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PREFACE.

My time for some years was so much ocoupied by
administrative duties in Trinity College that I was unable
to make any attempt to carry out the intentions stated
above fourteen years ago in the Preface to the first volume
of this treatise.

I have now to some extent accomplished what I then
proposed. I ocame, however, to the oconclusion that a
chapter on Conjugate Functions was not suited for such
a treatise as the present, and that to a student having a
limited amount of time at his disposal some account of
Maxwell’s Theory of Light would be more interesting and
instructive. This theory is not of course part of the
Theory of Attraction, but is so intimately connected with
the properties of magnetized bodies, eleotric currents, and
lielectrics treated of in the present volume that its
introduction does not seem unsuitable.

I should recommend a student reading this book for
. the first time to omit the whole of Chapter VIII after

 Article 146,
b



vi Preface.

Of the more recent developments of the electro-
maguetic theory of light I have not attempted to give
any account. So far as I can judge some of these rest
on insecure foundations. I imagine, however, that before
studying the most recent investigations a preliminary
knowledge of Maxwell’s theory is required, and I trust,
therefore, that my chapter on the subject will not be
entirely useless to the student.

I have to thank Mr, S. B. Kelleher, ¥.1.c.n., for his
kindness in reading the proof-sheets of this book, and
furnishing me with many valuable corrections.

FRANCIS A. TARLETON.

TriNiTY COLLEGE, DuBLIN,
April, 1918.
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THE

MATHEMATICAL THEORY OF ATTRACIION.

CHAPTER: VIIIL

SPHERICAL AND El,mrs{}nmn HARMONICS,
Secrion I.—8Spherical Surfaces.

137. Expansion of Potential in Series of Solid
Harmonics.—It was shown in Art. 78 that the potential V"
at a point P, more distant than any point in the attracting
mass from the origin, can be' expanded in a series of
descending powers of », where # denotes the distance of P
from the origin. ‘
In this case, the series for th!é potential is of the form
M : Yn
PRt
where M denotes the attracting mass, and Y, ¥, &c., are
functions of 6 and ¢, the angular coordinates of P, and of
constants depending on thé attracting mass, but independent
of the position of P.
Since V?*V =0 for all positions of P outside M, the
coefficient of each power of » in V27 must vanish separately,

and therefore v -
' v (7,7';) -0

Using for V? the expression given, equation (17), Art. 48,
we cbtain

Cd o W d¥ 1 &Y,
Al e el wer Rl

+a(n+1)¥a=0. (1)



2 Spherical and Ellipsoidal Harmonics,

If ¥ be a function of 8, and ¢ satisfying (1), it is easily
seen that V?*(»"Y) =0; accordingly, if V,=7"Y,, we have
V2Va =0, and V, 3, ¢ homogeneous function of ©, y, 2 of the
degree n satisfying La, 'ace’s equation. Such a function is
ocalled @ spherical solid k. rmonic of the degree n,

It appears from whay has been said that if ¥, denote a
solid harmonic of the degree n, then ")V, ig also a solid
harmonic whose degree is — (n + 1).

The function %:'—' is termed a spherical surface hchmonic of

the degree n, and is what has been denoted above by Y.
In the present case, by considering the expression from

whose expansion ’,—”-'}l was obtained, it is easy to see that V7,

is a rational and integral function of #,y,s. In what follows,
Vo will be termed a solid, and ¥, a spherical harmoniec.

138. Laplace’s and Legendre’s Coeflicients.—If
the attracting mass be concentrated at a point @ whose polar
coordinates are », ¢, ¢’, and whose distance from any point P
is r, we have

. J2\ - ] . 2\ -
X _ 95(1-2#— + ’—;) %J—f(l-%% + -'—) ’
T 2 7 7" r P 7

where A =pp’ + /1 -p*/1-pu"cos(¢p-¢).
In this case, if P be farther than @ from the origin,

i
V =M EL“ r—""'_l;
and if P be nearer the origin,
V= MSLy s
»

The coefficients Ly, L,, &o., in the development of r™ are
called Laplace’s Coefficients. They are obviously -spherical
harmonics of a particular kind. They may be defined as
the coefficients of the successive powers of h in the expansion-of

(L - 20 + By, a,

These coefficients are plainly symmetrical with respoot to

the angular coordinates of P and Q.



(&)

Properties of Complete Splzerwa/auarmom’cs.

If the point @ be on the axis frox which @ is counted,
A = u, and Laplace’s coefficients become the coefficients of the
successive powers of h in the development of

(1 - 2uh + A,

In this ocase, these coefficients fre functions of u solely,
and are called Legendre’s Coeffi¢ients. They are usually
denoted by P,, P,, &e. !

It is plain that P, satisfies thef equation

i
1 ‘f{i”+n(iz+1)1’,,=0. @)

o

In general, a spherical harmonic of the degree n, which
is a function of u solely, satisfies (2), and is called a zonal
harmonic.

139. Properties of Complete Spherical Har-
monfes.— A spherical harmonic which when expressed as
a function of the coordinates is finite and single-valued for all
points of space, is said to be complete. 1f ¥, and ¥, be
complete spherical harmonics of different degrees,

r r" Yoo dude = 0. 3)

This may be proved as follows:—It appears from Art.
137 that .

,'.mH ﬂ.ll(l pntl

satisfy Laplace’s equation ; and by (5), Art. 58, if we take
as the field of integration the space outside a sphere § of
radius a described round the origin as centre, we have

Y, d (Y. (Y. 4 (Va
[ ()= [ () s

1 +1
netl ﬂ Yo Tdudp = T H Y ¥odudg,

a

Hence

and tharafara. unlass m = n. eanation (3) must hold good.
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If ¥, be a complete spherical harmonic of the degree #,
and L, a Laplacian coefficient of the same degree,

T LY dude = Ty 4
J_:L wYndudp = 5q Y 4)

To prove this, take as the field of integration the space
outside a sphere S whose centre is at the origin, and whose
radius @ is less than #’, the distance of the point @ from the
origin, and let r denote the distance of any point from @;

then the function 5—: satisfies Laplace’s equation,and therefore
by (10), Art. 59, we have
/! ’
JY;: ’,G)ds-tlw;lti':—"‘nfl Y, ds;

@ dr\r

but

at all points for which + < ', whence at the surface S we
have

d/l 1

(7;(;) = EﬂLn ;?;"“,

also S = a*dp dp, and

”mm@@=m

unless m =xn. Hence we obtain

n [, Y, n+1
;ﬁfﬁijnYﬂdﬂd¢ - 41!‘,.,—‘"ﬂ = - WJJL,,Y,;d[L dtﬁ,

from which equation (4) follows by transposition.

£ If two series of spherical harmonics are equal for all
values of u and ¢, each harmonic of one series is equal to
the harmonio of the other series whose degree is the same.

Here
Yo+ Y;+.Y,+&o. -z°+21+Z9“'&0.
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"If each side of this equation be multiplied by Z, and
integrated, since

J[L,, Yo du ({1) =0,

by (4) we obtain
T dr

I+l Tl Y™

and as this equation holds good for all values of u” and ¢,
we get ¥V, =2,

Any function of u and ¢ which is finite and single-valued
can be expanded in a series of spherical harmonies.

The method of arriving at this result is suggested by
what has been already proved. If it be possible to express
S(ug) in the form =¥, we must have

+1 (2r
tnf o) = 4027 = 3@+ 1) [ [ Lo ducy
J=-1Jo
o4l (2
- J' F(u) = 20+ 1) Ly d d. )
J-1Jo
Now (1—2\h+ i)} = S, I,

whence, differentiating and multiplying by 24, we have
2(Ah — A% -

m = 2% L, ",

then by addition to the former equation we get

1-
DY EY

Aoébr’dingly, if the supposed expansion be possible, we must,
when % =1, have : ,
., + (2 1-2 ' p 6
a7 o) = [ 7S 08) gy dedss (6)

and conversely, if this ‘equatioil be true, the expansion is
possible.
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That equation (6)'is true can be shown in the following
manner :—

Let Q be a point outside a sphere § whose centre is the
origin and whose radius is @, and let r denote the distance of
any point on S from @ Then

= a® + 92 - 2\ar,
where »” denotes the distance of @ from the origin; and if
a
h= 7 we have

1-/2 " (1 - a?)

(L=2Mh+ )~ 1

.

Asg in Art. 42, we have

s = 2—";‘—1- r dr,
r

and therefore
J‘ dS _2ma ( 1 1\ 4rd®
2\ -a +a) P07-a)

also dS = a*dudgp, and accordingly

1 (om 1 -4
L L TEE VT Sk 4.

The value of the definite integral above is therefore
independent of #'; but 4 =1 when + = a, and in this case
each element of the integral in (6) is zero, unless r be
infinitely small, in which case u = u/, and ¢ = ¢’. Hence,
when % =1, we have

1- 4 . 1-a
”f (mp)m dp dp =f(u'¢ )H R =) 7+ I dp dgp

= 47t (v



Application of Spherical Harmonics, 7

140. Application of Spherical Harmonics.—When
the potential is due to mass on one side of a spherical surface 8
and is given at each point of the surface S itself, the potential
at any point on the side of S remote from the mass can be
represented by a series of solid harmonies. At the surface S
this series becomes a series of spherical harmonics representing
the known value of the potential at the surface. Hence by
Art. 139 each harmonic in this series is determined, and con-
sequently so also are the corresponding solid harmonies
representing the potential on one side of 8.

If the potential be due to a distribution of mass on the
surface S whose density is given, the potential outside S can
be represented by the series

M a¥,

PR

and at any point inside by the series

i, 302,

« a™l

At all points of the surface these two expressions must
be equal, whence by Art, 139, Z,=Y,. Again, if 7 and ¥V’
denote the potentials outside and inside the surface, we have
by Art. 46 at the surface

AV dV’
- " + 470 =0,
that is,
g +32n+1) %‘ =4mwo = 4738, ;
whence
4ra®
I O
and
” 2
Ve tnd O Y g 3

a1 3 nel
? a



8 Spherical and Ellipsoidal Harmonics,

141. ™otential of Homogeneous Spheroid.—If the
surface of a solid differs but little from a sphere whose centre
is at the origin, the radius vector » is given by an equation
of the form # = a(1 + ay), where a denotes the radius of the
sphere, y a function of the angular coordinates u and ¢, and a
a small constant whose square may be neglected.

The potential ¥ at any external point is the sum of the
potential due to the sphere and of that due to the shell whose
thickness at any point is asy. Hence if p denote the density
of the spheroid, y’, ¢’ the coordinates of a point on the surface
of the sphere, and r the distance of this point from the point
7, u, ¢ in external space, we have

3 3,200 J47
=im+ajpﬂ!/d#d¢ :
r r
but by Art. 139, y = 3Y,, and therefore by Art. 188, and
by (3) and (4), we get

47

v 2T, apa"‘J Ln Y na" A dg’
3 r

1."*1
¥,
2 (2n+ 1)

@
_ 4 mpa’ s
=3 -—,— + 4a1rpa

For the potential at a point inside the sphere, by Art. 42,
we obtain, in like manner,
" Y”

V = Qroat - 2 sy __ " om
wpa® — § wpr® + dampa® 3 @n s )

@

142. Potential of Meterogeneous Sphefoid.——lf
a spheroid be composed of homogeneous layers comprised
between surfaces given by equations of the form

r=a(l+a3l,),

where Y, is a spherical harmonio whioh varies with the
surface, and 4 is a variable parameter, we have, for the



Potential of Heterogeneous Spheroid. 9

potential 37 of a single layer at a point outside, the
equation
_ 4 pida d@Y,)
oV =4nr -—7' + 4a1rp 2 (212 + 1) pntl?

and at a point inside,

- d(”z-n K’) ”
OV = 4mpada + 4darp 3 @D

Hence for the potential 7" of a heterogeneous spheroid at
a point outside it, if «, denote the parameter of the external
surface, we obtain the equation

a a‘
411'J *parda J pd(@Y,) =
Ve —do Jo .
r tdar 3 (20 + 1)pm+

For the potential of a heterogeneous shell comprised
between surfaces whose parameters are @, and a,, at an
internal point, we get

ay pd(a"” Y,,) . )
Jag g (10)

V=41r,[ (%n+1)

' padas + 4ar Y
2

By combining the expressions given by (9) and (10), we
find for the potential of a heterogeneous spheroid, at an
internal point lying on a surface whose parameter 1s a,
the equation

. ‘ P d (ama Y”)

4 a
7= - azy,,)L peda + dam B

@, ) o N
+4Wja p(lda +4a1l'2 W a”.
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143. Homogeneous Mass of Revolving Fluld.—
If a homogeneous mass of fluid revolving with a uniform
angular velocity be in a state of relative equilibrium under
its own attraction, its external surface, if it be nearly
spherical, must be an ellipsoid of revolution.

This may be proved as follows:—

By Ex. 5, Art. 24, at the free surface of a liquid in
relative equilibrium, if 7~ denote the attraction potential,
which in this case is a force funection, and if the axis of
rotation be taken as the axis of 2, we have

aV + o*(xde + ydy) = 0;

whence, as in Art. 81, we get

wrt 2
V o+ 5 (1 - u?) = constant. (12)

The last term on the left-hand side of this equation must
be small, as otherwise the surface of the liquid could not be
approximately spherical. In this term, therefure, we may
put » = a, and substituting for ¥ from (7), we get

wa®

:;-wpa’(l -a3l,) + dampd®* 3 %f_f + =5 (1 - *) = constant.
13)
In order to make use of this equation, we must express
2
u* by means of spherical harmonics. Since pu®= %, it is

plain that the solid harmonic corresponding to the spherical
harmonic of highest degree in u* must be s*+ k3, where £ is
an undetermined constant. To determine %, we have.

V(a2 + k(2® + 42 + 2%} =0,

Hence 4A=-3%, and u?-3}+3} isthe required expression
for ul.
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By Art. 139, the sum of the spherical harmonics of each
degree above zero in (13) must vanish separately. Hence
Y,=0if n>2, and

8 2,2
L ampe ¥ = %55 (3= ).

2

Putting %—t:Tp- =q, weget aY,=%q9(}-p).

Hence the equation of the free surface is of the form
r=afl-4q},

which represents an ellipsoid of revolution nearly spherical
whose ellipticity is £ ¢. See Art. 81.

144. Figure of the Earth.—On the hypotheses that
the Earth is composed of homogeneous layers bounded by
similar surfaces nearly spherical, and that it is covered with
liquid in relative equilibrium, it is easy to show that the
external surface of the liquid must be an oblate ellipsoid of
revolution whose axis is the axis of rotation.

The attraction potential 7" of the Earth is given by (11).
At the surface of the liquid, (12) must hold good. Hence,
by substitution, we obtain

le pd(a™*Y,)

[

drg EY)Jal @da + damw ST
PR N SR+ 1)a

w’aﬂ

5 (3 - ) = constant. (14)

Since the surfaces of equal density are similar, ¥, does
not vary with a, and as @, is the greatest possible value for a
if n be not less than 2, we have

(n + 3) a™*
2 —— .
“>n+ ap
Hence the multiplier of ¥, in (14) cannot be zero, and
therefore if » > 2, we have ¥, =0,
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If » =2, we obtain

@y ay 3 2., 65
4 {al"j pa’du—J prtda aK=w—2a—l-(§—p2>' (15)

(1] 0

By Art. 78, when the centre of inertia is the origin, the
coefficient of ’—12- in V is zero. Hence, in the expression for

the potential of a spheroid given by (9), if the surfaces of
equal density be similar, and if the centre of inertia be the
origin, we must have ¥, =0; and in the present case the
form of the external surface is determined by the equation
r=a,(1+aX;), where ¥; is given by (15). The external surface
is therefore an oblate ellipsoid of revolution having the axis
of rotation as its axis.

It seems improbable that the hypothesis made above with
respect to the form of the surfaces of equal density should be
correct. In order that it should be true, it is necessary that
these surfaces should have been formed under similar con-
ditions; but, unless the Earth were of uniform density, this
could not have been the case, since the equatorial centrifugal
force due to rotation varies as the distance from the centre,
whilst the attraction of the sphere having this distance as
radius varies in a different manner unless the density be
uniform.

A more probable hypothesis is, that the surfaces of equal
density are represented by equations of the form

r = a(l + ahy),

where 4 is a parameter varying with «, but constant for each
surface, and y a function of u and ¢, which is the same for all
the surfaces.

145. clairaut’s Theorem.—W hatever be the internal
constitution of the Earth, if it be covered with liquid in
relative equilibrium whose external surface is an ellipsoid of
revolution nearly spherical, the ellipticity, ¢, the ratio of the
centrifugal force at the equator to gravity, ¢, and the diffe-
rence between polar and equatorial gravity divided by the
latter, v, fulfil the relation v +e=4%¢. Ce



Clairaut’s Theorem., 13

This equation was proved in Art. 81 on a particular
hypothesis as to the internal constitution of the Earth.
Any hypothesis of this kind is, however, unnecessary, as
was first pointed out by Sir G. Stokes.

At the external surface of the liquid, the Earth’s poten-
tial 7 must satisfy (12); but as this surface is nearly spherical
and the term in (12) due to rotation is small, the variable
terms in 7 must be small. Hence, if M denote the mass of
the Earth, we may assume

V=Z:7[+a2a L

)
yntl

where « is a small constant. Again, by Art. 81, the form of
the external surface is represented by the equation

re - =afi-5-cfe- gl

Substituting in (12), we get

M

Y, o
" (L+e(u=-%)) + a2—a— + Ea’(&-,u’) = constant.

Hence Y, =0, unless n =2, If =2, we have

a3

where
p
q=w2a/;2--
Accordingly,
M oY, M Md/(q 1
e (- lk-g) o
and




14 Spherical and Ellipsoidal Harmonics.
Hence, if g denote the acceleration due to gravity at any

point on the Earth’s surface, in the same manner as in
Art. 81, we find :

M SM 1
g=— 1+ 2%+ ’;,‘r(?'—'S)(ﬁtz—g)-w’“(l -4 ;

2
that is,
M 3¢ [5¢
y=;;<1+5—72-+<-2——e>y2}- (17)
Hence
gp=9. 59 _
ge 2 ’
and therefore
. {
Y €= 2

146. Tangential Component of Attraction.—If P
denote the component of the Earth’s attraction perpendioular
to the radius at any point on its surface, by (16), we have

av_ Ma oy du M 7\ .
T ‘;‘."(9—26)/4@=-Q—2(e—§>sm2}\, (18)

where A denotes the latitude of the place.
1f we compare (16) with (2), Art. 78, we get

Ma*(2% - q) (u* - %) = 3T - (4 + B+ C).

Hence C-4-= %“—2 (e - ¢). (19)

The equations proved above were arrived at before in
Art. 81 by means of a special hypothesis with respeot to the
internal constitution of the Earth. The facility with which
these results have been obtained in the present and preceding
Articles without any such hypothesis illustrates the power of
the Laplacian method.
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147. Legendre’s Coeflicients.—The definition of these
coefficients given in Art. 138 enables us to see that they are
rational and integral functions of u. A general expression
for these coefficients cannot be readily obtained by the usual
methods of expansion. If we put

ds
— 9, -3 = —
A -2yz+y?) T’

we can, by integration, get rid of the negative index; and
thus we obtain

- )5
= - uw + constant.

If we take ?-1/- for the constant, we get
(s -1 =1 -2yx + y*;

whence we obtain  _ o+ % (= - 1). (20)

‘We have now an expression for 2 suitable for the applica-
tion of Lagrange’s theorem (Williamson, Differential Calculus,
Art. 125) by which we obtain

P11,y d(@-le g &(F-Ty
3 T12d\"2 123 a2 2)* ¢
whence

dz d(2*-1 ¥y & (- 1\2
_ z-;=_ - — — A o\ '
(1-2yx+y?) dz +?/da;< 2 )+ 12 dw’( 2 ) + &o.

g=a+y

Hence, if (1 -2ub+h)t=1+3P,h"
we get B 1 ar
P”—1'2'3...n'2”d?’(# -1 (21)

The development of P, in powers of u is most easily
effected by means of the differential equation satisfied by
zonal harmonics,
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If S, denote a zonal harmonic of the degree n, we may
assume
Sn = a.’l‘ + (7Y [.l.‘-l + &0.,

where s, &c., must be positive in order that S, should be
finite at every point of space, and S, must satisfy the

equation

i (1 #) +n(n+1)8 =0. (22)

Hence we get

(5~ 1)ty 1t = 83 + 1)y o' = (3= 2) (5 = Dt ™ + &,

+n(n+1){a;pu* + &e.} = 0.
Here the coefficient of u* is
{n(n+1) - s(s+1)}a,,
and that of p** i
s(s —1)ag + (n(n+1) = (s — 2)(s = 1)} @52
accordingly, as each coefficient must vanish separately, we
obtain
(-n)(8+n+1)=0, a,,= @ 8182()8(-1;::-)3— 1)

From the first of these we get s=#, or s=-(n+1);
and as the negative value for s is here inadmissible, we have

- - 1 -—13-2 n— 3

and in general
1qn(n--l)(n—2)(n—3)...(n-2q+2)(n 2q+1)
A= = o a1y (@8-3) .. - (@n-2g+1)
| - (239)
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It is plain that the terms in (22) resulting from
Aoy 127 + Aga ™ + &e.,

must vanish independently of those arising from the series
already considered, and that we get for the first term the
equation

(s-n-1)(s+n)as,, =0,

Hence a,-1, a,.;, &c., must each be zero, and we obtain

n(n-1) e n(n-1)(n-2)(n-3)
2(2n - ) 2.4.(2::-—1)(2»—3)

Sn = (p (4" —

"t - &, }
(24)

Hence, zonal harmonics of the same order can differ only
in the constant factor, and we may write

S,=aP,, (25)

where @ is an undetermined constant.
It is easy to see that the coefficient of u* in (21) is

202n-1)2n-2)...(n+1) 2*.[n.1.3.5...2-1)
> " TR

and therefore

1 2 "

27[-71(7;,7(# "'1)

@rD@+2)..2m(, n@-1) .,

= on I_ﬁ ;” 2(2n 1) +&0°}
1.8.5.(2n-1)

= _—'—E‘_'—"M {M’ - &0'} J

It follows from the definition of P, that when u =1 the

wvalna nf P. i nnitv.

Pn=

v
.

(26)
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148, Spherical Harmonies.—S8ince the expansion of

<1 _9 ax’ +yy' + 55" P )-%

P'? »?

contains only rational and integral functions of 2, y, and s,
the coefficients L,, L,, &o., must be rational and integral
functions of sin¢ and cos ¢, in which each power of sin¢
and cos¢ is multiplied by the same power of /(1 - u?).
Hence, as

4r s ’ ’ ’
m'—l Yn =[ J’o Lnyn(l]l; d¢,

the spherical harmonic ¥, must be a rational and integral
function of sin ¢ and cos ¢ of the n™ degree in which each
power of sin ¢ and cos ¢ is multiplied by the same power of
v/(1 - p?). 1f each power of sin ¢ and cos ¢ be expanded in
a series of sines and cosines of multiples of ¢, we see that
finally ¥, is reducible to the form

3 (4, M, cos s¢p + B, N, sin s¢),

where 4, and B, are undetermined constants, and A, and N,
functions of u.

If we put %‘ = D, and p*- 1 = u, equation (1) becomes

2
pub¥, + 15X )7, <o, (27)

w dg?

Since the coefficient of the sine or cosine of each multiple
of ¢ must vanish separately in (27), we have

2
DuDM, - ::7 Fu(n+ 1)} M, =0, (28)
Again, since cos sg and sin s¢ can result only from

(cos ¢)?, (sing)’, (cos¢)**, (sin¢)*?, &o.,

M, must contain #* as a factor ; and the other factor must be
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a rational and integra;l function of u. Accordingly, we may
put s
M, = ute,

where v denotes a rational and iuntegral function of u.
From (28), we have then ’

S s s 3
” o -1 = = S+l
Futur v+ sute+ (2s+2)uDe + u* Dw

s s

-5 e -m (n+1)wte =0, (29)

Since « = p? - 1, equation (29) is divisible by «?, and we
get
wD + (s+1)Du Dy + s+ 1)

2

vDu-n(n+1)z=0. (30)

If we assume » = D*w, equation (30) becomes
D (uDw) -~ n(n+ 1) D% = 0. (31)

Sinoe v is a rational and integral function of , it is plain
that, with the exception of a constant factor, it is completely
determined by (30). Hence any rational and integral function
of u which satisfies (30) or (31) must represent +. Equation (31)
is satisfied if w satisfy -

DuDw-n(n+1)w=0;

but this equation is the same as (22).
Hence we may put w = P,, and we have

¢ =1P,, M,=u'D'P,.
It is plain that the equations by which 1V, is determined are

the same as those for M, Accordingly, these two functions
can differ only by a constant factor, and we obtain

Y, = 3(4,cossp + Bysinsg) P, (32)
c2
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The part of Y, depending upon 3¢, that is,

(4, cossp + B, sin sg) w* D'P,,

is termed a tesseral harmonic of degree n and order s, and we
may write
Y, =3T,(4,cossp + B, sin sp). (33)

If we substitute for P, its value given by (26), since A,
-and B, are undetermined constants, we have

Tu=(1-p)

s (=8)(1—8=1) . (n—8)(n—s—1)(n—s~2)(n-s-3)
T o1 Mt 2 4@ ))@n-3)

N-8-4

~&el.  (34)

149. Laplace’s Coeflicients.—Laplace’s coefficients
are, as we have seen in Art. 138, a particular kind of
spherical harmonic; and as they are functions of ¢ and ¢’
through being functions of cos(¢ - ¢’), and are symmetrical
in u and u’, we must have

Ly = Sa,0088(¢ - ¢) > D'P, DVP,,  (35)

where a, is a definite function of n and s, which may be
determined in the following manner:—

By (4) we have
+1 (2m s
J J {Ea,(cos 8¢ cos 8¢’ + sin 8¢ 8in s¢")u*u* D*P, P,

0

x {S(A, cossp + B, sin s¢)u;D'P,,}

47

Xd”d¢=2n+l

5(4, co88¢” + B, sin s¢”) WSDP, e
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It is plain that the only part of the multiplier of coss¢’

in the left-hand member of this equatwn which does not
vanish after integration is

3 41 (2m
as A;u* D P’,, [ j u* (D*P,)* 00s*s¢p dp dep.
+=1Jo

Hence, if s be not zero, we get

4

+1
8 2 — .
a [ WD P du = 5 (36)
and if s = 0, we have
" pr 2 37
J AL e @7

The first term in L, is @y P, P’,, and when ,u’ =1, all the
other terms vanish, and P, =1. Hence, in this case,
L,=a,P,; but L, becomes P, when u’ =1, and therefore

a,=1. The remaining coefficients can now be found by
means of (36) and (37).

+1
Let J w0 (DPPo)*du = A,,
-1

then Ay = [u(DP,)du ;
also by (2), we have

nm+1)A, =[P,D(uDP,)du;
whence

+1
A +n(n+ 1A, =J {P.,D(uDP,) + uDP,DP,} du
-1
+1
=j D(uP,DP,)du = 0,
-1 B

since % vanishes at each limit of the integral.
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It is now easy to see that an equation similar to that
obtained above holds good for any two.successive integrals
of the series. In fact, by (2), we have

D (uDP,) - n(n+ 1) D°P, = 0;

whence, remembering that D?*u =2, D*u =0, by Leibnitz’s
theorem, we have

uD*P, + (s+ 1) Du**' P, + s(s+ 1) D*P, = n(n + 1) D*P,,
and therefore
(n-8) (n+s+1)wD'P, = D" D"P,).  (38)
Hence we have
Asp+ (n=8) (n+s+1)A,

j-l-l
-1

{(#" D" P,) DD*P, + D°P, D(v*' D P,) }du

+1
- J D(wA I P, I P,)du = 0. (39)
-1
Accordingly, Am=-(n-8)(n+s+1)A,; (40)
and therefore, by (36), if s be not zero, we have
al
fon == (n—8)(n+s+1)’ (41)
and, by (37), we get
- 2”0
) = "(u—-—-‘—-——]—) . (42)
Hence, as ¢, = 1, we obtain
o 2 .- 2(-1y
Ta(el) T T w(e+1). . (n+8)(n-1)(n -2)...(n—s+1)
=1y 0
that iS, g = ‘L-‘Z—LL; ’ (43)
’_n +8

and
L= PP 231/ (1 (L DPD P B2 cons (44
n+8
| (44)
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150. Complete Marmonics.—The definition of solid
and spherical harmonics in general has been given in
Art. 137; but the properties of spherical harmonies proved
in Art. 139 have been obtained on the hypothesis that these
functions are finite and single-valued for every point of
space, and in that Art. m and # denote integers.

If Y; denote a functior of u and ¢ satisfying the equation

d LAY 1 @Y .

T 1-w) W i = gt +1((+1)Y; =0, (45)
where ¢ denotes any real numerical quantity, corresponding
to Y, there are two solid harmonies, viz. »¢Y; and »~(+) V5,

As ¢ is real, one of the quantities ¢ and - (i + 1) is
negative.

Hence, selecting the two solid harmonics of negative
degree which correspond to ¥; and Y;, we see that when Y;
and Y; are finite and single-valued, equation (3) holds good,
unless ¢=y, or {=~-(y+1). Again, if ¥; be finite and
single-valued, by a process similar to that employed in
proving (4), Art. 139, we have

1 (2 a\"*1 a
j J YiE(z'+n+1)Ln<;;> dud¢=47rY"‘(;7) » (46)
-1Jo ’

1
if 7 be positive, the coefficient of L, being n —¢ if ¢ be

negative, and that of Y”; being 4= %) .

Accordingly, by (3), ¥’;=0, unless ¢=#n, or ¢==(n+1).
In either case Y; is a rational and integral function of u,

VI cos¢, and /1— usin ¢
of the degree #.

Hence we conclude that the degree of a complete spherical
harmonic must be a positive infeger, and that the correspond-
ing solid harmonic of positive degree must be a rational and
integral function of z, y, and 2.

This last result is usually expressed by saying that every
complete solid harmonic is a rational and integral function
of #,y,and s, or can be made so by multiplying%y a suitable
power of . .
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151. Reduction of a Function to Spherical
Harmonics.—It was shown in Art. 139 that a finite and
single-valued function of x and ¢ can always be expressed
by a series of complete spherical harmonics. If this series
be finite, so that

S(ug) =Y, + Yi...+ ¥y,
we have

1f=Vy+ 12 Vas + &0 + 2 { Vs + 12 Vas + &e. ).

Hence »*f=f,+ 1fsn where f, and f,, denote rational,
integral, homogeneous functions of the coordinates; and it
appears that if a function of u and ¢ can be expressed by
a finite series of spherical harmonics, the corresponding
function of the coordinates must consist of a rational,
integral, homogeneous function, together with another such
function multiplied by ». Accordingly, the problem to
express a given function of u and ¢ in a finite series of
spherical harmonics, when soluble, is reduced to that of
expressing f,, a rational, integral, homogeneous function of
the coordinates in a series of the form ¥V, + 7V, + &e.

This is effected most easily by means of Laplace’s
operator.

In fact, by Leibnitz’s theorem,

Ver? Ve = VaV2? + 2pr?™?

dr dVy, drdV, drdV,
G m GETm SO\, oy
) <d:v i dy dy & TE >+’ ViV (47)

2
but %'r" =p(2—iwrp'* =p {7 + (p - ) d*rPt},

and V*? =p(p+1)7*; also, V*P, =0, and

AV dVe  dVs
T Vg ti g e

Aooordingiy,
VPV, = {p(p+1) + 2pm}ie2 V. (48)
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From (48), we get
Vz‘fn =d, V”_z + ﬂﬂ" V”_g + &0-, V":fn = b4 V»_; + l/a"z Vn-I + &C.,
&e., &e.,

where a;, a;, &c., b,, &e., are known numerical coefficients.
If this process be repeated sufficiently often, we find
ultimately

Vuf, =hV, or VHf, =LV,

according as » = 2¢, or n = 2¢ + 1, the coefficients % and %
being known numbers. In fact,

h = Ln+ 1, and k= "-%2 Ln.

By the equations previously obtained, we can then determine
the other solid harmonics.
As a simple example, let

J=Aa + By + C5* + 2Fys + 2Gsw + 2Huwy,
then f=V,+ "V, and Vf=hV,, where 2=3.2.1=6;
but V¥/=2(4+B+C); hence V,=34(4+B+0C),
V.= Aa* + By* + Cs* + 2Fys + 2Gzx + 2Hay
-3 (A4+B+C)(@+y*+2%),
and '
f=3{24-B-C)x*+ QB-C-A)y* + (RC - 4 - B)=*}
+ 2Fys + 2@z + 2Hwey + 5(4A+ B+ C) 1
Again, let f=2+y + 2y + y,
then /= V3 + #V,, and Vif =LV, where k=3.3.2=10;
accordingly, 10V, =8(z+y), hence V,=4(z+y), and
Vi=4(@+9 +2'y +y'2) - (2 +y).
The method originally given by Laplace for reducing to
a series of spherical harmonics a function of u and ¢ corre-

sponding to a rational and integral function of the coordinates,
differs somewhat from that given above.
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A rational and integral function of the coordinates
corresponds to a rational and integral function of

s /l—u’oos¢, and +/1- pu*sin ¢.

1f the various powers of cos ¢ and sin ¢ be developed in sines
and cosines of multiples of ¢, the series multiplying

(1- ,u'):- 08 8¢

will contain all the powers of u not exceeding # —s, where »
is the degree of the given function of the coordinates.

If we collect together the terms containing the highest
power of u in each series, we obtain an expression of the
form s
3(ds cossp + B,sinsgp) (1 - u2)? u™* + 4, u",

the function ¥, may then be determined by taking its 2n + 1
arbitrary constants, so that the terms of the above form may
be equal to those in the expression given above. If we
subtract ¥, thus determined from f, we get a function
f - Y. of the degree -1 in :

us +/1-p*cosg, and +/1-ptsing.

The harmonic ¥,., can then be determined in a way similar
to that employed in finding Y, and so on.

‘When the original function of the coordinates is trans-
formed into a function of », u, and ¢, the various powers of »
are in f regarded as constants.

Itisplain that the total number of terms or of independent
constants in fis 1+3+6...+2n+1, thatis, (n+1).

This is also the number of arbitrary constants in the series

Y0+Y]n-o+yﬂ'

152. Methods of forming Complete NSolid mar-
monies.—A complete solid harmonic of positive degree is,
as we have seen, Art. 150, a rational and integral function
of the coordinates. A solid harmonic of the degree n, since

(n+ 1)2(n +.2) tor

it is homogeneous, contains, therefore, rms,
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The coefficients of these terms are, however, not all inde-
pendent ; for, if ¥, denote the harmonie, V*¥, must vanish
(n-Ln 1) n

for all values of the coordinates, and therefore 5

equations must be satisfied by the coefficients of V.

Accordingly, V, contains 2n + 1 independent arbitrary
constants.

Since V? (—1-> =0, we have <5{> < ¢ (—d- 1 =0,
r ‘ de) \dy) \ds

where ¢, j, & denote any integers.

(4 ‘(i)’ (_‘£>’°’ 1_
Hence v kdw) a) \@) 7= 0,
and therefore ( d Y ( d )J ( d )’f 1
dr) \dy/ \dz) »r

is a solid harmonic of the degree -(i+j+k+1). If
t-+7+k=mn, the number of different combinations of the

type
ATEAY ( iz_)k
(%) (@) (@

Q’_ﬂ)g('l*_%); but all the different

funotions which result- by the use of these operators on l
are not independent. In faot, !

(m d’f+ m) )"(d J(_d_) 1,
" v. dg? (ah:, dy) \ds) »

,' n-Nn

where ¢+ + & =n —2. There are 5
this form which must be satisfied identically by functions

of the form N d v )
(& @G

\\v .
which can be formed. is

equations of
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where 7+ +k =mn. Consequently, of these latter functions
there are only 2 +1 independent. Hence, every complete
solid harmonic ¥, of the degree # is given by the equation

- [dNifd\i[d N1
v s ) (5 (&) 5 e

where ¢+j+A=n, and where there are 21 +1 independent
functions, and consequently 27 + 1 independent arbitrary
constants.

Another method of forming complete solid harmonies
depends on the consideration that, if ai, (i, y: be the
direction cosines of any line,

d . d\1
T s

d
(“1a;+ﬁ'd‘; .

satisfies Laplace’s equations, and more generally that this
equation is satisfied by

(Bt op D (wl alend)
ot Pt v\ thg g ,
d d d\ X'
x<an;7:;+6nd_j/+1n—(i;>;.

It follows from this that the function
o (g @i Ly N d ppd,
4 <a, dz B dy T as (az dz +,')2 dy TrE)

\
y / _(_l_' d d\1
(a"da} ¥ B"d7+7"(78- r

satisfies Laplace’s equation ; and as it is} a rational, integral,
homogeneous function of the n' degreel, containing 2n + 1
independent arbitrary constants,every com|plete solid harmonic
of the n» degree can be expressed in this) form.

It is not, however, obvious that a set {of »eal values of the
ocoefficients a;, (3, 1, &eo., corresponding ! to any given com-
plete solid harmonic always exists, and that in general there
18 only one such set.
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This proposition, which is necessary to complete Maxwell’s
method of representing solid harmonics, was proved by
Sylvester (Phil. Mag., October, 1876), in the following
manner :—

It has been shown above, that by the solution of linear
equations for determining the coefficients, we can reduce any
complete solid harmonie to the form given by (49).

€Ve have now to show that any rational homogeneous
function of the n** degree of the symbols of differentiation

operating on —:; can be reduced to the product of » real linear

factors of the form d d d

a-+ B o ty o
Since the symbols of differentiation obey the same laws as
quantities, and since

LA
det * dy ({z’) r

the theorem just stated is equivalent to asserting that any
ternary quantic (z, 7, 2)", whose variables are subject to the
condition a2+ y*+3* = 0, can be reduced to the product of n
real linear factors, and that this reduction can be effected in
only one way.

The equations (2, y,2)"=0, 2*+y*+2*=0 may be
regarded as representing plane curves having 2n points of
intersection. If these points be joined in pairs, we obtain
n straight lines, the coordinates of whose points of determi-
nation are obtained by solving for 2 :y: = the simultaneous
equations (z,%,2)" =0, and 2*+y*+5*=0.

If :—’ be real, the corresponding value of g given by the
latter equation must be imaginary, and so also, therefore,
that of '; Hence of the three ratios, #:y:z, two at least

are imaginary.
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'.l‘he equatxon of thg straight line joining the points

o, y,%, and 2”7, ¢, s
w(yz I /I)+l/(’ II III)+£( '/lel) O

If we suppose ‘/ and — to be each imaginary, and seleot for

4
‘Z,, and a:_” the con]ugate imaginaries, each term in the equa-

tion of the straight line contains v/~ 1 as a factor, and the
line is therefore real.
If the equation of the degree 2 for determmng ’ have

2m imaginary roots, there are 2 imaginary values of elther
,—ror; corresponding, and therefore m: real straight lines.
Corresponding to the 2 (n — m) real values of : there must
be 2(n - m) imaginary values of ? and 2, and therefore

(n - m) additional real straight lmes Hence in all there
are 7 real straight lines passing through the points of
intersection of (z,y,2)"=0 and 2*+y*+32*= 0.

There are no more. For if we seek the values of ‘:—: which

satisfy the equation of a real straight line, and the equation
2+ y*+ 2* = 0, these values must be real, or else ooujugate

imaginaries ; and in the former case, the values of must be
conjugate imaginaries, and also those of —~ Hence, to obtain
a real straight line, each imaginary value of one of the ratios
Z, &oc., satisfying (,y,2)"=0 and «*+y*+22=0, must be

combined with its conjugate; consequently there are only
n such lines.

Let L =0 denote the equation of n straight lines passing
through the 2 points of intersection of (z,y,%)" =0, and
2+ +2* =0; then, whenever (z,y,z)" an(l 2+ + s’ both
vanish, so must L, and therefore

L=X(@ys)"+Y (@ +y+ zz) (50)
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From the degree of the various functions in this equation
we see that X is constant, and ¥ of the de§ree n —2. < Since,
in general, a ternary quantic of the »™ degree contains
W—M constants, and the equation of # straight lines

contains 2z + 1 constants; and since

(n+1)n+ 2) N 2n+1+(u—1)n

2 2
(n-1)n
2
mined that the right-hand side of (50) shall represent »
straight lines. It has been proved above that for one of

these determinations the = straight lines are real. If
az + 3y + y:8 = 0, &o., represent these real lines, then

it is plain that the constants of ¥ can be so deter-

(a2 + By + 712) -« « (an® + Buy + ¥n2)
= Az, y,2)" + Y (% + y* + ).
Applying the theorem which has been proved for the

quantities z, y, = to the symbols of differentiation, by (49),
we get

7 = p2nt1 .. _i i i)j _d— k . )
V=1 {ZAW <dx> dy) \ds

ANV /AN (AN (& a*\) 1
220v(g ) () (@) (G v )5

\ d d d
= Al‘“”(ald—w’*'&@ TN ) ..

+

L, (1)
ds
y d B d N d\1
nde TPy T )y J
where V,, denotes any solid harmonic of degree n, 4, Ay,

and Lij¥ constants, and ai, B3, 71, &e., the direction cosines
of straight lines, and where

t+j+k=n, ¢+ +k =n-2
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If lines be drawn from the origin, each in one direction,
having ai, 3, 41, &ec., a8 their direction cosines, these lines
meet a sphere, having the origin for centre, in n points
which are called the poles of the corresponding spherical
harmondic.

The mode now described of forming spherical harmonics
was given by Clerk Maxwell in his treatise on Electricity and
Magnetism.

Maxwell’s method of representing spherical and solid
harmonics admits of an interesting physical interpretation.

If %, denote a line whose direction cosines are ai, (31, v,
drawn through the point #, y, 3, and A’; the parallel line
through the origin,

d gd,  g\1_d1_ _ d1
N dz B’:ﬁ/_ V&) " dh v A
and v, = Ayt @ d 1 (52)

dhs dha” " dhy v
Again, Z:f expresses the potential of a mass m at the

origin, and _ , d 1
mdh‘d/&'l r
expresses the potential produced by superimposing on this
mass another negative mass of equal magnitude, situated at
a point at a distance from the origin infinitely small in the
direction A4’,. If this system be displaced through the
distance dh’,, reversed, and superimposed on the former,
the potential becomes
, ., 4 d 1
mdh’y db, i aw,
The repetition of this process # times leads to the
potential U,, where
d d d 1
= — ” — — — —
Un=(-1) Mdh’, di'y """ di g r
d d d
“Man

provided A =mdhdhs . ..dh, =M.

and so on.

a3
) 2ntl ’

1_7
-
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If 4 be a finite constant, 7 must be an infinitely great
quantity of the »" order.

As an easy example, illustrating the foregoing theory,
we may consider the question to express in Maxwell’s form
a solid harmonic of the second degree containing only the
squares of the variables.

Here, by Art. 151, the solid harmonic

V. =ax® + by? — (a + b) 2%

( a* h
d’;’ + d—T/i = - (—{?, we nave

o* &t @\ 1 a ar\ 1
(AIE'Q+B@2+ O;EE>I_'=((A—0)(!7}-+(B-O)(W>2—"

@ a*\1
7 = b —_ — e -
and therefore Vo= (A T dy) 7

Again, as

=3\ + Buy - A+ )t =RA =)+ Ru—-X) ' = (A + p) 2

Hence, comparing with the former expression for V,, we
have 2\ -u=a, 2u-A=56; whence

A=3a+%b, u=%a+ b

a1 :
To reduce (\-— + o “_ )= to Maxwell’s form, we must
? dayt) r

consider the relative values of A and p.
If X and p have different algebraic signs, and x4 = -1/, then

dy dy)r’
If XA and p have the same sign and A be the greater,

N T S
2T\ Ty ”(dz’ dyt  dg? ir

—d -d — d -d\1
=,’“’(/A—Mg‘;fw/ud—s>(\/’\"#d‘;,*«/ngg>;~
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The most general solid harmonic of the second degree is
reducible to the form considered above by a transformation
of the axes of coordinates.

In general, for the second degree, the reduction of a solid
harmonic to Maxwell’s form is mathematically the same
problem as the determination of the planes of circular
section of a quadric surface.

153. Incomplete Marmonics.—We have seen, Art.
150, that if ¥; be a complete spherical harmonic whose degree
is real, ¢ must be a positive integer, and Y; a rational and
integral function of u, +/(1-u*) cos¢p, and /(1- ) sing.

If ¢ be a negative integer, - (i + 1) is zero or a positive
integer.

If ¢ be real but not an integer, it is easy to obtain expres-
sions for ¥; which satisfy the differential equation (45); but
these expressions become infinite at certain points on a sphere
surrounding the origin, or alter in value after having passed
continuously through a complete circuit surrounding the axis
of g. In the latter case, accordingly, they are not single-
valued.

If we assume p; = a, + @u* + au® + &e.,

gi = mpu + aspd + asp® + &e.,
and substitute p; in the equation
4
du
in order that each power of u should vanish, we find that

__mm(irnrd)
e == i) +2 ™ (54)
- Equation (54) is fulfilled also by two successive coefficients
in the series denoted by g¢;, provided g; satisfies (53). Hence,
if we assume

et D ), |
\is e o (55)
N )

1-4%) :—z:— +i(i+p=0, (53)
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each of the series p; and ¢; satisfies the differential equation for
a spherical harmonio of the degree ¢, whatever be the value of ¢.
If 7 be an integer, one of these series terminates: the other
contains an infinite number of terms.
If ¢ be not an integer, both series contain an infinite
number of terms.
The sum of each series is finite so long as u < 1; but if
u =1, either series, if it contains an infinite number of terms,
becomes infinite. In fact, (54) may be written
(=) (m+i+l)
s = n+1)(@m+2) ™’

and, accordingly, as »n increases without limit, all the terms
become of the same algebraical sign, and the value of ‘—%‘-’

tends to become unity. Hence (Williamson, Differential
Caleulus, Art. 78), if u <1, the series is convergent.
In the case of the more general spherical harmonio ¥,
whatever be the value of 4, we may assume
Y; = = (A, cos s¢ + B, sin s¢) (1 — )P s

then, as in Art. 148, equation (30), we find that p;, must
satisfy the equation

(W-1)Dp + 2u(s+1)Dp - (1-s)(E+s+1)p=0. (56)
This equation is satisfied by the series
ay + axu® + agpt + &e.,
and by the series riyu + asp® + @y’ + &e.,
provided that in each series
t—s—-n)(f+s+n+1
o == ( (n +)§)(n +2) )a,,. ©7)
Hence, if we assume .

-1 V7 . '
pis -a8t apr (z8)(i+s+1) T &c.),
teristi’” 1.2

e (38)
wma(p TR )
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Y = 2(4, cos s + B, sin s¢) (1 - u2)*(pis + qu)y  (59)

where ¢ and s have any values whatever, ¥; will be a spherical
harmonic of the degree <.

If /-5 be a positive integer or ¢+s a negative integer,
one of the series p;, and g¢;, terminates, and the other contains
an infinite number of terms.

In any other case, both series contain an infinite number
of terms.

‘When the number of terms is infinite,

(1 -pw)py and (1 -pYgu

are each finite if w<1; butif u=1, each of these expressions
bedomes infinite.
In order to prove this, we observe that (57) may be
written
W+ 3n+2(s—Dn+(s~i)(s+i+1)
nd+ 3+ 2

Anyy = Ay, (60)
‘When n becomes very great, the ratio of au, to a, tends

towards 1 + 2—(sn—-l—)~

N Again, if we put (1-p?)*=1+byu*+ byu' + &o., we find

that

n+2+2(k—1)b

bua = n+2

As n becomes very great, the ratio of d,.. to 4, tends towards
L, 2k-1)

n
Hence, as u approaches 1, the functions p;, and g¢; tend

to become quantities of the same ordez as (1- u9)~*; and

therefore, if s be positive, = 9) e

(1 -wypi ond (1-p)gu
are finite so long as u<1; but if u =1, they become infinite.
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The same thing is true if s be negative. In this case,
(1-u*)* becomes infinite when u =1, and the products

A - u)’pia and (1= p)gu

become infinite as before.

When =3, we have p;, =«,; and when =g+ 1, the
series ¢i, = a1

It appears from what has been said that if we assume
Y, = (4 cosip + Bsinig) (1 - )},

where i is positive, ¥; is always finite; but if / be not an
integer, ¥; is not single-valued, for when ¢ increases by
2w the funotions cosi¢p and sinip do not return to their
original values.

If V= E—I/:i Y.'=Ai(l—p.’)§ sin ¢¢,

riu 4

. . . T .
and ¢ = ns, where » is any integer, and s = —, the function ¥
a

satisfies Laplace’s equation, vanishes at infinity, and is zero
at the planes for which ¢ = 0 and ¢ = a. At the surface of
a sphere of radius ¢ we have

.

ain :

Thus on this sphere ¥ is a function of u and ¢, which vanishes
at each of two great circles, and is finite and single-valued
for the intercepted portion of the surface. By bringing in a
sufficient number of terms, and properly determining the
arbitrary constants, it may be possible to make this function
equal, at least approximately, to an assigned function having
the characteristics above.

In some cases, a function satisfying Laplace’s equation,
and fnlfilline aertain hanndarv annditinna. aan ha fannd hv
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means of spherical harmonics of imaginary degrees. We
have seen already that whatever be 7 and s,

3 (4, coss¢p + B,sin sg) (1 - u?) *(Pis + i)

is a possible form of a spherical harmonic of the degree 1.
It ¢ be imaginary in order that p;, and g¢i, should be real, it
is necessary only that ¢(7 + I) should be real. If we put

if+1)=f, weget i=-3%+,/(f+%1; whenoe,

if 7 be imaginary, / must be negative and greater than
} in absolute magnitude. Accordingly, putting f=-#,
we obtain

i==}+/-1/(k=1), "=-4-/-1V/ (k- });

then, since ¥; depends only on the value of ¢(i+ 1), we have
Yi = Yi’, and both these functions are real.

If we now assume

V=rV,+ri'Vy,

the function ¥ satisfies Laplace’s equation, and we have

Y; Y,

V_—_ i i Y"-=——: sy XVT) = —= .

(ri+ri) /r(ex T+ eXVT) /rmsx

If we assume o/~ 1 ¥’ =ri¥; - ¥y, we get in like manner

V' = ?—/Z_fsin X» Where x =,/(k-1) logr. In order that
. 7

V or 77 should vanish at a sphere of radius @, we have only

to assume

w1
Xe = —5—m OF xg=nm.
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In the first case, we have

b= 87 () +

nw \2
T <loga> 1

Incomplete spherical harmonios are here briefly described
in order to give the student an idea of their nature and of
the kind of conditions which they can be made to satisfy.
They are useful in some departments of mathematical physies.

™

and, in the last,

Secrion 1I.—Ellipsoids of Revolution.

154. Solutions of Differential Equation.—When
the surfaces with which we have to do are not approximately
spherical, the expansions for the potential which have been
investigated are of little use. In the case of ellipsoids of
revolution, equations (35) and (41), Art. 98, enable us, by
an extension of the theory of splerical harmonies, to arrive
at suitable forms for the potential.

Equation (41), Art. 98, if we write ¢ instead of x,
becomes by transposition

d, pdV 1 @V d, .dV 1 &V
;,2(1-5)'E+r_—553$;-32(1 Z)dz+1_zz,,¢z
1)

If such a form be assigned to 7 as to make each member
of this equation equal to the same quantity, the equation is
satisfied ; but, by Art. 148, if P, satisfy equation (22), Art.
147, then

(1 - u?)? D*Po(4 cos s + Bsinsp)

satisfies equation (27), Art. 148, if substituted for ¥,.
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Hence .
(1- 5')5(1 - Z’ﬁ(d%)s ((%)‘ P,(E) Pa(3)(A 00ss¢p + Bsin sp)

must satisfy (1), and if ¥ satisfy Laplace’s equation through-
out the region inside a prolate ellipsoid of revolution, we may
put

V = ST,,(8)T,s(8) (As cos sp + B, sin s¢). ?)

The value of ¥ given by (2) becomes infinite along with £
at points at an infinite distance from the centre of the
ellipsoid. Accordingly, (2) does not give a suitable form
for 7 in the space outside the ellipsoid.

It appears, however, from Art. 147 that there are two
solutions of equation (22) of that Article. One of these
is P,; the other, which may be denoted by @, contains
only negative powers of u. Accordingly, when & becomes
infinite, @, ({) becomes zero.

Hence, if we put

Yp=2(8*-1 );'( Zz_l)i ((_%>‘<;—IZ\)3P”(E)( Q)u(8)[ A;co838¢ +B,sin s¢),
3

and ¥V =23%, (4), we see that this form of F satisfies
Laplace’s equation throughout the space outside the ellipsoid
and is zero at infinity.

If we denote by U,, the function corresponding to 7},
in equation (33), Art. 148, we have

Ul = @ - (%) @ (5)
and
Yn = ZT0s(E)Une (8) (A5 cOs 59 + B, sin sg). (6)

At the surface of the ellipsoid, where & is constant,
Yn becomes a spherical harmonic Y.
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155. Determination of the Funection Q,. — 'The
differential equation (22), Art. 147, being of the second
order, has two particular integrals; one of these is P,, the
other Q,. Putting Z instead of u, by Art. 147, we have

(n+1)(n+2) (n '~..) n+2)(n+3)(n+4)

= ~-(n+1) (n+3) ~ -(1+5)
=B sy & Ay 4@y anedy o e
/ (7)
By Art. 147, if a, be the chefficient of £* in this series,
®_y .
As_3 = (8)

-85 —fu+2) -1

Hence, as - s increases, t¥e ratio ., : a, tends to become
unity, and if £ > 1, the seri¢g is convergent; but if £ =1, it
is divergent. Hence, in thp space inside the ellipsoid of
revolution, ¥, is not a suitpble form for the potential.

156. Determination oﬁ’ Q, as an Xntegral.—If we
write y for S, and » for u, e(‘uatlon (22), Art. 147, becomes

ay 2a: dyl w(n+1)

@ Ea w1 ®
which is of the form i
[ ,
{? ay,
l;i‘;lé + X ;‘é + X,y =0. (10)
)

If we put y = vy, equa/i:on (10) becomes

a? dy, Doml ™ di
v( A X1—/1+X2./|>é—/yldx NPT N + Xy 1)."_0

@ \* dr
(11)
If y, be a solution of (10), we get
(dv)
It d!/x .
s =-2 E-X'dx’ ’(12)

dz
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whence, by integration,
e—j‘ X] dx

Y2

d,

v=0’,+0,J

and if v = 0 when 2 =, < f§ have

3\ _[ X, a2
v = 01J‘

2
0 Y

. (13)

In the present case,

2z N[ Xide
Xi= 5=, and PN ot

also, ¥, = P,. Accordingly, !
¢

1

z edr
v B 0‘ j‘-r() (_';‘—2&_-_1)_’);;‘. ‘ (14)

By putting « = -51-, expand ng the expression under the

integral sign in-ascending poweYs of s, and integrating, it is
easy to see that when z= oo, or =0, we have »=0. Hence

z: de
= | A
U =GP, L -1,
]
If we choose — 1 for the valve.of: Ci, we make @, perfectly
deflnite, and we obtain ~hava,

Qn=PnJ'

. (x’— Ne,z? (15)
+'157. Expression of Q, by means of a Finite
Series.—In order to express @, as a finite series, it is
necessary first to prove some relations which exist between
successive coefficients of Legendre and the functions obtained
from th'a{n by differentiation.



Ezxpression of Q,. 43

I woput 22-1=u, %: =D, we have

Du=2¢, Du=2, Du=0;
and we get
D2yt = D4 Dy™ -3 D™ (0 + 1w Du
=@+ 1)(D:f ™y + (n + 1) D*u D"u*)
=2(n+ l)w, Drilym o+ 2(n + 12 Dmum,

Substituting for D™u" by a formula similar to that just
obtained, we get /
Dyt =2 (n + 1) {212'::: D*urt + 20* D" ynt)
, / +2(n+ 1P Dy
but by (21), Art. 147, we hagv‘e

v.

P, —— D"y,

= 2’*‘[_7:
and therefore, dividing by }2“*“ [(n+1), we get
i
.D.P,“.l = w’DP,,_, _H‘ ﬂx.P”_] + (” + l)Pn,

and subtracting DP,_;, we have

DP,, - DP, , = uDP s+ NPy + (n+ l)P (16)
The right-hand side of (16) can be expressed in terms of
P,, for we have
2n(n-1)

Drut = Dyl = D™ + 2nae MRt 4

-3 yn-1 .
q( ) Dr-rynt

also,
Dyt = D' Dy = D*'n u' Du = 2nwD”“u"" + 2n(n =1)Dr2m 1,
Comparing the two expressions for D*u", we find

uDrunl = n(n — 1) D*2un-, (7

Equation (17) shows that Dru® satisfies (22), Art. 147,
a result which has been already proved in Art. 147. If we
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now substitute wD*u? for n(n-1)D"*u*' in the first of
the expressions for D"u* given above, we get

Drut = 2u Dt ur + 2 D1y, (18)

and dividing by 27|, we";\;we
P, = %ul)};,--, +2P,,, (19)

whence uDP,., + neP,_, = nlP,.
Substituting in (16), we obtain}
DP,,, - DP,, ; (2n+1)P,. (20)
From (20), we get immediatply
DP, = (2n~1)Poy + (20— 5)P,._;f.. 4 (20— 45 + 8) Py gap + &o.

; (1)
Wo can now express Q. as i finite series by treating the
equation .
D(uDy)-n(.+1)y=0 (22)

in a manner somewhat different from that previously
employed. If we put y=wvy,—w, and substitute in (22),
we get

d dv
0= ‘—i;(:v’— 1) -izi - n(n+ 1oy, - {D(uDw) - n(n +1)w)

(@*-1) il . —u(n+1)vy,—{D(uDw)-n(n+1)w)
“ale-nlgng

1 dy, dv
=v=d (@ - 1)d —n(n+l)y.§+(z’ nL e

dv dy, _

s - {DuD - n(n+1)}w.

d dv
+ % d—;(w’-l)%ﬂ #-1)—
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If we next suppose y to be a solution of (22), and
determine » in such a manner as to satisfy

dv

( -a%) =0, (23)

we geot dv dz/,

- —7 2 _
{DuD - nu(n+ 1)}w 7 2(«* - )d.zrf

(24)
From (23), by integration, we ohtain

_ay®
(1 -2%) i constant.

If we choose 1 as the valus of this constant, we get, by
integration,

z+1
= tlog ——, (29)
and (24) becomes
%(1-:&)‘3" (et Dyw =2 (26)

dx dz
If we assume
w= AP,y + AsPpy ... + Ay Pygsn + &o. o

and make ¥, = P, by (21) of the present Article, and ),
Art. 138, we get

2(2n—-4s+3)

= Aaa [n (0 + 1) = (0 = 25+ 1) (u = 2 + 2)}

= Ay (n*+ 0 - [0 - (48=3)n+2(s-1)(2 - 1)]}

= Ay {(42=2)n - 22— 1)(s = 1)} =2(2s ~1)(n - 3+ 1) Auuns,
2n - 45+ 3

whence Az = @s-1D(n-s+1) (27)
-1 Q-5 o -9
O B Poi+ 3t-1) ™ + 5n=2) P, + &o.

(28)
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Thus we obtain
r+1 | .
- C’{P,,%log;—_—l-— s (29)

where w is given by (28).
We have now arrived at three expressions for Q, of which

one is perfectly definite, and the other two contain constants
which can be determined by comparison with (15).

From (29) and (15) we get
dz

) e+ 1 ) ®
OO%P" logx -1 ; - l"-[ (*-1)P2

whence, by division and differentiation, we get

/ dw  dP,
0\ 1y Pt 1
< —_— - #— - —_—
(1 - P, (1 - )P,
that is,
xt / diw r/l n\ | 1
oft-15E (- )] - s

but when =1 we have P, =1, and therefore C=1.
In order to find K in (7) we put & = a—lé’ and identify the

coefficients of the lowest powers of 5 in the expressions for

Qn(w) given by (7) and (15).
y Art. 147, we have

L —
Pam o 20D i o
= Az" {1 + ascending series in s}, where 4 = = l_n(zn 1)

therefdre,
« dx " * dg
Pu‘L @ - l)P,,i = Ax"(1 + &ec.) L Az (1 - @)™ (1 + &o.)'

z (1+ &e.) " (1 - 22) (1 + &e.)?dz.
4 Jo
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Here the lowest power of s after integration is plainly s,

. C 1 . 1
a:dt l.ts coefficient is Bas 4’ accordingly, K = T DA’
that 1s, - .

G > C 1)
G CTESY) (30)

For Q(§) we have, then, three expressions given by the
equations

[
@)= 135 (2n+1)

-(n+1) M '~ (n+3) UH&XE’M‘Q - (n+8) }
A gy S G gy oo
@31
- 4 ‘
&) = Py SRS . E——— 32
W= 20 |, Fi ey ®2)
1
Q7 = $ Pu(?) 1og§_“_“{
_ ;?_.E_:l 2n -9 2n -9 .
T Dot g et sy Tt
(33)

158.—Analogues of Tesseral Harmonies.—We saw

in Art. 148 that the multiplier of * coss¢ in the spherical
harmonic ¥, must satisfy equation (30) of that Article. This
equation has two particular integrals, D* P, and D*@Q,; but,
by means of (30), Art. 148, the latter can be expressed in
terms of the former. In fact, (30), Art. 148, may be written

A-1y %Y dy | _
(‘”z’l)ﬁ;z* 2(s+ l)x‘ﬁ +{s(s+1)—n(n+1)ly=0. (34)
1f we compare this with (10), Art. 1566, we see that

2(8+1)z
X, = ‘75*‘1—1)‘“’

and consequently
eI Xdz _ (&t = 1),
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Accordingly, if y; be a particular integral of (34), the other
particular integral y, is given by the equation

dx
Yz = 0-/“[ (.l" 1):4-1
i!

and therefore, adopting the notation of Art. 154, if we put
T'as = u”y,, we have

dr , dr
U CTM'J 2 y‘ 1_—2(5” —_ )sn = l najzo (—jﬁ,";ﬁ (35)

We may regard U, as defined by (5), Art. 154, and
consider 7, as given by the equation

Tos () = (22 - 1)5D“P,,.

It is now easy to show that in (85) the value of C is

T LA |1 + 8
D T
For
s 1.8.5...2n-1) _
=uD'P, = (2n )“2D‘ (2" + &e.)
[_ﬁ
- 1.35...@Qn-Dun-1)...(n-s+ 1)ug(a:"“ﬁt &e.)
Ln
1.3 2n-1) 2
- = Cr = 1) G e s o
l_n-s

and if we put

1.35...(2n- 1
|_n—s =N, and 7=

we get T,, = Na*(1+Z), where Z denotes a series in
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ascending powers of s, then

TJ'jo @ dT)TZ = Nz"(1+ 2) L Lar(1 - 32)1(?%2”(1 +Z)
Vvid ) - zn+1
= J-V(l + Z)J ) 21— (1 + Z)2ds=- W+ &e.s
(36)
- but Q, = [ (@™ + &e.),

1.3.5...(@n+1)
and

. u%D’Q (i 2 K (n+1)(n+2). .. (n+s)

1.8.5...@2n+l)

[_n +§
. (Znr+1)

( _1):gn+a+l + &0.

" + &o.

= (-1)
b 1.8.56
Hence, equating the coefficients of the lowest powers of = in
the two expressions for Uy, we get

C - (- 1y Ln +8
(2n +1)N 1.3.6...2n+1)

whence
Ln +8

[ -’

and as %, =0, and therefore , =00, we have

C=-(-1y

n+s I

Jrrs, o
BRRATEY T""L @-1n15, ¢

It is to be observed that, in order to avoid the introduc-
tion of imaginary quantities, 7, (#) is regarded as having a
somewhat different signification according as <1, or > 1.

E



50 Spherical and Ellipsoidal Harmonics.
In faot, in Art. 148,
Tos (u) = (1= 122 D" Py () 5

and, in the present Article, -

Tu(®) = (L- B Py(8); (38)
but T (@) = (& - 1 D Py (2). (39)

1t is obvious that, whichever signification be attributed
to T, (z), it satisfies the same linear differential equation.

159. Expansions for External and for Internal
Potential.—We can now write down the series express-
ing the potential, inside and outside a prolate ellipsoid of
revolution, due to a distribution of mass on its surface.

Let ¥ denote the potential inside, and V” that outside,
the ellipsoid whose semi-axis major is k§,; then we may put

7-3|4.P, <e)P~<Z>£(c=_-17drzP_‘"»(zn=
o dz } "

+ 2(4,, 008 3¢ + By, 8in s¢) T, (E) T, n-(Z)J o (@-DITQF
and (40)

. T A
V=3 {A,.P.,(E)Pn(mj ¢ (@ -1){P.2))?

. * ag
+2(d4,,c085¢ + B, sins¢p) T () 1., (& j [
(41)
At the surface, where & =, these two expressions become
the same series of spherical harmonics which can be made

equal to any assigned function of ¥ and ¢ which is finite.
and single-valued.
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~160. Surface Distribution ecorresponding to
Potential.—If the internal and external potentials, V
and 7, due to a surface distribution whose density is a,
be given by the equations

V = Acossp T (E) T(Z)L (—Z’——_—l—;%ﬁz_)}_”
V'=A c08 8¢ T T(@?) Jj (_(f'_l;lf“j’—(f)?’

o cen be found from the equation at the surface of the

ellipsoid &,.
f ds, be an element, drawn outwards, of the normal to
the surface, equation (12), Art. 46, becomes

2
but by Ex. 2, Art. 75, ds, = kT’ and therefore we have

dak?y AV AV
P a——‘-l?——d?—Acossq)T(f)

aT(® dZ ar(c  dg . 1
* {ELO(Z’—I)T’- ;lz;La(_Z’*l)T‘ + T(%) 75y

T'(8) cossp; whence

4
@ -DT()
_ Ap _ AT(E) cossp
dmo = o T YT L S T TG - 1)(:.32 E;;H'
4

When the density of the surface distribution is given,
the expressions for the potential inside and outside the

ellipsoid may be determined by expanding g, expressed as

a function of £ and ¢ in a series of spherical harmonics,
and determining each of the functions I'(§) and the corre-
sponding constants by means of (42). The potentials vV
and V'’ are then given by (40) and (41).
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161. Potentials of Homeold and Focalold.—If
the surface distribution be homceoidal, the density varies
as p, and the multiplier of p on the right-hand side of (42)
must be constant. Hence, 7 = constant,

a 0" 174 Z+1 1 1

;Z’-—_l 0 +&0

= §Clog 5 = z *3
(43)

When £ becomes very great, ¥’ tends to become % ,
that is l—%, where M denotes the total mass of the homoeoid.

- Hence C--M, and

,__Jl{ Z+1 __M g, +1
V' = Y, logz———_l, V= Q%log(ZF—i)’

For a focaloidal distribution the density varies inversely

(44)

as p, and Z varies as —1—2, that is, as &%, - &°. Accordingly, ;-
is of the form 4P, + BP,(E), and

- A[ s &)(zz-&)j: (—-—————z,_l;’é,_ =

It is easily seen that

Z’il =%<z-1-1 "211)’

and that

1 9,1 1 1 1
@-DET-Pr 8{:-1 g+ (Z+V%>’_<Z_J_)’},

Hence, by integration, we have

7= glog Fir 4 g AE-b (@ -Dlog 51T - 2t) -

(45)
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By a method similar to that employed in the case of the
homosoid, we find that 4, = —, where M is the mass of

the fooaloid.
It follows from (42) that the coefficients of P, and (&*-})
in 47k*8,(3,2 - l); are 4,and Z—;—’—;; but; varies as §?- &2,
o
that is, as &> - 4 - (8 - }), and therefore we must have
A, =- A, Hence

, M Z+1\ 9/, 1 , 1 <I,’ +1
v - gl (£27) - 2(8 - 3) (¢ - ) o (7))
(46)
By Art. 83, the potential of a focaloid in external space
is the same as that of the solid ellipsoid of equal mass of
which it is the boundary. Hence (46) may be verified by

comparing it with (2), Art. 78. This verification is readily
effected by taking a point on the axis of revolution. Here

£€=1, and »=#Z; then puttin -1--—-3, from (46) we get
p g F4 g

V’=%§z+z3—a+&c.—g[(Z’-é)(z+§-+%i+&e.>—Z]}

M 1 3/1 1 V.
=%—{S+Sa[§—§<g-§>]+&0.}=—I-c-<z+-5+&0.>‘
(47)

Again in (2), Art. 78, for points on the axis of revolution,
I=A; and, since C' = B, we have

A+B+0_3I=B—A=£o
p] 5
Hence, putting % for », we get
M M
V&

which agrees with (47).
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162. oblate Ellipsoid of Revolution.—When we
have to do with oblate ellipsoids of revolution, Laplace’s
equation takes the form given by (35), Art. 98. If we put

==-% /-1 in this equation, and write ¢ instead of x,
we get an equation in 7, €, and ¢, which is the same as (1).
Hence, in the case of the oblate ellipsoid, we may put for 7
and 7’ the expressions given by (2) and (4), or by (40) and
(41), provided we put ¢ instead of . In order to determine
completely these expressions for ¥ and 7”, we have then to
put Z,/=1 for’, and accordingly we have to find what P(J"),
Q(¥), T(), and U(Z) become when &,/-1 is substituted
for &’

163. Metermination of p () and g (Z). If we put
Z./=1 instead of Z in the expression for P, (), given
by (26), Art. 147, we get

and we may put

p”(z)___l.8.5.t’;(2n—l){z,‘ n(n-1) 1) Z”'“'f' &. } .

2@n -1)
(48)

Also, putting /—1 =1 we have
P, (i) = & pu(E). (49)

In like manner, from (31) and (32), we have
B [» ety (n+1)(n+2) s

9"<Z)‘1.3.5-(2n+1){z T onig) o+ }
(50)
N
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It is plain that the right-hand members of (50) and (51)
can differ only by a factor which is some power of ¢ from the
expressions for Q(«Z), given by (31) and (32); and, as the
term involving the lowest power of = is the same in the two

14

forms of ¢,(Z), they are consistent.
From (31), we see that

Qn (i) = D gu(E). (52)
In order to find a third expression for ¢,(), we must

consider what log g{% becomes when & is chaunged into «.

If we put 1. g =tand, we have

g
o 1 <o T - B gLy 20
Hence,
3 log %————1- = tan"s,
and
1P, (iZ) log ‘g z 1 = " py(Z) tan™ %;
also,

Pn-l (lZ) =M pﬁ'l(z)'

Accordingly, by (33),

20 -1 2n -5 + &o. }
—l—.ﬁ—p wT 3(n- 1)1),.-3

but ¢u(d) = ™ Qu(:), and ™= (-1)*; and therefore

(@)= - Dpfpa@y o 32 )+ 32(: ?)pu(z)_&n_l.

() = -1}_
Quli?) = {p»(Z) tant 5
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164. Analogues of Tesseral Harmonics.—When
we put & for § in Tys(Z), we get

t"(Z” + 1)2_1)51)”(()’

and we may write
§

tm(Z) = (L' + 1)51)’19” (Z)9 Tns(lZ) = l»"tns(Z)' (54)

Also, we may write

8
ns(8) = g+ 1)§D8% (Z) H (55)
whence U,s(18) = ¢ty (). (66)
Another form of #,,(Z) is obtained from (37) from which,‘
by means of (56), we have
uus(Z) = 1" U(15) = M- 1y
n+s » —
s @D mar

whence
Uns = —ISLw ns w’——ﬁ—_'
tns () = (= 1) = = tus(8) L @ D))

(97)

165. Expression for Potentials.—If 7 and V' denote
the potentials inside and outside an oblate ellipsoid of revolu-
tion, due to a distribution of mass on its surface, we may

write
ol %
V = S 4nPa(H)rn(9) Lo @+ Hipa@)?

+ 3 (Am o8 §¢ + By, sin 8(])) TM(E) tm(Z) J So (.Z;:i_)t%-n:(_z—)ﬁ’

(68)
- @
A ¢ (Z2 + 1) {pn(Z)}? o
+ S(Ans OB 3¢ + B, 8in s¢p) T (E) tm(Z)L @j‘ﬁ%{)}_z‘
(89)

V= 342020 |
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1t is plain from what precedes that ¥ and V" satisfy each
Laplace’s equation, that V'is finite when £ =0, and V" is zero
when = o, and that 7 and V’ are identical at the surface
of the ellipsoid. Hence they satisfy all the conditions
required.

166. Surface Distribution corresponding to
Potential.—Here we may proceed as in Art. 160. If the
internal and external potentials ¥ and ¥’ be given by the
equations

V = Acossp T(E)¢(Z) J

6 (& + 1) {#(2)}? . (60)
o dZ.'
¢ (@ +D{))

and ds, be an element of the normal to the ellipsoid,

V= Acossp T'(E) t(Z‘)J

d81="'p—';

but in this case, by Art. 98, we have A*=4*({*+ 1), and
therefore
kG

({3‘ =

Accordingly, as in Art. 160, we get
4nk*Z, A

PR S AR s
and
. Ap ~ AT(E)cossp
e LG DI T T k) (G DEH )

61)

‘When the density of the surface distribution is given,
the potentials may be determined in a manner similar to
that described in Art. 160.
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167. Potentials of Homwmold and Focaloid —
These may be obtained from (60) and (61) in a manner
similar to that employed in Art. 161 ; but if the expressions
given by (44) and (46) are already known, we oan get from
them the corresponding expressions for an oblate ellipsoid.

Putting « for £ in (44), we get

£l =

M
I T tan-!

Hence we may conclude that V77, the potential of an oblate
homoeoid of revolution, is given by the equation

, oM, 1 |
V' = % tan ¢ (62)

It is easy to see that this expression for ¥’ must be
correot, since it satisfies Laplace’s equation, vanishes at o,

M

is constant at the surface, and tends towards the value 7T

at points very distant from the centre when r tends to
become equal to %Z.

To get the potential of a focaloid in external space, we
may put « for £ in (46), and we get

Sr-te-YeYoi-4)

since ¢=4° and ¢ =-1, this may be written

o gl e g(e-3)[(ee3) -]}

Hence we may put

oA el ot
(63)
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This expression for ¥” satisfies Laplace’s equation, vanishes
at infinity, and at points very distant from the centre tends

towards the value ‘Ef—; but to prove that it satisfies all the con-
ditions of the question, we must show that the corresponding
distribution of mass varies as 1—1)

If the external potential 7” be given by (63), the internal
potential ¥V, due to the surface-distribution producing ¥,
is given by the equation

V= %{tan"%—o + Z(Ez - ;})(Z” + é—) [tan“lé—o - ZO,Z_: _5_]},

(64)

since this expression for ¥V satisfies Laplace’s equation,
remains finite inside the ellipsoid, and is equal to 7’ at the
surface. We have, then,

4k, AV 4V’

7 g d¢
Faptyy e it ety
g

(65)

Differentiating and reducing, it is easy to see that

(RS EA (LR = 2
aZ I+ P+ 147 (@+h+ )
Hence,

“_V_dV'rﬂ—[: g Lot | M p+E
at df  E+8 1+ +E) R A+ )
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and at the surface we have

dwktly 4V 4V M+ E _C

P e dt  E(A+¢D)ER+E) PP

where C denotes a constant.

C o
y— 1—1,, and therefore the distribution
€o

of mass producing the potential is fovaloidal.

Accordingly o=

Secrion II1.— Ellipsoids in General.

168. Ellipsoidal Harmonics.—When the surface, at
whicl the potential or mass-distribution is given, is an
ellipsoid not of revolution, the preceding methods are inap-
plicable. The most general method of determining solutions
of Laplace’s equation which can be made use of in questions
of this kind depends on the employment of functions called
ellipsoidal harmonios.

e have seen, Art. 92, that if A, u, v be the primary
semi-axes of the three confocal quadrics passing through a
point, Laplace’s equation may be written in the form

a2 d? s
(w? - v?) ?;12-7+ A v’)JB};‘F (Az"llz)d—':"— 0, @

where a, (3, v are given by (17), Art. 92. If «, b, ¢ denote
the semi-axes of an ellipsoid of the confocal system, we may
change the variables by assuming

N=a*+§ u=a+n V=a+1.

Ifweput %= (a*+ 8} @+t +8b by 17), Art. 92,
we have
d_dvdEd 2 .
da da dn dE & dE @)
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If we assume
9= @+t @+nieent, 3=@+t @+t e+ 0}
in like manner we get

d 29/-1d d 234 3
B~ k dy dy k d@

and Laplace’s equation becomes

fon-o(2%)+ €-8(vg) + €-n(3g)|¥-0.

€

Following the analogy suggested by the methods em-
ployed in the case of ellipsoids of revolution, we may
suppose }J to be the product of E, a function of &, and of
H a function of »n and H' a functiou of §. If these functions
be such that

( dE) E=(m& +j)E, <@%>2H = (my +j)H,

and (3(;2) H = (m§ + ))H, ‘ (5)

where m and ; are disposable constants; we'may put
V = CEHH’, where C' is an arbitrary constant, and we
have

VIV = Al(n-8)(mE+7)+(5-E) (mn+)+(E-n) (mE+/)} V = 0,

where A denotes the other factor of V¥, since the expression
inside the bracket vanishes identically.

‘We have now to find forms of the functions E, H, and
H’ which will satisfy (5).

If we suppose K to be a rational and integral funetion
of £, we may put

E=§8 4+ pE 4. ... 4p,



62 Spherical and Ellipsoidal Harmonics.
Operating on &", we get

<3ei 'gn = n(n-1) EEr-
)

@ D@+ s £)(c* + E) + (2 + E) (a* + £)) gt
2

= n(n + %) E* + 02(a® + b2+ ) E" + n (n - })(a?0? + b%* + *a?) E"!
+n (n -1) a®b?c* &,

Hence, in order that
3': J \2E { E NE,

we must have the series of n + 2 equations
nm+d)=m, m-1)n-3)p+n*(a+8+c) =7+ mp,
n (n - §)(a®? + 0% + c*a®) + (n - 1)*(a* + b* + ) ;u
+(n=2) (n—3)ps = jpr + mpy,  &o,
20*0°C pyg + % (aP0* + B¢ + Fa®) ppy = JPn.

The first of these determines #, the second p, as a linear
function of 7. DBy substituting this value of p, in the third,
»; i8 determined as a quadratic function of j, and so on.
Thus, finally, an equation of the degree » + 1 is obtained
to determine . Each root of this equation corresponds to a
set of values of p,, p,, &c., which furnishes a function of the
required form for £. There are thus » + 1 funections of the
degree n in & which are of the required form. It is plain
that £ is of the second degree in the coordinates =, y, =.
Hence the forms of V corresponding to those found for £
must be of even degree in each of the coordinates 2, y, s.
To determine forms of odd degree in these coordinates, we
are guided by the formulee for expressing the Cartesian in
terms of the elliptic coordinates of a point.
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In fact (Salmon’s Geometry of Three Dimensions),
e (@+E)(a@*+n)(a*+ Q) )= (*+ E)(8*+q) (B*+ &)

@-B@-0) C-d @ -0)
. (@+E) (@ +n)(c+ Q) '
T e-ae-n 0 o O

If we consider only the factor containing &, we see that «
corresponds to

/m, y to /i)—;—f, and =z to /m,
and we are thus led to consider whether
VE+EE, J(@+HF+ A,
and V(@ e+ B+ B,

where [ is a rational and integral function of &, are possible
forms of E.

Operating on /@ + £ £, we get
(%_gg\)’\/(az L B)E = (@ + E)[(n + 1) (n+ §)E™
S0+ (n+ 30+ OLE + [0 = D@+ [ ()
+n(n + %) 0%c]E + n(n ~ 1) a*b*cE"?)

Hence, we see that if & =,/a*+ & &,, where &, is a
rational and integral function of & of the degree un, we have

d\? _—
<£T> E= */“1 + & By,

r

and therefore, that by properly determining m, s, and the
coefficients in Z,, we can make

(Y B = mE+ fE.
\"d§) J
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It is easy to see that the final equation for determining j
is of the degree = + 1.
If we operate on the functions

V {(a*+ E)(B*+E))E", and ./ {(a®+ E)(B*+ E)(c* + £)) BN,
we find that

(xd%)t/ ((@+8)(0*+6) ) " = J{(@+E)(B*+E) | {(n+1) (n+3) E™
+ [(n+ 3 (@+ 0+ (n+1)2*] & + [n(n—3%) ®0* [’
+ n(n+4) (@ + )€ + n(n-1)a2b*c £
®)
and that
(2) v 1@+ @+ B e
=E{(n+3) (n+2)E" + n+ 1P (@ + P +NE +n [ ®)
x (0 + %) (a*0? + 0% + *a®) E* + (0 - 1) a*b?c*En2)

Hence we conclude that

(2 V@D 20 = /ETOTT an,
d
Z

and, accordingly, that ,/{(a*+ &) (0*+ €)} E, and XX, are
possible forms of E.

If E be of the degree v in & and » be an integer, the
forms we have found for E are

By, +{(@+E)+ f)}zf-n V{0 E)(S + £)} B,y
1/{(02 + E)(a2 + E)}Ev-l.

and that <$ )2 QE,. = xEnH’

‘We have found also that there are » + 1 different functions
of the first type, and v of each of the others; so that there
are 4v + 1 in all.
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If v=n+4, where # is an integer, the forms found
for E are

V(@ +E) B, /(B + E) B, /(4 B,
Vi@ + E)(B + E)( + E)) s

Also, there are n + 1 functions of each of the first three
types, and » of the fourth, so that there are 4n + 3; that is,
4y + 1, in all.

Hence, in any case, there are 4v + 1 determinable func-
tions of & of the degree v, any one of which may be taken
for E in order to satisfy (5).

It is plain that if H be the same function of 5, and H’
of Z, as £ is of &, the product CEHH’, where C is an
arbitrary constant, will then satisfy Laplace’s equation.

169. Ellipsoidal HMarmonics which vamish at
Enfinity. — The functions considered in the preceding
Article do not vanish at infinity, and are therefore unfit to
represent the potential of a finite mass in space outside itself.
The form of the differential equation for E enables us,
however, to obtain another function which will fulfil this
condition.

In fact, if

(35 d%)zy = (m& +7) v, | (10)

we have

Bt ToE & T ®

i(x)
dy dE dy mE+Jy_0;

but, as was shown in Art. 156, by assuming y = gu, if 4,
be a solution of the equation

then

is also a solution.
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In the present case, [ X,d»= log ¥; and, therefore, if £
be a solution of (10), so also is

d&
O j e
If now we take for E one of the forms found in the last
Article, by writing E as the product of & and a series of
descending powers of &, it is plain that

EJ%E’

vanishes when £ is infinite.

Hence we see that, if ¥ denote the potential inside an
ellipsoid, whose semi-axes are «, b, ¢, of a distrik ‘“*on of mass
on its surface, and ¥’ the potential of the same ¢ “tion in
external space, and if V' = CEHH’, then

Wb ®
’ _ v , * dE ~"
V' - C'EHH Js s .
where v
[ dE
c J Ly

170. Ellipsoidal Harmonics expressed as func-
tions of Cartesian Coordinates,—]If &, be a rational
and integral function of £ whose factors are & —a;, & — ay,
..... £E-a, and E=25, then

0’EHH’=(a’+a,)(b”+a1)(c“+m)( P A _1)

@ta; Vt+a, Sty

(@ + a5) (0*+ ao) (¢*+ a,)( o + v + g 1
- @+a; O+az F+ay

"
.

(@* + an) (0* + a,) (c* + an) i + v + z; -1
an n, an a:_',a“ bz+a” 02_,_“” )}

(1)
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For the expression

(w’+u)(b’+u)(c’+u)( i + ¥ + & —1)

ad+u b+u E+u

vanishes when u=§, or w=19 or w={, whereé& &
are the elliptic coordinates of the point whose Cartesian
coordinates are z,y,=.

Hence, whatever be u, we have

(@ + u)(52 + w) (e + “)(af: u’t b’g{:u * c::u - 1)

. e ) i
and therefore, E-u)(n-u)(f-u)
(@ + a)(6*+ a))(c* + al)< 22 LYy 1)

a+a Vra Ft+a
= .Kg(s—al) ('1 - al) (Z - a.),

where K, and K, denote quantities independent of the
coordinates.

Hence, if we denote the right-hand member of the
equation (~ ~ Q, we have

Q-C( (E-an)(m=a)(n=as) ... (n-as)
C-a)&-a)...({-a) = CEHH".

wsions for #, y, and s given by (6) we
1at when

. ‘iv - E En
CEHH' = ./ {(a® - b*)(a*~¢*)} 2Q }’ (12)
E=./{(a*+E) (0" +E)} En } (13)
CEHH = (@-8)/{(B*- ) (@-a))ayQ )’
E=./{(a*+E)(b*+§)(c+ §)) Ea .
CEHH' = (a*-b)(a* =) (8"~ c*)y/ - 1 .vyzﬂ} (14)

We have seen that there are 4v+1 ellipsoidal har-
moniocs of degree v in g, that is, of degree 2v in Cartesian
coordinates.

F2
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A rational and integral function of «, y, s, of the

degree 7, contains

G+ -(: 9 +38) constants ;

but if it satisfies Laplace’s equation, these constants must

satisfy
i-1)i(+1 .
(———-—-lgi——-——) equations,

and therefore such a function contains only (¢+ 1)* indepen-
dent constants. Now, if we take all the different ellipsoidal
harmonics from the degree 0 up to the degree ¢ in =z, y, s,
oriin §, wehave 1+8+5....4+2/+1 inall; the sum
of this series is (7 + 1)

Hence, as each harmonic may be multiplied by an
arbitrary constant, we can express any rational and integral
function of #, y, £ of the degree ¢, which satisfies Laplace’s
equation, by a series of ellipsoidal harmonics, whose degrees
in 2, y, # range from ¢ to 0.

At the surface of an ellipsoid of the confocal system any
rational and integral function of #,y, s can be expressed as
a series of ellipsoidal harmonies.

For, if a, b, ¢ be the semi-axes of the ellipsoid, at its
surface

¢y 2
pris '# ta= 1;
and therefore, by multiplication, the degree of any function
of , y,  can be increased by 2 without altering its value.
Hence a rational and integral function of the degree i can
be reduced to two homogeneous functions of the degrees ¢

and ¢—1. Of these, the first contains (—z-l-—lzz-(z—*'i) inde-
pendent constants, and the second i +1), Hence the two

2
together contain (¢ + 1)* independent constants, and can
therefore be expressed as a series of ellipsoidal harmoniocs.
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171. Surface Xutegral of Product of Harmonics.—
It vV, = EH,H,, and V,= EH,H, and S and &
denote two confocal ellipsoids of the system, whose normals
drawn into the space between them are v and v’, by Green’s
theorem, we have

jV,dV’dS JVﬁ”” s = jV,‘W‘ds jV,"W‘ is,

also dv = where p is the central perpendicular on the

dg
2p’

tangent plane to 8, and dv' =~ %g and therefore

KV,‘”;’ ngV’>pdS 2]( ‘W’ V,"}é‘) as,

that is,
dE, L dE) o o
j (El = dE‘)HH@H pdS
CdB, L dEN . o
KL B E,Tiz,-‘)H,H,H,H,pdS'.

At corresponding points on the surfaces S and 8 the
coordinates » and £ are the same, and therefore, so also are
the values of H,, H", H,, H’.. Also, by Ex. 7, Art. 90,
the volume elements pdS and p’dS’ are proportional to the
products of the semi-axes of S and &, that is, to ¥ and ¥’

Hence, as & and % are constant over the surface S, we have

(n5-5),

x (E d.gz .Ez ) }J‘Hlligﬂ,lﬂ’zpds 0.
If we equate to zero the first factor of the left-hand side
of this equation, we get

B\ o (B
¥Hd ( E) aeﬁ,".zz( E',)
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Since one surface may be taken as fixed and the other as
variable, this equation is equivalent to

d
2
XE, &

whence E = OEljéglﬁ C'E.

Accordingly, either E, and E, differ only by a constant
factor, or E, is the external harmonic corresponding to the
internal E,. In either case H, is the same as H,, and H’,
as H’;. If we reject the alternatives considered above, we
must have

(!J-"> = constant = C,

1

[ H.HH,H’, pdS = 0,

and therefore,

Hence we conolude that tke surface integral of the pro-
duct of two ellipsoidal harmonics and the central perpendicular
on the tangent plane, taken over an ellipsoid of the confocal
system, is zero, unless the two harmonics have a constant ratio
to each other, or be a corresponding pair of harmonics, one
internal and the other external.

172. Adentity of Terms in equal Series.—If {wo
series of internal or of ewternal harmonics be equal to each
other, each harmonic of one series must be identical with a
corresponding harmonic of the other.

To prove this, let the series
Vo+ V1+ Vz..- V”= Uo"‘U—l...'l'Un;

multiply each side of this equation by V,,pdS, and integrate
over the surface 8, then all the integrals on the left-hand
side vanish except [ V,’pdS, and on the right-hand side
they all vanish, unless U, = CV,, in which case we have

[ UnVupd8 = [ Vatpds§.

Hence C'=1, and a harmonio of the right-hand series is
identical with V.
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If two series of harmonics be equal throughout the whole
of the spaoce inside or outside an ellipsoid, both series must
be composed of harmonics of the same kind, either internal
or external, since an internal harmonic becomes infinite in
external space at an infinite distauce from the centre, and
the differential coefficient of an external harmonic becomes
infinite at the focal ellipse in the plane of zy.

It is easy to show by multiplication and integration over
the surface § that, if two series of harmonies be equal at the
surface of the ellipsoid 8 whose semi-axes are ¢, b, ¢, and one
series be composed of internal harmonics, the other of external ;
then, if a term ¥, of the first series be given by the equation

Vm = EmHmH’ma

there must be a term U, in the second such that

. , ([ d&
Um = CEmHm-Hm J; ﬁ;&;,
© dE
w}lere . OJO -mez' = 1.

173. Density of Surface Distribution producing
given Potential. —If V7 denote the potential inside the
ellipsoid a, b, ¢ of a distribution of mass on its surface, and
V’ the potential in external space of the same distribution,
and if : ‘

V =CEHH L 5

we have seen, Art. 169, that
, , (7 dE
V' - CEHH j -t
In this case, if o denote the density of the distribution,

we have - -
d av’

-‘—i-l-,- + -d—rl?_.'- 4me = 0,

dE

,_dE __ 4§
but dl’ = 2p’ d = 2p’
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whence
e AV AV’ , dE [ dE
> & @ TR E |, i
,dE [* dE HH'
- BB G [ it Oy
that is,
c ,
2o = ;I_)c—(._E—)—opHH . (15)

If the potential due to the surface distribution whose
density is o be the sum of a number of harmonics Vo, V3, Vs,
&o., it may be shown in a similar manner that

Rerabe

C, C, ,
p—d’ = 00 +(—E;I)-H’1El+ w;)—(’ﬂzyz'l'&c., (].b)
where

oodE

Vo = COJ’ -i, Vl = CIEIHIH’IJ dE
[}

, BB
When o is assigned, (16) enables us to determine the
functions H,, H',, &c., and from thence V¥, &ec.

174. Potential of Homeold.—As an example of the
mode of procedure described in the preceding article, we
may find the potential of a homooid. Here o varies as p,

&e.

and;—; is constant, whence

*dE

o X7

To determine C, we have
av’ av’ 2}9 C

"

V=@[ ¢ X

V=QI

?l-;’-,— = 2p —d_g— = - —»—27 .
20,
Hence, o [pdS = [NdS = 4w M,

where M is the total mass of the homeeoid, but [pd8 = 4mwabe,
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and therefore 20, = M ; accordingly, V", the potential of the
homoeoid in external space, is given by the equation;

, M [d
”‘?L?’

This agrees with the result found in Ex. 3, Art. 75

175. Ellipsoidal Harmonics of the Second Degree
in the Coordinates.—The forms of E which correspond to
functions of the second degree in the coordinates are

V(@+ B+ 5}, B+ B+ ), V(¢ +E)(@+ ),
and (€ - a).

There are two functions of the last form, £ —a,, and
& — a;. We proceed to determine the values of a; and a,.

By (5), Art. 168, we have

(m€ +5)(E-a) = (% %)2 (E - a>
=38+ (@*+ 0+ )E+ (a*b* + B + Fd?);
whence

m=32, j-ma=0a"+0+¢ -~ja=13%(20+ b+ c%a®).

Eliminating m and j, we obtain

3a® + 2(a* + b*+ Fa + &*b* + bt + *a* = 0.  (17)

Hence,
~(a*+ 82+ ¢?) + /(a* + b + ¢t — @b - b*er - c*a?)
ay 3
_ (@48 +¢) - /(at+ b+ o~ @B - b’ - *a’)

(18)

a
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177. Potential of a Focaloid.—We have seen,
Art. 83, that, for a focaloid distribution of mass, the surface
density ¢ is given by the equation

P

where
_ 2mparbré
@+ B 3 gt product its value
.. auus, 2f,ys becomes

- waldu ewa

tile density of the s~
by p. By A+ 2fi B
space 18 ;")(b’ - 62)(62 _ az)(cz - b’)}

A VAELH @) @+ E (@) (@1 D)

and the remaining two products are reduced to expressions of
a similar kind.
We may next assume

G + By + a3%?
=C,+ Kx(E - al)('l - al)(Z" a;) + Iﬁ(f‘ az)('l - az)(Z - az),

where a; and a. have the values given by (18). In this

manne; ™ ¥~ oot
of proce.

@y find the pe® = O, + C1(a*+ a) (8" + a1)(¢* + a))
g .
© ~~=gtant, a I 2 |
!(t’+a|+b'+ a1+cz+a; _1’
"= Ol 4 Oy + a) (B 4 et ) |
7 I 2t
a’+a,+b’+ag+c'+ag“ )

Hence we have
0, - C\(@*+a,)(0+ar)(*+ar) — Oy (a*+ &) (B+as) (c*+a;) = 0,
a = C\(0*+ ay) (¢ + ay) + Ca(0® + a3)(c* + an), (19)
as = C,(¢ + a,)(a* + a)) + Ca(¢* + a;)(a® + a3).
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By substituting the equivalent expressions in «, y, and =
for the functions

E-a)n-a)C-a) and (£-as)(n-a)(C~a)
the potential U becomes of the form
@y + G + Y + 432,
where «,, &o., are constants,

_ma’ = b’ + (it~ of Attraction of Focaloid and
' (@ 0)( + ar) (- as)’ T-~m the form of U it follows
"2l gpace due to a

CV

At the surface of the ellipsoid a4, &, ¢, the 'q?f force

function @12? + a2y® + ass® can be reduced to ellips.
harmonics, whatever be the values of a1, 4, and as. Fo.,
in this case, we have

R P

a;+-b-z'+gz°—1=0;

and therefore we may substitute for the given function the
expression

€ xr2 € 2 d 2 .
U R R A C RS L Y
We can then determine e so as to satisfy the equation
& & €
a1+;;+a,+—b7+ag+g=0,

and putting a, + % for a1, and @, + 5 for as, proceed in

the same manner as before. In this case, the right-hand
side of the first of the equations (19) is not zero but — e,
so-that

Oy = Ci(@* + an)(B* + an)(¢* + ar) + Oy + a3) (B° + as) (c* + aa) — e
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In like manner,

o0 de oo dE
hﬁyL ¥+ ey Z=""L I+ 8

At a great distance » from the centre, X, ¥, and Z tend

towards the values
M M M
;;w, :;;:l/, and ;3-2,

where M denotes the mass of the ellipsoid.

If we expand in descending powers of & the functions
ynder the integral sign in the expressions for X, Y, and Z,
and integrate, we find that X tends towards %ez§%, and
that ¥ tends towards ${3y&-% and Ztowards %ys§-%.

Hence we have a=RB=y=4M, and we get

(o0 dg
X = %1][:1:~ ; (—_—a’+ 5%’
0 dE )
ST I
. ~00 dz
Z = %M3~ ; (63—""‘—_‘- E)x‘

179. Potential of Ellipsoid in External Space.—
If ¥’ denote the potential of the ellipsoid in external space,

V' = - [ (Xdx + Ydy + Zdz) + constant.

Integrating by parts, we find .
di

®  dE 2 (°  dE 2t dz
J‘“”Je WﬁTL @+ )% "J"Z(aw-f)ae
2 (°  dE E22  dE
=?L (a’+€)?€'+.[ 2 (@2+8)%’

where in the second integral z is to be regarded as a function
of £, 9, and 3; and y and s are to be looked upon as constant

in the integration.
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Similar results hold good for the functlons contained in ¥~
and Z. Hence we have

ety L @i, (77'?63‘55

©  dE °( & ¥ dg
’ —m——— —
s L @+ 0E L (mz TEsg” c=+£> }
No constant is to be added, since the nght-hand side of
this equation vanishes at infinity. The three integrations

involved in the last integral on the right-hand side are to be
performed on three different hypotheses; but, as

(”z ;’/2 22
a’+E+b”+€+c“+?;’_1’
we have, finally,

I B e M
(zd)

‘We see that this result agrees with (11), Art. 87, remembering.
that in that equation «, y, z are not regarded as functlons of u.

180. otential of Ellipsoid in its Enterior.—The
components of force due to a focaloid at the outside of its
surface, by (22), are

0 d&
He| G
that is, if we put

* dE (°  dE
4= Gl B3| ol
dE

O=3 J , @ OE

they are A2, By, and Cs.
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Hence, at any point inside the focaloid, if these components
be denoted by X, ¥, and Z, we have

X = A—Z—I‘: z, Y= B—?@ ¥, Z= 0——2—-K 2.
b* ¢

For these expressions satisfy Laplace’s equation throughout
the interior of the focaloid, and take the proper values at its

inner surface.
Hence the potential U of the focaloid is given by the

equation

- - } (4% + By +O’z’)+K( -Zz >+Ao,

where A4, denotes an undetermined constant.
By Art. 83, if V denote the potential of the ellipsoid
inside itself,

Hence,
V =K+ A, -}(42* + By + OF).

At the surface of the ellipsoid, ¥’ = ¥, and therefors,
by (23), we have

Kody-3u[ F
accordingly, °

dE dE (% _dE o (°_ dE_|
- %Mj J(a2+’c’)£ yL(b’+E)¥ zjo(c*+6)%'
(24)
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CHAPTER IX.
'MAGNETIZED BODIES.

SecrioN L.—Constitution and Action of Magnets.

181. Magnet of Finite Dimensions.—A magnetized
body is composed of elements each of which is a magnetic
particle (Art. 17). When such a body is placed in a
uniform field of magnetic force, each particle is acted on
by a couple, and the resultant of all these couples tends to
bring the body into a position in which a certain line in the
body is in the direction of the uniform force. When the
body is in the position in which this couple is the greatest
possible, its ratio to the force is the wmagnetic moment of the
body.
If a body be composed of a number of infinitely thin
parallel bars, magnetized at their extremities so that the
pole strength of each bar is proportional to its orthogonal
section, it is plain that the magnetic moment of the body
is proportional to the sum of the products obtained by
multiplying the length of each bar by the area of its
orthogonal section—in other words, to the volume of the
body. Hence we may assume that the magnetic moment
of an element of a magnetized body is proportional to the
volume of the element, and we may denote this magnetic
moment by the expression Id&, where d& denotes the
volume of the element, and [/ the intensity of magnetisation.
This latter is defined as the ratio of the magnetic moment of
the element to its volume. Magnetization is a directed quantity,
and its direction is that of the parallel bar magnets which
are regarded as composing the element whose magnetic axis
is a line in this direction.
G
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182. Potential of Magnetized lloc:?,;'»_..BJf (28),
Art. 54, the potential of one element of the body 18

I cos edS

.

If 2, y, = denote the coordinates of the element ; £, n, Z those
of the point at which the potential is required; A, u, v the
direction-cosines of the magnetic axis of ¢&, we have

o8 e = — (X dr dr dr>

.___+ —_ a—
dz #a',//+vds *

The quantities I\, Ju, and Iv are termed the components of
magnetization, and may be denoted by 4, B,and C. If V
denote the potential of the magnetized body, we have, then,

V= ﬂ{A%G) + B(%/G) + 0;}:—(%)} de dy dz. (1)

It 2, m 2 denote the direction-cosinas of {he normal to

Masduw W

the surface S, which is the boundary of the body, we get, by
integration,

V=H(lA+an+n0)dTS - ///(‘i‘_i.,.dB_l_ @)ti@{

de  dy ds) r
2
Hence the potential of a magnetized body is equivalent

to that of a volume-distribution, throughout the space occupied
by the body, of mass whose density is

dd dB dC
—(_d—a: o dz)’

together with a distribution on the surface bounding the
body whose density is

i4 + mB + nC.
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183. Poisson’s Equation.—From the expression for
the potential given by (2) we have
d4 dB dC
2 oL @0 Y\ P
vy 4"(@:*(:_’,*42) 0 3)
at any point inside the body.

In space outside the body Laplace’s equation obviously
holds good. '

184. Examples of Magnetized Bodies.— As an
example of a magnetized body, we may take a sphere
magnetized in a uniform direction so that the magneti-
zation at any point is a function of its distance from the
centre. Here, if #* denote the distance from the centre of
any point of the sphere whose coordinates are #/, y, ¢';
V the magnetic potential of the sphere at an external point
whose coordinates are #, i, 2; and r the distance between the
goints xyz and 2'y’?’, we have, the direction of magnetization
eing parallel to #,

V- J 70y (5) e =~ & Jf(r’)

where X denotes the component of force due to a sphere
whose density at any point is f(+') Hence

a&’

T

- X,

4 (¢ "o ’
V- TL £,

where « denotes the radius of the sphere, and therefore the
magnetic action of the sphere at an external point is the
same as that of a small magnet at the centre whose magnetic
moment is expressed by

a
4 J I {GOY 8
o
If the magnetization be of uniform intensity I, the magnetio
moment becomes
— @
.

G2
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"—B
If an ellipsoid be uniformly magnetized in the dx’x‘-’:s.» (.28) ’
of its longest axis, the potential V, at an external point zys,
is given by the equation

V=1j-i,(1>(z@=-1ij‘-’§=x,
de’ \r ¢ \

lx ] r

where X denotes the component of force of a solid homo-
geneous ellipsoid whose density is 7. Hence by (12), Art. 87,
we have

® : du i
¢ (@ + u)t (B + )k (@ + )Y’

V = 2xlabexr ] (4

where ¢ is the greatest root of the equation

z T 2*

@ig Bag ey

(See Ex. 1, Art. 52.)
If the integral in (4) be denoted by %, and the corre-
sponding integrals for the other two axes by ¥ and 3, it is
easy to see that the potential ¥ of an ellipsoid, uniformly

magnetized in' a direction inclined to the axes at angles
whose cosines are A, u, v, is given by the equation

V =2rTabe(ArX + pyY + v23). ()

1.

From (5) we can obtain the components of the magnetio
force exerted by the ellipsoid at an external point. By
differentiation we have

av a¥ dY - d3\
' 7;-21rlabc<l5+)w;,;+yy%+vzzg>,
but
d¥ 1 dg

@ @t F el (g
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1£we denote the semi-axes of the ellipsoid passing through
the point #yz and confocal with the given ellipsoid by o/, ¥",¢,
we have
202 g BV
a? \a" VT de T

Hence, if p’ denote the central perpendicular on the tangent
plane to the ellipsoid a’6’¢’ at the point yz, we have '

dq P

prilde
Hence d¥ __ 2zp"

dz a’d'e

In like manner,
ay 2ap”®  d3 Rap’

o ___ =
dz a3bd’  dx b’ e’

accordingly, by subsﬁitution, we obtain

%= O Tube ) — 4mwlabe p'z ()\pw up’y vpz).

W N\ T

If @, @, @y, and & denote the angles which the normal
to the ellipsoid a'd’c’ at the point zys makes with the axes,
and with the direction of magnetization, we have

/’

P
—; = cosm, &o.;
a

and . €089 = X COS®m, + JLCOSm; + v COB .

Hence we obtain

av 47 Iabe '
= 2ulabeX¥ - —T5e 08 S 008w, ;
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and, since the components of magnetic force a, 3, y are

expressed by -%Z, &ec., we have

= 4:’5267'0 cos § cos @, — 27"1"“)\3«5”]
B = 4:’?:7 ¢ cos  cos m, — 2rTabepdy’, ©
v = %{f%b—c cosd coswm; — 2mwlabend’. J

From equations (6) it appears that the force exerted by
the magnetized ellipsoid abc at an external point P is the
resultant of two forces of which one is in the direction of the
normal at P to the ellipsoid a'd’¢’, and is expressed by

4w Iabe

ab'e
the other is the force due to a homogeneous solid ellipsoid,
coinciding with abe, at the point @ in which a line drawn

from the centre in the direction of the magnetization meets
the surface of the ellipsoid a'd’¢’, the density of the solid

ellipsoid, supposed attractive, being in—, where R denotes the
distance of @ from the centre.

cos ¥ ;

185. Potential of Magnetized Body expressed as
Sum of Force Components.—Adopting the notation of
Art. 182, we have, by (1),

d [AdS d (BdS d [ OdS
s ggem.

Henoe, if we suppose three bodies geometrically identical
with the magnetized body, and having for densities 4, B,
and C, the magnetic potential is equal to the sum of the
foroce comgonents exercised by the first body parallel to the
axis of #, by the second parallel to the axis of y, and by the
third parallel to the axis of s.
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186. Magnetic Force.—The differential coefficients of
the potential with their signs changed are termed the com-
ponents of magnetic force. Outside the magnetized body
these are the actual components of the force which the body
would exert on a north magnetic pole of unit intensity.

Inside the body the actual force due to the body is
indeterminate. In order to imagine that such a force should
aot, we must suppose a small cavity inside the body, and, in
the case of a magnetized body, the force depends on the
shape of this cavity.

The components of the magnetic force are usually denoted
by the letters a, (3, .

It is easy to see that the normal component of the
magnetic force as defined above is not continuous when we
pass from the outside to the inside of the magnetized body.
This follows from the consideration that the normal compo-
nent of that part of the force due to the surface distribution
{4+ mB+nC is diminished by 4x(l4 +mB +nC).

187. Magnetic Induction.—We can obtain a vector
quantity whose components satisfy the solenoidal condition,
and whose normal component at the boundary of the magnet
is continuous, by adding to each component of magnetio force
the corresponding component of magnetization multiplied by
4w. This vector quantity is termed the magnetic induction,
and its components are usually denoted by the letters a, b, c.
‘We have, then,

a=a+4rd, b= +4wB, c=vy+4nrC. (8)
Outside the magnet ¢=a, 6=08, e=v; and

do db de o
*'d'g + ;l_p; + ('z— v:V = 0.
Inside the magnet
da db de 2 ‘dd dB dC
L T o dr (= + 2 4 X)),
A "(dx 7 ds)

and, by (3), the right-hand member of this equation is zerd;
accordingly, a, b, and ¢ always fulfil the solenoidal condition.
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At the surface bounding the magnet, in passing from a
point outside to a point inside, Ja+mB+ ny is diminished
by 4w (l4+mB+nC); but outside the surtace &+ mb +ne
is the same as Ja + )3 + ny, and inside the former exceeds
the latter by 4w (/4 +mB+aC).

Hence, in passing through the surface, the value of
la + mb +ne is unaltered.

It is now easy to see that the surface integral

'[(la + mb + ne) dS

taken over any closed surface is zero.

If the surface be altogether outside or altogether inside
“the magnetic body, this follows from taking the volume
integral of

de db de
dE * dn * dZ ’

If the surface S be partly outside and partly inside the
magnet, the enclosed volume is divided into two parts by
the intercepted portion of the surface of the magnet. Through
each of these parts the integration may be effected, and in
consequence of the continuity of the normal component of
magnetic induction, the two surface integrals which are taken
over the portion of the magnet surface are equal in magnitude
and op{)osite in algebraical sign, and therefore the surface
integral of induction over the closed surface S is zero.

188. Magmnetie Force nnd Magnetic Induction
regarded as Forces.—If e imagine a small cylindrical
“cavity whose axis is in the direction of magnetization, and a
north magnetic pole of unit intensity placed at the middle
point of this axis, the actual force acting on this pole is the
magnetic force when the cylinder is long and narrow, and
the magnetio induction when the eylinder is short and broad.

As the cavity is supposed to be small, the removal of the
volume distribution with which it was occupied produces no
sensible change in the force acting on the magnet-pole, and
this force is therefore due to the volume distribution through-
out the magnet, the surface distribution on its boundary, and
to the surface distribution on the surface bounding the cavity.
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In the case of a oylinder parallel to the magnetization axis,
I4 + mB +nC 1is zero except at the plane ends, where it is — 1
at the positive end, and + 7 at the negative. By (3), Art.(14),
the force due to the surface-distribution is, therefore,

I & ) P —

V@ )

in the direction of magnetization, where ¢ denotes the semi-
axis of the cylinder, and a its radius.

When c¢ is large compared with «, this expression becomes
zero ; and when ¢ is large compared with ¢ it becomes 4wl.
Hence, in the first case, the components of the total force
acting on the magnet-pole are a, 3, y; and in the second
a+4rd, B+4xB, y+4xC.

189. Energy due to Magnet.— When a magnet is
placed in an independent field of force, if V¥ denote the
potential of the field at any point where there is a south
pole of strength M, the energy due to the presence of this
po}e is —~MV, and that due to the corresponding north
pole is

av
Q)t(V*‘ ﬁd/&),

where dJ is the axis of the particle whose poles are It and
-~ M. Hence the energy due to the particle is

av

o dh

dh.

If A, u, v be the direction-cosines of ¢k, we have

‘!K—)\(LI:.F dV+ dV-
ah N de My TV

also, Mdh = IdS, and therefore

av av av ar
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Consequently, if W denote the energy due to the presence
of a magnet in an independent field of force,

) RN ) AW ) 4
W=J\A—(E+B—(7y—+ C’—(E)d@,’ )
where A4, B, C denote the components of magnetization of the
magnet at any point where the potential of the field is V.

190. Energy of Magnetic System.—When the field
of force is due to the magnets which are present, it is plain
that if the magnetization be everywhere increased.in the
same ratio, the potential is likewise increased in this ratio.
Hence, by reasoning similar to that employed in Art. 50, we
see that, if W denote the energy of a magnetic system, and ¥V
its potential at any point, we have

W=1 HKA V. g, 0‘”’) dodyds.  (10)

die dy s

If we integrate by parts the expression for W given
by (10), we get

W=52{J-V(lA+mB+nO):dS—IV/dA B "0)(1@}

\& &
-1 {z| V(“V+ ﬂ) ds + JVV’ vag|

8= dv Y
- gl;J‘(a,’+Bz+'y")(1@, (11)

where the last two integrals are taken throughout the whole
of space.

- 191. Vector Potential of Magnetic Induction.—
‘Wo have seen, Art. 187, that a, b, ¢, the components of mag-
volurif.induetion, fulfil the solenoidal condition throughout the
sensible ok space, and that the surface integral of induction
this force is losed surface is zero. From hence it follows that
out the magnet, teeral has the same value for any two surface
to the surface distribution boundary.
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Hence the integral of induction taken over a surface-
sheet § must be expressible as a line in’%o?ral taken round
the ourve s which is the boundary of S. e have, therefore,
an equation of the form

de

U (fa + mb + nc) dS = I (F T

The directed magnitude of which F, G, H are the components
is called the wvector potential of magnetic induction.

192. Stokes’s Theorem.—If u, v, w denote three func-
tions of the coordinates, Stokes’s theorem is expressed by the
equation

dw v du  dw fde  du\j
U {l(t_l; - ;l;) +m <¢E - @> +n \@ - @>} dS

de dy ds
—J<1ta—g+0£+ o d—g)d& (12)

where § is a surface-sheet, and s the curve which forms its

boundary.
To prove this, we observe that the terms in the surface
integral which contain » may be written

dw m dw dw m dw\ .
,”(‘737 -7 ;ﬁ) 8, or ”(@ -7 ﬁ) dy ds.

In this double integral « is regarded as a function of y and =
given by the equation of the surface 8.

dy ds
G % +.H %) ds,

If %} w denote the differential coefficient of » taken on

this hypothesis, we have
dy w= dy dz dy’
but the differential equation of the surface may be written
lde+ mdy + nds =0,

and therefore de _ _m,
dy l
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Hence — = — — —
Y

dw dw d Cdz
and JT(IW—:lz%>d8—jjd71v(&c/dz=[1¢ (—{;ds.

If the terms containing » and ¢ in the double integral be
treated in a similar manner, we obtain the right-hand member
of (12). If the axes be drawn in the usual manner so that
counter-clockwise rotations round 2, y, and & bring y to s,
% to 2, and « to y, equation (12) shows that the direction of
integration round s is counter-clockwise as viewed from the
positive end of the normal to S.

If the surface-sheet S be contained between two curves,
the surface integral is equal to the difference between two
line integrals.

193. Determination of Vector FPotential.—It follows
from Stokes’s theorem that as a consequence of (12) we may
assume

T ody  dg’
dF dH
b=gg‘gg»> (13)
o= dG _ QE
T dE T dn’

where €, #,  denote the current coordinates. If F,, Gy, H,
be three functions of &, », & satisfying these equations, it is
plain that they will be satisfied also by

W g g,
hrge Gorgy B
where ¢ is any function of the coordinates.
‘We see, then, that equations (13) are not sufficient to
determine F, G, and H, and we may assume
«F, 4G i

T + n + @ =0. (14)
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From (13) we have

@ _do  &F &G (I eI
dE dy dEdC  dndl ( g (hf)

d (dF JdG d R
- 2lE )T

whence . . (dB  dA
vH+4W(Jg—?Z;>_o, (15)

since 43 da _ 0

d&  dy

Equation (15) is similar in form to that for determining
the potential of an attracting mass. Hence apparently we

have 3
/d dA\ &S
-\ -7) 5

the integral being taken through the whole of the magnetized
body. This integral is, however, indeterminate, as at the
surface 4, B, and C are discontinuous, and their differential
coefficients in the direction of the normal infinite.

If we integrate by parts inside the boundary of the
magnet, we get for H the expression

j(lB R mA> S + J(A 4 _p -‘f) 1.
dy dzx) r

‘We may therefore assume

pef(nt- o))
o3 dy) x
o d\1
H- [(Ail-—B‘_‘>-l.¢le
W dy dz) r )

provided these forms satisfy the differential equations (18)
and (14).
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It is easy to see that this is the case, for since

i _a
de  dE’
and 4, B, C are not functions of &, », &, we have
dH _dG |
dn ~ dZ
d d d\1 ad d d\1
- 5B 40,): g4 - i) e
d(d(B,. d[C .| [d¢® @2\[A
& Vi) 02 ) 5 ) - ()| 50
ad d d d\ 1 (A
. ¢ 4 N\l es_ w2 s,
- dEJ(Adx +de + odz) A& -V } — d8;
@

but, by (1), the first term in the right-hand member of (17)
is a, and in space outside the magnet the remaining term is
zero, and inside the magnet, when £y¢ coincides with wxyz, its
value is 4r4. Hence we obtain
dH dG
-d—n'—zz‘=a+47rA=(¢. (18)

We may write lfl—lg in the form

a JOd@ ¢ de@;

@Edn)r " dldE) T
. d@G dH . . '
and expressing n and 7 similar manner, we see
that
i 46 dH
dg  dy dg

‘vanishes identically.



Vector Potential of Magnetic Particle. 95

194. Veector Potential of Magnetic Particle.—In
the case of a magnetic particle equations (16) become

d d\1
F=mt<ﬂ E— v ;h_/);’ &0.,
where M denotes the magnetic moment of the particle, and

A, u, v the direction-cosines of its axis.
If 0,, 6, 0, denote the direction-cosines of r, we have

whence oy 105 — 00,

but ubly — v0, = sin € cos &y,

where 9, denotes the angle which a perpendicular to r and
the magnetic axis makes with the axis of #, and ¢ the angle
between r and the magnetic axis. Hence

M sin € Msine M sin &

g
o 008 3, G= — cos S H=" i cos .

Fa=

Accordingly, the magnitude of the vector potential of a
. . < . Msine . o .
magnetic particle at any point is o and its direction
is perpendioular to the axis of the magnet and the line join-
ing its centre to the point.

If rotations from z to y, from y to s, and from s to z,
be counter-clockwise, the rotation from the magnetic axis to
radius vector is counter-clockwise as viewed from the positive
end of the vector potential. The vector potential of a magnet
of finite size is the resultant of the vector potentials of the
magnetic particles of which it is composed.

195. Magnetic Moment and Axis of Magnet.—
The potential energy of a magnet placed in a uniform field
of force is determined from (9) by regarding a, 3, y, the
components of force in the field, as constants; we have then

- W =a AdS + B BdS + y [ CdS. (19)
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If we assume
{AdS = Kl, [Bi&=Km, [CiS=Kn, LE+m*+n*=1,

then 7/, m, n ave the direction-cosines of a line, and we have

W =~ KH cos 0, (20)

where H denotes the resultant uniform force, and 6 the angle
between its direction and that specified by /, m, n.' 'This
latter direction is fixed in the magnet, and the direction of A
is fixed in space. Hence the magnet is acted on by a couple
expressed by - d

—(’l—o-, that is, - (H sin 0, which tends to

diminish @ and make the line /, m, n coincide with the
direction of H.

Accordingly, the magnetic moment of the body, Art. 181,
is expressed by K, and /, m, n are the direction-cosines of
the magnetic axis.

If the potential of a magnet be expanded in a series of
harmonies so that at an external point P, we have

V = z ﬁ:’

where i denotes the distance of P from the origin, the first

Y, . . . .
term T" vanishes, since the total magnetic mass is zero, and

Y, . . .
in the second term, ;—}, the spherical harmonic ¥, is — K cos 0.

This is easily seen if we consider the expression for the
potential energy W due to the presence of a mass at the
point P. In this case W is given by the equation

mY,

_'.2

W=mV = + &e.

If we now suppose » to become infinite, but ;—’: to be finite

.and equal to H, we have W = HY,, but as the e