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PREFACE

The volume of exercises is divided into two parts corres-
ponding to the two volumes Higher Algebra 1 and 2, which
will be referred to as Vol. 1 and Vol. 2. The organization of
both parts into chapters and sections corresponds exactly to
the organization of Vol. 1 and Vol. 2.

For each section of exercises it is always assumed that
the entire corresponding section of Vol. 1 or Vol. 2 and all
preceding sections are known to the reader. All quotations
within a section of exercises without special reference to a
section and volume refer to the like-designated sections of
Vol. 1 or Vol. 2. In addition, all quotations in which the
volume is not specified refer to the volume under considera-
tion. Numbers annexed in square brackets to the number
of a theorem or definition indicate the page numbers on
which the theorem or definition in question appears.

A method of solution is always given in small print after
the exercise in question. Frequently even the complete
solution is introduced in a later exercise. Often the methods
of solution are given intentionally only through reference to
the theorems of Vol. 1 and Vol. 2 to be applied, or to earlier
exercises, so that the solutions are not too obvious.

The co-author, as a student, solved all exercises of the
first edition, and the experience thereby gained was extremely
useful in the preparation of the second edition. The author
expresses his special obligation to his co-author for his
collaboration on this volume.

H. H.
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Vol. 1. Chapter L. Rings, Fields, Integral Domains
1. Definition of Rings, Fields, Integral Domains
1. Derive the following formulae from postulates (1)

to (6): (@+b) (c+d) = ac+ad + bc+ bd,
(—a)b=—ab, (—a) (—b) = ab, (—a means 0—a),
(@—0b) (c—d) = ac—ad —bc+ bd.

2. Derive the following formulae from postulates (1)

bo (7): a ¢ adtbc ac a afc ad
b¥d= bd ' bd " bd’ b/il= be’
(b, d # 0; in the last case ¢ 4 0 is also assumed.)!

3. Let the commutative law of addition (1) be dropped in
postulates (¢). Let the other postulates remain unchanged
except that in (6). besides the existence and uniqueness of
the solution b of a+b = ¢, the existence and uniqueness of
the solution b’ of b’ +a = c are also required. Show that the
commutative law of addition (1) can then be derived.

Note that the proof of the existence of the unity element e
(Theorem 3) is unaffected; compute (a+e) (b+e) according to (2),
(6) in two ways; then apply (8) and the indicated extension of (6)
each once.

4. The set of couples (a,,a;), where a,,a; are elements of
an arbitrary integral domain |, with the ‘“‘equality’’ of couples
defined by:

(@y,a5) = (aj,a;) if, and only if, a, = aj,a, = a,,

1 Regarding this point, cf. Section 3, (1) to ().
13



14 1. 1. Rings, Fields, Integral Domains
forms a ring with respect to the combinations:

(@1, @g) + (b, bg) = (a; + by, a5+ by)
(ay,a3) * (b1, bp) = (@104, asby).

What is the zero of this ring? Does this ring have a unity
element? Show that it is, however, not an integral domain.
Conditions {a). (b), (¢), (1) to (6) are satisfied; however, (7a) and
Theorem 4 are not, as can be shown by examples.
5. The set of couples of the preceding exercise also forms
a ring with respect to the following combinations:

(@), ag) + (by,b5) = (ay+ by, a9+ by)
(a5,a5) - (by, by) = (@151 — agby, asby +ash,).

Proof? What is the zero of the ring? Show that it also has a
unity element and is even an integral domain.

Theorem 3 and Theorem 4 are satisfied. In addition to Theorem 4,
prove that asby —azh, = 0

aby +azh, = 0

implies either @, = a; = 0 or b; = b, = 0.

6. Next, replace the integral domain | in Exer. 4, 5, by
a field K. Prove that the domain constructed in Exer. 4 is,
just as before, only a ring, while the domain in Kxer. 5
becomes a field. In the latter case represent the element

(2, a5)
(bl’ b2)
in the normal form (c,,c,).

7. Prove the existence of a field of exactly three elements
by setting up the multiplication and addition tables (analogous
to the tables in Example 4 for a field of exactly two elements)
and showing that postulates (1) to (7) are satisfied.
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The three elements must necessarily be 0,e,—e. For, if —e=¢
(as in Example 4), the existence of a third element a+0,e would
imply the existence of a fourth element e +a+0,e¢,a.

8. Similarly, prove the existence of a field of exactly four
elements.

In this case we must again (as 1n Example 4) have that —e =e.
For, if —e+e, then either —e 3 2¢, so that 0,e, —e, 2e, — 2e are already
five different elements, or (as in Exer. 7) —e = 2e, so that the existence
of a fourth element @ would imply the existence of a fifth element
e+a. Accordingly, take as elements 0,e,a,e +a. If all cloments are
thereby exhausted, then ¢? must be one of these four eloments. But
it can be neither O nor a (Theorem 4); likewise, 1t cannot be e, since
(e +a)? = 0 would then follow. Therefore a? = e +a must be valid.

9. Prove: An integral domain containing only a finite
number of elements must be a field.

See 1if necessary - the proof to Theorem 20 [64].

g

10. Consider the set of rational numbers of the form | ,
where ¢ runs through all odd numbers in addition to 0, and
2" runs through all integral powers of 2. Prove that this set
forms an integral domain with respect to ordinary addition
and multiplication.

Verify directly that the ring conditions (Def. 1) as well as the
additional conditions (7a), (7b) or Theorems 3, 4 for an integral
domain (Def. 3) are satisfiod.

2. Subdomains, Congruence Relations, Isomorphism

1. What is wrong with the following argument: The
reflexive postulate (x) follows from the symmetry postulate
(B) and the transitive postulate (y), because by (B) a~b
implies b~a, and by (y) the relations a~b.b~a thereby
established further imply a~a.
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Show that the indicated line of reasoning proves the relation
a ~a only if a certain restriction is imposed on a, therefore not neces-
sarily for all elements a of the set M under consideration.

2. Show by a counterexample that (x) does not (there-
fore neither by any other type of inference) follow from (B)
and (y), that is, («) is independent of (B) and (y).

A distribution of the symbols ~, AL between all pairs of elements
of a set M has to be found whereby (B) and (y) are valid throughout
but (x) is not satisfied for at least one element. —This can be done
for any set M; in particular, also for the set consisting of only one

element a.

3. Show analogously by counterexamples that (B8) is inde-
pendent of («) and (y), and that (y) is independent of (a) and
(B).

In order to form these counterexamples 1t is enough to use sets
M of only two or only three clements.

4. Show that each of the four conditions (8).(8’). (€), (¢’)
for a one-to-one correspondence is independent of the remain-
ing three, and illustrate the meaning of each one of these
conditions.

It will help to make things clearer if the elements of the two sets
M and M’ are written in two vertical columns with the symbols «—
as cross-connections between the elements under consideration; the
symbols «{— can be more simply represented merely by omitting
the symbols «<- -,

5. Let a be an integer which is not the square of a rational
number.! 1t is known that the two square roots of a are
equal in magnitude but opposite in sign, and that they belong
to the field A of all complex numbers (Section 1, Example 2).
Let Ja be one of these two square roots.

1 In this regard, cf. also Exer. 32 to Vol. 2, Section 1. given later.
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Prove: The totality of all those complex (in the case a > 0,

even real) numbers which can be obtained from the number
integral rational .

Ja and l rational numbers by the repeated applica-

{ﬁrst three) )
| four J elementary operations form an

:mtegral s‘,lbdomam Mlya]] of A. All its elements can be
subfield P(Ja) |

expressed (uniquely) in the form u + v|a if » and v are allowed

to run through, independently of one another, the elements

fintegral domain I of all integral

\ field P of all rational

Example 1).!

By using the ‘49f” statement in Theorem 6, first show that the
an integral subdomain
a subfield
also be characterized in the more general manner, specified above,

follows from the “‘only if”’ statement of Theorem 6.

6. What is the intersection of the two fields P(Ja) and
P(Ja’)?

. a’ . .
This depends on whether = is the square of a rational number
a

tion of the

of the } numbers (Section 1,

u +v\a form { } of A. That this domain can

(special case) or not (general case).

7. Prove: The composite of the subfields K;, K,, ... of the
field K is the totality of all those elements of K which are
generated by the repeated application of the four elementary
operations on the elements of the union of the sets K;, K,, ....

Apply Theorem 6 just as in Exer. 5.

8. Give a unique representation for the elements of the
composite of the two fields P(Ja) and P(Ja’) in the general
case (Exercise 6).

1 This notation is adopted to conform with the general theory in
Vol. 2, Sections 7, 8, ruling over this example.
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See, if necessary, Vol. 2, Theorom 62 [220] and the proof to
Vol. 2, Theorem 71 [228].
9. Prove: Every element a of a ring B determines a
congruence relation based on the following convention:

b=cmoda if, and only if, b—c = ha with an & in B.1

10. Show that there are no congruence relations in a field
except for the following two trivial ones:

(a). All elements are congruent to one another.

(b). Two elements are congruent to one another if, and only
if, they- are equal to one another.

Distinguish between the two cases (a) 0 =e and (b) Oz=e.

11. Conversely, show that a ring is a field if only the
two trivial congruence relations (a) and (b) of Exer. 10 exist
in the ring.

Apply the alternative (a), (b) to the congruence relations of
Exer. 9 determined by the individual elements a. It will follow that
the division postulate, Section 1, (7) is valid.

12. How many types of fields are there of exactly two
elements ? three elements? four elements ?

Note the cogency in the setup of the addition and multiplication
tables in Section 1, Example 4 and Section 1, Exer. 7, 8.

3. The Quotient Field of an Integral Domain

1. Let a(+0) be an element of a ring B. We call a a
(proper) zero divisor in B (cf. Section 1, Exer. 4) if there
exists an element b(+ 0) in B such that ab = 0. This amounts
to saying [cf. Section 1, (7a) and the remark after Theorem
4] that the division by a is not unique. The elements of B

1In this regard, cf. the theory in Vol. 2, Theorem 26 [189], Def.
10 [191].
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which are not zero divisors—or, which amounts to the same
thing, division by which is unique—are called regular in B.

Show that the construction in the proof to Theorem 10
can also be carried out if we start from a ring B without
proper zero divisors [that is, a ring in which division is unique
or a ring satisfying postulate Section 1, (7a)] instead of an
integral domain.

We thercfore have to show that we can manage even without the
existence of the unity element [Section 1 (7b)—see also Def. 3,
Addendum]. For this purpose instead of operating with the classes
{a, ¢}, now use the classes {ac,c}. According to (1) these new classes
are independent of ¢, and therefore determined by a alone.

2. Prove the following generalization of Theorem 4[18]:
The product of two regular elements of a ring is not only
different from zero but also regular.

This follows from the definition of regularity by & line of reasoning
patterned after the proof of Theorem 4.

3. We will call a ring a full ring! if it contains all quotients

% with regular denominator . This means that in a full ring

division is unrestricted so far as it is unique. (Therefore, in
this sense, full integral domain means the same as field.)—
Show analogously to Theorem 10: An arbitrary ring B deter-
mines an extension full ring V, every element of which can

be represented as a quotient % (b regular in B) of elements

of B. The extension type of V is determined uniquely by this
requirement.

Operate with the set of all couples (a,b) over B, where b is regular
in B, and in particular take Exer. 2 into account.

1 The literature hitherto existing does not contain a nomenclature
for such a ring.—For examples of full rings, which are not fields,
of. Exer. 6 to Vol. 2, Section 2, given later.
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4. The (orollary to Theorem 10 can be adequately
generalized only if the above extension full ring V* of B has
the property that eclements regular in B remain regular,
namely, do not become zero divisors. Show that the quotient
Sfull ring V constructed in Exer. 3 has this property.

5. Find the quotient full ring, in the sense of Exer. 3, to
the ring of all even numbers (Section 1, Example 3).

4. The Integral Domain of the Integral Rational
Functions of n Indeterminates over | and the Field of
Rational Functions of n Indeterminates over K

1. Prove that I[x,, x,] is isomorphic to I[z,] [z,] relative to I.

In this, think of I[x,,z,] as defined by the array resulting from
(1a) to (3a), I[x,][r;] by two steps |, = l[z,],1, = |;[x,] of the kind (1')
to (3’).—Set up the natural correspondence between the elements of
the two domains and show that the isomorphism relations, Section 2,
(), (0'), (&), (&), (3), (4) are satisfied.

2. Show: If fy(x) is a fixed element of I|x] not belonging
to | and f(») runs through all elements of |[x], then the
correspondence f(x)<—f(f,(x)) represents an isomorphism rela-
tive to | between I[x] and an integral subdomain I[ fy(x)] of I[x].

The crucial point is the confirmation of Section 2, (&’), which

amounts to the proof of f(fy(x))%=0 for f(x)==0. For this purpose
determine the term of highest degree in the normal representation

of f(fo(x))-

3. Find the necessary and sufficient condition on fy(x) in
order that this integral subdomain I[f,(x)] coincide with I[z].
Accordingly, are there integral domains which are isomorphic
to proper integral subdomains ?

The necessary and sufficient condition easily follows from the fact
that x can be represented in the form f(fy(x)).
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4. Show analogously to Exer. 2: If ¢,(x) is an element of
K(x) not belonging to K and ¢(x) runs through all elements
of K(.r), then the correspondence ¢(x)<—>p(P,(x)) represents an
isomorphism relative to K between K(z) and a subfield
K(o(@)) of K(z).

The only case which is difficult to deal with is where f, and g,
have the same degree. The crucial point in this case is handled

(analogously to Exer. 2) by splitting the substitution f(r)— f(‘; °:;—;)
0

into two parts f(r)->f(x +a)=g(x), g(r)——»g(’-"‘(m)) according to the

fo

decomposition

Theorem 13 [1 80])

= a+g° (ho of lower degree than g,; cf. Vol. 2,

5. Show analogously to Exer. 3: In order that this sub-
field coincide with K(:r) it is in any case sufficient! that ¢y(x)

have the form at d (a b,c,d in K, ad — be # 0).

6. Show that K(x"), for any n 22, is a proper subfield of

K(x) isomorphic to K(x).
Sf(zn
(z")

ca.nnot be

It is easy to see that the equation xs¢(:c")-

satisfied by every element ¢(z) _f (2) @) of K(z).

7. The integral rational functlon %+ x==0 over the field K
of exactly two elements (Section 1, Example 4), but =0 for
every z in K [proof to Theorem 12, d)], that is, =0 in the
sense of analysis.—Show that the ring of integral rational
functions in the sense of analysis over K is therefore not an
integral domain.

Since Section 1 (7b) (existence of the unity element) is satisfied
in any case, the proof can only depend on Section 1 (7a) (uniqueness

1 For the necessity of this condition, cf. Exer. 30 to Vol. 2, Sec-
tion 1, given later.
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of division), that is, it must be proved that this ring contains proper

zero divisors.

8. Construct similar examples for the fields of exaetly
three and exactly four elements (Section 1, Exer. 7, 8) as well
as in general for any field containing only finitely many
elements.

Note that in Exer. 7

tz=at—-ax=(x-0)(z—e)

is valid and 0, e are all elements of K.

5. Detailed Formulation of the Basic Problem
of Algebra

1. Let a calculating process be given which is formed by
means of the four elementary operations applied to the
indeterminates z,,...,z, and given elements of K, and let ¢
be its corresponding element in K(z,,...,z,). This process
consists of the successive application of the operations
0,,...,0,; each operation O, is then an addition, subtraction,
multiplication or division of two elements ,, x, of K(z,, ..., 1,)
which leads to a new element ¢, of K(z,,...,z,); each of the
elements i, y, is either one of the z; or one of the given
elements of K or one of the previous ¢,(x<v); and finally
¢, =¢. Among the operations O, let there be exactly
0,,...,0, divisions, and let y,,...,x, be the divisors (de-
nominators) appearing therein. Then the indeterminates z;
in this process can be replaced by any system of elements
of K for which neither y, nor ... nor x, are zero.—Show that

there is (at least) one quotient representation ¢ ='§ in terms

of two elements f,g of K[z,,...,z,] whose denominator g is
different from zero for all and only these substitutions.
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Apply mathematical induction on n (conclusion from n—1 to n).
Begin with n = 0, that is, with a process which requires no operation;
here, we simply have that ¢ itself is either one of the z; or one of the
given elements of K. If we assume that the statement has already
been proved to be valid for the process consisting of n —1 operations
(n=1) at most, then it is also true, in particular, for the processes
leading to i, x,. We now distinguish between the four cases

Pn = ‘l’n +ane Pn=Yn—Xn Pn= ‘/’nXm ¢n = %'
n
In the last case the denominator in the quotient representation of
¢» = ¢ to be constructed should be made to involve the denominator,
superfluous of itself, in the quotient representation of x, formed
according to the induction assumption.

2. Give quotient representations in the sense of Exer. 1
for the following processes (K an arbitrary field):

e

e x—e — +e
x—e
e’ e e

- - - ——e
x z+e x+e

Use these representations to find the solutions of the equa-
tions obtained by setting these calculating expressions =0.
Note that those z in K, for which the calculating process in question

is undefined due to one of the successive denominators becoming
zero, are excluded as solutions from the beginning.



Vol. 1. Chapter II. Groups
6. Definition of Groups

1. Let an arbitrary geometric configuration be given in
the plane (in space). Consider all coincidence motions of the
configuration in the plane (in space), that is, those motions
of the configuration by which it coincides with itself. Let
these coincidence motions be characterized only by the ter-
minal position relative to the initial position (therefore,
neither by the intermediate positions nor by the absolute
initial and terminal positions).—If the product of two co-
incidence motions is defined as the result of performing them
in succession, show that the coincidence motions form a
group with respect to this multiplication.

See the typical special case in Example 4.

2. Determine the order and the relations of combination
for the groups of coincidence motions of the following con-
figurations:

(a) regular n-gon in the plane (n = 2) (cyclic groups 3,)},

(b) regular n-gon in space (n 2 2) (dihedron = regular poly-
hedron with n vertices, n edges, 2 faces) (dihedral groups D,,),

(c) regular tetrahedron in space (tetrahedral group ¥).

In (b) the case » = 2 means the configuration in space
consisting of a line segment and a plane containing it. Instead
of these we can also take a system of three mutually per-
pendicular lines of different colors through a point. What

1 Cf. Vol. 2, Def. 12 [196].
24



7. Subgroups, Congruence Relations, Isomorphism 25
advantage does the latter configuration have in reference to
the group?

See again the typical special case in Example 4; and in addition
the explanations to Section 7, Exer. 1 to 3.

3. Which of the groups obtained in Exer. 2 are Abelian?

4. Investigate the additive and multiplicative groups (in
the sense of Example 1) of a field of two elements; three
elements; four elements. Are any of these cyclic groups?

For this purpose see Section 1, Example 4, Section 1, Exer. 7, 8,
and Section 2, Exer. 12.

5. Solve the equations
ABX=BA, YAB=BA
according to their meaning in an arbitrary group (X the
right and Y the left commutator of A and B). What relation
exists between the commutators of A and B and those of
Band A4? of A-! and B-1? of B! and 4A-1?
See Theorem 15.

6. Show that the relation A = E is valid for every ele-
ment 4 in an Abelian group of finite order .

Form the product of the elements 4B specified in Theorem 16.—
See, if necessary, the proof to Vol. 2, Theorem 29 [194].

7. Subgroups, Congruence Relations, Isomorphism

1. Determine all subgroups of the cyclic group 3, and
illustrate the geometric meaning of the subgroups by the
regular n-gon.

Let 3, be given by the elements 4” (v =0,1,...,n—1) with the

relation A™ = E. The consideration of the lowest power of 4 with
a positive exponent which lies in a subgroup yields that the subgroups
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are cyclic groups 8; which correspond biuniquely to the divisors
d of n.!

2. Determine all subgroups of the dihedral group ®, and
again illustrate the geometric meaning of the subgroups by
the regular n-gon in space (dihedron). Also classify the special
case of Example 4.

If 9, is given by the 2n elements

4%, 4'B (v=0,1,...,n-1)
with the relations

"=F, B3=E, BA=A"'B,
then only the following types of subgroups can occur: subgroups 8,
of the cyclic subgroup 8, formed by the A’, their corresponding

subgroups ?,, and subgroups of order 2 corresponding to the elements
AYB. The discussion is made a little easier by using Theorem 20.

3. Determine all subgroups of the tetrahedral group .

Either the third or second power of the elements *E of T is
= E, according as the element corresponds to a rotation axis through
a vertex and the center of an opposite face or to a rotation axis
through the midpoints of two opposite edges. This clearly shows
which cyeclic subgroups are contained in 2. Furthermore, corre-
sponding to the three mutually perpendicular rotation axes through
the midpoints of the edges there is a dihedral group D, (four-
group) in . In order to show that all subgroups of T have been
enumerated, it is enough to establish that the entire group ¥ can be
generated by a vertex- and center-of-face rotation 4 and a midpoint-
of-edges rotation B (due to symmetry anyone of each kind may be
chosen).

4. Prove:

(a) The integral multiples of an integer m form a sub-
group of the additive group of all integers.—For which m is
this a proper subgroup ?

1 In this regard see the general theory of cyclic groups in Vol. 2,
Section 3.
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(b) The integers form a subgroup of the additive group of
all rational numbers.
(c) The positive real numbers form a subgroup of the
multiplicative group of all real numbers 0.

Theorem 20 is not enough here.

5. Prove that the following relations are congruence
relations:

(a) (Additive group of all integers; congruence mod m)!

a=b, if a—b is an integral multiple of m.

(b) (Additive group of all rational numbers; congruence
mod 1) a=b, if a—b is an integer.

(c¢) (Multiplicative group of all real numbers 0)

a=b, if a and b have the same sign.

Show how these congruence relations are related to the
subgroups considered in Exer. 4. Give the types of the residue
class groups belonging to the congruences in the cases (a)
and (c). What property distinguishes the residue class group
in case (b) from that in (a) and (c)?

Seo—if necessary—the general situation in Theorem 35 [75].
Case (a) has already occurred as a special case under Section 2, Exer. 9.

6. Prove: The totality of those elements of & which can
be obtained from the elements of a subset M of & by the
repeated application of multiplication and (two-sided) division
form a subgroup of @ (the subgroup generated by M).

Apply Theorem 19 as well as Theorem 15 [59].

7. What is the type of the subgroup generated by an
element A of a group @ (the period of 4)?

1 For this purpose cf. the general theory in Vol. 2, Section 2.
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Distinguish between the case where all integral powers A" are
different from one another (one type) and the contrary case in which
there must exist a smallest positive n for which A" = E (one type
for each n). In this regard see—if necessary— the theory developed
in Vol. 2, Section 3, especially Theorems 33, 34.

8. Two elements 4, B of a group & are said to commute if
AB = BA (in other words, if their commutator is equal to E).
—Prove: The totality of those elements of  which commute
with all elements of & form an Abelian subgroup of @ (the
centrum of ).

9. Let 8,,8, be two cyclic subgroups of a group @ such
that every element of the first subgroup commutes with every
element of the second. Let the orders of these subgroups be
m,,my, the order of their intersection ® be d, the order of
their composite & be k.—Show that the relation dk = m;m,
is valid, whereby k is determined if d is known or d is deter-
mined if k£ is known.

Introduce generating elements D, 4,,A4, for T,3,,3, and repre-
sent the elements of & in the form D* A} A} with a range as small
as possible for the exponents «, a,, aj,.

10. Determine the intersection and the composite of the
two subgroups ®; and 84 of the dihedral group ®, (¢ and d’
divisors of n).

The intersection depends on the greatest common divisor of d
and d’; the composite, on the least common multiple of d and d’.
In this regard see—if necessary—the general theory in Vol. 2,
Theorem 14 [182] and in Exer. 16 to Vol. 2, Section 1.

11. Determine the composite of the two subgroups 3, and
(E,B), as well as that of the two subgroups (E,B) and
(E, A*B), of the dihedral group ®,,.

The latter depends on the greatest common divisor of n and the
given exponent k.
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12. Which of the groups obtained in Exer. 1 to 4, 7, and
Section 6, Exer. 4 are isomorphic to one another? Therefore,
what different types of groups have occurred in these exer-
cises ?

13. In an arbitrary group & prove that 4 <— A-! gives
a one-to-one correspondence of @ to itself [therefore a per-
mutation! of &].—How is this correspondence related to the
multiplication in ? For which groups is it an isomorphism
[therefore, an automorphism? of &]?

Apply Theorems 15, 17 [59, 60].

14. Prove: If n is a fixed natural number, then the corre-
spondence a<—>na forms an automorphism in the additive
group of all rational or all real numbers; furthermore, the
correspondence a < a” forms an automorphism in the multi-
plicative group of all real positive numbers.

8. Partition of a Group Relative to a Subgroup

1. Show: If §,,8,.... is a complete right residue system
of & relative to §, then 87!, 83, ... is a complete left residue
system of ¢ relative to 9.

The relations S .8’(9) and S £S~1($) imply one another.

2. Set up the left and right partitions of the dihedral
groups ®,, as well as of the tetrahedral group T, relative to
their different subgroups.

For this purpose see Exer. 1 and the explanation to Section 7,
Exer. 2, 3, as well as the special case typical of the dihedral groups
in Example 2.

1 See Def. 35 [117].
2 See Vol. 2, footnote to Def. 32 [264].
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3. Set up the partition into cosets relative to the subgroups
found in Section 7, Exer. 4, (a), (b), (c).

Show that this exercise is identical with the last question in
Section 7, Exer. 5. Even though there are infinitely many cosets in
(b), a simple complete residue system can still be found for this case.

4. Let 4 be an arbitrary group of finite order n. Show
that the relation A = E is valid for every element A4 of the
group.

Apply Theorem 25 to the cyclic subgroup of ® generated by A
(the period of 4). For Abehan groups sece alse Section 6, Exer. 6,
already given; in general, Vol. 2, Theorem 34 [198].

5. By the order of an element A of a group & we under-
stand the order of its period.—Let A4,, 4, be two commuta-
tive elements of a group 6 of finite orders m,, m,. What can
be said about the order of 4,4,?

By applying Section 7, Exer. 9 an upper bound (in the sense of
a multiple) is obtained for the order.

6. Construct a case where the upper bound obtained in
Exer. 5 is actually reached, and also a case where it is not
reached.

For the former it is enough that m,, m, have no common divisor;
sec Vol. 2, Theorem 35 [198]. For the latter apply, say, 44! = E.

7. Prove that a group of prime order is necessarily cyclic.

For this purpose consider the period of any element =+ E.

8. Prove: If  is a subgroup of ¢, & a subgroup of §, and
8 runs through a complete right residue system of ¢4 relative
to 9, while T runs through a complete right residue system
of § relative to R, then ST runs through a complete right
residue system of @ relative to .

For arbitrary 4,B in  and U in & the relations 4 B(&) and
UAZ UB(%) imply one another.
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9. In Exer. 8 replace right residue systems by left residue
systems.
Replace ST by T'S.

10. What conclusions can be drawn from the data in
Exer. 8 in regard to the indices of  in®, ¥ in®, & in H?

First, relationships can be drawn up according to the result of
applying the alternative ‘finite’ or ‘infinite’ to the three indices;
gecondly, in the case where all three are finite a product relation can
be derived.

11. Show that a coset of a group # relative to a subgroup
© is a subgroup of ¢ if and only if it is the principal coset 9
(ef. footnote 3 to Def. 18).

Otherwise the quotient condition of Theorem 19 [63], and especially
the existence of the unity element according to Theorem 14 [58],
would be violated.

9. Normal Divisors, Conjugate Subsets of a Group,
Factor Groups

1. By a subconfiguration ¥ of a geometric configuration ®
we understand any subset of parts of ®, therefore, for instance,
a vertex, edge, face, axis, or a system of the same kind or
of different kinds of such elements. Let & be the group of
coincidence motions of ® (Section 6, Exer. 1).—Prove suc-
cessively:

(a) The coincidence motions of '® which—starting from a
fixed initial position of ®—-are at the same time coincidence
motions of ¥ form a subgroup § of &.

(b) If the coincidence motion § of ® takes the sub-
configuration Y into the position of the subconfiguration Y,
then §' = S-19S is the subgroup belonging to ¥’ in the
sense of (a).
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(c) Thus, to the entire system of subconfigurations gener-
ated from Y by the coincidence motions of ® there corre-
sponds the entire system of subgroups conjugate to $ in @.
(Here it need not be true that different subconfigurations
correspond also to different conjugate subgroups; cf. Kxer. 6.)

(d) If the subconfiguration Y is carried into itself by all
coincidence motions of ® (invariant subconfiguration—special
case § = @ in (a) to (¢)), then those coincidence motions of ®
which leave Y unchanged form a normal divisor R of .
Here it could be that % coincides neither with € nor with
9=@. This can be seen, for instance, by the following
example: @ a regular tetrahedron, Y the system of the three
midpoint-of-edges axes visualized as undirected lines.

(e) Likewise, a normal divisor of & is formed by the co-
incidence motions of ® which are at the same time coincidence
motions for any one subconfiguration of the system in (c).

(a) follows from Theorem 19 [63]; (b) and (c) by Def. 21, Theorem
29; then (d) by Def. 19; (e) by Theorem 33.

2. Determine all systems of conjugate subgroups of the
dihedral groups D,, and of the tetrahedral group T ; in particu-
lar, determine all normal divisors as well as the factor groups
belonging to these normal divisors.

INlustrate the goometric meaning of the subgroups obtained in
Section 7, Exer. 2, 3 by finding the associated subconfigurations, and
use the result of Exer. 1.—In the dihedral case think of the top-
and undersides of a face as two different subconfigurations (cf. Sec-
tion 6, Exer. 2).

3. Determine the classes of conjugate elements in the
dihedral groups D, and in the tetrahedral group I, and show
that the normal divisor criterion in Theorem 32 is valid in
these cases.
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Seo the explanations to Section 7, Exer. 2, 3, as well as the special
ase typical of the dihedral groups given in Example 2.

4. There are other regular polyhedrons besides those
onsidered in Section 6, Exer. 2, for example, the octahedron
ind hexahedron, as well as the icosahedron and dodeca-
iedron.—Prove: The groups of coincidence motions of the
irst two configurations have the same group type (octahedral
roup ) and similarly for the last two (icosahedral group J).

Apply Exer. 1 (a) by noting that each polyhedron of a pair can
»e reprosented as an (invariant) subconfiguration of the other.

5. Determine the classes of conjugate elements in the

)ctahedral group © and in the icosahedral group J.

The elements are given by rotations around the following three
zinds of axes: (a) through two opposite vertices; (b) through two
senters of opposite faces; (c) through two midpoints of opposite
adges. Let .4 be a rotation—starting from a fixed initial position-—
around the axis A through the angle a. Then form the rotation
A’ = 8148, the transform of 4 by S. As in Exer. 1 (b), the latter
is a rotation through the same angle @ around the axis A’, the position
to which the axis A is taken by the coincidence motion S.

6. Determine the normal divisors of the octahedral group
O and prove that the icosahedral group J has no proper
normal divisor (is simple). Illustrate the geometric meaning
of the resulting normal divisors of © by finding the associated
subconfigurations of the octahedron in the sense of Exer. 1, (e).

Use Theorem 32, Exer. 5, and Theorem 25 [68] to determine the
possible orders of subgroups by the additive combinations of the
numbers specifying how many elements are in the classes of caon-
jugate elements. This process is restricted from the beginning by
the fact that the class consisting only of E must always be used.

7. Prove: A subgroup of index 2 of an arbitrary group

must be a normal divisor.
This follows easily by Def. 19.
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8. Prove: The centrum (Section 7, Exer. 8) of an arbitrary
group is always a normal divisor.

This is sgain a simple conscquence of Def. 19.

9. The mapping of the elements S of a group ® on the
cosets S relative to a normal divisor §, that is, on the
elements S of the factor group & = ¢/9, is a unique (if
9> € it is not one-to-one) mapping of @ on & with the
property:

S—»>S8,T->T implies ST->ST.

A mapping with this property is called a homomorphism of 6
on @.—Show that conversely every homomorphism of & on
another group  is generated as above from a normal divisor
9 of @; that is, associated with any such homomorphism
there must exist a normal divisor § of @ such that ¢ ~@/$H?
and the given homomorphism comes about through S— S
and an isomorphism between @/ and .

According to Theorem 35 we only have to show that the con-
vention: S=T if §S=T
defines a congruence relation in @.

10. On the basis of Exer. 9 prove once more that to any
invariant subconfiguration ¥ of ® there corresponds a normal
divisor 9 of the group & of coincidence motions of ® [Exer.
1, (d)]).

The coincidence motions of ® are mapped homomorphically on
the coincidence motions of .

11. Let $ be a subgroup of the group & and R the totality
of those elements § of & for which S = 89, or therefore
S-198 = § (the normalizer of the subgroup 9 in ¢3).—Prove
successively:

1 We use & as a symbol for tsomorphism.
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(a) N is a subgroup of @.

(b) 9 is a normal divisor of N.

(¢) If  is a normal divisor of a subgroup 9 of ©, then
9 is contained in RN.

Briefly: The normalizer % of § in & is the largest sub-
group of ¢ which has $ as a normal divisor.

(a) follows from Thoorem 19 [63]: (b) and (¢) most simply from
Def. 19.

12. Prove: The number of different conjugate subgroups
of  in & is equal to the index of the normalizer R of $ in 6.
Therefore, in particular, for finite ¢ this number is always a
divisor of the order of &.

Show that the complete system of subgroups of (% conjugate to

can be written in the form $-! 9S8, where S runs through the repre-
sentatives of a complete left residue system of @ relative to 9.

13. In Exer. 11 and 12 replace the subgroup by a single
element 4 of & so that % now becomes the totality of those
elements of & which commute with 4 (the normalizer of the
element A in @).—Prove similarly: R is a subgroup of &;
its index is equal to the number of different elements in &
conjugate to A. Therefore, in particular, for finite ¢ this
number is always a divisor of the order of . Furthermore:
The period of 4 (Section 7, Exer. 7) is a normal divisor of %,
and N is a normal divisor of the normalizer of the period of 4.

14. Let  and & be subgroups of a group ¢ such that J
is contained in the normalizer of §. Let & = {9, 3} be the
composite, D = [, J] the intersection of H and J.—Prove
successively:

(a) $ is a normal divisor of &, D is a normal divisor of J.

(b) For the factor groups we have &/9 = J/®.
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(c) If  and J are actually normal divisors of &, then
& and D are also normal divisors of .

(a) and (c) immediately follow from Def. 19 and the hypothesis.
For (b) start with a complete residue system of J relative to D and
show that it is also & complete residue system of § relative to 9.

15. Prove: If $ is a normal divisor of ¢ with finite index j,
then 87 belongs to § for every S of &.

Apply Section 8, Exer. 4.

16. Prove: The additive group of all rational (or all real)
numbers and the multiplicative group of all real positive
numbers have no proper subgroups of finite index.

Apply Exer. 15 as well as Section 7, Exer. 14.

17. Determine all subgroups 9 of finite index in the multi-
plicative group 6 of all real numbers 0.

Such a subgroup is the group 3 of the positive real numbers.
For an arbitrary subgroup § of finite index, consider the intersection
D with 3 and apply Exer. 14, 16.

18. Prove: If C is the (let us say, right) commutator of
A and B (Section 6, Exer. 5), then for arbitrary natural
numbers m and #n the (right) commutator C, , of A™ and
B~ is a product of transforms of C.

First calculate successively the commutators of 4,B?; ...; 4, B®;
then of 42, B*; ...; A™, B",

19. Prove: If C is the (let us say, right) commutator of
A and B, then 8-'CS is the (right) commutator of S48
and S-1BS.

20. By the commutator group € of a group & we mean the
subgroup of @ generated by the set of all commutators of
every pair of elements of @ (Section 7, Exer. 6).—Prove
successively:



9. Normal Divisors, Conjugate Subsets, Factor Groups 37

(a) € is a normal divisor of .

(b) The factor group &/€ is Abelian.

(¢) If § is any normal divisor of & with Abelian factor
group G/9, then € is contained in 9.

Briefly: The commutator group € is the smallest normal
divisor of & with Abelian factor group.

(a) follows most simply, according to Theorem 32, from Exer. 19;

for (b) and (c) study the congruence relations corresponding to €
and 9 according to Theorems 34, 35.

21. Determine the centrum and commutator group of the
Abelian groups, the dihedral groups 9®,, the tetrahedral
group T, the octahedral group O, and the icosahedral group .

For this purpose take into consideration Exer. 5, 6, as well as
Section 6, Exer. 2, 3 and Section 7, Exer. 2, 3.



Vol. 1. Chapter IIl. Linear Algebra without

Determinants

10. Linear Forms, Vectors, Matrices
1. Are the two linear forms

(a) x; and &, + x,,

(b) x;+x, and &, —x,
linearly independent ?

Between these forms set up a linear relation with indeterminate
coefficients ¢;,c, and try to deduce that ¢, = 0,c, = 0 must be valid.
Case (b) depends on whether 2e = 0 or 2¢30 in the ground field K.!

2. Show that, within the domain of all functions (in the
sense of analysis) of x,....,x, over K, linear forms are charac-
terized by the property of Theorem 44.

Apply the property in question to the linear combination
r= 2’: &rie, of the vector r = (ry,...,2,) and the unit vectors ¢, and
alokzt;,ke Theorem 45 into consideration.

3. By the product of an (m,n)-rowed matrix A = (a;) by

an (n,6)-rowed matrix B = (b;,) we mean the (m,é)-rowed
matrix ¢ = (c,;) with

! That is, whether the characteristic of K is equal to 2 or different
from 2. Regarding this, see the general theory in Vol. 2, Section 4,

especially Def. 14 [202]).—This distinction will frequently be important
in the following.

38
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for which, therefore, c;; is the inner product of the i-th row
of 4 by the i-th column of B.—Show that this product
matrix C results as the matrix of a system of linear forms in
the following two ways:

n
(a) In the m linear forms fy(r)=Ya,; x, ¢+ = 1,...,m) with
=1
the matrix 4 substitute for the n indeterminates z, the linear
forms X b,.y, (I = 1,...,n) with the matrix B in é new indeter-
k=1

minates y,: in doing so m new linear forms ¢,(n) are derived
(transformation of a system of linear forms to new indeter-
minates).

(b) From the n linear forms f,(x)= X bz, (I=1,...,m)
k=1
with the matrix B form the m linear combinations
n
2ayf, (i =1,...,m) with the matrix 4: in doing so m new
=1

linear forms g,(r) are derived (transformation of a system of
linear forms to a new system in the same indeterminates).

4. Prove that the matrix multiplication defined in Exer. 3
satisfies the associative law and, together with the matrix
addition given by (2’), satisfies the distributive law; on the
contrary, show that the commutative law of multiplication
is not generally valid for matrix multiplication.

The associative and distributive laws are proved by writing out the
expressions for 4(BC),(4B)C,(4 +B)C,AC +BC,C(4 +B),CA +CB
resulting from the definitions (the two-sided distributivity must be
shown) and applying the corresponding laws to the elements of the
ground field. Naturally, it is implicitly assumed that the number of
rows in each of the matrices 4,B,C in question is such that the
definitions of sum in (2°) and product in Exer. 3 can be applied.
For the commutative law we merely have to consider matrices 4, B
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with one and the same number of rows and columns n (n-rowed
square matrices). Among such matrices it is easy to find examples
in the case n > 1 for which AB+ BA.

5. This means, in particular, that the nm-rowed square
matrices with a fixed number of rows n (over the ground
field K) form a non-commutative ring (according to the general-
ization of the ring concept in Def. 1 [15]).—Prove: In this ring
there is a uniquely determined unity element, that is, to
every n there is one and only one n-rowed square matrix E,
with the properties:

E,A = A for all matrices 4 with » rows (and n columns
or also any number of columns),

AE, = A for all matrices A with » columns (and n rows
or also any number of rows),

(n-rowed identity matriz; when n is obvious from the con-
text, it is also denoted simply by ).

The n-rowed square matrix E, whose rows (or columns) are the
n unit vectors e,,...,e, satisfies the requirements. To prove the
uniqueness apply either one of the above conditions to the case

wherein E, is an unknown n-rowed square matrix X and A4 is the
matrix E, just specified.

6. Construct the transposition matrix V, which by left
multiplication interchanges the i-th row of an arbitrary
matrix 4 with the k-th row. Next, construct the multiplica-
tion matriz U,(t) which again by left multiplication multiplies
the elements of the i-th row of 4 by t but leaves all other
rows unchanged. Finally, form the addition matriz W; which
by left multiplication adds the k-th row of A to the i-th
while leaving all other rows unchanged. What happens when
A is multiplied on the right by these three matrices? From
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U,(t) and W, also form a matrix which by left multiplication
adds the k-th row of 4 multiplied by £ to the 3-th. (Naturally,
the implicit assumption of Exer. 4, 5 must also be in force
here.)

If the required matrix cannot be immediately found, it can be
set up in the form (¢,,) with unknowns ¢,,. On forming the product
(¢;x)- A we obtain simple equations for the ¢,, on the basis of the
uniqueness (cf. (1)).

7. Let A be an n-rowed square matrix. If 47 (or 4;?)
is an n-rowed square matrix such that

AA' = E (A7'A = E),

then we say that A;! is a right (4;! a left) inverse to A.1—
Prove: If A1, B;! are right (A;', B;! left) inverses to the
n-rowed square matrices 4, B, then B;141is a right (B;14;?
a left) inverse to AB.

Apply the associative law of matrix multiplication.

8. Prove: If an n-rowed square matrix A has a right (left)
inverse, then there can be no more than one left (right)
inverse to A. If right and left inverses to A exist, then they
are equal to one another; in this case we use the simple
notation A-1.

The proof of both statements follows by multiplying the hypo-
thetical equations Y;4 = E and Y, 4 = E (AX, = E and AX; = E)
on the right by 4;! (on the left by 4;?).

9. Confirm the statement in footnote 3 to Def. 28 regarding
the inner vector product. Use this matrix interpretation of
the inner product of two vectors a = (a;) (one-rowed matrix)

1In this regard cf. also Theorem 18 [2], as well as Exer. 1, 3, 4,
to Section 14, given later.
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and b = (b;) (one-column matrix) to determine the result of
interchanging the factors.

The n-rowed square matrix (b,a;).
n

10. Prove: The system of linear forms fi(r)= 3 a2,
k=1

(¢ = 1,...,m) with the matrix 4 = (a;;,) can be written in the
simple form Ay, where ¢ represents a one-column matrix (z;).

This immediately follows from the definition of matrix product
in Exer. 3.

m
11. Write the linear combination Y ¢;f; as a matrix prod-
. 1 =1
uct.
tAr, where ¢ = (¢;) (one-rowed matrix).—According to Exer. 4

parentheses are not needed.
12. (a) Write the quadratic form
Ax2+ 2Bz z, + Cx,?

as the product of three matrices.

(b) Similarly, write the known transformation formulae
for the rotation of an orthogonal Cartesian system of co-
ordinates through the angle « as the product of two matrices;
do so in two ways.

(¢) Carry out these transformations on the form (a) and
express the new coefficients in terms of the product of matrices.

For (a). Among other things, we need the matrix (£ %).

For (b). r=1¢T or r=T%, where T is a two-rowed square
matrix whose elements are formed from sin « and cos«. (Cf. Exer. 10

form=mn=2))
For (c). Use the associative law (Exer. 4).

13. Prove the transposition rule (AB)' = B'A’. For square
matrices A how does this rule tie the inverse of 4’ to that
of A?
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The transposition rule is proved by writing out the expressions
which are obtained by applying the definitions to both sides. It
follows: If A;! is a right [4;! a left] inverse to A, then (4;') is &
left [(4;!)’ a right] inverse to 4’.

14. Let n =v;+v,+---+v, be a decomposition of » as a
sum of positive integers vy, v,, ...,v,. lLet the square array of
the (n,n)-rowed matrix A be correspondingly subdivided into
rectangular submatrices:

12} Vg eovns v,
Vi Au A12 Alr
Vo Azl Azz Azr
Vy Arl Ar2 Arr

Prove: If
A=(A,) and B=(B,) (Lxk=12,..r)

are two matrices subdivided according to this scheme, then
r
AB = (4\21A“‘BA‘)

in this division. Therefore, the multiplication of matrices 4
in terms of the matrices A,, is carried out by a rule entirely
analogous to the definition of ordinary matrix multiplication
(Exer. 3).

On using the definition of multiplication given in Exer. 3 this
rule easily follows by decomposing the sum, which represents the
element in the ¢-th row and k-th column of the product matrix 4B,
into partial sums corresponding to the underlying division of the
square array.
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11. Nonhomogeneous and Homogeneous Systems

of Linear Equations

1. Write the systems of linear equations (J), (H), (H’) by
means of matrix products.

See Section 10, Exer. 10.

2. The n-termed vectors over the field K form an Abelian
group & with respect to addition (Section 6, Example 1). The
solutions of (H) (including the identical solution) form a sub-
group  of @. The solutions of (J) form a residve class
relative to  in @.

See Theorems 47, 46 and Theorem 19 [63).

3. Find a system of fundamental solutions for the homo-
geneous system consisting of the single equation

T+ +x,=0 (nZ2).

The n —1 vectors 0, ...,0.e,-¢,0,...,0 are (a) lincarly independent,
(b) solutions of the equation, and (c) every solution is a linear com-
bination of these.

4. Accordingly, represent the general solution of this
equation by independent parameters.

=& xy=E— & Ty = Ena—€nan Tn = — nre

5. Accordingly, what is the general solution of the non-
homogencous system consisting of the single equation

,+-+r,=al

A particular solution of this equation can be immediately given
(if ne£0 it can even be given in a symmetric form). Then apply
Theorem 46.

6. By using a single product of matrices express the fact

that the vectors 1,, ..., , are solutions of (H).
AX = 0, where A4 is the (m,n)-rowed matrix of (H) and X the
(n, 8)-rowed matrix formed from the g,,...,z, as columns.
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7. What restriction must be imposed on the right sides of
the nonhomogeneous system

n —h =a,

due to the obvious dependence of the left sides?
Apply Theorem 48 and Exer. 3, 4.

12. The Toeplitz Process

1. Let C be an m-rowed square matrix with a left inverse
C;! (Section 10, Exer. 7). Through left multiplication by C
the system of equations

(J) Ar=a
yields the system of equations
Je) CAr=_Ca.

Any system (J.) so generated will be said to be linked with
(J). —Show that a linkage is an equivalence relation in the
sense of Section 2, (I), and that linked systems are equivalent
in the sense of Def. 30.

Note that (J) can be regained from (J¢) through left multiplica-
tion by C;!, and also take Section 10, Exer. 5, 7 into consideration.

2. Show that the equivalence relation between (J) and
(J,) constructed in the proof of the Theorem of Toeplitz is a
linkage.

Due to the transitivity of linkages (Exer. 1) it is enough to
establish this for the two steps of the Toeplitz process separately,
that is, on the onc hand, for (J) and (J,), on the other hand, for
(Jo) and (J,).
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For the first step (J,) has to be interpreted as a formal m-termed
system by the addition of 7n —7r zero equations. It must then be shown:
(a) (J) is generated from the new (J,) through left multiplication

by a matrix of the type ( (:'I?' ).—-For this purpose take into con-
fm oy

sideration relations (5). (6) as well as Section 10, Exer. 3, (b).
(b) This matrix has a left inverse.-—By taking Section 10, Exer.
14 mnto consideration it can be immediately written out, namely
( £,0 )
- l"m r
Simularly, for the second step we only have to show that the
matrix (' on the right in (7) has a left inverse C; 1. Then the m-rowed

square matrix (((;2, ) to be formed because ot what was done at the

“m-r
first. step (carrying along the m —r zero equations) also has a left
11
inverse, namely ( (()’ (.) ) The existence of C7?! follows if each of
“m r

the nonhomogeneous systems of linear equations formed with (' and
one of the unit vectors on the right side can be solved. This is certain
by recursion (from lower to higher numbers); see the end of the
proof to the Theorem of Toeplitz.

3. In the proof of the Theorem of Toeplitz we made
special assumptions ‘for reasons of notation only’ regarding
the ordering of the equations of Exer. 2. In order that these,
too, may be subsumed, show: The equivalence relation result-
ing from an arbitrary rcarrangement of the equations of a
system is a linkage.

A rearrangement is generated through left multiplication by a
matrix /> which has the unity element e at exactly one position in
each row and in each column, otherwise only zeros (cf. Section 10,
Exer. 6). It is easy to find a left inverse of such a matrix P, namely,
its transpose F”’.

4. (arry the Toeplitz process through for the system of
equations r 7,0,

£y — Ty = Ay,
See the explanation to Section 10, Exer. 1 (b).
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13. Solvability and Solutions of Systems
of Linear Equations

1. Prove direetly, without. using the Theorem of Toeplitz,
that the necessary condition for the solvability of (J)
(Theorem 48 [92]) is sufficient (Theorem 49). Use mathemat-
ical induction on the number n of unknowns.

For the reduction from n to # —1 unknowns replace r, by a
suitable element. &,. In order to determine this &,, there are two
cases to be handled:

(a) ., can be represented as a linear combination of the f,(r):

Tp=efi(x) 40 +eufmlr).
In this case set
E,=ca, 4+ +c,a,,.
Due to the necessary condition for solvahhty, this &, does not. depend
on the determmation of ¢, .. .r,. which may possibly be done n
many ways.

(b) x, cannot be represented as a lincar combination of the f,(x).
Then &, can be arbitrarily chosen (say &, = 0).

Then consider the new system

AuXy+ o+, g Ly =0, -0, ¢, (i=1,...,m)

with n — 1 unknowns and establish that 1t, too, satisfies the necessary
condition for solvability. This follows from the fact that a linear
relation between the new left sides, which does not reduce to a linear
relation between the old f,(r), gives rise to a representation of x, as
a linear combination of the f,(r), whence according to the determina-
tion of &, in the case (a) the existence of this linear relation also can
be inferred for the new right sides.

2. Prove directly, without using the Theorem of Toeplitz,
that more than m m-termed vectors are always linearly
dependent (Lemma 1): in other words, (H) can always be
solved for n >m. For this purpose use mathematical induc-
tion on m.
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In order to reduce the statement about (H) from m to m—1
equations we again distinguish the two cases (a) and (b) of the dis-
russion in Exer. 1.

In the case (a) the left sides of the homogeneous system

AT+ 48, 1 Ty 3 =0 (2= 1,...,m)
generated by the substitution x, = 0 are linearly dependent; there-
fore, on omitting one linearly dependent equation this system is
further reduced to m —1 equations in 2 —1 >m — 1 unknowns.

In the case (b) the system

Ay byt +a, f Ty = =Gy
generated by the substitution x, = e satisfies the uecessary condition
for solvability, and this brings us back to Exer. 1.

3. In the proof of Theorem 52 the trivial fact is established
under (a) that if all f; = 0, then all ¢ are solutions of (H).—
Show directly, without using the Theorem of Toeplitz and
Theorem 52 proved with its help, that conversely if all ¢
are solutions of (H) then all f; = 0.

The relation 4 = 0 to be proved follows columnwise by the sub-
stitution of the n unit vectors ¢, ..., ¢, for r.

4. The totality of solutions of (H) can be described as the
totality 8 of those n-termed vectors b whose inner product
with the m given vectors a; (the rows of the matrix 4 of
(H)), and consequently with the totality % of linear com-
binations a of the q;, yields the result ab = 0.—Show that this
relation between the two vector sets 9% and B is reversible,
that is, that % is at the same time the totality of all n-termed
vectors a whose inner product with all of the vectors b of
8, or—which amounts to the same thing—only with the n—r
vectors b; of a system of fundamental solutions of (H), yields
the result ab = 0.—To achieve full symmetry and analogy,
the set A may also be described, in the statement first made,
as the totality of linear combinations of the r vectors of a
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maximal system of linearly independent vectors among the
a; (Lemma 2), or we can also assume from the beginning
without loss of generality that r = m.

Let %’ be the totality of a with ab = O for all b in 8. Then % is
in any casoe a subset of %’. Now, %’ can be thought of as the totality
of solutions of the linear homogeneous system 1b, =0 (j = 1,...,n—7).
Apply Theorem 52 to this system in order to show that the already
defined r vectors a, form a system of fundamental solutions for this
system, and consequently %A = %’

5. Show, for homogeneous systems in the first instance,
that the converse to Section 12, Exer. 1 is valid, namely, that
equivalent systems are linked.

According to the statements in the first step of the Toeplitz
process in Section 12, Exer. 2 any homogeneous system f,(r) =0 is
linked with that homogeneous system which is obtained by restricting
oneself to a maximal system of linearly independent f,; in view of
the statements made there regarding the connection between the
first and second steps it can therefore be assumed without loss of
generality that the two equivalent homogeneous systems are formed
from linearly independent linear forms. Due to the equivalence they
then have, according to Theorem 52, the same number 7 of equations.
Next, apply Exer. 4, by which the r row vectors of the matrix of
each of the two systems form a system of fundamental solutions of
one and the same homogeneous system of equations (arising from
the common totality of solutions of the original systems). From this
we can easily deduce the linkage to be proved (proof to Theorem 51).

6. Conversely, show that the equivalence of nonhomo-
geneous systems (which can be solved) also implies their
linkage.

If Ax=a, Br=b are the two systems, and g, is a particular solu-
tion, then the substitution v = r—g, yields two equivalent homo-
geneous systems Ay =0, By =0; these are linked according to Exer. 5;
consequently, the two original systems are linked on the basis of the
same linking matrix.
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7. Set up a system of fundamental solutions for the homo-
geneous system consisting of the single equation

x1+...+xni0

by the method of the proof of Theorem 52 (Toeplitz process).
Show how this is related to the system of fundamental solu-
tions obtained in Section 11, Exer. 3, using the proof to
Theorem 51 as a model (linear representation of two systems
through one another).

14. The Case m=n

1. Prove: A has a right inverse if and only if 4 is regular.

Apply Theorem (46, 48, 49)a by noting: The existence of a right
inverse to A is tantamount to the solvability of the system (J)
belonging to A with each of the n unit vectors e,,...,e, on the right,
and therefore with any arbitrary vector a on the right.

2. Prove: A’ is regular if and only if 4 is regular.
This follows immediately from Theorem (52, 53, 64)a.

3. Prove: A4 has a left inverse if and only if 4 is regular.
This follows by combining Exer. 1, 2, and Section 10, Exer. 13.

4. This means that right and left inverses to A4 exist
simultaneously, if at all (namely, if 4 is regular), and are
then uniquely determined and equal to one another (Sec-
tion 10, Exer. 8).—Show that the resolvent matrix 4* of a
regular 4 coincides with the inverse 4-1.

This is an immediate consequence of the matrix interpretation of
part (a) of the proof of Theorem 55; see the discussion to Exer. 1.

5. What condition must the four coefficients of a two-
rowed square matrix A satisfy if 4 is to be regular? In this
case what is its resolvent matrix ?
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The condition says: a,;@,; —a,,a5,%0. In order to establish its
sufficiency as well as to answer the last question, see— if necessary—
the remarks after Def. 38 [127] relstive to the case n = 2. That it is
necessary can be established, according to Theorem (52, 53, 54)a,
by interpreting the relation a,,a,; —a,,a,, = 0, as far as possible, as
either (H) or (H’) being non-identically satisfied; the case where
neither of the two is true is trivial.

15. The Importance of Linear Algebra
without Determinants

1. In the field consisting of 0 and e alone (Section 1,
Example 4) carry out the Toeplitz process in finitely many
steps exactly in accordance to the scheme of Section 12 and
thereby, in particular, also confirm that the necessary con-
dition for solvability is satisfied in the case of the system

of equations
Ty + Ty +Xg+ Ly +25=0

z, +x3+x,+25=0
I+, +x, =e
Zo+Zg +x5=e.

Only 0 and e can be used as multipliers for the linear combina-
tions and especially for the possible linear dependences. All com-
binations in question can be quickly checked for each step carried
out according to the scheme.

2. The concept of skew field is generated by dropping the
commutative law (2) of multiplication from the field axioms
Section 1, (c) and supplementing (5), (6), (7), thereby becoming
unsymmetrical, by analogous postulates with reversed se-
quence of factors.—Show that the results obtained in Sec-
tions 10 to 14 regarding systems of linear equations are also
valid in a skew field K by properly fixing the sequence of
factors.
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By always regarding the sequence of the factors as essential,
establish that Theorem 44 [86] remains valid if we take the multi-
pliers ¢, as right factors, corresponding to the obvious restrictions
in Theorem 43 [85]. With this modification maintained throughout,
Theorems 46, 47 [91] also remain valid. Furthermore, Theorem 48 [92]
remains valid except that in its corollaries, as generally henceforth,
(H’) must be understood as written with the sequence of factors
reversed (therefore, coefficients on the right). With the specified
modifications all facts derived in Sections 12 to 14 are then valid.
In Theorem 63 [109], with (H’) suitably modified, 7" has, of course,
to be taken as the maximal number of linearly independent columns
relative to linear combination with right factors, whereas 7 itself
refers to the rows under left multiplication.

It is an open question whether there is a connection between (H)
and the transpose system of equations with coefficients on the left, in
other words, between the maximal numbers of linearly independent
rows and columns in both cases relative to left multiplication.
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Determinants

16. Permutation Groups

1. Let B be an arbitrary n-termed permutation group, that
is, an arbitrary subgroup of €,. If a permutation of P takes
a numeral ¢ into a numeral k, then k is said to be connected
with ¢ by R.—Prove: Connectedness is an equivalence
relation.

It is easy to confirm that Section 2, («), (8), (y) are satisfied on the
basis of the group properties of %.

2. Let the numerals 1, ...,n be partitioned into r mutually
exclusive classes (combinations) €,,...,€, such that all
numerals of a combination are connected with one another
by ‘B, while the numerals of different combinations are not.—
Prove: Every permutation P of f can be represented as the
product of r permutations P, ..., F,, where P, permutes the
numerals of €, only among themselves and takes the numerals
of all other €, into themselves. The P, commute with one
another, and there is (apart from their arbitrary arrange-
ment) only one partition of the specified kind.

This easily follows from

( U eeely  Ypppee-ig ) _ ( ..., 1,“...1,,) (11...'&, @,.,,1...1,,)
Di, - Piy Piyyy o+ Py Piy o Poy | Bpsr -t/ Gy [ Dy, oo Py,
_ (11...1, @,H...z,,) ( 2.0, 1,+1...1,,\’
- - - - . »
2y eee p"_h.-.p‘” p“...p‘v Vg1 n

58



54 1. IV. Linear Algebra with Determinants
where G = (iy,.. ,i,), 6’ = (i,41,...15) i8 a partition of (1,...,n) into
two mutually exclusive combinations, and P = (; ) (t=1,...,n)is a

1
permutation which permutes the numerals of G only among them-

selves, and hkewise for the numerals of ¢’.

3. Prove: If the permutation P in Exer. 2 runs through
the group B, then P, runs through the permutation groups
$,, which are homomorphic (Section 9, Exer. 9) to 8 on the
basis of the correspondences P — P,

It is easy to confirm the rule: 1If P;... P, and P’;... I’; arc parti-
tions of P and P’ in the sense of Exer. 2, then (P, Pj)... (P, Py) is the
partition of PI”.

4. An n-termed permutation group B is said to be transi-
tive if the number r of combinations €, in Exer. 2 is equal to
1, therefore, if any numeral i is connected by % with any
numeral k. For this it is sufficient, of course (Exer. 1), if
every numcral 7 is connected by % with a fixed numeral,
say 1.—Show: The permutation groups %, in Exer. } are
transitive if they are interpreted as permutation groups of
the v, numerals of €, alone (therefore as v,-termed per-
mutation groups), whereby all numerals remaining unchanged
are omitted. The latter means merely an isomorphism.

The transitivity of %, is an immediate consequence of the property
first used to characterize the combinations ¥, in Exer. 2.

5. Prove: The order of an n-termed transitive permuta-
tion group ® is a multiple of =.

For this purpose prove the existence of a subgroup in % of index n
by considering the totality Ul of those permutations of $ which leave
a fixed numeral unchanged, say the totality 11, belonging to the
numeral 1.

6. What subgroups of $ are conjugate to the subgroup
U1 = U, just considered?
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The transformation by a permutation P, that carries 1 into 1,
carries 11, into the totality 11, of those permutations which leave the
numeral ¢ unchanged. Due to the transitivity 7 can be any one of
the numerals 1, ..., n.

7. Show: In a transitive n-termed permutation group B
every permutation leaves at least one numeral unchanged
only in the trivial case n = 1.

Namely. the n conjugate subgroups i, taken together must exhaust
the entire group ®. If p,u are the orders of %, 1, then the 11,, alto-
gother, formally have nu = p elements, therefore exactly as many as
there are supposed to be different clements among them. But the
I, have jointly the unity element in common. This is a contradiction
except for n = 1.

8. In Exer. 2 to 4 we developed the concept of the
partition of a permutation group info {ransitive components.
Carry this partition through for the special n-termed per-
mutation group ® which consists of the powers of a given
n-termed permutation I’ (period of P’; Section 7, Exer. 7).
Describe the factors P, of the partition PP = F,... L.

There are two possible cases:

(a) v, =1, that is, €, has only one numeral. Then P, = E and
can be omitted from the product.

(b) »,>1. Then the numerals of G, can be arranged in an order
%35 ...»%, such that P,—by omitting the unchanged numerals in the
sense of the statements in Exer. 4— has the form

_ (b i,...i,p)
P’ (i’ ia “re il :
For this purpose we only have to apply the permutations I, P%,...
of % successively to a numeral 7 = 7, of €.

9. A permutation of the form

P = (1.1%2'"'."), briefly also P = (i,1,...1,),
tylg... 1
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is called a v-termed cycle (also a cycle of length or degree v).—
Form the powers PO Pl P+% ... of P. What is the order
(Section 8, Exer. 5) of P?

The positive (negative) powers are obtained by the ‘cyclic’ dis-
placement of the lower row 3,...7, of P°= E = (ll "’) to the left

By... 9
(right) as many times as specified by the exponent.

10. According to Exer. 2, 8, 9 any permutation P has a
uniquely determined partition into mutually exclusive cycles.—
Carry this partition through for the permutations of &,, €;, S,.

For instance, (i;::;) = (143), (;i‘::;) = (13)(24).

11. Prove: Two n-termed permutations P, R are conjugate
within the group €, if and only if the set of lengths v, of the
cycles in the partition of the permutations into cycles is the
same in both cases (with respect to a suitable arrangement
of the cycles). Therefore, the set of numbers v, merely deter-
mines the classes of conjugate elements in €,,.

For this purpose it is appropriate to think of the numerals ¢ which

remain unchanged as also carried along as one-termed cycles (i)

(number v, = 1) so that z',‘vp = n is always true. Then the assertion
p=1
follows by means of the transformation formula in the proof of

Theorem 62. According to this formula the transformation by Q = (' )
y L

takes R = (:) into P = Q-'RQ = (qq'), therefore can be carried out
[ 4

simply through replacing the original sequence of numerals 1,...,n by
the new sequence of numerals ¢, ..., g, 8s the objects to be permuted.
If the sequences of numerals, as they appear in the (properly arranged)
partitions of R and P into cycles, are written in two rows one under
the other, and this is regarded as a symbol for a permutation Q,
then Q-1RQ = P is valid. Example: R = (123)(4), P = (142)(3),
Q= (1234 .

1423
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12. Accordingly, how large is the number of different
classes of conjugate elements in S, ?

It is equal to the number of different ways in which the number n
can be partitioned into an arbitrary number r of integral positive
summands », (without regard to their arrangement). If the number
of summands v, = 1,2,...,n is designated by 7,,7,,...,7,, it is also
equal to the number of solutions of

17,4+ 2rg+---4nr, =n

in integral non-negative 7,7y, ...,7,.

13. Consider the classes of conjugate elements of €, deter-

mined by the numbers v, or better by the numbers r,....,r,

p
defined above. How many elements are there in such a class?

Imagine a pattern of empty parentheses consisting of », 1-termed
parentheses, ...,7, n-termed parentheses. There are »! ways in which
the numerals 1,...,n can be distributed into the n blank spaces.
Let each distribution be interpreted as the partition of a permutation
P of &, into cycles. The following types of distributions will lead
to the same permutation I’: (a) the » cyclic interchanges within a
single v-termed bracket; (b) the 7! interchanges by permuting with
one another the r, parentheses with the same number of terms ».

The required number:
n!

1"'“”"‘1‘1!'-'1'”!

is thereby found.

14. Prove: Any permutation can be partitioned into (not
necessarily mutually exclusive) cycles of length 2 (trans-
positions). Such a decomposition is possible in many ways.

If the act of permuting is visualized graphically as the displace-
ment of objects placed in a row, then it consists in the successive
interchange of adjacent objects.

15. Give a partition of the cycle (12...v) into trans-
positions.
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Corresponding to the idea of the passage of 1 past 2,...,» we
obtain, for instance, the partition

(12...7) = (12)(13)... (I»).

Form another partition.

16. Prove: Even permutations can be constructed only
from an even number of transpositions; odd permutations,
only from an odd number of transpositions.

According to Theorem 60 it is sufficient to establish the relation
sgn T = —1 for any transposition 7' = (ik). This is easily done on the
basis of Def. 37.

17. What is the value of sgn P for a v-termed cycle P?
This easily follows from Exer. 15, 16.

18. Choose a permutation from each class of conjugate
clements of S;,S,,S; and give its partition into cycles: also,
find the number of elements contained in the class. What
classes belong to the normal divisor Ay, A,, Ay ?

Apply Exer. 11, 13, 17.

19. A class of conjugate elements of €, belonging to %,
is also a class of conjugate elements in %, if in the partition
of its elements into cycles there appears a cycle with an even
number of terms, or two cycles with the same odd number
of terms (this number may also be equal to 1). However, if
the lengths of the cycles are all different odd numbers, then
the class of conjugate elements of &, is composed of two
such classes in ¥,

Namely, if the partition of a permutation P into cycles contains
a cycle with an even number of terms, then the class commutes with
this cycle, which is an odd permutation (cf. Exer. 15); therefore,
on prefixing this cycle to an odd transformer @ in Q-'PQ = F’,
the transformer is made even. Furthermore, if the partition of P
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contains two different cycles of the same odd number of terms, say
(1,...,k), (k+1,...,2k), then PP commutes with the odd permutation
(1,k+1)...(k, 2k), and we can continue as above. However, if the
lengths of the cycles of P are all different odd numbers, then it is
easy to show that P commutes only with even permutations. On
realizing that Q-1PQ = R-'PR implies P(QR-!) = (QR )P we can
immediately deduce our assertion.

20. A homomorphic mapping (Section 9, Exer. 9) of an
arbitrary group ¢ on an n-termed permutation group P is
called a representation of & by m-termed permutations.
According to Exer. 2 to 4, ® can be assumed without loss of
generality to be transitive (in the general case the repre-
sentation reduces to a number of transitive components).---
Prove: If § is a subgroup of & of index n, then the » right
cosets M= YR of ¢ relative to 9 undergo permutations
under right multiplication by the elements 8 of (:

‘ﬁ) (R runs through the right cosets of ¢ relative
Py =
(SRSI to 9).

These Pgform a transitive representation of ¢ by n-termed
permutations.

We have to establish:

(a) The sets RS generated from a right coset R aro again right
cosets of ® relative to .

(b) Distinct cosots R, R’ correspond to distinct cosets RS, R'S.

(c) To the successive application of: the multiplications by 8,8’
there corresponds the successive applicution of the permutations
Pg, Pg..

(d) Any coset % goes over into any other R’ under right multi-
plication by a suitable & in ®.

21. Describe the above representation by permutations
8 in the special case § = € (therefore @ is a group of order n)
(regular representation of @).
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The permutation Pg is obtained by taking the n elements 4 of ¢
themselves as the objects to be permuted and multiplying them on
the right by S:

Py = (:S‘) (A runs through the elements of ().
4

22. Prove the converse to Exer. 20: Kvery representation
of & as a transitive n-termed permutation group 9 arises
from a subgroup § of & as the group of permutations of the
right cosets of (4 relative to  under right multiplication by
the elements of (4.

For this purpose consider the subgroup W = 1, of ¥ defined in
Exer. 5 and take § = 9, as the totality of those elements of % which
arc mapped in the subgroup U of ¥ by the basic homomorphism of
® to B, therefore schematically -

¢ —%,
-1

We then have to establish:

(a) 9 is a subgroup of ¢ of index n.

(b) The homomorphism maps the n right cosets %, of ¢ relative
to § onto the n right cosets R, of % relative to 1, where R, is the
totality of permutations of 8 which carry the numeral 1 into a fixed

numeral i.

() If Py = (;) G=1,...,n)

is the permutation of % corresponding to an & of ® with respect to
the homomorphism, then under right multiplication by P’s the %,
undergo the permutation

R\ ﬁ,) .
that is, the indices 7 of the %, undergo exactly the permutation Pg.
This is also valid for the indices 7 of the ®,.

23. Let N be the normal divisor of 65 determined by
the homomorphic mapping of & on P (Section 9, Exer. 9),
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therefore determined in such a way that this mapping is an
isomorphism between / and B.—Prove: N is the inter-
section of the subgroups 9; of (4 conjugate to 9.

N is the totality of the elements of ¥ which are mapped on the
unity element of ¥ by the underlying homomorphism (Section 9,
Exer. 9). §, is the totality of elements of & which are mapped on
the elements of I, (Exer. 6). The intersection of the i, is the unity
element.

24. Let ® be a geometric configuration, & the group of co-
incidence motions of ® (Section 6, Exer. 1), ¥ a subcon-
figuration of ® (Section 9, KExer. 1), and ¥; (1 = 1,...,%n) the
system of the different subconfigurations of ® which arise
from Y through the coincidence motions of ®.-—Show that,
in the coincidence motions of ®, the ¥, bring about a transi-
tive n-termed permutation representation § of ®.

It is ecasy to establish:

(a) Every coincidence motion S of ® effects a permutation Pg
of the VY,.

(b) To the successive application of two coincidence motions S, S’
corresponds the successive application of the permutations Pg, Pg-.

(¢) Any subconfiguration Y, goes over into any other ¥, by a
suitable coincidence motion § of ®.

25. How can the generation of the above representation
by permutations  through a subgroup § of ¢ (Exer. 22) be
characterized in terms of the configuration ® and the sub-
configuration Y ?

See Exer. 23 and Section 9, Exer. 1 (¢), (e).

26. When is P not only a homomorphism but also an
isomorphism ?

If and only if the normal divisor specified in Exer. 23 is % = G;
therefore, by Exer. 25 and Section 9, Exer. 1, if and only if the
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identity permutation alone is a coincidence motion for all subcon-
figurations ¥, simultaneously.

27. Apply the results of Exer. 24 to 26 to the case where
the configuration ® is the regular n-gon or n-gonal dihedron
or tetrahedron or octahedron or icosahedron, and the sub-
configuration Y is a vertex or a face or an edge or an axis
through a vertex or an axis through the center of faces or
an axis through the midpoint of edges. Enumerate the
resulting transitive permutation representations of the groups
3, D,. 3 (Section 6, Exer.2), £,3 (Section 9, Exer. 4)
according to their degree and the associated normal divisor N

in the sense of Exer. 23. In particular prove:
332U D3~ E, (see the remarks made in connection with
Def. 36), -
TN, O,
28, Similarly, on the basis of a suitable subconfiguration

of the icosahedron prove: T >~ %;.

As a subconfiguration take a system of three mutually per-
pendicular axes through the midpoints of edges.

29. Show that the partition of D,.T,0, ¥ into classes of
conjugate elements, as obtained in Exer. 18, 19, 27, 28, is
identical with the one obtained directly in Section 9, Exer. 3, 5.

17. Determinants

1. Compute the following 3-rowed determinants:

128 | 3-1-1' 123 |a0b]
456 ) -] 4 -2 804 ,0¢t0,
789 , | -2 -2 5, 7656, ‘cO0d.

according to the rule of formation given in connection with
Def. 38.
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2. Write out the expansion of the determinant of the
general 4-rowed square matrix 4 = (a).
The permutation signs can he formed either directly by Def. 37 [122

or also by the partition mto eycles according to Section 16, Exer. 16, 17.

3. Compute the following special 4-rowed determinants:

1 -2 1 0 abo,
0 3 -2 -1 0O tou
4 -1 0 -3 cOd O

| 2 -6 3 . Ov 0 w:

by means of the general formula obtained above.

Later methods (Sections 18, 19) will emphasize the clumsiness of

this direet computation.

4. Evaluate the following determinants:

' ! !
ay O - - - 0 Uy @ - - - gy, |
Mgy ™" 0N

. SRS | .

o S RS 1 s
\~._ . N .‘\ \_ ‘
~. . SRS !
: | NN |
. S RN |

v RSN 0 b ™ @p 1,0
@y =+ "’n, n-1 @pn » 0 0 a,, .

! Ay - Ay Gy, ' o 0 a,, !

B e S |

A i o -

' . / / y - . rd | I P o I",o’ . ‘
i iyl . oy "
s L ,-"' -

1 s, B el ’ rd N

"By . 07 -

rd

a, o . . - 0 ay Qp - = ° Q.

For the first determinant apply Def. 38 directly and note that in

a permutation P = (; ) + E, p, >4 must be valid for at least one 1.
s
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The value of the other determinants can then be obtained by means
of Theorems 64, 65; or they too can be evaluated directly in the same
manner as the first.
i .

) (t=1,...,n) there
i

corresponds a matrix A,., namely, the coefficient matrix of
the n linear forms x, (cf. Section 12, Exer. 3).—What is the

5. To every permutation P =(

value of | 4,.|?

The value follows immediatcly from Theorem 65.

6. In general, what is the value of the determinant of the
coefficient matrix of the n linear forms a;x, ?

This, too, can be easily deduced from Theorem 65 and the special
determinant of this kind given in connection with Def. 38.

7. Let x4 (i,k = 1,...,n) be a system of n? indeterminates
over K. Prove that the determinant |z, |+ 0.

Show that the formula (Def. 38) used to define the determinant
|| is, at the same time, its normal representation (Def. 9 [45]) as
an element of K[.ry,, 2y, ...,«5,]c On the basis of the principle of
substitution it is also sufficient to point to the existence of n-rowed
square matrices A with | 4 |+ 0, for instance, A = K.

18. Minors and Cofactors. The Laplace
Expansion Theorem
1. Let @ . iy be the permutation group upon which
the proof of Theorem 66 is based. What is its partition into
transitive components (Section 16, Exer. 2 to 4)?

There are two transitive components corresponding to the reduc-
tion of Cg s to R and S. These are isomorphic to €, and &,_,.

2. Compute the determinants given in Section 17, Exer. 1
to 3 through expansion by the elements of a row or column.
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For this purpose it is appropriate to pick out a row or column
which containg as many zeros as possible. For the 4-rowed matrices

in Exer. 2, 3 the mmors of degree 3 may be computed in a corre-
sponding manner.

3. Prove by mathematical induction the formulae estab-
lished in Section 17, Exer. 4.

For this purpose use the expansion by a row with n—1 zeros.

4. (ompute the determinants given in Section 17, KExer.
2, 3 through expansion by the minors of a pair of rows or
of columns.

Of the 6 cofactors of a pair of rows 4 have one sign, 2 the other
sign (not, perhaps, 3 one sign and 3 the other sign).

5. In connection with the last determinants in Section 17,
Exer. 1, 3, compute in general the determinant of a square
matrix laid out like a checkerboard:

a,; 0 a,, 0
0 by, 0 bys-
M= a, 0 Uy O

0 b21 0 b22 -

By rearrangement of the rows and columns M can be converted
into M, = ((I} ;) where A4 = (a,;) and B = (b,;). 1f the number of

rows of M is even and equal to 2n, then 4 and B are both n-rowed;
if the number of rows of M is odd and equal to 2n—1, then A4 is
n-rowed, B 18 (n —1)-rowed. The determinant of 3, can be imme-

diately read off by the Laplace Expansion Theorem (expansion by
the first row or column'). Without previous rearrangement of the

1 For this purpose also see Theorem 69 [141], given later.
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rows and columns at the beginning we can also expand by the system
of rows and columns occupied by the elements a,,.

6. Evaluate the determinant

! A 11. A 1'2 e v 44 1r i
o
o ‘-__" ) * .,

i - . . . .'."-...A'f—l' rl

nl o - - -0 Arr ’
where 4,, and 0 are to be understood as submatrices in the
sense of a partition described in Section 10, Exer. 14.

Simply use mathematical induction on r (cf. Exer. 3) and expand,
say, by the system of rows of 4,,.

7. Let A = (a,;) be an n-rowed square matrix, A = (o)
its complementary matrix, u = (»;) an n-termed column,
b = (v,) an n-termed row. Prove the relation

A u
p O

n
=— J3 ogUV.
i, =1

First expand the (n+1)-rowed determinant by its last row and
then expand the resulting n-rowed determinants by their last columns.

19. Further Theorems on Determinants

1. Compute the numerical determinants in Section 17,
Exer. 1, 3 by first making all elements of a column (row) 0
except for one element through row (column) combinations
according to the Corollary to Theorem 71 and then expanding
by this column (row).
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1t is again appropriate for the expansion to choose a row in which
as many clements as possible are already 0. For instance, in the first
determinant of Section 17, Exer. 1 we can subtract the first column
multiplied by 2 from the second, and the first column multiplied by 3
from the third, and then expand by the first row.

2. Tn the same way compute the 5-rowed determinant

1234
2345
"3 4 | A
45123
51234

<t

[—y

o |

[

e

First, say, make all elenuents of the first column 0 except for the
first and then continue in this way with the remaining 4-rowed
determinant (in which all minus signs can be omitted according to
the remark after Theorem 68).

3. That the first determinant of Section 17, Exer. 3 has
the value 0 can also be easily seen by means of Theorem 71.

The sum of the columns is O.

4. Evaluate the Vandermonde determinant of the elements
Ayyeey@yt
Viay,...,a,) =lar*| (i,k=1,..,n).

Subtract successively the second column multiplied by a, from
the first, ..., the n-th column multiplied by a, from the (n —1)-th and
then expand by the n-th row. The evaluation of V(a,, ..., a,) is thereby
reduced to that of V(a,,...,a,_,).—Result: V(a,, ...,a,) =t [z (a, —a,).—

<

Use this to evaluate also |a¥-1| (column permutation).

5. A square matrix 4 = (a;,) is said to be symmetric if
A’ = A (that is, a,; = a), skew-symmetric if A’ = — A (that
iS, a'“- = —-aik).-——PI‘OVG:
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(a) If A is skew-symmetric with an odd number of rows n
and K has the property 2e+0, then |4 |= 0.1

(b) For any even number of rows n there are skew-
symmetric 4 with |4 ]#£0.2

(e) If A is symmetric, then all derived A and comple-
mentary A® are also symmetric; on the contrary, if A4 is
skew-symmetrie, then the 4™ and A® of even degree are
symmetric, those of odd degree are skew-symmetric.

For (a). Apply Theorem 64 [129] and the remark after Theorem

68 [141].
For (b). It is sufficient to take, say,

Ay 0 - - - 0

0 - 0

. . . . e
A= ) R with 4, = (—e O)

. 0

0-.-0A4,

(Section 18, Exor. 6).
For (c). This is immediately clear on the basis of the given

definitions.

6. Let A be an n-rowed square matrix and x an indeter-
minate. The integral rational function |xE — A | is called the
characteristic polynomial of A. By the principal minor of
v-th degree of A4 we understand a minor of the kind
@y, iy, iy Which therefore is formed with one and
the same row and column combination {i,,...,s}.—Prove:

1If 2¢40, namely, in general, if 2a = (2¢)a#0 for a+0 is valid
in K, then the a,, are 0; while if 2¢ = 0 is valid in K, then the a,, can
be arbitrary elements of K and no distinction exists between sym-
metric and skew-symmetric matrices. Cf. the expositions after
Theorem 70 [141]. For K with the property 2¢e = 0, see Exer. 12 to
Vol. 2, Section 4, given later.

2 For even n see also Exer. 8 to Section 21, given later.
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The coefficient. of (—1)"«"=" in the characteristic polynomial
of 4 is equal to the sum of all principal minors of »-th degree
of A.

Corresponding to the decomposition of the rows of x/—A mto
the two summands xe, and —a,, we can additively decompose 1 — 41|,
according to Theorem 68, into 27 determunants. Each such deter-
minant is characterized by the combination {7;,.. ,/,} of thuse rows,
from which the summand —a, 1s obtamed, whereas the summand e,
15 obtained from the rows of the complementary combination
Yu410 -1 15}. The expansion of such a determmant by the row system
{ty+1s -2 in} Yiclds the value

A =Dan, g,

7. Let 4 and B be n-rowed square matrices. KEvaluate
the determinant

in two ways: First, analogously to Section 18, Exer. 6 (sce
also Section 17, Exer. 4); secondly, by bringing 0 to the
position of B by column combination (Theorem 71, (‘orol-
lary)—0 is thereby replaced by the matrix product AB—
and then again applying Section 18, Exer. 6.

8. By comparing terms on both sides give a direct proof
of the above formula | AB|=| A4 || B| for the determinant. of
the product of matrices.

i n
Just as in Exer. 6, represent the doterminant |AB| = ' Y oa, by
i1-1
according to Theorem 68 as the sum of n* determinants, corresponding
n
to the linear combination }’ «,, b, of its 7-th row with the n-rows b, of 3.
-1

Such a determinant is characterized by the index system l,,...,1,
of the summands selected in the individual linear combinations of
rows. It splits off the factor ay, ... a,, . The complementary factor is
the determinant of the matrix of the rows b,,...,b,, (in this order).
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This complementary factor is 0, except when l,,...,1, are different
from one another, that is, are generated by a permutation L of 1, ...,n;
in the latter case it has by Theorem 65 [130] the value sgn L | B|, so
that the full determinantal summand has the value sgn Lay; -+ ay, | B|.
On combining the determinantal summands we obtain the statement
by Def. 38 [127].

9. Similarly, prove by comparing terms the more general
fact: If A is an (n,m)-rowed matrix and B an (m,n)-rowed
matrix and m > n, then the determinant of the n-rowed square
matrix 4B is equal to the inner product of the vector of all

(::l) minors! of n-th degree a;, ., of A and the vector of

all (:) minors of n-th degree b, ,, of B in a corresponding

arrangement, therefore:
|AB| = 2, ag, b,

b cH'n

where {/,,...,1,} runs through all (":) combinations of the

numerals 1,...,m taken n at a time.

In the terminology of the previous explanation we again have
that only those determinantal summands are left in which [,,...,1,
are different from one another, that is, correspond to the combina-
tions of 1,...,m taken n at a time {l,,...,1,}. Every such combina-
tion appears in all n! possible arrangements. The sum of these n!
terms contributes ag,, | ,,bq, 1,3 to the determinantal sum. The
statement follows from this.

10. The statement in Exer. 9 was established by using
Exer. 8 as a model. Prove this statement by generalizing the
proof in Exer. 7.

|

Evaluate the determinant | in two ways: first, through

!B _Em!
expansion by the first » rows—this yields the right side of the

1 For this purpose see Def. 41 [150], given later.
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statement; and secondly again by replacing B by 0 through column
combination and then making use of Section 8, Exer. 6— this yields
the left side of the statement.

11. By means of Exer. 9 prove the rule: The v-th derived
(complementary) matrix of a product AB = C is the product
of the v-th derived (complementary) matrices of the factors:

cw = A(ll)B(v\’ r» = AMBW®,

For the first rule apply Exer. 9 to a row combination {iy,...,%,}
of A as (v,n)-rowed matrix, and a column combination {k,,...,k,} of
B as (n,r)-rowed matrix. For the second rule proceed similarly,
except that a simple discussion must still be made regarding the sign.

12. Express the extension of the Laplace Kxpansion
Theorem, Theorem 72, in terms of two products of matrices.

AV (AV) = (AV) A =| A |E y.

13. Use this to prove: An n-rowed square matrix 4 has
an inverse A-! if and only if | A |#+02 Then express A-! in
terms of the elements of A. (('f. the special case in Section 14,
Exer. 5.)

If AX = E or YA = E, then | 4140 follows by the theorem for
the determinant of the product of matrices (Exer. 7, 8). 1f |4|%0,
then | 4 |-1A’ is a left and right inverse to 4 by Exer. 12.

14. In the case |4 |+0,|B|+0 how can the second rule
in Exer. 11 be deduced from the first ?

By Exer. 12, 13, | 4 |#0 also lm;)lios

|A®|+0 and (AW) = |A4[(4AW)-1.
Tie this in with the corresponding facts for B and take into con-
sideration Section 10, Exer. 7, 13.

15. Eliminate the restrictions | 4 |+ 0, | B|+0 in Exer. 14

by considering the matrices of indeterminates.

1In this regard see also Section 14, Exer. 1 to 4, as well as
Theorems 74, 79, 81 [145, 155].



72 1. IV. Linear Algebra with Determinants

If vy (3, = 1,...,m) is a system of 2n? indeterminates over K,
and the matrices X = (a,,), Y = (y,x) over K[xyy, ...y Tpnns Y115 ---s Ynnl
are formed from these indeterminates, then |X [£0,|Y |0 (Sec-
tion 17, Exer. 7). Therefore, the second rule in Exer. 11 is valid by
Exer. 14 for X,Y. The validity for arbitrary matrices 4, B over K
then follows by the principle of substitution.

16. We designated by A" the v-th complementary matrix

n\2

to A, that is, the matrix of the ( ) cofactors of v-th order

1 4
of A. This must be distinguished from the v-th derived

2
matrix fo A, that is, the matrix of the (n) minors of v-th
14

degree of the (first) complementary matrix A = A to A.
We designate the latter by A".—What relation exists
between A® and AM?

Apply Exer. 11 to the special relation 4A’ = | 4 | £ established in

Exer. 12, and compare it with the general relation of Exer. 12. The
case |4 | = 0 is handled as 1n Exer. 15.

17. By specializing to v = 2 prove the formulae
!

X Ky (l‘k
| " = A g, i) e, ke

I Xk, Yy,

18. Let (AB) be an (m,m +r)-rowed matrix, where A is
an m-rowed square matrix and B an (m,r)-rowed square
matrix, in which all minors of m-th degree formed from m — 1
columns of 4 and a column of B are equal to 0, while the
minor formed from the m columns of 4 is | 4 |+ 0. Prove that
B = 0.—For this purpose make use of the (m+ 1)-rowed
square matrices u A b,

= (“i 0 ) !
where q; designates the i-th row of 4 and b, the A-th column
of B.
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If | M, ] is expanded by the last row, then [ M, | = 0 follows on
the basis of the given assumption. If | M, | is expanded by the last
column, then | M,; | = £| A | b, follows by considering Theorem 70.

19. Let us assume that the v-th derived matrix of an
() for a fixed » with
m

0 <v<n.—Prove (on the basis of Exer. 18) that 4 = ¢£ with

n-rowed square matrix 4 is AW =K

In order to show that a,, = 0 for ¢%k, consider the (», n)-rowed

matrix of the ¢-th and »—1 other rows ¢,,...,%,-; of 4. Then, by
. .o . Lo

the assumption, exactly one of its ( I,) minors of v-th degree is different

’

from zero (equal to e), namely, the one (principal minor of 4) corre-
sponding to the columns i, ¢;, . ,¢,y. Therefore, by Exer. 18 it follows
that a,;, = 0 for k14,1,....,7,_;. Due to v <n we can, with k+7 given,
always choose an (v — 1)-termed row system %, ..., 1,_; not containing
¢ and k. Regarding the a,, we now know that all r-termed products
of these with v different mdices ¢ are equal to e. From this it
immediately follows that all a,, arc equal to one another and satisfy

the 1elation @), = e,

20. Prove the invariance of the discriminant 1) = B2— AC
of the quadratic form A} + 2Bx, x, + Cag with respect to rota-
tions of the coordinate system (more general: with respect to
a linear transformation with the determinant +1).

[
Note that D = —’f? 31 and apply Section 10, Exer. 12 as well as

Exer. 7, 8. (What is the significance- of this fact in the theory of
conic sections ?)

20. Application of the Theory of Determinants to
Systems of Linear Equations in the Case m=n

1. Solve the following systems of equations (relative to
the field P) by Cramer’s rule:
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3z, + 2x,=a,
4z, + 5z, = a,,

[z, + 22, + 323 = a,
(b) { 2z, + 3x,+ 4xz=a,
| 3%, + 423+ 575 = ay,

x,+x, =a,
T+ Ty =a,
T3+ Ty=ay

L—:!:z:l +x,=a,.

(c)

2. Let the a; (¢ = 1,...,n) be different from one another.
In the system of equations
n
2 apFa,=b;
k=1
determine the unknowns z; and z,,.

The determinant |a™-* | has already been evaluated in Section 19,
Exer. 4. In order to evaluate the cofactors to the first and last
columns use the same rule.!

3. Form the inverse:

(a) of the matrix (: 3) , where ad —bc#0,

(b) of the coefficient matrix A4,. of the system of linear
forms z, (i =1,...,n), where P = (;‘) is a permutation (cf.

Section 17, Exer. 5),

(c) more general, of the coefficient matrix of the system
of linear forms a, (¢t =1,...,n), where a;%+ 0 (cf. Section 17,
Exer. 6).

Apply Theorem 74.

1 For the evaluation of all z, see the determinant to be developed
in Vol. 2, Section 23, Exer. 19.
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4. Let B be an (m,n)-rowed matrix. Form the inverse of
the (m +n)-rowed square matrix

(1« B
0 E,)

The decterminant can be evaluated by Section 18, Exer. 6. For
the evaluation of the cofactors apply the same rule as well as Theorem
69 [141]; in particular, in the case of the cofactor of an element of the
null matrix of the lower left [(m 4 7)-th row, k-th column], move the
column of the cofactor containing b, to the left into the gap arising
hy striking out the k-th column, and then apply Section 18, Exer. 6.
In order to show merely that

(6" %)
0 E,
18 the inverse— without deriving this matrix inductively— we simply
have to use Nection 10, Exer. 14.

h. Let 4 and /) be square matrices with m and » rows,
and determinants different from 0. Let B be an (m,n)-rowed
matrix. By applying Exer. 4, form the inverse of the (m +n)-

(6 2
0 D)

Compare this result with that of Exer. 3 (a) in the special
case ¢ = (.

rowed square matrix

Make use of the factorization
(6 2)=00 o) (6™ ")
and Section 10, Exer. 7.
6. What is the value of the determinant of the comple-
mentary matrix A of an n-rowed square matrix A4 ?

In the case | 4|%0 it is casily obtained by Section 19, Exer. 12;
for the rest, see also the remark after Theorem 81 [155]. The restriction
| A 140 can be eliminated just as in Section 19, Exer. 15.
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21. The Rank of a Matrix

1. Determine the rank of the first matrix in Section 17,
Exer. 3, as well as the rank of the matrices (relative to the

field P)

1 1 2 5 17
1 2 3 ';11) 2 4 810
1‘;.491'; 3 61215

) v 5 10 20 25
1 4 51116/,

Instead of evaluating all individual minors according to Def. 42,
1t is much simpler to take into consideration the obvious column
relations and apply Lemma 3.

2. Let a = (a;) be an (m, 1)-rowed matrix and b = (b,) a
(1,n)-rowed matrix. What is the rank of the (m,n)-rowed
matrix ab = (a;b;)?

The rank is 1 or 0 according as a0 and b# 0 18 or is not true.

3. Conversely, prove: If an (m,n)-rowed matrix A4 has
rank 0 or 1, then it has a representation 4 = ab as the product
of an (m, 1)-rowed matrix a and an (1,#n)-rowed matrix b.

Apply Theorem 76.

4. Let 4 = (a;;,) be an n-rowed square matrix whose ele-
ments are real numbers with the properties:

(a) @y >0,

(b) a; <0 for i +k,

(c) j}a,-,p().

k=1

(For instance, see the second matrix of Section 17, Exer. 1.)
Giive an indirect proof on the basis of Theorem 78 that
|A]+0.
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If r = () is & solution of the system (H) associated to 4, let 4
be so chosen that 2, has the greatest absolute value of the numbers .
Then the 2-th equation of (H) yields a contradiction on the basis of

(@), (b), ().

5. The rank p of a matrix 4 will be designated by p(A4)
to show that it is a function of 4. Let A be an n-rowed
square matrix with | A |=0, therefore p(4)<n—1, and let A
be its complementary matrix.-—Prove: p(A) = 0 or 1, accord-
ing as p(d)<n—1or =n—-1.

The case p(4) <n —1 1 trivial. In the case p(A4) = n—~1 determine
the number of fundamental solutions of (H) according to Theorem 76
and Theorem 52 [106] and note that according to Theorem 72 [143] the
rows of A are solutions of (H); the result can also be read immediately

from Section 19, Exer. 17.

6. Let x; (1,k=1,...,n;2<k) be a system of p_(_n_2 n

indeterminates over K (n2=2), and set
ro=0tori=~k x4 =—x,fori>k,
50 that X=(@y,) @Gik=1,..n)
is a skew-symmetric matrix.—In connection with Section 19,

Exer. 5, prove: For n even|X | is the square of an integral
rational function f of the x; over K:

|X|= /2

Show that any skew-symmetric matrix 4 over K can be
obtained from X by substituting the elements a; of K for
the indeterminates x;. provided that K has the property
2e40.2

1 Cf. footnote 2 to Section 19, Exer. 5. For K with 2¢ = 0 see
also Exer. 13 to Vol. 2, Section 4, given later.
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Prove this by mathematical induction on n. To do so-
except for settling the case n = 2—proceed as follows:

(a) Expand | X | by the elements of the n-th row and

column according to Section 18, Exer. 7.—The resulting
coeflicients are the cofactors of (n—2)-nd degree

Eimmm=Ea (Gk=1,.,2-1)
of X.
(b) On the basis of Section 19, Exer. 5,(c), prove that its
matrix = = (éik) is symmetric.
(¢) On the basis of Exer. 5, prove the relations

!é"i f:m _2: _BH _
| e Exx !_ Eili—Ef = 0.

(d) Apply the induction assumption to the £,,. This gives
fﬁ = n? with integral rational functions y; of the x;; over K.
Then determine the signs of these 5, such that the relations
£ =mime (i k =1,...,n—1) are valid.

For (a). According to the definition of the z,, the expansion in

—'1 A
question is given here by | X |= "2 &k n Tiqs 80 that the proof (d)
i, k=1

n-1
yields the statement with f = Y, r,,.
i-1
For (b). Here the assumption is used that n is even.

For (c). Z is the complementary matrix of that matrix X which
arises from X by striking out the n-th row and column. By Section
19, Exer. 5,(a) it is known that. | h' |=0.

For (d). The é,, are determinants of skew-symmetric (n — 2)-rowed
submatrices of X; therefore, by the induction assumption they
aro the squares of integral rational functions 7, of the x,, over K.
If the sign of 1, is herein arbitrarily fixed [75,+0 according to
Section 19, Exer. 5, (b)] and the signs of #,,...,7,-, are determined
so that é,k = e (k= 2,...,n) [this is possible in accordance with
the relations (c¢)], then the remaining relations specified in (d) are
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automatically satisfied. This conclusion can be drawn from (b), ()
and the rolations

>Jrr)

§
1 %Ik

| Ell Ell

arsing from the same source as (c).

= éné.t“"éugu =0,

7. For a given matrix A all the matricex which have the
form ((“)1 g), that is, which are generated from A4 by the

addition of arbitrarily many zero rows at the bottom and
zero columns at the right, may be called equal. Tn this sense
matrices A and B of entirely arbitrary numbers of rows may
be added to, and multiplied by, one another; in the same
sense sums and products are independent of the number of
zero rows and zero columns that must be adjoined to 4 and
B in order to yield matrices that can be added to, and multi-
plied by, one another mn the previous sense. Similarly, the
rank of A4 is invariant in this sense. Furthermore, for arbitrary
matrices A the derived matrices 4% (but not the comple-
mentary matrices A®) also are defined by extension to an
equal square matrix and are invariant in the same sense (with
respect to a suitable sequence of row and column combinations).

(a) How can the fact p(A) = p be expressed by means of
the derived matrices 4?7

(b) How can the fact p(4)<p be expressed by means of
the A" ? .

(c) Use these expressions to prove the rule

p(AB) £ Min (p(4), p(B)).

(a) is a consequence of AP %0, ArtD) = 0, as immediately follows
from Def. 42.

(b) is a consequence of A1) = 0,

(c) is proved by applying Section 19, Exer. 11 and noting that
Ate+) = 0 or Blotl) = 0, if o = Min (p(4), p(B)).
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8. Prove that the regular n-rowed square matrices form
a group with respect to multiplication.

This unmediately follows from Theoremn 79 and Section 19,
ixer. 7, 8.

9. Two (m,n)-rowed matrices 4, B are called equivalent,
if there exist a regular m-rowed square matrix P and a
regular n-rowed square matrix @ such that B = PA(.--Show
that this relation of equivalence is an equivalence relation in
the sense of Section 2,(I).

To prove Section 2, («), (#). (») use the fact that regular matrices
form a group (Exer. 8).

10. How are two systems of linear forms related if their
matrices A and B are equivalent.?
n

Let fi(r) = Y a0 (e =1,. ,m) be the system of hnear forms with

matnx . According to Section 10, Exer. 3 the system with matrix
B can then be generated as follows: first, by carrying out n the f,

n linear substitution
m

9=XpJ (J=1..,m)
i-1
with regular matrix I” = (p,,); and secondly, by carrying out in the
indeterminates @ a linear substitution
H‘
wn= Yo (k=1....n)

with regular matrnix @ = (g;). Since PP and @ are regular, both sub-
stitutions are umquely invertible according to Theorems 79, 74 [145].

11. Prove: Equivalent matrices have the same rank,
Apply Fxer. 7, (c) and Section 2,(f).
12. Prove: If 4 is an (m.n)-rowed matrix of rank p, then

. (£, 0
1 is equivalent to the (m.n)-rowed matrix ( O" O)'
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First, by the rearrangement of the rows and columns of 4 a
matnx A; can be generated m which the minor of the first p rows
and columns s different from 0. This rearrangement can be brought
about according to Exer. 10 by left and mght multiphication by
permutation matrices I’p and @, and I°; and Q, are regular (Section 17,

h > Y.
iXer, d): A, A,

= 1A, = (7 "o

with p-rowed square 4;;, and |4, [#0. Corresponding to the de-
pendence of the last m—p rows on the first p rows and of the last
n —p colunns on the first p columns (Theorem 76) there then exist

two more matrices

) E, v
Pa=(p: g, )t @= (g E,,_)
such that Ay, = 1", 4,Q, = (;:“ g)

and I’y and @, are regular (Section 18, Exer, 6). Due to |A4,,|%0

we finally have

E, 0 A o
» = 3 . > 1
Pyd,y = (n n) with P = (0 E,,.-,,)'

and I’; s agam regular (Theorem 81).
13. Prove the theorem given in Exer. 12 by making full
use of the Toeplitz process.

In the Toeplitz process it is established according to Section 12,
Exer. 2, 3 that the (m,n)-rowed matrix A can be carried over into
an (m,n)-rowed matrix B of the form

Dip cobiar 10 oo 0
[ e USRS ) ORI 0
If = hrl ............................. b,.' kp—1 l O 0
O i e 0



82 1. 1V. Linear Algebra with Determinuants

through left multiplication by an m-rowed regular matrix P. Through
right multiplication by

Q=

—byy e =by g 1

1
(where O occupies all positions that are not filled) a matrix B, of
the same type (with new b{}') is then generated which has, in par-
ticular, zeros instead of byy,....b; ;. Procced analogously in the
case of the other rows. Thereby, after r steps a matrix B, 18 obtained
which goes over to (f’ g) by merely rearranging the columns.
Since r = p (Theorem 76 [152]), this again yields the statement.

14. To summarize, now prove: Two (m,n)-rowed matrices
A and B are equivalent if and only if they have the same
rank.

This immediately follows from Exer. 11, i2 and Section 2,(y)-

15. Let A be a matrix of rank p. On the basis of the
result obtained above, determine the rank p, of its v-th de-
rived matrix A",

Without loss of generality 4 can be assumed to be a square matrix
(Exer. 7). If in this case according to Exer. 12

paa- ().

then according to Section 19, Exer. 11 (with respect to a suitable
sequence of row and column combinations)

PW AN QW = (E(f) O) for v<
0 o =p
on the contrary PMAMQW =0 for v>p.
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Since J°®) Q™ are regular if 12, are (Section 19, Exer. 12), by Exer. 11
we have

p,=(£) for v=p,
po= 0 for »>p.

16. Use this to prove: For an n-rowed square regular
matrix A4 all derived matrices A® and all complementary
matrices A% are also regular, whereas for singular A4 all
AW A" are also singular. What relation exists between
| A" | and | A" |71

For the latter apply Section 19, Exer. 12.

17. By means of the results just established give a new
proof for the facts obtained in Exer. 5.

For this purpose note that A = A and 4! have the same
rank for an n-rowed square matrix 4.

18. Two n-rowed square matrices A, B are called similar
if there exists a regular n-rowed square matrix P such that
B = P-14P, namely, if B is generated from 4 through trans-
formation by P.—Show that similarity is an equivalence rela-
tion in the sense of Section 2,(I).

To prove Section 2,(«), (f), (y) use the fact that regular matrices
form a group (Exer. 8), and Theorem 15 [59].

19. Prove: Similar matrices have the same characteristic
polynomial (Section 19, Exer. 6).
Decompose the matrix zE —B into three factors according to

Section 10, Exer. 4 on the basis of P-1’ = E, and apply Section 19,
Exer. 7, 8.

1 For the complete determination of these determinants see
Exer. 30 to 32 to Vol. 2, Section 2, given later; for » = 1, see Section 20,
Exer. 6, already given.
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20. An n-rowed square matrix 4 for which 42=4 is
called idempotent.—Prove: If A is idempotent and has rank

C E, 0
p, then A is similar to (0 s “), and conversely.

The case p = 0 is trivial. For p > 01t follows from
A2—A=(1-K)1 =0
that there is a transformation of A mto the form

E, X

> 1 y __
1 .41_“ v

where ¥ = 0 must be valid due to the rank (ifxer. 11), and 7”18 a
regular matrix whose first p columns are formed from p linearly
independent. columns of A4 and whose last n—p columns are formed
from columns chosen suitably for this purpose (analogous to 4 in the
proof of Theorem 76). The remainmg matrix goes over mto the
X
P

stated form through transformation by @ = (01" B
“n—p

) . The con-

verse follows simply from Section 10, Exer. 14.

22. Application of the Theory of Determinants to
Systems of Linear Equations in the General Case

1. Determine a system of fundamental solutions for the
systems of homogeneous equations (H) and (H’) which corre-
spond to the two matrices last cited in Section 21, Exer. 1.

Apply Theorem 82.

2. Let (H) be a system of homogeneous equations with
(m, m + 1)-rowed matrix A of rank m. Set up the simple rule
by which a system of fundamental solutions can be formed
in this case according to Theorem 82.

T, = o, where a; is the minor with the sign factor (—1)*-! [or,
naturally, also (—1)*] formed by striking out the k-th column of 4.
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3. Accordingly, determine a system of fundamental solu-
tions for the system of homogeneous equations (relative to
the field P)

£ +4ry+ =0
—2r;+ 3wy, — ay+2r,=0
Iy—=2r, —bury=0

— Xy—3ry+3r,;=0
(ef. Section 17, Exer. 3, and Section 21, Exer. 1).

4. Determine the totality of solutions of the two systems
of nonhomogencous equations (relative to the field P) (cf.
Section 21, Exer. 1)

4+ T+ g+ ry=0 2w+ Jry+ Org=11

4 2r,4+ 3rg+ dr,=2  dxr,+ 6,4 100y=22
2ri+ e+ drg+ dwry=2 8ry 4+ 12x,4 200, = 44
bry+ Tryg+ Qrg+1lay=4 10x,+ 152, + 25x,= 55
T2y + 10xr,+ 137, 4+ 16, =6

(a) by the method of Theorem 83,

(b) by the method of Theorem 83, Corollary 1.
Thereby show that the necessary condition for solvability is
satisfied,

(a) by the method of Theorem 48, Corollary 2 [93],

(b) by the method of Theorem 83, Corollary 2.

5. In Section 11, Exer. 3 to 5, 7, certain systems of
equations without determinants were handled. Now do so by
determinant-theoretic methods.
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Vol. 2. Chapter 1. The Left Sides of Algebraic
Equations

1. The Fundamental Theorem of the Unique
Decomposability into Prime Elements in K[x] and I'
1. When is f|g valid in a field? When is it not?
By Vol. 1, Section 1,(7) the non-divisibility relations introduced
in Theorem 1 are the only ones.

2. Prove the divisibility law:

$19e | f1fe and fi 19, (fi#0.9,%0) imply g, | 5.
This follows from the rules m Theorem 2, or also directly on the
basis of Def. 1.

3. The divisibility theory can also be developed in an
arbitrary ring B. This being done, how must the divisibility
laws expressed in Theorems | to 3 be modified !

Note that a umty element does not necessarily have to exist in B,
Therefore, ¢ f.f!f are n general dropped in Theorem 1. Furthermore,
the conditions ‘% (0’ in Theorems 1, 2 are to be replaced by ‘regular’
(Vol. 1, Section 3, Excer. 1). If B has no proper zero divisors, then the
modification last cited 18 dropped.

4. What is the meaning of divisibility in the ring of even
numbers ?

In the case of two even numbers f and g, f1g does not have the
same meaning 1 the ring of even numnbers as in the ring of mtegers;
for instance, here 242,

5. What is the meaning of divisibility in a full ring (Vol. 1,
Section 3, Kxer. 3)?

89
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Here the non-divisibility rclations are possible only for zero
divisors on the left of the divisibility sign.
6. What is the meaning of divisibility in the integral

domain [, of all rational numbers of the form ?" with odd g
or g = 0 (cf. Vol. 1, Section 1, Exer. 10)?

9!
2 | 2m

7. What are the units of this integral domain ;? Accord-
ingly, what is the meaning of associate in I, ?

The units are the numbers + 2" (n any integer;.

The relation in [, amounts to g, | g, in .

8. Find a complete system of representatives for the
classes of associates in [,

The positive odd numbers, for instance, form such a system.

9. Are 2 and 6 prime elements in I, ?

It is just the reverse of I,

10. What are the units of the integral domain I[x] of all
integral rational functions of z over an arbitrary mtegral
domain 1?7 Accordingly, what is the meaning of associate in
I|x]? Furthermore, show that the prime elements of | are
also prime elements in I[z], and above all clarify the situation
in the special cases | = I, = K[z,] (Theorem 7) in view of the
later Exer. 23 to 27 to Section 2.

Everything follows from formula (3) (valid also in I[x]).

11. Determine whether the elements ax +b,ax?+ bx +c of

K[x] are prime elements.

Apply Theorems 6, 9 to narrow down the possible proper divisors.
Result: ar+b is & prime element if and only if a0. If 2¢ = 0 in K,
then ar®+bx +c is a prime element if and only if ¢ ¥ au? +bu with u
in K (cf. Exer. 33 and Section 7, Exer. 13). If 2¢4+0 in K, then
ax® + br +c¢ is a prime element if and only if b2 — 4ac 18 not the square
of an element of K.
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12. By the Euclidean algorithm determine the greatest
common divisor of the polynomials

(a) XP+xt4+ 2034 2024 22+ 1,

i+ a3+ 3at+ 2+ 2,(K = P);

(b) f(x),x—a, (K arbitrary, a in K).

In the latter case we must distinguish between f(a) # 0 and f(x) = 0.

13. How is the result in Exer. 12,(a) to be modified if the
polynomials are taken over the field of exactly 2 elements
(0,e) or the field of exactly 3 elements (0, +e) (cf. Vol. 1,
Section 1, Example 4; Vol. 1, Section 1, Exer. 7; Vol. 1,
Section 2, Exer. 12)?

In the first case, not at all; i the second case, however, by the
linear factor x —e.

14. Prove the following rule for calculating with the
symbol (f,g) for the greatest common divisor:

(af+ bg,cf+dg) = (f,9) if ad—bc is a unit,

in particular, (f+hg.9) = (f,9)
is always valid.

Apply Theorem 14, (1), (2), and Theorem 3. Also show that the
restriction regarding ad —be is essential.

15. Determine the greatest common divisor of

ax®+bx+c, z"+ax’+br+c (n>2).

The results vary according as ¢+0 or ¢ = 0,0 or ¢ = 0,b = 0,
at+Oorc=0,b=0,a=0.

16. From Theorem 14 derive the existence and unique-

ness of the normalized least common multiple v = {f,,f,} of f;
and f, which is defined by

(a) Jilvfalv;
(b) filh,fo| b implies v | A.
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The uniqueness follows formally in analogy to the unmqueness of
the greatest common divisor d. The existence can be deduced from

the existence of d by using Theorem 14,(1), (2) to show that f’dj—.’

has the properties (a), (b).

17. Accordingly, what is the least common multiple of the
polynomials in Exer. 12,(a), (b), and Exer. 13?7

18. Analogous to Theorem 15, prove the rule

{[1.1239 = {f19./29}-

19. How can the fact that f, and f, arc relatively prime
be expressed by means of their least conimon multiple »?

v = aff,.

20. Show by a counterexample that in Theorem 16 the
assumption, f and g, are relatively prime, is essential.

It is sufficient to take g, = e and f as divisors of g, distinet from
units.

21. Similarly, show that in Theorem 18 the assumption,
p is a prime element, is essential.

1t is sufficient to set g, g, instead of p (where g,.g, are not units).

22. Let the decomposition of two elements f, and f, into
powers of distinct normalized prime elements be given. Use
this decomposition to represent the greatest common divisor d
and the least common multiple v of these two elements based
on the fundamental theorem of the unique prime decomposi-
tion. What relation is generally valid between the maximal
min (v;,v,) and the minimal max (v,,v,) of two integers v, v,
corresponding to the relation dv = af,f,?

For this purpose it is appropriate to set f, ( = 1, 2) in the form

8
Ji = a, IT pi*,
k=1
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therefore as products of one and the same set of prime elements
px (k = 1....,8) by allowing the exponents »,, to take on the value 0
also. The representation of d and » can then be found from this on
the basis of Theorems 20, 21 and Theorem 14, (1), (2), or Exer. 16,

(a). (b).

23. Let f, (i = 1,...,7) be any r elements which are not all
zero. Again prove the existence and uniqueness of the
greatest common divisor d = (f,....[;) and least common
multiple » = {f), ....f,}; also generalize the other facts regard-
ing d given in Theorem 14 (representation as a linear com-
bination), as well as Theorems 15, 16, 21 to 23 and, accord-
ingly, the results of Exer. 14, 18, 19, 22,

The proof can be carried through either directly for exactly r
elements f, just as m the case r = 2—in the proof of the uniqueness
of the prime decomposition we are then spared the transition from
Theorem 18 to Theorem 19—, or also, as before, by applying mathe-
matical induction on 7 based on the relations

(oo o=t Se) = (S e s fy)
W eofeabo fob = U eenfihy

to be used in this case as defindions. Prove these relations by the
first type of proof.—The relation dv = af,f, (Exor. 16) does not
generalize to arbitrary r.

24, Prove the following rules for operating with the
symbol (f,g):

(@) (f1.91) (f2:92) = (iS2-[192: 9T 9192),

(b) (f.9)" = (/".9")

(e) If f,,....f, are different from zero and pairwise rela-

tively prime, then the g; =j:'",:lf-" (¢ =1,...,r) are altogether
i
relatively prime, that is, (¢y,...,9,) = ¢.
What are the rules for the symbol {f, g} corresponding to

(a), (b)?
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(a) follows by two applications of Theorem 15 (see also the
explanation to Exer. 23). For (b) apply the fundamental theorem of
the unique prime decomposition with the conclusion in Theorem 21,
or also—after a slight reduction to the case (f,g) = e—repeat Theorem
23. (c) is a consequence of the same facts ax (a).

25. Due to Zermelo, the uniqueness proof F can be con-
ducted as an indirect proof which is also very brief. In this
case all that we need of the preliminaries in E is the division
with remainder (Theorem 13) with the weaker condition
|h|<|g| instead of |k | < |f|, a modification whose proof is
almost. obvious.—Carry out this proof in detail according to
the general directions given below.

Let f# 0 be an (hypothetical) element of smallest possible absolute
value with a non-unique prime decomposition [principle (4)]:

f=ap,...p,=bq,...q,
Show that r=2,85=22 and p,+q, (i=1,...,r; k=1,...,8) must be
valid. Then set up a contradiction by dividing p, by ¢, with
remainder: P=q9+h, |h|<|p]
(in the above weaker form—therefore, for I' it is sufficient to have
g = 1,h = p, —q,). Finally, discuss the relation

Jo=ahp,...pr = ¢, (bgz--- ¢, —AGP; ... P;).

namecly, prove: For (any) decomposition of h and the expression in
parentheses on the right into prime elements this relation represents
two essentially different decompositions of an f,+0 with |f,| <|fl,
since ¢, does not occur on the left.

26. Prove: If f,g are non-zero relatively prime units, we
can actually find elements f, § satisfying the relation e = ff+gg
in Theorem 14 such that |f|<|g|,|dl<|f]-

By Theorem 13 (division of f by § with remaindor) |f| <lg|
can at any rate be reached at the expense of g. Then in the case
K[x] |§] <|f| is also valid [by (2a)]: in the case I, too, with respeect
to one of the two possibilities for f.
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27. Prove: Any element ¢ of the quotient field P or K(z)
of I or K[x], respectively, has a uniquely determined reduced
quotient representation

= g g normalized, (f,g) = e,

from which all others are generated by multiplying the
numerator f and the denominator g by an arbitrary . What
does the representation amount to in the special case ¢ = 0?

The existence of the representation follows simply from Theorem 15
(dividing out the greatest common divisor in any quotient repre-
sontation). According to Theorem 16 the uniqueness and the last
statement follow on the basis of the equality criterion, Vol. 1, Sec-
tion 3, (1) (it is best to operate with the denominators as divisors,
since these are taken to be normalized).

28. Prove: Any element ¢+ 0 of P or K(x) can be repre-
sented uniquely in the form
¢ = a{;] "
where the product extends formally over all normalized prime
elements p of I' or K[x], a is a unit, and the exponents » are
any integers (= 0) of which only finitely many are different
from zero.

Existence and uniqueness follow easily by prime decomposition
of f and g in Exer. 27.

29. By the degree of an element ¢+ 0 of K(z) we under-
stand the number max (m, n), if in the reduced quotient repre-
sentation of ¢ the numerator f has the degree m and the
denominator g has the degree n. If ¢ actually belongs to
K[z], then this amounts to the definition of degree given in
Vol. 1, Section 5, (2).—Prove: The degree of ¢(¢,(x)) is the
product of the degrees of ¢(x) and ().
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Let ¢ ='§ (degree m,n), ¢, =§! (degree myg,m,) be the reduced
(1]

quotient representations of ¢, ,. Since ¢ and ;—1 have the same degree,
we can take m=n without loss of generality. Then

Silr) . f1(x) =go(@)™ f(do(x))
g g T g (x) = gole) g(o(=))”

¢(¢o(-" )=

First prove that (f;,¢,) =e. To do this, starting from jf +9g = e,
show that (f,,g,;) divides a power of g, without remnainder, and apply
(f1:90) = € due to (fo,9,) = ¢ (see the formula for f,. given below).
This means that the reduced quotient representation of the above
representation of ¢(dy(x)) is obtained by going over to normalized
denominators. Next, discuss the degree of

S1= 0 f3 +0n 1 J3 2g0+ - Harfogs ! Haog7

96" "0 = bafogs " + - +b1/ogq ! +bogl
where the a,, b, are the coefficients of f and g. For m, >ng no difficulty
is encountered, since a,, +0,b,( = e) ¥ 0. For m, <n, note that a, = 0,
by = 0 cannot be true simultaneously due to. (f,g) = e. For m, = n,
note that on applying the same reasons to the leading coeffivient «
of f, (that of g, is ¢ due to the normality) f(a) = 0,g(«) = 0 cannot
be true simultaneously.?

30. In connection with Vol. 1, Section 4, Exer. 4, 5, show

that qSu(x)—:sg:s; (ad —bc #0) is a necessary as well as suffi-

cient condition for the relation K(¢y(z)) = K(z).

Analogously to Vol. 1, Section 4, Exer. 3, the existence of a rela-
tion of the form x =¢(¢y(r)) is & nocessary condition. Then apply the
result of Exer. 29.

31. Show that the theorem of the unique decomposability
into normalized prime elements is valid in the integral
domain I, of Exer. 6 (cf. also Exer. 7 to 9).

1 In this regard see—if necessary—Theorem 53 [210], given later,
or Exer. 12,(b), already given.
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This easily follows by starting from the unique prime decom-
position already established in I'.

32. Prove: If an element g of I' or K[z] is not an n-th
power of an element of I' or K[z], then it is not an n-th
power of an element of P or K(z) either.—In the case I' we
describe this by saying that <Y/g is irrational for integers g
which are not n-th powers of integers.

On the basis of the fundamental theorem of the unique prime
decomposition the assertion g = (:—;:)n, in & reduced quotient repre-

sentation, leads in the form gff = f{ to a contradiction of the assump-
tion regarding g.—Show the details of this proof in the special cases
n = 2,9 = —1 and g = p (prime number) relative to I'.

33. For each of the finite fields of exactly 2, 3, 4 elements
(cf. Vol. 1, Section 1, Example 4; Vol. 1, Section 1, Exer. 7, 8;
Vol. 1, Section 2, Exer. 12) determine all the prime functions
of degree 2, 3, 4.

The prime functions of degree 1 are known (see the remark in
Section 1, D). If all prime functions up to the degree n — 1 are assumed
as known, then all composite polynomials of degree n can be formed.
The prime functions of degree n are those which are still lacking.

34. In Exer. 34 to 48 we will consider matrices A with
elements from ' or K[z], briefly, integral matrices.—Give a
necessary and sufficient condition that the inverse 4! of an
integral regular square matrix 4 be again integral.

A necessary condition is obtained from the formula for multiplying
determinants (Vol. 1, Section 19, Exer. 7, 8; cf. also Def. 2). That this
condition is sufficient then follows from the expansion of 4-1 (Vol. 1,
Section 19, Exer. 13).

35. Prove: The integral regular n-rowed square matrices
A with the property investigated in Exer. 34 (integral uni-
modular matrices) form a group with respect to multiplication.
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36. In order to refine the definition in Vol. 1, Section 21,
Exer. 9, we call two integral (m,n)-rowed matrices 4,B
arithmetically equivalent if an m-rowed square matrix P and
an n-rowed square matrix ¢, both integral unimodular, exist
such that B = PAQ.—Prove that the relation of arithmetical
equivalence is an equivalence relation in the sense of Vol. 1,
Section 2,(1).

37. Let A be an arbitrary integral matrix of rank p and
d, (v=1,...,p) the greatest common divisor of all v-rowed
minors of A (determinantal divisors of 4).—In analogy to
Vol. 1, Section 21, Exer. 11, prove:

(a) d,|dy]...|d,, therefore

dy=e, dy=e6,..., d,=e05...0,

with integral (normalized) e, (elementary divisors of A).

(b) Arithmetically equivalent matrices have the same
determinantal divisors, therefore also the same elementary
divisors.

(a) is a consequence of the Laplace Expansion Theorem; (b) follows
from Vol. 1, Section 19, Exer. 11. In both cases use the symmetry
of arithmetical equivalence [Vol. 1, Section 2,(B)].

38. Let A+0 be an integral (m,n)-rowed matrix and
A = (@;) a matrix arithmetically equivalent to A, where
G,,+0 has the smallest possible absolute value.—Prove
successively:

(a) a@,, can be assumed to be normalized (with respect to
a suitable choice of 4 among all matrices satisfying its defining
condition).

(b) | @y | 2 | @y, | or @y = 0 is true throughout.

(c) dllldil'dllldlk (i = 2, ey My k = 2, -..,”).
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(d) In the same sense as in (a) these can be assumed to
be a;,ay, = 0.

(e) Then ay @, (@E=2,..,m; k=2,..n), therefore
= d; = e,

For (a) use the operation of multiplying a row by a unit; for (b)
the operation of interchanging two parallel rows; for (c), (d), (e),
also the operation of adding a row multiplied by an integer to a
parallel row. Note that each of these operations produces arith-
metically equivalent matrices. In this regard, cf. Vol. 1, Section 10,
Exer. 6.

39. On the basis of the recursive process sketched in
Exer. 38, prove the following analogy to Vol. 1, Section 21,
Exer. 12: Every integral matrix of rank p is arithmetically

equivalent to a matrix
a
la, .

I‘O.

where the a,+0, are normalized and have the properties

a,|ayl...|a,.

40. Next, deduce: The a, are the elementary divisors of 4.
In addition to this we always have e,|e,]...|¢e,, which
sharpens Exer. 37, (a).

This follows immediately from Exer. 37, (b) by computing the
determinantal divisors of the matrix obtained in Exer. 39.

41. To summarize, now prove in analogy tc Vol. 1,
Section 21, Exer. 14: Two integral matrices are arithmetically
equivalent if and only if they have the same elementary
divisors (determinantal divisors).
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42. Determine the elementary divisors of the following
integral matrices A4 and find integral unimodular matrices
P,Q converting them into the normal form of Exer. 39, 40:

1 2 4 2
A=(69 12), (452), (22 14)0verr;

a—br a+bx .
A= (c—d:r c+dx) over K[z] (a, b,c,d in K).

In the latter case we must distinguish (a) whether ad —bc#+0 or
= 0, and (b) whether 2¢+ 0 or =0 in K.

43. The theory of arithmetical equivalence for the case
K[z] can be used to study the concept of the similarity
(Vol. 1, Section 21, Exer. 18) of n-rowed square matrices 4
over K. In Vol. 1, Section 21, Exer. 19 it was established
that the characteristic polynomial |zE—A| of 4 is an
invariant relative to the similarity transformations P-14AP of
A.—Prove that the determinantal divisors, and consequently
the elementary divisors, of the integral matrix zE -4
(characteristic matriz of A) are also invariants relative to
similarity transformations of A.

Note that a similarity transformation of 4 brings about an

arithmetical equivalence relation for the characteristic matrix
xE — A, and use Exer. 37, (b).

44. From now on let integral matrices over K[z] be always
specified by adjoining the indeterminate z, for instance, 4(x),
in order to distinguish them from matrices over K which will
be designated by capital Latin letters without adjoining .
By the degree of A(x)=(f,(x))=0 we understand the highest
degree in z appearing among the f;(x). Therefore, the
matrices A over K (and only these) have the degree 0; the
characteristic matrix xZ — 4 of A has the degree 1; in general,
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a matrix A(z) of degree m can be represented in the form
Ay+zA +--- +a™A,, (4,+0), where 4, is the matrix of the
coefficients of 2’ of the elements f;(x).—Prove: To every
integral =m-rowed square matrix P(x) there exist unique
integral n-rowed square matrices Pj(z), P,(x) and matrices
P, P such that
P(x)=P(z)(xE-A)+ P
P(x)=(xE—-A)P,(z)+ P
(right and left division by xE — A). What is the expression for
P and P in terms of P(z) and A4?

Proceed |using as a basis the representation given above for P(x)
as an integral rational function of # with matrix coefficients] formally
just as for ordinary division in the case of integral rational functions.
The uniqueness, too, follows as in the latter; for instance, in the
case of right division the uniqueness follows by considering the degree
(highest term in ) of (Py(x) — P,(x)) (zE — A).

45. Let the n-rowed square matrices zE — A and zE—B
have the same elementary divisors. Hence by the result of
Exer. 41 there exist two integral unimodular n-rowed square
matrices P(x) and @(x) with

(xE — A)P(x)=Q(x) (xE — B).
Show that a corresponding relation exists with matrices P
and Q over K. For this purpose divide P(x) on the right by
zE — B and Q(x) on the left by xE — 4, then take the degrees
into consideration. Furthermore, show that in this case we
must have P = Q.

Let P,(z),Q,(z), P,Q be the quotients and remainders appearing
in the divisions. Then, on considering the highest terms in z the
relation

(zE — A) (Py(x) —@,(2)) (xE — B) =Q(«E — B) — (xE — A) P
implies that P,(z) =Q,(x); consequently P = Q must be valid, too.
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46. Show that the matrix P = @ in Exer. 45 is regular,
by dividing P(x)~! on the right by zE — 4, @Q(x)~! on the left
by zE — B and taking the degrees into consideration.

Let P,(x),@,(x), P,@ be the quotients and remainders appearing
in the latter divisions. Then P,(r)=Q,(x) is also valid, and we can
obtain relations

E =P(z)P(z)-'=R(z) (xK - A) + PP
E =Q(x)'Q(z) = (¢E — B) S() +QQ

with integral E(z), S(x). By considering the highest terms in x these
relations yield E(z) =0, S(x)=0.

47. To summarize, now deduce: Two n-rowed square
matrices A and B are similar if and only if their character-
istic matrices & — A and zE — B have the same elementary
divisors.

All that still has to be done in Exer. 45 is to set x = 0.

48. Decide whether the following matrices 4 and B over
P are similar:

1 2 3-2

(a) A=(0 1)’ B=(2-1)’
110 110

(b) 4=[0 1 0), B=(0 1 1);
0 0 1 00 1
110 2 10

¢ A=[0 1 0), B=(—l 0 o).
0 0 1 -1 -1 1

2. Residue Class Rings in K[x] and I’

1. Prove: If g |f, then every residue class modg consists
of complete residue classes mod f.

h, =hymod f implies h, =hymod g.
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2. Prove: If g |f and f+ 0, then in the case I" every residue
class modg has the same finite number of residue classes
modf. How large is this number?

Think of the residue class ring modf as a group with respect to
its addition (additive residue class group modf; Vol. 1, Section 7,
Exer. 4, 5) and interpret the transition from the (finer) congruence
modf to the (coarser) congruence modg as & homomorphism of this
group on the additive residuc class group modg (Vol. 1, Section 9,
Exer. 9). The statements then follow from Vol. 1, Section 8, especially
Vol. 1, Theorem 25 [68]; see also Vol. 1, Section 8, Exer. 8.

3. Decide whether the linear congruence

gy=hmodf (f=0),
where ¢, h are given and y is to be found, can be solved, and
in the case ' determine the number of solutions. The solu-
tions are to be counted as residue classes modf, that is, only
solutions y not congruent mod f are to be counted as different.

It depends on the divisor of the residue class gmod f (Theorem 30).
The nccessary and sufficient condition for solvability is that h also
be divisible by this divisor (Theorem 3 [173], Theorem 31), and the
number of solutions in the case I' follows from its cancellation under
consideration of Exer. 2.

4. Use this result to decide which of the linear con-
gruences

(a) 2xr=1mod>5,

(b) 6x=5mod 15,

(c) 6x=3mod 15
can be solved, and determine the solutions of the congruences
which can be solved.

5. How is the partition into regular elements and zero
divisors (Vol. 1, Section 3, Exer. 1) represented in the residue
class ring mod f'?
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The prime residue classes are regular (Theorem 31), the non-
prime residue classes are zero divisors in case f3*0; however, the
latter are also regular except for O in case f = 0.

6. Accordingly prove: The residue class ring mod f is a
full ring (Vol. 1, Section 3, Exer. 3) for f+0.

Apply the part of Theorem 31 still not taken into account in
Exer. 5.

7. Let f,,f, be relatively prime and different from zero.
Furthermore, in the sense of Theorem 14 let

f lfl +./ J 2 =6
therefore fofe=emodf, =0modf,,
fifi=0mod f, = emodf,.

From this deduce a solution of the system of congruences

y=yymodf;, y=y,modf,
where y,,y, are given and y is to be found. What modulus
must be used in forming the residue classes in order that the
solution be unique ?

Multiply the previously given congruences by y, and y, and add.

8. Show that y in Exer. 7 runs through a complete system
of representatives of the residue classes relative to the product
modulus f = f,f, (complete residue system modf), if y,,y, run
through such systems mod f;, mod f,.

In the case ' we only have to carry through an enumeration
based on Theorem 27 and Exer. 7; in the case K[x], such an enumera-

tion is not enough. However, the statement follows uniformly for
both cases if in Exer. 7 we start with y, = y,y, = .

9. In connection with Exer. 7, 8, prove that the one-to-
one correspondence y<—> (¥,,y,) between the residue classes
ymodf and the pair of residue classes y, modf;,y,modf,
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yields an isomorphism between the corresponding residue
class rings, if the operations with the pairs y,,y, are defined
in terms of the components:

(%1, Y2) + (1, ¥2) = (Y1 + Y1, Y2+ %),
(Y1, ¥3) (1, ¥3) = (191, Y2¥2)
(representation of the residue class ring modf as the direct
sum of the residue class rings mod f; and modf,).

The isomorphism relations Vol. 1, Section 2,(3), (4) have to be
proved for the specified correspondence with respect to the specified
operations. These relations immediately follow on expressing the
correspondence in a computational form according to Exer. 7:

¥ =yufofs +yuSifymod .
10. Investigate the behavior of the prime residue classes
with respect to this isomorphism.
y is prime to f if and only if y, is prime to f, and y, is prime to f;.
11. Under the assumptions of Exer. 7, what relation is

obtained from this in the case I" for the numbers ¢(f) = ¢(f.fs)
and ¢(f;), #(f») of prime residue classes ?

12. Generalize Exer. 7 to 11 to the case of a product f of
an arbitrary number r of pairwise relatively prime factors
Jis ---»f, different from zero.

In connection with Section 1, Exer. 23, Exer. 24,(c), start here
from the relation )

9161'*‘"' +yr§r =64, =]-f (" =1,..,7).

13. Use this to solve the system of congruences
y=3mod4, y=2mod5, y=2mod3.
Generally, if we wish to obtain in Exer. 12 the basic solution of
NG+ +9 0, =€
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not by trial and error but by a systematic calculating process, we
must first of all determine by the Euclidean algorithm a solution
hy, by of gyhy +gyhg = (91.9:), then a solution ki, h; of

(915 92) k1 +g3hs = (91,92, 93), ete.

14. On the basis of Exer. 12, prove the formula for the
Euler function ¢(f) found in connection with Theorem 31.

Take as a basis the decomposition of f into powers p* of different
prime numbers p and determine ¢(z*) directly from the fact that
here the non-prime residue classes are exactly the residue classes of
the divisor p, the number of which is known by Exer. 2 (or can also
be easily derived from the complete residue svstem of Theorem 27).

15. In connection with Vol. 1, Section 6, Exer. 6 clarify
the group-theoretic nature of the proof for the Fermat
Theorem (Theorem 29 and remarks after Theorem 31).

16. For which natural numbers f as moduli is
(@) ¢(f) =4, (b) ¢(f)=S=1, (c) 2¢(f) =/,
d) ¢NIf. (&) 26(f) If?

For (a) distinguish cases according as the (proper or improper)
factorizations of 4 correspond to the decomposition of f into powers
of different prime numbers, and apply the formula for ¢(f) explicitly
given by Theorem 31. (b) is easily answered directly (Theorem 28);
(¢), (d), (e) again on the basis of the explicit formula. Results for
(d): f=2"3" (v>0, in casc v’ >0); for (e): f = 2.

17. Classify the above f with ¢(f) = 4 into two classes
according as to which of the two (no other) group types 3,
or D, of order 4 (Vol. 1, Section 6, Exer. 2) the prime residue
class group B, belongs.

From a practical point of view this is easily decided by the explicit
construction of the residue classes and their combinations. From a

theoretical point of 1ew have recourse to the direct sum representation
of the ring I, given in Exer. 9. By Exer. 10 this yields a direct product
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representation! of the group %,. If two of these components have the
type B, then %, has the type D;; however, if one has the type 8,,
the other the type 3, = G (or the other is missing entirely), then ®, has
the type B,.

18. In Exer. 2 we determined the number of those residue
classes relative to a natural number f whose divisor is divisible
by g. Determine also the number of those residue classes
mod f whose divisor is exactly g.

Note that g prime residue classes relative to the resulting modulus

must be generated on cancelling out the divisor.

19. Accordingly, prove the relation
o) =/
af

for any natural number f, where the sum is to extend over all
different (proper and improper) normalized divisors d of f.
Enumerate all f residue classes modf ordered according to their
divisors.
20. C'onstruct finite fields by combining Theorems 27, 28
for the case I'; using the same theorems, then do this for the
case K[z] (with suitable K).2

If f(x) is & prime function of degree n over P,, then the residue
class ring mod f(«) is a finite field of p" elements.

21. Establish that the field of 4 elements constructed in
Vol. 1, Section 1, Exer. 8 can be generated in this way.

The only prime function of degree 2 in P, is 2® +z +e (Section 1,
Exer. 33).

22. Prove the existence of finite fields of p2 elements for
any prime number p.

1 In this regard see also the general theory given later in Section 3,
Exer. 9 ff.

? For Exer. 20 to 22 see the general theory given later in Section 20.
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The number of different reducible polynomials over P, of degree 2
can be easily found by using the fact that they can all be expressed
in the form (z —a)(x—b). We have to show that it is smaller than
the number of all different polynomials over P, of degree 2. Note
that (r —a) (z —b) = (z —a’) (x —b’) is permissible only for @ = a’,b = b’
(or the other way around) (Theorem 12 [178]).

23. Let | =T or K[z], and consider the integral domain

I[x;] (cf. Section 1, Exer. 10). To every non-zero element
fx))=ay+a,2,+ - +a,a?
of I[z,] there corresponds a definite greatest common divisor
of its coefficients a,,...,a, in |, briefly, the divisor of f.f
is called primaitive if its divisor is e. The divisor of f is always
unique:
f = df, (f, primitive in 1[z,], d normalized in I).

For a normalized prime element p of | the highest power p”
dividing d without remainder is called the p-divisor of f,
and f is called p-primitive if its p-divisor is e. The p-divisor
of f is always unique:

f=pf, (f, p-primitive in I[z,]).

Besides the facts just specified, prove successively (Gauss’s
Theorem):

(ap) If f, and f, are p-primitive, then f,f, is also p-primi-
tive.

(be) If f; and f, have the p-divisors p” and p”, then
fi/: has the p-divisor p*+".

(a) If f, and f, are primitive, then f,f, is also primitive.

(b) If f, and f, have the divisors d, and dg, then f,f, has
the divisor d,d,.

(b,) and (b) easily follow from (a,) and (a). (a) and (b) follow from
(a,) and (b,) according to the fundamental theorem of the unique



2. Residue Class Rings in K[zx] and I’ 109

prime decomposition in | by taking into account all prime elements p
of I. The crucial statement (a,) amounts to the trivial Vol. 1,
Theorem 4 [18] if we go over from I[x,] to the residue class ring I[x,],
relative to the prime element p (Section 1, Exer. 10). For, ‘p-primitive’
thereby goes over into ‘3:0’, and the residue class ring is an integral
domain (not a field—Theorem 28 is not proved for |[z,]; in fact it is
not valid), namely, is isomorphic to the integral domain |,[z,] over
the residue class field I,modp of I. The latter is proved by setting
up an obvious correspondence. It represents the main conclusion of
the proof.

24. Let K = P or K(x) designate the quotient field of | =T
or K|x], respectively. Exer. 23, (a) implies: If an element
f#0in I[z,] has a decomposition f = af, f, into two normalized
factors f,, f, of K[,] and a in |, then it also has a decomposition
f = ¢f,f, into two primitive factors f,,f, of I[x,] which are
associates of f;,f, in K[z,], and ¢ in I. In particular, if f is
normalized (polynomial in x,), therefore a = 1, then f,f,
already belong to I[x,] (this, too, is often called Gauss’s
Theorem).

By introducing suitable quotient representations of the «,,..., a,_,
in K, any normalized

f(xl)an+alTl+"' +oq a7t oy
in K[z,] can be uniquely expressed in the form

Gtz +o tand_flo),
a‘l N - aﬂ

Sflx,) =

where ay, ...,a, (the latter normalized) are relatively prime elements
in | (a, the normalized least common denmominator of a,...,0,_,).
Therefore f(x,) is a primitive element of I[z,].

25. In connection with this prove the validity in I[z,] of
the fundamental theorem of the unique prime decomposition
based on its validity in | and in K[z,].
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The possibility of the decomposition follows analogously as in
Section 1, D. For this purpose set here | f| = k*®, if f( 3 0) has degree n
(in z,). For |f| = 1 there exists an element of | for which the possi-
bility of the prime decomposition in I[x,], too, is already known
(Section 1, Exer. 10). For the uniqueness of the prime decomposition
proceed from the unique prime decomposition of an f(# 0) of I[x,] in
the extension domain K[z,]; from this derive according to Exer. 24
a decomposition into primitive (but not normahzed in K[x,]) prime
elements of K[x,] belonging to I[x,], and a unit factor of K[x,] (asso-
ciate of the divisor of f) belonging to I. The uniqueness of the prime
decomposition in the extension domain K[r,] togcther with the
uniqueness of the prime decomposition of the last-specified unit
factor in | guarantees the uniqueness of the prime decomposition
in the subdomain I[x,] just obtained (except for the ordering and the
normalization of the prime elements by units of I[x,] [units of 1]).
In this regard clearly show that among all associates of a prime
element p(x,) of K[x,] in K[x,] only the associate p(r,) (and its associ-
ates in I[xr,]) constructed according to the discussion to Exer. 24
belongs to l[.x,] and, at the same time, is a prime element thore.

26. Find a normalization rule for the prime elements of
I[x,] on the basis of which the prime decomposition is com-
pletely unique except for the ordering.

It is sufficient to require that the leading coefficient in x, be

normalized in |.

27. According to the same scheme as before, prove by
mathematical induction that the fundamental theorem of the
unique prime decomposition in INx,,...,z,] and in K[x,, ..., z,]
is valid.

In the latter case it is better to base the induction proof on
K[z, xy, ..., 2,], since the basic steps of the mathematical induction
then correspond in both cases as follows:

FMxy)s oo Mgy oees Tp)
K[x], K[z, x,]s ..., K[x, 24, ..., 2,].
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The first two steps are obvious. The passage from the (n-—1)-th
step to the n-th step is accomplished by the very same scheme as
the passage from the first to the second step.—A suitable normaliza-
tion rule is obtained by the following ‘nductive definition adapted to
the inductive proof: An element f+0 of I[z,,...,z,] is said to be
normalized in l[z,,...,z,] if its leading coefficient in z, is normalized
in I[z,,...,Zy—;]- This rule refers to the fixed basic ordering =z,, ...,z,
of the indeterminates.

28. Let | be any of the previously studied integral domains
Myys .- Yml or Klyy, ..., ¥,,] with unique prime decomposition,
and let I[z,,...,z,] be the integral domain of the integral
rational functions of n (new) indeterminates z,, ...,z, over I;
therefore it too is an integral domain with unique prime
decomposition. Prove: In order that an element

a4y + -+ @, 2,
with coefficients a,, ...,a, in | (a linear form in z,, ..., z,, over I)
be a prime element in I[z,, ...,z ], it is necessary and sufficient
that the coeflicients a,, ...,a, be relatively prime in I.

The necessity is trivial. Conversely, in a decomposition one of the
factors must have the degree 0 in all the indeterminates ux,,...,r,
simultancously, since otherwise the normal representation of the
product of both factors would contain a produet z,x; with cocfficients
different from zero (consider the last term actually appearing in both
factors in order to exclude a cancellation).

29. In connection with Vol. 1, Section 17, Exer. 7, prove
that the determinant | X |=|z,, | of the matrix X = (z;,) in n?
indeterminates over K is a prime element in K[z,,, z,,, ..., 7., ].

Use mathematical induction on n, expand (X |, say, by the first
row: [ X =2y &+ + 210 éin
and apply Exer. 28. In doing so take into account that the property,

&,, i8 a prime element in K[z,,,Zs3, ..., Z4,], Which is guaranteed by
the induction assumption, carries over to K[y, ..., Zp3; X9, Tagy o+ s Tyl
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(just as in Section 1, Exer. 10), and that &y,,...,§, are (normal
representations) not associates in the latter integral domain.

30. In connection with Vol. 1, Section 19, Exer. 12 and
Vol. 1, Section 21, Exer. 16, prove by means of the result of
Exer. 29 that the determinants of the derived matrices 4
and the complementary matrices A® of an arbitrary n-rowed
square matrix 4 have the form c,|4 | and y,|4 |%, with
certain factors ¢,,y, of K and exponents /,, A, dependent only
on » (not on A4).

Let X =(z,;) be a matrix in n® indeterminates over K. By the
principle of substitution it is sufficient to prove the formulae

| X0 | =¢,| X |7, |20 | =, | X |

with certain factors c,,y, of K (units of K[z,,,...,Z4a]) and exponents
1,4,. By Vol. 1, Section 21, Exer. 16 the prime decomposition is
known for the product |X®||=® | and the fundamental theorem
can be used with the conclusion (valid, naturally, also in the general
case submitted here) of Theorem 20 [187].

31. Determine the exponents /,, A, in Exer. 30 by replacing
K by K(y) with a new indeterminate y and investigating the
determinants of the derived and complementary matrices of
the matrix (yz;)-

Take into consideration the remark after Vol. 1, Theorem 68 [141].

32. Determine the factors c,,y, in Exer. 30.

It is sufficient to substitute the particular matrix E for 4.

3. Cyclic Groups
1. Show that the proof of Theorem 36 amounts to the
considerations in Section 2, Exer. 1, 2, if the isomorphism of
8 to the additive group R, of the residue classes mod=z
(n the order of 8 or n = 0 in case it is infinite) is taken as a
basis.
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Compare this highly conceptual proof also with the naive one
sketched in the explanation to Vol. 1, Section 7, Exer. 1.

2. Let A be an element of a group ®. If the element has
finite order » or infinite order and m is an integer, what is
the order of Am?

Take as a basis the isomorphism of the cyclic group 8 generated

by A to R, (as in Exer. 1) and study the linear congruence ma =0modn
according to Section 2, Exer. 3.

3. Let P be an n-termed cycle (Vol. 1, Section 16, Exer. 9)
and m an integer. Give the decomposition of P™ into cycles
(Vol. 1, Section 16, Exer. 10).

If (m,n) = d and n = dk, then d is the number of k-termed cycles
which can be explicitly written out starting from P> = (12...n). They

correspond to the composition of the d residue classes mod d from the
k residue classes mod n (Section 2, Exer. 1, 2).

4. Show by a counterexample that the assumption of the
commutativity of 4; and A, is essential in Theorem 35.
Naturally, it must be based on a non-Abelian group. The simplest

such group, the dihedral group D;, will suffice (cf. Vol. 1, Section 6,
Example 4; Vol. 1, Section 6, Exer. 2).

5. In connection with Theorem 35 and Vol. 1, Section 8,
Exer. 5, 6, determine the order of the product 4, 4,, where
A,, A, are two commutative elements of the prime power
orders p#, p# with p, #+ pu, of a group @.

6. Let a finite group & be the composite of two cyclic
subgroups 8,, 3, which are commutative elementwise and
have the intersection € (direct product of 3, and 3,; notation
® = 8;x8;). @ is therefore Abelian.—Prove: @ is cyclic or
not according as the orders of 3, and 3, are relatively prime
or not.
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Apply first of all Vol. 1, Section 7, Exer. 9 in order to determine
the order of ®, then Theorem 35 or Vol. 1, Section 8, Exer. 5.—The
result is also valid for infinite groups ® if 0 and 0 are interpreted as
not relatively prime.

7. Generalize Exer. 6 to the case where § is the composite
of an arbitrary number r of cyclic subgroups 3,,....3,, each
of which is commutative elementwise with every other one
and has the intersection ¢ with the composite of the remain-
ing (direct product of 3,,...,3,; notation, & =3, x--- x 3,).

Apply mathematical induction (cf.,, in particular, Section 1,
Exer. 23).

8. Conversely, prove: If & is cyclic of finite order » and
n = m,---n, is a decomposition into pairwise relatively prime
factors, then ¢ is the direct product of r cyeclic subgroups
34 ---»3, of orders n,, ..., n,.

The easiest way to show this 1s to take as a basis the isomorphism
of & to the additive residue class group R, and to use its representation
as the direct sum of the additive residue class groups ®, (¢ =1,...,7)
according to Section 2, Exer. 9, 12.—After this, find explicitly, in
particular, primitive elements of the cyche groups 3,.

9. In general, a (finite or infinite) group & is called a
direct product of the subgroups §; (¢ = 1, ....7) each of which
is elementwisc commutative with each of the remaining,
notation ¢ = 9, x --- X 9, if

() ® is composed from the 9;,

(B) every ©, has the intersection ¢ with the composite of
the 9, with k<+i. Prove:

(a) Any element 4 of @ has a unique representation

A=A4,..4, (4;in 9,).
(b) For finite ® the order n of ® is the product of the
orders n; of ;.
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(c) 9; is a normal divisor of &, and @/9; is isomorphic
to the composite (direct product) of the §, with k1.

(d) In the definition of direct product conditions (x),
(a) can also be used instead of conditions («), (B); for finite &,
condition (b) instead of condition (B).

10, Prove: If & is an Abelian group of finite order n» and
n =n,---n, is a decomposition of »n into pairwise relatively
prime factors, then & can also be represented as the direct
product of r subgroups of orders =, ..., n,.

The commutativity of & implies that the solutions of the
equations Xt =F,...X*=FE in ® form subgroups 9,,...,9,. If
m,m, +--- +m,m, = 1 is valid with m, = ;:— (Section 2, Exer. 12), then
for arbitrary 4 in ¢ 1

A=A = AmT ... 4meTr

turns out to be the unique decomposition into components belonging
to these subgroups. The statement follows from this by Exer. 9,(a), (d).

11. From the result of Exer. 10 deduce: Any finite
Abelian group can be represented as the direct product of
subgroups whose orders are powers of different prime numbers.

12. Let A,,..., 4, be the totality of elements of a finite
Abelian group ¢. Consider all relations

Ay A =FE
existing between 4,, ..., 4, based on the rule of combination
in @. They yield an infinite system of n-termed vectors

a = (ay, ..., 0,).

Show: In this system a subsystem a,,...,a, can be so chosen
that all vectors a of the system are linear combinations with
integral coefficients of the vectors a; of the subsystem.
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This is clear (Vol. 1, Section 13, Lemma 1 [103]) for linear com-
binations with rational coefficients. For integral linear combinations
bear in mind that in ® there exist n special relations

AP}=E (k=1,...,n),

where n, is the order of A,. Include the exponent vectors n,e, in
the subsystem to be chosen, and in addition the other finitely many
exponent vectors which are generated from the totality a by the
reduction of «, to a fixed residue system mod »n,.

13. Let A= (ay )t =1,...,7; k= 1,...,n) be the integral
matrix whose rows are the vectors a; chosen in Exer. 12.
According to Section 1, Exer. 39, 40, A is arithmetically
equivalent to a matrix

B= . ,
e
where the ¢, are positive integers or 0 and ¢, |... |e, (there-
fore, if there are any e, = 0, they stand at the end). Let
PAQ = B with integral unimodular P,Q. Submit the elements
A, to the linear substitution with the matrix @-1:

B,= ITA™ (k=1,...,n), briefly 8 = Q19

=1
whose converse therefore is the linear substitution

Ay= [T B™ (k=1,...,n), briefly % = @®,

=1
with the matrix @, and prove: The exponent vectors b of all
relations existing between the generating elements B, are
integral linear combinations of the exponent vectors of the
special relations

Bf=E (k=1,...,n).
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Every exponent vector a yields an exponent vector b in the form
b = aQ, and all b are generated in this way, since conversely every b
yields an a in the form a = 8Q-*. The totality of b, therefore, of the
aQ, is an integral linear combination of the q,Q, that is, of the rows
of the matrix AQ, and these again are also integral linear combina-
tions of the rows of the matrix PAQ = B.

14. From Exer. 13 deduce: Any finite Abelian group @
can be represented as the direct product of cyclic groups
8;---»8, such that their orders =,,...,n, satisfy the con-
dition 7, | ... |n,. Namely, show:

(a) The periods 3, of the B, have & as their composite
[Exer. 9, (a)].

(b) All ¢, are different from zero, and §, has the order e,.

(c) The 8; have the property (B) of Exer. 9.

(a) follows from % = @¥B. (b) and (c) follow from Exer. 13; in
so doing note, in particular, that due to the finiteness of & every B,
has finite order—this yields e,+0—and that the B, with ¢, =1,
possibly appearing (at the beginning), can be omitted.

15. Now prove: Any finite Abelian group @& can be repre-
sented as the direct product of cyclic groups of prime power
order (Fundamental Theorem of Finite Abelian Groups).

Combine Exer. 14 and Exer. 8.1

16. Prove that the prime power orders appearing in
Exer. 15 are determined uniquely by & (prime power invari-
ants of G).

1 Exer. 10, 11 aro not necessary for the proof of the Fundamental
Theorem, laid out here, by means of the theory of elementary divisors.
The Fundamental Theorem can also be proved by direct handling of
the prime power factors obtained in Exer. 11. However, every such
proof amounts in principle to the application of the inferences in
Section 1, Exer. 38, therefore of the principal conclusion of the
theory of elementary divisors.



118 2. 1. The Left Sides of Algebraic Equations

At any rate the prime numbers p actually occurring and the
product of all prime powers in a prime number p are uniquely deter-
mined [Exer. 9,(b)]. The individual prime powers can be characterized
invariantly by the number of solutions of the equations X?"=E in ®.

17. Generalize the proof of the Fundamental Theorem of
Finite Abelian Groups obtained in Exer. 12 to 16 to Abelian
groups with finitely many generators, which can be repre-
sented, therefore, as the composite of the periods of finitely
many of its elements. In this case cycles of infinite order
may appear in the direct product, corresponding to the e, = 0
in the matrix B of Exer. 13.

Everything follows as before once Exer. 12 is generalized. Con-
sider first of all the denominators appearing in the coefficients of the
linear combination of all exponent rows a of a maximal system of
exponent rows a, linearly independent over the rational numbers.
By means of Vol. 1, Theorem 75 [148], 83 [160], we see that these
denominators (with respect to a suitable choice of these coefficients
among all solutions of the nonhomogeneous system of linear equations
in question) have a fixed least common denominator g. namely, a
cortain minor of the matrix of the a,. Then augment the maximal
system a, by those finitely many exponent rows which arisc by
reducing the numerators of the coefficionts to a fixed residue system
mod g.

18. How many types of Abelian groups are there of orders
P’ (p & prime number), n = p}---p¥r (py, .., p, different prime
numbers) ?

By Exer. 15, 16 we know that two Abelian groups are isomorphic
if and only if they have the same prime power invariants. Moreover,
for any arbitrary list of prime power invariants there exists an Abelian
group (abstract construction of the direct product by the scheme of
the existence proofs in Vol. 1, Sections 3, 4).—The result for p* is s,
which is the number of decompositions of v into positive integral
summands without regard to their arrangement; for n it is the product
of the s,,.
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19. What are the prime power invariants of the additive
group of the residue class ring mod f(x), where f(z) is a poly-
nomial of degree n over the residue class field P,,?

Apply Theorem 27 [192]. [Concrete construction of Abelian groups
of type (p,...,p).]

20. In connection with Exer. 16 prove: An Abelian group
® of order n is cyclic if and only if for every prime divisor p
of n the equation X» = K has exactly » solutions in &.

4. Prime Integral Domains. Prime Fields.
Characteristic

1. Let B be a ring with unity element e (not necessarily
an integral domain—proper zero divisors may, therefore,
occur). Prove: The integral multiples of e form a subring
B, of B which is isomorphic to the residue class ring I', relative
to an integer f2 0 determined uniquely by B. B, is the
smallest subring (intersection of all such) of B (f is the charac-
teristic of B; B, the prime ring of B).

The proofs of Theorems 38 to 40 immediately carry over to the
case of a ring with unity element.

2. Also carry Theorem 42 over to this case.

Naturally, only subrings with unity elements are to be drawn
into consideration. i

3. Let | be either the integral domain [[z,,...,2,] or
K[z,z,,...,x,] with unique prime factorization (Section 2,
Exer. 27), and p a prime element of I. Then the residue
class ring |, of | relative to p is, at any rate, an integral
domain (for 21 it need not be a field). What possibilities
exist for the characteristic of 1,?
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For K[z,z,,...,.,] the characteristic of |, is always equal to the
characteristic of K. For [z,,...,z,] the characteristic of | is 0. We
then have to distinguish whether the prime element p already belongs
to [ (18 an ordinary prime number) or not.

4. Prove the following generalization to Theorem 44: In
domains of characteristic p the rule

(Za)* = ap*
k=1 k=1

is valid for every natural number u.—Carry out the proof:
(a) by mathematical induction on u; (b) by direct demon-
stration of the divisibility of the binomial coefficients
(1:‘) v=1,...,p#—1) by ».

For the latter proof take into consideration the formula
P*\ _ p* (p*—1
( v ) Ty ( v—1 )'

5. Similarly, prove in general the validity of the con-
gruence

(m) = 0 mod pMax (0, s,
n

where p* and p” are the highest powers of the prime number p
dividing m and » without remainder.

6. Show that in domains of characteristic p Theorem 44
yields the following formula for the p-th power of a difference

a, —ay:
(@, —ay)? = (a,+(—ay))? = aP +(—1)?af.

Show that in the case p = 2 this agrees with the rule
(a,—ay)” = af —a}

proved in general in connection with Theorem 44.
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7. Prove: If a is an element of a field K of prime charac-
teristic p, then the equation z** = a has at most one solution
in K; if it exists, the solution can be uniquely designated

pH
by 4/a.

Take the two solutions a,,a; and apply Exer. 4 to their difference.

8. Prove that in the prime field P, every element a has a
p#-th root for any natural number u. What is it ?

Apply Theorem 29 [194].

9. Prove that in the field P,(x) the element z has no
p-th root.

This follows from Section 1, Exer. 32.

10. Prove: If the p#-th roots of the elements a,,...,a,
exist in a field K of prime characteristic p, then the p-th
n
root of ' a, also exists and

k=1
y— —- n pH

Y4 n _

Ya,= XV
k=1 k=1

is valid.

This can be thought of as the generalization of the rule in Exer. 4
to negative p. It is easily established by applying that rule to the
right side of the given formula.

11. In addition to the generally valid proof, a second
proof for Vol. 1, Theorem 70 [141] by means of the Laplace
Expansion Theorem was given which applies only to fields
with characteristic different from 2. However, the idea of
this proof can also be used, according to Rychlik, for fields K
of characteristic 2 if we take the following roundabout course:
Consider an n-rowed square matrix X = (z;) of n®—n
indeterminates z; over I' in which two rows are set with
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the same indeterminates (z; =, for k = 1,...,m); go from
the integral domain [[z,,,...,%,,] to the integral domain
Po[211, - -5 X, ] O Tesidue classes relative to the prime element 2
(¢f. the explanation to Section 2, Kxer. 23); interpret this as
a subdomain of the integral domain K[z, ...,%,,] and in the
latter go over by the principle of substitution to a matrix 4
over K.—(‘arry out the details of this train of thought.

The salient point is the validity of the statement mn the integral do-
main Iry,, ..., I,,] of characteristic 0, and the fact that Py, ..., 2 0y.]
can be represented from this point of view as an integral domain of
residue classes, where naturally to the zero of [[x,,...,7,,] there
corresponds the null residue class, therefore the zero of Pylryy, ..., Xynl

12. In connection with Vol. 1, Section 19, Exer. 5, prove
by the same scheme: If 4 is a skew-symmetric matrix with
an odd number of rows n over a field K of characteristic 2
for which all main diagonal terms are a; = O,then (A | = 0.
Show by a counterexample that the assumption regarding
the main diagonal terms a;; is essential.

For the latter n = 1 is certainly sufficient.

13. Tn connection with Vol. 1, Section 21, Exer. 6, prove:
If X = (r;) is a skew-symmetric matrix with an even number
of rows n over a field K of characteristic 2 for which all the
main diagonal terms are equal, therefore

3'.-1-=a'. J'l-k=-3‘h=:l‘k,- (i>k),

then we again have | X | = f2, where f is an integral rational
function of the x; over K.—Show by a counterexample that
the assumption regarding the main diagonal terms x; is
essential.

Apply Vol. 1, Section 19, Exer. 6 to the decomposition X = *E, +X,
and for the principal minors of X, take into account Vol. 1, Section 19,
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Exer. 5, and Vol. 1, Section 21, Exer. 6. The statement then follows
from Theorem 44. For a counterexample it 18 certainly enough to
take n = 2.

14. Let e be the unity element of the prime field P, so
that it consists of the p elements ke (k = 0,1,...,p—1). Then

a permutation @ = ((Ik) of the » numerals £ can also be
k
interpreted as a permutation of the p elements ke of P, and

can accordingly be represented in the form @ = (qkee). In
k

0l...p— l)

particular, the p-termed cycle P=(01...p—1)= (1 2 0

ke
(k+ l)e) .—Prove the

has thus the simple representation P = (
statements:

(a) P commutes with @ if and only if ¢ = P” is a power
of P.

(b) If P does not commute with @, then the p permuta-
tions P*QP* (v=0,1,...,p—1) are all different from one
another.

For (a). Compute P-1QP and interpret the condition P-1QP = Q
by applying the representation forms specified for I> and Q.

For (b). The elements of the period ¥ of P commuting with @
form a subgroup of the group %, and ‘8 has the prime order p.

15. Starting from the defining formula (Vol. 1, Def. 38
[127]), evaluate the determinant of the matrix

@Gy @y, . Gy,

Gp-1%0, ™.



124 2. 1. The Left Stdes of Algebraic Equations

or by applying the ‘indexing mod »’ introduced in Exer. 14,

brleﬂy A —_ (a(k__..)e) (’l:, k = 0, l) ""p_ 1)

(p-rowed circulant), where the a; are elements of a field K
of prime characteristic p.!
The cited formula for defining determinants yields:
|4|= %’sgn Qagp-0re " Cap_,~(p-1116

extending over all p-termed permutations
ke
¢= (qke

In this, always collect all terms whose @ are connected through trans-

) k=0,1,...p—1).

) , and apply Theorem

. . ke
formation with powers of the cycle P = ( (k+1)e

14 as well as afterwards Theorem 44.

16. Without this effort, prove at any rate the partial
result following from this: The determinant of a p-rowed
circulant in p indeterminates x; over a field of prime charac-
teristic p is divisible by zy+--- +x,_,.

Apply Vol. 1, Theorem 71, Corollary [143].—This proof, and conse-
quently the given statement, is independent of the assumption regard-

ing the characteristic of K as well as, generally, of the prime property
of the number of rows p.

! For characteristic different from p and for an arbitrary number
of rows n, see Exer. 19, 20 to Section 10, given later, as well as Exer. 16
to Section 20.
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Equations

5. Roots and Linear Factors

1. Prove that the polynomial #» —z can be decomposed
into p linear factors in any field of characteristic p. What is
the factorization ?

Apply Theorem 48 and Theorem 29 [194].

2. Prove the congruence (p — 1)! = — 1 mod p for any prime
number p (Wilson’s Theorem).

Apply Exer. 1.

3. Let p be a prime number and d a divisor of p—1.
How many roots does the polynomial z¢—e have in a field
of characteristic p?

Note that ¢ —e |27-1 —¢ and apply Exer. 1, the uniqueness of the
prime factorization and Theorem 51.

4. At most how many of these roots—considered as
elements of the multiplicative group of the prime field P,—
have exactly the order d?

Distinguish the two cases (a) in which there are none at all, (b) in
which there is at least one such element. For the latter apply
Theorem 37 [200].

5. Deduce from this by means of Section 2, Exer. 19,

that the possibility (a) holds for none of the divisors d of p— 1.

For this purpose enumcrate, just as in Section 2, Exer. 19, all
p — 1 non-zero elements of P, after they have been arranged according
to their orders in the multiplicative group.

125
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6. What does this imply regarding the type of the multi-
plicative group of P,, namely, of the group *®,, of the prime
residue classes mod p 7!

In Exer. 5 take the special value d = p—1.

7. A shorter derivation of this result can be obtained
directly from Exer. 3 by using Section 3, Exer. 20.

8. By a counterexample show that Theorem 48 is no
longer universally valid if rings are taken as a basis instead
of fields.

1t is enough to take a ring B which has proper zero divisors, say,
the residue class ring I, relative to a natural number f different from
0, 1 and prime numbers (Theorem 28 [193]). If a and b are two different
complementary proper zero divisors of B, then a polynomial of degree 2
is easily found with the three distinet roots a,b, 0 in B.— What is the
only natural number f with the specified properties for which this is
not possible ?

9. Let M be the non-commutative ring of all n-rowed
square matrices over K (Vol. 1, Section 10, Exer. 4, 5). This
ring contains a subfield isomorphic to K consisting of the
diagonal matrices aF. Let M[x] be the non-commutative
ring of all n-rowed square matrices over K[x]. This ring
contains an integral subdomain isomorphic to K|x] consisting
of the diagonal matrices f(x) E. Prove that the characteristic
polynomial f(z)=|2E—A| of A, or rather the polynomial
f(x)E in M[x] associated isomorphically to it, has the charac-
teristic matrix K — 4 of 4 as a linear factor.

Apply Vol. 1, Section 19, Exer. 12 with » = 1 to the characteristic
matrix of 4.

1 Also compare this elementary proof with the onc obtained later
in the proof to Theorem 122 [307] in the abstract theory of fields, as
well as with that obtained in Exer. 7 based on the Fundamental
Theorem for finite Abelian groups.
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10. We have just obtained a relation of the form
f(x)E=(xE — A)F(x), where F(x) is a matrix in M[z]. Start-
ing with this, prove that the characteristic polynomial
flx)=|xE—A| of A, or rather the polynomial f(z)E in
M[x], associated isomorphically to it, has the matrix 4 as a
root. Namely, prove that f(4) = 0, if we agree to substitute
2= A = K formally in the term without x when carrying
out the substitution x = 4 in f(r).

Since we are dealing with a non-cornmutative ring, the substitution
x = A cannot be made haphazardly. On the contrary, this substitu-
tion must be justified. For this purpose apply Section 1, Exer. 44.

11. Sharpen Theorem 49 by showing that the property
in question is possessed by even infinitely many systems of
elements in the set, no two of which having an element in

common.
Apply Theorem 49 to the set M which is generated by the omission
of a,,...,a, from M, etc. This set is also infinite.

12. Let A and B be two n-rowed square matrices over an
infinite ficld K and assume that these matrices are similar
in an extension field A of K (Vol. 1, Section 21, Exer. 18).
This means that there exists an n-rowed square regular
matrix TT in A such that 24T = B. Prove that A and B
are also similar in K.—For this purpose the similarity trans-
formation between A and B in the form ATT-TIB = 0 can
be interpreted as a linear homogeneous system of equations
for the coefficients of TT, which satisfies the additional con-
dition |TT}+0. From this point of view the statement will
follow by proving that there also exists a solution P in K
which satisfies the additional condition | P |+ 0.

The proof rests, on the one hand, on Vol. 1, Theorem 84 [241], on

the other hand—in order to be able to handle the additional con-
dition—on Theorem 49. Take as the indeterminates playing a part in
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Theorem 49 the freely disposable elements in the general solution o
the system of linear equations.

13. Let the polynomial f(z)=2"+a,2" 1+ --- +a, over K
resolve into linear factors in the extension field A of K:

J@)=(x—o)...(®—a,).
Find formulae expressing the coefficients a,, ...,a, in terms
of the roots ay, ..., o, (Vieta’s formulae).

14. For a polynomial f(z) of degree n what is the degree

of the polynomial which is the associate of (c+dx)"f(::3:)

(ad —bc +0), and what are its roots under the assumption of
Exer. 13?

Do not miss a point of the Exercise by assuming without justifica.
tion that the literal expressions which may occur are different from
zero.

15. Find a linear fractional substitution?!
a+bx

in the field K which changes (in the sense of Exer. 14) f(z
into a polynemial in which (a) the term with 2"~ is lacking
(b) the term with z is lacking. Is this always possible ?

The cases a, = 0 and a,_, = 0 are very quickly settled. If the
characteristic of K is a prime number not dividing » without remainder
it suffices to use a substitution of the form x -z —a in the case of (a,

and x-»{-}:—a in the case of (b). In the other cases it is possible i
and only if there exists in K a root b of f'(x) different from the root:
a, of f(x). In this event use for (a) the substitution »;+b and fo1

(b) x>z +b. In the case (b) a,#+0 is also required.

1'The linear integral substitutions .are special cases of these
(d = 0 and then without loss of generality ¢ = e).
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16. Prove: If the polynomial f(x) with integral rational
coefficients has a rational root «, then « is even integral.
Set up « in the reduced quotient representation, remove the

denominator and apply Theorem 23 [187].

17. Generalize this result to the case where the coefticients
are in Ix,,...,x,] and K[z,,...,x,] instead of the integral
domain I', and a root « in the quotient field.

The fundamental theorem of the unique prime factorization is
also valid in this generalization (Section 2, Exer. 27). therefore so is
Theorem 23 [187].

18. Prove: A polynomial with integral rational numerical
coefficients in which a, (the term free of z) is a prime number
has at most three different rational roots.

Combine Exer. 13 and Exer. 16.
19. What can be said about the denominator of a rational
root of a polynomial f(x) with rational coefficients?

By a suitable linear substitution x-—>az take f(r) into a poly-
nomial with integral coefficients.

20. What are the rational roots of the polynomial

2+ '3(:’”' 17’”3&03«1—3()Tz-isx+3;()g
6. Multiple Roots, Derivative
1. Prove the validity of the so-called chain rule of analysis:
fg@)'=f(g(x)y’ (=)
for integral rational functions over a field K.
The proof follows formally from (1) and (2) by taking the repre-

sentation F@(@) =ag+a,9(x) + -+ +a,g(x)"
as a starting point.
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2. Develop the theory of the derivative also for the frac-
tional rational function ¢(x) over K, that is, in the field K(x).
For this purpose start from the reduced quotient repre-

sentation ¢ = I define ¢’ =f—gg;f 7 and prove the rules

g
(a) (d+y) =¢" ¢,
(b) ($) = ¢+ Y,
o e
(d) d(())" = ¢'((x)) Y’ (x).
Show that Theorem 55 is also valid for the above definition
of ¢'.

As a convenient tool for these proofs, first deduce the inde-
pendence of this defimtion of the derivative from the reduced form
of the quotient representation of ¢. Then (a) to (d) follow by easy
calculations from (1), (2) and Exer. 1. In particular, for (d) multiply
first the numerator and denominator of ¢ by a suitable power of the
denominator of .

3. Prove the rule
(1) _ 41 2
¢1 Lo ¢n ¢1 ¢n
for the derivative of a product of n factors (logarithmic differ-
entiation).

+ e 4

Apply mathematical induction on n.

4. The theory of the (first) derivative ¢'(x) in K(z) also
implies the theory of higher derivatives ¢"'(x) = (¢'(x))’, ... and
also the theory of partial derivativesin K(z,, ..., z,): ¢ (2,, ..., 2,)
is generated by forming the derivative of ¢(z,,...,z,) as an
element of K;(z;), where K;=K(xy,...,2; ;,%;1,...,2,);
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Pzl Tye oo T,) =y (7). ... ), ....—Prove the additional rule
that the order of differentiation is interchangeable:

¢.l‘1 Tk = ‘}sn xs

Reduce this by means of the formal differentiation rules at our
disposal to the simple cases ¢(ry,...,r,)=a or =ur,.

5. For an integral rational function f(x) of degree n over
a field of characteristic 0 (or also of prime characteristic >n)
prove the Taylor Formula:

@) =f+" ™

By means of rule (1) reduce this to the simple case f(r) =2*. Here
it is to be seen from the well-known expansion of x* = (a4 (z —a))*

(= o)™

(n)
VY L
’II

according to the binomial theorem.

6. Under the same assumptions, prove: If « is a v-fold
root of f(x), then
fla) == foD(a) = 0, fO(x)%0
and conversely. In this case a is a (v—p)-fold root of
Fir@) (0 p<v).
7. Prove that in a field K of prime characteristic <= the
first v—1 derivatives of f(x) are also zero for a v-fold root «

of f(z).

This follows directly by dlﬂ'erontlatmg the relation f(r) = (2 — a)*¢(x)
(v—1) times.

8. How must the Taylor formula (Exer. 5) be written if
it is to be valid without the restriction regarding the charac-
teristic of K?

Instead of the derivatives f(r) of f(x)= f‘ak:r' introduce the
k=1

expressions

fo(x) Ekg‘l(l:‘.) a,x*-
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identical with 1-,1—’ J™(r) on restricting the characteristic, and by means

of the binomial theorem confirm the validity of the formula thus
generated. Just as in Nection 4, Exer. 11, 12 we can again go from
tho characteristic 0 to a prime characteristic.

9. Let f be a polynomial of n-th degree over a field K of
characteristic 0 (or of prime characteristic >=),and let f be
resolved into linear factors over the extension field A of K.
Describe the decomposition into linear factors of the divisors

dl'=(fifl!"',f(ll)) (V= 1,....7(—1)
of f. Show that the same simple result is not yet valid for

d.=([.f") (vz2)

Exer. 6 can be used to specify the power to which any lincar
factor £ —a of f occurs in d,. For this purpose consider, in particular,
Theorem 24 [188]. In order to establish the last statement study the
function f(x)=.2—r over P and note what happens to the three
linear factors m f,f’ and f”.

10. Under the same assumptions, let ¢, be the product of
the different linear factors among the (exactly) »-fold linear
factors of f [¢, = e in case no v-fold linear factors exist]. We

then have =t g

The ¢, are, at any rate, polynomials over A. Prove that they
are actually polynomials over K.
They can be represented simply by the d, of Exer. 9.

11. Under the same assumptions prove that the product
¢ of the different linear factors among the totality of linear
factors of f is a polynomial over K.

¢ can be represented simply by the ¢, of Exer. 10 and conse-
quently also by the d, of Excr. 9. Find especially the latter repre-
sentation.
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12, What is the product of the different linear factors of
the polynomials
 — 4x° 4+ 3244 4x3—-12x2412in P,
L4+ 11104 2094+ 1008+ 2207+ 2244 1023
+ 222 +1lx + 1in Py,
and what is the factorization according to Exer. 107
13. Let f(x)=2"+a,2" '+ --- +a, be a polynomial of n-th
degree over an arbitrary field K. If this polynomial resolves

into linear factors in an extension field A of K:

J@)=@—0y) - (—ay),

n
prove the formula X J&) =f"(x).
=18 — 0

Apply logarithmic differentiation (Exer. 3).

14. According to Theorem 47 [207] z—oa|f(x)—f(a) is
always valid. Find the normal representation of this quotient

(a) as an integral rational function of z—a,

(b) as an integral rational function of «.

For (a) apply Exer. 5 or 8; for (b) introduce the functions

g,(@)=2"+a,; 2" +---+a, (v=0,...,n-1).

15. Under the assumptions of Exer. 13, compute f'(x)
in another way by means of the formula found in Exer. 13,
14 (b), namely,

f’(x) Eién‘l (x"—l + gl(ai)xn_z:'*' +g1|—1(ai))s

and derive from this a system of »—1 formulas for the
so-called power sums

n
8,=Jao (v=1,..n-1)
i=1

of the roots «; of f(x) (Newton’s formulas).
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16. Newton’s formulas enable us, by recursively solving
for the s,, to represent these power sums as integral rational
functions of the coefficients @, with integral coefficients (or
more correctly with coefficients in the prime integral domain

I or P, of K). Besides s, = n,s,,...,8,; we now also have
the power sums s,, $,,;, ..., and in case a,+0, that is, all
a; #+ 0, also the power sums s_;, $_,, .... The system of Newton’s

formulas can be extended on both sides to a system of
formulas making it possible to express all s, (recursively) in
terms of the a, with integral coefficients.

Take into consideration the relations ol f(«,) = O for arbitrary »= 0,
and in case «, % 0, even for arbitrary integers ».

17. Find the power sums for the polynomials

(a) 2% —a,

(b) " 14 a"24...4+x+e
over an arbitrary ground field K.1

In the case (a) we have to distinguish whether K has charactenstic
2 or not; in the case (b) whether the characteristic of K divides n
without remainder or not. In the case (b) we can proceed either
directly or—more simply—by using the fact that the power sums
of " —e=(xr —e) (x"~1 423 +... 4+ 2 4 ¢) are generated by the addition
of e to the desired power sums.

18. Let the polynomial f(x) over K resolve into linear
factors in an extension field A of K:

f@)=(@—a) - (z—ap).

How can the difference product
n(n—1)

d=IT(oy—op)=(—=1) 2 JT(og—0y)
i<k i+k

1 Regarding the assumption that the polynomials can be resolved
into linear factors in an extension field A of K, see Theorem 87 [242],
given later.
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of the roots of f(x) |discriminant of f(zx)] be represented
(a) by a determinant, (b) by the derivative f’(z)?
For (a) take note of Vol. 1, Section 19, Exer. 4; for (b), Exer. 13.

19. From the representation of the discriminant d of f(x)
as the square of a determinant [Exer. 18,(a)] derive a repre-
sentation in terms of power sums of the roots of f(z). Conse-
quently, to which field does d belong? Explicitly use this
to compute the discriminants of the polynomials 2%+ a,x +a,
and a3+ pr+q over P.

Apply the formula for multiplying determinants (Vol. 1, Section 19,
Exer. 7, 8) in a suitable way, and then Newton’s formulas (Exer.
15, 16).

20. Let n different elements a,,...,a, and n further
elements &,,...,b, be given in K. Prove: There is one and
only one integral rational function g(z) of the (n — 1)-th degree
at most over K, for which g(a,;) = b; 4 = 1, ...,n) (¢nterpolation
of g(x) from the values b; at the points a;).

The conditions imply a system of n linear nonhomogencous equa-
tions for the unknown coefficients of g(2) whose determinant is known
by Vol. 1, Section 19, Exer. 4.

21. Generalize the formula of Exer. 13 by proving the

formula o oglay) flx)
.‘I(T)=£J7(ai)&‘_ai

(Lagrange interpolation formula) under the assumptions: f(x)

is a polynomial of n-th degree over K which resolves in an

extension field A of K into n different linear factors x—a,

and g(r) is an integral rational function of the (n—1)-th

degree at most over K.

By means of Exer. 13 cstablish that the right side of the given
formula can be interpreted as the solution of an interpolation problem
of the type considered in Exer. 20.
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22. Find an integral rational function over P of third
degree at most which has at the points 1, 2, 3, 4 the values
-3, 7, 35, 125 (a) by the methods of Exer. 20, (b) by the
methods of Exer. 22,

23. For the matrix X = (x;,) of n* indeterminates x;, over
K prove the partial differentiation formulas

| X |5 = &g (cofactor of z; in X).

This follows from the Laplace Expansion of (X | by the i-th row
or k-th column.

24. Generalize these formulas to

l X Ix'l"n Ty k, = 8gn {1:1’ ceey ir} sgn {kh esey kv} * g{i,, i), (kL k)

for any two combinations {i,,...,%,} and {k,, ..., k,}, which are
not necessarily arranged in natural order.

This follows, as above, from the Laplace Expansion of (X | by
thoe row combination {z;,...,7,} or the column combination {ky,..., k}.

25. The proof of Theorem 44 [204] makes use of the binomial
theorem and the explicit formula for the binomial coefficients.
In domains of characteristic p prove the rule (a+b)” = a? +b?
on the basis of Theorem 57 by considering the integral rational
function f(z) = (a + bx)? —aP — bP xP.

The fo(x) belonging to f(x) in the sense of Theorem 57 with
J(r)=fo(x?) must have the degree 0. Therefore, the substitution
x = 0 determines it completely, and the substitution z = e yiclds the
formula to be proved.

26. Prove: Over a perfect field K the integral rational
functions f with f = 0 are identical with the p-th powers of
the integral rational functions over K.

This immediately follows from Theorem 57 and Theorem 44 [204].
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27. Prove: In a perfect field every irreducible polynomial
is separable.

Note that f§ is not irreducible [and apply Theorem 57 and
Def. 17].

28. What are the integral rational functions f over a field
K of prime characteristic p for which f"' = 0

On the basis of Theorem 57 it is necessary and sufficient that f(x)
have the form fy(.r?) +xgy(x?).

29. What are the rational functions ¢ over a field K of
prime characteristic p for which ¢’ = 0?

f

Start. with the reduced quotient representation ¢ = and note
that g | g’ takes place only for g’ = 0.

30. What are the integral rational functions f(x,,...,z,)
over a field K of prime characteristic p for which f, = 0....,
Sz, = 0 simultaneously ?

This mmmediately follows from Theorem 57.

31. Let A be an n-rowed square matrix over K. Prove:
If A has the rank p, then the characteristic polynomial
f(x)=|xE—A| of A has 0 as a (n— p)-fold root at least; in
particular, for p = n its multiplicity is exactly n—p = 0.

Apply Vol. 1, Section 19, Exer. 6.

32. Give examples to show that the multiplicity v of the
root 0 in Exer. 31 can have any of the values n—p,...,n for
0<psn—1.

It is sufficient to construct for any »=1,...,n and any
p=n-v..n—1amatrix 4 of rank p with

flr)=|xk-A| =a¥(x—e)".

Assume that such a matrix has the form 4 = (A" 0 ) The speci-

0 E,.,
fied form of f(x) is attained through zecros on and beneath the main
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diagonal of 4,; the rank p of A [thereforo p—(n—v) for A4,], by
suitably distributing ones above the main diagonal of A4,.}

33. The multiplicity with which 0 is a root of the charac-
teristic polynomial f(r) of 4 is the highest exponent to which
the prime function z divides f(x) without remainder. Describe
this multiplicity in terms of the corresponding multiplicities
for the determinantal divisors d,(x) and clementary divisors
e,(x) of the characteristic matrix zE—A4 of 4 (Section 1,
Exer. 37). What limits exist for these multiplicities ?

For this purpose note (a) that f =d, =e,- ¢,, (b) that d, has the
degree v at most, and (c¢) that e, |-- |e,.

34. Use this to obtain another proof for the theorem in

Exer. 31.

Note that the determinantal divisors d,(r) with »>p have the
root 0 if 4 has rank p.

1 For this purpose see also Exer. 8, 9 to Section 10, given later.



Vol. 2. Chapter III. The Fields of the Roots of
Algebraic Equations

7. General Theory of Extensions (1).
Basic Concepts and Facts

1. Show that the domains I\a] and P(/a) considered in
Vol. 1, Section 2, Exer. 5, and the domains I[fy(x)] and
K(éo(z)) considered in Vol. 1, Section 4, Exer. 2, 4 are gener-
ated by adjunction in the sense of Def. 18. In this, what
integral domain or field plays the role of the auxiliary domain
A of Def. 187

Each of the first cases mmvolves an integral domain adjunction
starting from an integral domawn, which is a more general process
than in Def. 18.

2. What simultaneous adjunction will generate the com-
posite of P(Ja) and P(Ja’) considered in Vol. 1, Section 2,
Exer. 87

Note the remark after Theorem 62.

3. Prove in general: K(M) is the composite of the totality
of fields K(a), where « runs through all elements of M.

4. Let K, be an arbitrary field, f,(z,) an integral rational
function of z, over K, K = Ky(fo(z,)) (Vol. 1, Section 4,
Exer. 4) and A = K (z,). Is the element z, of A algebraic or
transcendental over K ? .

We must distinguish whethor f,(z,) has degree 0 or a positive
degree. In the latter case r, is a root of fo(x) —fo()-

120
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5. Similarly, let K = K(¢y(xr,)), where ¢y(x,) is an arbitrary
rational function of z, over K, and again A = Ky(x,). Is the
element x, of A algebraic or transcendental over K?

We must again distinguish whether ¢y(x,) has degree 0 or a
positive degree (Section 1, Exer. 29).

6. Let a be a rational number =+ 0 and /a one of the three
cube roots of a. This cube root belongs to the field of all
complex numbers and may be (a) real, (b) one of two complex
roots. What is the irreducible polynomial in P belonging
to Va?

If a is a third power of a rational number, we must distinguish

between the cases (a) and (b). Then take into consideration the
irreducibility of 2 +x +1 in P (Section 1, Exer. 11).

7. Let P, be the field of four elements (Vol. 1, Section 1,
ixer. 8). Prove: P, is simple algebraic over the prime field
P, and is generated from P, by adjunction of an algebraic
element of degiee 2.—Can P, be represented in the form
Py(Ja) with a in P,? Is P, separable over P,? What is the
degree of P, over P,?

Take into consideration Section 2, Exer. 21 and Section 4, Exer. 8,
as well as Theorems 67, 69.

8. Prove that the field A of all complex numbers is simple
algebraic of degree 2 over the field K of all real numbers.
What are the primitive elements of A over K?

First establish that [A : K] = 2 (Def. 25), and then again apply
Theorems 67, 69.

9. Let a be a rational number which is not the square of
a rational number. What is the degree of the field P(Ja)
over P? What numbers of P(J/a) are primitive elements of
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P(Ja)? Which of these are roots of pure equations of second
degree (without term in z)? Therefore, for which rational
numbers a’ alone is P(Ja’) = P(Ja)? Are there always integers
among these ?

Use the representation of the numbers of P(J/a) obtained in Vol. 1,
Section 2, Exer. 5, and show its uniqueness. Then everything easily
follows.

10. Let a and a’ be rational numbers which are neither
rational squares themselves nor differ by a rational square
factor. What is the degree of the field P(/a, /a’) over P?

An upper estimate, at least, to the desired degree can be obtained
by using the representation of the numbers of P(Ja, Ja’) derived in
Vol. 1, Section 2, Exer. 8. The exact degree (and consequently the
uniqueness of this representation) follows already from Theorems 71,
72, 60, and the result of Exer. 9.

11. Carry Exer. 9, 10 over to the case of an arbitrary
ground field K instead of P.

12. Tn particular, what is the meaning of this result if K
is a perfect field of characteristic 2?7 Moreover, what are the
irreducible polynomials of second degree in K whose roots
through adjunction gencrate extensions A of degree 2 of such
a field K?

In order to answer the last question note that the basis of A over
K can be assumed to be e, «, where « is an arbitrary element of A not
belonging to K. By a lincar integral substitution (Section 5, Exer. 15)
the irreducible polynomial of second degree over K belonging to «
can then be reduced to the type x? +x +a.

13. (Give a necessary and sufficient condition that the
polynomial z%+z+a over a field K of characteristic 2 (not
necessarily perfect) be irreducible ?
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Set up a decomposition into two linear factors and show that
a = u? +u with u in K is necessary and sufficient for the reducibility.

14. Let K be a field of characteristic 2 and A = K(a),
A’ = K(a') be two extensions of degree 2, where a, a’ are roots
of the polynomials 22+ z +a,2*+ x+ a’ irreducible in K. Give
a necessary and sufficient condition that A" = A.

Set o’ = v +va with u,v in K, and from the two equations for o

and «’ show that the condition a’ = a +u? +u with u in K is necessary
and sufficient.

15. For the complex numbers a+bi (a,b real numbers)
justify the designation: ‘a — b4 is conjugate to a +bi’ by show-
ing that it is in agreement with Def. 26.

If K is the field of all real numbers, then A = K(z) is the field of all
complex numbers (Exer. 8), and the correspondenco i«— —i [which
maps every element of K onto itself] generates an isomorphism of A

relative to K.!

16. What is the degree over K = K(fo(x,)) of the field
A = K(x,) in Exer. 4 if fy(x,) has a degree n > 0?

First establish that every element g(r,) of A can be represented
uniquely in the form

glxo) = 'Zn‘ 7,(x0) Jo(xo)*
n=0

with integral rational functions r,(x,) of degrees lower than n and
an m sufficiently high. For this purpose, using the Euclidean algorithm
(Section 1, E) as a guide, carry out an algorithm by which the suc-
cessively appearing quotients (not rcmainders) are always again
divisible by f,(x,) with remainder. This yields, by another grouping
of the terms, a unique representation of g(r,) in terms of a basis of
the form z} with K as coefficient domain. By Def. 25 the degree
[A : K] can be derived from this representation.

1 Therefore an automorphism relative to K; see Def. 33 [266], given
later.
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17. Let K be a finite field and P, its prime field, so that p
is the characteristic of K. Prove that the number of elements
of K is a power p” of p. What is the meaning here of n !

Note that K is trivially of finite degrce n over P,, and accordingly
set up a basis representation.

8. Stem Fields

1. In Section 2, Exer. 20 a construction was given for
finite fields of p” elements. Subsume this construction under
the general scheme of the proof of Theorem 76.

For this purpose see the special case p" = 2¢ already considered
in Section 7, Exer. 7.

2. Starting from the field of all real numbers carry through
the construction of the field of all complex numbers by pro-
cceding in accordance with the scheme of the proof to
Theorem 76. Also, compare this construction with that used
in analysis where pairs of real numbers are used with definite
conventions regarding equality and combination.

For this purpose see Section 7, KExer. 8 as well as tho remark
made later at the end of Section 11 [249].—The construction used
in analysis turns out to be formally identical with the construction
according to the scheme of Section 8 if in the former the integral
rational functions are again properly interpreted from the algebraic
standpoint, namely, as systems of elements of the ground field with
definite conventions regarding equality and combination, as was
developed in Vol. 1, Section 4.

3. Let K be an imperfect field of characteristic p, and a
an element of K. If there is no p-th root of a in K, prove:

(a) The polynomial 2” —a is irreducible in K.

(b) z? —a has a p-fold root in a stem field = of 27 —a.

1 In this regard see also the general theory given later in Section 20.
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Show that this is a counterexample against the possi-
bility of applying Section 6, Exer. 27 to imperfect fields.

Form a stem field and, while doing this, a root « of an irreducible
factor g(z) of z? —a in K. Then for (b) simply take Theorem 44 [204]
into consideration; for (a), that according to this the term of g(x)
free from x is a power of « and that by assumption a?, but not a,
belongs to K.

4. Prove in general: If K is an imperfect field of charac-
teristic p, then for every irreducible polynomial f(x) of the
form fy(«x?) (therefore every inseparable irreducible poly-
nomial) over K the root « obtained by constructing a stem
field Z to f(x) is at least p-fold.

Note that if f(x) has a root a, then fy(z) has the root «?, therefore
the corresponding linear factor in Z.

5. Prove: An extension field A of K can be chosen in which
the system of equations

n . .
ké‘lai,,xk=§x,- (t=1,...,n),
where 1 = (r;) and ¢ are unknowns, and A = (a;) is an
arbitrary matrix over K, cannot be solved identically (that is,
with g+ 0).
It is sufficient to take A to be a stem field £ of an irreducible

factor in K of the characteristic polynomial of 4 and £ to be a root
of this factor in Z.

9. General Theory of Extensions (2).
Simple and Finite Algebraic Extensions
1. Let A be (a) simple algebraic, (b) finite algebraic, (c) of
finite degree over K. Characterize A(x) over K(z).

First answer (c) by showing that a basis of A relative to K is also
a basis of A(z) relative to K(z). In doing so, the essential point is the
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transfer of the linear independence of the basis from K to K(x). For
this purpose we can assume without loss of generality that the
coefficients are in K[r]. Then apply the uniquencss of the normal
representation of the elements of Alu]. From the above answer to
(¢) we can immodiately answer (b) by Theorem 84; (a), by Theorem 76.

2. Give a direct proof of Theorem 82 according to the
scheme sketched below.

h(a)

If f(r) is irreducible, f(a) =0 and ¢(a) = a() with (g.f) = e,

then we can remove the denominator g(a) by means of a relation

Jf+9g = e.
3. Show that this process is formally identical with the
ordinary process for rationalizing denominators in expressions
a+bu .
of the form — v , where u is a non-square element of K.
c+du

4. Carry through the process of Exer. 2 for the number

1 . .
—~-. — 5, Where ais a Toot of the polynomial 2° +.r + 3 over P.
a?+ o+l
First, show the irreducibility of this polynomial.
This follows by means of the results of Section 5, Exer. 16, 18.

. . . e .
5. Give the basis representation of - in the sense of
o

Theorem 74 (I11) [231], where « is an algebraic element over K.
Note that f(0)=+ 0 because in Theorem 74 f(r) was assumed to be
irreducible.
6. Is the polynomial 22— 2 (irreducible in P) also irve-
ducible in the field P(a), where « has the meaning described
in Exer. 4?

Apply Theorem 81,

1 . .
7. Represent the number T2 as an integral rational
b4 -

function of « and 2 over P, where o has again the meaning
described in Exer. 4.
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First remove /2 from the denominator, then a; in each case this
can be done by the process of Exer. 2.

8. Let f(x) be an irreducible polynomial of degree n with
integral rational coefficients (prime polynomial of z]) and
g(z) an integral rational function with integral rational
coefficients (elements of I'x]). If a is a root of f(x), let
g(a) = cy+cya+---+c,_ja"! be the unique basis repre-
sentation in the sense of Theorem 74 (1I1) [231). Prove that
the rational numbers ¢, ...,¢,_, are integers.

The division of g(r) by f(r) yields a remamnder k(x) with integral
coefficients. )

9. The scheme for determining the degree in Section
7, Exer. 16 can also be used on the basis of Theorem
77 to determine the degree of the element x, of A = K(z,)
over the field K = K(fy(x,)). According to Section 7,
Exer. 16 this amounts to the demonstration of the irre-
ducibility of fy(x)—fo(x,) in K. Prove this on the basis of
Gauss’ Theorem (Section 2, Exer. 24) and the isomorphism
established in Vol. 1, Section 4, Exer. 2, 4.

According to the result last cited ¢ = fy(x,) is transcendental over
Ko (Def. 21 [223]). The polynomial in K = K,(t) to be proved irreducible

is fo(x) —t. Apply Gauss’ Theorem to a hypothetical decomposition
in the integral domain K[z, x].

10. Analogously, for an arbitrary rational function ¢y(z,)
over K, of positive degree determine, in connection with

Section 7. Exer. 5, the degree of the element z, of A = Ky(z,)
over the field K = Ky(dy(z,)).

If t = ¢o(x,) and ¢y = ‘5— is the reduced quotient representation of

&0, then this amounts to the proof of the irreducibility of fy(x) —tg,(z)
in Ko(¢). Again apply the Gaussian Theorem in K[t,x].



10. Root Fields 147

11. Along with Theorem 78 form an example of a separable
element « over K and of an inseparable element over K. and
confirm the relations K(«”) = K(a) and K(a”) < K(a), respect-
ively.

Naturally, we must start with an imperfeet field K. For this
take K = Py(2) with z trinscendentul over P, (cf. Section 6 [217]).
According to Def. 17 [214] it is then easy to find a separable and also
an inseparable irreducible polynomial of degree 2 over K. Why can

P, not be used as a ground ficld for this purpose? (C'f. again Nection
6 [217]).

10. Root Fields

1. Let a be a rational number which is not a third power
of a rational number. What is the degree of the root field W
of the polynomial x* —a over P!

a% —a splits off the linear factor x# —a in the stem field £ = P(a)
of a root a = ¥a. 'To prove the irreducibility in Z of the remamning
quadratic factor proceed as in Nection 9, Exer. 6 (cf. also Scetion 7,

ixer. 6, already given).

2. Under the data of Exer. 1 decide whether the three
stem fields Z, = P(o),Z; = P(ay). 23 = P(ay), contained in the
root field W, corresponding to the roots a;,a,,ay of 23—a,
are equal or distinct.

Note (a) that W is the composite of any two of the three stem
fields, and (b) that an equality between them will affect the degree
of W,

3. Prove the distinctness of the three stem fields Z,,%,,2,
in Exer. 2 by representing the root field W in the field of all
complex numbers.

Note that in this representation of W one of the three stem fields,
let us say, Z,, is already contained in the field of all real numbers,
while the two others Z,, I, are not. In order to exclude 2, = Z,,
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consider the quotients :3 and again take the degree into consideration
3
as in Exer. 1.

4. Giive a representation for the root field of the poly-
nomial 24— 1022+ 1 over P.

It is better here to deviate somewhat from the general scheme
of the proof to Theorem 87. Thus, corresponding to the structure of
the given polynomial, first decompose the polynomal into two
quadratic factors through the transition to an easily found quadratic
field A, and then form the root fields W, W’ of these two quadratic
factors. We thereby establish that W’ = W (Section 7, Exer. 9, 11).

5. Prove that in Exer. 4
W = A(y2) = A(y3), W = P(y2,/3)

is also valid.

Apply again Section 7, Exer. 9, 11.

6. Let A be an n-rowed square matrix over K and

f@)=@—oy) - (@—o)" (v+---+v, =)
the decomposition of its characteristic polynomial
J@)=|zE—-A]|

in its root field W into powers of different linear factors.
ay, ..., a, are called the characteristic roots of A with ihe multi-
plicities vy, ...,v,. The determinantal divisors d,(x) and the
elementary divisors e, (r)(v=1,...,2) of the characteristic
matrix xE — A of A are also, briefly, called the determinantal
divisors and elementary divisors of A.—Describe the de-
composition of the determinantal divisors and elementary
divisors of 4 into powers of different linear factors. What
relations and bounds exist for the multiplicities §,;, and ¢, of
the roots o; in d (x) and e, (x)?

See the explanation to Section 6, Exer. 33.
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7. Of the n exponents ¢;<---Ze¢;, let the last u; be
simultaneously > 0. Let a,, ..., x, designate the above «ay, ..., a,
with the multiplicities p,,....p, (8 = p;+---+p,): that is,
the clements obtained by counting each «; p; times. lLet the
s powers (z — ;) with €;, > 0 be correspondingly designated by
(r—a;) (¢ = 1, ...,8) without regard to the ordering of the a;.
The (x — ;) are called the simple elementary divisors of A.—
Show that the compound elementary divisors e () (v = 1,...,7)
of A are determined uniquely by giving these simple ele-
mentary divisors (in any order) backwards. What (single)
restriction exists on the exponents e¢; (besides ;>0 due to

the definition)?

8. Determine the simple elementary divisors of the
e-towed square matrix

Es(a) = ) 8

[+ ]
(where the places not marked are occupied by zeros and
L (o) = a is understood).

Note that d,_,(x)=e is also true due to tho minor of (¢—1)-st
degree in the right upper corner.

9. Determine in general the simple elementary divisors
of the matrix :
Es,(&'-l)

.,

B, (&)= _.
E,(,)
[diagonal ordering of the E, (a;)].

The direct calculation of the determinantal divisors, as in Exer. 8, is
very complicated. Rather than doing this note that by the result of Exer.
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8 the characteristic matrix E — E () is arithmetically equivalent to
€

e Through composition this yields a similarly con-

(£ —a)f
structed matrix which is arithmetically equivalent to the character-
istic matrix E — K, (%,....&,) (in which, in addition, the powers
of linear factors can be brought to the bottom by permuting the
rows). The determinantal divisors can be easily read off from this
by returning again to the original designation (x —a,)¢ for the powers
of linear factors (Exer. 7).

16. To summarize, now deduce: Every n-rowed square
matrix 4 is similar in the root field W of its characteristic
polynomial f(x) to a matrix of the type in Exer. 9 with

8
uniquely determined ¢,>0 and J3'e; = n.
i=1

Apply the similarity eriterion of Section 1, Exer. 47.— Regarding
the similarity in the root field W take Scction 5, Exer. 12 into con-
sideration. For the rest confirm, by tracing back the chain of ideas
to Section 1, Exer. 38, that the similarity is already proved by the
conclusions drawn in the field W.

11. Show that in Exer. 9 we have also solved the problem
of constructing—of course, not in the ground field K—a matrix
with given elementary divisors e,(z),...,e,(z) satisfying the
necessary restrictions e,(z)|---|e,(x) and e, (x):--e,(x) of
degree n.

That e,(x) --- e,(x), in addition, has the degree v at most is already
formally implied in the two cited restrictions.

12. Give a necessary and sufficient condition that 4 be
&

similar to a diagonal matrix
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Apply the uniqueness in Exer. 10 and the elementary divisor
determination i Exer. 9. The result can be expressed either as a
condition on the simple elementary divisors or as a condition on the
last elementary divisor e,(x).

13. What are the characteristic polynomials of the

matrices

0 e o e
0 ¢ @ e
A= N , A(x)= L ?
0 e a e
—Qy .. —Qy — Ay, —a, ... —Gg0t—0qy

In order to calculate the determinants, expand by the first column
and use mathematical mduction. The formulation for this can be
obtained from the easily computable cases n = 1 and n = 2.

14. Also determine the elementary divisors of the matrices
in Exer. 13, and from this illustrate the meaning of the
matrices E (a) in Exer. 8 to 10.

Proceed as in Exer. 8.

15. For the class of matrices similar to 4 construct a
unique normal form belonging to the ground field K.

Proceed as in Exer. 9, 10. Namely, order diagonally the elementary
divisors e,(z) of the corresponding matrices of the first type con-
sidered in Exer. 13 and make full use of the arithmetical equivalence
to the normal form of Section 1, Exer. 39, 40.

16. Let the n-rowed square matrix 4 over K have the
characteristic roots a,...,a, (not collected according to
multiplicities), and let g(z) be an arbitrary integral rational
function of z over K. What are the characteristic roots of
the matrix g(4) (cf. Section 5, Exer. 9).

Transform A by a similarity transformation P-2AP to the normal
form of Exer. 9, 10 and make use of the invariance of the character-
istic polynomial (Vol. 1, Section 21, Exer. 19) as well as the fact
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g(L’~*4AP) = I *g(A)I’. Then the characteristic roots of g(A4) can be
immediately read off from the main diagonal.

17. Prove: If
h 'T) b :31 ("'_Bm)

is the decomposition of an arbitrary integral rational function
of x over K into linear factors (in its root field), then for any
n-rowed square matrix 4 over K we have

h(A)=b(4A—-B,E)--- (A-B,E).

Due to the fact that 4 and its powers commute with the diagonal
matrices f, E we can expand the right side in the usual way. Then
apply Vieta’s formulae (Section 5, Exer. 13).

18. Give another proof that g(A4) has the characteristic
roots g(ay), if A has the characteristic roots «, (Exer. 16).
For this purpose, introduce a new indeterminate y, decompose
the integral rational function h(x)=y—g(xr) of x over K(y)
into linear factors in its root field, and apply Exer. 17
to calculate the characteristic polynomial

JW)=1yE—g(4)|=|MA)|.

Decompose all factors | A —f, K | =(—1)"f(B,) as they occur accord-
ing to the linear factorization of f(r) into a product and then form a
simple product by collecting the factors of the generated double
products in another way.

19. Represent the matrix

G @ " @n-1
?147.1 ‘{o .
al
a,
a (Ml G

(n-rowed circulant; cf. Section 4, Exer. 15, already given) as
an integral rational function of a matrix N such that the
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function has degree (n—1) at most. From this calculate its
determinant.

Use thoe linear homogeneous representation of 4 in terms of n
matrices Ny, ...,N,_;, each of which has only ones running along
parallels to the main diagonal in a cychc fashion, and derive all these
N, from N, = N. To evaluate the determinant, note that according
to Exer. 9, 10 (or even by setting x = 0 1n the characteristic poly-
nomial) the determinant is the product of the characteristic roots,
and apply Exer. 16, 18.1

20. Subsume Section 4, Exer. 15 under this result.

If the basic field K has characteristic p, then for 2 = p the charac-

0 e

teristic polynomial of N=1 = . e has the p-fold root e
e 0

according to Exer. 13 and Theorem 44 [204].

21. Express the characteristic roots of the »-th derived
matrix 4 of a matrix A4 in terms of the characteristic roots
oy of 4.

Proceed as in the case of Exor. 16.

22. Accordingly, prove: If «y,...,a, are the roots of a

polynomial f(r) over K, then the products «; ...a; . where

i,
. . n C
{#4, ....7,} runs through all combinations of the numerals
14

1,...,m,are the roots of a polynomial g, (x) over K.2
Represent f(x) according to Exer. 13 as the characteristic poly-
nomial of a matrix 4 over K and apply Exer. 21.
23. Similarly, prove: If f(z),g(z) are polynomials over K
and op. By (2= 1,....om; k= 1,...,n) are their roots, then the

1 For the representation of the result see also Theorem 120 [304],
given later, as well as Exer. 16 to Section 20, given later.

2 This will computationally prove a statement involved in the
Theorem on Symmetric Functions (Theorem 131 [329]), given later.
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difference product ﬁ ;7 (o, —B)

i=1 k=1
is an element of K (resultant of f and g).?

Again, represent f(x) according to Exer. 13 as a characteristic
polynomial of a matrix 4 over K and apply Exer. 18.

24. What criterion in terms of determinants is obtained
from this for the validity of the relation (f,g) = e?

|g(A4) | %0, where 4 is tho matrix of Exer. 13 to

f@)=z"+a, 0" 1+ +a,.

25. Let 22+ az+b and x%2+cx+d be two polynomials of
second degree. Use the above criterion to form an expression
(their resultant) from their coefficients a,b,c,d which can be
used to decide whether these polynomials are relatively prime
or not. By suitable bordering and application of the Corollary
to Vol. 1, Theorem 71 [142], bring the resulting two-rowed
determinant to the form

e a b 0
0 ¢e a b
e ¢ d 0
L0 e ¢ d

and interpret the result in the sense of Vol. 1, Theorem 73
[145] with ¢ = (23,22, z, ).

11. The So-called Fundamental Theorem of Algebra

1. Prove (with the help of analysis): In the field K of all
real numbers any polynomial f(z) of odd degree n has (at
least) one root in K.2

1 See footnote 4 on p. 153.

2 For a proof of the so-called Fundamental Theorem of Algebra
based on this theorem and using in addition only purely algebraic
conclusions, see Exer. 7 to 9 to Section 17, given later.
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Use the theorem: If a function f(x) is rcal and continuous in an
interval a2x=<b and f(a) <0,f(b) >0, then there exists a ¢ in this

interval with f(c) = 0. In addition, notc that lim [(-’fl—) =1
>4 T

2. A field A is called algebraically closed if it has no proper
algebraic extensions. Therefore, the so-called Fundamental
Theorem of Algebra establishes that the field of all complex
numbers is algebraically closed.—Prove: If an algebraic
extension A of K has the property that any polynomial over
K resolves into linear factors in A, then A is algebraically
closed.

Apply Theorem 86 [242].

3. Give (on the basis of the so-called Fundamental
Theorem of Algebra) the prime functions of the integral
domain K[x], if K is (a) the field of all complex numbers,
(b) the field of all real numbers.

In the case (b) note that [K(Z) : K] = 2 (Section 7, Exer. 8). Conse-
quently, we only have to determine whether the quadratic poly-

nomial x? +a.x +b over K 18 irreducible or not (for this purpose, see
Section 1, Exer. 11).

4. For a polynomial with real coefficients, how is the
decomposition into irreducible polynomials over the field of
all real numbers connected with its decomposition into
irreducible polynomials over the field of all complex numbers ?

Apply Theorem 25 [189].

5. Let A be a symmetric matrix (Vol. 1, Section 19,
Exer. 5) in the field of all real numbers. Prove that the
characteristic roots a of 4 are real by investigating the mean-
ing of the fact that the determinant of the linear homo-
geneous system of equations (4 —aF)r=0 is zero.
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Let ¢’ stand for the one-rowed matrix generated from the one-
columned solution matrix (vector ) by transposition and transition
to the conjugate complex. Then subject the relation T'Ar = ar’c to
just these two operations and use the transposition rule of Vol. 1,
Section 10, Exer. 13.

6. What sharper assumption must be imposed on the
matrix 4 in order to enable us to conclude that the charac-
teristic roots o are positive ?

n
The quadratic form ’Ar= J3 a,x,z, constructed with the
i, k=1
matrix A must be positive for all real r+0 (positive definite quadratic

form).

7. To which more general matrices A over the field of all
complex numbers can the results of Exer. 5, 6 be carried
over?

Exor. 5 carries over to the matrices which satisfy the transposition
condition 4° = A (Hermitian matrices); Exer. 6 to those which have

n -

in addition positive T’dAr = 3’ a,x,z; throughout for complex ¢+0
1, k=1
(positive definite Hermitian form).



Vol. 2. Chapter IV. The Structure of the Root
Fields of Algebraic Equations

12. Simplicity and Separability of the Root Fields

of Separable Polynomials, More Generally, of Finite

Algebraic Extensions with Separable Primitive System
of Elements

1. Carry through the proof of Theorem 90 in the case
A = P(J2,{3). In doing so, a primitive element of A will
show up. Use this primitive element to obtain representations
of J2 and (3. (For this purpose cf. also Section 10, Exer. 4, 5.)

# = 2 +3 can be used for this. In order to determine the greatest
common divisor of ¢(r) and f,(r), apply the Euclidean algorithm.

2. Let A, = K(Ja,), A, = K(Ja,) be two different extensions
of degree 2 over K. In general, what is the representation of
the extension A = K(\a,, Ja,) as a simple algebraic extension
of K if the characteristic of K is not 2? Such a representation
will again involve a primitive element of A. Use this primitive
element to obtain representations of ,/a; and Ja,.

3. By a counterexample show “that Theorem 90 is in
general no longer valid for algebraic extensions A with
inseparable primitive system of elements. For this purpose
take, for instance, K in Exer. 2 to be an (imperfect) field of
characteristic 2.

Note that in this case e, Ja,, Ja,, Ja, Ja, is a basis of A relative to

K (proof to Theorem 71 [228]), and accordingly determine the degree
of the generic clement of A over K by Theorem 44 [204].

157
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4. Prove: If K is perfect, then every algebraic extension
of finite degree A of K is also perfect.

For this purpose note that perfect fields are characterized by the
fact that there are no inseparable simple algebraic extensions over
them (Section 6, Exer. 27; Section 8, Exer. 3), and apply Theorem 91
as well as Theorems 86 [242], 66 [224].

5. In the field of all complex numbers select the subfield
A of all rational functions over P of the square roots of
finitely many arbitrary rational numbers at a time. It is,
incidentally, sufficient to use only the square roots of p, = — 1
and of all prime numbers p,,p,,... for the formation of A
(Theorem 12[178]). Show that A is an algebraic extension of P
containing clements of any degree whatsoever. (Theorem 91,
Corollary.)

We have to show the irreducibility of z*—p, in

Ary = P({Pos -0 Yy s).

Use mathematical induction and show that of the elements in the
field A,_,, which has the basis Jp¥--- Jp¥r5t (vgs ..., ¥—; = 0,1) by the
induction assumption, only the multiples aJpye --- ypir5t of the basis
elements (@ arbitrary in P) have rational squares (are roots of pure
equations over P). Then, the irreducibility of z? —p, follows from the
fundamental theorem of the unique decomposability into prime
numbers.

13. Normality of Root Fields and Their Primitive
Elements. Galois Resolvents

1. Let a be a rational number which is not a third power
of a rational number. Is any 4/a normal over P?

Section 10, Exer. 2 answers the question simply according to
Def. 29, 30.

2. Construct a Galois resolvent for the polynomial z®—a
(@ as in Exer. 1) over P.
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The simple sum of two roots can obviously not be used here as ¢
in the sense of the proof of Theorem 90 [251]; on the other hand, for the
a appearing there any rational number different from 0, +1 can be
chosen. The result is especially simple for a = 2. Incidentally, we
could also choose a = — 1 (the condition in the proof to Theorem 90 [251]
is only sufficient, not necessary), but not a = 0, 1.

3. Between two different roots a,a’ of an irreducible poly-
nomial f(r)=x*+ a,2®+ayx+az over K can there exist a rela-
tion o’ = ¢g+¢;a with ¢4, ¢, in K?

First note that, at any rate, c; 0 would have to be vahd. Then
apply Theorem 53 [210] to f(¢, +¢,7). In doing 8o, we must distinguish
whether K has characteristic 3 or not. In the latter case we can
assume a, = 0 without loss of generality (Section 5, Exer. 15); then
we easily obtain that ¢, = 0 and, since ay#+0, that c} = e. Now, if
a4, %0, then ¢, = e, contradicting a’+a. However, if a, = 0, namely,
if f(x) is a pure polynomial (cf. Def. 38 [302]), then besides ¢, = e there
is still the possibility ¢}+c,+e=0. For certain fields z*+z+e is
reducible, for instance in P,; for such fields ¢; = 2e and ¢, = 4e¢ are
also possible besides ¢, = e (¢f. Theorem 123 [312], given later). In the
former case it likewise follows that ¢, = 0,c; = e unless a, =0 is
valid. However, if a; = 0, then, for instance, a’ = ¢, + « i8 possible
for suitable a;,¢,. The polynomial x*—2z—e irreducible in P, is an
example of this.

4. Prove in general: Every irreducible polynomial of the
form 2P —x—a is normal in a field K of characteristic p.

Note that if a is & root so also is «+mne for arbitrary ne in the
prime field P, of K. .

5. In connection with Section 7, Exer. 13, derive the
necessary and sufficient condition for the irreducibility of a
polynomial of the form 2P —z—a in a field K of character-
istic 2.

The assumption that g(r) is an irreducible divisor of f(x) in K
which, hesides a root a, has still another root a+ne (n =1,...,p—1)
of f(z), implies g(x —ne) =g(x) (Theorem 53 [210]), and the consideration
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of the coefficient of the term of g(x) of second highest degree in x yields
a contradiction. Therefore, the irreducibility criterion is obtained
simply by excluding a root « in K.

6. In connection with Section 7, Exer. 14, derive the
necessary and sufficient condition for the equality of the root
fields W, W' of two irreducible polynomialsa? —x —a, 2? —.xt —a’
over a field K of characteristic p.

The setup o’ = ¢g+¢,a+--- +¢,_;a?! yields relations between the
Cor:-sCp—y. If we take into consideration that x? -z has only the
elements ne of P, as roots in K, and that 2? — x —a has by assumption
no root in K, then these relations yield successively

Cp1=0,...,¢c,=0,¢;, = ne£0,a’ = na +c§ —c,.
We can easily prove that the latter condition, which is necessary
according to this, is also sufficient.

7. In connection with Theorem 93, construct an example
in which N>K=K and N is normal over K but K is not
normal over K.

It is sufficient to take the root field of #® —a (Exer. 1) as N and
one of the three stem fields as K over K = P,

8. Draw the following conclusion from Theorem 103: If
A = K(a) is a separable simple algebraic extension of K of
degree n, then an element 8 = k() of A is a primitive element
of A if and only if the conjugates 8, ...,8, are different from
one another (Theorem 95).

Make full use of the remark after Theorem 103 and apply
Theorem 81 [240].

9. Steinitz gave a definition of normality differing from
Def. 29, namely: An extension N of K is called normal over K
if every polynomial f(x) over K which has a root in N also
resolves into linear factors in N. Prove that this definition
is the same as Def. 29 in the case of separable extensions N
of finite degree.
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That the Steinitz definition in the case of separable N of finite
degree implies the property underlying Def. 29 can be seen by repre-
senting N as a stem field of an irreducible polynomial over K
(Theorems 91 [254], 99). The converse follows by Exer. 8 (sce also the
remark following Theorem 97).— Both defimitions also coincide in the
case of arbitrary algebraic extensions N; however, the proof of this
fact would take up too much of our space.

10. Show that the Steinitz definition of normality differs
from Def. 29 in the case of simple transcendental extensions.
In the sense of Steinitz K(or) would have to be called normal over K
(main point in Vol. 1, Section 4, EKxer. 4); m the sense of Def. 29 it

would not, since K(z)#K(z’) within K(r,x’), or also in view of Sec-
tion 1, Exer. 30 and Vol. 1, Section 4, Exer. 5.

11. Under the same assumptions as in Exer. 8, let y,, ..., 9,
be any system of n elements of A and yy;. ...,y (k= 1....,7)
the » conjugate systems in the sense of Theorem 95 (and
Theorem 103). Let
n
yi=2aya't (t=1,..,n)
v=1
be representations of the y, in terms of the basis ¢, a,...,a"!
of A. From this derive a matrix relation by going over to
the conjugate base e, oy, ..., o} 1.
Due to the isomorphisms relative to K between the n stem fields
A, = K(a,) we are permitted to adjoin the ‘conjugate indices’ k= 1,...,n
successively to « and the y, throughout the given system of formulae

without altering the coefficients a,,. A matrix product relation can
then be obtained.

12. From this derive a necessary and sufficient condition
that y,, ..., y, be a basis of A.
At any rate, it is necessary that the matrix A = (a,;) be regular

over K, that is, that | 4 | %0, since otherwise the y, would be linearly
dependent (over K) (Vol. 1, Theorem 77 [236]). By means of Vol. 1,
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Theorem 74 [231] show that this is also sufficient, that is, that the o1
are then linear combinations of the y, over K.

13. The square of the determinant of the matrix (y;)
obtained in Exer. 11 whose columns consist of systems con-
jugate to the system y; is called the discriminant of the
system  yy,...,7,; notation d(yy,....y,) =|yy|2—Prove:
d(yy, -.-,¥,) is an element of the ground field K.

Apply Exer. 11 and Section 6, Exer. 19.

14. How can the basis property of a system y,,...,y, be
characterized through its discriminant d(y,, ...,y,)?

Again apply Exer. 11 and take note of | 2;~*|£0 (Vol. 1, Section 19,
Exer. 4).

15. What can be said about the sign of the basis dis-
criminant d(y,,...,y,) if the rational field K is used as the
ground field P?

Section 11, Exer. 4 implies that |aj~!| retains or changes its sign
in the transition to the conjugate complex according to the evenness
or oddness of the number of irreducible factors of second degree of
f(r) n the field of all real numbers [the number of pairs of conjugate
complex roots of f(r)].

16. Accordingly, what is the sign of the basis discrimi-
nants d(y,, ys, y;) of a field P({/a) in Exer. 1?

14. The Automorphism Group of an Extension Domain

1. Let K be a perfect field of characteristic p. Show that
the correspondences a->aP for arbitrary a in K yield an
automorphism 4 of K.

Regarding the conditions in Vol. 1, Section 2, (1I): (9),(¢) are
trivially satisfied; (6°), because K is perfect; (¢'), according to Sec-
tion 4, Exer. 7. Regarding the conditions in Def, 32, (1) is satisfied
by Theorem 44 [204]; (2), trivially.
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2. The automorphism A of Exer. 1 gencrates a cyelic
subgroup % of the entire automorphism group of K. Give a
representation for this subgroup.

For positive n, A" 18 given by a—a'; for negative n = —n’, hy

»
a —r‘\/ a.

3. Prove that the cyclic automorphism group % of Exer. 2
is finite if and only if K is a finite field (of characteristic p).

Note (a) that for fimte K there exist only finitely many permuta-
tions of the elements of K, (b) that for infimte K the equation #"™ -0 =0
cannot be satisfied for all elements of K (Theorem 48 | 208]).

4. To be more exact, prove: If K is a finite field of p»
clements (cf. Section 7, Exer. 17), then % is cyclic of order n.1

Furst apply Fermat's Theorem to the multiphcative group of K
(analogously to Theoremn 29 [194]; sec also Secetion 2, Exer. 15) and
then proceed analogously to Exer. 3, (b).

5. For which prime fields P, different from P, do the
correspondences a >a” yield an automorphism of P, ?

This automorphism must, at any rate, be the identity (see the
remark after Theorem 104). By considering the behavior of the
multiplicative group of P, and taking note of Section 5, Fxer. 6,
we find that ¢ —1|p —1 is a necessary and sufficient condition.

6. Prove that the entire automorphism group of a domain
B coincides with the automorphism group relative to its prime
domain.

See again the remark after Theorem 104,

7. Show that the substitution \/— e— —/—e¢ generates an
automorphism of Py(J—e): what’s more, it is just the auto-
morphism A4 of Exer. 1. Is the corresponding fact also valid
for Py(/—e)?

1 In this regard sce also the general theory given later in Section 20.
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4/ —e is a root of the polynomial 2 +e irreducible in Py, Therefore,
apply Theorem 95 [257] and establish, besides, | —e* = -/ —e. For
P;. 2t +e is reducible and | —e—+—, —e docs not generate an auto-
morphisim at all (Theorem 73 [230]).

8. For which prime fields P, is «*+ ¢ irreducible ? reducible ?

Take into consideration the cychie nature of the multipheative
group of P, (Section 5, Exer. 6). According to this the square root
of —e can be taken in P, if and only if the exponent in the repre-
sentation of —e through a basis element is even. On the other hand,

this exponent, except for the trivial case p = 2, is b 9

, SInce
(—e)2=¢, —eFe.

9. Give the automorphism group of K(z) relative to K.
Show by direct methods, too, that the resulting set of sub-
stitutions has the group property.

Every automorphism is generated, at any rate, by the substitu-
tion @& —>g(r) for x. The necessary and sufficient condition that such
a substitution yields an automorphism of K(z) relative to K was
derived in Section 1, Exer. 30 and Vol. 1, Section 4, Exer. 5.

15. The Galois Group of a Separable Normal Extension
of Finite Degree

1. What is the type of the Galois group of a separable
normal extension N of prime degree over K ?

There is only one group type for a given prime order (Vol. 1,
Section 8, Exer. 7).

2. A separable normal extension N of degree 2 over K is
the root field of a polynomial of the form 22—a or 22—~z —a
over K (Section 7, Exer. 12; Section 13, Exer. 4) according
as K has a characteristic different from 2 or equal to 2.
For all elements of N give the correspondences yielding the
non-identical automorphisms of N over K.
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3. Give the Galois group of the (non-separable) normal

extension N = K(:}u) of degree p over an (imperfect) field K
of characteristic p. Accordingly, is Theorem 105 also valid
here ?

Note that there exist no conjugates of ga different from Z}a
(Section 4, Iixer. 7).

4. If « is a root of an irreducible polynomial of the form
x? —x—a over a field K of characteristic », then N = K(a) is
normal (Section 13, Exer. 4) and naturally separable. The
Galois group is cyclic (Exer. 1). Represent its automorphisms
explicitly.

This likewise follows immediately from Section 13, Exer. 4 (see
also Exer. 2, above).

5. Tt is casily established that the two polynomials

(a) flz)=a3-32+1,

(b) f(x)=x3+ 22— 221
over P have the property f(x)|f(x%®—2).! What consequences
follow from this regarding the associated stem fields and the
1alois groups of their root ficlds? Represent these Galois
groups explicitly in the sense of Theorem 106.

First prove the irreducibility (Section 5, Exer. 18) and the nor-

mality (Theorem 99 (III) [269]) of these polynomials and then take
Exer. 1 into consideration.

6. In Section 10, Exer. 4, 5 we considered the root field
of z*— 1022+ 1 over P. What is the type of the Galois group
of this root field ?

First, the proof of the irreducibility immediately follows from the
decomposition nto two quadratic factors used in Section 10, Exer. 4,

1 How we arrived at this cannot be discussed here. For this
purpose cf. Exer. 16, 17 to Section 21, given later.
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and from the non-existence of a rational root. The normality follows
from the relation W’ = W already established. Therefore, the Galos
group has the order 4. Its automorphisms arise from the structure
obtained in Section 10, Exer. 5 for the root field.

7. In general, what is the type of the Galois group in the

case of a biquadratic field of the form N = K(Ja,a’) over a
. NP . a
field K with characteristic different from 2, provided that o
is not the square of an clement in K (cf. Section 7, Exer.
10, 11)?
The normality of N follows from Theoreni 94 [256]; the auto-
morphisms are generated just as in the special case of Exer. 6.

16. The Galois Group of a Separable Polynomial

1. Let f(x) be an irreducible separable polynomial in K.
Prove the transitivity of the representation of the (ialois
group of f(r) as a permutation group of the roots of f(x)
(Vol. 1, Section 16, Exer. 4). The existence of this repre-
sentation follows from Theorem 107.

Note that for irreducible f(x) Theorem 95 [257] yiclds a statement
about the existence of automorphisms for the required kind of root
fields.

2. As a converse and generalization of this prove that for
reducible separable f(z) the above representation of the
Galois group of f(z) by permutations is intransitive. Namely,
show that its transitive components correspond exactly to
the systems of roots of those irreducible factors fi(x) of f(x)
which are different.

The root field W of f(x) is the composite of the root fields W, of
the different f,(x). Use Theorem 89 [246] to apply this result to the
1alois group of W. In addition, take note of the fact following from
Theorem 113 [284]—applied to the Galois resolvent of f(r)--that the
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roots of an f,(x), counted to certain multiplicities, represent a com-
plete system of conjugate elements of W.

3. What types are possible for the Galois group in the
case of an irreducible separable polynomial f(z) of degree 3
(over an arbitrary ground field K)?

All transitive permutation groups of 3 elements have to be deter-
mined. There are only two such groups, one cyclic and one non-Abelian.

4. Answer the same question regarding the degree 4.

Either, the transitive permutation groups of 4 elements are set
up directly on the basis of the decomposition of the 24 permutations
of € into cycles. Or, these groups are set up on the basis of the repre-
sentation of €, as the octahedral group © proved in Vol. 1, Section 16,
Exer. 27—in this, to the 4 clements there correspond the 4 axes
through the center of faces--and the subgroups of © in question are
found geometrically (see the Exer. to Vol. 1, Sections 7, 9, where,
however, we did not have to determine all subgroups of D).

We obtain five possible types, namely, £,%,D,, D, 8, in the nota-
tion used previously.

5. To which of the two possible types does the Galois
group of a polynomial 23 —a over K belong, inasmuch as it is
irreducible and separable (@ not a third power in K and K not
of characteristic 3)?

This depends on whether x? + = +e¢ is reducible or irreducible in K;
namely, whether, in case the characteristic is different from 2, | —3e
belongs to K or not, or else, if the characteristic is 2, whether there
is & u in K with 4% 4% = e or not (Section 1, Exer. 11) (see the special
case in Section 10, Exer. 1).

6. To which of the five possible types does the Galois
group of a polynomial z* —a over K belong inasmuch as it is
irreducible and separable and K does not have characteristic 2 ?

Prove that for the irreducibility it is necessary and sufficient

4
that neither a = a} nor a = —-%" be valid in K.
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The decomposition into linear factors can be written down by
means of a root « of «* —a and a root ¢ of 2 +e. There are essentially
two possibilities whereby z% —a has a quadratic factor in K. One of
these yields immediately a? = a, in K, that is, ¢ = a} in K. The other
leads, at first, only to ia® = b, in K, that 18, @ = —b} in K, but at the
same time (e +7)a in K. These two restrictions yield the sharper con-

4
ditiona = — :19 in K. After splitting off (x —«) (r +«) 1 K( /a) it depends

on whether 7 = |/ —e¢ belongs to K(Ja) or not. This is answered by
Section 7, Exer. 9, 11. We find then that only the two types 3,, D,
of Exer. 4 can occur; which of these two types actually occurs depends

at

on whether —a is a square in K or not, without, however, —a = 1

7. Furthermore, to which of the five possible types does
the Galois group belong in the case of an irreducible poly-
nomial f(x) =2+ ax®+ b over a K with characteristic different
from 2?

The roots can easily be represented in the form

_ e fe, _ [la e,
=0 "ot T 2=\ TeTN 4T

oy = —oy, 0, = —ag. Accordingly, W = K(ay, a;). A primitive element
in the sense of Theorems 90 [251], 101 [261] can be set up in the form
# = a; +2a, (Why will # = a; + a, not suffice ?), and f(xr) has in general
a polynomial of degree 8 as its (ialois resolvent, therefore [W : K] = 8.
Now apply Theorem 105 [267]. However, if |b or y/b(a? —4b) should
belong to K (both cannot belong to K at the same time, since other-
wise f(x) would be reducible according to Section 1, Exer. 11), then
[W:K]=4. In order to decide which of the two cases D, or 3,
applies each time, take b = a,a, and yb(a? —4b) = a, ay(af —af) into
consideration, and apply Theorem 107. For cach of the last two
cases prove the relation W = K(a,), which excludes = 9,.

8. A permutation group of p elements (p a prime number)
is called linear if its permutations R = (:c) (k=0,1,...,p-1)
k
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can be expressed in terms of integral linear functions
ar+b(a+0) over the prime field P, in the form
ree=a-ke+b=ka+b (k=0,1,...,p-1)

(cf. also Section 4, Exer. 14).—Prove that the set of all
p(p—1) linear functions over P, gives rise to a transitive
permutation group £, in which the p permutations r,e = ke+b
form a cyclic normal divisor 8, with cyclic factor group
2,/8,, and the p—1 permutations r e = ka form a cyclic
subgroup 8, ; with p—1 conjugates different from this and
from one another.

The group property and transitivity are obvious. Let re be a basis
element of the cyclic multiplicative group of P, (Section 5, Exer. 8),
and let A and B stand for the permutations 7, = ke+e = (k+1)e
and 7, = kre. Then it is ecasy to confirm that the relations

A?=E, B?*» 1=k, B'AB=A4"
are valid, and that p,p—1 are also the exact orders of 4,B. This
summarizes all relations between the group clements and enables us
to represent the group elements in the form A*B¥ (u = 0,1,...,p-1;
v=0,1,...,p-2).

9. Prove that the Galois group of an irreducible separable
polynomial of degree 3 (Exer. 3) is always linear.

The alternating and the symmetric permutation groups of p = 3
elements correspond in Exer. 7 to the normal divisors 3, and to the
full linear groups ¥, (ef. also Vol. 1, Sections 6, 7, Example 4).

10. Prove in general that the dihedral group D, (p # 2) can
be represented isomorphically as a linear transitive permuta-
tion group for the prime number p.

D, is isomorphic to the normal divisor of £, generated by 4 and
-1 2-1
B % . For this purpose use the fact that » 2 = —1mod p (Section 14,

Exer. 8), so that the generators are the cyclic permutation r,e = (k +1)e
and the permutation re = —ke.
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11. Prove: If the Galois group @ of an irreducible separable
polynomial f(x) of prime degree p is linear, then ¢ is a sub-
group of &, which contains the normal divisor 3,.—Further-
more, prove that for any divisor d of p—1 there is exactly
one such group & (notation £@) and that 2 is a normal
divisor of ¢, = -1,

On the basis of Exer. 1 and Vol. 1, Section 16, Exer. 7, we find
that 4 must contain a power A#+ K.

17. The Fundamental Theorem of the Galois Theory
1. The graphic representation given in Fig. 1 (to Theorem
109) of the structural relations in the Fundamental Theorem
of the (Galois Theory can be extended in the following manner:
To each finite group (¥ associate a graph in which every
subgroup 9 is represented by a point, every relation $< 9’
between two subgroups by an arrow directed from 9’ to
9. For 9<9 <9
three arrows are to be drawn corresponding to

$=9.9'9",9=9".

These arrows may either be placed side by side close together
or characterized by curvilinear design. If § and $ are
conjugate subgroups of ', draw the two associated arrows
in thé same color; otherwise, not. Therefore, subgroups con-
tained as normal divisors correspond to arrows from whose
starting point originate no two arrows of the same color.
Finally, to each arrow attach a number which indicates the
index of the subgroup § in §’.

Similarly, to every separable normal extension N of finite
degree of a field K associate a graph which represents all
intermediate fields A by points, all subfield relations A'<A
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by arrows directed from A’ to A, conjugateness by arrows in
the same color and the degree |A : A’] by a number on the
associated arrow.

The Fundamental Theorem

e
L
of the Galois Theory then says by
that the graph of N over K 2
°

coincides with the graph of the 32. 30 3@
associated (ialois group & in
all determinative parts under-

lying the construction of the ° "";,;:

graphs. I\3\3 _:;.33
As an example of a graph, e

we give the one shown (right) 2

for the dihedral group ®,, or, 'y

therefore, for the symmetric 553'

group €, of three elements !

Set up the graphs for the groups 3,.3,,.9,,9,, (p a
prime number), T>A,.O>C,, I~ %A, & and thereby show
the structure of separable normal extensions with these
Galois groups.

Regarding the specified groups use the information obtained in
the exercises to Vol. 1, Sections 6 to 9, as well as in Section 16, Exer. 8
to 10. For 3,,,?,,D,, distinguish whether p = 2 or p=2.

2. Set up the graph of the group £ of order 8 which is
generated from the elements 4, B, V with the relations

A2=V,B:=V,V2=E,
AV =VA,BV = VB,BA=VAB
(quaternion group). How many series containing more than
one conjugate subgroup are there in Q?

1 For typographical reasons the different colors are represented
by drawing different kinds of lines.
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Due to A% = B%, A% = E the 8 elements of & can be uniquely
represented in the formn A*B’(umod4,0=v<2). A,B,AB each
generate a subgroup of type 8,; these are different and normal divisors.
V generates a normal divisor of type 8,. There are no further proper
subgroups.

3. Prove the distinctness of the five types of groups of
order 8 which arise from the previously given groups, namely,
B8:84 % 89,85 X 8a X 85, D,,0.. Furthermore, show that there
are no further group types of order 8.

The distinctness can be seen from the distinctness of the graphs.
However, we do not have to make full use of these graphs. For
example, the first three types are surely different from the last two
(Abelian versus non-Abeclian); furthermore, the first three are different
from one another (Section 3, Exer. 16); finally, so also are the last
two (property in Exer. 2).—That the indicated system of Abelian
type is complete follows from Section 3, Exer. 15. A non-Abelian
group @ of order 8 may contain an element A of order 4. Such an
element must generate a normal divisor %. Furthermore, if ® = % +NB,
then we must have B-'AB = A-! and B? in R, and this leads to ¥,
or £ according as B2 = K or not. Therefore, all that we still have to
do is to exclude the case of a non-Abelian group in which all ele-
ments +FE have the order 2. This is casily done by showing that
A? = E,B? = E,(AB)? = E implies the commutativity of 4 and B.

4. Under the assumptions of Theorem 109 for an infinite
ground field K construct an element B of N belonging to a
given subgroup § of & (Def. 36). For this purpose start
from a primitive element 4 of N.

Take as a basis the characterization of such an element f given
in Theorem 112 and set § in the form

B=(a—13,) - (a-1,,),

where 4,,...,4,, are the elements of $, and a a suitable element of K
to be determined. For this determination use Theorem 49 [208].
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5. Apply Theorem 114 to K = P, the root field of the
polynomial

B —2=(x—¥2) (- p¥/2) (x—p2¥/2) (where p=

as N and & = ¥/24+ap¥/2 (a+0, +1 in P; see Section 13,
Exer. 2) and determine the decompositions (1) to (4), given
there, for the two different subfield types A = P({¥/2) and
A = P(J/-3).

® is the dihedral group T, (Section 16, Exor. 5), therefore given
by A%= K,B*=E,AB = BA-'. By choosing 4 and B suitably
among equa'ly qualified elementa (conjugates) we have

B4=pY2+apt Y2 = pb,Op = ¢ 2+apt ¥2.

Everything easily follows from this.

—_14,-2J-§)

6. Show that the element # = «, +aa, constructed in the
proof to Theorem 90 [251] is & root of a polynomial over K
of degree n,n,.

In order to prove that the polynomial

m N N N3
goy= 11 IT @=9,,)= Il II (t—oy, - axy,)
n=1r=1 n=1r=1

belongs to K, first show that

$(z.x) = J (@ -2 —ax,,)
ve=1
has cocfficients in K and then that
otr) = 11 $(r.o0,)
n=1
has coefficients in K. In both cases do so by applying Theorem 107 [271]
and Thoorem 112 to the coefficients as elements of the root fields of
Si(x) and fy(x).
7. Let f(z)=(z—a,) - (£—a,) be an irreducible separable
polynomial over K resolved into linear factors in the root
field W Prove that the elements a, + ag, a; a5, and in general
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# = (oy + ap) + aa; ap, With arbitrary a in K, are roots of poly-
(n — 1
nomials over K of degree (7;) = "-(rf_)— ).

-

This can be deduced just as in Kxer. 6, except that in this case
only one step 1s needed, by considering the polynomial

glx)= IT (x —8,),
i, k)

where 84, = («, +a;) +aa, 2, and {2, k} runs through the (;) combina-
tions of second order of the numbers 1,...,n. For this purpose take
Vol. 1, Theorem 59 [121] into consideration.

8. In Exer. 7 assume in addition that K is infinite, and
let a be determined as in the proof to Theorem 90 [251] so that
the ¢, are all different from one another. Prove that in this
case o, + o, and a,ay belong to the subfield K(#) of W.

Represent the automorphisms of the Galois group of W as per-
mutations of the a,. Tn this form they map ¢ into a certain subset
of the #,, and «, +a,, a;2, into the corresponding subset of the
o, + oy, a, 0. According to the choice of # the subgroup belonging to
K(#), with respect to its representation by permutations of the «,,
leaves the combination {1, 2} invariant, and consequently also o, + «,
and a,a,. The statement then follows from Theorem 109, (Ib).

9. On the basis of Exer. 7, 8, and in connection with
Section 11, Exer. 1, prove by mathematical induction on the
power of 2 involved in the degree »n that every irreducible
polynomial f(x) over the field K of all real numbers has a
root in the field A of all complex numbers (so-called Funda-
mental Theorem of Algebra).

n\ .
2) is one less than that

in n. Furthermore, note that a, and «, are the roots of the quadratic
polynomial z? — (a; + o) r + & &ty Over K(e; +ay, &, %5), and that every
quadratic polynomial is reducible in A = K(2):

Jabi = i(A/ awgumﬂgn’u/ T i) @b rosh:

Note that if n is even, the exponent of 2 in (
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10. Let the Galois group @ of a separable normal extension
N of finite degree over K be the direct product of the sub-
groups 9,,..., 9, (Section 3, Exer. 9). Introduce the sub-
fields N; which are associated to the composites @, of §, (k1)
according to the Fundamental Theorem of the Galois Theory,
and describe the structure of N through these subfields N;.

According to Theorems 109, 110, Corollary we find: N is the
composite of the N,, and the intersection of N, with the composite
of the N, (k%1) is K. The Galois group of N, is isomorphic to §,.

11. N is called the direct composite of the normal sub-
fields N, if N is the composite of the N, and every N, has the
intersection K with the composite of the N, (k+i).—As a
converse to Exer. 10, prove that in this case ¢4 is the direct
product of subgroups $; which are isomorphic to the Galois
groups of the N,.

This follows as above from Theorems 109, 110, Corollary.

12. Use this to reduce the structure of separable Abelian
extensions to the structure of separable cyclic extensions.

Apply the Fundamental Theorem of finite Abelian groups (Sec-
tion 3, Exer. 15).

13. As in Section 16, Exer. 11, let f(x) be an irreducible
separable polynomial over K of prime degree p with linear
3alois group . Furthermore, let o,, o, be any two different
roots of f(x). Prove that K(a,,a,) is already identical with
the root field W of f(z). '

® can be represented as a linear permutation group 249 (Section
16, Exer. 8, 11) of the indices of the suitably arranged roots
o, a,....a'? D of f(r). This arrangement a'*) can be subjected at the
beginning to a fixed linear permutation of the form ke — ka, + by(a, + 0, b,
in P,), and this linear permutation can be (uniquely) normalized so
that a,a’ are preciscly the two given roots «;,a,. As subfields of
W, K(x) and K(a’) then belong to those subgroups of £.{# which
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leave the elements 0 and e, respectively, of P, fixed. In the symbolism
of Section 16, Exer. 8, 11, these are the cyclic subgroups generated

9-1

by B, = B4 and by A-1B,A. According to Theorem 110 we have
to show that the intersection of these two subgroups is the identity

subgroup.

14. In the special case K = P,p+2, what conclusion can
be drawn from this result regarding the realness of the roots
of f(z) in the field of all complex numbers? To which of the
two types does the cyclic f(x) belong?

Take Section 11, Exer. 1 into consideration.

15. Under the assumptions of Exer. 13 resolve f(z) into
irreducible factors in the stem field = = K(a) of a root « of f(z).
T is a subfield of W. Hence according to the explanation to
Exer. 13, £ belongs to the cyclic subgroup generated by B,. There-

fore, W is cyclic of degree d over X; furthermore, by Exer. 13,
@)
r—a

W = 3(a') = -+ = Z(a!?-V). This easily yields that resolves in X

into p——;—l irreducible factors of degree d whose roots in each case are

the sets a'*) with k congruent mod p_; 1 .

16. Let f(x) be an irreducible separable polynomial in K
and W its root field. Describe the decomposition of f(x) into
irreducible factors in a subfield A of W over K, starting from
the representation of the Galois group of W by permutations
of the roots of f(x). In particular, subsume Exer. 15 in this
general situation.

Apply Section 16, Exer. 2, combined with Theorem 109.

18. Dependence on the Ground Field

1. By means of a counterexample show that the degree
relations in Theorem 119 (I) are not valid unless N is normal.
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In order to avoid difficulties with the free composition, start
from a suitable field N over K and choose N and also A as subfields
not normal over K with the composite N. 1t is enough to take N as a
normal separable field with the Galois group ;> €, (see Section 17,
Exer. 1), or we can also take Section 17, Exer. 13 as a more general
starting point.

2. In Theorem 119 let A = K(z). Prove that in this case
the intersection is A = K. Use this to illustrate the meaning
of the remaining statements of Theorem 119 for this case.

At any rate, A is separable of finite degree, therefore simple
algebraic over K. Hence it amounts to showing that K(x) has no
simple algebraic subfields over K except for K itself. Apply Section 7,
ixer. 5, as well as Theorem 71 |228], or also simply Vol. 1, Section 4,
Exer. 4.

3. Let N,,N; be separable normal extensions of finite
degree over K. Prove that in this case their free composite
N = {N,,N,} and their intersection N, = [N;,N,] are also
separable normal over K.

The normality of the composite of N over K follows immediately
from the Def. 29 [255] of normality by noting that the free composite
within any extension A containing it is the ordinary composite. The
separability of N over K follows hkewise according to Theorem 90 [251].
For the intersection N, see Theorem 119 (I1I).

4. In connection with Exer. 3, let ®,,®, & be the Galois
groups of N;, N,, N over K and ®,;,®,, the normal divisors of
®,,®, associated to the normal subfield N, of N,.N,. Then
04, /®g; =~ Gy/Bg, (Galois group of N,). Show that the type of
® is uniquely determined by the types of ¢, and &, as well
as by giving the isomorphism between (3,/(; and (3,/GSy,.
In other words, show that @& is isomorphic to that subgroup
® of the direct product &, x ®, which consists of elements
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whose uniquely determined components S; of ,,S; of ®&,
belong to the associated residue classes relative to @, ®,,
with respect to that isomorphism.

Any automorphism & of N is uniquely characterized by the two
automorphisms S,, 8, of N;,N, induced by it, and to the multiplication
of S thereby corresponds the elementwise multiplication of the
associated pair (S,,S,). Therefore, ® is isomorphic to a subgroup §
of the group of all those pairs with respect to elementwise multi-
plication, that is, of the direct product , x@®,. From the behavior
of the elements of N, we immediately establish that 9 is, at any rate,
a subgroup, of the subgroup ® of ®, x®, specified in the statement.
It suffices, therefore, to prove in additicn that & and ® have the
same order. The order of ® is known by Theorem 119; the order of ®
is casily determined directly from the definition.—Be sure not to
writo the elements (8,,8,) of &, x®, simply as products S,8,; for
S, and 8, cannot actually be multiplied in the sense of Theorem
104 [265], since they are automorphisms of two different fields N, N,.
Rather, the only meaningful expression of this as a product is

(S5, 8,) = (Sy, Ky) (E1,8,) (£, E, the unity elements of 4,,6,).

Here the factors 8, = (Sy, E,), S, = (E,.S,) run through groups ,,0,
isomorphic to ¢,.®,. &, x®, then turns out to be the realization of
the type ®, x ®, taken here as a basis.

5. Let f(x),g(x) be two irreducible separable polynomials
on K of degree m,n; furthermore, let a, 8 be roots of f(x).g(x)
respectively and

f(@)=¢y(x) ... $,(x)
g(@)=thy(2)... ,(x)

be the decompositions of f(z),g(z) in K(B),K(a) into irre-
ducible factors. Prove that » = s and that the degrees m,, n;

of the ¢;(x),;(x) (with respect to a suitable ordering) satisfy
the relation 7:'

= ?-Z (Kronecker’s Theorem).
i
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Represent the Galois group & of the root field W of f(x)g(x) as a
permutation group of the roots a,, ;. of f(x),g(x). The structure of &
n Exer. 4 corresponds then to the decomposition of these permutations
according to the two systems of clements connected transitively by ®;
namely, on the one hand, to the system of the «, and, on the other
hand, to the system of the f, (Section 16, Exer. 2). If §g1s the sub-
group of ¢ belonging to K(f). then the decomposition of f(r) in K(f)
corresponds to the different systems of $5 connected transitively with
respect to «, (Somewhat more general than i Section 17, Exer. 16),
and the comparison of degrees in K(x,.f8) yields m,n = mn,, where n,
is the degree of the irreducible factor 1/7,(.1') of g(r) m K(a,) belonging
to fi. It must now be shown on the basis of the structure of & obtained
m Exer. 4 that the » polynomals 1/7,(.1-). where «, runs through just
one root from each ¢,(r), are biumquely associated to the irreducible
factors y,(x) of g(r) in K(a). For this purpose apply to 1[7,(1) in
each case an automorphism S, of ¢ which will map a, on a. For
reasons of syminetry it is enough merely to show that the corre-
spondence is unique m one direction, say, that the polynomals
Y (r)= lZ,sl (o) generated by the S, are all different from one another.
This would mean that s r,

6. (‘arry out the decompositions of Exer. 5 in the simple
special case of the two irreducible polynomials 28 —2, 2®—2
over P.

7. Carry out the proof of the theorems of Section 17,
Exer. 14 by extending P to the field of all real numbers P
and applying Theorem 119.

If f(x) has at least. one non-real root, then the transition to the

conjugate complex 18 an antomorphism of order 2 for the root field,
»-1
therefore the power By= B ? by suitably normaulizing the B in

Section 16, Exer. 8. By the extension to P the Galois group ¢4 must
reduce to a subgroup of order 2, which is determined by B, belonging
to it. Then apply Nection 16, Exer. 2.



Vol. 2. Chapter V. Solvability of Algebraic
Equations by Radicals

19. Definition of Solvability by Radicals

1. Give an example of an element « algebraic over a
field K such that « is the root of a pure polynomial (of degree
higher than the first) over a proper extension K of K, but
not a root of a pure polynomial over K (cf. footnote 2).

Take, for instance, K = P,K = P(J2). Then numbers a, = a + b2
can easily be found in P(J/2) which are not squares in P(y2) and all of
whose powers (different from 1) do not lie in P. For the former use
the fact that if ay = a +by/2 is a square in P(J2), then &, = a —by2
is also, 80 that oy, = a® —2b% must be a square in P. Then, a root «
of r? — a, satisfics the stated conditions.

2. Show that a polynomial of the form f(x)=a*+ax?+b
over a field with characteristic different from 2 can always
be solved by radicals.

1t is easy to find the pure equations which can be used to con-
struct the roots of f(z). Regarding the irreducibility of these equations
note that the four roots of f(x) must have the form ta«, +8. This
implies that f(r) is irreducible only if fo(x,) =28 +axy +b is irreducible,
that is, only if a? —4b is not a square in the ground ficld. In this case
the first of the two pure equations under consideration is irreducible,
though the second need not be. (Give a counterexample.) In order
that the latter also be irreducible it is necessary and sufficient, if
b = b} is in the ground field, that necither —a +2b, nor —a —2b, be
squares in the ground field. This additional condition together with
the irreducibility of fy(x,) turns out to be sufficient for the irreduci-
bility of f(x) =fo(x?).

180
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3. Show that a polynomial f(xr) of degree 6 over a field
with characteristic different from 2 which has the properties

z°f (2) = —f(x),f(—x)=f(x) can always be solved by radicals.

On splitting off the linear factor 22 —e we come to the case of
Exer. 2.

20. Cyclotomic Fields. Finite Fields

1. Compute the discriminant (Section 6, Exer. 18) of the
polynomial z" —e.

The simplest thing to do is to use Section 6, Exer. 18 (b) and the
last of Vieta’s formulas (Section 5, Exer. 13). We can also combine
Section 6, Exer. 17, 19.

2. In order to prove that there exists at lcast one primitive
n-th root of unity, and even that there are exactly ¢(n) such
roots (Theorem 120 and Corollary) we can also proceed
as follows: First, show that the roots of x"—e¢ are distinct
(under the restriction regarding the characteristic). Then,
through multiplication and division construct a polynomial
gn(x) from the polynomials z!—e, where ¢ runs through suit-
able divisors of =, in which just those linear factors of " —e
occur, and only once, which do not appear in z¢—e for any
proper divisor d of n. In doing this, we obtain at the same
time an explicit construction for the polynomial g,(z) of
Theorem 121. Write this formula for g,(z) by means of the
following number-theoretic function: u(n) =0, in case 7
contains the square of a prime number, u(n) = (—1)" in case
n is composed of r different prime numbers, in particular
p(1) = 1 for r = 0 (Mobius function).

If p,p’,p"’, ... are the different prime factors of n, then as a basis

a
n
—s

for ¢ it is enough to take divisors of the types n; n; = 7

n
y 7 T
p

N3
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n n n
= — =, 0 s reey eees Lot Pg=2x"—e and P, = am—e).
pp” pp” P'p ° ' f (
Then ;:" has just the desired linear factors in the numerator, but in
1
general also some of these factors in the denominator. In I—)I",& the
1
latter are missing, with some undesirable linear factors, however,
generally appearing in the numerator, ete. Let gn(x) be the poly-
nomial finally generated. Compute its degree according to the explicit

formula for ¢(n) (see Section 2, Exer. 14).

ny

3. Prove in general (without the restriction regarding the
characteristic): If x|m, then T,<T,. If n=mnn, with
(ny,mg) =1, then T, = {T,,, T, }.

For the latter apply Section 3, Exer. 10 to the group of the n-th
roots of unity.

4. Prove (at first, again with the restriction regarding the
characteristic): 1If n = n,---n, is a decomposition into pair-
wise relatively prime factors, then T, is the direct composite
(Section 17, Exer. 11) of T, ,..., T, .

Apply Theorem 121, Section 17, Exer. 10, as well as Section 2,
Exer. 12.

5. How are the results in Theorems 120, 121 and in
Exer. 2, 4 to be modified if the restriction regarding the
characteristic of K is dropped ?

If K has the characteristic p and n = p'n, with (n,,») = 1, then
T,» = K (Theorem 122, Corollary), therefore T, = T, by Exer. 3.

6. The E'isenstein-Schonemann Theorem says: If

f()=z"+a, 2" 1+ .- t+a, ;2+a,
is a polynomial in I[z] which has the properties p |a,, ...,p |a,
and p?1 a,, for a prime number p, then f(z) is irreducible in P.—
Prove this by assuming that there is a proper decomposition
f = gh in the residue class ring I'[z], of I[z] relative to the
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prime clement p. Such an assumption is permissible according
to Gauss’s Theorem (Section 2, Exer. 24).

M), is isomorphic to [[x] = P,2] (explanation to Section 2,
Exer. 23). We have f=x"mod p and r" has in P,[x] only the trivial
decompositions " = x#*2* (u +» = n). This means that

g=z4,h=2"mod p
would be true which contradicts a,3=0mod p? on substituting « = 0.

7. From this deduce the irreducibility of
x?—1 .
gp(z)E?_—]— EZ”—I +x”_2+ e+ lin P.

The Eisenstein-Schonemann Theorem can be applied to g,(z+1)
(see proof to Theorem 44 [204]).

8. In order to prove that g, () is also irreducible in P if
n is a composite number, consider the irreducible polynomial
f(z) in P belonging to a primitive n-th root of unity { and
successively prove:

(a) The coefficients of the representation of f(Z*¥) through
the basis 1,Z,...,{r! (r the degree of f) of T, are integral
rational numbers. They depend only on the residue classes
of kmod n.

(b) For prime numbers k = p these coefficients are all
divisible by p. For sufficiently large prime numbers p they
are actually all equal to 0.

(c) f(&™) = 0 for every m prime to n.

(d) g,(z) = f(x), therefore g,(x) is irreducible in P.

(Proof developed on 8 lines by Landau, Mathematische
Zeitschrift (Journal of Mathematics), 29 [1929].)

For (a) apply Section 9, Exer. 8 and again take the Gaussian
Theorem into consideration (Section 2, Exer. 24). For (b) make use
of the congruence f(z?) —f(x)? =0mod p (Theorem 44 [204]) which is
valid in x] and note, furthermore, that a multiple a of p with
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|a] <p must be equal to 0. Kor (¢) prove the existence of an
m’=m modn which is not divisible by finitely many given prime
numbers p,, ..., p, (say on the basis of Section 2, Exer. 12). For (d)
apply Theorem 53 [210].

9. According to Theorems 121, 122, and Exer. 7, the
cyclotomic field T, over P is cyclic of degree p—1 and its
Galois group ®,, is isomorphic to the group %, of the prime
residue classes modp. Let $ be any subgroup of &, of
index j and © the associated subgroup of $¢,. Prove that
n = X {9, where ¢ runs through a complete system of repre-

¢

sentatives of the residue classes of {, is then an element of
T, belonging to §, that is, generates the subfield H of T,
belonging to 9, therefore H = P(5).—£ is completely deter-
mined by j (Theorem 36 [199]). Represent ¢ in terms of a
primitive root rmodp and j. Use this to represent n and
its conjugates (the m-termed cyclotomic periods, where
mj =p-—1).

According to Theorems 111, 112 [283] it is sufficient to prove
the distinctness of the j conjugates to 7 which correspond to the j
residue classes of @&, relative to 9. If representatives of the residue
classes of the reduced residue system mod p are used in the {-exponents,
an equality between two of these conjugates leads easily to a contra-
diction of the irreducibility of g,(z) in P, namely, to the fact that
g,(z) is the polynomial of lowest degree in P which has { as a root.

10. Give a representation for the automorphism of the
cyclotomic field T, (p a prime number) over P induced by
the non-identity automorphism o-—>a of the field of all
complex numbers including T,,, namely, by the automorphism
determined by transition to the conjugate complex. How
do the two-termed cyclotomic periods behave with respect
to this automorphism ?
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T is determined by the fact that ({ is, on the one hand, positive
real, on the other hand, a p-th root of unity. For the question note
the discussion to Section 14, Exer. 8.

11. What is the discriminant of that irreducible quadratic
p-1
2
periods 7,7’ to p, therefore the square of

t=n-n'= X (=1)p{
pmod p—1

polynomial in P whose roots are the -termed cyclotomic

(quadratic Gaussian sum to p)? For this purpose first calcu-
late the product t7. Accordingly, how are 7,7’ represented
in terms of square roots ?

77 is a double sum. In this sum replace the summation letters
u,v by u'=p—»,v=vmodp—1 and then carry out first the summa-
tion over v»’. For the second question also calculate, in addition,
n+%’. This is easily done.

12. Represent the 5-th roots of unity over P by square
roots.
Exer. 11 yielded representations of the two-termed periods
7 =C+0% 7 = (243 In virtue of the further relations
it =1030=1

these representations immediately enable us to find for p = 5 the
representations of the single-termed periods, therefore of the roots
of unity themselves.

13. Represent the 17-th roots of unity over P by square
roots, and from this develop a method for constructing with
ruler and compass the regular polygon of seventeen sides.

Just as above, this objective is attained by successively forming
the sum and product of two matching 8-termed, 4-termed, 2-termed,

1-termed periods. Base the geometric construction on the Pythagorean
Theorem and, in addition, note the reduction given in the discussion
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to Section 17, Exer. 9, whereby a square root of a complex number
is reduced to square roots of real numbers.

14. As a corollary to the result of Gauss, prove: In order
that 2"+ 1 be a prime number for v2> 1 it is necessary that v
be a power of 2.

Note that the polynomial z*+1 in Iz] has the divisor = +1 if
u is odd. The statement easily follows from this if the substitution
z = 2¢ is made.

15. Prove: This necessary condition is, however, not
sufficient. While 22 +1 is actually a prime number for
p=0,1234, 22 +1 is divisible by 641.

Naturally, it is possible to carry out the involution and conse-
quent division. However, there is a much more elegant way of doing
this: Start with the expressions 641 = 5%+2¢ and 641 = 27.5+1.
Write these equations as congruences mod 641, raise the second one
to the 4-th power and in this substitute the value 5* from the first.

16. Give a new proof of the formula for the determinant
of an n-rowed circulant (Section 10, Exer. 19), for the case
that the characteristic of K is not a prime number dividing n
without remainder. For this purpose make use of the ideas
applied in Section 4, Exer. 16.

First of all, establish for indeterminates that the determinant is
divisible by the product of the linear forms in question. The con-
sideration of the degree then shows that the quotient is a unit (element
of K) which is easily determined by comparing coefficients.

17. Prove that there are irreducible polynomials of any
given degree m over P,

Apply (IV) and (VIII).

18. Prove: The polynomial z*™ —x over P, is the product
of all the different irreducible polynomials over P, whose
degrees are divisors of m. From this calculate the number of
irreducible polynomials over P, of degree m.
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The stem field to an irreducible polynomial f(x) over P, of degree u
is a finite field of p* elements. The statement easily follows from
this by (III) to (V1). To determine the number of polynomials apply
a process corresponding to that in Exer. 2 and write the enumerating
formula by means of the MGbius function u(n).

19. Prove: If K is a finite skew field (Vol. 1, Section 15,
Exer. 2) of ¢ elements and K, a skew subfield of K of g,
elements, then ¢ is a power of g,

In analogy to Def. 24 [225] introduce in K the concepts of linear
dependence and linear independence relative to left multiplication

by elements of K,. Then prove the existence of a left basis of K
relative to K,, where the basis is defined in analogy to Def. 25 [225].

20. Let the class €, of conjugate elements determined by
an element a (# 0) of a skew field K, as well as the normalizer
N, of a (Vol. 1, Section 9, Exer. 13) and the centrum Z of K
(Vol. 1, Section 7, Exer. 8), be interpreted in the sense of the
multiplicative group of the elements +0 of K.—Prove that
the elements of N, together with 0 form a skew subfield of K,
and that the elements of Z together with 0 form a subfield
of K and of N, (with 0).

21. Next, let K be a finite skew field and z the number of
elements of Z (with 0), so that the number of elements of K
is therefore a power 2" and the number of elements of N,
(with 0) is a power z"s with n,|n (Exer. 19). How many
elements are there in €, in this case?

Apply Vol. 1, Section 9, Exer. 13.

22. Now, let a run through a complete system of repre-
sentatives for the classes of conjugate elements of the finite
skew field K and express the number of elements of K (without
0) as the sum of the number of elements of the individual
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classes €,. In doing this collect the contribution of the
classes with one element together into a single summand.

The classes with one element are just the classes arising from the
elements of Z (without 0).

23. Finally, prove that the integral rational number g,(2)
(Theorem 121) is a divisor of the left side as well as of all
contributions on the right side of the resulting formula
originating from classes of many elements. From this con-
clude that necessarily n = 1, therefore K = Z. Consequently:
Any finite skew field is a field (Wedderburn's Theorem, proved
by Witt).

First show that the divisibility is valid if the number z is replaced
by an indeterminate x. Then apply Section 2, Exer. 24. Finally, by
considering the absolute values of the linear factors of g,(x) for

z = z, establish that g,(z)|z—1 is valid only for n =1 (whereby
z>1 is to be taken into consideration).

21. Pure and Cyclic Extensions of Prime Degree

1. Calculate the discriminant (Section 6, Exer. 18) of
" —a.

2. (Calculate the resultant (Section 10, Exer. 23) of 2™ —a,
and 2™ —a,.

3. Prove the statements under (b) in Theorem 123 by a
process analogous to that in Section 13, Exer. 4, 5.

Instead of the transition from g(x) to g(z —ne) appearing there,
we have to go here from g(x) to g({"z)(n = 1,...,p—1).

4. Prove: If the polynomial f(x) of [x] is irreducible in
P, on passing over to the residue class ring I'[z],, then it is
also irreducible in P.—Can the proof of Theorem 123, (b) be
carried through in this way for @ in I' if K = P?

Make use of Section 2, Exer. 24 as well as Section 4, Exer. 8.
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5. Assume that K is a field with characteristic different
from p and that a is an element of K which is not a p-th power
in K. Prove that the Galois group @ of z” —a is linear (Sec-
tion 16, Exer. 8). How is the d of Section 16, Exer. 11
determined? Also, verify Section 17, Exer. 14 by direct
methods.

According to Theorems 123, 124 and Theorems 121, 123 [305, 312],
@ contains a cyclic normal divisor 8 of order p with cyclic factor

group of order d|p—1. A generator 4 of 8 is obtained by (x->{a),
where « i8 a root of z? —a and { a primitive p-th root of unity. @ can

d-1
then be decomposed in the form X B3 relative to 3, and B can be

normalized so that «—+a and according to Theorem 109, (V) [274],
t ™ is valid, where r is a primitive root modp and dn = p—1.
Then determine B-1AB and B*.

6. Generalize the statements in Theorem 123 to a pure
polynomial z" —a of composite degree » under the assumption
that K contains the m-th roots of unity over K and the
characteristic of K is not a prime number dividing n without
remainder. What is the decomposition of z"—a into irre-
ducible factors over K? What is the representation of the
Galois group of the root field W of z"—a over K? of the
subfield of W over K?

It depends on the smallest exponent n, for which a™ is an n-th
power in K and on its complementary divisors d in n. The power
a™ (n, = mj) of a root of z* —a can be taken as a primitive element

of the (uniquely determined) subfield of degree j.

7. Under the same assumptions regarding K let two
arbitrary (not necessarily irreducible) pure polynomials
z" —a, and z" —a, of degree n in K be given. Determine the
Galois group & of the composite of their root fields W, and
W,, and give a property which characterizes the degree d of
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the intersection [W,, W,]. In particular, what relation
between a, and a, is therefore necessary and sufficient for
W, <W,? for W, = W,? (For = = 2, cf. Section 7, Exer. 9
to 11, already given.)

Apply the theory developed in Section 18, Exer. 4. Let «;,a,
each be one root. Then ® is represented by pairs of substitutions
(0tg > Iy, ag > (™ ay), where the exponents »,,v; are divisible by the
analogues d,,d, of the d in Exer. 6 and are tied to one another by a
congruence condition which arises from the group womorphism con-
sidered in Section 18, Exer. 4. For this purpose make use of the
result of Theorem 37 [200] which enables us to survey all isomorphisms
between two eyclic groups of the same order. The coefficients in the
congruence condition between »,,v, are not. yet determined. In order
to characterize them through the given a,,a, so as to be able to
answer the other questions, too, using only the given a,,a,, it is
advisable to calculate in the factor group & = K*/K*", where K*
stands for the multiplicative group of K (Vol. 1, Section 6, Example 1
[61]). According to Vol. 1, Theorems 34, 35 [75], the elements of
& are the residue classes relative to a congruence relation = mn K. If
n,,n, bear the same relation to Wy, W, that n, does to W in Exer. 6,
then a}» = 1,a0* = 1 is valid, and a,,a, generate cyclic subgroups
9,, %, of orders n,,n, in & which are isomorphic to the Galois groups
®,, %, of W;, W,. Consider now all relations of the form af:af 3 1
between the generators a,,a, and show that they are all formal
consequences of the two specified relations and of a single further
one, where the latter involves the degree d and the previously given
coefficients of v;,7,. To do this study the behavior of the power
products at1ads in ®. The resulting statement describes ® explicitly
and characterizes d. Moreover, it is easily established that the Galois
groups ® and ®, of the composite and intersection of W,, W, are
isomorphic to the composite and intersection, respectively, of the

subgroups %,, %, of K.

8. Tn Exer. 7 we found a condition for W, < W,. Derive
this condition in still another way by representing «, through
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the basis e, ay, ..., o of W, and applying to this the auto-
morphisms of W,.

Under the assumption W,; =W, note that «; goes over to a con-
jugate whose basis representation can also be directly found, and
make use of the uniqueness of the basis representation.

9. The analogue to Theorem 124 for fields of character-
istic p is given by Section 13, Exer. 4 (cf. also Section 15,
Exer. 4). As a converse to this, now prove the analogue to
Theorem 125 for fields of characteristic p, namely, the
theorem: Over such a field K any separable normal extension
of degree p is a root field of a polynomial of the form z# -z —a.

The proof can be carried out in close analogy to the proof of
Theorem 125. Instead of the summands (-*#,. take here the

. — pn, -1 .
expressions 14 gq summands, where 8, = X 9u. Corresponding
8

v p=0
to the second part of the proof, show that » can be chosen so that the
element 8,4+ 0 (belonging to K) (this conclusion can be drawn from
the determinant | #,, |, separability). For the first part of the proof
use z? —z=x(r—e)---(c~(p—1)e)
(Section 5, Exer. 1) and the formula arising from this by the replace-
ment of r by r —a.

10. Under the same assumptions regarding K as in Exer.
6, 7, prove the generalization of Theorem 125: Every cyclic
extension of n-th degree is pure over such a K.

The extension 18 automatically separable due to the restriction
on the characteristic (Def. 17 [214] and Theorem 79 [237]). "The first
part of the proof of Theorem 125 makes use of the primeness of p
only insofar as the normality implies the cyclicity. Modify the second
part (in analogy to Exer. 9) in such a way that the primitive n-th
root of unity ¢ is retained but # is replaced by the powers #, 8%, ..., 971,

11. Prove that in order to form the Lagrange resolvents
(in the sense of Exer. 10) of 7, where 7 is an m-termed
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cyclotomic period to p (Section 20, Exer. 9), we can get along
with the first power of . This means that the Gaussian
sums of n-th degree to p:
1(e) = nz,'le“"q"", where W = X3 ("
v=0 pmodm
(¢ primitive p-th, € primitive n-th root of unity over P;
r primitive root modp; p—1 = mn)

are different from zero. Furthermore, to generalize Section 20,
Exer. 11, calculate t(e).7(e) and reduce z(¢) also to =(e), in
analogy to Section 20, Exer. 10.

As in Section 20, Exer. 9, r(¢) = 0 yields a contradiction to the
irreducibility of g,(x), in T, now (Section 20, Exer. 4). For the rest
proceed analogously to the special case n = 2.

12. Give a necessary and sufficient condition that <t(e)*
be a rational number.

By applying the automorphisms of T, to 7(¢)" obtain relations of
the form t(¢*) = e%7(¢) for any 8 prime to n; from this (analogously
to Exer. 11) it is easy to show that s =1mod~ only for n = 2, except
for the trivial case n = 1.

13. Find the cubic polynomial in P whose roots are the
two-termed cyclotomic periods 7,7’,7” for the prime num-
ber 7, as well as the third powers of the two associated cubic
Gaussian sums 1,7. For the latter use the rational repre-
sentation of the sums by /—3.

Find the relations % +% 479" = —1 and 73’ = n+7%"”. Through
these the desired cubic polynomial is easily obtained on the basis of
Vieta's formulas (Section 5, Exer. 13). In order to compute 73,72
take the relations 17 = 7 (Exer. 11) and 7 +7 = 35 +1 into considera-
tion, and then compute ® +7* by having recourse to the cubic equa-
tion for 1.

14. Represent the 7-th roots of unity over P by radicals.
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The result of Exer. 13 enables us to obtain rational representations
of the two-termed periods 7,7’,7” through cube roots of numbers
from T, = P({ —3) by solving a system of linear equations. The 7-th
roots of unity themselves can then be obtained by using the pair of
relations L+ =, 0l*=1; ....

15. Show that the representation of the 7-th roots of
unity over P by radicals can also be obtained by using as
intermediate steps the three-termed periods #,4’, which have
already been represented rationally through -7 in Sec-
tion 20, Exer. 11.

For this purpose extend the ground field P to Ty = P({ —3). Next,
represent the third powers of the Lagrange resolvents A
rationally in terms of J—3 and J—7, where the resolvents belong
to the extended cyclotomic field {T,, T3} = Ty;. Then the 7-th roots
of unity themselves are again obtained by solving a system of linear
equations.

16. The significance of the cubic polynomial f(z) of
Section 15, Exer. 5 (b) was shown in Exer. 13. Now use the
representation n = [+ % = {+ {! of a root of f(z) to illustrate
the meaning of the property given there.

17. Use this knowledge to characterize the root field of
the cubic polynomials in Section 15, Exer. 5 (a).

Go over to gly) =y*f(y +y").

18. Prove in general: For prime numbers p+2, T, is
cyclic over P, and also the direct composite of T, and a
cyclic field of degree p’—! over P. .

Note that the prime residue class group ®,, contains the element
14p of order p*-! and surely an element r of order p—1 at least,
and apply Section 3, Exer. 10. Accordingly, how is it always possible
to normalize a primitive root rmod p for the study of B,,?

19. Prove analogously: In the sense of Section 3, Exer. 186,
B, has the prime power invariants 2,2"~%. Therefore, what
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is the structure of T, over P? What are the subfields that
belong to the (single) cyclic subgroup of order 2"-%?

The element 5 is mod 2* of order 2-* and is independent of —1.
In order that a 2"-th root of unity { be invariant with respect to the

automorphisms corresponding to the residue class of 5, {* = 1 must
be valid.

20. Assuming the representation of the p-th roots of unity
as known, represent the p’-th roots of unity over P by radicals.
Then represent the n-th roots of unity for arbitrary n. Accord-
ingly, for which n alone can the regular »-gon be constructed
by ruler and compass ?

The polynomials r#*"'—{ ({ primitive p-th root of unity, p¥2)
and x? ' —i are irreducible in T, and T,, respectively. Furthermore,
the former remains irreducible also in the extension of T, by those
roots of unity which are required according to Theorem 126 for the
solution of T,. This is casily confirmed on the basis of the deter-
mination of the degree in Theorem 121 [305] and by Section 20, Exer. 8.
For composite n, see the discussion to Section 20, Exer. 4. The
constructibility follows by a trivial reduction to prime powers p” in
analogy to the special case v = 1 (Result of Gauss [308]).

21. Represent the 257-th and 65,537-th roots of unity
by reducible radicals (radicals of reducible pure polynomials).

£257 — 1 and %8537 — | are reducible pure polynomials.—Accordingly,
show that nothing is gained by allowing reducible radicals to be
used for investigating the algebraic structure of cyclotomic fields
(cf. footnote 1 before Def. 39 [303]).

22. Find a primitive element of the cyclic field H which
is of degree p over P and is contained in the cyclotomic field
T, (p+2) over P.

If ¢ is a primitive p*-th root of unity over P, then set up the

p—1 conjugates to ¢ relative to H with the help of a primitive root
rmod p normalized according to the explanation to Exer. 18. In
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analogy to Exer. 11 it is again sufficient to show that for this sum
7 the p conjugates 7,7’,...,n'? ‘! relative to P are different from one
another. Instead of this, however, we can proceed as follows: First
note that due to the normality these conjugates all belong to H,
and secondly that by Theorem 111 [283] they are either all different
and consequently primitive elements of H, or are all equal and conse-
quently already in P. Now these conjugates are connected with the
p-termed system consisting of 0 and the p—1 conjugates ™ (v = 0,
...,p—2) of { relative to H by a system of linear equations over T,
with regular matrix. This follows by using in the representations

2y = 'E-’Cr"uu)“ (u=0,...,p-1)

that (14+p)*=1+pupmodp?, and correspondingly introducing the
primitive p-th root of unity {? = J; of T,. On the basis of this system
of equations n,y’,...,%'* V is at any rate a primitive system of
elements for T,, relative to T,, and consequently 2, 1/’, ..., %!~ cannot
lie in P.

23. Under the same assumptions regarding K as in Exer.
6, 7, 10, let N be a cyclic extension of degree n over K.
Furthermore, let K, be a subfield of K such that K is separably
cyclic over K,. In accordance with Exer. 10, let N be a root
field for the pure irreducible polynomial 2" —a over K. What
condition on a is necessary and sufficient in order that
(a) N be normal, (b) N be Abelian, (¢) N be cyclic over K,?

In particular, what are these conditions if :

() the n-th roots of unity in_K already belong to K,,

(B) » = p is a prime number and K, = P,K =T, ?

For (a). Let a be a root of x® —a in N and S, a generator of the
Gialois group ¢, of K relative to K,. Then the root field to z* —ag,
over K is conjugate to N relative to K,. Apply Def. 29 [255] and Exer. 7.
Result: ag, = a¥c" with (k,n) = 1 and ¢ in K.

For (b). If N is normal over K, with the Galois group @, then S,
corresponds to a residue class §S of ® relative to the normal divisor §.
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In so doing, S can be normalized uniquely so that ag is a given root
of z" —ag,. Therefore, express the roots of z" —ag, according to (a)
in terms of a, normalize S suitably, and then bring forward the
relation S-148 = A4 necessary for (b), where 4 is a generator of the
Galois group $ of N relative to K. Note besides that for a primitive
and consequently for any n-th root of unity ¢, (s, = {* is valid with
a definite s characterized by s™ =1 mod n, where m = [K : K;]. Result:
k=smodn.

For (c). Express the fact that not only (b) but also S™= A4
must be valid (with respect to a suitable normalization of the generator
A of ). Result: am_1

-1 gm-1
a " cl" (.g:‘ e Cgm = L.

24. If K, is a field with characteristic different from 2,
let K be an extension of degree 2 over K,, namely, the root
field of the polynomial 22 —d, over K,. What condition on d,
is necessary and sufficient that an extension N of degree 2
over K should exist which is cyclic over K,

In the first place, Exer. 23,(c) yields the necessary condition that
—e must have the form cc’, where ¢ is an element of K and ¢’ is its
conjugate relative to K,. Hence it is necessary that — e be representable
in the form u} —dvi with uy, v, in K,. If this is the case, then we can
also actually construct an a in K with the sufficient property a’ = ac?
by noting the behavior of e+c? in the transition to the conjugate.
Of course, the case c® = —e is an exception; in this case, however,
simply take a as one of the roots of 22 —d,.

The resulting condition can be expressed in terms of d, except for
the cited exceptional case. In the latter it is easy to see that not
only K but also K, contains the 4-th roots of unity (¢’ = ¢), therefore,
that d, can be represented trivially as the sum of two squares in K,.

25. In Exer. 23 let » = p (prime number) and [K : K] = d
be a divisor of p—1. What condition on a is necessary and
sufficient that N be normal over K, with the Galois group of
the type €7 ? In particular, what is this condition under the
assumptions (a) or (8)?
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First of all, we have the normality criterion of Exer. 23, (a).
Furthermore, instead of the basic relation appearing in (b) we must
now require S48 = 4*, where hmod p has the order d; this yields
a restriction on the k appearing there. The relation §¢ = E required
here instead of the one in (c) is then automatically satisfied, since S¢
lies in § and commutes with S. This can also be confirmed by means
of the explicit connection between @ and ¢ due to this relation.

26. Prove: If K is separably cyclic over K, of degree m, S, a
generator of the Galois group of K over K, and ¢ an element
of K with ccg, --- cgm1 = ¢, then for any u in K the element

b=u + 'us.-ICs.—l. + us.—-lcs.—ICS.—! + - 4 ?ls.—(m -1) CS.- I.Cs;-l. . Cs.—(m-l)

in K has the property bg, = ¢b, and u can be chosen so that

b+ 0, therefore ¢ = l-);:’!.

For the latter allow « to run through the elements of a basis of K
relative to K, and take Section 13, Exer. 14 (and the separability)
into consideration.

27. In Exer. 25 let n=p, Ky=P, K=T,. Then the
property ag, = ac? with ¢ in K and ccg,...cgp-s=1 is a
sufficient (but not necessary) condition on a. Use Exer. 26
to simplify this condition.

Note that as far as this exercise is concerned a can be replaced
by any element av? with v+0 in K.

22, Criterion for the Solvability by Radicals

1. Prove that a separable normal extension N of prime
degree p over a field K of characteristic  cannot be solved
by radicals.

Let us assume that it can be solved by radicals and that A, is
the last field in the chain according to Def. 40 [303] with [N, A,_,] = K.
Then A, = {N,A,—,} would be normal of prime degree p over A, and
pure as well as separable.
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2. Section 13, Exer. 4; Section 15, Exer. 4; Section 21,
Exer. 9 suggest the following modification of the concept of
solvability in the case of ground fields of characteristic p:
(a) restricting the concept to separable irreducible pure poly-
nomials, therefore irreducible pure polynomials of degree
prime to p; (b) allowing the concept to apply also to the
separable irreducible polynomials «» —x —a of prime degree p.
In the following let the concept solvable always be understood
in this sense whenever dealing with ground fields of character-
istic p.—Prove that in this sense Theorem 127 is also valid for
separable normal extensions N over a field K of characteristic p.

We must first show that the cyclotomic fields T, over K are solvable
in this sense. (It is sufficient to handle the case in which 7 is a prime
number ¢ p, even though the proof goes through just as well for
arbitrary n.) For this purpose note that T, is separable (Theorem
121 [305]; Section 20, Exer. 5) and apply mathematical induction rela-
tive to n, just as in the proof to Theorem 126 [316], based on Theorem
125 [315] or Section 21, Exer. 9. The required proof can also be carried
through in the general case just as in the case of the proof of
Theorem 127.

3. Prove: Every Abelian extension is solvable.

Note that every Abelian group is metacyclic [Example 2, as well
as Section 3, Exer. 9,(c), Exer. 14], and apply Theorem 127 or Exer. 2.

4. Prove: The dihedral groups ®, and the linear groups
L@ are metacyclic.

5. Prove: Any subgroup U1 and any factor group ®/R% of
a metacyclic group @ is metacyclic. What theorems about
solvable extensions follow from this ?

Form the intersections [$,, 1] and the composites {§,, 1} with a
chain of subgroups §, according to Def. 41 and apply Vol. 1, Sec-
tion 9, Exer. 14 (with = §,,1, 3 = [9 1] and © = {41, U}, 3 = Oy
respectively).
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6. Solve for the roots a,a’,a’’ of an irreducible cubic poly-
nomial over a field K with characteristic different from 2
and 3. For this purpose it can be assumed without loss of
generality that the polynomial has the form z3+ax+b.

In Section 16, Exer. 3 it is proved that the Galois group ¢ is of
the type 8; or ;. First of all, show that (if K has characteristic
different from 2) these two types are to be distinguished according to
whether the discriminant d of the polynomial—express it in terms of
a and b --is a square in K or not. For this purpose take note of the
behavior of the difference products

(x—a') (¢ —a”) («” — )
with respect to . In any case, the formation of the Lagrange resol-
vents (Theorem 125 [315]) yields representations of the roots «,a’, 2"’
by radicals. Therefore, the third powers of these Lagrange resolvents
must be represented rationally over K by cube roots of unity and
(if & = D,) d.

7. Carry this exercise through (in the sense of Exer. 2)
if K has characteristic 3. In this case the polynomial can no
longer be assumed to be without a term with z? (Section 5,
Exer. 15). Also determine an analogue to Jd and use this to
characterize the two group types for the case of charac-
teristic 2.

For the case of characteristic 3 apply the method of Lagrange resol-

vents as modified in Section 21, Exer. 9. If the term with 22 exists,
, 2 249 rrg

then 4 = _a_z_+’2_a is such a resolvent, otherwise 4 = :‘ +,-, a—;,’
ata +o R e t+ac+a

in any case. Then represent A*— A rationally over K in terms of Jd.

For the case of characteristic 2 we can take as an analogue to Jd

any expression J in the roots which is invariant with respect to 8,

but not with respect to D, for instance, 6 = §,+ 5—,—,+ a& .

77

8. Prove that the octahedral group © is metacyclic. Use
the structure of this group to solve for the roots «; of an
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irreducible biquadratic polynomial z*+ax?+bx+c over a
field K with characteristic different from 2 and 3.

The structure of © was obtained 1n Vol. 1, Section 9, Exer. 4, 6.
Furthermore, the subgroups of © that are involved in the Galois
group @ are known from Section 16, Exer. 4. By considering the
difference product of the «, and noting € €,,T>%A, we find that
@ = T or D,, if the discriminant d of the polynomial is a square in K,
otherwise & = O or D, or 8,. In the latter case we see, in addition,
that, on extending to K(Jd), the group & reduces to a subgroup
$ =T or D, or 3, (corresponding to the three types of ). =8, is
characterized by the fact that the polynomial becomes reducible in
K(Jd) (Section 16, Exer. 1, 2). In order to distinguish between = T
and D, consider the element g = (x; —a;)(x3—a,) invariant with
respect to D, and its two other conjugates ', f’” [obtained, for instance,
through the cycle (234)]. We find that these conjugates have the
sum 0 and are different from one another (K does not have character-
istic 3). Therefore, they are the roots of a cubic polynomial without
term with 22 in K(J/d). Express its coefficients in terms of a,b,c and
Jd. According as it is irreducible or reducible in K(Jd), $ = T or D,.
In the first case, insert the solution for this cubic polynomial according
to Exer. 6. Thereby $ reduces again to a subgroup & = 9, or 3,
or €, according to the way in which the given polynomial reduces
in the extensions leading to the solution of the cubic polynomial.
The consideration of y = a; —a,,y’ = a3 —a, now easily leads to the
conclusion.

9. By enumerating the number of elements in the indi-
vidual classes of conjugate elements, just as in Section 20,
Exer. 21 to 23, prove that a group & whose order is a prime
power p” has a centrum J different from €.

10. Prove: Every group ® of prime power order is meta-
cyclic.

In order to pass from @&/8 to ®, note that 8 is an Abelian normal
divisor and apply the homomorphism of Vol. 1, Section 9, Exer. 9.—
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It would exceed the space at our disposal to prove the theorem that
any group is metacyclic whose order does not contain the square of
a prime number.}

11. Carry out in detail the proof of the remark made in
connection with Theorem 127, namely, that an arbitrary
(separable) extension A of K is solvable if and only if this is
the case for the associated normal extension N over K.

See the explanation given there.

12. Prove: The normalizer of a linear permutation group
L@ in the symmetric group €, (therefore, especially the
normalizer of the cyclic group 3, = &) is the full linear

— Qlp—-1

group g, = 1.
A, B may have the meaning of Section 16, Exer. 8. For an element
Q@ of the normalizer, Q-'AQ must be an element of order p in £{¥,
therefore a power of A (different from E). This can also be deduced

from A through transformation by a suitable power B*. Then apply
Section 4, Exer. 14,(a) to QB".

13. From this deduce the converse to Exer. 4: The Galois
group @ of an irreducible solvable polynomial f(z) of prime
degree is linear.

This amounts essentially to Theorem 127, Corollary. Consider
an extension chain A, with the properties given there for the root
field W of f(z). Let A;,, be the first field of the chain which contains
a root of f(r). By Theorem 119 [293] deduce from the properties of
A.iy over A, that A,,, already contains W. Furthermore, show that
the subgroup corresponding to A, differs from ¢ by permutations of
the roots of f(x) with respect to the representation of @ and is the
cyclic group 3,. Then apply Exer. 12 by going backwards from A,
along the chain.

1Cf., for instance, Speiser, Theorie der Gruppen von endlicher
Ordnung (Theory of Groups of Finite Order), Theorem 121.
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14. Let K be a real field (subfield of the field of all real
numbers) and N a real normal extension of K solvable by
radicals. Under what condition can the solution be real,
that is, have a real extension chain A; in the sense of Def.
40 [303]°?

Note that only the square roots of unity are real, therefore that
an irreducible pure polynomial x? —a over a real field A has a real
root field only for p = 2. Furthermore, note that the property
A, =N is preserved by any isomorphism of A, (automorphism of the
associated normal field). We can see by considerations within N that
the necessary condition thereby obtained is also sufficient.

23. Existence of Algebraic Equations not Solvable
by Radicals

1. Prove that the first n — 1 elementary symmetric func-
tions z,,...,x,_, of the indeterminates £,,...,¢, over K are
prime functions in K[{,, ..., §,].

Use a line of reasoning as in Section 2, Exer. 29.

2. Prove that the discriminant d of the gencric polynomial
of n-th degree (n > 1) over a field K with characteristic differ-
ent from 2 is a prime function in K[z,,...,z,].

We know the decomposition of d into prime eclements in the
extension integral domain K[&,,..., £,]. Then apply Theorem 25 [189]
(or rather its generalization according to Section 2, Exer. 27) as
well as the automorphisms according to Theorem 129, and take into
consideration that by Theorem 132, 4 does not belong to K,.

3. Give a proof of the Theorem on Symmetric Functions
[statements (1), (2) after Theorem 131] on the following basis
(proof by Furtwiingler; cf. footnote 12):

(a) If g is a symmetric function in I[§,, ..., §,], then the
homogeneous components of g, that is, the terms g,, with the
same sum m for the exponents of the £,, ..., £, (the dimension)
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in the normal representation of g = J'g,,, are also symmetric.
m

Hence we can restrict ourselves to homogeneous g.

(b) Then apply, on the one hand, mathematical induction
on the number n of indeterminates. For this purpose start
from the congruence g(¢,, ..., §,)=g(&,, ..., £,_1, 0) mod ¢, rela-
tive to the prime element ¢, of I[£,,...,§,] and take the
congruences Iy =23, ..., L, 1 =Z,_;, %, =0mod §, into consider-

’

ation, where zj,...,x, , are the elementary symmetric func-
tions of ¢,,...,€,_,. We thereby obtain a reduction

9(Ers oeer E) =Ry s Ty )+ TaylEre s £2)-
(¢) Furthermore, in order to bring the remaining residue

function g, under control, set up, on the other hand, a mathe-
matical induction (with respect to a fixed ) on the dimension m.

For (a). This immediately follows from the uniqueness of the
normal representation and the definition of symmetry.

For (b). In the first place, g(&,,...,&,_1,0)=h(xy,...,Zn_,), there-
fore g(&,...., &,) =h(xy. ..., 2,_;)mod &,. In the latter congruence note
the symmetry of both sides and the distinctness of the prime elements
&1y ...» &,. That the statement is valid for n = 1 is trivial.

For (c). We have to show that the dimensions of the homogeneous
components of g, are smaller than the dimension m of g. For this
purpose note that g(&,, ..., &,_,,0) is also homogeneous of dimension m
(or =0), and conclude from this on the basis of Theorem 128 that
only terms axi#...o¥scr with py +2p4 .- +(n—1) y,_, = m appear
in the normal representation of h. Then it follows that g, itself is
homogeneous of dimension m —n (or =0). That the statement is
valid for m = 0 is trivial.

4. This proof yields a reduction process which can be used
to represent an integral rational symmetric function through
the elementary symmetric functions. Carry this through in

n
the case of the symmetric function Y £%¢,.

1, k=1
i*k
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If f, designates this formation for v indeterminates (v22), then
it follows from the dimension relation obtained in (c¢) that the repre-
sentation for f, arises from that for f; by replacing the elementary
symmetric functions z}, z, z3 of &, &, & by the first three elementary
symmetric functions z,,z,,z; of §&,,...,&,. The residue function g,
appearing in the reduction of f, to f, can easily be found, since f,
can be immediately expressed.

5. Prove Theorem 113 and Corollary [284, 285] on the
basis of the Theorem on Symmetric Functions.

Begin with the proof that g(x) is & polynomial in K. Then, by
considering g(h(z)) prove according to Theorem 63 [210] that g(8,) = 0
for each of the roots B, of §(z), and conclude from this, again by
Theorem 53, that g(z) is the single irreducible factor of g(z).

6. On the basis of the Theorem of Symmetric Functions,
prove the generalization of Section 6, Exer. 20, 21: If the
b, of K appearing there are replaced by a system of conjugates
B; = $(x;) corresponding to the oy (with rational, not neces-
sarily infegral ¢), then g(z) becomes an integral rational func-
tion over K (not only, as is trivial, over A). Also, show that
this yields another proof of Theorem 82 [240] (cf. also Sec-
tion 9, Exer. 2).

According to Section 6, Exer. 21, set up the expression

o@)= 5 g, [T =
=1 g;} oy — Ot

7. Give the proof of the Abelian Theorem (Theorem 90
[251]) on the basis of the Theorem on Symmetric Functions by
constructing the elements 9, , as there and then considering
the polynomial

g(x) = II (Z— 0;:,;0.)

as well as
@)= Z o, I )= 5oy, O

Yy, Vg _: ov, Vs ’ Vs z-— 0": 1]
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Here we must apply the Theorem of Symmetric Functions in two
steps: on the one hand, to the n, roots a;,, of f,(z), on the other hand,
to the m, roots a,, of fy(x). Consequently, start from a system of
n, +n, indeterminates. (For g(x) see also Section 17, Exer. 6, already
given.)

8. On the basis of Section 22, Exer. 13, construct a poly-
nomial f(z) not solvable over P for any prime degree p= 5.

It is enough to conmstruct f(r) of degree p so that the number p
of its real roots satisfies the inequalities 1<p<p. p<p can be
attained by assigning the value 0 to the sum of second powers of the
roots (Section 6, Exer. 15); p>1 can be attained, say, through
f(0)>0,f(1) <0 (see the discussion to Section 11, Exer. 1); the irre-
ducibility is secured on the basis of the Eisenstein-Schonemann
Theorem (Section 20, Exer. 6). Also, show that the conditions of this
construction are not realized for p = 3.

9. Prove: A transitive permutation group % of p elements
(p a prime number) is identical with the symmetric group
€, if it contains a two-termed cycle.—For this purpose think
of the occurrence of a two-termed cycle (rs) in B as an
equivalence relation between r and s and study the corre-
sponding partition.

That this is actually an equivalence relation (provided that the
improper cycles (rr) are interpreted as representations of the unity
element) follows through transformation of a two-termed cycle by
another. Furthermore, through suitable transformation the transi-
tivity of 8 yields that all classes contain the same number of numerals.

This implies the statement.—In regard to the process to be used for
transforming a cycle, see the remark in the discussion to Vol. 1,

Section 16, Exer. 11.

10. Prove: If an irreducible polynomial of prime degree p
over a real field K has exactly 2 non-real roots, then its

Galois group is &,,.
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Consider the reduction of the Galois group in the extension of K to
the field of all real numbers and apply Exer. 9 and Section 16, Exer. 1.
11. For any prime degree p construct a polynomial f(z)
which is irreducible over P and whose Galois group is
symmetric.

That f(z) has exactly p —2 real roots can be inferred from the
formulation f(r)=(¢®+4a)(x—a,) - (x—a,_,)+b with rational
a>0,a,,...,a,_5,b by taking b sufficiently small in absolute value.
In order to prove the irreducibility on the basis of the Eisenstein-

Schonemann Theorem choose, say, all a,a,,....a, . as integral
q

multiples of a prime number ¢ and b = P with integral ¢ sufficiently

large in absolute value, and go over to c?f (—:) In doing this, f(z)
turns out to have integral coefficients.

12. What is the Galois group of the polynomial 2% —2qx + ¢
over P, where g is an arbitrary prime number ?
Make full use of the explanation to Exer. 8.

13. In order to obtain a proof for the simplicity of the
alternating group ¥, in the case 25 (for n = 5 see Vol. 1,
Section 9, Exer. 6, already given), first prove: If a normal
divisor % of ¥, contains a three-termed cycle, then N = ¥,,.

Apply Vol. 1, Section 16, Exer. 16, 19, as well as the formula

(12) (34) = (124) (134), (12) (13) = (123).

This enables us to handle the case n=6. It is obvious that the
theorem itself is also valid for n = 3, 4.

14. Now prove the simplicity of ¥, for »>5 by showing:
If N is a normal divisor of %, and P+ E a permutation of N
which leaves as many numerals invariant as possible, then
P is a three-termed cycle.—For this purpose investigate the
commutator (likewise belonging to R) K = P-1Q-1PQ of P
with a suitable three-termed cycle Q. (Proof by Bauer.)
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The decomposition of P into cycles without common numerals
(Vol. 1, Section 16, Exer. 10) is either of the type (a) P = (12) (34)---
(product of only two-termed cycles, at least two), or of the type (b)
P = (123)--- (at least one cycle of more than two terms). In the
case (a) suppose that I were to change another numeral 5; in the
case (b), another numeral 4 and (then necessarily) another numeral 5.
Then show that K leavis more numerals invariant for Q = (345)
than P, but is at the same time % E. This commutator further shows
that case (a) cannot be valid.

15. A chain of subgroups ® = 42 9,2--29,=€ of a
group ¢ (not necessarily finite) in which every $,,, is a
normal divisor of §, is called a normal chain of ¢ and r its
length. A normal chain H’ generated by the insertion of new
suitable subgroups of a normal chain H = (9,) is called a
refinement of H. Two normal chains H = (§,) and K = ()
of the same length from & are called isomorphic, if their
factor groups 9,/9;,, and &,/R;,, are the same (in the sense
of isomorphism) except for the ordering.—Prove: To any two
normal chains

H= (&{) (" =0,1,...,7) and K = (S“j) (J =0,1, ...,8)
there exist refinements isomorphic to one another. For
example, we could take the chains H’ and K’ which arise by
inserting the groups!

9= 090 8] (G=1,...,8=1)
in H and by inserting the groups -

R‘¢5= [%i’ ﬁj—l]ﬁj (i = l,...,r—l)
in K. (Theorem of Schreier.)

1The composite B = {l1,8} of two subgroups of a group @ of
which there is at least one normal divisor of a group containing
the other (therefore surely of ®) can be written as the product
8 = UR = R in the sense of Vol. 1, Section 9, Def. 20 [222].
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For this purpose prove, as shown by Zassenhaus, the
generalization to Vol. 1, Section 9, Exer. 14 given by the
following theorem regarding the four subgroups u, 1,v,3 of
a group ®: If u is a normal divisor of U, b a normal divisor
of B, then (a) u[U, ] is a normal divisor of u[1l,%B], [u,B]v
a normal divisor of [U1,B]v, and

(b) u[u,BJ/u[U, ] [U,B] v/[u,B]ov.

For (a). This easily follows from the assumptions. In order to
show, in particular, the invariance of u[ll,v] with respect to trans-
formation by the elements u of u, note that

UuU-! = /(U in W, ¥’ in u) implies »1Uu = u~'w'U.
For (b). Apply Vol. 1, Section 9, Exer. 14 to the composite
u[1, 8] = u[U, v][U,R], [1n, B]v = [U, B] [, B]v,
and use the fact that intersections satisfy the relation
[u{u, v], (1, B]] = (U, {u, v}, B] = [[U, B], [u, B]v],
which is easy to prove. Its symmetry yields the statement.

16. What property does the factor groups §,/$.,, of a
normal chain H = (§;) of & have if it can no longer be
refined? For finite groups @ are there always normal chains
of this kind? What can be said about any two such chains?
(Jordan-Hélder Theorem.)

17. Give all possible normal chains with simple factor
groups for the groups
%3 ; 63: Qpi ; up D ; Gpn’ s;;d)l
studied earlier.

18. Let a finite group ® of order = be given. Construct a
ground field K and a separable normal extension N of this
field such that N over K has the Galois group @.
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Note that & 18 18omorphic to a subgroup of &, (Vol. 1, Section 16,
Exer. 21, 23), and apply Theorem 129 as well as the Fundamental
Theorem of the CGalois Theory.—Also, show that this still does not
solve the problem (at the present this problem is unsolved in general)
of constructing a polynomial f(r) over a suitable K with a given
permutation group as Galois group.

19. In connection with Vol. 1, Section 19, Exer. 4,
calculate the determinants

[€r k| G=1,....,nk=0,1,..,l-1L1l+1,...,n)

for I = 1,...,n by regarding the ¢; as the roots of the generic
polynomial f, (). These determinants are needed for the com-
plete solution of Vol. 1, Section 20, Exer. 2.

A column relation yields the divisibility by the [-th elementary
symmetric function x;. The factor still remaining in this case is again
a Vandermonde determinant except for the sign.

20. In order to complete Theorem 132 regarding the
ground field K of characteristic 2, find also for this case a
primitive element of V, relative to K. (For n = 3, see Sec-
tion 22, Exer. 7, already given.)

A primitive element that can be used is obtained from the expansion
of the determinant | £ 1| specified in Theorem 132. For this purpose
carry out the expansion according to Vol. 1, Def. 38 [127] by suinming
only for sgnP = +1 in 6. However, we can also construct a new
kind of calculating expression from the square array (&F 1) if in the
definition of determinants the operations are interchanged (addition
with multiplication, subtraction with division). This expression takes
on its inverse value under an odd permutation.
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Representation of groups
by permutation 59-62
(20-29)

Resultant 153, 154 (23-
25), 188 (2)

Rychlik 121 (11)

Schreier 207 (15)

Simplicity of the alter-
nating group 33 (6),
206 (13)

Skew field 51 (2), 187,
188 (19-23)

Speiser 200 (10)

Steinitz, 160, 161 (9, 10)

Symmetric functions 202
(1, 3 ff.)

Taylor formula 131 (5, 8)

Tetrahedral group, see
Group

Transitive permutation
groups 54, 55 (4-8),
205 (9)

Transposition 57, 58 (14—
17)

matrix 40 (6)

Vandermonde determi-
nant 67 (4), 209 (19)
Vieta’s formulae 128 (13)

Wedderburn’s Theorem
188 (23)

Wilson’s Theorem 125 (2)

Witt 188 (23)

Zassenhaus 207 (15)
Zermelo 94 (25)
Zero divisor 18 (1), 103
)
proper 18 (1)
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