, is almost unaffected by the applied potential. For thisreason the
reverse hole current saturates, that is, reaches a limiting value as the
reverse voltage increases. Precisdy similar comments apply to the eec-
tron flow, and it is also evident that the same hill which holds holes in the
p-region holds dectrons in the tt-region; that is, reverse voltage is reverse
for both hole and electron currents.

In the forward direction, the hill is diminished in height and, therefore,
arelatively large hole current flowsover it and into the »-region. Some of
these hales diffuse back, the fraction being determined by the lifetime of a
holein the w-region. Mathematical theory can be applied to the currents
involved, and the results can be expressed in terms of a current voltage
relationship, which we shall quote below.

Also shown in Figure 4.4 arethe " energy band" diagrams appropriate to
thissituation. Although the basic theory of energy bandsis not developed
until the end of Chapter 5, the aspects of the theory needed in connection
with Figure 4.4 are sufficiently simple so that they can be described directly
from the figure. As we have discussed, an electron can be removed from
the valence band and s&t in motion in the conduction band. Such an
electron is in an excited state (like the car on the second floor) and its
energy is higher than it would be in a valence bond. These conduction
band levels are represented by the shaded region in the upper parts of the
bottom row of Figure 4.4. A similar situation holds true for the levels in
the valence-bond energy band. These lower levels correspond to holes,
which are simply unoccupied levels for electrons. The donors and ac-
ceptors are represented as plus and minus charges and are located at ener-
gies corresponding to their abilities to bind holes and eectrons. For the
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case of interest in this section, we shall suppose that binding occurs to a
negligible extent so that we need not be concerned with these energies.
(A further discussion will be found in Chapter 9.) The tendency of
electrons to seek the lowest energy is equivalent to holes seeking the highest
electronic energy level. Since it is quantum-mechanically impossible to
have a half-excited electron (that is, there is no mezzanine or ramp in the
garage), there is a gap of energy levels between the valence-bond states and
the conduction states. The creation of hole-electron pairs by thermal
excitation corresponds to the raising of an electron across the energy gap as
shown in part (i). Kinetic energy of motion for the electron carries it to
energies higher in the conduction band, and kinetic energy of motion of a
hole carries it lower. These topics are discussed on the basis of the quan-
tum theory of energy bands at the end of Chapter 7 (see Figure 7.6, for
example). Since, furthermore, the charge on the electron has, unfortu-
nately, been chosen as negative, the energy level diagram for electrons is
upside down compared to the electrostatic potential.

The net hole current across the junction can be derived for the model of
Figure 4.4 and is found to be given by the following equation, familiar in
rectifier theory:®

Ip = L lexp (eV/kT) — 1] a)

where Vis the voltage (positive values of V being forward) applied across
the junction itself, e is the electronic charge, and KT is thermal energy.
When Vis expressed in volts and Tis 300°K, corresponding to room tem-
perature, this equation becomes

Iy = I, [exp (397) — 1]
= I.(10Y7 — 1), (2)

The value of 1,5 depends only on the w-type material and not on the
p-type. Thevalueof | ,gis

Iy = 0,0aDy/V Dpry (3)

where p, is the concentration of holes in the n-region, r, the lifetime of a
hole in the n-region, and p, and D, the mobility and diffusion constant for
holes. (Dp = wpkT/¢ = 1700/39 = 44 cm?sec as shown in Chapter 12.)

For a semiconductor in equilibrium, a mass action law [see Section 10.3,
equation (19)] applies to the product of hole and electron concentrations.

®W. Shocklcy, " Theory of p-n Junctions', Bell Syst. Tech. J. 28, 435-489 (1949). This
equation was firg published by C. Wagner, Phys. Zcits. 32, 641-645 (1931), for a different
mode and represents the maximum nonlinearity attainable for purey eectronic rectification.
Equations (1) and (3) arederived in Chapter 12.
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Hence, if the n-type material has a high concentration of electrons, it has
a small concentration of holes and | ,, will be small.

Similar equations apply to the flow of electrons. Forward flow for
electrons corresponds to the same polarity as for holes so that the hole and
electron currents are those of two rectifiers
in parallel. From the reasoning already 7 BT o
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In Figure 4.6 we compare the theoretical curve with experimental data
for ap-njunction. The fit is seen to be quite good except at high reverse
fields where secondary effects reminiscent of field emission set in. It should
be remarked that a 10 or 20% variation of ekT from the theoretical value
of 39 volts'"? will materially impair the fit of the data. This fact is a
verification that the effective charge on the current carriersis e, the charge
of the free electron.

i

FIG. 4-6—Theoretical Rectification Curve and
Experimental Data for ap-n Junction.
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4.2b. A p-n Junction Transistor. In Figure 4.7 we show an idealized
transistor structure using two p-n junctions, which separate the twop-type
regions P, and P, from the w-type region Nb- Compared to the Type-A,
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FIG. 4-7—A p-n-p Transistor Compared with aVacuum-tube Triode.
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this transistor has the expositional advantage that a detailed mental picture
can be formed of the distribution of all the atomsinvolved. An instructive
analogy can be drawn between this structure and a teacuum-tube triode,
shown to the right.

In part (g) of the figure, the equilibrium concentration of holes and
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electronsisindicated together with the electrostatic potential (c). Holes,
as suggested schematically in the diagram, tend to seek points of lowest
electrostatic potential; eectrons, having a minus charge, seek the highest
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FIG. 47—Continued.
points. The energy band diagram is shown in (e). In (b) voltage in

the reverse direction is applied across J. and a small forward voltage
across /¢.  If the .p-type regions have much higher conductivity than
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the w-type region, most of the current across the junctions will be in
the form of holes. Furthermore, if the »-type region Nb is so narrow that
a hole can diffuse across it with a small chance of recombining, the holes in
the current across Je will also flow across /..” If the electron currents
across the junctions are negligibleand recombination in Nb is neglected,
this transistor will draw no base current. If the emitter is grounded, a-c
voltages applied to the base will require negligible currents (at least at low
frequencies) and the behavior of the transistor will be like that of the
vacuum tube on the right, except that the mobile carriers are positive
rather than negative.

An interesting additional comparison between the transistor and the
vacuum tube may be based on the ways in which electrons carry current.
In fact it appears that in both cases current can be carried by electrons in
two ways which remain substantially separate and it is the control of one form
of current by the other that enables amplification to occur. We shall first dis-
cuss the two ways for the vacuum tube and then compare them with the
hole and electron processss for a transistor.

In the vacuum tube there are high concentrations of electrons in the
cathode, the grid, and the plate as shown in parts (0) and (p) of Figure 3.7.
There is a much smaller, but important, concentration of thermionically
emitted electrons just in front of the cathode. When operating voltages
are applied, the potential energy diagram for an electron will be as shown
in (n). At the grid wires themselves the potential energy is high since
the grid is negative in respect to the cathode. Between the grid wires the
potential energy is relatively low, and the eectrons flow through these
pases between the peaks. If electrons are withdrawn from the grid wires,
so as to reduce its negative charge, the potential energy will become lower
in the grid region, and a larger current will flow. In the control region we
thus find one electron current controlling another: eectrons which flow in
and out of the grid wires control eectrons flowing in the space.  The two
currents do not become mixed because (1) the grid is negative with respect
to the cathode so that thermionic electrons cannot reach it and (2) electrons
in the grid wires cannot escape because they are held in by the work func-
tion of the grid.®

In the transistor structure the application of voltage between emitter
and base has an effect similar to the application of voltage between grid
and cathode in the vacuum tube. The transition region corresponds to the
grid cathode spacing and has a capacitance analogous to the grid cathode
capacitance. For example, if a negative potential is applied to Nb, the

" Theory indicates that a negligible number of holes will be generated in the steep field
region of J, for voltages at which satisfactory operation may be obtained.

8 |f the grid is overheated, thermionic emission occurs; we are not interested in such an
unfavor able case, however.
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flow of electrons into Nb will charge this capacitance (and the collector
junction capacitance as well) and will reduce the height of the potential
hill over which the holes must drift to reach the collector junction. Thus
for the transistor there is a region in which electron flow by one means,
that is, excess electrons, controls flow by another means, that is, holes.
However, in this case there will always be some recombination, and separa-
tion of the current to the same degree as in a vacuum tube will be difficult
to attain.

It is evident that for thep-n-p transistor structure two quantitiesy and R
can be introduced as for the filamentary transistor. Since saturation
current is being drawn across /., we would expect that the change in col-
lector current will be simply a = py times the change in the emitter current.
The resstances of /¢ and J. will replace r; and r. of the last section. The
value of rowill be more complicated and will be an average of the resistance
from the contact on the w-type material to the junction J. From the
approximate power gain formula, e®r/r. we se that, since r. is.much
greater than re for the applied voltage condition shown, there will be large
power gain, provided most of the holes can diffuse across the «-type
material so that aisnot too small. Ifaisnearly unity, the ac base current
will be very small. In this event the transistor can operate efficiently, in a
manner similar to a grounded cathode vacuum tube, with the emitter
grounded and the input signal applied to the base.

In Section 4.5 we consder modifications of the p-n-p structure which will
lead to collectors with high values of a.

4.3 ON THE NATURE OF METAL SEM CONDUCTOR
CONTACTS

The type-A and coaxial transistors employ metal contacts for their
emitter and collector points. These contacts, like the p-n junctions just
described, may carry their current either as holes or as eectrons, depending
on the circumstances. In this section we shall endeavor to describe on an
elementary level the phenomena occurring at metal semiconductor con-
tacts. In order to describe these matters in any detail, it is advantageous
to make use of the techniques of Fermi-Dirac statistics and energy bands.
For this reason, we shall give only a superficial discusson here; the reader
isreferred to Chapter 12 in which a mathematical formulation of the statis-
tics of " space charge layers" is presented.’

The theory of rectification in germanium differs from the .conventional
theory by taking into account both hole and electron currents. In this
section we shall lay particular gress on the hole emisson aspect of the
forward current in n-type germanium and will alsoindicatein apreliminary

! See d0 Torrey and Whitmer, Crystal Rectifiers, McGraw-Hill Book Co., New Y ork, 1948,
for a genera survey of point contact rectifiers.
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way how current amplification may occur at the collector. We shall
return to both these topics, using somewhat more advanced concepts, in
Section 4.5 where forming and the theory of high values for a are discussed.

The term emitter was first introduced by Bardeen and Brattain to
emphasize the role of the emitter Contact in supplying a hole current for
the collector; at that time the evidence indicated that the important hole
flow occurred in asurfacelayer. The phrase holeinjection was introduced
to describe the penetration of holes into the body of the germanium.
Hole injection was proposed in connection with the theory of p-n junctions
and the p-n-p transistor and was independently observed by J. N. Shive
in connection with the double surface transistor.?

In order to explain how hole injection can occur when the emitter is a
metal point contact, we must consider the role of the surface states dis-
cussed with Figure 2.3. We shall first describe what occurs when the
point contact approaches and finally touches the surface. In order to
simplify the discussion, we shall suppose that the metal point is electrically
connected to the semiconductor: Then between the point and the semi-
conductor there will be an electric field arising from the contact difference
in potential. As the surfaces approach each other, this field becomes more
intense, the induced charge on the semiconductor surface arising largely
from a change in the number of electrons in the surface states. The
tendency of the surface states to stabilize the surface potential is so great
that only a very small change in potential in the interior of the semicon-
ductor is produced by the contact-difference-in-potential field even when the
metal is only one or two atomic diameters away from the surface. Fur-
thermore, it is quite probable that the germanium surface is covered to
a depth of one or two atoms with a layer of oxide or adsorbed atoms.
Consequently, even after the metal is brought into mechanical contact
with the semiconductor, the potential just inside the semiconductor surface
will be much the same as it was before contact was established. Further-
more, it isthepotential just inside the surface that determinestherectifying
properties of the contact, and the argument just presented shows that this
potential is only slightly affected by putting the metal contact on the
surface® This argument has been used by Bardeen to explain why the
rectifying properties of a germanium surface are independent of the work
function of the metal used for the point contact.*

Although the potential at the surface of the semiconductor isindependent

2For further historical details see Section 3.1, and J. Bardeen and W. H. Brattain, Phys.
Rev. 75,1208-1225 (1949).

8 These matters are discussd by J. Bardeen, Phys. Rev. 71, 717-727 (1947), particularly
equation (23).

“For additional data as germanium rectifiers s S. Benzer, /. App. Phys. 20, 804-815
(1949). References
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of the work function of the metal which makes contact, the application of
voltage to the point contact produces equal changes in the potential inside the
semiconductor. This apparently contradictory result is explained as
follows. Under thermal equilibrium conditions, the electronsin the surface
states adjust their numbers so as to produce the fixed potential at the
semiconductor surface by exchanging electrons with the interior of the
semiconductor and also with the metal; the end result, however, like all
equilibrium situations, does not depend on the nature of the*mechanism
which permits it to be established. When a potential is applied to the
metal contact, on the other hand, the situation is not an equilibrium one.
Accordingly, the surface states acquire a charge which represents a com-
promise between attempts to get into equilibrium by electron exchange
with the metal on the one sde and with the interior of the semiconductor
on theother side. If the metal is not in contact, so that electron exchange
with it is prevented, then the situation of Figure 2.3 prevails and the sur-
face getsinto equilibrium with theinterior and stays at the fixed potential
in respect to the semiconductor. When the metal isin contact, however,
the surface states exchange electrons very easily with the metal and
maintain the same potential in respect to the metal as they would under
equilibrium conditions. Thus the surface of the semiconductor comes to
a potential in respect to the metal which is independent of the work func-
tion of the metal; and this difference in potential then remains fixed so
that the surface of the semiconductor follows the potential changes applied
to the metal.

The theory proposed by Bardeen and Brattain for hole injection by
emitter points is based on the role of the surface states. According to
these ideas a large density of eectrons is normally present in the surface
states. As aresult eectrons are repelled from the surface as shown in the
Surface States Diagram, Figure 2.3. The effect is supposed to be still
mor e pronounced than shown in Figure 2.3, however, and repulsion from
the region near the surface occurs not only for excess electrons (in the con-
duction band) but for some of the electrons in the valence bands as well.
Accordingly a concentration of holes, represented in part (a) of Figure4.8,
is present immediately next to the metal contact. The situation is thus
in many ways similar to thep-n junctions described in the previous section.
If thejunction of Figure 4.8 is biased in the forward direction, as shown in
(b), a major portion of the current may be carried by holes. Similar
considerations to those described in the last section have been used by
Bardeen and Brattain as criteria for a good hole emitter. In essence if
the hole concentration near the surface is much higher than the electron
concentration in the interior, then most of the current will be carried by
holes. We shall return to a further discusson of this criterion in connec-
tion with the theory of " forming" proposed by Bardeen and Pfann.
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The reverse-current situation is represented in part (c). For this case
the applied potential is in the same direction . the potential produced by
the surface states and electrons are driven still farther from the point of
contact. The reverse current is composed in part of electrons which gain
sufficient energy thermally in the metal to get into the conduction band and
then flow into the semiconductor. This excitation process is similar to the
process of thermionic emission from a hot metal filament. However, the
work function for escape into the semiconductor is so much lower than
that of ametal that appreciable currents flow in the semiconductor at room
temperature. Another portion of the current consists of holes which are

COI}TACT EXCESS ELECTRONS
JMETAYL SEMICONDUCTOR|
[}

+
7

{8) EQUILIBRIUM (bl FORWARD {¢IREVERSE

FIG. 4-8—Transistor Contact Diagram Showing the Nature of Rectification as It
Occurs in aTransistor.

formed thermally in the interior or on adjacent portions of the surface of
the semiconductor. These holes are thus generated in much the same
way and play much the same role as they do in ap-njunction. Thereis,
however, one very important difference. Since the emission of electrons
from the metal is limited by the work function they must surmount, the
electron emission will be enhanced by any lowering of the work function.
A hole flowing towards the metal attracts electrons and makes it easier for
them to escape. Thus the presence of holes promotes the electron flow.
We shall return to a further discussion of this process, which is one of the
ways of explaining why a, can be > 1, in the section on forming.

Rectification occurs in the metal semiconductor contact of Figure 4.8 for
much the same reasons as in the p-n junction and we need not repeat the
arguments in detail here. The chief difference is that the recombination
and generation process taking place in the p-region of the p-n junction is
here replaced by the emission and absorption of electrons over the potential
barrier of the metal and by a similar process for holes.

In a practical rectifier, it is usually necessary to consider the voltage
drop in other parts of the unit as well as in the rectifying junction itself.
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In a point contact rectifier this additional resistance is referred to as the
spreading resistance. This may be visualized with the aid of Figure 4.9.
The barrier layer introduces a resistance between the metal point and the
semiconductor.  The resistance of this layer is the junction resistance R.
In series with it is the spreading resistance Rs of the body of the semi-
conductor through which the current must flow in order to reach the metal
base. The latter contact is usually so large that its resistance, even if it
does rectify, is negligible; in general, the base contact is designed so as to

Ry

CRX
X2

F1G. 4-9—The Equivalent Circuit of a Point Contact Rectifier.

reduce its nonlinearity. Most of the resistance Rs arises from the imme-
diate neighborhood of the emitter point where the lines of flow are con-
stricted; the value of Rs is thus a function of the area of contact. If the
contact is regarded as circular a disc of radius a, then the spreading resist-
ance is given by the formula
1
Rs = 4o (0

where a is conductivity of the material. If the disc is taken as a hemi-
sphere, the formula is Rs = 1/2xea.

According to "one current" theories of rectification, which do not allow
for carrier injection, Rs is a constant. Rs can be determined experi-
mentally by applying large forward voltages so that Rj becomes small;
the limiting resistance then becomes Rs* It was found® that the limiting
resistance in the forward direction for germanium was much smaller than

°R. Bray, K. Lark-Horovitz, and R. N. Smith, Phys. Rev, 72, 530 (1947). It was pro-
posed by these authors that this effect was due to a change in conductivity in high fiedds and
this effect was further investigated by R. Bray, Phys, Rev, 74, 1218 (1948). The high field
effect was shown to be due to hole injection from the terminals by E. J. Ryder and W. Shock,
ley, Phys, Rev, 75, 310 (1949), and this condusion is further substantiated by the experiments
described in Section 3.1. 1t has also been proposed that the low spreading resistance may be
due to layer of surface conductivity of reversed conductivity type: J. Bardeen and W, H.
Brattain, Phys, Rev, 74, 230, 231 (1948).
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could be explained by the basis of the values of a and a. The explana-
tion in most cases is that hole injection in w-type germanium increases
the conductivity in Rs so that for forward currents both RJ and Rs are
decreased.

An additional effect of hole injection in n-type germanium rectifiers
results from the high density of holes present while a large forward current
flows: If the applied voltage is suddenly reversed, these holes are with-
drawn by the point and produce a current pulse. For some applications,
this effect can be large enough to cause damage to the unit.®

For purposes of the transistor theory, we have placed maor emphasis
upon the behavior of the two forms of current in the rectifying contact.
There are, however, other features of theoretical interest which have been
developed in connection with the "one current" theory of rectifiers.
Except for the hole current, which is vital for our discussion, these theories
describe most of the features shown in Figure 4.8. These theories are
associated chiefly with the names of N. F. Mott’ and W. Schottky.®
According to Schottky's theory, interesting information about the space
charge layer, which is depleted of electrons, can be obtained by measuring
the complex impedance of the junction and interpreting it as a resistance
and capacitance in parallel. This capacitance can be shown to be that of
a layer of dielectric having the thickness of the space charge layer. As is
shown in Figure 4.8, the thickness of this layer varies with applied voltage,
being wider at reverse voltages and narrower at forward voltages. Meas-
urements of the capacitance as a function of applied voltage have been
reported by a number of workers and the results are generally in excellent
agreement with Schottky's predictions.” More recently Bardeen has
analyzed the frequency effects in more detail and has defined the limits
under which Schottky's approximate equivalent circuit should be valid.®

It is possible to show that a simple interpretation of the voltage drop
across the barrier layer can be made in terms of the local conductivity.
For this purpose, the layer is divided into a set of thin parallel sub-layers.
These have varying electron densities and thus varying resistivities, and

® An effect of this sort has been observed by L. A. Meacham and S. E. Michaels, Phys.
Rev. 78, 175-176 (1950) and has been called the "enhancement" effect by M. C. Waltz and
R. R. Blair.

"N. F. Mott, Proc. Roy. Soc. London 171A, 27-38 (1939); aso N. F. Mott and R. W.
Gurney, Electronic Processes in lonic Crystals, Oxford University Press, 1940.

8 W. Schottky and E. Spenke, Wiss. Verbff. aus die Semens Werken 18 (3), 1-67 (1939);
W. Schottky, Zeits. jur Phystk 113,367-414 (1939); 118, 539-592 (1942); F.Rose and
E. Spenke, Zeits. jur Physik 126,632-641 (1949). For a simple summary of Schottky's theory,
e J. Joff6, Electrical Communication, 22, 217-225 (1945).

9 See the references to Schottky's papers aready cited and Torrey and Whitmer, Crystal
Rectifiers, McGraw-Hill, New York, 1948, and a paper compiled by S. J. Angello, "Semi-
conductor Rectifiers", Electrical Engineering 68 (10), 865-872 (1949).

103, Bardeen, Bell Syst. Tech. /. 28, 428-434 (1949).
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the total resistance of the barrier layer (defined as applied voltage divided
by current) can be shown to be simply the sum of the individual resistances
of the sub-layers. The total width of the barrier and the resistances of
the sub-layers both increase with reverse voltage and decrease with for-
ward voltage, thus accounting for the dependence of resistance upon cur-
rent in the barrier layer. This picture can be put into quantitative form
and shown to be essentially equivalent to other approaches.

There is, however, a serious pitfall in the method just described; once
the idea of separating the junction into parallel layers has been considered,
there is a strong temptation to deal with each layer as a resistance and
capacitance in parallel and then to try to synthesize thejunction impedance
by combining these parallel combinations in series. This proposal can be
shown to be entirely incorrect; the arguments, however, are not simple and
we refer the reader to the recent analysis of Bardeen from which it may be
seen that the correct solution bears no resemblance to such a series synthesis.

44 THEORY OF THE TYPE-A TRANSISTOR

4.4a. Relationship Between the Physical Picture and the Equivalent
Circuit. We shall now combine several ideas, some of which were devel oped
for simpler cases, in order to obtain a description of processes in the type-A
transistor and a derivation of its equivalent circuit. The ideas of chief
importance are:

(1) Hole injection by the emitter point;

(2) Current multiplication at the collector point with an intrinsic
alpha of w=;

(38) The relationship of the filamentary transistor to its equivalent
circuit.

We shall modify (3) in asuitable way so that it applies to the geometry of
the type-A transistor. As a result of this procedure we shall obtain a
physical picture of current flow in the type-A transistor together with an
interpretation of its equivalent circuit in terms of more fundamental
mechanisms. For this purpose we shall refer to Figure 4.10 which illus-
trates the current flow in this case.

The numerical values on Figure 4.10 are in approximate agreement with
typical data for a type-A transistor as represented in the sets of static
characteristics of Figure 2.6 except for the set of emitter voltages given in
parenthesis. These latter correspond, as is discussed in more detail later,
to increasing r, in the equivalent circuit by 100 ohms so that a negative
input resistance is developed.

There are two principal differences between this structure and the
filamentary type: (1) The high collector resistance in this case is highly
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localized and arises from the junction resistance at the collector; the
major portion of the transit time for a hole is spent in a relatively low
resistance part of the unit between the emitter and collector. (2) The
electron paths from the collector are not restrained by the geometry and
flow over a wide range of directions.

EMITTER COLLECTOR

* IgaQ
. + Ve u=p23 Ign=D8MA
{\{ =0 33} Ve w=25% VOLTS
b =. 5
13

. /\_{/ \\‘;" &ls:zglc’:?rs

CURRENT
GENERATOR

19;‘_ AMA Ice—18MA. Te " MR Tex—28MA.
~0 vg=~25 VOLTS YL VC=—23VOLTS
r = g

{b) (e}
FIG. 4-10—Transistor Currents Diagram.

The figure has been drawn as if all of the emitter current consisted of
holes and all of these holes reached the collector. Actually we should
introduce factors y and ft:

y = fraction of the emitter current carried by holes (for a p-type
transistor, the fraction carried by electrons);

0 - fraction of holes (or electrons for p-type) leaving emitter which
arrive at the collector.

For ease of reference we shall also repeat the definitions of the various forms

of a for a n-type transistor (for p-type transistor holes and electrons are
interchanged):

a = —{al,/oI,) with V., = constant;

a. = alpha for the current or voltage generators in the equivalent
circuit of Figure 2.7 (subscript e for equivalent circuit).

en * "intrinsic @' = increase in collector current per unit increase of
hole current to the collector point at constant collector voltage;
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1 — ai = evidently, increase electron current from collector per unit
increase in hole current.

In terms of B and y, the hole current reaching the collector will be
Tpe = =Byl )

The minus sign results from the sgn convention that a positive current
corresponds to current into the unit. If each of these holes provokes the
emisson of (a — 1) extra electrons, an increase of collector current
amounting to

Al

—fvI, = (o = )y, = —aByi,
= —al, @

will be produced by the emitter current. Thus the quantity a is really
the composite result of several effects and is given by the equation

a = a,fv. (3)
The total collector current will thus be
Io = In(V,) = ad, (4)

where F.o{?.) is the function of V. which gives the reverse characteristic
of the collector point in the absence of emitter current. This equation
thus gives one relationship among the three parameters ¥, ., I., Which
together with V, are used to describe the static characteristics.

In order to derive an equation involving Vi we use methods similar to
those for the emitter point of the filamentary transistor, Section 4.1.
For that case we found that, according to equations (1) and (4),

Ie =f1{lV¢"-VJ’) (5)

where Vj was the potential in the germanium just below the emitter
point and was given by

Vy=(.—I)R. (6)

For the type-A transistor, Rb is a less clearly defined concept. As Figure
4.10 indicates, when I is zero, the emitter will float at a potential cor-
responding to the equipotential which passs through it. For Figure 4.10,
this equipotential is separated from the base by 0.25 volt/0.8 ma =
312 = 300 ohms. When emitter current flows, the conductivity in its
neighborhood is modulated and the current paths distorted.

An exact treatment of this situation is very difficult and we shall accord-
ingly proceed by introducing the simplifying assumption of additivity of
potentials. This additivity assumption would, of course, be exactly ful-
filled if the conductivity modulation were negligible. For constant con-
ductivity, the potential, which we shall again call VJ, immediately below
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the emitter point would be obtained simply by superposing the potentials
due to the currents I, and I, individually. According to our previous
definition of Rb, the collector current will produce a contribution RbJ..
Similarly I will produce a potential Rb'If The spreading of I, over a
large area equipotential surface by the time it pases the emitter point will
cause Rb to be less than R*. In terms of Rb and Rb and the additivity
assumption we may write

Io=fiVe= Vi) = fV\ = RL, - RilL). @

This gives a relationship between V; and the two currents I, and I, and,
together with the equation for |¢; completes the set of -two equations
required for the static characteristics.

The quantity fe(¥e — ¥} is not readily measurable since Vj cannot
be directly determined. It is, however, straightforward to measure the
current voltage characteristic of the emitter contact by itself. This leads
to the relationship

Io=faF) =flV.— Rfu¥] ()]

for the case of zero collector current. It is an elementary problem in
functional relationships to show that from these two last eguations we
must have'

Iy = fo(Vi — Rly). (9)

This last equation was derived more directly by Bardeen and Brattain
by the following argument. If I, = f@a(# ) when I. = 0, then when
. x 0 an effective bias of +Rpf; is applied. To obtain a given emitter
current it is thus necessary to add sufficient extra voltage to overcome the
bias, and thus V; is replaced by ¥, — ®f.. This argument is equivalent
to the one given previously and both depend on the assumption of additivity
for the voltages due to le and I;*  We have presented the more detailed
argument to show more completely how the additivity assumption enters
the theory.

The additivity assumption will be a good approximation even if consid-
erable conductivity modulation occurs. This modulation will have as its
principal effect a modification of the forward current characteristic of the
emitter point, and this effect will be most important in the immediate
neighborhood of the emitter point where the spreading resistance, discussed
in Section 4.3, chiefly arises. If the collector does not disturb the modula-
tion in thisregion greatly, then the contribution of |¢ to the emitter voltage
will be largely independent of collector current. Furthermore, if the
modulation of conductivity takes place over a limited region near the

! Thefirst equation states that thereis a functional relationship between |, and VE — Rblc
writing thisas I, = g{¥, — Rals}, we == that, for I = 0, we must have g{¥F.) = fel{¥F 4}
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emitter, the value of r, will not be greatly altered. | f these conditions hold,
the additivity assumption will thus be well fulfilled. The additivity
assumption is actually found to be adequate only over limited ranges of
the currents, andrb,is found for one example to be about 1000 ohms for
e = 0.1 ma and about 400 ohms for I between 0.2 and 0.8 ma.>  For the
purpose of showing semiquantitatively the relationship of the physical
picture to the equivalent circuit, however, the additivity assumption is
satisfactory.

In terms of the functions already described the equations for the equiva-
lent circuit may be readily derived as follows: The collector resistance r,2
is obtained from

I, = Io(Fo) = od, (10
by finding the differential of both sides. We thus obtain

iom oy - ady = S0

e = . ] & ¢y roz = ch’ (11)

leading to
v, = orggi, t ragi,
=raodi, + rasfe  (ra1 = ooaa), (12

which corresponds to the right-hand branch of the equivalent circuit of
Figure 2.7(a). From the formula for emitter current,

Ie =f¢0(Ve - RbIc): (13)
we obtain
. 1 ¥y . 1 [af.o]
Iy =9, — 1 — =15 14
11 r1 0 o L8V e lrmconst ’ (14
leading to
0, = rufe + rigs  (rig = ry) (15)

which corresponds to the left side of Figure 2.7(a).

These last equations show the relationship of the physical model of
Figure 4.10 to the equivalent circuit. The description of the equivalent
circuit has been given in some detail and will not be repeated here. We
shall, however, review the question of instability and negative input
impedance. The decrease in input impedance with increasing current was
shown in Section 4.1 to be due to decreasing resistance in the input contact
with increasing currents. This same effect occurs in the type-A transistor.
The positive feedback is again associated with having a greater than unity
and with the presence of a resistance rb. If the collector is connected to a
zero impedance voltage supply, a negative resistance arb, appears in the

2R, M. Ryder, Bell Laboratories Record 27, 89-93 (1949).
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input circuit in addition to r,. On Figure 4.10 we show the effect of
increasing rb by 100 ohms while leaving fg unaltered. The result is
to change V; by 100/, or by -0.08, -0.16, and -0.28 volt for the cases
shown, the new values being given in parentheses. This increase in rb
is sufficient to give the unit a negative input impedance in the range
/e = 0.4 to 1.0 ma as shown in going from (b) to (c) of Figure 4.10.

The theory of the double surface or coaxial transistor is, except for the
change in geometry, the same as that just described.

4.4b. Transit Time Effects. Transit time plays a very different role in
the filamentary and the type-A transistors. The high impedance region of
the output of the type-A transistor is the barrier layer which is about
10~'® cm thick and has a voltage drop of 25 volts. For such a layer the
transit time would be negligible compared to effects of interest in transistors.
If all holes followed paths of equal length from emitter to collector and took
the same time, the current generator in the collector circuit would be a
faithful but delayed replica of the input signal. |f, however, holes travel
in unequal paths, as shown in Figure 4.10, then the hole current at the
collector will represent an average of the emitter currents at various pre-
vious times. If the important spread of times is comparable to one cycle
of an a-c input signal, there will be a great deal of cancellation and the gain
will be reduced.

In Figure 4.11(a) we indicate a means of estimating the transit time and
its spread. The current leaving the emitter is divided into several parts
each bounded by flow lines or surfaces. In order to deal with a smple
approximation, we neglect diffusion effects and modulation of the conduc-
tivity. Under these conditions a smple relationship exists between the
volume through which the current flows and the average transit time. This
is illustrated in (b). A current / flows through a tube bounded by flow
surfaces and having an area A(/) where / is length along the tube. The
lines of flow in this case are readily computed from electrostatic theory.®
The field E and drift velocity v at position / are obtained as follows:

e¢AE =1, E=[j/oAd, vw=pE = ylfod. (16)
The length of time required to traverse a distance dl is then dt where
dt = dijp = e ddifp] = (o/u)dVT (17)

wheredVj is an element of volume of the tube. From thisit is evident that
the transit time is simply

t=o¥V1ful (18)
where VI is the volume used by the current /.

' Se Jeans, Mathematical Theory of Electricity and Magnetism, Cambridge at the Univer-
Sity Press, 1927, Figure 19.
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It is evident that, for the lines of flow of Figure 4.11, there will be great
variations in transit time. As a rough approximation we shall take the
spread of transit times as being comparable with the transit time for eec-
trons in the group 12. This group will contain about half the emitter
current. From the figure the volume of its tube, which has the line from
€tocasasymmetry axis, is estimated as that of a cylinder Sunitslong, and

Ig = IMA
+ Ig=-alp
L3

-—dMA

... _@ s
\&71 \% \*I T

(3 (v}
F1 G.4-11—Spread in Emitter Current Pathsand Geometry of a Tube of Flow.

about 06*9 units in average radius over half a circular cross section. Its
volume would thus be

Vi = g (0.65)28 = §3/2. (19)
The transit time would then be
S8 3
e (20)
2ul, i,

If we insert the typical values:
I, = 10" amp, u = 1700 cm?*/sec, ¢ = 0.2 {chm-cm)™, (21a)
$=15xX10%cm (= 2mils), (21b)
we obtain
_ 02 X125 X 107°
"7 71700 % 1070
I f, as supposed, the transit time spread is comparable to this, the output
would be nearly zero at 60 mc/sec and the three db point would be about at
something less than half this frequency or 30 mc.

This crude calculation, which was given only to illustrate the method,
predicts a cutof T frequency, about four times higher than that observed

= 0.015 microsecond. (22)
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for a spacing of 2 mils, which corresponds to S= 5 X 10-2 cm. The dis-
crepancy is probably due in considerable measure to conductivity modula-
tion near the emitter point, which in effect will raise a and increase the
transit time.

It is evident from this treatment that situations which constrict the
current paths between emitter and collector will tend to decrease the
transit time. One example of this sort is furnished by effect of applying
amagnetic field to a transistor in such a direction as to deflect holes which
start downwards in Figure 4.11 towards the collector. Thiswill tend to
constrict the tubes of flow and to reduce transit time.*

45 ON THE THEORY OF "FORMING" AND"HIGH
VALUES OF a

It was observed by Brattain in some of the earliest transistor experiments
that the performance of the transistor could be greatly improved by passing
large reverse currents through the collector point. Since that time a
considerable art has developed in connection with forming, and a number of
techniques for applying controlled currents and voltages for various lengths
of time have been used. We shall not attempt to survey these but will
restrict the discussion to (a) some general observations on the effect of
current polarity and conductivity type on the forming process and to (b)
some speculations about the nature of collectors which have high values,
say greater than 5, for a.

4.5a. The Forming Process. The forming treatments considered by
Bardeen and Pfann® involve applications of direct current in either the
forward or reverse direction for times of the order of seconds or less. The
extent of the changes caused by forming depends in part on the surface
treatment of the germanium and in part on the material used for the point
contact. For their investigations, Bardeen and Pfann used phosphor
bronze points on surfaces which had been ground and etched. They
found that the effect of forming can be systematized in tabular form as
shown on p. 109.

As Bardeen and Pfann point out, this array of data can be correlated
with the aid of one assumption about the effect of forming current:

The forming current leads to a change in height of the potential barrier
opposite to the change imposed during forming by the applied voltage. In
other words, if the point contact is negative during forming, so that the
potential barrier over which an electron must climb in going from the
semiconductor to the metal is increased, then after the forming voltage is
removed the barrier will be altered so as to be lower than its preformed

“This effect was reported by C. B. Brown at the June 1949 | RE Conference on Electron

Devices at Princeton University, and in Phys. Rev. 76, 1736-1737 (1949).
1J. Bardeen and W. G. Pfann, Phys. Rev. 77,401-402 (1950).
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TABLE 41 EFFECT OF FORMING TREATMENT

Unformed Formed with point + Formed with point —
(+ current) (— current)
W-TYPE
© (d) (e

Forward Current (point -f-): | Forward Current {point +) :| Forward Current {point -f):
Mostly holes, good emitter |  Little change, or larger Hole current smaller
Reverse Current {point —): | ReverseCurrent{point—):| Reverse Current {point —):

Small, good rectifier Smaller Increased; collector
formed
p,-TYPE
| @ w
Forward Current {point —): | Forward Current {point —):| Forward Current {point —):
Small, few electrons; poor | Likeunformed Electron current in-
emitter creased, emitter formed
Reverse Current{point-f): | ReverseCurrent{point+) : | Reverse Current{point—):
Large, poor rectifier Increased Large

value. In Figure 4.12 this effect of forming is illustrated. The dx cases
shown correspond to those of Table 4.1, and for each of these the effect of
forming is to alter the potential barrier in a sense opposite to that of the
applied forming voltage, which is also shown in the figure.

(c) The normal contact to n-type germanium is supposed to produce a
barrier layer with arisein potential <ps, which is determined largely by the
surface states and very little by the nature of the metal contact. It is aso
supposed that the barrier is not entirely uniform and is higher at some
points. At these points, the hole concentration is especially large and
when the junction is operated in the forward direction, the current is
carried chiefly by holes which flow into the germanium from these regions
of high concentration.

(f) Since the potential of the surface states is the same for both n-type
and /,-type, the distribution of potential will be altered from (c) as shown
in (f) for p-type germanium. The low potential barrier for holes leads to
easy flow of holes and poor rectification and small electron emisson. This
is in agreement with the known poor rectification usually found for con-
tacts with p-type germanium.

In (a) and (b) the fieds present during forming are shown. The result-
ing forming effects can be interpreted by assuming that under forming
conditions the temperature and field are so high that motion of the impur-
ities results.  The motion will then produce the changes in concentration
and potentials shown below (a) and (b), the result being that pg will tend
to be changed in a direction opposite to the applied potential.
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(e) The desired change for n-type germanium is to cause an increase in
collector reverse current. This permits it to set up an electric field suf-
ficiently large so that it can efficiently collect the injected holes.
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FIG. 4-12—Interpretation of Forming by Bardeen and Pfann.

(h) In p-typc germanium the reverse current is large enough without
forming, but the emitter current ordinarily contains too small afraction of
electrons. By lowering ps as shown in (h), regions of high electron con-
centration are formed in front of the metal point and these can act as good
electron emitters.

4.5b. Interpretation of High Values of a. The hole current collected in
a type-A transistor causes an enhanced electron flow from the collector, as
i$ evidenced by the fact that a is greater than unity. It was mentioned in
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Section 4.3 that a values greater than one can be explained by the space
charge due to holes as they approach the collector point. This space
charge will have an effect similar to the positive ions of Figure 4.12(e),
whose concentration directly in front of the collector contact tends to lower
the work function for electron emission and thus to increase the reverse
current.

This theory of a was proposed by Bardeen and Brattain in their first
article.’>  Aswe shall discuss below, it seems possible to explain a values as
high as 3 by this means. Values of a. much larger than 3 have been ob-
served, however, and in order to explain these it is necessary to make major
revisions of the way in which the space charge of the holes is effective in
increasing electron emission. After discussing the theoretical limit of the
simple space charge theory, we shall describe the other theories.

We shall now show that the maximum value for a based on the simple
space charge theory has the same value (1 + b) for a type-A transistor
that it has for a filamentary transistor and for much the same reasons. L et
us suppose that an increment of hole current Af, produces by its space
charge an increment of electron current Af,. Now consider what the total
space charge situation would be if Al = &AI,, correspondingtoa = 1 + b.
We shall show that Afp cannot be this large. It is evident that Afgzwill
produce a space charge p,, which tends to cancel p, due to |, evidently
p» cannot quite cancel p, because, if it did, there would be no net positive
space charge and hence no enhanced electron emission. However, if
al, = éal,, then p, will just equal p, since, for equal charge densities,
electron and hole currents would be in the ratio of b : 1. From this we
conclude that the hole current cannot produce an electron current as great
as AT, and hence that a, or more precisely a, cannot be as great as 1 + b.
This argument depends upon three assumptions, tacitly made in the pre-
ceding discussion: (1) The ratio of mobilities is not affected by the high
fields near the collector point; (2) holes and electrons flow along the same
current paths (which may not be true if the junction is "patchy"); and
(3) holes have no trouble entering the metal and thus do not accumulate
in front of the metal on their way in. Although these assumptions are
probably not exactly fulfilled, it is unlikely that they introduce any sig-
nificant errors in the argument.’

It has also been proposed that the current multiplication may be due to
the generation of secondaries by fast-moving holes in the intense field near
the collector. There is a large amount of evidence against this theory.
In some cases high values of a have been observed at such low voltages,
say 5 volts, that secondary generation seems quite unreasonable.  Further-
more, if secondary generation were the important process, we should expect

2. Bardeen and W. H. Brattain, Phys. Rev. 75, 1208-1225 (1949).
8 Similar reasoning has been presented by L. P. Hunter, Phys. Rev., 77, 558 (1950).
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a to increase rapidly with applied voltage; in fact, this process would be
similar to avalanche production in dielectric breakdown and the value of
a would be expected to vary exponentially with voltage. This has not
been observed, and the data are much more consistent with the idea that
cti is independent of applied voltage, as if each hole provoked the emission
of afixed number of electrons regardless of the value of the collector voltage.
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FIG. 4-13—The"p-nHook" asaCurrent Multiplier.

For these reasons, we shall reject the theory of secondary generation and
proceed to other theories based on the space charge of the holes.*

The space charge theories which we shall propose have the common
feature that in each case the holes are impeded in their progress to the metal
contact so that their space charge accumulates, thus having an enhanced
effect on the electrons.

In Figure 4.13 a transistor having a current multiplying collector region
isshown. This transistor differs from that of Figure 4.7 in having a" multi-
plying" region of n-type material, denoted by N directly behind the
p-type region, P.. The region P is supposed to be so thin that electrons
entering it from N, have a good chance of diffusing through it before com-
bining with a hole. Owing to the operation of the emitter, a hole current

“W. Shockley, Phys. Rev. 78,294-295 (1950).
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isinjected across J., through N, and across J.. These holes tend to be-
come trapped in P, because of the "hook" in potential which is produced
by the junction J,. We next consider the current flowing across Jp.
If N is much more n-type than P, is p-type, then most of the current
across J, will be carried by electrons as discussed in Section 4.2. In
addition, the small width of P, permits electrons to escape to the left in
Figure 4.13 without recombining; this also tends to reduce diffusion back
to N, and hence further to enhance the electron current. As a result the
electron current flowing across P to the base will be much larger than the
hole current flowing across J, to Np. Consequently J, acts as a current
multiplying junction and causes the hole current arriving at the collector
to produce a greatly enhanced electron emission. This explanation of high
a is referred to as the p-n hook theory.

It may be noted that a high degree of symmetry exists between the right
and left sides of Figure 4.13, except for the reversal of sign. This sym-
metry suggests another way of viewing the role of the hook region. This
region is substantially the same as an electron emitter N, and a p-type
base Pc  Hole arrival at P, biases this electron emitter forward and pro-
duces electron injection into P, and thence to Jo which plays the role of a
collector junction in both cases.

The theory of the hook current multiplier is mathematically very
similar to the theory of the p-n-p transistor for which the basic mathe-
matical equations have been published elsewhere.®

Collector contacts which appear to function by the hook mechanism
just discussed have been produced by W. G. Pfann, A. E. Anderson, R. M.
Ryder, R. L. Wallace, and L. Valdes at Bell Telephone Laboratories.

Values of a as high as 20 or more have been obtained by this means.

From the previous discussion of the simple space charge case, a limiting
value of 1 + b was set for ai. If the value of b could be increased, it is
evident that the hole space charge would be relatively increased and a
would be raised. One possible process which might have this effect is that
of "hole trapping.” If a concentration of centers which had the property
of binding holes tightly could be produced directly in front of the collector,
then the holes would tend to accumulate there with a resultant increase
in space charge. |f we suppose that each hole spends, on the average, a
fraction x of its time in these traps and a fraction 1 — x of its time moving
with normal mobility, then the net effect will be to reduce its mobility
by a factor 1 — x and to raise the effective value of b to bgr = b/(1 — x).
If (1 — x) is small, this process will lead to very large values of bdf and
hence to large possible values of a.

Of the various mechanisms proposed for high values of a, it appears that
the p-n hook is in best agreement with the facts and that considerations

©W. Shockley, Bell Syst. Tech. J. 28, 435-489 (1949).
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based on this idea have good promise of leading to advantageously de-
signed units.

4.6. Phototransistors and Counters. The phenomenon of current multi-
plication at a collector and the phenomenon of optical generation of holes
and electrons have been combined by J. N. Shive in the phototransistor.*
The phototransistor is somewhat similar to the coaxial transi stor,?® which
consists of a thin wafer of germanium with emitter and collector terminals
on opposite sides. In the phototransistor, the emitter is lacking and holes
are generated in the n-type germanium by light absorption. These holes
then flow to the collector and produce a multiplied photocurrent. Thus
if each photon produces one hole-electron pair and the hole in reaching
the collector provokes the emission of two electrons, a, = 3, then three
electronic units of charge will be produced per photon absorbed. The
ratio of number of electronic charges produced per photon absorbed is
called the quantum efficiency; for the phototransistor this efficiency can be
greater than 100% because of the a,- of the collector.

The quantum efficiency of the light absorption process itself has been
studied by Goucher.* In his experiment the change in conductance of an
n-type germanium filament due to illumination was measured. This
change should be proportional to the total number of holes present, the
formula being given in problem 3 of Chapter 3. The number of holes
present is equal to the rate of generation times the lifetime, as may readily
be established by the methods of Section 12.6. The rate of generation is
equal to the quantum efficiency times the rate of photon absorption, which
is determined from the energy and wave length of the light and the optical
constants of the germanium. In Goucher's experiments the lifetime was
measured by hole injection techniques like those discussed in Sections
3.1d and 12.6. By comparing the change in conductance with the rate of
photon absorption, Goucher concludes that over a range of about 10 to
18 each photon absorbed produces one hole-electron pair.

Collector junctions have also been used by K. G. McKay® to detect
holes produced in the germanium by alpha particles. He finds that the
sensitive region has a diameter of between 10-* and 10-% cm and that the
maximum pulse height corresponds to the passage of 10° electrons. The
pulse width was less than 0.05 microseconds. McKay has also suggested
the use of large area p-n junctions for counters and such effects have been
observed by Orman, Fan, Goldsmith and Lark-Horovitz.®

1 J. N. Shive, Phys. Rev., 76, 575 (1949).

2 3. N. Shive, Phys. Rev., 75, 689-690 (1949).

8R.L.Wallaceand W. E. Kock, Elect. Engg., 68, 222-223 (1949).

4 F. S. Goucher, Phys. Rev., 78, 646 (1950).

5 K.G.McKay, Phys. Rev., 76, 1537 (1949).

®C.Orman,H.Y.Fan,G.J.Goldsmith and K . L ark-Hor ovitz, Phys. Rev., 78,646 (1950).
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p-n junctions themselves are quite effective photocells.” It is not
necessary for the hole-electron pairs to be generated in the junction itself
to produce a current but merely near enough so that there is a good proba-
bility of the "injected" carriers diffusing to thejunction. This probability
is determined by the diffusion length discussed in Section 12.5.

PROBLEMS

1.Assume that the probability that an injected hole recombines in time
dt is dt/rz. Show that the fraction of the holes injected at time / which
are uncombined at time/ is exp (e 8)/1g.  (See Section 8.3 for a similar
analysis of physically different problems.)

2. Suppose that in a filamentary transistor the emitter current is ie(/)
and consds of a fraction y of holes.  If the transit timeis r, show that the
number of holes in the filament is

prov. = /) i) exp L = /rold
and hence, using problem 3 of Chapter 3, that the increase in current is
) = s = Vot + w7 [ i) exp I — 0/e1dl

=10+ [ i e 6’ = N/eglde /i

Show that this reduces to equations (18) and (19) of Section 4.1 for
8i.(6)/5.() = ety = ¥(1 4+ &)8 when /e(/) =ieo exp iwt.

3. A p-njunction has a resistance of R = 400 ohms for low voltages and
an area of A = 0.5 cm® Assuming that the current is carried chiefly by
holes and using (1) of Section 4.2, show that

(e/kT)pud = 1/R
%0 that
Iy = kT/eAR = 1/394R = 1.28 X 107* amperes/cm®

Assuming that the lifetime of a hole in the n-region is 100 microseconds,
show from (3) of Section 4.2 that this leads to

Pu = (Dpty)/ dRepy = 1.2 X 101 cm™

and that this concentration corresponds to a conductivity for holes of
3.3 X 10-* ohm-' cm-'. This value is much smaller than 2.1 X 10-2

7 See footnote 1 of Section 4.2.
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ohm""* an""* corresponding to the conductivity of pure germanium at room
temperature and shows that the high resisance of a p-n junction arises
from the difficulty of forcing hole current to pass through n-type material
where there are very few holes to carry it. This subject is discussed more

fully in Chapter 12.
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CHAPTER 5

QUANTUM STATES ENERGY BANDS, AND
BRILLOUIN ZONES

51 INTRODUCTION TO CHAPTERS 5 6, AND 7

In non-quantum-mechanical treatments of conductivity, the current
carriers are thought of as small particles moving in random thermal mo-
tions on which is superimposed the effect of electric and magnetic fields.
Except for their smallness, the particles are imagined to have much the
same attributes as larger solid bodies such as are encountered in ordinary
experience, golf balls, for example. Although non-quantum-mechanical
theories have failed to account for many aspects of the behavior of elec-
trons, quantum mechanics, which includes wave mechanics, has succeeded.
Quantum mechanics brings with it a set of new concepts which include the
"wave function", "probability density", "energy level", "spin", "quantum
state", and "Pauli exclusion principle" — concepts which are based on the
development of the mathematical postulates of the theory.® In general,
a mastery of this mathematical machinery is achieved only in a post-
graduate course in physics. Fortunately, the results of the application of
quantum mechanics to the motions of electrons in crystals do not need to
be described in terms of the mathematical machinery itself but can be
presented, instead, largely in pictorial terms. It is the purpose of Chapters
5, 6, and 7 to develop this picture.

Before encountering the details of the argument, the reader will benefit
from a preview of the end result to be reached, together with some idea of
theroute to be followed. Thereis, in the author's opinion, adefinite value
in traversing a route from which one may view, at least superficially, the
detailed processes used in developing a theory. The alternative would be
to skip these intermediate steps and to present, at once, the final physical
picture of the properties of holes and electrons as they emerge from the
theory. This alternative seems undesirable for severa reasons. It gives
no idea of the fundamental concepts on which the behaviors of holes are
based and thus opens the possibility of error due to applying the picture
beyond its range of validity. Furthermore, from the purely scientific
viewpoint, a major theoretical triumph is achieved by showing how the

! Chapter 14 is an introduction to some of these ideas. It follows an unconventional course
and dreses analogies with transmisson line theory.
119
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electrons, through the mechanism of hole conduction, can simulate the
behavior of positive particles.

Theobjective aimed at in this chapter and the next is a description of the
behavior of an electron in an ideally perfect crystal, in which the perfection
of the atomic arrangement is undistorted by thermal vibrations, impurity
atoms, or other causes. The €electron is found to have certain permitted
modes of motion, quantum states. In these, it has certain energies and
velocities. A consequence of Schroedinger's wave equation is, however,
that the classical relationship & = mv¥2 does not apply to eectrons in a
crystal; and a further consequence is that the momentum is not equal to
mv. A "crystal momentum", P, defined in Section 5.5 in terms of the wave
functions for electrons is introduced. Aswe find in Chapter 7, this vector
quantity satisfies the equation of dP/dt = F when a force F acts on the
electron, a relationship which justifies calling it momentum in keeping
with Newton's second law of motion. Unlike the momentum of a free
particle, the crystal momentum of an electron is, in a certain sense limited
in range. Because of the repetitive or periodic property of the potential
field of the crystal in which the electron moves, we need not consider larger
values of momenta than those lying in a certain region, called the Brillouin
zone, in the three-dimensional P-space.

The energy and velocity of an electron are determined by the value of
P inside the Brillouin zone. The relationship is multivalued, however, so
that for a given value of P there will be alarge number of possble quantum
states, each with its characteristic energy and velocity. The various s
tions of this chapter are used to develop these ideas, the mathematical
details being given in Part 1 | | . Asaresult we obtain a description of the
behavior of an electron in the crystal in terms of energy, velocity, and
momentum which are not related in the same way as they are in classical
mechanics.

As an aid to the reader in following or reviewing the argument, Figures
5.1, 6.1, and 6.3 have been prepared. These indicatethe logical sequence
of the argument, and, where the steps involved have been presented in the
text, reference numbers are given. These three figures represent the
development of the Brillouin zone concepts of electron motion in a perfect
crystal? under the condition for which no external forces act.

When an external force acts on the electron, then, as a consequence of
the wave equation, it is found that the crystal momentum changes accord-
ing to the law® dP/dt ss P = F. For the analyss of the conductivity and
Hall effect, forces due to electric and magnetic fields must be considered.
The arguments used in deriving the basic acceleration law are shown in

2This requirement of perfection exdudes thermal vibrations or impurity atoms and thus
diminates the random processes which give rise to resstance.
8Weshall occasionally usethe symbol "« for " d/dt" or " d/dt" .
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Figure 7.1 together with some of the consequences of this law. This
material is discussed in Chapter 7, which deals with the dynamics of
electronsin a perfect lattice.

Therelationships of energy S, velocity v, and momentum? and thelaw
of force P = F lead to a determination of the effects of applied fieldson the

WAVE EQUATION PERIODIC STRUCTURE PERIODIC BOUNDARY
(ASSUMED) (ASSUMED) CONDITIONS [SEMI-LOGICAL
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ASSUMED] (SECTION 5.5)
1
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FI G. 51—The Bnllouin Zone Method of Analyzing Bloch Wave Functions for
Electronsin Crygtals.

motion of an electron. The situation is quite like that for the classical
case except for the different relationships between S, v, and P. These
differences are essential in explaining the processssin electrical conductors.
On the bass of the' new relationships between &, v, and/*, the behaviors of
an excess electron and of a hole are analyzed. The results justify the
description of holes and electrons as classical particles given in Chapter 1.
This is the principal aim of Chapters 5, 6, and 7.

Inlater chapters, theeffect of random processeswhich introduceelectrical
resistance and establish thermal equilibrium is discussed. These processes
are caused by disturbances that make the crystal imperfect and are thus
automatically excluded from Chapters 5 to 7, which are restricted to a
discussion of a perfect crystal in which each atom is free from thermal
motion and is exactly located at its proper lattice point.



122 ENERGY BANDS, AND BRILLOUIN ZONES [52a

52 QUANTUM STATES, SPIN, AND THE
PAULI EXCLUSION PRINCIPLE

5.2a. TheNature of the Solutions of Wave Equations. An éectron, as
is now generally accepted, is a very small particle whose laws of motion are
governed by Schroedinger's wave equation.® Schroedinger's equation
combined with the Pauli excluson principle furnishes a satisfactory bass
for explaining most of the phenomena occurring in solid state physics and
chemistry. We shall discuss how its application leads to the theory of
energy bands, Bloch wave functions, and Brillouin zones. But first, as a
necessary introduction, we shall comment briefly on the quantum theory
for one-electron systems.?

When an electron moves in three-dimensional space (with its position
described by coordinates x, y, z), under the influence of forces which can be
represented by a potential energy @ C*,y, 2), its possible energies & (not a
function of x,y, 2) and modes of motion are described by Schroedinger's

wave equation:
B i s .
BxPm (13.:.’2 + ) + (6 - Uy =0 (i)

where h = Planck's constant;
m = the mass of the electron;
& = the energy of the electron;
Y = ¥{x, ¥, 2}, an unknown wave function.

We shall discuss the meaning of the wave function ¥ below after we have
compared this equation to several other equations of mathematical phys-
ics® Thus, the wave equation for the scalar or vector potential of an
electromagnetic wave oscillating with frequency v is

L -
42 (axz P az”) + 74 =0 @)

In Figure 5.2 (f) to (i) we represent a stretched membrane (drum head)

! Thisequation isknown to beinexact but it applieswell so long asthe spead of the dectron
is small compared to the velocity of light. It sands in relation to the Dirac equation as
Newton's laws of motion do with respect to Eindein's réeativistic equations.

2 This treatment follows in an abbreviated form one presnted by the author in " The
Quantum Phydcsof Solids| ", Bell Syst. Tech. /. 28, 645-743 (1939), apublication which is
available on request to the Publication Department of Bell Telephone LaboratoriesasM ono-
graph B-1184. Most of the material originally planned for |1 of the series, which was never
written owing to the interruption of the war, has been incorporated in the present book.

8 A more detailed discusdon of the inter pretation and solution of Schroedinger's equation,
together with a comparison between it and an dectrical transmisson line, isgiven in Chapter
14.
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whose vertical displacement ¢ satisfies the wave equation

T (3% 9%
m(ﬁ%‘@)%‘v&t&-o (3)

where ¢ is the mass per unit area, T the surface tension, and v is the fre-
quency. This equation has solutions, subject to the boundary condition
that ¢ = 0 on the rectangular boundary where the membrane is clamped,
only for certain frequencies called the "normal modes' or "natural fre-
quencies’ of the drum head. These normal modes can be described by a
set of "quantum numbers' #, and sy as shown in Figure 5.2. There is
some choice as to the exact convention most suitable for-the quantum
numbers, and the ones sdlected for (f) to (i) have been chosen to conform
to those later used for Brillouin zones. These quantum numbers are
defined as the number of wave lengths of the vibration in each of the two
directions so that each is equal to % +% (number of nodal lines, heavy
arrows, in the figure).

Another system, whose normal modes may be familiar to the reader, is
the length of transmission line with choke coils across its ends (j). (This
structure and the simple harmonic oscillator of (d) and (€) are introduced
for use later in describing what happens when isolated atoms are brought
together to form a crystal.)

Part (a) shows the potential energy function @1 for an electron in a
hydrogen atom. It is defined so that the energy is zero when the electron is
infinitely far away from the proton; consequently, Al = —¢2/r where eis
the electronic charge and r the distance from the proton. When this
potential energy is put in Schroedinger's equation, solutions for |/ which
satisfy the proper boundary conditions {§ = O when r approaches infinity
in this case) can be obtained only for certain values of &. These solutions
are called "eigenfunctions' or "proper functions', and the energies are
called "eigenvalues' or "proper energies’. It is found that these wave
functions, two of which are shown in (b) and (c), can be described by a set
of quantum numbers like those for the rectangular drum head. For ex-
ample, the 1 in 1/ and 2 in 2s are each just one more than the number of
times the value of { crosses zero as a function of r.

A feature to be stressed about Schroedinger's equation is that the
quantum numbers are not introduced in it as a special assumption.*
They arise in just the same way as those shown with the rectangular drum

4 There may be some choice about the numerical values assigned to the quantum numbers.
Thus in Figure 5.2, n, and n, might have been chosen to be the number of half wave lengths
along each edge, 0 as to avoid half integers.  However, the point we wish to makeis that no
gpecial assumption is made in order to introduce quantum numbers in the firgt place. This
was not true of the old Bohr theory; in it quantum numbers were introduced as a special
assumption.
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head of Figure 5.2 or the normal modes of a resonant cavity. The mathe-
matical aspects of all of these problems are very similar and all involve
solving a differential equation subject to certain boundary conditions.
When the proper wave functions are examined in detail, it is usually found
that they are characterized by having a certain number of wave lengths or
half wave lengths in the x, y, and 2 directions (or in three other directions
depending on the boundary conditions). These numbers of half wave
lengths are thus naturally arising quantum numbers which can be used to
characterize the solution of the wave equation. For an electron in a
hydrogen atom, the most suitable quantum numbers are simply related to
the number of half wave lengths (or nodes in the wave function) in ther,
0, and ¢ directions in spherical coordinates. For our purposes, however,
we do not need to refer to the detailed meaning of quantum numbers of
glectrons in atoms® We shall be, however, much concerned with the
quantum numbers used to describe the motions of eectrons in crystals
and will give these an interpretation in terms of the wave lengths of the
wave functions involved (and thereby introduce the crystal momentum P).

In connection with the motion of eectrons through crystals, we shall
later have occason to compare the behavior of electron wave functions
with those of electromagnetic waves or mechanical waves. For this reason
the interpretation of the wave functions in both cass should also be
compared.

According to quantum mechanics, the wave function ¢ isa" probability
amplitude" (a phrase developed in quantum mechanics and not found else-
where), and the square of its absolute value, denoted by §i? = [§?| =
Yy, is a probability density.® The probability density has the following
interpretation: the electron in its wave function is to be thought of as a
very small particle with extent negligible compared to the size of the atom.
It itself is not spread out over the volume occupied by the wave function.
However, in its motion it traverses the space about the atom spending
varying amounts of time in each region. The probability density at any
point is simply proportional to the amount of time the electron spends (per
unit volume) in a small volume about the point. In fact, the scale factor
of the wave function is usually so adjusted that |[¥]®d¥ is simply the
fraction of time the electron spends in the volume d¥. As a consequence,
Illtlde is the probability of finding the electron in the volume dv. (¥

® An dementary discusson of this topic is given in the Monograph B-1184 previoudy
referred to.

® As dissused in Chapter 14, ¥ itsdlf may be regarded as a mathematical aid used in
applying quantum mechanics to explain the behavior of dectrons There is even less purpose
srved in discussng what ¥ is a displacement of than in discussng what kind of an ether is
being sressed by an dectromagnetic wave. For any st of values of x,y, 2, and /, ¥ isa
complex number which can bewritten asu + iwwhereu and w arereal numbers H!] = the
positive square root of #* <+ w* and ¥*§ = &* + =%
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itself has thus the dimensions of cm-*2) When these probabilities are
added up for all space, the sum is unity since the electron must be some-
where. A wave function which adds up to unity in thisway is said to be
normalized.

Consequently, H,v’] gives the long-time-average charge-density distri-
bution produced by the electron. It is such average-charge densities that
arerepresented in Figures 1.1, 1.2, 14, and 1.14. (Thesetake the place of
the Bohr orbits of the old quantum theory.) For many purposes, the
electron moves so quickly over its possble positions that this average
itself can beused. For other cases, such as for van der Waals' forces, it is
necessary to take into account the fluctuations in position of the electron.
Other agects of the electron’'s behavior, such as its average velocity, can
be obtained from the wave function in ways discussed in Chapter 6 and
Chapter 14.

The probability density behavesin a way closely analogous to the energy
density of electromagnetic or mechanical vibrating systems, provided that
these have no loss, so that the energy of oscillation is conserved. For
these casss the voltages and currents (or electric and magnetic fields) and
the displacement and velocity are the amplitudes involved. The energy
densities are proportional to the squares of these amplitudes. Thereis an
important difference, however: In the electromagnetic or mechanical cases,
the solutions ar e usually obtained in complex form, and, for these cases, the
real part and the imaginary part of the solution are each individually
equally meaningful (in the physical rather than mathematical sense) as
solutions of the problem. Each of these solutions shows a transfer back
and forth, twice each cycle, of electric to magnetic energy or of kinetic
to potential energy. For the quantum mechanical case, on the other
hand, the wave function is complex, its time dependence is of the form
exp (—2xibt/h) where& isthe energy, t istime, and h is Planck's constant,

and neither thereal nor imaginary part of ¥ is alone a solution of Schroe-
dinger's equation. Only the complex wave function itself is. The value
of Hﬂ isthusindependent of time and represents an unvarying probability
distribution.” Thisisa natural result, since unlike energy density, which
can exist in two forms, both for the electromagnetic and for the mechanical
case, thereisonly one form of probability density so that the possibility of
exchanging between one form and another is excluded. (There is, how-
ever, an exchange between the real and imaginary parts of the wave func-
tion ¢, which has a bearing on the wave velocities discussed later .)

In the casss of classical waves and in the quantum mechanical case as

T Wh |¥? is alwaysindependent of time for the normal mode solutions or eigenfunction
solutions of Schroedinger*s equation, there are other solutions in which {¥?] varieswith time
and the probability distribution movesin space  Such cases aredescribed in connection with
wave-packets, Section 6.3.
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well, it is sometimes of value to get a new wave function by adding together
other wave functions. This addition is permitted because of the super-
position principle which arises from the linearity of the differential equa-
tions involved. Considerations of wave functions built up by superposi-
tion are particularly helpful in understanding the bodily motion of the
electron through empty space or through a crystal and we shall return to
them in Section 6.3.

The important feature about the normal modes of any system, such as
the drum head, is that any free oscillation for that system can be expressed
in terms of them. Thus if the drum head is struck a sharp blow and then
allowed to oscillate, its motion will not be represented by a single one of
the normal modes of Figure 5.2 but instead by a combination of the effects
of several normal modes, each oscillating with its own proper frequency,
independently of the others, the total displacement being given by the sum
of the component displacements. A disturbance of this sort does not have
a single frequency and satisfies a wave equation containing a derivative
with respect to time:

T 62 62 J
(S -3t -o

The mathematical expression for the solution of this equation is obtained
by adding together the solutions for the normal modes as follows: If
$1(x, ¥), dalx, ¥)- » « arenormal modesolutionswith frequenciesfi, fz, ***,
then a general solution of the time dependent equation is

¢(x,y, ‘) = Aﬂ’l("a)’) sin 2'".)(1(r - fl)
+ doa(x, y) sin 2af3(t —f5) + -+ (5)

where A; A,... andty, t, ... are constants. For each of these normal
mode terms individually, the time-dependent equation reduces to the one
containing f2 and no time derivatives.

The corresponding time-dependent Schroedinger equation is

i 4 % ih oy _
sr”m(ax*+ +az’) "’+2 ¢ : (6)

It can aso be solved by adding together eigenfunction solutions, each
multiplied by a time-dependent term.®  We shall have occasion to con-
sider wave functions constructed in this way in connection with wave-
packets, which represent the motion of the electron through the crystal, in
Chapter 6. In this chapter, however, we shall deal only with eigenfunc-
tion solutions.

3 Such time-dependent terms are considered in Chapter 14 and are alo used in Equa-
tions (2) and (5) of Section 5.4.
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5.2b. Spin and Quantum States. In addition to its motion through
space, the electron aso rotates about its own axis. This rotation intro-
duces effectively a fourth degree of freedom and a fourth quantum number
— the "spin". For reasons associated with the theory of relativity, the
fourth quantum number is found to have only two permitted values,
denoted by +% and — %. In considering the cohesive forces between
atoms certain "exchange" effects associated with the spin are of great
importance. The spin of the electron aso produces the magnetic moment
which is responsible for ferromagnetism. For the purpose of treating the
motions of electrons in semiconductors, however, we are concerned only
with the fact that the spin gives the electron an extra degree of freedom so
that it may move in accordance with a given wave function either with
plus spin or with minus spin.

We are now in a position to introduce the concept of a "quantum state".

A quantum state describes a possible mode of behavior of an electron. It is
specified by stating its four quantum numbers, three describing the wavefunc-
tion and the other the spin.

So far our discussion has been concerned with the behavior of a single
electron. When several electrons are simultaneously present and exert
forces of electrostatic repulsion on each other, it is no longer exact to think
of each electron as moving in a constant force field, and, consequently, it
is not exact to speak of quantum states for individual electrons but instead
only of the quantum state for the system as a whole. However, when
large numbers of electrons are present, certain approximate methods may
be used. According to these, when one electron is being considered, the
effect of the others may be averaged to give aforce field which is then taken
as fixed and definite. The motion of the electron in this average force
field is then investigated, and its quantum state is determined. The same
process is carried out for all the other electrons aso. (This process is
usually repeated until a "self-consistent” solution is obtained: that is,
starting from a set of trial wave functions for the electrons, the force field
on each individual electron due to the other electrons isworked out. From
these force fields a new set of wave functions is found. This process is
repeated until a set of wave functions is obtained which produces a force
field which gives the same set of wave functions back again.) To the de-
gree of approximation used in the theory of semiconductors, this averaging
of the force field is accepted as satisfactory, and the behavior of each elec-
tron is described by specifying the quantum state it occupies.

5.2c. Pauli Exclusion Principle. In terms of the quantum state concept
we may now state the "Pauli exclusion principle" which is a foundation
stone in the theory of matter.

The Pauli exclusion principle states simply that no two electrons may occupy
one and the same quantum state.
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If it were not for the existence of a law of nature of this form, all of the
electrons in complex atoms would drop to the lowest energy level and the
structure of the periodic table, the diversity of chemistry, and the reader of
this book would not exist.

In applying the Pauli exclusion principle, care must be taken to dis-
tinguish properly between quantum states. Thus the exclusion principle
does not require that, if one electron is in the lowest energy quantum state
in a particular hydrogen atom, then no other electron in the universe can
be in the same quantum state on another hydrogen atom. In fact, in a
gas of hydrogen atoms, we should expect half the electrons to be in the
lowest quantum state with one spin and the other half in the state of
opposite spin. This apparent paradox is resolved by noting that, when
we have two atoms, the quantum state scheme is essentially doubled. In
fact the wave functions around two nuclei require a new set of quantum
numbers. It is found, however, that, if the atoms are far apart, the wave
functions themselves are simply what they were for one atom and are ob-
tained twice over, once centered about one atom and next about the other.
In other words, two separate atoms do not have the same quantum states;
each of them has wave functions of exactly the same shape which are
located at different points in space and correspond to distinct quantum
states, one set for each atom.

The mathematical formulation of the Pauli exclusion principle is ex-
pressed by requiring that the wave function representing the system of
electrons be "antisymmetrical". The meaning of this term and various
other mathematical aspects of the Pauli exclusion principle are discussed
in Section 15.7. It is not necessary, however, to study these analytical
features in order to understand how the principle is applied in this and
the following chapters.

53 QUANTUM STATES AND ENERGY BANDS IN CRYSTALS

There are two principal procedures for introducing the systems of quan-
tum states in a solid. In one of these the average field method discussed
in the last section is used to determine the individual motions of the elec-
trons in the solid. It is necessary to use this method in describing the
momentum, acceleration, and velocity of charge carriers in semiconductors.
The other procedure traces the quantum states in the solid back to their
origin in the isolated atoms of which the solid is composed. We shall treat
the latter method first.!

Accordingly, we imagine that the Ng atoms of the solid are arranged
perfectly on the crystal lattice in question but that they are separated by

! This treatment follows closdy, in some respects, that of W. Shockley, " The Quantum
Phydcs of Solids | ", Bill Syst. Tech. J. 17, 645 (1939), Monograph B-1184.
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many times the normal lattice constant so that there is substantially no
interaction between them.? The quantum state distribution for the
crystal is then essentially that of one atom duplicated N, times. That is,
each energy level corresponding to an atomic quantum state occurs N,
times, once for the corresponding quantum state on each atom. However,
as the lattice constant is reduced the situation changes and, when the atoms
are so cdose together that appreciable overlapping of the wave functions
between adjacent atoms occurs, the quantum state and energy level schemes
are profoundly modified. The result of this modification is shown pic-
torially in Figure 5.3. In parts (h) to (n) of thefigure, the effect of inter-
action is illustrated in terms of a st of one-dimensional mechanical oscil-
lators. Theinteraction between atoms is represented here by weak springs
coupling the oscillators together. When the coupling is zero, each oscil-
lator has its own normal mode of vibration, all of the same frequency. As
soon as coupling occurs, the vibrations can no longer be restricted to one
oscillator but extend throughout the system. However, if the coupling is
weak, each of the modes (i) to (n) will have almost the same frequency as
an isolated oscillator. As the coupling becomes stronger, the band of
frequencies spreads over a wider range.

A very similar behavior occurs for the atoms. As soon as the wave
functions overlap, the quantum states are no longer restricted to single
atoms but instead extend over theentire crystal asis suggested in (b) to (g)
of Figure 5.3. The energy levels corresponding to the quantum states split
in much the same way as do the frequencies of vibration for the system of
oscillators.  In this way each atomic energy level leads to a band of energy
levels or energy bandin thecrystal. Thisisillustrated in Figure 5.4 which
shows qualitatively the results predicted from Figure 5.3.

In the process of splitting, the total number of degrees of freedom of the
mechanical oscillators and the number of quantum states for the atoms are
invariant. Thus, for example, if the six atoms of Figure 5.3 contained
twelve electrons, so that the lowest quantum state of each spin was oc-
cupied, then there would still bejust enough quantum states to accommo-
date all the electrons in the band of energy levels produced by the interac-
tion; there would be sx wave functions each giving rise, because of spin,
to two quantum states.

For systems of larger numbers of atoms, there will be more wave func-
tions. However, the one of lowest energy will have a slowly varying
modulation wave like that of the dashed line in Figure 5.3(b) and the one

2The crystal lattice dexcribes the relative arrangement of the atoms. The diamond
structure of Figure 1.3 is common to carbon, silicon, germanium, and one modification of tin.
Ordinarily by "lattice congtant” one means the value observed in nature. In this chapter,
however, we use " lattice constant”" as a variable and "normal lattice congtant” for the one
observed in nature.
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of highest energy will be simply a continuation of (g) to more atoms.?
Hence the upper and lower energies for the electron wave functions, or
frequencies for the normal modes of the analogues, will be independent of
the length of the structure, provided that it contains a large number of
units. The conclusons just reached can be summarized in two basc
theorems for energy bands:
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F1G. 5-4—Dependence of Energy Levels upon Lattice Constant, or Frequency of
Vibration upon Strength of Coupling.

THE BAND WIDTH THEOREM: The width of the energy band arising from an
atomic energy level will be independent of the number of atoms in the crystal*

THE THEOREM OF THE CONSERVATION OF QUANTUM STATES: The number
of quantum states in the energy band will be the same as the number of atomic
guantum statesfromwhich theband was produced.

There are no quantum states with energies between those shown in the
energy bands. For thisreason the energy range running from the top of

% We shall be intimately concerned with waves like (g), for which the wave length X is
twice the period a of the structure, in the remainder of this chapter. Such waves correspond
to the edges of the Brillouin zone.

4 1f we imagine that the lattice constant can be varied as shown in Figure 54, then the
width of the band depends on the lattice constant. It dso dep-nds upon the energy level
from which the band arosee
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one band to the bottom of the next isreferred to as a forbidden energy band
or energy gap. The energy bands containing quantum states are referred
to as allowed energy bands; although, where confusion is unlikely to anse,
they are usually referred to simply as "energy bands', as was done in the
two theorems.
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F1 G. 5-5—Energy Bandsfor Diamond versusL attice Constant.

* The unit in thisfigureis the Rydberg = 135 dectron volts =%.the atomic unit of
Appendix A.

For the case of carbon, the important energy bands arise from the
guantum states occupied by the valence electrons. These are denoted as
the Is and 2p states and contain a total of eight quantum states per atom.
They are, therefore, half occupied in the isolated atoms. Each atom also
contains two electrons in the 1S state. However, these dectrons have
their wave functions so compactly bound to the nucleus that no appreciable
overlapping between adjacent atoms occurs. They can be considered,
therefore, as unaffected by their being in the crystal. The energy bands
for carbon® in the diamond structure are shown in Figure 55. At large
lattice constants, the lower band isfilled and the upper partially filled. At
smaller distances, however, the eight states per atom are split equally
between the two bands so that the lower band is completely filled. This
lower band corresponds to electrons in the valence-bond structure. To

°G.E.Kimball, J. Chem. Phys. 3, 560 (1935).
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excite an electron requires enough energy to raise it to a quantum state in
the upper band. It is to be noted that the average energy of an electron
in the lower band at the actual lattice constant is much less than for the
free atoms. This drop in energy is associated with the "binding energy"
of the crystal. A comparison of the total energy of a set of isolated
carbon atoms with that of the same atoms arranged in the crystal shows
that the loss in energy of the valence electrons makes the latter much more
stable. The energy required to pull the crystal apart into free atoms is
called the binding energy. For a valence crystal, like diamond, the
approximations employed in the energy band method of calculation are
probably less accurate than those dealing directly with the electron-pair
bond so far as binding energy is concerned. However, our main interest
in quantum-mechanical theory centers about the problems of electrical
conductivity rather than those of cohesion, and for conductivity the
energy band theory is not only the best approximation currently available
but apparently an adequate one as well.

54 BLOCH WAVE FUNCTIONS IN A PERIODIC
POTENTIAL FIELD

In the last section, we concluded that the energy levels of an array of
isolated atoms are split into energy bands when the atoms are brought close
together to form a crystal. By analogy with the behaviors of classical
systems, the theorems on band width and conservation of quantum states
were developed. We must next consider the wave functions obtained from
the viewpoint of their nature as solutions of the wave equation for an
electron moving in a periodic potential. This will form a basis for later
discussions of the velocity and acceleration of the electrons.

The solutions obtained for Schroedinger's equation for an electron in a
crystal depend upon three attributes of the problem considered:

(1) Theform of the potential field in which the electron moves: thatis,
the value of &l (xy, z) at each point in one unit cell of the crystal.
(Since the crystal is periodic the value will be the same in every
unit cell.)

(2) The size of the crystal.

(3) The boundary conditions at the surface of the crystal.

The nature of the problem, as discussed in Section 5.2, leads to the intro-
duction of a set of quantum members which can be used to specify the wave
functions and the associated characteristic energies.

In order to deal with running waves which carry current through the
crystal, we shall consider a type of boundary condition different from that
implicitly introduced in connection with Figure 5.3. We shall see below
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that this change in boundary conditions does not affect the theorem of the
conservation of quantum states.

The boundary condition shown in Figure 5.3 is one for which the wave
function vanishes at the ends of the one-dimensiona crystal. We shall
refer to this case as "vanishing" boundary conditions. These boundary
conditions are mathematically equivalent to setting up infinite force fields
just outside the crystal which reflect the electron inwards. Under these
conditions the electron wave is a standing wave which can be regarded as
made up of two running waves. However, each of these running waves
individually, although it does satisfy Schroedinger's equation for the
particular potential €U, is not a solution which satisfies the boundary condi-
tions. The normal modes for the coupled oscillators similarly satisfy
boundary conditions for which the end points of the half-coupling springs
at the ends of the row have no displacement; the dashed modulating waves
show this behavior by having nodes at the end.  For these boundary condi-
tions, the electron waves (b) to (g) do not carry any probability density
along the crystal nor do the mechanical oscillations (i) to (n) carry any
mechanical energy. In order to deal with eigenfunctions or normal modes
which support a flow, it is most convenient to use periodic boundary
conditions.

Periodic or cyclic boundary conditions amount to doubling the crystal
back on itself or arranging the coupled oscillators in a closed loop. Such
an arrangement is shown in Figure 5.6. The six oscillators are now mounted
below arigid ring and are coupled together as for Figure 5.3.  Some means
of constraint is assumed which restricts their motion to the vertical axis.
The lowest frequency of oscillation is that shown in (a). For this case, all
the bobs move together and the coupling springs are inactive. In (b) the
motion is given by a sine wave function which has one wave length around
the loop. In this case, the coupling springs between (2) and its neighbors
(1) and (3) exert a restoring force on (2) and cause the frequency of the
normal mode of (b) to be higher than that of (a). [In order to simplify
the diagram, the coupling springs have been omitted from the figure except
in (a).] There are two normal modes for (b), one for each direction of
travel of the sine wave. The frequency of these waves would be the same
as (j) in Figure 5.3; in fact, the standing wave (j) can be obtained by
allowing the right- and left-hand waves of Figure 5.6(b) to interfere.
These two waves are given the quantum numbers n, = +1 and n, = — 1:
+ for the wave running towards +x and — for the wave running towards
—X, and 1 because the wave has one wave length around the crystal. In
accordance with this convention, we have the relationship 1/ = #s/ 4z
= #1,/Nga, which we shall use later.

Part (c) of Figure 5.6 shows a wave with two wave lengths around the
loop, ny = &2, There are again two normal modes, with waves running
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to the left and to the right each having the same frequency as (1) of
Figure5.3.

A critical condition occurs for X = 2a, however. For this case, both the
right-going and left-going waves produce exactly the same motion of the
baobs, in this instance a very simple one in which the even-numbered bobs
have identical harmonic oscillations just 180° out of phase with odd-
numbered bobs.

We s that there are altogether six normal modes for the periodic
boundary condition of Figure 5.6, just as there were six for the " clamped
end" boundary condition of Figure 5.3. However, the proper frequencies
are somewhat different in the two cases!

We must next consider the solutions of Schroedinger's equation which
are analogous to the running waves for the coupled mechanical oscillators
just discussed.  Some insight into the relationship between the two prob-
lems may be gained by writing the equation for the displacement produced
by a sine wave with wave length X, frequency v, velocity ¢ (equal to Xv),
and unit amplitude in Figure 5.6. The displacement z of the bob at
position x, measured along the rim of the circle, may bewritten in any one
of several forms:

sin 2r (; - vr) = sin (2r/A){x — of)

sin 2xv (:_c' — t) . (1)

If we increase x by a> that is, go from one bob to the next, the phase angle
in the wave is increased by 2ua/n. This effect is equivalent to replacing /
by t — alc. In other words, the oscillation at one bob isjust the same as
at the previous one except that it is delayed by atime alc, the timerequired
for the wave to traverse one period of the structure. The velocity for such
waves varies with X, an example being given in Chapter 15.

It seems logical to expect that the solutions to Schroedinger's equation
for waves in the crystal will give the same behavior in every unit cell,
except for a lag in phase angle corresponding to the time required for the
wave to progress from one cell to the next. The proof that waves of this
sort are eigenfunctions is due to F. Bloch? and the corresponding wave
functions are called Bloch functions® For a one-dimensional crystal the
Bloch function is

Yalx, ) = m{x) exp [21"' G - nf)] . @

! Some problems bearing on these matters are given at the end of this chapter.
2F. Bloch, Z. Physik 52, 555 (1928).
% These subjects are discussed in more detail in Chapter 14.
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In thiswy{x) is the same function in every unit cell; it is periodic so that
u(x + &) = w(x). (3)

It is thus seen that the behavior of ¥n{x, #) isjust the same at x + a as at x
after a lapse of time given by

-E=nt of ¢ =a/hn; 4)

in other words, the wave progresses to the right with phase velocity k.
The periodic function mx{x} and the frequency v both depend upon* asis
indicated by the subscripts. w{x} is, in general, complex, with avarying
phase angle, although it becomes real for A = . (For A = 2g, u{x}
varies as exp {—2xix/A) so that Y has a special behavior as shown in
Figure 5.7(c).) The energy & of the wave function also depends upon X
and is related to the frequency #, by the equation®

& = ko, (5)

as may be easily verified by taking the partial derivative with respect to
time in the Schroedinger time-dependent equation. As is always true for
energy eigenfunctions, the value of |gm(x, r)|’ is independent of time.
[This follows analytically from the fact that the only time dependent term
in (2) is exp {(=2xin).]

The remainder of this chapter and the next will be devoted chiefly to
examining the behavior of the Bloch wave functions (¥, #) and interpret-
ing the results. The value of A, or better that of £k/\ = hn /A =
hng/Nza, will be found to be a useful "quantum number" to characterize
the states in an energy band. Of particular importance is the significance
of conditions like those shown in Figure 5.3(g) and (n) and 5.6(d) for
which the phase difference is 180° for one period of the lattice or, in other
words, A = la.  (These conditions determine the boundary of the Brillouin
zone discussed in the next section.)

Figure 5.7 (p. 140) shows some running waves of the Bloch form. In
order to give an idea of how the wave function ¥ and probability density
ItH’ depend on time and distance, we have plotted the real and imaginary
parts of Y and aso |¢|’ in the figure. As described in connection with the
figure, we see that each wave gives the same probability density at every
atom. However, the real and imaginary parts of 4 individually have the
type of wave motion along the crystal required by equation (2) of Section

4 This famous equation, which is now a part of the general formalism of quantum mechan-
ics, was firgt discussed by Planck in 1900 in connection with thermal equilibrium of eectro-
magnetic radiation in a cavity. In 1905 Einstein used it to interpret photoeectric emisson
by supposing that light quanta or photons deliver energy in units of hv to dectrons in the
photoelectric effect.
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5.4. As we shall s=¢ in Chapter 6, this wave motion is associated with
electron current, the electron being, in a sense, carried along by the wave.

In terms of these running waves, the condition A = 2a can be given special
significance. This is a condition for which the behavior of the running
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wave degenerates to that of a standing wave. Furthermore, the same
standing wave is obtained whether waves running to the right or to the
left are used initially. [Discussed in connection with Figure 5.6(d).]

Because of the fundamental importance of the limiting condition » = 2a
in the theory of Brillouin zones, we shall use, in addition to the discusson
of the wave behavior of Figure 5.7, another argument leading to the same
result. In Figure 5.8(a) we imagine that a wave | whose sinusoidal
behavior corresponds to kA = 2aistraversing the crystal from left to right.
As it pases by each plane of atoms, a certain fraction of it is reflected
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FIG. 5-7—The Wave Function
¥ = up(x} exp (iPx Jh).

This figure shows the behavior
of wave functions for three quan-
tum states of the lowest energy
band and some wave functions for
higher energy bands.

(a) shows a relatively long wave
length, A = la. Its real and im-
aginary parts (al) consist ofa part
with period @ multiplied by a sinu-
soidal part. The sinusoidal parts
are related as sine and cosine. This
results in the same value of N-r]’ =
(Real §)* £ (Imag. §)* in every
unit cell (a4), since sin’+cos’= 1.
Furthermore, the phase angle of
the wave function,#=tan"’ (Imag.
Y /Real 1), varies linearly with x,
(a3), and goes through 360° in 7
lattice constants. As / increases
from 0 to /i, the phase angle for
any fixed value of x changes by
&= —2xm#,(ad), Thisis equiva-
lent to moving the wave function
along ( 0®@/2u) wave lengths. The
phase velocity is, therefore, n(c®/
2x) fﬁ = Any.

(b) shows a wave with A =
(7/3)a, only slightly larger than
the critical value, A = 2a. The
scale is enlarged to show the more
rapid variations. Again, the sinu-
soidal waves for real and imaginary
parts of Ill are 90° out of phase at
the centers of the atoms. However,
between atom centers, the phase
angle changes irregularly, tending
to remain constant near each atom
center, then changing abruptly be-
tween atoms where the wave func-
tion is small. If U, (x) were real
or had a constant phase angle, the
phase angle for 'll would vary
linearly with (x). However, Iy (x)

(a2) g

PROBABILITY DENSITY.,
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is, in general, complex and can be
taken asreal only for  =0.

(c) For X = 2a, the wave func-
tion is multiplied by — 1 (a phase
change of 180°) between one atom
and thenext. For the case shown,
the wave function is entirely real
(at another timeit will beentirely
imaginary dueto theexp (—2arimf)
time dependence). Thetransition
of phase by 180° occurs discontin-
uously at the midpoint between
atoms where the wave function
vanishes so that the phase is in-
determinate. These discontinuities
have been drawn like a left-handed
screw in keepingwith (a) and (b).
However, exactly the same be
havior of ¥ would result if the dis-
continuities were like a right-
handed screw. Thus, the same
behavior of the wave function for
X = 2a results for waves running
initially in either direction. In
other words, this is a standing
wave.

(d) shows some real and im-
aginary parts of wave functions
for dectrons in the conduction
band for metallic sodium as com-
puted by Slater.* Weinclude them
to show that numerical calcu-
lations of wave functions of the
Bloch type for higher energy
bands have been carried out. The
heavy sinewave lines have the
wave length A of the Bloch waves,
and the dashed lines show the
plane free electron waves into
which the Bloch wave functions
would transform if the potential
energy function U were diminished
to zero.

*J. C. Sater, Rev. Mod. Phys. 6,
209-280 (1934).
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giving rise to reflected waves R; to R4 from planes 1 to 4, which have been
arbitrarily selected for study. Asis seen, each reflected wave starts 180°
out of phase with the wave of the preceding plane. However, by the time
it has reached the preceding plane it has lost an additional 180° and isin
phase. Hence the waves R; to R, are all in phase and do not cancel one
another. Thesituation is quite different in (b), where| has a wave length
different from two lattice constants. Then the waves R; to R, are out of
phase and cance out on the average. As a consequence of this, it is pos-
siblefor thewavein (b) to traverse the crystal with only a small fraction of
reflected wave present. However, thewavein (a) will build up areflected
intensity just equal to the incident intensity; the reflected waves will then
be converted to the incident wave by additional reflections just as fast as
the incident is converted to reflected. However, this situation of waves
of equal intensity moving in both directions is mathematically equivalent
to a standing wave. Hence it is impossible to transmit energy or electrons
through periodic structures such as crystals, or coupled mechanical or
electrical oscillators, when the wave length is twice the period of the
structure.

It is evident that, if we start with modulation waves of very long wave
length and make them shorter and shorter, a natural limit is reached
when A = 2a. In fact, this range of wave lengths just covers the states
in the energy band. However, in order to discuss the extension of the
ideas presented here to three dimensions, and to lay the foundation for
discussing velocity and momentum, we must introduce a suitable means of
describing the modulation waves in three dimensions. The quantum
number required for this purpose plays the role of momentum for electrons
in crystals and is introduced in the next section.

Before discussing this next topic, the very close analogy between the
results discussed here and certain electrical and acoustical problems should
be mentioned. In electrical filter syssems made of identical networks con-
nected in tandem, there are frequency bands of transmission and bands of
attenuation. The frequency at which the transition between these occurs
corresponds to the condition & = 2a, the currents in adjacent networks
being 180° out of phase. Between the transmitting bands the electrical
signal decays exponentially from network to network through the filter.
The electron waves corresponding to energies lying outside the energy
bands are similarly attenuated and cannot be made to fit the periodic
boundary conditions we have considered. They are of interest in connec-
tion with the surfaces of semiconductors, however, but these are matters
not covered in this text. The behavior is entirely similar for acoustical
lines having periodic structures.®

® For a general treatment of such problems see L. Brillouin, Wave Propagation in Periodic
Structures, M cGraw-Hill Book Co., New York, 1946.
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55 BRILLOUIN ZONES AND THE CRYSTAL MOMENTUM P
AS A QUANTUM NUMBER

In this section we shall introduce the crystal momentum in place of
the wave length as a means of characterizing the Bloch wave functions.
The crystal momentum, which we shall shortly define, has many con-
venient properties: Used as a quantum number, its allowed values are
described by a very simple scheme, and the critical condition » = 2a is
simply represented in terms of the crystal momentum. In Chapters 6
and 7 we shall use it in studying the velocity and acceleration of electrons.

We shall first deal with a one-dimensional case. For this we define the
crystal momentum P, along the x-axis as follows:

P, = :}:}l/)b (l)

(+ for waves running to the right, — for waves running to the left).
Since h has the dimensions of action, P has the dimensions of momentum
(mass X length/time).! Furthermore, if the periodic potential were
imagined to diminish so that the Bloch functions became simply plane
electron waves in free space (which quantum mechanics interprets as
electrons moving freely with constant momentum), then equation (1)
would give the correct relationship between momentum and wave length.
In the crystal, however, the electron is acted upon by forces so that it
cannot be considered to have a definite momentum and for this reason we
have used the phrase "crystal momentum” to indicate that Py is not the
momentum in the ordinary sense. (We shall use capital P for crystal
momentum, small p for ordinary momentum.) However, since Py has the
attribute, discussed later, of changing at a rate equal to the applied force,
it may be used as a momentum for many purposes.
In terms of P, the Bloch wave function takes the form

Yra (%, £) = up.(x) exp [(2xi/B) (Pox ~ &p ). )

We must next ask what values of P, are allowed. The answer to this
guestion depends on the size of the crystal and the boundary conditions.
We shall consider a crystal consisting of & unit cells of length a and thus
being 4, = N.a long, and shall assume periodic or cyclic boundary condi-
tions equivalent to supposing that the crystal is bent around until the first
and last atoms become near neighbors.  As a consequence of this boundary
condition, the wave function at positions x and & + .4y must be identical
because these two values of x are really the same place. In other words,
Y must be periodic with period A, Since up,(x + a) = up(x), we aso

This result may be recalled from the Heisenberg uncertainty relation, which edfies

that the uncertainties in momentum and position satisfy the inequality Agdx > &/4x where p
represents ordinary momentum.
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have up,(x + 4;) = up(x). Consequently, for Yp, to be periodic with

period A, we must have

exp [(2wi/R) Pz (x + A.)]=exp [(2xi/R)}Pox], or exp [(2xi/k)Pd:]=1,
or (2::'/@)}’,/!, = Zuwin, (3)

where ny is an integer and is, in fact, simply the number of wave lengths of

tff around the cyclic crystal (as shown in Figure 5.6). This leads to the
condition

P, =nhfA, or P, = h/A.. 4)

Thus the allowed values of P, are spaced h/A, apart. This situation is
represented in Figure 5.9(a). The Py-axis extends to £V 2tf " corresponding
to the limiting condition X = 2a previously discussed, and, as explained,
the wave functions at these two limiting points are identical. As we shall
show later, values of Py lying outside the range —h/2a to +h/2a are
equivalent to Py-values lyingin thisrange. Thisregion of P, space, which
includes a complete set of non-equivalent points and is centeredat P, = 0, is
defined as the one-dimensional Brillouin zone. Its chief importance is that
we need not, for most purposes, consider any Py-values lying outside of the
Brillouin zone since all the eigenfunctions for the one-dimensional crystal
are contained in the zone. In fact, because of the reciprocal relationships:
(Size of Brillouin zone) (Spacing in crystal)"*
(Size of crystal) (Spacing in Brillouin zone)-!

there arejust as many allowed P,-values in the Brillouin zone as there are
atoms in the crystal, this being the Brillouin-zone statement of the theorem
of conservation of quantum states. This theorem is proved by noting that
the number of atomsin the crystal is Az/a = N and the number of allowed
IVvalues is (k/a)/(k/A:) = A-/a = N, also. Taking into account the
two values of spin leads to 2Ny quantum states in the Brillouin zone.

The dependence of energy on P, has also been indicated for two energy
bands in Figure 5.9(a). From this it is possble to make an energy level
diagram for the allowed P*-values as is indicated on the right edge of (a).
These same energy levels are plotted in (b), which is drawn to a reduced
scale to show how the energy bands arise in the Brillouin-zone picture.

The actual computation of energy as a function of P, can be carried out
for idealized one-dimensional crystals, and treatments will be found in any
modern text on the electron theory of solids and in some on quantum
theory.? For dectrons in actual crystals, however, laborious numerical
calculations are, in general, required and only a limited number of cases
have been dealt with.

2 A smple cae is treated in Chapter 14.
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We must next extend the Brillouin-zone concept to three dimensions.
For this case Py is replaced by a vector denoted by P, having components
Py, Py, P, Again we shall find that thereis a limited volume in P-space
to be considered which is bounded by planes corresponding to X = la.
This limited volume of P-space, which may be defined as the most compact
volume about P = 0 containing all the non-equivalent values of P, is the
three-dimensional Brillouin zone. Only values of P within this zone need
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be considered and of these only a certain allowed set gives eigenfunctions
satisfying the boundary conditions. We shall show that, for this allowed
set, the theorem of conservation of quantum states once more applies.

For three dimensions the Bloch function can be written as

\I’PSPyPs(xs s % 8} = Up,p, (%, ¥, 2) X
exp [(2xi/A) (Pox + Pyy 4+ Pz — &p_p,pg)]

= Yo(r, £) = up(r) exp [(2ri/R) (P - 1 — &pt)] (5)
where the second form makes use of the vector notation
P=iP, 4+ jP,+ kP, (6)
r=ix+jy+ kz (7
Pr=Px+ Pyy+ P (8)

wherei,/, and k are the customary unit vectors along x, y, and z axes (this
use of | should not be confused with i = ¥ =1). We shall suppose that
we are dealing with a simple cubic crystal with lattice constant a. (L ater
we shall comment on the modificationsrequired for the treatment of amore
complex crystal, such as the diamond structure.) By arguments similar
to those used in the one-dimensional case® it can be concluded that wave
functions with P, = 4/2a correspond to standing waves in the x-direction
and that, for any arbitrary fixed values of P, and P,, P, = k/2z and
P, = —A/2a |lead to the same wave function. Thus the Brillouin zone
in (P, Py Py) space or P-space is a cube whose bounding planes are
P, = xkhf2a, P, = £k/2a, P, = £h/2a. For more complex lattices, a
more general method of attack must be used to find the Brillouin zone.
However, in all cases the boundaries of the zone are deter mined by standing
wave conditionslikek = 2a. Theplaneswhich do the reflecting, however,
will not necessarily be perpendicular to the x, y, and z axes and one must
consder other possible planes. A procedure for doing this has long been
used in studies of X-ray diffraction in crystals. According to this theory,
the X rayswill produce Bragg reflections from certain planesin the crystal
when the wave vector (P/h) satisfies conditions equivalent tox = 2a where
a is the spacing between the planes in question. In this way certain
boundaries in P-space are found which enclose the Brillouin zone for more
complex lattices. We shall not consder these more complicated cases,
however, snce it auffices for the present purposes to deal only with results
which aregenerally valid for all typesof |attices, and these can beillustrated
adequately with the simple cubic model.

% For details of these arguments, which involve nev mathematical complexities rather
than new physical ideas, thereader isreferred to F. Seitz, Modern Thoery of Solids, M cGr aw-

Hill Book Co., New York, 1940; A.H. Wilson, The Theory of Metals, Cambridge at the Uni-
versity Press 1936; and Section 14.8.
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If the simple cubic crystal consists of a rectangular parallelepiped with
edges of length A,, A, and A, parallel to thex, y, and 2 axes, we may find
the allowed values for P by using periodic boundary conditions as before.
In thiscase it is hard to imagine bending the crystal around in such a way
that the faces on opposite sides are brought together as shown in Figure
5.9(c). However, mathematically, the requirement that the wave func-
tion be periodic with periods A,, A, and A, in the three dimensions can
easily be formulated. Experience in problems of this sort in theoretical
physics has shown that the results are, in general, independent of the
exact boundary conditions used at the surface of the sample* For this
reason, we shall not try to justify the periodic boundary condition on
physical grounds but will indicate that substantially equivalent results
would be obtained if we made the wave functions vanish on the boundary,
corresponding to a potential field which holds the dectrons inside the crys-
tal. Ifwerequirethat the wave function take on the same value at x and
x + Ay we conclude by the same reasoning as before that

Py =nhfd: or P = hiA,. (9)

Since the values of y and 2 are left unaltered by thisincrease in x, they do
not affect the reasoning. Similarly, by dealing withy and 2 individually,
we conclude that

Py=nhid, or 6Py, =hiA, (10)
and

(Iﬂ.} nh/d, or 8P.= h/d,.

Thus the allowed points in P-space fall on the corners of a rectangular or
orthorhombic lattice for which the unit cell has edges &/ 4z, &/ Ay, /4 O
that thereis a volume of 23/ 44,4, or 2/ ¥ of P-space for each unit cell or
allowed wave function. The reciprocal relationship between crystal and
Brillouin zone in three dimensions thus is:

(Size of Brillouin zone) (Unit Cell of Crystal)™*

(Dimensions of Crystal)  (Dimensionsin Array of allowed
pointsin Brillouin zone)™.

We shall have occason to deal with the lattice of points in P-space
defined by equations (9) to (11) in other connections as well and shall use
the phrase basic P-lattice of the Brillouin zone to describe the array distinct
points in the Brillouin zone specified by these equations.

This lattice and the reciprocal relationships are represented in Figure
5.10. The allowed points in the P, — 0 plane are shown in greater detail
in Figure 5.11(a). Here each distinct allowed point is shown by a solid

4 We shall have further occasion in Chapter 7 to disouss the unimportance of the exact
boundary conditions employed.
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dot; the open circles like P2 on the edges of the Brillouin zone give wave
functions identical with those of other points like P;. Thusit is seen that
there arejust as many allowed points as there are rectangles in the plane
(that is, there is one rectangle to the upper right of each allowed point).
For three dimensions there are also just as many allowed points as there
are elementary volumes #%/%. This is a general result, as is shown in
Section 14.8, and may be expressed in the form

density of allowed points in P-space ViR, (12)

Since the volume of the Brillouin zone is (h/a)®, the number of allowed
points is (A/a)® X (¥ /&) = V/a®. Thuswe have the Brillouin-zone for-
mulation of the Theorem of Conservation of Quantum States:

The number of allowed points in the Brillouin zone is equal to the number
of unit cellsin the crystal.

It is thus easy to see one relationship between the Brillouin zone and the
energy band. If the crystal is assembled by varying the lattice constant
as discussed in Section 5.3, then each atomic energy level spreads into a
band of energy levels, the number of quantum states, usually one per
atom, for each spin, then give rise to 2Ng quantum states in the band,
where Ng is the total number of atoms. These 2Ng quantum states corre-
spond to the Ng allowed points in the Brillouin zone combined with the
two possibilities for the spin. If there is more than one atom per unit cell,
the situation is somewhat more complicated. In this case the energy level
will probably split into several overlapping bands each requiring a Brillouin
zone to represent it.  We have discussed the derivation of the theorem for
the case of a simple cubic crystal. The theorem as stated is, however,
actually applicable to any crystal lattice, provided that "unit cell" is
properly interpreted. The unit cel is the smallest parallelepiped which is
typical of the crystal and, if repeated over and over parallel to itself, would
generate the entire crystal. For the diamond structure of Figure 1.3, the
unit cel is a slanting parallelepiped containing two atoms and having a
volume of one fourth the cube shown. The four eectrons per atom in the
valence-bond band of Figure 5.5 thus correspond to eight electrons per
unit cell or enough to fill four Brillouin zones completely, using both spins.
Thus the energy bands of interest in diamond-type crystals will correspond
to Brillouin zones whose energies overlap in complicated ways. We shall
indicate in Section 7.5 that certain approximations are made in treating
this case.  Some other features relating to overlapping energy bands are
discussed in Chapter 12.

The energy of the wave function depends, of course, on the value of P.
In Figure 5.11(b) the dependence of energy upon P is illustrated for a
hypothetical case, lines of equal energy being shown for points on the
P, = 0 plane exhibited in Figure 5.10. As is seen, the figure has a high
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degree of symmetry, consistent with the symmetry of the simple cubic
model being considered. The minimum energy lies at the center of the
figure and the maximum value at the corners. The contours in Figure
5.11(b) are spaced at approximately equal energy differences. In the
three-dimensional diagrams, the constant energy lines are surfaces, nearly
spherical ones near the center with more complicated shapes for larger
energies. Finally, near the corners of the cube, the surfaces once more
become nearly spherical. It does not always happen that the lowest
energy occurs at the center. As we shall see later, so far as the behavior
of the electrons as current carriers is concerned, the minimum may equally
well be at the corners and the maximum at the center.

It has been stated that points on opposite faces of the Brillouin zone, for
example P, and P, in Figure5.11, for which the crystal momenta differ by
AP, = xh/a, AP, = AP, = 0, have the same wave function. This means
that increasing Py beyond h/2a is equivalent to re-entering the zone on the
opposite face and proceeding inwards. This result can be shown to be
correct by dealing mathematically with the Bloch wave functions. It can
also be illustrated for the analogous case of the coupled oscillators of
Figures 53 and 5.6. In Figure 5.12, three modulating waves are shown
moving past a group of harmonic oscillators according to a scheme of
presentation similar to Figures 5.3 and 5.6. However, in this case only
the bobs of the oscillators are shown. Part (a) shows the conditions
P, = Lthf2a2 or 1/% = 1/25, The two waves are drawn as though they
progressed to right and left in successive diagrams. In part (b) we show
awavewith P; = (#/2a) + %(k/2a), that is, a momentum lying beyond
the edge of the zone by 16| per cent. Its wave pattern is aso shown
as though it advanced to the right reading down the page. In addition,
on part (b) we show P, = — (4/2a) 4+ }(h/2a); thatis, awave moved in
from the left edge of the zone by the same amount that the other lies
outside to the right. Since it is characterized by a negative value of Py
this wave is to be considered as moving to theleft. Asis seen, the motion
of the oscillator bobs is the same for the two waves, showing that proceeding
beyond the zone boundary is equivalent to entering it on the opposite side.
We could thus equally well use for the zone the boundaries P,=0, P;= 4/a,
P, =0, P, = h/a since the points in this area would give the same set of
modulation waves as Figure 5.11(a). Such a rearrangement has advan-
tages for some purposes and is employed in Section 7.5.

P-space is periodic in the sense that adding +h/a to any component of P
gives rise to the same wave function. For this reason points outside of the
Brillouin zone are always equivalent to points inside the zone and it is
never really necessary to consider P values lying outside the Brillouin zone.
One Brillouin zone, however, gives only enough quantum states to accom-
modate two electrons per unit cell; whereas most crystals contain many
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more than two electrons per unit cell. This difficulty may be solved by
using the same points in the Brillouin zone many times over, simply
specifying in each case which energy band is concerned. Another pro-
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cedure, which is more complicated, is to use the remaining portions of
P-space outside of the Brillouin zone for other bands. There is, in fact, a
definite procedure for doing this and the more complicated volumes
involved in P-space are referred to as the second, third, etc., Brillouin
zones. (The dashed lines of Figure 5.7(d) are associated with this pro-
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cedure.)
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For our purposes, however, it is simplest to use only the first

Brillouin zone, which is the one already described. For a given point in
this zone there is a definite modulation wave, exp (2mP . r/h) superimposed

on the atomic wave function.

By using the same modulation wave but

different atomic functions, wave functions in the different energy bands are

produced. Some examples of these have been shown in Figure 5.7(d).
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FIG. 5-13—Energy Band Diagrams for Several Crystal Types.

5.6 ENERGY BANDS FOR METALS,
SEMICONDUCTORS

INSULATORS, AND

There are characteristic differences between the energy bands of metals,
insulators, and intrinsic semiconductors in terms of which their electrical
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conductivity can be understood. As we shall se later, when all the
guantum statesof aBrillouin zoneare occupied, the zone cannot participate
in conduction. In the case of a metal, the energy bands overlap in such a
way that, when the available eectronsfill them, some Brillouin zones are
left partially filled. On the other hand for pure diamond, one set of
Brillouin zones is occupied by valence electrons, and the next higher set
(the conduction band) is left entirely empty. The energy gap between
them is so great that electrons are not thermally excited, and diamond,
therefore, has either completely filled or completely empty Brillouin zones
andisan insulator when in thermal equilibrium at room temperature. On
the other hand, germanium has its valence-bond bands and conduction
bands so dose together that it would exhibit appreciable conductivity at
room temperatureeven if pure. Thediamond form of tin, called gray tin,
which is stable below room temperature, is probably either a metallic
conductor with overlapping energy bands or at least an intrinsic semi-
conductor of very high conductivity. The energy gaps for tetravalent
edements are thus thought to be:

Carbon Tin Tin
{Diamond) Silicon Germanium Gray Metallic Lead
6to7 ev 11 ev 0.72 ev 0.1 (overlapping bands)

Thedonorsand acceptors, which can bind holes and electrons as described
in Chapter 1, give rise to energy levels which lie in the energy gap. A
guantum-mechanical treatment of these energy levelsand their relationship
to energy bandsis given in Chapter 9.

The energy level schemes for the various casss just discussed are shown
in a conventional form in Figure 5.13. We shall return to a discusson of
the statistical distribution, under thermal equilibrium conditions, of
electrons among such energy levels at the close of Chapter 10.

PROBLEMS

1. Carryout an analysis, similar tothat for Figure5.6, for four oscillators
and for eight oscillators. Discuss the differences that would be introduced
if the number of oscillators were changed to an odd number.

2. The patterns shown in Figure 5.6 resemble traces seen on oscillo-
scopes. - Show that, if the horizontal plates are driven at frequency/ and
the vertical plates at nf, patternslike the dashed lines of Figure 5.6 will be
obtained. Ifthey plates have also a small signal at/and 90° out of phase
with the horizontal plates, even the perspective will be simulated. W hat
will happen if the.y frequency is slightly different from nf?

3. Assume a force constant for the vertical spring and an initial tension

1G. Busth, J. Wicland and H. Zoller, Conference on the Properties of Semiconducting
Materials, University of Reading, July 10-15, 1950.
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in the coupling springs; assume also that the masses of Figure 5.6 dlide on
frictionless vertical rods. Work out the frequency of the waves for small
amplitude disturbances.

4. Compare qualitatively the distribution of allowed frequencies for
"clamped end" boundary conditions and periodic boundary conditions,
for an odd number of coupled oscillators.



CHAPTER 6

VELOCITIESAND CURRENTSFORELECTRONS
IN CRYSTALS

This chapter serves to complete the Brillouin zone description of the
properties of the Bloch wave functions; with it we conclude the general
description of the behavior of electrons moving in the periodic field of a
perfect crystal in the absence of external fields. The new aspect added
here is the velocity of motion associated with each quantum state in the
Brillouin zone. In a text designed exclusively for physicists, this topic
would be treated principally on the basis of the postulates and operations
of quantum mechanics. Whilein our treatment we refer to these quantum-
mechanical methods, we emphasize primarily the analogy with other
problems involving wave motion. At the end of this chapter we are
within two steps of the elementary treatment of conductivity: In Chapter 7
we consider the effect of electric and magnetic fields on altering the behavior
of electrons, and in Chapter 8 we introduce the idea of random processes
which produce resistance.

6.1 THE VELOCITY AND CURRENT CONCEPTS

When an electron is moving in the crystal in the manner prescribed by
one of the Bloch wave functions, it has an "average" velocity of motion
which gives rise to a current. I n fact, for each quantum state in the Bril-
louin zone there is a certain average velocity, the one which an electron
would haveifit occupied that state. It isthe aim of this chapter to discuss
the relationship of this average velocity, which will be denoted by the
vector symbol!/, to other properties of the Bloch wave functions.

As described in connection with Figure 5.7, the complex Bloch waves
flow through the crystal. However, the electron probability density is
the same in every unit cell so that no apparent flow can be detected by
examining the distribution of the probability density for the electron in
space. This brings us to the important matter of interpreting the meaning
of the Bloch wave function in terms of more familiar descriptions of the
electron's behavior. We shall find that the theory indicates that the
electron is actually moving through the crystal with a definite average
velocity. It should be pointed out at once that this involves no contradic-
tion with the uniform probability distribution. In a number of other
cases, the entity which flows may show no shift in its density distribution.
For example, a rotating flywheel may look perfectly stationary, yet the

1%
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iron which is uniformly distributed around the rim is actually moving.
The energy density along a power line may be uniform and unchanging,
yet power flows. (An example of this sort is presented in Section 15.3.)

The Bloch function represents a state of motion for the electron in which
it is equally likely to be in any unit cell of the crystal while at the same
time it has an average velocity of motion through the crystal. The reason
that this motion does not carry it out of the crystal after a time is a mathe-
matical one associated with the periodic boundary conditions. These cor-
respond (as shown in Figure 5.9(c) for the one-dimensional case) to a
cyclic crystal in which flow out of one end is equivalent to flow in at the
other. Thus the electron flowsindefinitely through the crystal.

This flow can be expressed as a current density in a form useful for later
conductivity considerations. Thus, in the one-dimensional case, if the
average velocity of motion is vy then the electron traverses one cycle about
the loop in a time A£/v;. This means that the charge —e of the electron
flows around the loop &,/A4 times per second and hence that the current is
= —en;/d = (—e/A),, the second form showing that the current can
be expressed as charge per unit length, (—e€/A), times average velocity.
In three dimensions, the current density vector or charge per unit area per
unit time can be expressed similarly as

I=(~¢/¥n, 1

that is, as the charge per unit volume times the vector velocity.! The
derivation is as follows: If the electron has an average vector velocity v
with components ., ¢y, o, then it makeg/4z1versal sin thex-direction
per unit time; on each traversal it carries —e across the end face of the
crystal giving rise to a current of —es./ Az Since the end face has an area
AyA; the current density in the x-direction is given by the formula

I, = (“ﬂ?z/ds)/dﬂds = (—¢/Pvs, (2)

where ¥ = A A4, is the volume of the crystal. Similar calculations for
they and z axes then establish the general formula. Actually, the argu-
ment given here, which serves to introduce the formula for current density
and to illustrate the idea of the average velocity, is in a sense the reverse of
the one logically employed in the theory to find the average velocity. This
will become apparent from the method of attack used to evaluate the
average velocity.

62 THE POYNTING VECTOR OR DENSITY-FLOW METHOD

Since no motion can be detected by computing the change in the prob-
ability density, other methods of determining the velocity must be em-

! Bven before the dlectron arosses the surfaoes; it produces a displacement current given by
Equation (1). See for example, W. Shockley, J. App. Phys., 9,635-636 (1938).
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ployed. These are directly available in the theory of quantum mechanics,
and a definite procedure is given for calculating the average current flow
from a wave function. We shall not present this method here'® but shall
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F1 G. 6-1—Comparison of the Calculation of Average Speed for an Electron with the
Calculation of Flow of Electromagnetic Energy.

decribe instead its analogue in terms of power flow in electromagnetic

theory. The relationship .is shown in Figure 6.1. In Section 15.3 the

procedure is actually carried out in detail for an artificial lumped-constant

transmission line having no loss.  For this case, the energy per unit length

is computed for a line with a particular running wave, the running wave

being found by the procedure leading to "waves in periodic structure"
2 Derivations are given in Sections 14.3 and 15.4.
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shown in the figure. The equation for power flow is then simply obtained
by evaluating the current flowing from left to right at some point on the
line and multiplying this by the voltage and proper phase factor. This
familiar expression for power flow is analogous to the Poynting vector for
electromagnetic waves or to the quantum mechanical expression for
average current. We next argue that the power flow along the line is due
to the flow of its energy density. Consequently, if its velocity of flow is v,
all the energy in a length v of line flows past a point in unit time, and,
therefore, power is energy density times speed of flow as shown in Fig-
ure 6.1. If the line has no phase distortion, that is, all frequencies travel
at the same speed, or, in other words, there is no dispersion, then this rate
of flow always turns out to be the velocity of the waves. However, if the
speed of the waves depends on the wave length, then the power does not
flow at the same speed as the waves but instead at a speed given by the
formula

)= dv
) @)
This expresson equals the speed of the waves only for the case of constant
wave speed for which

¥ de(1/2)
aam - aam " ° @

v = ¢/A so that

where c is the speed of the waves.

When the analogous procedure using the expressions for electron current
density are employed as indicated in Figure 6.1, precisely the same formula
is obtained for electron probability density as for electrical energy for the
one-dimensional case. However, since the relationships

=086 and P.=3h/2 (3)

apply, we can rewrite the formulain the form
_ % ig_ 4
YN “)

This formula is identical in form with that obtained classically, for which
p=mvand& = m?Z2 = p%2m o that d&/dp = p/m = v. However,
the physical meaning is different, since, for eectronsin a periodic potential,
& does not equal p*/2m.

There is a fundamental explanation for the fact that the same formula
v = dv/d(l/n) is obtained for both electromagnetic waves and electron
waves. This explanation is based on the use of wave-packets and group
velocity, topics which are discussed in the next section.
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F1G. 6-2—Motion of aMinimum-uncertainty Wave-Packet in Free Space.

The product of uncertainty in position and momentum at t = O for this packet has
theminimumvalue Ap Ax = &/4x permitted by the Heisenberg uncertainty relation.

(a) Plots of the real part of the wave function ¥{x#) for several instants of time.
Since this isaone-dimensional wave-packet, ¥ has thedimension of cm-* Theimagi-
nary part of the wave function is similar in shape and ¥ {x,¢) is shown by the envelope
lines. The velocity of the group is twice as great as the phase velocity of the waves
which compose it: while the crest of the waves advance one wave length between t,
and t,, the group advances two wave lengths. The packet is composed of momenta
varying by about 8%, from the mean value. This spread in component velocities
causes the packet to spread appreciably in length during the time from t, to tg, the
higher momentum components gathering near the front of the packet and giving the
wave function a shorter wave length while the lower components similarly gather at
the rear.

(b) The continuous progression of the lines of constant complex phase angle is
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Fi1c. 6-2—Continued,

shown by the dashed lines. When the angle is a multiple of 2;, the wave function is
real and positive, corresponding to the crests in (a). The line for maximum probabil-
ity amplitude advances with twice the phase velocity and the lines at which the
probability amplitude falls to 1/’ of the maximum are seen to spread out. The bend-
ing back of the lines of constant phase near x = 0 for the larger times corresponds to
motion to the left, which results from the fact that there is some probability that the
electron will have a negative momentum.

The average velocity corresponds to 1 electron volt of energy with a velocity 5.92 X
10’ cm/sec and a wave length of 12.2 X 10-* cm. The value of &% at £ =0 was
arbitrarily chosen as 12.2 A in computing the packet. This gives Ap = &/4wrAx =

p/4m where plI corresponds to 1 ev, The spread in momentum increases the energy
from 23/2m to (p}+ Ap?) Im = p(1 4 (1/167%))/2m = 10063 ev.

For earlier times than t = 0, the packet also spreads out in a way symmetrical to
that for later times. The theory of this wave-packet is discussed in Section 15.5.
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6.3 WAVE-PACKETS AND GROUP VELOCITY

We shall next interpret the velocity formula in terms of wave-packets
and group velocities, both of which are useful concepts in wave mechanics.
Accordingly, we suppose that instead of sending a single frequency down
the transmission line we send a pulse signal at a certain carrier frequency.
This pulse may be regarded as the result of superimposing a number of
single-frequency waves. The pulse localization results from the construc-
tive interference of these waves at the location of the pulse and the destruc-
tive interference elsewhere. In general, these waves travel at varying
speeds, and thus the interference pattern changes. As a result of the
shifting of the interference pattern of the group of single-frequency waves,
the pulse travels at a speed different from that of the individual waves.
The terminology used to describe this situation is as follows: The pulse is
said to be a wave-packet, which is made up by the constructive interference

of a group of waves. Each of these individual

AVERAGE VELOCITY waves moves with its own velocity called the
-l phase velocity, whereas the packet moves with
oNE P =Py the group velocity. If all the waves of the group

—lSECTIDN sa travel with the same phase veloqity, then the
wave-packet moves with them with unaltered

AVERAGE VELOCITY

OF ELECTRON IN shape. However, if the phase velocity varies with
e e the wave length, then the interference pattern
PP shifts and the wave-packet may go either faster or

Jsccrion 63 slower than the waves which build it up. When
GROUF VELGLITY FOR the mathematics of this intgrfgrence problem is
WAVES WITH P < By analyzed (see Chapter 15), it is found that the
lst:c'rlou w2 group velocity is given by the formula

ve OV . dE __dv
o o "= aamy )
OR
v=EY s (P) The reason that the same formula results from both

the power flow calculation and the group velocity
FIG. 6-3—Outline of calculation may be understood from the follow-
Argument Used to De- g argument: In the case of the wave-packet the
rive Velocity of Elec- . . X . .
tron from Group-veloc- energy is .Iocajlzed ina certain region of the trans-
ity Concept. mission line, hence it must flow at the same speed
as the wave-packet. On the other hand, when the
wave-packet is passing a certain point on theline, the situation locally is
much the same as for the state of steady power flow, and energy will be
flowing past at the speed determined from the steady flow calculation.
Hence the speed of flow of the steady-state power must be given by the
group-velocity formula. (The equality for the artificial line is given in

detail in Section 15.3.)
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This same procedure may be used to analyze the behavior of the Bloch
waves. Theargument isoutlinedin Figure6.3. |n order to determinethe
velocity in one Bloch function, we combine it with others of approximately
the same value of P,. In thisway we get a localized wave-packet. (Such
a wave-packet for an electron is shown in Figure 6.2, and its properties are
discussed in the associated text.) We then argue that since all the wave
functions are very similar (that is, only a small difference in their Py
values), they correspond to about the same average velocity for the eec-
tron, and thus the packet which represents the average of their effects must
also have the same velocity. It is then a straightforward mathematical
problem to evaluate the group velocity from a study of the interference
patterns. The result is quite general, and, as derived in Section 15.2, it
applies to any st of interfering waves. It agrees, of course, with that
obtained by the density-flow method. We shall next discuss the conse-
quences of the formula for a one-dimensional case

64 VELOCITIES FOR QUANTUM STATES IN
BRILLOUIN ZONES

As pointed out previously, the relationships & = &z and P: = &/A
enable us to transform the group velocity equation to

(4} 46/ap.

for the one-dimensional case.  Thisresult isin agreement with the classical
Hamiltonian expresson. In the classical theory of analytical dynamics
the energy is written in the form H(pi, gi) where the quantities gi are
coordinates and the quantities p; are momenta. For a single particle the
coordinates and momenta are conveniently chosen as

1= 4 =0 fa = Z
e e mY %,
Pl_mdt’ P2 = 4’ Py = it

Other choices can be made for special problems, such as the problem of
planetary motion. The relationship between classca and quantum
mechanical Hamiltonian expression is discussed in Section 14.3. Hamil-
ton's equations of motion are

For the case of an electron moving in one dimension in a constant potential
energy Vo, both quantum and classical mechanics give kinetic energy =
p2/2m,, sothat thetotal energy is& = g - »?/2m, and the group velocity



164 VELOCITIES FOR ELECTRONS IN CRYSTALS [64

isv= p/mor p=my, the classcal result.® The value O, although it
contributes to the frequency of the Bloch wave, through v = S/A, does not
affect the group velocity. In other words, the group velocity isindependent
of the zero sdlected for the energy scale whereas the phase velocity is not.
Since only the group velocity contributes to the current, this variability
of the phase velocity is, however, not important.
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FIG. 6-4—Energy and Velocity in Brillouin Zones.

For definiteness, some of these results are shown graphically in Figure 6.4.
Here energy and group velocity are plotted for points along the Py-axis.
The upper diagram shows the energy for two energy bands, and the lower
diagram shows the velocity for the upper energy band. In both cass
dotted lines show the periodic dependence of energy and velocity on P
points outside the zone being equivalent to points inside obtained by adding
or subtracting h/a from P.

* We usep for momentum in the ordinary classical or quantum-mechanical sense and P for
the crystal momentum.
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In three dimensions, it is necessary to find a vector velocity with com-
ponents similar t # = 4&/dP,  one dimension. These are shown in
Chapter 15 to be

o, = d&(P;, Py, P,}/8F, (2a)
vy = 08 (P, Py, P,)/3P, (2b)
v: = 0&(Py, Py, P,) /0P, (2c)
or, in vector notation
v = Ypb(P). (3)

Geometrically, this relates v to the energy surfaces in the Brillouin zone
as follows: To find the velocity corresponding toP, construct in P-space a
line perpendicular to the surface of
constant energy passing through P. {{"ENERGY
Proceed along this line in the direc-  +z% coNTouRt
tion of increasing energy and evaluate
dSd P along this line. The group
velocity corresponding to P has the
direction and magnitude so obtained,
it being, of course, supposed that the
P, P, P, axes of the Brillouin zone
are parallel to xy, z axes of the crys-
tal.? This process will lead to a vector
distribution of velocities in the PPy
plane of a Brillouin zone like that h 0
shown in Figure 6.5. Here the lengths 28 P— 2a
of the arrows indicate the velocity CRYSTAL MOMENTUM
corresponding to the point in P- £|G. 65 Dependence of Velocity upon
space from which they originate. Crystal Momentum. The vectors give

Since P and i; have different dimen- direction and relative magnitudes of the

; Ceaeti velocities corresponding to the P-values
sions, only the directions and the a thar back ends  (The energy con-

relative magnitudes of the arrows are 15,15 zre gaoed a equa energy inter-
significant. vas with maximum energy a the
The evaluation of the velocity com- corners.)

pletesthedeveiopment of the Brillouin

zone description of the properties of Bloch wave functions as outlined in
Figure 5.1. To summarize briefly the present aspect, we find that an
electron in a Bloch function moves so that it is equally likely to be anywhere
in the crystal. It has an average velocity of motion v which carries it
cyclically through the crystal over and over again. In this connection, it
should be noted that as the electron moves through the crystal in accordance
with the velocity shown in Figure 6.5, itsP value does not change. That is,

CAYSTAL MOMENTUM

2 We have merely defined in words the meaning of vp , the gradient of  in P-space.
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the vector in Figure 6.5 shows a velocity in ordinary space, not in P space.
The value of P is changed by externally applied forces or scattering proc-
esses, which are considered later.

We can reach a conclusion bearing on conductivity from the mattersjust
discussed, which we shall present here as a prelude to the following chapters,
where we shall again deriveit asalimiting case: From the properties of the
Brillouin zone, we conclude that a full zone can carry no current. This
result follows simply from symmetry. For all lattices it is found that the
energy takes on equal values for P and — P and, as a consequence of this,
the velocities for P and —P are equal and opposite. In a full zone, since
every allowed state is occupied, the electrons always cancel off their veloci-
ties in pairs so that there can never be any velocity unbalance resulting in
an average velocity for the electrons as awhole. (A further discussion of
the additivity of the charge and current densities is given in Sections 15.7
and 15.8)



CHAPTER 7

ELECTRONS AND HOLES IN ELECTRIC AND
MAGNETIC FIELDS

The chief aim of this chapter is to show that an electron in an otherwise
empty conduction band, and a hole in an otherwise full valence-bond band
behave, respectively, much like negative and positive particles in free space,
when acted upon by electric and magnetic fields. The treatment is
founded on the basic law for the rate of change of crystal momentum when
the electron is subjected to a force. This law, although in close analogy
with Newton's second law F = ma, must be derived on the basis of quantum
mechanical arguments such as those given in Chapter 15. In Section 7.3
we give aderivation, which, although not rigorous, is helpful in making the
law seem reasonable. The method of derivation followed in Chapter 15 is
indicated in general terms in Figure 7.1, together with some consequences
of the law which are treated in various sections of this chapter as indicated
on the figure.

71 THE EFFECT OF A FORCE P =F

When thefield in which the electron moves in the crystal is modified by
adding, to the periodic potential U of the crystal, terms representing applied
electric and magnetic fields, the Bloch wave functions are no longer solu-
tions of the time-dependent Schroedinger's equation. However, it is found
that if the vector P in the Bloch functions is varied with time according to
the law

then the resulting wave function is a good solution. The expression to be
used for F is the classical one. The electric field E exerts a force —eE and
the magnetic field Hexerts a force at right angles to both H and the average
velocity v of the electron.  This leads to the expression for the force on the
electron

F=-eB+y Hic (2)
where ¢ is the speed of light.*

! For the meaning of v X H for a particular cas, see Figure 8.7,
167
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The similarity between equation (1) and Newton's second law of motion
F = ma = d{mv)/dt is the basis for calling P the crystal momentum.

If the force is steadily maintained, the point in the Brillouin zone repre-
senting the electron (that is, "representative point") moves steadily in the
direction prescribed by the force. When it reaches the surface of the zone,
it becomes equivalent to a point on the opposite side and continues into
the zone from the equivalent point.

' PERIODIC POTENTIAL TIME - DEPENDENT
PLUS FORCE F SCHROEGINGER'S EQUATION
MATHEMATICAL
ANALYSIS
{CHAPTER 13}
%: £ F=e(E+XEN] | y=v, g(P) POWER=F - v

MATHEMAT ICAL
ANALYSIS
{SECTION 2.3 FORE)
(SECTION T4 FORH}

/N

CONSERVATION CONSERVATION
OF ENERGY OF DENSITY IN
BRILLOUIN 20NE

Fio. 7-1—Outline of Derivation of P = F and the Conssquencss P = F.

The result P = F implies that all points in the Brillouin zone represent
posshle quantum states instead of just the basic P-lattice of equations (9)
to (11) of Section 55 which arose as a consequence of the periodic boundary
conditions. The reason for this difference is that, in general, the applica-
tion of eectric and magnetic fields alters the periodic character of the
boundary conditions. Thusin a straight wire carrying a current the volt-
age at one end of the wire will not be the same as at the other, and it is
meaningless to require periodic boundary conditions to apply between the
two points. However, it is actually possible to bend a wireinto a circle, in
which case periodic boundary conditions should apply to the coordinate
which runs around the circle. It is also possible to apply an electric field
to such awire by using it as a short-circuited secondary winding on a trans-
former. A model of this sort is treated in Section 15,9 and it is found that,
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although the induced electric field produces changes in the wave function,
it does not change the number of wave lengths of the wave function around
the circle. However, it does change the energy of the electron and the
current carried by it in precisely the way they would change if the periodic
requirements on the boundary condition were disregarded and the wave
function altered according to the formula P = P.

The details of the argument involve mathematical procedures which
cannot well be described in simpler terms.  However, theresult is that, for
the periodic model, all energies and velocities vary just as if the lattice of
points representing allowed quantum states shifted under an electric field
in accordance with thelaw P = F. We shall accordingly treat the effect of
fidds in this way.

The same result may also be obtained by considering a wave-packet
composed of Bloch functions all having approximately the same value of P.
When electric and magnetic fields act on the packet, it is altered so that the
average value of P changes according to thelaw P = —e¢(E + v X H/c).
Corresponding results are obtained if the wave-packet is made to represent
a hole. (Sections 15.6 to 15.8.)

As a consequence of these facts, we arejustified in takingthelaw P = F
as being the proper generalization of Newton's Second L aw of Motion for
electrons in a crystal. Since the application of this law to all electrons in
the states of a Brillouin zone produces a flow of all the occupied states in
the zone, we may also consider it to apply to the unoccupied states as well.
No error isintroduced by this process, since, if the states are empty, we are
not concerned with them directly and, if they are occupied, the behavior is
correctly given. The procedure of consdering that the empty states also
vary according to the same law, however, has advantages in analyzing the
behavior of holes and is used in Section 7.6.

Finally it may be remarked that in the presence of a magnetic field the
relationship between classcal momentump and velocity v, and between the
corresponding quantum mechanical operators, is no longer p = mv. The
correct relationship is discussed in Section 15.6. It is shown, however,
that the relationships

S=6(P) and v = Vpe(P) (3)
are unaltered by a magnetic field so that equations (1), (2), and (3) con-

stitute a complete st of equations for determining the behavior of an
electron in applied fields, at least for linear terms in E and H.

7.2 THE THEOREM OF THE CONSERVATI ON OF
QUANTUM STATES

Theflow of pointsin the Brillouin zone is compatible with the theorem
of the conservation of states for the case of electric and magnetic fields.
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We shall treat first the electric field, returning to magnetic fields later.

In the case of the electric field the result is obvious. Since the force is
—eE and the same for all values of P, the lattice of allowed quantum states
simply moves as a solid with translational motion through the Brillouin
zone. Itis evident that this leaves the total number of allowed points in
the Brillouin zone unchanged and also has no effect on the density of their
distribution.

73 THE PRINCIPLE OF THE CONSERVATION OF
ENERGY FOR AN ELECTRIC FIELD

If a particle is accelerated by a force F, we should expect its gain in
energy to be equal to the work doneonit by theforce. The power furnished
to the particle by the force is v+ F and the rate of change of energy is
&= Vpﬁ-f’. According to the laws we have discussed P = F and t; =
Vb, so that these two powers are equal, and conservation of energy applies
to the behavior of an electron subjected to a force.

Although energy is conserved when the electron is acted upon by a steady
electric field, its behavior in other respects is strikingly different from that
of a classical particle in free space. To a large degree, the particularly
unusual features, which we shall shortly describe, are suppressed by the
random processes of scattering which are always active in real crystals
(except metals in the superconducting state). However, it is worth while
to present these results because they are direct, logical consequences of the
theory presented in Figures 6.4 and 65 and, in addition, they illustrate
principles which we shall later use.

Accordingly, we shall consider the motion of an electron in a perfect
crystal under the influence of a uniform forceF in the -direction. If this
electron is initially at the lowest state in the upper band at Py = 0 in
Figure 7.2, then its value of Py will increase toward the right at a constant
rate Py = Fx. Its velocity will initially increase to the right also, and, in
fact, directly in proportion to the momentum so that, as long as the curve
of part (b) may be well approximated by a straight line, the velocity
increases uniformly in time as it would for a classical particle, such as a
falling body. For these conditions the behavior of the electron can
actually be treated in a classical fashion, as will be discussed later. How-
ever, after a certain length of time the velocity will reach the maximum of
the curve in part (b) and, thereafter, will decrease. Thus in the region
where dv/dP, is negative, the electron behaves as if it had a negative mass;
that is, in this region the continued application of a force to the right
actually produces a deceleration to the right and the particle slows down.

It also leaves the wave functions orthogonal.
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This behavior has no classical analogue in the dynamics of particles and is
due to the wave-mechanical laws governing the electron. If the field is
maintained long enough, Py reaches the value h/2a, after which its velocity
becomes negative as indicated by the dotted line, and the electron moves
against the force. (This behavior is, of course, equivalent to moving Py
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back to an interior point on the opposite side of the zone in accordance with
the periodic property of P..) Finally, the velocity reaches a maximum
valuein the negative direction, corresponding to the minimum of curve (b),
and then decreases in magnitude to zero once more, after which the cycle
repeats itself. In other words, the particle oscillates back and forth. Ifa
wave-packet were made up using wave functions, all having nearly the same
momentum, this wave-packet would oscillate back and forth in the crystal.

In fact, the position of the wave-packet as a function of time would be a
curve of exactly the same shape as that which gives its energy as a function
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of momentum, a result which can be seen from the following equations:
x = f vudt = f (36/0P,)dt = f (36/8P,)dP,/F,

= &(P;)/F: + const = &{F1)/F, 4+ const a)

since if Fy is applied at / = 0, P, = F¢t and dt = dPJ/F,.  Since the work
done on the particle is xF,, this equation, in addition to giving the position
of the electron as a function of time, is aso an expression of the conserva-
tion of energy. The period of the motion is h/aF,, the time required for
P, to traverse the Brillouin zone.

The oscillatory aspect of the electron's behavior in this case can be
profitably considered in calculating the probability of exciting an electron
from one band to the other under the influence of a strong applied field*—a
subject not within the scope of this presentation, however. Instead, the
discussion just given should be regarded as intended to illustrate features
of the theory of Brillouin zones. As we shall see, collision processes intro-
duce random transitions of the electron from one state to another in times
less than the period of the motion so that the anomalous behaviors con-
sidered here play no important role in ordinary conduction processes.

74 THE EFFECT OF A MAGNETIC FIELD

We shall next consider the forces exerted by a magnetic field upon a
moving electron and the consequent changes in momentum.  We shall treat
the restricted case of a crystal momentum in the P, = 0 plane for a
magnetic field in the z-direction. In Figure 7.3(a) we represent the PP,
plane of a Brillouin zone with the energy contours and velocity shown asin
Figure6.5. Thevelocity, it will berecalled, is proportional to the gradient
of & in the zone and is thus perpendicular to the energy contours; the
direction and relative magnitude of the velocity are indicated by arrows in
the figure.

When a magnetic field is applied in the +z-direction, the vector force
—evX Hic on the electron will result in a changing momentum. Since
the force is perpendicular to !/, the momentum will change as indicated by
the arrows in (b). This results in aflow of representative points along the
energy contours. Thus, the electrons gain no energy from the magnetic
field—a result consistent with the fact that the force produced by H is
perpendicular to the motion of the electron and hence does no work on it.
As discussed in connection with the Pauli principle, this flow should not
change the density of the points and should thus be incompressible. This
necessary result comes directly from the formula for the change of momen-

1C. Zener, Proc. Roy. 8oc. 145A, 523529 (1934).
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turn. Thus if we condder the lines Li and L, in Figure 7.3(b), we can
show that the flow of particles across L: isjust the same as across L,; for
example, if L: is half as long as L,y then the velocity of an electron at L:
will be twice that at Ly and consequently the force and rate of change
of momentum will be doubled. Hence, equal volumes of momentum
gace will flow across L: and L, in equal times. Accordingly, if the
quantum statesareinitially uniformly distributed, therewill beno tendency
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for them to accumulate between L; and L, since the flow across L; and L,
areequal. (For three dimensons this result can be put in the form that
divergence of P is zero,* so that the general conclusion is that a magnetic
fidd by itself serves only to move the points about on their energy surfaces
without producing any accumulations or affecting the properties of the
equilibrium distribution.)

These general results for the change in P for an electron in a Brillouin
zone under the influence of electric and magnetic fidds will next be applied
to the behavior of a single electron in an otherwise empty conduction band
and a single hole in an otherwise full valence-bond band—still movingin a
perfect crystal, however, so that random proceses are prevented.

190 (Va8 X H) = H. (V5 X Vplh) 4+ Vpb - (Vp X H} =0~ 0,
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75 THE BEHAVIOR OF AN EXCESS ELECTRON: EFFECTIVE
MASS AND REARRANGEMENT OF THE BRILLOUIN ZONE

I'n order to apply the theory just discussed to problems of conductivity
and Hall effect, it is necessary to deal with specific properties of the energy
surfaces in the Brillouin zones. The calculation of energy surfaces has
actually been carried out for a number of metals by using approximate
methods. However, no detailed calculations are as yet available for semi-
conductors. For this reason, a certain amount of guess-work isinvolvedin
dealing with these cases. Fortunately, however, there are genera prin-
ciples, like thoseinvolved in determining the shape and size of the Brillouin
zone, which can be used as guides. These principles are based largely on
symmetry conditions which the surfaces must satisfy in order to be con-
sistent with the basic symmetry of the crystal. In addition there are some
quantitative calculations on certain features of the energy surfaces which
help to establish numerical magnitudes. Finally there are experimental
data which can be used to test the reasonableness of the assumptions con-
cerning the shape.

On the basis of these arguments, we shall proceed by assuming that the
diamond-structure semiconductors have approximately spherical energy
surfaces at the highest energies of the valence-bond band and the lowest
energy of the conduction band, these being the regions of interest for con-
ductivity.! Furthermore, we are interested only in energies quite near
these edges of the bands, the reason for this being, as discussed in more
detail in connection with the Fermi-Dirac statistics, that thermal energies
can excite electrons by only about 0.03 electron volt of energy, whereas the
band may be several electron volts wide. Hence the states of interest are
within a few per cent of the edge of the energy band.

In order to deal with electrons and holes, we must consider both the
bottom of the conduction band and the top of the valence-bond band.
Furthermore, for each of these, the energy of interest may occur at either
the center or the corner of the Brillouin zone. Fortunately, all of these
cases may be treated on an equivalent basis, as we shall show. We shall,
therefore, treat first the simplest case and later show the relationship of the
other casestoit. Accordingly, we suppose that the bottom of the conduc-
tion band comes at an energy & at the center of the zone; this is the situa-
tion shown in Figures 6.5 and in 5.11 if the highest energy is at the corners.
General theoretical arguments show that the spherical surfaces must have
the equation

& = 6o+ K(P2+ P2 + P%) = 8 + KP? (6

! Seg, for example, F. Seitz, Phys. Reo. 73, 549-564 (1948). | aminformed by C. Herring,
however, that there are some strong theoretical reasons for believing that one of the bandsis
degenerate at its limiting energy with consequent complications in the shape of the energy
surfaces. We shall return to this question in Chapter 12.
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where P is the magnitude of P. This gives rise to a velocity

pr = 06/8P, = 2KP, (2a)
gy = 36/3P, = 2KP, (2b)
o, = 86/aP, = 2KP, (20)
or in vector notation,
v - 2KP. ©))

If aforceF is applied to the particle, the velocity changes according to the
law
v = 2KP = 2KF. (4)

This is analogous to Newton's second law in the form
F=ma o v = F/m,, (5)

if we interpret 1/2K as an effective mass m, for an excess electron. In
other words, the application of a force changes the velocity of the electron
just as if it had a mass of 1/2K.

The quantity 1/2K for states in the conduction band (or /2K for the
valence-bond band) is of the same order of magnitude as the mass of the
free electron, a result which we shall derive by general considerations of the
wave functions in Section 14.7. From the experimental data on silicon
and germanium it appears to be quite near the electron mass. For most
of the purposes of this chapter not enough use is made of the difference
between the effective mass and the mass of the free electron to warrant
emphasizing the effective mass at this point in the treatment by giving it a
special symbol. We shall, therefore, write /2m for K and proceed
accordingly.?

On the bass of this assumption, we se that the response of an electron
at the minimum energy point of a Brillouin zone to a force is the same as
for a free electron with

v = F/m. (6)

We shall use this relationship later in connection with conductivity.
What happens if the lowest energy of the zone comes at the corner of the
zone? To illustrate this it will suffice to consder a two-dimensional
example. This is shown in Figure 7.4, where, for emphasis, the higher
energy contours have been omitted. In (a) the effect of a force in accel-
erating an electron from Po toPs isindicated. Each time the momentum
reaches a point on the zone boundary, the wave function becomes equiva-
lent to a point on the opposite boundary, as shown. (It may be noted in
2 A wave-packet electron made from quantum stages where the effective mass is very small

can be accderated more readily in a crystal than it can be in vacuum. The way in which
interaction with the crystals helps to accderate the electron is discussed in Section 14.7.
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this case that when the point reaches a boundary, visparallel to the bound-
ary so that, as previously discussed, the wave function carries no current
in a direction perpendicular to the boundary.) If the zone is rearranged
for convenience as shown in part (b), the change in momentum from P, to
P5 becomes a continuous straight line. If we now describe the momentum
of the electron by the vector P which is drawn from the center of (b), we
once more have the relationship that

6 = 6o+ K'(P. + P2 + P,%) = & + K'P"? @)
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as a consequence of general theoretical arguments about the energy sur-
faces near the corners of the zone. Since the behavior of P under a force
in (b) isjust the same as that of P itself at the center of the zone in the case
previously considered, it is evident that similar results will be obtained here
and 1/2K' can be regarded as an effective mass. As Figure 7.4 illustrates,
the velocity of the electron varies continuously with P and shows no dis-
continuous behavior at the edge of the Brillouin zone.

Thus the effect of a force on the electron is to change its crystal momen-
tum according to the equation

P o P =F (8)
and, since its velocity is related toP or P by the equation
v - 2KP - P/m
or v - 2KP - P'/m, (9)
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the change in velocity is given by
?=Fm o F=ma (10)

where a = @ is the acceleration.
In terms of P, P and v the energy can bewritten as

&==6y+ (P2 or P*)/2m = By + mv*/2. 01)

Thus the energy has the form of a constant plus a term which is formally
identical with a kinetic energy associated with velocity v. Actually, the
term mv’/2 represents a combination of changing potential energy of the
electron in the periodic potential and changing kinetic energy as the Bloch
wave function for the electron changes with changing P, Thus although
the expression for the energy may be used as if it arose from changing
kinetic energy of motion of the excess electron, this feature should be con-
sidered a mathematical simplification rather than a statement of a basic
physical fact. As will be seen in Section 7.6, a similar simplification may
be made in the case of a hole.

We next must verify that under the influence of electric and magnetic
fields, the Brillouin zone electron behaves like a classcal one so far as its
acceleration is concerned. This result follows directly from the F — ma
together with equation for the force, which as we discussed in Section 7.1, is
taken as

E +VvX Hlc) =F =mv =ma (12)

Here e is a positive number so that — e is the charge on the electron. This
equation states that the rate of change of v in electric and magnetic fields is
related toE, H, and vinjust the sasmeway asit is for a free classical electron.

This result ssems so obvious that it may be worth while to review briefly
the route taken in reaching it. When we treat the case of the hole in the
next few pages, we shall use the same machinery but will conclude that a
plus sign should be used in the equation expressing ain terms of£, H, and v.
In essence, we have indicated that it is a consequence of quantum theory
that an electron may have a state of motion through a periodic potential
field which gives it a crystal momentum P and velocity v which remain
constant in time if no external forces act (the crystal being assumed perfect).
This in itself is a surprising result; a classical electron moving in the
crystal field would be deflected so often that its vector velocity would take
on practically random values and would, on the average, be zero. It is
thus, the Schroedinger wave egquation which leads us to the idea that the
electron moving in the crystal can have values for crystal momentum and
average velocity which are independent of time. Next, we find that from
the same quantum mechanical framework we can deduce that P = F.
Finally, as an approximation, we conclude that near the minimum energy
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point of the zone v = 2KP, and as a further approximation, that v = P/m?®
(I'n later chapters we shall introduce m, and m, for effective masses and in
Chapter 12 we shall consider a more complicated possibility.) Finally we
equate F to the classical expression for force on an electron of charge —e
and velocity v moving in afield E and H; this last step represents in a
sense an additional assumption in the exposition as presented here. Ac-
tually this expression for the force is contained in Schroedinger's equation,
and thus does not really represent a new assumption.

Thus we reach the end of our treatment of the behavior of an excess elec-
tron in the conduction band. The Brillouin zone theory indicates that it
behaves in the same way as a free classical electron, provided its energy is
always so low that it stays near the bottom of the conduction band. In the
next paragraphs we shall verify that the behavior of a hole in the valence-
bond band is similarly like that of a positively charged electron.

76 THE BEHAVIOR OF A HOLE

As we shall show, the hole is really an abstraction which gives a con-
venient way of describing the behavior of the electrons. An essential
feature in making this abstraction is the fact that a full Brillouin zone
with every allowed state occupied can carry no net current. This feature
permits the behavior of the hole to be found directly from the behavior
which the missing electron would have if it were present.

We indicated at the end of Chapter 6 that the average vector velocity for
all the electrons in a Brillouin zone was zero because their individual
velocities cancelled off in pairs. However, this conclusion was based on
symmetry arguments and followed a discussion of the basic P-lattice of
theBrillouinzone. (Figure5.10.) After that discussion, we permitted the
array of allowed points to be translated through the Brillouin zone keeping
the density constant. This does not invalidate the conclusion that the
full zone can carry no current, for when the velocities are added up for all
the electrons, they are found to cancel so accurately that what is left over
is far less than that of one electron; in fact, the bigger the crystal and the
more electrons in the zone, the more perfect is the cancellation. Thus the
cancellation failure is negligible compared to the effect produced by re-
moving an electron so as to leave a hole in the band. This is the key to
the procedure for computing the effect of the hole.

We reason as follows: Consider first a full Brillouin zone. Each elec-
tron, as discussed in Section 6.1, contributes a current density (— €eV)v to
the crystal. We single out a particular quantum state for consideration;

8 When we apply this theory to practical cases the unlimited variations of P produced by
an dectric fidd are reduced by the efect of collisons so that only small P values need be
congdered and the approximation applies

! S Sedtions 15.7 and 158 for an analytical treatment of the same subject matter.
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call it state s, with velocity vs. We now add up all the currents due to all
the electrons, but we split the sum into two partswith the electron in state
s separated from the others. Since the zone is full, this sum is zero, and
we have

T (—elVwi+ (—e/ Vv, = 0, (1)

from which we obtain another equation:

E. (=e/PYoi = (e/V)u.. )

Now the left sde of this equation is simply the net current due to a Bril-
louin zone with every state occupied except s. Hence we se that this
current isjust what we would get if we had an empty zone with one posi-
tively charged electron moving with vo. Thisis alemma in the proof that
holes act like positively charged electrons. Stated in words:

Thecurrent duetoaholecorrespondsto a charge +emovingwith thevel ocity
associated with thevacant quantum state:

I (hole) = (+elr)v» (3)

Our next problem is to find how the current in the zone varies under
applied electric and magnetic fields. For this purpose we must consider
the dependence of energy upon momentum near the top of the energy band.
As we did for the case of the bottom of the energy band, we disregard the
possibility that this upper energy may be degenerate and conclude that
the surfaces must be spherical and that the energy must vary as P% the
problem of rearranging the zone if the highest energy occurs at the corners
is handled in the same way; and we also use the electron mass m for 1/2X.
However, there is a vital difference from the case of the bottom of the
conduction band, since now we must have an energy which decreases as
P or P" varies from the maximum energy point. Consequently, we have

& =6y — K(P2+ P2+ B2
= &y — P2/2m, @)

where m, is the effective mass for a hole. As for my of (5) in Section 7.5,
we shall not distinguish between m, and m in this chapter. From this we
conclude that the relationship between velocity and momentum is

v = -P/m, (5)
and the relationship between velocity and energy is
& = & — mv?/2 (6)

Hence if we had an isolated electron in this part of the Brillouin zone, it
would behave in a very anomalous way, as discussed in connection with
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the periodic motion in Section 7.3. For example, if the isolated electron
were at the top of the band, the application of an electric field would
decrease its energy rather than increase it. However, we do not have an
isolated electron but instead a vacant quantum state at the top of an
otherwise filled band. This situation obviously represents a minimum
energy condition for the band as a whole since the electrons are all in lower
states of energy than the vacant state. When the hole acquires velocity,
it does so at the expense of displacing an electron from a lower stateinto the
higher state. We must now s that the resulting changes in energy and
current are those to be expected for a charge of +e and a mass of tm.

We shall, for purposes of exposition, take a preliminary step in the proof
by showing the behavior of a hole initially at rest corresponds to" a positive
and not a negative mass. Accordingly, we suppose that the vacant quan-
tum state s is at the highest energy of the valence-bond band so that
& =& and vz = 0. The application of an electric field E causss the
quantum states to change according to the law P = — eE. Hence, the
velocity of the vacant state, which bears a negative mass relationship to
the momentum, will vary according to the equation

Vg = -PIm = +eE/m, (7

and the current will vary according to
/= (+elV)vg = (+€m)E. (8)

This relationship shows that the current increases in the direction of the
applied field. Ifvg = Oatt = 0, then the power delivered to the specimen
would be given by the equation

Eef= (/m)E% (9)

so that energy would be absorbed in accelerating the hole.  Now suppose
we try to interpret the behavior of the hole as corresponding to a charge e,
and a mass m,. Then we would conclude that

© = gE/m, (10)

and
E/=  (€/m)E2. (11)

It is evident that the only choice for g, and m, which will cause these two
equations to give the same results as (7) and (9) isg = eand m, = m.
The choicem, = —m is excluded by the sign of the power input equation—
attributing a negative mass to the hole would cause it to deliver energy to
thefield rather than to absorb it.

We shall next derive a more general expression which includes the effects
of magnetic fields as well. For this cae

p=F = -¢E + v. X Hlc) (12)
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and mvg = —P as before. From these equations we obtain
mv, = +e(E + v.X H/c). (13)

Thisisjust the equation for F = ma for a positive charge. Furthermore,
we have shown that the current density is given, as in equation (3), by

/= (e, (14)

From these two equations we may obtain an equation relating / toE, H,
and /:

! = (¢/MKE/F) + (/ X H/ec)] (15)

for a hole in the valence-bond band where e is the positive magnitude of
electronic charge.

A similar treatment for the case of an electron at the bottom of the
conduction band, using equation (12) of Section 7.5 instead of (13) of
Section 7.6 and (—e/V)v instead of (+e/F)vg, leads to

/= (€X/m)[(E/V)-(I XH/ec)] (16)

where again eis the positive magnitude of the electronic charge so that the
charge on the electron is— e.

It is evident that these equations differ in just the way expected for a
change in sgn of e.  An interpretation involving a negative mass would
lead to a current which was accelerated opposite toE for thecase of H = 0
and is thus inadmissible. (See Problem 7.) Equations (15) and (16)
arein aform readily adapted to treating conductivity and Hall effect and
are employed for the latter purposein Section 8.7.

The equation of conservation of energy may be established for the case
of a hole in the valence-bond band by addition for all the electrons in the
zone. Since, for each of them, de/dt = F « v, the rate of change of the
total energy in the band must be equal to the rate at which power is being
furnished by the electric field.

It is moreilluminating, however, to interpret the energy changes as due
to a " pseudo kinetic energy of motion of the hole". Thisideaisapproached
by calculating how the energy of the electrons depends on the energy of the
empty quantum state. If the hole changes its velocity from vo = 0 to
vg = VU it is evident that the redistribution of the electrons has a net
result of shifting one electron from energy

e - mvii2 to € 17

or an increase in energy of mV,%2. Of course, the redistribution takes
place by the flow of the quantum states’ according to P = F, so that the

2t is evident from the discusson of Section 7.2 that the quantum states should be con-
sSdered to flow, whether occupied by an eectron or not.
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electron formerly at V: is not the one raised to v - 0. However, the net
increase in energy for all the electrons is this amount. In other words, the
energy gained by the electrons is equal to the kinetic energy calculated for
a hole of mass +m moving with velocity V..

Finally, it may be added that the charge density in the crystal due to one
hole in the valence-bond energy band may be determined from the wave
functions occupied by the electrons. When this is done, it is found that
the hole contributes a deficit electron density. Furthermore, the wave
functions may be combined to produce a wave-packet for the hole and this
wave-packet is found to have the group velocity vg corresponding to the
velocity of the vacant quantum states combined in making the wave-
packet (Section 15.8). Wave-packets for the positive charge of holes may
thus be dealt with in the same way as the wave-packets for electrons. It
is such wave-packets for holes that should be used to describe the flow of
holes in n -type germanium in transistors or the Haynes-Shockley experi-
ment of Section 3.1.

77 SUMMARY

Starting with the law derived from quantum mechanics that P = F and
certain approximations about the behavior of the energy surfaces in a
Brillouin zone, it has been shown that the behaviors of one electron in the
conduction band and of one hole in the valence-bond band are given by the
classical equations for an electron with minus charge and plus charge,
respectively. The argument has been long, and the behavior of the hole
has been shown to be essentially a shorthand way of describing the behavior
of al the electrons.

Some of the essential conclusions about the behavior of the electron and
the hole are shown in Figure 7.5. Part (a) represents the Brillouin zone
for the conduction band, a small portion near the minimum energy having
been singled out for attention. In this region, the velocity and the accel-
eration of an excess electron by a magnetic field will be as shown near the
center portion of Figure 7.3. (It may have been necessary to rearrange the
zone and use P' in Figure 7.5.) Part (b) similarly represents the highest
energy in the valence-bond zone, in which the velocity and the acceleration
in a magnetic field of a hole will be as shown near the corners of Figure 7.3.
If an electric field E, alone were present, all the points in the zone would

move to the left in accordance with the equation P, = —eE,, and the
velocity of the electron and hole would change as v (electron) = P/m,
v (hole) - — P/m. These differences are indicated in the four parts of

Figure 7.5 for an electron and a hole, each initially in the statewith v = 0.
The energy for the quantum state occupied by the electron would increase
with timein (a) and (c) and that of the state occupied by the hole (that is,
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left empty) would decrease with timein (b); the total, however, of all the
electrons in the valence-bond band would increase as shown in (d).

If a magnetic field alone were applied, all of the quantum states would
simply rotate as arigid body about the Praxis, the angular velocity being
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(as discussed in the next chapter; also se footnote below) +.eH/mc, the
directions of rotation being those shown in Figure 7.3.

If both E, and H, are present, the dependence of the quantum states
upon time will be as shown': The momenta and velocities of the quantum
states involved move on circles with constant angular velocity. The two
fidds result in a bodily rotation of all pointsin P-space (not merely the one
initially at v = 0) about the point O in the diagrams—a displacement
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and Hole Energies

which obviously conserves the density of quantum states in the Brillouin
zone.

A conventional scheme for representing the motions and energies of holes
and dectronsis shown in Figure 7.6. Here we consder the production of a
hole-electron pair by a photon as discussed in Chapter 1. The photon
excites an electron from a statein the lower band to onein the higher band.
In general, neither of the statesis at the edge of the forbidden band, so that
both the hole and the electron have velocities of motion and contribute their
apparent kinetic energies to the energy of the crystal. If the location of
the exciting photon has been closdly controlled (by focusing the light with
a lens, for example), then the wave functions for the hole and the electron
will be represented by localized wave-packets. The effect of the electric

! Thisinteregting case is not essantial to the later development—the formulae of the Hall
effect being obtained in a simpler way. It isinstructive, however, to work it out in detail.
The solution can be compactly obtained in complex notation as follows Lettingw = x + iy,
the equation miv = +.e(Ex — iwH,/c) is solved by w = —icE,/H, 4- cong exp (xieHt/mc)
sothat () corresponds to vy = —CE,/Hy. This can easily be integrated to give w(t).
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field is to tilt the energy bands since an electron in a wave-packet state at
the bottom of the conduction band will have a lower energy at the positive
side of the crystal. In the absence of an electric field, the lowest energy
state for the excited pair is that for which the electron is at the bottom and
the hole at the top of their respective bands. The general rule that holes
tend towards high levels on energy diagrams is, of course, just the same as
saying that electrons tend towards low levels. The effect of the electric
field will be to accelerate the wave-packets in the indicated directions. We
shall return to a more detailed treatment of such energy level diagrams in
Chapter 12 where they are used in analyzing the rectification of p-n junc-
tions and related topics.

In order to proceed further to the discussion of conductivity and Hall
effect we must consider the effect of random processes upon large numbers
of holes and electrons behaving as shown in Figure 7.5. This we do in the
following chapter.

78, CONNECTION BETWEEN QUANTUM AND CLASSICAL
MECHANICS

From the material presented in this chapter, it can be suggested how the
results of quantum mechanics may merge with those of classica mechanics
in the limiting case. As we have discussed, it is possible to build up wave-
packets which move with certain group velocities. If the electron is not
in a crystal (so that the periodic potential energy is eliminated), then
guantum mechanics leads to just the same formula for energy, as a function
of momentum, as does the classical theory for an electron. Consequently,
the group velocity, momentum, and energy are related as in the case of a
free particle. Furthermore, in electric and magnetic fields, the electron is
subjected to a force which changes its momentum as if it were a classical
particle. As a result, the wave-packet will behave in just the same way
as a free electron.

Analysis along the lines presented above can be carried out in detail.
When this is done, it is concluded that so long as the dimensions of the
environment in which the electron moves are very large compared to its
wave length, the wave-packet may be regarded as traveling Irke a classical
free particle. The requirement that the dimensions be large is not very
stringent. For example, wave-packets for electrons in the smallest of
vacuum tubes would be a thousand times smaller than the grid wire
spacing and thus could be dealt with as particles.

In this sense, classical mechanics may be regarded as a limiting case of
guantum mechanics just as geometrical opticsis alimiting case of physical
optics, which deals with diffraction phenomena for light. In both cases,
when the size of the structures involved is very large compared to the wave
length, the appropriate limiting methods may be employed. The same
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differencesin treatment are used in connection with both radio waves and
microwaves. For antenna design and small-scale effects, diffraction phe-
nomena are vital; for large-distance effects such as ionosphere reflections
and the target end of radar systems, geometrical optics suffices.

Thereis, of course, far more to the philosophy of quantum mechanics as
applied to large-scale phenomena than is involved in showing that the
electron wave-packet behaves like a classical electron. However, atreat-
ment of these important questions belongs not in a treatise on a limited
phase of the role of electrons in semiconductors, but in texts on quantum
mechanics and the philosophy of physics to which the interested reader is
herereferred.!

PROBLEMS

1. Verify, by considerations of symmetry, from Figure 7.3 that, if an
electric field Ex = E, is applied, the electron undergoes periodic motions
in thex andy directionsin spacewith thesameperiod, sothat it periodically
retraces the same path. What can be said of the motion if E, = 2E,?

2. By the method of the footnote of Section 7.7, find the trajectories in
fields Ex and H; for holes and electrons with initial velocities v, and v,.

3. Provethat, if theinitial velocities at /=0 are v, =V, 00S 8, v,—Vvosir 8,
the displacement at time / when averaged over # is independent of v,.
(This shows that the effect of random velocities in Section 8.6 can be
disregarded.)

4. For some crystals, such as bismuth and zinc, the important parts of
the Brillouin zones have energies of the form

& = 8B+ KPZ + KPS + KP2

Find the equation of motion which replaces ma — F for this case and
integrate these equations for F due to H..

5. What happens to the mass of the crystal as a whole when the hole and
electron of Figure 7.6 recombine?

6. Verify by using in part equations (15) and (16) of Section 7.6 that

the power expended by the electric E =fI—EdV can be accounted

for by the changing energy of the electron or hole.
7. Show that a particle of negative massinitially at rest sothat / = 0 at
/ = 0 produces a negative resistance and delivers during time/ an energy

EEX2 m .
Show that a particle of positive mass absorbs an amount of energy given
by the same formula.

1P, W. Bridgman, The Logic of Modern Physics, Macmillan, New York, 1927. R. B.
Lindsay and H. Margenau, Foundations of Phystcs, John Wiley & Sons, New York, 1936.



CHAPTER 8

INTRODUCTORY THEORY OF CONDUCTIVITY
AND HALL EFFECT

81 INTRODUCTION

In this chapter the laws of motion for electrons and holes derived in
Chapter 7 are applied to the analysis of conductivity and Hall effect. The
exposition presented here is based on a simplified treatment of the "mean
free time". In Chapter 11, a more detailed discussion of the mean free
time is presented. The purpose of presenting the simplified treatment at
this point in the text is to illustrate the connection between experimental
results and the abstract matters discussed in Chapters 5, 6, and 7 before
proceeding with the theoretical topics of the next three chapters, which
treat energy level diagrams, the Fermi-Dirac Statistics, and collision
processes. Inaddition, thesimplified treatment, in anticipating theresults
to be derived later, serves as an introduction to the following chapters.

In this chapter, we shall introduce, in addition to the mean free time, the
concepts of an equilibrium thermal distribution of electrons and holes and
of random processes which bring this equilibrium about. However, these
latter two ideas will enter the equations only through the mean free time,
denoted by T.

There are two important ways of thinking about the current density in a
semiconductor. Although mathematically equivalent for most purposes,
the mental images associated with these are somewhat different and for
this reason both methods are described. According to one method, the
electrons or holes are thought to be in definite quantum states in the
Brillouin zone and thus to be carrying currents of {F¢/¥)¥ in accordance
with equations (1) of Section 6.1 and (3) of Section 7.6. This method is
well adapted to calculating currents on the basis of diagrams showing how
applied electric and magneticfieldsdisturb the distribution of electronsin
the momentum space of the Brillouin zone. According to the other
method, the holes and electrons are treated as classical particles having at
any instant definitelocations and velocities. Thistreatmentisjustified by
the analysis presented in Chapters 6 and 7 which shows that wave-packets
for holes and electrons behave like classical particles having effective
masses which may differ from the free electron mass. According to this
particle treatment, the electrons and holes move in the presence of electric
and magneticfieldsin curved paths (like the parabola for a falling body)

187
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between collisons. (In Chapter 11, a more general method of attack is
used which is applicable to the case in which the effective mass concept
must be modified.)

There are cases however, in which the wave-packet method is appro-
priate to the physical situation whereas the method of using individual
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states in the Brillouin zone is not. The latter is adapted to the case in
which the wave function gives equal probability that the electron (or hole)
isin any unit cell of the crystal. In the experiment of Haynes and Shockley,
Section 3.1, on the other hand, the holes are injected at a definite point in
the germanium and when first injected have negligible probability of being
anywhere except near that point. After a measurable lapse of time, the
probability that there are holes at the collector point first rises appreciably
above zero. The appropriate description, in this case is that of wave-
packets or particles, and one may think of the holes as being injected and
pulled along the germanium as described in Chapter 3. Thejustification
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for this procedure is the mathematical one that wave-packets of electrons
or holes have the behavior of classical particles.

Figure 8.1 has been prepared to indicate the logical connection among
the various ideas discussed in this chapter. The section numbers given in
thefigureindicate where the topics are discussed. Thisfigurewill probably
be of most value after Sections 8.2 to 8.7 have been read.

82 RANDOM PROCESSES AND TRANSITION PROBABILITIES

As stated in the introduction to this chapter, the theory of the mean free
time is based on the idea of random processes. As its name suggests, the
mean free time, which has already been referred to several times without
being defined, is related to the time during which an electron moves without
being affected by a random process. We shall consider first the nature of
random processes, and then show how these processes can lead to an
equilibrium distribution. In the following section we shall define the mean
free time and relate it to these random processes.

The random processes referred to occur because the crystal is imperfect.
If the crystal were ideal so that the potential field in which the electron
moves were perfectly periodic, then the electron would remain in one quan-
tum state indefinitely; or, if acted upon by electric and magnetic fields, it
would change its momentum according to thelaw P = F. In areal crystal,
however, the potential field is not perfectly periodic and, as indicated in
Figure 8.1, there are three main classes of imperfections. The heat stored
in the crystal is present in the form of vibrations of the atoms.  |f tempera-
ture vibrations are lacking, imperfection may be present in the form of
impurity atoms, such as donors or acceptors as discussed in Chapter 1, orin
the form of places where atoms are missing from their normal positions and
are perhaps squeezed into places in the crystal where they do not belong.
(Additional imperfections, such as "dislocations", may be present also.)

A description of the motion of electrons in imperfect crystals is based on
the quantum-mechanical idea of transition probabilities. When the crystal
is imperfect, the electron does not stay in one state of the Brillouin zone
indefinitely; instead, after atime, it will make a quantum jump to another
state in the Brillouin zone. This process is illustrated in Figure 8.2(a)
which shows the allowed states near the lowest energy of a Brillouin zone,
with an excess electron occupying one of them. As a consequence of the
imperfection of the periodic field, there is a transition probability that the
electron will jump from the state which it occupies to any one of a number
of other states. This probability depends in a complicated way upon the
values of P for the initial and final states and is not restricted to such a small
group of states as that shown in Figure 8.2(a)." Figure 8.2(b) shows a
corresponding picture for a hole near the top of the valence-bond band.

A discusson of the trangtions is given in more detail in Chapter 11.



190 INTRODUCTION TO CONDUCTIVITY AND HALL EFFECT [82

The transition of the hole comes about as a consequence of an electron
jumpingintoit asindicated by the arrows. In this case the Pauli exclusion
principle exerts an influence on the transitions, since an electron can make
only those jumps which carry it to a state not already occupied by another
electron. This means that the only jumps possible for electrons are those
which end in the hole; and whenever such ajump occurs, the result is
equivalent to ajump for the hole. Although the processes illustrated in
(@) and (b) have this great difference, the net result is that the transition
probability for the hole is approximately the same as that for an electron.
This may be seen as follows:
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FI G.82—Trangtionsfor an Electron and for aHole.

In Figure 8.2(a) the one electron can make jumps to any one of, say,
A states. In Figure 8.2(b) each electron can make a jump to only one
state; however, there are now A electrons which mayjump. Furthermore,
the probability of ajump to a vacant state is about the same for an electron
near the top as for one near the bottom of a band. (Discussed in Chap-
ter 11.) As a consequence, the probability that the hole in (b) makes a
jump corresponds to A electrons each having one possible transition whereas
the probability that the electron in (a) makes a jump corresponds to one
electron with A possible transitions. These two over-all transition prob-
abilities are thus comparable, a result which, as we shall later show more
fully, accounts for the fact that holes and electrons have approximately
the same mobility.?

2 1n Chapter 1 we disussd the smilar dynamics of hdes and dedtrons We hare paint

out the smilarity of the effetts of random pracessss upon them.  In Chapter 10 we shall
dhow that ther thermal equilibrium gatigics are equivalent.



8.3] THE MEAN FREE TIME 191

For the purposes of this chapter, we shall suppose that only a small
fraction of the states in the conduction band are occupied by electrons, so
that we may disregard the possibility that a transition is prevented because
the end state is occupied. A similar assumption is made for holes. Ac-
tually the removal of these assumptions is readily accomplished in the
analytical theory; it would add unnecessary complications, however, to
treat the more general case in this chapter.

| f thejump which the electron makes is due to thermal vibrations, it will
(according to the theory of transition probabilities) gain or lose energy each
time it jumps. In this way, it can exchange thermal energy with the
vibrating atoms of the crystal and come to equilibrium. It is, of course,
meaningless to speak of one electron being at thermal equilibrium since
thermal equilibrium is a statistical situation in which some electrons have
large energies and some have small energies. However, if alarge number of
electrons are present in a conduction band, their equilibrium distribution
is a definite thing which we shall discuss in the next two chapters. It is
worth mentioning that the thermal equilibrium distribution of electronsin
a crystal, or of atoms in gas or any similar example, is independent of the
exact nature of the transition probabilities which permit it to arise. In
other words, no matter what the nature of the transitions is, so long as they
provide a means of exchanging energy, the system will eventually reach one
and the same end state of thermal equilibrium. The rate, however, at
which the end state is approached depends in detail upon the nature of the
transitions—an idea which brings us to the consideration of the mean free
time.

83 THE MEAN FREE TIME

As stated before, the theory of transitions or collisions presented in this
chapter is based on certain simplifying assumptions. In particular we
assume:

(1) The probability that the electron (or hole) makes a transition in any
small interval dt of time is dt/r where r is a constant.

This assumption has two independent implications: (a) The probability
of transition does not depend on the elapsed time since the last transition,
(b) The probability of transition does not depend upon the quantum state
occupied by the electron or hole.  Both of these implications come from the
statement that the "probability parameter T", which has the dimensions
of time (seconds), is a constant, so that it does not depend on the factors
mentioned in (a) or (b). By "a constant" we mean, of course, constant
under given conditions of temperature and composition. Also T will not
be the same for electrons as for holes.

As we shall show T is the mean free time; the natural definition, how-
ever, for the mean free time is stated in words very different from those
employed in (1); for this pedagogical reason, we shall not call T the mean
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free time until, with the aid of equation (1) of Section 8.3, we have defined
the mean free time, denoted by I, and proved it equal to T in equation (5)
of Section 8.3.

The second assumption is:

(2) The end state of the transition is independent of the initial state, and the
probability of arriving at any particular end state is proportional to the prob-
ability that the end state would normally be occupied in the thermal equilibrium
distribution.

What assumption (2) meansis that no matter how the electrons are dis-
tributed among the quantum states at / = 0, as soon as each one has made
atransition, they will bedistributedinthethermal equilibrium distribution.
(I'n other words, they cannot remember what they were doing -before the
collision.)

Assumptions (1) and (2), together with the equations of Chapter 7,
furnish the bass from which we derive the equations for conductivity and
Hall effect. Thesefinal equations correspond to a physical picture, which
we shall now describe, inaccurately, in order to suggest the significance of
(1) and (2) in thelater development. According to (1), the electrons are
accelerated by the applied fields for approximately a time T; then they
collide. If these collisons produced only small deflections of the velocity
of the particles, then the condition after collison would be influenced by
the field acting before collison. According to (2), however, the collision
wipes out all memory of the pre-collison state of the particle. Thus the
behavior of the particles under the influence of fields is substantially that
whichlwould occur T seconds after an instantaneous application of the
fields.

Before defining the mean free time and proving its equality to the
probability parameter T in assumption (1), we shall attempt to make (1)
appear to be reasonable by giving a discussion of collision processes on the
basis of a particle model. According to this model, the electron moves as
aparticlein a straight line path (or a curved path if electric and magnetic
fields are present) for alength of time and is then abruptly deflected, after
which the process repeats. These abrupt deflections are analogous to
callisons between molecules in a gas and may also be referred to as colli-
sions. In particle language, assumption (1) is equivalent to saying that

! As we shall discuss in Chapter 11, neither assumption (1) nor (2) isin good agresment
with the best theories the time between callisons dependsin an important way on the spesd
of the dectron (or hole) and, after a trandtion, energy and direction will not be, on the
average, random as suggesed by (2). If the time between callisons is properly averaged,
however, by procedures discussed in Chapter 11 (taking into account the variation of time
between collisons with velocity and the dependence of velocity after collison upon velocity
before collison), then the so obtained average r may be inserted in assumption (1) and
employed with assumption (2) and theanalysispresentedin thischapter will givethe correct
results:' that is, the same as those obtained by the more involved proocedures of Chapter 11.
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the probability that the electron will suffer a collision isindependent of how
long it has traveled since its last previous collison. This is intuitively
seen to be a reasonable result for the motion of molecules in a gas.  Con-
sder a molecule selected at random, and call it molecule (a); although
molecule (a) has had a collision at some time in the past, the region of space
into which it is moving contains molecules whose paths were unaffected by
the previous collision of molecule (a). Thus the environment into which
molecule (a) moves is unaffected by the length of time molecule (a) has
been moving since its last collision, and, consequently, the probability that
it suffers a callision in the next increment dt of time should be independent
of how long it has been moving freely.?

The quantum mechanical theory of transition probabilities leads one to
the same conclusion: the probability that a quantum jump may take place
is also dt/r regardless of how long the electron has stayed in the quantum
state.

We are now in a position to define and discuss the mean free time. We
shall do thisfirst in the case of molecule (a) in a gas so as to have a secific
picture in mind. We follow the course of molecule (a) over a long period
of time T which starts and ends at instants of collison. During time T,
molecule (a) has C collisons (not counting the starting one), the intervals
between them being ty, t; ¢ » ¢, tc. Theseintervalsarecalled "freetimes’,
during which the molecule moves freely uninfluenced by random processs,
and their average is the mean free time. This leads to the definition:

The mean free time, t, is the {unweighted) average of the free times between
collisions:

=!1+f2+"'+fc
c

[The word (unweighted) is inserted in the definition to sugges to the
reader that some other averaging procedure might be employed. We meet
such a case in Section 8.7; and a paradox encountered there is explained
as being due to a difference in averaging procedures)]

We must next study the distribution of the free times t; to tc; as we
shall see their average is T; however, all values from zero to many times T
occur in the distribution.

The analysis is most easily visualized by considering not C successve
free times for one molecule, but instead one free time each for C molecules.
By assumption (1), any free time, no matter how it originates, has the same
statistical behavior so that the same distribution of free times will be
obtained for either case. Suppose that by chance all C of these molecules

i = T/C. a)

,2This problem is dosdy analogous to the coin which is about to be tossed. No matter
how many times it has come up heads in successon, the probability is always that it will
come up heads on the next throw.
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have collisions simultaneously (in pairs) with other molecules at t= 0;8
we then follow each of these molecules until it has its next collision, record
its free timein our list of t; t, totc: thereafter, we may disregard its sub-
sequent behavior since we have sdected for study only the first free time
for each molecule after itst = 0 collison. The significant statistical
features of this situation can be derived by consideration of the number of
molecules, denoted by C(t), which have not collided up to timet after the
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FI1G. 83—Dependence of the Number of Uncollided Molecules upon Time.

t = 0 collison. How does C(t) vary with time? Figure 8.3 shows how
the dependence is derived: at timet there are C(t) molecules which are
uncollided; in an interval dt the probability that each of these will collide
is dttr. [Assumption (1).] Hence, the number colliding in dt will be
simply C(T)dt/T, and during dt the number of uncollided molecules will
decrease by this amount. Expressed as an equation

dC(t) = -C(t)dttr. 2)
Thisis a differential equation for C(t) which can be integrated as follows:
-dt/T = dC(tC() -din C(t)
InCt) - -t/T +a
C(t) - e°e-'" = Ce-!" (3)
the constant a being evaluated so that C(t) = C whent = 0. From this

expresson we can find the number of mean free paths which" end in dt at t.
As discussed this number is C(t)dttr and is thus:

number of molecules
colliding } = Ce-""dt/T. (4)
between t and t + dt
L Or, which is entirely equivalent, consider C collisions sdlected at random and measure time

for each molecule from the instant of collison. Or consder one molecule and C of its free
times, measuring time for each one from the instant of the collison which initiates it.
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Hence, among all the C collisions considered, the above number have a
free time of t and, therefore, contribute t times Ce-'"dt/T, to the sum
ty +t; + e e+ 'c Adding this up over all collisions leads to a mean free
time given by

Attt 1 0% -
i C =od e %t/ = ¥, (5)

(the integral
.£ Tty = 1 ,£ " et /T) = T J.: Tetxde =1 (5)

being readily integrated by parts or found in the tables).

Itisworth while to review briefly what the argument has been in arriving
at equation (5). First assumption (1) was introduced: (For a model like
a gas, arguments were presented to show that (1) was reasonable with the
probability parameter T being constant and independent of the time after
the previous collision.) It was not at that point stated that T was the
mean free time. Second, a mean free timet was defined. Third, the dis-
tribution of free times resulting from assumption (1) was evaluated and
from this distribution the value of | was computed. It was then found
that the value of t isT.

The same mathematical results would follow from assumption (1) no
matter what model was used. We could equally well have used electrons
described either by the Brillouin zone scheme or the particle scheme. If
we had started with C uncollided electrons at t = 0, we would have found
formulae (2) to (5) fromjust the same analysis. The same results would
apply for holes.

So far in this discussion, no use has been made of assumption (2). The
results in the next section, however, will depend uponit. Asstated earlier,
detailed consideration of the processes leading to collisions will be discussed
in a later chapter.

84 BRILLOUIN ZONE TREATMENT OF AVERAGE VELOCITY,
MOBILITY, AND CONDUCTIVITY

We must now apply the concept of the mean free time and the distribu-
tion of free times given by equation (4) of Section 8.3 to a calculation of the
current produced by an electric field. There are several ways of viewing
this problem and, since all involve ideas which are useful in gaining insight
into the conduction process, we shall compare them.

Firstiswhat wemay call the Brillouin zoneor distribution-in-momentum
method. Thisis the one which best adapts itself to detailed analytic cal-
culation when variations of T with theinitial state are taken into account.
We shall, however, deal with it here in accordance with assumption (1)
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that T is constant. Before an electric field is applied, the electrons occupy
a set of quantum states near the lowest energy in a manner described in
detail in Chapters 9 and 10. This situation is represented schematically
in Figure 8.4(a) for eectrons and 8.4(b) for holes. For the cases con-
sidered here, only a few electrons or holes are imagined present so that they
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FI1G. 84—FEffect of Electric Field, Ex_ on the Distribution of Electrons and Holes in
the Brillouin Zone.

occupy only avery small fraction of the states, inside the shaded areas, and
a negligible number have energies outside the shaded areas. Under
thermal equilibrium, thisdistribution issymmetrical so that just as many
electrons are moving to the right as to the left and the average values of
P and v are zero.

We shall now specifically consider the case of eectrons assuming that
there are n of them present in the crystal, whose volume V we shall later
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take equal to unity so that n will be the density or concentration of eec-
trons (that is, number per unit volume). We shall find it convenient to
deal with the total crystal momentum of the n electrons which is

Piot=pi+p,2+ ... +Pn. (1)

The average momentum of an electron is evidently Py,/n and its average
velocity v is

V=M+wn+ ..+ v)n = Pi/nm (2)

because of the relationship P = mv which holds near the bottom of the
conduction band, as discussed in Section 7.5. The current density of each
electron, as discussed in Section 6.1, is (—etV)vso that the current due to
then éectrons is

I = (-elV)(w + Vot eeety) = (-enlV)v
= (-nev (for V = 1). (3)

Under the influence of an electric field, which we take to be in the x-direc-
tion with component E, all the electrons change their momenta according
to P = —eE. This shifts the distribution to the left as shown in Fig-
ure 8.4(c). At the same time, collisons tend to restore the electrons to
the random distribution shown in (a). The steady state is reached when
these two tendencies cancel with a net shift of the distribution to the left.

We shall, therefore, calculate the change in time dt produced in t:ot due
to the field and due to callisons and by equating these find an equation
describing the steady state.  We need, of course, consder only the -com-
ponent. This gives

dPXtOt = 'neExdt (4)

for the change due to the field. During the same time, a fraction dt/T of
the dectrons suffer a collision according to assumption (1), and return to
the random state according to assumption (2). Furthermore, according
to assumption (1), the eectrons colliding are a random sample of all the
electrons, they, therefore, eliminate just their proportional share of the
total momentum and reduce Py, by an amount

dPyor = —Pyadt/r. (5)

Equating the sum of these two changes to zero gives the steady state
condition

—Puodtlt — neEydt = 0

thol :'neExT (6)
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from which we readily infer for a general field that

P.,. - -neEr (7a)
p= p/. = -nek, (7b)
d = - (ertm)E (8a)
t= (-ne)V = (ne)(el/m)E. (8b)

These equations evaluate the current in terms of the constants T and m
which describe the behavior of the electron in the conduction band. As is
indicated in Figure 8.4(c) they correspond to a displacement of the dis-
tribution of electrons in the Brillouin zone as shown.

Equations (8a) and (8b) can be re-expressed in terms of the conductivity
and the mobility. By definition the mobility is the ratio of average velocity
to electric field without regard to algebraic sign. Thus we have

Mn - ergm, and V, = -y. E 9

n

where the subscript » shows that the mobility has been evaluated for
negative carriers, that is excess electrons. The conductivity is by definition
the ratio of t to E and is

o= nelT/m, = neyu, (10)

n

and is thus the total charge density, again without regard to algebraic sign,
times the mobility.

Precisely similar relationships apply for holes. We shall use p, for
positive carriers, to represent the concentration or density of holes and also
as a subscript. The shift in momentum is again derived from the law
P = F. The sum t:ot of P over the unoccupied states, or holes, will change
by —epEdt owing to the field and will change because of collisions by
—Protdrlp. Hence the steady state will be given by a formula like
equation (5) for electrons and, as the reader may verify, the relationships

P = —mpyandt = (+er})v for holes (discussed in Section 7.6) lead to
Up = elptmp V. = +n,E (11)
o= peu, (12)

When both holes and electrons are present, as occurs in the intrinsic
range, the total current density is the sum of the hole and electron currents
and the conductivity is

6 = neu, + penu, (13)

where we have used n and p for densities as follows:
n = density of negative carriers = electrons/cm®’; (14a)
p = density of positive carriers = holestcm®. (14b)
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At this point in the exposition the reader may find it advantageous to
consider Figure 8.1 and, with its aid, review the argument up to this point.

The units used in this discussion are absolute electrostatic units. It
may be instructive to convert them to practical units and to consider some
typical values." We shall use the subscript L (for laboratory) to denote
practical units since p has already been required for holes. In terms of
the absolute electrostatic units, the mobility has the dimensions of cm/sec
per electrostatic volt/cm. Thus we have

H = eT/m cm”e.s. volt sec. (15)

For practical work fields are measured in voltstcm and since 1 e.s. volt =
300 volts and the value of p in practical units is
pL cm*volt sec = p(cm”e.s. volt sec)(l e.s. volt/300 volts)
= (n/300)cm’/volt sec - eT/300m cm’/volt sec. (16)

For pL= 10’ cm’tvolt sec or ix = 10’ ® 300, the mean free time T is
T=10"*300e me=3X10"X9.1X10-*/4.8 x 10-"
= 5.7 X 10-" sec. 17)

This time is so short that relaxation effects could not be observed even with
waves in the millimeter range.

A typical value of conductivity (for germanium) is 1 ohm-' cm-'. If
we express e in practical units eL, = 1.60 X 10~"" coulomb, then the con-
ductivity in practical units will be

oL = neLulL (18)
corresponding to
n=o/e, -1/1.6 X 10~”"X10°=6X 10" cm-°. (19)

It may be worth mentioning that a conductivity of 1 ohm-' cm-' is so
high that, in the body of the semiconductor, displacement currents (due to
changing dielectric displacement) may be neglected compared to conduc-
tion currents (due to the motion of holes and electrons) at least up to
microwave frequencies. (This is not true in the high resistance layers of
rectifying junctions, however.) In absolute e.s.u., the displacement
current is

(1/41),,E = KFE/2 (20)

where w = 2xtf is the angular frequency and K the dielectric constant; for
germanium K is 19. The conductive current is
oF - 9 X 10" ,E. (21

' A more complete list of formulae are given in equations (8) to (17) of Section 8.8.
* Some rules for changing units are given in an appendix.
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displacement current
conduction current

=«f/2X 9 X 10, = 1.05 X 107V, (22)

Hence the displacement current is negligible up to f = 10'% sec™? corre-
sponding to a 3-cm wave length in vacuum,

[The same result can be obtained more compactly in M.K.5. units for
which, as discussed in an appendix, the conductivity ey, is obtained from
o1 as follows:

ez ohm™ em™ X (100 cm/1 meter} = 100¢z, chm™ meter™!
= gy ohm™ meter™l,  (23)

The ratio of displacement current to conduction current is
(8D/30) fomE = waqw/onm. (24)

For o3¢ = 100 ohm™ meter™!, corresponding to 1 chm™ cm™, and x = 16,
and & = 8.85 X 107'? this leads to equation (22). The value of w for
which the ratio of currents is unity is equal to the reciprocal of the relaxation
#ime for dissipation of charge density, as may be seen by calculating the
rate of change of charge density MLK.S. units:

/ot = ~V = =V -ouE = — (om/xeq)V - D = —(oac/ut0)p (25)

which leads to a rate of decrease in ln p of (8p/31)p = =—opr/keq in agreement
with the result stated zbove.]

85 PARTICLE TREATMENT OF DRIFT VELOCITY, MOBILITY,
AND CONDUCTIVITY

In this section we shall derive the same relationships as in Section 8.4
but on the basis of a wave-packet or classical particle model. We shall see
that proper care must be taken in averaging over the free times in order to
avoid error by a factor of 2.

We shall again deal with electrons and simply indicate how the same
results may be obtained for holes. Thus we consider n electrons acting as
mobile particles in the semiconductor. According to assumption (1), each
electron has a probability di/v of colliding with an imperfection in the
lattice (not with another electron; electron-electron collisions can be
neglected for most purposes in the theory of semiconductors). Each
collision, in accordance with assumption 2, brings the electron into the
thermal equilibrium distribution, statistically speaking, so that its direc-
tion and speed of motion are uncorrelated with those before collision. Asa
consequence, its path is an irregular random motion like that shown in
Figure 8.5(a). Each leg of this motion is a "free path", and the average
of them is the mean free path. There is a relationship between the mean
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free path and the mean free time. In fact, if the average thermal velocity
of motion is vy, we have

mean free path = VoT. (2)

We shall return to a discusson of mean free pathsin Chapter 11; in this
chapter, as already stated, we shall emphasize the mean free time.

_. (INTERVALS BETWEEN
e COLLISIONS SHOWN
- EQUAL FOR SIMPLICITY)

(d) RANDOM MOTI ON OF AN ELECTRON
I'N A CRYSTAL

(b) COMPONENT OF ELECTRON MOTION
ADDED BY ELECTRIC FIELD

(C) COMBINATION OF (a) AND (D): ELECTRON
MOTION IN AN ELECTRIC FIELD

F1G. 85—Effect of Electric Fidd in Superimposing Drift on Random Motion.

Under the influence of an electric field, the free paths become curved;
in fact, they are segments of parabolas, like the trajectory of a falling body.
During a path of duration ty, the net displacement due to the acceleration
(a = —eEtm) produced by the field is %at,?, as for a falling body.
Thus after C collisions, the path would be deformed from (a) to (c) in
Figure 85 by a displacement of “4at,® for each path or (C/2)at,? for all
the paths if the free time for each path weret.. However, the free times
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are distributed according to the statistics given in equation (4) of Sec-
tion 8.3 so that the free time varies. The total displacement is thus

(a/2)(n® + &* + - -« + 1), @)

According to equation (4), a number C exp (—t/T)dt/T of free times have
durations between t and t + dt, and these contribute an amount

2t/ 3)

to thesum in (2). Adding up for all the possible free times gives

A R R 8 -j: 2Ce™t"dt/r

= Cp? ‘L' " /) AT

= Cx? ‘LI " wletdx
- 2022, @

Thus the average value oft? for each collision is 2T?2 and t? is not simply the
square of t which would be T2, The fact that the average of the square of
aquantity is greater than the square of its averageis a generally valid result.
For example, on a 60-cycle line the average square of voltage is (HO)?, but
the average voltage is zero and so is the square of the average.  (Further
examples are discussed in Section 14.3) Hence the displacement due to
the C collisions is

(a/2)20 = Car®. (5)

These C collisions will require, on the average, a time CT, since this is the
definition (1) of Section 83 of the mean free time. Consequently, the
average velocity due to the field is

vs = aCr?/Ct = et (6)

where Vd is the average velocity with which the particles "drift'* down the
field.
If the acceleration is due to an electricfield Eg itsvalueisa = —eE/m and

vy = ~(er/m}E @

which is equivalent to expression (8a) obtained in Section 84 for v.

The same expression for the current may be obtained for the particle
picture as may be seen with the aid of Figure 8.6. Here we consider the
number of electrons flowing across area A in time t. All the electrons in
the volume A vd t will cross the area carrying a charge of (—e) from right
to left or +efrom left to right. Therewill be some flow of electronsin and
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out of the volume owing to their random motions; this flow will cancel
out on the average, however, since the random motions alone produce no
net current. Thus if the density of lectrons is n per unit volume, the net
charge transported in the direction of the field will be en:vAt giving rise to
acurrent density which is parallel to E and has the value (current density is
charge per unit time per unit area)

| = (envAt)/At = envy = (n€? T/m)E (8)

again identical with theresult of Section 8.4. Similar results will obviously
be obtained for holes.

1
- 4
VOLUME OF
ELECTRONS FLOWING

ACROSS A IN TIME dt

CHARGE = enAvgt
CURRENT DENSITY = €Nfvy

F1G.86—Rdationship Between Drift Velocity and Current.

(We shall here, parenthetically, discuss a difficulty which can arise in
applying the mean free time concept carelesdy to the computation of drift
velocity. We argue, erroneoudly, as follows: on the average, a particle
has a free time of T. Suppose we observe it at a random time; on the
average we find it midway between collisons and, consequently, at a time
TT2 dnce its last collison. Thus a random observation will find it with
velocity aT/2 and not aT.

(The argument iswrong. |f we observe the particle at a random time it
will, on the average, have been freefor atimeT and will remain free for an
additional timeT, so that it will have, on the average, a drift velocity or, as
derived in equation (6) above. But the last sentence, which is correct,
appears to imply that the mean free time is 2T. The factor of 2 comes
from a difference in averaging procedures. in (1) of Section 8.3, which
gives the definition of the mean free time, each mean free time is given
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equal weight. However, the selection of a sample of mean free times at
random instants, automatically weights the choice in favor of the long
mean free times, and, as a result, the average so obtained comes out 2T.
This weighting process is mathematically closely related to computing Z°,
which also leads to " 2" by turning out to be 2T2.)

86 DISCUSSION OF HALL EFFECT IN PARTICLE LANGUAGE

The Hall effect has played a decisive role in revealing the mechanism of
conduction in semiconductors. The reason is that when data from meas-
urements of both the Hall effect and the conductivity of an impurity semi-
conductor are combined, it is possible to determine both theconcentration
and mobility of the carriers; whereas, a measurement of the conductivity
alone gives only a product np, or pe.

The Hall effect, discovered in 1879, occurs when a transverse magnetic
field is applied to a conductor carrying current. Under these conditions
it is found that in addition to the longitudinal electric field normally
present a transverse field is produced so that the current (which continues
to flow longitudinally) and the electric field are no longer parallel. The
effect thus produces a measurable transverse voltage across the specimen.
The cause of the effect is that the magnetic field exerts a force on the
electrons and deflects them sidewise.  Before the development of the band
theory of solids, it was a mystery why the electrons which carried the cur-
rent were sometimes deflected so as to produce the effects expected of
positive charges. However, as we shall show, this isjust the effect to be
expected for holes. We shall give first an introductory pictorial descrip-
tion of the Hall effect in terms of particles. For this purpose, we neglect
the random velocities of the particles (which are here regarded as classical
non-wave mechanical particles) by supposing that after each collision they
are brought to rest so that all of the motion they acquire is produced by the
applied fields. (It can be shown that the random velocities cancel out on
the average here, as they do for the case of conductivity just discussed in
Section 8.5.) Under these assumptions, the motions of positive and nega-
tive particles in combined electric and magnetic fieldswill be as shown in
Figure 8.7. A positive particle starting at the origin will be accelerated
by the electric field. As it gathers speed, it is subjected to a sidewise
thrust by the magnetic field according to the vector formula

F = (etv X H. (1)

This deflects it along the curved path until it suffers a collision and starts
over. As a consequence, the current and electric field deviate by an angle
Opy as shown. An electron is deflected to the same side: it acquires a
velocity opposite to a hole but since the thrust of the magnetic field is



86] DISCUSSION OF HALL EFFECT IN PARTICLE LANGUAGE 205

proportional to velocity times charge (which is also reversed compared to a
hole), the sdewise thrust is in the same direction. The current due to
electrons deviates in the opposite direction at an angle of 0, from the
electric field. The angles of deviation can readily be obtained on the bass
of this model, and are given by the equations

O, = er H/me = pHfe, 8, = et H/mec = pH/c (%)

when absolute esu. and em.u. are employed. We shall omit the deriva-
tion here since we shall obtain the same formula more simply in the next
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section.  This formula is familiar in connection with magnetron theory,
eH/mc being the angular velocity of an electron in a magnetic field.

As will be described later, the angle O (or its equivalent), together with
the direction of the deviation between electric field and current, can be
found in a Hall effect experiment. This leads to a determination of the
sign of the carriers and an evaluation of n from (2), which can then be
combined with the conductivity data to find the concentration of carriers.

We shall next show that the Brillouin zone theory also leads to a devia-
tion between current and electric field and to the same formula for O.
After that the Hall coefficient will be defined, the experimental procedure

for measuring it will be described and the results re-expressed in practical
units.
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87 BRILLOUIN ZONE TREATMENT,; HALL, DRIFT, AND
MICROSCOPIC MOBILITIES

We next consider the effect of applying electric and magnetic fields simul -
taneously. Thisis shown in Figure 8.8. We consider in (a) and (b) the
case where only a few electrons are present in the Brillouin zone, cor-
responding to an n-type semiconductor. Under equilibrium conditions,
with no field present, these electrons will occupy states distributed near the
center of the zone. As discussed in connection with Figure 8.4, we have
indicated the electrons by shading and have not attempted to show the
gradual dropping off of the concentration from the lowest energy values at
the center of the zone to higher energy values, but have instead drawn the
distribution as though all energies up to a certain state were equally
occupied and all those beyond that were unoccupied. For the purposes of
the qualitative exposition in this paragraph and the next, no error is intro-
duced by this procedure. (For the analytic purposes, employed later, we
do not refer to the figure.) In part (a) of thisfigure we show the effect of
an electric field alone. The electric field is supposed to act in the plus

-direction so that the force on the electron acts in the minus direction.
As previously discussed, this results in a shift of electron distribution so
that the steady state value will be as shown in the shaded area. |f all the
guantum states in the shaded area were filled and those outside were
empty, this shift would effectively add the electrons corresponding to
region A and subtract those corresponding to region B. Since the dis-
tribution of electrons is diffuse, however, the net result is merely to increase
the number of electrons in quantum states in the Brillouin zone near region
A and to decrease the number near region B. Now, as the figure indicates,
the velocities near A have a component to the left and those near B, to the
right, so that the net result of these changes is to unbalance the velocity
distribution and produce an average momentum P to the left for the
electrons, as is shown. Since the electron has a negative charge, this is
equivalent to a current to the right in the direction of the applied field.

When a magnetic field is aso applied, all of the quantum states move in
accordance with Figure 7.3(b), as previously discussed. This motion
shifts the group of pointsin A counterclockwise on the diagram as indicated,
and the distribution will be distorted into the form shown in Figure 8.8(b);
the average velocity vector will, thus, make an angle with the field, as is
shown on the figure. From this figure, it is easy to understand why the
angle between the current and the electric field is given by the magnetron
frequency times the mean free time. |If an electron suffered no collisions,
then in the presence of crossed electric and magnetic fields its velocity
would run through a complete cycle of directions in the period correspond-
ing to the magnetron frequency. This means that if the electric field were
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suddenly removed and collisons were prevented, the shaded circle would
rotate about the center of the diagram with the magnetron frequency, as
has been described in connection with Figure 7.5. This process is termi-
nated in a mean life time T so that, as we shall show analytically below, the
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F1G. 8-8—FEffect of Electric Field, Ex and Magnetic Field, H,, on Electron and Hole
Distributionsinthe Brillouin Zone.

effective angle through which the distribution is rotated is T times the
magnetron frequency.

The formula for the angle between current and electric field can readily
be derived analytically from assumptions (1) and (2) of Section 8.3.
According to these, if the total current at any instant is t, then it will
decrease in time dt due to collisons by an amount Idt/r, since during dt a
random or representative fraction dttr of the electrons is restored to the
thermal equilibrium state. At the same time, each electron is changing
its current because of the accelerations produced by the applied fieds.
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We shall calculate the change in current due to these fields by summing the
changes for each electron. (The procedure is essentially the same as that
used in deriving equation (4) of Section 8.4.) Ifwemultiply equation (16)
of Section 7.6, which expresses | in terms of /, E, and H, by dt so as to find
dl, and suppose that this dl corresponds to electron " 1" of the n electrons
we are dealing with, we obtain

(]_) aly = {(2/mPYEdt — I, X H(e/me)dr.
Summing over the n eectrons and taking V as unit volume, we obtain
Al =dh +dl+ -+ dl, = (ne*/m)Edt — 1 X H(e/mc)dt (2)

for the change in / due to the acceleration of the fields during time dt.
(Thereader should note that the effect of random motionsis not apparent in
this equation, since only the total current / occursin it.) The change due
to collisons is

dl = —Idi/T. (3)
For the steady state the sum of these changes must be zero, giving

(n/m)Edt — 1 X H(e/me)dt — It/ = 0
or
I = (ndxr/mE — I X H{er/me), (4)

In order to smplify the algebra involved in interpreting this vector equa-
tion, we shall take the x-axis as parallel to / (rather than to E) and shall
compute the direction and magnitude of E. For these conditions the
vector product / X H is thus parallel toy with magnitude —IxHz H being
parallel to the z-axis as before.  Thus the x and y components of equation
(4) of Section 8.7 are:

I, = (nt/m)E; = oF, (5a)
0= ok, — (—IH}(ex/me) (5b)
or
E, = I,/ (né’t/m) = Li/c (6a)"
Ey = —(Iz/e)(evH,/mc). (6b)

This shows that the E vector is turned clockwise in the x-y plane in respect

! Since no approximations have been involved in dealing with the consequences of equation
(16) of Section 7.6 and assumptions (1) and (2) in deriving (6a), we conclude that these
assumptions lead to the result that the power dissipation IxEx due to current | is independent
of H.  This shows that magnetoresistance (an increase in resistance in magnetic fields) cannot
be derived from these assumptions. Magnetoresistance, theory shows, is connected with
variations in mean free time of the sort excluded by assumption (1) or with variations of the
energy surfaces from spherical form. See Chapter 12.
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to the / vector. For small angles this will give
¢ = Ey/E, = evH,/mc = pH,/c. !

This is the same result which was discussed in connection with the particle
treatment and shown in Figure 8.7.

The only effect of using holes instead of electrons is, as pointed out at
the end of Section 7.6, to change the coefficient of the H, term and thus
reverse the rotation. Of course, the values of T and m appropriate to the
carriers in question should be used. The diagrams showing the displace-
ment of electrons in the Brillouin zone, however, have quite a different
appearance and are shown in Figure 8.8(c) and (d). As explained for
Figures 7.3 and 7.5, the rotation produced near the top of the energy band
is opposite to that near the bottom, thus accounting for the opposite rota-
tions for electrons and holes of (b) and (d) of Figure 8.8.

In this treatment we have stressed the Hall angle O rather than the Hall
constant RH.  The reason is that the Hall constant, which we shall discuss
in the next section, measures the number of carriers, whereas 0, or rather
B/H, measures the mobility; and the latter quantity is much more funda-
mental in semiconductors, in which the number of carriers is a highly
structure-sensitive property, depending as it does on the impurity content.
Furthermore, 6/H is the more readily measured quantity. (It will have
the same value even if the yz cross-section of Figure 89 discussed in the
next section is irregular or unknown in shape)) In order to describe the
mobility as measured by the Hall effect, we introduce the term Hall
mobility and the symbol

é "
g = "E = Hall moblllt}'. (8)

In general, the Hall mobility will not be equal to the mobility required in
the expression for conductivity. It has been possible only recently to
measure the mobility in terms of drift velocity by using the techniques
described in Section 3.1.  We shall introduce the term drift mobility defined
as the drift velocity of injected carriers divided by electric field.

_ average drift velocity
#p = electric field

= drift mobility, )

The drift mobility as measured by the transmission velocity of a hole pulse
in agermanium filament may actually be different in concept from the drift
velocity discussed in earlier sections of this chapter; if the semiconductor
contains levels capable of binding holes tightly enough so that they arefree
to move for only a fraction of the time, then the drift mobility will be only
a fraction of the microscopic mobility, which we define as the mobility of an
untrapped particle. Thedrift of color centersin alkali halide crystalsis an
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example of this sort, and the drift mobilities are very low, being of the order
of 10-* cmtsec per volttcm.? Evidently such trapping effects will reduce
the drift mobility but will not affect the microscopic mobility or the Hall
mobility.®  Trapping by donors and acceptors in germanium at room

(3) VOLTAGE COMPONENTS FOR CONDUCTION
BY ELECTRONS IN A MAGNETIC FIELO

g
Bﬂ
zim
Y
-

\;
(b) VOLTAGE COMPONENTS FOR CONDUCTION
BY HOLES IN A MAGNETIC FIELD

FIG. 8-9—Transverse Field Due to Hall Effect.

temperature will be negligible, as is discussed in Chapter 10; in silicon at

2Sx N. F. Mott and R. W. Gurncy, Electronic Processes in lonic Crystals Oxford Uni-
versity Press, 1940, p. 141, for areview of thework of R. W. Pohl and his colleagues on this
subject. See ds F. Seitz, "Color Centersin Alkali Halide Crystals*, Rev. Mod. Phys., 18,
384-408 (1946).

3 The earliest experiments of which the author is awarein which acomparison of drift and
Hall mobilities were made for the same particles were carried out during some unpublished
work with photoelectrons in silver chloride by J. R. Haynes, using techniques described by
J. R. Haynesand W. Shockley, "Report of a Conference on Strength of Solids", The Physical
Society, London, 1948, p. 151. No evidence for trapping which reduced the mobility was
found at room temperature.
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room temperature and in germanium at lower temperatures, however,
trapping should produce distinguishable differences between the drift and
Hall mobilities. In Chapter 12, a review of mobility data is presented.

It may be worth while to point out the relationship of drift and micro-
scopic mobility to conductivity. Suppose we have an w-type semicon-
ductor with a certain density of excess electrons which are continuously
and frequently becoming trapped and then free again. Under these
conditions the conductivity will correspond to the untrapped density so
that we may write

o = e X (microscopic mobility) X (density of untrapped excess electrons)
= epD X (total density of excess electrons).

Thus either of the mobilities may be used equally well provided that it is
properly paired with the appropriate density. This sort of a determination
of M from conductivity and total donor density is discussed in Section 12.9.

In the next section we shall describe the standard technique for carrying
out a Hall effect experiment and shall convert the formulae from the abso-
lute electromagnetic system employed here to other units. For this pur-
pose, we shall not distinguish between the different definitions of mobility.
In the following section we shall discuss the difference between micro-
scopic mobility, denoted simply as tx, and Hall mobility and quote results,
derived later in Chapter 11, relating the two. A further discussion of this
difference is given in Section 12.9.

8.8 MEASUREMENT OF THE HALL EFFECT-
PRACTICAL AND M.K.S. UNITS

The Hall effect is measured by using samples similar to those illustrated
in Figure 8.9; in these the current flows parallel to the long dimension,
which is supposed to be large compared to the transverse dimensions.'
When a magnetic field is applied to such a sample, it deflects the current
carriers to one side and causes the current to deviate from the direction of
the electric field. During the initial transient phase, while the magnetic
field is building up, a transverse current actually flows in the specimen and
carries charge across it from one side to the other. This charge accumu-
lates on the two opposite faces, making one positive and the other negative,
and sets up a transverse electric field. After steady-state conditions have
been established, this transverse field just balances the deflecting effect of
the magnetic field and no further charge accumulation on the surfaces takes
place. The current then flows parallel to the long direction (x-axis) in
Figure 8.9. The electric field is not parallel to the x-axis and has a-com-

" For a discussion of the Hall effect in short samples sce 1. Isenberg, B. R. Russell, and
R. F. Greene, Rev. Sci. Inst. 19, 685-688 (1948).
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ponent. In accordance with the results of the last section, the angle 6
between the current vector / and the electric field vector F is given by
equation (7) of Section 8.7. Part (a) of Figure 8.9 shows relative orienta-
tions of Ey J, H and the specimen for the case of electrons and part (b) for the
case of holes. Because 0 is a small angle,” we may replace its cosine by
unity and its sine and tangent by 0.  (For brevity we shall omit the subscripts
y and zfrom I and H.)  As discussed previously, 8 = erff/me = pH/e,
Also because 0 is small, we may write / = oE_ for the current density.
Accordingly, the expression for transverse field may be simplified to

E, = 0E, = 8l/e = (%p/ca)HI a)

where the plus sign holds for holes and the minus sign for electrons.

The Hall coefficient RH is by definition the coefficient of HI in the
foregoing equation. It gives the ratio of the transverse electric field to the
longitudinal current density times the magnetic field. It is given by the
equation

Ry = 0/l = Xp/eoe = 1/n{xe)e (2)

and is thus seen to give a direct measure of the number of carriers present
and also their sign. (If both holes and electrons are present the more
complicated expression, equations (10) of Section 8.9, is obtained.)

Usually the Hall coefficient is measured in terms of the transverse voltage
produced by the transverse field between two directly opposite points on
the sample. Also the total current through the slab, denoted by iV
rather than the current density /, is used. These quantities are related to
those in the previous equation as follows:

Ip=IFT, Vy-V,=EWN (3)

where W and T are the transverse dimensions of the sample. Combining
these with the previous equation we obtain

Va— ¥y = RgHIp/T or Ry = (Va — V2)T/HIy. )

These equations are expressed in the absolute c.g.s. system of units so that
currents and voltages are to be measured in electrostatic units. Except
for this, the form given in the last equation is that used to measure RH in
practical units. As defined in connection with the directions shown in
Figure 8.9, the sign of the Hall effect determines whether or not the con-
duction is by electrons or holes. We shall discuss the case where both holes
and electrons are present in Section 8.9.

Practical Units. We must next convert the Hall Effect formulae to the

? At least so far as first-order effects alone are concerned.
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units ordinarily used in the laboratory:

cm, gram, sec for mechanical quantities’,
volts, coulombs for electrical quantities,
gauss or oersted for magnetic field.

The subscript Z, for laboratory, will be used for quantities measured in
these units. Summarizing the previous results, which are expressed in
c.g.s. units and absolute e.s.u. and e.m.u., we have

Ry = 0/al = 1/n(ke) %)
c|Rale = u = er/m (6)
T = me|Rulo/e. )]

The Hall coefficient in practical units, denoted by RL, is expressed in
cm’/coulomb, that is, the reciprocal of a charge density expressed in
coulombs per cubic centimeter. This can be obtained from equation (5)
by eliminating the speed of light, ¢, and multiplying by a factor to convert
absolute electrostatic units of charge to coulombs. Denoting by *L the
charge on the electron in coulombs we have e = f*z,/10 in accordance with
the customary definition of the ratio of these units. This leads to the
following relationship between practical and electrostatic Hall coefficients:

1 ¢ & 1

Ru= i) = n(Eoi0 — 10 n(xeyr

=9 X 10y (8)

where we have used the customary approximation thatc = 3 ¢ 10'° cm/sec.
[n order to determine RL from practical measurements, we shall first see
bow RH is obtained when currents and voltages are measured in practical
units. Denoting the total current through the specimen by I, we then
have

(V3 = V1) = (V3 — V1)1/300, It =3X10, &)
and
(Vo= ¥3T (Fa— VT
R Hir 9 X 10" H (10)
so that we get
Ry = 103V, — V)L T/HIL. (11)
Equation (11) defines the value of RL in cm’/coulomb in terms of measured
quantities. Using the relationship E, = (V, — V)L)W and E, =

l,/,.»WT, one may rearrange equation (10) to obtain the angle between
electric field and current

(Vo = V1)1 TorL

= 1079R o L H. (12)
F§

i = EyL/ExL =
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Since the conductivity in practical units is equal to the charge density of
carriersin practical units times the mobility in practical units, we have an
easy way of obtaining the mobility in practical units as follows:

ar = Mepuz = ju,/'RLI ohm™ em™; £ = 1.60 X 107° coulombs  (13)
L = ‘L‘lRLl cm?/volt sec, (14)

This result for ur, which leads to the useful formula
0 = 1078, H, (15)
can be converted to an expresson for the mean Tree timée by using/” = er/m.

Equation (14) must then be multiplied by 300 to convert ij to mobility per
electrostatic volt, and we thus obtain

T = (300m/e)ur = 5.7 X 107" % sec = 5.7 X 107 R0y sec. (16)

At room temperature, the thermal velocity of an eectron is 10’ cm/sec
(provided its effective mass is that of a free electron). Hence the average
distance it travels between collisions is

I = 10"t = 0.57 X 107%Ryoy, em = (0.57uz) A (17)

where A = 1 angstrom = 10-2 cm. This gives a simple relationship
between mobility and mean free path applicable at room temperature.
(Mean free paths for slicon are discussed further in Chapter 11.)

M .K.S. Units. In M.K.S. units the basic force equation becomes

For = en[Exr + var X Byl (18)
where the units are
Ey = volts/meter (19)
By = webers/meter? (20)
ey = 1.60 X 1071? coulombs. (21)

A field of one weber/cm? is equal to 10* gauss. In terms of these units
the basic equations become

ox = nyepmpy ohm ! meter (22)
ny = carriers/meters® (23)
s = meters?/volt sec (24)
Rpe = 1/npep = meters®/coulomb (25)
@ radians = pyBy. (26)

That the ratio of transverse electric field to longitudinal current density
times magnetic flux density givestheM .K .S. Hall constant may be verified
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as follows:
Eyu - E’MO — &j{ — I
InBy ExyouBy om  nyem

Ry = . 27
Equation (26) shows that mobility has the dimensions of 1/BM = meters?®/
weber or meters?/volt sec because of the definition of the weber. The ex-
pressions for T and for / corresponding to (16) and (17) become

T = 5.7 X 107 0y sec (28)
I =57 X 1077 uy meters = 5700up angstroms, (29)

8Q MODIFICATIONS OF THE HALL EFFECT FORMULA

As stated earlier, assumptions (1) and (2) of Section 83 are only an
approximation to the actual situation, in which the probability of a transi-
tion depends in a complicated way on both the initial and the end state.
When the variation of this probability is taken into account, it is found that
a different average mean free time, call it TH, occurs in the Hall angle

8 = evgH/me a.)
and in the mobility (call this average T,):
# = ety/m. 2

For electrons in semiconductors at temperatures so high that thermal
scattering predominates, the times and mobilities are related by the
formula, derived as (28c) in Section 11.4,

3 3
TH=§1';- and #H="'8EF- 3)

As a consequence, the Hall coefficient, as given by equation (5} of Sec-
tion 8.8 in terms of measured values 8, ¢, and H, is
¢ Ferpkl m TH 1 3x 1

Ra = H~  me -m“-r,.H T, n(xe)e 8 n{xe)e %)

This is the formula usually used for Hall effect in semiconductors. For
simple metals and for very impure semiconductors, which have the electron
statistics of metals, TH turns out to be the same as T, and the formula is
RH = I/nee. These results are derived in Chapter 11.

When both electrons and holes are present, the Hall constant is a com-
plicated average of the Hall constant and conductivity for each type of
carrier. In Figure 8.10 we show the construction necessary to evaluate
the Hall constant when both holes and electrons are present. The mag-
netic field comes out of the paper, parallel to z as for Figure 8.7. Under
these conditions the hole current |, and electron current I, deviate in
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opposite directions from the electric field. The net current | must, of
course, have no transverse component across the specimen since such a
component would quickly st up charges and produce a transverse field
which would reduce the transverse current to zero. Although the net
transverse current is zero, the transverse electron and hole currents in-
dividually will not vanish and there will be a tendency for both holes and
electrons to be swept to one side of the filament as discussed in Section 3.2.

ELECTRIC FIELD
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Y COMPONENT OF CURRENT DENSITY

e %X COMPONENT OF CURRENT DENSITY me—din-

FI G. 8-10—Hall Effect for Both Holes and Electrons. (Magnetic Field in -fz
Direction, toward the Reader.)

For electricfields so small that no conductivity modulation is produced by
this effect, the densities of holes and eectrons will have their equilibrium
values and the currents will be as shown in'Figure 8.10. Our problem is
thus to evaluate O from the construction shown in thefigureand to use this
value to determine the Hall constant in accordance with RH = 6/aHy
equation (2) of Section 8.8. By convention, we shall regard an angle like
6, as negative. When both types of carriers are present, we have from
equation (13) of Section 8.4

o = e(nipn + pap). (5)

Using the approximation employed for the Hall effect that cos 0, = cos 9p
= 1, we obtain a current parallel to E of

I = Iy + I = (nepn + pesp)Es. (6)

The y-component of current is obtained by the approximation

sin 8, == 8, and sin f; = 8, and by recalling that the Hall effect conven-
tion gives I,/J, = —# for Figure 8.10. Thus we obtain

Iy = (Tabs + Ip8p). )
The values for 8, and 8, are defined in equation (2) of Section 8,6 as
Op w —y e, 8y = FuH/e. (8)
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From these equations we find that the Hall angle for the total current is
=1y _ —(eunBepntl/c) + (peupEuuptl/c)

4=
— ("”Fmg +P#px)(H,/f). ©)
Nug - pup
Substituting this in the formula for Ry gives
Ry = O Comwa’ + o) (H/o)
7 6H ™ (npn + pip) (eniin + epp)H
- _”#”2 + Pﬁ‘pz - —nb? + p (10)
ec{nps + pup)®  (nd + p)Ylec
where (using Haynes' drift mobility data for Ge, sse Chapter 12)
b = pa/upa(=2.1 for Ge and =3.0 for Si) (||)

is the ratio of electron to hole mobility, n is the density of electrons (that is,
number/cm?), p the density of holes, e the charge on the electron, and ¢
the speed of light. The corresponding values of Ru in practical and
M .K.S. unitsare

—nb® 4 p —nuyd® + pu

Ry =—m——— H = —
L™ (nb + p)es M T b + pa)e

(12)

where el = 1.6 X 10-'° coulombs. The measured value of RL is defined
in equation (11) of Section 8.8. It may be readily verified that if conduction
is by eectrons only (that is, p = 0) or holes only (that is, n = 0) this
formula reduces to equation (8) of Section 8.8 or Br = 1/#(der). Mak-
ing allowance for the difference in TH and T, modifies (12) to the form

Be= =g bt e (13

This is the form frequently quoted in the literature. For an example of
the use of this formula in interpreting conductivity data, the reader is
referred to the paper by Pearson and Bardeen.!

One simple consequence of (12) should be mentioned in closing. A
p-type sample, which has # < p and, consequently, RL , 0, will, upon
heating, become intrinsic with # 2 p. Since b is , 1, this will cause a
reversal in sign of the Hall coefficient at the temperaturefor which n = p/b?
This point of reversal is used as discussed in Problem 7 in determining b.*

1G. L. Pearson and J. Bardeen, Phys. Rev. 75, 865-883 (1949).
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PROBLEMS

1. From the distribution given by equation”) of Section 8.3 compute
the average values of /, /%, I°, /*.

2. Obtain the general formula f* = # [ 7 by considering the integral
I(a) and its derivatives: .

() = f o8ldt = 1/a; = (1) ‘” (")

3. In the long interval T of equation (1) of Section 8.3 find the total
time occupied by paths with free times between t and t + dU This time
divided by T is the probability that an observation at a- random instant
will sdect a mean free time with duration between t and t+ dt. Prove
that the average of the mean free times sdected in thisway is2T. (Com-
pare with the discusson at the end of Section 8.5.)

4. Show that if the free times all had exactly the same length t (this
would be a violation of assumption (1)), then the drift velocity would be
vd = —eEt' /2m for electrons.

5. The lowest energy bands in a solid are very narrow since there is
hardly any overlap of the wave functions; on the other hand, the high
bands are relatively wide. Supposing that the mean free timeis about the
same for the valence-bond band and the conduction band, which would you
expect to have the higher mobility, an electron or a hole?

6. Suppose a magnetic field is instantaneously applied to a semicon-
ductor which is subjected to a constant E. There will be a short time lag
before the current reaches its new steady state value. What process will
determine this time?

7. Theratio of mobilities b is sometimes obtained from data on ap-type
specimen by using the temperature To for which Rn—Oy so that nb>—p=0.
For somewhat lower temperatures, all of the acceptors areionized and p has
a "saturation" value pg equal to the excess of acceptors over donors and n is
negligible. As the intrinsic range is approached, holes and eectrons are
produced in equal numbers by the breaking of valence bonds so that
p = Pa+ n. If the saturation conductivity line is extrapolated to To, a

conductivity  is obtained, whereas the actual conductivity is Show
that

401 F L1

— or b=

L] & - l Gy — 0O

8. Verify the practical unit formulae of Section 8.8 by deriving them
from the M .K . S. expressions.

9. This problem is intended to illustrate some fundamental features of
magnetoresistance effects.  Suppose for this purpose that the electrons in
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a crystal can be separated into two classes, with densities n and n', relaxa-
tion times T and T' and both with the same mass. Show from (6a) and
(6b) of Section 8.7 that the Hall angles are

0 = tan™! (evH,/me) = tan " ot
¢ = tan™ (ev'H,/mc) = tan wi'.

Carry out a calculation like that shown for Figure 8.10 and show that
although there is no net transverse currents there are equal and opposite
transverse currents due to the individual classes.  Show that if nV = nT,
the resistance, defined as power dissipation per unit volume for unit current
density, varies as

4 + 201 + 2er’)?
4+ (ot + wr')?

Show that if T = T' this ratio is unity for all values of H,, However, if
T' = 10T it varies from unity to 202/121 = 167 as H, varies from 0 to oo.

10. Analyze the side thrust on an n-type filament carrying current
in a magnetic field. Consider the fact that the net force per unit volume
due to the transverse field E, upon the electrons must be equal and opposite
to that on the donors, which are mechanically attached to the filament.
The electrons also transfer momentum to the filament by collisions.  Show
that the condition Ty, = TH corresponds to the case in which collisions trans-
fer no net transverse momentum to the filament. The problem of visualiz-
ing the details of momentum transfer for the electrons of an almost full
band so as to establish the mechanism for the force on holes is more difficult
but can be done by methods like those of Section 7.6. This problem also
shows that the procedure sometimes employed to obtain the Hall angle
formula by equating eE, to ewHJc or to ev,Byy is not fundamental since
it neglects momentum transfer by collisions.




CHAPTER 9

DISTRIBUTIONS OF QUANTUM STATES
IN ENERGY

91 ENERGY LEVEL DIAGRAMS FOR PURE CRYSTALS

For the purpose of dealing with the equilibrium distribution at various
temperatures of the electrons among the quantum states ofthe crystal, itis
necessary to consider the distribution in energy of the quantum states.
Thisquantity, denoted by N (&), isdefinedin thefollowingway: Consider
acrystal of unit volume.  Suppose that a complete list of the quantum states
and their energieswere prepared for all the allowed quantum statesin all the
Brillouin zones of the crystal. From this list, select and count all the
quantum states whose energies lie in some particular interval & to & 4 46
of energy; call this number dS. Then N(&) iis defined by

N(8) = dS/d6 or 4§ = N(6)d6. )

Thus we have

DEFINITION OF N{&); N{&) is the number of quantum states per unit
energy per unit volume of the crystal.

In accordance with the theorem of the conservation of quantum states
discussed in Sections 5.3 and 55, the number of quantum states in the
Brillouin zone is simply proportional to the size of the crystal while the
width of the energy bands is independent of the size of the crystal (thatis,
the energy band width theorem, Section 5.3). Thus, the number of
quantum states per unit energy range for a crystal of volume Vis simply
VN(G).

If the energy & falls in a forbidden band of energies, that is in a gap
between the allowed energy bands (see Sections 5.3 and 5.6), the value of
N(B) iszero. If & fallswithin an energy band, then the value of N{(&)
may be obtained in principle as follows: Corresponding to the energy band
there will be one or more Brillouin zones. |n each of these the values e
and & + 4& define two closely neighboring energy surfaces. In any
particular zone there will thus be a certain volume dVp of P-space between
the two surfaces. The volume per allowed point in this space is h®/V,
where V is the volume of the crystal (see Sections 5.2, 5.5, and 14.8, and
Figure 5.10), and each such point gives rise to two quantum states, one
with each spin. Hence, the number of quantum states in the range 4&

0
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per unit volume of crystal will be

a5 = ZELELT) _ oppyavs. @

If several zones have overlapping energies, then the total number of states
in& to & + 4& is obtained by adding the contributions of the individual
zones. [n connection with the theory of conductivity, it is found advan-
tageous to re-express dVp in terms of the element of area of the energy
surfaces, which has the dimensions of P? and is denoted by 42, and the
energy difference d& between two neighboring surfaces. The formulais

dVp = dbdjo @3)

where v = || = |Vp&(P)| is the speed associated with P at the point of
interest. The derivation of (3) will be found in Section 11.2 in connection
with equation (5), in which the formula is used; it is repeated here for
ease of reference.

As an example, we consider the number of quantum states per unit
energy near the bottom of an energy band. As discussed in Sections 7.5
and 7.6, we may use the approximation that near the top or bottom of an
energy band, the energy varies as P? or P? where P = |P| and P' = |P|.
For simplicity, we suppose the lowest energy is at the center of the zone so
that according to equation (11) of Section 7.5

& = & + P*/2m. (4)
From thiswe obtain
db = (P/m)dP. (5)
The volume of the spherical shell between P and P + dP in P-space is
4xP*JP and it, therefore, contains
48 = (2/8)4xP24P (6)
quantum states. This can be expressed in terms of the energy by solving
(4) for P and (5) for PdP obtaining
ond P = |2m(& — &) (7a)
PIP = mgb,
These may be substituted in equation (6) to give
dS = (8x/F)PUP = (4x/B)(2m)"(E — &,)d6 = N(6)d& (g
leading to the desired value for N(8):
N(B) = (4x/B)(2m)"(E — Eo)™. 9)

This equation gives the number of quantum states per unit volume of the

(7b)
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crystal per unit energy range for energies slightly above &g, theminimum
energy of the Brillouin zone. The total number of states having energies
less than a certain maximum value S, is obtained byintegrating N{&)46

from &g to &t
L N@ = 5 am)¥ (Ba — 8% = 45 X 10%(8n — )%, (10)

the numerical value giving number per err? for energy in electron volts.
This formula is frequently used in the theory of metals in which it is
assumed that the energy band has the form (9) and that all the states
below a certain energy are occupied. Equation (10) can then be used to
calculate the energy of the highest occupied state.

Entirely similar results will be obtained for the distribution of states
near the top of a band. In this case, equation (4) of Section 7.6 or
§ = 8§ — P?/2m is used, and equation (9) is modified by replacing
(6 — &) by (6, — 6)5. It should be mentioned that these results are
dependent on the same assumptions about the simplicity of the energy
surfaces as those employed in Section 7.5.

In Figure 9.1 the behavior predicted from equation (9) and certain
general considerations have been combined to show the qualitative features
to be expected for thedistribution of quantum statesin energy for diamond.
We consider a unit volume of crystal containing Ng atoms. Three energy
bands are shown. The lowest corresponds to the 1s atomic level and is
occupied by the two core electrons per atom, shown for the carbon atom in
Figure 1.2. Since, as discussed in Section 55, the diamond structure has
two atoms per unit cell, two Brillouin zones are required to accommodate
the four core electrons per unit cell. The eight valence electrons per unit
cell similarly require four Brillouin zones which overlap to give rise to the
valence-bond energy band. If we assume that equation (9) holds near
the edges of the bands [a form similar to equation (9) should always hold,
provided m is replaced by a suitable effective mass], then the distribution
should appear asin Figure9.1(a). Energyisplotted upwardin thisfigure
so as to correspond to the energy band picture in (b). The number of
states in the valence-bond band is

§= ‘E N(6)d6, (ii)

an element of the integration being shown by the shaded area. The core
electron band is narrow in energy and thus has a high value of N(e).
The distribution of quantum states in the conduction band has been
shown as continuing indefinitely to higher energies. This is in keeping
with the idea that the higher atomic levels, which produce the conduction
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FIG. 9-1—Distribution in Energy of the Quantum States.

energy bands, interact so strongly that the resulting energy bands cover all
possible higher energies, leaving no gaps.

Figure 9.1 is appropriate, so far as the valence-bond band and bottom
of the conduction band are concerned, to pure silicon and germanium.
However, it must be modified when impurities are present.

92 ENERGY LEVELS DUE TO IMPURITIES—DONOR AND
ACCEPTOR LEVELS

We shall consider first the case of a donor impurity, for example, a
phosphorous atom inserted in silicon. As discussed in Chapter 1, an atom
like arsenic or phosphorus has one too many plus charges for its share of
the four valence bonds. Therefore, it constitutes a positive charge in the
lattice. It also brings with it an extra electron which neutralizes this
charge but cannot be a part of the valence-bond structure. This extra
electron uses wave functions in the conduction band. As we have seen, an
electron near the bottom of this band behaves in the crystal in much the
same way as an electron behaves in free space, except that the electron in
the crystal may have an effective mass different from that of an electron in
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empty space. |n accordance with this picture, we might expect it to behave
in the presence of the impurity much as a free electron would behave in the
presence of a positive charge.  Detailed consider ations of the wave mechan-
ical nature of this problem shows that this picture is essentially correct.
The electron moving in the conduction band has modes of motion around
theimpurity atom essentially like those which an electron in free space has
around aproton in ahydrogen atom. Therearetwoimportant differences:
In the case of the hydrogen atom, the electron is attracted by the charge of
one proton. In the case of the phosphorous impurity, the electron is
attracted by the same charge. However, this charge is embedded in a
dielectric medium. Because of the polarizability and dielectric constant
of the semiconductor, the attraction of the donor impurity'for the electron
is reduced from €/#% to £2/xr® where K is the dielectric constant, e the
electronic charge, and r the distance of separation. The other essential
difference is that the effective mass is not that of a free electron. This
effect is probably somewhat less important. As a consequence, the wave
functions for the electron about the donor impurity are like hydrogen wave
functions but for an atom with a much smaller effective nuclear charge.
The well-known formula for the binding energy of a single electron to a
nucleus is given by

22m* A 22/ = 13,622 electron volts. a)

In this formula e is the charge on the electron, m its effective mass which
we take as the free electron mass for purposes of calculation, h is Planck's
constant, and Z is the nuclear charge. For the semiconductor case, Z is
equal to 1/¢. Since K is 11.9 for silicon? and 16.1 for germanium,? the
binding energy is 0.10 electron volt for silicon and 0.05 electron volt for
germanium. The radius of the wave function or electron orbit is also
increased by a factor K and thusis so large that it overlaps many atoms as
shown in Figure 1.14.
The formula for the hydrogen-like wave function is

1 i7 . #?
_——l_l —riap = ——
\/. o [ -] LI e’ (2)

wherer is the distance from the ion and o is the radius of the first Bohr
orbit and has the value 0.529 X 10-® cm = 0.529 A (angstroms).
This bound state is removed from the other statesin the conduction band

! G. Wannier, Phys. Rev. 52, 191-197 (1937); S. R. Tibbs, Trans. Faraday Soc. 35, 1471-
1484 (1939); S. Peckar, j. Phys. U. S S R. 10,431-433 (1946); H. M. James, Phys. Rev. 76,
1602-1610, 1611-1624 (1949); J. C. Slater, Phys. Rev. 76, 1592-1601 (1949); of which the
last is most pertinent.

H. B. Briggs, Phys. Rev. 77,287 (1950). See dsoJ. F. Mullaney, Phys. Rev. 66,326-339
(1944), H. B. Briggs and W. H. Brattain, Phys. Rev. 75, 1705-1710 (1949), M, Becker and
H. Y, Fun, Phys. Rev, 76, 1530-1531 (1949).
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by about the interval of 0.10 electron volt for silicon. As a result, each
donor impurity removes a state from the conduction band and establishes
it as a quantum state of lower energy. For most practical casss the total
amount of impurity present isvery small compared to the total number of
atoms, so only a very small fraction of the quantum states in the conduc-
tion band is reduced to lower energies. The hydrogen atom has, in addi-
tion to its lowest state, a series of higher energy levels, and these will be
present around the donor impurity also. However, these levels will lie
very close to the conduction band, and electrons will be so readily excited
from them into the conduction band that it is not necessary to consider
these higher levelsfurther for the applications with which we ar e concer ned.

The donor impurity atoms will have a similar effect upon states in the
valence-bond band, and one state at the bottom of the valence-bond band
will be moved to a lower level for each donor atom present. States at the
bottom of this band are, however, without interest because, at all tempera-
tures met with in semiconductors, these states are fully occupied.

Acceptor impurities, however, do have an important effect upon the
states in the valence-bond band. These impurities represent a negative
charge since their atomic cores are insufficiently charged to neutralize the
four electronsin their share of the valence bonds. Consequently, they can
attract a positive charge. As we have seen, a hole in the valence-bond
band has many of the attributes of a positive charge. Quantum-mechani-
cal theory shows that a hole in the valence-bond band, in addition to
behaving as a positive charge for Hall effect and conductivity, will have
modes of motion around an acceptor impurity of a type entirely analogous
to the motion of an electron around a donor impurity. As a consequence
of this, some of the states in the valence-bond band are raised to higher
levels by the presence of acceptor impurities.

In Figure 9.2 we show the effect of acceptor and donor impurities on the
quantum-state distribution. We consider unit volume of material so that
the numbers of quantum states are, in effect, densities (number per unit
volume). The valence-bond band is represented as having 4Ng quantum
states, where, as before, Ng is the number of atoms per unit volume of the
crystal. There are Nd donor atoms present and these depress Nd states
from the valence-bond band and from the conduction band to lower levels
as described above. Owing to the two values for the spin, these levels
actually are 2Nd in number. However, we must take into account the
fact that, if an electron isin aquantum state around one of the donor atoms,
it neutralizes this atom so that another electron cannot be trapped there
with the same binding energy. This means in effect that only Nd rather
than 2Nd of the states are available. (This feature of the effect of spin
upon the statistics of electrons in quantum states is described only appr oxi-
mately by the foregoing method. However, for purposes of this expo-
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sition it is not necessary to use a more exact treatment. See Problem 2,
Chapter 16.) Similarly, the N, acceptor atoms remove N, states from the
valence-bond band, leaving a total of 4N4, — Ng — N, quantum states in
the band. As is shown in the figure, Nd states are pushed out of the
valence-bond band to the lower level, as previously discussed. The nota-
tion for the energy levels uss the subscripts corresponding to conduction,
donor, acceptor and valence-bond.
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FIG. 92—Energy Leve Diagrams.

(a) Quantum gate digtribution induding effects of donors and acosptors for an
w-type samiconductor.

(b) Energy leve diagram showing locations and charges of impuritiesfor a sample
with balanced impurities.

(o) Asfor (b) for an n-typesample at low temperature.

Diagrams like Figure 9.2(b) and (c) are frequently employed to describe
and analyze situationsin which thedistribution in space aswell asenergy is
important. In these diagrams the © and © symbols represent energy
levels at donors and acceptors and also the net charge. The charge is
defined for the situation in which the valence-bond structure is complete
and no excess electrons are left over. For this case each donor represents
an excess positive charge.  The donor symbol is located at the energy with
which the donor can bind an electron and is thus somewhat below the edge
of the conduction band. Electronsin the conduction band and trapped in
donors are represented as in Figure 9.2(c). A hole, due to an electron
missing from the valence-bond band, would similarly be represented by a
plus sign, and, since holes tend towards higher levels in diagrams like
Figure9.2(c), aholetrapped to an acceptor would berepresented by a plus
sign next to the acceptor symbol. It is evident from these definitions that
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electrical neutrality for diagrams like Figure 9.2(c) requires thevanishing
of the sum of the charges shown. Diagrams of this sort are used in
Chapters 4 and 12.

For high densities of impurities, new effects set in, which are associated
with pronounced overlapping of the wave functions of the impurity atoms.
This situation is closely analogous to those discussed in Section 5.3 in con-

TABLE 91 ENERGIES IN ELECTRON VOLTS

Sificon Germanium
&, — &, Experiment 1.12 — 3 % 10T 7.2
&, — &g Theory 0.08° — 0.0549 0.05°
&.— &, Theory 0.08° 0.05¢
&, — &y Experiment 0.06° 0.01¥
8.— &, Experiment 0.075 0.01¥
&.— &, Bombarded Centers van 0.046 &= 0.01°
&, — &, Heat-produced Centers ves 0.04¢

# G. L. Pearson and J. Bardeen, Phys. Rev. 75, 865-883 (1949). This value was deduced
from an extensve analyss of the temperature dependence of pn.  See Section 16.3 for a dis-
cusson.

® Unpublished egtimate by J. Bardeen.

¢Usng m = free dectron mass K = 13 for Si, K = 16.1 for Gein eq. (1).

9 Reference (a), based on an electron massm, = 0.67m.

° Reference (a). See also Figure 9.3 and text.

" Preliminary analysis of early data by G. L. Pearson and W. Shockley, Phys. Rev. 71,
142 (1947).

9 Preliminary results by G. L. Pearson.

nection with bringing atoms together to form a solid. As was shown in
Figure 5.4, when the atoms approach dose enough, appreciable splitting of
the atomic energy levels occurs, and it becomes appropriate to deal with
the electrons as being in wave functions corresponding to states in the
Brillouin zone. A similar effect will occur with the wave functions around
the impurities. As the impurity density becomes higher, the wave func-
tions overlap more and finally form a band of energies. Electronsin these
states will then conduct in the same way as do eectrons in a metal. In
fact, the situation closgly corresponds to that of an alkali metal which may
be thought of as an array of small positive ions neutralizing a space charge
of electrons moving in free pace.  In the semiconductor thereis a random
array of donor (or acceptor) ions neutralizing a space charge of eectrons
(or holes) moving, not through free space, but in the manner appropriateto
their states in the Brillouin zone. Evidence for this type of behavior is
found in both n- and p-type slicon and germanium. Samples of high
impurity content have been observed to have substantially metallic
behavior with numbers of carrierswhich are independent of temperature at
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temperatures below the intrinsic range. Examples of this behavior are
shown in Figures 1.10 and 1.11 and are discussed further in Chapter 11.

On the bads of analyses of Hall effect and conductivity as a function
of temperature, values have been determined for a number of the energy
parameters discussed in this section. These are quoted in Table 9.1
together with explanatory remarks and references. The data for germa-
nium is of a preliminary character.
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Pearson and Bardeen find that for silicon the ionization potentials
&, — &4 and &; — &, vary with impurity concentration in the way shown
in Figure 9.3. They interpret the decrease with increasing concentration
as being due to the electrostatic attraction of other donors for an electron
which has escaped from its own donor.  This attraction reduces the average
energy of an electron which has escaped from its own donor so that the
ionization potential for its escape is reduced. They find that the data for
holes in Figure 9.3 can be fitted by the formula

Ge — &, = 0.08 — 4.3 X 108N ¥ electron volt ()

from which the solid curve isdrawn. The value of the coefficient is of the
right order of magnitude as may be seen by calculating the electrostatic
potential due to one ion at a radius equal to half the average distance
between ions. This radius will be approximately $¥,” = 7. The poten-
tial at that radius is

4.8 x 10710

¢ .
- electrostatic volts = SOOT volts

=12 X 107% ! = 2.4 X 1078, % volts. (4)
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In their calculation a more detailed procedure is used which takes into
account the average potential of the electron at points nearer the other ion
and a value of 3 X 10-® N, *is obtained.

It has been pointed out by Seitz® that there are objections to the pro-
cedure used by Pearson and Bardeen due to the fact that the wave functions
implied in their analysis are not orthogonal. Seitz's investigations in-
dicate that theinterpretation of Figure 9.3 may involve quite subtle effects.

PROBLEMS

1. Obtain formula (10) of Section 9.1 by considering a sphere in mo-
mentum space with radius Py, given by E; = P.42m.

2. Calculate the first and second ionization potentials for substitutional
impurities differing in valence by two from silicon and germanium taking
24.5 electron volts as the first ionization potential of helium. Compute
the radii of the wave functions and compare with the lattice constant for
the case of one bound electron.

Personal  communication.



CHAPTER 10

FERMI-DIRAC STATISTICS FOR SEMICONDUCTORS
101 THE FERMI-DIRAC DISTRIBUTION FUNCTION

In this section, the effects of thermal agitation in distributing the elec-
trons among the various quantum states will be described. We shall
consider first the state of affairs at the absolute zero of temperature and
then see how this is modified by the excitation of electrons from quantum
states of lower energy to those of higher energy. The population of
guantum states at various energies can be described in terms of the Fermi-
Dirac distribution function, which is discussed in the first part of this
section. This distribution function is generally applicable to electrons in
the sense that it is independent of the detailed nature of the distribution of
guantum states in energy. In the latter parts of the section, the Fermi-
Dirac distribution function is applied first to a hypothetical example with
only 36 quantum states and 20 electrons in order to illustrate the general
featuresin their simplest form. Thisexampleisfollowed by an application
of the methods to the distribution of quantum states in energy appropriate
to an impurity semiconductor.

At the absolute zero of temperature, the electrons fall to the lowest
energy states available to them and fill these up subject to the limitations
imposed by the Pauli exclusion principle. As a result all the quantum
states below a certain energy are filled and those above that energy are
empty. |fthermal agitation is present, however, electrons will tend to be
excited to higher states. On the basis of statistical mechanical theory, this
tendency is expressed in terms of energy by the quantity kT which repre-
sents the average thermal energy of a one-dimensional oscillator at tem-
perature T. Accordingly, electrons which at absolute zero have energies
only about KTless than empty states may be excited to these higher states.
However, electrons having energies many times kT less than empty states
have an almost negligible probability of being excited. Thus for the
equilibrium distribution, the sharp division between filled and empty
states becomes smeared out into a transition region about 2KT wide at
higher temperatures.

This situation is described in detail by the Fermi-Dirac distribution
function. This function, denoted by the letter f, depends upon d, and T
in away shortly to be discussed. The values of f range from zero to unity
and are interpreted as follows:

20
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The value of the Fermi-Dirac function i isthe probability that under thermal
equilibrium a quantum state of energy & is occupied by an electron. It is,
therefore the average value of the fraction of all the quantum states of energy
& occupied by electrons.

The significance of the properties just described will become more
apparent in terms of the examples
discussed below.!

The function f is plotted in
Figure 10.1 and is sen to vary
i om zero for high energies to S
unity for low energies. It makes -
the transition from values nearly
equal to zero to values nearly
equal to unity over a range of
energy equal to about 4kT. The
energy &g, for which f takes on
the value J, is called the Fermi
level.

For purposes of comparison with -
energies at room temperature, a L |
scale in electron volts is also shown.
At room temperature, T = 300°K,
KT corresponds to an energy of o 9.5 Lo
0.026 electron volt. [t is sometimes f(sk—:ﬁ)
aso convenient to compare t_h&ee PR T R AT
energies with the energy of light
quanta. In Figure 10.2, we com-
pare the energy scales in terms of
degrees Kelvin, electron volts, wave lengths in angstroms, and frequency
v of the light quanta.

Thestatistical natureof the Fermi-Dirac distribution function should be
pointed out. What f prescribes is the probability that a quantum state of
given energy be occupied. |f, for example, the system being considered
has six quantum states at the energy for which f = % then under equi-
librium conditions there will be on the average three electrons in these
states. However, this number will fluctuate as electrons make transitions
in and out of the states as a result of thermal agitation, and in fact for
#¢ of the time the quantum states will be filled with six electrons; for &%
of the time they will contain five electrons; for %, four; for 3, three;
for 4%, two; for &, one and for 4 of the time all the states will be empty.
For this case, with only a small number of states involved, the statistical

¥

a
———— g =

-

ENERGY, § ==
x
]

FIG. 10-1—Fermi-Dirac Didribution
Function.

1 An outline of the statistical mechanical theory of the Fermi-Dirac distribution function
is presented in Chapter 16.
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fluctuations are large. In a semiconductor, however, we are generally
concerned with groups containing 10'° or more states. For such large
numbers as these, the statistical fluctuations are negligible on a per-
centage basis for the purposes of this chapter.

The mathematical form of the Fermi-Dirac distribution function gives
complete symmetry to holes and electrons as will be shown below by
consideration of its mathematical form. |f, asisindicated on Figure 10.1,
the energy level for which f = % is denoted by &, called the Fermi level,
then the value of f at energy & is given by the formula®

1
1+ exp (6 — Gp)/&T1

As explained previously, the value of f gives the probability that a
quantum state at energy & is occupied. If & is larger than &g by several
times kT then the exponential in the denominator is large compared to
unity and f takes the approximate form

frexp[— (& — &7)/&T] for & > Gp. 2

This approximation gives the same distribution of éectrons as do the
"classical" statistical mechanical distributions of Maxwell and Boltzmann.
We shall refer to it and to the corresponding approximation for holes, dis-
cussed below, as the classical approximation.

On theother hand, if & is less than &, the exponential in the denominator
is small and the approximation {1 + )~ 221 ~ ¢ may be used giving

frel - exp[(& — &p)/kT] for & < bp. 3)

Thus for energies much above &g, f approaches zero as exp (—A&/&T)
where A8 is the height above . Below SF, f approaches unity, the dif-
ference between f and unity being given by the expresson exp (—A&/£T)
where A& is now the energy below &g.

Now, if f is the fraction of quantum states occupied by eectrons, then
obviously 1 — f is the fraction left vacant or, in other words, the fraction
occupied by holes. The approximation (3) thus shows that the probability
of finding that a quantum state is occupied by a hole at AS below &F is
just equal to the probability of finding a quantum state occupied by an
electron at A6 above &p. This result is valid in general and not merely
for approximations {2) and (3). If we writef;, = 1 — f for the distribu-
tion functien for holes, we find by straightforward algebraic manipulation

1
11 exp [(BF — 6)/kT)

% A4 (1) shows, 1 is & function of three variables &, & and T\  In cascs where Tand by do
not vary, we shall sometimes write f a3 simply f or 1(5).

f=1{(& — &p)/kT] = M

£, = £,[(5 — 8p)/kT] =1 —f @)
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which shows on comparison with (1) that f, is the same function of energy
measured downward from &g as f is for energies measured upwards. In
other words, the function f of Figure 10.1 has a center of symmetry at
&= 8&pandf =1

The functions f and f, are each functions of the single variable
(6 —&)/kT. In many cases, however, 8¢ and T are constant and the
only variable of interest is & or P upon which & depends. In such casss we
may for brevity write the functions in one of the following forms:

f = £(6) = f[6(P)) = £(P) (52)
fy = £,(8) = £,[6(P)] = £,(P), (5b)

the latter forms being specially adapted for use with quantum states in the
Brillouin zone. This notation is not mathematically consistent but should
cause no confusion.

Oneof the principal problemsin determiningtheequilibrium distribution
of the electrons in the quantum states arises in connection with the location
of the Fermi level &g on the energy scale.  As will be discussed below, the
location of &g is determined by: (1) the distribution of quantum states for
the system under consideration; (2) the total number of electrons in the
system; and (3) the absolute temperature. The temperature is an im-
portant variable in determining the location of the Fermi level for semi-
conductors, the situation here being quite different from that in metals for
which the location of the Fermi level is substantially the same at all
temperatures. Once the Fermi level has been determined for a given
temperature, however, the distribution of electrons in energy can be
obtained directly by combining the values of N (&), the number of quantum
states per unit energy range, with f{{(& — &g)/kT), the fraction of these
that are occupied. Detailed examples of these procedures are given below.

Under conditions in which F is substantially independent of tem-
perature, the temperature dependence of f for values of 6 which differ
from &g by several times kT can be approximated by equations (2) or
(3). "For each of those the number of electrons or holes varies simply as
exp (—A&/kT) as discussed previously. This type of behavior leads to a
straight line plot for Inf vs 1/T as mentioned in Chapter 1,with A& giving
the slope or activation energy. However, in order to determine what
A& means in terms of the energy-level diagram, it is necessary to know the
location of &p. This subject is investigated below.

102 FERMI-DIRAC STATISTICS FOR A SIMPLE MODEL

Rather than discuss initially the case of a semiconductor whose quantum
state distribution is represented by Figure 9.2, we consider a small system
with only 36 states and 20 electrons. The advantage of dealing with a
small system is that illustrative distributions of electrons can be shown in
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detail rather than in analytical form. For the small numbers involved,
statistical fluctuations are important and should be considered; we dis-
regard them here, however, since the general features to be brought out are
applicable for large systems where fluctuations are unimportant. The
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guantum state distribution, Figure 10.3, has been drawn to represent
approximately two energy bands, so that it has some similarity to the
distribution in a semiconductor.

In Figure 10.3(a) we represent the situation at the absolute zero of tem-
perature. At this temperature the electrons will attempt to occupy the
lowest quantum states; however, because of the Pauli principle that not
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more than one electron may occupy a given state, they will fill up states to
relatively high energies, asis shown. At the absolute zero of temperature,
the transition of the Fermi function from zero to unity will be infinitely
sharp, as a result of which all of the states above the level &x are empty
and all of those below are filled. Since the system considered contains 20
electrons as shown, the Fermi level must lie between the energy levels &g
and &,. If it were drawn below &,, the system would contain a maximum
of 18 electrons, and if it were drawn above &, it would contain a minimum
of 24 electrons.

For higher temperatures, however, it is found that the Fermi level must
lie below 84, This can be understood by considering (b), for which KT is
comparable to the spacing between levels in the upper group. For this
case, the Fermi level is drawn as though it were precisdly at the energy &,.
Under this condition, on the average, half of the states at &, will be occu-
pied. Since electrons are excited well above the Fermi level for the case
shown, there is an appreciable probability of finding electrons at energies
&; and &,, and the expected numbers are approximately one at each of these
higher energy values. Of course, while the situation represented in (b) is
only one of a large number of possibilities which are simultaneously repre-
sented by the Fermi function, it has been drawn so as to represent correctly
the average behavior to be expected so far as numbers of electrons at each
energy are concerned. Accordingly, we will find an average of three
electrons in the upper group. On the other hand, the lower group of quan-
tum states lie so far below the Fermi level that the probability of finding a
hole in them is negligible for the situation represented in (b). Conse
quently, we see the total number of electrons for this caseis 21 or one higher
than the required number. In order to produce the desired number of
20 electrons, it is necessary to shift the Fermi level downwards as is shown
in (¢). This downward shift of the Fermi level with respect to the dis
tribution of quantum states decreases the probability that any state is
occupied by an electron, as may be easily seen from the shape of the Fer mi-
Dirac distribution curve. As a consequence, the shift downwards of (c)
compared to (b) decreases the probability that the states in the upper
group are occupied; and if the correct shift is made, the probability will
be such that on the average only two electrons will be found in the upper
group and thus the required number, 20, will be achieved.

As mentioned before, the shift of Fermi level with temperature is a
characteristic feature in the behavior of semiconductors. It is quite
different from the situation in metals where the Fermi level at higher
temperatures comes at very nearly the same level as it does at absolute zero.

At still higher temperatures, the situation for our simple example will be
as shown in (d). In this case kTis comparable to the spacing between the
two groups of quantum states. Under these conditions, some electrons
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will be excited from the lower group to the higher group, and in order to
keep the total number of electrons equal to 20, the Fermi level has been
moved still farther down and nearer the center position between the two
groups.

We must next consider the extension of these results in analytical form
to the quantum state distribution of a semiconductor.

103 FERMI-DIRAC STATISTICS FOR A SEMICONDUCTOR

An essential condition to be met in the interior of a semiconductor is that
of electrical neutrality. This condition follows from the well-known
theorem in the theory of conductivity that the net charge density within a
conductor at equilibrium must bezero. As applied to a semiconductor this
requirement is equivalent to that used in Section 10.2, namely, that there
must be afixed total number of electrons in the quantum states. We shall
first consider the factors which determine this number and next see how
the Fermi level must be adjusted to meet the requirement.

Since we are interested in relatively small deviations from the perfect
valence-bond structure, it is convenient to deal not with the total number of
electrons, but instead only with the net excess over the number required
exactly to fill the valence-bond structure. This net excess number of
electrons per unit volume is made up of four contributions:

n = number of excess electrons in the conduction band (that is,
not bound to donors) per unit volume of crystal;

rid = number of excess electrons in bound states about donors per
unit volume of crystal;

p — number of holes in the valence-bond band (that is, not
bound to acceptors) per unit volume of crystal;

pa = number of holes in bound states about acceptors per unit
volume of crystal.

I f all these quantities are zero, the valence bonds will be complete and
there will be no excess electrons. | f they are not zero, then the net excess
number of electrons is clearly

n + ng-p-pa. @

In addition to the four densitiesjust defined, a number of others will be
required in discussing the statistics of this chapter. For convenience we
tabulate them below, although N; and N, will not be precisely defined until
later. For brevity we use "density" to replace "number per unit volume".
If the valence-bond structure were perfect and there were no excess
electrons, the crystal would not, in general, be neutral because of the

localized charges of the donors and acceptors. As .discussed in Chapters 1
and 9, when the valence-bond structure is perfect around a donor atom,
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TABLE 101
Positive Charges
p = density of holes in valence-bond band
pa — density of holes bound to acceptors
Pt =p+Pa
Ny — density of donors
Negative Charges

n = density of excess electrons in conduction band
ng — density of excess electrons bound to donors
ng = N+ ng
N, = density of acceptors
Other Densities

Ng = number of atomic stes per unit volume
Ne ° N (T) = effective dendty of Sates in conduction band
N, s N, (T) = efective dendty of sates in valencebond band

the latter represents a localized positive charge and an acceptor represents
similarly a net negative charge. For donor and acceptor densities of Ng
and N, this means that there would be a net charge density in the semi-
conductor of &Ng — Ng) if the valence-bond structure were complete.
Since (1) represents the excess electrons over a complete valence-bond
structure, the net charge density, which must vanish, is given by

eNg-Ng) -en+ng-p-p) =0. (2
This can be rewritten as
N + nd-p -pa = Ng- Na €)

which states that the net excess of electrons isjust equal to the exces of
donors over acceptors (a situation discussed in connection with Figure 1.9).

The values of n, nd, p and p, are determined by (1) the distribution of
quantum states in energy, (2) the value of &g, and (3) the temperature.
The appropriate equations are obtained as follows: In the energy range
4B there are 4§ = N(&)dE quantum states. A fraction f[{& — &g)/kT]
of these are occupied, leading to

f{(8 — &7)/kTVS = £{(& ~ &r)/RTIN(E)dE @

electrons in states in therange #&. |f this quantity isintegrated over a
range of energies, such as &; to &; shown in Figure 10.4, which covers the
donor states and the conduction band, it will giveng plusn. Thuswe shall
have

me=n+na = [ 06 — 6)/KTINE)S. 5

The exact value of €2 is unimportant since f approaches zero rapidly at
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high energies. In fact, f is negligible except near the very bottom of the
energy band. Thisisillustrated in part (b) of the figurein which N(&)f
and N(&)f, are plotted, and it is seen that the important parts of the
integrals come near the edges of the bands.  This subject will be dealt with
in more detail later. A similar calculation gives the number of holes:

\ 2= 2+ 50 = [, LI(E — 6)/ATIN(E)dG ©

\

(b) (c)

Nn= ch(.ﬁs.;_&

’ T
é s = by -6,
ng = Ngf —--Ek T

o FIBINIG)—>
> *
g & Y
By s | === =N (s.—s',)
& By, _ANg=Nd=Na c P = Nafp(57
Ed ‘ L]
¥ .

z~-~Nd HORIZONTAL SCALE ENLARGED
COMPARED TO (@)
¢ F+ 63 7o
o N{E) == 1.0 03 wfp 0 0 i (BINIE) ==

FI1G. 10-4—Didribution of Quantum States and Densties of Electrons and Holes
for an w-Type Semiconductor.

(a) Digribution of Quantum Sates in Energy for an w-Type Semiconductor.

(b) FermUDirac Distribution.

(c) Electrons and Holes per Unit Volume, per Unit Energy, and Formulae for
Densties.

where 63 to 64 includes the full band and the acceptor levelsand f, = 1 — f
(given by [equation (4) of Section 10.1]) is the probability that a quantum
state of energy 6 is vacant (that is, occupied by a hole).

For a given temperature T, both n, and pt of equations (5) and (6) are
functions only of F. Hence the equation

nt'pt:Nd'Na (7)

may be regarded as containing only one unknown, namely SF since Ny N,
and the distribution N(&) may be regarded as specified by the nature of the
semiconductor considered, the situation being similar to that discussed in
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connection with simple model containing 20 electrons of Figure 10.3. In
Chapter 16, some detailed examples of solving for &p are given. In this
section we shall indicate only how n; and pt vary in general and then
describe the final statistical results.

In the integral for «<, the integration extends over the Ny donor levels.'
These are all supposed to lie at one energy &g for which thef has the value
f{(&+ — &F)/kT]; hence the integral gives for the number of dectrons in
the donor levels the value

ng = Nf[(8a — &p)/4T]

asisindicated on Figure 10.4.

The number of dectronsin the states in the conduction band is 'obtained
by an integration over N(&) near the bottom of the conduction band.
The situation is simplified by the fact that, for most cases ‘&g lies well
below the bottom of the conduction band so that approximation (2) of
Section 10.1 may be used. This enables us to write

&y . F
n = e“'"”‘f 'Ms)e—s;'ki"dg_ @)
wer

Since the exponential decreass by e for each increment T of &, we may
limit, as a rough approximation, the integration to the interior of the
energy surfacein the Brillouin zonefor which& — &, = kTor P3/2m = kT.
Since KT is very small compared to the width of the energy band, the
approximation [equation i(11) of Section 7.5] & = &, + P%/2m may be
used so that the energy surface is a sphere containing a volume 4xP%/3
where P?/2m = & — &, = kT. This sphere contains (2/5%){4xrP3/3) =
8xP*/34% quantum states per unit volume of the crystal. Since in this
volume exp (—&/&T) is approximately exp (—&,/&T), we may approxi-
mute the integral by exp (—&,/&T) times 8xP3/34%, Writing P= (2mkT)*,

n o o SSRT (90 /3) (2mk T/ A2)%, (10)

The exact integration carried out in Chapter 16 gives
n = o BTSN IET(Qemp T/ = N o~ 6—SnkT, (11)
aresult about one-third larger. Comparing thiswith expression (8) above
for rid and using approximation (2) of Section 10.1 for f, we se that the

conduction band behaves like a group of states localized at energy &.,
the number in the group being not N but instead

N, = 2QemkT/E)¥ = 4,82 X 10T em ™=, (12)
[A factor (ma/m)® is to be introduced if the effective mass is not m N

may ber eferred to asthe effective density of statesin the conduction band.
Theexpression for nisvalid only when &g is less than &g by several times
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kT. At room temperature, with m taken as the mass of the free electron,
N = 241 X 10 cm® or about 1/2000 the atomic density. N, varies
sowly with T compared to the exponential functions involved in the theory
and can be regarded, for many purposes, as substantially constant.
Precisely similar calculations may be made for p, and p giving

Vv Pa = Nufp[(&c — &7)/kT] = Nf[(Er — 6,)/kT]
p= 2(2kafk8)He—(5r—ﬁinT = N‘e—(ﬁr—ﬁs).'k!'_ (14)

N, and N. will differ if the dectrons and holes have different effective
masses.

Theuse of N and Ny islimited to cases for which f and f, can be appr oxi-
mated by the smple exponential functions of equations (2) and (3) of
Section 10.1. If the concentration of carriersis increased sufficiently, these
approximations are no longer valid and other formulae must be employed.
We shall illustrate this for the case of electrons.

(The reader may skip the nta*” three paragraphs and Figure 105 on a
first reading.)

If the number of eectrons in the conduf tion band is very large, say one
per atom as in the case of a monovalent mev  like sodium or copper, then
the Fermi level will lie very far above the bottom of the conduction band.
For the case of sodium, which has been most extensively investigated, there
is experimental and theoretical evidence that the energy is given hy
P%2m up to the highest occupied levels so that the equation (9) of Sec-
tion 9.1 for N(&) may be used. Calculation then shows that the levels
must be occupied up to a maximum energy & of about 3.16 electron volts
above the bottom of the conduction band. This energy is so much greater
than KT that the transition region off is negligible in comparison, and the
value of & may be calculated simply by solving equation (10) of Section
9.1 for &p:

” = j;‘ Y N(8)IE = (8x /380 2m(Er — S (15a)

Ep — 8, = & = H(3n/8x)%/2m = 21.6 X 107%1* electron volts  (15b)

where &g = b, + &, and m is taken as the free electron mass. Casss of
this sort, for which the temperature no longer has an appreciable effect, are
said to be degenerate and the distribution of eectrons is called a degenerate
electron gas.

For any given temperature, the statistics of the electrons in the band
will vary from classical to degenerate as the number is increased. The
dividing line is conventionally described by the degeneracy concentration
xdgg or the degeneracy temperature Tdeg. These two quantities are related
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by the equation,
3 h’
Ta = [f T
m 4.2 % 10‘11nd.‘ . (16)

This equation is interpreted as"follows At absolute zero the dectrons are
condensed into the states of lowest energy and require all the states up to
certain energy &, given by (15). The degeneracy temperature defined by
the equation satisfies the equation kT yee = &m: In other words, if is

high enough to raise electrons from the bottom of the band to levels higher
than &,,, the degeneracy will be largely destroyed. Equation (16) serves
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equally well to give the degeneracy temperature for a given concentration
or the concentration for a given temperature.

When n is comparable to ngeq there is no simple approximate formula
for n in terms of T and &p — &, and the value must be obtained by an
exact integration® of N(E}(&)d6. The result of the exact integration is
shown in Figure 10.5. On this plot the limiting forms (11) and (15) are

1. McDougall and E. C. Stoner, Roy. Soc, London Trans. 237A, 67-104 (1938); Mtiller-

Pouillet, Lehrbuch der Physik 4 (4), pp. 271 ff.; A. Sommerfeld, Zeits.fur Physik 47, 1-32
(1928); L. Nordhcim, Anmkn der Physik 9, 607-678 (1931).
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also shown. The point corresponding t0 N = Ngeq IS given by &, wm kT
and thus corresponds to the value of n for &g — &, = kT on the com-
pletely degenerate curve, this value of n being about 0.75Nc. The exact
solution for n = 0.75N¢ corresponds to & — &, slightly negative so that
even the states at the bottom of the band are less than half-filled and the
distribution is not very degenerate. The distribution will be quite de-
generate, however, for situations in which &g — &, is 2kT or more. This
correspondsto values of n about threetimeslarger than the ngeq correspond-
ing to agiven T, or conversaly to temperatures of 3-?/; = 0.48 as large as
the Tg4eq corresponding to a given n.

We .shall have occasion in Chapter 11 to discuss degenerate cases.  For
the purposes of illustrating the method of finding the equilibrium distribu-
tion in a semiconductor, however, it is simpler and equally instructive to
consider a nort-d.egenerate case.  Accordingly, we return to the expressons
for n, p, ng and p, wiiish give these quantities as simple functions of &p.
These are substituted in the equation (3) for electrical neutrality, which
then becomes an equation which may be solved for &#. As mentioned
previously, graphical procedures for obtaining the solution are shown in
Chapter 16. The description of the results obtained for a particular
example is as follows:

We consder a case for a germanium sampje which, like the silicon
sample A of Figures 19 and 1.12, has Ny N, In particular we have
chosen Ng — 10 cm™® and N, = 10" an""®  The energy scale has been
chosen with zero midway between the energy bands and with E. — 0.36,
Eq = 0.32, E, = -0.32, and E, = -0.36 electron volt. Ths dependence
of &g upon T for this case is shown in Figure 10.6, the calculations being
described in Chapter 16. Qualitative descriptions of a number of the
features of Figure 10.6 are given below.

At very low temperatures we have

Ng = Ng- Na (17)

since there will be no holes and all the extra electrons are in bound states
on the donors. Hence, a fraction ng/Ny of the donor levels will be filled.
Consequently, & must be within a few times kT of &43 for otherwise,
the states would be either all full or all empty in accordance with the
behavior of f at low temperatures shown in Figure 10.3(a). Since &g
is near &y, the number of electrons in the conduction band will vary as
exp (&, — &4)/#T] in accordance with equation (11). Thus, for this
case, the activation energy obtained from a logn vs 1/T plot will be the
binding energy &, — &g of an electron in a donor state rather than half
this value. The temperature range over which this approximation is
valid extends only up to about 10°K as may be seen from the plot of &g
versus T given in Figure 10.6.

As the temperature is increased still further, an appreciable number of
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electrons are excited to the conduction band, and &» tends to move down
so as to keep n; constant, by reducing the number of electrons in the donor
levels. Over the temperature range for which there is substantially com-
plete ionization of the donor levels, the equation
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holds. This temperature range is referred to as the saturation range since
all available excess dectrons are in the conduction band. The saturation
range is entered as soon as &g has fallen several times kT below &4 so that
the donor levels are substantially empty. On Figure 10.6, the value of kT
in electron volts is shown as a function of temperature; it is seen that at
about 100°K, &g — &p > 2kT so that for temperatures above this the
donors arefully ionized. In thisrange, increasing the temperature requires
a decrease in &g for the same reasons shown in Figure 10.3(b) and (c).
This decrease finally brings &g to a position a few kT above the midpoint
between the bands. As soon as this occurs, an appreciable number of holes
is produced. At still higher temperatures, & approaches the midposition;
more closdy, for otherwise either the holes or the electrons would greatly
outnumber the other, and the condition, equation (3), of electrical neu-
trality could not be satisfied. As a consequence of this stabilization of
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both n and p increase exponentially as exp{—(&. — &g)/kT] and
exp [~ (&r — 8,)/kT]; snce &r is midway between &. and &,, these
both reduce to exp [— (& — &¢}/2kT] so that, as mentioned in Chapter 1,
the activation is half the forbidden energy gap. The intrinsic range has
been selected for Figure 10.6 as the range for which n/p < e, that is, it is
the range for which & lies less than ¥kT above the midpoint of the energy
gap.

In the event that N, is greater than Ny, there is always a net excess of
holes. Because of the general symmetry between hole densties and
electron densities, as shown in equations (3) of Section 10.1 and (7) to (14)
of this section, an entirely similar behavior occurs, with &p starting at &,
at low temperatures and rising to {&. -+ &,)/2 at high temperatures.

The description in this section thus puts in somewhat more formal terms
the physical picture described in Chapter 1. In Chapter 16, additional
details are given showing more fully the trend for &g and the way in which
the electron and hole densities vary.

This section may be summed up by saying that, once the distribution of
guantum states in energy is known and the temperatur e specified, a definite
procedure can be stated for finding the equilibrium distribution of electrons
and holes. This procedure requires the Fermi level, &g, to be adjusted to
giveelectrical neutrality [equation (3) of Section 10.3]. Certain simplifica-
tions can be introduced in the procedure, such as the use of N; and Ny, the
effective numbers of quantum states in the conduction band and valence-
bond band; the general trend of the behavior can be seen to be that dis-
cused in Chapter 1 in connection with Figures 19 to 1.12. However,
there are few simplifying features, and only for the low temperature and
intrinsic ranges can a simple interpretation be given of the dopes of the
plots of the logarithm of n versus 1/T.

The fact that there is complete statistical symmetry between holes and
electrons, as shown by equation (4) of Section 10.1 and its consequences,
should be noted. This symmetry, together with the results of Chapters 7
and 8, shows that the only significant feature distinguishing the behavior
of holes from that of electrons in semiconductors is the sign of the effective
charge?

An important consequence of the form of the approximations (11) and
(14) for n and p is that their product is a function of T only and is inde-
pendent of n and p individually:

Hnp = NN, exp [(gu - 60)/kﬂ = N.N, exp (_&GfkT)
= 233 X 10" 7% exp (— &6g/kT) cm™0. (19)

For intrinsic material, n and p are equal to each other and each is equal to

The mathematical investigation of the equivalence takes major portions of Chapters 15
17.

11
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the square root of equation (19). We shall use this constancy in the next
section and shall discuss it further in Sections 12.4 and 16.4 and in connec-
tion with its use by Pearson and Bardeen in analyzing silicon alloys.
Equation (19) can also be derived on the basis of the statistical theory of
detailed balancing, which requires that the rate of recombination of holes
and electrons (proportional to np) should equal their rate of generation,
which should depend on T as does the right side of equation (19) but not
on n orp.

104 APPLICATION AT ROOM TEMPERATURE

Because of the practical interest in high resistivity germanium at room
temperature, we shall present a simplified analysis and«describe the results.
In Section 16.3 the same problem is analyzed by the general methods of
Section 10.3 making use of illustrative values of 0.72 electron volt for
&, — &, and 0.04 electron volt for &, — &, and &, — &3 We shal! use
here a somewhat more direct procedure which utilizes different experimental
data. If theintrinsic line for germanium is extrapolated to room tempera-
tureit yields a value of 48 ohm-cm for the resistivity.® On the other hand
the resistance of a relatively pure »-type sample may be 2.4 ohm-cm.
(Using 2600 cm?/volt ssc for the mobility for electrons in germanium, this
gives a concentration s = er/erur = 1/2.4 X 1.6 X 107 x¢ 2600 =
10 X 10" electrons/cm® in agreement with the example of Chapter 16.)
The ratio of mobilities for germanium is estimated® to be b = 15. From
this we can determine directly the ratio of n' (single prime for the 2.4-
ohm sample) ton" (double prime for the intrinsic sample) as follows: For
the intrinsic sample p" = n", amost by definition. Therefore, its con-
ductivity is

o = e(n"n + 2"85) = tp(1 + E)n". (1)
For the 2.4.0hm sample, p’ is negligible (as we shall verify below) and
o = eun’ = eupin’, (2)
Dividing the second by the first gives
e 48 174
iy Sl Ty s )
whence
n 144
i (T M = 33 = e*?, 4)

! Since this section was written, better germanium spedmens have become available and
a new estimate of 60 ohm-cm is consdered best. The values of Y, and pp have also been re-
vised as a result of Haynes experiments. It has not been practical to revise all examples in
the text accordingly, and this section, together with Chapter 16, is now somewhat inaccurate.
They are internally consstent, however, and illustrate the principles involved.

2 S Section 129 for a review of the bet available data.
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From equation (11) of Section 10.3, which states that
n=N.exp[-{& — &) /KT), (5)

we ¢ at once that & must be 3.5kT higher for the 2.4-ohm-cm sample.
Since, for the intrinsic sample, & is midway between the bands, &z for
the 2.4-ohm sample must be 3.5KT or 0.09 electron volt above the mid-
point. This situation is summarized in Figure 10.7 which aso shows a
possible impurity distribution. The same situation (except for small dif-
ferences in rounding off numbers) is represented more analytically in
Chapter 16, Figure 16.2.
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FIG. 10-7—Theoretical Distributions of Quantum States in Energy, Effective Densi-
ties, and Densties of Electrons and Holes for Germanium. (The vaues shown are
illustrative and not exact.)

It should be noted that n'p' = n"p" in Figure 10.7. This is a direct
consequence of equation (19) of the last section.

A plot for 2.4-ohm-cm silicon would look much the same as Figure 10.7,
and the Fermi level would come at about the same distance (about 0.27
electron volt) from the conduction band. However, since the energy gap
for silicon is 1.12 volts, the Fermi level would lie 0.29 electron volt above
the midpoint, and the number of holes would be very small.

The changes from n-type to p-type are obvious.

At room temperature, diamond is an insulator. Its conductivity is,
therefore, 10~* ohm-* cm-? or less. The mobility of electrons and holes
is probably about one tenth as much for diamond as for germanium, hence
the density of carriers will be only about 10° cm-3. Taking N, as 10,
this means that f = 10-'" and, consequently, &p is not within 1 electron
volt of either the conduction or valence-bond band. This energy difference
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of 1 electron volt is larger than that predicted for the binding energy of
donor levels (0.35 electron volt) and suggests that there are levels of other
sorts lying at least 1 electron volt away from the edges of the energy gap.
Further evidence for such levels is furnished by data on the ultraviolet
absorption of diamond which varies from sample to sample from around
7 to 4 electron volts, indicating levels lying several volts from the edges cf
the energy gap. Further evidence for such deep lying levels has been
obtained from studies of the release of trapped eectrons and holes in
experiments on electron bombardment induced conductivity.?

Applications of the statistical methods discussed here to cases in which
the distribution of holes and electrons vary from one part of the semi-
conductor to another have been carried out in various connections. Some
of the basic equations required are discussed in Section 12.4. Some of the
applications of particular interest apply to metal semiconductor contacts
and are presented in the references quoted in Section 4.3. The distribu-
tion of potential and its dependence on temperature for a semiconductor
with surface states has been treated* and similar calculations have been
carried out in some detail for p-n junctions.® An excellent review of the
problem with emphasis on metal-semiconductor contacts is contained in
a paper by Slater.°

PROBLEMS

1. The equilibrium condition for temperatures below the intrinsic range
may be regarded as resulting from the " pseudo-chemical" reaction

excess electron + ionized donor ++ neutral donor.

The three concentrations involved are respectively n, Ny — ng, and nq.
The mass action law would then give
n(Na —na)

ne

K.

Derive this equation employing the approximation (10) of Section 10.3
and show that

K = N, exp [(84 — &.)/kT].

(This result corresponds to equations (22) and (23) for G. L. Pearson and
J. Bardeen, Phys. Rev., 865-883 (1949), except that our value of K is twice
theirs. The difference arises from the fact that an electron trapped on a
donor may have either plus or minus spin and, therefore, the correct expres-
son for ng is Nfi{6z — 21n kT — &#)/kT); see Problem 2, Chapter 16.)
%K. G. McKay, Phys. Rev. 77, 816-825 (1950).
4J.J. Markham and P. H. Miller, Phys. Rev. 75, 959-967 (1949).

5 W. Shockley, Bell Syst. Tech. J. 28, 435-489 (1949), references
6J. C. Sater, Phys. Rev. 76, 1592-1601 (1949), references.



Chap. 10] PROBLEMS 249

If the mass action law is combined with the condition for electrical
neutrality, show that
nn+Na) _ o
(Nd - Na - ")
and that
(m 4+ K)(n 4 N,) = NaK.

This quadratic may be solved for n so that n may be plotted as afunction
of T. This formula is used by Pearson and Bardeen to fit Figure 1.12;
they use Ny = 12 X 10%, N, = 15 X 10", &, — & = 0045 electron
volt, m, = 0.33 free electron mass and the factor of (%2, mentioned above,
in K, Calculate some values of n from this formula and compare with
Figure 1.12.

Refer to Chapter 16, equations (10) and (11) of Section 16.4, and com-
pute the values of p shown in Figure 1.12.

2. Obtain the formula for N; or Ny by integrating! directly overP-space.
See Section 16.2 for a hint. What is the significance of the § power in
equation (12) of Section 10.3?

3.Two groups of quantum states N and iVjg in number at energies &y
and &z are occupied by n and »2 electrons.  Suppose electrons in JVi can
make transitions to any vacant state in N2 with transition probability T12
per unit time. The rate of transitions from N to AT, is then

m Tig(Ny — ng).
From general statistical theory, the transition probability T21 from 2
tolis
T21 = Tme(E:—ﬂl.llﬁf.
Show that if n and n, are given by the Fermi-Dirac distribution, then the
rate of transition from 1 to 2 isjust balanced by that from 2 to 1:
13Ta1(Ny — m).
Show that if a third group of quantum states, described by N, &;, and

#13, is in equilibrium with &, it must also be occupied in accordance with the
same Fermi-Dirac distribution.



CHAPTER 11

MATHEMATICAL THEORY OF CONDUCTIVITY
AND HALL EFFECT

111 INTRODUCTION

In this chapter, the basic formulae for mobility and Hail effect are
derived. The procedure is divided into two parts. In the first part it is
shown that any disturbance of the distribution of electrons from the equi-
librium value tends to decay, owing to the "scattering" of electrons, and the
effect of this decay upon the current which may be present is evaluated.
In the second part, expressions are derived for the rate at which current
builds up due to the application of electric and magnetic fields. Since only
alinear theory is desired, the rate of build-up due to an electric field can be
calculated from the undistorted or equilibrium distribution, the effect of
the electric field upon the distorted part of distribution being quadratic in
the electric field. For the effect of a magnetic field, however, it is necessary
to consider disturbances produced by the electric field in order to get any
effects. The steady-state solution is then found by equating the rate of
build-up of current to the rate of decay. The problem is more complicated
than that of Chapter 8 because the rate of decay is not the same for all
classes of electrons, and suitable averaging processes must be carried out.

In Sections 11.2 and 11.3 the decay process is considered. Section 11.2
is concerned with a general formulation of the decay process and with the
derivation of formulae useful for application to specific cases. In this
treatment it is shown that the rate of decay is not affected by the fact that
the Pauli exclusion principle prevents electrons from making transitions to
already occupied states. In this section, reference is made to parts of
Chapter 17 in which the quantum-mechanical theory of transition prob-
abilitiesisgiven in detail.

In Section 11.3 we treat the two most important transition-producing
mechanisms: scattering by charged ions, similar to the Rutherford scatter-
ing of a-particles by atoms which first gave evidence of the nuclear struc-
ture of atoms, and scattering by thermal vibrations of the atoms. The
first mechanism is treated on the customary basis of an approximate model.
The thermal scattering, which is treated in detail in Chapter 17, is given a
brief and simplified treatment in Section 11.3 which serves to illustrate the
principles involved.

20
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In Section 11.4, we treat the effect of the combined interaction of the
applied fields and the decay process. The effect of an electric field upon
the equilibrium distribution is evaluated and combined with the laws of
decay derived in Sections 11.2 and 11.3, and the steady-state distribution
is determined. The effect of a magnetic field upon the steady state due to
the electric field is next considered, and a modified steady-state distribu-
tion is determined. From these steady-state distributions, general expres-
sions for mobility, conductivity, and Hall effect are found. These general
expressions are worked out in detail for a number of cases of particular
importance in semiconductors.

The formulae for intrinsic semiconductors, in which holes and electrons
carry comparable portions of the current, are given in Chapter 8 in terms
of the mobilities of holes and electrons. These formulae are repeated in
the notation of this chapter in Section 11.4.

In Section 11.5 a comparison between theory and experiment is presented.

112 THE RELAXATION TIME

In Chapter 8 we gave a simplified treatment of the scattering process
based on two assumptions:

(1) The probability that an electron (or hole) makes a transition in any
small interval dt of time dt/T where T is a constant.

(2) The probability of a transition to any particular end state is inde-
pendent of the initial state and is directly proportional to the probability
that the end state would normally be occupied in the thermal-equilibrium
distribution.

In Chapter 17, an analytical examination of these assumptions is carried
out on the hasis of Schroedinger's equation. It is found that, for cubic
semiconductors such as silicon and germanium and the customary assump-
tion of spherical energy surfaces, the probability of transition depends
neither on the direction of motion nor the time after the last transition
but, in general, does depend on the speed of motion. Thus T in assump-
tion (1) must be replaced by T(V) where v = v is the speed, or by T{&)
where & is the energy.

It is also found that assumption (2) isin error and that the electron can
gain or lose only a small fraction of its energy in a given collision. These
gains and losses are important in converting to heat the electrical power
delivered to the electrons in the form of I°R or V?/R. However, these
effects are quadratic in the field and can be disregarded in developing the
linear theory of mobility and Hall effect. The reason that the change in
energy is small is discussed in detail in Section 17.6 in connection with
equation (31). In brief, the electron can gain or lose in one transition an
amount of energy hv where v is the frequency of the atomic vibration with
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which it interacts. Such a quantum of energy is called a phonon. The
vibrations with which the electron interacts are those with wave lengths
comparable to the electron's wave length. This condition leads to the

relationship
my = A/ for the electoon, (1)

v =¢/h or ke = ch/\ = moc for the phonon, (2)

where ¢ is the speed of sound in the crystal, The ratio of phonon energy
to electron energy is thus

% = 2/0 = (10° cm/sec)/ (107 cm/sec) = 1072 (3)
for typical values at room temperature. Thusin one collision the electron
may change its energy by about 10 per cent. This change is relatively
small; furthermore, there will be balancing effects, and eectrons falling to
lower energies will be replaced by other electrons excited to higher energies.
For these reasons negligible errors will be introduced by making the cus-
tomary approximation of conductivity theory that energy is conserved in
the transitions. Thisresult is in disagreement with assumption (2) which
supposss that the energy after transition is independent of the energy
before transition.

Assumption (2) also failsin regard to the distribution of directions after
collison. As we shall show in Section 11.3a, for scattering by ionized
donors and acceptors there may be a high degree of correlation between the
direction of motion before and after collison. We shall derive in this sec-
tion a general formula which takes into account such correlations and will
apply it to impurity scattering in later sections.

Figure 11.1 represents the case with which we shall be chiefly concerned.
It represents in momentum space two equal energy surfaces separated by a
small energy difference 88, An element of volume in the shell between the
two surfaces may be described by the corresponding surface area §§, which
has the dimensions of P> or (momentum)?. (We shall use the symbol
& for these infinitesimal areas in this section so as to reserve d for changes
occurring during a time interval dt.) An electron in a state P; may make
transitions to other states of almost exactly equal energy. As a result of
these transitions, the electrons (more exactly, the states occupied by
electrons) become uniformly distributed in the shell so that the probability
that any given state be occupied by an electron becomes the same for all
states and acquires the value f given by the Fermi-Dirac distribution func-
tion of Chapter 10, evaluated for the energy of the shell considered.

The number of states in the range §&§&; is obtained as follows: The
volume in momentum space of the element is 48 times the shell thickness,
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8P;. Evidently,
56 = [Vp6(P)| 0P, = 0P, ()

the last equality following from the group-velocity formula. Hence the
volume of the element is &P 8Q; = 8&82;/p;. The density of states in
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P-space is 2V/h® where V isthe volume of the crystal, as for equation (12)
of Section 5.S. Hence the number of states 8s; in the element is

5s5; = (AV/R3)8880 /0, = 2p,8650; (5)
where
o = V/ky (6)

is the density of states of each spin per unit energy per unit surface area.

For the case in which the band is nearly empty, so that the effect of the
Pauli exclusion principle may be neglected, the transitions may be described
in terms of a probability parameter W;. This parameter is used to specify
the total probability of transition from a statei to all of the states,; lying
in aregion 42; of the energy shell. In these transitions there may be
energy losses or gains. For reasons discussed above we neglect these
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changes in energy and assume that all the states to which state / - can
make transitions lie in the shell so that we may speak of transition
probability per unit area of the shell.  Accordingly the probability that an
electron makes a transition from a state near P to a state in range Se-
near Pj in time dt is :
W, Qdt, (7)

The total number of transitions of this sort is obtained simply by mul-
tiplying this probability by the number of eectrons in the element dQ;
and this number is simply ds{ times the probability U that these states are
occupied. Hence the total rate of transition from d&42; to 4649; is

(3859, — 868Qy) = L.3s, W .39 (8)
= 1,207, 5650,80;. (9)

Similarly the transitions from j to 7 will be given by
(3680, — 3650,) = £,25,7;,5630,50;, (10)

These expressons are found to be consisent with the principle of de-
tailed balancing' which states that each process and its reverse occur with
equal frequency under equilibrium conditions. For thermal equilibrium
f; = f; = £(&), the Fermi-Dirac distribution function for the energy & of
the shell. Furthermore, as discussed in Section 17.2, the quantum-
mechanical formulae for #; and '}, are such that

INORN Y 43 : (ID

hence the two rates previously evaluated are equal. We shall make use of
this result later in this section in order to determine the effect of the Pauli
principle upon the relaxation process when a large fraction of the states are
occupied.

The total probability of transition from the state P is simply the sum of
all the transition probabilities to all areas 4%@; We shall write it as W
where

Wi = L Wadty = 1/, 12)

This probability is essentially the reciprocal of the mean free time between
collisions, denoted by T since, by the arguments of Chapter 8, the probabil-
ity of collison should be d#/¥. and this is evidently equal to #,dt. Since
assumption (2) is invalid, however, T¢ cannot be related to the rate of
decay of a current, and a new formula must be derived for the relaxation
time.

We shall next consder the law of decay for any current produced by a

L P. W. Bridgman, Phys. Reu., 31,101 (1928).
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disturbance of the equilibrium distribution. We shall deal first with the
casxe of principal interest, in which the energy surfaces are taken as spheres
and all directions of motion as equivalent. We shall later mention briefly
another case in which T¢ depends on direction. For the spherical case, it
is evident from symmetry that for the equilibrium condition there is no
net current. We shall next suppose that we are dealing with a perturbed
situation. Let us then consider the current due to the group of electrons
én, in an dement of volume d&d%,. These will produce a current density

5 = (—evi/V)bn,. (13)

In time dt, afraction ¥ 49t will be scattered into a new direction with
velocity V; so that the change in current will be

a5l = dr - [—e(v; = 0,)/ VinH,d9y (14)

where 2(8) is the energy surface. For the casss of particular interest,
the transitions are of such a nature that #7; is a function #(8) only of 4,
the angle between initial and final velocities. Under these conditions, we
may chooe a set of spherical coordinates with 6 = O parallel to V;. In
terms of this coordinate system, we may write

v, = LU (153)
Uj = (i;cos @ + f, sin 8 cos ¢ + i, sin @ sin )3y (15b)
dQ; = (m.0;)% sin 0 dodep (15¢c)

where i, iy, I; are mutually orthogonal unit vectors. With the aid of these
we find

B = dion,(— e/ Vi, u' (cos & — L)WV (8) (man,)® sin 6d82x  (16)

since the transverse components i, and iy integrate to zero. This expres-
sion may be rewritten as

&t = —disl f (1 — cos 8,)(8,)d;
= —disl¥o{l ~ cos 8) (17)
where
Wy = f W)de; = 1/7, (18)
and
{ — cos 8) = (1/y) f (1 = cos ) (8)dA. (19)

These equations lead, aswe shall shortly show, to theresult that the current
8 decays with a "rdaxation time' equal to T = 7./{l — cos & where
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{1 — cos 8} is the average value of 1 — cos @ for all the collisions. It may
be helpful to note that, if collisions were equally likely to all areas of the
sphere, then {cos # would be zero so that T¢c and T would be equal. On the
other hand, if all transitions involved only small changes in direction,
{cos #) would be close to unity and relaxation time T would be much larger
than T¢.

In order to relate these equations to the relaxation of the current, we
shall consider the current due to an arbitrary distribution f; over the energy
shell, supposing still that f; << 1. Each element of area &&; will then
produce a current , and in time dt the electrons in these elements will
suffer transitions such that

dol; = —éldifT. (20)
The change in the total current I = ¥8F; will then change by
dl = Y asl; = = (T sl)dt/r = —dt/T, (21)
or
= —/r, (22)

This shows that the total current decays according to a simple relaxation
equation for which the solution is

I=ILe ', (23)

Thus T is the relaxation time for the decay of the current and is, as we shall
see, the correct quantity to usein calculating the mobility. We shall refer
to it as the relaxation time or the meanfree time.

For the case of thermal vibrations, the transition probability is inde-
pendent of 8 and {cos & = O so that T = 1.. For impurity scattering,
{cos ) approaches unity for large energies so that ¥ 2 7.4 for this case Tc
enters the theory only as an intermediate step.

Another model, which we mention for completeness, has been consid-
ered by various writers. For this model, T¢ is a function of p; and
{cos 6) = 0, for spherical energy surfaces. For more complicated sur-
faces, it is supposed that scattering is of such a nature that after one col-
lision an electron is equally likely to be scattered into any state in the
energy shell. The rate of decay of current in this case is given by the
formula

1= —Yo/r, (24)

summed over all the elements of the energy shell, where T, is the T¢ appro-
priate to the state near P,

The Effect of the Pauli Exclusion Principle. If a large fraction of the
states in the energy shell are occupied, some electron transitions will be
prevented because the end states will already be occupied. This preven-
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tion may be taken account of very simply, and the surprising result is
obtained that the relaxation process is not affected by having an appreciable
proportion of the statesoccupied.

The simplest way of seeing this result is as follows: If a transition from
a state P; to a state P, is prevented becauseP; is occupied, then at the same
time a transition from P; to P; is also prevented. Suppose we disregard
the restrictions imposed by the Pauli exclusion principle and permit both
transitions to occur; then on the average the excluded collisons will
cancel out in pairs and the relaxation process will proceed at the same rate
as it would if the exclusion principle were enforced. Thus the relaxation
of the current will proceed at the same rate whether the Pauli exclusion
principle is enforced or not and, consequently, the relaxation time for a
given energy shell will be unaffected by the number of electrons occupying
states in the shell. We shall verify this conclusion analytically below.

We consder once more the transitions from 5&&Q; to &8iQ;. Since a
fraction f; of the states in 682y are occupied, the number of possble transi-
tions is reduced by a factor (I — fj) and we obtain

(d6dQ; — d6d%;) = 1,1 — £;)2p,;d640,40,;. (25)

(I'n Section 17.7 we examine this problem from the point of view of anti-
symmetrical electron wave functions and conclude that the semi-intuitive
introduction of the factor (1 — f;) can be justified by a rigorous pro-
cedure) The rate of transition from §&32; to 8865%2; will be given by a

similar expresson with f,-(I — f;). As pointed out above, the quantum-
mechaniral treatment leads tn thenrincinle nf detailed halancina hv havina
[ 4 i = P (26)

so that the net rate of transition from §&5%, to 5880 is

(8659, &5 8689;) = (1 — 1)) — £(1 — £)]2H7,363020;
= (& ~ £,)20¥.,8660,5Q;. (27)

Thus the net rate depends only on fi- — f, and not on f; and f; individually.
From thisit is evident that, if the equilibrium represented by f is disturbed
so that f;; =f +f;,, then the rate of transitions will depend only on fj; .
Hence the rate of decay of a disturbance is unaffected by the degree to
which the states are occupied and, consequently, the relaxation time is
unaltered.

In a semiconductor, in which the number of electrons varies with vary-
ing impurity content, the change in number of electrons will be accom-
panied by changes in the scattering mechanism. For such conditions, of
course, the relaxation time will depend upon the impurity concentration
and it will be impractical to change the electron concentration without
changing the relaxation time. This does not invalidate the result obtained
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previously in the form in which we wish to employ it. For this purpose
we need the result that, for a given set of values of Wjj, the relaxation time
does not depend on f.

Similarity of Holes and Electrons. The similarity of the behavior of
holes and electrons follows at once from the result that the rate of electron
transitions between 8688 and §8&8%; depends on f; — f;. Evidently each
electron transition may be described equally well as a hole transition in
the opposite direction. Furthermore, the fraction of the states occupied
by holes are 1 — fj = f; and 1 — fj = f. Consequently, the rate of
hole transitions is

(3689; = §651)), = — (8830 &5 5650;)
~(f, — £,)2p, ;888030
= (fp; — £,;) 207, ;5605250 (28)

This last form is formally identical, except for the subscript p, to the
expression for electrons. Thus we conclude that the relaxation of a given
energy shell is the same whether it is occupied by only a few electrons, or
only a few holes, or is partially filled.

In Section 17.7, we deal with the case of a few holes in more detail and
evaluate the transition probabilities directly. The conclusion is the same
as that presented in this section, that the holes may be dealt with formally
on the same basis as electrons. It is, furthermore, shown that their
transition probabilities will be of the same order of magnitude,

113 TRANSITIONS DUE TO THERMAL AGITATION AND
DUE TO SCATTERING BY IMPURITIES

In this section we shall treat the transitions produced by thermal vibra-
tions and by ionized impurities in the lattice.> We shall treat the latter
cae first as it is conceptually somewhat simpler. For it we shall use a
classical model and compute the scattering in terms of the electrostatic
deflection of an electron as it moves by a charged ion. The problem of
transitions induced by thermal vibrations of the atoms is essentially awave-
interference phenomenon and is treated as such from the outset. For
both cases, expressions for T(v) are obtained for use in the next section in
formulae for mobility and Hall effect.

11.3a. Scattering by lons; the Conwell-Weisskopf Formula. The prob-
lem of scattering by charged donors or acceptors or other impurity ions
may be dealt with by purely classical methods, the holes and electrons
being treated as wave-packets. This procedure permits us to calculate the
scattering on the basis of the deflections of charged particles moving in

! For a discusdon in somewhat Smpler terms with more application to metals, se V. Weiss-
kopf, American Journal of Physics 11, 1-12 (1943).
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field of charged ions. It is necessary, however, to introduce simplifying
assumptions in order to obtain the results in analytic form. The results
obtained classically are a good approximation to the quantum-mechanical
ones and, for the case of scattering by an isolated ion, the scattering
formulae areidentical.

je— 27—

F1G. 11-2—Smplified Representation of the Scattering of an Electron by a Donor lon.

We shall discuss first the model shown in Figure 11.2, which represents
an n-type semiconductor with a density Nqg of fully ionized donors. The
deflection of an electron passng by one of the donors is shown. The
model has been simplified by placing the donors on a simple cubic lattice
with lattice constant a. Evidently

Nu=1/a® (1)

Furthermore, the other eectronshave been uniformly spread about around
all the other donors so that they are effectively shielded and the electron
s only the field of one donor. We can then consider that its deflection
arises solely from the single ion in the center of the cell. Actually, the
electron will not be perfectly shielded from the other ions and will be
deflected to some extent by forces coming from other cells. For purposes
of calculation we shall define the passage through each cell as a colli-
son and will, furthermore, take the average time between collisons as
T. = az/v. Even so the problem is still too difficult and we shall make
the further approximation that the deflection O produced by passing through
one cel is the same as it would be if the electron traversed an infinite
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hyperbolic path in the presence of the same charge. This last approxima-
tion leads us to overestimate the deflection due to the central ion and tends
to compensate for the neglect of the effect of the other ions.

Before the analytical consequences of the model are derived, it may be
worth while to estimate the order of magnitude of the effects for a typical
case n-type germanium, with a"densty Ny = 10" cm"?®; the value of
a is10-°cm or 10° A (angstroms), and K = 19."* Thepotential energy at
a distance al/2 is

o 4.80 x 10710

& = (ar/2) ¢ 19(az/2)210°° electrostatic volts

0.76 30 -
= m—)z electron volts = m kT at I00°K

= 0.06T at 300°K, )

the intermediate expressons being included so that energies in electron
volts and units of KT may be easily estimated for distances in angstroms.
This calculation shows that, when the electron is at the center of the face
of one of the cubes, its interaction with theion is only 113- of the thermal
energy kKT. Thus the interactions are relatively weak and the deflections
will be large only for paths which carry the electrons into a radius of
about {i%) of a5/2. On the other hand, at low temperatures, such as
20°K for example, the energy at the edge of the cell will be comparable to
kT, and an electron which happens to lose energy near an ion may move
around it in an elliptical orbit before escaping or becoming bound. For
these low temperature ranges, the present theory will be a rather poor
approximation. However, it is the best available at the time of writing
and improvements will probably await the acquiring of better experi-
mental datathan isnow available. Thereisan interesting range, however,
at which the approximation is valid and at which impurity scattering at
the same time is the dominant process. We shall discuss the comparison
between theory and experiment in this range in later sections of this
chapter.

We next consder the deflection of an electron which starts at infinity
with velocity tiona line such that it would miss the ion by a distance b.
Figure 11.3 shows its hyperbolic trajectory. The diagram also shows the
trajectory of a hole starting with the same velocity and also directed to
miss by b. It is a consequence of the equations for the orbits, as we shall
show, that, if the effective masses are equal, so are the deflections @ in spite
of the difference in the sign of the charges. The equation for an orbit in

'8 Since this section was written, a revised value of 16 has bean obtained by H. B. Briggs.
See Chapter 9.
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a central electrostatic field is given in terms of the radius r and angle ¢ by
the equation

1 m
"-_=:I:?+dcos¢ (3)

where the + dgn holds for attractive forces (electron in Figure 11.3) and
the — sign for repulsive force (hole). /is the angular momentum which
may bewritten as

J = mr’¢ = xpy — yp: = mbv. (4)

}

i
ELECTRON — = HOLE
ORBIT oRaIT

F1G. 11-3—Postive and Negative Particles of Equal Masss and Energies are De-
flected through the Same Angle 0 in Traversing Infinite Hyperbolic Orbits;

The last equation follows from the fact that the angular momentum is
conserved and has the magnitude mbv when the particles are moving on
the asymptotes; since only J? enters the formula, the algebraic sign of J
has been disregarded.

Our problem is to evaluate O in terms of b. It is evident that
6 = 2¢ps — x and & = x — 2, for the two cassswhere ¢, and ¢, arethe
angles of the asymptotes. The values of ¢, and ¢, are found as follows:
As the particles approach infinity, ¢ approaches its maximum magnitude
and we have
em £m

l“’,,+A'r:t.ustim; 0=—-:?+dcos¢p. (5)

Near the maximum, theright sde may be expanded as a seriesin ¢ — ¢ Of
¢ = ¢y, leading to

1 . 1 .
7= —(@ = 9u)d sin gu; P —{(# — )4 sin ¢y (6)
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These last may be solved for (s — ¢)r and (¢, — &), quantities which
are evidently both equal to b for large values of r.  This gives

be=1/4sinds, &= 1/A4sin g (7)
A may now be eliminated from the equations giving
e mb mb
cot¢,=—:j§-s cotoﬁ,wﬁ-
— ———--e2 = ---——"‘---—’2 L
xmrth  xmiPh ®)

For i’ = w, cot $, and cot ¢, are zero corresponding to ¢n = ¢y = x/2
and to # = 0 and thus to no deflection, For finite values of #*#, ¢, and
¢, differ from r/2 by equal amounts with ¢, > x/2 and ¢, < »/2 thus
leading to equal deflections 8. The relationship between & and ¢, and #,
leads for both cases to

tan 8/2 = &/xmvh. 9)

In order for an electron to be deflected from its initial direction through
an angle between 8 and 8 + d8, corresponding to 2 solid angle 2x sin 649,
it must be directed towards an annular ring lying in a range & to & 4 dé
where

e* ¢ P 2
db = W dcoti = - WCOSCC (0/2)39. (10)
The projected area 2xbdd of this annular ring at which the hyperbolic
asymptote must be pointed in order to produce deflections in the solid angie
2x sin 849 is defined as o{f)2x sin 648, where o¢(#) is called the Jifferential
cross section. From this definition we obtain

widb [ AN,
o(f) = Zrsinedd Zn:mo”) cosec? (8/2). (11)

This is the Rutherford scattering law. The same relationship is also
obtained by solving and interpreting Schroedinger's equation.?

The formula indicates that for small angles of scattering, a approaches
infinity; this corresponds to the fact that there is an infinite cross section
for large misses which produce negligible deflections. For 8 approaching r,
corresponding to reversal of motion, ¢ = r,2/16 where ry is the radius at
which the potential energy equals ms?/2.

For cur application, the quantity of particular importance is I — cos @

2 &, for example, L. I. Schiff, Quantum Mechanics, McGraw-Hill Book Co., New York,
1949, equation (20.11).
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and we have
1—cosd® =1 —cos (2 —x) =14 cos 2¢n = 2 cos? gy
2 2
T i tanten KMOB\E (12)
1+ 2

which expressss the quantity I — cos# in teems of b and v. The formula
applies to both holes and electrons.

We must next averagel — cos # over all collisons. To do this we give
each "radius of miss' b a weight proportional to its projected area and for
simplicity we replace the square of edge ai by a circle of radius ai/2. We
then say that the probability that the asymptote is directed so as to pass
in arange db is simply (2x#db}/x(a;/2)®. The value of {1 — cos 8} then
becomes

{1 —costh = __f (1 — cos 8)2xbdb
) [+E)]

mel/2, & = 2": (14)

where

&

For an electronwith & = T in the example discussed with equation (2)
{1 —cos8) = 2(gh)" In [1 + (32)%] = . (15)

Thus an electron is in effect only gl scattered in traveling a distance al so
that themean freepath for the example chosen will be 65*/ or 6.5X1CT*cm.
From formula (17) of Section 8.8 we se that this mean free path is about
40 times the mean free path of a thermal electron. At room temperature,
therefore, impurity scattering is unimportant in semiconductors with low
impurity contents.

In terms of T, and {1 — cos ) the relaxation time n for impurity

scattering is found to be
ar {26
T =T, /{1 —cosf) = ‘r( )
T @]
This formula was introduced by Conwell and Weisskopf® in calculating the
8E. Conwell and V. F. Weisskopf, Phys. Rev. 69, 258A (1946); 77, 388-390 (1950). The
problem is mathematically identical with that of the scattering of dectronsin an ionized gas

which has been solved to the same approximation by S. Chapman, Monthly Notices, R. A. S.
32,292-297 (1922),

(16)
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effect of impurity scattering upon the mobility. Owing to differences in
the approximations their expression differs by a factor 4/« leading to

25 (28/8;)°
T e (17)
vr In[1 + (26/&/)%]
We shall return to this formula in the next section and average it appro-
priately over the energy distribution, thus obtaining the Con well-Wei sskopf
formulafor mobility.

If several types of impurity are present, with charges varying both in
sign and magnitude, substantially the same approximations may be carried
out. For this case, aj should be computed from the total density of
scattering centers without regard to sign or magnitude so as to divide the
crystal in thisway into one cube for each center. The contribution of each
center, however, is approximately proportional to &;* as may be seen from
the formula for {1 — cos ). Since |&;| is proportional to ¢/« for single
charged ions, &2 will be proportional to Z2 for an ion of charge Z. Thus
the average charge to use in the formula will be approximately the root
mean square charge of the scattering ions and the number to use will be
the total number.

There is strong theoretical and experimental evidence that donors and
acceptors contribute in an important way to scattering even when their
charges are neutralized by bound holes and electrons. This possibility is
discussed by Pearson and Bardeen* who conclude that in silicon equal
contributions will be made by an ionized and a neutral center at about
100°K. At lower temperatures, the ionized center may be more effective.
The scattering is associated with exchange effects between the incident and
the bound electron and is similar to problems already investigated for the
collision cross section of hydrogen atoms.® The application of these
important theories to semiconductors is not at present so well developed,
however, as tojustify a discussion of the other forms of impurity scattering
at this point.

11.3b. Scattering by Thermal Agitation; the Deformation Potential
Formula. Thermal vibrations of the atoms distort the periodic potential
field in which the electrons move. As a consequence, the Bloch wave
functions are no longer exact solutions, and an electron started with one
value of P makes transitions to other states and is, in effect, scattered.
This situation is closely analogous to the reflections and attenuations which
may occur in anon-uniform but losdess transmission line. At the locations
where the impedance changes, mismatches of impedance occur and the

4 G. L. Pearson and J. Bardeen, Phys. Rev. 75, 865-833 (1949).
®H.S. W. Massey and C. B. O. Mohr, Proc. Roy. Soc, London 132A, 605-630 (1931);

136A, 289-311 (1932).
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wave is reflected. We shall give a treatment in this section based on the
idea of mismatch and reflection and thus show how the various important
quantities enter the formula for the mean free path.

As aresult of thermal agitation, the atomsin the crystal arevibratingin
a random fashion with respect to their neighbors. The description of this
pattern and a determination of what aspects of it are most important in
scattering the electrons are treated in detail in Chapter 17. We shall here
summarize and simplify the physical picture which results from that
analysis. In the first place, the important distortions of the atomic
arrangement are those which produce uniform effects over a distance of
about (3)A for the electron wave. This is a familiar result from wave
theory. In amaterial like aglassor aliquid, for example, thereis a great
amount of disorder on a scale of atomic dimensions. A wave length of
visible light, however, extends over several thousand atomic spacings and
as a result the effects of the atoms on the waves are averaged over groups
containing of the order of (1000)° atoms. For such large numbers, the
statistical fluctuations are negligible, the material appears to be homo-
geneous, and no appreciable scattering of light occurs. On the other
handi if the transmission properties of the medium change by only a small
fraction of themselves in a given wave length, then the situation is essn-
tially that of a tapered transmission line or a tapered waveguide. For such
caxss the traveling wave can adjust itself as it progresses and almost no
reflection occurs.  In quantum mechanics such casss are the ones best
adapted to treatment by the Wentzel-Kramers-Brillouin approximation,
which is discussed in most quantum-mechanics texts. |f, however, there
is a change in property of the material in a region which extends over
(%))\, there will be a relatively strong reflection: Under these conditions,
the waves reflected from the entrance sde and the exit side will combine
constructively since the reflection conditions at the two faces give reflec-
tions differing by 180° and the round trip through the region adds another
phase lag of 180°, making 360° altogether.

In the correct quantum-mechanical treatment, the problem of determin-
ing the important scale for distortions is eliminated by a mathematical
device. Essentially what is done is to make a Fourier analysis of the
deformation. Each component corresponds to a possible normal com-
ponent or standing wave pattern for the atomic vibrations, like the waves
of Figure5.3 or 5.6. Each of these vibrationsis thermally excited and has,
at the temperatures of most interest, an average energy of kT. The
scattering of the electrons is then computed by adding the effects of the
individual waves. From this it is found that the most important waves
are those whose wave length is somewhat less than the electrons wave
lengths. A longitudinal wave of this sort will produce alternating regions
of compresson and dilation somewhat less than $:» (X for the electron
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wave) wide, in general agreement with our conclusion that disturbances
about $x wide are the most important.

Furthermore, it should be noted that the speed of a thermal electron is
about 10’ cm/sec whereas that of the sound wave is about 5 X 10° cm/sec,
or 20 times less. Consequently the deformation in the crystal may be
regarded as static while the electron moves by. The relatively dow
movement of the pattern will, however, produce a 'Soppier efect*' on the

DISTOATION OF STRUCTURE
BY LONGITUDINAL WAVE
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FI G. 11-4—TheDeformation Potentialsfor Electronsand Holes. (Thevariation of
atomic spacing produced by a longitudinal wave has the effect of introducing a
varying potential energy.)

scattered electron wave and thus change the energy of the electron. As
discussed in Section 11.2, this effect is small and can be neglected for our
purposes. (See Problems for a further discussion.)

We must next ask what effect a deformation of the lattice will have upon
its transmission properties for an electron wave. The answer is found by
considering the dependence of the energy boundaries upon lattice constant
asillustrated in Figure 11.4. Here aone-dimensional section of the crystal
is shown. In it, a longitudinal wave progressing in the ~-direction is
represented, for purposes of illustration, as changing the degree of compres-
sion abruptly so that the crystal isdivided, momentarily, into three parts
having lattice constants along the x-axis of a, ag, and a, respectively. We
now imagine that thispattern isfrozen and consider its effect on the motion
of an electron. Part (c) shows the dependence of the ener gy-band bound-
aries upon ax, the lattice constant along the x-axis, it being supposed that
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a, = a, = a, where a is the equilibrium value or true lattice constant.
(This plot differs from Figures 5.4 and 55 for which the variable was
a=a = a = a.) The changes of lattice constant will thus change the
energy-band structure in the crystal as shown in (b). The changes in
energy-band boundaries may be seen to be substantially equivalent to the
introduction of a varying potential energy for an electron, and we shall
refer to them as deformation potentials. An electron of energy &', as it
moves through the crystal, will have variations in its kinetic energy
(energy in excess of &,) as shown. The discontinuities in kinetic energy
will give rise to reflection coefficients at the transition boundaries which are
closdly analogous to those for a discontinuous transmission line.  Entirely
similar considerations apply to the case of the hole and we need not con-
sder it separately.

We shall illustrate the reflection process for an electron by considering a
simplified one-dimensional problem in which an electron wave region awith
kinetic energy (K.E.)a = P.¥2m strikes a region b in which its kinetic
energy is (K.E)b = Pb¥2m and is partially transmitted and partially
reflected. We shall take the boundary as occurring at x = 0 and shall
write the wave functions as follows:

Incident wave: gifes/8 (18a)

region g, x <0
Reflected wave:  Re*fe/f ’ (18b)

/R pegion b, X > 0. (18c)

The electron current density (as the reader may verify from the equations
of Section 15.4) is proportional to 1 — R 2 so that R?is to be taken as
the fraction of incident current which is reflected. The boundary condi-
tions at x = 0 require continuity of ¥ and d{/dx and thus lead to

1+R=T, (P/h)@A -R) = (iP/h)T (19)

2 _ Pﬂ - Pb)s
\Rl _(Pa'l'Pb ’ (20)
a formula strictly analogous to the reflection formula (Z; — Zg)?/ (Z1+Z2)?
at the junction of transmission lines of impedance Z; and Z,. (For the
transmission-line problem, continuity requirements for voltage V and
current = +{1/Z)¥ replace those for Y and £=P.} For a small change
in energy 8%,, we may write

Transmitted wave: Te

and henceto

&, = PsP/m, (21)

and
lng _ (sP)* _ mun(ase)s.
T 4P 4P

@2
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We must next consder the value of the deformation potential 8%, to be
expected for a region abouti)\ in size. In Figure 11.5 we have arbitrarily-
divided the crystal into cubes &x along the edge having volume (4A)2 = VQ.
We shall assume initially that each cube contracts and expands inde-
pendently of the others, considering later how this assumption may be
corrected. Our problem isthen to find the probability that, if the incident
wave falls on a particular cube, it will bereflected. To estimate this effect,
we shall re-express &, in terms of a change in volume. For a crystal with

ORIGINAL
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FI G. 11-5—For Purposss of Calculation the Crystal |s Divided into CubesWhich
Expand and Contract Due to Thermal Agitation. Each Block Acts|ndependently
in Scattering the Electron Wave.

cubic symmetry it is evident that §&, must depend symmetrically upon
8y, 4y, and a;. The only linear symmetric form may be written as
56, = (aa +a,+ 4 — 330)51!-.;‘0 (23)
where &;, is a constant for small changes of the 4’s, But this form is
equivalent to
14

85, = 51,.-’,,— (24)
0

where VQ is the original volume of the unit considered and V, + hV the
distorted volume. (For the case of holes we similarly conclude that

14
36, = &1,

o (25)

a more complete discusson of both cases being given in Chapter 17.)
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The volume considered in Figure 11.5 has many degrees of freedom, in
fact three times as many as atoms, and it contains kTof thermal energy for
each of these modes. Of all the possible modes of distortion, however, the
one of most importance is that which produces a dilation (or contraction)
of the whole unit and thus contributes to the average value of &, All
other independent modes will give zero average dilation and will correspond
to fine-scale fluctuations of potential of the sort which we decided to neglect.
For the deformation of importance the stored elastic energy is

—3p8¥ = 4B %EV (26)

where p = —B8¥V/V, is the pressure and B is the bulk modulus or the
reciprocal of the compressibility. This energy must, on the average, be
44T so that

2
(66.)? = 61,2 (,;/y) - 6u g (27)
(i}

This leads to a probability of reflection of
My 810 kT _ m,.“&h,’k'r.
4P4VyB 4Pi(50YB
In terms of |R]> we estimate the mean free path | as follows: By defini-
tion, the probability that an electron be scattered while moving a distance

éx is dx/4 In traversing the cube the probability is about 2|R]% that is,
R? from front and back sides Thus we have

|R|? = (28)

L) 2
7= 2R|
or
2(H)*P'B 235\ B
= 2 = = ¥ 2
I= BNURE = L R TRT ™ ma By kT )
the last equality folowing from AP = &,
The exact expression for / derived in Chapter 17 is
whien
= B 30
1 mﬁzglﬁEkT ( )

where en is the elastic constant for a longitudinal wave propagating in the
[110] direction and is about 25 per cent larger than c;;. The ratio of the
two values of | is
! (approx.)  2(2x8)'B |
{ (exact) 151]

2 (31)
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for B = %(e11 + 212) = 4¢1; and 5 = %, This agreement is as good as
could be expected from our simple model, which was discussed for the pur-
pose of illustrating the principles rather than for calculating the exact
formula.

The exact treatment leads to the result, which we shall not attempt to
show from the simple model, that the scattering is substantially spherical
so that the direction of motion after collision is independent of the direc-
tion of motion before collision. This leads, as discussed in Section 11.2,
to the result that {cos 8) = @ for this case. In accordance with these
results we have for this case

T=7,=//vand {1l —cos ) = 1, (32)

Certain flawsin the model should be mentioned. It isincorrect to treat
the blocks as independent since the surrounding material exerts a restrain-
ing force which approximately doubles the stiffness and thus tends to
increase i. The scattering treatment of one block is so very crude, how-
ever, that it would not be worthwhile to try to improve the treatment of B
without adding further refinements. Adding further refinements would
soon lead to the path followed in Chapter 17, however, to which the reader
who is interested in the basic theory is here referred.

In the next section, formula (30) for the mean free path will be used to
obtain an equation for the mobility, equation (30) of Section 11.4. An
important test of the theory can be made from values of &y, and the cor-
responding quantity for holes, and &;,. These values can be determined
from the measured mobilities, elastic constants, and assumed values of the
effective mass. The sum of the two values may then be compared with

&19 = d(&., —&.,)fd In ¥ (33)

where V is the volume of the crystal and & ¢ is the change in energy
gap per unit dilation. In Chapter 12 we shall discuss various ways in

which &;¢ may be determined directly. &1n and &, v e opposite
signs, as shown in Figure 11.4, then the relationship
|816] = [81af + |81s] (34)

should hold. The comparison of &, with |&;,] + |&;,] presented in Chap-

ter 12 shows that the theory of scattering by deformation potentials is
probably correct, at least in its general features.

114 AVERAGE MOBILITIES, MEAN FREE TIMES, AND
HALL CONSTANTS

As aresult of the analysis in Sections 11.2 and 11.3, we can suppose that
there is arelaxation time ¥{&) associated with the states in an energy shell
bounded by surfaces & and & + 4& and that this time is independent of
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the degree to which the states are occupied. According to the develop-
ment of the concept of the relaxation time, any current produced by a
disturbance of the equilibrium among states will decrease by a fraction
dt/T(8) in time di. We shall now use this result to calculate the steady-
state currents.

The conductivity and other quantities of interest are determined by
calculating the current due to the dectrons in a partially filled Brillouin
zone when their equilibrium is disturbed by applied fields. A magnetic
field alone, as discussed in Section 7.4, causes an incompressible flow of
points in the Brillouin zone along the equal energy surfaces;, along a given
energy surface the density of occupied states, being £{%) times the density
of states, is constant; consequently, the flow produced by H does not dis-
turb the equilibrium. An electric field does alter the distribution and the
non-equilibrium distribution so produced can then be affected by magnetic
fieds in the manner discussed in Chapter 8.

We shall introduce a symbol f' (P) to represent the fraction of the quan-
tum states, having crystal momenta near P, which are occupied by eec-
trons under non-equilibrium conditions. For small fidds, f' will differ by
a very small amount from the Fermi-Dirac distribution function f(P) =
f[&(P)] and we may write

') = fIE(P)] + 1,(P) a)

where f; represents the small disturbance produced by the field.

We shall use Figure 11.6 in deriving the effect of the applied field. The
coordinates are P-space and two energy surfaces corresponding to & and
& 4+ 46 are shown. The total number of quantum states in the shell be-
tween the two surfaces is denoted by dS and the number in any small de-
ment by ds. The number of eectrons occupying states in ds is f(P)ds.
These €electrons contribute a current density, evaluated according to
equation (1) of Section 6.1, of

= =t
dl, = = ot'ds, 0)

since each of them has the velocity = ¥p&{P) evaluated at the P cor-
responding to ds. The total contribution of the shell to the current
density is
i ’
dls v .h.nss"f ds. (3)
Under equilibrium conditions, thisintegral is zero because of the symmetry
of the energy surfaces: For all Brillouin zones, regardless of the crystal

structure, &(P) = &(—P); consequently the surfaces have a center of
symmetry and for each element ds located at P and having velocity v
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there is always an equal element ds located at —P which has an opposite
velocity v = —v and these elements will cancel in the integral. Hence,
the current arises entirely from f;.

The disturbance in equilibrium due to the eectric field is represented

by P = —eEon the figure. In time dt, the flow produced by P moves eec-
|
P=-¢eE E 3

O r—
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f tp—pdt}-

(P)-Pdt-vefP)
THICKNESS OF SHELL = dP d's='rom_ NUMBER OF
= d&/|vp8] = dB/ STATES N SHELL, A&
]
0 ——

CAYSTAL MDMENTUM, Py

F1G.11-6—Disturbanceof Equilibrium by Electric Field.

trons so as to replace the f (P)ds dectrons in ds by the f' (P — Pdi)ds elec-
trons in the volume displaced by — Pdt from ds. This causes the number
of dectrons in ds to change at a rate (due toE) of

d ’ _ i ¥ = —p. 7
[d'ff “ :Lu.wx B dff ]duetold: P vt (Phds
= —[P . Vpf(P) + P - Vof (P)]ds. (4)

The second term in this expression involves a product of P, which is propor-
tional to E, and f;, which is also proportional to E, and thus represents a
quadratic effect, which we can neglect in alinear theory. We shall, there-
fore, calculate the rate of increase of current dueto V,f (P) and shall later
equate this to the rate of decay of current due to collisons in order to
determine the steady state. Because f (P) depends only on £(P), we may
re-express Vpf{&(P)] as follows:

VHIE(P)) = VpE(P)AH(E)/db = v (1 o1, (5
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where we have used the useful relationship

E®) 2 {lexp(6 — EA/KTI + 1) = — 80 =5, (6)

From these we Obtain
4 =—=PF.V = ( ) —_ 7

The rate of change of 41, due to E is evidently

i}~ [ 7)o
-1, =|—|v|-f ds
[d: itk 4 " Mmws
and by using the foregeing relationships, this may be reduced to

d A
[d: I.:L“hs 77 (E - v){1 — f)ds. (8)
It should be pointed out that the situation shown in Figure 11.6 has been
exaggerated for purposes of exposition by making the vector Pdt very
large. Actually we have used the figure to calculate a derivative and this
corresponds to the case for which Pdt approaches zero. Under these con-
ditions the rate of change of f'ds arises from the value off' just on the two
surfaces of the shell.  (We have aso shown in the figure a formula for the
thickness of the shell. This is for use in the problems at the end of this
section.)

The fact that rate of change of equation (8) depends upon the degree to
which the states are occupied through the simple factor f (1 — f) has the
following interpretation: When fisvery small, asitis for ahigh resistance
n-type semiconductor, f (I —)ds is approximately fds, which is simply the
number of electrons in the states ds; the contribution of the states ds is,
therefore, simply proportional to the number of electrons in them. When
an appreciable fraction of the states are occupied, however, the efficiency
is reduced with which they can use their electrons in producing changes in
current; in particular if the states ds were completely occupied, no change
in their current could be produced and the effect of the electric field would
be simply to replace one electron by another.  The proper efficiency factor
is evidently (1 — f) since this gives the probability that an accelerated
electron will produce a change in the situation rather than simply replac-
ing another electron. Furthermore, a similar situation applies for holes;
thus as discussed in Chapter 10, (1 — f) = f, is the probability that a
state is occupied by a hole; hence the expressions f (1 — f) and (1 — f,)fp
are equal and equation (10) is symmetrical in holes and electrons. The
same reasoning may be applied to holes, in which case the effectiveness
factor is (1 — f,) — f. We shall use the interpretations of fds as number
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of electrons and (1 — f)ds = f,ds as number of holes in later integrated
expressions for the current and the conductivity.

The rate of change of the total current due to the shell is obtained
by integrating (8) over the quantum states in the shell. (The genera
results are more complicated than needed for our purposes: Thus if the
electric field is in thex-direction, for example, the change in current may
have a component in the y-direction; it will have such a component if the
average value of Exyv has a y-component. We shall give the general
formula for such cases in the Problems and restrict the treatment here to
the symmetrical case of spherical energy surfaces) For the case of spheri-
cal energy surfaces, the average value of v, over the surface of the sphere
vanishes by symmetry, and the average values of v, v?, and V> are equal
by symmetry; furthermore, since vZ + v’ + V* = V2, where v = ||,
the average value of V> = V3. For this case integration over the shell
ds leads to

d e 7
[Z dIs,] o =E,— 73 51 — £)d§ (%)
for the z-component of current due to afield E,.
Under steady-state conditions the increase in current in shell due to

E must be just balanced by the rate of decay. This latter is simply
(DLs)T() so that we have

5905 s L9750
=T dI F - dI ]
I:df 5 dus to B + dt“" % | cotimions

2 o 1
= Egm B-f(l e f)dS — ; dfg,
leading to
dlg, = SkTV ——qvt(l — )43, (10)

where dls is the contribution of the dS states in shell d and dlg is its
x-component. The total current is obtained by integrating this equa-
tion (10) over all energies.

11.4a. Non-degenerate Semiconductors. For the case of semiconduc-
tors, the element of integration can conveniently be changed by using the
approximations of equations (2) and (4) of Section 10.1:

f(f — 1)dS§ a8
n-type: —(---V—)——-' f— v = dnyg {11a)

f{f — 1)d8 ds
2-type: (—""p—,'l—-' f, -;-; = dpg (11b)
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where dng and dpg are respectively the contributions to the electron and
hole densities arising from the energy shell d&.

Before carrying out the integration for current and conductivity for the
semiconductor case, we shall discuss the Hall angle ¢ and obtain a corre-
sponding expression for it so that both integrations may be carried out at
the same time. We shall deal with the case of a small magnetic field H_
at right angles to E, and shall neglect any effects proportional to Hf.
Under the influence of E, alone the shell 4& acquires a current d/,  For
the spherical approximation, this current is parallel to E, its only com-
ponent being

¢ o2 (8)dns. (12)

Ase = Eo 3y

The magnetic field rotates the entire pattern of states at rate w = ¢H,/mc
and thus tends to build up a current dis, at a rate equal to wdlg,. This
component of current, like any component of current produced in shell
d, decays at a rate equal to its steady-state value times 1/7 and is thus

dIS” = de,Sx- (13)

(The effect of H, upon the x--component of current is quadratic in H, and
may be neglected.) The total x and y components of current are thus:

L 3& 7 f 7 (6)dny (14a)
Etu
I, = T f o2 (8)dng. (14b)

The integrals represent the sums of #®1 and *7® over all the electrons in
unit volume of the crystal and are thus simply n» times the average values.
Denoting the average over all the electrons of the distribution by {¢*r)
and (021'2), we may write for the conductivity o and the mobility p (omitting
the subscript n for brevity, it being understood that electrons are

concerned).
= I__’. = e T (o°r) =
¢ £ ne AT nep. 15)

The Hall mobility pH and Hall mean free time TH, defined in Section 8.7,
are

_8 ey P DA U o 16
=g, T HI, Hdrv) mlid (163)
8 _mo _ (%)
LT, 6w
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We shall next carry out the necessary averages for (15) and (16) by
integrating over the electron distribution. The number of electrons hav-
ing speads in the range dv about v is given by the approximate expresson
(2) of Section 10.1 for f and by the volume 4xP?dP (= p*de) of momentum
space. Hence the relative probability that an electron has its velocity in
therangevtov + dvis

o AT Y2 4y 17

and the average value of any function g(v) is

‘£ —nw’,i' 2kT (I}] pz Ao
= : 18
{z(2)} f.. J—— (18)

the denominator serving to normalize the probabilities, If g{z) = ¢*, the
integrals become standard forms and we have

)

(&™) = tfr"—'T! (19)
z
where VT is the thermal velocity (actually root mean square along one
axis):
or = V' 24T/m, (20)

and x! = I'(x + 1} for non-integral values of x. The integrals with
which we shall be concerned can be evaluated with the aid of a general
formula and two particular values:

(r+ D= (e Dxl, =1, 31=v7/2 (21)

We shall first test these formulae by finding the average value of ime?;
this is known to be 4T from the general equipartion theorem which gives
%&T to each component of motion; thus we should find that {?} = 3&T/m,
Our formula checks this by giving

Inserting m{?) for 34T in (15), we obtain

el’t) e, I s
G_mm(ﬁ}_mm’ 'u_m(p”) =—T
where T, is the appropriate mean free time to use for mobility. We see

that T, is a weighted average of the relaxation time over the particles of
the distribution, each particle being given weight V>. It is similarly seen

(23)
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that TH is the quotient of the weighted average of 7° divided by the
weighted average of T. The Hall-effect formula, derived in Chapter 8,
can, therefore, bewritten as

Ty 1 1 (v""r’)(v’)
T, n{xe)e n(ke)e (P1)
since our formula shows that T4/T,s is

wr _Th _ @A _ P | (@Y
r . P '((v‘*)) @)

The second form of equation (25) shows that Tgz/7x is the weighted
average of T2 divided by the square of the weighted average of T. Since
a mean squared value is always greater than the square mean value, as
is shown in Section 14.3 for a different example, the Hall mobility is always
greater than the drift mobility. This concluson depends, however, on
the assumption of spherical energy surfaces and a mean free time de
pendent on energy only. In Section 12.9 we shall quote data which throws
doubt upon the validity of these simplifying assumptions and shall discuss
possible explanations.

We shall next evaluate these averages for several dependencies of T (S)
on the energy and shall then derive expressons for degenerate cases.

R =—

(24)

FORMULAE FOR NON-DEGENERATE SEMICONDUCTORS

T = constant. The simplest case is that for which the mean free time
is constant with value To- For this case we have

5 = eTo/m (26b)
Rg=—T0 _ . (260)

Ta(de)e  n(zke)s
Thermal Vibrations. The next case is that appropriate to scattering
by thermal vibrations. For this case the mean free path is constant and
T = /v (27)

Using the notation of equation (15) that () denotes an average of the

bracketed property over all the electrons in the distribution giving each
electron equal weight, we find

x _ i Arl! ! 4] (282)
PTW T w3 T e 3VarkDm
e
L O . . (28b)
m mur 3V 2xrmkT
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Ly _TH P ‘ﬂ‘ﬂ g_s_' -
- = 1'_,. = _.(fl’)z = an =3 1.18 {28¢c)
Ra 3x 1.18 28d)

= 8n{te)e - n(:l:e}:'

The formula for / derived on the bass of deformation potentials and
quoted in Section 11.3b is for electrons

whicy
- ————
alnszmnz
where cu is the elastic constant for [110] longitudinal acoustical waves, &
is the derivative of &; with respect to the logarithm of the volume of the

unit cell, and m, is the effective mass. Inserting this in the formula for
M gives

! (29)

2vix ﬁ‘a.‘u

Ay 3 El,‘gmn”k” T‘_% . (303.)

Bo= 3.2 X 10 %y (m/m, Y162 TH,

Similar expressions apply to holes.
Impurity Scattering; the Conwell-Weisskopf Formula. For this case
the dependence of T upon v is given by the complicated relationship (17)

of Section 11.3,
2o (26)°
Ty 61

e[ @)

where the symbols are defined in terms of the density N; of scattering
impurities and the dielectric constant K as follows:

(31)

ar = Nr ™, & = 2%/xa;, & = my*/2 (32)
where m, is the effective mass for an electron, T; can be rewritten as
EH
T = 45" (33)

F]
m[1+(3)]
T

The quantity (2&/&;) was found to be about 30 for a typical high resis-
tivity sample at room temperature so that the logarithm term has a value
of 6.8. This term varies slowly with &, in fact a change of ¢** in & will
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make the logarithm vary from 4.8 to 8.8. For this reason, no great error
will be made by replacing the logarithm term by a constant corresponding to
its value at the most important part of the range while averaging VT.
Now the average of o1 is the same as the average of 2m.61, and the
number of electrons in a range 46 is proportional to &" exp (—&/kT)d6.
Thus the integrand in {o*1} involves the factors

(8™ from 1) (6 from ?)EHe 34T = §3¢5M7; (34)
this has its maximum at & = 3kT. Hence we replace § by 3kT in the
logarithm term and write TJ in the form

2 4
%1 = BA, B = Tk /2eNie (35)

F1
ln[l+(§g~— ]
I

Since T is now proportional to a power of v the previously derived formulae
are applicable and we obtain®

B0 _ g a3t 8 g
T = By FTibv Bor®; (36a)
8 f2 Can
_ € __ _xNx Niemo™t .
P [1 N (m:r)*] ; (36)
n SN
pr T BN BB s
w T w T BRAR 313l sip o (360)
1.93
Ra= n{te)e ] (36d)

Intrinsic or Near-Intrinsic Range. In Chapter 8, the formulae for con-
ductivity and Hall coefficient for the case in which both holes and electrons
are present were derived in terms of pand 0. We shall repeat the formulae
here modified in keeping with the notation of this chapter:

o = Reun + pesip 37)
Ru = B _ —(repaevuadl/mac) + (peuperuph/myc)
B eH o H
= — BT 3in/ Mt - PTupTrin/ mrz (38)
ee{nTun/me + P‘ﬁlr/’”p)s

! The formula for v is due to E. Conwell and V. F. Weisskopf, Phjs. Rev. 69, 2S8A (1946);
77, 388-390 (1950).
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If the ratio of Ta/T, is the same for holes and electrons, this formula
becomes

Ty —nb? +»

Rn = T (nb + pykce

39
where & = pn/pup. For thermal scattering, Ta/v, = 3%/8, and the formula
reduces to that quoted in Chapter 8.

11.4b. The General Case. For the case of a degenerate semiconductor,
similar expressions can be obtained, but, as discussed previously, the
effectiveness of electrons must be weighted by 1 — f = f, and holes by
(1 —ty) =f. The corresponding general expressions derived from equa-
tion (10) and slight generalizations of (14a) and (14b) become for n-type:

a=m%”?}=mﬂﬁ: (40)
and
TH = (fp"g'r?)/ (fppz'r)’ (41)

where again each conduction electron is given equal weight in taking the
average. The expressions suggest that for the degenerate case Ty is a
weighted average of T over the electrons with each electron having aweight
tf,. For spherical energy surfaces this is found to be the case, for then
3kT is m{p™,) (sse Problems) and then we may write

Ta = TP/ (Pho); Ta/Ta = <TUH> <oH,> /< > (42)

It should be noted that (40) is the general expression of which (42) is
only aspecial case. Precisely similar expressions are obtained for holes by
replacing fp, by f and averaging over the holes.

114c. Simple Metals and Degenerate Semiconductors. For the case
of a highly degenerate semiconductor, or a metal, most of the states in the
band of interest are either full withf = 1 andf(l — f) = 0 or else they are
empty with f = 0 and again with f(1 — f) = 0. The important con-
tributions in the sum over the energy shells thus come from a relatively
narrow energy region, about 2KT wide, centered at & = &g, in which
f(1 —f) is approximately (|)® = 0.25. In this narrow range, the other
functions of & may be regarded as constant. Accordingly, the integral
for , obtained from the integrated form of (8) by dividing by E, is

e
0 = g f t(1 — 6148 (43)

where the approximation of spherical energy surfaces has been used in
taking v* out of the integral. Theintegral can be converted directly to an
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integration over energy by using equation (9) of Section 9.1:
48 = (4x/i®) (2m)% (& ~ §g)HdG. (44)

It is simpler, however, to use another procedure. If we let? &, represent
& — &, then the number of states § in the Brillouin zone with energy less
than &, is proportional to P or to &,**.  As a consequence of this, we have
at the highest occupied states, that is, for & = &p ~ &,

df 3§ 3a¥V In¥”

_l EE;_EET or dS—*-'-—*-dGI (45)
since the total number of occupied states is the electron density n times V.
The integration of f(1 — £)4& is then carried out, using equation (6), as

follows: ;
fﬁ,d&lm — 9 =f—df -1 (46)

when integrated across the Fermi level & since f varies from unity to zero
over this range. Thus ¢ becomes

& v eT eT
U—S—V‘Tvzaa—ﬂt;;, p—;; (47)

the second equality following from §; = me®/2. This expression is just
that obtained on the basis of a single mean free time in Chapter 8. The
physical reason for this simpleresult is that all the electrons are accelerated
by the field so that ¥ = #e’E/m as discussed in Chapter 5. The decay of
the current is all brought about by electrons in the outermost energy shell
however, since all inner shells are full. Thus, the conductivity involves
the density n of all the electrons, but the relaxation time T of only those of
highest energy. The transverse component of current produced by the
magnetic field also decays with the time constant T and consequently
T = 7. Since 7, and T4 are equal, the formula for the Hall constant is
simply
Ry = —1/nec. {48)
The Conwell-Weisskopf formula has been extended to the degenerate
range by Johnson and Lark-Horovitz.* For this case only a single energy
is involved and it is not necessary to average T, over the energy. The
energy & required is the highest occupied state of the degenerate electron
gas; itisevaluated as follows:

2 4x B {3\ B (3n\*¥
= -] — 5 = — .
=gt P 2(:) ’ Sm(r) (49)
2 & in these manipulations is not to be confused with &x used for thermal scattering.

8V. A. Johnson and K. Lark-Horovitz, Phys. Rev. 71, 374-375 (1947). They dogivea
general integral for intermediate cases
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The formula for the relaxation time discussed in (17) of Section 11,3 is

qy 2 To = _4 &r (252(51)2 {50)
I el —cos®) =0 2ln[l+ (26/6:)7
The quantity 26/&; has the value!
2% _ e ﬁ(ﬁ_ﬂ)" x _ @/m* et
& T 22 8m\x] #u¥ 8 me?
w 3.4 % 10784 (for §))
=50 X 107n% (for G.), (51)

with m as the eectron mass and K = 13 and 19 respectively.® In the
foregoing equation we have st n = n; snce in a "doped" degenerate
sample the dectrons and donors must be very nearly equal in number.
From this equation we se that 26/8; = 1 for # & 3 X 10'°, From a
limiting form for the average of the mean free time, Johnson and L ark-
Horovitz conclude that 2&/&; will be small.> On this basis they simplify
their expresson by what is equivalent to expanding the logarithm term,
leading to a cancellation of the term (2&/&;)* in the numerator, a result
equivalent to setting <{1 — cos 6) equal to 2. The physical meaning is that,
for & <& &, the electron will follow an almost parabolic orbit around the
ion and shoot back out of the cell with its velocity completely reversed,
that is, the collision will have 8 = 180° or cos® = —1, For this case the
formula for mobility becomes

_t ,_13115#2‘_"”1‘_4[r]"L (52
“_MTI#MWD_ P xl3] hn*
and the resistivity becomes
1 =[3)%s
= oe— = = | - —_— _%
f nep 4[1-] a7 (53)

The value obtained by Johnson and Lark-Horovitz is rr times smaller due
to differences in the approximations. In practical units their value becomes
p = 6270n % ohm-cm (54)

with nin cm 2.

115 COMPARISON WITH EXPERIMENT

The most extensive presentation of a comparison of theory with experi-
ment for semiconductors of the type covered by the theory of this chapter

428/8; isthe same function of n asisy of equation (62) in G. L. Pearson and J. Bardcen,
Phys. Rev. 75, 865-883 (1949).

“a g Chapter 9 for later values of *c
® This condusion does not ssam to be valid unless# < 3 X 10" as discussad previously.
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is found in the paper of Pearson and Bardeen, to which we have so often
referred.” The specimens studied by them may be broadly divided into
two classes: degenerate and non-degenerate, divided by the condition [see
equation (16) of Section 10.3]

24 2
T = [i] B o% = 42 % 101 [ﬂJ n%°K (la)
x| 8km, m

AT = 21,6 X 107'8(m/m,)n* electron volts (Ib)

for »-type, and a similar equation for p-type.

For the degenerate cases, the important electron velocity corresponds
to the highest occupied electron level and does not change appreciably with
temperature. For these cases, the impurity density is so high that im-
purity scattering dominates lattice scattering. As a result, the resistivity
and Hall coefficient are both practically constant over a wide temperature
range. Samples 6, 7, 8 in Figures 11.7 and 11.8 (taken from Pearson and
Bardeen) exhibit this behavior. These are p-type samples containing
added densities of boron to the amount indicated on the curves. The fact
that the added boron content for sample 8 exceeds the number of carriers
isinterpreted, on the basis of other evidence, as due to the precipitation of a
second boron-rich phase on the grain boundaries of this alloy, thus dimin-
ishing the effective boron concentration. The samples become non-
degenerate at higher temperatures, the line of demarcation being indicated
as Tdeg on Figure 11.8 where m/m, has been set equal to unity for simplicity.
(Atstill higher temperatures they would becomeintrinsic.) Themobilities
for 6, 7, 8 are respectively 31, 30, 54 cm?/volt sec.  This increase of mo-
bility with increasing impurity content isin the opposite direction from the
trend predicted by extending the Conwell-Weisskopf formula into this
range even if the complete expression rather than the Johnson-Lark-

! Very extensve and early investigations of the properties of germanium along the lines
discussed here have been reported from the group at Purdue working under the direction of
Professor K. Lark-Horovitz. Partial reports of ther findings are given in the following
references K. Lark-Horovitz, A. E. Middleton, E. P. Miller, and |. Walerstein, Phys. Rev. 69,
258A (1946).

Additional investigations on germanium arereported in the following references J. Bardeen
and W. H. Brattain, Phys. Rev. 75 (8), 1208-1225 (1949); Bell Syst. Tech. J. 28 (2), 239-277
(1949).

Additional references of general interet in this connection are: K. Lark-Horovitz and
V. A. Johnson, Phys. Rev. 69, 258A (1946); V. A. Johnson and K. Lark-Horovitz, Phys. Rev.
71, 374-375 (1947); 72, 531 (1947); K. Lark-Horovitz, A. E. Middleton, E. P. Miller,
W. W. Scanlon, and |. Walerstein, Phys. Rev. 69, 259 (1946); V. A. Johnson and K. Lark-
Horovitz, Phys. Rev. 69, 259 (1946); W. Ringer and H. Welker, Zeitsfiir Naturforschung 3A,
20-29 (1948); W. C. Dunlap, Jr., G. E. Review 52, 9, February 1949. M uch of the foregoing
material is reviewed by G. L. Pearson, K. Lark-Horovitz, and N. C. Jamison, Electrical
Engineering to, 1047-1056 (1949).
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Horovitz approximation is used. Pearson and Bardeen have considered in
addition a formula derived by Mott for application to alloys. Although
all these formulae give general agreement with experiment as to order of
magnitude of the mobilities, none appears to agree in detail in giving the
correct dependence upon »/.  Sample 5, which is expected to be degenerate
below — 150°C, is anomalous in its behavior and does not have a constant
mobility at low temperatures.

Johnson and Lark-Horovitz have aso made a comparison between their
formula g = 62707~ % and some germanium samples having resistivities in
the range of 2.9 to 5.1 X 10~° ohm-cm, obtaining good agreement.

There are difficulties in connection with applying the Conwell-Weisskopf
procedure to the degenerate samples. The wave length of*the fastest
electrons of the degenerate gas is given by the formula

SR H @

Hence the unit cube considered in the scattering model is only ¥ wave
length wide and its "radius" is about 4\. For this relationship between
wave length and spacing, the approximation of using the Rutherford
formulae becomes completely untenable on the classica basis and very
dubious on the quantum-mechanical basis since the individual scattering
centers are so close together. Thus in addition to problems of determining
the effective potential field in which the electrons move, there will be prob-
lems of coherence in the scattering.

For the non-degenerate samples, the formulae of the last section should
be applicable. However, in certain ranges of temperature both scattering
processes may be important and it is necessary to consider the combined
effects of impurity and thermal scattering. For electrons of a given
energy, the two relaxation processes will be additive. Hence, a perturba-
tion of the equilibrium will decay in time dt by a fraction

at £=[i+l.]‘f;=ldt, (3)
Tr  TT 1 TT T
where
T =770/ (%1 + T7). 4)

This quantity should then replace T in the averages used in computing Ty
and T/f. If Tft and TL depended upon v in the same way, this would lead
to the conclusion that

Tl TuT

T,‘ -
Tui + Tur

)

and asimilar expression for T X. Theerrorsintroduced by this process, due
to the fact that TJ and IT depend differently on v, may amount to 50 per
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cent or more. We shall not analyze this question further at this point but
will use the approximation generally employed in comparing theory and
experiment and take the two relaxation times as additive.

We thus write as an approximation,

1 1 1
et (6)
T" 'I',J TuT
and hence
1 1 1
el et (7)
K B BT

where p and Mr are the mobilities corresponding to the effects of impurities
and thermal agitation individually. For these the formulae are;

ngz x’(kT)u
’ x Nx Nidm, %
I ==
3kkT
In [1 + (GSNI K)w]

giving for silicon with x = 13,
8= 55%10TTH/ N In (14-%%) em®/volt sec  (for Ny em™3, T°K) (9a)

®)

* = 23X104 T/ N % (9b)
and similarly for germanium with x = 19,
u=12-108T%/NyIn (1 + x*) (10a)
= 3.4- 10*T/Ny ™%, (10b)
The formula for ur is .
ur = z‘f; Elnﬁmfjii&;ﬁ = const T (11)
and the experimentally determined values are
par = 15« 10877% em®/volt sec for silicon; (12a)
Bpr = 5+ 1057 cm?/volt sec for sﬁicon; (12b)
oy = 19+ 10°7% cm?/volt sec for germanium; {12c)
spr = 8.9 - 10%T% cm®/volt sec for germanium. (12d)

The temperature dependencies of pr and pr are quite different, their
variations being approximately as T3,and as T-%, respectively. In
Figure 11.9 these mobilities are plotted for holes and electrons in silicon
and germanium.?

2Values of x and of drift velocities in germanium obtained since this figure was prepared
differ slightly. See Chapters 9 and 12.
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Pearson and Bardeen find that they can fit the mobility data for non-
degenerate samples, Figure 11.10, reasonably well with a formula of the
form

-E = + T4 (13)

which corresponds to replacing the p/ curves of Figure 11.9 by straight
lines. The values of a which they obtain are within about a factor of 2

103 T
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F1G.11-9—Impurity and Thermal Scattering.

of those predicted from the equation for m and the impurity content, the
impurity content being estimated from the saturation behavior. The
same degree of agreement is obtained for the data quoted in Chapter 1.
Curve 1 deserves special comment; it represents a highly purified
sample of dlicon obtained from E. |. du Pont de Nemours & Company.
The anomalous behavior of very high resistivity samples has often been
observed in dlicon and germanium and is attributed to inhomogeneity.
For such samples, small density differences from place to place will make
large proportional differences in conductivity. Under these conditions,
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the current paths become tortuous, and for such paths an artificially low
Hall effect and mobility will be obtained.

The values of the mean free path in the thermal agitation rangeis found
from equation (28a) of Section 11.4 to be

I =3V 2m kT u/de = 412 X 107°%m, T/m)Surcm. (14)
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Y3

Values of the mean free path based on this formula with m,/m = 1 and
rrip/m = 1 are shown in Figures 11.11 and 11.12. The values for low
temperatures, where lattice scattering predominates, correspond to in-
serting (36b) of Section 11.4 into (14) thus obtaining

42 (kT)E ( T)
rN;e 61161' 5

W]




20 MATHEMATICS OP CONDUCTIVITY AND HALL EFFECT JilJ

107, il
e A—
N o\

. \ BAMPLE |

5 =+ a

4 "\ﬂ\“ — "//
3 SAMBLE 57 -
Z 3 AN
g N
a \imﬂl.s -
ua a
E L

SAMPLE 3
5| |0
3
SAMPLE 2™ ”/
o R,
’—‘4
® 77" Y1p=4800T
[ ,"'
yrd
& 8 100 200 300 400 800 000

TEMPERATURE IN DEGREES K

FIG. 11-11—Mean Free Path in Slicon-boron Alloys versus Temperature.

o
2
z ’\\ SAMPLE B %
= PHOSPHORUS ATOMS
= ADCED PER CC OF
iz of MELT = 2.7 X 1018 el
#i AN 2] ]
E s h¥T
N
E; N e,
FL
5 SAMPLE A ,
PHOSPHORUS ATOMS
o] ADDED PER CC OF -~
MELT = 4.7 x 10/ nTE
’,ﬁ-’/‘ = 1860 T
3 I T T | 1

1
00 adg G600 800 1000

40 80 B I 200 3
TEMPERATURE |N DEGREES K

FIG. 11-12—Mean Free Path in Slicon-phophorous Alloys versus Temperature.



1151 PROBLEMS 291

where, in the notation of Section 8.3a,
ar =Nr % and & = 22 /xay. {16)

Formula (15), as well as the curves of Figure 11.10, may be used to esti-
mate fon densities from mobility data.

ProBLEMS

1. Derive the equation of the hyperbolic orbits. ‘This may be done by
setting the radial acceleration equal to the centrifugal force minus the
attractive force

i = mr#® — 22,

and eliminating 8 by the principle of conservation of angular momentum
in a central field:

me = ]

The resulting equation for # may be converted to an equation for du/dé®,
where & = 1/r, by two steps:
ar _dr, Jldr__ Jdu
di M mrid  mds
followed by a similar procedute for (d/df)(dr/df). The resulting equation
may then be integrated to find u as a function of 8, the result being:
1 Zém
;—7+JCOS (8 + 8o)
where A and 6, are integration constants.

For the derivation of the f equation and other steps, s standard intro-
ductory texts to theoretical physics, such as L. Page, Introduction to
Theoretical Physics, D. Van Nostrand Co., New York, 1935.

2. Apply the expression for current density of Chapter 15 to the trans-
mitted wave of equation (18) and verify that the transmitted current is

4P Py/(Ps + Py)? ~ |4Z:Z:/(Zy + Z3)P),

the latter form applying to electrical transmission lines. Verify that the
sum of reflected and transmitted currents equals the incident current.

3. Estimate the change in energy of an electron when it interacts with
a phonon by considering the Doppler effect produced by the motion of the
deformation pattern. Consider first the case of motion along the x-axis.
Let the incident electron wave function be exp #(Pix — &1£)/% and the
reflected wave be exp #(—Pax — &g2)8. Let the pattern move with speed
¢ so that its position is given by x — ct = 0. Show that the requirement
of constant phase relation between incident and reflected waves at the

=
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location x — ¢f leads to Py — Py = 2me if & = P2/2m and hence for
tn = Py/m > ¢ that AG & moc.

Show further that, if the moving pattern has a periodic form such as
sin 2x(x — ¢£) /A, the requirement of reinforcement of the waves reflected
from successive planes of equal deformation is (P + Py)MA = 2x and
hence that &, — &; = 2xhe/A, = v, independently of the form of the
functional dependence of & on P.

A more difficult problem is to generalize these results to three dimen-
sons and compare them with the procedure of Section 17.6, Figure 17.6,
and associated text.

4. Show that in Section 11.4 equation (40) is equivalent to (43) when
applied to a metal.

5. Establish the formulae required for calculating {#") for integral
values of n by letting 1/pp? = a and writing

- 1.
I, = ‘L‘ e 2y = AT 1; ety

and evaluating di/da by differentiating under the integral sign. This
leads to eguation (21) of 11.4. Evaluate i _i directly, and Z_2 by con-
sidering

(Lg)® = jo' " gastgy .L' T ey = jo' " .£ " i = x/d.

6. Prove that, if the spherical approximation holds, so that dS = ai?dv
where a is a constant, then

(%) = 3kTm

when averaged over the éectrons in the distribution. This may be proved
from the definition of {#*,} which is

(o) = ﬁ ) v far’dy / £ " tardv

by integrating the numerator by parts with the aid of equation (6) of
Section 11.4.

7. Obtain the formal expresson for the conductivity tensor for a non-
cubic crystal in which T is a function of & only. The rate of change of
current in 42 in shell 46 due to E is then

d 27 246
[d: dI, ]E TV E VI —Dd ==

where v = Jo|. Hence show that
&
f st (1 — £y 2268

=

PkT
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where w is a tensor operator such that
(vv)E = v(v- E).

8. There is an apparent paradox associated with the occurrence of
{¥*1) in the expresson for Ty. From the viewpoint of an individual
electron, the reasoning of Chapter 8 suggests that g = ev/m. Hence, if
different electrons have different values for T, we should expect to have
p=elm)/m. The error in the latter expresson can be attributed to
the neglect of the variation of mean free time of the electron due to the
change in its velocity while it is being accelerated. The problem is to
show that when this effect is taken into account the correct formula for
conductivity may be obtained by considering the trajectories of the individ-
ual eectrons as was done in Section 8.5.

Suppose that after a collision an electron is equally likely to end in any
state in an energy shell 4& but that v(P) may vary from point to point in
the energy shell. Show from the principle of detailed balancing and the
symmetry condition &{P) = &(—P) that the rate at which eectrons are
scattered into a volume dVp is unaffected to the first order by applied
electric fields and has a value

= (/BMIEP)V p./T(P).

If the average displacement of each of these electrons before its next
callision is r-, show that the average value of £t; for all the electrons is

Ev = Zig, = 3 f 16 @IV

Owing to the effect of the field, which is taken as i\E, for simplicity, each
electron is accelerated by a force Fy. As a result, its mean free time and
velocity vary as
a7
= —F,
T T‘+aP, zt
v

AP, .

v=v 1

Show that the pro o(t) = (1 EF -i)e“-"'- d after time/ is
P, * 2,

and hence that |

F=vm+ ( aP‘ + 7 aP)Fz'r‘-
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(Note that the Pauli exduson principle doss not invalidate the inte-
grated forms of thee expressions) I ntegrate this expresson over P-gpace
by writing 2¥Vp = dP.dP 4P, and integrating 4P, by parts s as to obtain

2F,
v = 1 f voxf(l — dV,.

Show that this is equivalent to the result of Problem 7.
9. For spherical energy wrfacss and T a function of v only show from
the equation for r, in Problem 8 that the " mobility" of the dectronsin an

CLTINY J0ICIL 1D

ler (0)/m] (1 — $(dIn7/d In 0)].

Average this over a Maxwellian velocity distribution taking 7(v) = /o
and obtain (28Db) of Section 11.4.



CHAPTER 12
APPLICATIONSTO TRANSISTOR ELECTRONICS

121 INTRODUCTION

In the earlier chapters of Part |1 the theory of the behavior of holes and
electrons is presented largely in pictorial and descriptive terms. In
Chapter 11, however, the statistical treatment of the influence of electric
and magnetic fieldsis given in detail. The gquantum-mechanical founda-
tion for all these subjects is presented in Part ||| in terms of the wave
functions for electrons in crystals.

There remain, however, certain steps to be taken before the attributes of
holes and electrons discussed in the earlier chapters of Part Il can be
embodied in an analytic theory for use in treating transistors and other
semiconductor devices of the sort discussed in Part I. These additional
steps are taken in this chapter, and some detailed examples of application
are presented.

This chapter serves the additional purpose, as has been indicated at
various points in the text, of giving a critique of the data presented earlier.
In particular the closing sections are concerned with values of &1Q and the
mobilities of holes and electrons. Much of the best data on these impor-
tant topics was being accumulated as this book was being written and the
values chosen for examples were later shown in many instances to be inac-
curate.  Since these values were used to illustrate principles rather than to
compute definitive results, the task of revising them to keep them up to
date while the book was in preparation has not been undertaken. Instead
the best values available at the latest date at which proof could be revised
have been incorporated in the last sections of this chapter.

The basic equation which is required for treating many problemsinvolv-
ing the flow of particles is the equation of continuity. This equation states
the principle of conservation of matter in the following form: The rate of'
increase of the particles in an element of volume is equal to the net inward
flow across the surfaces of the element. In the case of holes and electrons
this must be generalized, as discussed in Section 12.2, to allow for recom-
bination and generation of hole electron pairs in the element of volume.

In order to deal with most semiconducting devices it is necessary to
consider the random diffusive motions of the charge carriers provoked by
thermal agitation aswell asthe systematic drifts produced by electric fields
and magnetic fields. (See Figure 85 for an illustration of both types of
motion.) The diffusive motion is described by the diffusion constant

s3]
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which is related to the mobility by the Einstein relation D, = KT e for
electrons of D, = KkTele for holes. This relationship can be derived
directly by the statistical methods of Chapter 11 or from a consideration of
the principle of detailed balancing. We shall give the latter presentation
in Section 12.3.

In Section 12.4 we shall introduce the quasi Fermi levels concepts which
are of considerable aid in analyzing processes in semiconductors when hole
and electron densities are not in equilibrium.

In Section 125 we shall apply diffusion theory to obtain the charac-
teristics of a simplified model of a p-n junction including the rectification
characteristic and the dependence of admittance on frequency.

In Section 12.6 we shall deal with diffusion and recombination in a
germanium filament. In many cases the recombination takes place chiefly
on the surface of the filament and is limited by diffusion to the surface.

In Section 12.7 a treatment due to C. Herring of the motion of a pulse of
holes (or electrons) in a body of opposite conductivity type will be pre-
sented indicating how deformation of the wave shape may arise.

In Section 12.8 various ways of determining SI G, the rate of change of
energy gap with volume, are reviewed and compared with values obtained
from mobility measurements.

In Section 12.9, data relating to mobility and the effect of magnetic
fields upon conduction are reviewed and the best values obtainable at the
time of going to press for drift and Hall mobilities in germanium are
quoted.

In Section 12.10, some experimental results and speculations on the origin
of noise are presented.

The concluding section expresses in general terms an appraisal of semi-
conductor theory and experiment and analyzes future prospects. This
section belongs in some ways at the end of the book but since it most
closely relates to the material of Parts | and Il it is placed at the end of
Part 11.

122 NOTATION, CONTINUITY EQUATION, USE OF q FOR e

In the remainder of this chapter we shall use the following notation.
Some of the terms are defined in Section 12.3.

¥ = electrostatic potential (1)
E = — Q¢ = electric field (D
¢ = Fermi level (3a}
¢» = quasi Fermi level for electrons (3b)
¢p = quasi Fermi level for holes (3c)
+¢ = charge of one hole = ¢ (4)

e = base of Napierian logarithms. (5)
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The notation g for the electronic charge has been found convenient by the
author when dealing with problems in which both applied potentials and
temperature appear explicitly, as they do frequently in transistor elec-
tronics. The use of q replaces Boltzmann factors like

€T = exp (—ep/RT) by 69¥ET,

The alternative use of € for the base of Napierian logarithmsis undesirable
since « and e can occur in the dielectric constant. The choice of ¢ = psi
for potential and ¢ = phi for Fermi level is made so that the phonetic
relationship may act as an aid to memory.

We shall aso assume that any deviations of hole or electron densities
from their thermal equilibrium values tend to decay with time constants,
or lifetimes, denoted by

Tp = lifetime for holes in w-type material;* (6a)
T, = lifetime for electrons in p-type material. (6b)

In connection with p-n junctions we shall introduce for the thermal equi-
librium densities the following notation:

n, and"n electrons and holes in n-type; (7a)
np and p,, electrons and holes in p-type. (7b)

The basic equation which is required to treat the behavior of holes and
electrons under conditions in which the concentrations are functions of
time and space is the continuity equation. This may be written, for the hole
density py in the form

ap 1

= (g—r) -V I,
The derivation is as follows: Consider asmall region dx dy,dz centered at
Xy Y, Z. The rate of change of holes in dxdydz is

ap
” dxdydz, (9)

These holes arise from the excess of generation over recombination in the
volume and from a net flow across the surfaces. The first process is
represented by

(g — r)dxdydz (20)

where g is the net rate of generation of holes per unit volume (due to light,
X rays, thermal excitation, etc.), and r the net rate of decay by recombina-
tion with electrons. Since p represents untrapped holes, r may include

Tau appearsin the form T in Chapters 8 and 11 to represent the relaxation time, the

dependence upon v being indicated by the fact that it is bold face The symbadls for lifetime
usd in this chapter are of lighter weight so that no confuson should_result.
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holes which become trapped without recombining and g may include their
re-emission. The term containing V ¢ |, represents hole flow across the
boundaries and is derived as follows: Thecurrent density in the*-direction
at the midpoint of the dydz face located at » — (dx/2) ts

afﬂ(x: Fs z) ﬁ.

ox 2 (ID

Iﬂ(x:ys z) -
This midpoint value will be the average value for the face so that the hole
flow across the face into dxdydz will be

1 81pe dx]
g[!,, b

The flow out of dxdydz across the face at & + (dx/2) differs only by replac-
ing the (—) by (+). The net flow across the dydz pair of faces into
dxdydz is thus

%[1,, -2 2] gy —[1,, e P

ax 2 9%

1 al,,
= Py dedydz, (12)
Proceeding similarly for the dxdy and dxdz faces leads to a net flow into

dxdydz of

_1 [‘” oz oy ”’ 2 o ”‘] indyds = — V- Lasdyde  (13)
gL o q
where the quantity in sguare brackets is by definition V « | p, the divergence
of I,. Equating the net rate of change in dxdydz to the net generation plus
the net flow in across the surfaces leads to the continuity equation (8) times
a common factor dxdydz* which may be divided out, thus establishing (8).
I'n general it will be assumed that deviations for injected carrier densities
p or n from the equilibrium values p, and n, tend to decay with char-
acteristic lifetimes which are independent of the concentration of the
carriers or the way in which they are introduced. For this purpose we
consider that due to recombination and spontaneous generation the net rate
of change of injected holes in n-type is

(on — 2)/7s (144)
and for electrons in n-type the corresponding contribution is
#y — #)/Tn. (145)
The continuity equation for holes is then
P _o—p 1 :
L a2 L _g.p 15
at Py p V- +g (15a)
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where gy is the net rate of generation of holes in the volume due to photons
or other external exciting agency. The similar equation for electrons/
in p-type material is

an np—n

ot Tn

1
+-q-v-r,. + g (15)

We shall use these equations for the case in which g,,’ =g = 0to treat
the flow of holes and electrons in p-n junctions and filaments.  (Sections
125 and 12.6.)

123 THE EINSTEIN RELATIONSHIP BETWEEN MOBILITY
AND DIFFUSION CONSTANT

We shall consider the diffusion process only for the case in which the
density of carriers is so small that the effect of the Pauli exclusion principle
can be neglected. Under these conditions we can suppose that each carrier
drifts in the electric field and undergoes random diffusion independently of
all the others. We shall also suppose that the electric field is small enough
so that it does not appreciably disturb the equilibrium distribution of
velocities of the carriers, this being the assumption which permitted the
neglect of terms higher than the first power in E in Chapter 11. Under
these conditions it isjustifiable to consider that the hole current (we shall
treat holes for our example) arises from superposing a conduction and a
diffusion current density. The latter is directly proportional® to the
gradient of hole density Vp. Thus we write

Iy = quppE — gD, VD, (la)
I = quanE + gD, n, (Ib)

The minus sign occurs in (la) because, in the absence of an electric field,
the net diffusion of holes will be away from the direction in which p in-
creases.  Since the charge on the electron is minus, the corresponding
signin (Ib) isplus.

If the electrostatic field is produced under conditions of thermal equi-
librium, as for example in the case of the transition region of ap-njunction
as discussed in Section 4.2 or a metal semiconductor contact as in Sec-
tion 4.3, then the statistical mechanical principle of detailed balancing?
requires that for every hole which is crossing a given area in one direction
per unit time there is another which is crossing it in the reverse direction
with the same speed. This last statement is true even if magnetic fields

' This can be shown by a dtatistical treatment of the individual holes by methods like
those of Chapter 11.

2R. C. Tolman, The Principles of Statistical Mechanics Oxford at the Clarendon Press,
1938, p. 165.
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are present,® a fact which we shall soon use.  Thus under equilibrium con-
ditions I, must vanish. Under equilibrium conditions, however, the hole
density is governed by the Boltzmann factor, exp (=g /#T}, which repre-
sents the tendency of holes to avoid regions of high potential energy.> The
formula for p is given in equation Q4) of Section 10.3,

p= Aa—eIkT @)

where A is a constant involving ¥y and &g, which we shall discuss more
fully in connection with the quas Fermi levels. Inserting equation (2)
into equation (1), evaluating VP and requiring that I = 0, we find that

0 = quap — oD, (= L) et

g
=g (np - E.Dp)PE (3)

which can be satisfied only if the
Einstein relationship sy = %'D, (4)

holds.* A precisely similar calculation establishes the Einstein relationship
q
bn = E?Dn (5)

for electrons. (In treating electrons, it should be remembered that x, is
defined as positive and o is D,.)

The dimensions of D, are (length)®/time, In the c.g.s. system D, is
expressed in cm?/sec. If uyyz is expressed in em?/volt sec {the L system
of Section 8.8), then equation (4) leads to

#pr, cm?/volt sec = - Dy, cm?/sec, (6)

kT
which is consistent because ¢/4T is charge/energy which has the dimen-
sions of volts™; at 300°K, kT/g = 0.026 volt so that for the L system and

the ML.K.S. system we have
Dy = Dpy, = 0.026u,y, (7a)
Dypas = 0.026p,. (7b)

832 J. H. VanVleck, The Theory of Electric and Magnetic Susceptihilities, Oxford at the
Clarendon Press, 1932, pp. 94-98.
saThe relationship of g to &, is discussed more fully in the next section.
* A. Eingtein, Annalen der Physik, 17, 549-560 (1905); Muller-Pouillet, Lehrbuch der
Physik, Braunschwag, 1933, 1V (3), pp. 316-319.
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The quantity Dyrp, which occurs in the analysis of later sections, has the
dimensions of (length)? and is denoted by the symbol L,> where L, is called
the diffusion length. The diffuson length, as discussed in Sections (12.5)
and (12.6) and the Problems, is the average distance along any given
direction, ~-direction for example, which a hole will diffuse before recom-
bining, ifitslifetimeisTp.

Under non-equilibrium conditions the current may be written as the
sum of a conduction term and a diffusion term as given by equation (1),
but the two terms in general will not cancel.

When a magnetic field is present, the conduction current does not usually
flow parallel to the electric field and the diffuson current does not flow
parallel to Vp. The conductance and diffusion constants both become
tensors which we may derive from the resistivity tensor p. We shall treat
the simplest case For a cubic crystal with H along the z-axis, [001] direc-
tion, we may write the éelectric field in the form

Ey = p{dz ~ I, tan 6) (8a)
Ey = sl tan 0+ 1,) (8)
Ez = PlIl (8C)

where p, is the resistivity transverse to H [defined by setting power diss-
pation density equal to g;(f,% + I,2)), and pi (/ for longitudinal) is the
resistivity parallel to H, and # is the Hall angle, the angle between E and /
for transverse currents. This equation is analogous to the Hall effect
formulae of Chapters 8 and 11 except that we have written it in a form
adaptable to large values of H and 8. In thisform # is plus for holes, and
negative for eectrons. Equations (8a) and (8b) may be written com-
pactly as a complex equation:

E. + iEy = (pe"/cos 0) (1. + il,). (8ab)
In order to define the diffuson constant we shall solve equation (8) for

the currents and express these as f; = gpo,, etec., wherethe v'sare the drift
velocities. We introduce

we = 1/qppy, = 1/qpm (9)

for this purpose. We then obtain
or + ity = €y, cos 8(E; + iEy) (10ab)
: 2 = e cos® 0(E; + Ey tan 0) = pz B 4 peyEy (10a)
vy = prcos® 8(—E, tan 8 + E,) = p E, + p E, (10b)
o = mE, = p F,. (10c)

The diffusion current is then found from the principle of detailed balanc-
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ing and the Boltzmann distribution (2), neither of which is affected by a
magnetic field. The resulting relationships are

I = —q( 2 + D, ’) (la)
1, = —q(D,, + D, ) (Iib)
L=—u2 (110)

where each D is (kT/q} times the corresponding n of equations (10). A
similar relationship holds for electrons.

124 ENERGY BAND DIAGRAMS, ELECTROSTATIC
POTENTIAL, AND QUASI FERMI LEVELS

In Figure 12.1 we represent the energy level scheme for a p-n junction.
We have discussed similar diagramson alargely intuitivebassin Chapter 4
and briefly in connection with Figures 5.13 and 7.6. We shall now lay
an analytical foundation for treating them. Thediagram impliesthat an
electron in the lowest state of the conduction band, or better a localized
wave-packet made up of wave functions near the lowest state, will have
different energies in different parts of the crystal. This situation repre-
sents a macroscopic electric field since the energy of interaction of the
electron with thelocal atomicfield isthe same no matter where the electron
isin the crystal, provided that its wave function distributes it in the same
way with respect to its immediate environment in all casss. Thus if the
electrostatic potential at one point is¥4 and at another is ¥g, then, since
the charge on the electron is —q the energy &, of the lowest state in the
conduction band will have a value of

&5 = 8ia + g(¥a — ¥a) (i)
or, if Bisvaried while A is held fixed,
&.8 = —q¥s + constant, (2)

A similar relationship will hold for a wave-packet at the top of the valence-
bond band, and the energy of an electron in such a wave-packet will also
vary as —g¥. From this we can conclude that the energy of the missing
wave-packet, corresponding to a hole, varies as ¢¢. We shall illustrate
this more fully as follows:

The potential energy of a hole may be defined in terms of the electro-
static work donein moving the hole. We may evaluate this energy by the
following process: Suppose we have a hole at B. We can get the hole to
A by exciting an electron at A from the valence-bond band to the conduc-
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tion band, which costs us &z; we can then move the electron to B putting
in work —g(¥ — ¥a) and then let it fall into the hole at B regaining &4.
Thus moving the hole from B to A requires work to the amount
g(¢4 — ¥&), which is just that required to move a charge ¢ from B to 4.
Accordingly, we may take the energy of a hole ta vary as +¢f. This

result is entirely consistent with the conclusons reached in Chapters
7, 8, and 11 that a hole could be considered to behave as a positive particle
with positive mass and to be accelerated by a force gE. These same

TRANSITION
p-REQION]e—HEGION-+jen-REGION
LTI T L T

o
el

8co ol

L

KA

ENERGIES OF
QUANTUM STATES
A

LJ

1

1

[}
o]
L ]

[

I

7

F1G. 12-1—The Reationship between Energy Levels and Electrostatic Potential.

conclusions are reached on the basis of more detailed arguments in Section
15.8, especially as shown in equations (10), (11), and (12).

It is convenient for our purposes to define the electrostatic potential in
terms of a level of energy (not called an energy level because there need be
no quantum states at that energy) approximately midway between the
bands. We shall give the mathematical definitionsin this paragraph and
shall enlarge below upon the physical interpretation. We shall denote the
level as &; (i for intrinsic for reasons which will soon become evident)
and define it as

& = 36, + 6, + kT In (N,/NL)], 3)

the symbols having the meanings of Chapter 10. The €electrostatic poten-
tial will be defined as

v=—8/g o &= —q @
The energies &, and &, are then
& = —q¥ + 54T In (N./N,) + 36 )

&, = —g¢ + 3T In (N./N,) — 48¢ (6
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where
Gg=8,—- 6, (7

We shall also define a Fermi level in terms of an electrostatic potential by
the equation
o= —~bpfg o0 &p = —gp. (8)

We shall refer to , as well as to &p, as the Fermi level. The reason for
these choices is that, when ¢ is equal to ¢, the densities of holes and
clectrons are equal as may be seen by substituting into equations (11) and
{14) of Section 10.3, which give in terms of ¥ and ¢

n = N, (B—SnAT _ me@(&—ﬂ/ﬂ" 9

p= Nve_“’_‘"’” = p,etlP VT (10)
where

;= VNN, e 5V%T = v/pp, (1

in accordance with the results of equation (19) of Section 10.3. The
guantity n- represents the density of holes and of electrons in an intrinsic
sample for which the condition of zero space charge requires the equality
p=n.

We shall next describe in words the content of the equations presented
above. For this purpose we consder a semiconductor containing a p-n
junction so that the electrostatic potential and the values of p and n vary
with position. There will evidently be a point in the transition region at
which p and n are equal and thuseach isequal to »-, thevaluein an intrinsic
sample. At this point the Fermi level will be approximately midway be-
tween the bands. However, if the Fermi level were exactly midway then
f = exp [(BF — 8:)/4T] and £, = exp [(&; — &#)/kT] would be equal and
the ratio of p to n would be N/ N,. For the case of N greater than N,y the
midpoint of the energy band must lie above &g so as to reduce n and
increase/) until n = p. An upward shift of the band by A& decreases n by
exp (~—A&/kT) and increases p by the reciprocal ratio  e(A&/&T) o
that n/p is reduced by exp {—24a&/kT). Equating this last factor to
N,/ N,, therequired reduction in »/p, leads to

Al = (kT/2)In N./N,.

Consequently, at the point where # = p = #;, the level of energy which
lies A% below the midpoint of the energy gap will be equal to &p. This
level of energy is &, defined in (3), since it lies at

3(8. + &,) — A8 = }(8. + &,) — 34T ln N./N,
= (8, 4+ &, + kT In N,/N.).

At points in the p-# junction where & rises above &p, # is decreased from
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n; by a factor exp (&r — &,)/kT and p is increased from #; by the recip-
rocal factor. If we define an electrostatic potential by —gf = &;
and a Fermi potential by —gp = &p, the preceding reasening leads to
equations (9) and (10) for # and p. Equations (%) and (10) can be
remembered by the following scheme: When ¢ =y, the densities cor-
respond to the intrinsic case. Deviations of ¢ from ¢ introduce factors
exp q(¢ — ¢}/kT. The plus sign corresponds to electrons since in-
creases in ¢ correspond to more positive potentials and thus to lower po-

tential energies for the negative electrons and hence to higher densities;
the minus sign corresponds to holes, which are repelled by positive
potentials.

Differences in the Fermi potential are the quantities measured by a
voltmeter. In order to illustrate this conclusion, we imagine that two
conductors A and B are connected by a battery but that the circuit is open
or of such high resistance that negligible currents flow. Under these
conditions each conductor is substantially in thermal equilibrium and has a
Fermi-Dirac distribution of electrons in its energy level scheme. The
system as a whole is not in thermal equilibrium, however, and if metals A
and B were brought in contact, currents would flow and irreversible heating
effects would take place. The source of energy is, of course, the battery
which is itself not in equilibrium. If metals A and B are identical and
have identical work functions, then in the space between the two there will
evidently be an electric field which produces a voltage difference between
pointsjust outside each metal equal to the battery voltage. Since the two
metals have identical properties, each will have the same difference between
the Fermi level and a wave-packet state representing an electron at rest
just outside the metal.® Hence the difference in Fermi levelswill be the
battery potential. Thisresult will also hold if the conductors are different,
being A' and B as may be seen as follows: Suppose A is placed in con-
tact with A and B' with B. Then since A' and A arein local equilibrium,
they will have the same Fermi level and so will B and B'. Hence the dif-
ference in Fermi potentials between A and B will also be equal to the
battery potential. Another example of the theorem that the change in
Fermi potential is equivalent to a change in applied voltage is given at the
end of this section. A statistical mechanical treatment relating the Fermi
level to a chemical potential for electrons is given at the end of Section 16.1.

We shall next consider the application of equations (9) and (10) to the
problem of the determination of the thermal equilibrium distribution of
potential in asemiconductor of non-uniform impurity content, the densities
o f donors and acceptors being functions Nd(r) and N,(r) of position r.
We shall also assume that the donors and acceptors are fully ionized, as is

This difference is the " true work function” of the surface. For a detailed discusson se
C. Herringand M. H. Nichals, Rev, Mod. Phys., 21, 185-270 (1949), Section 1.2.
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the case for germanium at room temperature when the Fermi level lies
more than 0.1 volt from the edges of the energy gap. Under these con-
ditions the charge density p is

p=g(p —n+ Ns— N,)
= g[Ng(r) — No(r) + 2 sinh glo — ¢)/RT]. (12)

Here p may be regarded as specified, and ¥ as an unknown function of
position r. [Thereader may find it instructive to compare equation (12)
with Figures 16.2 to 16.6 in which the difference between heavy solid and
heavy dotted lines is essentially equal to p plotted as a function of
g(¢ — ¢).} The dependence of ¥ upon r is determined from Poisson's
equation, in esu. and M .K . S. respectively,

Vo = —dup/x or VW = —pu/xe (13)

which thus becomes an equation with oneunknown ¢ when (12) isinserted
for p, it being assumed that Nd(r) and N,(t) and the boundary conditions
on ¢ are specified.

It is not difficult to show that this equation always has solutions. The
one-dimensional case is treated in detail in the literature.” We shall not
give an analytical treatment here but shall discuss the implications of
equations (12) and (13) in terms of physical arguments. Suppose we have
a solution for the case of uniform values of Nd and N,.  (Such solutions are
obtained in Chapters 10 and 16.) Then suppose we increase Nd in some
small region Ry holding n and arbitrarily constant with values no and po.
This change will increase the electrostatic potential in R from g ta ¥1
where i is more positive since the change in Nd represents an added posi-
tive charge. We next imagine that ¥ is held fixed with value ¢, and that
the hole and electron densities are allowed to readjust themselves with a
resultant flow of holes out and electrons into R. These flows will make a
negative contribution to the charge density insde R consistent with the
sign of the term containing ¢ in equation (12), which becomes more nega-
tive as  becomes more positive. The change in charge density due to
carrier flow thus tends to counteract the original change produced by
increasing iV . This tendency to counteract is really the essential point.
I f we change Nd, the changein n and p is such as to tend to compensate the
changed charge density. As a result the flow of holes and electrons tends
to stabilize the potential and to neutralize the effect of changesin impurity
density. The foregoing remarks are supposed to furnish food for thought
and toimprove the reader'sinsight into the behavior of the charge densities
A rigorous argument can be built up from this beginning to show that

2\W. Shockicy, Bell Syst. Tech. /. 28, 435-489 (1949), Appendix V | | ; J. C. Slater, P
Rev. 76, 1592-1601 (1949). References aregiven in both papers.
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solution for ¥, and consequently n and p, can be found for arbitrary values
0 f Ng(r)zndNg(r).

We shall next apply the arguments just given to the p-n junction shown
in Figure 12.2. To the left of thejunction in thep-region, we shall suppose
that N, — Nd is positive and constant with a value p, — n,. In this
region, the electron density n, is very small compared to the hole density
so that the space charge condition leads with a negligible error to

No— Na=py (14)
or, letting , represent the value of ¥ in the p-region,
P? = ”‘e‘_ﬂ'(‘”'w}!'kr (15)
so that by dividing by n, and taking the logarithm, we obtain
kT
Vp =9 — ? In (ppfnl)- (16)
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FI G. 12-2—The Dependence of n and p Upon Potential ¥ and Fermi Level ¢ for a
p-n Junction with Higher Conductivity in the -Region.

In the w-region, we shall suppose that Ny — N, is positive and uniform
with a value denoted by n,. The value of ¢ in the w-region is thus

Yo = o+ %F In (ta/,). an

/hus  ismore positive than , for the equilibrium condition of constant
is situation is similar to the one discused in Chapter 4. We shall next
uressin analytic form the conclusion presented in Chapter 4 that the
deit ,idency for holes to diffuse out of the p-region, where their density is
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greatest, is cancded by the tendency for them to flow back owing to the
dectric field. We shall introduce the quasi Fermi levels for this purpose.

The combined action of diffuson and conduction is conveniently treated
with the aid of the quasi Fermi levels ¢, for electrons and ¢, for holes.
These are defined in terms of nyp and  for non-equilibrium conditions by
the equations

7= met T, oy %T‘n (n/n) (18)

P =me W, =gt %T In (p/n.). (19)

It is evident that for thermal equilibrium, which is the only condition for
which a Fermi level ¢ is really defined, both ¢, and ¢, reduce to .

In terms of tp, and py, the total current densities may be rewritten using
the Einstein relationship to eliminate D, in the simple forms

—g(¥ — ep)
&T

= —quppVin (20)

kT
Iy = quppE — gDV, = —quppW — g rl eV

and similarly
I, = —gpanVes. (21)

These equations are formally the same as those for currents produced by
electric —Vop and —Ve, in materials of conductivity gn,p and gn,n-

The cancellation of the competing tendencies discussed in connection
with Figure 12.2isthus simply interpreted as the condition that p, and p,
are both constant, being equal to ¢, so that diffuson and conduction cur-
rents are equal and opposite. In the next section we shall discuss p-n
junctions which are not in thermal equilibrium and show how the quas
Fermi levels may be usad in analyzing the processss involved.

As an additional example of the behavior of ¢s, vp and ¢ we consider a
long, uniform rod of semiconductor carrying a current in the -direction.
We assume that ohmic contacts are made at the ends so that the densities
of the holes and electrons are unperturbed. For this case the differ-
ences ¥ — ¢n and ¥ — gy, Which determine the densities n and p, are inde-
pendent of position and have the same values as for the thermal equilib-
rium state, for which g, = @p = @. The plot of ¢, ¢, and ¢ versus dis
tance is the same as for the equilibrium case except that a potential — E,y
will be added t0 wy, @s 2nd . Equations (20) and (21) for the curren it
dendties will reduce to the conventional form I, = (guszp + qu=)F 2.
and the change in electrostatic potential, or voltage, and changesin qu? agsi
Fermi leveswill be equal.



125] THE THEORY OF A p-n JUNCTION 39

125 THE THEORY OF A p-n JUNCTION

In this section we shall illustrate the use of the quasi Fermi levels in
analysis and at the same time give a treatment of a simplified model of a
p-njunction.’ Figure 123 represents the distribution of gy, s, and ¥ 1n
ap-njunction under equilibrium conditions and also biassed in the forward
direction by apotential 8, which is represented as if applied to the p-region
on the left while the right side of the »-region is held at constant potential.
Under these conditions holes are injected into the w-region, and electrons
into the/-region. We suppose that the uniform regions are so wide that
injected carriers recombine before reaching the positions x, and . Asa
consequence, the total current?/ is carried almost entirely by holes at the
left edge of the figure and almost entirely by electrons at the right edge.
The hole current I, must thus be equal to/ at x — X, and gradually drop
to zero at x = Xb, while I, — 1 — I, correspondingly increases. The
mechanism of change in current type can be understood by considering the
hole current flowing past ¥re: This current decreases because the holes
have a lifetime Tp in the n-region and combine with electrons so that the
hole current attenuates as x increases, a similar effect takes place for the
electron current entering the p-region. We shall assume in the analysis
below that the transition region is so narrow that recombination in it is
negligible; consequently, I, has the same value at XTp and XTW

At x, and Xb, the hole and electron densities thus have the values char-
acteristic of uniform material and consequently at x5 for example, ¢, and
@ are equal and differ from ¢ by the same amount as for the equilibrium
case. This explains why the figure shows

Pa(¥a) = @alta) = epl) + b0 = pa(m) + bp a)

where 8¢ is the applied potential and why 8¢ = &g, = 8¢ at ¥ = x, and
# =0 at ¥ = 5. We shall next suppose that & is small compared to
kT/q so that only small disturbances in n and p are produced by the
applied potentials.

On the basis of the foregoing assumptions we shall prove the important
result for p-n junctions that ¢, is nearly constant in the p-region and drops by
&g in the n-region while ¢, is nearly constant in the n-region and changes by
& in thep-region. To prove this statement we shall suppose that the two
homogeneous regions have conductivities substantially larger than intrinsic,
so that the densities of the less abundant carriers, denoted by n, and p,,
;ire very much smaller than the more abundant carriers p, and n,. This

! The treatment follows that of W. Shockley, Bell. Syst. Tech. J. 28, 435-489 (1949) but
on nits the more detailed consderations See this article and Section 4.2 for additional

erences.
In the analytic devlopment beow, the scalar symbols 7, 1) and 7, will represent current
bides in the™ direction,
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relationship follows from
np = ni/ps and p. = nl/n, )

[See Section 12.2 and equation (11) of Section 12.4 for details] We shall
next obtain the ratio of W¢y at ¥rp and xp, in terms of these densities by
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F1G. 12-3—Smplified Modd of a p-n Junction.

(@) Digtribution of donors and acosptors
(b) Potentials for thermal equilibrium.
(c) Effect of apotential 8 p applied in the forward direction.

using the expression for current density (20) of Section 12.4. At XTp W:
obtain

I, = -q#pppw- (asi
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Since we neglect recombination in the transition region, this same current
flows at XTH and we have

I = ‘GMn?%ﬁ' (3b)

From these we obtain

dey(xra)/dx _ Py _ 2s?s (3c)
dep(xrp)/dx  pu  m
From (3¢} we conclude that the change in g, is much larger in the p-region
than in the p-region, at least in the neighborhood of the junction. Similar
arguments apply to p,. Consequently Ven and Ve, will have to be very
large wherever 1, is appreciable in the n#-region or I, is appreciable in the
p-region. Hence we conclude that the important changes in ¢, and @a

occur as shown in Figure 12.3, where injected currents flow.

Another way of stating this significant result is that the hole current is
carried by material of high hole conductivity in the p-region and of low hole
conductivity in the n-region; hence the gradient must be much greater in the
w-region.

The last statement brings out an important point: The resistance of a
p-n junction is much greater than the integrated resistivity of the material
composing the junction.  This point follows from the fact that the hole
current, for example, must flow a certain distance in regions where the
density of the carriers is much less than m, and in such a region ¥y is
much greater than it would be even in intrinsic material. To be more
specific, the junction resistance may be much greater than the resistance of
a layer of intrinsic material as thick as the transition region.?

Until the injected carrier density becomes comparable with the density
normally present, the arguments presented previously will be valid, and the
important changes in p, and p, will occur in the regions in which the cor-
responding carriers are present only in relatively small densities. In the
p-region, p itself is nearly constant and equal to p,; this follows from the
condition for electrical neutrality which requires that the changes in p be
equal to the changes in n produced by injection, and these latter are small
compared to p,. Hence by equation (19) of Section 12.4, as well as
wp is nearly constant in thep-region; similarly, ¢ and g, are nearly constant
in the w-region.

The purpose of establishing the conclusions just discussed, which are
. llustrated by the curves for ¥, ¢p, and @5 in Figure 12.3, is to obtain a set
if boundary conditions which can be applied to hole flow into the w-region

on TOSS the plane at XTN Similar reasoning may be used to obtain expres-
ref ns for electron flow into the p-region across xTp In carrying out the

' See Shocklcy, he. cit. for a general analysis of this subject.
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analysis we shall assume that all quantities are independent of y and z.
As a consequence, all currents flow parallel to the .v-axis, and we need con-
sider only the ~-component. For brevity we shall continue to omit the
subscript x and replace

Ipe by Ip 4)

in this section. We shall neglect the contribution of recombination in the
transition region itself to the conversion, as x increases, of [y to Iy, the
transition region being assumed very narrow compared to other dimensions
such as the diffusion lengths Ly, and L, which will be discussed; conse
quently, I, may be taken to have the same valuefrom x = X7, to X = X,
On the bads of this assumption we may take the total conduction current
per unit area across x = 0 to be

I = Ia(%rp) + Ip(xra). ®)

We shall calculate J;{xp,) using the boundary conditions already discussed,
and obtain J.{¥rp) by analogy. In the discussion, the description in words
will be given in terms of forward current, & > 0; the equations, however,
will be equally applicable to 3¢ < 0, the case of reverse currents.

At the right-hand boundary, xp,, of the transition region, the relationship

¢p = pn + Sp (6)

will hold. For convenience we repeat the following definitions of quantities
in the #-region:

n. = Ny — N, normal density of electrons;
Pa = 1,2/1y & #p, normal density of holes;
7, lifetime of a hole in the n-region.

Since we have assumed that the injected carrier density is small compared
to the type normally present, the boundary conditions at xr, are

#(Xrn) =ty = ne? Ve BT 7a)
Plrpn) = n,edler—¥)ET (7b)

Replacing exp {—q¢/kT) in (7b) by (n./n,), exp (—gpa/kT) obtained from
{7a) gives

Plrr) = (12/ma)eXPrsVT = pguieiT. ®)

Equation (8) is the key equation of the rectification theory. It states®
that the hole density at »ps varies exponentially with the applied voltage
From the linear theory, which we will give in detail soon, it follows that
the hole current must vary in proportion to the deviation of p from
equilibrium value and hence as p — P = pn[exp (ghe/kT)Y — 1. T
leads at once to the correct form for the d-c characteristic given in (22)
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We shall suppose that 8 consists of d-c and a-c components so that
& = Vp + pye™ 9)

where V is an ac signal, assumed so small that linear theory may be
employed (that is, v < #T/g). Expanding (8) in series gives

P(xra) = (Pue® )1 + (go1/kT)e™.

We resolve this density into its equilibrium value p, a d-c component po,
and an a-c component p; exp (fui):

P{%ra) = pa + po + pre™* (10)

where
Po = pa(e?T — 1) (ID
21 = (gpami /kT)e?""/4T, (12)

So long as p{xrs) <€ n,, the normal density of electrons in the »-region, the
lifetime rp, and diffuson constant D, for a hole will be substantially
unaltered by 8 p.

Our problem is to determine the value of p(x, #) for x > xp, and from
this to obtain the resultant hole current Jgp{x4fipuling across XTW
The total current /(/) is the sum of this hole current, a similar electron
current, and a displacement current D/4x = (¢/4x)E or D = xaok in
M.K.S. units. For p-n junctions the displacement current is, in general,
small compared to the conduction current except at high reverse biases or
low temperatures.*

As discussed previously, the hole current injected into the w-region dies
away with a relaxation time, or hole lifetime, r,. In accordance with the
discussion of Section 12.2, equation (15), the continuity equation for this
caxeis

== =91, (13)

Since [/ is assumed substantially constant compared t o4 h e current
density is largely diffusion current with a value of

a
I, = —¢gD, o (14)
The insertion of this in equation (13) leads to
@ _tn=p 5 P
* 1 +Dy 3 (15)

4 S W. Shockley, Bell Syst. Tech. J. 28, 435-489 (1949), Section 4.4.
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The solution of this equation subject to the boundary conditions at xTn is

P = Pa + po8™I00 4 prefer= Utier il (16)

where
% =% —xre, ' =0atx=xpy (17)
L, = ¥/ Dyry == diffusion’length for holes in w-region. (18)

The physical meaning of the diffusion length is as follows: Suppose at
some value of x = x the hole density is p(x;) and the electric field is
negligible. Then the d-c part of equation (16) shows that, if there are no
hole sources to the right of xi, p attenuates by a factor e-! in each interval
L,. Some additional interpretations will be found in the problems.

The condition that ¥y is negligible compared to Vi,, so that diffusion
current dominates, can be given a simple interpretation if p & p,. For
this condition we may write p = p(x1) exp [~ (¥ — x1)/L;] which leads to

ET(x — %)  &T
-t —In{p(x)/m] + 19
ST S InlpGe/md + ¥ (19)
according to the definition of ¢, of equation {19) of Section 12.4. The
diffusion term will dominate the current if in
dep _ _ KT
ax gl + dx (20)
the term &#T/gL, is much greater than 8¢/dx. (See problems.)
The solution just obtained for p gives tise to a current per unit area at
x7q of

Pp =

2]
Iy(era) = ~gDp 2

= gpoaDyp/Ly + g1 Dyt (1 + dur,)5/L,. (21)
The d-c part is obtained by substituting {11} for pa:
Ioo(x7n) = (gpaDp/Lo) (€737 — 1);
= [ (6T — 1), (22)

The forward direction corresponds to #3 > 0 and for it the current in-
creases exponentially. In the reverse direction, the exponential term
vanishes and Ip,0 approaches a saturation current (gpnDp/Lp} = Ips
The comparison of equation (22), or rather its generalization (33), with
experiment is discussed in Section 4.2 and at the end of this section.
The ac part is similarly obtained from the pi term of (21) combined
with (12):
Ip1(¥ra) = (gpanp/Ly)e™ **T(1 + iwry) v et
= (Gp + iSplue™ = Lyne' (23)
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where 4, is called the admittance (per unit area) for holes diffusing into
the H-region; its real part G, and imaginary part S, are the conductance
and susceptance. For wr, small, the real term G, is simply the conductance
per unit area of a layer L, thick with conductance

qpna‘lv"' krp.,/' Ly = ¢(pa + Podta/Ly; (24)

for the case of zero bias this confirms the result stated earlier that the
resistance to hole current flow arises from the low hole conductivity
gpnPp of the »-region. Equation (24) is also the differential conductance
obtained by differentiating the d-c characteristic (22) with respect to VQ.

In this section we have treated 7, as arising from body recombination.
In a sample whose y and z dimensions are comparable to L, or L, surface
recombination may play a dominant role. It can be shown that the same
theory can be applied to a good approximation in this case, provided that
for 7, we use the actual lifetime in the sample.® We shall discuss lifetimes
in filaments in the next section.

Precisely similar expressions may be derived for electron currents.

The values of the coefficients gpnpip/Ly and gnppys /L, which depend on
the properties of the material may be expressed in terms of the conduc-
tivity en of the w-region, o, of the p-region, ¢,- the conductivity of intrinsic
material, and the ratio

b = pn/pp. (25)

In terms of these quantities we have

or = qughi(l + ), (26)

and if p, < n, and n, K py, we find
guppn = 502/ (1 + 8)%s, (27)
quntty = b3/ (1 + B)%,. (28)

Using these equations, we may rewrite (22) and a corresponding equation
for electron current into the p -region so as to express their dependence on
d-c bias VQ and the properties of the regions:

ba2 kT
=t D2 (atVWET _
IFU(VD} (1 +é)20_“Lp g (e 1)

= wa:{‘ (eTV*T . 1)
g

= Im(eﬂ'n.fkf —_ 1) 29)

Sec W. Shocklcy, he, cit. Appendix V.
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bod kT

Tu(Vo) = A%l ¢

(qul.p'kT _ 1)

= Gug %T_‘ (qul.fl‘.T — 1)

= I"(eq'ﬁ?'k!' _ 1)-

The values of Gy and G, [which are readily seen to be the values of the
low-frequency, low-voltage (¥ < £#T/g) conductances] and the saturation
reverse currents are given by

ba,?

Al ei———— — i

Om = T oLy = #T0 (31)
bs,? g

Gao = (0 + &)%,L, FrRls (32)

The expression for direct current then becomes
&T
Iy(#7y) = (Gpo + Guo) 7 (VT _ 1)
= (IFI' + I!Il) (qunJ'kT - 1). (33)

Thisisthe expression plotted in Figure 4.6 and compared with data there.
In terms of Gpo the complex admittance per unit area for hole flow may
be written in the form

Ay = Gp 4 iSy = (1 + dwry)5Gpoe"/*7, (34)

For low frequencies, such that to is much less than |/r,, we can expand
Gy + i8p as follows:

Gy + i8p = Gpoe?*T o+ 0 (r5/2)Gpee? 57, (35)

Hence (ry/2)Ggo exp (g#o/kT) behaves like a capacitance per unit area.
It is instructive to interpret this capacitance for the case of zero bias,
7o = 0, for which we find:

Cp = 12Gp0/2 = roqPutty/2p = ¢"puLy/2T. (36)

Thelast formula, obtained by noting that rpp, = greDp/kT = qLy>/kT,
has a simpleinterpretation: gp,Lpisthetotal chargeof holesin alayer L,
thick. For a small change in voltage v this density should change by a
fraction ga/&T so that the change in charge divided by the change in v is
(g/&T}(gpnlyp) which differs from C, only by a factor of 2, which arises
from the nature of the diffusion equation.

Although A, simulates a conductance and capacitance in parallel at low
frequencies, its high-frequency behavior is quite different. In Figure 12.4
the behavior of (1 + fwr)® = A5/Ggo, is shown. For high frequencies
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G, and S, are equal:

2
Gy = 8y = VipAGra Ve = — Ve

EETENT AR,

Thus for high frequencies the admittance is independent of Tp and is
determined by the diffuson of holes in and out of the w-region. The three
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FIG. 12-4—Red and Imaginary Parts, G and S, of the Admittance for Hole Flow
into the w-Region.
(a) Shows 10% 4, /G,, = 10* (1 4 wry)*%, and corresponds to equation (34).
(b), {©) and (d) correspond to casss in which the w-region has varying prop-
erties.

See W. Shockley Bell Syst. Tech. J. 28, (1939), Figure 7 and associated text.

straight asymptotes have a common intersection at the point Gpp, wr = 2
on Figure 12.4, afact which is useful in estimating the value of T from such
data.

The values of I3 + Ins deduced from the known conductivities of the
material composing thejunction and values of T, which is a sort of average
of Tp and r,, are found to be in general agreement with the values found from
the d-c rectification curve within limits imposed by the approximations of
the model. At the time of writing, experiments were being undertaken to
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determine L, and L, directly by photoconductive experiments with a view
to obtaining separately the I, and I, components.  The fit for the rectifica-
tion formulaitself, equation (33), is discussed in connection with Figure4.6.°

126 LIFETIME IN FILAMENTS, AND THE SUHL EFFECT

12.6a. Introduction. A number of experiments have shown that the
recombination process in germanium filaments often takes place largely on
the surface and that this recombination may be enhanced by applying
simultaneously a longitudinal electric field and a transverse magnetic
field. This latter effect arises from the increased recombination on the
surface due to the density there of the injected carriers, the Suhl effect
discussed in Section 3.2.

In this section we shall solve the continuity equation for a rectangular
filament for the case in which alongitudinal field is present and show how
surface and body recombination enter into the equations for lifetime and
decay constant (= 1/lifetime). We shall treat only certain limited
aspects of the Suhl effect because the analysis, although straightforward,
is somewhat lengthy.

Throughout this section we shall deal with the case of holes injected into
n-type material in small densities.  For this case arguments similar to those
of the last section apply, and we conclude that, since the changes in n are
small,

¥ —¢s = ?ln ne/n; = constant. ]

The transverse currents in the filament are equal and opposite for holes
and electrons, since otherwise a net change would build up on the surface;
consequently, the gradients of ¢, and ¢, must be in the ratio of p to n
[see equations (20) and (21) of Section (12.4)]. Accordingly, v and ¥
must change by negligible amounts across the filament, and the hole cur-
rent must flow largely by diffusion.

This same conclusion may be reached less analytically as follows: Sup-
pose a few holes are injected. They will set up a slight electric field.
This field will draw in electrons to neutralize the charge of the holes.
However, the electron density is much larger than the hole density so that
the required field need alter the electron distribution only very slightly.
The field must, therefore, be so small that the electrons move almost as if
no holes were present at all. Hence to a first approximation the holes can
be considered to move in the same field as would exist if no holes were
present. The effect of the electrons, so far as the holes are concerned, is
simply to neutralize the charge density of the holes so that they are shielded
from the mutual repulsion of their space charge.

We shall consider the effect of surface recombination upon the lifetime

® These resultswere planned for publication, probably in the Physical Review for late 1950.
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for two cases. In the first case we shall imagine that the distribution along
the filament is uniform, a situation which might be produced by illumi-
nating the filament by a flash of X rays, for example. After this, we shall
show that the hole density decays as

exp (—#/rp1), 7p = lifetime in filament, (2)

independently of the presence of an electric field. The lifetime is by
definition Ty or the time required for decay by afactor of " to take place.

In the second case, we shall imagine that holes are being steadily in-
jected at some point and are drawn down the filament, decaying by recom-
bination a they go. For this case an attenuation constant a will be
introduced, the hole density varying as

¢ %, & = attenuation constant, (3)

We shall define alifetime as the time required for a hole to drift under the
field a distance /a corresponding to a decay of € in the density. This
procedure leads to

o2 = (1/@)/upBe = 1/auyE,. (4)

We shall show that, for large electric fields, so that motion along the fila-
ment arises chiefly from E,, the values of r,, and Tp are equal. We shall
find it less convenient to deal with the lifetimes than with the decay con-
stants, defined as 1/7p1 and 1/7p9. In terms of decay constants, the effects
of surface and volume recombination are found to be additive so that we
may write

1

1
o1 = r_’ + »s (5)

where 1/ is the volume decay constant and vg is the surface decay con-
stant.

12.6b. Continuity Equation and Boundaiy Conditions. We are, there-
fore, led to investigating the solution of the continuity equation [(15) of
Section 12.2] for holes in a germanium filament in the presence of a uni-
form electric field, which we take to lie in the x-direction, along the fila-
ment. We shall take the boundaries to lie at ¥ == =8 and 2 = £+ so
that the cross section is rectangular with area 4BC. The hole current has
components

a
I = quspFs — Dy 2 (62)
ar
d
I. = "'qD’ _'p' (60)

@
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These must satisfy the continuity equation

0 _pa=2 lg.
ot T g vl
Pr=>2 % p (%222 &).
Tp iepLe dx +Ds (6.7:2 + ayt + oz )

Evidently p = p, is the solution of this eguation corresponding to no
injected holes. We shall introduce the symbol

=P~ pu ®)

to represent the disturbance due to hole injection.

In terms of pi, equation (7) is a homogeneous linear partial differential
equation since each term involves pi linearly. Furthermore, it is sep-
arable! and has solutions that can be written as products of separate
functions of /, x y and z. One such solution is

21 = € 7% cos by cos ex 9)

where in order to satisfy (7} the constants », @, 4 and ¢ must satisfy the
relationship

r—-i+p,E,a+Dp(az—&’—cz)=0. (10)
Tp

The most general solution of (7) corresponding to arbitrary initial condi-
tions at / = 0 can be expressed as the sum of a sies of terms of the form
of (9), in general including sine terms as well as cosne terms for y and z
and complex or imaginary values for a.

For the Tp; case described above, if the filament is illuminated equally on
all sdes so that the same value of p is produced on all sides, only the
symmetrical cosne terms will be needed. A number of such terms will be
needed, however, in order that their sum at / — O will represent the hole
density. Each term in the series will thereafter decay with its own
characteristic lifetime.so that the decay of the total number of holes in the
filament will not be represented by a simple exponential decay but by a
sum of decaying terms having different lifetimes. This reasoning leads
naturally to the question: What is meant by the lifetime in a filament
when the decay is made up of a mixture of lifetimes?

The answer is that one of the solutions of the form (9) has a lifetime so
much longer than the others that after the others have decayed to negligible
proportions it will still persist. It is this longest lifetime with which we
shall be chiefly concerned. The other terms can be considered to beinitial

L A solution can be written as the product of separate functions of the variables, as may be
sen from the following development.
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transients which die away rapidly leaving only the dowest decay to be
observed.

A similar argument applies to the Tp2 case. For this case we may
imagine that at x = 0 the hole current distribution in the cross-section of
the filament requires a superposition of many terms of the form cos by cos cz
and sineterms aswell. All but one of these decay very rapidly as theholes
drift down the filament under the field and the remaining one, as we shall
show, gives the same value for lifetime asTp; .

[The problem of expanding an arbitrary function of x,y and 2in a series
of eigenfunctions satisfying (7) and the boundary conditions on the surface
is similar to many other problems of mathematical physics® A detailed
solution for flow across a p-n junction into a square filament has been
published.’]

At the boundaries ¥y = %8 we shall suppose that the excess of recom-
bination over generation is directly proportional to the disturbance pl
with proportionality constant s. Consequently, the current toward the
surface satisfies

/ey = =spy y = =B (11a)
(/s = 2sp, 3 = %C. (Iib)

The quantity s has the dimension of a velocity or length per unit time.
We shall call it the surface recombination velocity. Equation (1la) states
that the rate of recombination is the same as if a current of holes of den-
sity pi were drifting with an average velocity s into the surface and being
removed.

The boundary condition for B and — B are equivalent when pi is given
by (9); and (11a) and (lib) reduce to

8B tan $B = sB/Dp = x, =y tang (12q)
¢C tan ¢C = sC/Dy = x, = ¢ tan { (12b)

where we have introduced the symbols
n=hbB and r = cC. (13)

For any value of x, there is one solution for % in the range 0 < 5 < »/2
and also one solution in every interval of the form #x to {(# + 3)=x and the

sameistruefor x, andf. Theterm having the longest lifetime, as we shall
show below, is that corresponding to the smallest solutions, denoted by ith
and fo, of (12a) and (12b). In terms of these b and ¢ become #p/8 and

? See Section 145 for an analogous quantum mechanical case and the following references
all from McGraw-Hill Book Co., Inc.: L. I. Schiff, uantum Mechanics, 1949, Section 10;
P.M. Morse, Vibration and Sound, 1936; E. C. Kemble, The Fundamental Principles of Quan-
tumMechanics, 1937.

*W. Shockley, Bell Syst. Tech /., 28, 435-489 (1949), Appendix V.
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$o/C respectivdy. Equation (10) may then be regarded as an equation
in two undetermined parametersa and v and may be rewritten with these
terms gathered together in the form

1 2
r+D,¢’+p,E,a=‘_—+D,(%+% = yy. (14)
5

The terms on theright of the first equals 9gn are determined by the con-
dants of the filament, i.e., 15, B, € and £. We shall show bdow that this
combination, denoted by #y, is the decay congtant for the filament and is
equal to 1/rg and 1/7ye. Because of this equality we may introduce a
filamentlifetime

filament lifetime = T/ =» 1/v/. - (14b)
g
Eé‘: }:g X= {M]a $wmon
'él No=10 No= T4 N~ N2
-8 3§ ] -5 i I ® -8 (] -

DISTANCE , ¥, ACROSS FILAMENT
FIG. 12-5—Variation of the Density of Injected Holes across a Filament.

In Figure 125 we show the distribution of injected hole density across
the filament for the 14 fo solution on the line z = 0. This distribution
shows how pi varies withy for three values of x- For s = 0, the distribu-
tion is uniform since no diffusion to the surface is required to balance sur-
face recombination. For 5 = e, the hole density is zero at the surface,
and a high diffusion gradient produces a flow of holes to the surface where
they recombine. For an intermediate value of x the value of pi is finite
at the surface, and the gradient is just large enough to account for re-
combination.

We shall discuss the Tp; case first, for which the density isindependent of
x so that a = 0. For this case equation (14) reduces to

» =y (15)
independently of the value of E,. The solution pi can then be written as
P = € " cos by cos cx (16)

so that the hole density decays exponentially with a decay constant v/
which isequal to 1/rp in accordance with equation (2) so that

1 1 o fﬁ) 1
Tol 7 Tp + D’ (.B2 + Cﬂ Tn + e (17)
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This equation shows that the decay constant Vf for the filament is the sum
of the "bulk material" decay constant I/r , plus a surface decay constant
Vv, defined by equation (17).

We can now sec why terms involving w,, and [, with # greater than zero
can be disregarded for many purposes. For these terms the values of
na? and ¥42 will be at least four times larger than for ne? and {3®; conse-
quently, such terms will decay rapidly compared to the no, {p term and will

become negligible in comparison with it, at least in all casss where vg is
important. The distribution of hole density across the filament for
these higher order terms is alternating in sign and the rapid decay is a
result of flow of excess holes in regions of hole deficit. The distribution of
hole density for the case s = QO, corresponding top = 0 at the boundary,
is identical with the displacement of the rectangular drum head of Figure
5.2. Part (f) corresponds to therjofo term. The other parts of the figure
correspond to using sine as well as codgne functions in pi and have values of
I and f for the sine functions which satisfy equations of the form cot g
= x» We shall neglect these higher order terms in the following
discussion.
The values of v, for theng, fa termsis

2 2
ve =D, [%-t; + %,] (18)

and thisisafunction of D, B, C, and swith sentering through the depend-
ence of 0 and fo upon xy = 5B/Dy and x, = 1C/Dy.  Simple forms are
obtained for large and small valuesof s. For § ==, both 70 and fo become
w/2 corresponding to pi = 0 on the boundary. For this case

,.=if)“—’(l+i)a 5 o, (19a)

For small values of J, equations (12) and (18) reduce so that vg again takes
a simple form [se Problems for a physical argument that also leads to
(19b)]:
¥ =s(l+—l)- s—0 (19b)
" B C 0
For a filament of square cross section vy can be expressed as a function of
the three variables J, 5, and D, by a single curve in terms of the following
equation in which #ng{xy) is the solution of (12a):

», B 2 2
B, = Ao 6} = 2no{sB/Dp)P. (20)

Thisrelationship is plotted in Figure 12.6.
Figure 12.6 may be used in combination with equation (17) to cal-
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culate values of rf from known dimensions B, body lifetime Tp, and sur-
face recombination constant s. It may also be used to determine s from
known values of body lifetime Tp and filament lifetime TF. Experiments

o
/1/7
LA
= %
%ﬁj 7

B

- /|

=2 Ll

10‘ 1= t II = ! Itoz

x=3B/Dp

F1 G. 12-6—The Dependence of the Surface Decay Congtant vg upon the Surface
Recombination Velocity s.

«fthis sort have been carried out by a number of workers and approximate
values for s, obtained for various surface treatments of germanium, are as
shown in Table 12.1.

TABLE 121  SURFACE RECOMBINATION CONSTANTS FOR GERMANIUM

sand blasted surface ~~10f e /zee
etched* ~-2000 cm,/sec
X ~+300 cm/sec

* Details of thexe treatments are planned for publication in 1950-51.

We shall now show that the same value of T/ is obtained by studying
the dependence of hole density upon distance along a filament in the pres-
ence of a high electric field and by converting this distance to time using the
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drift velocity Equg = B,  For this case the solution is a steady-state solu-
tion independent of time so that vin equation (14) should be set equal to
zero.

The value of a is then found to be

-V, + 4Dw"f
g = .
IZD’

The solution of interest corresponds to the plus sign; the minus sign cor-
responds to decay towards the left (—x-direction) or diffusion against the
field. (See Problems.) For large values of 0,2/Dyry, such as are encoun-
tered in filaments used experimentally, we obtain by expanding the radical
of equation (21) in series or by neglecting the D, term in (14)

(21)

a 4 v;fop (22)
which leads to the following value of T p;, as defined by equation (4):
Toy = 1/av, = /vy = 7, (23)

Thus we find that ry2, as well as rg1, is equal to 7z as defined in equation
(14).
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F1G. 12-7—Concentration of Holesnear the Surface by the Suhl Effect.

12.6¢c. The Suhl Effect. We shall next consder the effect of combined
electric and magnetic fields upon the lifetime of injected holes. For this
caxe we shall again neglect the influence of the injected holes upon the
electric field; there are, however, two differences from the case treated
previously. In this case there is a transverse field due to the Hall effect.
We shall restrict the treatment to small values of H, so that only linear
terms need be considered. The transverse field E, is then equal to —BaEy
for the small H, approximation discussed in Chapter 8. Furthermore,
for the coordinate system shown in Figure 12.7, thedrift velocity is turned
at aHall angle 8, from E. Finally, the diffuson current is turned at an
angle 8, in respect to the density gradient. [See Section 12.3, equation
(11).] For the case treated below, the rotation of the diffusion current
produces an effect dependent on cos (f, + &), For the small angle
approximation used here, this effect is negligible.

If Ey is large enough, the field across the filament will be so strong that
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substantially all the holes will be concentrated on one side. We shall
restrict the treatment to this case, referred to as the strong Suhl effect, and
shall choose the origin of the y-coordinate as the side of the filament towards
which holes are deflected. Thisis the case shown in Figure 12.7.

We shall for brevity restrict the treatment to the case analogous to
Tp and assume that pi depends only ony and t; the neglect of 2 corresponds
toincreasing the z-dimension indefinitely. These assumptions per mit usto
neglect the x-component of the hole current since this component is inde-
pendent of x and does not contribute to the divergence. The y-component
of hole current is then

a
I,(5) = —qupp1Eo(6n + 0,) — gD, ;;’;— - (24)

and aty = 0, corresponding to the lower boundary towards which holes
aredriven, this must satisfy the boundary condition

~I,(0) = g5:(0). (25)

We shall show that thereis a solution for the injected hole density of the
fbrm

o= (26)

which attenuates in the +.y-direction, as shown in Figure 12.7, and repre-
sents hole density near one surface of the filament. In order to abbreviate
the algebra and bring out the physics we introduce the symbol v; where

0 = upBa(Bp + 0a) = ppEs 27

Vt is the transverse drift velocity which a hole would have in the field of
Figure12.7. E;isthusan"effectivetransversefield". Substitutingpi and
Vt into the preceding equations leads to the following expression for the
boundary condition (25):

b — Dpb = 5 (28)
or
b= (v — 5)/Dp. (29)

If o, > 8, the holes tend to accumulate near y = 0 since they are brought
down faster than they can recombine; we shall treat this case which repre-
sents a strong Suhl effect; cassswith pe = 5 and & < 5 represent transi-
tion cass between H; = 0 and H, large and have a more complicated
behavior.

The density gradient in Figure 12.7 tends to make holes diffuse away
from the surface and is thus in contrast with Figure 12.5 in which holes
diffuse to the surface. The situation of Figure 12.7 occurs because we
have taken » > 4. The quantity s has the dimensions of a velocity and,
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for ;¢ > & holes are swept towards the surface by E; so rapidly that they
tend to accumulate and set up a back diffusion current.

Thevalue of vis determined by inserting the expression (26) for pi into
the continuity equation (15) of Section 12.2:

dpn n 1
2 ™ qv I, {30)
which then reduces to

pm Lt od — Dyt = 2 o (0~ Db
Tr e
LR . G1)
o Ty

The contribution vg = sb of the surface recombination to the decay con-
stant is thus seen to be directly proportional to b, which, in turn, increases
rapidly with

Ey = (8 + 6)E; = 10 %(uyy + una)H.E,, (32)
in the notation of Section 8.8for practical units.

Therelationship », = s# of equation (31) has arelatively ssimple inter-
pretation. The solution

= (33)

leads to a total number of holes per unit area of surface on the xz plane of
B —ri

f ebv gy = 8 (1~ ™), (34)

The quantity 2Bb is an effective transverse potential due to the magnetic
field measured in units of #T/g. For o, 2 ¢ it may bewritten as

2Bé = 2Bp E\/Dy, = 2qBE,[kT. (35)

For realizable experimental conditions, the contribution of the v; term to
2bB may be so large that the term exp (—2Bb) is negligible. [If exp
(—2Bb) is not negligible, the effect of the boundary aty = IB must be
included.] Therate of recombination on the surfaceis

P18 = 16 (36)

and this is simply sb times the number of holes given by (34). Since the
decay constant is the ratio of rate of decrease of holes to total number, this
shows that sb = vg.

To put the same result in simpler language: For strong transverse fields,
the holes flow in a layer with an effective thicknessof #T/gX; = 1/& so that
thetotal number per unit areais £3{0) X (1/2} and therate of recombina-
tion is 21{0) X s and the decay constant iss + (1/&) = sb.
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The treatment just presented corresponds to the tp; treatment of
Section 12.6a since for it p was independent of x.

A treatment like that given to rp, can be carried out also when magnetic
fields are present. The answer is again that Tp; = Tp, provided that
&, and 8, may be treated as small angles. When they are large, magneto-
resistance effects set in and the complete mobility and diffusion tensors of
Section 12.3 must be employed.

Theories of the sort discussed here have been applied in evaluating the
surface recombination constant s as discussed in Section 3.2.*

127 HERRING'S SOLUTION FOR LARGE, INJECTED
CARRIER DENSITIES

The formulation of the continuity equation of Section 12.2, the Einstein
relationship, and the equations for the quasi Fermi levels are applicable to
hole and electron densities of arbitrary magnitudes (provided degeneracy
is not encountered). In the applications presented in Sections 125 and
12.6, however, only hole densities which were very small compared to
electron densities were considered.  Under these conditions, the differential
equations for p were linear, and separable and simple solutions could be
obtained including the effects of recombination, diffusion, and applied
electric and magnetic fields. When the hole density is comparable to the
electron density, the equations become nonlinear and it is much more
difficult to obtain solutions and to visualize the processes involved.

An elegant solution for the nonlinear problem has been obtained by
C. Herring® for the case of large-amplitude disturbances of the densities.
We shall discuss his simplest case which is subject to the following
assumptions:

l.n-p+n=p+Ng-Ny (1)

which implies that the net charge density is zero and that the
donors and acceptors are fully ionized.

I I .Recombinationisnegligible.

I11. Conditions areuniformin they and z directions so that all quantities
are functions of x and /.

I'V. Diffusion currents can be neglected compared to currents produced
by the field E,

Assumption Il puts the treatment of this section on a very different basis
from those of the last two sections in which recombination plays a major
role in causing the injected carrier concentrations to decay to their equi-
librium values. For this section, the equilibrium values are without

4See H. Suhl and W. Shockley, Phys. Rev. 76, 180 (1949).
1C.Herring, Bell. Syst. Tech. J., 28, 401-427 (1949).
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significance since Assumption |l prevents an approach to them. Thisis
the reason that in (1) we have used not n, but instead n. subscript e for
excess of donors over acceptors.  Similarly the conductivity- ¢(Q) = guun,
is not the equilibrium conductivity but simply that correspondingtop = 0.
(Thelimiting case of intrinsic material with ng— 0 leads to cr(Q) = 0 and
Ep = = but in such away, as pointed out in afootnote, that the expression
for the densities velocity is properly behaved.)
Under these conditions the hole and electron currents are

I, = quypE )
Iy, = Q'J‘nﬂEs (3)

where we have omitted the subscript x from the current densties and
from E. The fraction of the current carried by holes is a function of p and
can be written? as

2
I I Py ;'
J@) = F =2 = ' @
N GRE
n
where n has been eliminated by equation (1) and
b = pp/up (5)

(These equations are discussed more fully in Section 3.1.) In terms of
f(p)y the continuity equation [(15) of Section 12.2] becomes

_ _lg.g L _ 1) _1dp) dp
o ¢ g ox ¢ dp s
= — ap
= V(I:P)ax (6)

where the densities velocity V{I” /), defined by this equation, will be shown
later to be the velocity with which the hole density propagates. V(J p)
may be written in the form
I df(p) I i
rap = L8 TS ™
q gﬂ"'[1+(l+3);]

In some cases we shall consider / to be independent of time and shall write
V simply as V(p). For small densities of injected holes, V(l,p) reduces
to the drift velocity gpEq of holesin a field

Ey = I/qtepn = I/0(0} ®)

V (p) which isused only in this section, is not to be confused with the Fermi-Dirac func-
tions f and f,.
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corresponding to | in the n-type material. For large values of p, V(l,p)
approaches zero.

It isinstructive to compare V(I,p) with the driftvelocity g, = Ep, of
ahole. E is obtained from the conductivity

«@) = gt + 1) = s [ 14+ (1 43) 2] ©)

and the current / by using the equaIion E = [/¢ so that

(2} = wpE = —— [1 +(1":_ )p-]-- (10)

ne

For p = 0, this equation, like equation (7), reduces to ppEs. For larger
values of p, we have the relationships

o(0) ___ o0y(0)
@ [1+(1+3)2]
Vi, p) = v,.(O)[ g] E——(ﬂfﬂ-)—;]-, (lib)

op(P) = v5(0) —— (Ha)

141+
which shows that the reduction factor for V(Ip) |£ the square of that
for v,

Since n and p are related linearly according to equation (1), n may be
determined directly from p and need not be considered separately. We
shall also omit a discussion of electrons injected into p-type material since
that case can be obtained from the one treated by interchanging subscripts
and writing 1/ in place of &.

We shall next consider an extreme case corresponding to hole injection
into intrinsic material. For this case we shall show, by direct physical
arguments rather than by equation (7), that the hole density remains
stationary in space although the drift velocity of holes does not vanish.?
Accordingly we suppose that the hole density is some function po(x) at
t=0; sincen, = 0, n aso equalspo(x) at t = 0. Thus for all values of
x the ratio of hole current to electron current is constant and has the
value 1 /b, and consequently, the hole current is independent of x. For
this condition, the net hole current flowing into one side of any interval
éx is equal to the hole current flowing out of the other side, and the hole
and electron densities remain constant although both hole and electron

8 After consdering the meaning of T as discussd in connection with Figure 12.8, the
reader should verify that the statement above correponds to showing that as n,— 0, V
vanishes while v, remains finite,
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flows occur. We may imagine a condition of this sort to be produced by
producing photoconductivity by a pulse of light shining on a limited
length of a filament in the intrinsic condition. The region of high density
would then remain fixed in space while holes flowed through it in one
direction and electrons in the other direction.

The mathematical expresson of the physical picture described in the
preceding paragraph is that df (p)/dp = 0 so that the same fraction of
current is carried by holes at all values of x and consequently V « [, = 0.
For small values of p in an w-type sample the hole density progresses with
the hole drift velocity as we shall discuss.

Actually diffuson and recombination would cause the region of high
density to spread and decay, and the stationary situation already dis-
cused would represent only an approximation. However, it serves to
illustrate that it is not the hole drift velocity which causes the distribution
of density to shift but instead the divergence of hole current as required by
the continuity equation.

I f, on the other hand, the hole density p is so small compared to n that
the electric field is altered negligibly so far as hole mation is concerned, then
the hole current is ssimply

I, = Eqgupp = qugp (12)

where v, is the drift velocity of a hole in the field Eo. For this case the
continuity equation becomes

4 /4

o~ Poax’ (13)
which is solved by any function of ¥ — vy,
2= Po(x - FP’):
which represents translation of the hole density in the +x-direction with

velocity vp.

The reader may verify that, for p/n. € 1, equations (6) and (7) reduce
to (13), whereas for the intrinsic case they reduce to dp/é¢ = 0.

For intermediate cases, Herring points out that a solution to (7) can be
obtained by a geometrical construction which we shall illustrate in terms
of a pulse as shown in Figure 12.8. In this figure the pulse has a hole
density at / = O represented by an isoscdes trapezoid. In part (b), the
density velocity is plotted as a function of p/n. on the same density scale
as for part (a), it being assumed that | is constant in time. Herring's
construction is as follows: Take any point in (a) for which p has the value
pi; draw a horizontal line from this point with length V(p) t; the point
so obtained is a point on the translated pulse. That this proces satifies
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equation (7),

dp ap
il A Ob (14)

may be seen from (c) which shows that, in time dt, the increase in p at
constant x is

a
(@) = W - 2) (15
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o \ £
l. y I
i 1, 4
%T =| i 'l. L, V‘M“ Et
Py LY g
LY
11 \\ 8
pl \\ H
e o 2t HYidt
1] g Voo ——1g
DISTANCE, % CONCENTRATION DISTANCE, %
VELOCITY

F1G. 12-8—Deformation of a Pulse of Holes Due to Conductivity Modulation.
(Drawn for b — 2))

from which (7) is obtained by dividing by dt. A more general expression
of the functional relationship between p, x, and t is

*(0,1) = x(0,0) + | U, ol (16)

which is discussed further in the problems.

It is to be noted that theincrease in density velocity for low hole density
causes the lower densities to go faster than the higher densities so that the
trailing edge of the pulse becomes infinitely steep, a shock-wave phenome-
non. As the stegpness increases, assumption 1V (that is, diffusion currents
are negligible) becomes untenable and the steep trailing edge tends to
widen owing to diffusion. As a result, the width of the trailing edge
reaches a limiting value of the order of

2T

1 2
=== %1~
gEﬂ 1+(]+.]l).p_’1‘_’_’_‘
b} n,

where pmax iS the maximum of p at the top of the trailing edge. This
equation, due to Herring, is obtained by setting the rate of widening due to
diffuson equal to the rate of narrowing due to the difference in velocity
between the limiting hole densities in the pulse. (See Problems.)

(17)
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Herring has also considered the effect of recombination, which can be
taken account of in a relatively smple way (see Problems) and diffusion.
When nonlinear effects due to conductivity are combined with the diffusion
mechanism, the problem becomes much more complicated. Steady-state
solutions of the one-dimensional case in which the only approximation
made is that of assuming negligible failure of the neutrality equation
# = p + #, assumption |, have been obtained by W. van Roosbroeck.*

12.8 BAND EDGE ENERG ES VERSUS VOLUNE: &, &1, &:¢

The method of deformation potentials discussed in Sections 11.3 and 17.6
makes use of the quantities &, and &, which were defined as the change
in the band edges &, and &, per unit dilatation. These quantities enter
the expressions for mobility through equations of the form

_ 29 2x Hen
S Y N St

which was derived as equation (30) of Section 11.4. For u, in em?/volt sec
¢y in dynes/cm? electron volts for &, and T in °K this becomes

(la)

in = 3.2 X 1075y (m/mp)% /62T (1b)
As discussed in Section 11.3, equation (34), the relationship
|8:6] = [81a] + |815] 2

should apply if the dopes of the band edges have opposite signs as shown in
Figure 11.4, which has been drawn to agreewith the theoretical band struc-
ture computed by Kimball for diamond and discussed in connection with
Figure 5.5.

This relationship has been investigated by Bardeen® for diamond,
silicon, germanium, and tellurium. The methods used to determine how
&g depends on volume are based on the statistical relationship between &g
and the product np of electron and hole densities given in equation (19)
of Section 10.3:

np = N,N,eOSaT
= 4(2xmk T/ K23 (omamy/m?) ¥ Sa/kT
= 2.33 X 10" T3 (mmy/m?) a5/ ETcm™®, ©)
Themost direct way to study &g is simply to change the volume at constant
temperature by applied pressure and to study resulting changes in np.

“Planned for publication in Bell Syst. Tech. /., 29 (4) (1950).

1J. Bardeen and W. Shockley, Phys. Rev. 77, 407-408 (1950). This section gives in ab-
breviated form the analyss presented in a ssoond paper planned for publication in the fall
of 1950.
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Thevolume also changes due to ther mal expansion, and this affords another
method of studying the variation of &g with volume. These and other
methods will be discussed.

The results of these investigations are given in Table 12.2 as the bottom
row. Values of |64} and |8,,| are obtained by solving (1), setting
my = my = m; their sum is shown in the row next to bottom.

It should be mentioned that the sgns of the termsin thelast row arein
agreement with the predictions of band theory calculations. According
to Kimball's calculations for diamond? the bands cross at an atomic
spacing larger than the equilibrium value, so that &g should decrease with
dilation and &;¢ should be negative; presumably the same will be true for
dlicon and germanium. Tellurium, on the other hand, is composed of
long chains of atoms, and the chains are not held very tightly together.
For this reason a relatively small amount of overlapping may occur at the
equilibrium lattice constant and the bands may not have crossed, the
situation being like that shown in Figure 5.4 or that for large values of
lattice constant in Figure 5.5.

Tapee 122 Comparison or &1g Dereaminep By Oruze MEANs witH

l&:n‘ + l&ht
Diamond Silicon Germanium  Tellurium
pet = (10 dynes/cm)® .... 108* 2.0¢ 1.55% Q0.5°
ph (electrons)

(em?/volt see, 295°K). . .... 900% 3000 35001 5307
#p (holes)

{cm?/volt sec, 295°K). .. ... 2004 100 1700/ 530¢
BT e 45X 10% 15 X 10% 180 X 108 27 X 108
wT¥ ... .. C . L2100 X 108 5% 108 86X 10% 27 X 108
Brel(ev) e v, 8.8 6.5 17 2.4
[Etel(e¥) . verveniininninns <30 113 24 2.4
Lo I S T <39 17.8 4.1 1.8
Bolevy . ... ... ..... ? — 30 -5 5.0

2 Longitudinal velocity in [110] direction calculated from éagtic congants. SeR. F. S.
Hearmon, Rev. Mod. Phys. 18, 409-440 (1946); (1950).

P Calculated from dastic constants, W. L. Bond, W. P. Mason, H. J. McSkimin, K. M.
Olsen, and G. K. Teal, Phys. Rev. 78, 176 (1950).

° Estimated from compressibility.

4 C.C.Klick and R.J. Maurer, Phys. Rev. 76, 179 (1949).

G. L. Pearson and J. Bardeen, Phys. Rev. 75, 1777-1778 (1949).

" Unpublished data of J. R. Haynes.

9Vivian A. Johnson, Phys. Rev. 74, 1255 (1948).

'_‘K. G. McKay, persona communication.

'Se Text.

2G.E.Kimball,J. Chem. Phys., 3, 560-564 (1937).
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The value of &¢ may be obtained by the following procedures:
(1) Intrinsic Conductivity versus Pressure. In the intrinsic temperature
range, n and p are each equal to

ny = 4.82 X 108 T (m, my/m?)He 86/2 om0, @)

Since the mobility varies as T -*,, the explicit dependence of conductivity
arises solely from the exponential factor and

0y = g0 SO, (5)

Using Bridgman's data on tellurium,® Bardeen* concludes that changes in
#;0 With volume are unimportant compared to changes produced in
By a similar procedure Miller and Taylor find &, ~ —35.0 electron volts
for germanium.®

(2) p-n Junction Resistance versus Pressure. According to the theory of
Section 12.5, the current in a p-njunction is

= o | Popn %] kT _
1= o[ty Do | guiir — 1 ©
For temperatures near room temperature in germanium, p, and n, are
nearly constant, each being equal to the appropriate difference between
donor and acceptor densities. Consequently, snce pn is given by equa-
tion (3), both n, and p, must vary as T* exp {(—&q/&T). |f it is assumed
that the variations of Dy, Dy, Ly, and L, with pressure are small compared
to the effect of variationsin 6(?, then equation (6) can be used to interpret
the effect of pressure upon resistance.  The value obtained in this way for
germanium® is in agreement with the value quoted under (1).

(3) Density versus Temperature. As discussed later in Section 16,4, it
is found that the constant coefficient in the product np is found experi-
mentally for silicon to be 32.5 times larger than the value of equation (3).
Pearson and Bardeen have proposed that this is due to the temperature
dependence of &g, which they write as

&g(T) = &g(0) — BT, (7)

This equation leads to
e~ Sa(TIET _ Blhg—Sg(0) kT ®)

so that a multiplying factor exp (8/&)} occurs in np. Setting this factor
equal to 32.5 gives
B = kin32.5 = 3 X 10* electron volt/°K (9)

8p. W. Bridgman, Proc. Am. Acad. Set. 68, 95-123 (1933); 72, 157-205 (1938); 74,
21-51 (1940).

4 J. Bardeen, Phys. Rev. 75, 1777-1778 (1949).

®P.H. Miller and Julius Taylor, Phys. Rev. 76, 179A (1949).

® Personal communication from J. Bardeen based on unpublished experiments of H. H.
Hall and G. L. Pearson.
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and combining this with the volume coefficient of expansion  gives
Bi1g = B/, = 3 X 1074/9 X 107® = 33 electron volts. (10)

For germanium the corresponding factor in np is 35 leading to 8 =
1.0 X 107 electron volt/°K and since ay = 19 X 107°/°K, the value of
&g is 525 electron volts, in good agreement with the values obtained
by the other methods.

It also possible to obtain information on the temperature dependence
of &g from measurements of the dependence of photoelectric effects upon
wave length as a function of temperature.  Such effects have been observed
by F. S. Goucher and H. B. Briggs.’

129 DRIFT AND HALL MOBILITIES

During the course of the preparation of this book, great improvements
were made in the techniques for studying the behaviors of holes and
electrons in germanium. By pulsing the sweeping field in experiments like
those described in Section 3.1, J. R. Haynes was able to lower the duty
cycle and thus raise the permissible sweeping fields by a large factor.® In
this way, the wave shapes of pulses of injected carriers were greatly sharp-
ened compared to those shown in Figure 3.9. As a result this technique
became a precision method which permitted measurement of the drift
mobilitieswith an error probably less than 5 per cent. The values obtained
by this improved technique are shown in Table 12.3.

An extended series of Hall effect measurements have been carried out by
G. L. Pearson. He findsthat the Hall mobility varies more from sample
to sample than does the drift mobility. This variation is not fully under-
stood. Pearson's values obtained using the same samples employed by
J. R. Haynes together with the spread in value for a number of samples are
also shown in Table 12.3. As discussed in Section 8.9 and Section 11.4,
equations (25) and (28c), if the mean free path is independent of the
velocity of the electrons or holes, as is the case for the deformation potential
theory of scattering by thermal agitation, then the drift mobility should be
8/3TT times the Hall mobility. Asis seen from Table 12.3, the drift mobility
values do not fall within the same range as those obtained from the Hall
mobility, and the discrepancy is apparently larger than the probable error.
We shall discuss a possible explanation for this discrepancy below.*

All of the measurements just described were carried out using single
crystals of germanium, mostly those grown by drawing single crystals from
the melt by the method described by Teal and Little.'"® Theimportance

" Unpublished investigations.

! Planned for publication in the Physical Review for late 1950.

' This analysis was presented in brief by G. L. Pearson, J. R. Haynes and W. Shockley,

PhP/s. Rev. 78, 295-296 (1950).
.K.Tealand J.B.Little, Bulletin of the eeting of the American Physi Ciety.
®G.K.Teal and J.B. Little, Bulletin of the 298th Meeting of the American Physical Soci
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TABLE 123 MOBILITIES IN CM?/VOLT SEC IN GERMANIUM

(8/37T) times Drift Conductivity’
Hall Mobility Mobility Mobility
Electrons . .................. 2600+ 300 3600+ 180 3350+ 400
Holes ............. .. ... ..... 1700+ 500 1700db 90
- 100

2 G. L. Pearson, Phys. Rev. 76, 179 (1949).

®Reported by J. R. Haynes at the Chicago Meeting of the American Physical Society,
Nov. 26, 1949. G. L. Pearson, J. R. Haynes, and W. Shockley, Phys. Rev. 78, 295 (1950).

°G. L. Pearson, J. D. Struthers, and H. C. Theuerer, Phys. Rev. 75, 344 (1949).

of using single crystals arises from the added resistance of grain boundaries,
a subject to which we return in the next section.

An estimate of electron mobility can be obtained from the experiments
of Pearson, Struthers, and Theuerer, mentioned briefly in Chapter 1,
dealing with the determination of antimony content in w-type germanium
by the use of radioactive antimony. These data show that the conduc-
tivity varies linearly with the antimony content so that the conductivity
can bewritten as

o= Ngua+ o9

where TQ is the conductivity of a control sample without added antimony,
and Nd is the antimony content determined by radioactivity. By solving
this equation for p, for a number of samples, the value of conductivity
mobility of Table 12.3 is obtained. There is a considerable spread in the
data duein part, at least, to the fact that polycrystalline samples were used.
The conductivity mobility is in much better agreement with the drift
mobility values of Haynes than with the Hall mobility values of Pearson.
This agreement is, of course, the result to be expected because, in principle,
both the drift experiment and the conductivity experiment measure the
average speed with which the carriers travel down the filament under the
influence of an applied field. So long as trapping and possibly electron
hole collisons do not cause the drift mobility to deviate appreciably from
the microscopic mobility (see Section 8.7), the two measurements should be
concerned with the same physical quantity. It should, of course, be
stressed that from the operational viewpoint, discussed in Section 14.1, the
two measurements are quite distinct and the fact that they agree increases
the reliance to be placed upon the additional physical concepts associated
with the theory of holes and €electrons.

Hall mobility values for germanium have been found to fluctuate
markedly from sample to sample. Figure 12.9 shows a plot of the values
obtained in various ways over a period of time. Values differing appre-
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ciably from those quoted in Table 12.3 have recently been reported by
Dunlap? who gives values for (8/3r)  as high as 3400 cm?/volt sc for
electrons and 2650 cm?/volt sc for holes.

We shall next present a possible interpretation of the apparent fact that
for n-type germanium the Hall, mobility pHn, which we shall take as

L ¥ |
A HALL MOBILITY ~ ELECTRONS
A HALL MOBILITY=-HOLES
‘ =
y | @ ORIFT MOBILITY - ELECTAONS
1w
: O DRIFT MOBILITY ~HOLES .\ .
-l
'§ GERMANIUM A
. AT 300" K
t 2}
2 O
A | o
A
ol
1945 1948 4T [ 2] -2 -] WSl 1952 w3
YEAR

FI G. 12-9—Higorical Data on Mobility in Germanium. (Snce some of the data
represent unpublished "best values' current at the time, no references are given.)

(3x/8) 2600 = 3100/cm? volt =, is less than the drift mobility us, taken
as 3600 cm?/volt sec measured for dectrons injected intop-type germanium.
From equation (25) of Section 11.4 we find that

pr _ (weighted average of )

s (weighted average of )2 =
For the caxe of a constant mean free path and non-degenerate statistics,
the value of gg/u is 3x/8 = 1.18, whereas the ratio 3100/3600 = 0.86 is
smaller by a factor of 0.73. Thus the experimental values cannot be

reconciled with theory by any assumed dependence of T(V) upon the
velocity v of the electrons. It is possible, however, to have values of

BH « 1 for reentrant energy surfaces
m

in the Brillouin zone in place of the spherical energy surfaces with constant
effective mass on which the formulae of Section 11.4 were based.

2W. C. Dunlap, Jr., Phys. Rev. 77, 730A (1950).
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In Figure 12.10, we show how ener gy surfaces of a peculiar shape can give
rise to a great decrease in pg/u. This figure represents the P, = 0 plane
in the Briilouin zone. For this case the velocity vector for a contour of
constant energy will vary in magnitude, being greatest where the contour
comes close to the origin in P-space. |If an electric field is applied in the
x-direction, electrons for the w-type sample considered will be accelerated

=

p—

Y

CRYSTAL MOMENTUM, P,
o

o
CTRYSTAL MOMENTUM, Py s

F1 G. 12-10—Re-entrant Energy Contours which Will Lead to Low Values of

to theleft in Figure 12.10 and will alter the number of electrons in states
between the energy surfaces. The most important regions will be those
for which the component of velocity vy is large since f', the fraction of the
quantum states occupied by electrons, increases as

4 o T4
( df)mm& 77 1 o E,

as shown in Section 11.4, equation (7). Two groups of quantum states
with large negative values of v, are represented as &3 and 843 in Figure
12.10. For these, E4 produces arapid increasein the number of electrons.



340 APPLICATIONS TO TRANSISTOR ELECTRONICS [129

If a magnetic field is applied, a flow of points along the energy surfaces
will takeplacein thedirection shown by the arrows, and the extra electron
in 35y and 853 will be dispiaced towards 8s,” and 8s5". This displacement
will result in a net increase of the 4-y-component of average velocity since
both &5y’ and 85" have more positive o, values than 85, and 412, Thus
the result® is to rotate the average velocity vector in the clockwise direction

rather than the counterclockwise direction, as would be the case for
spherical energy surfaces, which would have circular intersections in
Figure 12.10. Hence the sign of the Hall effect for the case of a few excess
dectrons at lowest energy states of the conduction band can be that nor-
mally associated with holes.

It should be stressed that the electrons near the bottom of a conduc-
tion band like that of Figure 12.10 are not equivalent to holes. If one
extraelectron were present in the band of Figure 12.10, it would constitute
a net negative charge and it would move towards the positive terminal in a
drift experiment. In these respects it would act like the excess electrons
consdered in earlier chapters. Its drift velocity, however, would be
deflected by a magnetic field so as to give the Hall effect of a hole.  Simi-
larly holesin an almost filled band with surfaceslike Figure 12.10 would act
like holes except that they would give the Hall effect of electrons. We
shall introduce the terms anomalous electron and anomalous holeto describe
the behaviors associated with these new concepts. Anomalous holes will
give the Hall effect expected for eectrons, usually called normal Hall
effect, whereas anomalous éectrons will give the Hall effect associated
with positively charged carriers, usually called anomalous Hall effect. In
a filament containing both anomalous holes and anomalous electrons, the
carriers would be concentrated on the opposite sde of the filament from
that shown in Figure 3.10. Thiswould lead to an anomalous Suhl effect,
and data on the impedance of point contacts, like that of Figure 3.12,
would be reversed regarding the sign of the magnetic field.

For a less drastic case than that shown in Figure 12.10, a reduction
rather than a reversal of sign will occur for gg/u. This is the proposed
explanation for the observed ratio of about 0.86.

That a reversal of sign due to re-entrant surfaces does not occur in
germanium is shown directly by the sgn of the Suhl effect and by the
mutual consistency of Hall effect, direction of motion of injected carriers,
sign of the field effect, dependence of conductivity type upon valence of
impurity, direction of rectification, and thermoelectric effects. That it is
not unreasonable to expect modifications of the sort described previously

8The formula for Hall effect for complex surfaces is given in A. H. Wilson, Theory of
Metals, Cambridgeat the University Press, 1936, equation 236. The geometrical interpreta-
tion of Figure 12.10 has nat in the author's knowledge been previoudy published.
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which might lead to avalue 0.86 for gg/u can be seen by considering a case
in which the energy contours have been drawn in three dimensions, Figure
12.11. Although the surfaces shown are computed for another crystal,
there is no reason to suppose that similar surfaces do not occur for ger-
manium.*

Further evidence that the energy surfaces in the Brillouin zone are not
spherical is obtained from magnetoresistance effects. It is found that much

s e
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FIG. 12-11—Energy Surfaces Near Edge of an Energy Band. [For sodium chloride
after Shockley, Phys. Rev. 50, 754 (1936).]

larger effects are obtained by applying magnetic fields than can be accounted
for by the theory of spherical energy surfaces presented in Section 11.4.
Recent results of magnetoresistance experiments have been reported by
Pearson® and Suhl.® They find for single crystals of germanium that the
magnetoresistance is highly anisotropic which is further evidence for the
lack of spherical energy surfaces.”

If the energy surfaces are not spherical, the deformation potential
theory of the mean free path will need major revisions since scattering by
shear modes can then be important. It is reasonable to suppose that
scattering by shear waves will probably be less important than by the
dilatation waves considered in Chapters 11 and 17 so that the agreement
between &g and |5m| + |51,,| of Section 12.8 will probably still be valid.

4W. Shockley, Phys. Rev. 78, 173 (1950).
® G. L. Pearson, Phys. Rev. 78, 646 (1950).
® H. Suhl, Phys. Rev. 78, 646 (1950).

"W. Shockley, Phys. Rev. 71,191 (1950).
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1210 ON A THEORY OF NOISE

Considerable progress has been made in understanding the nature of
noise in germanium. It has been found by H. C. Montgomery® that
noise having the typical (1/frequency) or contact-noise spectrum? de-
scribed in Section 2.2 occurs in germanium filaments.

These experiments employ specimens having ends so large that any

CONSTANT  CURRENT  SOURCE

NOISE
MEASURING

PROBES 1 ;fi]

FIG. 12-12—Montgomery's Noise Transmission Effect.

effects due to metal semiconductor contacts are eliminated. Figure 12.12
represents one of the various types used in these experiments. Shapes
like that shown, and others of similar complexity for other purposes, have
been produced with a magnetostrictively driven cutter designed by W. L.
Bond,® some examples being shown in the frontispiece. Under typical
experimental conditions the filament is supplied by a constant-current
source so that fluctuations in voltage between any two points of the fila-
ment may be attributed to a fluctuating resistance. In order to measure
the noise voltage, arms are cut out of the same single crystal as shown in
Figure 12.12 and are used as probes. This method eliminates the insta-
bility and additional noise which often occurs in connection with metal
semiconductor contacts. The (noise voltage)? is found, to a first approxi-
mation, to consist of a thermal or Johnson noise component plus a term

1H . C. Montgomery and W. Shockley, Phys. Rev. 78, 646 (1950).

2The term contact-noise arises from the fact that noise of this type was first encountered in
connection with contacts "Resistance Fluctuations in Carbon Microphones and Other
Granular Resgances', C. J. Christensen and G. L. Pearson, Bell Syst. Tech. J. 15,197-223
(1936).

8W. L. Bond, Phys. Rev. 78, 646 (1950).
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which is directly proportional to 1% and thus corresponds to a fluctuating
resistance. Montgomery has obtained strong evidence that for n-type
germanium this resistance modulation noise is due to a fluctuating hole
current. The preliminary theory of his effect is as follows:

In the body of the germanium or on its surface there are regions which
tend to have higher hole density than other regions. The presence of such
regions has been observed in unpublished experiments of Haynes which
show that the pulsed application of a sweeping field sometimes causes
pulses of holes to pass by the collector point although no emitter contact
isused at all. Haynes has been able to locate the sources of holes as being
in certain definite regions of the filament which are not visibly different
from the surrounding material. It isnot known in all cases whether these
regions are actually p-type inclusons or simply regions which are less
n-type than the adjoining parts of the crystal. We shall for the present
purpose assume that the regions are simply less w-type and thus under
equilibrium conditions have a density of holes higher than the average.
In the presence of an electric field, these higher densties are swept away.
As a result, the regions, depleted of their normal hole density, attempt to
re-establish the density by the emisson of holes which are also swept away
so that by this mechanism the region acts as a source of holes.  If the hole
current from this source were purely random in character, the noise in the
filament would be much smaller than that observed and would have a
"white" frequency spectrum (noise power per cycle independent of fre-
quency) rather than the 1L/f spectrum actually observed in the filaments
as well as in transistors, as discussed in Section 2.2.  Accepting for the
moment the idea, which we shall discuss further below, that such fluctuat-
ing sources of hole current exist in the filament, let us examine the conse-
quences of this picture.

The noise produced by a given fluctuating source of holes will be pro-
portional to the lifetime of the holes in the filament, in fact the noise power
will be directly proportional to the square of this lifetime. As we have
explained earlier in connection with the Suhl effect, the lifetime of holes
in the filament may be materially decreased by the simultaneous applica-
tion of magnetic fields and electric fields. Reduction of noise in the fila-
ment has actually been observed by Montgomery and is in fair quanti-
tative agreement with the theory based on theseideas. From his experi-
ments one finds that the data can best be fitted by assuming that the noise
originates in sources of holes located on the surfaces of the filament. This
result is consistent with the finding that the surface is the principal locus
of recombination for holes with electrons. In fact under conditions of
thermal equilibrium, the principle of detailed balancing requires that any
region which actsasalocus of recombination also acts asa locus of emission
to an exactly balancing degree. There is a somewhat similar symmetry
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between emission and recombination under nonequilibrium conditions;
thus a region having a fluctuating ability to effect the recombination of
holes and electrons can introduce noise into an otherwise uniform flow of
holes in just the same way as can a region of fluctuating emission.

In addition to the effect of noise reduction by applied magnetic fields,
Montgomery has observed a noise transmission effect in using a structure,
like that of Figure 12.12, having three sde arms so that three noise volt-
ages, V:2, 23 and 13 may be measured by connecting various pairs of
terminals to the noisemeasuring set. If the resistance modulation in
each of the two segments were independent of the other, then the noise
powers Vi,® and V32 should add to give the noise power V3. Under
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F1G. 12-13—Modulation of the Recombination-emisson Processby a Trapped Charge.

the experimental conditions, however, the lifetime of a hole in the fila-
ment is so long that most of the holes entering Segment 1 also pass through
Segment 2 before recombining.  Furthermore, the transit time is a small
fraction of a cycle of the measuring frequency. Consequently, the modu-
lation due to the hole current should be approximately the same in both
segments and the noise voltages, rather than the noise powers, should
add. Confirmation of this prediction is furnished by the fact that M ont-
gomery finds

(&)ﬂﬂ = V1g® + Vag® + 20V 13¥33

with a value of 0.85 for the correlation coefficient C If the surface is
treated so that the lifetime is less than the transit time between segments,
then the correlation between resistance modulation in one segment and
the other is largely eliminated. Combined with the experiment with
magnetic fields these experiments with the noise transmission effect con-
stitute very strong evidence that the noise in these filaments is due to a
fluctuating hole density.

In Figure 12.13, we show a possible mechanism which will give rise to
noise of the sort discussed. We represent a region of the semiconductor
containing two imperfections having the hypothetical properties described
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below. One of these is a recombination-emission center referred to as the
center. It is supposed that this center has an energy level to which an
electron may be excited thermally from the valence band. After an elec-
tron is so excited, as shown in (a), the hole left behind moves off so that
in this way the center has produced a hole. The electron may then be
further excited to the conduction band, after which it moves away leaving
the center in a neutral condition. This process may be repeated so that
the center can act indefinitely as a source of holes and electrons. Under
equilibrium conditions, the reverse process, in which an electron falls into
the center from the conduction band and later from there into a hole which
happens to diffuse into its neighborhood, will occur with equal frequency.
If the region shown in (a) and (b) is one which normally has a relatively
high hole concentration and if the holes are swept out by an applied electric
field, then the action of the traps can be shown to be such that the region
acts as a natural source of holes.

In Figure 12.13 we show a different type of imperfection which can also
trap an electron. We shall suppose that this trap is much more stable
so that the electron remains in it for a time very much longer than that
required for the center to go through a cycle of the sort shown in (a) and
(b). We shall refer to this trap as a modulating trap or simply a trap}

Now the ability of the center to absorb or emit hole-electron pairs can
be modulated by the charge of the trap. If the modulating trap shown
in the figure becomes charged by trapping an electron, this will alter the
shape of the potential energy bands as shown in (c¢) and (d). As a result
of this change, it is somewhat harder for the hole to escape and somewhat
easier for the electron to escape. In general, these two effects will not
cancel and one process will be modulated in a more important way than
the other. Consequently, the source strength of the centers in the neigh-
borhood of the modulating trap will fluctuate as the trap gains or loses an
electron. If the energy levels of the traps are distributed over a con-
siderable energy range, then the frequency spectrum characterizing their
charge and discharge by capturing and emitting electrons will be of the
I/f type®

The case represented in Figure 12.13 is only one of a number of similar
possibilities. Furthermore, Montgomery's experiments with magnetic
fields indicate that the noise sources are on the surface of the filament.
For this case the centers may well be surface states and the traps may also
be surface states of a different sort or, alternatively, the modulating role
of the traps may be played by ions or polar molecules moving on the
surface.

“Traps play a major role in the theory of phogphors  For discusson and references see
H. W. Leverenz, Luminescence of Solids, John Wiley and Sons, Inc., 1950.
® | am indebted to J. Bardeen for calling my attention to this condusion.
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It should be stressed that the sources of noise discussed here, like the
other imperfections mentioned earlier in this section, are apparently not
necessary attributes of n- and p-type germanium. In theidealized model of
n- and p-type germanium, consisting of a perfect lattice except for sub-
stituted atoms of valences three and five, there appears to be no important
source for noise of the type actually observed. It is to be hoped that with
improvement in the art, real germanium specimens will be produced so
close to the idealized model that for them the noise will be reduced towards
the minima set by Johnson noise and space charge limited shot noise.

1211 CONCLUDING COMMENTS

In this section we shall review briefly the status of transistor electronics
and shall indicate areas in which it is expected that scientific and technical
progress may occur in the future.

As mentioned many times in the text, the invention of the transistor by
Bardeen and Brattain has opened up a new area of research in semicon-
ductor phenomena. The experiments of Haynes on drift mobility, of
Pearson on conductivity modulation, of Suhl on magnetic concentration
of holes and electrons constitute, the author believes, foundation stones
in the entire theory of electronic conductivity in semiconductors. These
experiments show that many aspects of the conceptual pictures of the
behavior of electrons and holes have a real operational meaning, quite
apart from that previously explored by measurements of conductivity,
Hall effect, and thermoelectric effects.

In transistor electronics the germanium filament (see Frontispiece)
plays the role of the vacuum or gas discharge tube of conventional elec-
tronics. The analogue of the thermionic cathode is the emitter contact
junction, and its efficiency is the fraction y of its forward current carried
by injected carriers. In Chapter 3 data were quoted for several cases in
which 7 was measured. Since the time at which those studies were made,
the estimate of b has been revised upwards from 15 to 2.1, germanium
side arms have been used as probes, and ac techniques for injection and
measurement have been employed. W. H. Brattain, who introduced the
last two improvements in the studies of 7, has made measurements on an
n-type germanium. He finds values of 7 varying from as low as 0.2 to
nearly unity with a tendency for 7 to increase for a given point with
increasing emitter current. The value of 7 is dependent upon surface
treatment but not in areadily reproducible way. The apparent value of 7,
which is measured as the ratio of small ac values iyi. , increases with
increasing sweeping field and Brattain's values are extrapolated to infinite
field.

In addition to the measurements of 7 and the new observations of
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fundamental phenomena made possble by filament techniques, other de-
tailed information has been acquired concerning the behavior of holes and
electrons. It has been shown that usually recombination takes place
chiefly on the surface of the filament. It is aso known that a hole in gen-
eral will have many thousands or tens of thousands of collisions with the
surface before it isfinally lost. It appears that this surface recombination
process is structure-sensitive to the chemistry and potential fields at the
surface.

It is also known that other impurities and imperfections in the crystal
besdes simply elements of columns 3 and 5 of the periodic table, such as
wer e discussed in connection with Table 1.1, areinvolved in the recombina-
tion process in the body of the germanium. It is found that this body
recombination is relatively insensitive to the presence of ordinary donors
and acceptors but can be markedly increased by the same sort of heat
treatment which tends to convert n-type germanium to p-type.l It has
also been found that the p-type centers produced by bombardment with
nuclear particles are very effective in aiding the recombination of holes
and electrons.

It is to be hoped that the nature of these imperfections will be estab-
lished with the aid of low temperature studies, lifetime measurements,
and studies of noise and of trapping phenomena.

Grain boundaries in germanium introduce electrical discontinuities, as
mentioned in Section 12.9. Their principal features have been reported
by Pearson.? Hefindsthat some grain boundaries act like p-type regions
so that the electrical characteristics are like those of two p-n junctions in
series; this picture is further supported by the photovoltaic effects, which
are also consistent with this view. It is not certain whether the p-region
at the boundary is due to segregation of chemical impurities or to disorder
of a type similar to that produced by nucleon bombardment, but arising
from atomic misfit between crystals on opposite sdes of the grain boundary.
If the germanium is converted to p-type by heat treatment, the grain
boundary apparently acts simply like a very thin layer of somewhat differ-
ent conductivity and thus has no appreciable effect upon the resistance of
the specimen.

Great progress has been made in the germanium material itself under
the pressure of demands of the transistor program. As aresult, relatively
large crystals of high perfection and chemical purity are now available,
and experiments in transistor electronics which would have been impos-

! Unpublished investigations carried out by M. Sparks and J. R. Haynes.

2G. L. Pearson, Phys. Rev. 76, 459 (1949). See dso N. H. Odell and H. Y. Fan, and
W. RJTaylor and H. Y. Fan, Phys. Rev. 78, 334-335 (1950). The theory of the structure
of grain boundaries for some of the simpler crystals appears to be in accord with experiment.
S=W. T. Read and W. Shockley, Phys. Rev. 78, 275-289 (1950). References.
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sible in the past can now be performed. A preliminary report of crystal
growing has been made by G. K. Teal and J. B. Little.?

At this point we shall briefly summarize the aspects of the energy band
theory of conduction which have been tested in connection with the
transistor program. According to the energy band picture an exces
electron

(1) hasachargeof —e

(2) undergoes random diffuse motions

(3) driftsunder an €electric field with a characteristic mobility
(4) is deflected sdewise by a magnetic field.

A hole has similar attributes except for the sign of its charge. The new
experiments have put all of these agpects on a firm operational footing.
The sign of the charge and the drift velocity have been verified by carrier
injection experiments. The magnitude of the charge has been confirmed
by the rectification formula for p-n junctions which depends critically upon
e/kT. The sdewise deflection has been directly observed in the Suhl
effect experiments. The diffusive motion has been verified by experiments
on p-n junctions in which the frequency characteristic is found to be in
accord with the diffusion theory; it has been still more directly verified in
an experiment carried out by Goucher® in which carrier injection by light
absorption is followed not by drift in a sweeping field but by diffusion in a
negligible electric field.

These attributes are the principal consequences of the physical picture
of holes and electrons discussed in Part |.  In a quantitative form this
picture furnishes the mathematical discipline required for the theoretical
side of transistor electronics. It is, therefore, of importance to appreciate
that as a result of the new experiments growing out of the transistor
program, theimportant featuresof the physical picturearenow based on direct
experimental evidence and need no longer be considered to be deductions
from an involved quantum mechanical analysis.

Further evidence for the validity of the band theory is furnished by the
correlation, discussed in Section 12.8, of band spacing or energy gap with
sze of the unit cell. An additional piece of evidence is the fact that
approximately unit quantum efficiency, that is one hole-electron pair per
photon, is obtained in photoconductivity experiments®; this result isjust
what should be expected on the bass of the physical picture of excitation
by photons described in Chapter 1.

!G. K. Teal and J. B. Little, Phys. Rev. 78, 647 (1950).
#F. S. Goucher, planned for publication in the Phys. Rev. in 1950.
F. S. Goucher, Phys. Rev. 78, 476, 816-817 (1950).
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It may be appropriate to speculate at this point about the future of
transistor electronics. Those who have worked intensively in the field
share the author's feeling of great optimism regarding the ultimate poten-
tialities. It appears to most of the workers that an area has been opened
up comparable to the entire area of vacuum and gas discharge electronics.
Already several transistor structures have been developed and many
others have been explored to the extent of demonstrating their ultimate
practicality, and still other ideas have been produced which have yet to
be subjected to adequate experimental tests. It seems likely that many
inventions unforeseen at present will be made based on the principles of
carrier injection, the field effect, the Suhl effect, and the properties of
rectifying junctions. It is quite probable that other new physical prin-
ciples will also be utilized to practical ends as the art develops.

The preparation of this book was motivated by the conviction that
electronic conduction in semi-conductors was about to take its place as a
subject of major importance in the communications art and other branches
of electrical engineering as well. Workers in transistor eectronics had
expressed a need for a new treatment of the physical principles in descrip-
tive terms with special emphasis upon the features likely to be used as the
basis for engineering design. Part Il has had asits chief aim the supplying
of this description and some of the mathematical tools useful in design
considerations. A re-examination of the foundations of the basic theory
constitutes one of the major aims of Part | | | , the other aims being con-
cerned with specially adapted presentations of certain well-known branches
of theoretical physics. The more fundamental investigations, because of
their strongly mathematical flavor, may be inaccessble to most readers.
It is hoped, however, that they will convey the important impression,
which the author believes to be true, that the substratum of basic theory
is sound for transistor electronics.

PROBLEMS

1. Show that if at t = O thereis a distribution of holes on the plane at
x — 0 with N, holes per unit area, then owing to diffusion (neglecting all
other proceses) the value of p at later times is

N » —o2/ 4Dt

?(xs‘) = @e

Consider the three-dimensional case and show that if N, holes are con-
centrated at r = O at t = O, then the density at timet is

= Ny —r/4D8
2(r, B (hDr)"e .

(This may most easily be done by testing the solution in the continuity
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eguation using rectangular coordinates. See problems of Chapter 11 for
theintegrals.)

2. Show that, for the one-dimensional diffusion of Problem 1, the value
of (x?), defined as

4w
@ = [ o, /N,

(" = 2D,

Verify that for any function | ap Da"p g

a ax?

and appropriateboundary c

5
%) = 2D

Extend these results to two and three dimensions.

3. Show that if a plane of holes as |n Problem 1 is generated (by the
photoconductive effe * * Po “am of hole lifetime
rp, thesolution of th p(x, #) = e /AP holesis
P 0=
Show that the relative number of holes which recombine in time dt is
[exp{—+#/rp)ldt/rs. Show that the value of x* averaged for each hole
from generation to recombin~* 7= =

() = 2Dr,.
Obtain this same result by averaging x> over the d-c part of the solution
(16) of Section 12.5. Show by a physical argument that the two results
should be the same. Show ge distance, not (distance)?,
diffused by a holeis Ly, =VDn
for both solutions.

4. Consider a pulse of holes formed at the point r = 0at/=0ina
field E and then allowed to spread and drift owing to diffusion in the field.
Show that the distribution at / is like that of Problem 1 but centered at
T = f1E and that the ratio of distance spread sidewise to drift distance is
approximately

sidewise spread 2kT

drift distance . NePg
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where Py = E+ (drift distance) is the difference in voltage between the
initial position and the position at time t. This formula is useful for
estimating how far down filament holes must flow before filling the cross
section and for other similar applications.

5. Compare the relative importance of the conduction and diffusion
terms for hole flow in the w-region as mentioned in connection with equa-
tion 20 of Section 12.5. To do this consder a plane, near the transition
region, at which we may consder I, and I, to be approximately equal.
Show that this leads to

& P gIvolAT AT
dx 7y gL,

and hence that diffusion currents are the dominant process for hole flow
unless Vo is so large that the injected hole density is comparable to n,,.
Show that for holes in germanium with pgp = 1700 ¢m®/volt sec #T/gL,
is equal to 3.90 (1061-,)!‘ volts/cm or 3.90 volts/cm for v, = 1k sec.

6. Consider surface recombination for the case of £—0. Show that
the formula (19b) of Section 12.6

eyl
can be obtained by calculating the rate of surface recombination assuming
that p = const, across the filament and evaluating (total rate of recom-
bination) <= (total number of holes present).

7. Consider the neglected solution of equation (21) of Section 12.6
which was said to represent diffuson against the field. Show that, if
recombination is neglected, this solution reduces to the Boltzmann con-
centration factor discussed in Section 12.3, equation (2).

8. Show that in considering the Suhl effect of Section 12.6 the continuity
equation (30) can be separated if a factor cos bz is included, the effect being
to add aterm Dgpp?/€* to vin equation (31), the boundary conditions for
Po being the same as for H, = 0.

9. Calculate the transverse field Et and transverse voltage for a filament
20 mils square (that is, 0.05 cm on each edge) with E, = 10 volts/cm and
H, = 5000 oersteds for p- and n-type germanium.

10. Assume an effective mass equal to the electron mass and show that
the number of electrons having velocities in a range dvzdtdp, and lyingin a
volume of space dV is according to approximation (2) of Section 10.1

- 2wk T/m)*
n

an o T ooy dvd V.

Show that the electrons with velocity components 20495 striking an element
of area dxdy in time dt come from a volume dxdyv,dt. Integrate this over
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all velocity clases and obtain for the rate at which electrons strike dxdy
the formula

n."ﬂ = nop/ Vix = 0.282n0p
2xm

where VT is the velocity used in Section 11.4, equation (20), and is related
to T as for Figure 10.2.

11. Apply the result of the previous problem to show that the number
of collisions with the surface before recombination occurs is given by

Number of collisions per recombination = 0.22VT/S

where s is the surface recombination velocity of Section 12:6. Show that
this formula will be valid for values of £ < 10% em/sec. Show that for
5 = 107 cm/sec there are ~2800 per recombination.

12. Show by a geometrical argument that for the construction of Figure
12.8 the total number of holes is independent of time.

13. Derive the partial differential relationship

&.--G)./G)

which must hold whenever x is a function of p and /. Apply this to the
relationship

#(0,) = (2,0 + [ VUE), Pl

and verify that this satisfies equation (6) of Section 12.7 for the case for
which the current is/(/).
14. Derive the equation

oE EdrI aE
w Ia TP%
where according to equation (9) of Section 12.7
E = I/a(p}

and consequently
E
V(E) = Euy By

Show that if E is plotted as a function of x a pulse with an infinitely sharp
leading edge at / = 0 has a parabolic leading edge for ¢ > 0.

15. Consider as an approximation that the trailing edge of the shock
wave corresponds to the solution for # << 0 of Problem 1,

p{x, D) = po(dxDr) " He =/,
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Show that this tends to spread to the rear at a rate of approximately

"'("‘> — VADJi = 2D/ix).

Equate this to the rate at which the concentration p = 0 tends to catch
up with p = pmax and obtain the formula for the width of the trailing
edge quoted at the end of Section 12.7.

16. Show that a solution to the equations of section 12.7 can be ob-
tained for / = constant and constant lifetime r, by moving each point
2(xg, B of theinitial distribution, like that of Figure 12.8, along a curve
defined by / such that

p(%0, £) = plxo, O)e ™™

x =0t [ VU, G0, M.

17. Internal Contact Potentials! Consider a filament of w-type ger-
maniumwith § = Q0 (no surface recombination). Suppose that a contact
is made to this with a probe of w-type germanium but that the two are
separated by a thin layer of p-type germanium so that the probe is sep-
arated from the main body by two p-n junctions. Suppose that holes are
injected into the filament so that ¢ > @4. Then by applying reasoning
like that of the first pages of Section 12.5, show that the probe tends to
acquire a potential between g5 and s, In particular, if ¢" is the Fermi
level deep in the probe where g" = @q" show that ¢, < ¢" < . Show
that if the p-layer is converted to n-type, by imagining that N is increased
for example, then ¢’ — @,

18. The treatment of the p-n-p transistor® constitutes a further applica-
tion of the method of this section.

19. The collector currents used in the experiments on which Figure 3.6
is based are sufficiently large so that diffusion currents are negligible com-
pared with conduction currents. Show that the ratio, fa/f,, of the elec-
tron current to the hole current flowing to the contact is then equal to
Infp. Assuming b = 2, and using the data of Figure 3.6 calculate the
“intrinsic" a for each of the four contacts. (This method is due to
Bardeen.)

! See W. Shockley, Bell Syst. Tech. J. 28, 435-489 (1949) for a further discussion.
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CHAPTER 13
INTRODUCTION TO PART |11

The topics dealt with in this book are in principle, although not in
actuality, directly derivable from the basic laws of quantum mechanics.
If complete calculations were available, a strictly logical development
would start by stating these basc laws, probably with accompanying
references to their historical origin and experimental verification in simple
caxs.  For the cae of germanium, the laws would then be applied to ele-
ment number 32. From this starting point the lowest energy state for a
large number, say 10%, of germanium atoms would be determined. This
lowest state would correspond to a crystal having the diamond structure
and, by comparing its energy with the energy of isolated neutral atoms, the
strength of the Ge-Ge covalent bond would be found.

Next all the excited states would be calculated and classified in terms of
electron motions and atomic vibrations.

The effect of temperature upon the system would then be obtained by
applying the principles of quantum statistics to the excited states. Com-
bining these results with an investigation of the effects of applied electric
and magnetic fields would lead to a theory of the conductivity and Hall
effect of a pure or intrinsic germanium sample. If we had started with an
admixture of 10" atoms of number 33 (antimony), the results would
apply to an »-type sample. |f, in addition, we considered casss in which
the impurities were spatially distributed in special ways, this fundamental
approach would lead to interpretations including the rectification of
p-n junctions and the amplification of p-n junction transistors.

A procedure of the sort just described is neither practical nor, for that
matter, desirable. Calculations of the lowest and some of the excited
states have been made for diamond and for slicon. The numerical re-
sults, however, are not in very gratifying accord with experiment and could
not very satisfactorily be used for design purposes. The important con-
tribution which the theory makes is to provide a conceptual framework
on which to hang experimental facts so as to give them a more fundamental
interpretation and to explain and predict relationships among them. For
this purpose an exact theory, which specified the correct quantum states
or eigenfunctions for the entire system, would be, owing to the com-
plexity of its results, far inferior to an approximate theory, which uses
much simpler pictures and takes into account their inexactness in terms of

K7
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various corrections which can also be simply understood. It is chiefly to
show how these approximate solutions arise from fundamental quantum
mechanics and how they are interpreted that this part of the book is
written.

In the following chapters we shall deal with almost all the problems
involved in the fundamental or first-principles treatment. The emphass
and level of presentation, however, differ greatly from one topic to another.

Thetreatment of quantum mechanicsin Chapter 14 isat avery practical
level and will probably be of value chiefly to readers with engineering
training. Unlike most treatments, the emphads is laid from the outset
upon the application of quantum mechanics as a tool for calculating re-
sults.  This emphasis is particularly appropriate snce in the field of
transistor electronics, the design of useful devices may be consdered to
be based on the quantum physics of semiconductors.

In addition to presenting the fundamental laws and formulae of quantum
mechanics, Chapter 14 contains applications to some simple problems and
compares their mathematical forms with the mathematical forms of cor-
responding circuit theory analogues. The Bloch wave functions for a
general form of a one-dimensional crystal are derived. The chapter closes
with an indication of how the method is extended to a general three-
dimensional crystal. The problem of constructing the Brillouin zones for
general crystals is somewhat lengthy and does not bring out any particu-
larly important new physical ideas. Furthermore, extensive treatments
of the topic are found in several texts. For these reasons, no illustrative
examples of Brillouin zones for the diamond structure or other crystal
structures are presented. The reader interested in additional details will
find a list of references at the end of Chapter 14.

The kinematical and dynamical properties of eectrons and holes, which
were discussed in Chapters 6 and 7 on a descriptivelevel, arederived asthe
consequences of quantum mechanics in Chapter 15. The first three sec-
tions of that chapter are concerned with deriving the group velocity formula
and employ relatively simple mathematical techniques. The later sections
are on a more advanced level. Two methods of dealing with holes and
electrons are used. The first of these, given in Section 15.6, dealswith
a wave-packet and shows that the packet smulates the behavior of a
particle obeying the laws discussed in Chapter 7. The following two sec-
tions show how wave-packets for holes are constructed and interpreted,
the results derived being in agreement with the treatment of Chapter 7.
In Section 15.9 the other method of dealing with the acceleration of an
electron is presented. In this latter case true periodic boundary condi-
tions, along one direction at least, are introduced by imagining that a thin
crystal is bent into a loop. Acceleration of the electron around the loop
is produced by employing the loop as a short-circuited secondary of a
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transformer. This case has the conceptual advantage of representing a
situation in which the system can be discussed, in principle, in funda-
mental quantum-mechanical terms while steady currents are flowing around
the loop. This model thus represents a step along the fundamental path
in which the behavior of the semiconductor would be deduced directly
from quantum mechanics applied to a particular system. The treatment of
the Hall effect on the bads of this model is omitted since it is treated for
the wave-packet case of Section 15.6.

The effects of thermal agitation, used in Chapter 7, are discussed more
fully in Chapter 16. Statistical mechanics in general is the subject of
many texts, and the treatment here is not intended to be exhaustive.
Simple derivations of the Fermi-Dirac distribution for electrons and for
the energy distribution of harmonic oscillators, the Planck distribution,
are presented. This treatment is based on the use of approximate rather
than exact quantum states and furnishes an example of the principle stated
earlier that exact solutions may not always be necessary or even desirable.
This treatment is followed by a detailed application of the statistics to the
semiconductor problems of particular interest in this text.

Chapter 17 deals with the interaction of holes and electrons with vibrat-
ing atoms in the crystal. The quantum-mechanical theory of transition
probabilities is applied to this situation and it is found that the mechanism
of scattering by thermal agitation is closdy related to the dependence upon
lattice constant of the energy gap between conduction and valence bands.
Section 17.7, the closing section, extends theresultsderived for one electron
to the case of a hole and to the inter mediate case of many holes and many
electrons.

As indicated by the title of this part of the book, the analysis presented
here furnishes a foundation upon which the descriptive theory of Part Il
is based. The most extensive use of this foundation is required for the
mathematical theory of conductivity and Hall effect presented in Chapter
11. It may be helpful to point out here how the chapters of Part | | |
contribute to Chapter 11. In Chapter 11, the eectrons (or holes) are
congdered initially to be distributed in the Fermi-Dirac distribution;
we may imagine for this purpose that the model of the crystal bent into a
secondary transformer turn is used. Under the influence of an electric
field, the distribution is disturbed, each electron being accelerated as dis-
cussed in Section 15.9. As a result, the principle of detailed balancing
(Section 17.2) no longer applies and equilibrium tends to be re-established.
The details of the way in which equilibrium is re-established constitutes
the principal problem of Chapter 11.

The foundation which supports Chapter 11 is not quite complete. In
Chapter 15, the effect of fields in the absence of thermal agitation is pre-
sented while in Chapter 17 the effect of thermal agitation in the absence
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of fieldsis presented. In the application in Chapter 11, it is assumed that
these effects can be directly added. The additivity can be proved by
extending the theory of transitions of Section 17.2 to the case in which
the electron is being accelerated. The results for an electric field are
somewhat different in form from the Weisskopf-Wigner treatment; the
physical content, however, is equivalent to adding the two effects just as
isdone in Chapter 11. Thus it is possible to furnish this missing portion
of the foundation structure. The treatment, however, would add little
which was new from a conceptual point of view and is omitted in theinter-
est of brevity.

Similar objections may be raised to the use of the scattering formulae
of Chapter 17 to wave-packets being accelerated as discussed in Section
15.6. Again the answer is that it is quite possible to show that the scatter-
ing results of Chapter 17 could be extended to cover an accelerated wave-
packet and thus to prove the desired additivity result. However, the
added complexity and length of exposition would probably be of very
limited interest to most readers; and interested readers, on the other hand,
would be more benefited by carrying out the process themselves.



CHAPTER 14

ELEMENTARY QUANTUM MECHANICS WITH
CIRCUIT THEORY ANALOGUES

141 ON THE NATURE OF AN APPLIED
MATHEMATICAL THEORY!

Quantum mechanics is recognized as one of the more difficult branches
of theoretical physics, chiefly because it employs certain abstract mathe-
matical tools which in themselves have no direct physical interpretation.
Thus one is told, for example, that applying an operator to a wave func-
tion in the proper way will lead to predicting the outcome of an experi-
ment. Neither the operator, the method of applying it, nor the wave
function has a direct physical interpretation. This lack of a straight-
forward interpretation is a definite disadvantage from a pedagogical view-
point—it makes the theory harder to present—but it does not indicate any
lack of validity of the theory in its applications. In so far as its applica-
tions are concerned, a mathematical theory of an experimental science
must satisfy one supreme requirement: It must agree with experiment.
Although this requirement can be simply stated, we shall give several ex-
amples to illustrate its meaning before discussing the agreement with
experiment achieved by quantum-mechanical theory and the procedures
used to test it.

We shall employ the phrase applied mathematical theory to indicate the
procedure which the theory specifies in order to predict relationships be-
tween measured quantities. We are not here concerned with the modus
operandi of the theoretician, or with how theory may be used to plan experi-
ments and, thereby, to improve theory, although we shall comment briefly
on such subjects at the end of this section. We are here concerned with
the formalism of a well-developed applied mathematical theory, such as the
quantum-mechanical theory of electrons in solids, and how it is related to
experiment. The general nature of the connection between the formalism
of the theory and the application of the theory is indicated in Figure 14.1.
We shall explain the various features by means of some examples.

1 For a more thorough discusson of the subject matter of this section, s in particular
P. W. Bridgman, The Logic of Modern Physics, Macmillan, 1931, and The Nature of Physical
Theory, Princeton University Press, 1936, and R. B. Lindsay and H. Margenau, Foundations
of Physics, John Wiley & Sons 1936. The discusson in thissection issomewhat smilar tothe
chapter "Mathematics in Application" of The Nature of Physical Theory.
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As the figure indicates, the application concerns measured quantities
which are defined by physical operations, such as, for example, the volt-
ages, currents, lengths and times, with which we are chiefly concerned in
connection with the properties of semiconductors. The first step in the
application of a physical theory is always the same and involves a change

of viewpoint. Instead of thinking of the position of a pointer on the scale
FORMALISM APPLICATION
OF THEORY OF THEORY

EXPERIMENTALLY
MEASURE%
QUANTITIE

T et I
- — STEP
ADDITIONAL e o ":

PHYSICAL e e
CONCEPTS
ALGEBRAIC
SYMBOLS

-~ SECOND

"‘ - /_--—-i STEP

RULES OF § -~ o~
CORRELATION e - po—
S RELATIONSHIPS
e 9, AMONG SYMBOLS
A
Ve Tt —p| THIRD
- STEP

RULES OF | _ =" ¥
MANIPULATION PREDICTED
RELATIONSHIPS
AMONG MEASURED
QUANTITIES

F1G.14-1—TheNatureof an Applied Mathematical Theory.'

of an ammeter, one thinks of the symbol | which the theory uses to repre-
sent any number which may be obtained as a result of reading the ammeter.
This procedure is carried out in accordance with the rules of correlation
between the "operationally defined" physical quantities and the mathe-
matical symbols.

For the case of a very simple theory, such as the application of Ohm's
law to a cylindrical wire, the rules of correlation would be

voltmeter reading — Vv
ammeter reading — |
length in centimeters — L
diameter in centimeters — D
resistivity in ohm-cm —p
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In this case there would be the additional concept of an area of cross section
which would be given the symbol A. This listing would complete the
FIRST STEP and bring us to the second box, ALGEBRAIC SYMBOLS, in the
figure.

The SECOND STEP would require the insertion of these symbols in the
algebraic equations

I = AV /oL for Ohm’s law a)
and
4 = xD/4 for area )

followed by the use of all the rules of algebraic manipulation, from which
one might obtain the new relationship among the symbols

L = xD¥V/4pl,

an example of the contents of the third box in APPLICATION OF THE THEORY.

According to the rules of correlation, we could relate these symbols to
measured quantities, thus taking the THIRD STEP to the fourth box, and
could then use this relationship co predict the length of a wire wound on a
coil.

Frequently, additional physical concepts are introduced describing quan-
tities which are not directly measured. Thus, in the theory of conduc-
tivity and Hall effect, we introduce the ideas of electrons and holes and
their mobilities and concentrations. In dealing with a sample of ger-
manium containing radioactive antimony, we may make predictions about
the transverse voltage observed in a Hall effect experiment. This pre-
diction will involve a relationship between voltage, current density, mag-
netic field, linear dimensions and counting rate on a Geiger counter, time
since the radioactive sample was calibrated, and so forth. However, in
making this prediction we introduce many symbols, having quantitative
values and associated with definite conceptual entities (like electrons and
holes), which are not directly measured. All of these quantities are manip-
ulated according to formulae discussed in Chapters 5 to 11 before the
predicted relationships are finally cranked out.

In quantum-mechanical theory the role of the experimentally measured
quantities is frequently played not by quantities which are actually meas-
ured but by ones which could in principle, at least, be measured if enough
pains were taken.? Thus the position of an individual electron is seldom
measured. The path, however, of a single electron can be observed in a
cloud chamber, and the time at which it passes through a Geiger counter
can be measured as well. The position of the electron can thus be meas-
ured in principle. Also, its speed of motion can be measured by measur-

2| n Section 14.3, however, weshall discuss a casein which actually measured postionsare
strongly influenced by quantum effects.
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ing the time in which it travels a given distance. Quantum mechanics is
concerned with the correlations between such measurable quantities as
position, velocity, and energy of the electron.® In making predictions
about the relationships of these quantities, the additional physical concept
of a wave function is added. Manipulations are performed upon this
wave function in accordance with the rules of manipulation. (I n quantum
mechanics it is hard to specify the difference between a rule of manipula-
tion and a new physical concept; for our purpose, it is not worth while to
attempt it.) As aresult of these manipulations with the wave function,
predictions about the behavior of the electron are made. However, as
will be discussed in Section 14.3, no direct physical interpretation of the
wave function itself is given, nor isonerequired. In Section 14.3 we shall
write the eguations governing the wave function and discuss the rules of
correlation. We shall precede this by a discusson in Section 14.2 of the
mathematically similar subject of an electrical transmission line. But
first we shall briefly discuss some additional aspects of an applied mathe-
matical theory in general.

It should be pointed out that the practice of applying a mathematical
theory to experimental science is not, in the hands of a theorist, simply a
matter of manipulating the symbols of the theory in a routine way. The
sets of mental images employed by the theorist, as he carries out the manip-
ulations, differ greatly from one worker to another and are intellectually
the most engrossing aspects of theoretical work. These images and
analogies permit the theorist to summarize the theory in a satisfying and
convenient way. For example, a physicist with one type of viewpoint
may prefer to visualize processss in terms of particles moving and collid-
ing, whereas another may think of algebraic symbols and their patterns
of relationship.* Frequently, with the aid of these mental pictures, the
theorist can arrive quickly at conclusons which could be reached only
more laboriously by symbolic manipulation. This procedure has its pit-
falls, for the processes used may well be forms of reasoning by analogy and
can easily be carried too far. This use of physical intuition may perhaps
be called the art of theoretical physics.

One of the difficulties of mastering an applied mathematical theory is
closdly related to the employment of several sets, rather than one s,
of mental images: There are, on the one hand, the physical quantities
themselves and, on the other, the symbols which represent them. (These
latter are in a sene equally real, consisting of marks on paper or sound

8 Quantum mechanics embraces, of course, a far larger field, but, for our present illustration,
the treatment of an eectron auffices

*We are here discussing topics connected with the use of "modes', the meaning of an
"explanation", and the requirement of " smplicity" in a theory. For a further discusson of
these subjects se the references given to the heading of Section 14.1.
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waves in air.) Manipulation of the symbols alone (at least to the extent
usually needed for physics) does not pose intellectual problems of the
same magnitude as those of mathematical physics; neither does experi-
mentation in a laboratory. The difficulty of mathematical physics arises
in the translation of the mental images by the rules of correlation. This
difficulty is first encountered by students in high school algebra in con-
nection with word problems. These problems are generally recognized
as being harder than the problems which are stated in algebraic form at
the outset.  Still more difficult are the processes discussed in the previous
paragraph, in which a mental image of the physical situation is examined
from changing viewpoints consistent with the changing relationships among
the symbols during the course of the manipulations.

142 THE MATHEMATICAL THEORY OF A TAPERED
LOSSLESS TRANSMISSION LINE

We shall consider here a losdess transmission line with distributed con-
stants which may vary from one position to another. Applying the
appropriate rules of correlation, we say that, at time / and position x on
the line, a voltage V(x, t) and a current I(x, t) may be specified. There
are, in addition, the inductance per unit length, L(x), and the capacitance
per unit length, C(x). The mathematical theory requires these six sym-
bols to satisfy certain differential equations. In the discussion that
follows, these equations are manipulated so that new and useful relation-
ships between the measurable quantities, represented by the symbols,
are derived. For example, we shall show that the expressions for energy
stored per unit length on the line and power flow are consistent: The loss
in energy for any segment of the line can be accounted for by outward
flow of power at the ends.

Having derived a number of equations, we next ask what sort of a theory
we would have if it were impossible to measure current and voltage in the
line, but instead only energy density. If this were the case, then V and J
would have to be regarded as additional physical concepts introduced in
the theory. Looked at in this way, the mathematical theory of the trans-
mission line bears a close relationship to that of quantum mechanics in
which two functions, like F(x, t) and I(x, /), are introduced to describe the
behavior of the electron, which itself is only observed in connection with
its probability density.

In Table 14.1 are given a set of equations referring to this section and to
the next. They arewritten in parallel columns to permit easy comparison.
In this section we shall derive and discuss the relationships in column (A)
leaving (B) for the next section.

If distance is measured along the line from left to right by the variable x,
with positive current flowing to the right, then equations (1f) apply to
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theline. We shall use these to establish the consistency of the power flow
and energy density expresson. Thus, suppose we start with the physical
idea, which may be regarded as an additional physical concept in Figure 14.1,
that power flow to theright at any point of the lineis VI evaluated at that
point. Then thenet power into theline segment between x and x, (% < a)
is

Plxy, xg) = V(xy, )I(w1, 8) — ¥, M (425 1). n
But the right side is mathematically equal to

1 3 av a9
- L oma - [(GrenD)e
ar P
--f(—L-é;I—VCE dx
-+ [3 GLP + §crer

a
o @

This proves that the net flow of power into segment (%, ¥g)} can be ac-
counted for by the rate of change of the integral of i(l'.'.I’l + €F? along
theline. Thisisvalid even when L and C are functions of x (but not of /)
and is, of course, what we should expect on the bass of our previous knowl-
edge that L% and 3C#? are energies per unit length.

If the line extends to¥ = 4= and the current-voltagewave is localized
(both V and / vanish at ¥ = =), then the theorem considered above
shows that the total energy in the lineis independent of time and is equal
to theintegral

I_ -:‘ BLP + yCV?dx = §, @)

which is constant [since P(x, X;) vanishes for #y = -—eo, % = o]
The same conclusion is reached if the line has finite length A and is open-
circuited (/ = 0) at both ends, or short-circuited (V = 0), or closed on
itself so that power flowing out at x = A is simultaneously flowing in at
x = 0.

Equations (1A) may readily be manipulated to give equation (4A) and
a similar equation for 3% /8#, |f we suppose further that L may vary
while C does not, and consder a wave of frequency so that

I(x, 1) = fi(x) cos wt + folx) sin wt, @)

then I(x, t) and/i and/2 must satisfy equation (SA). This equation is
formally similar to (SB) which we shall discuss later.
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TABLE 141 COMPARISON OF EQUATIONS FOR A LOSSLESS TRANSMISSION LINE
WITH THE ONE-DIMENSIONAL WAVE EQUATION FOR A PARTICLE

Transmission Particle
Line (A = 4/2x)
(A) B

of 19V du A d'w , Sw

%" "L #=" " man TR
_Xw

Differential equati 1
tial equations (1) ¥_ _1al  |éw_ A d%u_ U

ot Cox % Timas  h
- —Hu
Energy per unit Probability per unit
Density (2) | length length (normalized)
' JLI 4 jort w4 wt
Energy pet unit Probability per unit
time = power toright | time = grobability cur
D -ty flow (3) vr rent to nght
m\ dx ax.
?»r 1 a% 1
Elimination of ane AT IC Fr e —iix’“
i 4
variable “ o dln ca
P
For the case of
. 2m
Equation for 2 single %g = 0, I satisfies g—:% iy [wh = Ula
frequency f = w/2x (5)
2
=Lt

Now suppose that the only measuring instruments we had available were
some combination of an electrostatic voltmeter and ac ammeter so that
we could measure only the energy density (2A). |If we were able to set
up disturbances in the line, or if these were somehow introduced by the
experimental conditions, we should be able to study a number of the
features of the line. If our measuring devices could operate on a surrl-
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ciently fine scale, we could shunt the line and measure standing-wave pat-
terns and in this way learn something about the wave length of the waves.
Finally, if we were ingenious enough, we might be able to invent a mathe-
matics which would describe all the properties of theline so far as the meas-
urements of average energy densities were concerned. Now, if this math-
ematical invention led us to two equations such as (1A), with further
consequences such as (2A) and (3A), we could, in the theory, talk about
/ and V without having any physical way of knowing about them per se
or, for that matter, without ever having had any experience with induct-
ances or capacitances except as they occurred in inseparable combination
in the transmission line. This lack of direct experience would not, how-
ever, hinder us in the application of the theory to predict results of power
reflection, standing wave ratios, and so forth. Some additional physical
concepts about V and / would enter the theory, but would go out again at
the point where the rules of correlation were applied (in the third step of
Figure 14.1) to predict relationships among observed quantities.

As we shall now discuss, the roles of the real and imaginary parts of
Schroedinger's wave function are analogous to / and V of our hypothetical
example. However, there is an important difference: Quantum-mechani-
cal theory implies strongly that there is no underlying substratum of
experience in terms of which :|/ can be interpreted in a manner similar to
that in which / and V can be.

143 THE MATHEMATICAL PHYSICS OF
SCHROEDINGER'S EQUATION

In Table 14.1 in column B we give a number of equations related to the
one-dimensional Schroedinger equation. The particle in question moves
along the x-axis under the influence of forces which give it a potential
energy 1(x). The two wave functionsu(x, /) andw(x, /) occurring in
equations (IB) arerequired to bereal just as| and V in (1A) must be real.

The quantity u? + w?, which is thus real and positive, is called a proba-
bility density. The rule of correlation for its interpretation is as follows:
Suppose we have an experiment in which we detect the position of an
electron at someinstantt. For example, we find where the electron strikes
and thus exposes the photographic emulsion of a plate in an electron
diffraction camera® In this case, the position of the electron in the

! The modern eectron diffraction camera, which is the descendant of the early dectron
diffraction apparatus with which Davisson and Germer first observed that dectrons were
diffracted like waves, is built like a cathode ray tube. The eectron beam (perhaps 10~ amp
at 40 KV) grikes the sample, is diffracted and grikes the photographic plate, which usually
replaces the fluorescent screen.
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emulsion does not change with / for large I's.  We repeat this experiment
over and over with many electrons, each of which is started down the
camera in the identical way, and presumably with the same initial values
of u and w (which in this case will be functions of y and z as well as of x
and /). Thefirst rule of correlation is:

(RC. 1)
probability that electron be found between x and x,

= j: (u? + w?)dw / j: t. W+ whdv, (1)

That is, at any instant /, the value of u® + w? is proportional to the
probability per unit length that the electron is at a given place. In the
repetitions of the experiment, this probability gives the fraction of the
electrons found in each interval. The theory can thus be compared with
experiment. When this is done, it is found that the darkening on the
plate is precisely as predicted from the theory. Furthermore, the pre-
dictions are far from trivial: From the nature of the interference with the
crystal, the wave length of the electron waves can be determined just as
accurately as the wave length of the electromagnetic waves of the last
section could be found. Furthermore, from the values of the potential
energy function, sil, in the crystal, intensities of the waves can be cal-
culated. In all of these respects, the mathematical theory represented by
equations (1B) of Table 14.1 and rule of correlation (RC. 1) appearsto be
in agreement with experiment.

In order to simplify the probability calculations, u and w are usually
multiplied by a scale factor (normalizing factor) so that u? + w? is nor-
malized:

j: t“ u? 4 whde = 1, @)

Then the denominator can be left out of (RC. 1). In general we shall use
normalized wave functions.

As shown in Table 14.1, a density flow (3B) can be found for this case
analogous to the power or energy flow for (3A). If we consder a length
of line between x and x, then the rate of change of probability that the
electron bein thisinterval is

dj‘q[u(x,t)+w’(x,:)]dw=2r(u-—+w )dx. 3)
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Substituting (I B) for the time derivatives and integrating by parts gives

(- 5F ) o (i -3

] % a'w
‘;j:(wa_x’_":ax_’ s

AB(g2_ Sy B (oo uom)
ax 6x m dx Ox dx ox ¥
ax Ix/g

which shows that the change in probability between x and x, can be
accounted for by a flow (h/m) (ndw/dx — vrdu/dx) to the right as shown
in (3B). Thisresult is derived for three dimensions in Section 15.4. It
is given here to illustrate the procedure required in later proofs in this
section.

In addition to explaining electron diffraction results, predictions based
on the same interpretation of u? + w?, when used for eectrons in atoms,
giverise to probability densities like those shown for H, H ,, C, Si, and Ge
in Chapter 1, and these probability densities lead also to predictions of
experimental results, somewhat less directly, by means of other methods
of correlation.

In Table 14.1, we have deliberately written Schroedinger's equation in
an inconvenient and unfamiliar form. The purpose has been to show that
thereis no greater cause for mental turmoil about the fact that the wave
function

Y (v, £) = ulx, 1) + iW(x, ) (5)

has real and imaginary components than about the fact that energy density
on the transmission line can exist in two forms. The quantities u and w
must be real numbers. They are called the real and imaginary com-
ponents of the wave function, .  is also called the " probability am-
plitude", to distinguish from " intensity" which is proportional to (ampli-
tude)®> and which occurs in expressons for density and density flow,
especially in theories of mechanical and electrical sysems. For our one
dimensional case, u and w have dimensions of length™ (i.e. cm™)—em™
in three dimensons—since when squared and integrated over length (cm)
they give unity, a pure number with no dimensions. In the rules of
correlation, u and w never occur singly but only in products, like u? or
udw/d«. For this reason there is no direct physical sgnificance to be
attached to tt or w or ¥ individually. Although called amplitudes, there
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is no physical entity the displacement of which they represent.> In other
words, ¥ is something put on paper by a theoretical physicist and manipu-
lated according to certain rules as aid to predicting and interpreting
experimental data [the most important rule of correlation being (RC. 3),
given on p. 375]. However, as a result of experience and practice, the
manipulator becomes so facile in applying the rules of correlation that it
may appear to the onlooker that the wave functions themselves are con-
sidered to be the ultimate reality—an erroneous impression which is
frequently refuted in quantum-mechanical texts.

Thereader may well ask: If the wave function is so ephemeral a thing,
why do more than thirty illustrations of it appear in this text? The
answer is that as an aid to prediction of electronic behavior it is at present
unexcelled, and that, with familiarity in its use, one gains ability usefully
to predict, or at least to interpret, observable results.

The reason that § iswritten in complex notation with an imaginary
component is simply a matter of convenience. The rules of correlation
employed in combining the two real numbers u and w can be expressed
compactly and conveniently by use of the notation of complex numbers,
with the formal rule that, wherever i% occurs, it may be replaced by — 1.
Thus, for example, the complex conjugate of Y is ¥*:

if Y =u+ iw then by definition ¢* = u — iw, (6)
and
Y= -wutiv) =0 - A =ul + W 7
and by definition the absolute value of §r is
| = ¥ = Vi + w2, [ = ®)

It is an obvious result that Y™} is always real and positive unless{r = 0.2

Proceeding with the use of complex number notation, we convert equa-
tions (1 B) of Table 14.1 to the customary form as follows: We multiply
thefirst of equations (I B) by # and the s~cond by —# and add, obtaining
in thisway

(from the left side)
o — —— — ==
i Py ?i, o :ﬁ (u+ iw) sﬁ I (9a)

(from theright side)
1 (:l:n a

- P ay- =) Ay =g, ()
n dx* 2\ i

21t appears to be as fruitless to be concerned about what ifr is a displacement of asit has
been to invent modds of the ether in which eectromagnetic fields constitute some form of
mechanical gress.

8 Another example in which a complex notation makes for essier manipulation of real
quantitiesis given in the footnote of Section 7.7 and in Section 12.3.
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so that

a2 _acy, (90)

where, by definition, I is the linear operation in the square brackets. [As
we shall s later the interpretation of (k/§)d/8x as momentum indicates
that the + sign in & isthe more appropriate] We may now state:

The time dependent Schroedinger equation for a particle moving in one
dimensionin apotential field €Lt (x) is

, R

w2 ooy, 3= - - S pa (10)
where m is the mass of the particle and h is Dirac's notation for Planck*s
constant h divided by 2ir.

For the pedagogical purposes previously mentioned, we introduced this
equation by the less direct procedure of Table 14.1.

So far we have discussed only one rule of correlation, namely, (RC. 1),
equation (1), Section 14.3, relating to the probability density u® 4+ w* =
| |2 From thiswe derived the density flow formula (3B) of Table 14.1.
We shall next draw further conclusions from (RC. 1) and equation (10)
in preparation for a statement of the general rule of correlation (RC. 3),
equation (19) of Section 14.3, which is one of the fundamental postulates
of quantum theory. In these derivations we shall suppose, for the sake
of discussion, that Ye{x, #) has the form of a pulse or wave-packet, although
the formulae apply equally well in more general casss* We shall calculate
the average position of the electron in the wave-packet, the mean square
deviation of its position, and, finally, the average velocity of motion of the
wave-packet. The manipulations are given in some detail so that the
nature of the averaging processss will be obvious.

We suppose, therefore, that there is an experimental arrangement, like
that discussed in connection with the electron diffraction camera, with
the aid of which we can study the statistical behavior of many (say N)
electrons, all of which have behaviors so much alike that they may be
represented by the same wave function yYe{x, ) = u(x, ) + iw{x, £), where
/ is measured from the start of the experiment. (I f the experiment were
repeated at successve times for the different eectrons, then the /'s would
be measured from different zeros) Now suppose that at time /, for each
electron, we make an observation of the eectron's position. Then by
{RC. 1), assuming ¢ normalized in accordance with equation (2), we find
a fraction |ye{x, £)|*@x of them with positions between x and » + d¥, 0
that, on the average, we obtain values of x between & and x + dv just

4 The mathematics of such wave functions is consdered in Sections 155 and 15.6, a par -
ticular wave-packet being shown in Figure 6.2.
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Nld(x, )% times. Consequently, the set of all the measured values
X1y ¥y ¢+ + 5 &N Will give an average value of

+w
_t et tn) Nj-:. *¥r e, )}
= ~ =

= [ sl an

This quantity is, by definition of an average, the average value at time t
after each experiment started of the position of the eectrons in the N
repeated experiments. If our experiment is set up in such a way as to give
us a well-defined pulse of probability density, then the x-values will cluster
about the mean value 5, with a certain spread about this value. It is
instructive and useful for later applications to define a mean value of this
spread. This may be done as follows: From each value of x in the list of
N individual observations® subtract x so as to obtain the deviations
%1 — I, xg ~ &, etc; sguare these deviations and average them.® By
definition of the averaging process, this average, called the mean square
deviation, is denoted by (x — )% and is given by

'(x_—-—gia=(x1—5)”+(xz-53:+---+(xar-5)’_ 2)

This ¢an be written in the form
G2 = (P — I+ 2 =a?— WE+ P
=~ 2, (13)
Now, by the same reasoning as that used for the specification of Z, we
conclude that #° is given by

— 2 2 . 2 +n
x% — x4 xg ‘j:v 4+ &~ =£‘ le‘ll(x, f;)lgdx- (14)

The principal reason for carrying out these manipulationsin detail at this
point is to illustrate the use of the probability density |§|? in computing
averages of x and functions of x (that is, the simple function x%. We
shall have occason to discuss other mean squared values in a later section.
It is evident from equations (12) and (13) that, only if |y, £){2 con-

81n principlewc did the experiment N times and recorded the result N times although, in
practice, the averaging of the Xs may be accomplished by the measuring instrument itself
which might, for example, display the total charge induced on a capacitor plate by the N

dectrons.
®The average of the deviations themsdves is zero, since the plus and minus deviations

cancd out.
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centrates all its probability at one particular value of x (so that every
x —2 =0), does ¥ = 2. Otherwise #* always exceeds 23

We shall next make use of the value of x to describe one way in which an
average velocity may be measured in principle. The value of x, which
we now denote by £(/), depends upon / through the time dependence of
¥{x, #}. The mean position of the electron thus changes at the rate

B - 2 77 e i, 1

'==f [+2 4 + oy 2] s

- ?.x[ua——u+waw:,dx (IS)
- at

where the last form can be derived directly from the u® 4 w? expression.
The time-derivative terms can be removed from the u, w form with the aid
of equations (1B) of Table 14.1 or from theyr form with the aid of equation
(10), and theresulting equations integrated by parts (provided ¥ vanishes
at =, as it must in accordance with our packet assumption), the
manipulations finally yielding the result

O g l28
a:z_ ¥ m i ox
O aw du
- — —_— T
m --( dax wax) . ! (16)

‘The last two expressions are equal because

+* A
- u— dv = %u?
j:_. Pl i

and a similar result holds for w. Equation (16), written in the 4§ form,
is an example of one of the general rules of correlation which we shall now
express. The symbol

o {7

ko
RC. 2 =T 18
(RC.2) T (18)
is called an operator since 24 performs the operation’ of differentiating ¥
The operator p is correlated with the classica momentum of the particle
and when properly averaged (as described below) gives the mean value of

? It may be noted that, whereas ¥ -f |#|%, dx can equally well be written lsf'l"ﬂfﬂ'x

in aocordance with (16); i-f'b‘p'l'dxiunotequal mfp[ﬂ’dx.



14.3] SOME IMPORTANT OPERATORS 35

mdx/dt. There are other operators which are likewise correlated with
attributes of the eectron's behavior which are, at least in principle,
measurable. For all of these operators we have:

(RC. 3) THE AVERAGE VALUE: Select the operator, R, correspond-
ing to the quantity of interest, operate upon the wave func-
tom  with it, multiply by $* and integrate.  The result is
the expected average value which would be odiained from a
sevies of measurements of the quantity made in experiments
in each of whick the behavior of the elecirom is described by
the wave function

@ = f YR, (19)

We have seen two examples of the use of such operators. The position of
the particle has the operator x; and the momentum p, or smdx/dt, has the
operator {#/{)8/8x. The averages’ are computed by

w=[ :' Wl (20)

+= t K@

@ = [ Wowde = 45 g @)
The average value of p, it may be remarked, is, at least in some experi-
ments, a directly measurable quantity. Thus, in velocity-modulated
tubes, pulses of many electrons flow down the drift-space and give detect-
able dgnals as they cross the output circuit. From the solutions of the
time-dependent Schroedinger equation, it is possble to make predictions
of the average value of dx/dt for an electron which moves in a potential
field 9. It can be shown, by methods similar to those discussed in Chapter
7, that such an electron wave-packet will move with precisely the velocity
expected for an electron on the bass of Newton's laws of motion. If this
same electron beam strikes a crystal at a point along its path, diffraction
effects in keeping with its wave length will occur.

Let us next consder the average values and operators for potential
and kinetic energy for an electron. Since, when the electron is at X, it
has potential energy 9lL{x), the average potential energy is, by reasoning
similar to that used to evaluate {¥*%},

an ’“.[:. Up? + w*)dx = j: t' AUl dx = j_‘ T P Updy.  (22)

8We shall use interchangeably (x) and x to denote averages, depending upon readability
and economy of type setting, in this section.
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We shall next show that the logical operator to use for the kinetic energy is

P_1pa\may_ WS
K.E. = " 2m (l Bx) (t ax) 2m ax* (23)
which gives
#\o
XE f ¢*( ) ;‘!: . (24)

The reason for this choice is that we can show that the sum (K.E.} 4+ (A}
remains constant in time {that is, prove that J[{K.E.) 4+ (U})/d¢t = 0] no
matter what solution we have for equations (I1B) of Table 14.1. This
result can be established by taking the time derivatives under the integral
signs, substituting from equations (1 B), and integrating by parts. (We
shall do this in the next section, making use of the manipulation procedures
for operators.) Theresultis that

2 (K.E)+ () = 0. (25)

This result can be expressed more simply by noting that the operator for
total energy is simply the operator I

A“o9°
mw+m

so that {(K.E.) + (M} = {J(} and 4(H}/dr = 0

The presentation given so far has been intended to exhibit quantum
mechanics as an applied mathematical theory which is used to make pre-
dictions about the behavior of electrons. The exposition has stressed the
similarity to the transmission line problem in order to show that it is not
necessary to have a further interpretation of§ = u 4 #w in order tocarry
out calculations according to rules of manipulation and make predictions
on the bads of rules of correlation. The order of presentation has been
quite different from that used in most texts on quantum mechanics since
it has been assumed that many readers will have some intuitive feeling
about transmisson lines and thus could be helped by considering the
analogy between energy density and probability density. The pair of real
functions u and w were introduced in place of the mathematically equiva-
lent complex function ¥ for the samereason. On the basis of therelatively
smpleinterpretation of g™ as a probability density, the average of x was
introduced, which led, for example, to the interpretation of the operator p
as a means of computing x. The formal procedure of quantum mechanics
introduces these rules of correlation, compactly as postulates from the
outset and deals conveniently with the integrations by parts by means
of the symbolism of Her mitian operators.

K,E.+q1=”—'+q1= = 7 (26)
2m
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We shall introduce this symbolism briefly in the next section, and use it
later to help establish the idea of energy eigenfunctions.

144 OPERATOR METHODS

Of fundamental importance in quantum mechanics is the fact that the
important operators are Hermitian. An operator R is Hermitian if, for
any two wave functions ¢ and ¥, the following equation is satisfied:

[ e pas = [ @ayopas. a)

The result depends upon using wave functions which behave properly a
the limits of integration, which satisfy the proper boundary conditions.
We shall consider two cases: (I) a and b are finite and ¥ must vanish at
both limits.! This corresponds, as we shall show in Section 14.6, to
infinite potential energy outside the interval a — b so that electrons are
reflected at the boundaries. (11) a = 0 and b = A represent the same
point of a cyclic or periodic model (see Figures 5.6 and 5.9), so that ¢ is
the same at x = a and x = b. In the remainder of Chapter 14 it will be
assumed that the individual wave functions, or sets of wave functions,
consistently satisfy one or the other of these two boundary conditions.
That the following operators are Hermitian is evident, almost by in-
pection:
R = a positive or negative real number, like h/m.
(Although the operation is trivial, calling a
number an operator is required by the general

symbolic procedure.) (2)
R. = x,x* or any real function of x, like U(x). (3)
The result is less evident for
= (f/i)d/dx . . . (4)
= (m)p® = (ﬁ”ﬂm)é’/ax (5)

We shall prove the Hermitian property of p by direct manipulation, and the
Hermitian property of K.E. from that of p. By substituting p for R in (1)
and integrating by parts, we obtain

f¢-p¢dx=5.f¢*ai’dx

~ Lo -t [ By

LY v - L2 =L 0

'Theaseeof ¢ = — =, b = + wcan be conddered as alimiting cae of (1).
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Rand &

R+ &

X1 = R and Y3 = R, we have
f $*R:pdx = j: *RY 1dx = f (Ré)*y1dx = etc,

= [ @yyas. ®)

Applying (8) top? and (7) to (m)p%, we conclude that K.E. is Hermitian.
By applying (7) to K.E. and &, we conclude that J isHermitian.

The procedure of integration by parts used with p can be used to estab-
lish the instructive theorem that the average value of the K.E. is never
negative: If the state of behavior of the electron is described by a wave
function y, the value of (K.E.) can be transformed as follows:

(K.E) = % f o = f (" a"’) (‘ ax)dx

-2k

rw 4x. (9)

As we shall show next, it is posshle to find an operator & whose average
value, computed by the average value rule, gives the time derivative of the
average value of another operator &, To rephrase this symbolically,?

(8) = f WS = %(9{) - % S ¥R, (10)

We shall derive the following equation for &, to which we give the symbol
dR/dt,

8§ % = — (RH — IHR), (1
We shall first illustrate the meaning of the symbolic operator form on the
right for the case®R = x; to do this, we let & operate on any ¥ and simplify
the resulting expressons.

1
&g = = (RH ~ HR)Y
1 K &P n
S (AL (-ESea)w]
2We shall in future equations omit writing the limits of integration:; it is to be understood

that the integration extends over the range specified by the boundary conditions.
8 The reader may verify that if A and B are Hermitian, i{AB — BA) is also.
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since
o ( W\, M
Ba-id( )t
we obtain \
A BN _ Ao p
iﬁ[+ 2m26x] mi dx m‘lt (14)

the result previously obtained in equations (16), (18) and (RC. 3) of
Section 14.3, by evaluating x. To prove (11) in general, we write:

) = g—,(9i>=f[a—;':—‘ﬁ¢ + %‘R%] dx
1 *
- f (=T * R + PRIl
- ‘,lﬁfq;*(—scsk + RIC)pds (15)

which is equivalent to equations (10) and (11).
From this result it easily follows that f Y*dx is independent of time

as it must be for [{|2dx to represent a probability.

The form of (11) and the results just considered for x show that two
operators do not always commute; by definition:
If R® = 8R, then R and & commute, (16)

The failure of quantum-mechanical operators to commute is what causes
quantum mechanics to lead to results different from those of classical
mechanics.

If the operator R in equation (11) is X itself, then the rate of change
of (I} has the operator

43
aH_ 1 g9 - ‘.'JCER)—H(?J("IIC HK) = 0 (17)
At ik
so that the average value of J remains constant. This is a quantum-
mechanical expresson of the principle of conservation of energy. In
general any operator which commutes with I has a constant average
value.
In Chapter 5, great emphass is placed upon the eigenfunctions of
Schroedinger's equation.  These satisfy the equation

‘J{‘q; = 5"’» (18)

which we shall discuss in the next section. In operator language, the
energy Sand wave function § which satisfy this equation and the boundary
conditions are said to be an eigenvalue and an eigenfunction , repectively,
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of the operator . All the operators of quantum mechanics have eigen-
functions and eigenvalues. For example, the operator p has eigenfunc-
tions for the case of cyclic boundary conditions [that is, y{x 4+ A4} = ¥{x)]
which satisfy the equation

P‘j’a = Pn‘l’t (19)

where ¥, equals exp (IrisiA) where s is any integer and the number p,
equals 2xfis/A = hs/A, as may be verified by substitution in equation
(19) using (RC. 2), equation (18) of Section 14.3, for p.

The formulae which give the relationships between operators and the
results of their operations upon various wave functions form a major part
of quantum theory. The brief discussion which has been presented of this
topic has been intended chiefly to show that H and p are Hermitian and to
derive the operator for %R /dt.

We have developed a description of the operators of quantum mechanics
in terms of the manipulations used in dealing with wave functions. In
closing this section, we shall point out that a very different procedure can
be used which is more fundamental but at the same time more abstract
and less easily grasped on first contact. In the more fundamental pro-
cedure the relationships among the operators themselves, without specific
reference to wave functions, are made the central part of the theory. In
fact, starting with the relationship

px — xp = hfi, (20)

which is taken as fundamental in such treatments [whereas we would
deriveit here from (RC. 2), equation (18) of Section 14.3], and the expression
for the energy of a harmonic oscillator of frequency w

W = @m)(@® + mPu®?), (21)

Dirac* derives all of the observable properties of the oscillator by dealing
symbolically with the operators without introducing ¢ (x, /) at all. This
typifies the emphasis which Dirac places upon the symbolic method and is
a result which further illustrates the lack of fundamental significance of
the wave functions, which, he writes, are introduced in his exposition
"merely as an aid to practical calculation". Another treatment in which
operators and their symbolic relationships are taken as fundamental is
that of J. von Neumann.®

145 ENERGY EIGENFUNCTIONS
Of particular value in the theory of quantum mechanics are the energy
eigenfunctions. These are the particular wave functions for which the

“P. A. M. Dirac, The Principles of Quantum Mechanics, Oxford University Press, 1930,

p. 123, or second edition, 1939, p. 133.
®J.von Neumann, Mathematische Grundlagen der Quantenmechaniky Julius Springer, 1932.
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energy has a definite value. This requires that, if the energy is measured
in N similar experiments (just as x was measured in N experiments in
Section 14.3), the same value for X.E. 4+ 9 = T will be obtained in each
measurement. Now (RC. 3), equation (19) of Section 14.3, does not tell
what values will be obtained in a large number of measurements but only
what their average {K} will be. However, (RC.3) can also predict the
average of 2, denoted by (K?), and by the same reasoning as was used
with {¥%) and {x}, we conclude that, if {H?) is equal to (J(), there can be no
spread in the measured values for ., In other words, if the application

of (RC. 3) to v for I and F? gives
(308 = (3("), {1

then every observation will yield (J(}. We shall find that we can prove
from (1) that

Hp — & = 0, where&s(ﬂ(')=fq:"f}('\|:dx @)

which is recognized as Schroedinger's equation for the eigenfunctions dis-
cused in Section 5.2. This result is proved for the one-dimensional case
considered in this chapter by making use of the Hermitian properties of
K, & and I — & (& is simply a number in these manipulations) in
evaluating theintegral:

S 160~ &ypizas = [ 103 — 6393003 — By
= [y - BN — Eyiar

= [ 40 — 36 ~ 63 + By
= -Q06 -8R0+ & =TH - (3)

Now the extreme right-hand side is zero by (1) and the definition of & as
{I}. Hence the integral in the extreme left-hand side is also zero, and
theintegrand |(H — &)y|?, which is always positive or zero, must be zero
too, for all values of x. This establishes (2).

The time dependence of an eigenfunction of Schroedinger's equation,
satisfying (2), is very simple. We have, in fact, from equation (10) of
Section 14.3 and (2),

i __aq,g, D S, ) = B, 2) )

which can be integrated at once to give

W(x, 1) = Y, 0)e ™%, (5)
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It follows that Y*(x, HY(x, £) = Y*(¥, (¥, 0) so that the probability
density is independent of time and is therefore stationary in space. For
this reason, energy eigenfunctions are also called " stationary states'. In
(5) we s= that the complex phase of the wave function varies with the
angular frequency, @ = —&/%; . or, letting w = —2x», we have

hy = &, (6)

This shows that the Planck relationship between energy and frequency
holds for the frequencies in the eigenfunctions.

An especially important feature of the eigenfunctions is that they form
a complete set of functions in terms of which any solution oi equation (10)
of Section 14.3 can be expressed. In this way, they are analogous to
Fourier components in terms of which any function periodic in time can
be expressed. We shall not discuss the question of completeness' but will
demonstrate the orthogonality property of the eigenfunctions and derive
the expansion formula for an arbitrary wave function in terms of the
eigenfunctions.

Two wave functions, Y and ¥, are said to be orthogonal? if they satisfy
the equation

St = 0. )

If §ry and ¥ are eigenfunctions ofJ(, corresponding to two distinct eigen-
v a | & and &2 n they are orthogonal as may be proved as follows:
Let

Ky = G, Hir = Eaio; (8)
then we have
f Y Hfppdx = f Y1 *Barade = &3 § {1 *Yradx, 9)
also

f U *Hpade = f (3(¢1)*¢2dx =6, f Y Mady; (10

hence by subtracting left side from left side and right from right

0= (6 — &) f Y1 . (11)

! The proof of completeness is a rather advanced topic. See E. C. Kemble, Fundamental
Principles of Quantum Mechanics, McGraw-Hill Book Co., New York, 1937.

2 Theword " orthogonal” impliesright angle so that in function Space (7) resembles a calar
vector product which vanishes if the vectors are at right angles
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By hypothesis, & — &, » 0, hence the integral vanishes, which estab-
lishes (7). It is evident that the same result could be proved for the
eigenfunctions of any other operator.

If we have a complete set of normalized eigenfunctions ¥, Y, = - - 5 then
any wave function ¥ which satisfies the same boundary conditions as the
eigenfunctions can be expanded in terms of them in the form

Y=aytayst--= Z‘: a ¥, (12)

wherethe coefficients a;, ap, * * ¢, arereadily evaluated asfollows: Multiply
by any eigenfunction ¥,* and integrate:

S v = 5 o, frpas. (13)

The only non-zero term on the right side is a,fllr,-"tlrrd.’r = &, since Y5, is

orthogonal to the other Y's, Hence we obtain the result,

o = [y, (14)

Our orthogonality proof depended upon the eigenvalue for ¥ being
different from that of §,. In many cases two or more wave functions have
the same eigenvalue which is then called a degenerate cigenvalue. If
and v, are any two such ¥’s, which are normalized, but not orthogonal,
then they can be combined to form two new wave functions

Yo = al, + and ¥y = &rq’r + & (15)

and the coefficients chosen so that f,; and 4 form an orthogonalized,
normalized pair.® This procedure can be extended if more than two Y's
are degenerate, and in this way any sa of eigenfunctions can be brought to
the orthonormal form, for which

e

The symbol 8= 1 for r = 55 = 0 for r 5= s), called the Kronecker delta
symbol, is frequently used to represent the right side of (16).

It is evident that, whenever the set of Js, are orthonormal, the expansion
coefficients in (12) are given by (14).

8 For example, ¥, and ¥, — ( ..‘t}r,dx) ¥, are orthogonal and the latter is normalized
2 34
by dividing by (1 - fvltr‘im'x ) .
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146 SOLUTIONS FOR A SIMPLE "ATOM", TRANSMISSION
LINE ANALOGUE

We shall illustrate the theory of energy levels for an electron in an atom
and in acrystal by treating in this section a simple one-dimensional model
of an atom and in the next section a periodic array of such atoms. The
atom model to be discussed is represented by Figure 14.2(a) and consists

A (x) T AU {x) t
w
{a) | (b)
- o b b o b
DISTANCE, % —» DISTANCE, % =2

F1G. 14-2—Patential Wells Representing Smplified One-dimensonal Atoms.

(@ The symmetrical well usd in the text.
(b) An unsymmetrical well.

simply in a depression of the potential energy for the electron. This
particular shape is frequently referred to as a square potential well.  Our
problem is to find solutions of Schroedinger's equation for an electron in
this potential field,

3
IpCe) = — 2 ¥ | ag(ege) = B (1a)

(B)ie) =0, bl <5 UE =T, o>

subject to the boundary conditions that ¢r{x) must vanish at ¥ = 4=
and — =, corresponding to the limiting case of boundary condition (1)
for Section 14.4. We shall find that for any pair of fixed values of the*
depth °(D and width Ib of the well, there is a definite set of solutions which
give wave functions in which the electron is bound to the well.

We shall first show that for a symmetrical well, the wave function §
may be chosen to be either an "odd" function of x or an "even" function.
This is done as follows: Suppose ¥ (x) is a solution of the equation with
energy Si, then

Yo(¥) = Yy (—) )

is an equally good solution, since the well is symmetrical about x = 0, and
has the same energy &;. Now consider

g(x) = g1 (%) 4 Yalx) (3a)
u(x) = ¥ (x) — Yulx). ; 30)
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If Yn is expanded in a power series in x, all of the odd terms will cancel
out of g and all of the even terms will cance out of u. Evidently

gx) = g(—x) and ulx)} = —u(—x). (3¢)

The symbols g and u correspond to the German gerade or even and un-
gerade or odd. Unlike the symbols ¥ and ¢ introduced below, g(x) and
u(x) are considered to be defined for all values of x. We shall next obtain
explicit expressions for g(x) and u(x) by first finding solutions to equation
(1) inside the well and outside the well individually and then by joining
these together at ¥ = +5and ¥ = —4. We shall find that eigenfunctions
satisfying the boundary conditions can occur only for certain values of the
energy.

In the well, the wave equation is

Py _

&t T W &y
for which the even and odd solutions are
Xg(®) = cos 2mE/K) e —B <x <} (5a)
Xo(%) =sin (mE/H)He —b<x < b (5b)

where the symbols x4 and X, are simply abbreviations and are defined
only for |%] < &
Outside of the well, the wave equation is

2m(W® — &

This equation has a sinusoidal solution for & > T and does not vanish at
infinity. Such solutions can be combined into wave-packets and used to
represent free particles moving in space outside of the potential well.
They do not, however, represent the bound states which we wish to con-
sder. If & is less than I, the particle does not have sufficient energy to
ecape from the well, even .though its wave function, as we shall see, does
not vanish outside of the well. For this case the possble solutions of the
equation are

¢ = exp [2m (D — &)/4°x ()
b4 = exp ~[2m(W® — E)/A*Phx (7b)

where the positive square root is to be understood by [2m(# — Ey¥ /3,

the ¢ symbols, introduced for convenience, are defined only for |x| > b
The solution ¢y increases without limit as ¥ — — ® and cannot be used
as a solution for negative values of x; it can be used for positive values
of x dnce It vanishes at x = +»; for this reason its subscript is a plus
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sign. Because of the symmetry properties of g and u, we need consider
only the solution for x 0 since the solution for x 0 can readily be
obtained from it by replacing x by — x; we shall illustrate this below.

We shall first look for solutions of the even type which are valid for
x 0. These must evidently be of the form

g = Axg(x) = A cos (2mE/h?)¥x, —b<x<b (g
& = B, (x) = Bexp —[2m( — &)/4%Hy, B<x (9

How should these be joined at x = b? The requirement is that both g
and dg/dx must be continuous functions of x at b. This follows directly
from the differential equation which states that in any infinitesimal inter-
val hx the changein &/dx is given by

+(ds/3) gy
y [%] - ﬁ(wm 75 [U) — Elrlx)as. (10)

Since ¥ and [AU(x) — &] are both finite, although SU(x) is discontinuous
at x = by the integral vanishes as éx — 0 so that /4% is continuous at b.
It is even more obvious that ¢ must be continuous at x = b because a
discontinuity in ¥ would require an infinite value for dft/dx.

Thusif it is possible to choose A and B so that g and. 4g/dx are continuous
at x = b, a wave function satisfying equation (1) and the boundary con-
ditions at x = +oo and — 00 will be obtained. Such a wave function,
which is by definition an eigenfunction of equation (1), can exist only for
certain eigenvalues of the energy which are obtained by requiring that (8)
and (9) join properly. Continuity of g requires that

Ay (&) = B, (5) (I1a)
and continuity of g' = dg/dx requires that

Ay, (&) = B, ' (3) (lib)

so that dividing the second equation by the first we obtain
xi‘%=;l+-% atx = 4. (He)
In order to deal with this condition analytically, we introduce the symbols
a=VInDb/h (12a)
B=V2n(W0 ~B6)b/h=Va® — & (12b)

& = v2mbi/h, (12c)



146 A SIMPLE "ATOM" AND TRANSMISSION LINE ANALOGUE 387

In terms of these we have

2.0 -
Ie + X = —(8/8) tan @ (13)
Bt 4 4y = 815 (14)

so that the eigenfunction condition reduces to
—ftanf = —f = — Vo — 8, (15
(Weretain the minus signs so as to be in accord with the sign convention

for y and pin the following section.)
A similar treatment for u leads to

bcoth = —f = —Vat — & (16)

Both 8 and § depend on &, and the eigenvalue problem for & is thus to
find the values of & for which the eguation is satisfied. Figure 14.3 shows
how this may be done graphically by plotting both sides as a function of 8,
which is equivalent to & for this purpose, with negative values of & cor-

EH

{a) i(b) ¢} &g, AND Gy
5 \o cj?- "|§ J“ |
Zo 72\2 A8 5 9
¥a Z\\& \® ‘|
'-?..Z: -4 ] (d)
gxﬂ . "\\ % \ “ Lo _/ \
s - v
53T )
n Y]
Ly \ @
z | £ e 'y
gg T/ q “‘ |l to‘=— \\\‘.‘-—
=B 1 \ 0T
_gﬂ'_wﬁo b 1 L m b b
g oo E e ip oo

DISTANGE, % e=—i~
-~—if 0= vzms bA —s
FI G. 14-3—Solutions for Wave Functionsin an Energy Well. (Thelight linesfor

wave functions gi and Ui correspond to D = oo. The figure is not quantitative but
shows correctly the qualitative features)

responding to imaginary values for 6, On this plot, 8 = Va® — #* is the
equation of a circle. The solid curves show —& tan # and the dashed
curves & cot & There are no solutions for # imaginary corresponding to

negative values of & (Verify this by trying to draw g and u for neg-
ative 6.}
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For the value a =22 shown in the figure, there are only two solutions
and their wave functions are plotted on the right. If a is increased, there
will be more solutions and the character of gi and u, will change. For
e — =, the values of # are x/2 and » and the wave functions vanish at the
edges of the well and are zero outside. This is the "vanishing" boundary
condition (I) discussed in Section 14.4.
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FIG. 14-4- -Trangmisson Line Analogue Corresponding to a Bound State for an
Electron in a Potential Well.

As discussed in Section 14.2, the wave equation is analogous to an elec-
trical transmission linein which the circuit constants depend on the energy
parameter in Schroedinger's equation. From Table 14.1, line 5, we see
that, if C the capacitance to ground per unit length is kept constant, then
current in the line is analogous to the wave function § in our case. We
may take the solutions to have the form

Ylx, 1) = Ylx)e' (17
and
Ilx, ) = I(x) cos wt, (18)
These lead to the equations of Table 14.1:
dzr(f) = ~LCAI (19)
A _me

For a solution like gi, this leads to a positive value of L€w?® for |x] < é
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and negative for |x| > & The negative value corresponds to taking Ly
as negative which can be accomplished by replacing the series inductance
by series capacitances Cg as shown in Figure 14.4, where the distributed
constants are represented as lumped. For such a circuit, energy stored
in the inductances cannot be lost at the ends since the capacitance attenu-
ator networks cannot transmit power. This is analogous to the region of
negative kinetic energy, in which probability density is present but into
which the electron can penetrate only a short distance. Letting w — o
corresponds to letting £ea— — e or letting the series capacitors Cg ap-
proach zero capacitance. For this case the inductive part of the line
would be open-circuited at the ends so that / would vanish at ¥ = ==&.

147 SOLUTIONS FOR A SIMPLE "CRYSTAL"
TRANSMISSION LINE ANALOGUE

In this section we shall discuss the wave functions in a one-dimensional
crystal, such as might arise from repeating the "atoms" discussed in the
last section periodically with a lattice constant a as shown in Figure 14.5.
When this is done, it is found that there are bands of energy in which the
wave function has the Bloch behavior and other bands in which the ampli-

ﬂ UNIT CELL
q”,,_L fe— a

o . L. | L. I

-2 -b o b a2 [ 28

o, s—

FI G. 14-5—Periodic Potential Composed of Symmetrica Unit Cells.

tude increases exponentially in one direction or the other of the crystal.
While these latter cases may be of interest in connection with surface states,
they cannot lead to wave functions in the interior of a periodic lattice nor
be used to satisfy periodic boundary conditions and they, therefore, cor-
respond to energies in forbidden energy bands.

Several possible procedures may be followed in showing how the energy
bands arise. One may start simply with an arbitrary finite periodic
potential and prove by very general means that allowed energy bands must
be present.’ On the other hand, one may deal with a specific model and
derive formulae and calculate the bands in detail.”> We shall take an
intermediate course and assume that the potential in each unit cell is
symmetrical about the midpoint, the midpoints being located at x = O,

1H . A. Kramers, Physica 2, 483-490 (1935), summarized in F. Seitz, The Modern Theory
of Solids, See Problem 13 of this chapter.

2&dtz, he. cit; V. Rojansky, Introductory Quantum Mechanics, Prentice-Hall; A. H.
Wilson, The Theory of Metals, Cambridge.
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=a, 22 -, s0 that we may deal with wave functions of the g(x) and
u(x) form in thecel at x = 0. We shall then show that the problem can
be defined in terms of two ratios of sope to value,

= /)
( duﬁ 46) evalvated at x = 4/2.
Selra

We shall then consider the general behavior of -y and |i as functions of the
energy and discuss how the energy bands are related to the atomic levels
of infinitely separated atoms.®

We shall first prove that any solution of the wave equation for energy &,

Py m

el [Ulx) — E, @)
can be expressed as the sum of two solutions Y, and {3 having the property
dalx + @) = ey (x) ©)
Yalx 4 a) = e N (x) 4

where P is real in the allowed bands and imaginary in the energy gaps.
We shall give a proof based on the mathematics of y and p, leaving the
general poof of thisimportant result, which is known as Floquet's theorem,*
as a problem.
We shall introduce the quantity ft (unrelated to j8 in any other section)
by the equation
28 = Pafh sothat 7% = 2 )

and will shortly obtain an equation for 8in terms of y and p. It will be
found that there are three possible ranges for 0:

g is real and —=x/2 < 8 < +x/2, allowed band;
# is imaginary, forbidden band;
# = (x/2) + an imaginary number, forbidden band.

For the allowed band, the complex phase changes by less than 180° from
one cell to the next and the absolute value is the same in every cell. For
the other two cases the wave function decays exponentially in one direction
or the other, like ¢4 and ¢_ of (7a) and (7b) of Section 14.6. The edges

8 The problem of determining the " Surface States Associated with a Periodic Potential”
namely, wave functions which decay away in both directions from the surface of a finite
crystal, is conveniently treated in terems of and p; W. Shockley, Phys. Rev. 56, 317-323
(1939).

4 S Whittaker and Watson, Modern Analysis, Cambridge, 1927, Section 19.4.
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of the allowed bands come at energies for which real values of 8 are pos
sible. The equation for 8 is obtained as follows:
In the cell at x = 0, we may write any wave function satisfying equation
(2) in the form
Yn = Ag(x) + Bu(x). (6)
Furthermore, we require that the value of yn and dyn/dx both be mul-
tiplied by exp (iPa/f) = exp (28) as x varies from —a&/2 to +a/2. |f
this is true, the wave function will start at the left edge of the cell " 1",
centered at x = a, with exp (2#8) times its dope and value at the left edge
of cel "0". Since the wave equation is second order, the solution is
determined (for a fixed value of E) if dope and value are given; conse-
quently, the value of the wave function in cell * 1" is exp {28) times its
valuein cél "0". The same relationship will then hold for cell " 2" with
respect to " 1" and so on; therefore, equation (3) will be true. Since
X = 0 is the center of symmetry of the cell, we have from the symmetry
properties [(3) of Section 14.6] of g(x) and u(X),

W1 (—a/2) = Ag(—a/2) + Bu(—a/2) = Ag(a/2) - Bu(e/2) (7a)
W'(—a/2) = 4g'(—4/2) + Bu'(—4/2) _
—Ag'(a/2) + Bu'(a/2). (7b)

We shall hereafter omit the argument 4/2, except where confusion would
result, it being understood that g, g’, u, and 1 are all evaluated at +4/2.
We next write

¥1(s/2) = 4g + Bu = &"¥y(—a/2) = &9 (Ag ~ Bu) (8a)

¥’ (a/2) = 4g' + Bu' = P/ (—a/2) = e {—4g' 4+ Bu’). (8b)
These can be rewritten as

(1— e*¥)gd + (L +e*¥)uB =0 (9a)

(14 e*)g'4 4+ (1 — e™'B =0, (9b)

These equations can be solved for of and B if and only if the determinant
of the coefficients vanishes. This gives

(1 — o™yga’ — (1 + &*)igu
= 46?%[— sin? pgu’ — cos® fg'n] = 0.  (10)
The square bracket must vanish, which requires that
tan® 8 = —g'u/gu’ = —y/p (11)

This equation can be solved by a real value of § if and only if y/p. is nega-
tive. Furthermore, if 8 is a solution so is —§ and so is § 4 nxr where n
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isan integer. Thusif P = 28%/a is one solution, so are
P+ 2ekfa =P+ hfa, P+ 2h/a, P+ 3k/a,etc, (12)

corresponding to the periodicity discussed at the end of Section 5.5. The
reason is now seen to be that P enters the theory through equations (8a)
and (8b) in the form of the factor exp (¢Pa/%) which isunaltered by adding
integral multipleof &/a to P.

The fact that the solutions occur in P and — P pairs shows for this case
that the quantum states corresponding to P and — P in the Brillouin zone
have equal energies. This result was used in a three-dimensional form in
Sections 6.4 and 8.4 to show that the current is zero for a full Brillouin
zone and a partially filled Brillouin zone under conditions of thermal
equilibrium. The three-dimensional result is readily obtained and is
stated as a problem at the end of this chapter.

No matter what the value of ¢/p is, however, therewill always be two
solutions which giverise to two functions of the form given in equations (3)
and (4). Since the wave equation can have only two linearly independent
solutions for a given energy, any solution can be expressed in terms of
their sum. A special case occurs if P = 0 or h/2a is the solution, for in
this case equations (3) and (4) become equivalent. For this special case,
one solution is of type (3) and has either the same value in every cell or
varies from cell to cell simply by being multiplied by — 1. This solution
represents the limiting case obtained by adding yry# and ¥_p so as to get
a cosine-like function in the energy band or a cosh-like function in the
forbidden band. The other solution is not of type (3) or (4) and repre-
snts an intermediate case between a sine-like and a sinh-like function.
Its value increases not by a factor but by an additive constant in going
from one cell to the next so that it satisfies the condition

Y(x + na) = Y(x) + nC (13)

where Cis a constant. The actual construction of these solutions is simple
and is presented in a problem.

For positive values of y/p we must distinguish between two cases
If ¥/p < 1, then the solution is 8 = =éx which leads to®

—tanh® x = —y/p (14)

which can always be solved for a real value of x. For this case the factor
from one cell to the next is
eﬂl’ﬂ = ed:ﬂx (15)
so that one possible solution builds up in the +x-direction and the other
decays. For ¢/ > 1, the solution g = *xix + x/2; s yields the
®X isunreated to x of ather sations
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equation
coth?x = —y/u (16)

and the decay factor is
eﬂlﬁ = ed:!x-l-l’l' — _eiﬂx (17)

so that the solution decays as for equation (15) but alternates in sign from
cell to cell.

We shall next describe how the energy bands arise from the atomic
energy levels of the model of the last section as the atoms are brought to-
gether from infinite separation (that is, as a varies from large to small

gl F<Bg <5

) b a,l/a 2,2 2y/%

DISTANCE ; % it

F1G. 14-6—Dependence of g(x) upon Changesin the Energy Parameter in Schroe-
dinger'sEquation. (Not exact.)

values), the method of attack being graphical in terms of the ¥ and g
curves. In Figure 14.6 we show the g(x) function for its " atomic" eigen-
value &g, and for two slightly differing energies. For &g, the value of
y is independent of a and has the value, deduced from. ¢4 of equation (7b)
of Section 14.6,

v =R o - s (19)
¢+

For & < &1, the wave function is not an eigenfunction because the

cosine function in the potential well does not join properly to the expo-

nentially decaying function ¢, but requires some of the " building-up”

function ¢_.. For large values of x, the é_ part dominates and the value

of y is positive with a value of

¥ = +[2m (D - &)/ (19)

A similar situation holds true for &' > &g, the only difference being that
¢$_ has a coefficient of the opposite sign, a change which does not affect (19).
The resultant behavior of -y as a function of S is shown in Figure 14.7.
For a large spacing such as ag, the value of -y is given by equation (19)
except for very narrow ranges of energies centered about &gm and about
&g, it being assumed that the well has two even energy levels. 1f & is
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decreased slightly from &g towards &', g increases and dg/d¥ vanishes so
that y increases; for a slight increase in &, g{#s) drops to zero, leading to
¥ = —w; and a further decrease leads to large positive values followed
by a quick drop to the line of equation* (19). For a smaller spacing, a,
the effect of energy changes is less abrupt and the rangey = O0toy = =k =

i 1=y FROM
EQUATION (15}

3 \

o ‘\ ~F—-—7 FROM

T " \  |FouATION (i8]

= __..r

€ 85 58z
ENERGY e

F1 G. 14-7—Dependence upon Energy of -y = (dg /dx) /g at the Edge of Céll, x = a/2,
(Not exact.)

requires the range of energy & to 8. For all values of a larger than Ib
of Figure 14.5, however, -y assumes the value of equation (18) when
&= 5,1 and a similar statement is true for other energy levels.

Quitesimilar arguments apply to g.

We must next consider the relationship between y and w and the result-
ing structure of the energy bands. In Figure 14.8 we show the structure
for two values of a.  On the left a = a;, alarge spacing. When & = &1
the g function decays exponentially outside the well but the u function
does not. Consequently, i will have the positive value given by equa-
tion (19) at this point. At & = &y, g has a behavior similar to y at
&, The remaining behavior of the curves may be deduced by a set of
general theorems. We shall prove the most essential theorem here and
rely on qualitative arguments for the remainder of the demonstration,
leaving the other theorems as problems.

THEOREM: They and p curves never have a point in common, i.e. they do
not crossor touch.

Proof: Suppose the two curves have a point in common, Then for the
particular energy and value of a concerned,

€' (3/2)/8(a/2) = u'(e/2)/u(a/2). (20)
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Next consder the function
g(a/2)
YO = e

Then at x = /2, the two functions §r(x) and g{#) are equal and have
equal derivatives. Since they satisfy the same second-order differential

u(x). (21)
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F1G. 14-8—The Structure of the Energy Bands for the Two L attice Congtants of
Figures 14-6 and 14-7. (Not exact.)

equation, Y{x) = g(x) for all x. But this cannot be true because at
x=0,u=0but g=#0. Therefore the assumption y = p leads to an
absurdity. (The reader may generalize this by showing that y =
and g = oo cannot occur for the same value of &.)

Another theorem, given in the problems, states that both dy/a'& and
dp/d& are negative except when yor p = £ w,

By considering the situation near &gy for a = *3, we e that the allowed
energy band arises from the region in which y is negative (that is, where



396 QUANTUM MECHANICS WITH ELECTRICAL ANALOGUES [147

¥/p is negative). On the left edge of this band, y = 0 and P = O, cor-
responding to the center of the Brillouin zone. On theright edge, y = —
and 8 = x/2 and P = %/2a, corresponding to the edge of the Brillouin
zone, and the wave function changes sign from cell to cell. For larger
values of &, y is positive and larger than p. Since they and |i curves
cannot cross, y remains greater than g and y/p is 1 until the situation
p.=0and y/p = is reached. Between these two infinities in eyiji,,
the value of 8 is ix + =/2 corresponding to the exponentially decaying or
increasing type with alternating sign. In the next band, centered about
&y, P decreases from A/z to zero and, in the next gap, the exponential
functions do not alternatein sign.

The behavior just discussed is in accord with diagrams-like Figures 5.9
and 6.4 in which the energy curves have their minima alternately at
P =0and P = h/2a.

It is also evident that the energy bands grow out of the atomic levels
since &4 occurs in the negative y region, and, at least at large spacings,
p. is positive there so that ¥/ is negative, corresponding to an allowed
band.

From the theorem which shows that dy/d& and du/d6 are negative
and that they must go through cycles from 4= to — e, it follows that
there must always be allowed bands of energy. This may be seen as fol-
lows: At any point where y = 0, either u is finite or infinite. If |i is
finite, then y/p changes sign when y — 0 so that this point corresponds to
the boundary point between a band and a gap. |If |i is oo, then ft must
change from —= to 4« while y changes from positive to negative.
For this case then, energy bands exist to both ddes of the point, since
¥/ is negative on both sdes

The case of the preceding sentence will actually occur for our model
when a the lattice constant, equals 2b, the width of the well, so that the
well bottom extends throughout the crystal. Under these conditions
y and [x become identical, except for a factor b, with the curves for
& (3}/¥r(b) of Figure 14.3. These curves have tan 6 and cos 0 as factors
and one goes through zero as the other goes to infinity and vice versa.
Thus for the condition a — 2b, there are no energy gaps and the energy
spectrum is perfectly continuous, as it should be for an electron movingin
free space. In this event, it is still possible, though somewhat artificial,
to classify the wave functions as before, in terms of the Brillouin zone for
lattice constant 2b. If this is done, however, the energy curve becomes
simply the free electron " parabola”,

& = im® = P?/2m, (22)

folded back on itself into thefirst Brillouin zone. (Figure 14.9 represents
this case modified as discussed below.)
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Ifaisslightly greater than 2b,thenvery narrowwalls will be left between
the wells and the electrons will be almost free. However, when P is a
multiple of h/2a, the Bragg reflection condition will be satisfied and the
group velocity will be zero. This is produced in they, u-diagram by a
slight offset in either direction of the y = 0 point from p % and vice
versa. The effect on the free electron curves is shown in Figure 14.9.

¥,
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F1G. 14-9—Energy Bandsfor Almost FreeElectrons. (Not exact.)

(See the Problems for details) The curves are characterized by the sharp
curvatures at the band edges These may be interpreted® as correspond-
ing to a very small effective mass, since near these points

b = d6/dP (23)
changes rapidly with small changes in P so that
dv

where m is the free electron mass and 1/ corresponds to the curvature of
the free-electron parabola.

The smallness of the mass suggests the following problem: Suppose an
electron is in a wave-packet state corresponding to point S, in Figure
14.9, the minimum of the third energy band. If a field is applied, the
wave-packet will be rapidly accelerated and will move across the crystal
in much less time than would a perfectly free electron initially at rest.
How can this come about? Where does the electron in the third band
get its extraenergy ? The answer is that it had the extra energy already.
State Si can be shown to correspond to the superposition of two running
waves corresponding to P = +A&/2 and P = —A/a. Thus, although

6.The-basic-theory-for -gr oup-velocity-is-given-in-Sections-15.2-and-15.4.
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state S; has no net electron current, it represents a state of considerable
energy. The effect of the applied field is to shift the electron to state S,
by causing changes in the reflection conditions of the two running waves.
As a result, all of the kinetic energy becomes associated with motion
towards the right and the electron wave-packet is greatly accelerated.
Once state S, is reached, however, the transfer of kinetic energy from one
motion to another is complete, and the effective mass for additional accel-
eration hasits normal value.

Ordinarily the masses for holes and electrons will be of the order of mag-
nitude of the electron's mass.  If the almost free electron approximation is
used to represent the energy bands of the semiconductor, an erroneous
impression is given of extreme smallness for the effective mass at the edges
of the bands. The difference between the actual case and the almost free
electron case comes about as follows: For the free electron case the zeros
of y are paired with theinfinities of p. and vice versa. The small disturb-
ance in potential offsets these slightly and gives very narrow energy gaps
with resultant very small effective massss at the band edges. (See Prob-
lems.) For true valence-bond wave functions and conduction-band wave
functions the situation will be quite different and, in general, therewill be
no simple relationships between y and p,, or rather their three-dimensional
analogues. At atomic spacings the bands will spread by energies com-
parable to the binding energy, that is, to a few electron volts, and the
energy gaps will be of the same general order. From dimensional argu-
mentswe thus expect the effective mass to satisfy approximately an equation
of the form

Al = Pm’/heﬂ = A’/Sfﬂhﬂ.

Since AG = 0.1 atomic unit and /¢ & 2eh/day = (x/Dh/ag = (x/2)
atomic units of momentum,” this leads to

M = (1/2)%/8 X 0.1 = 3 electron masses. 25

This argument is intended to show only that effective masses of the order
of the electron's mass should be therule rather than the exception in well-
bonded semiconductors.

The discussion of the number of eigenfunctions in each energy band for
periodic boundary conditions given in Chapter 5 is directly applicable to
the wave functions of the one-dimensional periodic potential. The prob-
lem of counting for the case of an even number of unit céls involves the
equivalence of the wave functions for P = h/2a and P = —h/2a; for this
condition thereisonly one solution which can satisfy periodic boundary con-
ditions since the other solution varies as described in equation (13) and
Problem 2.

See Appendix A,
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148 BLOCH FUNCTIONS FOR THREE DIMENSIONS

In this section we shall derive Bloch's theorem that the wave functions in

a crystal are of the form
(B = &®7ap(r)

where up(r) has the periodicity of the lattice.'" We shall restrict the proof
to a crystal with periodic boundary conditions, for which case P is a real
vector. We shall also verify in general that the volume of the Brillouin
zone is &/ ¥ a where ¥, is the volume of the unit cell and that the density of
allowed points is VA,MB where V, is the volume of the crystal, and hence
that the number of states (neglecting the spin) in the Brillouin zone is
F4/¥y = N where Nis the number of unit cells in the crystal.

The basic property of the crystal is that it can be translated by certain
vectors so that after translation each atom has been moved into the position
occupied by an equivalent atom. If the potential energy of the electron
is QL(r), then for a permitted translation, for which we shall use the symbol
R or R, in this section, the relationship

U + R) = AU(r) (2)
must hold.

The set of allowed translations R forms a lattice, which is defined as
follows: Take any point in space as the origin and consider all points dis-
placed from it by vectors of the form R. The array so obtained is the
lattice corresponding to the crystal structure. (In Figure 1.3, if a corner
of the large cube shown is chosen as the origin of the lattice, then the atoms
on the faces are at lattice points; the atoms on the interior, however, are
not at lattice points.) The R*s can always be described in terms of a set
of primitive vectors.

ay, 3, @3 = primitive vectors, (3)

The primitive vectors themselves must be vectors of the lattice and,
furthermore, it must be possible to express every vector R of the lattice in
the form

R = oya; + agoy + o303 (a's are integers) (4)

where the a's are positive or negative integers. The primitive vectors
define a parallelepiped, of which they are the edges, and this parallelepiped
has a lattice point at every corner. Furthermore, it can have no lattice
point except at corners because, if it did, in the set of a's for this point at
least one a would lie between 0 and 1 in contradiction to (4). From this
reasoning; it follows that there is exactly one lattice point for each parallele-

! This is the customary use of u in this book, u for ungerade is restricted to Sections 14.6
and 14.7 and the Problems.
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piped having edges &1, @1, @3. Furthermore all space can obviously be
filled by repeating these parallelepipeds by translation of the form (4).
For this reason, the parallelepiped isreferred to as a unit cell. The crystal
can evidently be divided into such cells, each of which will have the same
internal structure and it will be impossible to divide these cells further into
equivalent parts which can be made to coincide by translation.

The volume of the unit cell is

Ve=a;-(a; X a3) = az- (a3 X a;) = a3 (a1 X ap) (5)
where it is assumed that @, @3, @z form a right-handed system. (If they
do not, a new set with @" = —a; can be chosen.) From the previous dis-

cusson, it is evident that V, is the volume per lattice, point and must,
therefore, have the same value for every set of primitive vectors. In

{a} L] L) L) L {b). - .":’Qa L]
J"’ ’f”

——— . - ., . .
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FI G. 14-10—Two Sgsof Primitive Vectorsin a Two-dimensonal L attice.

Figure 14.10 we show two ways of selecting primitive vectors in a two-
dimensional lattice. The reader should verify that aand a, can be
expressed in form (4) in terms of a; and a,' and vice versa.

We now suppose that the wave functions satisfy periodic boundary
conditions, the periods being

4, = N\a;, Ay = Nya», 43 = Naay, (6)

Y+ 4) = ¥(), U

where A is any linear combination of the A;'s with positive or negative
integers as coefficients.  The volume of the crystal, denoted by V, is
related to V, as follows:

Fa= A4y (4 X Ay) = N\N; N3V, = NV, (8)

Suppose ¥ (), satisfying the boundary conditions of equation (7), is a
solution of Schroedinger's equation with eigenvalue & (The existence of
such solutions can be proved without too much difficulty.) Then it is
evident that

so that

Yr(r) = Yol(r + R) (9)

is also a solution for the same value of & since it simply represents displacing
W by a vector — R and the values of M(r} and S(r + R) areequal.
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Our problemistoprovethat if fg (r) exists, it can always be expressed as a
sum of one or more Bloch-typefunctions which satisfy the condition

bz (r + R) = & 58 gp(r) (10)
B="F/h (12)
and are eigenfunctions with energy &  This means that for the case of periodic
boundary conditions it is unnecessary to consider functions other than those
of the Bloch type, since all solutions of the problem can be expressed in terms
of the latter.

In order to deal with this problem we introduce two additional sets of
vectors g and G, defined as follows:

Gi=mXa/Vy Gr=aXa/V, Gs=a Xay/Ve (12
The G/s are called the reciprocal vectors of the crystal lattice. The vectors

g1 =4y X Aa/Vs, G2=Aa X A/ V4 g3 = A1 X 43/Vy, (1Y)
are reciprocal vectors of the periodic boundary periods and have no special
name. It follows from these definitions that

a-G,=8;=4,-¢9; (14)

and also that the volumes in G-space, or reciprocal space, of the paral-
lelepipeds with edges G; and g; are

Va=6G,-G3 X Gy and V=g g2 X ga. (15)
It also follows that there are inverse relationships of the form
a; =Gy X Ga/Vg, A1 =92 X@s/Vp (16)

as can be proved by noting that a; satisfies & ¢ G; = 8, and that this
uniquely determines a vector fli. From the vector theorem

uX {(vXw)=(u-wyw— (u-vw (17)
it follows that a\ » a, X 03 when expressed in terms of the G's reduces to
Vo= (62 X Gy) - [(Gs X G1) X (61 X G3)1/V6?

= (G2 X G3) - {[(Gs X G1) - G3}G) — [(G3 X Gy) - G116} /¥ °
= Vel /Ve® = 1/Ve, (18)
snce {Gs X &1} » G\ vanishes. A similar relationship holds between
Vaand Vg
VAV, = 1. (19)
There are N distinct translations subject to the periodic boundary con-
ditions and these may be written as

Ry = oyt + azag + aza (20)
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where the «'s are integers running from Qo V; — 1, Ng — 1l and N3 — 1

respectively, There is no need to consider R’s with a’s larger than these

because such an R, with @y = N 4 2 for example, would produce the same

effect zs R'=R—4, which has &' =2 lying in the range 0<ay’ <N, —1,
There is a similar set of B’s, also N in number, defined by

By=migh +va+ vofs, OSSN — 1. (21)

We shall show that these B's arethe appropriatelPs for the Bloch functions.

In terms of the set (20) of R, and set (21) of By we shall next define two
sets of functions generated from g (r) by translations and in terms of these
new functions we shall prove that ¥ (r) can be expanded in terms of one or
more functions of the Bloch type. The new functions, denoted by ,
and ¢, wherea and y are triplets fo integers of theform (20) and (21), are
defined as follows:

Yalr) = Yolr — &) (22)
&y = NHYL e rhay, s T Syaba (23a)

and

where the 8y« quantities are matrix elements for the transformation
relating the §, to the ¢, and

81e = N Bt 0r8a (23)
It is evident that each of the set of ¢’s is an eigenfunction for the same

energy & since each s, is such an eigenfunction.
We shall next prove that

¢,(r + R) = exp (2miB, - Ry, (r) (24)

which showsthat <|,; is of the Bloch typewith P = 2xhB., = 4B,. Finally, we
shall prove that

o = NH 3 exp (—2xiBy - Ri)o = I Tophs (25)
which shows that ey, o . d from it, can be expressed as a sum of
the Bloch-type ¢'s.

To prove that¢, is of the Bloch type, we e v eV N, (r + R)L s
follows:

vNé,(r+ R) = I exp (20iB, - Ralo(r + R — Ry)
= T exp [2xiB, - (R + R)ho(r ~ Rr)
= exp (2xiB, - R) Z_", cxp (2niB, - Ko Jor (r}  (26)

where we have replaced R, — R by Ry so that the sum over o’ now
extends outside the allowed set of a values. Each R, outside is, of coursg,
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equivalent to an R, in the set which differs by an A vector. Replacing an
outside Rat = R, 4 Ay, for example, by the inside R, does not change the
sum because

e T4 = exp (2xivigy - 4y) = exp (2nimy) = 1 @7

so that the exponential is unchanged. Furthermore, Y&, = \It.,-, if Ry =
R, + A;. Thusa may be replaced by a in the sum of equation (26), so
that (26) becomes

VN, (r + R) = exp (2xiB, - RV N, (1), (28)

which is the desired theorem of equation (24) except for the factor N%,
Next we shall prove that any y, can be expanded in terms of the g by
proving that ¥, is equal to the sum

N~ %: exp (—2xiBy - R )by = i% Y exp [2xiBg - (Ry — RN, (29)

the latter equality resulting from the replacement of g by equation (23).
The term in the exponent may be written as

2ri(Prgy + Buga + Baga) - (r0; + axaz + aza3)
= 2xi[(Bra1/N1) + (Bzes/Na) + (Bss/N3)l,  (30)
where the as are integers (possibly negative) because of the form of Ry

and Re. For a fixed value of 7, the sum over 8 is equivalent to a triple
sum over f§y, fg, and Bz and may be written as

% E )ﬂ:': exp {2xi[(B1e1/N1) + (Bowa/N3g) + (Bzea/N3)l)

= {1 + exp [(2wia /N1)B1] + + - - + exp [(2wicy /N1 ) (N7 — 1)]}
X {14+ exp [(Zwfaa/ N2} (N2 — 1)1}
X {14 -+ 4 exp [(Zrfes/Na) (N2 — 1)]}. (1)

The first term is Ny if @y = Q or &y = £ N;. However, the latter condi-

tion does not arisefrom Ry — R,. Ifayisnot zero, the first term vanishes

as may be sen by writing it in the standard form for a geometric series;
{1 — exp [(2réar/N7) - N1]}/[1 — exp (2wiey/N3)], (32

in which the numerator vanishes, while the denominator does not. Hence,
the triple sum over B3, 3, [3; vanishes unless a, = o, = o, — 0, that is,
unless Re = R,. If Re = Ry, the sum becomes N;N,Nj3; = N so that we
may write equation (29) in the form

NKE exp (~2xiBg- R)s = T derly = W 3)

This proves that yr can be expanded in terms of the $g which was the
basic aim set forth in equation (10).
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Furthermore, for periodic boundary conditions characterized by 4y,
Ajp, and 44, Bloch-type functions ¢, with non-integral values for the coef-
ficients ¢ are not allowed because, if 71 were non-integral, then we should
have

. (r + A;) = exp (2wiv1),(r), (34)

and, if ¥, were non-integral, the coefficient would not be unity and ¢,
would not satisfy the boundary conditions. Thus all allowed B vectors,
that is, allowed by the boundary conditions, correspond to integer values
for the ;'s.

Equation (33) also shows that the matri(§g,0f equation (23) and
T.s of equation (25) are reciprocal since

’ZTTﬁSﬂa = by (35)

I n addition
Ty = Sar* (36)

so that the transformation is unitary, a feature which leads to simplifying
results in many casss but which we do not use further here.  (See Problem
3 of Section 17.3.)

Next we shall sse how the Brillouin zone may be defined in terms of the
Gi vectors and examine the equivalence of different B vectors. So far as
their translational properties are concerned we shall show that ¢g and ¢g-
are equivalent if B and B differ by integral multiples of the G/s, that is,
by a vector Of the reciprocal lattice of the G,'s, the G/s being the reciprocal
vectors of the crystal lattice as defined in equation (12). The result follows
at once because in

$a{r + R) = exp (2xiB - R)dp(r) (37)
the exponential is unaltered by adding G; for example, to B since
Gl R = G1 . (Cl!lﬂl + ially + 0303) = a (38)

so that the added exponent is a multiple of 2xf. Hence we say that two
B vectors which differ by multiples of the Gi's are equivalent. Conse-
quently, it suffices to consder only those B's lying in the unit cell having
edgesGi, G,, and G3and avolume

G (G2 XGg)=Vg=1/V (39)

B's lying outside of the cell are equivalent to B's inside it. This cell con-
tains just the set of N vectors B of equation (21), since B's with 71 = Nig
etc., are equivalent to thosewith 71 = 0, etc. The density of these allowed
points in G-space is thus

N/Ve=NV, =V, (40)
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which is identical, of course, with the reciprocal of the volume of a unit
cell of the gi lattice upon which the allowed B's fall.
Since the P vectors are h times the B vectors,

the density of allowed

- 3
points in P-space } = Vu/¥, (41)

or 2¥4/A8 if the two possibilities for the spin are taken into account. This
formula is the same as that derived in Section 55 for the simple cubic
lattice.

It is possible to translate the unit cell of G- or P-space so as to center it
about the point P = 0; it will then still contain N distinct allowed B
vectors. However, the unit cell is somewhat arbitrary because the basic
a, and &; vectors can be chosen in several ways. The first Brillouin zone,
however, does not have this degree of arbitrariness and is defined in the
following way: Make alattice in G-space by taking all points of the form
mG1 + #2Gs + naGs for positive and negative integer values of the n's.
This array of points is called the reciprocal lattice. Assign to each lattice
point that part of G-space nearer to it than to any other point. Then the
space around the point at the origin is thefirst Brillouin zone. Its special
importance is that for B vectors ending on its surface the conditions for
Bragg reflection are satisfied. For the case of almost free electrons, the
surface becomes an energy discontinuity, or energy gap, and the component
of group velocity in a direction perpendicular to the surface vanishes when
B ends on the surface.

It may be shown (see Problem 15) that no two points in thefirst Bril-
louin zone are equivalent. Furthermore, the volume of the zone is that
of one unit cell in thereciprocal lattice. Hence, it must contain a complete
st of N distinct B's.

The construction of Brillouin zones is treated in considerable detail in
a number of standard texts.?

PROBLEMS

1. Discuss the relationship between the following manifestations of a
common cause: For alarge value of a, such as a; in Figures 14.6 and 14.7,
(1) the energy bands are narrow, (2) the effective mass in the bottom band
islarge, and (3) the transmission of an electron wave-packet is small.

2. Show that at the edges and center of the Brillouin zone, the solutions
are of the form given in equation (13) of Section (14.7). For example,

2A. H. Wilson, The Theory of Metals, Cambridge at the University Press 1936. N. F.
M ott and H. Jones, The Theory of the Propertiesof Metalsand Alloys, Oxford at the Clarendon
Press 1936. F. Sditz, Modern Theory of Solids, McGraw-Hill Book Co., New York, 1940.
L. Brillouin, Wave Propagation in Periodic Structures, McGraw-Hill Book Co., New York,
1946,
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consider the lowest state of the first band corresponding to 4 = @, or
g (a/2) = g’ = 0. Show that one solution is

Y1 (x) = Ag(x — »a) for x in cell centered at # = n4,
which corresponds to P = 0, and that another is, similarly,
Yo#) = ulx — na) + 2n[u(s/2)/g(a/2)jg(x — na).

W hat happensif amultipleof ¢ 1s added toyra? Find thecorresponding
solutions for other zone edges and show that they are transition types
between cases for real P and cases for complex or imaginary P.

3. Prove that the extreme energies in each band come at P = +4/2s
and P = 0 and that the energy varies monotonically between these limits.
Do this by using the relationship between velocity defined by v = & (P)/dP
and current discussed in connection with equation (4) of Section 14.3,
which may be written as

LN - q,

im [q’ dx Y-y dx ¥

If » = 0, corresponding to a flat region in the & versus P curve, then show
that

In

dx dx

din _ dln*

From this show that P iseither zero or a multiple of A/2z. (Itisthought
by most students that this theorem has no three-dimensional analogue
and that energy extremes may occur inside the Brillouin zone.)

4, Show from Problems 2 and 3 that at the edge of the energy band
the average current is zero and hence by the group-velocity formula that
d&/dP = 0 at the edge of the band.

5. Consider the y, pcurves for an "almost free" electron. For this
purpose, recenter the unit cell in the midpoint of the narrow section which
is W high and @ — 2% = 2 wide. The potential is then

Ux) =W ‘xl <<
Ux) =0 ¢ < 1x| < &/
To simplify the problem, let ¢ — 0 and 1 — = so that ¢ = ¥ remains
constant. Prove that
u(x) = sin (2m&/A)Hx Ix] <a
g(x) = cos [(2mE/B3%[x| — o] || <4
where

a=V2m/& Vi
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From these show that the lowest energy state (P = 0) has energy & =
2V {a, equal to the average potential energy throughout unit cell. Show
that the energy gaps are4¥/a wide. Verify that the curves will have the
shape of Figure 14.9. From this conclude that the effective mass is of
the order of m¥/a& where & is the free electron energy, corresponding to
V = 0. Derive an exact formula for the effective mass at the edge of the
zone. [The equality of the energy gaps is a consequence of letting ¢ —+0;
for a more realistic potential the gaps become narrower at high energies)]

6. In Figures 14.7 and 14.8, cases in which & was less than W were
stressed. How will they and p curves behave for & > TW? |t may be
helpful to consider Problems 9 to 13 first.

7. Prove that &(P) = &{—P) for the one-dimensional case for a
periodic potential which is not necessarily symmetrical about the center of
the unit cell. Do this by writing §pe in the form {rp = exp (FPx/A)up(x)
where up{x 4+ &) = up(x). Extend the result to three dimensions.

8. Show that, for asymmetrical potential, the function Up(x) of Problem
7 can always be written as a real even function of x plus an imaginary
odd function of x.

Remark: The following four problems give the steps necessary to prove
that the y and p-curves used extensively in Section 14.8 decrease mono-
tonically with energy from 4w to — «. The theorem that they do not
cross was proved in Section 14.7. These features are all that is necessary
to show that the energy band structure discussed in Figure 14.8 is a general
phenomenon of a one-dimensional symmetrical periodic potential. Prob-
lem 13 shows how the results can be extended to a general periodic
potential.

9.Given aperiodic symmetrical potential % (x} where AU{x) = AU(—x)
and R (x + a) = Al{x) whichisfinitesot 0 < U(x) €U, v e that,
for & < 0, y and . (defined in equation (1), Section 14.7) are both , 0
and that g(x) and u(x) have no nodes (zeros) in the unit cell. Prove that
for & large enough, order of A2/a*m, g and u must have nodes in the unit
cell and large numbers of nodes for & very large.

10. Suppose that a wave function Y (¥) which satisfies Schroedinger’s
equation for energy & in a bounded potential energy field, like that of
Problem 9, has two consecutive nodes, at ¥ =4 and x = & > a;.
Consider ¥, also having energy &, with a node at ap siightly less than a;
prove that it has 2 node at #s < #;. For this purpose, consider w1 (x) =
[dY () /dx] /1 (). Prove that q; varies from +e« for ¥ = 4 +0 to
~ o for ¥ = & — 0 and is continuous except for the end points where it
varies as m = 1/{(x — 4y) and 1/(x — &;). Prove that ma(x), corre-
sponding to w3, and n{x) are never equal. Hence prove that, since
Nz{a: + 0} < mie; + 0), g must go to — = for ¥ < 4;.

11. Consider the function y; of Problem 10, which corresponds to
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energy &;. Let Y3 also have a node at a; and be a solution for the wave
equation for energy &g where &g is slightly greater than &,. Provethat
the node of yrp oceurs atdy < &y,

Hint: Make 2 diagram showing n;(x) varying from 4+ = at a, to —
at 4;. Prove that wg =1 = 1/{x — 61) as x —a; but that n3(x) <
mix} for x — @ finite. Show’ that if &; > &y, then nma(x) > W (x) for
b; — x finite. Hence &3 must be less than §;,. In other words, increasing
the energy decreases the distance between nodes (like decreasing wave
length}, It may be helpful to derive the equation

M B ) -

=Tz & —n®
for usein this problem.

12. From Problems 9, 10, and 11 show that y and p curves, like
those of Figures 14.7 and 14.8, must decrease monotonically with increasing
energy. (For example, consider u(x) which has a node at x = 0, and
suppose that the energy is so low that it has no node inside the unit cell.
Then the method of Problem 9 shows at once that increasing & causes
M to decrease at the edge of the cell. The cases with several nodes may be
treated by considering the effect of increasing & upon the node spacing
and upon the f-curve between the nodes)

13. Prove for a general (possibly unsymmetrical) periodic potential
A (x 4 a) = QU{x) that the solutions are of the form

Yl + @) = Mplx)
Ya(x -+ @) = N la(x).

Do this by letting s(x) (s for dope) and v(x) (v for value) be the solutions
which satisfy Schroedinger's equation and which take the values

=0 and ds/dx =1 atx =0
v=1 and dv/dx =0 atx =10

Denote the values and derivativesat x = a by s, S, v, and V. Prove that
for any two solutions ¢; and ¢ of Schroedinger's equation,

T I:% M _ 1 d‘bz] =

fo—g =1,

and hence that

Show that the periodicity requirement on ¥, = A8(x) 4 Bv(x) leads to
A=A =)= =B —-Ap+s)+1=0

From this conclude that if the two roots are X; and Ag, X; = 1/A2 so
that &; and A are the transformation factors. Show that X is real for
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|o 4 5’| > 2 or else N[® =1 for fo+ #/| 2. This proves there are no
damped complex wave functions. Using Problems 9, 10, and 11
draw curves for s(x) and v(x) versus x and show that their nodes are
alternating and that, conseguently, |n+.:'| < 2 is surely satisfied for
certain energy ranges for any lattice constant a.

14. Prove that if J¥;, Rz, and Rs are three allowed translations of the
lattice and if Ry « Rg X Ry = ¥,, then these R's may be used as sat of
primitive vectors, equation (4) of Section 14.8.

15. Prove that the surfaces of the first Brillouin zone (see the end of
Section 14.8) are planes which are perpendicular bisectors of vectors from
the origin to other points of the reciprocal lattice. Prove that no two
points in the interior of the zone are equivalent.

16. Consider a lattice in space with primitive vectors a;, a,, a3 and
reciprocal vectors &y, Ga, &3. Consider the family of planes defined by

r-H= , H= }HG:I. + }lzcz + ’:363,

where r is a vector from the origin of the crystal lattice, and hi and n are
integers. Show that any vector

R = aa; 4 oty + agay  (a’s are integers)

satisfies the equation for a suitably chosen w, so that all lattice points lie
on planes for various values of n. Show also that, if the hi are relatively
prime (have no common factor), then for every value of n there are points
on the plane. Show for this case that the planes of lattice points are
spaced 1/|H| apart. This problem shows how the reciprocal lattice vectors
can be used to determine systematically the various sets of planes upon
which the atoms of a crystal lie.



CHAPTER 15

THEORY OF ELECTRON AND HOLE VELOCITIES,
CURRENTS AND ACCELERATIONS

151 GROUP VELOCITY FOR WAVE-PACKETS

In Figure 15.1 two sine waves are shown. They are in phase at crest A
of the upper wave and B of the lower wave. At other points they are out
of phase and tend to cancel. If many more waves of about the same wave
length are combined to make a wave-packet, there will be a high degree of

— M A —
1

FIG. 151—Renforcement of Two Waves of a Wave-packet.

cancellation except within a certain region, whose size may be adjusted
mathematically, keeping it centered on crests A and B. The individual
waves progress with phase velocity v, If there is any difference in the
phase velocities of the waves, the point of registration will shift so that the
group will move with respect to the individual wave trains. Thus, if the
lower wave moves faster by an amount 3sp, then crest D will catch up with
crest Cin atime ¢t = &\/v,. |f the wave-length difference is small, this
expresson may be expressed by the derivative dh/duoy.  In this time, crest
A has moved a distance ppt, but the position of the reinforcement or center
of the wave-packet has moved back an amount A. Hence the velocity of
the group is

vg = (vpt — M)/t = 0, — Ndop/dA. (1)

This shows that if the phase velocity is independent of the wave length,
the group and phase velocities are the same, a result valid for electro-
magnetic waves in free space, or for acoustical waves of long wave length
inair.
The expresson for vy may be put into the desired form by suitably
410
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manipulatingthederivatives. Wewrite

op = v, doy/dh = v + Ndv/d) 2
which reduces s, to
9o = tp — \v — Mdv/d\ = —Ndv/dn. 3)
By using the relationship & = 1/M we obtain
dk = —d\N2, vy = dv/dk 4)

which is the form used in Chapter 6, with» = &/% and ¥ = P/hA.
In order to treat the three-dimensional case, we consider waves of the
form exp 2xflk - ¥ —#(k)¢] which can be combined to form a packet*

W f) = n[ {exp 2nilk - ¥ — w(k)|W (R)dR (%)
be real,  positive, smootiy-varying function of k with values different
{wherezgr odkntypheserasnia tegttitiolniovetuk-kpaceT fed| @Ryt Mabuppishd fes
any t Will thus occur for the value of r where the exponential is most nearly
independent of k, so that the integral over k adds together terms all of the
same complex phase. This condition will be best met by satisfying

0=Wik-r—v(R)] = v — Vwlk) (6)

for R = Rg. This leads to
r = Tw(R), 7

which is equivalent to the expression for the components of group velocity
given in Chapter 6.

152 APPLICATION TO ELECTRON WAVES

Two differences must be considered in applying the results just obtained
to electron waves. In the first place, we must show that the results are
independent of the choice of the zero point or origin of energy. Thus, for
example, if a potential were applied to the semiconductor as a whole, all of
the electronic energy levels should be thought of as shifting together.
However, the internal behavior of the electrons should be unaffected. In
the second place, the electron waves are not plane waves, but are modulated
combinations of atomic wave functions and this difference must aso be
considered.

The unimportance of the choice of the origin of energy is readily shown
from the Planck relationship » = &/k. Changing the origin of energy is

In Chapter 17, k corresponds to 2ax/k rather than to 174,
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equivalent to adding a constant frequency uo to all values of v. Since only
the derivatives of v appear in vy, this added VQ has no effect.
The electron waves of interest are the Bloch waves

p = Up(r) exp (2xi/HP - 1 — E@)}. a)

Here (1/A)P plays the role of the wave vector k in the preceding section.
Now if the wave-packet is made up of waves of almost the same value for
P,"P(R) will b® approximately the same function of r for all the waves and
may be factored out of the integral over P-space, thus giving for the wave-
packet

¥ = un(®) [exp 20i/hP 1 ~ @MW, ©

The same reasoning applies as before and, if w(P) is large only near Py
¥ will be large only near

? = (VeE(P)la ot 3)
giving a group velocity
d
= 2{ r= [Vr&(‘? )]nt Por (4)

153 AN ANALOGY FROM CIRCUIT THEORY

To elucidate the relationship between group velocity, density, and flow
we shall treat the case of an artificial linewith lumped constant inductances
and capacitors. The relationship we shall establish is

power transmitted = energy per unit length X group velocity.

- 1
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FIG. 15-2—Electrical Line Used to Show the Relationship between Power Trans-
mission, Energy Density, and Group Velocity.

As has been explained in connection with Figure 6.1, this case furnishes one
example of a general result: that rates of flow associated with wave
equations may be calculated either by a density flow method or from the
group velocity.

Figure 15.2 shows the line and the notation employed. We attempt to
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find-a-solution-of-the-form

J@-)’ PoedritneD—st) _ pr g2rilako—vt)
where & = 1/\ and-na-is-the-position-of-the-nth-capacitor -along-the-line.
(These-equations-have-been-written-to- { —iwt}; to-the-quantum-mechanical-conventi

a-minus-sign-into fwl, and iwC.)--Accordingly,-we-obtain-the-following
equations-for-the-currents:

Io = (Vo = Vap)/(—iel) = Va(l — "5)/(—iul)  (2a)
It = (Va1 — Va)/(—iwl) = —Va(1 — 6*)/(—juL). (2b)

Equating-the-difference-in-these-currents-to-that-fur nished-to-the-capacitor -gives

—iCVy = Iny — Iy = (Vo/—iul) (esﬂ'iu — 24 e—ﬂﬂ'h)
= (Va/—iwL) (e“*“ - "h"."“)ﬁ

= (47, /iwL) sin® xka 3
This can be solved for sin =&z giving
sinwkz = 0 VIC/4 =V LIC (4)

from which we conclude that the line can transmitup to V' LC =1 or

7 = 1/ LC but not above, since higher values of » would require complex
values of & At the cutoff, sin xkz = I and xke = x/2 or 90°; thus the

presdiftis 187 banasiunitasssdsusatinamatiawithBrilainznesinthepeshend thegrapvdadtyis

5 _é_isin-ﬂm_acosr&a
=T @ vIC | VIC

showing-that-the-group-velocity-varies-from &/ LC at-low-frequencies
(that-is,-for 2 < 1) to-zer o-at-the-cutoff-frequency-when-icka-=-90°-and
cos wka = 0.

Next-we-shall-calculate-the-power -flow-down-the-line-and-the-ener gy-density-along-

-Byal ¥ = Vycos (2anka — wit),
|leading-to-an-ener gy-of
{GV0*/2) cos® (2anka — wi)

which-has-peak-and-aver age-values-of CPy?/2 and €¥,%/4 respectively.
The-ener gy-of-the-current-1,-is-similarly-obtained-from-the-amplitude-of
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duhe-complex-form-of-1,-may-be-rewritten-as-follows:
I, = Va(l — @298y /iy
= V.e™™*(—2) sin xka/ —iwL
= (2Fn/wl)e ™ sin xka
= (2Vo/wl} sin xka - e*FHnka—r0) twika (8)
which is evidently a current of peak value
@Vo/wl) sin wka, £)]
with a phase lag #ka behind #,. The energy stored in the inductance thus
has a peak value of

3L(4V 2 /PL2) sin® wha = $L(4Ve/?L2) (PLC/4)
= $CV°, (10)

which- $C¥,? ame-as-that-stored-in-the-capacitor.----Thus-the-energy-of-the-line-ison-the-a

C¥y%/2a per unit length.

If-this-energy-flows-with-the-group-vel ocity,-the-power-transmitted-will-be

Cry!  cosmba _ Po™(C/LY" cos wha
) vIC 2

A-direct-cal cul ation-of - power-flow-looking-into-the-inductance-which-carries-1 -is-obtai nec

-$35 pphkseliakence) = 4V, (2Vp/wl) sin xka - cos xke
LV wVIC, cos rka
T WL 2
_ 7 (C'/L); cos vka , (12)

in-agreement-with-the-other-form.

Our-conclusion,-in-this-particul ar-exampl e,-is-that-consi stent-resul ts-are-obtai ned-when-pov

15 4-- THE- FIRBYB LI T¥-- QLI -AND- B QAP ON- QLT

In-thi s-section-we-shal |-present-the-theory-of-the-current-operator-and-eval uate-the-curren
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The operator relationships ps = (4/2xi)3/9x and F = (i4/2x)3/3¢ are
the starting point. Consider avolume ¥ in space bounded by a surface S
in which the one-electron wave function ¥{x, ¥, & £) = (r, ) satisfies

Il = (/2. a)

Then the total probability current out of Vis given by therate of decrease
of the probability that the electron isin V\

- %j;v{:*q:dxdy de = — f_: ‘L‘,(‘l’mf‘l’ — YHY*)dxdyds

2xi ( % ) ﬁ VR — YR drdyds (2)

%
since
&® 2
K= = o5V + U, ,2) 3

and the integrals with S cancel. Noting that ¥ (AVB — BVA) =
AV?B — BY2A and letting 45 be directed along the outward normal of 8,
we can reduce the integral to

% j; V- (VG — YV dedyds = 1 A _£(¢*V¢—¢V¢*) 4S8, (4)

2m i

Thus the probability decreases as if there were a probability current of
1
I (prob) = 5 (W% + $(p¥)*) = (U/m) seal pure 42pp (5)

flowing across S.  [For a plane wave of momentum p, this gives
(1/m)pol\|? just asif theprobability density || wereflowingwith velocity
Po/ml]

In order to gain insight into the nature of the current expression, it may
be helpful to consider the following results: If (r, #) is energy eigen-
function, it takes the form Yr(r) exp (2x8¢/i%) so that |{s|? is independent
of time. This is consistent with the result that for this case ¥ - I {prob)
contains (y*9*¢ — YVIP*) as a factor which vanishes when ¥ is an
energy eigenfunction.’ For the one-dimensional wave function of Figure
5.7(c), the node in || shows that at that point the current vanishes;
and hence, since ¥ - I = 0, I vanishes at all points.

We shall next evaluate the current expresson over one face of a unit
cell and show that it reduces to the group velocity expresson for average
velocity.” Since (prob) involves products of y and §*, it isevident that
a wave function of the Bloch type gives the same current for each unit

*Why? See Section 14.5.
2H . Jonesand C. Zener, Proc. Roy. Soc. London, 144A, 101 (1934).
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cell since the changes in the exponential terms cancel. Suppose the unit
cell has vector edges a, by c. We choose the x-axis perpendicular to the
(ab) face and evaluate the current across this face. This will obviously
give us the x-component of current. For this case, the Bloch function
is a function of P and r, and 6 depends on P. Differentiating the
Schroedinger equation with respect to Py gives

a;x[f"‘“‘“’) 5]4' 0 (6)
or
:ﬁ [ + U ~ ]:;;- @)

In the following equations the right side of this equation will be manipu-
lated so that it is expressed in terms of the probability current. Multi-
plying by xJ* and integrating over the unit cell C gives

fq,*.p v = fq,* [ + () — 6]:;: v
- [R L+ am - 8]y + c(qw%j—i—%%w)w
(and since if HPp = 5||J, then J0y* = 5\[«)

—o- 2 ( :%V“q:*)dp’

Br’m
-3 r’m (IIJ*V gPi, - -g% VIll"‘) av

- (q:*v S Hoy) s ®

The last integral is taken over the sx plane surfaces of the unit cell. As
we shall s the contributions on the faces not perpendicular to x cance
out, since the integrand is periodic, and even for the two (ab) faces there
is consderable cancellation. To evaluate the integral, we write

¥ = exp {2%i (P - 1) /Alop(r) 9)
::.' = zﬁ ¥ + exp [2ﬂ @ r)/i:] a';;f”) (10)

% :_;'E 2’;‘"" ?.f q, + exp [2::(1' r)/b] au;(:) (1)

From the form of é{s/dP; it is evident that the integrand is periodic for
cell edgesa and b (which have no x-components) so that only the (ab) face
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makes a contribution and for it only the x-component of V is needed.
For the (ab) face, all terms are periodic except those with the factor x.
Since x is larger by an amount c, for the face of larger x, the net contribu-
tion is given by:

aP’fiI"\Im s”, (¢'333.‘—’%%—gffi’¢%‘§)dxdy
- S ( N 4 ¢%)dxdy

4ﬂm

=ty j,; I, (prob) dxdy
= ¢;a + b[Average I, (prob) over {ab) face]. (12}

Hence the average probability current over the (ab) face is given by
a6
o5 j; WAV cs(a- ). (13)

This can be interpreted by saying that the average probability density

(fc LA Gl ) / volume of cell

flows across the x = constant face with an average velocity v, = 8&/8P,.
Similar results for the other edges lead to the conclusion that v = ¥p&{P).

155 SOME GENERAL PROPERTIES OF QUANTUM-
MECHANICAL WAVE-PACKETS

As we have discussed in connection with Chapters 7 and 8, the wave-
packet concept of the behavior of holes and electrons is essential to under-
standing the basic physics of transistor action and related topics in semi-
conductors. This appendix has been written as an introduction to a
number of properties of wave-packets, which, although well known, are not
readily available in textbooks. We shall describe first a minimum-uncer-
tainty wave-packet. We do not give its derivation, however, since thisis
available in references quoted later. After that, we shall develop some
general methods of modifying wave-packets and shall finally apply these
to a study of the wave-packet shown in Figure 6.2.

One of the most publicized features of quantum mechanics is the Heisen-
berg uncertainty relation. We shall discuss the meaning of this relation
in terms of wave-packets. A wave-packet, like that shown in Figure 6.2,
for example, has a certain extension in space. Accordingly, it has acertain
expected mean square deviation for measurements of its position. Formu-
lae for calculating these are given in equations (11) and (14) of Sec-
tion 14.3. Suppose that by the application of these we evaluate x> — x? =
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(x — x)® = (Ax)? s0 that we can call A% the uncertainty in position of the
electron for the wave-packet. There will also be a spread in expected
momentum values from the mean value p. If we for simplicity sup-
poe p = 0, then the mean value of (p — #)%, called (Ap)%, is simply
2® = 2m K.E.; we have shown in equation (9) of Section 14.4 that this
quantity is positive unless § is constant—an impossible condition for a
wave-packet. Straightforward calculations using the relationship
xp = px = ik, equation (20) of Section 14.4, lead to Heisenberg's uncer-
tainty relation,

(49ax > 12

for any wave function. Thus, if the wave-packet is made-more compact,
S0 as to decrease Ax, then Ap must increase. M athematically, this follows
from the fact that, if the wave function is made more compact, by simply
compressing it along the x-axis for example, its derivative with respect to
x will be greater and so will p?

It is possble to construct a wave-packet for an electron in field-free space
which has the minimum value of Apax for any particular time, say t = 0;
however, it is found that thereafter the packet tends to spread. The
equation for a normalized wave-packet, centered at x = 0, having p = 0,
and having a minimum value of ApAx, is:.

xB
=P [' 4a(a + fu:)]

Y9 = o R + i
ga=4 for t=0 (3)
& Ap
4 e ™ m @

The quantity u has the dimensions of velocity. This equation can be
derived by analogy with the diffusion equation, the Schroedinger time-
dependent equation for the free particle being manipulated as follows:

w ¥y (f)zﬂ’

Y
N _ kNP
at i o~ D o ®)

where D = (3/2mi) has the dimensions of a diffuson constant.! The

! This method is discussed by S. Dushman, Elements of Quantum Mechanics, John Wiley &
Sons New York, 1938, p. 405.
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mor e conventional method is to resolve the §e{sx, 0) minimum packet into
momentum eigenfunctions, whose time dependence is simply exp (#p*/2m#i),
and obtain the time dependence of Y{x, £) as a consequence.

We shall next derive some general theorems pertaining to all wave-
packets for free electrons, after which we shall remove the limitation
# = 0, which holds for packet (2), so as to set it in motion and obtain the
packet of Figure 6.2.

First of all, we shall prove the timereversal feature of Schroedinger's
equation which shows that for any ¥(x, #) another ¥, called §_(x, #), car
be found for which |W..{x, )2 = (%, —£)|2. Thus ¥ gives the same
behavior for the probability density as does ¢ except that time is reversed.
The proof is very simple: We denote the function obtained by differentiat-
ing §r{x, £} in respect to its second argument by x(x, t). We then have

i aalf = iy (x, £) = FP(x, ). )

Let
V(%) = $*(x, ).

aq’-*(x: ‘) ﬁa‘I’*{ y =

Then

—ihy *(x, —4). @

However, from the complex conjugate of equation (6}, we have
— ity (%, —8) = P (%, —1) = H (%, 8) (8)

where we have used the relationship (J(gr)* = F(Y*} which follows from
the fact that J{ has no imaginary terms. From this equation and (7),
we obtain

in 2= oy ©)

which was to be proved. We shall show next that a wave-packet increases
its value of &x from its minimum value symmetrically for plus and minus
time, a result which would appear unreasonable if Schroedinger's equation
did not posess the time reversal feature. In particular, we shall prove
that, for any wave-packet, Ax varies according to the equation

3
EF = 0 + () (10

where to is the instant at which Ax is a minimum. This equation shows
that the packet spreads in space symmetrically to both past and future

(ax)? =

2 A very readable discusson of this procedure together with a derivation of Apax 3 A/2
isgivenin L, I, Schiff, Quantum Mechanics, M cGraw-Hill Book Coy New York, 1949.
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times' measured from to. This result is proved from the expresson for
(Ax)?, equation (13) of Section 14.3, and the formula for the time deriva-
tive of an operator, equation (11) of Section 14.4. We have

€0k

dfd 14
z(z")=;d, = 0K =) =0 (12)

since I = p?/2m and Hp = pH = p*/2m. Next we evaluate dv?/dt as
follows

4 2(1)Mm(xp - %)
2
&am 7~ [ +‘*(")””“() J
& o (22+5) g G0+ 2 @

where equality (1) is obtained directly from formula (11) of Section 14.4;
equality (3) by simple algebra; equality (4) from the equation (20) of
Section 14.4 px = xp -+ (k/f}; equality (2) from repeated applications of
(20) such as

) i
P =p"lpx ="t (xP + ?) =p"ep 4 2"
n—2 .2 h n—1 n ﬁ n—1
=P rp+2}p = ete. = Xxp +ﬂ;p . (14)

Proceeding similarly for &2x2/4¢2, reducing all terms containing p™x to #p™
terms by (14), we obtain

P
D = 2 () - (s )8 — #7002
1 ] k
= (”*”ai +300 ot -t - 3}'3’2 - 2?"2)
1 4h 2p?
-mm(- 7)) =5 as

Since dp?/dt = 0, it is evident that B«2/d® = 0
If the foregoing expressions are averaged in integrals of the form

2= f Yrapdx (see RC. 3 in Section 14.3) we obtain:

g;z = £ = § (constant in time) (16)
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d—‘xﬂ——(px+xp)=xv (17
:'_;;? = 21’ = 27 (constant in time). (18)

The higher time derivatives of x and x? vanish as do all time derivatives of
p andp?.  Since (Ax)? = x® — %2, we can write

dt dx? y. _

E(M)2=?—%E=30—Hn (19)
_ 22— 5% 2Ap)2

d—:,(Ax)’=2u’—2p’=2-” mg” = (m’._f)- (20)

These equations show that (&%) is a quadratic form in t, the coefficients
of which may be expressed in terms of values at # = 0 (like %) as follows.
Ap)? —

@=Ll w5 -t en

{A%)? will have its minimum at the time, call it £, for which

d@x? _, (6o)

0= dr g tn + (@ — )y, (22)

This equation may be solved for 4, and the minimum value of (Ax)?
obtained in the form

+ (Bo — 2E0Yotw 1 ¥ =~ T2 (23)

'(A-"")wiu2 = (?:3)2 ‘ms

In terms of 2 and (Ax)mia?, the exprcssion for (Ax)? reduces to

(‘ fm)s + (M)mins- (24)
The equationsjust derived show that the center of gravity of the packet
moves with constant velocity # = fifm and that ft spreads in space as
expected for a spread in velocities (Ap/m). However, the Ax of the packet
never decreases below a minimum value. This may be compared with the
wave-packet of (2) of which the exponent may be rewritten to give:

ex [ + ixut _ x? ]
P LT GW@ r o) 1@+ wF))
(2r)4(a + iut)*

Ylx, ) = (25)
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so that Y is

xs
| - o)
Vix (@ + u?2PH

which represents a normalized Gauss error function probability distribution
with (Ax)? given by

(e = @+ ) = (st + (2) 2 @)

Wi, |? = (26)

where the values of a and u from (3) and (4) have been used.

We shall next show that a wave-packet in free space may be given a
Galilean transformation; that is, the whole solution may be given a velocity
of translational motion and remain a solution of Schroedinger's time-
dependent equation. This result holds in general for any solution of the
one-dimensional equation,

1. a2
2mp Yx, 2) = ik at\l:(x, . (28)

The necessary transformation is

$(x, 1) = exp [é (p;x - %:; :)] ¥ (x - %t, t) (29)

where the added velocity of motion is p1/m as may be seen from the fact
that the new probability density is

li? = q’(x_%“)g

which is simply the old probability density being translated with velocity
pi/m. It may readily be verified that ¢ satisfies the time-dependent equa-
tion. Writing ¢ = exp ({4 for brevity, we find, snce p exp (iA) =
exp (J4) (21 + p}, that

1 1 ; M
2 78 = 3 Pl + ol = S o + 200 + PN G)

’ (30)

In evaluating #hé¢ /8¢, we must note that t occurs three timesin ¢ and that
ih times the derivative with respect to / of the first argument in ¢ gives
simply (pi/mypy. Thus we have

2 2
a2 22 2y, @)

2m m ﬁ

the derivative of the last argument giving (#%/2m W, since Y(x, #) satisfies
Schroedinger's equation. Thus we se that (p?/2m) = #hdg/8:s <o that
the packet can undergo a Galilean transformation, Q.E.D.
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We shall next compare the values of 3 for ¢ and §r. We have
— - el‘A
K =f¢‘9f¢dx =fe U o 01" + 210 + Ik
1
= 2m f ¥lo:® + 2210 + PN
1 = 1 ——=
= 5 P+ 2008 + P71 = o [(p1 + 2)), (33)

where the averages are taken over §r. This represents simply the energy
to be expected if the momentum distribution represented by ¥ were simply
increased by p;. Ifp = 0, the added energy is simply that of the motion
of the packet of mass m with velocity v = p/m. From this it is evident
that setting the packet in motion does not change {Ap)%:

(8p)? = av. over § (p* — 7%)
= av. over [m — (o1 + 8%
av. aver § [pi® + 2915 + F - = 2018 — )
= av. over ¢ [p? —#%]. (34)

Since the probability distribution |¢?| is simply that of [§|? set in motion,
(30), it is evident that ¢ has the same (Ax)® and (4p)% values as does .

We can now apply this transformation to the minimum-uncertainty
packet in order to obtain the wave-packet used for illustration in Figure 6.2.
Applying (29) to (25) and introducing the notation

k=& p/m=9 x=y+o (35)

so that.y measures distance from the center of the wave-packet, we obtain:

$(x, 1)

Jz
exp [_ 4{s* + u":’)] . of y2ut
S T @%@ + wn® P! [k (—” + E) + W]' (36)

From this we can s analytically several of the interesting results shown
3

in Figure 6.2. Near ¥ = 0, we see that p = ;hb = pi§.  However,

near the leading edge or the back edge of the packet, corresponding to

y = (a® + #°*)* respectively, we have

h 2ut
b ;% gy e
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so that for ¢ = a4, the momentum operator gives
]
= (Pl * -2"‘) W= (21 ApW (38)

This variation of momentum between the front and back of the packet
can readily be seen in Figure 6.2.

156 THE ACCELERATION OF AN ELECTRON WAVE-PACKET
BY ELECTRIC AND MAGNETIC FIELDS!

In the text we stress the possibility of treating holes and electrons as
particles which may be accelerated by electric and magnetic fields and
scattered by irregularities in the crystal. The basis for this picture is that
wave-packets for holes and electrons can be prescribed which move, to a
good approximation, in accord with the classical picture. The relationship
between velocity and momentum, however, is that discussed in Chapter 6
and between force and rate of change of momentum that discussed in
Chapter 7. We shall establish these results for an electron wave-packet
in this section and consider the modification for holes in the following
sections.

The theorem which we shall proveis as follows: |f we construct awave-
packet which represents a localized electron with a wave function corre-
sponding to momentum P in an energy band, then this wave-packet will
movewithvelocity ¢ = ¥a&{P) (aresult previously established in Section
15.2) and will change its momentum P according to the formula

(I)= (—-e)[E + % v X H]-

Thisresult isin accord with the discussion of Chapter 7.

This theorem proves results which are partially derived in various texts
in other ways. One of the simplest ways, although not rigorous, of reaching
this conclusion is to make use of the group velocity formula and the
principle of conservation of energy.? If the force on the electron is F, one
then equates the power input to the electron to its increase in energy.
This gives

v-F=§5(P)=P-v,5(P) =59

which is satisfied by
PP

' The earliest references to proofs of the theorem derived in this appendix are Sommerfeld
and Bethe, Handbuch der Physik, Vol. XXIV/2; H. Jones and C. Zener, Proc. Roy. Soc.
London 144,101-117 (1934); H. Frohlich, Theorie der Metalle, Julius Springer, Berlin, 1937.

2F. Sdtz and N. F. Mott and H. Jones follow this procedure in their books.
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However, it is equally well satisfied by 2 = F 4 (1/{¢])F X v or any other

vector whose component parallel to vis aso F. Furthermore, the later
1

use of F = (=¢) [E +:” X H] represents an additional assumption

since the forces due to H do no work.

A derivation of the acceleration law for electric fields using momentum
eigenfunctions has been given by J. C. Slater.® A somewhat similar treat-
ment including the effect of magnetic fieds is given by A. H. Wilson.*
However, neither of these references treat wave-packet behavior explicitly
and it is easer for our purposes to start initially with the wave-packet.

Themethod we shall use is based upon obtaining an approximate solution
for Schroedinger's equation for an electron in electric and magnetic fieds
and showing that this solution does behave in the predicted way. The
treatment which we shall give is similar to one due to Houston,® except
that we include magnetic fidds and deal with a wave-packet. As an
introduction we shall describe briefly the essential feature of Houston's
method. We consder an electron in a wave function of the Bloch form

$p = exp [i(P - 1) /Aup(r)

where VLp(r) has the periodicity of the lattice and is normalized per unit
volume.® This wave function satisfies the equation

1
557 + U0 |¥r = ot = 6@ @

If an electric field E, producing a force — eE and a potential energy eE « r,
is applied for time dt, the change in ¥ is

1 4
dpp = = deHopp = 5 (6(P) + ¢E - 1y ©)

so that at / 4 4, {r has become
{1 — A&(P) + & - rldt/Bfrp = exp { —il&(P) + ¢ - 7]di/R) Py
= {exp [—i&(P)ds/R)} lexp [i(P — eEdr) - r/h]jup(r).

This shows that in time dt, the effective P for ¥¢ has changed by (—e€)Edt
just asif P = (—e)E. Houston finds that Up also changes to Up-egq; SO
that the wave function as a whole varies according to P = (-e)E. Except
for fidds so high that in one lattice constant the electron gains an appre-

8J. C. Slater, "The Electronic Structure of Metals", Rev. Mod. Phys. 6, 209-280 (1934).

4 A. H. Wilson, The Theory of Metals, Cambridge at the University Press, 1935,
® W. V. Houston, Phys. Rev. 57, 184-186 (1940).

® The %p used in Chapter 17 is normalized for the volume inside the periodic boundaries
and is 14/ times the ¥ of this section,,
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ciable fraction of the energy required to jump the energy gap between
bands, Houston shows that Yp_ee is a good solution. Our method will
also consist of finding the change in time dt (which we shall express as a
derivative) but we shall deal with a wave-packet and also include the
effect of a magnetic field.

In the presence of electric and magnetic fields, Schroedinger's equation’
for an electron with charge —e contains the scalar and vector potentials
(p and A and is

[ﬁ (® — 24 + UM + (-.).p]q, -y =y @
where

(—e) -
. A, £}

by =

The scalar and vector potentials give electric and magnetic fields E and H:
1a

E=—V¢—-;3;A; H=9YXA4; (6a)

the scalar and vector potentials are not unique and one may transform
them by adding to <p a term {—1/¢)dx/8¢ and to A a term Vx without
changing E and H. If we suppose that ¢ arises from a stationary system
of charges and that A arises from changing currents and charges outside of
the region considered, then the gauge transformation function x may be
chosen so that ¥-A = 0. We shall suppose that x has been so chosen
and shall use the resulting equations

V:A=O0 and D -ps=pa-p (6b)

in the subsequent analysis.

In the presence of a magneticfield it isimpossible to have wave functions
which are eigenfunctions for the velocity operator t. In fact we find, by
using pgx — ¥p; = h/i, that in the presence of a magnetic field the operator
corresponding to t is no longer p/m; and the new operator for t has such a
form that no wave function can be simultaneously an eigenfunction for the
three components of f. Using the commutation relation pgx — xp, = k/i
and the expression (11) of Section 14.4 for thetimederivative of an operator,
we obtain

r= (1/M)(EI —IHr) = (p — pa)/m. (7)

For a uniform field with H = iH, a possible choice for 4 is {Hsx and for
this it is evident that
& a][n d ¢ :| he
- T = —H b .'ﬁ e H
=i ox 36y+c * g+u : (8)
7 Seg, for example, L. 1. Schiff, Quantum Mechanics, M cGraw-Hill Book Co., New York,
1949.
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so that # and & do not commute and, therefore, no wave function can be
an eigenfunction for both # and ¢. This fact prevents dealing with in-
definitely extended wave functions, such as Houston used, in the presence
of a magnetic field; however, it does not interfere serioudy with using
wave-packets.

We must next consider the problem of constructing a wave function
which represents an electron moving in a magnetic field and having the
attributes associated with yp, 2 wave function in the energy band for the
case of no magnetic field. A clue to the solution ig furnished by the gauge
transformation of & which accompanies that of A and ¢.  Thus if { satisfies
the equation

[ 0 =20+ + (=0 ¥ = in 2w,

then the wave function

lll’ = 0‘( —t/cix/8 ,4', (9)

satisfies the equation with

) 14
A=A44Vx ¢ =¢e—--—x (I

¢ ot
as the reader may verify by substitution. If we wish to center the wave-
packet at ry, then we may regard paf{rp, £) as arising in part from a gauge
transformation with x = A{ro, #) - ¥ = {¢/—e}pa(ro, #) + 1. Thisreasoning
leads us to investigate the properties of
¥ = e?4Ryp(r), (11)

where pag = paolt) = palro(s), . It is evident (A) that W gives the
same change density |{p|? as does §p. We shall also verify (B) that, near
7o, the wave function (11) is nearly an eigenfunction of I with the energy

appropriate to state P in the absence of a magnetic field, and, furthermore,
(C) that the average value of the velocity operator = (# — pa)}/m,
averaged over the unit cel at ro, is simply #{P) = Vp&(P) appropriateto
an electron in state P. Thus near ro the wave function (11) represents
properly the state of motion described by P and v(P). After verifying
assertions (B) and (C), we shall build a wave-packet based on (11).

To prove (B), we evaluate F, by carrying out the operations only on
thefirst factor in equation (11):

] 1 1
Wy = ePar7/h [U{'u +(—eyet—(pa0—pa) -+ 75— (Pao— PA){I‘PP (12)
where we have used the fact that both ¥ <24 and ¥V - pag are zero in
arranging the third term. At 71 = o, pao — Pa is zero so that (12) gives

Wy = P NI + (—edplyr = P HEP) + (—eeldr
= {&(P) + (—e)eld
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sothat, at ro, ¥ is an eigenfunction with energy &(P) due to its statein the
band plus {—¢)}p due to its interaction with the added electrostatic po-
tential. When r giffers from ro, there are changes in and, as we shall
see, these affect éhr just as —E « r did in Houston's method. Also there
are changes in pap = P4 which produce the magnetic effectss The term
in (Pa0 — £4)% is negligible compared to the term in (pao — $a), provided
that the size of the wave-packet is not too large. We shall show this by a
rough estimate of the two terms, using for the operator p the average value
for a thermal electron and writing the radius of the packet as n times the
lattice constant a and taking 4 = ¥,H». The quadratic term is then

1 [eHna}? z
ﬂ[e :M:I = % (wna)?, where w= %%" (13)

The linear term is obtained by writing {#| = m» where v is the thermal
velocity, thus obtaining

_1_ eH na
m

me = m{wna)v. (14)

The ratio of (14) to (13) is o/wne = (v/w)/na, the latter form being
{p/w = radius of circular orbit in field H,) divided by (radius of wave-
packet). It isphysically evident that, if thisratio is small, the motion of
theelectron will consist of acircular oscillation which issmaller than the size
of the wave-packet, and in this case the internal motion of the packet may
be moreimportant than the bodily motion. For athermal electron, how-
ever,v = 107 cm/sec and for a field of 10° gw = 10¥ sec™® o that the
radius of the orbit is 10-® cm and the two radii are equal for na = 10- cm
or» « 10°. We shall deal with packets much smaller than this and shall
neglect the quadratic term.
The value of t, averaged over the cell of ro, is

1
(a) fonl.\ﬂq“ n P — 2V

(’)eel.latr. =
2
foelll)“pl av
1
Yp* — (§ + buo — Palpd¥
(_E_) ooll 0 m (g‘)v ) (5
S aolrla”

where equality (a) follows from (7), (b) from the operation of g on the
exponential factor of (11), and (c) from neglecting fao — pa compared to
£ and using the results of 15.4. Hence assertion (C) is correct, and the
wave function §r represents correctly the average velocity v.
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Wave-packet. We next construct a wave-packet by multiplying ys by
a weighting factor w(r, t) and a time factor exp[—#()/h). We shall
suppose that w and/ may both be chosen to be real functions so that f
contributes only to the complex phase and w simply gives the shape of the
packet. We shall show later in equations (31) and (32) that such a choice
gives a solution of Schroedinger's equation. Thus we write

¥ = 00" Mo (1, e (r) = owfp, (16)

where the last form introduces abbreviations used in the subsequent
analysis. The normalization condition on ¥ is

t= [ lvlar = [ Noltiwiar = [ (wiar

since we shall suppose that yp is normalized per unit volume and that w is
slowly varying so that we may replace |q;,.|= by its average value unity in
the integrand. We shall suppose that w is a bell-shaped function, such as
exp [—(r — 15)3/(na)?], sothat yw = 0 at ro and the center of the packet is

To =fr|w|”dV. (17)

An alternative procedure would be to use, in place of w, a sum over Yrp;
the two results would be equivalent, however, and the w method seems
more convenient.

We next operate on i by ., Proceeding as for (12) and neglecting
(PAO - PA)?, we obtain:

Hp = e* [_'2; [ + 2(pa0 — pa) - P+ U+ (—3)6{[ W

(a) (b) ()
- [wwco + (—ep + - (bao — 24) - (Wpr + o)
l(d) . (e)
+ v e + E;‘l'rﬁgw]' (18)

(The letters over the terms are for later reference.)

At r = ry, we again obtain I = [E(P) + (—e)ell except for term (e),
which we shall show is negligible to a first approximation. Similarly the
average value of t is again nearly v over the cell at ro; “© shall show later
that the whole packet itself also moves with the same velocity.

Except for terms (b) and (d), H consists of slowly varying functions
of r times §p. Terms (b) and (d), however, which cont . f#ai1ave
behavior in each unit cell quite different from i They are, however,
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still functions of the form exp [¢(P - 7)/4] times a periodic function of r.
They can, therefore, be expanded in a series of wave functions Yip(r)
coming from other energy bands than does Ye(r). If we suppose Y{r)
comes from band " zero", and omit the subscript zero for simplicity so that
Yor(r} = Yp(r), then wecan write

e = ; (|810)r
where (19)

110> = [ Vr"pbrd

integrated over unit volume. The term for § = Ois
(0|210) = mv = mVE(P) (21)

in accordance with Section 15.4. We shall show that the contributions of
Y:p are negligible for electric and magnetic fields of ordinary magnitudes.
We shall postpone the proof of this until the end of the section and in the
intermediate steps will omit effects depending on yrp(r).

Next we shall show that (c) and (e) are negligible compared to (b) and
(d) respectively. Considering only the (01p|0) term in (b) we have, for
order of magnitude,

(b) : (c) = wpmv wapi = mp 1 h/na; (22)

(20)

mv for a thermal electron corresponds to a wave length of about 50 ang-
stroms and hence to m¢ = A/50 angstroms. Thus izs > 50;troms,
meaning that the wave-packet is many wave lengths in size, (c) < {b).
Precisely similar estimates apply to (d) and (e) so that (€) may beregarded
as negligible. Asin Section 15.5, the term (e) contributes to the spreading
of the wave-packet. However, we shall neglect the spreading effects in
this treatment. Thuswe may write for the approximate value of Hs:

(a) (b) (d)
XKy = e [w[ﬂ('u+(—e)qp]¢p + E (a0 — 24) - pYp + i?w . Plllr]‘ (23)

We have left Hp as an operator so as to be able to use (23) later to estimate
the contribution of the ¢.p terms.

We shall next evaluate iAdys/8%. In this we need to consider two terms
specially:

2 2407 = 2 pulre(, AT = (o Vs T+ S pa

= [(fn *V)pa + g;m]o -r (24)
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where the derivativesin the last line are obtained by writing PA asPA(r, /)
and evaluating the result at r = ro as suggested by the subscript. The
other term is

ma% Yp = AP - Valp = ihB - Tpei® iy,
= —P-ryp + ke’ VAP pup(r). (25)

The last term has the periodicity of ¥ and can, like psp, be expanded
in ¥yp:
eC M pup(r) = T (i|ValO)Yr (26)

where, by a convention different from (20) above, we let .
@19210) = [ warvpupar. (27)

These terms can be re-expressed® in terms of (s‘]pl()); this is unnecessary
for our purpose since rough qualitative features suffice.  An upper limit
for ({|¥p[0) may be derived as follows: AsP varies from the center of the
Brillouin to a point on the side, the wave function U/, will acquire appr oxi-
mately one additional wave length (see Figure 5.7, for example). As a
result Up will change by approximately 100 per cent while P varies by
A/2z, the half-width of the Brillouin zone. Hence ¥gup will be of the
same order as (22/k)up. This leads to the conclusion that (:'lvp|0) will
be no larger than about 2z2/4. Actually VpUp will not vary'in the same
way as either Up or up so that the integral of the product may be much
smaller than (2&/k). This estimate is very crude but will suffice for our
purposes. We can also conclude that (0|Vpl0) is a pure imaginary by
showing that it is the negative of its complex conjugate. This conclusion
follows directly from the fact that the wave functions are normalized for
all values of P so that

0 = Vr fustuzd = (O[V£|0)* + ©O[¥4{0). (28)
We may now obtain ik (0W/d¢) in terms of (24), (25) and (26):
&) (h)
s‘ﬁa%als =¥ lfw— [(fu-vm+a%m + P:L - Twp + :‘h%‘f\pp
(k)

+ P z {s‘lvplomn.-}. (29)

% A H. Wilson, The Theory of Muiale, Cambridge at the University Press, 1936, paragraph
281
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Again terms from other bands appear but with small coefficients. We
shall neglect at first these terms and estimate them later.

In order to find the changes in the parameters/, w, P, and ro, (which
depends on w) of the wave-packet, we multiply Iy = ikag/ar by
exp (~#nps* and integrate over a unit cell at r, considering all slowly
varying functions to be constant and to have the values corresponding to
r. The integrals of Yp with §np are zero and with Y give simply the
volume of the unit cell, which can be factored out. In this way we obtain
from H¢ and from ifd/as, respectively, the left and right sides of the
following equation:

(a1) (a3} (b) . (d)
WE(P) + (—&delo + (r — 7o) - [{—e)Ve — V(P4 - )]ow + ?VW ‘v
(Sg) (1) (g2) (b}
= fw— [(I"'u CWpa + a'_‘PA + p]o - [row 4 (r — ro)w] + ;'fi.‘%w
(k)
+ ihP . (0]|V5|0)w. (30)

The v terms arise from the prp terms of (23) in accordance with (21).
The (r — ro) terms arise from expanding the slowly varying functions v,
PA, and r in Taylor's series about r = ro; all partial derivatives of these
functions are thus obtained by expressing ¢ and p4 as functions of r and t
and the values correspond to r = ro, hence subscript zero. [See equation
(24) for an example.] The antecedents in previous equations are in-
dicated by the letters.

All the symbols in equation (30), except t itself, stand for real quantities.
This equation thus contains two sets of real terms: (l) those which
simply multiply w by a constant—these are f, (a;), {(go) - {g1) and (k);
(11) real terms proportional tor —rgo; and (I111) two imaginary terms
involving derivatives of w. Equating set (1) to zero gives, symbolically,

F= () + () - (&) — (). (31)

[The contribution of (k) can be seen to be very small, corresponding to an
energy of say 10 election volt, by arguments given at the end of this
section. In any event (k) does not affect the charge density and hence
the location or motion of the wave-packet since it enters ¥ only through 0]
The meaning of equation (31) can be seen most simply from Hir =
ifi(dy/ae); Hbr was evaluated in (18) and it was shown that at v = 5o
its value was &(P) 4+ (—edo(ro). The terms £, (g) - (g1) and (k) from
the right side of (30) combine to give essentially #(8{/0f). Thus choosing
f in accordance with equation {31) corresponds to choosing the correct
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rate of change of complex phase angle in ¥ so that the time derivative

gives &(P) 4+ (—¢)p. Because (g} - (g1) depends on the origin of co-

ordinates, there is no important physical interpretation for/ itself.
Fromset (I11) wefind

d .
AR Yw which means w = w{r — f vds) (32)
and indicates that the packet moves undistorted with velocity v. From
thisit is evident that
i'o = (33)

Actually the packet will spread owing toterm (€) and to other small effects
neglected in our approximations.

Set |1 is satisfied for arbitrary values of r — rq only if the vectors multi-
plying r — TQ have a sum of zero. The resulting equation can be solved
forP:

@ O
B —(-ee+ Vipa-0) ~ [k Wpa+ 2 0],

Using to simplify (b} the relationships
V(pa-v) = (v-V)pa + v X (VX p4)
vxp;=£:cflvx4='7’ﬂ,
and for (gy) - (g3} the equation
bo=v

and the expressions (6a) and {5)

~ag=-a[-ve- 2] - —cave - 21,

we obtain the desired expression for P:
P=(-¢) I:E+%v X H]. (34)

Still reserving for a moment consideration of the effect of the other energy
bands, let us review what has been done. We have prepared a wave func-
tion 4 which has the same charge density pattern, namely, |||lp|2, near ro
as a wave function corresponding to state P of the Brillouin zone. At rg
this wave function satisfies, quite accurately, s = [E{P) + (—e)ehp
corresponding to the energy of state P plus the added energy due to the
potential p; also it givesin the unit cell at ro the same average velocity v
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nofmally associated with P by ¢ = ¥p&(P). This wave-packet then
properly represents a localized wave function which corresponds to the
extended wave function Yp in the absence of the fields. Under the in-
fluence of J§ = #idfs/at thiswave functiof:hanges. For convenience
we have described this change in terms of the symbols P,/, and w which
describe the wave-packet. The procedure of satisfying sets|, 11 ,and I |1
has been somewhat arbitrary. However, we have obtained a solution in
this way and since the time dependence due to J( = fdr/d¢ isunique,
our solution for the rate of change of § must be the only possble one.
Because of the convenient form in which our solution is written, however,
we can at once interpret it in terms of bodily motion and changein effective,
Pvalue. Theresultsarein agreement with theinterpretation of Chapter 7.

We now return to the terms from the other energy bands. The wave-
packet in terms of Y¢p does not constitute a solution of Hj = fhar/ar since
terms from other bands enter through p{s in (b) and (d) and through ¥p
in (k). We must, therefore, modify the wave form by adding a series of
the form anp to Y. We can evaluate the coefficients 4, (which may
depend on r) in this series by multiplying H = shd/as by exp (— 83"
and integrating over the unit cell at r. The terms of set 1 do not cancel
now because Hgrp = &;(P)wp for band i. This leads to a term of the

form
[6.(P) — &(P)]a;

in the resulting equation. The other terms having ai as a coefficient all
involve the size of the wave-packet or thefieldsand are small. The terms
coming from the approximate solution \|/p through (b), (d), and (k) are of
the followinq; orders of magnitude:

1 eHna &

(b) ~ (pao = p0) - Glpl0) = - oo e = e
; 15 & 1 A7

@ R

© AP . (i|vp|0) ~ heE-?f = ¢Ea/x¥.

Thereader may verify, with the aid of Figure 10.2, that all of these energies
are much smaller than &;{P) — &(P), which is a few electron volts, so
that |4, is €1 and the contribution of other bands to the wave-packet
issmall. (Questions of convergence in the sum over i may be investigated
with the aid of the techniques of the '/-sum" rule. See Seitz and Wilson,
loc. cit) The effect of term (e) has been discussed by Houston, and
earlier by Zener® in a different form. It causes appreciable transition

* C. Zener, Proc. Roy. Soc. London 145A, 523-529 (1934).
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probability from one band to another when the voltage drop £E across one
unit cell a is comparable to the energy gap &.(P) — &(P) where the bands
are closest together. This leads to fields of about one volt per unit cell
or 10" to 10° volts/cm. For smaller fields, the effect of other bands are
shown by Houston to be negligible. We shall not repeat his rigorous
treatment here but will be satisfied by the qualitative results obtained
above.

157 ON THE PAULI PRINCIPLE AND ANTISYMMETRIC
WAVE FUNCTIONS

We shall next consider in general terms the total wave function for M
electrons occupying a certain set of quantum states having wave func-
tions ¥+ - - ¥x&. These wave functions will depend on the coordinates
T = &, ¥, z of the electron and upon its spin quantum number J, which
may take on either of the values +=} or —%. Itisconvenient to deal with
wave functions which are eigenfunctions of s and to represent the spin
wave functions as a(s) and Bi(s) where

a(z) = B(—32) =1, a(—-3) = B(+3) =0
The wave functions \ are thus written symbolically in the form
Xn(Ql) = ¢ (roals) (I)

where the symbol ¢y represents both coordinates and spin, and \, both
the spatial and the spin wave function. In the next paragraph we shall
consider certain general properties of the x'*

If electron i occupies wave function Xn, then the probability of finding
it in volume dVi = dxidyidz with a specified spin J, a situation we refer
to as dgy is represented as

|Xal?da, = |§a(ra)[*dV 0% (s2). )

The total probability regardiess of spin value of finding electron * in dVi
is denoted by py(y%0)dV. It is obtained by summing (2) over the two
values of s, thus obtaining

pa(@)AV, = |6a () P76 (§) + a?(—3)] = [4a ()27 (3)

The same result will be obtained for g (r;)p(s:) 0 that the particle density
pn associated with Xn is the same regardless of the spin function involved.
In calculating average values, it is necessary to sum over the allowed values
of S as well as integrating over dVi\ this is represented symbolically by

qu;. It is evident that, if thed, are an orthonormal set, then so are the

Xn and, furthermore, that wave functions of opposite spin are orthogonal
since a(s)B(s) is zero when summed over s. In the following section we
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shall consider a particular set of wave functions ¢ appropriate to dealing with
a valence band with one electron missing. In this section, however, we shall
consider only general attributes of the problem of putting M electrons
into M wave functions ¥ - -« ¥ar. We shall, however, assume that the
$n and ¥, are orthonormal sets, asis the case for the wave functions of an
energy band.

A wave function which represents one electron in each of the M states® is

%o = X1{q1)X2(g2)xa(gs) - - - Xarlgm)- (4)

Other equally good wave functions would have electron (2) in X; and
(1) in\2° other similar permutations, the most general of which can be

represented as
%0 = x1(241)x3(242) « - » X (2qu) ()

where £ is a “permutation operator” which rearranges the ¢;.. For ex-
ample 2gy = ¢3, 2¢2 = ¢, and 24q, = ¢; for i > 2 defines an operator 2
which interchanges electrons (1) and (2). There are M| different ways of
rearranging the M different ¢;'s and there are consequently M1 distince
possible 2's (including 2 = 1, the identical permutation which has no
effect) and thus A! wave functions of the form 2y,

We next consider two closely related questions: (1} which 2y, or what
linear combination of @yq is correct to represent the M electrons occupy-
ing the M wave functions? (2) How should the Pauli exclusion prin-
ciple be expressed so as to rule out wave functions such as

Walg ) xalga)ns(gs) - - - Narlgnr)

for which two electrons use the same %2? Both of these questions are
answered by the requirement that wave function for the M electrons must
be such a function of the g's, denoted by A(qu 0z, * * *, Oy that, if any
two electrons are interchanged, the result is equivalent to multiplying
A by —1; thus

A(qi: iy Gy Gay ' ' qﬂ) = _A(QI) g2 93 4" '!QM),
ot in general

A(2q) = «2)AlD) (6)
wheree(2) = =1 depending on whether the permutation represented by
2 can be produced by an even or an odd number of individual inter-
changes; as is familiar in the theory of determinants, to which we shall
shortly refer more specifically, a given permutation 2 can be produced
in many ways by the cumulative effect of a set of interchanges of indi-

! such a wave function will be good eigenfunction of J{ only under special circumstances;
se 15.8. However, this question does not concern us here snce we are interested in the

interpretation of such wave functions independently of whether they are eigenfunctions or
not.
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vidual pairs of the g's. Furthermore, for all sets of interchanges in pairs
which produce 9, the number of interchanges is always even, or else always
odd, depending upon 2. Hence the @’s can be classified as "even" or
"odd" and e(ﬂ) defined as above. A wave function of the form just con-
sidered is said to be antisymmetrical, hence the symbol A.

In terms of these definitions it can be shown (the proof is left as an
exercise to the reader) that the only wave function of form A which can
be produced by a linear combination of ¥a and the perm utﬂxgu nc-
tions is

\/— = ‘(Q)QXD) (7)

other equivalent wave functions can be obtained from this A by multiply-
ing it by a constant, but no linearly independent A can be produced. The
factor 1/ M ! serves to normalize the wave function, as we shall show
below. [See text following equation (13).] This form of A is identical
with the determinantal form

] xi1(q1)  Xel@) -+ xwl@)
A= [ e xee ®
Xi(gar) Xelgm) --- xulga)

as may be verified by expanding the determinant in terms of its permuta-
tions. From the determinantal form it is seen that, if two of the wave
functions used in xo are identical, two columns of the determinant will be
equal and the determinant will vanish. This shows that the antisym-
metric requirement on A excludes the possibility of the same wave function
being used twice; this is the analytical equivalent of the simpler statement
that no two electrons can occupy the same quantum state.

We shall next calculate the density of electrons produced by A. This s
done as follows. The probability that electron 1 has its coordinates in
the range

dgy = derdyidz; and sy = —3 or 5 = +%
= dV, and 5 = --% or 5 =41
and electron 2 has its coordinates in the range dgs, etc., is, according to the
basc quantum-mechanical assumptions,
|A(gL, g2, - - - » 9a)|*dgndgs - - - dgas. 9)

If the wave function is properly normalized, the integral over all the
4dg; should lead to unity. The total probability that electron (1) be in
the range dg1, regardless of the positions and spins of electrons 2, ¢ ¢, M,
is obtained by integrating over dgg, etc. (that is, integrating ov @d¥s nd
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summing over j »), thusobtaining

n(@)dg = dgy £ £ |A|%gs - - - daue. (10)

Thevalue of pi(qi) is the probability of finding electron 1 in the range 4¢;.
If multiplied by the charge on the electron and summed over si, it gives the
aver age charge density due to this electron. We can evaluate gy by using
form (7) for A. We have

1
P = 357 £ L T AR R odes - - danes (1D

where the first sum extends over the M! set of £’s and the second inde-
pendently over the sat of ®R’s. Now since all the functions in the product

Xo = Xalg)xz(gs) - X w{gar)

are different and since they are assumed to be orthonormal, the only terms
which integrate to a finite value are those for which & = @R; for all others
the permutation of g'sin ¥e* will be different from those in o and con-
sequently at least one integration of the form ym*(g.)){g.)dg. = O will
occur. Thus (11) reduces to a single sum over &

1
n@) =37 [ [ oxotOxdtedgw. ()

In the sum there will be (M — 1)! terms in which ¥1*(g1)x1 (g1} occurs
while g - - - gur are permuted through ¥a-:-yax. Each of the M — 1

integrations for any one of these terms gives a factor f Xn” ()X (g.)dq:

= 1, so that in the summation the term y,*(g1)x1(¢:1) is obtained (M — 1)1
times over. The same result will be obtained for every %" {(q1 )%= {¢h), s0
that we obtain finally

P = T Bt @ @) = 5, T @)l (1)
If we now integrate p; (qy)dq,, the value is unity since the x,, are supposed to
be normalized. (This shows that A is properly normalized.) We can then
interpret p; as the probability density for electron 1, its value being simply
the average for all the individual charge densities in the st of M wave
functions x;. From the symmetry of A and of the result for p1(g4), it is
evident that the same density will be obtained from every electron lead-
ing to a total average charge density pr{g:):

priqi)éq = glx«(ﬂ)[z‘fﬂﬁy (14)
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where pr{¢1)4¢ is the average number of electrons found in dgy; that is,
it isthe probability of findingelectron 1in dgy plussimilar probabilitiesfor
all the other electrons. The net charge density is thusjust the same asif
Xoitself, rather than A, had been used so that the Pauli principle does not
affect the additivity of the charge density.

A precisely similar treatment can be carried out for the current operator
corresponding to each electron. The same orthogonality conditions will
eliminate terms with mixed %" and %, with # # m and the end result is
that the average value of the current due to the M dectrons is simply the
sum of M currents corresponding to the M wave functions % to X

We must next show that if the time dependence of each individual ¢
is obtained by requiring it to satisfy the equation

L@
Hix.(g1, 1) = sﬁa—‘x‘(q:, 1) (15)

where H; is the Hamiltonian operator for the coordinates and momenta of
electron 1 in the presence of the applied field, then the time dependence
of A is properly given by expressng A in terms of the time-dependent x’s.
The equation which A must satisfy is

d
Hrh = (1 + o+ +Ha)h = B A, (16)

We shall show that, if A is expressed in form (7), each individual term
satisfies this equation and hence that A does It suffices thus to investi-
gate ¥o- We have

Hrxo = [ @) nz{ge O - o - e (g, 8)
+ X1 (QIs ‘)[ﬂcﬂ'XE(QM t)] ot XM(QM, f)

+ Xa (@1, X2(q2: £) - - - [Faryar (g, 9]
= "hx._l (9’1, f)x,z (P Xu (g, ;)
+ itix1(g1, O%=(ge ) - - Xulga, )

+ "kXI (g1, f)x:(ﬂz: Hee *,M (gars 1)
a
= ih 2 X0 (17

which proves the desired result.
The Fock Equations. The determinantal wave functions are only
approximate solutions for wave equations in which electronic interactions
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are included. The problem of finding the best set of x’s for agiven
Hamiltonian has been considered by Fock? and Slater® and the resulting
equations which the individual one-electron ¥'s must satisfy are called
the Fock equations. In these equations each electron is acted upon by
the average potential of the other electrons, but in taking the average the
influence of the Pauli exclusion "principle is included. The Fock equations
are treated in texts by Frenkel* and by Seitz;® the latter author makes
special application to the problems treated in this appendix and uses
Koopmans’ theorem* to show that changes in the energy of the system are
given by changes in & (P) for the individual wave functions.

158 THE CONSTRUCTION AND BEHAVIOR OF A HOLE
WAVE-PACKET

In this section we shall deal with a valence band which is missing one
electron so that in effect we shall study the properties of a hole. We shall,
for simplicity, suppose that the missing wave function comes entirely from
the states with one value of the spin so that the states with the other value
of the spin are fully occupied. If the band of energy levels is completely
filled, then all of the allowed quantum states will be occupied. Conse-
quently, the application of electric or magnetic fields cannot change the
way in which the electrons occupy the quantum states since it is required
by the Pauli exclusion principle to use all the states to accommodate all
the electrons. As a consequence, the electrons in a filled band are not
strongly influenced by electric or magnetic fields but instead contribute
only to the dielectric constant and the diamagnetic susceptibility. How-
ever, if there is a hole in the valence band, currents will be produced by
electric fieldswhich will be modified by magnetic fieldsin just the way
expected for a positive charge. This is the theorem which we shall prove
on the basis of equation (1) of Section 15.6 and the Pauli principle.

In this treatment we shall suppose that the spatial (not spin) parts of
the wave functions of the electrons in the valence band all satisfy the same
Schroedinger equation

Hobe = [ﬁ P+ Gu(r)] Yal(r} = Eara(r). a)

If periodic boundary conditions are employed, a suitable set of ¢, are the
N wave functions ¢ where N is the number of unit cells in the crystal.
For other boundary conditions also, therewill be Nwave functions covering

2V, Fock, Z. Physik 61, 126-148 (1930).

8]. C. Slater, Phys. Rev. 35, 210-211 (1930).

4 WaveMechanics, Advanced General Theory, Oxford, 1934.

® Modern Theory of Solids, M cGraw-Hill Book Co., New Y ork, 1940.
®T . Koopmans, Physica 1,104-113 (1933).
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the same band of energies. Since there are severe conceptual difficulties,
however, in combining periodic boundary conditions and magnetic fields,*
we shall consider a rectangular block of crystal outside of which the wave
functions must vanish. We shall refer to this set of wave functions as {g.

We first form a wave-packet function ¢y by superposition of the wave
functions Y. From the completeness of the set of wave functions t/«, it
follows that they can be used to produce as well defined a wave-packet for
an electron in the valence band as the wave functions {p used in Sec-
tion 15.6, However, when the wave-packet formed with the ¥, reaches
the boundary of the crysta), it will be reflected since the ¥, functions vanish
outside the crystal; whereas if it were formed from the yp with pericdic
boundary conditions, as it impinged on one face it would re-enter the
opposite face. We shall suppose that we deal with wave-packets cor-
responding to a hole near the center of the crystal so that these matters
need not concern us.

We consider, therefore, a wave-packet §y(r, £} which is composed of a
sum of the Yras

N
di(r,8) = “Z_ll a1a(Oa(r). )

We suppose that ¢3 is normalized. Under the influence of electric and
magnetic fields, the wave function 1)1 will transform so that the wave-
packet is accelerated in accordance with equations (1) and (4) of Sec-
tion 15.6. In the following equations, we shall use the symbol ¢; to
represent a time-dependent function which satisfies the wave equation

. d
Hé: = ’ﬁa¢1 ®3)

where K includes terms due to the applied fields.

We next construct N — 1 other wave functions, $u(f, £} which are also
solutions of (3) and together with ¢ form an orthonormal set. It is
possible to do this because at any particular time, say t = 0, we can always
construct an orthonormal set from ¢, and any N — 1 functions Y which
together with §; form a linearly independent set of N functions. These
other &'s may be written as

N
G = Ex Saa(tVa(r) ()]

wher e the dependence of a,, on / makes them solutions of (3). Further-

! Probably dosdy related to the question of the existence of magnetic poles

2 Sep for example, E. M adelung, Die Mathematischen Hilfsmittel desPhysikers, p. 24, Dover
Publications, New York, 1943, and Courant-Hilbert, Methoden der Mathematische Physik,
Kap. | |, par. 1, Dover Publications, New Y ork, 1947, and the discusson in connection with
formula (16) of Section 14.5.
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more, if the set of other functions ¢4 and ¢, areorthonormal at # = ¢ and
all satisfy the same equation (3), then they are orthonormal at all later
times. Thisfollows from the Her mitian property of H as follows:

£ focoar = [ et oo o
= 3. 1O + K glZ =0, (5

which shows that theintegral is constant so that the orthonormal relation-
ship is preserved.

Charge Density and Current Density for a Hole Wave-Qacket. We shall
next use the IN wave functions, consisting of ¢ {r)a(s), - « - , éx{r)als) for
one spin and ¢ {r)Bs), -, ¢x (PP(s) for the opposite spin in determi-
nantal wave functions in accordance with the principles of Section 15.7.
In this analysis, ¢, which represents the missing electron and corresponds
to the hole, isimagined to be made from wave functions near the top of the
valence band for which the energy decreases with increasing P as discussed
in connection with equation (4) of Section 7.6 in the text. Thisfeatureis
essential in determining the behavior of the hole.

We consider first the wave function for the filled band. The antisym-
metrical wave function for this case is a determinant using all the ¢’s.
We shall denote it by As{$), thef, for "full", meaning that all the ¢’s are
used so that the band is full. However, since the ¢'s are simply linear
combinations of the ¥,’s, this determinant has columns which are linear
combinations of the columns of A,{y) which is made by using all the J's.
Since a determinant is unaltered by adding to one column linear combina-
tions of other columns, A/(¢) and As(y) represent the same wave function
except for a multiplying factor with absolute value unity.

Now under the influence of electric fields, Ay () will make contributions
to the dielectric and diamagnetic susceptibility but will not contribute any
conduction current. Since As(¢) is the same wave function, it will, of
course, vary in time in the same way and produce the same effects as A/({).

Next we consider A,(¢) which is made up of all the wave functions
except dya. It represents a charge density p,. According to equation
(14) of 15.7, p, is equal to the sum of the charge densities for all the wave
functions it contains. It is, therefore, related to the electron (not charge)
density pr of Ay{($) by the equation

pe(T) + o1(r) = ps(r), p1(r) = |¢a(r)[? (6)

since the sum in p,(r) differs from p/(r) only in having |¢|11(|r)l2 = py(r)
missing. Similarly the particle (not electric} currents due to Ay($) will
differ from those of As(¢) only by the current of the wavepacket ¢y, If
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we let / represent the particle current (electrons/cm? sec), then the electric
charge and current densities will be

—epy — epy = —epr OF —&py = —eps - &p1 (7
—efy —eJy = —ely or —ely = —oJp ek, 8

Thus the added hole will add the charge and current corresponding to a
charge +¢ moving with the wave-packet motion of ¢;.

In order to prove that this behavior corresponds to a plus charge and a
plus mass, we must show that the acceleration of the particleis given by the
appropriate formula.  Since the wave-packet is made from wave functions
near the maximum energy in the band, the value of &(P) will be given by
equation (4) of Section 7.6 and will lead to equation (5) of Section 7.6 or

v=—P/m, (9)

where m is a positive quantity. Inserting this in the equation for P
derived as (34) of Section 14.6 leads to

my = —P = 46 + v X H/c] (10)

which is appropriate to a positive charge.

Thus if the wave-packet function for the electron missing from the band
comes from the top of the band, so that the minus sign occurs in the rela-
tionship [equation (9) above] between v and P, then the motion of the
remaining electrons is such that the currents and charge densities they
produce are the same as if a wave-packet of plus charge and plus mass
were moving under the influence of the fields.

These results can be given a more general expression in terms of the
momentum and energy of all the electrons in the energy band. We repre-
sent by P, and Pp, &.(P,) and &,(P;), and v, = ¥5,6:(P,) and
vy = Vp,6.(Pp) the values respectively for an excess electron and a hole
of the momentum, the energy and the group velocity for an appropriate
wave-packet wave function. The energy &z and momentum Pg for the
entire energy band are &5 = & + 8.(P,) and Pg = P,, for an electron and
b = & — &,{Pp) and Pgp = —P, for a hole. In terms of these defini-
tions, the equations for packet velocity and acceleration may be expressed
in a symmetrical way in terms of &5 and Pg as follows:

Excess Electron Hole
PB = Pn PB = -Pp
(2)
&g = &g + &,(Ps) &y = & — 5s(—bPB) = &y — &,(Pp)
(b)

Uy = V.-..&(Pn) = VPBGB(PB) Up = VP,gv(Pp) = vrst(PB) (11)
Bywbo= -,[5 +1£v,.xH] Pa= —B,= +,[s + 10, .q} (12)
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where equality (a) holds because &,(P) = &,(—P) for any energy band
and (b) follows because the same fact leads to #{P) = —wu(—P). The
last two rows show that, in terms of the energy and momentum of all the
electrons, the group velocity and PB are given by formally identical equa-
tions except for the sign of the charge. Both velocities correspond to a
positive mass since §g{Pg) increases in both casss as PB varies from the
point of minimum energy for &g, this point corresponding to the particle
at rest.

Hole Wave-packets in Terms of Energy Eigenf unctions. The wave func-
tion Ag{$) for the hole wave-packet is not an eigenfunction for the Hamil-
tonian for the IN — 1 éectronsin the valence band. However, it is pos
sible to construct A,{¢$) by superposition of a set of eigenfunctions for the
2N — 1 electrons, we shall show how this is done, the procedure and the
result both beinginstructivein regard to a number of the properties of the
holes.

The wave functions gy, Which are superimposed toform ¢, according to
equation (2), which we repeat for reference here,

N
¢l (l’, t) = ¢§1 ala(‘)‘l’a(’)a

are eigenfunctions of the one electron Hamiltonian operator Hp with
eigenvalues &, [see equation (1)]. From this it follows that an antisym-
metric wave function made of the ¥, is an eigenfunction for IN — 1
electrons with an eigenvalue & = ¥.6, summed over the ¥, used in the
determinant; the proof of this statement is readily obtained by the
procedures used in equation (17) of Section 15.7 in which the time de-
pendence of a determinantal wave function was studied. Such deter-
minantal wave functions can be conveniently designated by the quantum
number fi of the missing g, and we shall let Mg} represent the wave
function of the 2N — 1 €electrons; we shall later in equation (13) give a
rule which specifies the complex phase of Mg, Compared to the energy of
a full valence band, the energy of Ma{{) is evidently —&ga.

Our problem isnow to find an expression for Ay (¢), which has ¢; missing,
in terms of Mg({r). The solution, as we shall verify below, is

Ay($) = Lo1"Mall) (13)

where the a\,* are complex conjugates of the coefficients in (2).

Thisresult is obtained by expanding the wave function for the full band
in two ways and equating the resulting expressions.  |f the phases of Ay (¢)
and Ay () are properly chosen, we may write

As(f) = As(d). (14)
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Now both of these wave functions stand for a determinantal wave function
of 2N electrons with the coordinates of electron 1 occurring across the top
row [see equation (8) of 15.7]. They can then be expanded in products of
the first row functions and their minors. The minors of &z () are evi-
dently just the functions Mu(‘l’) expressed as functions of the coordinates
and spins of electrons 2, 3, « » « 2N. Thus we may write

A} = g‘l’«(QI)Ma(‘I’;QE:"':qu)- (15)
This sarves to specify the phases of the M, functions. Similarly
As@) = Talg1)M,($3 02+ - on) (16)

where M;(¢, ¢2 - - - qan) is evidently, except for a phase factor, Au()
In order to evaluate My($) in terms of M, (), we equate (16) to (15),
multiply by ¢;*(¢:) and integrate over gi (which includes summing over Sx).
Since the ¢'s are an orthonormal set, we obtain

Mi($;02---qan) = 2f¢1‘(¢1)‘~!la(ql)dﬂ'1mu(lll;Qz e gan) (17)

The coefficient of M, is readily found from (2) by multiplying by ya*,
integrating, and taking the complex conjugate. This leads to the value
aia* for the coefficients in (17), a result recognized as equivalent to equa-
tion (13) which was to be proved.

It is evident that, if the &, for the expansion functions in (13) are not
equal, then the M,’s correspond to different energies, so that, as stated
earlier, Ap($) will not be an energy eigenfunction.

The method of expanding Ap{¢$) in terms of the M, affords a way of
dealing with holes without the one electron approximation introduced in
equation (1) of this section. For a band with one missing electron there
will be N — 1 eigenfunction solutions which are actually exact solutions
and not approximations like the determinantal functions dealt with in this
section and the previous one.  When these exact solutions are combined
according to (13), an exact solution representing a localized deficit of
negative charge will be obtained. Dealing with these exact solutions will
then lead to results like (11) and (12) in which v will be defined as
Va8 (Pg), where Pgand €,(P;) describe attributes of the exact solutions
for the System. From considerations of this sort, the behavior of a hole
can be obtained purely from the characteristics of a band missing one
electron without making use of one electron wave-function approximations.
In other words, although the treatment here has been based on approxima-
tions, the fundamental attributes of a hole are more basic and would be
obtained in an exact treatment as well.



446 VELOCITIES, CURRENTS AND ACCELERATIONS [159

159 PERIODIC BOUNDARY CONDITIONS AND
ELECTRIC FIELDS

To a considerable degree, this section duplicates the results of 15.6.
There are, however, important conceptual differences. In Chapter 6 we
discussed the currents due to the Bloch wave functions, which represent
uniform charge density in the crystal. The calculation of conductivity is
often carried out on the basis of such a picture; however, the procedure
used usually appears to be internally inconsistent. The inconsistency
arises from the fact that the wave functions which initially satisfied the
periodic boundary conditions change their P values uniformly under the
influence of an electric field so that they no longer satisfyperiodic boundary
conditions. This apparent inconsistency is eliminated by a detailed con-
sideration of the way in which the wave functions vary under the influ-
ence of afield when a model having truly periodic boundary conditions is
employed.

The difference between this section and 15.6 is thus that we here deal
with extended wave functions each corresponding to a single value of P,
with periodic boundary conditions and with electric fields only. To
extend the method to include magnetic fields appears to offer considerable
difficulties and we do not attempt it. We shall show that if the conditions
considered in 15.6 are made to correspond to those considered here, the
behavior of the wave functions become the same.

We shall consider in this section a model, similar to that of Figure 5.6
or 5.9, which physically has periodic boundary conditions in one direction
and "vanishing" boundary conditions in the other two dimensions. An
electric field in the direction of the periodic boundary conditions will be
applied and the resulting behavior of the wave functionswill be shown to be
consistent with the description of Section 7.2 of shifting values of Py,
the component of crystal momentum parallel to the field.

We imagine that the crystal is in the form of a thin rectangular sheet
which is bent to form ahollow cylinder. The periodic boundary condition
applies in the O-direction of a cylindrical coordinate system. The electric
field in this direction is applied by making the cylinder surround an elon-
gated concentric transformer core, so that the cylinder forms a single
short circuited turn. If the thickness of the sheet is made small enough
compared to the radius of the cylinder, the bend can take place elastically
so that the atomic arrangement is perfect except for a curvature of the
lattice. For a sufficiently large radius rO compared to the thickness bro
of the crystalline sheet, the wave equation can be made to differ by a
negligible amount from that for a flat sheet with rectangular coordinates

X=r-fy Yy=rg, Z=2 (1)
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We shall consider below the limiting case as &rp/ro — 0 so that set (1)
become effectively rectangular coordinates.

We shall consider an electric field which varies slowly so that retardation
effects can be neglected. If the flux in the core is represented by

f Budd, = —c [ Vo), 2

where V(j) is the potential difference which would appear across an open-
circuited secondary, then the field outside the core may be represented by
the vector potential alone and the vector potential and fields are

Vig)ar 1 V(:), HevxAa0 ©
2ar

Ad=iyj———— ) E = ——A:—i
¢ 2

where iy is a unit vector in the p direction.
The kinetic energy operator in the presence of the vector potential is

1 1
T (PP —ppa—pa-dp+ 1Y = 2 (P —24-p 4047 B
where py = (—e/c)A is the proper term to introduce for a particle with

charge —# Since ¥-4 = 0, it follows that p-py = pa - p. In cylin-
drical coordinates (4) becomes

Hom(Beitebged)
(—e) f vy,

- T‘";;53+Pa’(f‘,f} %

where p has been expressed as (h/i)V. If we substitute the variables

X, Y, z of (1) into this expression, it becomes

1 h(az " az) 2c—e)fr(r>dx

Kicd 2
. axg'i' +632 2'7_0 +PA (f'n,t)

2m r dx 2ary

+i it a Mr('lz 1)§i+(ﬁ_1)pﬂ(m,:) . (6)

r2 idy

The second line represents the correction term due to the finite radius of
curvature. In it the term (#%/r)d/dx stands approximately in the ratio
a/ry to 1292 /ax? of the first line where a is the lattice constant. The last
two terms can be made negligible by making the sheet thin so that in it
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r = ra € rp. Thusthekinetic energy operator iswell represented by
1
2 B — Wasty + pash (7
i
wherep is now (k/f}¥ in respect to the quas cartesian coordinates xyz and

(=e) f V(s
pay =g = (=) f _E,()dt where E,(8)= V()2 (8)
The quantity p4, is seen from (3) to be one component of p4 of 15.6
cquation (5). For the elastically bent lattice we may take Al as a peri-
odic function QU{x, 3, 2z} = U ¥ #4, ¥ + 144, 2 + #,6) of the coordi-
nates x, ¥, 2 where @ is the lattice constant and the #’s are integers. With
this potential, the wave equation for Y (x, y, 2, ¢} becomes

Ky = [ﬁ (#® — 2paspy + D) + Gu:l ¥ = ik (9)

A good solution to this equation can be obtained from the solutions
for pay = 0. These solutions correspond to a periodic boundary con-
dition in the y-direction and vanishing boundary conditions in the x and
zdirections. For any fixed values of the x and z quantum numbers, which
correspond to | P, and |P,| in this case, we shall have solutions for values
of P, satisfying the periodic boundary conditions. These solutions can
be written in the form

‘I’P, = eiP.y.'iuP'(x, b z) (10)
wher e we have omitted |P,| [P,| which remain constant in the subsequent

equations.  Sincep, is an eigenfunction of ¥y, theHamiltonian operator
for pay = 0, we have

Ul [ﬁ (0 + 2Pyp, + P%) + Gu:' Up,
= &(P,)Yr, = eFWHE(P,)up,. (11)

:K'n‘pP (']

The approximate solution to (9) which reduces to yp, when pay = 0, is
¥ = e exp (6P, = pag)is/in
= eitP "”H"'tlp._,‘, (12)

where the integral in the exponential is represented by 0 and P, is a con-
stant independent of /. We shall show that (12) is an approximate solu-
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tion of H§y = ihay/ar by evaluating the two sides of the equation.
i is
Wy = eiCariB+in

1
X [2—,‘“ (*+ 2P,,p,+P,s-294@,—2?‘1.,1"’,1-?4,2)-’1-@1]“&_,“

. o] 1
= i Pwin+id [ﬁ [P+ 2(Py— pas)py+ (Py—pay)'1+ Gu]“-":—pu
= ei(PwHH-“S(PU - PAI)“P:-—FJI (13)

and thayr/d¢ is

g 8 . 3

oy = Pt iy n i+ 6Py = paurist | (1)
¥

Thus the approximate solution satisfies the wave equation except for the
termin éu/dP,. We have discussed a term of this sort in Section 15.6.
As was pointed out there, this term introduces negligible corrections for
electric fields of reasonable magnitudes. We may, therefore, regard (12)
as a good solution and consider its meaning.

Although the solution maintains the same value of P, in the exponential
term, so that its complex phase runs through the same number of cycles
in the length of the crystal and thus continuously satisfies the periodic
boundary conditions, the behavior of the energy and velocity associated
with the wave function variesjust as if P, were increased at a rate —eE,
asdiscussed in Section 7.2. Thisis seen for the energy directly from equa-
tion (13) which shows that

JWapds = 6P, — pay) = 6P, — ¢ [ B, (15)
By applying the group velocity formula for v, to this energy we obtain

&(Py — pay) = 0y(Py — Pay) (16)

=2

= ap,
where v,(P,) = d&(P,)/dP, is the velocity in the absence of ps. [The
same result may be obtained by using the operator (py — pay)/m for
velocity [see Section 15.6, equation (7)] when a vector potential is present.]
Thus although the change of phase of the wave function from one cell to
the next is not altered by the field, the change in energy and velocity is
just the same as if Py varied at arate—pqy = —eEy so that the descrip-
tion given in 7.2, although not analytically correct, leads to the correct
results.
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Another way of viewing the effect of thefield is to say that the quantum
number Py remains constant but that the energy and velocity are different
functions of Py at different times, the variation in these functions corre-
sponding to shifting the energy surface and velocity diagram at a rate
~+¢E, with respect to the Py values.

We may now compare the wave function (12) with the wave-packet of
15.6. If the electric field is uniform and is produced through the vector
potential only, the equation for P of 15.7 can be readily integrated. We
have

14
P=miB = (=) (" o ) (17)
or
pP= (*5)(-‘34)'5‘1’0‘?0—94 (18)

where Py is an integration constant. The spatial part of the wave-packet
then becomes [in accordance with equation (11) for ¢ and (34) for P in
Section 15.6]

Y= w[exp (ipa - 1/R)] Yoppa (19)

(since we assume E is uniform, P, isindependent of position and”io = PA)
and this may be rewritten as

¥ = W [exp (ipa - r/R)][exp [i(Py — pa) - 7/R]J0p,p,
= w exp (iPo - 7/k)] UPp,—p4s (20)

a form equivalent to (12) of this section. Thus although P variesin 15.6,
if the field arises from A only, the complex phase factor in front of the
periodic u does not change. If, however, electric fields due to ¢ are
present, the complex phase factor will change. For the periodic boundary
conditions used in this section fields due to ¢ are excluded since ¢ must
be single-valued. For the treatment of Section 15.6, the change from
constant Po to varying Po may be brought about by changing ¢, A and ¥§¢
by a gauge transformation; and the gauge transformation leaves the
physical condition described by the wave function unaltered. To sum
up, for a wave-packet in a uniform electric field the behavior of the spatial
part of the wave function is the same as that of the extended wave function
of this section, except for the factor w.

Finally it may be mentioned that one can think of a model of the sort
considered here for which periodicity in z as well asy is achieved. This
can be accomplished by continuing the structure in the z-direction for a
distance ZQ much greater than r$. It then becomes a coaxial structure
with a central transformer core and a cylindrical sheet of conductor.
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This structure can then be bent into a toroidal structure so that the metal
becomes a toroidal surface. Ifz°>ro, the local effect of curvature can
again be neglected. The core inside the metal surface will produce an
electric field in the .y-direction as before. A new field in the z-direction
can be produced by changing the flux passing through the hole in the
toroid itself.



CHAPTER 16
STATISTICAL MECHANICS FOR SEMICONDUCTORS

161 DERIVATION OF THE DISTRIBUTION LAWS FOR
SIMPLE QUANTIZED SYSTEMS

16.1a. Basic Concepts. In this section we shall present a brief review of
the application of statistical mechanics to quantized systems. The formula
will be derived for the Planck energy distribution for harmonic oscillators
and for the Fermi-Dirac distribution. The relationship of statistical
mechanics to thermodynamics will be touched on briefly. (A treatment
of the relationship is presented in the Problems.)

In the statistical mechanics of a quantized system the concepts of the
system, its quantum states, distributions, and a priori probability play a
major role. We shall consider these in turn below:

By a system we mean a certain number of electrons and nuclei subject to
certain boundary conditions. For example, we might have 4.52 X 10?
germanium atoms contained in avolume of 1 cm® with rigid, impenetrable
walls. Usually it is a good approximation to consider the behavior of only
part of some real system and to treat this part as if it were itself an entire
system. One example of this sort is the 20 electrons and 36 quantum
states considered in Section 10.2. As another example, the system may
consist of a number Q of harmonic oscillators. The system of normal
modes of atomic vibration for a crystal discussed in Section 17.3 is an
example of this sort. A semiconductor contains parts of both types com-
bined into a common system.

The all-important attribute of the system for statistical purposes is the
energy scheme of its quantum states — in other words, the complete list
of its quantum states and their energies. This list may also be referred to
as the energy level scheme of the system, provided that proper allowance is
made for the fact that several quantum states may belong to the same
energy level. It is seldom possible to deal with an exact energy level
scheme and it is usual to consider the energy of the system as made up of
the energies of various parts, each of which is in its own quantum state.
Approximations of this sort are frequently made and, as discussed in
Chapter 13, furnish the best insight into the problems involved. The
separate statistical treatment of electrons and lattice vibrations in Chapter
17 permits the neglected interactions to be interpreted as causing transi-
tions. In fact, it is difficult to sec how to formulate the theory of re-
sistance in terms of the exact quantum states of the entire system and it is

452
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almost certain that the interpretation would be much more laborious.
(Such an exact procedure may be necessary to explain superconductivity,
however.!) Other examples of breaking the system into separate parts
which are approximately independent are discussed in Section 5.2 and at
the end of Section 15.7.

The approximation made in taking the quantum states of the entire
system as being composed of the quantum states of the subsystems in-
troduces a negligible error if the neglected interactions of the subsystems
are not large. This result, which we shall accept as an additional assump-
tion here, can be established with the aid of quantum-mechanical theorems
relating to the invariance of the trace of a Hermitian matrix under a unitary
transformation of the wave functions.

Once the system is considered to be broken into a set of subsystems, the
concept of a distribution has meaning. We shall illustrate this concept
first for the case of electrons governed by the Pauli principle (Sections 5.2
and 15.7 and Chapters 9 and 10). The energy of the system may be
described as the sum of the energies of the quantum states occupied by the
electrons. We classify the quantum states according to energy and divide
them into groups of approximately equal energy. In terms of this classi-
fication, a distribution is specified by giving the number of occupied states
in each group. To agiven distribution there will usually correspond many
guantum states for the system. For example, if one of the groups of states
contains two states and the distribution specifies that only one is occupied,
there will be two ways of choosing the occupied state. In general there
will be more choices than this for each group so that there will be a very
large number of ways of achieving the distribution, each way corresponding
to a particular quantum state for the system.

The central problem of statistical mechanics consists of finding the dis-
tribution which can be achieved in the largest number of ways, for a given
system with a given energy. The importance of this distribution is that
it represents the properties of the system under equilibrium conditions.
Several steps are necessary to show that the distribution having the most
ways represents thermal equilibrium. Thefirst step involves the introduc-
tion of the assumption of equal a priori probabilities for each quantum
state of the system. According to this assumption, if a system is set up in
the laboratory so that it has a certain amount of energy and is next isolated
so that it remains in a particular quantum state, then it is equally likely
to be in any one of the possible quantum states of this energy; in other
words all quantum states for the system have equal a priori probability,
provided that they have the right energy.

The assumption of equal a priori probability seems reasonable on its

! The recent theories of superconductivity of H. Frohlich [Phys. Rev., late (1950)] and
J. Bardeen [Phys. Rev., 79, 167 (1950)] are concerned with showing that the lowest states of
the combined electronic and atomic system can be superconducting under suitable conditions.
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face value. It can, however, be made to seem still more plausible on the
basis of the quantum-mechanical H-theorem. The proof of the H-theorem
and other methods of examination of the foundations of the statistical
mechanics of quantized sysems represent advanced and difficult topics
and will not be pursued further here.

The possible quantum states for a given energy can be grouped, of course,
into various distributions; and no quantum state will occur in more than
one distribution. Among all the possble distributions there will be one
which has more quantum states than any other. There will be other
distributions which differ slightly from this one and can be achieved in
approximately the same number of ways. For systems with large numbers
of particles it can be shown that only the most probable distribution need
be consdered. The reason is that distributions which differ appreciably
from the most probable distribution contain very many less quantum
states. In fact, if all these differing distributions are combined, the total
number of quantum states in them is negligible compared to the number in
the most probable distribution. Hence there is a negligible probability
of finding the system in any state except one which beongs to the most
probable distribution, or to distributions very similar to the most probable
distribution.

A helpful means of thinking of the way in which the most probable dis-
tribution arises is furnished by the concept of the microcanonical ensemble.
For this purpose we visualize a very large number of identical systems, one
in each of the quantum states having the prescribed total energy. In
order to avoid difficulties arising from the discrete nature of the energy
levels, the prescribed energy is usually represented as a small range from
&, to &, where the interval & — &; is a very small fraction of Si. This
large number or ensemble of systemsisthe microcanonical ensemble and of
this large number all but a negligible fraction are in quantum states be-
longing to the most probable distribution. The observed value for any
property of an actual system is, on the average, that obtained by averaging
the property of interest over all the syssems of the microcanonical ensemble,
this concluson being a direct consequence of the assumption of equal a
priori probabilities. Because of the overwhelming importance of the most
probable distribution, the average over the microcanonical ensemble of
any quantity of practical interest is the same as that obtained for the most
probable distribution. Deviations from the value for the most probable
distribution do, however, become significant for a small system, such as an
individual colloidal particle, and can be calculated with the aid of the theory
of fluctuations, one example being given in the problems.

The procedure we shall follow is thus to set up a definition for the various
possible distributions and then find the most probable distribution. The
behavior of the system under equilibrium conditions will then correspond
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to this distribution. This procedure is arbitrary to the degree that de-
fining the distributions is arbitrary. We shall find in the examples dealt
with, however, that the arbitrary conventions used in defining the dis-
tribution drop out of the final answers and thus the choice of the convention
need not concern us.

We shall consider below a system consisting of a number of independent
harmonic oscillators, all having the same frequency. For this case we shall
work out the most probable distribution. The number of ways in which
this distribution can be achieved will be denoted by #(&), where & is
the energy of the system.

In order to define temperature on a statistical basis and to show the
relationship of statistical mechanics to thermodynamics, we shall consider
two systems in equilibrium. If the systems have energies & and &;with
6, + &3 = &» where &r is the total energy, then the number of ways of
achieving the division into &; and &; will be #,(6,)#2(8;). We shall
outline' the arguments that show that temperature should be defined by

din# (&) 1
Py a)

where k is Boltzmann's constant, and entropy is defined as
8, = kln W,(&)). )

Using these results, we shall derive the Fermi-Dirac distribution.

16.1b. The Planck Harmonic Oscillator Distribution. We shall con-
sider here a system composed of a large number Q of harmonic oscillators,
each having the same frequency v and energy levels {2 + ¥)&», where
n =01 2 ¢¢¢is the quantum number and h is Planck's constant. We
shall refer to the quantum states for the individual oscillators as O-states
to distinguish them from states of the entire system, referred to as Sstates.
We shall define the distribution in terms of a set of numbers @g, ¢h, @2, -,
Qn,--' giving the number of oscillators in O-states having quantum num-
bers 0, 1, etc. Evidently we must have

Q = 20n ()
If the total energy of the system is &, we must also have
A
&= (n+ D = 07 + b T nn. @

A quantum state for the system, or Sdtate, is described by telling which
oscillators are in O-states with quantum numbers 0, 1, 2, etc. A particular
s -state may thus be written as follows:

(O/abede) (1 [fgh) - - - (s/éjk -+ )« -~ 5



456 STATISTICAL MECHANICS FOR SEMICONDUCTORS [161b

which implies that oscillators a, b, ¢, d, and e arein O-staten = 0 and f, g,
and h arein O-staten = 1, etc. We shall refer to the expression above as
a writing. The same S-state may, of course, be specified by other writings

such as
(0/baede)(1/ghf) - -+ (a/lji -} -+, (6)

Our problem is to find how many S-states correspond to a distribution such
as@e=25, 01 =3,-+-, being careful not to count different writings of
the same S-date as different Sstates.  We shall first show that the number
of writings of a given S-state is

Qul Qul -+ = IQ,! @

as follows: Consider any given writing; the n = 0 parenthesis can be
written in QQ! ways (that is, there are 5 choices for the first letter after the
1 and 4 for the second, etc., in the example above). Similarly each pa-
renthesis can be written in Q,! ways so that each S-state can be written in

ol ways. Next we ak how many different writings are there for a given
n

distribution ?  In any given writing, the symbols designating the oscillators

are arranged in sequence and there are evidently just Q\ ways of permuting

them in this sequence. Hence, there are @! writings in all. Since each

Estate occurs written I@,! times in this sat of writings, the distribution
n

can be achieved in

W(Qoy Gryev+) = QVE‘Q-J (8)

ways; i.e. there ar@l/O0xler ent quantum states corresponding to
the distribution.

Which of the possble distributions is the most probable, that is, has the
largest W, subject to a fixed total number of oscillators Q and total energy
&? We shall find this distribution by requiring that, for any small change
in the jjn's, the value of W remains constant. This does not bv itself
prove that Wis maximum; W might be a minimum equally well. How-
ever, the distribution so obtained can be shown by a separate calculation
to maximize W. (This is left as an exercise for the reader.) Let us
consder a perturbation, referred to as (Per) of the distribution specified
as follows:

Or = O 4 80, (9a)
(PCI') Ql — Qa -+ 590, 59& = _EQr (gb)
& — & +38, B8 = hv(r — )30, (%)

This corresponds to changing &Q; oscillators from O-state r to O-state s.
We shall deal, for convenience, not with W but with In W and shall denote
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the change produced in In Wby 5 1n W. This perturbation does not con-
serve the total energy & so that we must supplement it with another which
restores the energy. Suppose that the second perturbation, (Per)', is
designated by aprime and transfersGQp oscillators from O-state « to O-state
v. Then, as we shall show below, we must have

éln - (¢1n Y
1) o6&’

in other words, the change in the logarithm of B per unit energy change
for the two perturbations must be equal and, since # and v for (Per)' can
be selected arbitrarily, the same value for {8 In #7)’ /86’ must be obtained
for all perturbations. From this result we shall readily derive the Planck
distribution and later the Fermi-Dirac distribution.

The proof of equation (10) is very simple. If Wis to be a maximum,
soisIn W. Now consider changes represented by (Per) and (Per)':

(Per): 8Q, = —3Q, = 8&/hv(r — 5) (Na)
(Per)'s 80, = —80Q, = &' /hv(u — v). (I1b)
These will produce changes in In Wof 51n Wand (5 In W)y'. If §& =
—86’, these changes will not change & and, if W is a maximum, they will

not changeIn W. The changein In Wwill be proportional to & and 8&’,
hence

) (10)

S =InW+ Sl )
sln ¥ ¢ 1n )
56 55’

& + 56, (12)
For this to vanish when 3§ = —3&', the two coefficients must be equal,
so that we may introduce a symbol g defined as follows:

éln sln '
We shall later show that # = 1/&7 where & is Boltzmann's constant and
T is the absolute temperature.

The expression for &ln#/8& in terms of the parameters @, of the
distribution may be readily obtained from the formula for In W and the
derivative of a factorial. The latter may be taken as the value for the
minimum change 8¢ = 1in § ln #!/dx; this leads to

dln «! - In (x + 8x)! — In &!
dx ox

Slnx!l & bxnx, (14b)

=In(x+1)=Ingz, (14a)
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From this we readily obtain [using also (11a) and 8]
61nW=- “*Gln Qf!Q‘! = —aQ.-anf —6Q.ln Q.
56 In (Qu/Qr)
T -9 (15)

If we now imagine that & and v are held fixed and r and r are allowed to
vary over all possible quantum numbers, we must have from (13)

T
From this we find that
Bhor +1In 0, = phvs +InQh. - (an
If we let 5 = 0, this shows that
O = Qoo = Qo™ (18}
v = Bh. (19)

The quantities § and Qg are determined by the conditions on @ and &
by the following steps:

0=To=oater+em o= )

§ = (WQ/2) + bv TnQ,
= (BQ/2) + bl’Qu(o 141 4 202y + 3787 + . .)

= (AQ/2) + vao(— %) (l+er+e2r4-.0)

= (/D) ~ e T

G 1 1
= 00+ moe = w1+ 5] e

a¥

These equations determine Q and & in terms of Qp and y and can be solved,
inprinciple, for 7 and @ in terms of Q and & Weshall shortly show how
¥ = Bhv can be identified with A»/&T; this leads to the following expres-
sion for the average energy of an oscillator:

1 1
(B)ay. = Ay [5 + m] ’ (22)

and to an average value of n of

1

lav. = momr — 1 (23)
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The probability that any oscillator isin the state # is @,/@ and is given by

O _ ~ab{RT(] _ grbikT), (24)

The foregoing expressions give the Planck distribution for a system of
harmonic oscillators.

By considering second-order changes produced by the perturbations
8¢, 80, etc., it is possible to show that In Wis actually a maximum and
that it decreases very rapidly as the distribution deviates from the maxi-
mum probability distribution. The value of In W for the most probable
distribution is in general very large. This leads to a surprising and im-
portant result: The value of In Wand the value of In (the total number of
quantum states with energy &) differ by a negligible amount. This is
surprising because the number of quantum states in the most probable
distribution is, of course, only asmall fraction of all the quantum states of
energy . A numerical example will help to show how the result comes
about The value of In W for one gram atom of oscillators with 7—1
will be about 10%. [This result may be derived from the expression for
In W by using Stirling's approximation x1 = (x/&)* V2xx for #, with
proper precautions, and more readily from the formulae in the problems
for this chapter.] Suppose that only one state in 10% is included in the
most probable distribution. Then the total number of states will be
10® exp (10%®) and the logarithm of this number will be 10% 4 46.
Evidently the term 46 is wholly negligible in In W. The largeness of the
terms in In W frequently enables calculations to be made very inexactly
so that Wmay be incorrectly estimated by large factors without significant
errors being introduced into In W.

16.1c. Relationship to Thermodynamics. We have shown that all per-
turbations of the system of harmonic oscillators must lead to the same
value, which we call 8, for

§ln
1)

= §. (25)

From this we shall show that if # (&} represents the number of ways in
which the most probable distribution can be achieved, then

d1n W(E)
el (26)

This is proved as follows: Consider the most probable distributions for
energy & and for energy & 4+ A%. We can evidently transform from
one distribution to the other in series of steps of the form (@, @)
— (@ + 80Q., O, + 8(0) considered before. These steps will introduce
energy changes 88, 8&', 5&', etc., and for them the changes in In W
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will be 838, 958, 888", etc. The total change in In # will thus be
B(86 4+ 58’ -+ 88’ + . . ) = BAE where A is the total change in energy.
Hence &ln /A& = § for the change from the maximum distribution
at energy & to that at & + Af:, since the maximum probability distribu-
tionisafunction of &, thisratio is the desired derivative.

Now suppose we have two systems, 1 and 2, which can share energy.
We can then consder them to be a combined system with a total energy
& = &, + 65, The possibility of sharing energy corresponds to putting
two bodies in thermal contact so that they can exchange heat and come to
thermal equilibrium with equal temperatures and maximum total entropy.

As a result of their interaction neither system 1 nor system 2 has the
same sat of energy levels that it had when isolated, ki fact the only
energy levels are those of the system as a whole. However, if the inter-
action is very small each energy level for the combined system differs by
a negligible energy from the sum of the energy levels of the two isolated
systems. Thus it appears reasonable to treat the combined system as two
separate sysems while at the same time imagining that sysems 1 and 2
may interact so as to transfer heat. This argument is far from rigorous,
however, and it is difficult to prove rigorously that the behavior of two
weakly interacting systems does properly simulate the thermodynamic
behavior of two bodies in contact. For detailed examinations of these
problems, the reader isreferred to the literature.*

For any given division &; and &; of the energy, sysem 1 can be s&t up
in Wi(&;) ways and system 2 i #p{63) y s , for the distributions of
maximum probability. In fact, as discussed at the concluson of the
derivation of the Planck distribution, so far asIn #(&;) is concerned,
we can equally well include all quantum states of energy &,, For similar
reasons we can consider, if it is desrable to do s0, the total number of
dates lying in a small energy interval &, to &, + §&; of sysem 1.  For
all of these choices, the large number aspect of W will lead to the same
value In W. The number of ways of dividing & inte &, and & may thus
be described, so far as its logarithm is concerned, by In B, (6:)#2(83);
the most probable division is that for which this quantity is a maximum.
(Because of the independence of In W of the exact definition of W, we
need not be concerned even with having & + & = &; it is sufficient to
have &, + £, fall within a range 8& about &.) The maximum of
In#1{&: 3 2(&;) corresponds to

4 In #(8,, 65) = 0 = din#1(&) _din (b} ) o

d&l d&l dt;z
the last equation following from &z = & — &;. Henceunder equilibrium

1 R. H. Fowler, Statistical Mechanics, Cambridge, 1936. R. C. Tolman, The Principles of
Statistical Mechanics, Oxford, 1938.
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conditions
4In Wy din ¥,
76, W A=

must be equal whileln W; + In W, is amaximum. [t can be shown that
these conditions are equivalent to setting the entropy & equal to k In W and
B = 1/&T. (See Problems.) The equality of 8; and 83 thus corresponds
to uniform temperature and the maximizing of Wto the maximum entropy
condition.

We shall indicate the method of establishing the thermodynamic rela-
tionships, in terms of a simple example. Suppose that system 2 consists
of harmonic oscillators of arbitrarily low frequency, Then ¥ = ghris <1
and

B~

(28)

1 1 1 1
6= }”Q[z oo 1:' et e
From the classical theory of statistical mechanics, we know that a system
of oscillators has average energy of #T'Q. Hence we identify kT with
1/8; for system 2 and since 8; = Bz we identify 8 with 1/KT generally.
This identification is not wholly satisfying, however, because the theorem
& = kT(Q itself involves a considerable amount of classical statistical
theory. A better procedure would be to let system 2 represent an ideal
monatomic gas. We should then find that

oV = N/B; (30)

where p is the average pressure, V the volume, and N the number of
atoms. Since the thermodynamic temperature scae can be defined for
a perfect gas by the relationship

PV = NiT, (31)

the identification of 8; with 1/8T would be satisfactory by this means.
To carry out this procedure for a quantum gas is relatively straightfor-
ward and would introduce few features not already discussed in Chapter 5
and in the next section of this chapter; the purpose of this section is to
introduce ideas and formulae rather than to establish them rigorously and
we shall not give the derivation. A still more general procedureis to intro-
duce the dependence of the energy of the quantum states upon the volume
V or some other mechanical parameter. In terms of this, the equation of
state in terms of & and V can be given and a general thermodynamic
equivalence established. This procedure is presented in the problems.
16.1d. Derivation of the Fermi-Dirac Distribution. We shall now ob-
tain the formula for the Fermi-Dirac distribution using essent' Jly the
same method as that employed in obtaining the Planck dis e« bution.

0. (29)



462 STATISTICAI MECHANICS FOR SEMICONDUCTORS [161d

For this purpose we consider a system containing N electrons. The
quantum-states of the system are divided into groups, all the states of any
group having approximately the same energy. Consider two such groups
with energies<&, and 6,; suppose that there are S, states with energy &
and that ¥, of these are occupied by electrons and Pp (= & — N;) by
holes. Our first problem is to- find in how many ways the N, electrons
can bedistributed among the 8, states. According to the Pauli principle
(see Section 15.7), electrons are to beregarded as indistinguishable so that
the quantum state of the system is specified by giving alist of the occupied
one-electron states. Our problem is thusreduced to finding in how many
ways the Ny occupied states can be selected from &, states. To do this
we list all of the &, states giving each a symbol a4, &, ¢, etc. Then one
arrangement of electrons may bewritten as

(abef/degh - - <) 32

where the states to theleft of the / are occupied and those to theright are
unoccupied. It is at once evident that each distinct selection of occupied
states may bewrittenin ¥,! P! ways, and also that there are S| ways
of permuting the S; symbols in the entire expresson while keeping N,
symbols to the left and P; to theright of the/. Hence there are

SN P (33)
distinct ways of choosing the N, occupied states. The total number of
ways of setting up a distribution Ni, Ny « ¢ ¢, etc., is, therefore,

W = (SN, PA). (34)

We now consider a perturbation of the distribution which involves
shifting 8N, electrons from group S togroup Si:

N.— N, + &N, (35a)
N, — N, + 8N, N, = —bN; (35h)
& = (6, — &,)N.. (35¢)

All of the previous argumentsrelating to the equality of g for such changes
hold for this case so that we may at once write that
1 Sln i

o o g = T3 (36)
The value of SIn Wisreadily found in terms of
5ln N,] = éN; In N, (37)

ﬁlﬂP,!=§P,lﬂP,-'-“—5N,lnPf (38)
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and similar relationships. We thus obtain

§ln ¥ 1
% " & -G, 5'[—1111\’;. +nP4+InN,— Pl (39
From this equation we obtain
ﬂsr +In (M'/Pr) = .35: +In M/P-- (40)

Since this equation must hold for all choices of s and r independently, both
sdes must be independent of r and s and can be written as@&g. Introduc-
ing the Fermi-Dirac distribution function £{&.) = £, by the equations

N=£%8 and P =(1-£)5, (41)
we obtain
In 1 Et, = B(6r — &) (42)
which leads to
t ! (43)

1+ exp 86, — &)

Since 8 = 1/kT this is the desired expresson for the Fermi-Dirac dis-
tribution. It is to be noted that the arbitrary division into groups con-
taining S states disappears from the final answer and that f is a function
of the energy of the state, the Fermi level &y, and #T. Thedetermination
of &g for semiconductorsis discussed in Section 16.3.

The interpretation of the Fermi level as a chemical potential is readily
obtained from equation (40). For this purpose we suppose that dN
éectrons are added to the system. If thee electrons are added to states
ingroup r, theincreasein the freeenergy, F =& — T8 =& — kT W is

5F = 86 — kTsln W = 63N + kTN In (N./P;)
= &piN (44)

by virtue of (34), (40) and the definition of iBe. Thus the change §Fis
independent of the group of states into which the dectrons are put. &g
is similar to a chemical potential, which may be defined as the change in
free energy of a system per added atom of a given chemical element.

This result may be used to prove the concluson stated in Section 12.4
that the difference in Fermi levels ¢ is the voltage read on a voltmeter.
For this purpose we suppose that é¥ electrons are transferred from con-
ductor A at Fermi level &4 to conductor B at Fermi level &pg, thetrans-
fer taking place reversibly through a motor so that

the energy liberated = —&N (P4 — ¥5) (45)

where ¥, and ¥ are the voltages. Qur problem is to show that
—e(Vy — V) = bpy — Bpp from which it follows that V4 — Fg =
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@4 — g according to the definition of the Fermi level ¢ of Section 12.4.
We shall prove this relationship by applying the thermodynamical
theorem that & = 0 for any reversible change in which no heat flows.
This result is obtained in Problem 12, for the case in which work is done by
pressure, in the form that 4& = k8d2 where 42 = 4 (energy of system) +
d (work done by the system). We shall suppose that the voltage differ-
ence is maintained by a battery connecting conductors A and B. If the
system is thermally insulated, so that no heat can flow from outside, then
the reversible shift of the electrons will leave 4& = Q. Hence the work
—edN(¥a — V) done by the system must equal —§& and we may write

—dBN(Vy — Fg) = =3B = = (56 — Ts8) = —§F. (46)
However, S3’ can be written as the sum of 8F 4 = —&#48N due to remov-

ing 8N electrons from A plus 8Fp = &N due to adding them at B.
Inserting 8F = 3F 4 - 8F g in (46) leads to

—e(Va — V) = Gpyq ~ Gpp, (47)
the desired equation.
162 CALCULATION OF THE EFFECTIVE NUMBER OF
QUANTUM STATES IN AN ENERGY BAND

In order to calculate the density of electrons in the conduction band, we
may evaluate the integral of equation (9) of Section 10.3 using for N(&)(the
appropriate value given in equation (9), Section 9.1. This leads to

n = exp (GF/'ET)_]:’ [4x(2m)"/R*1(6 — 6:)" exp (—&/kT)dbE

By = 6s
= exp[(6r — BI/ATIarm¥/iL [ exp (~61/ATIEME; Q)

where the substitution & = & — &, has been used.  Since the integral con-
verges rapidly, the upper limit may be extended to infinity. Theintegral
then becomes a standard form given in Pierce, "A Short Table of Integrals”,
Third Revised Edition, formula496, thevalue being (x&TY*ET/2. |nsert-
ing thisin (1) gives
n = 2(2xmkT/R)Y exp [— (8. ~ &r)/kT] @)
which is formula (11) of Section 10.3 quoted in the text. The effective
number of states in the conduction band is thus
N, = 2(2xmkT/i*)¥
= 4,82 107H cm™3
= 2.41 - 10"® cm™3 at 20°C 3)
N2=1232X 10T cm™S, 4
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[This sameresult can be obtained by integrating over p-space directly with-
out making use of equation (9) of Section 9.1. For this method instead of
N(6)d6, we use (2/4*)dP.dPdP, with & = (P2 + P2 + P2)/2m. The
integral in (1) then becomes the product of three integrals each of which
contributes a factor (2xmkT/4%)* to N..)

163 TEMPERATURE DEPENDENCE OF THE FERMI LEVEL

In this section we shall show in more analytical terms than employed in
the text the way in which &F and the electron and hole densities depend
upon the temperature. We shall deal with the same distribution of

~Ng
¥

g o4} B = +0.38 eV
? o Gy voaaev ]
§ oz “~MNg
",
E o1}l
8 ol
F4
Ol -

------------ -

""""" By = —0.38 ev

ENERCY, E,
)
F S ]
/ é
o
[
1
o
v
[ ")
- ]
-
ol

[+] ——
N[E),NUMBER OF QUANTUM STATES
PER UNIT ENERAGY, PER UNIT VOLUME

FI G. 16-1—Distribution of Quantum Statesin Energy.

quantum states that was discussed in Chapter 9. This is reproduced in
Figure 16.1, with the effective number of quantum states in the filled and
empty bands indicated. As explained in Chapter 10, the requirement for
electrical neutrality is that the sum of the positive charges:

p = density of holes in the filled band
pa = density of holes bound to acceptors
Nd = density of donors
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must equal the sum of the negative charges:

n = density of electrons in conduction band
ttd = density of electrons bound to donors
N, = density of acceptors.

Thisleads to the equation
P+ P+ Na=n+ns+ Na a)

In Chapter 10, formulae for these densities are given in equations (8),
(11), (13), and (14) of Section 10.3. These depend upon the nature of the
semiconductor through the ener gy values of <by, &, &; and &, the effective
masses in Ny and Ng, and the impurity concentrations N2 and Na. Given
these quantities, our problem isto solve for the n*s and p's as a function of
T by solving equation (1) for &». Thisisdone, asshown below, by plotting
theleft and right sides of equation (1) each as a function of & and finding
the solution graphically. The example chosen corresponds approximately
to w-type germanium, which at room temper aturewould have aresistivity
of 2.4 ohm-cm—the same as for the example discussed in Section 10.4.

The values used for this example are as follows:

&, = —0.36 electron volt, &, = —0.32 electron volt,
&3 = 40.32 electron volt, &, = 0.36 electron volt. 2)

(Thiscorresponds to arbitrarily setting the zero of energy at the midpoint
between the bands.) The values of N, and Nd are

Nj = 10'® per cm®, N, = 10" per cm? (3)

and theelectron and hole masses are taken to be the same as for a free elec-
tron so that equation (3) of Section 16.2 applies.

The densities obtained upon the bass of these assumptions are plotted
in Figure 16.2 on a logarithmic scale as a function of &g for T = 300°K.
Positive charges are drawn as solid lines and their sum, which is the left
sde of equation (1), is shown as a heavy line. The densities of negative
charges are similarly indicated by dashed lines. Where the heavy lines
cross, equation (1) is satisfied and the condition for electrical neutrality
isrealized.

The behaviors of the individual curves for the negative charges can be
under stood as follows:

Ns> This is simply the fixed negative charge due to each acceptor.
(This charge is not neutralized by its share of the valence bonds.)

n. Thisisthechargeof theelectronsin theconduction band. According
to Section 16.2 it is about 2.41 X 10V exp [(—&, + &r)/RT].
Expressed in electron volts this is 2.41 X 10'° exp (—39AF) where
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Fie. 16-2—Solution for §7 with Density of Acceptors, Na, = 104 cm™3,
Density of Donors, Ng, = 10 em~% and T' 2= 300°K.

AV is the voltage of & below &, or

7 = 241 X 10 - 10174V, (4)
This gives the straight line shown in Figure 16.2. (When &g
approaches within T of &,, the approximation is not valid and n
should deviate from the straight line as shown in Figure 10.5.)

»*. This is the number of eectrons in the donor states. For &# much
larger than &g these states are all occupied and na = Nd. For
&r = &g, they are half occupied and the curve lies below the point
(N4 64), shown as a cross, by a factor of 2. For lower values of S?,
the approximation f = exp (8 — &4)/&T may be used which gives
a straight line for »<*, with the same dope as for n.  If extended, the
straight line would pass through (Ny, &4).

Precisely similar conditions apply to the positive charges .Ng, p, and pay
with the distribution for holes used in place of that for electrons.

For the conditions of Figure 16.2, n is much larger than rid for all values
of &p. This situation arises from the fact that kT is comparable to the
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binding energy of an electron and N, is much larger than N& As a result,
the greater number of states available to electronsin the conduction band far
more than overweighs the difference in the statistical factor/ which favors
the lower energy states. Under equilibrium conditions (where the heavy
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Fio. 16-3—Solution for & with Density Acceptors, Na, = 1014 cm—,
Density of Donors, Ny, = 1015 e and T 2= 600°K.

curves cross), a negligible number of holes are present in p and p, Thus
for this case

n+N.=Ng or n=N;— N,. (5)

This means physically that the excess dectrons introduced by the donors
minus the acceptors have all been freed by thermal agitation and arein the
conduction band. However, since p is negligible, the temperature is not
high enough to break any appreciable number of bonds.

For T = 600°K, the situation is as shown in Figure 16.3. Under these
conditions the dominant contributions come from n and p and the values
of N, and N* do not influence the situation appreciably. This corresponds
to a temperature for which theintrinsic behavior isreached. It is evident
that neutrality requires that &z = (&, + &.)/2 so that p = »,
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For Figure 16.4, T = 150°K, and n ismore than 10 timeslarger than n&
for all values of &p and contributes most of the variable negative charge.
Charge balance occurs when

n + ng = Ng- Na (6)
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Fig. 16-4—S8olution for & with Density of Acceptots, Ng, = 1014 em™3,
Density of Donars, N, = 1019 em~?* and T 2~ 150°K.

That is, the dectrons introduced by the excess of donors over acceptors
neutralize the donors and acceptors with most of these electrons in the
conduction band, only about 1 in 3000 being in donor states.

For T = 50°K (Figure 16.5) thevalueof ngislarger than nfor &p < &g,
For & > &4 the donors are substantially filled; that is, most of the dec-
trons have not been excited from the donor levels. The values of p and p,
are negligible and are not shown in the figure, which shows the energies
near §¢ on an expanded scale. Again equilibrium corresponds to

#+ Ny +ni = N )

However, in this case where the donor levels are almost completely filled,
it is more convenient to consider the holes in the donor levels rather than
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Fia. 16-5—Solution for &r with Density of Acceptors, N, = 101 cm~2,
Density of Donors, N,, = 10t ern—% and T = 50°K.

the electrons. The number of holes is Ng — #4 and leads to rewriting
equation (7) as
7+ Ng = (Ng — ng). (8)

Heres 4+ N, is the density of negative charges and (Ng — #a) is the net
density of positive charges, that is, the donor levels occupied by holes.
Thevariation of {Ng — n3) with &g is similar to that of p,, and {Ng — #4)
has its half value of Ng/2 when &g = &4 Figure 16.5(b) shows (Nz — n4)
plotted versus &F as a solid line and # + N, as a dashed line.

Thismethod isstill more appropriate at the lower temperatures of 3744°K
and 20°K [(Figure 16.6(a) and (b)]. Here we have considered an addi-
tional value of 10* for N,. For these temperatures, & approaches &; so
as to leave the donor levels partially filled as T = 0 is approached. How-
ever, if N were equal to zero, it is evident that & would lie halfway
between &, and &¢ as T approaches zero, just as &g lies halfway between
the filled and conduction bands in the intrinsic range.

In the next section we shall analyze further the behavior of &» and will
discuss the relationship of the dope of In # vs 1/T plots to energies.
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The results obtained just above can be put in analytical form with
instructive results. As T approaches zero, nt approaches ¥4 — N, and
n approaches zero. We wish to analyze the behavior of In n as a function
of T and to interpret this in terms of an activation energy. For low 7's
such that n is negligible compared to Wd, the neutrality condition is

ng=Ng— N, a)
and since
ng = INy (2)
we find
f= (N4 — Na)/Na (3)

Since by assumption Ny > N,, this gives f a value between zero and unity
which can be solved for &g as follows: from

1

b= T o (6 = &ry/AT) )
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we abtain

& — &p = kTIn (1 — £)/f, (5)
and substituting &g for & and (N — N,)/Ny for £ we obtain

&p =864+ kT In [(Ng — No)/No]. 6)

This shows that for temperatures so low that n is negligibly small compared
to#ng (so that #4 may betaken to Nz — Ng), & slinearin T. For
Nz = 2N,, the N; states are just half filled at T = 0 and &g does not
depend on Tsnceln 1iszero. For Ny > 2N, the dope is positive and &g
increases with increasing T; the physical interpretation is that for this
case the donor states are more than half full and &g must, therefore, lie
above &2. For Nz < 2N, the states are less than halftull and &g always
lies below &.

When &g is varying, what activation energy will be obtained from a
Innvs1/T plot? Theinterestingresultist h &; — &g | | be obtained
as may be seen as follows: We have

n = N,exp [(Gr — &.)/kT]
= 2(2xmk T/} exp [64 — &, + kT In (Na — N,)/N,]/kT
= 2Q2xmk/B)BTH(Ns — N)/NJ exp (64 — &.)/kT o

from equation (2) of Section 16.2. From this equation it is seen that the
exponential dependence only involves &3 — &, and that the dope of &p
versus T affects the coefficient. Thus at sufficiently low temperatures, a
plot of In (#T#) versus 1/T should give the correct value for &, — &g

This result can be generalized in terms of a plot of &g vs T, Figure 16.7.
This plot summarizes the results obtained in Section 16.3 and just above in
this section. When &, = 5 X 10", or half of N, &p starts from T =0
with zero dope. For N, greater than this, it starts downward. For any
particular curve of &g versus T, the plot of | 1#T% | | vary as
(& — &.)/RT. 1t will, therefore, have as dope on the 1/T plot of

d (5; - 6,) - &p — 6, 1 d&p &p — &, 1 d&y

d/D\ kT k kT d0/T) " k kT 4T/T°
e 79 _ 1 Ligs -
-1 [5, T 5,] - 1 (65 ~ &4 @)
where
4k
&p* = &p — Td—;- )

Thisisjust the dope associated with extrapolating a point on the &g vs T
curve tangentially back to T =0 as is shown in Figure 16.8. The value
&x* so obtained is the apparent Fermi level so far as activation energy
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dopes are concerned. For the example chosen, it comes above &, so that
the apparent activation energy is negative. This anomalous result isjust
what would be expected in the saturation range. In this range of tempera-
ture, the value of n is independent of T while N; increases. Thus if N;
were treated as a lumped set of states all at energy &, then increasesin T
correspond to decreasess in f for these levels just as if the Fermi level were
above &. This shows why the apparent activation energy turns out
negative as shown in Figure 16.8.

From these considerations it is evident that in general no simpleinterpre-
tation of the activation energies is possble from the 1/T plots. ' Instead
it is necessary to make detailed comparisons between theoretical curves
based on exact solutions of the models discussed in Figures 16.1 to 16.7.
Such comparisons are presented for a number of cases for silicon alloys in
the paper of Pearson and Bardeen.

1G. L. Pearson and J. Bardeen, Phys. Rev. 75, 865-883 (1949).
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The-simplest-of-these-comparisons-is-made-in-the-range-in-which-both-
n-andp-ar e-appr eciable.-Using-the-appr oximations-of-equations-(11)-and
-(14)-of -Section-10.3-for -these-gives

npT™> = 4(2rmk/h*)? exp (6, — &,)/kT
-(10) = 2,32 X 10 exp (6, — &.)/kT cm—®°K—S,

The-data-obtained-on-the-basis-of-this-for mula-falls-on-a-straight-line-as
-shown-in-Figure-16.9.-However ,-the-value-of -the-coefficient-obtained-from
-the-experimental-data-is-found-to-be-about-34-times-lar ger -than-predicted
-from-for mula-(10).-T his-r esult-can-be-explained-by-supposing-that —&,
&yhe-ener gy-gap-between-the-bands,-is-temper atur e-dependent-and-de-
-cr eases,-pr obably-because-of-ther mal-expansion,-as &4sirgdtFis-
value-in-equation-(10)-modifies-the-exponential-as-follows

DXE, — 6.)/AT = &* exp (—Eo/kT).
The-value-of hAs-been-estimated-independently-from-measur ements-of
-photovoltaic-effects-in--silicon juactiops--by- Goucher --Rads.
H.-B.-Briggs-and-appear s-to-account-for-most-of-the-factor -of-34.-This
-conclusion-is-in-agr eement-with-the-other -methods-of -estimating-0-discussed-
in-Section-12.8.-The-remainder -may-be-due-to-the-electr ons-and-holes
-having-effective-masses-differ ent-from-the-fr ee-electr on-mass.

PROBL EM S-(See-also-Chapter-10)

1. Derive-the-Fermi-Dirac-distribution-law-by-considering-two-per tur

--bati3& andva&done-for-the-Planck-distribution.

2. Consider-the-distribution-for-electr ons-tr apped-on-donor -levels-taking
-into-account-the-effect-of-spin-which-allows-two-possibilities-for -each-tr apped
-electron.-(Electr ostatic-effects-will-pr event-mor e-than-one-electr on-from
-being-trapped-on-one-donor .)----Show-that-ther e-will-be

2N /gl (Ng — )
ways-of-putting-n--electr ons-on-N--levels-and-hence-that
ng = Nufll + (}) exp (62 — &r)/RT).

This-result-is-used-in-Problem-1-of-Chapter-10.
3. Show-that-I n-W-for-the-Planck-distribution-is-really-a-maximum-by
-considering-thevalueof--in-W—for-a—Iargeperturbation-with&é" = —5b.

Remark
The-following-pr oblems-fur nish-an-outline-of-one-of-the-methods-of
-showing-how-ther modynamics-follows-from-the-statistical-mechanics-of

-quantized-systems.’----They-al so-ser ve-to-intr oduce-the-partition-functions

LThis-treatment-is-similar -to-that-of-E.-Schr oedinger ,-Statistical-Thermodynamics-Cam

--bridge,-1946,-but-differ s-by-laying-emphasis-on-a-mor e-gener al-heat-bath.
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Z and Z which are very useful for calculating average properties and their
fluctuations. The basc assumption is the assumption of equal a priori
probabilities for all quantum states of the system. Problem 4 introduces
the canonical ensemble and Z as artificial aids and shows that averages
for the canonical ensemble are the same as averages for one particular
microcanonical ensemble contained in the canonical ensemble. Thus the
important termsin Z all arise from one particular microcanonical ensemble.
In Problem 5, the number of states in the microcanonical ensemble is
evaluated in terms of Z. In Problem 6, it is shown that the important
terms in the canonical ensemble arise chiefly from one particular dis
tribution and that the larger the system becomes, the less important are
other distributions. This distribution must, of course, be the most
probable distribution. These problems thus show that the canonical
ensemble may be used in place of the microcanonical ensemble for calculat-
ing the average properties of a system, the great advantage of this result
being the possibility of using the partition function Z. The canonical
ensemble is next shown in Problems 9 and 10 to have a physical meaning;
in fact it represents the distribution, not of an isolated system, but of a
system in contact with a heat reservoir. In Problems 11 to 14, the average
pressure of system in equilibrium with a heat reservair is expressed in terms
of Z, and the identification of statistical and thermodynamical properties
is given.

4. Show that appreciable deviations from the equilibrium distribution
are negligible by considering the average over the canonical ensemble. The
canonical ensemble is introduced at this point as a mathematical aid;
it is defined as follows: Give each quantum state for the system with
energy & a weight exp (—p8,). Let

Z=3 e,
alia
Z is called the states sum (Zustandssumme) or partition function. The
weighted average energy over the canonical ensemble is thus

B) =3 6,07 /Z = — -4—1:-1 z,
as
where { } is introduced to signify the weighted average for the canonical
ensemble. The average squared energy is

1 A
&%) = 386 /2 =~ — Z.
(6) = L& 7/2 = - =
Suppose that the system can be considered to be made up of a large number
of similar and substantially independent subsystems, 1,2,::-,@. Then
if the energy levels of one of those subsystems are g, &, &y, €tc., then each
energy of the whole syssem may be written as a sum of these energies.
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Show that
Z=g

where z equals the states sum for one of the subsysems. Show that
(52} - (5>’ = Q[('s)l - (‘)t’]

where the { ), expressions represent averages over the terms in 2. From

this conclude that for a large system, for which @ > 10, for example,

that a negligible contribution to Z is made by stateswhich have |& — {(&)?

> 107%&)?, provided that (¥, is not much greater than {g},>. How does

this prove that averages over the canonical ensemble of a property of the

system equals the average over a microcanonical ensemble with & = {&)?
Show also that the formula

{&) = —Qgéln H
(which is used in the preceding proof) leads to the harmonic oscillator
energy, equation (22) of Section 16.1, when z is calculated for the energy
levels (n + %)4».
5. From the result of Problem 4 show that

In Wnl(8)) = B(E) +In 2,

where ¥, {{&}) is the number of states in a microcanonical ensemble of
energy in a small range near {&). The quantities Z and {&) are functions
of 8, the as yet unidentified parameter in Z. Do this by writing Z in the
form

Z= %‘, Hon(B)e™?s

where the states are lumped into groups of #/x (&) states of approximately
the same energy & Show that, for any reasonable choice of the energy
intervals used for the groups, the value of In W,(E) is independent of the
choice, provided that @ is large. [For example, show that if the energy
interval is chosen as proportional to @', 0% or @, the value of In Hu{f)
is not affected.]

6. Show that the major contribution in Z comes from sates in sub-
stantially the same distribution. This is done by showing that thereis an
average distribution represented in Z and that deviations from it are
negligible. Accordingly we find the average number {{»y of subsystems
with energy e, and also the average squared number {{.%}. The mean
squared deviation of Q, is then shown to be proportional to Q so that the
fractional deviation is proportional to 1/@ and is negligible for large @.
The analysis is carried out as follows. Each term in Z is of the form
exp —B[Outa + Qats + @4ty + - - -] where the @u's represent the number
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of subsystems in each state. Evidently
-1 9

(Qﬂ) = ﬂ_z' '5; A

and . 5
1

(Qu’) = Bz_z r&'z Z.

Inserting 3% for Z, obtain
—F%
@ =0
: 2y 0, ™.
@) =+ 0T [1- =]

Show that for large values of @, the fractional mean square deviation of @«
is negligible so that the important contributions to Z all come from sub-
stantially the same distribution.

7.From Problems 5 and 6 prove that for large systems (and finite values
of 8) that

In WEE)) = B(6) +1n Z

where W applies to the most probable distribution.

8. Show that Problem 6 reduces directly to the Planck distribution
[equation (24) of Section 16.1] if each oscillator is taken as a subsystem.
Subsystems in general need not be so simple. (The same procedure can-
not, of course, be applied to the Fermt-Dirac distribution since the Pauli
principle precludes treating individual electrons as independent sub-
systems.)

9. Show that a heat reservoir, which may be taken to be a system in
which @ is made arbitrarily large, satisfies the condition that

31n W(E) = 856

for large changes 8&. Hint: express Problem 7 in terms of @ and z(8)
and let @ — o,

10. Show that asystem in equilibriumwith a heat reservoir with param-
eter Bg will have a relativeprobability exp (—8r8s) of being in a state
of energy &,. Do this by using the assumption of equal a priori prob-
abilities, the method of combined systems used in Section 16.1 and the re-
sult of Problem 9. This shows that a system in equilibrium with a heat
reservoir is distributed in a canonical ensemble with properties derived
in Problems 4 to 6.

11. Suppose that the energy of each state &, of the system is a function
of amechanical variable, such as the volume V. Then the pressure exerted
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by the system in state &, will be
d8,

Pa=—
The state sum will then be a f un c Z{¥,8).>h o w that the average
pressure is

(p)—Ewan

12. Next consider the state of the system as specified by # and 8. Let
the state of the system change by 88, 8#. Show that 8 In W as defined in
Problems 5 or 7, can bewritten in theform

InZ 6’an 1ln Z
Ban=ﬂl:-- Yo 58 - avos +l_3 'Yz 8V:|
= B3{&) + (p)i¥] = p32,

where 58 must be the heat furnished by reservoirs in order to satisfy
conservation of energy. This shows that 862 is an exact differential,
snce it is equal to 8In # and ln A is a function offind V. From this
show that, in a Carnot cycle operating between reservoirs #y and B, the
thermodynamic efficiency is

dg,_.l_._ dﬂ_? =1— B
d2, 82
Thisshowsthat $;: 83 = ¢+ T, according to the definition of the Kelvin

or absolute temperature scaJe We may, therefore, define a constant k
as theratio T3/8:. (The proof that k is Boltzmann's constant requires
the treatment of a particular model such as an ideal gas or a harmonic
oscillator, like that discussed in Section 16.1.)

Show that the reasoning of Problems 11 and 12 can be carried out for
an electrical system, such as a storage battery, by replacing the volume
V by the charge passed through the battery and the pressure p by the
voltage.

13. Show that except for an additive constant the entropy of a system,

defined a.sfdQ./TsrlefﬁdQ. is
S—kln# = (1/THE) + kln Z = ~kg® > (’g

Show, using the relationship between 842 and the derivatives of Z in
Problem 12, that the term on the extreme right of the last equation is a
valid expression for the entropy even if T is so low and 8 so large that the
approximation of Problem 5 is invalid. Hence show that the zero of
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entropy may conveniently be chosen so that at zero temperature the
entropy is
3¢ = k In W (i),

where B (6min) is the number of quantum states of minimum energy for
the system. (Istheentropy equal tozeroat T = O for a hydrogen atom ?)
14. Using the above definition of & in terms of Z, show that

~(1/8)InZ={8) - Ta =T,
where 7 is the quantity frequently called thefree energy. Show the re-
lationship of the definition of entropy of Problem 13 to the equation
oF
aT/) v
15. Show that the mean square deviation of energy of a system in equi-

librium with a heat reservoir is {{& — {6))% = kTcy T where ¢y is the
specific heat of the system at constant volume. Hint: use
(&) a(&)

v = = — kgt

and express all quantities in terms of Z.

= —8.



CHAPTER 17

THE THEORY OF TRANSITION PROBABILITIES
FOR HOLES AND ELECTRONS

171 INTRODUCTION

This chapter covers the most involved material presented in this book,
as may bejudged from its length and the fact that all of its sections, save
this introduction, are interdependent. In it Schroedinger's equation for
a system of atoms and electrons is developed into a form suitable for
interpretation in the language of transition probabilities. The argument
falls into three main parts: (1) finding a set of wave functions suitable for
describing a system consisting of an electron moving through a crystal
whose atoms are vibrating, (2) finding how this wave function changes with
time, and (3) interpreting the results in terms of transition probabilities.

It is not practical to follow the argument in this sequence, however,
without making it seem unnecessarily abstract. It is pedagogically far
preferable to treat first (3) and part of (2) and thus to show in general
terms how solutions of Schroedinger's equation lead directly to transition
probabilities and how the matrix elements obtained from the starting wave
functions fit into this scheme. Accordingly transition probabilities are
treated first in Section 17.2. The treatment makes use of the Weisskopf-
Wigner method of dealing with transition probabilities, which has not to
the author's knowledge been applied previously to the conductivity
problem. It has been employed here, in spite of its complexity compared
with simpler methods, in order to justify the details of the simple picture
of transition probabilities used in Chapters 8 and 11.

On the basis of Section 17.2, it is seen that the transition probabilities
depend upon the matrix elements for an electron-atomic vibration collision.
These matrix elements are evaluated by carrying out part (1) in Sections
173 to 17.5. In terms of the wave functions so obtained, the matrix
element is derived in Section 17.6.

Figure 17.1 has been prepared to show the logical connection between
various parts of the treatment. As in the case of other figures of the same
sort, it will probably be of most value in reviewing the argument rather
than in foreseeing it.

Section 17.7 is concerned with showing the equivalence of the problem
of one hole to that of one electron and then deals with the case in which

481
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many holes and electrons are present—one of the problems discussed in
Section 11.2.

Thetransitions produced by impurity scattering are treated in Chapter
11 and arenot enlarged upon in thischapter. It should be noted, however,
that the procedures of Section 17.2 would apply equally well to the matrix
elements for impurity scattering. It is also specifically pointed out in

THE NORMAL MODES FOR NUCLEAR VIBRATION THE QUANTUIM
VALENCE ELECTRONS AS SPRINGS v ! HEORY OF
PERIODIC BOUNDARY CONDITIDNS

NSITIONS
TAANSFORMATION FROM COORGINATES Rj, MOMENTA ®; %
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s Ua (s,c)Pka(s.c) ()] sennoeomeen
4 EQGN IN TERME OF

ONE EXCESS ELECTRON AND NUCLEAR MOTION { MATRIX ELEMENTS
CONSERVATION OF TOTAL MOMENTUM INTERPRETATION
AEDUCED MASS TREATMENT OF ELECTRON [} IN TERMS OF
{EXISTENCE OF OPERATOR &) TRANSITION

[yX PROBABILITIES

TRANSFORMATION TO RUNNING WAVES (3] Corent oL
CONTACT TRANSFORMATION T NEW PEK a, Itk a
iuxrnn: ELEMENT ;on 3R ) EXPRESSION FOR
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178 n E12I'l hmnE

Pl s

F1 G. 17-1—L ogical Sructureof Chapter 17.

(2) I'sconcerned with finding suitable wave functions;
(2) With finding how the wave functions change
(3) With interpreting the results.

Section 17.7 that the scattering process for holes is substantially the same
as that for electrons independent of the scattering mechanism.

The following list of symbols used extensively in this chapter is repeated
here for convenience. Equation numbers are in parenthesis and section
numbers are not.

rr = position of the center of gravity of the crystal plus the excess
electron. 17.4.

position of the excess electron in respect to the center of the
crystal. 17.4.

my = mass of the electron (used to distinguish this from m below).
17.4.

_,
1
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m = reduced mass of electron pluy crystal (used in this meaning
only in Chapter 17). 17.4.

M, = mass of crystal. (1) 17.3,
Mp = mass of crystal plus electron. 17.4,
M= 4M, = mass associated with a normal mede. (11) 17.3,
N, = number of atoms in the crystal, 17.3,
& = wave function for entire system of crystal plus excess electron,
(5} 17.5.
% = factor of & corresponding to rp. 17.4.
Y = factor of & corresponding to 7.  17.4.
$(n’s) = factor of ® corresponding normal modes excluding motion of
center of gravity, (22) 17.5 and (5) 17.6.
¢ = @(Mamy Y_bai Graes Gaan) = factor of ${n's). 17.5 and (4) 17.6.
Gpay R, & = polarization unit vector, wave vector, polarization index, 17.3.

Some additional symbols such as g, A and y (4} are defined and used in
Section 17.7,

172 THE THEORY OF TRANSITION PROBABILITIES;
MEAN FREE PATH IN TERMS OF MATRIX ELEMENTS

In this section we shall derive the formula for the mean free path in
terms of the general transition theory for a quantum-mechanical system.
In this treatment the formula for the matrix elements, which determine
the transition probabilities, is introduced as an added assumption, the
derivation of the expression being given in Section 17.6 for atomic
vibrations.

The system considered consists of an array of atoms, which are held
together by valence electrons, plus one excess electron in the conduction
band. Except for the excess electron, the electrons are regarded simply
as furnishing a medium which binds the nuclei elastically to their equi-
librium positions; the nuclei can vibrate according to quantum-mechanical
laws about those positions (discussed in Sections 17.3 and 17.5) and their
vibrations interact with the excess electron so as to cause it to make transi-
tions from one quantum state to another. From any given state of the
system, in which the electron has momentum p,, transitions may occur to
states in which it has momenta P3; each change of this sort may occur in
two ways, depending on whether the electron gains or loses energy to the
lattice vibrations. It is found to be possible to treat these two possible
transitions as a single transition by a simple means [Section 17.6, equation
(33)]. For this reason we may consider the end states, to which atransi-
tion is made from a state with momentum PQ> as uniquely specified by the
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final momentum P;. We may, therefore, describe the initial state of the
syatem by & and the finai states by #;, where the & symbols are functions
of the coordinates of the nuclei and of the position and spin of the excess
electron.

We shall assume that the wave functions #, are eigenfunctions of a Hamil-
tonian Jp which differs by a small perturbation term, we shall call it 81,
from the exact Hamiltonian J(. This assumption, which is a genera)
requirement of perturbation theory, will be justified by the developments
in later sections. Accordingly, we may write

= Fo + AU, (1)

and
Ho®; = &,%;. (2}

If the system is initially in the state @, at # = 0, the presence of AU, will
cause transitions to other states €,, and our problem is to find the proba-

bility that the system is in any particular group of states as a function
of time. This is done by obtaining a solution to the time-dependent
Schroedinger equation for I by expressing & as a series,

&= 3ab,

where thea's are functions of time and theinitial state at # = 0 corresponds
to
a, = 8,0, thatis, ap =1, @y =0

The probability of finding the system in any group of states at a later
timeis
Y la,]%, summed over states of interest.

Before considering the mathematics of the perturbation theory, we shall
show therelationship of thisproblem to thetreatmentsof Chapters8 and 11.
On the Basic Equivalence of the Quantum and the Classical Models. During
a collison an electron gains or loses energy to the lattice vibrations and it is
this process which converts the electrical work I°R done on the electrons
into heat vibrations. In any individual collision, however, the loss or gain
of energy by the electron is negligible compared with its total energy, and
we may neglect such changes while studying the scattering of the electrons.
Thus, we suppose, as shown in Figure 17.2, that an electron initially in
state PQ may make transitions to other states of the same energy, such as
Py; and from these it can make transitions to other states, and so on.
We shall s¢ later, under the heading Quantum Theory of Transition
Probabilities, that the perturbation interaction introduces uncertainty in
value of the energy after the transition. As a conseguence of this, the end
states do not lie exactly on the sphere of constant energy but instead are
distributed chiefly in athin shell, represented in Figure 17.3, with a spread



iyl FORMULATION FOR THE CLASSICAL MODEL 485

in energy given by Afre &2 % where Tois lifetime of the initial state, dis-
cused below. This uncertainty in energy is so small, however, that we
may neglect its effects for most purposes and consider strict conservation
of electronic energy to apply.

«—~BlP) =5iRy)

~PROBABILITY OF TRANSITION
PER UNIT TIME 13 wojdnj

FIG. 17-2—An Electron Initial in State Po of the Brillouin Zone Makes Transtions
to Other States of the Same Energy According to the Classical M odel.

In accordance with implication (a) of assumption 1 of Chapter 8, the
probability of transition from any one state to any other state should be
independent of time. We shall now give this assumption mathematical
expression in the form of equations, whose consequences (although not the
equations themselves) we shall later show are equivalent to those of quan-
tum-mechanical perturbation theory. Theequivalence of thesetwo treat-

— Elpl = hﬁ'o

ds= %W’ t o) dBdny
ds

F1 G. 17-3—The Rdationships Between Element of Volume, Number of End States,
and Velocity. (Discussed chiefly on page 489.)

ments justifies the use of the classcal picture of collisons and mean free
times in visualizing processes and making calculations.

In keeping with the procedure of Chapter 11, we consider in Figure 17.2
a thin shell in momentum space bounded by two closely neighboring sur-
faces of constant energy. Since changes in energy are neglected, we may
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treat this shell as a surface and speak of the number of states per unit area
or number of electrons per unit area. Thus we consider transitions from
the initial state PQ to the group of states near Pj lyingin the element of
surface area df}; where 48; has the dimensions of (momentum)® The
probability of transition per unit time will be proportional to the area and
may bewritten

Woid0j. (3)

Thetotal probability per unit time of making a transition from state Po
is then

Wy = L o WoidQj, Q(8) = energy surface. 4)

We similarly denote the probabilities of making transitions from state
Pi by

u and W;= D(SJW ik (5)

We shall next use these probabilities to describe the statistics of the
scattering process.

It is helpful to think of the probabilities in terms of numbers of eec-
trons; this can be done by supposing that a large number N of identical
systems start with an electron in Py at t = 0. Accordingly we shall use
the following definitions

g = number of electrons still in Py at time ¢,

B, = number of electrons per unit area (of the
equal energy surface of Figure 17.2) near
P; which have been scattered once,

v; = number of clectrons per unit area near P;
which have been scattered twice.

ete.

The number of electrons which have been scattered once and are in a
range 4%; and the total number g which have been scattered once are

BidQ; and L aﬁfmi-

The classification of electrons in terms of the number of collisons they have
had simplifies the comparison with the quantum-mechanical theory.
From these definitions and the assumption that the W are independent of
time, it is evident that the rate of loss of electrons from o is #/gag, giving

d

% = —Hoao, a =" Wy =1/m (6)
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where To is the mean free time between collisions of Chapter 11. Therate
of change of the singly scattered electrons in 252, is

d
A BidQ; = aghVo;dQ0; — W ,8,d0;

Bi = Wosag — Wibs; ©)
and similarly

e = f W ed2y — Wppa

These equations express mathematically the idea that an electron in a
given state P; has definite probabilities of being scattered per unit time
into various other states P, these probabilities being independent of time.
This is in agreement with the picture used in Chapter 11 to calculate the
mobility. Our main objectives in this chapter are (1) to show that
qguantum mechanics leads to the behavior predicted by these equations,
thus showing that the simple physical picture used in Chapters 8 and 11 is
correct, and (2) to evaluate the probabilities W. We shall treat (1) in
this section, verifying in addition that the form of the quantities #5; is
consistent with the principle of detailed balancing discussed in Chapter 11.
The expressions for the JV's in terms of the constants of the material will be
derived in Section 17.6.

The Quantum Theory of Transition Probabilities. We shall next present
a quantum-mechanical derivation of the collision formulae discussed
above. The method employed is based on the Weisskopf and Wigner®
treatment of radiation broadening. In their method an approximate solu-
tion is obtained for the decay of an initial excited state of an atom into the
ground state with the radiation of a quantum of light. In our problem, we
consider an electron in an initial state which may make a transition to
another momentum state with radiation of a phonon. In the radiation
case, the final state is specified by giving the characteristics of the emitted
photon. In our case we can use instead the final momentum since the
phonon emitted or absorbed is uniquely described in terms of the change
in momentum. (The slight oversimplification of this statement is recon-
sidered in Section 17.6 following Table 17.2) The electron-scattering
problem is more complicated than the radiation problem, because, imme-
diately after one transition occurs, others are possible. It is possible to
show for the cases of principal interest, however, that these other transi-
tions may be treated according to the scheme of equations (6) and (7).

1V. Weisskopf and E. Wigner, Zeitsfiir Phys. 63, 54 (1930); 65, 18 (1930). See do
W. Heitler, The Quantum Theory of Radiation, Oxford University Press, New York, 1936.
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We shall give a demonstration of some of these relationships in this section,
leaving certain questions of rigor as problems at the end of Section 17.6.

The Weisskopf-Wigner method uses considerably more advanced tech-
niques than those usually employed in deriving transition probabilities.
The more conventional treatments lead only to an initial rate of decay
which is linear in time and thus represent the first two terms, namely,
1 — (t/7), of equation (6). The Weisskopf-Wigner method leads to the
proper exponential dependence. Both methods lead to the same formulae
for T, and thereader who is unfamiliar with the more elementary method
may find it advantageous to study some of the standard texts.?

The Weisskopf-Wigner method starts by expanding the wave function
in a series of the form?®

® = ape ", + T'be iy, ®)

where the coefficients are unknown functions of time satisfying the con-
ditions

g=1 =0 at =0 (9)
and

g = &y, Fw; = &;. (10)

The &; functions differ from &, by having one more or less phonon than
&, in our case and in the radiation emission case by having one more
photon. Thus &g is not one of the #’s in the sum of &;. We shall neglect
in the first treatment the possibility of transitions from one @, to another
or to other functions in which more changes in the phonon field have
occurred, With the aid of these assumptions the differential equation for
the coefficient a4 is obtained from the time-dependent equation,

He = (30 + W)e = (H)d, an

by multiplying by $,* and integrating over all coordinates and by using
:H.‘g'o = &gig:

ihay = T/ QU0 ey, (12)
where Qp; is the matrix element for transition from 0 to f:
Ug; = f $,%91,8,4 (all coordinates). (13§

The matrix elements of @Iy, as follows from the treatment of later sections,
areHermitian and in addition @lgg, which is omitted in (12), is shown to
vanish in Section 17.6. [As the text just preceding equation (28) of this
section indicates, the perturbation due to @U; is small compared to thermal

2gqyuch as L. . Schiff, Quantum Mechanics, McGraw-Hill Book Co., New York, 1949,
Section 29. Hisequation (29.12) is equivalent to our equation (23) for Wo;.
82' represents a sum over all states omittingj — O,
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energies for electrons.] Similar manipulations on (11) with #;* give
fﬁ; = Qf et —ig,, (14)

We shall next verify that an approximate solution of these equations is
=™ (15)

ALy ellw/ == _ |

=R = =1

(16)
where 17 is a constant which we shall shortly evaluate.

In terms of rj the probability that the electron isin state zero is |ag|? =
exp {—2n#) from which it is evident that the transition probability and
mean free time for state &g are

Wo=2 and 7¢=1/2n.

Equation (16) above for bj follows at once from that for a; and the dif-
ferential equation (14). In order to satisfy the equation for a, we must
have
éul):ql.fo 1 -— e[ﬂw—w;)'}‘!l

A iy — @) —n
as may be found by direct substitution. (As we shall show below, this
equation can be solved for rj giving a constant value independent of /.)
The summation is next replaced by an integration, it being assumed
(justified in Section 17.6) that 9Ug;9Uje = |Ue;s|? is a Sowly varying func-
tion of the end state.;. The density of end states is (F/4%) since changes
in spin do not occur. For integration coordinates we use elements of area
4, of the constant energy surfaces and the energy itself. The element of
volume in P space is thus

AV = dyg(P,)d6

=X (17

where
gP,) = 1/|Vp6(P)| = 1/v;, 2; = |vs|

is the separation of the energy surfaces per unit energy difference* (As
discussed above, we neglect the energy of the phonon.) For brevity we
shall introduce ps (a function of P3) which gives the number of end states
ds per unit energy per unit surface; by definition we then have
V V
Py, d0 = bs—qidﬂ,'ds, pi = }la_l?j. (18)
This relationship, together with certain other features of the integration
over P-space, is shown in Figure 17.3 on page 485.
Theintegration may be carried out approximately making use of known

* See Section 11.2 for a further discusson of d¥
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integrals. It is convenient to replace 4& by #dwj, which then brings
equation (17) for 17 into the form

f I%J‘l’ 1— 'H(-o-Uﬁh!
T= P
A i(wy—wo) — 1
The factor involving wg — wy is largest for transitions which conserve
energy, and for these its value is (1 — #*)/q; for large differences between
wj and wo it is usually regarded as negligible. If we consider the important
contributions to come from so small a range of w; near wy that the other
factors in (19) are constant, we can make use of the equations
. +E 1 - >0
lim f e i) 2@ T B2
L—svV-L i{wg — wj} — ¢ +n, 1<0
+L ell'lun—«iHnl! —21r, 2>0
lim T du -={
oL i(wj—wg)—n" " 0, <0

(See Problems for a discussion of the integrals and convergence questions,
and with their aid carry out the integration over ocoy) This procedure
reduces equation (19) to

|2
L

where the integration is over the surface &; = &;. Thus for all values of
t equation (17) is satisfied by the same value of n so that (15) and (16)
constitute a good solution for the time-dependent Schroedinger equa-
tion (11).

We shall next show that the differential contributions to t\ can be inter-
preted as transition probabilities per unit area of the energy surface. To
do thiswe consider the probability that the electron be found in the element
of area d2 with some unspecified energy fiw;. This probability is the sum
of the appropriate |44* and is

IQJ. I 1 T - w
dﬂ:‘f |84|2phdie; = d2; f ;o ite (o = wo);m: E::j o)t

- La-em ol i, (21)

pide ;8. (19)

du;ps

where we have once more taken the other variables as constant over the
important range of integration for «y and have allowed the limits to extend
to =% ; the necessary integrals are standard forms® As is shown in
Figure 17.3, the important range of integration is that for which A§=
|8; — &g| = A9 corresponding to |w; — wp| = . This result is consistent

1B. O. Pierce, A Short Table of Intervals, Third Edition, formulae (480) and (490), Ginn
and Co., New York, 1929.
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with the uncertainty principle in the form A®&A# = k and with the inter-
pretation &t = 1/g = 27v¢ where 74, as we shall show below, is the lifetime
of the state #¢. For cases of practical inter e4& s much les than &,
so that the spread in energy is relatively unimportant; this point is also
discussed shortly.

Ifin the classical equationswe suppress second callisions, so asto have a
situation corresponding to the quantum-mechanical case just treated, we
find the fraction of the electrons which have been singly scattered by
solving the following simplified form of (7)

By = Wojog = Woge™ ¥,

thus obtaining

1 -
B; = 7, (1~ e ")y (22)
which is equivalent to (21) if we make the identifications
ay, |4
Fo; = l_;OL 2xp; (23)
ro = Wy = 2g 2 _L . Fosdt 24)

Thus the behavior in time for the Weisskopf-Wigner approximate solution
leads to the classcal behavior with the interpretation that transition
probability per unit area of the constant energy surface is given by (23)
and the mean free time To is given by (24).

The Principle of Detailed Balancing. The form of equation (23) allows
us to verify that the principle of detailed balancing holds for the collisons
considered here. Thus if we consder a thin energy shell of the sort dis
cussed in Chapter 11, Figure 11.1, we can show that under equilibrium
conditions the number of electrons making transitions from an element of
volume d64%; to 4840, is just equal to the number making transitions from
dbaf; back vo d840;.  The reasoning given in Section 11.2 is based on the
equality of pJ#y; and p;# ;. This equality follows at once from equation
{23) since we can write

o = o Wil *2w0;/8 = pn U520 /B = p, T . (25)
The third expression, which is symmetrical in i 2nd f, follows from the
Hermitian property of €U, which leads to Uy = R y*,
The modifications required by the Pauli exclusion principle are discussed
in Section 17.7 and also in Chapter 11 in which the result (25) is used.
Critique of the Quantum-mechanical Treatment. The derivation of (23)

and (24) suffers from the flaw that second collisons were arbitrarily pre-
vented. It is possible to extend the theory so as to include these but at the



492 THE THEORY OF TRANSITION PROBABILITIES [17.2

expense of additional questions of convergence. We shall outline the
method here and give some additional details in a problem, leaving the
actual manipulations as an exercise to the reader.

We have found that any given state, described by ao, makes a transition
to states bj so that ao varies as exp (—1?). Thus the effect of interaction
with b states causes ao to vary according to the equation

ihdg = iknag.
This suggests that, in dealing with the decay of any one state, we can
replace the effect of the states which it excites and to which it decays by
writing —sfngg, in place of the sum of SUg,b; exp [f(wg — w4)f, which occurs
in the equation for #idg [that is, (12)]. If this simple procedure is legiti-

mate, we may represent the effect of the states to which the &,8; series
may decay by writing

ihby = Ujpe™ ! ~Vay — ifind,, (26)
the 33 term being obtained in just the same way as 17 except that the

initial state is ®; instead of ®,. |f this approximation is made, another
solution of the Weisskopf-Wigner type®can be obtained for the coefficients bj

5 Gum eil'(w—wl —ild __ e
’- =

PR gy ey @n
and it can be shown that these bj once more lead to the classical probabilities
when a new set of transition probabilities W are defined for the transitions
from #; to other states.

This process may be pushed farther on so that the states arising from
decay of ®, arein turn considered, etc. In this way the analogy between
the quantum theory and the classcal collison theory may be made as
complete as may be desired.

There are, however, some annoying questions about the validity of this
procedure which we endeavor to dispose of in Problem 4 at the end of
Section 17.6.

One point which we may discuss here is the validity of replacing |y;|%p;
by a constant during the integration over w,, The important range of
integration is that for which jw; — mo| & g = 1/21p. This corresponds to 2
change in electronic energy of 8& = #/27,. For an electron in germanium at
room temperature, To = 10712 gec so that §& = 1072% erg or about ¥7/50.
Hence the variation of energy over the important range is only a few per
cent of the encrgy of the electron and, consequently, the changes in |QUg,|%p;

may be neglected. (See, however, Problem 2, for other questions of
integration.) The criterion that the important range of hw; be small

% In fact very similar to the one they usad in considering two successive radiation processs.
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compared to kT has been discussed recently by Seitz’ who expreses the
requirement in theform g > 30 em®/volt sec.

The Calculation of the Mean Free Time and Mean Free Path. As we shall
show in Section 17.6, the value of the matrix element can be written®

|Ug|? = 2T/¥V (28)

where T is the absolute temperature, V the volume of the crystal, and Aisa
constant depending on the elastic properties of the crystal, the mass of the
atoms, and certain attributes of the wave functions but not uponPo or P,.
The formula states that |QJ.,-.;.|2 is independent of the change in direction of
the dectron's motion, so that, after being scattered, the electron is equally
likely to have momentum in any direction. Since the values of #; do
not depend on the direction of P, the integration over 42, in equation (24)
in this case thus reduces simply to multiplication by 4xPs%. Using the
formulasy = |P0|/m,., which relates electron velocity vo to momentum and
effective mass m, we may evaluate (24) as follows:

1_ _ Ty rape e X[ E LAY, o
— j(; o ol = 3 p;| Gt jo| 42 Py = [&3 a.,] 7 4P
ATm,2?
= L0 0y = 0o/I(T). (29)

This expression shows that the transition probability is proportional to po,
corresponding to a mean free path /(T) independent of velocity and given
by the formula

okt

A7) = ATm 2

(30)

It is perhaps worth while to point out that the constant mean free path
independent of energy of the electron results directly from the fact that the
matrix element is independent of the electron's initial and final momenta.
This independence of mean free path upon energy will apply even if the
bands are degenerate, provided only that the energy in any direction of
P-space varies as P?. If this last is true, then the area of the constant
energy surfaces will also vary as P? or as the energy & and the spacing
between surfaces will vary as &5, Consequently, the transition prob-
ability will vary as & X &% or &% and this is proportional to velocity.
Hence even if the energy surfaces are quite complex, the mean free path for
a given direction of motion will be independent of velocity.

Asshown in Chapter 11, the expression for constant mean free path leads

" F. Seitz, Phys. Rev. 73, 549-564 (1948).

8 This effective value indudes the contributions both of processss involving gain and of
proossss involving loss of energy by the eectron.
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to a mobility

g = 43V ixkT/m,. (31)

The treatment of atomic vibrations and their interactions with the electrons
in the following parts of this chapter establish the expression for [Glla':'|’:
show that it has the form £T/¥, and evaluate the constant A.

The equivalence of the scattering of holes to the scattering of electrons
and related questions are discussed in Section 17.7.

PROBLEMS

1. Evaluate the integrals used in equation (19). This may be done by
contour integration in the complex plane. Thefirst integral is elementary
and the second is obtainable from the contour from —R to +R on the real
axis plus the semi-circle below the axis. (See aso Whittaker and Watson,
Modern Analysis, Fourth Edition, p. 123, problem 15. Cambridge at the
University Press, 1927.)

2. Both integrals considered in connection with (19) are improper in-
tegrals and their values depend upon how the limits db for @y are ap-
proached. The exponential term will converge unless |Uoyl? increases
more rapidly than |wp — w;]. However, the other term may give an
imaginary component of the form

hmfh-. £+.(w|:uo’|’

Compare this with the second-order perturbation energy [see, for example,
Schiff, loc. cit., equation (25.12)] and show that its effect is to correct the
frequency of the state # to account for the average energy of the system
as awhole.

3. Substitute bj of equation (27) into (12); show that (12) is satisfied
andi; given by (20). Calculate the value of P; for these b/s and show that
the expression which replaces (21) is the correct solution for equation (7)

of the collision theorv provided the interpretation Wi=2m.is used.
4. If #(¢) is a solution of Schroedinger's cquatlon (when magnetic fields

are absent), then #*(—¢), which runs backwards, is also z solution. Yet
equation (12), g4 = ¢, obviously cannot be run backwards indefinitely.
Show that, at # = 0 when all ; = 0, 45 = 0 and not —» and hence that the
Weisskopf-Wigner approximation must break down at £ = 0, To what
solution for negative 7 will the W-W approximation actally correspond?
Why isit that the W-W solution can be reversed in time while those of the
collision equations (6) and (7) cannot?

173 THE NORMAL MODES FOR ATOMIC VIBRATION

Asoutlined in Figure 17.1, several steps are required in calculating the
matrix element for a transition involving changes of electronic and vibra-
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tional state of the crystal. In this section we initiate this treatment with
an analysis of the motions of the nuclei, regarding the valence electrons
simply as a medium for exerting internuclear forces. The justification
for this procedure is based on the high ratio of nuclear mass to electron
mass. As a consequence of this difference, the bonding electrons move so
much more rapidly than the nuclei that their wave functions are the same
as if the nucle were momentarily stationary. The energies of the wave
functions of the bonding eectrons depend on the nuclear coordinates,
however, and as the nuclei move these energies change. The work done
by nuclei on the electrons as the nuclei move represents an effective poten-
tial energy for the nuclei and can be introduced as such in the Schroedinger
equation for the nuclear coordinates. In this case the electrons can be
thought of as moving so rapidly that the nuclei are affected only by the
average force exerted by the eectrons and this is given correctly by the
use of the electronic energy as an effective potential energy.!

Accordingly we consider a crystal containing JV, atoms. We assume
that the crystal structure has one atom per unit cell so that all atoms have
the same mass and are otherwise equivalent. We shall assume that peri-
odic boundary conditions apply so that we may think of atoms located
at x = Ay — a, where A, is the boundary-period in the x-direction and a,
the lattice constant, as being neighbors of atoms at x = 0. If the crystal
as a whole undergoes translational motion, atoms crossing the x = A
plane may be thought of as simultaneously re-entering at x = 0, no
momentum being involved in the transfer back. Alternatively, we may
imagine that the crystal as a whole moves outside of the block from
x = 0 to x = Ax by considering that the potential energy between any
two nuclei may be represented as a periodic function of their coordinates
X717 and xgyze which satisfies the equation

By — xay y1 — yo 21 — 23)
= V(¥ — %3 + teds, y1 — Y3 + 1Ay 5t — 22 + n,4,) (1)

where 4, 4,, 4, are the periods and the »'s are integers. These two

possibilities are indicated in Figure 17.4(b) in which the atoms of the crys-
tal and their periodic "images' are shown. The atoms a and b outside
the boundary are equivalent to their periodically related images a* and b"
inside the boundary.?

A system of this sort can exert torques on itself so that the angular

! Detailed treatments of the separation of nudear and electronic coordinates are given in
many textssuch asF. Seitz, TheModern Theory of Solids, Chap. X 1V, McGraw-Hill Book Co.,
New York, 1940; H. Eyring, J. Walter, and G. E. Kimball, Quantum Chemistry, Chap. X | ,
John Wiley & Sons New York, 1944. Sseds R. P. Feynman, Phys. Rev, 56,340-343 (1939).

2 For a discusson of the effect of various boundary conditions e M. Born, Proc. Phys,
Soc. Land. 54, 362-376 (1942).
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momenta are not constants of motion. Thus if the crystal as a whole is
rotated slightly as shown in Figure 17.4(c), the "images' produced out-
side the boundary by the periodic boundary conditions are seen to exert
forces on the atoms inside and these forces tend to rotate the crystal back
to parallelism with the periodic boundaries. This feature of the model is
somewhat artificial; one can "imagine, however, a two-dimensional crystal
in which these boundary conditions would apply by following the line of
reasoning given in Section 15.9. Furthermore, the general nature of the

.
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F1G. 17-4—The Effect of Periodic Boundary Conditions.

(a) Normal arrangement.
(b) Trandated arrangement.
(c) Rotated arrangement showing how the crystal can exert a torque on itsdf.

results obtained with the periodic model would almost certainly be repro-
duced, although less conveniently, by using other more physical conditions.

The Normal Modes. Our problem in this section is to obtain a solution
of the Schroedinger equation for the motion of the nuclei. In this treat-
ment we shall use three sgs of vectors, Ry R and 8 , to describe the
positions of the nuclei, the choice being dictated by convenience for the
later development. These R*s are defined as follows: A certain reference
position in which the nuclei are perfectly arranged on a periodic lattice is
sdected for convenience. In this arrangement one of the atoms, called
zero, is selected as the origin. The vector postions of the other atoms
constitute the set R, so that R; is a translation of the lattice. The vector
iy Ay, being an integral number of lattice constants, lies on an extended
point of the R; lattice. In the disturbed arrangement of the lattice, atom
{ moves by an amount §R, so that

6R; = R/ — R; 2)
or, in words,

displacement from reference position
= actual position minus reference position.
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In terms of the position vectors R.' and the conjugate momenta Py,
Schroedinger's equation for the nuclear motion is

1
[ P2+ DR, RN.')] & = &8 (3)
where P, = (3/§)¥a’ and the subscript indicates the coordinates of the
nucleus or atom are involved. For small amplitudes of vibration, B may
be expanded as a quadratic form and a set of normal modes obtained
having coordinates and momenta ¢, and p.. For periodic boundary con-

ditions these modes can be expressed in terms of running waves like those
of Figure 56; for a three-dimensional crystal, however, the modes can
propagate in space and, furthermore, each atom may vibrate in three
dimensions. In order to arrive at these running wave solutions, we shall
take two preliminary steps.

We consider first the classical problem of finding normal modes. For
this case it is advantageous to use the set of quantities 88, which represent
the deviation of R." from the reference equilibrium position of the crystal
for which the atomic positions are-8; The classical equation of motion,
derived from Hamilton's equations, or from F = ma, are

M (FP/dP)WR, = —V,V(ER's) (4)

where W\ implies taking the gradient in respect to8R; and where B isnow
approximated asaquadraticformin the 8R’s. Thenormal modes for such
structures, taking into account the effect of the periodic structure of the
crystal upon theform TW(6R’s) are treated in detail in many texts, the
general methods being analogous to those employed in other parts of the
chapter.®* These normal modes are required to have the property that
all atoms undergo simple harmonic oscillations with the same frequency
and phase [except for reversals of direction corresponding to phase differ-
ences of 180°, as shown in Figure 5.3(j) to (n)]. We shall denote the
amplitudes of the normal modes by the normal coordinates g. In terms
of the normal modes the displacements of the atoms are found to be

3R = tz Groalrac €05 B - R, + gpay sin &+ R,) (5)

where each normal mode coordinate undergoes simple harmonic motion
independent of the others. The wave vector & is required to satisfy the
periodic boundary conditions so that

kgdg -= 2“5, kfdﬂ = 2""’, k./f' = 2”", (6)

'Sections 14.7 and 15.3 for analogous problems; for textbooks see, for example, F. Seitz,
TheModern Theory of Solids, Section 22, McGraw-Hill Book Co., New York, 1940; L. Bril-
louin, Wave Propagation in Periodic Structures, McGraw-Hill Book Co., New York, 1946;
and A. H. Wilson, The Theory of Metals, Cambridge at the University Press 1936, Chap. V I .
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where the n's are integers. For each wave vector k, there are three
directions of polarization, corresponding to values 1, 2, 3 for subscript a;
these three directions of polarization are specified by the unit polarization
vectors G,. In an €elastically isotropic crystal, one of the three G's for
agiven kisparallel to k and represents alongitudinal wave while the other
two G's are perpendicular t0* k and to each other. For a cubic crystal,
as is shown in Problem 1, the three G's are perpendicular although the
property of being purely transverse and purely longitudinal is not pre-
served. For each k and a, there are two patterns of vibration one vary-
ingascosk - r with normal coordinateqse . and oneassin k « r with nor mal
coordinate gqw

The lattice of k-values described by these equation* is simply related
to the basic lattice of P vectors in the Brillouin zone [see equations (9) to
(11) section 5.5] by the equation

hk = P, @

The distinct values of k are also limited to the Brillouin zone and we shall

refer to the limited set of k's as the basic set of k's. The relationship

between the k and P values plays an essential role later in connection with

electron transitions for which changes in P excite lattice waves whose
-values are given by the changes in P/h.

So far as the standing waves described by cos k* R, and sin k* R; are
concerned, it is evident that k and —k give rise to exactly the same dis-
placements; hence, in the sum over the possble values of k we shall re-
quire that opposite values are excluded. (This can be done by excluding
all negative ny; for n, = 0 excluding negative; and for n, = n, =0
excluding negative n.. See Problem 1 for questions of counting.) It is
also evident that equivalence relationships exist for -values on the sur-
face of the Brillouin zone in the same way as they do for P-values [see
Figure 5.11(a)]. For a simple cubic crystal, the edge of the Brillouin
zone for k corresponds to the value w/a where a is the lattice constant for
[K«l,IKyland [K,|. For each value of k, there are three possible directions
for the unit vector G distinguished by values 1, 2, and 3 for a. The
frequencies of vibration of the normal modes are determined by k and by
the direction of polarization and are denoted by wk the same frequency
being obtained for both the sine and cosne modes. We shall not derive
these results nor the other consequences, which we shall quote, of the
analysis of the normal modes, but will instead outline the method of
derivation in a set of problems at the end of this section.

Three normal modes are of special interest; they correspond to k = 0,
and towp,0 = 0. For one of them we may take Goi asiy, the unit vector
along the x-axis. The sine term vanishes for k = 0, and the cosne term
gives a displacement i corresponding simply to translation of



173 THE NORMAL MODES FOR ATOMIC VIBRATION 4$0

the crystal. These three modes represent motion of the center of gravity
of the crystal and may be expressed in the form

R, m ix901 + b0 -+ agos (8)

where R, = 3 8R,/N, summed over all nucle since the displacements
due to each mode with k ¢ Q satisfy the equation ¥ 8R; = 0.

The entire normal mode system corresponds to a transformation of
coordinates of the form

Xy - Zdtm

where x stands for a nuclear coordinate, such as thejy-component of 8R;
and qj for one of the normal modes. From the general nature of the nor-
mal mode problem, it follows that the Hamiltonian function in terms of
the normal modes is expressed in the form

Ll pr sl s 2,3
= GPc +22M(P| +M2‘"19|) (9)
w h M. = N,M, = the mass of the crystal; )
M = MJ/2; (| D
P, =3P, (12)

The mass of each nucleus should have added to it the mass of its core and
valence electrons which follow it in its motion; thus M. will really be the
mass of the entire crystal. The vector P, is the momentum of the crystal
as.a whole and is conjugate to R.. The sum of the other terms extends
over all gaee @ Ngraa O 1 Which & 75 0.

For future use we shall write the Hamiltonian in the abbreviated form

! o
X 2M°P° +Z‘3'Cd (13

where i stands for any of the ka pairs for the standing waves so that
1
K = m[pee’ + pi® + M (gi® + gi®)] (14)

We shall henceforth refer to the g's as the normal modes for the standing
waves, or gqd for short, and to R. as the center of gravity of the crystal.

The transformation to the g*s and R. is a contact transformation in
both the classical and the quantum-mechanical snse (see Problems 2 and
3) so that the eigenvalue and wave function problem is equivalent to that
of a free particle corresponding to R, and to 3(Ng — 1) independent
harmonic oscillators.

The following three problems amplify the reasoning behind these
results.
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Problem 1. This problem constitutes a proof that the waves of equation
(5) are normal modes for a simple cubic lattice in which each atom is at a
center of symmetry for the undeformed state. This simplified case will
serve to illustrate the general features of the normal mode problem. (For
more general crystals see references in footnote 3 of this section.)

Suppose that for the equilibrium reference position, one atom is at the
origin and the other atoms are located at positions specified by lattice
vectors R. The displacement of atom i from its reference position R; is

(%> ¥ 2.} = 8R,.
The atom .whosc reference position is R; + R, has a displacement which
we may write as
(*rtes Yoo Tipa) = BRp.
For small displacements of the atoms the force Fi on atom i will be alinear

function of the displacements. Show that its x-component Fy has the
form:

~F.=2 [ e ax.::x ik a::;’ + T Bx?::q;..]
= £ [ st — 53 + Ot = 30 3
+ e =205
the second equality following from
B LA LA L

2 6x,ﬂx.+, M ax‘ay._}., . ax.az“..

an equation which states that translation of the crystal as a whole produces
no restoring forces.
Show that the wave motion

BR, = Ge vt = Get®s

satisfies the equations of motion, provided that
—M# = ’M,G.e'™ = —F,,

“ ‘bﬂl 8 6‘2]7
- 4G, (6% ~ 1) am+e-c>:<e - Dy
2
+ G E™ — 1)

- 3“‘ [Mucs + M:wa + M,,G, H

and similar equations for G, and G, are satisfied. From the periodicity of
the crystal lattice and the assumption that each atom is at a center of



173 PROBLEMS ON NORMAL MODES 501
symmetry, show that
aAv *v ?*v
= = ]
00 0ye  OXOYe  ONONip.

and hence that the quantities
Moy =My, M,=M, M,=M,

are real functions of 2. Thus the equations of motion reduce to

MG, = MuG. + MG, + M,G,

MGy = MGy + MGy + MyGs

PMGs = MGy + MG, + MG,
These equations are equivalent to the symbolic equation

o’ M,G = MG

where M is the matrix having the M’s as components. This matrix is
Hermitian since M,y = M, and M,, = M,.* because the M’s are real,

The eigenvalues w?M, of this Hermitian form are all positive, as may be
shown by evaluating the potential energy. Consider the displacement

BR; = Real part ¢Ge't' %, (A)
This produces a force on atom 7 for which the x-component, for example, is
F,; = — Real part of €' ® [M,G, + MGy + MG
= —gcos K- R; [M;;G; + MGy + MGl
The energy required to increase ¢ by Jy is
—ZF,-d(8R) = (L cos® k- R,)qdy X [M.G.? + M,,G,G, + M,G.G,

+ MpGGr + MGy + MuGyGs + MuG,Gz + MGGy + M,G,3)
so that the stored energy due to (A) is [except for k=0 and k=

(x/a, x/a, x/a)]

¢IN(6|M|6)
where (G|M|G) is the quadratic form of the G's. In proving this result
cbtain also for later use the relationships

3 cos (k- Ri) cos (k' - R} = X sin (k- R) sin (' - Ry)
= (No/2)bn, »

unless & = O or k = (r/a, x/a, x/a), for which cases the value is twice as
large for the cosine sum, while the sine sum vanishes. Show also that
termsin which mixed sines and cosines occur all vanish.

Since the equilibrium position (all g = 0) is assumed to be minimum
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energy, it is thus evident that (G|M[G) is a positive definite quadratic
form so that the eigenvalues w® are positive. Since the coefficients in M
are real, the eigenvectors (G:, G,, G,) can be chosen to be real,

Prove from the properties of the Hermitian form that the three eigen-
vectors G, denoted by G,, or Gy, Gg, &3, are mutually perpendicular.
From the same properties prove that for the displacement

BR; = Gy(grocos R Ri + grasin R« R;) + Ga(ggccosk - R; + ¢z sink - Ry)

+ Galgaccos k- Ry + gee sin k- Ry)
the stored energy is

&NIMH [wls (9162 + 91-2) + “83 (gﬂns + 9'2") + “’88 (?80’ + 98!2)]
and that the kinetic energy is
}‘N:Mc [Q'l.e2 + d’u’ + é!c’ + dﬂt’ + és:s + és:gl-

Prove that no interaction terms arise between displacements coming
from different values of & of the basic set, equation (6).

Show that for & = 0 the sine terms should be omitted and that w =0
so that appropriate coordinates are gy, goz, gos Eiving

S8R, = izg0 + hygos + fig0s

where the i's are unit vectors along the cartesian axes.

Count the number of normal modes produced by this process and show
that including the motion of the center of gravity of the crystal there are
just 3Ny normal modes corresponding to the three degrees of freedom
per atom. [Consider especially the differences produced by odd and even
numbers of atoms along the edges of the crystal and note the equivalence
of points on the surface of the Brillouin zone; see Figures 5.11(a) and
5.6(d).]

This shows that the 3Ng coordinates of the nuclei can be expressed in
terms of the 3N, normal modes with the kinetic and potential energy terms
becoming

KE =M (4 + tos? + tos®) + 2 T all ¢
2 2 40
PE. = "‘{ T St (Frars + o)
kpid &

where M, = N,M, is the mass of the crystal and M = M,/

Problem 2. Show that Schroedinger's equation in the normal mode
coordinates is correctly obtained by replacing the § terms by p/M and
using (%/f)a/og for p. (An outline of the proof is as follows:)

It is, of course, a basic assumption that for the nuclear coordinates
themselves P; = (%/§)¥g,. It must be proved that the transformation
from the J?/s to the g¢'s leads to the appropriate form for the kinetic energy
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operator for the q's. This can be proved by showing that
1 174 a 3 1 &
LTI Re Y
M, g BT M. Lage® + d0a” + 8g0s° + M E., a
Prove this in more general terms by showing that if a real linear transfor-
mation A from one set of coordinates g; to another set ; has the form

Q= ;ﬂfm

and preserves the diagonal form of the kinetic energy
gM.Q,ﬂ = ,Z”'Jgiss

then the transformation B given by

by = V Mifm; ay

;5:.'5:; = By

has the property

so that, since the 4,; are real, B is unitary, (See Problem 3.) From the
unitary property it follows that

;5.:51: = 8.
From this prove that

which shows that Schroedinger's equation takes its proper form in the
normal mode coordinates.

Prove that the classical momenta P; = M,0; and ps = m,4; transform
according to

P = ;cup; where ¢ = (M,/mjlac; =V Mi/m, b
and that ths transformation is a comtact transformation since
Pdi = ?ﬁdﬂ-

Show that the operators (#/:)3/80, and (%/i)d/dq; also transform the
same way, that is,

Show that, if a set of operators Py, ¢: which satisfy the commutation
relations
(Pig; — gips) = (i/B)éyy
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are transformed according to
P;= ‘Zt.'m and @ = jxsaﬁ,

then the operators #; and £ satisfy similar commutation relations.
Problem 3. Establish the.properties of a unitary transformation of n
variables Xj to n variablesyj . Let the transformation A be

yi = Raigty or symbolically, y = Ax A)
where all quantities may be complex. If the transformation satisfies the
requirement

Ty = .?x,‘x,,

it is said to be unitary. From this show that
;au‘m = 8n

so that the reciprocal transformation 4™ has the matrix
(47} = 4i;* where 47"y = x.

Show that, if A is a unitary transformation, so is £ and hence that the
ayi's also satisfy
Eaj.‘ag; = &,k

174 THE INTERACTION BETWEEN ATOMIC MOTION
AND ONE EXCESS ELECTRON

In this section we shall consider the effect of adding one extra electron
to the crystal over and above those necessary to complete the valence
bonds. We require that its wave function satisfy periodic boundary con-
ditions with the same boundary-periods A, As A, that apply to the nuclei.
The electron interacts with the nuclei and with the valence electrons.
The state of the latter, we shall suppose in keeping with the last section, is
determined by the nuclear positions. Thus the interaction energy may be
taken to be Ql{r,, 8R's) where r. is the vector position of the electron and
the §R’s are the nuclear coordinates, equation (2) of Section 17.3. Since
our model is periodic, 8 must satisfy the equation

QAi(r, + 4, 5R's) = AU{r,, §R’s) (1)
where 4 is any vector whose components are integral multiples of the

boundary-periods Az, £y 45 In terms of the normal coordinig'sand
the position of the center of gravity of the crystal, 8 may be written as

Y = q,[(r, — R, qs) = QUp(r, — R,) + a, (re — Ry, ¢'s) (2)

as may be seen as follows. If thej's have certain values, corresponding to
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a deformation of the lattice which leaves the center of gravity of the nuclel
fixed so that R, = 0, then the potential energy will be QU(r,, ¢'s). If
R, 7 0, the effect is to shift the entire potential field by R.; this is taken
account of by replacing 7, by ¥, — R.. The 8Ql; term carresponds to the
perfect lattice and does not depend on the ¢'s. The 9Ql; term vanishes

when the s are all zero and represents the effect of deformations; it is
the term which causes transitions. In making calculations we shall con-
sider only the termsin ®; which arelinear in the~'s  (Since the electron
at position re is probably not at a minimum potential energy, linear terms
will be present.)
Using this form for the interaction of the electron with the lattice leads
totheHamiltonian
1
X i,
where the subscript erefers to the actual, not effective, mass of the electron.
Since R, now occurs in 3, P, no longer commutes with I and is not a
constant of motion. However, since r, and R occur only in the form of
the difference vector r = r, — R,, it is possible to replace r, and R, by two
new coordinates and P, and pe by two new momenta according to the
following transformations:

2 Y -R. 4
P, +‘23f|+2mcﬁu +Gu-(rc csqs) (3)

M, ™,
prepitPy b=t P, @
Me M,
=T a7 ey =1, — R,
T Mrr'+MrR r =7, (5)
Mp = My + m,. (6)

In these equations g and ry are evidently the momentum and the position
of the center of gravity of the (T for) total system of electron plus crystal.
As the reader may verify, this reduced mass transformation brings 3 to
the form

I = (1/2M7)pr” 4 TH, + (1/2m)F + U, ¢'s) @)
where m is the reduced mass: .
m = mM./(m, + M) = mM,/Mr. (8)
Theinverse transformation is
Pe = (me/Mz)pr + 2 P, = (M./Mr)pr ~ 2 9
te = rr + (Mc/Mr)r R, = rp — (m./Mr)r, (10)

The reader should verify for the ~-components, for example, of this trans-
formation that the conditions of Problem 2 of Section 17.3 are satisfied so
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that the operators (§/§)¥, and (#/i)¥,, may be substituted for # and ps.
The expresson for 4 may advantageously be written as the sum of
four terms

= e + 3 + ZHe + Unr, ¢') (i1)

where the ¥, terms correspond to the normal modes, equation (14) of
Section 17.3, and the new Hamiltonian expressions are
H,p = (1/2Mr)pr? (12)
K, = (1/2m)p* + Uy(r). (13)

Except for the term 9j, each term involves only one st of conjugate
coordinates and momenta. For such cases the coordinates are said to be
separated and the solutions for the equation (3 — Q)& = && can be
obtained in terms of products of eigenfunctions for ¥y, K, and the various
H:, a procedure which forms the bass of the calculation of the matrix
elements for transitions given in Section 17.6. We shall deal in this section
with the wave functions for TT and r, leaving the gs for Section 17.5 and
the entire wave function & for Section 17.6.

We shall thus consider a wave function of the form x(re){e(r) which
satisfies

(Frp + I X (rr)U (1) = Ex(re)¥e(r)

and the proper boundary conditions.

In accordance with the customary method of separating variables, we
divide this equation by ¥y ; noting that H,  does not operate on r in
Yr nor does [, operate on rz in ¥, we obtain

Tk /x) + TP/ Y)Y = 6.

From which we conclude that both terms on the left are constants (inde-
pendent of r and TT) SO that we have
Hogx = &% oy = 8¢
and
& +6&" = 6.

It is evident that pT commuteswith J,p so that pr is a constant of motion.
This leads to

X = VM exp (iPr - ro/h), & =Pr'/2My (14)
where V' = A.A,4, is a normalization factor so that the integral of
¥ *xdV;, over the volume is uniry.

The equation for ¥ is identical with that of an clectron moving in a
fixed potendal field SlUy(r) except that m occurs in place of m,. Since

m=mM/(M 4+ m) = M-/U + (mlfMe)]:
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the difference between m and me is negligible. The solutions of this equa-
tion may then be taken to be the customary Bloch functions fes{r) where

Hop () = EPNp(r) (15)
(1) = VM exp (P - v/K)up(r) (16)

where ug(r) is normalized to unit volume and has the periodicity of the
undistorted lattice.

The boundary conditions for TT and r are deduced from those of the
electron and the nuclei. If any of these particles is advanced by one of
the periods Ay, Ay, 4 then the wave function must be unaltered since
the new configuration is equivalent to the old.

The boundary condition for x{rz} is found asfollows: If all of the parti-
cles are simultaneously advanced by one of the periods 4, Ay, A, the
same change takes place in ry, but no changes occur in r or in the ('s.
It is evident, therefore, that ¥ {rs} must satisfy the periodic boundary
conditions and consequently Pr must be a vector of the form

Pp = Wi (2xny/Ay) + iy(2ony/ A)) + 1.(2xm,/ 4,)] a7

where the n's are integers. These vectors lead to periodic behavior for x
and include the basic lattice of the Brillouin zone. However, their values
are not restricted to the interior of the zone, and the energy Pri/oMyp
increases indefinitely with increasing |Pg|.

We shall have other occasions to deal with vectors of the form (17)
which are not restricted by the Brillouin zone boundary. We shall refer
to them as vectors of the extended P-lattice. We shall similarly refer to
vectors 1/% times as large as vectors of the extended k-lattice.

To find the factor associated with increasing r by one of the periods
Ay, 4, A,, of the boundary conditions, we consider the effect of advancing
the electron alone by #.4,. This must have no effect on the wave function.
However, the change of {4 in r. and zero in R is equivalent [equation
(5)] to changing

ry by iA.(m/Mr) and r by i.4.. (17a)
These change x¥r by the factor

exp [i (PT -ipd, % +P. :‘,d,) / ﬁ] = exp [;' (5’—??? + P) : i,A,/ﬁ] -

From this and the similar equations for 4, and A, we conclude that the
vector in parenthesis must be a vector of the extended P-lattice, that is,
of form (17). Thus we may write

P=P, — (m/Mp)Pr (18)

whereP, is a vector of the extended lattice. It will be important in later



508 THE THEORY OF TRANSITION PROBABILITIES [174

calculations that the difference in P for constant values of PT are vectors
of the extended lattice, even though theP's themselves are not.  (ThePT
term corresponds to correcting P for the motion of the center of gravity to
obtainP for the relative motion; see Problem 1)

In Section 8.6 we shall prove that a sdection rule holds for transitions
dueto ~li. Thisrule resembles closdly the requirement of conservation of
momentum, the change in P for the electron being compensated by a change
in a similar quantity for the lattice vibrations. Actually conservation of
momentum is not concerned at all sincethe transitions do not involve TT
or/V, which represent the total momentum of the system. The conserva-
tion law is fundamentally associated with the existence of a sat of operators
£(R;),, which we shall treat in the following paragraphs. £(R,} commutes
with € and, consequently, its eigenvalue is a constant of motion. It is
really to the eigenvalue scheme of the £(R,) operators that the conserva-
tion law applies.

The Lattice Displacement Operator} We shall, therefore, consder a
group of operators which produce displacements not by the periods A, A,
A, of the boundary conditions but instead by the vectors R; of the crystal
lattice. The operator £(R,) has the effect of advancing the entire wave
function by R, in the following sense: the wave function £(R;)® has the
same value as (R, r, 4's) when the electron coordinate in £(R,)® is
7 + R; and the nuclear coordinates in £(R,)® have values which produce
the same deformation as those for € except that the deformation pattern
{but not the nuclei) is advanced by R,. It is evident from the periodic
properties of ‘U and S that if # is an eigenfunction of I, so is £{R,)&.

It may be proven generally that £(R;) commutes with H and the eigen-
values of £ may also be determined. For this purpose we express & in
termns of a set of “deformation coordinates™ 8;

S.=5R,;—R¢=R,"—R.—Rg.

Thus the 8’s represent the deformation which takes place in addition to
simple translation of the crystal. The wave function may then be written
as #(R,, S, 7,) where the N, + 1 variables R, and S, are linear functions
of the N, nuclear vectors R,'. The effect of £(R,) upon ¥ is evidently to
replace the variable S; in # by the variable S; where

R;=R,+Rj

and to replace 1, by 7, — R;. If the deformation pattern and the electron
are advanced by R,, then 8; will take on the values formerly associated
with 8,; and r, — R; will take on its former value 7, so that

[8(R,)®](shifted pattern) = & (unshifted pattern).

! The treatment of this operator, which was suggested to the author by C. Herring, puts the
sdection rules dealt with in Section 17.6 on a more fundamental bads It is not, however,
an essential gep in obtaining the formulae for mean free path.
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This equation means that the wave function denoted by £{R;)& takes on
the same values as # when the pattern of nuclei and the electron are ad-
vanced by R;.

The kinetic energy operator commuteswith £{R;) since it has the effect
of taking %% in respect to all the coordinate positionsin # and it makes no
difference whether thisis done before or after the coordinates are changed
by £(R,). Since the values of the pot en T and & r e unchanged by
changing the coordinates by £(R;}, £(R;) commutes with them and hence
with I for the entire system.

Theoperators £ (R,) obviousy satisfy the equations

E(R)ER,} = ER)ER,) ~ (R, + R,))

and
L, 4,) = (i 4,) = 8 4) =1

since the last operations merely move the electron by one of the boundary
periods. Consequently, if the eigenvalues of £{iza), £(i,2) and L(i,e},
wherea isthe lattice constant of a cubic structure, arewritten in the form?

exp {—iPpea/h), exp (—iPpua/k), exp (—iPga/h),

then the eigenvalue of £ {(&;)i must be
exp (—iPy - R./B)

and, consequently, Ps must be a vector of the extended lattice, equation
(17). In this case, however, snce only translations by lattice vectors are
involved, the distinct values of P are contained in the Brillouin zone.

In the next section we shall sse how the running waves for the nuclear
vibrations fit into thePs scheme and in Section 17.6 how the conservation
of Ps leads to the sdection rules for transitions.

PROBLEMS

1. Show that when the €1, term is neglected, the wave function may be
written in the form

exp [i(Psy « R, + P, - 1.) /h])R(r, &'s)

wherePy and P, are vectors of the set ik and 8(r, ¢'s) has the periodicity
of the latticein r. What is the relationship of Pz and P, to the vectors
Py and P discussed in the text ?

2. Show that if one of the nuclei is a heavy isotope, the operator £(R,)
does not commute with the nuclear kinetic energy. (The fact that £
does not commute with J does not indicate a serious failure of the selection
rule of Section 17.6 since the latter depends on a linear approximation for

2 Theminus sgns are introduced as a convention to simplify an interpretation made at the
end of Section 17.5.
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@1,, which should be valid at low temperatures independent of the isotopic
content of the crystal.)

3. Show that an operator £(R;) exists for a crystal like NaCl which has
two different atoms per unit cell.

4. Consider the operators £{R;) from the group viewpoint. Why are
their irreducible representations one-dimensional?

175 TRANSFORMATION TO RUNNING WAVES

The coordinates g introduced in Section 17.3 correspond to normal modes
or standing waves. By a contact transformation a new set of coordinates
can be obtained which correspond to running waves. The required trans-
formation has the property of mixing the p's and ~'s belonging to one of the
sine and cosine pairs for particular values of the wave vector k and direction
of polarization a. The Hamiltonian function ¥; for these two degrees of
freedom, which we denote simply by g, atd ¢., omitting & and e, is

Hi = (22 + 22 + M2P (0P + gP)/2M. a)
The transformation from the old ¢'s and #%s, referred to as the standing
wave set or gutdy t0 the running set, referred to as the o iS given by
ge = QM) B(g_ + p1) g0 = QM) M (gy + p-)
Po= (Ma/28(po — g)  pu = (Mw/2%(py — ¢); )
which transforms the Hamiltonian into the form
Wi = oo+ ot + 22 +¢-0). (3)
From the form of the transformation, or its inverse,
g+ = (Mo/2)%g, — M) Mp, ¢ = (Mw/2)%g. — (2Mu)p,
Py = (Mo/2)%q. + @My Hp, p_ = (Mw/2)%g, + (2Mw)™p,, (4)

it can be shown that, regarded as operators, the new P, grga Set must
satisfy the quantum-mechanical commutation rules such as

Pidy — 4y = Bfi, pyg. —g.p. =0, (5)
provided that the old g, guta Set does. (The reader should verify this as
an exercise.)) Furthermore, the p, gata Set does satisfy the commutation

rules in accordance with the results of Problem 2 of Section 17.3. The
transformation is also a contact transformation in the classical sense since

pidyy + podg. = pudg + pudg, + 48 (6)

where dSis an exact differential.  (As an exercise, evaluate the function S)

The classical motion produced by g4g4 will now be shown to bearunning
wave moving in the -+X-direction while p_g.. is a wave running in the
—A-direction. On the basis of this result it is natural to describe the new
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variables, obtained by transforming any pair gkac and £f«> not as #;,+
and gra— but instead as grx and g—aa Simply by including the negative
values of the k contained in the sums over the ggi& set. (It will berecalled
that of the possible k-values in Brillouin zone which satisfy the periodic
boundary conditions, only half were used with the gaq Set since —h gave
the same standing waves as +k.) This will extend the sums in the gm
system over all fc-valuesin the Brillouin zone and to each ka pair there
will correspond only one coordinate.

The classical motion corresponding to p4 and ¢ is obtained by solving
theHamiltonian equations

¢ = 8N /0py = wpy and P = —dW/og. = —wg, (7)

which lead to
gy = Ay cos {wt 4+ 0;) (8a)
2y = — Ay sin {wt 4 8,). (8b)

When this is introduced into the expression for 8R,, omitting & and a sub-
scripts, we obtain

BR; = Glcos (k- R;}g, + sin (k- R))q.) (9a)
= A, (2Mw)$G sin [k - R; — vt — 0,], (9b)

which is a wave moving in the 4k-direction with phase velocity m/]k|.

It may similarly be shown that the & _g~ solution represents a wave
runningin the —k-direction. The proofisleft as an exercise for thereader.

We shall next show how g+ and g~ partake of the aspects of running
waves in the quantum-mechanical sense For that purpose we shall
consider in a preliminary way how the interaction of the electron with the
nuclear vibrations is calculated. As discussed in Section 17.4, the energy
of the electron with the deformed lattice depends on r, the position of the
electron in respect to the center of gravity of the nuclei, and on the de-
formation expressed by the variables “gtd«  We expand this interaction in
a power sriesin the g% and assume that the deformation is small enough
so that we may retain only the linear terms. This leads to the equations

BL(Y, quta) = AUo(r) + Ui, gaua) (10)
where the perturbation term ly is
U1 sta) = Llnac(@U/8g0c) + guze(@U/gus)], (i)

the partial derivatives being evaluated at zero deformation. For a given
ke pair, the values of g, and gg ecify a sinusoidal distortion with §R;
given by (9a). In the next section we shall consder how the interaction
of the electron with such a sinusoidal disturbance may be evaluated. In
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this section we shall consider certain general aspects of the matrix elements
for the p's and ¢'s and for 8R;.

Although we wish to think of the deformation in terms of the £g¢td, it is
advantageous to use the quantum numbers for the running waves to de-
scribe the nuclear vibrations.. Specifically we shall write the part of the
wave function involving the g, and g, (corresponding to a particular ka)
in the form &{»., »_; ¢, @) and require it to be an eigenfunction in-
dividually for ), and XK_. [with eigenvalues Rw(z, + %) and fiw(n_. + §)
respectively] as well as for the total energy H; = Iy + F_ of two modes.
By expressing ¢4 and py in terms of gua, we obtain

:x+ = %"’(P+2 + 7+2) = 'i‘scs’ + %"’(chc - cha) (12)
and
o= %w(p—z + 9—-2) = %’9(“ - 'é""(?!qc — Pofa)- (13)

8ince ;. and H_ are the Hamiltonian operatars for harmonic oscillators,
we must have

I gy 7 qes o) = holmg + $)plmg, 55 gc g4}

Hodh(mys 15 Gor ga) = Mo(i. + )0 (54, 15 gy )5 (14)
so that the eigenvalue of I, is
& =ho(ey +n_+ 1) = fa(m + 1), (15)

For a given value of &;, there are #, + 1 ways of dividing the energy
between 7 and n_.

The matrix element of 8R, for transitions in 7, and #_ is linear in ¢,
and g, and hence in py, g4, p—, and ¢_. The matrix element for p, and g,
vanish if #_ changes, since p,. and g, commute with JH_, and if »_ does not
change, they vanish unless #; changes by 1. For such changes they
have values given by the customary formulae:!

(ny, n_lpy or gulny,n)
= f f *(mps 75 e @)y OF @ Yb(my, 5 g0, 0)dgudgs  (16)

(n4, ”—|P+1”+ £1La)= ’{://';""(:;;‘i-l- b2 a7

(rp - laslmy 1, ) = "'_“,.f};’;:"',lz_w 2 (19

1SeP. A.M. Dirac, Quantum Mechanics® Oxford at the Clar endon Press, 1930 or 1935, for
a treatment of the harmonic ocillator. The phase factorsexp (i} in equation (34), 88, of
thefirg edition enter the same way in both the g4 and g4+ matrix dementsand do not affect
the results derived later; they may also be eliminated by proper choices of the phases of the
representation.
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The formulae for p— and ¢g— are the same and can be obtained by inter-
changing the subscripts (leaving the differences due to 1 as they are).

Thematrix element for 8R; in terms of these matrix elementsis found by
expressing the matrix elements for ¢, and ¢, in terms of (17) and (18) and
inserting theresults in (9a); thevalueis

_ LV3++lexp(ik-Ri)
Onsy n_[8Ryjm, 1, ) GV‘;MM L/Z, exp (—ik - R,). 9

The quantity Af, defined in Section 17.3, equation (11), and at the end of
Problem 1, is one half the mass of the crystal. The similar expression of a
transition in w_is found to be

o [k WA ¥ Texp (—ik-R)
(rs n_[BR [y m 1) = 6 4Mw{—i‘\/_n_ exp (ik - R,). )

In both of these expressions the real and imaginary parts correspond to the
Jc and g, termsindividually.

Since these matrix elements depend only on the quantum number which
changes, we may express them as functions of this number and describe it
simply as #a« corresponding to ¢xa. Both elements then take the form

(M3al8R. 710 + 872}
= Cualh(ae + 1 + 51ps) /8Meop, )’ exp (omyakt - R,) (21)

except for a factor ## which may be disregarded since only the absolute
value of (21) is needed for calculating the transition probabilities. Unless
|87xe| = 1, the matrix element vanishes.

The general wave function which describes the nuclear vibrations and is
an eigenfunction for all the H s With quantum numbers ny, can then be
written as a product

$(ma's) = g?(”lim Bkiaji Qinases Thiaps) = I.I‘bu (22)

there being as many terms in the product as there are distinct &,«; pairs
of valuesin the set of gpd. Thelast expression is an abbreviated form used
in the next section. There will be matrix elements of the ~4d> and con-
sequently of 8&,, only for transitions in which one and only one »* changes
by 1.

The Effect® of the Operators £(R,} e# . The fundamental reason why
the eigenvalues m;, for the running waves are suitable is that in terms of
them and the functions Jy» and yap the entire wave function # becomes an
cigenfunction of £(R,). The meaning of this statement is that the wave
function @', obtained by the operation £(R,)®, 1s simply L& where L, is

2 A3 for the section on the operators £L(R,} in Scction 17.4, it is not necessary to use this
method to calculate the mean free path.
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the eigenvalue (shown below to be a number with absolute value unity).
The wave function £(R,)% = #" was defined in Section 17.4 as follows:
Consider the value of # for some set of values, denoted symbolically by
Q, of the coordinates of the entire system; then shift the deformation
pattern of the nuclei and the position of the electron by Ry and call the
new set of values of the coordinates Q'. Evidently Q' is a function of Q
and Ry and Q has the same functional dependence on Q' and —Rg, these
relationshipsmay bewritten as

¢ =2(Q.R) and ¢=2(,-R) (23

(We shall later add subscripts to @ when dealing with particular coor di-
nates such asr and r+.) The definition of £(R,}# is then

[£(R,)81(Q") = #'(Q) = #(0) (24a)
so that
2'(0) = 220, —R)). (2¢b)
Showing that # is an eigenfunction of £(R,) reduces to showing that
#(0) = #(2(0', —R.)] = L,#(Q") (24c)

i.e. that #' of any set of values of the coordinates, ¢ being such an arbitrary
set, is simply L, times ® of the same set of values.

In order to establish the above result, we must determine the functional
relationship & for the coordinates 77, ¥ and the ¢'s. The relationships for
T and rp are simply

=2, R)Y=r+R,;

ﬂr("’: —R,) = r' - R, (25a)
r!" = er(’i‘; R:) =1rr+ (mchT)Rﬁ
Q-rr(r!"s —R,) = 7!"’ - (manT)Rl (2513)

as may be seen from equation (5) of Section 17.4 and the fact that the shift
of the pattern of nuclear distortion does not alter ¥ 8R so that R; is
unchanged.

In order to deal with the effect of the shift of Ry upon the g's we consider
one ka pair, denoted by g. and gs the subscripts ka being omitted for
brevity. We introduce a new pair of coordinates:

p= (?«:2 + 912)}‘: § = tan™" (ga/ge) (26a)
ge = pcos B g« = psin g, (26b)

In terms of these coordinates, the shift Ry of the deformation pattern
has a very simple effect which we shall now derive, the result being given
in (32a). The coordinates themselves amount to expressing the two har-
monic oscillators g. and g as a two-dimensional isotropic oscillator. For
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such an oscillator, the angular momentum operator (%/§)3/88 commutes
with 3 and has eigenvalues varying from As to —nk in steps of 24-where
n prescribes the total energy in the form fw(z 4 1), Without referring
to this interpretation of &, however, we s that purely formally we have

h 8 h[og, 8 dg, @ h a ]
—-~—=—[—9——+—?-—-]=—.[-q.+—+q¢--]

i o0 Lo ag, 98 9g, i [ g,
= gcls — Gedes @n
From this we see that equation (12) becomes
e = 3T+ (ha/24)(3/00) (28)

and consequently that the wave function $(»y, #_; g.4.) is an eigenfunc-
tion of 3/3¢ with cigenvalue i(#y — n_). We may, therefore, write

A rigag) = i — A O i geg)  (9)
so that
$(ty, #_; gy ¢4} = exp §{n, — n_)8 X function of p. (30
Expressed in terms of p and O, the contribution of ke to &R, may be
rewritten as follows:
R, = Gplcos k- R;pcosf 4+ sink- R, psind)
= Gy pcos[k-R, — 4. (31)
Thus the efect of the " shift" R, upon the pattern is to change 8 to 8 =

¢ + k- R, so that the value of 8R formerly obtained at R, is now obtained
at B, + R,. Accordingly we may write that

¥ = 9'0(9: R)}=0+k-R,; 9"(81, —R,) = 8 — k- R, (32a)
ﬂ’ = Qp(ﬁ RI) = Qp(ﬂ'} - l) = ﬂ’- (32b)

Similar relationships will hold for all values of k and «.
In terms of the properties of xpp(fr), Yp{r} defined by equations (14)
and (16) of Section 17.4 and those of the ¢'s established in (30), the value

of
& w yarad(My's) (33)

is readily evaluated for the sct of coordinate values (0, —R,) as re-
quired in equation (24c). In the evaluation each factor of € gives a term
of the form exp (—iP - R,/k) or exp {—i(ny — n_)k- R,]. The terms
(4. — n_)k may be rewritten as nyk + n_x(—k), so that the eigenvalue
L,, defined in Section 17.3 as exp (—iPy + R,/A}, becomes

L, = exp (—iPg - R/h)
= exp —~ilP + (me/Mp)Pr + K mak] - R/ @4)
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where the sum extends over all &’ pairs, including ® and —& as discussed
early in this section.

The vector P+ (m,/Mz)Pp is a vector of the extended P-lattice, as
discussed in connection with equation (18) of Section 17.4, and so is the
sum of the %k vectors according to equation (7) of Section 17.3. Con-
sequently, Py is a vector of the extended P-lattice, in agreement with the
conclusion reached at the end of Section 17.4.

The minus sign in L, arises from the fact that we have dealt with this
problem from the viewpoint of advancing the wave function by Rg rather
than from the viewpoint of changing the set of values of the coordinates
from @ te 2(Q, R,) in one and the same wave function. The effect of
the latter change is readily shown to be

#H2(Q, R,)] = exp [+iPe - R/H]R(Q). (35)

Thus Py as defined in this section and the last plays a role similar to
P, Py and hmp,k so far as its sign is concerned,

Since both Py and Pr are constants of motion for the complete Hamil-
tonian I, the vector P + KW myk must be conserved during transitions
produced by Sl even if the effect of nonlinear terms in the ¢'s are included.
It is this conservation law for Py that underilies the selection rides derived in
the next section.

176 CALCULATION OF THE MATRIX ELEMENT

As discussed in Section 17.2, the transition probabilities arise from
matrix elements of J between different states of the system. The states
are approximately eigenfunctions of K and are exact eigenfunctions for
an Hg which differs only slightly from 3. In the case which we shall
treat, the wave functions considered are eigenfunctions of

:Jfo=f}f—q[1 a)

where U; is the term discussed in Section 17.4, equation (2), which gives
the added interaction of the excess electron due to the deformation of the
lattice described by the ¢'s.

The eigenfunctions ® for Hy may be formed from products of wave
functions, already described, for re, r and the g, g, pairs for various values
of Re. These individual wave functions for TT and r, derived in (14) and
(16) of Section 17.4, are

Xer(rr) = ¥ 7% exp (iPr - 1r/h) )
Ya(r) = VM exp (P - 1/R)up(r) ©)

where the factor involving ¥ = A,4,A4, normalizes the wave function over
the region considered, it being supposed that up(r) is normalized over unit
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volume. The normalized wave functions for the ¢'s are written as
G (#aus 7o s Pioes Tiow) = §; C)]

where ¢, is an abbreviation for use later, the index 7 running over all ka
pairs of the standing wave scheme. The wave function for the system may
then be written

¢ (Pr, P, 7's) = Y p¥ell¢i, 16

where the variables rr, r and the ¢'s have been omitted for brevity. The
Hamiltonian ¥y is

Ho = (1/2Mr)pr® + (1/2m)p" + Uo(r) + LI
=Kyp + X, + E‘;‘.’J{‘. 6

in the notation of Section 17.4, equations (11) o (13). Each term in K
operates on only one of the factors of € so that the value of the energy & is

& = (1/2M7) Py* + 6(P) + Zholnes + 5+ 11, Q)

the individual terms being those discussed in 17.4 (14) and (15) for Hpp
and J; and 17,5 (15) for 3.

The #'s for the entire system form an orthonormal set, the only term
requiring consideration being yp. The reader may verify that the orthog-
onality relationship between the Yp’s is not disturbed by the displacement
due to Py [see Section 17.4, equation (18)] of the allowed P-values from the
basic P-lattice of the Brillouin zone.

X has, of course, no matrix elements between its orthogonal eigenfunc-
tions & so that all transitions are a result of Gl (r, ¢'s). We shall suppose
that the lattice vibrations are so small in amplitude that U, can be ex-
panded in a series in the first powers of the ¢'s as follows:

i, (r,g’s) = ;qw (0U/8g:c) + que(d9U/0gs,)
= )‘:q“q‘-t’c (’) + Qitq-lil (f) (8)

where the last form expresses the fact that the partial derivatives are
evaluated for all ¢'s = 0 so that they are functions of r only,

The two terms in this series corresponding to a particular ka pair,
denoted by 4, will have a matrix element between two #'s only ifs

(a) all n n_; for § = i do not change;
(b) only one 7; or 7_; changes by £1.

If {a) is violated, the term vanishes because of the orthogonality of the two
¢, s in the integral. For the ¢ terms themselves, the matrix element of g;;
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and ¢, are nonvanishing only for condition (b), the values then being
those given in equations (17) and (18) of Section 17.5.

Since r, does not occur in Qi,, Py is constant of motion, as discussed in
Section 17.4, and there are no matrix elements for which P, changes.

We thus need to consider only cases in which P and only one of the n's
change. We shall denote the* change in n symbolically by n- and n/ and
will later consider specific &0z pairs in place of i. For this case the matrix
element is

(P} Py = #4908/ (all coord.)

= Il,f\flr'(")'i"(ﬂm Mi§ Hies qﬁ)[ﬁc%u -+ q“qj-l'n]
X g (N {[my, "a—]’i Gier Gua )3V dgicdine )]

where the symbol [n,,,n__] means that only one of the two n's has changed
by =1 and dV, is the element of volume for r-space.
Later in this section we shall deal directly with the integral of U, and
U,. The techniques used are somewhat specialized, however, and there
are certain advantages in treating (9) initially by a more direct method in
which we consider the effect of one of the ¢ waves as the sum of the indi-
vidual effects of the displacements 8R, of single nuclei. We define a
"single nucleus deformation” as follows: For a given value of r, for the
deformed crystal, we imagine the electron and all the nuclei save i to be
held fixed while nucleus i undergoes a displacement 8R,. The change U,
in the potential energy U, for this "single nucleus deformation" will be a
function of r, the position of the electron in respect to the center of gravity
of the deformed crystal, and of R, being for small deformations a linear
function of the three components of the latter. Accordingly we may write

U = 8R; - Wg,(r)

to express the change in energy due, we repeat, to displacing nucleus * by
OR, holding the position of the electron and all the other nuclei fixed. The
net effect of all the "single nucleus deformations"” is identical with the
deformation of the g, wave." Thus the value of U, for the deformation
of the g, wave can be expressed in two equivalent ways:

z‘;asu.- = ;aa.- - Wri(r) = gAU(r). (10)

' It may be noted that the sum of all the 3R, due to the g, wave does not move the center of
gravity of the crystal [see 17.3 equation (8) and text], so that although each "single nucleus
deformation” does produce a small change in R, and hence in » for a fixed position of the
electron, the cumulative effect of all the "single nucleus deformations” does not change r.



176 GENERAL EXPRESSION FOR THE MATRIX ELEMENT 519

From the periodicity of the undeformed lattice it is evident that
Wq(r) = Wyo(r — R;), (11)

which states that the effect on the potential of moving any nucleus is the
same as that of moving nucleus zero except for a translation by the lattice
vector from Oto R;. Integrals of Wo(R— Rs) occur in the matrix element
of U; and, by making use the formula for the ¥ functions and a change in
variable of integration, we reduce these to simpler forms as follows:

Iy = [t )Wt - Ry ()a,
= [4r*0’ + RYW ' (" + Ri)Vy

= &7 DR [y ol W ()P s
- e:(?’ —.P)-R,/ﬁ!n (l 2)

since the integral over v’ is equivalent to that over r.2
In terms of Iy and the matrix element for 8R; as given in (21) of Section
17.5, for a transition in which m, — ny, + 8y, we obtain

(P, 11| U [P, 14+ B73) = & f $*0R; - We#'d (all coord.)
F
= ?(”hlaﬁ:lﬂh + ) I
= G LA {210+ 1+ 800,) /8 Muwp, %Y exp[i (Binut+P' —P) - R;/HL.  (13)
¥

The sum of the exponential terms vanishes unless®
P4 hinp k=P (14}

so that there are matrix elements only between states having the same
value for

P+ K3k (15}

just as if a phonon momentum AX.mk were combined with an electron
momentum P in a conservation law. We have seen, however, that PT
represents the momentum of the entire system so that this conservation

% This condusion depends on the fact that, although in general neither #p nor ifrp' has
the periodicity of the boundary conditip*gmes. The reader should verify this as
an exercise.

3 For the theory of conduction in metals cases oocur for which P' db hk — P is a vector
whose components are multiples of the edges of the Brillouin zone so that this vector gives
periodic behavior, that is, it corregponds to 2v times a vector of the reciprocal lattice. Such
trangtions have been called " Umklappprozesse' by R. Peierls, Ann, d. Physik 12, 154-168
(1932).
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law has another meaning, the one which is given at the ends of Sections 17.4
and 17.5.

To summarize: There are matrix elements only for changes in ® which
(a) do not change Pr;

{b) change only one of the n;, and that to 7y, = 1 = 7y + 0pa;

{c) change P to P’ so that P = P' + hdmp,k.

For any values of P and k, there will always be an allowed value of P’
which will satisfy (c) because of the fact that, like ik, differences between
P and P’ are vectors of the extended lattice of the Brillouin zone.

If these conditions are satisfied, all the terms in the sum over Rj are
equal and add to N, so that, except for a phase factor of absolute value
unity, we obtain

(Pt} | P 1ige + 51pa)
= G * (P, P)NM20a + 1 + ) /8Muna]® (16)

where it will be recalled N, is the number of cells in the crystal and
M = N,M,/2 = M2 is where M, is the mass of the atom in each cell.
The dependence of I, upon P and P'is indicated.

Several methods have been employed to evaluate the matrix element
G, 1, based on various approximate treatments of the way the potential
energy U varies with the displacement of the nuclei. We shall discuss only
the most recent of these proposed by Bardeen and Shockley,® which
evaluates the matrix element in terms of certain general properties of the
energy band picture in a way which permits correlation with other experi-
mental data.

17.6a. The Method of Deformation Potentials. The essence of the
method described here is to think of the deformation of the phonon wave
as producing local variations in the size and shape of the unit cell. Figure
17.5 shows qualitatively how the band structure may be expected to vary
with lattice constant for a crystal like silicon or germanium. If the
deformation waves simply changed the lattice constant, without altering
the crystal symmetry, then the energy for an electron at the bottom of the
conduction band would vary as curve £_. If the electron were in a state
near the bottom of the band its energy, shown by curve £ (P), would also
rise by almost the same amount. We shall shortly consider the effects of
more general deformations than the pure compression or dilation of
Figure 17.5.

There is, unfortunately, a difficulty in applying the slopes ofthe curves of
‘W. Shockley and J. Bardeen, Phys. Rev., 77, 407-408 (1950) and a subsequent article

planned for 1950. In the latter article it is shown that the method of the "effective mass" may
be applied to the deformation potentials. Also Sections 11.3b and 12.8.
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Figure 17.5 to the changes in energy of an electron in different parts of a
deformed crystal. These have to do with thelack of a precise meaning for
the zero reference value of the potential Uy(r) in a homogeneously de-
formed crystal. When curves like those of Figure 17.5 are computed
numerically, some arbitrary procedure must be adopted. For example, in
calculating the diamond curves of Figure 55, Kimball used a potential

ENERGY OF
QUANTUM STATES =3

BAND-

ao a,
LATTICE CONSTANT ——

F1 G.17-5—Variation of Energy with L attice Congtant.

which took on the same numerical value near the interior of the atom for all
values of the lattice constant and, as he points out, this chaice is purely
arbitrary.

An absolute meaning can, however, be attached to the curves of Figure
175 in the following way. Start with an undeformed crystal of lattice
constant a, Imagine a deformation which leaves one portion of the
crystal unaltered but, as a result of a continuously varying deformation,
produces another large region in which the crystal is uniformly dilated to a
value a. Under these conditions, one might think that the values of the
energy at the bottom of the conduction band, namely, £.(a;) and £.(a;)
would have definite and unique values. This will not be the case in
general, however, because accompanying the deformation there will
usually be electric fields and, although for any particular deformation the
value of £.(a;) may be uniquely related to £.(ay), another distortion also
leading to the same value for a;, may produce different electric fields, dif-
ferent average potentials in the dilated region and, consequently, different
values for £;(a;). These electric fields are hard to estimate but are not
excluded even for non-polar crystals like diamond. However, the experi-
mental data on mobility versus temperature in slicon and germanium
suggests that they are not important in the ordinary range of observation.
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In a problem at the end of this section we show how the deformations of the
longitudinal phonon waves produce potentials which vary as A/k’ where A
is the dilatation of the q-wave, but that for covalent crystals this effect is
small compared to the effect of shifting the bands. (See problem 1 of
this section.)

Unlike the individual energies £ and £, the energy gap £, is an absolute
function of the deformation of the lattice since any variation in the zero of
potential has simply the effect of shifting all the energies equally. We have
discussed in Chapter 12 the ways in which the variation in the energy gap
with lattice constant may be determined experimentally.

According to the assumption that the long-range electric field effects,
which make the potential depend on the strain pattern, are negligible, we
shall consider £c and , each to be a unique function of the local strain.
For a cubic crystal up to linear terms in the strain, this leads to the con-
clusion that

8. = 6o + Gynt (17a)

{abbreviated as & = &y + 6,4 for equations up to (35)] (17a")
&, = & + &34 17b)

8. = &go + G100 (17¢)

810 = &in — &yp (17d)

where A is the dilatation
A = gps + ey + 6y = Vo, - §R;

and the Si-quantities are constants, the subscripts p and n being used for
consistency with later expressions which involve other quantities associated
with holes and electrons. The other strain components vanish by sym-
metry in the linear approximation. This may be illustrated by two pure
shear deformations having t,," > 0 for one equal to —ez," for the other.
Viewed in the z = 0 plane, these have the effect of changing the angle
between the x and y axes by =48§ and, by symmetry for a cubic crystal,
these two changes should produce equal changes in £. Hence £ must
be an even function of ¢ and the linear term in €, must vanish.

In the remainder of this section we shall deal with the transitions of an
electron and will use the abbreviations of (17a'), the modifications for a
hole being discussed in Section 17.7. We shall also neglect terms involving
changes in the effective mass with strain. These terms can be seen to be
of order P’ times a function of the strains from curve £ .(P) of Figure 17.5
as follows: The minimum curve for £ for the conduction band corresponds
to P = 0 (or to a corner of the Brillouin zone instead). Curve £ _(P) lies
higher than this by an amount m, P’/2. If the curvature of £ vs P’ changes
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with strain, the effect is equivalent ofa change in m, and this change should
be linear in the strains for small strains. For such a state we may write:

&(Pye) = &(P) + A + terms in P* X strains. (18)

We shall refer to &1A as the deformation potential.

(In the diamond structure there are also "optical modes" in which the
two atoms in the unit cell move in opposite directions. Ifthe energy band
considered is non-degenerate so that there is only one 6 function of the
strain, one can conclude that these optical modes will have no first-order
terms. This follows from the fact that for the long wave lengths of interest
in semiconductors, the optical waves are produced by displacing one face-
centered cubic sublattice in respect to the other, and symmetry permits no
single-valued function which is linear in the displacement components.
If the band is degenerate, however, there may be linear terms for the
individual components**; however, the average interaction will still be
independent of the optical waves. The pursuit of these problems may
best be made by the representation theory of the symmetry groups in-
volved® and lies beyond the scope of this book.)

We shall next prove the basic theorem of the Bardeen-Shockley method:
The matrix element for U, is equal to the matrix element of the DEFORMATION
POTENTIAL, provided that we deal with electron transitions involving small
values of P and P'. The integral which we must evaluate to prove the
theorem is obtained from (9) by integrating over the ¢’s:

¥, nl0|P,n % 1) = ladn 2 1) f et UGN,
+ Glals £ 1) f 4t Uk @, (19)

where we have omitted the subscript / for k@, and have reversed the order
of P andP’, both for the purpose of simplifying the following manipulations
in which the ¥ on the right side is chiefly involved.

The two integrals of (19) are very similar and we shall consider the first.
In it “c corresponds to a perturbation in potential due to a deformation of
the form 8R, = Gy cos k * R, where n is a parameter which we shall let
approach zero so as to obtain the effect of 3/dg.. We shall thus consider
n to be a small quantity and neglect its square in subsequent expressions.
The value of U, is evidently @%U, /8% as  —= 0. The deformation itselfis

“ J. Bardeen has proposed that the "optical modes” may play an important role in the
absorption of infrared photons by conduction electrons or holes, Phys. Rev., 79, 216 (1950).
E. J. Ryder and W. Shockley have also concluded that the "optical modes” are important in
accounting for the energy losses of electrons in high electric fields, Phys. Rev., probably late.
1950.

° See, for example, F. Seitz, Phys. Rev. 73, 549-564 (1948),
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defined only in terms of the nuclear motions but, for the relatively small
It-values and long wave lengths of interest in the excess electron case, the
deformation varies slowly from one unit cell to the next and we may define
a continuously varying dilatation

A(r) = V- -Gyoosk-7= —yG-ksink-7,

We evaluate the integral by considering a crystal in which such a deforma-
tion is actually present with n having such a small value that non-linear
terms can be neglected. We shall then prove by an approximate method
that

flllr'(f)ﬂmc(f)\llr(f)dyr = '?jf exp [i(P' — P') - 1/W6,A(r)dV,
+ terms of order n{P?* or P')/m. (20)

Hence for small values of P and P', the matrix element may be evaluated
simply in terms &y just as if the perturbation in potential were §3U(r) =
&,A(r). This proof involves considering the exact wave functions in
homogeneously strained crystals.

At any point in the crystal deformed by the p-wave, there is a state of
strain called ne(r) where € is symbolic for ezzy €y teay etc., together with any
bodily translation and rotation of the material. The unit cell at r, is then
deformed by w(¥;). We shall define a wave function appropriate to this
cell by imagining the deformed cell to be periodically repeated in all direc-
tions to make a lattice of homogeneous strain in which the cell at r, is one
cell. The proper wave function in such a lattice would be

Yelr, me(rs)] = " Muply, m(ra)] (21)

where for small deformations uafz, »e(r,;)] will differ in cell 7, only very
slightly fromup(r — 8R,). [Inthecell atr, the potential 1s QUg(r) + w5, (r)
and within this cell {fr, ne(r.)] satisfies the wave equation

[(1/2m)p® + QUo(r) + 29U (F)eplr, m(7a)] = (FC; + 5U(r)IYalr, m(rs)]
= [&o(P) + EmA(ra)Welr, ne(ra)]  (22)

where we have neglected terms, like those of equation (18), of the order of
2P#/m, which arise from changes in the effective mass m, with strain. It is
to be noted that in the first line of (22) p’ operates only on r and not on r,.

This last equation is one of salient points towards which the attack of the
last section and this has been directed. It is to be noted that U (r) is a
real function of position and that in the physical reasoning associated with
the form &g + &;A we have dealt only with such real functions. We shall
later combine the 81, and 9, terms and obtain an expansion involving the
complex factor exp (ik ® r); this procedure will be used, however, only
after the integrals of U, and &, are individually considered.
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We next define a function which takes account of the variation in e(r).
This function is defined as

Yrlr, ne(r)]

e ARUplr, m ()]
Yr(r) + &a(r). (23)

This function changes its form in every unit cell to conform to a periodic
structure made by repeating that unit cell; in fact it changes its form
slightly even in the unit cell itself because e(r) varies slightly throughout
any unit cell. Theterm 6\]1 is evidently linear in g for small n and we may,
therefore, neglect its product with other terms linear in %.

We prove the desired theorem of equation (20) by considering the integral

I= f Yt (NI + 21U Nelr, ne(0)]d7 (24a)

The result of the operation on the right-hand ¥ gives

I= [ 4rE®) + 6maNr + S4r)aV,

duplr, ne(r)]
de

+ terms involving oVe(r).  (24b)

These last terms can be shown to be of the order P?/m, some of the steps
in the proof being indicated in problem 2. Since the s are orthogonal,
and 7iyp (being proportional to 4%} is negligible we obtain:

1% 48, [ypoyed?, + 6o(P) [ yrtoped?’. (25)
We now evaluate 7 again by expanding the last two factors and using the
fact that Y and Yep: are orthogonal eigenfunctions of J(,. “This gives, up

to terms in 97,

I= f TR f Yp* I pd?;

= 1 [ U UV, + 6o®") [Yrblrd; (26)

the second step involves using the Hermitian property of K. (See
preblem 3.) Solving (25) and (26) for the desired integral gives

ﬂf‘l’r'*%‘l’rdyr = 'rslf'l'r*‘llPAVr
+160(P) — 8o(®] [ Yrtoked?,  (@272)
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The last term is of the order yP3/2m, and can be neglected. The desired
expression for the integral of &L, is then given by dividing (27a) by »:

Sy v, = 6 [yrrpesav.. @7b)

This result shows that the intéraction integral is just what would be obtained
by imtroducing a deformation potential &\A, as was done in Chapter 11.

We shall next combine the 9U, and 4, terms of (19} in a form similar to
that for 8R; in equation (2) of Section 17.5. We also interchange the
positions of P and P’ in the equations to be consistent with earlier notation.
Equation (19) may then be rewritten as follows:

(Py 1aa| UL P, 7y + B110g)

- &, f Ve e 13| - Cralgo cos k- 7 + gy sin k- 1)]itag + S1aa)d¥,

= 81Gae k[ e exp (itmak - YAV Qg1+ 81mac)/BM sl
(28)

where the first equality comes from writing the dilatations for the ¢, and ¢,
waves as divergences and the second equality from the form of the matrix
element for g, cos k. r + g, sin k-r which is obtained from (20) of Section
17.5 by replacing R, by r. Some factors with absolute value unity such as
i and i have been omitted; these omissions are unimportant, however,
since only |(28)|* occurs in the transition probability.

The integral in (28) vanishes unless

P = P’ + hkén,,
in agreement with equations (14) and (15). When the integral does not

vanish, its value is

3 Jort e, 9

where, it will be recalled, U, is normalized per unit volume. For a non-
degenerate band and small values of P, Up(r) may be written in the form

up(r) = uy(r) + P (r) + P,lly(f) + Paug(r)

where the u's may be chosen to be orthogonal, and from this the reader
may prove that the integral (29) is unity up to terms of the order of P*.
Thus we obtain finally

B, maal AP, aa + 1pa) = B1Gna - M2 + 1 + Bk} /BMnal*  (30)

for the allowed transitions. The; allowed values of dn,, are + 1 [see equa-
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tions (16) to (21) of Section 17.5] and M is one half the mass of the crystal
[see equation (11) of Section 17.3]. This formula is equivalent to that
appearing in the literature except for the interpretation of £,.°

17.6b. Final Expression in Terms of Elastic Constants. For the waves
of interest in semiconductors, the hk values are small compared to h/2a, since
the changes in P are small, and consequently the wave lengths of the
k-waves are large compared to a. For these waves the solid may be
treated as a continuum so that macroscopic elastic theory may be used.

As has been evident from the treatment in deriving the matrix element,
the important waves are those which produce dilatation and have a large
component of their unit vector Gy, parallel to k. In anisotropic solid, the
three possible polarizations for long wave-length waves consist of a purely
longitudinal mode and two purely transverse modes; and in a cubic crystal
the same situation is true for waves propagating in the [100], [110], and
[111] directions, which lie along symmetry axes. For other directions
there is a slight mixing of longitudinal and transverse polarizations. For
germanium the elastic constants and sound velocities are given in Tables
17.1 and 17.2.

TABLE 171 ELASTIC CONSTANTS OF GERMANIUM
(dynes/cm?)
Cu= 122 X 102 ¢, =0479 X 10%  ry = 0670 X 107

TABLE 172 VELOCITIES OF ELASTIC WAVES IN GERMANIUM

(cm/sec)
_— Direction of Propagation
Polarization (Parallel to K)
Direction
(100] [119] [111]
Longitudinal 492X 10° (@ | 539X 10° (b) | 5% X 10° (o)
Transverse  [001] | 354 X 10 (d) | 354 X 10° (o)
[110] 275X 10° (f) | 303 X10° (g)

The formulae for pe® are:
(@) cu, (B (e + ce + 2ead/2, () (eun + 2010 + 4e)/3,  (d) cay
(e} e, (D) (o1 — €19)/2 (8) {cu - ae + /3

p = 5.35 gm/cm? as deduced from the lattice constant.

DatafromW.L.Bond, W.P.Mason,H.J.McSkimin,K.M. Olsen,and G. K. Teal, Phys.
Rev., 78,176 (1950).

€ £, isequal to C as ussd by A. H. Wilson, The Theory of Metals, Cambridge University
Press, 1936, and £; - %/sC for C as usad by A. Sommerfed and H. Bethe, Handbuch der Physik,
Vol. XX1Vy, and asused by F. Seitz, Phys. Rev. 73, 549-564 (1948).
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For other directions of propagation, the longitudinal velocity will lie
between the extremes at [100] and [111] and, although the waves will not
be perfectly longitudinal, the value of (G - k)?, which enters the transi-
tion probability, will be nearly equal to k? and since

(Gar- X)® +.(Gua - B)* + (Gua- B)* = I,

only very small contributions will be made by the chiefly transverse waves
to the (Gka « k)®> terms. We see, therefore, that the customary approxi-
mation of treating a cubic crystal as isotropic and using only the longi-
tudinal waves for scattering will introduce only relatively small errors.

Since the longitudinal velocities do not differ greatly in different
directions, we shall introduce an average longitudinaPelastic constant cu.
For c; we take arbitrarily the value for a longitudinal wave in the [110]
direction, this value being intermediate between the extremes of [100] and
[111]. We also introduce an average velocity ¢ = (c/p)*%

If we neglect the transverse waves, we see that, for each transition
P toP', or Py toP, in the notation of Section 17.2, there are only two pos-
sible changes in the phonon field given by

Wk =P ~P for dnp=+1
he=P—P for bmp=—1

Thus, except for this ambiguity, the end state is uniquely determined by
the value of P'. We shall shortly discuss how the two matrix elements
can be treated as the single matrix element |9Ulo;| of Section 17.2.

In terms of ¢y, the matrix element (30) can be put in 2 form which is
more easily remembered. For this purpose we shall introduce the average
energy (&) of the normal mode before and after collision, where (£,.)
= hiopa (20 + 1 + 39y ) /2 = B (e + 3 + 83’ + 3)/2. In addition
we note that (I) M = M,/2 = 4p¥ where p is the density of the crystal
and ¥ its volume and (II) wp/R = ¢py = Veyy/p where ¢y, is the speed
of wave ka. In terms of these relationships, equation (30) leads to

| (P U, [P rag + 810) |2 = 6,221 + 1 + 813, /4P eny

2
= 51’;?;_::); = 512%_)' (31)

In this expression (A’) is the average squared dilatation associated with
energy (5,\,) and is defined as follows: For a mechanical wave, the energy
is, on the average, equally divided between potential and kinetic energies.
The potential energy density is ‘}cu(tn)’ w h e egp s the longitudinal
strain and is equal to & the dilatation for alongitudinal wave. Equating
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the average potential energy to half the total energy gives
reda?) = 4B

which leads to the last equation above.

The result may be put in words as follows: The matrix element squared
is obtained by computing the mean squared dilatation associated with the
energy in the running wave averaged before and after the collision. This
mean sguared dilatation (As) corresponds to a mean squared deformation
potential &, *{A®) and the matrix element is half this latter value. Stated
in this form, the result will apply to waves whose polarization is only
partly longitudinal, as the reader may verify.

In Section 17.2 we used the approximation that the change in energy of
the transition P P' could be attributed entirely to the changing energy
of the electron. This can be shown to be a good approximation for the
conditions of interest by considering first the requirement that energy be
conserved in the transition so that the change in £(P) equals Zfiwg,-
For the spherical approximation with £P) = P%2m, we may write the
energy in terms of the change BIPl in the form

3&(P) = |P|s|P|/m = |v|s|P).
For the lattice wave we have a change in energy of
b = K2xc/ = helk| = [P — P|.
Equating these two energies gives

3P| = ﬁl P’ — |- (32)

At room temperature, |v| is about 107 cm/sec whereas ¢ is about 20 times
smaller. Thus the changes in |P| will be only a few per cent of |P|. Figure
17.6 shows the end states P’ resulting from P.  Forlarge values of [P — P'|,
k is large and the two surfaces are separated so that 8&(P) = 2k, If
the value of P deviates from one of the sutfaces, the change in total energy
will vary owing to &(P) as v - 6P and owing to Aws. as ¢ X (component
of 8P parallel to k). From this we see that the changes in energy arise
largely from changes in |P]. Since the separation of the two surfaces is
only a few per cent of |P}, we may take the two surfaces as being a com-
mon sphere. For very low energy electrons, however, |v| will be com-
parable to ¢. Under these conditions the two surfaces take the form
shown in (b}, For still lower energies, the surface takes the form (c)
and no transitions in which the clectron loses energy are possible. These
interesting cases are of importance only at very low temperatures and lie
outside of the range of phenomena with which we are concerned.”

" S F. Sditz, Phys, Rev. 73, 549-564 (1948) for a further discusson of these points and a
list of references
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Accordingly we approximate the end states for P' by a sphere. Further-
more, two independent processes, corresponding tod# = +1 andém ——1,
contribute to the transitions from P to P'. These two probabilities should
be calculated separately using the absolute values of the squares of the

:r(., [P)=ame Tc[b] ip| =3me
8
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CRYSTAL MOMENTUM
F1G. 17-6—1Initial and Final Values of P for Transitions which Conserve Energy.

(a) The two nearly spherical sheets corresponding to emission and absorption of a
phonon with |Pg| = 6mc.

(b) The two sheets for an electron with |Ps| = 3mc.

(c) For an electronwith }Pg] = mc, energy loss is impossible.

(d) CaseofPq = 0.

matrix elements and then added. Theresult will bethe same, however, as
that obtained by simply adding the squares of the absolute values of the
two matrix elements. The effective value of {®|? used in Section 17.2,
in which P and P' are replaced by PQ and Pj, is thus

|Us0* = |(Porual Uy [Pirena + 1) + |(Pott—sa || Pyt_pe — 1)[F

-8 3P (a0 + 1) + A patt e
! Ve

(33)
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Since the waves ka and — ha have the same frequency, the two »'s will be
equal. Furthermore, the energy of the phonons for the important transi-
tions is of the order of s = Re2w/\ = Ke|k| & [P| and, since this is much
less than |¢]|P| = kT, the lattice waves of interest are well above their
characteristic temperature and consequently

Weone (7rms + ) = AT,

Using this equation to eliminate (2n,,, + 1), we obtain the expression used
in 17.2 except for the change in notation, with P, Pin place of P, Pj of 17.2:
AT 5,2

kT
2 2 2 L .
|“u,ul = 51 Ven L 51 {a ) - 2R = Ven

(34)

where A4 is independent of the temperature. The value of (Ag} corresponds
to an elastic energy of #7/2 in form oc¢zzgs/2 e 1 e the use of cu for all
directions of propagation follows from the isotropic approximation. Equa-
tion (34) is twice as large as (32) as a result of combining phonon absorp-
tion and emission transitions.

Inserting this in the expression for the mean free path derived in 17.2
gives

1 ATmﬂs 1.;2*?‘”!“2
= T = 1
HT) ki LX)
where we have replaced &; by &, to remind the reader that this formula

was derived for an excess electron. In the next section we shall show that
the formula for a hole differs only by replacing &1a by &3, and my by mp.

(35)

PROBLEMS

1. Calculate the electrostatic potential variations in the crystal due to a
£std wave of long wave length.

Consider the potential Wy{r) - 8Rp. This is the change in potential in
the crystal due to giving nucleus zero a vector displacement 88y, Of
course, WQ will be largest in cell zero where the displacement occurs. At
large distances from the atom, the nuclear motion alone would be equivalent
to producing an electric dipole of magnitude 4+ Ze8R,. This dipole is
largely neutralized by compensating shifts of the core electrons, Z — 4 in
number, and the valence electrons which are 4 in number. The core
electrons will move by almost exactly the same amount as the nucleus and
will reduce the moment to 4¢6Rp. If there were no interaction between
one and another of the four covalent bonds around the nucleus, the valence
electrons would exactly cancel the remaining 4¢8Rgy; this follows from the
fact that the two bonding electrons between atom zero and its neighbor,
atom one, have their center of gravity midway between the two atoms
and will thus move half as far as atom zero and produce a dipole moment
of 2{—z8Ry = —ebRy; consequently, four covalent bonds would just
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cancel the 4#6Ry dueto moving the core. Therewill, however, beinterac-
tions among the bonds so that if atom zero (say the central dark atom of
Figure 1.3) moves directly towards one of its neighbors (say the atom in
Figure 1.3 nearest the reader), it will tend to decrease the angles between
the bonds to the three atoms it moves away from and this squeezing
together of the bonds will cause, through the exchange effect, the electron
density of the three bonds to shift by less than 48Rg. Consequently, a
very small net dipole moment, denoted by ¢'8Ry where &' < ¢, will be left
over because of the nuclear motion.

Suppose, therefore, that at large distances from Ry, §Ry + Wo(r) is the
field due to a dipole ¢8Ry, embedded, of course, in medium of dielectric
constant K. Then the wave B8R, = Gg.cos k- R, gives rise to a wave of
polarization. Show that this polarization produces a potential

e(r) = (dx N /oFRY (R G)g sin k¥
= = (dwe' N./uF R A ()

where N./¥ is the density of nuclei per unit volumeand A{¥) isthedilata-
tion of the wave. Show that for the wave whose & will reverse an electron
of energy kT at room temperature ingermanium, ¢ is equal to:

¢ = 5.1 X 107%(¢'/e) A absolute e.s.u, volts

= 15('/¢) practical volts.

Since e isprobably only afew per cent of , thisterm is negligible compared
to the terms considered for the dope of the bands. However, k% varies
directly as T, the absolute temper ature, so that thisterm might be impor-
tant at temperatures of liquid hydrogen or below.

2. Show that the terms in dup(r, &)/ arc of order yP?/m. (Equation
(24b) of Section 17.6.)

First note that the terms involving (8/3s) are multiplied by ¥a and that
Ve o k and that #ik and P are of the same order. Hence note that the only
terms which de not lead directly to order nP? have factors like

a!
e 2P® 0 5 E)
and that these lead to integrals similar to those for # in the expression for

v = Vp&(P) and hence to terms no larger than +P3/m.,.
3, Prove that

Jvrsapear, = [ Haryegpar,
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by considering the periodicity of & and the effect of this upon integrating
63
| I V
f"” ox? SV

by parts over the volume of the crystal.

4. In equation (26) of Section 17.2 the effect of the states into which a
state b; might decay was replaced by aterm —#in;4; which leads to an
exponential decay of the form exp (—u,¢) for &;. Although this pro-
cedure is correct, as shown by equations (11) to (17) of Section 17.2,
when a single initial state decays to a s&t of final states, it requires scrutiny
when a group of initial states decay to the same set of final states. We
shall use the coefficients b for states to which ag can make transitions and ¢
for those to which the b-states can make transitions. Then it is evident
that there are four dasss of f-states: (i) those having two more phonons
than ap (corresponding to two transitions with phonon emission); (ii) those
having one more phonon of one type and one less of another type; and
(iii) those having two less phonons. Consider a state of type (i) with
coefficient denoted by c(k, k ) which has one more phonon each of type k
and type k! than ao. This may arisein either of two ways as may be seen
from the following scheme:

4 b(k) bR c(k, k)
P P—hk P—#k P-kk+ k&)
"y m+1 ny ny+ 1
fy B me + 1 e + 1

Each column above describes a state and the state e{k, k') may arise
either by

ao— (k) — c(kk')
or by

gy — B(R") — c(RK').

This shows that the decay of any state b(k) into a set of states c(kk ) may
be influenced by the effect of other b(k') which may also decay into the
same set of states.  If this effect is sufficiently pronounced, it will mean that
errors may be introduced by assuming that each b decays with its own
characteristic n as expressed in equation (26) of Section 17.2.

The problem left to the reader is as follows. The important b'sand c's
are those for which the energy of the system is the same as for state ay,
all other b's and c's being relatively small. Each b(k) may be said to
excite its own st of c(k,k) which cause it to decay. Show that any
important c (k, k) arisesin general chiefly from only one b(k) and that the
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contribution from the one other possible b(K) is small. Hence show that
the c's which make any one b{Jk) decay arise chiefly from that b(k), so that
the effect of the other b(k') upon the decay ofb(k) is negligible.  Show that
similar conditions apply to (ii) and (iii).

This reasoning indicates that the decay of any b may be represented by
aterm like iht\b in (26) of Section 17.2 and hence that the equivalence of
the classical and quantum collision theories can be extended arbitrarily far.

5. Consider the allowed transitions as represented in Figure 17.6 for
cases in which \P\ is comparable to mc. Show that, for PQ initially in the
.y-direction and for collisions with P* in the PPy plane, the curves of
Figure 17.6 are the ~~l#inne ~f tha anntion

v e|P! — Po| = ﬁ P2 — Py¥)

where 3n = 1 and that these are intersections of 2 parabola of revolution
& = (P2 4 P,)/2m with a circular cone having its vertex on the parabola
at Py = |P), P, =0, & = Po?/2m. For values of P’ along the P, axis
show that there are two solutions, one of which always corresponds te
phonon absorption with 82 = —1, and that the other changes from phonon
emission to phonon absorption when |[Py| = me, corresponding to tangency

between a line of the cone and the surface of the parabola of revolution.
Verify from this that the curves of Figure 17.6 are qualitatively correct.

177 THE EFFECT OF THE PAULI PRINCIPLE UPON THE
MATRIX ELEMENTS

In this section, we shall investigate the changes in the scattering theory
which are required when many electrons are present. We shall treat first
the simplest case, that of a single hole, and show that it reduces to a form
substantially equivalent to that for an electron. On the basis of the
manipulations used in establishing the transition probability for a hole,
we shall in Section 17.7(b) make a generalization to the case of a partially
filled band and obtain results which form the basis for the treatment given
in Section 11.2.

17.7a. The Case of a Single Hole.  For the case of a single hole, we con-
sider the set of 2N wave functions constituting the valence band and repre-
sent them by the following expressions (which are slightly modified from
previous sections in order to avoid three levels of subscripts):

X85 @) = W(Pa; re)yalse), 6

where ge = (¥e fc} represents the position vector r. of electron ¢ with
respect to the center of gravity of the crystal (not including the mass of
the electrons under consideration) and s; the spin. The index a runs
over the basic lattice of P values twice, once for plus spin with y, = @&
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and once with minus spin with ys = B, @ and P being the spin functions
defined in Section 15.7. When only the functional form of x, need be
considered, y is written as % {2). (Weshall ussindicesa, b, c for electrons,
reserving i and j for atomic vibrations.) The definition of Ys(Pa; r) =
Y. (r) given in equation (3) of Section 17.6 normalizes \(a; @). As

for Section 15.7, we mean byqu integration over volume and sum over

spin.

Theeéelectronic wave function for the electrons must be an antisymmetri-
cal function; and since only one hole is present, it can be characterized
by the missing wave function, as was done in Section 17.8 in connection
with equation (11). Weshall write this wave function as follows:

1 2V -1
Ag's) = ——————F{2W(2) T xle: 2¢. 2
@0s) = s DO T xss 242 @
where ¢, includes all x's except % (), and 3-{2) means the sum over the
permutations 2 of the 2NV — 1 sets of coordinates in the determinantal
wave function discussed in equations (7) and (8) of Section 15.7.

The wave function for the normal modes of vibration may be taken to

be that used in the last section [equations (4) and (5) of Section 17.6 or
{22) of Section 17.5]:

$(n’s)

E 1’(”*1“17’ Rdinys Thajes thp)
= ]_1 $:. )

As in the last section, each elementary process will be seen to involve the
change of only one of then's. (We shall use (*9 to indicate complete sts
of w-numbers and the complete sets of coordinates.)

Thewave function, except for the motion of the center of gravity of the
entire system, is thus

€(Po, n's) = A; = Aap(n's). (4)

Thisisan eigenfunction for theHamiltonian
Ho = K, + LH: (5)
[

wherethe!¥; terms are the harmonic oscillator Hamiltonians and
scr. = (1/2!”)“,2 + Gl[g(l".). (6)

For the case of an almost filled band, each €y term must include the aver -
age effect of all the other electronsin the band as well as the potential due
to the nuclei, core electrons, and valence electrons in other bands, if any.
Thusoneterm omitted from Iy arises from variationsin Sg{re) from its
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average value due to fluctuations in the positions of the other electrons.
We shall refer to thisterm as U, The exact potential energy for all the
electrons can then bewritten as

AU(r.'s, q's) = 2‘%(’}) + gq-ll(rc: ?i's) + QAUy(r.’s)
= LUo(re) + Urr(r's, ¢i's) (7

where Q,» represents the total perturbation energy. The pair of terms
Uy (r,) + U, (r,, ¢."s) represents the potential energy of electron ¢ due to
interaction with the nuclei and the average positions of all other electrons.
This gives to %y and S, the same meaning as that introduced in Section
17.4, except that we shall now consider that some of the electrons whase
average behavior is included in these terms may also undergo transition.
Gy represents the additional effect of fluctuations in the instantanecus
positions of the electrons in the valence band. Contributions to &, pro-

duced by displacements of the nuclei will include shifts in the average
charge density of the valence band electrons, which are bound to the
nuclei and whose wave functions deform as the lattice vibrates. (See
problem 1 of Section 17.6 for a discussion of such deformations.) The
U; terms are the important terms and we shall show that for the case of
one hole, no transitions are produced by the perturbation U,

(Another term which has been omitted from Hg arises from theinertial
interaction between the €electrons in the reduced mass treatment. This
is negligibly small and is disposed of in problem 1.)

We shall now calculate the matrix element connecting two states

$ = ATl¢; and & = A, (8)
1] 1

The perturbing energy is
Uyr = Zﬂ:‘llx(fc, a.'s) + Us(r.’s) 9

and the matrix element is

(Par’s|AUyr|Pyn"'s) = f #4QU,78'4 (all ¢’s and g's) (10a)
= f A *$*(n's) AU rAvd (n’s)d (all ¢'s and ¢’s) (10b)

- =Ty J [k @ myets 20 s
X [E181e@)x (fui 502) 1
X [ E (00 g9)+ () | d(ll ' and )
(10c)
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where 4 is omitted from the ¢, series of )'s in the first bracket and  from
f; serics in the third bracket. In this formidible expression, almost every-
thing integrates either to zero or unity.

First we shall eliminate U, ; evidently A, will give zero if any # changes.
Furthermore, it will be zero unless 3P is the same when summed over all
states in Ay and Ag; if the sums are different, a change in coordinates
made by displacing every electron by a period R; of the crystal lattice will
multiply each wave function A by exp [{{TP) - R;/f], but will not affect
Al;, Because of the periodic boundary conditions, this displacement
must not change the integral; hence if A;*A, is changed by the R; dis-
placement, the integral must be zero. For wave functions corresponding
to ohe hole, however, 3P is simply —P, for A, and —P, for A, so that
unless P, = Py the 9y term vanishes. If P, = P;, there is, however, no
transition since the #’s cannot change. Thus all that S does is to affect
the average energy of the state and this effect, presumably, has already
been included in QUy(r.). Hence we can forget flla for the case of one hole.

Next we shall show that each of the QU (r., ¢.’s) terms makes the same
contribution. This result appears obvious from symmetry considera-
tions, since all electrons are treated alike in the wave functions A; and A;.
It may be established rigorously by considering the contribution of any
representative term in (10b), for example, U, (r;, ¢i's). We shall show
that the contribution will be the same as that of U, (r;, ¢;'s). Todoso we
first simply relabel gr = (r/, 57} and g, = (v, 5} by interchanging the
subscripts. This does not affect the value of the integral since in both
cases F; and 7y are integrated over the interior of the periodic crystal with
volume ¥ = A, 4,4, and the spins are summed over 4. The integral
obtained from AU (r;, ¢.’s) by the interchange differs from that due to
Sty (7,, ¢.'s), however, in having ¢; and g, interchanged in both A.* and
Ap; since both of these interchanges multiply the integral by (—1), the
integral from SU, (rs, ¢.’s) may be made identical with that from Qty(r,, ¢:'s)
by interchanging ¢y and g, in A,* and Ay.  The same reasoning shows that
all 8, terms give the same value.

We may, therefore, consider only one term in the 4, (r,, ¢.'s) series, say
Sty (71, ¢,’s) and then multiply the result by 2N — 1. There are (2N — 1)}
products in the sum in the first bracket of (10c) and (2N — 1)! products
in the second bracket, so that AU;(r;, ¢,’s) is involved in (2N — 1)P
terms altogether, Since the x's are an orthonormal set, the integral
over gz - - - gan..q Will vanish for each of these terms unless the two sets
of ¥*s and yx’s (each 2N — 2 in number) in which these ¢’s occur in
(10c) are identical and arranged in the same order. When they are in
the same order, the integral over these g's is unity. The only set of
X's common to A, and Ay is that obtained by climinating ¥ () and ()
from the total set of 2N x's. Hence (10c) vanishes unless x*(%; @1)
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‘occurs in the first bracket of (10c) and x(s; ¢1) in the second. It still
vanishes unless the permutations £ and $ are such as to pair properly the
2N —- 2 remaining ¢'s in the common ¥'s sets. There will be, of course,
{IN — 2)! ways of choosing simultaneously 2 2nd & so as to do this;
and for each of these £(2)¢(8) will have the same value (a result which the
reader may verify); this value will be either +1 or —1 depending upon
the number of interchange necessary to bring g; into ¥*(5), and upon the
number then required to bring ¢; into Y {4) and in addition to arrange the
other ¢'s in the %'s of (10c} to match the ¢'s in the x™'s. Since the sign
of the matrix element is not important in the transition probabilities, we
need not establish rules for determining it.

We shall now rewrite the matrix element (10} by dropping U, evaluat-
ing @y (g1, ¢i's) only, multiplying by (2N — 1} to include the effect of
the omitted &U,’s, and multiplying by (2N — 2)! to account for the differ-
ent ways of pairing ¢a to gay—1. These factors give (2N — 1)(2IN — D)=
(2N — 1)1 which just cancels the coefficient in (10c). The matrix element
thus becomes

(Pqy ”Islc‘uﬂ'l}’h ”hs)
= if)(‘@;fh 51)?‘1’:"6‘11 (11, ¢:'s)x (85 N, -*'1)1}1’:'4"114' (allg's). (11)

The =+ sign, arising from e{2)e(3) as discussed above, does not affect the
transition probability. It may be noted that, in the integration, A,
reduces to x*(#) and Ay to x (). The interpretation of this interchange
of @ and 4 is that the transition probability from a to » for the hole is
identical with that of an electron from # to a. Further inspection of (11)
shows that it is of essentially the same form as the matrix element treated
in Section 17.6; if R, is considered as linear in the ¢,'s, then the same selec-
tion rules will apply and (11) will reduce to (9) of Section 17.6 in which
only one # of the running wave scheme changes.

There is also a selection rule for the spin, Since SU; does not involve
the spin, the integral vanishes unless % (a) and x{#) both contain a or
both contain B. If spin is conserved, the sum over the spin coordinate
eliminates the spin functions and replaces the y’s by the corresponding
$(P) = {p functions.

It is thus evident that the matrix elements for the transitions of a hole
from P, to P, are identical with those of an electron from P, toP,. This
latter may be calculated by precisely the same methods as those used in
Section 17.6, the only difference being that wave functions near the top of
the valence band are used instead of wave functions near the bottom of the
conduction band.

Because of the equivalent form of the matrix element, it is evident that
the methods of Section 17.2 can be applied to the transitions of a hole.
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This will lead to an expresson like (35) of Section 17.6 for the mean free
path of a hole, except that the rate of change of &, with dilation will
replace the rate of change of & with dilation in Section 17.6, equations
(17) and (27). The two expressons for the mean free path will thus be

1 _ & 1.’* Tm,’

f.(T) - fﬁ‘fll (12)
| _ 51,‘%1‘”’,8 .
B(T) " aben =

One important difference between the hole transition and the electron
transition should be mentioned, however. For the electron transition the

quantity
P+ hTnk (14)

is conserved; owing to the interchange of subscripts a and b on the right
and left sides of (11), the conservation law for holes applies instead to

=P + Al k. (15)
As pointed out in Section 15.8, however, the natural momentum to asso-
ciate with the hole is PB = — P where P is the momentum of the omitted

wave function and PB the momentum of the remaining electrons in the
energy band. This value of PB is consistent with the picture of positive
charge and positive mass for the hole.  We see now that it is also consistent
with the conservation of the quantity

Py + WX m k. (16)

This shows that the formal equivalence of the behavior of holes and elec-
trons can be made complete, so far as scattering and acceleration are con-
cerned, by making use of PB. Considerations of this formal equivalence
do not appear to afford any greater insight into the mechanism, however,
and we shall not develop them further here.

Before proceeding to the case of many electrons or many holes, it should
be pointed out that the reduction of the many-electron matrix element
(10) to the one-electron form (11) did not involve any reliance on the
specific form of U;, save that the individual terms depended on the co-
ordinates of a single electron. The fact that U; was linear in the normal
modes entered only in showing how (11), or its counterparts in Section
17.6, lead to selection rules for P and the nss. Consequently, (10) will
reduce to (11) for scattering due to impurity ions, lattice imperfections,
such as dislocations, or any other causes of deviation from the perfectly
periodic potential. From this we conclude that the scattering of a hole by
these imperfections will be the same as the scattering of an electron, except
that wave functions of the valence band rather than of the conduction
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bandwill beinvolved. Thisfactisusedin Chapter 11 in asimpler formin
discussing the impurity scattering of holes.

17.7b. The Intermediate Case—Many Electrons and Holes. If the
band is partially filled so that an appreciable fraction of the quantum
states are occupied, the effect of the Pauli principle in preventing transi-
tions of electrons to occupied states becomes important. We shall show
here that the effect of the Pauli principle on the matrix elements is con-
sistent with the description given in Chapter 11, in which the effect of
having the states partially occupied was accounted for by reducing the
rate of electron transitions by a factor 1 — f, corresponding to the fraction
of end states available. The treatment of this section does not go as
deeply into its problem as did the treatment of Section 17.2, in which the
equivalence of the results of quantum theory and the classical model was
shown with considerable generality by deriving and comparing the time
dependence of the distribution of end states for the two cases. For the
case of many holes and electrons, the detail involved in carrying out a
similar comparison appears prohibitive compared to its value for expo-
sitional purposes and we shall proceed only to the calculation of the
matrix elements. From these matrix elements we shall infer the desired
transition probabilities by applying the formulae which give the transition
probabilities for one electron in terms of the matrix elements for that case.

Accordingly, we shall deal with M electrons which may occupy a frac-
tion of a set of 2N quantum states which arise from an energy band, or
possibly from several overlapping energy bands. The antisymmetric
wave functions for the electrons will now be

A=Aay, - au; Q1,2 qu) (17)

where the indices a describe the M wave functions of form X (a), see equa-
tion (1). The order of the indices a; to a, in A is immaterial since the
only effect of altering it is to introduce a factor +1 in the determinant
which A represents [see Section 15.8, equation (8)].

The wave functions for the normal modes of atomic vibration will once
more be expressed in terms of the quantum numbers for the running
waves, equation (3) of this section [or (4) and (5) of Section 17.6 or (22)
of Section 17.5]:

$(n’s) = {_}#(ﬂu... M_ta,} Qhags Dhap)
- 4, (18)

The wave function representing the initial state is then

®=Ala, - am;qu, 0, qu)(w’s) = Aj. (19)



17.7] MATRIX ELEMENT—MANY HOLES OR ELECTRONS 541
The perturbation energy will be the same as before and can be written as

N
iy r =¢§1@u1(n. q1’s) + Up(rsy - -+, ), (20)

the terms having the same interpretation as before for equation (9).
The matrix elements of interest will be those connecting two ®s in
which one or more a's change and one n changes by == 1; this last selection
rule evidently follows at once from the linear dependence of U (r.q,'s)
upon the *'s. For the case of one hole, it was possible to disregard U,-
This may still be done for the purposes of conductivity theory if the band
is nearly full or nearly empty and the spherical energy surface approxima-
tion is made; for transitions induced by Slg, there will be, as discussed
above in connection with (10b), conservation of Z_:P“. For the spherical
1

approximation for the energy surfaces, there is a linear relationship be-
tween P, and v, so that

2= (1/my)Ps, or XLvg = (—1/m)p3 P, 2n

Hence electron-electron (or hole-hole) collisions, which are produced by
U, do not alter the net motion of the electrons or the current and, there-
fore, do not contribute to the relaxation of current. [The reader may
verify that this significance of (21) is not altered by recentering the
Brillouin Zone at a corner.] If, however, the energy surfaces are not
spherical, or if the bands are degenerate so that several values of £(P)
and v(P) must be considered for each value of P, U, might have an im-
portant influence. The dependence of mobility upon temperature indi-
cates, however, that such effects are not significant in germanium and
silicon nor in ordinary metals and we shall disregard them.'

If we can neglect U, considerations precisely the same as those used in
going from equation (10) to equation (11) may be applied. This leads
to the conclusion that the matrix element vanishes if more than one of the
a's changes, because if two or more change, then there will be no common
set of Af — 1 x's in A* and A' in the matrix element. Hence we conclude
that matrix elements occur only for transitions for which one of the A'S
and one of the n's change. For these the matrix element will evidently
reduce to form (11) which, because of the selection rule for n, is equiva-
lent to (9) of Section 17.6 and involves the initial and final wave functions
for the electron and the harmonic oscillator wave functions for the only
mode which changes. The allowed matrix elements are thus identical
with the set obtained by considering one-electron transitions from the

' Scattering in metals in which several bands are involved are discussed for example, in
N.F. Mott and H. Jones, The Properties of Metals and Alloys, Oxford at the Clarendon Press,
1936, p. 265. See also J. Bardeen, "Conductivity of Monovalent Metals," Phys. Rev. 52,
688-697 (1937) for a discussion of electron-electron interactions.
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initial occupied states, represented by the set «,, ..., a,..., a,, to a new
seta,® ® ®,a’', e e o g in which only one a, changes, and that to an un-
occupied state of the same spin.

As was seen in equation (23) of Section 17.2, the probability of transition
from an initial state to a set of final states is proportional to the density of
final states and the square of the absolute value of the matrix element.
Applying this result to the case of many electrons, we conclude that the
density of available final states for any one electron transition (a, a,)
will be reduced by (1 — f) since a fraction f of the states which might be
selected for a,’ are already occupied. Thus the transition probability
will be the same as it would be for one single electron in state a, except
for the factor (1 — f). This is physically equivalent to the argument
used in Section 11.2 which stated that the distribution of electrons made
transitions just as if each electron acted independently, except for the
restriction that transitions to occupied states were forbidden.

We have thus justified to a certain extent the use of the classical model
of Section 11.2. To review and criticize the argument we point out that
what we have done on the analytic side is to show that the matrix element
connecting two states of the entire system differing by having one elec-
tronic state x(a,) replaced by another (a,) is identical (except for a factor
*1) with the matrix element for a system with one electron only in which
the one electron makes a transition from x(a,) to x(a,'). (It is assumed,
very artificially, that the potential energy for one electron is the same for
both cases.) It also follows that because there are no possible wave func-
tions in which two electrons are in the same end state, there are no matrix
elements for transitions to already occupied states. It was pointed out
that the transition-probability formula involves the density of end states
so that a factor (1 — f) is introduced to account for the reduction of
available end states.

However, formula (23) of Section 17.2 for the transition probability
was justified by showing the equivalent behavior of the classical and
quantum-mechanical models. This equivalence was demonstrated for
the case in which only one excess electron (or hole) was involved. In
order to establish the same degree of equivalence for the case of many
electrons, it would be necessary to extend the Weisskopf-Wigner treatment
to many electrons and, as stated earlier, the increased rigor obtained by
such a treatment does not appear to warrant the complications involved.

Problem 1. The reduced mass problem for many electrons interacting
with the crystal leads to a Hamiltonian with non-diagonal terms in the
electronic momenta. Let the coordinates of the electrons in respect to a
fixed origin be r , r,, etc., and that of the crystal be R. Then r, =
r,, — R _is the proper coordinate to use for the position of an electron in

el

respect to the crystal and is the r, referred to in this section. Show that
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the equations which should be used in place of (4) to (7) of Section 17.4 are
br=P+ Z’n
a

P = Pea — (m./Mr)Pr
rr = (Mo/Mp)R. + (m:/Mr)TTea
s =ta—R.
and that the Hamiltonian becomes
I = (1/2Mr)ps” + (/2WEDE + (/2MIE T pe- o+ UG, ')

where m = mM,./ (m.‘+ M.} as before. The effective mass in the
P2+ Iy terms is so large that it represents a negligible correction.






APPENDIX A

UNITS

(a) The Basic Rule for Changing Units.®  The problem of changing the
measured value of some quantity from one system of units to another con-
tinually occurs. The work can be systematized with the aid of the follow-
ing idea: Measurement consists of comparing quantitatively the thing
studied with reference units of length, mass, time, temperature, etc. In
order to discuss the relationship between measurements made in two
systems &; and &; we shall introduce the following conventions: measured
numerical magnitudes of scalar and vector quantities will appear in italics L
whereas symbols representing the units themselves will appear in boldfaced
roman L. Thus the length of a 12-in. ruler measured in the c.g.s. system is

writtan ac
L1, )

where Iy = 30.5 and L, = 1 cm. Conversion factors between units will
also be written in boldfaced roman with double subscripts; for example if
Ly = 1 in. we write

L; = Lials, Lz = (2.54)7% (2

Conversion factors between the measured magnitudes of the same quantity
measured in two units will be written in lightfaced italic with two sub-
scripts; for the 12-in. ruler we have

L= LuLz, L = 30.5, Ly =12 @Dy =254 (3)

If one and the same quantity is measured in the same way in two sets of
units, relationships of the form

LiLy = LL, 4
always hold. From this we deduce that
Lig =Lig ! = Ly™ =Ly, (5

The example given above applies to situations in which the units are
changed while the measurements are carried out by the same operational
procedure. Another possibility, however, is to keep the units the same
while changing the operational procedure. For example, consider a circle:
If it is an automobile tire, its size might be measured by calipering its

! For more detail sse P. W. Bridgman, Dimensional Analysis, Yale University Press, 1922.
545
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diameter and dividing by two thus obtaining
(Size) equals LiL; = 16in. (6a)

which measure its radius. Equally well its circumference might be
measured giving
(Size)'equals L;L; - 1005 in. (6b)

It is evident that no simple rule of changing units relates L; and L; ; the
difference between the two arises from a difference between the two opera-
tional procedures defining size. In the next section we shall consider &4,
the M .K.S. system of electrical units, and compare itwith &, the c.g.s.
system. For that case the transformation of mechanical quantities (i.e.
force, velocity, energy etc.) is astraightforward problem in changing units.
For the electrical units, however, the change is of the form (Size) (Size)'
discussed above since different definitions of the operations used for meas-
uring charge, magnetic field etc. are used in the two systems. The fact
that these two transformations are carried out simultaneously is probably
the principle cause of confusion in seeing the relationships between the two
systems.

We shall next derive the formulae for the transformation of measured
quantities for cases in which the method of measurement remains the same.
Accordingly we consider some physical entity & such as asolid or region of
space. We measure in system S; some particular property P of the entity
and obtain avalue X;. Thisresult is expressed by writing?

entity & has XlLl"Mle;c of &, {7
Example:
water has 1.0 em™® gm™! of density, (7a)
If we measure P of entity & in &;, we write
entity & has XL"MRT,° of & (8)
water has Xz ft™3 Ibst! of density. (8a)

The amount of property 2P should be independent of the method of measure-
ment so that we may write

XoL"M, Ty = X,Lo°M'T,* )
1.0em™3 gm! = X3 3 1bl. (9a)

It is frequently convenient in manipulation of expressicns like (92) in
order to find X to proceed by multiplying the left side by factors of the

form
1 o= (Lyalo/Ly), 1 = (MaMy/M;) (10)
where we may use any convenient form of writing unity which accomplishes

2We shall use T rather than t for time in this appendix in order to be consigtent with L
and hi. The use of M is intended to reduce confuson with m for mass and m for meter.
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the desired cancellation shown below. This cancellation process appears
as follows:
X1La® (Lyale/Ly )°M,* (MaMp /M) - - -
= X;qu‘Mlzb A Lﬂ““zb e - leqamsb e (11)
2.54 X 12 cm)’ ( 2.21b )
ft

1000 gm
2.2
= 1,0 (30.5) Mi’t—” Ib = Xafc®lb. (lla)

1.0 em™® (

Since the unit symbols are the same, we have
XiL12"My® - = X, (12)
1.0 % 2.85 X 10* X 2.2 X 107% = 62.7 = X;. (12a)
Seometimes it is convenient to proceed in cascade: The life of a radioactive
element is 2 years, convert this to seconds.
365 days 24 hrs 3600 sec
1year 1day 1hr
= 2365 243600 sec = 6,31 % 107 sec. (13)
By virtue of the relationships (5), the transfermation of measured
magnitudes can also be written in terms of the Ly quantities. Thusif X'is

measured in units of L*MPT*, the relationship between X; and X, may be
written

2 years -

Xy = Li®Mygt - - Xy (14)

A number of the manipulations in the next section will be carried out in
this form.
(b) Electromagnetic Units. The electromagnetic units used in the
text are in
absolute electrostatic units for E, D, p, q, I (15)

absolute electromagnetic units for H and B. (16)
In these units Maxwell’s equations and the force equation are

Absolute c.g.5. (System 1)
V X Hy = (1/e))lBy + 4xh]  (a) VX E = (—1/e1}By (b)

V-8 =0 (c) VD =dxpy (d)
By = xuHy (e) Dy = x,Ey ()]
I = o ) Fr=aqlE + (Ve X Bl (h)

o = 2.998 X 10°° cm/sec @. an

For Ky, = 1, B can bereplaced by H in the force equation and the subscript
e dropped from K¢ the specific inductive capacity or dielectric constant.



48 APPENDIX A. UNITS

In this system unit electric charges and magnetic poles produce unit field
at one cm in free space. In terms of these requirements the units of E, H,
B and D are the same and are Mf”‘:l:.""".l._‘_1 and while ¢, is IMASLHTL
Using these dimensional formulae, equations (17) can be changed to other
units for mass, length and time in accordance with the basic rule of part (a).
The M.K.S. electromagnetic system cannot, however, be obtained from
(14) simply by changing the units of length, mass and time. The reason
is that Maxwell's equations in the M.K.S. system are not in absolute
M.K.S. units, which could be obtained from (14) by the basic rule, but
instead are modified so that none of the units in which the electrical
quantities are measured are absolute M.K.S. units in the same sense that
the units of equations (17) are absolute. For the purposes of this exposi-
tion we shall regard the choice of the M.K.S. system of electrical and
magnetic units as being dictated by two requirements: First, electrical
quantities shall be in practical units so that unit charge is the coulomb
(coul) and unit electric field is the volt per meter; these choices lead to a
unit of electrical energy equal to the watt sec or joule which is also the unit
of mechanical energy in the M.K.S. system. Second, the units of D, B
and H shall be chosen so that the coefficients (1/c) and 4I1 in parts (a),
(b) and (d) of (17) disappear. This is accomplished by the following
transformation scheme where subscript 2 implies the M.K.S. system:

Tasie Al Conversion serweew (1) AwvsoLuTE cgs.
AND (2) MLK.S. SysTEMs

Mechanical
100 crn = 100L; = L3 == meter
L1 = 100Ls Lz = 108
1P gm = 1M, = M= kg
My = 10°M: Mz = 1P
Ty=Ty Ti=1
01 = {L1y/T13)0 o2 = 107
Fi= (MusLio/TyD)Fs+ Fyy = 10
Coulomb.Volt
£11071 stat. coulombs = ;101 q1 = ¢z = coulomb
q1 = 11071 q11 = ¢1/10
(10%¢1) stat. valts/100 cm = (108 e} B = E; = volt/meter
E1 = (10‘/;1).52 Elz L lO‘/n
Additional Conversion Factors
p1 = g/ V1 = (g1a/L12)(ga/¥s) p1a = ¢ /107
Iy = qi/LT) = (quy/Las?M: Iy = e,/108
oy m I/E| = (J1a/E1g)0e o1z = o2/ 101
D = 4x¢,10-5D, Dy = 4xey10F
B, = 1R, Bys = 104

Hy = 4x103H, Hia = 4x101
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In terms of these conversions equations (12) become:

M.K.S. System (System 2)

VXH, =Dy +5 (a) VXEw=—B (b)
vV-B, =0 c) V-D; =p {d)
By = wmuptl;  (e) Dy = xapEy ()]
Iy = 0y (®) Fg = By + va X Ha] (h)
so = 4x1077 = 1,257 X 107°, 1/p; = 7.958 X 10°

1/4xpg = 6.332 X 10° (i)

g0 = 101 /4xc,? = 8.854 X 10712, 1/4 = 1,129 X 10U
1/4we; = 8.988 X 10° = ¢310~7 )]

¢o = (tomo)™8 = 2.998 X 10°m sec™! k) (18)

where &, and x, have the same meaning and values in both systems. For
purposes of illustration we shall verify that (17a) transforms to (18a):

(VX H)y = (Fha/L1)(V X H)y = 4x107%(V X H),  (19a)
(1/e)[Dy + 4wk = (1/61) 4w 10703 + 4wy 107°0) (19b)

the left sides are equal by (17a) and the right sides are 4IT 10-" times the
left and right sides of (18a) which proves that (17a) converts to (18a). We
shall also verify that (17f) converts to (18f):
D1 = 4::110“5.03 = l,El = x,(lO“/q)Eg (208.)
so that
Dy = x, (10" /4m¢,?)E3 = xosoks (20b)

if €, has the value given in (18j).
The quantities in the M.K.S. form of Maxwell's equations have simple
units when expressed in terms of the volt, coulomb (coul), sec system:

TABLE A.2 UNITS IN M.K.S. SYSTEM

43 coulombs Dy coul m™2

p2 coul m™? B webers m—% = B volt scc m~2

Iy coul m~2 gect Hzamp turns m—2

grohm—t m™ o volt see amp~ m~! = 4 henry m™1
Ey volt m™! ey farads m!

Unit of force:  newton = 10 dynes
Unit of energy: joule = newton m = watt sec = 107 dyne cm = 107 ergo.

An alternative method of deriving the relationships of Table A.l is to
consider the repulsion between corresponding ends of two similar thin,
solenoids each carrying flux m, = B, X (area of solenoid) and thus cor-



$$0 APPENDIX A. UNITS

respond to magnetic poles of strength m,. In free space the force is
required to be

Mg’/‘l‘fﬂo’g’ = 10’?”22/1672?'32- (21)

This equation fixes m, in an absolute sense just as does the absolute c.g.s.
system of requiring unit force. From this condition the ratio of B, to B,
and to H, etc. may be determined leading to the definitions of Table A . 1.

A quantity of considerable use is the M.K.S. value of ey/my, the charge
to mass ratio of the electron where we have introduced the subscript M in
place of 2 to facilitate comparison with Section 88. This has the value

{eae/mar) = 1.60 X 10719/9.03 X 1073 = 1.77 X 10* coul/Kg, (22)
The acceleration of an electron in a field of Ey volts/meter is
a= {ex/mu)Ey = 177 X 101 Epem sec™t. (23)

The circular frequency in afield BM is found by equating the acceleration
to the force divided by my, thus obtaining

a = &'r = (ep/mauorBy or w= (ep/ma)Bu. (24)
In a field of By = 1 or 10,000 gauss, the frequency is
S =w/2x = (en/mu)/2r = 2.82 X 10*° gec™? (25)

which agrees with the value in Fig. 10.2.

(c) Atomic Units (System 3).  Another system of units, due to Hartree,®
and frequently employed in calculations of wave function is that in which
the values of electronic charge, electronic mass and Dirac's h are unity. We
shall relate this system, called S;, to the c.g.s. system:

cm = Ly = Lyglg = Lygao = (0.528 X 107%)~1 X Bohr orbit (26)
gm = M; = M;sM; = (9.03 X 10_”)—193. (27)
sec = Ty = T1Ta = (2,419 X 107V7)7IT, (28)

where to avoid confusion with the meter m. is used for the mass of the
electron and ay is the Bohr orbit. The formulae for ag and T3 are

ag = Wom, ¢ % = 0.528 X 107 % em {29a)

Ty = BB, 17 = 2419 X 10717 sec (29b)

m, = 9.03 X 1072 gm. (29¢)
In these units the speed of light has the value

¢, cm/sec = ¢cgag/ Ty = 137.29a9/ 75 (30)

2D. R. Hartree, Proc. Comb. Phil. Soc, 24, 89 (1926). The values agree with those in
Condon and Shortley, The Theory of Atomic Spectra, Cambridge University Press, 1935.
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where ¢5 = 137.29 = ¢%;/#,% is the reciprocal of the fine structure con-
stant. ‘The unit of energy is

{cnergy)s = m.ay2Ts? = atomic unit = 27.07 clectron volts.  (31)

The Bohr orbit calculation for 2 hydrogen atom becomes in these units

& &
f pdg = ma%le = h =kt =1 (322)
Force = /1% = mgut u? = 1 (32b)

8o that » = o = 1 is the solution and the energy is
—/r+ mid?r?/2 = =14 5= ~% or —13.53 electron volts, (33}

In atomic units the wave equation for an electron in the field of a nucleus

of charge Z is
3V — (2/r) = idg/ar = B (34)
for which some of the lowest energy solutions are
Y = (Z4VT) (35a)
Vo = (ZH/4VI)(Q2 - Zre2? (35b)
Vap, = (Z2%/4V2x)Zre %1% cos 8 (35¢)
Yo, = (2%/4V 2x) Zre=%72 gin 8 cos ¢ {35d)
Vs, = (Z%/4V 2x)Zre %712 sin 6 cos ¢, (35¢)

the energy for 1s being —32? and for the others —$2Z°%
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Apriori probability for a quantum state, 453
Absolute value of a wave function, 371
Acceptor, 12-15
Acceptor levels, 223-229
Acougtical lines, 142
Activation energies 22, 471-475
Allowed energy band, 133
Alpha, definition of, 40
for filamentary trandstor, 79-80
intrinsic, definition of, 66
intringc, high values of, 110-113
p-n hook theory of, 112-113
gpace-charge theory of, 98, 111
Anomalous dectron and anomalous hole, 340
Applied mathematical theory, nature of,
361-365
Available gain, 44
Available power, 42
Average velocity, Brillouin zone treatment
of, 195-200, 414-417

Band width theorem, 132
Bardeen-Shockley method for the deforma-
tion potential, 333, 520-531
Basg, type-A transgtor, 35
Bloch function current, 414-417
Bloch wave functions, 122
for a one-dimensonal crystal, 137
for three dimendons, 146, 399-405
Brillouin zones, 119-154
for a crystal with smple cubic structure,
147-153
one-dimensional, 144-145
three-dimensional, 145-146, 405

Canonical ensemble, 476

Capacitance of a rectifier, 100-101

Carnot cycle, thermodynamic eficiency of,
479

Carrier dendty versus temperature, data for,
19, 20, 282, 335-336, 474

theory of, 245, 465-471

Charge densties, 238-239, 306, 465

Chemical potential, 305, 463

Circuit determinant, 43

Coallector, 35

Complex conjugate of a wave function, 371

Conduction band, efective densty of dates
in, 240-241, 464; s dw energy bands

Conductivity, Brillouin zone treatment of,
195-200

Conductivity, comparison with experiment,
18, 282-290
definition of, 16, 198
intrinsic range, 279
intringic, versus pressure, 335
introductory theory of, 187-214
mathematical theory of, 250-292
particle treatment of, 200-204
Conductivity mobility, 337; s mobility
Conductors, ionic, 4
Conservation of energy theorem,
in dectric field, 170-172, 424
in magnetic field, 172, 424
Conservation of quantum dates, 169-172
theorem of, 132, 150
Contact potentials, internal, 353
Continuity equation, for holes, 298
for dectrons, 299
Conwell-Weskopf formula, 258-264, 278-
279
Counters, 114
Counting circuits, 81
Crystal momentum, 143-153
Current due to a hole, 179
Current multiplication, 79-80, 98,110-113
Current paths, emitter, 107

Deformation  potential, Bardeen-Shockley

method for, 333, 520-531
definition of, 523
dependence on dagic congants 527-

531

Deformation potential formula, 264-270

Degenerate eigenvalue, 383

Degenerate dectron gas 241, 280-282'

Degenerate semiconductors, 241, 280-282

Densties velocity, 329

Dengty-flow method, 157-159

Detailed balancing, principle of, 254, 491

Diamond at room temperature, 247-248

Dielectric relaxation time, 58

Diffusion constant, 299-302

Diffusion length, 314

Diffusion of holes 348

Distribution in energy of quantum dates,
220, 453

Donor, 12-15

Donor leves, 223-229

Drift mobility, 59-60, 209; sse mobility

Drifzto\éllelocity, particle treatment of, 200-
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Effective density of sates in the conduction
and valence bands, 240-241, 464
Effective mass of an dectron, 174-179,
397-398,405
Eigenfunction, 379
Eigenfunctions of energy, 124, 380-383
Eigenvalue, 124, 379
Einstein relationship, 299-302
Elastic congtants and deformation potentials,
334, 527-531
Electricfield,
acceleration by, 167-172, 424-435
relationship to energy levels, 33, 302-308
Electrical filter sysems, 142
Electron, amog free, 398, 406
anomalous, 340
effective mass of, 174-179, 397-398, 405
Electrons and holes, formal equivalence in
behavior of, 182, 443, 539
Electrons in crystals, velocities and currents
for, 156-166, 414
Electrogtatic potential, 33, 302-308
Emitter, 35, 92, 96
Emitter current paths, 107
Energy bands, 129-154, 389-198
allowed, 133, 389-390
forbidden, 133, 389-390
for diamond, 133
Energy gap, 133, 389-390
Energy levels due to impurities, 22-23, 223-
229
Energy scales, comparison of, 232
Energy surfaces, 149
and magnetoresgance efects, 338-341
Ensemble of systems, 454
Entropy, 461, 479
Equation of continuity, 295-299
Equivalent circuit,
type-A transistor, 37-46, 105
filamentary transistor, 77-85
Excess dectron, behavior of, 174-178, 424-
435

Exciton, 68
Excluson principle, 128-129, 435-440

Feedback, positive, 40, 80-82

Fermi-Dirac distribution function, 230-234
derivation of, 461-464

Fermi-Dirac gatistics, 230-248
classcal approximation, 233
for a semiconductor, 237-246
for a ample modd, 234-237

Fermi level, 231, 302-308, 463-464
temperature dependence of, 465-473

Field emisson, 91

Filament lifetime, 322

Filamentary transstors, 77-85

Fock equations, 440

Forbidden energy band, 133, 389-390

Forming, 108-110

Free energy, 463, 480

Functions, complete st of, in quantum
mechanics, 382

Gain, available, 44

Gamma, 60

Gauge transformation, 426

Germanium at room temper ature, 246-247
Grain boundaries, 347

Group velocity, 162-163, 410-411

Hall coefficient, 212
units for, 21-215
Hall effect,
advanced theory, 270-282, 336-342
comparison with experiment, 16-21, 282-
289, 336-342
definition of coefficient, 212
elementary theory, 204-211
formulae, 215-217, 277-282
measurement of, 211-215
units for coefficient, 212-215
Hall mobility, 209
elementary theory, 206-211
mathematical theory, 336-341
Hermitian operators, 377-380
Herring's solution for large densties, 296,
328-333
Hole, anomalous, 340
behavior of, 178-182, 440-446
current due to, 179
matrix element for, 534-540
postive charge and postive mass of,
179-182
Hole densty, influence on point contacts
65-66
influence on conductivity, 61-63
Holeinjection, 55-71, 91, 96
Hole lifetime, 67-69, 298, 318-328, 347
Holewave packet, chargedensity and current
densty for, 442-444
congruction and behavior of, 440-445
in terms of energy eigenfunctions, 444 445
Holes, pulse of, 331-332
recombination of, 67-69, 298, 318-328,
347
gpontaneous generation of, 298
Holes and dectrons, formal equivalence in
behavior of, 182, 443, 539
Holes produced by alpha particles, 114

Impurity centers, ionization energy of, 227
Impurity semiconductor, 12-15
Injection of carriers, 55-71, 91, 96
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Instability, 37, 80-82

Internal contact potentials, 353

Intrinsic alpha, 66

Intrinsic semiconductor, 15

lonization energy of impurity centers, 227
lonization potentials, 228-229

Junctions, p-n, 86-95, 309-318
capacitance of, 100-101

Junctions, p-w, 86-95, 309-318
transgtors utilizing, 92-95

Koopman's theorem, 440
Kronecker delta, 383

L attice displacement operator, 508-510,513-
516

L attice, reciprocal, 405

Level of energy, 303

Lifetime in filaments, 318-325

Lifetime of holes, 67-69, 298, 318-328, 347

Magnetic concentration of hoes and dec
trons, 71-74, 325, 328
Magnetic field, accderation by, 172-184,
424-435
Magnetoresistance effect and energy surfaces
341
Maximum availablegain, 44
Mean free path, 269, 289-290,
calculation of, in terms of matrix eements,
483-494
Mean free time, 191-195, 251-258, 270-287,
493-494
Mean free time between collisons 254
M etal-semiconductor contacts, 95-101
Microcanonical ensemble, 454
Microscopic mobility, 209, 337
Mobility, 16,198,209; see als conductivity,
drift, Hall, and microscope mobility
advanced theory, 270-282, 336-342
comparison with experiment, 282-290
dementary theory, 195-204
formulae, 270-288
values, 17, 21, 289, 337-338

Negative ressance, 29, 81
Noise, a theory of, 342-346

in the typc-A transstor, 46-50

transmisson effect, 344-346
Normal modes, 127

for atomic vibration, 494-504
Normalized wave functions, 369

O-dtates, 455
Operating gain, 43
Operator methods, 377-380
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Operator, quantum mechanical, average
value of, 375

Orthogonal wave functions, 382

Orthonormal form of eigenfunctions, 383

P-n junction, 86-95
admittance of, 316-318
comparison of, theory and experiment, 91
resganceof, 311
resstance versus pressure, 335
saturation current in, 314
theory of, 309-318
unsymmetrical, 91
P-n junction transsor, 92-95
Partition function, 476
Pauli exduson principle, 128-129, 435-440
effect on relaxation time, 256-258
Periodic boundary conditions, 135, 399-405
446-451
Periodic potential field, 134-142
Periodicity of P-space, 151, 392, 404-405
Phase velocity, 162, 410-411
Phonon, 69, 251-252
Phonon momentum, 519
Photocdlls, 115
Photo-conductivity, 11, 114, 408
Photon, 69
Phototrangs tors, 114-115
Planck harmonic oscillator
455-459
Point contacts, 95-101
capacitance of, 100-101
influence of hole dendty on, 65-66
theory of forming, 108-114
Poisson's equation, 306
Potential well, 384
Power, available, 42
Poynting vector method, 157-159
Praobability amplitude, 125
Probability current, 414-417
Praobability density, 125, 369

distribution,

Quantum efficiency, 114, 408

Quantum mechanical operator, averagevalue
of, 375

Quantum mechanics, dementary, with circuit
theory analogues, 361-404

Quantum state, a priori probability for,
453

concept of, 128
Quantum gates, 119-154
conservation of, 132,150
distribution in energy of, 220-229, 453
effective number in energy band, 240-241,
464-465
in crystals, 129-134
Quas Fermi levels, 296, 308
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Random proceses 187,189-191, 258-270
Reciprocal lattice, 405
Recombination-emission center, 345
Recombination of holes, 67-69,298, 318-328,
347
Rectification:
contact
Resistivity: sse conductivity
Relaxation time: s mean free time
Running waves, 135-136
transformation to, 510-516
Rutherford scattering, 262

se p-n junction and point

-dates, 455
Saturation current in p-n junction, 314
Saturation range of temperature, 244
Scattering, by impurities, Conwell-Weisskopf
formula, 258-264, 278-279
by thermal agitation, 264-270, 277-278
Schroedinger's equation, for eigenfunctions,
122, 379, 381
time dependent, 127, 372
Sdection rules, 516-520
Shock-wave phenomenon, 332
Silicon at room temperature, 247
Spin, 128, 435
Spreading resstance, 99, 104
Square potential well, 384
Statessum, 476
Static characteridtics, type-A trangsor, 36-
37
Stationary dates, 382
Statistical mechanics reationship to thermo-
dynamics, 459-461, 475-180
Suhl effect, 71-74, 318, 325-328
anomalous, 340
Surface charges 29
Surface decay congtant, 322
Surface recombination velocity, 321
Surface gates, 31-34
effect on rectification, 96
Sweeping field, 60

Thermal agitation, trandtions due to, 264-
270, 481-543

Thermistor, 29

Thermodynamics, relationship of statistical
mechanics to, 459-461, 475-480

SUBJECT INDEX

Transgtor, filamentary, 77-85
p-n junction, 92-95
type-A, 34-50, 101-114
Transstor dectronics, applications to, 295-
349
Transit timeefects in the filamentary trans
istor, 83-85
in the type-A transgtor, 1(X -1 8
Transition probabilities, 189-193
quantum theory of, 258-264, 487-491
Transmisson line, theory of, 365-368
Traps, modulating, 345
Type-A transsgor, 34-50
theory of, 101-114
transit time effect in, 106-108

Uncertainty relation, 418

Unitary transformation, 504

Units, atomic, 550-551
basc rule for change of; 545-547
dectromagnetic, 547-550
M .K.S. dectromagnetic, 548-550

Vacuum tube, analogy to, 94-95
Valence band, or valencebond band: se
energy bands
Vectors, primitive, 399, 409
reciprocal, 401

Wave equations, 122-127
Wave function, absoluteva e and complex
conjugate of, 371
Wave functions, analogues to, 123
antisymmetric, 435-440
determinantal, 437
normalized, 369
orthogonal, 382
Wave packets, general, 162-166
group velocity, 410-411
Wave packets, quantum-mechanical,
acoderation of, 424-435
charge densty and current densty for,
442-444
general properties of, 417-424
in terms of energy dgenfunctions, 444-
45

Zudandssumme, 476
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