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PREFACE

The study of abstract harmonic analysis has been much in vogue
for two decades or more. There is, however, no one place where
the interested reader can learn the underlying classical theory in
a form which immediately lends itself to an understanding of the
abstract.

This tract is designed to provide a background in those classical
theorems concerning Fourier transforms on the real line which
have found fruitful generalization in abstract harmonic analysis.

Although a familiarity with Lebesgue and Riemann—Stieltjest
integration is required of the reader, we state in Chapter 1 all the
theorems on integration used in the subsequent chapters. The
reader should also have an acquaintance with the most ele-
mentary theory of functions of a complex variable.

In Chapter 2 we introduce the Fourier transform on L. After
determining its fundamental properties we prove that an analytic
function of a Fourier transform is locally a Fourier transform.
This is used to establish Wiener’s celebrated result on the closure
of translates in L!. To end the chapter, we give an ‘algebraized’
reformulation of some of the preceding results in terms of ideals
in a commutative Banach algebra.

The next chapter is devoted to the Fourier transform on L2.
In particular, there is a proof of Plancherel’s theorem.

In Chapter 4 we consider generalizations of the theorem of
Wiener proved in Chapter 2. We take up the problem (equivalent
to the famous spectral synthesis problem of Beurling) of whether
or not the zeros of the Fourier transform of an L! function deter-
mine the span of the translates of the function.

Bochner’s characterization of Fourier-Stieltjes transforms of
non-decreasing bounded functions is the subject of the last
chapter.

In addition, there is an appendix in which we briefly point out
how many of the concepts and theorems can be carried over to an
arbitrary locally compact abelian group.

1 In the last chapter, only.



viii PREFACE

In order to keep the tract as elementary as possible, we have
avoided all use of the methods of functional analysis. This has
meant that we have occasionally had to satisfy ourselves with
statements of (or references to) certain recent results which can
be stated in classical language but which require functional
analysis for any reasonable proof.

References in the text to the bibliography are given thus: [3],
or [21; 25] (reference 3, or page 25 of reference 21).
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CHAPTER 1

PRELIMINARIES

1. Notations

If Aisasetthenx € A meansrisanelementof 4. If 4 and Bare
setsthen A < Bor B > A meansevery element of 4 is an element
of B. By An B we mean the set of all elethents belonging to both
A and B. By A v B we mean the set of elements in either 4 or B
(or both). The empty set (the set with no elements) will be denoted
by @.

The open mterval of real numbers z for which ¢ < 2 < b will
often be denoted by (a,b). Similarly, [a, b] will denote the closed
intervala < x < b.

By a neighborhood of the real number x we mean any set which
contains an interval (r — 8, z + 8) for some 6 > 0. A neighborhood
of x will often be denoted by N,.

Some other definitions concerning point sets will be introduced
(when needed) in §14.

If 0 is a complex number then & will denote the complex
conjugate of 0.

We shall often abbreviate ‘almost everywhere’ as a.e.

It is convenient to denote in parentheses, to the right of a
displayed statement, the set of values of the variable or variables
for which the statement is true. For example,

f@y=0 (ea<z<b)

means that f (x) is equal to zero for every z in the interval [a, D).

2. Some integral theorems.

We shall list here many important theorems on the Lebesgue
and Riemann-Stieltjes integrals which are used in the text. This
will permit the reader to review the theorems and, in addition,
will permit us to refer to the theorems by number later on. For
proofs of these results sce [4] or [19] (Lebesgue integral) and [ 20]
or |4] (Stieltjes integral).

1 GFT



2 FOURIER TRANSFORMS

Unless it is specifically stated to the contrary, we shall assume
that all functions used are complex-valued and measurable.

2A. THEOREM (FaToU’s LEMMA). Let f,. fs, ... be non-negative
funections on ( —o0, ). If

lim f,(z) = f(z) a.e. (-w <z <),

n—> o

then [ i f(x)dz < lim ( ) Sfo(x)da.

o n—> L=

2B. THEOREM (LEBESGUE CONVERGENCE THEOREM) Let
fisf2s ... be integrable on (—o0,oc). If

[fu®)] < F(z) ae. (-0o<z<oo;n=12,..)
for some integrable F, and if
lim f,(z) = f(x) a.e. (—c <2 < ),

then f is integrable and

-]

im | f,@)dz = f (@) de.

n—> 0w, —

In 2B it is not necessary that the family {f,} be denumerable.
For example, the same theorem holds for a family {f,} where n
runs through, say, all positive real numbers. See [12; 169].

2C. THeorEM (FuBINT). If the double integral

f: lf (@ y)dzdy

is absolutely convergent, then

|7 v

exists for almost all z and is an integrable function of z. Moreover

f:dzf:f(x,y)dy = fjwffwf(x,y)dxdy.



PRELIMINARIES 3

Similarly,
["af” sepaz=[" [* r@pasay

2D. THEOREM (ToNELLI-HOBsSON). If either of the iterated
integrals

f:: dxffwf(x, y)dy, fiw dyjfwf(x, y)dzx

is absolutely convergent, then so is the double integral

|7 | rwyasay

and hence (2C) all three integrals are equal.

2E. TaroreM. If f is integrable on [ — R, R] for every R > 0
then

(*) lim;fhlf(x+t)—f(x)[dt=0a.e. (—o0 <z < o).
r—>o0lt])o

The set of points z for which (*) holds is called the Lebesgue set
for f. The Lebesgue sct clearly contains all points at which f is
continuous.

2F. DeFINITION (THE CLASS LP). Suppose 1 € p < o0. The
function f on ( — 00, 00) is said to be of class L? (written f € L») if

fﬂo |f(x)|Pdx < co. If f e L¥ then || f||, is defined to be

(" o)

The symbol || f|, is read as the L? norm of f.

2G. REemMARk. If two functions in L? coincide except on a
set of measure zero, they are considered to represent the same
element of LP. Thus, the elements of L# are really classes of
functions, the functions in any one class differing from one
another only on sets of measure zero. As is customary we shall
abuse language and speak of individual functions as elements
of L».

1-2



4 FOURIER TRANSFORMS

2H. THEOREM. Let f,f,f;, ... bein L7, 1f
lim f,(x) = f(r) a.e. (—o0 <z < 0),

n —>x©
and nli)n:o “fn”p = ”f"p’
then lim "f'n —f”p =0.

This theorem is perhaps not so well known as the others. For
a proof see [9; 34].

21. THEOREM (LP 1S COMPLETE). Let f,,f,, ... be in L?. If
lim ”fm -fn”P =0,

m, n—> «

then there exists f € L? such that
im /=], = 0.
n—> ©
2J. THEOREM (CONTINUITY IN THE MEaN). If f € L? then
limJ |[f(x+¢t)—f(x)|?dx = 0.
t—>0J —@
2K. THEOREM. Let f,f,,f,, ... bein LP. If
ﬂllinm "fn '—f”p =0,
and if for some g
lim f,(x) = g(x) a.e. (—o0 <z < ),
n—>co

then f(x) =g(x) a.e. (—o0 <z < 0).
(That is, if f is the limit in the mean of f,, and g is the pointwise
limit of f,,, then f = g.)
2L. TrEOREM. If f,g € L? then
@ f+gl, <1fln+ 19l

and (ii) I"f”p = g”pl < [ F -9l

2M. THEOREM (SCHWARZ INEQUALITY). If f, g € L? then fg € 1!
and I gl < 17ll2- gl
That is,

(J-jm |f(x)g(x)]| ({x)z < fww |f(x)|2dz ffw lg(x)|? da.
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2N. TuroreMm. Let f,f,,fy ... bein L2 If
lim |f,—f[;=0

n—> 0o

then, for any g € L?,

tim [ @9z = [ j@ g

n->» o

The last three theorems are concerned with Riemann and
Riemann-Stieltjes integrals.

2P. THeoREM (MEAN VALUE THEOREM). Iffis continuous on
[@,b] and if « is non-decreasing and bounded on [a, 0], then, for
some ¢ in [a, b],

b c b
fu f(@)a(x)dr = a(at) f . f(x)dx +a(b™) L J(x)dx.

2Q. THeorEM. Let @, ®,, ... be non-decreasing functions on
(—o0,0) such that @,(t) = }[®,(t*) + ®,(¢t~)] for all » and ¢. If,
for some M > 0,

|, <M (—o<t<oo;n=12..),

then there exists a sequence m,,m,,... and a non-decreasing
function ® such that

lim @, (t) = O() (—oo <t <)
k— o

Moreover, if f is continuous on (—,00) and lim f(¢) = 0, then
t=»4-©

lim | f@)d0,0 = f " 1waog).

k—>o

2R. THEOREM. Let f,f,,fs, --- be continuous on (—o0,00). If,
for some M > 0,

[fa®Ol s M (—w< t’< o;n =12 .)
and if lim f,(¢) = f(t) (-0 <t <),

then for any « of bounded variation on ( —o0, 00)

tim % fu@aa) = 7 sy dato.

n—> ®



CHAPTER 2

THE FOURIER TRANSFORM ON L1

3. Definition of the Fourier transform
3A. For each f e L' the integral

f " e dt
exists for all real . We define the Fourier transform f of f e L! by

F@) =jjwei“f(t)dt (-0 < z < o).

"ol

Since |f(x)| < fw |ei=tf (2)] dt -_—f
we see that f is bounded on ( — o0, ) and

sl If@1 < £l (1)

Moreover, f is continuous on ( — oo, 00). Tosee this we have, forany
real x and A,

f(x +h) —f(x) = f ww eiTi(ett — 1) f(t)dt,

sothat  |f(z+h)—f(2)| sj:|efm—1|-|f(t)|dt. (2)

The integrand on the right of (2) is not greater than 2|f(t)| and
tends to zero as h — 0. Hence, by the Lebesgue convergence
theorem 2B, the right side of (2) tends to zero as & — 0. The left
side of (2) must, therefore, also tend to zero as A — 0, which shows
that f is continuous at z.

3B. TreorEM. If f,f,,f,, ... are in L and if | f, —f|, > O as
n — 00, then

lim f (2) = f(2) uniformly (- <z < ).

n—> w0
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ProoF. From (1) of 3A we have

_Lub. |fu(@) —f@)| < | fa=1l

from which the theorem follows immediately.
In later sections we shall discuss translates f (¢ + b) of a function
f(t). We record the next theorem for future reference.

3C. TuroreM. Fix thereal numbersa and b. Iff € L! then the
Fourier transform of f(t+a) is f(z)e—%e=. Also, f(x+b) is the
Fourier transform of eif(t). Thus, any translate of a Fourier
transform of an L! function is again a Fourier transform.

Proor. We have, by a change of variable,
Jw e f(t+a)dt =Jw eixt-a f(t)dt = e=iaz f (z). (1)
Also, f(z+b) = f " ittt f(t)dt = f

T empenfe)d.  (2)
The theorem follows from (1) and (2).

4. The Riemann-Lebesgue theorem
This famous theorem states that the Fourier transform of an
L function must vanish at + co. Specifically,

4A. TuEOREM (RIEMANN-LEBESGUE). If f € L! then
lim f&)= Lm | esf(t)dt=0.
>4 =>4+ —

Proor. Since

f@ = [ erwa, (1)
then —f(z)= J " g f (1) dt = f ) eiﬂf(t-g) & (2

Subtracting (2) from (1) we obtain

2f (@) = f : eiﬂ[f(t) - f(t—g):l d.

Hence 2|f(x)| sf::'f(t) -f(t—g)ldt. (3)
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But, since f € L,
lim ’f(t)—f t——— ldt—o (4)

£—> + o

by Theorem 2J. The theorem follows from (3) and (4).

4B. CoroLLARrY. If f € L! then

lim ” f(t)sinatdt = lim fw f(t)cosxtdt = 0.

>t £ —> 300
ProoF. This follows from 4 A and the identities

2isinf = e —e~¥, 2cosf = e 4 ¢,

4C. We have now shown that if f € L then f is continuous on
(—o0,00)and lim f(z) = 0. It is natural to ask whether every
£ —>
function which is continuous on ( —oc, 00) and which vanishes at
+ oo is the Fourier transform of a function in L. The answer is
‘no’ as the following example attests.
Example. Let
(@)= (@>e)
g logz ’
x
- <zT<e),
p (0<zx<e

= —g(—-x) (x<0).

Then ¢ is continuous on ( — o0, 00) and ¢ vanishes at + co. We shall
show, however, that g is not a Fourier transform. We first note that

lim g(x)dz- hmf "~ lim loglog N =00. (1)
N—>wJe N—>ow© xlo N> o

Now suppose that there is an f e L! such that g = f. Then
g(x) =Jw ef(t)ydt (—oo <x < ™),
and, since g(z) = —g(—x), we also have

o) == [ e
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Adding the preceding two equations we obtain
29(x) = 2¢|  f(t)sinztdt.

@ 0
Hence g(x) =1 j f(t)sinztdt+2|  f(f)sinatdt
0 - ®

= z'f f(t)ysinatdt —3 wf(—t)sinxtdt,
0 0
and finally, g(x) = Jw F(t)sinxt dt.
0

Here F(t) =i[f(¢)—f(—t)] so that fmlﬁ'(t)|dt < o0. For any
0
N = 3,4,5,... we have

N N o
f g(x)da: =f (?j F(t)sinztdt.
¢ o4 0

e T
Since f |F(t)| dt < co we may change the order of integration
0
in the iterated integral on the right (by Theorem 2D) to obtain
N ® Ngj
f 9@ 4 — f F)dt f smat e,
x 0 x

€ e

Vg(x) © Ntginx
f de=f0 F(t)dtfet de. (2)

[

But

b
f o ;Lt dt' is bounded for all real @ and b and, for each ¢,

a
Nt g
lim MNT e
No>oJea T
exists. Theorem 2B then shows that, as N — co, the right side of
(2) approaches a finite limit. But this would imply

N
lim 9(z) <
x

N—>xoJe

0,

which contradicts (1). This contradiction proves that g is not a
Fourier transform.
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5. Inversion of the Fourier transform

5A. In 3A we defined f for f € L!. We now ask—if we know
that a function f is the Fourier transform of some f € L!, can we
determine the function f from the values f@)of f? In other words,
can we invert the Fourier transform ? The answer, suitably inter-
preted. is ‘ves’. Formally. the inversion is as follows:

" jor =" e,

then ft)y = :,]71 f ° eitef(z) d. (1)

However, there are Fourier transforms f for which the integral
in (1) does not exist as a Lebesgue integral. (That is, fneed not be
in L.) For example, if

fey=e' (t>0),
=0 (t<0),
1
then f(z) = y—-.

In order for (1) to hold for a given value of ¢, special conditions
must be imposed on f near t and a suitable interpretation must be
given the integral in (1).

In this section and the next we shall make the above remarks
precise. We begin with a lemma.

5B. LemMMA. Let a be of bounded variation on [0, §] for some

d > 0. Then :
smthdt = Ja(0%).

.1
lim —| «(f)
R—> o 0

Proor. Since any function of bounded variation can be
expressed as the difference of two bounded non-decreasing
functions, it is sufficient to prove the lemma in the case where
a is non-decreasing and bounded on [0, §].

Case 1. a(0t) = 0.
Given € > 0 we can find 7 with 0 < 7 < & such that |a(t)| < efor
0 < ¢t < 7. By Theorem 2P there exists£ in the interval [0, 7] such

that ; ; £ai
f " a(t) smthdz = a(q7) f ”s":Rt dt+a(o+)[ smthdL
0 £ . 0




THE FOURIER TRANSFORM ON /! 11

Since a(0t) = 0, we have

J‘ (t)stt a( )J‘ sL”dt
|

j SI—tn*t dti < 4 for any a and b, then

If we choose 4 such that

l e(t) sin R—t-dt <Ala(y)| <ed
s s
But then f (t)s-’P.Rt <ed+ f ) R’d/’ )
7
Now af(t)/t is integrable over [, 8] since « is bounded on [0, d].
Hence, by 41,
lim [ a() ’i‘l’—’ﬂ dt = 0.

R—>oJp
From this and (1) we conclude

s i i
lim U a(t) SH:thti' < €d.

R —> |

Since € was arbitrary this implies

im [ (t)s-‘f‘&dt = 0 = }a(0%),
R>oT

which completes the proof of Case 1.

Case 2. a(0%) + 0.
Set f(t) =a(t) —a(0+). Then S(0*) = 0 and so, by Case 1

lim ﬂ(z)s"‘ B =o. 2)
R—> o
8 a1 RS
Also, 1f ?‘ﬁdhlf S‘—”dt—»' (B -> o0). 3)
mjo ¢ mJo

Since

1 t
f (t)ﬂ‘l_}i’dt = _f /}(t)?_rlg dt +a(0+)- _f ?l"t_th
0
the conclusion follows from (2) and (3).
Although in subsequent sections we shall make no use of the
next theorem, it gives what are, perhaps, the best-known condi-
tions under which equation (1) of 5A is valid.
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5C. THEOREM (JOrRDAN). If f € L! and if f is of bounded varia-
tion in some neighborhood of a point % then

lim L j e-iu f(z) d = 3Lf (u*) +F(w)].

R 2T

Proor. For every B > 0let

1 n ) ~ 1 R 3 2] .
Sp(u) = — e~ f(x)dx = f e~tur dxf et f(t)dt.
2n) _x 2n) _

Since f e L! this iterated integral is absolutely convergent. By
2D we may change the order of integration to obtain

L[ d " pint -4
- —ixr(u
2nj_wf(t) tJ_Re x

]
1 st(u t) Qi = IJ flu sin Rt
T)-w

Sr(t)

f() —t)~-—(li

1

Finally,

Splu) = f ) +r -0 22 a

=I,+1, say. (1)

Here I, and I, are integrals over [0, 8] and [, oc], respectively, and
8 > Oissuch that fisof bounded variation on [« — ¢, u + 6]. By the
preceding lemma we have

lim T, = hm 1 [f(u+t)+f( u— 22y

R—>

=} f(wt)+f(w7)]) (2)
Also, since t-1[ f(u +t) + f(u —t)] is integrable over § < ¢t < o0, 4B
implies

lim I, = lim :[Lwt—l[f(u-i-t)+f(u-—t)]sintht =0. (3)

R—> o R—>

From (1), (2) and (3) we see that
lim Sp(u) = I}im I+ lim I, = }{f(ut)+f(u7)],
—> R—>®

R-—>w

which is what we wished to show.
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5D. If f satisfies the assumptions of Theorem 5C, and f is
continuous at » then we have

1 R A
= — lim e~ f(x)dx.
fw = 5o tim [ eifa)e

2T R >

Thus, we have found one set of conditions under which equa-
tion (1) of 5 A (with the integral interpreted as a Cauchy principal
value) is valid.

6. Inversion of the Fourier transform using (C, 1) sum-
mability

w Jj
We recall that theseries Y @, with partialsumss; = ¥ a;
k=-o k=3
is said to be (C, 1) summable (C for Cesaro) to the value 4 if
X 1 " . n lkl )
— Vo= Y (1=t )a,=4.
i B im & (1= 5
In this section we shall make use of (C,1) summability for
integrals,
6A. DEerFINITION. Let a be integrable on [ — R, R] for every
R > 0. The integral f a(x)dx is said to be (C, 1) summable to
the value 4 if

" .
lim J’ (1 - I—}%‘) a(x)dr = A.

R—~xJ -
We shall need the following easy result.

20

6B. THEOREM. Ifae L} andJ‘w a(x)dr = A thenf a(x)dx
is (C, 1) summable to 4. ? -

Proor. Foreach R > 0 let

auia) = (1-B) e (a1 <
=0 (x| > R).

Then |ag(z)| < |a(z)| for —00 < 2 < 0 and

lim a,(x) =a(x) (—0<z <o
R >
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Hence, by 2B,
lim on ap(x)de = fw a(x)dx = A,
R—> o, —® —
R
or lim (1 _|E|) a(x)dz = 4,
R—>woJ -R

which is what we wished to show.

Theorem 6 B thus shows that (C, 1) summability will assign to
any absolutely convergent integral its usual value. Of course, the
usefulness of (C, 1) and other methods of summability lies in the
fact that values can be assigned to some integrals that do not
exist as Lebesgue integrals or even as principal values.

The next theorem leads to another interpretation of (1) of 5A.

It states that if f € L' then )Lﬂjm e~z f(z) dir is (C, 1) summable

to f(u) for almost all u. (First, we should recall from 2E the
definition of the Lebesgue set for f.)

6C. TurEoreM. If f € L' and w is in the Lebesgue set for f then

R

lim 1 (1 —121) e~z f(z)dx = f(u). (1)

R>w2m]) _p

Hence, (1) holds a.e. (—o0 < z < o0); in particular, (1) holds if
[ is continuous at u.

Proor. For any R > 0 and any real u let

Splu) = -%Tfie (l —-I%I-) e~ f(z) dx (2)

- 517_7 f : ( 1 _L;_I) etz gy f : eietf (t) dt.

Since f € L! this iterated integral converges absolutely. By 2D
we may change the order of integration and obtain

Sgu) = 2—177 f : fityde f : ( 1- '%') e-izteh dg.
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Evaluating the inner integral by use of integration by parts

we have

1~ - -
Sulw) = f " L%Qm (=0 <u<wo), (3)

Sp(u)= ;lrfo f(u—l)l—]c?——(::—mdt (=00 < u < ),

and finally

() = ;lrfjw [f(u+f)+f(u—-t)]l_;z——(t-)—2$—£tdl (—o0 < u < o).
(4)

But, by a change of variable and integration by parts,
© 1 »] -
1 co:th(” _ ’ 1 co_s_tdr ' smt
0 Rt'

Hence, from (4),

7r
2

JU

Sp() —f(u) f [f(w+1)+f (0 —t) — 2f () E’fmda (5)

Sg(u) —f(x) 2%_[0 ”L =1 +1, say, (6)

where 8 > 0 is yet to be chosen.
Now let

ot
o) = |f(u+t) +f(w—t)=2f(u)], @() =J0¢(y)dy.
Then, if 1/R < 4,

|nly| < Jl[f(u+t)+f(u—t —2f( )], ]C;:thf

—cos Rt LR v e
-—’ ¢(I) 70 dt = f f =I}+1;. say. (7)
1R

(1)

If u is in the Lebesguc set for f it follows that lim—— = 0.

t—>0

Hence, given € > 0, we may choose the d mentioned above so that
Oty <et (0<t<I). (8)

Since 1 —cos# < 6%/2 we then have
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Also, since 1 —cosf < 2

2 = e —omo () 44

Dropping the negative term and using (8) we obtain

. _ 2e s dt
I R8+4 II/Rth 2 + 4¢ = 6.
’ 13¢
Thus, from (7), |7I| < I1+1I] < +6 =y - (9)

To estimate the integral I, in (6) we have

1L < Rf o0 g,

Smcef ¢( )dt < o0 it is obvious that
lim |L| =0.

R>w
This, together with (6) and (9), shows that
Jim |Sp(w)—f()] < Tim |5]+ lm [G] <y
Since € was arbitrary this implies
Jim Syu) = f)

This completes the proof.
We shall make use of the following corollary in later sections.

6D. CororLLarY. If fand fare in L! and if f is continuous at

u then 1 (e X
s =5 [ i )

-

Proor. By 6C the right side of (1) is (C, 1) summable to f(u).
But, since f € L1, the integral in (1) is absolutely convergent. The
corollary thus follows from 6B.

As another consequence of 6C we can establish the uniqueness
of the Fourier transform. That is, two distinct functionsin L (i.e.
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two functions which differ on a set of positive measure) have
distinct Fourier transforms. The uniqueness follows from the
next corollary.

6E. Cororrary. If fe L! and if
f(x)-—-O (—0 <z < ),
then fit)y=0ae. (—oo0 <t <)

Proor. This follows immediately from 6C.

6F. CoroLLARY (UNIQUENESS OF THE FOURIER TRANSFORM).
If f,g € L' and if
J@ =90  (—o<z<o)
then f(t)=g(t)ae. (—o0<t<or).
Proor. The Fourier transform of f—g is f —@, and is thus
identically zero. By 6E, f(t) —g(¢) is zero almost everywhere,
which is what we wished to show.

The next result is a useful theorem concerning a singular
integral.

6 (. If fis integrable over [ — R, R] for every B > 0 and if

/)]
f_wl+tldt<°o
then
lun f j()l OOSR(u t)lt = f(u) a.e. (—00 < u <x).

(1)
In particular, (1) holds if f € L! or if f is bounded on ( — 0, ).
ProOF. Case 1. Assume fe L1

By 6C,
f(w) = lim Sgp(u) a.e. (—o0 < u < 00),
R—> o

where Sp(u) is asin (2) of 6C. But by (3) of 6C,

o 1 —cos R(u—t)
Sg(u) = 7 _mj(t) R(u—0) dt (—o0 < u < ).
This proves Case 1.

2 GFT
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Case 2. Assume only = |f@) it < .
w1 +22
For any s > 0 let

[t =f(t) (|t] <9,
fdt) =10 (Jt] > 9).

Then lf()l\i:‘;]f(q (—w <t < @),

and thus f, € L!. By Case 1 we then have

tim [ f,,(f>—"—‘(’85‘—';——"dt fw)

Xy

for almost all . From this it follows that
1 —cosR(u—t) .. .
Rlir:lm"—r f ‘—m— dt —-j(u) a.e. (Iul < 8). (2)

If |u| < s then

—cos R(u — i .
’fn. L H<z) ,,(u—t)*d‘ )

and hence, since the integral on the right of (3) converges,

—cos R(u—

lim f(t) t)dt =0 (u] <s). (4)

L—>wJtizs B(u—1)?
From (2) and (4) we thus obtain

—cos R(u

lim f(t) =4 g - = f(u) a.e. (Ju| < s).

R>2TJ - )

Since s was arbitrary, (l) follows.

7. Convolutions

In this section we introduce the important concept of the
convolution f* g of two functions f, ¢ € L'. The most important
property of convolutions is that convolving f and g corresponds
to multiplying f and §. That is, f§ is the Fourier transform of
f#g (which isin L! if f and g are).
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7A. LemMma. If f,g € L! then the integral

" se-nowa
exists for almost all  and is an integrable function of .
Proor. For each ¢t we have

fio |f(x—1)| dz =f:° |f(x)| dx < 00

and hence

f_wdtf_ . |fx—t)g(t)| dx = f_ lg(t)] dtfﬂo |f(x)| dz < .
(M
By 2D this implies that the double integral

f:flﬂx—t)g(t)dxdt

is absolutely convergent. The lemma then follows from Fubini's
theorem 2C.
The lemma allows us to make the following definition.

7B. DeriNitioN. If f,g € L* and if

we) = [ sw-na

whenever the integral exists, we say that & is the convolution of
f and g. This will be denoted by & = fxg. (Note: 7 A shows that
hell)

The convolution operation is commutative and associative.
That is,

7C. THEOREM. .
fxg=gxf (f,9e L),

(frg)xk =fx(gxk) (f.g.kel).
Proor. Letting s = . —t we have
[* te-nawa= [ ga-as@an.

This proves f*g = g % f. The second assertion is proved similarly.

22
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Lemma 7 A showed that the convolution of two L! functions is
a function in L. The next theorem gives an important relation
between the norms of these functions.

7D. TueoreM. Iff,g e L* then ||f*gl, < [ f[1- |9l
Proor. Since
h(x) = [ f( x—1)g(t)dt

we have

= [ < 7 ax[” 1re-no)a
=f’a.| Idtj_ |/ @=1)]dz = gl /]

The change in order of integration is justified by 2D.
We now establish the result mentioned carlier concerning con-
volutions and Fourier transforms.

7E. Tueorem. Let f,ge L' and let h = fxg. Then h =f§.
(In other ‘words’, (f*g)" = f§.)
Proor. For any = we have

h(z) =Jm ety (t) dt =j” e“”dtjuo ft—u)g(u)du

—

=J-"3 g(u)dufm e f(t —u)dt

- j : g(u) du I _w (i £(t) dt

Thus k = f§. Sincef,y € L' the last iterated integral is absolutely
convergent. This justifies the change in order of integration.

8. Some important special functions

8A. There is no identity element in L! with respect to the
convolution operation. That is, there is no function d € L which
has the property that duf=]1 (1)
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for all f € L*. For if such a function d existed then, in particular,
we would have d *d = d. By 7E this would imply

[d@)]2 =d(x) (—o0 <z < o0).

Hence, for each z, d(x) would equal zero or one. But, as wasshown
in 3 A, every Fourier transform is continuous on ( — 00, c0). Hence,
d would have to be identically zero or identically one. By 4A,
d must vanish at + co. Therefore d would have to be identically
zero. By 6E this implies d(t) = 0 for almost all ¢, which contra-
dicts (1) for any fe L! not equivalent to zero. Thus, no d € L!
exists that satisfies (1) for all f e L.

However, we can construct in L! an ‘approximate identity '—
namely a sequence 8, d,, ... in L! which has the property that
Oy *f—f as N - oo, the limit being taken in the L! sense. More

precisely, Nli_1>n [Oy*f—fl,=0

for every f € L'. We now begin the construction.

8B. DEFINITION. Let
Aty =1-1t| (Jt] < 1),
A =0 (i >,
1 —cost?
——
Note that both A and & are in L!. Since A() = A(—t), we have

and let o) = - (—o0 <t <)

A@) = J “ eHA(t) dt = 2 f wA(t) cos xt dt
— 0

1
=2 (l—t)cosxtdt,
and so, Aw) = 20— °°”) = 2m6(x).

Thus A = 276. (1)

Since, 8, A € L! and A is continuous on ( — o0, o), 6D implies

Aw) = -;;J‘:’ e~wrA(z)dx = f j e~ d(z)dx (—00 < u < ).

@
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Again, since A(u) = A(—u),
A(u) =f eivr §(x) dx

which proves that A=34. (2)
For any R > 0 we then have
A(%) - J Ry dt = J e RS(RY)dt. (3)
Thus, if we set A(x) = A( f{) . 8,(t) = RO(RY),

we have A, = &§,,. Finally, setting z = 0 in (3), we obtain

[¢] (-]
1 =j RO(Rt)dt =f Op(t)dt = ||6,],.
We summarize these considerations in the next theorem.

8(C. THEOREM. For each R > 0 let

1 1—cos Rt
Op(t) = Y TTRE (—o0 <t < 00),

and let Aplx)y=1- ‘—;I (|z| < R),
AR(Z) =0 (lxl > R).

Then ||d,), =1 and A, =8,. In particular, A, is a Fourier
transform.

We now show that the sequence 4,, d,, ... actually constitutes
the ‘approximate identity’ mentioned in 8 A.

8D. THEOREM. Let fe L'and, for N = 1,2,...,let 6y be as in
8C. Then .
Nh_’:‘ |0 % f—flls = 0.

Proor. Foreach N = 1,2, ...,

Gxaf o =1 [ g0 S
But then, by 6G,
lim (8y*f)(u) =f(u)ae. (—00 <u<o0) (1)

N—>®
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From (1) and Fatou’s Lemma 2A,

Ifls < Al%nw 8n *f15- (2)
On the other hand, ||8y| = 1 by 8C. Hence by 7D,

[on*fly < lonlla-Ifl=1fl (VN =1,2,...)
50 that Jim 8%y < £ ®)

From (2) and (3) we conclude
Jim [oy %71, = £ ()

The conclusion of the theorem now follows from (1), (4) and
Theorem 2H. (For an alternative proof see [21; 16].)

8E. REMARK. Note that by 7E the Fourier transform of
Ovxfis Ay f. which vanishes outside [ — N, N]. Hence 8D shows
that any f € L, can be approximated arbitrarily closely in the L!
norm by a function whose Fourier transform vanishes outside
some bounded interval.

There is no function in L! whose Fourier transform is identi-
cally equal to unity on ( — o0, c0). We shall show next, however,
that for any bounded interval [a, b] there is a function in I.! whose
Fourier transform is identically unity on [a,b] and identically
zero outside a slightly larger interval. This fact will be of im-
portance later on.

8F. TuEOREM. Given real numbers ¢« < b and 2 > 0 there
exists w € L! such that

d@x)=1 (@a<zxb),
@) =0 (x<a—h;xz>b+h),
and such that @ is linear on [a@ — &, a] and [b, b+ A].
Proor. Let ¢ = 4(b—a). Since, by 8C, Ay is a Fourier trans-

form for every R > 0, the function %[(c+h) A, p—cl,] is the
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Fourier transform of some w, € L'. A glance at the graphs of
(c+h) A, and cA, will readily verify that

61(@) = 3 [ +1) Do) —cAfz)] = 1 (—c <z <o),
=0 (x<—c—h;x=c+h),

and that @, is linear on [ —c—4, —c] and [c,c+A].
Now let w(t) = e-3@+d!y, (¢). Then, by 3C,

O(x) = Oy(x —3(a+Db)).
Hence Bx)=1 (-c<zxz—%@+b)<c).

Since ¢ = 4(b—a) this means @(z) = 1 for a < x < b. The other
requirements for ® may be similarly verified to complete the proof.

One useful application of the last result is the following
theorem.

8G. TueorEMm. If fe L!, f(O) =0, and ¢ > 0, there exists
h € L! with the following three properties:

@ [l <
(ii) k(z) = f(x) for all z in some neighborhood of 0,
(iii) A(z) = 0 for every  such that f(x) = 0.

Proor. By 8F we can find w € L such that &(x) = 1for [z| < 1.
For each B > 0let wglt) = Ro(R)

n z
so that Oglx) = 0(1-?) .

Then Op(x) =1 (|z| < R). (1)

Since, by assumption, f ° f(t)dt = f(0) = 0, we have

(0*f) (@) = f " we=0fOdt-ae) f " roa

-7 101ia=0 —wytenar
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Hence,

log*fll, = j_(: [(wp*f) ()| dz

< j_ dzf_ 1£(®)]- 0@ —1) — o) dt.
Using 2D we then have

lwp*fl, < jio [f(®) dtf:o |wp(x —t) —wp(z)| d

=f°° |f(t)| dt ? R|w(Rz — Rt) — w(Rz)| dx,
and finally, - w

log*fll, < f_ [f@®)] dtj_ |o(x — Rt) — w(z)| da. (2)

Now, for eacht, theintegral ? |o(x — Rt) — w(x)| dx is not greater
than 2j|w|,. Also, by 2J, ~

lim | |o(x —Rt) —w(z)|dz =0 (—00 <t < o).

R—>0J- o
Hence, by 2 B, the right side of (2) goes to zero as R — 0. We may
therefore choose R so small that

log*fl: < e

If, for this R, we set b = wp*f then ||A]|, < ¢ and, by 7E
k = &f. This and (1) show that

hx) = f@) (2| < R).

The third required property of & follows obviously from = & =t
We shall have need of one more ‘special function’.

8H. THEOREM. There exists g € L! such that
gx) >0 (x> 0),

9(x)=0 (x<0).
ProOF. Let

g(t) = )

1.1 (—oo <t <o)
27 (1+4t)? ' )

We shall show that § fits the requirements of the theorem.
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Let G(x) =xe* (z>0),

=0 (x < 0).
Then G € L! and

G(—-z) = on e~z GQ(t)dt = fw e~ tetdt
—aw 0

[ l (=)
= e~tA+ingdt — | etidt
fu 1+ @x)zjo

1
= (i iy~ 2@
Hence Q) = 2mg(—2) (-0 < Z < ©).

Since @, @ € L! and @ is continuous on (— o0, 20), we have by 6D,

1 [ . A
(L) ;;j_ooe—"‘(x(x)dx

-

J.w e~ lg(—z)dx = fw eittg(x)dx.

—w —®

Hence G = 3, which proves the theorem.

8I. CoroLLARY. For any interval of the form ( — oo, a]or [a, o0)
there exists a Fourier transform which vanishes on the interval
but does not vanish outside the interval.

Proor. By 3C, the function §(x —a) (¢ as in 8 H) is the Fourier
transform of some % € L!. This vanishes on ( — o0, a] but not out-
side ( — o0, a]. The Fourier transform of A( —?) is A —-z) = jla—2x)
which vanishes on [a, c0) but not outside [a, ).

9. Analytic functions of Fourier transforms

We begin this section by posing the question: For what func-
tions ¢ is it true that if f is a Fourier transform then so is ¢(f)?
In other words, what functions ¢ have the property that for
every f € L! there exists g € L such that

$[f(x)] = 9(x) (-0 <z < 0)?

We shall say that such a ¢ takes Fourier transforms into Fourier
transforms.
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Certainly ¢(z) = 22 has this property, since, by 1B, ¢(f) = = f2is
the Fourier transform of f*f. Similarly, f3 is the Fourier trans-
form of f%f* f. Indeed, forn = 1,2, ..., fris a Fourier transform.
Thus, if N

P(z) = az+ay2*+ ... +a,2",

where the a; are complex numbers, then P takes Fourier trans-
forms into Fourier transforms. A more general result will be
stated in 9B as a corollary to the next theorem.

9A. THEOREM. If ¢(2) is analytic for |2| < € where € > 0, if
¢(0) = 0, and if & € L is such that ||2]|, < ¢, then B(h) is a Fourier
transform. That is, there exists ¢ € L! such that

olh(z)] = §lx) (—o0 < & < o).
Proor. By assumption we can write
d(2) = X a2k,
k-1

the series converging absolutely for |z| < ¢. Since ||A], < € and
since, by (1) of 34,
|h(z)] < ||Al; (—o0 <z < 0),

we have lft(x)l < e for all z. Thus
#h@] = 3 aff@p (-0 <z <o) M

Let k, = h and, for k = 2.3, ..., let hy = ky_;xh. (That is, hy is
the (k — 1)-fold convolution of & with itself.) Then, by 7D,

I7ally < 1R]T- (2)
Also, by TE,  hy(z) = [k(x)}* (=0 <z < ). (3)
Now for n > m we have, using (i) of 2L and (2),
n n
kE akhk < kz |- 1Ay < kzu‘ a|- | RIIT- (4)

Since |4, < €, the series

5 (gl [RlE
k=1
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converges. Hence, as m, n — 00, the right side of (4) tends to zero
and therefore so does the left side of (4). By 21 (the completeness
of L), there exists g € L! such that

lim | 3 akhk—gl| ~0.
n—>o |[k=1 Il
Therefore, by 3B,
lim Y aph(x) =§x) (-0 <z < o0). (5)

n—>o k=1

From (5), (3) and (1), we conclude

i) = 3 adile) = 5 aff@) = gli@] (-0 <z <o)

Thus ¢ (k) = § and the proof is complete.

9B. Cororrary. If ¢(0) = 0 and if ¢ is analytic in the entire
complex plane then ¢ takes Fourier transforms into Fourier
transforms.

We would like now to state the following important result in the
other dircction. It is due to Helson and Kahane.

9C. TuroreM. Let (0) = 0 and assume ¢ is defined on
[—1,1]. If ¢(f) is a Fourier transform whenever f is a Fourier
transform whose range is contained in [ — 1, 1], then  coincides
on[ —1, 1] with a function analytic at every point in some domain
containing [ -1, 1].

A proof of 9C is beyond the scope of this tract. We refer the
reader to [6].

For reasons of simplicity, we have treated the question of what
functions take Fourier transforms into Fourier transforms by
elementary theory of functions of a complex variable.

We mention in passing that other conditions, more nearly
necessary and sufficient, concerning this question may be formu-
lated in terms of the so-called real-analytic functions ¢(x + ty)—
that is, functions which have an absolutely convergent expansion

¢(Z) = ¢(x + ly) = §: a’mn(x —xo)m (y _?/o)"

m. n=0
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around each point (x,.y,) in their domain of definition. See, for
example, [7] and [8]. (We shall have no need for these results in
subsequent sections.)

The hypothesis that ¢)(0) = 0 is essential in 9 A and 9B. For if

(*) Q(z) = ag+ P(2) = ay+a,z+a,22 + ... +@a,2",

where a, # 0, then for no f € L! is it true that Q(f) is a Fourier
transform. For,since P(f)is a Fourier transform, wehave by 4 A,

lim Q[f(*)] = ap+ lim P[f(z)] = a, + 0.
>4 r—> 4w

Hence Q(f) does not vanish at + oo and therefore cannot be a
Fourier transform.

However, in 8F we showed that given an interval [a, b] of finite
length there exists w € L! such that &(x) = 1 forzin|a,b]. Hence,
if @ is as in (*), then for any f € L! the function Q(f) coincides on
the interval [a, b] with some Fourier transforin. Indeed,

QL @)] = 4o &(x) + P[f(x)] (e <z <b).

so that, on [a,b], Q(f) coincides with the Fourier transform
g+ P(f).

In addition to posing the question at the beginning of this
section it turns out to be quite fruitful for purposes of application
to ask the following: Let [a, b] be an interval of finite length. Then
what functions ¢ have the property that ¢(f) coincides on [a, b]
with a Fourier transform whenever f is a Fourier transform?

As we have just shown, any polynomial function has this
property. We shall prove a much stronger result—namely

9D. THeorEM. Let ¢(z) be analytic at each point in some
domain (i.e. open connected set) D of the complex plane. Let
[a,b] be a closed bounded interval: Then, if f € L! and f(x) € D for
all z in [a, b), there exists g € L! such that

f@)] =) (a<z<b).

(That is, on [a, b] $(f) coincides with a Fourier transform.)

We now set out to establish 9D. To do this we first state a purely
local result in 9 E. Some remarks in 9F show that to establish 9 E
it is sufficient to prove a special case. This special case is then
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proved in 9G. Finally, we deduce 9D from 9E by means of a
compactness argument in 9 H.
The next theorem is a consequence of 9F and 9G.

9E. If fe LY, f(a) = 8, and if ¢(z) is analytic at 3, then there
exists g € L! such that ¢[f(z)] = §(x) for all z in some neighbor-
hood of « (i.e. ¢(f) coincides with a Fourier transform in some
neighborhood of «).

9F. REMARK 1. It is sufficient to prove 9K in the case a = 0.

For suppose this case has been proved and suppose « + 0. By
3C, iff,(t) = e[ (t) then f,(z) = f(x +a). In particular f,(0) = g.
The « = 0 case implies the existence of g, € L! such that

BLf1(2)] = §:(x)
for all zin some neighborhood N, of 0. Thus ¢j| f rx—a)] = gy(x—a)
forall zinsome N,. Setting §(z) = §,(x — ) wehave ¢[ f (%)] = 9(=x)
for all z in N,. Hence 9E holds if a + 0.
We now assume a = 0 in 9E and make the

REMARK 2. It is sufficient to prove 9K in the case f = 0.

For suppose this case has been proved and suppose £ + 0. Let
fi@) = f(x) — pd(x) where d(x) = 1 for |z] <1 (see 8F). Also,
let y7(2) = ¢(z+p). Since f,(0) = f(0)—Bd(0) = f—f-1 = 0, and
since ¥/(z) is analytic at 0, the # = 0 case implies the existence of
some g € L' such that /[ f,(z)] = §(x) for all z in some N,. We may
clearly assume that Ny = [—1,1]. But then for z e N, we have
8LF@)] = ¥1f(2) - A1 = Y] (2) — fo(@)] = Y1 F1()] = §(z). This
establishes the £ + 0 case.

We now assume a = f# = 0 in 9E and make the

REMARK 3. It is sufficient to prove 9K in the case ¢(0) = 0.

For suppose this case has been proved and suppose ¢(0) # 0.
Let ¢(2) = ¢(z) —$(9). Then ¥(0) = 0 so, by the case ¢(0) =0,
there exists g, € L! such that [ f(@)] = 9,(z) for all z in some N,
We may assume N, is bounded. Hence, by 8F, there exists
w € L'such that @i(z) = 1 forall x € N,. Setting § = §, + $(0) & we
have, for z € N,

oL @)] = Y1f(x)]+$(0) = Y[F(2)]+$(0) b(x)
= 01(x) + $(0) B(x) = §().
Thus, 9C holds in the case ¢(0) % 0.
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We now prove the « = # = 0, ¢(0) = 0 case of 9E from which,
as we have just shown, 9E will follow.

9G. TuroreM. If fe L1, f(0) = 0, if #(0) = 0, and if ¢(z) is
analytic at 0, then there exists g € L! such that ¢[ f(@)] = §(x) for
all z in some neighborhood of 0.

Proor. By hypothesis there exists € > 0 such that ¢(z) is
analytic for |z| < e. By 8G we can find k € L' such that |[A]|; <€
and such that f(x) = k() for all z in some N,. Since ||A], < €. 9A
implies the existence of g € L* such that ¢[h(x)] = §(z) for all .
Thus, forx € V,,we have ¢[ Ff@)] = ¢lh(x)] = §(xr) and the theorem
is proved.

Having established 9 E, we use it to prove 9D.

9H. Proor oF 9D. By 9E, each x in the interval [a, b] is con-
tained in an open interval on which ¢(f) coincides with some
Fourier transform. According to the Heine—-Borel theorem (see (i)
of 14B), a finite number of these intervals cover [a, b]. We may
assume that none of these intervals contains another.

Nowlet (a,, £,), (23, f2) be any two of these intervals which have
a point in common, and suppose o, < &y < ff; < f,, say. (hoose
g1 9s € L' such that

¢lf(x)] =§(x) (2 <z <p), (1)
OLf(@)] = 9alz) (22 <z < f). (2)

(Note that this implies §,(x) = §.(x) for z in (2,. #,) and hence for
z in [ay, f1].) By 8F we can find w,, w, € L? such that

@) =1 (% Sz < a) ®)
0,(@) =0 (B <z <p) (4)
yx) =1 (A< <fy), (5)
0y(x) =0 (2, S < ), (6)

and such that both @, and @, are linear on [a,, 4,].
Now let 8 = &,9, + @, 0,. Thenifze (21, ) we have, by (6). (3)
and (1), 6(z) = @y(2) §1(2) = §1(*) = SLf (@)].
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If x € [y, 5,] We have, since @,(x) + by(x) = 1,
B(@) = (@) + 0,(2)] 1) = §2(2) = $LF(@)]-
Finally, if x € (4,, #;) we have, by (4), (5) and (2),
B() = by(2) §al®) = () = $LF (@)].
We thus conclude that
S @] =0@) (a0 <z <py).

so that ¢[f(z)] coincides with a Fourier transform on (x;, f,).
Repeating this argument a finite number of times will complete
the proof.

9I. REMARK. Note that the only property of [a,b] used in
the proof of 9D was the fact that fromn any covering of [a,b]
by open intervals we may extract a finite number of intervals
which still form a covering. Thus 91 remains true if we replace
[a, b] by any set of real numbers with this property (i.e. any com-
pact set). (See (viii) of 14A and (i) of 14B.)

The special case ¢(z) = % of 9D yields the following corollary

which we shall use several times.

9J. CoroLLARY. Let K be a compact set (of real numbers). If
1 A~
feLtand j@+0 @ek),
then there exists g € L! such that

1
f(—:;) =§(x) (zeK).

10. Closure of translates in L!

It was Wiener [21] who first demonstrated a relationship
between the span of the translates of a function fe L! and the
Fourier transform of f. Hisinitial result has had many interesting
outgrowths, some of which we shall discuss in Chapter 4. In this
section we give a proof of Wiener’s theorem.
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10A. DerixiTioN. If E © L then E will denote the closure of
E in L. That is, if f € L* then f € E if, given € > 0, there exists
g € E such that | f—g|, < e. If E = E we say that E is closed.

Thus, fe E if and only if there exist f,fs, ... in E such that

lim ||f—f,|l, = 0. Clearly E < E and E = E.
n—> o

10B. DEeFiNITION. If f€ L' then T, will denote the set of all
h € L! such that % is a finite linear combination of translates of f.
That is, k € T} if
h(z) = Za,f(x+c,) (—0 <x <),
for some finite set of real ¢, complex a,.
Thus, if f € L', the subset 7} of L! is defined by 10 B and 10A.
_ The question we shall investigate now is: ‘For what f € L! does
T} constitute the whole of L'?” We shall use the following more or
less obvious facts:
(i) If g,,9.€ 7_', then (a,g,+a,9,)€ T_’, for any complex
numbers a,, a,.
(i) If g € T} and if, for some real c,

91(®) =g(xz+e) (-0 <z <),

then g, € T;.
(iii) If g € 7} then T, < T;.
We now state the main result of this section.
10C. THEOREM (WIENER). If fe L' and
(*) f@)+0 (-0 <z <o),
then T, = L.
We shall give a proof of Wiener’s theorem in 10I. We might

note here that there actually exists a function fe L' whose
Fourier transform does not vanish. Indeed, if

ft) =e*e  (—o00 <t < 0)
then f@) =T +iz) (-0 <z < )
which is never zero.
Before embarking on a proof of 10C we shall prove a theorem

from which the converse of 10C will follow easily.
3 GFT
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10D. TreorEM. If fe L' and f(A) =0, then §(A) =0 for
every g € T).
Proor. Suppose first that & € 7} so that
h(t) = Za,f(t+c,) (—o0 <t < ).
Then, by 3C, the Fourier transform of % is
ﬁ(z) = Za, e If(x).

Hence A(A) =0ifheT].
Now if g € T} then lim ||g—g,|, = 0 for some sequence g, in 7}.
n—>wx

From 3B we have g(A) = lim §,(A).

n—>w

But §,(A) = 0 for every = since g, € T,. Hence §(A) = 0 and the
proof is complete.
10E. THEOREM (CONVERSE OF 10C). If fe L' and if
T, = L (1)
then f@x)£0 (- <x<o0). (2)
Proor. Suppose (2) is false. Then f(A) = 0 for some A. By 8F
there exists w € L! such that @&(A) = 1. But then, by 10D, w can-
not be in 7_} This contradicts (1) and the contradiction proves the

theorem.
Before we can prove 10C, we need some preliminary results.

10F. Tueorem. LetfeL'. Ifge T,and he L' theng x he T,.
Proor. We may assume that neither g nor % is equivalent
to zero. Let H=g % h, so that
H(z) =j gx—t)h(t)dt a.e. (—00 <z < 0).
Given ¢ > 0, choose N so that

|, Jm01d < ef2lgl. (1)
t|2N
and let

Hy(x) = J

NNg(:c—t) h(t)dt a.e. (—o0 <2z < ). (2)
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Then H(z) - Hy@) = | RCECLOL

so that
|H = Hyl, < f dxf \g(z — 1) h(t)| dt
—® 1tIZN »

ety f ° o0 ds,

21> N
1= Hyly < ol b,
tIZN
12~ Byl, < de. Q

and thus, by (1),
By 2J there exists & > 0 such that
(4)

|7 o=y -ge@)dz < ci2pls (] <o
Choosetg,t,, ...,t,suchthat — N =¢t; < t, <...<t, = Nandsuch
that t, —t,_, < dfork = 1,...,n. Then from (2) we have

Hyx) = 3 | ga—thed.

k- 1J te—,

n [
Let h(@) = 3 gz —ty) f " h()de.
k=1 tx o
Then, clearly, hy € 7,. Moreover

1@ =hs@ = 5 [ toa—-gte-ta1n0

and so
n © t
ty=hsl< £ [7 ao[" loe—1-gle—t]- o) &
v - —w© k—1

n tx ©
= 2" pota]” e-n-ge-tild= ©
= k-1 —©
Ift, , <t <t then|t—t,| < dsincet,—t,_, < 8. Thus, by (4),

f:o |g(x—t)—g(x—t,)| dx < €/2]|h]; (fe—y <t < 1ty).

From (5) we then have
n (i N
Iy =hals < Er2p) 5 [ 1hlae = e[ molas

so that |Hy —hylly < 3e.
3-2
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This and (3) show that |H —h,| <e.

Since € was arbitrary and ky € 7, we must have H e T,. But, by
hypothesis, g € T, so that T, < T,. Thus H € T, which is what we
wished to show.

We can now show that, if f € L!, then T, will comprise all of L1
provided that 7} contains the sequence dy (N = 1,2,...). Here
&y is as defined in 8C.

10G. TaeoreM. If fe L1 and if

veT, (N=1,2,..),
then T‘, = L.
Proor. For any h € L' we have
SyxheT, (N=12..), (1)
by 10F. But, by 8D,
lim |[8y*h—h|, = 0. (2)
N-—>o®

From (1) and (2) we see that h € T, = T,. Hence L' < T, and so
=1,

The next theorem shows that the condition (*) of 10Cis enough
to insure that each 8, belongs to 7).

10H. THEOREM. If fe L' and if
J@+0 (-0<z <o),
then veT, (N=1,2..).

Proor. Fix the positive integer N. By assumption f does not
vanish on [ — N, N]. By 9J there exists g € L! such that

1
7 -=0= (-N<z<N)
f(=)
With Ay = 8y as in 8C we then have
Ay(x)

—5— = Ap(x)9(x) (—00 <z < 0),
f(x)
and thus Ay(z) = f(x) Ay(@)§(x) (—00 < z < 0). (1)
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By 7E, fAy § is the Fourier transform of f#6y*g. From (1) and
6 F we conclude
Oy =f*(Oy*g).

This and 10F imply 8 € 7', and the proof is complete.

10I. Theorem 10C is now quite easy to establish. For if (*) of
10C holds then, by 10H, &y € T} for every N. Hence, by 10G,
T, = L*. Thus 10C is now fully established.

We might mention that Theorem 10C has important applica-
tions in the field of summability of series. In particular, Wiener’s
famous Tauberian theorem [21; 25] is easily deducible from 10C.

11. Some algebraic reformulations

The concept of a commutative Banach algebra is fundamental
to a large part of modern harmonic analysis. In this section we
shall reformulate some of the preceding results in terms of ideals
in a commutative Banach algebra.

We assume that the reader is familiar with the definition of an
algebra over the complex numbers. (See [18; 61], for example.)

11A. DEeriNiTION. If on the commutative algebra A there is
defined a norm | - || such that

(i) [|0] = 0 where 0 is the zero element of 4,
(i) |a| > 0ifaed,a*0,

(iii) ||aa|| = |&|-|e| if @ € 4, a complex,

(iv) Jla+0b| < |ja] +]b] if a,b € 4,

(v) |ax*b|| < |a|-||b] ifa,be A4,

where + and # are respectively the addition and multiplication
for A, then we call 4 a commutative normed algebra. If, in
addition, A4 is ‘complete’ with respect to the norm, we call 4 a
commutative Banach algebra. This last means that if a,,a,, ...

is a sequence in A4 such that lim |a,+a,| =0, then there
m, n—>

exists a € 4 such that lim |a,-a| = 0.
n-—> w0

Consider now the space L!. Then, with the ordinary addition of
functions as addition operation and with convolution of functions
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as multiplication operation, I! is readily verified to be a com-
mutative algebra. Moreover, with the aid of (1) of 2L, 7D and 21,
we may easily establish the following theorem.

11B. TueorgM. L! (with norm |- |, and with convolution as
multiplication) is a commutative Banach algebra.

11C. DerFiNtriON. If 4 is a commutative algebra and I = 4
we say that I is an ideal of A if

(i) I is an algebra with respect to the operations for 4,
(ii) g« h e I wheneverge I, he A.

The whole of 4 is thus an ideal of 4, and so is the set consisting
of the zero element of A alone. Any other ideal is said to be
proper, A proper ideal M of 4 is said to be mazimal if M is con-
tained in no proper ideal of 4 other than M itself.

As an exercise in the preceding concepts we leave it to the
reader to prove the next two results.

11D. TarEorEM. If I is an ideal of L! then I, the closure of 1
(see 10A), is also an ideal of L.

11E. TueoreM. If M is a maximal ideal of L! then either M
is closed or M = L.

It turns out that the subsets 7', that we discussed in §10 are all
ideals in the algebra L. Specifically.

11F. TaEOREM. If f € L' then T, is a closed ideal in L'.

Proor. Since T, = T, (10A), it follows that T} is closed. If
g € Tyand b € L' then, by 10F, g % b € T,. The other requirements
for an ideal are readily verified for 7.

We remark that it isnot known at present whether every closed
ideal of L is of the form 7} for some f € L*.

Having shown in 11 E that T} is a closed ideal containing f, we
now show that it is the smallest such ideal.

11G. THEOREM. If f€ L' and I is any closed ideal of L* con-
taining f, then 7} < I.
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ProoF. Let g(x) = f(x +a) for fixed real a and all z. We first
show that g e I.

Foreach N =1,2,...,let 0%(x) = dy(x +a) where dyisasin 8C.
Then

)@ = | Sv@+a-nf)dt

—w

=Jw 6_\v(x—t)f(t+a)dt=l[w On(z —t)g(t) dt

so that d¢*f = dy*g. Since fe I and I is an ideal, we have
V% fe Iand hencedy g € I. Since I is closed, it follows from 8 D

thatge I.

Thus every translate of fis in I so that 7, < I. Since I is closed
we have 7', < I and the proof is complete.

We can now establish easily the following interesting charac-
terization of closed ideals in L.

We say that J < L! is a linear subspace of L' if whenever
f.geJ then (af+fg) € J for arbitrary complex numbers , 5.

11H. TarorEM. Let I = L. Then the following statements
are equivalent.

(A) I1is a closed ideal of L.

(B) 1 is a closed linear subspace of L! with the property that if
f €I then every translate of f is also in 1.

Proor. That (4) implies (B) follows immediately from 11G.

Now suppose (B) is true and let ge I, h € L. From (B) we
conclude that 7, < I. Since I is closed it follows that T <1
Since 7, is an ideal (11F) we must have g%he 7, Hence
g*xh el and (4) holds.

We now set out to determine what are the closed maximal
ideals in L,.

111I. DeriniTiON. For each real number A we denote by M,
the set of all f € L! such that f(A) = 0.

11J. TueoreEM. Each M, is a closed maximal ideal of L.
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Proor. (a) M, is closed.
Choose any f € M,. Then lim |f,—f|l; = 0 for some f,,f,. ...
n-—>o

in M,. Hence, by 3B, lim f,(A) = f(A). But f, € M, so that

f.(d) = 0. Thus f(A) = Oﬂand so fe€ M,. Hence M, = M, and M,
is closed.

(b) M, is an ideal.

Ifge M,, he L' then (g % k)~ (A) = §(A) k(A) = 0-h(A) = 0. Thus
g * h € M,. The other requirements for an ideal are easily verified.

(¢) M, is maximal.

Let M be any ideal of L' such that M > M,, M + M,. We shall
show that M = L. Since M + M,, there exists g € M for which
9(A) + 0. For any h € L* we have

h(z) = ;(’\)a(x)wi (x) (—o00 <z < o),
where h,(A) = 0. Since this implies k, € M, we have &, € M. But

ge M also, and so ke M since h = 28\\—) +hy. Thus Lt < M

which proves L! = M. Hence MM, is maximal.

Thus to each real A there corresponds a closed maximal ideal
M,. By 8F, if A, + A, then M, + M, . The next two theorems
show that the M, comprise all the closed maximal ideals of L.

11K. THEOREM. If ] is a proper closed ideal of L! then I < M,
for some A.

Proor. Suppose I is contained in no M,. We shall show that
I = L'—hence that I is not proper—and this contradiction will
prove the theorem.

Fix the positive integer N. By the assumption that I is con-
tained in no M,, for each A € [ — N, N] there exists f, € I such that
FA(Q) + 0. Let g,(t) = f,(—t), where the bar denotes complex con-
jugate. Then

o) = [~ =i =" epan = jie,
and thus g, ff,\. Let b, = g, *f,. Then &, € I since f, € I, and
i;z,\ = a/\ fl\ =f/\fl = If/\lz Thus i;‘A(Z) 0 fOI‘ a:ll x &l’ld

ha(Q) = | Fu@)]2 > 0.
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This implies 4,(x) > 0 for all 2 in some neighborhood N, of A. The
interval [ —N, N] can be covered by a finite number of these
neighborhoods—say N, , N,,, ..., N,,. Let b = hy +... +h, . Then

heland h(z)>0 (-N<z<N).
By 9J there exists k € L* such that

L kz) (-N <z <N).

h(x)
With A, = §, as in 8C, we then have

Axl@) _ An(z) k(@) (-0 <z < o).
h(x)

Hence, Ay = hkAy so that 8y = h*k*dy. Since h € I and I isan
ideal, thisimplies &y € I. Thus I contains éy foreach N = 1,2, ...
From 8D and the fact that I is a closed ideal it follows that I = L1,
which is what we wished to show.

11L. THeEOREM. Let M be any closed maximal ideal of L,.
Then M = M, for some A. In other words the M, comprise all the
closed maximal ideals of L!.

Proor. By 11K, M < M, for some A. Hence M = M, since
M is maximal.

We have thus established a (1, 1) correspondence between the
real numbers and the set of all maximal ideals in L.

11M. The fact that every proper closed ideal of L! is con-
tained in a maximal ideal (11K) can be cousidered to be a
reformulation of Wiener’s Theorem 10C. For if f € L' then 7},
which by 11 F is a closed ideal, will be all of L (i.e. not proper) if
f never vanishes (T, is contained in no maximal ideal).

Now suppose that, for some f € L1, T is a proper ideal and is
thus contained in one or more of the maximal ideals M,. If we
take the intersection of all the maximal ideals M, containing
T, we get an ideal (verify!) that contains T. A very interesting
question is—which f € L! have the property that 7} is precisely
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the intersection of the maximal ideals containing it?+ (It has
been discovered only recently that there exists an f € L' that does
not have this property.)

To formulate this problem in different language we now make
a string of equivalent statements ending with the form of the
problem which we shall investigate in Chapter 4.

The following statements are equivalent for any felt:

(1) T, is the intersection of all the maximal ideals M, such
that T, = M,.
(ii) If g € M, for every M, such that T, < M, thenge T,
(iii) If §(A) = 0 for every A such that ’7’} < M, theng e 1_’,
(iv) If §(A) = 0 for every A such that f € M, theng e T,
(v) If §(A) = 0 for every A such that f(A) = O theng e T,
+ This problem, in a reformulation involving bounded functions, is ofton

roferred to as the problem of spectral synthesis. For the bounded function
formulation seo [ 14].
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CHAPTER 3

THE FOURIER TRANSFORM ON L2

12. The Fourier transform on L! A L2

In the preceding chapter (3A) we defined the Fourier trans-
form f for fe L. In this chapter we shall define the Fourier
transform for f € L2 It turns out that if f € L? then the Fourier
transform f of f is also in L% and I1£l2 = @M £,

(An explanation is perhaps due to those who would rather
avoid the annoying factor of (27)} and have | f||, = | /]|,. This
could have been achieved by defining the Fourier transform in
3A as | e

flx) = )t -we”’f(t) dt.
This definition, however, causes factors of (27)} to pop up in
unwanted places in the L! theory (in particular, in convolutions)
and, we feel, nothing is gained. An alternative definition of f as

a

for =7 enayiya

also leads to a symmetric L2 theory but, again, requires a great
many 27°s. See Appendix, paragraph G.)

After the following lemma we shall establish a result con-
cerning the Fourier transform on L! A L? which leads to the
definition of the Fourier transform on L2.

12A. LeEmMA. For any real numbers ¢ > 0 and a we have

f ® elalg—el® Jp — (f)l.e—a’/«le.
—w €

Proor. We start with the well-known formula

f e—=*dx = .
—
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For any real § and any R > 0, integrate the analytic function
e—=* around the rectangle with vertices + R, + E+if. Letting
R — o0, we find that

~@HiBR g =k,

—-»
o
or J e2ibr o=2t dx = mh e~ ",
—
Setting # = —a/2et we obtain

A
‘ ploe iz o—22 J0n — o} g—atie,
—_0

Y

The lemma then follows from the change of variable ¢ = e~4z.
12B. Tusorem. Let feL'n L2 Then fe L2 and

“:o |f(@)|2dx = 27rf:° | f(t)|2dt.
That is, | fll, = (2m)} |flz-

Proor. We have
F@) = ) i@ = f

an

¢ f (1) dtr e~ () du.

Multiplying by e=2* (n = 1,2, ...) and integrating we obtain

f:a e~=| f(x)|2dz = f:o - de.:o eizlf(t) dt J f e-iouf(u) du.

o0

Since f € L, the iterated integral converges absolutely. Thus, by
2D, we may change the order of integration. This yields

jw e f(z)|2 dz =jw f(’l—ﬁdujw f(t)dtJ.ao eial—w g=2*In g,
From the lemma 12 A we have

@
f etalt—w) g~2n Jop — (7m)i e—nlt-wia,
-
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Hence

o

f :0 e=in| f ()|2dx = (mn)} f_w, f(w) duf e~ MmN £ (¢ dt

-0

=} [ Fdu f AL (4 u)de
= (nn)ij ° e~nit dtjm f(t+u)f(u)du

= (7m)4f0o e~ F(t) dt,

where F(t) = fj f(t+u)f(w)du.

Therefore

oo

fw e~z | f(2)|2dx = 2ﬂlf e F(2n-4t) dt. (1)
Now F(t) is continuous at ¢ = 0. For

PO-FOL = | [7 170+0)~f )i

<[" 1rern-re)-1f @) du.

Hence, by the Schwarz inequality, 2M,

Fo-Fop < [” jrerw-fepde " jfepa. @
By 2J, the right side of (2) tends to zero as ¢ — 0, and thus
tliino F(t) = F(0). (3)
For any ¢, 2M also shows that
PO < 7 1rerwran [ (o= 11311 = 111

Thus the integrand on the right of (1) is dominated by a constant
times e~**. This, (3), and 2B imply

lim [~ e®F@n-bt)dt = F(0) j ? et = ME0).  (4)

n—> o, —
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Since F(0) = || f||2, we conclude from (1) and (4) that

lim | e |f()|2de = 27 | f|3. (5)

n-—>wodJ—

But then, by 24,
jw |f (@) |2 da =fw im e~ |f(x)|2dx

~ 0 N —>w

< lim j " et | fa)2de = 2| £,

n-—» 0 -0

which proves that fe L2. But then from (5) and 2B we have

|7 @ = mistg

and the proof is complete.

13. Plancherel’s theorem

In this section we shall define the Fourier transform on L2 and
establish its most important properties. Some of these results
will be summarized at the end of the section in a theorem which
bears the name of its discoverer, Plancherel.

We shall define the Fourier transform f of f € L2 as the limit in
the L2 mean of a sequence of Fourier transforms f,, where f is
a certain sequence of functions in L! n L2 which converges in the
L2 mean to f. That the séquence Iy actually does converge is
proved in the next theorem.

13A. THEOREM. Let fe L2 For N =1, 2, ..., define fy by

fxty=f@) (|t| <N),
fx)=0 (|| > N).

Then fy e L'n L? and fy € L2. Moreover, as N - oo, fy con-
verges in the L2 mean to a function in L2.

Proor. By 2M
® N
f_wlfn(t)ldt =J‘*le(t)|dt
3
<[[7 lrora]” ] <ifle i<
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sothatfy € L!. Since | fy(t)| < |f(¢)|itisclear thatfy € L2. Hence
fv€L'nL?andso, by 12B, fy € L2 The first part of the theorem
is now established.

To show that f, converges in the L? mean it is sufficient, by 21,

to show that . 33
hm ||fM —JInll: = 0. (1)
M,
But f, —fv is the Fourier transform of Sar—fv which is in
L'~ L% Hence, by 12B,
| Fae=Tl18 = 27| fag =l (2)

The right side of (2) is equal to 27 times

U::{ lf(l)lzdt+j:’ [f(t)lzdtg

which tends to zero as M, N - 0. Thus (1) holds, which is what
we wished to show.
We can now define the Fourier transform of an L2 function.

13B. DEerinitioN. For fe L? we define f, the Fourier trans-
form of f, as

. N
(*) fla) = l.i.m.f el f (1) dt
N—->xJ -N

where Li.m. stands for limit in the L? mean. Note that (*) is
precisely equivalent to

lim 7 ks = 0.

13C. REMARK. We have defined f for fe L2 Of course,
since f has been defined only as an element of L2, f(x) is defined
only almost everywhere.

But if f € L' we have previously defined fin 3A as

(**) flx) = f:; eMf(t)dt (—oo <z < o),

which, by 2B, can be written

f(x) = lim fN(x) (—o0 < x < o).
N-—->o©
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Thus, if f € L' n L2, we now have two definitions of f, namely
(*) and (**). However, it follows immediately from 2K that the
f defined by (**) (which, we recall, is a continuous function)
defines the same element of L2 as does the fin (*). Hence our two
definitions are consistent.

In 12B we saw that if f € L' n L? then the L2 norm of f is /(2)
times the L2 norm of f. That is, except for a constant factor, the
mapping f—f preserves the L2 norm. We now show that this is
true for all f € L2.

13D. THEOREM (PARSEVAL’S RELATION). Let fe L2 Then

17l = (M| £
Proor. Define fy as in 13A. Then

Jim I =Flle
By (ii) of 2L, this imphes
Jim {7l = 1l (1
It is clear from the definition of fy that
ngnm I7xlle = /15 (2)
Since fy € I1 n L%, 12B shows
[Fslle = @mA | fxlla (3)

Using (1), (3), and (2) we have
17l = lim |fxle= lim @m} |fyls = @md| £

and the theorem is proved.
An easy but important consequence of 13D is the following
result.

13E. TueoreMm. If f,g € L? then
f:o f(@) §(x)de = 2m :o f(z)g(x)dz.

Proor. By 13D,
If+915 = 271/ +g13.
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Writing ff instead of ] N f(x)dx we thus have

[(F+9) (F+d) = 2n[(f+9) (F+7)-
Expanding both sides we obtain
(17124 1312+ [Ja+ T3 = 2n(]| 112+ [lg12+ [fa+ [Fo).
Again by 131, f,f|2 = 2n[|f|?and [|§|? = 27[|g|>. Hence
[fa+[fa = 2n([f3+ []o)- (1)

Since g was an arbitrary element of L? we may substitute i§, 1g
respectively for §.g in (1) and obtain

[F@g) + [Jag) = 2n([f Gg) + [F(ig),
or —iffg+i[fa = 2m(~i[fg+i[]y). (2)
Dividing (2) by —1 and then adding the resulting equation to (1)
will complete the proof.
Note that if we let ¢ = fin 13E we obtain 13D.
In §§5and 6 we discussed the inversion of the Fourier transform
on L. The next theorems show that the formal inversion stated

in (1) of 5 A can be given an L2 interpretation. Unlike the L! case,
the L2 inversion requires no additional hypotheses.

13F. TueoreM. Iff,g € L? then
IRCICUE R Erers

Proor. Define fy,gy as in 13A. We have, for any positive
integers M and N,

Fute) = [ 7 etpyyae, )
o) = [~ etguna

Multiply (1) by g»(x) and integrate to obtain

|7 i@avrds = [7 gu@as[” etpuyar

4 GFT
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By 13A, f,, and gy are in L!. Therefore the iterated integral on
the right is absolutely convergent. By 2D, we may change the
order of integration. This yields

[* @@z = [ fuwae[” ey
or |” w@o@ax =7 suawo . (

Now llm gy —gla=0= hm 9w =312

N-»w

to
-~

Hence, by 2N, letting N — o0 in (2) we have

[7 hwws@az = [* anona

Then, letting M — oo and again using 2N we have

" fogmas =" rmoma.

The theorem is thus established.
Thenext theorem yields the L2 inversion formula as a corollary.

13G. THEOREM. Let fe L2and let g = f Then f = )lﬂ_a

B Yz\(7 VA

'lz B J (f— 27Tg) (f_ 27rg)’
IIfI!’——-ffJ—- ffg+4ﬂ2lly..z (1
Since g —fwe have, using 13F and 13D,

Proor. We have

-

and so ”f— =

[£9 = [1g = [} = 11z = 27 |f13 (2)
But then 76 = 2n||f|j3. (3)
Finally, by 13D,
1113 = 27 llgll3 = 27| F|I§ = 4n2| f3. (4)
From equations (1) through (4) we conclude
I 2
{f_“)—" b o

from which the theorem follows immediately.
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13H. CoROLLARY (INVERSION OF FOURIER TRANSFORM ON L2).
If f e L? then

N R
f@) = l.i.m.gl;f‘ N e it f(x) dzx. (1)

N—> ©

Proor. Letg = f. Then, by 13G, f = ;1” g, that is,

RY ~ x
J() = l\l_{r:o 25;—7,[‘—‘\' eiflg(x)dx = i.ri;n:; Zl7rf_ Ne"“f(x)dz.
Taking complex conjugates we obtain (1).

In 4C we showed that, although the Fourier transform of an L!
function must be continuous and vanish at + oo, not all con-
tinuous functions which tend to zero at + oo are Fourier trans-
forms of integrable functions. The L? case turns out differently.
Every member of L2 is the Fourier transform of an L2 function.

131. CoroLLARY. Every fe L2 is the Fourier transform of a
unique element of L2.

Proor. Take any f e L2 Let
h=f and g¢g=h.

By 13¢, F=h= 3‘7;5,

1 . . 1
so that f = - 9. Hence f is the Fourier transform of .- g. The
2m 27

uniqueness follows easily from 13H.
We summarize some of the preceding results in the following
theorem.

13J. THEOREM (PLANCHEREL). If f e L? then there exists a
function f € L? (called the Fourier transform of f) such that

R N
Fa)=Lim. | estf@)dt,

N—o>woJ -V
N o
£t =Lim. - f e-iet f(z) d,
N—>ow =] _~

and 1£1s = @mE £
Every f e L2 can be expressed as f = § for a unique g € L2.
42



52

CHAPTER 4

GENERALIZATIONS OF WIENER’S THEOREM

We are now going to develop further the relationship, initially
investigated in section 10, between the zeros of the Fourier
transform of f € L! and the closure of translates 7). We first list
a few necessaries about point sets.

14. Point sets

Because of the lack of uniformity of terminology in the existing
literature we shall list here some definitions concerning point sets
on the real line. The term to be defined in a given sentence is
italicized. The letter E is used to denote a set of real numbers.

14A. DerinNiTiONS. First, recall from §1 the definition of
neighborhood.

(i) The pointzisan interior point of E if E is a neighborhood
of x. The set of all interior points of £ will be denoted by Int A.

(ii) The set E is open if Int E = E.

(iii) The point z is a point of closure of E if every neighbor-
hood of x contains a point of £. (In particular,ifz € E thenzisa
point of closure of E.) Thus, « is a point of closure of E if and only
if there exist z,,z,, ... € E (the z; not necessarily distinct) such
that lim x, = 2. The set of all points of closure of E will be

n—>
denoted by E.

(iv) The set E is closed if E = E.

(v) The point x is a limit point of E if every neighborhood of
z contains an infinite number of points of £. (Thus, any limit
point of E is a point of closure of E.)

(vi) The point x isa frontier point of E if every neighborhood
of z contains a point in £ and a point not in K. (Thus, a frontier
point of E is a point of closure of E but not an interior point of E.
A closed set must therefore contain all its frontier points.) The set
of all frontier points will be denoted by Fr E.
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(vii) A set E is bounded if E is contained in some interval of
finite length.

(viii) A set K is compact if E is both closed and bounded. (In
particular, if @ and b are real numbers then [a, ] is compact.)

14B. Tueorems. We list here, for reference, the Heine-Borel

and the Bolzano—Weierstrass theorems.

(i) Let E be compact, and for cach « € E let N, be a neigh-
borhood of z. Then there exist z,, ...,x, € E (n finite) such that

n

Ec< UN,.

k=1

(ii) If E is bounded and contains an infinite number of points,
then there exists a limit point of E.

15. The zeros of the Fourier transform

15A. DerINtTION. If f€ L! then by S(f) we mean the set of
all x such that f"(x) - 0.

Some authors call S(f) the spectrum of f. Others refer to S(f) as
the co-spectrum of f.

Since S(f) consists of the zeros of the continuous function fthe
following theorem is immediate.

15B. Turorem. If f € L! then S(f) is closed.
We shall now show that every closed set is the spectrum of some
integrable function.

15C. TueoreEM. Let E be any closed set of real numbers.
Then £ = S(f) for some fe L.

Proor. If E is empty then E = S(f) where
f(t) =e*et (-0 <t < o0).

This was noted after 10C. We may therefore assume that E is not
empty.

We first note that by 8F, given any bounded open interval
(a,b), there exists w € L! such that @(x) vanishes outside of
(a,b) but &(x) > 0 for z € (a,b). By dividing by a suitable
constant we can make |w|, less than any preassigned positive
number without destroying this property of @.
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By a well-known result [19; 321], the set F of all real numbers
not in E can be written as

where each /) is an open interval and no two of the I; have a point
in common. As we have remarked in the preceding paragraph,
for each bounded /; we can find w; € L! such that

floogl) < 23
a(x) >0 (xel),
Mix) =0 (rel). (1)

If 1; is unbounded the existence of such an w, is assured by 81.
Since I‘

1;——m

o) uw,nl 3 29 < 2w,
j=m

21 implies the existence of f € L! such that

llml z,w—f” = 0.

N> j=1
By 3B we then have
flx) = ‘zl,ﬁj(x) (-0 <z < o). (2)
j=
If z € £ then z is in no I;. From (1) and (2) we conclude that
f(x) = 0. If z ¢ E then, for some j,z € I; and sof(x) =D ;(x) > 0.
Thus E coincides with S(f) and the proof is complete.

15D. REMARK. Note that Wiener’s theorem 10C may be

stated as follows: 3
Let fe L. Then T} = L' if S(f) = @. Thus, the statement

(*) if S(g) > 8(f) then geT,

is true if §(f) = @. In the following section we shall show that (*)
is true for a large class of f with S(f) + @.
Note that by 10D the converse of (*) is true for all f.
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16. The main results

We now can prove a generalization of Wiener’s theorem 10C.
16 A. THEOREM. Iff,g € L! and if §(f) < Int S(g) theng e 7.

Proor. If z ¢ S(f) then §(x)/f (x) is well defined. If z € S(f) we
define §(z)/f () to be zero. Since S(f) < Int S(g) it is evident that
g(x)/ f (x) is continuous on —00 < x < c0.

Now fix the positive integer N and let Cy be the subset of
[ =N, N] on which § is not zero. Then if x € Cy our hypothesis
implies f(z) + 0. Now Cy is closed and bounded, hence Cy is
compact. Thus, since f(z) + 0 for z € Cy, 9J shows that there
exists h € L! such that

1 . _
L= = h(x) (xely).

f(x)
Therefore, since §(x) = 0if —N < x < N and x ¢ Cy,

fq:—:—; = §0)h(z) (-N<=z<N)

With Ay as in 8C we then have

A@IE) _ A (2)g(x)h(z) (—o0 <2 < o0).
f(z) A
Hence Ang =fAxGh,
and so, by 7E and 6F,
Oyxg =[xy kgxh.

Here 8y is as in 8C. By 10F, f«dyxgxheT, since fe 7).
Therefore &y * g € T} for every positive integer N. From 8D it
follows that g € T) and the proof is complete.

Note that although 16 A is a considerably stronger result than
10C, the proof of 16 A follows that of 10C quite closely.

After establishing the next two lemmas we shall prove another
generalization of 10C.
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16B. LEmMA. Let fe L' be such that S(f) + @ and let
z, € S(f). Then given € > 0 there exists h € L' such that

If—hl: <& (1
z, € Int S(h), (2)
S(f) = S(h). (3)

Proor. Case 1. x, = 0.
Then f(0) = f(x,) = 0 since z,€ S(f). By 8G there exists

1
h, € L such that Il < e, (4)
hy(x) = f() for all z in some neighborhood Ny of 0,  (5)
S(f) = S(hy). (6)

Now let & = f—h,. Then (1) follows immediately from (4). Next,
(5)implies N, = S(k) which establishes (2). Finally, (6)implies (3).
This proves the x, = 0 case.

Case 2. xy + 0.

Let f,(t) = f(t)e'*! so that, by 3C, fi(z) = f(x+z,). Then,
since x, € S(f), we have f1(0) = 0. By Case 1 there exists k € L
such that

l|f1—k"1 <€ (7)
0 € Int S(k), (8)
S(f1) < S(k). (9)

Now let A(z) = k(x —x,). It is then easy to verify that % satisfies
(1), (2) and (3), which is what we wished to show.
The following lemma is proved by an n-fold application of 16 B.

16C. LEMMA. Let fe L' be such that S(f) + @ and let
Zy,...,, be any finite number of points of S(f). Then given
€ > 0 there exists b € L! such that

"f—h"l <e (1)
zy, ..., %, € Int S(h), (2)
S(f) = S(h). (3)

Another generalization of 10C can now be proved.
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16D. TuEOREM. Let f € L' be such that FrS(f) has no limit
point, and suppose S(g) = S(f). Then g e T}.

Proor. We may assume that S(f) + @. We may also assume
that FrS(f) # ~. (For the only non-empty closed set with
empty frontier is the whole real line. If S(f) and hence S(g)
are the whole real line then f and § vanish identically so that
geT))

By 8D, to show g € T} it is sufficient to show that dy*g e 7}
for all sufficiently large N. This we shall now do.

Fix any positive integer N such that Fr.S(f) contains at least
one point of the interval [ — N, Nj. By hypothesis, Fr S(f) has
no limit point. Hence, by (ii) of 14 B, there can be only a finite
number of points—say #,,...,x,—in Fr8(f)n[—N,N]. Also,
since S(f) < S(g) we have

S(f) < S(Bh #¢) = S(8y) v S(9)- (1)

Now, by 15B, S(f) is closed. Hence FrS(f) = S(f) and so
FrS(f) = S8y *g). Tn particular,

Lysoes @y € S(Op #g).

By 16C. given ¢ > 0 there exists h € L such that

[Sy%g—hll, <e, (2)
xy,...,x, € Int S(h), (3)
S(Bnx9) < S(h). (4)

Now 8, = A, vanishes outside| — N, N' |, and so S(8, * g) contains
every point outside [ — N, N]. Thus, by (4), S(k) contains every
point outside [ — N, N]. 1t follows that Int.S(k) contains every
point of Fr8(f) distinct from z,. ..., x,. This and (3) show

FrS(f) < Int S(h). (5)
By (1) and (4), S(f) < S(k). Hence
Int S(f) < Int S(k). (6)

We conclude from (5) and (6) that
S(f) < Int S(h).
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Thus, by_ 16A, h e 7—', Since € was arbitrary, (2) thus shows that
Oy *g € T';. This completes the proof.

16 E. The above methods may be combined with a transfinite
induction argument to yield a stronger theorem which we shall
state after the following definition.

DerINiTION. The set E is perfect if E coincides with the set of
limit points of E. (Equivalently, E is perfect if E is closed and has
no ‘isolated’ points.)

TaHEOREM. Let fe L' be such that Fr S(f) contains no non-
empty perfect set, and suppose S(g) = S(f). Then g € 7).

The inductive proof of this result can be found in [5]. Proofs
not using induction (and somewhat more complicated) may be
found in [1] and [10; 86]. (The theorem was first established

in [1].)

16 F. Malliavin [11] has shown that there exists an fe L! for
which the statement
(*) if S(g) > 8(f) then geT

is false for some ¢ € L!. Rudin [16] has used a construction of
Malliavin to show the existence of a g € L! for which

g¢ Ta*a‘

This certainly contradicts (*) for f= g#g since, obviously,
S(g) = S(g*g)-



CHAPTER 5

BOCHNER’S THEOREM

To read this chapter one should have an acquaintance with the
Riemann-Stieltjes integral. See [20], for example.
If o is of bounded total variation on ( — o0, co0) then the function
F defined by
0
F(x) =f eiHda(t) (—o0 < x < o)
is called the Fourter—Sticltjes transform of c.

Bochner [2] proved a famous theorem which characterized
Fourier-Stieltjes transforms of non-decreasing bounded func-
tions as continuous functions of positive type. 1t is essentially
this theorem which is the subject of this chapter.

17. Functions of positive type

17A. DErINITION. A (not necessarily measurable) function
F defined on ( —o0, 20) is said to be of positive type if

Yy ¥ oae,q,Fx,—2,)20
m=1n-1
for any finite number of arbitrary real z,, ..., x,and a like number
of complex a,. ..., a,.
The set of all functions of positive type will be denoted by P.
We shall write a € 4 if a is a non-decreasing bounded function
on ( — 00, 00).
The next two theorems embody the results of this chapter.
Collectively they are referred to as Bochner’s theorem.

17B. THrorEM. If 2 € 4 and if

F(x) = fw elda(t) (—o0 < x < 00),
then FeP.
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17C. TueoreM. Conversely, if F is measurable on (— o0, o)
and F € P, there exists o € 4 such that

*) Fa) = [ evtdat

for almost all , —00 < x < c0.

We shall prove 17B and 17C in the next two sections. We
remark that Bochner originally assumed ¥ to be continuous in
17C, and showed that (*) was true for all z. F. Riesz [15] first
showed that measurability was sufficient in 17C.

18. Proof of 17B
Since F(x) = f ettt da(t),
we have

XXaya,F(x,— z,) =X Xa, "fj e@n—T)l do(t)

m n m n

S f (S @ eiont) (S a, eiont) dat) = f " S a, el da().

@ I

Since a € 4, this shows that
X Xaya, Fx,—z,) >0,

and hence F ¢ P.

19. Proof of 17C

This proof is much more difficult. The first part of our proof is
fairly standard. See [3], for example. The use of the now familiar
functions &y, Ay enables us to complete the proof quite directly.

We start out by proving three lemmas.

19A. Lemma. If F € P then F(0) > 0 and

|F(z)| < F(0) (—o0 <z < ).
Proor. In

> LaaF(x z,) =0, (1)

m=1n=1
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take s = 1. Then |a,|2 F(0) > 0so that F(0) > 0. Now take s = 2
in (1) and let x; = 2, x, = 0. Then

F(0)[|a,|2+ |a,|?] + F(x) @,y + F(—x)@ya, > 0. (2)
If we take a, = 1, the fact that F(0) > 0 shows that
F(x)a,+ F(—=x)a,
is real for any a,. If a, = 1 it follows that
F(x)+ F(—z) is real.
If a; = 14, it follows that
F(x) — F(—xz) is imaginary.

Hence F(-2) = F(z). 3)
Suppose F(0) = 0. Then from (2), with a; =1, a, = — F(z),

we have —|F(x)|2 = F(—2) F(z) > 0.

This and (3) imply —2|F(@)|* >0,

so that F(x) = 0 for all x. In this case 17C is clearly true.
Therefore, from now on, we shall assume that F(0) > 0.
Now in (2) let a, = F(0), a, = — F(z). Then, by (3),

FO)[(F()*+|F@)]?] 2 F(0)[2]| F(2)|*],
so that |F(x)| < F(0) an