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PREFACE

THE aim of this work is to formulate a programme of
theoretical astrophysics.

This volume contains what may be called a bird’s-eye
view of our knowledge of stellar atmospheres and envelopes,
projected on to atomic physics as a background.

A second volume is planned to give a similar view of the
internal structure of stars, analysed in terms of nuclear
physics and hydrodynamics.

I would like to express my best thanks to Mr. G. Randers
for his indefatigable help in the final revision of the manu-
script and in proof-reading; to Mr. Steensholt for his valuable
assistance in the preparation of the first version of the book;
and to the staff of the Oxford University Press for their care
and attention in the printing.

BLINDERN, ncar OSLO, NORWAY,

April, 1936.
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INTRODUCTION

MONG natural sciences astronomy is unique as the mother of

all other sciences, the oldest by far in years, and probably still

the one which is dearest to the heart of man. It was originally inex-

tricably linked up with religious thought and practice, and it will

always have something to say about the general outlook of man

on the universe, which must take place, so to speak, through the
astronomer’s telescope.

It is the most poetical of sciences, and many a beautiful human
dream was woven into a celestial language. But with oncoming age
astronomy has taken on a sterner countenance. Poetry may still be
there, but it has been forced into a different garb. The machine age
has revolutionized astronomy like everything else. There is the
ever-insistent demand for the mass production of observations, for
increased precision in measurements, for further detail in arith-
metical reductions, and for more satisfying theoretical interpretations.
As a consequence an astronomical observatory of to-day looks more
like a factory plant than an abode for philosophers. The poetry of
constellations has given way to the lure of plate libraries, and the
angel of cosmogonic speculation has been caught in a cobweb of
facts insistently clamouring for explanations.

Who has not experienced the mysterious thrill of springtime in
a forest, with sunbeams flickering through the foliage, and the low
humming of insect life? It is the feeling of unity with nature, which
is the counterpart of the attitude of the scientist analysing the sun-
beams into light quanta and the soft rustling of a dragon-fly into
condensations and rarefactions of the air. But what is lost in fleet-
ing sentiment is more than regained in the feeling of intellectual
security afforded by the scientific attitude, which may grow into a
trusting devotion, challenging the peace of a religious mystic. For in
the majestic growth of science, analytical in its experimental groping
for detail, synthetic in its sweeping generalizations, we are watching
at least one aspect of the human mind, which may be believed to have
a future of dizzy heights and a nearly unlimited perfectibility.

The analytic nature of science has revealed itself most clearly in
the constantly growing importance of the atomic conceptions; and

astronomy is the science which, after physics and chemistry, has
3595.16 b2



xii INTRODUCTION

benefited most from this development. It is at present the avowed
goal of these sciences to build up a complete theoretical self-contained
structure, based on atomic theory, sufficient for the adequate descrip-
tion of all physical and chemical processes in the universe.

The historical development leading up to this ambitious prospect
may be followed step by step in the literature. It is not necessary
to follow uncertain roads for thousands of years back into history; it
has all developed before ouir own eyes.

1t is true, of course, that the idea that matter is ultimately atomistic
in structure goes back to the very beginning of science; but the
saturation of nearly all physical and chemical theories with atomic
conceptions is of more recent origin. Chemistry has always been the
stronghold of atomism, and rightly, because the limited number of
chemical elements, and the formation of chemical combinations out
of pure elements mixed in constant multiple proportions, should
suffice as an irrefutable proof that the ultimate laws of nature are
atomistic, and hence not reconcilable with a description of nature in
purely continuous terms.

But physical experiments have the advantage of bringing the
atoms nearly within the grasp of human fingers. In the Brownian
motion we observe directly the reflections of atoms bouncing back
from a small obstacle, and in Faraday’s law of electrolysis the
counting of separate atoms moving through an clectrolyte is nearly
tangible. Still more is this the case in Millikan’s experiments on the
electric charge on fine oil-drops.

In the phenomena associated with the passage of electric currents
through rarefied gases the electrical properties of the ultimate
particles of matter reveal themselves still further and lead to the
discovery of the electron as an integral part of matter. This imme-
diately raises the question as to the nature of the corresponding
positive entity, which was nearly solved by Lenard about the
beginning of this century. Nearly, but not quite. There is a minimum
‘Reizschwelle’ in such matters, which in the present case was first
surmounted by Rutherford in 1911, when he showed how the experi-
ments of Geiger and Marsden on the scattering of alpha-particles
by thin metallic foil unambiguously pointed to the conclusion that
the positive electricity in a molecule is concentrated practically at
points, the nuclei. That each atom should contain but one nucleus
could not be definitely concluded from the experiments in question,
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but is an outcome of later developments. By studying the cases
when the Couloumb law of force between an alpha-particle and a
nucleus'breaks down, the dimensions of the latter were found to be
of the order 10-!2 cm., or even less, being thus a hundred thousand
times smaller than the atoms themselves.

This success was relentlessly pursued, so as to determine the
number of electrons in an atom, or what is the same thing, the
number of unit positive charges on the nucleus. This could be deter-
mined by studying the deviations suffered by alpha-particles passing
through matter, and it was found that this number was, apart from
minor exceptions, equal to the ordinal number of the element in the
periodic table, the so-called atomic number, the fundamental im-
portance of which was first realized by van den Broek. J.J. Thomson
did the same thing previously by counting the number of electrons
in the atom, using X-rays.

And then the theoretical physicists discovered that they were in
for hard times. For it was now only too evident that ordinary
mechanics and electrodynamics cannot be taken seriously inside the
atoms. This might have been realized at a much carlier stage, and
on one occasion it was so realized when Gibbs declared (Elementary
Principles of Statistical Mechanics, 1900) that the failure of the specific
heat of diatomic gases to show the vibrational degree of freedom was
a severe indictment against the whole application of mechanics to
atomic problems. And how can a composite gas retain its chemical
properties intact indefinitely, secing that its molecules suffer billions
of violent collisions per second? But the physicists refused to
become shocked until the plain facts left them no alternative, as was
the case with the picture of the atoms drawn up by Rutherford.
For, since the forces holding the atoms together were purely
electrostatic in nature, the atoms could not possibly remain stable.
Static configurations are unstable, and moving electrons will radiate
encrgy, and not stop until they coalesce with the nucleus. Moreover,
spectroscopy would demand electrons performing harmonic oscilla-
tions, and, even more rigidly, one electron for cach individual spectral
line which could not be explained as a higher harmonic of some other
line. This would demand thousands of electrons in a single hydrogen
atom, which J. J. Thomson had proved to contain but one.

The quantum theory, which first burst out in full blossom after
Rutherford’s discoveries in 1911, originated in September 1900 when
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Max Planck contributed his first paper on the quantum theory of
temperature radiation to the Prussian Academy. Considering the
prevailing tendencies in physics it is no wonder that it got only a half-
hearted start, and that Planck spent the better part of the next
fifteen years in attempting to smooth out the apparent hardnesses in
his original assumptions.

It was Einstein who, by his work on specific heats and the photo-
electric effect, gave to the quantum theory its first concrete actuality.
Incidentally Einstein then formulated the idea of light quanta, a
paradoxical notion which did not lose its sting until twenty yecars or
more later, when it was realized that this paradox contained a good
part of the real truth.

However, the man who started the quantumn theory on its road to
success was undoubtedly Bohr, who showed how the principal laws
of spectroscopy may be interpreted from the quantum-theory point
of view, provided thc Rutherford view of atomic constitution is
accepted. It was at this time that it was first realized that quantum
theory aimed at a complete re-interpretation of the basic notions of
classical physics. By the two quantum postulates, which Bohr made
his starting-point, certain limitations of ordinary mechanics and
electrodynamics were recognized to be a necessary corollary for the
introduction of quantum conceptions, and hence to be the essentially
new feature of the theory.

It is not true, however, that all subscribers to the quantum theory
rcalized the radical implications of these postulates from the start.
But there came constantly new impetuses in this direction, one of the
most effective probably being Einstein’s theory of temperature radia-
tion of 1917, where Planck’s original result was derived simply by
assuming Bobr’s postulates to hold, and assuming the elementary
atomic processes to go by chance, just as the radioactive processes
appear to do. This point of view was carried still farther by Bohr in
his Correspondence Principle of 1918, which was a first attempt at
the creation of a separate quantum mechanics, a self-sufficient sys-
tem of mathematical rules for the description of atomic phenomena,
just as ordinary mechanics plays the part of such a system for the
motion of the plancts of the solar system. And then, half a dozen
years later, the idea behind this attempt was carried out literally
by a pleiad of young scientists, Heisenberg, Dirac, de Broglie, and
Schridinger, giving rise to the matrix mechanics on one hand and
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the wave mechanics on the other, which we now know to be but
different aspects of one and the same theoretical structure, the
quantum mechanics.

Just as many scientists of the last century belicved it possible
to describe the universe adequately in purely mechanical terms, so
we are now expecting the physical universe to yield its secrets
when attacked with the artillery of quantum-theory conceptions. In
pursuing this course we are liable to make some of the errors of our
forefathers all over again. But there is nevertheless ground for some
confidence, since there is a much greater margin of safety this time,
the quantum theory having already been subjected to many severe
tests, which show that its range of application extends all over the
field of terrestrial physics and chemistry. Moreover, during the last
fifteen years astronomy has become permeated by atomic theory, and
it is by now abundantly clear that further progress in theoretical astro-
physics will depend intimately on the astronomers understanding how
to express their observed facts in the language of atomic theory.

The beginning of this development goes back to the foundation
of astronomical spectroscopy about 1860. Alrcady Secchi’s first
survey of the stellar spectra showed that the stars are made from the
same chemical elements as the carth and the sun, indicating very
strongly that terrestrial physics and chemistry, properly administered,
must apply throughout the starry heaven. This result has been
further fortified by every new improvement in laboratory technique,
leading to a match of previously unidentified lines in stellar spectra
by lines in terrestrial sources.

The first really sensational case of this sort was the discovery by
Lockyer and Ramsay (1893) that the yellow doublet discovered by
Lockyer in the chromospheric spectrum of the sun (1868) was really
due to helium, which was previously unknown on the earth. Through
the work of Bohr and Fowler (1915) it became clear that the so-called
‘secondary hydrogen lines’ first discovered by E. Pickering in the
spectrum of { Puppis were also due to helium, this time in its singly
ionized state. This was the first strict proof that the elements in
stellar atmospheres are in a state of ionization. It is true that Lockyer
many years before (cf. Chemistry of the Sun, or Sun’s Place in Nature)
had urged the idea that the change in the spectra of the elements on
passing from the arc to the spark corresponds to a progressive change
in the atoms themselves due to the increased temperature. But the
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notions of atomic structure entertained at those times were too
crude for Lockyer’s ideas to assume a more concrete form. Yet it
must be admitted that he was right in his contentions in this particular
respect, although their value is slightly diminished by the fact that
in his writings the finer points are sometimes obscured by con-
troversies.

Although Bohr must thus be considered the pioneer in the field, it
was the Indian physicist Megd Nad Saha who (1920) first attempted
to develop a consistent theory of the spectral sequence of the stars
from the point of view of atomic theory. Saha’s work is, in fact, the
theoretical formulation of Lockyer’s view along modern lines, and
from that time the idea that the spectral sequence indicates a
progressive transmutation of the elements has been definitely aban-
doned. From that time dates the hope that a thorough analysis of
stellar spectra will afford complete information about the state of the
stellar atmospheres, not only as regards the chemical composition,
but also as regards the temperature and various deviations from a
state of thermal equilibrium, the density distribution of the various
clements, the value of gravity in the atmosphere and its state of
motion. The impetus given to astrophysics by Saha’s work can
scarcely be over-estimated, as nearly all later progress in this field
has been influenced by it, and much of the subsequent work has the
character of refinements of Saha’s ideas.

Fowler and Milne showed how the analysis could be made much
more precise by focusing attention on the maximum intensity of
the lines, instead of considering the marginal appearance or dis-
appearance as Saha preferred to do. In this way it was possible to
show conclusively that the density in the reversing layer of the stars
is several thousand times smaller than the density of ordinary air.

It was further shown by Fowler that the conspicuous contrast
between the persistence of hydrogen lines with increasing tempera-
ture beyond their maximum and the very rapid decline of metallic arc
lines beyond their maximum is a simple consequence of the different
atomic constitution of these elements. Milne, on the other hand,
showed how varying ionization with height in the atmosphere, and
the dependence of general opacity on temperature and density, are
reflected in the behaviour of the spectral lines, and are responsible
for some of the more striking spectral differences between giant and
dwarf stars.
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In this initial phase of development no detailed theory of the form
of the absorption lines was involved, except that the intensity of a
particular line will increase when the number of atoms of the right
kind and in the right state above the photospheric level increases.
Thus only the most fundamental features of atomic theory were
utilized. And it is interesting that doctrines like the existence of
definite energy levels forming excited states from which the lines are
formed by transitions to other states, can be subjected to such a
convincing test by astrophysical observations. One may recall here
all the difficult experimental technique which a couple of decades
ago was brought to bear on the problem of bringing out the successive
lines of a series by increasing the voltage of the exciting clectrons. In
stellar spectra this process is illustrated on a grand scale, and just as
convincingly as in the laboratory.

The next step was obviously to incorporate more detailed theo-
retical information about the spectral lines into the analysis. Pro-
gress here has been achieved through successive approximations as
the theoretical notions have become more and more refined. First
Unsold on one hand and Stewart on the other showed how the coefii-
cient of scattering predicted by classical dispersion theory would
account for the wide wings of strong solar and stellar lines. Unsold
worked out in this way a programme for analysing the state of an
atmosphere from the profiles of the spectral lines. It is true that
the applicability of the method was originally, and still is, very
limited; partly because so many things remain to be worked out in
atomic theory; still more because the theory of transmission of radia-
tion through a stellar atmosphere is only very crudely developed;
most of all because the observational determination of line profiles
is one of the most difficult tasks in astronomy, which in many cases
will demand a wholly new instrumental equipment and technique.

The cruder procedure of observing only the total intensity of a line
must therefore remain for a long time to come the principal way of
approach. Here conditions are much less uncertain, as was shown
by Minnaert and his collaborators. In the casc of strong lines the
intensity appears to be a simple function of the product of the
number of atoms above the photosphere, the oscillatory strength
of the line, and, finally, its damping constant. When the intensity
of the line diminishes, the intensity becomes gradually more and
more independent of the argument, passes through a minimum of
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dependence, and when for still smaller concentrations of atoms the
intensity begins to fall more rapidly, the damping constant no longer
plays any part. In its place the intensity is influenced by the
intrinsic width of the line which is due to thermal Doppler effect.

This description refers to an ideal case of a quiescent atmosphere.
If the atmosphere is in some state of motion, conditions will be
different, and it is here that the study of the lines reveals essentially
new information. Rotating stars are thus recognized from their
broad and diffuse lines with dish-shaped profiles. Expanding stars,
as we observe them in novae, Wolf-Rayet stars, and O stars have
very broad emission lines which are easy to recognize. Recently
Struve and Elvey believe they have found what may be called
‘boiling’ stars, where the apparent thermal Doppler effect exceeds
the one to be expected by a factor of the order ten, and this fact they
have interpreted to mean that the atmospheres are in a state of
irregular motion. The study of the Doppler effect in interstellar lincs,
so important for the study of galactic rotation, also belongs to this
field. It is in fact not mercly a question of a simple bodily displace-
ment of the lines, as in the case of routine radial velocity measure-
ments, but of an accumulated Doppler effect, in which the width of
the line increases proportionately to its displacement from the zero
position.

Another line of study in which the finer details of atomic theory
play a considerable part was opened up by Bowen in 1927, when he
removed the veil which up to that time had hidden the secrets of
ncbular radiation by showing conclusively that the previously un-
known nebular lines must be due to forbidden transitions in the
ionized atoms of oxygen and nitrogen and some other elements. It
goes without saying that this discovery at once stimulated theo-
retical research into the quantitative theory of forbidden transitions,
and astrophysicists became on the alert as regards other possibilities
where such transitions might play a part.

Forbidden transitions entered the field of cosmical physics for the
first time when McLennan discovered that the green auroral line is
really due to a transition from a metastable state in the neutral
oxygen atom. In our own atmosphere we have also other instances
of forbidden transitions in the well-known red absorption bands of
oxygen. Recently Adams and Dunham found forbidden bands of
carbon dioxide in the spectrum of Venus. Still more sensational was
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the discovery that the absorption bands in the spectra of outer planets
could be interpreted as forbidden bands of methane and ammonia,
which was brought out by the theoretical work of Wildt and the
observations of Dunham.

The discovery by Menzel, Payne, and Boyce, that many lines in
novae and O stars of previously unknown origin are due to for-
bidden lines in atoms of ordinary elements, also serves to show
that astrophysics is just the field where forbidden transitions may
be studied with advantage.

The story of the role of atomic theory in astrophysics has not
been told in full, but enough has been said to indicate how it inter-
venes at strategic points, and how it promises in due time to reveal
a full picture of the constitution of stellar atmospheres. Already we
begin to perceive in outline the possibilities which are lying ahead.
We know enough now to maintain with considerable confidence that
the study of the atmospheres is not an isolated field. On the contrary,
the structure of the atmospheres is so intimately connected with the
internal structure of the stars, that it is possible to derive from the
spectra such typical properties of the star in bulk as the mass and
the luminosity, which again leads to a knowledge of the distance
of the star in space. In fact, stellar spectroscopy has in this way
already threatened to supplant many methods of classical astronomy,
and is likely to do so much more in the future.

In the present book an attempt has been made to build up the
theory of stellar spectroscopy in a systematic way from the elemen-
tary principles of quantum mechanics, ready for the interpretation
of astrophysical facts. It is fully realized that this can scarcely be
done cxcept in the form of a programme for future work, but it has
nevertheless been thought worth while to work out a programme of
this kind.






I
ANALYTICAL DYNAMICS

1. The Equations of Lagrange and Hamilton

In this section we shall recall some salient features of the canonical
form of the equations of motion first given by Hamilton,T and the
integration theory of these equations devcloped by Hamiltont
and Jacobi.f This theory not only forms the most convenient form
of the dynamical equations, but also the most natural bridge from
ordinary mechanics to quantum mechanics.

Consider a dynamical system consisting of » mass points. Denote
the rectangular cartesian coordinates of the ¢th point by z;,v;,2,,
its mass by m,;, and the corresponding force by X, ¥;, Z;. The
Newtonian equations of motion of the system are then

my&, = Xy muy; =Y, mizi=2Z; (t=12,..,r),
where a dot denotes differentiation with respect to time. All affixes
will be placed as subscripts for the present, while they have no
tensorial meaning.

For various reasons it may be convenient to introduce other systems
of coordinates in these equations, particularly so when the system
involves constraints, so that the number of degrees of freedom of the
system is smaller than the number of rectangular coordinates used
in its specification, 3r. We therefore introduce a set of generalized
coordinates g,...,q,. We shall not here stop to consider the difference
between holonomic and non-holonomic systems, which plays a con-
siderable part in rational mechanics. We suppose that the particles
are either moving freely in space, or that they are connected in such
a manner that it will always be possible to find equations not
involving differential relations between the new and the old co-
ordinates.

In order to effect the transformation in question we multiply the
Newtonian equations of motion by

ox; 0y %
o0’ 9q; g
respectively, add the resulting equations, and take the sum over all.
t ‘On a general method in dynamics’, Trans. Roy. Irish Acad., 1834-5.

1 Vorlesungen uber Dynamik.
3695.15 B
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The resulting equation is then

< Yy S axi a?/i
Zm( zaq +Jiaqk+ i ) Z( 1.aq + 1aqk+ ;aqk) (1)

=1 =1

ox.

The quantity @, = ( —
2

ALY

3‘1k

occurring on the right-hand side of the above equation is obviously
the ¢,-component of the force in the new coordinate system. We
further denote the kinetic energy of the system by 7':

T =} m@+i+).

On account of the identities

oz, _ ok
o 94y
and o2y _ 4 (om;
g, di\og;,
oT ( oy; )
we have = = m; i : i
04 4 +J 3qk+ gy
aT oy;\ | . d [0z
and a9y, Z : ‘dt (3Qk) +Y Vi (39k)+2l.zt(a7k)}’
which together with (1) gives the relation
d(eT\ oT
—_——]——_— = C = 2,... .
Hor) =% E=12.9 (12)

These equations were given for the first time by Lagrange.f If a
potential energy function ¢ exists, so that
_%
U= an
it is natural to introduce the difference between the kinetic energy
and potential energy, the kinetic potential

L=T—¢,
into equations (1a), which then assume the form
d oL\ oL
tTt(a—q;)—@ =0 (k= 1,2,..,9), (2)

since ¢ is independent of the velocities. According to the calculus

1 ‘Théorie de la libration de la lune. Deuxiéme section, Nouveauxr Mémoires de
Vacadémie royale des sciences et belles-lettres de Berlin, année 1780.
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of variations, equations of this type are necessary conditions for the
first variation of the integral

J=fLm

to vanish for arbitrary variations 8¢, of the coordinates, which vanish
at the limits of integration. This is Hamilton’s variation principle.

To see this, assume first that the coordinates are varied without
varying the time. We have then

oL
8J = f Z ( 7.5 qu) dt.

By partial integration of the second term in the bracket we find

oL d (oL
f > ez 20

But the first term on the rlght-hand side vanishes in virtue of the
conditions at the limits. Since the variations are arbitrary otherwise,
it follows that for 8J to vanish the quantity in brackets must vanish,
which means that cquations (2) hold.

Suppose next that the time is varied. Account must then be taken
of the fact that the velocities g, contain the time. We have then

8J = —qu

. . dq dq dat . _ . ddt St
3 ko= k(1
so that the variation suffered by the velocity ¢, on varying the time
d8t

is ——qk dt

For the time variation of J we have

5T — f {(aL St Z oL sq,,) dt +L S(dt)}

which by the use of the expression for the variation in ¢, becomes

5T = f {_ SH—(L— %cq'k) ‘1%‘_)} dt.

The same condition is imposed on 8¢ as on the other variations, that
it must vanish at the limits of integration. By partial integration it
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follows then in the same way as before that the term

oL . )dSt
L— S ok, e
( % 24, ) i

in the integrand may be replaced by
d oL

- —q,—L)8

d‘( = oe ) b

without altering the integral. The variation of the time, ¢, may now

be taken outside the parenthesis, and the condition for the vanishing
of the integral, no matter what 8¢ is, becomes

oL d oL .

a +dt( 2, o, ¥ L) 0
But this equation is identically satisfied in virtue of equations (2).
For multiplying these equations by ¢, and summing, the above
equation results by an easy transformation of the terms.

It may be noticed in passing that this last equation contains the
principle of conservation of energy. If the potential energy is inde-
pendent of the velocities, the expression in parenthesis is just equal
to the total encrgy. For since the kinetic encrgy is a quadratic
function of the velocitices, the sum

will equal twice the kinetic energy. If the potential energy does not
contain the time explicitly, the same is the case of L, and the equation

reduces to d

so that the total energy remains constant in time.

From equations (2) we pass over to Hamilton’s form of the equations
of motion in the following way. We introduce a new series of variables,
the generalized momenta p,, defined by the equations

P = oT oL
F o e
In rectangular coordinates these quantities usually reduce to the

product of mass and the velocity components, so that the vector
with components p; represents the momentum as ordinarily defined
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in mechanics. We have then in virtue of equations (2)

oL = %: (Pr0q)+ Py OG)-
Consider next the function
H = g Prgp—L.
The first variation of this function is easily brought to the form

8H == g (G 81— D1 84y)

on using the above expression of 8L. This simply means, however,
that the variables p,, ¢; satisfy the system of equations

Ge=7—5 D™= —7> ®3)
which are just Hamilton’s canonical equations of motion.

2. The Hamilton-Jacobi Integration Theory

The gencral idea underlying this theory is first to find the condi-
tions to be satisfied by a transformation of variables which has the
property not to alter the canonical form of these equations.

The next step is then to find a set of new variables which will
remain constant during the motion of the system, so that they may
be considered a set of integration constants. The relations between
old and new variables will then just constitute the integrals of the
differential equations which we are looking for.

Consider thus a change of variables in the Hamiltonian equations
from p,, g, to P, @, say, the change being by hypothesis of such a
kind as to leave the Hamiltonian equations invariant, that is to say

oH : oH
—s00 %= (4)
H being some function of P, ¢, and perhaps the time ¢ This will
evidently be the case if the kinetic potential, which enters the varia-
tion principle, when expressed in terms of P, @, is cqual to the corre-
sponding L expressed in p,, g, save for the possible addition of a term
which is the total derivative with respect to time of a certain function,
which may be denoted by S. Any term of this latter kind may
evidently be added to the kinetic potential in Hamilton’s principle
because the time integral of such a term depends upon the initial and
the final variations of the coordinates and the time only, and those
variations are supposed to vanish at the integration limits. The new

I.)k:
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and old variables will therefore be connected by the differential

relation . — 48
3 (edu—B Q0 —(H—H) = 5. (6)

The function S may have four different forms. It may depend
upon gy, @, only, and not on p,, P, or alternatively on py, @.; i, s
or g, P, only. The dependence of S on the time, on the other hand,
is by (5) always such that

H= H+%‘§. (6)

As equation (5) stands S is supposed to be a function of g, @, only,
and we have the following cquations connecting the old and new
variables 8. P 28

P = 5q—k ) k= 5@; . (7)
The other forms of these equations are easily obtained by writing
Prdq, = A(Prq,)—a, 4Py, €te., in (5) and assimilating the total deriva-
tives d(p,g,) into dS.

From equations (4) we notice that the new variables will remain
constant in time if the new Hamiltonian function H is independent of
@ and P,. Since this function by its definition involves an arbitrary
constant, it involves no loss of generality to assume /[ == 0, or by (6)

H+%i§ = 0. (8)

We have next to replace the p’s in H by their equivalents 2.S/og,
according to (7), in consequence of which (8) becomes a partial differ-
ential equation for the determination of the transformation function
8. Any solution of this cquation will, of course, define a certain
transformation. But for the transformation to represent the general
solution of the dynamical problem in question, it must contain s
arbitrary constants, which may be taken to represent all the Q.
The corresponding P, are then obtained by simple differentiation
according to (7). Since both the @, and the F; are constants of the
motion, relations (7) will now represent the integrated cquations of
motion.
If H does not contain the time explicitly, we may write

o8

'é't‘ - >



Chap.1,§2 ANALYTICAL DYNAMICS 7
where E is a constant, which in this case signifies the total energy
of the system.

3. Motion in an Electromagnetic Field of Force

Consider a general electromagnctic field in empty space, defined by
a scalar potential ¢ and a vector potential A. These potentials are
connected with the electric and magnetic field-strengths E and H by
the equations of definition

10A
E= -V ~sw’
H = curlA.
The force on unit charge is
f—E +§v xH,

where c is the velocity of light, and the x denotes the vector product.
The equation of motion of a particle of constant mass m and charge

e becomes . e
mV = eE—}—EV x H.

Introducing the expressions for E and H into this equation, and carry-
ing out some not too difficult transformations, it may be brought to
the form
d e e
—(mV4-A) = —V|edp —-VA).
v +in) = (o=t
But the three components of this vector equation are just the Lagran-
gian equations corresponding to a kinetic potential

L= T—e¢+§VA.

For a system of particles the kinetic potential is simply the sum of
the kinetic potentials of the individual particles.

We have above assumed the masses to be independent of the time
and the velocitics. Assume now that the masses depend on velocity
in the manner required by relativity theory

me=__ T
JA=Ve)
The equation of motion of a particle moving in an electric field is

then
d d m,V
a™v) = E(m:gﬁz”/‘c‘zj) = —Ved
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and corresponds to a kinetic potential

L = —myc/(1—V2[c?)—ed.
The only difference from the non-relativistic case consists in the
replacement of the kinetic energy by —m,c?/(1—V2/c?), and this
holds evidently also when magnetic forces are present.

This does not mean that the relativistic expression of kinetic
energy is —m,c2/(1—¥?/c?), as will be apparent when passing on to
the Hamiltonian function of the problem. We now include a magnetic
field as well, so the kinetic potential of the problem is

L= —moc24(1—V2/cz)—e¢+§VA.

The corresponding generalized momentum is easily found to be
— myV
P= 0 ey ot
and the Hamiltonian function becomes

I_I == pV—L — m".cz,_ +e¢
J(A—=V2[c?) '
Since this is the total cnergy, the kinetic energy must be
1
T = myc*| - ——.—1],
0 (J(I—V2/cg) )
where the constant term has been adjusted so as to make 7' vanish
with V. This is permissible since ¢ contains an arbitrary constant.
Expressed in terms of the momentum p, the mass of the particle

becomes 1 e \2
m=m f{1+ s alp =AY}
and consequently the Hamiltonian function becomes
2
H = moci/{l—}- c2( SA) }+e¢—moc‘~’. (8a)
0

Removing the square root in this equation gives
221 (p—fA) — (LH N
myC ‘I"(P p ) (c +myc c¢

The corresponding Hamilton-Jacobi equation is obtained by intro-

ducing oS

— 2 . 90
p=VS, H-+4my¢ %
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in the above equation, giving as a result
e \2, [raS, .e \*
(VS—-EA) -I-(a % +@6¢) +m§c? = 0.
This equation displays the four-dimensional symmetry of space and

time, so characteristic of the relativity thcory. The quantity %%?

plays the part of a fourth component of the four-dimensional momen-

tum vector: .
o8
v,
+c ot

while the magnetic and electric potentials together form the four-
dimensional vector potential

A—id, 0= (—1).

3595.15 o



II
STATISTICAL MECHANICS

4. The Theory of Gibbs

IN ordinary mechanics the task of solving a given problem runs
much as follows. At first the nature of the system is specified, which
is done by giving its particular Hamiltonian function. Kach degrec
of freedom of the system has then its own specified coordinate and
momentum, the rate of change of which is determined by the corre-
sponding canonical cquations. By solving these equations the coordi-
nates and momenta are found as explicit functions of the time.

It is frequently of advantage to imagine the state of the system at
a given time represented by a point in a space of 2s dimensions, s
being the number of degrees of freedom of the system, the rectan-
gular coordinates of this space being the canonical coordinates and
momenta. This so-called phase space is then a union of the coordinate
space and the momentum space. From this point of view the solution
of a mechanical problem consists in determining the trajectory of the
representative point of the system in its particular phase space as a
function of the time. This is what may be called the microscopic
point of view in mechanics, it being tacitly understood that the
investigator is able to follow up the very smallest details in the
motion of the system under observation, and that he cares to do so.

In the mechanical theory of heat we have a case where the investi-
gator does not care to follow up all details of the motion, while he
is intensely interested in certain features of the motion which are
apt to repeat themselves very frequently. To satisfy this need the
statistical point of view in mechanics was developed by the leading
physicists of the nincteenth century: Maxwell, Clausius, Boltzmann,
and Gibbs, to name the most outstanding pioneers in this field.

We then imagine a very large number of systems, mechanically
identical in nature but different with regard to phase (i.e. configura-
tion and velocities). We assume the representative points of the
systems continuously distributed through phase space, so that the
probability for a member of the system to have its generalized
coordinates inside the intervals ¢, to ¢,+dg,,..., p, to p,+dp, may be
represented by an expression of the form

dw = PdW (@AW = dq,,...,dp,).
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The quantity P is called the coefficient of probability, and the integral

== f Paw

taken for arbitrary integration limits is called probability in phase,
which is natural, since it measures the probability that an arbitrarily
selected system is to be found within the assigned limits of phase
space.

The numerical value of this integral is by definition independent
of the time if the integration limits are moving with the velocities
of the adjacent systems, it being remembered that the component
velocities are now ¢y, gs,..., ps. In order that no system be created or
annihilated during the motion, the coefticient of probability must
satisfy the same equation of continuity as the density in hydro-
dynamics, which in this casc becomes

opP 0
aal (P )+ —(Pp)} - 0. 9
o 2 e Lo+ g ) )
For constant P this equation reduces to
> (”—”i+i’i) -0,
= \0qy, Oy
which is automatically fulfilled in virtue of the canonical equations
of motion. Hence it follows that the integral

W= fdql,...,(Iq,,dpl,...,rlps

is also independent of the time, provided the integration limits are
moving with the adjacent systems through phase space. This iy the
main content of Liouville’s theorem. The importance of this theorem
for statistical mechanics is due to the fact that it indicates a rational
way of defining statistical probability. Since equal volumes of phase
space remain cqual during the motion, we may take the a priori
probability of a certain volume of phase space proportional to this
volume, without any appended variable factor. This will no longer
be the case if non-canonical coordinates arc used.

In order to have a statistical thecory of thermodynamics the
coefficient of probability must be given as a function of the coordi-
nates in phase space. In statistical equilibrium (01/ét -— 0) equation

(9) reduces to P opr
5 (k) o
k

op

This simply means that P is a function that does not change during
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the motion of the system. From mechanics we know a few functions
of this kind, which are the same for all conservative systems, viz.
the total energy, and each rectangular component’ of total linear
momentum and angular momentum. Since thermodynamics makes
the express assumption that the equilibrium shall be independent
of special propertics of a system, we must assume the probability
coefficient of an assembly of systems in thermodynamic equilibrium
to he a function of the energy and the component momenta of the
system in question. I’ must further be single-valued and real and

fulfil the condition that the total probability is unity:
all

Pdw = 1.

phases
But for the rest P is arbitrary, and it is scarcely possible to give an
« priory proof of its functional form. Gibbs showed, however, that
for a system at rest the so-called canonical distribution, which is

given by P — e-Bikr,

is particularly suitable for a statistical interpretation of thermo-
dynamics, and it satisfies at the same time the more trivial conditions
cnumerated above. Here ¥ is the total cnergy, 7' is the absolute
temperature, and & the gas constant relative to a single atom, the
so-called Boltzmann’s constant; ¢ corresponds to the free energy of
thermodynamics, and is determined by
1
e~ VT —= i e EKT g1,
phases
since [ PdW — 1. The average value of klog P corresponds to

the entropy S:
all all

Sk f Plog PdW =k f e‘ll'—E)lkT'7l';TEdW.

phases phases
- . . . . .
The pressure is then given by the ordinary thermodynamie relation
P= &
ov’

where V signifies the volume in ordinary three-dimensional space.
When the number of degrees of freedom is very large, such as is
always the case when the system consists of atoms or molecules, it is
easy to show that the kinetic and potential energy of the system will
remain practically constant, in as much as the fluctuations will be
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of the order of kT, the average energy of a single particle perform-
ing linear harmonic oscillations. These are the principal features of
thermodynamic statistics in the form given by Gibbs.

Gibbs’s ‘canonical distribution’ is ecssentially a special way of
introducing the Maxwell-Boltzmann distribution law into molecular
statistics. Applied to a swarm of non-interacting particles in a box
the canonical distribution becomes identical with the Maxwellian
distribution law. Adding a field of force, gravity for example, leads
to the Maxwell-Boltzmann distribution law, and so on. The only
difference between these different forms of statistical theories lies
therefore in the particular mathematical machinery in use, and in the
gencral background of physical arguments leading up to the mathe-
matical formulae.

5. Dissociative Equilibrium in Gaseous Systems.

We shall now apply the theory of Gibbs to the dissociation in a
gas, a problem of fundamental importance in astrophysics. We con-
sider a mixture of r different elements in a gaseous state, enclosed in
a volume V. These atoms may enter into chemical combinations in
many different ways, say p different types. Let, further, a; be the
number of molecules of the Ath type and m¥* the number of atoms of
the ¢th type which enter in a molecule of the kth type. We have then
evidently r cquations of the form

2 xmf = X, (== 1,2,.,7), (10)
%

where X is the total number of atoms of the sth sort.

These definitions and assumptions imply certain restrictions on
the dependence of the functional form of the total cnergy on the
individual atoms. For the term ‘a molecule’ to have a definite
meaning it is necessary that the forces acting between the molecules
do not perturb the internal motions of the molecules in any serious
manner, that is apart from the effect of collisions of a transient nature.
These conditions are fulfilled in all cases of practical interest, and do
not prevent the consideration of cases in which there are consider-
able deviations from the ideal gas laws. By introducing equations
(10) we have, however, excluded the Fermi-Dirac quantum statistics
from our considerations, since these statistics, according to Pauli,t
require a canonical distribution of the atom numbers themselves.

t Zeits. f. Physik, 41 (1927), 81.
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Molecules of the same kind, but in different quantum states, will
be considered as identical, so that x; refers to a definite atomic
complex. The instantaneous values of a particular z; are not deter-
minable, since they will vary extremely rapidly from instant to
instant. What we observe are the mean values, which in statistical
language are given by

zZ, = f o PdW,

where the integrations are to be extended to those parts of phase
space only which correspond to the same number of atoms of different
sorts, as demanded by relations (10).

We shall now try to bring the above integral to a form in which
the dependence of the mean values z; on macroscopically measurable
quantities appears more clearly. For this purpose we first observe
that the given integral may be written as a sum of partial integrals,
each extended to that part of phase space in which the z; preserve
constant values, that is

=3 j eY-BIT Q17 (10a)
a
where the index a; appended to the integral sign indicates that the
integration is to be carried out for constant a;-values, and where the
sum is extended to all combinations of values x, which are com-
patible with (10). In the same manner the free energy of the system
is determined by the partition function

ekt — 5 [ okt gy,
By

In order to simplify the expression further it is nccessary to con-
sider the functional form of the energy of a molecule more closely.
Let m be the mass of the molecule, and u, », and w the rectangular
velocity components of its centre of gravity, € its internal energy,
and e" its potential energy relative to all other molecules in the
assembly. The system energy is consequently

E =73 {dmu4+0* fw?)+ef+e7},

where the summation is to be extended to all molccules of the
assembly. Due to the assumption about the encrgy mentioned above,
¢t is independent of the coordinates of the centre of gravity of the
molecule in question, while €® is independent of the coordinates
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determining the internal state of the atom. In consequence of this

each integral W, = f e~EIT gW
I

may be split up into independent factors. First of all each molecule
contributes a factor of the form

f= f e~lim(w4v* o)+ Yk Top3 dydrduwd W',

where d IV’ refers to the internal degrees of freedom of the molecule.
The integration over the velocities of the centre of gravity is easily
performed. In fact, by the theory of the error integral we have

m3 J. e~ KT dydpdw = (2emkT)1.
Hence f = (2mmkT)Yf’,
where a dash indicates that the partition function is only relative

to the internal state of the molecules.
Next comes a factor relative to the coordinates of the centre of

gravity of the molecules
F = j e M dedy...  (B* =Y ),
where [/ denotes the total interaction energy of the molecules. This

latter partition function may be simply expressed by the average
value of the interaction energy. We have, in fact

Bz — f rEZIAkTF,Jf dxdy — ?.,l‘,)g__l'_‘,
[ e+ dady.. or
. ¢ = dl pE
and hence logF = ~1J: E”kq,z-{-logV T

The integration limits adopted correspond to the requirement that
the average interaction energy shall vanish for infinite temperature.

Finally, it is to be remembered that by permutation of atoms in
different molecules new states of the systems are obtained, states
which are not counted in the preceding integrations. The total
number of permutations of atoms of the ith kind is X,;! Permuting
all atoms infer se we obtain in all I;[ X;! new states. But it must be

remembered here that permutations within a homogeneous group
of molecules do not really lead to new distinguishable states, and
these permutations must consequently be removed. This number is
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obtained by considering two different processes. First we permute

all homogeneous molecules infer se. This gives in all ] z;! permuta-
i

tions. We next permute all atoms of the same sort within each
molecule. This gives an additional number TT (m}!)* of permuta-
il

tions. The final correct number of relevant permutations is conse-
quently X!
;!

n ‘iz!(mf;!)i‘.

il
Thus far we have made no particular assumptions about the
numbers z;. We are, however, particularly interested in the case
when the z; are large numbers, corresponding to actual conditions in
a gas mixture. The calculation of the average values may then be con-
siderably simplified, because expressions like W,, possess a very sharp
maximum for a definite set of values of the 2;. By this reason the
partition function 3 W,, reduces approximately to the largest term
of the scrics, and from (10a) it follows that the average values of the
numbers x; will coincide with the set of values giving maximal proba-
bility (W, = maximum). We shall not enter more particularly upon
these questions here, but only remark that the proof is closely con-
nected with an application of Cauchy’s theorem according to Darwin
and Fowler.t In fact, the gist of the method introduced by these
latter authors may be considered to consist essentially of the proof
of this equivalence of average and maximal values.
We have now got the following expression for W,,:

_ XL\
W = ]—,I z;! (m_i') ok

and proceed to calculate its maximal value.

We consider the change in W, when each x, is replaced by 482,
where 8z)/x; are very small quantities in comparison to unity. We
may use Stirling’s formula

logz! = zlogz—=...,

since the 2;in this case are assumed to be large quantities. Taking the
logarithm we obtain

log Wy, = glogX‘!-i— Z {x,log ﬁ%ﬁ—x,loga:,-}-x,}%-log F.
1 &

t Darwin and Fowler, Phil. Mag. 44 (1927), 450, 823, or Fowler, Statistical
Mechanics, pp. 24 and 25.
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Hence dlogW,, = Z {log ﬁj—;’n—l! —log z;+4- glg%F} S,

We write this in the form
dlogW,, = E {logJ—‘t-{-u Sz
x 4 x‘ 1 1§

1oF

here * = »——f’-v - d =

v fi mi ¢ MT F oz,

The variations 8z; must satisfy the conditions that the number of
atoms is constant for cach element, that is

Smidy; =0 (i=1,238,.).
7

These relations must now be multiplicd by Lagrangian factors A; and
added to the expression of §(log W,,). The variations 8x; may then be
considered as independent. We find

* r
d(logW,,) = Z (log‘:f;—"-{—u,—{-.zlmﬁ)\,) dz;.
1 v=

The condition that 8W,, shall vanish for all imaginable variations
Sz, is satisfied only by rcducing to zero the coecfficient of cach 3z,
which gives the following system of equations

gy = frem (11)
which, in connexion with equations (10), suffices for the determina-
tion of the quantitics x;, which from now on will be identified with

the average values &,

3596.16 D
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QUANTUM MECHANICS

6. The Wave Equation

THE point of view of statistical mechanics in the above sense represents
something of an intermediate stage between ordinary mechanics and
quantum mechanics. When the thermodynamical statistician dis-
regards the motion of the individual atoms or molecules and focuses
his attention on the recurrent characteristics of the motion, it is
only because of a sort of physical and mental laziness, and not
because he entertains any doubt about the abstract applicability of
mechanical laws to the motion of the ultimate particles of matter.
On the other hand, the point of view of quantum theory, which has
emerged from a mass of experiments and theoretical discussions, is
that the notion of the orbit of a molecule or an electron is not to be
understood literally as an observable entity. It is not more of an
ultimate character than the average values of thermodynamic statis-
tics. To bring this point of view forcefully to the mind we therefore
in modern quantum theory build up a theorctical structure in which
the statistical point of view is introduced explicitly, even though
we talk about a single system only. The quantum theory does not
attempt to construct a micro-dynamics behind the motion of the
ultimate particles. It limits itself to the construction of a statistical
machinery, suitable for the description of all observable properties
of the atomic processes, which merges into ordinary mechanics on
passing to macroscopic conditions.

To show the connexion between the methods of classical dynamics,
statistical mechanics, and quantum mechanics we may proceed as
follows. Imagine equation (9) to be integrated over all momenta.
The sum involving the p’s explicitly in this equation may then be
neglected, since it is reasonable to exclude the occurrence of infinite
momenta. Further we denote by ¢, the average value of 4, averaged
with respect to the momenta, and write

Q= f P dp,...dp,.
The quantities @ and ¢;, g,... will then satisfy the simplified equation

of continuity 9 9 -
~Q+ Z@@,Q)_—-O. (12)
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In the limit of classical mechanics this equation must become a
direct consequence of the corresponding Hamiltonian equations of
motion. The quantity @ in the above equation, the probability
coefficient in coordinate space, must thereforc be intimately corre-
lated with the Hamiltonian function S. A glance at (12) shows that
the quantum-mechanical equation to be satisfied by S must be of the
second order, in contradistinction to the Hamilton-Jacobi equation
which is of the first. This is because the Hamiltonian velocities arc
proportional to the gradient of 8, which, when introduced into (12)
gives an equation of the sccond order.

There are many ways lcading from the equations of classical
mechanics to quantum mechanics, but all of them have the common
feature that they involve arbitrary assumptions, and cannot be
carried out logically without an ample appeal to experimental data.
Skipping this part we may be content to say that the upshot of the
discussiont is that the transition may be performed by considering
the Hamiltonian H as an operator, in the sense that we consider the
momenta to represent differential operators, as follows:

h @

L =

and consider the partial and linear differential equation
(11+_’”_, f?.)¢ ~ 0, (13)
T

where  is the so-called wave function, or probability amplitude, the
reason for these names being apparent in the following.

In the limit 4 = 0 the solutions of this cquation will coincide
asymptotically with those of the corresponding Hamilton-Jacobi
cquation for 8, provided we set up the relation

: h

S' == '——,1 14

8 = 5-logy (14)
between S and . By this relation it will be possible to find out the
mechanical equivalents of the quantum-mechanical quantitics, as the
left side of the equation represents mechanics, and the right hand
quantum theory.

+ A very completo discussion of the theoretical background for the symbolic

interprotation of the canonical momenta as gradient operators is givon by Dirac in
his book Quantum Mechanics, Oxford, 1935.
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Denote the complex conjugates of ¢ and H by ¢* and H* re-

spectively. Then ¢* will satisfy the equation
(H*—-—— _)¢* - (15)

21 Ot

Multiplying (13) on the left-hand side by ¢* and (15) by ¢ and sub-
tracting, we find

2 )+ 2T G EY—pEH) = .
Comparing this equation with (12) it appears that a one-one corre-
spondence between the two equations is possible, provided the second
term in the above equation reduces to the divergence of a certain
vector. In that case the operator H is said to be of the self-adjoint
form. In case of ordinary mechanics the Hamiltonian operator is
self-adjoint by itself, as may be illustrated by the case of a single
electron. We have then, in rectangular coordinates, u and e denoting
mass and charge of the clectron, V' the potential energy, and A the

vector potential: 1 e \2
H= _(p_-A) +V.
21 c

Introducing here p= -’L.V,
2m
we find
I = (’” v-¢ ) +V = —..’va he © (AV) +7.
2;4. 87r*
Hence it follows that

— 2 = T —yrre)
= aiv[ L @rvu—gwyn—Sppal (o)

it being remembered that dlvA vanishes by the ordinary definition
of the vector potential. Identifying now equation (12) with (16), it
follows that the coefficient of probability @ is given by

Q = Jy*
and the velocity by
_ bk (1o, 1o\ e
= g ) )

A glance at (14) shows immediately that this is just what might have
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been anticipated, since it gives the correct asymptotic transition
to the case of ordinary mechanics. The definition of energy may,
similarly, be taken over directly from ordinary mechanics via equa-
tion (13). For in the Hamiltonian theory of conservative systems

energy is defined by z a8
at’
Introducing S from (14) we find the wave-mechanical expression of
energy 19y
= A

Consider the case when the Hamiltonian does not involve the time
explicitly. A particular solution of (13) is then

b — u(g)e-miFin, (18)

where E is a constant and u(g) a function of the coordinates only.
Comparing these two expressions we sec that E in the latter equation
is just equal to the energy of the system. The wave function of a
conservative system in a definite encrgy state is thus seen to be
simply harmonic in the time.

7. The Quantum Conditions

Equation (13) is the fundamental equation of wave mechanics.
The quantum conditions to be imposed upon the solutions of this
equation consist in requiring the solutions to be uniform, single-
valued, and quadratically integrable. The first of these conditions is
common to all functions applicable to real physical problems. The
second is practically identical with the earliecr quantum conditions of
Sommerfeld, Schwarzschild, etc., as will be realized by an inspection
of (14). For these carlier conditions demanded that the increase
suffered by S when a particular coordinate performed a complete
cycle of its possible variations shall be an ¢ntegral multiple of Planck’s
constant. But this is just the necessary condition that ¢ shall be
single-valued, provided S and ¢ are connected by equation (14). The
third condition is necessary for Juj* to play the part of a truc proba-
bility coefficient, because the integral over yu* extended to the
whole of configuration space must give the total number of systems
in the assembly under consideration, and it is convenient for the
theory to keep this number finite. It is easy to sec that this number
remains constant during the motion. If, namcly, equation (186) is
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integrated over all space, the right-hand expression may be trans-
formed into an integral over a surface lying entirely at infinity.
Considering material systems of finite dimensions, the flux of proba-
bility may be assumed to vanish so rapidly on approaching infinity
that this integral may also be neglected. Hence it follows that

3 %* _
Eif.plp dr = 0,

where the integral is extended to infinite configuration space.

In this equation is hidden a relation of great importance, which
may be brought out at once. Assume that ¢, and ¢, correspond to two
different energy values, say E; and K, respectively. Recpeating the
steps we find in the same way that

0
Py f Y dr = 0.

For a conservative system the wave function is given by (18), so that
the above equation becomes

(By—B) [ it dr = 0.

In so far as B, differs from E,, ¢, and ff will thus be orthogonal to
cach other, as expressed by the equation

[t dr =0 (B, % B).

If, however, K, is equal to K, the orthogonality no longer holds.
This may mean that ¢, is equal to y,, but they may also be differ-
ent. In the latter case the system is said to be degenerate and the
degree of degeneracy of the state in question is equal to the number
of different wave functions which correspond to the same energy
value ;.

The orthogonal properties of the wave functions disclosed above
lie at the base of the perturbation method of solving wave-mechanical
problems, as we shall meet it at different places.

8. The Einstein Probability Coefficients and the Theory of
Thermal Radiation
The evolution of the system in time is, in the present theory, in
most cases satisfactorily described by giving certain coefficients,
which give the probability that a system initially in a definite
quantum state s shall in unit time suffer a transition to a state k. In
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astrophysical applications the case is of particular importance when
collisions between the atoms may be neglected, and the only external
influence is represented by a radiation field. If the transition in
question transfers the atom from a lower to a higher encrgy level,
the transition coefficient will have the form

@y = By.plv) (E; < Ey),
where p(v) is the energy density of radiation of the external field,
calculated for the frequency v and per unit frequency interval. The

frequency v is obtained from the energy difference between the two
states by the frequency rclation
hV == Ek_Ei'
It is assumed that the radiation field is uniform over the spectral
line in question, so that the natural width of the line is irrelevant to
the problem. The coefficient 53,;, will depend on the structure of the
atom in the states ¢ and %, but is independent of other states of the
atom.
For the converse transition we have

@y~ A+ Bripv).
Here A4,; is called the coefficient of spontaneous transitions, because
it gives the rate of transitions when external influences are absent.
The coefficient B;; is analogous to B;,;, and is called the cocflicient of
stimulated emission.

The first attempt to deseribe the absorption and emission process
by such coefficients was made by Kinstein,T who also derived some
important relations between the A- and the B-cocefficients. Einstein
showed further how it is possible by simple considerations of this
kind to arrive at a theory of the intensity of thermal radiation.

For this purpose it is necessary to know the number #;, of atoms in
a quantum state & in a state of thermal equilibrium. This is obtained
by a direct application of Gibbs’s canonical distribution, by parti-
tioning phase space into cells, and coordinating one cell to each
quantum state. Denoting the volume of the cell which is coordinated
to the kth quantum state by oy, and the cnergy of this state by X, the
probability of finding an atom in this state is, according to Gibbs,

0y, €V-EDKT

where i is the free energy of the assembly. If there are n» atoms in all,

1 Physikal. Zeits. 18 (1917), 122.
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the number in the kth state is accordingly

Ny, = noy €Y-EOKT,
In a state of thermal equilibrium it is reasonable to expect that the
number of transitions from a state ¢ to a state k is equal to the number
of transitions the other way, or that any cycle of the two directions
of transitions has the same probability.

This is the principle of detailed balancing. Although it cannot be
said that this principle is proved to be a mathematical necessity for
thermodynamic equilibrium to be possible, it is natural to narrow
the conditions down to this statement, and thus far no contradictions
have been encountered on this account. Then for two states ¢ and k,

Ty i = N Ay,
or, introducing the above expressions of the transition probabilities
noy e BT (A + By p(v)) = nogeET By p(v).
Writing E,— E; = hv and solving for p(v) we find
— A i/ By
pb) = (0; Bixoy By) KT —1'
It is clear that p(v) must approach infinity when 7' approaches in-
finity, so that we must have

0y By, = oy, By
It will be proved later (cf. § 30) that the ratio 4,,/B,; is given by

A 8mh®
B, 3’
in consequence of which the above formula for the energy density
assumes the form Sy
pls) = ST (kT 1),

which was first given by Planck.t

9. Wave-mechanical Calculation of B,

We shall now pass on to the actual calculation of the transition
coefficients. It is then sufficient to calculate one of the three coeffi-
cients 4,;, By;, and By, as the remaining two may then be calculated
from the above relations. But it is also of interest to calculate all
three coefficients independently, and thus be able to confirm the
above relations. Provisionally, however, we shall adopt the first

t Ann. d. Physik, 4 (1901), 553.
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procedure, and begin with the calculation of B;;. We shall postpone
the refined theory for later consideration, and first consider those
features of the problem which are inherently connected with the
transitions between the stationary states of an atom in a field of
radiation. The forces exerted by the radiation on the atom will in all
practical cases be very small in comparison with the inner forces of the
atom, and it is hence sufficient to solve the problem to a first approxi-
mation only. In the more consistent form of the theory, to be con-
sidered later, the atom and the radiation field are considered as a
single conservative mechanical system. Hence also the radiation
field is quantized, and absorption and emission of radiation is con-
sidered as an interaction of two mechanical systems. For the moment,
we shall, however, take a less correct, but more convenient, view, in
that we consider the radiation field merely as a small perturbing
external field of force, which is not subjected to quantization. We
consider for simplicity an atom containing one clectron only, the
generalization to any number of electrons being obvious in all cases.
The wave equation of the atom is then

1 e\, o, b O,
alp—tA) 17 s af =0

. . 13 .
where p is the symbolic momentum S—V of the clectron, p its mass,
21

and e its electric charge. A is the vector potential of the light wave
and V the potential encrgy of the electron in the atom. The neglect
of the scalar potential of the light wave is defensible because the
waves carry no clectricity.

When the term in A is included, the system is not conservative,
but becomes so when A is neglected. Let

¢k (k = 1, 2,...)
be the characteristic functions of the atom for this latter case. The
most general solution of the problem is then

l)b = ;ak‘ﬁk, (19)

where the a,, are a serics of constants. We assume the characteristic
functions to be normalized with respect to unity by the equation
| ok dr = 1, which is convenient in most cases met with in the
sequel.

When the vector potential differs from zero the wave equation
3595.16 3
. E
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still admits a solution of the form (19) with the only difference that
the coefficients @, are now functions of the time. To prove this

proposition we assume the perturbing term _ez (Ap)¢d, (we neglect A2)
w

to be cxpanded in an infinite series of the form
e
[.LC( p)d’n ; 'nk¢k ( )

The neglect of A® is justifiable in the case under consideration at
present, but it may become of importance in considering absorption
by free electrons.

The coefficients of the expansion (20) are obtained by multiplying
by ¢, say, and integrating over the whole of configuration space.
All terms with £, 2 E,, will then vanish owing to the orthogonality
of the ¢-functions, the only surviving term being that in ¢,,. Thanks
to our requirement that the solutions are normalized with respect to

unity we find e

Introducing this expression into the wave equation with the per-
turbation term retained, it reduces to
h da,
a,A _ —2 = 0.
2o dmbn=i: >
Multiplying this relation by ¢, and integrating over all configura-
tion space we find
h da,
22';; dt — %a’nAnn" (21)
This proves the proposition, and gives the equations for determina-
tion of the a’s.

Consider next the solution of these equations in successive approxi-
mations. For the present purpose we only require a solution valid for
a short time interval—short in comparison with the mean life period
of the stationary state in question. It is therefore natural to adopt
as a first approximation

2t
a, = ap+ W Z amAsmu

m

[2
where At = j A, dt,
0
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while «,, stands for a series of constants—the values of the a, at the
time ¢ = 0. Introducing the above expressions into the series in (21)
we find the second approximation to be

a, _an+21rzz 4t

hu O‘k Bgnnk' (22)

where Btk = | Apn Af ds.

Let us stop for a moment and recall the meaning of the quantities
a,. We have shown earlier that Jy*dr is the number of systems of
which the representative points are found in the volume element dr
of configuration space. Forming y* from (19) and integrating over
all configuration space we find, on remembering the conditions of
normalization and the orthogonal properties of the wave functions,

that
N = f¢¢* dr = Y a,at.

Since N is the total number of systems in the assembly, a, ek must
be the number of systems in the nth quantum state, which we shall
denote by N,. Denoting by a,, and a,, the first and second order terms
in (22) we therefore find for the net number of systems which in
the time interval ¢ have entered the nth state

AN, = a,a¥—a, o} = a, okt o, a ¥ +a, ok 4o, ¥ Fa, a¥.  (23)

According to this formula, the induced transition between the
stationary states will depend essentially upon the individual values
of the constants «,, and not solely upon the combinations «, o}
which give the initial number of atoms in the state. This is contrary
to the original form of the quantum theory as it was formulated by
Einstein.

In practical cases, however, the phases of the constants «, will
probably be distributed at random, and in this case the present
theory gives the same result as that of Einstein. For any term
a, o will then be just as likely to be negative as positive, except for
the case n = m. The only surviving terms in (23) are then

t
AN, = __{zN at, Aﬁ,fn—Nng2RJ'AmnAgmd.g},
0

where R means ‘real part of’. A term lincar in A%, has here been
omitted because it is clearly unable to produce any secular increase
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in the number of atoms in any state, since it is periodic, practically
with the frequency (E,—E,)/h.

For further progress it is now necessary to calculate the coefficient
By its definition

_ b e *
Anm = Sm ;;Z; f (AVan)(]sm dr.

If the wave-length of the incident radiation is long in comparison
with atomic dimensions, ‘A will be sensibly constant within that part
of space in which ¢, and ¢}, differ appreciably from zero, and may
he taken outside the integral sign. From the identity

J, = div(xJ)—zdivJ
we find, on assuming J to vanish sufficiently fast towards infinity,

deT:; —frdide-r.

y: |

nm*

Let us apply this equation to the flux of probability, which from

(16) is I3
m = m@{(ﬁ:‘ v¢n_¢nv¢:z}

since A was neglected in the first approximation. The divergence of

this J,,, i 3
div Jmu _ (')—t (‘l’n ﬁb;‘;z)
Wo then find [ (45,94, 4, V) dr = 7 B, ,
where we have written
nm - f r¢n ¢m dT (24)

By partial integration we find further

f ((]Sm Vé,— ¢nv¢m) dr = 2 f ‘i’;l:t V4, dr,

and hence finally
v
lf/n - Em
nm — 7 h .
The next task is the calculation of A%,,. We then write first

0 ~27iy t
an - P'n.me b

A v

(4 ”. b Zl’
nm "~ Z‘AP - o AP,

nm Vam nm?
C

so that AL, = _2ﬂivnm§ P, f Ae-2mivmmt Jf.

The integral on the right-hand side is just the harmonic Fouricr
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amplitude of the vector potential, calculated for the time interval
t and for the frequency v,,. From this harmonic amplitude of
the vector potential we may pass over to the harmonic components
of the electric field intensity E. From the formula connecting the
encrgy density U of a plane wave and the field intensity E,

U = E?/4n,

we find the intensity of radiation per unit frequency range expressed
by the vector potential. The relation in question is
¢

t
2
I, == f A(s)e-2mivans ds f A¥(s)e2mivmmn ds,
0

Vum

0

. . 8m2e?
which gives AgnnAﬁ;n = c (an P:m)A Iv,,,,.’
the suffix 4 being added to mark that we are concerned with the
component of P, parallel to the vector potential. A little con-
sideration shows further that

t
— At [
2-R f AnmAgnn (!S - AnmAmn'
0

In fact, the integral on the left is taken over just half the area
of that on the right-hand side. In as much as the real part of the
integrand is perfectly symmetric with respect to the two halves, the
right-hand integral will be just twice as large as that on the left.

We may further average over all dircctions in space of the vector
potential. We then find

(anP;‘z‘m)A = 3| Pl?
since all directions are equally probable. The rate of change of N,
then becomes finally

4,2
AML - 2 (M"——-N )32‘” °

e Py R
o n 3}526 I 7!1)!l Vam

The probability that a system in unit time will pass from the state
m to the state n, or vice versa, under the influence of a radiation field
is thus determined by the Einstein B-coefficients
32732
B,y = By, = 3hie | P 2. (25)

If we use the energy density of radiation p, instead of the specific
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intensity I,, the B-coefficients given above must be multiplied by
c/4r. Having thus found the B-coefficients, the corresponding
Einstein 4-coefficients follow from the relation

3
4 — 8mhy B,.

nm
c3

which was mentioned ecarlier in this chapter. Later we shall, more-
over, develop a more refined theory which gives the A4-coefficients
directly. :

The vector eP,,, introduced in the above calculations is the
quantum analogue of the electric moment, which in classical theory
determines the radiation from an electric dipole. In fact, a classical
dipole of electrical moment eP, oscillating with a frequency v radiates
energy spontancously at an average rate

Dp2 . 2
B = 2% m P,
where P is the constant harmonic amplitude of P,. The quantum
theory expression of the rate of spontancous radiation from a system
is, on the other hand, hv,, 4,,. Expressing A4,, by B,,, by the
Einstein relation given above, and B,,, by (25), we get

y: |

hy

nm

2
nm = ';;z_;,(zmn1r1)4lpgnz|2'
Comparing these two expressions it will be realized that P? corre-
sponds directly to P3,,. For this reason eP,,, will frequently be re-
ferred to as the electric moment associated with the transition n - m

of the system.
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SOLUTIONS OF SPECIAL PROBLEMS

10. The Free Particle
THE simplest case of all is the motion of free particles in unlimited
space. The wave equation then reduces to
B RRLE )
S 2w ot

Assume a solution of the form

P = £(@)n(y)l(z)e2mEAn,
The three functions &, 7, and { must each satisfy an equation of the
form &2 8n®

ENNTRN ol ) -
dt i B0

where E, is the energy associated with the motion in the 2-direction,
so that the total energy X is given by
E=E, +E,|E.,.

Writing &, = J(2nE); Kk, = J(2uE,); K, = J(2uE),
we have the particular solution

f = const. e=2milktrkoh, (26)
The corresponding wave function in case of a shower of particles is
equal to the product of such wave functions, one for each particle.

The constant vector k is equal to the momentum of the particle, as
is easily realized by application of (17). The wave function of a free
particle is thus a simple three-dimensional sine wave, the wave-
length of which is given by

A = h[K| = hju,
v being the velocity of the particle in question.

The above solution may also be adapted to the case of free particles
enclosed in a rectangular box with perfectly reflecting walls. Since
the particle is supposed to be completely imprisoned in the box, i
must vanish at the walls of the box, and be zero outside. Ifa, b, and ¢
are the lengths of the sides of the box in the z-, -, and z-directions
respectively, the momentum vector must be quantized in the follow-
ing manner 3 3

kz = l?a, k” == m—2—5, kz = 77«56-,
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where I, m, n are integers. The exponentials involving the space
coordinates in (26) reduce to simple sines, and the resulting wave-
function becomes

P .z
3 = const. e-2miEhgin In S sinmn? sinnx?,
a ¢

b

2 2 2 2
with B "(Z ol ”)

AR

It is a rather paradoxical result to find a moving particle repre-
sented by a harmonic wave train in the above way. A plane sine
wave, extending to infinity on all sides, is a conception very differ-
ent indeed from that of a material particle, which at each instance
occupics a definite point of space.

Since a sine wave, as shown above, is associated with a definite
momentum £, it i3 clear that a progressive wave which is limited in
space will represent a particle the momentum of which is allowed a
certain range of variation. If this range is AL and the maximum
amplitude of the wave is localized within a range Az in the direction
of propagation, it follows from rather simple considerations, which we
do not care to reproduce here, that

AkAx == h.

When the locus of the particle is determined with certainty, the
momentum is arbitrary, and vice versa. Thisis a particular case of the
Heisenberg uncertainty principle, which states that the accuracy with
which a given component momentum p and its associated canoni-
cal coordinate ¢ of a system may be determined simultaneously is
limited by the condition

ApAq = h.

Similarly, the determination of energy is associated with the accurate
determination of time by the analogous relation

AEAt > h.

The thorough discussion of these relations is of fundamental im-
portance in any attempt at a philosophical valuation of wave
mechanics.

1 Cf. for instanco W. Pauli, ‘Die allgemeinen Prinzipien dor Wellenmechanik’,
Handb. d. Physik, 24, 1; or W. leisenberg, The Physical Principles of Quantum
Mechanics.
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11. The Harmonic Oscillator

Assume the oscillator to have one degree of freedom. Let v be the
frequency of the oscillator and p its mass. The potential energy is

then V = u(2m)at,

x being the distance of the oscillating particle from its position of
equilibrium. The wave equation of the problem becomes

~ oo ot utempatg L —
Writing the solution in the form
= u(x)e-2miElh
this equation assumes the form
i

Transform to new variables y and w by the equation

y==kx;  w=w)eW; k= 2x/(uvh).
We then find immediately

w'—2yw' +A—1Nw = 0; AX-- 87 ’LF ZE' ,_ dw

— — == W = —.
b2k v’ dy
As a tentative solution we assume an expansion of the form
w== Y a,y",
n

(27)

which, when introduced in (27), yields the following relation between
the expansion coefficients

(I'IL-FB -

For very large values of the index n the functlon defined in this way
behaves approximately like €2, so that wu(z) will tend to infinity
for very large values of x, unless the scrics expansion breaks off after
a finite number of steps. For this to take place it is necessary that A
conforms to the quantum condition
A= 2841  (s=0,1,2,.).

The corresponding quantum condition for the energy is found from
(27) to bo B, = (s+ 1w, (28)

The series w(y) is a Hermite polynomial, the standard form of
which is ds ,
Hy = (—1)%¥ d‘y—s(e'" ).

3595.15 ¥
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Write

1) = (17| )| = [gmerem]
z=y

da? z-0

so that the F(y) is also defined by the Taylor expansion of its
‘generating function’

0y, x) = ev'~C@-v = Z Hy

2 2 * o - 2_ nl <
Since eV -E-Wey' (1) = grUrtI-wI-2t . Z MLy )% !'tv’
Py

we have
H( VH(y)e V' dy == €2 | e~W-z-2'dy - \rx E Q:u_')_l
't' J J ./ ./ - t!

By cquatmg coeflicients of the same powers of z and z we find

? 0, s=£t

f H(y)H(y)e V' dy = Vas! 26y, 8y = {1 a ;

, §=—=1t.

But in as much as I e %" is the wave function of our problem
(disregarding the complex phase factor), the normalized wave func-
tion is II\(:I/)(’,_“/:‘
N(24sWmr k1)
Selection Principle. The harmonic amplitude of the cleetric moment,

which according to (25) determines the probability of a transition
8 - &', is for the present case of the form

us(?/) =

1 o .
Lo = (25511 f B Hery dy.

For the further reduction of this integral we nced the following
recurrence formula of the Hermite polynomials

yIIw == :1.![:[3+1+8Hs—1' (29)
The proof of this formula is obtained most casily by using the
generating function which was given above:

0(y, x) == eV’ -1 = z Hs(y)g.
- !

Differentiating this formula with respect to  we find

2-2) > 15 = > B oo
0 1
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Or arranging the equation into a single power series in z

2 RyH(y)—2sH, 1 (y)—Hoa(y)}e = 0.

Here the coefficient of each power of « must vanish, which is just the
condition expressed by the recurrence formula (29).
Introduce now yI1, from (29) into the expression of P,

P,

s = L\/(‘)s+e3!8r| f {3, 1, +sHe H,_y}ev" dy.

Remembering the orthogonal propertics of the wave functions it will
be realized that the amplitude will vanish except for the case when
s’ is equal to s--1. The corresponding values of the amplitude P,

are then
1 h(s4+1
B = a0y = [0 D)
1 hs
and I;.s— = Z,J(£S) = /\/(8772/1»!!),

the latter being obtained from the former by changing s into s—1, as
was to be expected. The harmonic oscillator will thus only suffer
transitions between adjacent states, and equation (28) shows that
the frequency of the radiation absorbed or emitted in the process is
just equal to the frequency of the oscillator itself.

12. Central Fields

The special case of a central ficld of force is of such importance
in atomic theory as to merit separate consideration. First of all the
hydrogen atom belongs to this class, and extensive calculations on
the state of other atoms have been carried out by approximating to
the actual field by an intermediate central field (Hartree’s method
of sclf-consistent fields).t

Let V be the potential energy of an clectron in the central field
under consideration. The wave equation of the problem is then

v+ -V = o,

where ¥ is the energy of the electron. Since V depends only upon the
distance from some fixed centre, r say, it is natural to introduce
polar coordinates r, 6, ¢.

1 Proc. Cambridye Phil. Soc. 26 (1928), 89.
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The Laplacean operator in polar coordinates is
1(ef,0 1 o 0 1 2
vi= r {5;' (r- 5;) + sin  ¢0 (gm 900) Ty sin®f dé; }

For those who know the tensor theory the proof of this formula is
verified most simply by observing that the square of the linc element
in these coordinates is ds? = dr*+r*d6*+r?sin*0 d¢?, so that the co-
and contravariant components of the metric tensor are given by

9r=1 o0 = % 94 = r2sin6;

gr=1; ¢ =2, g# —r2in-20, and g == rlsin20.
Introducing these values in the general formula

1 0 7]
V2 == uwy
" Vg oar (\/gg )

the above formula for V2 is obtained directly.

Since V depends on 7 only, it is clearly possible to split up the
wave cquation into several equations each depending on one coordi-
nate only. Write b = £r)m(O)()

and introduce it into the wave equation. Denote by I(I-+41) and m®* two
constants of integration. The rcason why these constants are given
this particular form will become evident in the sequel. The wave
cquation may then be split up into three separate equations, as
follows:

ar( (5) { (41)— 817 # 2( ,v_]/)}g == 0, (304)

1 2 m ‘
sin 0 50( mgoﬁ) {sm-{) w 71-1)}7) =0, (30D)
ier;»C == 0. (30¢)

og*

The first of these equations depends upon V,; and can thus only be
solved explicitly when the central field is specified. The functions
7 and {, on the other hand, are common to all eentral ficlds. We have,
firstly, = Ae—im(ﬁ_{_ Beimtﬁ,
where 4 and B arc constants. In order that { may be single-valued,
m must be a positive or negative integer

m= -4 0,1,2,....
We call m the magnetic quantum number, for reasons which will
become obvious later on, while the number 7 is called the subsidiary,
or the azimuthal, quantum number.
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The equation satisfied by 7 is the equation for Ferrers’s associated
Legendre function of order m and degree I, which we shall denote by
the symbol P{* in conformity to general usage. Let us recall briefly
the connexion of this function with the ordinary Legendre function
and its principal properties.

The differential cquation of an ordinary Legendre function is
obtained from (30b) by dropping the term in

1 of. oy
—(sinf—. 1)y = 0.
sin 0 20 (bm 0 ae) Dy

Writing x = cosd
this equation becomes

o\ 0% o .

1—2%) L 20" 41(+1)n — 0. 31
(1—) g — 20 A Ul 1) (31)

Assuming an expansion in power series

n == Z a,x"
n

and introducing it in (31), we find the following relation between the
expansion cocfficients
o =t
" (n+1)(n F2) "
The series has therefore the form A P(x)-- BQ(x), where A and B are
arbitrary constants and

o] 4
P — 1---1(z+1);';_'+(z~2)z(z+1)(z+3)%_...

and Q= x—(l-—1)(l+2)§+(l—3)(l~1)(!+ 2)(14-4)g+....

If I is not a positive integer, both series will diverge at « .- -f-1. If
1 is cven, P will break off after a finite number of steps while @ will
diverge. 1f I is odd, the conditions are reversed. In both cases the
polynomial which remains finite may be written in the form
1 &
e — Loy,
= g g @Y

as was first shown by Rodrigues (1816). It is casily verified that
(31) is of the sclf-adjoint form, and that hence the polynomials B, the
Legendre polynomials, form an orthogonal sequence of funections.

Recurrence Formulae. Rodrigues’ formula forms a convenient
starting-point for the derivation of some recurrence formulae, which
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are frequently useful in the theory of Legendre polynomials. Denot-
ing differentiation with respect to by a dash we thus find
f — 1)t d dl“ ey 1 d
Fisi = ztu dx‘“{( D} = g1 g @~ D' gy gl
which may be written in the form
Pj—2P; = (+1)F, (32a)
which is the first recurrence formula.
Write next in Rodrigues’ formula
(@2 —1) = (a2 —1)-122— (22— 1)1,

x?_ l)’:

Then
2P, = 1 —{(2*—1)"*} — -(ﬁ (x2—1)-1
E7 g — 1) ded da?
1 d! ,
= sy P @1 H (1) )= Pin,
or 2P, == P}+IB—P}_,,
from which follows the second recurrence formula

P, = 2P;—P}_,. (32b)
Further, multiplying (32a) by =, replacing ! by /41 in (32b), and
adding we get
(1—22)P; = (I 1)@B—B,y). (33)
Eliminating the derivatives between these cquations we find the
last recurrence formula

I+ 1) By — (214 1)xB+1P_, = 0. (34)

Associated Legendre Polynomials. Differentiate the Legendre
equation (31) m times and write

dm] )l 1 am+t
—_ — (1 —22)¢ r2__ 1\
dxm 21! (1=a%) " damt (=1

l)in. — (1___x2)1m
This expression is then found to satisfy equation (30b). It is usually
called Ferrers’s associated Legendre polynomial of degree ! and
order m. Just like the Legendre polynomials, the PP form an ortho-
gonal system for different values of the index I. For the sake of
normalization it is important to know the expression of the integrated
square of Pp*, which then will also give the normalization constants

of the Legendre polynomia.ls The formula in question is

2 (4m)!
lm = J‘ (Pl d’x 2l+1 (l—'7n)'



Chap.IV,§12 SOLUTIONS OF SPECIAL PROBLEMS 39
In order to prove this formula we proceed by steps of partial integra-
tions. From one of the PJ* under the integral sign we select the
differential quotient

am Pl 1 dm#

dan = 371 darit @D

and denote the remaining factor by . As this factor will be a poly-
nomial of the (I+m)th degree, ditferential coefficients higher than
the (I+m)th will vanish. The integrated parts will vanish due to the
factor (1—=2?), and we arrive at an expression

lem _ (_1)I+mJ‘ ((ll an)( )l dr
-1

@iy ) \datm

The differential coefficient under the integral sign is now a constant,
and may be taken out. Writing
1
q = f (x*—1)dx = [a,-( 1)-1de — f (a2 —1)-1dz,
-1 -1
and integrating the first integral by parts, it appears that g, satisfies
the recurrence formula

2l
4= T ol qi-1-
Since ¢, = 2 we find
2(2101)2
== (=10 T\ZT
%= (1 gy
We find further casily
dmp (—1ym (I+m)!(20)!
dxt+m (l—m)!
!
and hence finally po— 2 ()] (35)

b= 0041 (l—m)!”

By differentiation of (32 a) and (34) respectively, and multiplica-
tion by (1—a?)}m, the following two formulac arc obtained after some
calculation:

m 2m m m-1 ...
Pyl ~ -z )xP +({+1—m)(l+m)Pp-1 , (36)
and +1—m) P ,—(2l4- 1)z PP+ (I4+m)PP , = O. (37)

Selection Rules. We have thus far found the characteristic function
so far as it depends upon the polar angles, and this is sufficient for
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the proof of the selection principles for the magnetic and azimuthal
quantum numbers, and the calculation of the intensities of the transi-
tions involving different jumps in I and m, but one and the same
jump in the principal quantum number, which depends also on
the radial characteristic function. .These selection principles are as
follows: The magnetic quantum number changes by -1 or zero
in a jump, and the azimuthal quantum number changes by 41 only:

. m1, o,
m_{m TR

The first of thesc follows immediately from the fact that ¢ oc eim¥,
This makes the components of the clectric moment perpendicular to
the polar axis vanish except when m’ == m4-1, while the component
in the direction of the axis vanishes in all cases except m' = m.
Theso calculations require no further elucidation.

The selection principle for I is more difficult to prove, as it requires
knowledge of the properties of associated Legendre functions. Denote
the rectangular components of the electric moment by M,, M, and
M,, the orientation of the axes being the usual one. Performing
the integration with respect to ¢ and leaving out the factor due
to the radial characteristic function and common constant factors,

we find
1 +1
Wil e f Pp PpiL)(l—a?)de,  (38)
m mi
M, = M J Py Py de, (38D)
m4,m

where N, and N, ; denote the normalization factors of the asso-
ciated Legendre functions involved:
+1 +1
Ni,, = J (PP de,  Nig= f (PPi1y dy,
-1 1
As regards M, the problem is solved by introducing for x P from the
recurrence formula (37)

2Pp = 1 {14+ 1—m)Pp 4 (+m)PP).

2l+1

In virtue of the orthogonality of the P}*-functions it then follows that
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U’ iseither [41 or [—1 as stated by the principle. By a simple applica-
tion of the formula (35) we find

_ I+m)(l—m)
001 = [ ea ")

. 4+ 14+m)(l-+1—m)
(M‘)“““A/ ( (2041)(21+3) )

To prove that 3M,4-iM, obeys the same selection principle we reduce
the order of the integrals as regards m by successive applications of
the recurrence formula (36), eliminating P7*+! in case of a positive
sign, and P}* in case of a negative sign. We then get one integral of
the form A/ and one of the original form, but with m lowered by one
unit. The same operation is then applied to this integral, and so on,
until we arrive at an integral of the form

JPPLJ1-1~)dL - f (1—a? )P(il_':

But climinating (1—a? ){ll— from this expression by the recurrence
dx

formula (33) we are led to integrals over £} ,,, which obey the

selection principle.

To find the analytical expression of M, -1-iM, another procedure is
preferable. We consider first the case m' = m+l ! =141, and
assume an expansion of the form

111
JA—22)Pp = 3 a Py, (39)
$=mi1l
where the a,’s are a sct of constants. This means merely a rearrange-
ment of the powers of x in a polynomial, which can always be per-
formed. Due to the orthogonality properties of the P}* we find, on
introducing this expansion in (38a), that the integral reduces to

Uiy Vi1 mir-
The coefficient @, is simply found by comparing the cocfficient of
the highest power of # on both sides of (39), which gives the rclation

1
K A

oty it T

3595.16 G
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the preceding theory of central fields suffices for the rotator in all
respects.

Let us compare this formula with the ordinary mechanical expres-
sion of the energy of a rotator, M2/24, where M is the angular
momentum. We find at once

ViG+} =Tt

Forlarge values of j this quantity thus signifies the angular momentum
in units of /27, and it is easy to sce that the subsidiary quantum
number ! has the same significance in the general case of a central
field.

14. The Balmer Formula

Consider next the problem of an electron moving in a Coulomb
field of force so that the potential energy is given by
y =%

r

where Z is the atomic number of the nucleus. Equation (30a) for
the radial wave function then assumes the form

wm'h&n—%“(Er-»:m. (41)

When 7 approaches infinity, ¢ will satisfy approximately the reduced
equation

(re)"+°7 ¥ B(rd) == .

If I is positive, this equation defines £r as a trigonometric function,
which remains finite for all values of 7, so that ¢ will approach zero
when r approaches infinity. For small values of 7 the functional form
of ¢ will depend essentially on the term I(I-4-1)/r2, so that the question
whether £ is finite and uniform or not depends on I but not on E.
This means that all positive values of K are admissible. A positive
E means mechanically that the electron is moving in a hyperbolic
orbit, and we have the expected result that free electrons may take
on a continuous range of energy values.

When # is negative, conditions are different, since 7¢ will approach
towards an exponential function as » approaches infinity:

1€ = Aot Bewr, = J(_S;“E),



Chap.1IV,§14 SOLUTIONS OF SPECIAL PROBLEMS 45
A and B being constants. It is clear that 4 must be zero in the true
solution and that B will then no longer be a constant, but a slowly

varying function of ». To find the actual form of this function we
write £ =yl 2=«
in consequence of which equation (41) assumes the form

y”+2(z~l—l)y'—y(l—(l:;1) “')'__f_A) = 0,

~
~

Ze® 872
where A= e,
kR
To solve this equation we assume a series expansion of the form
Y= 2 ay2,
8

which, when introduced in the differential equation for y, demands

the following relation between two consecutive expansion coefficients:
0 —a 2s—A

T s A1)

This series must break off for some upper index in order to prevent
y from behaving ultimately like the exponential function e*?, which
again mecans an infinite value of the wave function at infinity. But
the serics can only break off if the numerator happens to become zero
for a particular value of s. This means that }A must be an integer,
usually called the principal quantum number and denoted by =.

The highest power in the series cxpression of y(z) is thus z»-1,
From the form of the recurrence formula for the coefficients it follows
further that the series will start with a term 2!, because the coefficient
of @;_, in (41 a) is infinite, so that @,_; must itsclf vanish, in order that
a, shall be a finite quantity.

Introducing the proper expression for « in the equation for A and
solving for the energy we find

2mu et
Ew = - h’:;';z .
This will give the correct theory for the Balmer terms of hydrogen,
provided the Rydberg constant is given by

(41a)

2m%pet
R=" I

This relation was discovered by Bohr in 1913 in his first attempt to
develop the quantum theory of spectra.
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In the above calculations we have assumed the nucleus to be at
rest. This mecans, as was proved earlier, that the electronic mass
occurring in the above formulae is not the true but the reduced mass

. mM
n= m+M’

where m is the mass of the electron and M that of the nucleus.
Since a proton is about 1,800 times heavier than an electron, there
will be very little diffcrence between p and m. But the difference
is large enough to be measured spectroscopically. This may be done
by comparing the ordinary Balmer lines of hydrogen with the corre-
sponding spark lines of helium. Since the mass of the alpha particle
is about four times larger than that of a proton, the helium lines will
appear displaced a little to the violet with respect to the hydrogen
lines. This displacement is even large enough to be measurable in
certain stellar spectra, where it was found in quantitative agreement
with theory.}

15. Atomic Dimensions

It is of interest to consider how the atomic dimensions come out of
the present theory. Being statistical in its nature, we can only expect
to be able to define mean values for the dimensions.

We have already seen how the probability distribution of the
electron in the hydrogen atom is determined as regards dependence
on direction from the nucleus. In order to find its dependence on
distance from the nucleus we must turn to the radial wave function.
Let us first of all consider the unit of length in which our radial
coordinate z is expressed. In our earlier notation this is equal to 1/«.
Since we now have determined the characteristic values of X, we
may express « as a function of the principal quantum number n. This
gives for the unit length

1 R on n

- = e — AN .10_9—— .

k  4nipet Z ° zZ"
For the normal state of hydrogen » = Z = 1. This unit length is
thus of the order of magnitude of ordinary atomic dimensions, and
we must demand that for z-values appreciably larger than unity the
radial wave function must fall off very rapidly for atoms in the

normal state.

1 H. H. Plaskett, Pub. Dom. Astrophys. Obs. Victoria, 1 (1922), 325.
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Let us now turn to the actual expression of the radial wave func-
tion for hydrogen. The relation between consecutive expansion

coefficients of y is 2(s—n)
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Fie. 1. Graphs of the probability distribution of the clectron in a hydrogen atom
as a function of the distance from tho nucleus. Ordinates arc ¢*? and abscissao

h?

the radius vector 7 in units of ay = -
4mpe

5= 0. 10-? em. Tho numbors writton on the

curves signify tho corrcsponding principal quantum numbor n. The subsidiary

quantum number ! is written to tho right.
Writing a=l—n+1, and B=2I+2,
the radial wave function ¢ = ye~? assumes the form

£ = const. (2efe+{145 T+ ;E;i—}; EF ot

B
+ _‘f_(j'_“l' 1)--~(0‘+n—l—2)(2z)n—1—1 ’

BB+1)...Btn—I—2)(n—I—1)If"

For the normal state (n = 1, I = 0) the wave function reduces to a

mere exponential e~2.
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For atoms in excited states (i.e. with » > 1) the wave function
will always possess maxima outside the centre. In particular, when
n = l+4-1 the wave function reduces to the form
£ = const. z"-1¢-2,
which has a single maximum at
z2=mn—1.

This maximum is likely to persist as the principal maximum also
in cases when [ is smaller than n—1, but then therc will, besides,
occur a series of subsidiary maxima for smaller z-values. When! = 0
thereisalways a pronounced maximum at the centre. Some interesting
cases are illustrated in Fig. 1.

The marked variation in the distribution function shown by these
figures has a simple mecchanical meaning. It will be noted, for
instance, that when / -—= n—1 thcere exists only a single maximum of
£%2. The electron is then running prefercntially in a spherical shell,
and it is interesting to note that in the carlier form of the quantum
theory this case corresponded to a circular orbit. As I approaches
zero, the maxima of £27% approach towards the origin. This means,
mechanically, that the orbits become more cccentric, so the electron
spends more and more time in the vicinity of the nucleus. This is
clear from the fact that the cccentricity of a quantized orbit in a
hydrogen atom was earlier given by ,/{1— (4 1)?/n?}.

For the purpose of qualitative considerations it is frequently of
advantage to use this mechanical picture of the electron orbits rather
than the wave-mechanical language. This will be largely done in the
account of the periodic system given in Chapter VI.
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ATOMS WITH ONE OUTER ELECTRON AND AN
ELECTRONIC CORE

16. The Rydberg-Ritz Formula

THE theory of the hydrogen atom may be considered as a first approxi-
mation for a much wider class of atoms, those, namely, where a single
elcctron is moving at fairly large distances from the rest of the atom,
consisting of the nucleus and an attendant core of inner eclectrons.
Such cases are frequently met with in atomic theory, first of all for
ordinary electrically ncutral alkali atoms, or singly ionized alkaline
earth atoms. The classification of the energy levels by quantum
numbers 2 and [ is equally useful in both cases. But while in hydrogen
(to our order of approximation) all sub-states with the same n have
the same energy, there will in other atoms also appear a dependence
on l. The very large increase in distinguishable energy levels pro-
duced in this way does not show up to a corresponding degree in the
form of spectral lines because of the selection principle for the
subsidiary quantum number. Since this number can only change by
+1 or —1 in a jump, the number of possible spectral lines corre-
sponding to a jump » to 2’ will not be nn’ but only 2n’—1, where »’
is supposed to be smaller than n.

The spectral terms arc usually designated by first giving the
principal quantum number, and then the subsidiary quantum number
symbolized by letters in the order s,p,d,f,g,.... This designation
is taken over from early spectroscopic literature, meaning sharp, prin-
cipal, diffuse, fundamental, etc., which names were used for certain
spectral linc scries. Thus 2s means n = 2, I == 0. The extension
of this notation to atoms with scveral outer electrons will be given
later on.

From the work of Rydberg and Ritz it follows that the energy levels
of an atom of the kind under consideration may be given by an expres-
sion of the form RhZ2

Bu=——sp

where 3, according to Ritz, has the form

8 = &,(1)+8(l)n2.

3505.16 H
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It is customary to call »—38 the effective quantum number, and
denote it by n*.

We shall now show how it is possible to give a theoretical inter-
pretation of this formula on the basis of the wave-mechanical theory,
by assuming the atoms in question to consist of an inner clectronic
core and a single outer electron.

For this purpose we recall the theory of small pe1turbat10ns given
earlier which leads up to the cquation

da, 2m

a2 A (42)

mn =
m
It may be recalled that the wave function of a certain distribution of

atoms over various quantum states is supposed to be given by

¢ = z all(t)¢ll’

where the a,’s are constants or functions of the time, and ¢, is the
wave function of the nth state in the unperturbed problem. Finally,

A, is given by
Ay = [ $2Kg,,dr,

where K is the perturbation term in the Hamiltonian of the wave
equation, while the integration is extended to the whole of the con-
figuration space of the atom.

In the present simple case K stands simply for the change in
potential energy due to the deformation of the clectronic core, and
is independent of the time. This has the obvious consequence that
A,,, must be proportional to e-27i{Fn-Enlh and will hence oscillate
very rapidly about zcro as a mean value, except in the case B,, = E,,.
All terms in the sum occurring in the variational equation (42) will
therefore vanish in the mean, except the nth term, when E, = K,.
The cquation is then casily integrated, giving

a, = const. e=27iAumilh,

The perturbation will thus result in an increase of the total energy
by an amount
A= f $n K, dr.

The next step is to find the proper cxpression of K for the case in
question. Imagine the outer clectron to be so far off from the core
that the force on the clectron will correspond to the Coulomb force
due to the net clectric charge on the core. Then each electron of
the core screens effectively one unit positive charge on the nucleus.
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Assume next the distance to diminish. The corc will then by and by
become clectrically polarized by the electron, the axis of the induced
electric doublet passing through the clectron. Let M be the strength
of the induced doublet and r the distance of the electron from the
nucleus. The doublet will then exert an attractive force 2Me/r3 on
the electron—attractive because the outer clectron will push the inner
electrons farther off and attract the nucleus, so as to give this latter a
better chance to act. But the doublet strength itself is proportional to
the external force, that is, M = ae)r?,

where o is a constant. The reactive force of the doublet is therefore
—2xe*[r5 and derives from a potential —ae?/2r%, which then is the
quantity denoted by K above:

ae?

]{. = :ﬂ)—r—“.
The calculation of the average value of K is much simplificd by a
reference to the theory of Laguerre polynomials,T which are defined by

tr)s L (l)L N p—I
Z(s' o = @)

Denote by /5, the rth derivative of the nth Laguerre polynomial.
Then the radial wave function of the hydrogen atom may be written
in the form
£(x) = const. 2l L2 Hx)ete (® = 2«r),
or = 2z in our carlicr notation.
There is a generating function G/(x,t) associated with these poly-
nomials, which is such that

Gl 1) —= e-rl0-D(1—g)-1 z L t".
p=
Differentiating this relation » times with respect to  we find

o
p
Z L;,(’l:)t_' — (—1)")3’6"“”(1")(1—-t)—(l+r)_
=0 b

Hence
z ot f aslizes 1 L1 dz
— () fo 042042 ¥(1—ut) dx
_{(l—t)(l—u)}'+10 ’ °XP(l—t)(1— )

t 1. Waller, Zcits. f. Physik, 38 (1926), 635,



52 ATOMS WITH ONE OUTER ELECTRON AND Chap.V,§16

where s is a constant. Remembering that [ 2"e-* dxz = n! we find
0

easily ©
f ao+2l2e-2( LA do = {(n+1)!)(s+20+2)! P,

where P;, is the coefficient of (u£)»~!-1 in the power series expansion of
(l—t)‘*“(l-—u)”l(l—ut)““zl's.

The above formula is just of the type we need, since it gives the

integral over the square of a wave function multiplied by an arbitrary

power of the argument.

In the application in view we need the above formula for the
calculation of the integral over K, in which case we must put s = —4
in the above formulac. However, it is also necessary to evaluate the
integrals for s == 0, in order to obtain the factor of normalization.
For this latter casc we find

o 2n(ntD)

Py = (20+2)!(n—1—1)!
¢ _ 2n(n4-1)13
- 2+ 12,2
and ofe z(a LEHL)22 d =~ (1)1
For s = —4 we find after some lengthy calculations

a4 2(n+0)Y3n2—I(l+1)}
nT (204 3) (n—1—1)!
and
£ oors s — 2(n+1)B{3n2—I(141)}
[ e Ly e = (n—1—1)}(2—1)I(21+1)(20+2)(2L+3)"

0
Hence it follows easily for the additional energy that

[ Kew do — Aae?iM{3n?—I(I+ 1)}
€nt = J Keatde = — o i@ D@+ 2)(2IF3)"

Writing the total energy of the state in question in the form
R'hZZ. - quZz_ %R}fzz&l—...
(n—38)? n? n?
and comparing the last term with the above expression of ¢, we
find the Rydberg-Ritz correction to be given by
faZ2  3—I0+ 1 o P

@ (A—1)(241)(2i4-2)(2+-3)° 4y
It will be noticed that this expression is just of the form adopted

Enl = -

S =
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by Ritz for the empirical correction. Also the absolute value is in
fair agreement with observations; but some outstanding exceptions
may be noted. First it breaks down in case of sharp terms (I = 0).
This is due to the fact that our expression for the perturbing potential
is then erroneous, and better results arc obtained by using an ordinary
Coulomb potential inside the core and neglecting the correction
outside the core.

In other cases the approximation breaks down although I is not
nearly zero. But then it has been shown to be due to a kind of reson-
ance, that is, the lines in the spectrum of the radiation absorbed by
the core come close to the lines emitted or absorbed by the outer
electron, or, otherwise expressed, certain arc lines tend to coincide
with certain spark lines of the same element.

17. The Spinning Electron

Under sufficiently high resolving power the hydrogen lines are
shown to consist of a number of components. This feature was ex-
plained by Sommerfeld in the early days of the quantum theory as a
consequence of the relativity formula for the variation of mass with
velocity, and was for some time regarded as the most convincing
proof of this formula. The expression for the energy in the quantized
states found by Sommerfeld was the following:

V4P }-‘
{n—l—14+J(U+1P—y*Z2)F

Here v is the so-called fine structure constant

1+ Buc? = {1+

o 2mre?
YT he?

while the other symbols have their usual significance. The value of
y is ncarly 1/137, and in Eddington’s theory of the ratio between
the mass of an clectron and that of a protonj y is exactly 1/137. But
this theory is at present regarded with reserve by most physicists.

The Sommerfeld formula agreed well with the observed fine struc-
ture of the hydrogen lines, and also with the fine structure of the
corresponding lines of ionized helium. It was further strikingly con-
firmed by the fine structure of X-rays, which present an analogous
problem.

t Cf. E. Schrodinger, Ann. d. Physik, 77 (1925), 43.
1 Proc. Roy. Soc. A, 134 (1931), 524.
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Later on, however, uncxplained features appeared, which threw
doubt on the exact validity of the Sommerfeld formula. There were
difficulties in the classification of X-ray levels, and in the com-
plex structures of optical levels as well. Another scrious difficulty
which embarrassed atomic theory at that time was the Zeeman
effect, which also secemingly was connected with the theory of the
complex structure of the lines, although the rcason for this was
obscure. '

All these difficultics were removed by the hypothesis of Goudsmit
and Uhlenbeckt that the electron carries an elementary magnet and
angular momentum, in addition to its mass and charge. The angular
momentum, ‘the spin’, of an electron is assumed to be

1h
=355

and the elementary magnetic moment

M= ZP.
e
That the magnectic moment will influence the conditions when the
atom is in a magnetic field, and also when several electrons arc
present, is fairly clear. It is perhaps less clear how the structure of the
hydrogen lines can be influenced by the magnetic moment, since the
electron is moving in an electrostatic field, which should not influecnce
a magnet at all. The solution of this apparent difficulty lics in the
fact that rclative to the clectron the proton is moving very fast, and
hence constitutes an electric current, with an attendant magnetic
field. The relation between the magnetic field strength H, the
electric field strength E, and the velocity of the eleetron V is found by
obscrving that the local rate of change of the electric ficld intensity
with time expcrienced by the clectron moving with velocity V is
& = (VOIE = curl®xV),
on assuming the local clectric density zcro, so that divE - 0.
Maxwell’s first equation of the electromagnetic ficld then assumes
the form
curlH = 12E = curll(ExV).
c ot c

1 Nuaturwiss. 13 (1925), 953 ; Nature, 117 (1926), 264.



Chap. V,§ 17 AN ELECTRONIC CORE 55
1
Hence H= E(E X V).

Formally a vector whose curl and divergence vanish might be added
to the right-hand side of this relation. But since this vector must
vanish at infinity, it must vanish everywhere. In the further treat-
ment of the problem it is necessary to take account of the relativity
modifications of kinematics. This is cvident since the effect of the
spin is supposed to serve as correction to the Sommerfeld relativity
formula. The point at issue is that the cffect of a magnetic field on
a magnetized spinning top is to induce it to perform a slow precession
of its axis of rotation. The accelerated motion of the clectron round
the proton will, on the other hand, when the relativity modifications
are taken into account, be cquivalent to another precession of the
frame of reference of the spinning clectron, which is of the same
order of magnitude. This effect was discovered by Thomas,T and is
known as the Thomas Precession. 1t works in the opposite direction
to the induced magnetic field, and reduces it by a factor 3. If we
only had to deal with the fine structure of the hydrogen lines, this
factor would not be of so much consequence, as it cannot then be
distinguished from the arbitrarily adopted values of the clementary
magnetic moment and spin of the clectron. But the Thomas pre-
cession becomes of essential importance when it comes to the explana-
tion of the anomalous Zeeman effect, as it is only in this way possible
to explain the two ctfects simultancously with the same values of
spin and magnetic moment.

An elementary magnet of moment M subjected to the influence of
a magnetic field of strength /I has a potential energy

U — MH.

The proof of this formula is very simple and nced not be repeated
here. The next step is to introduce the proper expressions of M and H
in this formula and to calculate the average value of the interaction
energy. This was carried out by Darwin} on one hand and Heisen-
berg and Jordan|| on the other. The result is, for a hydrogenic atom,
that the average additional energy in a stationary state is

_ g 23D =) —s(s+1)

S (R YO §

1 L. H. Thomas, Phil. Mag., ser. 3,7 (1927), 1.
1 Proc. Roy. Soc. A, 115 (1927), 1. || Zeits. f. Physik, 37 (1926), 263.

]
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We have written down the formula in the above rather complicated
form because this is the way in which it was first stated. Here s
represents the angular momentum of spin in units of A/27, and is
thus to be taken equal to }. Further, j is a new quantum number
which appears in consequence of the degeneracy of the Balmer terms.
It significs the total angular momentum of the atom, orbital plus
spin, and is thus either equal to I4} or I—}. However, j is always
positive, so that the level I = 0 is single, having j = } only, j = —}
being rejected. Introducing the proper expressions of j and s as
given above, we find that all distinguishable energy levels will be
given by the single formula

= Z2% lor —(14+1)
U= =B a1y
the alternatives in the numerator corresponding to j = I+} and
j = 1—} respectively.

To complete the solution of the problem it is necessary to calculate
the wave-mechanical cquivalent of the Sommerfeld relativity formula.
This is a straightforward problem, which leads to a resultant expres-
sion of the energy

(43)

e i
{n—(+ D)+ 2=y 22

which differs from the Sommerfeld formula by the substitution of
1—1} for I. Expanding this expression to the second order in 2 we

find ,
= + 7Y Rz ___1_< —_——
E ET" Ib"— (l .é .

1+ Buct = {1+

Adding (43) to this expression we find that all fine structure levels
corresponding to a given % are contained in the formula

- y2Z2( 1 3 .
B=E 487" (z+1'"&7;) (0 =0,1,2,.),
without introducing ambiguous signs. The reason for this is that the
levels will coincide in pairs. The nth level will thus be split up into
n component levels, which are given by the above formula.

The introduction of an electronic spin also influences the magnetic
quantum number. This is now more naturally defined with respect
to the total quantum number j, representing the component of j



Chap.V,§17 AN ELECTRONIC CORE 57
parallel to a given direction. It may therefore run through the series
of values —j,—j+1, —j+ 2, j—Lj.
Thus m is no longer an integer. For further details compare the paper
of Heisenberg and Jordan referred to above (Zeits. f. Physik, 37
(1926), 263). It is sufficient here to give the final formula for the
change in the encrgy levels of an atom caused by a homogencous
magnetic field of field strength H:

U = o w1 UTD T DD,

“pc %(U+1)

where the magnetic quantum number mn is defined in the above
manner. In this formula H is supposed infinitely small, so that the
true magnetic energy is essentially smaller than the separation of
the fine structure levels.

18. The Alkali Spectra

Consider next the case of an atom in which a single electron moves
at relatively large distances from an inner core of electrons, which
remains practically unaltered during transitions of the outer electron.
This model was previously adopted as a basis for the interpretation
of the arrangement of the spectral terms into s, p, d series, cte., the
Rydberg-Ritz formula, and the selection principle for the subsidiary
quantum number. While these characteristics apply more or less
accurately to a large number of clements with rather different
chemical properties, which suggest the presence of several outer
electrons, we shall now sce that when the clectronic spin is taken
into account we must limit the application of this model to atoms of
alkali metals only.

In fact, it will be expected that formula (43) for the magnetic
energy of the spinning electron may be taken over also for the more
general case, provided the change in the orbit of the clectron is
compensated by the use of an cffective quantum number n* instead
of n. A change of I by one unit will now affect n* also, and this will
have the effect of suppressing the coincidence of levels in pairs. The
only fine structure left over is then the one given by the ambiguity of
(43) which corresponds to a level separation of

_ B, 22y . (44)
n* l(l41)
In case of s-terms the ambiguity vanishes, owing to the fact that j is
3695.16 I
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not permitted to be negative. Hence the s-terms are always singlets.
That a formula of the form (44) will fit the observational data con-
cerning doublet spectra was shown by Landé, and by Millikan and
Bowen.

[t should be noted that the relativity term has disappeared from
the above expression of the doublet separation. The alkali doublets
are thus an exclusive effect of the electronie spin, in contradistinetion
to the fine structure of hydrogen, which is a combined effect of rela-
tivity and spin.

In case of elements other than alkali metals, or in case of spectra of
higher order, more complicated multiplicities will be found, which
cannot he explained on the above lines. These multiplicities are due
to the interaction of several valency electrons, both as regards their
spins ag well as their orbital magnetic moments.

In the above short account of the spinning electron mechanical
notions are uscd considerably beyond the limits of their applicability.
It is therefore gratifying that Diract was able to give the theory
such a turn that the electronic spin appeared as a sole effect of the
relativity modifieations in mechanies, without introducing the notion
of spin explicitly, a state of affairs which is more in keeping with our
general feeling about the matter. But for practical purposes it is an
established use to talk of the electron ‘as if” it carried a spin and a
magnetic moment, which is especially convenient in qualitative dis-
cussions of spectral structure. For this reason we shall not enter
further into details of Dirac’s relativistic theory.

t Proc. Roy. Soe. A, 117 (1928), 610; 118 (1928), 351,
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THE PERIODIC SYSTEM

19. Pauli’s Exclusion Principle

BEFORE considering the theory of spectra of higher multiplicities it
is necessary to study in more detail how the interaction between
several electrons in an atom is to be treated on the basis of the
present theory. One soon encounters the difficulty that a large class
of solutions, which are perfectly good from a theoretical point of view,
are not realized in atomic configurations. How this comes about is
best scen from an example like the following.

Consider a hydrogenic atom in its normal state, characterized by
the values 1, -+ 1, 0, } of the quadruple numbers n, m, [, and j. Assume
the nuclear charge to consist of several elementary units, and con-
sider the process of capturing additional eclectrons in the atom,
external agencies being absent. Neglecting the eleetronic inter-
actions we expect the clectron last bound to suffer a series of transi-
tions, and finally also to be bound in a normal state. What difference
will the interaction between the electrons make to this result 7 For
the spectrum of the radiation emitted during the binding process
the difference may be considerable. The original system happens,
namely, to possess an exceptional type of degeneracy, which makes
the perturbations in the energy values abnormally large. Other-
wise the evolution of the system will proceed very much as if the
interaction between the clectrons were absent. In particular, the
final state of the system is likely to be characterized by the same
set of quantum numbers as a normal hydrogenic state containing
two electrons. 'The functional dependence of the encrgy upon the
quantum numbers may, however, be somewhat different from the
pure hydrogenic case, but this is an unimportant point here. Adding
a third electron to the atom would probably only result in the intro-
duction of a third equivalent electron. In short, we expect all
electrons to be bound in cquivalent states.

This conclusion, however, is contradicted by a mass of facts in
atomic physics, notably the structure of X-ray spectra and optical
multiplets, as well as the pronounced periodicity in the chemical
properties of the elements. Tt is thereforec necessary to restrict the
possible solutions by an exclusion principle, which can be formulated
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as follows: an atomic system will never contain equivalent electrons.
We then assume equivalence to be defined by equal values of the
quantum numbers », I, m, and j.

Dirac and Heisenberg have brought Pauli’s principle into a form
which is convenient for discussions on the basis of wave mechanics.
Consider an atomic system containing r clectrons, and let ¢, ¢,,...,
be the characteristic solutions of the wave equation corresponding
to this atom. Due to the lincarity of the wave equation the solutions
in question can be separated into two series ¥ and ¢{® such that the
functions of the first series are unaltered by interchanging the posi-
tion of two eclcetrons, while the functions of the second series change
the sign only by this process. That is, the functions of the first series
arc symmelric and thosc of the second series antisymmetric in the
coordinates and the spins of the electrons.

The possibility of this requirement being admitted, it follows that
all harmonic amplitudes in the electrical moment of the atom, which
involve onc symmetric and one antisymmetric wave function arc
zero.

The truth of this statement follows directly from the fact that inter-
changing two clectrons, the integral over the wave functions which
gives the harmonic amplitude associated with the transitions in
question will change its sign if it involves one symmetric and one
antisymmetric wave function. In as much as the electrons are supposed
to possess identical structures the amplitudes in question cannot
possibly alter their value by such an interchange, and the integrals
must vanish. The possible stationary states of a system of identical
electrons therefore fall in two series between which there can occur
no transitions. IJach of these serics therefore constitutes an inde-
pendent class of solutions of the quantum problems.

Pauli’s principle applies to the antisymmetric functions, while the
symmetric functions must be rejected as solutions of atomic problems.
However, in the quantum theory of the radiation field the symmetric
functions are of importance, while the antisymmetric must be re-
jeeted. 1t should also be realized that symmetric functions arc
frequently used in atomic problems, when a solution is sought by
neglect of the electronic spin. It is then understood, however, that
using these solutions there will be no more electrons in the atom
than may be labelled in an individual manner by a suitable distribu-
tion of the spins.
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Pauli’s exclusion principle is best illustrated by a discussion of the
chemical properties of the elements. For a detailed theory the actual
solutions of the wave equation for molecular systems will, of course,
play the principal part, but for a qualitative survey Pauli’s principle
is like a flash-light that suddenly illuminates the night.

It is clear that the pronounced periodicity of the chemical pro-
perties of the elements must be primarily determined by the atomic
surface electrons, since there is no particular reason why electrons
buried deep in the atom should have any influence on the outside,
apart from their screening effect on the nuclear charge. And we shall
sce that the surface electrons must exhibit a periodicity which really
goes parallel to the chemical properties in a striking manner, provided
Pauli’s principle is duly considered.

Consider as an illustration the imaginary case in which the inter-
action between the electrons in the atom is neglected. In order to
fix the otherwise indefinite magnetic quantum number m we assume
the atom to be situated in a weak magnetic field. The state of each
clectron is then characterized by the four numbers =, I, m, and j.

By Pauli’s principle no two eclectrons can occupy the same state.
There can thus only be two electrons in the state n — 1, since then
1=0,j=13,and m = +4. For n == 2 there arc cight permissible
states: =0, je=1, m— 4}

=1, j=1, m == 4}
=1, J=13 m — 43 and --}.
In general, for a given value of / there arc 4/4-2 possible states. We
shall adopt the nomenclature that all electrons with the same value
of I form a sub-group, and that all electrons with the same value of
n form a principal group. In cach sub-group there are then 414-2
clectrons, while a principal group contains 2n? clectrons, since
:zl(4l+2) — o2,
=0

In X-ray spectroscopy a definite nomenclature has been adopted
for the principal electronic groups, each group being denoted by a
capital letter, starting with A and continuing upwards through the
alphabet. Thus the K-group (» = 1) contains 2.12 = 2 electrons, the
L-group (n = 2) contains 2.22 == 8 clectrons, the M-group (n = 3)
contains 2.3* = 18 electrons, and so on. For the sub-groups we shall
use the nomenclature of optical spectroscopy, and denote them by
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the letters s, p, d, f, ete. Thus the groups with ! = 0,1,2,3,... will
be denoted by the letters s, p, d, f and will be called the s, p, d,
f-groups. In order to indicate the principal group to which a given
sub-group belongs we put the value of » in front of it, as is customary
in spectroscopy. The d-sub-group of the M-group will thus be
denoted by 3d.

We have already seen that the first two principal groups will
contain 2 and 8 clectrons respectively, such that these groups will be
expected to be just saturated in helium (Z = 2) and neon (Z — 10).
These clements are remarkable for the fact that they form inert
gases, which do not enter into chemical combinations of any kind
and can only be made to liquefy at extremely low temperatures.
This fact immediately suggests that the ability of an atom to enter
into chemical combinations depends essentially upon the degree to
which its outer electronic group is saturated. Further information is
obtained by considering the elements adjacent to an inert gas in the
periodic system. In fact, since an inert gas is supposed to contain a
saturated clectronic group, the succeeding element will presumably
have a single electron loosely bound outside a saturated group. This
surmise is amply confirmed by the spectra of the alkali metals. The
unit valency of the alkali is therefore linked up with the fact that the
surface group of the atoms contains a single electron only.

The further fact that these clements carry a positive charge in
electrolytic solutions, i.c. are clectro-positive, means evidently that
the additional electron is only loosely bound and casily lost. This
is, of course, a fact which is well known from spectroscopic mcasure-
ments of the strength of the binding of the electron.

Conversely, the electronic configuration of the elements preceding
the inert gases, the halogens, must have a surface group which is
saturated sarve for the absence of a single electron. The fact that these
clements arc monovalent and clectro-negative means therefore that
an unsaturated group has a strong tendency to take up an extra
electron, so as to complete the group in question. This happens in
spite of the fact that the atom acquires a surplus negative charge in
the process.

It is now casy to generalize and to ascribe the divalent and electro-
negative properties of the elements preceding the halogens to the
fact that the clectronic surface groups of these elements will be
saturated by the addition of two electrons. Similarly, the fact that
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the alkaline earths are divalent and electro-positive means that the
surface group contains two electrons only.

This picture gives a suggestive explanation of the chemical affinity
between electro-negative and electro-positive elements as a simple
recombination between particles of opposite electric polarity. The
recombination of a positive sodium atom with a negative chlorine
atom to form an electrically neutral NaCl molecule being analogous
to the recombination of a free electron with a positive nucleus to
form an atom. In this way we obtain the first partial understanding
of all heteropolar chemical combinations, i.e. the cases in which the
combining entities have opposite electric polarities. (‘onsidering
electronic groups half-way completed, we shall be somewhat embar-
rassed, howcver, to say which way the group is likely to complete
itself, either by loosing some eclectrons and becoming electro-positive
or by adding surplus electrons and become electro-negative, or on the
whole how many valencies the atom will possess. The rule here seems
to be, as has been claborated in detail by Slater, that the valency is
determined by the resultant spin of the electrons in the outer group.
That a closed group has no resultant spin is a simple consequence of
Pauli’s principle.

20. Influence of Electronic Screening

It is now time to improve upon the simple model of an atom, which
was adopted as a basis of the discussion. The neglect of the inter-
action between the electrons in the atom served the purpose of indi-
cating the main origin of the periodicity in the chemical properties,
and the parallelism between atomic structure and chemical valency.
However, this parallelism raises the pertinent question why atoms
with incomplete electronic groups have a tendency to complete them-
selves by adding or losing clectrons. A quick glance over the
periodic system shows, moreover, that the chemical properties of
successive elements are frequently quite different from the succession
predicted by cnergetic considerations when the intcraction between
the electrons is neglected.

It so happens that it is fairly simple to find a satisfactory answer
to both questions. It is for this purpose largely sufficient to deal
with the problem from the approximate point of view which was used
in discussing the Rydberg-Ritz formula.

Assume that an atom is constructed in the following manner.
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Initially there is a bare nucleus with Z positive charges and Z free
electrons. These latter are then one by one carried into the field of
the nucleus, so that the atom is being built up in successive steps.
The first clectron bound by the nucleus will, when left to itself,
evidently settle down into a normal hydrogenic state. The binding
of the second electron will now be complicated by the fact that the
inner electron will exert a screening effect, such that at great dis-
tances from the nucleus the conditions will approximate the case of
a hydrogenic atom with atomic number Z—1. When the second
clectron has settled down into its normal state we can still assume
that the field of force it is running in is, on an average, centrally
symmetrical and practically hydrogenie, but the screening by the first
electron is not unity any more, but has rather some value between
3and }.

Consider next the binding of the third electron, the first electron
of the L-group. It runs outside the K -group most of the time, so that
the K-electrons will do their full amount of screening. This means,
among other things, that the dimensions of the L-group will be
larger than would have been the case if the K-clectrons were absent.
Adding more clectrons to the atom, the mutual screening of electrons
in the L-group must also be taken into account.

It is important then to realize that the mutual screening between
clectrons in the same group may be essentially smaller than the
screening by inner groups. The reason for this is essentially embodied
in the clectrostatic theorem that a spherically symmetric distribu-
tion of electricity outside a sphere will not give rise to an electric
force inside the sphere. Considering, for instance, the motion of an
L-clectron we realize that the screening by K-clectrons is practically
complete, while the L-electrons themselves will occupy an inter-
mediate position.

This incomplete screening between electrons in the same group,
particularly when the group approaches completion, is the main
causc of the clectro-negative properties of the halogens and allied
clements. In fact, an incomplete sereening must, for clectrons in the
given group, be equivalent to a surplus positive charge of the nucleus.
It is therefore not surprising that in an clectronic group nearing
completion this virtual charge has become equivalent to one or more
real positive charges, such as to warrant the binding of surplus
electrons in the group.
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21. Relative Importance of Sub-groups

In the case of M-electrons the screening by K- and L-electrons
amounts to nearly ten units. But in this case there may be con-
siderable difference between electrons in different sub-groups. The
s-electrons, for instance, will frequently penctrate even within the
region of the K-clectrons, and thus experience the full force of the
nucleus. The d-electrons, on the other hand, will run in spherical
shells, practically, outside both the K- and L-elcctrons, and hence be
screened by inner groups to the maximum amount, and this differ-

Fi1a. 2. The periodic system of the elements. Tho principal periods are represented
by the arrangement of the elements in horizontal rows. Iklements belonging to the
iron group, the zirconium-palladium group, and the raro earths are enclosod by
frames. Chemically related elements are connected by full lines.

ence grows more and more important on passing to higher groups.
For the s-electrons will penetrate into the K-shell no matter to which
shell they belong, and thus break through all intermediate groups.

It is this difference in the screening for electrons in different sub-
groups which is the essential cause of the irregular succession in the
chemical properties of heavier atoms.

In order to facilitatc the survey of the elements we give in Fig. 2
a diagram of the periodic system, which brings out the periodicity in
a rather striking way. In this diagram the principal periods, counted
from one inert gas to the next, are written in separate rows. Elements
in different periods, but with similar chemical properties, are con-
nected by vertical or oblique lines. Adjacent elements with similar

chemical properties are underlined.
3595.15 X
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22. The Problem of Argon

The elements from hydrogen to argon appear to be built in the
succession predicted from the simplified scheme with the clectronic
screcning left out of consideration. Thus helium closes the K-group,
and neon the L-group. The next inert gas should be expected at

atomic number 2.124-2.224-2.3% = 28,

Element number 28, however, is occupicd by the metal nickel, the
properties of which differ very much from those of an inert gas. On
the other hand, already at atomic number 18 there occurs an inert
gas, argon. This element marks the completion of the 3p-group of the
M-clectrons, but not the M-group itself. The fact that a sub-group
here takes over the function played by principal groups in the earlier
clements marks the stage when the difference in screening effect of
sub-groups has increased to prime importance.

That this is the true explanation is niccly shown by the succeed-
ing element potassium. Since argon closes the 3p-group, we should
expect potassium to possess a closed 3p-group and a single 3d-clectron
running nearly circularly outside. The question here naturally arises,
however, whether an electron having the low principal quantum
number 3, and being exposed to the full screening of 18 electrons,
will have less or more energy than an electron having higher principal
quantum number 4, and the advantage of being an s-electron which
may penetratc through the intervening shells right into the vicinity
of the nucleus. The arc spectrum of potassium shows clearly that the
latter case is the one realized in nature, the additional electron being
bound in a 4s-state.

23. The Problem of the Iron Group

The element succeeding potassium is calcium. Here the same
question arises as regards the binding of the additional electron, and
the answer is the same: it is bound in a 4s-state. This completes the
first sub-group in the N-shell, and the question, what will happen
becomes still more pertinent in the succceding element, scandium.
For while a 3d-orbit may lose in the competition with a 4s-state, it
may win when competing with a 4p. On the other hand, with
increasing nuclear charge the principal quantum number will gain
relatively in importance, and may induce the electrons to turn from
the 4s-state to the slighted 3d-state again. This is exactly what
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happens in scandium, where not only the electron last bound but
all three outer electrons have settled down in 3d-states.

This uncertainty about the right choice of sub-group is the charac-
teristic feature of the elements of the iron group. There is a constantly
recurring tendency to build up an outer N-shell of electrons round an
incomplete M-shell. Although the idea has never been worked out
in detail there is no doubt that the characteristic properties of these
elements must be closely connected with the simultaneous presence
of two incomplete electronic shells in the atoms.

The element succeeding nickel is copper (Z = 29). According to
spectroscopic data this element has a single 4s-electron running out-
side a closed electronic group. This must mean that the A -group
was eflectively closed in nickel, and that the 4s-clectron in copper is
the first one which appears in its legitimate order of succession. The
next element, zine, must then have two 4s-electrons. These conclu-
sions are confirmed by the general similarity of the arc spectra of
Cu and Zn on onec hand, and the are spectra of alkali and alkaline
earth metals on the other. The next six elements would seem to
behave regularly, as would be expected, such that krypton (Z == 36)
possesses two complete sub-groups of N-electrons, in addition to the
completed principal groups K, L, and M. It is true that krypton
only marks the completion of the first sub-groups of N. But we
learned from the case of argon that this may be sufficient for the
development of inert gas characteristics, and this holds for krypton,
which is a typical inert gas.

24. The Fifth, Sixth, and Seventh Periods

From this stage on history repeats itself, the development of the
succeeding clements exhibiting a striking similarity to the growth of
the iron group. The valency electron in rubidium, succeeding krypton,
is bound in a b5s-state, instead of a 4d-state. This mecans, in our
scheme of interpretation, that now the internal screening has reached
the stage when a difference of two units in I outweighs onc unit in ».
Strontium (Z = 38) has, similarly, two electrons in the 5s-group.
But in the next element, yttrium, there occurs the same back-slide
which we noticed in scandium; and in the eight elements succeeding
strontium, the yttrium-palladium group, an oscillation back and
forth between 4d- and 5s-states seems to play the same part as an
oscillation between 34 and 4s did in the iron family. The uncertainty
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is settled in silver (Z = 47), in which casc the first three sub-groups
of the N-group appear to be saturated with their normal number of
18 electrons, with a single electron in a 5s-state outside.

The next element, cadmium (Z = 48), has two 5s-clectrons, while
the next few clements complete the 5p-states, so that the element
xenon, which is eight units above palladium, will have the sub-
groups 53 and 5p completed, and, according to expectations, the pro-
perties of an inert gas. It is not easy to explain why the completion
of the first two sub-groups of a principal group marks the stage of an
inert gas, while the completion of succeeding sub-groups passes un-
noticed. But it could probably be explained by a careful study of the
screening conditions.

The Sixth Period. Superficially we might now expect that condi-
tions in the next period will be a mere repetition of those in the
fourth and fifth periods. But this would be a mistake. The beginning
is hopeful, however, as the element succeeding xenon, caesium, has
the properties of an alkali metal, and a single electron running in a
6s-state as was to be expected. Barium (Z = 56) falls into its proper
place as an alkaline carth metal, and has two 6s-clectrons.

Then, however, something partially new happens. For we must
remcmber that we have been going on adding electrons in new
groups at the surface of the atom, without taking care of completing
the inner groups in due course. Thus barium still lacks the f-electrons
in the N-group, and all d-, f-, and g-clectrons of the O-group, while it is
busy building up a still higher group, the P-group. This looks like
a preparation for a landslide of clectrons, as, considering the small
screening effect between clectrons of the same sub-group, we should
expect a group to be filled to the brim as soon as it starts capturing
electrons.

This is what happens in the elements succeeding barium. Lantha-
num (Z = 57) is on the verge, having probably its additional
electron bound in a 5p-state. In the fourteen elements succeeding
lanthanum we now witness the completion of the N-group. These
clements form the rare earth family, and have closely similar chemical
propertics. This latter circumstance is essentially due to the fact
that the spatial dimensions of the N-group will be considerably
smaller than the dimensions of the O-group. What happens to the
N-group will therefore be only fecbly reflected on the atomic surface,
which determines the chemical properties of the element.
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The rare earths close up with ytterbium, and in the next eight
elements, ending with platinum, the first three sub-groups of O are
completed. This group of elements parallelize, in a certain way, the
elements of the iron family, and the yttrium-palladium family in
earlier periods. Further on the O-group probably remains unaltered,
while the first two sub-groups of P are built up, terminating in the
inert gas niton.

The Seventh Period contains only five (or six) known clements,
all of which are strongly radioactive. As far as we can judge, this
period runs parallel to the previous one in the beginning, as would be
expected from analogy. But as we only know a few of its elements
it is rather idle to speculate about the conjectural properties of
elements which are absent. It is also probable that for such high
atomic numbers the problem of constructing elements still heavier
than uranium will be complicated by the finite extension of the atomie
nucleus, even if it should be possible to find a nucleus which was not
subjected to spontancous disintegration. The dimensions of the
K-shell in uranium are, in fact, not much larger than the estimated
dimensions of the uranium nucleus.



VII
THE THEORY OF MULTIPLETS

25. Nomenclature

IN the more detailed theory of the atoms with several electrons it is
advantageous to use a generalized nomenclature in which the notation
used for atoms with only-one clectron appears as a special case.

The principal quantum number is not particularly suited for a
generalization of this sort, and it is therefore fortunate that the part
played by this number becomes more and more ill defined as the
multiplicity properties of the atoms become more pronounced. When
referring to this number in the theory of complex spectra we shall
simply take it to define in the ordinary way a sort of mecan value of
the energy of all levels belonging to the same multiplet.

As regards the remaining three quantum numbers we introduce
capital letters L, J, and S as a gencralization of the numbers [, 7, and s
of single-clectron atoms. Here I, will appear as a sort of vector sum
of all the /’s of the individual electrons. Denoting the { of the ith
clectron by I; we have therefore

the summation being extended to all electrons in the atom. In the
same way we have

J <Y, and S <3 s
7

The number J signifies the total angular momentum of the atom,
measured in units of A/2m, and it therefore satisfies the inequality
J < | L+S].

In order to obtain a clear view of the rather complicated cases met
with in multiplet spectra it is necessary to introduce a generalized
sort of nomenclature for the atomic states involved, by which a given
state is completely characterized by a single symbol. Several systems
of nomenclature have been devised from time to time, but at present
it secems that the form originally proposed by Russell and Saunders
enjoys universal favour. In this system the terms are denoted by
capital letters in the usual order:

L =0,1,2,3,4,.. by the term symbols: S, P, D, F, G,....
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The multiplicity of the term is written as a separate upper index on
the left side of the letter. Thus a triplet P term is denoted by 3P.
The value of J, on the other hand, is given as a lower right index. If
the above triplet P term corresponds to an inner quantum number

== 2, the notation is 3/,. It remains to indicate the principal
quantum number. This is frequently not even known or is unin-
teresting, and may be left out altogether. But if it is important
to bring it out it is added in front of the letter. If the above
term corresponds to » = 4, the complete symbol assumes the form
43P,

It is frequently of interest to indicate explicitly how a particular
configuration of electrons is constructed. We then use the ordinary
term symbols, and add the number of electrons in a given state by
an upper right-hand index. The normal state of the carbon atom is
a triplet and contains two 1s-electrons, two 2s-clectrons, and two
2p-electrons, and these electrons interact in such a manner that
L=1, 8==1, and J = 0. The normal state is therefore charac-
terized by the symbol

(Ls)*(25)°(2p)* *Fy,.
But it is often unnecessary to indicate more than the last bound
electron or electrons and the above symbol is then abbreviated to
2p 3F,.

The prototype of complex spectra is set by the so-called normal
multiplets, which appear as a dircet generalization of the alkali
doublets, doublets which therefore arc included in the group. A
normal multiplet spectrum consists of several s, p, d serices, ete., the
members of each scries having a characteristic kind of multiplicity.
Thus calcium has one singlet term system and one triplet system.
Scandium has doublets and quartets, titanium singlets, triplets, and
quintets, cte. The multiplicity of a scries is characterized by its
S-value. Singlets have § = 0, doublets 8 = 3, triplets S = 1, ete.
The multiplicity is in any case given by 284-1.

For a given value of S and L the number J can only assume the

values J = L+8, L+8—1,...,|L—S+1]|, |L—8|,

in accordance with the presumed vector property of J.

This general nomenclature may be useful in the analysis of any kind
of multiplet spectra. The so-called normal multiplets, which corre-
spond to a coupling between the outer electrons of the kind first
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distinctly defined by Russell and Saunders,} are singled out among
other multiplets by particular selection rules, which result from the
assumed coupling scheme. In the Russell-Saunders coupling scheme
there is a strong coupling between the individual /; and the individual
8;, so that they combine into quantized resultants L and S in the
manner considered above. But the coupling between L and S is sup-
posed to be slight. From these assumptions the following selection
rules may be derived: |

L—->L+1 or L-L,

J>J+1 or J—>J,
and S 8.

The last rule states that the multiplicity is conserved during a
transition, so that intercombination lines require a departure from
the Russell-Saunders coupling scheme in order to occur. From the
fact that intercombination lines do occur, occasionally, in almost all
multiplet spectra, it follows that the normal multiplet scheme forms
a sort of idcal limit, which is not realized rigidly in actual cases.

That L and J must conform to the same selection rules in normal
multiplets is a simple consequence of the assumed negligible coupling
between L and S. A change in J must then necessarily lead to a
corresponding change in L.

Applying these rules we find the following scheme for normal
multiplets:

L | J _ J

0 0 singlets S == 0 1/2 doublets S = 1/2
1 1 1/2 3/2

2 3/2 5/2

3 3 5/2 17/2

0 1 triplots § = 1 3/2 quartots S = 3/2
1 012 1/2 3/2 5/2

2 123 1/2 3/2 5/2 72

3 234 3/2 b/2 7/2 9/2

0 2 quintets S = 2 5/2 sextets § = 5/2
1 123 3/2 5/2 172

2 01234 1/2 3/2 5/2 7/2 9/2

3 12345 1/2 3/2 5/2 7/2 9/2 11/2

(1] 3 soptets S = 3 7|2 octets S = 7/2

1 234 5/2 7/2 9/2

2 12345 3/2 5/2 7/2 9/2 11/2

3 01234586 1/2 3/2 5/2 7/2 9/2 11/2 13/2

1 Astrophys. J. 61 (1925), 38. A very comprehensive discussion of various possible
coupling schemes in multiplots is given by Laporte, Handb. d. Astrophys. III. 2.
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One will notice that the sharp serics terms (L = 0) are always sin-
glets, no matter whether they belong to a singlet system or not. Passing
from sharp to principal, diffuse terms, etc., the multiplicity increases
until it reaches a maximum value, and from thence it remains
constant.

The manner in which S is related to the elementary electronic
magnets is indicated among other things by the manner in which S
takes an upper limit for different elements. The conditions are such
that each outer electron contributes at most § to the maximum value
of 8. When the number of clectrons in an outer shell approaches its
maximum number it seems, however, as if they gradually lose their
power of manifesting their presence by affecting the maximum
number of 8, so that the multiplicity does not reach its theoretically
possible upper limit. The following table giving a survey of the
observed spectra of the elements from potassium to zine will make
this matter clear, and otherwise serve to illustrate the features of
multiplet spectra.

Arc spectra

K |[Cu|Se|Ti|V|cCr|[Ma|Fo|Co|Ni|culzn
Singlets X P4 X X
Doublets X X X X X
Triplots X X X X X X
Quartets X X > X XK
Quintets X X X I %
Sextets X X X
Septets X X
Octets X

Spark spectra

K+ | Cat Sc+ 'I‘x V*’ ' Cr' |Mn.' Fot | Co! Nl' Cu* | /n L4
Singlots x 1 (
Doublets X X X
Triplets X X |
Quartets X
Quintets X |
Sextets I X X |
Septots | X
Octets I | }

It will be seen that the rule of maximum mult1phc1ty holds falrly
well up to seven electrons, but then the maximum multiplicity
declines. A rule which holds without exception, however, is the rule

of alternation, that is, the fact that an even number of outer clectrons
3595,156 L
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gives odd multiplicities while an odd number gives even multi-
plicities.

26. Displaced Terms

Tn most cases of observed multiplets all but one of the valency
clectrons occupy their normal positions. Theoretically any distribu-
tion of electrons over the possible quantum states is permissible, but
experimental conditions-are mostly such that the excitation of one
clectron is strongly favoured as compared with the simultancous
excitation of several electrons. There are some exceptions to this
rule, however, the most conspicuous being found among the terms
of the arc spectra of alkaline earths. These exceptions are due to
the existence of metastable states of the atom, particularly in the
ionized form.

Looking over the spectral terms of singly ionized calcium, for
instance, we find that the lowest d-term is intermediate in value
hetween the lowest p- and the lowest s-term, the latter corresponding
to the normal state of the atom. Due to the selection principle for
! a spontancous transition from a d- to an s-state is excluded, and
once the atom is settled down into the lowest d-state some external
influence is required in order to transfer the electron to the normal
or some other state. Or, if the metastability is due to the vanishing
of the associated dipole moment only, the life period of the state will
be very much prolonged, so as to allow the next higher non-vanish-
ing multipole to come into play. Under conditions of sufficiently
strong cxcitation there will in any case result an abnormal aggrega-
tion of singly ionized atoms in the lowest d-state, and the case may
occur with a rather large frequency that such an atom rccombines
with a free clectron. In the recombination process such atoms will
emit radiation, the spectral lines of which differ from the usual ones
because the influence of the additional electron proves sufficiently
large to destroy the metastability in question and to induce a
simultancous transition of both valency electrons to states of lower
energy.

The difference between the spectrum emitted in this way and the
ordinary spectrum consists essentially in a displacement of all lines
towards higher frequencies, and hence the designation ‘displaced
terms’. The displacement is found to correspond to the energy
difference between the lowest d- and the lowest s-state of the ionized
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atom, as was to be expected. No exact correspondence is found,
since the influence of the outer electron is likely to produce a consider-
able deformation of the motion of the inner electron. This influence
must decrease with increasing distance of the outer electron in its
initial state, and must vanish at the series limit. This inference is in
complete accordance with experiments. Displaced terms originating
in a similar way are found in the spectra of N, B+, C++, Alt, S++,
P+t and S++++,

27. Probabilities of Transitions between Multiplet Levels

The theory of intensities in multiplets has already played some
part in astrophysical discussions, and may become of more promin-
ence in the future. We shall therefore give a short account of the
formulae most in use, without, however, entering upon their theo-
retical basis. Most of the work in this line was completed before the
discovery of the modern quantum mechanics, but later developments
have not led to divergent results.

As emphasized before, each multiplet level of inner quantum
number J is itself multiple and splits up into 2J 41 component levels
in a magnetic field. We must therefore first consider the transitions
between these sub-levels, which are distinguished by different valucs
of the magnetic quantum number m. These transitions will deter-
mine the intensities of the Zeeman components of the lines for the
case of an infinitely weak field. This problem has been considered by
Darwint from the point of view of wave mecchanics, while Born,
Heisenberg,and Jordan,} and Heisenberg and Jordan|| have developed
the theory from the angle of matrix mechanics. The formulac are
quite the same as those derived by earlier authors by assuming the
transition probabilities to be quadratic functions of m, and assuming
the total intensity and the total polarization of a multiplet to be un-
altered by the influence of an infinitely weak field (principle of spectro-
scopic stability).

The formulae in question are derived on the assumption that it is
sufficient to take into account the influence of the associated electric
dipole moment of the electric oscillation in the atom. The theory has
also been developed so as to take into account the effect of the
associated magnetic dipole and electric quadripole. But as that

+ Proc. Roy. Soc. A, 115 (1927), 1. t Zeits. f. Physik, 35 (1926), 657.
|| Ibid. 37 (1926), 263.
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question is of special interest to the theory of nebulae, it will be
reserved for special consideration later on. We shall therefore here
only recall the form of the simpler formulae, without entering on
their theoretical foundation.

Let A7, denote the probability of a spontaneous jump from a
state J,m to a state J’, m’. The formulae in question have then the
following form:

Transition J > J: = A, = %Aj(J:Fp}zf}]fl?_*-l‘)’
J,m m2
Arm =40y
J 2)(J 1
J>J41: Adm =34, 3%.7:’1’))(%]%%4-—)
J.m _Ad (J+1)2—m2
A"+1'm' - AJ+1(']—_*_—'1)'_(-2:I——*_—§—)'.

147 (JFm)(J Fm—1)

J—>J—1: Aj'—"ll,'mﬂ:l = 1 “"J(zJ‘ l) oy

o

J —m2
A:;L’”ll,m AJ IJ(ZJ ml)

The quantitics 47, ete., are independent of m and J, but may depend
in any manner on the other quantum numbers.

In order to use these expressions for the analysis of Zeeman com-
ponents of multiplet lines it is of coursc neccssary to know the
relative number of atoms in the different quantum states involved.
If the excitation has a non-selective character, so that states with
the same values of n, L, and .J have the same probability, practically
speaking, the above formulac will be directly applicable to the inten-
sity problem. Thus the empirical rules of Ornstein, Burger, and
Landé concerning the intensities of the Zeeman components are all
contained in the above formulae.

Consider next the probabilities of transition between the unper-
turbed multiplet levels. It is now important, especially for astro-
physical applications, to remember that the following formulae apply
only to transitions dominated by a variable dipole moment, as was
emphasized above. The formulae were given by various authors as
a suitable generalization from the classical theory. The nomenclature
adopted is that of Sommerfeld and Honl, which is, for instance, also
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used in Laporte’s article on multiplets in Handb. d. Astrophys.
III. 2, p. 673.

Let P, @, and R be defined by
P(J) = (J+L)(J+L+1)—8(8+1),
Q(J) = —(J—L)(J—L+1)+8(8+1),

and R(J) = J(J+1)+ L(L+1)—S(S+1).
We have then for transitions L - L—1:
arz _ POPI-])
J"‘l,L-‘l 4JL H
oL 241
and for transitions L — L:
oL — gy @I EDELAL)
Az =R (J)4J(J+1)L(L+1)’
2L41

A35r = PRI, T

These formulac are due to Kronig, Sommerfeld, Honl, and Russell.||

t Zeits. f. Physik, 31 (1925), 885.
1 Berl. Ber. (1925), 141; cf. also Ann. d. Physik, 79 (1926), 273.
|| Nature, 115 (1925), 835; Proc. Nat. Acad. Washington, 11 (1925), 314, 322,



VIII
THEORY OF ABSORPTION AND EMISSION

28. Energy of the Radiation Field
ConsipER a radiation field which is constrained to remain inside
a finite enclosure with perfectly reflecting walls. For the sake of
simplicity we assume thé enclosure to be of rectangular shape, parallel
to the axes of a rectangular coordinate system, the coordinates of the
edges along the axes being 0, «, B, v respectively.

In such an enclosure the amplitude of a harmonic component of the
field must have the form

. T . . z
X — A cos 2mitsin knZsinlrZ sin mm” ,
63

B y

where A is an arbitrary constant, and k, [, and m are positive integers.
The amplitude will now necessarily vanish on the walls of the box,
and may consequently be assumed to be zero on the outside. Since X
must gatisfy the wave equation

VX - L%,
c_

it follows that the frequency v is given by

4% P m?

C:‘ = 9 + ‘3) + *
Each triad of integers k, I, m will correspond to a possible solution,
and the total number of possible solutions for which the frequency
is less than » is given by the volume of the positive octant of the
cllipsoid defined by the above equation when £, I, and m are considered
as rectangular coordinates. This volume is

9. *). 3
N o= Lam(2e) (2B) (vy)  dmo vt
83\ ¢ c c 3 ¢

where Q is the volume of the enclosure. In case of light waves the
number will be twice this because of the transverse nature of the
vibrations, so we add a factor 2. Differentiating, we find the number
of vibrations in the frequency interval v to v-+dv to be

vdv

dN = 8nQ2” (45)

Assume that the radiation field is defined by its vector potential,
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and let us resolve this potential into harmonic components in a
slightly different way, a component being given by

A = Agu(tsin 2™ (o4 By +y2-+-o). (46)

Here A, is a unit vector, «, B, v are the direction cosines of the
direction of propagation of the wave, € is a phase constant, which is
to be determined so as to make the amplitude vanish at the boundary,
and u(?) is a function of the time, which reduces to a cosine for a wave
which is also harmonic in the time, as assumed above, but which
otherwisc may be slightly different when there is absorption or
emission of radiation. The completc radiation field will now be
represented by a sum of standing vibrations of the above type, the
number of possible vibrations in the frequency interval dv being
given by (45), while the dircctions of propagation and polarization
are distributed at random. It is evident that knowing all the u-
functions of the ficld the vector potential is determined, and then also,
by a simple differentiation process, the clectric and magnetic inten-
sities. Hence we may consider the u-functions as the coordinates of
the radiation field.
The clectric and magnetic ficld vectors E and H are given by

E-—- -, H := curl A,

or expressed in harmonic components by (46):
1 . T 21y
E=— ZEA(,sussmls; H = —?!‘stAmuscosI‘s,
8 8

where H; is a unit vector with components o, B,, y,, and I} is given
by 7))

2 2
L= "2(H,r) = "7 (o2 B,y+7,2)
The electromagnetic energy in the space Q is

w = 1 QEHe).
87

Leaving out cross-terms, which only entail rapid fluctuations in the
field of the period of the light waves, we may write

1 z . z 2722
2 2. 2 2
E2 = -2-32 Ugs H? = ~—(-:2--"u,,
8 L]
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which give the following expression for the energy W

Q .
= 8me? Z (3ui+2n%7 ul).
8

Introducing the Hamiltonian momenta of the field,
_w_ Q.
ST o, 8me: ¥

the energy assumes the following form

W= z (ézrc_ 2—{- — 2'rr"u“I u2)

The consequent canonlcal equations are

u, :a—u—,=§”gv; 1';8=——QV~—_-—i41r2v’u.
o o, Q ou 8mez  °°

3
Eliminating », we find

g+ (2mv,)*u, = 0,
which shows, as was to be expected when there is no interaction
encrgy with matter, that the u-functions are harmonic in the time
with frequency v. Tt is convenient for the following to make a slight

change in the definition of the canonical variables by writing

" — 8mc?\ » ___J Q
CH "g’f‘ qs; s 7 871'6“ Ds-

In the new variables p, and g, the energy assumes the form
W =3 {ip;+2n%; g3},
8

which is the Hamiltonian for a system of independent harmonic
oscillators of unit mass and frequencies vy, v,,.... The vector potential
of the field assumes the consequent form

A= J (87":“) Z A g,sinTy.

29. Quantization of the Radiation Field

Since the radiation field is resolvable into a system of independent
oscillators, the characteristic functions of the field are

hy = Hy(kq)e-i%0" (’“ =2 A/ %)

where H, is a normalized Hermitian polynomial. Moreover, the
characteristic energy values are given by

Ey = hvy(s'+}) (s’ =0,1,2,...).
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Consider next the wave-mechanical problem of an atomic system
in interaction with this field. We write the Hamiltonian of the pro-
blem in the form H = H—K,

where H, is the Hamiltonian of the atom and the field, with neglect
of their interaction, while K is the interaction term. Let ¢, ¢,,...
be the normalized characteristic functions of the unperturbed
problem, i.e. corresponding to the Hamiltonian H, alone, and let
E,, E,,... be the corresponding characteristic energy values. The
most general solution of the unperturbed problem is then

= ; an'a{’m

where the a, are constants which we suppose chosen in such a way
that a, a} is just equal to the number of atoms in the assembly which
are in the nth quantum state. From the perturbation theory which
was developed in a preceding section (see p. 26) we know that the
quantities a,, must satisfy the equations

da,, 2mi
dt"——hﬂ— @, Kym =10 (m=1,2...),
n

where K,, = f ¢m K, dr, (47)

is the matrix of the interaction energy.

Neglecting the square of the vector potential, the term 2—1—(p— SA).'
©
in the Hamiltonian reduces to 2—1-p‘-’— ic Ap. The interaction term in
po p

question is therefore e
K = —Ap.
e

In the case of a single electron p/u stands for the momentum of a

single clectron, divided by its mass, that is, in the language of wave

mechanics, L o
P

_— = T T etc.
© 2mip Ox

In the case of several electrons K is simply the sum of ic Ap over all
w

electrons. The vector potential is in each case to be calculated at
the positions of the respective electrons. In the following we proceed
as if there were but one clectron present, since the generalization to

several electrons is trivial.
3595.15 M
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Introducing the expansion for the vector potential given earlier we
find

8 .
= 5 ?;_T Z ge8in [} (Aq,P).
8

Expression (47) for the perturbation matrix may be further re-
duced by the following considerations. First it may be recalled that
the wave functions ¢,, supposed to be calculated by neglect of the
interaction energy, may be written in the form

¢n = Cn,cnlgn,"' ’
where {, is the wave function of the atom, and Lnys {n', cte., are wave
functions of the harmonic components of the radiation field. Each
term in the sum giving K contains a ¢, as a factor, and each term will
be multiplied by the corresponding product ,, %, the quantum
states being, say, n, and m,. Apart from these particular states, the
wave functions will occur in pairs ¢, {5 ., and it is therefore clear

that each term in the sum giving K,,,, will be a product of integrals
of the form

n. my f Cn, 95 Cm, dQ.s»

and n. my f Cn. m,

The latter integral will vanish in all cases except when n, = m,,
when it equals unity. By the theory of the harmonic oscillator the
former integral is given by

I,,‘m‘ — A/(h(ns‘*‘ 1))e2mv N (my = ny+ 1),

2
87y,
or n,m‘ = A/(Sn'" )e—2mv.l (my = ng—1),
E — n
where vy = | M ; Y|
b

As a consequence of this the series representing a perturbation
matrix element reduces to a single term

Ngs Myves Mgurss Mg, Nyone Nt Leee

= E/(ﬂ’;y) f sin[L {7, (Ao, P)L,, dr {ezﬂvf“/(n‘_]-l)

‘L e—ZHIV,‘Jns’
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where the upper or lower expression is to be taken according as
mg = ny+1 or n,—1. Write

Frms) = [ SINTL% (Agy V)L, dr.

The above expression may then be written in the form

h h 277iv,l
Knn,n,...n,...; Moy Myene Nyt lee ° J('———)fnm,.(va) [e ‘/(ns—*- 1 )] .

27 uA \mQv, e~2mivad In

The equation for the time variation of the a,-coefficients now
becomes

. e h oni
L Z ;:A/(;Q-l;;)f")'“"" Vs){an,. n,...n,+1\/(ns+ l)e_'m(y"'""“'y‘{'

—omil -
+an.,n,...n,—1\/nse 2 ngmy v,)t}’

where f} ,, (v,) denotes f, , (v,) without the complex time factor,
while v, ,, stands for (E, —£,,), These equations may be considered
the cssential basis of the quantum theory of radiation processes. The
special cases of pure absorption or pure scattering are to be under-
stood not as intrinsically different processes, but more as different

aspects of one and the same radiation process.

30. Structure of an Emission Line

The simplest possible case is encountered when the system consists
of an atom initially in empty space, from which it may suffer transi-
tions to a single lower state under emission of radiation. Denote the
upper state by index 2 and the lower by index 1 and write

Vor = —Vi2 = V) Tavs) == f1(v), Ja,) = fulvy).
Neglecting consistently all other terms than the resonance terms,
the only surviving equations are

. e h

ay0,.,1, = u A/ (;Q‘v—a)f a(Vs)@,0,0,.., €2 @Y, (48)
. e h .

Qs,9,.,0 = Z ; A/ (;Tm;)f 1("3)“1,0,..,,1,6'2"’(""”)'- (49)

Integrating (48) over the time we find

¢
e h 2arity
ay,,.,1, = “ J (m)fz("s) J- .0, e 2T dL, (60)
d
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Introducing this into (49) we get an integral equation for a, ,_,
2 B, :
. e .
@s,0,.. = Z 2 ;ﬁv"f 1(ve) fa(ve)e?mi—vak f By, 20X dt.
0

The sum with respect to 8 may be changed into an integral over v,
taken from zero to infinity. Then, using (45),
t

- .

. 2 8 , i

Qs,0,.. = % ?’{L Vafl("s)fz("a)ezm(v_v')‘{f @y, 62—V dt} dvs. (51)
V=0 0

Considering the secular decrease in the number of atoms in the upper
state, it is clear that this equation will have a secular solution (i.e. a
solution smoothed by leaving out periodic terms) of the form

—— p=M
@2,0,0.. = €77

where A is a constant. Introducing this expression of a,,, into
equation (51) we find

©
1 — e +2miv—v )it

__ 8e%h 24 i
o A 2mi(v—,) Ve

) RGBT

0

A

&

Write this integral in the form

_ 1 3 v, f1(Vs)_fsz_’s)e"‘“"“”"")” & — 1 N vof1(v) fz(vs)(v‘,'fl{) v+
2m (2A[2m)+vg—v o 2m ) (N/4n2)+(v—v)2 ¢
0 0

A i vef1(ve)falvs)
+41T2 ! (A2/4772)+(V3-—V)2 dl’a. (52)

We may evaluate these integrals if we assume that A is very small
compared with v (which will always hold in physically interesting
cases).
The first question is what becomes of f,, , (v,) when v, — co. In
the expression for f(v,) written out in full,
4+ 4o 4o

Fomle) = f f fsin 2’;”8(a,x+p,, Y+ 7a2) 0 (AoeV ), drdyd,

— —w —w©

we rotate the axes, till the new z-axis lies in the direction of «,, B,, ¥,.
Then, performing the integration over the new coordinates 2’ and y’



Chap. VIIL§30 THEORY OF ABSORPTION AND EMISSION 85
we get the expression +o

Fimn(vs) = f sm?ﬂ’? F(z') dz,

L]
+ o + o

where 2 ) = Aoq f f C:uva, dx’(ly"

a finite function of z’.
By the integral theorem of Dirichlet:

+ o0
liml f(t+z)sinvz£1—z = f(t),
vy T 2
we find -
+
lim | (04+2)F(0+z )sm“"Z*“ “;; = 0.F(0) ==

It is now easily shown that the first} and third of the integrals (52
converge, and it then lics in the nature of the problem that the
second must also do so. We see further that the essential contribu-
tion to their values is found ncar the poles v, = vFid/27. We may,
therefore, without perceptibly altering their values extend the lower
limits to v, = —oo0. As regards the first integral we may join the
limits by a path enclosing the negative complex vg-plane. By
Cauchy’s thcorem the integral is then equal to —2n¢ times the
value of v,f,(v,)fa(v,)e H2mi@—vdlt at this point, which to a sufficient

approximation is — 2mivf, (v)fal)
1 2 .

The second integral vanishes owing to the factor v,—v in the
numerator, the same approximations being assumed as in the pre-
ceding case. The third gives, similarly, a contribution luf,(v)fy(v).

Hence
4 hvfl(")fz("

As the probability of the atom being in the state 2is @y, A30,,. 1t
is clear that the corresponding Kinstein 4-cocfficient is just 2RA,1 or

Ay = — 86" }iv R{f 1 v)f. 2(”)}

In all optical applications, that is, apart from X-ray spectra, the

I=—4fi()fov) and A= —

1 Charlier’s convergenco test, cf. Whittaker and Watson, Modern Analysis, p. 72.
1 R = real part of. It follows below that A is actually real, so in tho following we
need not distinguish RA from A.
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atomic dimensions are very small in comparison with the wave-length
of radiation. This means that the sine function in f, ,, (v,) may be
taken outside the integral sign. The remaining integral is then given
by the calculations in § 9:

2

fualv) = sinT [ G3ANVY, dr = —sin Pif’.’.h*"fA[,Pm,
2

fulv) = sinT" [ LAV, dr = sin F4"h“vAoP;"2,

where Py, is the harmonic amplitude associated with the two states
in question. Averaging over all directions of the incident ray we may

take sin?I' = } and the average [A Py, |? = }|P,|%. The final expres-
sion of the Kinstein 4 is then
64mtyie?

Agy = “3het [Pya[?, (53)

in agreement with the result in § 9.

The line profile. We may now also find the distribution of energy
in the emission line. This is the same as to find the probability dis-
tribution of the states 1,...,1,. Since a, 4, _is given by e-¥, equation (50)
for a, o 4,. may be integrated directly, the result being

) - AP 1 —e—Aremiv—vit r
a - dme ) gV—— o sinT},
1,0, L. ™ A/ (QVR h) 0s 112V A+2mi(v—vy) ’

where we have introduced the value of f,,(v,) found above for the case
of long waves. The integration constant has been so chosen as to
the pr()bz;bility of the state in question, as it is given by |a, o 4|2

In order to find the distribution of frequency, however, we must
further multiply by the number of radiation components in the
frequency interval v, to v,4-dv,, which is Q(8mv2/c?) dv,.

Assuming further the time ¢ to be so large that 2e-* may be
neglected in comparison with unity, and writing the resulting distri-
bution in the form J, dv,, we find

2X
This gives an energy distribution in the line which is the same as
for a classical oscillator with damping constant A.
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31. Probability Distribution Law of Weisskopf and Wigner

The above calculation refers only to the special case of the emis-
sion of a resonance line, as due to some kind of nondescript excita-
tion. The result is, strictly speaking, not applicable, unless it is
verified beforchand that the excitation in question corresponds to
the assumptions, and it is not certain that it can be applied without
further modifications to the emission of subordinate lines. Further
work by Weisskopf and Wignert seems to show fairly conclusively
that the result will hold under very general conditions, when some
precautions are kept in mind. If in fact we include a series of states
in the calculations, the equations arc approximately satisfied by
assuming solutions in exponential terms, with suitably chosen damp-
ing constants, to be determined from the equations themselves. It
turns out that the form of the line to be expected is in most cases
that of a classical linear oscillator of the frequency of the line, and
with a damping constant equal to half the sum of all transition pro-
babilities from both states involved in the production of the line.
This is a result which is of great importance for astrophysical appli-
cations.

Weisskopf and Wigner gave an interpretation of this result which
is of considerable interest for the systematic development of the
radiation theory, as it lends some physical insight into the meaning
of the mathematical formalism. Tt is in fact a little disconcerting
to find that the spectral lines have a finite width, although we assume
the radiation to take place according to the strict frequency relation
hvy; = E,—E;. If we do not want to meddle with this relation,
there is only one way to go, which is to admit that the energy
values E;, and E; of the two states involved are not sharply defined,
but show a probability distribution round a mecan value.

This is also what would be expected on the basis of the Heisenberg
uncertainty relation. For let £ be the energy of an atom in a station-
ary state and = the life period of this state. The uncertainty relation
then demands that the uncertainty in E, AE say, cannot be made
smaller than 4/r. But 1/ is equal to the probability of transition, 4,
from the state, so that the uncertainty in the energy is of the order
of hA, and that of the frequency of the radiation emitted during a
transition from a state 1 to a state 2 is, correspondingly, 4,+4,.

Weisskopf and Wigner were able to substantiate this general

1 V. Weisskopf and E. Wigner, Zeits. f. Physik, 63 (1930), 54.
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inference, and found the following distribution law for the energy
of a state:
WAE)dE = 2k A
b FALt 4 (B BT
where 4,, is the probability of transition from the given state, the
mean cnergy of which is £,. The state with a definite value E of the
cnergy will be called a sub-state of the given state.

We shall now consider some applications of this formula, which
will show its far-reaching adaptability in the radiation theory. We
shall first derive the expression given earlier for the profile of an
emission line with a nondescript excitation. Let the upper state be
denoted by k, and assume the transition to take place to the k-state,
with the probability A4,;, We assume that the transition ends
exactly in the sub-state with energy E’ in the close vicinity of Kj.
The probability of a transition ending in a particular sub-state is
supposed to be independent of the particular sub-state from which
the transition took place. The probability that the atom shall have
an cnergy in the interval d £/ before and in dE’ after the transition
is therefore

W(E,)W(E;) dEdE’
A4, dEQE’

(54)

b {3 AG+-4mi (B — B ) WPH A+ 4m® (B — K;)*[h*}
The frequency of the radiation emitted (or absorbed, in the case of
the converse transition) is

v= (E—E")h.
The probability that for initial energy ¥ the frequency of the emitted
radiation will be found in the interval v to v+-dv is obtained from
(55) by writing dE’ = —hdv and then integrating the probability
expression over all values of E, keeping the difference £—E’' = hv
constant. Introducing the notation

g B, p=1H, q=E+h, a=" 3"
4 47
the probability expression assumes the form
hv [ ab dx
Jvd” = - 57 f I Y Y U I Rt N
) @ e =0

The integral is most readily evaluated by complex integration, the
path of integration being along the real axis in the positive direction,
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and then counter-clockwise along a half-circle lying at infinity and
joining the positive end of the z-axis with the negative. This latter
part of the integral will give no contribution to its value. The whole
closed line integral is then by Cauchy’s theorem equal to 277 times
the sum of the residues of the integrand at the poles inside the
enclosed area. In this case the integrand has two poles inside this
area, which are
z; = p+ar and x, = q-}be,
and the corresponding residues are

I L O L

b*+(p—gq+ar)? @*+(q—p+bi)*
The sum of thesc two terms is easily found by observing that cach of
the denominators may be resolved into a product of two lincar
factors, of which one, p—g-i(a—>b), is common to both residues.
The two remaining factors are respectively p—q-+i(a4b) and
p—q—1i(a+0b), and the sum of the two residucs becomes

—3 ( b n a ) __ —ii(a+d)
p—q+ila—b)\p—q+ila+b) ' p—g—ila+b)/ = (a-+by+(p—q)*
The final form of the integral is therefore
I, dv = hdv a-+b (Ay+A4;)dv

7 (@F0P+(p—qP  HAgt-A - dm{y—(E—E)) R}
When comparing this result with the one derived directly from the
radiation theory it must be remembered that we then assumed the
transition probability 4; to be zero. Otherwise the present result
is in conformity with the earlier calculations. In order to obtain
the intensity of the line it is only nccessary to multiply the above
expression by hvy; A,;.

32. Dispersion Theory

Thus far we have only been considering the form of emission lines.
In astrophysical problems, however, we are most frequently con-
cerned with absorption processes, and it is of vital importance that
the student of astrophysics should be familiar with all aspcets of
such problems, even if the direct astrophysical application of the
result may be excluded by the mathematical complexity of the
problem.

Let us first of all consider absorption of radiation in the first
3595.15 N
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resonance line of the atom, that is, the line connecting the two lowest
energy states. We assume a plane monochromatic beam of light of a
frequency in the proximity of the relevant line to be passed through
a layer of atoms in the gaseous state at a sufficiently low density.
According to everyday experience we then know that the influence
of the gas on the radiation will only consist in a scattering of the
radiation over different directions, without sensible change in fre-
quency or loss in cnergy. It is of considerable interest to under-
stand in detail how this result is brought about.

Let us consider the case from the point of view of Weisskopf and
Wigner. The two relevant states of the atom, 4 and B say, will each
have a probability distribution of the standard form (54). When a
light ray of frequency v strikes the atom it will presumably find this
latter in some sub-state of A’, say with an energy E. If the atom
suffers a transition as an ecffect of the encounter, it will become
transferred to a sub-statc of B, with an cnergy E’ — E-+hv. We
assume the density of the gas so low that the atom does not have any
chance of suffering any collisions with other atomic particles during
the time it resides in the upper state, so that the only thing that can
happen is that it will return to state A. Here, however, it has a
choice between a continuous number of sub-states, each correspond-
ing to a different value of the frequency of the scattered radiation.
The scattered radiation cannot therefore take the form of an infinitely
sharp line, cven if we consider the ideal case when the incident
light is strictly monochromatic. This intrinsic width of the re-
emitted line puts a limit to the ability of the scattered light to
form interference patterns, and, on the whole, to exhibit the pheno-
mena usually called refraction and dispersion, When such phenomena
show up terrestrially to such an extent as they really do, it is due to
the fact that the life period of an atom in a normal state is under
usual experimental conditions, practically speaking, infinitely large.
As long as ordinary collisions and the thermal Doppler effect may be
neglected, the limit to the life period of this state is put by the
intensity of the incident light itself.

Unfortunately, it is not possible to consider this problem properly
on using the probability distribution law (54) directly, since we should
have to deal with the case when two states coincide, which was
supposed not to occur in the derivation of the formulae. Weisskopf,
however, carried through the calculations directly, and found the
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energy distribution in the re-emitted light to be given by the

formula const.

[+ 00— e+ (ap— )]
Here 4my, and 4wy, are the total transition probabilities from the
two states respectively, v is the frequency of the incident light and
v’ that of the scattered light. It will be noticed that the intensity has
two maxima, one when v’ = v and another when v’ = v ;. The process
of dispersion, even if the frequency of the incident radiation is well
outside the centre of the line, will therefore necessarily also be asso-
ciated with an emission of the line itself. That this must be so follows
immediately from a consideration of the probability distribution of the
two states. When, nevertheless, the scattered light usually contains by
far the greater part of the energy, it is due to the much greater damping
constant of the upper state. Assume then that v is well outside the
region of the line, so that the two maxima of (56) arc clearly separated.
The scattered light will then definitely pose as a doublet line, and
the intensity will be the sum of the intensities of the components.
Consider for instance the component with v as a centre. We may then
obtain a fair approximation by putting v’ = v in the second factor
of the denominator, and integrate the expression over »' for all
frequencies. Since

JW,v) = (56)

J‘ de. =
Jvitet v
this gives for the intensity
1 const.
Py (gl —rp)t
Proceeding in the same way with the other component we find its
intensity to be 1 const.
Y vl
The intensitics of the doublet will thus be sensibly in the ratio of the
corresponding transition probabilities, and since y; is very much
larger than y, the radiation in the line itself will be insignificant, so
that practically the whole energy will appear in the line round the
frequency of the incident light.
These considerations serve to show how intimately the ordinary
phenomena of dispersion are connccted with the fact that the first
resonance line of the atoms only is involved. Although we do not
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possess a detailed theory as yet, it is clear that we must expect the
atoms to scatter light in the vicinity of subordinate lines in a very
different manner. 4wy, will still continue to denote the total proba-
bility of transition from the lower state of the line, also including the
probability of spontaneous transitions, or any other influence shorten-
ing the life period of the state, and likewise for 4my;. In the case of
subordinate lines y,, will usually be larger than y;. In consequence
of thig the scattered light will be mostly re-emitted as if it were due
to ordinary spontancous transitions from the upper state. The line
surrounding the frequency of the incident light will be relatively
broad, and of inferior intensity. Further it must be remembered that
the sum of the intensities of these doublets will no longer give the
encrgy extracted from the incident beam, as an uncontrollable
amount of radiation may be diverted into lines ending in lower energy
states. It is clear, therefore, that the extension of results obtained
by applying the ordinary theory of dispersion to subordinate lines
must be eyed with suspicion, or, at any rate, administered with very
great caution.

32. 1. Classical Theory of Dispersion

We have thus far made it rather a point to develop the conse-
quences of the atomic theory directly from the wave-mechanical
equations. At the present place it will be desirable, however, for the
sake of historical continuity to consider also the classical dispersion
theory. This latter assumes two different forms, according as one
considers directly the emission of radiation from a system of clectric
particles with a given polarization, or considers the motion of an
individual electron subjected to a damping force, due to the emission
of radiation.

Let us consider the latter case first, and assume the clectron to
vibrate elastically, exeept for the decay which is due to its emission
of radiation. The latter is known to be equivalent to a force, pro-
portional to the rate of change of the acceleration:

2%

33’
where & is the lincar coordinate determining the position of the
electron. The equation of motion is then
2e€..

& == —u(2avg)Pe+ - -0,
pr 1(27v,) '{‘303
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where p and e denote as usual mass and charge of the electron, and
its proper frequency of vibration. Writing in this equation

x = const. ef%
902
. 0y »2e%03
we find o = (2mv)* i ..
uc?
Considering the imaginary term in this equation as a small correction
only, we find to the first order
. . dnte?
io = 2mivg— —. O,
3ucd
The solution found is thus a damped oscillation. The time of decay,
which is usually denoted by 27, is given by
3 ’1.(33

0 = o .
BPR)
d7etvg

Then = is the time of decay of the energy of the clectron. For a fre-
quencey of the order 101 see.—1, 7 is of the order 1078 see.  Expressed
in terms of 7, the damping force due to the emission of radiation
becomes

i

43T’

Consider next the transmission of a monochromatic planc and plane-
polarized light wave through a gascous medium. The gas atoms are
assumed to contain only one clectron each, which when undisturbed
performs damped harmonic oscillations with a frequency v, and
with a time of decay 7. Under the steady influence of the light wave
the electrons will perform forced oscillations with the frequency of the
incident wave. Neglecting a possible interaction between the electrons
themselves the equation of motion of an clectron will be

i == eB—p(2m x4 P (57)
i
Here the electric field is supposed to have the intensity £, and to
be directed along the z-axis, so that the steady motion of the clectron
will be along this axis only,  being the displacement of the clectron
from its position of equilibrium.

Considering the case in which the wave-length of the clectric field
is long in comparison with the amplitude of the clectronic oscillations,
we may assume ¥ to be independent of z, and to he proportional to
e*™ In the final steady state x will then be proportional to K, and
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equation (57) reduces to
(vﬁ—vz-{- -Z;V—V;T)x = ‘—;"—If#
In practice v will always be so close to v, that we may write v = v, in
the imaginary term, and write v3—1? = 2yy(vy—v). Then
L N
8m2uvg(vo—v—+1/4mT)

Let N denote the number of atoms per unit volume. The current
density due to the motion of the electrons will then be J = Nez,
or, by (58), Ne2 oE

- 872 uvy(vo—v+1/dmr) ot
This current will gencrate a macroscopic clectromagnetic field, which
in combination with the incident wave will satisfy the Maxwellian

equations
curlH = 1@-}-4—#&
cot ¢

(58)

1 oH (59)
curlE = — - 7",
c ¢t
Eliminating H and introducing the above expression of J, we find
o R — o) (60)
ot cd 2muvg|vo—v-+i/dnT]) ot

and a corresponding equation for the magnetic field strength H. In
this elimination process use is made of the fact that both divE and
div H vanish, since the wave carries no electricity. The above equa-
tion represents a damped wave, and we may write the solution in the

form E — const. e2mivt-nzlo-ixz,
where n is the index of refraction, and « the absorption coefticient of

the wave, relative to the flux of energy. Introducing this expression
in (60) we find the following equation for the determination of « and »:

. 2 472 Ne?
ezmimief = =1 g i)
or, separating real and imaginary quantities,
w1 . NE—v) e
2rpve{(vo—v)*+1/167272} T 16722’
and nk = 1 Net

dmpcr (vo—v)+1/16m272"
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Thus far we have been concerned with one electron per atom
only. Let there now be f identical electrons to each atom. These
electrons will, in the steady state, move in unison as if they formed
one electron of mass fu and electric charge fe. Hence the correct
generalization is obtained by writing fu for ;& and fe for e in the
above equations. Noting that the time of decay is then divided by f,
it appears that the correct generalization is

NeXf Vo—V K3c?
2] == 0 K
" 2mpvy (vo—v)* +(f/477)? T 16732
Nef 1 seNef?
and 7k = U s
T Smper (vg—v)+(fmr) T por{16m(vg—v) I+

(60a)

The further generalization to atoms containing groups of electrons
with different proper frequencies is not easily made by the above
procedure, since the representation of the reaction of the radiation
field by a force uz/4m®2r breaks down in that case. The point of
interest in the above result is that, neglecting the term in «* and the
damping term in the denominator, we find »*—1 to be proportional
to f while the product %« is proportional to f2. The total absorption
in a line, on the other hand, will be proportional to f only. We
find, namely, on assuming the index of refraction to be of order unity,
even in the region of the line

f kdv ~ af Ne-‘

0
Comparing these results with those derived from the quantum theory,
it is clear that the classical damping constant f/r plays the part of
the sum of the probabilities of transition from the two levels of the
line, while nfe?/uc plays the part of the Einstein B-coefficient of
absorption.
The general form of the absorption coefficient may also be found in
a somewhat simpler way, which perhaps gives a better insight into
the physical processes at work. We know that the radiation from a
system of electrons is determined by the time derivative of the
electrical momentum

pe

P, = fex,etc.,
according to the formula

rate of loss of energy = 3—?;P2 (61)
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The variable electric momentum means that there is a current
density NP in the gas, which, when introduced into the Maxwellian

equations (59) gives 1 - .
V2E = E‘(E +47NP).

The clectrical momentum will, to a first approximation, satisfy the
equation of motion .
uP == felE —pu(2mv,)*P,
which gives in the usual way for the steady state (P oc K or e2m¥)
.. JeE

p(2mP(v—v?)
This makes P real, so the approximation is not sufficient for the
determination of the absorption coefficient from the Maxwellian
cquations. But we may proceed some way by using (62), on reasoning
as follows: The encrgy lost from the light per unit time and volume
is by (61) and (62)

2(2m)t(  fe’E ‘-’N 2 fleWEN
3c3  |uim(2-—1?) 3 Bu(E—v?)?’

Dividing this expression by the flux of radiation, which is here given
by the Poynting veetor cE?[4m, we find the absorption coefficient

to be 8w efN vt
K-= - - .
3 uict (vi—v?)?

(62)

This expression is identical with the one derived carlier, N denoting
the number of atoms per unit volume, on allowing the same approxi-
mations and neglecting the damping term in the denominator.
However, we have above made no assumption with regard to the
frequency v and may in particular assume it to be very large. Then
the expression approaches the limit

8m et PN

4V,

3 ‘u'~’c]
which is Thomson’s formula for the coeflicient of scattering by free
clectrons. If the atom contains a series of electrons with different
proper frequencies vy, v,,..., and the corresponding f’s being denoted
by fi,fa...., the absorption cocfficient becomes obviously

87 et fi* \?
—_—— N ¢ . 63

i
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32. 2. Quantum Theory of Dispersion

Although it does not lead to any new results, it is of some interest
to show how the above procedure may be translated into the language
of the quantum theory, step for step. The radiation field will then
be treated as a small perturbation, just as in the case of the theory of
the Einstein coefficients considered in an carlier section.

We then assume that an atom with its centre at the origin of
coordinates is exposed to the influence of a plane and plane-polarized
light wave of frequency v. The atom is supposed to contain one
electron only, moving in a field of potential cnergy V, and the vector
potential of the light wave is supposed to be directed along the
z-axis and to be given by

A = 24,cos 2mit = A(e*7¥-{-e-2miM),
This means that the dimensions of the atom are small in comparison
with the wave-length of light, otherwise a term linear in y and z should
have been added to ¢ in the above expression, which would have
complicated the calculations very much.

The wave equation of the problem is (§ 9)

; 4mie ot/t 81r ,u. dmip O

V- he 6.1: Vgt poae
The wave function appropriate to a stationary state & we assume to
be split into the unperturbed function
by e-Cmiih
and the perturbation term u,; ¢, being independent of the time. The
functions ¢, will be assumed to be orthogonal and normalized in the
usual way. Neglecting the product Aw,, which is of the second
order, it is clear that «, will satisfy the cquation
V‘-’u,,.— Ty k+4"”" =k = ‘;’;“A f_’_a@t:e-(w;m.

As is usual in pcrturbatxon theory, we assume without further proof
that the perturbation term to the right may be expanded into a
convergent series of the functions ¢, of the form

4mrie , O . —om il —omilky [h—
o A %e-(emz«mny — gan(e 2mil(BY) 49 g-2mily Ih—vt)g

where the constants a,, are given by
411’ el A f ¢n 6¢k dr.
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It was shown earlier (§ 9, p. 28) that
__ 167%iepn
T ki
where (P9,,),, which from now on will be denoted by P, simply, is
the harmonic amplitude of the atom in the direction of the z-axis.
We have already implicitly assumed the atom to contain no per-
manent clectric moment, so the one we are considering here will be
in the direction of the external field.

As a next step we assume %, to have the form

Cob,. 47 .
f ¢:%,17 (PR, thatis, o, Ay (P2,

wy, = Uy e—:.’m'(ln‘“hv)llll,l wy, e»-:!ni(lv.'k hv)l[/:’

where v, and w; depend on the coordinates only. The above form of
u,, is clearly demanded by the dependence of the perturbation term
on time. The two functions v, and wy, will each satisfy a separate
wave cquation, but these equations will only differ from cach other
by the sign of v. Tt is therefore sufficient to write down and solve the
equation satisfied by ., which is casily found to be

5 8 .
v.ﬂvk + ],/2#(['1',‘.-{—,1'11—— Vv, — 2”. a, P,
7
Assuming an expansion of the form
Vg == %: b, ‘ﬁn

we find easily, by making use of the unperturbed equation for ¢,

h a, 2mied, vy, Py

" 8wt vy, v T ke Vin v’
The corresponding expansion coefficient of w, is obviously obtained
by writing --v instead of v in this expression. We may therefore at
once write down the complete form of «,

o
Uy — HT”PAO z Vin I)I\'n ‘;bn {()

he

- 2ai(log A o[l e- 2pi(FEy—hvilh
}. (64)
m Vin +v Vin—V
From this expression we may now form the induced electrical
moment of the atom, which we shall denote by M,,. Since the
momentum is directed in the z-direction, we have, on neglecting
sccond-order terms and assuming the unperturbed electric moment

to be zero,
(), = e [ (Byrde-sritaih g gtu, emiFainy d.
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Introducing the expression of u;, given by (64) we find
2e? Amy P;
M, = — -——-Ao sin 27mvi z Ykn Tkn
h vkn'_v

The emission of energy per unit time from the atom is now

= M_.___“» _ : A2 sin'32n'vts‘—” ‘i4 Sngvl:_,“ Vi {)E" 2.

3 ¢ c 3 pict h(vi,—v*)
Denoting the eleetric field intensity by E, the flux of radiation is
given by the Poynting vector cE?*/4m. Now

] 4 .
E = éA == ——’n-vAo sm 27TV[,
et c
B2 4
so that == m* AZsin*2mit,
dar c

Dividing the emission of energy by the above expression of cE?/4rm
we obtain the coeflicient of absorption of the atom,

87 el 8aviuy, , Pi,\?
3 e\ e ho,—) |

Comparing this with the classical formula (63) it appears that the
quantum theory cquivalent of the ‘number of dispersion electrons’
f associated with a line is given by

)
/ ) STy, P2
kn h kn

In the classical theory the f's were naturally assumed to be
integral numbers, but in the quantum theory this is no longer
necessary, a feature which is confirmed by experiment. In fact, the
f's cannot be integers, a feature which is brought out distinctly by
the Thomas-Kuhn sum rule. This rule may be derived in a direct
way from the quantum theory, but it also follows from the above
formulae. In fact, the above expression of the scattering coeflicient
of an atom should hold the better the higher the frequency v of the
incident light. But if v is sufficiently large, we may neglect v, in
the denominator, and there remains

8 64( )2
K= -> . Jin) -
204 2:
3 uic -

For sufficiently high frequencies we should expect the clectron to
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scatter as if it were free, and the above expression of « to coincide
with the Thomson formula. For this to be the case we must have

%fkn =L

If the atom contains several electrons, the sum will be equal to the
number of electrons in the atom. The sum is in all cases extended
to all possible quantum states, the continuous states, when the
electron is cssentially free, being included. This is the Thomas-Kuhn
sum rule.

33. Influence of the Doppler Effect

Since the atoms of a gas are in a statc of thermal agitation, it is
necessary to consider how the foregoing results are to be modified
before applying them to actual gases.

Let m be the mass of an atom, u its velocity in the line of sight, and
v, its proper frequency. Relative to the observer this proper frequency
will appear to be vy == vo(l—ule).
The ahsorption coeflicient of this atom for radiation of the frequency v
relative to the observer will then assume the form

. ©
(v—rp)2+8¢’

when the frequency v is close to the apparent proper frequency vy of
a characteristic line of the atom. Further, 478 is the damping
constant f/r, and K summarizes the rest of the constant factor of the
coeflicient.

By the above expression of vj as a function of v,, the absorption
coefficient assumes the form

K - Ko
(v—votvoujc):+8*

The number of atoms per unit volume of the gas which have a velocity
component in the interval » to u-du is, by Maxwell’s law,

2k

dP -= N,/ m e~ dmwikT du’

where N is the number of atoms in unit volume and 7' the tempera-
ture. Integrating over all possible velocities we find the average



Chap.VIIL,§33 THEORY OF ABSORPTION AND EMISSION 101
absorption coefficient to be given by
@
m e~tmuikT dy
2k ) (v—vytvoulc)i+8*
—®

x=fx’dP=NK8

In order to bring the integral into a simpler form we introduce the
notation

. m vV m _d [m
(= “A/ a1 1Ty, CA/ gy M P=5 J Ak

The absorption coeflicient then assumes the following form

~_ NKS me? C et dt

T NmE 2T f (C—n)+D*
Two limiting cases are of special interest. First of all it is clear that
if 7 is sufficiently large, { may be neglected in the denominator, in
which case the original form of the absorption coeflicient is obtained.
In that case the thermal motion has no influence on the absorption
of radiation. This holds at sufficient distances from the centre of the
line.

Next we may consider the case when 5 and D) both are small. The
denominator will then have its minimum value ({ == %) very near
zero, while the numerator will be relatively large, and change very
slowly. Near { == % the integrand then runs up to a sharp maximum
and down again during an interval of { in which the numerator does
not change very much. In that case we may put { = y in the
exponential term, take it outside the integral sign, and perform the
remaining integration. The result is

K= NK\/W%)(:"I'. (65)

The original profile is in this casc completely lost. What remains is

only a reflection of the Maxwellian velocity distribution of the atoms.
An approximate expression also for intermediate values of % is

obtained as follows. We first integrate by parts, and obtain

e4d

2 2 C Y]
= — g;
(C )2 l [)2 D f {e wretan D d{,

since the integrated part vanishes at both limits. The limits of the
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above integral may be changed from — oo and +oo to 0 and oo
by writing

arctanzzn-}-a&rctanlz?7 = arctan Dzji?_—gz
instead of arctan{({—7)/D} in the integrand. We further assume 7
to be so much larger than D that D? may be neglected in comparison
with 72,

For large values of { the above arctan-expression approaches the
value 7. For small { it may be approximated to by 2{D/n*. The
division between these regions is not very sharply defined, but may
be taken at { = 7, since this corresponds to half the maximal value
of the function. The consequent approximate form of the integral is

1
e_‘g’ (IC . T e i 2 _g:
ST g ! ree

and the corresponding form of the absorption coeflicient is
7
K == NK«/n]—) e} 4D L2t dl ).
3 mn?
0

34. Experimental Tests

It is not easy to devise experiments for a direct test of the theo-
retical predictions regarding the dependence of the absorption
cocfficient on frequency in the region of a line. The theoretical con-
nexion between absorption and dispersion provides means which are
uscful at sufticiently large distances from the core. As was pointed
out by Ladenburg and Reiche,} a further test is provided by the
total absorption in a line, a quantity which can be measured fairly
easily. Consider, namely, the transmission of a parallel beam of
continuous radiation of initial intensity / through a homogencous
medium. We assume the intensity / to be initially independent of
frequency in the region of the line to be studied. The intensity of
frequency vafter the beam has passed a distance s through the medium
will be given by Ze-*¢. The total loss of encrgy in the beam at this
distance is therefore o
J =1 f (1—e~*) db. (66)

0

1 Ladenburg and Rewche, Ann d. Physik, 42 (1913), 181; W. Schutz, Zeits. f.
Astrophys. 1 (1930), 300.
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The integral will assume different forms, according to the functional
form of « in the region where the exponential term drops most
rapidly from its maximal value to zero. Consider first the case when
k in this critical region has the form demanded by the theory of
damping by radiation alone, the width of the line being considerably
greater than the damping constant, so that we may write

Nsfde
pev—v,)’
v, being the frequency at the centre of the line. Instead of v it is now
advantageous to take

I pe
“ Jise) ¢ VD)A/ Nsfder

as an integration variable. The upper limit of the integral will then
ue
Nsfs'
choice of .V or s this quantity may easily be made so large numerically
that we may put the lower limit cqual to minus infinity. The quantity
J now assumes the form
A/N?fSe

where 4 is a numerical constant of order unity

KS ==

. . . . V, .
be u —- o0, while the lower limit will be — ™ By a suitable
e

A = f (1—e-*") du.

It appears that the total absorption is proportional to the square
root of Nsdf, which is the result first derived by Ladenburg and
Reiche.

Consider next the case when the absorption line is so narrow that
the influence of the Doppler effect is predominating for the form of
the absorption cocflicient. Using expression (65) for this latter we
find the following expression for the total absorption:

J o= f (1—e-"e)y dy - [ X0 f (1—e=™) dy,
4 "70»‘1,

m D
where Mg == CA/2]\7'I" and a = \/ﬂ'NK—S—S.

The quantity 7,, being of the order of the ratio of the velocity of
light to that of a moving particle, is so large that the lower limit of
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the integral may be taken equal to infinity. The dependence of the
total absorption on N, 8, and K is through the constant @ only. An
exact integration of the expression is difficult, and neither is it
necessary, since it is clear that an approximate value of the integral
will be given by twice the value of 5 which makes the exponential
term of the order 4. This 7 is given by

, a
o = e i)

— o1 e
so that J =21 o Jlog [log 2],

approximately. Very large variationsin &V, s, or the intrinsic strength
of the line will thus be necessary in order to produce a sensible in-
crease in total absorption in this region.

We may finally mention also the trivial case when «s is small
in comparison with unity. The exponential in (66) may then be
expanded, and the expansion reduced to the two first terms only.
It is then cvident that the total absorption will be proportional

o
to [ s« dv. But this casc is too difficult to realize experimentally to
0

be of much value.
The important result of these considerations is the fact that the

total intensity of broad lines will follow the square root law, while
narrow lines, which show the effect of Doppler broadening, will rather
tend to be independent of density and optical path. This result
depends in the first instance on the functional form of the absorption
coefficient in the two cases, and we shall therefore sce later on that
the same result is obtained even in cases when the external conditions
are so much different that other results would have seemed more

likely.
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TRANSFER OF RADIATION IN A STAR

35. The Equation of Radiative Transfer

IN the preceding section we have considered the detailed mechanism
of interaction processes involving at the same time both atoms and
a field of radiation from the point of view of atomic theory. In order
to make this information available for the interpretation of astro-
physical facts we nced, however, a macroscopic complement to this
theory, consisting in a study of the transformation suffered by a
field of radiation sifting through a medium of varying temperature
and chemical composition. For this macroscopic problem it is un-
necessary to retain the machinery of quantization of the radiation.
It is sufficient to consider a parallel beam of radiation and to control
its depletion or growth as it moves along, quantum theory being
consulted only when it comes to the introduction of the expressions
for the coefficients of absorption and emission in the final formula.

Consider thus the transmission of radiation through an absorbing
and emitting medium, which we assume to be permanently at rest.
The case when the medium is in motion is also of importance, but
may be postponed for later treatment. We shall also in the pre-
liminary discussions assume the refractive index of the medium to
be unity, which mcans a great simplification. Let

¥, dvdwdV

denote the energy of radiation within the frequency interval v to
v+dy, within the solid angle dw, emitted per sccond at the time ¢,
from matter enclosed in the infinitesimal volume eclement dV,
supposed to be situated at the point «,y,2. We denote further by
x, the absorption coefficient of matter for radiation of the given
quality, defined in such a way that a,ds is the relative weakening of
a linear pencil of rays passing a distance ds through the medium.
The behaviour of the radiation field is then sufficiently described by
the definition that L, dvdesdo

is the radiation energy in the frequency interval » to v-}-dv and
within the solid angle dw which per second passes perpendicularly
through the infinitesimal surface clement do. The coefficients I, and

E, are characteristic of the radiation field and the emissivity of
3595.15 P
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matter. They are functions of z, ¥, 2, ¢t and the direction cosines of
dw, which we shall denote by «,, «,, o, We shall call I, the intensity
of v-radiation, and £, the emissivity of matter in the same frequency
interval.

Consider now the motion of an individual packet of radiation as
it is propagated along the direction of the infinitesimal line element
ds with the velocity ¢. After an infinitesimal interval of time d¢ it has
moved a distance cdt = ds. On this path it has lost an amount of

energy I, dvdwdo x,cdt
by absorption, and gaincd by emission an amount
E, dvdwdo cdt,

do cdt being just the volume of the matter which can contribute to
the specific energy in the time interval in question. The requirement
of conservation of cnergy leads therefore necessarily to the equation

(% 1), dvdwdo) = (B,—z, L) dvdwdee,

which will be called the equation of motion of the radiation. The
symbol d/dt refers to a moving light packet. Relative to a coordinate
system at rest we must substitute for d/d¢ the hydrodynamic operator

d 0 0
@~ atw
in virtue of which the final form of the equation of motion of radia-
tion becomes 10 I 7
6 ot +— - —Z,4,. (67)

36. The Flux of Radiation
We define the monochromatic flux of radiation as a vector, the
components of which are given by the expressions

F, = J.I,,amtlw; F, = J.I,oty dw; F,, = fIyaz dw. (68)

The integrations must be extended to all directions of the unit sphere.
Evidently this vector describes the net flux of radiation in the fre-
quency interval v to v+dv, which per second passes through unit
surface placed perpendicularly to its direction. On using the equation
of motion this vector may be brought into a different form, which
is of some interest. Write equation (67) in the form

7 l { o oI, oI, oI 1 aI,,}

Ut —oty Lt —a, L= ¥
' ow, Tox Yoy ‘oz cat)
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and introduce this expression of I, into (68). We then find

0 0
5B, = [ Byaydo — [ Lotd —a—-yflvazaydw -

0 1 aF )
7 f Iv Xp . (69)

This equation brings out the importance of the mdiatwn tensor, the
components of which are given by

Pik = f I,,a,-ak dw,

as it is the divergence of this tensor that appears in equation (69).
The first term on the right-hand side of (69) will be proportional to
F,,, etc., and may be left out by a suitable re-definition of the
absorption coefficicnt, which we assume to be done. The physical
reason for this is that the emission by matter taking place inde-
pendently of the radiation field will be symmetrical with respect to
the flux and contribute nothing to the expression in question. The
emission stimulated by the flux will, on the other hand, be propor-
tional to the intensity of the flux and be in its direction of motion,
according to Einstein’s original theory of stimulated emission. Con-
sidering, moreover, stationary conditions, the term involving a
derivative with respect to time is to be neglected, and cquation (69)
reduces to the simple statement that the product of the absorption
coefficient and the flux of radiation is precisely equal to the nega-
tive divergence of the radiation tensor. Now z,F,/c is the force
exerted by radiation upon unit volume of matter. Kquation (69)
shows therefore that, with the limitations stated, this force is the
divergence of a tensor, which only reduces to a simple isotropic
pressure—the light pressure—under special conditions.

37. Digression on the Stellar Interior

The neglect of the time derivative with respect to other terms in
equation (69) is found to be justifiable in nearly all cases. For this
term to become of importance the radiation field will have to suffer
considerable variations in time intervals of the order 1/z,¢, and this
will usually be a very small fraction of a second, and hence be negli-
gible, both in the stellar interior as well as in the stellar atmosphere.

Another question of more real importance is to find the conditions
necessary for the radiation tensor to reduce to an isotropic pressure.
For this purpose we split I, in two parts, I, and I}, with the under-
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standing that I is the linear average of I, for all directions,

4], = f L dow,

or, what is the same, 47I,/c is the energy density of the radiation
field. The radiation tensor will now split up into a corresponding
sum Pj+ Py, which are determined by the equations

;k=f1’,’aiakdw=%:'[;8ik (Sik= {l,z:k)’

0,4k
fi'k = f I:(!tdk dw.

The tensor P, corresponds consequently to a hydrostatic pressure,
while P}, corresponds to oblique stresses in a continuous medium.
Let us estimate the relative importance of the two tensors for the
case of the sun. The flux of radiation is evidently some measure
of the asymmetry of the radiation field. It is not probable that this
flux will increase very much from the surface towards the interior.
At most we may postulate an increase inversely as the square of the
distance from the centre through the outer half of the star, while it is
likely again to decrease by further approach towards the centre. This
will then also be the probable course of the tensor Pj. The tensor
P}, on the other hand, will behave quite differently. From the very
definition of I, it follows, in fact, that it will increase proportional
to Planck’s function, or, integrated over all frequencies, proportional
to the fourth power of the temperature, according to the law of
Stefan and Boltzmann. While the temperature increases from several
thousand degrees on the stellar surface to some million degrees in
the interior, the radiation tensor will increase several billion times.
At the surface of the sun the two tensors are of about the same magni-
tude, but in the main interior the tensor Pj;, will exceed P}, by a
factor of the order 102, From the equation of motion (67) we sce
that the average value of I, must be very closely given by X, /z,,
which we shall denote by B, :

B,=1m,
xl‘
1,, 4
SO tha.t E Pik = —3—5 BV Sik’

which is the light pressure of clementary theory. The flux multiplied

by %x,, is now just equal to the gradient of this pressure.
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The quantity B, must, generally speaking, be a function of tem-
perature only. In the case of thermodynamic equilibrium we have,
according to the laws of Kirchhoff and Planck,

4wB,  8mhv ..
"Tc v ""1;3 " (etFT—1)-1,

and the question arises how far this result will be influenced by devia-
tions from thermal cquilibrium in the stars. The spatial changes in
temperature cannot influence the problem at all, as these variations
inside the star are not likely to be comparable with changes in
temperature known from laboratory experiments to be necessary in
order to influence seriously the laws of thermal equilibria. Moreover,
the stellar substance is likely to be rather hazy, ensuring an intimate
intcraction between matter and radiation, which serves to equalize
their temperatures.

Various authors have contended that the irreversible generation of
energy, which we believe to take place in the interior of the stars, will
perceptibly influence the laws of thermal equilibrium. It is, however,
mostly overlooked that the deviations in question must depend in-
timately upon the special mode of gencration of energy, and may even
be expected to vanish completely, such as would be the casc if the
energy were supplied by a slow shrinkage of the star as a whole, as was
suggested by Helmholtz. Itlies in the nature of things, however, that
this irreversible emission will never entail any serious deviations from
the laws of thermal equilibrium as regards the stellar interior. This
follows from a line of reasoning entirely similar to that just applied in
the estimate of the relative importance of Pj; and Pj,. For the flux of
radiation from the surface includes everything of irreversible emission
in the star, and since the energy carried by this flux is negligibly small
in comparison with the energy residing in the radiation field of the
stellar interior, the question is to be decided in the negative.

When the absorption cocfficient is independent of the frequency we
may drop v as an index. Integrating over the whole spectrum, the
total flux of radiation becomes

47 ¢ c
F— —QVJ‘B,dv = —2 v,
0

__ 8akt wx“ dx 878k

TR ) er—1 15R3%°
0

where u = aT",
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according to Stefan-Boltzmann’s law. If x does depend on the
frequency, we may use the same expression for the flux provided we
define z by the equation

When z, is averaged in this way it is called the stellar absorption
cocfficient. :

38. The Case of an Atmosphere

Consider the problem of integration of the equation of radiative
transfer under conditions approximating those to be expected in a
stellar atmosphere. To simplify the formulae it is convenient to
leave out v as an index from all quantities depending on v, as long
as there is no direct danger of serious misunderstandings. We shall
further always assume the star to be spherically symmetrical, so that
the radiation field will have rotational symmetry round the direction
to the centre. Denote by r the distance to the centre, and by 6
the angle between the direction to the centre and the line of sight.
We have then ) odr o do

3 ords 20ds’

By simple geometry—cf. Fig. 3—we find

gz—cosﬁ do_ _sinf
ds ods T r
The equation of radiative transfer thercfore becomes
oI sinf@ol
cosﬁﬁ— . 30 = x(B—1I). (70)

In most problems of stellar atmospheres it is legitimate to assume
the atmosphere to be stratified in plane parallel layers. This pre-
supposes that we are considering cases when the line of sight really
passes through the star proper, and not merely through the atmo-
sphere, because the curvature of the star will necessarily be of
decisive importance very close to the case of grazing incidence, such
as is met with in the study of the chromosphere and the corona
during solar eclipses. Leaving such cases out of consideration, how-
ever, as well as abnormal stars like the O-stars, the B-stars with
emission line spectra, and the novae, the assumption of plane-layer
atmospheres appears to give a close approximation to the truth. For
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this case the angle § may be treated as a constant in equation (70)
and the second term involving the derivative with respect to 8 may
be neglected altogether.

Instead of r it is convenient to introduce as a new variable the
optical depth of the atmosphere, defined by the equation

dr = —uzdr.

F10. 3. Diagram showing the spherical coordinates
used in the equation of radiative transfer.

Denoting further cosf by p, the equation of radiative transfer

becomes dl

g =I-B. (71)

On account of the assumed spherical symmetry the element of solid
angle dw may be taken to be 2wdu, and the resultant flux of radia-
tion becomes, therefore,

1
F =2n f Iy dp,
-1

the perpendicular components vanishing because of the symmetry.
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We further define the total intensity of radiation by the equation

1
J = 2n f I dp.
-1
Both these expressions hold whether I represents the intensity in
a small frequency interval or the intensity integrated over all fre-
(uencies.

From the differential equation for I we shall now derive two
equations involving I and J which are of considerable importance
in the following. First multiply equation (71) as it stands by 27 du
and integrate between the limits —1 and +1. This gives, on assum-
ing the emission to be independent of the direction,

'—l-f = J—4nDB. (72)
dr
Next multiply by 27udp and integrate between the same limits.

This gives 1
F = 2 f 2w lp® du.
or

-1
Since the mean value of u* over the unit sphere is §, it was suggested
by Eddington as a suitable approximation to take

1 1
21rflp‘ldp=§2-rrjld‘u= 1J,
-1 -1

1oJ
or F = 35 (73)
Introducing this expression of F into equation (72) we find the

following ordinary differential equation for the total intensity:

It is of interest to consider a little more closely what the above
approximation really means. It holds exactly when the intensity is
uniformly the same in all directions. It also holds exactly when
the intensity is uniform, I, say, over one hemisphere, and uniform
of intensity I, over the other hemisphere. It holds also, therefore,
for a uniform emission from a half-plane into a vacuum without back
radiation. Consider, on the other hand, the case when the intensity
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is I, over a cone corresponding to u = p,, and I, over the remaining
directions. Then

1
f Ip? dp = 23"{11(1—#3)4-12(1 +ud)}
-1

and J = 2n{L,(1 —po) +L(1+p)}-
Take for instance the rather extreme case I, = 21, and p, = —%.
We then find

1
[ 1w dp = 5.3,
-1
so even in this case the error in the approximation (73) is small.

39. The Formation of the Continuous Spectrum

The simplest case surpassing the bounds of the strict equilibrium
theory occurs when the state of matler corresponds at each point to
that of local thermal equilibrium, including its ability of emitting
and absorbing radiation. Still, the variation of temperature from one
place to another will leave some traces in the field of radiation, but
even there deviations must be confined to the surface regions, so that
proceeding inwards into the star a state of strict thermal equilibrium
is rapidly approached.

As a second simplification we shall consider first the case when
the absorption coefficient is independent of frequency. This case will
give a first insight into the conditions for the formation of the con-
tinuous spectrum in the radiation from a star which seems to approach
rather close to the truth. The consideration of selective absorption
has no particular interest in this connexion, as it is fairly evident
that the formation of stellar absorption lines is intimately connected
with a departure from a state of local thermodynamic equilibrium,
as we shall see later.

Neglecting further the generation of heat energy by viscosity or
otherwise, and the transfer of heat by molccular conduction or by
convecetion, it follows from the principle of conservation of energy
that the intcgral flux of radiation must be a constant. By integral
flux we mean the monochromatic flux integrated over all frequencies.
Since the absorption coefficient is assumed to be independent of the
frequency, equation (72) holds provided the total intensity J and the
emission function B are also assumed to be integrated over all fre-
quencies. Since F is a constant, d F[dr vanishes, and we have

J = 47 B. (74)

3695.156 Q
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By (73) it follows further on integration that

J = 3Fr+J,, (75)

where Jj is an integration constant, which must be chosen in such a
manner that there is no inward radiation at the boundary of the star,
when 7 = 0.

The simplest way to determine the approximate value of this
constant is to assume the radiation field on each point separated
into two parts, cach of constant intensity. Taking the outward in-
tensity equal to 7, and the inward intensity equal to I, we have

I=1 1>2p>0), I=IL 0=p=-1)
We then find that the following relations hold:

1
J =2x(Li+1); F=al—L); 2= j Ip2 dp = 3J.
-1
The last equation shows that the present approximation is consistent

with the one introduced earlicer, on which our equation (75) is directly
based. We see further that the incident radiation vanishes when

J, = 2F,
which is therefore the value of the constant J, we have been looking
for. Hence, finally, J = F(2+37). (76)

Since we have assumed from the outset that matter is in local
temperature equilibrium, we have

4nB _ aT4.
Equation (74) then shows that the integral intensity will at each
point correspond to the local temperaturc of matter. This is no
general consequence of the assumption of local temperature equili-
brium but solely due to the much more special assumption that the
absorption coefficient is independent of frequency.

It is customary to express the flux in terms of the effective tem-
perature 7, by the equation

F = }caT?, (77)
corresponding to the idealized case of emission from a sharply

bounded boundary surface, kept at a temperature 7} and radiating
into cmpty space without back radiation. The occurrence of the
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factor } in this relation, which at first sight may appear out of place,
has a very simple origin. For caT? is the total intensity of radiation,
independent of direction. Half of it is radiated back to the star,
leaving one-half for the outward radiation, and accounting for a
factor 3. The other half is due to the integral over u giving the
directed flow of outward radiation.
From (74), (76), and (77) we have now the final relation

T4 = Ti(d+r).
The limiting temperature of the atmosphere thus becomes

T, — %ZT — 0-8417,,

The optical thickness of the atmosphere is, on the other hand,
=%,

since this makes 7' = 7.,

As emphasized before, the above results depend essentially on the
assumption that the absorption coefficient is independent of fre-
quency. Dropping this assumption, the results may turn out rather
different. In order to elucidate the degrce of arbitrariness involved
in the problem from this cause, we shall consider a few simple cases.
It is sufficicnt to consider directly the exchange of radiation at the
top of the atmospherc. Since the emergent radiation is practically
speaking uniform over the lower half-planc and otherwise zero, the
total amount of radiation absorbed is 27z, B,(7.). We here add v as
an index to emphasize the dependence on v. The corresponding
amount of radiation emitted is, on the other hand, 4wz, B,(7;). In
the case of radiative cquilibrium the total amount of radiation

emitted and absorbed must be equal, or
2 f 2, B(T) dv = 4m f z, B,(T,) dv. (78)
0 0

Three diffcrent cases are interesting.

1. The atmospheric absorption is confined to the infra-red part of
the spectrum, so that the emissivity is given by Rayleigh’s law:

B, oc 2T

The integrals over v will then balance on both sides and there remains
Ty = 3.,

The limiting temperature is then just one-half the effective tempera-
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ture of the star. This is to be regarded as a lower limit of the tempera-
ture of a plane atmosphere in radiative equilibrium.

2. The absorption is confined to the far ultra-violet part of the
spectrum. As a typical case of this sort we may take

x, == (v < v, z, = const.v=3 (v >v,).

The choice of the negative third power for the frequency in the
above relation was first suggested by X-ray absorption experiments,
and was later also justified by quantum-theory calculations. Since
the absorption is to take place in the ultra-violet, we are justified in
taking hv,, [kT, large in comparison with unity. Itis then permissible
to use the Wien approximation for the intensity of radiation, and
equation (78) assumes the following form:

_’l:,e_’”""/le — 27}) e-—hv,,JkTO.

This relation may also be written in the form

T—T, KT, 2T,
e —_ e] 0 ,

5= (7))
which shows that Tj, will approach indefinitely near to T, as hv,, [T,
approaches infinity.

3. The absorption coefficient is independent of frequency. We
then have the case treated in detail before, and the condition (78)

reduces to T, == Y27,

in complete agreement with the carlier result. This serves as a sort
of control of the method by showing that its degree of approximation
is of the same order as that of the more complete calculation.

Knowing nothing definite about the absorption coefficient, we can
only assert that the atmospheric temperature will assume a value
somewhere between the effective temperature of the star as an upper
limit, and half this value as a lower limit.

Having calculated the emergent radiation to a first approximation
we may proceed a step farther and find the distribution of radiation
on different directions and frequencies. For this purpose it is suffi-
cient to introduce the expression for the emissivity B which results
from (76), viz. 1
B = — F(2+37),

4

into the equation of radiative transfer (71), and integrate. Multiplying
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this equation by e~7* it may be written

#;‘(I e~"lt) = — Be~Tlk,
T

or integrating from the observer, that is + = 0, to an optical depth

79, We find .

I = Lemilk4 f Be~lt drfu,
0

where the intensity at optical depth 7, has been denoted by I,. If
the intensity does not increase exponentially with = it is clear that
the first term on the right-hand side will soon become negligible in
comparison with the second term. This is all the more certain if we
suppose the integration carried right through the star, so that I,
will denote the radiation incident from without. Supposing no
incident radiation to be present and the integration to be extended
to an infinite distance from the observer, we may therefore without
hesitation write o
I= f Be~lk dr/p. (79)
0

We shall now introduce into (79) the first-order expression derived
above for B as a function of 7, and thus obtain the corresponding
cxpression of the emergent intensity as a function of direction. Since
B is a linear function of 7 only, it is clear that the contributions to the
integral will come from quite superficial layers only. We find

I=Lrets. (80)
4

This formula refers to the intensity of the integrated spectrum. If
we want to find the distribution of radiation in frequency in the
emergent intensity, we must use the Planck expression for B as a
function of frequency,

oh,3
B = ~(};’ (emIkT —1)-1,

and express the temperaturc as a function of optical depth by the

formula T — T3+,
3 g —7],
or I = 2h—: __’:.’;.._”'_d‘r/#_ .
¢ | gt

0
This formula, which was first given by Lindblad and Milne, deviates
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only slightly from the Planck formula—so little, in fact, that the
diffcrence is of no particular importance for astrophysical appli-
cations.

As regards the observational side of the problem it is a fact that
the continuous background of the spectrum of the sun and most of
the stars corresponds roughly to the energy curve of a black body at
a certain temperature. This shows at once that the assumption of
a state of local temperature cquilibrium for the stars cannot be so
far from the truth, and also that very great variations with fre-
quency in the coefficient of general absorption are unlikely.

However, certain definite features of the continuous spectra of the
stars, and especially the sun, scem to be established beyond doubt.
Although their theoretical interpretation is far from clear yet it is
still of interest to sum them up briefly on this occasion.

The solar spectrum looks on the whole like a black-body spectrum
at a temperature of about 6,000°. The maximum intensity in the
speetrum when plotted as a function of wave-length occurs at about
4,700 A., which, according to Wien’s law,

A, T — 0-289 deg. cm.,

corresponds to a temperature of 6,150° K. Determining, on the other
hand, the total energy emitted per square em. of the solar surface
per sccond, and using Stefan-Boltzmann’s law as a means of obtain-
ing the temperature, one finds a value of only 5,750° K. The differ-
ence between these results is probably connected with the fact that
the solar energy curve rises more steeply to a maximum than an
ordinary Planck curve. The infra-red part of the solar curve thus
corresponds to a temperature of only 5,600°, while the ultra-violet
part corresponds, according to Fabry, to a temperature of 5,900°.
Very careful measurements of H. H. Plaskett lead to a somewhat
higher value of the temperature in the ultra-violet. On comparing
these different investigations on solar temperature it must always be
remembered that the subject is one of the most difficult in astro-
physies, both observationally and theoretically, and one should be
very carcful in drawing thcoretical conclusions from the results
obtained up to this time.

In the case of the sun there is an interesting check on the theory
in the variation of the intensity from the centre of the disk to the
limb, which is the same thing as the variation of the intensity with
different angles 6. 1t is very interesting that for the integrated radia-
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tion of all wave-lengths the simple cosine law

I(p) = I(1) (1—u—+up)

gives a good approximation to the observations. Here  is a constant
called the coefficicnt of darkening. The value found for » observa-
tionally is about 0-56. The theoretical law derived carlier (80) corre-
sponds to a coefficient of darkening of 0-60, so the agreement is
fairly good, at least as good as might be expected.

This agreement between theory and observation with regard to
darkening of the solar radiation towards the limb indicates that
the temperature distribution in the solar atmosphere does really
correspond to that demanded by the simple theory of radiative
equilibrium, giving a linear relation between 7' and the optical depth.
The various attempts made in order to push theory one step farther,
and also to explain the deviations from a Planck curve as well as
the minor differences between theory and observations with regard
to the darkening towards the limb, have thus far not led to con-
cordant results.

The continuous background of stellar spectra is much less investi-
gated than for the sun. It should be mentioned, however, that a
careful analysis of the light curve of eclipsing variables has revealed
the fact that thesc stars too are strongly darkened towards the limb.
A cosine relation of the kind found to hold for the sun works well
also for these stars, but the relation cannot be said to have been put
to a rcal test in this case.

Although it is scarcely possible to stress the observational evidence
very far, it seems established beyond doubt that for a limited number
of stars, whose general energy distribution in the continuous spectrum
indicates a rclatively low temperature, the spectral type is such as
is usually associated with a very much higher temperature. To a
minor degree this is a characteristic difference between giant and
dwarf stars, a dwarf demanding a higher colour temperature in
order to show the same general spectral features as a giant. It is
therefore natural to conclude that abnormally red or yellow stars—
abnormal because their spectral lines would indicate a higher tempera-
ture—have the giant characteristics in an excessive degree. Some
giant characteristics at least must be accentuated far beyond the
normal scope.

It is then interesting to inquire if this characteristic may be just
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an abnormal extension of the stellar atmosphere; or, slightly differ-
ently put, if a large extent of the atmosphere will tend to produce
a marked difference between the colour temperature and the tempera-
ture determining the spectral class of the star. This is a question
which cannot properly be answered until the theory of the spectral
classes has been developed; and we shall therefore postpone this
problem for later consideration.

40. Formation of Absorption Lines. General Considerations

The theory of absorption lines cannot be based simply on the
assumption of local thermodynamic equilibrium to the same extent
as the theory of the continuous spectrum. It is very important to
realize this before entering on a more detailed analysis. If, in fact,
this were the case, the intensity of light, in the region of a line, would
be given by a slight modification of formula (79) for the continuous
spectrum. This modification consists in the proper distinction
between the optical depth in the line and in the adjacent continuous
speetrum. We make this distinetion by denoting the optical depth
in the line by 7" and in the continuous background by 7. The formula
for the emergent intensity in the line is then by (79)

I = f B(r)e"# dr’ .
(1}

This means essentially that the intensity I’ will equal approximately
the temperature emission function B at an optical depth 7/ = u. If
the line absorption coefficient is much larger than the continuous
absorption coeflicient, the optical depth 7/ == u will lie at a level far
above the photosphere, and hence correspond to a lower temperature
and to a correspondingly smaller intensity. The central line-intensity
in the middle of the solar disk should thus correspond very nearly to
the limiting temperature T, = 7",/V2 = 0-8417.. As a rule, however,
the observed residual intensities are much smaller than those corre-
sponding to this limit. Still more striking in this connexion is the
behaviour of the absorption lines at the solar limb. At the limb the
whole radiation, continuous or in the lines, corresponds to the
temperature 7;, which means that the spectral lines should vanish.
This, however, is far from being the case, the absorption lines at the
limb being nearly as prominent as near the centre of the solar disk.
It is therefore to be considered a scttled matter that the theory of
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absorption lines must embody features essentially different from
those displayed in a state of local thermodynamic equilibrium.

The reason why this must be so is interesting, as it is intimately
connected with the theory of atomic structure. While there is no
doubt that the far interior of a star is in local thermodynamic equili-
brium it is because of the large density and high temperature which
are prevalent there. When an atom absorbs a quantum of radiation
in the interior the atom is likely to suffer a collision with some free
particle before having the chance of re-emitting the absorbed radia-
tion. The distribution of the atoms over the various quantum states
will therefore be determined in the random, nondescript manner
characteristic of collisional processes, which usually lead to a state
approaching local thermal equilibrium. Proceeding sufficiently far
out into the atmosphere, however, a state will be reached when
collisions arc so rare that an absorbed quantum is likely to be re-
emitted by the same atom before an effective collision takes place.
The radiation will then be re-emitted either nearly in the same
frequency, or in the form of a limited number of spectral lines, depend-
ing upon the state of the atom under consideration. In this case,
which may be termed a state of pure radiative cquilibrium, there are
much fewer possibilities open for the redistribution of the absorbed
radiation over different frequencies, and the consequent state of the
radiation field will differ in scveral important respects from that
corresponding to local temperature ecquilibrium, as we shall see
presently. While the state of temperature equilibrium tends to hide
the individual atomic processes in play, so to speak, behind a veil,
the state of radiative equilibrium tends to draw aside this veil, so
that the individual processes may reveal themselves in the observed
phenomena. It is solely by this featurc of radiative equilibrium
that we have a chance at all to make that incisive analysis of stellar
atmospheres which is actually made in astrophysics.

In this field it is necessary to be rather patient, as we are really
concerned with an enormously complicated problem, and any simple
solution must be eycd with suspicion. All we can hope to do at
present is to make the situation clear in a general way by interpreting
the fact that the solar and stellar lines are more marked than the theory
of local temperature equilibrium would lead us to expect. At the same
time it will be a crucial point to find out how the lines can remain

unaffected to such a large degree on approaching the limb of the sun.
3695.15 R
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The key to the understanding of the phenomena in question is
provided by the proper consideration of possible cycles of transitions
which an atom may perform under the influence of a radiation field.
Two sorts of cycles will come into consideration, the one being a
successive set of transitions between quantum states in the ordinary
sense, the other transitions between the continuous set of states
which, in the theory of Weisskopf and Wigner, constitutes each of
the ordinary states, and which must be considered closely in any
theory of the line profiles. Both sorts of cycles will play a pre-
dominant part in the theory of stellar lines, as we shall see in the
following.

41. Coherent Scattering

The simplest case imaginable is met with when the atom contains
only two states, and, morcover, the lowest state is considered as
tnfinitely sharp. When an assembly of such atoms are exposed to the
influence of a monochromatic field of radiation of frequency v, the
scattered radiation must necessarily also have the frequency v,
provided the Doppler effect due to the recoil velocity acquired by the
atom during the scattering process is neglectcd. We shall call an
absorption process with subsequent emission according to this scheme
coherent scattering, because its coherence in frequency is the physical
basis of experiments involving dispersion of light in the ordinary
sense. In such experiments the dispersive substance is to a very high
degree in the normal quantum state, which is practically speaking
infinitely sharp. It is broadened only by transitions to higher states,
and under ordinary experimental conditions these take place so in-
frequently that the resultant broadening is negligible. If the lowest
energy state has an appreciable width, as will usually be the case when
considering subordinate lines, the scattered light will be redistributed
in frequency over the spectral line in question according to a certain
law, which may be stated quantitatively. There will then be reason
to suspect that dispersion in the ordinary sense will be weak, and
that the problem must be handled in a different way from that of
coherent scattering. Provisionally we shall only be concerned with
this latter case.

Let as usual I denote the intensity of the radiation field, and let
o denote the scattering coefficient per unit volume of the atoms for
frequency v, which is supposed to be well within the region of the
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spectral line in question. In the case of coherent scattering the
intensity of the re-emitted light will depend on the angle between
the incident and the scattered beam. Denoting this angle by 6 we
must consider ¢ as a function of v and 6, besides the optical depth in
the atmosphere, measured in the continuous region, which we denote
by = as usual. The dependence of o on 6 is given simply by the factor
1-+cos?f, an expression which was first derived by Rayleigh. The
average value of cos?f is 1, so the fluctuation over different directions
is not large. For this reason it is usually neglected in astrophysical
theories, although it must be retained in other cases, particularly in
the theory of the scattering of the sunlight in our atmosphere, which
is a spectacular instance of coherent scattering.

We may thus write down directly the emission of radiation per
unit volume and unit solid angle as

N = —

47’

where J as usual is the total intensity of the field, and the equation
of radiative transfer becomes (z being the height above a certain

level): ,Ldl__oJ
dz ~ imw

—0Ol.

Since no radiation can enter or leave the frequency interval it once
occupies, granted it is only transformed by scattering processes, the
flux of radiation through a scattering atmosphere will remain con-
stant, not only for all wave-lengths but also for each infinitesimal
frequency interval. The equation derived in the case of pure absorp-
tion with a constant absorption coefficient for the integral flux and
intensity may therefore be taken over unaltered for the mono-
chromatic flux and intensity in the present casc. By exactly the same
system of approximations we further find the total monochromatic
intensity to be related to the monochromatic flux by the equation

J == F(2+437).
It must be remembered that the quantities arc calculated for a

definite frequency of radiation, and that the optical depth r is
defined as
T = — f o dz,

where ¢ may depend on the frequency in any manner.
Assume that a purely scattering atmosphere is superposed on a
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photosphere emitting radiation corresponding to a definite tempera-
ture. Let 7 signify the total thickness of the atmosphere for the given
frequency. J/c will be the energy density of radiation at the photo-
spheric level, and be given by Planck’s formula, corresponding to the
cffective temperature of the star. If the atmosphere had been absent,
the relation between the flux and the energy density would have
been F = }J. This formula, however, cannot be directly compared
with the one given above for the relation between F and J, because we
have now included in J an amount }J of inward radiation which is not
supposed to be present in the other case. Leaving this out we are
left with a flux 3J when there is no scattering atmosphere overlying
the photosphere, and J/(2+37) when there is one of optical thickness
7. The flux is thus cut down by a factor (14 37)-! on account of the
scattering.

When the scattering coefficient is independent of the frequency
the cffect of a scattering atmosphere is simply a general decrease in
the flux. However, in a practical case the superposition of such an
atmosphere on a star would not be likely to influence the resultant
flux in the slightest degree, because the radiation held back by the
atmosphere would heat the star, and would go on doing so until
J were increased by the factor 1-+37 so as to precisely cancel the
effect of the scattering in question. The case under consideration
has therefore only an interest in the case of selective scattering, or
a uniform scattering with selective transmission bands.

It is further of interest to find the dependence of intensity on
direction. We then proceed in the same way as before when deriving
the dependence of the emergent radiation on direction. The only
difference is that we now integrate through the scattering atmosphere
only. The expression of the intensity may then be written down at
once as follows:

10, p) = I(r,p)e~"IH+ f ZFL (2+37)e~"Ik dr/p,
v
0
or, carrying out the integration,

10, ) = I(r, e~ 4 ‘.f.’:.r {2(1—6‘TI/~")—{—3’LL|:1—(:—L+ 1)e—fm]}.

This equation may be further simplified by observing that we have,

approximately, 1 1
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in consequence of which we find

F
10, p) = - (2+3p—3pelk).

If the optical thickness of the atmosphere is large in comparison
with unity, the last term in this expression may be neglected, and

there remains only F
I= Z—(2—{—3;1,).
T

This result is rather interesting, as it shows that spectral lines pro-
duced by pure scattering will be darkened towards the limb in about
the same manner as is observed for the absorption lines in the solar
spectrum. The argument raised earlier against the suggestion that
Fraunhofer lines arise as a result of absorption and emission in a
state of local thermal equilibrium would thus not be effective against
the suggestion that they arise by sclective scattering.

Although it is clear from general considerations that the conditions
of pure scattering cannot apply even approximately under stellar
conditions, it is interesting to have this fact confirmed by experiment.
This is done in the present case by the fact that the above theory
would predict spectral lines with nearly zero intensity in the centre,
which must be contrasted with the fact that residual intensities of
10 per cent. or more of the intensity in the adjacent continuous
spectrum are common in the sun. As was shown earlier, the scattering
coefficient given by the ordinary dispersion theory is of the form
const.(v—v,)~2, v, being the frequency of the centre of the line. For
v = y, the optical depth » would then be infinitely large, so that for
given photospheric intensity J, equation (81) would require a zero
flux F. Adding a small damping term to (v—v,)? would formally
remove the infinity, but practically the conclusion would be the same.

This conclusion would further be only slightly modified by taking
into account the Doppler effect produced by the thermal motion of
the atoms. The Doppler effect will tend to increase the central inten-
sity to a quite marked degree, but it is very far from being able to
explain the large residual intensities observed in the sun and the
stars. The obvious conclusion is therefore that pure scattering is, as
far as stellar conditions are concerned, a fictitious case, which at least
must be considerably modified before it can come seriously into con-
sideration even as a first approximation to facts.
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42. Absorption and Scattering Combined

An obvious suggestion for an improved approximation is to super-
pose on the scattering some thermal emission, both of a selective
nature, operating in the region of the spectral lines, and of a non-
selective nature, responsible for the continuous background.t We
are then led to write the selective emissivity of the substance in the

form J
E =0 _—~+4«B,
47

where ¢ and « are certain coefficients, which we shall call coefficients
of sclective scattering and absorption respectively. It is clear that
o and x must be proportional to the coefficient of scattering given by
quantum theory as rcgards the dependence on frequency, but both
may be affected by coefficients depending on the optical depth. This
side of the question cannot well be carried into greater detail since
the whole present formulation of the problem is a little hazy.

On forming the equation of radiative transfer for the present case
we must add the absorption and emission of a non-selective nature,
which is responsible for the formation of the continuous spectrum.
Let g be the cocfficient of continuous absorption. The absorbed
radiation is then «, I and the emissivity is «, B. The consequent form

of the equation of radiative transfer is
dl J
po = —(o+k+xo)[+0 —+ (k+Ky)B.
2 4
Let 7 denote the total optical depth of the atmosphere from the

top down to the point in question:

= — j (o+k+k,) dz,

and write I—A= -7 .
o+k+tk,
The equation then assumes the new form
dl J
B = I—-(l——/\)&;-—)\b’. (82)

In order to integrate this equation in successive approximations we
proceed in the same way as before, and derive the exact expressions

ar d
O = AN —4mB; F =2 22ndp (83)
dr dr

1 Cf. E. A. Milne, Monthly Not. 88 (1928), 493. Sir Arthur Eddington, ibid. 89
(1929), 620.
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In the last equation we substitute for u? its mean value %, which

makes _1dJ
T 3dr’
Introducing this value into the first cquation (83) we find
EJ _ \T—12mB. (84)
dr?

Consider first the case in which A is constant and B a linear func-
tion of . By this hypothesis we obtain some insight into the influence
of a temperature gradient on the emergent radiation. In this case
the above equation may evidently be written in the form

%(J—MB) = S\(J—4xB),
-

the general solution of which is
J = 47w B+ aeVBN7T | Be—vGNr,

The arbitrary constants « and B are fixed by the conditions to be
satisficd by the solution at the top of the atmosphere and in the far
interior. Since conditions must approach rapidly towards tempera-
ture cquilibrium in the intcrior, J must approach rapidly towards
47 B as T becomes very large. A glance at the above solution then
shows that the constant « must be put equal to zero.

For the emergent radiation we have the usual condition:

J—op — 24/
3 dr

as 7 approaches zero. Writing B in the form
B = at}br

we find as an expression of the above condition

dma+B = —3BNB+5 b,

or solved with respect to 8
Stb—4ma

A= Triien

This approximate solution may now be used for the calculation of I
to a second approximation. Just as before we introduce the first-
order expression of J into equation (82) for the radiation intensity
and perform the integration involved. This gives an expression
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which for large values of the upper limit of integration converges
towards the value A—N(Ph—a)
— 1—-2)(36—a . 5

O = atbut (4 oIy BN (59
For abnormally small values of A, that is, for dark lines, this expression
reduces approximately to

1(0, p) = $V(3N)a(1+§p),

where the term in b has been neglected because it is very small in
comparison with a in this case. We notice again that the dependence
of the intensity of the emergent radiation on p is such that the
intensity near the centre of the line decreases in the same manner
as the adjacent continuous spectrum on approaching the limb. For
stars the dependence on u is usually not observable. What then
becomes of importance is the total flux F, which in the present case
by (85) is found to be

F= 27r(1}a+-:1§b+

(1—A)(36—a) 4/(81) —logf1 +J(3A)})
14-34(32) 3A '

43. More General Solutions

It is very simple to find the solution corresponding to constant A,
while the dependence of B on optical thickness is left arbitrary. We
shall write ¢ instead of ,/(3X)r and put

J:e‘fudt,

where % is a new function of £. Introducing this expression of J in
cquation (84) we find the following equation for u:

‘.li‘+ Qu-t4nBe- = 0,
dt
which gives, when multiplicd by €% and integrated,
t
ey = u(O)—4nJ Be® dzx.
0
The corresponding solution of (84) is consequently
t 2
J = ael+Pe-t—4mé J- e dz f B(z)e* dz,
0 0

where « and B are arbitrary constants. In order to find the second
approximation to I it is only necessary to introduce the above ex-
pression of J into (82) and perform the integration.
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It is further of importance to know some solutions corresponding to
a variation of A with height in the atmosphere, as will frequently be
the case in nature, due to variations in the state of ionization of the
stellar gases with height. It is of some interest in this connexion that
it is possible to find a solution in which A varies exponentially with
the optical height, which was first shown by Eddington.} A solution
of this type is not strictly applicable to the case where o/« is inde-
pendent of frequency. But it is possible that such a solution may
nevertheless be used in an approximate treatment of the problem.
Let us thus consider the case where

3\ = exr+h,
where « and B are independent of . Equation (84) then assumes the
form
dazJ .
i = e +B(J —4n B).
It is further advantageous to use

exT +ﬂ

ol =

y:

as an independent variable instead of =. The resulting form of our
equation is then i/ d

—|y—) = J—4nB.

%) i

From the general theory of linear differential equations of the second
order it is known that the solution of an inhomogeneous equation
can always be found provided the corresponding homogeneous equa-
tion has been solved. This latter is, in the present case,

df d
g =0

which is transformed into an equation of a Bessel function of zero
order by the transformation

-

In fact, we find in the new variable

df d
%(xz-;’)—}-xJ = 0.

The solution of this equation, which remains finite for z = 0, is,

1 Monthly Not. 89 (1929), 620.
3595.15 s
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apart from a constant factor, given by the convergent power series

z\2 xz2\2 3 \2
7= (5 4 (5%) ~(e%) +

which is a Bessel function of zero order. Expressed with y as an
argument the series is

J = 1+y+y?[22+93/22.3% ...
When B is a linear function of y the particular solution in question is

Jp = 477(3-{—'%),

which, when added to the proper Bessel function, gives the complete
solution of the problem.

44. An Integral Equation for J

The problems of radiative transfer are also susceptible of solution
in terms of integral equations, as was first shown by W. H. Jackson,}
and later developed by L. V. King,} Schwarzschild,|| and Hopf.{+

In order to show the possibilities of this method we shall consider
the problem of mixed scattering and absorption from this point of
view. We then start from the differential equation

dal J
r = I—(I—A)G—AB,
and introduce the new dependent variable
$=1-nL 2B,
4

which will be the function figuring in the integral equation we are
going to construct. It is important to notice that ¢ depends on
only, and not on p. The differential equation now assumes the form
a1
P«'d—; = I—¢.
Assuming that there is no radiation incident upon the star from out-
side, the solution of this equation assumes the form

I(z) = j qse—(f-2)l;tfi_f .
: I

t Bull. Amer. Soc. Math., June 1910, 473.

t Phil. Trans. Roy. Soc. A, 212 (1912), 375.

|| Sitz. d. preussischen Akad. d. Wiss. 2 (1914), 1183.
tt Cambridge Tracts, No. 31.
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The integration is supposed to be carried backward from the point
T = z to infinity. If it is a case of emergent radiation, so that u is
positive, the integral will extend right through the star, so that the
limits of the integral, expressed in terms of the optical thickness,
will be z and co. We shall denote the intensity of the emergent
radiation by a dash, that is,

I'z) = j ge-T (0 < <),
n

For radiation directed inwards into the star the integration may only
involve a moderate optical thickness, that is, assuming as we want to
do that we are in the neighbourhood of the stellar surface. Assuming
the zero-point of the optical depth to be the top layer of the atmo-
sphere, as we have done earlier, the integration will only cover a
range from 0 to 2, so that the intensity is given by the expression

2
I'z) = — f qSe-(T—Z)I#‘_iI (—1l<p<O).
7
0

From these expressions we now form the total intensity J. We
have obviously

1 0
J =2 I'd ” )’
w(f ,»+_f11 dps

or using the above expressions of I’ and 1"

® 1 [ [
J= 21r{ f é dr f e-tr-an B _ f $ dr f e*f-wmd_f‘}.
z 0 #* 0 -1 #

This expression for J may be brought into a more compact form by
introducing the notation

du
K(z) = f et 2
x
T—2
w
as an integration variable in the above integrals, we have

1 ©
j el _ f 9% _ K(r—2),
® x

For if we use T =

T—2
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0 ©
and f et . _ f =% — _K(—1).
© x
1 [k

Hence, finally,
J = 27r{ f K (r—2) dr + f $K (z—7) dr} — 2n f $K (|r—z]) dr.
2z 0 0

This expression for J may now -be introduced into the equation
defining ¢, and we then obtain

$(z) = $(1-2) [ $(r)K(jr—2]) dr +AB,
0

which is an ordinary linear, inhomogeneous integral equation for ¢(2).

We shall not pursue this line of investigation any further, since
we have already derived the most relevant results in other ways.
Furthermore, the method of integral equations as far as it is of
interest in radiation problems has been amply represented by L. Hopf
in the book referred to before.

45. Solutions by Numerical Methods

1t will be clear from the preceding discussion that analytical solu-
tions of the cquation of transfer will become very cumbersome when
passing on to more complex cases, where the various coefficients
depend more intricately on the optical depth. In order to obtain
some information about conditions even in such cases it is necessary
to have recourse to numerical solutions of the differential equations.

An attempt in this direction was made by Pannekoek.t Expressing
Pannekoek’s formulae in the language of the formalism used here,
it may be said that he finds solutions of the equation of transfer when
A is a function of optical depth, given by

Az
A= Botr
where A and B are constants and where x is the optical depth
measured by the combined action of selective absorption and
scattering. The coefficient of general absorption is assumed propor-
tional to the square of total pressure, as a consequence of which
there will exist a quadratic relation between z and our 7, and the

1 Monthly Not. 91 (1930), 139. A modification of Pannekoek’s solution was given
by Minnaert, Zeits. f. Astrophys. 10 (1935), 40.
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emissivity E will be a quadratic function of x without a linear term.
Pannekoek’s equations differ, however, from those used above, in
assuming the selective absorption to be due to collisions, while we
have assumed it to be due to cyclical transitions. This limits the
applicability of this solution seriously, since in actual atmospheres
the effect of collisions is necessarily very small. For this reason we
shall refrain from entering further on these calculations.



X
PROFILES OF ABSORPTION LINES

46. Observations of Line Profiles and their Interpretation

THE first measurements of line profiles in the solar spectrum appear
to be those made by Schwarzschild, which were concerned with the
H and K lines of ionized calcium. These lines are fully twenty

m,
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N T //\‘\centre
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F1a. 4. The calcium H and K lines at the centre and the limb of the sun accord-
ing to Schwarzschild (Sitz. d. preussischen Akad. d. Wiss. 2 (1914)). Ordinates are
m == —0-4 log intensity.

angstroms broad, so there is no trouble with the intrinsic width,
although it is very difficult to obtain a correct estimate of the residual
intensity in the centre of the lines. It appears, however, that later
work has not led to serious divergences from the work of Schwarz-
schild even in this respect. Schwarzschild was a pioneer in the field
of the theory of radiative equilibrium of the solar atmosphere, and
his measurements were intended as a test of his theoretical work,
particularly as regards the darkening in the lines on approaching the
solar limb.

The work on line profiles was next taken up again in the late
twenties, first by v. Kliiber and then by Unséld, Minnaert, H. H.
Plaskett, and others. By now there is available much material on
line profiles both in the spectrum of the sun and the stars.

1 Sitz. d. preussischen Akad. d. Wiss. 2 (1914), 1183.
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The amount of information hidden in observational material on
line profiles is very large, and only part of it is as yet unearthed. We
shall in the following try to show step by step what kind of informa-
tion is to be expected, and the degree of reliability which may be
placed on it.

First of all it is important to find out the nature of the processes
responsible for the most common line profiles. We have already
quite formally classified these processes as scattering processes on
one hand and absorption processes on the other, and have developed
a theory in which the ratio between the corresponding coefficients is

‘OP OO I PP r
) (4 N &7 ° i e o
9{ \‘ 7 (‘, o,' O}?" 0? % J)
s \a o 9 d s g
L Y4 g 4 2 d ¢
7 4 X 4 1 'y 6 o
\ 1 (] ]
i d NabD Na D !
Y g d 9 1
4¢ centre 44 1) 1imb &4
5{ ”| (] ||¢ \ ,l
4 L 44 % oo
b \
: b i u
EY o \ 9
2_
s
—l 1 1 1 L Il 1 1 1 1 1 1 1 ] L L Il
4 0 1 2 2 v 0 4 1 0 1 M 0 -

F1c. 5. Profiles of sodium D lines in the sun (Unséld).

either independent of optical depth or a simple function of this depth.
We shall now see that this theory goes far to render an account of the
observed profiles of absorption lines in the sun and the stars.

Let us therefore again consider the theory of a line profile when
the ratio of the selective absorption coefficient « to the coefficient of
scattering o is independent of optical depth, and write

K = 7no.
It is to be expected that 7 is independent of frequency too, as we
have been using the terms ‘absorption’ and ‘scattering’ for intrinsic-

ally the same process.
The quantity A giving the ratio of absorption to extinction now

assumes the form ko F 10

NN

The new quantity n measures in some way the effect of cyclical



136 PROFILES OF ABSORPTION LINES Chap. X, §46
transition on the emissivity of the particular radiation in question.
To give a theoretical deduction of the value to be ascribed to this
quantity does not appear possible at present. An attempt at what
virtually amounts to such a theory was made by Unséldf and by
Pannekoek.] A more rational way of approach, however, was
indicated by Woolley,|| as we shall see later on. At present 7 is con-
sidered to be an adjustable constant for each line. Further we shall
assume the ratio of selective to general absorption to be independent
of optical depth, so that A itself is also independent of optical depth.
Using the simplest solution for mixed scattering and absorption, in
which B is assumed to be linear in 7, we have the intensity formula
(85). The coefficients @ and b in this formula behave rather
differently, in that a is practically constant inside a line, while &
varies very much. In order to determine how b depends on the
frequency we write B = a+bym,

where 7, denotes the optical depth in the adjacent continuous spec-
trum, and b, is independent of frequency in the line. Since we
have implicitly assumed all coefficients to have the same depend-
ence on density and temperature we have
Ko'r
kgt (p+1)e’

and consequently

= by- ——0— = byfA—n(1—A)}.

O r D)o — o)
Approximate formulac for @ and b, may be derived as follows. Let
T, be the boundary temperature of the star as before. The considera-
tions at the end of § 39 made it plausible to assume that the formula

= Te(}+370) = To(1+37)
applies also in this case. Hence it follows that

We have further by definition

t Zeits. f. Physik, 44 (1927), 481.
1 Ibid. 46 (1928), 765. | Monthly Not. 94 (1934), 631.
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and by Taylor’s theorem

(4T o 23 kT 1Y-1 L Y
by = {(7;0 d_T.(?—(e 1) }T L == %al—e-v’

her 1——h1
where J——k%.

Hence, finally, b= “g(rs_y—e:,,—){’\'"ﬂ(l‘“)\)}-

It should now be clear how the profiles are to be calculated on the
hypothesis 7 = const. for each line profile.

However, this does not mean that the approximation works well
under all circumstances. The formation of a line profile is, in fact, an
integral effect, in which the contributions from various levels in the
solar atmospherc are summed up, and the result may look simple on
account of mutual compensations of very complicated variations.

But the variation with level is not out of control. It may, in fact,
be controlled in different ways, and first of all by considering the
variations of the profiles with the angle of emergence. The nearer
to the limb, the higher the effective level of formation of the line.
By deriving the average value of 7 for the same line, but at successive
values of the angle of emergence, it is possible to obtain a first idea
of the functional dependence of 7 on height in the solar atmo-
sphere.

A convenient material for testing the theorctical formula is at hand
in obscrvations of the so-called b-lines of magnesium, which corre-
spond to the transitions 13P—13S. The lower state of the lines,
138, should be metastable according to the transition rule for normal
multiplets, since the next, and lowest, state of magnesium is a 118,
state (see Fig. 6). But the intercombination line 4571:15 is actually
observed. However, it is so weak that the 3P state is not far from
being metastable. The b-lines should thercfore be intermediate in
character between resonance lines and subordinate lines.

This is fortunate, since we should expect the theory to give most
unambiguous results for resonance lines. In this case the chances
for the setting up of uncompensated cycles are small, and may, in
certain aspects of the problem, be left out of consideration. In this
way the main uncertainty involved in the theory is reduced to a
minimum.

Measurements of these magnesium lines have been carried out by
3595.16 T
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several astronomers. d’Azambuja,t working at Meudon, has made
a special study of the line 5183-62 A. at the centre of the solar disk.
Minnaert and Muldersi studied the components 5183-62 A. and
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¥Fia. 6. Lovel diagram of the magnesium b-lines 5167, 5173, and 5184.

5172-70 A., also at the centre of the disk. These same two lines were
also the subject of study by Righini,|| both at the centre and at the
1+ L. d’Azambuja, Ann. d. I'0bs. d. Paris, 8 (1930), 59, 65.

t M. Minnaert and G. F. W. Mulders, Zeits. f. Astrophys. 1 (1930), 192.
I G. Righini, Mem. d. Soc. Astron. Italia, 5 (1931), 283.
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limb. But the most careful study of the whole triplet is due to
H. H. Plaskett.} The results of his work on the two components
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¥ig. 7. Profiles of the magnesium b-line 5167-33 according to H. H. Plaskett.
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F1a. 8. Profiles of tho magnesium b-line 5183-62 according to H. H. Plaskoett. The

symbol of this line is 13F;—1 38,. For other particulars cf. Kig. 7.
ap,—38, and 3P,—39, are condensed in Figs. 7 and 8, which should
be self-explanatory. The line 5183-62 shows the cleanest profile
although even that is deformed by intruders.

The analysis of these profiles on using the intensity formula with
+ Monthly Not. 91 (1931), 870.
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constant 7 shows that it is possible by a suitable choice of the
constants to represent any one of the profiles fairly well. But far
from being a constant for different angles of emergence, 7 is found to
increase very much with increasing angle. Adapting, for instance,
this formula to Plaskett’s line profiles for the Mg line 5183 it is
found that 5 increases from about 0-05 when cosf = 1 to about
unity when cosf = 0-238.

A different way of using the equations for constant 7 in the repre-
sentation of these profiles was introduced by Plaskettt and further
refined by Wiles.f This method consists essentially in dropping our
assumption that 7 is independent of the wave-length, and using the
latitude thus acquired to conserve the constancy of 7 at different
levels of the atmosphere. The improvement introduced by Wiles
consisted in avoiding the use of physically doubtful values of the
coeflicients, which had occurred in Plaskett’s investigation, such as
negative values of the coeflicients of absorption or scattering. The
agreement between theory and observation achieved in this way may
be judged from the curves in Fig. 9 which are reproduced from
Wiles’s paper.

The weakness of this method of analysis lies in the circumstance
that it introduces a dependence of the coefficient 5 on wave-length
which is difficult to justify physically. Until a definite physical
mechanism has been suggested for this dependence, this method
remains essentially formal, and the proper procedure will be to study
further cases of dependence of 4 on optical depth. ||

47. Theory of Cycles

Thus far the residual intensity in the line centres has been ac-
counted for by introducing the empirical quantity 5. We shall now
consider the theory of the central intensities a little closer by study-
ing the various uncompensated cycles of transitions which are likely
to occur in stellar atmospheres.

In an exact theory it would be necessary to inquire in what manner
an atom has been brought into a definite quantum state. There is
reason to suspect that a complete theory of radiative equilibrium
will make the intensity-distribution in a line depend on the route

t Monthly Not. 91 (1931), 870, 1 Ibid. 92 (1932), 401.
[l An attempt in this direction was made by R. v. d. R. Woolley, ibid. 92 (1932),
482; 1ind. 93 (1933), 691.
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of the atom before entering the initial state of the line. This side
of the question will, however, be neglected in the following. We
shall proceed as if the route is irrelevant, and assume that the
width of the line is in all cases determined by the rule of Weiss-
kopf and Wigner, obtained by assuming the energy levels to be
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F1a. 9. Theorotical representation of Plaskett’s profiles of the magnesium line
6184 by Wiles. The figure shows only tho profiles at cos § - 0-391 and 0-238. The
third profilo obtained at the centre of the solar disk has been used as a calibration
curve for tho derivation of the ratio of the coefficients of absorption and scattering,
which is used in the representation of the above curves (Monthly Not. 92 (1932), 401).

distributed around their mean values according to the statistical
law (54).

In the theory of coherent scattering it was assumed that the number
of transitions from the lower to the upper level of a line was exactly
counterbalanced by the number of transitions going the opposite way.
Denoting the two states by ¢ and & and the corresponding numbers of
atoms and transition probabilities as usual by n;, n,, ag, and a,; we

have the condition
Ry Qg = T Qe
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This is a special case of what is called the principle of detailed
balancing, which is supposed always to hold in a state of thermo-
dynamic equilibrium, but which may or may not hold in other
cases. It will hold in all cases of a steady state of atoms having but
two quantum states, but otherwise it will usually be limited to
thermal equilibrium. Considering therefore a closed cycle of transi-
tions of an atom through a given chain of quantum states ¢, %,,..., %y,
the probability that an atom will pass through this cycle will be
diffcrent for any two opposite directions. The difference between
two such probabilities will, in fact, give a sort of measure of the
deviation of the state in question from a state of thermal equili-
brium.

Let us first prove that if the principle of detailed balancing holds
for any two pair of states, it will hold for any closed circuit of transi-
tions. This follows simply by writing down the series of equations:

N @y ¢, = Ny, Qy 4,

My, iy q, = Ny, Gy, q,

Pins Cinorin = PinViptn_s
g @iy, = Ny, Qg 4,
Multiplying these equations as they stand, all the =;’s drop out,
leaving as a result
A g, g e B i, = By 1 B oo By s
which shows that the probabilities of an atom completing the circuit
in opposite directions are equal.

In the stellar atmospheres, and still more in the nebulae, the
radiation does not correspond to any definite temperature, so that
any two cycles will not have the same probability in the above sense.
This means that the radiation absorbed in a given line will partly be
re-emitted in other lines, a process which in usual terminology is
called fluorescence.

When the distribution of atoms over the different quantum states
can no longer be calculated from the principle of detailed balancing,
we must set up, for each state, an equation expressing the fact that
the increase in the number of atoms in this state is the difference of
the number of atoms entering the state and those leaving it, all per
unit time. Considering the k-state, for example, the number of
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atoms leaving it per second is, in the usual notation,

g Ny Ay, ’

the sum being cxtended to all quantum states of the atom. The
number of atoms entering the state per second is, similarly,

Z n; Qg
1
and the net increase in n;, per second is, consequently,

dn
&i’f = 2 (n; @ip—np ay;).

The summation on the right-hand side of this equation does not
involve a term of index %, since any such term would have to appear
both in the negative and the positive sum, and to cancel out in the
end. This fact may be used to write the equation in a more sym-
metrical form. We may, in fact, write

— . < g
e = — D @ (K1),
]
in consequence of which the above equation assumes the form
dn,,
R = N:QA:1..
dt 2 iYik

Under stationary conditions the left-hand member of this equation
is zero, and the distribution is found by solving the following system
of ordinary linear equations

Zniaik = O (k == 1,2,...).

According to the theory of linear equations the solution may be

written in the form .
n; = A, @™,

where a'™ is the minor corresponding to a@,,, in the determinant of all
@, (the algebraic complement of a,,), m is an arbitrary index,
while A, is an arbitrary constant. This constant will be determined

if the sum of all »,’s is given, for then we have obviously
A, =D n; > atm,
=33

For the above solution to be possible the determinant a, must
vanish. This is identically the case in virtue of the definition of a,.
This, namely, makes the determinant a;;, belong to the type in which
the elements of a row are connected with the elements in parallel
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rows by the same linear relation. Such a determinant may obviously
be written as a sum of determinants with two identical rows, which
are known to vanish identically. While the formal solution is thus
easily found, it is quite a different matter to find a desired numerical
solution. To calculate a determinant, and its various minors, may be
feasible as long as it is of low order, but the amount of work required
increases enormously with increasing order of the determinant, and
soon becomes prohibitive. But thisis another side of the question—
let us just assume the operations possible, and consider the form of
the coefficients a;;.

As was shown by Einstein, and also shown earlier in this book, a
coefficient a;;, leading from a higher to a lower state has, in the case
of thermal equilibrium, the form

2.J
Ay = aik(l + SA:;hv@k)’ (86)

where J is the fotal intensity of radiation per unit frequency range
near the centre of the line, v;;, the frequency of the line, and «;; the
probability of spontancous transitions ¢ - k. The coefficient a,; has
the form e e o
Gy == anc;—k 8’ (87)
where o; and o, denote the weights of the states ¢ and k. The above
relations also hold in other cases, provided only the intensity of the
radiation field does not vary sensibly over the main region of the
lines.
When the intensity varies very rapidly in the line it may be
necessary to express the transition probability as a function of the
monochromatic absorption cocflicient x. We have then to a sufficient

approximation o

1
Qg = — J dv.
M b, f e

1]
For the sake of comparison it is advantageous to normalize the
absorption coefficient by writing
Koy

= —— k8m?
aikca g; b

X1

@

and then to write J = f ©J dv.

o
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The transition probabilities then assume the form

L = O‘fk(l+8 7R j)

L B 1

Des = aik("k SﬂhV?kJ
48. Cycles in Dilute Temperature Radiation

When the radiation field corresponds to that of temperature radia-

tion at a temperature 7', except for a constant multiplier W less than

unity, the field will be said to be one of dilute temperature radiation:

J = W g 1)1, (88)

This case corresponds in a general way to the radiation field to be
found in the stellar atmospheres, and still more in the nebulae. The
quantity W has then the physical significance of the solid angle sub-
tended by the radiating star in units of 4, and so is always a quantity
less than unity. Since such a field is in a certain sense representative
for the fields to be reckoned with in the analysis of stellar atmo-
spheres and nebulae, it is of gencral interest to study the cycles it
will generate.

The simplest non-trivial case of a cycle is given by considering three
states only, 1, 2, and 3 say, taken in the order of increasing energy.
Selecting the minors in the first row (k = 1) of the determinant
@ as expressions for the numbers n,, n,, 2; we find casily, on leaving
out the multiplier,

Ny = Ay (@5, +0g5)+ g3 Ay,
Ny = Gyy(dg,+055)+a13 a3,
and Ng = @y3(@y;+Ag3)+ gz Apg.
From these expressions we find
Nyl —MNy Byy = Ny lgy—TNyllag = Ny G1a—Ngay = A,
where A = a,3039 0y — 01y Ag3 Oy,
Using the expressions for the transition coefficients which result from
the combination of (88) with (86) and (87) we find

Q12093 03) = YOy3A32as,
where y= W _ 3L
‘F“tk = 1“(1— W)e—’wa]kr_

When W is less than unity, as always in problems of interest to

astrophysics, y is positive and less than unity. Hence the quantity
30895.156 s
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A is positive. It is then easier for the atom to perform a cycle
1 >3 - 2 - 1, involving one absorption act and two emissions, than
it is to go the opposite way with two absorptions and one emission.
The presence of the atoms in the radiation field will therefore tend
to increase the intensity of the field in the lines corresponding to the
long wave-length transitions 3 -2 and 2 - 1, and to reduce by a
corresponding amount the energy in the region of the short wave-
length line 3 —» 1. '

This holds for the total field, independent of direction. It may be
well to point out, as was emphasized by Woolley, that the result
cannot be applied indiscriminately to the intensity in a definite
direction. It may well be that the effcct on a parallel beam of light
will still be to create three absorption lines, since the emitted radia-
tion is distributed over all directions. Only when the cycle has had
the chance to deepen the absorption lines beyond a certain limit will
the excess emission become great enough to counterbalance the direc-
tional cffect.

The limitation to three states is a matter of pure convenience,
and it is clear that cycles involving a larger number of states will
show qualitatively the same result. In practical cases the limitation
to three states is not so fortunate as it is not possible to find three
ordinary quantum states between which all transitions are possible
without violation of the selection prineiple for the inner quantum
number I. But this difticulty is lessened by the fact that ordinarily
the ionized state will play an important part in the cycles, and since
the ordinary selection principles do not apply in the same strict sense
to this state, it may happen that a three-state cycle will be of service
in the elucidation of some points.

The effect of cycles, as far as stellar atmospheres are concerned,
will be to fill out long wave-length lines and to darken those of
short wave-lengths, or the continuous absorption beyond the series
limits. Tt is probably this effect which accounts for the relatively
high central intensity of the resonance lines for which the theory
of coherent scattering would predict a zero central intensity. Most
likely it plays a similar part in the case of many subordinate lines.

49. Woolley’s Theory of the Hydrogen Lines

Very little work has been done on the actual calculation of the
effect of cycles on the intensities of the lines in the solar spectrum or
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in the stars. Some preliminary work was done by Unsold{ and by
Pannekoek,} but the first paper of any real consequence in this field
was that of Woolley|| on the fluorescence in H, and Hg. The objec-
tion may at once be raised against the paper that Woolley combines
the theory of cycles with the formulae of coherent scattering in his
calculations, although H, and Hg are typically subordinate lines.
This objection can scarcely be disregarded as unimportant, and it is
to be expected that Woolley’s result will suffer considerable revision
when subjected to a more critical theoretical analysis. The paper
nevertheless embodies so many important points that it deserves to
be reported in full here as a valuable pioneering work, which brings
to light some of the complexities to be coped with in the analysis of
stellar atmospheres.

The smallest number of states which can be considered in a theory
of H, and Hyg is four, that is, the three states involved in the pro-
duction of the two lines plus the ground state. Woolley, however,
discovered that transitions to the ionized state also affccted the result
considerably, so this had to be included as a fifth state. All other
states were neglected.
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¥ia. 10. H, profilo. Filled circles are obsorvations by Thackeray (Monthly Not. 95),
and crosses by Mmnaert (Zeits. f. Physik, 45).

In the case of hydrogen the transition cocfficients are known from
theory.ft In the case of transitions from the continuum into one of
the states considered some difficulty is encountered due to the fact

1 A. Unsold, Zeits. f. Astrophys. 2 (1931), 199.
t Bull. Astron. Inst. Netherlands, 7 (1933), 151.
|| Monthly Not. 94 (1934), 631.

tt Ibid.
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that the temperature of the free electrons is involved. But it so
happens that in the range involved, that is, 6,000-7,000°, the transi-
tion probabilities are rather insensitive to changes in temperature.
The temperature adopted by Woolley in his calculations was 6,500°,
which is the colour temperature of the sun as estimated by H. H.
Plaskettt for integrated sunlight. The effective temperature as
estimated from the total radiation is, on the other hand, nearer
to 6,000°. The difference between these two temperature values
should obviously be taken into account when the deviation of sun-
light from that of thermal radiation is described by a coefficient
of dilution simply. Woolley does this by reducing the dilution
coefficient in the ratio (60/65)%. This coefficient should otherwise
have the value }, since radiation in the solar atmosphere is pre-
ferentially coming from directions within a solid angle 27. The
final value adopted by Woolley was thus

1/60\4 1
W_E(E?)) ~1

The corrcetion in W due to the difference between effective tempera-
ture and colour temperature is just such as to give the right values
for these two quantities, but otherwise the schematic radiation
field adopted may differ from the actual solar ficld, and the correction
can at most be considered a first approximation. From these data
the following tables were calculated.

TaABLE 1
Continuous Absorption and Emission in Hydrogen

T = 6,500 W =1}

State Ay agn
1s 0-0378 113
28 1-45.10% 17-9
2p 7-87.10¢ 9-67
3s 7-08.10% 504
3p 5-23.10% 3-64
3d 2-41.10% 1-72
4s 7-32.10% 1.48
4p 6-32.10° 1-39
4d 4-40.10% 0-97

t Pub. Dom. Astrophys. Obs. Victoria, 2 (1923), 213.
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TABLE 2

Line Transitions in Hydrogen. T = 6,500°; W =3 (2 > k)

State i a i aq
1s—2p 6-32.108 8-59
1s—3p 1-69.108 0-080
ls—4p 6-8.107 0-010
2s—3p 2:28.107 819.10%
2p—3s 0-648.107 2-64.10¢
2p—3d 6-55.107 1-30.10¢
28—4p 0-978.107 1-06.10%
2p—4s 0-259.107 3-14.10%
2p—4d 2-08.107 1-26.10%

The ratio of downward to upward transitions in a line is denoted by

n.a:
= 1 1k’
Ay

the ¢-state being as usual supposed to have the higher cnergy. In
order to evaluate « for the two lines H, and Hg we must replace
n; and n; by their cquivalent minors in the determinant of all a,;.
This determinant is in the present case of the fifth order, and thus
already rather difficult to handle. But a short cut to the evalua-
tion of the minors is afforded by the fact that some terms are
zero and others negligible, although really finite. Working out tho
strongest transitions for H,(2p - 3d) we have a,3 = a;, == 0, and
also agy > ay,+-ay;, so that a;, = —a,; very ncarly. Similarly,
Uy = —@ay,. Selecting the minors in the bottom row of the deter-
minant a,;, as equivalents of the number of atoms in the different
states, we need for H, the minors ¢ and 4?3,

These are  a* = agy(@,+a:5) (@551 55) + 015 035 Oy,
and A% = Gy Qoy(@5;+A50) 4 @15(Agy Ag31-A23 ),

where the approximations indicated above have been introduced. We
can further neglect a,5 in (@54 @,;), @y3 @55 in (@yy Agy+ g3 @5,), and agy
in (a5 +as,+ag;). This gives then

f“__:_’f T Qo3(@5y+ o)+ 015 Ay A3
a?b Qg A3p(@5y+as55)

’

35,
=T _ 1, %15%30n

and finall 92— .
ey a*0ay, Q12 Qo3(@gy +Ags)
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The corresponding expression for Hg is

o= 1+ . P15%4%n
@y Aoy(@51+s,)
Introducing numerical values for the transition probabilities Woolley
finds for H,: o = 1-03; for Hg: o = 1-17.

These values of « differ so little from unity that it will be understood
at once that the cycles will not appreciably affect the exchange of
radiation in the region of the two lines. The form assumed for the
radiation field can, however, only be supposed to apply in the region
of the lines at some depth below the surface, and on approaching the
surface the absorption lines will begin to form as a result of ordinary
selective absorption and scattering. This will serve to make o
increase. It is important to note in this connexion that since the
Lyman «-line has a much larger absorption coeflicient than the other
lines involved, its effect on the radiation ficld will be confined to a
thinner surface layer than in the case of the other lines, a fact which
was well brought out in the theory of coherent scattering, and which
must hold generally. It is therefore largely permissible to assume
the radiation field in the region of Lyman « to correspond to dilute
radiation, while the lines H, and Hg are well under way to become
deep absorption lines.t We shall therefore neglect the formation of
Lyman lines as absorption lines. The average intensity in the lines
H, and Hpg, in units of the adjacent continuous spectrum will be
denoted by J, and J[; respectively. The process of averaging involved
was defined carlier. We have then

U532y 55 Q50 Qg5 )
Ja“23“12(“51'+"52), Jg ag A1a(a5y+s,)
These expressions bring ont clearly how the formation of the absorp-
tion lines tends to strengthen the cyclical transitions, and it is clear
that for some value of a the further deepening out of the absorption
line will be prevented by the cycle itself.

The value of « at which an absorption line ceases to grow further
must be in the vicinity of 2. The argument leading to this result is
the following. Considering the casc of ordinary coherent scattering,
the reason for the growth of an absorption line is to be found in the

l{ . L¥—“1 == Hﬂ: (Y——l ==

[0

t Tho force of this argument is brought out in a more precise manner in the theory
of nobulous onvelopes. See § 121.
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continuous transformation of radiation coming from directions within
a solid angle 2m, approximately, into radiation distributed over 4= of
solid angle. The re-emitted radiation is therefore only half as intense
as the radiation absorbed, and an absorption line is the incvitable
result. Suppose, however, that the cycle brings in some extra radia-
tion into the emitted flow. As long as this radiation does not make
up for the whole lost half of the incident radiation, the absorption
line will continue to grow. The limiting state of no further growth
is obviously reached when the extra radiation makes up for the full
half, which corresponds to a value 2 of «.

This argument holds approximately in an ordinary stellar atmo-
sphere, where the absorbed radiation emerges from a solid angle 27
only. In the case of abnormal stars, say O-stars or planctary nebulae
or novae, conditions may be very different.

Putting « = 2 in the above expressions and solving for J, and J;

we find at once J, = 0-03 and jp — 0-17.

Thesc are minimum values for the average intensities in these lines,
It will be realized that the averaging process is such as to make the
average intensity correspond very closely to the intensity near the
centre of the line, since the weight function used in the averaging
process has an extremely sharp maximum at the centre. The above
minimum values are well below those actually found in the solar
spectrum. The theory is therefore on the safe side so far.

To push the approximation a step farther it will first of all be
necessary to correct for the gradual depletion of the radiation in the
Lyman «-line. This correction will be in the direction of increasing
the central intensitics, since a weakening of the radiation in this
line will provide fewer atoms in the second state, and consequently
also fewer absorption transitions in the H, and Hg lines. As these
calculations are rather lengthy and do not bring in any essentially
new points, we shall only give the result. It secems that the effect
is to bring the central intensity of H, very necarly up to that of Hy,
or a little more, both being of the order 0-20, which again is not far
away from the observational estimate, which varics from 0-25t to
0-15.1

A number of other points were discussed by Woolley in the same
connexion, indicating that cycles were at work. He called attention

t A. Unsold, Zeits. f. Astrophys. 2 (1931), 199.
1 A. D. Thackeray, Monthly Not. 95 (1935), 296.
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to the fact that mottling of the solar surface in integrated light (in-
tegrated over all frequencies) is accompanied by a corresponding
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Fia. 11. Profile of Cat K line. Filled circles observations by Thackeray (Monthly
Not. 95 (1935), 297), and crosses by Minnaert (Zeits. f. Physik, 45).

mottling of the surface when scen in the light of the H -line by a
spectrohelioscope, or photographed by a spectrohcliograph. This
means that alocalincrease in temperature of the surface tends to fill out
the H -line. This iy, however, in conformity with Woolley’s calcula-
tions of the correction to the intensity due to the formation of
Lyman-a, which we have omitted. The same calculations indicated no
corresponding effect for Hg, and none is observed. It is further sug-
gested that the reason why hydrogen prominences usually show up as
dark markings, instead of bright, is that they lic above the fluorescent
level, so that the light reaching them has alrcady been depleted in
ultra-violet light. The peculiar form of the calcium lines may also be
interpreted by considering a similar division of the solar atmosphere in
successive layers of absorption and fluorescent emission. On the whole,
the calculations may be taken to indicate that it is necessary to take the
cycles into account in the theory of all solar absorption lines. This was
already suggested explicitly by the present author some years ago.t

In a recent paper Stromgrenf has shown how it is possible to
formulate a general theory of central intensities, based on cycles
involving electron captures, for the case of principal lines.

The importance of the theory of cycles for the interpretation of
bright line spectra will be considered later on.

t Astrophysik auf atomtheoretischer Qrundlage, by S. Rosseland, Berlin, 1930,
p- 144. 1 Zeits. f. Astrophys. 10 (1935), 237.
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50. Subordinate Lines

There is at present one esscntial feature missing, which must be
supplied before a rigorous theory of subordinate lines can be formu-
lated. This is the equivalent of Weisskopf’s theory of resonance
radiation and dispersion. A first investigation in this ficld was made
by Breit and Lowen.f We do not know at present in what pro-
portion radiation scattered in a subordinate line is reflected without
essential change in wave-length, or how much is diverted into essen-
tially different spectral regions. Before this question is definitcly
settled, further progress is difficult. An application of Weisskopf and
Wigner’s probability law would indicate that conditions in a sub-
ordinate line will differ radically from that of a resonance line in this
respect, in the sense that the light scattered coherently will carry
only a small part of the absorbed energy, and that this part of the
radiation is re-emitted in the form of a rather broad line, with a width
at least as large as the width of the initial state of the line. There
will then be no question of dispersion in the ordinary sense of the
word, and a first approximation might be had by proceeding as if it
were a question of spontancous emissions and the reverse in the
ordinary sense of the word, as in the case of radiation under electron
impacts, for example. For the present, however, this is little more
than guesswork, which must be substantiated or disproved by exact
calculations. But the arguments arc sufficiently strong to inspire
distrust in an indiscriminate application of the formula of coherent
scattering to the formation of subordinate lines.

51. The Equation of Ionization

Disregarding for the moment the elements of uncertainty involved
in the theory of line profiles, we turn to the question of what informa-
tion may be obtained about the state of the solar and stellar atmo-
spheres from the present state of the theory.

The principal points are best brought out by considering the idcal
case of an atmosphere in which the line profiles may be analysed on
the simple theory characterized by constant A and % in our ecarlier
notation. This means, furthermore, that o/k, is also independent of
optical height.

When each of these coefficients is proportional to density, the ratio
o/k, is equal to the ratio of the corresponding optical depths 7/z,.

t Phys. Rev. 46 (1934), 590,
3595.15 b.<
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The adaptation of the theoretical intensity formula to an observed
line profile gives then a definite value of o/k, or 7/7,. Supposing 7, to
signify the optical depth of the atmosphere, = receives the signifi-
cance of the optical depth of the atmosphere in the given frequency
interval, for selective scattering only. Dividing this quantity by the
cocfficient of scattering of a single atom we obtain the number of
atoms per square cm. above the photosphere. This number will be
denoted by N in the following, and will be considered the most direct
physical datum about the state of the atmosphere obtainable from
line profiles.

If a reliable theory of continuous absorption were also in existence,
it would be possible to obtain more information from the simultaneous
discussion of 7 and 7, We shall consider a case of this kind later on.
But the origin of the continuous absorption in the atmosphere is
still in a much more obscurc state than is the case of the sclective
absorption. This fact need not surprise us. For the lines may be
immediately identified from their wave-lengths and series relationship.
But there is nothing, or only very little, about the continuous absorp-
tion which indicates an identification with particular elements re-
sponsible for the absorption processes. And when we do not know the
absorbing element it is not possible to propose a definite theory for
the general absorption.

When it happens, as it does in the solar spectrum in the case of
calcium and strontium, that resonance lines of the ncutral and the
ionized element are present, it is possible to determine the state of
ionization of the particular element. A first indication of this state
is, namely, immediately obtained from the ratio N+/N of the corre-
sponding N values. Inthe case of calcium this ratio is, for instance, of
the order 400, so that the ionized calcium atoms dominate completely
over the un-ionized atoms. From this ratio it is possible from the
theory of dissociation to calculate a mcan density of free electrons
in the reversing layer, or, by a further claboration of the theory, the
distribution of this density from level to level in the atmosphere.
This result is of great importance for stellar theory.

In order to show this clearly it is necessary to write the equations
of dissociative equilibrium in a somewhat different form. We neglect
molecular combinations and consider first the equation of dissociative
equilibrium for two constituents, which may be taken as nuclei and
electrons. Let A, and A; denote the corresponding parameters
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entering equations (11) of dissociative equilibrium. The numbers per
unit volume of free electrons n, and of atoms with p bound electrons
n, are then given by

n,=f,eh and n, = f,ePhd,
f» and f, denoting the corresponding partition functions. Deviations

from the ideal gaseous state arc neglected. Eliminating the para-
meters we obtain the equation

nety _Jebo, (89)
np +1 f p+1
The partition function is defined as the integral

f= f e=FIKT g,

where do is an element of volume in the phase space and ¥ the energy
of the system. The integration is to be extended to the total accessible
part of the phase space.

In the quantum theory this integration reduces to a summation
over all quantized states, each state extending over a volume of
phase space of k%, s being the number of degrees of freedom of the
system. That this is the correct procedure is evident from the quan-
tization rules, particularly in the old form given by Sommerfeld, and
this choice is amply confirmed by experiments.

The partition function as defined above really involves an arbitrary
scale factor, and in view of the requirements of quantum theory it is
convenicnt to fix this factor by defining the partition function as
follows do

— -ElkT
f - ]e 7)';;1

which has the additional advantage of making f zero-dimensional.
For a free particle of mass m, rectangular coordinates x, ¥, z, and
corresponding velocity components %, v, w we have then

(vt M (2mmkT)?
f= f e=m(w ol w2k T —}qudvdw = a
Since the translational motion of an atom is independent of its
internal state, cach of the functions f, and f,,,, will contain (2rmkT')}
as a factor.
The partition function corresponding to the internal, quantized

states of an atom assumes the simple form

f/ — z w; e—l’,‘,]kT’
i
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where w; is called the weight of the ¢th state, and is simply equal to
the number of intrinsically different quantum states which have the
same cnergy F; (degencrate systems). It is frequently convenient to
count quantum states in groups in this way even though their
encrgies may be slightly different and the systems consequently
non-degenerate.

When introducing for K, the usual expression for the energy levels
in the hydrogen atom, it will be found that the series diverges
violently. This difficulty, however, is purely formal, and is due to the
fact that the usual Balmer expression for the hydrogen terms will
break down in an actual gas when sufficiently high quantum states
are considered. From a certain state onwards the interaction between
the moving electron and the surrounding gas atoms will become so
great that the electron cannot any longer be counted as bound to any
particular atom, but must be considered as free. This argument may
be put in a more rigorous form by an application of Debye and
Hiickel’s theory of the interaction hetween charged particles in a gas, T
but the above general arguments should suffice for the present
purpose.

We may now write down the complete expressions of the partition
functions f, and f,. The free clectron has no internal energy to be
considered, but its weight is 2, owing to the two equivalent possible
orientations of the spin. [ts partition function is thercfore

_2(2mukT)?
e = T T
simply.

Let M denote the mass of an atom. Since M is in all cases much
bigger than g, it is permissible to use the same value of M in all stages
of ionization. Then

. N Al

Jp = (“)‘”j;g‘ ry Z w; e~ EidkT,
13

It is convenient to take the exponential factor of the ground term
in the series outside the summation sign, and to define the energies
of the excited states relative to the ground state, by putting

E—E,= X,.
The partition function of the atom then assumes the form

(2 MET
= - e

-E3kT 2P p—X5KT
fp e ] ziu{’e AT

t Physikal. Zcits. 24 (1923), 1.
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We have added an index p to X; and E, so as to be able to handle
different stages of ionization. We further introduce a special symbol
for the scries in the above expression:

B, = Z u'f’e‘-"f/""'.
i

Using this notation the equation of ionization (89) becomes finally

npMe _ 2(27ukT) B, XK (90)
"p+1 h:l Bp i1
where x = Ep—Ep'!

is just the energy of ionization of the atom with p--1 clectrons.

In Fig. 12 there is given a graphic representation of the above
cquation. The dependence of B,/B,,, on temperature is neglected,
and the electron density is taken to be a constant and to have such
a value at a temperature of about 6,000° K. that an clement of
ionization potential of 8:5 volts is just 50 per cent. ionized. This
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Fra. 12, Graphical representation of the state of jonization in an atmosphero.
Ordmates are values of log (n,/n ), and abscissao aro values of the ionization energy
n volts. Although the dagram involves several rough approximations, 1t forms a
useful means of obtamming a 1apid survey of the state of jonization to bo expected
under given circumstances,

should correspond nearly to conditions in the reversing layer of the
sun, as will be apparent later. The diagram then brings out fairly
well how rapidly the ionization diminishes in clements with higher
ionization potentials, or increases for smaller ionization potentials.
Calcium (y == 6:09 volts) is seen to be more than 99-5 per cent.
ionized, while in hydrogen (x == 13:6 volts) there is scarcely one
ionized atom per fifty thousand neutral atoms. These figures cannot
claim any great accuracy, but they show well how, at a definite
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temperature, the state of ionization is determined by the temperature
and the relevant ionization potential.

The cquation of ionization as considered above corresponds to
matter in thermal equilibrium. In a stellar atmosphere, however,
and still more in a nebula, there are definite departures from a state
of thermal equilibrium, which must affect the state of ionization
as well. The case of dissociative equilibrium in the presence of a
temperature gradient was considered by Dirac.t The deviations
from thermal equilibrium in a stellar atmosphere are, however, of a
slightly different kind. The ionizing processes are then likely to be
due to a photoelectric effect, and the rate of these processes will
therefore depend primarily on the radiation field. The rate of the
recombination processes, on the other hand, is determined by the
velocity of the free electrons. Describing the state of the radiation
ficld by a temperature 7" while that of the free electrons is 7', it is
easy to show that to the first order the corresponding form of the
cquation of ionization is

My, _ 2(2npkT) B, e
'”‘pol h:& fp+1

as was first shown by Pannckoek.f The dependence of B,/B,,,, on
temperature is neglected. Since we are going to consider this question
more in detail later (§ 115), we refrain from pursuing the matter
further here.

The ionization formula has thus far referred to the density of atoms
and electrons. The quantities given by observation, however, are
rather the amount of matter per square em. above a given level (the
photosphere). ILet n, and n+ denote the densities of neutral and
singly ionized atoms, and let N,, B, and N+, B* correspond to n,
andn'. The ratio N+/N, then gives a kind of integrated mean value
of nt/n,, and since the density diminishes very rapidly with height, it
is to be expected that N+/N, will nearly correspond to nt/n, at a
low level. We are thus able to define a corresponding average of
the clectron density, which we denote by 7, and which then is
given by

e’

i, Ny 2(2mpkT) Bt e-XIkT",
N W B

t Proc. Cambridge Phil. Soc. 22, ii (1924), 132.
t Bull. Astron. Inst. Netherlands, 3 (1926), 207. Cf. also Woolley, Monthly Not.
93 (1933), 696.
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This result is interesting, as it enables us to obtain an estimate
of the electron density in the photospheric layer of a star without
postulating any definite theory of general opacity.

On the other hand, if a satisfactory theory of general opacity is
available, this will give a value for #,, and the above equation of
ionization may be used to obtain the effective temperature. Consider-
ing the difficulties which up to this time have beset the problem of
effective temperature, this may prove a useful check method. Thus
Woolleyt has tried to obtain an independent determination of the
effective temperature of the sun by postulating a definite theory of
the continuous absorption coefficient. The result proved to be in
good agreement with determinations of effective temperature by
other methods.

t Monthly Not. 93 (1933), 691.
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THE TOTAL INTENSITY OF ABSORPTION LINES

52. Theory of Total Intensities

THE observation of a clean profile in stellar absorption lines is a
rather rarc event. As regards the sun it is estimated} that the
equipment available at present cannot give true profiles for lines
weaker than 4 on the Rowland scale. The total intensity of a line,
however, is independent of the profile, and is not affected very much
by the resolving power of the equipment in use. Tt is therefore very
important to bring out the kind of information which is contained in
observations of total absorption in the lines.

This problem has already been discussed by several authors, both
from the theoretical and the observational side, and it appears that
in principle the theory is much farther advanced than the theory of
line profiles. Istimates of the intensities of solar lines were given by
Rowland} along with his measurement of the wave-lengths of the
lines. These estimates were used by Russell]| in an attempt purport-
ing to obtain a wholesale determination of relative abundance of the
clements in the solar atmosphere. Further refinement of this work
is due to Minnaert and Mulders, 1 and Minnaert and Slob,}1 who
also gave the first comprehensive discussion of the theoretical basis
of the problem.

While the problem is already important for solar work, it becomes
much more so when turning to the stars. First of all, the interpre-
tation of the spectral classes of the stars will rest upon the theory of
total intensities, both as regards the run of the individual series as
well as the splitting of the classification into several parallel series
and all spectral absolute magnitude etfects.

Since the problem thus has wide implications, it will be well to
consider it from cvery angle. We begin by considering the total
intensity of lines when the emergent intensity is sufficiently deseribed
by the simple theory repeatedly considered before, which is charac-

t Cf. for instanco A. Unsold, Astrophys. J.75 (1932), 111, or Minnacrt and Mulders,
Zeits, f. Astrophys. 2 (1931), 173.

1 Astrophys..J. 1 and 2 (1894).

| 1bid. 68 (1928), 279.

tt Zeits. f. Astrophys. 1 (1930), 192, and 2 (1931), 165.
11 Proc. K. Akad. v. Wetens. Amsterdam, 34 (1931), no. 4.
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terized by A constant in space. In that case the emergent intensity in
a line is essentially a function of \. For this reason it is convenient to
change the variable from the frequency v to a lincar function of A,
the most convenient variable for this case being probably

X =1=A
It is further convenient to write
7' = n+1

and to express in the usual way o/k, by the number N of atoms
above the photosphere by the relationt

o/ky = N&,
& being the coefficient of scattering of a single atom. We then find
N
X - .29 _, 91
14-7'6N (01)

Whatever the detailed form of X as a function of &, it must, in
general, fall from a sharp maximum at the centre of the line, v = vy,
to practically zero well outside the line. At the centre N7's is usually
so large in comparison with unity that the central value of X may be
taken equal to 1/x’, while the limiting value well outside the line is
obviously zero. It is now convenient to assume the intensity normal-
ized in such a way that it is always unity outside a line. The
energy lost in the line at frequency v is then 1—1, and the total loss
of energy in the line, that is, the intensity of the absorption line, is
hence given by 1y

(Iv
f (=DgxaX

In order to be able to calculate dv/d X, the functional form of ¢ must
be specified. Consider first the limiting case when the line is so wide
that the influence of the thermal Doppler effeet is confined to an
insignificant part of the width, and we may write ¢ in the form
5= IR
(Vo_'V)

where the symbols have their usual meaning. Introducing this
expression in (91) we find

vo—v = J(KNfO)J(X-1—7'),

t A factor of order unity, due to the optical dopth in the continuous spectrum, is
left out.
3595.15 v
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v 1 KNf
and hence X = oxE J (X_:l_—_—'q')

and the intensity R assumes the form

1y
AT (1—-1)dX
0
The integral is now a fungtion of %’ only, so that R has the form
R = J(KNfS)F(y'),

where F(n') is some function of »’. For the sun, when the observa-
tion is made at a definite point at the solar disk, F will also be a
function of the heliocentrie latitude.

The above formula states that for lines corresponding to the same
value of ' the intensity will be proportional to \/(Nf8). Unfortunately,
in order to be able to decide whether any two lines correspond to the
same 7’ or not, it is necessary to know the profile, since 5’ is essen-
tially a measure of the true central intensity in the line. If small
variations in 7’ would entail very large variations in F, the above
result would therefore be more or less devoid of interest. From the
cases in which the profile is known we know, however, that the
variations in 7’ to be expected are so small as to be negligible in
a first survey of the ficld. Consider for instance an approximate
representation of the profile by the formula:

1—1 = X = 1—A.
This formula suggests itself as a fairly good approximation by a

numerical discussion of the formula in § 46. Using the same expres-
sion of & as we did above, we find casily

The residual intensity in solar lines to which the above formula may
be applied will be of the order 10 to 20 per cent., which means that
7" will be confined to the interval 1 and 1-25, and hence only influence
the total intensity of the line very little. For weak lines, this con-
clusion must be accepted with some reserve. However, this does
not mean very much, since the whole above calculation only holds
for rather strong lines.

Consider next what happens when the line shrinks in intensity
because of diminishing .V, so that the influence of the thermal Doppler
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effect first becomes sensible and finally dominant. For an exact
analysis it will then be rather important to use the complete expres-
sion of the coefficient, in which radiation damping and Doppler effect
are simultaneously taken into account. But in order to bring out the
typical features of the problem it is sufficient to consider the limiting
case when the Doppler effect is dominant.

We thus consider the case when the coefficient of scattering is
given by an expression of the form

o = Kfe'ﬂ(""vo)”

where K and q are constants which need not be further specified
here. The quantity X then assumes the form

KN fe-atv—vor

X = oy
145’ KNfe-av-vo*

In the present case it is not certain that KNf will be large in com-
parison with unity, and it is therefore not possible to specify 1/7" as
an upper limit for X. For this reason there is no particular advan-
tage to be drawn from a change of variable from v to X in the
integral giving the total intensity. This has the cffect that it is
not possible to draw general conclusions about the total intensity
as was done for broad lines. The only definite fact of this kind
which remains is the obvious conclusion that N and f will enter
the expression for the intensity as a product Nf, and not occur
separately, and further that the intensity will be independent of the
damping constant.

If one wants to go farther, it is necessary to consider special cases.
A simple case of this sort, which is of considerable importance, is
again the case when the absorbed radiation for a definite frequency
is proportional to X, which holds fairly well for several solar lines.
Then ©

R= [Xdy,
0
or, writing z for Vg(v—v,) and substituting for X,

1 f KNfe-de 1 féyKNﬁdwx

B = Lo KNfe =

Iy KNfe™ = 7'vg
0 0

The lower limit of the first integral should strictly speaking have been
—1\g vy, but in all practical cases this quantity will be so large in
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comparison with unity that no perceptible error is made by assum-
ing it infinitely large.

For a very weak line ' K Nf will be small in comparison with unity,
and the exponential term may be neglected in the denominator. The
expression is then readily integrated, giving an intensity proportional
to Nf. When o' KNf becomes comparable with unity this law begins
to fail. The integrand will then be closely equal to unity, until z
becomes of the order 4/{log(KNfz')}, and then it drops very rapidly
to zero. The value of the integral is therefore approximately

B, f(estm)
U q
In this case the dependence of R on N is thus much less marked than
for very weak or very strong lines. Plotting R as a function of N,
we thus find proportionality with Nf when N is sufficiently small.
When a certain value of N is reached the curve bends over and tends

/
towards proportionality of R with 711' J (lgg_____(](;le 77—)) For still further
increase in N the line widens out so that the line width is no longer
determined by thermal Doppler effect, and the curve rises again
and approaches asymptotically proportionality with J(KNf8). It is
important to notice how the dependence of R on the atomic con-
stants changes from one end of the curve to the other.

The preceding considerations serve to show the qualitative features
of the intensity curve. On the other hand, Minnaert and Mulderst
and Minnaert and Slob} have made extensive calculations of the
curve connecting total absorption with the concentration of atoms
and the oscillatory strengths.

The physical assumptions underlying the two papers in question
are somewhat different, and merit separate consideration. In both
cases the selective extinction is supposed to be due to radiative
damping, with the possible effect of collisions or absorption on the
damping term, and the coefficient to be affected by the thermal
Doppler effeet in the usual manner. The difference between the two
papers consists essentially in the assumptions made concerning the
cocflicient of general absorption and the coefficient of selective
absorption and emission in their dependence on density.

In the paper of Minnaert and Mulders theoretical expressions are

t Zeits. f. Astrophys. 1 (1930), 192, and 2 (1931), 165.
} Proc. K. Akad. v. Wetens. Amsterdam, 34 (1931), no. 4.
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worked out on the assumptions (1) of an exponential absorption
of radiation in the chromosphere, (2) that the intensity is propor-
tional to 1—A in our carlier notation, (3) of combined scatter-
ing and absorption in the manner first given by Eddington.t The
resulting curves brought out very clearly the three different parts
discussed above, and qualitatively they did not show great intrinsic
difference.

The calculations of Minnacrt and Slob, on the other hand, were
based on the theoretical expression for the emergent monochromatic
intensity derived carlier by Pannckock, and which was discussed
briefly above. The same qualitative course of the curves was estab-
lished, although some differences showed up in detail.

| I |

1 2
LogN—>

e
ES

Fia. 13. Totul intensity, as a function of tho number NV of absorbing atoms por ¢m.2
of the sun’s photosphere, according to Minnaert and Mulders (Zcits. f. Astrophys. 2).
A = exponential absorption; B == combined absorption and scattering (Eddington);
C = pure scattoring. Crosses represent observations.

t Monthly Not. 84 (1929), 620.
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I1a. 14. Total intensity It of Fraunhofer lines as a function of the number of
absorbing atoms above the photosphere, according to Minnaert and Slob (Proc. K.
Akad. v. Wetens. Amsterdam, 34, no. 4). The parameter @ of the curves s given by
@ dAY(2m/[KT), whero 4n8 13 tho damping constant as defined m § 33, A is tho wave-
length, 7' tomperature, and m the atomic mass. The theory on which the calculations
wore based is that of Pannekock (ef. § 45). The curves show well the three regions of
tho mtensity, whero 22 is proportional to N, nearly independent of N, and proportional
to {/N. The unportance of tho danpimg constant 15 also well brought out,

As an illustration to this work we reproduce two diagrams taken

from the papers in question.

53. Test by Observational Data

In the paper of Minnaert and Mulders observational material on
the intensities of lines in the sun were given and compared with
the theoretical curves. It appeared that the observational material
illustrated the whole run of the curve, from the square root law for
strong lines to the direet linear relation for weak lines. This latter
part of the curve is not accessible in ordinary laboratory experiments,
and this discloses an interesting case of superiority of astrophysical
methods,

It was an interesting outcome of the work of Minnaert and Mulders
that it yiclded an observational value of the average damping con-
stant of such lines as were strong enough for the square root law
to hold. The value found by them was about nine times larger than
that corresponding to the classical theory. There is no particular
reason for expecting the damping constants to approximate very
closely to the classical value corresponding to a harmonic oscillator,



Chap.XI,§33 THE TOTAL INTENSITY OF ABSORPTION LINES 167
and Minnaert and Mulders tried to show that the damping by tran-
sitions from both states of the lines would be sufficient to explain
the observations. But some doubt was left over whether there might
also be present some effect of collisions.

Pannekoekt made careful observations of the intensities of absorp-
tion lines in the spectrum of Deneb from spectrograms obtained at
the Dominion Observatory at Victoria, B.(*. Again the observations
showed a good agreement with the theoretical curves. The damping
constant obtained from this analysis came out even larger than for
the lines discussed by Minnaert and Mulders. This fact militates
against the idea that collisions can play any part in the damping, as
Deneb is a typical super-giant, with a correspondingly vastly more
tenuous atmosphere. Further progress in this problem would seem to
be dependent upon actual calculations of the damping constants
from the quantum theory.

54. Analysis of Line Intensities by Adams and Russell

It is clear that if it can be proved that the total intensity of a
spectral line is a unique function of the coneentration of the particular
atom in the atmosphere, and various atomic constants, the analysis
of total intensities will provide a new high road to the analysis of
stellar atmospheres. As we shall see later, conditions are somewhat
more involved, but as a first approach to the problem the assumption
of a simple relation between the intensity and the relevant N, f, and
8 may be permissible.

This idea was the starting-point of a well-coneeived piece of work
planned by Adams and Russellf before any thorough theoretical
work on total intensities had been done. These authors were not
aware of the role playved by the damping constant, and assumed the
intensity to be a unique function of the produet Nf. As we have seen
above, this assumption holds good only for lines which are so weak
that their profile is essentially determined by the thermal Doppler
effect. Otherwise this work corresponds to a certain mean value of
tho damping constant for all lines in use.

The work of Adams and Russell] was based on the estimates of
solar line intensities given by Rowland. These estimates are on an
arbitrary scale, which must be calibrated in terms of the energy units

t Proe. K. Akad. v. Wetens. Amsterdam, 34 (1931), no. 6,

1 Astrophys. .J. 68 (1928), 279.
I H. N. Russell, W. S. Adams, and G. E. Moore, ibid. 68 (1928), 271.
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to be used before any conclusions can be based on them. This calibra-
tion was made by means of the theory of intensities in multiplets. In
the case of a multiplet where all lines have the same initial state,
we know that the N’s are all alike, and the variation in intensity
must be due to the accompanying factor f since the variation in
damping constant was ignored. If the multiplet is of the narrow
type, it does not matter much whether the initial state is the same
for all lines or not, since the variations in N-values must then neces-
sarily be small. Since the solar spectrum contains at least 12,000
lines, it is not difficult to find suitable multiplets in all parts of the
spectrum.

This calibration being effected, Adams and Russell went on to a
comparative study of line intensities in the sun and in the stars. For
this purpose spectra of the sun and the stars were secured by the
same instrument and on the same scale, so the spectra could be
compared directly in a sterco-comparator. By means of the cali-
brated intensity scale of the solar lines it was then possible to find
the relative abundance of the atomic states in question.  Denoting
the ratio of corresponding N’s in the stars and in the sun by N,, the
excitation energy of the lower state of the line by X,, and the
temperatures of the star and the sun by 7" and 7' respectively, we
have by Boltzmann’s principle

log N, = const. -‘\f(% — —,1]7)

to a first approximation. In so far as it is permissible to assume the
same value of 7" and T for all lines in a spectrum this formula de-
mands a linear variation of log N, with X,. This question has been
discussed by Adams and Russell on the basis of an extensive material,
and it appears that the requirement is in a fairly close correspondence
with facts. I'n particular, since the coeflicient of .X,/k is positive or
negative according as the temperature of the star is larger or smaller
than the temperature of the sun, we should expecet log N, to increase
with increasing X, in the first case and to decrease in the second.
This requirement agrees with the observations.

On the other hand, it is not to be expected that the discussion of
Adams and Russell can be trusted when it comes to the finer points
of the theory, both because of the assumed universal relation between
intensity and the product Nf only, and also because the discussion
makes no distinction between principal and subordinate lines. But
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the attempt in question is nevertheless very interesting as an im-
portant piece of pioneering work in this field.

Russell} has also attempted to use the calibration of the Rowland
scale for a large scale determination of abundance in the solar atmo-
sphere. For this purpose it is obviously necessary to know the values
of the oscillatory strengths of all lines in question. As this is far from
being the case, Russell had to satisfy himself by tabulating tho
product Nf itself. But even so the results might claim some interest,
as the abundance of different elements arrived at in this way showed
a distinct parallelism to the abundance of the clements in the earth’s
crust, apart from a few discordant cases. The main results will be
apparent from the diagram given in Fig. 15.

14

12 - S S G SO A PR RS -
10 L /9 — - L
6 Al 1 bel {- »

° 2
6 - S
s

41— J/ - N AF- ‘Aﬂy'
Y B ol S - SR
ob—jt i «n 7 lo 13 15 17 19 % €3 2 27 20 31 33 35 37 39 41
6 RS NS HNES N (U S G SR P S
4 A _.BA\ .Jo\? -0 — b f-—| B4 . 1'1‘._
I A AN REE RN

1

43 45 47 49 51 93 55 5759 61 63 65 6769 71 73 7577 19 81 83

Fic. 15. Abundance of the elements in the solar atmosphere, according

to Russell (Astrophys. J. 70). Ordinates are logarithms of the abundance,

and abscissno atomie numbers. Rehablo results are markoed by black dots,
and tho less trustworthy ones by open rings.,

t Astrophys. J. 70 (1929), 11. Cf., however, also Nature, 135 (1035), 1047, whore

Russell expresses himself with reseryo about conclusions based on tho multiplet calibra-
tion of Rowland’s intensity scale.
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XII
THERMAL EXCITATION OF STELLAR ATMOSPHERES

55. Preliminary Considerations

For the interpretation of the main features of stellar spectra it is
sufficient to base the discussion on the theory of total intensities
developed above. On following the variation of intensity of a single
line through different spectral classes it is then sufficient to know
that the intensity is some function of N which increases with in-
creasing N. The fact that at low intensities the temperature of the
atmosphere will enter the problem also through the thermal Doppler
effect ean be considered as a second-order effect.

The theory was admittedly applicable only to resonance lines. But
in the present case little hesitation may be felt with regard to an
extension of it to lines in general, since the main point in question is
the fact that a functional dependence of intensity on N exists, and
that an increase in N will entail an increase in intensity. In order
to obtain a general impression of the intensity of a definite line on
passing through the spectral classes, it suflices to derive a theoretical
expression of the corresponding N in its dependence on density and
temperature.

Before proceeding farther with this problem it is nccessary to
consider some auxiliary hypotheses concerning the way in which
different elements are kept mixed in the atmospheres. In the sun
it has been found that the elements are partially separated out by
gravity, although far from the extent to be expected from Dalton’s
law, and also with some conspicuous exceptions, notably calcium
and strontium. We have provisionally no corresponding knowledge
of the stellar atmospheres, and must consider whether this will
introduce marked uncertainties in the result.

Assume first that all elements are evenly intermixed. Denote by
N; the number of free particles of the ith kind per em.? above the
photosphere, and by N the total number in the same volume. A
particle of the ith kind has a mass m; and a relative abundance
of r;. If py is the total pressure in the photospheric level and g the
acceleration of gravity, we have

\d \d v
Do = Nmg, N=3N, m=73 r,m.
1 13
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The relative abundance is a constant throughout the atmosphere, and
we have rep
V. = 7. \’7 = _l'__(_). 93
Vi it mg (93)
Consider next the case when each element is distributed inde-
pendently of the other elements. This state is characterized by the
fact that each element obeys the hydrostatic law

pi = Nmyg,

where p; is the partial pressure of the ith element. Hence follows

r o Pi _TiDo

N, = g = mg’ (94)
where r; is the relative abundance of the element at the photospheric
level. Comparing the formulae (93) and (94) we notice that the
difference between the two cases consists in the fact that for an even
intermixture of clements the average molecular weight m is sub-
stituted for the individual molecular weight m;. Moreover, only the
relative abundance in the atmosphere appears in the formulae, while
in the case of gravitational sepavation of the elements the relative
abundance in the photospheric level appears explicitly. Tn this
latter case it is therefore possible, besides the average relative
abundance given by the ratio of two V-values, also to determine the
relative abundance in the photospheric level.

In the following survey of the spectral classes we shall assume the
clements to be evenly intermixed. How far it is possible to detect
deviations from this state of things will be discussed on several
occasions later.

In the theory of solar lines the coeflicient of continnous absorption
was assumed proportional to density (constant mass absorption
coefficient). This assumption was introduced for simplicity, mainly,
and because it 1s known to hold under terrestrial conditions, and so
forms some sort of transition to stellar cases. It has become clear,
however, that the problem of continuous absorption is of far greater
importance when it comes to the interpretation of stellar data, where
minor changes in the assumed coeflicient of general absorption may
lead to very different results. The reason for this is clear. The
coefficient of general absorption determines the depth of the stellar
atmosphere which is accessible to observation from the earth. The
smaller the general absorption, the farther we sce into the star, and
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the greater diversity the atmosphere may be expected to exhibit.
The problem of the continuous absorption coefficient is therefore
fundamental for stellar theory. To derive an expression for this
coefficient on purely theoretical grounds is, however, such a difficult
problem, that it is a better procedure to proceed in successive steps.
We consider first the problem by assuming the simplest possible
expression for the coefficient, and then afterwards try to find out from
observations and theory in combination what may be said about
the problem. We therefore proceed provisionally with the original
formulae.

56. Electrically Neutral Atoms

With the limitations accepted the task of the theory consists only
in the calculation of N-values for atoms of different atomic weights
and in various stages of ionization and states of excitation. In order
to be able to do this some further simplifications must be admitted.
First of all, it is nccessary to assume the temperature to be con-
stant in the atmosphere. This approximation is the most serious
one, since the temperature influences the ionization and the state
of excitation through exponential factors. It will also be convenient
to work with an average value for the electron density, and to assume
the atmosphere to be in hydrostatic equilibrium.

Consider first lines belonging to electrically ncutral atoms. It is
then usually sufficient to consider the first stage of ionization only,
since higher stages of ionization will have a small probability as
long as the neutral atoms persist in appreciable quantities.

Let ny and n; denote the number of ncutral and singly ionized
atoms per unit volume at a certain level of the atmosphere, and let »,
denote the corresponding electron density. Using the simplified form
of the partition function adopted in the corresponding applications
to the sun we have

nyn,
ny

= wf, e T (], = 2A2muk T,

where x denotes the first-stage ionization energy and = the ratio of
the weights of the lowest energy stage of the ionized atom to the
lowest stage of the neutral atoms. The total density of the atoms
is now

n o= Nafnyg == no(l_*-‘/_"f_e—xlk’l')’

Me
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n
or conversely ng =

1+ fe'fe-x/kr'
e
Let x; denote the energy of ionization of the ith quantum state of
the neutral atom and =, the ratio of the weight of the ith to the
lowest state. The number of atoms in this state is then approximately
n; = Ny w; e'(X‘X.W‘T,
or eliminating n, by the preceding equation
nar; e~X-X)kT
ny = ————.,
1 _i__qu e—XIkT
nc
Let z denote the height of the level under consideration above the
photospheric level. The N-value for the state in question is then
expressed by the integral

o]
N, = [ Zed
i - T — .
1+fr',"e—x/kr
n

€
0

Let p denote the total pressure at the given level, and 7 the relative
abundance of the given element. The equation of hydrostatic equili-

brium is then m
dp = ——gn dz. (95)

Assuming the temperaturc constant through the atmosphere, and
denoting by 7, a certain mean valuc of the electron density, the
above expression of N, assumes the form
N, = f?(ﬂe_(x_x‘)/kr(l+f.-,_we_x/kr)—1, (96)
my Ty
where p, as usual denotes the total pressure at the photospheric level.
The last problem to solve is now to determine the depth of the
photospheric level, so that p, may be calculated. It is herc that a
knowledge of the coefficient of continuous absorption is essential.
Adhering to the earlier simple hypothesis we assume this coefficient
proportional to the density, which is the same as proportionality
with 7, since we have assumed all elements evenly intermixed.

We therefore write n
Ko = Ko»
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where «, is a certain constant. Using the equation of hydrostatic
equilibrium (95) we find for the optical depth of the photosphere

7= — [ ko dz = x5 po/mg, (97)

which defines p,. Let us pause for a moment at this relation. Since
7o i8 obviously the same for the photospheric levels of all stars, the
above relation states that p, is proportional to g. This result is a
direct consequence of the assumed proportionality of «, to #n. In
the case of actual stars, however, the coefficient ko Will be a more com-
plicated function of density and temperature, and the expression for
7, accordingly a complicated function of p,, which also involves the
temperature. Solving this equation for p, and introducing in (96), the
dependence of N; on temperature is affected, and, what may be of
greater consequence, N; becomes a function of the surface gravity g.
In the above simple case g drops out, since &; depends only on the
ratio p,/g, which also enters the expression of 7, Eliminating p,/g
from (96) and (97) we find in fact
R A (98)
Kp Tl

which is independent of g. This then holds also for the intensity of the
line starting from the sth level. This means that the intensity will
be the same for giant and dwarf stars, provided they have the same
temperature and relative abundance for the clements. The fact that
many lines do exhibit marked differences on passing from dwarfs to
giants indicates strongly that the dependence of the coefficient of
general absorption on density is more complicated than assumed
above. The fact that these differences are on the whole small
indicates, on the other hand, that the simpler theory will suffice for
a first survey of the spectral classes, when ignoring the splitting-up
of the sequence into parallel series.

We shall therefore consider the variation of N; when the tempera-
ture increases from zero to a very large value. In very cold stars
the matter is complicated by the fact that many atoms will enter
into molecular combinations, so that before an element can make
itself felt by the presence of an atomic line, the temperature must
have become sufficiently large for the dissociation of the molecular
compounds. But for the moment we assume the clement to remain
in the atomic state throughout the range of temperature under
consideration.
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57. Intensity of Arc Lines

Take first the case of subordinate lines of neutral elements, like
the Balmer lines of hydrogen, for example. From the expression (98)
for N, it follows that with increasing temperature the intensity will
increase initially, but by and by more slowly, and finally reach a
maximum, after which it will decrcase uniformly for still higher
temperatures.t The reason for this behaviour is clear enough. That
the intensity will be zero in the beginning is due to the fact that
there are not sufficient atoms in the excited state. By increasing
temperature more and more atoms wander over into excited states,
and an increasing intensity results. But finally ionization of the
atoms sets in, and this tends to reduce the number of atoms in
the right state for the absorption of the line to be possible. When this
effect just balances the other, the maximum is reached. The final
falling-off of the intensity is due to advancing ionization.

58. Intensity Maxima of the Lines

The preceding considerations were in principle first advanced by
the Indian physicist Megh Nad Saha,i who in this way became the
founder of a rational theory of the spectral classification of the stars.
However, the theory of Saha was brought into a much more precise
form by Fowler and Milne.]] These authors contributed to the
advance of the theory especially by developing a theory for the
determination of stellar temperature by finding out in which spectral
class a given line attains its maximum intensity. Saha had earlicr
tried to find a method of temperature determination by considering
the marginal disappearance of the lines. But the conditions making
a line disappear are not determined by temperature alone but are also
dependent on relative abundance. The determination of the maximum
intensity of the line, however, is independent of abundance, provided
only it remains the same in all stars under consideration.

Before considering the maximum value of N, it is nccessary to
decide how the clectron density 7, is likely to vary with 7’. This
brings another uncertainty into the calculations. It may be partially
met by assuming 7, to be proportional to 7', wherc m is a constant.
It will appear from the final formula that, provided a power law for
i, is permissible, the exact value of m will matter but little. In the

1 One must remember the dependence of f, on T'.

t Proc. Roy. Soc. A, 99 (1921), 135.
| Monthly Not. 83 (1923), 403; 85 (1924), 499.
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work of Fowler and Milne the electron pressure was assumed to
remain constant through the spectral classes, which corresponds
tom = —1.

Proceeding in the usual way we find as a condition for the maxi-
mum value of N,

i, = {xt—{-(g—m)kT}2(27rka)’we_x,kT.
(x—xh?

This equation gives the temperature at maximum intensity as a
function of ionization energy of the atom and the excitation energy
of the line. But the exponential factor dominates to such a degree
that the most characteristic feature of the equation is a displacement
of the temperature at maximum nearly proportional to the ioniza-
tion energy.

This is also in good agreement with the facts. At a temperature
of about 3,000-4,000° the ionization potential of the elements
dominating the spectra is of the order of 6 volts. At a temperature of
about 10,000 degrees the ionization potential of the dominant elements
is 14 volts (hydrogen), and at twice this temperature the spectrum is
dominated by helium, which has an ionization potential of 24 volts.

TABLE 3

Resonance Lines tn Stellar Spectra

ElL ) E. x| B2
Li 6707 vV 4333 Zr 4496 1
Na 5806 Mn 4034 4392
5800 4033 Mo 3003
Al 3062 4031 3864
3044 Co 3454 3798
K 7699 3405 Ag 3383
7665 Ni 3415 3281
Ca 4227 Cu 3274 In 4511
So 4247 4348 4102
3652 Ga 4172 Sn 3262
Ti 5085 4035 Ba 5535
5040 Rb 7948 La 3049
5014 7800 Pb 5058
v 4331 Sr 4607 3684

The simplest case is met with in resonance lines. In this case
the excitation energy x—yx; vanishes, and there is no maximum
for the lines, which will decrease uniformly in intensity with in-
creasing temperature. This fact forms a simple test of the theory,
which corresponds completely to facts. The only notable exceptions
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to the rule are due to the fact that the elements in question enter
into chemical combinations at low temperatures, so that conditions
are intrinsically different from the assumptions underlying the above
formulae. All resonance lines known to appear in stellar spectra are
collected in Table 3.

59. Intensity of Spark Lines

The run of the intensity of lines due to ionized atoms resembles in
a general way that of subordinate lines of neutral elements in that
the intensity increases to a certain maximum, and then declines.
This holds both for resonance lines and subordinate lines, but the
maxima of the latter lines will differ from the other by being flat and
ill defined. That this time even the resonance lines must show a
maximum is obviously due to the fact that the atoms must first reach
the stage when ionization sets in before the lines can appear. The
decline in intensity at high temperature is due to sccond-stage
ionization. The same consideration will reappear for lines duc to
higher stages of ionization, so little further insight is gained by
considering such lines in detail. We shall therefore limit the con-
sideration to first-stage ionization only.

It is now necessary also to take into account the atoms having lost
two electrons. The number of such atoms per unit volume will be
denoted by n,, and the corresponding partition function by f,. This
time there will be two cquations for the equilibrium state, which may
be taken to be

nmn, =flfc and nzf‘: =f‘.’.fr.
o 0 n fi
Since higher stages of ionization will be neglected, the total particle-
density of these atoms will be
n = ny-+n,+n,.

Eliminating ny and n, from thesc equations we find

ny = n{l+n fof 11 e g T fafed
In exactly the same way as before it follows from this equation that
the corresponding N-value for an excited state ¢ of the ionized atom
is given by

N, = Z:_o %e-ﬁ"/"T(H—ﬁ, Jof T o A T o fe)
0J1

where E; denotes the energy of the state in question, and w, the
3595.16 AR
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weight. The two averages of the electron density which figure in this
equation are strictly speaking different from each other. But this
difference will be ignored here, since the whole theory is only in-
tended to give orders of magnitude.

It would lead us too far afield to discuss a large number of different
cases encountered in the theory of spark lines in stellar spectra. We
shall here limit the consideration to the case of resonance lines which
fall within the part of the spectrum accessible to obscrvation in
astronomy. The lines which belong to this class are

Cat+ 3934, 3968; Sr+ 4216, 4078; Ba+ 4934, 5354.

The fact that these lines are resonance lines in the accessible part
of the spectrum entails a separate treatment, because for this to be
possible the first excited state of the atom must be situated abnor-
mally near to the ground state, so near in fact that its representative
term must be preserved in the corresponding partition function.
This fact, which was first clearly pointed out by Fowler,} has the
consequence that the rise of these lines to a maximum and their
subsequent falling off is not primarily due to second-stage ionization,
but much more to excitation to the first excited state. In so far as it
is only the question of the calculation of the maximum intensity it
is therefore legitimate to neglect the second-stage ionization, that is
neglect n, and f, in our formulae. But it is necessary to amplify the
earlier approximate expression of f; by adding a second term:

f1 = wy e~ BT ! o-EUkT,
where the second term refers to the first excited state of the ionized
atom. The expression of &N, then assumes the form
=T e:EllkT ,
Ko (fl+nefo/fz)
and the corresponding maximum condition becomes

7, = - (By— Ey)w; 2(2mpk T e—~(Ei~EolkT
¢ {E—Ey—(m—3)k T w, ’
on assuming as before that the electron-density varies proportionally
to 7', and using the usual approximate expression for f,:
fo = wye~EalkT,
Provided the denominator of this expression does not become excep-
tionally small, this relation demands approximate proportionality

t Monthly Not. 85 (1925), 970.
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of T with E{— E,, as was to be expected. The numerical discussion
of the formula shows, however, that using the value of 7%, derived
from maxima of ordinary arc lines, the temperatures at maximum
are found to be smaller than those actually observed. This fact has
been interpreted by Fowlert to mean that these lines originate in
high strata of the atmosphere, where the temperature as well as the
electron-density are smaller than in the deeper strata involved in the
production of the arc lines. This is a special case of a general pheno-
menon, which manifests itself on several occasions in the analysis of
stellar atmospheres, and particularly in the case of the solar chromo-
sphere. This fact gives a first clue to the distribution of temperature
and density in the stellar atmospheres.

60. The Rate of Fading-out of the Lines

The preceding considerations have been limited to regions in the
vicinity of the intensity maximum. This is the sole reason why it
has been possible to take into account only two or three stages of
ionization. When considering the falling-ofl of intensity past maxi-
mum conditions are rather different, because then the intensity will
depend intimately upon the ease with which the remaining electrons
may be removed from the atom. This was first pointed out by
Fowler.t The following simple example will serve to illustrate the
point.

Assume that the surface group of the atom consists of ¢ electrons.
The electrons of the succeeding group we assume to be so firmly
bound that ionization of this group plays no part. Denote as usual
the number of un-ionized atoms in unit volume by 7, and the number
of atoms having lost all ¢ surface electrons by n,. The equations of
dissociative equilibrium then reduce to

When most of the atoms have lost all ¢ electrons n, will be approxi-
mately proportional to total density or pressure of the substance.
To a sufficient approximation the ratio fy/f, has the form

fo_ AexlkT,
q
where A4 is a certain constant and y the total ionization energy of

t Monthly Not. 85 (1925), 9717.
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the electron group in question. Assuming as usual 7, proportional
to T™ we have const. n, exXkT

Mo = gty "
Comparing this expression with the corresponding expression for
atoms containing a single electron of ionization energy x it will be
realized that the falling-off of intensity after the passage of maximum
intensity will become all the more rapid the more electrons there are
in the group. This argument holds only as long as $—m is positive
and does not become very small in comparison with unity.

61. The Electron Density 7,

Thus far there has been no question of the absolute value of the
electron density 7,. It is of great interest, however, perhaps the
essential interest in the case, that the condition of maximum intensity
permits a calculation of this quantity when the temperature of the
stars in which maxima are found is determined. In Table 4 there is
collected a series of such calculated values of 7,.

TABLE 4
The Electron Density

Element Spectrum T, X X—Xi log n,
Mgt A3 9,000 14-97 8-84 volts 12-90
Ca Ma 3,000 6-09 1-88 ,, 11.02
Ti K2 3,500 6-80 08 ,, 12-12
Cr Kb 3,000 8-24 0-96 ,, 10-14
Mn KO0 3,600 7-40 231 ,, 11-01
Zn G o 5,600 9:356 404 ,, 11-91
Cat KO 4,000 11-82 0-00 ,, 11-687
Sr+ K2? 3,500 10-89 0-00 ,, 10-62
Ba+ MO? 3,000 9-96 0-00 ,, 10-05
Mg Ko? 4,000 7-61 269 ,, 11-51

the electron-density is so small. Even the largest of the tabulated
values is more than a million times smaller than the number of
molecules in a cm.? of air at ordinary temperature and pressure.
This result was already derived for the case of the sun, but here it
appears to be a general feature of all stars. There is some tendency
towards a rise of the electron-density on passing towards hotter stars,
which perhaps would justify a slightly positive value of m in our
equations. But practically speaking the table suggests a constant
average value of 7,, as the fluctuations may just as well be due to
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differences between level of arc lines and spark lines, or similar
individual properties of the lines.

The order of magnitude derived above for the electron-density,
by the method of Fowler and Milne, received independent confirma-
tion from an investigation of Payne and Hoggt on the profiles of
the H- and K-lines in stellar spectra. These lines are so wide that
fairly trustworthy profiles may be obtained even from slitless spectra.
From such profiles Payne and Hogg derived N-values for Ca and Ca*
independently, and from the ratio of these values they calculated
the electron-density in the manner shown in §51. The result was
in fair accord with the value derived from the H- and K-lines in
the sun.

62. Giants and Dwarfs. Difference in Effective Temperature

The above expression of the electron-density at maximum may be
used to illustrate the difference in effective temperature between
giants and dwarfs of the same spectral class. This difference is in
fact essentially due to the difference in atmospheric density. The
spectral class of a star is essentially determined by the state of ioniza-
tion in its atmosphere, and the ionization is again determined by
temperature and density. If we pick out a typical clement and keep
its degree of ionization constant while lowering the temperature, the
density must be reduced too. A simple way of bringing this idea to
a quantitative form is to consider the relation between eclectron-
density and temperature at maximum intensity of an arc line

R, == Xi+(%—m)kacwe_x[k1"
X Xi

which was given carlier. Let the above relation hold for stars in the
main sequence, and denote by 7,, 7" the electron-density and tempera-
ture at maximum for the same line in the giant branch. Since the
difference in temperature is relatively small, we may neglect the
difference caused by a transition to the giant in the factor linear in
T, and only take account of the exponential factor. We then find

-
Mo _ XT'-TIKTT",

ne
As an example we may consider the neutral iron lines, which reach

1 Harvard Obs. Circ. 334 (1928). Cf. also O. Struve and C. D. Higgs, Astrophys. J.
70 (1929), 131.
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their maximum in class K 2. The effective temperature 7' and 7"
may then be taken to be about 5,000° and 4,000° respectively. The
ionization energy of iron is 1-3.10-12 erg. With these data we find

which gives a good idea of the difference in density between giants
and dwarfs.

63. Determination of Temperature from Intensity Maxima

When the run of the electron density through the spectral classes
has been determined, it is possible, as was first emphasized by Fowler
and Milne, to reverse the proccdure and to use the condition for
maximum intensity as a means of determining stellar temperatures.
This method is of special interest in the case of early type stars, where
ordinary methods of temperature determination become largely
illusory. We give in Table 5 as an illustration some such ‘ionization
temperatures’ of O and B stars.

TABLE 5

Temperature from Intensity Maxima

Element Xo Xo—Xs Spectrum | Temperature
He 24-48 20-88 B3 16,000
C+ 24-28 18-0 B3 16,000
Ho* 54-2 48-2 0 35,000
Sit+ 317 4-8 B1-B2 18,000
Sit++ 450 24-0 o 25,000

64. Abundance of Elements in the Stars

The preceding considerations were on the whole independent of the
relative abundance of the clements, provided the abundance is the
same for all stars, and all clements well mixed at all levels. However,
considering the fading out of the line past the intensity maximum,
the relative abundance will obviously play a part, and it should be
possible from the relative persistence of the lines to determine the
relative abundance. This idea was first advanced by Milne, and
Paynet made an attempt to determine the relative abundance of the
elements on this basis. The result is given in Table 6, together with
corresponding figures derived by Russell for the sun.

1 Harvard Obs. Mono. 1 (1925), 184.
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TABLE 6
Relative Abundance of Elements in the Stars and in the Sun

Element LogN Element | LogN

Star  Sun Star Sun
H 129 115 Ca 67 67
He 10-2 .. Ti 60 52
Li 19 2:0 A\ 49 50
C 6-4 74 Cr 58 67
(o) 80 9-0 Mn 65 59
Na 7-1 7-2 Fo 67 72
Mg 75 7-8 Zn 61 49
Al 69 64 Sr 35 33
Si 75 73 Ba 30 33
K 53 68

It appears from these figures that the relative abundance of
elements in the different stars and in the sun show great similarities.
This result does not preclude considerable differences in abundance
between different stars. But the cases in point are rare, and are
essentially found among exceptional stars of very high or very low
temperatures.

Taking the table on its face value, it brings out forcefully the fact
that the most abundant element in the cosmos is hydrogen, with
helium coming in a belated second. All other clements arc from one
hundred thousand to scveral hundred million times less abundant.
Even if very great errors be admitted in these figures, there is no
escape from the conclusion that the stellar atmospheres are primarily
made from hydrogen, with a moderate admixture of helium, and
an insignificant amount of other clements. We shall find several
occasions by and by which will serve to bring this fact out in still
greater relief.



XII1
THE OPACITY

65. Various Causes of Opacity

THE low value of the electron-density obtained for the reversing
layer raises the pertinent question as to the origin of the opacity of
a stellar atmosphere. In many stars the number of free electrons in
the atmosphere is of the same order of magnitude as the number of
atoms, and a low electron-density means therefore a low density of
matter. The opacity of a stellar atmosphere must therefore be much
higher than that of the terrestrial atmosphere where the mass per
cm.? exceeds by many millions the corresponding mass above the
photosphere of a star.

The answer to this question is to be sought in differences of
chemical constitution and of temperature. A short survey of the
absorption of radiation in our own atmosphere will indicate the scope
of the problem also for other cases.

Beginning with very long waves in the broadcasting band we know
that the main source of interference with the linear propagation of
electromagnetic waves is due to the ionization in the Heaviside-
Kennelly layer at about 100 km. height, and the successive layers at
greater heights. The ionization in question is due to the ionizing
action of ultra-violet solar radiation. The reflection of the waves at
the lower boundary of the layer demands that the wave-length is
large in comparison with the distance between neighbouring electrons.
This condition is also necessary for a strong interference to take
place, regardless of a reflection, because it conditions the addition of
the amplitudes of the light scattered from all electrons in a volume of
the order of the cube of the wave-length. When the wave-length is
small in comparison with the distance between contiguous electrons,
the squares of the amplitudes will be added, which demands a very
great drop in the scattered intensity. The passage of waves through
this layer is also strongly dependent on the density of the air, and the
momentary height of the layer. In fact, the air-density determines
whether the waves will be actually absorbed, or merely scattered
without loss of total intensity. The magnetic field of the earth also
plays a part here.

The effect of free electrons on the passage of electromagnetic waves
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in the atmosphere appears to cease when the wave-length is shorter
than a few metres, which then means that this is the order of magni-
tude of the distance of neighbouring free electrons in the ionized
layer, and it so happens that in this region there will also be approxi-
mate equality of the time spent by an electron on a free path, and
the period of the wave, so that true absorption is certainly insignifi-
cant for shorter wave-lengths. At any rate, there is no reason to
suspect that the free electrons in the Heaviside layer will exert any
perceptible influence at all on the passage of ordinary light. In the
visible region the continuous absorption is essentially due to Rayleigh
scattering by the air molecules which necessarily accompanies the
dispersion of light. Averaged for all wave-lengths this extinction
amounts to about a quarter of a magnitude,t and is thus comparable
with the general absorption in a stellar atmosphere. However, the
mass of gas per cm.? of the terrestrial surface exceeds by thousands
of times the mass overlying the photosphercs of most of the stars.
It is therefore not possible to explain the opacity of the stellar
atmospheres as Rayleigh scattering by molecules or atoms with
the same dispersive power as ordinary air, and it looks improbable
that the substitution of other clements for air will change the
order of magnitude of the result. But the possibility may be kept
in mind.

Finally, there is the strong absorption to be considered which sets
in at about 2,900 A., and after passing a strong minimum at about
2,100 A. scts in with new force at about 1,800 A. This absorption is
due to oxygen, first in the form of O, which is responsible for the
first band, and then to O,, which absorbs from 1,800,A. and towards
shorter wave-lengths. In both cases there is a mixture of line absorp-
tion and continuous absorption, and a dissociation of the molecule is
involved. For still shorter wave-lengths a new absorption sets in,
which is accompanied by ionization of the molecules, and which is
responsible for the maintenance of the Heaviside-Kennelly layer.

Turning next to the analogous problem of the stellar atmospheres,
we must expect the same agencics to be responsible for the opacity,
due regard being paid to the effect of different chemical constitu-
tion, temperature, and density, and the consequent different state
of excitation and ionization.

Beginning with the long wave-length end of the spectrum we must

t Cf. Pertner-Exner, Meteorologische Optik, 2nd ed., p. 747.
3595.15 Bb
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expect that the passage of radiation will be effectively blocked up to
a certain limiting wave-length, where the opacity will fall off rapidly.
Due to the strong ionization of the stellar atmospheres we must
expect this limit to be displaced towards shorter wave-lengths as
compared with conditions in the atmosphere of the earth; but it seems
a priors clear that the difference cannot be large enough for this kind
of absorption to dominate altogether. Provisionally we may there-
fore feel certain that the principal part of the opacity will have a
different origin.

The effect of Rayleigh scattering has already been deemed im-
probable. Since molecular combinations are rare in most stars, there
is no reason to expect absorption bands like those due to O, and O,
to play any part in the majority of the stellar atmospheres.

There remains as the only probable source of opacity the absorp-
tion beyond the series limit of the atoms, which is usually termed the
photoclectric effect.

In our atmosphere this absorption is confined to the far ultra-
violet, but this is essentially a temperature effect. Raising the
temperature of the gas, more and more atoms will be found in excited
states, the absorption of subordinate lines will show up and the
continuous absorption at the limits of the subordinate series must
become of importance. A single instance of this sort of absorption is
directly shown in stellar spectra by the series-limit absorption of
hydrogen, which is prominent in carly 4 stars.

The continuous absorption responsible for the opacity of the
atmospheres in the visible region must be connected with series in
the infra-red, like the Paschen series and the Brackett series of
hydrogen. The strength of this absorption will depend very much
on the abundance and the state of ionization of the elements, and
will require separate consideration.

We shall take it for granted that serics-limit absorption is the main
cause of general absorption, and follow up some consequences of
this hypothesis.

On following the intensity of a particular line through the spectral
classes, the dependence of the absorption coefficient on frequency
does not come in, as the frequency remains the same. The important
thing is the dependence on density and temperature. This latter
will turn out very different according to the state of ionization and
excitation of the active constituent.
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The following cases are of special interest:

1. Absorption by the main constituent in its normal state. Degree
of ionization very small. Then practically every atom present is
able to absorb, and the mass absorption coefficicnt of the medium
is practically constant. This is, for instance, the case of the oxygen
absorption in our atmosphere in the ultra-violet.

2. The ionization is so far advanced that the neutral atoms, which
are responsible for the absorption, are in minority. Denote as usual
by ny, ny, and n, the numbers of neutral and singly ionized atoms and
free electrons per unit volume. The absorption coefficient per atom
of the substance is then proportional to ny/(ny+n,). Writing the
equation of dissociative equilibrium in question in the form

_n,
0=
where K is a function of the temperature, it appears that the atomic
absorption coefficient is proportional to

nyn,

K(ng+ny)’
1f the ionization is so far advanced that n,/(ny-t-n,) does not differ
much from unity, it appears further that the atomic absorption
coefficient is proportional to the clectron density.

The fact that hydrogen is by far the most abundant clement in the
stellar atmospheres might suggest that this element is responsible
for the general absorption. If that is the case, the above con-
siderations must apply, and the mass absorption coeflicient must
be independent of density for stars of types later than A say,
while in 4, B, and O stars it must be proportional to the electron
density.

3. Asin 2, the ionization is so far advanced that the neutral atoms,
which are responsible for the absorption, are in a minority, but the
absorbing element has the relative abundance r, where r is small in
comparison with unity. If r is constant through the atmosphere and
from star to star, there will be no difference from the preceding case:
the mass absorption coefficient will be independent of density for low
temperatures and proportional to electron density at high tempera-
tures.

4. The absorbing atoms are singly ionized, and the element has the
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relative abundance . The mass absorption coefficient is then propor-

tional to n_ m K

notny  Mobmg M,
For low temperatures, when the neutral state is the most abundant,
the absorption coefficient is inversely proportional to the electron
density. As the temperature increases, n, becomes the most abundant
constituent, and the coefficient tends to become independent of
temperature. The conditions are thus reversed from the earlier case.

According to this analysis we should expect to find absorption
bands in the spectra of the stars, corresponding first of all to the head
of the Balmer series, at 3643-39, at the hcad of the Paschen series at
8205-82, as well as at the heads of numerous series due to metallic
atoms. The alkalis, in particular, have well-known series limits in
the accessible spectral region.

It has long been known that the absorption at the head of the
Balmer series is apparent in the spectra of 4 stars, but this is about
the only indication of series-limit absorption we know in astro-
physics by direct observation. Several investigators have looked for
absorption limits in the solar spectrum without success. It is a
remarkable fact that an absorption cocfficicnt independent of the
wave-length appears to give a good representation of facts for the
sun, and the inconsistencies present are at least not such as would
be relieved by introducing absorption edges. Minnaertt has searched
carcfully for traces of absorption cdges corresponding to alkali
series in the solar spectrum, but without success. The question is
not quite easy to decide, as no sharp discontinuity is to be expected
but an increasing crowding of the series lines, which then finally
merge into a continuum in the region of the theoretical position of
the series limit. But still this does not explain the absence of any
trace of the limits in the sun.

In order to save the assumption that serics-limit absorption plays
the dominant role Woolley} has suggested that its effect in the
continuous spectrum of the sun may be masked by cyclic processes,
which in the outermost layers produce a continuous emission tending
to fill out the expected drop in intensity.

Although we have seen earlier that cycles of this kind are likely to
play a considerable role in the formation of spectra, one may feel

1 Bull. Astron. Inst. Netherlands, 7 (1934), 234.
1 Monthly Not. 95 (1934), 101.
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some hesitation in admitting this as a probable solution of the
present difficulty. But Woolley’s case is not so weak as it seems. In
the nebulae the emission beyond the head of the Balmer series is a
prominent feature, and many investigators have called attention
to ‘ultra-violet appendages’ of carly type spectra, which indicate that
in certain cases there is an emission at the Balmer series limit which
more than counterbalances the absorption in the emergent flux.t

66. Theory of the Photoelectric Effect

Although the evidence is a little conflicting we may thus still be
entitled to expect that series-limit absorption will prove to be the
main cause of continuous absorption in the stars. It is therefore of
interest here to consider the principal points of the theory of series-
limit absorption, which, moreover, is of interest also in other con-
nexions, especially in the theory of nebulae, where conditions are more
easily analysed. It is necessary to limit the theory to hydrogen, or
hydrogen-like atoms. But this is no grave limitation, as hydrogen
is the most important element in the stellar atmospheres, and most
atoms will behave rather similarly in respect to continuous absorption.

Returning to the theory of the hydrogen atom developed carlier,
we recall that the wave function of a quantized state of principal
quantum number 7, subsidiary quantum number !/, and magnetic
quantum number m may, in polar coordinates, be written down in
the form

g = T B, 2042, 20k, ) Pi{cos 6)oim
—MNqug Ty~ sy =)ty g ’ .
Here F is defined by
Fla,b,z) — T'(b) Na+v) 2¥

T(a) £ I'(b-+v) v’

I" denoting the gamma function. The quantities N, Ny, N4 are con-
stants of normalization,and £, depends on the energy / by the relation
7 1
= —— — 2 E = —,
kn h ( F’ n) an

’
0 — B 1 a
T4t Z 7

that is, @, is the radius of the electronic orbit in the normal state of

where

+ C. S. Yu, Lick Obs. Bull. 12 (1926), 104, 155; P. B. Gorasimovic, Harvard Obs.
Circ. No. 339; H. Kienle, Monthly Not. 88 (1928), 700.
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hydrogen in Bohr’s original theory. Further, =, is given by

n, =n—Il—1,
and the nuclear charge is assumed to be Ze.

In the present case, when we are considering transitions to and from
the continuum, the solutions corresponding to positive values of the
energy are alsoneeded. These solutionsare derived by exactly the same
methods as for the.quantized states, and we therefore give the result

directly: gixrpl

= F(— —9%9 im$
Y A F(—n,, 2142, —2ikr) P7*(cos 0)eim$,
2 2
where K = —E-J(2pE), n, = ;'—(—l—l.

For the discrete states the factors of normalization are given by

Ny=J@em), Ny= J ((H%%—%)

(24102 [{ad(n—I1—1)!
&= 2L J( (n+1)! *)‘

For the continuous wave functions Ny and N are the same as for
the discrete, but the radial part will differ. This is not only because
of the slightly diffcrent expression of the radial wave function in this
case, but is due to the process by which the normalization must be
carried out when the characteristic functions no longer form a dis-
crete set. The correct procedure for this case was found by Weyl,
and may be summarized as follows:

Assume that a function ¢ may be expanded as a series of character-
istic functions ¢, of the form

=3t [ y(E)y dE.

We have here assumed the characteristic functions to form a discrete
sequence i, and a continuous sequence ;. The continuous parameter
E plays the same part as the discrete indices %, and the function
y(E) plays the part of the totality of the coefficicnts a;. The integral
in the above formula may evidently be written as the limit of a sum

[ /By dE = lim 3 y(E,) [ 4 dE.

The integrals A= f YgpdE (99)

AE,

t Math. Ann. 68 (1910), 220; Gott. Nachr., 1910. Cf. also E. Fues, Ann. d. Physik,
81 (1926), 281, and M. Stobbe, ibid. 7 (1930), 669.




Chap. XIII, § 66 THE OPACITY 191
are called characteristic differentials, and may be directly compared
to the characteristic functions ;. They will, in particular, be ortho-
gonal to each other and to the y;, so that the function y(E) is given by

y(F)——f (f.ph.dr) dr,

where og = f Y dE dr,
AK

both integrals being taken over the given ranges of the variable
involved.

Since y(E)og must be of the order AE it is natural to normalize
the characteristic differentials by putting oy = AE, or
E+AE

J| [ beef

lim dr = 1.

A= oA—E

It is an important fact that the characteristic differentials cannot
be written in the form
Ap = $xAE

as one would be inclined to do. This expression is in fact not equiva-
lent to (99), because A, ¢ is not a uniformly continuous function of
AE. The case of hydrogen-like atoms, which we are considering,
shows this clcarly. For very large distances from the nucleus our
continuous radial wave function assumes the approximate form

1 2miV(2uE)rlh
Yg~ ;e V@pEyih
where E is the energy of the electron. It is not necessary to identify
the parameter called E above with the energy, but it must be a
function of this quantity. The simplest procedure in this case, how-
ever, is to use the energy itself. Carrying out the integration involved,
it will be seen that Ay contains a term of the form
eZWN(ZyIE)AEth_

It is here evidently not permissible to expand the exponential in a
power series, and to retain only the first power in AE, because
however small AE is taken, it is always possible to find a value of
r which is so large that the exponent becomes a finite quantity. This
is a general phenomenon affecting all characteristic functions forming
a continuous sequence.
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The calculations leading up to the explicit expressions of the transi-
tion probabilities from discrete to continuous states—or from one
continuous state to another—are so complex that we shall refrain
from giving details, and only reproduce typical formulae and the
necessary reference to the literature.

The normalization factor for the radial wave function in the
continuous region, when « = 2m/(2uE)/h is adopted as a continuous

index, is given byt
ol d+1gml2ak J (2a:<£1(’)(82+ &'z;é))

-1
Not= (2041)! sinh(r/ax)

After very long calculations it is found that the intensity of the radia-

tion emitted per unit time in spontaneous jumps of an electron from
a continuous to a discrete state, and corresponding to an interval A« of

K, i8 given by dl 64.,,. V2 1
A« L{C) A

The transition is from a continuous state in the interval Ax to a
discrete state with quantum numbers #’ and I’. The transition takes
place only if I’ = I4-1, and the number denoted by [, in the above
formula is the larger of Z or I’. The quantities C are very complicated
functions of x and the quantum numbers. But since they may be
useful for reference we give them in full. For transitions ! - [—1:

.1 (—-1)_____ M{hr 2urcmnll} drck,, \H1
Cititr = Bl (21—1)! ¢ k2 +x?

(n'4-1—1)! 2H (32—{— - ,,)
% 8=1 K" um-1
(n'—1)! sinh(m/ax)

X {F(—mn,, —n,,2l,1—1/u?)—u2F(—n,—2,n,,2l, 1—1[u?)};
and for transition - I+4-1:

1 (—1)mHg l{hr—"m‘ctank} dxk, |2
i = a1 e

(' 1+1)12T] (s2+ %)
X 0\ 2 Jurt
(n'—1—2)!sinh(m/ax)

X {F(—n,, —n,, 2l4+2,1—1/u?)—u?F(—n,, —n,—2, 2142, 1—1[u?)},

1 Cf. W. Gordon, Ann. d. Physik, 2 (1929), 1031; M. Stobbe, ibid. 7 (1930), 669; H.
Bothe, Handb. d. Physik, 24[i (1933), 475; J. A. Gaunt, Phil. Trans. Roy. Soc. A, 229
(1930), 163.
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where u = e2iarctan(xfka)

and F(a,b,c,d) is the usual hypergeometric function. Proceeding in
the usual way, and calculating the absorption coefficients from the
emission cocfficients via Einstein’s relations,t Stobbe finds for the
atomic absorption coefficient for absorptions from the ground state
g?,nezv:l! e—iaarccotq
eyt 1—e—2m

where q = A/ (‘KL‘),
V—V

and v, is the frequency of the absorption limit, which for hydrogen
corresponds to a wave-length about 912 A. This absorption thus
lies far outside the region of stellar spectra.

The absorption coefficient for the first excited state is similarly
found to be given by

' 2101762;/§ e—8q’arccotq’
o, = |1} 3 .
A v] 1—e—4ma’"

ucy

]

for the two sharp terms, and

210176211@ ( y2) e—8a'arceoty’

o, = .,
g Qucv® v| 1—e-tm

for the principal terms. Multiplying these expressions by the re-
spective weights 2 and 6, adding and dividing by the total weight
of the state, 8, we find for the final absorption coefficient

8g’arccotq’

287r¢2 Va gr2 e
o, = 3F’CV (1+ +8 ) - e__4"q .

In the above expressions v, stands for the absorption limit of the

first excited state, and
q = J ( )
V—-V2

The dependence of the absorption coefficient on frequency is rather
complicated. In the vicinity of the absorption limit it is nearly
proportional to v=3; but for increasing values of the frequency it will
decrease faster, and finally be proportional to v-%.

The above series-limit absorption makes itself felt for wave-
lengths shorter than 3646 A. and is, as mentioned before, directly
observed in 4 and B stars. But there is no dircct evidence that this
absorption is of importance in colder stars.

t Cf.§8.
3595.15 ce
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The next series-limit absorption in hydrogen is that beyond the
Paschen serics. The formulae for this case have not been worked out
explicitly, however. But it is clear that the absorption coefficient will
also in that case fall off nearly proportionally to some negative power
of the frequency, which is of the same order as in the two previous
cases.

In approximate calculations it is frequently convenient to assume
the continuous absorption coefficient to be proportional to v-3, which
gives a sort of average value of the theoretical prediction for hydro-
gen. The very approximate character of this assumption should be
kept in mind, however, especially when applied to atoms other than
hydrogen.

An approximate formula for the series-limit absorption in any
hydrogen series had been given by Kramerst before the discovery
of the new quantum mechanics. Kramers gave the equivalent of the

formula 162 12

Vn

T = I3 B)uen B’

where n is the principal quantum number of the state, v, the fre-
quency of the corresponding series limit, and g a factor of the order
unity. This formula has been employed extensively in astrophysical
work both in the optical region dealt with in spectroscopic theory, as
well as in the X-ray region which is of interest for the theory of the
stellar interior. One sometimes has the feeling that the applicability
of this formula has been stressed beyond the breaking limit.

67. Differential Effects of Opacity

It was Milnc} who first showed how the dependence of opacity on
density will reflect itsclf in the intensitics of stellar absorption lines.
The number of effects to which this test might be applied is legion,
as is abundantly clear from Russell’s paper on the subject.}] But it
is doubtful whether it pays in the present state of knowledge to go
beyond the main effects, since we do not even know definitely which
elements are responsible for the general opacity. In this section we
shall therefore only discuss the main points of the problem.

From several concurrent sources we know that hydrogen is so

+ Phil. Mag. 46 (1923), 836.

1 Monthly Not. 89 (1928), 17, 157. See further W. H. McCrea, ibid. 91 (1931),

836; E. A. Milne and 8. Chandrasekhar, ibid. 92 (1932), 150; H. N. Russell, Astrophys.
J.78 (1933), 239.
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F1c. 16. Intensities in some of the common elemeonts in giants and dwarfs (Morgan,
Astrophys. J.77). Ordinates aro intensitios on tho Rowland solar scalo. Open circles
giants, closed circles dwarfs. Tho diagram illustrates how lines are affected by
change in atmospheric density. Note tho change of vertical scalo in tho case of the
largest intensities of tho lines (oxcept Cr II, 4558), tho highest points corresponding
to Rowland intensities 20. These lines, which are absorbed by ionizod atoms, behave
in a ‘normal’ way, in that they aro strengthened in giants.

abundant that it dominates completely stellar atmospheres. This
fact makes it possible to formulate a few simple problems which are
likely to show some similarity to actual facts. The closer analysis of
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such problems may reveal something about the finer details in the
constitution of the atmospheres. But it is scarcely worth while to
be very confident in the matter, as it may well be that the observa-
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Fia. 17. Lino intensities in giants and dwarfs (Morgan, Astrophys. J.
77). The intensities are hero seen to behave rather differently from
those in Fig. 16, which is due to tho fact that their excitation potential
(EP) is very low.

tional details are due to quite different causes, being connected with
the formation of extensive chromospheres, for example, as was
mentioned on an earlier occasion.

It is natural to limit the consideration to the following simple
problem: An atmosphere consisting essentially of an inert gas (that
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is, one showing no perceptible ionization in the range to be contem-
plated) is mixed up with small fractions of other gases which are
more easily ionizable and which have lines in the accessible stellar
region.

In most stellar atmospheres there will be a large number of such
elements to consider. But since we are mostly interested in the maxi-
mum intensities of the lines, and these maxima occur in different
temperature ranges for different groups of elements, it is permissible
to make some simplifying assumptions. Elements of nearly the same
ionization potential may be grouped together, fairly inert elements
may be included in the hydrogen content, strongly ionized elements
may be collected into a single group. In this way we understand that
a tolerable representation of facts may be had by considering only a
small number of active elecments to be embedded in the inert hydrogen
atmosphere.

We assume the atmosphere to be in hydrostatic equilibrium and the
clements to be evenly intermixed, so that the hydrostatic equation

nmgdz = edp
holds for an element of relative abundance e and particle density n.
Further, p is the total pressure, g the acceleration of gravity, and m
the average atomic mass.

Consider a certain element for which the density of ncutral atoms
is n,, of singly ionized atoms n,, ctc., and the corresponding numbers
of atoms per cm.? of the photosphere are N, N;.... We have then
directly

€

n
N, = ~f'nodz———— I"dp,

N = 7—;?7 nldp, ete.,
and the total sum for all stages of ionization becomes
N = epo[mg,
where p, is the pressure at the photospheric level. The optical depth
of the photospheric level is

7'0=J.Kdz,

and the problem consists in finding appropriate solutions of these
equations, together with the equations of dissociative equilibrium for
certain typical mixtures of elements and states of ionization of the
atmosphere.
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Let ¢ and €’ be the abundances of the two active elements X and

X'’ and consider first-stage ionization only. We denote the electron

pressure by P and write the equation of ionization in the form

n, = ny K/P,

where K is a known function of temperature. There may be more
elements contributing to the total pressure than the two we are
considering, so that e+’ necd not be unity. But these elements
are supposed not to be ionized, so as not to produce free electrons
for the electron pressure P. For each of the constituents we have
its equation of state:

(mg+mkT = e(p—P),  (ng+n))kT = €'(p—DP).
Owing to our assumption that only X and X’ can produce free
electrons contributing to the electron pressure, we have
P = kT (n,+mny).
Finally we have the two equations of dissociative equilibrium
ny = Pn,/K, ng = Pnj/K’.
Eliminating the four quantities n,, ny, 2y, 7, from these five equations,

we find the following equation between the total pressure and the
electron pressure

P = 0= P+ )

By a simple rearrangement of the terms this equation may be written

in the form >—_1+(P+K)(P+KI)
P QP+R)
where Q = eK+K', QR = (¢+€)KK'.

Having thus expressed p by the electron pressure P, we may proceed
to perform the integrations giving the N’s. The integrations all
involve elementary functions only, and we find

e (™, — dp eP(P(P+K'), ,
maly = [ 52 = [ ikm=" ol g reK)t
P ' R
—]—(l—e)Klog(l-}—k—) +,Klog(l+ ),

and similarly

_KeP(,  P+EK\ . P\ ¢ R P
mgN, = (1+ P+R) (1 s)Klog(l-}—]—()-}-e:i:—e—,-K-log(l—}-—R).
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In both these formulae the P occurring in the right-hand side ex-
pression means the electron pressure at the photospheric level;
moreover the temperature has been assumed to be constant in the
atmosphere.
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Fra. 18. This diagram gives theoretical line intensities in main soquenco stars for
somo common motals and hydrogen, according to Russoll’s theory (Astrophys. J. 78).
The details in the curves are influecnced by the particular assumptions regarding
general absorption underlying Russcll’s work, but the main features would come out
similarly on any reasonablo thermodynamic theory.

The values of Ny and N, are obtained from the above formulae by
interchanging primed and unprimed letters. The extension of the
calculations to higher stages of ionization is obvious.

There are here two essentially different possibilities. First we may
imagine the inert gas to be responsible for the absorption. The
number of inert atoms above the photosphere being

N(l—e—¢') = 7%; (1—e—¢'),
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the optical depth will then be given by

Ty = K(l—e-—e')r%;,
where « is the atomic absorption coefficient.

The other extreme is met with when the inert gas is an inefficient
absorber, and the active gases X and X’ are responsible for the
absorption.

Denoting the absorption coefficient per atom by «, for the neutral
and «, for the ionized element, we have, on neglecting second-stage
ionization

7o = ko No+1; Ny+xq No+r; Ny

The above five equations are sufficient for the determination of
the five quantities N, N}, Ny, N1, and P, the other quantities being
given functions of the temperature. The above case is really the
most fundamental in this theory, and all other cases may be con-
sidered as mere variants of it.

Much work has been done by Milne, Chandrasekhar, Payne, and
especially Russell in order to analyse the spectroscopic data on
the basis of the above equations, or nearly equivalent equations.
It appears to be certain that observation favours an absorption
coefficient increasing faster with increasing pressure than in the case
when the inert constituent is responsible for the absorption. It looks,
therefore, as though hydrogen cannot be responsible for the general
absorption, at least not in the later types of the spectral sequence.
This looks fairly reasonable too, as the energy of excitation of the
states in which absorption of the Paschen series and higher series is
possible, is so large that a high temperature is necessary to make
that type of absorption become effective.

It looks, therefore, as though we are led to assume that the absorp-
tion is due to the scarcer constituents, especially the metals. To carry
the analysis farther and to say definitely which elements are in each
case responsible for the absorption appears to surpass the realm of
possibilities at present. Those interested in the subject may consult
Russell’s voluminous memoir. An attempt by Milne and Chandra-"
sekhart to test a particular hypothesis about the temperature
dependence of the absorption coefficient appears not to be conclusive,
because the formula used was smoothed over all wave-lengths. It

t Monthly Not. 92 (1932), 150.



Chap. XIII, § 67 THE OPACITY 201
is an essential feature of the problem in hand, however, that the
intensity of a definite line, of given wave-length, is studied, and this
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Fic. 19. Samo as Fig. 18 oxcept that the calculations are carried out for typical
giants, so that the two figures should be studied together. In both cases thero is
general agrecmnent with observations except in case of hydrogen. The predicted low
intensity of //,, will be apparent in both figures, and also that the maximum intensity
falls at a too low temperature. This anomalous behaviour of hydrogen remains unox-
plained so far.

wave-length is kept constant in all spectral classes. To replace this
wave-length by a mean value depending on temperature is therefore
not permissible.

3595.15 pd



XIV
ROTATING STARS

68. Widening of Line Profiles by Rotation

The rotation period of the sun has been measured by spectroscopic
methods, particularly by Adams,} from the displacement of absorp-
tion lines in the spectrum of the limb. This is the most sensitive
method in existence for the measurement of solar rotation.

When applying this same method to the stars} conditions become
somewhat more complicated, since a stellar spectrum isintegrated over
the whole disk. In consequence of this all the various displacements
of one and the same line appear in a certain sense in juxtaposition.
The line profile nevertheless affords some valuable information about
the state of rotation of the star, if it rotates sufficiently fast. In the
following we shall develop a theory of rotationally broadened line
profiles which is suitable for this purpose.

Consider an isolated star in a state of steady rotation, so that the
angular velocity W is independent of latitude. If the vector W is
inclined at an angle ¢ with the line of sight, we may decompose it into
a component W cos i, parallel to the line of sight, and a second compo-
nent W sin ¢, perpendicular to the line of sight. It is only this latter
component which manifests itself in the spectrum. We may therefore
limit the consideration to stars with axes of rotation perpendicular
to the line of sight.

The linear velocity of rotation is the vector product of W and the
radius vector R. The component of the velocity in the line of sight
is consequently given by the product of W and the component of the
radius vector which is perpendicular to W and to the line of sight. If
we determine position on the stellar disk by rectangular coordinates
z and y, oriented as in Fig. 20, with W along the positive y-axis, the
radial velocity at the point z,y is Wa.

Consider a surface element dxdy on the disk, and the intensity of
radiation in the frequency interval v to v-4dv received from this
element. In order to find out how this radiation is distributed in

1 Astrophys. J. 29 (1909), 110.
1 The first to call attention to the fact that the axial rotation of the stars can
be determined from line widths was Captain W. de W. Abney, Monthly Not. 37

(1877), 278.
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frequencies relative to an observer at rest on the corresponding point
of the star, we must transform the spectrum from v to v’ = v(14-Wz/c)
as an argument. Denoting the intensity of frequency »' at the point
z,y by I(x,y,»') we obtain the observed intensity of frequency v

Fig. 20. Diagram showing orientation of coordinates used in the theory of
the rotational broadening of spoctral lines.

represented by the integral
00) = [[ I(z,y,v') dady,

the integral being extended to the whole disk of the star.

69. Intrinsically Narrow Lines

1t is of interest to consider first the case of pronounced rotation, in
which case the intrinsic width of the line is small compared with that
due to Doppler broadening. To bring out the rotation effect we may
further neglect the darkening towards the limb, and assume the
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angular velocity to be constant and the star to be spherical. Since
the intensity I is now independent of y, the integration with respect
to y may be performed. We denote the ordinate of the limb corre-
sponding to abscissa x by 7, and the intensity O(v) assumes the form

a
OW) = 2 f (v+v~ )17 dzx,
a being the radius of the star.

If the line is sufficiently narrow, the intensity I will vanish except
when v+vWz/c is in the close vicinity of the proper frequency of the
line v,. It is then permissible to take 7 outside the integral sign and
integrate, on the express assumption that n will correspond to an
abscissa ¢, given by

14 Vo—V
v—l—v—é:vo or £=c¢ % .
c VoW
We have written v, in the denominator in the last expression, since
vo—v is always very small in comparison with v;, and this practice

will be followed generally. The ordinate 7 is now given by

n = (@ —£2) = a J( e (”;;v;)z)

Denoting the intensity of the line by 1,
I, = | Idy,
|
the integral being extended over the line with centre at v,, we find

2 2cI0 0
OW) = VoW I = = \/ —£2).
The line profile will thus have the form of a half cllipse, and the
relative half-width of the line

Vo—V aW

Vo c
gives the equatorial velocity of the star in units of the velocity of
light. The result is the same for emission lines and absorption
lines.

Let us now assume the star to be darkened towards the limb by the
usual factor 1—u-ucosf, where u is the coefficient of darkening,
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and 6 the angular distance from the centre of the disk, as viewed from
the stellar centre. In our rectangular coordinates we have

cos0=A/(1—?:»2+y2)
a® |

In an exact treatment of this case it would be necessary to take
account of the fact that the spectral lines also change in character
from the centre to the limb. But this may be neglected in the first
approximation, and the intensity assumed to be darkened by cutting
down the intensity by a factor common to all wave-lengths. Then

00 = f f {l—u—{—u A/(1~"'”2;3’2)}1r(v') dady.

Just as in the previous case I(v') will remain constant during the
integration with respect to . We find

; 2
OWw) = 2 f [(l—u)n—[—gu%]l(v—{—vu;x) d, (100)
7 denoting as before the ordinate at the limb with x as abscissa.
If the line is sufficiently narrow we may again assume the integrand
to vanish except in the close vicinity of z = £ and we find

_ 26]0 . T
06) = e fi—utTulln,
where = \(a*—§2) = A/{az_c_z("_—_‘@)z}.
K W\ v,

With the usual value of § for u, the correction may cut down the
intensity near the edges of the line by as much as 60 per cent., so
that it must always be taken into account in accurate work.

70. Incipient Rotation Effect, and the Determination of the
Intrinsic Line Width

Very large rotational velocities are necessarily rare, and it is
necessary to consider more closely the case when the rotational
broadening is of the same order as the intrinsic width. On the other
hand, this intrinsic width cannot be considered as a datum given in
all details, and it is of interest to consider also the converse problem
of determining the intrinsic line profile from the observed profile
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on assuming the shape to be affected by rotation. It is an interesting
fact that a formal solution of this problem can be found, which is of
great generality, and which has also been put to a practical test.

This theory is due to Carroll.t
The problem of finding the intrinsic profile is identical with the

problem of solving (100) for I(v'). In order to bring this integral
equation to a more convenient form we write

x=at, B=v,Wajc,
and 9(0) = 20%((1—u)J(1—2)+ Fru(1—12)}.

The equation for O(v) then assumes the form
1
ow) = f I(w+Bt)g(t) dt. (101)
-1
It will be noticed that this equation bears a certain resemblance to
the integral equation of Abel (cf. § 99). The theory of a generalized
form of Abel’s equation was developed by Mellin,} and it happens
that the above equation may be transformed to Mellin’s form.
Mellin proved that the solution of the integral equation

C+io
7]—. f e~*%u(z) dz = v(x) (102)
2
C—iw
is given by u(z) = f e~*y(x) dz. (103)

0

The path of integration in (102) is a straight line parallel to the
imaginary axis at a distance C from this axis, and C is chosen in such
a way that all poles of the functions u and v are situated to the left
of the line. The functions u and v are, morcover, supposed to vanish
sufficiently fast on approaching infinity.

The transformation of equation (101) into one of the type (102)
may be effected as follows: First multiply (101) by e~** and integrate
with respect to v over the contour C. This gives

1
?z’,l?«; f e720(y) dv — 2_1_m f [ f Iw+Big(0) dt]e—wv dv.  (104)
C C -1

1 Monthly Not. 93 (1933), 478.
t Acta Math. 25 (1902), 139. Cf. particularly § 7.
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We here write 2Lm f e*0(v) dv = (), (105)
(J
1 X —
and el I I(v) dv = (). (1086)
c

From this latter expression it follows that

1
5 f e I(v4-Bt) dv = ef=(x). (107)
¢
Interchanging the order of integrations in (104) we then have
() = () f eBelg(1) dt = ()G(Bx), (108)
-1
1
where G(Bx) = f eBrlg(t) dt.
-1

Equation (108) defines i(z) as a known function of z. It is therefore
now possible to employ in (106) the known solution of (102) which,

according to (103), is
1< et

The right-hand side of this expression contains only known terms,
and represents thus the desired solution.

In order to use this solution for the practical analysis of line profiles
it is necessary to fit the observed profile on to an analytical expression
so as to be able to carry out the integration in the complex plane.
Carroll has worked out scveral ways of doing this in practice.

71. Harmonic Analysis of Observed Profiles
Another way of analysing the observed profile, which also was
suggested by Carroll, is to represent I(x) and O(z) by Fourier
integrals: o w
Ple) =1 f dv f F(t)cosv(t—a) dt.
i 0 —®
For the case in hand it is sufficient to assume both I(x) and O(x) to
be symmetric, so that cosv((—x) may be replaced by cosvtcosvz in

the above expression.
Consider for an illustration the case when O(z) is given by equation
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(101). We then find for the harmonic amplitude of frequency v of
the observed profile:

j O(t)cosvt dt

© 1
= 202 f dt f da I(t4Ba)[(1—u)y/(1—22)+ }mu(l—a?)]cos .
— -1 !
Here we may first write

[

f I(¢t+Bx)cosvt dt =

— 0

1(t)cosv(t—Px) dt,

8~—3

s
== cosvpx f I(t)cosvit dt,
since I(t) is symmetric. The integral over O(t) is therefore split up
into a product of an integral over ¢ and another over z:

[+ o]

f O(t)cos vt dt

— 00

) 1
= 2a? f I(t)cosvt dt f cos vBa[(1—u)y(1—2a2)+ }ru(1—a?)] da.
-1

The latter integral may be evaluated in terms of trigonometric and
Bessel functions as follows:
1

f cos vBr[(1—u)\/(1—a?)+ Jru(l—=a?)] dx
S1
w(l—u) [cos vB sinvﬁ]
= - JB)—mu| = —" =5 |,
v P e pp
since the Bessel function of order unity is defined by
1

Ji(z) = ; f coszzy/(1—a?) dz,
-1

as is easily seen by a simple transformation of the expression

o
T (2) = m{f»—m@) of cos(sin ¢)(cosnd) d

of the Bessel function of the nth order.}

1 Gray and Matthew, A Treatise on Bessel Functions, 2nd ed., 1922, p. 45.



Chap. X1V, § 71 ROTATING STARS 209
We have therefore finally

@

J' O(t)cos vt dt

- 27_"52 ‘ (1)) — Jpcosvf+ Fssin vB} - i I(t)cosvt dt;
(109
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Fic. 21. The original line profile and its distorted form corresponding to rotational

speeds of 100 and 300 km./sec. (Carroll, Monthly Not. 93).
The point is here that it has been possible to separate out the part of
the right-hand side depending on B, i.e. on the rotational speed of the
star. Putting » = } this part has a series of zeros, the first four of which

are, according to Carroll, VB = 4147
7-303
10-437
13-569.
3595.156 ma
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The left-hand side of the equation must have the same series of zeros.
These may be found from the observed profile, and the value of 8
characteristic of the profile, and therefore also the equatorial speed
of the star, follows directly. Solving (109) for the harmonic amplitude
of the intrinsic profile, a single integration gives the expression of the
intrinsic profile itself. The same method is obviously applicable to
other laws of darkening than the one assumed here.

In Fig. 21 we reproduce a diagram of profiles computed by Carroll
for diffcrent rotational speeds. It will be seen that the effect of rota-
tion is to fill out the centre of the line and to widen the wings, the
total intensity remaining unchanged.

In the given case the undisturbed central residual intensity was
zero. In order to have the same case with a finite initial central
residual intensity, one has only to displace the curves vertically by the
desired amount.

72. Eclipsing Binaries

The stars in which the rotation effect is to be expected to be most
pronounced are the short-period spectroscopic binaries. Among these,
again, the eclipsing binaries are the most interesting, because it
is then possible to study various parts of the stellar disk during
the progression of the eclipse. The configuration of the stars at a
given moment of the eclipse is, as a matter of fact, reflccted in the
form of the spectral lines of the partially cclipsed star. The theory
of such lines is slightly different from that given above, the diffe-
rence consisting in a change in the limits of integration. Little
progress has been made by analytic methods in this problem as
yet. In Fig. 22 we reproduce a series of theoretical line profiles
corresponding to different phases of Y Cygni, which were com-
puted by Shajn and Struve.t In Fig. 24 we give further the ob-
served profile of Mg+ 4,481 in the spectrum of Algol during partial
eclipse, as observed by Struve and Elvey,f and also the corresponding
theoretical profiles.

Further work in this ficld may lead to interesting results. Thus
Shajn|| has pointed out that short-period spectroscopic variables may
be expected to show a periodic widening of the lines, as a consequence
of the ellipticity of the component stars in the direction of the central
lines. A theoretical profile for the case of RR Cen given by Shajn is

1 Monthly Not. 89 (1929), 222, 1 Monthly Not. 91 (1930), 663.
I Poulkovo Obs. Circ. 7 (1933).
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F1a. 22. Lino contours at different phases during eclipse, for Y Cygni, computed by
Shajn and Struve (Monthly Not. 89, 222). This diagram has not boen, and cannot:
well be, tested observationally, sinco the spectrum of tho fainter component of Y
Cygni is not sufficiontly weak. But tho diagram illustrates woll the progressivo
asymmetry of tho lines i the spectrum of a partially eclipsed star.
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Fia. 23. Profile of tho magnesium line Mg+ 4,481 in Algol. Open circlos ropresent
observed intensities by Struve and Elvey (Monthly Not. 91). Dotted lines ropresent
tho intrinsic profilo assumed by Struve and Elvoy, and the corresponding profilo
when distorted by a rotation with equatorial velocity V' = 60 km./soc. Kull hinos
represent an independent analysis by Carroll and Ingram (Monthly Not. 93). First
a rotational velocity of V == 51 kin./see. of the star was derived by harmonic analysis
of the observed profile, and then the original intrinsic profile is calculated from tho
Fourier integrals. Darkening towards the limb 13 neglectod in this work.

reproduced in Fig. 25. But thus far this effect does not secem to have
been established with certainty by observations.

73. Observational Results
The first observations indicating a rotation of a star were made by
Schlesinger,T who also measured the displacement of the lincs in the
1 Pub. Allegheny Obs. 1 (1909), 134; Monthly Not. 71 (1911), 719.
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eclipsing variable Lib and ATau during the partial eclipse. This
so-called limb-effect has been studied by a number of observers.}
The first extensive study of rotationally broadened lines in general
is that of Shajn and Struve, which has been mentioned on several
occasions above.
Mg*4481- ALGOL

T T

10+

30

*1'2“ L]

Fic. 24. Profiles of Mg+ 4,481 in Algol during eclipse. Filled circlos are
observations, full lines theorotical contours (Struve and Elvey, Monthly
Not. 91).

In 1930 Elvey] published an extensive study of the Mg 11 linc 4,481
with the view to detection of rotation. The theoretical profiles for
different rotational speeds were determined graphically, and the
result compared with observed profiles in 59 stars of spectral classes
0, B, A, F. Elvey derived for these stars an average cquatorial
speed of 60 km./sec. In this figure account is taken of a random

+ J. Heollerich, Astron. Nach. 216 (1922), 277. Rotational effects in § Lyr and
Algol were studied by R. A. Rossiter, Astrophys. J. 60 (1924), 15, and by Dean
B. McLaughlin, ibid. 60 (1924), 22. Seo further J. S. Plaskett, on the rotation of
21 Cas, Pub. Dom. Astrophys. Obs. Victoria, 3 (1926), 247, and Dean B. McLaughlin,
on A Tau, Pop. Astron. 34 (1926), 624.

t Astrophys.J.71 (1926), 221,
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inclination of the axes of rotation, but no account is taken of darken-
ing towards the limb. Taking this into account, the result would
probably have been higher speed.

Observed and computed profiles agreed generally well, especially
when the rotation was rapid, so that all profiles assumed the elliptical
(‘dish-shaped’) form demanded by the theory. In most stars it is to
be expected that all lines of an element will be widened, and the
width proportional to wave-length.

0
A
10 |~
20 -
| | ! 1 |
4 2 0 2 4 A

Fia. 25. Hypothotical chango in lino profiles of RR Cen, as a con-
sequence of tho ellipticity of tho primary component (Shajn, Loulkovo
0Obs. Cire. 7). Profile B corresponds to an end-on view of the star,
while A corresponds to a broadside view.

A certain amount of latitude must be allowed when comparing
lines of different clements. Narrow lines may occur in rotationally
widened spectra, as a result of absorption in a surrounding nebulosity,
or in interstellar gas.

The theory of Carroll was applied to some of Elvey’s profiles by
Carroll and Misg Ingram.t The stars studied were 44 ¢ Ori, 44 £ Per,
39 A Ori, and Algol. Their study of Algol is interesting, as it may be
checked by the value for the rotational speed which follows from the
orbit and the dimensions of the stars, or from the measurement of
the limb-effect, or from the detailed study of the rotation effect by
Struve and Elvey.} There is in all cases a fairly close agreement,
which fixes the rotational speed of the bright component of Algol at
about 55 km./sec. An inspection of Fig. 23 will show the broadened
and intrinsic profiles as given by Struve and Elvey on onc hand, and
Carroll and Miss Ingram on the other.

A general survey of stellar speetra shows, according to Struve||

t Monthly Not. 93 (1933), 608. 1 Ibid. 91 (1931), 663.
|| Astrophys. J. 72 (1930), 1.
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and Miss Westgate,t that the A stars have the greatest velocities
of rotation. The B and F stars show rotation quite frequently, but
appreciably less than A4 stars. There is, according to Miss Westgate,
no definite correlation between absolute magnitude and rotation, and

TTT T 11711 R TT 11 [ 1T TT711
85 u Her 44 & Per 26 p Per
1 |v=0 kmeec” 2, |v=50kKkmsec’ 3 |v=70km.sec!
g . J Ld 4
AB oo | o* oo o®
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4 5 0......
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Fra. 26. Profiles of the Mg+ line 4,481 in various stars, showing broadening by
rotation. The equatorial velocity given for each line is not corrected for tho inclina-
tion of tho axis of rotation to tho planc of the sky (Elvey, Astrophys..J.71).

the average rotational speed appears to be independent of galactic
latitude, which indicates a random distribution of the direction of
the axes.

For the later classes, ¢, K, and M, no case of rapid rotation appears
to have been obsecrved in single stars.

Some cases of very high rotational velocities may be noted. Thus
in « Vir the brighter component rotates with an equatorial velocity
of 200 km./scc. The fainter component appears to have an equatorial
velocity of but 50 km./sec. Since in a close pair like this there is

1 Astrophys. J. 77 (1933), 141; 79 (1934), 355.
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every reason to believe that both components rotate with about
the same angular velocity, we must conclude that the brighter com-
ponent is four times larger than the fainter one.

The lines in the spectrum of Benetnasch (» U Ma) are wide and
dish-shaped, typical of the kind to be expected for rapidly rotating
stars. They indicate according to Struve an equatorial velocity of
200 km. /sec.

Although these velocities are a hundred times larger than those of
the sun, the stars are still within the limits of stability for a homo-
geneous mass rotating with a constant angular velocity. How much
this means is difficult to say at present, as there is reason to believe
that stars in general will rotate faster in the interior than on the
outside, which indicates less stability than this for actual stars. On
the other hand, the increase of density inwards in the star must tend
to make the stars more stable.



XV

THE EFFECT OF MAGNETIC AND ELECTRIC FIELDS ON
ABSORPTION LINES

74. The Zeeman Effect

IN the course of the development of solar physics the influence of
a magnetic field on spectral lines, the Zeeman effect, has become
of importance. In 1896 Zeeman discovered that lines in series spectra
are affected when the light source is situated in a magnetic field, or, in
the case of absorption lines, when the absorbing substance is placed
in a magnetic field. By longitudinal observations, i.e. by looking in
a direction parallel to the magnetic field, the lines appear in the
simplest case resolved into a doublet. By transverse observations
the lines appear triple, the middle component appearing in the posi-
tion of the original line, and the two satellites coinciding with the
longitudinal doublet, and at a distance from the middle component of

Av = :]:E H _ 4:70.10-°H cm. "1,
® 4

where e and p are charge and mass of the electron, and II the magnetic
field-strength. This is the so-called normal Zeeman effect. In most
cases, however, a much more complicated type of magnetic multi-
plicity appears, which then is termed the ‘anomalous’ Zeeman effect.
The terminology is oxactly the opposite of what it ought to have been,
but has now gathered too much historical momentum to be discarded
lightly.

The magnetic components of a line have a definite type of polariza-
tion. The undisplaced component is linearly polarized in the direction
of the magnetic field, and the satellites are circularly polarized in
opposite directions perpendicularly to the field. It is thus sufficient
to observe the Zeeman pattern of a line in one direction, and it is
then possible to predict the pattern for any other direction.

Inspired by Zeeman’s discovery Lorentz gave a theoretical inter-
pretation of the normal Zeeman effect, on the basis of his electron
theory. A formal quantitative theory of the anomalous Zeeman
effect was first possible after the discovery of wave mechanics, and
the introduction of the electronic spin.

Consider a single electron moving in a field of axial symmetry,
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on which is superposed a magnetic field parallel to the axis of
symmetry and of strength II. Introduce cylindrical coordinates
z,r,¢, where z is parallel to the axis of symmetry and r perpendicular
to this axis, while ¢ determines the position of a plane through » and 2.
The vector potential of this field is simply

A = lHr
in the direction of ¢ (i.e. perpendicularly to 2z and r), so that the

operator AV reduces to 1H(d/é¢). The wave equation of the problem
becomes consequently

2 Vo (e n r- V)"l"*‘g'gl:,‘,'(o %;___"‘l_f) -

87u Suc?

Neglecting the square of I1 in this equation, it is possible to prove
that the problem with magnetic ficld is equivalent to the correspond-
ing problem without a field by the following transformation of
coordinatest

s U=ty =1, 2=z
¢+~#c r

This transformation means simply that ¢’ is substituted for ¢ in the
Laplacean operator, that  and z are left unaltered, and that the last
parenthesis in the equation reduces to —apfor’. If the term 712 may
be neglected, the equation has been reduced to the case of no field
by the transformation.

Now, since the L;Lp]acozm operator in cylindrical coordinates has

the form +1 2 i) N 1 o2
T v\ o) T o’

and the potential function V is independent of ¢ (because the field
has axial symmetry), it is clear that the solution of the ficld-free
equation will have the form

'/lo - u(rr, zl)e -21riEl'Ih—1n!'¢"

where m is a positive or negative integer, the magnetic quantum
number encountered earlicr, and K the energy of the system. Trans-
forming back to our original coordinates we find

2mi mheH
- s + t—m
R L
1 O. Klein, Zeits. f. Physik, 41 (1927), 407.
3595.15 5f



218 THE EFFECT OF MAGNETIC AND Chap. XV, § 74
The magnetic contribution to the energy is thus
AE =mh 2

dmpc
The appecarance of m in this place justifies the appellation ‘magnetic’
quantum number. By the selection principle for m proved earlier
(m' = m-+1,m) it follows that each line splits up into three com-
ponents, one in the place of the undisturbed line, with a satellite on
cach side, displaced a distance Av = +eH/[4muc from the middle
component, in agreement with Lorentz’ theory. That the intensities
of the components also come out in agreement with the observed
polarization rules is easily verified from the expressions of the
harmonic amplitudes given carlier.

In the theory of the anomalous Zceman cffect the electronic spin
plays a principal part. The formula for the additional magnetic
energy was given earlier (p. 57). Its derivation involves calculations
too lengthy to be reproduced here.

75. Zeeman Effect in the Sun

The discovery of magnetic fields in the sun was made by Hale,t
on June 25th 1908 at the Mount Wilson Observatory. Ithad already
been noted by Young in 1892 that absorption lines in sun-spots are
widened and sometimes distinctly double. Hale succeeded in show-
ing that the components of such doublets showed the right sort of
polarization in order to be due to the Zeeman effect. This effect then
provides a means of measuring the intensity of the magnetic field on
the sun. In large sun-spots the intensity runs up to 4,000 gauss.
The proper interpretation of these fields, which is still an open
question, must be sought in the interior motion of the spot.

The discovery of magnetic fields in sun-spots naturally led to a
search for a general magnetic field on the sun, analogous to the
magnetic field on earth. This search was crowned with success in
1913,1 when it was announced from the Mount Wilson Observatory
that the sun had been found to have a general magnetic field, with an
axis inclined about 5° to the axis of rotation, and with the poles
oriented in the same sense as those of the earth’s magnetic field,
the magnetic field intensity being directed from north to south.
The field strength appeared to decrease rapidly with height.

t Astrophys. J. 28 (1908), 315. 1 G. E. Hale, ibid. 38 (1913), 27.
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This latter fact showst conclusively that the solar magnetic field
should not be compared to the field of an elementary magnet in all
respects, as is freely done in the literature. It is inadmissible to
calculate the magnetic field strength parallel to the axis from the
observed component perpendicular to this axis by using the formulae
for an elementary magnet. In this way it has been stated that the
general magnetic field strength in the lower solar strata is of the order
50 gauss. This, however, is not the observed value, but only one
calculated from observations on using erroncous formulac. The cor-
rect field strength must be about three times larger, as we shall see.

The observations are all concerned with the component of the
magnetic field intensity in the line of sight,] which in the case of the
sun means practically the component perpendicular to the magnetic
axis. Assume then that the observations are right about the com-
ponent perpendicular to the axis, so that we may write for the rectan-
gular components of I1 parallel to the plane of the magnetic equator:

H, = 2zA(r); H, = yzA(r); 7%= 2>+4y>42%
We have further the equation
divH = 0,
from which /, may be calculated:
I, — f (3,H-r+ ay,,) dz;
- ox oy

or introducing for H, and /1,

H, = —(@+y)A)+2 [ A(): dz.

The last term is negligible. For assuming an exponential drop of ficld
strength with height, say
A(r) = Ajer-olh,
a being the radius of the sun and & a constant of the order of the
height of the solar atmosphere, say A = a.10-3%, we find
H, = —(2®+y?)A(r)+2(hr-+h?)A(r).
The last term is clearly negligible, except in the close vicinity of the
poles. Comparing this expression with that of an elementary magnet,
1, = —3(=*+y?)A(r)+§22A(r),

1 S. Rosseland, Astrophys. J. 62 (1925), 387.
$ Cf. for instance F. H. Seares, The Observatory 43 (1920), 311, equation (3).
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it follows that, as regards order of magnitude, the true z-component
must be about three times larger than that corresponding to an
elementary magnet, the H, and H, components of which are given
the observed values. The value given at Mount Wilson for the
horizontal component of the field in the cquatorial regions, about
50 gauss, should therefore be increased three times to 150 gauss.
Morcover, the resultant field strength is given by

H = r2cos 0 A(r),

where 6 is the heliocentric latitude.
A field of this type requires a steady current system in order to
be maintained. From Maxwell’s first equation we find the current

density to be c Ve o,
J == Z;curlH = =i E;_(r 4),

where V and w are the linear and angular velocities of the atmo-
sphere at the point in question. The conditions are thus as though
the current were produced by a uniform rotation of a spherically
symmetrical distribution of electricity. The dominant term in the
expression of the current is negative, and it follows that the electron
current flows in the dircction of rotation of the sun.

76. The Stark Effect

In 1913 the German physicist Stark found that spectral lines
emitted in a homogeneous electric ficld are resolved into a system
of components. Hydrogen, and atoms like He IT which are hydrogen-
like, are much more sensitive to the Stark effect than most other
atoms. The separation of the Stark components of a line is in this
case proportional to the applied electric field. The separation increases
rapidly with increasing principal number of the line.

The quantum theory of the Stark effect was first given by Schwarz-
schild and Epstein in 1916. The refinements in this theory introduced
by wave mechanics concern only second-order effects so far as hydro-
gen-like atoms are concerned. The expression for the additional
energy of a state of principal quantum number 7 is, according to these

theories, 2
AE = 3{:’ F, nn
8m2ueZ

where 7’ is a new quantum number, which distinguishes the different
sub-levels of the state, F' the electric field intensity, and Ze the

(= 0,1,.,n—1),
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charge of the nucleus. The Stark components are polarized according
to definite rules, which all come out correctly from theory.

While the magnetic splitting of the spectral lines in sun-spot
spectra is quite plain, the corresponding splitting of the lines by
electric fields has thus far not been observed in the sun or the stars.
The reason for this lies probably in the strong ionization of stellar
material. A static electric field cannot well exist without the presence
of insulating material. A rapidly changing magnetic field would, on
the other hand, produce an electric field by induction. But thus far
no such field has been discovered.

The strong ionization of stellar material introduces another kind
of electric field—the intcratomic field produced by ions and free
electrons. This ficld may attain quite large values. But as it changes
rapidly in time and space it cannot produce the same effects as a
static field. It is perhaps permissible to think of this field as pro-
ducing a Stark cffect of the atomic lines in any given very short time
interval. But owing to the rapid variation of the ficld the observed
lines will be a superposition of a continuous set of Stark effect
patterns, the net result being a line broadened in a definite manner.
This type of broadening has been studied in the laboratory, and its
theory has been considered by various authors, notably Holtsmark.}
According to Holtsmark’s theory the half-width of an originally very
narrow line broadened widely out by ionic forces is given by

Av = 3-26Aen’,
where n is the density of broadening ions or electrons of charge e,
and A4 is the half-width of the ordinary Stark effect in a field of unit
intensity.

It has become customary in astrophysical litecrature to reserve the
name ‘Stark cffect’ for this type of line broadening, which is not
unrcasonable since there is little chance that a true Stark effect will
ever be observed in the stars.

It is clear that the effect, if at all observable, must be looked for
first of all in the hydrogen lines, and much work has been spent on
this problem, first of all by Struve and Elvey,} and by Unséld.|| 1t
seems to be a scttled matter that an interionic broadening of the
higher members of the Balmer series is definitely present in the sun
and the stars.|| Struvetf also believes that he has found the Stark

1 Ann.d. Physik, 58 (1919), 577. 1 Astrophys. J. 72 (1930), 277.
|| Zeits. f. Astrophys. 2 (1931), 199. 1t Astrophys. .J. 70 (1929), 85.
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»ffect for the diffuse series in helium. This was done by selecting a
series of spectra in which lines of CII and SiIII, which are known
;0 be insensitive to Stark effect, were perfectly sharp. Struve found
s;hen that in several of these spectra the diffuse helium lines were
serceptibly broader and more diffuse than the other helium lines,
ind also that the forbidden helium line 4,470 A. appeared in these
ipectra. There was a definite correlation between the width of the
liffuse helium lines, and the intensity of 4,470 A. and the width of
he Balmer lines, indicating that the same cause was at work.

Since dwarfs have denser atmospheres than giants, it is clear that
Stark effect broadening must show up first in dwarfs, and thus form
v criterion of absolute magnitude. The white dwarfs are particularly
nteresting in this connexion, as was recently emphasized by Panne-
toek and Verwey.t A single instance mentioned by these authors
nay serve to show the importance of this point. Some years ago
Jhman} published observations of the spectrum of the white dwarf
tar ‘van Maancn 1166’ in the A Persei region. On Ohman’s tracings
he hydrogen lines have widths of the order of 100 to 200 A. for H,,.
Tor 40 Eridani B, another recognized white dwarf, the widths are less,
wut still of the order of 100 A. These widths alone are sufficient to
stablish the white-dwarf character of these stars. It is to be expected
hat this criterion will find interesting applications in the search for
vhite dwarfs in the future.

t Proc. K. Akad. v. Wetens. Amsterdam, 38 (1935), No. 5.
1 Monthly Not. 92 (1922), 71.



XVI
MOLECULAR COMBINATIONS IN STARS

77. Spectra of Molecular Compounds

THE tendency to form molecules is only met with in the atmo-
spheres of the cooler stars, especially in the late-type spectral classes.
The difficulty with which molecular compounds are formed is evi-
denced by the fact that in all recognized cases it is only a question
of diatomic molecules. The identification of more complex com-
pounds has been announced from time to time, but such identifica-
tions have in all cases later been recognized as erroneous.

There are several interesting problems associated with the occur-
rence of molecular compounds in stellar atmospheres, which are of
general importance in astronomy. First of all the bands offer an
alternative method of determining the temperature of the reversing
layers of the stars, and by two independent methods, since we may
either study the distribution of intensity within a single band, or the
relative intensity of different bands belonging to the same sequence.
These two alternatives will then involve different Boltzmann factors,
but refer to the same temperature. Next there is the problem of the
chemical equilibrium of a mixture of elements capable of forming
chemical compounds in stellar atmospheres. Since this problem
involves temperature and density, it gives another clue to these
quantities. Thirdly it may be mentioned that the opinion has been
advanced from time to time that the band absorption exerts a marked
influence on the variation in luminosity of long-period variables.t
How far this is so still remains to be decided, but it adds, at any rate,
additional interest to the problem of chemical combinations in stars.

In the following we shall give a brief account of the thcory of
the spectra of diatomic molecules in so far as this is of interest for
astrophysics. Next we shall consider in due course the various
astrophysical problems in which the theory of molecules plays a
definite part.

The motion of a molecule may usually with a fair approximation be
split up into three parts, which are only slightly interdependent.
Thus the motion of the electrons in the molecule will in the main be

1 A. Joy, Astrophys. J. 63 (1926), 281; The Internal Constitution of the Stars, by
Sir Arthur Eddington, p. 207.
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the same as if the nuclei were held rigidly apart and at rest. Super-
posed on this electronic motion, as a kind of perturbation, comes the
oscillations of the nuclei with respect to onc another. Finally, there
is the rotation of the molecule as a whole to be considered. This
takes place like that of a rigid body, very necarly, the axis of rotation
being either fixed in space or performing a slow precession about an
invariable axis.

Each of these component motions has a definite counterpart in
the structure of molecular spectra. Rotation alone produces narrow
bands which in the case of absence of vibrational or electronic excita-
tion are situated in the far infra-red end of the spectrum, one for
each substance. Sctting a rotating molecule into vibrations has the
effect of shifting the bands a good way towards the visible region of
the spectrum, and sometimes also of splitting a single band into a
sequence of bands. Thirdly, excitation also of electronic motions
produces a shift of bands into the visible or ultra-violet part of the
spectrum, and the splitting up of the bands into long sequences, due
to the interference of the electronic motion with the oscillations
and the rotation. At the same time the band structure is definitely
deformed by the formation of band heads. These are due to the
change of moment of inertia during an clectronie transition.

78. Rotatory Oscillation Band
Adopting a simple rotator of moment of incrtia 4 as a model of
the molecule, the cnergy in different rotational states is given

(p. 43) by z B ) ol
4 = 81r2A'7('7+ ) (.7 =U L »"')’

while the wave functions will be associated Legendre functions of
order m and degree j, m being the magnctic quantum number, which
is always smaller than j and larger than —j, or equal to these limits.
The possible transitions arc limited by the selection principle that
j can only change by +1 in a jump, while m may change by -1
or zero. The characteristic frequencies of the radiation emitted or
absorbed by the molecule will therefore be given by the formula

b, .
V= 4#2A(]+1) (.7 - O’ l, 2:"')'

The spectrum will thus consist of a series of equidistant lines, the
separation of adjacent lines in frequency units being h/4#%24. By
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measuring this separation the moment of inertia of the molecule may
be found, and hence, for diatomic molecules, the distance between
the two atoms. Spectra of this kind have been found in water vapour
(Rubens, Eva v. Bahr) and hydrogen chloride (Czerny), both in the
infra-red part of the spectrum.

The next simplest case is met with when the molecule besides a
rotation also performs oscillations, while the electrons still remain in
their normal state. For small vibrations the motion may be con-
sidered purely harmonic and independent of the rotation, so that the
characteristic frequencies of the radiation emitted or absorbed during
a simultancous jump in rotational as well as vibrational energy is
given by I3
v =y(l—-1U')4 (3+1) (L, =0,1,2,.), (110)

4724

where v, is the characteristic frequency of vibration. This is always
found to be large in comparison with the term A/4n*A4. For this reason
a spontancous jump of a molecule must always take place from a
higher to a lower state of vibrational encrgy, while the rotational
energy may either increase or decrease in the jump according to
circumstances. Hence the double sign in (110). This duplicity has
the cffect that a spectrum of the rotatory-vibrational type will
consist of two wings of lines with nearly constant frequency differ-
ences, and symmetrical with respect to the frequency v,. For a
strictly harmonic vibrator all jumps go to adjacent states, so that
-1 should always equal unity. The intra-molecular oscillations,
however, are never strictly harmonic, so that jumps in several units
of the vibrational quantum number are not excluded. Mostly only
a single vibratory band is observed for each substance, but this means
only that under ordinary conditions of excitation of these spectra
the molccules are practically all in the lowest vibrational state.

79. Electronic Bands

As a last step we consider simultaneous jumps in rotational,
vibratory, and electronic excitation energy of the molecule. For this
case the simple formulae used above are markedly inadequate, and
it becomes cssential to take account of the fact that the moment
of inertia of the molecule and the frequencies of vibration vary
systematically from one state to another. This must not be con-
founded with the change in A4 with varying state of vibration and

rotation which turns up in vibratory-rotation bands. While this
3595.16 Gg
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latter effect may be present even for a molecule containing an excited
electron, it is masked by the much bigger effect of the excited
electrons themselves. In fact, the conditions are such that a molecule
containing an excited electron has a bigger or smaller moment of
inertia than the same molecule with the electron unexcited, no matter
which are the states of rotation or vibration involved, at least within very
wide limits. We shall therefore distinguish between A4;, the moment
of inertia of the molecule in the initial state, and 4,, the moment of
inertia in the final state, the state being assumed to correspond to
different electronic excitations.

The change in rotational energy in a jump will now be

Rl 1\, (1 142\, 141} [+:j->j+1

s = gl -l +a- i) (5250
it being assumed that j changes by +1 or —1 in the jump. The coeffi-
cient of j2 preserves the same sign for all lines of the band, while the
coefficient of j may either be positive or negative, giving rise to the
two branches of a band.

Let us introduce two new quantities 4 and & instead of 4; and 4,

defined b _
Y A=4,4,), end §= A4

JA A
The coefficient of 52 in the above formula then assumes the form
1 1 3
4, 4, x

and the coefficient of § becomes, correct to the first order of 8,

2 ..

A2 g
Finally, we have for the additional term:
1 .
Il =78+ (>j+1)
1=
! 0 (j>j—1).

The quantity 8 measures the relative increase of nuclear distance
during the electronic transition in question, and is to a first approxi-
mation just twice this value. In the linear and constant terms of
AE,, 8 only plays the part of a small correction, and may be left
out of consideration. In the quadratic term, on the other hand, it
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is of predominant importance. We therefore write AE,, in the
simplified form

ABygy = oy {532:1:2] (1£1)} (j—->j£)).

Due to the term proportional to j2 in this expression, the two wings
of the band will no longer be symmetrical with respect to a given
frequency, as was the case with the infra-red bands of oscillatory-
rotatory character. According as 8 is positive or negative, the negative
or positive wing of the band will double back upon itself and run in
the direction of the other wing. This is the physical interpretation
of the band head, which is the most characteristic feature of visible
bands. Assume, for instance, that 8 is positive. The frequencies of
the negative branch will then be given by the formula

Bore o
v =yt o (B—2—2), (111)

where v, summarizes the terms which are independent of j. The fre-
quency difference between consecutive lines will be

bo=— " a8t} (112)

which shows that the head is reached when j is of the order 8-1. It
is important to rcalize that the head thus marks nothing but the
region of maximum proximity of adjacent lines in the branch which
doubles back upon itself, and its exact position gives no definite
clue to the structure of the band. For the theoretical disentangling
of observed bands the important question is the determination of
the frequency v,, since this gives the zero point for the reckoning of
the j-numbers, which further enables us to determine the moment
of inertia of the molecule.

In addition to the positive and negative branches of a band, there
occurs also, in the case of visible bands, a so-called zero branch,
corresponding to no change in j during the transition, the change
in rotational energy being solely due to the change in moment of
inertia. Hence for this case

AEroi - 8

gl

Zero branches might also be expected in the case of pure rotation
or vibratory rotation spectra, but they seem to be absent, although
methane (CH,) possibly provides an exception.
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A decrease in the moment of inertia means evidently a tightening-
up of the molecule and an increased strength of the chemical bond
between the atoms. This means again greater stability, and the
vibrational frequencies should increase in the process. This inference
is confirmed by the empirical rule that for electronic bands the
oscillatory frequencies depend to a marked degree upon the vibra-
tional quantum numbers, and in such a way that the sequence of
bands is degraded in the same direction as the individual bands of
the sequence.

80. Multiplet Structure of Bands

In the preceding section we have assumed the molecule to behave
rotationally like a spinning top without precession of its axis of
rotation. This amounts to the assumption that there is no appreci-
able coupling between the motion of the electrons of the molecule
and the rotation of the nuclei, which will hold, approximately, if the
electrons have no resultant spin or orbital angular momentum,
particularly in the direction of the line joining the two nuclei. In
the consideration of cases when this condition no longer holds it is
advantageous to distinguish between two typical cases, and to con-
sider other cases as belonging to either of these types.

Case (@) The first type we define as follows: The influence of the
resultant spin of the molccule on the spectral terms is large in com-
parison with the influence of the rotation. This means that the coupling
between the spin and the orbital angular momentum of the electrons
is so strong that it is not appreciably influenced by the rotation.
The component of the total angular momentum of the electrons
(orbital-spin) along the central line of the nuclei will now be a
constant of motion and assume the quantized values 2Q/27, where
Q may assume the integral values 0,1,2,.... The total angular
momentum will be similarly quantized, its square assuming the value
h*J(J+1)/4n2, where J may assume the values Q, Q+1,Q4-2,....
The angular momentum of the rotation appears as the vectorial
difference between these quantities, and the wave-mechanical theoryt
gives for the square the expression

\Mp = %{J(JH)—W}.

t Cf. R. de L. Kronig, Band Spectra and Molecular Structure, Cambridge 1930.
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Different values of Q will distinguish between different fine-structure
components of the band. The rotational energy becomes

— h? —)2
Erot* g;z‘A{J(J‘I"l) Q}

Case (b) It may happen, on the other hand, that the influence of
the spin is small in comparison with that of the rotation, but that
the motion of the clectrons is still not very much influenced by the
rotation. Neglecting the spin provisionally, it will be the component
of the orbital motion of the electrons alone along the central line of
the nuclei which will assume quantized values, which we this time
denote by AA/27. This component will combine vectorially with the
angular momentum of rotation to a resultant K, the square of which
has the value 22K (K +1)/4n*, and the rotational energy becomes

h2
8w 4
the allowed values of K being A,A+41,A-+2.... Denote the spin
component of the molecule by 8, and the total angular momentum by
J as before. The vectors K and S will then combine vectorially to
form J.

The quantum number A plays a similar part for molecules as the
subsidiary quantum number for atoms, and in order to bring out
this parallelism farther it is customary to denote the spectral terms
corresponding to the values 0,1, 2,..., etc., of A by the Greek capital
letters X, 11, A,..., corresponding to the S, P, D,... terms of atomic
spectra. For transitions X, — 3, the selection rule K1 — K’ holds.
The consideration of the spin gives finally a splitting-up of the rota-
tional terms according to the scheme

J = [K'*_Sl’ lK—l"S"-lly |K+S—2i)'"’ |K—SI9

the total multiplicity being 2S+1, which usually is written as a
superscript on the upper left side of the Greek letter in question.
Thus 23, means that S = } and 3% that § = 1.

Inasmuch as all relevant molecular bands in stellar spectra are
resonance bands, the fine structure due to the angular momen-
tum of the electrons is not of much importance in astrophysical
cases.

El'ot = {K(K+1)_A2}’
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81. Occurrence of Bands in the Spectral Sequence

So far the following compounds have been identified with certainty

in stellar spectra:

BO*  AlO* TiO Zr0

H,* NH** OH** CaH* MgH*

C, CH CN

LiF.
The molecules marked with one asterisk have been found only in sun-
spots, while those marked with two asterisks have also been found in
the solar atmosphere outside spots. The other molecules have been
found in stars. They are all resonance bands—that is, they are due
to absorption from the lowest cnergy level. No stellar bands have
been found corresponding to ionized molecules. A few such bands
are known (CO+,Ng, O, MgH+, and some others), but their absence
from stellar spectra is a fcature demanded by theory, since they
cannot be excited thermally at all, their ionization energies being
much greater than their energies of dissociation.

Titanium Oxide Bands. Most prominent among stellar bands
are those due to TiO, which arc so characteristic of stars of the
M-class. They also occur, though more faintly, in stars of class
K 2-K 8. They were first attributed to TiO,, but later on Birge and
Christyt gave the correct identification. These bands belong to two
different electronic transitions, 31T — 31T and ®IT - 3%, respectively, the
former being situated in the green and the latter in the red part of
the spectrum. These bands have been studied most thoroughly in
the spectrum of Mira.

Zirconium Oxide Bands. The zirconium oxide bands are charac-
teristic of class S spectra, which were separated out as a class by
Merrill} for this reason. Merrill was also the first to identify the
bands. The star y Cygni is remarkable in being the only star known
to exhibit bands of TiO and of ZrO at the same time.

Certain bands in the spectrum of Mira remained long unidentified
until Baxandall recognized them as being due to AlO.

The hydrides NH, OH, CaH, and MgH have only been found in
the sun, and the two latter only in the spots. Joy|| reported that he

1 Phys. Rev. 33 (1919), 701. 1 Astrophys. J. 56 (1922), 457.
|| Cf. P. Swings, Actualités sci. et indust. 50 (1932), 14.
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had found MgH in the spectrum of Mira and claimed further also to
have found a faint band of AIH in the spectrum of this star. These
observations have not thus far been confirmed. On the other hand,
Richardsont reports that AIH may exist in sun-spots.

The Swan Bands. The bands dominating the spectral classes R
and N, the so-called Swan bands, are due to C,. These bands belong
to an electronic transition 31T —3II. It appears that the Swan bands
and the TiO bands are mutually exclusive, a fact which may be inter-
preted on the dissociation theory, as will be shown later.

The G Band. The bands due to CH are also of considerable
astrophysical significance. Two band systems due to CH occur in
the stars, one situated ncar 4314 A. and the other near 3900 A.
The first constitutes the so-called G band of Fraunhofer, and is
particularly prominent in the sun. This band belongs to the clec-
tronic transition 2II - 23, 2II being probably the ground-level of
the molecule. The identification of the CH bands in the stars was
made by Newall, Baxandall, and Butler.} They are observed in both
branches of the spectral sequence. Passing along the sequence from
0O, B, A downwards, the G band is first definitely seen in some
spectra of class F. It increases steadily in intensity until it reaches
a maximum somewhere in the K class in the M branch, and in the
R class in the N branch. Thus Rufus|| places the maximum of the
G band in R0 and K 0 respectively, while Shanett places the maxi-
mum in the G-R-N branch at R3. There is also some uncertainty
with regard to the spectral class in which the bands first become
visible.

It is difficult to obtain a clear estimate of the intensity of this
band group, because there is a troublesome overlapping of lines due
to calcium, titanium, and other metallic elements. The number of
bands in the 4314 group is very large, and they are distributed with
increasing mutual distance from 4314 to about 4270 A. The bands
turn their heads towards longer wave-lengths, in conformity with
the general rule that the bands within a sequence degrade in the
direction of the sequence itself.

The Cyanogen Bands. These bands, which are due to CN, form
two groups extending from about 4215 and 3885 A. towards shorter
wave-lengths. They are resonance bands, and their intensity in-

t Astrophys. J. 73 (1931), 216. t Monthly Not. 76 (1916), 640.
|| Publ. Obs. Univ. Mich., 3 (1923), 258. 1 Lick Obs. Bull. 10 (1914), 79.
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creases from their beginning in the latest F classes (F 8) to a
maximum in late B classes. From then on through the N classes the
intensity shows a steady decline. But there is a considerable uncer-
tainty with regard to this maximum, and also the class in which the
bands first become visible.

82. Isotope Effects in Band Spectra

Since the vibrational as well as the rotational energy of a molecule
depends directly on its moment of inertia, it is clear that bands from
molecules made from different isotopes will not coincide. The bands
originating in the heavier molecules will be displaced towards the
red with respect to bands belonging to the lighter molecule.

This fact provides a method for the detection of isotopes, which
was first introduced by Kratzert and Loomis.f The method is par-
ticularly well suited for astrophysical purposes, where practically all
other methods are out of the question.

There are two cases of astrophysical interest, the discovery of
isotopes of atmospheric oxygenby W. F. Giauque and H. L. Johnston,||
and of the carbon isotopes in N stars by Sanford, {1 both in 1929. The
new oxygen isotopes have atomic masses 17 and 18 respectively, the
heavier component being the most abundant of the two. Various
determinations of the rclative abundances give the result that Q1€
is ten thousand times more abundant than O'?, and about a thousand
times more abundant than O!8. It is interesting that this discovery
was first made from the terrestrial bands in the solar spectrum, being
thus a strictly astrophysical discovery.

Conditions were a little different in the case of the carbon isotopes.
Here the discovery was first made by King and Birge from laboratory
spectra obtained by King. Shortly afterwards Sanford then pointed
out that the existence of these isotopes would serve to explain the
presence of three absorption bands in the vicinity of 4270 A. which
have been known to exist in V type spectra for many years.

The table given on p. 233 will make the matter clear. Sanford
suggested that the third band head might indicate the existence
of a third isotope of mass 14 and ascribed the band accordingly to
the molecule C12—C14. The suggestion that this band is due to
(C18—C1 was made by Menzel.{}

t Zeits. f. Physik, 3 (1920), 460. + Astrophys. J. 52 (1920), 248.
|| Nature, 123 (1929), 318, 831, t+ Pub. Astron. Soc. Pacific, 41 (1929), 291.
11 Ibid. 42 (1930), 34.
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TABLE 7

I Wave-lengths of Band Heads

Hale . . . .| 41315 47453 47528
Shane . . . 4737-8 4745-2 4752-8
Sanford . . . 4737-6 4745-2 4752-4
Mean (obs.) . . . 4737-6 4745-2 47527
Computed . . . 47379 47445 4751-0
Furnace . . . 4736-9 4744-5 47...
Isotopes

Ccrz_C12 C1_—Cus cr_Cus

While the isotopes of oxygen are rather an isolated fact of no
particular interest to astrophysics, the isotopes of carbon seem to
play a much more important part. It has, forexample, been suggested
by Wurmt that the close overlapping of lines due to different isotopes
may be responsible for the very strong intensity of the Swan bands in
late-type N stars.

T Zeits. f. Astrophys. 5 (1932), 268.

3595.15 Hh



XVII

APPLICATION OF THE THEORY OF MOLECULES TO THE
DETERMINATION OF EFFECTIVE TEMPERATURE

83. Intensity in Bands and the Determination of Temperature
AFTER this short survey of the main observational data we turn to
the theoretical analysis of the problem exhibited by molecular com-
pounds in stellar spectra. We shall proceed in successive steps
corresponding to the real complexity of the problem, beginning with
the intensity distribution in bands, then in band sequences, and
finally the intensity of all bands considered as a whole, and the
relative intensity of bands belonging to different molecules. This
may not be the usual procedure, but it seems to be most natural from
the theoretical point of view. As was shown carlier the total intensity
of a line in a band considered as being gencrated by a simple rotator
will be proportional to the a priori probability of the rotational state
in question, that is, to 2j+1, if j is the rotational quantum number
of the state. If the gas is in thermal equilibrium, the number of atoms
in the j-state will be affected by a Boltzmann factor

e~ iU+DRBmART
b

where 7' is the temperature. We may thus put the intensity of a
single component line of the band equal to

I; = const.(2j+1)e~i0+DW[8m* kT (113)

it being assumed that j corresponds to the initial state of the line in
question. This expression shows that the intensity will rise to a
maximum for a certain value of j, which may be determined with a
sufficient approximation by considering j as a continuous variable.
By differentiation of Z; with respect to j we then find

G+d) d _ |17 119

L dj 7 16mAkT
For the maximum intensity the differential quotient vanishes.
Denoting the corresponding j-value by j,,, and solving (114) for the
temperature, we find
_ B2t 1)
T 16n24k (115)
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This method of temperature determination was first proposed by
Heurlinger. }

These considerations are only directly applicable to emission bands,
the total intensity of the source being so small that reabsorption is
negligible. It is not a prior: clear that the maximum intensity in an
absorption band should be found in the same position as in the case of
emission bands, and the direct application of formula (113) to stellar
spectra is therefore somewhat conjectural, especially as we must take
into account the merging of the lines into a continuous band. But
these conditions have not thus far been discussed in detail, all appli-
cations being based directly on (113).

84. Temperature of the Sun from Bands

Birge} and later Richardson|| tricd to apply this method to the
sun. Birge studied the intensity distribution in one of the solar
cyanogen bands (3883 A.), as well as in the same band photographed
by King for different temperatures in the electric furnace. Birge
arrived at a temperature for the reversing layer of

T = 4,300 4- 500°K.
This value is considerably lower than the temperatures derived by
other methods, and it is likely that it has becn affected by some
systematic errors.

More recently Richardson attacked the same problem, but this
time not only for the reversing layer at the undimmed solar surface,
but also in sun-spots. Richardson did not use the cyanogen bands,
but the Swan bands of carbon at 5165 A. A dircet comparison of
the observed and theoretical intensities of lines in the 5165 band
yielded a temperature of 4,9004-600° K. for the sun-spot umbra and
6,0004-700° K. for the reversing layer. From the position of the
maximum intensity in the band he derived a temperature of 4,950-4-
750° K. for the sun-spot umbra and 5,7004-1,600° K. for the reversing
laycr. A third variation of the method yielded similar results.

It will be noticed that the temperatures derived by Richardson are,
on the whole, higher than those found by Birge, and they accord on
the whole with the temperatures derived from the distribution of
energy in the continuous spectrum of the sun. The probable crrors
of the determinations, however, are so large that it is difficult to say

1 Dissertation, Lund, 1918, p. 65. 1 Astrophys. J. 55 (1922), 273.
|| Ibid. 73 (1931), 216.
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whether Richardson’s temperatures are inherently better than those
found by Birge.

The essential difficulty of this method in its application to the sun
and similar stars consists in the blending of lines of the bands with
foreign lines of the spectrum. Although the method affords an
interesting alternative for the determination of solar temperatures,
it seems still to be less reliable than the methods depending upon the
distribution of radiation in the continuous spectrum.

85. Temperature of the Ionosphere

A corresponding application of the theory of band spectra was
made by Vegardt in an attempt to determine the temperature of the
upper terrestrial atmosphere. As is well known the aurora borealis
originates in high atmospheric layers extending from a lower limit of
about 80 km. to about 1000 km., the average being about 100 km.
The spectra of aurorae show mostly narrow bands, which correspond
so closcly to the position of negative and positive bands of nitrogen
that the identification with these bands is certain. A large number
of these bands are found in the ultra-violet part of the spectrum,
extending right down to the limit of atmospheric absorption; there
are also numerous bands in the red part of the spectrum, which also
seem mostly to belong to nitrogen, although some of the bands may
have a different origin.

The intensity of auroral radiation is so weak that it has been
impossible so far to photograph the spectrum with anything but very
low dispersion, so that the bands are never resolved into individual
lines. For this reason the formula (113) for the intensity distribution
among the lines cannot be applied directly to the intensity in blended
bands without a correction. For this formula only takes account of
the intensity of the individual lines, and does not take account of
the variation in the number of lines which fall within the slit-width,
and which are thus blended together. This number will differ from
place to place in the spectrum, and would produce a variation of
intensity even if all individual lines had the same intensity.

Let Av; be the frequency difference between adjacent lines at the
place of the line with initial quantum state j. The number of lines
blended by the slit may then be put proportional to (Av;)-%, which
must be introduced as an additional factor to Z; before it will give the

1 Geofys. Pub. Oslo, 9 (1932), No. 11.
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intensity in the blended band. As a sufficiently accurate expression
of Av; we may write for a positive branch
A"J = é("j+1_"j)+‘l‘("j“”j—1) = é(vj+1_vj—1) = 4:;‘4 (8j+1)’
so that the final expression of I, becomes
I; = const. gj::_—: e~ fU+ON8m AKT
Proceeding in the usual way we find the following condition for the
maximum of this expression
o BEI+1PE 1)
8m2AkT(2—38)
Introducing into this formula the data given by Vegard for the nega-
tive nitrogen band 4278, the auroral temperature comes out of the
order 70° C.

Just how much this means is not easy to say, because the difficulties
of obtaining auroral spcetra may introduce systematic errors which
are very difficult to control. But it is interesting in so far as it shows
that there exists at present no direct evidence of any low tempcrature
of the upper atmosphere.

It must be remembered, however, that since the phenomena of
auroral display certainly are produced by agencies very far from
thermal equilibrium, such as very fast electrical particles, the
temperatures derived from band spectra in the above way may well
differ from the temperature detecrmining the pressure of the gas at
the place in question. We shall sce an interesting case of this sort,
when we turn to the temperatures derived from the distribution of
molecules among different vibrational states.

86. Temperatures from the Relative Intensities of Bands in
a Sequence

In stellar spectra it will perhaps never be possible to resolve the
bands into individual lines, so that any application of the above-
mentioned method will have to adopt the correction due to varying
spacing of the lines. Thus far no one has made any attempt at tem-
perature determinations of this sort. Probably the theory would need
further amplification before being applicable to absorption bands.
However, there is another possibility, which is likely to have a wider
range of application, namely, to derive the relative number of mole-
cules in different vibrational states, and then to apply Boltzmann’s
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principle to these numbers. Differential measurements of intensities
within a single band would then be superfluous, as all that is needed
is the total intensity of each band. This method was applied in a
preliminary way by Wurm to the spectra of comets as well as to the
spectra of late-type stars, where his results were in qualitative
agreement with other temperature determinations.

One of the difficulties encountered here is the fact that a fairly
accurate knowledge of the probabilities of transition between
different vibrational levels is a necessary corollary for the method.
It is therefore to be regretted that the theory of these transition
probabilitics has only been developed in a few simple cases, and even
there further amplifications are greatly to be desired. All the mole-
cules in question are of the non-polar kind, which have no electric
moment in their normal state with no electronic states excited. For
this reason the theory of the harmonic oscillator, which gives a good
approximation when it is a question of calculating the lowest vibra-
tional energy levels, cannot be used directly even for these lowest
levels. It was showed by Hutchisson, however, that the theory of the
harmonie oscillator when properly interpreted, will serve as a starting-
point even for the theory of vibrational transition probabilities of
non-polar molecules. We shall therefore consider the essential points
of the Hutchisson theory.

87. Hutchisson’s Theory of Vibrational Transition Proba-
bilities
We assume that the coupling between the electronic motion and
the rotation of the molecule is so slight that we may write the wave
function of a molecular state in the form

= ¢y PV»

where ¢ includes all terms pertaining to the rotation of the molecule
and the electronic motion, while I}, is the wave function of the vibra-
tional motion. We divide the electrical moment of the molecule in a
given configuration into two parts: M, which is associated with
rotation and electronic configuration, and M, which is associated with
the vibrations. The harmonic amplitude of the molecule associated
with a transition from the given state to onc distinguished by a
double prime will be given by the formula

J = [ (My+Mg)y'y* dr,
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where an asterisk denotes the complex conjugate, and dr is the elemen-
tary volume of the configuration space of the molecule, the integra-
tion extending over all configuration space. This formula is so far
quite general. For non-polar molecules, however, the vibrational
electrical momentum vanishes, so that M, may be dropped from the
above formula. Next My will be sensibly independent of the states
of vibration, that is, it will depend on the electronic and rotational
coordinates only. The above multiple integral will therefore split up
into a product of two integrals

J = JuJy,
where Jg = f My ik drg; Jy = f I T3 dry.

Now J; must be expected to be independent of the states of vibration,
at least in a region of low vibrational quantum numbers, as a conse-
quence of which the relative probability of different vibrational transi-
tions corresponding to the same electronic transition will be given by
Jy alone. These are the fundamental assumptions of Hutchisson’s
theory.¥

It is casily proved that to a first approximation the vibrations
may be considered similar to those of a linear harmonic vibrator.
However, if we were to usc unperturbed wave functions for a har-
monic vibrator in calculating Jj,, all vibrational transition proba-
bilities would vanish. We know, however, that in an electronic
transition the molecule suffers a perceptible deformation, resulting
in a change of moment of inertia, which again means a change in the
relative separation of the atoms as well as a change in the proper
frequency of vibration. In virtue of these changes the Hermitian
wave functions will no longer be necessarily orthogonal, and so will
allow of a non-vanishing value for the integral J;,. Since this result
is due expressly to the excited electron, it is in harmony with the
fact that homopolar molecules rarcly show pure rotation bands or
bands of the vibration-rotation type.

The wave function of a harmonic oscillator was earlier found to be
given by (see p. 34)

Y= g H) (= (el ik)

where H, is a Hermitian polynomial, while the independent variable

t Phys. Rev. 36 (1930), 410.
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v is related to the radial separation r of the atoms by the formula

1= o= )

In this formula 7, is the equilibrium value of the separation of the two
nuclei, m is the reduced mass of the molecule, and 4 the moment of
inertia. The change in frequency v, and average nuclear separation
of the atoms in other states may be brought into the formulae by
assuming the independent variable 5 to be changed into an+-8, where
« and & are constants characteristic for each state. We have then

antd = 2m [(4) (5 1) = 20 (5 4)r—ro)+r—ri,

since 4 is proportional to r%, which makes A4/r3 independent of the
change of state. It follows therefore simply from the above equation

that p
)
Vo
and 8 =—2r A/(”"h’")(ro—r;,) — 0-1221(v, M)(ro—?)-

Here v, is expressed in cm.~1. M is the atomic weight of the atoms,
which here are supposed identical. It is assumed that (r,—r,) is
measured in Angstrém’s units. In order to carry out the integrations
involved it is most convenient to use the generating function of the
Hermitian polynomials

e +2Z) — z H(‘r))
Similarly for the varied state
-y an+d) — no ?/r
e~V +2y(an+8) — Z H,(a‘r)-{-S);-!—.

Multiplying these expressions together, multiplying the product by
the proper exponentials, and integrating over all values of 7 we
find

@

Z 2 i f H(n)H,(om+8)ein'=item+3) dy)

19!
8=0 r=08 r

- gl et

By expanding the last exponential factor in powers of z and y, and
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then equating coefficients of the same powers on both sides, we
obtain just those integrals which are needed for the calculation of
the harmonic amplitudes. The result is

d
H(nH —in—Han+8y _ VN
f () H,(an-+8)e e
gl sorr }(*s——l—~l) l(r—l—l)l)
= KJ (éé-;;) z Z Z Ay ba; Caydg_giy €p—2j1- (116)

=0 =0 j=0

The various letters introduced here have the following meanings:

2a \1 1/ 4o |
K= (222 Vosiesn, 4, =1 :
(a2+1) ¢ ’ 2 l!(1+a2)’

b — 1/1—q2 i. 1 —1 j
242’ % = i azi—i—l
P 1 — 20\#-2i-t, . . 1 25 \r-2i+
e P ] § g R A VRV R )T § WY )

TABLE 8
Values of J, /K eqwmon ( 116)

S
*

|

1
Vie,
Vi(eg+c3)
d, e, +ap)
$V3(es+e,¢3)
3(dye34-cydy+-azey)
$V6(es+-cge5-+¢4)
1V6(dyeyt-cydy ey taz e, 4-ayc,)
Hdyegtcydy+byea+azdy ey t-ay)
$V15(eg+-cac34-cqey)
IN3(dyeg+cadyeq-tcydy+aze5+az ey e4)
3V6(dye5 +cydaey+byey+bycae t+agdy egtagegd,+agey)
W30(dye5+cydy eyt dye+az e +a, e e+aycq)
IV3(dy g+ cady gty dy-+-by ey 1-by ey €+by 0 +-as dy 0y t-ay 05 dy €1 4-ag eg--ay ¢,)
i(dy e3tesdyer by dy e3+-by ey dy ey +az dy ey-tay ey dy-+ay by eg+as by ey +
-+a, dy e,-+ag)

R~ =~ O~ =C~2D0C0
W CIWP MM WHLISW LI —O

2 5 | 1V30(dyes+cydyest-cydyey+byegt+-bycges+by e, +azdyeg+agegdyeg+
+aycidyt-age3t+agc;e)
3 4| }V6(dyestcydyegtcidst+bydyeg+bycydy eq+bcidi+a,daestagcgdge+
+ay by €3+a, by ¢; €10, @,y €3+0a, ¢y dy+ag €y)
44 4(dyestcadyeg+bydy e4-by ey dy ea+-by eg+-c dy+by 0 +as dy eg+

+aybydye5t+azcydze,+a303b,ds e, +a,dy e+ 03 dy+
+a,b; e3+a, b, c3+ag dy €+ ag)

3595.15 1i




242 APPLICATION OF THEORY OF MOLECULES TO Chap.XVII,§87
Moreover, the double limits of the sums in (116) are to be understood
in the manner that the smaller value of s or r in the first sum is the
upper limit, while the upper limits in the second and third sums are
either the upper or lower figure depending upon whether s—1I or r—I
is even or odd. The table on p. 241 for the integral (116) will be found
useful.

In a later papert Hutchisson extended this theory so as to take
account of the tendency towards anharmonic vibrations which soon
becomes perccptible for higher vibrational quantum numbers. The
calculations then soon become very complicated. The above expres-
sions will suffice for a survey of stellar spectra.

88. N-type Spectra

The above theory was applied by Wurmy to the intensity of the
Swan bands and the cyanogen bands in the stars. In the case of
cyanogen the molecule is not quite symmetrical, as assumed in the
theory, but the difference in atomic weight between carbon (12) and
nitrogen (14) is so small that there is no reason to anticipate any
difficulties on this account. A practical difficulty of the theory is
the fact that the change in nuclear separation during an electronic
transition is not known with sufficient accuracy in the present case.
This change is usually of the order a few per cent. of the separation
itself. For C, the analysis of the bands yields the values

re = 1'265A.; ro = 1'311 A.; ro—71o = —0:046 A.

In order to bring out the influence of any uncertainty in Ary = r,—7,
Wurm carried through the calculations for various values of Ar,.
Having derived the necessary constants, all there is to do is to
calculate the square of the harmonic amplitudes and multiply them
by the fourth power of the corresponding frequencies. This latter
factor was omitted in the analysis of individual bands, because the
width of a band is always very small in comparison with the frequency
of its zero line. But when comparing different bands in a sequence
the difference is no longer small, as will be realized by an inspection of
the corresponding tables.

Although the theory is only developed for emission bands of small
intensity, Wurm applied it directly to the absorption bands in late-
type stars. It is clear then that the results of a comparison between
theory and observations must be interpreted cum grano salis, and that

t Phys. Rev. 37 (1931), 45. 1 Zeits. f. Astrophys. 5 (1932), 260.
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it will have no meaning to stress details very much. Since the
intensity of a band cannot well be expressed by a simple formula,
we cannot determine the temperature by a simple determination of
maximum intensities. It becomes necessary to compare the empirical
intensities of a whole sequence of bands with theory for different
assumed temperatures, in order to single out the temperature which
best fits the facts. Another difficulty which prevents an accurate
temperature-determination for the moment is the fact that there
are no accurate photometric measurements of the intensities of the
bands in late-type spectra. Wurm therefore had to be content with
tentative estimates of intensities from the spectra published round
the beginning of the century by Hale, Ellerman, and Parkhurst.}
This is, of course, only a temporary difficulty, which will probably
soon be overcome by some one interested in late-type star problems.

Wurm found that the group 6,191 A. and 5,635 A. of C, were most
suited for the purpose, because they appear with moderate intensities
in the spectra, while the other bands very soon grow so strong that
estimates of intensities have very little meaning in this respect.
Wurm studied the spectrum of the star 152 Schjellerup, which is of
spectral class N 3, and of 19 Piscium of type INO. The fact that the
first band of the group 6,191 A, is slightly stronger than the second
band indicates at once that the temperature of these stars is lower
than 2,000° K. This estimate is not so arbitrary as might be imagined,
because a drop in temperature in this region will affect the intensities
very seriously. It is more sensitive to a lowering of the temperature
than to an incrcase. This result was further confirmed by reference
to the group at 5,635 A., so that a ‘band’ temperature of stars in the
range N 0—-N 3 of about 1,700° K. should not be far from the truth.

The comparison between theory and observation for the cyanogen
bands was not carried out by Wurm on account of lack of suitable
material.

89. Bands in the Spectra of Comets

The spectra of comets have becn carefully studied during the whole
reign of stellar spectroscopy, valuable observations being made as far
back as seventy-five years ago.

The comet which has been studied most thoroughly spectroscopic-
ally is that of Halley. In particular, the observational facts as regards

1 Pub. Yerkes Obs. 2 (1904).
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spectrograms obtained of this comet during its appearance in 1910
were discussed by Bobrovnikoff.{ Most typical for molecular bands
in cometary spectra are the cyanogen bands of the type 2% — 22,
The relative intensities of these bands are peculiar in that bands
starting from excited vibrational states decrease very rapidly in
intensity with increasing quantum number. According to Wurmi
this indicates a temperature of the order of 300°K. for the radiating
gases in the comets. But this estimate does not mean very much
apart from emphasizing that the temperature evidenced by the
spectrograms is much lower than that of the sun.

90. Intensity of Auroral Bands

A similar application of the band-spectrum theory was made by
Rosseland and Steensholt|| to the spectrum of polar aurorae. From
the Hutchisson theory they calculated the theoretical intensities of the
ultra-violet negative and positive nitrogen bands, and compared
the results with Vegard’s estimate of relative intensities of these
bands on auroral spectrograms. The temperature which would
correspond to the observed data came out to be very large, something
between 2,000° and 3,000° K. The fact that this result differs very
much from the result obtained from the width of the band 4,276 A.
discussed earlier indicates that the conditions under which the bands
are emitted must differ radically from those of thermal equilibrium.
That band spectra are sensitive to such deviations has been demon-
strated experimentally,tt so that this result is not surprising. When
the density is so low that ordinary collisions may be neglected, excita-
tion by electron impacts will not change the distribution of the
molecules very much as regards the rotations, while the electronic
transitions suffered by the molecule will profoundly alter the oscilla-
tions. The high oscillation temperature shown by auroral bands is
therefore restricted to the oscillations, and indicates that aurorae
are excited by the impact of swift particles.

t Lick Obs. Bull. 17 (1931), 204. See also W. H. Wright, ibid. 209 (1912-13), 13
(comet Brooks). W. W. Campbell, ibid. 5 (1908), 31 (comet Daniel); V. Slipher, Lowell
Obs. Bull. 52 (1911).

1 Zeits. f. Astrophys. 5 (1932), 10. Cf. also H. Zanstra, Monthly Not. 89 (1928), 178,
and Baldet, Actualités sci. et. indust. 16 (1930).

|| Pub. Oslo Univ. Obs. 7 (1933).
1t Cf. for oxample O. Oldonberg, Phys. Rev. 46 (1934), 210.
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91. The Reaction Isochore

Havine discussed various problems related to the intensities of
bands due to a given molecule, we shall now approach the more
difficult problem of the relative intensities of bands belonging to
different molecules. Only so can we hope to develop a theory of the
role of molecular spectra in the stellar sequence, or in the change of
type of a long-period star during its course of variation.

The first quantitative study of this problem was due to Atkinson.}
Later improvements were given by Piccardi,i Christy,|| Wildt,tt
Swings,}1 Yvonne Cambresier and Rosenfeld,|||| and Russell.{tt

The general problem of discussing all possible chemical reactions
which may take place in a stellar atmosphere is, of course, too com-
plicated to be attacked in full generality. We must therefore proceed
in successive approximations, taking the observed facts as a guide.
As a first approach to the problem we therefore study the equilibrium
between different molecular combinations in an atmosphere under the
same simplifying assumptions as were used for the ionization problem.
We thus assume the state to correspond to local thermodynamic
equilibrium, so that the state of dissociation is governed by the
equations derived earlier (Chap. II):

BomEdug

ny=frer ' 7
n,, being the relative number of molecules of the kth type, f; its
partition function, m* the number of atoms of the i¢th kind in the
molecule, while %, gives the deviation from the ideal gas laws. In
the following we shall assume the ideal gas laws to hold, so that u,
may be neglected. We shall further, for the most part, only be con-
cerned with diatomic compounds, which are the only ones directly
observed in stellar spectra. In some cases we know, however, that
more complex compounds will be present and play an important

+ Monthly Not. 82 (1922), 396.

1 Mem. d. Soc. Astron. Italia, 4 (1929), 379.

|| Astrophys. J.70 (1929), 1.

11 Zeits. f. Physik, 54 (1929), 856 ; Zeits. f. Astrophys. 9 (1934), 176.
11 Monthly Not. 92 (1931), 140; Actualités sci. et indust. 50 (1932).
Il Monthly Not. 93 (1933), 710.

11t Astrophys. J.79 (1934), 317.
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part. This is, for instance, likely to be the case with carbon dioxide
in the carbon stars, as we shall see later. We further also know that
the atmospheres of the outer planets contain large amounts of
ammonia (NH,;) and methane (CH,), so that the study of more
complex molecular compounds cannot be avoided altogether in
astrophysics.

Consider then a mixture of two elements 4 and B and the forma-
tion of a compound AB, while disregarding for the moment the
possibility of the formation of compounds 44 and BB. Let n,
and ny denote the number of free atoms A and B per unit volume,
and n,p, the corresponding number of molecules AB. The above
system of equations of dissociative equilibrium then reduces to the
following three:

ng=fs€;  mp=fpets;  myp=fiptatts.
Eliminating A, and Az we find the well-known equation
nanp _Jalp,
L] fan

For the range of temperatures met with in cool stars it is per-
missible to neglect the electronic excitation of the atoms, so that
the atomic partition function reduces to that of translational motion
multiplied by the statistical weight of the normal quantum state,
which may be denoted by @. That is,

fa= CaM ETRG, 13 s = (27 MgkT)}Gzh3,
where M, and M, are the masses of the atoms in question.

The partition function of the molecule is a more complicated
affair. For the present purpose it is sufficient to consider the mole-
cular rotations and vibrations as independent, and quantized as
simple rotators and harmonic oscillators. The partition function
then splits up into a quadruple product

Jap = CupfTf".
Here f' may be taken to represent the translational motion of the
molecule, so that f’ — {217‘(MA+.2‘[B)’CT}i h-3.

Next f” may represent the rotations, so that

fr= % (2j+ 1)e~Hi+vmism 4k,
i=0
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We have here used the expression j(j- 1)4%/8n24 for the energy of
a rotator, which was derived earlier (p. 43), assuming the moment
of inertia constant. Under stellar conditions the rotations will be so
strongly excited that it is permissible to treat j as a continuous
variable and change the sum into an integral. We then have
fr = J‘ e=U+VINBmART gl (51 1)§] = 8m2ALT/h2.
0

Denoting the dissociation energy of the molecule by x we have thirdly,
for the vibrational partition function,

= f eX—nh)lkT

n=0
Here w is the fundamental vibration frequency of the molecule.
The zero energy of the vibrations, }hw, has been included in y. The
summation of the geometrical series involved in this formula is

easily performed, giving
exlkT

I" = 1—e—hwikT*
Finally G5 is the statistical weight of the ground state of the
electronic configuration of the molecule, the nuclei being regarded

as fixed.
We are now in the position to write down the final expressions of

nyng/n,gg. We find

gty _ GaGgRrMapkTN yyury o mser

n 'AB G 'AB SﬂszhA ’
where we have introduced the reduced mass of the molecule
= MMy

M, +My
which also is the molecular mass to be used in the calculation of the
moment of inertia. If we prefer doing so we may therefore achieve
some further simplification by introducing the equilibrium distance
between the atoms 7, by the formula
A = 1“(2) .M AB*

The dissociation formula may then be written in the equivalent form

Myp

nanp _ CaOp (MapkT\b, ur(y _g-honr).
nAB GAB h’r?, 8w
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We have here assumed that the two atoms 4 and B are intrin-
sically different. If the two atoms are identical, the above formula
suffers a minor change, as it is necessary to multiply the right-hand
side by 2. This point was discussed by Gibson and Heitler.t The
above equation is usually called the reaction isochore.

92. Expressions for the Relative Abundance of Molecules in an

Atmosphere

The next problem is to find out how varying dissociation at differ-
ent levels will influence the resulting band intensity. This problem,
which is completely analogous to the consideration of varying ioniza-
tion with change of level in case of atoms, was first considered by
Cambresier and Rosenfeld. }

We suppose that the intensity of a definite component line of a
band is essentially determined by the number of relevant molecules
in the right quantum state, overlying the photosphere, just as for
atomic lines. Denoting this number by N, and assuming it to refer
to molecules A B, we have

N = ande,

the integral being extended from the top of the atmosphere and down
to the photospheric level; z denotes the depth below a chosen outer
limit of the atmosphere.

Further progress will now depend essentially on the functional
form adopted for the coefficient of continuous absorption. The study
of atomic lines has indicated that the mass absorption coefficient
probably increases with pressure, so we may adopt as a rough ex-

ression
P K = Ko Pp,

p being the total pressure, and «, a quantity depending on tempera-
ture and the wave-length of light. We have discussed earlier the
limitations involved in such a procedure, so that it need not detain
us here. The optical depth of the photospheric level is thus

-ro=fkoppdz —fpdp—lf_o
where P is the total pressure in the photosphere. The atmospheric

temperature is then assumed constant during the integration.

t Zeits. f. Physik, 49 (1928), 465.
t Monthly Not. 93 (1933), 710.
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A case of wide applicability is met with when we assume that
the element 4 is so excessively abundant that the fraction of it
bound in molecules 4 B is negligibly small compared to the unbound
fraction. The second element B may be present with a small
absolute abundance, and an appreciable fraction of it may be in
the form of molecules A B. We are then entitled to put n, propor-
tional to the total pressure. For the sake of generality we may
assume that there exist a whole series of elements of type 4 and
a series of elements of type B without introducing much more
complication, provided only that we can neglect intercombinations of
the type A4,4,,..., or B; B,,.... This case is general enough to be
of interest for the stellar problem.

Denote the relative abundance of the elements by p, and pp
respectively, it being assumed that

pa > pp 88 well as ;PA>§FB,

the sum being extended to all elements of the respective groups. Let
further y5 denote the total number of B atoms in unit volume, and
k Boltzmann’s constant, so that

ng = .‘LAEP‘T" Yp = I’»BE%,- (117)

The numbers n 45 and ny will now satisfy the equations

Nyp+ng =
4BTNpg = YB (118)
and nyng = Knyp.

Eliminating ny from these equations we find the following expression

for n 4 p: may— yn
1+K[n,'

On the right-hand side we shall introduce the total pressure instead
of n4 and y5 on using the above expressions (117). We then find

_k P 119
4B = P oY Kk T, (119)
The equation of hydrostatic cquilibrium is, R denoting the gas
constant of the material,
=g P
dp =9 .Rsz’
3695.16 Kk
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so that the expression for N may be brought to the form

_ B R[ ___pdp

g k p+KkT|p,’

P being the pressure at the photosphenc level.
Carrying out the integration we find

N — ks PR_py KRBT, (1+ P,LA)

gk ra 9 KkT
We have finally to express P in terms of the optical thickness of
the atmosphere: 9
P— A/ ( g'ro)

The final expression of N is therefore

R [(2ry\ ppK RT a 297,
L N P e W e
It is not difficult to see that an increase in g corresponds to a decrease
in N and vice versa. Hence the bands in question are all strengthened
by an increase in the giant characteristics, i.e. decreasing density.

It goes without saying that the above considerations do not apply
to molecules like B, where both atoms of the molecule are the same,
and of small absolute abundance. However, limiting the considera-
tion to the case when the number of molecules of the type B, is small
in comparison with the number of molecular types like 4 B, it is not
difficult to find the proper formulae. Writing the corresponding
equation of dissociative cquilibrium in the form

n% = K’nzB,
we may assume % to be given by equations (118) and (119), since

we have assumed the carlier equilibrium to be practically undis-
turbed. Then

5= (1= 5 k) = 2K i

1+(K/ng)] — pa pHEET[uy)’
2 g2 2
and Nopy = Eﬁ) —,7“.7}’-___ )
" ( K {p+(KET [ )}
Hence it follows by integration that-
p=P
RT (up\2 K? P 1
N' = de = —— B Hgq .
f o g (4) K'{ ( +m) 14 (KkT i P)

»=0

(121)
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Apart from minor differences of notation the formulae (120) and (121)
are the same as those given by Cambresier and Rosenfeld. It will be
noticed that assuming p, P/KkT to be a small quantity in these
formulae, and expanding the expressions in the bracket to the second
power of P, N and N’ become proportional to P2%/g, so that g drops
out when P is expressed as a function of the optical thickness of the
atmosphere.

The formulae we have been developing contain a mixture of quanti-
ties which either may be determined from laboratory experiments
or are typical stellar data. The former quantities are included in the
dissociation coefficient K, and are given in general in Table 14 in
the Appendix, in so far as the molecular compound has an astro-
physical interest. We may therefore consider K known when the
temperature is given. The absorption coefficient is essentially a
stellar datum, along with the quantities u,, pup, R, and g. In order
to take the dependence of the absorption coefficient on temperature
roughly into account, we write

Ko = o7,
where » may be assumed to be known from the study of atomic lines.
The stellar quantities then occur in the above formulae in the com-

binations g 1
w=ne J5) wma B=mr [(T)

Both « and B are determinable in principle for an individual star, on
assuming that the number N may be found from the intensity of the
bands. If o, R, and g were known beforehand, p, and p, could
be determined. Conversely, knowing the u’s, R?/go and go can be
found. So much information about these quantities has been ac-
cumulating lately, that the day may not be far off when the theory
may yield accurate values of the relative abundance of the elements
forming chemical compounds in the stars, when further theoretical
refinements may become desirable.

93. Abundance of H and N in Late-type Stars

The preceding theory may be used to determine the relative abun-
dance of hydrogen and nitrogen in late-type stars, since hydrogen is
known to be sufficiently abundant to play the part of the element
A. It was pointed out by Swings and Struvet that it is possible to

1 Phys. Rev. 40 (1932), 142.



252 DISSOCIATIVE EQUILIBRIUM OF Chap.XVIIL,§93
estimate the relative abundance of two elements when they occur
in combination with one and the same third element—for example,
hydrogen and nitrogen both in combination with carbon in cyanogen
and carbohydrogen (CH). This can, of course, only be done when
CN and CH bands are found in the same spectrum. Swings and
Struve’s considerations were based on the equations of dissociative
equilibrium directly, no account being taken of the effect of level
considered above. The situation is the same in principle in the more
refined theory, however, since expression (120) has the form of a pro-
duct of pup into a factor depending on p 4 only, say

N = pg F(p,).
Hence it follows that for the ratio of the N’s which correspond to the
same B but two different 4’s, 4, and 4,,

NA,I; _ F(:“'A,). (122)
NA,B F(.”-A,)
If it is possible to measure the ratio of the N’s occurring on the left-
hand side, this equation gives for any selected value u, a definite
value of p, . Expanding the F-expressions to the first power of u 4,
which is permissible for small band intensitics, the ratio of the N’s
becomes directly proportional to the relative abundance p 4 /p, .

If a trustworthy theory connecting the N’s with the band inten-
sities were at hand, the above relation would afford a good way of
attacking the problem of abundance. Neglecting the difference in
absorption coefficient in the region of the two bands, some approach
to the problem may be made even if this functional relation is not
known. It is then sufficient in fact to look out for spectra in which
the intensities of the two different band systems are equal. The
corresponding N’s must then be equal too, and relation (122) re-

duces to F(uy) = F(up).

After a careful survey of the material Swings and Struve found that
the CH and CN bands both fade out in the same spectral class, F 8.
The diverging opinion entertained by several earlier authors on this
point is probably due to an erroneous interpretation of a batch of
blended lines of atomic origin in the region of the ¢ band. Assuming
F 8 to correspond to a temperature of 6,500°K., it follows from the
above formula in its simplified form that the abundance ratio of
H and N is of the order 10%. This is in general agreement with the
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analysis of atomic line intensities. But Swings and Struve pointed
out at the same time that the absorption coefficient in the region of
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the G band is likely to be higher than in the case of the CN bands,
and that the result is affected by some uncertainty on this account.

1
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Fia. 28. Samoe as Fig. 27 oxcept that tho calculations refer to main
soquence stars.

94, Carbon Compounds in Late-type Stars
Due to the large dissociation encrgy of CO, this compound
dominates over all other carbon combinations, provided a sufficient
supply of oxygen is available and the temperature is sufficiently low.
This gives the clue to the understanding of the fact that C, and TiO
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are mutually exclusive at low temperatures in the stars. It is of
course possible that at temperatures of about 3,000°, where the
TiO concentration begins to increase and the concentration of C, is
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falling sharply off, a star may show TiO as well as C,. This seems
actually to be the case of « Herculis.}

While thus CO must be present in large quantities in the atmo-
spheres of some stars, it is a peculiar fact that in no case does it
betray its presence in the spectra. In fact, by our formulae we should

1 J. Stebbins, Lick Obs. Bull. 47 (1933).
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expect CO to be about a million times more abundant than
CN in low temperature dwarfs (cf. Fig. 28). The reason for this
non-appearance of CO is the fact that the resonance bands all fall
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¥1a. 30. Abundance of molecules in dwarf stars of the branch R-N.
Cf. tho preceding figure. (Russell, Astrophys. J. 79.)

outside the visible region. The visible CO bands are primarily the
Angstrém bands, which have an excitation energy of about 8 volts.
In the present temperature range this means, however, that only one
molecule in every million will possess an excitation energy large
enough for the absorption of these bands to be possible, so that they
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should be several hundred times fainter than the CN bands, and this
is sufficient to account for their absence.

95. Stellar Compounds in General

Russellt has carried out very extensive calculations on the state of
dissociation of stellar compounds, based on his own determinations
of the relative abundance of elements in stars. It would lead us
too far here to enter into the detailed assumptions underlying his
calculations, but it may be stated that in general they are similar to
those used in this outline. Russell finds a fair agreement between
theory and observation. In particular the excessive abundance of
hydrogen is definitely confirmed.

96. Molecular Compounds in Planetary Atmospheres

1. The Earth. The terrestrial atmosphere is essentially made
up of oxygen and nitrogen with some admixture of water vapour
in the lower strata, and with traces of carbon dioxide, argon, and
helium. Near the ground the constitution of the atmosphere may be
found by direct chemical analysis, but for higher levels inferences
must be drawn from spectroscopic observations. First of all there
are the terrestrial lines and bands in the solar spectrum, which are
recognized as such by increasing intensity with increasing optical
path in our atmosphere, by the absence of a Doppler effect due to the
sun’s rotation, and, in the case of ozone, by the otherwise inexplicable
petering-out of the solar spectrum near 2,900 A., and the varying
intensity in this region with latitude and with meteorological condi-
tions which point to a terrestrial origin. There is further the evidence
from spectroscopic observation of the aurora borealis to be mentioned,
and possibly also the observation of the zodiacal light.

The terrestrial bands of O, in the solar spectrum are represented
by a strong band at 7,594, a weaker band near 6,867, and a still
weaker band at 6,277 A. These bands are due to forbidden transi-
tions, which explains why their intensities are so low in spite
of the fact that the whole air mass of the atmosphere takes part
in their formation. The principal bands of oxygen are situated in
the ultra-violet beyond 1,800 A. and prevent any study of the solar
or stellar spectra in this region. The intensity-distribution in the
oxygen bands is such as to indicate a low average temperature of the

t Astrophys. J.79 (1934), 317.
3595.16 Ll
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atmosphere, in accordance with the meteorological observations of
the upper air.

The ozone absorption consists of some weak bands in the red and
the orange, a series of stronger bands extending from 3,300 and
towards shorter wave-lengths, the Huggins bands, and finally a strong
absorption setting in at about 2,900 A. and screening off nearly every-
thing beyond. This last absorption is connected with the breaking
up of the ozone molecule into 0,4 O, while the earlier isolated bands
are of the ordinary rotational type.

This ozone is probably formed in the higher strata of the atmo-
sphere, from 20 km. and up, by the ionizing influence of ultra-violet
sunlight. The total amount of ozone corresponds to a layer of
0-2 to 0-4 cm. thickness at standard temperature and pressure. The
detailed theory of this formation of ozone is as yet only in its infancy,
and for this reason it will be passed over here.

Atomic oxygen does not exist in measurable quantitics in the lower
strata of the atmosphere. From 80 km. above the ground and up
its existence is indicated by the green auroral lines 5,577 in the
spectrum of the night sky and the polar aurorae. The identification
of this line as belonging to atomic oxygen is due to McLennan.} It
is due to a transition, which is forbidden by the ordinary selection
rules. The closer details of its excitation in the upper atmosphere
does not seem to be cleared up as yet. Recent work of Kaplan} on
the production of this line in arbitrary sources shows that a trace of
oxygen in an atmosphere of nitrogen, say 1 per cent. O, to 99 per cent.
N,, exposed to intermittent electrical discharges, will reproduce the
general features of the auroral spectrum. This may be taken to
indicate that nitrogen preponderates much more in the high strata
of the atmosphere than near the ground where the O,:N, ratio is
nearly as 1:4.

Nitrogen does not reveal itsclf by any terrestrial lines and bands
in the solar spectrum, but it shows up very strongly in the spectrum of
the aurora borealis, the most conspicuous bands being those belong-
ing to the so-called negative series which are due to Nj, while the
positive bands, due to the neutral N, molecule, are generally weaker.
The detailed condition of excitation of these bands in the auroral
spectrum is still a matter of debate.

1 Proc. Roy. Soc. A, 120 (1928), 327.
1 J. Kaplan, Nature, 135 (1935), 229.



Chap. XVIII, § 96 STELLAR COMPOUNDS 259

Water vapour absorption is confined to the long wave-length part
of the spectrum, extending from about 7,200 A. to 18,000 A., causing
very great trouble in the study of solar and planetary spectra in this
region.

2. Venus and Mars. That these planets have atmospheres is
evident from the presence of twilight on Venus, and the presence of
clouds and the waxing and waning of the polar caps on Mars. The
spectra of these planets are remarkably similar to the solar spectrum,
and very great efforts have been made in order to discover individual
features giving a clue to the chemical constitution of their atmo-
spheres. This has thus far only succeeded for Venus, where Adams
and Dunhamf in 1932 discovered three bands due to carbon dioxide
in the infra-red. These bands have their heads at about 7,820, 7,883,
and 8,689 A. and had not up to that time been discovered in terrestrial
sources. The identification was, therefore, first done from the
identity of the moment of inertia given by the bands with that of
the CO, molecule, and next Dunham succeeded in reproducing the
bands by passing light through a pipe 40 m. long, containing CO,
at a pressure of 10 atmospheres. Further experiments indicated that
the layer of carbon dioxide above the visible surface of Venus is at
least equivalent to a layer 3 km. thick at standard temperature and
pressure, which is about twice as much as the amount of oxygen in
the atmosphere of the earth. The weak intensity of these bands is
due to the fact that they involve high harmonics of the fundamental
vibration frequencies.

Very careful measurements by Adams and Dunhami in 1934
indicate that the atmosphere of Mars does not contain oxygen to a
measurable extent. They estimate that an amount of oxygen cqual
to a thousandth part of that above an equal area on earth could have
been detected. This applies also to Venus. The test was made by
looking for the Doppler effect due to the relative motion of the planet
and the earth.

3. The Major Planets. The atmospheres of the major planets
form a problem of their own which gave no promise of a solution
until a few years ago. Jupiter shows a conspicuous band in the
orange, which was discovered visually by Huggins. There are fainter
bands in the green region of the spectrum. These bands recur

t Pub. Astron. Soc. Pacific, 45 (1932), 243. t Astrophys. J.79 (1934), 308.
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with increasing intensity in the spectra of Saturn, Uranus, and
Neptune.

The identification of these bands remained obscure until 1932,
when the puzzle was solved by Wildt,{ who proved that they were
due to ammonia and methane. Later work of Dunhamji and Adel
and Slipher|| confirmed this result. Again, we find that the reason
why the bands have not been identified before is due to the fact that
they correspond to’ high harmonics of the fundamental vibration
frequencies of the molecules, and as such show up with a very small
intensity under ordinary conditions. By far the greater part of this
absorption is due to methane, which Dunham estimated to be
equivalent to a layer of 1:5 km. thickness for Jupiter, while the corre-
sponding amount of ammonia does not amount to more than 10 m.
(standard temperature and pressure).

t Gottinger Verdff. 22 (1932).

t Pub. Astron. Soc. Pacific, 45 (1933), 42; 46 (1934), 231.
|| Phys. Rev. 46 (1934), 902; 47 (1935), 681.



XIX
THE SOLAR ENVELOPE

97. Extended Atmospheres

Tuus far it has been assumed that the atmospheres are in equilibrium
under the opposing influences of gas pressure and gravity. These
assumptions seem to work well in the lower atmospheric strata, but
in the highest atmospheric layers conditions seem to become rather
different. For the sun this inference may be drawn from the complex
phenomena exhibited by the chromosphere and the corona. For the
stars, bright lines, which appear especially in early type spectra,
indicate that the outer atmospheric envelope has assumed very much
larger proportions than for the sun. Finally, for novae, planetary
nebulae, and diffuse nebulae the nebulous envelope has outgrown the
star or the stars involved in them completely, although there is still
every reason to believe that the luminosity of the envelope is derived
directly from the stars.

The study of this gradual growth of an envelope is of peculiar
interest. From the point of view of physics it illustrates a transition
from a state of local thermal equilibrium into a state in which the
application of temperature considerations has become entirely ambi-
guous, and must be administered with the greatest care. At the same
time the atoms forming the envelope get a better and better chance
to display individual properties, which otherwise remain hidden
behind the veil of thermodynamic equilibrium. From the point of
view of the astronomer the transition from star to nebula is interest-
ing because of evolutionary ideas, which always are present in his
work, consciously or subconsciously. Earlier astronomers were apt
to believe the stars born out of nebulae; modern astronomers are
more inclined to believe the nebulae born out of the stars. But still
much more work will be required before a final verdict on the matter
can be pronounced.

98. Chromosphere and Corona

The study of the sun reveals to us the incipient stage in the forma-
tion of a nebulous envelope. This stage may, therefore, be studied in
much greater detail than the subsequent development, leading over
into the Be stage, the P Cygni stage, and the nova stage. It is also
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possible, although not at all certain, that an intensive study of the
solar envelope will reveal a sufficient indication of the hidden causes
of this outflow of matter, which in some stars assumes such formidable
proportions.

From observations during solar eclipses we know that the nor-
mal extent of the solar atmosphere is of the order of 200-400 km.
This means that the majority of the monochromatic images of the
solar limb photographed during eclipses indicate a height of this
order.

Where this rule begins to fail, the outer envelope begins. The most
notable exceptions to the rule are hydrogen, helium, calcium, and
strontium, among which calcium attains, apparently, the greatest
heights. On Mitchell’s photographs of the flash spectrum, taken in
Spain during the eclipse of 1905, the H and K lines are still noticeable
at a height of 14,000 km. above the photosphere.f

There is now collected an extensive material bearing on the dis-
tribution of different elements with height in the chromosphere.}
The general verdict of these investigations is that the density-dis-
tribution of an element is well represented by exponential laws. In
some cases a single term applies. Thus Pannckoek and Minnaert
give for the distribution of intensity in the hydrogen lines the
formula [ — I,e-KeIR,

where K = 1,127 and I, = 62.10% ergs/cm.2 sec. and R stands for the
radius of the sun, while z is the height above the reversing layer.
Mitchell states that in some cases a better result is obtained by using
two exponential terms. _

The observations give the projected intensity per cm.2 To pass on
from that to the emission of light per unit volume in the atmosphere
is easy if we are entitled to neglect reabsorption. Fortunately the
optical thickness of the chromosphere does not seem to be large, so
this assumption is permissible.

Let E(r) denote the radiation emitted per unit time and volume
in the required spectral line at a distance r from the centre of the
sun, and denote by 7, the perpendicular distance from the centre of

1 Mitchell, Astrophys. J. 38 (1913), 407.

} Davidson and Stratton, Mem. Brit. Astr. Ass. 64 (1927), 105. Davidson,
Minnaert, Ornstein, and Stratton, Monthly Not. 88 (1928), 536. Pannekoek and
Minnaert, Verh. Kon. Akad. Amsterdam, 13 (1928), No. 5. Mitchell, Astrophys. J.71
(1930), 1; 72 (1930), 146.
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the sun to the line of sight. The projected intensity at r, is then

3 E(r)rdr
J Je=ny

since an element ds of the line of sight is given by

I(ry) =2

rdr
V(r2—r2)’

on assuming spherical symmetry. This is an integral equation for
E(r), which was first solved by Abel.f The solution is found by
writing

ds =

r2 =y, 12 =,

multiplying the integral equation by (v—w)-}dv, where w is a con-
stant, and integrating from » = w to v = oo. Changing the order of
integration, by writing the equation in the form

f«f)ff) fE‘“ dufm

and noticing that ,

f R
J J{(u—v)(v—w)}
the solution follows by differentiation, in the form

Ew) = — ;r : (1 1) dv

This solution may be applied to the observed projected intensity in
the chromosphere. Writing
v = w2t
the following approximate expression of I will suffice
log I = 10g10+K(1-1/1’_;.’ _éi/_.w).
This gives to a first approximation

E(r) = IT% A/ (g)exu-(rlk»_

This relation was applied by McCrea} to H,. The initial state of

t Cf., for instance, G. Kowalewski, Integralgleichungen, p. 9.
1 Monthly Not. 89 (1929), 483.
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H, is n = 5. Denoting the number per unit volume of hydrogen
atoms in this state by z;, the frequency of the H, line by v, and the
transition probability 5 — 2 by a;,, the emissivity is given by

47TE}, = (L‘5 hvav52~

The stimulated emission may be neglected in this spectral region, so
that aj, stands for the probability of spontaneous transitions. Intro-
ducing numerical values for the constants McCrea found the value
of z; at the bottom of the chromosphere to be 132. McCrea assumed
a temperature in the chromosphere of 5,800°. Multiplying up by
the right Boltzmann factors the numbers of atoms in states 2 and 1
were found to be 6,200 and 1-03.10'2 respectively.

The essential point in the above analysis is that the decrease of
density of hydrogen with height is given by the same exponential
factor as the projected intensity I, so we may write

p = poeKu-tIRY,

where p, is 16.10713 gm./cm.3, if we accept McCrea’s analysis.

The same procedure cannot be applied unaltered to the corona,
since the coronal spectrum does not show bright lines which may
be used for this purpose. Close to the sun the coronal spectrum
shows bright lines on a continuous background. Farther out it
changes into a continuous spectrum with absorption lines, similar
to the spectrum of the disk. The absorption lines are not much
wider than in the solar spectrum,} which shows that the scatter-
ing of the light is produced by heavy particles and not by free
electrons.

The intensity of the continuous radiation from the corona may be
represented as a function of 7, but there is considerable disagreement
between different observers as regards the proper form of this func-
tion. Thus Turner} gave the formula

R\®

I= Io(;-) (I, = const.).

Becker,|| on the other hand, preferred an expression of the form

I = Io("'g' .)4 (o = const.),

r—o

1 J. H. Moore, Pub. Astron. Soc. Pacific, 46 (1934), 298.
t Pop. Astron. 14 (1908), 548.
I Mem. Roy. Astr. Soc. 57 (1908), 51, appendix.



Chap. XIX, § 98 THE SOLAR ENVELOPE 265
while Bergstrandt interpreted his observations on the basis of the

formula
I— I( R )2
—R

No exact agreement can be expected for observations made at
different phases of the solar cycle, since the corona is known to vary
greatly in form and extent during a cycle. Leaving the exact value
of the exponent undecided, we may use the following expression for
the projected intensity in the corona at a distance » from the solar

centre I = I(RJr)™,

where I, and m are positive constants. Using this expression we
find

E(r)———ﬂI d zdz I

£y
wr N O -

where K, is a constant depending on m.
Let W denote the solid angle subtended by the sun at the point
in the corona under consideration, so that
W = 2x{1—,/(1— R?/r?)}.
Let further o, denote the atomic cocfficient of scattering in the corona,
and I the intensity of photospheric radiation, both for frequency v.
Assuming the continuous emission from the corona to be due to pure
scattering, the emissivity £ must have the form
B(r) = 227,
47
where n is the number of scattering atoms per unit volume. The
density of scattering particles in the corona will consequently fall off
with increasing distance according to the law

__ const.
= Wymti
At sufficient distances from the sun the solid angle W will be given

approximately by = R2/r? and the density will therefore ultimately
fall off proportionately to »—m-D,

99, Theories of the Chromosphere and the Corona

The exponential laws found to hold in the chromosphere might
suggest that it is, for hydrogen, a simple question of hydrostatic

t Etudes sur la distribution de la lumiére dans la couronne solaire, Stockholm, 1919;
Monthly Not. 95 (1935), 436.

3696.15 Mm
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equilibrium with a nearly constant temperature. It is easy to show,
however, that this cannot be correct. For in this case the constant
K used in previous formulae must be given by

RmH g

kT
where g is the acceleration of gravity, 7' the temperature, and mg the
mass of a hydrogen atom. Introducing numerical values

R = 695.108 cm.; g = 27,360 cm. sec.?; T = 5,000° K.,
which should not be far from the truth, we find
K = 4,600,

which is four times too large. If hydrogen were completely ionized,
this figure might be reduced to half this value. But it is doubtful
whether hydrogen is so strongly ionized that the molecular weight
will .be appreciably influenced. An application of the formulae of
dissociative equilibrium indicates that the ionization of hydrogen at
the base of the chromosphere cannot surpass 10 per cent., and is
probably much smaller. At greater heights the ionization will be
larger, but it is of no use following this linc any farther since an
unexplained factor 2 still remains. That hydrostatic conditions
prevail, in the way it is understood ordinarily, is therefore out of
the question.

As a first step towards a dynamic theory of the chromosphere
McCreat advanced the suggestion that the chromosphere is supported
by turbulent motion. It would not be right to criticize this idea from
the point of view of the narrow definition of turbulence in hydro-
dynamics. It was intended more as a first attempt at the introduc-
tion of dynamic concepts in this field, and to point out that the
violent motions observed in the chromosphere, particularly in the
form of prominences, cannot fail to have some connexion with the
support of the chromosphere itself. And it raises the question
whether the hydrogen chromosphere in reality is anything else than
the net result of bubbles and outbursts from the solar surface, which
in solitary instances assume the form of isolated prominences. Takenin
this sense there is good reason for believing that McCrea was right
in his suggestion, although it may be that the use of the term ‘turbu-
lence’ in this connexion should have been avoided.

K =

 Monthly Not. 89 (1929), 483, 718.
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A closer study of the observations reveals, in fact, that the observa-
tions themselves cry out against the application of simple hydro-
static theories to the chromosphere and corona. Thus on all good
photographs of the corona it is evident that it consists of a tangle of
narrow streamers emanating from the solar surface, and stretching
out into space without suffering any marked blurring in details.
The projection of a three-dimensional structure of this kind on a plane
tends greatly to efface the more intricate details. When the details
are nevertheless so striking as is shown on most eclipse photographs,
it seems that the corona is intrinsically more to be likened to a
brush discharge than to a quiet fluid.

It is therefore evident that all matter composing the corona can-
not be in equilibrium, but must be in one-sided motion, there being
an outward current of so great rapidity that matter does not have
the time to perform any appreciable side-motion. The presence of a
magnetic field may also tend to prevent the transverse diffusion of
matter. The fact that the largest cross-motion observed during an
eclipse amounts at most to a few kilometres per second shows that
the streamers may be nearly stationary in space. However, it tells
us but little about the motion along the streamers, which must be
investigated by different means. Mooret has found that the Fraun-
hofer lines in the coronal spectrum indicate an outward motion
of the order 26 km./scc. The great changes in the corona observed
from maximum to minimum solar activity, and the connexion found
to exist between prominences and coronal streamers and arches, show
that fairly rapid changes do take place also in the position of the
coronal streamers.

It seems probable that a clue to the better understanding of the
chromosphere is provided by the fact that it too shows a hairy
structure, like a billowing meadow, thus disclaiming the idea that
it is a kind of atmosphere approximately in hydrostatic equilibrium.
The fibrous structure of the chromosphere may not be so generally
recognized as that of the corona, but the evidence given by the most
experienced eclipse observers seems to be convincing. Chromosphere,
corona, and prominences would in that case form a complex of dyna-
mic phenomena, the theory of which must be based on considerations
of the expansive motion of matter moving away from the sun. This
motion seems even to extend perceptibly into the main atmosphere.

t Pub. Astron. Soc. Pacific, 35 (1923), 335; 45 (1933), 147.
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This is revealed by a progressive red-shift of all solar lines on passing
from the centre to the limb of the sun (limb effect). The theory of
this effect was given by McCrea and Mitra,} but the suggestion that
a radial expansion is the cause of the limb effect is due to St. John.

The necessity of this conclusion is not so generally realized among
astronomers as among the geophysicists working on the problem of
aurorae and magnetic storms. That this is so is natural, since the
geophysicists are directly concerned with the effect of particles
expelled from the sun, while the astronomers deal with phenomena
where the dynamic features are less obvious to the eye. Dynamic
theories of the solar envelope have, therefore, also been first proposed
and discussed by geophysicists. The corpuscular theory of aurora
borealis was first proposed by Birkeland,} and was discussed mathe-
matically in various ways by Stérmer, who also outlined a dynamic
theory of the corona|| based on the assumption that the sun is sur-
rounded by a weak magnetic field, and that electrons, or charged
particles in general, are continuously emitted from the solar surface.

The idea of ‘streams of particles from the sun’ as the direct cause of
aurorae has been discussed by many geophysicists, among whom we
may further mention Vegard and Chapman. An attempt to follow
up the consequences of these views for the structure of the chromo-
sphere and the corona has been made by the author.}t

It would be premature to assert that a definite solution has been
reached. What appears certain is that clouds of particles are emitted
from the sun from time to time, and it cannot fail to be that this
process must have some influence on the structure of the chromo-
sphere, and most likely is responsible for the development of the
corona. That magnetic forces come into play is proved by the form
of the corona, but it would be going too far to assert that this field is
a permanent attribute of the sun in the same way as this is the case
for the terrestrial field. While this latter field has for the most part
its origin in the interior of the earth, it may well be that the magnetic
field in the corona is a sort of skin effect, or is generated in the
corona itself. '

It does not seem easy at the present moment to suggest a simple

1 The Observatory, 57 (1934), 379.

} Cf. The Norwegian Aurora Polaris Expedition, 1902-8, by Kr. Birkeland, Oslo
1908, Chap. 6.

|| Comptes rendus, Feb. 20, March 6, 1911.

1t Pub. Oslo Univ. Obs. (1933), No. 5.
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theory of the chromosphere and the corona which will cover the
different facts in a satisfactory manner, and it is necessary to make
an attempt at an isolation of particular facts which appear to be
amenable to a quantitative treatment. A case of this sort may be
offered by calcium in the chromosphere, which stands out in a
special way among the rest of the chromospheric elements. The
fact that the H and K lines are resonance lines strategically situated
in an intense part of the solar spectrum led Milnef to propose the
view that the Ca II atoms are supported by light pressure. Milne has
worked out this idea at great length for the case of static equilibrium,
and Chandrasekhar] has investigated how such a calcium chromo-
sphere will work out if the intensity is not uniform over the solar
disk, but is mottled in some way, which Chandrasekhar mimicked by
assuming a periodic space-term in the intensity.

That light pressure should play a dominant part in the building-up
of the chromosphere and the corona has been suggested from time
to time; but it does not seem possible to construct a serious quanti-
tative theory on such a basis, because hydrogen, the principal con-
stituent of the chromosphere, has its resonance lines so far into the
ultra-violet that it can only suffer a negligible light pressure in the
solar atmosphere, provided the ultra-violet intensity in the solar
spectrum follows a Planck law corresponding to a temperature of the
order 6,000° K. The major cause of the development of the solar
envelope is thus left unexplained. But although light pressure can
at most give a clue to the understanding of the isolated facts of the
calcium chromosphere in the sun, it may well happen that in early-
type stars it will play a dominant part. And it has been suggested
by Gerasimovic,|| supported by quantitative arguments, that in Be
stars light pressure must be taken into account in the theory of the
extended hydrogen envelope. For planetary nebulae conditions are
still more in favour of producing a strong light pressure on hydrogen,
and may actually be responsible for the outward motion of the
planetaries, which is indicated by the doubling of their emission
lines. This idea has been advanced and advocated by Zanstra.tt It
is therefore worth while to consider the theory of an atmosphere
supported by light pressure.

1 Monthly Not. 84 (1924), 354; 85 (1924), 111; 86 (1925), 8.
1 Ibid. 94 (1933), 14; 94 (1934), 726.

| Ibid. 94 (1934), 737.

1 Ibid. 95 (1934), 84.
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100. A Calcium Chromosphere Supported by Light Pressure

Let F, as usual denote the monochromatic flux of energy in the
atmosphere and «, the absorption coefficient. The force due to light
pressure is then per unit volume

@

f k, F, dv.
0
In Milne’s theory the H and K lines of calcium are considered as a
single line only, and other lines are neglected. It is then a question of
pure scattering of light, and the flux F, is independent of optical
height. The line profile is also simplified into a columnar form, so
that @

J. k,F,dv = Avk, F,,

0
Av being the width of the line.

Let n, and n, denote the number of CaII atoms in unit volume in
the first and second quantum states respectively, p, the energy-
density of radiation in the region of the line, and A,,, By, By, the
Einstein coefficients of the transitions 1 2, which then satisfy the

relations B,/B,y = o, and A, = B,, 8nhd/c?,

where o is the ratio of the weights of the second and first states. We

Q|

f=

further write 1y Bigp, = No(Ay+ By p,)
o,
= v, 2
or n2/n1 l+ﬁp (l 3&)

Since it is a question of pure scattering,
p =S F(2+3n) (123 )

where 7 is the optical depth in the chromosphere, and a bar denotes
multiplication by c?/8mh12.
The momentum of the radiation emitted spontaneously vanishes
in the mean, but the forced transitions contribute an amount
hv hv k
”1E§B12 F,—n, By, ng = 'C‘;Blz F,(ny—mny/o)

to the light pressure.
The force of gravity per unit volume is, on the other hand,
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M(n,+mny)g, where M is the mass of a calcium atom, and the ratio of
light pressure to gravity becomes
_ WF, By n,— nzla
_1”029 711y
Consider next the equation of hydrostatic equilibrium

o k
—a% = —M(n;+n,)9+ c—:F" Bjs(n,—mny/0),

and let us expand the right-hand side for the case when #, is small in
comparison with n,, which is likely to be a tolerable approximation for
the sun and similar stars of medium effective temperature. We then
find ap__ 1— hF, Bm o+1 Ty 2\ 1.

Y Pg 62 M g
where p is the density. Using (123a) and (123 b) we find further, on
neglecting the square and higher powers of p,,

ny_ o, _ 2
= 145, o= (24 37),
and finally

ap wZFE, B F
L g1 — v Pr2fy —¥(2 ) 124
2 — 1B el 2etan) ). a2
On the top of the chromosphere the pressure cannot increase with
height, and can at most vanish; the chromosphere will then hold as
much matter as it possibly can. The condition for the vanishing of
the pressure gradient when = vanishes is the following

[1- (o) }f; e, (125)

which links up the net flux of radiation within the line with the absorp-
tion coefficient and the gravitational acceleration. In order to inte-
grate the equation of hydrostatic equilibrium it is necessary to know
the relation between z and 7. We therefore define an average absorp-
tion coefficient by the relation

hv .B12
=P A
on neglecting 7n,/n, in comparison with unity. This means that
do= — My, (126)

phvBy,



272 THE SOLAR ENVELOPE Chap. XIX, § 100
which, when introduced in (124), gives, on taking (125) into account,

1% _ 3140)F 7 v/,
T 0T

or integrated p = $(14-0)c2F, F, Avr®. (127)
Dividing this expression for the pressure by k7'/M gives us the
density, which introduced into (126) gives the relation between
optical thickness and height. This relation can only be integrated
when the dependence of temperature on height is known. For the
present purpose it is sufficient to consider the case of constant tem-
perature, which at once gives the integrated relation

1 = § (1+0)F, K, hvB,,

2 kT
where z, is a constant of integration. A combination of (127) and
(128) next gives the dependence of pressure on height:
16 mcevAv ( kT )2

P = 3 UF o) \F, Byyletz)]
The constant z, has the significance of a ‘homogeneous height’.
Milne finds for 2, the value 1,800 km. for the solar chromosphere, on
the assumption that z = 0 corresponds to the place where the
specific intensity of the radiation in the combined H and K lines
corresponds to the effective temperature of the sun according to the
laws of thermal radiation.

Milne has refined the theory in various directions by taking
account of the multiplicity of the H and K lines and the presence
of the infra-red triplet 1D — 1P. He has also developed a theory of
the velocity-distribution of the atoms which results from the absorp-
tion and emission processes in the H and K lines. According to his
results the residual intensities in the H and K lines should stand in
the same ratio as the corresponding weights.

We have seen earlier that the intensity-distribution within the
Ca* lines is of the same type as for other lines in the solar spectrum.
From the point of view of Milne’s theory this must be considered a
very remarkable thing, since the genesis of these lines differs radically
from those of other lines. The residual intensity is to a first approxi-
mation given by 2 My

* = B,
and is thus solely determined by the Einstein B-coefficient and

(z+2), (128)

(129)
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gravity. According to calculations of Zwaant it seems that the
relation is not far from being true, although there are divergences
in detail. It would be surprising, however, if these quantities could
be adjusted in such a manner that the residual intensities of these
lines should not differ essentially from those of other lines. This
point may probably be cleared up without shifting the ground too
much. For instance, we have assumed the calcium chromosphere to
consist of CaII atoms only. This cannot well correspond to facts, and
the atomic mass M is therefore an average value depending upon the
degree of ionization and the electronic mass. It may therefore be
possible to interpret relation (129) by saying that the ratio B,,/M
will adjust itself to correspond to the residual intensity which is
normal for average absorption lines.

There is next the question of the stability of the chromosphere to
be considered. The above calculations are based on a quite special
state, in which the density-distribution is intimately dependent on
the radiative flux. In fact, if the flux suddenly should fall essentially
below the value demanded by (129), the chromosphere would
suddenly contract and would merge with the ordinary reversing
layer. Even when admitting the formal possibility of a state in
which the equilibrium is maintained by radiation pressure, legi-
timate doubts may be entertained about its possible realization in
nature.

These objections may be met, partially at least, by a considera-
tion of the excitation processes which take place in the chromo-
sphere. When supernumerary atoms in the chromosphere fall down
towards the photosphere they will acquire a higher temperature, and
hence become more transparent to the radiation in the region of the
H and K lines, so that more radiation will be poured into the chromo-
sphere at the base, and the upper part will experience a stronger
light pressure. If the optical thickness of the layer is too small, the
opposite process will take place, so that the limiting case considered
may be a natural state of equilibrium. The ionization processes work
in the same direction as the excitation processes.

The density found by Milne at the base of the chromosphere
(108 Ca* ions per cm.?) is so low that there must be present a much
greater density of free electrons in order to prevent calcium from
suffering a strong second-stage ionization. It wassuggested by McCrea}

1 Dissertation, Utrecht, 1929. t Monthly Not. 89 (1928), 483.
3595.15 Nn
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that these electrons were obtained by ionization of hydrogen, which
is present in much greater quantities than calcium.

An alternate form of Milne’s theory has been studied by J. Woltjer,
Jr.,T who assumed the calcium chromosphere to have a slow outward
drift, light pressure being assumed to be stronger than gravitation.
That a certain fraction of the Ca+ atoms are likely to suffer large
outward accelerations was early realized by Milne.} If an atom,
for example, acquires an outward velocity so large that it absorbs
outside the absorption line proper, it will become exposed to the full
photospheric radiation. According to Milne’s calculations the limit-
ing velocity which an atom may acquire in this way is of the order
of 1,600 km. sec.”!

Milne’s theory of light pressure has been further developed by
Chandrasekhar,|| who considered the case when the photospheric
flux varies periodically along the solar surface, and who also took
account of the darkening towards the limb. In this way it was
possible in a rough way to obtain some indication of the influence of a
non-uniformly illuminated photosphere on a chromosphere supported
by light pressure. As was to be expected, the result seems to be that
a stable chromosphere is still a possibility, while at the same time the
departures from a steady state encountered in the theory provide a
formal possibility of bringing such sporadic phenomena as the genera-
tion of prominences within the realm of the theory.

101. A Chromosphere supported by the Emission of Cor-

puscular Rays

As emphasized before, it is difficult to believe that the solar chromo-
sphere, apart from calcium, is supported directly by light pressure.
Indirectly it may play some part, however, by producing swift
particles, which in their outward course collide with gases not affected
by light pressure. In this way the momentum imparted by light
pressure may be transferred to atoms which are insensitive to light
pressure themselves. If the light pressure on some selected gas is
sufficiently strong, and the density in the envelope not too small,
light pressure on calcium, for example, might entail a considerable
distension also of inert gases like hydrogen. This is already sufficient
reason for an investigation of the dragging effect of swift particles

 Bull. Astron. Inst. Netherlands, 167, 180, 182, 213, and 262. Also Nature, 129
(1932), 580.
t Monthly Not. 86 (1926), 459. | Tbid. 94 (1933), 14; 94 (1934), 726.
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emitted from the photosphere of a star exerted on inert gases in the
atmosphere.

However, it is surely premature as yet to assert that we know
enough about the stars to assert that light pressure is the only agency
which can lead to the expulsion of particles. I think it is fair to say
that the evidence of solar observations, taken as a whole, is against
this idea, and to such a degree that it fully justifies an attempt at the
development of a non-committal formal analysis of the solar pheno-
mena from a wider point of view. For this reason we shall also con-
sider briefly the main points of a theory in which an envelope is
kept distended by the emission of corpuscular rays, which was first
developed by the author.t The conditions in the envelope will turn
out rather differently according as the emitted corpuscles are sup-
posed to be electrically neutral or charged. If the escaping corpuscles
are electrically neutral, conditions are simple enough, since the effect
for strictly stationary conditions, spherical symmetry, etec., will
mainly have the character of a diminution in gravity. It is there-
fore evidently possible to represent any envelope in this way.

Conditions are more involved when the escaping particles are
negatively charged, and this case we shall treat at greater length.
For this purpose we select as a typical model of such an envelope
one consisting of two elements 4 and B say, of different atomic
weight, say m and M, A being singly ionized throughout, while
B is electrically neutral.

We denote the number of atoms 4 and B per unit volume by =,
and nj; respectively, and the corresponding number of free electrons
by n,. We consider throughout a stationary state of the envelope in
which neutral atoms and free electrons remain in hydrostatic equili-
brium, while the positive atoms perform a diffusive outward motion,
so as to compensate the steady loss of negative particles expelled by
non-thermal agencies. We might, of course, also have been con-
sidering the opposite case when the non-thermally expelled particles
were positive. This would lead to an entirely different theory, in
which ionized elements experienced no lifting force.

The number of positive particles generated (and expelled) in conse-
quence of the loss of negative electricity may be written in the form

div(n, V) = ¢ (130)

1 Publ. Oslo Univ. Obs. 5 (1933). Cf. also J. Woltjer, Jr., Nature, 129 (1932), 580.
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per unit volume, where ¢ is a positive quantity, which we need not
specify any further for the moment, while V is the velocity of the
positive ions.

Denoting the electric potential by ¢, the Poisson equation for this
potential assumes the form

Vi = —dme(n—n,).

The outward drift of the ions will be resisted by collisions with
free electrons and neutral matter. We represent this resistance by
# foroe — (1 @+, V
per unit volume, @ and ¢ being coefficients proportional to the cross-
section for collision of the neutral atoms and free electrons respec-
tively, which may be derived by gas kinetic considerations.f In
general ¢ will be very small in comparison with @.

The resistance experienced by the positive particles must result
in an equally large lifting force on electrons and neutral atoms of

magnitudes gn,n,V and Qngn,V

respectively. The lifting force of the primary electrons has been
neglected, because very fast electrons are known to lose less energy
per unit length of path than slow ones, about in the ratio of the in-
verse first power of the velocity.

We may now write down the hydrodynamic equations of the pro-
blem. The equation of motion of the positive particles will be

1, V(ImV?)+-Vp—n (mg—eVi)—(@ny+gn)n V = 0;
for the neutral particles:
Vpy—ng Mg—ngQn,V = 0; (131)
and for the electrons:
Vp,—n,eVp—n,qn,V = 0.
Here p, py, and p, denote the partial pressures of ions, neutral atoms,
and free electrons respectively:

2 _Po_Pe_pr,
"y np e

Differentiation with respect to the radius vector r is denoted by V.

The mass concentrated in the envelope will be so small that the diver-

gence of the acceleration of gravity may be neglected. Multiplying
t Cf. R. L. Rosenberg, Zeits. f. Astrophys. 8 (1934), 147.
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equation (131) by kT'[p, and taking the divergence, we then find, on
using (130), the following equation for the determination of p,:

div(k_q.' Vpo) = Q. (132)
Do

This equation brings out the lifting effect on the neutral particles
in an interesting way. The right-hand term Qe figures in this equation
as the divergence of a repulsive field of force, acting on electrically
neutral atoms, and which thus partly neutralizes gravity. Putting
@ = 0 the equation reduces to the ordinary equation of hydrostatic
equilibrium.

The above equation has a simple solution when the state is iso-
thermal and Qe is proportional to p,, say

Qe _ kT
Po 2
where w is a new constant. The solution is then
_ avoer
0= (C2eM—w)?’
the layers being assumed to be plane parallel, z denoting the height,
while A and C are integration constants.

At the base of the envelope (z = 0) the pressure gradient must
conform to the ordinary equation of hydrostatic equilibrium. This
condition gives the equation
My 202
=9 _a1—-2 ),
kT '\( 0’2—w)
which gives one relation between the integration constants. As a
second relation we may use a definite value of the pressure at the
base, say F,, which then gives

Fy

b

= 40N
()
Solving for C and A we now find

C = aty(e—w) (oc — Mg 0),

ETWP,
_ Mg [[,_wBiTt
and A= BT (1 —Elzgz )

These expressions show how the vertical structure of the atmosphere
changes with increasing electrification. For w = 0 the atmosphere
exhibits the usual exponential decrease of pressure. When w increases,
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the pressure gradient decreases, and when w has reached the limiting
value M??/P, k*T?, the exponent vanishes, and the pressure becomes
distributed according to a simple power law. Performing the passage
to the limit in the expression of p, one finds
4
Do = ;v(z‘{'zo)"z (20 = 2kT[Myg).

The constantz, gives the homogeneous height of the envelope.

Calculating this height when A differs from zero we find

. __l_f’ G 2 T 1
"TR)PETORT My 1+ —wiedy

This equation shows how the homogeneous height increases from
kT[Mg in case of no electrification (w = 0) to twice this value when
w=oao .

From the above solution it is possible to build up a composite
solution corresponding to a discrete set of values of w. Thus when the
generation of positive ions is concentrated in a thin layer at the base
of the atmosphere, the pressure p, is easily found to be given by

_M$+QKajr
P = 4de kT (4 = const.).
Here M4 is the gravitational potential energy of an atom, r is the
distance to the centre, and K a constant in the equation of continuity
of positive ions rn,V =K.

For sufficiently small values of QK this gives an ordinary ex-
ponential decrease of pressure with height, in the limit when QK/r?
is equal to the gravitational acceleration the pressure is uniform,
and for still greater values of the constant the pressure will increase
with height. This only means that for larger values of the constant
the gas will no longer remain in hydrostatic equilibrium, but will
acquire an outward velocity and become expelled from the star.

102, Influence of Magnetic Fields

The study of the corona during the last century has revealed that
at times of minimum solar activity its long streamers show a remark-
able flattening towards the solar equator. This feature can scarcely
be interpreted otherwise than as a direct effect of magnetic fields.

From the work of Hale mentioned earlier (§ 75) it is known that
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the sun is surrounded by a general magnetic field of axial symmetry,
the axis being nearly parallel to the axis of rotation. Observations
indicated, however, that the intensity of this field decreased rapidly
outwards in the solar atmosphere, and it may be premature to assert
that it is this field which extends into the outer corona, and influences
the direction of the coronal streamers.

For magnetism to play any part in the motion of a gas it is first of
all necessary that the gas is ionized and already in motion. The
presence of a magnetic field may then alter the distribution of density
considerably, as was pointed out by Cowling,t in connexion with
solar theories. The case considered by Cowling was preferably that
of a rotating star, but similar effects are also met with in the case
of radial expansions.

Consider the simple cxample of a star with an axially symmetrical
magnetic field, charged up to a certain electrical potential, and sur-
rounded by an envelope of slowly varying density. Consider the motion
of an electric particle in these crossed electric and magnetic fields,
account being taken of the deceleration by the gases in the envelope.

Let —«V be the resistance due to collisions of the particle, and
assume the motion to be so nearly uniform that the acceleration term
plays no part beside the forces. Let E and H denote the electric
and magnetic field intensities, and e the charge of the particle. The
equation of motion is then

KV = eE+§V><H. (133)

The solution of this equation has the form
V = AE4+uE xH+vH,

where A, p, and v are constants, which may be determined by intro-
ducing this expression into the equation of motion. We then find first

e e e
=-_E4XZ — .
Vv - +AK6E><H+p,Kc(E><H)><H

But by ordinary vector theory
(ExH)xH = (E.HH—-H2E,
in consequence of which the above expression of V becomes

— (1—,1g2\8 £ e
V= (1 poH )KE+AK6E><H+,LKG(E.H)H.

t Monthly Not. 90 (1929), 140.
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Comparing this expression of V with the one first given (133), we
find at once
= - B s
e e/ EH  1+4¢2H?/x3c?

This solution shows how the velocity of the electron is composed
of three components, which we have denoted by AE, vH, and yE x H
respectively. The first component represents a radial motion, which
we assume to be directed outwards. The second component, vH,
represents a tendency of the particle to move along the magnetic
lines of force. Assuming E to be directed radially, and H to corre-
spond to the field of an elementary magnet, the coefficient v of this
component will be positive in one hemisphere and negative in the
other, and thus represents in both cases a tendency of the path to
bend towards the magnetic equator. That the tendency is towards
the equator and not away from it is ensured by the fact that (EH) is
positive in the hemisphere where the magnetic field intensity is
directed towards the cquator. If eE were directed inwards, the paths
would concentrate near the poles. This would correspond to an influx
of particles from without.

The stream lines of these two components thus show the same
general features as the long coronal streamers during sun-spot
minimum.

The third component pE X H is directed perpendicularly to the
meridian planes. As it preserves the same sign throughout it repre-
sents a tendency for the stream lines to spiral round the sun. Whether
a tendency of this kind is present or not in the coronal streamers is
not easy to say, because of the difficulties introduced by the projec-
tion of the three-dimensional curve system into a plane.

Consider next how the magnetic force may influence the quasi-
static state of a chromosphere consisting of an ionized gas. The
neutral component may be neglected in this connexion. We allow
for a slight difference in velocity of rotation of ions and elec-
trons, and write the equations of motion of ions and electrons
separately, as

1 Vp—{mg—ev¢+fv><H}+neq<V—va —o0,
ny c

V|~ Tt SV X H)n gV, ~V) = 0.
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Adding these equations we find

1 1

— Vp+—Vp,+ 'e'(ve—'v) xH+ (nA_ Jq(V,—V)—mg = 0. (134)

n, n, c
Since the gas must be electrically neutral, practically, we may write

1 1 2
~ —_— — ~ =V
ny~mn, and s Vp-}—ne Vp, s D,
and equation (134) becomes
1 m e
h—‘;V_p = ‘Eg_%(ve—v) xH.

In the equatorial regions, where H is sensibly perpendicular to V, it
is thus possible by a suitable choice of relative velocity V,—V to
make the pressure gradient vanish, or even reverse its sign. This
means that the magnetic force may support an extensive equatorial
ring of matter by postulating a suitable relative velocity of positive
and negative particles. But this is only strictly true when the relative
motion reduces to a simple rotation.

In the discussion of solar magnetic fields (§ 75) it was shown that
the observations demand such a current system to be present in the
lower atmospheric strata, and it is of interest to ask what mechanical
effects this current may have.

We write then for the current density
¢ oH'
J = nAe(V"'Vc) - —‘1—7-1‘67' )
to a sufficient approximation (cf. § 75), H' denoting the horizontal
component of H, which is supposed situated in the meridian plane.
Introducing this value of J in the equation of hydrostatic cquilibrium
it assumes the form, p denoting now the total pressure,
op 1 0 H™.

o e

Integrating from a lower level 1 to a higher level 2 we find
1 ’ ’
P1y—py = My9— 'S;{HIZ—sz}’

an equation first given by Ferraro.f Here M, is the mass per cm.2in
a vertical column extending from level 1 to level 2.
As was noted by Ferraro, these equations can be used to draw

1 Monthly Not. 95 (1935), 280.
3595.15 oo
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interesting conclusions with regard to the minimum density and
minimum mass per cm.2 above the photosphere. The minimum
density consistent with a decrease of pressure with height is evidently

.1 a7
~ 8mg or’
and the minimum mass per cm.2 of the photosphere is
—_ 1 2
M= »S-"gH,, ,

H,, being the value of H’ in the photosphere. In the equatorial region
H;, must be of the order 150 gauss (§ 75). Using this value and assum-
ing an average molecular weight of 1:5 we find the total number of
atoms above the photosphere to be
N > 14.10%,

The minimum density in the reversing layer is more difficult to
evaluate. But assuming an exponential drop of H’ it appears that the
minimum density at the bottom of the reversing layer is of the order
10-8 gm./cm.? Ferraro obtained a value 9 times smaller, owing to his
using a value Hj, = 50 gauss. It appears, therefore, that magnetic
fields should probably be taken into account also when considering
the vertical distribution of matter in the solar atmosphere.

103. Kiepenheuer’s Theory of the Corona

Quite recently Kiepenheuert has suggested a new theory of the
corona, which is intrinsically different from all those mentioned
previously, although it bears resemblance to some of them. Although
it appears a little premature as yet to take a definite stand as regards
its intrinsic value, it contains so many interesting possibilities that
it should be mentioned here.

Kiepenheuer does not postulate a pecrmanent magnetic field in the
corona, in which the electrical particles emitted from the sun are
moving. On the contrary, he assumes the permanent solar magnetic
field to be very nearly perfectly screened off quite close to the solar
surface. However, when an ionized cloud of gas passes rapidly through
such a strongly inhomogeneous field, the cloud must become electric-
ally polarized. But outside the solar atmosphere there is no longer
any agency tending to maintain this polarization against the mutual
electric attraction of the free particles. The return of the cloud to

1 Zeits. f. Astrophys. 10 (1935), 260.
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an electrically neutral state is, however, necessarily accompanied by
the generation of a magnetic field, and this field will last as long as
there exists a residual polarization of the cloud.

The point made by Kiepenheuer is that if the dimensions of the
cloud are sufficiently large, and of the order to be postulated for
solar clouds, several hours will be required for a cloud, once polarized,
to return to its electrically normal state. This means that it will be
magnetic during the whole time of its transit through the corona.
Since all clouds must be polarized in the same sense, they will exert
a magnetic attractive force on one another, and it is to this magnetic
interaction Kiepenhecuer appeals in order to explain the equatorial
preference of the long streamers during minimum solar activity.

It is a strong point of this theory that it gives a natural explana-
tion of the difference in form between the maximum and minimum
types of the corona. It is, namely, natural to suppose that the velocity
of expulsion of the clouds during the time of low activity will be
smaller than in times of maximum activity. The magnetic forces
might therefore have more chance to act on the cloud in the former
than in the latter case. The trajectories calculated by Kicpenheuer
from his theory for different values of the velocity of expulsion
reproduce very suggestively the characteristic maximum and mini-
mum forms of the corona.



XX
STARS WITH EXTENSIVE ENVELOPES

104. Envelopes of Giant Stars

THERE is reason to believe that the development of envelopes
analogous to the solar chromosphere and corona is more pronounced
in giant stars than in dwarfs. This is revealed in various ways.
Since calcium has been recognized as a typically chromospheric
element, it is suggestive to find that the calcium lines show a charac-
teristic strengthening with increasing luminosity. This increased
absorption is to be expected on any chromospheric theory, and is,
in particular, accounted for by assuming the calcium chromosphere
to be supported by light pressure. This follows from the relation
found for the average flux of radiation in the lines, which was found
to be proportional to the acceleration of gravity.

There are also other elements whose absorption lines behave in
such a way as to suggest that the absorption takes place in a tenuous
envelope rather than in the atmosphere proper, where the majority
of the lines originate. In some stars it is found that although the
majority of the lines are widened in such a way as to suggest a rapid
rotation of the star, other lines are quite narrow. These latter may
then originate at high levels in a quiescent and tenuous envelope.
Stars like o Aqr, € Cap, and ¢ Per are of this type. It is also fair to
mention 17 Leporis in this connexion. The spectrum of this star has
been interpreted by Struvef by assuming the star to be surrounded
by an expanding shell of gas, which is responsible for narrow absorp-
tion lines of FeII, Till, FeI, ScII, etc., in the spectrum.

An obvious way of testing out this hypothesis would be to study
the spectrum of eclipsing binaries carefully during the beginning or
the ending of the eclipse. If the eclipsed star is of early type, and the
eclipsing star a diffuse giant of later type, the chromosphere of the
latter might produce narrow absorption lines in the spectrum of
the former.

A spectacular instance of this sort was shown by the eclipse of
{ Aur in the fall of 1934. In this case the primary component is a
K 5 supergiant and the secondary a B2 star. The elements of the

1 Astrophys. J.77 (1932), 86.
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system are, according to Hopmann,

By = 240; ag="7.10km.; M, =12 O; dp = 0-9 gm./cm."3;
Re=3550; ax=3.10km.; Mz =280; dg=0-8.10-%gm./cm.-3,
The period is 9739. The B2 star went into eclipse on August 24, and

came out again about October 2. While the time from outer to inner
contact of the stars is only about 0-864, it was found on spectrograms
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F1a. 31. The intensity of the Cat K line as a function of phase aftor emergence from
total eclipse in { Aur (Boor, Monthly Not. 95). Abscissa is the time after ending of
the eclipse in days. Ordinates give the intensity in arbitrary units.

obtained at the Cambridge Solar Physics Observatory that sharp
H and K lines persisted in the spectrum of the B star about a whole
week after the end of the main eclipse. These lines are obviously due
to absorption in a very extended calcium envelope surrounding the
supergiant K 5 star.t

The behaviour of the hydrogen lines in stellar spectra suggests
similar conclusions. In fact, the hydrogen lines are also strengthened
in absorption with increasing luminosity in late-type stars. It is, on

t Cf. A. Beer, Monthly Not. 95 (1934), 24, and also William H. Christie and O. C.
Wilson, Astrophys. J. 81 (1935), 213.



286 STARS WITH EXTENSIVE ENVELOPES Chap.XX,§104
the whole, very remarkable that these lines show up at all in stars
of so low effective temperature as, say, Betelgeuse or Antares; but
there is scarcely a single late-type giant known which does not
betray the presence of hydrogen lines. In late-type dwarfs the lines
are either very weak or wholly absent.

It would probably be too much to say that hydrogen is a chromo-
spheric element in the sun as far as the absorption lines are con-
cerned. When we nevertheless feel inclined to attribute the strength-
ening of the lines with increasing luminosity to the development of
an envelope, it is because it is not possible to explain the great
strength of these lines in late-type spectra on the basis of the
thermodynamic theory of the atmospheres, which ordinarily works
well for most elements, as was shown earlier in this book.

105. Bright-line Stars

This impression is further strengthened when passing on to the
behaviour of the hydrogen lines in early-type stars. In many cases
the hydrogen lines are here found to be reversed into emission lines.
This is an indication that the envelope has outgrown the star to such
an extent that the selective emission from the envelope has become
comparable in strength with the emission from the photosphere of the
star in the corresponding spectral regions.

The following table, given by R. H. Curtiss,T shows the frequency
of bright-line stars among early types. The bright lines belong for

TasBLE 9
No.of H.D.
Catalogue Emission-

Class stars line stars Ratio
0509 15153 7 1:8
BO0-B 5 1,996 136 1:16
B8 1,604 13 1:123
B9 2,762 3 1:917
A0 6,320 1 1:6,320

the most part to hydrogen. But other elements also occasionally
appear in emission. This is the case of HeI and HeII,FeI and Fell,
and some other metals. The bright hydrogen lines in B spectra are
usually superposed on wide and shallow absorption lines, indicating
a rapid rotation of the stars. They are of three types. Either the

t J. Roy. Astron. Soc. Canada, 20 (1926), 23.
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emission is in a single, fairly narrow line at the centre of the under-
lying absorption line. Or the emission line is double, symmetrically
centred with respect to the underlying absorption. These are the
typical forms of hydrogen lines in B spectra. The third type is
exemplified by the star P Cyg, where the absorption is found on the
violet side of the emission lines, indicating a relation to novae.

~ M

P CYGNI TYPUS

F1a. 32. Typical profiles of bright lines in B spoctra (Merrill, Humason, and
Burwell, Astrophys. J. 61). Types A and B are typical for bright-line B stars, the
bright line being superposed on a very broad and shallow absorption lino. Type C, on
the other hand, is typical for stars of the P Cyg type, which are closely related to
novae.

The widths of the emission lines increase with increasing wave-

length. R. H. Curtisst gave the following formula for this relation:
AX = 0-000628(A—3,270)(Hp—2-61)-+261.

Units are angstroms, and Hy stands for the width of Hp, defined as

the distance between the steepest outer gradients.

The intensity of the central emission lines decreases rapidly with
increasing order of the line. It is by far the strongest for H,. The
higher members of the Balmer series appear usually like normal
absorption lines, occasionally with bright borders.

t Pub. Univ. Obs. Michigan, 3 (1923), 1.
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There is a general tendency for the lines to be variable in some way
or other. In binaries like 8 Lyr or o Per the variations of the bright
lines have the same period as the revolution of the stars. An interest-
ing case of periodicity was discovered by Merrill,} where the violet
component of the Hp emission varied periodically, while the red com-
ponent remained unaltered. (Other lines were not investigated.)

The variations are mostly aperiodic in character. The bright lines
in Pleione disappeared some years ago, and similarly in u Cen and
f* Cyg. In the latter star the bright lines were present in 1895, they
were definitely absent in 1912 and 1918, just barely visible in 1920,
and definitely present in 1927.}

In some stars the emission lines exhibit a very complicated fine
structure. In the stars y Cas, B Lyr, and v Sgr the wings of the broad
absorption lines are split up into components, symmetrically spaced
about a central frequency. The scale of the pattern is the same
for all hydrogen lines when measured in terms of a hypothetical
Doppler velocity.||

Passing on to stars of earlier classes, the emission lines change
considerably in character. The duplicity, so characteristic of the
lines in B spectra, disappears. In O stars the lines are without
particular peculiarities. Besides hydrogen here also HeI and HeIl
lines appear in emission. In fact the lines of ionized helium were
found for the first time in the O star { Puppis by E. Pickering (1896).

In WR stars (Wolf-Rayet stars) the emission lines widen out into
broad bands, many angstroms in width, which only recently were
recognized as being due to true atomic lines. Besides hydrogen a
number of other elements are represented, 1 first of all He, C, N, O,
Al Si, S, and SiIII, all in high stages of excitation. The lines show
a peculiar structure. Some of them show flat tops with steep slopes,
but profiles of that form are not the rule. Usually the profiles are
rounded, unsymmetrical, and occasionally with a central reversal.

The next link in the chain is provided by the novae, where the lines
of hydrogen and also other elements are broadened to widths which
measured in Doppler velocity may amount to more than three
thousand kilometres per second.

t Phys. Rev. 25 (1925), 717.

1 R. H. Curtiss, Monthly Not. 88 (1928), 205.

|| Cf. J. S. Plaskett, ibid. 87 (1926), 31; Pub. Dom. Astrophys. Obs. Victoria, 4

(1927), No. 4; and also R. H. Curtiss, Monthly Not. 88 (1928), 203.
1t Cf. C. H. Payne, Zeits. f. Astrophys. 7 (1933), 1.
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That in all these cases it is a question of different stages in the
formation of tenuous envelopes round the stars is clearly shown by
the association of B, O, and WR stars with planetary and diffuse
nebulae, and also the fact that novae in the latest stages are sur-
rounded by diffuse nebulosities.

106. Rotation Hypothesis for Be Stars

It was first pointed out by O. Struvet that the absorption lines in
Be stars are of the type which indicates rapid rotation of the star.
When the emission lines are double and the components widely
spaced, the absorption lines are especially broad and shallow. When
the emission is in a single line, the absorption is more of the usual
type. Struve suggested therefore that the formation of the envelope
round the Be stars, in which the bright lines originate, is brought
about or very much facilitated, by a rapid rotation of the star.

The duplicity of the bright emission components suggests that the
lines originate in a rotating gaseous shell or ring. The violet com-
ponent is then supposed to be produced in the part of the shell
advancing towards the earth, while the red component originates
in the receding part of the shell. This idea of a rotating gaseous
ring is not per se so improbable as it may look at first sight. We
have seen in a preceding section (§ 101) that magnetic forces may
have a strong tendency to support ionized gases in the magnetic
equatorial plane, but much less in the vicinity of the poles. And
Jeans] has shown that rotating rings of gas under the influence of
light pressure and centrifugal force are in a certain sense possible
configurations. This side of the question may therefore be left aside
provisionally, and the observations analysed in a formal way, in
order to see if a rotating ring or shell may be made to fit the facts.

In the section on rotating stars it was shown that a closed shell of
uniform emissivity will give flat, dish-shaped emission lines without
central depressions. However, a detached shell would rather appear
brightened towards the limb. An illustration of such an intensity
distribution is obtained by using the ordinary formulae for the
intensity distribution over a stellar disk, but with a negative co-
efficient of darkening towards the limb, —wv say. The simplified
solution for rotationally broadened profiles given on p. 205 then

t Astrophys. J.73 (1931), 94. Cf. also Swings and Struve, ibid. 75 (1932), 161.
1 Monthly Not. 83 (1923), 481.
3595.16 PP
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assumes the following form

o) = const.(l—[—v—-;';—n)n [’7 = aA/{l—wf——;V—z(v—E’-‘!)a’],

where a is now the radius of the envelope and W its angular velocity.
For » > 2/(m—2) this profile will show two maxima near n = 2a/n.
The solution for a narrow equatorial ring, on the other hand, will
be nearly linear in 7, and will therefore have the intensity maxima
at the edges of the profile (n = 0),

A central depression of the profile will also arise from the fact
that the star screens off some light from the back side of the
luminous shell or ring. This effect will obviously be most important
for ring-formed envelopes.

For the ‘occultation effect’ to be fully developed the inclination of
the plane of the ring to the tangent plane of the sky must be near
to 90°. For decreasing inclinations, the star will eclipse less and less
of the ring, which means that the central depression must tend to
fill out. This is fairly well in accordance with observation, and
indicates that this effect may be of importance.

But there are other points where the simple rotation hypothesis
seems to fail. Thus Gerasimovict has pointed out that the observed
increase in the intensity on passing from narrow to broad emission
lines} goes against the idea of a rotating ring. In fact the width of
the line should be a simple function of the inclination of the ring,
and there is no loop-hole for a systematic dependence of intensity
on inclination, apart from what is due to the screening of the star.

The perfect symmetry of the emission profile demanded by the
rotation hypothesis is another weak point, which at once leaves the
P Cygni stars out of the problem.

The rotation hypothesis in the rather restricted form formulated by
Struve may perhaps need reconsideration also in other respects, as
he considered the rotating ring to be the product of a rotational
breaking up of the star in the sense of Jeans’s theory. But even if
the special model of a rotating ring should have to be dropped, the
idea may still prove correct that the formation of bright lines in
B stars is influenced, and facilitated, by a rapid rotation of the
stars.

As an alternative Gerasimovic suggested that Struve’s rotation

1 Monthly Not. 94 (1934), 737.
1 Merrill, Pub. Astron. Soc. Pacific, 45 (1933), 49.
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hypothesis should be restricted to Be stars with nebulous lines, and
he suggested that in Be stars with sharp emission lines the most
important feature is an expansion of the envelope, the gases being
repelled from the star by radiation pressure. Gerasimovic could show,
by a revision of earlier calculations by Johnson,} that in the tempera-
ture range of the Be stars radiation pressure on hydrogen might well
counterbalance gravity.

Although the calculations of Gerasimovic on the expansion of a
Be envelope as a consequence of light pressure did not lead to results
which could be immediately interpreted in terms of observations, it
seems to the present author that this mode of approach is likely to
become more fruitful in the future. The further step of considering
the Be emission as a magnified form of the emission from the solar
chromosphere and the corona seems natural. In both cases there
is ground for believing that rotation (through the generation of a
magnetic field), radiation pressure, and other repulsive forces may
come into play, and an attack on the problem from the point of view
of the identity in nature of the two phenomena would seem to be a
fruitful field of work.

107. Expanding Envelopes. WR Stars and Novae

Passing on to W R stars and novac conditions become clearer, as
there is scarccly any doubt that the profiles of the emission lines in
this case must be interpreted in terms of a preponderant outward
motion of an extensive gaseous cloud enveloping the star. It may
still be true that a rotation of the star plays a part in bringing about
and maintaining the outflow. But there is little chance of proving
such a proposition from the spectrum, where the widths of the
emission lines correspond to Doppler velocities from 500 km./sec.
for WR stars and up to 3,000 km./sec. for novae. That rotational
velocities of this order should be found in stars is wellnigh
impossible.

The first author who seriously suggested that the width of emission
lines in the spectra of W R stars and novae reveals the existence of
envelopes expanding with a prodigious velocity was Beals,} who
thought that the envelope was expanding under the influence of
radiation pressure. However, a simple uniform expansion cannot

t Monthly Not. 85 (1925), 813, and 86 (1926), 300.
t Pop. Astron. 37 (1929), 577; Monthly Not. 90 (1930), 202.
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explain the many irregular profiles observed in bands of novae, and
Genardt suggested that the observations rather indicate a series of
violent eruptions from the surface. These two points of view are not
mutually exclusive, the latter appearing as a kind of refined edition
of the former, as far as kinematics is concerned.

In developing a formal theory of expanding envelopes it is natural
to begin with the point of view of Beals, and consider a spherically
symmetrical envelope, in which the velocity is directed radially and
is a function of the radius vector r to the centre only. Preliminary
work in this ficld has been done by Gerasimovic} and Chandra-
sekhar.| The first attempt at such a theory was, however, given
much earlier by Carroll.}t

Consider then a star surrounded by a spherically symmetrical
expanding envelope. The state is taken to be stationary, which
answers well to conditions in W R stars, but is a poorer approximation
in the case of novae.

Consider a volume element dv in the form of a ring round the line
joining the observer and the centre of the star, the direction to the
centre forming an angle § with the line of sight. This volume element

is then dv = 2mr2drsin 6d6.

The radiation of rest-frequency v, emitted from this element in the
direction of the observer will have the apparent frequency
v = vo(1+ujc),
where u is the radial velocity in the line of sight, positive in the
dircction towards the observer, so that
u = V cosé.
Let us, in the expression of the volume elcment, perform a trans-

formation of coordinates from 7,0 to r,v. The Jacobian of this
transformation is 20

c
& v Vsinb’
and the expression of the volume element becomes
2
dy = %IT_C ﬂd
vo V

Let p’ denote the emissivity of matter for radiation of natural
frequency v,. The emission from the given volume element is then

t Monthly Not. 92 (1932), 396. 1 Ibid. 94 (1934), 737.
| Ibid. 94 (1934), 522. 1 Ibid. 88 (1928), 548.
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»’dv and the total emission in the frequency interval dv is obtained by
ntegrating this expression over those parts of the envelope which
contribute to this emission in the direction of the observer. The
juestion of the limits of integration requires some care. We therefore
eave these limits arbitrary for the moment. Neglecting reabsorption
we may then write for the observed intensity per unit frequency
"ange: I — 2mc ,r2dr
=S
The problem in hand is thus reduced to the evaluation of this
integral for different assumptions with regard to V and p'.
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F1c. 33. Typical flat-topped profiles of emission lines in WR stars
(Beals, Monthly Not. 91).

108. Envelope expanding with Constant V.

In so far as the dimensions of the star are negligible in comparison
with the dimensions of the luminous envelope, the integral is just a
constant, and the intensity per unit frequency range is also a constant
within the limits v = u(1L Vo).

This holds independently of the functional form of p’. The emission
line is then drawn out into a band of width Av = 2y, V/c, and with
uniform intensity inside these limits. The profile is of the so-called
flat-topped form. A few pure cases of this sort are known, but flat-
topped profiles are exceptions and not the rule.

When the star is not negligible in dimensions compared with the
envelope, the red wing of the line is rounded off by the so-called
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‘occultation effect’, which simply means that the star screens off the
light emitted by the part of the envelope which is hidden behind
the star. Since this part of the envelope is moving away from the
observer, the occultation effect will only affect the red wing of the
line. Instead of the stellar radius a, the lower limit of integration for
a direction 0 is a/sinf. Let R denote the outer radius of the shell,
and assume the emissivity to be a constant. Then
I, = const.(R*—a3[sin3f),

sin 0 being a function of v by Doppler’s principle.

A better approximation may be had by assuming the emissivity
proportional to mass density, instead of assuming it constant.
Denote mass density by p as usual. The equation of continuity for

radial motion is o 12
%P = % (r2V) =0
a e =0

which for a stationary state may be written
pr?V = K = const.
Taking p’ = p leads to the intensity formula for the red wing
I, = const.(R—a/sin @),

corresponding to a much more gradual rise in intensity than in the
former case. This is easily understood, since the emission is now
more concentrated towards the surface of the star. There is also a
displacement of the centre of gravity of the line towards the violet,
since the intensity drops to zero at an angle 6, given by sin, = a/R.

If the luminous part of the envelope forms a detached shell of inner
radius R,, the intensity remains constant also in the red wing of the
line until an angle 6, is reached, for which

sinf, = a/R,.

From then on the intensity drops off as before. If the shell is
sufficiently thick optically, there may occur reabsorption effects.
As will be shown later (§ 123), these must preferentially be sought
near the centre of the line, where the line of sight passes the luminous
shells tangentially, and the optical paths in the shell are a maximum.
If the Be envelopes are also assumed to belong to the expanding
type, the central depression between the two emission components
of double emission lines in Be spectra must also be interpreted as a
reabsorption effect.

It is also worth noticing that the shell itself will produce absorption
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lines in the stellar spectrum. The sharp absorption lines on the violet
edges of emission bands in novae and P Cygni stars are typical
instances. More doubtful, but still suggestive in this connexion, is
the occurrence of very narrow absorption lines in Bne spectra.

This rough model of an expanding atmosphere only gives a first
approximation to the truth, as flat-topped profiles are scarce.

This, of course, was to be expected. For the moving gases are
subjected to the influence of the gravitation of the star, which will
retard their motion, and make the velocity smallest at the greatest
heights. Or, conversely, it may be that the gases are accelerated
away from the star, by radiation pressure, for example, or electrical
forces, in which case the velocity will be the larger, the greater the
height. As a suitable illustration of these two opposite cases we shall
consider the theory of the line profile when the atmosphere is
accelerated outward by an inverse square force, or retarded in its
outward motion by such a force.

109. Accelerated Expansion

Assume the matter to leave the stellar surface with zero velocity,
and let ¥, denote the limiting velocity at infinity. The equation of
conservation of cnergy then gives the following expression for the

velocity: V = VJ(1—a/r).

For the sake of convenience we may assume the emissivity p’ to be
: -4

proportional to V7r-4, = AV,

where 4 and » are constants. This particular choice has the advantage
of analytic simplicity, as it permits the integration to be carried out.
From the given expression of V we find, in fact,

r2dr 2dV

v =T
Changing the variable from r to V, p’dv becomes
4mcA

Vo aV%

p'dv = yrdv,

from which the integral follows directly.
The above choice of the emissivity function is also sufficiently flex-
ible to represent a detached shell of luminosity. By differentiation

1 Cf. Struve and Swings, Astrophys. J. 75 (1932), 176 et seq.
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it follows that the emissivity has a maximum at

n
=a(l4-=]).
r a( + 8)
This maximum will thus lie outside the star, and have a real impor-
tance, provided # is positive. The larger = is, the more pronounced
is the concentration of the luminosity into a shell. The given expres-
sion is thus also able to give a first approximation to an expanding

planetary ring nebula. Corresponding results might, of course, also
be obtained by different analytical expressions of p’. It is only

_—

intensity

V — Vo

F1a. 34. Theoretical emission-line profiles of an expanding atmosphere. The
motion is supposed accelerated outward according to the law discussed in the text,
and the emissivity is assumed to be proportional to V#r—* (Chandrasekhar, Monthly
Not. 94). Note the rounded form of the profiles in contrast to the flat-topped profiles,
which correspond to an expansion with constant V.

necessary that p'r* is given as an integrable function of V. If it be
desired, for instance, to study a shell with a more sharply defined
outer boundary, it is possible to assume the emissivity to have the
form ! = const. r-4Vne-kV,

where k is a new constant. In the following, however, we shall be
concerned with the simple power law only, which was first studied
by Chandrasekhar, although in an analytically different form. The
assumed dependence of p’ on the velocity need not give rise to any
objections. In fact in these calculations V stands only for a certain
function of r, and the separating out in the expression for p’ of terms
in V and terms in 7 is made only from the point of view of con-
venience. We assume 7z to be larger than —1, so as to make the
integral converge at the stellar surface. The intensity is then

4mc AV

* = naVint ) Ot
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The limits of integration will turn out differently in the two halves
of the line, owing to the occultation effect. In the violet wing there
is no question of a screening by the star, and the upper limit of ¥V is
the limiting velocity V,, and the lower limit is the radial velocity u,
which corresponds to the given frequency interval

V—UY,
U=-c 9

I — 4mcA
¥ ppaV3(n+1)

.

Vo

Hence {Vatl—yrtl},

v

intensity

v —

F1a. 35. Profile of an emission line originating in an expanding atmosphere with a
decelerated motion. The matter is supposed to be ejected with a constant velocity,
and the motion to bo slowed down by gravity. The emissivity has the same func-
tional form as in Fig. 34. The profile is now seen to approach much more to the
ideal flat-topped form. This is due to the assumed functional form of the emissivity,
essentially, which confines the velocity within much more narrow limits, provided
the initial velocity of ejection is sufficiently large, as is assumed in the computed
example (Chandrasekhar, Monthly Not. 94, 522).

In the red wing of the line the upper limit is still V,, but the lower
limit is higher than u, because sin@ has the lower limit a/r, corre-
sponding to the boundary of the ‘shadow cylinder’ of the star.
Denoting this r by r, we have

cosf = ,/(1—a?/r?) = w

I’O\/ ( 1— a‘/ 1‘.) ’
or (1—afrJ(1+afr,) = ufV,
This equation must be solved for a/r, and the proper root introduced
into the expression of V, which then gives the lower limit of the
integral.

The conditions are illustrated in Fig. 34. The curves illustrate how
the profile becomes more and more rounded with diminishing effec-
tive thickness of the shell, i.e. for increasing values of n.

110. Decelerated Expansion
The case of the ejection of particles from the stellar surface with an

initial velocity V;, say, the motion being subsequently subjected to
3595.15 Qq
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a retardation according to the inverse square law, may be treated
in nearly the same way, by a little rearrangement of the analytical
machinery. The energy equation becomes in this case

V=24 vi(1-5)

¥, being as before the velocity at infinity. The transformation from

r to V gives in this case
r2dr 2ridV

vV " ai—vy’
and the intensity becomes
I = dmc AVt
¥ va(Vi—V3)(n+1)

-} const.

| | 1 | ! |
1000 500 (o] 500 1000 16500
km. sec! ——
Fia. 36. Profiles of Hg in Nova Cyg 1920, August 27 (upper curve), and
in Nova Lac 1911, January 29 (Genard).

The question of the integration limits is this time a little more
complicated, as it is necessary to distinguish between the cases
u<V, and ¥, < u < ¥;. In the violet wing the upper limit is ¥,
as it is always possible to find a cos 6 small enough for cos§ = u/V; to
hold. Ifu < V,, the lower limit is V; itself, corresponding to a limiting
cos @ = u/V,. The intensity is therefore constant in this range.

In the range h<u<V
the lower limit is V = u, giving

I, = const.(V3+t—un+1),
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In the red wing a similar distinction between u 2 ¥, must be made.
When <,

the lower limit of integration is ¥,. The upper limit is determined in
the same way as for accelerated motion, by first solving the equation

cosd = ,J(1—a?r?) = ot v

2= J‘Vﬁ?j V5(1~,%)}

for a/r,, and introducing this root into the expression for ¥, which
then gives the proper lower limit.

| | ] | 1 |
km sec! ——» 500 0 500 1000 1500

F1a. 37. Profiles of H,, in Nova Cyg 1920, August 27 (upper curve), and
in Nova Lac 1911, January 29 (Genard, Monthly Not. 92).

When u < ¥, this equation has but one positive real root. When
¥, < u < V, the equation has two positive real roots, which give both
integration limits. For increasing values of « these roots will come
closer and closer together till the intensity finally vanishes when the
roots coincide. This double root is therefore obtained by calculating
the maximum value of ». By a simple calculation one finds the critical
value of r to be given by

r = a{a+t4/(a2+3)},
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h - 7R
where ox = %_ V(z,.
A typical profile of the sort discussed above is shown in Fig. 35.
The above discussion of possible profiles of emission lines from
expanding envelopes brings out the fact that there is a large variety
of possibilities to be considered. In particular, it appears premature

| ] | | ] 1 |
km sec!’ —> 500 (0] 500 1000 1500
Fia. 38. Profiles of the nebular line 4,658 A. in Nova Cyg 1920,
August 27 (upper curve), and in Nova Lac 1911, January 29 (Genard,
Monthly Not. 92).

for Genardf to consider it necessary to assume series of irregular
eruptions in order to account for the profiles of cmission bands in
novae, as the general featurcs of his measured profiles fall well in
line with what is to be expected in spherically symmetrical envelopes,
although modifications may be required in detail.

+ Monthly Not. 92 (1932), 396.



XXI

FORBIDDEN TRANSITIONS

111. Transitions from Metastable States

AvtHOUGH there may be divergence of opinion about details, it must
be admitted that the study of the emission bands in the spectra of
W R stars and novae has shown conclusively that the outer atmo-
spheres of these stars are expanding freely into interstellar space.
The velocities of outflow are so large that it is clear that the ejected
gases will not return to the star again, but form a nebula of indefinite
extent around the star, of the same apparent constitution as the
gaseous nebulae long observed in the sky.

There is reason to believe that these nebulae are generated by the
activity of O stars, W R stars, and novae. The evidence for this is
given by the fact that the stars embedded in diffuse nebulae are all
of the O type, or occasionally the B type, while the nuclear stars of
planetary nebulae are mostly W R stars. All planetaries are perhaps
post-novae. Thus the Crab nebula in Taurus is suspected of being
identical with a nova recorded by Chinese astronomers 900 years
ago. The organic connexion between stars and nebulae appears on
the whole to be a settled faot.

The transition of matter from atmospheric density at the surface
of a star to the ultra-vacuum of interstellar space, where the illumi-
nating star is situated at a great distance, entails considerable changes
in the physical properties of the gas. The gradual development of
these changes may be followed step by step for the novae, and the
final state is permanently recorded in the spectra of planetary and
diffuse nebulae.

The most significant feature about this transformation is the
appearance of lines corresponding to ‘forbidden transitions’ in the
spectra of novac and nebulae, which, during the last ten years has
made the study of transitions from metastable states an important
part of astrophysics.

The theory of transition probabilities is usually based on the calcu-
lations of harmonic amplitudes, in the way shown earlier in this book.
It is by this procedure that the ordinary selection rules of spectro-
scopy have been verified theoretically. On passing to higher approxi-
mations, however, it is usually found that transitions forbidden by



302 FORBIDDEN TRANSITIONS Chap. XXI, §111
the selection rules will take place with a finite probability, although
at a rate of the order a million times less than for ordinary transitions.

In most cases forbidden transitions are of no importance, but a
certain class of such transitions, those taking place from a meta-
stable state, may under certain conditions play a considerable role.
By a metastable state we understand a quantum state from which
all spontaneous transitions to lower energy states are forbidden by
the ordinary selection rules. A state of this sort is the state 2s in
hydrogen. This is a level from which all spontaneous transitions lead
to the normal state. But since this latter is a 1s state, transitions
from 2s are forbidden by the selection principle for the azimuthal
quantum number.

The reason why transitions from metastable states may acquire a
special importance for nebulae lies close at hand. Considering the
Orion nebula as a convenient example, it is clear that its emission
of radiation is stimulated by the high-temperature O stars which
are embedded in the nebula. The radiation from the embedded stars
will be absorbed by the nebular material, and mostly go to ionize the
atoms, the nebular radiation being emitted for the most part during
the recombination process. In the course of this process a number of
atoms will be caught in metastable states. And they will remain
there until something happens to them.

Under ordinary experimental conditions the first thing happening
to such an atom would be a collision, either with another gas atom
or with the surface of adjoining solid bodies. In the Orion nebula,
however, there are no solid bodies to collide with, and the density of
the gas is so small that serious collisions will only take place a few
times per year.

One may imagine, however, that the atom will be removed from
the metastable state by absorption of energy, in consequence of
which it will be lifted to a higher state, from which it may suffer
transitions to the normal state. But the radiation density in the
nebula is so small that the probability of such absorption acts is
unimportant in comparison with the residual probability of spontane-
ous transitions in violation of the selection principle. Conversely,
when anywhere in the stellar or nebular spectra forbidden emission
lines from metastable states are discovered, we know that they
originate in tenuous matter situated at some distance from the
exciting light source,
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When the transition probabilities have been calculated, or found

by experiments of some sort, it is possible to say something more

definite of the physical conditions underlying the emission process.

112. Metastable States of Astrophysical Significance

It is not possible here to enter into great detail on the theory
of forbidden transitions, because it is very complicated. We must
therefore be content with indicating the principal points and a dis-
cussion of the results.

The forbidden transitions of astrophysical interest belong for the

most part to three types, which are illustrated by the diagram given
in Fig. 39.
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Fia. 39. Level diagram of low metastable states. Boyce, Menzel, and
Payne (Proc. Nat. Acad. Washington, 19, 581) suggested a special termi-
nology for transitions between such states. Transitions from middle to low
were called ‘nebular’ transitions, from high to middle ‘auroral’ transi-
tions, and from high to low ‘trans-auroral’ transitions. For the atomic con-
figurations which correspond to the above level schemes compare Table 10.

It will be noticed that transitions to the lowest level give rise to
inter-system combination lines, while transitions to the middle level
are forbidden by the selection rule for the azimuthal quantum
number. This difference means that the theory of these transitions
will also be different.

The list on p. 304 includes those atomic configurations which have
the above level systems as the lowest levels, and which prove to have
astrophysical importance.
~ The quantum theory of forbidden transitions has been considered
by a series of investigators, but still the theory appears far from
complete. As mentioned above there are several ways in which a
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TABLE 10
I:2p 3p? II: 2p3 3p® III: 2pt 3pt
CI SiI NI PI (0§ SI
NII PII OII SII
O III SIII FIII ClIII FII ClII
¥FIV CIV NelV AlIV

transition may be forbidden in the first approximation and will
reappear in the next. The occurrence of inter-system combination
lines means that there exists a departure from the ideal coupling
system assumed in the classification of the levels. We have here
assumed the multiplets to be normal in the sense of the Russell-
Saunders coupling system. It may be recalled that this system rests
upon the assumption that the interaction between orbital magnetic
moments and the electronic spins separately is sufficiently strong to
make them combine into quantized resultants L and S respectively.
These two vectors enter into interaction, and combine into a resultant
J, but this latter interaction is supposed small in comparison with
the one producing the quantized vectors L and 8.

The presence of inter-system combination lines means that there
is a departure from this coupling scheme, a lessening of some sort of
the bonds between the individual spins or orbital momenta, and a
corresponding strengthening of the bond between L and S. As was
pointed out by Condonf this may give rise to transitions enforced by
a spontaneous radiation which may be said to be due to the oscilla-
tion of a magnetic dipole in the atom. The magnetic moment of the
atom is proportional to L4-28, and if there is a sufficient lessening
of the bonds, this moment will no longer be entirely quantized, but,
for a combination of two states of different multiplicity, correspond
to an oscillation, and a consequent transition.

Although we are not going to develop the details of the theory of
inter-system combinations, it may be of interest to recall some pro-
perties of magnetic dipole radiation. The classical theory of such a
dipole runs exactly parallel to the theory of an electric dipole. Denote
the moment of the former by M and of the latter by P, and further
the electric and magnetic field intensities by £ and H. To pass from
an electric to a magnetic dipole means to replace P, E, and H by
M, H, and — E in all formulae. Carrying this formalism directly over

1 Astrophys. J. 79 (1934), 217.
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into the quantum theory, the Einstein probability of spontaneous
transitions from a state a to a state b is given by the usual formulae
((25) and (53)) provided the matrix element of the electric moment is
replaced by the corresponding matrix element of the magnetic

moment:
64743
Agp = “3hed (2| M|b)?,

where (| |b) is the matrix element of M for the two states @ and b.
The analogy between electric and magnetic dipole is so close that
much of the ordinary radiation theory is applicable also to the latter.
Thus the selection rule AJ = 04-1 (except J = 0> J = 0) still
holds. The magnetic moment is further given by

eh
M= S;r‘;fc (L+28).

The problem is thus reduced to the calculation of the matrix com-
ponents of L--28, which, however, is no really simple matter. It
was carried out by Condon in the paper referred to above for some
interesting cases, which will be considered further below.

The transitions 18 — 1D are of a different type. The terms have the
same multiplicity, so there is no question of inter-system combina-
tions. In return there is a violation of the selection rule for the
azimuthal quantum number, as the jump in L is by two units. This
time the magnetic dipole radiation is of no particular consequence,
and the transition will be enforced by what is called the electric
quadripole radiation of the atom.

Consider the radiation from an electric system according to the
classical theory and find the expression for the potentials at a great
distance from the atom. Expanding the potential according to powers
of the ratio of the atomic dimensions relative to the distance » from
the atomic centre, the first term in the expansion will be given by the
net charge divided by r. The second term will contain the dipole
moment P multiplied by a function of the angle 6 between P and 7,
divided by 72. The third term will by definition give the quadripole
moment of the electric system, again multiplied by a function of 6,
and divided by 73. If the first two terms are zero, or do not vary with
the time, the quadripole term will come into play and determine the
radiation from the system. Our usual selection rules are determined
by the vanishing of the electric dipole moment, and may prove

invalid when the quadripole term is also taken into consideration.
3505.15 BT
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But it is usually found that the probabilities of transitions corre-
sponding to quadripole radiation are millions of times smaller than
for dipole radiations.

For transitions 18 - 1D it is the quadripole radiation which pro-
duces the main effect. Quadripole radiation will also contribute
_to the intensity of inter-system combination lines, but is small in
comparison with the effect of the magnetic dipole radiation, and
may be neglected in the first round. Stevensont developed a theory
of inter-system combinations in which both effects were treated
indiscriminately, and it was Condon who first pointed out their
relative importance. Otherwise his paper gave the same results as
Stevenson’s.

The quantum theory of quadripole radiation was first developed by
Rubinowicz} and his collaborators. In particular he has shown that
in quadripole radiation the selection rule for the azimuthal quantum
number may be violated, and Bartlett| has shown that the same is
the case for the inner quantum number J, except for the transition
J = 0> J = 0. Bartlett also made extensive calculations on the
intensity of inter-system lines, although his work was not so complete
as that of Stevenson and Condon. The selection rules for J which are
expected to hold for transitions in J are, according to Rubinowicz,}t

AJ =0, +1, +-2; except 0> 0, 3 > 3,and 1 2 0.
We next give the numerical data of interest to astrophysics as
given in Condon’s paper.
TABLE 11
Transition Probabilities from Metastable States (in sec.~?)

Case 1, the 2p® configuration. d = magnetic dipole lines, ¢ = quadripole lines

Transitions cI NII 0 I1I
1D, —3Py(d) 1-5.10~ 24,10~ 18.10-3
1D, P (d) 0-5.10-4 8-1.10~¢ 8.10-2
18, - 3P, (d) 41,10~ 66.10~3 10-2.10-2
18, - 3P,(q) 0-6.10-° 0-5.10~+ 1-5.10~4
18, —1Dy(q) 1-0 17 1-8

It will be noticed that in the transition 1S, - 3P, the quadripole radia-
tion is the most important, although it is really an inter-system line.

t Proc. Roy. Soc. A, 137 (1932), 298.

} Sce Rubinowicz and Blaton, Ergeb. d. exacten Naturwiss. 11 (1932), 170, for a
full review of his theory. || Phys. Rev. 34 (1929), 1247.

tt Zeits. f. Physik, 61 (1930), 338.
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In the next table we give the data for OII and OI, corresponding
to the configurations IT and III of Fig. 39, since only in these cases
are there sufficiently accurate data at hand.

TABLE 12
Transition Probabilities from Metastable States in sec.

Case I1 : 2p® OII Case I11 : 2p* oI
3Dy —>4Sys 3:7.10-% 1D, 3P, 7-5.1073
3Dyjq —>*4Sy)y 2:42.10~% 1D, —» 3P, 2:5.1073
2Py 48y, 4.0.102 18, =3P, 1-6.10—4
2Py =4Sy, 4:9.1072 18, > 3P, 1-8.10°°
2Pyjy = Dyjy 2:3 18, »1D, 2.0.10—4
2Py)q —>’D,/, 17
2Py)3 = 2Dy)a 1.0
3Py 1y —> 2Dy 3-3

113. Origin of the Luminosity in Gaseous Nebulae

The theory of forbidden transitions first became of importance in
the interpretation of spectra of gaseous nebulae, where the appear-
ance of several lines of unknown origin was long considered an out-
standing problem. The correct interpretation of these lines in terms
of forbidden transitions from metastable states, notably in ionized
oxygen and nitrogen atoms gave the key to the understanding of the
physical constitution of the nebulae, and made it possible to make the
first steps towards a quantitative theory of such nebulae.

It is here only a question of nebulae belonging to our galactic system,
and among these only such as show an emission-line spectrum. The
very extended and irregular nebulae, of the type of the Orion nebula
or the Trifid nebula, form one extreme of the emission nebulae, and
the small, very regular, round or annular planetary nebulae form the
other extreme. All known emission nebulae are relatively near. The
Orion nebula has a distance of the order 500 light years. The Trifid
nebula in Sagittarius may have a distance of 3,000 or 4,000 light
years, and most known irregular emission nebulae will be found
between these extremes. As far as the parallaxes of planetary nebulae
are known, it appears that the nearest are a few hundred light years
off, while the farthest we know have distances of some thousand light
years.

The emission of light from the nebulae is undoubtedly in all cases
due to embedded stars or stars standing so close that their radiation is
sufficient to stimulate the nebular emission. In the case of planetaries
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the situation is fairly clear, since these nebulae have a central star,
which obviously is the cause of the emission. As regards the irregular
nebulae the situation is sometimes a little doubtful, but in most cases
the active star is easily identified.

Hubble, whose work has contributed very much to the proper
understanding of nebular radiation, has found that there is a definite
relation between the spectrum of the active star and the character of
the nebular radiation, which runs as follows:

Planetary nebulae are excited by stars of earlier class than Oe5.

Emission nebulae are excited by stars of class Oe5 to B0.

If nebular stuff is illuminated by stars later than B1 the nebulae will
show up simply in reflected light—the spectrum of the nebula
coinciding with the spectrum of the star. An example is furnished
by the Pleiades (spectral class B4-K0). We call such nebulae
reflection nebulae.

It appears that in all cases when an investigation may be profitably
undertaken the nebular light intensity falls off with the inverse
square of the distance from the exciting star, as would be expected
when it is a question of a simple reflection of the light. This holds
for reflection nebulae as well as for ordinary emission nebulae. The
relation was first tested by Herzsprungt for the Pleiades. Later it
was taken up on a broad basis by Hubble, who extended the investi-
gation to both reflection and emission nebulae.

When the stars are responsible for the nebular radiation it is to
be expected that intrinsically very luminous nebulae must be associ-
ated with stars of high absolute luminosity. As shown by Hubble,
this relation leads to the consequence that the apparent magnitude
of the illuminating star must stand in a definite relation to the surface
brightness of the surrounding nebula. Hubble gave this relation in
the form that the apparent diameter 4 of the nebula (on the photo-
graphic plate) must be proportional to the apparent luminosity of
the exciting star, or expressed logarithmically:||

m+5logd = 11-09,
where m is the apparent magnitude of the star and « the apparent
diameter in seconds of arc. The diagram in Fig. 40 shows the agree-
ment between theory and observation for irregular emission nebulae.

1 Astron. Nach. 195 (1913), 449. 1 Astrophys. J. 56 (1922), 400.
Il The numerical constant 11-09 was first given correctly by Zanstra, ibid. 68
(1927), 50.
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It appears that the linear relation between m and 5log 4 corresponds
to actual facts, and that the numerical values of the constants are
also reproduced. That the slope of the line comes out right proves
the correctness of the inverse square law in this case. That the height
of the line also is correct shows that there is no light lost in the nebula.
This would be easily intelligible for a pure reflection nebula, but is
not so easily understood for emission nebulae, where the radiation
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Fia. 40. Correlation between apparent magnitude of the embedded star
and the extension of the surrounding nebula. The straight line gives the
theoretical correlation.

received from the star is obviously transformed in many ways before
it is re-emitted. The agreement is too good, and calls for a special
explanation. Anyhow, the agreement in question is sufficient to show
beyond doubt that nebulae have no intrinsic energy sources and are
merely to be considered as transformers of stellar energy, in the same
way as the earth, the planets, and the moons in our own solar system.

That part at least of this latter agreement is accidental is indicated,
however, by the fact that the relation is very far from being true for
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planetary nebulae, where the nebula is 7-8 magnitudes brighter than
the exciting central star.

The true explanation of the discrepancy between the magnitudes
of the central star and the surrounding nebula for planetaries should
probably be looked for in the very high temperature of the central
stars. It is difficult to obtain a very direct determination of these
temperatures, but Wright has shown that the maximum intensity
in the radiation for these stars is to be found far beyond the limit of
atmospheric absorption.

The spectral type of these stars is pronouncedly of the early O or
the Wolf-Rayet type, which further indicates very high temperature.
It is a reasonable procedure to admit that the light radiation from
the central star is the sole cause of nebular light, and to use the dis-
crepancy in luminosity between star and nebula for a determination
of the stellar temperature, a procedure first suggested by Zanstra.t

114. Spectra of Gaseous Nebulae

The spectra of the emission nebulae consist of sharp emission lines,
possibly on a very faint continuous background. The Balmer lines
of hydrogen are prominent in all nebular spectra, the first fourteen
lines from H, to H; being easily distinguishable. Beyond the secries
limit 3,647-0 A. there is a strong continuous emission, especially in
the spectra of many planetaries, which is clearly due to the recom-
bination of free nuclei and free electrons to form neutral hydrogen
atoms in the second quantum state. The hydrogen lines are sharp,
and show no unusual peculiarities.

Helium is represented by both arc lines and spark lines. The rela-
tive intensity of these lines varies much from one nebula to another,
as a consequence of different conditions of excitation. It was thus
discovered by Max Wolf} that in slitless spectra of planetary nebulae
the images were considerably larger in light of Hel lines than in
HeII lines. This interesting feature provides a further proof that the
nebular radiation is stimulated from the central star.

The lines of hydrogen and helium appearing in nebulae are quite
ordinary lines, which by themselves would not attract much atten-
tion, although the study of these lines already gives many indications
about the internal constitution of the nebulae. The rest of the

t Astrophys. J. 65 (1927), 50; Publ. Dom. Astr. Obs. Victoria, 4 (1931), 209.
} Sitz. d. Akad. d. Wiss. Heidelberg, 27 (1911).
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nebular lines, however, are sensational, as they are a mixture of
ordinary and forbidden lines, belonging for the most part to singly
and doubly ionized oxygen and nitrogen, and to a minor degree
to other atoms. This discovery was made by Bowent in 1927 on
the basis of experiments made by Bowen and Millikan, A. Fowler,
Paschen, and other experimenters working with the spectra of strongly
ionized atoms.

As most of the interest here is concentrated on the forbidden lines,
we give a tabular survey of all lines of this character observed in
nebulae, along with their series relationships and chemical origin.

TABLE 13
Forbidden Lines tn Nebular Spectra

Intensity
Element Multiplet Wave-length | N.G.C.7,027| N.G.C. 6,572
NII D—-S 5754-8 4 2
r—s 6348-1 10 10
P—-D 65836 30 30
01 D—S8 6302 3 5
P—-D 6364 1 2
011 S—D 3726-16 15 8
S—D 3728-91 7 4
D—P 7319-9 3 3
D-r 7330-4 2 2
O 111 D-S 4363-21 20 80
P—-D 4956891 80 200
P—-D 5006-84 250 800
No III D-S8 3342 ..
r—D 3868:74 50 70
P—-D 3967-51 50 70
Ne IV D—-P 47255 .. 4
NeV P—D 33456-8 . 8
P—-D 3425-8 .. 20
SII S—P 4068-62 .o 6
S—P 4076-22 .o 3
S—D 6716 .. .
S—D 6730 .e 1
A III P—-D 7135-6 i1 1
AlIV S—D 4711-4 .. .
S—D 4740-2 20 b
AV P—-D 6313 2

The most conspicuous lines belong to oxygen and nitrogen, and are
just of the types discussed earlier, arising by transitions from meta-
t Pub. Astron. Soc. Pacific, 39 (1927), 295; Astrophys. J. 67 (1928), 1.
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stable states in the close vicinity of the ground state. In order to
make the matter still clearer we reproduce diagrams of the energy
levels in OIII, OII, and NII which show the coordination of the
more conspicuous forbidden lines, and some others which are per-
mitted.
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F1q. 41. Term diagram of low energy states in O III. This diagram shows the origin
of the chief nebular lines N, and N,, and also a number of permitted lines of much
higher excitation energy which appear in nebular spectra. These latter lines are
probably excited by the absorption of the resonance line 304 of He II. Cf. Fig. 46.

It appears that the most conspicuous lines originate in oxygen.
The most intense pair, the doublet 5,007, 4,559, is emitted by OIII,
while the ultra-violet doublet 3,726, 3,729, which is also very intense,
is emitted by O II. The first doublet lines are called the chief nebular
lines, and are denoted by N, and N, respectively. The relative in-
tensity of the lines in each doublet remains the same in all nebulae,
as they should do. It is further clear that the chief nebular lines re-
quire a greater stimulus in order to appear than does the ultra-
violet doublet. For this reason we should expect that in slitless
spectra the nebulae should show smaller disks in the light of the
former doublet than in the case of the latter, which they do. Also the
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relative intensity of the doublets changes progressively in the same
sense as the relative intensity of ionized and neutral helium lines,
which is also to be expected.
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Fi16. 42. Level diagram of low onergy states in O LI showing the origin of some
forbidden nebular lines, particularly the ultra-violet doublet 3,726-9.

115. Forbidden Lines in the Spectra of Novae and other

Sources

Well past maximum brightness the novae usually begin to show the
chief nebular lines, and their spectra begin to resemble that of a
planetary nebula in most respects, apart from a great lack of sharp-
ness of the lines. The novae differ from the nebulae, however, in
that they also show the green auroral line 5,677 A., which is due to
the transition 1D, > 18, in OI. The recent nova in Hercules also
showed the forbidden OT lines 6,300-23 and 6,363-88.1 Also some

1+ F.J. M. Stratton and A. Beer, Monthly Not. 95 (1935), 432.
8595.15 sSs
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forbidden lines of CI, NI, FII, FIII, Sil, and SI appear in the
spectra of novae, but not in ordinary nebulae. For a full discussion
of these lines see the paper by Boyce, Menzel, and Payne.}

Insome cases forbidden lineshave
been found in spectra of stars. Itis
then always a question of peculiar
stars which are obviously con-
nected with nebulae of some sort.
Merrill} discovered forbidden lines
in the spectrum of the long-period
variable star B Aquarii. There is
no doubt about the fact that the
star is a genuine long-period vari-
able, as it shows the characteristic
titanium oxide bands, and bright
hydrogen lines. Its nebular lines
are the OIIL doublet N, and N,,
the Hel linc 4,471-5, the NeIll
lines 3,869, 3,967, the SilIl line
4,068, and the unidentified line
4,658-3.

The star is embedded in a lumi-
nous nebula, and it is almost the
only known case in which such a
ncbula is physically connected with
a late-type star. However, in the
years 1921-7 the star has developed
a spectrum of the P Cygni type,
and it is clear that the star has an early-type companion which
acts as a nucleus for a planetary nebula.| The system bears some
resemblance to Hubble’s variable nebula N.G.C. 2,261 which is
physically connected with B Monocerotis.tt

The star y Carinae is situated in a region where nebulae abound,
and this star is also probably embedded in nebulous stuff. Its
magnitude has been subjected to great variations. About 1843 it
was one of the brightest stars in the southern hemisphere,{ but

t Proc. Nat. Acad. Sc. 19 (1933), 581. 1 Astrophys. J. 53 (1921), 375.
|| Merrill, Pub. Astron. Soc. Pacific, 39 (1927), 48; Astrophys. J. 81 (1935), 312,
11 Cf. Slipher, Lick Obs. Bull. 3 (1918), 63.

11 R. T. A. Innes, Ann. Cape Obs. 9 (1903), 78.
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then it began to decline; in 1856 its brightness dropped suddenly,
and in the course of some years it became invisible to the naked eye.
It suffered another sharp decline in 1894. The spectrum of this
star is variable and peculiar. According to Bokt its spectrum in
1892-3 was cF 5 with very bright hydrogen lines and faint iron
spark lines in emission. In 1895 the continuous background was very
faint, and the intensity of the bright lines had increased. Merrill}
has found that about 20 of the iron lines appearing in the later cycle
of the star are due to forbidden transitions. According to Merrill
most of these lines appear also in the spectrum of the Be star H.D.
45,677.

These stars all seem to represent some sort of intermediate stages
between gaseous nebulae and stars. The novae are particularly
interesting in this respect, as the close study of the development of
the nova spectrum reveals how the transition from a stellar to a
nebular state takes place. The appearance of a definite forbidden
line in a nova is clearly an indication that the density of the expanding
shell of gas surrounding a nova has reached a definite limit, depend-
ing on the transition probability and excitation energy of the
forbidden line in question. The detailed discussion of this question
seems to promise considerable information about the constitution
of novae.

1 Pop. Astron. 38 (1930), 399. Cf. also Bok’s dissortation, Groningen, 1932,
1 Astrophys.J. 67 (1928), 391.



XXII

THEORY OF RADIATIVE TRANSFORMATIONS IN
NEBULAE

116. Ionization Theory of Nebulae

THE gaseous nebulae bring out in a more pertinent form than the
stars in general the problem of the radiative equilibrium of a tenuous
gas, since we are here obviously dealing with very radical departures
from a state of thermal equilibrium. It is only in this way that it is
possible to stimulate forbidden transitions to such an extraordinary
degree as is actually observed.

This problem has several aspects. First of all it is already surprising
to find atoms of such a high degree of ionization as O++ and N++
playing an important part in nebular radiation. The solution of this
problem is obviously to be sought, on the one hand, in the excessively
low density which slows down recombination processes very much.
On the other hand it is connected with the very high temperature of
the embedded stars, which provides radiation of very great ionizing
power.

We shall now show how these two causes in combination will
suffice to explain the observed state of ionization.}f We consider a
gaseous mass at great distances from a hot star. Let n, and n, denote
the number of atoms in the normal state and the ionized state per
unit volume and neglect all intermediate states. In our earlier nota-
tion the state is then fixed by the single equation

Ny Ggy = My Ay (135)
In order to calculate the coefficients a,, and a,, we must know the
absorption coefficient of the atom in the continuous region beyond

the series limit of the principal series, and also the corresponding
emission coefficient for the converse process. The former we denote
c3
1 .
by o, and the latter by ,8,( + L
of the radiation field. The stimulating effect of the radiation field is as
. c3
usual given by the factor (1+ §%7i:§3p")'

,,), where p, is the energy density

The quantity B, is proportional to o, by the Einstein relations con-

1 A. 8. Eddington, Proc. Roy. Soc. A, 111 (1926), 424.
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necting emission and absorption coefficients. It is not easy to see
directly how these relations are to be modified in the continuous
region, and it is therefore better to derive them de novo.

For this purpose we consider a state of thermal equilibrium, so that
the ratio n,/n, is known. The above equation then gives immediately

the ratio of a,¢/a,,, which is all we want. The number of absorbed
quanta per unit time and volume is

ny 0, cp, dv/hv.

The corresponding number of recombination processes is, on the

other hand, 3
n Bv(l + ’STrh;app)v dnc,

where dn, is the number of free electrons in unit volume, the velocity
v of which is confined to the interval v to v-+dv. The ions are assumed
to be so heavy that their velocity may be neglected in the description
of the recombination process. The velocity » is connected with the
frequency v of the absorbed radiation by the relation

b = Juvi+y,
where x is the ionization energy of the atom in the given state.
Hence o
dv = 72,—(11).
We need also the usual statistical formulae, which need no further
explanation here (see p. 172),

dmrpd . mn, . 8mhv3/c?
dn, = n, pys e~ tnv'lkTy2 gy, n(;! = wyf e X*T; p, = evIkT 1"
The condition of equilibrium
dv c3
n90, 0,7 = My pv(1+ S”Z:a)vdne (136)
2,2
then assumes the form B, = o, 21y

= iicte,’ (137)
which is the desired relation.

When conditions do not correspond to thermal equilibrium, equa-
tion (136) must be multiplied by Av and integrated over all frequen-
cies on the left and all electron velocities on the right:

@ ]
Ny C J‘ op,dv=mn f B (1+-§f-’-" )hvvdn
0 vPy 1 v 8ahvd (3
0

v=0
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This equation expresses the conservation of energy for all transitions
out of and into the given state. The transition coefficients a,, and
a,, are therefore given by the expressions

r s 3
Ay = cf o,p,dv and a;y = 2K J-o,, v3(1+ »c—elé)v‘ltﬁf dv. (138)
0 0

uiciwy 8mhv dv

Let us apply these formulae to the following simple case. The radia-
tion field is assumed to consist of dilute thermal radiation, so that

8mhv3
p, =W jos (eMIkT —1)-1,

in the usual notation. The velocity-distribution of the electrons we
assume to be given by Maxwell’s distribution law, corresponding to
a temperature 7}, which is different from the temperature 7' of the
star. The absorption coefficient o, is taken to be zero for all fre-
quencies smaller than v,. For larger frequencies it is supposed to
fall off proportionally to 3, which is known to give good approxima-
tions for continuous X-ray absorption. On these assumptions we
find for a,:

= W10, oy v 5ny =
In the calculation of a,, it is obviously permissible to neglect the
term in p, on account of the smallness of the dilution factor W. The
integration then gives
__ 8moym, kT,
- wo %, )
Remembering that f, = (2mukT})th-2 we find as the new equation of
dissociation, on introducing our expressions for a,, and a,, into (135),

n;:c = K‘BQ%Z;%':’T J (—g,'—’)log(l—e-h"m!"i")‘l. (139)
A very much more elaborate theory of ionization in nebulae by
Ambarzumiant leads to a nearly equivalent formula. The difference
consists in replacing log(l1—e-"wkT)-1 by e-"mlkT and ,/(Ty/T) by
27y+1, 7o denoting the optical thickness of the nebula below the
outer boundary in the continuous region. '
It appears from this equation that the temperature of the gas does

10

t Monthly Not. 95 (1935), 469.
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not influence the equilibrium very much—the dominating tempera-
ture is that of the exciting star. Since

log( 1— e—hv,JkT)—l ~ e-—hv,,JkT’

in practical cases, one really passes from the state of ionization in
thermal equilibrium at a temperature 7' to that of a nebula at
temperature 7, by reducing all particle densities in the ratio W,/(Tp/T).
We shall soon indicate arguments which show that the 7}, to be intro-
duced into this formula is not much different from 7', say \[(T'/T;) = 2.
The main interest therefore centres on the dilution factor W.

117. The Trifid Nebula

A typical instance is afforded by the Trifid nebula in Sagittarius.
This is a roundish object, which is probably illuminated by an
embedded O star of the seventh magnitude. Since the absolute mag-
nitude of O stars is about —3+5, it follows from the usual relation
between parallax and absolute and apparent magnitude that the
distance of the nebula is of the order 3,300 light years. A moderate
cstimate of 30,000° K. for the temperature of the star then leads
to a radius of 7-5 solar radii. The apparent diameter of the nebula is
10’, which with the given distance corresponds to a lincar diameter
of about ten light years. Let R denote the radius of the star and r
the distance from the star to the point at which the ionization is
calculated. The dilution factor W is then given by

W = R?/4r%,
and the value of this factor at a distance  parsec from the star is
found to be 2:7.10-14,

The spectrum of this nebula shows, according to Hubble, the chief
nebular lines of OIII with about the same intensity as the ultra-
violet doublet 3,726-9 of O II. As a rough guess we may then assume
that the O++ atoms have the same abundance as the O+ atoms.
The frequency limit v, follows in the usual way from the ionization
potential of O+, which is 34-94 volts. With these data we find from
(139) the following value of the density of free electrons:

n, = 235 cm."3

No stress can be placed on this figure, except so far as it indicates
the order of magnitude. But remembering that the corresponding
figure for the number of air molecules in one cm.? is 270.10', one
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realizes that no tinkering with the data can explain away the exces-
sively low density of the gaseous nebulae.

118. The Temperature in Nebulae

In the above calculation it was assumed that the temperature in
the nebulae was roughly one-fourth of the effective temperature of
the illuminating star. This somewhat startling assumption needs, of
course, further qualification. To give a quantitative theory proves
very difficult, however, and we shall be satisfied with the following
rather qualitative considerations.

Let us first consider the mechanism by which the free electrons in
the nebula acquire their velocities, and how they lose them. The
conditions are in this respect rather different from the processes of
exchange of velocities in a stationary gas in thermal equilibrium. In
the gas both gains and losses of velocity are due to collisions between
atoms in the gas. In the nebulae the free electrons will mostly acquire
their initial velocity in ionization processes, taking place by absorp-
tion of radiation, and they will gradually lose their velocity by
collisions with atoms and ions, and at an accelerated rate, leading to
capture of the electron by an ion.

The average velocity of an electron on a ‘free path’ from its release
in the absorption process to its capture by an ion will clearly depend
very much on the probability of capture as a function of the relative
velocity. The expression which we have derived for the coefficient
of capture, B,, equation (137), shows that the probability increases
proportionately to the inverse first power of the velocity—since
B, varies as v~2%, and the number of collisions per unit time is propor-
tional to v. Hence the probability increases very rapidly with decreas-
ing v, and it is evident that during most of the time the electron is free
its velocity will be high.

We may estimate this average velocity in the following rough way.
-According to the theory of Bohrt of the passage of electrified particles
through matter, the loss of energy dZ of a particle on passing a
distance dz is given by an expression of the form

dE = —Kvldz,

where v is the velocity of the particle and K a slowly varying function
of v, which we here consider as a constant. Putting & = }uv? and

1 Phil. Mag. 30 (1915), 581.
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integrating we find for the total range of the particle, that is, the
distance travelled from the moment it is started with an initial
velocity v, until the velocity is reduced to zero:

=t

3K
For the time spent on this free path we find similarly
_(dz _ p .
= f v T 2K™
and the average square of the velocity is

t
1 dx
ye = ;fw; = 3.
0

It is easily found that the average energy of the electrons expelled
by absorption of dilute ultra-violet radiation of temperature 7' is
kT, so that

v = kT.
Defining the temperature of the nebula by the equation
IuVE = 347,
it follows that Ty =3T.

This, of course, only indicates some kind of order of magnitude.
Thus the assumed length of the free path in its dependence on the
initial velocity is largely hypothetical. But altering the power of
v in this expression within reasonable limits will not change the result
much. The essential point is the basic assumption that at the end
of the free path the electron is captured by an ion. When this is
dropped conditions will change fundamentally, and T, will depend
essentially on the coefficient of dilution.

We may get an indication of conditions in this next step by assum-
ing the expelled electrons to remain free so long that most of them
will have acquired a Maxwellian velocity-distribution as a conse-
quence of collisions, and that the diffuse radiation from the gas
corresponds to the temperature 7}, according to the laws of Kirchhoff
and Planck. This is the case first considered by Fabry,t which for
the first time brought out the fact that a cosmic nebula may have a
high temperature, provided only that the temperature of the illumi-
nating star is sufficiently high. As a first approximation we then

1 J. de Physique, 6 (1916), 207.
3595.15 Tt
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assume the energy absorbed per second by a slab of gas of unit volume

to be @©
Q j o,¢p,(T) dv,

and the energy emitted by the gas in the same time to be
4 [ a,cp,(T;) dv.

Here Q is the solid angle subtended by the star at the point in
question. In the emission this is replaced by 4 since the emission is
uniform in all directions. Under stationary conditions these two
quantities must be equal, or
-] 0
W [ 0,p/(T)dv = [ o,p,(To) dv,

Vi Vm
since Q/4m is just the coefficient of dilution W. Assuming as usual
g, proportional to »=3 on the short wave-length side of v = v,,, and
zero on the long wave-length side, we find

. IOg( ]1— e—hv,,JkT)
To = W g1 = -mmiiny

For temperatures not higher than 40,000° K., and absorption limits

at least as far into the ultra-violet as for the Lyman series, it is

permissible to expand the logarithms and to retain the first term of

the series only. Hence the above equation may be brought to the

form

T-T, kT

g = h-;;log(To/WT).
For the Trifid nebula considered above, assuming the typical element
of the nebula to be hydrogen—which is true, the relevant data

will be
T = 30,0000K.; W = 2:7.10-%; hy, = 2-16.10-! ergs.

Solving the above equation for 7j, in successive approximations, one
finds the corresponding value of 7, to be about 4,500° K.

119. Transformation of Radiation in a Nebula

As a next step in the analysis of nebulae we may try to follow up
the cycle of transformations suffered by the incident star light in the
nebula. This latter we may picture as a vast expanse of hydrogen
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gas for the most part, some helium, and a small amount of air and
other gases. The gases may be assumed to be arranged in plane
parallel strata, and the illuminating star to be well outside the gas.
This simplified picture will do both for diffuse and planetary nebulae,
as it is in most cases possible to approximate to the spherical shells
of the latter by planes, as far as the transmission of radiation is
concerned.

On the side of the nebula nearest to the star the incident radiation
will at once begin to become depleted by absorption in the Lyman
series, and in the continuum extending beyond the head of this series,
which we shall refer to as L, meaning the Lyman continuum. As
a consequence of this absorption there will be created, firstly, a
certain number of atoms in excited states, and next a certain number
of free electrons. The excited atoms will very rapidly regain the
normal state, after having suffered a series of cyclical changes, in
which the various series of the hydrogen spectrum are emitted. Con-
sidering the very low intensity of the incident star light, and the
known short life-periods of the hydrogen states, it is at once clear
that the number of hydrogen atoms in excited states in a nebula is
excessively small, and would, when interpreted thermodynamically
correspond to a very low temperature.

It is different with the absorption in the Lyman continuum by
which free electrons are created. Here the mean free life-period of
the ionized state will depend on the gas-density. If this is sufficiently
small, the lifc-period, or time spent on a free path, may become very
long, and the gas may simulate a high temperature, as was set out
more claborately above.

Here it interests us more to know what happens to the energy of the
expelled electrons. As long as the electron is free, it spends its energy
in collisions, where it is partly emitted as low-frequency continuous
radiation, but mostly imparted to other particles, and to some degree
is used for exciting atoms to higher states. This may be particularly
the case with atoms of the type O+, Ot+, etc., in their normal state,
where the excitation energy of the next state is very low—much
lower than the lowest excitation energy of hydrogen. Finally, how-
ever, the electron gets caught by an ion, mostly a free hydrogen
nucleus. It may choose among all the available states of the atom,
but once caught it will very soon by some route arrive back in the
normal state.
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By such circular processes the incident dilute radiation of the star
is converted into radiation of longer wave-lengths. It is in this way
that the hydrogen emission in the nebulae, the Balmer series, and the
continuous radiation beyond the head of this series is generated.
In so far as hydrogen is concerned, the nebula is nearly perfectly
transparent to light emitted in the Balmer series and higher series,
since the number of atoms in quantum states above the normal state
is vanishihgly small. This radiation is therefore lost to the further
balance of radiant energy in the nebula.

The radiation which passes into Lyman lines will suffer further
transformations by reabsorption. A Lyman-g, for instance, will soon
be reabsorbed, whence it may either return as Lyman-8 or it may
return as an Ha and an La. The Ha generated in this way is lost to
the nebula. The La«, on the other hand, will go on being reabsorbed
and re-emitted all the way through the nebula, diffusing slowly out-
wards, and finally escaping when the surface has been reached.

We are thus led to consider the simplified problem of a hydrogen
nebula, when all transitions are reduced to a three-state cycle, in
which only the first, the second, and the Lyman continuum partici-
pate, the continuum playing the same part as an ordinary quantum
state.

The theory of such cycles was considered earlicr in connexion with
the problem of the hydrogen lines in the sun. In that case the inci-
dent radiation is so little diluted that before the lines have become
decpened somewhat the probability of a closed set of transitions
docs not differ much for two opposite cycles. For a nebula, however,
the probability is overwhelmingly in favour of a unidirectional
cycle alrcady from the start. In order to realize this we may, in the
theory of a three-state cycle given earlier (cf. § 48), take states 1 and
2 to represent the first and second quantum states of the hydrogen
atom, and state 3 to represent the Lyman continuum. It was then
shown that the ratio of the probability of a successive climbing up
towards the ionized state and with a single return jump, a,,a,;as,,
is smaller than a direct jump to the continuum with a step-wise
return, a,3a,,a,,, by a factor

y— WEs
Fop By
Here W is the dilution coefficient and F is given by
Fy = 1—(1— W)e-valkT,
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while v;;, denotes the radiation frequency corresponding to a transi-
tion ¢+ > k. Provided each Ay is in no case vanishingly small in
comparison with k7, it follows that y is, for the case of a nebula, a
negligible quantity. We have in fact seen earlier that the order of
magnitude of the dilution coefficient W in a nebula is of the order
of 10-18,

It is interesting, however, that the further course of events in a
nebula is the opposite of the course in a stellar atmosphere. In the
sun the gradual working out of the spectral lines serves to intensify
the difference in probability of opposite cycles. In the nebulae, on the
other hand, the transformation of radiation will serve to decrease
the probability a,; by depleting the continuous flux in the Lyman
continuum, and to increase a,;, by throwing new radiation into the
Lyman-a line. By this process the ratio of the probabilities may be
reduced by as much as a factor 105, but still this does not alter the
main course of events.

120. Theory of a Three-State Cycle

It is worth while to go into some detail with regard to the trans-
formation in a hydrogen nebula in order to substantiate the above
conclusions quantitatively. To fix the ideas we consider a star
enveloped by a concentric, thin, spherical shell of gas, representing
the nebula. Assuming the shell to be sufficiently thin in comparison
with its radius, we may use the equation of radiative transfer for flat
layers d

1 y
b= —xI+-E,

where the symbols have their usual significance.

Since we have scen that transitions to the continuum from state
2 are of negligible importance, we are left with resonance transi-
tions in Lyman-«, and transitions to the Lyman continuum and back.
In this latter casc a continuous range of frequencies come into play,
which means a very great complication to the theory. In a first
survey of this theory the practicc has thercfore been introduced of
working with an ‘average’ frequency v for the continuum, and throw-
ing all the difficulties of the problem into the calculation of this
average value. That such a procedure only means a rather rough
approximation need scarcely be emphasized. But the state of the

theory in general is such that it justifies the use of simplifications of
this kind.
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Consider first the transmission of radiation in the continuum. The
emission function £ has then the form

47TE = na a31 ’W.
The equation of equilibrium for the transitions to and from state 3 is
Ny(@3+8ss) = My Ay3.

Transitions from state 2 to the continuum have been neglected,
because we have seen that a cycle in this direction has a negligible
probability. Hence it follows that

as
N3y = ———— N Qy3.

31+ 059
31
-=2D
Qg1+ a3
the emission function becomes
4nl = phvn,a,,.
But Ahvn, a,, is just the energy absorbed per second per unit volume
from the radiation field by atoms in the lower state. It is necessary
to distinguish between the diffuse radiation in the nebula and the
flux of radiation from the central star. Denoting this latter flux by
S on the inside boundary of the ncbula, the flux at optical height =
above the inner boundary is clearly
Se-".
Since the radiation from the star is practically parallel at the distance
of the nebula, there is no need to distinguish between flux and total
intensity.

In case of the diffusc flux, on the other hand, it is necessary to
make such a distinction, and we write as usual F for the flux and J
for the total intensity. Having already denoted the absorption
coefficient by «, it follows that the emission function £ has the form

dnE = pr(J+Se").
The equation of radiative transfer has consequently the form

dl
#d-r

Writing

= —I+ L4586,

+1
where J = 2-n-f Idu,
-1

I being the intensity of diffuse radiation.
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In order to solve this equation we proceed in the usual way.
Multiplication by 27 du and integration with respect to p gives
dF
-~ = —J+p(J48Se),
i +p(J +8e)
while multiplication by 2z dp and integration gives

1
0 10J
F = —27r— I 2 = ——
"or f wt dp 3o’
since the diffuse radiation is distributed over various directions to
such a degree that the usual approximation

1
2 J. Ipdpy = 3J
“1
may be adopted. We are then left with the equation

dzJ - 2 -
= 3(1—p)J —3pSe-7 = A2J —3pSe-, (140)
the solution of which is

J = Aé"4 Bew -8 3pse

where 4 and B are integration constants, and A is given by
A% = 3(1—p).

Since the corresponding flux is -—% 33_._] , we find
T

F = —}Ndev"—Be-w) 4, IL e,

The case A% = 1, i.e. p = %, demands separate treatment. Putting
p = £ in the original equation one finds
2
(ill'r{ = J—28e-7,
the solution of which is
J = Ae™}- Be~7+4Sre—.
Further the corresponding flux is
F = —}(4der—Be")—38(1—7)e".

121. The Boundary Conditions

In order to determine the integration constants 4 and B it is
necessary to specify the conditions to be satisfied at the outer and
inner boundary of the shell.
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On the outer boundary the conditions are clearly the same as in
the case of a stellar atmosphere. Denoting the optical thickness of
the shell by 7, we must therefore have
J(7p) = 2F (),
which ensures that therc will be (practically) no back radiation at
the boundary.

The condition to be satisfied on the inner boundary is the vanishing
of the diffuse flux. Thisisa consequence of the conservation of energy,
no diffuse radiation being generated inside the empty shell. This
means that the diffuse intensity J will be constant inside the shell.

The condition at the inner boundary gives the equation

S

3p
A= B+A( iy

On the outer boundary the condition is
AQL+ N B et B — o,

which gives the explicit expression of B:
38 (143N)erof-Jre

T AR=T) (1 NeRe (1= fr)e R

The corresponding equations for the critical value p = % are

B=A4+48
and 4 — _Strot3e™
e~To5eTo

Chandrasekhart has made extensive calculations of the emergent
flux under different conditions. In Figs. 44 and 45 we reproduce
some of his diagrams.

122. The Resonance Line
We imagine the profile of the line to have a flat-topped columnar
form, so the absorption coefficient in the line is a constant, which we
denote by wx. The corresponding optical height is wdr, and the
equation for the total intensity in the line becomes, by the usual
machinery of approximations,
azJ’
dr?

1 Zeits. f. Astrophys. 9 (1935), 266.

= 3w¥(J'—4nE|wk),
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where a dash indicates that the quantities belong to the radiation in
the resonance line.
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F1a. 44. These curves give the emorgent diffuse ultra-violet flux for different
values of p.
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Fi1a. 45. Diffuse flux in units of S for different values of p. The optical
thickness is assumed to be 7y = 2.

The emission function Z is by definition given by
dnE = hvnya,,.
The equation of equilibrium of the normal state may be written
Ny = My ByptMy Big—Ng gy = Ny Gyp+(1—Dp)0y Oy
Multiplying by A’ it is seen that the first-term on the right is just

the total absorption in Lyman-«, and may therefore be written
3595.15 vu
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wxJ’. Similarly, the second term on the right becomes (1—p)/'/v
times the total absorption in the continuum, which was written as
k(J+Se~7). Hence, finally,

4nE = wKJ'—l-(l-—p)%'K(J—l—Se"’),
and the equation determining J’ becomes
= —-w%()\zJ—i-Az;S’e-’),

on remembering that A2 = 3(1—p). Expressing X2J by d?J/d+% on
using (140) we find
azJ’ Vv [d2J —r

v\dr
Integrating twice we find
J' = atbr—aw’-(J438e7),
14

where @ and b are integration constants. The corresponding expres-
sion for the flux is

1 aJ’ b VvV
" — — 77 = "~ (F+}8e 7).
¥ 3w or 3w v( +8e7)
Since F and F’ both vanish at the inner boundary,
b= —3wv—S,
14

and the expression for the flux becomes
F' =Y{S(1—e")—F).
14

At the outer boundary both J = 2F and J’ = 2F’, which demands

tha,t v ’
a =" (w—1)J(r) +”;S{3mo+2+(3w—-2)e—f }.

The problem is thus formally solved.

The above expression for the flux in Lyman-« might have been
written down directly. But we have found it better to let it appear
in its proper place. Apart from close to the inner boundary, F’ is
clearly of the order of magnitude of 8v' /v, which shows how the radia-
tion absorbed in hydrogen degenerates into Lyman-a radiation. The
above expression for F’ may also be written in the form

S = Se—f+F+F'+(VZ,—1) F.
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This equation expresses the incident flux as the sum of the flux of
direct star light, Se-", the continuous flux ¥, the Lyman-« flux F”,
and an additional flux
P = (5—1) F = (l—%){S(l—e-T)——F},

which clearly gives the flux of all other radiation emitted in the
recombination processes, which do not go directly to the ground state.

This theory of a three-state cycle cannot be used for a calculation
of the intensities of the Balmer lines, which are important data in the
theory of nebulae. An approximate theory of the relative intensities
of these lines was developed by Cillié,T by considering a seven-state
cycle of transitions. But in that case it did not prove possible to cast
the theory into such a clear form as is the case with the theory of a
three-state cycle.

123. Radiation Field in an Expanding Nebula

The above results are only applicable to a nebula at rest, and will
suffer serious modifications for an expanding ncbula. Unfortunately,
the theory is much less developed in this case, which is regrettable,
because several interesting problems awaiting a solution are inti-
mately connected with the internal motion in the nebula.

The effect of motion will be less important for the spectral region
beyond the absorption limits than for the field of the spectral lines.
In the former case a small shift of the absorption limit by Doppler
effect does not make much difference, but in the latter the shift may
take an atom out of the region in which the emergent flux is appre-
ciable, so that it is unable to absorb energy from the flux.

At present only first attempts at a theory of reabsorption in
expanding envelopes are available,} and it is therefore better here
only to consider the qualitative aspects of the problem.

The amount of reabsorption in an expanding nebula will depend
intimately on the distribution of macroscopic velocities on the one
hand, and the intrinsic width of the spectral linc under considcration,
as it is determined by damping or thermal Doppler effect, on the
other. The effect will also be very different according as the nebula
is ‘optically thin’, as was assumed in the theory of the contours of

t Monthly Not. 92 (1932), 820.
t H. Zanstra, ibid. 95 (1934), 84; J. Woltjer, Jr., Bull. Astron. Inst. Nether-

lands, 7 (1934), 217.
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emission lines in novae and WR stars, or ‘optically thick’, as was
assumed in the preceding theory of radiative equilibrium of a nebula
at rest.

For the problem of the reabsorption effect in observed emission
lines of novae and WR stars the interesting case is clearly that of
a thin nebula. The reduction of the spherical problem to a plane one
has then no longer any meaning, since the mean free path of a
quantum is of the order of the cross-section of the nebula itself. '

Consider the two cases discussed earlier of a uniformly accelerated
nebula and a uniformly decelerated nebula, as these two opposite
cases will bring out the main point. For the problem of reabsorption
of a given line it is clearly essential that the intensity in the diffuse
radiation shall fall within the region of the line, as seen from a
coordinate system at rest relative to the atom. In an optically thin
envelope this requires that the radial velocity along a given line of
sight shall assume the same value at several different points.

This is not the case when the envelope is uniformly accelerated
outward, but it may take place when the outward motion of the
atmosphere is uniformly decelerated. In order to see this we write
the radial velocity, in units of the velocity at infinity, in the form

u = cos f,/(1+A/r),
where A is positive for a decelerated and negative for an accelerated
envelope. Along a given line of sight we have
8in 6 = ry/r,
where 7, is the perpendicular distance from the stellar centre to the
linc of sight. Hence

U= cos0A/(l—{—ésin0).
To

When A4 is negative, u increases uniformly when 6 varies from = to
0, and no real maximum of % will be found. When 4 is positive, %
has two maxima, symmetrically situated about the zero position,
and determined by the equation

sin 6 = ;_2{4(1+3Az/rg)—1}.

On both sides of a maximum there will exist corresponding regions
with the same value of the radial velocity, and the radiation emitted
from the farther half along the direction of the line of sight may be
absorbed in the nearer region.
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No reabsorption can occur for |u| less than the limiting velocity
at infinity. Hence an inner core of the line, the width of which
measured in velocity units will be twice the velocity at infinity,
will remain unaffected. Outside this core reabsorption will take
place right out to the border of the line. The reabsorption effect
considered here will therefore preferentially be effective in the line
wings. The resulting line profile will, moreover, be influenced by
the occultation effect, especially in the red wing.

All preceding considerations involve the assumption that the
nebula is optically thin in the frequency range under consideration.
If the nebula is optically thick, the reabsorption depending on the
distribution of macroscopic velocities will become negligible, and the
influence of the intrinsic width of the line will become of the first
importance. This case, which is of interest in connexion with the
radiation pressure due to resonance absorption, was discussed by
Zanstra,t who showed that the reduction in radiation pressure due
to the motion under certain circumstances is in the ratio of the
square of V/v, V being the macroscopic velocity and v the mean
thermal velocity in the gas.

124. Excitation of Permitted Lines of O III and NIII

The admixturc of small amounts of foreign gases to the hydrogen
content does not change the essential features of the problem. The
effect will in all cases be that radiation is transformed into the lowest
resonance line of the element, which is kept, so to say, imprisoned in
the nebula and only leaks slowly away, while the rest of the trans-
formed radiation is lost at once.

There is one interesting exception to this state of affairs, which was
recently pointed out by Bowen,} and which serves to emphasize the
correctness of the analysis. This is the case in which there is an acci-
dental coincidence of some lines emitted by one element with lines
absorbed by another. This is the case with a mixture of He+ with
ionized air. The lowest resonance line of Het+ has the wave-length
303-780 A. and this wave-length lies in the close vicinity of the
O1III line 303:799 A. There is no necessity for an exact coincidence
for the effect to become important, since a moderate relative motion
of the different parts of the nebula will suffice to bring the frequencies
of some OIII atoms into the critical frequency interval.

t Monthly Not. 95 (1934), 84. 1 Astrophys. J. 81 (1935), 1.
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This coincidence is of particular interest, as it appears to give the
clue to the appearance of some permitted lines of O ITI, which other-
wise would be very difficult to explain. These lines are indicated in
the diagram, Fig. 46. The process of excitation of these lines is then
first the generation of a strong emission in the helium resonance
line 303-780. The next step is the absorption of this line by OIII
atoms in the state 2p 3P, which brings the atoms to the state 3d3P.

2pﬁ°
Hell

303780

2pP P2 L 2 15%

Fra. 46. Diagram illustrating the mothod of excitation of permitted lines of
N III and O 1II in nebular spectra. T'he He IT resonanco line 303-780 is represonted on
the right in tho figure. Owing to its resonance charactor an abnormal amount of
radiation will be thrown into this line. By a chance coincidence this line is absorbed
by the 3d 3P-2p 3P line in O III, the differenco in wave-length being small enough
to be adjustable by Doppler effoct. This absorption starts the emission of an ultra-
violet line 374-436, which again sets a similar cycle going in N III, which is shown on
the left (Bowen, Astrophys. J. 81).

From this state the atoms then suffer permitted spontaneous transi-
tions to 3p3P and farther on to 3s3P. From this state the only
permitted transition leads back to the 2p3P state, which makes the
cycle a closed one.

It is now a curious fact that the ultra-violet line 374:436 A. emitted
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during this last transition lies in the close vicinity of the resonance
line 374:422 A. of NIII. Here the game repeats itself. The ground
state of this latter line is 2p 2P, and the absorption of the line brings
the NIIT atom into a 3d2D state, from which it may suffer spon-
taneous transitions first to 3p 2P or 3528, and thence finally back to
2p 2P, from which the cycle started. This cycle also gives rise to a
number of lines observed in the spectra of nebulae.

125. Excitation of Forbidden Nebular Lines

The next question is to find out how the forbidden nebular lines
are excited. At the first moment it might be thought that these
lines are stimulated by a similar cycle, the atoms being lifted to a
higher state by absorption of radiation, from which they suffer
transitions to the metastable upper states of the forbidden lines from
which the forbidden transitions take place.

A cycle of this type cannot take place within the multitude of
discrete quantum states because it would necessarily involve for-
bidden transitions before the initial state of the lines is reached. It
is, in fact, necessary for the atoms to include the ionized state in the
cycle.

This is important, and for a double reason. First of all we should
expect that if the forbidden lines are generated in a cycle including
the ionized state some permitted lines might also be included in the
cycle. But this does not appear to be true. Apparently all permitted
lines are generated by separate cycles which are set going by the
absorption of some resonance lines. Secondly, it must be realized
that the ionization of atoms like O III requires quite a high energy.
The ionization potential of OIII is, in fact, 54-8 volts, about four
times larger than that of hydrogen, and the ionizing radiation is
confined to wave-lengths shorter than 250 A. In order to set the
cycle going fast enough for the production of forbidden lines at the
observed rate, it is then clear off-hand that quite high values of
the stellar temperature are required to get the radiation forced over
into sufficiently short wave-lengths.

In this way, however, one gets into difficulties with various
attempts at a determination of the temperature of the nuclear stars.
It appears quite certain that most stars associated with diffuse
emission nebulae have an effective temperature of the order 30,000-
40,000° K. But Bowen estimated that in order to stimulate the
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forbidden lines by a purely radiative cycle the temperature of the
exciting star would have to be of the order 100,000° K.

It seems therefore probable that the purely radiative cycle can
be ruled out as a cause of excitation of forbidden lines in nebulae.
As a second alternative there is only left the possibility of excitation
by electronic impact, which was first suggested by Bowen.t It is
then most natural to think of the electrons set free by continuous
absorption in hydrogen, which process was discussed earlier. Since
the excitation potentials of the forbidden lines are so small, most
free electrons in the nebulae will have energy enough to excite an
atom to a metastable state.

However, no really quantitative work has thus far been done on
this problem, and a closer attention to its details is very much to be
desired.

126. Chemical Composition of Nebulae

After this survey of the excitation processes it is now possible to
form an opinion on the relative abundance of the elements in the
nebulae. It is clear, namely, that no reliable conclusion can be drawn
from a comparison of the intensity of a forbidden line and a permitted
line when the difference in the excitation process is not taken into
account. And a comparison of the Balmer lines of hydrogen with the
permitted OIII lines would also lead to a misleading view of the
relative importance of the two elements. The lines compared must
belong to the same class as regards the excitation process before one
may hope that the relative intensity will give an indication of the
true relative abundance, a point of view which was first emphasized
by Bowen.} Leaving out forbidden lines, and lines excited by
absorption of resonance lines, one is effectively left with lines of
hydrogen and helium, two very faint carbon lines, and one oxygen
line. This shows clearly the predominance of hydrogen and helium
in the nebulae. It is not possible to give definite figures for the
abundance of other elements, but it is evident that they are present
only in small quantities.

1 Astrophys. J. 67 (1928), 1. 1 Tbid. 81 (1935), 1.
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127. Detached Lines

TrUS far the constitution of nebulae has been studied from the
properties of their emission lines. It would be of great importance
to be able to study the properties of interstellar gases also by using
transmitted light. But this is only possible in some quite exceptional
cases.

Two conditions must be satisfied before it is possible to detect
interstellar absorption lines. First of all, the element must have
absorption lines in the accessible part of the stellar spectrum. Next,
stars must be available which have a spectrum frec of absorption
lines in the given region, of so high a luminosity that their spcetra
can be photographed even though they are very far off from the
earth. The most propitious stars are therefore B and O stars, WR
stars, and novae. Which elements to look for it is more difficult to say
beforehand, but observations have decided in favour of calecium and
sodium.

This happened as early as 1904 when Hartmannt discovered that
the H and K lines in the spectrum of the spectroscopic binary &
Orionis were double. One pair of components he found to oscillate
back and forth as they should do in virtue of the orbital motion of
the stars. The second pair of lines, however, remained quiet, or very
nearly so.

Lines of this sort became known as ‘stationary calcium lines’, an
appellation which some years ago was changed into ‘detached lines’.
By and by detached lines were discovered in quite a number of early-
type binaries. In most cases only the calcium lines / and K are
stationary, but Miss Heger} at the Lick Observatory discovered a few
cases of detached sodium lines. Recently Merrill|] has announced
the discovery of four new interstellar lines in the red and yellow
region of the spectrum. The origin of these lines is thus far unknown.
However, the fussy character of the lines makes it probable that they
are really narrow molecular bands.{f

T Astrophys. J. 19 (1904), 268.

1 Lick Obs. Bull. 10 (1919), 59; 11 (1924), 141.
|| Pub. Astron. Soc. Pacific, 46 (1934), 206.

11 H. N. Russell, Monthly Not. 95 (1935), 635.
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It is not necessary for a star to be a binary in order to reveal
stationary lines. It is sufficient that the star has no prominent
calcium lines of its own, and has an appreciable radial velocity—
appreciable in comparison with the radial velocity of the interstellar
gases responsible for the absorption.

128. The Galactic Rotation and the Intensity of Interstellar

Lines

The study of interstellar lines is of interest in two respects. First
the displacement of the lines from
their zero velocity position gives an
average measure of the velocity of the
interstellar gases, which has served
well in the study of the galactic rota-
tion. Next it is possible to obtain
some information about the density
and temperature of the interstellar
gases from the line intensities.

In Oort’s theoryt of the differential
galactic rotation the radial velocity P
along a given line of sight should
increase or decreasc proportionately
to distance.

It is easy to see why this must be
so. Let r and 7’ denote the distances
from the galactic centre to the sun
and to a star in the galactic plane
respectively, ¢ the angle between r
and 7', s the distance from the sun to
the star, and 6 the angle between r Fic. 44. Orientation of coordi-
and s. Let ﬁnally W denote the angu- nates used in the theory of galactic
lar velocity of rotation, which is rotation.
assumed to be a function of the distance to the galactic centre only.

From the equation

8% = r24-r'2—2rr'cos ¢
we find the radial velocity « of the star to be given by

_ds_ e db
U= =3 rrsmqsa-z,

t Bull. Astron. Inst. Netherlands, 3 (1927), 275; 4 (1927), 79.
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since » and 7’ remain constant during a circular revolution. But to
a first approximation

d$ n_ _ oW ot g s
7 W) —W(r) = o scosf+..., r'singd = gsiné.
Hence, finally, U= sgég sin 20+4-....

The observed value of }roW [or is about — 17 km./sec. per kiloparsee,
corresponding to a rotation period of the galaxy of about 250 million
years.

It is clear from the symmetry of the problem that, assuming the
interstellar gases to participate in the differential galactic rotation,
the displacement of a line from its zero position expressed in km./sec.
is just half the radial velocity due to differential rotation at the
position of the observed star. It is important that this velocity is
measurable without measuring the width of the line. This latter is,
in fact, also affected by the density and temperature of the absorb-
ing gases, which fact may perhaps lead to a determination of these
quantities.

But this second problem is difficult to solve, because the line
intensities are very insensitive to changes in density and temperature
in the region where the lines are accessible to observations. This point
was brought out by Eddington.

In order to see this clearly we may neglect the Doppler width of
the line due to thermal motion, and assume its intrinsic width to be
due to radiation damping alone. Write the absorption coefficient in
the usual form K5

B
v being the proper frequency of the line relative to the observer. If
v, is this frequency relative to an atom of radial velocity «, we have
vy = vo(l—u/c).
We hence find for the optical length of the line of sight

8
dds
= nK T
=k [ e
0
where n is the number of absorbing atoms in unit volume. Since & is

1 Monthly Not. 95 (1934), 2.
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proportional to %, and hence also to vy—v,, this integration may be
carried out, giving

T, = nK ds {tan-ll-,;_"_)_tan—lg_fql,

dv, )

where v, corresponds to the distance s of the observed star. This
expression may be further simplified by introducing the radial
velocity U.due to galactic rotation at the distance of the star, and
by using the addition theorem of tan functions. Writing

& = v—uv,, i = vy Ulc,
we find easily T, = nKad; tan-1 i—?v%ibi‘" (141)
0

The profile of the line is now given by the formula for the trans-
mitted intensity: I =ILe™

In order to fix ideas we may assume the radial velocity U to be
positive, so that the absorption line is displaced towards the red.
Since v,/3 is of the order 107, % will be a large quantity, provided U
exceeds one km./sec., which we assume to be the case. The variations
of 7, with v is very slow in the interval # = 0 to ¥ = —, which
corresponds to the Doppler width of the line. In this region the
tan—! expression only varies from nearly }= at the ends of the
interval to nearly = in the middle. Outside this region =, will fall
off ultimately as (¥)-2.

Whether the line width will grow appreciably broader than the
Doppler width or not depends on the value of

ds
A=nK—.
"t
If A is small in comparison with unity, it is possible to write 1—7,
instead of e~7, and the intensity of the line,

R=1, f (1—e=") dy,
0

becomes approximately R = il  Adu,

since ow is the Doppler width. In this case the intensity is propor-
tional to the density of absorbing atoms, and this latter quantity is
then easy to determine. As a matter of fact this is the only case in
which this density can be determined in a trustworthy manner. But
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unfortunately it has proved very difficult to find stars where the line
intensities fall in this range.

When A4 islarge in comparison with unity, the transmitted intensity
will be very nearly zero over the interval in which 7, is large. Some-
where in the wing of the line, however, =, has decreased to the order
unity, and from then on it drops so fast that we may take the
intensity of the line to be given by

R = Iy(vo—y),
where v, and v, are the two values of v which are roots of the equation

v, = 1.

Since A has been assumed to be large, tan and tan—! need not be
distinguished, this equation assumes the form

P41 = Ag,
the solution of which is

v = —jat(dat+Aa—1),
so that Dy—7, = J(@2+44u—4).
The expression of the line intensity becomes
R = I,3/(@*+44u—4).

It should be noted that the term Au is independent of galactic
longitude, and only dependent on distance. The term #%? depends
on longitude, however, and as long as 44 is small in comparison with
% we should therefore expect a pronounced longitude effect in the
intensity. But this question has not been investigated very closely
from the observational side as yct, and the existence of such an
effect has thus far not been established.

129. The Density of Interstellar Calcium and Sodium

The determination of density from the line intensities is in this
case an elusive task, because the intensity is so closely linked up with
the radial velocity. At present the information revealed about the
intensity in this way is only sufficient to indicate a lower limit to the
density.

In order to see this it is convenient to distinguish between threo
different ranges of density, as was done by Eddington in his dis-
cussion of this question. The first range (range 4) extends from zero
up to a density corresponding to

T, =2,
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say, where 7, corresponds to the theoretical central intensity of the
line. The next range of the density (B) extends from this value and
to an upper limit where 44 becomes comparable with @. The third
range (C) extends from this latter value to infinity.

In range A the intensity is proportional to density, and it would
be an easy matter to determine density for various constituents if
it were confined to this range. Inrange B the intensity depends very
little on density, as it only enters as a small correcting term in the
greater part of the range. In C, on the other hand, the intensity is
proportional to the square root of the density, and the mutual rela-
tionship is again of a type allowing the density to be fairly well
determined.

The first problem to solve is to find out in which range the densities
of calcium and sodium are to be placed. This is easy as range B is
distinguished from 4 and C by the fact that all individual peculiari-
ties of the lines are blotted out. There can, for instance, no longer be
any difference in intensity between the H and the K lines, and if
both calcium and sodium are in this range their lines should be
equally intense.

The obvious way of applying this test is to consider the relative
intensity of the I and K lines in the same spectrum. In range 4
the relative intensity should be the ratio-of the respective transition
probabilities, and in range C the relative intensity should be the
square root of this ratio. As far as observations go, however, there
is no difference to be found between these lines, which at once in-
dicates that the density of Ca' atoms is in range B.

Consider next the limits of range B. These are determined on one
hand by 7, = 2 at the centre of the line, i.e. by (141)

4" nds K
very nearly. The value of ds/dv;, corresponding to sin26 = 1 and
a radial velocity of 17 km. per kiloparscc, is

Ld";, = 7-10.10!° cm. sec.
dv,

The value of the constant K is for the K line

2
K =% f=554.10-% cm.? sec.”!
pe
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Introducing these values in the expression of n, we find

ny = 1:6.10-% cm.—2
Multiplying this number by the mass of a Ca atom, 6:4.10-2 gm., the
mass-density is found to be about 10-3! gm. cm.-3

The upper limit to the density in range B, as we have defined it, is

ng = Ny §ml.
Expressing « in km./sec., we find, by using the value
3 = 1-15.108 sec.”!
for the damping constant,
ng = n,87u.

For a distance of one kiloparsec (¢ = 17 km./sec.), the upper limit
to the density is thus about 1,500 times larger than the lower limit:
ng = 2-4.10-% cm.—3,

or 2-4 atoms per cubic metre.

Somewhere in this range the actual density of Ca* is to be expected.

For sodium the corresponding range in density is lower by a factor
about 0-6. The sodium lines are about as intense as the calcium
lines,T which indicates that sodium is also in range B.

Using the equations of dissociative equilibrium, modified to suit
conditions in interstellar space, it is now possible to derive the corre-
sponding ranges for the atoms in other stages of ionization as well as
the ranges of total abundance. _

It is then found that, due to the rather wide limits of range B, the
data are consistent with the view that the relative abundance of Ca
and Na is the same in interstellar space as in the stellar atmospheres.
This result was obtained by Eddington.]

Further information about the interstellar gas may be obtained
from a detailed study of the form of the stationary lines in relation
to galactic longitude and latitude.

130. Cosmic Dust and the Reddening Effect

While the atoms of calcium and sodium producing the stationary
lines are undoubtedly in a gaseous state, there is definite evidence
that a considerable amount of matter in interstellar space occurs in
the form of fine dust. This is shown, first of all, by the presence of
dark nebulae, or such nebulae as reflect the incident stellar light

+ C. S. Beals, Monthly Not. 93 (1933), 585.
1 Ibid. 95 (1934), 2.
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without change of quality. But it is also shown by a reddening of the
light coming from distant objects in or close to the Milky Way.

The information to be obtained about the state of this matter from
observations of dark nebulae or reflection nebulae is rather vague.
We can do little more than infer that the dust particles must have
diameters comparable with the wave-length of visible light. The
absence of any marked reddening of the light transmitted through
dark nebulae indicates that the diameters of the particles are not
much smaller than the wave-length of light, and considerations based
on the estimated mass of the material indicates that they cannot be
much larger either. Schalént has tried to substantiate these con-
clusions more definitely by making extensive calculations based on
Mie’s} theory of absorption and scattering of light by small metallic
droplets.

The reddening effect was first definitely discovered by Trumpler §
in a study of open galactic clusters. From a statistical study of the
angular diameters of such clusters in rclation to the apparent magni-
- tudes and types of their brightest stars Trumpler concluded that a
space absorption corresponding to 0-67 m. per kiloparsec in the
photographic region and 0-32 m. in the visual region would be con-
sistent with the observed facts.

Later work has served to confirm Trumpler’s conclusions. The
most direct confirmation came from a study of the colour indices of
globular clusters in low galactic latitudes which was made by
Stebbins,|| and by Emma T. R. Williams and A. N. Vyssotsky.{t In
general, the closer the clusters are to the galactic plane, the redder they
are. This indicates definitely that the light suffers a marked sclective
absorption in the galaxy, and that this absorption is produced by
particles of smaller size than those collected in dark clouds.

Although this discovery is of rather recent origin, there is already
collected a large amount of material bearing upon the problem. The
general trend of the material is to confirm the existence of the obscur-
ing matter, and to show that it is very irregularly distributed in the
galactic plane. In some places, as for instance in the direction of the
Scutum star cloud, regions free from obscuring matter appear to
exist, extending right into the centre of the galaxy itself. But apart
from such isolated regions some absorption and reddening of light

1 Med. Upsala Obs. No. 58 (1934) and No. 64 (1936).
t Ann. d. Phys. 25 (1908), 377. § Lick Obs. Bull. 14 (1930), 1564,
|| Proc. Nat. Acad. 19 (1933), 222, tt Astrophys. J. 77 (1933), 301.
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coming from distant parts of the galaxy must always be reckoned
with.

While the total optical thickness of the absorbing cloud of dust is
clearly very large in the galactic plane, it is quite moderate in a
direction perpendicular to this plane. Thus Hubble,} from his ex-
tensive counts of extra-galactic nebulae, estimated that the total
optical thickness in a direction from pole to pole of the galaxy is of
the order of 0-5 m. Other investigators find a somewhat larger value
of the obscuration. The corresponding differential absorption, i.e.
the reddening of light passing perpendicularly through the galaxy, is,
according to Stebbins, 0-18 m., while Williams and Vyssotsky find the
smaller value 0-13 m. It is obvious that the absorbing layer of dust
forms a very flat disk in the galactic plane, much more flattened, in
fact, than the galaxy itself. This result recalls the well-known fact
that the equatorial dark markings in extra-galactic nebulae seen
edge-wise are narrower than the nebulae themselves.

An intensive study of interstellar absorption is a necessary feature
of stellar spectroscopy. For unless the reddening effect is taken
properly into account, temperatures derived from colour indices may
be very misleading for stars even at quite moderate distances. In
fact, in some cases when the colour temperature appeared absurdly
low, as for { Persei for example, a selective interstellar absorption
was invoked as a probable cause even before Trumpler’s work. But
apart from this side of the problem, the study of cosmic dust appears
to be of high theoretical importance for the study of the evolution of
individual stars as well as for the galaxy itself, and by analogy, for
all other galaxies.

t Astrophys. J. 79 (1934), 8.
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APPENDIX

WE give here some data which are useful in the application of the dissocia-
tion theory to stellar problems. These data are mostly taken from Jevons’s
Report on Band Spectra of Diatomic Molecules, with some additions
collected by Russell (Astrophys. J. 79 (1934), 322). The relevant quantities
are: 1. The fundamental vibration frequency w, given in wave number
units. 2. The mean separation between the atoms, 7,, in angstroms.
3. The dissociation energy y, in volts. 4. The ratio of the weights of the
ground states involved, @ = G, G5/G,5. 5. The reduced molecular mass,

M =M, M;|(M,+M,).
The figures in ( ) are uncertain; those in [ ] are still more so.
TABLE 14

Molecular Constants

Mol. w To X Q M | Mol. w 7o X Q| M

H, |4371 |07 | 443 | 4| 050 | CO | 2,167 5 |(10-0) (81| 686
BH |[(2,230)| 1-23 [[3-46]| 12 | 0-92 | NO | 1,906 5| [61] | 6] 7-46
CH | 2851|113 [(40) | 3| 092 | AlO| 977 1| (41) [27]|101
NH ((3,000)| 1-08 |[4-4] |8/3| 093 | SiO | 1,240 0| (19) [81]10-2
2
)

OH 3,668 | 0-97 |[5-0] 3| 094 | TiO | 1,008 (6-74) | 21| 12-0
MgH | 1,493 | 1:73 [[1-41]| 1 | 096 | ZrO 937 | ( (7-5) 121|136
AlH 1,681 | 1:64 | 3-06 | 12 | 096 | C, 1,641 | 1-31 | [5-5] 9| 6-00
SiH | (2,012)| 1-53 |(3-0) 3] 097 ] CN 2,069 | 1-17 | [7-1] [18| 6-46
CaH | 1,317 | 2:02 |(1-9) 1098 | N, 2,360 | 1-09 7-90 | 16| 7-00
CuH | 1,946 | 146 | 3-0 4 | 098 | SiF 865 | 2-26 | (5-0) 9114
ZnH | 1,652 | 1-61 | 0-91 1099 | SiN | 1,152 | 1-53 | (6-2) |18 9-36
O, 1,666 | 1.20 | 509 | 27 | 8:00 | Na, 159 | 3-07 | [0-76]| 4|115
BO 1,885 | 1-20 |(6-6) | 27 | 6-50 | HF | 4,037 | 0-86 64 |12 095

In the next table we give a survey of the ground configuration of astro-
physically interesting atoms in their electrically neutral and singly
ionized states. The ionization energy is expressed in volts, and the series
relationship of the electron last bound is given in the simplest form,
without indicating the state of other electrons. (From Bacher and
Goudsmit, Atomic Energy States.)



APPENDIX 347

TABLE 15
Ground Configurations and Ionization Potentials of the Atoms

L. X il X 1. X El. X
1. H 1s 13-53 20. Ca 45 6-09 1. 20. Cat 45 11-82
2. Ho ls 2447 21. Sc 4s 6-7 2. Hetls 5414 21. Sct 48 12:80
3. Li 28 6537 22, Ti 485 681 3. Lit 1s 17528 22, Tit 48 13:60
4. Be 23 9-28 23. V 48 676 4. Bet 28 1812 ' 23. V+ 3d 141
5 B 2p 828 24, Cr 48 674 5. B+ 2¢ 25-00 24, Crt 3d 16-6
6. C 2p 11-22 25. Mn 4s¢ 7-41 6. Ct 2p 24-27 | 25. Mnt4s 15:70
7. N 2p 1448 26. Yo 4s 7-83 7. Nt 2p 29-47 26. Fot 45 165
8.0 2p 1355 | 27. Co 4s 85 8. O+ 2p 34:93 | 27. Co+ 3d 17-3
9. F 2p 186 28. Ni 4s 7-61 9. ¥+ 2p 346 28. Nit 3d 182
10. Ne 2p 21-47 29. Cu 4s 7-68 10. Net 2p 40-89 29. Cut 3d 20-2

11. Na3s 5-12 30. Zn 45 936 | 11. Nat+2p 4702 | 30. Znt 4s 17-89
12, Mg3s 7-61 31. Ga 4p 597 12. Mg+3s 14:96 | 31. Gat 45 20-43
13. Al 3p 5-96 32. Ge 4p 8-09 13. Alt 3s 1874 | 32. Get 4p 159
14.8i 3p 812 | 33. As 4p 10 14. Si+ 3p 16-27
15. P 3p 10-6 34. Se 4p 95 15. P+ 3p 198
16. 8 3p 103 35. Br 4p 118 16. S+ 3p 233
17. C1 3p 12-90 36. Kr 4p 13-94 17. CIt+ 3p 239
18. A 3p 15-69 37. Rbbs 416 18. A+ 3p 2772

19. K 43 4-32 | 38. 8r 68 567 | 19. K+ 3p 31-7
TaABLE 16

Universal Constants
Velocity of light . . . . . ¢ = 2:99796.10% cm. sec.~!
Electronic charge . . . . . e = 4-770.107 ' o.3.u.
Electronic mass . . . po= 9035.10"%8 gm,
Mass of a hydrogen mom . . . H -:1662.10% gm.
Planck’s constant . . . . . h == 6-547.10"% org. sec.
Boltzmann’s constant . . . . k= 13709.10"12% erg, deg.— 1
Constant of gravitation . . . . @ = 666.1078 cm.% gm."1gec.”?
Avogadro’s number . . . . N = 6-064.10% molo—!
Radiation density av 1° K. . a = 7-64.10~ % gm. cm.~1gec.~2deg.~4

Rydberg constant for infinite nucloar mass . Rm = 10973742 cm.™!
Constantin Wien’sdisplacement law A, T'=056 b = 0-289 cm. deg.

|

One ‘volt’ in ergs. . . . . . = 1:59.10~2 erg.
TABLE 17
Astronomical Dala

The sun:
Mass . . . . . . . . 1.985.10% gm.
Radius . . . . . . . 6951.10° cm,
Mean density . . . . . . 14109 gm. cm.—3
Surface gravity . . . . . . 2:736.10¢ cm. sec.”?
Luminosity . . . . . . 3:780.10% erg. sec.”1
Surface bnghtness . . . . 2:08 erg.sec.”l cm."2
Absolute bolometric magmtudu . ' 485
Mean distance from the earth . . . . 1:494.10'% cm.

Number of seconds in one year . . . . 3:156.10 sec.

One light year . . . . . 9461.10" cm.

One parsec = 3-26 hght. years . . . . 3:08.10%cm.
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126, 129, 185; origin of long period
variability, 223 ; ionization in nebulae,
316; interstellar absorption lines, 339,
343.

Effective quantum number, 57.

Effective temperature, 114.

Einstein coefficients, 23, 29, 85, 144.

Electric dipole, 30; moment, 30, 40.

Electron, spin, 53; density in stars, 180;
density in nebulae, 319.

Ellerman, spectra of N stars, 243.

INDEX

Elvey, deformation of lines in the spec-
trum of eclipsing binaries, 210, 211;
rotational speed of stars, 212, 213, 214.

Emission lines, theory of, 83; in stellar
spectra, 286.

Emissivity, definition, 106.

Epstein, quantum theory of the Stark
effect, 220.

Fabry, effective tomperature of the sun,
118; temperature of interstellar gases,
321. :

Fermi, quantum statistics, 13.

Ferraro, influence of magnetic forces on
the equilibrium of the chromosphere,
281, 282,

Ferrers’s associated Legendre polyno-
mials, 37.

Flux of radiation, 106, 113.

Forbidden lines, in nebulae, 311; in
novae 313; excitation of 335.

Fowler, A., spectra of stripped atoms,
311.

Fowler, R. H., formulation of statistical
mechanics, 16; intensity maxima of
spectral lines as a function of effective
temperature, 175; the rate of fading-
out of the absorption lines, 179.

Fraunhofer, solar absorption lines, 125.

Fuos, normalization of continuous wave
functions, 190.

QGalactic rotation, 338.

Gaunt, theory of the photoelectric effect,
192.

Genard, profiles of omission lines in the
spectra of novae, 292, 298, 299, 300.

Generalized momenta, 4.

Gerasimovic, on ultra-violet emission in
stars, 189; influence of light pressure
on the equilibrium of envelopes in Be
stars; hypothesis of expansion of Be
envelopes, 290, 292.

Giauque, discovery of the oxygen iso-
topes in earth’s atmosphere, 232.

Gibbs, statistical theory, 10, 13.

Gordon, theory of the photoelectric
effect, 192.

Goudsmit, hypothesis of the spinning
electron, 54.

Groups, electronic, in the atoms, 61
et seq.

Hale, discovery of solar magnetism, 218,
279; observation of the spectra of N
stars, 243.



INDEX

Halley’'s comet, 243, 244.

Hamilton, equations of motion, 5; varia-
tion principle, 3; integration theory,
5; partial differential equation, 6, 8, 9;
function, 6, 8, 9; operator, 19, 20.

Harmonic analysis of line profiles for the
detection of rotation, 207.

Hartmann, discovery of interstellar lines,
337.

Hartree, invention of the method of the
self-consistent field, 35.

Heaviside layer in the atmosphere, 184,
185.

Heger, discovery of interstellar sodium
lines, 337.

Heisenberg, separation of spin doublets,
55; incorporation of Pauli’s principle
in wave mochanics, 60; the intensity
of Zeeman components, 75.

Heitler, thoory of the reaction isochore,
248,

Higgs, the clectron density in stellar
atmospheres, 181.

Hogg, profiles of Cat lines in stellar
spectra, 181.

Holtsmark, theory of pressure broaden-
ing, 221.

Hénl, relative intensities of multiplet
lines, 76, 717.

Huckel, interaction between charged
particlos in a gas, 156.

Huggins, absorption bands of ozone, 258 ;
discovery of bands in the spectrum of
Jupiter, 259.

Hutchisson, on the theory of molecular
vibrations, 238, 242.

Ingram, on the analysis of Mgt 4,481 in
the spectrum of Algol, and other stars,
211, 213.

Tnnes, variation of # Carinae, 314.

Integral equation, for the total intensity
of J, 130; for the intensity of a
rotationally deformed line profile 207;
for the radiation from an envelope,
263.

Intensity, total for coincident linos in
dogenerate systems, 42 ; of Fraunhofer
lines, 160; of radiation, 106; of arc
lines, 175; of spark lines, 177 ; maxima
of lines, 175.

Jackson, solution of the equation of
transfer by integral equations, 130.

Jacobi, integration theory of the equa-
tions of motion, 1.

351

Jeans, on the equilibrium of planctary
nebulsae, 289.

Johnson, M. C., on the emission of hydro-
gen and helium from a star by radia-
tion pressure, 291.

Johnston, H. L., discovery of the oxygon
isotopes, 232.

Jordan, on the spin separation of doub-
lets, 55; on the intensity of Zeeman
components, 75.

Joy, the influence of band absorption on
the variability of Mira stars, 223; on
the spectrum of Mira, 230.

Kaplan, on the origin of the auroral
spectrum, 258.

Koennelly, the Heaviside-Kennelly layer,
184, 185.

Kienle, on the continuous radiation from
the stars, 189.

Kiepenheuer, on the theory of the
Corona, 282, 283.

Kinetic potential, 2.

King, A.,discovery of the carbon isotopes,
232; derivation of tho solar tempera-
ture from the intensity distribution in
bands, 235.

King, L. V., solution of the transfer
equation by the use of integral equa-
tions, 130.

Kirchhoff, radiation law, 109.

Klein, wave-mechanical thoory of the
Zeoman effect, 217.

v. Khiber, on the profiles of Fraunhofer
lines, 134.

Kramers, theory of series-limit absorp-
tion, 194.

Kratzer, detection of isotopes from the
analysis of band spectra, 232.

Kronig, theory of multiplet intensities,
77; theory of multiplet structure in
bands, 228.

Ladenburg, test of the influence of
thermal Doppler effect on line width,
102.

Lagrange, equations of motion, 2.

Laguerre polynomials, 51.

Landé, spin separation of alkali doublets,
58; on the intensity of Zeeman com-
ponents, 76.

Laplacean operator, in polar coordinates,
36; in cylindrical coordinates, 217.
Laporte, on multiplet spectra in Hand-

buch der Astrophysik, 12, 77.
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Legendre- polynomials, 37; associated,
38, 217.

Light pressure, defined by the radiation
tensor, 107; isotropic light pressure,
108.

Limb darkening, coefficient of, defined,

. 119; negative coefficient of in the
theory of Be envelopes, 289, 290.

Limb effect, progressive red shift of lines
on passing from the centre to the limb
of the sun, 268; in eclipsing bina-
ries, meaning & progressive deforma-
tion of line profiles during the eclipse,
212.

Lindblad, on the theory of the continu-
ous spectrum from a star, 117.

Line profiles, of a pure emission line,
86; of pure absorption lines, 100 et
seq.; in the spectra of the sun and
the stars, 134 et seq.; of H and K
in stellar spectra, 181; in spectra of
rotating stars, 202; profiles of lines
originating in an expanding envelope,

291-300; of interstellar lines, 340, !

341.

Liouville’s theorem, 11.

Loomis, isotope effects in band spectra,
232.

Lorentz, theory of the Zecman effoct,
216, 218.

Lowen, quantum theory of dispersion,
153.

v. Maanen’s white dwarf, 222.

Magnetic quantum number, dofinition,
36.

Mass formula of the relativity theory,
7.

Matrix, of perturbation, 81,

Maxwell, on molecular statistics, 10;
velocity distribution, 13, 100; electro-
magnetic equations, 94.

McCrea, differential effects of opacity,
194; density of hydrogen in the chro-
mosphere, 263, 264 ; theory of the limb
effect, 268; on the electron density in
the chromosphere, 273.

McLaughlin, rotational limb effect
studied in Algol and g Lyrae, 212.

McLennan, identification of the green
auroral line with a forbidden O1I line,
258.

Mellin, inversion formulae for some
integrals, 205.

Menzel, on metastable states of astro-
physical significance, 303, 314.

INDEX

Merrill, identification of ZrO bands in
the spectra of S stars, 230; typical
bright-line profiles in Be stars, 287; a
case of periodic variations of a Be
bright line, 288 ; discovery of forbidden
lines in the spectrum of R Aquarii,
314; forbidden lines in H.D. 45,677,
315; discovery of new interstellar
lines, 327.

Metastability, definition of, etc., 301,
302 ; astrophysical significance of, 303 ;
theory of transition from metastable
states, 304-7.

Mie, theory of light absorption by small
metallic spheres, 344.

Millikan, spin separation of alkali doub-
lets, 58; spectra of stripped atoms,
311.

Milne, theory of tho continuous spectrum
of the sun, 117; theory of combined
absorption and scattering, 126; the
method of maxima, 175, 181, 182;
differential offects of opacity, 194, 200;
a calcium chromosphere supported by
light pressure, 269 ; expulsion of atoms
by light pressuro, 274.

Minnaert, theory of line profiles, 132;
observation of line profiles, 134, 138,
151 ; theory and observations of total
line intensities, 160, 164, 165, 166,
167; search for absorption edges in
the sun, 188; oclipse observations,
262,

Mitchell, eclipse observations. 262.

Mitra, on the theory of the limb effect,
268.

Molecular compounds, theory of, 223-9,
234-41, 245-51; in stars, 230.

Momentum, four-dimensional, 9.

Moore, G. E., calibration of Rowland
intensities, 167.

Moore, J. E., radial velocity of the
corona, 267 ; width of Fraunhofer lines
in the corona, 264.

Morgan, difference between giants and
dwarfs, 196.

Mulders, profile of a Mg b-line, 138;
total line intensities, 160, 164, 166,
167.

Multiplet spoctra, nomenclature of, 70.

Nebula, the Orion, 307; the Trifid, 307,
319, 322.

Nebulae, planetary, emission, reflection,
308; ionization in, 316; temperature
in, 320.



INDEX

Newall, identification of the @ band with
CH, 231.

Newton, equations of motion, 1.

Nomenclature, spectroscopic, 62.

Normalization, of discrete wave func-
tions, 26; of continuous wave func-
tions, 190.

Novae, lines widened by Doppler effect,
288, 291; diagrams of line profiles in,
288, 289, 290.

Occultation effect, 290, 294.

Ohman, observation of a white dwarf,
222,

Oldenberg, on intensities in band spectra,
244,

Oort, on differential galactic rotation,
338.

Opacity, 184-9, 194-201.

Operators, 19.

Optical depth, definition, 111.

Ornstein, intensity rules, 76; on eclipse,
observations, 262.

Orthogonality, 22.

Pannekoek, theory of line profiles, 132,
136, 147, 165; ionization theory, 158;
damping constant from observations
of & Cygni, 167 ; solar eclipse observa-
tions, 262,

Parkhurst, observation of N spectra, 243.

Partition function, 14, 155.

Paschen, series, 186, 188; spectra of
strongly ionized atoms, 311.

Pauli, on the formulation of the Fermi-
Dirac quantum statistics, 13; refer-
ence to an article in Handbuch der
Physik, 32; exclusion principloe, 59,
60.

Payne, profiles of H and K, 181; on the
abundance of elements, 182; differen-
tial effects of opacity, 200; constitu-
tion of WR stars, 288; on forbidden
lines, 303, 314.

Periodic system, theory of, 59; diagram,
65.

Pertner-Exner,
185.

Perturbation, theory, 26, 50; matrix,
82,

Phase space, 10.

Photoelectric effect, 189.

Piccardi, dissociation of molecules, 245.

Pickering, discovery of HeII lines, 288.

Planck, density of thermal radiation, 24,
109, 117.

Meteorologische Optik,
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Plaskett, H. H., fine structure of Balmer
lines, 46; the temperature of the sun,
118; observations of line profiles, 134,
139, 147.

Plaskett, J. S., on the rotation of 21 Cas,
212; fine structure of lines in the
spectra of y Cas, 8 Lyr, and » Sgr,
288.

Poynting’s vector, 96, 99.

Probability coefficients, 11; in multi-
plets, 75; in hydrogen, 148.

Profile, see Line profiles.

Quadripole radiation, 305.
Quantum conditions, 21; numbers, 36,
58.

Radiation, dilute temperature, 145;
transfer of, 105; tensor, 107 ; thermal,
24; field theory of, 73 et seq.

Rare earths, 68.

Rayleigh, radiation law, 115, 123 ; scatter-
ing, 185,

Reaction isochore, 248.

Recurrence formulae, of Legendre poly-
nomials, 38; of Ferrers’s associated
Legendre polynomials, 38 ; of Hermite
polynomials, 34.

Refraction index, theory of, 94.

Reiche, test of thermal Doppler effect,
102.

Resonance lines, theory of, 83; wave
lengths of, 176; theory of the radia-
tive transfer within, in a nebula, 328.

Richardson, discovery of AlH in sun
spots, 321; solar temperature from
band intensities, 235.

Righini, a study of a Mg b-line in the
sun, 138.

Ritz, correction to Rydberg’s formula, 49.

Rodrigues’s formula, 37.

Rosenberg, on the cross-section for
atomic collisions, 276.

Rosenfeld, dissociation of stellar com-
pounds, 245, 248, 251.

Rosseland, on the effect of cyclic transi-
tions on the residual line intensities,
1562 ; on solar magnetic fields, 219; on
the intensities of auroral bands, 244 ;
on a chromosphere supported by cor-
puscular rays, 268, 275.

Rossiter, rotation effects in g Lyr and B
Per, 212.

Rotating stars, 202, 289.

Rowland, intensities of Fraunhofer lines,
160, 167, 169.
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Rubens, the spectrum of Hg0, 225.

Rubinowicz, theory of quadripole radia-
tion, 3086.

Rufus, intensity of the @ band, 231.

Russell, nomenclature, 70; Russell-
Saunders coupling, 72; multiplet in-

. tensities, 77 ; abundance of elements in

the sun, 160, 167, 169, 182; opacity
formulae, 194; state of ionization in
stellar atmospheres, diagrams, 199,
201; state of dissociation, diagrams,
253, 254, 265, 266, calculations, 257;
interpretation of interstellar lines, 337.

Rydberg, constant, 45; formula, 49.

Saha, theory of spectral classes, 175.

St. John, the limb effect, 268.

Sandford, discovery of the carbon iso-
topes, 232.

Saunders, the Russell-Saunders coupling,
70, 72,

Scattering, coherent, 122,

Schalén, theory of interstellar absorption,
344,

Schlesinger, discovery of stellar rotation,
211.

Schrodinger, wave equation, 19; per-
turbations in line series due to re-
sonance, 53.

Schiitz, test of line profiles by total
absorption, 102.

Schwarzschild, quantum conditions, 21;
on the use of integral equations in
problems of radiative transfer, 130;
on line profiles, 134; on the theory of
the Stark effect, 220.

Screening, 64.

Selection principles, for the harmonic
oscillator, 34 ; for central fields, 39, 40,
41, 42,

Self-adjoint operator, 20.

Self-consistent field, 35.

Shajn, on the rotation effect in eclipsing
binaries, 210, 213.

Shane, intensity of the G band, 231.

Slater, theory of valency, 63.

Slipher, on comets, 244; on the inter-
pretation of planetary bands, 260;
on Hubble’s variable nebula, 314.

Slob, on total line intensities, 160, 164,
166.

Sommerfeld, quantum conditions, 21;
the fine-structure formula, 53 ; on mul-
tiplet intensities, 76, 77.

Spin, electronic, 53, 54.

Stark effect, 220.

INDEX

Stebbins, on TiO and C, in o Herculis,
255; on interstellar absorption, 345.
Steensholt, on the relative intensities of

bands, 244.

Stevenson, theory of forbidden transi-
tions, 306.

Stobbe, on the photoelectric effect, 190,
192, 193.

Stormer, on the corpuscular theory of
aurorae and magnetic storms, 268,

Stratton, on eclipse spectra, 262.

Strémgren, B., on line profiles, 152.

Struve, on the profiles of H and K, 181;
on the rotation effect in eclipsing
binaries, 210, 211, 212, 213, 215; on
Stark effect, 221 ; on the abundance of
H and N in late-typo stars, 251; on
17 Lep, 284; rotation hypothesis of
Be stars, 289.

Sum-rules, 42.

Swan bands, 231, 235, 242.

Swings, 230, 245; on the abundance of
H and N in late-type stars, 2561; on
the rotation hypothesis for Be stars,
289, 295.

Temperature, effective, 114; in giants
and dwarfs, 181; from intensity
maxima of lines, 182; from bands,
234 ot seq.

Thackeray, on line profiles, 151.

Thomas precossion, 55.

Thomas-Kuhn sum rule, 39, 99.

Thomson, scattering formula, 100.

Transauroral transitions, 303.

Transfer, equation of radiative, 102.

Trumpler, discovery of interstellar ab-
sorption, 344.

Turner, intensity distribution in the
corona, 264.

Uhlenbeck, discovery of the electronic
spin, 54.

Unsold, on line profiles, 134, 135, 136,
147, 151 ; on the Stark effect, 221.

Vector potential, 7.

Vegard, on upper air temperature, 236,
237; an auroral theory, 268.

Verwoy, on Stark effect in white dwarfs,
222,

Vyssotsky, on interstellar absorption,
344.

Waller, on the Rydberg-Ritz correction,
51.



INDEX

Wave equation, 18, 25.

Woeisskopf and Wigner, probability dis-
tribution law, 87 et seq., 122, 141.

Westgate, rotation of the stars, 214.

Weyl, normalization of characteristic
differentials, 190.

Wien, approximation, 116; displacement
law, 118,

Wigner, see Weisskopf.

Wildt, dissociation theory, 245; dis-
covery of methane and ammonia in
the major planets, 260,

Wiles, analysis of line profiles, 140, 141.

Williams, E. T. R., on interstellar
absorption, 344.

Wilson, on the eclipse of { Aurigae, 285.

Wolf, spectra of planctary nebulae, 310.

Wolf-Rayet stars, 288, 291, 310.

Woltjer, on an outward drift of Ca in the
sun, 274, 275; on reabsorption in an
expanding envelope, 331.
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Woolley, effect of cyclical transitions on
the residual line intensities, 140, 146,
147; on the equation of ionization,
158; on the effective temperature of
the sun, 1569; smoothness of the con-
tinuous spectra due to cyclic processes,
188.

Wurm, on an isotope effect in N stars,’
233; on the temperature of late-type
stars, 238, 242; on the temperature of
comets, 244.

Yii, on ‘ultra-violet appendages’, 189.

Zanstra, on comets, 244; light pressure
in planetary nebulae, 269, 331, 333; on
reflection nebulae, 308 ; on the tempera-
ture of nebulae, 310.

Zeeman effect, 75, 216; in the sun,
218.

Zwaan, intensity of H and K lines, 273.
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