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PREFACE

THE principal steps in the progress of the Calculus of
Variations during the last thirty years may be characterized
as follows:

1. A critical revision of the foundations and demonstra-
tions of the older theory of the first and second variation
according to the modern requirements of rigor, by WEIER-
sTRASS, ERDMANN, DU Bois-REYMOND, SCHEEFFER, SCHWARZ,
and others. The result of this revision was: a sharper for-
mulation of the problems, rigorous proofs for the first three
necessary conditions, and a rigorous proof of the sufficiency
of these conditions for what is now called a “weak’ extre-
mum.

2. WEIERSTRASS’S extension of the theory of the first and
second variation to the case where the curves under consid-
eration are given in parameter-representation. This was an
advance of great importance for all geometrical applications
of the Calculus of Variations; for the older method implied
—for geometrical problems—a rather artificial restriction.

3. WEIERSTRASS’S discovery of the fourth necessary con-
dition and his sufficiency proof for a so-called ‘“strong”
extremum, which gave for the first time a complete solution,
at least for the simplest type of problems, by means of an’
entirely new method based upon what is now known as
“ WEIERSTRASS’S construction.”

These discoveries mark a turning-point in the history of
the Calculus of Variations. Unfortunately they were given
by WEIERSTRASS only in his lectures, and thus became
known only very slowly to the general mathematical public.
Chiefly under the influence of WEIERSTRASS'S theory a
vigorous activity in the Calculus of Variations has set in
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iv PREFACE

during the last few years, which has led—apart from exten-
sions and simplifications of WEIERSTRASS’S theory—to the
following two essentially new developments:

4. KNESER’S theory, which is based upon an extension of
certain theorems on geodesics to extremals in general. This
new method furnishes likewise a complete system of suffi-
cient conditions and goes beyond WEIERSTRASS’S theory,
inasmuch as it covers also the case of variable end points.

5. HILBERT’S a prior: existence proof for an extremum
of a definite integral—a discovery of far-reaching impor-
tance, not only for the Calculus of Variations, but also for the
theory of differential equations and the theory of functions.

To give a detailed account of this development was the
object of a series of lectures which I delivered at the Collo-
quium held in connection with the summer meeting of the
American Mathematical Society at Ithaca, N.Y., in August,
1901. And the present volume is, in substance, a reproduc-
tion of these lectures, with such additions and modifications
as seemed to me desirable in order that the book could serve
as a treatise on that part of the Calculus of Variations to
which the discussion is here confined, viz., the case in which
the function under the integral sign depends upon a plane
curve and involves no higher derivatives than the first.

With this view I have throughout supplied the detail argu-
mentation and introduced examples in illustration of the gen-
eral principles. The emphasis lies entirely on the theoretical
side: I have endeavored to give clear definitions of the fun-
damental concepts, sharp formulations of the problems, and
rigorous demonstrations. Difficult points, such as the proof
of the existence of a ‘field,” the details in HILBERT’S exist-
ence proof, etc., have received special attention.

For a rigorous treatment of the Calculus of Variations
the principal theorems of the modern theory of functions of
a real variable are indispensable; these I had therefore to
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presuppose, the more so as I deviate from WEIERSTRASS and
KNESER in not assuming the function under the integral sign to
be analytic. In order, however, to make the book accessible
to a larger circle of readers, I have systematically given ref-
erences to the following standard works: Encyclopaedie der
mathematischen Wissenschaften (abbreviated E.), especially
the articles on “Allgemeine Functionslehre” (PRINGSHEIM)
and “Differential- und Integralrechnung” (Voss); JORDAN,
Cours d’ Analyse, second edition (abbreviated J.) ; GENOCCHI-
PEeano, Differentialrechnung und Grundzige der Integral-
rechnung, translated by BoaLMANN and ScHEPP (abbreviated
P.); occasionally also to Din1, Theorie der Functionen einer
verdnderlichen reellen Grosse, translated by LUroTH and
ScHEPP; StOoLZ, Grundziige der Differential- und Integral-
rechnung. The references are given for each theorem where
it occurs for the first time ; they may also be found by means
of the index at the end of the book.

Certain developments have been given in smaller print in
order to indicate, not that they are of minor importance, but
that they may be passed over at a first reading and taken up
only when referred to later on.

A few remarks are necessary concerning my attitude
toward WEIERSTRASS’S lectures. WEIERSTRASS’S results and
methods may at present be considered as generally known,
partly through dissertations and other publications of his
pupils, partly through KNESER’S Lehrbuch der Variations-
rechnung (Braunschweig, 1900), partly through sets of notes
(‘““‘Ausarbeitungen’’) of which a great number are in circula-
tion and copies of which are accessible to everyone in the
library of the Mathematische Verein at Berlin, and in the
Mathematische Lesezimmer at Gottingen.

Under these circumstances I have not hesitated to make
use of WEIERSTRASS’S lectures just as if they had been pub-
lished in print.
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My principal source of information concerning WEIER-
STRASS’S theory has been the course of lectures on the Cal-
culus of Variations of the Summer Semester, 1879, which
I had the good fortune to attend as a student in the Uni-
versity of Berlin. Besides, I have had at my disposal sets
of notes of the courses of 1877 (by MR. G. ScHULz) and of
1882 (a copy of the set of notes in the “Lesezimmer” at
Gottingen for which I am indebted to PROFESSOR TANNER), &
copy of a few pages of the course of 1872 (from notes taken
by Mr. O1T), and finally a set of notes (for which I am
indebted to Dr. J. C. FIELDS) of a course of lectures on the
Calculus of Variations by Proressor H. A. SCHWARZ
(1898-99).

I regret very much that I have not been able to make
use of the articles on the Calculus of Variations in the
Encyclopaedie der mathematischen Wissenschaften by
KNESER, ZERMELO, and HaHN. When these articles ap-
peared, the printing of this volume was practically com-
pleted. For the same reason no reference could be made to
Hax~cock’s Lectures on the Calculus of Variations.

In concluding, I wish to express my thanks to PRoFEsSOR
G. A. Buiss for valuable suggestions and criticisms, and to
Dr. H. E. JorpaN for his assistance in the revision of the

proof-sheets.
OskaR Bowvrza.
Tae UnNiversity oF CHICAGO,
August 28, 1904.
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CHAPTER 1

THE FIRST VARIATION
§1. INTRODUCTION

THE Calculus of Variations deals with problems of maxima
and minima. But while in the ordinary theory of maxima
and minima the problem is to determine those values of the
independent variables for which a given function of these
variables takes a maximum or minimum value, in the Cal-
culus of Variations definite infegrals' involving one or more
unknown functions are considered, and it is required so to
determine these unknown functions that the definite inte-
grals shall take maximum or minimum values.

The following example will serve to illustrate the char-
acter of the problems with which we are here concerned, and
its discussion will at the same time bring out certain points
which are important for an exact formulation of the general
problem :

JExampLE 1: In a plane there are given two points A, B
and a straight line &. It 1is required to determine, among all
curves which can be drawn in this plane between A and B,
the one which, if revolved around the line £, generates the
surface of mimimum areaq.

We choose the line £ for the x-axis of a rectangular
system of co-ordinates, and denote the co-ordinates of the
points A and B by a4, y, and x;, y; respectively. Then for
a curve |

y=r(x)

1The problem of the Calculus of Variations has, however, been extended beyond
the domain of deflnite integrals (viz., to functions defined by differential equations)
by A. MAYER, Leipziger Berichte, 1878 and 1895. Compare KNESER, Lehrbuch,chap. vii.

1



2 CALCULUS OF VARIATIONS [Chap. I

joining the two points 4 and B, the area in question is given
by the definite integral '

11 —
J=21rf yV1i+yda

0
where y' stands for the derivative f’(x). For different
curves the integral will take, in general, different values;
and our problem is then analytically: among all functions
S (x) which take for « = x, and & = x; the prescribed values
Yo and y, respectively, to determine the one which furnishes
the smallest value for the integral J.

This formulation of the problem implies, however, a
number of tacit assumptions, which it is important to state
explicitly :

a) In the first place, we must add some restrictions con-
cerming the nature of the functions f(x) which we admit to
consideration. For, since the definite integral contains the
derivative y’, it is tacitly supposed that f(x) has a deriva-
tive ; the function f(x) and its derivative must, moreover,
be such that the definite integral has a determinate finite
value. Indeed, the problem becomes definite only if we
confine ourselves to curves of a certain class, characterized
by a well-defined system of conditions concerning continuity,
existence of derivative, etc.

For instance, we might admit to consideration only func-
tions f () with a continuous first derivative; or functions
with continuous first and second derivatives; or analytic
functions, etc.

b) Secondly, by assuming the curves representable in the
Jorm y =f (x), where f (x) is a single-valued function of x,
we have tacitly introduced an important restriction, viz., that
we consider only those curves which are met by every ordi-
nate between x, and x; at but one point.

1a being a real positive quantity, v a will always be understood to represent
the positive value of the square root.
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We can free ourselves from this restriction by assuming
the curve in parameter-representation :'

C‘U——""‘f’(t) ’ y:‘/’(t) .

The integral which we have to minimize becomes then
|
J:ij: yVa oy tdt ,
(]

where x'= ¢'(f), y'= ¥’ (¢), and where {, and £, are the
values of ¢ which correspond to the two end-points.

c¢) It is further to be observed that our definite integral
represents the area in question only when y = 0 throughout
the interval of integration. The problem implies, there-
fore, the condition that the curves shall lie in a certain
region® of the x, y-plane (viz., the upper half-plane).

d) Our formulation of the problem tacitly assumes that
there exists a curve which furnishes a minimum for the area.
But the existence of such a curve is by no means self-
evident. We can only be sure that there exists a lower
limit? for the values of the area; and the decision whether
this lower limit is actually reached or not forms part of the
solution of the problem.

The problem may be modified in various ways. For
instance, instead of assuming both end-points fixed, we may
assume one or both of them movable on given curves.

An essentially different class of problems is represented
by the following example :

1Compare chap. iv. Even in this generalized form the analytic problem is not
quite so general as the original geometrical problem. For the area in question may
exist and be finite, and yet not be representable by the above definite integral. This
suggests an extension of the problem of the Calculus of Variatioas, first considered
by WEIERSTRASS. Compare §§31 and 44.

2 A restriction of the same nature, but from other reasons, occurs in the problems
of the brachistochrone and of the geodesic; compare §26.

3Compare E. I A, p. 72, and IT A, p. 9; J. I, No. 25; and P., No. 20.
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ExampLE II: Among all closed plane curves of given
perimeter to determine the one which contains the maximum
area.

If we use parameter-representation, the problem is to
determine among all curves for which the definite integral

3
. Va4 ydt
0

has a given value, the one which maximizes the integral

B}
JZa}f (xy' — x'y)dt .
to

Here the curves out of which the maximizing curve is to be
selected are subject—apart from restrictions of the kind
which we have mentioned before—to the new condition of
furnishing a given value for a certain definite integral.
Problems of this kind are called ‘isoperimetric problems ;"
they will be treated in chap. vi.

The preceding examples are representatives of the simplest
—and, at the same time, most important—type of problems
of the Calculus of Variations, in which are considered defi-
nite integrals depending upon a plane curve and containing
no higher derivatives than the first. To this type we shall
almost exclusively confine ourselves.

The problem may be generalized in various directions:

1. Higher derivatives may occur under the integral.

2. The integral may depend upon a system of unknown
functions, either independent or connected by finite or
differential relations.

3. Extension to multiple integrals.

For these generalizations we refer the reader to C. JORDAN,
Cours d’ Analyse, 2¢éd., Vol. ITI, chap. iv ; PAscAL-(SCHEPP),
Die Variationsrechnung (Leipzig, 1899) ; and KNESER, Lehr-
buch der Variationsrechnung (Braunschweig, 1900), Ab-
schnitt VI, VII, VIII.



§2] FirsT VArIATION )

§2. AGREEMENTS' CONCERNING NOTATION AND TERMINOLOGY

a) We consider exclusively real variables. The ‘‘infer-
val (a b)” of a variable x — where the notation always
implies @ <b—1is the totality of values x satisfying the
inequality a=«x=b. The “vicinity (3) of a point x,=ay,
Ty=ay, +++, T,=a,  is the totality of points x, x5, - - -, a,
satisfying the inequalities:

lxl—all<89 ]xz_a2]<8, trt Ixn—'anj<8.

The word “domain’ will be used in the same sense as
the German Bereich, 1. e., synonymous with “set of points”
(compare E. IT A, p.44). The word “region” will be used :
(a) for a “continuum,” 7. e., a set of points which is “con-
nected” and made up exclusively of ‘“inner” points ; in this
case the boundary does not belong to the region (‘“‘open”
region); (b) for a continuum together with its boundary
(“closed” region); (¢) for a continuum together with part
of its boundary. The region may be finite or infinite; it
may also comprise the whole n-dimensional space.

When we say: a curve lies ‘“‘4n” a region, we mean : each
one of its points is a point of the region, not necessarily an
inner point.

For the definition of ‘inner” point, ““boundary point”
(frontiere), and “connected” (d’un scul tenant) we refer to
E. II A, p. 44; J. I, Nos. 22, 31; and Hurwirz, Verhand-
lungen des ersten internationalen Mathematikercongresses
in Zirich, p. 94.

b) By a “function” is always meant a real single-valued
function.

The substitution of a particular value « =, in a function

¢ () will be denoted by
¢@| = 9@ ;

1The reader is advised to proceed directly to §3 and to use §2 only for reference.
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x=x,

similarly opl

¢(x, y) = ¢ (xy, %) ;

also
1
[+@] =@ —¢@ .
T
Instead we shall also use the simpler notation

 (x) Io, ¢ (z, y) ’0, [¢@)],

where it can be done without ambiguity, compare ¢).

We shall say: a function has a certain property ' a
domain ¥ of the independent variables, if it has the property
in question at all points of the domain $, no matter whether
they are interior or boundary points.

A function of x;, a3, -, x, has a certain property in the
vicinity of « pownt xy=ay, Ly =as, " *, &, = a,, if there exists
a positive quantity 8 such that the function has the property
in question in the vicinity (8) of the point ay, as,: -, a,.

Ifhl.0¢(h)20, we shall say: ¢(h) is an “infinitesimal”

(for Lh=0); such an infinitesimal will in a general way
be denoted by (k). Also an independent variable & which
in the course of the investigation is made to approach zero,
will be called an ““infinitesimal.”

¢) Derivatives of functions of one variable will be denoted
by accents, in the usual manner:

F@=YD p@=tE

For brevity we shall use the following terminology?* for
various classes of fumctions which will frequently occur in
the sequel. We shall say that a function f(x) which is
defined in an interval (xyx;) is

10r, with more emphasis, ** throughout.”

2The letters C, D are to suggest ‘' continuous,” *‘ discontinuous; ' the accents
the order of the derivative involved.
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of class C if f(x) is continuous
of class C’ if f (x) 'am.i f. (:c) af'e (.:on'tinflogs in (2 .
of class cw 1f b (a:) I’ (ac), -and f™(x)are continuous

with the understanding concerning the extremities of the
interval that the definition of f(x) can be so extended
beyond (xyr;) that the above properties still hold at
xy and «;.

If f(x) itself is continuous, and if the interval (xr;) can
be divided into a finite number of subintervals

(wocl), (0102) y Tt (cn—l-'l'l) ’
such that in each subinterval f(x) is of class C'(C’"’), whereas
S (x) (f"'(x)) is discontinuous at ¢y, ¢;," -, ¢,_;, we shall say

that f(x) is of class D’'(D’’). We consider class C’'(C"") as
contained in D’(D’’), viz., for n =1.
From these definitions it follows that, for a function of

¥
class D’, the progressive' and regressive derivatives f(c,),

f’(c,,) exist, are finite and equal to the limiting values®
f'(c, +0), f'(c, —0) respectively.

d) Partial derivatives of functions of several variables
will be denoted by literal subscripts (KNESER):

OF(x,y,p
Fg(x,y,P):”—"a—y—) )
OF (x,
Y L S
also oy
OF (x, y, p) p=ro
Fu(xOyyOapo): (3yl‘_p—)

Also of a function of several variables we shall say that
it is of class C™ in a domain & if all its partial derivatives
1E. II A, p. 61; DIN1, Grundlagen, etc., §68: and StoLz, Grundzige, etc., Vol.

I, p. 81.
2E.II A, p. 13.
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up to the ntt order inclusive exist and are continuous in'
the domain .

e) The letters x, y will always be used for rectangular
co-ordinates with the usual orientation of the positive axes,
1. e., the positive y-axis to the left of the positive x-axis. It
will frequently be convenient to designate points by num-
bers: 0, 1, 2,---; the co-ordinates of these points will then
always be denoted by xg, %05 %1, Y15 %3, Y25 - Tespectively;
their parameters, if they lie on a curve given in parameter-
representation, by #,, #;, £, .

A curve’ (arc of curve)

y=r(x , B ==,

will be said to be of class C, C’, etc., if the function f(x)
is of class C, C’, etc., in (xgr;). In particular, a curve of
class D’ is continuous and made up of a finite number of
arcs with continuously turning tangents, not parallel to the
y-axis. The points of the curve whose abscissa are the points
of discontinuity Cy, C,, ---,
Cp_y of f'(x), - -+ will be called
its corners. At a corner the
curve has a progressive and a

P ‘\\ regressive tangent, and,
| . . o
Al , . tana=f"(c) , tana=7f"(c) .
FIG. 1 (See Fig. 1.)

f) The integral
J::fF(w, y,y')dx
taken along the curve
C: y=r(x), rnr=nx

1When & contains boundary points, an agreement similar to that in the case
of one variable is necessary with respect to these points.

3The corresponding definitions for curves in parameter-representation will be
given in §24.
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from the point A (x,, y) to the point B (xy, yy), t. e., the
integral

j;:lF(x, f(x), f’(w)) dx

will be denoted by J (4 B) (more briefly J, or J(A4B)); or
by J,,, if the end-points are designated by numbers: u, v.

g) The distance between the two points P and @ will be
denoted by | PQ|, the circle with center O and radius r by
(O, r) (HarkNEss AND MoRLEY). The angle which a vector
makes with the positive x-axis will be called its amplitude.

§3 GENERAL FORMULATION OF THE PROBLEM'

a) After these preliminary explanations, the simplest
problem of the Calculus of Variations may be formulated in
the most general way, as follows:

There is given:

1. A well-defined infinitude M of curves, representable
in the form

y=r(x), T =X =X 5
the end-points and their abscisse «,, 2; may vary from curve to
curve. We shall refer to these curves as ‘‘admissible curves.”

2. A function F'(x, y, p) of three independent variables
such that for every admissible curve €, the definite integral

1
Jg = N F(x,y,y')dx 1)

has a determinate finite value.

1Until rather recently a certain vagueness has prevailed with respect to the
fundamental concepts of the Calculus of Variations. The most important contribu-
tions toward clear definitions and sharp formulations of the problems are due to
Du Bors-REYMonD, * Erlauterungen zu den Anfangsgrinden der Variationsrech-
nung,” Mathematische Annulen, Vol. XV (1879), p. 283; SCHEEFFER, ‘' Ueber die
Bedeutung der Begriffe ‘Maximum und Minimum® in der Variationsrechnung,”
ibid., Vol. XXVI (1886), p. 197; WEIERSTRASS, Lectures on the Calculus of Variation,
especially those since 1879. Compare also ZERMELO, Untersuchungen zur Varia-
tionsrechnung, Dissertation (Berlin, 18%4), p.24; KNESER, Lehrbuch,§117, and OsGoop,
* Sufficient Conditions in the Calculus of Variations,” dAnnals of Mathematics (2),
Vol. II (1901), p. 105.
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The set' of values J; thus defined has always a lower
limit, K, and an upper limit, G (finite or infinite®). If the
lower (upper) limit is finite, and if there exists an admissible
curve € such that

Je =K, Je=@) ,
the curve € is said to furnish the absolute minimum (maxi-
mum) for the integral J (with respect to ). For every
other admissible curve € we have then

Je=Jde, (Je=Jo) - (2)

The word “extremum”® will be used for maximum and mini-
mum alike, when it is not necessary to distinguish between
them.

Hence the problem arises: to determine all admissible
curves which, in this sense, minimize or maximize the inte-
gral J.

b) As in the theory of ordinary maxima and minima, the
problem of the absolute extremum, which is the ultimate
aim of the Calculus of Variations, is reducible to another
problem which can be more easily attacked, viz., the problem
of the relative extremum:

An admissible curve € is said to furnish a relative mini-
mum* (maximum) if there exists a “neighborhood ¥ of the
curve € however small, such that the curve € furnishes an
absolute minimum with respect to the totality M; of those
curves of #Ml which lie in this neighborhood; and by a
neighborhood ¥ of the curve € we understand any region®
which contains € in its inferior.

N 1By ‘‘set” we translate the German Punktmenge, the French ensemble, J. I,
* 220’I‘he upper limit is + 00, if for every preassigned positive quantity 4 there
exist curves ¢ for which Jg > 4; see E. II A, p. 9.

3 Du Bors-REYMOND, Mathematische Annalen, Vol. XV, p. 564,

4In the use of the words **absolute’’ and ‘‘relative’ I follow Voss in E. II A,
p. 80. Many authors call the isoperimetric problems *‘ problems of relative maxima
and minima.”

5 For the definition of the term * region,” see p. 5.
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According to SToLZ, the relative minimum (maximum)
will be called proper, if there exists a neighborhood ¥ such
that in (2) the sign > (<) holds for all curves € different
from €; /mproper if, however the neighborhood ¥ may be
chosen, there exists some curve € different from € for which
the equality sign has to be taken.

A curve which furnishes an absolute extremum evidently
furnishes « fortior: also a relative extremum. Hence the
original problem is reducible' to the problem: to determine
all those curves which furnish a relative minimum,; and in
this form we shall consider the problem in the sequel.

We shall henceforth always use the words ‘‘minimum,”
“maximum” in the sense of relative minimum, maximum;
and we shall confine ourselves to the case of a minimum,
since every curve which minimizes J, at the same time maxi-
mizes — J, and wvice versa.

¢) In the abstract formulation given above, the problem
would hardly be accessible to the methods of analysis; to
make it so, it is necessary to specify some concrete assump-
tions concerning the admissible curves and the function ¥

For the present, we shall make the following assumptions:

A. The infinitude M of admissible curves shall be the
totality of all curves satisfying the following conditions:

1. They pass through two given points 4 (xy, y,) and

B (xla yl)'
2. They are representable in the form

y=r(x), n=r=uwx,

f(x) being a single-valued function of x.
3. They are continuous und consist of a finite number of

1 After the relative problem has been solved, it merely remains to pick out among
its solutions those which furnish the smallest or largest value for J. Only if the
relative problem should have an infinitude of solutions, new difficulties would arise.
For a direct treatment of the problem of the absolute extremum compare HILBERT'S
existence proof (chap. vii); DARBOUX, Théorie des surfaces, Vol. 111, p. 89; and ZER-
MELO, Jahresbericht der Deutschen Mathematiker-Vereinigung, Vol. XI (1902), p. 184.
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arcs with continuously turning tangents, not parallel to the
y-axis; 1. e., in the terminology of §2, ¢), f(x) is of class D’.

4. They lie in a given region’ R of the x, y-plane.

B. The function F'(x, y, p) shall be continuous® and
admit continuous partial derivatives of the first, second, and
third orders in a domain® @ which consists of all points*
(2, y, p) for which (x, y) is a point of &, and p has a finite value.

Under these assumptions the definite integral J; taken
along any admissible curve € is always finite and determi-
nate,’ provided we define, in the case of a curve with corners,
the integral as the sum of integrals taken between two suc-
cessive corners. Since we suppose the end-points 4 and B
fixed and the curves representable in the form y=f(x), the
curves € all lie between the two lines x=ux, and x=u,,
with the exception of the end-points, which lie on these

lines.

Hence it follows that we may, in the present case, give
the following simpler definition of a minimum: An admis-
sible curve €:y=f(x) minimizes the integral J, if® there

1Compare §2, a).

2] follow here the example of PASCAL, loc. cit., p. 21, and OsGoob, loc. cit., p. 105,
WEIERSTRASS, JORDAN, and KNESER suppose the function F (z, y, p) to be analytic.

31f we interpret p as a third co-ordinate perpendicular to the z, y-plane, ¥ is the
cylinder, infinite in both directions, whose base is the region R&. '

4“Point” in the sense of the theory of *‘ point-sets.” Compare E. II A, p. 44,
and J. I, No. 20.

5If the curve has no corners, this follows at once from elementary theorems on
continuous functions (J. I, Nos. 60, 66). If the curve has corners, the integral Jg has
no immediate meaning. But the two integrals

x) z
f F(#.7(@).f @)ds and f F (2 f (@, 7(2)) dz
xo

Zo
are finite and determinate and equal to each other, and at the same time equal to the
sum of integrals mentioned in the text. Compare DINI, loc. cit., §62; §187,2; §190,9;
and §190, 2.

6 In admitting the equality sign in the inequality (2), I deviate from the conven-
tions generally adopted in the Calculus of Variations and follow SToLz (Grundzige
der Differenzialrechnung, Vol. I, p. 199), whose definition is more consistent with
the usual definition of absolute minimum. If the equality sign were omitted, it
could not be said that every curve which furnishes an absolute minimum furnishes
a fortiori also a relative minimum.
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exists a positive quantity p such that J;=J; for every
admissible curve €:y=f(x) which satisfies the inequality

ly—yl<p for m=ax=Zu . (3)

This means geometrically that the curve € lies in the interior’
of the strip of the , y-plane between the two curves

y=r@)+p, y=f(®)—p

on the one hand, and the two - 140
lines @ =uway, *=x; on the 5@
other hand. This strip we ¢ - 5

shall call “the neighborhood® ‘

(p) of the curve €, the points
A and B being included, the
rest of the boundary excluded.

Xy x

FIG. 2

§4: VANISHING OF THE FIRST VARIATION

We now suppose we have found a curve €: y=f () which
minimizes the integral

]
J:f F(x,y,y )dx

Zo

in the sense explained in the last section. We further sup-
pose, for the present,’ that f'(x) 7s continuous in (xyr)) and
that C lies entirely in the inferior of the region &.

From the last assumption it follows that we can construct*
a neighborhood (p) of € which lies entirely in the interior

of &.

1Except, of course, the points 4 and B.

2 Compare Oscoop, loc. cit., p.107.

3These restrictions will be dropped in §§9 and 10.

4 About any point P of ¢ we can construct a circle (P, r) which lies entirely in
R, since P is an inner point of . Let pp be the upper limit of the values of r for
which this takes place. Then pp varies continuously as P describes the curve ¢
(WEIERSTRASS, Werke, Vol. I, p. 204) and reaches therefore a positive minimum
value p, (compare E. IT A, p. 19 and J. I, No. 64, Cor.). If we choose p < Py the neigh-
borhood (p) of ¢ will lie in the interior of &.
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We then replace’ the curve € by another admissible curve
G: y=rf(@),
lying entirely in the neighborhood (p).
The increment
Ay=§—y=Ff(x)—f(=),
which we shall denote by w, is called the fotal variation of y.
Since € and € pass through 4 and B, we have

w(x)=0, w(x)=0, 4)
and since € lies in (p),
lo(@)|<p  in (ww) . (4a)
The corresponding increment of the integral,
AJ=Jzg—dJs ,

is called the total variationof the integral J ; it may be written:
x] -
AJ = f [F(x, y+o,y+o)—F(x,y, y’)]dx .
o

Since € is supposed to minimize .J, we shall have
AJT=0,

provided that p has been chosen sufficiently small.

For the next step in the discussion of this inequality two
different methods have been proposed:

a) Application of Taylor’s formula: If we apply Tay-
lor’s? formula to the integrand of A J, we obtain, in the nota-

tion of §2, d),

1The process of replacing ¢ by ¢ is called “ avariation of the curve ¢;” the same
term is frequently applied to the curve ¢ itself, which is sometimes also called ‘' the
varied curve,” or ‘‘ a neighboring curve.”

2The conditions for the applicability of Taylor’s formula are fulfilled, com-
pare E. II A, p. 77, and J. I, No. 233, F,., F,, . etc., are synonymous with Fp Fypete,

The method here used was first given by LAGRANGE. See Oeuvres, Vol. IX, p. 297.
Compare also Du Bors-REYMOND, Mathematische Annalen, Vol. XV (1879), p. 292, and
PASCAL-ScHEPP, Die Variationsrechnung, p. 22.

Instead of Taylor’s formula with the remainder-term, WEIERSTRASS (Leéc.
tures), KNESER (Lehrbuch der Variationsrechnung, §8), and C. JORDAN (Cours
d’ Analyse, Vol. 111, No. 350), who suppose F (x,y,p)tobe analytic,use Taylor’s
expausion into an infinite series. Here, however, the question of integration by
terms should be considered.
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!
AJ = f (Fyo+ F,o')dx
zy

3 T ~ ~
+‘%~£0 (Fwwz—}-2Fw,ww'—|—F,-y-w")dx ’

where the arguments of F, and F). are x, y, y’', those of
I'm,, Fyy, F“, T x, y—}—9w, Y —}—0(» , 0 being a quantity
between 0 and 1.
We now consider, with LAGRANGE, special® variations of
the form
©w=c¢€n, (5)

where 7 is a function of a of class D' which vanishes for
x =2, and x =x;, and € a constant whose absolute value is
taken so small that (4a) is satisfied.

Then A J takes the form®

ss=d [ Et s+ o], ®)

where (¢) denotes an infinitesimal for Le=:0.
Hence we infer that we must have

f (Fyn+Fyn')de =0 (7)
for all functions 7 of class D’ which vanish at x, and z,;

1 Oeuvres, Vol. IX, p. 298,

2 For the purpose of deriving necessary conditions, we may specialize the
variations as much as convenient. It will be different when we come to sufficient
conditions (compare §17).

3 Proof : Wo suppose first that »' () is continuous in (x,,) and denote by  and
«' the maxima of |n(x)| and |9'(x)| in (x4;), and by ¢ a quantity greater than the
maximum of |f(2)| in (x,x;). Having once chosen the function » (x), we can then
determine a positive quantity 8 such that the point (x,%) lies in the neighborhood (p)
of ¢ and that —¢ < 7' < ¢q for every x in (z,x,), provided that |e| < 8. On the other
hand, the three functions |F l, Ilv v b lf’ .| remain, in this domain, below a
finite fixed quantity G. Honce by the mean va ue theorem,

f (Fyyo* +2Fyywo +Fypo?)de |6 (WP42m wtn?) (2, - 2p) -

It ' (x) is not continuous in (xyx,), apply the same reasoning to the integrals
taken between two successive corners of &.
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for otherwise we could make A J negative as well as positive
by giving € once negative and once positive sufficiently small
values.

b) Differentiation with respect to €: The same result (7)
as well as formula (6) can be obtained by the remark, due
to LAGRANGE,' that by the substitution of ey for w, the inte-
gral J becomes a function of ¢, say J (), which must have a
minimum for €==0. Hence we must have®.J’(0)=0. If
n(x) is of class C' in (xyr,), it follows from our assumptions
concerning the function ¥ and the curve € that

dF (x, y(x) + en(x), y'(x) + ey’ (x))
d¢

is a continuous function of x and € in the domain,

r=x=ux, |€|=¢€), € being a sufficiently small positive
quantity, and therefore the ordinary rule® for the differen-
tiation of a definite integral with respect to a parameter may
be applied. Hence we obtain

dJ(C f (Fyn+ Fyn')de .
This proves (7) and at the same time (6), since by the defi-
nition of the derivative,
AT =J(e) —J(0) =e(J'(0) +(¢)) .

It n(x) is of class D', decompose the integral J in the
manner described in §3, ¢), and then proceed as above.

¢) The symbol &: We now make use of the following
permanent notation introduced by Lacrange* (1760).

Let ¢(x, ¥, ¥', ¥, - -+) be a function of x, y and some of
the derivatives of y, whose partial derivatives with respect

1Qeuvres, Vol. X, p. 400. This method has been adopted by LINDELOF-MOIGNO,
DIENGER, and O8GOOD.

2Moreover J''(0) must be=0. This condition will be discussed in chap, ii.

3Compare E. II A, p. 102; J. I, No. 83.

4 Oeuvres, Vol. I, p. 836. Compare also J. III, No. 348,
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toy,y’,y",--- up to the ntt order exist and are continuous
in a certain domain. Then if we replace y by y=y +{ en,
and accordingly y' by y" ==y’ |-en’, etc., we can expand the
function

$:¢(x1?/+“7y ?/"f‘“)’»"')

according to powers of € and obtain an expansion of the form

€ 2 n
$=d+ibtoght -+ bt

where (¢) denotes as usual an infinitesimal, and

b=+ b0 + m + -
¢‘l - ¢yy772+ ¢y‘y‘7712+ e + 2¢yy'7,77, + et
The quantities ep;, €d,, --- are called the first, second,
..« variation of ¢ and are denoted by &¢, &¢, ... respect-

ively.
It is easily seen that

3¢ =8 (8 '¢) .
Again, if ¢ does not contain €, 8¢ may be defined by

Similarly, 8J is defined as the term of order k, multiplied
by k!, in the expansion of

— zy
J=f Fx,y+en,y +ep')dx
xy

according to powers of ¢, the possibility of this expansion up to
terms of order k being, of course, presupposed. Accordingly

k—f
sy =4

=0
deF e,
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It follows immediately' that
#r= [ #rde .
In particular ”
3J:€_£:1(Fm+Fu'n’)dx - @®)

We may therefore formulate the result reached above as
follows: For an ecxtremum it 1s nmecessary that the first
variation of the integral J shall vanish for all admissible
variations of the function y.

d) More general type of variations: For many investigations
it is necessary to extend the important formula (6) to variations of
the following more general type :*

w=o(r,e , (da)

where w(x, ¢) is a function of  and ¢ which vanishes identically
for e=0. We suppose that w(x, ¢) together with the partial deriva-
tives w;, we, wye are continuous in the domain

wnSe=<z, |]=«,

¢, being a sufficiently small positive quantity.
Moreover, in the case when both end-points are fixed

o (%, € =0 and o(x, =0

for every |e/|=¢,. If we denote w.(x, 0) by 7(x), formula (6) holds
also for variations of type (ba). This can be most easily proved by
the method explained under b).

For the function

J(9 :J:'F(x, y(@) o @, 9, y' @)+ o, (@, 9)de

must have a minimum for e=0, and therefore J'(0) =0. From the
above assumptions concerning w (x, ¢) it follows that differentiation
ander the sign is allowed and that ., exists and is equal?® to wz..

1Provided always that the limits are fixed and that the ordinary rules for the
differentiation of a definite integral with respect to a parameter are applicable.

3Such variations were already considered by LAGRANGE, Oeuvres, Vol. X, p. 400.
3Compare E. IL A, p. 73.
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Hence we obtain® also in the present case
xy
IO =f Fpt Fyr)a
0

which leads immediately to (6).

For variations of type (ba) the definition of the symbol & must
be modified. In order to cover also the case of variable end-points,
we suppose that o and &, are functions of ¢ which reduce to x, and
x, respectively, for e=0. Putting then as before

y=y@) o e, 4 =y (@) tox, ¢,
ﬁ 2 i ;l o e=0
we define S”J:%‘ F(x,7,7)dm|- &
o

and similarly if ¢ is a function of x, y, y', .-+ and %, @,
€e=0
'Ck B

8k¢ __ak¢(x’ g! Z_II, ) EO) E’l)
- e+

The definition of the symbol & given under b) is a special case
of this general definition.

The method of differentiation with respect to ¢, especially when
combined with the consideration of variations of type (ba), seems
to reduce the problem of the Calculus of Variations to a problem of
the theory of ordinary maxima and minima ; only apparently, how-
ever; for, as will be seen later, the method furnishes only necessary

1 For variations of the special type (5) equation (6) may also be written

1
AJ=f (wa-*—Fu.w’)dx—{-e(t) . (6a)

o

This formula remains true for variations of the more general type (5a). For from
the properties of w (x, ¢) it follows that the quotients

(w(a:,c)—m(x, 0))/« and (wz(x, €) —w, (x, 0))/«
approach for Le=0 their respective limits w,(z, 0) and w,,(x,0) uniformly for all

values of z in the interval (x,x,) (compare E. II A, pp. 18, 49, 52, 65; J. I, Nos, 62, 78
and P., Nos. 45, 100). Hence it follows that

) x)

f (wa—i-Fu.w')dx:ef (Fv'q-f-Fv.n’)d:v-{-c(e) .
£ xg

which proves the above statement.

2 Always under the assumption that all the derivatives occurring in the process
exist aud are continuous.
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conditions, but is inadequate for the discussion of sufficient condi-
tions, whereas the method based upon Taylor’s formula, though less
elegant, furnishes not only necessary but also sufficient conditions,
at least for a so-called weak minimum (compare §17, b).

e) Transformation of the first variation by integration
by parts:

For the further discussion of equation (7) it is customary
to integrate the second term of 8.J by parts:

8J—e§[nF] +f (F ———F)dx% )

Since 7 vanishes at xy and wx,, this leads to the result that
for an extremum it is necessary that

F’———F.)d.r:() 10
£0 7’( WA (10)

for all functions 5 of class D’ which vanish at x, and «;.

The integration by parts presupposes, however, that not
only y' but also y'’ exists and is continuous in (xyxry), and
for the present we shall make this further restricting assump-
tion' concerning the minimizing curve.

§5. THE FUNDAMENTAL LEMMA AND EULER’S EQUATION

To derive further conclusions from the last equation we
need the following theorem, which is known as the Funda-
mental Lemma of the Calculus of Variations:

If M s a function of x which is continuous in (xyr,),
and if
J amax=0 (11)

o

1The necessity of this assumption was first emphasized by Du Bors-REYMOND in
the paper referred to on p.9). If y'' does not exist, the existence of g— Fy- becomes
doubtful. The restriction will be dropped in §6. Discontinuities of #’ of the kind
here admitted do not interfere with the above results (9) and (10), since » itself is
continuous. For the principles involved in the integration by parts, compare E. IT A,
p. 99, and J. I, Nos. 81, 84.
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Jor all functions n which vanish at xy and ry and which
admit a confinuous derivative in (xgry), then
in (xex,). M=0 (12)
For suppose M (x')=+0, say >0, at a point &’ of the
interval (xgx,); then we can, on account' of the continuity
of M, assign a subinterval (£¥&,) of (xyr;) containing 2" and
such that M >0 throughout (££;). Now choose 7 =0 out-
side of (&) and 7 = (x — &)*(x —&)* in (£€;); this function
admits a continuous derivative in (xgr;), vanishes at ay and .r,.
and nevertheless makes

1
f nMd.v>0 s

gy

contrary to the hypothesis (11); therefore M (x')=0 is
impossible.?

The conditions of this lemma are fulfilled for equation
(10); for, since we suppose y'’ to exist and to be continuous

in (x¢x,), the function o d
. . 5. M:ﬁ”—‘d;F”'
is continuous® in (xyx,).

1Compare P., No. 17.

2This proof is due to Du BoIrs-REYMOND (Mathematische Annalen, Vol, XV
(1879), pp. 297, 300). In the same paper he proves that the conclusion M =0 remains
valid even if the equation (11) is known to hold only :

1. Forall functions » having continuous derivatives up te the nth order, inclusive :
proceed as above and choose, for (£¢)),

1= (x—£)" T (-2

2. For all functions having all their derivatives continuous.

H. A. ScHWARZ goes still farther and proves the conclusion valid if the »’s are
supposed regular in (z,x,), . e., developable into ordinary power series ¥ (r — «') in
the vicinity of every point ' of the interval (xyx,) Lectures on the Calculus of Varia-
tions, Berlin, 1898-99, unpublished.)

On the other hand, the proof given in most text-books, in which

n=(x—xy) (¢, —2)M

is used, assumes that (11) holds for all continuous functions » vanishing at &, , z,,
or else, if the assumptions of the lemma concerning n are not changed, that M’ exists
and is continuous. This last assumption would, in our case, imply that y''' exists
and is continuous. «

Also HEINE'S proof (Mathematische Annalen, Vol. II (1870), p. 189) could be
applied to our case only after further restricting assumptions concerning y.

3Compare J. I, No. 60, and P., No. 99.
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Hence we obtain the first necessary condition for an
extremum:

FuNpAMENTAL THEOREM I:' Every function y which min-
imizes or maximizes the integral

z1
J:f F(r,y,y')dx
o

must satisfy the differential equation

d i
Fy— - Fy=0. (1)

This differential equation was first discovered by EuLEr’
in 1744, and will be referred to as Euler's (differential)
equation.’

§6. DU BOIS-REYMOND’S AND HILBERT'S PROOFS OF EULER’S
EQUATION

The preceding method, which was based upon the integration
by parts of §4, furnishes only those solutions of our problem which
admit a continuous second derivative. The question arises: Do
there exist any other solutions and if so, how can we
find them?

in order to answer this question, we return to the equation
5J =0 in the original form (7) and, with Du Bois-Reymonp and
HiLBerT, integrate the first, instead of the second, term by parts.
Since 7 vanishes at both end-points, we get :

x) x
ﬁ 7' (F, — f F,dx)dx =0 . (13)
%o

0

1 We have prored this theorem only for functions y having a continuous second
derivative. The extension to functions having only a continuous first derivative
follows in §6, to functions of class D' in §9.

2EULER, Methodus inveniendr lineas curvas mazximi minimive proprietate
gaudenles, chap. ii, art. 21; in STACKEL'S translation in OS8TWALD’S Klausstker der
exakten Wissenschaften, No. 46, p. 54,

3 HILBERT, and others call it *‘ Lagrance’s Equation.” LAGRANGE him-
self attributes it to EULER. See Oeuvresde Lagrange, Vol. X, p. 397: ‘‘ cette équation
est celle qu'EULER a trouvée le premier.”
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This integration by parts is legitimate, even if '’ should not exist,
since it presupposes only the continuity® of F, and 7',

We are thus led to the problem :
If N(x) be continuous in (xyx,), and if

1
[ awas=o o
xp
for all functivns 1 of class C' which vanish at x, and x,, what
follows with respect to N ?
The answer is that N must be constant in (o)),
a) Du Bois-Revmonn? reaches this result by the following

device :
Let ¢ be any function which is continuous in (i) and satisfies
the condition

J;Tl{doc:O , (15)

x
n:f {dx
o

is of class C" in (xyx,) and vanishes for x =, and x=2a,, and
therefore, according to our hypothesis, satisfies (14), that is,

fmlCNda::O. (16)

then the function

Thus it follows from our hypothesis that every continuous func-
tion which satisfies (15) necessarily satisfies (16) also.
Now let & be any continuous function of &; and ¢ the following

constant :
1 1
¢=— f {idw
Xy — Xy Vg,

{={—c

is continuous and satisfies (15), hence it must satisfy also (16),
therefore

then the function

1The continuity of ¥, follows from the continuity (compare the beginning of §4)
of y' and from our assumption (B) concerning F'; and n' may be supposed continuous,
since (9) must hold for all functions 5 of class D' which vanish at x, and z,, and
thorefore « fortiori for all functions n of class C which vanish at xyand .

2 Loc. cit., p. 313.
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) x
[N = [ a@—naw =0, (17)
To o
if we denote by X the constant
x1
A= f Ndx/(x, — x,) .
Jao

But from (17) it follows by the Fundamental Lemma that!

N=2x,
i. e., constant, Q. E. D.
b) Another, more direct, proof has been given by HiLBErRT? in
his lectures (summer 1899). He selects arbitrarily four values,
a, B, a’, B satisfying the inequalities

H<alB<a <P <y,

and then builds up a function® # of class C' which is equal to zero

in (a02); increases from O to a posi-

tive value k¥ as x increases from a

e g 8  « tof; remains constant,=k in (Ba’);
FiG. 3 decreases from k to 0 as x increases

from a’ to 8, and finally is equal to zero in (8'x,):

Substituting this function in (14), we obtain

B 8’
f n'Ndx-{—f' 7’ Nde =0 ;

7' being positive in the first, and negative in the second, integral
we can apply to both the first mean-value theorem* which furnishes

k%N(a—{-O(B—a)) ——N(a’-—|—-0'(ﬂ'—a'))§ =0,

where 0 <8<1land 0<8'<1.
Finally, let 8 and B’ approach a and a' respectively; then it
follows, since N is continuous, that

1This result is a special case of the isoperimetric modification of the Funda-
mental Lemma, see below chap. vi.

2Sce WHITTEMORE, Annals of Mathematics (2), Vol. IT (1901), p. 132,

3 Nothing more than the existence of such a function — which is a priori clear —is
needed for the proof: HILBERT gives a simple example, see WHITTEMORE’S presenta-
tion,

4Compare E. IT A, p. 97; J. I, No. 49; and P., No. 191, IV,
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N(a) =N(a'),

1. €., N is constant in (aex,).!
¢) Applying this lemma to (13) we get

x
F,,.—f F,dx =\,
o

a constant ; or
» L
Ey=x+ | Fo (18)
o

The right-hand side of this equation is differentiable and its
derivative is F,; hence the same must be true of the left-hand
side, 4. e., the function

F, (:Jc, y(x), y'(x)) =F,[x]
is differentiable in (a4r;) and
d

dx By =F

.
Thus we find the important corollary to Theorem I that every
solution of owur problem with continuous first derivative-—not
only those admitting a second derivative—must satisfy Euler’s
equation.

From the fact that F,. is differentiable follows the existence?
of the second derivative y'' for all values of x for which

Fyy (x, y(x), y' (@) %0 . (19)
For, if we put

y(e+h)—yx)==Fk, y' (@+h)—y' ()=1,

then, since the theorem on total differentials?® is applicable under
our assumptions, and since y' is continuous, we have

1HILBERT'S proof can easily be extended to the case where N, while finite in
(«c2,), has a finite number of discontinuities. For, if a and a' are points of con-
tinuity, we can always choose B and B’ so near to o and a’ respectively that N is
continuous in (aB) and (a'B’); it follows then as above that N (a) = N (a'), 7. e., under
the present assumptions N has the SAME constant value in all points of continuity.
Hence it follows further that in a point of discontinuity, ¢

N(c—0)=N(c+0) .
2First pointed out and emphasized by HILBERT in his lectures; see WHITTE-
MORE, loc. cit.
3Compare E. II A, pp. 11, 73; J. I, Nos. 88, 127; and P., No, 105.
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1@&+€—Fdﬂ:@%+@+§( v+ B+ ( v+

where a, 8, v approach zero as h approaches zero. Hence it follows
that if (19) is satisfied,

. r’
) i.e,y

exists, and that
g BT L s B (20)
vy

moreover, (20) shows that '’ is continuous in (xox,).

§7 MISCELLANEOUS REMARKS CONCERNING THE INTEGRATION
OF EULER’S EQUATION

@) Euler’s differential equation (I) is of the second
order,' as can be seen from the developed form
By—Fyo—y' By —y " Fyy =0 ; (21)
its general solution contains, therefore, two arbitrary con-
stants,

y=1(x,a,p). (22)
The constants a, 8 have to be determined® by the condition
that the curve is to pass through the two points 4 and B:

yt):f(a‘O’ a, B)
yl:f(xlx a, :B) .

Every solution of Euler’s equation (curve as well as

(23)

1Unless F, .(x,y,¥’) should be identically zero. In this case Euler's differ-
ential equation 3egenerates either into a finite equation or into the identity : 0=0
but never into a differential equalion of the first order. For if F » =0, F must be of
the form : L(x,y)+ M(x,y)y and (21) reduces to : L -M, —0 See also below,
under d).

If Euler’s differential equation degenerates into a finite equation, it is in
general impossible to satisfy the initial conditions when the end-points are fixed.

Also in the general case when F contains higher derivatives, Euler’s differ-
ential equation can never degenerate into a differential equation of odd order;
compare FROBENIUS, Journal filr Mathematik, Vol. LXXXV (1878), p.208,and HIrscH,
Mathematische Annalen, Vol. XLIX (1897), p. 50.

2This determination may be impossible; in this case there exists no solution of
the problem which is of class C’ aud lies in the interior of &R.
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function) is called, according to KNESER, an extremal; there
is then a double infinitude of extremals in the plane.

In the special case when F' does not contain x explicitly,
a first integral of (I) can be found immediately.! For, if F
does not contain « explicitly, we have

d ni A ’ ni d A
&;(I('—yﬁu'):y (Fy—'d;ﬁu')’

and therefore every solution of (I) also satisfies
¥ —y'F, = const. (24)

Vice versa, every solution of (24), except y = const., also
satisfies (I).

b) ExampLE I (see p. 1):

=yVit+y™.
Hence
:l/l+y/2 .l"'::—_g{y.._:‘, F:—T:?!ﬁ—:f‘—
PO vidyr T Y (Vi)Y
and Euler’s equation becomes :
T _ 4 gy
V1 P =0. I
+y &yiren @)

or, after performing the differentiation,

dy\* d*y
1+ (d_a;:) ydw =0.

dy . . . .
By putting EF = p, the integration of this differential equation

is reduced to two successive quadratures, and the general integral
is easily found to be
x—B
— -

9y = acosh

The extremals are therefore catenaries with the x-axis for directrizx.
Since F' does not contain x, a first integral could have been
obtained directly by the corollary (24);

oy
F—y'F, —
4 “Vity®

1 Noticed already by EULER, loc. cit., p. 56, in STACKEL'’S translation.
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If a 5= 0, this leads to the same result as above; for e =0 we obtain
y =0, which, however, though a solution of (24), is not a solution
of Euler’s equation.

The general solution of (I) being found, the next step would bhe
so to determine the two constants of integration that the catenary
passes through the two given points.!

¢) Through a given point a, b in the interior of the
region® R one and but one extremal of class C' can be drawn

in a given direction of amplitude® o (rh + —%), provided that

Fv'v'(a’b’b,):t:o ’ (25)
where b’ =tan .

For, if we solve (I) with respect toy’’, we obtain for 5’ a
function of «, y, y’ which, according to our assumptions (B),
is continuous and has continuous partial derivatives with
respect to y, y’ at all points of the domain® & which satisfy
(25). Hence the statement follows from CaucHY’s general
existence theorem* for differential equations.

1For this interesting problem we refer to: LINDELOF-MOIGNO, loc. cut., No, 103
DIENGER, loc. cit., pp. 15-19; TODHUNTER, Researches in the Calculus of Variations,
pp. 55-58 ; CARLL, 4 Treatise on the Calculus of Variations, Nos. 60,61, For SCHWARZ's
solution see HANCOCK, ‘‘On the Number of Catenaries through Two Fixed Points.™
Annals of Mathematics (1), Vol. X (1896), pp. 159-174.

2See §3, ¢). 3See §2, g).

4 Suppose the functions f; (x, ¥;, ¥y, - - -, ¥,) and their first partial derivatives
with respect to ¥,, ¥2,* * -, ¥,,t0 be continuous in the domain

lz~a[=p, |y =bI=7r, -+ ly,—b,|=7;

let M be the maximum of the absolute values of the functions 7; in this domain, and
let ! denote the smaller of the two quantities p and »/M.

Then there exists one, and but one, system of functions y, (x), yy(®),- - -, ¥, (x)
which in the interval | x — a | <1 are continuous and differentiable, satisfy the differ-
ential equations

Yi .
E_TE:ft(x‘Ulvyr cYp) s ((=1,2, - - n)

and the inequalities | y;(x) —b; |=r, and take for x = a the values
YV1=b1, Y3=by,* ¥, =b, .’

Compare E. IT A, pp. 193 and 199, and J. III, Nos. 77-80; also PICARD, Traité
d'Analyse, Vol. I1, chap. xi.
In crder to apply the theorem in the present case, replace (21) by the equivalent
system. d du
Y , Y ,
dn= Y G = Fy=Fya—UFy)/Fyy .
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If, therefore,
Fyy(a,b,p)+0
for every finite value of p, one extremal can be drawn from
(@, b) in every direction, except the direction of the y-axis.
A problem for which
F ., (c,y,p)£0
at every point (i, y) of the region R for every finite value of
P, is called, according to HILBERT, a reqular problem.
d) We consider next the exceptional case in which Euler's
differential equation degenerates into an identity.
Suppose the left-hand side of (21) vanishes for every system of
values «, ¥, ', y''. Then, since y ' does not occur in the three first

terms, it follows that the coeflicient of »'' must vanish identically,
so that we must have separately

F,,=0, F,—F.,.—yF, =0
for every @, y, . From the first identity it follows that &' must
be an integral linear function of y', say

Fe,y,y")=Mx y)+N@, )y’ .
Substituting this value in the second identity, we get
M,=N,,
the well-known integrability condition for the differential expression
Mdx 4+ Ndy .
Hence we infer: If M and N and their first partial derivatives are
single-valued and continuous in a simply-connected region & of

the x, y-plane, then there exists! a function V (x, y), single-valued
and of class C' in $ and such that

V=M, V,=N,
and therefore
d
Fx,y,y)=V.+V,y' = o Vix,y) .

Hence if € : y=f(x) be any curve of class C’' drawn in & between
the points A (a,, %) and B (x1, 1) our integral Js has the value

1See PICARD, Traité d' Analyse, 2d ed., Vol. I, p. 93.
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Ty
Jo= [ F@, gy de =V (@ ) — V@ v

0
and is therefore independent of the path of integration € and
depends only upon the position of the two end-points.

On account of the continuity of V (x, ), the result remains
true for curves € with a finite number of corners, as is at once seen
by decomposing the integral J in the usual manner.!

Vice versa: If the value of the integral Ji is independent of
the path of integration € as long as € remains in the interior of a
region ® contained in #&, then the function ¥ must be of the form
M(x,y)+N(x, y)y', where M, =N, for every point (x, %) in the
interior of ® for which x, = x = .r,.

For let (x, ¥;) be any inner point of # whose abscissa a; lies
between x, and x, and y;, y;' two arbitrarily prescribed values;
then we can always draw in $ a curve € : y = f(x), of class C" which
passes through (o, o), (21, Y1), (2, ¥2), and for which f'(xy)=y;,
() =1y, .

According to our hypothesis, AJ must vanish for every admis-
sible variation of €, whence we infer by the method of §§4, 5 that
y=S(x) must satisfy Euler’s differential equation. The left-
hand side of the latter must therefore vanish for the arbitrary
system of values x =y, y=19:, ¥’ =¥:,y" =ys', which proves the
above statement.

We thus reach the result :2

In order that the value of the integral

]
J:f Fx,y,y')dx
zy

may be independent of the path of integration it is necessary and
sufficient® that Euler’s differential equation degenerate into am
identity.

It is clear that in this case there exists no proper* extremum of
the integral J.

e) We conclude these remarks by considering briefly the inverse
problem: Given a doubly infinite system of curves (functions)

y=r (:1) y @) B) ’
1Compare p. 12.
2Compare J. III, Nos. 362, 363, and KNESER, Lehrbuch, §51.

3Sufficient only if the region $ is simply-connected.
¢ Compare §3, b).
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to determine a function F(x,y,y') so that the given system of
curves shall be the extremals for the integral

1
J:f F(x,y,y')dx .
o

This problem has always an infinitude of solutions which can
be obtained by quadratures.!

For if )
y'=Gx,y,y") (26)

is the differential equation of the second order? whose general
solution is the given function y=f(x, «, 8,) (with a, 8 as constants
of integration), then we must so determine the function #(x, y, ')
that (26) becomes identical with Euler’s differential equation for
F, 1. e., according to (21)

Fy—Fyo— Fypyy'=GFyy . (27)
If we differentiate (27) with respect to ', we get for M=F.,
a linear partial differential equation of the first order, viz.,

oM oM, OM ., .
TV g, gt G, M=0 . (28)
If

a=¢@,y,¥), B=y@ y,y)
is the solution of the two equations

y=r@, e, B), y'=ri(r,ap)
with respect to a and g, and if further

0z, a B)~efa,,.(x.f(x,a,m,fx(x,a.s))dx

9
and

X('T’ Y, y') = e(w’ ¢(w’ Y, ?//)’ ‘l’(x’ Y, ?/,)) ’

1 DARBOUX, Théoriedes surfaces, Vol. III, Nos.604,605. For the analogous problem
in the more general case when F'contains higher derivatives, compare Hirscu, Mathe-
matische Annalen, Vol. XLIX (1897), p. 49.

20btained by eliminating a, B between the three equations
y=f(x,a,8), y'=fm(x‘alﬁ) ’ y“=.fxx(x1¢|p) ;

ocompare, for inst., J.\F‘,{Vo. 166. -
\ -
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the general integral of (28) is found to be, according to the general
theory' of linear partial differential equations of the first order,

Mx=2(¢(x, 9,9 ) ¥, y,9")) ,

where ¢ is an arbitrary function of ¢ and y.
After the function M has been found, F is obtained by two
successive quadratures from the differential equation

*PF ,
W—M(I,y,y ) .

Finally the two constants of integration N, # (which are functions
of & and y), introduced by the latter process, must be so determined
that /" satisfies the original partial differential equation (27) from
which (28) was derived by differentiation.

ExamprLe:? To determine all functions F for which the ex-
tremals are straight lines

y=ar + 8.
The differential equation (26) becomes, in this case,
' =0.
Accordingly, we obtain

b=y, v=y—ay’, X = const.
Hence
M:(b(y/: :’/—xy’) ’
and therefore

F:.ﬂy'(y'—tﬂ(h y—axtydt+y'A(w, y) +p (2, y) .

The condition for M and x becomes in this case
oA N 3;4.
9x — 9y °
The most general expression for A and u is therefore
ov v
A= 527 ) ® = % )

where » is an arbitrary function of « and y.

1Compare, for inst., J. III, No. 242,
2Compare DARBOUX, loc. cit., No. 606,
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§8. WEIERSTRASS'S LEMMA AND THE E-FUNCTION

Before proceeding to the consideration of so-called
discontinuous solutions, we must derive a lemma, due to
WEIERSTRASS,' which is of fundamental importance for many
investigations in the Calculus of Variations.

Suppose there are given, in the region &, an extremal €
of class®’ C"": y - f(«), and a curve G of class C': §--f (x),
meeting € at a point® 2: (xy, y,). Besides there is given a
point O: (xy, ) on €, before 2, that is, xy<x,. Let 3 be
that point of G whose abscissa is x, - k, h being a positive
infinitesimal, and select arbitrarily a function n of class.C”
satisfying the conditions ,
No=n(x) = 0, ny=n(xy) + 0.

Then we can so deter-
mine € that the curve

C: y=y+ten,
which necessarily passes through the point 0, also passes
through the point 3. For this purpose we have to solve the

FIG. ¢

equation
f(xy+ h) + en(ry+ h) = F(ay+ h)
with respect to e. Since f (i,) = f (iry), we have
F@+h) = f(xa+h) =@ —yi)hth(h),
where ys =f' (), 75 =Ff (x;) and (k) is an infinitesimal for
Lh=0. Hence we obtain

It is proposed to compute the difference
AJ = t-foa - (Joz+j23) )

1The lemma here given is a modification of the corresponding lemma given by
WEIERSTRASS in his lectures (1879) for the case of parameter-representation ; see §28.

2This assumption must be made on account of the integration by parts which
occurs below; compare §4.

3For the notation compare §2, €).
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the integrals J, J, J being taken along the curves €, €, €
respectively, from the point represented by the first index to
the point represented by the second.

AJ may be written

Ly xo+h _
AJ:j (F—F)dm+f (F — F)dx
@ £
where F, F, F or F'[x), F[«], F[«] stand for F(.r,g/(ac),y’ (x)),

F(x, §(x), §'(x)), F(x,F(x), §'(x)) respectively.
The first integral, treated by the method of §4, becomes,
since € is an extremal,

T2
L (F — F)da = e, F,.[w;] + € (¢)
=h[@ — ) Fy [x] + W)
To the second integral we apply the first mean-value

theorem and obtain, on account of the continuity of F'|xz]
and F'[x],

‘L‘:’“‘(F’ — F)de=h [F [a.] — F[a] + (h)] ’

Collecting the terms, we reach the result
Jou— (Ju+ j;:l) =h 3 @2 — ys) Fy[ae] + F ] — F["'z] + (h) § .

Similarly let 4 be that point of € whose abscissa is
a,— I, and determine €’ so that the curve

€: y=y-+en

passes through 4. Then we obtain by the same process
Tut Ja—Ju=—n{ @ — vi) F, [@] + F [2) — Fa] + (W)} -
If we put for brevity
F(x,y,p)— F(® y,p)— (P —p) Fp(z, y,p)

=E(x,y; p,P), (29)
x,y,p, p being considered as four independent variables,
the preceding results may be written:
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T b Tw) = — R E e 0 3, 7)+ W] | 0
jm"" (jn - ']02) =+ h% E(;l‘g, Y25 y‘;’ !72l) + (h) g J
We shall refer to these two formulae as Weierstrass's
Lemma. The function E(x, y; p, p) defined by (29) will
play a most important part in the sequel; it is called Weier-
strass's E-function.!
The same results (30) hold if the curves 03 and 04 are of
the more general type (5a):
I=F@) -+,
where the function «(z, €) vanishes identically for e= (), has

the continuity propertics enumerated on p. 18, and satisfies
besides the conditions:

o (2, € =0 for every ¢, and w(x,;, 0) F0 .
For thedeterminationof € we have,in this case, theequation:
f@+h)+o@+h, —Fa+h) =0
The resulting value of € is of the same form as above.
This follows from the theorem® on implicit functions; for if

1Compare ZERMELO, Dissertation, p. 66.
2“Tf f(a, y) is of class C' in the vicinity of (%, ;) and
S @y 49) =0, S, (x0,%9)F0,

then a positive quantity k being chosen arbitrarily but sufficiently small, another
positive quantity i, can be determined such that for every « in the interval (zo—hy,
Zy+k;) the equation f(x, y) =0 has one and but one solution y between y,— k and
Yo k.

The single-valued function y =y (x) thus implicitly defined by the equation:
S (x,y)=0,is of class C’ in the interval (xy—h;, xp+h;) and

dy _ f,,f
dz ~ £y *
Hence
B ( ) I (xo,vo) ]
=% [ f (1'0‘ 1/0) '

where L a=0."
xr=xg

(Compare E. IT A, p. 72; J. I, No. 91; P., No. 110).

If f(x, y) is regular in the vicinity of (z 1Uo)s also the function y — ¢ (2) is regp-
lax in the vicinity of x,. (Compare E. II i; p. 103, and HARKNESS AND MORLEY,
Introduction to the Theory of Analytic Functions, No. 156.) For the extension of the
theorem to a system of m equations between m+n unknown quantities, see the ref-
erences just given,
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we denote the left-hand side of the preceding equation by
F(h, €), this function is of class C’ in the vicinity of =0,
€=0; further: ¥(0, 0)=0 and finally F,(0, 0)=0.

Incidentally we notice here the formula

_ xy zyth _
Jog— Jop = j;o (F — F)dx + L Fdx
=h [(?2! — ) Fy[x,] + F[x] + (h)] )
which holds for negative as well as for positive values of k.
Hence it follows that if the arc 02 of the extremal € mini-
mizes the integral J, the end-point O being fixed while the
end-point 2 is movable on the curve &, then the co-ordinates
of the point 2 must satisfy the condition
2
F+@G—y)F, [=0.

bl

(““ Condition of transversality,” compare the detailed treat-
ment of the problem with variable end-points in §23.)

§9. DISCONTINUOUS SOLUTIONS

We must now free ourselves from the restriction' imposed
upon the minimizing curve at the beginning of §4, viz., that
y' should be continuous in (xyx,), and we propose to deter-
mine in this section all those solutions of our problem which
present corners—so-called “discontinuous solutions.”

«) In the first place, the theorem holds that also discon-
tinuwous solutions must satisfy Kuler's differential equation.

Suppose for simplicity® that the minimizing curve € has
only one corner C(x;, y;) between 4 and B. According to
§3, ¢) the integral J, is then defined by

22-—0 x,
Je = j;o F(x,y,y')dx +£2+0F(m, y,y)dx , (31)

1The assumption that the curve shall lie entirely in the interior of the rezion
R will still be retained in this section.

2The results can be extended at once to the case of several corners.
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the notation indicating that 3’(x;) is defined in the first
integral by y'(x,—0), in the second by y’(xs + 0).

The theorem in question is most easily proved by the
method of partial variation, which is very useful in
many investigations of the Cal- .
culus of Variations: )

We consider first such spe-
cial' variations 4 D C of type
(5) as leave the arc C'B un-
changed and vary only 4 C.
To such variations all the con-
clusions of §§4-6 can be applied, and it follows as before
that for the interval (x), ;—0) Euler’s equation must
hold. The same result follows for (x40, ;) from the
consideration of variations which leave A4 C' unchanged;
hence it is true for the whole interval (24r;).*

b) A discontinuous solution with one corner is therefore
composed of two extremals involving in general different

constants of integration:

y=7r(x,a, B) in (x,, ,— 0) ,

y=f(r,a, B) in (0,+0, ) .
For the determination of @, and of the constants of integra-
tion we have in the first place the initial conditions

y(l:f(m()’alv Bl) ’
h=r(r, a, B) ;
further the condition that y is continuous at a,:

f(xz, o T) Bl) :f(xz’ as, B?) 5
and finally two further conditions which are furnished by the
following theorem due to WEIERSTRASS and ERDMANN:?

1Compare the remark on p. 156, footnote 2).

2With the same understanding as in (31) concerning the meaning of ¥’ at the
corner.

3 WEIERSTRASS, Lectures at least as early as 1877; ERDMANN, Journal fir Mathe-
matik, Vol. LXXXII (1877), p. 21. Another demonstration has been deduced by
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THEOREM: At every corner of a minimizing curve the
two limiting values of F,. are equal:’

xg—0 x9-+0

Fp|=F,|; (32)
and likewise , , "‘ﬁ"’ .
F—y Fy' :F_y Fy’ . (33)

To prove (32) consider a variation 4G B of type (5) for
which the function 7 is of class C’ in (zyz;) and 7 (zz) +0.
The integral AJ breaks up into two integrals taken between
the limits (xy, 2, —0) and (x; + 0, ) respectively. Apply-
ing to each of these the methods of §4 we find that also in
this case 8J=0, and further we obtain® from (9), since (I)
is satisfied:

8 = en (@) (Fy [0 — 0] — F, [, +0]) ,

where F,[x] stands again for Fy(x, f(x), f'(x)). Since
8J =0, (82) is proved.

The proot of (33) follows from Weierstrass’s Lemma
(30) if we identify the arcs A C and C'B of Fig. 5 with the
arcs 02 and 21 of Fig. 4, respectively, and consider suc-
cessively the variations 031 and 04231 of the arc 021. The
corresponding values of the total variations AJ are given by
the two equations (30), the values of y;, ¥, being in the
present case

=y (@—0)=%; =y (r+0) :ga, .
Hence it follows that for an extremum it is necessary that

WHITTEMORE, loc. cft., from Hilbert’s proof of Euler’s equation: By means of
the extension of the lemma of §6 to discontinuous functions (see p. 25, footnote 1), it
can be shown that equation (18) holds with the same value of the constant A for both
segments (xy, x;—0) and (r3+0,z,). Hence follows Euler’s equation as well as
equation (32). This method can be applied to discontinuities of a much more com-
plex character and even to the case of an inflnitude of points of discontinuity; see
WHITTEMORE, loc. cit.

1 For the notation compare §2, b).
2The integration by parts is legitimate since by the method of §6 the existence of

p Fy. is established for each of the two segments (x,, x, —0) and (x,+40, z,) .
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E(x, %5 Y1, zzl) =0;
and on account of (32) this is equivalent to (33).
¢) Exampre! III: To minimize the integral

£
J=f (y'+ 1)y " de .
%o

Here
F,=0, F,=4y"+6y"+ 2y,

F—y F,=—-3y*'—4y" —y"™.
Hence a first integral of Euler’s differential equation is

4y’ 4+ 6y'? 4 2y’ = const. ;
therefore

Yy =axr+p,

i.e., the extremals are straight lines, and the line A B joining the
two given points is a possible continuous solution.

In order to obtain all discontinuous solutions with one
corner, we have to find all solutions p,, p; of the two equations

4p? + 6pi 4 2p, = 4p; + 6p; + 2p, ,

— 3pt — 4p! — pi = — 3pi — 4p; — pj ,
where
»m=y'(c—0) and p,=y'(c+0) and piFp, .

Dividing out by p— p; and putting
ntp=u, pPit+ppt+pi=w

we get
2w+ 3u+1=0
— 3w+ 6uw+ 4w+ u=0.
These equations have one real solution, u=—1, w=+1, {from

which we obtain

p1=0) pﬂz—l y
or

m==-1, p=0.

1A special case of the example given by ERDMANN, loc. cit., p. 24.
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Every discontinuous solution must therefore be composed of
straight lines making the angles O or 3w/4 with the positive x-axis.
If the slope m = (y; — o)/ (21— ;) of the line A B lies between 0 and

— 1, there are indeed two such solutions, A C; Band A C, B with one
fe— — — — =% corner and an infinity with n =2
corners.
Since F=y'*(y'+1)% these
discontinuous solutions furnish
s for J the value zero and there-
fore the absolute minimum.!

d) In many cases the impos-
FIG. 6 - sibility of discontinuous solu-
tions can be inferred from the following
Corollary:* If (xz, ¥o) is a corner of a minimizing curve,
then the function
Fy'y’ (IZ! y‘.’i p)
must vanish for some finite value of p.
For the function
é(p) = F, (xz, 42, p)
is a continuous function of p admitting a finite derivative
for all finite values of p; further, if we put
Y (@—0)=p, y'(@&+0)=p,,
we have p; &= p,, and, according to (32),
é(p1) = () -
Hence by Rolle’s Theorem the derivative
¢’(p) = ﬁvu'u‘ (xﬂ’ Y2 p)
must vanish for some value of p between p; and p,.
If therefore the problem is a ‘‘regular problem,” 7. e., if
Fy’u' (m: Y, p) :*: 0
for every point in the interior of & and for all finite values
1The minimum is, however, ‘‘improper”’ (compare §3, b)), because in every

neighborhood of A C, B (or A C, B) broken lines can be drawn, joining 4 and B, whose
segments have alternately the slopes 0 and — 1. For such a curve AJ =0,

2 Compare also WHITTEMORE, loc. ¢it., p. 136.
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of p, we infer that no discontinuous solutions are possible in
the interior of R&.

ExampLe I (see p.1): F=y ViFy? Ris the upper half-plane
(y=0).! Here
P A
v 79 \3
(V 14y ’)

is #=0 in the interior of &, and consequently no discontinuous
solutions are possible in the interior? of &.

§10. BOUNDARY CONDITIONS

In all the preceding developments it was assumed?® that the
minimizing curve should lie entirely in the interior of the region
8. But there may also exist solutions of the problem as formulated
in §3 which have points in common with the boundary of & To
determine these solutions is the object of the present section.

For this investigation it is convenient to make use of the idea of
a point by point variation of a curve which played an important
part in the earlier history of the Calculus of Variations.

Between the points of the two curves

C: y=r(x),
and [ y=y+Aay

we may establish a one-to-one correspondence by letting two points
correspond which have the same abscissa x. And we may think
of the second curve as being derived from the first by a continuous
deformation in which each individual point moves along its ordinate
according to some law, for instance, if in

y+aly

we let a increase from 0 to 1.

A point of € whose abscissa is a’, is called a point of free
variation if Ay(x') may take any sufficiently small value ; other-
wise, a point of unfree variation.

For a curve € which lies entirely in the interior of R all
points except the end-points are points of free variation,* and this
freedom was essential in the conclusions of §§4 and b.

1Compare §1, ¢). 3See the beginning of §4.
2Compare the next section. 4In our formulation of the problem, §3.
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This is not true for a curve which has points in common with
the boundary. For simplicity let us suppose that the boundary of
& contains an arc ¢ representable in the form

i=F@,

F (@) being of class C''. In order to fix the ideas suppose that &
lies above G. Then if € has a point P in common with §, the
variation of P is unfree and restricted by the condition

Ay=0 . (34)

Suppose the minimizing curve 0231 has the segment 23 in com-
1 mon with the boundary.

Then the method of partial varia-
tion applied to 02 and to 31 shows that
these two arcs must be extremals.

Consider next a variation of type (5)
which leaves 02 and 31 unchanged and
varies only 23. Since Ay =en must be
=0, 7 cannot change sign and if we
choose n=0 then ¢ must be taken posi-
tive; hence we can no longer infer from
(6) that 5J =0, but only that

8J=0 . (35)

After the integration by parts of §4 we obtain therefore

fzs -2 g Yax=0
e M\~ g’ v L=

for all functions 7 of class D’ which vanish at a; and x; and satisfy

besides the condition
7=0 .

The lemma of §5, slightly modified, leads in the present case
to the

1Moreover at the end-points 2 and 3 the following condition must be satisfied :
E(:tg.yg; Yo'y Ug') =0; E(zs.ya: ya'vﬁ;;'):O .

The proof follows easily from Weierstrass's Lemma (see Fig. 7). Compare also
the treatment of the problem in parameter-representation, §29. The question of
sufficient conditions for one-sided variations has recently been considered by Briss in
a paper read before the Chicago section of the American Mathematical Society. He
finds that for a so-called regular problem (§1, ¢) the arc 23 of the curve T furnishes a
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Theorem:' If the minimizing curve has a segment® 23 in
commonr. with the boundary of R, then along this segment the
following condition must be satisfied ..

F,— %Fﬂ. =0, if R lies above 23 , (36a)
F,— L F, <0, it R lies bolow 23 . (36b)

smaller value for the integral J than any other curve of class D' joining the two
points 2 and 8, lying in a certain neighbor