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PREFACE

HE distinctive feature of this work is that the functions dis-

cussed are primarily not functions of a single variable direction
but functions of several independent directions. Functions of a
single direction emerge when the directions originally independent
become related, and a large number of clementary theorems of
differential geometry express in different terms a few properties
of a few simple functions: since one of the objects of the essay is
to emphasise the coordinating power of the theory; the presence of
many results with which cvery reader will be thoroughly familiar
calls for no apology.

In the applications to the geometry of a single surface two
functions thought to be new arc described. The first, studied in
Section 4, depends on two tangential directions, reduces to normal
curvature when these directions coincide, and is called here bilinear
curvature. I became acquainted with this function in 1911 and used
it in lectures early in 1914, The second, the subject of Section 6,
depends on three directions, and reduces to the cubic function as-
sociated with the name of Laguerre; the function is symmetrical,
and because the equations of Codazzi can be read as asserting its
symmetry I have called the general function the Codazzi function.

The theory of multilinear functions does not merely coordinate.
It affords simple proofs of the relations between the cubie functions
of Laguerre and Darboux (6231, 6:234) and of formulae (7-242,
7-351, 7-352) for the twist of a family of surfaces, and it leads
naturally to expressions (7-241) for the rates of change of the two
principal curvatures of a variable member of a family of surfaces at
the current point of an orthogonal trajectory of the family, expres-
siong that arc interesting because their existence was deduced by
Forsyth in 1903 from an enumeration of invariants.

E. H. N.

June, 1920,



NOTE

For the sake of brevity, the space considered is real, but the
restriction operates only to the same extent as in other braaches
of differential geometry. If it is removed, the intrinsic distinction
between the positive square root and the negative square root of
a given uniform function has to be replaced by a more artificial
distinction based on a dissection that is to some extent arbitrary.
And there is always a possibility that results need modification
if isotropic lines or planes are involved; as a rule, nul vectors are
admissible as arguments but nul directions are not.
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MULTILINEAR FUNCTIONS OF DIRECTION

Preliminary Paragraphs

01. The association of a direction OR with a real number r,
which may be positive, zero, or negative, determines a vector
which will be denoted by »,; of this vector » will be called the
amount in the direction OR. The vector »;, possesses in addition to
the dircetion OR the reverse direction, which we shall denote con-
sistently by OR’, and the amount of r, in the direction OR’ is —r.
The zero vector has all directions, and its amount in every direction
18 zero; a proper veetor has only two directions and two amounts.

A vector of amount unity is called a unit vector or radiul. The
vector 1, has the direction OR' as well as the direction OR, but
there is no confusion in describing the direction O R as the direction
of the radial.

02. There is an infinity of angles between two directions in
space, but these angles all have the same cosine. If epg is an angle
Rptween directions OR, OS of two vectors r, 8 whose amounts in
these directions are 7, s, the product 7s cos ey depends only on r
and s, not on any choice which is arbitrary when the vectors are
given; this product will be called the projected product®* of r and
8 and denoted by Srs. The projected product of a vector s and a
radial 1, is the projection of 8 in the direction OR, and the pro-
jected product of two radials is the cosine of the angles between
their directions.

0:3. Any three vectors p', p% p* which are not coplanar form a
vector frame, in which the arbitrary vector r is determined by the
three scalars &, g, & such that

r=§p' +9p* + Lp°.

* Many writers have not hesitated to call this the sealar product, although the
function is the negative of that for which Hamilton designed the name. There
is no universal notation ; to transfer the letter as well as the name rendered familiar
by Hamilton aund to appropriate brachets ot some special kind are courses equally
open to criticism, and if there is heie a vacant réle in the symbolism of vector
analysis it is one for which the initial of Gibbs and Grassmann may be cast with
peculiar fitness. Neither r.s nor rxs is quite secure from misunderstanding,
since Heaviside uses the one for a dyad and Gibbs the other for a vector product; I
am conservative enough to regard rs as denoting a quaternion,
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The polar of the frame p'pp® is the frame P'P*P* such that
SP*P* is unity or zero according as A and k are the same or
different, that is to say, such that ' is at right angles to both p?
and p* and S'p'P' is unity, B* is at right angles to both p* and pt
and Sp°P* is unity, and P* is at right angles to both p' and p?
and Sp*P° is unity. If .
=Ap' + up® + 1P°,
then Irpi=\, Srp*=pu, Srpi=v,
and since the relation between the two vector frames is reciprocal,

Cﬁ’rﬁl = Er ffrpz =1, Cfrp:’= g
considered as derived from the frame p'p?p?, the projected products
A, u, v are naturally called the polar coefficients of r.

0-4. When we have occasion to use a Cartesian frame of refer-
ence, we shall not assume it to be trircctangular. We shall use
a, B, v for angles between the axes of reference and A, B, I' for
angles between the planes, A being an angle from the second plane
to the third round the first axis just as a is an angle from the
second axis to the third in the first plane; A, B, " are eaternal
angles of the spherical triangle of which a, B, y are sides. Also we
shall denote by T the sine of this triangle, that is, we shall write

T =sinBsinysin A =sinvy sinasin B =sinasin Bsin .

Then if #, y, z are the components and !, m, n the projections
of any vector,

041 l=x+ycosy+zcosB,

m = cosy + ¥y + 2 cos a,
n=wxcos B+ ycosa+z,
and on the other hand
042 & =IT"2gin?a + mT1cot I' + nT1 cot B,
' y=1T1cot I' + mT?sin? B +nT ' cot A,
z=1IT"'cot B+mTcot A +nT2siny.
The projected square of the vector, having the value iz + my -+ nz,

can be expressed as a quadratic function of components alone by
means of 041 or of projections alone by means of 042 ; thus

043 7r*=2%+ ¥+ 2* + 2y2 cos a + 22z cos B + 2zy cos vy,
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but in terms of projections alone 7?is most readily given by means
of a determinant ; eliminating z, y, z between 0-41 and

r2=lx + my+nz

we have
1 cosy cosB I |=0,
cosy 1 cosa m
cos B cosa 1 n
l m n 72
that 1s
044 1=—T"% 1 cosy cosB I |.
cosy 1 cosa m |
cos3 cosa 1 n i
| m n 0 !

If OP is a direction perpendicular to each of two directions
OR, 08 and if €y is an angle from OR to OS round OF, the cosines
of OP are given in terms of the ratios of OR and OS by

045 (Ipy mp, np)sin egs=T| ar  Yr 2x ’
o Ys 25
and the ratios of OP in terms of the cosines of OR and OS by

lp mp np

046 (zp, yp, 2p)Sinepy =T |l
) |

The components z, y, z, and the projections I, m, n, of a vector
r in the Cartesian frame OABC are the coefficients and the polar
coefficients of r in the vector frame composed of the radials
14, 15, 1,. But it must be observed that the polar of this vector
frame is not as a rule the Cartesian frame polar to OABC but
consists of vectors of amounts T~ sina, T~!sin B, T~'siny.

ly my mny

0'5. For the comparison of directions in onc plane actual angles
can be used, a definite direction of angular measurement being
adopted. An angle from OS to OT will be denoted by egp; this
angle is not free from ambiguity, for any restriction on the magni-
tude or sign of angles is not merely superfluous but irksome, but
€08 egp and sin egp are determinate functions of the two directions
08, OT, and so also is the rate of change of egy with respect to any
variable on which the directions depend in a regular manner.
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When axes of reference A’0A, B'OB are being used in the
plane, an angle e p will be denoted by w. To deal simply and
symmetrically with a variable direction OT, angles ¢ p, €rp are
both required ; the sum e, + e must differ from o by an integral
multiple of 2, and a, 8, or if necessary ar, Bz, will be used for a
pair of angles €7, ezp subject to the convention a+ 8 = . .

The theory of multilinear functions of direction in a plane per-
sistently associates with each direction one of the perpendicular
directions, and the direction which makes a positive right angle
with O7" will be denoted by OF or by OFy; for OE will be sub-
stituted OD.

06. A function £ (7') of the direction OT in a plane regarded
as a function F(ep) of an angle to O7 from a fixed direction OW,
requires for its study its derivative dF (eyr)/deyp. This derivative
1s itself a function of epp, that is, of the direction OT, but since it
does not really depend on O W it may be called simply the angular
derivative of #'(T") and will be denoted by duF'(T'):

061 daF (1) = lim [(F(S) = F (I} fers].

A function of a number of independent dircctions in a plane has
an angular derivative with respect to each of them, and the various
angular derivatives of F(Q, R, ...) will be written dayF(Q, R, ...),
dayF(Q, R, ...), and so on.

If the directions 0Q, OR, ... in a plane arc made dependent on
a direction OT in that plane, the function F (¢, R, ...) becomes a
function of OT, having an angular derivative with respect to O1'
given by OF dewy | OF deyy

Oe wQ dewrp  Oeyy deyyp
The dependence of 0Q, OR, ... on OT is a dependence of angles
€rgs €rg, --. on OT, and since

€ = €pr+ €19, €yp= €p+ €rp, .0,
the derivatives deyyo/deyr, deypp/deyr, ... have the values

1 +daeTQ, 1 +d(l/€TR, ceey
and

062. The angular derivative with respect to OT of a function
F(Q, R, ...) of directions themselves dependent on OT s
(1 + daeTQ) daQF'l" (1 + daem) dwRF+ cree
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In particular

0:63. If the directions 0Q, OR, ... make constant angles with OT,
the angular derivative of a function F (Q, R, ...) with respect to OT
18 the sum of the several angular dertvatives dagF, dagF, ....

An angular derivative in space is a function of two directions at
rié‘ht angles. If ON is a direction at right angles to O, the di-
rection of angular measurement in the plane to which ON is normal
is related to ON by the spatial convention ; a function of direction
in space becomes by the restriction of its argument to the plane
normal to ON a function of direction in that plane, with an angular
derivative whose value at OT depends no less on ON than on OT.

1. Linear and Multilinear Functions

1-11. Intrinsically, a linear function of a variable vector is a
function whose value for the sum of two vectors, and therefore also
for the sum of any finite number of vectors, is the sum of its values
for the several components; a multilinear function is a function of
a number of independent vectors that is linear in each of them.

1'12. The value of any linear function for the argument 75 is
r times the value of the same function for the argument 1,. If a
frame of reference OABC is used and the components of the variable
vector r are , ¥, z, then since r is #1 4 + y1p + 21, a function F (r)
which is linear is necessarily expressible as

zF (1,)+yF (1) +2F (1),

and conversely a function of r which is of the form oL + yM + 2N
where L, M, N do not depend on r must be linear:

1'121. A linear function of the vector r is a function which is a
homogeneous linear function of the components of r in any frame.

1'13. A function whose arguments are radials may be regarded
as a function simply of direction, and a function of direction is said
to be linear if the function of » and OR obtained by multiplying
its value for the direction OR by the number r is a linear function
of the vector rgz. We can if we wish avoid the explicit mention of
vectors in the definition of a linear function of direction, either by
introducing implicitly the definition of the sum of two vectors or
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by using a frame of reference. A function of direction is linear if
given any two successive steps 0Q, @R, of lengths p, q, whose
resultant OR has length r, the sum of p times the value of the
function for the direction OQ and g times the value of the function
for the direction QR is r times the value of the function for the
direction OR. And a function of direction is linear if it is expressible
as a homogeneous linear function of the ratios of the direction with
reference to any frame; with this last definition we have to notice
that a function of the direction ratios which is not given as a homo-
geneous linear function may in fact be expressible in this form in
virtue of the quadratic identity to which the ratios are necessarily
subject.

114 The definitions of linear and multilinear functions of
vectors and directions are designed to restrict as little as possible
the nature of the function. In the present work the ultimate
equations are scalar, but vectors and other functions are essential
to the processes.

1-21. For an arbitrary function of the & vectors r,, 1, ... 1, the
natural notation is of the form F(ry, r,, ... ry), but for a function
that is multilinear there is more even than brevity to be gained
by substituting the form Prr,... 1y, or P*rir,... 1y if the degree
of the function has to be made prominent, for this form emphasises
the 1dentities such as :

P(+t)r,...1;=Psr,...1;+ Ptr, ... 1}

involved in the definitions. It must be remembered that the order
in which the vectors are written is not irrelevant unless the function
is symmetrical in its definition: a function defined unsymmetrically
may be in fact symmetrical, in which event the order of writing the
variables does not affect the truth of any formulae but the assertion
of the symmetry is in itself significant.

1-22. The function of direction P1,1p... 1x is often denoted by
P,p k. Were an attempt made to deal with functions of direction
without mention of vectors this compact alternative would be used
throughout, but since as a rule the sum of two radials and the rate
of change of a variable radial are vectors that are not radials, the
operations that are most natural commonly involve functions of
directions and functions of vectors in one equation, and the effect
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of too persistent a substitution of P,p x for P1,15...1x is un-
sightly.

1:31. The advantages of detaching the symbol P from the group
Prr,... r; are secured by the method of Russell: P denotes the
relation of a value of the function to the set of vectors on which
the value depends, and is called a multilinear relation. The relation
P will be described as the core of the function Prr,...r; and of
the corresponding function of direction P, .

1:32. To prove that

1:321. The sum of any finite number of functions multilinear in
the same set of vectors is itself a multilinear function of the set
and that

1-322. The product of a multilinear function by any scalar is a
multilinear function

is easy. These propositions give further justification of the notation
we are using, and provide a basis for definitions of the addition of
cores and of the multiplication of a core by a scalar :

1-323 EP)nr, ..t =3(Pnr,...1),
1-324 (P, .re=r(Prr,...10).

1:33. In a multilinear function of degree k any h of the variable
vectors or directions may play a parametric part. The function is
then regarded as multilinear in the remaining & — h variables, with
a corc which is a function of the h parameters, and we have only to
compare 1323 with the original definition of a multilincar function
to see that this core is multilinear in the parameters ; it is a multi-
linear function which is neither scalar nor vector. Thus the bilinear
function Prs or Py yields two linear functions which are written
as (Pxs)r and (Prx)s or (Pyg)g and (Pg,)s; if the degrees of the
different functions are to be exhibited, the two linear functions of
direction subsidiary to P?pg are shewn as (P',5)'z and (P'g,)'s.

141, If x4, xa% x»® are the coefficients of r; in a vector frame
p'p*p’, the linearity of a function Prr,...re_ 1y in r; implies the
equality

1411 Prrx,..n_ 1=

0 2 3% OUUUR A LR TEVLY o 8 R N RS VLN oF 8 S S N
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and the expansion of each of the variable vectors in turn in the
same way gives the result
-1412 Prr,..1 I =
Exlml Xg?ng . xk_l'm,k_lxk‘mk P p'ml pm e pmk..l pmk,

where each of the affixes m,, m,, ... mk:I, my stands for one of tlle
three symbols 1, 2, 3, and the summation extends to the 3% possible
terms. To obtain a formula in terms of the projected products
ITHPY, S T,P% S 1. D%, all that is necessary is to remember that these
projected products are the coefficients y!, x4? x4® of T in the frame
p'P*p® polar to p'p*p?, whence

1413 Prrx,..1p 1=
2(InP™) (S 1P™) ... (F T P2 ) (S 1 p™) P P™p™e ... Pe-1P™e,

Particular cases of 1'412 and 1'413 are expressions for the multi-
linear function referred to a Cartesian frame, namely

1421 P ..y = ZCIm’Cgmz e Ckmk.PMlI;[’ Mp>

where ¢3!, ¢?, ci® are the components of r, and M, stands for 4, B,
or C ‘according as m, stands for 1, 2, or 3, and

1422 Prr,...r.=3p™p™ ... py™ P kmkm: .. K",
where p3, ps?, ps® are the projections of r; and k!, k? k* are those

vectors normal to the planes OBC, OCA, OAB whose projections
on 04, OB, OC are unity.

1'43. From 1:412 follow two fundamental theorems :

1:431. The value of a multilinear function is known for every set
of wectors in space if it is given for every selection from any three
vectors that are not coplanar ;

1'432. A function that is multilinear is wholly symmetrical if it
18 symmetrical with respect to any three vectors or any three direc-
tions that are not coplanar.

Because of the second of these results, any two groups of theorems
which express the complete symmetry of the same multilinear
function with respect to different sets of vectors may be regarded
as equivalent : this is one of the ways in which results diverse in
form are coordinated by the theory developed here.

The two theorems of the last paragraph assume the functions
involved to be defined for all sets of vectors or directions in space.
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If only a single plane is in question, it'is sufficient in 1'431 for the
selection to be made from two vectors in that plane but not collinear
and in 1432 for the symmetry to be established for two such
vectors.

1-61. That

1'611. The projected product of two vectors is a bilinear function
of these vectors,
and that

1'612. The projection of a constant vector on a variable direction
18 a linear function of the direction,
follow from the elementary distributive property of the projected
product. The converse of these theorems is also true, for if @, b, ¢
arc scalars, ax + by + cz is the projected product of the vector of
components z, y, z and the vector of projections a, b, ¢, and if the
former vector is the radial 15, the same sum represents the pro-
jection of the latter vector on OT':

1'513. Every linear scalar function of the variable vector r can
be exhibited in one way only as the projected product of r and a
vector independent of r, and every lineur scalar function of the
variable direction OT in one way only as the projection on OT of
a vector independent of OT.

It is convenient in both cases to call the vector the source of the
linear function.

1:62. The projected product of the sources of two linear functions
affords the simplest example of a scalar which depends only on
two cores, and if the cores are @ and R this projected product will
be denoted simply by QR. If @ and R themselves involve variables
QR is of course a function of these variables. Thus if from two
bilinear functions @z, Rcp arc formed two linear functions
(Qux)8 (Ryp)c, the projected product Q) Ryp is a function of the
directions OA, OD; it is in fact a bilincar function, and so can be
used to form on the same principle an infinity of other functions,
such for example as Q @Qix RByp.

1'63. Any two cores of the same degree give rise to a function
corresponding to the projected product of the sources of two
linear functions, but in the abscnce of a direct definition of this
function in general, we must describe the function defined in the
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last paragraph in such a way as to indicate the line of extension.
Referred to a frame O.A BC, the linear function P r can be expressed
in the two forms

Pap + mPyr + 1P2e,  allp + yPmp + 2P0y,
where IF, m®, n? are the projections and «®, y*, zF the components
of the source, and since the value of the projected product of two
linear cores @, R is given by the two sums

Rz + mOyl + nQ2E,  a?lE 4+ ymE 4 29k,
not only are these sums equal but their valuc is independent of
the particular frame OABC. Similarly the multilinear function

Prr, ... r; whatever its degree can be expanded with reference to
the frame OA4 BC in the two forms

P ,my g P
EP mymg... My 2 N A 2 C mymy... np Pn’"‘Pe’"* see Pkmk;
and if @, R arc any two cores of the same degrec &k the sums

(7 R < R
zplmlma...mk Clmymg..myp>  ~ cqmlm,,..mkp My mg .. mp

are equal and have a value independent of the frame OABC; this
common valuc defines the projected product of the cores @, R, and
1s denoted by QR.

1:-564. When once the projected product QR is defined for cores
of arbitrary degree, a whole group of functions is seen to be
derivable from any two or more cores, or indeed from any one core
of degree not less than two. For example, from a trilinear core P
by regarding one direction OB as parametric we derive a bilinear
core Py, and if @ is a bilinear core, the projected product P, g@),
better denoted by P, Qy+, is itself a linear function of OB and
gives rise by combination with any linear scalar- core R to a pro-
Jected product (P,st Qut) Ry; without attempting to classify func-
tions of this kind we must recognisc their nature when they
present themselves,

Symmetry reduces the number of distinet fuuctions to which
a given multilinear function is related. For example, if @ 5, Rep
are unsymmetrical bilinear functions, the four bilinear functions
QusBur, Qsu Ryr, Qus Rra, Qsx Brs are distinet, but if the original
functions are both symmetrical, the four derived functions coincide.

1'66. If two multilinear functions @ r,r,...r;, Rnyr,...1; of the
same degree are defined only for vectors in a particular plane, the



19

projected product QR can be defined as in 153, with the sole
difference that the frame of reference is two-dimensional. More-
over, if one multilinear function Qrr,...r; is defined only for
vectors in a particular plane and another Rrr,...1; of the same
degree is defined without restriction on ry, r, ... 1y, a projected pro-
duet is definable by the restriction of the arguments of Rrir,...1}
to the plane in which they can serve as arguments to @ r,r,...r;
also, and no confusion can be caused by denoting this projected
product by QR ; the only point to be remembered is that if by a
change in the definitions the restriction on the arguments of
Qrr,...1; is subsequently removed, QR will be in danger of
acquiring a second meaning inconsistent with the first.

1-61. Should the function Prr,...r; involve any variables other
than the vectors r;, r,, ... Iy, then if a change in these additional
variables is not necessarily accompanied by a change in the vectors
it is the core that is to be regarded as a function, and a limit of
Prr,...r; for variations in which ry, r,, ... r; are constant is a
function of ry, 1y, ... ry which if multilinear can be used to define
a limit of P. It is difficult to be morc precise in this assertion
without placing undue restriction on its scope; the case which is
for us important affords the best commentary ; if Prr,...rpis a
scalar or a vector depending on a scalar variable ¢ in such a way
that for each particular sct of values of ry, 1y, ... Ty there 1s a
derivative d (P 1 r,...1p)/dt, it follows from 1:321 and 1-322 that
this derivative is multilincar in r;, ¥y, ... Tt, and dP/dt is defined
as the core of d (P rr,...1y)/dt.

1'62. It is on the assumption that the vectors ry, ry, ... 1y not
only can be but are independent of ¢t that d (P rr,...rp)/dt is
maltilinear and introduces dP/dt. But this derived core is of no
less service in the evaluation of d (P 1,r,...1;)/dt when the vectors
vary with ¢, the symbols, in consequence of 1323 and the defini-
tions, grouping themselves in the familiar manner

1621 d(Prr,...rp)/dt=(dP/dt)r,1;... T + P (dr,/dt)x, ... 7,
+Pr (dry/dt) ... xp+ ... + P i1, (dry/db).
This identity is sometimes of service for the calculation of

(dP/dt)r, T, ... 1, but there is nothing in the formula so used to
shew why the function obtained is multilinear.
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1'71. The multilinear functions of differential geometry are not
so much functjons of directions in space as functions of directions
at a point; in other words, they are functions of direction with
cores depending on a variable point.

Let P¥r,r,...1; be such a function, dependent on the position
of a point @, and suppose @ to be confined to a curve through a
particular point O. On this curve P* can be regarded as a function
of the arc s measured to @ from some fixed point, and to calculate
the rate of change dP*/ds a frame of reference may be used; then

dP*_Ptds 9Pt dy 0Pt ds

vl ds = oo dst oy ds t oz ds’
that is,
1'712 (lPk/de' = .Plk.’l'T + sz:l/T"" P;,kZT,

where P¥, P, PJ arc functions of position having no relation to
the curve described by @ and @y, ¥z, 27 are the direction ratios of
the tangent to this curve. Hence

1718. The rate at which the core of a multilinear function depen-
dent on position changes at a point O with respect to the arc of u curve
through O 1s the same for all curves whose direction «t O isthe sume,
and can be called simply the rate of change in the common
direction, and further

1714. The rate of change of the core of « multilinear function in
a variable direction 1s « linear function of that direction.

If the rate of change of the core P* in the direction OR is
dPk/dsy, the function »(dP*/dsp)r, T, ... T} is linear in the vector
rp as well as in the & vectors 1y, 1y, ... r; and is therefore a multi-
linear function of degree k+1; its core, which depends only on
the variation of P* in space, is called the gradient of P* and de-
noted by P¥, Sometimes the function P¥irr,... 11y, is called
the gradient of the function PFr, v, ... 1}

That linear and biltnear functions have a part to play follows
from 1'511 and 1°512, and on account of 1°714 the appearance of
functions of higher degrees is inevitable, but it is not every useful
multilinear function that is derivable from some linear or bilinear
function by the formation of successive gradients.

172. Ifr, r,, ... 1y instead of being independent variables are
definite functions of the position of the current point O on a curve,
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the rate of change of the multilinear function P*rr,...r; with
respect to a parameter ¢ on the curve is given by
1721 d(Ptrr,...1p)/dt=PtHpr,..1nw
+ PE(dr,/dt)r, ... vp + PEr (dry/dt) ... vp+ ... + PEr 1, ... (dry/dt),
where w is the velocity of O with respect to ¢. In particular, the
rafe of change of a function of direction P¥,,  along a curve in
the direction 0L is given by

1722 dP%,  Jdsy=P5 4 P (dl/ds;)
+ P, @Lyfds) + 4 Py (dlgfdsy) ;

the vector d1y/ds;, is not as a rule a unit vector, nor is this vector
a linear function of OL unless the diréction OH is independent of
the direction OL, so that in the majority of applications it is only
the first of the terms on the right of 1722 that is itself a function of
direction, but if dly/ds; can be put into the form pp+qy+ 7z,
where OP, 0@, OR are known directions, then

1723

PI;B...*...K(le/d,“"L) =ppk + qulB...Q...K + 1P

4B.P.K AB..R..K’
and the multilinear function of direction whose core is P* reappears
with different sets of directions for arguments and with scalar
multipliers that do not depend on P*.

1-81. If the source of the lincar function @, of direction in a
plane is the vector rp, then

1811 Qr = 7 cos exp
and therefore

daQr =1 cos (egr + § m) = 1 COS ey,
that is,

1812 daQr = Qy:

The value of the angular derivative of a linear function in the
direction OT 1is the same as the value of the function utself in the
direction which makes a positive right angle with OT.

In other words

1:813. The angular derivative of a linear function Qp of direction
in « plane ts the linear function whose source vs obtained by rotating
the source of Qp through a positive right angle.

1:82. The partial angular derivatives of a multilinear function
of independent directions in a plane are given at once by 1'812, and
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extension to functions multilinear in interdependent directions is
made by the use of 062 and 0'63. For example, if Pgy is bilinear,

1-821 dagPgp = Ppp, darPgr= Pgy,

1-822 daPpp= Pgp+ Prg=—daPgy,

1-823 daPrg= Pgz— Prp=daPgyp;
from 1-822,

1:824. If Pgr is any bilinear function of directions in a plane,
the sum of the values of the quadratic function Prr for two directions
at right angles is constant;

1'823 shews that Prp— Pgp also is constant, but this is merely a

second version of the same ¢heorem, obtained by regarding Pgj as
a function of OS and OT.

1:83. To look for the angular derivative in an arbitrary plane
of a scalar linear function of direction in space is to reach familiar
ground. Let Ry be the lincar function whose source is r, let ON
be any direction in space, and let 8 be the component of r at right
angles to ON ; if OT is a direction at right angles to ON, the pro-
jection of r on OT is the projection of 8 on O7) and therefore the
source of R, in the plane at right angles to ON is s; it follows
from 1°813 that the angular derivative of Ry in this plane has for
its source the vector obtained by rotating s through a positive
right angle round ON, and this we recognise as the vector product
of rand 1y.

2. Fundamental Notions in the Kinematical Geometry
of Surfaces and Families of Surfaces

20. To prepare for geometrical applications of the theory of
multilinear functions it is necessary to examine the different vectors
of the form d1y/dsy, where each of the directions OH, OK is either
constantly normal or constantly tangential to a definite surface
through O, and the rate of change is with respect to the arc of
some curve whose direction at O is OK. It is assumed that by a
satisfactory convention one of the directions at right angles to the
surface is chosen to be called ¢he normal direction, and that there
is a spatial convention by which the choice of the normal direction
determines the direction of angular measurement in the tangent
plane at 0. The normal direction is denoted by ON, and OR, OS,
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OT will be used for arbitrary tangential directions; for the rest,
the notation is that described in 0'5.

2:11. The vector dly/dsy is the velocity of the Gaussian image
of O as O moves along the surface in the direction OT'; it is at
right angles to ON, and may be described either directly as due to
the spin of the tangent plane about the conjugate tangent or by
components or projections with respect to given tangentialdirections_
The latter course has the advantages of mvolvmg no difficulties of
sign and of introducing two functions of prime importance: if the
velocity of the Gaussian image is resolved into a component along
the tangent and a perpendicular component, the amount of the
first of these in the direction OT" reverse to O1' is the normal cur-
vature of the surface in the direction OT, and will be denoted by
Ky, and the amount of the second in the direction OE’ with which
OT makes a positive right angle is the geodesic torsion along OT,
for which s, will be used. Symbolically

2111 dly/dsp=— knlp — 41,

and since the directions OT, OF are perpendicular
2112 ky=— G(dly/dss) 1y,
2113 sy =— S (dly/dsy) 1.

2:12. Because the direction ON depends only on the position of
0, not on the direction OT, the vector dly/dsy is a linear function
of the direction OT, and the projection of this vector in a direction
OS independent of OT is linear in both OS and OT. It follows that

2:121. The normal curvature and. the geodesic torsion of a surfuce
are quadratic functions of direction,
from which it is a corollary that

2:122. Neither «, nor s, can vanish along more thun two tangents
at O without vanishing in every direction through O.

2:21. Analysis of the vector d1g/dsy for an arbitrary relation of
the tangential direction OS to the curve described by O is illuminated
by the corresponding analysis of the particular vector d1y/dsy.” This
latter is the vector of curvature of the curve, and being necessarily
at right angles to O7' is determined by its projections in any two
directions normal to the curve. When the curve is being considered
in relation to a surface on which it lies, the directions on which the
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vector of curvature is projected are ON, the normal to the surface,
and OFE, the tangential normal to the curve: the amount of the
normal projection is the normal curvature «,, and the formula

2211 kn=F(d1lz/dss) 15
is reconciled with 2112 by the consideration that since &1g1y is
constant the sum £(d1/dt) 15+ £(d1y/dt) 17 is zero whatever the

variable ¢; the amount of the tangential projection is the geodesic
curvature of the curve, and this will be denoted by «,:

2212 ky = F(d1 7/dsg) 1.

Because ON and OF are at right angles, and coplanar with the
vector of curvature,

2213 dlyfdsy = kxly + €514

2:22. The change in a tangential radial 15 as O moves on the
surface is partly a motion with the current tangent plane, and
partly a motion ¢n this plane; the two components, of which the
first is wholly normal and the second wholly tangential, play equally
useful but dissimilar parts, and have no analytical resemblance.

2:31. The component of dlg/dsy normal to the surface to which
08 and OT are tangential I propose to call, for reasons that will
become apparent, the bilinear curvature of the surface in the direc-
tions 08, 07, and to denote by «gp:

2:311 kgp = I (dlg/dsy) 1y.
This function must be recognised in a variety of different forms
which are readily found.

The motion of 13 with the tangent plane is determined by the
spin of this plane, which if OC is a direction conjugate to 0T is a
spin of a definite amount p about OC':

2:312. If OC is a direction conjugate to OT and the spin of the
surfuce along OT is of amount p round OC, then

Kgr = P SIN €cg. .
To avoid the use of p, which cannot be made a single-valued function
of position and direction by any satisfactory convention, all that is
necessary is to resolve the vector p; along determinate directions.

If p¢ is resolved into a vector along OS and a perpendicular vector,
only the second of these components affects 15, and the rate of
change of 1 as far as it is due to this component has the same
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amount in the direction ON as the component itself has in the
direction O D’ with which OS makes a positive right angle round ON:

2:313. The bilinear curvature gy is the projection in the direction
with which OS makes a positive right angle of the spin of the current
tangent plane as O moves in the direction OT.

* Another aspect is presented if the spin of the tangent plane is
related to the velocity of the Gaussian image; the latter of these
vectors is obtained by rotating the former through a negative right
angle in the tangent plane and therefore

2:314. The bilinear curvature rgy 1s the projection in the direction
reverse to OS of the velocity of the Gaussiun image of O with respect
to the arc of any curve in the direction OT.

This result can be expressed in symbols in the form

2315 rsp=— J(d1y/dsg) Ly,
and is deducible algebraically from the definition 2-311, for since
g1y is always zero,

2:316. S(dly/dt) 1y + F(dly/dt) 15=0,
whatever the variable ¢.

2:32. The relation of bilinear curvature to normal curvature is
seen immediately from 2211 and 2:311:

2:321. The bilinear curvature of a surface reduces to the normal
curvature when the directions on which 1t depends coincide.

But the part to be played by the bilinear curvature in coordinating
properties of different functions of a single direction is better ap-
preciated after a comparison of 2:315 with 2:112 and 2'113; the
identity of x,, with x7p appears again, and s, is seen to be xgp:

2:322. If OF is the tangential direction making a positive right
angle with OT, the bilinear curvature gy is the geodesic torsion of
the surface along OT.

In virtue of 2:321 and 2322, 2111 may be written

2323 dly/dsy = — kpply — kgrlg,
and it follows that if Pr is any linear function of a vector,

2324 P(dly/dsp)=—kppPp— kppPp=— kypPy,
because OT and OF are at right angles.

2:33. The apparent duplicity of 2:312 has been removed in 2:313
by means of the definite directions OS and OD; it may be removed
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otherwise by the use of OT and OE: since the spin along OT is the
sum of x, about OE' and s, about OT,
2331 Kgp = Kn COS €gp — So SiN €g7,
a formula which in the form
2:332 Kgr= KppSin €55 + KgpSin erg
merely expresses the linearity of the function in the direction 08.

2:41. The tangential component of d1g/dsy being necessarily at
right angles to OS, its direction of measurement can be chosen and
an unambiguous scalar obtained; the amount of the tangential
component in the direction which makes a positive right angle with
OS I call the swerve of OS along OT and denote by a4°, or by ¢® only

if the manner of the dependence on OT can be assumed:

2411 o’ = (dlg/dsr) 1p.

The swerve of OS along OT' is the rate at which OS rotates about
ON as O moves in the direction of OT; hence if OR, OS are any
two tangential directions dependent on the position of O,

2412 o7° — o = depg/dsy:

The swerve of OS in any direction exceeds the swerve of OR in the
8ame direction by the rate of change of an angle from OR to OS.

From this theorem comes a method of evaluating o° by means
of a curve in the direction of O7', for from 2212 and 2-411 it follows
that 07" is «,, that is, that

2413. If OT is the current tangent to a curve on « surface the
swerve of OT along OT vs the geodesic curvature of the curve,
and therefore

2414 o’ =k, + (degs/ds).

The swerve ¢% is equal to «, if eyg has any constant value, and
in particular

2416 o = ky.

2:42. If the direction OS depends only on the position of O, the
vector dlg/dsy is a linear function of 07, and therefore since the
swerve is the projection of this vector ¢n a direction independent
of 07, '

2421, The swerve along OT of a tangential direction which depends
only on the position of O is a linear function of OT.
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Hence
2422 oi¥sinw=o0,5sin B+ c,5sina,
and so in particular
2423 ofsinw=0,Tsin B+, sina,
. 2424 ogisinw=0c,4sinB+oy'sina,
[UTB sinw=0c,%sin B+ g sine,

formulae which by 2-414 are equivalent to

2426  k,sin w = {k, + (da/ds)} sin B + (¥, — (dB/d5)} sina,

2426 [{xg — (da/ds)} sin © = i, sin B + {iy — (dw/d5s)} sin

g+ (dB/ds)} sin w = (kg + (dw/ds)} sin B+ i, sina,

where &, i, are the geodesic curvatures of the curves of reference
and &, § are arcs of these curves. The last two formulae can be used
for isolated curves, but 2:425 supposes OT to be known not merely
along a particular curve but along the reference curves also, and is
therefore available only in the discussion of the typical member of
a family of curves; in other words, 2425 assumes a definite tangential
direction to be associated with every point on the surface and gives
the geodesic curvature at O of the particular curve which passes
through O and has at every one of its points the direction corre-
sponding to that point.

2:61. The definitions 2:311, 2411 are combined in the equation

2611 dls/dST= "ST]‘N+0'TSIIM
which has for particular cases 2:213 and
2'512 dlE/d81v= CglN—ICng.

The three formulae 2:213, 2-512, 2:111 express that

2:613. The frame OTEN has the spins sg, — Ky, Kg4;
the calculation of the vector d1/dsy by means of this moving frame
reproduces 2'511, if kgp and o5 are regarded as defined by 2:331
and 2'414.

2:62. To the first writers on differential geometry, to associate
the curvatures and torsions of curves on a surface with the form of
the surface itself was the fundamental problem, and if the problem
has lost its interest with its difficulties, the solution is not the less
valuable. Supposing a curve and its tangential indicatrix both to be
free from stationary points, a choice of direction along the principal
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normal at a single point fixes the standard direction OP along
the current principal normal everywhere, and renders determinate
the binormal direction OB and the sign* of the curvature. The
fundamental trirectal OT'PB has no spin about OP, and its spins
about OB and OT are the curvature « and the torsion s of the curve.

If a curve is on a given surface, a continuously varying angle,
determined by choice at a single point, from OP, the principal
normal of the curve, to ON, the normal to the surface, is called
the normal angle of the curve on the surface and denoted by @.
The spin of the trirectal OTEN differs from that of the trirectal
OTPB only by the addition of a component of amount da/ds about
OT'; hence the spin of OTEN is compounded of s + (d=w/ds) about
OT and « about OB, and since the latter of these components is the
sum of « cos w about OE’ and « sin w about ON, 2:513 shews that

2:621. The normal curvature, the geodesic curvature, and the
geodesic torsion, of a curve on a surface are related to the curvature
and torsion of the curve in space by the formulae

Kn=KCOS®w, Ky,=kSIN®w, §,=s+ (dw/ds),
where = is the normal angle.

2:61. In dealing with a family of surfaces it is necessary to con-
template the variation of normal and tangential radials when the
current point is no longer confined to a single surface. Since a rate
of change in any oblique direction can be calculated by means of
normal and tangential rates of change, the rates of change that have
now to be discussed are normal, that is, are rates of change as the
current point describes an orthogonal trajectory of the family, and
the arc of this curve will be denoted by n. The vectors to be
examined have the forms dlg/dn and d1y/dn.

2'62. To suggest the evaluation of d1g/dn presupposes that along
the particular orthogonal trajectory under consideration there is
associated with each position of O a definite direction OS tangential
to the surface through O; the vector d1g/dn is then a vector in the
plane ODN and is naturally described by its projections on OD and
ON. The vector d1y/dn is the vector of curvature of the trajectory

* The common convention that in solid geometry this sign must be positive is

mischievous beyond words. The curvature of a curve is in fact the amount of a
vector, positive if measured in one direction and negative if measured in the reverse.
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and is not itself dependent on particular tangential directions, but
to describe it by means of scalars reference to specific directions
must be made; by a choice of tangential directions having intrinsic
relations to the surface a purely intrinsic account of d1y/dn can be
given, but not only do applications involve the projection of d1y/dn
on an arbitrary tangential direction OS, but since the directions
08, ON are at right angles, this projection is the negative of the
projection &(d1lg/dn) 1y which is in any case required in connection
with d14/dn.

2:71. The tangential component of d1g/dn, which I call the swing
of OS round OV, is related to ON just as the swerve of OS along
OT is related to OT, and the notation of 2'41 can be adopted:

2711 o' = S (dlg/dn) 1.

In fact if OS and OD are directions depending only on the
position of O, the projection &'(dlg/dsp)1, has the same value for
all curves in the direction OP, whether this direction is tangential,
oblique, or normal, and the function o ° defined by

2712 O'PS = J’(dls/dSp) 1D
is a lincar function of OP.

The result expressed by 2:412 is true whatever the direction of
the curve involved, and in particular

2'713 O'Ns - O'N = deRb/dn
so that

2'714. If the angle between two tangential directions is constant
along a trajectory the directions have the same swing about the normal.

272. To use 2713 for the calculation of swings, the swing of
some one direction must be known. Anticipating acquaintance with
the principal tangents of a surface, we observe that because these
tangents are at right angles on every surface, the four principal
directions have the same swing; this swing I call the twist of the
family and denote by =. From 2713,

2'721 G'NS =w+ (dC/dn))

where ¢ is an angle to OS from a principal direction of the surface;
this formula breaks down at an umbilic, and is quite useless if the
family is composed of planes or spheres, when the principal directions
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are everywhere indeterminate, but in general the twist is the first
swing to be calculated.

Referring for a moment to a topic less elementary than will occupy
us in these pages, it may be mentioned that the vanishing of the
twist is the necessary and sufficient condition for a family not com-
posed of planes or spheres to be a Lamé family, that is, to be one
of three families forming a triply orthogonal system.

273. We shall write
2731 s =& (d1lg/dn) 1y,
and call the function 7y the spread of the family along OS. Being a

linear function of 08, the spread is given with reference to any two
tangential directions 04, OB by a formula of the usual type:

2732 Tgsin @ =7 4 8in Bs + Ty sin ag.

2'74. Combining 2731 with 2-711, and noting that dlg/dn is
necessarily at right angles to 1, we have

2741 dlgfdn=oyS1p+ 741y,

2:81. As has been perceived in 2:62,
2'811 Tg=— c;(d].)_v/dn) ls.

The tangential vector d1y/dn can be expressed by its projections
on any two tangential directions:

(dl}\'/dn) sin €gr = {J’(le/dn) ]-D} lT bt {cf(le/d")].E} ]'S)
that is,

2812 (dly/dn)sinegr=Tzlg—7p17.
In particular
2'813 le/dn=-"Tsls—'TD19,

which combines with 2741 to express that

2:814. With respect to the arc of the orthogonal trajectory, the
Jrame OSDN has spins 7, — 15, o5°.

With 2:741 and 2'813 can therefore be associated

2:816 dlp/dn=—ap’lg+ Tply,

‘but this is only another version of 2:741, for o has the same value
as ¢5°, and OS makes a negative right angle with OD.

2:82. That dly/dn is the vector of curvature of the trajectory
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must not be overlooked. Formulae giving the curvature in terms
of spreads are

2821 K?sin? egp = 7¢* — 2Tg Ty COS €57 + T,
which is general, and
2'822 K= '1’,52 + 'TD2,

where OD and 08 are as usual perpendicular.

2:83. Comparison of 2:814 with 2:513 suggests a valuable out-
look on the functions o, 75. Suppose a surface drawn to contain
the trajectory under consideration and to have OS for a tangential
direction at every point of this curve; ONS is the tangent plane
to this surface at O, and if OD is taken for the positive normal
direction, the relation of the frame O NSD to the trajectory regarded
as a curve on this surface shews that

2:831. On any surfuce containing the orthogonal trajectory and
having OD for current normal along the trajectory, this curve has
geodestc torsion o>, normal curvature — Tp, and geodesic curvature
- Tg.

3. Surfaces and Multilinear Functions associated with
a Function of Position in Space

3'11. Referred to a frame OABC, a function @ of position in
space becomes a function of the coordinates x, y, z of the variable
point, and in all that follows it is assumed that the functions con-
cerned are not merely absolute constants, and are regular.

If @, denotes the value of ® at the point @, the aggregate of
points for which @ has the particular value @ is the class of points
satisfying the equation

3111 D (2, y, 2) = Dy,
and is therefore in general a surface, the ®-surface through Q.
Singular points are omitted, and the region considered is one
throughout which the ®-surfaces compose a family of which one
and only one member passes through any point.

Conversely, any one surface is given by a set of equations of the
form

3112 z=f(u,v), y=g@wv), z=h(y),
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and any family by a set of the same form in which the functions in-
volve in additian to u and v a parametric variable w. The eliminant
of u and v from the set of equations 8112 is a relation between
z, y, z, and w which within a sufficiently restricted domain can be
put into the form

3113 b (2, 9, 2) = w.

Hence geometrical properties of g ®-surface and a ®-family, in
so far as they do not involve the function @ itself, are properties of
all regular surfaces and families of surfaces.

321 Alo'ng a curve, defined by the expression of =, ¥, z as
functions of the arc s, the function ® has a rate of change given by

AP _abds o dy 9P de

211 T dmds Tayds T ds
that is, by
3212 dP/ds = Pyap + Pyyp + D2y,

where ®,, ®,, ®,, the partial derivatives of ®, are themselves
functions of position having no relation to the curve, while 7, yr,
zp are the ratios of the direction OT of the curve. Thus

3:213. The rate of change of w regular scalur function of position
n space along any curve depends only on the direction of the curve
and is a linear function of that direction.

The linear function whose value in the direction O.P is the rate
of change of @ along any curve in that direction will be denoted
by ®*p, the corresponding function of the vector p being written
d'p; as with any other linear function,

3214 Ppp =pdp
and P11, is identical with Pp.

3:22. The source of the linear function ®'p is called the gradient*
of ® at 0, and will be denoted by G:

- 3221 FGlp=Dlp.
If G is everywhere the zero vector, then @ is an absolute constant;

this case excepted, the region under consideration, though in special
cases it may be broken into a number of separated parts, is not

* It is not necessary to distinguish in practice between the source and the core
of a linear function,
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sensibly contracted by the omission of the points where G is zero.
The assumption is therefore made that G is nowhere zero, it being
understood that the restriction implied is not on ® but on the
domain throughout which results are asserted to hold. Within &
united region where Gt is nowhere zero, the two amounts of G are
separate single-signed functions of position, nowhere zero; one of
these functions, not necessarily the one that ‘is positive, is chosen
and called the slope of ®; the slope will be denoted by G.

323. At a point O where G is not zero, the directions in which
the rate of change of ® is zero arc the directions at right angles
to G. Hence

3231. The tangent plane at O to the ®-surface through O s the
plane through O at right angles to the gradient of ® at O,
and the directions of the normal to the ®-surface are the directions
of G; of these directions the one in which G has the amount @ is
determinate, and is called briefly the normal direction at 0. The
normal direction, denoted always by ON, varies regularly with the
position of O; hence

3232. Kvery ®-surfuce vs bifucial within a united region where
D 15 regqular and the gradient of ® is nowhere the zero vector,

and the choice of sign for the slope G determines implicitly the
direction of angular measurement in cvery tangent plane.

3:31. The gradient of the core ®' of the linear function ®'p is
denoted by @2, and the bilinear function d?p, is called the bilinear
rate of change of ® in the directions OP, OQ. Differentiation of
the sum ®,2p + O,yp+ D,2zp with respect to a variable which is
not involved in the ratios zp, yp, 2p gives

3311 Dpg = 2D upvg, U, V=2, Y, 2,
where the summation covers the nine possible terms; since the
second derivatives ®,,, P, are equal,

3:312. The biltnear rate of chunge of any regular function is
symmetrical in the two directions on which it depends.

332. If the direction OQ coincides with the direction OP, the
bilinear function @25 becomes a function ®?pp which may be called
the quadratic rate of change of ® in the direction OF. This function
must not be confused with the second order rate of change d*®/dsp?,

AN Q
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which is not the same for all curves in the direction OP: applica-
tion of 1722 to

3321 dq)/dSP = q)lp
gives

3322 (i2<l)/(l-31>2 = q)zpp + P! (d].p/dSp) = q)npp + SG (dlp/dSp),‘
and since d1/dsp is the vector of curvature of the particular curve
along which the rate of change is being found, it is only when either
the curvature is zero or the principal normal is tangential to the
®-surface that the last term disappears from 3:322.

3'41. The conception of the bilinear rate of change, and the
fundamental theorem 3-:312, are immediately extended. The core
®? has a gradient @3, and so on, and the multilinear rate of
change of ® of degree k is the function ®*py ,, where for each
value of h in succession ®**! is the gradient of ®*. With a frame
of reference,

3411 Drpy =3Py 48ptg... Wy, 8. w=uxY, 2
the coefficients being the partial derivatives when ® is expressed as
a function of , y, z; hence

3412. Every multilinear rate of change of a regular function of
position 1is symmetrical in the variable directions.

3:61. The rate of change of ® along any curve on a ®-surface
being zero,
3611 oy=0
if O8 is restricted as usual to denote a direction tangential to the
®-surface at O; on the other hand by the definition of the slope
3612 Dy =G
From 3'511 and 3:512 together comes the expression for ®'r when

r is arbitrary: if r is expressed as pg+ gy where OS is tangential,
then because the function ®'r is linear

3613 O'r = p P + q Py,
and substitution from 3-511 and 3'512 gives
3614 P'r = (g,
that is,
3516 Py =G rly;

this formula is of course obvious from the definition of G.
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4. The Bilinear Curvature of a Surface

4'11. That

«4'111. The bilinear curvature of a surface is a bilinear function
of the two tangential directions on which it depends

is obvious equally in every expression given for g in 2'3, and this
property alone implies such formulae as

4112 «xgpsin?w = k4 48in Bgsin Br+ k5 8in Bgsinay
+ K4 8in agsin Br + «pp sin agsin ay,
4113 dagksy = kpp, dagkgp = Ky,
where OS, OT are independent of each other,
4114 dapkgp=(l+dagegs) kpr+ (1 +dagerr) ksg,
if 0S, OT depend on a tangential direction OR, and in particular
4115 daxpr = kgy + kpg = — dakgg,
4116 dakpg = kgg— kpp = dakyyp,
special cases of 1-822 and 1-823.
4:12. Dupin’s theorem, that

4'121. At any ordinary point of a surface the sum of the normal
curvatures in two directions at right angles vs a constant,
is shewn by 2321 to be a casc of 1824, that is, to follow from the
simple fact that the normal curvature is a quadratic function.

The half of the constant sum kpp + xgg is the mean curvature of
the surface at O, and will be denoted by B;

4.122 Kpp + Kpg = 2B.

The differences «, — B and B — «,, are the excess and the defect
of curvature along OT. To write

4'123 Kpg = 2B — Ky
is to express kg directly as a function of OT, and the function
K gg — Kpr, Which appears in 4'116 and in a number of other formulae,
is given by

4124 Kgg — Kpr=2(B — ),
that is to say, is twice the defect of curvature.
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An actual formula giving the mean curvature is easy to find,
for 4112 gives
4126 krpsin’@=«x,,8in? B + (K 5+ p,)sin Bsin a+ kgpsin®a,
and substitution of a + ¥, 8 — 4 for a, B gives
4126 xgpsin’ow =k, cos’ B — (x5 + Kp,) cos B Cos o+ KppCOSPA,
whence by addition we have not only a trigonometrical proof of
Dupin’s theorem but the explicit result

4'127 2Bsin’w=KAA—(ICAB+'CBA)OOS(D+KBB.

4:21. But bilinearity alone does not account for the importance
of the function xgp. Differentiation of 3511 along a curve on a
®d-surface gives

4211 D3p + D (d1/dsy) = 0,
and substituting from 8:515 we see from 2-311 that

4212, The bilinear rate of change of a function ® along two
directions OS, OT tangential to the ®-surface is connected with the
bilinear curvature ksy of the surface in those directions by the equation
| ¢2.qT +G ksp=0,
where G 1is the slope of ®.
And this result not only enables the bilinear curvature to be calcu-
lated in specific cases, but taken with 3312 shews that

4'213. At any ordinary point of any surfuce, the bilinear curva-
ture wn two directions is @ symmetric function of those directions.

From the combination of this result with 4:111 springs the whole
elementary theory of the curvature of a surface.

422. Since identically

4221 sin B, sin a, — sin ag sin B, = sin o sin ey,
the necessary and sufficient condition for 4213 to follow from the
explicit formula 4112 is the equality of the coefficients x4p, £p4:

4:222. The symmetry of the bilinear curvature for any one pair
of distinct directions at a point tmplies algebraically the symmetry
of this function for any other pair of directions at the same point.

With the substitution of x,p for k5, 4'112 takes the form

4223 kgpsin*w =k, sin Bysin By

+ Kk 45 (sin By sin az + sin agsin By) + kpp sin ag sin ag,
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giving

4:224* x,sinw = k4 4 8in? B+ 2k psin @sina + kg sinta,

4226 ¢ sinw=-x,,8nBcos B~k psin(a—L)

+ Kppsin acos a,

arid 4:127 becomes

4226 2Bsin’w = k44 — 21,5 €08 ® + Kpp.
It need hardly be said that all relations between bilinear curvatures
of one surface in different pairs of directions at one point are de-

ducible from 4-223 by pure trigonometry, or that this method of
deduction has nothing to recommend it.

4:23. A simple case of 4213 is the assertion that if xgyy, as de-
scribed in 23, is zero for a particular pair of directions, then so also
is kpg. To say that xgyp is zero is to assert that as O moves in the
direction OT the tangent plane at O rotates about OS; in other
words

4:231. A pawr of directions for which the bilinear curvature is
2ero 18 @ pair of conjugate directions.

Hence 4°213 includes the familiar theorem that

4:232. If 08 vs conjugate to OT then OT is conjugate to OS,
and the application of 4222 to this result takes the form that

4:233. If a surface is known to have a single pair of mutually
conjugate distinct tangents at a point, the symmetry of the bilinear
curvature at that point can be inferred.

424. By means of 2:331 the symmetry of the bilinear curvature
can be expressed as a relation between the normal curvatures and
geodesic torsions in two directions without explicit mention of the
bilinear function; comparing the two formulae

4.241 Ky = Kpr COS €gp— K Sin €51y
Kpy = Kgg COS €yp+ Kpg sin €51
we have
4242 ("TT_ KSS)COS €y = ("ET+ ICD,g) sin €gTy

* This formula shews that a geometrical theory without the bilinear curvature is
a8 incomplete as an analytical theory without the function for which M is used by
Scheffers, Forsyth, writers in the Encyk. d. Math. Wiss., and others, D’ by Bianchi,
and D’[y/(EG - F?) by Gauss and Darboux.
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or to use a notation convenient with reference curves
4243 © (Rp—Rn)cos® = (35 +§,) sinw,
aresult given in other symhols and used again and again by Darboux.

4:31. The relation between geodesic torsions in perpendicular
directions is simpler in form than the relation between normal
curvatures asserted in Dupin’s theorem, but belongs in fact to a
more advanced stage, depending as it does not on the bilinearity
alone but on the symmetry of the bilinear curvature. To write
down this relation from 4-225 or 4:243 is of course simple enough,
but an appeal to first principles shews more clearly on what the
result depends. The linearity of kgp in the direction OT' implies

4311 Kgp = — Kgr,

and in virtue of the symmetry of the function this equation gives
4312 ksy+ ks =0;

hence in particular
4313 Kgp+ kg =0,

and since 07" is the direction making a positive right angle with
OF the function xy is the geodesic torsion along OE:

4:314. The sum of the geodesic torsions in two directions at right
angles is zero.

This result, like 4°232, is a special case of 4:213 and implies the
more general theorem in which it is included; thus 4314 and
4-232 in spite of their diversity of form are theorems implying

each other, that is, are equivalent theorems, on account of the
bilinearity of the bilinear curvature.

4'32. Brevity is often achieved by the use of the function
4 (kpr + xgg), which is the symmetrical bilinear function of 0S8 and
OT that reduces to the geodesic torsion *xr when OS coincides
with OT'; it is natural to write

4321 ssr=1% (¥pr+ Kgp)
and to call this function the bilinear torsion, but it must be

recognised that the function has none of the fundamental impor-
tance of the bilinear curvature. Identically,

4'322 ST = Kgr = S9>
4333 sir =4 (ezx = erz) = Bk,
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and 4314 can be expressed in the form
4:324 SEE = —Sg-
Being bilinear and symmetrical, the function sg; has its value
given in terms of directions of reference 04, OB by
43256 cgpsin*w = 5,4, 8in Bgsin By
+ s 4 (sin Bg sin ap + sin ag sin Br) + spp sin ag sin ay.
But unlike the coefficients x4, #,5. £pp, the coefficients 5,4, 5.z,

spp are not numerically independent, for the sum ¢pp+ szg is not
merely constant but is zero:

4-326 Si4a—2545C08®+ s =0.

433. The angular derivatives of the normal curvature and
geodesic torsion are given in 4115 and 4°116. Since xpy as well
as kgp 18 s, the first of these formulae becomes

4331 daky, = 25,
a familiar result; 4-116 is equivalent to
4332 dasg=2(B — kn),

which is therefore more elementary than 4-331 since it is proved
without reference to the symmetry of xgr. There is a temptation
to replace 4-331 by

4333 da (kn— B) =25,
and to treat as correlative the geodesic torsion and the excess of

curvature, but the suggested analogy must not be pressed too far.
Written in the forms

daxpr=2spr, Aargp=2spp
4-331, 4'332 are seen to be corollaries of the more general theorem
that
4:334. If OS 1s inclined to OT at a constant angle, then
daxsr = 2ssr,
an immediate deduction fromr 4-114.

4:41. A function of direction that is not a mere constant must
have at least one direction of maximum value and one of minimum.
If OT is a direction along which the value of «, is a minimum,
then the value along OT" is the same minimum, while it follows
from Dupin’s theorem that along OF and OE’ the value is a
maximum. Hence unless «, has the same value in every direction
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from O, there certainly are two distinct tangents along which the
value of y, is stationary. On the other hand, 4-331 implies that a
tangent along which «, is stationary is a tangent along which s, is
zero, and since s, is a quadratic function there cannot be more
than two of these tangents unless s, is zero in every direction.

4'411. At an ordinary point of a surfuce, esther the normel
curvature 18 the same in all directions and the geodesic torsion is
zero in every direction, or there is onme tangent along which the
normal curvature has its least value and one along which the normal
curvature has its greatest value, these tangents are at right angles
and are the only tangents along which the geodesic torsion is zero,
and the normal curvature in a variable direction increases or de-
creases steadily as the direction rotates from one of these tangents
to the other.

A point at which the normal curvature has the same value in all
directions is an umbilic; the constant value is of course equal to
the mean curvature B at the point.

442. From 4'332and 4-333 it follows that the sum (ks — B)? + 52
does not vary with OT but is a function only of the position of 0
on the surface, in general positive but zero if and only if O is
umbilical. Spheres and planes are composed wholly of umbilics,
but from a surface that is neither plane nor spherical the umbilics
can be removed, for it can be proved that they are isolated points
or compose isolated curves. Throughout a region which is nowhere
umbilical, the two square roots of («x, — B)? + s,* are separate single-
valued functions of position ; one of these, selected and called the
amplitude of curvature, will be denoted by 4 :

4421 (en— By + 52 = 42

From 4421 the extreme values of y at a point O, corresponding
to the directions along which ¢, is zero, are B— 4 and B+ 4 ;
these are the principal curvatures of the surface at 0, and I write

4422 m=B-A, »=B+A.

The principal tangents, that is, the tangents along which the
normal curvatures are ¥, ¥, are individually determinate when
the sign of A has been chosen. To secure complete freedom from

ambiguity, definite directions along these tangents must be chosen
also; the choice along one principal tangent at one point is arbi-
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trary,and determines the standard direction along the corresponding
tangent at all neighbouring points; the standard direction along
the other principal tangent is then fixed by the convention that

4:423. One of the angles from the first principal direction to the
second 18 a positive right angle.

The principal directions at O will be denoted by OC;, 0C;, but
as affixes 1, ¢z will be substituted for C, C;.

4'43. The equation
4431 kgr=0
which characterises the directions of curvature implies of course
4432 kpr=0,
and is therefore equivalent to the combination of
4433 ksr =0
with the condition that OS and OT are at right angles:
4:434. At any ordinary point that is not an umbilic, the principal
tangents are the only two conjugate tangents at right angles.
4'44. From the definitions and the convention of 4-423,

4441 Ku=Ay, Kp=0, Kg=>2,
4:442 € =%

Substitution in 4:223 gives for any two directions
4443 Kgp= ¥y €08 {gcos &p + ¥ sin & sin &y,

where ¢ denotes an angle to the variable direction from the first
principal direction; the forms corresponding to 4-224 and 4-225
which are special cases of 4443 are

4444 Kn = cos? &+ ¥, 8in% {,

4446 sg=(¥; — ¥;) cos 'sin
the formulae of Euler and Bonnet, of which the first was transformed
by Euler himself into the shape

4446 kn=DB— A4 cos 2¢
and the second is
4447 59 =4 sin 2§

A, B having the meanings assigned in 4'11 and 442. Corollaries
of'4+444 are

4448 kn—H=2dsin?f, ¥ — k=24 cos?{,
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which with 4447 give

4449 992 = ("g - IC”) ("n - ”x),

a relation which is otherwise evident from 4-421.

4:46. To relate 4443 to the fundamental property of a direction
of curvature is a most instructive exercise. If OC is a direction of
curvature and » is the corresponding principal curvature ¢, the
spin along OC is a vector of amount ¥ in the direction with which
OC makes a positive right angle, and therefore the projection of

this vector on the direction OE’ with which OT makes a positive
right angle is ¥ cos ey

4:461. If OC 1s a direction of curvature and ¥ 1s the correspond-

ing principal curvature, the bilinear curvature kor has the value
¥ COS €gp.

Thus
4452 Kyp= ¥ COS CT: Kyp =Yg sin t:T’

because gy is linear in OS and the principal directions are at right
angles, ’

4453 Ksr = Kyp COS gs + Kzp sin Cs,
and substitution from 4452 reproduces 4-443.

4'46. Nor is the proof of 4443 just given the only use, or the
chief use, of 4451 ; it is from 4451 that come formulae for deter-
mining the principal curvatures and tangents in terms of magni-
tudes related to arbitrary tangential directions of reference.

Because «_p and «pp are linear in 0T,

4461 K4rSin =K, 8in B+ K, psina,
I:"TB sin w =Kk psin B8+ kppsin a,
for any tangential direction, while from 4°451
4462 Kqc=¥COSdy, Kip=¥cosfB,
for a principal direction OC. Hence

4463. A direction of curvature in which the normal curvature
18 ¥ 15 characterised by the pair of equations

K4450 B+ Kk, psina=2sin wcosa,
K4p8in B+ kppsina=sin w cos 8.

Elimination of » reproduces the equation obtained more simply by



43

equating to zero the geodesic torsion as given by 4-225. On the
other hand, since identically

sinw cos a =sin B+ coswsina, sinewcos 8= sina+ cos wsin B,
the equations of 4463 can be written as
4464 (Kqa—>)sin B+ (k p—¥cosw)sina=0,
[(xu, —¥cosw)sin B + (kxg —»)sina=0.
Elimination of the ratio sin 8 : sin a yields an equation which ¥

must satisfy, and since this equation is quadratic, it has no roots
except ¥ and ¥;:

4:465. The principal curvatures of  surfuce are the roots of the

equation
(= K44) (¥ — k) = (¥ COS © — Kk 4)"

The equation of 4°465 expands to

4466 »sinw — ¥ (k 4,y — 26,45 COS © + Kpg)

+(k4ak88— K45") =0,

and therefore 2B, which is the sum of the principal curvatures,
and the product of these curvatures, which is the specific or

absolute curvature of the surface at O, and is denoted always by
K, are given by

4467 2Bsin’w =Kk, — 2K ,5CO8 @ + Ky,
which has been obtained already in 4:226, and
4'468 I(Sin.z(l):ICAAICBH_ICABa;

the amplitude of curvature is determined numerically from the
identity ‘

4469 B - A*=K.

4:47. The fluctuations of the geodesic torsion s, are seen most
readily from Bonnet’s formula 4'447;

4471, The extreme values of sy are — A and A, and these are
assumed in the directions midway between consecutive principal
directions.

The discussion of sy as the function defined by identifying OS
with OT in 4-325 is parallel to the discussion of xyas the function
given by identifying OS with OT in 4-223, and therefore the extreme
values of s, have for their sum (s, — 25,508 @ + sp3) cosec? w and



44

for their product (s4 sps— s 4‘39) cosec® w. Thus 4:326 is reproduced,
and the amplitude of curvature is seen to be given by the equation
4472 A2Sin2(0=9‘43‘2—94‘4?33.

4:48. If sina and sin B are both known, the direction OT is
determinate, but the ratio of the sines alone does not distinguish
OT from OT'. Thus in general when » has a definite onc of ‘its
possible values, either equation in 4464 defines the corresponding
principal tangent but not the corresponding principal direction.
These formulae however render precise a detail left vague in 4:42.
If

4481 sin a/p = sin B/q = sin w/r,
where p, ¢, r are functions of position on the surface, then

4:482 12 = p*+ 2pq cos @ + ¢°
and throughout a region where p and g do not vanish simultaneously,
r is a single-signed function determined everywhere by 4 482 if its
sign is known. Hence the choice of sign of a single radical deter-
mines the principal direction corresponding to the principal curva-
ture ¥ throughout the whole of a region provided that no points
are included where simultaneously

4483 Kgg =2, Kp=ACOSw, Kpyy=72.

But

Kap=K44COSw
implies that OA is a direction of curvature,
K4p= KppCOS®
implies that OB is a direction of curvature, and since by hypothesis

OA, OB lie along distinct tangents, x4, and «yy arc the extreme
values of the normal curvature, and the additional equality

Ka4 = Kpp
implies that O is umbilical: having excluded umbilical points for
the purpose of separating the principal curvatures, we have actually
obtained a region in which the various principal directions also are
separated.

4'49. On any surface, a curve whose tangent at every point is a
principal tangent of the surface there, or in other words whose
geodesic torsion is everywhere zero, is called a line of curvature of
the surface. Throughout a united region containing no singular or
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umbilical points, the two principal directions at O are definite
directions depending regularly on the position of 0. It follows from
the theory of differential equations that over such a region there
are two distinct families of lines of curvature and that through each
point passes one and only one member of each family.

4f F is a regular function of position of any kind on the surface,
the values at O of the rates of change of F in the two positive
directions along the two lines of curvature through O depend only
on the position of O and define by their relations to O two functions
of position which will be denoted by dF/ds,, dF/ds,. These functions
are not partial derivatives; if in order to use s, and s; as actual
coordinates we go so far as to define the position of O by its distances
from two selected trajectories measured along lines of curvature, it
is still impossible to secure that every curve along which s; has a
constant value is itself a line of curvature or has s, for its arc; thus
even in this case the partial derivative 0F/ds, is not the rate of
change in the direction to which it does correspond and bears no
intrinsic relation to dF/ds,. It follows that although there are rates
of change d*F/ds? d*F|ds,ds, derivable from dF/ds, and rates of
change d*F/ds,ds,, d*F/dsg derivable from dF/ds;, there is no reason
to anticipate equality of d*F/ds,ds, to d*F/ds.ds;; in point of fact it
is easy when F'is scalar to evaluate the ditference between d*F/ds,ds,
and d*F/ds,ds, and to recognise the rare cases in which this difference
vanishes.

4'61. A direction of curvature is a direction in which the geodesic
torsion is zero. If there are direetions in which the normal curvature
is zero, thesc directions, which are called asymptotic, have properties
not less interesting than have the directions of curvature.

Since the normal curvature at O varies continuously between its
extreme values ¥, ¥;, the existence of asymptotic directions depends
on the relation between the signs of these two curvatures, that is,
depends on the sign of the product K. If K isstrictly positive, there
are no asymptotic directions and O is said to be an elliptic point on
the surface. If K is zero, one if not both of the principal curvatures
vanishes, and O is said to be parabolic. For both of the principal
curvatures to vanish, that is, for a point to be umbilical as well as
parabolic, is altogether exceptional on any surface but a plane. At
an ordinary parabolic point, one only of the principal curvatures



46

vanishes, and the asymptotic directions are the corresponding direc-
tions of curvature. A developable is a surface composed wholly of
parabolic points, but on a surface that is not developable the para-
bolic points in general, if there are any, compose a curve or a number
of distinet curves separating regions throughout which X is positive
from regions throughout which K is negative. In discussing
asymptotic directions attention is confined in the first place to a
united region composed wholly of hyperbolic points, that is, of points
where K is strictly negative.

4'52. Between consecutive directions of curvature at a hyperbolic
point, there is one and only one direction in which «,, changing in
sign from the sign of »; to the sign of ;, is zero; thus there are
four distinct asymptotic directions, and since the reverse of an
asymptotic direction is itself asymptotic these are the four directions
along two asymptotic tangents.

With a direction of curvature is associated the corresponding
normal curvature, which is a principal curvature of the surface. In
the case of an asymptotic direction it is the geodesic torsion that
survives, and this magnitude is called the asymptotic torsion
associated with the direction. .

The fundamental relation of an asymptotic direction OI to an
arbitrary direction OT corresponds to 4'451. The spin of the surface
as O moves in the asymptotic direction OI has no component at
right angles to OI but is simply a spin of amount s, about OI, if
s;r is the asymptotic torsion along OI; the projection of this spin
in the direction OFE" is therefore s, sin €;:

4'621. If OI is an asymptotic direction and s, vs the correspond-
ing asymptotic torsion, the bilinear curvature x,; has the value
<77 8iN €;p.

If OJ, OK are two asymptotic directions at O, the bilinear
curvature x;x is shewn by 4°521 to be expressible both as s, sin €, ¢
and as sgg Sin ex,;; it follows without reference to the principal
directions that

4:622. The two asymptotic torsions at a hyperbolic point of a
surface are equal in magnitude and of opposite sign,
and it follows also that if the existence of two distinet asymptotic
tangents is known 4'522 implies the complete symmetry of the
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bilinear curvature. To find the actual values of the asymptotic
torsions we have only to compare 4521 with 4-451: if 6 is an angle
from OI to the first principal direction, then

4623 sy 8in 0 = xp; = ¥, cos 6,

and since 8+ 47 is an angle from OI to the second principal
direction,

4524 §r1€08 0 = K = — ¥, sin 6,
the combination of 4-523 with 4-524 gives
4525 St = — Wy,
that is,

4'626. The square of the usymptotic torsions is the negative of
the specific curvature,
a theorem usually ascribed to Enneper but in fact announced by
Beltrami four years earlier than by Enneper. -

4:563. For the determnination of asymptotic directions from arbi-
trary directions of reference 4-521 is again useful. Comparing

4631 Kgr=—SSina;, Kp=-s;sinB;,

which are implied by 4-521, with the general formulae 4461, namely,
4632 KypSiDw =i, SInB+ K, yzSina,
[_xm Sin @ = k4 8in B + kppsina,

we find that

4:633. An asymptotic direction with asymptotic torsion s 1s
characterised by the pair of equations
['KM sin B+ (k5 + s, sinw)sina=0,
(k4p—srSinw)sin B + kzpsina=0.
To eliminate s;; is to obtain the equation expressing that the
normal curvature is zero; the elimination of sin 8 : sin a gives
4534 1 8IN? 0 = K4 — K 44 Kpp»
a formula which 4468 shews to be equivalent to 4:525.

464 Throughout a region where K is strictly negative, the
asymptotic tangents are distinguished by the asymptotic torsions,
which are separate functions of position. One of these square roots
of — K is chosen and called the first asymptotic torsion: it will be
denoted by —s,; the second asymptotic torsion is s,. Since the
four quadrants into which the tangent plane at O is divided by
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the principal tangents C/0C:, C;0C; are distinct, and the four
asymptotic directions lie one in each of these quadrants, the
asymptotic directions also are distinct. One of the directions of
the first asymptotic tangent, chosen arbitrarily at one point and
in consequence determinate elsewhere, is called the first asymptotic
direction and denoted by OJ, and an angle from this directiort to
the first principal direction will be denoted by 4v. Thus

4641 q,sinjv=—wcos}v, s,cosfv=¥sin}v,
implying

4:542 ¥ cos? v+ ¥ sinv=0,
an equation which is of course deducible immediately from Euler’s
formula 4444. The direction making an angle v with the first
principal direction is one of the directions of the second asymptotic
tangent, and is denoted by OK and called the second asymptotic
direction. The angle v is an angle from one asymptotic tangent
to the other, and is given with as little ambiguity as possible by
the equation .

4543 B—Acosv=0,

a corollary of 4-446.

4:556. In the use of the asymptotic directions OJ, OK as direc-
tions of reference, there is an erabarrassing choice, for the bilinear
curvature x;x and the asymptotic torsion g, are connected by the
relation

4651 Kjg = — SqSiNv.

For any pair of tangential directions,

46562 K SIN? v = K i (SN €5y SN €57 + SiN €46 81N €7g),
and for a single direction

4663 Ky SIN? U = 2Ky SIN € SIN €57,

45664 $¢8IN? U = Kk Sin (epg — €;7);
the last formula can be replaced by

4665 Sg8in v =— ¢, 8in (erx — €;7).
The principal curvatures are given by

4:566 m=—g.tandv, ¥,=gzcot}v,

and. therefore
4657 B=g,cotv, A=s¢,cosecv, K=-—¢,
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4:66. From asymptotic tangents are defined asymptotic lines;
these on a united anticlastic region without singular or parabolic
points compose two families,every point lying on one member of edch
family. The relation of an asymptotic line to a surface is in a sense
more intimate than that of a line of curvature. If an asymptotic line
hag curvature « and normal angle =, the normal curvature, which
is zero, is « cos w, and three cases are distinguishable: if « is not
zero, then cos = must be zero; if a point where « is zero is a limit
of points where « is not zero, continuity requires cos = to be zero
there also; if « is zero everywhere on the line, the line is straight,
and while as a curve in space it has no determinate principal normal
at any point, to assign it in its capacity as asymptotic line a definite
normal by the convention* that cos w is zero leads inevitably to
consistent interpretations of general thcorems. Thus cos = is zero
at every point of any asymptotic line, and continuous variation of
= being on this account out of the question, there is far more gain
than loss in a further convention to fix absolutely the value of =,
which is taken to be §r:

4:661. The normal angle of an asymptotic line on a surfuce vs
everywhere a right angle.

In other words,

4662. At ecvery pownt of an asymptotic line on a surface the
principal normal to the line s 1ts tangential normal and the bi-
normal s the normal to the surfuce;
further, because = 1s constant,

4'663. The torsion of an usymptotic line 1s its geodesic torsion,

that is, is the asymptotic torsion of the surface in the direction of
the line, and becausc = is a positive right angle,

4:664+. The curvature of an asymptotic line 1s its geodesic curva-
ture,

in sign as well as in amount. In consequence of 4-563, theorems
concerning asymptotic torsions may be read narrowly as theorems

* A straight line on a surface is geodesic as well as asymptotic, and as a geodesic
has for priucipal normal the normal to the surface.

1 Thi» is one of the theorems to whose simplicity the convention that curvature
itself must be positive is fatal. The vanishing of cos w is consistent with a value
-} for w, and if the direction OP is predetermined by the sign of x, two cases have
to be adwitted ; either = itself, or a symbol for sin o, must then be retained if the
cases are to be treated together.
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concerning the torsions of asymptotic lines, and in particular 4:522
and 4526 imply that

'4565. The torsions at a hyperbolic point O of the two asymptotic
lines through O are equal in magnitude and opposite in sign and
their product is the specific curvature of the surface at O.
It is to be remarked that for an asymptotic line to be straight*the
specific curvature of the surface need not be zero: as an asymptotic
line on a given surface containing it, a straight line has a definite
torsion which is the rate at which the tangent plane, which in
general varies from point to point, rotates about the line; on a
ruled surface the rotation disappears if the same plane is the tangent
plane at every point of the line, and this is precisely the degenerate
case in which K is zero along the whole line.

6. The Bilinear Rate of Change of a Function of Position

611. The equation -

6111 Dy =
is of course true only if OS is tangential to the ®-surface, but the
derived equation

5112 Pp + T (d1g/dsp) =0
involves no restriction on the direction OP, and leads not only to
6113 Dy + Grgr=0,

the relation used to establish 4:213, but also in virtue of 3'515 and
2731 to

6114 (I)ZSN + G‘TS = 0,

where 75 is the spread of the ®-family along OS, or the negative
of the geodesic curvature of the ®-orthogonal regarded as a curve
on a surface to which 0S8 is tangential.

6:21. By means of 5113 and 5114 the bilinear rate of change
®?pg can be transformed whenever the direction OP is tangential
to the ®-surface : if the vector 14 is the sum ¢, + sy where OT is
tangential, then ®%gy is qP%y + sy and therefore

6211 Q)'SQ +@ (qKST +871g) =0.
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If OP is the normal direction ON the change is of another kind ;
from the definition of the slope,

5212 Py =G,
and therefore along any curve in a direction 0Q
5'213 dq)l)_v/dSQ = GIQ;

but by 1722 and 3515
6214 dP'y/dsy = Pyg + D' (d] y/dsg) = DPPyg + GF(d1ly/dsy) 1y,
and since a rate of change of a radial is necessarily at right angles

to the radiul itself, the last term vanishes and there remains the
formula

6215 Aty /dsg = D2y,
which taken with 5213 shews that
5216. Whatever the direction 0Q,
P NQ= =@ Q-
6522. The general relation of 5216 is a synthesxs of the par-
ticular relations

6221 P2 oy = Gy,
65222 D2y = Gy

The first of these can be written in the form
6223 D2y = d2D/dr?,

and suggests a reference to 3:32. The second can be compared
with 5114, and since the bilinear rate of change is symmetrical

gives

5224 G+ Grg=0,
whence *

5226 7y = —4d (log G?)/dsg:

6226. The spread of the ®-family in any tangential direction is
the negative of the rate of change of the logarithmic slope of ® in
that direction.

623. If application is to be made of 5113, 5114 and 5216 to
®?pg when the directions OP, 0@ are both oblique, the radials 1p,

* Allowance must be made for the possibility that G is negative, and for this
reason the logarithmio slope is defined as § log G2
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1, must both be resolved into normal and tangential components.
Assuming

5231 lp=ps+ry, lo=gqr+sx,
the bilinearity of the function implies

5232 D%y = pqPisr + psP’sy + qrPry + rsP?yy,
and according to the purpose in view the useful transformation
will be

5'233 (I)’_pQ -— TSGIN = - G (pS'rS + quT+quCST)
or

65234 Dy — ps@s — qrG@p—rsG'y = — pqGrgy.

6531. From 3'515

5311 D (d1g/dsp) = GF (d1g/dsp) 1y,
and since f 151, is zero,

65312 I (dlg/dsp) 1y =— & (d1y/dsp) 1s;
hence 5112 is equivalent to

5313 D2gp = (S (d1 y/dsp) 15,

for an arbitrary direction OP and a tangential direction OS. In
contrast to this result, G.5'(d1y/dsp) 1y is necessarily zero, but ®?yp
is zero only in special cases: the tangency of OS is essential to the
truth of 5-313. Multiplication of 5313 by a scalar shews that as
a linear function of a tungential vector 8 the bilinear function

?p8 is obtained by multiplying by G the projected product of
d1y/dsp and 8. In particular, since a rate of change of the radial
1y is necessarily tangential,

5314 CD’P (le/dSQ) = Gcf(le/dSP) (le/ dSQ)
whatever the directions OP, 0Q.

632. The function &%y (d1y/dsy) will reappear at a later stage;
5'314 shews that the function is in fact symmetrical in OP and
0Q and indicates the geometrical magnitudes with which it is
connected, which depend on the relations of OP and 0Q to the
®-surface. If U8, OT are tangential directions, d1y/dsg, d1y/dsy
are the corresponding Gaussian velocities; d1y/dn is the vector of
curvature of the orthogonal trajectory. Since neither xgp nor 7p
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is defined except for tangential directions, the notation described
in 1'55 is applicable and it is possible to write

5321 I (@1 y/dsg) (d1 y/dsy) = Ky KTy,
5322 I (dl y[dsg) (A1 y/dn) = K5y Ty,
5323 (Al y/dn) = 1,2;

the last of these functions is the square of the numerical curvature
of the trajectory. To discover analytical expressions in which the
same projected products are involved, let q' denote temporarily
the vector, dependent upon OP, which is such that for an arbi-
trary direction of OR the value of ®?p is the projection of q'” on
OR, and let this vector be resolved into a normal and a tangential
component. The projection of ¥ on ON, which by the definition
of q'P is ®?%y, is the projection of the normal component of q'?
on ON, and therefore the normal component of q is ®%y1y.
And from 5'313 the projection of the tangential component of g
in any tangential direction is the same as the projection of
Gdly/dsp in that direction, whence since Gdly/dsp is itself tan-
gential the tangential component of @ is nothing but Gd1 y/dsp.
Thus,

5324 QP = G (dly/dsp) + P*pyly.
But if OP, OQ are any two directions the projected product
£ qPq? is the bilinear scalar function of OP and 0Q denoted by

2px P2ox, and this is calculable with the greatest ease by means
of any frame of reference. Hence from 5324 and the corresponding
formula giving q'¢

5326 D2, D%, = PI(d1 y/dsp) (d1 y/dsg) + P*py P
The three distinct theorems comprehended in 5325 can be ex-
pressed in a variety of forms; among the results are

65'326 250 D1y = G (Kgy K1y + T5T1)s
5327 D%, D2y = gy Ty + GGy,
5328 @1y = (P ) — (¥

641. In 5226 and 4213 we have two distinct and independent
deductions from the symmetry of the bilinear rate of change of a
scalar function of position. It is important to observe that there
can be no deductions independent of these two, a result implied by
1432: if 0S8, OT are distinct tangential directions and ON is



54

normal, the complete symmetry of ®%p, is deducible from and
therefore involves no consequences independent of thé set of
equalities

5411 Dgp= P, DPyg= D%y, Pyr=D%y,
of which the first is equivalent to 4213, and the second and third
express for different directions the single theorem 5:226.

6542. To suppose that such formulae as 5113, 5°114 and 5216
assist in the culculation of multilinear rates of change is completely
to misvalue these formulae. Whatever the system of coordinates,
the multilinear rates of change are among the functions most
easily found, and in application to particular surfaces and functions

it is rather for the sake of the other magnitudes involved that
results of this kind are desirable.

6. The Codazzi Function

6:11. The bilinear curvature xpzg is not a function from which a
gradient can be formed, for as a rule if the position of O is changed
the directions OR, OS cannot remain unaltered. But there is an
elegant function which plays as far as possible the part of a
gradient, and it is with this function that the present chapter is
concerned.

From the equation

6111 Do+ Grpg=0
it follows that if OR, OS are specified functions of the position of
O on a curve with direction OT on a ®P-surface, then

6112 (dD?ys/dsp) + G'rrgs + G (drcgg/dsr) =0;
also by 1'722 and 2511

6113
dD*gs/dsp = P*gep + D% (d1g/dsr) + P, (d1g/dsy)

= Dper + D% (kprly + 077 1g) + P (ksrl y + 0 751p),
where OC, OD make positive right angles with OR, OS, and
therefore
6114
dDgs/dsy = P*psr + Pysipr + Pyrrsy + Pgsor® + Pppos®
= Doper + (' pisp+ Fgrpr — G (o1 x0s + 01 krp),
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on substitution from 5216 and 4'212. Thus 6°112 gives

6115 Dpop + GIRICST"'" GlsICRT + G!T"RS + GA'RST =0,
where

6116 Arst = (drpg/dsp) — arfrgg — o’ kpp.

The function Aggp defined by 6:116, which I propose to call the
Codazzi function, belongs like the bilinear curvature to the geo-
metry of a single surface, for this definition contains no reference
to the function ®. But 6'115 is of value as shewing at once that
the value of A gy depends only on the three directions OR, OS, OT,
not on the variation of OR, OS along any particular curve in the
direction 07, and moreover that

6117. The Codazzi function is linear in each of the three direc-
tions on which it depends.

As a formula for the calculation of the Codazzi function 6115
may be modified to

6118

Agst = — (P y Prer — P ypPosr — P yg O*pp — P2 yr Pps)/ (P y)

612. The Codazzi function Aggp takes special forms if two of
the directions on which it depends coincide or are perpendicular.
Whatever the angle between OS and OT,

6121 Aggr = (drgg/dsp) — 2015k pg

= (dkgs/dsr) ~ 207° sgs,
6122 Ngpg = (drgr/dsg) — o’ kpr — o5  Ksp

= (drgr/dss) — 205" sg7 — (degr/dss) Ksg,
6123 Apgr=(deps/dsr) + o1’ kgs— ar’Kpp

= (dkps/ dsr) 207°sps,
6124 Aprs = (dipr/dsg) + a5 rsr— o5 kpr

= (drpr/dss) — 205 spr — (degr/dsg)kpg.

6:13. More familiar functions are among those of a single direc-
tion OT which appear as degenerate forms of the Codazzi function
and can be regarded as defined by means of a single curve in the
direction OT'; that the function depends only on the direction and
not on any particular curve is in no case self-evident. In the most
elementary notation,

6131 Arrr = (din/ds) — 20,5,,

6132 Arpr = (dsg/ds) + 2k4 (n — B).
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Thus Appp, the simplest of cubic functions, is the function associ-
ated with the name of Laguerre who first shewed it to depend on
direction alone, and Apgp is the cubic function of Darboux. As
actually given by 6116,

6133 Aggr = (digg/ds) — 2¢4kpr,
but on substitution from 4:128, this becomes

6134 Agpr =2 (dB/ds) — {(dra/ds) — 2k,s,),
that is

6136 Apgr = 2By — Apryp.
On account of the multilinearity of the Codazzi function, Ay,
Agrg bear to the direction O the relations of Aggp, = Apgp to OT;
hence

6136 Aprg = 2B'5 — Mggg,
while Agpy is the negative of the Darboux function of the dircction
OE; \gyy is of course the Laguerre function of this last direction.

6:14. Naturally it is when the three dircctions involved are all
principal or all asymptotic that the Codazzi function is most simply

expressed. If kg, xy; are the geodesic curvatures of the lines of
curvature,

6141 ol=ol=Kp, oF=0f=rkKg,
and therefore
6142 Ag=dw/ds, Ma=—24ky, Na=d¥/ds,
6143 Np=du/ds;, Me=—24Kkg, Ngg=d¥/ds,,
where A denotes as before § (¥, — ), the amplitude of curvature.

The corresponding functions for the asymptotic directions 0J, OK
are simplified by the relation

6144 Ky =SgSIn v;
if Ky, %, are the geodesic curvatures, which are the actual curva-
tures, of the asymptotic lines,
6146
Mrgr= =257, Myxs=(dse/ds;)sinv, Agg;= 254 {Kg;+(dv/ds,)},
6146
Nysx = =254 {#gx — (Av/dsg)}, Nygx=(dse/dsx)sin v, Aggx=25akpx.
621. We are now in a position to appreciate the fundamental
property of the Codazzi function, which is apparent from 6:115:
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6-211. The Codazzi function is a symmetrical trilinear function
of the tungential directions on which it depends.

That the function Apgr defined by 6°116 is linear in each of*the
directions OR, 08, OT can be proved without difficulty from the
most elementary considerations*; indeed, it is by its linearity in
OT that Aggy first attracts attention in the geometry of a single
surface. The symmetry of Mgy in the two directions OR, OS is
manifest from the symmetry of xzg in the same directions, but the
discovery that A gy depends on OT in the same way as on OR and
0S8 is both unexpected and fertile.

6'22. Because gy is trilinear,

6221 M jorsin*w

=N4445n Bsin Bysin By + Ap, 4 8in ag sin Bgsin By
+ A p4 80 By sin agsin B+ A,y 45810 B sin Bgsin ap
+ N4 pp8in B, sin agsin ap+ Ay 5 8in ag sin By sin ap
+ App4 SiN ag Sin g Sin B+ Aypp SiN ag Sin agsin ag,
and the complete symmetry of the function is implied by the tri-
linearity if the equalities

6222  Nps4=Mapa=Nian MNaps=Npap=Mpp4
are known for any one pair of distinct directions. On account of
the symmetry of x4 5, there is no distinction between Ay, and M5,
or between A ;5 and Ay, p, and therefore the equations necessary
to imply 6211 are two only, namely

6223 Naan=Napar MNapp=MNppa>
which on reference to 6121 and 6'122 are readily identified with
the equations associated with the name of Codazzi :

6224. The Codazzi equations for any pair of families of curves
of reference express the symmetry of the Codazzi function for the
directions of reference and imply the complete symmetry of this
JSunction,
and it is for this reason that I have proposed to attach Codazzi’s
name to the function itself.

From 1:43,

6:226. Any two pairs of Codazzi equations are equivalent,

and this result adds interest to a comparison of different forms
which the equations assume.
* See 81 below.
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6:23. Animportant interpretation of the Codazzi equations comes
from 6136, which can now be read as a relation between A gy, the
Darboux function of OT, and Aggg, the Laguerre function of OE:

6:231. The sum of the Darboux function of any direction OT and
the Laguerre function of the perpendicular direction OF s a linear
Junction, equal to twice the rate of change in the latter direction of
the mean curvature of the surface.

Since the two equations

6232 Arre = Nrer, Arge= Mggpr
differ only in the direction which is denoted by 07, 6:231 implies
them both*, and is equivalent to any pair of Codazzi equations.

Angular differentiation gives relations of another kind between

the functions of Laguerre and Darboux. If the variable directions
are independent,

6233 darhgsr = Mpsg.
Hence because the Codazzi function is symmetrical,
6'234 da)\.TTT == 3XTTE)

6235 dalrrg = 2\rgg — Nprr = 4B'r — 3\ prr; .
it is easy to express these results in words.

6:31. The Codazzi equations derived from 6:142, 6:143, and 6-145,
6146 are

6311 24kp=—du,[ds;, 2Axzk=—d¥,/ds,,
and

6:312 254 {Kgr + (dv/ds;)} = (ds,/dsk) sin v,

[ 254 {kgx — (dv/dsg)} = — (dse/ds;) sin v,

and these are inevitably regarded as formulae for the calculation
of the geodesic curvatures which they involve. The same view may
be taken of the Codazzi equations in general, for although as a rule

each equation involves two geodesic curvatures, the pair of equations
6313

is linear in the pair of geodesic curvatures &g, &y, and has for its
discriminant s,,*— s, 555, Which has been seen in 4472 to be
equal to 4°sin? w and therefore vanishes only at an umbilic.

AyaB=Ngp4» A= 7\mm

* Formulae equivalent to 6-232 were discovered in 1911 and announced to the
Fifth International Congress of Mathematics (Cambridge, 1912; Proceedings, vol. 2,
P- 34); I have not hitherto published a proof.
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6:32. Since any two pairs of Codazzi equations are equivalent,
the geodesic curvatures in any one pair of families of reference
curves can be calculated from those in any other pair; this is in
accordance with 2:425 and 2426, but if in illustration we deduce
Kgs from 6:311 we shall see the economy effected by the enlarging
of vur ideas. Because the swerve o,° is linear in the direction OT,

6321 «, +(dv/ds;)=0, =0 cosfv~ o Fsin}v
= kg + § (dv/ds)} cos yv — [k — % (dv/ds;)} sin v,
and therefore from 6:311

6322 24 fu+ 37

is } {c(iis sm%u+A cos%v}

- j———cosn}gv—Ag—;sin %v}

\d8
{ 7c;;t;}v) niv +%gu-_cosec:!;u}
Z—c s§u+3 sin v

_ s

.—dSK',

as anticipated. It would be rash to assume that every useful formula
for a geodesic curvature is given by some Codazzi equation ; in fact
an example can be given to the contrary. Identically,

:ll;': 26, g cosec v = 2% ;(:tg LU v,
Z:: + 2 Z cosec v = 45 :;m bv)
utilising the relations

6'326 sa® cott v = ¢4° cot® dv/sq tan v = — ¥/,

6326 Sa? tant Jv = g0 tan® /s, cot dv = — ¥3/x,,
it is easy to deduce from 6312 the expression

6327 gy, ={dlog (— ¥?2/x)/ds,} sin v cos* 4v

+ {dlog (= ¥;/%;)/ds;} cos Jvsin? }v,

of which Bonnet has made application, but 6:327 is not as it stands
a Codazzi equation.

6323

6:324 cot fu;
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7. The Trilinear Rate of Change of a Function of Position

711, In the last section the trilinear rate of change played only
the subsidiary part of introducing to our notice the Codazzi function
and establishing its symmetry, and for this purpose the variable
directions were restricted to be tangential to the ®-surface. The
next task is to investigate formulae involving the same trilinear
rate of change with onc or more of the directions normal.

7'12. From the elementary formula

7121 q)ng = Glpy
since this implies for any variable ¢ on which OP may depend

7122 D2y (d1p/dt) = G (d1p/dt),
it follows that whatever the direction 0Q,

7123 D3ypg + P (A1 y/dsg) = G*pq.

Here is a simple proof that the function ®2p (d1y/dsy) is sym-
metrical in the directions OP, 0Q, a conclusion reached in 53, and
substitution from any of the formulae of 5'32 gives a corresponding
deduction from 7-123. Thus 5325 gives

7124 Dy Doypg + D, PP, - - pe+ FpGYy
in which no restriction is implied on OP or 0@, and 5321, 5:322,
5:323 imply

7125 Doysr + Grsykry = Gsr,
7126 q)sNNT + GICS*’T* = GENT,
7'127 (PBNNN + GICI; = G2.NN’

Kp in 7127 denoting either value of the curvature of the orthogonal
trajectory.

713. The function ®*yp, is involved not only in the rate of
change d®2yp/dsy, but also in the rate of change d®2py/dn, and
deductions from the symmetry of the trilinear function are to be
expected. If however O is normal, nothing is to be anticipated
that is not deducible from the symmetry of the bilinear function
@*yp; in fact we have from first principles

7131 dCI)’NP/dn = Q3yvp + DIy (dlp/d'n) + @3 (le/dn),
and since
7132 @'y (d1p/dn) = G (d1p/dn),
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the comparison of 7:131 with 7-123 yields only the identity
7133 d@p/dn = G®yp + G* (d1p/dn).
But d®?%;/dn repays examination.

7-21. Expanding d®*sp/dn in the usual way and substituting
from 2'741 we have
7211 dd%g/dn
=Doysr + P (05" 1p + T51y) + P25 (o™ 15+ Trly)
= Pyor + Ppron’ + Pgpoy” + Pyprs + Pygry;
on the other hand, from 4212, '
7212 dd%p/dn = — d(Grgp)/dn = — G (drgp/dn) — G*yrgp.
Hence from 4-212 and 5114
7213
D ysr + Gy ke + G {(drgr/dn) — oy’ kpr — o " kgg — 27577} = 0,
or in a form analogous to that of 6:118,
7214 (drgp/dn) — ax®rpr — on" ksy
‘ = — (P yPysr ~ Py P’sr — 2P ys P2 y) (P y)
7-22. When 7-213 is compared with 7:125 the function @ itself
disappears, surviving only in the slope:
7221 G%p+ Gyugr
+ G {(drgr/dn) — an’kpr — o x5 — 2T9Tr — KgyKpy) = O.
An algebraical transformation reduces the number of terms in
this equation. Let 7' denote 1/G, which is the arc function of the
trajectory with respect to the variable ®, and has been called the
spaciousness of the family; then identically, for any directions OP,

0Q,

7222 T =—- GG,

7223 Tpp=— G2 Gp + 2G2G'p Gy,
so that

7224 GGpg — 2G'p (g = — T2 Ty
But for tangential directions OS, OT,

7225 GG = @rgrp.
Hence

7226 (drgp/dn) — oxrpp — onT ks — KKy

=(Lp + I ysr)/ T,
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or in another form, involving @ but separating completely the
geometrical from the analytical terms,

1227 (digr/dn) — on’kpr — On" Kgg — Ksukry
= @'y Iy — T' 5y Py
7-23. Particular cases of 7-214 are
7'231 (dICTT/dn) - 20'NT9T1'
=—{ Py Pyrr — Py Prr — 2(P23r)} (D)
7232 (d/cmv/dn) - 20’NT9);1'
=— Py Pypr — PynP’pr — 203, Py} /(P'w),
and the corresponding cases of 7-226 are
7233 (derr/dn) — 20§ srr — kry® = (T%rp + 1"y xrr)/ T,
7234  (degr/dn) —20x"spr— kg ke = (T%r + T'ykpr)/T;
to appreciate the last two formulae, we must recognise «r,? as
xrr® + kgr®, the square of the amount of the spin of the tangent
plane along OT, and kgy xry 88 kgpiry + Kpgiry, that is, as 2Bkgy.
7-24. Two symmetrical bilinear functions in a plane OAB are
identical if they are equal for the pair of directions 04, 04, for
the pair of directions 04, OB, and for the pair of directions OB, OB.
Hence any one group of three independent particular cases of 7214
or 7226 is equivalent to any other group.

If OT is a principal direction, x5, is the square of the corre-
sponding principal curvature and spr is zero; hence*

7-241. If OC is a principal direction on a ®-surface and ¥ is the
corresponding curvature, then

(d¥fdn) = 3= (Tigo+ Thyw)T,
where T' is the reciprocal of the slope of ®, and the rate of change
of ¥ along the orthogonal trajectory of the ®-family is given directly

by
dafdn = — (D' g P?yo0 — P2yxPPoo — 2 (Pxc)’} /(P )

* Bince the truth of this theorem for one of the principal directions is not de-
ducible from its truth for the other, there are two independent formulae involved in
7-241. These are the formulae whose existence was inferred by Forsyth in 1908
(Phil. Trans. Roy. Soc. Lond., Ser. A, vol. 202, p. 333) from an enumeration of
invariants; discovered by the methods described here and translated into a form to
require no explanation they were announced to the London Mathematical Society
(Proc. L.M.8S., vol. 16, p. xxvii) in 1918,
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The form taken by 7:232 and 7:234 for a principal direction, that
is, by 7-214 and 7-226 when OS, OT are principal directions at right
angles, is quite different; «;; being zero on every surface, d«i;/dn is
zero, and Ky Kz, @ multiple of x5, i8 zero also. Thus only two terms
of 7:234 and three of 7:232 survive, and since s; is 4, the amplitude
of curvature, and in the swings o' and s»® is to be recognised the
magnitude described as the twist of the family,

7-242. The tuist @ of the family of surfaces associated with a
JSunction ® is given in terms of P dtself by
24w =(P'y Py — 203 P4a) (P'w)’,
and in terms of the reciprocal of the slope of ® by
24w =—T7[T.

Of the results of applying 7:214 and 7-226 to the asymptotic
directions OJ, OK the most elegant is

7243 (dsa/dn) sin v —sg?cos v=—T";/T,
which can easily be verified from 7-241 and 7-242.

7-31. To deduce from 7-242 formulae for evaluating the twist
when @ is given as a function of Cartesian coordinates =, y, z is a
simple matter, but requires some preliminary investigations to which
the theory of multilinear functions is not essential.

By its definition, the gradient G of the function ® is the vector
whose projections are ®,, ®,, ®,. The slope G therefore satisfies
the equation

7311 G=-T 1 cosy cosB &, |,

Co8 &y 1 cosa P,
cos B cosa 1 o,
®, o P, 0
and since points where ®,, ®,, ®, are simultaneously zero are
excluded, @ is determined throughout the region under considera-
tion by combining this formula with a choice made at a single point.

The direction normal to the ®-surface is the direction in which the
vector G has the amount @, and therefore

7-312. The direction cosines of the normal to the ®-surface are
/G, P,/G, ,/Q.
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The ratios of the normal direction are aq/@, ya/@, z.,/G where
Za, Ya,» ?a are: the components of G and are therefore given by
formulae of which the first is

7813 zg=T"?| ®, cosy cospfB
e, 1 cos a
d, cosa 1

The direction whose ratios are @p, yp, zr is tangential to the
®-surface if

7'314 ¢@$T + q)ny + CDZZT = O,
and from 045 it follows that if the directions 0S, OT are tangential
and egp is an angle from the first to the second, then

7-316 TG } &Xg Ys = ((I)x, (I)y, (I)z) sin €57
®r  Yr 2r
Also if OF makes a positive right angle with OT round ON,

then O7' makes a positive right angle with ON round OF and
therefore by 045 ’

7316 G(lE, me, 'nE)—_—T

Ta Ya “a
or  yr or |
where 2q, Ya, 2q have the values typified in 7-313, and by 046

8T TG (@ yu zp)=| b P, @,

lp mp nTI

)

7-32. The bilinear curvature of the ®-surface in the pair of
directions OS, OT is shewn by the comparison of 4:212 with 3311
to be given by

7321
Grsr == (Puz, Oy, Ppy Pz, P, Py Y25, Ys, 25821, Y1) 21)s
so that in particular for the normal curvature in the direction OT,

7322 Gupn=—=(DPps, Pyy, Vo, Oyz, Lo, Poy Y27, Yo, 20)-

Combining 7-321 with 7°317 we have

7823 TG%sp=| Ppg+ Pyrys+Porzg Ilr &, 1;
Coys+ Ppyys+Poyzg mp Dy
Qx5+ Ppys + Pz np P,
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hence in terms of ratios alone
7324 2TG293T

=| Qp@s+ Pprys+ Ppuzg  @p+yrcosy+zpcosB  D,°
D54+ Pyyys+ Poyzg  apcosy+yp+zpcosa P,
| Pyoirg + Dyys + o2y @pcos B+ yrcosa+zp D,
+ 1 Pppp+ Pypyr+ Pppzp  @g+yscosy+zgco8sB D, |,
DQpyzp+ Py yr + Dz @gcosy+yg+25cosa D,
G p + Pyyr + Przp xgcos B+ ygcosa+zg D,
and the geodesic torsion in the direction 07 is given by
7-326
TG*sg=| Ppyrr + Pypyr + Povzr  @p+yrcosy+2zpcosB P, !
Sy + Oy yr+ Opyzr  xpcosy +yp+zpcosa D, I
Dpap + Ppyr+ Oppzp xpcos B+ ypcosa+zp D, |

It is convenient to write
7-326 T:E® = | @, 1 P, |,
P,, cosy P,
®,, cosB P,
D, cosB D [+ | Dy cosy D |,
®,, cosa P, o, 1 b,
P, 1 P, ®,, cosa P,
and so on, and to use 2%, E%, E¥* as equivalent to E¥?, 5%, B,
with this notation, 7°324 becomes
7-327
Grsgp=T (B, Bw, B2, BEv?, B2, EWY ag, Ys, 2501, Y15 21))
and 7-325 takes the form
7328 G*s, =T (B**, Bw, B%, v, B, E®{xr, Y1, 21)*
7-33. There is no need of the theory of multilinear functions

in establishing the theorem that the principal curvatures of the
®-surface are the roots of the equation

7-331
Gy + D, Grcosy+ Py, GuecosB+ D, D, [=0.
Grueosy+d,, Gyv+d, Grcosa+ P, P,
| G¥ecosB+ D, Gucosa+ Dy, Gy + D, oD,
D, P, D, 0

A2 5z =
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Applying to 7-321 the determinantal identity

7232 | Rgg Rpg l
Rsr  Ryp
= — Rxx Ry.v .Rzz yszr - 2g yT } .
R~ Rw R 25y — Tg2p |
R Ry k= ZgYr = Ysor i
YsZr—25Yp Z3®p—TgZp  TgYp— Ysr 0 !

where on the left-hand side Rp, denotes

3 R%upvy, uw,v=u,y,2,
and the nine coefficients of the form R*® are arbitrary, we have in
virtue of 7-315

7333 TEK=-| &, O Oy D, |,
q)’:.'l ‘pm/ (I)Z!I (DZ'I
q)acz q)yz q)ll (I)Z
o, ® @, 0

which is also a corollary of 7:331, and applying the same identity
to 7327, we have similarly

7-334 4= E= Ev E® P,
‘ Ew Ew Ew @,
| Bwz Eve E= &, |
@, ®, @ o |

in making these deductions we may take an arbitrary pair of tan-
gential directions and appeal to 4468 and 4472, or we may take a
pair of principal directions and remember that «i, sq, se all vanish.

7-34. For the calculation of the twist, or indeed of the value
of any symmetrical bilinear function when its arguments are the
principal directions of a ®-surface, it is not necessary to calculate
the individual ratios of the principal directions; it is sufficient to
discover the values of the six combinations &5, ¥1Ys, 212, Y12: + 21Ys,
21y + X125, T1Y; + Y1 %, and this we proceed to do.

It is easy to find five linear functions of these six combinations
which necessarily vanish: since «; is zero, 7'321 gives one such,
and because the principal directions are perpendicular,

&y + Y1 Ys + 202 + (Y12 + 20Y;) cos a + (212, + @, 2;) cos B
+ (@Y + y12;) cosy =0;
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also*multiplying the conditions of tangency
P2+ Py + D,50=0, D2, + Py + P2, =0
by #;, ; and adding we have
2®, 72, + D, (2125 + w125) + Py (@1Ys + Y12) = 0,
and similarly
2@, y1ys + P; (Y125 + 20Y2) + Do (Y5 + Yo%) = 0,

2®,2.2; + Dy (125 + 21Y5) + P (210 + 202,) = 0.
Hence .

7-341. With any Cartesian frame, the siz expressions x,a;, Yy,
212, Y2+ 2Ys, 21 + T12,, T Y5+ Y& ave proportional to the five-
rowed determinants of the matriz

P, &, P, O, . Dy
1 1 1 cosa cosfB cosy
20, O 0 0 P, P,
0o 20, 0 0 P,
o 0 20, ®, &, 0
To find the factor which enables us to replace the proportionality
by equality, we remark that 7-341 implies that

P
|

7-342. For arbitrary values of f, g, h, the determinant
A Y A /)
@, o, ¢, P, D, D,

1 1 1 cosa cos@B cosy
2®, 0 0 0 o, P,

0o 20, 0 @, 0 P,
0 0o 20, 9, P, 0
18 @ multiple of the product (fa.+ gy + hzy) (fus + gys + hz),
and we evaluate this product in another way.

If we write temporarily m, n for fa,+ gy, + hz,, fr; + gy, + hz,
then identically

ey — may = g (X Ys — Y1 &s) — h (2125 — 212;),
and therefore by 7-315
TG (nz,— mag) = gP,—hd,;
similarly

TG (ny,—my;) = h®y— fP,, TG (nz,—mz)=f P, —gP,.
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But because sgr is symmetrical and bilinear, to replace a7, yr,
2y by naz, — ma,, ny, — my,, nz; — mz; on the right of 7325 is to re-
place s, by 22g — 2nm sy + mis on the left of the same equation;
recalling that sy, su, s have the values 0, 4, 0 and replacing the
product nm by its value we have the equation

7343 - 2T2G*A (fae + gy + hay) (fae + gy + h2e)

= | (9%, hD,) P (9, — hD,)
+ (D, — fP,) Dy, + (h®,— fD,) cos oy D,
+ (f@y — 9P,) Do + (f®y — gPy)cos B
(9P: — h®y) Pzy (9P, — hdy) cos ¢
+ (hd, — fD,) D,y + (h®, - fP,) o,
+ (fPy — 9P) oy +(f®y —gPs)cos a
(9%, - 1d,) O, (9P, — hd,)cos B
+ (AP, — fD,) P, + (h®, — fD,) cosa D,
+ (fOy — 9Pyz) D2, + (fPy — gP2)

It follows that the determinant in 7-342 is a multiple of the
determinant in 7-343, and once attention is drawn to the existence
of a connection between them it is a simple matter to reduce the
former to the product of the latter by —2. We conclude that

7-344. The value of the determinant tn 7'342 is
AT A (fo + gy, + h2) (fooe + gye + hzs),
and further that
7-346. The value of the symmetrical bilinear function Rpy of
which the expression in terms of Cartesian coordinates vs
3 R*%upvg, u,v=ux,y,2
when the arguments of the functwn are the ﬁrst and second pmnmpal
directions of the ®-surface, is given by
41°G*4R,=| R** Rw R* Rv: R® Rw
Dy Py G, Oy, P Dy
1 1 1 cosa cosB cosey
20, 0 O 0 o, @,
0o 29, 0 @, 0 @,
0 0 20, o, O, 0
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Determinants of the form occurring here were first used by
Darboux, who discovered them in his researches on triply-orthogonal
systems, and we shall call them Darboux determinants. We may
express 7345 briefly by saying that the value of the Darboux de-
terminant which has R* for the typical element of its first row s
4T G“AR;.

In passing we may mention another expression involving the
product (fz,+ g9+ hz) (fas + gy; + hz), interesting in itself but
as ill adapted as that in 7'343 to giving the value of a bilinear
function that is not a product. From the identity

7-346
Rygs Ry Sflas+g'ys+hizg
Rgr Ryp Ser+gyr+er |
Sflos+ 9 ys+ W2y frop+ g yp+ W 2p 0 r|
=|= Rw= Rv= R= yser—2syr [ |,
R= Ry R Zgwp— g2y g l
Rz Rz R= xgyp—yser N |
Ys2r—25Yr  Zs&p—XgZp  LgYp— Ysp 0 0 ’
r % W o ol
since Eu=0, TE;=G4, Ez=0,
we have
7347 2G“A (fa.+ gy + he)) (fas + gy, + hz)
=-T BE= Bwr E= ¢, f l
Ew BEw BEw o, g
L Er By: Bz D, h
P, P, D, 0 O ‘
rf 9 h 0 0]

7-35. The application of 7°343 to 7-242 is immediate :

7-361. At a point which is not an umbilic of the ®-surface through
t, the twist w of the ®-family is connected with the derivatives of ®
by the formula*

* The formula was first given, in terms of curvilinear coordinates and without
proof, to the Fifth International Congress of Mathematicians (Cambridge, 1912;
see Proceedings, vol. 2, p. 81). Results equivalent to 7:351 and 7:352 in terms of
rectangular Cartesian coordinates were proved subsequently by Herman (Quarterly
Journal of Mathematics, vol. 46, pp. 284 et seq.). Algebraical transformations of the
determinantinvolved are to befound in Darboux’streatise on triply-orthogonal systems.
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ST Aw=—T% | Ty Ty Tv Ty Tww T |5
¢, o, ®, o, P, D,
1 1 1 cosa cosPB cosy
20, 0 0 0 b, P,
o 29, 0 P, 0 D,
o 0 20, &, o, 0
where
TMP=-| 1 cosy cosB @D, |,
csy 1 cosa @,
cos B cosa 1 @b,
P, P, o, 0

and A is the amplitude of curvature of the ®-surface.
The value of A? in terms of derivatives of ® is given in 7-334
above. .

The alternative expression for the twist given by 7-242 is more
complicated, but gives the result explicitly in terms of third
derivatives of ®. If 24, Ya, 2 have the meanings assigned in 7-31,
then G®%yp is a linear function of OP in which the coefficient of
zp 18

D2 + Pyrya + Pw?as
and G®*yp, is a bilinear function of OP and 0Q in which the
coefficient of zpxg is

Drava + q)yxzyu + Dppr2q:

7-362. If the typical element in the first row of a Darbouz
determinant s

1 cosy cosB D, 1 cosy cosB Dy,
cosy 1 cosa @D, ||cosy 1 cosa Py,
cosB cosa 1 P, |{cosB cosa 1 D,,,

o, ¢, P, 0 P, b, o 0
—2| 1 cosy cosB Dy || 1 cosy cosB @
cosy 1 cosa Dy ||cosy 1 cosa Dy,
cosB cosa 1 D, ||{cosB cosa 1 b,,
| & @, &, 0 P, o, D, 0

the value of the determinant is 817 G* A*w.
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B is to be remarked that the expression given in this enuncia-
tion is not in general simply the product of the second derivative
Tu» by — T4G®; the difference between the two is a function which
is such that its use as a typical element of the first row produces
a Darboux determinant that vanishes.

8. Functions of Direction on a Surface

811. The fundamental difficulty in applying the theory of
multilinear functions to problems connected with any single surface
other than a plane is due to the absence of genuine gradients.
The directions forming the arguments of such functions as the
bilinear curvature and the Codazzi function are essentially tan-
gential, and if the current point varies these tangential directions
are aecessarily affected.

Suppose the surface to be referred to curvilinear coordinates
u, v and let a standard tangential direction O W be associated with
each position of 0. Then a function F'(Q, R, ...) of the tangential
directions 0Q, OR, ... may be described explicitly as a function
F (u, v, €yyq, €yp, ...), and if the directions 0Q, OR, ... vary in a
given manner with the position of O on a curve in the direction
OT, the rate of change of F(Q, R, ...) along the curve is given by

. dl" _aF ilu_ aF dv df[y@ (}G,vyﬂ
8111 (E —str é’l} C—lér—*'daQF'dST' +da/RF dST + .00,
that is, by
g1 4F _(0F du  0F dv , .
s112 7 - {M e+ 00— (dagF + dagF v )y }

+(op%dayF + orfdagF + ...).

Since u, v are merely particular functions of position on the surface,
the rates of change du/dsy, dv/dsp are the linear functions w'p, v'p
of OT, and since QW is assumed to depend only on the position
of 0, the swerve op" also is a linear function of OT. On the other
hand, neither the rates of change dF/dsy, dagF, dagF, ... nor the
swerves a7%, o, ... depend in any way on the actual choice of
coordinates u, v and initial direction OW. Thus

8113. Associated with any function of direction F (Q, R, ...) on
a surface there is a function gdby F which is linear in the direction
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OT and is such that the rate of change of F along any curve in’the
direction OT s
. 9dbrF + ar%dagF + arfdagF + ....
The function gdbr F' will be called the Darboux gradient of F.
From 8112,

8114. In terms of coordinates u, v and an tnitial direction OW,
the value of the Darboua gradient gdby F is given by

gdbp F = (0F [ou) u'p + (0F [0v) v'p — (dag F + dagF +...) ap".

812. For a multilinear function Py , the angular derivatives
dugP, dagP, ... have the values Ppps , Pyes , ... where OB,
0C, ... make positive right angles with 0Q, OR, ...; hence

8121 dPQRS./dsT=gdePQRS .+ PBRS O'TQ + PQCS 'O'TR + ...
There is another route, open only in the case of multilinear func-
tions, which leads to a similar formula and therefore shewns a
different aspect of the Darboux gradient. If the function Py
was defined for all sets of directions, there would be a gradient

Prey g also defined for all sets of directions, and for tangential
directions 0@, OR, OS, ... OT we should have

8122 dPgps [dsp= Pyps v+ Pprs o1%+ Poes or® + ...

+ Pyps Kqr+ Pons #pr+t ...

If the functions Pygs , Pyys ., ... which might, of course, be
different functions, were known, the function Pgyps r could be
determined for tangential arguments by this formula; if Py, was
given in the first place for tangential arguments only, the functions
Pyps.., Pons .» -.. could be assigned arbitrarily, and by comparing
8122 with 8121 we see that the Darboux gradient is the gradient
found by supposing the functions Pygs , Pywys , ... all to be
identically zero.

Nevertheless, the Darboux gradient is a disappointing function.
The Codazzi function is the Darboux gradient of the bilinear
curvature, and if ® is a function of position on the surface and &,
is the linear function d®/dsy, the Darboux gradient of @' is ‘the
function (d®'s/dsr) — ®'po;®, which is in fact symmetrical and is
valuable on account of its symmetry. But the Darboux gradients
of the Codazzi function and of the function (d®'s/dsy) — ®'por®
prove both to be unsymmetrical; gradients with the symmetry
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thet is desirable are not yielded 'by any simple general method,
and all that is possible is to discover special devices effective in
particular cases.

821. To define multilinear rates of change of a regular scalar
function of position @ on the surface, we extend the function to
the whole of space in the neighbourhood of the surface by associating
with every point on the normal at O the value of ® at O itself. If
two or more normals meet at a point ¢, the function so defined may
be many-valued at Q; if however the surface has only ordinary
points there is a region of space within which no two normals inter-
sect, and within this region ® is not only single-valued but regular.

To assign the values of ® outside the surface in the way suggested
seems at first no less arbitrary a proceeding than to construct the
successive Darboux gradients by defining the functions @'y, ®*yr,
D3y, ... t0 be zero. But a number of considerations combine to
modify this impression: the multilinear rates of change formed by
extending the function in any regular way are necessarily sym-
metrical; throughout the whole of differential geometry the straight
line is much more than merely the simplest of curves; and the hypo-
thesis made is in fact equivalent only to the assumption that the
functions ®'y, P*yy, P’yyy, ..., functions in which no arbitrary
directions are involved, are all zero.

822. If attention is concentrated upon the distribution of ® on
the surface, @'y, ®2yy, Dy yy, ... figure as functions of position only,
Dy, Dy, PPyrprs ... a8 linear functions of the one variable direction
0T, @y, PPygr, Pyysrs... as bilinear functions of the pair of
variable directions OS, OT, and so on. The rate of change of any
one of these functions along a curve on the surface is expressible
by means of other functions in the set, the typical relation being

h-+k
8221 d®y 'y . oo/ dsr

Atk+1 Itk
=Dy NNPQ..RST — hicre @y N%PQ RS
h-t+k h+k
P Q
+or CDN,.NNAQ.RS +0r°®Py yypp st

h+k
+ G.TS @

N..NNPQ..RD
h+k h+-k

~..xNNg.ks T €r Py yawp pst

h+k

+ k57 Py NNNPQ..R®

+'KPTq)
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where OP, 0Q, ... OR, 08, OT are k+1 tangential directions and
0A,0B,...0D make positive right angles with OP, 0Q),...08. Com-

parison of 8221 with 8121 shews the relation of <I>h+k+1

N NNPQ RST
to the Darboux gradient of d>N NNPQ BS®
8222 q:i,*’jv*;m e
—9db’-" N NNPQ.RS +h"T*q)’1lv+l;uPQ RS
—xPTqD,;\:.,:VNNQ...RS "QT(DN NNNP RS "ST(I)N NNNPQ..R]
none of the functions ®yp, Py yr, Pyywr, ... vanish identically,

and therefore unless the surface is a plane, & must be zero for

Btk . . .
hiery @ Napq. s 1O vanish, and k& must be unity for the remaining

terms in the difference between the two functions to vanish, That
is to say, ®%; is the Darboux gradient of ®1;, but there is no siralar
relation between others of the multilinear functions with which we
are dealing unless either the surface is plane or the function @ has
some special relation to the surface.

823. It is easy, accepting the assumptions

8231 Py=0, DPyy=0, Pyyy=0,...,
with the implications

8232 dd'y/ds;=0, ddlyy/dsp=0, dPyyy/dsp=0,...,
to arrange the formulae included under 8221 in such an order that
each of the multilinear functions is introduced without further

reference to space outside the surface than is implied in the occur-
rence of bilinear curvatures as factors. The first equation is

8233 Py =dd/dsy,
from which @7 may be calculated from a curve lying wholly in the
surface. Then since

8234 qu‘N/dsT = <I>2N1' — K7y ¢1*
identically, and the rate of change is zero,
8236 D yp— rry Py =0;

also because ®'y is zero,
8236 D% + 0,5 DYy = dDV[dsy.



sNext come
8'237 q)s.NNT - 2ICT. QﬂNﬁ = 0,
8238 Do ysr— K1y Plgy + 017 Plyp = dDyg/dsy,

8239
D por + kppP2ys + £ 57Dy g + 01 D5 + 015 DI = dP2/dsy,

in which the only fresh functions are ®3yy;, Pyep, DPPrer, and
the process can be continued to any desired extent.

824. Emphatically the formulae of the last paragraph and their
successors are neither definitions of the multilinear functions nor
aids to their calculation. For the former part they are unsuitable
because neither the symmetry nor the multilinearity of the functions
is in evidence in the formulae, for the latter because the rates of
chapge and the swerves contain parts that are not multilinear which
it is superfluous to evaluate. To discuss the expression of these
multilinear functions by means of curvilinear coordinates on the
surface requires an analytical foundation which is beyond the range
of this pamphlet, and we must content ourselves with the observa-
tion that rather than calculate the functions directly from 8:221
we should combine 8222 with 8114 and use the formula,

8241 ® vy nor
= (aq)’;v*.‘.’;mpq ms/ 8u) wr+ (aq)’;; —’;VNI’Q RS/ 80) vy
—ar” (‘I’I;VHZVNAQ RS +q)’1lv+ljvan st q),;HjVNPQ RD)
+ hire q)’;:’;v«m RS
- "PT(D’;VH;VNNQ RS KQT(I)’;H;VNNP. RS T T xSchi:-,;v’NNPQ R’

but this is not the method actually to be recommended.

The very lack of symmetry which renders the formulae covered
by 8221 unfit to serve as definitions implies that significant rela-
tions which do not themselves involve multilinear rates of change
are deducible from these formulae. To work out details is interest-
ing—it will be found for example that 8:235 and 8:238 together
imply the symmetry of the Codazzi function—but here we will
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confine our attention to the simplest problem of the kind, ahd
examine only 8:236.

881. The bilinear function ®%; being symmetrical, we have
from 8236,

8311 (dq)ls/dST) - 0'1!S¢1D = (dq)]T/dSS) - O'STq)l
involved in 8311 are really two families of curves and their

orthogonal trajectories, and the equality may be written in the
form

8312

B

e . dP "dzq) rd®
d TdSS qu dSSdST dél,
or in a different notation as
. dazd . do\dP P . deo\dd
8313 dsds (Kg ds) dm ~ dids ( kg t+ ES‘) din’

where d/di, d/din indicate rates of change along the orthogthal
trajectories of the families. If the families of curves are everywhere
orthogonal, 8:313 becomes

@ 4P _dd 4P

dmds”~ "™ dm = dsdm T “® ds°

where x4, x4, denote the geodesic curvatures of a typical member
of a family and of an orthogonal trajectory of the same family.

8314

8:32. We must not fail to observe that if what is being discussed
is the variation on a particular surface of a function already defined
throughout space, the formulae of 8:28 and the transformations of
8:31 are not usually valid. For example, in general when the function
and the surface are defined independently of each other,

8'321 d(pls/dST = (I)QST + UTS CDID + KSTCDIN,
and for the last term to disappear either @'y must be zero or OS,
OT must be conjugate directions. Of the cases in which the latter
condition is satisfied the most important is that in which the two

principal directions occur: without any hypothesis as to a relation
between ® and the surface,

#O _ a_ a0
ds,ds, “Fds,  dsids, " ""ds,’
and so in particular the function T, which was shewn in 7-242
to be connected with the twist of the ®-family is expressible

8.322 q)ﬂw =
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a8y (d*T[dsyds,) — gy (dT/ds;) or as (d*T/dsids;) + ry (dT/ds;)
although in general 1"y is not zero and T%, differs from
(d*T/dspdsg) — a1° (dT/dsp) by xep (dT/dn).

833. The cases of 8311 which are most easily appreciated are
found in the application to two special families of curves on the
surface, the ®-curves and the ®-orthogonals. The gradient of P
is a tangential vector G which is at right angles to the ®-curve.
Points where the gradient is the zero vector being excluded, the
amounts of the gradient are scparate single-valued functions of
position on the surface, and one of these is chosen to be called the
slope of ®; the slope will be denoted by G. The direction in which
the gradient has the slope G is defined to be the standard direction
of the ®-orthogonal and of the tangential normal to the ®-curve, and
will be denoted by OM. The direction OL with which OM makes
a positive right angle is the standard direction of the ®-curve.

By definition

8'331 q)lL = 0, (DIJ;’ = G,
whence ’
8332 D2yp =dG/dsp= Gy,

8333 P2 p=— Gorl=— G {kgp + (dery/dsr)}.
Thus

8334. The geodesic curvature of the ®-curve is — P2 /Py,
and

833b. The geodesic curvature of the ®-orthogonal can be expressed
both as — @2y 5 /Py und as — }d (log G?)/ds,,.

It may be added that 8:335 is deducible from 2:831 and 5224,
for with the convention by which ® is extended into space a
®-surface is the ruled surface composed of the normals to the
original surface along a ®-curve.

841. I have not succeeded in continuing satisfactorily the
sequence of geometrical functions of which the first two members
are the bilinear curvature and the Codazzi function. Differentiation
of 6115 gives

8411 Diopsr + Glorips + Grrrgs + Gsregr + Grskgr

+ Goserr + G*grist+ G gApsr + GrAgsr + Pshgrr
+ G'rhgrs + G (Krips + Krr¥gs + Ksrkr) + G porsr =0,
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where
8412 pgrsr=gdbrAgrs — KqrKReNse — KRTKquKsx = KSTKQuKR%

.and while 8412 shews that #orsr depends only on the form of the
®-surface, 8'411 shews that the function is a symmetrical quadri-
linear function of tangential directions. Thus there is no difficulty
in the construction of the third member of the sequence of functions,
and none is to be anticipated in repeating the process again and
again, but no general rule is apparent under which the constructions
fall, and it is evident that the formulae rapidly become too com-
plicated to be intelligible without some clue to their composition.
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