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PREFACE

Tuis volume has been wutten on what appeared, m the
Light of ten veas’ experrence m teaching the Caleulus,
to be hnes of least resistance  The ann has been, within
a presentbed expense of time eand  energy, to penetrate
as far as possible, and m as many directions, mto the
subject m hand,—that the student should attam as wide
knowledge of the matier, tas full comprehension of  the
methods, and as elear  conscrousness of  the spnit and
power of this analysis as the natme of the case would
admnt  Accordingly, what seemed to he natural suggestions
and mpulses towards near-lving extensions or generahiza-
tious hinve otten been tollowed, and even allowed to direct
the comse of the discussion.  Hereby, necessanly, the
exposition  has suffered m symmetry  and o systematie
character . hut  everythmmg  has the defecws of 1ts own
qualities

The am ahready  stated, no less than the plan of 1ts
pursiut, has excluded  Wererstiassian - rigor from many
mvestigations  and  compelled  the  postponement  of 1n-
portant discussions as too subtle for an carly stage of
study, m particular, no attempt has been made to deal
with Series, unless the most famihiar, or to tfollow m the
wake of the masters of e-methods  Bat real difficulties
have mnot been knowmgly disgmsed, and the reader 1s -
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often warped that the treatment given 1s only provisional
and must await further precision or delnmtation

It has also resulted that some topies have bheen merely
mentioned, 1t appearmng at once that fu.ther mvestigation
would lead stiaghtway beyond the preseribed hmits  of
the volume, or into difficulties for which the reader was
not prepared  But at s believed that the glimpses thus
afforded of wider and Ingher fields have a distinet value,
and may attrtact the student with promise of 1cher 1ew ud
for 1enewed effort  The book 1s, m fact, written tor such
as feel genumme mterest m the subject, whose mmds we
open to such mspiratiou

It was i the ongmal scheme of this volume to add
an Appendix, mm which certaan purely algebrae  assump-
tions of the text, as the Eaponental Theorem and Decom-
position 1nto Part-Fractions, should be carefully grounded ,
but the volume having grown beyond expectation, such
addenda have been omntted, as m any case dispensable
Though the discussion has heen confined to r1eal variables,
an occasional passme  employment of the Eulerian ¢ has
seemed unavoidable.

The 1llustrations and excicises have been chosen with
trequent reference to practical or theoretic mmportance, o
to historic iterest and without any pretence of novelty.
The author acknowledges mm full lis gieat mdebtedness
to the worhs of Awmstem, Byeily, Kdwards, Greenhill,
Gregory, Harnack, Johnson, Sohncke, Stolz, Todhunter,
Williamson, and others, from which the examples, m par-
ticular, have been mostly culled

He desires also to return thanks publicly to Professor
Dr. Carlo Veneziani for patient and pamstaking revision
both of the MS. and of the proof-sheets Such services
would under any ecircumstances have been valuable, but
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under the peculiar embarrassments that have beset every
stage of the composition of tlus volume they have been
mvaluable.  Thanks are also due to the author’s colleague,
Mr J E Lombid, for assistance m  proof-reading, and
especially m drawing the hgures

The author will he grateful for mdication of enors, either
of pen o of type I, m spite of all such, the book shall
prove useful, whether by enlhichtening or by meiting, and
she " advance the mastery of the most powerlal weapon
of thougnt yet devised by the wit of man, 1ts end will

be m some measure atbamed

Nrw OrLEANS,

Choristms, 1897
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(CHAPTER 1

FUNDAMENTAL NOTIONS AND OPERATIONS

'
¥

1. The Notion of Limit: Geometric Illustration—
Denote by o1 the area ob a enele, by 7, the area of
a regular msenbed, and by €, the amea of a 1egulm
cirenmserthed, polygon of o wides  also et o mercase
without Innit, as by continual doubling

Then we know hrom elementary  geometry

(«) That A 1s constani—does not change i value

0y That /, and (', are not constant, but variable, 7,
mercasing and ), decreasmg as » ereases

(¢) That 7, 15 always less and O, always greater than 4

(¢/y That by makmmg 2 great enough we may weahe
the iference (1, — 17, and sull more the differences A =1,
and (=21, as small as 1we please, and may heep them
so for all *ureater values ot

Let the student illustrate by a dhagram

2. Algebraic Illustration.—Consider the series, a geo-

metrie progression,
1 1 1 1 1 . .
2+4+§+l(i+'"+2"+" Liv enfedtwin,

and denote hy 8, the sum of the fivst « ’t('rmrs
1

r {
Then Ny=1-— o

SO A A f
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By makmg u great enough, we may make as small

1
2)1
as we please, small at will, and it will yemamm so for all
following greater values of 2. henee we may bring and
keep the varwable N, as close as e plewse to the
constant 1

But no matter how great we make w, we ean never
mahke 7,=4, no (", =4, nor S,=1

3. Definition.—The foregomg examples illustiate a state
of ease that m some form or other meets us at nearly
every turn m lugher mathematies both pure and applied
we have to deal, namely, with some varymg magn-tude,
which changes 1ts value according to some Iaw and wineh
may bhe brought, and may be kepo durmg all suceceding
stages of value, as close as we please to some constaut
value, without ever comerding m value with that constant
In all such cases the Constant 15 called the Limit ot the
Variable.

4 It 18 equally essential that we be able to bring and
be able to Leep the varable close at will to the constant
Consuder the series

e e T ;
tormed by addmmg +1 and —1 alternately to the terms of
the progression m Ait 2 It we take an even number
of terms, as 2in, then the 41's and —1's annul ach other

m pars, we have
1

Q2m’
=

S_,n = 1 -

and by makmg 2Zme great cnough we may brimg the
rariable N, close at will to the constant 1 But we
cannot heep S, close at will during all following stages

of its value For the value of Sp,1 18 2— smee

Q24D
m taking an odd number of terms the last +1 will not
be annulled and this value ceannot be broucht close at
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will to T by enlarging e, though 1t may be nought close,
at will to another constant, 2 Accordmgly, the general
value of the sum S, of the fitst # terms is seen to sway
back and forth towairds 1 and 2, accordimg as 1 18 even
or odd It may be brought close at will to either, but,
1t can be Lept elose at wall to neither, henee 1t has neithe
I nor 2 as huat 1t has no Inmt at all

Exercise.—Show that N, of the series

T4 - 1»+Ih+,._|h.-l:+

approaches v, 2, 3, for w=3m, Sm+1, 3m+2.

5. Infinitesimals —A magmtude small at wall which we
may make and heep as small ag we please,is often called
an Infinitesimal 'Lhénee, from At 3, The diffevence be-
tereen « vareable and ofs lonet s an infinitesimal.  Henee,
also, dn enfendtesomal s a variable whose Lot s 0.

It 15 1mportant to obser ¢ that the actual value of the
mtmtestmal at any stage of 1ts varation 1s a matter of
complete mdifftrence Its essencee s tound  excelusnely
m the fact that 1t s sl ol Il'l//. that we can make
and keep 1t as small as we ph-w- that rts magnitude
wholly m owr control

6. Theorem I —. Ay findde neltiple of an enfinddesinal
s ditselt an o infinidesonal

Let o be any mbnitesinal, 4e any detinite number | then
e s a finte multiple of o, and it will be mhmtc-snnal
m case we can make and keep toas small as we p]c we
Let us please to make and keep me < o/, where ¢ 15 -
tinttestmal 1t may be chosen small at wall, but we must
suppose one such choiee aleady made  We now choose

’

o .
o<+ this we ean do, sinee ¢ 15 aheady chosen and o
m

i

18 completely at our disposal  Then e < ¢’ but o 18
small at will, much more then 1s e small at wall
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7. Theorem IL—The sumn of o« fnde nunmber of cu-
frnibesimnals as atself an dimfinitesimal

Let S=O’1+(T_z+ +ou

Then we may make and keep cach and every one of
the a's less than a previously chosen o small at will
henee we may make and keep X< 2e but ne 15 m-
fimtesunal, mueh more then 1 Y mtinmtesimal

N B—The restiietion that o be findfe 1s mmportant . af
7 merease mdetmitely, neither we nor ¥ will m general
reman  imhnitesnnal

8. Theorem IIL--/} fwo rareables Voand V7 differ by
an anfucdesenad only, cud one of thew (1) lire a Lined
L, thew the other has the same Lo ¢

For we have '—/L=¢, and "= 1"=4", whence

V' —L=0--0,
that 15, V7 differs from L by an mfimtesimal  heace Loas

the It of 17

Corollary.—If 17 and 17 be always equal. and L he
the linnt of 17, then L 1+ also the Inmait of 17

9. Theorem IV.—T7he¢ lLuymat of the swne of « fudle
wuwmber of varwables s the suue of theor lonats
Let vy, oy, 'y be the vanmables, 7, (. [, therr hnts
Then
n=L+a, v,=0+a,, s ta=lbi .
v, + .'I',L_—_-]]—I-[_,-i- +/,,+o-1+o'2+...+o',,
That 18, the sum of the Hmts differs from the sum of
the vanables by an infinitesmmal  hence the theorem
Corollary—The linnt of the difference of two variables
18 the difference of then Inmits

10. Theorem 7.—Z7%e limit of the product of a finile
number of variables is the product of their limets, those
lunits being finite
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For we have

0, l‘,,=(,1+a'l)(]3+ﬂ'_;') .ee (117+0'u)
=/, l,+a timte nunber of terms,

cach contammg an  mtimtesinal factor Each of these
terms 18 mbmtesimal, and so 18 thenr sum hence
rey, e, differs trom 47, 1, by an finitesinal, henee
the theorem

11. Theorem VIL—T7"he (1wt of the quotient of two
varubles ds the quolient of theor Lomnets, the it ol the
divisor bemg fimte

For we hanve

/L]‘T:_“'l

’1_,‘1'{"71_,/1 )
vy Lta, 1, e,
the quotient of the s differs from the quotient of the /s
by an intintestmal . henee the theorem
N B —Observe the mmportance of the condition znite
m these theorems, and how they fail on ats 1emoval
For mstance, 11 a fixed length « be divided mto w0 equal
parts, for n mereasmg at will the length of cach part
15 small at will, 15 mfimtesnnal  nevertheless, the san of
these 2 mfinitestmals s not inhnitesimal, but 18 @

FUNCTIONS, DIFFERENCES, ])ERI\'A’I‘]\'E;%‘
.

12. Definition.—7'wo magnrtudes so related that to
values of the ome correspond  valuwes of the other are
called Functions of each other

Such aie a number and 1ts logarithi, or sme, or cosine,
a circle’s length or area and 1ts radius, a'sphele’s surface
and its voluine, the volume of a given mass of gas and
1ts tension ., the elasticity of a medium and the velocity
of undulation through 1t, and so on In fact, we may
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almost say that all scientitic 1escarch is the study of
functional 1elations  Knowmg one of the magnitudes we
may cither ealculate the other by some rule or formula,
as 1n mathematies, or we may obselve 1t, as n physies
That one of the two maguitudes to which we assign
arhitrary values m order then to caleulate o1 obseive the
corresponding values of the other s ealled the Argument,
while the other s called the function. Note carefully
that this distinction of argument and tunction 1s purely
subjectiv e, depending on our mxbitrary choee whieh atseld
tollows convemence  objectively, cach mag ntude 15 alike
a tunction of the other  The terms cwdependent variable
and dependent variable me often used mstead of argunent
and function

13. Notation and Classification.— -The mathematical ex-

pression of functional aclations between (say) & and gy oas
fr, 1)=0, F(r, =0, ¢(x, ¥)=0, ctc

(read, f-, or F-, or ¢-function of & and 4 equals 0) - Then
t, ¥, ¢ are not symbols of magmtude, but of operation
mdicating that when a catam set ot operations s per-
tormed on . oand y the aesult v 0 for all pans of
cortesponding values of v and i When these operations
consist, ot a finidle mumber ot fundamental  algebraieal
processes, namely, addition, subtiaction, mulupheation,
division, mvolution, evolution, the function is said to be
algevraic. otherwise, 1t is saud to he transcendental. Thus

f(r, Pp=u?=Baay+9y* and .'r‘f'r+g/" —ui= P(x, ),

are algebraiec functions of & and 4. but

3 A 7
£ oL
9 =81 .n=.r——‘3 + E—l7~+ .

is a transcendental function of @, sinee no tinite nwnber

. ax .
of such operations as i will produce the sme of «»
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In the equation
tr, y)=0
unsolved as to both & and y, each 1s sad to be an implicit
function of the other but
y=sm.ur,
solved as to y, thas latter s said to be an explieit
tunction ot -

When to one value of the one yvanable there corresponds
only one value of the other, this latter s ealled a one-
valued or unmique function ot the former. but when to
one value o1 the one vanable there cormespond more
values than one of the other  vamable, this latter s
alled o many-valued functioneof the former Thus m

y=sr+b,
# 1s an exphieit onevalued funetion o, while & 15 an
mphert one-valued functioh of y In
2=yt =0,
o and g are mnphieit three-valued funetions of each other
In Hi=dq
w18 a one-valued, g 15 4 two-valued function  In
Y =cos.u,
18 an exphet one-valued function of v, while . 15 an
munphert mfimtely many-valued function of y

Though we may not be able to solve the equation
hetween » and y, yet we may always suppose 1t solved
[ J

as to either
Exercise.— Describe the functional relation between . and
y 1n the following Kquations

w=ct, rExyr=0’, ki+2hy+7P+200+2fy+c- 0,

r x

ay =ec+e7a, PBitai=al, s=a@-smb), y=a(l-cosb).

14, Correspondences.—Pairs of corresponding values of
@ and y may be mdicated by subseripts or accents  Thus
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(g, ¥1), (&, ¥)  Likewise ay—wy, yy—y, and @’'—u, y'—y
are pairs of corresponding differences, or changes in value
of x and y It is convenient to designate all such differ-
ences by the symbols Ax, Ay. also the letters L oand £
are much used for the same purpose  Subseripts may be
attached to these symbols where there is need of greater
precision, as 1s rarcly the case

15 Continuity.—If « be any speeial value of ., then
the range of value from a—7n to «+7" (where b and I’
are positive, but at present not further detmed) may be
called the neighbourhood o vicinity of the value «
When b and " are small af well, the neighbourhood may
be called immediate.

When . may assume any value m the neighbourhood
of «, it is said to be continuous in that e iyllusiryliond

When y=1f(r) and we can ymake and keep Ay small at
will by making and keepmmg As small at will, that as,
when to mfimtesunal Ax there corresponds infinitesimal
Ay, then y 18 called a continuous function of »

It often happens that » is contimuous tor certain ranges
of value of @, but discontinwous m the immediate vicity
of certain eritical values of »  Thus, in y=tanw, yis
continuous in general, we have, in fact,

{14 (tan r)?) tan Ar

1 —tan .« tan As

Ay =tan (r+ Ax)—tan o=

As long as «x is finitely different from =+ 7/2, tan @ 15 finite,
and we can make and kéep the fraction (or Ay) small at
will by making and keeping Az small enough But such
is no longer the case as @ nears *7/2 indefinitely. for
then tan 2 increases (positively or negatively) beyond all
limit, and as x passes through the valuc /2, or as
changes by Az (however small Az may be) from

22=2% to 2487
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tan .« leaps from a very great positive value to an equals
negative one, so that Ay, far from bemg small at will,
15 really made great at will by makmg Ax small at will
Henee the values o= +(2n41)x/2 amc points of dis-
continuity for the fungent of

Exercise.—Show that
]
= __ ]
y=fly=c
I o |

15 dircontimuons tor =«

16. Difference-Quotient.—Mamiostly, m  the study of
functional dependence, the question how the changes m
value ot the one vanwable are nelated to the changes m
value of the other vanable must be of prime mportance
manifestly also, a natmal way to mvestigate the 1celation
ot these changes would be sto study then quotient,—the
argument-change, which s entinely under owmr control, bemg
the divisor  Accordmgly, let us examme the Difference-

Ay

Quotient, A

17. Illustrations.—A very few examples wall suffice to
teach us that the expression for this quotient 13 not n
general simple, but very complex  In the case of y a
lmear function of o, y=sr+0b, let us mcerease any value
of . by Ar, thus the corresponding value of y1s increased
by Ay, and

y+Ay=s(r+Ar)+0b,

whence, on subtracting y=ss+0, we obtain

Ay=sAwr, ﬁi =8.

Here indeed the relation is simple enougll Ay is obtained
from Az by multiplying by s The geometric illustration
needs uo explanation
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18 But now consider the simple relation y=a> Awr and
Ay being corresponding ditferences,

Y+ Ay=(r+Ar2=u24 2 Axr+Au*

whenece Ay=2r Ar+ Art,
Ay
and 5—2.1 +A.7
y -
AJ'
55, Xb AX
')‘ =
/ .1,
O x x
Fre¢ 1

Smnilarly, for y=ua% we obtamn

Ay

A= 3r24-3r Axr+Aa?

while 1 the case y =tan» we have

Ay (1+tan £ tan A

Ar (1 —tan .o tanAz)Awr

When such complexity obtams in simple cases, 1t scems
superfluous to examine complicated ones

19. Derivatives.—However, it is a fact of observation,
to be verified at cvery step of our progress, that the
Difference-Quotient, no matter how unwicldy, i general
breaks wp imto two parts the one, wndependent of Aux,
constant with respect to Ax. the other, dependent on Aw,
vanishing with Aax.

The event will show that the first part, the independent
constant part, is of supreme importance, and accordingly
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we give 1t a special name . we eall 1t The Derivative of
yas to »  Symboheally,
Ay ,
N CQAO+ VA,

and we name (XAr) Devivatiee of y as fo @

20. Symbolism.—O1 comwrse we need a symhbol as well
as a name for this magnitude, such as
) .. dy
Yo s s Doy
We shall use all of these as quite equivalent, but not
quite mdifterently  The second, 4, 15 very conyement,
but only when there ean he no uncertamty as to the
argument  dernvationg  thus, When y=1(r), y° or (o)
will wmformly denote the devoratore with respect to r
The third, y, 15 especaally used when the argument of
derivation 18 the fonee, as o Mechames, where g=y,=
dermvative of g as to + The fourth, Dyy, oo sumply Dy
where the mgument of dernvation 15 well understood, 1s
the most conmvenment m general discussions, where the
symbol D ot derivation 18 usedtas an operator subject to
dy
da’
common of all and 15 full of suggestion, unfortunately,

certain laws ot operation  The ftitth, 1s the most

bemg wiitten m the forne of a fraction, 1t 1w hable to be
nustaker by the begmner for a fraction, a fraction, how-
ever, 1t is nof, though m certam operations 1t obeys certain
laws of fractions In the main, and especially at first,
the symbol #, seems preferable

21. Derivative as Limit.—Whenever the Diflerence-

Ay
) AE:
19, then it 1s plamly a caricble magnitude, changmg its

Quotient falls into the two parts mentioned in Art

value as Ax changes, the values of 2 and y bemng regarded
as fixed Moreover this variable, varying with Ax, differs
from a certain magnitude constant with respect to As by
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magmtude small at will, by an mfinitesamal that
anishes with Ar  Hence by defimtion this constant with
espeet to Aw, this Derivative of y as to ., is The Limit of
he Difference-Quotient for Ar vanishn g—a new and most
mportant definition of Dervative

22. Differential Coefficients.—In accordance with this
efimtion 1t would seem most natural to call this Lt
ot Denvative, but Differential-Quotient, and the less
ppropriate name Depferential coefficient s, mdeed, the
ne 1 general use  However, there 18 a  distinetion
t may happen, and, m tact, does happen, tnat the Lot
f the Irfference-Quotient may be perfeetly definite for
w: positive and for Ar negative, but not the same tor
oth cases. accordmgly, we may have a  progressice
nfferential-Quotient and a wholly different  regressire
Nfferential-Quotient, but w0t a Dervative  Only when
he progressive 1s the same as the regressive IDiffirential-
Juotient 1s thewr common value named the Dernvative
Art 31)

23. Stating from this conception ot the Dervative
s the Lot of the Ihfference-Quotient, we may now
stabhsh certamn useful propositions

Theorem VIL—ZThe Derivative of the sum of « finite
rwiher of functions of an arypawent equals the sunc of
he Derivatives of the functions

Let u=g¢(x), n=1(r), ete, be the functions of ., and

y=f)y=ut+v+ .
et Ax, Ay, Au, A», c¢te, be corresponding changes 1in
Y, u, v, ete, so that
y=1(), y+Ay=1(x+Ax), Ay="f(x+ Arx)—1(r), etc,

ben Y+Ay=u+Au+v+Av4. .
Ay=Au+Av+ ete,
Ay Au  Av

+ ete.

Az Ax T Ax
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Since the It of the sumn 1s the sum of the limats,
Ya=u+1 + cte
Corollary —If y=u—1, then y,=u,—r,
24. Theorem VIIL- -The Dercvative of the product of

two functions of the same argument equals the sum of
the Derivatives of each fuctor multiplied by the other

Let y=wue, where « and » are funetions of ., and et
Ar, Ay, Au, Ar be correspondmg changes  Then
g+Ay=(mn+Aulr+Ac)y=vedu Ar4+o Au+Auw A
Ay=Auw r4+u Ar4+Au Az

Ay An A Aw Ar
A.l -—‘-&'r R N1 é-’ + - ~A.r;
. Au Ar A Ar
Tt eithes o o1 \ has a timte Innit, then A IS a8

funte multiple of  an  mfimtesimal, henee as atselt m-
tuntesimad - hence on takimg Innits
Heo=U, 11 1y
Corollary — It y=w w, put wr=z then
Y= = e e e ey,

and the oot may thus casly be extended to any numbe
of tactors

We may write the result conyemently thus
an,

U, Yy
= " Y, =UTW -
y=umw, 1, (Gt

25. Theorem IX.—The Dericative of « fraction eguals
the quotient of the Derivative of the wumerator multiplied
by the denonvinator, less the numerator wultiplied by
the Dervweatwve of the denominator, divided by the squared
denominafor

u
Let y= ., then vy=v, whence 1Y+ 40 =%,, whenece
“ [

UGV — U,

1, =
Y= 2

3
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26. Theorem X.—If y be mediately « function of &,
1e, if y=d@) and w=y(z), so thut y=1(x) through u,
then the Derivative of y as to o equals the product of the
Dervatives of y as to w und o as to »r

Let A, Ay, Auw be cormesponding differences, then we

have wlentically
Ay _Ay Aw
ArT Aw A

whence Yo=Y Ui
Corollary —Smmlarly m case of several media, as when
g=¢(w), v=y(0), v=F@), w=1f(r),
Y=Y W Ve W,
Medeate Dernvation 1s exceedimgly aseful
27. Theorem XIL--The Derivatives of y as to a and
£oas to oy are veciprocal

For, identically,

Ay A 1
Ar Ay
whence, on taking hmite,
1
Yo wy=1, @,= -,
Y

since plamly the constant 1, hke every other comstant,
18 ats own limit

28. Theorem XIL—An additive constant disappears tn
Devivation
Let y=w+ec, where ¢ 18 constant as to «, then
Yy+Ay=u+Au-+tc,
Ay Au
Ay=An, T=pp Ye=Us

This fact is sometimes expressed by saying that the
Derivative of a constant is zero By constant is uniformly
meant a constant as to the argument of derivation
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29. Theorem XIIL—.A wmultiplicatire constant is un-
aftected by Dervivation

Let y=cu, where ¢ 15 constant as fo-r, then
H+Ay=c(u+Auw),

Ay Aw

Ay=cAu, A=A

Y=,

Derivation interpreted Geometrieally and Mechanicaly

30. Geomctrical Illustration.—Before procecdimg, as we
are now  prepared to do, to the actual derivation of
funetions, 1t may be well to allustrate the puely analytie
process momore than one way s m order to comvinee the
begmuner wore tully *hoth of 1ts fundamental miportance
and of 1ts perfeet mtelhgibihity

[ ]
g
V=
f._r/
0 e
(o] X
Fiu, 2 .

Let y=1{{r). then from Coordmate Geometry we know
that this algebraie relation may, in general, be depreted
geometrically by a carve whose equation is y=f(z). Let
P be any ordenary pomt of this curve, @ and (f any two
neighbouring pomts with P hetween thens  Draw sceants
PQ and P, making angles 8 and 6 with +.u-axis Let
the coordmates ot P be «, y. of @ be £4+Ax, y+Ay, of
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@ be a4+ Ar, y+ Ay Then in the tmangles PUQ, PU(Y,
we have
QY A’y ,
“=tan S =tan 0
Ax 6, Alw
If now, by taking @ and ¢ ever closer to P, we can
mahe and heep (for all still closer approaches of @ and ¢
to P) the angle ¢ hetween the secants PQ and PPQ° sneall
af aill, then the seeants tend to fall together as @ and ¢
close down on P, and the tfixed position to wiieh both
PQ and PQ" may be brought and kept close at will s
called the Lumeting posetion of each, and a rght hne m
that position 1s called the tangent to the curve at /7’
When such s the case the angles 8 and 6 tend towards
o common Imting value, which we shall unitormly denote
by 7, while tan 8 and tan @ tend also toward a common
. Ay A
Tt tan +, and since '/, : ,'/ are always cqual to tan 6,
Aua’ AT N
tan 8" respectively, we have
Ay . A’
It of A:::tml—;—zhnnt Ar/
Now the common Hmnt of these Ditference-Quotients 1«

by defimtion the Derivative of y as to @ hence
Y =tan .

7 ¢, the Derivative us to .« of @ function of + (for some
special value of x) equals the tangent of the argle wwde
with w-awis by the tangent, to the curve depcting the
fumetion in rectangular coordinates, at the point corre-

sponding to the value of x

31. Exceptional Cases.—It 1s essential to the foregoing
definition of tangent that the secants through ¢ and @’
from £ between ¢ and @ should tend to coincidence as
Q and @ near P Sometimes such is not the case, but
PQ and 2@ tend to different hmiting positions PT and
PT" as Q and @ mnear P, or indeed to no definite position
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it all Then the notion of the tangent at 7” fails, we
nay speak of tangent wp to I’ and of tangent on from
P but not of the tangent «f P  But then the notion
f  Derivative fails also, there may be a Progressive

Differential-Quotient (tlm hmit of 27) and a Regressive

[hfferential-Quotient (thv hunt of iy) but not a Derva-

Ave (for that value of )

P

Fio 3

Observe hkewise that when ¢, which equals 0—6', 1s
nade and kept small at will, then the fluctuation m value
b each angle, 6 and €', is made and kept «mall at will
For the positions of @ and @, or. what 18 tantamount, the
values of 6 and @, are entirely mdependent of each other,
0 that any change m the value of erther might produce
i cqual change m the value of thenr difference, hence
he change in the value of either becomes small at will
vhen the change m the value of their difference becomes
small at will, < ¢, geometrically, each secant scttles down
oward a definite position and both secants toward the
same position

32. Problem of Tangents.—I1t 15 thus manifest that the
roblem of deriving a function is in gencr‘?xl the analytic
:quivalent of the geometrie problem of finding the tangent

0 a curve at a given pomt of the curve the problen. of
S A B
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Derivation is geometrically interpreted the problem of
tangents If now we ask for the Equation of the tangent

to the curve y={f(r) at the point (x, y) the answer is
v— Y=Y (u—x),

where w and » are the current coordinates of a point on

the tangent referred to the same rectangular axes, OX

and OY For this is the equation of a right Ime through

(x, 4) and having the proper slope to the ar-axis as deter-

mined by 7,

Exercise.—If w be the angle between oblique axes, show that

Y, =S .r/sin (v — )

33. Illustration from Mechanics.—In order to mterpret
the Dervative mechanically, let s be the space (of one
dimension) or path traversed by the body (conceived as a
pomt) durmg the feme €, a'so, let As be traversed in Af,
i.c, let As and At be corresponding differences 1 s and ¢

Let us form the difference-quotient ‘%j Accordmg to the

most familiar notions 1t is the average speed (or velocity)
during the time At If the motion was umform, then the
body actually traversed As at this speed, if, however,
the motion was not uniform but varied, then 1t is not
certain that the body actually had this speed for any
finite time however small, nevertheless this quotient is
still by universal consent the average speed  If we make
At and therewith As ever smaller and smaller, the quotient
remains always the average speed, but it will in genecral
vary in value as At varies, whatever be the law of the
motion If there erists any law connecting the space and
the time, whether or not we know what it is, in other
words, if the spuce be a function of the tune, then in
general this uifference-quotient will break up mto two
parts, the one independent of At, the other vanishing with
At. The first part is analytically what we have .net with



FUNCTIONS, DIFFERENCES, DERIVATIVEN 19

repeatedly, namely, a Derivative, the denvative of the
space as to the time, it 1s the linut of the wreraye speed
in the immedate neighbourhood of the mstant ¢ (i e, the
end of t and the beeinneng of At)  Mechanically, however,
this lmut s not itselt an average speed at all, it 18 not

8

. i A
of the same nature as the varable difference-quotient Al

For this quotient merer assumes this hiting value, no
matter how small Af be made  And this s quite what
we should expect and what the natwie of the case demands
For motion nnphes duration, however small, of time, and
changre, however small, of place When there 1s no lapse
of time and no displacement there 1s no motion, and henee
1no speed (or veloeity): In all dtrictness, there ean be no
motwn at an instant and henee no speed (or veloaty) at
an mstant  The concept of speed (or veloeity) or motion
will not combine with the concept of stant (or pont
of time) to form a compound concept Nevertheless, it
15 an established and  unchangeable usage to speak of
relocity «l an nstant or nstantancous relocity  These
expressions have m themselves 1o meanmg, but we may
(overlookmyg the inconsistency set forth above) assign
them a meamng, namely, the Towet of the average velocdy

.
an the anmediade weighboarhood of the tustant

34 Of course, the question 1emais, 18 the game worth
the candle 7 is thns limit of such natural intrmsie 1mport-
ance for mechanies as to warrant us m giving it this
name and hiftmg 1t mto this prommence /. This question
cannot be answered « preore, moadvance, but only «
posteriwori, from the event  We shall see at proper time
and place that our justificaticn 1s complete

35. Further Considerations.—It 1s sometines, mdeed
generally, said that the wvelocity at an’instant is the
(measure of the) space that would have been trawversed
in the next unit of time «f the welocity at the instant
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ad remained constant durmmg that umt This definition
s doubtless useful for certamn purposes, but it has little
ogical value, for it manifestly defines the thing m
erms of itself It may with more propriety be said
hat the instantuncous wvelocily, whatever 1t be, charac-
erizes the stute of the body at each instant, but not
he action of the body, in 1ts passage from one state to
nother  We may accordingly assume two axes one
wnzontal as time-axis, the other vertical as speed-axis,
nd laymg off vertically ordimates to 1epresent the speed
4t each mstant we form by their ends the useful curre
f wvelocity (or speed), or by means of radun veetores
lrawn  from a fixed point, of length varymg as the
nstantancous speed, and parallel to the tangents to the
ath of the body, we may form another nnportant curve,
he hodograph, the radius vector to any pomt of which
lepricts  geometrically the corresponding  1nstantaneous
reloeity  In case of some actual motions we nught
wve such a curve desenibed by appropriate tachymetric
nechanmism But the fact remains that the Dermvative
it the space as to the tmme, this hnut of the average
elocity, characterizes not the action but the state of the
ody, and is atself 2ot a veloeity though everywhere
wmed so  In like manner the circle is not a regula
solygon, though it 1s the limnt of both - and ex-poly-
yons, the tangent 1s not (in general) a secant, though the
imit of two sets of secants. and m general the linuat,
w a constant, is essentially different from the wvariable
vhose lmmt 1t is

36 Lastly, it is conceivable, though perhaps not actual,
hat 1 case of mmpact with or without rebound, there
should be sudden change, discontinuity, in the varying
werage velocivy. Thus the notion of instantaneows
selocity of impact would fail for the point in question
Chere would be and we might define instantaneous
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veloeity wp to and on from, but not «f the mstant of
mpact, which corresponds precisely to the analytic phe-
nomenon of progressive as well as regressive differential-
coefficient, in the absence of Denvative proper

ELEMENTARY DERIVATIONS

37. Derivation of Rational Powers.—Lceaving these
subtleties, which the student must not be  discouraged
at not quite 1oasterimg on first reading, we proceed to
derive the ordmary tunctions

1 Let y=u n bemg a posithe mtege

Y+ AYy=(r+AryY =4 ne 1A+ LA
whete {A«?} means terms mvolving at least the second
power of As  Hence
Ay
Aff_:fn.r“‘1+ tAr}. Ye=(r")p=nan"1

It m# were not a positive mteger the { ) would not
consist of a fimite number of mtimtesimals, and we ¢ould
not affirm 1ts vamshmmg without more ado

We might also have regarded " as the product of =
equal factors, each ., and have apphed Art 24, 1emem-
bering that the denvative of @ as to s 1

i
2. Let y=u4, where p and ¢ are positive integers
y?=a?, whence by mediate dervation
l"
) -1
qyt Yy s =paPl, 'yx=f1.(-«
) 1 .
3 Let y=w"=_,, where n 15 1ational
! .1'

n

_£'°+1= —ne" L -

By Art 25, y.=

We may obtain the same result by deriving ye*=1
So for -all rational values of m we have the rule: to
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lerive a®, .. «1t/)d1 1 by the exponent and then reduce the
xponent by 1
For m irrational, see Art 40

38. Derivation of the Exponental.—Let y=e¢*

We assume, as known from Algebra, that

1+x+ +'+ AT =3

| n=01__
. series absolutely convergent for all fimte values of »
We have then

I
Y+Ay=etir=(* (’4'—¢'“<1+A1+ f 4""+ >$

Ay . L[AT _._.' ]
Ax e+el[2+13+.f
Comparing the series mn { | with the series for A —1,
A Aa:‘

wmely, Ax4-- + , we find 1t less, term by term.

2
hroughout; but for Az vanishing ¢**—1 converges upon
) as linit, muech more, then, 1s 0 the lmmt of { } for
\e=0 Hence, Yo = (%) =07,

. result of extraordinary sumplicity and mmportance By
ctually derrving the series for ¢® term by term we see
hat 1t actually reproduces itself, but we are not authorized
o derive an nfinite series by deriving 1ts terms separately.

Corollary.—(¢“),=€". u,, ve., the derivative of an ex-

onental=the exrponentul x the derwative of the exponent
“hus
(), =a e*, e =2x &

\lso, a®=(el¢2)®=¢182, hence (a®),=u®.log a

39. Derivative of the Logarithm.—Let y=1log x, where
vy means natural logarithm. Then e=x, whence e¥ y,=1,

r o= (log @)=
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The logarithm of z in any other system differs from the
natural logarithm only by the modulus 2, as a factor.
hence M will appear in the Derivative as a multiplier
But other logarithms are seldom used

Uy

Corollary.—(log u)”=37 U,=—. hence to derive the

logarithm of a funection, derive the function and divide
the result by the function

40. Derivative of Powers.—Let y=.2" n bemg any
constant as to «
Yo
y o
'/z':(-"n).r=7';""_l~

Then log y=mnlog .,

the complete generalization of Art 37
. — 1 u
Special Cases.—(a/r),= /o (Vuyp=_"*%,
270 24 u
te, To Gerive the 2nd root of a function, derive the
radcund and dumde by luice the radical

(O ==L (1) ==" tone=niimin-rt

w !

41. Derivatives of sine and cosine.—We pass over now
0 trigonometric functions, all of which depend on the
sine

Let y=sine. y+Ay=smm(r+Ar),

Ay =sin(x+ Ax)—sin =2 cos (a‘+ Ar s1n é,'"

s A

Ay é.): y 2
A=eon(a+5) —
2

From Trigonometry we know that the limit of the
ratio of an infinitesimal angle to its sine is 1, and the

limit of cos(w+ A;) is plainly cosx, hence

Yz=(sinx),=cosx
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Corollary.—(sin w), = (cos u) u,,

. ™ .
(cos )= (Sln ( 5 -—fn)) = —sin &
- x

42, Geometric Proof.—This fundamental relation may
also be deduced geometrically, thus

Let AOP =, take the radius OP as 1, then the metric
numbers of angle and corresponding are are the same, 8o
that AP 1s also the arc x, while CP represents the sine
and OC the cosine of &, 1¢e, the metric numbers of €12 and
OC are the metric numbers of sine and cosme of »  Now,
change « by Awr=P0Q or =P Draw PD parallel and
QD normal to 0OA, also the chord PQ Then as Aw 1s

¥Fic 4

taken ever smaller and smaller, the chord P turns about
P and tends to become normal to OF, the angle OP(Q
may be brought and kept close at will to a 1ight angle
Hence the triangle PQD tends to become similar to
POC, its angles differ only infinitesimally from those of
I’OC. Hence we have the rigorously exact, not merely
approximate, relation

. QD _0C
Lumit of PO 0P
Moreover, we have the fundamental assumption
Limit of DrdP_q

arc PQ
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Uso  QD=Ay=A(sinx), are PQ=Ar, 85}, =Cos.r .

Ay _ . QD chord PQ\ _ OC
Lim Ac Lim (chor(l PQ arcPQ ) TP’

1ence Yr=(sin x),=cos.r
Quite similarly, from the figure,
(COS M)y = —sIn.r

\nalytically,

™

- .
(cos.r),= {sm <—‘) —.r)} =Cu8S ( > .r)( —1)=—sm.r
P x

)r thus,
2 -2
smua 4cosr =1, 28w cosa+2cose(cosa),=0,

(COS 0 )p= —SIN L

43. Ratio of Chord and Arc.—The assumption m the
‘oregoing proofs 18 so mmportant as to call for speeial
Juerdation

Let @ and @ be two pomts of a curve ¢, and I’ a

omt between them  Draw tangents at @ and ', and

et these pomts approach 27 Then tlus state of case wall

Fi6. 5

n general present itself. by taking @ and ¢ close at
vill to P we may exclude all flexures frum the are QQ’,
o that the tangent Q7 will turn only one way in turning
ound the are into the position @7, also by approaching
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2 and @ to P we may make and keep (during all nearer
ipproaches of @ and Q') the angle QJQ" close at will to
v straight angle x. When this is the case, the triangle
2IQ" tends to flatten out into a doubly laid tract QQ’.
neanwhile it always encloses the arc Q@  and the relation
10lds constantly

QI+71Q > arc Q" > chord QQ
QI+I1¢ x
£ ehord QQ_I’

lence Limit of - ¢ QY

chord Q@' =

In such a casc we may say the curve is elementally
traight in the 1mmediate neighbourhood of P By this
»hrase we mean that if we cut out an ever smaller and
maller piece of the curve, always including P, and magnify

3ut Limit o

Q Q

P
Fic 6

t to a constant apparent size, as with a microscope, then

he smaller the piece cut out the straighter (or less curved)

t will look. Such would not be the case if the curve

*1In fact, if a, b, ¢, a, B, y be the mides and opposite angles of the
rangle (2¢, then
a b ¢

sma smB sm v
a+d 1, Smatsm B

L

c sy
anla—iﬁ cosgl"—'ﬁ 2smm T Y. cosa—ﬁ cosa—'B
L 2 2 L 2 2 I 2 1
= = =1, =1,
smy 2 s1n ; . cos% s %

or a=f=0, y=m
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flexed itself indefimtely often in the vicimty of P, nor
if P were a cusp (as mn the figure), when the chord and
tangents would tend to a defimte triangular shape under
the microscope

44 The substitution of the chord for the are, Ac for
Awr, 1llustrates a very common artifice justiied by the
following mmportant

Theorem XIV.—The limil of the ratio of two variubles,
w and v, is the same as the Limut of the raiio of two other
vartables, w' and ', when the limits of the ratios of « to v’
and v to v are cach 1

For we have identically,

U ouw ou u
=, , ,and L—-=1=L"-
eou v e u 'z

’
W U
hence Lam ;—=Lnn o
Y v
Observe the analogy with mediate derivation

45. Other Modes of Proof.—We¢ may avoud all geometrie
considerations by defiming sine and cosine through imaginary
exponentals, thus

e¥ =cos 418y, e Y =CosL—(SIne
whence 2cosx=e€"+e"“, 2sinr=e’—e~ "
Deriving, we have at once
(sinz)y=cos.wr, (CO8s)y=—sn.w
The same results are reached, free from all geometrie refer-
ence or dependence, by deriving the series for sine and
.

cosime term by term

5 2

x
s r=x— 3+5 +.., cosx=1-— ’2‘-}-[4 +..

This process is admissible as applied to these series—a
fact, however, not yet established
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46. Other Trigonometric Functions.—Since all the other
trigonometric functions are expressible through sine and
cosine, the student will find no trouble in deducing these
results

2 » 2 ... 2
(tanx),=1/cos " =secca =14tan
. 2 — T2
(cot &)y = —1/(sin )’ = — ese o= —(1+cot &)
(sec x), =s1n u/cos &’ =sin x sec ' =seca tan
- 2
(ese &)= —cos /s o’ = —cosr esca = —cseca cotu
47. Sense of the Derivative.—The signs of the foregomng
Denivatives are noteworthy ~ When the difference-quotient
Ay, .
Ai:l 15 positive, and thercfore when its it the Denvative
Yz 18 positive—for umless the linmt be 0 1t maifestly

p

. . An
determnes the sign of the whole expression M __the
J

A
meaning is that for Az and Ay small enough they both
have the same sign, arve both +, or both — e, for y,

positive, the function y and 1ts argument . merease or
decrease together—y 1s then called an incredsing tunction
of x Such are sine and tangent in first quadiant But
if y, be negative 1t means that Ar and Ay, small enough,
have unlike signs, as the argument mereases the function
decreases and is hence called a decrewseny function of
the argument Such are cosme and cotangent in first
quadrant

INVERSE FUNCTIONS

48. Definition.—When y={f(x), then @ must equal some
function of y, say x=¢(y) These functions, f and ¢,
are then said w be inverse functions or anti-functions
of one another The sign of inversion is the negative
imndex, —1, superscribed to the functional symbol Thus
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=¢ ', o=f"1
so that rs=1-1y) and y=¢-1r)

We can pass at once from the mverse to the direet
tunction Thus, if

y=F-%r), then F(y)=u

The loganithm and the exponental form a very nnportant
par of mverse tunctions  Thus, 1f

y=log.a, then e'=u,

and 1t y=e, then log y=u

49. Derivation of Inverse Functions.—We can always
dernve the anti-tunetien when we can dernve the funcetion
For let y={-1r), then f(y)=u,

1

whence (=1, y.~{f-Y(n)},= Vi
We may then m general express f(y) thiough + Thus

let y=sm-l, then y,=1cosy, o
. Ja i «

fsm-1)),=1'/1—1*

As to the sign of the /., 1t 1s geometrically evident that
angle and sign merease together m 4th and Ist quadrants,
but not m 2nd and 31d  hence the /18 + for

—r2<y<7w2 —1on 72<y<37x2
Smmlarly, let the student show that
(cos~Lr)y=— _l~ {tan-1r},= ! g (see~lr),= !
V4 ey 4= ra/ri—1

Continental mathematicians write arcsin o (1ead «re whose
stne is @) instead of s~z (read anti-sine (of) @), but
the latter is both more convenient and more logical
Inverses of unique functions are not generally unique
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EXERCISES.

Derive the following expressions as to .«

0 < _— 3 — o
120 z, 2% &3 a7, &% clx, cfad, ajo, xF, 2 b/l

W

J1xa2 Jadxad Jetxad Ja+ 2, Y3+ 3paiy3gi4
N B —{JI %}, = £25/2J1 £ud= +u//Txa2

3 (a*- 192, (a%—a%)3, (ar2+ 204 + )%,

(art+ 4bx’ + 6012 + 4dw +¢)-

By mediate derivation, first as to (), then as to

we get
{(a2 = a2y}, = a2 = )} = 20) = = BaJut —a?
X 1+ Iy N N N TN =
J1 —1f J1xaZ JIF2 NagJd Vix)
[ ar2+2br+c}
\'v2 4 20 r+ ¢
5 (et +atat =22, J};L:n/{, [1:..\/z+7:2];’ \/1:{,&
AT Vs 2+’ JTxw
/_ 4+ —:(_
V14 "‘—ﬁlll L anNE Tl (@4 a) (@), (@b
\/l +JT—J1 —a
By logarethine denvation we have tfor the first,
o1 1+ 2r ' )
j"_—‘/(m a4t at— e
. N T G b Bl Xt el 2
=(a?+ 32u)JaZ = 12 ~ -
¢ ™ Mt — g2 Jw--— el
6 10“1_-0—_.1_1—_.12 log \/(Ti‘: ,Jw—+: "+ 10 \/t_t-_;-_.l +J(L_:
1 —u+a? ag J¢L~+.1~ r Na+a =fa =

log(log £),
{lo«r((+~/'.;——a,~)} __11+ }/(1,+~/.v-—a‘)—1/Jq-—

7 y — Lax‘ t 2bz+<’ (,a ot x+-dsin x’ log {E_(ios ri b SIIL-_( ; (,un nur’
ecosxrEbsin
¢**sin pa, €**(sinpx)", e*(cospz)’, e“tanqr
For the first, y, = e +®s+<(2ac+ 20).
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8 y=s(azr?), u= sm"lé, ¢ =tan"1%, sin (mr+a), sinmrcosnr,®
[¢ (14
(s mr)?, (cosmr), (asm.r’+Dbcosa’)”, s, sinz,

VtanJr g, = 2arcos(i1a2), u,=1/Ja¥=a% 1, =a/(a2+2?)

ot _ 5 a?xr? _13+5Hcosr
9 sec”!s, tan~laJut- 4 sn10 70 cosTll toco -
« > Fas D4+3cost

/

o/ it i x a
tan 1<—tan 1—) y=sec 1=, secy=-, cosy= ,
a a a u« :

« a a
SINY Y=g Yy -

2 Tesmu oJizl g
We may also write oft this result immediately
10 logsm~li, logecos~li, logtan~li, sm(logz), log(sm 1),
cos I(logtanux), sgn~I(1 — 24y,
1 \/i; 4:71.+ \/7_—_(& tan l,
T T log -

JRS—— - 1
Jox 0 = b - wtan 5

Dlogsmla=1,{JI - sin71:}

11 05 @ 07 tan WA+ 0)/(1F4), log"i —loglog  log:, u',
1 x 1 1
(Sln 1 )enax+ (CO& ¢ )nmx, <1 + ;) -f: '(1 F,), (t‘"‘»l ,):,

cos Va1 —a =S =)y =1 logy=1log,

= 1"{log r+1}
. Eyare a2 gh
12 «, smicosa/I—cX(sinr), log | ,(, ,+ .
I“+1II;\(I"+{(I)“iIII

13 If a2+ 2y +by2+ 290+ 2fy+¢ =0, hind y,

Here r and % are wmplicd functions of one another,
but no new difficulty presents itself  We derive straight-
forward term by term, and then solve for y, Thus

20 & 2y + ey, + 2byy, + 29 + 2fy, = 0,
whence y,= — (@ +hy+g)(hr+by+f)
14 Find ¢, when ™y"=(c+y)™", (sm.r)={cosy),

—_
B-3ary+9°=0, +Jl+y+y/l+2=0, tanlogz-—-"xf
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15. If y=¢(¢) and «=y({), prove that vy, =¢'(¢)/¢/(2)
16. If » and » he functions of 2, prove that u,=u,/¢,

e

. m 2x .
17 Derive 77 astoa”, tan™1..™" asto sin~!

Qr
1-a :

—.» "% as to logn

1402

18 If y= \/tan 4 +/tan 7 + ~/t<m_: + , prove
a,=(2y - 1)cosa®
19 Derive the sum S, of # terms of a ¢ P as to the ratio /
20 From
sin2=sin(a +a)sm @+ 2¢) .. s(r+u— la)=(smn:)/2 ",
where ne =, prove that
cotr +cot(z+a) +  4cot(r +n - la) =u cotna,

— - - . 9 e Y
esca+ese(r +a) + +ese(r+u— la)t=n%cscn

APPLICATIONS TO GEOMETRY

50. Tangent and Normal.—We shall now illustrate
further the exceeding mportance of the Dernvative m
problems involving tangeney

The Egq. of the Tangent to y=1f(x) at («, ) 1s

=y =y —ur),
where 4 and o arve the current coordinates Hence the

Eq. of the Normal is
Yo —Y)+(u—a)=0,

obtained by putting —.r,, instead of y,
Deduce the corresponding eqs. for oblivue axes

51. Subtangent, etc.—Now let the tangent at P (x, v)
to the graph of y=f(r) cut the axes at 7" and U, and
let the normal cut them at &N and @, also let S be the
projection of P on w-axis Then plainly
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NQ

NT'=Subtangent=y y,=y .»,

NN =Subnomal=y »,,

PT=Tangent length = ya/1 4,7
PN=Normal length= 3/~/l + 1,2

OF =Tangent mtereept on N-axis=u —y'y,,

OU =Tangent mtercept on Y-axis=y—o gy, = =071 y,

52. Derivative of the Arc.—It 15 common to denote by
s the dength  of « currve, reckoned from some  pomt
appropriately chosen  Evidently, then, this s 1s a function
of both » and y, and may be denived as to cither Lot o
be 1eckoned up to the pomnt P(e, y), and let Ar=01ID,
Ay=DQ, As=a1¢ P’Q be corespondmg changes m @, , ¢,
also let Ac=chord @ Then

As _ As Ae

Ad=ASHASL TR NG

Now

As Ac _ \/ (AN
Lim Ac—l’ Lun.A—'l-'_.Lun l+(A:r> =1 +yLlt=c,

Hence, in: general, «,= MTFylZ=secT
S A «
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” e

% A
v Y
P D
AX

A :
/T O S

Fi: 8

Hence wy=cos T=1/a/14 y,?,
and, similarly,
8y = N/] +«;"/3, Y= 3/x/~/1_+ YL2=sm 7

53. In Polar Coordinates let S he the pole, S« the
polar axis, P(r, 6) any point on the graph of f(r, 8)=0,
~ as before, ¢ the radial angle of the radius veetor »
with the tangent at P, let A», AB, As be cornrespondimg
changes in 7, 6, s, and Ac=chord I’Q as before. also let
a perpendicular to r through S meet tangent and normal
at T and N. Then, much as bcefore,

ST=polar subtangent, SN =polar subnormal,

PT=polar tangent length, PN =polar normal length

About S describe the cirele-are PD, and draw the half-
chord PD’ perpendicular to SD.  Then
Al=DQ'+PD",
. A8 . PD
Lim. A—c—l, and Lim, a,?jjﬁ:l’

as we know.
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Furthermore,
DQ=1Q—=0DD=0rQ—PI) tan 'I’D
=1Q—=D'Q tan SQP tan IYPD)

Hence

Lam I "j— Lim (1 —tan SQP tan D'PD)=1

Henee, applymg theorem At 43 to ecach side of the
titangle PQD and remembermg that
DQ=Ar, PD=,)\6,

j) = Lnn <1 + _\(;))

7

we get
Lim (

s T
or ;l’—"-_—s,-:N/]. +726,')'.



36 INFINITESIMAL ANALYSIS

54. Infinitesimals of Higher Order.—In passing we
have here established the very important fact that the
hmit of the ratio, intercept on radius between chord and
arc divided by chord, is zero. or

DIy
Laim. I =0
This faect is commonly expressed by saymg that DJ) s
infinitesimal of second order with respeet to L1 taken
as infimtesimal of first orda

No obscurity need attach m the .stu(lcnt.s mnd to the
nature of these mfinitesimals of higher or(lm‘ Consider
the three fractions ]-, 12, 13

20" N
make as great as we will, then cach ot these fractions

If 2 be m om power to

15 1 our power to make small at will, exch s infinetesvnal
As m mereases cach approaches 0, not, however, m the
same way, but through very different seres of values.
e, 1f w merease through the sernies of natuwral numbers
the fractions pass through these series of values

] 1 1 1 1
s 2 » 4 et 100 .
1 1 1 1 1
) 4 0 16> .. 100
1 1 1 1 1
’ s> 20 640 < 1000 -

Always the ratio ot the second traction to the first s

:;, and of the third to the second is ;l? and of third to

2

. 1 .
first 1s 2 These ratios are themselves small at will,
mfinitesimal . in faect, there s in the first fraction only

. 1
one factor small at will, 0 but 1 the second there are

1 1 o . 1
two, ~ and -, while in the third there are three, =~ and
'n n n

1
" mul , henee the names, infinitesimals of first, second,

third w'de’r Clearly the same reasoning may be extended
to infinitesmmals of any order. In the foregoing illus-
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tration the factors are equal, but this circumstance is
entirely unessential - In the case of DI the two factors
small at will are 10’Q and tan D’PD  the removal of the
tirst leaves the second still present, and therewith the
quotient still mfintesimal, hence DY s of second order

55. Additional Formulae.—The¢ other relations follow
now without diffienlty
rmwr rnp - raf

L _4 Q])=(/) L t%lllP(l)I)=L.z)l),-—L Q]) L Ve
hence . tan ¢p =10, = 7’;9
Smilarly sin p=1r0,, cosp=1,

In the mght thangly T'PN, smee S = ras perpendicular
to I'N and —N=¢, we have

’T \ [6

NT=SP tan SPT=r tan ¢p= 176, =1 =,
- dr
SN =N cot SN = cot p=1r, .
do
s

PT=8SP cos SPT=r/cos p=1r'r =r I:"
IN=NP s SN P=r —19.="
2V = S N2 =1 S g = =0

If SP,=p be the perpendicular from the ongm on the
1

tangent P7', and -=d—a common and convement sub-
o

stitution—then we have

do* , dr
ST= '—‘H,,= '—’[—“ ’ ])1)] =8I cos (/)=TI,H

Exercise.—Prove

a6 1 o g
1}':/ sin (/)z"'l ’ y =M +<lla>

s’ g
* For (Il_l__? dr _ 1 s s
A0™" AT T2 uy’
hence (-]—H_ - l_@_ -SNT

du or
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56. Angle between two Curves.—The angle between
two intersecting curves at their point of intersection may
be defined as the angle between their tangents at that
pomnt, which may be either of two supplemental angles
To find this ungle, first find the point of intersection,
then the value of 7, for each curve at that pomt, say
9" and %", then tangent of angle between curves

=@ =y")A+yy",
by Addition-theorem of tangent

57. Pedal Curves: Definition.—As P traces the orgimal
curve O, the foot P, of the perpendicular y (01 rp), from
the omgin on the tangent will also trace a curve (7,
called the (First Positive) Pedal «f (! with respect to
the origm S ] will 1tself have a FPP with respeet
to S, which we write C,, and which 1s the Second P.P.
of (! with respect to S Consistently, ¢ 1s ealled the
First Negative Pedal of C, and the Second N.P. of (',
while C] 1s the FN P of C,, all with respect to S Clearly
this notation may be extended to any degree, and with
respect not smmuply to S, but to any pomt m the plane

b8. Equations.—To find the Eq of ¢, we must express
the coordinates (xy, 7,) or (r, 6;) of I’} through the
coordmates (r, ¥) or (r, 0) of I’, m two eqs . from these
eqs and the eq of C, f(r, ¥)=0, or ¢(r, 6)=0, we must
then eliminate the coordimates of P, («, y) or (r, 0). the
result, or so-called elimimant, will be the eq of (4, a
relation holding between the coordinates, (i;, ) or (ry, 6,),
of P, m every possible position of 7  We remark m
passing that

6,=rSP =—7147/2 or T—7/2

59. Pedal Equations.—It often happens that the relation
between the radii vectores » and 2, (or p as it is commonly
called) of € and C| is very simple This relation is called
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the Pedal Equation of € and is especially useful n
mechanics

Illustrations —1. The eq of the ellipse is X +Z:

the tangent at (e, y) 18 Eli+;',/---] hence
o
S s o T W1
p=r=a3 J(bJ + b2 *  or “4+l)4 e

also w24+ y2=2%. hence
W24 2=t 4+ 12))2,
1 ]
the pedal eq sought

"
2 Let »"=asim(n6) By dernving, . To="7 cot(nO)

(]
hence cot p=cot(n0), p=n6 Also
/'a"
p=rsme=rsm(nb)=r o
1

henee p= the pedal e Ts()ught

ar’

EXERCISES
1 Inscuss the common Apolloman parabola, u* 44
yp=2q,y--y/20,
hence S7'=2:, SN=2¢, ve, The subtungent s besected by

the rerter (ongin), the swbnormal ts « constant, the half-
parameter Find lengths of tangent and normal

2 Inscuss the logarithmic spiral, 2 =«"  7,=¢° loge=1loga
tan ¢=1,/7,=1/loge, a cronstant, whence the name ecqu-
anqular spiral given to this curve The student may
continue the discussion

*To get thiy, reduce L +'bJ 1=0 to the norma’form, by dividing

’ \/'2 7. and (
Yy Zl"+l_ﬁ’ and put u=v=0



40

w

-1

10.

11

INFINITESIMAL ANALYNIS.

Discuss the logarithmic curve, c=log y. #%,=y, hence
ST=yly,=1, a coustant

Discuss the Archimedean and hyperbolic spirals,

r=ab, 10-a =

Under what angles do y?=4¢r and 12=4¢gy mtersect? The
real pomts of mtersection are (0, 0) and (44, 49) The
values of the derivatives are 2¢/y and ¢/2¢  For (0, 0)
these values become o and 0, hence the values of 7 are
#/2 and 0, the difference 15 /2, hence at the ongn
the curves are perpendlcular to each other At (¢, 4¢)

the values become ! and 2, which are tan =, and tan 7,

hence tan(r, — -rl)— 1+ 2— =4, wc, the parabolas mtersect

under an angle whose tangent 1s }

|l\.« l»

Show that 1 the hypocycloid :"3+7/’i——.a’f, the mtercept on
the tangent, between the axes, 15 constant, «

»

For what values of 1 do the curves . + iyt i % and 2=
touch cach other?” Do they meet at right angles? At
what poimnts?

Show that the confocal conics
e y’ e
S+ .=1 and - =
@t a®— A2 ) b hE = Al
cross at right angles

Prove that the hyperbolas 2 —y--a? and 1y =¢2 cross at
right angles

For what value of ¢ does the curele 2+ 42+ 2y=¢ cut the

1

parabola %= 4y orthogonally ?

How do the parabolas #*=2ar+a? and u2= —2h +§*
meet, and under what angle ?
v, ,
Show that 1m the catenary 1/=(.~)(¢'"+c—‘if) the normal from

the foot of the ordinate (S) on the tangent 1s constant
in length
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— «
13 Prove that in the tractix :=\/a-'-—l/-’+_, log - ——",
= o +NJat =y
the tangent-length /7' 1s constant
14 In what parabola » - " (1 e, for what value ot n) 15 the
triangle bounded by axes and tangent constant in area?!

15 In the hypocyclod 13+ 4% =« show that the equation of
the tangent 15 2rsima+2ycosa  «sin2a, where

{ - »
=g COSa, Y=dsina |,
also that tangents mutually perpendicular meet on the
carve 2/4=acos 207
16 The FP P of the equaxal hyperbola pi - «? 15 Bernoull's

Lemmscate 13 = a?p

17 Apply the result w0 (2), At 59, to <show that the Pedal
Equations of Cirde, Parabola and Cardiod are

p= 12 pt=ar, and pti=t

ENVELOPES

60. Pencils and Parameters.- -Analy tic Geometry has
already  famthanzed the student with the notion ot a
family or system of curves, all detined by a sigle
equation  Thus

Y=t = =)

1s the eq of a pencil, ve, of a fanuly of night hines, all
passmg the same pomt (e, )  For any particular value
of the direction coeflicient s, as 1, 2, —3, we get a particular
right line. by letting s range through the complete series
of real values fiom —x to +x, we get the complete
system of right hmes through (r, y)  The symbol or
arbitrary, by change of which we pass from one member
of the fanmuly to another, we may call the parameter of
the family. It 1s constant for any particular member,
but changes from member to member
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Exercise.—What systems are represented by these equations,
and what are the parameters

0 ) '
224y2=12 =220 y=sr+~/145% 1/——-sr+f,

Y=sa +2E2DL iyt =20 4+¢=0"

61. Intersection of Elements.—Now let
Fe,y, p)=0 .. ... ... . (1)
be the eq of a system of curves, the parameter being p
For any particular value of p we have a particular curve
of the system. 1if we change this particular p mto p4Ap
we get another curve of the system, namely

Fr,y, p+Ap)=0 ... ... . (1)

These two curves will intersect, generally in real pomts,
though it may be in imaginary pomts By combmng
(1) and (1) we shall obtain the pomt (or pomnts) of mter-
section («x,, ¥,), though this result would rardy be of
interest.  In this result we may put Ap=0. ic, we may
tind the limitmyg values of «, and y, for Ap vamshing. e,
we may find the points of intersection of two comsecutive
curves of the family. Thus, let (2 —p)*+y2=7% be the eq.
of a family of cireles of constant radius 7, then centres on
the w-axis  Consider p as some particulmr value of the
parameter, then this is the eq of a particular member of
the family and the equation of any other menber will be

(r—p—ApY+y*=1"

Hence (&= p)E—(r—p—Ap)2=0,
or (@—=p+a—p—Ap)r—p—r+p+Ap)=0,
whence r=p +£})/)’

a result evident from purcly geometric considerations
For Ap=0, ax=p, de, two consecutive circles of the
Samily intersect at the ends of « diameter normal to
the centre-line
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62. Intersection of Consecutives.— But instead of finding
the pomts of intersection, whether of two consecutive
or of two mnon-consecutive members, we may elimmate
2 between thewr eqs. (1) and (1), and thus obtamn a
1elation commecting & and y for «ll values of p Then
o and y will be &, and y, since in ehmmating p we
tacitly assume that » and y are the same m the two
eqs  Let the result of this elimination be ¢, y.. Ap)=0
This 15 the eq of the locus of all pomts of mtersection
of pars of curves of the famnly whose parameters daitfer
by Ap In this e¢q put Ap=0. the 1esult, ¢, 7., 0)=0,
is the eq of the locus of the mterseetion of consecutere
curves of the family  Thus m the preceding example on

climinating p we get
A2
.I/=i\/l‘z—(2l ,
1e, the civeles whose centres are Ap apart, mterseet on

two parallels to the w-axis distant trom it \/12—- '%,I')_.

On putting Ap=0, we get y= % as locus of the mter-
sections of pans of consecutives  Both these results are
geometuically evident  Ihaw the figwme

63. Envelopes.—The¢ locus of the mterseetion of con-
seeutives is particularly mmportant beeause the tangent
to ot at any pomt s am general tangent to the con-

R R_
B \Ca
ﬁ§<\@
. c,

Fie 10

secutives intersecting «t thuat point In fact, eonsider
three curves of the family, (/;, C,, C,, corresponding to
the parameters p—Ap, p, p+Ap. let U, and C; mtersect
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at Py, ¢, and C) at P, €] and ¢/, at P,. draw the chords
rp, PP, P, Now let Ap approach 0 then the
curves tend to become consecutive, and the chords PP,
and P, P, tend to hecome tangent to (Y, and () 1espectively
the pomts ) and P, are always on the locus of mter-
seetions, PP, 1s always a chord of this locus, thes locus
tends toward the locus of adersections of conseculd cres
as its Lo, and at the same time P, P,y tend to become
consecutiy e pomts, so that the chord )P, tends to become
tangent to the locus of mterseetions of conseeutives  Lf
then the curves and this locus 1eally adunt of tangents
m the neighbourhood of these P's, the thiee chords flatten
out towards one and the same lmnting position as AP
approaches 0, e, the consecutaive members have a
common tangent with the locus of then mterseetion at
therr pommt of mterseetion. hence this locus s sand to be
iself tangent to the consecutives  and as called  the
envelope of the fannly.

64. How to find Envelope.—While the foregomg may
clucidate the natuie of this locus of mterseetions of con-
secutives, the method employed to tind its Eq  would
generally prove to be excessively awhwand  Instead of
climmatimg p and then taking the Inmt for Ap approachimg
0, we may proceed more sumply, thus

Fe, y. p=0... (1),

Fa,y. p+Am=0. . (1"

Hence Flo,y. p+Ap)=Fe,y p)=0 .. (1",
ht‘l]ct‘ 11!"‘7 ”-}]{‘}‘Af’)_—F(J'. ]/ [')__:0. e (l”/)

Ap
This Eq (1) we may now use mstead of (1) In 1t
suppose the value of p taken from (1) to be mserted m
place of p, this would merely be elimanating p between
(1) and (1”)—or, what is tantamount, between (1) and
(1), the thing we set out to do—and then let us take
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the it for Ap approaching 0 So we get as Eq of the
Envelope
Fir gy, propt,=0

This however is nothing but the dernvative of Foas to p,
with the value of p taken from (1) substituted for 1z
Hence, to tind the Envelope of Fl, y =0

Rule. --Derive F s to p and thew elinanate p by help
of the origenal Fg  moother words,

Elonanate pobeticeen F=0 and F,=0

65. Parameters with Conditions.—Often 1t 1s the case
that there are two or »# parameters m the fanly . but
these paramcters are then connected hy 1 or v —1 Eqs
of condition  Thus it we would tind the Envelope of a
straight hne two  tixed pomts of which shde on two
I/
b

and the parametas o and b oare connected by the con-

~ !
1ectangular axes, we have as Kq ot the fammly * + I,
o

ditton «?4-b=d* (d the tract between the tixed pomts)
We may now chmmate one of the parameters, as b, dernve
as to the other, and then chmmate that other  or we may
choose erther one, as o, tor the parameter, regard the othe
as a function of 1t (which 1s the case) and then proceed
to derive both the Eq ol the family and the Eq of con-
dition as to this one parameter o So we shall get fou
Eqs. trom which we then eliminate the two parameters
a and b, along with the deanvatinve of « as to b Thus
m the problem moposed

. +';/—1=() (i b= (l?

)

,,/1/- g —1=0=FKFr,y, a)=0 .. . (1),

_°' ¥e¢  _0=F,...

(2—au? )3 (2)
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2 2 X1 2
@ Y @ @
Whence = =
@ (P—a?)P AT e
s u? w da’
—7—‘—=-—-2, = PR
-1"‘+?/'§ « A/lr" +y3
o dy?
and similarly, h= y = -
~/,"i + ,/'\

‘Otherwise, thus
LYy sy pr_ g2ty _ b =0
u,+b 1=0, «2402=d2, Pl =0, a4bd =
Here 1) 1s derivative of b as to «, and we must chminate

«, b, U fiom these four Eqs

2 : 2
a b , 7 2
V==" —, U= - hence ", = 12
y o« ) yt b
1
dxd .
henee @ =—-=—=—, as before, and the same result follows
\/ .r‘% +QJ{

A still more elegant method of ehmmating parameters
by wndetermined multipliers must for the present be

reserved.
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We also reserve the mgorous analytic proof that
general the locus of the intersections of conseeutives

actually touches every member of the faumly, and hence
1 properly named Eavelope

SXERCISES.
1 Find the emelope of a system of coaxal eclhipses ot
constant area
1 ] >
, A .
Here F(, 4. v, b)= (,+,’,-1_-0, and b =
= b
Hence
a4 = =0, ap+be’=0, b+l =0,
@yt = B2, 202 = =200
hence, 2:y= ¢4, a par of equuaxal hyperbolas, asymp-
totic to the aves of the ellipses

o

I'ind the envelope of equal crcles with centies on o given
circle
N 1
3 Find the envelope of the rmght hine - o +1,
A

4 Through the ends of a given tract (2v) are diawn two
parallels, and a transversal moves so that the rectangle
ot the ntercepts on the parallels hetween 1t and the
tract 1s constant (¢¢). show that the envelope of the

@y
transversal 1s *, % =1

5 A moving nght line forms with two fixed night lines a
triangle of constant arca  show that the envelope 15 an
hyperbola asymptotic to the fixed hnes

6 Show that the four-cusped hyvpocydond :,€+z/'§—.~./’f 15 the
emvelope of coaxal ellipses mm which the sum of the
axes 1s constant.

Show that the same hypocycloid 18 the énvelope of the
join of the projections on the axes of a pomnt of an

-~1

ellipse.
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[

The centre of an ellipse, whose axes are fixed 1n size and
direction, moves on another ellipse whose axes are the
same 1n size and direction ,‘show that the envelope of
the moving ellipse 1s 1tself an elhpse coaxal with the
fixed ellipse and similar

9. Find the envelope of the polar of a pomt of an ellipse or
hyperbola with respect to a coaxal ellipse or hyperhola

0 A pan of mutually perpendicular tangents are drawn to
an ellipse, show that the envelope of the join of the
points of tangency 1s a confocal ellipse.

1. Show that the envelope of the join of the ends of conjugate
diameters of a conic 1s a simlar coaxal conic.

L

U and V7 are the projections on the :- and y-axis of a
pomnt P of the cubnecal parabola y=a:*, show that the
envelope of Ul™ 15 another cubical parabola

LTy +<ar>=0

(3 A tountamm (/n wocuwo) throws up water m every dnrection

with the same velocity , show that the envelope of all

the parabolic jets 15 a paraboloid of 1evolution

4. Show that the envelope of the drops of water flung from
the rim of a wheel of radius « revolving with veloeity
N2gh 1s a parabola a2 —a = 4h(h - y)

5. Show that the enveclope of the normals to 254+ y>=a" 15

(r +a/)";+(: — )i =9}

HIGHER DERIVATIVES

66. Definition.—The first dervative of a function of
v, y="F(r) is in general atself a function of », and may
tself be derived as to o, the result of this second deriva-
don is called the second derivative as to » of the ormginal
function y=1{(r) Similarly, the derivative of the second
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Derivative is called the third Derivative, and so on, the
devivative of the «™ Derivative being called the (n+ 1)
Derivatine

67. Notation.—Higzher Derivatives are denoted m several
ways as

. Py Ly dry
, ST I TIY Yneo gy (I_':"

v,
When the derivation s with regard to the time {, as
Mechames, we may write g, v,

Still another form s often convenmient, when we are
dealmg with dervation as a mere  operation obey g
certam laws Dy, D2y, iy Dry  and we speak of the
operator 1)  Where any doubt might anse as to the
argument of dernvation we may sutlin it thus  £3," The

vartous denvatnes of fa) as to e are
Fen, ten 7 fonge )

Where we would denote not merely a dermvative but the
specaial value of one cortesponding to some speeial value
of the argument of dernvation as for o =a. we enclose
the special argument value m the parenthesis mstead
of u Thus (o) wecns the valae of 1) when w=ua
Note  carefully that the substitution of « ftor o takes
place after the derivation  wof  before It would  be
meanmgless ;o1 nepossible to substitute the constant o
speaial value « tor o, and then derive as to o These
remarks apply to all denivatives

68. Formation of Higher Derivatives. We will now
learn to write down #'" derivatives immediately, without
successive derivation

1 The derivatives of o7 are m ordern,
rer 1’ ,.( r—1 ).,‘1' - .Z’ l.w,‘r - n’

w here ra=1(r—1) . (r—mn+1)
S A D
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If » be a natural or count number (positive integer),
then the n Derivative vanishes for m>» If r be not

natural, then in gencral no derivative vanshes
2 The ntt Dervative of (w+a) s r(r4a)y-»
—1\n
3 The ntt Derivative of 1 T _])"n
(r=4«) (& )+t
1 (=1) % +r—1

he »th Derivative of _ )
4 The nt Derivative of (otay 1 e

5 We see 1t is easy to form any denivative of a fraction
with but one linear factor (which may be 1epeated)
involving «» in the denommator  Now any proper 1ational
fraction, as f(e)/p(w), where £ and ¢ are integral functions
may be decomposed as we leann in Algehia (see Appendix)
into a fimte number of part tractions of the form
A/(r+a) 1t may be that « +« takes the imagmary form
x4+w-+70, but in that case there wall also appear m the
same  degree the conjugate factor «4wu—¢0. on com-
bmng the 2% dermvatives of

Al(r4+ud ey and A')(r+u—1ry,
the imagmary terms will annul, and we shall obtam a
real numerator over the real denommator (w4 w4 ")

6 The denivative of sinwe s cos.w, which 1s sm(e+7/2)
hence deriving the sme merely mecreases its argument
by the quarter-period, 7/2. hence the ™ derivative of
sin » (s sin .r+,"_77r) Similarly the 2" derivative of

cos . is COS <.1'+17;:
7 The first dervative of the logamthm of a rational
expression will yicld fractions to which apply 4 and 5
8 The cxponental ¢ appcars as a factor in all its
derivatives, but after the first derivation it will generally
be most convenient to apply the following Theorem of
Leibnitz for deriving a product.
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69. Theorem XV.—Let y=we, derive 1t successinvely as
to .»

yo=uwr 4w

yoo=ule L2000 4 e

,

Y= 300 30+ ue”
R TATIE S YIRS N YT DA S YA DA STh L

We observe that the coeflicients are the same as i the
expansions of the Bimonual e+ ). and that the orders
of the dermvatines are the same as the degrees of the
powets, if wercount o and o oas zevoth dermvatives of
themselves as to . which we must do o he consistent
We naturally suspeet the same law to hold for all hgher

derivatives and we eastly prove at, thus Assume
!/(ul:(,(, )(n)__ +"('l,l(u I)"(‘)+n('/1l”(” 1 Dy l)+ .

— the Bypomal expansion represented by two consecutive
typrecal taams We now ask what s the cocfficient of
the typieal term contamng w@ =000 tD o the (n4 1)
dernvative, g D=(u D2 Mamfestly, on deriving oo
only these two typical terms can contiibute to the typieal
term sought e all preceding terms the dernvative of o
15 already too hagho i all succeeding terms the dernvative
of ¢ s already too lngh But each of these terms wall
yield a coytribution  the first on dermving the factor ¢
the second on dernving the factor w@=:-b  henee  the
coctlicient  sought will be 0, 4,0, which =,,,(",
Henee, 1f the law holds for the 2 dernvative 1t must
hold for the (a41)4 and so for all. 1t does hold for
the 4t henee it holds for the 5% and all highe

The sun of *the orders of derivation is the same for
cach term, as those of w deseend, those of » ascend  We
may choose cither factor as v, but if cithtr factor of the
produet be a positive mtegral power of z that factor should
be taken as v, so that the series of terms may clearly be
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seen to close with the proper derivative of » Thus the
o™ derivative of «3sin.r is

x3sin (a' + ﬁ;) + 3nx2sin ( + (J'—T—] h)

+ 3n(n — 1)wsin (r + (n ‘))T>

+ n(n —1)n ._9).,1“(' +(n —3)71-)

all the higher dernvatives of #* vamshing  In general,
if o be the factor 2, there will be (¢+1) terins, ¢ heing
a couni number, ¢e¢, whole and positive—only such
numbers can be counted

70. Derivatives of ¢"' —Decnoting dernvation by D, we
have De™ = qet, Do =™, ., D" =q”e™  So 1t appears
that the operafor 1 before ¢t may be supplaced by the
muwltiplicr «, and hence, of (D) demotes @ rational cn-
tegral function of D, as C,4+C D+ C,D*+ ..+ C, D", then
H(D)e® = p(«)e—a very mportant result

71 Derivatives of ¢*X—Now let X be any function
of w, then we have
D X)=ac" X + e DX =e(D+a)X
Here (D+a)X means DX +«X  Deriving again, we get
DA(e*X)=D{e*(D+ )X} =ve?(D+ )X + e D(D+a)X
=D+ )X+ DD+t =e(D Fa)X
Or, by Leibnitz’ Theorem we have at onece
D2 X)) = %" X + 20 DX + e DX = e (« + D)X
To establish this result gencerally, asswmne
Dresr X)=e%(a+DYyX |
on deriving again,
Dr+i(eez Xy =ae *(a+ DY X +e" D(w+ D)y*X = e**'(a+ D)"+1X
Hence, if this assumption be correct for any derivative,
it is correct for the next higher, but it is correct for
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the second . hence 1s correet for the third, hence for the”

fourth, and so on, ¢e,

(e Xy= e (D+ "X

Exercise.—Obtain this result at once by Leibmts’ theorem

72 Meaning of Operator.—It is important that the
student know jJust what the operator (D+«) signities
Written out n full,

D+ X=X +3aPN +32 DX+’ X
D and « obey the same laws of operation, but «2.X means
the product of the magmtude «f multiphed mto X' wiile
12X means the second dernvative of XV as to v w1 a
symbol of magmtude, 1) of operation

The toregomg formula holds as well for negative as
for posttive n, and 1s specially miportant for x negative.
however, we do not yet know what s aeant by D-3,
D=2 . D" (see nfra)

73. Application to Sine and Cosine - We¢ have

D) siyanear = e cos(rea) DPsiy i = (— ") s,
so that to dernve smaer twice 1s to multiply by (—n?).
ce, 12 betore, or operating on, s may be supplaced
by (—m?)  The same holds for cos ma as well Now
f(D), 1f 1t be a rational mmtegral function of 1), may be
separated mto an even part g(1?%) and an odd part (D),
which latter may be winitten Dy(D4)* where W(D?) s
itself an even function of 1) Hence

f(D)ysin nur = p(1?) s s+ D\ (D?) sin nr
= pl — in2)sm ner 4= D\r (=) sm nr

= h( — 1m2)8in e+ o (( —m®)cos mr
L]

Also, f(1))cos mia= p( —m>)cos mu — nefr(—an®)sin mr.

*For we may collect all the even powers and call the sum of
them (72, also the sum of all the odd powers we may call
V(D) , out of each of these we take the factor /), leaving only even
powers whose sum we wiite ¥(0D?)

- - ———
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74. Extension of Theorem XV.—Leibnitz’ Theorem
general as it is, admits of the following important genesr-
alization

Dr(uv)y=uD"(v)+,Crw’ D (o) +u",Cod? ~2(v) + .
+u®,C, D -r(ry+ .,

where for convenience the derivatives of w are denoted
by accents, and the terms are arranged according to the
rising indices of w. Multiply this equation by an arbitrary
constant A4, and then take the sum of (n41) such terms
in ascending order, ¢e¢, let » range from 0 to . We
shall then have

n

S4,.D (uw),

0

an integral function of D(uw), say {(I)(wr) Henee

S 4, Dr(uvy= uS A4,D0) 4w S, CoD () +
0 0 0

n
U, O, () +
0

Now the first derivative us to D of 4,1 18 +.4,1 -1,
the scecond derivative is
r(r—1)4,D-2=,C, |2 4,D-%,
the pt derivative is ,C),. P A,D™-? and so on  On com-
paring these expressions with the series above we sce
these terms with the factorials struek out are the co-
cfficients in the expansion Hence we may write

" 1777

v
3

£D(u, v) = uf(D)v+u’f’(D)qv+lu’—2 A Dyw+"
If now w be some positive integral power of », &, then
this series will close with the (¢+1)™ te.m, since

Der1pc =0,

(Dyr+. .

75. Operator D —Another important operator is aD .
prefixed to any symbol as u, it directs us to derive as to
z and then muitiply by x. Any integral power of this
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operator, as (xD)*, directs us to repeat the operation xD
n times  Observe that («#D)* is quite different fiom 2D,
which latter means merely the 2t derivative multiplied
by x".  We have (~D)em=ra’, (eD) =Dy’ =12, so
that (zD) before any power of » may be supplaced by
the exponent of that power,

(.I'D)".l Ty pt

Hence 1f f(wD) be any sum of positive mtegral powers
of uD),
f(e D) =1f(r)r

76. Relation of (. /)y and .I""I)" —We naturally ask,
how are (»D) and 7 related”  We have seen that
(rDyrar = pig
also a? D =2 p(r =1 2=w(r— Da |
so that 2D = =1 r—=2) (r—nu+1)
Now (D=1 =(r D) —r' =1’ —a"=(r—=1)r,
and (D) —2) =(r D" —2ur' = par' — 207 = (1 —2)u”,

so that (xl)—s) before »m may be supplaced by (r—=«)
Hence making this substitution, we have

£ D= (e D=1 D=2) . (rD—n+1)

77. Anti-Operators.—All the foregomng properties of
these operators ) and oD, proved for positive mtegral
exponents, may easily be extended as mere formalities
to negative integral exponents, by properly defining the
operator with négative exponent We say then that we
shall denote by /)-! an operation that is precisely undone
by D, so that DD-! before, or operating bn, a symbol,
may be supplaced by 1 as a multiplier, or

DD-1=1
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What then is D~ ? We have
D{D-r}=1 x'=ux',

wr—i—l N 11

I =a". henee D¢ =
r+1

but D =1’

ve, the operator D=1 darects us to wncrease the cxponent
of a power of « by 1 and then divide by the «ncreased
exponent  We may name and read D-! anti-derivative

Similarly, DD-Y (e )y= (D~ te®) =™

1
bt ole)=en
1
henee [)-1e0% = 2 ottt = g~ 1p0a
a
and Dot = (- p0t

te, any mtegral power of 1) operating on ¢ may be
supplaced by a raised to the same power

Let the student extend this generalization for negative
mtegral powers of D to sine and cosime

78. What is )-“(¢»\X)/—We have seen that neithe
D nor D1 operating on ¢® removes it—a very nmportant
peculiarity of the exponental, naturally, then, we nwst
assume

D_"(("”J\') = o1 )"

where 1 is an unknown fanction of X. Operating now
with D" on both sides, we get

D{D-"e» X))} =X =DYe® Y)=e(D+a)'Y,
whence X=D+wy'Y, or Y=(D+au)"X
Hence D" X)y=e¥(D+a) "X

We know precisely what we mean by the operators
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D and (D+«) with any positive mtegral exponent  We
have defined D-' to indicate an operation that undoes
the operation of D, and we have found how to perform
this operation<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>